
CHAPTER VI

CHANGES OF ORADING DUE TO PHYSICAL 
Ai.'D CIim CAL '.VEATilSRIHG.

THTROPUCTION:

This section will describo a ohort programme of work 
designed to Investigate the offects of chemical and physical 
V M t M r ln g  on the grading of artificial filter 3ands, i .e .  
crusher sands. It includes a description of an investigation 
of the failure of a uractical sewage purification filter due 
to rapid c h e r leal weathering of the filter sand* It also 
describes a short aeries of physical woatherlng tests carried 
out over a period of 3 months on a number of difforent crusher 

sands•

CAUSES OF THU PU3THER BREAKDOWN* OF THE PARTICLES 
0? A CRUSHEP. SA!." ' -N’T TO CR' : 1

(i) The Effocis cf

Slow motion roving pictures of the action of roll and 

law crushora show that roughly cubical blocks of stono break 
in two ways: (a) by transverse cracks through the bloc*8 
going from roll to roll and yiolding more or loao tabular 
slabs, and ( b ) by radiating cranks from contact points at the 
roll fac«'3. From observatior of the pict -he Pr °P °r*]:
of trains made by tho two crashing actions appear to be of the

order of 60$ and 20$  respectively. The ^ l0Cr L ° L j £ l a i o  of

a r j s a u -

in the original block of atom .

These small defects in the chunks ^  1̂
although invisiblo to tho miked eye, r®£dcr J Of*r»onts of 
sound crushed rock moro vulnerable to tho action or cgon*.

weathering than tho sound rock#

Thcro la «r> additional aourco S^pth.

used Tor crusher sands "hich ha3 # i u ;atorsrand to

e.jr. tho waste rock cxta?a*v^  orUohor sands. This hard, 
provido concroto a^grogatoa an numerous hair cracks
brittle quartz it© Invariably »u»t c o n ^ ^ ^ ^ V o

1 ing free .
Which the rock has been s ub je c te d  through tho ages.

(ii)  Chemical WuutherUvg,

The chomlcal woath.rlng of rocks thC

chomicr* decomposition of somo *. >flnioal woathering takes 
minor.. . Combined chemical a^ t a ? n  JSckminerals, e .g . the 
placo owing to the fact that cor ^  increased volume of

folapars give rise on. d“c^Ip?he decomposing minerals may set 
products. Tho expansion of the aocompo f tho
up sufficiently largo stresses to causo cra^Ki t

particlos.
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(iii )  Physical Weathering

The primary mochanical agent which could cause tho 
disintegration of the particles of filtor sands is that of 
temperaturo variation.

Tho disintegration of rocks duo to tomporaturo changos 
may result from: la) Unequal oxpanslon and contraction of 
component mineral* havinr different coefficients of thoroal 
expansion. In  this  case the rosult of fluctuating 
tomperaturos is ttc formation of small cracks into which vrator 
mav percolatc end either sot up chemical action or (b) disrupt 
tho rock by froozinr. In passing from tho liquid to the solid 
state water oxpands . *th a forco which varios with tho 
temperature and ^t  a temperaturo of -22°C may oxort a pressure 
of up to lST/in.*-

Since ico contracts on cooling, a cavity filled at 0°C 
would not bo flllcJ  at If now, additional moisturo
froozos in tho cavity, tho:i as the tonperaturo risos, 
disruption of tho “oek will be caused by tho ico expanding up 

to tho melting poiit .

Thoso thon, oro the main causcs of tho broakdowr. of 
tho particlos of art If 1 d filter aanas. ..ic c:fcct
of crushing and ro .icf  of -oolo-ical stress is probably tho 
initiating causo w th chemical and physical woathorlng playing 

an important secondary role.

the  f a il u r e  of  a s w a g e  p u r if ic a t i o n  FILTER DJE 
TO r a p id  c h e m ic a l  or T.l . FILTER Â_?jD

Tho filtor i n  this  caao was a slow 3and filtor of t:io 

"Hamlin" typo.

The filtor .ns r.edlum Is u loyor of fairly coarso sand 

6" doop* 3olor this ore throo layers of Jtonos 
also which allow oisy flow of tho liquid to tho colic „lnt,

channols below.

from thaT5 i s ? r i b u ? i ^ S h J n L l \ ^ a S * ^

gradually bocono c l o g g e d ,  P e e r e s s .n g  i

y a m t n p  renewed by moans of a cloaning 

oporat ion whlch**f! normally carried ou. once ovory 24 hours.

Tho c l o o n i n g  °P® rfttl°|J o ^ ^ n t r a ^ c h a n n e ^ a  and
in a rovorso d i r e c t i o n  t.u ’■ * ntrai d i s t r i b u t i n g  channel,
up through tho f i l t e r  into  th > inches so that
Tho upward flow js under  a head of ®n^ da U s c i r  i3 u* r d ly

the flow is very gcntlo  and . l i t t l e  a b ra s io n  botweon
agitated. Aa a result thor« L* , nn(j j o ^ n  tho
the grains. A f'nvollln,';. scroe t oroQto a wavr
filter along the sand »u r f  c i a^br!isK^p ^  ^

which agitates t.io top aui la botweon 10 and 15
humus. The o p e r a t io n  is continued  roi e

minutes.

It Is fcund thnt no:-ma 1 ly 1 1 ‘̂ ^ ^ b o o n  in operation 

filter in vury U t t l o  and ono uolna tho original sand
continuously for more than ^  yAf tJa thc u f o  of tho filtor 
without any trouble. In S o i . > fln lt0 . 
boa is gonora1 1 t taken to bo indefinite.
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In t.io ease considered, tho sand was a crushcd granite 
and tho filter  bod was spocifiod to bo laid in the following 
layers:

6" layer at bottom -3" to +2" stone
3" layer -i" to +}" stone

3!! layer -i" to +i" atono
6 layer at top Sand: -20 •* esh to ■♦•30 mesh

B .S .  Sieve

It wa3 tho top 6" layor which showed signs of decomposition.

Within a yoar, It was found that tho 3and was washing 
into the 3tono lnyors benrath and on oxaminution it was found 
that tho sand contninod a largo proportion of fino matorial.
Tho grains wcro no longer hard and di3croto but could bo 
crushed botwoon the fingers and ground to dust.

It was obvious that the felsparo of tho crushod 
granito sand had bcon almo3t completely decomposed by the 
organic acids contained in the sewage. Tho chomical 
decomposition was alir.03t cortainly accoloratod in this caso 
by the hair cracks caused in tno crushing process.

