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Abstract

We explore two methods in finding Noether symmetries and conservation laws of differen-
tial equations on Riemannian manifolds. The first one is based on the Noether’s theorem
while the second one is about the ‘multiplier approach’. Using the first method, we try
to find the variational symmetries, here, denoted X. With geodesic equations, the second
method consists of finding the Lagrangian multipliers. This yields the conserved quanti-
ties when one acts the multipliers on the geodesic equations. It turns out that the total
number of conserved quantities is equal to the number of variational symmetries found.
The Lie algebra of infinitesimal isometries of the Riemannian manifolds studied has the

dimension not exceeding n(n + 1), where n = 4.

In the first case studied in Chapter 2, variational symmetries and conservation laws of
a modified de Sitter metric are classified. We came up with the suggestion that where
a finite dimensional group generated by conservation laws exists, the Noether symmetry
group has at least one additional symmetry that is not given by the Killing Vectors. This

is later confirmed in the rest of all the other cases studied.



Contents

Declaration
Acknowledgements
Dedication
Abstract

1 Introduction

1.1 Background and motivation . . . . .. ... .00
1.2 Lie groups and Riemannian manifolds . . . . . .. ... ... .. ... ...
1.2.1 Basic definitions . . . . . . ... L L oo
1.2.2 Coordinates . . . . . . . . .
1.2.3 Vector fields . . . . .. .. .
1.2.4 Basis vectors . . . . . .. . o e

1.2.5 Differential forms

vi

ii

iv



1.2.6 Flows . . . . . . s, 8

1.2.7  Riemannian manifolds . . . . . .. .. ... ... ... ... 8
1.3 Symmetry group transformations and conservation laws . . . . . . . . . .. 10
1.3.1 Noether symmetries. . . . . . . . . .. ... L. 11
1.3.2  Point transformations . . . . . . .. ..o 14
1.3.3 Contact transformations . . . . . . ... ... ... L. 15
1.3.4 Double reduction theory . . . . .. .. ... ... ... 16
1.4 Outline of chapters . . . . . . . . . .. ... .. ... ... 17

Classification of a Modified de Sitter Metric by Variational Symmetries

and Conservation Laws 19
2.1 Introduction . . . . . . . .. 19
2.2 Friedmann-Robertson-Walker (FRW) metric . . . . . ... ... ... ... 21
2.2.1 Spatial homogeneity and isotropy . . . . . . .. ... ... ... .. 21
222 FRWmetric . . . . . .. . 22
2.3 Symmetries and conservation laws . . . . . ... ..o Lo L 25
2.3.1 Symmetry via Noether’s theorem . . . ... ... ... ....... 25
2.3.2 Killing equation . . . . . .. L Lo 28
2.3.3 Conserved vectors using multipliers approach . . . . . . . .. .. .. 30
2.4 Discussion . . . . . .. e 32

vil



3 Symmetry and Conservation Law Classification of the de Sitter-Schwarzschild

Metric and the Corresponding Wave and Klein-Gordon Equations 34

3.1 Symmetry classification of the Schwarzschild-de Sitter metric . . . . . . . . 37

3.2 Symmetry classification of the wave and

Klein-Gordon equation . . . . . . . . . ... ... 40

3.3 Summary and discussions . . . . ... 42

4 Gravitational Waves and the Classification of Spacetimes that are Asymp-

totically Flat 43
4.1 Introduction . . . . . . . .. L 43
4.2 Symmetries of the static, spherically symmetric space time metrics . . . . . 46
4.3 Classification of some Kerr metrics . . . . . . . .. ... ... ... .... 47

