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Abstract

We explore two methods in finding Noether symmetries and conservation laws of differen-

tial equations on Riemannian manifolds. The first one is based on the Noether’s theorem

while the second one is about the ‘multiplier approach’. Using the first method, we try

to find the variational symmetries, here, denoted X. With geodesic equations, the second

method consists of finding the Lagrangian multipliers. This yields the conserved quanti-

ties when one acts the multipliers on the geodesic equations. It turns out that the total

number of conserved quantities is equal to the number of variational symmetries found.

The Lie algebra of infinitesimal isometries of the Riemannian manifolds studied has the

dimension not exceeding 1
2
n(n+ 1), where n = 4.

In the first case studied in Chapter 2, variational symmetries and conservation laws of

a modified de Sitter metric are classified. We came up with the suggestion that where

a finite dimensional group generated by conservation laws exists, the Noether symmetry

group has at least one additional symmetry that is not given by the Killing Vectors. This

is later confirmed in the rest of all the other cases studied.
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Chapter 1

Introduction

This thesis aimed at extending or completing the classification of symmetries and conser-

vation law in spacetime.

In this introduction, we present all the necessary terminologies to understand the work

done. The first section gives a brief history of groups and symmetries as well as the

motivation of the thesis. The second section provides the required background of Lie

groups and their algebras on manifolds. The third section presents Noether symmetries

and conservation laws. Finally, in the fourth section, the outline of the chapters is given.

1.1 Background and motivation

The study of physical and mathematical properties of objects gave birth to a new math-

ematical tool, group theory, in the second half of the eighteenth century. The revelation

and the evolution of the theory began in 1770 and extended to the twentieth century. Its

considerable developments happened in the nineteenth century and are due to the Norwe-

gian mathematician Sophus Lie (1842 - 1899), [1]. Other great mathematicians have also

contributed to the establishment of the theory, Wilhelm Killing (1847 - 1926), Élie Cartan
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(1869 - 1951), Essai Schur (1875 - 1941), Hermann Weyl (1885 - 1955), to name a few.

Group theory and its algebras then became explicit with the study of geometric objects

such as curves and surfaces, and also with the classification of spacetime and geometry

itself. Later on, Lie introduced the algebras of the theory in the resolution of Ordinary

Differential Equations (ODEs) and Partial Differential Equations (PDEs).

Symmetries of geometric figures, crystals and other physical objects in the macroscopic

scale have attracted the scientific communities and many studies have been done in that

regard and are well known in the literature. In the modern era of the theory developed

by Lie, it is realized that symmetries of objects (physical or mathematical) form a group.

Calculus of variations has begun when one has found difficulties in solving classical prob-

lems such as Dido’s problem, Plateau’s problem, Johann Bernoulli’s brachistochrone and

Catenary are some of these problems, [2]. They all involve how one can find extrema

either for a surface area or for a curve.

Symmetry, Invariance and Conservation Laws in Variational Calculus have become the

basis of theoretical physics as well as mathematical physics since Noether’s famous the-

orem proven by the mathematician Emmy Noether in 1915 and published in 1918, [3].

This theorem states that every variational symmetry of the action of a physical system

has a conservation law. There exist many types of symmetry which lead to different con-

servation laws. Recently, a number of papers have been published in a broad spectrum

of areas involving symmetries and conservation laws. One of the consequences of the

symmetry-conservation laws interplay is the double reduction of Differential Equations

(DEs). Symmetries help to classify equations, to determine first integrals (constant of the

motion), and to find group invariant solutions (particularly for PDEs).

Systems of DEs have been successfully studied using the methods of invariance, conserva-

tion laws and a combination of these. A large number of classes of DEs arise all the time

in the literature of Engineering, Mathematical Finance, Mathematical Physics, General

Relativity (GR), to name a few. We study in this thesis, inter alia, the DEs in Relativity
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essentially from the metrics representing the geometry of spacetime for certain models

following the Einstein Field Equations (EFE). We study as well the symmetry, invariance

properties and conservation laws of DEs that arise in the study of manifolds via their

respective metrics. These entail the Lagrangians (obtained from the metrics) and the

corresponding Euler equations. For the purpose, we explore invariance and conservation

laws in variational calculus, differential geometry and manifolds. We investigate how

consistent symmetry methods are in the resolution of DEs in differential geometry.

1.2 Lie groups and Riemannian manifolds

We introduce in this section the prerequisite to understand the symmetry groups of DEs

and PDEs.

1.2.1 Basic definitions

Definition 1.2.1 (Manifold) . [4] An m-dimensional manifold is a set M , together

with a countable collection of subsets Uα ⊂ M , called coordinate charts, and one-to-one

functions χα : Uα −→ Vα onto connected open subsets Vα ⊂ Rm, called local coordinate

maps, which satisfy the following properties:

(i) The coordinate charts cover M :

⋃
α

Uα = M.

(ii) On the overlap of any pair of coordinate charts Uα ∩ Uβ the composite map

χβ ◦ χ−1
α : χα (Uα ∩ Uβ)→ χβ (Uα ∩ Uβ)

is a smooth (infinitely differentiable) function.
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(iii) M is Hausdorff. That is, if x ∈ Uα, x̃ ∈ Uβ are distinct points of M , then there

exists open subsets W ⊂ Vα, W̃ ⊂ Vβ, with χα(x) ∈ W , χβ(x̃) ∈ W̃ , satisfying

χ−1
α (W ) ∩ χ−1

β (W̃ ) = ∅.

Definition 1.2.2 [4] A manifold is said to be connected if it cannot be written as a disjoint

union of open sets.

Definition 1.2.3 (Group) . [4] A group is a set G together with a group operation ·,

usually called multiplication, such that for any two elements, g and h of G, the product

g · h is again an element of G. The group operation is required to satisfy the following

axioms:

(i) Associativity:

(g · h) · k = g · (h · k) ∀ g, h, k ∈ G.

(ii) Identity element. There is a distinguished element e of G, called the identity element,

such that:

e · g = g · e = g.

(iii) Inverses. For each g ∈ G there is an inverse, denoted g−1, with the property

g · g−1 = e = g−1 · g.

A set that has manifold and group properties is called a Lie group. In addition to this, if

the dimension of the manifold is m (with group properties), we say it is a m-parameter

Lie group.

Definition 1.2.4 (Lie group homomorphism) . [4] A Lie group homomorphism is a

smooth map φ : G→ H between two Lie groups which respects the group operations:

φ(g · g̃) = φ(g) · φ(g̃), g, g̃ ∈ G.
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The action of Lie groups on Manifolds is known as Lie group transformation.

Definition 1.2.5 (Lie group transformation) . [4] Let G be a Lie group, and M , a

manifold. A Lie group transformation is a map ∗ : G×M →M satisfying:

(i) (g · h) ∗ x = g ∗ (h ∗ x) ∀ g, h,∈ G, x ∈M ,

(ii) e ∗ x = x.

If G is an n-parameter Lie group, then ∗ is an “n-parameter Lie group of transformations”.

These group actions often are local, that is, the group of transformations is defined on

some points of the manifold.

Definition 1.2.6 (G-invariant function) . [4] Let G be a local group of transforma-

tions acting on a manifold M . A function F : M → N , where N is another manifold, is

called a G-invariant function if for all x ∈M and all g ∈ G such that g · f is defined,

F (g · x) = F (x).

Note that the set within what F is defined is called symmetry group.

1.2.2 Coordinates

Consider an n-dimensional manifold M . Let xµ denote local coordinates of a point p, an

element of a subset of M , where it is understood that µ = 1, 2, · · · , n. An n-dimensional

manifold M of points is one for which n independent real coordinates (x1, x2, · · · , xn) are

required to specify any point completely. In other words, (x1, x2, · · · , xn) can be seen as

a map from the subset of M to Rn. Let f be a map defined from M to M . Then by

using local coordinates xµ, we can write f(p) as fµ(p) = fµ(x1, x2, · · · , xn). Here, fµ(p)

denotes the components of f(p) and it is clear that the map f defined from M to M is

translated to some map g defined from Rn to Rn.
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1.2.3 Vector fields

A vector fieldX is defined as any smooth linear map from C∞(M) to C∞(M). Consider f :

M → R a smooth real-valued function on M . Then the action of X on f is written as X[f ].

The collection of all tangent vectors to all possible curves passing through a given point

p ∈M is called the tangent space toM at p and is denoted TM |p. IfM is an n-dimensional

manifold, then TM |p is an n-dimensional vector space, with {∂/∂x1, ∂/∂x2, · · · , ∂/∂xn}

providing a basis for TM |p in the given local coordinates. The vector field X in the local

coordinates system xµ is given by

X = Xµ ∂

∂xµ
,

where Xµ are its components. For the action of a vector field X on the point p ∈M , we

write

X[f ](p) = Xµ(p)
∂f

∂xµ
(p).

Consider two vector fields X and Y . One can find a new vector field denoted [X, Y ],

called the commutator of X and Y , given by

[X, Y ][f ] = X[Y [f ]]− Y [X[f ]].

This commutator is also known in the literature as the Lie bracket and has the following

properties, [4]

(i) Bilinearity:

[cX + c′Y, Z] = c[X,Z] + c′[Y, Z],

[X, cY + c′Z] = c[X, Y ] + c′[X,Z],

where c, c′ are constants.

(ii) Skew-Symmetry

[X, Y ] = −[Y,X].

(iii) Jacobi Identity

[X, [Y, Z]] = [Z, [X, Y ]] = [Y, [Z,X]] = 0.
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1.2.4 Basis vectors

Consider a four dimensional vector X which can be referred to as Xa. At each point P

on a manifold M containing the vector field X, this vector field lies in the tangent space

TM |P at P . Given that the vector field X is coordinate system independent at each point

p, one can define a set of basis vectors ea for the tangent space TM |P . The number of

the basis vectors is equal to the dimension of TM |P and also equal to the dimension of

the manifold. Using the Einstein summation convention, the vector X can be written as

a linear combination of the basis vectors ea

X = Xaea,

where Xa are the contravariant components of X. The basis vectors are tangent to the

coordinate line. This allows us to write them without any hesitation as partial derivatives

in a particular coordinate direction as

ea =
∂

∂xa
= ∂a.

The basis {∂a} is called coordinate basis and the vector field X takes the form

X = Xa∂a,

previously defined. This can be viewed as an operator.

1.2.5 Differential forms

Definition 1.2.7 [4] Let M be a smooth manifold and TM |x its tangent space at x. The

space ∧kT ∗M |x of differential k-forms at x is the set of all k-linear alternating functions

w : TM |x × · · · × TM |x −→ R.

Conventionally, any real number (also a smooth real-valued function) is a 0-form. One

can represent a vector X with its covariant components Xa and this type of vector is
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called one-form. It is given by

X̃ = Xaw
a.

This is a different representation of the same object X. In coordinate representation, the

basis one-forms are given by

wa = dxa.

1.2.6 Flows

For any vector field X on M there exists a smooth map Φ : R×M → M called the flow

of X, here written Φ(ε, x) with ε ∈ R and x ∈ M , such that Φ(0, x) = x, Φ(δ,Φ(ε, x)) =

Φ(δ + ε, x) (∀ε, δ ∈ R), and

d

dε
Φ(ε, x) = X(Φ(ε, x)).

The vector field turns to be an infinitesimal transformation of points. Given a vector

field, from each point x one can move to a nearby point x′ in the direction determined by

the vector field itself:

xµ 7→ x
′µ = Φµ(ε, x) = xµ + εXµ(x) +O(ε2).

1.2.7 Riemannian manifolds

Definition 1.2.8 [5] A space-time (or simply spacetime in one word) is a pair (M, g),

where M is a four-dimensional differentiable manifold and g is a metric of the Lorentzian

signature (+−−−) given on it. Sometimes, one uses the signature (−+ ++).

Definition 1.2.9 [5] A spacetime (M, g) is called homogeneous and isotropic if

(i) the manifold is the product M = IR × S, where t ∈ IR is the time coordinate and

x ∈ S is a three-dimensional space of constant curvature endowed with a negative-

definite metric;
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(ii) the metric g is invariant under point transformations generated by the isometry

group of S.

Theorem 1.2.1 [5] Let a four-dimensional manifold be the product M = IR×S, where t ∈

IR is the time coordinate and x ∈ S is a three-dimensional space of constant curvature. We

suppose that M is endowed with a sufficiently smooth metric of the Lorentzian signature. It

follows that if spacetime is homogeneous and isotropic, then a coordinate system t, xi, i =

1, 2, 3 exists in the neighborhood of each point such that the metric takes the form

ds2 = dt2 + a2(t)ḡijdx
idxj, i, j = 1, 2, 3, (1.1)

where a(t) > 0 is an arbitrary function of t called scale factor, and ḡij(x) is a negative

definite constant-curvature metric on S depending on the spatial coordinates x ∈ S only.

A proof of this theorem can be found in [5].

Definition 1.2.10 (Riemannian manifold) . [6] A Riemannian metric on a smooth

manifold M is a 2-tensor field, g, an element of the 2-tensor field space of M that is

symmetric (i.e., g(X, Y ) = g(Y,X)) and positive definite (i.e., g(X,X) > 0 if X = 0). A

manifold together with a given Riemannian metric is called a Riemannian manifold. We

often use the word “metric” to refer to a Riemannian metric when there is no chance of

confusion.

Definition 1.2.11 [6, 5] If (M, g) and (M̃, g̃) are Riemannian manifolds, a diffeomor-

phism i from M to M̃ is called an isometry if i?g = g, where i? is the induced pullback of

differential forms.

We say that two Riemannian manifolds (M, g) and (M̃, g̃) are isometric if there exists

an isometry between them. One can easily verify that being isometric is an equivalence

relation on the class of Riemannian manifolds. An isometry i : (M, g) −→ (M, g) is called

an isometry of M . A composition of isometries and the inverse of an isometry are again

isometries.

9



Proposition 1.2.1 [6, 5] The set of all isometries of a given Riemannian manifold (M, g)

is a group, called the isometry group of M denoted by I(M).

A proof of the proposition can be found in [5]. The isometry group I(M) can be either a

discrete group or a Lie group.

Definition 1.2.12 [5] If the isometry group I(M) is a Lie group, we can consider in-

finitesimal transformations. In this situation, we are dealing with infinitesimal isometries:

xa 7→ x′a = xa + εXa, ε� 1.

Any infinitesimal isometry is generated by a sufficient smooth vector field X(x) = Xa(x)∂a,

which is called a Killing vector.

Theorem 1.2.2 [5] The Lie algebra of infinitesimal isometries I(M) of a connected Rie-

mannian manifold M has the dimension not exceeding 1
2
n(n + 1), where n := dimM . If

the dimension is maximal, dim I(M) = 1
2
n(n + 1), then the manifold M is homogeneous

and isotropic, being a constant-curvature space.

Note that the definitions under this subsection also apply to pseudo-Riemannian mani-

folds.

1.3 Symmetry group transformations and conserva-

tion laws

This section provides details on Lie group of transformations and generalized symmetries.

The symmetry group of a system of DEs (respectively PDEs) is the largest (connected)

local Lie group of transformations that acts on the space of the independent and dependent

variables, with the property that it preserves the set of solutions. By this mean, it
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maps solutions onto other solutions. It follows that a vector field can be associated with

a local one-parameter Lie group of transformations and this matched-pair is known as

infinitesimal generator.

Definition 1.3.1 (Differential function) . [4] Consider a function f(x, u, u(1), · · · , u(r))

of a finite number of variables. It is called a differential function of order r, where

x = (x1, x2 · · · , xn) and u = (u1, u2 · · · , um) are respectively independent and depen-

dent variables and u(1), · · · , u(r) denote the collections of all first, second, · · · , rth order

partial derivatives. In other terms, the superscript of u stands for the number of de-

pendent variables while the subscript designates the partial derivative’s order. The set

{x, u, u(1), · · · , u(r)} forms the jet space (also called bundle) which is the total space of

independent and dependent variables and the derivatives of the dependent variables.