Comparing tho actual grading of tho sand a!tor ono 
yoar's sorvica with the r.pecifiod grading, it will be soon 
that tho decomposed sand is considerably finor than tho 
specified grading cvon allowing for qulto largo variations 
in tho freshly crushod filter sand from tho specification.

A standard filter test was carried out on the 
decomposed sand and it was found that tho sand behaved as a 
filter within itaelf . The grading curves show that there was 
hardly any difference botwoon the top and bottom halves cl tno 

sample after tho tect.

It should bo pointed out that the top t'"0 layers of 
tr.is filter do not satisfy eithor the Torzaghi or tho U .S .B .R .  

filtor design criteria .

'Vorkinj on spocifiod particxo sizes:

For tho Torsr.ghi criterion:

d15 *  10 .0
Dqs FOUNDATION

Whoreas tho maximum permissible value of this ratio is 5 .

For tho U .S .B .R . critorlon.

P5Q FILTER « i3 ,o  

D50 FOUNDATION

Wheroas thi3 ratio haa a maximum permissiblo valuo of 10*

Nevertheless, accordlnc to the o^lncors 

for tho filter  aoslen, tho loa» of » » * £ « ■  tho ru t o r  “ 
nogligiblc until decomposition had oocurred.

It can safoly bo oonolud.d that tho failure o f^h la

filtor wuo caused by a ch.ngo In the 8 U |J® of lt3 COn3tltuont 
sand brought about by chomical docomposis 

minerals.
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PHYSICAL WITHERING TESTS ON CRUSH2R SANDS

This series of four testa was carried out;

(a) to got some idoa of tho rapidity with which mechanical 
woathoring can uifoct the grading of a crushor sand;

(b) to ostabliah tho posaiblo magnitude of such changes; 
and

(c) to discovor tho differing offocts of physical weather­
ing on crusher sands dorivod from varying ro<,k sourcos.

Tho 3 a m p lo D  on which tho tosts wero carried out woro 
as follows:

Samplo
No. Rock Description

1 Pretoria
Norito

Sound, hard, vnwoatherod, modium 
crystalline f .rk grey norlto.

.......... ..............................................................-

2 Beaufort 
Sandstono

Vory fine grained, uniform, blue- 
grey sandstone medium to hard In 
consistency.

3 Transvaal

Granite

r ink and whlto, medium crystallino ! 
sound and unwoathorod granite.

4 Wi -wators- 
raiid Quart - 
sito

Hard, un»oath*i**d# finoly grainod 
grey quartzite

Crushed aggregates of all theso rocks aro commonly used 
in concrcto and road making in tho Union and tho Norlto,
Qranlto and Quartrite aro ofton incorporated in filters in tne

form of crusher jands.

This soloctIon of samplot; covors the main rango of 
geological rock types, that is, igneous, sedimentary and 

motar.orphic rocks aro all roprosonto..

Tho tosts wore carried out in tho following manner.

(i)  Each rock samplo was finely crushed using a Jaw crusher.
tfhen a sufficiently largo quantity of crusher aand had boon^©

obtainod, the sample was thoroughly rclxod an p , ugi™.
analysis was carriod out on about ono-thlrd '  for tho
wot sieving. This providod tho initial grading curvo foi tho

crushor sand*

(li)  The weathering tost was carriod out on tho remainder as 

follows:

Tho crusher aand was f 1®00^ l?15oct ln°a8drying5oven^0n 
basin and heated to a tomporaturu of dousod with a stream 
Thu samplo was romo.od from tho ovon and dousoa » itn a

of oold wator. Tho wot orushor sand « " ’  ^ ° . na„5 SoSoi!^ was
tonperaturo of -10°C aftor 'J'h*01- a range of temperature
ropeatod. Each samplo was taken through a rango u r

of 120°C onco evory 24 hours*
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Thia^procoaa was continued for a poriod of 3 month3 , 
at tho end o. which poriod a aocond particlc sizo analysis 
was mad© •

Tho pairs of grading curvo3 for tho four samples 
accompany this soction.

Tho woathering procoa3 to which tho sands wore 
nubJoctod was very sovoro indood. The most sovoro weathering 
took place during tho dousing procoss when the sand fragments 
of tho crystallino rocks could bo both hoard ^id soon 
disintegrating.

Thio sovority would roally only bo approached in 
naturrt under dosort conditions. ?ho artificial prososs is 
howe\ ).• similar to a natural woathoring process excent that 
tho timo scale in much cohionaod. Tho extent of weathering 
attainod in thoso testa of 3 month duration would probably 
only be attainod undor tho sovoroot aorvico conditions aftor 
a lapse of oovoral yoars.

Tho auccoasivo grading curves show that all tho sands 
bocamo finor during the courso of the tost. Tho fact that 
tho chango3 wcro in somo eases vory small doos not invalidate 
this statomont as in this c«3f. orrors duo to natural variation 
woro practically olimina^od by tho thorough mixing to wnich tho 
somplo was subjectt.d.

Tho two crushor sanda dorivod from ignoous rocks show 
tho greatest changes in grading, tho crushod granito boing tho 
worso of tho two. (Thi3 was tho same granite wnich was 
docorcposod ao rapidly by sewage acids}. This is probably 
becauso tho crystallino naturo of tho rock rondors it more 
subject to attack by differential oxpansion and contraction.

The crushed sandstono was slightly loss weafchorod 
than tho igneous rocks and tho quartzito crushor sand proved 
tho most stable of tho four sands.

CONCLUSIONS:

It ca.i bo concluded that changos in grading duo to 
weathering, both chonical and physical, can be .r. import ml 
factor loading to tho broakdown of a tiltor layer.

If natural sands aro used, weathering will have Mttlo 
or no offoct. Natural tends are thomeelvea tho projmat* of 
weathering and as such aro u&ually vory atablo and rosistant 
to tho offoots of further woathoring.

All artificial crushod sands enn be affocted by

physical woathoring resulting from this aspect aro
fluctuation;*. Tho worst typoo of rock from this aspect ar

tho crystallino ignooua rocka.

Furthermore, crusher aancla oont.Unlng uMtnhlo 

mlnor.la such »s folJpars aro unsuitably for u.o  as i u to r  
media for corrosive liquids such no sowsc® ofT.uant.



CHAPTER VII

A STUDY OF SOtllC EMPIRICAL RELATIONS FOR 
THV: FLQrtf o;' WAT'-.R THROUGH FILTER s a n d s .

