
A DFT based study of the gold-water

interface

by

Tshegofatso Titus Masike

A dissertation submitted to the University of the Witwatersrand for the degree of:

Master of Science in Physics

Supervised by

Prof. Gotthard Seifert

and

Prof. Alexander Quandt

2018



Declaration

I, Tshegofatso Titus Masike, hereby declare that the work comprised in this

dissertation is my original work, and that any work done by others or by myself

previously has been acknowledged and referenced according to the requirements of

the Faculty of Science of the University of the Witwatersrand.

Tshegofatso Titus Masike

October, 2019

i



Abstract

A gold/water interface has been investigated with the DFT-based self-consistent-

charge density-functional tight-binding (SCC-DFTB) method using a full cell model

with periodic boundary conditions. Born-Oppenheimer molecular-dynamics simula-

tions for water on the surfaces of two Au60 electrode slabs were computed. We have

demonstrated the applicability of this method to study the structural and dynamical

properties of the gold/water interface in a system with periodic-boundary conditions.

The results of the simulation clearly show a dependency on the charged electrodes

by means of the orientation of the water molecules and the ensuing polarisation of

the cell. However, it was also shown that this polarisating effect is confined almost

exclusively to first few angstroms away from the electrode . This is indicative of the

rather short-range screening behaviour of water. The present study is a feasibility

study of models with periodic-boundary conditions and beckons further analysis of

metal/electrolyte interfaces on a dependable atomic scale, using periodic boundary

conditions.

ii



Acknowledgements

I would like to express my deep gratitude to my co-supervisor, Prof. Alexander

Quandt, for introducing me to Solid State Physics and its application to renewable

energy systems, and granting me an opportunity to explore these ideas in Germany

at Technische Universität Dresden. Thank you for seldom intervening, and allowing

me the freedom to explore my own ideas and learn in my own way. I’d also like to

express a deeper gratitude to my co-supervisor, Prof. Gotthard Seifert, for recieving

me in Dresden, hosting me, and for personally rearing me in the ways of Physical

Chemistry. I’ll forever be indebted to you for your seemingly never ending patience,

even in instances where I did not deserve it.

I’d also like to thank Dr. Robert Warmbier for always bridging the gap of what

was expected of me by my supervisors to my understanding and capabilities. Our

weekly personal lunch meetings, which I imposed on you, much to the annoyance

of you (and your wallet), helped shape my understanding of Theoretical Compu-

tational Physics and this dissertation would not have come to fruition, had it not

been for you always having high expectations of me. You’d always deny being my

supervisor, however, you were my mentor.

Furthermore, I would like to express thanks to the following people:

• Dr. Shinji Hirano for always being willing to explain complex concepts to me

when my supervisors were not around.

• The Solid State Physics group at Wits, et al., in particular: Itumeleng Mokgosi

and Sandile Kumalo

• The Theoretical Chemistry Group at Technische Universität Dresden.

• The office of P241, et al., in particular: Aymen, Tanita, Ashlynn, Ahmed.

iii



• I’d like to thank and congratulate, recently graduated, Dr. Kai Trepte, for

sharing his office space with me in Dresden and teaching me the technical

aspects of Computational Physics.

• My friends. Skhathisomusa Dumani Mthembu, Mothusi Sengwatse, Ayanda

Bam, Dennis Zheng, Bienvenu Ndagano and Nomaswazi Mthombeni.

• My parents, Mosamo Masike and Dr. Magome Masike, for their never ending

support and always allowing me to pursue whatever I wished.

• My siblings, Keitumetse Masike and Tebogo Masike.

I would like to express my gratitude to the Centre of Excellence (CoE) and

Materials for Energy Research Group (MERG) for financial support.

iv



We are the scientists, trying to make sense of the stars inside of us.

Christopher Poindexter

v



Contents

1 Introduction 1

1.1 Capacitor Principles . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2 Electrochemical Capacitors . . . . . . . . . . . . . . . . . . . . . . . . 6

1.2.1 Electric Double-Layer Capacitors . . . . . . . . . . . . . . . . 8

2 Theory 9

2.1 Double Layer Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.1.1 Helmholtz Double Layer . . . . . . . . . . . . . . . . . . . . . 10

2.1.2 Gouy-Chapman Double Layer . . . . . . . . . . . . . . . . . . 10

2.1.3 Stern Modification of the Diffuse Double Layer . . . . . . . . . 13

2.2 Approximate Density Functional Theory and Density Functional Tight

Binding Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2.1 Approximate Density Functional Theory . . . . . . . . . . . . 15

2.2.2 Approximate Kohn-Sahm Equations . . . . . . . . . . . . . . 20

2.2.3 The LCAO approach: ’Tight Binding’ . . . . . . . . . . . . . 20

3 Computational Details 24

3.1 Geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.2 Molecular Dynamics Scheme . . . . . . . . . . . . . . . . . . . . . . . 28

3.2.1 Velocity Verlet . . . . . . . . . . . . . . . . . . . . . . . . . . 29

4 Results and Discussion 31

4.1 Charge Distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

4.2 Electrostatic Potential . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4.3 Distribution Function g(r) . . . . . . . . . . . . . . . . . . . . . . . . 34

4.4 Orientation of the OH bonds . . . . . . . . . . . . . . . . . . . . . . . 37

5 Conclusion and Future work 42

vi



A Ergodic Hypothesis 52

A.1 Ergodic Hypothesis and Theorem . . . . . . . . . . . . . . . . . . . . 52

vii



Chapter 1

Introduction

In the context of today’s energy production climate, generaton of energy by means

of using fossil fuel is currently the most dominant form of energy creation. However,

due to the current and projected future energy consumption, and also taking into

account an exacerbating environmental problem, there is an urgent need to study

and understand the structures of electrochemical interfaces at the atomic level in or-

der to develop clean, efficient electrochemical cells for energy storage and conversion.

Renewable energy creation methods are at a stage, currently, where they are

becoming increasingly more efficient at converting natural processes (such as so-

lar energy for example) into clean and usable energy. It has made such progress

that the biggest issue concerning renewable energy is not so much about generating

electricity but rather finding a means to store it quickly and efficiently. The con-

ventional method of using batteries to store energy has proved to be too slow and

inefficient at storing energy from renewable energy systems and has subsequently

become the bottleneck process of optimising the renewable energy systems. Batter-

ies are prevalent in electronic devices as they have high energy densities but they

discharge energy slowly. Lithium-ion batteries are currently, arguably, the best type

of batteries you can get and it is evident as they are becoming increasingly popular

and are being used in mobile devices such as phones, tablets and laptops etc. What

makes them stand out from other batteries is that they have a higher energy density,

they can hold their charge much better, have significantly reduced memory effects,

which means that you don’t have to completely discharge them before recharging,

and a higher amount of discharge/charge cycles as you have to do with other battery
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chemistries [1].

Lithium-ion batteries are not without their limitations. Completely discharging

a Lithium-ion battery ruins it, they start deteriorating as soon as they leave the fac-

tory and they are very sensitive to temperature changes. They require maintenance

from time to time and there is a slight chance of spontaneous combustion. All the

issues are not specific to Lithium-ion batteries but are issues that plague batteries

as a whole [2].

Because batteries generate electricity by converting chemical potential energy

to electrical energy. Most batteries have three basic components. Two electrodes

(anode and cathode), and an electrolyte. The two electrodes, of two different mate-

rials, are immersed into a chemical electrolytic solution, causing chemical reactions

to occur at both electrodes. The electrodes react with the electrolyte where charges

(ions) gather at the anode (negative electrode) and the charges are pulled away

from the cathode (positive electrode) creating a potential difference between the

electrodes and thus producing a voltage. The electrodes can be connected to exter-

nal terminals to supply a current. The pulling of ions through the electrolyte is a

corrosive process which creates a different chemical composition in the electrolyte.

As it generates power, the chemical composition of the electrolyte alters and as a

result the battery’s voltage drops slowly and runs flat. In summary, batteries have

high energy densities but generally have low power densities, and the materials in-

side corrode continuously.

Figure 1.1: Schematic of a capacitor. [3]

Supercapacitors, or capacitors in generally, on the other hand use a completely

different process to store energy. Where a battery stores energy chemically, a capac-
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itor stores energy electrostatically by applying a potential difference between two

metallic plates with a dielectric placed between them, creating an electric field.

A typical supercapacitor differs from a normal capacitor in two aspects. The

plates of a supercapacitor have a substantially greater surface area than that of a

normal capacitor because the metal plates are coated with a porous substance such

as a powdery, activated charcoal for example. Therefore a capacitor can store more

charge [4].

In a supercapacitor the dielectric is not the same as it is for a normal capacitor.

