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Abstract

The ¢;-norm solution to an under-determined system of linear equations y = Ax is the
sparsest solution to the system. In digital signal processing this mathematical problem is
known as compressive sensing. Compressive sensing provides a mathematical framework for
sampling and reconstructing an analogue signal at a rate far lower than the rate provided
by the standard information theory. The reconstruction from few samples is possible using
non-linear optimization algorithms provided that the signal is sparse and the sensing matrix
in incoherent. The major algorithmic challenge in compressive sensing is to efficiently and
effectively find sparse solutions from minimal measurements. General purpose optimization

algorithms are not suitable for solving non-differentiable ¢;-minimization problem.

In this dissertation, we survey the major practical algorithms for finding ¢;-norm solution
of under-determined linear system of equations. Specific attention is paid to computational
issues, in which individual methods tends to perform well. We propose a hybrid algorithm
that combines complementary strengths of the fixed-point method and the interior-point
method. The strong feature of the fixed-point method is its speed, while the strength of
the interior-point method is accuracy. The hybrid algorithm combine the two methods in
a probabilistic manner. The algorithm tends to prioritise a method that is efficient and
robust. The computational performance of the hybrid algorithm is tested on simple signal
reconstruction problems. The hybrid algorithm is shown to produce similar recoverability of
sparse solution as that of the fixed-point method and the interior-point method. Furthermore
the proposed hybrid algorithm is comparative in terms of speed and accuracy with existing

methods.
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Chapter 1

Introduction

Many situations in science and technology call for the solution of under-determined linear
algebraic systems. In these situations, the features of most interest cannot be directly
observed, but have to be inferred from observable quantities. In a wide range of cases,
it suffices to assume a linear relationship between the features of interest and the observable
quantities. Applications of most interest are those in which the observable quantities are
much less than the unknown features, with the knowledge that the unknown features are
sparse. Thus, we model the under-determined linear algebraic system, and the problem can
be posed as the linear inverse problem. Linear inverse problems arise throughout engineering
and mathematical sciences. In most applications, these problems are ill-conditioned; meaning
they are very sensitive to the measurements. That is, any small change in measurements can
lead to a radically different inference of the sparse solution. Finding the sparse solution of
an under-determined linear system of equations has been intensively studied, largely because
solving such system of equations constitutes a critical step in emerging methodology in digital

signal processing - called compressive sensing.

Compressive sensing is a signal processing technique for efficiently acquiring and
reconstructing a signal. This is done by finding solutions to under-determined linear algebraic
system of equations. The principle of reconstruction is based on convex non-differential

optimization theory. There are two requirements under which reconstruction is possible. The
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first requirement is sparsity, which is the concept that the signal must have few non-zero
components relative to its dimension. The second requirement is incoherence, which is
the idea that the sampling domain and representation domain of the signal must not be
correlated. These requirements are explored in details in Chapter 2. Since the inception
of the fundamental mathematical framework of compressive sensing about a decade ago,
there has been an increasing interest in this technique in various disciplines of engineering
and mathematical sciences. This is due to high demand of effective and efficient signal
processing algorithms. Compressive sensing promises dramatic reductions in cost and power
consumption in wide range of signal processing applications. Most of these applications are

possible due to the inherent sparsity of many real world signals.

1.1 Background

While the field of compressive sensing has recently gained a significant attention in the
signal processing community, there had been hints in this direction dating back about half a
century ago. Sparse approximation was used in Seismology as an attractive alternative
for Least Square Solutions, see Clacrbut and NMuir (1973). Santosa and Symes (1986)
suggested ¢;-norm to recover sparse spike signal. Rudin et al. (1992) used total variation
minimization in image processing which is very close to /;-norm minimization in an attempt
to solve these under-determine systems. Some of these developments were a direct result
of the inconsistency of traditional signal sampling theory - Nyquist-Shannon theory. These
inconsistencies will be discussed shortly. The idea of sparse approximation was revamped
about a decade ago, when Candes et al. (2006a) and Donoho (2006) independently gave
profound results regarding mathematical foundation of compressive sensing. Ever since, the
field has witnessed a significant advancement. Below, we discuss the traditional way of
sampling data known as Nyquist-Shannon theory. We will highlight some inconsistencies
and undesirable effects of the theory. We will then connect it with compressive sensing,

highlighting why this novel sampling theory is to revolutionise the digital future.
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The theoretical foundation of acquiring signals was pioneered by Nyquist (1928) and Shannon
(1919) on sampling continuous signals. The Nyquist-Shannon theory states that an analog
signal can be reconstructed exactly from its samples, provided that it was sampled at a rate
at least twice the highest frequency present in the signal. This rate is known as Nyquist rate.
Due to Nyquist-Shannon theory, signal processing has shifted from analog domain to digital
domain. Digitalization has enabled the creation of sensing systems that are robust, cheaper,

and extensively used compared with its analog counterpart.

As a result of this success, the amount of data generated by sensing systems has grown
tremendously. Unfortunately, in many applications in various emerging technologies the
resulting Nyquist rate has serious repercussions. The Nyquist rate is so high such that too
many samples are needed. Despite extraordinary advancement in computational power, this
kind of acquisition of signals pose tremendous challenges in terms of computational resources.
Additionally, prominent signal structures such as sparsity are not utilized. Generally,
signals are not sparse. However, it is often possible for such signals to be sparse in some
predetermined domain. The use of Nyquist-Shannon theory would heavily oversample sparse

signals since much of the signal has little to no important information.

The conventional way of mitigating computational challenges involved in signal processing is
often achieved by compression. Compression aims at finding the most concise representation
of a signal with modest distortion. Typical examples of image compressing techniques are
lossless and lossy compressions. Lossless compression minimizes the image size by identifying
and eliminating statistical redundancy. No information is lost. On the other hand, lossy
compression reduces the image size by identifying and removing unnecessary information.
Figure 1.1a, summarises the concept signal acquisition using Nyquist-Shannon sampling
with compression. In essence, the traditional signal processing technique uniformly samples
a signal at Nyquist rate. Prior to transmission, the samples are compressed, discarding

samples of minimal value, thus minimizing storage and ultimately computational cost.

Although, signal compression is useful, compressive sensing has emerged as a new framework
for signal sampling. This framework enables a large reduction of sampling and computational

cost for acquiring sparse signals. Compressive sensing exploits sparsity of the signal and
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the incoherency of samples to achieve its goal. In essence, compressive sensing combines
the sampling and compression into one step, see Figure 1.1b. Only samples that contain

maximum information about the signal are obtained.

Nyquist-Shannon sampling Compressive Sampling

Signal of Measurement Signal of Measurement

interest - x vector -y interest - x vector - y

(a) (b)

Figure 1.1: Nyquist-Shannon sampling vs compressive sampling

1.2 Problem Statement

We aim to solve the inverse linear problem. In most applications the problem is ill-posed.
Thus, one needs to apply regularization in order to obtain meaningful solutions. Over the
last decade, sparsity constraints have emerged as a fundamental type of regularization. The
adopted approach seeks a solution to a linear system while requiring that the unknown has

few non-zero entries relative to its dimension. The problem can be stated as:

Find sparse & such that o = y.

Traditionally, the problem is posed as a {y-minimization problem - which minimize [|||o.
Here ||x||o is the ¢y quasi norm defined as ||x||o = [{7 : ; # 0}|. Under this formulation,
a sparse signal can be reconstructed precisely due to the fact that ¢y quasi norm function
counts number of non-zero elements of the solution. Unfortunately, although ¢, quasi norm
returns the exact solution, the problem is combinatorial minimization and it is generally

NP-hard. Algorithms that solve {p-minimization problem are computationally intractable.
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Candes et al. (2006a) provided a breakthrough that overcome the drawback of
lp-minimization problem. Their profound idea was to pose the problem as ¢;-minimization

program,
min ||x||;, subject to WYz =uy. (1.2.1)

The ¢;-norm of x is defined as ||z|; = >_|z;|. The ¢;-norm promotes sparsity and the
problem becomes a convex optimization program. Thus, algorithms for solving problem
(1.2.1) are computationally tractable. The main challenge is the nondifferentiability of the

problem. Additionally, in practical problems the size of x is usually large.

Recently, algorithms for solving the sparse problem (1.2.1) have been intensively studied.
This is largely because solving such an equation constitutes a critical step in emerging
methodology in digital signal processing. In fact, problem (1.2.1) forms the basis of
compressive sensing theory. Alternatively, the problem is known as sparse approximation
problem. The problem arises in numerous areas such as statistics see Tibshirani (1996), image
processing see Duarte et al. (2008); Lustig et al. (2008), machine learning see Davenport
et al. (2010) and many more. Mathematical optimization provides tools to conceptualize,
formulate and solve many of these problems. However, due to nondifferentiability of the

problem, standard optimization techniques are not capable of solving such formulation.

Goals: The goal of this dissertation, in a broad sense, is to develop an efficient and effective
method for solving the sparse structured convex optimization problem. This will be achieved

through the following:

e Survey and give an overview of algorithms for the sparse approximation problem.
This will be achieved by describing their computational requirements and relationships

between them.

e Develop a hybrid method in the sense that complementary strengths of two or more
algorithms are combined to form a more robust algorithm. The newly developed

algorithm should perform well on various applications reported in literature.

e Different applications of interest are discussed and computational performance of the

proposed hybrid algorithm is tested.
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An algorithm is said to be hybrid when there is a choice between at least two distinct
algorithms, each of which solves the same problem. This is generally done by combining the
desired features of each algorithm, so that the overall algorithm is better than the individual
constituents. We propose a probabilistic hybrid algorithm that combines the important
features of fixed-point method and interior-point method. In particular, we take advantage
of the speed of fixed-point iteration and combine that with high accuracy of interior-point
iteration. The resulting algorithm is shown to be comparatively efficient and robust when

tested on benchmarked problems from different applications reported in literature.

1.3 Applications

Sparse recovery problem has applications in many areas and it has been applied to the
following domain: compressive imaging, machine learning, sensor networks and so on. In
practice, sparse signal arise in a very natural way. Hence, compressive sensing lends itself
very well to many settings. Before describing compressive sensing theory, we motivate it

with some applications.

e Compressive Imaging. Compressive sensing has far reaching implications on
compressive imaging systems and cameras. It reduces the number of measurements.
This practically implies reduction of power consumption, computational complexity
and storage without sacrificing the spatial resolution. With the advent of single pixel
camera, by RICE University, imaging system are due to be transformed drastically.
The camera is based on a single photon detector adaptable to image at wavelengths
which were impossible with conventional cameras, see Takhar et al. (2006); Wakin et al.
(2006); Duarte et al. (2008). The advantage of single pixel camera over conventional
camera is that a tiny number of measurements are required to create an image. The
resulting image does not suffer from the usual aberration and focussing problems

associated with the lens.
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e Medical Imaging. Compressive sensing has its early success in medical imaging,
particularly in Magnetic Resonance Imaging (MRI). MRI, like angiograms has sparsity
properties in domain such as Fourier or wavelet basis, Lustig et al. (2007). Generally,
MRI is a costly and time consuming process because of its data collection process which
is dependent upon physical and physiological constraints. However, the introduction of
compressive sensing based techniques has reduced the computational cost of collecting
data while retaining the image quality. Sparse MRI is an active area of research in
compressive sensing community. In the recent past, a number of algorithms have been
specifically designed for it, see Lustig et al. (2007); Gamper et al. (2008); Lustig et al.
(2008).

e Microarrays Sequencing. Microarray are used in biology to identify specimens,
using fluorescent tags to identify where samples bind; most samples have only a few
active parts, thus using ideas from compressive sensing it is possible to take many fewer
measurements and still accurately infer which specimens are present. Recent work in
industry has suggested that this approach is useful in practice, see Mohtashemi et al.

(2010); Sheikh et al. (2007); Milenkovic et al. (2007).

e Compressive Manifold Learning. Normally, data possess merely s intrinsic
degrees of freedom. This data is assumed to lie on a s-dimensional manifold in the
n-dimensional space, where s < n. Once the manifold model is identified, any point
can be represented using essentially s pieces of information. Manifold learning methods
embed high-dimensional space data in a low-dimensional space while preserving their
characteristic properties. Therefore compressive sensing fits well on these kind of
problems. A detailed discussion of compressive manifold learning is given by Davenport

et al. (2010).

An elaborate discussion of all these topics would go beyond the scope of this dissertation.
Digital and Signal Processing keeps repository of latest developments in compressed sensing

theory and applications.



Section 1.4. Dissertation Organization Page 8

1.4 Dissertation Organization

The dissertation is organized in the following manner. In Chapter 2, we review the
compressed sensing theory. We discuss the design of the measurement matrix and state
the condition that makes it possible to find a sparse solution from an under-determined
linear algebraic system of equations. Chapter 3 provides a detailed review of some existing
methods for finding ¢;-norm solutions of under-determined systems of linear equations.
In Chapter 4, we develop a probabilistic hybrid algorithm for finding the ¢;-norm
solutions of an under-determined systems of equations. In Chapter 5, we demonstrate the
computational performance of the developed probabilistic hybrid algorithm. A comparison
to constituent algorithms and other existing algorithms is provided. We give a summary of

the dissertation and possible further research options in Chapter 6.



Chapter 2

Fundamentals of Compressive Sensing

Theory

Compressive sensing provides a mathematical framework for the sampling and reconstruction
of sparse signals from few measurements acquired in a domain incoherent with the sparsity
domain. There are two main research directions in this topic. The first is the theoretical
foundation that will allow the minimum number of incoherent measurements necessary to
sample and reconstruct an original sparse signal accurately with high probability. The second
is to develop efficient optimization algorithms for signal reconstruction. We discuss some of

the existing algorithms in Chapter 3. This chapter focuses on the first research direction.
The objective of this chapter is to address the following questions:

e How to design an under-determined sensing matrix that efficiently capture the main

information of the measured signal?

e What is the minimum number of measurements necessary to reconstruct the original

signal with high probability?

e What are the available optimization techniques that find sparse solutions of the linear

inverse problem?

In addition to providing answers to the above questions, we will discuss how to evaluate the
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performance of reconstruction methods and also present non-smooth optimization theory in

brief.

2.1 Sparse and Compressible Signal Models

Signals can be thought of as real-valued functions having a domain which can be either
continuous or discrete, and either infinite or finite. For computational simplicity, we restrict
the discussion to signals that are discrete and finite. Thus, signals can be modelled as
vectors in an appropriate vector space. Vector space allows us to apply intuition and tools
from Euclidean geometry. We can describe, compare and analyse signals of interest using

tools such as length and angles.

Let & be a discrete signal, which can be viewed as an n x 1 column vector in R". Given an
orthonormal bases matrix ® € R"*" whose columns are the basis vectors {¢;} ;, any signal

x can be represented in terms of this basis as

T = Z 2i¢;,  or equivalently x = ®z. (2.1.1)

i=1
Here z € R"™ is a column vector of coefficients. These coefficients are computed as
2z = (x,¢;) = ¢rx, where (-,-) is the inner product of its arguments and (-)7 denotes

transposition operator acting on the input argument.

Figure 2.1: Compressive sensing measurement model.
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In general sampling methodology is concerned with a collection of measurements y;.

Sampling is done by correlating the signal  with a set of sensing functions {;}",, that is
y; = (x, ;) for i =1,...,m or equivalently y= Ux. (2.1.2)

Here ¥ € R™ " is called the sensing or measurement matrix, whose rows are formed by 7,
see Figure 2.1. The choice of sensing functions t); provides the flexibility in the design as
how to gather information about . Combining equation (2.1.1) and (2.1.2), the compressive
measurements can be written as y = W = PPz, and we define A = P € R™*". The

process is non-adaptive, meaning W is fixed and does not depend on the signal «.

The major challenge associated with compressed sensing is in the case where m << n. One
needs to solve an under-determined system of linear equations in order to recover the original
signal  from few measurements y. From the basic theory of linear algebra, solving such
system will produce infinitely many solutions since there are far much fewer equations than
unknowns. Thus, it is necessary to impose constraints on candidate solutions to identify the
desirable solution. A powerful constraint that can be used in this regard is sparsity. Sparsity

of a signal is discussed in the next subsection.

2.1.1 Sparse Signals. A signal is said to be sparse if its number of non-zero components is
small relative to its dimension. The sparsity of a signal is defined as the number of non-zero
components in it. A signal is said to be s-sparse if its support is of cardinality less than or

equal to s. Support of a signal € R" is defined as

supp(x) = {i : z; # 0}. (2.1.3)

Typically, signals are not naturally sparse, but admit sparse representation in some
appropriately chosen basis ®, see Figure 2.2. We will refer to ® as the sparsity basis or
sparsity matrix. In practice the observable signal is not directly sparse. Under such situations
we refer to @ as being s-sparse with understanding that we can express the signal as x = ®z,
with supp(z) < s. The concept of sparsity is useful in practice. It reduces data storage and
transmission which can be quite expensive in some applications. One needs to store and

transmit coefficients of only dominating information, instead of redundant information.
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2.1.2 Compressible Signals. In practice, signals are often not exactly sparse, rather they
are compressible. Compressible signals are characterized by a few large components and
they can be approximated by sparse signals, Davenport et al. (2014). If one sets the small
components to zero, the remaining large components can represent the original signal with
hardly noticeable distortion. To quantify this, consider the rate at which the magnitude
of components decay. Assume that there exists some basis such that the magnitude of
components obey a power law decay. Specifically, if € = ®z (i.e. « is compressible in the
basis ®) and by sorting the components of z such that |z;| > |22] > -+ > |z,|, then the

components obey the power law decay if there exists constants C, g > 0 such that
|zi] < i  fori=1,2,...,n. (2.1.4)

The larger the value of ¢, the faster the magnitudes of the signal decay, and the
more compressible a signal is. Because the magnitudes of components decay so rapidly,
compressible signals can be represented accurately by s components (the sparsity level s is
far much less than n). The following example from Eldar and Kutyniok (2012) illustrates

the concepts of sparsity and compressibility.