INTRODUCTION:

It has already boen oxplainod in tho introduction to 
thi3 thosis that any investigation of tho behaviour of filters 
and filtor sand3 should onquiro not only into the changes of 
grading undergone by the aands, but also into tho hydraulic 
bohaviour of the 3oll-water flow system as tho changes of 
f:raitn£ prooeod# It should in fact do more, it should attempt 
to find the link between the variations of grading and 
hydriullo proportlos - which are obviously interdependent.
That is the object oi chapter.

First of all , the validity of tho basic flow law for 
soils (D 'Arcy ’ 3 Law) will bo Investigated whon appliod to flow 
through -i coil whoro grading is undergoing change. This is 
followod up by the development of a 3cni-onpirical general 
rolation for tho flow of wotor through a soil which is under­
going changes of grading. After this the hydraulic behaviour 
of a soil will bo^lin'/.ed to the corresponding cnange3 of 
grading oy considering tho phenomenon of tho migration cf 
fine soil particlcs which takes placo when wator under pre3nuro 
pcrcolntos through a soil.

Tho variation of the pormoa'oility of a freshly placod 
sand with time immodiatoly following tho consnoncowent of flow 
will also briefly bo disoussod#

TIC VALIDITY OF D»ARCY'S LAW .'HEN APPLIED 
TO FLOW THROUGH A SOIL WHOSE GRADING IS 
UNDERGO IN" CHAT;-:________________________-

The solution of nearly a ll  proolemt in soil mechanicn 

involving the percolation of water under pressure gradients 

deponds on the validity of D ’arcy's Lav.-, viz:

q = kiA

where: q «= flow in unit timo through a cross-sectioral area

A of soil 
k a coefficient of permeability 
i a hydraulic gradient.

D^arcy's Law, howovori applies 3trictly only * ?hi
conditions in completely saturated soils. * . always 
tests, although the de-roe of saturation of the soil wj« *1 ay
very near to unity as a result ol the de-a ir ,oj Jld not
which woro taken, nevertheless steady stat
prevail bocauoo generally tho structuro ol tntlon 0f the
progrossivoly changing duo to internal reori
grains and migration of the finer particle. •
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Consider now a dimensional expression for the quantity 
of flow result ins from the eeopago of water through a nass of 
soil which is r» Imultaneously undorjjoin" changes of structure 
and grading. This will be considered particularly with 
reference to quantities mnasurablo In a constant head 
pormoability tost, viz :

(1) A characteristic particlo dimonsion D which can bo chosen 
from tho particlo size anaiy3i3 of the filter matorial. U n  
this ca30 tho mean particlo diamotor will bo usod).

(2) The density of tho filter matorial which can be 
calculated from void ratio measurements and therefore takes 
into account changes in pore volume within the aoil samplo.

(3) Tho length of flow path, 1, which i3 gonorally takon to 
be tho "diroct" flow path or the meaaurod length of a filter 
staple of constant crosa-scctional aroa.

(4) Tho rate of flow, q, which can be measured from tho total 
volume of flow Q in time t.

(6) Tho viscosity of the percolating water at the temperaturo 

of tho filtor c e l l .

(6) A characteristic raaas M;,;. which represents tho mass of 
particles of filter  matorial which has mlgratod since the 

initiation of flow.

To roduco the number of variables, tho offoct of the 
length of flow path 1 will bo assumed to bo incorporated along 
with tho effect of varying vole’ ratio and density.

Mo mothod has bcon found of measuring thomass of 
particlos which has migrated after a given time and hence tho 
effect of tho variable Mm must bo ignored.

Tho primary variables which have boon chosen and thoir 
corresponding dimensions aro thus sunnarisod as follows.

Varlablo

I Particlo Dl-motor
II Soil Donsit.

Ill Rato of Flo*
IV Fluid Viscosity

Symbol Dimension

ML*3
r.^T-

-1t "1ML“J,T

Assumo a dimensional relation for q of tho form.

nc
qm  Z )l V 

Written in dirnonsional form this boconoo: 

rL3T-lj .c !ut.-s !a ,>L-1T-\!b [ l]0

By tho Principle of Dimension,! Hemo«.n.lty tho Indlooo can bo 

equated to give:

3 = -3a -b +c ) Vhonce a * -1 

-1 « -h ) ,
0 = a +b ) 0 * 1

l .o .  q

3
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Consider now a dimensional expression for the quantity 
of flow result ins from the seopago of water through t. riass or 
soil which i3 simultaneously undergoing changes of structure 
and grading. This will  bo considered particularly with 
referenco to quantifies noasurable in a constant head 
permoability tost, viz:

(1 ) A characteristic partiolo dimension D which can ho chosen 
from tho particlo sizo analysis of the filter material* ( 1 x 
this case tho mean particlo diameter will bo usod).

(2) The density of tho filter material 'Z which can be 
calculated from void ratio measurements and therefore takes 
into account changos in pore volume within tho sr 11 ample.

(3) Tho length of flow path, 1, which is genorally takon to 
be tho "direct" flow path or the xneasurod length of a filter 
sanplo of constant cross-scctional aroa.

(4) Tho rato of flow, q, which can be measured from tho total 
volume of flow Q in time t.

(5) Tho viscosity of tho percolating water at the tcmperaturo 

of the filtor cell.

(6) A characteristic mass Mg[. which represents tho ma»3 of 
particles of filtor matorial which has migratod sinco the 

initiation of flow.

To roduco the number of variablos, tho offoct cu the 

longth of flow path 1 will bo assumed to bo incorporated along 
with the offoot of varying void ratio and donslty.

No method has been found of measuring the mass of 
particloo which has migratod after a given time and henco tho 
effect of the a Mk  mu3t bo ignored.

Tho primary vsrlobloa which have boon choson and tholr 
corresponding dimensions aro thus sumnarisod as follows.

Variablo

I Particle Diamotor
II Soil Donsity

III  Rate of Flow
IV Fluid Viscosity

Symbol Dimension

T iM L’ ^T 1

Assume a dimensional rolotlon for q of tho form.

q«* )xb DC 

Written in dimonsional form this boconos:

rL3T-i] .« (ML-iT-ijb [ l ]°

By the Principle of Dim ensional  Homogeneity tho lndlcoo can bo 

oquatod to givo:

1

i .e .  q 2. 

