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Abstract

A complete understanding of quantum gravity remains an open problem. However, the
AdS/CFT correspondence which relates quantum field theories that enjoy conformal
symmetry to theories of (quantum) gravity is proving to be a useful tool in shedding
light on this formidable problem. Recently developed group representation theoretic
methods have proved useful in understanding the large N, but non-planar limit of N' = 4
supersymumietric Yang-Mills theory. In this work, we study operators that are dual
to excited giant gravitons, which corresponds to a sector of N' = 4 super Yang-Mills
theory that is described by a large N, but non-planar limit. After a brief review of
the work done in the su (2) sector, we compute the spectrum of anomalous dimensions
in the su(2) sector of the Leigh-Strassler deformed theory. The result resembles the
spectrum of a shifted harmonic oscillator. We then explain how to construct restricted
Schur polynomials built using both fermionic and bosonic fields which transform in the
adjoint of the gauge group U (N). We show that these operators diagonalise the free
field two point function to all orders in 1/N. As an application of our new operators,
we study the action of the one-loop dilatation operator in the su (2|3) sector in a large
N, but non-planar limit of N = 4 super Yang-Mills theory. As in the su (2) case, the
resulting spectrum matches the spectrum of a set of decoupled oscillators. Finally, in
an appendix, we study the action of the one-loop dilatation operator in an sl (2) sector
of N = 4 super Yang-Mills theory. Again, the resulting spectrum matches that of a
set of harmonic oscillators. In all these cases, we find that the action of the dilatation

operator is diagonalised by a double coset ansatz.
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Chapter 1

Introduction

Quantum gravity, a quantum theory incorporating gravity, remains an open problem
today. A leading candidate for such a theory is string theory which was originally
developed to describe the strong nuclear force. A string theory description of the strong
interaction was abandoned for two reasons: quantum chromodynamics was discovered
and immediately received experimental support in deep inelastic scattering, and string
theory was found to contain gravitons. Today, string theory is our best hope for unifying
general relativity and quantum mechanics.

Unfortunately, because of the limitations of perturbative analyses, we are currently
unable to understand the strong coupling limit of string theory directly. The same
is true for strongly coupled gauge theories. Fortunately, the conjectured AdS/CFT
correspondence [1 2 3], described more fully in Section , is teaching us that the two
problems are actually complementary. More concretely, the AdS/CFT correspondence
claims an exact equivalence between string theory and gauge theory. The correspondence
relates the strongly coupled gauge theory to string theory on a weakly curved background
and vice-versa. This way, we can still use tools appropriate for weak coupling on one
side to learn non-trivial lessons about the other side.

In string theory, open strings start and end on p-dimensional objects called Dp-
branes whose low-energy world volume dynamics is given by supersymmetric versions of
Yang-Mills theories. For type IIB string theory, the open strings start and end on D3-
branes whose low energy world volume theory is N' = 4 super Yang-Mills (SYM) theory,
a superconformal field theory. It was through studies of the near horizon limit of D3
branes that the AdS/CFT duality between N' = 4 super Yang-Mills theory and type 1IB
string theory on asymptotically AdSs x S° spacetime was discovered [I]. This remains
the simplest and most completely understood example of a gauge/gravity duality.

There are other examples of this correspondence, including the one involving ABJM

theory [M], a (2+ 1)-dimensional supersymmetric Chern-Simons-matter theory. This
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theory has attracted considerable interest for two reasons. First, it is a candidate for
the worldvolume dynamics of M-theory two branes and second, it has the potential to
teach us something about the strong coupling limit of certain condensed matter systems.

In this work, we will discuss both of these examples of the gauge/gravity duality.

1.1 Conformal symmetry

The quantum field theories that enter the AdS/CFT correspondence enjoy conformal
symmetry. Here, we give a short description of this symmetry. For a more detailed study,
[5], Chapter 3 of [6] and Chapter 3 of [7] plus references therein are recommended.
The conformal group is bigger than the Poincare group. The most general element
of the conformal group can be obtained by composing
i) translations, generated by
P, = —id,, (1.1)

ii) rotations and boosts, generated by
Ly, =i(x,0, — 2,0,), (1.2)
iii) scale transformations (or dilations), generated by
D = —ia"d, (1.3)

and

iv) special conformal transformations generated by
K, = —i (2z,8"0, — x2(9“) . (1.4)

On a conformally ﬂatﬂ D-dimensional manifold, there are

1

S (D+2)(D+1) (1.5)

linearly independent infinitesimal conformal transformations. The Lie algebra closed

by these generators is so (D, 2) in Lorentzian signature, and so (D + 1,1) in Euclidean.

Introduce 1
o= ) (Pu — K, (1.6)

1
Jou = §(PM+KM), (1.7)

!'A D-dimensional manifold is said to be conformally flat if its metric is proportional to the flat

metric, i.e. gy, = 6‘”(1)9,{5,@-
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J_10=0D, (1.8)
J,Lw = L,uz/a (19)
with u, v =0,1...,D — 1. The commutation relations obeyed by these generators are
[Jalh Jc ] =—1 (nadec + nchad - nachd - ndeac) ’ (110)
where
Jab = _Jba
and a, b = —1,0,... D. We changed from Greek to Roman indices because we are intro-

ducing an extra value for the indices. The structure constant 7 is diag (—1,—1,+1,...).

Quantum field theories with conformal symmetry have a conserved energy-momentum
tensor. In addition, their g-functions are zero, implying that the trace of the energy mo-
mentum tensor vanishes at the quantum level. Another important consequence of the
conformal symmetry enjoyed by the theory is the fact that the S-matrix is not observ-
able, since the notion of a distant past and distant future is spoiled by scale invariance.
There is therefore no notion of asymptotic states which are a key ingredient in defin-
ing the S-matrix. Instead of the S-matrix, we compute correlators of gauge-invariant

operators. As an example of an observable, the two-point function is given by

1
(01 (21) Oz (22)) ~ ————5x» (1.11)
>
where -, the anomalous dimension, is a quantum correction to the scaling dimension A.
The combination A + v is known as the conformal dimension of the local operator of

the theory. For BPS operators
7=0

and we say that the dimension is protected against quantum corrections.

1.2 CFTs and fixed points?

Conformal field theories can be used to describe critical phenomena, such as the region
near second order phase transitions in condensed matter physics. In such cases, the
anomalous dimension of the conformal field theory determines the scaling behaviour of
thermodynamic variables.

According to the renormalisation group (RG), the value of the coupling flows along

2This section is based on [8] and p84 of [6].
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the RG trajectory in response to changes in the scale p of the effective field theoryE]

The behaviour of the coupling A is encoded in the S-function

_0A
BN = Mo (1.12)
At the fixed point,
B(A)=0 (1.13)

and the coupling takes a specific value - we say the coupling does not run.

The fact that the S-functions vanish implies that we have a scale invariant quantum
field theory. Although it has not been proved in more than two dimensions, it is expected
that whenever a theory enjoys both Poincare and scale invariance, it enjoys the full

conformal symmetry.

1.3 The AdS/CFT correspondence

The AdS/CFT correspondence relates (D + 1)-dimensional theories of (quantum) grav-
ity on anti-de Sitter (AdS) spaceE] to D-dimensional quantum field theories. The extra
dimension on the gravity side sets the scale at which we probe the string theory.

As we have explained already, there are various examples of this conjecture, but
the most studied one concerns N' =4 SYM in D = 4 dimensions. Another interesting

example is ABJM theory [4]. In this section, we will discuss both dualities.

1.3.1 N =4 SYM and type IIB string theory

N = 4 SYM theory is a (3 + 1)-dimensional conformal field theory. We will focus
on the case of gauge group U (N). This theory has sixteen supercharges and a gauge
coupling g%, which is independent of the renormalisation scale u. The field content of
the theory is a vector field A, six scalar fields ¢;, i = 1,...6 and four two-component
Weyl fermions A%, a = 1...4, o = 1,2. The fields are all in the adjoint of the gauge
group. The symmetry of the theory includes the conformal group SO (4,2) and the
R-symmetryP| SO (6) ~ SU (4). The Yang-Mills coupling constant is related to the ’t
Hooft coupling constant by

3The effective field theory description is applicable on length scales larger than p .

* Anti-de Sitter space is a background with constant negative curvature [9].
SR-symmetry is a symmetry that does not commute with the supersymmetries, but does commute
with the Poincare group. See page 641 of [7].
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and to the string coupling constant by

g%y = 4mgs. (1.15)

In this particular case, the dual gravitational theory lives on AdSs x S° with AdS
radius
1
R = A1l (1.16)

where [ is the string length scale.ﬁ
One consequence of the AdS/CFT correspondence is [2] 3]

<exp <_ / ¢OO¢> >CFT = uncmtum gravity [d)O] . (117)

where O is a local operator on the conformal field theory, ¢ is a field on the gravity side
and ¢ is a boundary condition for ¢. Concretely, when we compute the right hand side
of equation in a path integral approach, we integrate over all fields ¢ that take the
value ¢g on the boundary of the spacetime. As we explain later, both the CFT and the
gravity side share the same global symmetries. This implies that the two sides have the
same conserved quantum numbers, which we use to build a dictionary. As an example,

if O (in equation ((1.17))) has scaling dimension A and the field ¢ in AdS;,1 has mass

2
A:g+\/%+R2m2. (1.18)

Equation ([1.17) relates the generating functional of correlators in the conformal field

m, then

theory on the left hand side, to the partition function of the quantum gravity theory on
the right hand side. We emphasise the fact that the source of the operator in the con-
formal field theory generating functional is the boundary condition of the corresponding
field on the gravity side.

In what follows, we motivate the AdS/CFT correspondence, following the discussion
of [I0]. Consider N parallel D3-branes sitting very close together, i.e. separated by
distances less than the string length ls-lZ] These branes extend in a (3 + 1)-dimensional
plane within a (9 4 1)-dimensional spacetime. With this set-up, we get two kinds of
excitations, namely closed strings and open strings stretching between the branes. The
closed strings are the excitations of empty space, while the open strings describe the
excitations of the branes.

In the low-energy limit, i.e. energies lower than the string scale 1/l, only massless

5The string length scale is a scale equal to the length of fundamental strings. This is in the region
of the Planck length, ~ 10™®3cm. This scale sets the energy of the first stringy excitation.

"The fact that the branes are separated by I, means that there are string states corresponding to
strings stretching between branes, with energies low enough that they survive the low energy limit.
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string states can be excited and we can write an effective theory for these states. The
magssless states for the closed strings give a gravity supermultiplet in 10 dimensions
whose effective Lagrangian is that of type IIB supergravity. On the other hand, the
open string massless states give an A = 4 vector multiplet in (3 + 1)-dimensions. In the
low-energy limit, the effective Lagrangian is ' =4 U (N) SYM theory [11].

The complete low-energy effective action for the massless states takes the form
S = Sbulk’ + Sbrane + Sz'nta (119)

where Sy is the action of the ten dimensional supergravity in flat, ten dimensional
Minkowski space. Sprqne is the brane action defined on the (3 + 1)-dimensional world-
volume. It consists of AV = 4 SYM and some higher derivative corrections. Sj,; describes
the interactions between the brane and the bulk modes.

The bulk action can be expanded as a free quadratic part that describes the propa-
gation of the free massless modes plus some interactions. Let us focus on the dynamics

of the graviton. Expanding about flat space gives

1
Sputk ~ M/\/ERN/(ah)2+H(ah)2h+"w (1.20)

where

Kk = \/87Gy, (1.21)

G is Newton’s constant and R is the Ricci scalar. In equation (|1.20) we have written
the metric as
g =n+ kh, (1.22)

with n the metric of flat Minkowski space. The interaction term, S;,:, is proportional to
positive powers of . In the low-energy limit, all the terms proportional to x drop out.
To see this more clearly, we can keep the energy fixed and send Iy — 0, i.e. o’ — 0,
keeping all the dimensionless parameters fixed (including gs and N). This way, the
string vibrations admit no more than the lowest vibration mode. This follows from
dimensional analysis: sending [, — 0 means that the energy of the first mode will be
infinite. We then have

K~ gsa =0 (1.23)

in the low-energy limit, where
of =12 (1.24)

is the Regge slope parameter and has dimensions of length squared. The interaction

Lagrangian involving the bulk and the brane vanishes.
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Also, all the higher derivative terms in the brane action vanish at low energies. This
leaves only the pure N’ =4 U (N) gauge theory in 341 dimensions. We therefore realise
two decoupled systems in the low energy limit: free supergravity theory on one hand
and four dimensional gauge theory on the other.

This far, we have argued for the emergence of decoupled systems by studying the
dynamics of a D-brane in string theory on ten dimensional Minkowski space. Thus our
description includes both open and closed strings. Let us now consider the same system
from a different point of view, i.e. by considering a description that uses closed strings
only.

The sources for supergravity fields are massive, charged objects known as p-branes.
These p-branes are conjectured to be the same as D-branes. We can find a p3-brane

solution of the form
ds® = 72 (—dt® + da? + dad + dad) + f2 (dr® + r2dQ2) (1.25)

with a five-form flux

Fy = (1 +%)dt Adxy Adag Adez Adf Y, (1.26)
where .
R
f=1+ <T> (1.27)
and

R = 4mg,a”®N. (1.28)

Since gy is not constant, the energy E, of an object as measured by an observer at a
constant position r and the energy F measured by an observer at infinity are related by
the redshift factor

E=fiE, (1.29)

This means that the same object brought closer and closer to » = 0 would appear to
have lower and lower energy for the observer at infinity. Let us take the low energy limit
in the background described by equation . From the point of view of an observer
at infinity, there are two kinds of low energy excitations, namely

i) massless particles propagating in the bulk with wavelengths that become very
large, and

ii) any kind of excitation that we bring closer and closer to r = 0.

These two excitations decouple from one another in the low-energy limit. The bulk

massless particles decouple from the near horizon region (around r = 0) because the low
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energy absorption cross-section goes like
o =w3RY, (1.30)

where w is the energy. In this limit, the wavelength of the low energy supergravity modes
becomes much bigger than the typical gravitational size of the brane. The excitations
that live very close to r = 0 find it hard to climb the gravitational potential and escape
to the asymptotic region. Therefore, the low-energy theory consists of two decoupled
pieces, namely free bulk supergravity and the other piece in the near-horizon region of

the geometry. In the near-horizon region, r < R and

f <R>4 (1.31)

so that the metric (1.25) becomes

2

d 2
ds? —dt? + da? + dad + dad) + RQT% + R2dQ2 (1.32)

- % (
which is the geometry of AdSs x S° spacetime.

We see here that either approach gives us two decoupled systems in the low-energy
limit. In both cases, one of the decoupled theories is supergravity in flat space. It is
therefore natural to identify the other decoupled systems. As a result, we can conjecture
that (3 + 1)-dimensional N' = 4 SYM theory with gauge group U (N) is dual to type
I1B superstring theory on AdSs x S° [1].

The isometries of AdS space are in one-to-one correspondence with the generators
of the conformal group of the field theory. The CFT is defined on R*! with metric

ds® = dt* — da? — da3 — dx?. (1.33)
By Wick rotating we get the metric of R*,

ds® = dz? + da3 + da3 + da?
= dr? + r?dQ3, (1.34)

where we have converted to spherical coordinates in the last line. We can substitute

r=ce, dr=cdt (1.35)

to get
ds® = e*" (di* + d©3) . (1.36)
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Performing a conformal transformation gives us
ds* = dt* + dQ3 (1.37)

which is the metric of R x S3. In other words, we see here that the CFT can also be
written on R x S3.

The global symmetry on the CFT side includes scalings

r=el — elte = ety (1.38)
in terms of which the ¢ coordinate is translated
t—t+a. (1.39)

The generator of scale transformations on the CFT is the dilatation operator D.
On the gravity side, the boundary of AdSs x S°, written 0 (AdS5 X 55) ,is R x 83,

We can perform a time translation on R,
t—1t+a. (1.40)

The generator of this time translation is the Hamiltonian. We can thus identify the
dimensions of operators in the CFT with the energy of states in the string theory.

On the string theory side, N is the flux of the five-form Ramond-Ramond field
strength on S°,

/ Fs = N. (1.41)
S5

This N arises in the string theory because the branes each carry unit charge. Stacking
N of them together leads to equation . The same N arises on the CFT side as the
rank of the gauge group U (N).

The string theory has a parameter o/ that does not appear on the gauge theory
side. The ratio of the radius of curvature to o/ does appear as a parameter in the gauge
theory. As a result, o/ sets the units for any physical quantity computed. The radius of

curvature is usually set to one in gravity calculations by writing the metric as

ds = R?d3. (1.42)
In that case,
1
a ~ (1.43)
gsN

which implies that any quantity computed without taking into account stringy effects
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will be independent of gsN. It will depend only on N. o corrections to this gravity result
will be proportional to powers of 1/1/gsN.
Perturbative Yang-Mills theory can be trusted when
2 R
9y N ~ gsN ~ T < 1. (1.44)
S
On the other hand, a classical gravity description is reliable when the radius of curvature

R (of AdS5 as well as of S%) is very large compared to the string length I, i.e.

R4

7~ 9N ~ gy N > 1. (1.45)
S

We see from this that when one theory is strongly coupled, the other is weakly coupled

and vice-versa. This is the point that makes the duality both useful and difficult to

prove. Here, we have assumed that g; < 1. The radius of curvature, in Planck units, is
R4

— ~ N. (1.46)
lp

It is therefore necessary, but not sufficient, to have large N in order to have a weakly

coupled supergravity description. The strongest version of the AdS/CFT correspond-

ence claims equivalence for all values of N and gs.

1.3.1.1 Symmetry matchingﬂ

One piece of evidence for the duality is symmetry matching. On both sides of the duality,
the complete symmetry is given by the superalgebra PSU (2,2|4) . A superalgebra of the
form SU (m|n) has bosonic subalgebra SU (m) x SU (n) x U (1). For the special case
m = n, the U (1) factor decouples from the rest of the algebra. P tells us that this U (1)
factor is not there. The bosonic subgroup for this superalgebra is SU (2,2) x SU (4) .
In addition to conformal symmetry, N' =4 SYM theory is also invariant under su-
persymmetry transformations. There are eight supercharges that, together with their
conjugates, generate the supersymmetry transformations. Combining these supercharges
with the generators of the conformal group we discussed in Section gives the super-
conformal algebra. Thus in addition to the conformal algebra, we now have the following

commutation and anti-commutation relations

{Qa. @k} =0 p,, (1.47)

8This discussion is based on |7} 12 [10].
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{@n.ab} ={anay} =0, (1.45)
Q2] = [P Q2] =0, (1.49)
D, Q4] =~ 50 (1.50)

Na | z"d
D8] = 5@z, (151)
(L, Q) = iohge™ Qs (1.52)
{L“V7Qg] = iaggem()z, (1.53)
(K", Q4] = +,e7 58, (1.54)

and

[K“,Qg} — ST (1.55)

where «, &, 3, [3 = 1,2 label the fundamental representations of the two independent
SU (2) algebras that make up the four-dimensional Lorentz group. The indices a, @, b,b =
1,...41abel the fundamental and anti-fundamental representations of an internal SU (4) ~

SO (6) symmetry known as R-symmetry. S% and 5’3 which obey
{Sg, gg} = 7(50‘45%[{# (1.56)

and
{558} = {588} =0, (1.57)
are special conformal supercharges. Together with the other supercharges, they give a

total of 32 supercharges. The two types of supercharges satisfy

{ o S/_l;} = —iEaﬂUZ;Rij + a%é“ELW — sagéagD (1.58)
and
{ Ngé, gg} = —I—Z'EQBUZ;I%RZ'J' + UZE(SFLZ)LW, — Edﬁ'csabD (1.59)

from which we get a new set of generators R;; with ¢,j = 1,...6. These generate the
SU (4) R-symmetry. The matrices 0;]1; are the SO (6) generators in the fundamental
representation.

On the string theory side, the AdS5 space has isometry SO (2, 4) which follows from
the fact that (p + 2)-dimensional anti-de Sitter space (AdSp4+2) can be represented as
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the hyperboloid
p+1

Xg+ X0 > X} =R (1.60)
=1

in a flat (p 4+ 3)-dimensional space with metric

p+1
ds® = —dX3 —dX2,+ > dX?. (1.61)

=1

By construction, this space has isometry SO (2, p + 1) in addition to being homogeneous
and isotropic. In our special case, p = 3, the SO (4,2) isometry is the same as the
conformal group in 3 + 1 dimensions.
There is also an SO (6) symmetry that rotates the S° sphere. This SO (6) symmetry
can be identified with the SU (4) R-symmetry group we have seen in the field theory.
The SO (2,4) isometry of AdSs has a supersymmetric extension known as an AdS
supergroup. We will explain how this enhencement is realised for N' = 1 supergravity

with cosmological constant A [13]

S = /d4$ <—\/§(R —2A) + ;euypaqﬁufy‘r"yybpwg) , (1.62)

~ i A
D/J‘ = D# + 5 g’}’u, (163)

D,, is the standard covariant derivative, R is the Ricci scalar, g is the determinant of the

where

metric and 7° and Y, are gamma matrices. The local supersymmetry transformation

for the vierbein V;,, and the gravitino 1), are

Vap = —1€ () Ya¥u (1.64)

and
5ty = Dye (z), (1.65)

where € is a spinor. To realise a global supersymmetry of the supergravity background,

the gravitino variation must vanish, i.e.
01, = 0. (1.66)

This is the Killing spinor equation. There are as many solutions to the equation as there
are independent components of the spinor. Since the theory has fermions that belong to
spinor representations, it is better to refer to groups SU (2,2) and SU (4) instead. This

way, the bosonic subgroup of the supergroup is realised geometrically.
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On AdSs5, there are N' = 2,4, 6, 8 gauged supergravitiesﬂwith supersymmetry SU (2, 2|N/2)
[14]. The N = 8 case [15], [16] is the one that is conjectured to be dual to N'=4 SYM
theory in four dimensions. It is known to have a gauge group SU (4) ~ SO (6) .

As we have explained, on the gauge theory side, the SU (4) symmetry arises as the
global SU (4) R-symmetry, while SO (4, 2) is the conformal group. Bringing everything
together, we get the PSU (2,2|4) supergroup.

1.3.1.2 Large N limit

We study operators
O=tr(Z"tr(Z™)---tr (YZ"Y™Z) (1.67)

that are made of N x N matrices, Z,Y. There are various large N limits that one can take.
In each of the examples we consider, we take the limit N — oo while holding A fixed.
With this condition, we can keep the number of fields inside O fixed, i.e. n, m ~ O (1).
We can also consider n, m ~ O (\/N) ,n, m~O(N)orn, m~O (N2)

When we take N — oo while keeping A fixed, the Feynman diagrams arrange accord-
ing to their genus. In particular, the leading order terms will consist of planar diagrams
and so forth. By planar diagrams we mean diagrams that can be drawn on a plane
without their ribbons crossingE-]

Since the string coupling gs is related to the 't Hooft coupling A through

A

5 (1.68)

gs ~

the 1/N expansion at fixed A corresponds to the loop expansion of the dual string theory.

1.3.2 ABJM theory

ABJM theory [4], which bears the names of its authors, is a (2 4 1)-dimensional super
Chern-Simons-matter theory with A/ = 6 superconformal symmetry and gauge group
U(N), xU(N)_, . Here, k is the Chern-Simons level which sets the coupling strength
of the theory. When £k is large, the theory is weakly coupled.

The theory is conjectured to be dual to gravitational theories describing N parallel
M2-branes stacked together. The R-symmetry of the gauge theory is SU (4). When
k =1, the theory is conjectured to describe N M2 branes in flat space.

9Gauged supergravities are supergravity theories with non-Abelian gauge fields in the supermultiplet
of the graviton [I0].

10What each of these limits corresponds to is mentioned in Section

1Since the fields are matrices, the Feynman diagrams have double lines for propagators. It is these
double lines that we call ribbons.
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The field content of the Chern-Simons theory includes two gauge fields A, and A,,,
complex scalar fields Y/ as well as Majorana spinors ¥;, where I = 1,...4 for both
fields.

The corresponding 't Hooft coupling for this theory is

A= (1.69)

The 't Hooft limit takes N — oo and k — oo, while holding A fixed.

Unlike the D3-brane case discussed above, the U (N) x U (N) theory describes the
low energy limit of N M2-branes probing a C*/Z;, singularity. At large N and k < N,
the theory is dual to M-theory on AdSy x S7/Zy. In the t Hooft limit described above,
the theory is conjectured to describe N D2-branes in flat space. In this limit, the theory
is dual to type IIA string theory on AdS,; x CP? background.

1.4 Giant gravitons

Giant gravitons are given by Dp-branes wrapping some sphere. Their excited states are
described by attaching strings. Giant gravitons play a central role in this thesis.

Consider a massless particle (a graviton) moving along a circle in S°. It has been
shown in [I7] that as the momentum of the particle is increased, the coupling of the
particle to the background flux becomes more important for the dynamics of the particle.
As a result of the coupling, the particle expands into a sphere inside the S° of AdSs x S°.
There is a cut-off on the size of the giant graviton arising because the S® is contained
inside the S°. A particle in this state is known as a giant graviton.

We can also have a dual giant graviton [I8], [19] if the expansion happens in the AdS5
space. In this case, there is no upper bound on the size of the giant graviton. Such a

particle is called a dual giant graviton.

1.4.1 Sphere giants

Let us start by reviewing the giant gravitons expanding in the sphere part of the geo-
metry. The discovery draws much from non-commutative field theory [20, 2I]. The
particles described by such theories have a spatial extension which is proportional to
their momentum.

Let us consider a pair of unit charges of opposite sign moving on a plane with a con-
stant magnetic field B. The coordinates of these charges are x1 and x9. The Lagrangian
is

m

B N K
L= (i +i3) + S (d:ﬁx‘{ - xQ:cg) -5 (@ —2)’, (1.70)
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where the first term is the kinetic energy, the second is the interaction of the charges
with the magnetic field and the last term is the harmonic potential between the charges.
Let us assume that the mass is small enough to be ignored so that the first term in the
Lagrangian can be neglected.

Let us now introduce the centre of mass and relative coordinates

Qi Sk S SN B (1.71)
2 2
in terms of which the Lagrangian becomes
L = Bejj X'N — 2K N2 (1.72)

Here, /A7 refers to the component form of the coordinates. The variables X and A do

not commute. Instead, they satisfy
o oy
X' AN =i, 1.73
[, ] =i (1.73)
The momentum conjugate to X is
P, = Bejj N, (1.74)

Therefore, when moving with momentum P in a particular direction, the dipole is
stretched to a size P
|A| = B (1.75)
in the perpendicular direction. This is true because A gives the relative coordinates of
the two charge system.
Now let us allow the dipole to move on the surface of a sphere of radius R and

magnetic flux N. This can be realised by placing a magnetic monopole of strength
27N = Qy, BR? (1.76)

at the centre of the sphere. When the momentum of the dipole reaches 2B R, the dipole

is as big as the sphere. The angular momentum of the dipole at this point is maximum,
L= PR~ BR?, (1.77)

which is order NV, the total flux through the surface of the sphere. This rough analysis
agrees with the results of a more precise analysis from which we learn that the angular

momentum is exactly cut off at V.
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In the case of AdSs x S°, the radius of the five sphere is
R = (4mgsN)7 L, (1.78)

where the symbols used have already been defined. Let us consider the 't Hooft limit
N — oo with
A=gsN

fixed and large. With this set up, let us consider the exact classical analysis of a D3
brane wrapping an S® that moves inside the S°. The bosonic Lagrangian, which is the

sum of the Dirac-Born-Infeld and Chern-Simons terms, is

4
. . /]"
L=Lppr+Lcs = *TD3Q3T3\/1* (RQ*T2)¢2+¢Nﬁ7 (1.79)
where
oo 1
P e,
is the tension of the D3 brane. Using equation (|1.78]), we write
N
Tp3Sl3 = =i (1.80)
and get the angular momentum
| R2 — 2 4
Lo 9L _mo () +N—, (1.81)
99 \/1—(R2—r2)<i>2 R
where N3
r
m = TpsQzrs = ST (1.82)
Since
0<r<R
and
0<PR<1,

the angular momentum is again bounded by N.

The energy of this configuration is

L — Nrt/R%)?
E:\/m2+( R2i7{2 S (1.83)
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Varying this energy with respect to r for fixed L, we find a stable minimum at

L
2 2
= 1.84
r NR (1.84)
corresponding to
L
E=— 1.85
R ( )

for large L. This matches the BPS bound of the energy.

1.4.2 AdS (Dual) giants

Following the discovery of the sphere giants whose size is bounded by the five-sphere,
[18] and [19] independently discovered stable giants expanding in the AdS part of the
geometry. These so-called dual giants are not bounded by the space in which they
expand since AdS space is not bounded.

Let us consider a spherical D3 brane in AdS5 moving along the equator of S°. If the

angular velocity of the brane is ¢, the Lagrangian of the configuration is

L=—-TQ3R* <tan3 p\/sec? p — $2 — tan® p> (1.86)

and the corresponding energy is

72
E=N (secp N2 + tan® p — tan? p) (1.87)
with
TQ3R' = N. (1.88)

The Lagrangian (1.86)) comes from embedding a D3-brane wrapping the Q3 of the AdS;
background. Working in global coordinates, the Dirac-Born-Infeld Lagrangian for this

configuration is

L=— (T\/(—gtt — w299595) 9532393 — Ct939393> (1.89)
where
Cias050; = TR tan’ p.
The metric of AdS5 in these coordinates is

R5

ds® = 3
cos? p

(—dr? + dp? + sin® pdQ3) + R2dQ2. (1.90)
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This then leads to equation ([1.86)).

The energy corresponding to the local minima

L
tanp=0 & tanpzwﬁ (1.91)

L
F=—. 1.92
" (192)

We see here that the quantum numbers of the two giant gravitons match and are

18

equal to that of the point-like graviton. In addition to the maximum sizes of the giants,
another difference is that the sphere giant couples magnetically to the background field,
while the dual (AdS) couples electrically. In other words, the AdS giant can be thought
of as a dielectric brane that couples electrically to the background field, while the sphere

giant behaves as a diamagnetic brane.

1.5 Planar limit

A lot of work has been done, employing integrability to solve N'= 4 SYM theory in the
planar limit. As we explain elsewhere, the planar limit consists of Feynman diagrams
whose ribbons do not cross when drawn on a plane. In this section, we review the work
done in the planar limit using integrability. For a more comprehensive review, the reader
is referred to [22].