4.4 Classification of the Friedman-Lemaitre-Robertson-Walker (FLRW) space-

5 Symmetries and Conservation Laws of some Spacetimes in f(R,T) Grav-

ity 52
5.1 Introduction . . . . . . .. L 52
5.2 Model and basic equations of the f(R,T) gravity theory . . .. ... ... 54
5.2.1  f(R,T) field equations . . . . . ... ... 54
5.2.2  Models of the f(R,T) theory . . .. ... ... ... ........ 55

viil



5.3 Exact plane symmetric solutions . . . . . ... ... L. 56

5.3.1 Models f(R,T)=R+2f(T) . ... . ... 57

532 f(RT)=f(R)+g(T) ... .. 60

5.4 Locally rotationally symmetric (LRS) Bianchi type I cosmology . . . . .. 63
541 f(R,T)=R+2f(T)model . .. ... ... ... ... .. ...... 64

542 f(RT)=f(R)+g(T) . . . . . i 65

5.5 Bianchi Type V . . . . . . . . 69
5.5.1 Case n # 0: singular model of the universe . . . . . ... ... ... 71

5.5.2 Case n = 0: singular model of the universe . . . . . . ... .. ... 73

6 Conclusion 76
References 85

1X



Chapter 1

Introduction

This thesis aimed at extending or completing the classification of symmetries and conser-

vation law in spacetime.

In this introduction, we present all the necessary terminologies to understand the work
done. The first section gives a brief history of groups and symmetries as well as the
motivation of the thesis. The second section provides the required background of Lie
groups and their algebras on manifolds. The third section presents Noether symmetries

and conservation laws. Finally, in the fourth section, the outline of the chapters is given.

1.1 Background and motivation

The study of physical and mathematical properties of objects gave birth to a new math-
ematical tool, group theory, in the second half of the eighteenth century. The revelation
and the evolution of the theory began in 1770 and extended to the twentieth century. Its
considerable developments happened in the nineteenth century and are due to the Norwe-
gian mathematician Sophus Lie (1842 - 1899), [1]. Other great mathematicians have also
contributed to the establishment of the theory, Wilhelm Killing (1847 - 1926), Elie Cartan



(1869 - 1951), Essai Schur (1875 - 1941), Hermann Weyl (1885 - 1955), to name a few.
Group theory and its algebras then became explicit with the study of geometric objects
such as curves and surfaces, and also with the classification of spacetime and geometry
itself. Later on, Lie introduced the algebras of the theory in the resolution of Ordinary

Differential Equations (ODEs) and Partial Differential Equations (PDEs).

Symmetries of geometric figures, crystals and other physical objects in the macroscopic
scale have attracted the scientific communities and many studies have been done in that
regard and are well known in the literature. In the modern era of the theory developed

by Lie, it is realized that symmetries of objects (physical or mathematical) form a group.

Calculus of variations has begun when one has found difficulties in solving classical prob-
lems such as Dido’s problem, Plateau’s problem, Johann Bernoulli’s brachistochrone and
Catenary are some of these problems, [2]. They all involve how one can find extrema

either for a surface area or for a curve.

Symmetry, Invariance and Conservation Laws in Variational Calculus have become the
basis of theoretical physics as well as mathematical physics since Noether’s famous the-
orem proven by the mathematician Emmy Noether in 1915 and published in 1918, [3].
This theorem states that every variational symmetry of the action of a physical system
has a conservation law. There exist many types of symmetry which lead to different con-
servation laws. Recently, a number of papers have been published in a broad spectrum
of areas involving symmetries and conservation laws. One of the consequences of the
symmetry-conservation laws interplay is the double reduction of Differential Equations
(DEs). Symmetries help to classify equations, to determine first integrals (constant of the

motion), and to find group invariant solutions (particularly for PDEs).

Systems of DEs have been successfully studied using the methods of invariance, conserva-
tion laws and a combination of these. A large number of classes of DEs arise all the time
in the literature of Engineering, Mathematical Finance, Mathematical Physics, General

Relativity (GR), to name a few. We study in this thesis, inter alia, the DEs in Relativity



essentially from the metrics representing the geometry of spacetime for certain models
following the Einstein Field Equations (EFE). We study as well the symmetry, invariance
properties and conservation laws of DEs that arise in the study of manifolds via their
respective metrics. These entail the Lagrangians (obtained from the metrics) and the
corresponding Fuler equations. For the purpose, we explore invariance and conservation
laws in variational calculus, differential geometry and manifolds. We investigate how

consistent symmetry methods are in the resolution of DEs in differential geometry.