Instead of having a relatively thick medium made from a kind of ceramic or thin

plastic film, both plates of a supercapacitor are soaked in an electrolyte, which is

rich in ions, and separated by a very thin insulator membrane. When the plates

are charged, oppositely charged ions are attracted to the surfaces, which create an

electric double layer whose thickness is approximately in the range of angstroms(
1Å = 1× 10−10metre

)
.

C = ε0εr
A

d
(1.1)

Where,

C = Capacitance

A = Area of the two plates

d = Distance between the plates

ε0 = Vacuum permittivity

εr = The relative static permittivity, of the material between the plates

As one can see from equation

Supercapacitors are classified according to their energy storing mechanisms. The

process described above was energy storage mechanism based on electric double

layer capacitance (EDLC). However, there exists two more types of supercapacitors.

Namely being pseudocapacitors and hybrid capacitors. Pseudocapacitors, unlike

EDLCs, have a chemical reaction at the electrode which leads to an electron charge

transfer between the electrode and the electrolyte. Hybrid capacitors combine the

intercalation process of a lithium-ion battery anode with the double-layer mechanism

of the cathode of an EDLC. An example of a hybrid capacitor is the Lithium-ion
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capacitor [5].

Figure 1.2: Classification of supercapacitors.

By studying metal/electrolyte interfaces on a microscopic but reliable level, we

can attain a better understanding of the relationship between the physics that occur

at the interface and the ensuing electrostatic potential energy which can be used

to calculate the capacitance of the system. Knowledge acquired from this can be

used to create better energy storage and be part of a renewable energy system with

efficient energy storage [6].

1.1 Capacitor Principles

A capacitor is a great example of how the simplest of technologies, in this case the

technologies are an insulator sandwiched in between two conductors, can become

an ever increasingly complex technology centuries later. In October of 1745 the

Leyden jar was invented by German physicist Ewald Georg von Kleist. However,

independently, Pieter van Musschenbroek, a Dutch physicist working at the Univer-

sity of Leyden, discovered the jar a year later in 1746. In the original construction

of the Leyden jar, von Kleist used a narrow-neck jar which was partially filled with

water and was closed with a cork that had an electrical lead through it which was

touching the water at the bottom. Interestingly enough, von Kleist’s hands that

were holding the jar formed the outer electrode. Once the jar was charged using

an electrostatic generator connected to the water, von Kleist gave himself a painful

shock by touching the lead to the water whilst still holding the jar. It is reported
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that he only did this once. van Musschenbroek’s version of the Leyden jar used foil

to cover the outside surface of the jar, instead of his hands, to form a less painful,

true capacitor. American Benjamin Franklin improved the design by demonstrat-

ing that water wasn’t essential in making a capacitor and made capacitors which

consisted of a sheet of glass between foil electrodes [7]. In the 19th century Michael

Faraday was the first to pioneer a practical application of a capacitor whilst he

was attempting to store the residual, unused electrons from his experiments and

made major contributions to technologies pertaining to capacitors. The biggest of

his contributions to capacitor technology is probably introducing the concept of di-

electric constant and the invention of the first practical fixed and variable capacitors.

A capacitor is an electrical component that stores energy electrostatically in an

electric field. When a charged capacitor is connected to a circuit it may act as a

source of voltage for a small amount of time. We find that:

C =
Q

V
(1.2)

Where,

C = Capacitance

Q = Charge in the double layer

V = Applied voltage

The capacitance of a capacitor, C, is measured in farads (F). Which is the ratio

of the electric charge on each electrode Q to the potential difference V between

them. There are two important aspects of a capacitor. Its energy and its power

density, which are usually expressed as either a capacitance per unit weight or per

unit volume. The energy, E (J), that is stored on a capacitor is correlated to the

charge, Q (C), at each electrode and the potential difference, V (V), and thus it is

directly proportional to its capacitance [8]:

E =
1

2
CV 2 (1.3)

Where,

E = Energy stored in a capacitor

C = Capacitance

V = Potential difference
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The energy E increases when V increases. But this trend is usually restricted

by a disintegration of the strength of the dielectric.

Another important aspect of a capacitor is its power, (P ), which is the rate

of energy delivery. In order to determine this we need to take into account the

resistance of the internal components of the capacitor (for example the current

collectors, electrode materials, dielectric, electrolyte etc.). The resistance of said

components are typically measured in aggregate and collectively referred to as the

equivalent series resistance (ESR), which is measured in ohms, (Ω). By introducing

a voltage drop between the electrodrodes, the ESR dictates what the maximum

voltage of the capacitor will be during discharge, which limits the maximum energy

and power of a capacitor. The measurement of power for capacitors is measured at

a matched impedance (we assume that the resistance of the load is the same as the

capacitor ESR) and that is consistent with the maximum power Pmax, given by:

Pmax =
V 2

ESR
(1.4)

Even though the resistance of a good capacitor is typically much lower than that

of the connected load, the actual delivered peak power of the capacitor, which might

very well still be high, is usually lower than Pmax.

1.2 Electrochemical Capacitors

Electrochemical capacitors (ECs) are a unique kind of capacitor based on the charg-

ing and discharging rates at the electrode-electrolyte surfaces of high surface area

materials. They are ruled by the same principles as normal capacitors, however,

they utilise electrodes that have a much higher surface area and the formation of an

electrostatic double layer. Such a thin double layer increases both the energy and

the capacitance by a factor of almost 10,000 compared to conventional capacitors.

Similarly to conventional capacitors, they store electric charge in a highly reversible

way and, by maintaining a low ESR, they can be operated at high specific power

compared most batteries.
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Even though ECs tend to be seen as an alternative to rechargeable batteries

in storing/providing electric charge, they use a completely different mechanism of

storing charge (i.e. non-faradic or electrostatic, such as in capacitors, vs faradic or

chemical, such as in batteries). They can, however, provide rather quick charge and

discharge rates relative to batteries (mainly due to the fact that there is no steady

chemical processes or phase changes) of a comparable volume size, but their specific

energy is less than that of batteries. Thus ECs do have a much higher power density

than that of batteries. In combination with very short charge times, longer cycle

life, long shelf life, high efficiency (in terms of charge in/charge out). They can be

fully charged and discharged without affecting performance or lifetime.

Another important difference between a capacitor and a battery is that there

is always an intrinsic increase in voltage on charge and, conversely, an intrinsic de-

crease on discharge for a capacitor due to the increase or decrease of the charge

stored on the electrodes of the capacitor. Batteries have an approximately constant

voltage during charge or discharge. The only exception of this is when a battery’s

state of charge approaches 100%, called top of charge or TOC, or when its close to

0%, called end of charge or EOD. Therefore capacitors will be in need of a DC-DC

converter to regulate and stabilise their output. However both batteries and ECs

will require an inverter if an alternating current is required.

ECs can be divided into three different kinds of capacitors, based on how they

were constructed and how they store energy:

1. The electric double-layer capacitor (EDLC)

2. The pseudocapacitor, also known as the redox EC

3. Hybrid systems incorporating a combination of EDLC and pseudocapacitance

Even though there are several kinds of capacitors which can be constructed out

of a myriad of candidate materials and device architectures, the EDLC is the most

developed form of EC and this project will be investigating this kind of capacitor.
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1.2.1 Electric Double-Layer Capacitors

The concept of the double layer has been around since the nineteenth century. First

introduced by von Helmholtz in the nineteenth century when he discovered that

charged electrodes immersed in an electrolytic solution attracted oppositely charged

ions to their surfaces. Thus two layers of oppositely charged ions form at the inter-

face between the electrode and the electrolyte.

It was not until 1952 that the double layer capacitor was put into practical use in

the form of the storage of electrical energy which was demonstrated by H.I. Becker

who was working under General Electric. He utilised porous carbon electrodes in an

aqueous electrolyte, creating a device that stored charge in the double layer (non-

faradically) at the interface between the electrode and the electrolyte solution. In

1966 in a patent by R.A. Rightmire from the Standard Oil Company of Ohio and a

follow up patent from the same company by coworker D.L. Boos described a system

where energy was stored non-faradically [7]. Nowadays we have quite a number of

high performance EDLC devices that are based on porous carbons which are also

commercially available from a range of manufacturers for an ever expanding range

of applications.
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Chapter 2

Theory

2.1 Double Layer Theory

The Double Layer model was created so that one could visualise the ionic movement

that occurs in the proximity of a charged surface.

First thing that we have to understand is that matter at the frontier of two dif-

ferent phases (in this case a solid-liquid interface) will have fundamentally different

properties from either of the aforementioned continuous phases. The double layer

refers to a structure that appears on the surface of an object that is exposed to a

electrolytic solution that has two parallel layers of charge confined to it

For instance, when we have a charged surface in our system, there must be a

balancing counter charge to counteract the charged surface. This counter charge

resides in the liquid - r. one counter charge in the liquid, the charges will not be

uniformly distributed throughout the liquid phase but will be clustered close to the

charged surface. So we have a section of the liquid phase, albeit a small part, that

is different from the extended liquid. This concept is a one of the central themes

of electrochemistry and the reactions that occur in this interface are pertinent to

external observations of electrochemical reactions.

