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SYNOPSIS

This work describes the behaviour at collapse oi
circular beams when loadel at right angles to the
of the beam. Methods foi the calculation of col-
loads for girders with one and two concentrated
are given; the calculation has been carried out

for the ~ost part, an electronic computer. The

effect of torsional movements of the supports is inves-

tigated. A kinematic approach to the calculation of
collapse loads 1is given; the usual method is based on
a static approach. Experiments have been carried out

on eight miniature bow girders in which the analytical

work was tested. Reasonable agreement between theory

and experiment was obtained.
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CHAPTER I

INTRODUCTION

The subject of this work is the behaviour at col-
lapse of steel betms curved in a plane to a circular
shape and loaded at right angles to the plane. The
analysis of such beams is complicated by the presence of
twisting moments in addition to the action of bending
moment and shearing force which exists in a straight beam.

Comprehensive investigations”* 2 covering ooth
theoretical and experimental aspects of the problem have
been made of the elastic behaviour of circular-arc bow
girders.

The calculation of collapse loads has received the
attention of several authors. Johansen” has described
methods of calculating the collapse load for plane beams
bent into shapes composed of successions of straight
lengths, and also uniformly curved beams and circular
rings. Various support conditions were considered; the
fully fixed support, the support with no torsional res-
traint , and the support with no bending restraint.
Johansen has considered only single concentrated loads,
and for the circular-arc girder has for the most part
given solutions for the load at the central point of
the girder. Boulton and Boo. ikha” have extended
Johansen’s work for the fully fixed case to a graphical
solution for a point load at any position on the girder
arc and have also given a solution for a uniformly dis-
tributed load over the whole girder. Both theoretical
treatments have used an approximate lower bound yield
cri Uerion for combined bending and torsion proposed by
Hill and Siebel5.

Tests have been conducted uy Johansen” and by
Boulton and Boonsukha4; the former were not to com-
plete failure, but did provide some information on the
format.on of the plastic hinges. The tests by Boulton
and Eoonsukha were to collapse and yielded results in

reasonable agreement with the theory.



The present work includes both analytical and
experimental aspects of the problem. The scope of the

work 1s as follows:

(1) the extension of the existing graphical methods
for a girder with a single load to complete
solutions for the fully fixed case and the
case with no torsion at the supports using
the digital computer where direct computation
was not possible. The results of these in-
vestigations form the basis of a discussion
of the effect of support movements, particu-
larly rotations of the supports in a torsional

direction.

(ii) the calculation of the collapse load for
girders with two point loads and with fullj-
fixed support conditions. Some comments on
the effect of incomplete fixity and on the
calculation of collapse loads for girders carry-
ing several concentrated loads have been in-
cluded. The digital computer was used for

most of the solutions.

(i1l) the calculation of collapse loads using a
kinematic approach: the existing methods use
a static approach. In this section a method
for calculating the collapse loads applying

the virtual work equation is described.

(iv) an experimental investigation in which eight
miniature bow girders of different cross sec-
tions were tested to failure. Sufficient
readings were taken so that the behaviour of
individual hinges could be investigated. The
collapse loads were compared with wvalues pre-
dicted from control tests in pure bending and
pure torsion. The behaviour of the hinges
was also compared with the theoretical be-

haviour , based on the results of the control
tests.
The bulk of the theoretical aspects of the present

work is based on the geometric approach developed by

Johansen and by Boulton and Boonsukha.



After completion of the present work but before
submission of the thesis, Imegwu,J described a general
method for calculating collapse loads for plane curved
girders. Imegwu also used the digital computer for
his solutions.

Imegwu states that Johansen's method and exten-
sions Bxe not ieadiiy adapted to automatic computation;
in the present work, however, automatic computation ic
used without difficulty. Imegwu also states that
these methods are not easily used for more complicated
loading cases. In the present work it is shown that
most loading cases can be calculated using extensions
of Johansen's method, although the method due to Imegwu
does in some cases yield a xuicker solution. Imegwu's
work 1is discussed further where it is pertinent, and
is compared to the solutions in the present work where
applicable.

One advantage of the methods used in the present
work 1is taat, particularly for the kinematic approach
described, a clear visualization of the collapse
mechanism 1is necessary. This visualization of the
collapse mechanism 1is sometimes very important, as a
false mode of failure may be obtained which super-
ficially appears to satisfy the equilibrium, yield and
mechanism conditions. Examples of this are given in
Chapter 5%*

Aspects which it is considered require further

study are suggested in the final section of this work.



CHAPTER 2

BASIC PRINCIPLES

2.1 Yield Criterion

In most bow girders, Dbending moment and torsion
are the most important structural actions: the effect
of shear is usually negligible. Hence in the yield
criterion the combination of bending moment and tor-
sion which causes full plasticity of a cross-section
is sought.

For cross-sections with two orthoganal axes of
symmetry, an approximate lower bound yield criterion
for a plastic hinge at a section subjected to a ben-
ding moment M and a torque T has been proposed by Hill
and Slebel”:

where tgp is full plastic moment in pure bending, and
Tp is the full plastic moment in pure torsion.

This assumes that the effect of shearing force
is negligible, and also that the material is rigid
plastic.

Estimates of the error involved in equation (2.1)
have been made analytically assuming the member to be
fully plastic throughout its length which practically
never occurs 1n a circular-arc bow girder. If the
square root of the left nand side equation (2.1) exceeds
unity by e, then:

(1) Steele7 has estimated c¢ < 0.15 for a square solid
or holi .ow cross-section; if M = 0,1 is a maximui-.,

and for T = 0, c¢= 0.

(ii) Boulton and Boonoukha” have estimated c¢ for an
I-section on the assumption that transverse
shearing stress 1is horizontal in the flanges
and vertical in the web. The value of =

.btained was e * .05.



In the discussion” on the paper by Boulton and
Boonsukha, Brown and Gent have pointed out that the
yield criterion given by equation (2.1) is not neces-
sarily a good one. The value of Tp obtained from the
standard tension test might be different from that in
a torsion hinge in a bow girder, in which plasticity
occurs at an isolated point. brown and Gent further
pointed out that the non-plastic parts of the struc-
ture would restrict, if not envirely prevent, plastic
warping of the cross-section.

In the reply to the above discussion, Boulton
and Boonsukha agreed that restraint on the warping of
a pure torsion hinge would prevent the formation of a
fully plastic hinge.

The results of some tests carried out at the
University of Sheffield were then described by Boulton
and Boonsukha which showed that equation (2.1) gave a
true lower bound to experimental points for combined
bending and torsion. It was also found that the res-
triction of warping could increase the value of the
plastic moments in wvure torsion substantially.

Imegwu” has described a method of estimating
collapse loads usin® a more exact interaction equation.

Equation (2.1) has been adopted in the present

work as the yield criterion. This is justified by:

(a) the favourable analytical work already described,

(b) the experimental work conducted at the Univer-
sity of Sheffield described above,

(c) the favourable results of tests on miniature
bow girders by Boulton and Boonsukha, and

(d) the tests described in the present work, in
which reasonable results were obtained. The
plastic hinges 1in pure torsion in circular bow
girders showed considerable spread and the mean
value of torsion exceeded the wvalue of pure
torsion found in straight lengths of the same

ross—-section by only 7 per cent.
If Tp/lfip is written as a , equation (2.1) Dbecomes:

aZM2 + T2 = TP2 it i i (2'2)

It has also been shown)' % that if V ia the angle

between the radius of the bow girder and tthe axis of
rotation of a plastic hinge that,:

tan Y = "T/A2m e e e



2.2 The Circular-Arc Bow Girder

For the equilibrium of a body in apace, in which
an arbitrary set of co-ordinates are X-Y-Z, six equations

are necessary:

IPX =0, IPy = o, LF2 =c,

EMX =0, KMy = o, EMz = 0,
where £f, denotes thesum ofall thecomponents of
force in the X-direction, andf 1" denotes thesum of

all the components of moments about an axis parallel

to the X-axis; ;he other terms have a similar meaning.
Considering a bow girder which lies in the x-Y

plane, and which is loaded in the Z-direction, then the

forces and moments in the X-Y plane may be assumed to

be negligible compared with tne forces and moments in

the X-Z and Y-2 planes. Hence the three equations of

the first order of magnitude are
£lz - o, = o and £My = o.

Therefore three essential reactions are needed
for the equilibrium of i bow girder, and if it is fully
fixed at the supports, the three additional reactions
are redundant. If there is no torsion at the supports
of the bow girder, there is one redundant reaction.

The number of plastic hinges found in a bow
girder 1is not, in general, one more than the i.umter of
redundancies, as 1is the case for a plane frame loaded
in its plane. The reason for this 1is that the number
of hinges required to form a mechanism constituting
complete collapse of a plane frame is one more than the
number of redundancies, whereas in the ca”e of the bow
girder, the number of hinges required to cause a col-
lapse mechanism is not dependant on the number of re-
dundancies. A simple example of this is collapse
about an axxs Jjoining the supports, requiring two hinges,
one at each support. The number of hinges occurring

during collapse of a bow girder is usually two, three

or four.
Johansen has shown that in the case of four hinges,

the static conditions are sufficient for solution; for
three hinges the geometric condition that the axet>
rotation of the hinges must intersect in a point is
necessary, while if there are two hinges collapse must

take place about a common axis Jjoining the two hinges.
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Johansen does not give a proof of the condition
necessary for the formation of three hinges, that is,
that the axes of rotation of hinges must intersect m
a point. This is iuite easily demonstrated: consider
the curved beam shown in Fig. 2.1. hinges during col-
lapse are assumed to form at the supports A and B and
at any other point C; the rotations at A and B are
3] and w2 in the directions shown (rotations viewed in
the direction of the arrows are clockwise). The point
C, as a result of these rotations, moves vertically

downward a distance x, where
X = ai% = bw?2
and a and b are the perpendicular distances shown.

Hence:

Ul b c £

uz a -
where ¢ and d the lengths of the sides of the parallelo-
gram CDbF as shown.

Since the rotation at the hinge at C is the
rotation of length C 3 relative to C A, it is equal to
vectorial difference between <1 and u2t which are in
the racio of the sides ¢ and d of parallelogram CDzl
as demonstrated above. As a result of chis, the axis
of rotation at hinge C must fall along the diagonal
aC of CDEF, and must therefore pass through the point h.

2.3 Rules for Formation of Hinges in a hirpular-Arc
Girder

The distinction between free and f:*.xed plastic
hinges has been recognised by Johansen and by Boulton
and”oonsukha; a fixed hinge is one which occurs at
a support or at the point of application of a concen-
trated load, while a free hinge occurs at any other
point of the girder where the load is either distri-

buted or zero.

Johansen has developed certain rules for the
determination of free hinges. Consider an element
AB of a circular beam of radius r with the central angle

d9 of the element da as shown in Fig. 2.2 (a).



The girder is loaded with a uniformly distri-
buted load w per unit length as shown in Pig. 2.2(b).
The bending moment, torque and shearing force acting
at the end B areM, T and y respectively.

For vertical equilibrium:
w +§8S = 0 (2.4)
Taking moments about the tangent at A gives:
i, e + dT = 0,
or R -0 (2.5)
Taking moments about radius Oa gives:
d.. = yds + Td@,

or TS = N r e ittt it et e e e e e e et ettt e (2*6)

In the above, quantitiesof second order of
smallness and smaller have been neglected.
For the formation of a free hinge it follows

from the yield criterion given by equation (2.2) that

a2n?2 + T must be a maximum,
i.e. ©2"2 + T2) = O,
2<D - *x 21 11= °

//here a 1s regarded as a constant.

Hence,

Substitiuting for 4 and * from (2,5) and (2.6),
wRa2Q - -p (1 - a2) = 0.
For this to be satisfied, either k « 0, or if M / O,

az Ww=- (1 ~u2) (2.7)

These two conditions are the necessary but not
sufficient conditions for the formation of a plastic
singe; a plastic hinge will exist if the yield criterion
given by equation (2.2) ia satisfied, in addition to the
left hand side of (2.2) being a maximum.

For a2 M2 + T2 tc be a maximum, the second

derivative must be negative, oi

a2 (ME£ | +(@M2,410 >(i) +0.. (2.8)



Case w ~ u
Equation (2.5) shows that = o.
Inequality (2.6) reduces to:

a2 (|£)2 + 17" < 0.

If (2.5) 1s differentiated, it is found that

0 + r = -
Using (2.6) and this expression, (2.8) becomes:
Q + ~) (a*Q - (1 -a2) -p}<o.

Hence, for this to be true, either:

T /a2 - 1\ T
e N R B O < JE (2.9a
A 2
or - = (@aP]" 7)) <N < = D e e e e (2 .%o
Since 0 always,

— '7 ' —_ § (ATA)
ind therefore (2 .9a) applies and (2.9b) is invalid.

Case KW 0
Differentiating (2.6) gives

"A 42 * t p

da? d3 r da
~ N ”¥], using “t.4) and (c].5)»
r/\
Differentiating (2.5) gives

iII1T = - =!», using (2.6),
ds?2 r ds r r2/

= - (1 + 1 -,

and since for the case L/ 0, (2.7) applies, Q may be

eliminated from this equation:

s - - * -

..ubotituting these values in the inequality (2.8h

j2{M (- w-&) + +1)'»+ 1 + ('
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Substituting Q = - 1) p from (2.7):

- aft Mw + (1 — a2) ~ < 0,

or M (L *» Q™) M - a*wr”™) * 0.
If M<0, then (1 - a2) k< 0 (as a < 1), and
-a2st2<0 if w>0;
hence M ((1 -a 2) K -a 2 wi'‘}r 0 1f M <O0»
If M> 0, then
(1 —a 2) M - 02 wrc < O

or M <vTc .o =1) .
i-ac

Hence for the inequality to be true:

wr2 (- ) > M > 0 e e e (2.10)
11—

2he rule for the formation of a free hinge as

derived by Johansen 1is as follows:

In Fig. 2.3 a section of the arc of a circular
bow girder is shown. If a free hinge is to occur at
i, then if w / 0 equation (2.10) requires that the
resultant Q of the internal forces in the hinge .vet
cut AB. If w =0 at F, AB = 0, and u must cut OB
produced, as required by equation (2 .9b;.