1.3.1 Noether symmetries

Consider an rth-order system of partial differential equations of n-independent and m-

dependent variables, viz.,

Eβ(x, u, u(1), . . . , u(r)) = 0 , β = 1, . . . , m̃ . (1.1)

A conservation law of (1.1) is defined by the equation [7, 8]

DiT
i = 0 (1.2)

on the solutions of (1.1). Here Di given by

Di =
∂

∂xi
+ uαi

∂

∂uα
+ uαij

∂

∂uαj
+ · · · , i = 1, . . . , n,

is the total differential operator and the vector T = (T 1, . . . , T n) called a conserved vector

of (1.1).

Suppose A is the universal space of differential functions. A Lie-Bäcklund operator is

given by

X = ξi
∂

∂xi
+ ηα

∂

∂uα
+ ζαi

∂

∂uαi
+ ζαi1i2

∂

∂uαi1i2
+ · · · , (1.3)
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where ξi, ηα ∈ A and the additional coefficients are

ζαi = Di(W
α) + ξjuαij ,

ζαi1i2 = Di1Di2(W
α) + ξjuαji1i2 ,

...

ζαi1i2...is = Di1Di2 · · ·Dis(W
α) + ξjuαji1i2···is , s > 1

(1.4)

and Wα is the Lie characteristic function defined by

Wα = ηα − ξjuαj . (1.5)

The formula in (1.3) is the most general form of the Lie-Bäcklund operator and is known

as the general prolongation formula. In this thesis, we will assume that X is a Lie point

operator, i.e., ξ and η are functions of x and u and are independent of derivatives of u.

Theorem 1.3.1 (Infinitesimal crieterion) . [4] A connected group of transformation

G is a symmetry group of a system of DEs of maximal rank (1.1) if and only if the classical

infinitesimal symmetry conditions

XEβ(x, u, u(1), . . . , u(r)) = 0, (1.6)

wherever

Eβ(x, u, u(1), . . . , u(r)) = 0, (1.7)

holds for every infinitesimal generator X of G.

The equation (1.6) are the determining equations of the symmetry group to (1.7).

The Euler-Lagrange equations, if they exist, associated with (1.1) are the system

δL

δuα
= 0, α = 1, . . . ,m,

where

δ

δuα

12



is the Euler-Lagrange operator given by

δ

δuα
=

∂

∂uα
+
∑
s≥1

(−1)sDi1 · · ·Dis

∂

∂uαi1···is
, α = 1, . . . ,m. (1.8)

L is referred to as a Lagrangian and a Noether symmetry operator X of L arises from a

study of the invariance properties of the associated functional

L =

∫
Ω

L(x, u, u(1), . . . , u(r))dx (1.9)

defined over Ω. If we include point dependent gauge terms f1, . . . , fn, the Noether sym-

metries X are given by the expression,

XL+ LDiξ
i = Dif

i. (1.10)

Corresponding to each X, a conserved vector T = (T 1, . . . , T n) is obtained via Noether’s

Theorem. For our purposes, the Lagrangian is obtained directly from the metric which

gives rise to the geodesic equations.

Theorem 1.3.2 (Noether’s theorem) [4] For any Noether symmetry X corresponding

to a given Lagrangian L ∈ A, there exists a corresponding vector T = (T 1, . . . , T n), T i ∈

A, called conserved vector or conserved quantity and defined by

T i = f i −N iL, i = 1, . . . , n, (1.11)

where N i is called Noether operator and is defined by

N i = ξi +Wα δ

δuαi
+
∑
s≥1

Di1Di2 · · ·Dis(W
α) + ξjuαji1i2···is

δ

δui1...is
. (1.12)

T i is the conserved current associated with the Euler-Lagrange equations.

Theorem 1.3.3 [9] A Lie-Bäcklund symmetry generator X of the form (1.3) is associated

with a conserved vector T of the system (1.1) if X and T satisfy the relation

[T i, X] = X(T i) + T iDj(ξ
j)− T jDj(ξ

i) = 0, i = 1, . . . , n. (1.13)
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Theorem 1.3.4 [10, 11] Suppose that X is a Lie-Bäcklund symmetry generator of the

form (1.3) and T i are the components of the conserved vector of the system (1.1), then

T ∗i = [T i, X] = X(T i) + T iDj(ξ
j)− T jDj(ξ

i) = 0, i = 1, . . . , n, (1.14)

constitute as well the components of the conserved vector of (1.1), that is

DiT
∗i = 0|(1.1). (1.15)

There are several ways of constructing conserved quantities. In this thesis, we will use

two approaches: the partial Noether theorem and the multipliers approach which mostly

applies for non variational problems. This latter approach fills the gap of the lack of

Noether theorem which only apply for variational problems. Göktaş and Hereman in

[12] have proven that every admitted conservation law is obtained from a multiplier

Qµ(x, u, u(1), . . . , u(r)) ∈ A such that

QµE
µ = DiT

i. (1.16)

Since the right hand side in (1.16) is a total divergence, the action of the Euler-Lagrange

operator on (1.16) gives

δ

δuα
(QµE

µ) =
δ

δuα
(DiT

i) = 0. (1.17)

It is important to remark that if the system of differential equations is variational, so

does multipliers. Many authors have used the homotopy operator to obtain the conserved

vectors [4, 13, 14, 15].

1.3.2 Point transformations

A point transformation is a one-to-one transformation which acts on the n+m−dimensional

space (x, u). It is of the form

x̃ = f(x, u),

ũ = g(x, u). (1.18)
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The infinitesimal transformations are given up to the first order Taylor expansion by

x̃ = x+ εξ(x, u),

ũ = u+ εη(x, u), (1.19)

where ξ and η are previously defined in (1.3). In this situation, the point transformation

is a one parameter (ε) Lie group of transformations.

1.3.3 Contact transformations

A contact transformation is a transformation of the form

x̃ = f

(
x, u,

du

dx

)
,

ũ = g

(
x, u,

du

dx

)
,

ũi = h

(
x, u,

du

dx

)
, (1.20)

where i = 1, . . . , n. It is a one-to-one transformation on some domain D in (n + m +

nm)−space and leaves invariant the contact condition

dũ = ũidx̃, (1.21)

where it is assumed that f and g depend only on x, u and the first derivative of u given by

ui = du
dx

. The transformation, if not of that assumption would be a point transformation.

The infinitesimal transformations are given up to the first order Taylor expansion by

x̃ = x+ εξ(x, u,
du

dx
),

ũ = u+ εη(x, u,
du

dx
),

ũi = ui + ζ(x, u,
du

dx
), (1.22)

where ζ is previously defined in (1.3).
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1.3.4 Double reduction theory

The application of a Lie point or Lie-Bäcklund symmetry generator to a conserved vector

provides either conservation law associated with that symmetry or conservation law that

may be trivial, known already or new, see [16]. The theory of the double reduction then

results from the association of symmetries to conserved vector. This means that having a

system of PDEs of order r with n independent variables and m dependent variables, we

can reduce the number of independent variables followed by the reduction of the order of

the system of PDEs, which becomes a system of ODEs of order (r − 1).

Theorem 1.3.5 [11, 16] Suppose that DiT
i = 0 is a conservation law of the PDE system

(1.1). Then Under a contact transformation, there exist functions T̃ i such that JDiT
i =

D̃iT̃ i where T̃ i is given by
T̃ 1

T̃ 2

...

T̃ n


= J(A−1)T


T 1

T 2

...

T n


, J


T 1

T 2

...

T n


= AT


T̃ 1

T̃ 2

...

T̃ n


, (1.23)

in which

A =


D̃1x1 D̃1x2 · · · D̃1xn

D̃2x1 D̃2x2 · · · D̃2xn
...

...
...

...

D̃nx1 D̃nx2 · · · D̃nxn


, A−1 =


D1x̃1 D1x̃2 · · · D1x̃n

D2x̃1 D2x̃2 · · · D2x̃n
...

...
...

...

Dnx̃1 Dnx̃2 · · · Dnx̃n


, (1.24)

and J = det(A). AT is the transpose of the matrix A.

The proof of theorem (1.3.5) is provided in full details in [16].

Theorem 1.3.6 (Fundamental theorem of double reduction) [16] Suppose that DiT
i =

0 is a conservation law of the PDE system (1.1). Then Under a similarity transformation

of a symmetry X of the form (1.3) for the PDE, there exist functions T̃ i such that X is
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still a symmetry for the PDE D̃iT̃ i = 0 and
XT̃ 1

XT̃ 2

...

XT̃ n


= J(A−1)T


[T 1, X]

[T 2, X]

...

[T n, X]


, (1.25)

where

A =


D̃1x1 D̃1x2 · · · D̃1xn

D̃2x1 D̃2x2 · · · D̃2xn
...

...
...

...

D̃nx1 D̃nx2 · · · D̃nxn


, A−1 =


D1x̃1 D1x̃2 · · · D1x̃n

D2x̃1 D2x̃2 · · · D2x̃n
...

...
...

...

Dnx̃1 Dnx̃2 · · · Dnx̃n


, (1.26)

and J = det(A).

The proof of theorem (1.3.6) is provided as well in full details in [16].

1.4 Outline of chapters

In Chapter 2, variational symmetries and conservation laws of a modified de Sitter metric

are classified. The resulting Noether symmetries in each case are compared with conser-

vation laws given by Killing vectors.

Chapter 3 presents the algebra of symmetries associated with the de Sitter-Schwarzschild

metric and the corresponding wave & Klein-Gordon equations. These symmetries are

studied and classified. They are the Lie symmetries of the geodesic and wave equations.

The conservation laws are obtained via the natural Lagrangians and variational symme-

tries in each of the cases.

In Chapter 4, we focus on the symmetry structure (and the corresponding conservation

laws) of the Schwartzchild and other asymptotically flat metrics (in particular, the vari-

ational/divergence symmetries of the respective geodesic equations following from the

‘natural’ Lagrangian).

17



In Chapter 5, we undertake a detailed analysis of the symmetry structures of the plane

symmetric and the locally rotationally symmetric Bianchi type I space-times in the

f(R, T ) gravity. In particular, we construct all the variational (Noether) symmetries and,

in some cases, construct the associated conservation law using Noethers theorem. Some

comparisons are made with the symmetry structures of some well known space-times.

18



Chapter 2

Classification of a Modified de Sitter

Metric by Variational Symmetries

and Conservation Laws

2.1 Introduction

The recent observations of Type-I supernovae have led us to believe that the current

universe is undergoing accelerated expansion [17, 18]. Looking back at the evolution of

the universe, earlier on, it was in a decelerating stage, and this means that there was a

transition from deceleration to acceleration. Hence the deceleration parameter q which is

defined as

q = − äa
ȧ2
, (2.1)

where a ≡ a(t) is the scale factor of the universe, must show a signature change from

positive to negative [19]. One way in which this can be achieved in cosmology is to take

the deceleration parameter q to have the form [20]

q = α + βH, (2.2)
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where α, β are constants, and H is the Hubble parameter given by

H =
ȧ

a
. (2.3)

Equation (2.2) is the next possible generalisation (see also [21]) of a constant deceleration

parameter (Equation (2.2) with β = 0), [22] which was popular before the discovery of

the accelerated expansion of the universe. Combining (2.1), (2.2) and (2.3), we have the

following differential equation

äa

ȧ2
+ β

ȧ

a
+ α = 0, (2.4)

whose solution is

a = exp

[
−(1 + α)

β
t− 1

1 + α
+
c

β

]
,

for α 6= 1, where c in an integration constant.

Without loss of generality, we make take α = −1 in equation (2.2). This then leads to

the following solution for the scale factor a:

a = e
1
β

√
2βt+k. (2.5)

Such a scale factor has been studied by several authors in a variety of different cosmological

scenarios [23, 24, 25, 26, 27, 28, 29, 30]. Pradhan et al [20] have shown that this solution

is in agreement with current observations for certain values of the parameters.

The general theory of relativity, which is a field theory of gravitation, is governed by the

Einstein field equations. These equations explain how spacetime geometry and distri-

bution of matter are related through them via the Einstein field equations. In order to

understand the physics of the solutions of the Einstein’s equations, a lot of work has been

published. Most of this work includes investigations of the Lie symmetries or conservation

laws admitted by these solutions. A tensor A is said to admit a Lie symmetry, X, if its

Lie derivative along X is zero, i.e, LXA = 0, where A represents a metric tensor gab in

ds2 = gabdx
adxb. In this chapter, we focus on finding variational or Noether symmetries

and conservation laws of the modified de Sitter metric

ds2 = −dt2 + e2
√
2 β t+k
β

(
1

1− kr2
dr2 + r2dθ2 + r2 sin2 θdφ2

)
. (2.6)
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Recently, a study of the role of the Noether symmetries in the classification of a large

class of Lorentzian metrics have been done; this was shown to play a significant role in

the classic studies of the classification of Killing vectors (isometries), homotheties, etc.

that arise in Relativity via certain solutions of the Einstein equations. Some references

in this regard are [31, 32, 33]. This work has also been applied to some manifolds of

metrics with ‘neutral signatures’, like ASD manifolds ,[34]. It has been especially useful

in the construction of conservation laws. It is well-known that the classical conservation

laws are fundamental tools for establishing the existence and regularity of solutions for

differential equations, [35]. Thus, the classification that we resort to in the sequel is not

in the sense of the ‘Lie point symmetry classification’ carried out by a number of authors

in the recent past following the pioneering work of Ovsiannikov, Ibragimov, inter alia (see

[36, 37, 38, 39]).

The content of this chapter is appeared in the paper [40].

2.2 Friedmann-Robertson-Walker (FRW) metric

This section provides the derivation of the FRW metric of which for the particular value

of the scalar factor a(t) defined in (2.5) gives rise to the modified de Sitter metric studied

herein.

2.2.1 Spatial homogeneity and isotropy

We start with the definition of cosmology. Cosmology is the study of the dynamics of

the whole universe. This study seems quiet simpler for two reasons. On a very large

scale, only the gravity dominates and in the meantime, the universe is assumed to be

homogeneous and isotropic. This latter assumption applies only to the spatial term in

the metric, [41, 42].
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Definition 2.2.1 (Cosmological principle) At any particular time the universe looks

the same from all positions in space at a particular time and all directions in space at any

point are equivalent.

2.2.2 FRW metric

The equations under this subsection can be found in [41, 42].