3

3 = -3a -b 4C Whence J ^ '
■ 1 « -s b - \
0 = a +b ) o « l
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S will be the submerged density of a coil of void ratio e
and particle specific gravity G, i .e .  g = q . i  x

■■■■ ■ • o w
1+0

Hence the expression for q becomes:

q = B . juD . 1+e 

C w G-l

A3 a result of exporionco with tho percolation of water 
through unstable 3 0I I 3 (see tho •'urios of Porruoability-Timo 
curves), it haa been found that » particle migration and 
structural chango proceod, tho rate of flow q will oithor 
Jncrcaso or decrcaso depending on circunstancos. If the 
Internal changos load to a purely internal redistribution of 
particlo3 with tho concentration of fine particles being 
retainod in tho lower portion of tho sample, reduced flow 
passages and a generally closer packing of tho grains will 
rosult, loading to a roducod rato of flow. If , however, the 
soil as a wholo becomes coarscr due to loss of fino3 from tho 
sample, the rate of flow will incraaso.

Tho increase or decrease in tho rate oi flow thus 
appears to be mainly a function of tho changes in void ratio 
which occur. It has also boon obsorvod that the rato cl flow 
tends tc approach a steady value as time procoods. The 
expression for q can therefore bo modifiod by introducing ar. 

exponential factor.

(i) For a gradually increasing rate of flow: 

q s B 1 . juD. . ( l+o) . c'*’ (°/oo)

(G-l)

Where 00 is tho initial void ratio.
mho indox * 1 (eo /o ) will ensure that q increases at a diminUl. 
ln£ rate until 0 attains Its equilibrium value and a stable 

train structure is oatablit-hed •

(i i )  For a gradually decreasing rato of flow:

. »~N (oo/e \ 
q * B" . jlR  • • 6

(G-l)

Tho Index -^"(«o/ o ) w ill  rnauro a diminution In flew until a 

steady value of 0 is roac;- <-»

Now compare this general expression

_ r t^(oo/0 ) .............. (1 )
q = B . ju£ . 1+c .c ........................................

* w 0-1  

with tho D'Arcy expression

q s k. i .A . ..............................................

In (1) uD l*o . - itf<°0/o> eorroaponda dUnonslonally with

tho quantity « >  i -  « »  ooofflct.nt of permeability

k i3 represented by:

+d(00/ 0 )

k e£. *

A*w G*1

(2 )
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l.iis leavoo tlio hydraulic cradiont j to bo r0prc3entc(j by B 

(which liko 1 is dimonsion]oss) . Thu3 B is not a constant 
but can be written is B = B ' . i  whoro B 1 is a constant.

Honco lor tho case of non-stoady conditions D'Arcy's 
Law can bo writton as:

q st k. i .A

Whero in this cano k Is not a constant.

Tho accompanying illustration shows values of juV . l+o 
plotted as ordinates against tho corresponding )jw o-l
values of tho joofficiont of permeability k as abscissae for 
several sando. It can be soon that providod tho quantities 
aro plotted on a logarithmic scalo, thc.ro is o linoar rolation 
botween k and # l*e . Tho 11 r. ally havo a small nog-
ativo 8lopo. <w o .]

It must bo roali3od that the values for oach san<< : cv *v 
only tho small range resulting from internal changos causod by 
flow under a constant hoad through a freshly ^lacod soil. It 
is imp0 3 siblo to say, without further experiments, whother tho 
linoar rol .tior.ship v/Jll hold for any practical values of 
potontial head, void ratio, ' . TTev -tholeas, the conaitions 
undor which the tosts wero mado are approximately similar to 
thoso wh.’ch would obtain In a pract'-'al 3 0II or sand filter 
inmodiatoly after its construction ■ . n water fir3t passes 

through it .

It can thus bo concludod that in any one 3oil within 
which changes of grain structure are proceeding due to re­
orientation of tho 3oil grains und mir.rati.on of the - ino 
material, a rolition exists botrocn tho coefficient of 
pemeability and other soil properties which is of tho form.

log k » -Vn log 'jUD  # Uo.\ + C»

\ £w C»-l>

Whera n io the (positive) slope of the line and C is the 
lntorcopt on tlio Ferneab 11 ity (k) axis.

Also D'Arcy'a Law for .  >oll »lthln «hloh transient 
flow condition  prevail con bo stated as .ollowa.

q a k .l .A

log(q) ■ -Vm loS J-ii— • —  ̂ + log(iA) + C»

L re :t k i M  y s a s s r  

g ’& s u K .S 's r

E t a s :;. "  “ “

poaltlvo°or liagatSvo, Introduced to take account of the 

position of tho decimal point in m.

For :hc five soils tojtcd, J ^ J J d ^ t S t iJ t ic 'a l ly  in

fh.ouL r .„ :ix5 !.ev;ibuSd i T i y ^ u )  - « » . » • ■ « * »•  thij
chapter. Tho ostiinatod value wa3.



m» = 2 2 . 7  + 15.4 v/ith 80% confidunco.

The rango of uncertainty of tho value of m' i3 thus rathor 
large, but it mu&t be ronombored that this value was cstimatod 
from only five samples. Naturally, the groator the number of' 
samples, oho narrowor wouldtho limits of uncertainty bccorae.

•/c thua have the rosult for tho flov/ of wator through 
a soil which is. undergoing changes of grading:

log k = (p - V 2 3 )  log {'jup . l+e j + c»

( i!rw 0-1/

k - C ,'j jD , < F -

V 5 )
Tho values of p, liko thoso of C vary widely from soil to soil.

- 62 -

A GENERAL RELATION FOR THE PLOW Ofr WATER 
THROUGH A SOIL WHICH 13 UNDSH00I.«G CHANGES 
OF GRADING___________________________________________

In thi3 section a ^oncral relation is sought betwoen 
various measurable properties of a aoil-watcr flov; system in 
which a stablo structure Is In tho process of being established. 
This relation will take into account and illustrate tho effects 
of the variation of thcso measurable properties from tho timo 
flow is first started through tho froshly placed sand until 
steady-3tato conditions are roachod and a stable grain 
3tr- iai teen establi5h*3d within tho aand.

Tho problom will be approached by tho U3e of 

dlr.ensional anal-sls.