For the case w = Q» the hinge must consequently

be in pure torsion.
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CHAPTER 5

SINGLE CONCENTRATED LOAD

?.1 Introduction

The notation used for the supports is the same
as that used oy Johansen: the three types of support
illustrated in Fig. 3.1 are self-explanatory where
w ,v are the rotations of the girder at the support
about the bending and torsional axes respectively.

The general principles for the calcuia tion of
single, concentrated collapse loads have been developed
by Johansen” and extended by Boulton and Boonsukha”.
Johansen has dealt with a central load only as the
algebra becomes tedious in more complicated cases and
has considered the three support types in Fig. 3 a),
(u) and (c). Boulton and Boonsukha have introduced
trial - and - error graphical procedures for cal-
culation when the load is at any point on the girder
for the fully fixed case shown in Fig. 3.1 (c). The
present chapter is aimed at developing the graphical
method into a mathematical form suitable for a trial -
and - error solution, using digital computers and also
at extending the solution for the type of support
reaction shown in Fig. 3*1 (a) to the case with a point
load at any point on the arc.

The comparison of the results obtained ~ron the
study of reaction types (a) and (c) forms the basis of
the final section of this chapter which deals with
cases of intermediate fixity. Certain conclusions

useful for design purposes will be given.

3.2 Fully Fixed Case

Collapse can occur In three modes, depending on
the value of a = The position of the hinges is as
shown in Pig. ?.2.P The approximate direction of the
axes of rotation of the hinges is indicated by arrows;

the rotations are clockwise when viewed in the direc-

tion of the arrows.
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Mode 1 occurs at small values of a , that is.
VJhen the torsional strength is small compared to the
bending strength, and consists of four hinges, two
fixed hinges at the supports and two free hinges on
the arc on either side of the point load. The free
hinges must be in pure torsion as demonstrated in the
previous chapter. Mode 2 consists of two fixed
hinges and one free h.nge, and occurs at intermediate
values of a . In mode 3 there are three fixed hinges,
at the supports and at the load. This mode occurs
when the torsional strength is high.

Modes 1 and 2 are too complicated algebraically
for direct solution: for these, the graphical method

Bcul .on and Boonsukha will be described, and exten-

ded to a form soluble by electronic computer techniques.

Lode 1 - Low Torsional Strength In this mode (refer-
ring to Fig. 3.3) plastic hinges form at A, B, C and D.
AS the load [V is concentrated at G, the hirces at C
and I) must be free hinges, and therefore in pure torsion.
The shear force, bending moment and torque at
supports A and B may be represented by the single forces
hi at E on OC produced and Rg at F on OD produced res-
pectively. Clearly, E, G and F must be colinear.
This method of representing the support reactions will
be adopted throughout the present work.
Johansen has deduced an equation which gives
the locus oi a reaction point (F or E in Fig. 3.3),
if there is a fixed hinge at the support to which it
corresponds, and a free hinge in pure torsion at a
point where the radius through the reaction toint inter-
sects the girder. To illustrate this, the equation
of the locus of E will be found, given that there are
hinges at A andC.
If 0O E =p1 and if the angle A0 E isGp as
shown, then forn plastic hinge at A:

02R12pI2 Qin2 91 + Ri2 (r -pl cos Qi)'= Tp2,
from the yield criterion (2.2), and since
M] = RJPI sin % and Tp = Hi (r - Pi cos @] ).

For a plastic hinge at C (in pure torsion)s$

R1(°1 - r) - Tp.
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The two equations may be combined:

= «2012 sin2 @i + (r - ci cos
V24 (pl _ r)/\’
or 2plr (1 - cos ©i) = (1L -a™ )P sin™* oO"

P1? (1 -a2)(l - C0OS20!)

Cancelling p1 (1 + cos ©%) from each side, and solving

for p%:
Pi = 2r/(1 -a 2)(1 + cos ©!) (3.1)

Hence the locus @1, ©i) of Rj at R defends only on
r and a.
in essence, the graphical procedure previously
referred to 1is as follows:
The bow girder centre line, with given central angle 28
is plotted out to a large scale. For any value ofa ,
curves at each support can be plotted, which give the
locus of possible reaction points, as shown in Fig. 3.3.
A trial position for the point E is selected on
the curve (p1, ©O1i). The position of F is then fixed

since £ G F is a straight line andsince F is on a

o°

curve similar to the curve for £. The wvaluee R

and Rg are given by the basic equations:

RL + RO = W eeeeeeeeee e (3.2)

and Ril] = ROl ittt ittt it i i iieaann eee (3.3)
where 1i = EG and lg = FG, which are found by scaling.

The condition which finally fixes the values of
©1 and ©g (= the angle B 0 F), is that thehinges A and
C form at the same wvalues of Mp andTp as those at B and D,

This 1is true if:

(Pi - r) Ri = ©P2 - 1) R2 = Ip.ceeeeen.. (3.4)

Per any position of the load, there is a unique
solution, depending on the value of a.

The refinements of the graphical method may be
found in the paper by Joulton and Boonsukha”. In the
present work, polar co-ordinates are used since a
quicker solution in terms of machine time on the
electronic computer 1is obtained. A solution was
first obtained using a rectangular system, and the
results of the two methods were found to correspond

exactly. In Fitl. 3.3, 0 is the pole, anu OA the polar

axis.
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Referring to Pig. 3.3, the equation of the locus
of E (¢ i, Gi) is the parabola of egquation (3.1):

Pl = 2r/(1 - a2)(l + cos @1i).

olnce E, G ana P are the colinear, the solution
clearly requires the intersection of straight line EG
with another parabola of the same shape as that given
by equation (3.1), but with OB as axis instead of 0k,
The equation of the second parabola (pg, G3), where
G3 = the angle AOF, 1is given by the rotation of the
axis of the parabola (3.1) through an angle 26. Hence
the equation of the locus of F(p2, G3) is given by

p2 ~ 2r/(1 —a=*)(1l + cos GgG)  terirrnenenn. (3.5)

where Gg = 26 - 03.
The equation of the line EOF is of the form

r « p/cos (G-u) (3.6)

where (r, 6) are the polar co-ordinates of any point
on the line, and the point N(p,v ) is such that ON is
normal to EGF (see Fig. 3.4).

The trial - and - error method requires an
initial estimate of the size of Gg and, using equation
(3.1), p1 1is obtained. Using these estimated co-
ordinates of 2 (@21 Gg) and the given co-ordinates of
G (rcg, /eg)t the line EGF is fixed i.e. constants p
and u can be calculated by substitution of the known
values 1in equation (3.6). (The reason for the use of

the co-ordinates (rcg, /eg) will be clear in Chapter 4;

for this chapter, rcg - 1, the radius of the bow girder).
Hence,
rcg - P/cos (fcg -")
and, P g = P/cos (y1 " w)
Therefore
pqa/ _ cosp con /eg+ alnw sin /eg
06 ' cosu cos Gg + oinu sin Gg

cos/pg + tan ¥ om /eg e
cosGg + tunw sin Gqg



15

Solving for tan u,

tan u = 003 - (pl/rcp) cos 9% ,
Pl/rcg) e in”»irr " {3-")

The distance p may now be solved for using either of
the initial simultaneous eqguations.

Hence,

p = rcg cos (0Cg -u) (5.6)

The solution now requires the co-ordinates of
P, which are given by the intersection of the line 2GF
and the parabola of equation (3.5).

If the intersection point 1is denoted by (Pp, ")

with respect to the polar co-ordinate system, from (3.6),
p2 = P/cog (@3 - w )»

and from (3.5),
*2 = V (1 - a2) {i +cos (2g- 05)1}.

Using these two equations to uolve for 03, i.e.
eliminating pg:
p(l- a {1 + cos (2a- 03)}= 2 rcos (03 - V)

or p(l-u')(l + cos 28 cos ©3 >sin2e sin 83)

= 2r (cos 03 cos v + sin 03 sinu )e

Hence,
cos ©3 {p(l -a *) cos 23 - 2r cos w)+ sin O3
{p(l - a”) sin 2 8 - 2r sinul
=-p@l -a")
or T cos ©3 + U sin ©3 =V,
where T =(1 - ) coo 28 - 2r cose,
U =p(l - &) sin 28 - 2r sinu,
and V =p(l -«2).

Hence T fU tan ©3 « V sec ©3.

Therefore
(T + U tan ©3)2 =V2 (I + tan2 ©3)
i.e. (u2 - V2) tan2 ©3 + 2 UT tan ©3 + T2 - V2 = 0,

which is a quadratic ill tan 03 of the form

k tan2 ©3 > B tan ©3 + 0 =0 .........
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where
A - 02 -vV? = - p2(1-,2)2 coa2 2s - 4 rp(1-02)
sin dgsin u + 4 r=oin™w .........0... (3.10a)
B = 20T = 2{p (1l-a2) sin 2 fl- 2 r sinu) {p(in2)
COS 2 b = 27 COS U teteetenennennans (3.10Db)
and C = _y2 , _p2(1i *2)2 "2 gg _ " rp(l_az2)
cos 20 cos u+t 4 rEOCGT P e (3,10c)
Hence tan 63 = 1 L62-4AC .. ...iiuiiinnennnnn (3.21)
ib* 't'rha.ght line IJiiP intersects the parabola
of equa- .5) twice,given by the two solutions in
equation ix), ani inspection (see Fig. 3.3) shows

that the greater angle is the required solution.

./hen the central angle of the bow girder is less than
180°, i* is clear by inspection that V>U and therefore
A - - V2 1is negative. Hence the larger angle given
by ;3.11) corresponds to the negative sign before the
square root.

As in the graphical t .cedure described, the final
solution is obtained when the hinges at A and C occur
at the same values of Mp and Tp as those at B and D.

The equations (12), (13) and (14) are used in this
step and the equations for the collapse load are easily

deduced as:

(Mf>1 * (3,12a)
(gh)p = (3.12b)
l"P v —_ I)
where L = £G =(p32+ r&&x2 -2pPr rog cos("-Wi))" (3.13a)
t;) = FG =(P22+ rcg2 -2p2 rcg cos(26-"-02)}"
(3.13b;

Details of the computer programme used for the

calculation are given in theAppendix. The values
obtained for the collapse load arc in the dimeneionless
form “~r/f* . fach value of “r/Mp, for any given vya ue
of 28 and”®V, de ends only on a . Hence the results

may be plotted in a dimensionlesa form, as fwere the
results obtained graphically by Boulton and Boonsukha,
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Imegwun haa described a method, also using an
electronic computer, which gives a simpler solution,
in that 9% is obtained directly in terms of Gg. borne
results published by Imegwu were checked and the results

were found to agree almost exactly.

lode 2 - Moderate Torsional Strength. For girders
with the load placed unoycunetrically, at intermediate
values of a, collapse by mode 2 occurs; 1in this mode
the hinge at L disappears. A description of the tran-
sition from mode 1 to mode 2 is given in Chapter 5.

The failure mode now consists of hinges at A,
B and C, the hinge at C being in pure torsion (see Fig.
3.5). The geometrical condition is imposed that the
three axes of rotation of the hinges must intersect in
one point S, as has been proved in section 2.3. The
free plastic hinge occurs on the longer arc measured
from i e point load at G to the supports. The graphical
method devised by Boulton and Boonsukha for mode 2 is
similar to that for mode 1; a trial position Gp is
selected, which fixes the position of 2 which is on
the parabola defined by equation (3.1)- As before,
the line “GF 1is now fixed. The position of F is
determined by the condition that the axes oi rotation
of the hinges intersect in S. The point S is obtained

by the intersection of the tangent at C and “he line
/S which 1s defined by
= *Verm, from

equation (2.3)

where v i is the angle between OA produced and the axis
ol rotation AS, and ~ = AH, nl = AH; EH is perpen-

dicular to the radius OA.
Hence tan Y« may be easily found graphically as

Yg io the angle between the radius OB and Do.
Now

T2/ m2 = 0,2 tan Y2

whinh defines the slope oi Bre

equations
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Rl1(pl - 1) e (2.14a)

a2 R22 n22 > R22<22= Tp2 ......ueeen.. (3.14b)

are satisfied.

For the numerical trial - and - error solution,
the rectangular co-ordinate system OXY (see Fig. 3.5)

has been used. The locus of E, as before, 1is defined

by equation (3.1):
PI = 2r/(1 - aC (1 + cos 9%)
The Cartesian co-ordinates of E are given by

XE - P1 008 "1

yE = 01 sin (3.15b)

The equation of *8 is

y = (tan y7*)(x - 1)
Cl ,
» 77T <x = ?2)!

i,e. 'y =V -g(x"' r).

» yS
The &V on of BS is
y - r ,xm€l = -iiE (x - r cos ) .

YE
The co-ordinates of 3 are given by the inter-

section of A3 and BS. Hence:

is , .. (3.15a)

1 (1 -.2

and using the equation Lor AS:

¥yS 1 - 2/r /Xg _ B ... (3.16b)

The angle vyp between the lines OB and DbB is
given by
mn-R - niQB
tan yp = —
1 + 1B moB

where mnw and msn are the slopes of CB ani SB respectively,

*(3.15a)
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Since rmgg = tan 26

and

(3.17)

The slope of BP is given by tan 6"

being the angle between BF and the X-direction. Now

6] = 26 - (C/2 - *2) (3.18)

where 2 is the angle BFJ, and

62 = arc tan ( tan >2) (3.19)

The co-ordinates of F are found by the intersection

of BF and EG. The equation of EG is given by
the polar co-ordinates definingthe point G are (rcg, 0Cq)
for this chapter rCg = «r. Thereason for this notation

will be clear in Chapter 4.