The cosmological principle allows us to consider spaces with constant curvature denoted

by K. the constant curvature together with the metric tensor gµν defined the Riemann

tensor

Rijkl = K(gikgjl − gilgjk). (2.7)

According to observation, the universe evolves in time. Thus, one has imposed to the line

element the form

ds2 = gijdx
idxj, i, j = 0, 1, 2, 3, (2.8)

since the universe by assumption is homogeneous and isotropic in spatial coordinates only,

where gij are functions of the coordinates (t, x1, x2, x3) and the signature (+,−,−,−) is

used. One introduces the scale factor a(t) into the line element (2.8) and has

ds2 = dt2 − a2(t)dσ2, (2.9)

where dσ2 is the spatial part of the metric. We recall that the Schwarzschild line element

has the general form [41, 42]

ds2 = A(r)dt2 −B(r)dr2 − r2(dθ2 + sin2 θdφ2). (2.10)

Using this as a guide, we write the spatial part in (2.10) as

dσ2 = B(r)dr2 + r2dθ2 + r2 sin2 θdφ2. (2.11)

In order to find B(r), we compute in the following paragraphs the Christoffel symbols

also known as connection coefficients denoted Γijk and the Ricci tensor denoted Rij.
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We recall that in n-dimension space, there are n3 connection coefficients defined by

Γi jk
1

2
gil(∂jglk + ∂kgjl − ∂lgjk), (2.12)

where gjl is the inverse of the metric tensor. The Ricci tensor in terms of the connection

coefficients is given by

Rij = ∂jΓ
k
ik − ∂kΓkij + Γl ikΓ

k
lj − Γl ijΓ

k
lk. (2.13)

We can obtain as the Ricci tensor in terms of the constant curvature K by using the

Riemann tensor in the following way

Rjk = Rl
jlk

= gliRijkl

= Kgil(gikgjl − gilgjk)

= K(gilgikgjl − gilgilgjk)

= K(δlkgjl − δllgjk)

= K(gjk − δllgjk)

= K(gjk − 3gjk)

= −2Kgjk, (2.14)

where we have used the Einstein summation convention and with three spatial dimensions,

δll = 1 + 1 + 1 = 3. (2.15)

The metric tensor gij associated with the line element (2.11) writes

gij =


B(r) 0 0

0 r2 0

0 0 r2 sin2 θ

 . (2.16)

The computation of the non-zero connections gives

Γrrr =
1

2B(r)

dB(r)

dr
,

Γrθθ = − r

B(r)
,
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Γrφφ = −r sin2 θ

B(r)
,

Γθφφ = − sin θ cos θ,

Γθrθ =
1

r
,

Γφrφ =
1

r
,

Γφφθ = cot θ. (2.17)

These connection coefficients help us to find the non-zero components of the Ricci tensor

Rrr = − 1

rB(r)

dB(r)

dr
,

Rθθ = −1 +
1

B(r)
− r

2B2(r)
,

Rφφ = Rθθ sin2 θ. (2.18)

Substituting Rrr and grr in (2.14) we obtain the following differential equation

1

rB(r)

dB(r)

dr
= 2KB(r). (2.19)

In a similar way by substituting Rθθ and gθθ in (2.14) we obtain the following differential

equation

1− 1

B(r)
+

r

2B2(r)
= 2Kr2. (2.20)

The integration of (2.19) yields

B(r) =
1

C −Kr2
, (2.21)

where C is a constant of integration. Replacing B(r) into (2.20) gives

1− C +Kr2 = Kr2, (2.22)

that is C = 1 and

B(r) =
1

1−Kr2
. (2.23)

Thus, the line element of the spatial part writes

dσ2 =
1

1−Kr2
dr2 + r2dθ2 + r2 sin2 θdφ2), (2.24)

and the FRW line element becomes

ds2 = dt2 − a2(t)

(
1

1−Kr2
dr2 − r2(dθ2 + sin2 θdφ2)

)
. (2.25)
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We can normalize the curvature K by defining the parameter k = K
|K| in such a way that

k = ±1. Substituting k into (2.25) gives rise to the standard form for the FRW line

element

ds2 = dt2 − a2(t)

(
1

1− kr2
dr2 − r2(dθ2 + sin2 θdφ2)

)
. (2.26)

The normalized constant curvature can take the values −1, 0, 1 which are respectively

associated with the negative, zero or positive curvature of space (the spatial part).

In other to compute the symmetries we consider the scale factor a = e
1
β

√
2βt+k.

2.3 Symmetries and conservation laws

2.3.1 Symmetry via Noether’s theorem

The metric (2.6) has a corresponding Lagrangian

L = −ṫ2 + e2
√
2 β t+k
β

(
1

1−kr2 ṙ
2 + r2θ̇2 + r2 sin2 θφ̇2

)
(2.27)

with the Euler (geodesic) equations

G1 = ẗ+ 1√
2β t+k

(
e
√
2 β t+k
β

)2 (
ṙ2

1−kr2 + r2θ̇2 + r2 (sin θ)2 φ̇2
)

= 0,

G2 =
(
rφ̇2 (−1 + kr2)

2
(sin θ)2 + r5θ̇2k2 − 2 r3θ̇2k + r̈kr2

+
(
−ṙ2k + θ̇2

)
r − r̈

√
2 β t + k + 2 ṙṫ (−1 + kr2) = 0,

G3 = r sin θφ̇2 cos (θ)
√

2 β t + k − 2 rθ̇ṫ− 2 θ̇ṙ
√

2 β t + k − rθ̈
√

2 β t + k = 0,

G4 = 4
((
φ̇ṙ + 1/2 rφ̈

)
sin θ + rφ̇ cos θθ̇

)√
2 β t + k + 4 r sin (θ) ṫφ̇ = 0,

(2.28)

where s is the arclength variable and the derivative ẋ is the derivative of ‘x’ taken with

respect to s. The variational symmetries, [4, 43, 8, 44],

X = ξ∂s + ηt∂t + ηr∂r + ηθ∂θ + ηφ∂φ

in which ξ, ηt, ηr, ηθ and ηφ all depend on (t, r, θ, φ), satisfy for some gauge function f ,

X [1]L+ L
dξ

ds
=

df

ds
. (2.29)
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Since the Lagrangian is in terms of the first order derivative of the variables, we must

rewrite the variational symmetries by making use of the first prolongation defined in (1.3)

as follows:

X [1] = ξ∂s + ηt∂t + ηr∂r + ηθ∂θ + ηφ∂φ + η
[1]
t ∂ṫ + η[1]

r ∂ṙ + η
[1]
θ ∂θ̇ + η

[1]
φ ∂φ̇, (2.30)

where

η[1]
c = Dsηc − ċDsξ

and c stands for {t, r, θ, φ}. The total derivative with respect to s is Ds and is given by

Ds =
d

ds
= ∂s + ṫ∂t + ṙ∂r + θ̇∂θ + φ̇∂φ.

Substituting (2.30) in (2.29) leads to

4√
2 β t + k

ηt

[
ṙ2

1 − k r2
+ r2 θ̇2 + r2 sin2 θ φ̇2

]
e2
√
2 β t+k
β

+ηr

[
2 k r ṙ2

(1 − k r2)2
+ 2 r θ̇2 + 2 r sin2 θ φ̇2

]
e2
√
2 β t+k
β

+2 r2 sin θ cos θ φ̇2 e2
√
2 β t+k
β

−2[∂sηt + ṫ∂tηt + ṙ∂rηt + θ̇∂θηt + φ̇∂φηt

−ṫ∂sξ − ṫ2∂tξ − ṫṙ∂rξ − ṫθ̇∂θξ − ṫφ̇∂φξ]ṫ

+2[∂sηr + ṫ∂tηr + ṙ∂rηr + θ̇∂θηr + φ̇∂φηr

−ṙ∂sξ − ṫṙ∂tξ − ṙ2∂rξ − ṙθ̇∂θξ − ṙφ̇∂φξ]e2
√

2 β t+k
β ṙ(1− kr2)−1

+2[∂sηθ + ṫ∂tηθ + ṙ∂rηθ + θ̇∂θηθ + φ̇∂φηθ

−θ̇∂sξ − ṫθ̇∂tξ − ṙθ̇∂rξ − θ̇2∂θξ − θ̇φ̇∂φξ]e2
√
2 β t+k
β r2θ̇

+2[∂sηφ + ṫ∂tηφ + ṙ∂rηφ + θ̇∂θηφ + φ̇∂φηφ

−φ̇∂sξ − ṫφ̇∂tξ − ṙφ̇∂rξ − θ̇φ̇∂θξ − φ̇2∂φξ]e
2
√
2 β t+k
β r2 sin2 θφ̇

−(∂sξ + ṫ∂tξ + ṙ∂rξ + θ̇∂θξ + φ̇∂φξ])e
2
√
2 β t+k
β ṫ2

+(∂sξ + ṫ∂tξ + ṙ∂rξ + θ̇∂θξ + φ̇∂φξ])e
2
√
2 β t+k
β ṙ2(1− kr2)−1

+(∂sξ + ṫ∂tξ + ṙ∂rξ + θ̇∂θξ + φ̇∂φξ])e
2
√
2 β t+k
β r2

+(∂sξ + ṫ∂tξ + ṙ∂rξ + θ̇∂θξ + φ̇∂φξ])e
2
√
2 β t+k
β r2 sin2 θφ̇2

= ∂sf + ṫ∂tf + ṙ∂rf + θ̇∂θf + φ̇∂φf. (2.31)
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The separation by monomials leads to the overdetermined system

ṙ2 : 4 ηt (1− k r2)−1(2 β t+ k)−
1
2 + 2 ηr k r(1− k r2)−2 + 2 ∂rηr (1− k r2)−1

−∂sξ (1− k r2)−1 = 0,

θ̇2 : 4 ηt (2 β t+ k)−
1
2 + 2 ηr r + 2 r2 ∂θηθ − r2 ∂sξ = 0,

φ̇2 : 4 ηt (2 β t+ k)−
1
2 r2 sin2 θ + 2 ηθ r

2 sin θ cos θ + 2 ∂φηφ r
2 sin2 θ − ∂sξ r2 sin2 θ = 0,

ṫṙ : −2 ∂rηt + 2 ∂tηr (1− k r2)−1 e2
√
2 β t+k
β = 0,

ṫθ̇ : −2 ∂θηt + 2 ∂tηθ r
2 e2

√
2 β t+k
β = 0,

ṫφ̇ : −2 ∂φηt + 2 ∂tηφ r
2 sin2 θ e2

√
2 β t+k
β = 0,

ṙθ̇ : 2 ∂θηr (1− k r2)−1 + 2 ∂rηθ r
2 = 0,

ṙφ̇ : 2 ∂φηθ r
2 + 2 ∂θηφ r

2 sin2 θ = 0,

θ̇φ̇ : 2 ∂φηr (1− k r2)−1 + 2 ∂rηφ r
2 sin2 θ = 0,

1 : ∂sf = 0,

ṫ : −2 ∂sηt = ∂tf,

ṙ : 2∂sηr (1− k r2)−1 e2
√
2 β t+k
β = ∂rf,

θ̇ : 2∂sηθ r
2 e2

√
2 β t+k
β = ∂θf,

φ̇ : 2∂sηφ r
2 sin2 θ e2

√
2 β t+k
β = ∂φf, (2.32)

whose solution, with zero gauge f , leads to the vector fields

X1 = ∂s,

X2 = −
√
−1 + kr2 cosφ sin θ∂r −

√
−1 + kr2 cos θ cosφ

r
∂θ +

√
−1 + kr2 sinφ

r sin θ
∂φ,

X3 =
√
−1 + kr2 sinφ sin θ∂r −

√
−1 + kr2 cos θ cosφ

r
∂θ +

√
−1 + kr2 cosφ

r sin θ
∂φ,

X4 = − cosφ∂θ + cot θ sinφ∂φ,

X5 = sinφ∂θ + cot θ cosφ∂φ,

X6 = ∂φ,

X7 = −
√
−1 + kr2 cos θ∂r +

1

r

√
−1 + kr2 sin θ∂θ. (2.33)

The algebra of Noether symmetries of (2.28) contains the Killing vectors/isometries of

(2.6). It can be shown that all except X1 are Killing vectors (isometries) of the manifold.
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2.3.2 Killing equation

Consider a scalar function f : M → R and a vector field X = Xµ∂µ defined on M . The

Lie derivative of the function f is defined with respect to X and its action on f tells

us how much f changes along the flow of X, that is the change of f from a point x to

another point x′, (f(Φ(ε, x))− f(x)). Thus the Lie derivative of a scalar function f along

the vector field X denoted LXf is given by

LXf(x) = lim
ε→0

f(Φ(ε, x))− f(x)

ε
, (2.34)

where Φ(ε, x) is the flow of X. By using the following relation

xµ 7→ x
′µ = Φµ(ε, x) = xµ + εXµ(x) +O(ε2), (2.35)

one can write

f(Φ(ε, x)) = f(x) + εXµ ∂f

∂xµ
(x) +O(ε2). (2.36)

This in the local coordinates system xµ, The Lie derivative of a scalar function is just

LXf(x) = Xµ ∂f

∂xµ
. (2.37)

The Lie derivative can generalize the directional derivative of a scalar function to higher

rank tensors.

Definition 2.3.1 Let X and Y be vector fields on M . The Lie derivative of Y with

respect to X is the object whose value at a point p ∈M is defined by

LXY = lim
ε→0

Y (p+ εX)− Y (p)

ε
, (2.38)

where Y (p+ εX) is called the Lie transport of Y along a curve.

LXY has been proven to be equal to the commutator [X, Y ]. Furthermore, using compo-

nents notation, the Lie derivative of a vector field Y with respect to a vector field X is

given the relation

LXYµ = Xν∂νYµ + Yν∂µX
ν . (2.39)
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Likewise, the Lie derivative of the covariant tensor metric gµν along the vector field X is

LXgµν = Xρ∂ρgµν + gρν∂µX
ρ + gµρ∂νX

ρ. (2.40)

If the metric tensor gµν is invariant under the flow of X, that is LXgµν = 0, then X is

said to be a Killing vector and the Killing vector Equations are

Xρ∂ρgµν + gρν∂µX
ρ + gµρ∂νX

ρ = 0. (2.41)

We use (2.41) to verify that X6 and X2 are Killing vectors.

(i) Case of X6

When we substitute X6 = ∂φ previously obtained into (2.40), for example, we get

LXgµν =
∂gµν
∂φ

, (2.42)

which vanishes since the metric given in (2.6) does not depend on φ. Hence, we

proved that X6 is a Killing vector.

(ii) Case of X2

The metric (2.6) takes the form

gµν =


−1 0 0 0

0 a2

1−kr2 0 0

0 0 a2r2 0

0 0 0 a2r2 sin2 θ


, (2.43)

and

X2 =

(
0,−

√
−1 + kr2 cosφ sin θ,−

√
−1 + kr2 cos θ cosφ

r
,

√
−1 + kr2 sinφ

r sin θ

)
.

(2.44)

The Killing vector equation of X2 writes

LX2gµν = Xρ
2∂ρgµν + gρν∂µX

ρ
2 + gµρ∂νX

ρ
2 . (2.45)

Since gµν is diagonal, we can simply compute LX2gtt, LX2grr, LX2gθθ and LX2gφφ.
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LX2gtt = Xρ
2∂ρgtt + gρt∂tX

ρ
2 + gtρ∂tX

ρ
2

= Xρ
2∂ρgtt + 2gρt∂tX

ρ
2

= Xρ
2∂ρgtt + 2gtt∂tX

t
2

= 0, (2.46)

since gtt = −1 and X t
2 = 0. In a similar way

LX2grr = Xρ
2∂ρgrr + gρr∂rX

ρ
2 + grρ∂rX

ρ
2

= Xρ
2∂ρgrr + 2gρr∂rX

ρ
2

= Xr
2∂rgrr + 2grr∂rX

r
2

= 0, (2.47)

LX2gθθ = Xρ
2∂ρgθθ + gρθ∂θX

ρ
2 + gθρ∂θX

ρ
2

= Xρ
2∂ρgθθ + 2gρθ∂θX

ρ
2

= Xr
2∂rgθθ + 2gθθ∂θX

θ
2

= 0, (2.48)

and

LX2gφφ = Xρ
2∂ρgφφ + gρφ∂φX

ρ
2 + gφρ∂φX

ρ
2

= Xρ
2∂ρgφφ + 2gρφ∂φX

ρ
2

= Xr
2∂rgφφ +Xθ

2∂θgφφ + 2gφφ∂φX
φ
2

= 0. (2.49)

We see that LX2gtt = LX2grr = LX2gθθ = LX2gφφ = 0, which implies that LX2gµν =

0. Thus, X2 is a Killing vector.

2.3.3 Conserved vectors using multipliers approach

An alternative approach that guarantees a knowledge of all the symmetries requires

the construction of the multipliers of the Euler equations (2.28) that are in one-to-one
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correspondence with the conservation laws of the Euler equations, [13, 14]. The ap-

proach is based on the well known result that the Euler-Lagrange operator annihilates

a total divergence. We analyse the Euler-Lagrange equations (2.28). The multipliers

Qj = (q1
j , q

2
j , q

3
j , q

4
j ) are chosen to satisfy the “joint” Euler-Lagrange operator as follows:

δ

δ(t, r, θ, φ)
(q1
jG

1 + q2
jG

2 + q3
jG

3 + q4
jG

4) = 0. (2.50)