There are a few theoretical methods of simulating the solid-liquid interface, we

will go through a few with emphasis on what they can tell us as opposed to how we

need to use them.
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Figure 2.1: Example of a double layer. [9]

2.1.1 Helmholtz Double Layer

Helmholtz was the first to realise that when an electronic conductor is brought into

contact with a solid or an electrolyte, a common boundary (interface) between the

two phases appears and that two layers of opposite polarity to the conductor form

at the boundary of the electrode and electrolyte, essentially being a dielectric on a

molecular scale and storing charge electrostatically [10].

This early model is the simplest approximation that the surface charge is neu-

tralised by the oppositely charged ions placed by a small distance away from the

surface. The surface charge potential is, in a linear fashion, dissipated from the

surface to the oppositely charged ions, satisfying the charge difference.

The Helmholtz theoretical model, although a good basis for the interface, does

not adequately describe what occurs in nature as it does not consider instances such

as including diffusion/mixing of ions in solution or the account for the possibility

of adsorption onto the surface etc. For example it predicts fixed layers of opposite

charges, which do not occur in the natural world.

2.1.2 Gouy-Chapman Double Layer

In 1910 Louis Georges Gouy (and in 1913 David Leonard Chapman) observed that

the capacitance in the system was not constant but it depended on the applied poten-

tial and the ionic concentration [11]. Guoy suggested that the interfacial (boundary)
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potential at the charged surface could be ascribed to the presence of a number of the

ions of a certain charge attached to its surface and to an equal number of ions of the

opposite charge in the solution. Essentially, this means that the oppositely charged

ions are not rigidly held, as suggested by the Helmholtz model, but instead tend to

diffuse within the liquid phase until they counter the acting potential. The resulting

kinetic energy of the oppositely charged ions will, to an extent, affect the thickness

of the ensuing double layer. Interestingly enough Gouy and, independently, Chap-

man developed a model of this ”diffuse double layer” in which the change in the

concentration of the counter ions clost to a charged surface follows the Boltzmann

distribution:

n = noe
−zeY
kT (2.1)

Where,

no = bulk concentration

z = charge on the ion

e = charge on a proton

k = Boltzmann constant

T = Temperature

Y = Potential

This still does not describe what may be occurring at the interface. The Boltz-

mann distribution used in this approach is equivalent to the molar concentration

in a bulk solution, but this may not hold true near a charged surface. We have

a diffuse double layer and not a rigid one, and a more accurate representation of

the coulombic interactions between charges would be to look at the volume charge

densities instead of the surface charge density. The volume charge density, ρ, can

be expressed as:

ρi =
∑
i

zieni (2.2)

The coulombic interaction between charges can be expressed by the Poisson
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equation:

d2ψ

dx2
= − ρ

εrε0
(2.3)

Where,

ψ = Electric field

εr = Relative permittivity of the electrolyte solution

ε0 = Permittivity of a vacuum

Where ψ, the electric field, varies from ψo at the surface to 0 in the bulk solution.

Combining the Boltzmann distribution with the Poisson equation and integrating

under the appropriate limits gives the electric potential as a function of distance

from the surface. The thickness of the diffuse double layer is given by:

Ldouble =

[
ε0εrkT

2noe2v2

] 1
2

(2.4)

Where,

v2 =
∑
i

nioz
2
i (Cation valency)

From the equation above, one can see that the double layer thickness decreases

as the valency and/or the concentration increases and the double layer increases as

the relative permittivity of the electrolyte solution (dielectric constant) increases.

In a nutshell, the Gouy-Chapman theory describes a rigid charged surface with

a cloud of oppositely charged ions in the solution and the concentration of the op-

positely charged ions decreasing with the distance from the surface, which is the

diffuse double layer. This theory is better than the Helmholtz Double Layer theory,

however, it still has its limitations and doesn’t adequately describe reality. Experi-

mentally the thickness of the double layer is found to be greater than the expected

thickness, which stems from the use of an equilibrium Boltzmann distribution. It

also speaks towards the fact that both anions and cations exist in the solution, and

the further away you move from the surface, the more that ions with the same charge

as the electrode surface will be found within the double layer as well.
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2.1.3 Stern Modification of the Diffuse Double Layer

As discussed above, the Gouy-Chapman theory gives a better description of reality

than the Helmholtz theory but it does have its own limitations. The greatest lim-

itation is the assumption that ions behave as point charges, when in reality there

are no physical limits for the ions in their approach to the surface. In 1924 Otto

Stern realised this and modified the Gouy-Chapman diffuse double layer [12]. In

his theory he stated that ions have a finite size and so they cannot approach the

surface closer than a few nanometers. Thus the first ions of the Gouy-Chapman Dif-

fuse Double Layer are not at the surface, but at some distance away from the surface.

Stern did assume that some of the ions are specifically adsorbed by the surface

in the plane d, and this surface becomes what is known now as the Stern Layer.

Therefore, the potential will drop by Ao−Ad over a molecular capacitor, also known

as the Helmholtz Plane and by the Stern Layer, Yd, over the diffuse layer.

Figure 2.2: In this diagram we are comparing the amount of counterions in both the
Stern Layer and the Diffuse Layer. [13]

The double layer is formed to neutralise the charged surface which causes an

electrokinetic potential between the surface and any point in the mass of the sus-

pending liquid, this voltage difference is often referred to as the surface potential.

As we move away from the surface, the potential drops off almost linearly in the

Stern layer and then it drops off exponentially through the diffuse layer, tending to

zero at the imaginary boundary of the double layer. This potential is quite useful as

it indicates the strength of the electrical force between the particles and the distance

at which this force influences the double layer.
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A charged particle will move with a fixed velocity in a voltage field, this phe-

nomenon is called electrophoresis. The mobility of the charged particle is related

to the dielectric constant and viscosity of the suspending liquid and, on the electric

potential at the boundary between the moving particle and liquid. This boundary

is called the slip plane and is defined as the point where the diffuse layer and the

Stern layer meet. Figure 2.2 above shows the change in charge density through the

diffuse layer.

2.2 Approximate Density Functional Theory and

Density Functional Tight Binding Theory

Density-functional tight binding (DFTB) theory is an approximate density func-

tional method [14], based on density functional theory (DFT) as formulated by

Hohenberg and Kohn [15]. It is an extremely powerful method for the calculation

of the physical and chemical properties of molecules, clusters and condensed matter

systems in their ground state. DFT is a theory where a many-body wave function is

replaced with an electron density n( #»r ), as a basic entity. Using an electron density,

in many cases, is much easier than wave function methods due to the fact that it

reduces the many-body problem of N electrons with 3N spatial coordinates to only

three spatial variables by the use of functionals. Using an electron density, which

only has 3 spatial variables, and thus is far less computationally expensive than

using wave function methods. Therefore DFT and DFTB can be applied to much

larger systems with far more atoms.

Currently we have efficient DFT-(Kohn-Sahm, KS) computer codes and access to

computer clusters which allows for the studying of systems with increasing size and

complexity. However, the size of time and length scales, which is demanded in simu-

lations nowadays, is growing faster than the acceleration of DFT computer codes or

the increasing hardware technologies can compensate for. As a result of this, there

will be the need of even faster and approximate methods which permit studying large

systems with small computational effort or short simulation times. Until recently,

classical force fields methods (molecular mechanics, MM), were applied for this pur-

pose, because they are many orders of magnitude faster than DFT (Hartree-Fock,
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HF). Although the disadvantages of using classical force field methods are their

exceptionally limited transferability from one system to another, unavailability of

accurate force field parameters and their incapacity to consider quantum effects.

Semi-empirical quantum chemical methods are faster than DFT(Hartree-Fock),

but slower than molecular mechanics. Semi-empirical quantum chemical methods

contain a number of element specific parameters, where as in DFT there are no

adjustable parameters whatsoever as it is an ab initio method. The rule of thumb is

that the more adjustible parameters you have in a method the less physical or accu-

rate it becomes the upside, however, is speed. Even though these parameters require

a reasonable effort in their determination to ensure their transferability, SE methods

can describe nearly all quantum effects attainable by DFT (with few exceptions) [16].

Empirical tight-binding methods are the corresponding counterparts of the SE

quantum-chemical methods in the condensed phase. In the 1980s, it was shown that

a ’TB’ scheme, which is the application of an atom-specific basis-set representation,

can be used as the basis for a more meticulous treatment within the essense of DFT-

KS.