The equation of BF is

y = (tan 4\)x + sin 26 -tan 6"~ coe 26 .. (3.21)

Having determined the co-ordinates of F by the
method given in the Appendix, the equations for the
conditions (3.14) are to be derived. The first part

of (3.14) reduces (as before) to:

#r (*1 + *2) (3.22a)
'Mph =

and the second part reduces to:

Where
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and

11

EG ={pV + rcg2 “ 2plrcg 008 "-e6i "e*(3.24a)

12 FG ={P2£ + rcg" - 2p2rcg 008 (2B-0-02)}"

(3.24Db)

Wien the equations (3.22a) and (3.22b) are simul-
taneously satisfied, the solution is complete.

Details of the solution using, the computer are
given in the Appendix.

Imegwu'l has given a solution using a computer
which is different from the solution described here.
Almost exact agreement was obtained between results
published by Imegwu and results obtained from computation

by the present method.

Mode 3 - Hi”h Torsional Strength. This mode occurs
at large wvalues of “ and consists of three hinges in
pure bending at A, G and B in Fig. 3.6. The axes of
rotation at A, G and B intersect in one point 0. The
solution 1s comparatively simple and has been derived

3
by Johansen as:

. = cot (6 - N/p) *F cot B e (3.25)
flip
The necessary condition for the solution is that

a plastic hinge does not form at E, or

a> tan 5 = tan (fAee_ AAZk e e 3.<%6)
In Fig. 3.7 and 3.8 some complete solutions are

shown for bow girders with central angles of and

180°. The values of collapse load are, as already men-

tioned, 1in the dimenoionleso form * ; for any given

central angle 26 and loading point A graphs

give solutions for any torsional strength. The values

of u range from zero to 1.00, the maximum value.

The curves show how the collapse load varies with
change in a. The transition frommode 1 to mode 2 is
smooth, whereas the transition frommode 2 to mode 5 is
not, except for girders with a central angle of ISo -

It can be shown that a smooth transition take, pla

”» EE
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criterion. Por 28 — 160 , the two— and three—hinge
modes coincide. For 2e> 180°, it is possible that

collapse can take place about a common axis joining

the supports.

.3 No Torsion at Supports

As previously mentioned, this case has been
dealt with by Johansen for a single load on the centre
of the girder: in the present section the solution
is extended for the load at any point on the girder.

The collapse modes are analogous to those for
tne fully fixed case and will be designated modes 1,

2 and 3. In the present investigation modes 1 and
2 have Dbeen solved numerically using a digital computer.

In Fig. 3.9 the possible modes are shown. In
mode 1 free hinges occur in pure torsion as shown;
in mode 2 a hinge in pure torsion and a hinge 1in pure
bending occur as shown. Mode 5 is identical to the
mode 3 for the fully fixed case. The approximate
direction of the axes of rotation at the hinges is shown.

It may sometimes happen that the free hinge and
the bending hinge at the support occur at the same
value of a: for this value of a modes 1 and 2 are com-

bined, but this does not invalidate any of the follow-

ing solutions.

Mode 1 - Low Torsional Strength. Since there is no
torsion at the supports, the reaction points and Rg

at E and F respectively always fall on the tangents a .

A and B (see Fig. 3.10). For mode 1 failure, hinges

in pure torsion occur at C and D, and the yield criterion
is not exceeded at any other point on the girder. In

the following a trial - and - error solution similar

to that obtained in the last section and using an elec-

tronic computer is developed.
The co-ordinates of K with respect to the rec-

tangular co-ordinate system OXY are (r, r Tan 6,) and S
has co-ordinates (r com tr sin il

line EG 1is given by:

atiaig
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Since the slope of BP is - cot 28 and the co-
ordinates of B are (r cos 2e, r sin 2g), the equation
of BP is

y — r sin 28 = - cot 28(x-r cos 28)

The co-ordinates of the intersection point P

of these two lines are given by:

~ = (cos 0-1) cosec 26 - tan 6} <cos 0
and & = cockc 26(sin "-tanG;)+ cot 28(tanQi cosgl-sinfl)
r sin p - tan + (cos 0-1) cot 2b
Hence, A
tan (28 - 9 ) = F/
A Xp
or

n \ cpsec 28 (sinj”-tantii)4 cot 26 (tan 91 cos0 -sintf)
Fcbs1-IT cosec - tan cos 0 +sin 0

............. (3.27)

The equations which give the final solution are

1 = ) € TP i ettt ettt (3.28a)
and R2 (P2 = ) =T ittt ittt e et eeeeennanenns (3.28Db)
If = EG and 12 ™ ~ = Rg*? where

Ri + RQ = v
Since = r sec 0"
and P2= r secC ©2,

equations (3.28a) and 3.28b) reduce to

rl 1 + P2x fv pQan”
Ap"2 = <43@03dBPr><1L”* r ) ..., () -29b)

where
= EG = pj' + 1' - 2d"r cos (0-©1i) eeee (3.30a)

and i2 = PG =p 2?2 + r2 - 2P2r cos (26-0-92).. (3.30Db)
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Mode jL:LJ"odorate Torsional Strength. This mode occurs
when a is too large for the formation of the free hinge
at Dj and a hxngo in pure bending at B occurs; the
support B 1is nearer to the load than the support A.

The equations developed in the preceding section
all apply except for (3.28b) of the simultaneous yield

equations (3.28) which become
Rlel - r) = Tp» as before,

and Rg r tan

Hence the equations corresponding to (3.29) are
" (aec”rr:i)™"™1~"

(*£>2 = cot S2

Mode 3 - High Torsional strength. This mode 1is
identical to mode 3 for the fully fixed case, and the
equations (3.25) and (3.26) apply.

Some solutions for the no-torsion case can be
seen in Figs. 3.7 and 3,8. The solution is composed

of a succession of straight lines.

3.4 ©No Bending at Supports

This has not been solved in the general case in
this work, as it is not of great practical importance.

Johansen has given a solution for a point load

at the centre of the girder. In Fig. 3.11 a bow girder

is shown with load at the centre. Since there 1is no
bending moment at he supports, the reactions R” and Rg
muut lie cn the radii at A and B produced, at L and F
re yoctively. Plastic hinges can form at A, B and G
only; the hinges at A and B must be in pure torsion.

For the central load, the hinge at B must be in pure

bending. For the point load at any point on the girder,

the same principles apply, except that a hinge lorming

at G would not necessarily be in pure bending.

(5.31a)

(3.31b)
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'3.5 i.txO(t of Lack of Joruiona] 1l(ogtraint

It can be seen from Pigs. 3.7 and 5.8 that for
a bow girder with a single concentrated load and a
given central angle and loading position, the wvalue
of Wr depends on < only; it is also evident that if a
is p above acertain value, collapse occurs by mode
whether the supports are torsionally restrained or
not. From this it is clear that in the design of a
bow girder, if a mode 3 failure 1is anticipated, an
increase of torsional strength relative to bending
strength does not increase the strength of the bow
girder; a lurther conclusion is that the provision
of an end connection designed to resist torsion does
not increase the ultimate strength of the bow girder.

For cases of mode 1 and mode 2 failure, the col-
lapse load depends on the value of a , and the provision
of torsional strength at the -support does increase the
collapse 1 *,ad. In cases of partial fixity, where
there 1s some torsional movement of the support,
greater d 'eotions than for the fully fixed case will
result; me ultimate load will be unaffected if there
is enough torsion at the supports to cause full plastic
hinges to form at the supports. If, on the other hand,
the torsional support movement is sufficient to allow
ihe formation of free hinges on the arc without fixed
hinges at the supports, the ultimate load will be less
than for the fully fixed case.

It has been obstjved from the tests in Chapter 6
that, at large deflections, the collapse load tends to
decrease. If torsional restraint 1is not provided for
girders with low a , the effects of changes in geometry

and instability would tend to be more marked.
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CHAPTER 4

TWO CONCENTRATED LOADS

A .l Introduction

in this chapter, all the possible modes of
failure for a circular girder fully fixed at the sup-
ports and loaded with two concentrated loads are in-
vestigated. Axmost all of the solutions require the
use of an electronic computer; some of the solutions
are based directly on the results of the preceding
chapter.

The effect of lack of torsional restraint at
the supports 1is discussed, and in the final section
some suggestions for the calculation of collapse loads
of a giruer loaded with several concentrated 1loads

are made.

A.2 The Fully Fixed Case

There are various modes of failure lor two con-
centrated loads: the modes are designated 1, 1A, 2,
2A  3A, 3B and 4, and are analagous to those for a
single concentreted load with the exception of mode 4.
The modes are illustrated in Fig. 4.1.

The modes which can occur at low values of » are
shown in Fig. 4.1 (a) and (b), and involve the forma-
tion of two fne hinges. The main difference from
the mode 1 of Chapter 3 is that one of the free hinges
can occur between the two concentrated loads.

In the modes which occur at intermediate wvalues
of u , the possibility also exists of a hinge occurring

between the two .olnt loads, as shown in Fig. 4.1

and (d) . . .
V.hen the results are plottea as aiains !

the transition fror modes 1, 1A, 2 or 2A is a aiﬂf_ 1 one

| H

lecesnarllv a smooth one*
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Modes 1, 1A -

Low Torsional Strenrth.

The conditions

for mode 1A to be possible will first be considered.

4.2,
loads Wi and W'2 respectively.

In Fig.

centre of gravity of the loads < and V2 is at G.

angles 01,
and OG respectively.
distance OG. Clearly hGF must be a

Johansen has shown that it 1is
two free hinges to exist on the same
section. In mode 1A failure, it is
hinge occurs between the loads.

on Gf &2 to be near to G2, i.e.,

02 ani 0Cg are measured from OA to OGp,

Gf and &2 are the positions of the
The position of the

The
OGg

The symbol rCg designates the

o%rsight 1line.
impossible for
unloaded beam

assumed that one

Assuming the hinge

that the reaction R2

must be between Gp and G2> then the force acting on any
cross-section of the member between Gp and G2 will be

the resultant of Wg and R2, i.e. R2-V2,and isassumed

to act upwards at H. This implies h2 *4A2» which is

true 1if R2 lies between Gi and G2«

Unier these con-

ditions the hinge will form at K,
of OH with the centre-line of the girder.

tion for a plastic

the intersection point
The condi-

hinge at K is

W (R2-V2) * Tp (4.1)
For a hinge at the support
np' + R2C2' = Ip''" ..., (4.2)

where 4p and

chapter.
The distance G2H may be found

about the perpendicular to GgH at G2

~"2 have the same meaning as in the previous

by taking moments

i.e.,

r2
= kF "2 ("~ 2) - (dey)
If OF = p2» OH = P3 and ©2 * &ngle BOF, then
by the cosine rule
P32 , A - 2 Up cos (0G2H).
By the sine rule, and as the angle G20I - ©2 !
0? sin (02%“2B +0%)

Bin (0G2H) =
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Substituting this and 7552 = r in the above equation:

»52 = r2 + opi2- 2r . O (1-

Substituting from (4.5) for "H:

03 = 1xr"+(~ % ) "~ 2= Cp~ {W2* ~p2" ein2(92-20+") /
P P O
Since = p2 + - 202 r cos (97-26 +00)»
2
P 32

_ 1 5 I(V\BZI_]:_)? t*z_"y £ 1 — S—%% COS(OZ"’QG

2 Ry 002 P 2p p

— }{—s— COS (0g—28 +02))” —p-cos ( 6 +02"
or
0t2 Ro 2 op2 p
— = 1 K— ~  + 1 - —r* cos(92-2fi+02)}
r2 k2-,/2 r2 r 8 8

- {J-3-~} cos (Gg-zG +02) - 1) ........ (4.4)
Since HK = - r, the value of p ® from (4.4) could be

substituted in (4 .1) and combined with (4.2) to give a
new equation to replace equation (5.5) of the previous
chapter, which gives the equation of the locus of ;os-
siule reaction points 1if there isa fixed hinge at the
support and a free hing; on the span.

However, 1f (@2—<8 +02) 1ssmall, so that

cos (@ ,-26 +02) is nearly equal tounity, then

2 R On 2
H

fl ./

r

n
2

or A ] 1)/
and equation (4.1) become s

<X In
R2 - 1) e r »

which is the condition for a free hinge on the arc
opposite the reaction point, as 1if the girder was loaded

with a single concentrated load at the centre of grav. y

of the two concentrated loads.
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Hence it may be stated:

(i) if mode 1 in Fig. 4.1(a) occurs, the locus

of reaction points is the same as for the

single concentrated load.

(ii) if the free hinge occurs between the point
loads ana the position of the hinge is such
that It, is close to with the result that
the angle (9 - 28+ 0.,) is small, the locus
of reaction points is almost the same as for

the single concentrated load.

(111) 1if (©2 - 26+ 07) 1is not small, the locus
of reaction points must be derived using

equations (4.1), (4.2) and (4.4).

The present work is confined to the solutions of
cases (i) and (ii), and it has been found that the
solution (iii) 1s not often necessary.

For the two solutions (i) and (ii), all the
equations of the mode 1 solution for a single concen-
trated load may be used, if the two loads an<® '"2
are replaced by a load ( + "2) ~ a point with polar
co-ordinates (r*", 0C”") with respect to CA, that is,
by replacing the two loads by a single one at the
centre of gravity. As the position of the load in
Chapter 3 was at a point (rc”, 0C”") the same computer
programme has been used for the present solution.

Details of this programme are given in the Appendix.