This is a consequence of four dependent variables and can be interpreted as the action of

the Euler-Lagrange operator of each one of the variables t, r, θ, φ; that is

δ

δt
(q1
jG

1 + q2
jG

2 + q3
jG

3 + q4
jG

4) = 0,

δ

δr
(q1
jG

1 + q2
jG

2 + q3
jG

3 + q4
jG

4) = 0,

δ

δθ
(q1
jG

1 + q2
jG

2 + q3
jG

3 + q4
jG

4) = 0,

δ

δφ
(q1
jG

1 + q2
jG

2 + q3
jG

3 + q4
jG

4) = 0. (2.51)

Then the relation between multipliers and conserved quantities takes the form

q1
jG

1 + q2
jG

2 + q3
jG

3 + q4
jG

4 = DsT
s. (2.52)

For simplicity, we restrict the multipliers Qj to be functions of the independent variable

s, the four dependent variables t, r, θ, φ and their first order derivative only, i.e.

q1
j = h1(s, t, r, θ, φ, ṫ, ṙ, θ̇, φ̇),

q2
j = h2(s, t, r, θ, φ, ṫ, ṙ, θ̇, φ̇),

q3
j = h3(s, t, r, θ, φ, ṫ, ṙ, θ̇, φ̇),

q4
j = h4(s, t, r, θ, φ, ṫ, ṙ, θ̇, φ̇). (2.53)
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The detailed calculations of (2.51) show that the multipliers are

Q1 = (−ṫ,−ṙ,−θ̇,−φ̇),

Q2 = (0,−
√
−1 + kr2 cosφ sin θ,−

√
−1 + kr2 cos θ cosφ

r
,

√
−1 + kr2 sinφ

r sin θ
),

Q3 = (0,
√
−1 + kr2 sinφ sin θ,−

√
−1 + kr2 cos θ sinφ

r
,

√
−1 + kr2 cosφ

r sin θ
),

Q4 = (0, 0,− cosφ, cot θ sinφ),

Q5 = (0, 0, sinφ, cot θ cosφ),

Q6 = (0, 0, 0, 1),

Q7 = (0,−
√
−1 + kr2 cos θ,

1

r

√
−1 + kr2 sin θ, 0). (2.54)

Since the system (2.28) is variational, each of the multipliers Qj corresponds to a sym-

metry, viz., Xj. The conserved quantities (first integrals) are, respectively,

T1 = − 1

kr2 − 1

[
−ṫ2 + ṫ2kr2 + e2

√
2 β t+k
β ṙ2 + e2

√
2 β t+k
β r2θ̇2 − e2

√
2 β t+k
β r4θ̇2k + e2

√
2 β t+k
β r2φ̇2

−e2
√
2 β t+k
β r2φ̇2 cos2 θ − e2

√
2 β t+k
β r4φ̇2k + e2

√
2 β t+k
β r4φ̇2k cos2 θ

]
,

T2 = − 1√
kr2 − 1

2 e2
√
2 β t+k
β

(
− sinφr sin θφ̇+ sinφr3 sin θφ̇k + cos θ cosφrθ̇

− cos θ cosφr3θ̇k + cosφ sin θṙ
)
,

T3 =
1√

kr2 − 1
2 e2

√
2 β t+k
β

(
cosφr sin θφ̇− cosφr3 sin θφ̇k + cos θ sinφrθ̇

− cos θ sinφr3θ̇k + sinφ sin θṙ
)
,

T4 = −2 r2e2
√
2 β t+k
β

(
cos θ sinφ sin θφ̇− cosφθ̇

)
,

T5 = −2 r2e2
√
2 β t+k
β

(
cos θ cosφφ̇ sin θ + sinφθ̇

)
,

T6 = −2 e2
√
2 β t+k
β r2φ̇ sin2 θ,

T7 = − 1√
kr2 − 1

2 e2
√
2 β t+k
β

(
− sin θrθ̇ + sin θr3θ̇k + cos θṙ

)
. (2.55)

2.4 Discussion

In this chapter, we have found the variational or Noether symmetries and conservation

laws of the modified de Sitter metric

ds2 = −dt2 + e2
√
2 β t+k
β

(
1

1− kr2
dr2 + r2dθ2 + r2 sin2 θdφ2

)
, (2.56)
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corresponding to the solution for the scale factor

a = e
1
β

√
2βt+k. (2.57)

This solution has been found to be compatible with observations for suitable values of the

parameters, [20].

The study suggests that where a finite dimensional group generated by conservation laws

exists, the Noether symmetry group has at least one additional symmetry that is not given

by the Killing Vectors. It will be worthwhile to develop methods for general classification

of Noether symmetries with some minimal symmetry group in terms of Killing Vectors and

to see how this general classification compares with Killing Vectors, Noether symmetries,

Ricci and curvature collineations. It is unlikely that higher order conservation laws for the

Euler equations exist. In any case, computing these would be extremely time consuming

and futile.

33



Chapter 3

Symmetry and Conservation Law

Classification of the de

Sitter-Schwarzschild Metric and the

Corresponding Wave and

Klein-Gordon Equations

The Einstein’s field equations (EFEs) comprise a system of ten non-linear coupled partial

differential equations [45, 46, 47]. These equations provide an interpretation on how

spacetime geometry is related to the distribution of matter by an expression given by

Ga
b = κ T ab,

where

T ab

and

Ga
b = Ra

b −
1

2
δabR
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respectively represent energy-momentum and Einstein tensors [46]. The value of the

constant κ is given by

κ =
8πG

c4
,

where G is the Newton’s gravitational constant, and c, the speed of light in vacuum.

In case one uses Einstein tensor to define the corresponding energy-momentum tensor,

then every metric tensor can be regarded as a solution of the EFEs. However, only

those solutions are of interest which are physically plausible and satisfy certain physical

assumptions such as conservation of energy, and angular momentum etc. On the other

hand, the EFEs are extremely non-linear and finding their exact solutions is an uphill task.

To overcome this difficulty of finding exact solutions, it is required that the spacetime

metric admits certain symmetries [45, 46]. These symmetry considerations have lead

relativists to find interesting exact solutions. A detailed account of these exact solutions

is documented in literature [45, 46]. Most of this known work is based on the existence

of symmetries (metric, variational, inter alia) and conservation laws admitted by these

solutions.

A two rank tensor Tab is said to admit a symmetry ξ, if it satisfies a requirement that the

Lie derivative of this tensor Tab along ξ is zero, i.e,

LξTab = 0.

The vector ξ is called a Killing vector if Tab in the above equation represents a metric

tensor gab. If we replace Tab in this equation with Ricci tensor (Rab), then the ξ defines a

Ricci collineation. If Tab represents the one form Lds, where L is the Lagrangian of the

geodesic equations and s the arclength, then ξ are the variational symmetries and

LξA = div(B),

for some differential function B, ξ is a divergence symmetry [4, 8]. Thus, divergence

symmetries with zero gauge B are the variational symmetries. In either case, one can

construct conservation laws via Noether’s theorem. These conservation laws and others,

are widely discussed in the literature and interesting physical interpretations are found of
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various spacetime geometries [48, 49, 50, 51, 52].

More recently, attempts have been made to explore the physics of spacetime geometries

that could be given by Noether symmetries [7]. Noether symmetries have been discussed

from a point of view of their comparison with Killing vectors, Ricci and Riemann tensor

symmetries [45, 48, 52]. The de Sitter-Schwarzschild solution describes a black hole in

a causal patch of de Sitter space. Unlike a flat-space black hole embedding, there is a

largest possible de Sitter black hole, which is the Nariai spacetime. The Nariai limit has

no singularities. the cosmological and black hole horizons have the same area and they can

be mapped to each other by a discrete reflection symmetry in any causal patch [53, 54, 55].

The purpose of this chapter is to focus on understanding the conservation laws admitted

by the e Schwarzschild-de Sitter metric. The Schwarzschild-de Sitter metric is given by

ds2 = (1− 2m
r
− 1

3
λr2)dt2 − (1− 2m

r
− 1

3
λr2)−1dr2 − r2dθ2 − r2 sin2 θdφ2, (3.1)

where the two parameters m and λ give the black hole mass and the cosmological constants

respectively. The de Sitter space is the solution of Einstein’s equation with a positive

cosmological constant. It is spherically symmetric and it has a cosmological horizon

surrounding any observer, and describes an inflating universe. Similarly, the Schwarzschild

solution is a spherically symmetric static solution of the Einstein equations with zero

cosmological constant and it describes a black hole event horizon in otherwise empty space.

The Schwarzschild-de Sitter spacetime is a combination of the two (the Schwarzschild

space and the de Sitter space), and describes a black hole horizon spherically centered

in an otherwise de Sitter universe. An observer, who has not fallen into the black hole

and who can still see the black hole despite the inflation, is sandwiched between the two

horizons. The Nariai solution is the limit of the largest black hole in a space which is

de Sitter at large distances, it has two horizons, the cosmological de Sitter horizon and a

Schwarzschild black hole horizon. For small mass black holes, the two are very different.

There is a singularity at the center of the black hole and there is no singularity past the

cosmological horizon. But the Nariai limit considers making the black hole bigger and

bigger, until its event horizon has the same area as the cosmological de Sitter horizon. At

this point, the space-time becomes regular. The black hole singularity runs off to infinity
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and the two horizons are related by a spacetime symmetry. In the Nariai limit, the black

hole and de Sitter horizon can be interchanged. When there is additional matter density,

the solution can be thought of as an Einstein spherical universe with two antipodal black

holes. Whichever black hole becomes larger becomes the cosmological horizon.

The content of this chapter is under review [56].

3.1 Symmetry classification of the Schwarzschild-de

Sitter metric

The geodesic equations followed by the test particles in the Schwarzschild-de Sitter space-

time are obtained by varying the action

S =

∫
Lds

constructed from the metric given in (3.1). The geodesic equations corresponding to the

variation of this action take the form:

G1 =
(

2 m
r2
− 2

3
λ r
)
ṫ2 + 6 r5λ−18 r2m

(−3 r+6m+λ r3)2r2
ṙ2 − 2 rθ̇2 − 2 r sin2 θφ̇2 − 6 r

−3 r+6m+λ r3
r̈ = 0,

G2 = −2 r2 sin θφ̇2 cos θ + 4 rθ̇ṙ + 2 r2θ̈ = 0,

G3 = 4 r sin2 θφ̇ṙ + 4 r2 sin θ cos θθ̇φ̇+ 2 r2 sin2 θφ̈ = 0,

G4 = 2
3
−3 r+6m+λ r3

r
ẗ− 4

3
3m−λ r3

r2
ṫṙ = 0,

(3.2)

with Lagrangian defined by,

L =

(
1− 2m

r
− 1

3
λr2

)
ṫ2 −

(
1− 2m

r
− 1

3
λr2

)−1

ṙ2 − r2θ̇2 − r2 sin2 θφ̇2.

Since we are dealing with 4-spacetime geometry, we write the Noether vector field as,

X = σ(s, t, r, θ, φ)∂s+τ(s, t, r, θ, φ)∂t+A(s, t, r, θ, φ)∂r+B(s, t, r, θ, φ)∂θ+C(s, t, r, θ, φ)∂φ,

(3.3)

or for simplicity

X = σ∂s + τ∂t + A∂r +B∂θ + C∂φ, (3.4)
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where we constraint the coefficients σ, τ, A,B, and C to depend only on the curvature s

and the spacetime coordinates t, r, θ, and φ. This vector field satisfies the equation

X [1]L+ L
dσ

ds
=

df

ds
. (3.5)

with gauge f = f(s, t, r, θ, φ). X [1] is the first prolongation of X, given that L depends

on first order derivative, and is given as

X [1] = σ∂s + τ∂t + A∂r +B∂θ + C∂φ + τ [1]∂ṫ + A[1]∂ṙ +B[1]∂θ̇ + C [1]∂φ̇. (3.6)

After replacing L into (3.5), we have

A

[(
2m

r2
− 2

3
λr

)
ṫ2 +

(
2m

r2
− 2

3
λr

)(
1− 2m

r
− 1

3
λr2

)−2

ṙ2 − 2rθ̇2 − 2r sin2 θφ̇2

]
+2

(
1− 2m

r
− 1

3
λr2

)
ṫ
[
τs + ṫτt + ṙτr + θ̇τθ + φ̇τφ − ṫ(σs + ṫσt + ṙσr + θ̇σθ + φ̇σφ)

]
−2

(
1− 2m

r
− 1

3
λr2

)−1

ṙ
[
As + ṫAt + ṙAr + θ̇Aθ + φ̇Aφ − ṙ(σs + ṫσt + ṙσr + θ̇σθ+

φ̇σφ)
]
− 2r2θ̇

[
Bs + ṫBt + ṙBr + θ̇Bθ + φ̇Bφ − ṙ(σs + ṫσt + ṙσr + θ̇σθ + φ̇σφ)

]
−2r2 sin2 θφ̇

[
Cs + ṫCt + ṙCr + θ̇Cθ + φ̇Cφ − ṙ(σs + ṫσt + ṙσr + θ̇σθ + φ̇σφ)

]
+

[(
1− 2m

r
− 1

3
λr2

)
ṫ2 −

(
1− 2m

r
− 1

3
λr2

)−1

ṙ2 − r2θ̇2 − r2 sin2 θφ̇2

]
×

(σs + ṫσt + ṙσr + θ̇σθ + φ̇σφ)− 2Br2 sin θ cos θφ̇2 = fs + ṫft + ṙfr + θ̇fθ + φ̇fφ, (3.7)

followed by the separation by monomials which leads to the overdetermined system

ṫ2 :

(
2m

r2
− 2

3
λr

)
A+ 2

(
1− 2m

r
− 1

3
λr2

)
(2τt − σs) = 0

ṙ2 :

(
2m

r2
− 2

3
λr

)
A+ (σs − 2Ar) = 0

θ̇2 : −2rA+ r2(σs − 2Bθ) = 0

φ̇2 : −2r sin2 θA− 2r2 sin θ cos θB + r2 sin2 θ(σs − 2Cs)

ṫ : 2

(
1− 2m

r
− 1

3
λr2

)
τs = ft

ṙ : −2

(
1− 2m

r
− 1

3
λr2

)
As = fr

θ̇ : −2r2Bs = fθ

φ̇ : −2r2 sin2 θCs = fφ

ṫṙ : τr −
(

1− 2m

r
− 1

3
λr2

)−2

At = 0
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ṫθ̇ :

(
1− 2m

r
− 1

3
λr2

)
τθ − r2Bt = 0

ṫφ̇ :

(
1− 2m

r
− 1

3
λr2

)
τφ − r2 sin2 θCt = 0

ṙθ̇ :

(
1− 2m

r
− 1

3
λr2

)−1

Aθ + r2Bθ = 0

ṙφ̇ :

(
1− 2m

r
− 1

3
λr2

)−1

Aφ + r2 sin2 θCr = 0

θ̇φ̇ : Bφ + sin2 θCθ = 0

ṫ3 : σt = 0

ṙ3 : σr = 0

θ̇3 : σθ = 0

φ̇3 : σφ = 0

1 : fs = 0 (3.8)

From the lengthy and tedious calculations in (3.8), one can show that the solutions of the

corresponding Noether symmetries is represented by five Lie symmetry generators whose

Lie algebra is spanned by the following Noether symmetries with zero gauge (f = 0)

X1 = ∂s,

X2 = ∂t,

X3 = ∂φ,

X4 = cosφ ∂θ − cot θ sinφ ∂φ,

X5 = sinφ ∂θ + cot θ cosφ ∂φ

Each Xi leads to an independent conservation law and X2-X5 form the algebra as they

are Killing vectors of the metric. For example, the first integral associate with X1 is

T1 = 1
3

1
r(−3r+6m+λr3)

[−9ṫ2r2 + 36ṫ2rm+ 6ṫ2λr4 − 36ṫ2m2 − 12ṫ2mλr3

−ṫ2λ2r6 + 9r2ṙ2 − 18r3θ̇2m− 3r6θ̇2λ+ 9r4θ̇2 − 3r6φ̇2λ+ 9r4φ̇2

−18r3φ̇2m+ 3 cos2 θ2r6φ̇2λ− 9 cos2 θr4φ̇2 + 18 cos2 θr3φ̇2m],

with X3 is

T3 = −2r2 sin2 θφ̇,

and with X4 is

T4 = −2r2(− cos θ sin θ sinφφ̇+ cosφθ̇),
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and so to with T2 and T5. The integral T1 cannot be a conserved quantity determined by

a Killing vector due to the vector field, X1’s, explicit dependence on the arclength s.