Example 2.1. (Eldar and Kutyniok (2012)). Natural images are characterised by large
smooth or textual regions and relatively few sharp edges, see Figure 2.2a. Signals with
this structure are known to be very nearly sparse when represented using discrete wavelet
transform, see Figure 2.2b. This particular type of wavelet transform is called the Haar
wavelet transform. The general concepts of wavelet is to recursively divide the image into
low and high frequency components. The lowest frequency components provide the coarse
scale approzimation of the image, while the higher frequency components fill in the details
and resolves edges. The wavelet transformation clearly shows that only few coefficients are
non-zero. The image is sparse under the wavelets basis. Figure 2.2¢ shows the plot of sorted
absolute values of the components of Haar wavelet transform. The reconstructed image after
keeping only a small fraction of components with large magnitude is shown in Figure 2.2d.
This reconstruction provides a good approximation of the original image. Hence the signal

can be efficiently reconstructed by, thresholding the components, to obtain a s-sparse good



Section 2.1. Sparse and Compressible Signal Models Page 13

approximate signal.

(a) Original image (b) Haar wavelets representation

Wavelet coefficient magnitude

Sorted indices

(c) Sorted magnitudes of Haar wavelets

coefficients. (d) Reconstruction of the original image.

Figure 2.2: Sparse representation of an image via a multi-scale wavelet transform. (a)
Original image. (b) Haar wavelets representation. Large coefficients are represented by light
pixels, while small coefficients are represented by dark pixels. Note that most of the wavelet
coefficients are close to zero. (c) The wavelets coefficients obeys the power law decay. (d)

Reconstruction of the original image by thresholding few large wavelets coefficients.
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2.2 Incoherence and Restricted Isometry Property

The sparsity of the solution vector is a necessary but not a sufficient condition for finding a
unique solution to an under-determined system of linear equations. A sufficient condition is
associated with the design of the measurement matrix W. Rather than presenting a direct
design procedure, we present some conditions on the measurement matrix that will guarantee
the recovery of unique sparse solution. Such conditions include incoherence between the
measurement matrix W and the sparsity matrix ®. Incoherence is related to restricted
isometric property. Restricted isometric property is associated with the matrix A = Ud,
and it is more powerful than the incoherence, Candes and Wakin (2008); Baraniuk et al.

(2008); Davenport and Wakin (2010).

2.2.1 Incoherence. Incoherence extends the duality between the measurement matrix
¥ and sparsity matrix ®. It asserts that, if a signal is sparse in ®, then sampling of
measurements should be well spread out in W. Note that, ¥ is a set of all possible sensing
basis vectors, while ¥ is formed by selecting only m basis vectors from W. The concept
of incoherence is often easily understood through mutual coherence. Consider the following

definition:

Definition 2.1 (Mutual Coherence, Candes and Wakin (2008)). The coherence (denoted by
1) between measurement matriz W € R™™ and sparsity matriz ® € R™" is defined as

WP, ®) = max [(3,,)]. (2:2.1)

1<i,j<n

Coherence measures the absolute largest correlation between any two columns of ¥ and ®.
Assuming that ¥ and ® are orthonormal, then it follows from linear algebra that the range
of mutual coherence is bounded by u(¥,®) € [1,4/n]. If two bases are correlated then
coherence is large. Otherwise, coherence is small and the bases are said to be incoherent.
Compressive sensing is mainly concerned with low coherence between measurement basis and
sparsity basis. The following theorem by Candes and Romberg (2006a) relates low mutual

coherence with recoverability of sparse solution from ¢;-minimization formulation.
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Theorem 2.1 (Recoverability from mutual coherence, Candes and Romberg (2006a)).
Assume that the measurements are noise free and suppose x € R" is s-sparse. Let W be

constructed by selecting m basis vectors from ¥ uniformly at random. If
m>C-s-u(¥,®)*- log(n), (2.2.2)

for some positive constant C', then with high probability x is a wunique solution of

{1 -minimization problem.

The above theorem indicates that in addition to the size and sparsity of signals the required
number of measurements depend on the mutual coherence. It provides some insights on
how the choice of ¥ and ® affect the efficiency of compressive sensing schemes. The role
of coherence is completely transparent; the smaller the coherence, the fewer measurements
needed. In fact, if mutual coherence is equal or close to one, then any order of slogn
measurements suffice to reconstruct a signal of length n from the ¢;-minimization problem,
Candes and Romberg (20062). Example 2.2 provides pairs of matrices ¥ and ® that have

low coherence.

Example 2.2 (Candes and Wakin (2008)). The following are examples of basis pair (¥, ®)

that exhibits maximal incoherence.

o U is spike basis and ® is Fourier basis. In this case, the k-th basis vector of
W s () = 0(t — k), where § is the Dirac function and the j-th basis vector of ® is
G;(t) = n~2e 2t where i = \/—1 is the imaginary number. This corresponds to the
classical sampling scheme in time or space. Here (W, ®) = 1 and therefore the basis

pair W and ® have minimal mutual coherence.

e U is a random matriz and ® is any fized basis. With high probability, the
coherence between any orthonormal basis W selected at random and any fized basis ®
is about /2logn. This is applicable when entries of W are samples of independent and

identically distributed (iid) random variables from Gaussian or Bernoulli distributions.
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2.2.2 Restricted Isometric Property (RIP). Theorem 2.1 shows the recoverability
of noise free measurements and exact sparse signals. Often in practice, signals are not
exactly sparse but are compressible and they are contaminated with noise. The issue here
is whether or not is it possible to obtain accurate stable reconstruction of such signals
from under-sampled measurements. Under such situations, the RIP plays a similar role
as incoherence. RIP provides sufficient conditions on the matrix A = W® that ensure
recoverability of unique sparse solution. RIP was first introduced by Candes and Tao (2005)
and has proved to be very useful in studying the general robustness of compressive sensing.

Consider the following definition:

Definition 2.2 (Restricted Isometric Property, Candes and Wakin (2008)). A matriz A €
R™*™ 4s said to satisfy the restricted isometric property of order s, if there exist a small

number ds € (0,1) such that
(1= a9l ]l < | Az[l2 < (1+0,)][3 (2.2.3)

hold for all s-sparse signals € R™, where ||z|2 = (D azf)l/Q is the ly-norm.

When a matrix A satisfies the RIP, then the Euclidean length of any s-sparse vector « is
approximately preserved by taking Ax, which in turn implies that s-sparse vector cannot
be in N(A) = {x : Az = 0}, the null space of A, Candes and Wakin (2008). Clearly, this
is very important as otherwise there will be no hope of reconstructing these s-sparse signals.

The RIP can also be interpreted as, all subsets of s columns of A being nearly orthogonal.

To make use of the RIP, we need to establish the kind of matrices that have small restricted
isometric constant d,. We also need to determine the connection between the RIP, number
of required measurements m and the sparsity level s. Although it is difficult to test whether
a given matrix satisfies the RIP condition, it has been shown that with high probability,
random matrices satisfy the RIP with few measurements. Consider the following matrices
from Candes and Wakin (2008), which are examples of random matrices commonly used in

compressive sensing.
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e Gaussian measurements - entries of the matrix A are chosen independently from

normal distribution with mean zero and variance 1/m.

e Bernoulli measurements - entries of the matrix A are independently chosen from

symmetric Bernoulli distribution P(A;; = \/Lﬁ) =1

There are different measurement bounds for random matrices, but the following theorem by
Baraniuk et al. (2008) presents a paraphrase of an elegant result that sums up the general

idea.

Theorem 2.2 (Measurement bounds based on the RIP by Baraniuk et al. (2008)). Let the
entries of the matriv A € R™ ™ be drawn from independently identical distribution (i.i.d)
according to either a zero-mean Gaussian distribution or Bernoulli distribution, and scaled
so the expected value of each column is one. For any integer s = 1,2,... and 65, with
overwhelming probability the matrix A will satisfy the restricted isometry property with a

constant 65 € (0,1) as long as
n
m>C-s-log (—) : (2.2.4)
5

for some constant C, which depends on each instance.

It has been shown by Baraniuk et al. (2008) that for any given ®, if ¥ is selected as one of
previously mentioned distributions, then with overwhelming probability, the matrix A = U ®
obeys the RIP provided that the inequality (2.2.4) is satisfied. Note that this random
measurement matrix W is in a sense universal, Baraniuk et al. (2008). That is the sparsity
basis need not to be known when designing the measurement system. The sole purpose of
the sparsity matrix @ is to induce sparsity on the signal. The measurement matrix W is the
most important element is compressive sensing. Therefore, from now onwards we shall use

¥ with the knowledge that the measurement matrix is fully represented by A = U®.

It is worth noting another useful result in compressive sensing concerning Fourier matrices.
Fourier matrices are significant since the fast Fourier transform allows fast matrix
factorization. The number of required measurement is similar to (2.2.4), except that the

log(%) factor is replaced by log*(n), Candes and Walkin (2008). This bound may be lowered
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in future, so it is not necessarily indicative that Fourier matrices are inferior to random

matrices.

2.3 Sparse Signal Recovery

Compressive sensing protocol acquires linear measurements y € R™ of a sparse signal € R”
in an incoherent domain ¥ € R™*". It invokes optimization techniques to recover the sparse
signal. This protocol essentially acquires the signal in compressed form and it uses an efficient
decoder to decompress the signal; this is the role of /;-minimization. In order to reconstruct

a signal  from the measurement y, we need to solve the following linear algebraic system,
Y =1y. (2.3.1)

An important characteristic of equation (2.3.1) is that the size of the observed signal
y is much smaller than the size of original signal @; the equation is under-determined.
Linear algebraic theory asserts that it is impossible to find an exact solution from an
under-determined system of linear equations. Accordingly, there are infinitely many solutions
to equation (2.3.1). The solution has the form x* = & + N (), where x satisfies equation
(2.3.1) and N (W) is the null space of W.

Since the original vector « is known to be sparse, the problem of finding the desired solution
can be phrased as an optimization problem. The objective is to minimize an appropriate
measure of sparsity while simultaneously satisfying the constraints defined by (2.3.1). This

can be expressed mathematically as;

x* = arg min F(x) subject to ¥ =y, (2.3.2)

T
where F' : R™ — R is an objective function and it should promote sparsity in the solution.
We are interested in the function of the form

F(a) = [z, = (Z |$z‘\p> : (2.3.3)

i

B =

where p > 0 and z; is the i-th component of . Equation (2.3.3) expresses the £,-norm of

the vector . Note that in the case where p < 1, the triangular inequality is not satisfied
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and the norm lose one of its important properties, which is convexity. Thus ¢,-norm for
0 < p < 1 is not actually a norm but rather a quasi-norm. Figure 2.3, shows the graphical

representation of £,-norm for different values of p, imposed with a linear constraint.

Geometrically, the sparse vector should always lie near or along the coordinate axes (for R?
it must lie along the axes). The straight line represents all the points @ that satisfy the
constraint Y& = y. Due to randomness of ¥, the line would be oriented at a random angle.
The dotted lines represent ¢, ball, B, := {x : ||z|, < r} of radius . We shall use this to

motivate the use of /;-norm in compressed sensing.

(a) fo-norm (b) ¢1-norm (c) E%—norm

Figure 2.3: Best approximation of a point in R? by a one-dimensional subspace using the

¢y-norms for p = 2,1 and the ¢, quasi-norm with p = %

2.3.1 The /y-norm Minimization. Traditionally, the sparse approximation problem is
solved through the ¢y)-minimization approach. Given the observed measurements y and
the knowledge that the original signal is sparse, it is possible to recover x by solving an

optimization problem of the form,
" = argmin ||z subject to Wz =y, (2.3.4)

where ||| is the number of elements in the support set supp(x), that is ||z||o = |supp(x)|.
Note ||- |0 is not a norm by definition, rather a quasi-norm. Solving this problem is equivalent
to selecting s columns of W that best represent the observed vector y. This requires a search
through all n choose s possible subsets of columns of W. In principle, the strategy is very

effective in finding the exact sparse solution.
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Although it is possible to recover sparse solutions precisely, it is infeasible to solve such a
combinatorial optimization problem. The problem is generally NP-Hard, Natarajan (1995).
Algorithms that solves equation (2.3.4) are computationally intractable. In addition to this
computational challenge, it has been shown that program (2.3.4) yields a solution which is

not robust to noise, Mashud and Kaushik (2009).

2.3.2 The ly-norm Minimization. Since the fy-minimization problem in equation (2.3.4)
is computationally infeasible to solve, an alternative approach is needed to solve the
problem efficiently. A common avenue is to use the least square approach, based on the

ls-minimization problem,
" = argmin || x| subject to ¥z =y. (2.3.5)
Equation (2.3.5) can be solved through Tikhnov regularization, Neumaier (1998),
ain 1%~ |} + ol (2:3.0)

where p > 0 is the penalty parameter. There exists an exact analytical solution of equation

(2.3.6) given by
=0T (0T 4 ul,) 'y, (2.3.7)

where I, is identity matrix of size m x m. In most cases, the least square approach produces

poor results; the solution vector is generally not sparse.

To demonstrate the effect of /5-norm on the solution, we consider the example in Figure
2.3a. The convexity of fo-norm implies that a unique solution to equation (2.3.5) exists.
However, the solution is generally not sparse. The ¢ minimizer of problem (2.3.5) is a point
on the constraint line closest to the origin. This point can be found by blowing the B, ball
until it contacts the constraint line & = y. Accordingly, the optimal point &* will always
be situated away from the coordinate axes. Thus, it is clear that the /5-norm would always
return a unique non-sparse solution. This concept also extends to high dimensional vectors.
Accordingly, the /;-norm is not appropriate for finding s-sparse solution. We seek a sparse

promoting norm.
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2.3.3 The /{;-norm Minimization. Candes et al. (2006a) provide mathematical
foundations that show if a measurement matrix satisfies certain quantitative properties
(such as incoherence and the RIP), problem (2.3.4) can be transformed into something
computationally tractable. This can be successfully done by replacing the non-convex
function || - |o with its closest convex approximate function || - |J;. The equivalent convex

optimization problem is,
" = argmin ||z||; subject to ¥z =y. (2.3.8)

This problem is known as the Basis Pursuit in literature. The value of p = 1 is the smallest p
value for which ¢,-norm is convex. Due to its convexity, basis pursuit is numerically feasible
to solve. Most importantly, /;-minimization is greatly utilized because it provides improved
sparsity relative to least square solution. To illustrate how well basis pursuit promotes
sparsity we consider Figure 2.3b. Blowing the B; ball as before, the first point of contact
x* with the constraint line ¥a = y coincides with the exact minimizer and it is aligned
with the coordinate axes. This will always be the case for a unique sparse solution vector.
Accordingly, ¢;-norm promotes sparsity. Depending on the orientation of W& = y, the
constrained line and the side of B; ball may have the same gradient. In such instances one

have infinitely many solutions and most of which are not sparse. We will ignore such case.

There exists theoretical guarantees with profound results on the effectiveness of basis pursuit.
Candes and Tao (2005) showed that for any measurement matrix that satisfy the restricted
isometric property, basis pursuit (2.3.8) recovers all sparse signals exactly. This is illustrated

in the following theorem:

Theorem 2.3 (Exact recovery of basis pursuit, Candes and Tao (2005)). Assume that
the measurement matrix W satisfies the restricted isometric property. Then every s-sparse
vector & can be exactly recovered from the measurements y = W, as a unique solution to

the optimization problem (2.3.8).

The above guarantee is uniform. That is, once the measurement matrix W satisfies the

restricted isometric property, basis pursuit correctly recovers all sparse vectors.
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2.3.4 The (,-norm Minimization for 0 < p < 1. The use of ¢;-norm works well due to
its geometry. One might think of using ¢,-norm for some 0 < p < 1. Indeed, the geometry
of such quasi-norm would return even better sparsity, see Figure 2.3c. Ge et al. (2011) used
this approach compressive sensing. However, recovery methods using such approach have
not yet provided rigorous optimal results. The program (2.3.8) has an advantage over those

with 0 < p < 1 because of convexity.

2.4 Phase Transition Analysis

The performance of a compressive sensing algorithm can be evaluated via phase transition
analysis. This analysis was first introduced by Donoho and Tanner (2009a) as a means of
studying the equivalence of ¢; and ¢y. The equivalence is an indication of how sparsity and
the number of measurements affect the success of basis pursuit. The technique has been
adopted by other researchers in compressive sensing community as a means of comparing

reconstruction ability of different algorithms, Donoho et al. (20006).

The description of phase transition analysis is as follow. Let ¢ = ™, represent a normalized
measure of indeterminacy factor and p = 2, represent a normalized measure of sparsity.
Phase plot depicts some performance statistics as a function of § and p, over a phase spaced
(0,p) € [0,1] x [0, 1]. Each pair (6, p) in the space indicates the difficulty of reconstruction.
For example, a pair with small 6 and large p represents harder reconstruction. The
challenge is that a problem has large number of non-zero components with few measurements.
Theoretical analysis and empirical results have shown that there are two regions in the
phase space, Donoho and Tanner (2009a); Donoho et al. (2006). A success region, where the
probability of precise reconstruction of the sparse signal tends to one and a failure region,
where the probability of precise reconstruction tends to zero. The phenomenon of moving
from one region to the other is referred to as phase transition. The boundary where the two
regions intercept is called the phase transition line, Donoho and Tanner (2009a), see Figure

2.4. The higher the phase transition line, the better the performance of the reconstruction

algorithm. Only the phase transition line of /;-minimization problem has been rigorously
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proven. The transition line has been calculated from computational geometry by Donoho
and Tanner (2009a,b, 2005), and also empirically observed by Donoho et al. (2006); Berinde
et al. (2008).
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Figure 2.4: Phase transition diagram.