These early ideas have been further developed during the past 20 years and

lead to the development of density-functional tight-binding (DFTB) methods. The

DFTB method is as computationally efficient as empirical tight-binding methods

but it is more closely related to DFT. The DFTB method has already been applied

to study large biomolecules, clusters, nanostructures and condensed-matter systems

with a broad range of elements. Below we will briefly revisit the important technical

aspects of Density Functional Theory and Density Functional Tight Binding Theory.

2.2.1 Approximate Density Functional Theory

The total energy within Density Functional Theory can be written as:

Etot [n ( #»r )] = T [n ( #»r )] + Eext + EH + Enn + Exc [n ( #»r )] (2.5)

Where,

T = Kinetic energy of the electrons
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Eext = Electron-nuclei interaction energy

EH = Hartree interaction energy

Enn = Nuclear interaction energy

Exc = Functional of the xc (exchange correlation) energy

The electron density, n ( #»r ) =
∑
i

ψ∗i ( #»r )ψi (
#»r ), or for the sake of simplicity can

be refered to as n, is obtained by using the solutions of the Kohn-Sahm equations:

[
−1

2
∇2 + Veff ( #»r )

]
ψi (

#»r ) = εiψi (
#»r ) , Veff = Vext + VH + Vxc (2.6)

Where,

Vext = −
∑
j

Zj
rj

#»r , VH =

∫
n
(

#»r
′)

| #»r − #»r ′ |
d #»r , Vxc =

δE

δn
(2.7)

Veff = Effective potential of the electrons

Vext = Electron-nuclei interaction potential

VH = Hartree interaction potential

Vxc = Exchange correlation potential

By using the Kohn-Sahm equations, Eq. (2.6), we can express the total energy

as:

Etot =
∑
i

〈ψi|−
1

2
∇2 + Veff |ψi〉−

1

2

[∫
Veffnd

#»r −
∫
Vextnd

#»r

]
+Exc [n]−1

2

∫
Vscnd

#»r+Enn

(2.8)

We can take ĥ0 = −1
2
∇2 + Veff .

The total energy, Etot, is variational with respect to the density variations in the

system and because of this, the total energy can be calculated from an approximate

electronic charge density. The approximate density can be found if one knows the

approximate density distribution in the system. In this text we will refer to this

reference density as n0, which should be as close as possible to the exact density,

and we will refer to as ñ, but can be further refined. To implement this we equate
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the exact density to the sum of the reference density and a density fluctuation:

ñ = n0 + δn. Now we are going to expand the energy at the reference density, so

n = n0, up until the second order in the density fluctuations of δn. The total energy

may now be written as:

Etot =
∑
i

〈ψi|ĥ0|ψi〉+

∫ ∫ (
1

| #»r − #»r ′ |
+
δ2Exc
δnδn′

∣∣∣∣
n=n0

)
δnδn

′
d #»r d #»r

′

− 1

2

[∫
Veffn0 −

∫
Vextn0

]
+ Exc [n0]−

1

2

∫
Vxcn0 + Enn

(2.9)

A well educated guess for the reference density could be that it is a superposition

of the atomic densities in the system. If we take this ”guess” seriously n0 ( #»r ) =∑
j

n0
j ( #»r ). Correspondingly, the effective potential can be written as a superposition

of atomic contributions: V ( #»r ) =
∑
j

Vj ( #»r ), as well as the exchange-correlation (xc)

term:

Exc −
1

2

∫
Vxcn =

1

2

∫
Vxcn−

∫
n2 δεxc

δn
=

1

2

∑
j

∑
k

[∫
V 0
xc,jn

0
k − 2

∫
n0
jn

0
k

δεxc
δn0

]
(2.10)

So by plugging in Eq. (2.10) into the total energy:

Etot (ñ) ≈
∑
i

〈ψi|−
1

2
∇2 +

∑
j

Veff,j|ψi〉+
1

2

∫ ∫ (
1

| #»r − #»r ′ |
+
δ2Exc
δnδn′

∣∣∣∣
n0

)
δnδn

′

− 1

2

∑
j

∑
k

∫
V 0
eff,jn

0
k +

1

2

∑
j

∑
k

[∫
V 0
xc,jn

0
k − 2

∫
n0
jn

0
k

δεxc
δn0

]
− 1

2

∑
j

∑
k

∫
Zj
rj
n0
k +

1

2

∑
j

∑
k 6=j

ZjZk
Rkj

(2.11)

The electron-nuclei interaction integral can be simplified by a point-charge ap-

proximation for large interatomic distances:

Zj
rj
n0
k ≈

ZjQk

Rkj

where j 6= k and Q0
k =

∫
n0
k (2.12)

For large distances, the atomic population converges to the nuclear charge:

Qk → Zk. This holds true for uniform nuclear systems and non-uniform nuclear

systems. As a result of this, for large distances it is realised that the nuclear-nuclear
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repulsion energy term and the electron-nuclear attraction energy term in Eq. (2.11)

complement each other. Another consequence of being in the large distance range

is that the two-center terms, which contain the potential, disappear. This occurs

because the reference density and the neutral atomic potential (i.e. the superposi-

tion of the neutral atomic potential contributions) w0
j decay at an exponential rate

as we go further away from the nuclei. At distances
# »

Rl and
# »

Rj:

∑
j

∑
k

∫
w0
jn

0
k = 0 where l 6= j (2.13)

Furthermore, by using the same line of reasoning, we can assume that:

∫
V 0
xc,jn

0
k = 0 and

∫
n0
jn

0
k

δεxc
δn0

= 0 where l 6= j (2.14)

All the many-center terms (where l 6= j) in the second line of Eq. (2.11) disap-

pear at large interatomic distances.

Now, if we assume - as we have done before - that the density is described by a

superposition of atomic densities (δn→ 0), then the total energy is simply the sum

of the Kohn Sahm single particle energies with the addition of the one-center terms

(where l = j) from Eq. (2.11). Taking all these expressions into consideration, we

have:

Ej(n
0
j) =

Nj∑
i

〈
ψji
∣∣−1

2
∇2 +

∑
j

V 0
eff,j

∣∣ψji 〉− 1

2

∫
V 0
eff,jn

0
j

+
1

2

[∫
V 0
xc,jn

0
j − 2

∫
n0
jn

0
j

δεxc
δn0

]
− 1

2

∫
Zj
rj
n0
j (2.15)

Where Nj is the number of electrons and ψji are the atomic orbitals of the j th

atom in the system.The binding energy is approximately given by the simple relation:

EB = Etot −
∑
j

Ej ≈
∑
i

ε̃i −
∑
j

∑
l∈j

εjl (2.16)

Where,
∑
i

ε̃i =
∑
i

〈ψi|ĥ0|ψi〉 and εjl =
〈
ψjl
∣∣−1

2
∇2 +

∑
j

V 0
eff,j

∣∣ψjl 〉
(2.17)
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As the interatomic distances decreases, the assumption where we assumed large

atomic distances doesn’t hold anymore, and as a result of this the compensating

terms in Eq. (2.11) are calculated by using the atomic densities and potentials and

are then reconciled with the nuclear repulsion energy terms into a sum of pairwise

repulsive energy terms:

− 1

2

∑
j

∑
k 6=j

∫
V 0
eff,jn

0
j +

1

2

∑
j

∑
k 6=j

[∫
V 0
xc,jn

0
k − 2

∫
n0
jn

0
k

δεxc
δn0

]
− 1

2

∑
j

∑
k 6=j

∫
Zj
rj
n0
k +

1

2

∑
j

∑
k 6=j

ZjZk
Rkj

⇒
∑
j

∑
k 6=j

Vrep,kj (Rkj) (2.18)

In short interatomic distances, the nuclear repulsion overshadows the other con-

tributions in the system so the pairwise energy terms of Eq. (2.18) are all repulsive

in this limit.

The two-center coulomb contribution to the term in δnδ
′

in Eq. (2.11):

∫ ∫ (
1

| #»r − #»r ′|

)
δnjδn

′

k with k 6= j (2.19)

This will now be represented as the second order term in Esecond which can be

accounted for in a multipole expansion where one only considers the monopolar

terms in ∆qj. If we relate the second order energy term of an atom to the change

of the state of charge of the atom, we can make the following approximation:

Esecond ≈
1

2

∑
jk

χkj

(∣∣∣ #»

Rk −
#»

Rj

∣∣∣)∆qj∆qk (2.20)

Where the atomic charges ∆qk = Qk−Q0
k and χkj are shorthands for the second

derivative of the Hartree Fock and xc contributions.

