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A B S T R A C T   

By investigating the concatenation model that incorporates a power-law nonlinearity, this paper provides an in- 
depth analysis, and the soliton solutions are derived. By utilizing the extended tanh-function technique and the 
enhanced Kudryashov’s scheme, bright and singular 1-solitons are yielded, as demonstrated in this paper. The 
conservation laws can be obtained through the multipliers approach, which subsequently exposes the conserved 
quantities.   

1. Introduction 

Optical soliton is one of the most captivating areas of Telecommu
nication Sciences that has caught the attention of a wide range of sci
entists and Engineers across the globe. The most prevalent model used to 
describe the dynamics of soliton propagation across intercontinental 
distances is the nonlinear Schrödinger’s equation (NLSE), although 
there are other models as well. There are several additional models that 
have subsequently appeared which also describe the soliton propagation 
under special situation and circumstances. The concatenation model is 
an innovative approach that integrates various nonlinear Schrödinger 
equation (NLSE) variants, namely the Sasa-Satsuma equation (SSE) and 
the Lakshmanan-Porsezian-Daniel (LPD) model. This model has gained 
considerable attention in recent years, with its initial introduction in 
2014 and a subsequent resurgence since 2022. Numerous research 
studies have been conducted, resulting in a wide range of findings and 

advancements [1–7]. One significant aspect of the concatenation model 
is the application of the Painlevé analysis. This mathematical technique 
allows researchers to investigate the integrability properties of the 
model, identify its singularities, and gain insights into the underlying 
dynamics. By employing the Painlevé analysis, researchers have been 
able to understand the behavior of the concatenation model in various 
scenarios [1]. Conservation laws have also been extensively studied 
within the context of the concatenation model. These laws provide 
fundamental insights into the model’s symmetries and the conservation 
of physical quantities. By analyzing conservation laws, researchers can 
better comprehend the system’s overall behavior and uncover hidden 
relationships [2]. Another notable area of exploration in the concate
nation model is the application of the method of undetermined co
efficients. This approach allows researchers to determine the specific 
forms of the model’s solutions by solving a system of equations. By 
utilizing this method, researchers can obtain explicit expressions for 
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soliton solutions and explore their properties [3]. Rogue waves, which 
are extreme and rare wave events, have been a subject of interest in the 
context of the concatenation model. Researchers have investigated the 
occurrence and characteristics of rogue waves within this framework, 
aiming to understand their formation mechanisms and predict their 
behavior. This research contributes to the broader field of nonlinear 
wave phenomena [4]. The trial equation approach has also been 
employed to study the concatenation model. This technique involves 
proposing a trial function that satisfies the model’s equations and sub
sequently analyzing its properties. By utilizing the trial equation 
approach, researchers can gain insights into the existence and properties 
of different types of solutions, thereby expanding their understanding of 
the model’s dynamics [5]. Furthermore, the concatenation model has 
been used to explore quiescent solitons with nonlinear chromatic 
dispersion (CD). Quiescent solitons refer to stable, localized structures 
that remain unchanged over time. By considering the effects of 
nonlinear chromatic dispersion, which describes the dependence of 
wave propagation on the frequency components, researchers can study 
the behavior of quiescent solitons under realistic conditions [6,7]. As a 
result, the concatenation model has attracted significant attention in 
recent years, leading to numerous investigations into its properties and 
applications. Through the study of Painlevé analysis, conservation laws, 
the method of undetermined coefficients, rogue waves, trial equation 
approach, and quiescent solitons with nonlinear chromatic dispersion, 
researchers have made notable progress in understanding and expand
ing the knowledge of this intriguing model [1–7]. 