As a result of cxporienco arising from tho many 
observations taken during tho courso of thi3 invest igat lo:., 
the following five variables woro 3olectod as having probably 
the groatost offoct on tho hydraulic properties of any soix:-

(1) Tho density of tho soil. It is widely recognised that the 
void ratio of n soil has a fundamental influ once on tho Tlow 
ch a r a c te rs  .1 -■ ' Mint soil. The denaity Is a direct func-ion 
both of the void patio and of anotherfu^Utfxontal^oil 
property, tho pm-U U r  Mflc privity and thus !™vo
an important cffoct on - cnar ctoriatics of a soil.
Tho denaity which will bo usod is the submerged density

?  s <£il . Kxt 
1+e

(2) A characteristic particle diraenaion. .It has 
rocognised that tho flow charactoriatics of a t 
soil such as a filtor sand aro dependent to a largo ©xtont on

tho distribution and magnitudes of the whnt

soil* The charact r *• naion ,/hlc . „ f thc KraCiing
follows constitutes tho "meaaure «r ^  . i n of tho fcpaaw* 
curves and will here bo don-ted jy d. U  is a statistical

avorago partlclo sizo .

(3) Tho parmoablllty of tho soil. Tho permeability of a .o il  

Is gonornl ly regarded a s such* It . Inclusion Into tho

a s  i / w W  g w r  ® ’a a s s T j r
prnportlonalltyf lr’ tho'slmp^lflod flow oqlatlor, » - U .
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(4'» Tho viscosity of tho porcolatlng fluid. Eapoclally in 
at»c cl viscous ! lotf through 3oils, tho value of the 

vise jtfity must havo a fundamental influence on the friction 
losses during flow and honce on tho flow characteristics of 
tho system as a whole.

(5) Tho 3eopago forco per unit volumo. This seopage force 
makes its influonco folt chicfly on tho void ratio of tho soil 
and to a lesser extent, on the structural rearrangement and 

ration of the partlolttl ©f tho soli a3 flow procoeds. This 
soepago or body forco can be 3hown to bo given at any point 
within the soil by tho relation

S =

Whero i is tho hydraulic gradiont at tho point considered.

Summary of Variables and tnelr Dimensions

Variable Symbol Dincna ion

I Donslty X-J

II Particle Diameter d

III Pernoabillty k

IV Viscosity ,u
V Soopage Forco S

ML"3

L , 
l t ; 1

k l - 2t -2

indepondont 
= ? .

No. of v a r ia b le s :  n = 5 .
No. of Frimarv dim ensions; k *  3 .
Applying * n /ham '3  ’tt* Theorem, the numbor of 
dimensionicas rroup^ which can bo formed is :  n-k 

. .v.,,.,, -> ir.t ns ionlsss groups b y ^ . ,  i n d ^

Assur.o dijr.ons lonal relationships  of tho i orm 

7 l  = * *1  d?l k2 l . ,u

TT2 » £*2 d^2 it*'2 # S 

Expressing ?. l in dlnonsional form:

,TT .  [K 1,-51 *1  . [ t > l  . L lT-1] " 1 . |_UL f J

Bonding indices by tho principle of dlnonsional homogeneity.

0
0
0

a X] ♦
a -3X] 

--1

1

- V 1

♦ 7.' - 1
)
) llonco: 
)

y i

21

-1
-1
-1

l .o .  7T 1 - 2 L .

v Jk

in anenaionnl foil ;

|y2 . ! w . l ] H i;l *2t
,.2]Expressing T 2

•\  = [Mi -{r'2 . [lJ

Equating Indices by tho principle of dimensional

) *2
) Honco: 

)
72
z 2

homogonoity:

-1
+1
-2

i .e .  *VT« •  djS 

Zk2

Thus provided that the variably  
Influence on tho flow p h o n o n c n n .  LU^oondlt! 

soil can bo represented by tho

tho greatest 
of flow in a

P l 'T l»
SS
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i ,C * F (^dk , d.s\ a 0 

's M 2 k2 /

° ** 5—2. • £ !y# the )T*o can bo rewrittun as follows: 
l+o

7T1 = § z l  . gjadk ''T2 = l+o . d . l .
t ?o rrrr -^r-

i .e .  Tho flow relationship now bocomorj.

F /  0_2_1 . y w«d . k , Î Jjd t d «1 . 1 = o

I l+o ,u G-l k^ ^

It may bo notod that both IX \ and 7*2 ar0 analogous to 
quar.titios commonly used in studies oi pipo flow.

is analogous to the Reynolds Number for pipo flow:

Rjj = * »V «d , while Tg is tho counterpart of the Friction

*
Factor 3 - 11 •,'-T ,,

2L.< .V*
The accompanying dimonsienless graphs show valuos of 

T"! plotted as ordinotos against7C g as abs issao for various 
sand3 . I fl ros used in tho calculations r ;>rrn the results 
of the standard filter tests carried out ao described olsowher0 
in thl l t • The valuee shown covcr tho pci 1 during, 
which tho stable grain structure within tho sane 0 3  being 
established. All tho changes in properties which occurred to 
give tho ran^c of points showr. in each ourve occurred lololy 
as a result of tho influonce of the percolating water. ’Jo 
artificial control was imposed over any of tho variables, tho 
only ccntrollod factor boing tho constant hoad applied to tho 

tost cylinders.

Tho dimon3 irnloss graphs show that for a sand in tr.c 
orocoss of undergoing structural charge a linoar rolationsnip 
exists botwoon the logarithms of tho cimonsionloss quantities 

T i  ar .dr« . In othor words, the general equotion *o ho flow 
of water' through a sand which i3 undergoing internal structural 
rsarrangomont of tho grains including compression of tho void 
spaces and migration of tho fino material can to oxprossed ovor

tho range lnvootigatod as:

log?; 1 *  -n log '11' 2 + A

0R *• ,  V , V
lor » »1} -n log iiiL-} A 

1 »  ;■ ^ • k2) 

c . d . k n a( q ,3 'i “n

Whore A and a aro constants.

Tho v q Iuob of u in tho lattor rol.tlon.hlj * “ ° ^ f ' boon
SO U  to 3013. Tho logarlUuslc e™P>'s ° f ̂  1 p m Si In
plottod disregarding the position o thi^-'urvc * on a single

thls put^n « n 1 ♦ P where p Is an 
shoot. To take account introduood to take account of
lntogar, poaitivo or negative, intr
tho ab3cluto valuo of n.

Tho vsluos of n- «or . found I’ Y ^ l ^ f  U oT ™ lu o °w as"  
ru o d  valuo. I1'or tho fivo soils tested, this rucoa v.iu

ostimatod statistically at:

OR
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n 1 = 0*526 1 0.075 with 95/f conl'idcnco.