Taking all approximations into consideration, we ultimately find that the total

energy now becomes:

Etot ≈
∑
i

εi+
1

2

∑
k

∑
j

χkj

(∣∣∣ #»

Rk −
#»

Rj

∣∣∣)∆qj∆qk+
∑
j

∑
k 6=j

Vrep,kj (Rkj)+
∑
j

Ej−
∑
j

∑
l∈j

εjl

(2.21)
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2.2.2 Approximate Kohn-Sahm Equations(
−1

2
∇2 +

∑
j

V 0
eff,j + Vsecond

)
ψi = ε̃iψi (2.22)

Where ĥ0 = −1
2
∇2 +

∑
j V

0
eff,j and ĥ1 = Vsecond

Eq. (2.22) relates the approximate density ñ and the expression for the total en-

ergy Eq. (2.21) with the Kohn-Sahm like equation. The ensuing effective potential,

Veff , is composed of the sum of the atomic potentials V 0
eff,j (refer to Eq. (2.11)) and

the corresponding contributions which are related to Esecond. The explicit expres-

sions for the aforementioned contributions will be given in the next section within a

representation of linear combinations of atomic orbitals (LCAO) for the Kohn-Sahm

orbitals.

2.2.3 The LCAO approach: ’Tight Binding’

In the LCAO perspective, the Kohn-Sahm oribitals can be written as:

ψi(
#»r ) =

N∑
ν

Ciνφν (2.23)

This equation is related to the corresponding secular equations:

N∑
ν

Ciν (Hµν − εiSµν) = 0 (2.24)

The matrix elements are given by:

Hµν ≡ 〈φµ|ĥ0 + ĥ1|φν〉

= 〈φµ|ĥ0|φν〉+
1

2
Sµν

N∑
k

(χjk + χkl) ∆qk

= H0
µν +H1

µν ∀ µ ∈ l, ν ∈ j with Sµν = 〈φµ|φν〉 (2.25)

As you can see, the matrix elements H0
µν are determined by ĥ0 from Eq. (2.22).

The orbitals in Eq. (2.22) are portrayed in a minimal basis of optimised atomic

orbitals, represented by the pseudoatomic basis functions, ϕµ, which are acquired

by solving the Kohn-Sahm equations for a spherically symmetric, spin-unpolarized
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neutral atom self-consistently.

[
−1

2
∇2 + V 0

eff,j +

(
rj
r0

)n0
]
ϕµ = εµϕµ (2.26)

A contraction potential has been introduced to Eq. (2.22), in the form of
rj
r0

n0

where n0 = 2, in order to formulate a more efficient basis set for molecular and solid

state systems. Initially introduced by Eschrig and others. [17], [18]

In order to restrict the basis to solely valence orbitals, it is essential to ensure

orthogonality of the basis functions with respect to the core basis functions of the

system. The valence orbitals, as they are solutions to Eq. (2.2.3), are orthogonal to

the core orbitals of the same atom, however, this doesn’t apply to all other atoms.

Orthogonality to the core orbitals of all of the other atoms in the system can be

achieved by:

|φµ〉 = |φµ)−
∑
k 6=j

∑
a

|φka)(φka|φµ), µ ∈ j. (2.27)

In Eq. (2.27), |φµ) is the atomic orbital µ at atom j, |φka) are solutions of

Eq. (2.2.3) and are the corresponding core orbitals at atom k. If we initiate the

orthogonalisation procedure to calculate the matrix elements H0
µν , we will get:

H0
µν = (ϕµ| −

1

2
∇2 +

∑
j

V 0
eff,j|ϕν)−

∑
l

∑
cl

(ϕν |ϕcl)εcl(ϕcl|ϕµ), µ, ν��∈l. (2.28)

Where εCl is the energy of the core state at center l. This potential V 0
eff,j,

together with its core state correction in Eq. (2.28), can be seen as a pseudopotential

but only for atoms, on which the basis functions ϕµ and varphiν are not centered.

Therefore the pseudopotential is only seen in the three center terms. So for ϕµ at j

and ϕν at k, where j 6= k 6= l and in the supposedly crystal-field-like terms, which

occur at both ϕµ and ϕν at j, j 6= l, of the matrix elements H0
µν . Whereas the ’true’

potential V 0
eff,j is present in the rest of the other terms. Now, if we assume a ’weak’

pseudopotential, this leads us to a two centerapproximation for the Hamilton matrix

elements:

H0
µν = (ϕµ| −

1

2
∇2 + Vl + (1− δlj)Vj|ϕν), µ ∈ j, ν ∈ l. (2.29)
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After the two center approximation, Eq. (2.29), which now contains two cen-

ter terms solely, has the same structure of the secular equations in Tight Binding

schemes or the extended Hückel method, however, this is advantageous because all

matrix elements are calculated within DFT. Introduced [19] and then further dis-

cussed [14] by Gotthard Seifert.

H1
µν in Eq. (2.25) are the second order contributions to Hµν and only consist

of two center terms. Due to this the entire Hamilton and overlap matrices contain

one and two center contributions only. Consequently, they can be calculated and

tabulated prior to any simulation as functions of the distance between atomic pairs.

Thereby circumventing any need to recalculate any integral during an actual cal-

culation. The pairwise tabulated integrals only now have to be transformed to the

specific coordinate system of the basic functions which are the atomic orbitals. [20]

For the charge density, n ( #»r ) =
∑
i

ψ∗i ( #»r )ψi (
#»r ), the atomic charges (∆qj) in

matrix elements H1
µν are dependent on orbitals ϕi via the KS ansatz. Because of this

dependency, the eigenvalue problem in Eq. (2.24) has to be solved self-consistently.

This self-consistency requirement has to be achieved for the charges (∆qj) of the

atoms in the system, this restricted self-consistency is called a self-consistent charge

(SCC) treatment. This self-consistency requirement also occurs in a ’full’ DFT calcu-

lation, however, contrary to the LCAO tight binding approach, the self-consistency

has to be achieved for the entire charge density and not just for the charges of the

atoms in the system solely.

Obtaining the charge of an atom in a molecule or solid is not trivial as it is not

uniquely defined. Consistent with the minimal valence basis ansatz for the Kohn-

Sahm orbitals, the simplest approach is to define the charges by way of projecting

the atomic orbitals to each atom. The parting of the overlapping contributions can

easily be done with the Mulliken approach and the ensuing charges correspond to

the Mulliken Charges.

After solving the approximate Kohn-Sahm equations, the binding energy can

be calculated by using Eq. (2.21) and the repulsive energy contributions can be

calculated by using Eq. (2.18). However, in practice, the pairwise contributions are
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fitted to full Density Functional Theory calculations, in essence, any high sufficiently

complex calculation could be used. The pairwise repulsive energy contributions, for

example, can be fitted to the following type of polynomials. [21]

Vrep(R) =


∑
n=2

dn (Rc −R)n , for R < Rc,

0, otherwise.

(2.30)

Thus the repulsive potential contributions must be fitted to each pair of ele-

ments and not for each pair of atoms. Once calculated, it can be tabulated as the

Hamilton and the overlap matrix elements. The value Vrep, is known to be quite

well transferable between different systems. This is due to the repulsive terms being

characteristicly short range, for example, the term Rc is of the order of approxi-

mately 1.5 times of the usual interatomic bonding distance.

Forces acting on the atoms in the system can also be analytically expressed:

# »

Fj = − ∂E
∂

# »

Rj

= −
M∑
i

N∑
µν

CiµCiν×

[
∂H0

µν

∂
# »

Rj

−
(
εi −

H1
µν

Sµν

)
∂Sµν

∂
# »

Rj

]
−∆qj

N∑
l

∂γjk

∂
# »

Rj

∆ql−
∂Vrep

∂
# »

Rj

(2.31)

One should take note that the calculation of the derivatives of the Hamilton and

the overlap matrices can be performed quickly and efficiently, due to the integrals

being stored in tables. This is essential for the actualisation of molecular-dynamics

(MD) simulations with the DFTB approach. This numerical differentiation has

proven to be pragmatic and approximate.
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Chapter 3

Computational Details

In this work, all SCC-DFTB calculations were executed by using the DFTB+

code [22]. The auorg-1-1 [23] parameter set was used, which are essentially an

extension of the mio-1-1 Slater-Koster files with an inclusion of gold atoms. The

Born-Oppenheimer DFTB molecular dynamics simulations were implemented within

a canonical framework. Newtons equations of motion were calculated and integrated

by using the Velocity Verlet algorithm, and a time step of 0.3 fs was used to ensure

reversibility. To avoid the desorption, as discussed in Xiaohang Lin’s paper [24], of

superficial water, as we want to maintain the neutral structure of the water molecules

(and desorption of water is unphysical in this case), a Nosé -Hoover thermostat was

implemented at a constant low temperature of 180 K. The system evolved for 5.0

ps. Snapshots of the system were taken after every 30 fs, giving us a total of 55

snapshots of the system.