1.2 Lie groups and Riemannian manifolds

We introduce in this section the prerequisite to understand the symmetry groups of DEs

and PDEs.

1.2.1 Basic definitions

Definition 1.2.1 (Manifold) . [4] An m-dimensional manifold is a set M, together
with a countable collection of subsets U, C M, called coordinate charts, and one-to-one
functions xo : Uy —> Vo onto connected open subsets V,, C R™, called local coordinate

maps, which satisfy the following properties:

(i) The coordinate charts cover M :

Jv. =M.

[0}

(i) On the overlap of any pair of coordinate charts U, NUg the composite map

X8° Xa' : Xa (UaNUs) — x5 (Us N Up)

is a smooth (infinitely differentiable) function.



(i1i) M is Hausdorff. That is, if © € U,, T € Us are distinct points of M, then there
exzists open subsets W C Vi, W C Vi, with xa(x) € W, x5(Z) € W, satisfying

Xo (W) Nxg (W) = 0.

Definition 1.2.2 [4] A manifold is said to be connected if it cannot be written as a disjoint

union of open sets.

Definition 1.2.3 (Group) . [4] A group is a set G together with a group operation -,
usually called multiplication, such that for any two elements, g and h of G, the product

g - h is again an element of G. The group operation is required to satisfy the following

axioms:

(i) Associativity:
(g-h)-k=g-(h-k) ¥ ghkeG.

(ii) Identity element. There is a distinguished element e of G, called the identity element,

such that:

e-g=g-e=g.

(iii) Inverses. For each g € G there is an inverse, denoted g~', with the property

A set that has manifold and group properties is called a Lie group. In addition to this, if
the dimension of the manifold is m (with group properties), we say it is a m-parameter

Lie group.

Definition 1.2.4 (Lie group homomorphism) . [4] A Lie group homomorphism is a

smooth map ¢ : G — H between two Lie groups which respects the group operations:

¢(g-9) =¢(9)-¢(9), 99€G

4



The action of Lie groups on Manifolds is known as Lie group transformation.

Definition 1.2.5 (Lie group transformation) . [4] Let G be a Lie group, and M, a

manifold. A Lie group transformation is a map x : G x M — M satisfying:

(i) (g-h)xz=gx*(h*xx) V gheGaeM,

(i1) exx = x.
If G is an n-parameter Lie group, then * is an “n-parameter Lie group of transformations”.
These group actions often are local, that is, the group of transformations is defined on

some points of the manifold.

Definition 1.2.6 (G-invariant function) . [4] Let G be a local group of transforma-
tions acting on a manifold M. A function F : M — N, where N is another manifold, is

called a G-invariant function if for all x € M and all g € G such that g - [ is defined,

F(g-z) = F(x).

Note that the set within what F' is defined is called symmetry group.

1.2.2 Coordinates

Consider an n-dimensional manifold M. Let z* denote local coordinates of a point p, an

element of a subset of M, where it is understood that u =1,2,--- ,n. An n-dimensional
manifold M of points is one for which n independent real coordinates (z!,z?,--- , z") are
required to specify any point completely. In other words, (z!, 2%, -+ ,2™) can be seen as

a map from the subset of M to R™. Let f be a map defined from M to M. Then by
using local coordinates x#, we can write f(p) as f*(p) = f*(z', 2%, --- ,2"). Here, f*(p)
denotes the components of f(p) and it is clear that the map f defined from M to M is

translated to some map ¢ defined from R™ to R™.



1.2.3 Vector fields

A vector field X is defined as any smooth linear map from C*°(M) to C*°(M). Consider f :
M — R asmooth real-valued function on M. Then the action of X on f is written as X|f].
The collection of all tangent vectors to all possible curves passing through a given point
p € M is called the tangent space to M at p and is denoted T'M|,. If M is an n-dimensional
manifold, then T'M]|, is an n-dimensional vector space, with {9/0z',0/0x*,---  0/0x"}
providing a basis for T'M|, in the given local coordinates. The vector field X in the local

coordinates system z* is given by

0

X = xr "
oz’

where X* are its components. For the action of a vector field X on the point p € M, we

write
9f

Xflp) = X" ()50

().