C o n s id er in g  that this estimate was mndo on tho basis of 5 
samples only, tho limits of uncertainty are narrow.

Wo may thoroforo concludc that the general equation 
to tho flow of wator through a soil which i3 in tho process of 
undergoing chango3 of grading in:

%dk a a l" dS \ (p*0«53) 

yx ( * k 2)

A notoworthy point is that as all tho curvon have a constant 
valuo of n ' ,  ths typo of flow (viscous or turbulont) taking 
placc through tho snnds munt havo boon tho same ich case. 
This wan dospito tho fact that individual valuos of tho 
coefficient of pormeabllity variod from 0.4 x 10“3CM/SEC to 
16 x lO-^CK/SEC.

THE PHENOMENON 0? THE MIGR/TION OP PIKE SOIL 
PARTICLES ./HICH TAKES PLACE V/HEN .VATEH UNDER 
PRESSURE PERCOLATES THROUGH A SOIL_____________

Tho phenomenon of tho migration of fire soil particles 
through a soil under the action of percolating water has 
a!:*eudy been described elsewhere in this report. In this 
section tho causes, the mechanism and the effects of the 
particle migration or diffusion will be studied both from a 
qualitative and, later, from a quantitative point of view.

Tho Rate of Diffusion or Migration of Particles

It in clear that the void spaces in a na3S of soil 
subjoctod to seepage forces .v’ill bo roduced partly  bv the 

elastic doformotion of the so 'l particle:' and Pa*'-Jy bV a 
reorientation and slippage of tho soil grains relative to each

other. Tho void spaces will further be ^inn i5U  nf fine
migration of purticles which is started by tho J ^ P P 1^  "* hS? 
part'clea out o! th .lr  original placer. In tho structure of the

• oil skcloton ani Into the voids. If  the "f"® Jd
r .t .1  ■ J ' n th, vot : lnt which t ey nave slip
spaco W i l l  oe furthor rcduced. I f  tho particle a
onou^h to oocapo and travel orny/ar 3a, o Lho void spaCo,
soil, tho ultimate c .fo c t  w ill bo to aoaoa^o forces
The mechanism for the compression  of a soil by soopato xorc
may thoroforo bo connidorod in threo stops.

(a) Compaction by p\iro slippage of tho era ins,
(b) Diffusion or migration of fine parti - ,
(c) Elastic deformation of tho grains.

In all practical case*, the derogation of the particle* unde*, 

seepago forcou is no^li/ *^1* .

Tho variables which appear t0 ° f f0Ct °n th*
rate at which diffusion procoods aro a3 loll •

(i)  Tho seepage force aurfJCoJ8ofUthorp2rticleS.
porc-'lating fluid on tho H«ent of transport
fills seepage force la not only th. tfc0

In tho phenomenon of cnoufh, the extent
rato of migration and, ii Ijjgo 6 efl'oot
to which migration will continue, due to »  

on tho void spacos in tho soli.
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(ii) The void ratio of the soil. The void ratio is a 
measure of the void spaco in a soil. It can be 
expectod that tho groator tho initial void 3pace 
in a 3 0 11f tho more likoly is it that diffusion 
will take placc and the greater will bo tho init­
ial rate of thia diffusion.

(lii)  The particle alzo distribution or grading Coils
which contain largo percentages of flno particlos 
and soil3 which cover a largo ranee of particle 
3.1 zo3 havo boon found on tho avcrago to bo cioro 
likely to suffer from the cffects of extonsive 
partlclo migration than are othor 3oils. Migration 
wou 111 a minimum in a porfoctly uniform soil*
In this analye 13 the partlclo size distribution will 
bo described by a singlo characteristic particle 
dimension d.

Although thoso variables appoar to affect tho rato of 
particle migration, they seem to havw llttlo effoct on tho 
final grading attained by the sand.

If it is assumed that the slippage force* aro 
necllKiblo as compared with the soepago forcos appliod to a 
r.a33 of soil and that tho soil is confined within immovable 
boundarios, dimonsional analysis can be used to obtain a 
reasonably rational expression for tho rate of partlclo 

migration.

Lot tho rato of migration be descrlbod by the mass per- 

unit volume of particles 1-V migrating through Jnlt in
unit t '-e. Assur.o the variable void ratio to bo n
Ascribed by variations in the submerged density *  of the soil.

Tho variablo3 and their dimonoions aro thus.

Varlable Symbol Dinona ion

I
II

III
IV

Rate of Migration 
Seepage Force/Unit 

Soil Donnlty 
Partlclo Diameter

Mm 
Vol. S 

* 
d

UL'i l l z

ML“3
L

Asauno a dimnnsional relationship of the form:

Expressing thie In dimensional form:

*  f»t ' 2T’ j °  [« L*3] b [lj °
w of dimonslonal homogenoity:

Equating indico3 by the princ.p

a * \/2
b «  J / 2

c - **V2
.4  »  - 3b ♦ 8 I  Whonco:

-1 =» -2a )

Honco tho dimensional relationship Is.

,1/8 . 3 V 2  . d*3 /2

Whore A is o constant of p ro p o rt io n a l ity .

I d3

OR:

M|| ‘X. 

%  = A
y
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Tf tho seepage forco increases gradually from zero, it is 
r e a s o n a b l e  to oxpoct that migration would not bogin until the 
3oppago force rcached a certain critical value Sc and that no 
f u r t h e r  migration would occur once the soopago forco h a d  

e x c e e d e d  a cortaln ultimate value Su sufficient to bodily 
tran3oort the soil mass. Tho increasing seepage force would 
also lead to an increasing don3ity. The relation between 
seepage forco and density would probably bo of tho form:

* -  S . o' -s/su

Twleetinp the variation in d which must occur If diffusion 
fnvos place, a likely oxprr^ion  for tho rate of migration of 
tho fine particles of a soil under tho action of flowing water

would bo :
I 1 ■ ~~~ - or •

4  d3

'vc have the qualitative result that tho rate of

of the grading characteristic of the soil.

Tho exact form of th i. rcHtlorehlp and tho values of 

tho constants A,«r . 3C and Su cannot bo determined ^

.x p .r t o e n t .u y  as there le ^ “ t h e ^ p r o s .lo n  docs

ln*part°exp^aln the mechanism of particle mlCratlon in soils.