Turning a new page. In the past, the concatenation model has been 
extensively studied in the context of the Kerr law of nonlinearity [1–7]. 
However, in this current work, a different approach is taken by inves
tigating the model with a power-law of nonlinearity. This paper in
troduces a generalized version of the self-phase modulation (SPM) 
effect, expanding its application beyond the limitations of the Kerr law 
to encompass the power-law nonlinearity. The main objective of this 
study is to recover soliton solutions for the concatenation model incor
porating the power-law of SPM. To achieve this, two integration ap
proaches are employed: the improved extended tanh-function technique 
and the enhanced Kudryashov’s approach. These integration techniques 
are utilized to solve the mathematical equations governing the concat
enation model, allowing for the identification and analysis of soliton 
solutions. Through the application of both integration approaches, the 
model under consideration exhibits singular and bright solitons. These 
solitons represent localized waveforms that retain their shape and ve
locity during propagation, making them highly significant in various 
fields such as optics, fluid dynamics, and nonlinear physics. The exis
tence and characterization of solitons in the power-law concatenated 
model contribute to a deeper understanding of its dynamics and po
tential applications. Furthermore, this paper derives the conservation 
laws associated with the model, offering a comprehensive overview of 
its underlying principles. Conservation laws play a crucial role in un
derstanding the fundamental properties and symmetries of physical 
systems. By providing a detailed derivation of these laws, this study 
enhances the overall understanding of the power-law concatenation 
model. To present a thorough analysis, the subsequent sections of this 
paper delve into a detailed description of the procedures employed and 
the results obtained. These sections provide a comprehensive account of 
the research methodology, including the mathematical formulations, 
numerical techniques, and analytical findings. Through this compre
hensive presentation, readers can gain a complete understanding of the 
insights and implications derived from the study of the power-law 
concatenated model with the SPM effect. 

1.1. Governing equations 

The concatenation model with power–law of SPM reads [8]: 

iqt + aqxx + b|q|2nq

+ c1

⎡

⎣ σ1qxxxx + σ2(qx)
2q* + σ3|qx|

2q
+σ4|q|2nqxx + σ5q2q*

xx + σ6|q|2n+2q

⎤

⎦

+ ic2
[
σ7qxxx + σ8|q|2nqx + σ9q2q*

x

]
= 0.

(1)  

Here a complex-valued function q(x, t) is employed in this study to 
describe the wave profile. t and x correspond to temporal and spatial 
coordinates, respectively. The parameter n comes from the power-law of 
SPM, and i =

̅̅̅̅̅̅̅
− 1

√
. Here the coefficient of SPM is represented by b, and 

the coefficient of CD is represented by a. Then, the coefficient of c1 is 
from the LPD model while the coefficient of c2 is from SSE. Thus (1) is 
indeed a concatenation of NLSE, LPD equation and SSE that have been 
individually and extensively studied in the past. The remaining co
efficients σj for 1⩽j⩽9 are constant parameters. 

The concatenation model incorporates a power-law nonlinearity and 
is relevant to several physical phenomena described by nonlinear partial 
differential equations. Specifically, three important equations associated 
with this model are the NLSE, the SSE, and the LPD model. The power- 
law nonlinearity is a mathematical term that represents a nonlinear 
relationship between variables in a system. It is characterized by an 
exponent or power term in the equation that governs the system’s 
behavior. The power-law nonlinearity can be found in various physical 
phenomena, such as the propagation of light in nonlinear optical media, 
the dynamics of Bose–Einstein condensates, and other systems exhibit
ing nonlinear responses. The NLSE is a significant equation that appears 
in the study of wave propagation in nonlinear media. It describes the 
evolution of complex-valued wave functions, often associated with the 
behavior of solitons or wave packets that maintain their shape during 
propagation. The NLSE incorporates a power-law nonlinearity to ac
count for the nonlinear interactions between waves. It has wide appli
cations in various fields, including nonlinear optics, plasma physics, and 
condensed matter physics. The SSE is another important equation that 
arises in the context of optical solitons. It was introduced to model the 
propagation of ultrashort optical pulses in a fiber optic communication 
system. The equation combines the effects of dispersion, self-phase 
modulation, and nonlinear gain or loss, and it exhibits soliton solu
tions. The power-law nonlinearity in the SSE enables the description of 
the nonlinear interactions and stability properties of solitons. The LPD 
model is a higher-order nonlinear equation that provides a mathemat
ical description of nonlinear phenomena in physical systems. It includes 
a power-law nonlinearity, as well as dispersion and nonlinearity of 
higher orders. This equation has been used to study various physical 
systems, such as wave propagation in nonlinear lattices, Bose–Einstein 
condensates, and plasma physics. Its power-law nonlinearity term plays 
a crucial role in capturing the nonlinear dynamics and phenomena 
exhibited by these systems. 