2.5 Optimality for Non-differentiable Functions

In this section, important concepts regarding optimality condition of non-differential convex

optimization problems are discussed. Consider an optimization problem of the form

min F(x) := g(x) + f(x), (2.5.1)

x
where F' : R" — R is a composite multivariate real-valued function with a convex
differentiable term f : R® — R and a convex non-differentiable term ¢g : R"™ — R. The
presence of the non-differentiable term makes the problem difficult to solve in a sense that
conventional optimization concepts do not work. The compressive sensing problem is cast
as a constrained optimization problem. Through regularization it can be easily expressed as
unconstrained optimization problem of the form (2.5.1). Hence, we will present some useful

concepts relating to non-differentiable convex unconstrained optimization.

2.5.1 Gradient and Subgradient. Gradient often relates to differentiable functions and
sub-gradient relates to non-differentiable functions. Below, we to discuss a subgradient since

the overall objective function in our study is non-differentiable.
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Definition 2.3 (Subdifferential, Neal and Stephen (2013)). Let F : R™ — R be a convex

function and a vector € R™ be given. Then the subdifferential of F' at x is defined as:
OF (x) :={z € R": F(x) + 2" (&' — x) < F(z') for all vectors ' € R"}. (2.5.2)

The elements of OF (x) are called subgradients of F at x.

Definition 2.3 actually states that any subgradient z in 0F(x) defines an affine function
' — F(x) + 2T (2’ — ) which is tangent to the graph of the function F. Moreover, there
is a bijection between such tangent affine functions and the subgradient. The following
proposition illustrates the usefulness of the subdifferential in the study of non-differentiable

optimization problems.

Proposition 2.1 (First order optimality of non-differentiable function, Neal and Stephen
(2013)). For any non-differentiable convez function F': R™ — R, a point x € R" is a global

minimization of F if and only if the condition O € OF(x) holds.

The concept of a subdifferential is mainly useful for non-differentiable functions. If F is
differentiable at @, then the set 0F(x) would be a singleton {VF(x)}. Moreover the
optimality condition of Proposition 2.1 reduces to the classical first-order optimality
condition VF(x) = 0. The above concepts are used in the following section to derive
the shrinkage operator. Shrinkage operator plays an important role in finding the solution

of ¢;-norm minimization.

2.5.2 Proximal Operator. Analogous to Newtons methods, which are standard tools for
solving unconstrained differentiable optimization problems, proximal methods are standard
tools to address non-differentiable optimization problems. The basic operation of proximal
techniques is evaluating the proximal operator of a given function. Definition 2.4 below

describes the proximal operator.
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Definition 2.4 (Proximal Operator, Neal and Stephen (2013)). The scaled proximal operator
prox,; : R" — R" of a convex function f :R"™ — R at the proximal point v € R™ is defined

as the minimization problem

1
prox,;(v) := arg min {f(a:) + EHZE - 'v||g} , (2.5.3)
where p > 0 s the scaling factor.

There is a close connection between the proximal operator and fixed-point theory. In
particular, the fixed-point of the proximal operator of f is precisely the minimizers of f.

In other words, if * is the optimal point then the following statement is true:
x* =prox,s(x”) ifand only if «* = arg min f(x). (2.5.4)

Below, we prove statement (2.5.4) and also demonstrate the connection of the proximal
operator with subdifferential. Let prox,s(v) be given as (2.5.3). Then, with the knowledge
that f(a) is not differentiable, one can evoke the first order optimality condition to find the

optimum of the proximal minimization problem (2.5.3) as:

1 1
Oea(f(x)+@\|w—v||§) Iﬁf(:c)—l—p(az—v). (2.5.5)
Here, 0f(x) is the subdifferential of f at x, and is defined as in Definition 2.3. Setting

x = v = x*, it follows that 0 € 0f(x*) and x* minimizes f.

To argue the converse, let «* be the minimizer of f, then f(x) > f (x*) for all & in the

domain of f. Thus, for any @, the following is true
1 %112 * * 1 * * |12
f(w)+@|\w—w 3= flx") = f(x )+5Hw — 7| (2.5.6)

Therefore x* minimizes the function f(x) + ﬁ”w — x*|]3. Tt follows that z* =
prozx,(x*). Hence, this suggests that the proximal operator is a very useful tool for solving
non-differential optimization problems. In fact, most convex optimization algorithms for

solving /;-minimization problems involve the evaluation of the proximal operator.

This work is concerned with the proximal operator in which the function f(x) is defined

as {1-norm, that is f(x) = ||x||;. Below, we present another related operator which will be
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useful in subsequent chapters. Substitute f(x) = ||z||; into the proximal operator (2.5.3)

and solve the resulting minimization problem,
. 1 2
m;nF(:c) = ||a:||1+ﬂ||:c—'v||2. (2.5.7)

We first characterise the subdifferential of the convex function |||, as

¢

{1} if xT; > 0,
Olll); = q[-1,1]  ifz; =0, (2.5.8)

\

Using (2.5.8) the sub-differential of problem (2.5.7), is given componentwise as

1
OF () = 0 (kul + ol —vus) |

1
=0|z|; + —(x — v),
[eIh u( )

(

{z; —v; +u}/u if z; >0,
= [_,u — Ui;ﬂ_vi]/u if T; = 0’ for all 1 = 1,2,. .o, Nn, (259)
{z; —v; — u}/p if x; < 0.

Let X* represent a set of all optimal solutions of problem (2.5.7). The first order optimality
condition for non-differentiable function asserts that € X* <= 0 € 0F(x). Therefore, we

have the following cases for which the subdifferential contains zero:
e if v; > +pu, the sub-differential is zero is when x; = v; — u > 0.
e if v; € [—u, p], the sub-differential is zero at z; = 0.
o if v; < —pu, the sub-differential is zero is when z; = v; + p < 0.

Hence, the i-th component of the minimizer &* of problem (2.5.7) is

(
v — [ if v; > p,

;=40 if v; € [—p, pl, (2.5.10)

v + 1 if v; < —p.
\
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From equation (2.5.10), we define the shrinkage operator as

1 if v >0,
S(v, p) := sign(v) x max{|v| — u,0}, where sign(v)= <0 ifv=0, (25.11)
-1 it v < 0.

Lastly, the solution of the proximal ¢;-minimization problem (2.5.3) is
Prox,|q|, (v) = S(v, ). (2.5.12)

This computation is done componentwise. It turns out that in order to solve the
{1-minimization problem, one needs to transform the problem to a form similar to proximal
operator (2.5.3). Then an approximate solution can be obtain via equation (2.5.12). In
Chapter 3 we present algorithm for solving the /;-minimization problem. The above theory

plays an important role.



Chapter 3

Algorithms for Compressive Sensing

This chapter discusses a number of algorithmic approaches that address the compressive

sensing problem. Algorithms for solving a compressive sensing problem are broadly divided

into at least five major categories, as illustrated in Figure 3.1. A brief description of what

each category entails is as follows:

1. Convex relaxation - replaces the ¢1-norm problem with a convex optimization problem,

and then solves the convex problem with algorithms that exploit problem structure.

2. Greedy pursuit - iteratively refines a sparse solution by successively identifying one or

more components that yield the greatest improvement in quality.

3. Iterative thresholding - can be thought of as an extension of the classical gradient

approach to deal with non-differentiable objective functions.

4. Combinatorial algorithms - search through all possible support sets, possibly using

cutting-plane methods to reduce the number of possibilities. However, most algorithms

here employ the group testing technique.

5. Bayesian (Nonconvexr optimization) - relaxes the £y problem to a related nonconvex

problem and attempts to identify an optimal solution.

An elaboration of individual algorithm is provided on subsequent sections of this chapter.

While it is possible to describe as many as possible algorithms here, we restrict the discussion

28
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Figure 3.1: Classification of compressed sensing algorithms.

to the original algorithmic ideas of a specific technique and explain their advancement thereof.
The Digital and Signal Processing group at RICE university keeps an up to date repository

of the latest articles in compressed sensing.



Section 3.1. Convex Relaxation Algorithms Page 30

The understanding of how these different algorithms perform is of paramount interest in
this study. We identify and implement all the necessary improvements in the design of
effective and efficient hybrid algorithm. The design of sparse recovery algorithms is guided
by various criteria that quantify its efficiency and effectiveness. Some important criteria in
the development and analysis of compressive sensing algorithms are defined below, Needell

and Tropp (2009):

e Speed: Most applications in compressive sensing deal with large scale problems. Hence,
a good algorithm should strive to efficiently recover an optimal signal using minimal

computational resources.

e Performance guarantees: A range of geometric conditions that aid in preserving signal
information were fully discussed in the previous chapter. Thus, a good algorithm

should satisfy the restricted isomeric property and the incoherence condition.

e Robustness to noise: Real world signals are not exactly sparse and involve uncertainty
(for example perturbation of input signal or contamination by unstructured noise).
A good algorithm should provide stable and consistent reconstruction of real sparse

signals.

These criteria are important in understanding and comparing computational performance
of compressive sensing algorithms. In addition to a detailed description of how a particular
algorithm moves from one iteration to the next, we also state its main results. Main results

are specified in terms of one or more of the above mentioned criteria.

3.1 Convex Relaxation Algorithms

In a general sense, convex relaxation algorithms solve the /¢;-minimization problem. A
fundamental approach is to replace the {y-minimization combinatorial problem with a convex
optimization problem. Convex relaxation algorithms solve the convex program by exploiting
the problem structure. The algorithms are an extension of classical optimization techniques

adapted to deal with the non-differentiability of the objective function. Naturally, the
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¢1-norm is the closest convex function that promotes sparsity, see section 2.3 for the full

motivation. We consider the convex program, Basis Pursuit:
min ||z|;, subject to y=Px. (3.1.1)
T

In the case of noiseless scenarios, Basis Pursuit can be solved exactly provided that mutual

coherence is small, see Theorem 2.1.

In any practical system, one cannot discard the presence of noise. Therefore, compressive
sensing should be able to deal with noisy measurements. In such cases, the measurements

are modelled as
y=Yx +e, (3.1.2)

where e is a noise vector and we assume that noise is bounded by a positive constant ¢,
i.e |le]ls < e. In the presence of noise, finding a sparse solution vector x of (3.1.2) can be
approached via several equivalent formulations. Basis Pursuit is modified and expressed as

Basis Pursuit Denoising:
min ||z|;, subject to ||y — Px|s < ey, (3.1.3)
xT

where €; quantifies the uncertainty about the measurement y. This formulation is often
preferred because a reasonable estimate of €1 may be known. Alternatively, problem (3.1.3)

can be recast in its Lagrangian form as
: 1 2
min pl|z], + 5| ¥z — ylf, (3.1.4)

where p > 0 is the penalty parameter controlling the trade-off between accuracy of sparsity
and speed of convergence. This approach is frequently discussed in literature due to its

unconstrained nature.

In statistics, Tibshirani (1996) proposed the least absolute shrinkage and selector operator
(LASSO). It minimizes the residual sum of squared error, under the constraint of ¢;-norm

on the solution vector. Mathematically, the problem is stated as

1
min§]|\11w —yl|l5, subject to ||z||; < . (3.1.5)
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Standard optimization theory asserts that the three problems (3.1.3), (3.1.4) and (3.1.5)
are equivalent for specific choices of parameters 1, i, e5. Note, the theoretical equivalence
does not necessary mean all these three problems are just as easy to solve. Generally, the
constrained optimization problems are harder to solve than unconstrained problems. In

literature, problem (3.1.4) is preferred over the other two formulations.

Solving one of the above mentioned noisy sparse approximation formulations will recover the
exact solution with an error proportional to noise. The following theorem by Candes et al.
(2006b) connects these reconstruction approaches with RIP. Results of the theorem serve as

a benchmark of robustness to noise for convex relaxation algorithms.

Theorem 3.1 (Reconstruction from noisy measurements, Candes et al. (2006D)). Assume
that the measurement matriz W satisfies the restricted isometric condition with isometric
constant 6, = /2 — 1. Then a sparse approzimate solution x* of problem (53.1.3), obeys the

error bound

lx* — ||, <Cy-e1+ Cs - w, (3.1.6)
S

where x 1s a true solution and x4 s a vector & with all but s largest components set to zero,

and C; and Cy are constants.

Problems (3.1.3), (3.1.4) and (3.1.5) pose two key challenges which relate to specific practical
and theoretical encounters with signals. Firstly, real world problems are invariably large scale
which lead to optimization involving millions of variables. This is well beyond any standard
optimization software packages. Secondly, the objective function and/or constraints are not
smooth. Standard smoothing techniques do not produce good results, Bobin and Becker
(2009). Thus, the conventional optimization algorithms are not effective or even practical.
These unique challenges encountered in the context of compressive sensing have led to a
considerable development of sparse recovery algorithms within the optimization community.
We discuss some of the popular algorithms, with a particular focus on how they deal with

the non-smoothness of objective functions.
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3.1.1 Fixed Point Continuation Active Set. The Fized Point Continuation Active Set
(FPC-AS) was proposed by Wen et al. (2010) as an efficient algorithm for solving problems
of the form (3.1.4). The algorithm is divided into two stages that are performed iteratively.
In the first stage a first-order iterative shrinkage scheme is employed. Its aim is to quickly
estimate a subset of components of & that are likely to be non-zero in the optimal solution.
In the second stage a second-order limited-memory quasi-Newton method is used to solve
a smooth version of (3.1.4). The smooth quadratic function is formed by restricting the
problem to indices of non-zero components of & computed in the first stage of the algorithm.
These two stages are embedded in a continuation approach. Continuation strategy solves the
problem for decreasing sequence of i (detailed discussion of continuation is given later). The
continuation strategy has been empirically shown to significantly improve the convergence

of the algorithm, Hale ot al. (2008).

FPC-AS is an improvement of Fized Point Continuation (FPC) algorithm developed by Hale
et al. (2008). FPC is used as a shrinkage scheme in the first stage of the two-stage FPC-AS
algorithm. FPC is based on the ideas of operator-splitting from Combettes et al. (2005), and

the continuation strategy. Consider a general ¢;-minimization problem of the form
min F(@) = e + /@), (3.1.7)

where 1 > 0 and f : R®™ — R is a real valued function which is assumed to be continuously
differentiable and convex. This function is essentially f(x) = || ¥z — y||3 in the compressive
sensing settings. The main idea is based on the fixed point theory. The fixed point iteration
is derived from subdifferential optimality condition. It is basically a composition of shrinkage

and a gradient descent step.

To derive the fixed point iteration, let us write the objective function of problem (3.1.7) as
a sum of two functions in form F(x) = g(x) + f(x), where the function g(x) represents a
convex non-differentiable term, while f(x) is a convex continuously differentiable function.

A point x in the optimal set X* minimizes F'(x) if and only if
0 € 0F(x*) =0g(x")+ Vf(x"). (3.1.8)

Here Og(x) is the subdifferential of g at & and V f(x) is the gradient of f at . Let us
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multiply (3.1.8) by a positive parameter «, the reason for this will become clear later. The

optimality condition is still true if and only if the following equivalent statements are true,

0 € adg(x) + aV f(x)

€ (adg(z) +z) + (aVf(z) — )
0 € (I +adg)(x)—(I—aVf)iz)
(I — aVf)(x) e (I+adg)(x)
= (I +adg)" (I -aVf)(x), (3.1.9)

-1

Combettes et al. (2005). Here I is the identity operator and (-)~! is the inverse operator.

Equation (3.1.9) implies that x minimizes F' if and only if it is a fixed point of the

forward-backward operator:

(I+adg)™ (I —aVy), (3.1.10)

Combettes et al. (2005). We can repeatedly apply this operator to obtain a fixed point and

-1

thus find a solution of problem (3.1.7). However, we first need to evaluate (I + adg)™ . In

fact the expression is equivalent to the proximal operator. To prove this assertion consider

the following argument. By definition, if & € (I 4+ adg) " (v), then
€ (I 4+ adg) (x) =x+ adg(x). (3.1.11)
This equation can be expressed as
1
0 €0g(x) + —(x —v), (3.1.12)
Q@
which is equivalent to
1 2
0e€o0 g(a:)%—%ﬂaz—'u”2 : (3.1.13)

where the subdifferential is with respect to . As in section 2.5, this is the necessary and
sufficient condition for & to minimize a convex function which is defined by the proximal

operator

1
Prox,,(v) = argmin g(x) + 2—”3: —vl3. (3.1.14)
x a
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Hence, we connect everything above to ¢;-minimization problem (3.1.7). Since g(x) = pljx|1,
it follows from the proximal operator (3.1.14) that the explicit solution of problem (3.1.7)
is given by the shrinkage operator, see section 2.5. Thus, the k-th iterate of a fixed point

iteration is

x" = (I+adg)” (I —aVyf)(zF)
=S ("' —aVf(@" ), ap). (3.1.15)

The fixed point iteration is basically a composition of two mappings. The first mapping,
b1 — aV f(z*1), resembles the gradient descent step of a differentiable term f, with
the step size a. Thus, a was introduced early for this purpose. The second mapping is
the shrinkage step with S§. It reduces or discards the magnitude of each component of

k=1 — oV f(z* 1) by an amount less than or equal to au, thus deducing the sparsity.

The convergence of fixed point algorithm is depended upon two parameters a and pu.
Hale et al. (2008) implemented the fixed point iteration with a fixed stepsize a, with the

requirement that

O<ac<

, (3.1.16)

Amaz
where A\pay is the largest eigenvalue of the Hessian V2f. Since a bad choice of « usually
lead to a slow rate of convergence, one can choose the stepsize in a dynamic way. One can
employ line search to guarantee global convergence. Furthermore, since practical problems
are normally large scale, it may be computationally expensive to find eigenvalues of the
Hessian. An efficient strategy for dynamic updating of o was developed by Barzilai and

Borwein (1988). The strategy requires few storage and very inexpensive computations. The

Barzilai-Borwein strategy defines a* in a manner that it mimics the quasi-Newton method,
specifically
AzF)" Ak AzF)T A
dhy = BT BTy, (O] AF B17)
(Azk)” Af* (AfF)" AfE
where

AzF =zF — 21 and AfF=Vf(z") - Vf(b). (3.1.18)
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To avoid the parameter o* being either too small or too large, one can choose the step size

based on the following restrictions

of = max {amm, min {a%B, amax}} , (3.1.19)

where 0 < nin < Qunae < 00 are predetermined fixed constants. This step is useful in most

of convex optimization algorithm in general.