The set-up used to study the gold/electrolyte interface is under periodic bound-

ary conditions. Explicitly charging the system with DFTB+ causes the total energy

of the system to diverge. To avoid this, two ions of opposite charge are included

in the system and due to the presence of the two ions, there is an electron transfer

between the ion and the surface of the electrode. Doing this causes the system to

be charged implicitly and enables us to study the interfacial region between the

electrode and electrolyte, thereby alleviating the need of charging it explicitly in the

first place. In order to charge this system, we implanted one H3O
+ molecule, close

to the left-hand side electrode, and one OH-, close to the right-hand side electrode,

to induce an electron transfer and create a potential difference between the two elec-
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trodes thus charging the system whilst ensuring that the total energy of the system

does not diverge.

The surface of the two electrodes are that of a bulk face-centered cubic (111)

surface of Au60 which sandwiches bulk water - with a chosen density of 1g.ml−1

- that is randomly distributed and orientated, as described above. The minimum

distance between the electrode and a water molecule is 2, 72Å which is the sum of

the Van Der Waals radii’ of Orw = 1.52Å and Hrw = 1.2Å. After optimisation of the

geometry using SCC-DFTB+ algorithm Conjugate Gradient, a molecular dynamics

simulation was performed, as described above as well.

3.1 Geometry

To create the geometry of the gold/water interface cell, the ASE program (Atomic

Simulation Environment) [25] was used to define the in-plane basis vectors and cell

repetitions for the gold electrode. The model system used is a slab that comprises

a full cell capacitor system with gold as the material chosen for the electrodes and

water as the electrolyte, that is periodic in the x, y and z directions with approxi-

mately 10 Å vacuum on either side between the electrode and the border of the cell

- a diagram will follow later in this chapter. The slab consists of two electrodes -

each electrode is 9,462 Å thick, has five layers of Au(111) in the z-direction and each

layer has 12 gold atoms - on either side of the system and the electrolyte, which is

randomly but equally distributed water molecules, in between the two electrodes.

x y z

0 0 0
8,651 0 0

0 9,999 0
0 0 106,875

Table 3.1: Cell parameters of the system.

The cell parameters, i.e. the dimensions of the system, Systems that have a

metal/water interface are known for being notoriously difficult to simulate with pe-

riodic boundary conditions, this is because it is easy for such systems to become

unstable from, perhaps, an unbalanced charge in the system which can cause a

dipole moment to occur. This dipole moment, now an artefact in each iteration,
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continues to grow and, due to having to account for periodic boundary conditions,

causes the total energy of the system to diverge. Even a small dipole moment in a

system with periodic boundary conditions, can, likely, cause the system to implode

as the cumulative residual charge increases as the system repeats itself. Taking this

problem into account, a full cell capacitor system was chosen that was ”symmet-

ric” and well distributed so that no spurious charge imbalance could implode the

system during the molecular dynamics simulations. Idealy, periodicity would have

only been accounted for in the directions of the x- and y-axis and not for the z-

axis, however this is not possible, not only for the DFTB+ code, but in almost all

available DFTB based programs, this is more of a conceptual problem when making

DFTB based codes and not a technical shortfall. It could possibly be ”solved” with

Green’s function techniques. But as this is not the case for the DFTB+ code, it

was accounted for by inputting some vacuum space between the cell parameter walls

and the gold electrode along the z-axis.

Figure 3.1: Graph of energy per atom after geometry optimisation.

To optimise the geometry, the Conjugate Gradient algorithm was implemented

until the total energy per atom in the system converges. As you can see from ??,

after a few hundred iterations the total energy per atom converges to a single value,

which in this case is -37.80 eV. The negative value for the energy means that the

system is in a bound state. Using this method gives us an approximate but effective

way of judging how well defined the dimensions of the geometry of the system are,

in spite of many approximations being present. Generally, a geometry is optimised

until it reaches a minimum energy threshold, this was not the case here. In our
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case, a geometry was optimised to the point where the total energy per atom is

clearly converging to a single value. The computational cost of running a longer

optimisation to get a more ”accurate” position of the atoms in the system is too

high considering how negligible the change in the total energy per atom will be.

Figure 3.2: Snapshot of the 2Au60 + 183H2O + H3O
+ + OH- system on the XZ-

plane.

Figure 3.3: Snapshot of the 2Au60 + 183H2O + H3O
+ + OH- system on the XY-

plane.

The black outline in the above figures are to illustrate the boundaries of the

cell. To account for not being able to charge the system explicitly, as this would

further induce a dipole moment, two oppositely charged ions, hydronium (H3O
+)

and hydroxide (OH-), are placed in the AuH2OH3OOH system. The hydronium

is placed 37,298 Å away from the origin on the z-axis and the hydroxide is placed

70,370 angstrom, the ions are strategically placed to be the same distance away from

the center of the system. This is done to ensure that the ions are equidistant from

each other with respect to the z-direction and that it still holds when the periodic
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boundary conditions are taken into account so that there is ”symmetry” - at least

prior to the electron transfer - in the cell and will help to negate the presence of

spurious dipole moments which could cause the total energy of the system to diverge.

Figure 3.4: Snapshot of the 2Au60 + H3O
+ + OH- system, which is our model

system without water and only the ions to showcase the position of the ions in the
system.

3.2 Molecular Dynamics Scheme

Analytical solutions denote exact solutions to problems. However, more often than

not, an analytical solution only exist for very few practical systems in the universe.

That is why we use the numerical approach to approximate a practical result. One

example of such a case is Molecular Dynamics Simulations [26] (MD), where we

integrate the classical equations of motion to generate the trajectories of a system

with N particles in time. The N particles are denoted by 3N coordinates, which are

the position and momenta in a three dimensional volume space. If we let particle i

be subjected to a force
#»

f i at a time t. MD simulations solve Newton’s equations of

motion:

d2 #»r i
dt2

=

#»

f i (
#»r 1,

#»r 2,
#»r 3)

mi

(3.1)

Where force
#»

f i is dependent on the particle’s positions and, consequently, ve-

locities. The forces are based from the Tight-Binding Density Functional Theory [27]

A MD simulation generally follows this algorithm:
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1. At time t = 0 the system is initialised by choosing positions and velocities of

the particle. A value is also chosen for ∆t, which is the time step that is used

in the numerical integration of Newton’s equations of motion.

2. Calculate the forces of all the particles in the system.

3. Newton’s equations of motion are integrated using a suitable integration scheme.

Once this is done, the positions and the velocities of particles at t+ ∆t.

4. Return to step 2.

MD is a deterministic method by nature, which is known as cause-and-effect,

in contrast to Monte Carlo [28] simulations which are stochastic and thus random.

Given an initial condition a MD simulation will always reach the same trajectory

in phase space. In MD simulations physical properties are calculated from time

averages along certain trajectories. Take X ( #»r N(t), #»v N(t)), its average value can be

found by:

〈X〉 =
1

N

N−1∑
n=0

X (t0 + n∆t) (3.2)

Where,

t0 = Initial time of the system. X = A physical quantity depen-

dent on position and velocity

Generally a physcial quantity is charaterised by some relaxation time, sometimes

denoted by τ , which is the time one has to wait until system X reaches an average

equilibrium value.

3.2.1 Velocity Verlet

One of the most widely used integration schemes is the Velocity Verlet [29] algorithm-

along with its precursor the Verlet algorithm- where the positions and velocities are

updated concurrently:

#»r i (t+ ∆t) = #»r i(t) + #»v i∆t+
#»a i(t)

2
∆t2 +O(∆t4) (3.3)

#»v i (t+ ∆t) = #»v i(t) +
#»a i(t+ ∆t) + #»a i(t)

2
∆t (3.4)
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One advantage of the Velocity Verlet algorithm is that it is a fully time reversible

scheme. A reversion invariant scheme is helpful because you can integrate forward

first and then integrate backwards with the same method and constant time-step

length, you will pass through the same points of the numerical trajectory in the

reverse order, making it an even function [30]. Another advantage of using the

Velocity Verlet algorithm is that it is a sympletic integrator [31]. Symplectic inte-

grator algorithms have the characteristic where their trajectories conserve a quantity

called a ”pseudo energy” which represents the true energy but differs by only a small

amount, which vanishes as ∆t → 0. How this helps within the frame of molecular

dynamics is that there won’t be long time deviations of the trajectories from the real

trajectories, which can happen due to the accumulation of numerical errors during

the time evolution of the simulation. [32]

A reasonable time step is required for a physically feasible MD simulation, such

that the simulation is long enough to be relevant to the time scales of a natural

process being studied but also small enough to avoid discretization errors. To avoid

such errors, one must always ensure that the time step (∆t) is smaller than the

fastest vibrational frequency/phenomenon.
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Chapter 4

Results and Discussion

To get insight on the gold/electrolyte interface, we studied the distribution functions

g(r), the orientations of the OH bonds, the charge distribution and the electrostatic

potential of the system, which will also be discussed in detail further on. To analyse

the data adequately, we took snapshots of the system as it evolved throughout the

Molecular Dynamics simulation (MD), averaged the statistics of each snapshot by

superimposing them over one another and analysing that entire system. The ergodic

hypothesis [33] was used to better our dataset by equating the space average to time

average. It is a common feature in the repertoire amongst computational physicists.
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4.1 Charge Distribution

The charge distribution of a system is very important because it tells us under what

conditions the system is in and from that we can get an intial idea on how the system

will act, or react, after being disrupted.