3.2 Symmetry classification of the wave and

Klein-Gordon equation

The general wave equation is given by

1√
|−g|

∂

∂xi

(√
|−g|gik ∂

∂xk
u

)
= 0, (3.9)

where u is a field, g is the determinant of the metric gik and gik its inverse. The metric

writes

gik =


(1− 2m

r
− 1

3
λr2) 0 0 0

0 −(1− 2m
r
− 1

3
λr2)−1 0 0

0 0 −r2 0

0 0 0 −r2 sin2 θ


. (3.10)

We find that
√
|−g| = r2 sin θ for this metric and (3.9) can be written in detail as

1√
|−g|

∂

∂t

(√
|−g|gtt ∂

∂t
u

)
+

1√
|−g|

∂

∂r

(√
|−g|grr ∂

∂r
u

)
+

1√
|−g|

∂

∂θ

(√
|−g|gθθ ∂

∂θ
u

)
+

1√
|−g|

∂

∂φ

(√
|−g|gφφ ∂

∂φ
u

)
= 0,

or

gtt utt + grr urr +
1√
|−g|

(
2 r sin θgrr −

√
|−g|

(
2m

r2
− 2

3
λ r

))
ur + gθθ uθθ

+
r2 gθθ cos θ√
|−g|

uθ + gφφ uφφ = 0. (3.11)

Substituting gik given in (3.10) into (3.11) yields(
1− 2m

r
− 1

3
λr2

)−1

utt −
(

1− 2m
r
− 1

3
λr2

)
urr +

(
−2
r

+ 2m
r2

+
4

3
λr

)
ur

−r−2 cot θ uθ − r−2 uθθ − (r2 sin2 θ)−1 uφφ = 0.
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We multiply the above equation by r2 sin θ and we obtain, after simplification and

rearrangement, the equation below:

3r3 sin θ
3r−6m−λr3utt + 1

3
sin θ[(−3r2 + 6mr + λr4)urr + (−6r + 6m+ 4λr3)ur]

− sin θuθθ − cos θuθ − 1
sin θ

uφφ = 0
(3.12)

which admits a Lagrangian depending on u given by

L =
3r3 sin θ

3r − 6m− λr3
u2
t + (r3 − 2mr

1

3
λr4) sin θu2

r − sin θu2
θ −

1

cos θ
u2
φ.

Via L, it can be shown that the variational symmetries of the wave equation are

Y1 = ∂u,

Y2 = ∂t,

Y3 = ∂φ,

Y4 = cosφ ∂θ − cot θ sinφ ∂φ,

Y5 = sinφ ∂θ + cot θ cosφ ∂φ

(3.13)

and the Lie symmetries of the wave equation are Y2 to Y5 with Y1 replaced by the ‘infinite’

symmetry Y∞ = f(t, r, θ, φ)∂u, where f satisfies the wave equation (3.9). Suppose the left

hand side is some function G(t, r, θ, φ, uθ, utt, urr, uθθ, uφφ) or G for simplicity. That is

G(t, r, θ, φ, uθ, utt, urr, uθθ, uφφ) = 0. (3.14)

Then to find the nth order invariant G of a vector field symmetry X, we need to solve

X [n]G(t, r, θ, φ, uθ, utt, urr, uθθ, uφφ) = 0.

This leads to the reduction of the independent variables. For example if we consider Y4,

then a 0-order invariant G satisfies

Y4G = 0,

i.e.

(cosφ ∂θ − cot θ sinφ ∂φ)G = 0, (3.15)

or

dθ

cosφ
= − dφ

cot θ sinφ

(
=

dG

0

)
. (3.16)

41



Combining the first two elements in the above equality and after integrating, we get a

new independent variable α = sin θ sinφ which is an integration constant depending on θ

and φ. Thus, by a symmetry reduction using Y4, the wave equation reduces to

3r3

3r−6m−λr3utt + 1
3

[(−3r2 + 6mr + λr4)urr+

(−6r + 6m+ 4λr3)ur] + 2αuα − (1− α2)uαα = 0,

where α = sin θ sinφ. This retains Y1 and Y2 for the next reduction. Taking a linear

combination Y2 + βY1 for some constant β, we get the scaling symmetry generator Yc =

∂t + β∂u leading to the invariant and transformed variable u = v(r, α) + βt, where v(r, α)

is an integration constant obtained from

dt

1
=

du

β
. (3.17)

The symmetry reduction therefore leads to

1

3
[(−3r2 + 6mr + λr4)vrr + (−6r + 6m+ 4λr3)vr] + 2αvα − (1− α2)vαα = 0.

We remark that in the case of the wave equation with a source term, the right hand side

of (3.12) is some function of u, say F (u); if F = u, we have the Klein-Gordon equation.

For any F (u), the equation looses the symmetry ∂u from the list in (3.13).

3.3 Summary and discussions

In this chapter, we have studied and classified the algebra of symmetries associated with

the Schwarzschild-de Sitter metric and the corresponding wave and Klein-Gordon equa-

tions. Separately, these were the Lie symmetries of the geodesic and wave equations. The

conservation laws were obtained via the natural Lagrangians and variational symmetries

in each of the cases.
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Chapter 4

Gravitational Waves and the

Classification of Spacetimes that are

Asymptotically Flat

4.1 Introduction

Relativity, in its general form, is well known to be dependent on the equations of Einstein

and centres around the spread of matter and the geometry of a spacetime manifold.

These equations constitute ten partial differential equations (pdes) [45, 46, 47] and since

its inception, much work has been done in attempting to obtain exact solutions leading

to various models of the universe; the symmetries and corresponding conservation laws

that underpin these models lies at the core of the various models.

A symmetry, X, admitted by a metric tensor satisfies the annihilation equation that

the Lie derivative of the tensor along X is zero, i.e, LXgab = 0, where gab is a metric

tensor and X is called a Killing vector. If instead, we consider the ‘annihilation’ equation

LXLds = 0, where L is the Lagrangian of the geodesic equations and s the arclength

variable, then the Xs are the variational symmetries and when LXLds = div(B), for some
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differential function B, X is a divergence symmetry [4, 8]. Thus, divergence symmetries

with zero gauge B are the variational symmetries. In both cases, conservation laws are

obtainable using the celebrated Noether’s theorem. The relation between the variational

or divergence symmetries and Killing vectors have been expounded in [48]–[52].

In [53, 54], a detailed account on how the theoretical existence of gravitational waves

occur and the mathematics behind gravitational waves is presented. The articles describe

the history and theoretical development of gravitational waves and the recent results of

the LIGO detector. Einstein, in 1916, linearized his field equations by assuming that

the metric gµν representing the gravitational field has the form of a slightly perturbed

Minkowski metric ηµν , i.e.,

gµν = ηµν + εhµν , (4.1)

where 0 < ε < 1.

The example

ds2 = dt2 − dx2 − dy2 − dz2 + cos(t− x)(2 + cos(t− x))dt2

−2 cos(t− x)(1 + cos(t− x)dtdx+ cos2(t− x)dx2)
(4.2)

is cited in [53] and has been shown not be a plane gravitational wave [57] although it

satisfies properties of a ‘gravitational wave’ in the linearized Einstein theory. What one

obtains is that gravitational waves which transport no energy can be generated from a

‘field-free system’ by a simple coordinate transformation. In this example, the straight

transformation of a Minkowski metric is a change of the time coordinate t̄ = t+sin(t− x),

that is

ds2 = dt̄2 − dx2 − dy2 − dz2

= [d(t+ sin(t− x))]2 − dx2 − dy2 − dz2

= [dt+ cos(t− x)dt− cos(t− x)dx]2 − dx2 − dy2 − dz2

= dt2 − dx2 − dy2 − dz2 + cos(t− x)(2 + cos(t− x))dt2

−2 cos(t− x)(1 + cos(t− x)dtdx+ cos2(t− x)dx2).

(4.3)
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The algebra of isometries of the metric (4.2) has basis (SO(3)
⊗

R4)

X1 = − z(cos(t−x)−1)∂t
1+cos(t−x)

− z cos(t−x)∂x
1+cos(t−x)

+ t∂z ,

X2 = − z cos(t−x)∂t
1+cos(t−x)

− z∂x + x∂z ,

X3 = −y cos(t−x)∂t
1+cos(t−x)

− y∂x + x∂y ,

X4 = ∂t,

X5 = − (cos(t−x)t−cos(t−x)x+x)∂t
cos(t−x)

− (cos(t−x)t−cos(t−x)x+t)∂x
cos(t−x)

,

X6 = −z∂y + y∂z ,

X7 = −y(cos(t−x)−1)∂t
1+cos(t−x)

− y cos(t−x)∂x
1+cos(t−x)

+ t∂y ,

X8 = ∂x,

X9 = ∂y,

X10 = ∂z

with an additional two variational (zero divergence) symmetries

X11 = 2 s∂s + (2 cos(t−x)t−cos(t−x)x+x)∂t
cos(t−x)

+ (1+cos(t−x))t∂x
cos(t−x)

+ y∂y + z∂z ,

X12 = ∂s.

In fact, there exists a further five divergence symmetries. The respective algebras are all

isomorphic to the algebras in regard to the Minkowski metric.

Gravitational waves are waves in a space time that propagate at the speed of light away

from their source. They may be produced, for example, when black holes merge and

are, inter alia, metrics that are asymptotically flat. Examples of asymptotically flat

metrics are the Kerr metric, the Reissner-Nördstrom metric, the Kerr-Newman metric,

the Friedman-Robertson-Walker (FRW) metric, the Vadyia metric.

An example is the group of Schwarzschild metrics which are solutions of the Einstein

vacuum equations that describe space times containing a black hole,

gS = −c2
(1− rs

4ρ
)2

(1 + rs
4ρ

)2
dt2 + (1 +

rs
4ρ

)4[dx2 + dy2 + dz2], (4.4)

where rs = 2Gm
c2

, m > 0 and ρ =
√
x2 + y2 + z2. As ρ → ∞, the space is asymptotically

flat (c.f., the Minkowski metric η = −dt2 + dx2 + dy2 + dz2).
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One aspect of gravitational waves is to study what happens to its source when it radiates

energy. One way to proceed this study is to calculate how much energy the gravitational

waves are carrying away and then make use of the principle of conservation of energy to

work out the effect a loss of such a quantity of energy would have on the motion of the

source [58].

In what follows, we focus on the symmetry structure (and the corresponding conserva-

tion laws) of the Schwartzchild and other asymptotically flat metrics, in particular, the

variational/divergence symmetries of the respective geodesic equations following from the

‘natural’ Lagrangian. We sometimes refer to these as Noether symmetries which contain

the algebra of isometries/Killing vectors of the metric. Each of the symmetries give rise

to an independent conservation law.

The content of this chapter is submitted to journal [59].

4.2 Symmetries of the static, spherically symmetric

space time metrics

We recall an established result involving the general static spherically symmetric space

time metric given by ds2 = eν(r)dt2 − eλ(r)dr2 − r2dθ2 − r2 sin2 θdφ2 for which the cor-

responding Lagrangian is given by L = eν(r)ṫ2 − eλ(r)ṙ2 − r2θ̇2 − r2 sin2 θφ̇2, where dot

represents derivative with respect to s. The corresponding five dimensional algebra of

Noether symmetries of the geodesic equations is spanned by

X1 = ∂s,

X2 = ∂t,

X3 = ∂p,

X4 = cosφ ∂θ − cot θ sinφ ∂φ,

X5 = sinφ ∂θ + cot θ cosφ ∂φ.
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It turns out that the Schwarzschild metric representing vacuum solution of the Einstein

equations generates, in spherical coordinates, the same algebra.

Reissner-Nordström metric.

The Reissner-Nordström metric is a static solution to the Einstein-Maxwell field equa-

tions, which corresponds to the gravitational field of a charged, non-rotating, spherically

symmetric body. In spherical coordinates, we have

ds2
R = (1− rs

r
+
rQ
r2

)dt2 − (1− rs
r

+
rQ
r2

)−1dr2 − r2dθ2 − r2 sin2 θdφ2, (4.5)

where rs is the Schwarzschild radius and rQ is a characteristic length scale (or equivalently,

the length-scale). In the limit that the electric charge Q goes to zero, one recovers the

Schwarzschild metric. The complete algebra of Noether symmetries has the same basis

as that of the Schwarzschild metric above.

4.3 Classification of some Kerr metrics

Case 1. Kerr-Newman.

The Kerr-Newman spacetime is a stationary, axisymmetrical, and asymptotically flat

solution of the Einstein-Maxwell equation which in the Boyer-Lindquist coordinates is

ds2
KN =

ρ2

∆
dr2 + ρ2dθ2 +

sin2 θ

ρ2
[(r2 + a2)dφ− adt]2 − ∆

ρ2
[a sin2 θdφ− dt]2, (4.6)

where ∆ = r2 − 2mr + a2 + Q2 + P 2 and ρ2 = r2 + a2 cos2 θ and m > 0 the mass, a

the specific angular momentum, Q the electric charge and P the magnetic charge of the

gravitating source. The corresponding Lagrangian writes

L = −
(

1− 2mr

ρ2

)
ṫ2+ρ2

(
ṙ2

∆
+ θ̇2

)
−4mar sin2 θ

ρ2
ṫφ̇+

(
(r2 + a2) sin2 θ +

2ma2r sin4 θ

ρ2

)
φ2.

(4.7)

Using the Lagrangian in (4.7) with the divergence symmetry

X = ξ∂s + ηt∂t + ηr∂r + ηθ∂θ + ηφ∂φ,
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the equation

XL+ LDiξ
i = Dif

i. (4.8)

becomes

ηr

[(
2mρ2−4mr2

ρ4

)
ṫ2 +

(
2r∆−ρ2(2r−m)

∆2

)
ṙ2 + 2rθ̇2−(

4maρ2 sin2 θ8mr2a sin2 θ
ρ4

)
ṫφ̇+

(
2r sin2 θ + 2ma2ρ2 sin4 θ−4ma2r2 sin4 θ

ρ4

)
φ̇+
]

ηθ

[(
4mra2 sin θ cos θ

ρ4

)
ṫ2 − 2a2 sin θ cos θ

∆
ṙ2
(

8mar sin θ cos θ(ρ2+a2 sin2 θ)
ρ4

)
ṫφ̇

−2a2 sin θ cos θθ̇2 +
(

2(r2 + a2) sin θ cos θ + 4ma2r sin3 θ cos θ(2ρ2+a2 sin2 θ)
ρ4

)
φ̇2
]

−
[
2ṫ
(

1− 2mr
ρ2

)
+ 4marφ̇ sin2 θ

ρ2

]
(∂sηt + ṫ∂tηt + ṙ∂rηt + θ̇∂θηt + φ̇∂φηt

−ṫ(∂sξ + ṫ∂tξ + ṙ∂rξ + θ̇∂θξ + φ̇∂φξ)) + 2ρ2ṙ
∆

(∂sηr + ṫ∂tηr + ṙ∂rηr + θ̇∂θηr + φ̇∂φηr

−ṙ(∂sξ + ṫ∂tξ + ṙ∂rξ + θ̇∂θξ + φ̇∂φξ)) + 2ρ2(∂sηθ + ṫ∂tηθ + ṙ∂rηθ + θ̇∂θηθ + φ̇∂φηθ

−θ̇(∂sξ + ṫ∂tξ + ṙ∂rξ + θ̇∂θξ + φ̇∂φξ)) +
[
2φ̇ sin2 θ

(
r2 + a2 + 2ma2r sin2 θ

ρ2

)
−4mar sin2 θ

ρ2

]
(∂sηφ + ṫ∂tηφ + ṙ∂rηφ + θ̇∂θηφ + φ̇∂φηφ − φ̇(∂sξ + ṫ∂tξ + ṙ∂rξ + θ̇∂θξ

+φ̇∂φξ)) + (∂sξ + ṫ∂tξ + ṙ∂rξ + θ̇∂θξ + φ̇∂φξ)L = fs + ṫft + ṙfr + θ̇fθ + φ̇fφ.