The second parameter that affects convergence of fixed point iteration is pu. To enhance
convergence through u a strategy termed continuation is incorporated. In a continuation

procedure instead of solving problem (3.1.7) for fixed u one solves a sequence of problems

Ty = argmwin Eu(x) = p" ||zl + f(z), (3.1.20)

where p° > p! > p?, > -+ > p. The solution azzk_l is used as the initial estimate solution of
the problem (3.1.20) with g*. Hale et al. (2008) have empirically shown that using a shrinkage
scheme to obtain :c:k in a continuation strategy is superior to applying a basic shrinkage
scheme to (3.1.7) directly. Experiments by Wright et al. (2009) have further confirmed
the effectiveness of continuation. A pseudo code of fixed point continuation algorithm is

presented in Algorithm 1.
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Algorithm 1 Fixed Point Continuation Algorithm.

Input: A measurement matrix ¥ € R™*" measurement vector y, and pu.
Output: An s-sparse approximate solution x.
1: Initialization: Set the initial solution x°. Select p® > p! > p2 > -+ > puf = . Set all
other parameters which are algorithm dependent.
2: for k=1,2,..., K do:
3: Set p=pFandl=0.

4:  While halting condition is not met do:

5: [=1+1

6: Compute the stepsize o via (3.1.19).

7 Update solution @' by solving (3.1.20) via (3.1.15).
8:  endWhile

9:  Set ¥ = x!.

10: endFor

The FPC-AS is developed from the convergence properties of FPC. Although the shrinkage
scheme in FPC is very easy to compute, it takes large number of iterations to achieve an
acceptable level of accuracy. The remarkable observation is that the shrinkage yields the
iterate ¥ with the same support and signs as those of the optimal solution * for all k
greater than a finite number of iterations under mild conditions. Consider the following
theorem by Hale et al. (2008), it states the global convergence of FPC.

Theorem 3.2. Let f be a convex function that is bounded below, and let o satisfy

I<ac<

, (3.1.21)

)\max

where \pae 15 the mazimum eigenvalue of Hessian V2f. The sequence {wk} generated by
the fized-point iterations (3.1.15) from any starting point x°, converges to optimal point

x* € X*. In addition the following statements holds true for all but finitely many iterations
a¥ = foralli€ S,

sign ([x" — onf(a:k)L.) = sign ([x" —aV f(x")],) forallie S,

where S = supp(x) is the support set of & and S¢ is complimentary of the support set.
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In practice the above results mean that after a moderate number of iterations S¢(x*) C
S¢(x*) holds, but it often takes many more iterations before the algorithm reaches the
optimal support set. In other words, shrinkage is very effective in obtaining a support
superset, but it is not efficient in recovering signal values. Therefore, FPC-AS utilises the

first property of shrinkage scheme and overcomes the second property.

The second stage of FPC-AS find the optimal values of the sparse solution by solving a
smooth subspace optimization problem. Once a good approximation of the support set S is

found in the first stage a subspace optimization problem is defined as
mmin F(x) = px sign(wa)T:cfS + f(x). (3.1.22)

Here x|s represents a vector that keeps the components corresponding to indices of the set
S while setting all other components to zero. This problem can be easily reformulated as a
constrained problem. Wen et al. (2010) used a limited-memory quasi-Newton method based

on the work by Zhu et al. (1997) to solve the resulting bounded constraint problem.

FPC-AS starts by executing shrinkage on the first phase and switch to second phase of
subspace optimization once a good approximation of support set is found. Let ( > 0 and
ef,e4 € (0,1) be some predetermined fixed constants. The shrinkage scheme switch at the
k-th iteration if either of the following conditions hold,

el @)

% — 2kt

2> ¢ and [/ (2¥) - u] s,

<egmax {[|z"|,1},  (3.1.23)
2

‘Fu (a:k_l) - F, (a:k)| < gy max {|Fu (wk)‘ , ’Fu (a:k_l)| , 1} ) (3.1.24)

The justification of these conditions is based on the convergence property of line search
implementation, Wen et al. (2010). These conditions are chosen so as to ensure the switching
is not done prematurely. On one hand, a subspace optimization must be started as soon
as possible. On the other hand, the complementary set of the support set that defines the
subspace optimization problem must be as accurate as possible. Condition (3.1.23) ensures
that a sufficient number of iterations are done before switching; while condition (3.1.24)

avoids slow convergence.
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The two stages are embedded under the continuation strategy to improve the rate of
convergence. There are several halting conditions that can be used to terminate the
algorithm. First, the algorithm can be stopped when the relative change of the solution
falls below some tolerance value, that is ||£* — "7!||; < tol. Secondly, one can terminate
the algorithm when a norm of the gradient of smooth term is significantly small, that is
||V f (sck)H2 < tol. These are the most suitable stopping conditions. Other conditions such
as the limiting number of iterations can be used. A complete FPC-AS algorithm is described
in Algorithm 2. FPC-AS exhibits state-of-the-art performance in terms of both its speed

and ability to recover sparse signals.

Algorithm 2 Fixed Point Continuation Active Set Algorithm.
Input: A measurement matrix ¥ € R™*" measurement vector y, and pu.

Output: An s-sparse approximate solution .

1: Initialization: Set the initial solution x°. Select p® > p! > p2, > -+ > puf = p. Set all
other parameters which are algorithm dependent.
2: for each p°, ut, ..., u* do

3:  While halting condition is not met do:

4: Compute the stepsize of via (3.1.19).

5: Update solution * by solving (3.1.20) via (3.1.15).

6: Compute the support set S = supp(x*).

7 if either of condition (3.1.23) or (3.1.24) holds do

8: Update solution by solving subspace problem (3.1.22).
9: endif

10: end While

11: endFor

3.1.2 Truncated Newton Interior Point Method. The /;-minimization problem (3.1.3)
can be transformed to a convex quadratic program. The resulting problem can be solved
by standard convex optimization methods such as interior point methods. The ¢;-magic
by Candes and Romberg (2006b), provides high-quality general purpose implementation of

standard interior point methods which can handle small to medium size problems. Kim et al.
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(2007) propose a specialised interior point method for solving large-scale ¢;-minimization
problem. The algorithm is termed Truncated Newton Interior Point Method (TNIPM) and it
is normally referred to as 1 —/, in literature. TNIPM makes use of duality of /;-minimization
problem and it uses preconditioned conjugate gradient to compute the search direction. Kim
et al. (2007) have empirically shown that ¢; — £ is comparatively efficient and it scales well

to large problems.

TNIPM uses a convex transformation to turn problem (3.1.4) into a bounded constrained

convex quadratic problem:

T

min F(x) = p Y _u;+ [ — ylf3, (3.1.25)
subject to  —u; < x; < uy,

where u € R”. A differentiable convex, logarithmic barrier function p(x,w), is further

constructed for the bounded linear inequality constraints,

plx,u) =— Zlog(ui + ;) + Z log(u; — x;) | . (3.1.26)

The logarithmic barrier function is defined in the domain {(x,u) € R™ x R"| |z;| < u;, Vi}.

The following optimization function can be obtained by augmenting the logarithmic function,
s o . 2

min F(x,u) := tuZui + t[|Px — yl|5 + p(x,u), (3.1.27)

U
i

where ¢t > 0. The resulting objective function is differentiable, strictly convex and bounded
below. Therefore problem (3.1.27) has a unique minimizer (x*(t),w*(t)). This defines a
curve in R™ x R", parametrized by ¢, called the central path. The optimal solution is also

shown to be dual feasible, <im et al. (2007).

As a primal interior-point method, Kim et al. (2007) computed a sequence of points on
the central path for an increasing sequence of ¢, and minimized the objective function a
for each t using a truncated Newton’s method. It is computationally expensive to compute
the Hessian and ultimately obtain the search direction in order to solve problem (3.1.27).

A preconditioned conjugate gradient algorithm is used to compute the search direction,
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for which more details are provided by IKim et al. (2007). The interior point method was
customized by the author in several ways. First, the dual feasible point and the associated
duality gap are computed in a cheap fashion. These variables are necessary because the
stopping condition is based on the duality gap. Secondly, the central path parameter ¢
can be fixed, but Kim et al. (2007) updates ¢ dynamically to achieve a robust convergence
when combined with the preconditioned conjugate gradient algorithm. Thirdly, different
options depending of the problem size are adapted for solving the Newton’s system. Small
and medium size problems are solved by direct methods such as Cholesky factorization, see
Cotter et al. (1999) for details of this method. Large problems are solved using iterative
methods such as conjugate gradient. [Kim et al. (2007) provided a full discussion on the

algorithm. A pseudo code of TNIPM is presented in Algorithm 3.

Algorithm 3 Truncated Newton Interior Point Algorithm.

Input: A measurement matrix ¥ € R™*" measurement vector y, and pu.

Output: An s-sparse approximate solution x.

1. Initialization: Set k = 0. Initialize the solution x° and set w = 1,. Set all other
algorithm depended parameters.

2: While halting condition is not met do:

33 k=k+ 1.

4:  Compute the search direction d*~!, as approximate solution of the Newton system
using preconditioned gradient method.

5. Compute the step size s*~! by backtracking line search.

6:  Update solution as [&*; u*] = [&"1; ub™!] + sF~1dF L.

7. endWhile

The computational resources required by TNIPM are relatively moderate. Thus, TNIPM
is able to solve very large problems, for which forming the Hessian would be prohibitively
expensive. The computational speed of the algorithm is largely dominated by the calculation
of the search direction. In particular, it is proportional to the product of total number of
preconditioned conjugate gradient steps and the cost of each step. The total number of

preconditioned conjugate gradient steps depends on the regularization parameter g and
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the desired accuracy. Small value of 1 and high accuracy would lead to large number of
preconditioned conjugate gradient steps. However, the implementation of the algorithm can

solve the large sparse problems very efficiently with high accuracy, Kim et al. (2007).

3.1.3 Gradient Projection for Sparse Recovery - GPSR. Mathematical problems can
be formulated in different ways and the most desirable formulation has been the smooth
convex optimization problem. Figueiredo et al. (2007) developed the Gradient Projection

for Sparse Recovery (GPSR) algorithm for solving Basis Pursuit Denoising:
: 1 2
arg min () := plal + 5[ We — gl (3.1.28)

where > 0. GPSR reformulates problem (3.1.28), as a smooth convex quadratic program
with bounded constraints. The approach starts by decomposing a signal @ into its positive
and negative components by defining the variables. Lets u,v € R™ be new variables which

satisfy
|z;| = u; +v;, forall i=1,2,... n. (3.1.29)

Here u; = max{+x;,0} and v; = max{—xz;,0}. Moreover this choice of components satisfy

x = u — v. The linearisation of the ¢;-norm becomes

n
Izl = Jail,
i=1
n n
S u Y
i=1 i=1

=17u+ 17, (3.1.30)

with u,v > 0 and 1, € R" is a column vector whose entries are all ones. Using the above

linearisation technique, problem (3.1.28) is transformed in the following manner,



Section 3.1. Convex Relaxation Algorithms Page 43

mwin Flu,v) = gtk + 1 fo + 2| ¥l — o) -y
:u1£u+,ulgfv+%(\I’u—\Pv—y)T(‘I’U—‘I’U—y%
= A%+ 1o+ {u” (W) u T (BT
— o' (W) u+ ul (UT0) u— 20" Wy 4 20Ty +y Ty}

— 1T+ 1Ty —u (U7y)" 0 (¥Ty)" ..

1 +0Ty — 9Ty
+S[u” o] +y"y,
2 0Ty + 0Ty
1, —pT
= [’ v’ a +u v Y
pl, +0Ty
1 +9Ty oty u
+ —[u? v’ +y'y.
2 —OTY 49Ty v
Let us introduce the new variables as
u —PTy o'y gy
z = c=ply, + and B = . (3.1.31)
v Ty Ty Ty

and problem (3.1.28) can be equivalently rewritten as the bounded constrained quadratic

program

1
arg min F(z) :==c'z + §zTBz, subject to z > 0. (3.1.32)

Although, the technique transforms a non-differentiable problem to a differentiable problem,
the linearisation comes with a burden: the dimension of the new formulation doubles. This
is an issue of serious concern in practice. However, the increase in dimension has minor
impact on the complexity of the algorithm. Matrix operation involving B (in the case of
computing VF and 27 Bz) can be performed more economically by exploring its structure.
The operations reduce to matrix multiplication involving either ¥ or W7, Figuciredo et al.
(2007). Thus with good implementation of matrix multiplication the proposed gradient

projection method can be fast.
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The proposed gradient projection algorithm solves problem (3.1.32) iteratively and the k-th
iteration consists of two steps. First step chooses an appropriate step size a*~! > 0, it then

searches the solution along the negative gradient and project it onto a positive orthant as

wh = (2 = oMIVE(ZMY) (3.1.33)

L
Here the projection (-) restricts the components of the argument vector to positive values
by setting all negative components to zeros. The projection is necessary due to the constraint

on the solution vector z. The second step chose the parameter 5*~! € (0,1) and updates

the solution
2F = 2F 4 g (wh — 2R, (3.1.34)

GPSR algorithm continues this until some convergence criterion is satisfied. The main issue
is how to choose the step size o and weight S* at each iteration. Step size is chosen such

that a decrease on the objective function is achieved at each iteration.

Basic implementation of GPSR employs backtracking line search to select the step size.
Backtracking line search avoids large step size that overshot the new point, which may result
in increasing the objective function. At the same time it also avoids small step size, which
may cause slow convergence of the algorithm. Figueiredo et al. (2007) uses the initial guess

for o*, that would yield an exact minimiser of F along the descent directions. Specifically

initial step size is given as:

KT _k
04’8=—(g; 7 (3.1.35)
(g*)" Bg*
where for: =1,...,2n
VE(zF), if zF>0o0r (VF(2F); <0
o L TG s 0or (VR -

0 otherwise.

The components of the vector g* gives an indication of the favourable directions where
there is a possibility of zeroing some complements of the solution. Figueiredo et al. (2007)
keeps the algorithm stable by removing potentially non-productive step sizes by selecting

the middle value of the set {amin, o/g, Qmaz }- Denoting the middle value as «, the GPSR
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algorithm uses this value as the initial guess of the step size in the backtracking line search.

k-1

The value is sequentially reduced and the step size o~ is accepted as the first value such

that the Armirjo condition is satisfied. The Armijo condition is specified as:

F" o d" ) < PP Y + o toVE(ZMHTd (3.1.37)

1

where parameter o € (0, 5) is fixed and d* is the search direction. The parameter f5~! in

equation (3.1.34) is updated in way that GPSR algorithm mimics the convergence property
of the Newton method, specifically

(zk:—l o zk—Z)T(zk—l o zk—2)
(zk—l _ zk—z)Tgk—l

BgEt = (3.1.38)

The algorithm is normally terminated when the relative change of solution norm falls below
some tolerance. After the convergence of the above iteration, Figueiredo et al. (2007)
employed debiasing to improve the accuracy of the algorithm. In the debiasing procedure a
subspace problem restricted to non-zero components of the solution is solved to find optimal
signal values. The algorithm also benefits from the use of the continuation strategy, which
improves the convergence rate. The GPSR is a computationally light iterative approach to
solving the convex relaxation principle of Basis Pursuit. The complete algorithm is defined

as in Algorithm 4.

3.1.4 Augmented Lagrangian Algorithm - SALSA. Split Augmented Lagrangian
algorithm was proposed by (Afonso et al., 2009), for solving Basis Pursuit Denosing in
the context of image restoration. The approach is based on the principle of variable splitting
to obtain an equivalent constrained optimization problem. The resulting transformation is
then addressed with Alternating Direction Method of Multipliers which belongs to a family

of Augmented Lagrangian methods.

Consider an unconstrained optimization problem in which the objective function is a sum of

two functions:

min F(x) := g(x) + f(x), (3.1.39)

T

where g, f : R® — R. The idea is to split the variable & into a pair of variables, e.g. © € R"

and z € R", each to serve as an argument of each of the two functions. Then minimizing



Section 3.1. Convex Relaxation Algorithms Page 46

Algorithm 4 Gradient Projection for Sparse Recovery Algorithm
Input: An observed signal y € R™, a sensing matrix ¥ € R™*" and pu.

Output: An s-sparse approximate solution x.

1: Initialization: Construct and initialise 2°, choose 3 € (0,1), and set k& = 0.

2: While not convergence do:

3 k=k+1.

4:  Compute af via (3.1.35), and set a to be middle value of the set {min, Of, Aoz }-

5. Backtracking line search: choose o to be the first value such that the Armijo condition
(3.1.37) is satisfied.

6:  Update the w* via (3.1.33)

7. Compute 7! via (3.1.38) and update the solution z* via (3.1.34).

8 do convergence test.

9: endWhile

the constrained problem

min F(x, z) := g(2) + f(z), subject to x = z, (3.1.40)

x,z

is equivalent to (3.1.39), since in the feasible set {(x,z) : * = z} the objective function
in (3.1.39) coincides with that of (3.1.40). The simple rationale behind variable splitting is
that it may be simple to optimize one problem over the other. In fact there exist Lagrangian

methods as efficient techniques for solving constrained optimization problem.