The concatenation model incorporates a power-law nonlinearity, 
which is a key feature in understanding and modeling the behavior of 
various physical phenomena. The NLSE, SSE, and LPD model are specific 
examples of equations that utilize this power-law nonlinearity to 
describe and study nonlinear effects in different physical systems. 

2. Mathematical methodologies 

This paper investigates a governing model, which is described below 

G(u, ux, ut, uxt, uxx,…) = 0. (2)  
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The time and space variables are denoted by t and x, respectively, in the 
function u = u(x, t) that represents a wave profile. 

The wave profile 

u(x, t) = U(ξ), ξ = μ(x − υt), (3)  

condenses (2) to 

P(U, − μυU′, μU′, μ2U′′,…) = 0. (4)  

The wave velocity, wave variable, and wave width are represented by υ,
ξ, and μ, respectively. 

2.1. Enhanced Kudryashov’s procedure 

The fundamental idea of the method can be summarized as [9,10]: 
Step–1: One can obtain the solution to the reduced model (4) as: 

U(ξ) = λ0 +
∑N

l=1

∑

i+j=l
λijQi(ξ)Rj(ξ), (5)  

where 

R′(ξ)2
= R(ξ)2

(1 − χR(ξ)2
), (6)  

and 

Q′(ξ) = Q(ξ)(ηQ(ξ) − 1). (7)  

The constants λij (i, j = 0,1,…,N),λ0,χ, and η are constants in (4), where 
N is determined using the balancing procedure.Step–2: Soliton waves 
can be expressed using Eqs. (6) and (7), as shown below 

R(ξ) =
4c

4c2eξ + χe− ξ, (8)  

and 

Q(ξ) =
1

η + deξ, (9)  

where the values of c and d are considered as constants.Step–3: The 
constants needed for Eqs. (3)–(7) can be obtained by plugging Eqs. (5)– 
(7) into Eq. (4). Next, by substituting the obtained parametric re
strictions, together with either Eq. (8) or Eq. (9), into Eq. (5), one can 
obtain bright, singular and dark solitons. 

2.2. Improved extended tanh–function algorithm 

According to references [2,3], the algorithm relies on the following 
central procedure:Step–1: Assuming that the solution to Eq. (4) can be 
expressed as follows, we proceed: 

U(ξ) = a0 +
∑N

i=1

(
aiΦi + biΦ− i), (10)  

where Φ admits 

Φ′2 = α0 + α1Φ+α2Φ2 + α3Φ3 + α4Φ4. (11)  

A range of fundamental solutions can be obtained from this equation 
[2].Step–2: Eq. (4) can be utilized to balance the equation and calculate 
the positive integer N necessary for Eq. (10).Step–3: We can obtain exact 
solutions to (2) by substituting (10) and (11) into (4) and setting the 
resulting polynomial of Φ equal to zero. The system of algebraic equa
tions becomes overdetermined, and its solution involves finding the 

values of a0,v,k,bi, and ai (i = 1,2,…). 