(4.9)

48



We get, after separation of the above equation by monomials, the following system of

overdetermined pdes

ṫ2 : −2 ∂tηt + ∂sηs = 0,

ṫ2 : 2mρ2−4mr2

ρ4
ηr + 4mr a2 sin θ cos θ

ρ4
ηθ − 2

(
1− 2mr

ρ2

)
(∂tηt − ∂sξ)

−4mr a sin2 θ
ρ2

∂tηφ −
(

1− 2mr
ρ2

)
∂sξ = 0,

ṙ2 :
(

2 r∆−ρ2(2 r−m )
∆2

)
ηr − 2 a2 sin θ cos θ

∆
ηθ + 2 ρ2

∆
(∂rηr − ∂sξ) + ρ2

∆
∂sξ = 0,

θ̇2 : 2 r ηr − (2 a2 sin2 θ cos θ)ηθ + 2 ρ2 (∂θηθ − ∂sξ) + ρ2∂sξ = 0,

φ̇2 :
(

2 r sin2 θ + 2ma2 sin4 θ
ρ2

− 4mr2 a2 sin4 θ
ρ4

)
ηr +

(
2 (r2 + a2) sin θ cos θ + 8mr a2 sin3 θ cos θ

ρ2

+4mr a4 sin5 θ cos θ
ρ4

)
ηθ + 2

(
(r2 + a2) sin2 θ + 2mr a2 sin4 θ

ρ2

)
(∂φηφ − ∂sξ)

−4mr a sin2 θ
ρ2

∂φηt +
(

(r2 + a2) sin2 θ + 2mr a2 sin4 θ
ρ2

)
∂sξ = 0,

ṫṙ : −2
(

1− 2mr
ρ2

)
∂rηt + 2 ρ2

∆
∂tηr − 4mr a sin2 θ

ρ2
∂rηφ = 0,

ṫθ̇ : −2
(

1− 2mr
ρ2

)
∂θηt + 2 ρ2∂tηθ − 4mr a sin2 θ

ρ2
∂θηφ = 0,

ṫφ̇ : −
(

4ma sin2 θ
ρ2

− 8mr2 a sin2 θ
ρ4

)
ηr −

(
8mr a sin θ cos θ

ρ2
+ 8mr a3 sin3 θ cos θ

ρ4

)
ηθ − 2

(
1− 2mr

ρ2

)
×∂φηt + 2

(
(r2 + a2) sin2 θ + 2mr a2 sin4 θ

ρ2

)
∂tηφ − 4mr a sin2 θ

ρ2
(∂tηt + ∂φηφ − 3 ∂sξ) = 0,

ṙθ̇ : 2 ρ2

∆
∂θηr + 2 ρ2∂rηθ = 0,

ṙφ̇ : 2 ρ2

∆
∂φηr + 2

(
(r2 + a2 ) sin2 θ + 2mr a2 sin4 θ

ρ2

)
∂rηφ − 4mr a sin2 θ

ρ2
∂rηt = 0,

θ̇φ̇ : −2 ρ2∂φηθ + 2
(

(r2 + a2 ) sin2 θ + 2mr a2 sin4 θ
ρ2

)
∂θηφ − 4mr a sin2 θ

ρ2
∂θηt = 0,

1 : ∂sf = 0,

ṫ : −2
(

1− 2mr
ρ2

)
∂sηt − 4mr a sin2 θ

ρ2
∂sηφ = ∂tf,

ṙ : 2 ρ2

∆
∂sηr = ∂rf,

θ̇ : 2 ρ2∂sηθ = ∂θf,

φ̇ : −4ma sin2 θ
ρ2

∂sηt + 2
(

(r2 + a2) sin2 θ + 2mr a2 sin4 θ
ρ2

)
∂sηφ = ∂φf.

(4.10)

It turns out that the algebra of Noether symmetries of the geodesic equations is spanned

by

∂s, ∂t, ∂φ.

Case 2. Kerr-Sen.

The Kerr-Sen solution [60] is an exact classical four-dimensional black hole solution in
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the low energy limit of heterotic string field theory. The metric being

ds2
KS =

ρ2

∆
dr2 + ρ2dθ2 +

sin2 θ

ρ2
[(r2 + a2)dφ− adt]2 − ∆

ρ2
[a sin2 θdφ− dt]2, (4.11)

where ∆ = r2 − 2(M − b)r + a2 and ρ2 = r2 + 2br + a2 cos2 θ and M > 0 the mass, a

the specific angular momentum and b = Q2/2M (Q is the electric charge). The algebra

of Noether symmetries of the geodesic equations is spanned by

∂s, ∂t, ∂φ.

4.4 Classification of the Friedman-Lemaitre-Robertson-

Walker (FLRW) spacetime

The FLRW space times describe homogeneous and isotropic universes, viz.,

ds2
F = −dt2 + a2(t)[

1

1− r2
dr2 + r2dθ2 + r2 sin2 θdp2]. (4.12)

For a(t) = 1, the dimension of the gauge symmetries is nine (seven Killing vectors, one

additional zero gauge Noether symmetry and one non zero gauge Noether symmetry).

These are

X1 = −
√
−1 + kr2 cos (φ) sin (θ) ∂r −

√
−1+kr2 cos(θ) cos(φ)∂θ

r
+
√
−1+kr2 sin(φ)∂φ

r sin(θ)
,

X2 =
√
−1 + kr2 sin (φ) sin (θ) ∂r +

√
−1+kr2 cos(θ) sin(φ)∂θ

r
+
√
−1+kr2 cos(φ)∂φ

r sin(θ)
,

X3 = − cos (φ) ∂θ +
cos(θ) sin(φ)∂φ

sin(θ)
,

X4 = sin (φ) ∂θ +
cos(θ) cos(φ)∂φ

sin(θ)
,

X5 = −
√
−1 + kr2 cos (θ) ∂r +

√
−1+kr2 sin(θ)∂θ

r
,

X6 = ∂t,

X7 = ∂φ,

X8 = ∂s,

X9 = s∂t.

If a(t) is arbitrary, one obtains a seven-dimensional algebra (six Killing vectors and one

additional zero gauge Noether symmetry). In the latter case, energy conservation ∂t and

s∂t are lost.
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4.5 Summary and discussions

In this chapter, we have studied some metrics that are asymptotically flat (i.e., Minkowski

‘in the limit’) and, for illustrative purposes, Minkowski by a coordinate transformation.

In turns out that, their respective symmetry algebras are radically different and in the

former case it is not the maximal Minkowski metric. Inter alia, this is a distinguishing

factor between a flat Minkowski type metric and one that generates gravitational waves

being Minkowski in the limit.
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Chapter 5

Symmetries and Conservation Laws

of some Spacetimes in f (R, T )

Gravity

5.1 Introduction

The universe, on large enough scales, is homogeneous and isotropic. Recent cosmological

observations from different sources involving geometrical and dynamical methods have

confirmed that the universe is at the phase of accelerated expansion. The generalization

of the Einstein’s general relativity known as f(R) gravity theory was first proposed in

1970 by Buchdahl [61]. Recently, Harko et al. [62] proposed a generalization of the f(R)

theory of gravity to the f(R, T ) theory of gravity where R and T respectively represent

the scalar curvature and the trace of the energy-momentum tensor. For having potential

applications in cosmology, this work turned out to be quite interesting and has opened up

a number of investigations, for example, Jamil et al. [63] reconstructed some cosmological

models in f(R, T ) gravity where it was proved that the dust fluid reproduced Lambda cold

dark matter (ΛCDM) model. Keeping in view the importance the role Ricci collineations
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play in general Relativity, Sharif and Zubair [64] provided a reconstruction and stability

criterion of f(R, T ) gravity with a Ricci and modified Ricci dark energy and discussed

the laws of thermodynamics in this modified theory of gravity [65, 66] . Santos [67]

investigated a Gödel type universe model, while Harko [62] reconstructed f(R, T ) gravity

for a special form given by f(R, T ) = f1(R)+f2(T ). More recently, Shamir obtained some

interesting exact solutions of the f(R, T ) gravity in a plane symmetric spacetime [68]; the

results correspond to an exterior metric of cosmic string and a non-null electromagnetic

field. They also considered locally rotationally symmetric Bianchi type I spacetimes in

the f(R, T ) gravity for some specific cases of f(R, T ).

We briefly recall some aspects of invariance properties and vector fields which will impact

our discussions on the symmetry properties of spacetimes. Recall that LXT is the Lie

derivative of the tensor T along a vector field X. Then X defines a Lie symmetry of the

Tensor T if LXT = 0. In case the tensor T = gab and its Lie derivative along X is zero,

then such a vector is called a Killing’s vector defined mathematically by LXgab = 0. A

detailed overview of Killing’s vectors is given in [45], [69] and [46].

In this chapter, we follow the detailed analysis and results given in [70], [71] and [72].

Therein, the exact solutions of plane symmetric spacetime in the framework of f(R, T )

gravity, the exact solutions of locally rotationally symmetric (LRS) Bianchi type I space-

time and Bianchi type V in f(R, T ) gravity are investigated. In what follows, we undertake

a detailed analysis of the symmetry structures of the plane symmetric and the locally ro-

tationally symmetric Bianchi type I spacetimes in the f(R, T ) gravity expounded in [70],

[71] and [72]. In particular, we construct all the variational (Noether) symmetries and,

in some cases, construct the associated conservation law using Noether’s theorem. We

summarize results in the concluding section with particular reference to the symmetry

structures of some well known spacetimes.

Some results of this chapter have been accepted for publication and will appear in [73].
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5.2 Model and basic equations of the f (R, T ) gravity

theory

5.2.1 f(R, T ) field equations

The f(R, T ) gravity formalism is the modification of the general theory of relativity. The

action of the theory is given in [62] by

S =

∫ √
−g
(

1

2κ
f(R, T ) + Lm

)
d4x. (5.1)

Here g is the determinant of gµν , κ = 8πG
c2

, f(R, T ) is an arbitrary function of the Ricci

scalar R = gµνRµν and T = gµνTµν the trace of the matter energy-momentum tensor Tµν .

Lm represents the matter Lagrangian density. Let us now consider varying the action

(5.1) with respect to the inverse metric gµν . We have

δS

δgµν
=

∫
δ

δgµν

(√
−g
(

1

2κ
f(R, T ) + Lm

)
d4x

)
(5.2)

which vanishes accordingly with the variational principle. Thus the f(R, T ) gravity field

equations as given by [62] are

fR(R, T )Rµν−
1

2
f(R, T )gµν−(OµOν−gµν�)fR(R, T ) = κTµν−fT (R, T )(Tµν+Θµν), (5.3)

where Oµ denotes the covariant derivative, and

Θµν = gαβ
δTαβ
δgµν

= gµνLm − 2Tµν − 2gαβ
∂2Lm

∂gµν∂gαβ
, (5.4)

� ≡ OµOµ, fR(R, T ) =
∂f(R, T )

∂R
, fT (R, T ) =

∂f(R, T )

∂T
. (5.5)

We can now get a simple relationship between the Ricci scalar and the trace of the matter

energy-momentum tensor by contracting (5.3); that is we multiply (5.3) by the inverse

metric tensor gµν . We get

fR(R, T )− 2f(R, T ) + 3�f(R, T ) = κT − fT (R, T )(T + Θ),
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where Θ = Θµ
µ. We recall that the covariant derivative of the energy-momentum tensor

vanishes; that is

OµTµν = 0.

With this divergence property, we have the following relations, see [62, 74, 75]

fT (R, T )

κ− fT (R, T )
((Tµν + Θµν)O

µ ln fT (R, T ) + OµΘ) = 0

and

Oµ
(
fR(R, T )Rµν

1

2
f(R, T )gµν − (OµOν − gµν�)fR(R, T )

)
= 0.

5.2.2 Models of the f(R, T ) theory

Due to the non-uniqueness definition of the matter Lagrangian, it is known that the perfect

fluid may be described by the energy density ρ, the pressure p and the four velocity uµ.

We therefore assume the matter Lagrangian in the framework of this study as Lm = −p.

With this assumption, the standard form of the energy momentum tensor is given by

Tµν = (ρ+ p)uµuν − pgµν , (5.6)

where uµ =
√
g00(1, 0, 0, 0) is the four velocity in co-moving coordinates. The substitution

of Lm = −p in (5.4) gives

Θµν = −pgµν − 2Tµν .

Hence, the substitution of Θµν in (5.3) returns

fR(R, T )Rµν−
1

2
f(R, T )gµν−(OµOν−gµν�)fR(R, T ) = κTµν+fT (R, T )(Tµν+pgµν). (5.7)

The detailed computations given above showed that the field equations above depend

on the physical nature of the matter source Θµν . A number of model appear in this

framework and it was Harko et al., see [62], who came up with the classification of these

into three classes

f(R, T ) =


R + 2f(T ),

f(R) + g(T ),

f(R) + g(R)h(R).
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Remark: In what follow we use [70], [71] and [72]. We verify the results in those papers

but some do not match with our computations.

5.3 Exact plane symmetric solutions

In the first case, we consider plane symmetric static solutions of the field equations in

f(R, T ) gravity. The general static plane symmetric spacetime is given by

ds2 = A(x)dt2 − dx2 −B(x)(dy2 + dz2), (5.8)

where A and B are the cosmic scale factors. A natural Lagrangian for the corresponding

geodesic equations is then

L = A(x)ṫ2 − ẋ2 −B(x)(ẏ2 + ż2). (5.9)

From this Lagrangian of the geodesic equations, we can construct the variational and

gauge symmetries using the Killing type equation

X [1]L+ L
dξ

ds
=

df

ds
, (5.10)

where f is a functions of (s, t, x, y, z), X [1] is the first prolongation (in the jet space) of

the vector field

X = ξ∂s + τ∂t + ηx∂x + ηy∂y + ηz∂z (5.11)

while ξ, τ and ηi are functions of (s, t, x, y, z). For f = 0, we obtain the zero gauge

(variational) symmetries; the variational symmetries include, as a subalgebra, the Killing

vectors or isometries of the corresponding metric. We note that the variational symmetries

are those that leave the functional
∫
Lds invariant whilst the isometries are the vector

fields that correspond to the one-to-one onto functions that leave the distance function,

defined by the metric, invariant. In the former case, the conserved quantities (conservation

laws) are obtained by Noether’s theorem; for each variational symmetry, there exists a

conservation law. For example, Noether showed that the symmetry ∂t leads to energy

conservation, ∂x, py and pz are conservation of linear momentum, x∂y − y∂x leads to
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an angular momentum and t∂x + x∂t is related to the spin. These may be seen in the

cases expounded below. Some of the symmetries may not lead to physical conservation

laws like ‘scaling’ but have their importance in the mathematical analysis of the geodesic

equations.

Following the analysis given in [70], we look at the cases f(R, T ) = R + 2f(T ) and

f(R, T ) = f(R)+g(T ) dealing with the vector fields of the variational symmetries. These

would necessarily include the Killing vectors/isometries. For illustration, in some of the

cases, we construct the conservation laws.

For convenience, the Ricci scalar is obtained by using the formula

R = gµνRµν .

The detailed calculation gives

R =
1

2

[
2A′′

A
−
(
A′

A

)2

+
2A′B′

AB
+

4B′′

B
−
(
B′

B

)2
]
, (5.12)

where prime represents the derivative with respect to x.