Consider two vector fields X and Y. One can find a new vector field denoted [X, Y],

called the commutator of X and Y, given by
(X, Y]] = XY/ = YIX[f]].

This commutator is also known in the literature as the Lie bracket and has the following

properties, [4]

(i) Bilinearity:
X + Y, Z] =X, Z] + Y, Z],
(X, cY + 7] = c[X,Y] + X, Z],
where ¢, ¢ are constants.
(ii) Skew-Symmetry

X,Y] = [V, X].

(iii) Jacobi Identity
[X> [Ya ZH = [Z7 [X7 Y]] = [Y7 [Z7 X]] = 0.



1.2.4 Basis vectors

Consider a four dimensional vector X which can be referred to as X% At each point P
on a manifold M containing the vector field X, this vector field lies in the tangent space
TM|p at P. Given that the vector field X is coordinate system independent at each point
p, one can define a set of basis vectors e, for the tangent space TM|p. The number of
the basis vectors is equal to the dimension of TM|p and also equal to the dimension of
the manifold. Using the Einstein summation convention, the vector X can be written as

a linear combination of the basis vectors e,
a
X = XC%,,

where X* are the contravariant components of X. The basis vectors are tangent to the
coordinate line. This allows us to write them without any hesitation as partial derivatives

in a particular coordinate direction as

0

:aaja:

€q Oy.
The basis {0,} is called coordinate basis and the vector field X takes the form

X = X"0,,

previously defined. This can be viewed as an operator.

1.2.5 Differential forms

Definition 1.2.7 [4] Let M be a smooth manifold and TM |, its tangent space at x. The

space N, T*M |, of differential k-forms at x is the set of all k-linear alternating functions

w:TM|, x---xTM|, — R.

Conventionally, any real number (also a smooth real-valued function) is a O-form. One

can represent a vector X with its covariant components X, and this type of vector is

7



called one-form. It is given by

X = X, w*.

This is a different representation of the same object X. In coordinate representation, the
basis one-forms are given by

w® = dz?.

1.2.6 Flows

For any vector field X on M there exists a smooth map ® : R x M — M called the flow
of X, here written ®(e,z) with € € R and x € M, such that &(0,z) = z, (J, P(¢,x)) =
Q5 +¢,x) (Ve,0 € R), and

d

E@(e,x) = X(®(e, 2)).

The vector field turns to be an infinitesimal transformation of points. Given a vector
field, from each point x one can move to a nearby point 2’ in the direction determined by

the vector field itself:

ot szt = (e, x) = 2" 4 X (x) + O(€?).
1.2.7 Riemannian manifolds
Definition 1.2.8 [5] A space-time (or simply spacetime in one word) is a pair (M, g),

where M is a four-dimensional differentiable manifold and g is a metric of the Lorentzian

signature (+— ——) given on it. Sometimes, one uses the signature (— + ++).

Definition 1.2.9 [5] A spacetime (M, g) is called homogeneous and isotropic if

(i) the manifold is the product M = IR x S, where t € R is the time coordinate and
x € S is a three-dimensional space of constant curvature endowed with a negative-

definite metric;



(i) the metric g is invariant under point transformations generated by the isometry

group of S.

Theorem 1.2.1 [5] Let a four-dimensional manifold be the product M = IR x S, wheret €
R is the time coordinate and x € S is a three-dimensional space of constant curvature. We
suppose that M is endowed with a sufficiently smooth metric of the Lorentzian signature. It
follows that if spacetime is homogeneous and isotropic, then a coordinate system t,x",i =

1,2, 3 exists in the neighborhood of each point such that the metric takes the form
ds? = dt* + a®(t)gi;da’da?, 4,5 =1,2,3, (1.1)

where a(t) > 0 is an arbitrary function of t called scale factor, and g;;(x) is a negative

definite constant-curvature metric on S depending on the spatial coordinates x € S only.
A proof of this theorem can be found in [5].