3. Application to the concatenation model 

The solution approach for addressing Eq. (1) involves selecting the 
following solution form: 

ψ(x, t) = U(ξ)eiϕ(x,t), (12)  

where, we express the wave variable ξ as 

ξ = k(x − vt). (13)  

Here, the soliton consists of a phase part ϕ(x, t) and an amplitude part 
U(ξ). v represents the solitons’ velocity, and the phase part ϕ(x, t) reads 
as 

ϕ(x, t) = − κx+ωt+ θ0, (14)  

where the wave number is denoted by ω, while κ represents the fre
quency of the solitons, and θ0 is the phase constant. Substitution of (12) 
into (1) and decomposition into imaginary and real components results 
in: 

k2( a − 6c1κ2σ1 +3c2κσ7
)
U’’+

(
− aκ2 + c1κ4σ1 − c2κ3σ7 − ω

)
U

+
(
b − c1κ2σ4 + c2κσ8

)
U2n+1 + c1k4σ1U’’’’+ c1k2σ4U2nU’’+ c1k2σ5U2U’’

+c1k2(σ2 +σ3)UU’2 +c1σ6U2n+3 − κ(c1κ(σ2 − σ3 +σ5)+ c2σ9 )U3 = 0,
(15)  

and 

− k
(
2aκ − 4c1κ3σ1 + 3c2κ2σ7 + v

)
U’ + k3(c2σ7 − 4c1κσ1)U’’’

+(c2kσ8 − 2c1κkσ4)U2nU’ + k(2c1κ(σ5 − σ2) + c2σ9 )U2U’ = 0. (16)  

The soliton speed can be calculated by considering the imaginary part of 
the equation, which is given by 

v = − 2aκ+ 4c1κ3σ1 − 3c2κ2σ7, (17)  

with the following parametric restrictions 

2c1κ(σ5 − σ2) + c2σ9 = 0,
c2σ8 − 2c1κσ4 = 0,
c2σ7 − 4c1κσ1 = 0.

(18)  

Eq. (15) can be indicated as 

k2U′′′′+L6U2nU′′+ L7U2n+1 +L8U2n+3 +L4U2U′′+ L3U′′+ L2UU′2 + L5U3

+ L1U = 0,
(19)  

with 

L1 =
− aκ2 + c1κ4σ1 − c2κ3σ7 − ω

c1k2σ1
,L2 =

σ2 +σ3

σ1
,L3 =

a − 6c1κ2σ1 +3c2κσ7

c1σ1
,

L4 =
σ5

σ1
,L5 = −

κ(c1κ(σ2 − σ3 +σ5)+ c2σ9 )

c1k2σ1
,L6 =

σ4

σ1
,

L7 =
b − c1κ2σ4 + c2κσ8

c1k2σ1
,L8 =

σ6

k2σ1
.

(20)  

Using the transformation 

U = V2
n,

Eq. (19) collapses to  
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For integrability, we consider 

L2 = L4 = L5 = L8 = 0. (22)  

This leads to 

σ6 = σ5 = 0, σ2 = − σ3, c2σ9 − 2c1κσ3 = 0. (23)  

Then Eq. (1) reaches 

iqt + aqxx + b|q|2nq + c1

[
σ1qxxxx + σ3

(
|qx|

2q − (qx)
2q* )

+σ4|q|2nqxx

]

+ ic2
[
σ7qxxx + σ8|q|2nqx + σ9q2q*

x

]
= 0,

(24)  

with the restriction paraments (18) 

2c1κσ3 + c2σ9 = 0,
c2σ8 − 2c1κσ4 = 0,
c2σ7 − 4c1κσ1 = 0.

(25)  

The last equation in (23) and the first equation in (25) lead to σ3 = σ9 =

0. Then Eq. (24) collapses to 

iqt + aqxx + b|q|2nq+ c1
[
σ1qxxxx + σ4|q|2nqxx

]
+ ic2

[
σ7qxxx + σ8|q|2nqx

]
= 0.