5.3.1 Models f(R, T ) = R + 2f(T )

When f(R, T ) = R+2f(T ), we obtain a number of possibilities. From now on, we use the

natural system of unit where κ = 1. By taking f(T ) = λT for some dynamical parameter

λ, the field equations become

Rµν −
1

2
Rgµν − λ(T + 2p)gµν = (1 + 2λ)Tµν . (5.13)

If we introduce R into (5.13), we obtain the system of differential equations below(
B′

2B

)2

− B′′

B
= (1 + 3λ)ρ− λp, (5.14)

(
A′B′

2AB

)
+

(
B′

2B

)2

= (1 + 3λ)p− λρ, (5.15)
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(
A′B′

4AB

)
+

(
B′′

2B

)
−
(
A′

2A

)2

+

(
A′′

2A

)
−
(
B′

2B

)2

= (1 + 3λ)p− λρ, (5.16)

which is a system of three independent equations with four variables namely A, B, ρ and p.

The system above is solved with different assumptions, see [70]. Since we are interested in

the form of the metric, we shall just consider solutions for A and B. However, we proceed

at the elimination of ρ and p by subtracting (5.15) from (5.16) and we get[(
A′

A

)2

+ 2

(
B′

B

)2

− 2

(
A′′

A
+
B′′

B

)
+

(
A′B′

AB

)2
]

= 0. (5.17)

(i) Power law model

We assume A = k1x
r and B = k2x

l where k1 and k2 are constants of proportionality. It

results that A = k1x
− 2

3 and B = k2x
4
3 . Hence, the power law assumption on A and B

leads to a metric with corresponding Lagrangian given by,

L1 = k1 x
−2/3ṫ2 − ẋ2 − k2x

4/3(ẏ2 + ż2).

The associated symmetries are:

X1 = ∂s,

X2 = ∂t,

X3 = ∂y,

X4 = ∂z,

X5 = −z∂y + y∂z,

X6 = 6s∂s + 4t∂t + 3x∂x + y∂y + z∂z.

These variational symmetries are all killing vectors except X1 and X6. The conserved

quantity associated with X6, for e.g., not attained through the isometries is

T6 =
2

x
2
3

[k2 x
2żz−3 k2 x

2ż2s+k2 x
2ẏy−3 k2 x

2y1
2s+3 ẋx5/3−3 ẋ2x2/3s−4 k1 ṫt+3 k1 ṫ

2s]

while with X5 it is

T5 = −2k2x
4
3 (zẏ − yż)

which is an angular momentum in y − z.
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(ii) B = An assumption for n an arbitrary real number

We substitute B into (5.17) and we obtain

(3n+ 1)A′2 − 2(n+ 1)AA′′ = 0,

whose solution is

A = k3 [(n− 1)x+ 2k4(n+ 1)]2
n+1
1−n , n 6= 1,

where k3 and k4 are integration constants. Taking k3 = 1 and k4 = 0, the cosmic scale

factors give

A = [(n− 1)x]2
n+1
1−n ,

and

B = [(n− 1)x]2n
n+1
1−n ,

see [70]. Thus the assumption B = An lead to the Lagrangian

L = [(n− 1)x]2(n+1)/(1−n)ṫ2 − ẋ2 − [(n− 1)x]2n(n+1)/(1−n)(ẏ2 + ż2),

for which associated symmetries are

X1 = ∂s,

X2 = ∂t,

X3 = ∂y,

X4 = ∂z,

X5 = −z∂y + y∂z,

X6 = 2(n−1)s
n2+2n−1

∂s + 2nt
n2+2n−1

∂t + (n−1)x
n2+2n−1

∂x + y∂y + z∂z.

These Noether symmetries are all Killing vectors except X1 and X6. Similarly, the con-

served quantity associated with X4 is

T4 = 2 [(n− 1)x]
−2n(n+1)

n−1 ż

which is linear momentum in z.
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5.3.2 f(R, T ) = f(R) + g(T )

The field equations (5.7) become

fR(R)Rµν−
1

2
f(R)gµν−(Oµ)Oν−gµν�)fR(R) = (1+gT (T ))Tµν +

(
pgT (T ) +

1

2
g(T )

)
gµν .

(5.18)

If we contract the above equation with the inverse metric gµν , we have

fR(R)R− 2f(R) + 3�fR(R) = T + 2g(T ) + (T + 4p)gT (T ) (5.19)

from which we obtain f(R) whose substitution into (5.18) with rearrangement gives

fR(R)Rµν − OµOνfR(R)− (1 + gT (T ))Tµν
gµν

=
(R−�)fR(R)− (1 + gT (T ))

4
.

However, since we are dealing with cosmic scale factors depending on the spatial coordi-

nate x and due to the fact that the metric (5.8) is diagonal, we can write

fR(R)Rµµ − OµOµfR(R)− (1 + gT (T ))Tµµ
gµµ

=
(R−�)fR(R)− (1 + gT (T ))

4
. (5.20)

One can remark that the right hand side of (5.20) does not depend on index µ. Hence,

one can define a quantity Qµ by

Qµ =
fR(R)Rµµ − OµOµfR(R)− (1 + gT (T ))Tµµ

gµµ
(5.21)

such that Qµ−Qν = 0 ∀ µ, ν. The detailed calculation of the nonzero Christofell symbols

gives

Γ1
00 = 1

2
A′, Γ0

10 = Γ0
01 = 1

2
A′

A
, Γ1

22 = Γ1
33 = −1

2
B′,

Γ2
12 = Γ2

21 = Γ3
13 = Γ3

31 = 1
2
B′

B
. (5.22)

We use these coefficients to compute the nonzero components of the Ricci tensor given

below

R00 =
1

4

[
2
A′B′

B
− A′2

A
+ 2A′′

]
, (5.23)

R11 =
1

4

[
2

(
B′

B

)2

− 4
B′′

B
+

(
A′

A

)2

− 2
A′′

A

]
, (5.24)
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R22 = R33 =
A′B′

4A
− B′′

2
. (5.25)

We also use the formula

OµOµfR(R) = Oµ(∂µfR(R)) = ∂µpµfR(R) + Γαµµ∂µfR(R)

to find the second covariant derivative of the function fR(R). Finally, we obtain

Q0 = fR(R)

[
A′B′

2AB
−
(
A′

2A

)2

+
A′′

2A

]
− A′

2A
f ′R(R)− (1 + gT (T ))ρ,

Q1 = fR(R)

[
−
(
A′

2A

)2

− 1

2

(
B′

B

)2

+
A′′

2A
+
B′′

B

]
+ f ′′R(R)− (1 + gT (T ))p,

Q2 = Q3 = fR(R)

[
A′B′

4AB
+
B′′

2B

]
− B′

2B
f ′R(R)− (1 + gT (T ))p.

By subtracting Q1 from Q2, we eliminate the variable ρ and p and obtain the following

non-linear equation[
A′B′

AB
+

(
A′

A

)2

+ 2

(
B′

B

)2

− 2

(
A′′

A
+
B′′

B

)]
− 2

B′

B

f ′R(R)

fR(R)
− 4

f ′′R(R)

fR(R)
= 0. (5.26)

Now, we assume that B = An and fR(R) ∝ Rm, where

R =
1

2

[
(3n2 − 2n− 1)

(
A′

A

)2

+ (4n+ 2)
A′′

A

]
.

Then, (5.26) becomes

(3n+ 1)

(
A′

A

)2

− 2(n+ 1)
A′′

A
− 2n

A′

A

f ′R(R)

fR(R)
− 4

f ′′R(R)

fR(R)
= 0. (5.27)

(iii) A = x−1 model

We can show that B = x−
16m2+8m+3

1+4m instead of B = x−(16m2+8m+3)/3 as given in [70] so that

L = x−1ṫ2 − ẋ2 − x−
16m2+8m+3

1+4m (ẏ2 + ż2),

where n = 16m2+8m+3
1+4m

is obtained from the constraint equation

16m2 + 8m+ 3− n(1 + 4m) = 0.
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We notice that this constraint equation results from the substitution of A = x−1, fR(R) =

Rm into (5.27). The associated symmetries are

X1 = ∂s,

X2 = ∂t,

X3 = ∂y,

X4 = ∂z,

X5 = −z∂y + y∂z,

X6 = 4s(1+4m)
16m2+8m+5

∂s + 3t(1+4m)
16m2+8m+5

∂t + 2x(1+4m)
16m2+8m+5

∂x + y∂y + z∂z,

where X1 and X6 are Noether symmetries but are not Killing vectors. We can find all the

associated conserved quantities so that choosing X1 for example, leads to the conserved

quantity

T1 = −2

x
ṫ.

(iv) A = eαx model

We get

R =
1

2
(3n2 + 2n+ 1)α2.

This leads to the constraint equation n− 1 = 0 instead of (n− 1)(3n2 + n2 + 1) obtained

in [70]. The corresponding Lagrangian is given by

L = eαx(ṫ2 − ẏ2 − ż2)− ẋ2
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for which the associated symmetries are

X1 = ∂s,

X2 = ∂t,

X3 = ∂y,

X4 = ∂z,

X5 = −z∂y + y∂z,

X6 = z∂t + t∂z,

X7 = y∂t + t∂y,

X8 = t∂t − 2
α
∂x + y∂y + z∂z,

X9 = ty∂t − 2y
α
∂x +

[
1
2

(t2 + y2 − z2)− 2
α2 e−αx

]
∂y + yz∂z,

X10 =
[

1
2

(t2 + y2 + z2)− 2
α2 e−αx

]
∂t − 2t

α
∂x + ty∂y + tz∂z,

X11 = −α2tz
2
∂t + αz∂x − α2yz

2
∂y +

[
α2

4
(t2 − y2 + z2)− e−αx

]
∂z.

Except X1, these variational symmetries are Killing vectors.

5.4 Locally rotationally symmetric (LRS) Bianchi type

I cosmology

The line element of LRS Bianchi type I spacetime used in this study is given by

ds2 = dt2 − A2(t)dx2 −B2(t)[dy2 + dz2], (5.28)

where A and B are cosmic scale factors with corresponding Ricci scalar

R = −2

[
Ä

A
+

2B̈

B
+

2ȦḂ

AB
+
Ḃ2

B2

]
. (5.29)

The ‘dot’ denotes the derivative with respect to t. Here too, we consider the cases

f(R, T ) = R + 2f(T ) and f(R, T ) = f1(R) + f2(T ).
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5.4.1 f(R, T ) = R + 2f(T ) model

The field equations of the model are given by

Rµν −
1

2
Rgµν = κTµν + 2fT (T )Tµν + (f(T ) + 2pfT (T ))gµν . (5.30)

When we take f(T ) = λT for some dynamical parameter λ, the field equations then

become

Rµν −
1

2
Rgµν − λ(T + 2p)gµν = (1 + 2λ)Tµν . (5.31)

Introducing R into (5.31) yields a system of three differential equations with four un-

knowns below (
Ḃ

B

)2

+ 2
ȦḂ

AB
= (1 + 3λ)ρ− λp, (5.32)

−2
B̈

B
−

(
Ḃ

B

)2

= (1 + 3λ)p− λρ, (5.33)

−ȦḂ
AB
− Ä

A
− B̈

B
= (1 + 3λ)p− λρ, (5.34)

We eliminate ρ and p from the system above by subtracting (5.34) from (5.33). It results

the following non-linear differential equation

ȦḂ

AB
+
Ä

A
− B̈

B
−

(
Ḃ

B

)2

= 0. (5.35)

We study some cases for a precised physical conditions as given in [71].

(i) A = Bn assumption

The substitution of A = Bn into (5.35) yields

B̈

B
+ (n+ 1)

Ḃ2

B2
= 0, (5.36)

whose solution is

B = c1[(n+ 2)t+ c2]
1

n+2 ,
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where c1 and c2 are constants of integration. The corresponding Lagrangian is therefore

L = ṫ2 − c1
2n[(n+ 2)t+ c2]

2n
n+2 ẋ2 − c1

2[(n+ 2)t+ c2]
2

n+2 [ẏ2 + ż2].

The associated symmetries are

X1 = ∂s,

X2 = ∂x,

X3 = ∂y,

X4 = ∂z,

X5 = −z∂y + y∂z,

X6 = 2(n+2)s
n+1

∂s + (n+2)t+c2
n+1

∂t − 2x
n+1

∂x + y∂y + z∂z.

Here, again X1 and X6 are not isometries.

(ii) For n = −1
2

The Ricci scalar vanishes and the Lagrangian of the model becomes

L = ṫ2 −
[
c1

(
3

2
t+ c2

)]− 2
3

ẋ2 −
[
c1

(
3

2
t+ c2

)] 4
3

[ẏ2 + ż2].

The associated symmetries are

X1 = ∂s,

X2 = ∂x,

X3 = ∂y,

X4 = ∂z,

X5 = −z∂y + y∂z,

X6 = 6s∂s + (3t+ 2c2)∂t + 4x∂x + y∂y + z∂z.

5.4.2 f(R, T ) = f(R) + g(T )

We obtain the field equations of the model in a similar way as given

fR(R)Rµν−
1

2
f(R)gµν−(Oµ)Oν−gµν�)fR(R) = (1+gT (T ))Tµν +

(
pgT (T ) +

1

2
g(T )

)
gµν .

(5.37)
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We multiply the equation above by the inverse metric gµν and it results

fR(R)R− 2f(R) + 3�fR(R) = T + 2g(T ) + (T + 4p)gT (T ), (5.38)

from which we obtain f(R). Substituting f(R) into (5.37) yields

fR(R)Rµν − OµOνfR(R)− (1 + gT (T ))Tµν
gµν

=
(R−�)fR(R)− (1 + gT (T ))

4
.

Since the cosmic scale factors depend on the temporal coordinate t and the metric (5.28)

is diagonal, we can write

fR(R)Rµµ − OµOµfR(R)− (1 + gT (T ))Tµµ
gµµ

=
(R−�)fR(R)− (1 + gT (T ))

4
. (5.39)

Similarly, the right hand side of (5.39) is independent of the index µ. Therefore, we can

define a quantity Q′µ by

Q′µ =
fR(R)Rµµ − OµOµfR(R)− (1 + gT (T ))Tµµ

gµµ
(5.40)

such that Q′µ − Q′ν = 0 for all µ and ν. We calculate the nonzero Christofell symbols as

given below

Γ0
11 = AȦ, Γ0

22 = Γ0
33 = BḂ, Γ1

01 = Γ1
10 = Ȧ

A
,

Γ2
02 = Γ2

20 = Γ3
03 = Γ3

30 = Ḃ
B
. (5.41)

Similarly, with these coefficients, we find the nonzero components of the Ricci tensor

R00 = −Ä
A
− 2

B̈

B
, (5.42)

R11 = AÄ+ 2
AȦḂ

B
, (5.43)

R22 = R33 = BB̈ + Ḃ2 +
ȦḂB

A
. (5.44)

Using these components, we obtain

Q′0 = −fR(R)

(
Ä

A
+ 2

B̈

B

)
− f̈R(R)− (1 + gT (T ))ρ,
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Q′1 = −fR(R)

(
Ä

A
+ 2

ȦḂ

AB

)
+
Ȧ

A
ḟR(R) + (1 + gT (T ))p,

Q′2 = Q′3 = −fR(R)

(
B̈

B
+
Ḃ2

B2
+
ȦḂ

AB

)
+
Ḃ

B
ḟR(R) + (1 + gT (T ))p.

We subtract Q′1 from Q′2 to eliminate the variable ρ and p and we obtain the following

non-linear equation[
−Ä
A

+
B̈

B
− ȦḂ

AB
+
Ḃ2

B2

]
fR(R) +

(
Ȧ

A
− Ḃ

B

)
ḟR(R) = 0. (5.45)

(iii) Exponential law solutions

We suppose that A = Bn and fR(R) ∝ Rm, where

R = −2

[
(n2 + n+ 1)

Ḃ2

B2
+ (n+ 2)

B̈

B

]
.