Figure 4.1: Charge distribution of the system.

The charge distribution graph, Figure 4.1, was calculated by averaging the

charges along the x- and y- direction, and map them onto the z- direction using

the final snapshot of the MD simulation. The gold electrodes are each approxi-

mately 10 Å thick and are found in regions 9,975 Å < z < 19,437 Å and 86,533 Å

< z < 95,780 Å.

There are two events that we should pay special attention to in Figure 4.1 - one at

23,76 Å and the other at 70,37 Å. These points in the graph indicate changes in the

charge distribution in the system, the first peak is approximately where the first Au

electrode-water interface is. The increase and drop in charge indicates that there is

a very slight potentional across the interface and that slight drop continues until we

come across the H3O
+ ion which was placed at approximately 37,298 Å. This region

however has remained neutral for the most part until we start approaching 60 Å

where the charge distribution becomes more positively charged until approximately
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70,37 Å - where the OH- was placed - from there until approximately 83,87 Å there

is a drastic potential drop. The increase and decrease in the charge distribution in

this region is indicative of an electron transfer that occurred between the right Au

electrode interface and the anion. The charge transfer achieves the desired effect

and the system - or at least the right electrode - has now become charged and this

is evidence of that.

4.2 Electrostatic Potential

The electrostatic potential is necessary to calculate the capacitance of a system. The

electrostatic potential is found by calculating the electrostatic potential on a grid,

averaging the values for the electrostatic potential along the x- and y- direction and

superimposing these values along the z- axis. DFTB+’s newly included electrostatic

potential function was very helpful in this regard.

Figure 4.2: Electrostatic potential of the system.

From Figure 4.2, its hard to discern anything meaningful at first glance. This

is mainly because the atomic charges ∆qj in H1
µν depend on the orbitals psii by

means of the Kohn-Sahm ansatz for the charge density n ( #»r ) and due to this, the

eigenvalue problem in Eq. (2.24) must be solved self-consistently. However, the self

consistency need not be attained for the charge density, but only for the charges ∆qj
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of the atoms in the system. What this does is ”localise” the charge, as compared to

a ”full” self-consistent DFT calculation. This affects the granularity, i.e. the charge

distribution represented on a grid and, subsequently, the electrostatic potential. The

atomic charges are, effectively, localised in contrast to a fully self-consistent charge

density. What this results in is that the atomic charges which are calculated within

this formulism have a strong influence on the electrostatic potential. Which then

becomes very sensitive to the size of the grid that is used, a procedure that is not

always well defined and, to an extent, also non-physical.

This does not mean, however, that one cannot gain any kind of information by

exploring the corresponding electrostatic potential.

If you pay special attention to the peak at 82,78 Å, with the highest potential

energy, you will see that it is situated very close side electrode was placed. This

corresponds to the electrode being charged due to its charge transfer with the OH-

ion in the system. Just before the approximate place where the H3O
+ (70,37 Å) was

placed, we see that the potential energy of the system was relatively stable, which

is typical for the electrostatic potential of bulk water. On the far left and far right

of the graph - where the Au electrodes are placed - it is admittedly difficult to make

out the arrangement of the electrode layers. This is due to the granularity of the

algorithm used to calculate the potential in addition to the localisation of charges

which was mentioned above. In the region of 9,562 Å < z < 19,87 Å, where the first

electrode was approximately placed, there are 3 peaks and 2 troughs. The drops and

increases in potential between these peaks are a result of the empty space between

each of the gold layers. The same can be said about the Au electrode on the far

right of the system in the region of 86,533 Å < z < 95,780 Å. Except for that fact

that the Au electrode on this side is more interesting because of the charge transfer

- making it negatively charged - and as a result the potential energy distribution is

not as ”temperate” as the first Au electrode.

4.3 Distribution Function g(r)

The distribution function is a histogram where certain distance intervals (measured

from in between the surfaces of the electrodes) are treated as bins for the number

of atoms that are found within that specific interval. In this body of work, there

were 100 bins or intervals with a size of 1.07 Å. This is done so that we can have
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a general understanding of where most of the atoms gather during a molecular

dynamics simulation and then deduce why they move in that particular way. The

gold atoms were not accounted for in the radial distributed function because they

are mostly stationary and do not move around as much as the water molecules do.

The gold surfaces are located at 19.4Å and at 86.5 Å respectively.

(a) Initial configuration. (b) Final configuration.

Figure 4.3: The initial vs. final distribution functions for the corresponding config-
urations of the model system after 16667 steps. The red represents oxygen atoms
and the blue represents hydrogren atoms.

Figure 4.3a shows the radial distribution function of the geometry of the system

pre-MD simulation and figure 4.3b shows the function post-MD simulation. The

most noticeable difference between the two graphs is that figure 4.3b does not have

as many peaks as 4.3a where as in Figure 4.3a has two instances of such a con-

figuration. Throughout the MD simulation, due to having a constant temperature

thermostat, the water molecules have evened out into the system and are occupying

more horizontal orientations than they did in Figure 4.3a. The electron transfer that

occurred has also created a new atomic environment such that the orientations of

the water molecules correspond to an energetically more favourable configuration.
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Figure 4.4: Water molecule distribution function of the system averaged over the
snapshots of the MD trajectory. All data points are averages from the MD simu-
lation. The red represents the oxygen atoms and the blue represents the hydrogen
atoms.

Figure 4.4 shows the average number of oxygen and hydrogen atoms in each

interval of the system. The figures document the evolution of the general position of

each atom in the system and what one immediately sees is that there is a strong con-

centration of water molecules adjacent to the right-hand side electrode. The charge

distribution in the system, with a neutral charge (or slightly positively charged) on

the left-hand side electrode and a negative charge on the right-hand side electrode,

is such that it polarises the cell. Once the electric field in the cell is polarised, the

water molecules in the system re-orientate themselves according to this field. As a

result we have a great number of water molecules migrating to the right-hand side

of the cell and virtually no migration to and around the left-hand side of the cell.

Note that though water molecules are neutral as a whole, they are polar molecules.

Thus the oxygen side of the water molecule is slightly negatively charged and the

hydrogen side of the water molecule is slightly positively charged. This is consis-

tent with there being a negatively charged electrode on the right-hand side of the

electrode because the positively charged side of a water molecule is the side with

the two hydrogen atoms, which both carry a positive partial charge. Owning to the

electrostatic force of attraction between the negatively charged electrode and the
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positively charged side (hydrogens) of the water molecules, not only do you see a

migration of water molecules to the right-hand side electrode, you also observe a

lateral spreading of the water molecules so that they are no longer ”on top of each

other” as they previously were, but they tend to maintain a horizontal state as seen

in Figure 4.3. In the next section we’ll further investigate the orientation of the

water molecules as a result of being present in a charged system.

4.4 Orientation of the OH bonds

To study the orientation of the water molecules with respect to the surface(s) of the

gold electrode surfaces similar to previous studies, [34], we determine a probability

distribution function logP (cosθ), where θ is the respective angle between an OH

bond and a vector pointing from the oxygen atom to the gold electrode surface.

In addition to that, a histogram of the orientations that OH bonds may occupy is

extracted from our studies. The value for θ was calculated by using:

cosθ =
#»u · #»v

|| #»u || · || #»v ||
(4.1)

Where #»u is the vector pointing from the electrode surface plane, which it is

normal to, to an oxygen atom and #»v is the vector from the oxygen atom to the

hydrogen atom. OH bonds which are orientated parallel to the electrode surface,

i.e. where the OH bond ( #»v ) is 90◦ away from the vector ( #»u ), are considered to be

type I OH bonds. OH bonds where the value of θ is greater than 90◦ are bonds where

the hydrogen atom is pointing towards the electrode surface (i.e. type II bonds) and

OH bonds where the value of θ is smaller than 90◦ are bonds where the hydrogen

atom is pointing away from the electrode surface (i.e. type III bonds). One can see

a simple illustration of the three types of bonds in figure 4.5 below.
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Figure 4.5: OH bond orientation types in a solvation layer of the gold surface. Angle
θ is the angle between an OH bond and a vector from the gold surface plane, which
it is normal to, to the corresponding oxygen atom.