A similar variable splitting approach underlies a recent development of split Bregman
methods, Goldstein and Osher (2008) which was proposed to address ¢;-regularization
problems. In these methods, the constrained problem is addressed using a Bragman iterative
algorithms, which has been shown to be equivalent to Augmented Lagrangian methods, Yin

et al. (2008).
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3.2 Greedy Pursuit Algorithms

This section, discusses a class of algorithms collectively referred to as greedy pursuit
algorithms. Generally speaking, a greedy algorithm refers to any algorithm following the
metaheuristic of choosing the best immediate local optimum. This strategy can find the
global optimum for some optimization problems, but not for all, Cormen et al. (2012). In
compressive sensing, the main principle of greedy algorithms is to detect or estimate the
underlying support set of a sparse signal vector, followed by evaluation of associated signal
values. For the detection of support set, greedy algorithms typically use the matched filter.
For estimating the associated signal values, they normally solve the least squares problem,

Mallat and Zhang (1993).

The basic principle of the matched filter detector is to filter measurements that match
features of interest in the signal. In compressive sensing, a very important feature is
associated with active columns of the measurement matrix ¥. At the optimal solution,
active columns correspond to the non-zero components of the sparse signal . This follows
from the fact that for a s-sparse signal @ € R", the measurements y = Wx in R™, are merely
a weighted linear combination of s columns of W. Let » € R™ be a known quantity (typically
residual), then matched filter detection is based on computing the absolute correlation vector
|@7r|, and selecting one or several indices corresponding to the largest components. Due
to correlation and measurement of noise, the results of matched filter are usually not used
directly as estimator of the target signal a, but instead as a detector for the support set S.
Once S is known, least squares estimation is employed to estimate the signal values of the

active components of x.

Least squares estimation is one of the main tools for many of greedy algorithms. The
standard compressive sensing problem cannot be solved directly with least squares, since it
is an under-determined set of linear algebraic equations. However, if the true support set S of
x is accurately detected, then one has $ax = Wgx|s, in the case of noiseless measurements.
Here, x5 represents a signal that keeps the components corresponding to indices in the

support set S while setting the rest of the components to zero. Also, ¥g denotes the column
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sub-matrix of ¥ whose columns are listed in .S. Since the cardinality of S'is less than m, the
measurements, y = Wqx|g represents an over-determined set of linear equations, to which
least squares can be used to find the unique solution. The typical least squares estimate of
the signal is a solution :13‘*5 of the problem:

Ty = arg r?llsn [P sz)s — yl5 (3.2.1)
The least squares is a quadratic problem. One can find the exact solution by evoking the
first order optimality condition of problem (3.2.1):

0
0=—||¥gzx, —y|?
8:1:‘5” sTs — Yl

0 T
= %\S [(‘IlSst - y) (‘I’Sm|s - y):| )
0
= oz (2O LW sxs — 2Py — yPixs +y'y|
= 2Wly + 22U {Uxs. (3.2.2)

Here we only consider the case where Wg has full column rank, in that case the analytical

solution of problem (3.2.1) is,
« -1
js = Uiy = (Vi¥s) Py (32.3)

Here W' = (\IIT\II)_1 P denotes the pseudo inverse of the matrix ¥. In practice, the true
support set S is usually not accessible, but one can only access an estimate of a support set.
If one can indeed accurately detect the true support set and there is no noise present, then

(3.2.3) gives the values of the active components in .

In literature, there are two main types of greedy algorithms. The first categorization is
that the algorithm is either serial or parallel. In serial implementation, the matched filter
selects one component at each iteration. While in parallel implementation, multiple columns
can be selected simultaneously. The second categorization is that the algorithm is either
wrreversible or reversible. In irreversible reconstruction once a component is added to the
support set, it remains there forever. While the reversible construction allows modification

of the support set. Early greedy methods tend to implement serial-irreversible approach,
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while contemporary algorithms trend to implement parallel-reversible approach. Below we

discuss some of the greedy algorithms which have attracted interests in literature.

3.2.1 Orthogonal Matching Pursuit. Earlier greedy algorithms include Matching Pursuit
(MP), Mallat and Zhang (1993), and its improved version Orthogonal Matching Pursuit
(OMP), Pati et al. (1993); Tropp and Gribert (2007). Using the fact that the measurements
y are just the weighted sum of active columns in measurement matrix ¥, these algorithms
iteratively decompose a signal into linear combination of columns from measurement matrix
W. At each iteration, they use a greedy rule to identify a column in ¥ that best approximates

the signal and add the corresponding index to the support set of the signal.

In MP, the main quantity of the matched filter detector is the residual » € R™. The
residual is defined as » = y — P and it represents the yet to be explained portion of the
measurements. Let ¥ be a matrix with normalised columns ||4;||2 = 1, then the matched

filter in MP calculates the absolute correlation between columns of W and the residual 7:
[plr|, forall i. (3.2.4)

The greedy rule selects the i-th component which corresponds to the maximum correlation.
Once this column is selected one has a better representation of the signal, since the new
index ¢ has been added to the current support set. The second fundamental step in MP
is concerned with updating the residual and the i-th component of the signal. At the k-th

iteration, these quantities are respectively updated as
PP =kt (pETl ap)ah;, and (3.2.5)
xf = + (rf ). (3.2.6)
The procedure is repeated until convergence is reached. At convergence, the suitable halting
criterion is when the norm of 7% becomes smaller than some tolerance. It is known that
the residual norm ||7*|| converges linearly to zero, see Mallat and Zhang (1993). Thus, the

algorithm terminates in a finite number of iterations. MP is fully described by a pseudo code

in Algorithm 5.

MP is a serial type of greedy algorithm. It selects one column of W at each iteration, and it

does not keep track of the support set. Thus MP, will often repeat the selection of columns
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Algorithm 5 Matching Pursuit Algorithm.
Input: A measurement matrix ¥ € R™*" and measurement vector y.

Output: An s-sparse approximate solution x.

1: Initialization: Set k = 0. Set the initial solution £° = 0. Set the residual r° = y.
2: While halting condition is not met do:

3 Setk=k+1

4:  Select index 4 so that max; [l r*|.

5. Update the residual r*, via (3.2.5).

6:  Update the i-th component of the signal x¥, via (3.2.6).

7. endWhile

in an attempt to improve the quality of the approximation. In general, matching filtering
of MP is not good. The selection of a column does not always provide good performance in

practice. To better understand this, let us study the ¢-th component of the signal a:

= 'l,biTZ’l/ijj,

= b i + Z@b?@bjxj,
JF#i

=2+ Y ;. (3.2.7)

J#
Notice, if ¥ is not orthogonal, then the second term of (3.2.7) is not equal to zero. Although
one can argue that this term is small, it has undesirable effects on the final solution. To
illuminate the resulting effects, one would orthogonalise the newly selected column ; with
all columns of ¥ corresponding to the current support set. Hence the algorithm resulting

from this modification is called Orthogonal Matching Pursuit.

Orthogonal matching pursuit (OMP) is an improvement of matching pursuit. The principle
is the same, at every iteration a column is picked from the measurement matrix that best
approximates the signal. However, instead of subtracting the contribution of the column

1p; with which the residual = is maximally correlated, one has to compute the projection of
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r onto the orthogonal subspace spanned by the columns corresponding to the support set.
That is after each iteration OMP orthogonalises the columns corresponding to the support
set. This removes erroneous term in equation (3.2.7) and it ensures that no column would
be selected for the second time on subsequent iterations. Thus the maximum number of

iterations are bounded.
The k-th iteration of OMP can be completely described in four steps:

e Selection: The algorithm selects the column of measurement matrix ¥ that is

maximally correlated with the current residual. That is
i* = arg max |y] v, (3.2.8)

where * denoted the index of the column which is most correlated with the residual.

o Support Merge: Unlike MP, OMP keeps track of already selected columns. The newly

selected index ¢* is united with the previous support set. That is

SF = SF1 U {i*). (3.2.9)

e FEstimation: Instead of only updating the ¢* component of signal estimate, OMP solves
subspace least squares problem. The components of the signal are restricted to the

current support set S*. That is

x" = argmin |[®x — y|ls, subject to  supp(x) = S*. (3.2.10)

The exact solution of problem (3.2.10) can be obtained via equation (3.2.3).

e Residual update: The main feature of OMP is orthogonalization. The residual is

updated as
rh =y —Wexis = (I - Py, (3.2.11)

where P* = Wy (\IlglIlS)f1 Wl is the orthogonal projection onto the span of the

columns of W restricted to the current support set S = S*.
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The above procedures in the k-th iteration are repeated until convergence sets in. Due to
orthogonalization, OMP converges in no more than s iterations, with s being the sparsity
level of the problem. Comparing computational performance, this is a huge improvement
over MP. In MP one terminates the algorithm when residual falls below some predetermine

tolerance value. OMP is fully described in a pseudo code in Algorithm 6.

Algorithm 6 Orthogonal Matching Pursuit Algorithm.
Input: A measurement matrix ¥ € R"*" and measurement vector y.

Output: An s-sparse approximate solution .

1: Initialization: Set k = 0. Set the initial solution £ = 0. Set the residual 7° = y. Set
the initial support set S° = ().

2: While halting condition is not met do:

3 Setk=k+1

4:  Select index i so that max; [p]7*|, then update the support set S¥ = S*=1 .

5. Update the signal estimate x*, via (3.2.10).

6:  Update the residual 7*, via (3.2.11).

7. endWhile

The main computational cost of OMP is due to matrix multiplication in the least
squares problems. Methods involving Cholesky factorisation by Cotter et al. (1999), QR
factorisation by Mallat and Zhang (1992) and gradient methods have been proposed. OMP is
provably a fast algorithm, both computationally and theoretically. However, the guarantees
accompanying OMP for sparse recovery are weaker than those associated with convex
optimization based techniques. In fact the main results of OMP are given in the following
theorem by Tropp and Gribert (2007):

Theorem 3.3 (Recoverability of OMP, Tropp and Gribert (2007) ). Fiz 6 € (0,0.36)
and choose m > sClog (%) Assume that x € R"™ is s-sparse and let ¥ € R™ ™ have
independently and identically distributed entries from the Gaussian distribution N (0, %)
Then, given the measurements y = Wax, OMP can reconstruct the signal x with probability

exceeding 1 — 20, where the constant C' satisfies C' < 20.

The results are very restrictive in terms of the measurement matrix and the probability
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of success is quite low. These result are not as strong as those associated with convex
optimization techniques. Furthermore reconstruction guarantees are not uniform, that is it
cannot be shown that a signal measurement matrix can be used to recover every possible
s-sparse signal. Another issue with OMP is robustness to noise. There are no known proven
results about noise bounds. The total complexity of OMP increases linearly with sparsity

and measurements.

3.2.2 Stagewise Orthogonal Matching Pursuit. Orthogonal Matching pursuit is not
effective when the signal is not very sparse. The computational complexity of OMP increases
linearly with sparsity level s of the signal . Practical problems are often large scale and
the signal is not very sparse, for example in image processing applications. Thus in such
situations, OMP is ineffective. Therefore, OMP has been revised in a way to find less
accurate solution for such large scale problems in reasonable time. The modified version of
OMP was proposed by Donoho et al. (2006) and termed the resulting algorithm Stagewise
Orthogonal Matching Pursuit (StOMP).

The main difference with OMP, is with the matched filter. That is the manner in which
StOMP selects columns from the measurement matrix. Specifically, SSOMP is characterized
by adding multiple columns to the support set at each iteration instead of considering a
single column as in the case of OMP. This is done by thresholding. One selects all columns
whose absolute correlation with residual is greater than a specially chosen threshold value.
The selection of correct correlation value is important, as the performance of the algorithm
depends upon it. More specifically, the threshold parameter 7, is calculated at each iteration
as
Sk gk ™
—\/ﬁ )

where 7*~1 is the residual. Donoho et al. (2006), suggest the ideal value for the parameter ¢

(3.2.12)

to be in the domain 2 <t < 3. The idea behind the thresholding strategy is simply to allow
many columns to enter the support set, thus improving efficiency of the algorithm. Beside
thresholding step, StOMP is very much similar to OMP. The k-th iteration is outline in four

steps as:
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e Selection: The algorithm applies matched filter on the current residual, by computing

a vector ¢ of residual correlation:
cf = wlpht (3.2.13)

which contains a small number of significant non-zero components. The selection step is
completed by performing hard thresholding to find the significant non-zero components.

Threshold yields a small set J* of large coordinates defined as
JE =i |c" @) > 77, (3.2.14)

where c” is defined by (3.2.13).

e Support merge: A set of newly selected components is united with the previous support

set,
Sh = g1y gk, (3.2.15)

After the support merge, the algorithm orthogonalise the newly identified columns

with the existing ones.

e [Estimation: Similar to OMP, the SSOMP algorithm solves the subspace least squares
problem (3.2.10). The problem is restricted to components associated with the index

of the current support set and its analytical solution is given by equation (3.2.3).
e Residual update: The final step updates the residual via equation (3.2.11).

The above steps are repeated until convergence is achieved. StOMP is fully described in a
pseudo code in Algorithm 7. Just like any other greedy algorithms, the convenient stopping
condition is when the residual norm falls below some specified tolerance. Although StOMP
has a structure similar to that of OMP but the fact that SStOMP selects multiple components
at each iteration improve its computational complexity. The convergence is faster and the

algorithm converges in much less number of iterations compared to OMP.

3.2.3 Compressive Sampling Matching Pursuit. Matching pursuit algorithms, OMP

and StOMP discussed so far, mitigate issues of computational complexity encountered in
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Algorithm 7 Stagewise Orthogonal Matching Pursuit Algorithm.

Input: A measurement matrix ¥ € R™*" and measurement vector y.
Output: An s-sparse approximate solution x.

1: Initialization: Set k = 0. Set the initial solution £° = 0. Set the residual r° = y. Set

the initial support set S° = 0.

&

While halting condition is not met do:

33 Setk=k+1

4:  Compute the residual correlation vector, ¢* = WTrr-1,

5. Compute the threshold parameter, 7% = tk%, where 2 < tF < 3.

6:  Select the components that are significant non-zero from the residual correlation, J* =
{i:|c*(i)| > 7%}, and then update the support set S* = Sk~ U J*.

7. Update the signal estimate x*, via (3.2.10).

8:  Update the residual r*, via (3.2.11).

9: endWhile

convex optimization based methods. However, these algorithms do not have strong uniform
recovery guarantees, similar to those associated with convex optimization algorithms. Recent
developments of this type of algorithms attempt to bridge the gap between uniformity and
complexity. In Dai and Milenkovie (2009), Space Pursuit (SP) is proposed. SP has the
same computational complexity as those of OMP, but with reconstruction accuracy on the
same order as those of convex optimization algorithms. In Needell and Vershynin (2009,
2010), an algorithm termed Regularized Orthogonal Matching Pursuit (ROMP), is proposed.
ROMP combines the speed and ease of implementation of greedy algorithms with the strong

performance guarantees of convex optimization algorithms.

In Needell and Tropp (2009), an algorithm termed Compressive Sampling Matching Pursuit
(CoSaMP) is discussed. CoSaMP provides the same performance guarantees as those of
best optimization based algorithms, and its complexity is dominated by matrix vector
multiplication. CoSaMP and SP incorporate the ideas from convex optimization and
combinatorial algorithms. Convex relaxation algorithms succeed with a very small number

of measurements, but they tend to be computationally burdensome. On the other hand,
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it will be seen in later section that combinatorial algorithms are extremely fast. They are
sublinear in the length of the signal, but require a large number of measurements that may
not be easy to acquire. CoSaMP is at the heart of greedy algorithm, it guarantees speed
and it provides rigorous error bounds. Here we discuss CoSaMP as representative of recent

developments of greedy algorithms.

CoSaMP uses the approach inspired by the restricted isometry property. Suppose that
measurement matrix W has restricted isometry constant d, < 1. For an s-sparse signal a,
the vector u = W7 Wx can serve as a proxy for the signal because the energy in each set
of s components of u approximates the energy in the corresponding s components of . In
particular, the largest s entries of the proxy w point towards the largest s entries of the
signal &. Since the measurements have the form y = Wa, we can obtain the proxy just by

applying the matrix ¥7 to the measurements.

The algorithm invokes this idea iteratively to approximate the target signal. At each iteration
the current approximation induces a residual, a part of the target signal that has not been
approximated. As the algorithm processes, the samples are updated so that they reflect the
current residual. These samples are used to construct a proxy for the residual, which permits
the identification of the large components in the residual. This step yields a tentative support
for the next approximation. Then the measurements are used to estimate the approximation
on this support set using least squares model. This process is repeated until we have found

the recoverable energy in the signal.

Let x (s represent the signal that keeps s largest components of x while setting all other
components to zero. For an index set S, let x|g represent the signal that keeps the
components whose index are specified by S while setting the rest of the components to
zero. Also, let Wg denotes the column submatrix of ¥ whose columns are listed in S. The

CoSaMP algorithm consist of five major steps:

o Identification: The algorithm forms a signal proxy w = ¥Tr from the current
measurements and identify the support set €2 of cardinality 2s formed by the largest

components, that is 2 = wu(a,).
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o Support Merger: The algorithm merges the newly identified support {2 with the support

of the sparse signal in the previous iteration, that is S = Q U supp(z*~1).

e [stimation: The algorithm estimates the signal by solving a least squares problem to

the components on the merged set, that is £* = arg ming, ; [|[¥sx|s — y|[3.

e Pruning: 'The algorithm produces a new approximation by retaining s largest

k

components of the least squares solution, that is " = wz‘s).

e Residual update: Finally, the algorithm update the the residual r, which contains the
signal that is yet to be approximated.

The algorithm stops when the halting condition is met. There are three major approaches to
halting the algorithm. In the first approach, the algorithm terminates after a fixed number
of iterations. In the second approach, the algorithm stops when /5-norm of the residual falls
below some fixed tolerance, i.e. ||r|s < €, for very small €, > 0. The choice of different
approaches and parameters dictates the trade-off between accuracy of approximation and
computational complexity. The complete CoSaMP is presented with a pseudo code in

Algorithm 8.
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Algorithm 8 Compressive Sampling Matching Pursuit Algorithm.