Hence, (5.45) becomes

(n3 + 2n2 + 2n+ 2)Ḃ4 + (2n2 + 4n+ 3)BḂ2B̈ + (n+ 2)B2B̈2

+2m(n2 + n+ 1)Ḃ4 −m(2n2 + n)BḂ2B̈ −m(n+ 2)B2Ḃ ¨̇B = 0. (5.46)

A solution of the above equation can be of the form

B(t) = ec3t+c4

whose substitution into (5.46) gives the following constraint equation

n3 + 4n2 + 7n+ 7 = 0.

This equation admits two complex conjugate solutions and one real solution. The real

solution is given by

n = −1

6
(260 + 60

√
21)

1
3 +

10

3(260 + 60
√

21)
1
2

− 4

3
. (5.47)

Hence, the resulting Lagrangian is

L = ṫ2 − e2n (c3t+c4)ẋ2 − e2 (c3t+c4)[ẏ2 + ż2],
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where n is given in (5.47). The associated symmetries are

X1 = ∂s,

X2 = ∂x,

X3 = ∂y,

X4 = ∂z,

X5 = −z∂y + y∂z,

X6 = − 1
c3
∂t + (260+60

√
21)

1
3 (65+15

√
21)

1
2 +8(65+15

√
21)

1
2−30

12(65+15
√

21)
1
2

x∂x + y∂y + z∂z.

Only X1 is not an isometry.

(iv) Power law solutions

The Lagrangian of this model is given by

L = ṫ2 − (c5t+ c6)−2(2m+1)ẋ2 − (c5t+ c6)2(2m+1)[ẏ2 + ż2].

The associated symmetries are

X1 = ∂s,

X2 = ∂x,

X3 = ∂y,

X4 = ∂z,

X5 = −z∂y + y∂z,

X6 = − s
m
∂s − c5t+c6

2c5m
∂t − (m+1)x

m
∂x + y∂y + z∂z.

(v) For m = 1
2

or m = 1
4

The Ricci scalar turns out to be constant. In particular, m = 1
2

corresponds to Minkwoski

space-time. For m = 1
4

the Lagrangian for the metric takes the form

L = ṫ2 − (c5t+ c6)−1ẋ2 − (c5t+ c6)[ẏ2 + ż2]
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and the associated symmetries are

X1 = ∂s,

X2 = ∂x,

X3 = ∂y,

X4 = ∂z,

X5 = −z∂y + y∂z,

X6 = 4s∂s + 2(c5t+c6)
c5

∂t + 3x∂x + y∂y + z∂z.

5.5 Bianchi Type V

The line element of the Bianchi type V spacetime, see [72], is

ds2 = dt2 − A2(t)dx2 − e2mx[B2(t)dy2 + C2(t)dz2],

where A, B and C are cosmic scale factors and m is an arbitrary constant. The corre-

sponding Lagrangian is

L = ṫ2 − A2(t)ẋ2 − e2mx[B2(t)ẏ2 + C2(t)ż2]. (5.48)

To obtain the Einstein field equations of the model, we first compute the nonzero Christof-

fel symbols as given

Γ0
11 = AȦ, Γ0

22 = e2mxBḂ, Γ0
33 = e2mxCĊ, Γ1

01 = Γ1
10 = Ȧ

A
,

Γ2
02 = Γ2

20 = Ḃ
B
, Γ3

03 = Γ3
30 = Ċ

C

Γ1
22 = −me2mxB2

A2 , Γ1
33 = −me2mxC2

A2 , Γ2
12 = Γ2

21 = Γ3
13 = Γ3

31 = m. (5.49)

Then, we use them to find five nonzero components of the Ricci tensor which are the

01-component and the four diagonal components

R01 = −m

(
2
Ȧ

A
+
Ḃ

B
+
Ċ

C

)
, (5.50)

R00 = −Ä
A
− B̈

B
− C̈

C
, (5.51)
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R11 = AÄ+
AȦḂ

B
+
AȦĊ

C
− 2m2, (5.52)

R22 = e2mx

(
AȦḂ

B
+
AȦĊ

C
+ AÄ− 2m2B

2

A2

)
, (5.53)

R33 = e2mx

(
ȦḂB

A
+
ḂĊB

C
+BB̈ − 2m2C

2

A2

)
. (5.54)

The corresponding Ricci scalar is

R = −2

[
Ä

A
+
B̈

B
+
C̈

C
+
ȦḂ

AB
+
ȦĊ

AC
+
ḂĊ

BC
− 3m2

A2

]
. (5.55)

Hence, substituting the five nonzero components of the Ricci tensor into (5.13) leads to a

system of the following five field equations

2
Ȧ

A
− Ḃ

B
− Ċ

C
= 0, (5.56)

ȦḂ

AB
+
ȦĊ

AC
+
ḂĊ

BC
− 3m2

A2
= (1 + 3λ)ρ− λp, (5.57)

B̈

B
+
C̈

C
+
ḂĊ

BC
− m2

A2
= λρ− (1 + 3λ)p, (5.58)

Ä

A
+
C̈

C
+
ȦĊ

AC
− m2

A2
= λρ− (1 + 3λ)p, (5.59)

Ä

A
+
B̈

B
+
ȦḂ

AB
− m2

A2
= λρ− (1 + 3λ)p. (5.60)

The system above is solved in [72] and the values of the cosmic scale factors are provided

in two cases.
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5.5.1 Case n 6= 0: singular model of the universe

The metric functions A, B and C for this model are provided in [72] as

A = (nlt+ k1)
1
n ,

B = P (nlt+ k1)
1
n exp

[
Q(nlt+k1)

n−3
n

l(n−3)

]
, n 6= 3,

C = P−1(nlt+ k1)
1
n exp

[
−Q(nlt+k1)

n−3
n

l(n−3)

]
, n 6= 3,

where P and Q are constants. The associated Noether Symmetries X satisfy the following

equation

η(2lA2−n) ẋ2 − ηe2mx
[
2P 2(lA2−n +QA−1) exp

[
2QAn−3

l(n−3)

]
ẏ2 + 2P−2(lA2−n +QA−1)

exp
[
−2QAn−3

l(n−3)

]
ż2
]
− 2mα e2mx(B2 ẏ2 + C2 ż2) + 2ṫ(ηs + ṫηt + ẋηx + ẏηy + żηz)

−2ṫ2(ξs + ṫξt + ẋξx + ẏξy + żξz)− 2ẋA2(αs + ṫαt + ẋαx + ẏαy + żαz)

+2ẋ2A2(ξs + ṫξt + ẋξx + ẏξy + żξz)− 2ẏB2e2mx(βs + ṫβt + ẋβx + ẏβy + żβz)

+2ẏ2B2e2mx(ξs + ṫξt + ẋξx + ẏξy + żξz)− 2żC2e2mx(γs + ṫγt + ẋγx + ẏγy + żγz)

+2ż2C2e2mx(ξs + ṫξt + ẋξx + ẏξy + żξz) + ṫ2(ξs + ṫξt + ẋξx + ẏξy + żξz)

−A2ẋ2(ξs + ṫξt + ẋξx + ẏξy + żξz)− ẏ2B2e2mx(ξs + ṫξt + ẋξx + ẏξy + żξz)

−ż2C2e2mx(ξs + ṫξt + ẋξx + ẏξy + żξz) = fs + ṫft + ẋfx + ẏfy + żfz.

The separation by monomials is given below

ṫ2 : 2ηt − ξs = 0,

ẋ2 : 2ηlA−n − 2αx + ξs = 0,

ẏ2 : 2η(lA−n +QA−3)− 2mα− 2βz + ξs = 0,

ż2 : 2η(lA−n −QA−3)− 2mα− 2γz + ξs = 0,

ṫẋ : ηx − αt = 0,

ṫẏ : ηy − βt = 0,

ṫż : ηz − γt = 0,

ẋẏ : αy + P 2βx exp

(
2QAn−3

l(n− 3)

)
= 0,

ẋż : αz + P−2γx exp

(
−2QAn−3

l(n− 3)

)
= 0,

ẏż : P 2βz exp

(
2QAn−3

l(n− 3)

)
+ P−2γy exp

(
−2QAn−3

l(n− 3)

)
= 0,
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ṫ3 : ξs = 0,

ẋ3 : ξx = 0,

ẏ3 : ξy = 0,

ż3 : ξz = 0,

ṫ : 2ηs = ft,

ẋ : 2A2αs = fx,

ẏ : 2B2βs = fy,

ż : 2C2γs = fz,

1 : fs = 0. (5.61)

We finally obtain twelve Noether symmetries including two non Killing vectors as given

below

X1 = ∂s,

X2 = ∂t,

X3 = ∂x,

X4 = ∂y,

X5 = ∂z,

X6 = −P−2 exp

[
−2Q(nlt+ k1)

n−3
n

l(n− 3)

]
e2mx z∂x + x∂z,

X7 = P−2(nlt+ k1)
2
n exp

[
−2Q(nlt+ k1)

n−3
n

l(n− 3)

]
e2mx z∂t + t∂z,

X8 = −P−2 exp

[
−4Q(nlt+ k1)

n−3
n

l(n− 3)

]
z∂y + y∂z,

X9 = −P 2 exp

[
2Q(nlt+ k1)

n−3
n

l(n− 3)

]
e2mx y∂x + x∂y,

X10 = P 2(nlt+ k1)
2
n exp

[
2Q(nlt+ k1)

n−3
n

l(n− 3)

]
e2mx y∂t + t∂y,

X11 = (nlt+ k1)
2
n x∂t + t∂x,

X12 = 2s∂s + t∂t + x∂x + y∂y + z∂z. (5.62)
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5.5.2 Case n = 0: singular model of the universe

The metric functions A, B and C for this model are, see [72],

A = k2 exp(lt),

B = PA exp
[
−Q exp(−3lt)

3lk 3
2

]
,

C = P−1A exp
[
Q exp(−3lt)

3lk 3
2

]
,

where P and Q are constants. The corresponding Noether Symmetries X satisfy the

following equation

η(2lA2) ẋ2 − ηe2mx [2B2(l + 2QA−3)ẏ2 + 2C2(l − 2QA−3)ż2

−2mα e2mx(B2 ẏ2 + C2 ż2) + 2ṫ(ηs + ṫηt + ẋηx + ẏηy + żηz)

−2ṫ2(ξs + ṫξt + ẋξx + ẏξy + żξz)− 2ẋA2(αs + ṫαt + ẋαx + ẏαy + żαz)

+2ẋ2A2(ξs + ṫξt + ẋξx + ẏξy + żξz)− 2ẏB2e2mx(βs + ṫβt + ẋβx + ẏβy + żβz)

+2ẏ2B2e2mx(ξs + ṫξt + ẋξx + ẏξy + żξz)− 2żC2e2mx(γs + ṫγt + ẋγx + ẏγy + żγz)

+2ż2C2e2mx(ξs + ṫξt + ẋξx + ẏξy + żξz) + ṫ2(ξs + ṫξt + ẋξx + ẏξy + żξz)

−A2ẋ2(ξs + ṫξt + ẋξx + ẏξy + żξz)− ẏ2B2e2mx(ξs + ṫξt + ẋξx + ẏξy + żξz)

−ż2C2e2mx(ξs + ṫξt + ẋξx + ẏξy + żξz) = fs + ṫft + ẋfx + ẏfy + żfz.

In a similar way, the separation by monomials is given by

ṫ2 : 2ηt − ξs = 0,

ẋ2 : 2ηl − 2αx + ξs = 0,

ẏ2 : 2η(l + 2QA−3)− 2mα− 2βz + ξs = 0,

ż2 : 2η(l − 2QA−3)− 2mα− 2γz + ξs = 0,

ṫẋ : ηx − αt = 0,

ṫẏ : ηy − βt = 0,

ṫż : ηz − γt = 0,

ẋẏ : αy + P 2βx exp

(
2QAn−3

l(n− 3)

)
= 0,

ẋż : αz + P−2γx exp

(
−2QAn−3

l(n− 3)

)
= 0,

ẏż : P 2βz exp

(
2QAn−3

l(n− 3)

)
+ P−2γy exp

(
−2QAn−3

l(n− 3)

)
= 0,

ṫ3 : ξs = 0,
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ẋ3 : ξx = 0,

ẏ3 : ξy = 0,

ż3 : ξz = 0,

ṫ : 2ηs = ft,

ẋ : 2A2αs = fx,

ẏ : 2B2βs = fy,

ż : 2C2γs = fz,

1 : fs = 0. (5.63)

We obtain the following symmeties

X1 = ∂s,

X2 = ∂t,

X3 = ∂x,

X4 = ∂y,

X5 = ∂z,

X6 = −P−2 exp

[
2Q

exp(−3lt)

3lk 3
2

]
e2mx z∂x + x∂z,

X7 = P−2 (k2 exp(lt))2 exp

[
2Q

exp(−3lt)

3lk 3
2

]
e2mx z∂t + t∂z,

X8 = −P−4 exp

[
4Q

exp(−3lt)

3lk 3
2

]
z∂y + y∂z,

X9 = −P 2 exp

[
−2Q

exp(−3lt)

3lk 3
2

]
e2mx y∂x + x∂y,

X10 = P 2 (k2 exp(lt))2 exp

[
−2Q

exp(−3lt)

3lk 3
2

]
e2mx y∂t + t∂y,

X11 = (k2 exp(lt))2 x∂t + t∂x,

X12 = 2s∂s + t∂t + x∂x + y∂y + z∂z. (5.64)

Overall we see that the Bianchi type V gives twelve symmetries among which two are not

Killing vectors.
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Discussion

We have constructed the variational symmetries associated with some spacetimes following

certain f(R, T ) models in a plane symmetric case and a locally rotationally symmetric

Bianchi type I spacetime. Each symmetry may be used to construct a conservation law

via Noether’s theorem; we have done this for some cases. In most of the results above, the

algrebra of variational symmetries is six of which four are Killing vectors or isometries and

the additional variational symmetries are ∂s and a scaling symmetry involving s. This does

not coincide with the well known algebra of isometries and variational symmetries of the

Schwartzchild metric which generates four isometries but just one additional variational

symmetry ∂s. In the fourth case of Subsection 5.3.2, the algebra seems to mimic the de

Sitter algebra producing ten Killing vectors with one additional variational symmetry.
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Chapter 6

Conclusion

Symmetry analysis became a powerful tool in investigating differential equations. In

this thesis we examined symmetry, invariance methods and conservation laws of some

riemannian metrics of current interest.

We began our study with the modified de Sitter metric. We investigated the symmetry

classification of the corresponding geodesic equations and came up with the conclusion

that where a finite group generated by conservation laws exists, the Noether symmetry

group has at least one additional symmetry that is not given by Killing vectors. Moreover,

we saw that the dimension of the algebra formed by the Killing vectors, obtained in all

the cases we have studied, is less than or equal to 10 which is in agreement with Theorem

1.2.2 since we worked in four-dimensional spactimes.

The application of invariance methods in solving equations of our interest urged us to

choose dependent inavriants which lead to appropriate reduction in variables. In this

dynamic, we utilized the generalized fundamental theorem of double reduction to reduce

the number of variables from four to two in the wave equation studied. The wave equation,

initially written in terms of a field u depending on four variables, turned to be in terms

of a field v which only depends on two variables.
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We saw that the isometry group is always a finite-dimensional Lie group acting smoothly

on the manifold considered. Hence, the Lie derivative is one of the right tools in this

study for finding symmetry of a metric.

We constructed the variational symmetries associated with some spacetimes that are

asymptotically flat as well as some f(R, T )-gravity theory. In these cases, we derived the

Einstein field equations that gave solutions to the metrics. Most of the complicated cal-

culations done in this thesis were made possible with the help of Maple and Mathematica.

In future, we shall develop methods to provide a general classification of Noether symme-

tries with some minimal symmetry group in terms of Killing vectors. If this is successful,

it will help to compare this general classification to the Killing vectors algebra.
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