Figure 4.6: Orientation histogram of the system averaged over the snapshots of the
MD trajectory.

Figure 4.6 shows us the average number of OH bonds that occupy certain ori-

entations in the system. From what we can observe from Figure 4.6, OH bonds

that occupy orientations within the range of approximately −0.50 < cosθ < 0.50

are dominant in the system. However, they represent the bulk water molecules in

the system, which are water molecules that are typically not close to either of the

electrodes, and are weakly polarised by the system being charged. Orientations that

are least represented fall within the range of approximately 0.50 < cosθ < 1, these
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orientations represent OH bonds where the hydrogen atom is pointing away from the

gold electrode surface, which is expected due to the absence of a postively charged

electrode.

This type of behaviour is expected within the region closest to the left-hand

side electrode because it is furthest away from the negatively charged right-hand

side electrode. Water molecules that were within the immediate proximity of the

right-hand side experienced the greatest change in OH bond orientation because the

electrostatic force of attraction is inversely proportional to the square of the distance.

Due to this inverse proportionality, the closer two charges are to each other, the

greater the force. And in this case it translates to certain OH bonds orientating

with the hydrogen side of the hydrogen bond being closest to the negatively charged

electrode. It is noteworthy to mention that in Figure 4.6 there are absolutely no OH

bonds that have an orientation of cosθ = 1, where the OH bond is perpendicular to

the gold electrode surface with the hydrogen atom pointing away from it. Note that

in the very same system we have the most likely OH bond be that of an orientation

of cosθ = −1, where the OH bond is perpendicular to the gold electrode surface

with the hydrogen atom pointed directly towards it, is again indicative of a system

that has been charged and the water molecules are reacting to this environment.

Figure 4.7: Probability distribution P (cosθ) of the system averaged over the 56
snapshots of the MD trajectory.
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The probability distribution of the system can be seen in Figure 4.7. What is

peculiar about this distribution is that it looks completely random. There are no

significant extrema and so this represents, essentially, bulk water that is randomly

distributed and randomly orientated, where all orientation states are equiprobable.

This is unprecedented as all our other results indicate, at the very least, that in a

charged cell there will be a tendency for certain orientations of OH bonds to occur

more than others.

According to past computational studies, [35] [34], we have seen that in the limit

T tends to 0 and within full relaxation that the OH bonds close to the metal surface

will orientate themselves such that the proton will be pointing towards the nega-

tively charged gold surface. However, in our cell we have a competing artifact, i.e.

the counter electrode. The counter electrode has produced frustrating effects across

the cell as it is ”positively” - albeit not strong but still present - charged whilst its

counter part is negatively charged, due to the electron transfer. The frustrations

posed are such that polarised water molecules will feel an additional, repulsive elec-

trostatic force. Though weak, the counter electrode can still mitigate many water

molecules from being polarised truly by one source. Running the MD will always

act as a smoothing force if we keep the temperature the same throughout the MD,

which we did. The ”smoothing force” in this case, seems to have smoothed the ori-

entation of bulk water molecules in such a way that the observed polarisation effects

that occured in the system have been swept away by the MD simulation. Once the

electron transfer has occurred during the simulation, the water in the system, collec-

tively, became positively charged as the OH ion surrendered its electron to the gold

electrode. This positively charged bulk water created an attenuation of the electro-

static force generated by the negatively charged electrode, thus almost exclusively

polarising the water molecules closest to the negatively charged electrode, creating

a polarised solvation layer. This further demonstrates the short ranged screening

behaviour of bulk water.

For each of the ions in the system, the screening is different because the inter-

action with the surrounding water is different. The overrall system is neutral, and

the internal charges differences will be redistributed during the MD simulation but

not in a symmetric fashion. The screening of the electrostatic forces comes from
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the hydrospheres surrounding the ions. The hydrospheres of each of the ions in

the system have a unique effective dielectric constant (ε) caused by the molecular

dipoles of the water molecules forming the local hydrospheres.

Please note that:

D ≡ εE + P (4.2)

Where,

D = Displacement field

ε = Effective dielectric constant

E = Local electric field

P = Polarisation density

From Eq. (4.2) it is evident that the displacement electric fields of the two ions

in the system will, in general, be different and because they are different one cannot

expect to see a perfectly symmetric screening of oppositely charged ions between the

two electrodes. This is typical behaviour of water molecules being polarised within

a charged system.
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Chapter 5

Conclusion and Future work

Within the scope of this work, we have demonstrated the pertinance of SCC-DFTB

in studying the structural and dynamical properties of gold/water interface using

a model with periodic boundary conditions which is essentially an extenson of the

work done by Gianluca - in his case he looked at the gold/water interface of a cluster

model [34]. The studied cell consisted of 2Au60 + 183H2O + H3O + OH with vac-

uum space on either side of the cell to act as a screening medium between each cell

(periodic boundary conditions). The two ions were placed in the system to induce

an electron transfer and thus charge the system. After a geometry optimisation

of the cell, molecular-dynamics simulations were performed (5.0 ps) and the MD

trajectories were analysed by means of a charge distribution, radial distributions,

probability distributions and molecular orientations.

The results thereof clearly show a charge dependent orientation and, conse-

quently, the polarisation of the layer of water adjacent to the negatively charged

gold electrode where the OH bonds were orientated with the hydrogen atoms being

closest to the electrode surface and the oxygen atom being furthest away from it.

What this work also reveals, however, is the short-ranged screening behaviour of

the water molecules. The results from this work are also consistent with a recent

experimental study by Tong et al [36] where it was found that water molecules tend

to be orientated with their OH groups pointing towards (cosθ < 0) the Au metal

surface. The present study was a feasibility study of metal/electrolyte interfaces on

a reliable atomic level in models with periodic boundary conditions.
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For future work, the possibility are almost endless as previously many computa-

tional physicists shied away from studying systems with periodic boundary condi-

tions as its very easy for the total energy of the system to diverge. For one, running

the same simulation but with a longer simulation time so that the system is allowed

to evolve for a longer amount of time, thus creating more snapshots and thus give

us more data to analyse to have a more thorough look of the cell. Provided that

the Slater-Koster files exist, any material can be used as a potential electrode in

virtually any setup.
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[81] Pekka Koskinen and Ville Mäkinen. Density-functional tight-binding for begin-

ners. Computational Materials Science, pages 237–253, 2009.

51



Appendix A

Ergodic Hypothesis

A.1 Ergodic Hypothesis and Theorem

One of the most powerful principles in physics is the principle of the equipartition

of energy in a system. Which states that, over long periods of time, the energy of a

system would equally distribute itself over all the degrees of freedom of the system,

i.e., all accessible microstates of the system are equiprobable, given a sufficiently

long period of time. And thus, roughly, the time average and the space average are

equivalent. As powerful as the principle of the equipartition of energy is, it can only

hold true for certain conditions, one of which it hinges upon greatly is the Ergodic

Hypothesis, Initially proposed by Ludwig Boltzmann [69]. What the Ergodic Hy-

pothesis states is that over long periods of time, the time that is spent in an arbitary

region of the phase space of microstates, with the same energy, is proportional to the

volume of this arbitary region. Using insights from this hypothesis and combining

that with measure theory, George Birkhoff, in principle, solved this fundamental

problem of statistical mechanics and came up with the Ergodic Theorem [68]. The

proof is as follows:

The collection of all states of a system forms a phase space X. The evolution of

a system takes the form T : X → X, which is a measure-preserving transformation

on a measure space (X,Γ, µ), the trajectory T nx : n ∈ Z of a point x ∈ X represents

a single complete history of a system and, lastly, let us suppose that f : X → R,

represents a measurement made on the system, is a µ−integrable. Now we can de-

fine the following averages:
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Time Average:

f̂(x) = lim
n→∞

1

n

n−1∑
k=0

f
(
T kx

)
(A.1)

Space Average:

f̄ =
1

X

∫
fdµ (A.2)

Assuming that X is finite and non-zero, for a probability space, X = 1. The

Pointwise theorem [33] states that the limit in our definition of the time average

exists for almost every x and that the ”just about everywhere defined” limit f̂ is

integrable and T -invariant:

f̂ ∈ L1(µ) f̂ ◦ T = f̂ (A.3)

And thus holds almost everywhere:

∫
f̂dµ =

∫
fdµ (A.4)

If T is ergodic, then f̂ must be constant just about everywhere and so we have

that f̄ = f̂ just about everywhere. If we consolidate all our claims we arrive to:

lim
n→∞

1

n

n−1∑
k=0

f
(
T kx

)
=

1

X

∫
fdµ (A.5)

for almost all x, except for a negligible amount.
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