1.5.1 N =4 SYM theory and type IIB string theory (AdS;/CFT})

Let us start by elucidating the conjectured relationship between N/ = 4 SYM theory and
type 1IB string theory. On the gauge theory side, one can perform a 1/N expansion in
the limit N — oo for fixed A. The graphs whose ribbons do not cross when drawn on
a plane - the so-called planar diagrams - constitute the leading terms. The non-planar
diagrams represent quantum corrections. In other words, the planar limit in figure [1.1
(taken from [22]) consists of these planar diagrams.

When A is small, the gauge theory is weakly coupled and the background of the string
theory is highly curved. On the other hand, when A is very large, the gauge theory is
strongly coupled and the background of the dual string theory is weakly curved. This

radius of curvature R is related to the effective string tension 7" through

g —— (1.93)
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Figure 1.1: The parameter space of N’ =4 SYM theory and type IIB string theory (from
[22]).

In the weak coupling regime,@ perturbation theory in terms of Feynman diagrams
provides a good approximation of the gauge theory. Through the AdS/CFT correspond-
ence, this gives reliable results for the string theory on the highly curved background. In
contrast, the same perturbative expansion breaks down in the strong coupling limit of
the gauge theory. However, since the string theory background is weakly curved in this
region, perturbative string theory is applicable, i.e. we can expand the string theory in
terms of the tension. The number of handles can be increased by expanding in terms of
the string coupling gs. The results obtained from this expansion can again be transferred
to the strongly coupled gauge theory through the AdS/CFT correspondence.

In the planar limit of A/ = 4 SYM, it has been possible to compute observables at
arbitrary gauge coupling A. The central idea that is employed in this large N limit of the
theory is the identification of the dilatation operator D, with the Hamiltonian of an in-
tegrable spin system.ﬁ Integrability predicts the spectrum of planar scaling dimensions
for local operators as a function of A. According to the AdS/CFT correspondence, this
spectrum is dual to the energy spectrum of the free string states, i.e. strings that neither
break apart nor join together. The results obtained using integrability match on either

side of the correspondence, i.e. the energy spectrum obtained on the string theory side

12Referring to the gauge coupling .
13We review this for the su (2) sector of SYM theory in Appendix



CHAPTER 1. INTRODUCTION 28

agrees with the spectrum of anomalous dimensions computed on the gauge theory side.
Furthermore, the results obtained using integrability agree with those obtained by the
actual computation of the Feynman diagrams in the weak coupling limit of the gauge
theory. Similarly, in the strong coupling limit, integrability agrees with perturbative

string theory.

1.5.2 ABJM theory and type ITA string theory (AdS,/CFT3)

Some work has been done in the weak coupling limit of ABJM theory as well. Specifically,
this is in the limit in which ABJM theory is dual to type IIA string theory on AdS;x C'P3
spacetime. In this limit, the same approach used to study N' =4 SYM theory has been
applied to the case of ABJM theory with appropriate modifications. In particular, the
dilatation operator of ABJM theory in this limit is mapped to the Hamiltonian of an
integrable spin chain.

In the AdS5/CFT), case we had type IIB string theory on AdSs x S® with the self

dual five-form flux
/ FO ~ N

through AdSs and S°. We now have type IIA string theory on AdSy; x C'P? with four

form flux
/FwNN

/F@Nk

through a CP' ¢ CP3. D3 branes are replaced by M2 branes.

In the AdS5/CFT, case, the gauge theory is N' =4 SYM theory with coupling gy p/
and gauge group U (N) on RY3. In the AdSy/CFT3 case this is replaced by ABJM
theory which is N' = 6 superconformal Chern-Simons-matter theory with gauge group
U (N) x U (N) on RY2. The Yang-Mills coupling gy s is replaced by the Chern-Simons

level k. After rescaling the fields in ABJM theory in particular way, all interactions are

through AdS; and two-form flux™]

suppressed by powers of 1/k so that large values of k correspond to the weak coupling

regime. One can take a planar limit in which

k, N =

MWhere k is the Chern-Simons level.
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and
A

N
k

is held constant. It has been shown that in this limit, weakly coupled ABJM theory can
be mapped onto a spin chain problem whose Hamiltonian is known to be integrable [23].

In the planar limit, the string coupling g5 goes to zero and the strings do not split or
join. When A is small, the background is highly curved and the strings get large quantum
corrections. On the other hand, when X is very large, the background is weakly curved
and the strings behave classically.

Whereas one has all spins pointing in one direction in the N’ =4 SYM case and then
considers one excitation moving through the spin chain, in ABJM theory the integrable
spin chain has alternating spins. This means that the ABJM spin chain must have an

even number of spin sites.

1.6 Non-planar limit

As we have already mentioned, the AdS/CFT dictionary identifies the conformal di-
mension of the field theory operators with the energy of the corresponding state in the
quantum gravity. Operators with dimension ~ 1 are identified with point-like gravitons
[3, 2]. If the dimension is /N then they are string states [24]. More interestingly,
operators with dimension N are identified with D-brane states [25] 26] 27], while new
geometries are associated with operators with dimension N? |28, 29]. The large N limit
of the last two operators is not captured by summing planar diagrams only [25]. This is
because large combinatoric factors that arise from many fields enhance the non-planar
contributions [30]. We therefore need to work in a large N, but non-planar limit.

Since summing the large number of Feynman diagrams is such a daunting task, a
new approach is needed. By using Schur polynomialsF_g] it has been shown how all
possible diagrams can be summed in a much easier way [26] in the free field theory, in a
half-BPS sector. In this basis, the two-point function of the theory is diagonal and the
higher-point correlators take a simple form. These results were then explained in terms
of projection operators in [31].

Operators that are dual to excited giant gravitons, restricted Schur polynomials,
were first proposed in [32]. Using the technology developed in [33] 34, B5], the two-point
function of these restricted Schur polynomials was computed in the free field theory
limit [36]. These operators provide a basis for gauge invariant operators built using
only scalar fields [37]. These operators are equally good for describing gauge invariant

operators with more scalar [38] and fermionic fields [39], as well as gauge fields [39]. In

Y5Explained in Chapter
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the basis of these operators, the two-loop dilatation operator has also been studied [40].
As a basis, the restricted Schur polynomials diagonalise the two-point function in the
free field theory and they mix weakly at one loop [34] [35], an important property which
we explain in Chapter

In [41), 42], numerical studies of the spectrum of anomalous dimensions were carried
out, and the results resembled a set of decoupled harmonic oscillators. This inspired
analytic work on the action of the dilatation operator on the restricted Schur polyno-
mials. Initially, this work concentrated on two sphere or two AdS giants [43] before
considering a more general number of branes [44]. One main difference between these
two cases is that in the two giant graviton case, the problem is simplified by the absence
of multiplicity indices. We will explain this simplification in Chapter 2]

The analytic study of the action of the dilatation operator makes use of the rela-
tionship between symmetric and unitary group. In particular, it employs the so-called
Schur-Weyl duality. We will explain this important concept in Sections and

Analytically, the dilatation operator acting on the restricted Schur polynomials has
been diagonalised in [43] [44), 38, [39]. In all these cases, restricted Schur polynomials built
from a large number of fields, Z, doped slightly with impurities was considered. The
diagonalisation problem separated into two problems, one associated with the impurities
and the other associated with the Z fields. The diagonalisation problem associated with
the Z fields was solved in [45], while the one associated with the impurities is solved
through a double coset asantz [46]. The result of the diagonalisation is a spectrum of
a set of decoupled oscillators. This signals integrability in this large N, but non-planar
limit. In other words, it is found that A/ = 4 SYM theory is integrable beyond the
planar limit.

ABJM theory has also been written in terms of restricted Schur polynomials which
diagonalise the free field theory [47]. Again, the spectrum of anomalous dimensions was
computed and was found to resemble the spectrum of a set of decoupled oscillators.
This was done for systems of two excited giant gravitons represented by two long rows
or columns. Interestingly, the technology developed to study the su (2) sector of SYM
theory is sufficient to handle this case. Complications immediately arise the moment
one congiders more than two rows. It is not yet known if the action of the dilatation

operator is diagonalised by the double coset ansatz developed for N' =4 SYM theory.

1.6.1 Large N, but non-planar limit

As we explain in Section[I.5]and Appendix in the case of single trace operators built
using O (1) matrix fields, it is sufficient to sum only the planar diagrams in the large N

limit. These operators are dual to point gravitons. On the contrary, operators that are
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dual to giant gravitons are made of O (N) fields. To compute the anomalous dimensions
of these large operators, one needs to sum both the planar and the non-planar diagrams.
In this thesis, we work in this large N, but non-planar limit. This point will become

much clearer in the next chapter.

1.7 Outline of this thesis

In this work, we compute the spectrum of anomalous dimensions for a marginally de-
formed super Yang-Mills theory as well as the su (2|3) and sl (2) sectors of N' =4 SYM
theory. The tool we employ is the group representation theory of symmetric and unitary
groups reviewed in Chapter Pl The gauge invariant operators we will study are restric-
ted Schur polynomials built from O (V) scalar fields Z, doped with a smaller number,
but O (N) impurity fields. In each case, we will notice that the action of the dilatation
operator always factorises into a problem associated with the Z fields and a problem
associated with the impurities. Each of these two parts will be diagonalised.

We will then take the continuum limit for each of the problems we study. This will
help us to see any hints of integrability clearly. At large N, since there are order N boxes
in each row of the Young diagram, row lengths effectively become continuous variables
and a continuum limit is justified.

Our calculations do not depend on the spacetime coordinates. If needed, the space-
time dependence can easily be incorporated at the end. As a result, we will not include

the spacetime dependence in our calculations [26].

1.7.1 Marginally deformed N =4 SYM

Studying N’ = 4 SYM theory may give some insight into quantum chromodynamics and
related theories. However, this theory is maximally super-symmetric and conformally
invariant, while quantum chromodynamics is not. A natural course to take therefore,
is to break some of the supersymmetry - we do not break the conformal symmetry and
consequently, the gravitational theories we consider are on AdS backgrounds. There is
a deformation that breaks the supersymmetry in A/ = 4 SYM theory down to N/ = 1.
This example was first introduced by Leigh and Strassler in [48]. This is the case we
study here, i.e. we will consider the action of the deformed dilatation operator on the
restricted Schur polynomials in the su (2) sector. This work, reported here in Chapter
was published in [49]. It is my original work.

A gravitational dual for this theory was found by Lunin and Maldacena in [50].
The key idea they employed was that marginal deformations of a conformal field theory

preserve the conformal symmetry. The conformal group is SO (2,4) and is the isometry
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of the gravity dual. This isometry gives us AdSs spacetime. As a result, Lunin and
Maldacena only deformed the S° part of the AdSs x S° spacetime. In particular, they
performed a T-duality, followed by a shift and finally by another T-duality (a TsT
transformation) on the five-sphere. The result was a theory on the deformed spacetime,
AdSs x S°.

Generalisations of this deformation to non-supersymmetric cases exist [51]. In this
case, one obtains the Lunin-Maldacena example by equating all the deformation param-

eters, i.e. by setting v; = .

1.7.2  su(2|3) sector

The beautiful work done on the SU (2) sector of N' =4 SYM only includes two scalar
fields. Three scalar fields do not make up a closed sector because these fields mix with
fermions. The next closed sector therefore consists of three scalars and two fermions,
the so-called su (2|3) sector [52].

In order to firmly establish the existence of integrability in the large N, but non-
planar limit of the theory, we need to include fermions and gauge fields in our study.
Chapter [4 published in [39], fills this important gap - this is my original work. In
particular, we will explain how to construct restricted Schur polynomials that include
both fermions and bosons. These restricted Schur polynomials continue to diagonalise
the free field two point function to all orders in 1/N. We find that these new restricted
Schur polynomials continue to diagonalise the free field two point function. In addition,
the number of these polynomials matches the expected number of multi-field multi-trace
gauge invariant operators. We also show how to transform between the trace basis and
the basis provided by the polynomials we construct.

As an application of our results, we study the su (2|3) sector of the theory. It is
closed to all orders under the action of the dilatation operator [52, 63]. At the one
loop level, the dilatation operator has a simple action in this sector. We explain how to
construct the restricted Schur polynomials for the su (2|3) sector and then compute the
action of the dilatation operator in this sector. The problem associated with the Z fields
in this case is similar to the one solved in [45]. As a result, we only need to diagonalise
the impurity problem, which we accomplish by employing a slightly modified version of

the double coset ansatz.

1.7.3 The sl (2) sector

There is another closed sector of N'= 4 SYM theory that consists of one type of scalar
field Z, say, and covariant derivatives - the sl (2) sector [54]. In Appendix |C| we diag-

onalise the one-loop dilatation operator acting on restricted Schur polynomials in this
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sector of the theory. These operators were built in [38]. In this work, we only complete
that work by writing the action of the dilatation operator in the Gauss graph basis. We
find that this sector is also diagonalised by the double coset ansatz. This too, is my own

original work.

Finally, we conclude our work in Chapter [5]



Chapter 2
Group representation theory

In this chapter we review the tools used to study the large N, but non-planar limits of
Yang-Mills theories. These tools include the group representation theory of symmetric
and unitary groups, as well as the relationships between them. We use the same tools,
with appropriate modifications, in the chapters that follow. In this chapter, we will only
review the components that are necessary to understand the chapters that follow. The

rest will be similar to what we have in Chapter

2.1 DMulti-trace operators and gravity

As we discussed in Chapter [1} the gauge invariant operators we wish to study are multi-
trace operators. In the su(2) sector of N' =4 SYM theory, we study operators built
from N x N complex scalar fields Z and Y. There are n Z fields and m Y fields. We

compute correlators of the form

(Onm) = {020nO ). (2.1)
where the operator O, is
1
O, = tr (Z™). 2.2

Our goal here is to find a (simple) formula for (2.1]). To proceed, let us study a simpler

problem first, i.e. we consider the case n # 0 and m =0

<tr (Z") tr (ZT”)> .

Let us start with n = 1 and increase the values of n until we notice a pattern. To
compute the correlators in each case, we consider all possible contractions between the

Z and ZT fields (by Wick’s theorem), draw the corresponding Feynman diagrams and

34
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then count the number of closed loops for each case. For each closed loop we write down
a factor of N. The case in which n = 1 gives one Feynman diagram with one closed loop.
We therefore find

<tr (Z)tr (ZT)> ~N. (2.3)

Similarly, when n = 2, we get two Feynman diagrams from the two possible contractions.

Each of these diagrams has two closed loops. We therefore find

(tr (2%)tr (217)) = 2N2. (2.4)

For n = 3 we get three N® diagrams as well as three other diagrams with one closed
loop. We therefore find

(tr (Z%)tr (21)) = 3N% 43N, (2.5)

The n = 4 case gives
(tr (2% tr (21)) = AN* 4 20N2. (2.6)

At this stage we notice pattern for the leading term. To leading order, we can WI‘itGF_-I
<tr (Z") tr (ZT")> = nN™. 2.7)

This is where the normalisation in equation (2.2)) comes from.

We can also derive equation (22.7)) in a second way. We use the following identity

/ [dZdZT} 4 {tr (Z") (ZT"‘l)iA e—tf(ZZ*)} —0. (2.8)

iz 3
Using
d —tr(z2%) _ £\ —tr(z2")
and
4z =n (z1y? (2.10)
dZ; E
we find

/ [dZqu {ntr (Z’HZT’H) —tr (2 tr (ZT”) } e tr(227) — (2.11)

!The subleading terms are suppressed by powers of N? when compared to the leading term.
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which we rewrite as

<tr (Z") tr (ZT”)> —n <tr (Z'L‘IZT”‘1)> . (2.12)

the left hand side is what we originally want to compute. A question we can ask at
this point is whether we have cast the problem into a simpler form. It turns out that
we have. The trace on the right hand side gives fewer Feynman diagrams than the left
hand side. In particular, we get only one diagram that has n loops, i.e. there is only one
diagram which gives us N", the leading termE] We have therefore recast the problem

into a simpler one and to leading order, we write (as we found earlier)

<tr (Z") tr (ZT”)> =n <tr (Z”—lzfn—l» = nN"™ (2.13)

Having computed the easier problem,

<t7" (Z™)tr (ZT”)> ,

let us now turn our attention to our original problem, equation (2.1)). Disregarding the

normalisation for the time being, we compute

/ [dZdZT} d;“ {tr (2") (277Y) (ZT”+m) e—tr(ZZ*)} —0 (2.14)

J

which gives
(tr(z"ytr (@) tr (Z170) ) = ((n+m)tr () b (Z10m=1zm71) ) (25)

Now,
tr (ZT”+m_lZm_1) = mtr (ZT") . (2.16)

To see this, we can study the m = 3 and n = 4 case. In this case we have
tr (ZT"+m—1zm—1) = tr (ZTGZ2) (2.17)

and the only planar contraction that we get has two closed loops resulting from con-
tracting the two Zs with two of the six Z's. Each of the closed loops gives a factor of
N, while the remainder of the Z's give us a factor of tr (Z T4) . We therefore have

tr (ZT622> = N2 (Z“) . (2.18)

2This follows immediately upon noting that only one of the diagrams contributing to the right hand

side of (2.12) is planar.
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The 4 in tr (ZT4) is the difference between the n +m — 1 and m — 1.
Substituting equation (2.16) into equation (2.15)) yields

<t7“ (Z™) tr (Z™) tr (ZT”+m>> =m(n+m)N™! <tr (Z") tr (ZT")> .
Using equation we get
<t7“ (Z™ tr (Z™) tr (ZT”+m)> = mn (n+m) N*TmL
Finally, including the normalisation we arrive at

mn(n-i—m).

(00,01, = ™

To complete our motivation, we also need
<OnOIn> = Omn + subleading terms

which agrees with

(p2lp1) = Opypa-

Looking at equation (2.21)) we see that
<On0m0,t+m> —0
when m, n =0 (1) and N — oco. Similarly,
<0mon2 0,05 OF ojnk> ~0

when

L#k, mi#n;

for i = 1...1. Thus the multi-trace operators do not mix.

37

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

We now propose a dictionary between the single trace operators and the supergravity

Fock space. If we think of n; as momenta and also consider

<p27 pS‘p1> = 07

(2.26)

we see that the number of traces should be identified with the number of particles.

This reproduces the supergravity Fock space. We know that gravitational interaction

increases as energy increases. Therefore a bigger n implies more momentum, more energy

and therefore more interaction.
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When

Wl

nwmwO(N), (2.27)

we have
<0n0mojl+m> £0

and the traces begin to mix.
We see from this section that we can learn something about supergravity by studying

multi-trace operators.

2.2 Action of 0 € 5,,.

To study the multi-trace operators, we will develop a description motivated by the
representation theory of symmetric and unitary groups. With this in mind, we now
introduce some notation and study the action of the symmetric group on the trace
operator.

Consider a matrix Z that acts on an N-dimensional vector space V as follows

Z:V =V,
l.e.

w) = Z o). (2.28)
where

lw), v) €V.

We can also consider an N™-dimensional vector space V®", with elements
u) @ o) @ )
for n = 3. In this case,
Z2 ) @ ) @ |w) = Z|u) @ Z |v) @ Z |w). (2.29)

We can rewrite these relationships in index notation as

w' = Ziv’ (2.30)
for (2.28)), and
Z3 72 2l 0w (2.31)

for (2.29)), where repeated indices are summed.
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Now, we can consider the action of o € S,, on the vector space V®". Considering in

particular o = (12), which swaps elements 1 and 2 around, we have

(12) v/ 02w’ = w27 ws, (2.32)
We can therefore write
(12); = 03,0595 (2.33)
In general, we can write
oV Q@Ua®...v,) = V(1) @ Vg(2) @+ - - Ug(n) (2.34)
with
I _ i i in
(0); = 5]‘(17(1)53';2) . .(5]-(7(”). (2.35)

Using this notation, we can write
tr (2% = ol (287)] =z Zi2 . zin (2.36)

I 7"a‘(l) io’(2) ’ io’(n)'

As an example, we can consider the case n = 3 for which the possible values of o are
o=1, (12), (13), (23), (123), (132). (2.37)

For these values of o, we find

tr (1-2%%) =tr (2)°, (2.38)
tr ((12) - Z2%%) = tr ((13) - Z2%%) = tr ((23) - Z%°) = tr (Z°) tr (2) (2.39)

and
tr ((123) - Z2%%) = tr ((132) - Z%%) = tr (2°%). (2.40)

We learn here that the conjugacy classes of the symmetric group correspond to

specific multi-trace structures.

2.3 Correlation functions

We would like to write down a general formula for computing the n-point function for
the case in which we have one type of field. We know that the two point function of our
fields is
i otk i ok
(z32]") = 5iof.
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Similarly,

i1 7l k k i1 5% i1 5%
(zpzizllzf) = ookl + oo aliaf:. (2.41)

Looking at the right hand side of equation carefully, we notice that the lower
indices in the first term are numbered exactly as the upper indices, while in the second
term, the [ labels are permuted relative to the 7 labels. The same follows for the k’s
and j’s. This action is similar to that of o € S,,. However, studying the n = 3 case
establishes the fact that the j's are actually acted on by o', while the I's are acted on

by 0. We can therefore write the 2n-point function as

71 in 7Tk1 thn \ __ i1 in k1 kn
<Zj1 A A 1l >_ DA T
gESy
_ I/ —1\K
=> (o) (e h);. (2.42)
O'ESn

We can also write a general formula for
K
® em\I (e t®
<(Z "QY m)J(Z "QY m)L>

as we did in equation (2.42). By studying the n = 3, m = 2 case for example, we learn
that

K . .
RN om\{ t®en -|-®m) _ i1 in In+1 tn+m
<(Z @Yo (21" ey L> DD TR i SRR el

0ESH XSm,
]?1 kn 'If?n+1 lfinij
Jo=11) """ T Io=1(n) Jo=1(n+1)  Jo—l(ntm)

(2.43)

In general, we see that the correlation function for the multi-trace operators can be

expressed entirely in terms of the symmetric group elements.

2.4 Schur polynomials

If we consider operators constructed using one type of field Z, a class of operators we

can build are the Schur polynomials defined as

ZXR )tr (02, (2.44)
O'ESn

where
xr (o) =tr (Tr (0)) (2.45)
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is the character of the group element o € S, in representation R. I'g (o) is a matrix
representing ¢ in representation R. In the case n = 3, there are six distinct permutations
o, but only three distinct trace structures
®3) _ i1 12 13
tr(02%) =2;! \Z7,Z7 (2.46)
and we have three distinct Schur polynomials. Let R; be the trivial representation,

Ry be the sign representation and Rs be the standard representation of S3. The Schur

polynomials we have are

Xr, (Z) = % {(tr2)3 +3tr (Z) tr (Z%) + 2tr (23)} : (2.47)
i, (Z) = % {(trz)® —3tr (2)1r (22) + 207 (2°)} (2.48)
and .
xr, (2) = 3 {(n»zﬁ —tr (23)} . (2.49)
Now,
<XR1 (2)x, (Z)> = N3+ 3N2? 4+ 2N (2.50)
and

(xm (2)xh, (2)) = 0. (2:51)

The right hand side of equation is actually the product of the factors of the
irreducible representation (irrep) R, fr. In order to understand what these factors are,
let us consider an example. Let us compute the fr for the Young diagram of S5 shown
in figure We label the top left hand box N, then as we move to the right, we add
one and subtract one when we move down. This way, the factors of the Young tableaux
shown in figure [2.1lare N, N +1 and N — 1 as indicated. The product of factors for this

Young tableaux is therefore

fr=N(N+1)(N-1). (2.52)

Both equations (2.50) and (2.51)), follow from the more general formula of the two

point function

<XR (2) X (Z)> = Orsfr- (2.53)

A more general proof of equation (2.53)) will be presented in Section m
As we recounted in Chapter [I], these Schur polynomials were first studied in the

context of giant gravitons in [26].
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N |IN+1

Figure 2.1: The standard Young tableaux for Ss.

2.4.1 Projectors

Let us define the operator
1
PRZEZXR(O')O'. (254)

‘UGSn

If v € S, also, then Pr commutes with v, i.e.

To verify this, we can compute both sides of equation (2.55) for the group Ss. In par-

ticular, if we may consider the standard representation of S5 with

I _ i 7 1
97 = 5j<17(1)6ji<2>6j2(3) (2.56)
and
Yic = (23)% = 5072072 (2.57)
we find that )
Pry = 3 {2y~ (13) — (12)) (2.58)

which indeed agrees with ~ - Pg.

For the more general proof we can write

1
Pr-y=—> xr(o)oy (2.59)
.O'ESn

and introduce a change of variable

¥ =7"toy (2.60)
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to get

1
Proy=— > X (v ) vy
’weSn

=5 E:tr Tr (yy™")) v

pESn

zfiﬁrwv Ty)) v

wGS

- IZXR

WESn
=~ Pg (2.61)

which completes the proof.

Using the fundamental orthogonality relation of a group GG, we can also show that

1
Pr - Ps = %&%SPRa (2.62)

where dg is the dimension of the Young diagram R. Thus we see that the operators Pr

are projection operators. For an S, group,

n!

dp = (2.63)

hooksg’

where hooksp stands for the product of hook-lengths of the Young diagram R a repre-

sentation of S,,. The fundamental orthogonality relation of a group G states that

G

ZFR ab I's )cd = |d|5R56ad5bCu (264)
R

geG

where |G| is the order of the group. For the symmetric group we have
|Sp| = nl. (2.65)

Setting G = 5,, and g = o in our case, we compute

Pr-Ps=— '§: Y tr(Tr(o)tr Ts (7)o -7. (2.66)

ogeSnYESH

Further, we set
y=0"1p (2.67)
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and use
Pr(v)=Tr(o"'p) =Tr(c7") Tr(p) (2.68)
together with equation (2.64) to get
1
Pg - Pg = n!dR(sRSéljp; I's (p)jl P (2.69)

which simplifies to equation (2.62]).
We can also use the fact that xr (U) (a Schur polynomial evaluated with Z = U €

U (N)) equals the character of the group element U in irrep R to evaluate the trace of
the projector Pg. In this case,

Xr(U) = 2 3" xn (o) tr (U1 (2.70)

‘O’GSn

One element of the unitary group U (V) that we know is the identity 1. Its character is

the dimension of the irrep R, i.e.

xr (1) = Dimy (R). (2.71)
If we consider o = (12),
(o)) = 6167 (2.72)
and
tr((12)) = N (2.73)
while
tr(1) = N2 (2.74)

From this, we can see that the power of N equals the number of cycles of o, C (¢) . Thus
tr (o) = NC), (2.75)

We also know that
tr(o-1)=tr(o). (2.76)
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Using these results, we can calculate the trace of the projector Pg,

tr (Pr) = ,ZXR

UGS’

= ZXR t?" O'].

O’GSn
=xr (1)

where L
[TV —i+j)

Dimy (R) = 2

- 2.78
hooksp ( )

is the dimension of the Young diagram R as a representation of the group U (N).

2.4.2 The two-point function of Schur polynomials

We now derive the two-point function of Schur polynomials, equation (2.53)), by following

the original argument given in [26]. We will also need

Z xr (67) xs (o) = nldps (2.79)
O’ESn

which also follows from the fundamental orthogonality relation, equation ([2.64)), as well

as the delta function of a group,
1
6(p) = —> drxr (p). (2.80)
"R

To prove equation (2.53)), we first convert the sum over contractions to a sum over
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symmetric groups. Thus

(n(2)x(2)) = < S M () 3 X, (T—lzf)>

o€Sp TESK
-1
== ZXR(J)XS(T ) <Ziil . Zin zih '“Z]Tjnl >
Sesres, ™ n! o o(m) Jr=1a) 1(n)
—1
DIDIDIE () x5 (1) s gin gt gin
€8,0€8,TES, n! n! Jar=1(1) " Jar—1(n) Ya=lo(t)  ta—lo(n)
[e4 no nT n
-1 . .
= Z Z Z XR (U) XS (T )57"7(1—1(1) o 5,{7—0(_1(")511 . 5]n
€SnoESLTES n! n! . In ta=lo(1) ta=lo(n)
(64 no nT n
— Z Z Z XR (U) Xs (T_l) 51:704_1(1) 5i7a—l(n)
| ] iy—1, iaflofn
0€S,0€STES, n: &) ()

_ XR (U) XS (T_l) (Sio'_lom'a_l(l) icr_la‘rc«_l(n)
=2 2 X T

a€S,oES,TES,

_ ey s

aESoES,TES,

=222 XRn('a) = S;l)NC(”l"‘ml), (2.81)

a€SpoeS,TES,

where we have used equation (2.42) to write the third equality and equation (2.75)) to

get the last line. At this stage, let us introduce a new variable
p=octara™? (2.82)

in terms of which the two-point function (2.81) becomes

7_71
(@ @) = 3 5 3 32 X U v (p15-107071)

pGSnQGSnUGSnTGSn

-y Yyl e e, (2.83)

pPESLaESRTESH

Summing over a € S, in this case gives a factor of n! so that we have

<XR (2) x5 (Z)> = %Z > xr(0)xs (pto™h) NOW. (2.84)

peSnO'GSn
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Writing this in matrix notation gives
1 _ _
(xr(2)xk(2)) = n,Z; ES;FR (0)iTs (071, Ts (p71),,; NO@. (2.85)
PEONTED

Now we can apply the fundamental orthogonality relation (2.64) in order to perform the
over ¢ € Sp. This yields

<XR (2) x& (Z)> = (Zf xs (p71) NC@). (2.86)
PESH

Using the result (2.77)) then yields

(xn(2) () = Homs D (D), (2.87)

From equations (2.63)) and (2.78)),

n!Dimy (R)

P [T —i+i)=fa (2.88)

2%
Putting this into equation (2.86|) yields precisely the correlation function (2.53)) and this

concludes the proof.