Modes 2 and 2A - :,.odcr ito Torsional Strength. The
failure bymode 2 illustrated in Fig. 4.1 (c) is simi-
lar to thesingle load case. If the two loads acting
are B and &, and if these loads are replaced by a
single load (-~ + W2) acting at centre of gravity ol

the twoleads, specified by the polar co-ordinates

fi , O )then the equations derived in Chapter 3 for
the8sing'!e concentrated load apply. Hence the computer
programme used for the single concentrated load may be

used. Details of the computer programme are given in

the Appendix.
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Mode 2A, shown diagraihmatically in Pig. 4.1 (d),
is an unlikely failure mode. In this mode one free
hinge is assumed to occur between the two loads. In
the transition from mode 1A to mode 2A, the hinge on
the shorter arc, measured from the centre of gravity
ol the loads to the supports, disappears first. Since
cne hinge between loads is usually on the shorter arc,
the mode 2 failure is most common.

Mode 2A could occur 1if WO>> and, referring to
Pig. 4.2, G is close to . Since the position of
the free torsion hinge in this mode is different from
the position given by the mode 2 solution, the condition
that the three hinges must intersect in one point re-
quires calculation of the new position of the torsion
hinge, involving the use of equations (4.1), (4.2) and
(4.4).

The failure by mode 2A has not been worked out

in detail in this investigation.

Modes 3A and 53 - High Torsional Strength. In failure
by mode 3A, fixed plastic hinges occur at both loads
and at the supports. v solution is easily obtained if
the loading is symmetrical. However, the more general
problem of unsymmetrical loading has been worked out in
such a form as to be solved using an electronic computer.

As Dbefore, and Wp act at G and respec-
tively, which are defined in position by polar co-
ordinates (r, #1) and (r, 02) with respect to OA. The
centre of gravity of the loads, the point G, is defined
in position by co-ordinates (rcg, Ocg) e The reaction
R, acts at E, and Rg acts at F.

Plastic hinges form at A, G*, G2, and B. It can

be shown that E and F usually lie on the bisector of

the angles A0S, and BOS2, respectively. For the for-
mation of hinges at A and the yield criterion must
be satisfied at these points. If the line r.L is per-
pendicular to OA, and if - AL and nx = then the

bending moment and torque at A uie uive.i by

mA = Eini

and Ta = .
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The yield criterion at A Dbecomes:

h / uvVv + tlz2) = 1/

or a nl + 1

This equation represents an ellipse, and for
any given values of « and R1, an ellipse can be plotted
with axes along the radius and tangent at A; such an
ellipse gives the locus of the point £ for the formation
of a hinge at A. An identical ellipse can be drawn
with the radius and tangent at G as axes. The inter-
section points of the ellipses give the possible posi-
tions of £, as shown in Fig. 4.4. As the failure mode
usually occurs at larOe values of * , the ellipses are
in most cases nearly circular and the intersection
points on the bisector of angles AOG” and BOGg are the
correct ones; this case only 1s considered here. The
correctness of this assumption must be checked for any
particular case.

The method of solution is to try a value of "B
then, nee E has rectangular co-ordinates (" cos 01/2,
Pl sin A//and G has co-ordinates (rcg cos 0C?, rcg sin
Ocg) with respect to OXY, the equation of the straight

line EG is given by

vyE~ ycg X2 Xog
OF 1is given by

y = tan (6 + "2) x
T

F is found by the intersection of these two straight
linesf as described in the Appendix.

Tf Cv nl, t2 and n2 have the same meaning as

before, and 1if t? = OF,
2" z2 " (4.7)
P2 ~ "XF + Yp ~ *

(4 8)
Ci=r - xE, nx = yE>

sin( 0- 2 )..(4.9
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If EG = and FG = *2,
la ' f(xE - "og)" + (YyE - yog) SJ ..... (4.10a)
and 2 « <(*F - *oe)2 + <yF - ycg>2,i ..... (4.10Db)

The two aimultanecus equations to be satisfied
for tfde final solution are;

fWwrx Y (1 + "g)
v i " - (% 2 + (4.11a)
fvr N a (&1 + Ig)
- g/ 2 2 A (4 .11Db)
*L'* ng + in '
In mode 3B, hinges lorm at A, G and B. For

this to happen, the loading must obviously be unsymmetri-
cal, and the axes of rotation of the hinges must inter-
sect in one point S (see Fig.4.3). If the assumption
is made (as for mode 3A) that the point E ison the
bisector of angles AOG", then S must fall on the line

EO, or 20 produced.

Now tan E < ~3 .,

r-xg
ys

and tan ~y- = — e
~ XS

Eliminating Ve from these two equations,

r tan y.

i (4.12)
tan c¢Q + tan y*

and the second of the two equations may be used to solve
for yg:

Yr, * x tan vV 2 (4.13)

The equation for tan yp» where Y2 f£8
between OB and BS has been determined in Chapter 3 in

the section on mode 2 collapse as
X vQ

—S gin 2P - ~~ cos 2P
_t r—m — = e (3.17?)
tan v, = —

1- — cos 26 — ~ oin 26



The equations (3.18) and(3.19) of chapter 3
for the angles and 62 also apply in this case and

are repeated for convenience:

1T = 28 ~ 2 4+ %2 i e e (3.18)
6

I
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Equation (,4.5) of this chapter for EG still
applies, and DF is gi'-en by (3.21) of Chapter 3:
y = (tan 5%) x + sin 2B - tan 6" cos Zb.. (3.21)
The co-ordinates of P are ,iven by the intersection of

these two straight lines. The distances p2, £t2 andn £

may be found using equations (4.7), (4.8) and 4.9) of

this chapter. Also, 1if 97 = the angle AOF,
9 = arc tan (yp S Xy ) e e e e e e (4.14)
Z2 =p2 ® v26 - ) Il N (4.15)
and np =p 2 sin 2! L T (4.10)

Equations (4.10) give values for 1" and 1 2> and
(4.11a) md (4.11b) are the final simultaneous equations

required for complete solution.

Mode 4 - Large Torsional Strength. as 1illustrated in
Fig. 4.1 (g), in this mode there is ahinge at each
support, and the axis of rotation is, forboth hinges,
a2 line joining the supports. Referring to Fig. 4.5,
the centre of gravity of the loads is at G (rc®, "Cq)
with respect to OA.

Clearly >3 = yo ~ ~ (- r t where and y2 are
the angles OAB and OBA respectively; for both hinges,

tany = tan (* = g)... ¥ —r— ... .iieiee.. (4.17)
2 o M

Taking moments about Ah, and since + = Vv

w . UP~ 2(M cos y + T siny )

= 2(M sin 3 + T coB 3),

where GP 1is perpendicular to AB.
IP 0Q la parallel to AB, and 0Q perpendicular to

0Q, the angle 00Q la equalto -1, and 35 = TO - 73.

Hence G? & rc<, cos (0Cg ™ 8) Y r 009 6

Therefore, X
W<rog coa (0cg-9)- r oca 6, -2(M ain”. T"ooad)
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, Uoing equation (4.17) and the yield criterion
a M + T = Tp ,

a“ + a4 M2 cot2 8= Tp2.

Solving for Mi

Tp

" (1>u2 cot™fi )i

M:

Substituting this value for M and T = a2 m cote in (4.18):
WlrCg 008 ("Cg-B) - r cos 6}

Tp ain f o' Tp cot 8 cos e

4

- ™ J " g — ¥  m 1
a(l1+ cot e f+ a(lto X B)*

Therefore,

p
fir 2 (sin8 + cos P cot B)
? t rnv (4-19b)
a (l+oc cot S) t—~" cos(0 -b) - cos 0}

and hence

A cot? (4.19b)

— cos (0Cg-fi) - cos 6

The occurrence of this mode of failure 1is pos-
sible when the centre of gravity of tne loads is com-
paratively close to the line joining the supports.

A typical result for a bow girder with the cen-
tral angle equal to 90° and with loads symmetrically
placed at 22i from the axis of sym. etry is plotted in
Pig. 4.6. The broken line on the curve represents an
approximate result, obtained graphically, corresponding
to mode 3A failure when the reaction points are not on
the bisector of AOG1l (Fig. 4.1). This case has not

been dealt with analytically :@In the previous sections.

4.3 Effeet of Lack ofTorsional Restraint
It io apparent from Pig. 4.6 and other results obtained that

the form of the solution for two concentrated loads is
similar to that for a single concentrated 3oad. For
low values of the effect of changes in *Jjrsional
strength on the collapse load is considerable, while

for high values of « small changes in torsional strength

have a negligible effect on the collapse load. During
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collapat high values of a, the value of torsion in
combined hinges in generally small compared with the
value O benJding moment, and the anovnt of energy absorbed
in torsion during failure is small compared with the
energy absorbed in bending.

Hence the conclusions reached in section 3.5 fc>»
single loads also apply here; namely that an increas-
in torsional strength of the beam has a negligible effect
on the ultimate load for high wvalues of a , and that at
these high values of u the provision of torsional re-
straint at the supports has a small effect on the col-

lapse loau.

4.4 Girders with Several Concentrated Loads

For small a, the probable failure modes are similar to
those for the two concentrated loads, that is, tne modes
1, 1A, 2 and 2A or similar modes are the most likely to
occur. The suggested approach is to replace the
several concentrated loads with a single load at the
centre of gravity of the loads and then to solve as a
mode 1 or node 2 failure. The position of the free
hinges can then be compared with positions of the point
loads and an amended solution carried out using sta-
tions (4.1), (4.2) and (4.4) to take into account the
effect of the concentrated loads on the hinge positions.
This approach is tedious and an easier solution might

be obtained using the approach adopted vy Imegwu.

The higher modes for girders with several con-
centrated loads could be solved using the methods out-
lined in the previous sections: the correct configu-
ration of hinges could be found by trial depending on

the position of the concentrated loads.
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A KINf£:[AIIC APPROACH

5.1 Introduction

The =zet.icds of analysis described in the previous
chapters are based essentially on a static approach, and
can yield incorrect results 1if it is not ensured that
the r: tations of the hinges are compatible with the
directions of the moments and torques. An example is
the partial collapse of a girder with a single point at
G, shown in Fig. '.1. Johansen has demonstrated that
collapse with hir es at C, i and 1) is impossible. This
is proved as follows:

The reaction Fh at 2 causes a torque acting on
the section ot the girder CJDB at C directed as indi-
cated by tr.e ar*ow in ?;g. 5.1. (Rotations are clock-
wise when viewed 1in the direction of the arrows). If
a plastic hinge wore to form at C, then the rotation of
0G.D with respect tc AC (which can be regarded as rigid)
would be in the opposite direction to the moment vector
sho n. This would cause the load at G to move upwards
and Increase 1its* potential energy. The same reasoning
cz e a 1lied t* the form .tion of a hinge at D, irres-
pective of the direction or amount of rotation at a

possible bin at 2.
Hence the partial collapse by the formation of

hinges at C, G and D is impossible, since the static and

reor.etrie conditions are in conflict.

The method proposed in this chapter is aimed at
the calculation of collapse loads by equating the energy

absorbea in the hinges during plastic deformation with

In the following complete solutions will be given
in some sim.”e cases; methods of approach will be sug-

gested for some more complicated cases. 1 13 "
that use of the minimum principle may be made in compli-
cated cases; by the minimum principle it xs mean /"
the collapse loads obtained using the kinematic ciet”0

are either greater or equal to the exact collapse
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Imegwu' has described a method similar to that
suggested above; use has been made of the minimum prin-

ciple. The work by Imegwu was published after comple-
tion of the present investigation.

S.2 Basic Principles

Knergy absorbed in a plastic hinge subjected tn
combined bonding and torsion. Consider a hinge on a
circular beam subjected to combined bending and torsion?
the rotation w during plastic flow of the hinge is about
an axis at an angle t to the radius at the hinge.

If a moment M and torque T act at the hinge,
then the energy absorbed in the hinge during plastic
deformation is:

M x Rotation about bending axis + T x Rotation
about torsional axis

= Idu cos vy + Ty siny

Using the yield criterion (2.2) and the equation

(2.3), the following results may be easily deduced:

M = Tp/a (1 + a2 tan2Y )K

H
Il

and Tp a tan Y/ (1 +a " tanky)‘.

Substituting for M and T in the above equation,

the energy absorbed m the hinge is

To w cCos v Tp ua tanY sin Y
e, —  M— F= 4+ A~ 2]
a(l +a' tan"y )1 (1 +a tan y)'
(1 +a?2 tan¥ )*
= Mp w cos y (1 vo tan*'' vy )" .. C5*1)
Rotation of rigid segments. During collapse. the

portions of the bow gi.uer between hinges have been con-

sidered as rigid. In Fig. 5.2 a segment of a circular
girder 1is shown: the end A is subjected to a rotation w,
about the axis at an angley 4 to the radius at A. The

angle subtended at the centre of the circular segment AC

is ©6.
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If the segment AC is rigid, then the rotation at

the end C is equal in magnitude and in the same direc-
tion as at the end A.

By simple geometry,

Y1 =Y2 + G

or y2 ® yl - © (5.2)

Conditions for the existence of a hinge in cure
t oion. Fig. 5.3 shows a portion of a circular bow
girder, with a hinge at C in pure torsion.

The absolute rotations of the segments AC and CD
are ~ ana u2 and are about the axes at angles Y " and
y0 respectively to the radius at C.

The twisting which occurs at Cdue to plastic
deformation is the wvectorial difference between the
absolute rotations of the segments AC and CD, i.e

7

if the discontinuity at C is £, then

ok
Aw w1l ww o
Since the hinge at C is in pure torsion, the bending ro-

tation is zeio,

A

i.e. wW”" CosSy = Wn COS y2 (5.3"

and = u, sin vy 22 °"nY2 ... (5.4)

for the directions shown.

553 Examcleo of “pplloation

Mode 4 Collapse. In this section, the mode 4 collapse
of the Chapter 4 will be deduced. The collapse mode

is illustrated in Fig. 5.4: the girder is loaded at

Gl and 02 with loads W} and Y/g respectively. Hinges
fwrm at A and B md collapse takes place about an axis
joining A and B. The mode can only occur when

centre of gravity is fairly close o0 the uupi.oits, or

possibly for girders with central angle °? 18C
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If G is the centre of gravity of the loads, and
if during plastic collapse a rotation Aw takes place,
then the point G mover, downwards a distance (Aw) (QP),

where TIP = tg& cos {#cr —-e ) — r cos B.