Input: A measurement matrix ¥ € R™*" measurement vector y, and sparsity level s.
Output: An s-sparse approximate solution x.

1: Initialization: Set k = 0. Set the initial solution £° = 0. Set the residual r° = y. Set

the initial support set S° = 0.

&

While halting condition is not met do:
33 Setk=k+1
4:  Form signal proxy u* = wTpk-1

5. Identify largest signal components {2 = u(ay)

6:  Merge support S¥ = QU supp(x*~1)

*

7. Estimate signal using by solving &* = arg min, ¢ [|¥sx|s — yl|5 and set zjg. = 0.

k _ %
=

8:  Prune the signal to obtain the next approximation x
9:  Update the current residual r = y — ¥z*

10: end While

The main results of CoSaMP are stated in terms of restricted isometry property and relate
to the accuracy of reconstruction, and computational complexity of the algorithm. Consider
the following theorem by Needell and Tropp (2009):

Theorem 3.4 (Recoverability of CoSaMP, Needell and Tropp (2009)). Suppose the
measurement matriz W € R™ "™ has the restricted isometry constant of dos < c. Let
y = WYx + e be a vector of samples of an arbitrary signal, contaminated with arbitrary
noise e. For a given precision parameter €, CoSaMP produces an s-sparse approximation x*

of the original signal xo that satisfies

* 1 * *
lz* — xoll2 < €' x max {‘57 %Hw — (gl + ||€||2} : (3.2.16)
Here x50y is a best (s/2)-sparse approzimation of x. The running time is

@) (E x log <||%”2>>, where £ bounds the cost of a matriz-vector multiply with ¥ or W',

Working storage is O(n).

These results are as strong as those associated with the convex optimization algorithm. The
CoSaMP algorithm only requires the measurement matrix to satisfy a bound of restricted

isometry constant. Many types of random matrices have this property. Thus the algorithm
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is suitable to use in many measurement technologies. The reconstruction guarantees are
uniform. The error bound demonstrates that the algorithm succeeds for all signals, even
when there is noise in the measurement. The efficiency and effectiveness of the algorithm

depend on the signal structure and measurement matrix.

3.3 Iterative Thresholding Algorithms

Greedy pursuit algorithms are shown to be efficient in terms of speed and they are easy
to implement. However, they do not have recovery guarantees as strong as algorithms
based on convex relaxation. The algorithms discussed in this section are aimed at bridging
this gap. They are fairly easy to implement and can be extremely fast but also show
the strong performance guarantees available when compared with the algorithms based on
convex relaxation. The general idea of iterative thresholding algorithms is to approximate
the objective function to a form where concepts such as shrinkage threshold can be used.
These methods offer a powerful set of tools for addressing compressive sensing problem. We
concentrate on two algorithms, the Iterative Hard Thresholding (IHT) which has received
less attention in literature as compared to a second algorithm, Iterative Soft Thresholding

(IST). We will discuss different variations of iterative soft thresholding.

3.3.1 Iterative Soft-Thresholding. Iterative Shrinkage-Thresholding Algorithm (ISTA)
has been studied in literature under various context and framework, see Daubechies et al.
(2004); Blumensath and Davies (2008); Combettes et al. (2005). In particular, ISTA was
proposed to handle a class of convex unconstrained optimization problems arising in image
processing and other inverse linear problems. The algorithm is of first order and can be
viewed as an extension of classical gradient algorithm. In practice, the ISTA algorithm is
attractive due to its simplicity and it is adequate to solve large scale problems. The idea
of the algorithm is to build at each iteration a regularization of the linearised differentiable
function part in the objective. The linearised problem is much simpler to solve than the

original problem.

ISTA considers the following general formulation of nondifferentiable unconstrained
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optimization:

min F(x) := g(x) + f(x), (3.3.1)

T

where f : R" — R is a convex continuously differentiable function and g : R" — R is
convex but non-differentiable. The following assumptions on the above formulation are
made. Firstly, the function f is assumed to have Lipschitz continuous gradient V f. That

is, there exists some Lipschitz constant L > 0 such that:
IVf(x) = Vf(u)| < L|jx —wul||, forevery z,ucR", (3.3.2)

Beck and Teboulle (2009). The second assumption that brings success to this approach is
that g must be separable. A function is separable if it can be written as a sum of functions of
its arguments, that is g(x) = > g;(x;). It is easy to see that ¢;-norm is separable functions.
The third assumption is that problem (3.3.1) is solvable, that is for an optimal set of solutions

X*, there exist &* € X*, such that «* is the minimizer.

The main idea of the algorithm is to reduce problem (3.3.1) to a much simpler subproblem
which can be solved efficiently. At the k-th iteration, the subproblem is a local quadratic

approximation of the differentiation term:

x" = arg mxin {g(a:) + @)+ V() (-2 + # | — zclez} . (3.3.3)

k=1 > 0, which often acts as the step size in iterative algorithms, relates

The parameter «
with Lipschitz constant, Beck and Teboulle (2009). Problem (3.3.3) is the direct results of
applying the Taylor approximation to the differentiable term. We seek the optimal minimizer

and not the function value. Thus ignoring the constant f(x*~1), we can add a constant like
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|f(x*1)||?. Using this fact, equation (3.3.3) is simplified as
T
k= arg H}Bin {g(m) + f(:ck_l) + a:TVf(wk_l) _ (mk_l) Vf(wk_l) +..

1 T
= |:xTw _oxTgk1 4 (wk—l) mk—l] } ’

a:Ta:kfl + ...

: L7 T k—1
= arg rrgn{g(m)—i—zak_lw r+x Vf(x )_F

Flah1y = (wk—1>TVf($k:—1) n 20;_1 (wk—1>Txk—1}’

1 1
T
T T —

k—1 ak—1

2c
Ti*l [mkfl _ akqvf(wkq)r [a:kfl B akflvf(wkfl)} }’

= arg min {g(ac) + ﬁ [:13 — <xk:—1 _ Otk_1Vf(wk_1))}T [a: _ (wk_l _ ak_1Vf(ask_1))} } '

(3.3.4)

~ arg mmin {g(:c) + x’ [mk_l - ak_IVf(mk_l)} +...

In compressive sensing the non-differentiable term is given as g(x) = pl|z||1, where p > 0 is the
regularisation parameter. The parameter u controls the trade-off between sparsity and accuracy of

reconstruction. Substituting, these functions into equation (3.3.4) the iteration reduces to:

. 1 e 2
2 = arg mén{uHa:Hl—l—zak_le— <$k Ly ob Ly f 2k 1)))‘2}. (3.3.5)

The approach is very similar to the shrinkage operator which was discussed under the fixed-point
method, see Section 3.1.1. In fact the minimization problem (3.3.5) takes the exact form of the
proximal operator, for which there exist a close form solution. Hence the iterative procedure for

solving sparse approximation problem is explicitly given as:

=S (wkfl _ akqvf(wkfl)?lw{kq) ’
= sign (wk_l — ozk_IVf(a:k_l)> max{‘ack_l — ak_1Vf(wk_1)‘ — paF 0}

= soft (ack_l — oI f(ehY, ,uozk_l) . (3.3.6)

Here S is the shrinkage operator and it is termed soft operator, thus the name iterative
soft-thresholding algorithm. The computation of soft operator is done component-wise. As
mentioned before, the iteration is basically an extension of classical gradient methods. One takes
the gradient descent step of the differentiable function, followed by soft-thresholding to induce

sparsity on the solution.
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The convergence properties of the algorithm depends upon the step size o*~!, which is related to
Lipschitz constant L(f) of differentiable function f, in fact for fixed step size o*~1 = L(f). In sparse

approximation problem the Lipschitz constant L(f) = 2 L where Az (+) is the maximum

Amaz (PT W
eigenvalue of the input matrix. In practice, it is often difficult to compute the Lipschitz constant
explicitly, so backtracking line search is used. The backtracking starts with a large estimate of
the stepsize a and iteratively shrinks it. One can initialize a using the Brazilai-Borwein strategy,

Barzilai and Borwein (1988). The shrinking continues until the following condition holds:
F(a¥) < F(zF) (3.3.7)

where x* is given by equation (3.3.6). The algorithm is normally terminated when the relative
change of the objective value or solution norm falls below some specified tolerance. Algorithm 9

illustrates the algorithmic procedure to Iterative Soft-Thresholding.

Algorithm 9 Iterative Shrinkage-Thresholding Algorithm.
Input: A measurement matrix ¥ € R™*" measurement vector y, and pu.

Output: An s-sparse approximate solution x.

1: Initialization: Set k = 0. Set the initial solution x°.

2: While not convergence do

33 k< k+1

4:  while condition (3.3.7) is not true do

5: Update o* using backtracking line search.
6:  endWhile

7. Update the solution * via (3.3.6).

8: endWhile

Although it is well known that first order methods are practically efficient on large scale problems,
ISTA is still considered to have slow convergence. In fact ISTA possesses a sublinear global rate of

convergence satisfying:

0 _ .x]|2
F(z*) — F(z*) < L(f)”w%x”? ~O(1/k), for all z* € X*, (3.3.8)
see Beck and Teboulle (2009) for the derivations. Research works have been done to accelerate the

rate of convergence of ISTA. The devised algorithm are aimed at improving the speed of ISTA, while
retaining the computational effort and simplicity of ISTA. The Two Step ISTA (TwISTA) proposed
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by Bioucas-Dias and Figueiredo (2007) speeds up ISTA by computing the next approximate solution
based not only on the previous one, but on two previously computed approximate solutions. A
more efficient method that uses a similar technique was proposed by Beck and Teboulle (2009) and

the algorithm was named Fast Interactive Shrinkage-Thresholding (FISTA).

FISTA improves the convergence rate of ISTA from O(1/k) to O(1/k?). The method preserves the
computational simplicity of ISTA and it does not require any additional expensive effort at each
iteration. Rather FISTA just uses an additional point that is smartly chosen and easy to compute.

0 0

Let zF be smartly chosen point, which is initiated as 29 = &°. For some parameter t*, the k-th

iteration of the algorithm is given as:

x¥ = soft (zk_l — oIV (2R, uak_l) ) (3.3.9)

1 1 tk—1)2
th_ LTV ;F( © (3.3.10)

k k =t —1 ko k-1
z'=ax" + (t’f> (" —x" 7). (3.3.11)

All other parameters and the algorithmic structure are exactly the same as that of ISTA. Hence

the complete FISTA method is presented in Algorithm 10

Algorithm 10 Fast Iterative Shrinkage-Thresholding Algorithm .
Input: A measurement matrix ¥ € R™*" measurement vector y, and p.

Output: An s-sparse approximate solution .

1: Initialization: Set k = 0. Set the initial solution x°.

2: While not convergence do

33 k<« k+1.

4:  while condition (3.3.7) is not true do

5: Update a* using backtracking line search.
6:  endWhile

7. Update the solution x* via (3.3.9).

8:  Update the parameter t* via (3.3.10).

9:  Update the point z* via (3.3.11).

10: end While




Section 3.3. Iterative Thresholding Algorithms Page 64

FISTA preserves computational simplicity of ISTA but with global rate of convergence given as:

0 _ .x||2
F(z*) — F(z*) < 2L(f)w ~O(1/k%), for all * € X", (3.3.12)
see Beck and Teboulle (2009) for the full derivation. The results are also demonstrated to be

practically significantly better than those of ISTA, Beck and Teboulle (2009).

3.3.2 Iterative Hard Thresholding. Motivated by the development of Kingsbury (2001);
Kingsbury and Reeves (2003), the Iterative Hard Thresholding (IHT) was independently introduced
by Blumensath and Davies (2008, 2009) and Portilla (2009). THT solves a traditional formulation

of sparse approximation problem. The {y-regularization optimization problem is defined as follow
. 2
mmlnF(a:) = pllxlo+ || Tz —y|5- (3.3.13)

This formulation is non-convex and it is known to be NP-hard in general. Therefore two common
themes have been adopted to approximately solve the problem: greedy optimization strategies and
relaxation of the objective function. Greedy strategies, such as Matching Pursuit are relatively fast
iterative procedures that have been used extensively in practical applications. The performance
of these methods is not guaranteed in general and only under very strict conditions they can be
shown to optimise the above objective function. On the other hand relaxation methods replace
the fp-norm constraint by an almost everywhere differentiable and often convex objective function.

IHT adopts these themes in the following manner.

Instead of optimizing equation (3.3.13) directly, a surrogate objective function is introduced:
P(@,2) = pllzlo + @2 — yll} — [z — w2} + | — =[3. (3.3.14)

The advantage of a surrogate objective function is that F(x) = F(x,x) and it can be written as:

n
Fla,z) =3 [2? = 22 (i + 9Ty — 97 02) + plei ] + lyl + =03 - |23, (3.3.15)
=1

where |z;|° is one z; # 0 and zero otherwise. The components of x are separated and the
minimization of equation (3.3.15) can be done component wise. Two cases arise when the
component x; is zero and when it is non-zero. For simplicity the constant terms on a surrogate
function is ignored. The constant term does not affect the solution, but it rather shifts the objective

value up or down. In the first case z; = 0, a surrogate objective function reduces to a constant. In
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the second case z; # 0, the minimization is achieved at ] = z; + 't,b;f Yy — 'I/JZ-T Wz. Thus the optimal

objective value is,

) 0 itz =0,
F(x,z) = (3.3.16)

2 .
—(zi+ ]y — 9 Oz) if =z +yly—yl Pz
We are interest is finding the optimal solution and hence the minimization of equation (3.3.15) is

attained at
z=H/] (z+ 07 (y —¥z)), (3.3.17)

where H; is the component-wise hard thresholding operator defined as,

0 if uw<m,

U if u>rT.
The minimum does not need to be unique whenever z; = zﬁ—v,b;f y—'l,b;‘F\Ilz, however using the strict
inequality in the definition of the thresholding operator guarantees a unique update, (Blumensath
and Davies, 2008). Hence, starting from ' = 0, the next iterate of iterative hard thresholding

algorithms is defined as,
2= H (mk LT (y \I’zck)) . (3.3.19)

The iteration is due to the fact that at convergence x*+! ~ xF and F(xFt1l) = F(xbt! 2b).
Blumensath and Davies (2008), have shown that the algorithm is guaranteed to converge whenever
the inequality 0 < Apax < 1 is satisfied, where Apax is the maximum eigenvalue of TW. The
iteration (3.3.19) is normally executed until a suitable termination condition is satisfied. A pseudo

code of Iterative Hard Thresholding is shown in Algorithm 11.
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Algorithm 11 Iterative Hard Thresholding Algorithm.
Input: An observed signal y € R™, a sensing matrix ¥ € R™*" and regularization

parameter u.

Output: An s-sparse coefficient vector .

1: Initialization: Set k = 0. Set the initial solution x° = 0.
2: While not convergence do:

3 k=k+1

4:  Update solution via &**! = H 5 (x* + ¥ (y — $x*)).
5. endWhile

3.4 Combinatorial Algorithms

The major benefit of greedy algorithms is its computational efficiency in terms of speed, both
theoretical and empirical. Combinatorial algorithms provide better performance, they are faster
but impose very strict requirements on the measurement matrix. They have been shown to recover
sparse vectors but with more measurements than ¢;-minimisation. These algorithms take advantage
of highly structured matrices that support very fast signal reconstruction through group testing.
Some of the combinatorial approaches reported in literature include Chaining Pursuit, Gilbert et al.

(2006), and Heavy Hitters on Steroids (HHS), Gilbert et al. (2007), just to mention a few.

Many combinatorial methods employ the idea of group testing. Group testing arose during World
War II, Dorfman (1943), in the context of blood testing for syphilis where very few patients had
disease and it was too expensive to test every individual. The idea has been successfully adapted
to compressive sensing to find a support of a sparse vector . The group testing problem supposes
that a vector & has n elements, of which an unknown subset of s elements are anomalous and
need to be identified. The goal is to design a collection of tests that will allow identification of the
support of @ while minimizing the number of tests performed. In simple practical setting, these
tests are represented by a binary matrix ¥ whose entries W;; is one if and only if 4 item is used in
the " test. If the output of the test is linear with respect to input, then the problem of recovering

a vector x is equivalent to the standard sparse recovery problem.
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3.5 Bayesian Algorithms

Under the Bayesian framework we depart from the conventional deterministic signal framework.
Signals that have been considered up to this point are fixed. Bayesian framework assumes that the
sparse signals arise from a known probability distribution. Theoretical work needed to discuss this
type of algorithms digress from the conventional sparse recovery techniques discussed so far. No
known algorithms are accompanied by guarantees on the number of measurements or the fidelity of
signal reconstruction. There are no well-defined notion of error reconstruction. Different techniques
reported in literature include, sparse recovery via belief propagation, Saravorham et al. (2008), sparse

Bayesian learning, Tipping (2001) and Bayesian compressed sensing, Shihao et al. (2010).

We do not discuss the methods in details here. However, such methods provide insight into the
development of recovery algorithms for rich class of signals and may be considered for practical

interest.

Five algorithmic approaches for finding ¢;-norm solution of under-determined system of equations
are discussed. Each approach has a set of advantages and disadvantages. We focused on three
approaches. Convex algorithms provided strong theoretical results, but lacked the speed. Greedy
algorithms provided speed, but lacked stability and theoretical guarantees such as restricted isomery
property. Iterative shrinkage-thresholding algorithms bridges the gap between convex algorithms
and greedy algorithms. Other approaches such as combinatorial algorithms and non-convex

algorithms are of no interest to the ultimate goal of the dissertation.