2.5 Restricted Schur polynomials

N = 4 super Yang-Mills theory has six hermitian Higgs fields ¢;, with i = 1,2,...6. It

is from these fields that we build the complex matrices

Z=¢1+tips, X =¢3+i¢s, Y =5+ igs. (2.89)

The space of 1/2 BPS representations in N' = 4 SYM theory is in one-to-one corres-
pondence with the Schur polynomials built using Z [26]. Furthermore, these Schur
polynomials have diagonal two-point functions as we have seen in Section 2.4, Employ-
ing insights from the dual quantum gravity theory, restricted Schur polynomials were
identified as the excitations of these 1/2 BPS states [32]. Given a Schur polynomial, a
restricted Schur polynomial is obtained by attaching (or replacing some of the Z fields
with) impurities or open string words W. The letters of these open string words can be
fermions, gauge fields or any of the other Higgs fields. If the word W contains O (\/N )
letters, it is dual to an open string. With O (N) fields, the restricted Schur polynomial

is dual to a membrane with open strings attached, while O (N 2) fields describe strings
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moving in a new geometry.
In the su(2) sector of N' = 4 SYM theory, we can define the following restricted

Schur polynomial,

1
XR7(T’75)M1M2 (Z®n7y®m) - W Z XR(T,S)/HMQ (U> Tr (UZ@nY@m) ) (2'90)

UGSrH-m

in which the irrep (7,s) is one of the irreps that arises when R, an irrep of Sy, is
restricted to the subgroup S, x Sp,. We can remove m boxes from the Young diagram
R to remain with the Young diagram r - n. Assembling these m boxes gives the Young
diagram s. In general, the irrep (7, s) occurs with some multiplicity. The indices p1 and

2 tell us which copy of (7, s) we are considering. The restricted trace

XR,(r,5) 12 (o) =Tr (PR%(rys)uluer (‘7)) (2.91)

is taken over the space labelled by the Young diagrams r and s. To ensure this, we have
rs)uipe that takes us from the space labelled by R to that labelled by
(r,s) . In this case, we are interested in the case in which both n and m are order O (N),
with n > m.

a projector Pr_y(

The Young diagrams r and s are subduced from R n + m with some multiplicities
specified by p1 and po. Starting with a Young diagram R - n + m, we can remove m
boxes associated to the impurity labels, to remain with r - n. Assembling the m boxes
we removed gives us the diagram s in more ways than one. To specify the particular copy
of s we are considering, we have the multiplicity indices p; and pe. More information
about this is provided in Chapter

2.5.1 Projectors for restricted Schurs

Strictly speaking, the projectors that appear in restricted Schur polynomials are inter-
twinnerﬂ that bear some of the properties of projectors. The term projector in this case

is therefore used loosely. We consider

1
PR,(T,s)aﬁ = m ESZ XR,(r,5)aB (0‘) 0 (292>
g n+m

3 An interwtinner is a map between isomorphic irreps.
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where R is an irrep of S, 4, while (r, s) is an irrep of S,, X S,. The restricted charactexﬁ

in equation (2.92)) is defined as
XR,(r,s)oa,B (U) = Z <i, (T’, 3) a’FR (U> ’i7 (Ta 3) 5> (2'93)

i

where a and f specify which copies of (r, s) we take. The index i is a state label.

It is of interest to compute the product of these projectors. To this end, we compute

1 .
PR,(r,s)aBPT,(t,7L)76 = (n T m)| : Z Z T § a|FR ( ) |Za (Ta S) ﬁ>

aTESner i,

X <]7 (t?u) |FT( )|Ja (t u)5>
! S S, (r5) l TR (0) Grisudisny

(Tl + m) O'TGSn+m 1,7

x Iy (7)1, (t,u) d) oT. (2.94)

Setting
T=0"1u (2.95)

yields
1
PR,(r,s)aBPT,(t,u)wé = (n+m)| : n+m Z 57°t58u55’¥z T s a|FR( )
U/ersn-k'm

x D (o7 T (p) |4, (t,w) 6) pu. (2.96)

Using the fundamental orthogonality relation (2.64) to sum over o € Sy1,, gives

1 .
P rayasPreans = g-0ndodon sy D0 3 () ol Ty (1) s (1) )
:LLES'rH»m i
(2.97)

in which we recognise the definition of the projector. Writing this out, the product of

the projectors then works out to

6RT57“ 55u5
PR,(r,s)aﬁPT,(t,u)’yé = CgiRMPT,(Lu)aé' (298)

To compute the trace of the projector, we use the properties of Jucys-Murphys

“Restricted characters were first studied in [33].



CHAPTER 2. GROUP REPRESENTATION THEORY 50

elements. This was done in Appendix F of [33] whose result we now use. We obtain

Z XR rsa,@ )tr(o*)

O'ESner

Z XR, rsaﬂ )NC(U)

O'ESn+m

Tr (Prraes) = (i

n—i—m

1
= g pidrdsdast (2.99)

2.5.2 Two-point function

To compute the two-point function of restricted Schur polynomials, we will proceed as
we did with Schur polynomials. In what follows, the sum over Wick contractions is

performed by a sum over S, x Sp,. Using the free field result, equation (2.43)), we have

T
rs)af (U) XT,(t,u)&’y (T)

n ®m T ®n ®&m _ XR?( ’
<XR,(ns)aB (Z Y )XT,(t,u)&y (Z Y )> - Z nlm! nlm!
UTGSTH»"L
< . in+1 . ‘in-&-m ZT]l . T]n T]n+1 .. Y:Un-&-m >
io(1) a(n) lo(n+1) lo(ntm) Jr—1(1) Jr=1(n) " Jr=1(n+1) Jr=1(n4m)
—1
— Z Z XR (T s)aﬁ ( ) XT7(t7U)'Y(5 (7_ ) 6’L1 .. 5?n+m 5]1 . 5,.7'n+'m
n!m! n!m! Jer=1(1) Jer=1(n+m) *e=lo(1) te=Lo(ntm)

Sn XSyno- Tesn+m

—1 . .
— Z Z XR,(T,S)Q,B (U) XT’(tvu)’Y(S (T )5?7’{71(1) . 5?7’&71(7’1#»771) 5]1 . 5jn+m
nlm! nlm! J Jntm Lemlo(1) ‘e~ o(ntm)
SnXSmO' TGSrH»m

-1 . .
-y Yy e )8 () X, (1006 (T71) direm10y | ghre-t0m)
nlm! n!lm)! le=1o(1) le=1o(ntm)

EESH XSmO, TESh+m
X ) X (r7") i
= Z Z R, (T S)Ocﬂ T,(t,u)'y(i (5-0_1§T€_1(1) . 6'0_1.575_1(n+m)
nlm! n!m)! i tntm

£€Sn XSma TESn+m

_ Z Z XR (r,s) a,B ) XT7(t,u)’y§ (7—71) tr (O’ilfoil)

n!m! n!m!

EESH X Sm o, TESh+m

_ Z Z XR,(r,s)as ( )XT,(t,u)wé(T_I)Nc(a*m*l)_ (2.100)

N nlm! nlm!

EESH X Sm o, TESh+m

Introducing a new variable
p=o tere ! (2.101)
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equation (2.100)) becomes

(XR 908 (22 YE™) X s, (257, 757))

_ Z Z XR,(r,5)ap (U) XT,(tu)yo (7_1) NC(p)(; (p_10'_1£7'€_1)

n!m! n!m!

£ESH X Smo, T, pESn+m

_ Z Z XR,(r,s) ozﬂ ) XT,(t,u)y6 (5_1/)_10-_16) NC(p)

Im! Im!
£€85, X S0, pESntm nam: n!m!
: -1,-1) §yC
~ nim! Z XRy(rs)af (0) XT ¢y (1o 1) NOW), (2.102)
U7p€5n+m

where the sum over £ € S, x S, gives nlm! again. We now use the fundamental

orthogonality relation to sum over o € S;4ym,. The result is

<XR7(7':3)015 (Z®n’ Y®m) X;,(t,uﬁh (Z®n7 Y®m)>

ORT _
- n!m!dRpE; Tr (Pr,(royas Preapsl' (p71)) NOO. (2.103)
n—+m

Using equation ([2.98) yields

(X o (25 Y ) Xy s, (257 5))

+ _
— MéRT&rt(Ssu(sﬁV Z Tr (PT7(t,u)045FT (p 1)) NC(p)

Imldgr
nlm)!
PESntm

5RT5rt53u5B'y Z XT,(t,u)ad (pil) NC(p)' (2104)
p€5n+m

_ (n+m)!
 nlmldg
Finally, using Appendix F of [33] and simplifying, we get

hooksp

<XR,(7”,5)0¢5 (Z®n’ Y®m) XTT,(t,u)é'y (Z®nv Y®m)> = ORTOrt05udpy0as R

hooks,hooksg

(2.105)

The calculation given here closely follows the original derivation in [36].

2.5.3 Action of the dilatation operator
The dilatation operator acts on the restricted Schur polynomials in the su (2) sector of

N =4 SYM theory to give [46]

DOR:(TvS)MllQ = gYM Z ZM9M11t2 uz/ngijOR,(ﬁU)Vle (2.106)

u,V1,v2 1<
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Figure 2.2: An example of a valid open string configuration consisting of p = 3 branes
and m = 7 strings.

where M, éff?uz;uulW is a matrix that acts only on the impurity labels and A;; acts only the
Young diagrams R,r associated with the Z fields. Because the action of the dilatation
operator is thus factorised, we can diagonalise the impurity labels separately from the Z
fields. The problem of diagonalising the impurity labels was solved by means of a double
coset ansatz [40], reviewed in Section . On the other hand, the problem associated
with the Z fields was solved in [45]. Notably, on the R,r labels, the action of the
dilatation operator reduces to the Hamiltonian of a set of decoupled oscillators. Because
the harmonic oscillator is known to be integrable, we conclude that the su (2) sector of

N =4 SYM theory is integrable in the non-planar limit.

2.6 Double coset ansatz

In this section we review the double coset ansatz [46] for the su(2) sector of N' = 4
SYM theory. We first argue that the number of states of an excited system of separated
giant gravitons is equal to the number of restricted Schur polynomials that are labelled

by Young diagrams in the widely separated corners limit.

2.6.1 Gauss graphs

The giant gravitons we discussed in Section have compact world volumes. For com-
pact world volumes, Gauss law implies that the total charge on the giant graviton’s world
volume must vanish. This gives a constraint on the number of open string configurations
that are allowed since the open string ends are charged. In particular, the number of

strings emanating from a given giant graviton must equal the number of strings termin-
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Figure 2.3: A labelled graph for the open string configuration shown in figure 2.2

ating on it. For each allowed configuration, we can draw a Gauss graph. An example is
shown in figure in which the dots represent the giant gravitons and the directed lines
are the open strings. The arrows on the open strings strings show the string orientation.

A mathematical description of the Gauss graphs can be achieved by labelling the
graphs with some numbers. Let us say we have p branes and m strings which we ’cut’
into halves. Let us label the half outgoing strings with numbers 1,...m and the half
incoming strings with the same set of numbers. The way in which these two sets of
strings are joined is provided by the permutation ¢ € S,,. Let us also label the branes
with numbers 1,...p so that the number of incoming (or outgoing) strings on the p*

brane is m,,. It should be clear that
mi+mg +---my, =m. (2.107)

Further, let the labelling on the strings be such that the strings emanating from the pt*
brane are my,_1 + 1, mp—1 + 2, ...my. This way, the configuration shown in figure
can be mapped into the labelled graph shown in figure In this case (figure , the
top bold line must be identified with the bottom bold line.

As we have already mentioned, the structure of the labelled graph is encoded in the
permutation o € S, but there is a redundancy in the coding since the incoming strings
that terminate on the p** giant are indistinguishable. In other words, labelled graphs
which differ only by swapping the end points that connect to the same brane give the
same configuration. This is immediately clear from figure 2.3 One way to resolve this

is to relabel the outgoing half-strings by permutations in their symmetry group [[Sp, .

(2
This results in the multiplication of ¢ from the left. Doing the same with the incoming

half-strings results in multiplying o from the right. This way, we see that the open string
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configurations are in one-to-one correspondence with the elements of the double coset
H\ S, /H, (2.108)

where

H = Sp, X Smy X -+ Sm (2.109)

b
Each element of the double coset gives a distinct Gauss graph.

Through the Burnside Lemma [55], the number of open string configurations (or

P Z . D d(aortarton). (2.110)

a1€EHaseHo1 €S,

Gauss graphs) is

The delta function of the symmetric group
1
= e (), (2.111)

where R is a Young diagram with n boxes, is defined to be one when p € S, is identity

and zero otherwise. Using this together with the fundamental orthogonality relation,

equation (2.110)) can be written as
2 Z Z ZX& a2 Xs al) (2112)

ajEHaseHskFm

The sums over a1 and ag give projection operators which project onto the trivial rep-
resentation of H. Equation (2.112)) is equivalent to

2
Ne =) (Mi,) (2.113)
skFm
where M7 is the multiplicity of the of the one-dimensional representation of H when
the irreducible representation s of S, is decomposed into representations of the subgroup
H.

2.6.2 Counting

In this section, we show that the number of restricted Schur polynomials, the operators
that describe the giant gravitons with strings attached (as reviewed in Section [1.6)), is
equal to the number of Gauss graph operators, equation . To start with, we
recall that the Young diagram R F n + m that appears in restricted Schur polynomials,
equation , can be decomposed into smaller Young diagrams r - n and s - m. We

can restrict any irrep of S,1, to its S, X Sy, subgroup. Generically, we will get a redu-
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[ [ | [3]1]

4

Figure 2.4: A Young diagram with p = 3 rows and m = 4 impurity boxes.

cible representation. Irreducible representations into which this reducible representation
decomposes are labelled by (r,s). This is accomplished by removing m boxes from R
to remain with r, and then assembling the m boxes into a diagram s. In general, there
are various ways of obtaining the same diagram s. The particular copy of the diagram s
is specified by the multiplicity labels pjue. The Young diagrams s label a vector space
V;g”” for which there are two ways to decompose. The vector space V, can be written

as a sum of one-dimensional vector spaces V;, i.e.

P
Vo= @ V. (2.114)

i=1
In the restricted Schur polynomial for long rows, a state in V; corresponds to an impurity
box in the i*" row. As an example, consider a Young diagram with p = 3 rows, in which
we label the impurity boxes as shown figure 2.4 The m = 4 impurity boxes in the

diagram correspond to

0 1 0
@1 ]|e|0o|®]|0]. (2.115)
0 0

Using Schur-Weyl dualityﬂ we can write V¥ in terms of irreps of the groups U (p)
and S,,,
V®m — @ V;U(P) R ‘/;Sm7 (2.116)

P skm,c1(s)<p

where ¢; (s) is the number of parts of s. If the way in which we remove the m boxes

from the Young diagram Rt n + m is given by m with
P
> mi=m, (2.117)
i=1

then we can write equation (2.116]) as

yem _ D D (%Vn[{z(l) ® VU(p)*U(l)p ® ‘/;Sm. (2.118)

P skm.ci(s)<p it 1 som

"We review Schur-Weyl duality in Section
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Here, we decomposed the U (p) irrep into U (1)? irreps, summing over all the irreps of
this group labelled by m (which gives the U (1) charges). V,,[{f(l) is the one-dimensional
irrep which transforms with charge i under the i** U (1). In the language of restricted
Schur polynomials, these are the numbers of boxes in the i** row. FEach set of the
U (1) charges m comes with a multiplicity label as we have already explained above.
the multiplicity labels span a vector space yUp=Ua)y”

s—m

of times the irrep m appears when irrep s is decomposed under the subgroup U (1) .

, whose dimension is the number

These are the Kostka numbers [56], K5, which are reviewed in Appendix B of [46].
Since the restricted Schur polynomials are labelled by a pair of multiplicity labels, the
total number of restricted Schur polynomials is given by the sum of the squares of the
Kostka numbers,
Ne= Y (Ka)?. (2.119)
skm,e1(s)<p
To complete our proof, we now need to show that equation is equivalent to
equation (2.113)). Our proof hinges on the Schur-Weyl duality which we now develop
more fully. We will work at the level of a basis for V;D®m in which case the reduction
coefficients that arise in the final step are branching coefficients for irrep s of U (p) into
the irrep m of H = U (1)P. Let

1) = |iy,dg, . . . ip) (2.120)

be a basis for the tensor product. We know from Schur-Weyl duality that there is a
change of basis to
11y = > |8, My,my) (s, My, ms|I) (2.121)
s,ms,Ms
where M is a state label for the U (p) irrep s, corresponding to semi-standard Young
tableaux [44]. In the same vein, my is a state label for the irrep s of S,,, which can be

described by standard Young tableaux. Decomposing into U (1)¥ | we get

’I> - Z Z C]\T_Z;V |S’Ms?m8> <37M87msu> ) (2122)

m,vs,ms,Ms

where the coeflicient C]TZ;V gives the decomposition of a U (p) irrep into U (1) irreps,
and v is a multiplicity label which labels states in V;ﬁf%_)[](l)p.

We have decomposed Vp®m into irreps of H in one way which is equivalent to equation
(2.118)), but there is another way which uses permutations of .S,,. Our choice of m implies

that there are m; copies of vy, mg copies of ve and so forth, where v; is a vector belonging
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to V;. One state we can have this way is
15, m) = ) B g @2 g ®mf’> . (2.123)

All other states are related to (2.123) by permutations, i.e. we can write the general

state as
o) = 0 [0 @™ @0 (2.124)

where

o "Uzj @ Viy & - -+ Uip> = |Vigy @ Viggy @ - Uia(p>> . (2.125)

We note that not all o € Sy, give independent vectors since

Vo) = [voy) s (2.126)
with v € H. We can also write
o) = 17 LS o), (2.127)
yeEH

which demonstrates that the states correspond to elements of Sy,/H.

Using this notation, we can write the representation basis ag’|

|Vs.4,5) Z F o) |vg)

UESm

Z ZF 7) [Vy)

UGSm'yEH

Z ZFU (o) lvo)

UGS yeH

Z Z ) [vg) - (2.128)

UGS yeH

We can decompose the matrix of the H projector using

1 1
] Zrlk = BBy, (2.129)
yeH o

where p is a multiplicity index for the trivial representation of H under the reduction

SRepeated indices are summed.
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of irrep s from S,, — H and Bf:lH is a branching coefficient, to get

1 1
Vsig) = > Zsz ) By MBS Jug) (2.130)
O'GSm 123
We can now introduce
|7, s, p38) = > B ueg ) = Y BSHE > T T (o) |vg) (2.131)

J J 0ESM

which is equivalent to the decomposition

m s i=1
Comparing equations (2.118) and (2.132]), we deduce that
= [V = VI = K, (2133)

which concludes the proof that the number of Gauss graphs is equivalent to the number

of restricted Schur polynomials that label the open string configurations.

2.6.3 Gauss graph operators

Having proved the equivalence between the Gauss graphs and restricted Schur polyno-
mials, we would like to exploit this basis to diagonalise the dilatation operator. In order
to do so, we now construct the operators in the Gauss graph basis, the Gauss graph
operators, that provide an alternative basis to the restricted Schur polynomials.

Given an object O, that is determined by a permutation 7, we can form linear

combinations ij that are labelled by an irrep s and state labels i, j, i.e.

=Y 1 (0) 0. (2.134)

oESm
These matrix elements provide a resolution of the delta function on the group since
ZEF(S) (o) T (1)=94 (07'71)
m! ¥ g N ’
S

and behave like Fourier coefficients. If O, is invariant under left and right multiplication

of 7 € Sy, by 71,72 € H, where

H = H (1) = [[Sm., (2.135)

i
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we can writd]

- &p, 2 O

Y1,72€H
1 S
:WZM S 0 (nr) 05
Y1,72€H
(s)
|H|2Zm' Z F ( )Fl; (VZ)O%- (2.136)
Y1,72€H

Using equation (2.129)), we get

(s s—1 s—1 ds psosly sl s
O-=>>. (\/ — T (7) By, "By, H) (\/ 1B "B, "0 )

5 H1,M2
—1 —1
=22 \/> (7) By Blay " O (2.137)
S 1,42

where we have defined
ds
05 1 = \/ Bf;lHBj/ZIHOS (2.138)

We now show that the group theoretic coefficients

Cs L, (1) = |H]| \/ m B,j,jllHB;ZlH (2.139)

provide an orthogonal transformation between double coset elements o and O}, .. The

normalisation |H| is placed here for convenience. We can show that

Coaz (1) C

e = |H? Z ™) By BT (0) By Byt

ku lpo y223% qp2

=3 Y Ll 0Tl ()T (0)

uwz

s ’717"{2€H

=> > ,X (11075 '7)
S 71,“/2€H

= > 6(now'n) (2.140)
Y1,72€H

which expresses orthogonality since the right hand side is the delta function on the
double coset.

A natural form of the Gauss graph operators (that are dual to the Gauss configuration

7All Latin indices are summed.
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o) i
m o
Ors (o ZZ Z \FF( B]lleBklleOR’(ﬂS)uhuw (2.141)

jk sEmpa,pe2

where OR (y.s) is a restricted Schur polynomial. Using

1,042
<OR7(7'73)/J1 K2 O;’(t,u)yl U2 > = 5RT57’t55u6u1 141 5;1,2y2 (2 142)

we compute the two-point function of the Gauss graph operators. We get

<ORT(01)OTTt 02> |H|‘ SN Vddy) (o) BB

s, ubFmp pavive

xTj,) (0 )sz:lHBvS?fvle <OR,(ns)m,MOTT,(t,u)ylm>
S S ) B3 B o)
skEmp p2
- %z > ar o0 (Tl (o) T8k ()
skmy1v2€H
:%Z Z dsx (01_1’7102’72)
skmy1y2EH
= Y d(or ' moam). (2.143)
T,72€H

Again, the right hand side is the delta function on the double coset that sets o1 = o9
so that if o1 and o9 are the same double coset element, the two-point function is one,

otherwise it is zero.

8The overall factor is chosen for convenience.



Chapter 3

Leigh-Strassler deformed SYM

In this chapter that is based on [49] and is my original work, we use group representation
theory to compute the spectrum of anomalous dimensions of the marginally-deformed
super Yang-Mills (SYM) theory. As we mentioned earlier, understanding N' = 4 SYM
theory may contribute to the direction of understanding better quantum chromody-
namics (QCD) and related theories, but one major difference is that it is maximally
super-symmetric and conformally invariant, while QCD is not. To move closer to QCD
and/or QCD-like theories, we can consider breaking at least some of the supersymmetry
in N/ = 4 SYM theory. The special case we consider here is a marginally-deformed
theory, for which a corresponding gravity dual is known.

As we have already discussed in the first chapter, the most studied example of the
AdS/CFT correspondence relates type IIB string theory on AdSs x S° to N = 4 super-
Yang-Mills theory. The marginal deformations we consider were first studied in [48§]
and the gravity dual of the deformed gauge theory was found by Lunin and Maldacena
in [50]. The deformed theory studied by Lunin and Maldacena preserves some of the
supersymmetry, in particular, the gauge theory has N’ = 1 superconformal invariance.

The idea employed by Lunin and Maldacena is motivated by the fact that marginal
deformations of a conformal field theory preserve conformal symmetry. The conformal
group is SO (2,4), which must be the isometry of the gravity dual. This isometry gives
us AdS5 spacetime. As a result, Lunin and Maldacena only introduced the deformation
on the S° part of the AdS5x S® spacetime. To do so, they performed a T-duality, followed
by a shift and finally by another T-duality (a TsT transformation) on the five-sphere.
The result was a theory on the deformed spacetime, AdS5 x S°.

Generalisations of this deformation to non-supersymmetric cases exist [5I]. In this
case, one obtains the Lunin-Maldacena solution by equating all the deformation param-
eters, i.e. by setting v; =~

In [I7], a giant graviton (D3 brane) sitting at the center of AdSs, wrapping an S°

61
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onto the S° part of the geometry was found. It had exactly the same quantum numbers

as those of a graviton. The energy of this giant graviton was found to be

J
E = I (3.1)
where J is its angular momentum and R is the radius of the background.

In [I8] and [19], dual giant gravitons were found in the undeformed theory. These
dual giants extend into the AdS part of the geometry and their energy is also given by
equation : both giants saturate a BPS bound for their energy.

More recently, Pirrone [57] found stable (dual) giants in a non-supersymmetric de-
formed background. By setting all the deformation parameters equal to each other,
Pirrone’s result gives stable (dual) giants in the Lunin-Maldacena background as well.

In what follows, we will review Pirrone’s discussion and quote his results before
carrying out our calculation on the gauge theory side. In the conclusion, we will compare

our results in the case of a single giant to the string theory case reported by Pirrone.

3.1 The string theory cas]

The metric of the AdSs x S® can be written as a sum of the metric of the AdSs and

that of the deformed five-sphere S°. In the string frame, and setting o/ = 1, we have
ds? = d5,24ds5 + ds%,E,, (3.2)

where

12 di?
d5,24d55 = - <1 + ) dt* + n + 12 (dof + sin® a; (da3 + sin® aeda3))  (3.3)

R2 1%
and
2 2 dr? i - 27 2 2~ 2 2 2 - ;
dsg = R o2 ﬁda + Gzpi dei | + R°Gpipaps Z%d%‘ - (34)
i=1 =1
In equation ([3.4)),
G =1+ 7ip3p3 + 230103 + 30t (3.5)

and p; are the cartesian coordinates of the sphere which we can parametrise as

?”2

p%:]-_ﬁa

!This whole section is due to [57].



CHAPTER 3. LEIGH-STRASSLER DEFORMED SYM 63

2

2 _ T 2
P2 = g €08 0
and
o 1 o
p3 = 55 sin” 0

These coordinates satisfy

Also,
0<r<R.

The dilaton of the deformed background, ¢, is related to that of the undeformed back-
ground, ¢o, by
e* = PG (3.6)

and the 't Hooft coupling is, as usual,
A\ =4me® N = R, (3.7)
The non-zero NS-NS two-form is
B = R*G (v3p1p5der A dpsy + vip3psdios A dips + 3 pipdies A dipr)

and the non-zero Ramond-Ramond (R-R) forms are

3
Cy = —4R26_¢°w1 A\ Z%’d%,

i=1

3
dwi = % sin 6 cos Odr A df

and

l4
Cy = e_d’oﬁ sin? o sin aadt A dag A das A das + 4R46_¢0Gw1 Adpr A dpa A des.
The five-form field strength of the background is given by

Fy=dCy — CyNdB

and it satisfies
*F5 = F5.

2NS stands for Neveu-Schwarz.
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This set-up reduces to the Lunin-Maldacena background when +; = ~ as we have already
mentioned.

Because in the undeformed background AdSs x S° there are three different particle
states characterised by the same quantum numbers, one considers here three similar

scenarios, as we discuss below.

3.1.1 Rotating point particle

In this case, one considers a massless point particle rotating on the S5, minimising its
energy in this space. It is convenient to consider first a point particle of mass M, which

can then be set to zero at the end. In ten spacetime dimensions, the action is

sz—M/dt\/fg

where
g=GunXMXN

and M, N =0,...9. This particle sits at the centre of the AdS5 space and spins in the
1 direction. This implies that

g=Gy+ Ggowﬁb%

so that the action becomes

S = —M/dt\/l — Q292 (3.8)

where we have introduced the positive quantity
Q* = R*G*pt (1 +ip3p3) -

The action (3.8]) does not have explicit ¢; dependence, we can replace ¢ by its conjugate

momentum 5 )
L M
g oL @M (3.9)

0p1  /1-Q2p%

where L is the Lagrangian.

The Hamiltonian of the theory is
; J

in the limit M — 0.

The minimum of this Hamiltonian is when @ is maximum, i.e. when r = 0 and
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@ = R. The energy (minimum) of the rotating point particle is therefore

E = T (3.11)

In other words, this energy is equal to the angular momentum of the particle in units of

%. It is the same as that of a graviton in the undeformed theory.

3.1.2 Giant graviton

In this case we consider a D3 brane (wrapping an S3) expanding in the deformed S°
and sitting at the centre of the AdSs space.
The dynamics of any D3 brane in a given background is given by [58]

S = Sppr+ Sws, (3.12)

where the Dirac-Born-Infeld [59] 60] part is

SDBI = —T3 / de3U€7¢\/—d€t (gab + -;Eab) (3.13)

4

and the Wess-Zumino term is [61], 62, 63]

Sws :Tg/ P
24

where P...] is the pullbackﬂ and

e (3.14)

Zqu_B
q

F=dA+ A%
1

Ty = ——
T 2n)?

is the tension of the brane and ), is its worldvolume.
gab = GunO XM XN

and
]:ab = 277Fab - bab

3If o : M — N is a smooth map between smooth manifolds M and N, then there is an associated
linear map from the space of 1-forms on N to the space of 1-forms on M. This linear map is what is
known as the pullback (by ¢). In general, any covariant tensor field — any differential form — on N may
be pulled back to M using ¢.
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(with F,;, the gauge field strength and by, = Ban0, XM, X"N) is the modified field
strength.

On the deformed background one chooses a static gauge such that

T =t, 01:0€[O,g], o9 = g €10,27], o3 =3 € [0,27].

Keeping only scalar field contributions as well as terms quadratic in the wedge product
from the Wess-Zumino term, (3.12)) becomes

S = —Tg/ dtd9d¢2d¢36_¢\/—det (gab - bab) + Tg/ P [04 - 02 VAN B] . (315)

1 24

One way of embedding the brane that gives a minimum energy configuration is to have
the graviton of constant radius, 7, orbit the S° in the ¢; direction at a constant angular

velocity wg. This leads to an ansatz
r=r9, ¢1=wol, l=a1=a3=a3=0

which leads to the Lagrangian

L= —hy/1— a2 + m¢, (3.16)

3
h:N%, 2 =R2—r% m=N-2.

To get this result we also use

where

_ N
A3T3€ ¢o = Ri

where Aj is the area of a unit 3-sphere.

The size of the brane cannot exceed the radius of the space containing it. This

2

implies that 79 < R and a® > 0. Interestingly, this Lagrangian matches that of the

undeformed case [17, [I8] 19] and one finds the Hamiltonian

(J —m)®

H=¢J—L=1\h+"— (3.17)

a

with )
oL ha*¢
J = = ¢ +m

o001 \/1—a2p?

being the angular momentum of the D3 brane.

Differentiating the Hamiltonian (3.17)) with respect to rg, one finds minima at rg = 0
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and ro = R4/ % The corresponding energy is the same as that of the single graviton we

studied above. The angular velocity is

wo = gbl = (3.18)

1
7
3.1.3 Dual giant graviton

In this case, we consider a D3 brane expanding in the AdS5 part of the geometry. In
other words, we consider a D3 brane wrapping a 3-sphere (aq, ag, ag) contained in AdSs.

One chooses static gauge for the worldvolume coordinates
T=t o1=a€0,n], c2=a€(0,7], o03=0a3¢€]0,2n].

This so-called dual giant graviton has constant radius Iy and orbits the S® in the same

direction ¢ and constant angular velocity wg. This leads to the ansatz

v
l=1g, ¢1=wot, r=p2=p3=0, 9:1

which in turn leads to the effective Lagrangian

L = —hy\/b? — R2p? + 1, (3.19)

where
honb gyl yk
= Ngi =1t g m=Ngs

Again, this Lagrangian agrees with the undeformed case [I8], [19].