(26)  

In this case, Eq. (19) becomes 

k2U′′′′+L6U2nU′′+L7U2n+1 +L3U′′+L1U = 0, (27)  

with 

L1 =
− aκ2 + c1κ4σ1 − c2κ3σ7 − ω

c1k2σ1
,L3 =

a − 6c1κ2σ1 + 3c2κσ7

c1σ1
,

L6 =
σ4

σ1
, L7 =

b − c1κ2σ4 + c2κσ8

c1k2σ1
,

(28)  

and Eq. (21) reads 

3.1. Enhanced Kudryashov’s scheme 

By applying the balancing principle between V3V′′′′ and V8 in Eq. (29), 
we obtain N = 1, which can be used to express the solution to the 
equation as: 

V(ξ) = λ0 + λ01R(ξ)+ λ10Q(ξ). (30)  

Eq. (30) is combined with (6) and (7), and then the resulting expressions 
are plugged into Eq. (29), leading to the following results: 

λ0 = λ10 = 0,λ01 =±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
L3
(
3n3 +11n2 +12n+4

)
χ2

L7n2( n2 +2n+2
)

4

√

,k=
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
L3n2

n2 +2n+2

√

,

L1 = −
4L3(n+1)2

n2( n2 +2n+2
),L6 = 0.

(31)  

The solutions of Eq. (26) can be determined by plugging the derived 
parameters into the corresponding expressions, resulting in 

q

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

x, t

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

±4c
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
L3(3n3+11n2+12n+4)χ2

L7n2(n2+2n+2)
4
√

⎛

⎜
⎜
⎜
⎜
⎝

4c2exp

[
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
L3n2

n2 + 2n + 2

√ (

x − vt

)]

+χexp

[

−
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
L3n2

n2 + 2n + 2

√ (

x − vt

)]

⎞

⎟
⎟
⎟
⎟
⎠

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

2
nei(− κx+ωt+θ0).

(32)  

Solution (32) gives rise to a bright soliton if χ = ±4c2, L3 < 0, and 
L7 < 0, and a singular soliton if χ = ±4c2, L3 < 0 and L7 > 0, as 
described below 

q

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

x, t

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
L3(3n3 + 11n2 + 12n + 4)

L7n2(n2 + 2n + 2)
4

√

×sech

[
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
L3n2

n2 + 2n + 2

√ (

x − vt

)]

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

2
n

ei(− κx+ωt+θ0), (33)  

q

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

x, t

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
L3(3n3 + 11n2 + 12n + 4)

L7n2(n2 + 2n + 2)
4

√

×csch

[
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
L3n2

n2 + 2n + 2

√ (

x − vt

)]

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

2
n

ei(− κx+ωt+θ0). (34)  

The method employed is ineffective in deriving dark soliton solutions for 
the model. Also, in this instance, the condition σ4 = 0 causes σ8 to be 
zero. 

2k2n3V’’’’V3 − 6k2( n − 2
)
n2V2V’’2 − 8k2( n − 2

)
n2V’’’V2V’

− 4k2
(

n − 2
)(

n − 1
)(

3n − 2
)

V’4 + 24k2
(

n − 2
)(

n − 1
)

nVV’2V’’ + L5n4V 4
n+4

+L8n4V4
n+8 + L7n4V8 + L1n4V4 + 2L4n3V4

n+3V’’ + 2L6n3V7V’’ + 2L3n3V3V’’

+2n2(2L2 − L4(n − 2))V4
n+2V’2 − 2L6

(
n − 2

)
n2V6V’2 − 2L3

(
n − 2

)
n2V2V’2 = 0.

(21)   

2k2n3V’’’’V3 − 6k2( n − 2
)
n2V2V’’2 − 8k2( n − 2

)
n2V’’’V2V’

− 4k2( n − 2
)(

n − 1
)(

3n − 2
)
V’4 + 24k2( n − 2

)(
n − 1

)
nVV’2V’’ + L7n4V8 + L1n4V4

+2L6n3V7V’’ + 2L3n3V3V’’ − 2L6
(
n − 2

)
n2V6V’2 − 2L3

(
n − 2

)
n2V2V’2 = 0.