Chapter 4

Hybrid Algorithm for /;-minimization

In this chapter, we propose a hybrid algorithm for finding ¢;-norm solution of under-determined
linear algebraic systems. In a hybrid algorithm there is a choice between at least two distinct
algorithms, each solving the same problem. The purpose is to combine the desirable features of
each algorithm, so that the overall algorithm produces better performance than the individual
algorithm. We propose a hybrid algorithm that combines important features of fized-point scheme
and interior-point scheme. Fixed-point scheme is based on shrinkage technique. It is an iterative
first order method which is very efficient in identifying the support set of the sparse solution.
Interior-point scheme is based on truncated Newtons method and it is very accurate. The proposed
hybrid algorithm alternates between these optimization techniques in a probabilistic manner.
The resulting combination is embedded under continuation to improve convergence of the overall

algorithm.

The idea of hybrid algorithm is not new in compressed sensing. However the existing hybrid
algorithms are not similar to the proposed hybrid algorithm. The existing algorithms by Wen et al.
(2010) and Shi et al. (2010) are similar in structure. This kind of algorithm work in two stages
that combines two types of optimization iterations. In the first stage, a shrinkage technique is
used to estimate a subset of components of & that are likely to be non-zero in an optimal solution.
The method is quick to estimate this set, but it takes large number of iterations before the optimal
support set is reached. In the second stage, a smooth subspace optimization problem is solved. The
subspace problem involves minimization of a smaller and smooth quadratic function. The quadratic

function is formed by limiting components of & that correspond to the approximate support set
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computed in the first stage. The technique balances the speed and accuracy of reconstruction. The
proposed hybrid algorithm is different from this structure of hybrid algorithms presented by Wen
et al. (2010) and Shi et al. (2010).

The proposed algorithm alternates between two optimization techniques in a probabilistic manner.
This idea was introduced by Kaclo and Ali (2006) in the context of differential evolution algorithm.
We adopt these idea to develop a new iterative algorithm for solving ¢;-minimization problem. In
the proposed hybrid algorithm at the k-th iteration the fixed-point scheme is used with probability
p* and the interior-point scheme is used with probability (1 — p*). Depending on how a scheme
preforms at each iteration, that particular scheme is rewarded for good performance or penalised
for failure. The performance is decided on the basis of efficiency and effectiveness. The hybrid
algorithm trends to prioritise a scheme that is fast and accurate. Figure 4.1, presents a schematic

illustration of the proposed algorithm.

Probability
w < p* w > pF
w = random()
0 <w <1
Fixed-point iteration Interior-point iteration

Exit

Figure 4.1: Schematic diagram of the probabilistic hybrid algorithm.
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4.1 Review of Fixed-point and Interior-point for

Hybrid Algorithm

This section reviews the fixed-point and interior-point iterations as they are implemented in the
proposed probabilistic hybrid algorithm. The proposed hybrid algorithm solves the following

general /1-norm optimization problem:
arg min F(z) = pla]l, + (), (4.1.1)

where f : R™ — R is a continuously differentiable convex function and g > 0. The model (4.1.1),
naturally extends to sparse approximation/compressive sensing problem. In which case f(x) =
|[®x — y||3, for some sparse vector & € R, and measurement matrix ¥ € R™*" designed to be
incoherent with sparsity domain, see Chapter 2. Problem (4.1.1) always has a solution but it is
not necessarily unique. A good algorithm must be able to recover the maximally sparse solution.
A full discussion of fixed-point and interior-point algorithms is presented in Chapter 3, where we
review important and useful results, and develop some insight of how to implement them in the

hybrid algorithm.

4.1.1 Fixed-point iteration. A fixed point iteration implemented on the hybrid algorithm was
proposed by Hale et al. (2008) as a fast algorithm for large scale ¢;-norm optimization problems. The
algorithm uses an iterative shrinkage procedure to approximately solve problem (4.1.1). Specifically,

the procedure iteratively computes:
aF =S (mkfl - a’fflw(m’f*l),uakfl) , (4.1.2)
where the shrinkage operator is define as:
S(x, 1) = sign(z) x max{|z| — 7,0}. (4.1.3)

Note that for a vector & the operation is evaluated component-wise. The fixed-point iteration is
a first-order method which is basically a composition of two mappings. The first mapping is a
gradient descent step, one takes a step proportional to the negative of the gradient of differentiable
term f(x). The results are passed on as input to the second mapping, the shrinkage step. In the
shrinkage step, one reduces the ¢1-norm by shrinking the magnitude of each non-zero components

in the input vector.
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In the fixed-point method by Hale et al. (2008), the parameter « is fixed so that the fixed-point
iteration is a contraction at every iteration. Since a bad choice of the value « usually slows down
the rate of convergence, we implement the iteration with Barzilai-Borwein (BB) strategy, Barzilai

and Borwein (1988). In the BB strategy, o is updated dynamically as:

of = W, (4.1.4)

(Azk)™ Afk
where AzF = xF —2F~! and Af* = Vf(x¥)—V f(2*~!). The BB is defined such that it mimics the
Newton’s method, and it significantly improves the performance of shrinkage. Fixed-point iteration
based on shrinkage is very efficient in identifying the support set and is accurate for signals with

small magnitude. Since pa® is normally small, the shrinkage does not do well for signal with large

magnitude.

We also incorporate a line search to improve the convergence of the algorithm. Theorem 3.2
states the convergence results of the fixed-point algorithm. The theoretical convergence properties
of the algorithm includes global convergence and the identification of support set after a finite
number of iterations, Hale et al. (2008). A line search method is based on the properties of the

search direction d*~!, determined by the shrinkage operator as:
d =2 bl where 2 =S (:L'k_l — ozk_1Vf(:ck_1),uozk_1> . (4.1.5)
At each iteration one computes the step length s*~1, and update the solution as:
ah = 2" 4 sF (4.1.6)

A sequence of step length candidates are identified and a decision is made to accept one when
certain conditions hold. At each iteration we initialise the length as 3'8_1 = 1, and gradually
decrease it until a sufficient decrease condition is met. In particular, we geometrically backtrack

the step length, letting sf_l = nlslg_l, for some n € (0,1) and [ = 0,1,..., until the following

Armijo’s condtion is satisfied:
F(axF1 4 5 1dF1) < F(ahh) + pshtmh—t (4.1.7)

Here p € (0, %) and for non-differentiable objective function IT¥~! is derived by Wen et al. (2010)

as:

" = V()T d ! 4 b | + et < o, (4.1.8)
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The Armijo condition for the line search stipulates that the step length s*~! in the search direction
d*~! should produce a sufficient decrease of the objective function F(x). The implementation of

the line search is monotone, so the objective function is guaranteed to decrease at each iteration.

4.1.2 Interior-point iteration. The interior-point iteration implemented on the hybrid
algorithm was proposed by Kim et al. (2007) as a fast algorithm for large scale /1-norm optimization
problems. The algorithm reformulates problem (4.1.1) and uses primal interior-point method to
approximately solve,

n
min F(x, u) := ,uZui + [Tz — y||3 + p(zx, u). (4.1.9)
T,u -

7

Here p(x,u) is the logarithmic barrier function defined as

plx,u) =— ZZOQ(%' + ;) + Z log(u; — x;)| . (4.1.10)

The dimension of the problem is doubled, with the restriction that —u; < x; < w;. This constraint
must be satisfied at all points of the algorithm. At the k-th iteration, before continuing with

k-1

interior-point iteration we make an update u* = ¥, whenever x was updated using fixed-point

iteration. The primal barrier interior-point method updates the solution as:

:Uk_l 1 Amk_l
= +5 . (4.1.11)
uk—l Auk_l

Let us define the search direction as d*~! = [Amkil; Aukil] € R?". The search direction computed

as the solution to the Newton system:
VIE(xF L wb Y dE Tt = —VER(2F T uR Y. (4.1.12)

It is possible but computationally expensive to calculate the search direction in each iteration. We
adopt the idea of Kim ot al. (2007), that the search direction be computed as an approximate
solution to the Newton system (4.1.12), using preconditioned conjugate gradient method. Kim

et al. (2007) provides a detailed discussion of the preconditioned conjugate gradient algorithm.

The step length s~ is found using backtracking Armijo line search, similar to our discussion under
fixed point iteration. The only exception is that, here we optimize a continuously differentiable
function F(z,w), given by (4.1.9). Thus, the Armijo condition (4.1.7), must rather be satisfied

with the quantity:

1 = VE (b ub~H)Tdh L, (4.1.13)
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4.2 Probabilistic Hybrid Algorithm

The probabilistic hybrid algorithm combines complementary strengths of fixed-point iteration and
interior-point iteration. A fixed-point iteration is computationally fast and memory friendly but it
is very slow for producing high accurate solution. It requires a large number of iterations before
it reaches acceptable accuracy. On the other hand, interior-point iteration is very accurate, but
it is computationally expense. In general, first order methods tend to struggle when the objective
function is not well posed, while second order methods can easily find solution in such situation.
The rationale for the proposed hybrid algorithm is to take advantage of the different computational
strengths of the two methods and use them for optimal speed up while attaining high accuracy.

Additionally, the algorithm should be able to solve a larger number of problems.

The probabilistic algorithm solves problem (4.1.1), using probability distribution over two distinct
optimizations techniques. These optimization techniques are namely fized-point iteration and
interior-point iteration. Let A; represent the updating of the solution using the fixed-point iteration
and A, be an updating using the interior-point iteration. At the k-th iteration the solution is
approximated using either A; or Ay depending on probability p*. Initially, the two schemes A;
and Ay are equally likely to succeed. Thus, an initial probability of p? = % is assigned to each
scheme. This probability is updated according to some rules depending on computational the
performance of the scheme. The performance measure is designed to measure both efficiency and
effectiveness of the iteration. The detail of performance measure will be discussed shortly. A
scheme is rewarded for being successful, thus we increase the probability of using that particular
scheme. Otherwise a scheme is penalised for its failure, in which case we decrease the probability of
using that particular scheme. This probabilistic adaptation guides the hybrid algorithm in deciding
on which scheme is mostly used when updating the solution. This allows the algorithm to angle

towards a scheme that solves a given problem in a most efficient and robust manner.

The two techniques A; and Ay are combined so that the new iterate x* is either generated with
some probability pj using A; or with probability ¢* = 1 —p* using As. If the solution * is updated,
say using A, and the process is deemed efficient and effective then the probability for using A; is

increased. The following rule is used for increasing the probability for A,

p* = p" 4+ BT (1 - pF Y. (4.2.1)

Here 8 € [0, 1] determines the rate at which probability p¥ is changed. For simplicity the hybrid
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algorithm is implemented with a fixed value of 5. In a more sophisticated implementation, one can
dynamically update /3 at each iteration. In that case ¥ will be chosen to reflect the proportion of
success of the scheme. If however the procedure for update x* was inefficient then the probability

of using A; is decreased using,

Updating the probability p* of using .A;, automatically changes the probability ¢* of using A,

accordingly.

This adaptive procedure tends to let the algorithm decide for itself which scheme to use most
in updating the solution for given specific problem. The algorithm tends to prioritise a scheme
which is computationally efficient and robust so that it solves a given problem in a much efficient
way. This is done by increasing p* whenever A; gives more favourable approximate solution, thus
decreasing the probability for using As. On the other hand, whenever As produces better results
we increase ¢¥, thus decreasing probability of using A;. We force p*, for k > 1, to stay in the range
[0.1,0.9]. In p* ¢ [0.1,0.9] we use clipping such that when p* < 0.1 we set p*¥ = 0.1 and when
pF > 0.9 we set p¥ = 0.9. The rationale behind this is to avoid a complete switch to one scheme.
Combining the fixed-point iteration and interior-point iteration in this fashion, we get a complete

hybrid algorithm as summarised in Algorithm 12.
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Algorithm 12 Probabilistic Hybrid Algorithm.
Input: A measurement matrix ¥ € R™*" measurement vector y, and pu.

Output: An s-sparse approximate solution x.

1: Initialization: Set iteration count & = 0 and probability p° = % Set the initial solution

xP.

N

While halting condition is not met do:
3 Setk=k+1.

4:  Generate a random number w € (0, 1).
5. if w<pr do:

6: KRR Bized-point iteration FFHFX

7: Compute the shrinkage step size o*~! by BB strategy (4.1.4).

8: Update the approximate solution @** = & (zF~! — o'V f(z*~1), par1).
9: Calculate the search direction d*~! = z** — 2*~! and set s¥~1 = 1.

10: if Amijo condition (4.1.7) with (4.1.8) is not met do:

11: Keep bracktraking s*~! = nsh~!

12: endif

13: Update the solution z* = x*~! + sF=1dF1.

14:  else if w > p"* do:

15: K Interior-point iteration **FFX

16: Update u such that —u; < z; < u;.

17: Calculate the search direction d*~! as approximate solution of Newton system, using
preconditioned conjugate gradient method. Set s¥~1 = 1.

18: if Amijo condition (4.1.7) with (4.1.13) is not met do:

19: Keep bracktraking s*~! = nsh~!

20: endif

21: Update the solution [x*; u*] = [xF 1 u*~] + s~ 1M1

22:  endif

23:  Evaluate the performance of the iteration.
24:  Update probability p* via (4.2.1) or (4.2.2). Make sure p* € [0.1,0.9].
25: end While
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4.2.1 Performance Evaluation. The success of the probabilistic hybrid algorithm depends on
the effective choice of the performance evaluation of each scheme. An ideal performance measure
would be a metric that can quantify the speed and accuracy of a given scheme at each iteration.
It is very difficult to find such a matric. However, one can rather use convergence properties of the
algorithm to evaluate the performance of the schemes. We adopt the following conditions based on

the backtracking Armijo line search to reward or penalise the scheme:

e Condition one: Armijo line search parameters:
F(x* =t 4 " 1dP) > P21 + (1 — p)sP ki1, (4.2.3)

where the variables and parameters have the usual meaning. The parameter IT*~! is algorithm
dependent, see equation (4.1.8) and (4.1.13) for the representation of the parameter for
fixed-point algorithm and interior-point algorithm respectively. The justification of the

k-1

condition is that we want to optimally select the step length s A too small or too

large step length does not provide a sufficient decrease of the objective value. Armijo line
search avoids large step length. Using this condition, we try to avoid a selection of small step

size.

e Condition two: Goldstein condition
d*Vf(xF) > od"V f(2*7), (4.2.4)
where f(x) is the the differentiable term of the objective function. Here o € (p,1).

e Condition three: Relative change of the objective function:

| F ()

F(zk) — F(azk_l)‘ < ¢y max { ‘F(mk)

,1} , (4.2.5)

where €; > 0, is the tolerance value. The justification of the condition is that we want
to avoid slow convergence of the algorithm. If it happens that the algorithm cannot make
sufficient progress, then the relative change of the objective function over two consecutive
iterations is usually small. Hence, stratification of this condition implies the algorithm is

stagnating.

The scheme is considered to be successful if all the conditions holds true. In that manner, a scheme
is rewarded by increasing the probability of using that particular scheme. Otherwise if any of the
condition is violated, a scheme is penalised. The probability of using that particular scheme is

decreased. Hence the hybrid algorithm tends to prioritise the scheme that converges fast.
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4.3 Continuation Strategy

The regularization parameter p > 0 controls the trade-off between sparsity and accuracy of the

method that solve the ¢1-minimization problem:
arg min F(z) := pllzi + f(2). (4.3.1)

Moreover, Hale et al. (2008) have shown that the convergence property of the fixed-point iteration
is affected by p. Thus a good choice of the parameter is very important. However, it is practically
difficult to choose p, so as to ensure optimal performance of the algorithm. The solution to problem
(4.3.1) is typically sparse and as p decreases, its tends to be sparser. In the continuation strategy,
the ¢;-minimization problem (4.3.1) is solved for decreasing values of pu. The idea is related to
the homotopy algorithm in statistics and the strategy has been empirically shown to be successful
when applied to ¢;-minimization problem, see Hale et al. (2008); Wright et al. (2009); Figueiredo
et al. (2007).

Given the regularization path such that p' > p? > --- > pl = p, the continuation procedure solves
problem (4.3.1) for each p*. The solution obtained from a previous subpath associated with p*~! is
used as the initial estimate solution of the next problem associated with p*. One of the challenges
in using continuation is to choose the regularization path that leads to fastest global running time.
We embed the hybrid algorithm in a continuation procedure by utilising the adoptive continuation
proposed by Wright et al. (2009). Using the fact that a value of u too small slows down the
algorithm and a value too large generates trivial zero solution. In fact for f(z) = || ¥z — y||3,
any 1 > |[[¥Ty|| the unique solution to problem (4.3.1) is the zero vector. The condition can be
easily obtained from the optimality condition of /1-minimisation problem (4.3.1). Inspired by this
fact, Wright et al. (2009) proposed adaptive continuation procedure presented in Algorithm 13.

Numerical results in the next chapter are produced without implementing continuation strategy.
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Algorithm 13 Probabilistic Hybrid Algorithm - Continuation .
Input: A measurement matrix ¥ € R™*" measurement vector y, and pu.

Output: An s-sparse approximate solution x.

1: Initialization: Set iteration count k = 0. Set the initial solution x° and set r° = y.

2: while p* > p do:

3 Setk=Fk+1.

40 pb = max{¢||®Tr* |, u}, where &€ € (0,1).

5.  Update solution using probabilist hybrid algorithm with input ¥, y, p* and set the
initial solution as x*~1.

6: rF=y— Wk

7. endWhile

The fixed-point algorithm and interior-point algorithm are combine to form a hybrid algorithm.
Fixed-point was chosen for its speed while interior-point was recognized for its high accuracy. The
algorithms were combined in a probabilistic manner, at each iteration the algorithm that performs
well is rewarded, otherwise penalised. The most challenging task is the design of the performance
evaluation to determine the effectiveness and efficiency at each iteration. An ideal performance
measure is metric that can quantify the speed and accuracy of a given scheme at each iteration.

Here a metric based on the convergence of line search is developed.