The conjugate momentum for this case is

so that the Hamiltonian is given by

, s sy JE
H=xJ—-L=b hQ—i—ﬁ—m. (3.20)

Differentiating ((3.20) respect to ly, we find minima at lp = 0 and Iy = Rq/%. The

minimum energy as well as the angular velocity agree with the previous section. In this

case though, the energy of the giant graviton is not bounded because AdSs space is not

compact.
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3.1.4 Stability of the (giant) gravitons

This far, we have reviewed the existence of the graviton, giant graviton and dual giant
graviton in the deformed space as reported in [57]. A natural question to ask is whether
or not these giant gravitons are stable. The answer is found in the same reference [57].

To answer this question, Pirrone perturbed the giants about their equilibrium positions
X =Xog+edX (t,O‘i) , (3.21)

where X is a classical solution to the equations of motion and ¢ is a small perturbation

parameter. He then expanded the action of the probe brane in powers of € to get
S = /dtd30 ([,() +elq + EQCQ + - ) . (3.22)

Here, £ tells us whether or not the solutions obtained earlier really minimise the action,
while Lo tells us whether the configurations obtained earlier are stable or not, amongst
other things. In both cases (for the giant and the dual giant gravitons), £; vanishes
telling us that we are indeed expanding about a solution to the equations of motion.

As far as L9 is concerned, Pirrone found real and non-negative frequencies for both
cases which imply that the giant gravitons as well as the dual giant gravitons are stable.
However, in the giant graviton case, the frequencies depend on the radius of the giants, rg,
in the deformed theory, which is not the case in the undeformed theory. The frequencies
of the dual giants are independent of the radius lp, and agree with the undeformed case.

All in all, both the giant gravitons and the dual giant gravitons were found to be
stable in [57].

3.2 The gauge theory
After deformation, the superpotential depends on three parameters
W =ik |Tr (XYZ —qXZY) + gTT (X3+v*+2%)|. (3.23)
In this work, we consider the simplest case of a B-deformation for which
g=e2"  h=0

and ~ is real. This deformation preserves integrability [64] 65} 66 67].

With this deformation, the dilatation operator we consider is [64]

Dy = —gy 1, Tr (ZY 0y 0z +Y Z0z0y — ZY 070y ™ — Y Z0y0ze 2™7) . (3.24)
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We would like to determine the action of D, on restricted Schur polynomials

1

Xrraympe (27 EM) = = Y XR (s (0) Tr (0Z97YE™) (3.25)
0E€Sntm
where the restricted character is
X, (r,)pnps (@) = T yurps TR (0) = T (Proy(r,) 1 LR (0)) (3.26)
and . '
Tr (0Z®"Y®™) = Z;f;m oo Z}:(n)njz:il) Y (3.27)

When the partial derivatives in D, act on X g, (rs)u s (Z97, Y®™) we get the following

terms

Tr(ZY 8y 8z) Tr (0 Z%"YE™) = nom (ZY)in  ginlzit . gin-l yind2 | yieim

io‘(n«l»l) 7;cr(n) 7"a‘(l) io’(n—l) 7"a‘(n#—Q) io‘(n+m)

Tr(YZ2020y) Tr (cZ5"Y®™) = nom (Y Z);70 60 73t oo Znt Yl Ly

lo(n) lo(n+1) lo(1) lo(n—1) Yo(n+2) o (n+m)

Tr (Z2Y 870y e*™) Tr (0 ZE"YE™) = n-m (ZY)in+! §in  2rivgi .. zint

lo(n)  to(nt1) o(1) lo(n—1)
‘7;77.-@—2 L. ‘in-&-m
Lo (n+2) Yo (n+m)

and

Tr (Y Z9y0ze ™) Tr (0 Z8"YE™) = -m (Y Z)in  §imtle 2miv g .. gin-

Lo(n+1) ia(n) io‘(l) 7:U(n—l)
'in+2 . 4in+m
1o (n+2) Lo (n+m) :

By setting
o=p(n,n+1)
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we can write

1
—— > T (TR (0)) Tr (2Y Oy 0g) Tr (02°7Y ™)

' .UESn+m

= 1 il 7:n*l in

~ (n=1)l(m—1)! E; Trsympe Tr(p(unt ) Zi0, o2 0 (ZY )50

P n+m

ntl etz | yinem
to(n+1) " Up(n+2) Lp(n+m)

for the first term.

In the second term we use the following identity

n n

n .
i Tp() 13—1(j)
HZiﬂ(j) B leiﬂ(d)(j)) - HZz'j (3.28)
J:

j=1 j=1

which teaches us that operating on the lower indices with an element of the symmetric
group is equivalent to operating on the upper indices with the inverse of the group
element. To get the last equality in equation we set ¢ = B 1. The first equality
follows from the fact that the permutation ¢ (which acts on both the upper and the
lower indices) only changes the order in which the product appears, but it does not
change the overall value of the product.

With this lesson in mind, we then set
o=(n,n+1)p

and change the sum over o € S,1p, to a sum over p € Sy 4+y,. It now appears that we

are acting with (n,n + 1) on the lower indices. This is equivalent to operating on the

upper indices by the inverse of (n,n 4 1) which swaps the n'" and the (n + l)th indices

in the upper indices. This way, the second term can be written as

1
D Tty (TR (0)) Tr (Y Z050y) Tr (0 2°7YS™)
’ .Uesn-km
= 1 11 in—1 in
~ (n=1)!(m—1)! Z Tresymp Cr((bn+ 1) p) 20, - 2 7 (Y2)ig

PESn+m

in+1 7;n-',-2 . 7f'n+m,
Lp(nt1) " Lp(n+2) tp(ntm)
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The third term can be manipulated in the same way we did the second to get

1 .
1 2 T (Cr(0) Tr (2Y 070y e>™) Tr (0 22"y ™)
o UESn+m
1 . - -
T (n=1)!(m—1)! Z T sy (TR (0,1 +1) p)) Zzpl(n o ZZp(nl—l) (ZY);M)
’ .Pesn+m
Z:n+1 271"[’}/ ‘in+2 - "L'n+m
Up(n+1) p(n+2) Lp(ntm)’
while the last term can be manipulated as we did the first to get
1 o
e > Trisyups Cr(0)Tr (Y Z0y0ze >™) Tr (0 25"y ™)
’ ’ O'ESn+m
1 , - .
" (n-Dl(m—1)! Z Tran (TR (p (R0 + 1)) 2 - pr(nil) Y2).,
’ 'pesn-km
ntl  =2miyyint2 | yinim
Lp(n+1) p(n+2) tp(n+m)’
respectively.

To enable us to do the sum over p we first write
>~ 2
PESntm PESn+m—1

in which case the latter sum runs over the elements that leave n 4 1 inert[Y Following

the reduction rule for restricted Schur polynomials [68] B3] we get

2
n m —g
Doy X R, (r,s)upiz (Z® Y ) = (n— 1)!3(/771\14_ 1)! Z ZCRR'

P€S7L+m—1 R’
<A Ty T ()T (o + D) 202 -zt ((2¥) = (v2)n o)
‘in+2 - ‘in+m
tp(n+2) Lp(n4m)
Ty (T (o + D) T (p) 20 o200 ((V2) = (2Y )i e

;e ---Y“*m} (3.29)

Lp(n+2) Lp(n+m)

where crp is the weight of the single box that must be removed from the Young diagram

“This choice to leave n + 1 inert is not unique. We could have chosen to leave any of the other Y
fields inert, but not a Z field slot. This is because from our Young diagram R, we can remove any of
the Y boxes, but not the Z ones. In other words, this (n + 1)th slot may correspond to the first box we
remove from the Young diagram R to get 7.
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R to obtain R’. The sum over R’ follows from writing the sum over S,,1,, as a sum over
the subgroup Sy4m,m—1 and its cosets. The subgroup Sy+m—1 keeps only the permutations

that leave n + 1 inert.
Now Writingﬂ
Z”Ln Yin+1
ip(n+1) " p(n)

(Z2Y)

i)
and
Yz)r =Y oz

tp(n) T lp(nt1) " lp(n)

followed by swapping the indices again allows us to write equation (3.29)) as

2
® @my _ “9vm
D'YXR,(T,S)MMQ (Z Y m) - (n—1D!'(m—1)! Z ZCRR/
’ 'PGSner—l R

X |\ Trs)\pps TR () TR (0,0 +1)))

x (Tr (p(n,n+1) ZO"Y®™) — e 2™ 1Ty ((n,n + 1) pZ2"Y™))
+Trsypips (Cr((,n+ 1)) Tre (p))

x (Tr ((n,n+1) pZ®"y®™) — ATy (p(n,n+1)Z%"Y®™)) .

(3.30)

We now use the identity [37]

M drn!m! _
INg (1/)Z® y® ) = Z mXT,(t,u)VQZq (%D 1) XT,(t,u)vivs (27 Y) (3-31)
T,(t,u)uglll w ’

in equation (3.30) to get

D’yXR,(r,s),m,ug (Z®n7 Y®m) = Z MR,(r,s)uluz;T(t,u)ng XT,(t,u)Vl Vo (Za Y) (332)
T,(t,u)varn

®We can do this because p (n+ 1) =n + 1.
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where

—n - ngM
MR,(T:S)MM;T(LU)ZQW = (n+m) Z ZCRR’ dod
peSVLJr’!T’L 1 R’ t
x [Tr(ns)um (Tr (p)Tr((n,n+1)))
< (X1t (020 1) p71) = €72 N (i (07 (0,0 4 1)))
+Trs)paps (LR (R0 + 1)) Tre (p))
X (XT,(t,u)llglq (pil (n; n -+ 1)) — 627ri'YXT,(t,u)V2V1 ((n, n -+ ]_) pil)) .
(3.33)

We now do the sum over peS,1,,,—1 using the fundamental orthogonality relation (to-

gether with equation (3.26]))

_ n+m—1)!
Z FR/ (p)ab FT’ (p 1>cd = (d)éR/T/(Sadébc
R
P€S7L+m—1
n+m-—1
= (dR/)(;R/T/ (IR’T’) (IT,R,)cb (334)

where Iriv is an intertwiner that takes us from R’ to T’. The result we get is

drn-m
M : =g} ’ S
Rv(T7S)M1M27T(t7u)V2V1 gYM§CRR dedtdu (n + m) R'T

Tr ((FR ((n> n—+ 1)) PR—>(T,5)M1/L2) IR’T/ (PT—>(t,u)V2V1FT ((n7 n—+ 1))) IT’R’)

— e 2miy ((FR ((n7 n + 1)) PR—>(T,S)/A1#2) I (FT ((n, n+ 1)) PT—>(t,u)z/2u1) IT’R’)
+Tr ((PR%(T,S)MMFR ((n’ n+ 1))) T (FT ((na n+ 1)) PT—)(t’u)y2l/1) IT/R/)

— 2™y ((PR—>(r,s)u1,u2FR ((n, n+ 1))) Trip (PT—>(t,u)u2V1FT ((n7 n+ 1))) IT'R/) ’
(3.35)

Finally, in order to compute the spectrum of anomalous dimensions, we use normalised
operators Op (r sy, (Z°", Y®™) rather than Xpg (rs)uu, (Z°", Y®™). The two-point

function for restricted Schur polynomials has been found to be

hooksp

hooks,hooksg
(3.36)

where fr is the product of weights of the Young diagram R and hooksg is the product
of hook-lengths of diagram R. In computing this two-point function, the order in which

<XR,(r,s)u1u2 (Zv Y) XT,(t,u)v1va (Z7 Y)T> = 5RT5(T,S)(t,u)6,u1V2 (5;1,21/1 fR
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the Greek indices appear is related to our convention

1

XT,(t,u)v1va (Zu Y)T = ! Z Tr (PTH(t,u)Vlz/QFT (U)) Tr (UZT@nYT@m) . (337)
’ 'UESn+m

From equation (3.36) we deduce that

frhooksg

XR,(r,s)p1pe (Za Y) = m R,(7,8) 1 p2 (Za Y) . (3-38)

In terms of these normalised operators, the action of the dilatation operator is

DyOR (rsyunps (25" YE™) = 3" NRtrsyunpast (1o O, (s (2,Y) (3.39)

T,(t,u)var

where

N 2 ZC drn-m frhooksthooks,hooks
RrslmpaiT(t) = ~IYM = B G didy (n+m) T\ frhooksghooks hooks,

x |Tr ((FR ((717 n 4+ 1)) PR—>(r,s),u1u2) IR/T/ (PT—>(t,u)V2u1FT ((n, n + 1))) IT’R’)

_ 6*27”"YT7a ((FR ((Tl, n -+ 1)) PRH(T‘,S),U,ULQ) I (PT ((Th n + 1)) PT%(t,u)VQVl) IT'R')
+Tr ((PR%(T,S)MMPR ((n7 n+ 1))) IR’T’ (FT ((n’ n+ 1)) PTH(’ZU)V?VI) IT/R/)

— 2™y ((PR%(T‘,S)/JJMQPR ((n,n + 1))) T (PTH(IE,U)VQVlFT ((n,n+ 1))) IT/R/) :
(3.40)

We will now evaluate equation (3.40) under the following conditions
i) n>m,

ii) we assume that the Young diagram R has p long rows,

iii) p is held fixed while we take N — oo and

iv) R has well separated corners.

3.2.1 The traces

The projectors take us from a space labeled by R, a representation of Sy 4, to a space
labeled by (r,s), a representation of S,, X Sy,. To construct these projectors we first go
from Sy 1m to Sp x (S1)™ and then, by employing Schur-Weyl duality, from S,, x (S1)™
to S, X Sp,.
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Sn+m to Sn X (Sl>m

This step is accomplished by pulling off m boxes from the Young diagram R, leaving a
representation of S,, 7 = n. There are different ways of pulling off the same set of m
boxes from R that always leave the same diagram r. These different ways of pulling off
the m boxes give us a different sub-spaces with the same irreducible representation r.
This multiplicity is resolved by specifying the order in which we pull off the m boxes
from R. This can be done by numbering the m boxes 1 to m, where box number 1 is to
be pulled off first and box number m is pulled off last. The numbering should be such
that each time we pull off a box we remain with a legal Young diagram.

Now what remains is assembling the individual boxes we pulled off R to get irre-
ducible representations of the S, x S, sub-group. To do so, we employ the Schur-Weyl
duality.

3.2.2 Schur-Weyl duality

The Schur-Weyl duality we discuss here relates the actions of unitary and syminetric
groups on a vector space. We follow the discussion given in [44].

Let us consider a Young diagram R with p rows and built from n+m ~ O (N) boxes,
where m < n. We also want each row in the diagram to consist of O (N) boxes. Let us
label m of the boxes as we described earlier. Two boxes in two different rows will then

have factors ¢; and c; if they carry labels 7 and j, respectively, such that
G —Cj~ O(N) (34:1)

If we think of the partially labeled diagram as a Young-Yamonouchi state and let S, (a
sub-group of S,4m) act on these states, results in a significant simplification in
the representations of S,,. When adjacent permutations (i,7 + 1) act on the boxes that
belong to the same row, the diagram is unchanged, and when the diagrams belong to
different rows, the boxes are swapped.

Considering the diagram with p rows, there are p™ different ways of removing m
boxes from the same diagram R. This gives us p”* different partially labeled diagrams.

We can associate a p dimensional vector to each box that is labeled, giving a total
of m vectors U (1), where i = 1,2,...m. Let us denote the components of these vectors

K4 (i),,, where n = 1,...p. This way, if we pull box ¢ from the 4t row, we have

For each labeled box we have a vector space V),. The tensor product of these vector

spaces is another vector space V;D®m.
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Now, o € Sy, has the following action on V"
e (TMWRTVR)---Tm))=" 1)@V (@@)®--- 7 (c(m)). (3.42)

In other words, the symmetric group element moves vectors between slots, but it does
not permute elements of a vector.

The action of the unitary group U (p) on V,*™ is
U (V)T ©2)@---7(m)=DU) 7 (1)®DU)V (2)®---D(U) ¥ (m), (3.43)

where D (U) is the p x p unitary matrix representing group element U € U (p) in the
fundamental representation. We see here that the unitary group element U € U (p)
changes the value of the vector in the it" slot, but it does not move it to another slot.
The action of the unitary group element U € U (p) therefore commutes with that of the

symmetric group element o € .S, i.e.

U-(o-(TM7 @07 m)=U- (V1)o7 (s(2)e
=DU )7(0(1))®D(U)7(0(
=0 (D(U)T (1) ®DU)T (2)®
=0 (U-(TMeT(2)e- 7( ) -

-7 (0 (m)))
2) @D (U) T (o (m))
DU )7 (m))

As a result, we can write

Vp®m — ?V;)U(p) ® ‘/ZDSW7 (3.44)

i.e. the vector space V]'D®m built using the m boxes we removed can be written as a

U(p)

tensor product of a vector space V), that is labeled by representations of the unitary
group and another vector space VpSm labeled by representations of the symmetric group
Sm. The Young diagrams s are representations of both the unitary and the symmetric
groups.

The dimension of the vector space V},®m can also be written in terms of the unitary
group representation, Dim (s), and that of the symmetric group representation, ds,
where s is the Young diagram subduced from R in the way we described earlier. We

have

= ZDim (s) - ds. (3.45)

Thus to identify states with good 5, labels we only need to identify states with good

U (p) labels, and vice-versa.
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Sy x (S1)™ to S, X S

Thus far, we have constructed an S, x (S1)"" subgroup of S,1,, by removing m boxes
from the Young diagram R, with the different ways of removing the boxes giving us
different sub-spaces. Assembling the m boxes together gives us a Young diagram s, an
irreducible representation of S,,. From the Schur-Weyl duality we discussed above, the
diagram s is also a good label for the unitary group U (p), where p is the number of

rows in R. The projectors Pp_(, ) carry good labels for U (p) and can therefore be

H1p2
constructed solely from U (p) group theory.

To evaluate the action of the dilatation operator we remove m + 1 boxes, i.e. we
remove all the Y boxes and one Z box. Each box is represented by a vector in V,,, allowing
us to easily evaluate the action of I'g ((n,n 4+ 1)) and I'r ((n,n + 1)) in equation (3.40).

The Young diagrams R and T differ at most by the placement of one box. After
removing this single box from R (to get R') and T (to get T"), R’ and T” agree. The
(n+1)

intertwiner Ig» can then be written as Eij

of R and the other from the j** row of T. EZ-(;LH) can be written as

ZE n+1

if one box is removed from the it row

so that

ES TR ((n,n +1)) ZE (BT L (0,0 + 1))
. ZE (n+1) E(n
’L

and
Tr ((n,n+ 1) ESTY =T ((n,n+ 1) ZE(”“

(n+1) =(n)
_ZE EyY.

This is how we will manipulate the traces in equation (3.40) to find the action of

and

['((n,n+1)) on the intertwiners. We will also write the projectors Pr_,(; ) s

PT—)(t,u)llzul as
Pa R (rsyps = 1r @ ]m,s,ul;aﬂm,s,ug;ﬂ (3.46)

and
Pﬁ;T,(t,u)ygul =1® |ﬁ>> U, V2; b>< ﬁv U, V1; b‘ ’ (347)
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respectively. Here, 7 and 7 specify how we remove boxes from R and T respectively.
In this notation, the Greek indices are multiplicity labels while a and b label the states

of s and u. These state labels are summed.

Case 1: R=T

Let us consider first, the case when R = T. In this case, we obtain R and T’ by removing

single boxes from the same row in R as in T" and

CRR/\/JTT = CRR!- (3.48)
Ir

For a non-zero result, » = t because the product
17“ 1t = 5r,t

appears when we multiply the pro jectors.[z_;] In other words, since we start with the Young
diagrams R = T, these diagrams must still agree after we remove the m = n boxes from

each.

Tr ((FR ((n, n+ 1)) Pm§R:(7"75)H1,U«2> IR’T’ <PW;T,(t,u)l/2V1FT ((TL n —+ 1 ) IT’R’

+1 +1
=Tr (Pm;Ry(r s)uszi(in )P%;T,(t,u)uzmrT ((n,n+1)) E(n )FR (n,n+1))

(2

A (PRR(T s S Po i T (nym 4+ 1) ESTVESIT R ((nym 4+ 1) )
l

n+1 +1
= ZTT (Prtropmms B P i BB

= 5m’75r,tZTrr (Efp) (M, s, p2; a Eii |ﬁ>, w, vo; b)Y (T, u, w13 b E;?H) 7, 5, 1 @)
J
= 0 ﬁémz& udyr( (m s, p2; al EZ-(Z-nH) 7w, va; b)) (T, w, 13 | E;;HU 7, 5, 1 a) -
j

6See equations and .
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Similarly,

Tr (Pt sy (014 1)) Tz (P2 (0,0 4+ 1) Prostoan Pt - ) Frome)
n+1 n n+1
= 31 (Pat sy Tr (0 + D) ES TV ELTr (0,04 1) Pt o B )
l

= 6m,ﬁ5T,tZTTT (Ez(zn)> <m7 S, 25 a‘ Ej(;H_l) ‘ﬁv u, v2; b><ﬁ>7u7 Vi3 b’ Ez(zn—’—l) ’m7 S, 15 a>

=0 —>5TtZ(5$ud (m s ug,a\E](-?+1)| , Uy U} )<ﬁ> u, 1/1,17]E(nJrl ]m,s,ul;a>,
j

T (T (004 1) P ropunpn) T (D (1,4 1)) Pt M) frw

= ST (Pt g B BT (014 D) Pt s BB T (04 1))

. QWZ’YZTT (Pm R, rs),u1u2Ez(ln )El(z )Pn ;T (tu)varn E(” )E

6727”'75% 0r4 Ty <E.(.”)> <m s, po; al Ej; (n+1) \n,u, Vg;b)(ﬁ,u, v1; bl Ei(fﬂ) |m,s,u1;a)

2””53 7 Or () W s, 2 al B (n+1) \ﬁ),u, Vg;b)(ﬁ,u, v1; bl Ei(l-nﬂ) |m,s,u1;a)

and

2TV <<PH;R,(r,s)u1uzFR ((nyn + 1))) T (Pﬁm(t,u)yQVlFT ((n,n+ 1))> IT’R’>

= GZWWZTT (PH;R,(T,S),LLUQFR ((nv n+ 1)) Ez(zn+1)El(n)Pﬁ ;T (t, u)V2V1FT ((n n+ 1)) E(nJrl)El(ck))
I,k

= 62“i76m775T,tTr,«< M ) (ﬁ s, po; a| B n+1)\ , U, Vo ><ﬁ> u, v1; 0| E(n+1) |ﬁ,s,,u1;a)

= 62“7537?57«,th (m s, po; al Ej; (n+1) \_>,u, Vo, b)(ﬁ),u, v1; bl El(zhL ) ]ﬁ,s,m;a) .
Summing everything together, we obtain for R =T,

6m,ﬁ>57’,tzdﬂ(i)55,u |:<m7sau2;a’ Ez(zn+ ’ y Uy V25 ><ﬁ> u, Vlab‘ E (n+1) ‘masaul;a>
JF#i

+<m,s,ug;a|E@+l) ’W,U,Vg;b>< n,u, Vl,b\EnH \m,s,,ul;@

+2(1 — cos (277)) W s, 2 al| B (n+1) | , U, Vo )(ﬁ,u, v1; bl Ei(?l) |m,s,u1;a) .

(3.49)
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Case 2: R#T

In this case, we can obtain R’ = T” if we remove one box from row i of Young diagram
R and one box from row j of Young diagram T, where ¢ # j. Also, from the coefficient
that we compute in Section

CRR/ \/?E = VCRRCTT'- (3.50)

For a non-zero result[] (i) = t' (j) emanating from the trace over r subspace. Each of
the non-zero traces come multlphed by 0,1(s),(j)- In other words, since the diagrams R
and T disagree by the placement of a single box, they still disagree (in the same way)
after we remove the first m = n boxes to get r and t. However, if we remove the one
extra box from row i of r and one from row j of ¢ to get v’ and ¢/, the diagrams then
agree.

We therefore have

e Ty ((FR (nyn+1)) Paig o, S)MM) Irip (PT ((nsn+ 1) PRr i) 1/2V1) [T’R’>

—27 n+1 n+1
N7y (PmR(,,S)MmE( TVEITr (0 + 1) Parr i BN VBT R ((n,n + 1)) )
Ik
—277 n+1 n+1 n
=e? ’YZTT (Pm;R:(ﬁS)mmEi(l i ) l(J )PWT(t U)VzulE( i )E )>
Ik

= e_QWiwém7ﬁZTrr (]-TEZ(]”)]-I‘/E](C:L)) <ma S5 125 a| E'L(z | y U,y V?a ><ﬁa u, V1; b| EJ(;H_I) |m> S, 115 CL>
Lk
27”75% 70 r/(2),t'(3) <m $ #27a|E | y Uy V25 )(ﬁau7yl;b|E]('?+l) |m,57M1;a>

and

627ri’7T"r ((PR;R,(T,S)MLLLQFR ((n, n + 1))) IR’T’ (‘P_);T,(t,u)llgl/er ((n n + ]. ) IT’R’)
= eQWi’YZTT (Pm;R,(T‘,S)},Llp,QFR ((nv n =+ 1)) E(n+1)El(ln)P T,(t, u)ygr/er ((TL, n+ 1 E(n—H E(n )
Lk
_ omiy 7 (P E(n+1)E(n)P n+1 E
=¢ Z T\ 7R, (r,8) pa pe 15 il AT, u)u2u1
I,k
= 627”'7(5;;,#2%“7- (1TE§f)1tE§Z)) <m,s,u2;al E](-?H) ]ﬁ,u,ug;bﬂﬁ u, v1; bl E (n+1) WE, S, 1 @)
Lk
= 285 20,0y oy (1, 5,2y ol BT 7w, s b)) (7w, b B (s, s a).

"A note on notation: 7’ (i) means that we are removing one box (represented by one ') from row 4
of Young diagram r.
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We write d,/(;) ;) in the last line because we are removing one box from row ¢ of Young
diagram r and one box from row j of Young diagram t.

The other two traces evaluate to zero since
17”1t - 57~7t - 0

and

Pﬁ;Tv(t U)VleE(n—i_l)Pm;Rv(ﬁS)ﬂluz =L1L® |ﬁ7 u, v23b)( ﬁ u, v1; b E;; s

x \H,s,m;@ <m78,M2;a’
= 0. (3.51)

This is because r and t are different subspaces in this case.
Thus, when R # T, the sum of the traces is

iy 2O ) | €72 (5, sl B (7w, w03 0) (7,015 B B D s, )

+627Ti’y <m,s,,u2;a| EJ(?+1) |ﬁvua V25b><ﬁ7u V1>b| E(n+1 |m>5aﬂl;a>i|‘

(3.52)
3.2.3 The coefficient
Now we calculate the coefficient
. drn-m frhooksrhooks,hooksg
RE drididy, (n+m) \| frhooksgrhooksihooks,
for N — oo. Let us start by writing the coefficient as
f drn-m \/hook:sThookrsThook:sS (3.53)
fR drrdidy, (n +m) \ hookspghooksihooks, '

and then write out

B p _ (n+m—1) _on!
~ hooksp ' R = hooksgp ' "™ hooks;
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After some simplification, this gives
hooksg L m |1 hooksg
CRR dy V hooksu IR d, d2 hooks,
B l \/ 1 hooks, hooksg
- R Ir m!  hooks,
fr 1 hooksg
=c , £ .
REA ¢ dr, d, m!

TN e e Vi

(3.54)

3.2.4 Action of the dilatation operator
Bringing everything together, the action of the dilatation operator can be written as

D’YOR,(T,S)#IN«Q = gYM Z \/7 mﬁz

N2

P
x [Z«m,s,uz;ar@- 7 10,0 b)Y 7y 1B B (7, 5, s )
J#
+ (0, s ,ug,a\EnJr |7, u, v )(%> u, v1;b| EZ-(;LH) |m,5,u1;a>)A%(5m

(7 (5, o o] BV [ w0 b w50 BV [, 5, )
_'_6271'7;'7 <m’57u2;a‘E ‘ , U, V9, ><ﬁ,u7yl;b| Ez'(in+1)|m787/'l'1;a>)

X B Or .4/ ()
— (6727”‘7 + 2™ — 2) <m, s, H2; al EZ-(Z-TLH) |ﬁ>,u, vo;b)( T u, v b| EZ»(ZlH)
X |ma Sy U135 CL> A?iér,t OR,(r,u)ylyga (355)
where we have introduced
A & A

In order to explain this notation, let r; be the row length of Young diagram r. Further,
let r . be the diagram obtained by moving a box from row j to row ¢ and r;; be the

dlagram obtained by moving a box from row i to row j. We then have
AO OR 8\ = (2N + 7+ Tj) OR,(T73)M1M2 (3.56)

for the case in which R=1T.
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When R # T we have

A;;OR’(T’S)”WZ - \/(N +7i) (N + rj)OR+ S(rifs)mape (3.57)

and

AOR (r sy = \/(N +7) (N +7)08 (1 (3.58)

The sum over i follows from the sum over R’ which encodes the various ways of removing
a single box from Young diagram R.

In equation (3.55)), the sum over j # i can be written as a sum over j > i as followsﬁ

p p
ZZ |:<m787,u'2;a" E7,(7:n ‘ , U, V25 ><W7U7V1;b‘ E](;H_l) |m787,u1;a>

i=1 j£i
+<m737,u/2;a‘ Ej(‘j ‘ y Uy V25 ><ﬁvu7 Vl;b| Ez'(z?H_l) |m,8,u1;a>:| A?J
p P

= ZZ[W s,z al By (7w, w03 0) (7w, v 0| B [ s, o a)
i=1 j>i

<m B /’[’27a‘E (n+1) ‘ﬁauﬂ VQ;b><%>7u7 Vl;b’ Ez(zn—i_l) ’m7saul;a>:| A?J

+zz[ (7 5,23 0l BSTD 710,003 b)( 7, 0058 B [, 5, 015 )
i=1j<t

+<m,8,u2;a]EJ(.?+1 T u, va: b)) (T Vl,b\EnH) \m,s,,u,l;aﬁ A?j.