(29)   
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In Fig. 1, we observe a series of plots representing the bright soliton 
solution with the governing model (26). These graphical depictions 
provide a visual understanding of the waveform characteristics and 
valuable insights into the behavior of the pulses under investigation. The 
parameter values chosen for these plots are as follows: 
n = 0.5, a = 1, κ = 1, c1 = 1, c2 = 1,
σ1 = 1, σ7 = 1, k = 1, b = 1, σ8 = 1 and σ4 = 3. 

3.2. Improved extended tanh–function technique 

By balancing V3V′′′′ and V8 in Eq. (29), we arrive at N = 1, which can 
be used to express the solution to the equation as: 

V(ξ) = a0 + a1Φ(ξ)+
b1

Φ(ξ)
. (35)  

By plugging Eq. (35) and Eq. (11) into Eq. (29), we can derive a poly
nomial that contains Φ(ξ) and 1

Φ(ξ). To obtain the solutions, we need to 
address the system of algebraic equations that comes from setting all 
coefficients of the polynomial to zero. This can be done using Mathe
matica, as described below 

Case 1:. α0 = α1 = α3 = 0. 

α2 = −
L1n2( n2 + 2n + 2

)

4L3(n + 1)2 , α4 =
a2

1

̅̅̅̅̅̅̅̅̅̅
L1L7

√
n2( n2 + 2n + 2

)

2
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− (n + 1)3L2
3

(
3n2 + 8n + 4

)√ ,

a0 = b1 = L6 = 0, k = ±
L3(n + 1)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

L1
(
n2 + 2n + 2

)2
√ .

(36)  

Eq. (26) has a soliton solution that takes the following form under this 
condition: 

q

⎛

⎜
⎜
⎜
⎜
⎜
⎝

x, t

⎞

⎟
⎟
⎟
⎟
⎟
⎠

=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
L1(n + 2)(3n + 2)

4L7(n + 1)
4

√

×sech

[
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
L3n2

n2 + 2n + 2

√ (

x − vt

)]

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

2
n

ei(− κx+ωt+θ0), (37)  

q

⎛

⎜
⎜
⎜
⎜
⎜
⎝

x, t

⎞

⎟
⎟
⎟
⎟
⎟
⎠

=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
L1(n + 2)(3n + 2)

4L7(n + 1)
4

√

×csch

[
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
L3n2

n2 + 2n + 2

√ (

x − vt

)]

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

2
n

ei(− κx+ωt+θ0). (38)  

When L1L7 > 0 and L3 < 0, the solitons are bright, whereas they become 
singular when L1L7 < 0 and L3 < 0. 

The plots presented in Fig. 2 offer a visual depiction of the singular 
soliton solution with the governing model (26). These visualizations pro
vide valuable insights into the behavior of the investigated pulses by 
illustrating their waveform characteristics. The parameter values used for 

these plots are as follows: n = 0.5, a = 1, κ = 1, c1 = 1, c2 = 1, σ1 = 1,
σ7 = 1, k = 1, b = 1, σ8 = 1, σ4 = 3,ω = 1 

and σ7 = − 2. 

Case 2:. α1 = α3 = 0,α0 =
α2

2
4α4

. 

Fig. 1. Profile of a bright soliton solution (33).  
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α2 =
L1n2( n2 + 2n + 2

)

8L3(n + 1)2 , α4 =
a1L1n2(n(n + 2) + 2)

16b1L3(n + 1)2 , a0 = L6 = 0,

a1 =
1

8b1

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
L1
(
3n2 + 8n + 4

)

L7(n + 1)

√

, k = ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

L2
3(n + 1)2

L1(n(n + 2) + 2)2

√

.