The energy abaor d in each hinge is given by
equation (5.1) and is

Mp Aw cob y (1 + o' tar/ y)2

Clearly in this case vy , =

Hence the virtual work equation may be written:

2 Mp Aw coOs (V2 - e {1 + 9oV c::ari¥ (7/2 -9> " =

(VI + W2)Aw {rCf, cos(Ocg - 6) - r cosS)",
or, since W + W2 = W,

Wr 2 sina (1 +a " cot”3 )"

m - @ ————————————— >

P 1££ cos (Oog -8 ) - cos 9

which is the same as the result obtained previously.

Collapse with no torsion at the supports - Mode JU
This is the collapse mode already investigated in
section 3.3, and is illustrated in Fig. ¢.5; plae v:c

hinges occur at C and D.

Using the equation (5.3) deduced in the previous

section, for the existence of a hinge in pure torsion

at 0 and D:

“WAC 00S TAC” “WCDOLJIN” CD vcieeeneennnn (>0)
IS 6)
and uBDcoa YBD=UCDO08 YGD ......icc.... U *
where w™n,w and w are theabsolute rotations of

the segments AG, BD and CD respectively.

Using no* the equation (5.2), and since the angle

between the radii and the axes of rotation at tb- s p

ports is v2,

"AC ? - 61
d T
at ysp = T - S2
From triangle OCH, Y eD ~ACD 4+ %4 ="

or

'¢p s "7 64 - CD"
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Substituting these wvalues in equations (5.5)
and (5.6):

WAC ain 91 r “™CD 008 ” 64 ~ 7CD" ! (5.7)

and -BD 3in 02 ™ “CD C08yCD

The vertical movement of the points C and D due
to the torsional rotations at the supports are

(sec 6 - 1)w™Q and (sec 9p - l1)uassuming the beam

to be of unit radius.

Assuming that the supports A and D remain at the
samelevels during col.'apse (this does not assume that
A and D are on the same level: asmall difference will

not affect the following equation):
(sec 9, - 1)w,, + xwo .- (sec 927 0

(5.9)

where x 1s the perpendicular distance DK between the
straight line CH and a parallel line through D (see
Pig. 5.5). The line DH is parallel to the exis of

rotation of wec:;.

The distance x 1is found by consideration of the

triangle CKD. The angle KCD iu equal to ~ - -4 - Y C]j
OA rrl -
or *y + >flrj - Hence x 1is equal to CD sin

(YA 4 yC@j - *), and since (Bl = 2 sin %
0. 0
x = 2 sin 2 sln ("T CD % 27%*

Equation (5.9) becomes:
(sec 9I~1 )", r+ 2(sin sin(-"-Yc]) “ *)iu CD**"aeC 92~1)
(5-10)

From (5.7) aid (5.8),

w AC _——0s(if YCD)ee vttt eeeenn. (511)
|

N\
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Substituting these wvalues in (5.10):

er 1 ~ ! ¢ s s > .« A ” ct . %)
S1ln

(aeo eg-l) cos y -

________ ~Lin 6, " =0 ...  (5.13)
C

Hence, since 6% » 2f>-97-0", for any assumed
values of 9% and Pg* a vadwe of ymay be obtained
from equation (5.13). The virtual work equation may
now be written down, using equation (5.4) if the ver-
tical displacement az of the load <& is found. It may
be shown by a method similar to that used in deriving

equation (5.10) above that:

01 %
6z - (sec 97-1)u,™+2{ sin "—4)sin(Y }

wCL
Hence the virtual work equation may be written

(considering only the energy absorbed in plastic defor-

mation)
Tp{u>Ac 008 61" CD sin{nh- V YCD) }+TPU BDcOs 62

+ «CI, sin vCI)} = *6% (5.14)

By substituting the wvalue of Az obtained, equa-
tions (5.11) and (5.12) can be used tc eliminate the
rotations from equation (5.14). Hence for the assumed
values of 9 and 97? and the corresponding value of ycd
obtained from (5*13)» a value of the collapse load can
be obtained.

The above method could be developed to such a
form as to yield solutions using the minimum principle;
in the present form it can be used to check numerical

solutions already obtained.

Collapse with fully fixed sU22 2 . Thl8
collapse mode has been investigti ;od in sec tion

For the calculation of the collapse load by the pre®en
method, the approach adopted in the section a

the case with no torsion at the supports can be use *
The chief difference 1is that energy aosoi e i

at the supports must be included iu the virtua
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Tranoition. I'voni Lode 1 to "",de 2. The transition
from mode 1 to mode 2 fail .e as the value of a +#s
increased will now be iiscuased. In Fi%, 5.6 (a)

a portion of a bow girder with a free hinge at #,0lntC
on the arc and a fixed hinge at the support is shown.

It is assumed that the hinge atC is on the shorter arc

measured from the single load to the supports, andwould
be the hinge to disappear in the transition. The
rotational movement of the hinge (= ow is the wvec-

torial difference between u” and w rij, D being the
position of the second free hinge.

If a is increased, the value of 0 corresponding
to any particular value of 9 in equation (3.1) increases
and the (p, 6) curves giving oossible reaction points
,. the supports move radially utwards. Since the
point load and thereaction points are on the same
straight line, the wvalues of 0yand 0, tend to decrease
with an increase in a . Hence the axis of rotation at
A will in general tend to move closer to the radiuo at
A as a increases and as the reaction point E (p*, 07%)
moves further from * :e centre. In certain cases the
axis of rotation may cross the radius at the support.

If, at the transition from mode 1 to mode 2, the
value of of t—~ corresponding to the transition wvalue 01
u 1is the same for both modes, and if the position of
the free hinge in the mode 2 solution is the same as
for the mode 1 solution, then the direction of B"3
c u, t be in the same direction (see Fig. 5.bb). Jjn

examination of equation (5.3) shows at tnis stage

that w a . Hence "here 1is no torsional rotation
AT vi)
at the hingl.
If the c¢ uter solutions developed in Chapter 3

are used it is found that values of collapse load can
be obtained using the mode 1 solution at values of
exceeding the transition wvalue, and t .ut the ~n *
obtain ,d for mode I are lean than 101 mode
explains this by means of a maximum principle:
"Cioh ambiguity la easily resolved here and
elsewhere by theorem I: the larger load is

the required collapsed load".
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The Theorem I used by Imegwu is as follows:
Theorem TI. Tae collapse load 1is the largest
load for which the equations of eqg®iliorium
are satisfied while at the same time the

structure develops Jjust enough plastic hinges
to cause collapse".

This explanation is not satisfactory as it
appears to be baited on the assumption that there are
two possible modes of failure for the bow girder and
that the solution corresponding to the larger load is
the correct one. Clearly 11 the equilibrium,yield and
mechanism conditions are satisfied for the mode 1
solution, then it must be the correct one.

A suggested answer to the above anomaly 1is that
in the mode 1 computer solutions the direction of the
rotation Awr of the to: 41ional hinge for values of u
above the transition wvalue is opposite to the direction
before the transition. Since the applied torque remains
in the same directioi , this leads to the contradiction
of static and geometric conditions at the hinge as the
torque applied to the hinge and the torsional rotation
of the hinge would be in opposite directions; solutions
could still be obtained using the node 1 computer solu-
tion developed in Chapter 3.

The ideas proposed in this last section are nou

conclusive as a full mathematical treatment has not been

developed.
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CHATTER 6

EXPERIMENTAL IRY"STIGATI:

0.1 Introduction

The only known results of tests to failure on
steel circular-arc bow girders are those by Boulton
and Boonsukha-'. Johansen” has described some pre-
liminary tests on circular rings but, unfortunately,
the test set-up collapsed before complete failure of
the rings took place.

The results of the tests by Johansen showed that
the plastic hinges appeared as indicated by the theory
and tnat the deviation of the directions of the axes
of rotation from theoretical was slight, but the exact
collapse load could not be determined. Boulton and
Boonsukha obtained fairly accurate predictions of the
collapse 1load, based on experimentally found wvalues of
the full plastic moments in bending and torsion.

In the present work, tests were carried out on eight
miniature mild steel bow firdera of about 24 inches
radius, all subtending a central angle of 90°, and
under various loading and end support conditions.

The object of the tests was four-fold:

(i) to investigate the Behaviour of the hinges in
actual bow girders

(11) to verify experimentally the conclusions reached
in Chapter 3 with regard to the relation between
a = TP/tap md the effect of torsional restraint

at the supports jf the bow girders

(1it) to verify the results of Chapter 4 in which
the existing work was extended to the calcu-

lation of collapse loads for the case of two
concentrated loads

(iv) to calculate, in addition, elastic defies

tions for two of the eight tests.

The specimens were of three different cross-sec-
tions, giving three different values of a . The wvalues
of Tp and M were determined experimentally
testa, from which the torsional and bending r g

were also obtained for the prediction of elas <c

tions.
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The statistical deviation of the control test
results frou the mean was determined where possible so
that the dllterenee between the predicted and actual
collapse loads could be viewed 1in relation to the

variation in strength of the metal.

6.2 Preparation of Sueciaer:, and Description of

Apparatus
Preparation of Test Specimens. The three cross-
sections used are designated A, B and C. In Table

6.1 details of the specimens are shown.

Table ©6.1
..................................... Final MaXimum
Cross-— Measured Deviation
Symbol section Shape No. Radius from Measured

(Mean) Radius
1"x1" Square 2 24.00" .10"
Ip'xS" Rectangular 2 24.65" 10"
.Rectangular 4 23.55" 06"

The girders were cold bent to a 2foot radius,
and cut to the correct lengths for a 90"' arc. Arms
for the end fixing arrangement, the latter described
in a later section, were then welded on the ends of
the girders. The arms were designed to remain elastic
throughout th tests, and were at an angle of 45 to
the tangent to tne axis of the bow girder at the sup-
ports (see Fif . 6 !5 e The welds were double bevel
butt welds and were made so as to ensure that the thick
ened portion at the weld was stronger than the glider
section.

The girders were then annealed by heating to
920°C, soaking forat least one hour ©per inch oi cross-
section, and then removing from the turnace at belo.v
600°C, and cooling in the air. Millscalt result

from the heat treatment was removed bj sand bias t
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The radii of the girders were measured before

and after heat treatment. The radii for the wvarious
sections were not exactly the same, but for a particu-
lar section the radius was found to be nearly constant.

The heat treatment caused distortion of the 'O’ girders,

and they were bent back to a true radius. This unfor-

tunately must have caused ..are localised strain harden-

ing, and will be taken into account 1in the discussion

of the results. The final measured radii and the

maximum deviations from the measured values are given

in Table 6.1.

Before testing the girders were cleaned and

coated with Streascoat ST 1208, a brittle coating, foi

the purpose of detecting thv position and spread of the

hinges. It was found in the control tests that the
coating flaked from the metal surface during plastic

flew, and not at wulastic strains.

Control Tests. For the 'A' and 'O' sections, five

straight lengths for the torsion and five for the ben-
ding tests were prepared, while for the 'B section,
three of each were prepared. The specimens were
subjected to the same heat treatment and sand r asting
as were the bow girders.

The torsion tests were carried out in a t-rsion
testing machine in which the torque was measured by the

force exerted at a known distance along a lever arm

which acted on a platform scale. The rotation measure-

ments were made directly on the specimens using two sets
of dial deflection gauges at a known distance ax.tr

the section, as can be seen in Fig. 6.1. ti.e torque

applied was constant over the length of the specimen.
The bending tests were done on simply supgoi ted

lengths, the deep narrow 'B' and 'C sections being

AF L. At T'ol vaiues*



FIGURE 6.4

FIGURE 6.5



FIGURE 6.7



flow Girder Tests” The general arrangement of typical
testa can be seeii in /i-gy» t .3 and 6+ 4 The girders
were support- i1 on a test bed and loaded through a cali-
brated loading device and a screw jack anchored to the
test floor.

The supports of the bow girders consisted of
two-way cylindrical bearings A (see Fig. 6.5), the bases
of which were bolted to the test bed. Plates B were
clamped to the top and bottom of the lever arms C at
the supports: the plates were bolted together to form
a unit with the lever arms. The bottom “late served
as abearing plate and ensured that the reaction acted
a, the desired se don of the bow girder. The tor-
sional and bending rotations of the supports were
measured by the deflections of the ends of arms D
secured to the top plate (Fig. 6.5).

The moments and torques at the supports were
measured by calibrated proving rings coupled to the
girt or lever arms through ball connections: the
rotational movement of the supports was controlled by
jacks connected to the proving rings (see Fig. 6.6).

The loading devices were designed to give an
accuracy of about t 2 per cent at ‘he 5 per cent level

of significance. The two devices used weje:

(1) a 5 mm. prestressing wire fitted with a hacklow-
5mlth type extensometei >f 16 inch gauge length
(see Fig. 6.7). This was used for the tests
on 'A* and fB' sections, but the accuracy ob-

tained was not sufficient for the 0 sections,
which had a rather lower collapse load

(ii) a proving ring which had a range large enoug

and the required degree of sensitivity for the

'0l tests.

Both devices were calibrated using dead load,
on the device (i) it was found that torsional effec s
due to the inertia of the dead load influenced th®

readings considerably. During the actual tests
in the device would be caused by the friction on

grips ab the ends of the tensloned

o\°

To overcome this, a thrust race was
device, which for practical purposes elinanae

alonal effects. Ke-calibration was carriedout vy



getting up the preatresaing wire with a calibrated
proving ring in order to simulate the test conditions.
The test device (ii) showed very slight sensitivity
to applied torsion, and the dead load tests were used
for the calibration.