P
Swapping ¢ and j in the ) term then allows us to write the sum over j # i as
7<i

p P
ZZ |:<m7 S, 123 (l| El(ZL+1) |ﬁ7u7 Vo] b>< ﬁaua V1 b| EJ(?+1) |m7 S, (13 (1>

i=1j>i

(7,5, oy al BTV wgvas 0) (7w s b ESY 7, s, psa) | A% (3.59)

8In what follows, we will not explicitly write d,; and Orr(5),t(5) -
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Similarly,

ZZ[ —2miy m s ,ug,a\E"H)\ U, V2] )(ﬁ U, yl,b]EnJrl ’m,s,/m;@

i=1 j#i

+e2m (7 5, oy al B [ w0 b) (7w, v b BV rm,am;@]A;

PP
—ZZ[ 2 (pi s ,ug,a\EnJrl |7, w, v0; D) (T, u, Vl,b]EnH 7, s, s a)
i=1j>i

+e2 (T, s, s al BT w,va ) (7w v b BV rm,s,m;@]A;

—i—ZZ[ 2 (s ,ug,a\EnH)\ Ju, v b)Y u, Vl;b’EJ(-;H_l) 7, 5, 11; a)
i=1j<1

+e2™ (7t s u27a\En+1 |7, w, v0; b)) (T, u, 113 b E(nH) |ﬁ,s,,u1;a)] Az

In this case, we are removing a single box from the i*” row of Young diagram r and we

have A;.. If the box comes from row j of diagram r we have A+ With this in mind,

swapping ¢ and j changes A to A+ Doing this for the Z term and simplifying yields
7<i

PP
ZZ[ (e 2™V A —i—ezwwAJr) (M, s ug,a\En+ |7, w, vo; b)Y T, u, 13 | EJ(-?H) T, s, s a)
i=1j>i

(e_zﬂwA;; —1—62’7”Ai_j) <m,s,u2;a]EJ(-?+ 7w, 105 0) (T, u, Vl,b\En+ |7, s, s a) |

(3.60)

Now, substituting expressions (3.59) and (3.60) into equation (3.55) then yields

p
DO =~ ¥ e in 3]
uv1va j>i

x (Al - (e—%m; + @A) (7, 5, s a| ESH)
X \ﬁ,u,ug;bﬂﬁ,u,ul;lﬂ Ei(inﬂ) |m S, j11; @)

+(AY — (e_QWWAi_j + eQmVA;-;)) (M, s, o; al E(nJrl
X |, u, vo; b)Y (T, u, 13 bl E](-;-LH) T, 5, a))

- (6727&7 + 2™ — 2) (M, s, pos al EZ-(;LH)

X ‘ﬁ), u, Vg3 b><ﬁ’ u, Vi3 b| Ez(szrl) |m7 Sy K13 CL> A?z:| OR,(r,u)Vlug' (361)
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We notice here that in each of these three terms, the action of the dilatation operator
factorises into a part that acts on the R, r & T, t labels and a part that acts only on the

s, uw labels. In the next section we will take a continuum limit for the R, r & T, t part.

3.2.5 The continuum limit

The continuum limit we take here is such that
N 4+ by = ©

while the variables l

VN +bo

are held constant. Here, by is the length of the bottom most row in our Young diagrams

€X; =

so that the lengths of the other rows are by + ;. In spacetime, this corresponds to having
giant gravitons that are very close to one another.

For operators of a good scaling dimension we can make the ansatz

O= 3" flbo,l, - -lp1) O (bo,li, - ly1),

bol1,elp1

where p is the number of rows in each Young diagram. This way, we can write

AijO= > fbol,.- Ip1) DO (bo, 1, . Ip-1)

bol1 s lp—1
= Y Ayfolis..lp1)O(boly, .. Dp1)
bo,l1,elp—1
where
Aiif (b, lpe1) = (2N + 2bg +1; +1;) f (bos 11, - - 1p—1)
for

Aj; =AY
for example.

: . 0 —2m + 27 -
First term: A}, — (e7*™7Af; + ™7 AL)

Here,
A f (boylu, . dp—1) = (2N +2bg + L + 1) f (bo, Ly, . . - lp—1) (3.62)
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as we have already mentioned, while

ASF (o dpt) = /(N b+ 1) (N +bo + 1) (boo i+ 1, L= 1, )
(3.63)

and

AGF (ol 1) = /(N o+ 83) (N by + 1) (bo,- b= 1o L+ 1,

Expanding

+ 00 + {4 + 00+ 1) = +0+x ° —i—o—u—iﬂ..
N +bg +1;) (N + b+ 1 N + b Z; /N +b (18])

and
f(b Li+1,...,0—1 )—>f<b M. 1 >
- s li—1, ey T 7,...,x~—7"“
0 J 0 \/m J \/Tb(]
1 0 1 b
:f(b07--~,xi,-..l' ) f f

TS R )
2(N + bo) (91’12 2 (N +bg) 833? N + by 0z;0x;

_|_

followed by taking the continuum limit gives
(A?j — (e7IAL + eWA;j)) f=@N+20+1+1)f
— cos (277y) <2N +2by + (i + ) VN + by —
+ isin (277y) (2\/N+b0+xl+xj ( ~ 3 )
L

0 3}
— cos (27m7y) (8;10@' - 3@) f

which we can re-write as
(A% = (e72VA + 2VAG)) f = (2N + 2bg + I + ;) (1 = cos (277))

)
L 0 0
+ isin (277) (2\/m+$i+$j) <8 - — 81:) f
i J
3}

N2 2
+ cos (277) (W— (8?3@ —a—mj )f.

VN F+bo0xi /N + by 0z

2
>>f
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Second term: A, — (e”*™ A + *™AY)

In this case we get
(A?j (AL + 62””A£§)> F=@N+2bo+1+1)f
— cos (277y) (2]\7 +2by + (i + ) VN + by —
— isin (277) (2\/N+b0+$l+xj ( 3 >
Ly

0 3}
— cos (277) (8%' - Oxj) f

in the continuum limit. We can also re-write this equation as
(A?j —(e7™AL + e%”A;;)) f= (2N +2bg +1; + 1) (1 — cos (2m7)) f

— i sin (277y) (2\/N+bo+$i+$j) < 8‘ —8>f

N2 2
+ cos (277y) (W— (31 _(9ij )f.

(3.66)
Last term: (e 2™ + ¢*™ —2) A),
This term yields
(7™ 4+ ¥ —2) AY f = 2 (2N + 2bg + 21;) (cos (2m7) — 1) f. (3.67)

Thus, putting everything together, the action of the dilatation operator in the con-

2
>>f
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tinuum limit is

D,O = —gyy Z Z i, mﬁz [Z (2N + 2bg + I; + 15) (1 — cos (277))

bo,l1,..- p 1uv1ve 7>

0 0
+ isin (27y) (2\/m+ x; + ;p]) <5w - (9:6)
i J

2 2
T — Xi 0 0 i
+ cos (277) <(4]) - (ax - %) ))Ms(/]u),uz;umw
7 J

+ ((2N +2bo + I; + 1) (1 — cos (277))

4 J

2 2
4+ cos (271”}/) <(4]) - <8x - 856) ))Ms(;i)ﬂz;umuz]
1 J

— 2(2N + 2by + 21;) (cos (2m7) — 1) Mg;?m Wm]

Xf(b(),...,xz‘,...,.%'j,...)O(bo,ll,...lp_l), (368)
where
Ms(l]jl)llz;uml/z = <ma5>/‘2;a‘Ej(' ‘n U, V25 ><%> u V17b|En+1) |m757:u1;a>a

M) = (7, s, u2sa En+1 Wou, vo; bV T u, 13 b En+1 m,s,,ul;a
b

Sp1p2;uriv2
and

M(“) = <m757,u2;a‘Ei(i ‘ y Uy, V25 ><%> U V17b|En+1) |m75,l~bl§a>-

Sp1p2;uV1V2
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Simplifying yields

D,O gYM Z Z\/iWiWZ[Z (2N +2by + 1; + 1) (1 — cos (277))

bo,l1 e lp—1uV1V2 J>t

(i — ij)Q 9 2\’ ij i
+ cos (27T’Y) <4 - 8$Z - (373}] ) <M5(Mjl)u2?uyly2 + Ms(;]“);ﬂ uuwz)
— 7s8in (27‘(”}/) (2\/m + €T; + Z'J) (8{1}1 — axj) (MS(,Lle)MQQUVﬂ/Q M'S(iul)lﬂ’uyly2>j|

— 2(2N + 2bg + 21;) (cos (2my) — 1) M) ]

SH1p2;ur1V2

><f(bo,...,l‘i,...,.’L‘j,...)O(bo,ll,...lp_l). (369)

3.2.6 Gauss graph operators

In this section, we compute the matrix elements of the deformed dilatation operator,
D.,, in the Gauss graph basis (O7; (02) DyOR, (01)). The Gauss graph operators can

be written as

H S S
Ors (70) = LSS ST VAL (00) B B On e (30

] k sEmpa,p2

where

H:SmlemQX...Smp

is a sub-group of the symmetric group S, and B g g branching coefficient that
allows us to project from s, an irrep of Sy, to 17, a one-dimensional representation of

H. dg is the dimension of the irrep s. The order of the sub-group H is

|H| = Hml (3.71)
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From the first term in equation (3.61)) we haveﬂ

H S S
<OTT¢(02)D70R,T(0—1> | " S Y VaddT) (o) B B

s, uFmpt,p2,v,v2

u u—1 U
X Fl( )( )B =l gu—lg <OWL I, u)Z/IVZD’yOR7(T’S)M1M2>1

muva

2 P P
_ 2 |H| (s s—1 s—1
= —gn 22 > D i (o) BB
i=1 j>1 s, uFmp1,p2,v1,v2
% F(u) ( )BuﬁlHBu—ﬂH (AO _ ( —27ri’yA+ + 62m‘7A7))
b . A .

Xm(ﬁ,s,ug;ﬂE](?H 7, w, vo; b)Y (T, u, v1; b E n—H \m S, p1;a)
(3.72)

Let us sum over u first. We study

Z Z BS*)IHBSHIHF( u) ( )BuﬁlHBu—ﬂH

JH1 kpo vy my
s, ubEmp,p2,v1,v2

X m (ﬁ S, p2; al B (n+1) \m,u, 1/2;b>(m,u,1/1;b| Ei(inﬂ) |m,s,,u1; a). (3.73)

and use the following definition for the ket [46]

by = >N BT (0) |us) (3.74)
P 0ESH
where
vo) = o) = & ]v;@ml @™ @) (3.75)

We also define the bra as [46]

(i, u,v13b| = ol H|Z S° (o T3 (1) B, (3.76)
q TESH
where
(7| = |77t = <vi®m1 Qv @ - f?m” L (3.77)

Using this together with

u—1 u—1
T LT () = BB .79
yeH

9In what follows, we will not explicitly write out the sum over the matrix indices, but they must be
understood as summed.
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expression (3.73)) becomes

s—1 s—1 (u) (u)

' s,ukFmo, TES Y1, 2 €EH 11,12
xrénuw) Ty (o) Ty (7) (7, 5, s al BT Jog ) (vr | B [, 5, 1015 )

SN X Sorl e BB TR (0) T8 (12)

s,ukFmo, TESm 1,2 €H 1,142
<D0 (o3 ) O () T (70 (s ias al B oo ) Corl ESY 7,5, 13 )

lq
ST D D IS DD D Al i

syuFmo, TESm 1,2 €H 11,1402

!H! m'

xXu (09207 97 ) (1, 5, s al BV Jug Yo | BSTY |7, s, 1)

|H|3Z Z Z erk BJSITIIHBZ:;H

skmo, TESm Y1, 2 EH 1,142
—1,-1_— +1 +1
X6 (07205 yts h (mt, s, po; al EJ(ZL ) |ve Y vr] Ez(zn ) |7, s, p1;a) .

To get the last line, we used the definition of the delta function for the symmetric group
S

S (o) = 3 (7). (3.79)

u

The sum over s can be done in exactly the same way. The result is

m _ _ _ _ _ 1 1
ar S S0 (oritBa) 6 (0ma0y i) (vsl BTV Jug ) (ur| BTV [vg)

o,B,0,TESmYi€EH
(3.80)

which we can re-write as

P 2 20 (mei 87 8 (oneoy o) (] B o

Oé,ﬁ,U,TESm’YieH
x o) (o] 7 B Vav)

m _ _ -1 — 1)
" HP S Y (o 87 a) 8 (om0 ) (o BT g

’ ’a,B,U,TGSmweH
o) (o] BT "D la ey . (3.81)

The delta functions are non-zero when

a~l = g0y, 187
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and
ol = 7202—1,},1—17.*
from which we deduce

o = Byuor g

and

—1
0 =T7102%9 -

Using this together with the invariance of |v) under H, we get

TR ST WEL M o o) (o] B T oy o). (3.82)

B,7ESmY1,714€H
Now, (v| E glves (v] if B~ (n + 1) belongs to a set of integers S; in the range
(mi4+ma+---mj—1+1),...,(m1 +ma+---my),
both inclusive. Also, gives zero except when

B (n+1) €8

and
-1 (n + 1) € 5;.
Using this in conjunction with
= (o) (3.83)
yEH
we get
4 Z 25 B ry0972) 6 (17 Byaoy tys 225 (n+1),k) 0 (B (n+1),1).
B, TESmYiEH keS;1eS;

(3.84)
At this point, we can introduce 8 — o and 77! = 7 la, where a € me This adds
up to replacing n+ 1 by a(n+ 1) in (3.84)). The sum over o € Z,, is normalised by %

0Here, Z,, is a group of products of cyclic permutations.
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Performing this sum gives us

T Y D 5 (B o) 6 (T Brao ) YD 5 (87 (k)1

B,r€Smyi€H keSilESj

|H|4Z D 6 (B oy2) 8 (Braoy M) DD 8 (87!

5657”"{16[{ kESiZESj
At this point, we realise the number of strings leaving brane i and terminating on brane

J
=3 > (871 (k)0 (3.85)

k’ESilESj

yielding

— Z Z(S B v10972) 6 (Braoy M) n (87

‘H‘ BESmY,EH

= |H|4 > 6 (o ysmioar2) n (vaoytys)
vi€H

Finally, n;'; (o) is invariant under left and right multiplication by H so that we ge
o Z 5 (o7 'y10272) n;; (01) - (3.86)
| | mv2€H

With this result, equation (3.72) becomes

<OTT¢ (02) DyOR,; (01)>1 = =gy Y. Y. 6(o7 oer2) nf;(01)

i=1j>iv1,y2€H
X (A% — (e72MIAS, + FTAL)). (3.87)

HSince n;; (o7h) = n;g (o1) .
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From the second term in equation (3.61f) we get

\H \
<OTT¢ (02) DO, (o1) > Z Z dsd F]k (o1) szlHBi,le
s, ubFmpt,p12,v1,v2
1
% FZ(U) ( )Bu—> HB;;L?;H <O]L Tt u)ylyzD'YORv(rvs)ﬂlﬂ2>2
|H|2 p P

== D 2 T e BB

i=1 j>1s,uFmp1,p2,v1,v2

x Fl(u) ( )BU%lHB%;ng (AO _ ( —QWi’YAf’ + 627”:’7A‘+'))

X m(ﬁ,s,ug;ﬂEi(inH 7, w, w05 b ) (7, w, Vl,b\En—H ™, s, p1; a)
(3.88)

which we evaluate in exactly the same way we did (3.72)). The analog of equation ((3.86])

in this case is

Y (o7 moae) ny; (a1), (3.89)
|H| Y1,72€H
where
=Y > 3o (D).k) (3.90)
kESiIES]'

is the number of strings emanating from brane j and terminating on brane i. Equation

then gives
p P
<O;t (02) D, Orr (01)>2 - _g’Z/MZZ Z § (o7 'yio272) n;; (01)

i=1j>ivy1,72€H
X (A — (e AL + ™AL)). (3.91)

Similarly, the last term in equation (3.61)) gives

<O;ﬂ’t (02) DVOR’T (0'1)>3 = *Q%MZZ Z ) (0;17102’72)

i=1j>iv1,72€H
« (6*27”'7 + 2™ — 2) ny; (01) A, (3.92)

where n;; (01) is the number of strings that begin and end on the same brane.

With this, the action of the dilatation operator in the Gauss graph basis can be
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written as
D:1Orer(01) = _QYMZ Z ) (AY = (e72™MIAL + TVAL))
=1 5>1
+ 5 (1) (A = (e72™AL 4+ TTAL))]
+ 14 (1) (2= (7™ + ™)) AYOR,, (01). (3.93)

3.2.7 Continuum limit in the Gauss graph basis

Taking the continuum limit in the Gauss graph basis gives

D00 =G X 30 [SSUEN + 20k 1) (1 - cos 2)

R,rbog,ly,..lp—11=1 =j3>1i

+ cos (27m7y) (W - (8(:91:1 - aij>2> )nij (01)
—isin (277y) (2\/N +bo +x; + 9@) <8axz — 8?@) (nz_j (o1) — n (01))]

2 (2N + 2by + 21;) (1 — cos (277)) 1y (01)]

x Op, (1), (3.94)

where

nij (01) = n;; (o1) + n;S (01) (3.95)

is the total number of strings stretching between branes ¢ and j.

The eigenvalue problem
DO =TO (3.96)
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implies that

PP
g%MZ Z n;; [((ZN +r; +15) (1 —cos (2m7y)) f (ro, 11, ..., lp—1)
i=1j=i+1

<ﬁ> (2 o)
7 J

a 8 \?
+ cos 27r’y< 1 61:, (9@))4

p

+ g,%MZ > nf; {((2]\7 + 7 + ;) (1= cos (217)) f (o, 11, - -+, lp1)
i=1j=i+1

0 0
+ i sin (277) (2\/m+33z‘ "‘xj) <agf - 3;,{)
7 J

+ cos (277) (W — (aii - a?gj)j f}

p

+4g3prsin® (7)Y (N 4 i) niaf (ro, 1, lp1) =Tf (ro, 11, 1), (3.97)
=1

where we have written

0= Y flrol....lp-1)O(0,r0, 01, ... lp1) (3.98)

70,0150 lp—1

Using the trig identity
1 —cos26
sin2f = % (3.99)

and introducing a set of coordinates

=+/N+rog+ux; (3.100)
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we get

p P

a3 D n (@ 2 ()
i=1j=i+1

—sin (27y) (yi + y;) Pij f

+ cos (27y) <y” + P2> f}

p P
+ Q%MZ Z n:; {((2]\7 + 1 + 1) 2sin? (1) f

i=1j=it+1
+sin (27) (yi + y;) Pij f

+ cos (277) <y” + P2> f}
p

+4gyyrsin® (7)Y (N + i) naf =T, (3.101)
=1

where

0 0
P:=1 - — .102
1] Z(ayZ 8y]> (3 O )

and
Yij = Yi — Yj- (3.103)

Rearranging gives

gYMZ Z [nw cos (2m7y) ( i + P2> f+ (n:; — nl_]) sin (27y) (vi +y;) Pij f
i=1j=i+1
p P

+2g50 > > sin® (19) (2N + 7 + 1) nij f =Tf. (3.104)
i=1j=it1

In the last line, we have included the term proportional to n;; thereby changing the sum
over j. This gives the partial differential equation that must be solved in order to obtain
the anomalous dimensions for the deformed theory.

In the undeformed case, configurations with n;; = 0 and n; # 0 correspond to
BPS operators. One of the implications of this is that any excitation of a single giant
graviton, i.e. any restricted Schur polynomial built using only Zs and Y's, labelled by
Young diagrams that have only a single row or column are BPS. In the deformed case,
we see that this is not so, i.e. ny; # 0 leads to operators that are not BPS. In other

words, in the deformed case, the excitations of a single giant graviton are not BPS.
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3.2.8 Spectrum
Equation (3.104]) can now be written as

Hf=Tf (3.105)

with

PP
1 -\ .
H= g%’MZ Z [nij cos (277y) <P2 + yw> + (n;; - nl-j) sin (277) (vi + y;) Pij
i=1j=i+1
(3.106)
and

PP

T'=—2g3y ) Y sin’(my) (2N +7; + ;) ng + T (3.107)
i=1j=i+1

We note that y; + y; commutes with H and hence is a constant of the motion. It thus

makes sense to shift
Pij = P+ a(yi + ;). (3.108)

By choosing

~ (ng = i) tan (279) (i + ) 5100)
o = 2nij .

we find

2
p p + _ 2 2 . ')2
353 1 (% %) sin® (277) (yi + yj

= gvu g €05 (277) (P2 N yl]) - 4n;; cos (2my)

ij

i=1j=i+1

(3.110)
The second term inside the square braces commutes with the Hamiltonian and is thus

a constant. Noting that

{ngﬂ] =1, (3.111)

it is clear that H is equivalent to a (shifted) harmonic oscillator whose spectrum depends
on the parameter v. We also note that from the result there appears to be a
singularity in H at .

T=7 (3.112)
Looking back at equation , we see that at this value of v the term that is quadratic
in the momenta vanishes, leaving only a term linear in P;;. At this point, since y; +y; is
a constant of motion, the Hamiltonian becomes proportional to P;; and the operators of
a good scaling dimension are plane waves. We need to require that these wavefunctions

vanish whenever y; = y;. This boundary condition will quantise the P;; momentum
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eigenvalues so that we obtain an evenly spaced spectrum. Intuitively, since the original
Hamiltonian depends smoothly on v, we expect that there is nothing singular about the

point v = 1/4.

3.3 Discussion

Our goal has been to compute the spectrum of anomalous dimensions of the Leigh-
Strassler deformed N = 4 super-Yang Mills theory. The operators we have studied are
AdS/CFT dual to systems of giant gravitons. This implies that although we work at
large N, we are not in the planar limit of the theory.

We found that the action of the dilatation operator continues to to factorise into an
action on the impurity labels spq po; urve (associated with the Y fields) and an action on
the R, r;T,t labels associated with the Z fields. The deformed dilatation operator picks
up an extra term when compared to the undeformed case. This extra term is diagonal
in the Gauss graph basis so that the double coset ansatz continues to diagonalise the
impurity labels.

We also studied the diagonalisation problem associated to the Z fields. Though this
problem is different from the undeformed case, we find that it can be reduced to a set of
decoupled oscillators. However, the deformed dilatation operator picks up an additional
term which produces an extra shift in the anomalous dimension. The shift is positive as
it should be - a negative shift would produce operators with a dimension less than their
R-charge which is not possible in a unitary conformal field theory. This predicts that
all excitations of the giant gravitons in the deformed theory are not BPS. In a system

of p = 2 giant gravitons for example, we have

Ty = 4g% (N +71) nyysin® (7y) + 493, (N 4 72) nog sin? (77)
+ 2% 01 (2N + n) nygsin (1) 4 443 yyn12 cos (27) k, (3.113)

where k is any non-negative integer. When v = 0 we recover the anomalous dimensions
of the undeformed theory [43].

Since our operators are not BPS, their anomalous dimensions are not protected
quantities. Owing the strong/weak coupling duality of the AdS/CFT correspondence,
a direct comparison of our results with those of AdS/CFT predictions [50, 57, [69] is
almost sure to fail. More precisely, the dual gravitational system is defined in the
limit of large 't Hooft coupling A and small v (v2) is fixed) while our field theory
computation is valid for small A and arbitrary . However, since the quantum numbers
of our operators become parametrically large with N, a comparison may still be possible

[24], 170l [71), (72, [73]. We leave this interesting question for future research.



Chapter 4
Including fermions

In this chapter, we study large operators built using both bosonic and fermionic fields.
The operators we study are dual to excited giant gravitons. In this case, the large N and
planar limits do not coincide, meaning that to compute the large N observables, we need
to sum more than just the planar diagrams. This problem can be solved completely by
using the group theory of symmetric and unitary groups as well as the relations between
them. Using representation theory, the two point functions can be solved exactly in the
free field limit [26], B3] [74] (75 [76], (77, [36], (78, 791 80, ’1], 82].

In what follows, we explain how to build the restricted Schur polynomials that in-
corporate both bosons and fermions. We show that the number of these polynomials
matches the number of multi-field, multi-trace gauge invariant operators. We also show
how to transform between the trace basis and the basis provided by the restricted Schur
polynomials that we construct.

As a concrete application of our results, we study the su (2|3) sector of SYM theory.
This sector consists of operators built from two fermions and three bosons, hence the
name. The su(2]3) sector is closed to all orders under the action of the dilatation
operator [52, 53]. At the one loop level, the dilatation operator has a simple action in
this sector - see formula (2.1) of [53] or the Hy piece in Table 1 of [52]. After explaining
how to build restricted Schur polynomials for this sector, we compute the action of the
dilatation operator on these polynomials. Finally, we show that the double coset ansatz
[46] diagonalises the dilatation operator in this sector of the theory. This chapter is
based on a paper that I published [39] - it is my original work.

100
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4.1 Warm up: single fermion

Consider a single fermion zpij transforming in the adjoint of the gauge group U (N). The

relevant two point function is

<¢;’. (w*)f> — 51k, (4.1)

The fermionic fields are Grassman valued, so that swapping them costs a minus sign.

Our conventions for ordering the fields are as follows

(557 = Ui+ vl -
K
<¢+®n)L — it Ryt (4.3)

We then see that

(65 (7)) = 3 som o)k ()5 (1)

UeSn

where sgn (o) is the sign of the permutation ¢ which is computed by decomposing the

permutation into a product of transpositions. This decomposition is not unique. Then
sqn (o) = (1), (4.5)

where m is the number of transpositions in the product. sgn (o) is well defined, i.e. it
does not depend on the specific decomposition of ¢ into transpositions. The ordering in

equation (4.3) is used to ensure that no extra n dependent phases appear in equation

().

The Grassman nature of v implies that the trace of an even number of fields vanishes.

As an example, consider
Tr (") = diuiel = —leiefol = elufvivl = —oufeiy) = -Tr (0*) . (4.6)

Further, the product of two traces with the same number of fields in each trace vanishes,

e.g.

Tr (%) Tr (¢°) = wjod ol Tr (0°) = —05ulTr (%) oF = wiTr (%) wiwt
= —Tr () pidyl = —Tr (*) Tr (%) . (4.7)

Let us now consider polynomials built from the adjoint fermion. Since we want a
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gauge invariant operator, consider polynomials built as a linear combination of trace{]

> CoTryen (ov®"). (4.8)

oESH

1

By changing the summation variables to v~ o~ and using the Grassman nature of the

fermionic fields we find

Z CO—TTv®n (UT/J®n> = Z C’yflo"yTrV@” (U/yw@n,yil)

O'ESn U,'YESn

Z C-15,89n (7) Tryen (a9p®) . (4.9)
o, YESR

Thus the coefficients used to define our polynomial must obey
Cy15y = 5gn(7) Cs. (4.10)

A natural way to achieve this is to consider

RR n
Yi () = 3 ST (@) Tryen (™) (4.11)
OfeSn
where I'', () is the matrix representing o € S, in irrep R and S 1 } 1, 18 the Clebsch-

Gordan coefficient for R x R to couple to the antisymmetric irrep [1"] . ThlS formula can
be viewed as a “degeneration” of the operators constructed in [75] [76],

> BigSTATL (o) Trysn (oXFOM) (4.12)

0ESh
which provides a basis for M species of complex matrix (different species indexed by
w). The basis thus obtained has good U (M) quantum numbers (see the first formula in
Section 1.1 of [75]. Since [1"] appears only once in R® R the analogue of the multiplicity
label 7 which appears in is not needed in . Equation is the simplest
way to turn the “counting formula” (equation (106) of [75]) into a “construction formula”.

To simplify the notation, we write the Schur polynomials for fermions as

Xk (¥) = > CoTryen (") = > Tr (OTF (@) Tryen (™), (4.13)

oES a€eSy

where

0, , = gl"AER,

!Each of these single traces in V®" can give rise to any multi-trace structure involving the n fields.
Here, V is isomorphic to the carrier space of the fundamental representation of U (N).
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The Clebsch-Gordan coefficients of the symmetric group obey (see formula (7-186) of

[83])

v A A A
FZ (0) Fk:l (U) Ss TA?ZV = FS;/\ (U) Ss’T)\uiI;c' (414>

To specialise this to our problem, let us first replace u, v by R and A by [1"]. There is no
need for the multiplicity label 7). Also, because [1"] is one dimensional, there is no need
for indices s, s’ and we replace Fi‘,? (o) — sgn (o) . The equation for the Clebsch-Gordan

coefficients becomes
1"|RR 1"|RR
TR (o) TF (o) SU" 1 = sgn (o) SULH. (4.15)

Since we may assume without loss of generality that we have an orthogonal representa-
tion, equation (4.15) implies that

SUIELE (o) = sgn (o) TR, (o) SU IR, (4.16)

This proves that
¥ (0) O = sgn (o) O (). (4.17)

Clearly then, O? commutes with every element of the group and is proportional to the

identity matrix (by Schur’s Lemma). Thus, (perhaps after a normalisation) we have
0% =1. (4.18)

This immediately implies that characters for all odd elements (those with sign —1) of

the symmetric group vanish since

Tr (FR (o)) =Tr (OQFR (o)) =sgn(o)Tr (OFR (0)O)
=sgn(o)Tr (OOFR (o)) =sgn (o) Tr (FR (o)), (4.19)

where we have used equation (4.17) and the cyclicity of the trace. The representation
sT which is conjugate to s is defined by flipping the Young diagram as shown in figure

O can only be non-zero for self conjugate irreps because it is only for these that the
"RR

characters of all odd elements vanish. Indeed, S E o/

is only non-zero for self-conjugate
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Figure 4.1: Relationship between the Young diagrams s and s”.

irreps. The above observations all follow from

C

oy = Tr (OFR (’y_l(ry))

=Tr (OT® (y"1)TE (0) T (7))
= sgn () Tr (P (") Orf (o) T (7))
= sgn (y)C, (4.20)

which proves that the coefficients of our polynomials do indeed obey (4.10]).

Spelling out index structures, our conventions are

1 ) .
xr () =— > Tr(OT% (@) i -4 (4.21)
‘oeS,
and 1
V(@) = = 3 Tr (D (@) 0) it -l (4.22)
.O'ESn

One difference between fermionic variables and bosonic variables is that fermionic vari-
ables anti-commute. As a result, different choices for populating the slots with fermionic

fields can differ by a sign. It is for this reason that we must spell things out.
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The two-point function of the fermionic Schur polynomials is

Z Tr (OT% (o)) Tr (FS (p) O) sgn (v) Tryen (yoy ' p)
0,0, YESn

(k) = o

B (nll)Z Z Ir (OFR (7_157)) Tr (FS (p) O) sgn () Tryen (Bp)
V' B.pYES
B (nl')2 > Tr(Or%(8) Tr (L% (p) O) Trver (Bp)
o B.pESn
Z Ir OFR ( _1)) Tr (FS (p) O) TTV@H (7,[))
w PESH
5RS Z Tr TT‘V®n )
wESn
~ onsfe (4.23)

This completes the construction of Schur polynomials for a single fermion. We now
want to construct restricted Schur polynomials for an arbitrary number of fermionic
and bosonic matrix flavors. We will first consider the counting of these operators. For
the counting relevant for a single fermionic variable, see equation (106) of [75]. As we
highlighted earlier, our construction is motivated by this counting and the number of

operators we have matches this counting.