(39)  

This case of Eq. (26) can be solved by expressing its solution as: 

q

⎛

⎜
⎜
⎜
⎜
⎜
⎝

x, t

⎞

⎟
⎟
⎟
⎟
⎟
⎠

=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
L1(n + 2)(3n + 2)

4L7(n + 1)
4

√

×coth

[
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
L3n2

n(n + 2) + 2

√ (

x − vt

)]

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

2
n

ei(− κx+ωt+θ0), (40)  

q

⎛

⎜
⎜
⎜
⎜
⎜
⎝

x, t

⎞

⎟
⎟
⎟
⎟
⎟
⎠

=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∓

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
L1(n + 2)(3n + 2)

4L7(n + 1)
4

√

×csch

[
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
L3n2

n(n + 2) + 2

√ (

x − vt

)]

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

2
n

ei(− κx+ωt+θ0). (41)  

Here the solitons become singular when L3 < 0 and L1L7 < 0. 
Case 3:. α1 = α3 = α4 = 0. 

α0 =
b2

1

̅̅̅̅̅̅̅̅̅̅
L1L7

√
n2( n2 + 2n + 2

)

2
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

L2
3

(
− (n + 1)3)( 3n2 + 8n + 4

)√ , α2 = −
L1n2( n2 + 2n + 2

)

4L3(n + 1)2 ,

a0 = L6 = a1 = 0, k = ±
L3(n + 1)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

L1
(
n2 + 2n + 2

)2
√ .

(42)  

The solution to Eq. (26) for this particular case is indicated below 

q

⎛

⎜
⎜
⎜
⎜
⎜
⎝

x, t

⎞

⎟
⎟
⎟
⎟
⎟
⎠

=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∓

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
L1(n + 2)(3n + 2)

4L7(n + 1)
4

√

×csch

[
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
L3n2

n(n + 2) + 2

√ (

x − vt

)]

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

2
n

ei(− κx+ωt+θ0). (43)  

The solitons exhibit singular when L3 < 0 and L1L7 < 0, as observed 
here. 

4. Conservation laws 

For Eq. (26), we present the conserved densities using the ‘multiplier’ 
method. First, however, we write the equation as a system obtained by 
letting q = u+iv and splitting the expression into its imaginary and real 
components and study the multipliers of the system. 

It turns out that conservation laws only exist if 

σ4 = 0. (44) 

Fig. 2. Profile of a singular soliton solution (38).  
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Thus, the reduced concatenation model (26) further condenses to 

iqt + aqxx + b|q|2nq+ c1σ1qxxxx + ic2
[
σ7qxxx + σ8|q|2nqx

]
= 0, (45)  

for its conservation laws.  

1. The power (P) conserved density can be obtained based on the 
multiplier Q = ( − u,v), as indicated below 

Tt
P =

1
2
(u2 + v2), (46)  

and a conserved density for Eq. (45) can be derived: 

Φt
P = |q|2. (47)    

2. From the multiplier Q = (vx,ux), the linear momentum (M) density 
is 

Tt
M = −

1
2
uxv+

1
2
vxu, (48)  

and Eq. (45) gives us the linear momentum density, which can be 
expressed as 

Φt
M = I (q*qx). (49)    

3. For the multiplier Q = (vt ,ut), the Hamiltonian (H) density on (45) 
is 

Φt
H =

1
2(n + 1)

{(
n + 1

)
aR
(
qq*

xx

)
+ b|q|2(n+1) +

(

n + 1
)

c1σ1

×R
(
qq*

xxxx

)
+ c2

[(
n + 1

)
σ7I(q*qxxx) − σ8

⃒
⃒
⃒q|2n

I(q*qx)
]}

.