It was found that, up to about 70 1lb., there was
a deviation from linearity in both gauges because of
effects such as slackness 1in the prestressing wire in
the case of the device (i). Hence in the girder tests
the loading up to 70 1lb. was applied by means of accu-
rately Known dead load, and thereafter measured by the
loading devices. In the calibration the readings
below 70 1b. were ignored.

The proving rings used for the measurements of
support momenta and torgues were also calibrated using
dead load (the gauge (i) was calibrated against one
of these proving rings).

The data from all these calibrations were analysed
on the University IB!. 1620 computer using the IHa
Regression Analysis p-'o*ramme No. 6.0.001 which gave
the calibration constants and standard deviations using
a leaot squares analysis. The results Of this analysis

yielded the following standard deviations:

Device (1) » S.D. e i "

Device (11) : S.D. = ~D*
Assuming the population to be normally distri
buted, the limits at the 5 per cant level of signiii-

cance are:
Device (1) = - 26et 1lb*
Device (ii) 6,8

The tests were carried cut oy a“ilyiw a ce"ta
deflection to the loading point, and mea”.iTu’h,

This deflection was effected by means oi 11w scitA

the top of the pres tress ing w: r—- (@di. « "7~ ! 6 4).
Once plastic flow had started, the ;1.1 s at
until the difference between two su-oes.,,VL ~

14 Tlte uead loaa
15 minute incervals was neglih- —e phe

supporting the dead load (vi—- ¢ "
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Ths single 01 double point loads were applied by
me.ins of calls fitting into slightly punched recesses
on the girder. For the double point load the loads
were applied by dividing a single known load by means
of a simply supported bar. The load was applied to
the bar through a greased cylindrical bearing. The bar
applied the load to the girder through balls at the
two regvired points. This cxn be seen in Fig. 6.3.

Vie purpose of the deflection measurements was
to calculate, where possible, the rotations at the plastic
hinges, To this end, vertical deflection readings were
taken at tb pcirts of application of the loads and at
the 1 'eedictt i free iVnge poir. ;n. Vertical rods were
placed between the deflection gauges and the points
where deflections were measured in order to eliminate
the effects of lateral movement of the girders during
the tests. Rotations of the sections were measured by
means of bubble slope gau es placed, where possible,

midway between success!/e plactio hinges (as predicted).

6.3 Scoi:e cf Tests

The eight tests conducted do not represent an
exhaustive investigation of the objects (1), (ii) and
(Hi) as set out in 6.1, but an attempt was made to
cover us many aspects as possible.

Thu eight tests all yielded results of wvalue for
the object (i), that is, the investigation of the yield
criterion. The objects (ii) and (Hi) were covered by
four tests each; for the object (ii) the two "B" cross-
sections and two of the "C" cross-sections were used, and
are denoted Cl, C2, Bl and B2 (see Fig. 6.8). The loads
in these tests were centrally placed. The tests Cl and
Bl were conducted under conditions of full fixity at
the supports, i.e., the rotations of the support were
eliminated after each loading by adjustment of the

jacks connected to the support lever arras,

carried out with torsion at the supports as near =zero as
possible until the collapse load was reached, at whic
stage the torsional rotation of the supports was stopped,
in an attempt at causing the load to increase to

fixed value. Test B2 was conducted with no torsion at

cupports. Since the moments measured at supports
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the testa were at 45° to the tangent to the axis at
the supports, the moments measured by the proving
rings were adjusted until they were ao nearly equal

as possible in order to effect the no-torsion support

condition. The "C" tests (a = .1265) corresponded

to mode 1 failure of Chapter 3.2 and 3.3. In the "B"
tests (a = .224) the value of a is theoretically just
above the transition (at a = .200) from mode 1 to mode

3 (see Fig. 3.7).

The remaining four tests were all conducted
under fully-fixed support conditions with two concen-
trated loads. The tests 03 and 04 were arranged so
as to verify failure by modes 1 and 1A, as described
in Chapter 4. The "A" tests - Al and A2 - were designed
to verify failure by modes 3a and 3B respectively. The
leads in test C3 were equal and placed at quarter
points, as shown in Fig. 6.8. In test C4, the loads
were unsymmetrically placed as shown in Fig. 6.8, and
were such that ,1/,V2 = 2.43. This was the beat prac-
tical arrangement which gave, theoretically, the mude
1A failure (i.e. with a free hinge between the two
point leads).

In the test Al the loads ..ere equal and symmetri-
cal: hence a mode 3A failure was favoured. In the
test A2, the loads were equal and unsymmetrically placed
and the three-hinge failure mode way predicted.

The arrangement of the deflection gauges is shown

in Fig. 6.8.

6 .4 Results of Tests and Comparison with TITheory;

Control Tests. The results of the control tests are
given 1in Table 6.2: the mean values of the full Plas
moments in torsion and bending are givt-n, together ~ *
the standard deviations in the case of the "A" and "C
cross-sections. The plastic moments were obtained from

the torque-rotation and bending moment-rotation .rap. s,

typical graphs are shown in Pigs. h-1and * "

standard deviation was calculated lot tm. A

cross-sections as the number of specimens was five £

the determination of each control value, whereas ° ~
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deviation of the "C” results is much higher than the

"A" results.

Table 6.2
.. I Tr, !Standard ¢ % Standard
Section - f£”.-in. jDeviation 1lb.-in. Deviation w = )(
A " 4160 ;81 = 1.9% 6380 | 85 = 1.3% . 652
B 1220 - 5450 .224
C 446 127=6% 3526 |151 = 4.3% .1265
El I NO 0O y- El
I 1lb.-in.? 1lb.-in.- Y TIT
8.6 x 106 1.65 x 105 52
i2.79x 106'2.60 x 104 107
e F-—————

The value of & for each section was calculated
from r,he mean plastic moments; the wvalues of the
flexural and torsional rigidities are also given for
the "B” and "C" sections (these are the sections for
which elastic deflections in the main tests were

calculated) .

Tests on Miniature Bow liriero. The results will be

discussed in the following manner;

firstly, the load-deflection curves for all the tests
will be given, with the predicted clastic deflections,
the predicted and actual collapse loads, and the posi-

tion and spread of the plastic hinges;

secondly, the results of the investigation of the yie-ud

criterion will be given and,

thirdly, the results of the investigation of the direc-
tion of axes of rotation will he discussed.

In Figs. 6.11 to 6.16 the load-deflection curves
are plotted. From these graphs the values of the
collapse loads have been obtained and are shown with

the predicted values in Table 6.3.
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Table 6.5
Wr i W w Difference Difference
Test, Mp jPredicted, Actual
' (1b) (1b) (1b) %

Cl 5.87 578 555 1 6.8 - 23 — 4*0
c2 3.07 460 465 * 6.8 + 5 + 1.1
Bl 4.82 1068 1000 £ 26.2 - 68 — 6.4
B2 4.82 1068 1070 1 26.2 + 2 + 0.2
0, 4.705 706 735 t 6.8 + 29 + 4.1
04 4.79 716 780 t 6.8 + 64 + 8.9
Al 5.91 1570 1600 + 26.2 + 30 + 1.9
A2 6.21 1650 1660 t 26.2 1 + 10 + 0.6

The Intervals given with the actual collapse loads
are the confidence intervals of the loading devices at
the 5 per cent level of significance.

The results are in fair agreement with the theo-
retical collapse loads. In the appraisal of these

results two approaches have been used:

(1) a statistical test to determine whether the
difference between the actual and predicted

collapse loads 1is significant, and,

(11) a discussion of each failure load after the
yield criterion investigations: deviations
of particular wvalues can be interpreted in
terms of the measured values of moment and

torque 1in the hinges.

The analysis (i) shows that the average amount by
which the measured load: exceeded the predicted loads
(.8 per cent) was not significant. This was based on
the assumption that the percentage differences (the
last column in Table 6.3) were a sample irom a normal
population and the ”Students t” distribution with 7

degrees of freedom was used.



FIGURE 6.17

FIGURE 6.16



On the basis of tests on beams and frames8, a
small increase of experimental over calculated collapse
loads would be expected because of strain hardening
effects. A further factor that would add to this is
that the bending moment-torque interaction equation
is a lower bound approximation. On the other hand,
in the case of the "CM beams, the failure load de-
creased as collapse progressed, probably owing to the
effect of changes in geometry and instability of the
deep narrow sections. Hence an exact agreement be-
tween actual and predicted collapse loads would not
be expected, oinne these factors have not been taken
into accov he theory.

In v vest C2, the load increased slightly after
the fixing of the supports, as described in section
6.3, but did not increase to the failure load for the
fully fixed case.

The position of the hinges as indicated by
flaking of the brittle coating agreed with the theo-
retical 1in all cases except cat C2, where in addi-
tion to the two free hinges, 4. occurred as expected,
a small amount of plastic flow was evident at the
supports before the torsional rotation of the supports
was stopped (when there was no torsion at the supports,
two free hinges were expected, and plasticity at the
supports was only expected after the supports were
fully fixed). The positions of the free hinges, trken
as the centres of the flaked area on the girder arcs,
agreed with the theoretical positions to within two
inches; the length of the flaked area of the hinges
was from about two inches to about four inches.

Figures 6.17 and 6.18 show the flaking of the
brittle coating in tests Bl and C4 respectively, the
latter showing formation of a free plastic hinge between
the two point loads.

An Interesting point which might be of practical
importance la that, in the testa Cl, 02 and 04, the load
decreased after failure had taken pl.,ce, utid

show the usual increase in load due to strain hardening.
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The explanation for this behaviour is probably that,
in the case of the fairly flexible "C" girders, the
effect of changes in geometry during collapse 1is no
longer negligible, and that lateral instability of
the deep, narrow section affects the load.

The load in the tests was applied to a point
on the top edge of the rectangular section. At
plastic collapse and therefore at a stage when defor-
mations were large, the section at the load was rotated
through quite a large angle and the load consequently
induced an additional torquein the beam equal to the
product of the load and its eccentricity from the
centre of gravity of the section (see Fig. 6.19).

Owing to the induced torsion in the Dbeam, the
plasticity at various pointsin thegirder, and the
very small resistance of thegirder to bending about
the vertical axis, it is lately that the lessening of
the collapse load of the "O" girders is at least
partly a buckling effect; since the point ofappli-
cation of the load would tend tostayin the same
vertical 1line, the girder would tend to buckle outwards
at the positions of free hinges.

Further reference will be made to thispoint in
the discussion & colon in the freehinges.

elastic sections of the loading point
were calculated for tests Bl and 01, based on
the elastic rigidities found from the control tests,
and are shown on Figs. 6.11 and 6.12. The agreement
with the experimental values was very close in

in test 01 the deflections were slightly less than

predicted.

Yield Cr< investigation. Ac the bend.i.g momc
and torque at the supports were measured during the
testa, the wvalue of bending moment and torgue a any
point on the girder could be calculated, ~1l6 * ®
criterion has been checked by calculating , e

moment and torque at the hinge, and hence the square

except 1in those cases where due to cong
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apparatus, sufficient gauges could not be used. The
v: lues of bending moment, torque and @' M"™ + T2)"

have been plotted against the bending, torsional and

resultant rotation, respectively, at the hinges.
the cases where

In

it was not possible to calculate the

rotation, the values of bending moment and torque in

a hinge alone do not give much evidence of plastic

flow, as it is known that elastic moments and torqgues

remain approximately constant during collapse. It

was decided, therefore, to analyse the behaviour of only

those hinges for which rotations were available.

As the equation (2.2) represents a theoretical

lower bound, it would be expected that the substitu-

tion of actual bending moment and torque wvalues would

cause (a2 M2 + T4)* to exceed Tp by a small amount.

"B" Tests. As predicted, hinges occurred et the sup-

ports and at the loading point for both Bl and B2

Theoretically, the hinges are in pure bending,

values of bending moment and bending rotation have

been calculated, and are plotted in Pig. 6.20 (test 31)

and Pig. 6.21 (test 32). The rotations plotted are the

bending rotations of the lengths of beam between the

support and central point for the support hinges, and

the rotations of the whole arc about the bending axis
at the centre for the centre hinge. This is why tie
rotations at the centre hinges are much larger than a

the support hinges. The maximum values of torsion

in the hinges arc shown on the graphs.

The wvalues of the plastic moment taken ro

graphs are shown in Table (.4»
Table 6.4
—.im ™
Location Plastic I
Test of Hinge Moment
Bl Support A 5800 ) Mean for )
B1 Support B 5800 ) 31 = 5370 ) Mean for all
B1 At load 4500 ) tests =
5508
B2 Support A 5600 )
B2 Support B 5650 ) 32*= 5650 )

ccrn T1
B2 At load
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The mean value of the plastic moment,
5508 1lb.-in.

i.e.,
is very close to the mean value obtained

in the control tests (5450 1lb.-in.); all the wvalues of

plastic moment exceeded the control value except for

the value of plastic moment in test Bl at the load.

It is clear that the effect of the torsion in the hinges
would tend to reduce the average value of plastic

moment obtained below the average obtained in the con-

trol tests. An investigation reveals that this effect

is negligible except 1in the case of the hinge at support

B in test Bl, in which case the contribution of torsion

to the value of (02 K2 4 T' ) 1is less than ten per

cent. The effect of torsion on the plastic moments

has therefore been neglected.

An inspection of the collapse loads for Bl and B2
reveals that the girder Bl failed at a value 6.4 per
cent less than predicted whereas the failure load for
B2 was almost exactly as predicted. The large differ-
ence for Bl is mainly due to the extremely small wvalue
of plastic moment at the hinge under the load. Since
the rotation at the central hinge during plastic defor-
Enation is about twice the rotation at the supports, the
energy absorbed by the central hinge during piastre
collapse 1is about twice the energy absorbed by the
support hinge. Hence the effect on the collapse load

of the small value of plastic moment in the cen ra

the low wvalue of collapse load in test 1i'l.