Changes <n Specific Surfaco Area due to
: i art Ir . l ^ l j - j ^ r ^ --

„o quantitative f - J f ' r a i c s ^ p l ^ ^ ^ r h f u n U ' t l

t rtlcie. - ith i^a

^ Uretiaa U o Pn1ro8trr°orffccfsVo? Sffi "diffusion on the hydraulic

prcportlos and grading of the soli.

Earlier in this ^0P ° ^ * / ^ „ S r S ' r d i L S 5 s c d Canrtn it vjas 

ration on the eradingo <of .* between the cumulatlvo ffradinr.
3tated that tho area of tho lo F for tho sand onco It
curvo for tho original sand «nd t h ^ ^  would gi„0 a measure ol

had boon altered by PQrtl°l^  "rea 0f tho sand betwoon 
tho chanco of specific surfaco . re al3o of tho mao3 of fine

initial and final JJndor tho lnnuor.ee of the flowing
particles which had migrated undci m

rate a
degroo

wator •

First or all i f  e ra s u r e  of

the° spec if lcC surf aco^'aroa of "that sand.

n aand betwoon any two 
Tho specific Burr“ ”  ?!!0Se' calculated If an algebraic 

particle size 1' * « »  c a n o a .l ly  be lb# th(> cumulative
expression can b found » h K h  will on pnrtlcle s i* ,
grading curvo *  the sand b e t o o n ^  ^  follo„ ;

ltal„ .  The '  .loulatlon ca g r a d i n g  curve

can

Assume, for ox .m pU . « » t  » « !h‘ U ™rtlcl. sice limit, 
bo accurately d e scried  between

X! and x2 by tho oquatlon
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y = Cxm+1

Where: x = size of 3 love aporturo

^ = porcentago by weight of aand paaaing
through sievo aporturo x.

Tho amount of material dz ranging In size from x to x + dx is:

di! ■ *<* ♦ ix) -

dz * C(x+dx)m+* - Cxn+1

dz •  Cx**1 ♦ C(rn-fl)xm.dx + C(m+i )mxm‘ 1 (dx)2 4 . .  -Cxm+1

21

Neglecting infinltC3imal quantities of order higher than unity:

dz *  C(n«-l)xm . dx

In a mass of 100 gnu of material, the mass of particles ranging 
in aizo from x to x + dx la dz. This mass would contain:

dN •=* dz cubical particles of edge x . 
j  3 Where  ̂ is tho aolids density.
J A

In tho range x^ to x2 , therefore, the tolal number of ’.'articles 

i s :
rx2 rx2

°  I C (n+l)xw dx a C(u+1) f xm-3^

' x X f> X3 J
V

< i » £  • ( * r 2 - x i"“ Z)
y (m-2)

Tho urea per cubical particlo is 6x2 ; for dN cubical particles 

of side x it i s :

ds « 6x2 .C(m+l)xff.dx = 6C(m>l)xn ~1 -dx

p x3 f

Tho total area of the partlcloa ranging in size f . x x to x2 

is therefore:

»x2 6C(m»l) I * 2 / 1" 1 dx * OC • " *1*
<£♦211 

j  A j

?ho ( M l  m« 3  of tfc« particles wnclng In > 1 »  f a n  to * 2

is:

’ *1

X ■»

tl* « C (m+1) I ^xmdx = C(x2m n  - X!m n >

Thus the spoclfio 3urfaco area or to x2 i » :
mass of thS sand ranging in particle size iron g

sxix2 "  ! * i  = 6 (m n )  •

z* 2 Pm x2m n  - xi“ n  
axi ^
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Thin calculation has been based on the ,
particles. If  .  1. tho surface « «  I n  of cubica
particlcs and o is tho real aurfaco aroa then cuDicai

sx+dx .  n ax+dx 
X  - x®x

or, assuming rx to bo a constant,

S = r .s  for any givon oand.

Honco the roal spocific surfaco area por unit snass of the 
sand ranging frorr x* to x2 is givon by:

sx i x 2 “  S L  • SLU  • xg - x?

m v*?+l _ ,m *l
2 “ A 1

This expression will be valid and will yield a positive result 
fcr all values of m, positive or ncgativo different from zuro.

Tho validity of this expression for tho specific 
surface aroa of a sand depends mainly on tho accuracy with 
which tho oxpre3sion y * Cxm+1 describes the cumulative 
grading curvo of tho sand botweon tho particlo size limits 
x  ̂ and x2 . Expressing this relation logarithmically:

log y = log C ♦ (m+1) log x 

which is the equation to a straight line on a log.-log. plot.

The accuracy of the calculatcd values could naturally 
be improved if tlio value of r wore known. This could bo 
obtained fairly simply by comparing neaourod values of the 
specific surface aroa with values calculated lrom the abovo 
formula. This would hardly be profitable, howcvor, as thore 
is such a wide variation in particlo shape fro*n sand to sanJ. 
Values of r would dopond on tho origin of the sane, 
geological history and tho constituent minorals of its grains. 
In all numerical work in this thesis, tho value of r is 

ussumod to bo unity.

In order to detormine suitablo limiting particlo sizos 

XX, x2 and tho constants C and n, for a sand, tho 
nr '■.* Ckirvo of tho sand was plotted on a log.-log. basis.
L  botween which the gradl,* curve « a .
straight lino were chosen as x x and v , .  «  w a s  evaluated rrom 
tho slopo of tho straight lino and C Phg* intweep* or 

tho straight lino portion with tho *  £
Once these constants had boon determined# followed simply,
tho specific surraco between the cho.on limits followed simpiy.

It can now be shown that the aroa bono.th tho 
cumulative £ ? d ln c  curvo for a sand is a measure of the 

spociric surface area of that sand.

Lot S be the spocific surface of a given sand botwoon 

tho particlo s*?.o limits 0 and x. Lot A0* bo tho 
tho cuiuulatlve grading curvo between t to -

S _  » Or . m+1 . xn * 6r . mil

m xr
OX - T - -------------------  c

V *  *m+l ^ mx

A0<; * j XCxm+1dx * J L .  

'ii m+2



S 3X 6r (m-fl) (m+2)

putting C£ m

6r (m+l)(m*-2)

kox
rixm+,3

E  R

ox

Taking logarithms:

1°E Aox *= log i>ox ♦ (m+3) log x ♦ log R

This shows that thero is thoorotically a linear relationship 
between tho logarithms of Specific Surfaco Area and the Area 
beneath tho cunulativo semi-logarithmic grading curvo if this 
curve can be accuratily described by y « Cxr‘4^.