4.2 Counting

We will start with a quick review of counting for bosons [84]. Thereafter, we will consider

the counting of operators built from fermions and bosons.

4.2.1 Warm up: bosons

We will count the number of operators built with k species of bosonic fields. This should

equal the number of restricted Schur polynomials xp ( Let us start from the

) T1,T2,...Tk)'

U (N) partition function as quoted in [85], equation (3.7), for the case of k bosonic fields

dz k N
Zyv (t) = o Nl}lfﬂ ‘A HH1 (4.24)

j=lrs=1" " t ZTZS

Using the Cauchy-Littlewood formula

HH 1_ %y; Z Xr (2) Xr (y) (4.25)

i=1j=1 r,l(r)<min(L,M)
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we write the partition function as

dz; i
Zymy () = (2n) Nl%H “A 271 U > vy (t52) X, (271) . (4.26)

Since the Schur polynomial x, (z) is a homogeneous polynomial of order |r| = the number

of boxes in r, we know that

k
d i A _ . _
20000 = s §) H “A@AENIT X @) v v (7).
(2mi) J=1r; l(rj)<N

(4.27)
Using the Littlewood-Richardson rule to perform the product of the Schur polynomials
we find

1 I T T
Zyny () = —w E ()" ()™ ()T g (1o g )
(2mi)™ N .
71Tt 2,0 (1) SN

Nz
X g (Tl,TQ, .. .Tk,Tk+2) yg H?ZA (Z) JAN (zfl) Xrioar (z) Xriio (zil) . (4.28)

)

=1
Now,
(9.MN="—F 2V V1 %Hdz’ (zHgx)h(z) (4.29)
and
(Xrs Xt) § = Ort (4.30)
so that
Zy) (t) = S > ()" ()72 () (g (1o, o, R

N
@) " N RSN (R <N
(4.31)
From the coefficient of (¢1)™ (t2)"? - - - (tx)"* we learn how many operators can be built
using ny fields of species k. This is in turn equal to the number of restricted Schur

polynomials X g (r, ro,..r,) With 73 = n; and REng +ng +---ny, [84].

4.2.2 One fermion and one boson

In this subsection, we will count the number of operators built with one bosonic species
and one fermionic species of field. We will use r for the bosonic and s for the fermionic

Young diagrams. Again, we start from the U (N) partition function as quoted in formula
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(3.13) of [85] for the case of one bosonic field and one fermionic field

d i A A L
ZU(N) (£,6) = 271'@ legH - 1) H fizz—l (4.32)

rs=1 1—bzzs

Using the Cauchy-Littlewood formula (4.25) and Littlewood’s formula

L M
HHl +Tiy; = Z Xs (%) Xs7 () (4.33)
i=1j=1 s,l(s)<L(sT)<M

where s is conjugate to s, the partition function 1} becomes

N (1,6) = (271) N N1 %Hd% _1)
X Z Xr (b2) Xr (271) Xs (2) X7 (271) . (4.34)

7,8,L(r)<INI(s)<N,I(sT)<N

Since the Schur polynomial y; (2) is a homogeneous polynomial of order |¢| = the number

of boxes in t, we know that

dzz

2y (f,0) =

(=7")
(271) N'
Y e e e ). @

78l (r)<NI(s)SNI(sT)SN

Using the Littlewood-Richardson rule to perform the product of the Schur polynomials,

we get

dzZ _
2y (f,0) = (2r)" N1 %H (=)

7,8,L(r)<NI(s)<N,I(sT)<N
x Y bl (rs R g (rsT, Re) xry (2) xR (271) - (4:36)

R17R27l(Ri)§N

Finally, using (4.30)), we obtain

Zuwvy (f;0) = Z Z blrlflslg (r,s,R)g (r, st R) . (4.37)

7,8,l(r)SNU(s)SNI(sT)SNRI(R)<N

Equation (4.37) reflects the fermionic statistics. Since the fermionic matrix is a
matrix of Grassman variables, any product with more than N? factors of the fermionic
matrix will vanish. We note that since both [ (s) < N and [ (sT) < N, s can have at
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most N2 boxes, i.e. we never get operators with a product of more than N? factors of

the fermionic matrix. We also note that in general

g(r,s,R) #g(r,s", R) (4.38)

so that this counting is genuinely different from (4.31)).

4.2.3 Fermions and bosons

We will now count the number of operators built with n; species of bosonic fields and
ny species of fermionic fields. Again, we start from the U (N) partition function for ny

bosons and ny fermions, formula (3.13) in [85],

ny np

Ceedd H% AT as

z b
v (f ) j=1k=1r5= 11_bkzr

(271)
Using the Cauchy-Littlewood formula (4.25)) and Littlewood’s formula (4.33)), we rewrite
this partition function as

nfy np

ST (|

jzlk:lrk,s]-,l(rk)SN,l(s]-)SN,l(s]T)SN

X (Br) e (27) Xy (fj2) Xt (277) (4.40)

Again, since the Schur polynomial x; (z) is a homogeneous polynomial of order |t| and
using the Littlewood-Richardson rule to perform the product of the Schur polynomials,
we find

1
2y (f,0) = 2N N1 > > >

1Ty l(ra) <N, 517“_5nf7l(5b)§N7l(SZ‘)SNRl,RQ,l(Ri)SN

X (f1)|81‘ T (fnf)‘snf‘ |T1| (bnb)|rnb|

T
><g(rl,...rnb,sl,...snf,Rl)g<r1,...rnb,sl,.. nf,R2>

%Hdzl (=) xm (2) xm (271) - (4.41)
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Using equation (4.30) again yields

Zy) (f,0) = Z (f1)‘51|"'(fnf) Sny (bl)"”l"‘-
rl,..mnb,l(ra)gN,Sl,._,S,,,f,l(sb)gN,z(st)gNR,l(R)SN
X g (71, Tng, S, - - snf,R) g (7"1, Ty ST sff,R) . (4.42)
We note again that in general,
T T
g (rl,...rnb,sl, . ..snf,R) %y (rl,...rnb,sl ). ..snf,R) . (4.43)

4.3 Restricted Schurs for su (2|3)

Now that we have learnt how to count the operators built using both fermionic and

bosonic fields, we now consider their construction.

4.3.1 Preliminary comments

How many times does [1"] appear in s ® s ? In general, we have
T _
S®s = Drayt. (4.44)

To determine the positive integer a; with t = [1"], we start from the formula for the

character of a direct product representation
Xs (9) xs7 (9) = Y _arxi (9) (4.45)
t

and use the character orthogonality relation

|;’Z:XR (9)xs (97") = Ors (4.46)
9g€eg

(bnb)l’”nb!
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to obtain
1 -1
apn) = @ZXs (9) xs7 (9) xpm) (977)
g
1
= @sz (9) X (9) s9n (9)
g
1
= @ZXS (g) Xs (g)
g
1 _
= @sz (97" xs (9)
g
=1. (4.47)
Thus there is no need for a multiplicity label. To get the third line we used

Xs7 (9) sgn (9) = xs (9) (4.48)
and to get fourth equality we used
Xs (9) =xs (g71). (4.49)
In this case, Hammermesh’s formula reads
T ()T (0) "5 = sgn (o) 8™ (4.50)

Using the fact that we have an orthogonal representation we find

T3 (0) Ojp = sgn (o) OuT}, (o), (4.51)
where
A n]gsT
Oj =85 (4.52)

Ojl is a map from s’ to s. 0To maps from s’ to s and commutes with all elements
of the group. Therefore, it is proportional to the identity. OOT maps from s to s and
commutes with all elements of the group. Similarly, it is proportional to the identity.

By normalising correctly, we can choose
OT0=14 & 00T =1,. (4.53)

In what follows we will subduce two irreps from R, namely (7, sa) and (r, STB),

where o and S are multiplicity labels. To spell out the fact that these multiplicity labels
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belong to s and s” rather than [17], we will write

~ ng o ST
Oji (sa;sTﬁ) = sl ]j’ . B, (4.54)

Making use of the operators (4.54)) is the simplest way to turn the counting formula

(4.37)) into a construction formula.

4.3.2 Construction

In terms of the operators
Pp(rsjop = L ® O (sass™B) Pl .5 =100 (s"5;sa) (4.55)

we can write the restricted Schur polynomials as
1 R il ’lm Z-'m#—l im+n
XR,(r9)as (2:%) = nlm! ; Tr (Propasl™ () Vioy " Vigtm Ziotmen " Fiotmany
0ESn+m

(4.56)
and

T _ 1 T R Tim Til 7f'm+l . im+n
Xa,(rs)as (£ %) = nlm! ; o <PRv(ns)a6F (U)> i (m) ”'wiou)Zio(mH) Zio<m+n>'
TESn+m

(4.57)
The specific choice of which slots we use for Z or ¢ is unimportant - they are related by
performing an automorphism on Sy, which is a symmetry of the Schur polynomial.
The ordering of the Z fields is completely arbitrary, while the ordering of the v fields
fixes a sign. We note that

Ppr5)apl” (01) 0 T%" (02) = sgn (02) I" (01) 0 I* (02) P (1,508 (4.58)

which implies that Pg (,)as i an intertwining map in the carrier space of R from the

subspace (r, ST) to the subspace (r,s). Further,

t _ _
‘PR,(1“,5)04BPT7(15’1L)57 = 5RT5rt65u56yPR,(rys)a5 (459)

where

Prrsjas = 1r ® Y |5, a5 ) (5,6; ] (4.60)
J



CHAPTER 4. INCLUDING FERMIONS 112

It is now easy to show that

fr,hooksg
<XR1’(”’51)°‘5 (2,4) X;27(T2782)75 (2, ¢)> = OBy Ry Orir> 051508500y hookilsrl hook:;m .
(4.61)

The generalisation to many fermions and bosons is straight forward. For the su (2|3)

sector in particular, we have
PR,(F,E‘)&ﬂ 17‘1 ®Z‘7”2,C¥1, 7“2,,81,]‘@2’7"3,0[2, <T37527k’
® O (slag; 51 ﬂg) ® O (s20u; 53 ﬂ4) . (4.62)

We have written this with a specific procedure for the construction of P R.(79)35 in mind.
We imagine that boxes are removed from the Young diagram R until r; is remains. The
boxes that are removed are then assembled to produce the representations ra,rs, s1, So.
Following this construction, r1 has no multiplicities, 7o has multiplicities o7 and fy,
r3 has multiplicities ao and 2, s1 has multiplicity as, 31T has multiplicity B3, so has
multiplicity ay and sl has multiplicity 34. Our conventions for the ordering of the

fermionic fields are

1 R
Xr,r5af (4 X Y1, ¥2) = n1'na!nsms mo! 2 Tr (P waasl (@ ))
UES’ﬂ1+n2+n3+m1+m2
TZJ . iml im1+1 . 7;'m1+'m2 im1+m2+1 .
Ligr) " Tlig(my) " 2io(my +1) 2o (my+mg) " lo(my+ma+1)
(4.63)
and

i _ 1 ( t R )

XRv(F,;)&B‘ (Z7 X7 Y7 wl’d)Q) N nl!ng!nglmllmg! Z Tr PR:(Fvgjagr (U)

O'ESnl +ng+ng+mq+mo

Tim1+m2 d}—hm1+l Timl L Til Tim1+m2+1
27/0’(m1+m2) (mq+1) 120’(777,1) 120(1) o (mq+mo+1)

(4.64)

As far as the bosons go, the X fields occupy slots my + mg + 1 to my + mg + ng, the Y
fields occupy slots m1 + ma + ns + 1 to m1 + ma + ng + na, while the Z fields occupy
slots my +meo +ns +mnsg+1 to my +mso + ns +ng +ny. As is evident in equation ,
the boson slots are not reordered by t. The two-point function that follows from (4.63)
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and (4.64)) is

<XR’(7‘=’7§)QE (Zv Xv }/7 ¢1) Q/)Q) X;7(aﬁ),‘}/’§ (Z7 Xa Y7 sz)lv ¢2)>

3 2 4 4
thOOkSR
:5RTH5%.H5$J.UJH(samna@glH hooker TT. hookar (4.65)

i=1 j=1 k=1 =1 m m Lln n

4.4 Action of dilatation operator in the su (2|3) sector

We now want to compute the action of the dilatation operator on the restricted Schur
polynomials of the su (2|3) sector of SYM theory. To simplify the formula of the one
loop dilatation operator, we set ¢1 = Z, ¢po = X and ¢3 = Y. From formula (2.1) of [53]
or the Hy piece of table 1 in [52], we find the following one loop dilatation operator

3 3 2
D = —g{y( Z Tr ([6i, b5] [06;,04,]) + ZZTT ([#, Ya] [0g;, O, ))

i>j=1 i=la=1

T ({1, 42} {00 D ). (4.66)

We will study the limit in which the number of ¢1s (n1) is much greater than the
number of ¢as (n2), ¢3s (n3), Y1s (m1) and Pas (me) . In this limit, we can simplify the

dilatation operator to

3

2
D= _QXQ/M(ZTT ([le, ¢J] [(9¢1, 8%‘]) + ZTT ([¢1> 7/%1} [6¢1,8¢a]) . (4-67>

7j=2 a=1

This simpler expression is obtained from simply by noting that a derivative
with respect to ¢1 will generate nj terms. Since n; > ng, n3, my, me, this is a lot more
terms than is generated by differentiating with respect to any other field.

The simplest example to start with is when the operator is built using only one

fermion 1 and one boson ¢1 = Z. One of the terms we need to evaluate is

; d d 1 ) ) . .
1,17 R 71 . Zm ?m+1 . .Zm+'n
Zj 1k 71 d¢i n!m! Z TT(TvS)aﬁ (P (U)) Llig(1) Lig(m) Zla(m-u) Zla(m-m)

k u ) ’ U€5n+m

(4.68)
To take this derivative, we need to use the product rule and hit each of the m factors of
11 and each of the n factors of Z. We know that the contribution from each Z derivative
is the same so that we simply get an overall n multiplied by the term obtained when
the derivative hits (say) the Z in slot m + 1. The first thing we want to argue is that

the contribution from each v, derivative is also the same so that we can write these m
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terms as m multiplied by the term obtained when the derivative hits (say) the v in slot

1. Let us start by thinking of
;od
) — 4.69
1k dwil ( )
as our operator. It is Grassman even so it commutes with all other variables. This

allows us to move it into any slot without costing any signs. We now consider

Z Tr (PR,(r,s)a,BFR ((1, m 4+ 1) P)) 5 whp(mﬂ)%%@ whp(m) Zm“ Zizmﬂ L gimdn

< ip(1) ip(1) Tip(m+2) ip(m-+n)
PESn+m

> Tr(Prrsapl (Lm+1) ))5;1(1)Trv®n+m (p(1,m+1)pFmZEm).
PESn+m

(4.70)

We can now change variable from p to v = (1,1) p (1,() to obtain

S Tr (PriragasT (L + 1) (L)Y (LD)) 6| Tryenen (1,17 (1,1) (Lm + 1) §m257)

’YESner
(4.71)

Now,

Tryentm ((1,1) (1 D(1,m+ 1)y Z%") = Tryenm (v (L,m+ 1) (1,1) 05 Z9" (1,1))

_ 40 11 i1 ?m+1 Z?m+2 . Z"im+n
Liy(m+1) 1Zv(2) Vi 1Zw(1>w1%<z+1> R Liy(m) Ty ) Tiy(me2) by(m+n)
ll‘ 1 le»l 7fm+1 Z‘im+2 . Z‘im#»n
dj“w(l)whm) wl%(l 1)¢hw(m+1)¢hw(l+1) wl%(m) () Tiy(mt2) by(mtn)”
(4.72)

Also,

Tr (PR,(r,s)aBFR ((13 m+ 1) (13 l) Y (13 l))) =Tr (FR ((la l)) PR,(T,s)aﬂFR ((17 l) (l7 m + 1) 7))
=-Tr (PR,(r,s)aﬁFR ((la m+ 1) 7)) . (473)

Thus we find

R m ‘7” "VVL n
Y Tr(Prgoesl (Lm+1)p) 62 Wi} 0 i fp(j)lz? w2 L gimy

S Lp(1) Lp(m+2) Lp(m+n)
PESn+m

R i 21 i1 U1 L a)im
Z Tr (PRa(rvS)aBF ((l’m + 1) )) 67, (1) 1i7(1>¢1l (2) 1?[}12 v(1—1) 12’7(m+1) 1i7(l+1) 17;7(771,)
YESn+m
tm41 imy2 ?m+n
by (1) Ziw(m+2> le(m+n>' (4.74)
The left hand side of this last identity is obtained when we differentiate the v in slot
1, while the right hand side is obtained by differentiating ; in slot {. Thus this last
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identity proves that the contribution from each 1, derivative is the same. Therefore,

csod o d 1 A 4 : .
i,/ R 21 tm Tm+1 Tm+n
ITk gzt dypt, \ nlm! Z Tr(rs)as (I (0)) Ligty " Plig(m) “io(m+1) '”Zia<m+n>
k 1l UGSn-l»m
_ 1 R i iz im
(=Dl (m—-1)! > Tr (Prgasl™ ((Lm +1))) Qi Vipimsny Vlipgay ™ Vg
p€5n+m
11 Z.'m+2 . im+n
XZRZTE g (4.75)

At this point, it is now easy to find

2¢?
DXR7(7’75)04,3 (¢1> Z) ==Y Tr ([Z7 wl] [6Z? aﬂ}l]) XR,(r,5)ap (wla Z)

(4m)*
— 29%/M s T R (01 1
(47) (n— 1)! (m — 1)! > 0 Tresas (T ([(Lm+ 1), p])
‘ T PESntm
X Tryencn ([(Lm+1), Iy Z5") . (4.76)

Our next task is to express Tryensm ([(1,m + 1), p] 7™ Z¥™) as a sum over restricted
Schur polynomials. We will generalise the argument given in [37] (and used in Chapter
3) which provides the identity for restricted Schur polynomials built entirely out of
bosonic fields. First, we need an identity. The irrep (r,s) of S, x S, will, in general,
be subduced by irrep R of S,4, more than once. We label these different copies with
5. It is convenient to switch to a bra-ket notation in which the operators used to define

the restricted Schur polynomials we have constructed are

[Pryrs)as) ;= D (R J|s,bsriza) (s7, a5, i3 B| R, T) Op. (4.77)

a,b,i

We will make use of the identity |75}, 37|

. . d,d, N
Z<R,I|T,b;8,l;ﬁ> <T,a;8,];B|R,J> = n!m‘ Z Z r (CYI 1)Z]F (Oé2 1)abFR (oqoag)u
(4.78)

ﬁ 'OCIESmOQESn
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in what follows. Consider the sum

@y (n 1 m)1 X098 (T XR 550 (9)
R,(r,s)ap T

. an!m! R 1 R
= & et PR ) T (Phirappal™ ()

dRTL'm'
- m [PR,(r,s)a,B] 1J [FR (T)] JI [PIT%,(T,S)BCJ KL [FR (J)] LK (479)
R,(r,s)aB

Rewriting both projectors using bra-ket notation, we find

an!m! 1
D T (n L R0 () X 0 (0)

d
R,(r,s)a3
dgrn!m! o v -
= dods (n )] Z (R, I|s,b;7,050) (5" ,a;7, 05 B|R, J) Opg [T (7)]
Ry(r.s)af abil,J
x > (R, LIs", d;r,§; B) (s,¢7, §; | R, K) (OT) , [TF (o)), c (4.80)
ed,j,K,L

The sum over the multiplicity labels can now be performed using the identity (4.78]).
We get

D Gt A ()X g0 )
R,(r,s)ap TS

dpd,d,
T n+Rm i L7 (E7 (272)) Tr (FST (m)O™T* (mo)
R,(r,s)afy1,71 ESmyQQeSn

xTr (7 (1 -moy-0-mom)). (4.81)

In this last expression, we recognise the delta function on the group
Xr(0)=16(0), (4.82)
>

where R is a complete set of irreps of group G. We therefore now have

T (1 + ) (rs)as R,(r,s)Ba
o dydg (n +m)!

Z E ngn i) )'XR(T oyl o Tiom)

RFn+m71 €S2 €S,

= > Z59”(71)5(T'Tf10751'0-71072). (4.83)

T1 ESmTQESn
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This identity is all that is needed to prove that

o drnlm)!
Tryonem (U™ Z") = 3 e siXh rgas (0) XR(royga (V1. 2) . (484)

R,(r,s)aﬁdrds (n+m)!
Using this, we find
DXR,(r.s)ap (1, 2) = Z MR (r.s)aB:T,(tu)ys XT,(t0)y6 (V15 Z) (4.85)
T,(t,u)vo

where

CRR'd
MR7("‘,5)0455T7(157U)“/5 gYMZ dpdy Q;Ln_n; m) Tr ( [FR ((17 m+ 1)) ) PR,(r,s)aﬂ] Triq

X [I7(Lm+ 1), Pras,) Irw ). (4.86)
As before, to obtain the spectrum of anomalous dimensions, it is convenient to

consider the action of the dilatation operator on operators whose two point functions

are normalised to unity. In this particular case, we have

| frhooksgr
—0 Z). 4.87
XR ,(r,s)apB (1/}17 ) hOOksrhOOkSs R,(r,s)apB (T,ZJl, ) ( )

In terms of these normalised operators, the action of the dilatation operator is

DOR,(r,s)aﬁ (/lzz)lv Z) = Z NR,(r,s)aB;T,(t,u)fyéOT,(t,u)'yé (@Z}la Z) ) (488)
T,(t,u)yd
where
c R R drram, frhooksrhooks,hookss
N T
R, (rs)afiT(tu)y gYMZ dgrrdidy (n +m) \/thooksRhook‘sthooksu

X TTR@T([F (Lm+1)), Prrsas] Irr [T7 (1, m+ 1), Pr g u)s,] IT’R’)-
(4.89)

We have explicitly indicated that the last trace is taken over the direct sum of the carrier
spaces of R and T. Remarkably, this takes a very similar form to what was obtained in
the SU (2) sector [86]. As a result, we know that the operators with a definite scaling
dimension can be constructed using the ideas of the double coset ansatz [46] reviewed
in Section A few of the details are different though, so that it is worth describing
some of the steps involved.

As we have already mentioned, we remove boxes from R to produce r. The number of
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boxes that must be removed from row ¢ of R is m;. The m; can be assembled to produce
the vector label m which is conserved by the one loop dilatation operator. There are

two types of branching coefficients

Bs—>1HBs—>1H _ FS 4.90
> Lo (1.90)
and
ZBS g, " = |H|ngn (V> (4.91)
yeH
where
H = Sy X Sy X -+ Sy (4.92)

The branching coefficients BZ:lH resolve the multiplicities that arise when we restrict

irrep s of Sy, to the identity representation 1g of H for which
e () =1, V. (4.93)

On the other hand, the branching coefficients B,‘zzﬁlm resolve the multiplicities that

arise when we restrict irrep s of S, to the representation 1" of H for which
" () =sgn(v), V. (4.94)

Notice that

ZBS ~>1m s T1m ‘H‘Sgn ZFS

yeH
(0'T# (v) O
= T )0)
yeH
= 0 Y By By Oy (4.95)
so that we can identify
B O, = By, . (4.96)

This argument suggests that the multiplicity problem of s — 1 can be identified with
the multiplicity problem of s” — 1™. To prove that this is indeed the case, we denote
the multiplicity of 1y in s by nj, and the multiplicity of 1™ in s by nffn We then
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have
s 1
My = |H| E :XS (U) X1g (U)

1
= @ZXS (o)

which completes the proof.

Now, following what was done in the SU (2) sector [46], we identify

[, 5, 58y = > B3y T ()5 va) - (4.98)

J 0ESm
The components m; of the vector label m appearing in the above ket record the number
of boxes that must be removed from row ¢ of R to produce r. These are the basis
vectors in s that are used to construct the projectors appearing in the restricted Schur
polynomials. To construct the projectors, we also need to make use of a basis for s’ .
The basis for s” should be constructed using OT which provides a map from the carrier

space of sT to the carrier space of 5. Using O, we find
AT - o T 1m T
> COMUEYTE > B ; sgn (@) T (o) lvs) . (4.99)
) J g m

Given these bases, it is now easy to verify that the projectors appearing in the restricted

Schur polynomials can be written as

O (s, s™3) ST BT, (0) [ve) (vr| Big ™ sgn (1) T3y (1) OF,. (4.100)

m' ’H’O'TES

Using these expressions, one can verify that
0] (sa, STB) @) (STB, sa) =14 (4.101)

and

O (STB, sa) O (sa, STB) =1.r. (4.102)
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In terms of the branching coefficients, let us introduce the quantities

Ol (1) = | H| \/ FS O B,i,jllHBiwjlm (4.103)

which define an orthogonal transformation

O (1) Ci ) = 32 30 1HPE Bsgn (32) Tr (12 (1) OT (32) 07T (07) T (31)
s)—mwlvgeH
=> > ,Xs ™20 ')
sFm’n,’YzGH
— Z 5 (ty20 " ). (4.104)
Y1,72€H

It is then rather natural to build operators that are dual to the Gauss graph configuration

o by
Orr(0) =D Y Ol (9) Orrsyppa: (4.105)
sEmp, 2
Using (4.104) we find
<OR,T (Ul) O;,t (02)> = Z 1) (’}/1017202_1) . (4_106)
Y1,72€H

At the end of the day, we want to evaluate the action of the dilatation operator
on the Gauss graph operators (4.105). To this end, let us revisit the evaluation of the

dilatation operator on the normalised restricted Schur polynomials Op as we

T8) 1 2 )
did in Chapter ] We denote the number of rows in the Young diagram l;belling the
restricted Schur polynomials by p. The one loop dilatation operator is exact to
all orders in 1/N. To capture the large N (but non-planar) limit we use the displaced
corners approximation. Recall that to subduce r F n from R F n 4+ m we remove m
boxes from R. Each box in row ¢ and column j of the Young diagram R can be assigned
a factor which is equal to N — i + j. The displaced corners approximation applies when
the difference between the factors of any two boxes (of the m boxes removed) is of order
N whenever the removed boxes come from different rows. The action of the dilatation
operator simplifies in this limit because the action of the symmetric group becomes
particularly simple [87]. When the displaced corners approximation holds, we associate
each removed box with a vector in a p-dimensional vector space V,. This way, the m
removed boxes associated with the s define a vector in V}D®m. The trace over R® T
factorises into a trace over r @ t and Vp®m. The bulk of the work is in evaluating the

trace over V;)®m. This trace is evaluated in exactly the same way we followed in Chapter
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Doing this, we find

DORv(T’s).“‘LMQ = gYM Z Zéﬂ ﬂMS}J‘?l,LLQ UVll/QAijOR,(T,U)Vll/Q? (4107)
ur1vg 1<j
where
ij m A DA 1
M§lf1)u2;uV1V2 = Jiud, {TT (O (s ST:“?) Ez(z '0 (UTV25 uvy) Ej(‘j))
10 (0 (s ) B0 (v an) £ (4.108)

acts only on the impurity labels, and
Nij = D5+ 0+ Dy (4.109)

acts only on the Young diagrams R,r. To describe the action of A;;, we introduce a
little bit more notation. As in Chapter [3] we denote the row lengths of Young diagram r
by r; and let r . be the Young diagram obtained by removing a single box from row j of

r and adding 1t to row 7. In the same vein, . is a Young diagram obtained by removing

ij
one box from row ¢ of r and adding it to row j. We then have

A JOR (rs)yps = — CN + 70+ 75) OR (r.5) 1 s (4.110)
DFOR (e = /(Y + 1) (N + rORs (v} sy (4.111)

and
Ai_jOR7(T’s)/'L1“2 - \/(N + T’L) (N + TJ)OR'LJ (T’L] S)ILLI“Z (4'112)

Since the Young diagrams R and r change in exactly the same way, the vector m is
preserved by the dilatation operator.

With this, we now proceed with computing the action of the dilatation operator on
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the Gauss graph operators (4.105]). Towards this end, we consider

L R B DD I (T o

S, u-mp1 p2vive

X (Fu (02) O) BZ;EHB;LwlZlm <OJr (¢, “)V1V2DOR’(’"’S)“1“2>

kom

IH | 1 m
- YM Z Z (Ps (1) >k BZ:“HB;)’M:;

1m1
s, uFmp p2vive

u—1 T_y1m Rth
( )kzm Bk2V1 HB:;QVQ ZA
1<J
(< 7“27 ’E T V27b> <7’?L,U,V1;6’E](~]1»)‘7’?L,S,M1;a>
+< 7//425 ‘ ‘mauT7V2;b> <’I’?L,U,I/1;b‘Ei(i1)"I’?L,S7,u1;a>>

(4.113)

and focus on the evaluation of

o o A 1y pul —s1m
ZZ ‘m,uT, v2; b) (1, u, v1; bl (F“ (02) O)k - Bg;lHBﬁmzl
212

u vi,r2

=22 2

U V1,V20,TESm

m T
psgn (7 ™) By, " T (7) [or) Oy (v | T () B

!H !
x (r“ (02)O> Bu—la gul =1

k2m2 kovq mav2

U o, 7ESMY1,2EH
% T (r”( )T (a—l)ér“ ()T (72) OTT" (o *1))

DI

U 0,7€SmY1,72€H

Z Z |U7— v0|5(710_177202_1). (4.114)

JTESm'Ylv’YQEH

‘H’ Sgn( ) sgn (72) [vr) (Vo]

|H| vr) (Vo | Xu (710_17'7202_1)

From this point on, the evaluation proceeds exactly as in [46] (or as we did in Chapter
with v = 0). The result is

<O;’,t (0'2) DORJ (01)> = —g%M Z 5 (’)/102’}/20'1_1) Znij (0’1) Ag’T;T’t (4.115)
Y1, 2€H 1<j

or

DORT 01 *—gYMZmJ (71 z], (4.116)



CHAPTER 4. INCLUDING FERMIONS 123

where n;; (01) is the number of strings stretching between branes i and j. This proves
that the Gauss graph operators indeed diagonalise the impurity labels. The
remaining eigenproblem that must be solved has been studied in detail in [45] from
which we know that the spectrum of D reduces to the spectrum of set of decoupled
oscillators. This signals integrability.