"C" Tests. The "C" toots all (for test

of four hinges, namely, two trc- uw, * torglonal rota-

02, four hinges formed fully on y A been mentioned,
tion was Stopped at the suppot ® t0 measure
those hinges for which it v . - &~ 7 been used in
the deformations during collapse d binges that have
the yield criterion investigation. A "

been considered are: all hinges ~ ighk 1% all,

and free hinge in each ol C5 n>ld .~ free hinges.

EliV Plvori hinyes (at support.

b
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In Figs. b.22 to 6.30 the value of bending
moment, torque and (a< are plotted againat
the bending, torsional and total rotation of the
various fixed hinges, and in Figs. 6.31 to 6.33 the
values of torsion in the free hinges are plotted against
the torsional rotation of the free hinge. in the case
of the latter curves, to facilitate calculation, the
positions on the arc for which the wvalues of torsion
were calculated were not positions where the bending
moment was aero, but were points for which the bending
moment was small and had a small effect on the valueof
torsion. The rotations plotted are the rotations of
the lengths of girder between bubble gauges on either
side of thefree hinges and the lengths from the sup-
port to thenearest vertical deflection gauge in the
case of thefixed hinges.

The values of (2 r : + T2)' at full plasticity
of the section, taken from the graphs are shown In

Table 6.5.

Table 6.5

Test Location of (a2 M2 + T2)"

©S Hinge 1b.-in.

Cl Support A 405 )

Cl Support B 520 )

c2 Support A 390 )

. Mean =

o) Support B 665 ' 492 1b.
C3 Support A 390

c4 Support A 580 )

The mean of the wvalues in Table 6.5, i.e., 492

1b.-in., agrees reasonably with the wvalue of Tp
(

of the individual wvalues, however, 1is out of all pro-

446 1b.-in.) from the control tests. The variation

portion to the consistency obtained in the main *est

results or the control test results.
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rotation show that in all oaseTZ percent”
!! :i!: :][. e o e o o ‘ll'
)
e O e O ©
difference for the torque was large, although the order

of the variations was about the same in both cases.

A comparison of actual and predicted bending moments
is shown in Table 6.6.

Table 6.6
Location Predicted ‘
Experimental
Test Bending gending Fercentage

of Hinge Moment Ib-in. Momenc Ib-in. pifferences

Ccl Support A 3065 3070 + .2
Cl Support B 3065 3180 + 3.3
C2 Support A 3065 2900 - 5.4
02 Support B 3065 2750 -10.3
C3 Support A 2890 2900 + 0.3
Cc4 Support A 2850 2920 + 2.5
1
The wide variation in the wvalues of (a2
is clearly a reflection of the large deviations in
torque, since the effect of torque on (a2 M2 + Tp)"
is considerable as the bending moment values are
multiplied by o (= .1265). Hence the effect of torsion

on the yield criterion equation is large, for the snail
values of a in the "C" tests, whereas its effect on

the collapse load i1is quite small. This can be seen in
Fig. 6.22 where the values of torque against torsional
rotation have been plotted on the same graph as the

bending moment-bonding rotation curve. The area under
these curves represents the energy absorbed during col-
lapse by the bending and twisting components, and it is

evident that thv twisting component has a comparatively

small effect on the collapse load.
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A rnifw estimate shows the standard deviation of
the bending moment and torque measurements is about 8o
lb.-in. Th, end moments and torques were measured on
lever arms at an angle of 45° to the tangent at the
supports; the end bending moment and torque is pro-
portional to the sum and difference of the two readings
respectively. The possible error in bending moment
and torque is the same, but the percentage influence on
torque is much greater than on the bending moment.
A large proportion of the variation in torque values maj
therefore be attributed to possible measuring errors;
an estimate of how much the torque actually wvaries would
require tests with more refined apparatus.

The values of torque in the free hinges at full
plasticity abstracted from Pigs. 6.31 to 6.33 are

shown in Table 6.7.

Table 6.7
r. ey
Location of Torque
Test Hinge lb.-in.
Ccl Side A 580
Cl Side B 430
02 Side A 565 Mean = 477
02 Side B 305 1b.-in.
C3 Side A 650
04 Side A 335
The mean value, 1i.e. 477 lb.-in., 1s in fair

reement with the full plastic moment in pure torsion
und from the control tests (446 1b.-in.), but the
viations are much greater than in the control teste
which the standard deviation is 27 1b.-in. A large
rt of this deviation 1is possibly due to errors of
asurement; but 1if the standard deviation of the
dividual wvalues is about 80 l1lb.-in., the standard
viation of the mean would be about 80/6 - 13 1lb*
e fairly close agreement oi the mean plastic 1
the tests with the control value does provide some
idence which contradicts the suggestion in

sousslon* on the paper by Boulton and Boonsukha that,

nee the free hinges in actual bow girders oc c

ola.ted eointa. restriction of plastic warping would
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oauue values of torsion considerably higher than those
obtained where plasticity occurs over the whole length
of member, as in the control tests. The results of
this investigation have also shown that the free hinges
spread from two inches to four inches.

Another feature of the free hinge results is
that the values of torsion decrease steadily at high
values of rotation. It is probable that this effect
is connected with the decline in collapse load at large
deflections.

Ahe consistency of the values of bending moment
at the supports shows that the localised strain harden-
ing (mentioned in section 6.2) had little effect on the
results.

The values of collapse load for the "C" tests
agree with the predicted valuer, reasonably except for
02 (after the torsional rot a at the supports was
stopped) and 04.

In test 02 it was pected that the load, on
fixing the supports, would increase to the fully fixed
value, Dbut the load was already decreasing, probably
owing to the effects of changes in geometry, and the
attempt was unsuccessful.

The collapse load in test 04 was 8.9 per cent
larger than predicted. The values of bending moment
in the hinges at support A wore very close to the ex-
pected value; the values of torsion in the free hinges,
as calculated, were rather lower than the expecteo wvalue
from the control teots. The explanation lor the high
collapse load appears to be in the high wvalues of
moment in the hinge at the support B. Unfortunately,
complete values of the rotations are not available but
a fairly accurate calculation shows that the bending
rotation at collapse in the hinge at suppoits almost
tnree times the bending rotation at hinge =a. tht, value
of the Dbending moment at collapse wa'j about 4300
which “s much greater than the value of bending mo
in pure bending from the control tests (3320 I1b.

The energy absorbed in this hinge is therefore
greater than the energy absorbed in my oth-r

the test, and the large value of bending moment
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oauae a considerable Increase In collapse load. The
reason for the high value of bending moment is pro-
bably strain hardening either due to the large rotations

or the cold straightening which occurred in tre nr-
paration of the girders.

-A" Tests. The hinges investigated are those at the
supports in Al and A2, four hinges in all. m piga.

6.34 to 6.39 the results are plotted in the same way
as for the "C" tests.

The wvalues of (@ M2 + T")% Dbenaing moment and
torque at full plasticity of the section are compared
with the predicted wvalues 1in Table 6.8. It is seen
that good agreement has been obtained; the agreement
between the measured and predicted bending moments was,
as 1in the "C" tests, better than between the measured
and predicted torque. The agreement between actual
values of (o} + Tc) ' and the predicted value ( = Tp)
appears to be slightly better than the agreement between
individual wvalues of moment and torque. The difference
in the torque values might be largely experimental, but
since the values of torque are much larger than in the
"Cn tests, the percentage deviations are much smaller.

As would Dbe expected from the small standard
deviations of the bending moment and torque in the
control tests, and the results given above, the

difference between measured and predicted collapse loads

was very small.

Variation of Direction of Axes of notation. As the
measurement of torque in the 1C" teats yielded results
which are not considered to be reliable, the directions
of the axes of rotation has been calculated only for
the four hinges at the supports in the A tests.

Tie results of this analysis are shown graphi-
cally in Figs. 6./0 and 6.41. The angle v betweer
the axis of rotation of the hinge and radius at
hinge 1is plotted against the value ot load at wvalue
load near collapse. Tie wvalues at small loans were no
plotted because the results at elastic deflect
not reliable as the rot itional mo' "nts were ex re
small. The angle v 1is theoretically related

, 1.e.,
orquf JAd r.oment through equetio

taHY — /\/a/\M e 0000000
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a.n order to test the accuracy of thi-s
the values of arc tan (T/ 2 =Y1l ' xpreaaion,

plotted against the wvalues of load ' been

grasaively mere closely at values of the load above
the assumed collapse load.



CHAPTER 7

SUMMARY

The results of the analytical inveotigatlon

described in this work may be summarised as follows:

vi)

(iid)

(iv)

The use of the electronic computer provides
a quick and useful solution to the many
cases where ordinary solution would require

a tedious trial~and-error method.

Methods have been proposed for the automatic
computation (where this is advantageous) of
collapse loads of girders loaded with a single
concentrated load, both fully fixed and without
torsional restraint; most oi the possible
modes of failure modes of circular beams

under fully fixed support conditions with

two concentrated loads have been investi-

gated in detail.

A kinematic approach has been suggested, which
leads to a more detailed visualization of the

collapse modes involved.

The investigation of the effect of lack of
torsional restraint at the supports shows
that torsional movement of the supports can
reduce the strength of a bow girder with low
torsional strength, whereas for girders with

torsional strength above a certain wvalue the

effect 1is negligible.

The results of the experimental investigation

lead to the following conclusions:

(1)

The application of the approximate inter-

action equation a"™ + T ip
plastic hinge yields satisfactory wvaluta

of oollepse loads, based on experimentally

found wvalue, of ihe full plaetlc — * W
pure toreion and nure bending: the position.

Of formation of the hinges was in

agreement with the predicted positions.



(11)

(111)

(iv)

64

In the tests on girders with single con-
centrated loads it was found that a*

values of . slightly above the transition

value to mode 3, the mode ? failure occurred
whether the beam was torsionally restrained

or not. the failure load of girders for

which » was below the transition value was
greater when the ends were fully fixed than when
the ends were torsionally unrestrained, and
different failure modes occurred for the two

support conditions. These results are in
agreement with the theory.

The strength of the beams of low torsional
8d ength decreased as failure progressed;
no increase t* to strain hardening was

evident. This decrease 1s attributed to

effects of changes in geometry and instability.

In the investigation of the bohaviour of the
hinges in the tests on beams -vith high and
intermediate torsional strength (@= .652 and
.224 respectively), close agreement between
the predicted and experimental values was
obtained. In the tests on girders with low
torsional resistance (a - .1265) the values
of torsion in the combined hinges showed a
wide wvariation from the predicted wvalues,
while the bending moment.! agreed reasonably
with expected values. In the free hinges

in these tests a wide variation in the indi-
vidual values of torque was obtained; these
variations and those in torgque in the combined
hinges are partly attributable to imprecise
instrumentation. The mean value of torque
in fro- hinges woo in reasonable agreement
with the value of plastic moment in pure
sion obtained from the control tests, and did

not show a marked increase due to warp

restriction.



(v) T"» direction of the axes of rotation of
the hinges in the "A" tests showed poor

agreement with the expected directions.
Suggested subjects for further study are:

(i) The estimation of the strength of girders

of other than circular shape, for instance,
polygonal bow girders;

(11) The prediction of the strength of girders
under more diverse loading conditions, for
instance, combinations of uniformly distri-

buted and concentrated loads.
(1ii) The extension of the virtual work method.

(iv) The testing of mo. d realistic experimental
bow girders; the tests described in the
present work were on girders with ideal
support conditions and were of very mild

steel.

The same principles apply to any type of
structure where bending moment and torque are the

predominant structural actions.
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APPENDIX

DETAILS OF COMPUTER PROGRAMMES

All the computer work was done on the University
IBM 1620 digital computer. A flow diagram and the

source programmes, as written in the FORTRAN language,
are given in this Appendix.

The programmes which have been written and used

are:

Programme 1: Mode 1 - fully fixed supports - single

and double concentrated loads (sections 3.2 and 4.2).

Programme 2: Mode 2 - fully fixed supports - single

and double concentrated loads (sections 3.2 and 4.2).

Programme 3: Mode 1 - no torsion at supports - single

concentrated load (section 3.3).

Programme 4: Mode 2 - no torsion at supports * single

concentrated load (section 3.5).

Programme 5: Mode 3A - fully fixed supports - two

concentrated loads (section 4.2).

Programme 6: Mode 3B - fully fixed supports - two con-

centrated loads (section 4.2).

Before proceeding to a description of the indi-
vidual programmes, some features common to all vhe

programmes will Dbe discussed.
All the equations used were in a dimensionless

form. For the collapse load, the form was and the

lengths were divided by r, the radius of the girdei,
for example, — or

The programmes are all based on a trial a

error procedure in the programre s 1 to 4
value of 9., known to be lower than the actual va »
was loaded. The computer then incremented ¢t le v

Of e1, until a satisfactory soiution was obtain”.

the cace of programmes 5 and 6, a va cC 1

and innrpmflntp.d in the same way by tne compu
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all caaea the final solution depended on the
satisfaction of two simultaneous equations, the left
hand side of which was in the form % A number N
was caused to alternate between the Values 1 and 2
corresponding to successive cycles of calculation;
each cycle corresponded to a value of 61 or At
any value of ©1 or the values of & were calcu-
lated corresponding to the two simultaneous equations,
and if N was equal to 1, these values were designated
Wll and W21; if N wvas equal to 2, the values were
designated W12 and W22. For a certain increment of
or pj (designated Tl and Rl respectively in the
programmes) , the sign of (V/11- ,V21) (W12 - V22)
was ascertained. If the sign ,vas positive, ©" oro”
were 1incremented again, and if the sign was negative
or zero the value of ©1 or d” reverted to the previous
value and smaller increments made (see below). If *
was close enough to the exact solution the final
results were typed out. An IF (ShUSti S..ITCH 3) state-
ment was inserted betweenthe statements 50 and 5Ein
the pro, ramines as in the first cycle the wvalues of
Wl2 and W22 were not obtained; the sense switch ON
setting in the first cycle transferred the programme to
the 6 PAUSE statement, at which stage it was switched
to the OFF position.
The increments of Tl and Rl were initially equal
to 0.1; the increments were continued until (W1l - *21
(W12 - W22) was negative or zero. The increments
were then 0.01, and so on, until a solution was obtains
corresponding to incrent nte of 0.00001. The mctio

of incrementing T1, for example, is as fo..l
DO 56 K =1, 5
7 T1 - T1 + 10. (-K)

The flow diagram on which all the pr° ~ he

based is shown in Fig. A.T. Some details

individual programmes follow.
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ProgrammeThe wvalues to be loaded are 2 'eB)
Ocg(= PC3), rcg( ®MRCG), a (- A) and G (a £ 3
Tne symbol fora" is AA. Through referenc
equations (3.1), (3-5), (3.7) to (3.11) end (3.
the development of the programme is clea.: . Tku

simultaneous equations for final solution are (3.12a>
and (3.12b). At some values of 26, # and r

ex 1is incremented the value of u passes through

and solutions are difficult to obtain as tan w becomes

very large.