(50)   

The bright 1-soliton solution can be derived from Eq. (33): 

q(x, t) = Asech
2
n[B(x − vt)]ei(− κx+ωt+θ0), (51)  

where we can refer to the soliton’s inverse width as B, while its ampli
tude is represented by A. The conserved quantities from the conserved 
densities evolve as: 

P =

∫ ∞

− ∞
|q|2dx =

A2

B
Γ
(

2
n

)
Γ
(

1
2

)

Γ
(

2
n +

1
2

) , (52)  

M = ia
∫ ∞

− ∞

(
q*qx − qq*

x

)
dx = a

κA2

B
Γ
(

2
n

)
Γ
(

1
2

)

Γ
(

2
n +

1
2

) , (53)  

and 

5. Conclusions 

The concatenation model, expressed using power-law nonlinearity, 
has been shown to possess optical soliton solutions in this paper. Two 
integration approaches collectively recovered singular and bright 
1–soliton solutions. They are the improved version of the extended 
tanh–function technique and the enhanced Kudryashov’s scheme. 
Finally, conservation laws for the model are obtained through the use of 
the multipliers mechanism. The concatenation model for the power–law 
nonlinearity was drastically reduced to permit the integrability of the 
scheme. Subsequently, the retrieval of the conservation laws became 
possible after further dropping a term from the reduced model. 

In previous research [1–7], the concatenation model, which involves 
combining different nonlinear effects in a transmission system, was 
extensively investigated in conjunction with the Kerr law of nonline
arity. However, our present work adopts a novel approach by examining 
the model with a power-law of nonlinearity. This paper introduces an 
expanded and generalized version of the SPM effect, extending its 
application beyond the traditional Kerr law to encompass the power-law 
regime. The primary objective of our study is to explore the utilization of 
the power-law of nonlinearity within the concatenation model. By 
incorporating this generalized form of SPM, we aim to enhance our 
understanding of the behavior of optical soliton solutions. Solitons are 
self-sustained waves that can propagate over long distances without 
distortion, making them crucial for reliable communication in optical 
fiber systems. To accomplish our goals, we employ two distinct inte
gration approaches. These techniques enable us to recover soliton so
lutions for the concatenation model, which now includes the power-law 
of SPM. Through these integrations, we obtain valuable insights into the 
dynamics of the system and explore the effects of different parameters 
on the soliton propagation. By expanding the scope of the concatenation 
model to incorporate the power-law of nonlinearity, we contribute to the 
understanding of nonlinear optical phenomena and provide a more 
comprehensive framework for analyzing soliton-based communication 
systems. Our findings shed light on the potential advantages and chal
lenges associated with power-law nonlinearity in optical fiber trans
mission, offering new opportunities for designing and optimizing future 
optical communication networks. 

The recovery of bright soliton solutions gives way to additional av
enues to study the model further along. The possibility of quiescent 
soliton formation could be addressed in future research by exploring the 
effects of fractional temporal evolution on the model and incorporating 
nonlinear chromatic dispersion. The quasimionochromatic dynamics of 
the perturbed solitons needs to be established. This is possible with the 
usage of soliton perturbation theory. The variational principle needs to 
be implemented to address the dynamical system of the soliton param
eters in addition to the application of collective variables approach and 
moment method. All of these promissory activities will be published 
after being aligned with the existing literature [11–27]. Thus a lot lies 
ahead to consider. 

H =

∫ ∞

− ∞
Φt

Hdx =

[

−
aA2

2n(n + 4)B
{

4B2 + n
(
n + 4

)
κ2}+

4
(
n + 2

)
bA2n+2

(n + 1)(n + 4)(3n + 4)B

+
c1σ1A2

2n2( n + 4
)(

3n + 4
)
B

{
16
(
2n + 3

)
B4 + 24n

(
3n + 4

)
κ2B2

+n2( n + 4
)(

3n + 4
)
κ4

}

+
c2σ7κA2

2n(n + 4)B
{

12B2 + n
(
n + 4

)
κ2}+

4
(
n + 2

)
c2σ8κA2n+2

(n + 1)(n + 4)(3n + 4)B

]Γ
( 2
n

)

Γ
(

1
2

)

Γ
( 2
n
+

1
2

) .

(54)   
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