To show that this is a general relationship for any 
filter sand, tho specific surfaco areas between suitable limits 
for 9 sands (which underwont oxtensive changes of grading in 
tho filtor tents) woro plotted on a log.-log. scale against 
tho corresponding areas under tho cumulative grading curvo3.
The corrolatlon obtainod is ror.arkably good considering the 
extremely simplifying assumptions made in calculating the 
specific surface areas. Tho major sourco of scatter ia probably 
nogloct of tho truo valuo of tho ratio r in tho calculation .

Tho line of best fit for the correlation betweon tho 
Spccifis Surface Aroa and tho aroa undor the Grading Curvo for 
a sand w*s calculated by the Method of Least Squares 
nannor describod in section (li)  of the Appondix to 
chapter* Tho equation to this lino of boat fit is:

in tho 
this

lo®10 A ** *°£io S *10
i . e .

A *  9 0 • S •C.47

This oquation is of a similar, but not identical form to tho 

theoretical oquation

A *  R .x m+? v 3

which can bo rewritten as:

A .  (R*B+3 . s 1 -47 ) S-0 *47

Tho oxpurlmontnl results show that tho avorago ®£
(Rxn*3 . si-’*7 ) 18 9 C. This suggosts that as the suppo3t J
constant is in fact n function of tho Speci f l 3 J. 
tho truo relationship between log A and log 8 is *
but of n noro comp lax naturo. Tho llno.r approximation Is 
probably closo enough for most proctlcal purposes.

Thus it w i l l  bo accoptod that the relationship ^otwoon 
the Aroa undor a Grading Curve and tho corresponding Specific  

Surfaco Aroa la:

9 B. S -0.47

The Correlation Coefficient for this dotft is r 
lndlcatea an oxcollont degroo of correlation .

-0.QS0 which



Tho Aroa of the '’HyateroLis" Loop as 
n Moasuro of Particle Migration______

Consider a sand whoso grading ia chaniirv' duo to 
particlo diffusion:- r -

If  fine particles are being v;ashod oJt of tho body 
of tho sand, tho aand as a whole ia bocoming Jcoaraer and its 
grading curve will  movo from it3 original position towards the 
right-hand or ’coarsor1 sido of the grading diiart. At the 
aame tine its spocific surface area will bo |acroa3ing. The 
total docroaso will  bo measurod by the aroa fcf the loop 
between tho now and tho original grading curflos.

Similarly, if fine particles aro beilig w«3hed into tho 
aand, tho sand bocorr.es finer, its grading curve novc3 toward 
the ' f f ' sido of the grading chart and itp specific surface 
aroa wl roaso.

For the aaroplos used in the ntandarc 
general, tho upper portion of the sand grow 
specific surfaco area decreasing, whilo tho 
finor, its specific surface aroa increasing, 
producod a doublo loop on tho grading char*., 
on each aido of the original grading curvo 1 
overall chango in tho specific aurfacc area 
thus raoaaurod by tho differonco in aroas oe 
and "flnur” hyatoroais loops.

filter tost3, in 
ioarsor, its 
.owor portion grow 

This procoss 
with one portion 

br tho sand. The 
Of tho samplo wa3 
iroon tho 'coarsor'

(Not© that the uso of the torm "hys 
Justification. Tho aroa of tho loop repros 
the work done by the percolating watur on 

its grading).

cre3i3" haa 3omo 
it a, to 3omo scalo, 

t! u nd in changing

As it haa now boon shown that the a 
grading curvo ia a direct moasuro of specif 
the phenomenon of particle migration can no' 
investigated by setting up a dimensional P 
spocific surfaco aros and other rcasurabl# , 

Soil-V/atcr flow system.

It will be assumed that i'articl Ki 
changes in spocific sunace area is a lunot

r
(a) The quantity of flew Q*
(b'* The donsity (and hence the void
(c) Tho soepago forco por unit volume

The variabloa and thoir dimens ions

Variable

I

II
III
IV

Spocific Surfaco Area 

Quantity /low 
Soil Donsx-y 
Soopage Forco

01 beneath a 
surfaco aroa, 

bo further 
ition between 
roportlos of a

;ration, measured Dy 

on o f :

tio) of tho aand
P * givw.

re thus:

Astiumo a re lat io n sh ip  of tho form.
.r*

-P° _________

.Exprea’iiIne. ihjo l /  4 tm®n.}on»l form  ’ | | •

• 1 ■ ■'  .  \c. j. * i * 1'iM 1 'jM.?'i ftj



Equating Indlcoa by tho Principle of Dimensional Homogeneity:

2 S 3a - 3b - 2c ) . .  8 / ,

* o : V-V 1 >■-$
' c * 1/3

Hcnco tho relation bocoraos:

s = ,e . . * -Vs . pl/3

whoro/5 13 a constant of proportionality.

° R s g /~X/a • « 1 /3  • l1 /s  I V , 4/ *  

q2/ j  . 55* (o - l )

Sinco g and '  w can bo rogardod aB constant undor. all conditions 
and for all sands:

putting /?~/3 g V 3 = b (say)

S « B . i } /*  j 1+q^4/3  « b .CT (say)

( O-l)

Tho nott chango in Spocific Surface area due to the flow of 
wator over tho duration of the test is roprosootod by tho nott 
area of the hystorcsis loop L.

i .o .  FtSj - Sf ) * L - B(0i - Of)

tfhoro F( ) den tes the known relationship betwoen 3 and L 
and the subscripts 1 and f represent, respectively, initial 
and final conditions In tho filter tost.

For tho 9 sards which exhibited significant changes in 
grading* L I plotted against (0« - (fy) on a log ••log •
basis. Thcro is a fair correlation 'oofwocn L and (ti - Of) 
and it 300ms reasonable to asaumo that a linoar relation exists 
on a logarithmic basis. This rolatlon can bo oxproasod as:

log L a ^  log (O'! - (1f) ♦ log E 

OR: L a FA&1 -

Whtro E and ^  aro constants.

We already have tho rolationship

A q^  * Rxm*3 

ox

-I0*

S

ir x la In this caao the lnrgcot Fartlclo alto occurrln,.; In

the sand, then r,ox .1 11  bo tho averag. » J « u n d e r n e a t h  
for tho ontlro sample and Aw  will bo tne tota-i «■«« 

tho grading curve. In this case

i - aOXj - r,

and final cond

„ - tho nott chango in area between initial 
O Xj .
nd It ions. . . .  , g ^
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