We now consider the general case with three bosons ¢1, ¢o, ¢ and two fermions
11, 19. After a rather lengthy calculation that resembles what we have already done, we
find that the action of the dilatation operator is given by

DOR,(F,s?)&B - Z NR,(F,S?)&E;T,(”,&*)WOT,(& )75 (4.117)
T,(£,)78
where
N _g%MZ crrrdrmy frhooksy [], hooks., [, hookss,
R7(T,§')aﬁ;T7(t,u)75 It dp Hn dy,, Hm du,, (711 + K) frhooksgr HC hooksg, Hd hOOkSSd

x {mlTT ([rR (1,K +1) ’PR,(*@&E} T {FT (1,K +1) ’PT,(F,ﬁ)VS] IT,R,>
+m2TT <|:FR (ml -+ 17 K + 1) ,PRV(is_’)&B‘ IR’T' |:FT (ml + 17 K + 1) ’PT,(E:Q—L’)’VS‘} IT’R’)

+n2T'r <[FR (ml +mo+ 1, K + 1) ’PR,(F,E)&E] Tgip |:FT (m1 +me+1, K+ 1) ’PT,(tTﬁ)VS} IT’R’)

+TL3TT' <[FR (K —ns, K + 1) ’PR,(_‘,g)d‘,@} IR’T’ [FT (K —ns, K —+ 1) ’PT7(£71’)57(§} IT/R/):l

(4.118)

and K = ng +nsg 4+ my + mg is the total number of impurities. The projectors PR (79ad
and PT,(Eﬁ)ig were defined in equation (4.62). We note that these projectors factorise
into a product of factors and that in each term above, the product of all but the Z

projector and one other have a trivial action. As an example, in the trace
R T
T =Tr ([[R (LK + 1), P yaz] T [T (LK +1), Pr o] o) (4119)

the swap (1, K + 1) only has a non-trivial action on slots 1 and K +1. Slot 1 is populated
by 11 and corresponds to representation s;. Slot K + 1 is populated by ¢; = Z and
corresponds to representation r1. The traces over rg, r3 and sg are trivial while the trace
over r1 @ s1 is performed exactly as we described earlier. Trace then gives

T = d32drzdrgdr’l582u257“2t257’3t35r’1t’1 (TT’ (O (Slﬂl; S{ug) El(ll)OA (U{VQ; ulyl) E](]l)>

+Tr (O (sl,ul; s{;@) E](;)O (ulTug; ulul) E(1)> . (4.120)

0
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Defining Gauss graph operators for this general case now involves an element of a double
coset for each type of impurity. We denote the total number of (g2, 3,11, 12) impurities
by (ng,ns, mi,mg) and describe the number of boxes removed row i of R for each

impurity type by the vectors (7ia, i3, 711, 1mi2) E] As an example, we now have a subgroup

HﬁQ = S( X S(n2)2 X S(nz) . (4121)

TL2)1 P

The relevant cosets are

G2 <> 0py € Hy,\Sn,/Ha,

¢3 <> 0y € Hiz\Sny/Hi,

Y1 <> oy € Higy, \Smy /Hy

Wy ¢ 0y € Hyzy\Smy/ Hiy- (4.122)

The orthogonal transformation from the restricted Schur basis to the Gauss graph uses
both the group theoretic coefficients of [46]

d ri_>1Hr‘i Ti—>1Hﬁ,

Citi = | Ha [\ 25T (P By ™ Ben ™ (4123)

to transform the ¢o and ¢3 labels, as well as the group theoretic coefficients we have

introduced in this chapter

si_>1Hﬁz~ S5 _>1Hi

km ki ’ my2 " (4124)

CM#Q |Hm ’

£ (010

In terms of these coefficients, the Gauss graph operators are

Oer E Z Z Z Z ZC/JZQVI J¢2 1(123;1)2 (U¢3)C(Sl) (O-wl)C/SzLV)AL (O—ilJQ)OR( \S) AV

robnarsknssik-mysob-ma @,
(4.125)

The action of the dilatation operator in the Gauss graph basis then becomes

DOgy, (0) = —gvar Y, (nij (0,) + 1ij (045) + 1ij (04,) + 14 (04,)) LiOrr, (0) .
1<j
(4.126)
Using the results from [45], we see here that the spectrum of the dilatation operator
again reduces to a set of decoupled oscillators. This is a clear indication of integrability

in this large N limit of the su (2|3) sector.

*This way, 772 has components (m2), with i = 1,2,...p and Y, (m2), = ma.
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4.5 Discussion

In this chapter, we have studied a large N, but non-planar limit of the correlation
functions of a class of operators that are AdS/CFT dual to systems of excited AdS
giant gravitons. In particular, we have included adjoint fermions for the first time.
We started by explaining how to construct restricted Schur polynomials that include
both adjoint bosons and adjoint fermions. These operators diagonalise the free field two
point functions to all orders in N and are a complete set of local operators. We then
explored the one loop anomalous dimensions of these operators. Our study shows that
the action of the one loop dilatation operator acting on a sector that includes fermionic
fields is diagonalised by a natural extension of the double coset ansatz [46]. The resulting
spectrum is identical to the spectrum of a set of decoupled oscillators, clearly indicating

integrability in this large N limit of the su (2|3) sector of super Yang-Mills theory.



Chapter 5

Conclusion

Gauge/gravity duality relates gravitational theories on backgrounds with constant neg-
ative curvature (AdS space) to conformal field theories living on the boundary of these
curved backgrounds. In the case of the most studied example of this duality, when the
AdS space is highly curved so that we are unable to perform gravity calculations, the
dual gauge theory is weakly coupled. Conversely, when the gauge theory is strongly
coupled, the gravity theory reduces to classical supergravity. We have worked on the
gauge theory side which has the potential to provide non-trivial lessons about the gravity
theory.

The two sides of the AdS/CFT correspondence are related by a dictionary according
to which states in the gravity theory are dual to operators in the gauge theory. The
energies of these states are dual to the scaling dimensions of the operators. To compute
the energy spectrum of the states of the gravity theory, one can therefore compute the

spectrum of anomalous dimensions on the gauge theory side.

5.1 En-route to restricted Schur polynomials

An important step towards computing the physical observables in the field theory is
constructing gauge invariant operators, since all physical observables are gauge invariant.
N = 4 super Yang-Mills theory has gauge group U (N). For this reason, the (scalar)
fields are N x N complex matrices. One can use O (1) such scalar fields to construct
single-trace gauge invariant operators that are dual to string states. In the limit N — oo,
it turns out that one needs to sum only planar diagrams in order to compute the one-loop
anomalous dimensions. This problem is solved by identifying the dilatation operator here
with the Hamiltonian of an integrable spin chain.

In our work, we were more interested in large, multi-trace operators built using O (N)

fields, that are dual to giant graviton states. Excited giants correspond to these large
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operators doped with impurities. To compute the one-loop anomalous dimensions for
these operators, it is no longer sufficient to sum only the planar diagrams. This leads to
a breakdown of the spin chain approach for this class of operators. It therefore becomes
imperative to develop a new set of tools that are capable of handling this problem.
Our approach is to exploit the representation theory of symmetric and unitary groups
as well as the relations between them and the operators we study are restricted Schur

polynomials.

5.2 Our results

It is possible to deform the AdSs x S® background on which type IIB string theory sits
in order to study giant gravitons on a Lunin-Maldacena background, AdSs x S, [50].
On the gauge theory side, this amounts to introducing a real deformation parameter
(first catalogued by Leigh and Strassler [48]) into the theory. The result is an N =1
SYM theory from A = 4 SYM theory. This is the subject of Chapter [3] published in
[49].

In particular, we computed the spectrum of anomalous dimensions of restricted Schur
polynomials in the SU (2) sector of the deformed theory. We found that the action of
the dilatation operator factorises into a problem that is associated with the Z fields and
a problem associated with the impurities. The problem associated with the impurities
was diagonalised by the double coset ansatz of [46]. The problem associated with the Z
fields generalised the corresponding problem in the undeformed theory. We managed to
write this problem as the Hamiltonian of a shifted harmonic oscillator, thereby signalling
integrability in this sector of the deformed theory.

In Chapter (| published in [39], we explained how to build restricted Schur polyno-
mials that include both fermions and bosons. These new restricted Schur polynomials
continue to diagonalise the two point function in the free field limit. The number of these
polynomials is equal to the number of multi-trace operators. We also explained how to
transform between the trace basis and the basis provided by the Schur polynomials that
we constructed. As a concrete application of our results, we studied the su (2|3) sector
of N' =4 SYM theory. This sector consists of operators built using two fermions and
three bosons and it is closed to all orders under the action of the dilatation operator.

After building the restricted Schur polynomials for the su (2|3) sector, we computed
the spectrum of anomalous dimensions in this sector. We found that the action of the
dilatation operator again factorised into a problem associated with the Z fields and
another associated with the impurities. The problem associated with the Z fields was
similar to the one studied to in the SU (2) sector [45]. The impurity problem was solved

by a slightly modified version of the double coset ansatz. The resulting spectrum is
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identical to the spectrum of a set of decoupled oscillators which is a clear indication of
integrability in the large N, but non-planar limit of the su (2|3) sector.

In Appendix [C] we computed the spectrum of anomalous dimensions in the sl (2)
sector of N'= 4 SYM theory. This action of the dilatation operator in this sector of the

theory is again diagonalised by the double coset ansatz.

5.3 Some open problems

While group representation theory has proved to be a very powerful tool in studying the
large N, but non-planar limit of N' = 4 SYM theory as well as its deformations, there
are questions that we did not answer.

First, we did not compare our results from Chapter [3| with the predictions of the
gravity theory. A direct comparison seemed almost sure to fail since the AdS/CFT
correspondence is a weak /strong duality. More precisely, the dual gravitational system is
defined in the large t Hooft coupling A and small deformation parameter v (72X is fixed),
while our field theory calculation is valid when A is small and ~y is arbitrary. However,
since the quantum numbers of our operators become parametrically large with N, a
comparison may still be possible. We left this interesting problem for future research.

Second, there are reasonably small corrections that we dropped in the su (2|3) cal-
culation. We did not check whether they are integrable or not.

Lastly, our results suggest that the double coset ansatz of [46] together with the
extension we described in Chapter 4] may diagonalise the complete one-loop dilatation
operator. Since the double coset ansatz is a direct result of Gauss’s law, we also expect
that it (maybe in a modified version) should diagonalise the dilatation operator even

when integrability is not present. It would be nice to verify these two points.

5.4 Conclusion

Though this may be a small step, we hope that we have contributed something to the
ultimate understanding of quantum gravity. In particular, we hope that our results
do shed light on the properties of excited giant gravitons in type IIB string theory.
Undoubtedly, more work still remains to be done in order to understand the problem in

its entirety.



Appendix A

Proof that ¢ commutes with all

o€eSy,.

In this appendix we prove that

C=> (ij)

1>7
commutes with all oeS,,.

We start by noting that in the symmetric group S,, C is a sum of

n(n—1)
2
terms and then consider
(i) # (k).
From here on, we can write
o (i) # o (kl)

and
o(ijyot#o(kl)o L.

It therefore follows that

D ()=o) (ij)o".

1>] 1>7
Multiplying by ¢ from the right yields
> (i) o=0)_ (if)
1>] 1>7

which proves that C' commutes with geS,,.
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Appendix B

The spin chain

In this Appendix, based on [12 B8], we describe how the anomalous dimensions were
computed in the planar limit of A/ = 4 super Yang-Mills (SYM) theory. In particular,
we will compute the spectrum of anomalous dimensions in the su (2) sector of the theory.
The gauge invariant operators that we consider, O (x), are single trace operators. In
the large N and planar limit, the spectrum of local operators comes from these single

trace operators [88].

B.1 One loop anomalous dimensions

As we mentioned in Chapter [I], the two point function of an operator is given by

1

|z —y

(O(2)O0(y)) (B.1)

where

AN =Ny + Y. (B.Q)
is the conformal dimension, /\q is the classical mass dimension and -« is the anomalous
dimension. The anomalous dimension is a quantum correction to the scaling dimension
Ag. When the Yang-Mills coupling is small, we have v < A\g. In this case, the two point
function (B.1) is approximately given by

(O@OW)~ — oz (1- 7 WA [z —y?) (B.3)

|z — y|

where A is a cut-off scale.
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k kel k k+2
(a) (b)

Figure B.1: Planar (a) and non-planar (b) diagrams contributing to the one-loop piece
of the two point correlator.

We can write down gauge invariant operators of the form

(47T2>L/2
Cr, 1.1, NL/2

Tr (¢11 (l‘) o1, (x) 01 (.7})) ) (B'4)

OIlsz-]L (ZB) =

where C7, 1,1, is a symmetric factor. For these operators, the leading contribution is

1
tree 0117127--‘1L

1
oyt
(B.5)
To get the one-loop contribution, we need to sum one-loop diagrams whose form is
shown in figures and (from [88]). In these diagrams, the horizontal lines rep-

resent the operators that enter the two point function, while the vertical lines represent

(01 1s,...1,, (z) O 7271 () ((5‘1]11(5[‘]22 0l 4 cycles)

the fields that are Wick contracted to get the correlator. Figure [B.1] consists of both
planar and non-planar diagrams. If L <« N and N — oo, we observe two things. First,
the number of non-planar diagrams will be much smaller than that of the planar dia-
grams. Second, the non-planar diagrams will be suppressed by a factor of 1/N? when
compared to the planar diagrams. We can therefore drop the non-planar diagrams from
our computation. In other words, the one-loop anomalous dimension can be determined
by summing the planar diagrams only.

Unlike the diagrams in figure the gluon diagrams shown in figure do not mix
the index structures. They give the same index structures as the free theory diagrams

and are therefore easy to computeE] Denoting the contribution from these diagrams by

'This is because the R-charge is conserved and gluons do not have an R-charge [88].
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Figure B.2: One loop diagrams that do not change the index structures.

a constant C, the one-loop contribution can be written as [88]

A1, T2 A (A2|x_y|2) ¢
(O1 1.1, (x) O L (y)>one—loop = 162 PR Z (2P 41— Kipgy1 — 14 C)
o =1

1 T s J
1 2 L
X = = 07,072 -+ 07, + cycles,
I, 1. Cy o dr

(B.6)

where P ;11 is an exchange operator and Kj ;11 is a trace operator. Acting on the delta-
functions in equation , P, 141 exchanges the indices on the [ and the [ 41 sites inside

the trace, i.e.

J1 Ji Ji41 J, 1 Ji41 Ji Jr,
Piy4167) ...511 5]l+1 ...5]L =5} ...511 5IZ+1"'5IL’ (B.7)
while Kj ;11 contracts the indices of neighbouring fields, i.e.
J1 J; Jig1 Jr, _ o1 J1Ji41 Jr,
K167 -+ 07, 6Il+1 0y =07 0n1,,0 e 0pr (B.8)

These two operators result in operator mixing at the one-loop level.

Adding (B.5)) and we get

_ 1
(O 1.1, () Ok (y)) = |z —y|*E
A L
2 2
X (1 T (A [z —y| ) lz; (1-C—=2P 1+ Kl,l+1)>
% 5IJ115IJ22 e 51‘]LL + cycles. (B.9)

Comparing this result with equation (B.3]), we see that the anomalous dimension 7 has
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}_H_}_&____z‘_" _1 T -f—”’:_z_,(‘_'!_ /

Figure B.3: A spin chain with SO (6) vector sites.

been replaced by the operator

A
1672

L
r Z (1-C—2P 1+ Kpjq1)- (B.10)
=1

To obtain the one-loop anomalous dimensions, we therefore need to diagonalise I'.

B.2 Relation to spin chain

The whole class of scalar single trace operators of length L can be mapped to a Hilbert

space which is a tensor product of finite dimensional Hilbert spaces
VIi@Ve®- - Vi®---Vr, (B.11)

where each V) is a Hilbert space for an SO (6) vector representation. The Hilbert space
is the same as the Hilbert space of a one-dimensional spin-chain with L sites
shown in figure (from [88]). At each site in figure [B.3] we have an SO (6) vector
spin.

Since the trace is cyclic, the Hilbert space must be invariant under the shift

VR®Vo®---V® -V 2>V VK- V®---V_1. (B.12)
I' acts linearly in this space,
' VMW - -V -V >V Ve®---V®--- V. (B.13)

Also, T' is Hermitian and commutes with the shift (B.12)). Putting this together, we

see that I' can be treated as a Hamiltonian of the spin chain, with the energy eigen-
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states corresponding to the possible anomalous dimensions for the scalar operators. The
Hamiltonian commutes with the shift, so that we can project onto eigenstates that are
invariant under the shift. Since the operators P ;11 and K; ;11 act on neighbouring fields,
the Hamiltonian of the spin chain only has nearest neighbour interactions between the

spins.

B.2.1 Determining C

We now compute the value of C' by using the properties of BPS operators. Consider
the chiral primary (BPS) operatoif]

(47T2)L/2

Uy, = ~—~>+——
L VINL/2

Tr (Z") (B.14)
which is symmetric under the exchange of any fields. The exchange operator acting on
(B.14) retains ¥y, i.e.

PV, =9y (B.15)

for all 1. This operator, equation (B.14)), contains only Z fields, i.e. there are no Z fields.

Therefore, the trace operator gives

K419 =0. (B.16)
Putting this together, we find
L
IRV 1-C—-2)V;. B.1

Now, as we mentioned in Chapter the scaling dimensions of BPS operators are

protected by supersymmetry. This implies that
1-C-2=0 (B.18)

in equation (B.17)). It therefore follows that C' = —1. Putting this into equation (B.10)),
we find

L
A 1
r'= 87T2;_1 <1 — P+ 2Kl,l+1> . (B.19)

2The normalisation is chosen for later convenience.
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B.2.2 In terms of projectors

It is convenient to write the Hamiltonian (B.19) in terms of projectors. We use the
fact that the tensor product of two SO (6) vector representations is reducible into the
traceless symmetric, the antisymmetric and the singlet representations. The operators

that project V; ® V41 onto these representations are

sym 1 1
H =35 (14 Py1) — EKZ,H-L (B.20)
11+1
as 1
I[=50-Pu) (B.21)
Li+1
and ‘
sing 1
H = 6Kl,l+1- (B.22)
Li+1

In terms of these, we can write equation (B.19)) as

sym as sing

L
r:#Z oI +2II1+311 |- (B.23)

I=1 \ LI+l LI+l L+l

We see here that only two of the three projectors contribute to I'.

B.2.3 Comments

The Hamiltonian that corresponds to I' for the spin chain is integrable [89], meaning
that it can be solved [88], at least in principle. Also, when one goes beyond the first loop,
the n-loop contribution to the anomalous dimension can involve up to n neighbouring
fields in an effective Hamiltonian [90, 9T, 92]. As the coupling A grows bigger, these
longer range interactions become increasingly important. At strong coupling, the spin
chain becomes effectively long range and the Hamiltonian is not known above the first
two loop orders [90], 91, 93].

B.3 The su(2) sector

Thus far, we have mapped the one-loop dilatation operator to the Hamiltonian of an
SO (6) spin chain. We are now in a position to compute the anomalous dimensions of
the O (1) single trace operators in the su(2) sector of SYM theory. As mentioned in
Chapter [T}, this sector, consists of two scalar fields, Z and Y say. These fields transform
under a doublet of SU (2) so that we can label the Z field as spin up (1) and the Y
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field as spin down (). We note that there are no conjugate fields in the operator - we
only have Z and Y fields - so that the contribution from Kj;; is zero. Using this, the
Hamiltonian (B.19) becomes

L
A
su) 872: (1— Ps1) (B.24)

Equivalently, we can write this in terms of spin operators. We have

L
A 1 - =
Usu(z) = SH; (2 —25 - Sl+1) ; (B.25)
which is the Hamiltonian of a Heisenberg spin chain with L lattice sites. The total spin
§=>"8 (B.26)
I

commutes with I' so that the energy eigenstates are also total spin eigenstates [8§].

Since the S - S_'}H term has a negative sign, the corresponding spin chain is ferro-
magnetic. The ground state of a ferromagnet has all the spins are aligned, with a total
spin of L/2 (for L spins). This representation is symmetric and corresponds to the chiral
primary operator. In this case, the energy of the Hamiltonian is zero. To get
non-chiral primary operators, we need to excite the spin chain about its ground state.
The total spin of these operators is less than L/2 [89]. We now give a partial description
of how to get these other states using the S-matrix approach [94] [95].

B.3.1 Single magnon state

To start with, we write the ground state as |11 --- 11), corresponding to the chiral
primary operator . The simplest excited state has one spin pointing down. In
this case, the Hamiltonian acts like a constant plus a hopping term that moves
the down spin (magnon) one site to the left or right. If the magnon is at a particular
position [, then has the action

1—\su(2)

! l -
Pl tt) = (2t ) < e )

— 'T . TTlil TT>>- (B.27)
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We can define the eigenstates

1 L il l >
— i R B.28
p) NG ;:16 el 1t (B.28)

known as single magnon states with momentum p. In terms of these eigenstates, we have

L) Ip) = € (p) Ip) (B.29)
where )
£ (p) = 5o sin? (g) (B.30)

are the eigenvalues. We can quantise the dispersion € (p) as well as the magnon mo-

mentum p so that |p) is invariant under the shift [ — [ 4+ L. Thus

2mn
= —. B.31
P=7 (B.31)
The symmetric state has n = 0 and total spin L/2. The other cases have total spin
L/2 — 1. Since the trace is cyclic, our states must be invariant under the shift [ — [ 4 1.
This means that the only allowed state has p = 0. For this state, there are no chiral

primary operators with only one Y field [8§].

B.3.2 Two-magnon state

Let us now consider a two-magnon state which we construct using an argument that was
first presented by Yang and Yang [96]. Given at least two down spins in our operator, it is
possible to have excited state that satisfies the trace condition. The argument we follow
considers first, an finite spin - instead of a closed one. An unnormalised two-magnon

state that we can write down is

! l . ) .
j”,j.”>+€zq§261p1l1+zml2

l1>l2

lo

) ) h
|p1,p2> = Zezmh—ﬂpzlz L] >’ (B_32)

l1<l2

where we have assumed that p; > ps. Equation can be thought of as the scattering
state of two magnons, with the first term describing the incoming part, while the second
term describes the outgoing part. For this scattering process, the S-matrix - which
we denote Sjy - is given by the phase e’®. When the two magnons are well separated,
ie. |l1 — 3] > 1, they do not interact with each other. If |p1,pe2) is an eigenstate of
I'su(2), the corresponding eigenvalue is a sum of the two non-interacting magnon states
with magnon momenta p; and po. By considering all the possible ways of placing the

two magnons next to each other at sites [ and [ + 1, we find that in order to have an
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eigenstate, we must satisfy
etP2 (2 — e _ e’im) + et (2 — e _ e—’im)
= (4 — e _ ptP1 _ o2 eipz) (eipz 4¢Pt ei¢> . (B.33)
The solution to this equation is

eP1Fip2 _ 9,ip2 +1

e'? = Sjg = — (B.34)

ew1tip2 — Qeip1 4 17

We now consider a closed spin chain of length L. In this case, the cyclicity of the

trace means that the total momentum must be
p1+p2=0. (B.35)

Now, transporting one magnon around the circle results in the same state. However,
since this process takes the first magnon past the second one, the first magnon picks up

a phase €. If the magnon that we transported has momentum p;, we have

ePrleit — 1. (B.36)
Using equation (B.35) we get
¢t = e~ (B.37)
so that the allowed values of p; are
2mn
= . B.
=77 (B.38)

Therefore, the two magnon state has eigenvalues

(B.39)

Again, the case n = 0 corresponds to the symmetric case with spin L/2. All other values
of n have spin L/2 — 2.

B.3.3 M magnons and Bethe equations

It is convenient to define the rapidity u such that

i¢:u—|—i/2 B.40
¢ u—1i/2 (B.40)
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The dispersion relation then becomes

A 1
W =5smweTia (B.41)
and the S-matrix for magnons with rapidity u; and uy is
U; — UL — T

Sipp=—L——. B.42
ik Uj — Uk +1 ( )

For M magnons with momenta p; > p2 > - - - pys, we have

) ) ) Ly la Inr

!p1,p2,--~pM> — Z eiPrlitipalatiparla | Lol ] > 4+, (B.43)

l1<lg--~l]w

where the last set of dots denotes all the other possible orderings of the magnons with
appropriate phase factors. These phase factors are products of the two particle S-
matrices [88], implying that the system is integrable. On a circle with lattice sites L,

the quantisation condition for the j** magnon is

<W>L _ ﬁ“ﬂ' —up A (B.44)

w; —i/2 Ui —Up — 1

The state has energy
M

=3k () (B.45)
j=1
where € (u;) is given by equation (B.41). The trace condition for the total momentum
is o
HM ~ 1. (B.46)
uj —1/2

Equations are known as Bethe equations for the Heisenberg spin chain [97].
For further solutions to these equations, the reader is referred to |89 98, 99]. The spin-
chain technique in the planar large N limit can be generalised to other sectors of SYM
theory including the full PSU (2,2]4). These generalisations are discussed in [100] and
reviewed in [1011 102} 103].



Appendix C

The sl (2) sector]]

In this Appendix, we diagonalise the action of the dilatation operator in the sl (2) sector
using the double coset ansatz [46]. This sector was first written in the restricted Schur
polynomial basis in [38]. The operators for this sector are built using n Z fields and m
vector impurities, i.e. we have m covariant derivatives Dy that act on the n Z fields.
These operators do not mix with other operators under the action of the dilatation
operator. In other words, they form the closed sl (2) subsector [104]. The impurities are
Z® with i = 0,1,2,...m, where

1

AR ~Di7, (C.1)
1

ZzWt = =pr 71 (C.2)
n.

and 20 = Z. Denoting the number of ZW by n;, the restricted Schur polynomial is

AR {ri}os (Z .2, ) Hn I > Xafras (@ f“ )%

TESn ,

(C.3)
The label {r;} af specifies an irreducible representation of Sy, X Sy, X -+ Sy, . It consists
of less than m Young diagrams {r;} and a pair of multiplicity labels af. As before, a
given Sy, X Sp, X - -8y, irrep can be subduced more than once: the multiplicity labels
therefore tell us which of the degenerate copies are being used by the restricted character
XR{r;}ap (0) - The free two point function that follows from (C.3)) is

hooksg

1 _
<X34rga5(P)X&ﬂ%MW(Q)>——5Rs5wg{%}&mﬁgahmﬂﬁqr}f3- (C.4)

!This work was published in [39] - it is my original work.

140
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The delta function g3,y is 1 if the two Spy X Spy X -+ Sy, irreps specified by {r;}
and {s;} are identical. The corresponding multiplicity labels must also match [36]. The

action of the dilatation operator in this sector then becomes

DXR,(r,s)a8 (Za Z “”) = D MR (908,007 XS (Lo (C.5)
S,(t,u)yo
where )
_ 5U(2)
Mprsyapis tusr = oM raaps sy + OMB(rs)ap:s sy (C.6)
Here, M SU@) is identical to the usual action of the dilatation operator in the

R,(r,5)af;8,(t,u)dy
SU (2) sector. However, we notice that we pick up a correction

1 71 nm
SMR, (r,5)08:5,(tu)iy = 95 M (q - Z) ORSO(r,s)(tu) ] -
i=1 re

X (6a§XR (r,s)By ((1 m + 1)) + 66’7XR (r,s)ad ((L m + 1)))
crrrdgnm
s (-3t o

x [Tr (IS’R’PRH(r,s)a,B (Lm+ 1) Igg (1,m+1) Ps_yg tu)sv)

+Tr (Isrrr (1, m + 1) Proy(r.s)aplrrs' Ps—s,(tuysy (1, m + 1))].
(C.7)

SU(2)
Since MR L(r,8)aB;S, (tu)dy

we know that moving to the Gauss graph basis will diagonalise M Ry

is the usual action of the dilatation operator in the SU (2) sector,
U(2)

r,s)af;S,(t,
impurity labels, leaving only the problem considered in [45]. Denoting the piece of the

sy O1L its

dilatation operator that leads to dMpg (;.5)a8;5,(t,u)5y by 0D, we find that in the Gauss

graph basis we have
101
0DOR, =2 N ———]Opg,(0). C.38
R (9) = 20%01 m@ q) o (0) (€3)

Thus the double coset ansatz diagonalises the one loop dilatation operator in the sl (2)

sector.



Bibliography

1]

2]

3]

[4]

18]

9]

[10]

[11]

[12]

J.M. Maldacena, “The Large N Limit of Superconformal Field Theories and Su-
pergravity”, Adv.Theor.Math.Phys 2, 231 (1998), hep-th/9711200.

E. Witten, “Anti-de Sitter space and holography”, Adv.Theor.Math.Phys. 2, 253
(1998), hep-th/9802150!

S. Gubser, I.R. Klebanov & A.M. Polyakov, “Gauge theory correlators from non-
critical string theory”, Phys.Lett. B428, 105 (1998), hep-th/9802109.

O. Aharony, O. Bergman, D.L. Jafferis & J. Maldacena, “N=6 superconformal
Chern-Simons-matter theories, M2-branes and their gravity duals”, JHEP 0810,
091 (2008), larXiv:0806.1218.

P. Di Francesco, P. Mathieu & D. Senechal, “Conformal Field Theory”, Springer
(1997).

C.V. Johnson, “D-Branes”, Cambridge University Press (2003).

K. Becker, M. Becker & J.H. Schwarz, “String Theory and M-Theory: A Modern
Introduction”, Cambridge University Press (2007).

M.E. Peskin & D.V. Schroeder, “An Introduction to Quantum Field Theory”, West-
view Press (1995).

S. Carroll, “Spacetime and Geometry: An Introduction to General Relativity”, Ad-
dison Wesley (2004).

O. Aharony, S.S. Gubser, J.M. Maldacena, H. Qoguri & Y. Oz, “Large N field
theories, string theory and gravity”, Phys.Rept. 323, 183 (2000), hep-th/9905111.

E. Witten, “Bound states of strings and p-branes”, Nucl.Phys. B460, 335 (1996),
hep-th/9510135!

J.A. Minahan, “A brief introduction to the Bethe ansatz in N=Jj super-Yang-
Mills”, Journal of Physics A: Mathematical and General 39, 12657 (2006),
http://stacks.iop.org/0305-4470/39/i=41/a=302.