Programme 2: The values to be loaded are as for
programme 1. Equations (3.1) and (3.15) to (3.19) are

used directly. The co-ordinates of F, which are

(Xp, yp), are determined (see section 3.2) by the
intersection of BF and EG.
If the equation of EG is written

y =m x ¢

and BF 1s written

y ~"m9 x 4' c2>

the point F is given by

XF = ~¢c2 "™ ci)/(ml " m2"
and yF = (m" ¢ - m2 cl)/(ml - m2)
In the programme = AM, mZ2 = BM, = Cl

and c2 = C?2.
The equations (3.22a) and (3.22b) are to be

simultaneously satisfied for the imal solution,

equations (?.23), (3.24) and (3.25) are also used in

the solution.

Programme 5: The wvalues cl 28 (= P), A !
and 0, ( = Tl) are loaded. Equations (3*28 ,
and (3.30) are used; (3.29a) end (3.29) are

simultaneous equations to be satisfied.
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ProRranuDo.J : This is similar to programme 3 exceot
that (5.31a) and 3.31b) are the equations to be

satisfied by the trial-and-error procedure.

ProgramiTie 5: The values loaded are 26( = B), 0 ( =F1)
02(= F2), Ocg+t PCO), rcg( = RC8), a (= A)’and
»!< = R1)- Equations (4.5) anc. (4.6) are used to

find the co-ordinates of P by a method similar to that

for programme 2 (see above). Equations (4.7) to

(4.11) are used; (4.11a) and 4.11b) are the simul-

taneous equations to be satisfied.

Programme 6: The same values are loaded as for
programme 5. The eqg ations (4.13) to (4.16) are

1, in addition to (3.17), (3.18) and (3.19); the
1 -muitaneous yield *quations are the same as for

programme °?.
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PROCh'ATf1kE 1

1 FORMAT (Fn;'),Fn: ),FC. ))
i cormat(ft.\Fn;)) -

3 FORMAT (Ff) .5,Fn.>5
4 ACCEPT 1,B.FCG,RCG

5

30

3
32

40

50

s1

55
54

52
56
53

Fr«.4,Fn.4,Fqg.4,Fn.4)

ACCEPT2, A, T1

AA* 1 .-A%A

N-2

PAUSE

DO 5> K«l, 5,

T1=T1+10. **(-K)

R1.2./(AA*(1.+CO0S(T1 )))

AMU»ATAN((COS(FCG)-RI>CCS(T1 )/RCG)/(R1*SIN(TI )/RCG-SIN(FCG)))
P«RCG*COS(FCG-AilU)

Z=P*AA
AAA— Z*Z COSEB)*COS§B) 4. *Z*SINfB)*S AMU +4, *sml(] MU)*SINfAMU)
BB*(2.*Z*SIN(B)~4.*SIN(AMU))*(Z* co (B)-2,*CO0S(Af1

%
%
% %* %

ol AN IR N (B A i CIR (B 8‘%%(#(“?‘% XAS"S(AMU’ COS(AMU),
IF(T3)31,30, 30
T2-B-T3
GO TO 32
T2=B-3.i415"-T3
R2=2./(AA*(1.+COS(T2)))
AllI-SQRT(R1*RHRCG*RCG~2.*R1*RCG*COS(FCG-T1))
AL2=SQRT (R2*R2+RCG*RCG-2. *R2*RCG*C OS (B-FCG-T 2))
IF(tH)40, 41,40
N-0
R.N+1
GO TO (50,51),'J
Wll1= A*(ALI hAL2)/(AL2*(R11 )
W21-A*(AL1+AL2)/(AL1*(R2~1.)
IF(SEUSE SWITCH 3 )6, 55
WI12«A*(AL1+AL2)/(AL2*(R1-13))
W22-A*(AL1+AL2)/(AL1*(R2~1.))
IF(SENSE SWITCH 1)53, 54
sF((W11-W21 )*(W1 2~W22))52, 52, 7
T1=T1-(10.**(-K))
NeyN—
TYPE 3,T1,T2>W11,W21,W12,W22
EIJ]\*“J}SSENSE SWITCH 2) 4,5

N -



N B oo

30

3
32

50

51

535
54

2
0

53

FKOORAMME 2

FORMATr(FI. 1.FO.0.FR.0O)

FORMAT(FO. 1, F3. ))

FORMAT(FI 5,Fn.5,F3.4,F0.4,F,1.4 Ffl [{f
ACCEPT 1, B,FCG,RCG

ACCEPT2, A T1

AA«l,,~A*A

N«2

PAUSE

00 Sy K=1,5

T1=T1+10.%* (-*

RI=2./(AA*(1.4-COS(T1)))
XE-R1*C0S(T1)

YE=R1*SIN(1 !)

Ard4=(YE-RCG*S IN(FCG )l{éXE -RCG*COS(FCG ))
C1«RCG*S IN( FCG )N\f 1*RCG*C OS (FCG)

i » ~ 1t~ r cos(B),/(,--xs*cos(B)-vs'‘siN ((B»>
B-1,57030+0FJ

B,%SHHD)/COS(D)

C2=S IN(B)~B;I*COS(B)

XF-(C2-C1 )/(AM-BM)

YF=(AM*C2-6H*C1 )/(AM-Br1)

R A ORI PR 2 s

+ -5 11

A H{F/XF (B))*( (B))+( (B))*( v|( ()}%
IF(T3)31 30, 30

T2-B-T3

GO TO 32

T2=B-3.1415y-T 3

R2«SQRT(XF*XF+YF*YF)

AL1«SQRT(R1*R1+RCG*RCG-2.*R1*RCG*COS(FCG~T1 ))

AL2*SQRT(R2*R2+RCG*RCG-2.*R2*RCG*COS( B-FCG-T2))

1\IIF(§N~1 )40 41,40

N.N+1
GO TO (50, 51),N

W 1-A*(ALHAL2)/(AL2*(R1~t. ))
W21»A*(AL1*AL2)/(AL1*S1%S2)
IF(SENSE SWITCH 3 )S,55
W12«A*(ALHAL2)/(AL.2*(R1-1.))
W22=A*(AL1+/xL2)/(AL1*S1%*S2)

F SENSE <WITCH 1)53,54
IF((W11 -W21)*(W12~W22))52,52,7
LT (o (-K))

TYPE 3,T1, T2,WI 1, W21, WI 2, W22
AFAENSE SWITCH 2) 4,5
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PROGRAMME

1 FORMAT(FO. ),F0-.0)
2 FORMAT F0.J,F3.J)
3 FORhV\T(F3.L, F3.5, F3.4, Ffl. A FH.A F3 4)
4 ACCEPTI,B,F t
5 ACCEPT2 A, 11
=2
6 PAUSE
DO 55 K=1, 5
7 T1=T14-10.%*(~K)
ANIT-(SIN(F)-SIN(|1)/COS(T1))/SIN(B)

IF(T3)31, 30, 30
30 T2B-13
GO ro 32
31 T2»B-3.1IM5b-T3
32 AL1=SQRT(1./(COS(T1)*COS(T1 ))+1.-2.*CO0S(F-T1)/C0S(TD)
%= % *
Altlg(Ns-Ql%E(ﬂl,%/lf?(?S(Tz) COS(T2))+1 #-2.*CO0S(B-F-T2)/C08(T2))

40 N-0

4] N.N+1
GO TO (50, 51),N

50 WI11=A/(1./C0S(T1)-1.)*(AL1+AL2)/AL2
W21»A/(1./COS(T2)-1.)*(AL1+AL2)/AL1
Lr (SE.ISE SWITCH 3 )6, 55

51 W12-A/(1./COS(T1 )-1+)*(At1+At2)/AL2
W22=A/(1./COS(T2)-1. )*(AL1+AL2)/AL1

55 IF(SENSE SWITCH 1)53,54

54 IF((W11-W21 )*(W12-222))52, 52, 7

52 T1=T1-(10e**(~K))

56 N-N-1

53 TYPE 3,T1,T2,W11,W21,W12,W22
IF(SENSE SWITCH 2) 4,5
END

Programme (4) is identical to this programme except for T?1
and W22, e.qg.
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PROGI1AATME. G

FOR/IAT(r?1.0, FG.G FO. ),FO.J,F0.0)

2 RRIAT(FO.J,FO«0)
}AEEMA TR E b /4P 1)

5
6

7

40
41

50

51

55
52
56

ACCEPT 2,A,R1

Nox2

PAUSE

XCG=RCG*COS(FCG)

YCG"RCG*SIM(FCG)

DO 5> K=1,5

R|=RH10.**(~K)

XE»R1*CO0S(F1/2.)

YE“R1*SIM(F1/2. )

Aik(YE~YCG) / (XE-XCG)

CeYOGA;t*XCG
XF-C/(SIN(B/2.+F2/2.)/COS(B/2.+F2/2. )-AM)
YF=AH*XF+C

X11=1 .-XE

ETA1=YE

R2=SORT(XF*XF+YF*YF)

XI2=1.-*R2*COS(3/2.-F2/2.)
ETA2=R2*SIN(B/2.-F2/2.)
AL1=SQRT((XE-XCG)**2+(YE-YCG)**2)

AL2=SQRT( (XF-XCG )**2-t-( YF-YCG )** 2)

IF(N-1) 40, 41,40

N=0

N«N+1

GO TO0(50,51 ), N

WI11.A (ALI+AL2)/(AL2*SQRT(A*A*ETAI*ETAHXII*XIl))
W21=A*(AL1*AL2)/(AL1*SQRT(A*A*ETA2*ETA2+XI12*X12))
IF (SENSE SWITCH 3)6,55 X
W 2=A*( AL1+AL2 )/ (AL2*SORT (A*A*ETA1*ETA14-X 11¥X 11)
W22»A*(AL 1+AL2)/(AL1 *SQRT(A*A*ETA2*ETA24-X 12*X 12)
IF(W1 1-W21 )*(W1 2~W22))52, 52, 7

R1=R1-( 10.**(-K))

NaN—1

TYPE 3, R1,R2, W1 1, W21, V12, W22

IF(SENSE SWITCH 2) 4,5

END
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PROGRAMME

1 FORMAT(F:1U,FO. ), F1.J,Fn.0,Fn. j)
2 FORIiIAT(F;l. ), F3.0 )

i

5,Fn.5
4 ACCEPT 1,B,F1,F2,FCG,RCG

FORMAT(F3.5,F3 n.5,F:.4,F1.4,F0.4,F3.4)

5 ACCEPT 2,A,R1

N-2

6 PAUSE

XCG=RCG*COS(rCG)
YCG- RCG*SIN(FCG)
DO $6 K=1,5

7 RI»R1+10»**(-K)

40 N

41

50

51

35
52
56

XE=R1*COS (F1/2.)

YE-R1*SIN(F1/2.)

X11=XE-i.

ETAI=YE

TANGM 11/(A*A>ETAL1 )
XS-TANG1/(SIN(F1/2. )/COS'F1/2.)+TANG1)
YS-XS*SIN(F1/2.)/COS(F1/2.)

TANG2-(XS*SIN(B)-YS*COS(B))/(1.-XS*COS(R)-YS*SIN(B))

D2-ATAN(A*A*TANG2)

D1«B~1.570°.040 2
AMI=(YE-RCG*SIN(FCG))/(XE-RCG*COS(FCG))
C1*RCGf;S IN(FCG)-AM1* RCG*C OS (FCG)
AM2=SIM(D1)/COS(D1)
C2«SIiN(B)~AM2*COS(B)
XF=(C2-C1)/(AM1-AM2)

YF»(AMI *C 2~C 1*AM2) / (Ai il -A M2)
RZSQRT(XF*XF+YF*YF)
THET2'ATAN(YF/XF)
XI2-R2*COS(B-THET2)-1.

ETA2»R2*S TU(B-THET?.)

ALI»SQRT( (XE-XCG)**24-(YE-YCG)**2)
AL2=SQRT((XF-XCG)**2+(YF-YCG)**2)
IF(N-1I) 40,41,40

=0

N-N+1

W2I1A*(ALIU L2)/(AL2*SQRT(AWETAI*ETAI+XII*XI1))
W21«A*(AL.IHAL2)/(ALI»SRKT(A*A*ETA2*E:A2+A12*XI..)]

WE 2 CSENSEL (SWITEH A3) S-SR T (A*A*ETA 1 FEFAI A T XM
W22%A* (AL1-fAL2)/(ALV'SQRT(A*A*ETA2*ETA2*X 12' X12);
IF( (W11-W21 )*(W12-W22))52, 52,7

R1=R1~(10.%*(~K))

N»NYN 1

TYPE 3,RI,R2,THET2,W11,W21,W12,W22

IF(SENSE SWITCH 2) 4,5
END
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