Chapter 5

Computational Experiments

This chapter presents numerical results, which illustrate the computational performance of the
hybrid algorithm. The computational performance is carried out by testing the reconstruction
ability, speed and accuracy of the hybrid algorithm. Computational results are produced without
implementation of the continuation strategy. The performance is compared with some of the
existing algorithms on selected applications. The investigations listed here pertain to small sample
studies on synthetic data. All results were obtained using: Matlab R2013a, Intel Core i5, 3.4 GHz

processor with 8 GB memory running on Linux operating system

5.1 Comparison of Hybrid Algorithm with Constituent

Algorithms

In this section, we carry out a numerical comparison of the proposed hybrid algorithm with its
constituent algorithms: the fixed-point algorithm and interior-point algorithm. We conducted
the experiments with our implementation of these algorithms. We investigate the quality of
reconstruction, the speed and accuracy of reconstruction of the algorithms and comment on the

probability profile of the hybrid algorithm.

5.1.1 Quality of Reconstruction. We investigate how well the proposed hybrid algorithm

recovers the sparse solution. Specifically, we study reconstruction ability of an hybrid algorithm and
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compare its performance with its constituent algorithms. To achieve this we use phase transition

analysis. Phase transition analysis provides a way of studying the equivalence of ¢; and ¢y, by

indicating how sparsity and number of measurements affect the success of an algorithm that solves
m

the £1-minimization problem. Let § = ", represent a normalized measure of indeterminacy factor

and p = -, represent a normalised measure of sparsity. A typical phase plot will depict some

performance statistics as a function of § and p, over a phase space (9, p) € [0, 1] x [0, 1]. Each pair

(0, p) in the space indicates the difficulty of reconstruction.

Experimental setup 1: We use simulated data. The original signal xq, was generated to be
a random vector of size m containing s non-zero components. These non-zero components were
generated randomly from the standard normal distribution and placed at random locations within
the signal vector. Although numerous other signals could be used for testing, and undoubtedly the
performance of algorithms would differ from signal to signal. The main objective of the empirical
results is to serve only as a guideline to their performance. The measurement matrix ¥ of size
m X n was generated randomly in accordance to Gaussian entries. That is the entries of ¥ were

chosen from the normal distribution with zero mean and variance of 1/m.

In practice, real signals are corrupted with noise. So to make the results relevant and realistic,
both the original signal @y and measurements y were contaminated with additive Gaussian noise.

The measure were generated as:
y=T(xo+e;)+ey, (5.1.1)

where e, and e, are signal and measurement noise vectors respectively. The elements of noise
vectors were generated randomly from independent and identical normal distributions. Two
instances of measurement were used: noiseless measurement, where e, = e, = 0 and noise
measurements for which the components of noise vectors e, and e, were drawn from the normal

distribution of N'(0,107°) and N(0,1073) respectively.

The input of the algorithm was the measurements y, the measurement matrix ¥ and other
parameters of the algorithms. The algorithms had to return the optimal solution x*, which must
be the best approximation of the original signal xy. The quality of reconstruction was determined

via the root mean squared error between the original signal &y and recovered signal x*:

RMSE — % znj [(20)i — a2, (5.1.2)

=1
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The use of RSM E makes a good general purpose error metric for numerical predictions.

The phase diagram is formed by a grid of d-p values, with §, p arranged through 50 and 10
equispaced points respectively in the interval (0,1). Each point (4, p) in the phase plot represents
the average of root mean square error over 50 trails. The experiment was carried out on a small
scale signal with fixed length n = 512 and the regularization parameter was fixed at p = 0.01.
For each configuration, the algorithms were terminated when the relative change of the estimate
solution falls below 107°, that is ||z* —2*~1||/||£"~!|| < 107°. Otherwise the algorithms were forced
to terminate when they reach maximum iterations of 1000. The same stopping condition was used
for all algorithms. The results in this section were obtained by running our implementation of the
three algorithms: fixed-point algorithm, interior-point algorithm and the combination through the

probabilistic hybrid algorithm.

Fixed-point algorithm

1 Fixed-point algorithm {noise)
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(a) Fixed-point algorithm noiseless

(b) Fixed-point algorithm noisy measurements
measurements

Figure 5.1: Phase diagrams illustrating reconstruction ability of fixed-point algorithm: (a)
signal reconstruction from noiseless measurements and (b) signal reconstruction from noisy

measurements.



Section 5.1. Comparison of Hybrid Algorithm with Constituent Algorithms Page 82
Interior-point algorithm Interior-point algorithm (noise)
1 1 1 1
09 i 0.9 0.9F : 0.9
08 0.8 0.8 4 08
0.7+ 0.7 0.7 ® 0.7
06 06 0.6 06
3
< 0.5 0.5 « 05 0.5
]
04+ 0.4 0.4 H 04
03 o 03 031 o 03
.
02- @ 02 0.2 02
01+ i 0.1 o1 0.1
DO 0‘1 Ul2 U‘G 0‘4 0‘5 0‘6 0‘7 D‘B 0‘9 DD D‘I 0‘2 0‘3 0‘4 0‘5 086 0‘7 UlB 0‘5 1
8 5
(a)  Interior-point  algorithm  noiseless (b) Interior-point algorithm noisy
measurements measurements
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Discussion: Figures 5.1, 5.2 and 5.3, demonstrate the reconstruction ability of fixed-point
algorithm, interior-point algorithm and probabilistic hybrid algorithm respectively. All the phase
diagrams show the expected behaviour. We observe a highly accurate reconstruction for small p
and large §. This correspond to low sparsity level with large number of measurements. Conversely,
when the signal is not sparse and few measurements taken we witness the failure of reconstruction
which corresponds to large p and small §. The original signal is recovered well as long as it is sparse

enough and there are enough measurements.

The blue region of the phase diagrams indicates excellent reconstruction of sparse signals, while the
red region represents poor reconstruction. The transition line is indicated by the ends of the blue
region. All the points below the transition curve indicate the equivalence of ¢;-norm and ¢p-norm
reconstruction. The transition from success to failure occurs at different p for different §. The
location of the transition curve depends on the recovery algorithm. The presence of noise does not
have much influence on the qualitative shape of the transition curve. All the three algorithm-phase
diagrams seen to exhibit no observable difference. The proposed probabilist hybrid algorithm has

the same reconstruction ability as those of fixed-point algorithm and interior-point algorithm.

From the above experiment we were able to determine default value of parameters for the
probabilistic hybrid algorithm. The values were tuned to produce good efficiency and effectiveness,
to achieve the best possible phase diagram. Table 5.1 provides a summary of the parameters and

their default values chosen for the hybrid algorithm.

Parameter Default value
15} The factor for changing probability g = 0.5
n The factor for decreasing step size in backtracking line

search 7 = 0.5 (see equation (4.1.7))

P Armijo’s condition parameter p = 0.003
o The parameter for Goldstein condition o = 0.04
Ef Tolerance for relative objective value e = 1072

Table 5.1: Parameters and their default values for hybrid algorithm.
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5.1.2 Speed and Accuracy. In this section, numerical experiments were carried out to study
speed and accuracy of the proposed hybrid algorithm. Moreover, we study how scaling of problem
size affects the speed and accuracy. We compare the efficiency of the hybrid algorithm with

fixed-point algorithm and interior-point algorithm.

Experimental setup 2: The data was generated as in experiment 1 with measurements
contaminated with noise. The speed and accuracy were determined for different problem sizes. We
increase the signal length in the base 2 power from 2% to 2!3. In all problem sizes the indeterminacy
ratio was fixed at § = % = 0.4 and sparsity ratio at p = -~ = 2. The regularization parameter
was set to p = 0.01. All the algorithms were run until the same convergence criteria were met,
where the relative change of the solution norm falls below the tolerance value of 10~°. Experiments
for each dimension were carried out on 50 different sets of random data. We compare the means
and variances of the computation time for each dimension. We also evaluate the accuracy of the
solution by looking at the reconstruction error. The error was computed using mean squared error

between the true signal and reconstructed signal.

n Fixed-point Interior-point Hybrid

mean | variance mean | variance mean | variance
28 0.0490 0.0023 0.1908 0.0033 0.1144 0.0028
29 0.0780 0.0017 0.2828 0.0036 0.1592 0.0039
210 11 0.1822 0.0036 0.5574 0.0053 0.2922 0.0099
211 1.4484 0.0172 3.3868 0.0204 1.8632 0.0508
212 11 6.8610 | 0.0788 || 14.8048 | 0.1195 | 7.7110 | 0.2143
213 11 30.6888 | 0.2687 72.0256 | 0.4927 31.1426 | 1.0573

Table 5.2: Speed comparison for different problem size. The computation time is reported

in seconds.
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n Fixed-point || Interior-point || Hybrid
28 0.0023 0.0013 0.0036
29 0.0026 0.0014 0.0036
210 0.0022 0.0015 0.0034
21 0.0025 0.0015 0.0032
212 0.0027 0.0015 0.0039
213 0.0023 0.0015 0.0030

Table 5.3: Comparison of solution accuracy. Root square mean error between the true signal

and reconstructed solution.
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Figure 5.4: Speed comparison for different problem sizes

Discussion: Table 5.2 presents a summary of computational speed for the fixed-point,
interior-point and hybrid algorithms. The fixed-point algorithm appears to be more efficient as
it achieved less computational time in all dimensions, followed by the hybrid algorithm. Figure 5.4,
plots the computational time as a function of dimension for better illustration of results. It can be
clearly seen that interior-point (green) algorithm scales poor as compared to the fixed-point(blue)

algorithm and hybrid (red) algorithm. A possible reason for the scaling is that interior-point
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algorithm doubles the size of the problem, which for large problem this becomes a very serious issue
in practice. It is noteworthy that the hybrid algorithm achieves comparative efficiency compared

to fixed point algorithm, an algorithm that is recognized for its good efficiency.

We also evaluated the accuracy of the reconstructed solution of the algorithms, the results are
summarized if Table 5.3. The accuracy was measured as the root mean square error between the
true signal and reconstructed signal, see equation (5.1.2). The interior-point algorithm achieves
better accuracy, followed by fixed-point algorithm then the hybrid algorithm. All the algorithm
achieve similar order of accuracy of 1073, Figures 5.5, 5.6 and 5.7, provide visual examples of the
reconstruction of fixed-point algorithm, interior-point algorithm and probabilistic hybrid algorithm,
respectively. Hence, the hybrid algorithm is comparative to fixed-point algorithm in terms of speed
and comparative to both fixed-point and interior-point algorithm in terms of accuracy. The results

are also supported by the phase diagrams. All the algorithms achieves similar phase diagrams.
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Figure 5.5: An example of signal reconstruction with fixed-point algorithm.
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Figure 5.7: An example of signal reconstruction with probabilistic hybrid algorithm.
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5.1.3 Probability Profile. Here we investigate the behaviour of probability with the evolution
iterations. The behaviour of probability attained would provide some insight into how the
performance evaluation conditions are met. It should also indicate how algorithms performs for
a particular problem. From the results in experimental setup 2, we randomly picked some
probability profiles for different dimensions. Figures 5.8, 5.9 and 5.10, present the random selection

of probability profiles.
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Figure 5.8: Probability profile of reconstruction for signal length n = 28,
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Figure 5.9: Probability profile of reconstruction for signal length n = 219,
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Figure 5.10: Probability profile of reconstruction for signal length n = 2'3.

Discussion: The evaluation favours the fixed-point algorithm more often than interior-point
algorithm. In general the probabilistic hybrid algorithm tends to prioritise the fixed-point
algorithm, at least for this specific problem, where the measurement matrix is Gaussian. This
explains why the hybrid algorithm scales in a similar fashion with fixed-point algorithm, see Figure

5.4.

5.2 Comparison of Hybrid Algorithm with Existing
Algorithms

This section, presents the comparison of computational performance of the proposed probabilistic
hybrid algorithm with several existing algorithms in literature. We compare the hybrid algorithm
with second order Truncated Newtons Interior Point method (¢; — £2) by Kim et al. (2007), first
order Fast Iterative Shrinkage-Thresholding Algorithm (FISTA) by Beck and Teboulle (2009), and a
greedy Compressive Sampling Matching Pursuit (CoSaMP) by Needell and Tropp (2009). All these
algorithms were discussed in Chapter 3 and each algorithm represents one of the three algorithmic
categories we focused on. The algorithms are recognized for their speed and high accuracy. The

Matlab codes used here were implementation by the respective authors.

The setup was similar to that of Experimental setup 1. Here consider only a small scale

problem. The original signal xy, was generated to be random vector of size n = 512 containing
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s = 32 non-zero components. These non-zero components were generated randomly from standard
normal distribution and placed at random locations within the signal vector. The number of
measurements were set to m = 128. The measurements were generated via equation (5.1.1), with
no noise. We tested the recoverability on two types of signal values. One which resembles low signal
values. The signal values were randomly selected in the range [-1, 1]. In the second problem, the
signal resembled high signal values, the values randomly generated with order of magnitude of 10.

Numerous other signals could be used for testing, and undoubtedly the performance of algorithms

would differ from signal to signal

All the algorithms were run until the same convergence criteria were met, where the relative change
of the solution norm falls below the tolerance value of 107°. Experiments for each dimension were
carried out on 50 different sets of random data. In all the experiments the regularization parameter
was set to ;= 0.001. All the other algorithm dependent parameters were set as suggested by the
respective authors. Note that CoSaMP does not use p and the algorithm requires the estimate of
sparsity level as input. We have provided the algorithm the exact sparsity. Table 5.4 reports the
mean values of computation time, relative error computed as ||[&* — x||/||zol|, the ¢1-norm of the

solution and the norm of the residual ||¥a* — y||2.

Problem | Algorithm | Time | rel. error lz* 1 [Tz — 1yl
small Hybrid 0.0732 | 3.1250e-03 | 1.5065e+01 | 4.5459e-03
T 0y — Ly 0.7419 | 1.8632e-03 | 1.5026e+01 | 3.6663e-03
values CoSaMP | 0.0713 | 7.1880e-06 | 1.5025e+01 | 7.4354e-04
FISTA 0.0193 | 2.6406e-03 | 1.5011e+01 | 2.3877e-03

large Hybrid 0.0843 | 5.3950e-03 | 4.8811e+02 | 4.9803e-03
x b — 4y 0.8328 | 1.1524e-03 | 4.8636e+02 | 4.1502e-03
values CoSaMP | 0.0696 | 8.1180e-06 | 4.8671e+02 | 2.6267e-04
FISTA 0.0175 | 8.9833e-03 | 4.8653e+02 | 2.7107e-03

Table 5.4: Comparison of recoverability of hybrid algorithm with other existing algorithms.

Discussion: Overall the difference in signal values does not have any significant influence in the
result, except in the £1-norm. The greedy algorithm, CoSaMP is superior in terms of accuracy and
FISTA is superior in terms of speed. The hybrid algorithm is comparable to CoSaMP in terms of

speed and achieves similar accuracy as both ¢; — ¢, and FISTA.
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A set of computational experiments are carried to demonstrate the performance ability of the hybrid
algorithm. The hybrid algorithm is shown to have similar reconstruction ability as fixed-point
algorithm and interior algorithm. With no good performance evaluation the algorithm tends to
prioritize the fixed-point algorithm. The hybrid algorithm was numerically shown to be comparable

with other existing algorithms in terms speed and accuracy.



Chapter 6

Conclusion

Compressive sensing is a new and fast growing field of applied mathematics that addresses the
shortcomings of conventional signal compression. With the knowledge that a given signal has
few non-zero components relative to its dimension, compressive sensing seeks to reconstruct the
signal from few nonadaptive linear measurements. This is equivalent to finding ¢;-norm solution of

under-determined linear algebraic system of equations.

Fundamental theory of compressive sensing was reviewed, in which it became clear that it is possible
to accurately reconstruct a signal from the under-determined linear system. Compressive sensing
relies on two principles: sparsity, which pertains to the signals of interest, and incoherence, which
pertains to the sampling of the signal. Sparsity expresses the idea that information contained in
the signal may be much smaller than the dimension of the signal. Incoherence extends the idea
that signal having sparse representation in some domain must be spread out in the measurement
domain. Thus one needs to clearly distinguish the source of information. Not any measurement
matrix is good for compressive sensing, but through restricted isometry property one can design a
good measurement matrix that can capture all the information about the signal. Gaussian matrix

does well in compressive sensing.

A survey of algorithmic approaches for finding ¢;-norm solution of under-determined system
of equations was carried out. As work in this area developed, five algorithmic approaches to
the problem emerged, each with its own set of advantages and disadvantages. We focused on

three approaches. Convex algorithms provide strong theoretical results, but lack the speed.

92
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Greedy algorithms provide speed, but lack stability and theoretical guarantees such as restricted
isometry property. Iterative shrinkage-thresholding algorithms bridges the gap between convex
algorithms and greedy algorithms. These algorithms are easy to implement, they are fast and they
provide theoretical guarantees. Other approaches such as combinatorial algorithms and non-convex

algorithms were of no interest to the ultimate goal of the dissertation.

The goal of the dissertation was achieved by combining two convex algorithms, the fixed-point
algorithm and interior-point algorithm. Fixed-point was chosen for its speed while interior-point
was recognized for its high accuracy. The algorithms were combined in a probabilistic manner,
at each iteration the algorithm that performs well was rewarded, otherwise penalised. Perhaps
the most challenging task was the design of the performance evaluation at each iteration. With
no good performance evaluation the algorithm tends to prioritize the fixed-point algorithm. The

hybrid algorithm was numerically shown to be comparable with other existing algorithms.

The future work includes: an investigation of performance evaluation of the algorithms at each
iteration, and performing the experiments for different measurement matrices and trying the
different problems such as problems from image processing. In our future research we would like
to develop technique that will harness the speed of greedy algorithms and theoretical guarantees of

convex algorithm.
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