142


http://arxiv.org/abs/hep-th/9711200
http://arxiv.org/abs/hep-th/9802150
http://dx.doi.org/10.1016/S0370-2693(98)00377-3
http://arxiv.org/abs/hep-th/9802109
http://dx.doi.org/10.1088/1126-6708/2008/10/091
http://dx.doi.org/10.1088/1126-6708/2008/10/091
http://arxiv.org/abs/0806.1218
http://dx.doi.org/10.1016/S0370-1573(99)00083-6
http://arxiv.org/abs/hep-th/9905111
http://dx.doi.org/10.1016/0550-3213(95)00610-9
http://arxiv.org/abs/hep-th/9510135
http://stacks.iop.org/0305-4470/39/i=41/a=S02

BIBLIOGRAPHY 143

[13]

[14]

[19]

[20]

[21]

P.K. Townsend, “Cosmological constant in supergravity”, Phys. Rev. D 15, 2802
(1977), http://link.aps.org/doi/10.1103/PhysRevD. 15.2802.

W. Nahm, “Supersymmetries and their represent-
ations”, Nuclear Physics B 135, 149 (1978),
http://www.sciencedirect.com/science/article/pii/0550321378902183.

M. Pernici, K. Pilch & P. van Nieuwenhuizen, “Gauged N =
8 d = & supergravity”, Nuclear Physics B 259, 460 (1985),
http://www.sciencedirect.com/science/article/pii/0550321385906455.

M. Gunaydin, L. Romans & N. Warner, “Compact and non-compact gauged
supergravity theories in five dimensions”, Nuclear Physics B 272, 598 (1986),
http://www.sciencedirect.com/science/article/pii/0550321386902373.

J. McGreevy, L. Susskind & N. Toumbas, “Invasion of the giant gravitons from
Anti-de Sitter space”, JHEP 0006, 008 (2000), hep-th/0003075.

M.T. Grisaru, R.C. Myers & O. Tafjord, “SUSY and Goliath”, JHEP 0008, 040
(2000), hep-th/0008015!

A. Hashimoto, S. Hirano & N. Itzhaki, “Large branes in AdS and their field theory
dual”, JHEP 0008, 051 (2000), hep-th/0008016

M. Sheikh-Jabbari, “Open strings in a B field background as electric dipoles”,
Phys.Lett. B455, 129 (1999), hep-th/9901080.

D. Bigatti & L. Susskind, “Magnetic fields, branes and noncommutative geometry”,
Phys.Rev. D62, 066004 (2000), hep-th/9908056.

N. Beisert, C. Ahn, L.F. Alday, Z. Bajnok, J.M. Drummond, L. Freyhult, N. Gro-
mov, R.A. Janik, V. Kazakov, T. Klose, G.P. Korchemsky, C. Kristjansen,
M. Magro, T. McLoughlin, J.A. Minahan, R.I. Nepomechie, A. Rej, R. Roiban,
S. Schafer-Nameki, C. Sieg, M. Staudacher, A. Torrielli, A.A. Tseytlin, P. Vie-
ira, D. Volin & K. Zoubos, “Review of AdS/CFT Integrability: An Overview”,
Lett. Math. Phys. 99,, 3 (2010), arXiv:1012.3982.

T. Klose, “Review of AdS/CFT Integrability, Chapter IV.3: N=6 Chern-Simons
and Strings on AdS4zCP3”, Lett.Math.Phys. 99, 401 (2012), arXiv:1012.3999.

D.E. Berenstein, J.M. Maldacena & H.S. Nastase, “Strings in flat space and pp
waves from N=/ superYang-Mills”, JHEP 0204, 013 (2002), hep-th/0202021.

V. Balasubramanian, M. Berkooz, A. Naqvi & M.J. Strassler, “Giant gravitons in
conformal field theory”, JHEP 0204, 034 (2002), hep-th/0107119.

S. Corley, A. Jevicki & S. Ramgoolam, “Fzact correlators of giant gravitons from
dual N=4 SYM theory”, Adv.Theor.Math.Phys. 5, 809 (2002), hep-th/0111222.


http://dx.doi.org/10.1103/PhysRevD.15.2802
http://dx.doi.org/10.1103/PhysRevD.15.2802
http://link.aps.org/doi/10.1103/PhysRevD.15.2802
http://dx.doi.org/10.1016/0550-3213(78)90218-3
http://www.sciencedirect.com/science/article/pii/0550321378902183
http://dx.doi.org/10.1016/0550-3213(85)90645-5
http://www.sciencedirect.com/science/article/pii/0550321385906455
http://dx.doi.org/10.1016/0550-3213(86)90237-3
http://www.sciencedirect.com/science/article/pii/0550321386902373
http://dx.doi.org/10.1088/1126-6708/2000/06/008
http://arxiv.org/abs/hep-th/0003075
http://dx.doi.org/10.1088/1126-6708/2000/08/040
http://dx.doi.org/10.1088/1126-6708/2000/08/040
http://arxiv.org/abs/hep-th/0008015
http://dx.doi.org/10.1088/1126-6708/2000/08/051
http://arxiv.org/abs/hep-th/0008016
http://dx.doi.org/10.1016/S0370-2693(99)00462-1
http://arxiv.org/abs/hep-th/9901080
http://dx.doi.org/10.1103/PhysRevD.62.066004
http://arxiv.org/abs/hep-th/9908056
http://arxiv.org/abs/1012.3982
http://dx.doi.org/10.1007/s11005-011-0520-y
http://arxiv.org/abs/1012.3999
http://dx.doi.org/10.1088/1126-6708/2002/04/013
http://arxiv.org/abs/hep-th/0202021
http://dx.doi.org/10.1088/1126-6708/2002/04/034
http://arxiv.org/abs/hep-th/0107119
http://arxiv.org/abs/hep-th/0111222

BIBLIOGRAPHY 144

[27]

28]

[29]

[30]

[31]

[32]

[33]

[34]

[40]

[41]

42]

D. Berenstein, “Shape and holography: Studies of dual operators to giant gravitons”,
Nucl.Phys. B675, 179 (2003), hep-th/0306090.

H. Lin, O. Lunin & J.M. Maldacena, “Bubbling AdS space and 1/2 BPS geomet-
ries”, JHEP 0410, 025 (2004), hep-th/0409174.

D. Berenstein, “A Toy model for the AdS / CFT correspondence”, JHEP 0407,
018 (2004), hep-th/0403110!

C. Kristjansen, “Review of AdS/CFT Integrability, Chapter IV.1: Aspects of Non-
Planarity”, ar¥Xiv:1012.3997.

S. Corley & S. Ramgoolam, “Finite factorization equations and sum rules for BPS
correlators in N=4 SYM theory”, Nucl.Phys. B641, 131 (2002), hep-th/0205221.

V. Balasubramanian, D. Berenstein, B. Feng & M.x. Huang, “D-branes in
Yang-Mills theory and emergent gauge symmetry”, JHEP 0503, 006 (2005),
hep-th/0411205.

R. de Mello Koch, J. Smolic & M. Smolic, “Giant Gravitons - with Strings Attached
(1)”, JHEP 0706, 074 (2007), hep-th/0701066.

R. de Mello Koch, J. Smolic & M. Smolic, “Giant Gravitons - with Strings Attached
(IT1)”, JHEP 0709:049,2007, (2007), hep-th/0701067.

D. Bekker, R. de Mello Koch & M. Stephanou, “Giant Gravitons - with Strings
Attached (I111)”, JHEP 0802:029,2008, (2007), arXiv:0710.5372.

R. Bhattacharyya, S. Collins & R. de Mello Koch, “Exact Multi-Matriz Correlat-
ors”, JHEP 0803:044,2008, (2008), arXiv:0801.2061.

R. Bhattacharyya, R. de Mello Koch & M. Stephanou, “Ezact Multi-Restricted
Schur Polynomial Correlators”, JHEP 0806:101,2008, (2008), arXiv:0805.3025.

R. de Mello Koch, P. Diaz & H. Soltanpanahi, “Non-planar Anomalous Dimensions
in the sl(2) Sector”, Physics Letters B 713, 509 (2012), arXiv:1111.6385.

R. de Mello Koch, P. Diaz & N. Nokwara, “Restricted Schur Polynomials for
Fermions and integrability in the su(2/3) sector”, JHEP 1303, 173 (2013),
arXiv:1212.5935l

R. de Mello Koch, G. Kemp, B.A.E. Mohammed & S. Smith, “Nonplanar integ-
rability at two loops”, JHEP 1210, 144 (2012), arXiv:1206.0813.

R. de Mello Koch, G. Mashile & N. Park, “Emergent Threebrane Lattices”,
Phys.Rev. D81, 106009 (2010), arXiv:1004.1108.

V. De Comarmond, R. de Mello Koch & K. Jefferies, “Surprisingly Simple Spectra”,
JHEP 1102, 006 (2011), arXiv:1012.3884.


http://dx.doi.org/10.1016/j.nuclphysb.2003.10.004
http://arxiv.org/abs/hep-th/0306090
http://dx.doi.org/10.1088/1126-6708/2004/10/025
http://arxiv.org/abs/hep-th/0409174
http://dx.doi.org/10.1088/1126-6708/2004/07/018
http://dx.doi.org/10.1088/1126-6708/2004/07/018
http://arxiv.org/abs/hep-th/0403110
http://arxiv.org/abs/1012.3997
http://dx.doi.org/10.1016/S0550-3213(02)00573-4
http://arxiv.org/abs/hep-th/0205221
http://dx.doi.org/10.1088/1126-6708/2005/03/006
http://arxiv.org/abs/hep-th/0411205
http://dx.doi.org/10.1088/1126-6708/2007/06/074
http://arxiv.org/abs/hep-th/0701066
http://dx.doi.org/10.1088/1126-6708/2007/09/M.~Smolic
http://arxiv.org/abs/hep-th/0701067
http://dx.doi.org/10.1088/1126-6708/2007/02/M.~Stephanou
http://arxiv.org/abs/0710.5372
http://dx.doi.org/10.1088/1126-6708/2008/03/R.~de~Mello~Koch
http://arxiv.org/abs/0801.2061
http://dx.doi.org/10.1088/1126-6708/2008/06/M.~Stephanou
http://arxiv.org/abs/0805.3025
http://arxiv.org/abs/1111.6385
http://dx.doi.org/10.1007/JHEP03(2013)173
http://arxiv.org/abs/1212.5935
http://dx.doi.org/10.1007/JHEP10(2012)144
http://arxiv.org/abs/1206.0813
http://dx.doi.org/10.1103/PhysRevD.81.106009
http://arxiv.org/abs/1004.1108
http://dx.doi.org/10.1007/JHEP02(2011)006
http://arxiv.org/abs/1012.3884

BIBLIOGRAPHY 145

[43]

[44]

[45]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

W. Carlson, R. de Mello Koch & H. Lin, “Nonplanar Integrability”, JHEP
1103:105,2011, (2011), arXiv:1101.5404.

R. de Mello Koch, M. Dessein, D. Giataganas & C. Mathwin, “Giant Graviton
Oscillators”, JHEP 1110, 009 (2011), arXiv:1108.2761.

R. de Mello Koch, G. Kemp & S. Smith, “From Large N Nonplanar An-
omalous Dimensions to Open Spring Theory”, Phys.Lett. B711, 398 (2012),
arXiv:1111.1058.

R. de Mello Koch & S. Ramgoolam, “A double coset ansatz for integrability in
AdS/CFT”, JHEP 1206, 083 (2012), arXiv:1204.2153.

R. de Mello Koch, B.A.E. Mohammed, J. Murugan & A. Prinsloo, “Beyond the
Planar Limit in ABJM”, JHEP 1205, 037 (2012), jarXiv:1202.4925.

R.G. Leigh & M.J. Strassler, “Ezactly marginal operators and duality in four-
dimensional N=1 supersymmetric gauge theory”, Nucl.Phys. B447, 95 (1995),
hep-th/9503121]

R. de Mello Koch, J. Murugan & N. Nokwara, “Large N anomalous dimensions for
large operators in Leigh-Strassler deformed SYM”, Phys.Lett. B721, 164 (2013),
arXiv:1212.6624l

O. Lunin & J. Maldacena, “Deforming field theories with U(1) x U(1) global sym-
metry and their gravity duals”, JHEP 0505, 033 (2005), hep-th/0502086.

S. Frolov, “Laz pair for strings in Lunin-Maldacena background”, JHEP 0505, 069
(2005), hep-th/0503201!

N. Beisert, “The su(2/3) dynamic spin chain”, Nucl.Phys. B682, 487 (2004),
hep-th/0310252.

J. Stefanski, B. & A.A. Tseytlin, “Super spin chain coherent state actions and
AdS(5) © S**5 superstring”, Nucl.Phys. B718, 83 (2005), hep-th/0503185.

N. Beigert & M. Staudacher, “The N=4 SYM integrable super spin chain’,
Nucl.Phys. B670, 439 (2003), hep-th/0307042,

W. Burnside, “Theory of Groups of Finite Order”, Cambridge University Press
(1897).

W. Fulton & J. Harris, “Theory of Group Representations and Applications”,
Springer Verlag (1991).

M. Pirrone, “Giants On Deformed Backgrounds”, JHEP 0612, 064 (2006),
hep-th/0609173.

R.C. Myers, “Dielectric branes”, JHEP 9912, 022 (1999), hep-th/9910053.


http://dx.doi.org/10.1007/JHEP03(2011)H.~Lin
http://dx.doi.org/10.1007/JHEP03(2011)H.~Lin
http://arxiv.org/abs/1101.5404
http://dx.doi.org/10.1007/JHEP10(2011)009
http://arxiv.org/abs/1108.2761
http://dx.doi.org/10.1016/j.physletb.2012.04.018
http://arxiv.org/abs/1111.1058
http://dx.doi.org/10.1007/JHEP06(2012)083
http://arxiv.org/abs/1204.2153
http://dx.doi.org/10.1007/JHEP05(2012)037
http://arxiv.org/abs/1202.4925
http://dx.doi.org/10.1016/0550-3213(95)00261-P
http://arxiv.org/abs/hep-th/9503121
http://dx.doi.org/10.1016/j.physletb.2013.03.012
http://arxiv.org/abs/1212.6624
http://dx.doi.org/10.1088/1126-6708/2005/05/033
http://arxiv.org/abs/hep-th/0502086
http://dx.doi.org/10.1088/1126-6708/2005/05/069
http://dx.doi.org/10.1088/1126-6708/2005/05/069
http://arxiv.org/abs/hep-th/0503201
http://dx.doi.org/10.1016/j.nuclphysb.2003.12.032
http://arxiv.org/abs/hep-th/0310252
http://dx.doi.org/10.1016/j.nuclphysb.2005.04.026
http://arxiv.org/abs/hep-th/0503185
http://dx.doi.org/10.1016/j.nuclphysb.2003.08.015
http://arxiv.org/abs/hep-th/0307042
http://dx.doi.org/10.1088/1126-6708/2006/12/064
http://arxiv.org/abs/hep-th/0609173
http://dx.doi.org/10.1088/1126-6708/1999/12/022
http://arxiv.org/abs/hep-th/9910053

BIBLIOGRAPHY 146

[59]

[60]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

M. Born & L. Infeld, “Foundations of the New Field Theory”,
Proc. R. Soc. Lond. A. 144, 425 (1934).

P.AM. Dirac, “An Extensible Model of the Electron”, Proc. R. Soc. Lond. A. 268,
57 (1962).

M. Li, “Boundary states of D-branes and Dy strings”, Nucl.Phys. B460, 351 (1996),
hep-th/9510161.

M.R. Douglas, “Branes within branes”, hep-th/9512077.

M.B. Green, J.A. Harvey & G.W. Moore, “I-brane inflow and anomalous couplings
on d-branes”, Class.Quant.Grav. 14, 47 (1997), hep-th/9605033.

R. Roiban, “On spin chains and field theories”, JHEP 0409, 023 (2004),
hep-th/0312218

D. Berenstein & S.A. Cherkis, “Deformations of N=4 SYM and integrable spin
chain models”, Nucl.Phys. B702, 49 (2004), hep-th/0405215.

N. Beisert & R. Roiban, “Beauty and the twist: The Bethe ansatz for twisted N=4
SYM”, JHEP 0508, 039 (2005), hep-th/0505187.

S. Frolov, R. Roiban & A.A. Tseytlin, “Gauge-string duality for supercon-
formal deformations of N=4 super Yang-Mills theory”, JHEP 0507, 045 (2005),
hep-th/0503192.

R. de Mello Koch & R. Gwyn, “Giant Graviton Correlators from Dual SU(N) super
Yang-Mills Theory”, JHEP 0411, 081 (2004), hep-th/0410236.

A. Hamilton & J. Murugan, “Giant Gravitons on Deformed pp-waves”, |JHEP
0706, 036 (2007), hep-th/0609135.

S. Gubser, I. Klebanov & A.M. Polyakov, “A Semiclassical limit of the gauge /
string correspondence”, Nucl.Phys. B636, 99 (2002), hep-th/0204051|

S. Frolov & A.A. Tseytlin, “Semiclassical quantization of rotating superstring in
AdS(5) x S**57, JHEP 0206, 007 (2002), hep-th/0204226.

S. Frolov & A.A. Tseytlin, “Multispin string solutions in AdS(5) z S**57,
Nucl.Phys. B668, 77 (2003), hep-th/0304255,

S. Frolov & A.A. Tseytlin, “Quantizing three spin string solution in AdS(5) © S**57,
JHEP 0307, 016 (2003), hep-th/0306130.

Y. Kimura & S. Ramgoolam, “Branes, anti-branes and brauer algebras in gauge-
gravity duality”, JHEP 0711, 078 (2007), arXiv:0709.2158.

T.W. Brown, P. Heslop & S. Ramgoolam, “Diagonal multi-matriz correlators and
BPS operators in N=4 SYM”, JHEP 0802, 030 (2008), arXiv:0711.0176.


http://dx.doi.org/10.1098/rspa.1934.0059
http://dx.doi.org/10.1098/rspa.1962.0124
http://dx.doi.org/10.1098/rspa.1962.0124
http://dx.doi.org/10.1016/0550-3213(95)00630-3
http://arxiv.org/abs/hep-th/9510161
http://arxiv.org/abs/hep-th/9512077
http://dx.doi.org/10.1088/0264-9381/14/1/008
http://arxiv.org/abs/hep-th/9605033
http://dx.doi.org/10.1088/1126-6708/2004/09/023
http://arxiv.org/abs/hep-th/0312218
http://dx.doi.org/10.1016/j.nuclphysb.2004.09.005
http://arxiv.org/abs/hep-th/0405215
http://dx.doi.org/10.1088/1126-6708/2005/08/039
http://arxiv.org/abs/hep-th/0505187
http://dx.doi.org/10.1088/1126-6708/2005/07/045
http://arxiv.org/abs/hep-th/0503192
http://dx.doi.org/10.1088/1126-6708/2004/11/081
http://arxiv.org/abs/hep-th/0410236
http://dx.doi.org/10.1088/1126-6708/2007/06/036
http://dx.doi.org/10.1088/1126-6708/2007/06/036
http://arxiv.org/abs/hep-th/0609135
http://dx.doi.org/10.1016/S0550-3213(02)00373-5
http://arxiv.org/abs/hep-th/0204051
http://dx.doi.org/10.1088/1126-6708/2002/06/007
http://arxiv.org/abs/hep-th/0204226
http://dx.doi.org/10.1016/S0550-3213(03)00580-7
http://arxiv.org/abs/hep-th/0304255
http://dx.doi.org/10.1088/1126-6708/2003/07/016
http://arxiv.org/abs/hep-th/0306130
http://dx.doi.org/10.1088/1126-6708/2007/11/078
http://arxiv.org/abs/0709.2158
http://dx.doi.org/10.1088/1126-6708/2008/02/030
http://arxiv.org/abs/0711.0176

BIBLIOGRAPHY 147

[76]

[77]

[78]

[79]

[80]

[81]

[82]

[83]

[84]

[85]

[86]

87]

[88]

[89]

[90]

[91]

T.W. Brown, P. Heslop & S. Ramgoolam, “Diagonal free field matriz cor-
relators, global symmetries and giant gravitons”, JHEP 0904, 089 (2009),
arXiv:0806.1911.

J. Pasukonis & S. Ramgoolam, “From counting to construction of BPS states in
N=4 SYM”, JHEP 1102, 078 (2011), arXiv:1010.1683.

Y. Kimura & S. Ramgoolam, “Enhanced symmetries of gauge theory and resolving
the spectrum of local operators”, Phys.Rev. D78, 126003 (2008), arXiv:0807 .3696.

Y. Kimura, “Non-holomorphic multi-matriz gauge invariant operators based on
Brauer algebra”, JHEP 0912, 044 (2009), arXiv:0910.2170.

Y. Kimura, “Quarter BPS classified by Brauer algebra”, JHEP 1005, 103 (2010),
arXiv:1002.2424.

J. Pasukonis & S. Ramgoolam, “Quantum states to brane geometries via fuzzy
moduli spaces of giant gravitons”, JHEP 1204, 077 (2012), arXiv:1201.5588.

Y. Kimura, “Correlation functions and representation bases in free N=4 Super
Yang-Mills”, Nucl.Phys. B865, 568 (2012), arXiv:1206.4844.

M. Hamermesh, “Group Theory and Its Applications to Physical Problems”,
Addison-Wesley (1962).

S. Collins, “Restricted Schur Polynomials and Finite N Counting”, Phys.Rev. D79,
026002 (2009), arXiv:0810.4217.

F. Dolan, “Counting BPS operators in N=4 SYM”, Nucl.Phys. B790, 432 (2008),
arXiv:0704.1038.

V.D. Comarmond, R. de Mello Koch & K. Jefferies, “Surprisingly Simple Spectra”,
JHEP 1102:006,2011, (2010), arXiv:1012.3884.

R. de Mello Koch, N. Ives & M. Stephanou, “On subgroup adapted bases for rep-
resentations of the symmetric group”, Journal of Physics A Mathematical General
45, 135204 (2012), arXiv:1112.4316.

J.A. Minahan, “Review of AdS/CFT Integrability, Chapter 1.1: Spin Chains in
N=/ Super Yang-Mills”, Lett.Math.Phys. 99, 33 (2012), arXiv:1012.3983.

J. Minahan & K. Zarembo, “The Bethe ansatz for N=4 superYang-Mills”, | JHEP
0303, 013 (2003), hep-th/0212208.

N. Beisert, C. Kristjansen & M. Staudacher, “T'he Dilatation operator of conformal
N=/ superYang-Mills theory”, Nucl.Phys. B664, 131 (2003), hep-th/0303060.

N. Beisert, “The Dilatation operator of N=4 super Yang-Mills theory and integ-
rability”, Phys.Rept. 405, 1 (2005), hep-th/0407277.


http://dx.doi.org/10.1088/1126-6708/2009/04/089
http://arxiv.org/abs/0806.1911
http://dx.doi.org/10.1007/JHEP02(2011)078
http://arxiv.org/abs/1010.1683
http://dx.doi.org/10.1103/PhysRevD.78.126003
http://arxiv.org/abs/0807.3696
http://dx.doi.org/10.1088/1126-6708/2009/12/044
http://arxiv.org/abs/0910.2170
http://dx.doi.org/10.1007/JHEP05(2010)103
http://arxiv.org/abs/1002.2424
http://dx.doi.org/10.1007/JHEP04(2012)077
http://arxiv.org/abs/1201.5588
http://dx.doi.org/10.1016/j.nuclphysb.2012.08.010
http://arxiv.org/abs/1206.4844
http://dx.doi.org/10.1103/PhysRevD.79.026002
http://dx.doi.org/10.1103/PhysRevD.79.026002
http://arxiv.org/abs/0810.4217
http://dx.doi.org/10.1016/j.nuclphysb.2007.07.026
http://arxiv.org/abs/0704.1038
http://dx.doi.org/10.1007/JHEP02(2010)K.~Jefferies
http://arxiv.org/abs/1012.3884
http://dx.doi.org/10.1088/1751-8113/45/13/135204
http://dx.doi.org/10.1088/1751-8113/45/13/135204
http://arxiv.org/abs/1112.4316
http://dx.doi.org/10.1007/s11005-011-0522-9
http://arxiv.org/abs/1012.3983
http://dx.doi.org/10.1088/1126-6708/2003/03/013
http://dx.doi.org/10.1088/1126-6708/2003/03/013
http://arxiv.org/abs/hep-th/0212208
http://dx.doi.org/10.1016/S0550-3213(03)00406-1
http://arxiv.org/abs/hep-th/0303060
http://dx.doi.org/10.1016/j.physrep.2004.09.007
http://arxiv.org/abs/hep-th/0407277

BIBLIOGRAPHY 148

[92]

193]

[94]

[95]

196]

[97]

[98]

[100]

[101]

[102]

[103]

[104]

C. Sieg, “Review of AdS/CFT Integrability, Chapter 1.2: The spectrum from per-
turbative gauge theory”, Lett.Math.Phys. 99, 59 (2010), arXiv:1012.3984.

C. Sieg, “Superspace computation of the three-loop dilatation operator of N=4 SYM
theory”, Phys.Rev. D84, 045014 (2011), arXiv:1008.3351.

M. Staudacher, “Review of AdS/CFT Integrability, Chapter III.1: Bethe Ansdtze
and the R-Matriz Formalism”, | Lett.Math.Phys. 99, 191 (2012), arXiv:1012.3990.

C. Ahn & R.I. Nepomechie, “Review of AdS/CFT Integrability, Chapter III.2:
Ezact World-Sheet S-Matriz”, Lett.Math.Phys. 99, 209 (2012), arXiv:1012.3991.

CN. Yang & C.P. Yang, “One-Dimensional ~ Chain  of  Aniso-
tropic  Spin-Spin  Interactions. I Proof of Bethe’s Hypothesis for
Ground State in a Finite System”, Phys. Rev. 150, 321 (1966),
http://link.aps.org/doi/10.1103/PhysRev.150.321.

H. Bethe, “On the Theory of Metals. 1. Eigenvalues and Figenfunctions of the
Linear Atom Chain”, Zeitschrift fiir Physik 71, 205 (1931).

N. Beisert, J. Minahan, M. Staudacher & K. Zarembo, “Stringing spins and spin-
ning strings”, JHEP 0309, 010 (2003), hep-th/0306139.

N. Beisert, S. Frolov, M. Staudacher & A.A. Tseytlin, “Precision spectroscopy of
AdS / CFT”, JHEP 0310, 037 (2003), hep-th/0308117.

N. Beisert & M. Staudacher, “Long-range psu(2,2/4) Bethe Ansatze for gauge the-
ory and strings”, Nucl.Phys. B727, 1 (2005), hep-th/0504190.

A. Rej, “Review of AdS/CFT Integrability, Chapter 1.3: Long-range spin chains”,
Lett.Math.Phys. 99, 85 (2012), arXiv:1012.3985.

S. Schafer-Nameki, “Review of AdS/CFT Integrability, Chapter I1.4: The Spectral
Curve”, Lett.Math.Phys. 99, 169 (2012), arXiv:1012.3989.

P. Vieira & D. Volin, “Review of AdS/CFT Integrability, Chapter II1.3: The Dress-
ing factor”, Lett.Math.Phys. 99, 231 (2012), arXiv:1012.3992.

N. Beisert, “The complete one loop dilatation operator of N=4 superYang-Mills
theory”, Nucl.Phys. B676, 3 (2004), hep-th/0307015.


http://dx.doi.org/10.1007/s11005-011-0508-7
http://arxiv.org/abs/1012.3984
http://dx.doi.org/10.1103/PhysRevD.84.045014
http://arxiv.org/abs/1008.3351
http://dx.doi.org/10.1007/s11005-011-0530-9
http://arxiv.org/abs/1012.3990
http://dx.doi.org/10.1007/s11005-011-0478-9
http://arxiv.org/abs/1012.3991
http://dx.doi.org/10.1103/PhysRev.150.321
http://link.aps.org/doi/10.1103/PhysRev.150.321
http://dx.doi.org/10.1088/1126-6708/2003/09/010
http://arxiv.org/abs/hep-th/0306139
http://dx.doi.org/10.1088/1126-6708/2003/10/037
http://arxiv.org/abs/hep-th/0308117
http://dx.doi.org/10.1016/j.nuclphysb.2005.06.038
http://arxiv.org/abs/hep-th/0504190
http://dx.doi.org/10.1007/s11005-011-0509-6
http://arxiv.org/abs/1012.3985
http://dx.doi.org/10.1007/s11005-011-0525-6
http://arxiv.org/abs/1012.3989
http://dx.doi.org/10.1007/s11005-011-0482-0
http://arxiv.org/abs/1012.3992
http://dx.doi.org/10.1016/j.nuclphysb.2003.10.019
http://arxiv.org/abs/hep-th/0307015

	Introduction
	Conformal symmetry
	CFTs and fixed pointsThis section is based on Peskin1995 and p84 of Johnson2003.
	The AdS/CFT correspondence
	N=4 SYM and type IIB string theory
	Symmetry matchingThis discussion is based on KatrinBecker2007,Minahan2006,Aharony:1999ti.
	Large N limit

	ABJM theory

	Giant gravitons
	Sphere giants
	AdS (Dual) giants

	Planar limit
	N=4 SYM theory and type IIB string theory (AdS5/CFT4)
	ABJM theory and type IIA string theory (AdS4/CFT3)

	Non-planar limit
	Large N, but non-planar limit

	Outline of this thesis
	Marginally deformed N=4 SYM
	su(2|3) sector
	The sl(2) sector


	Group representation theory
	Multi-trace operators and gravity
	Action of Sn.
	Correlation functions
	Schur polynomials
	Projectors
	The two-point function of Schur polynomials

	Restricted Schur polynomials
	Projectors for restricted Schurs
	Two-point function
	Action of the dilatation operator

	Double coset ansatz
	Gauss graphs
	Counting
	Gauss graph operators


	Leigh-Strassler deformed SYM
	The string theory caseThis whole section is due to Pirrone:2006iq.
	Rotating point particle
	Giant graviton
	Dual giant graviton
	Stability of the (giant) gravitons

	The gauge theory
	The traces
	Schur-Weyl duality
	The coefficient
	Action of the dilatation operator
	The continuum limit
	Gauss graph operators
	Continuum limit in the Gauss graph basis
	Spectrum

	Discussion

	Including fermions
	Warm up: single fermion
	Counting
	Warm up: bosons
	One fermion and one boson
	Fermions and bosons

	Restricted Schurs for su(2|3)
	Preliminary comments
	Construction

	Action of dilatation operator in the su(2|3) sector
	Discussion

	Conclusion
	En-route to restricted Schur polynomials
	Our results
	Some open problems
	Conclusion

	Proof that C commutes with all Sn.
	The spin chain
	One loop anomalous dimensions
	Relation to spin chain
	Determining C
	In terms of projectors
	Comments

	The su(2) sector
	Single magnon state
	Two-magnon state
	M magnons and Bethe equations


	The sl(2) sectorThis work was published in Koch:2012sf - it is my original work.
	Bibliography