Definition 1.2.10 (Riemannian manifold) . [6] A Riemannian metric on a smooth
manifold M is a 2-tensor field, g, an element of the 2-tensor field space of M that is
symmetric (i.e.,g(X,Y) = g(Y, X)) and positive definite (i.e.,g(X,X) >0 if X =0). A
manifold together with a given Riemannian metric is called a Riemannian manifold. We
often use the word “metric” to refer to a Riemannian metric when there is no chance of

confusion.

Definition 1.2.11 [6, 5] If (M,g) and (]T/[/, g) are Riemannian manifolds, a diffeomor-
phism i from M to M s called an wsometry if 1*g = g, where i* is the induced pullback of

differential forms.

We say that two Riemannian manifolds (M, g) and (]\7 ,§) are isometric if there exists
an isometry between them. One can easily verify that being isometric is an equivalence
relation on the class of Riemannian manifolds. An isometry i : (M, g) — (M, g) is called
an isometry of M. A composition of isometries and the inverse of an isometry are again

isometries.



Proposition 1.2.1 [6, 5] The set of all isometries of a given Riemannian manifold (M, g)

is a group, called the isometry group of M denoted by |(M).

A proof of the proposition can be found in [5]. The isometry group (M) can be either a

discrete group or a Lie group.

Definition 1.2.12 [5] If the isometry group |(M) is a Lie group, we can consider in-

finitesimal transformations. In this situation, we are dealing with infinitesimal isometries:
2= 2 =24+ X e< 1.

Any infinitesimal isometry is generated by a sufficient smooth vector field X (x) = X%(x)0,,

which 1s called a Killing vector.

Theorem 1.2.2 [5] The Lie algebra of infinitesimal isometries |(M) of a connected Rie-
mannian manifold M has the dimension not exceeding %n(n + 1), where n := dim M. If
the dimension is mazimal, dim |(M) = in(n + 1), then the manifold M is homogeneous

and 1sotropic, being a constant-curvature space.

Note that the definitions under this subsection also apply to pseudo-Riemannian mani-

folds.

1.3 Symmetry group transformations and conserva-

tion laws

This section provides details on Lie group of transformations and generalized symmetries.
The symmetry group of a system of DEs (respectively PDEs) is the largest (connected)
local Lie group of transformations that acts on the space of the independent and dependent

variables, with the property that it preserves the set of solutions. By this mean, it

10



maps solutions onto other solutions. It follows that a vector field can be associated with
a local one-parameter Lie group of transformations and this matched-pair is known as

infinitesimal generator.

Definition 1.3.1 (Differential function) . [4] Consider a function f(x,u, u@y, -+, u@))
of a finite number of variables. It is called a differential function of order r, where

1 .2 2

r = (2% - 2") and u = (u',u?--- u™) are respectively independent and depen-

t

dent variables and wy, -+ ,uqy denote the collections of all first, second, --- ,r horder

partial derivatives. In other terms, the superscript of u stands for the number of de-

pendent variables while the subscript designates the partial derivative’s order. The set

T, U, U1y, 0, Uy b forms the jet space (also called bundle) which is the total space o
1) (r)

independent and dependent variables and the derivatives of the dependent variables.

1.3.1 Noether symmetries

Consider an rth-order system of partial differential equations of n-independent and m-

dependent variables, viz.,
Eﬁ(x,u,u(l),...,u(,,)):O, B=1,...,m. (1.1)
A conservation law of (1.1) is defined by the equation [7, §]
D,T" =0 (1.2)

on the solutions of (1.1). Here D; given by

0 0
D=2 e o« 9 i=1,...n,
ox’ R ou™ i dug + ! "
is the total differential operator and the vector T'= (T, ..., T™) called a conserved vector

of (1.1).

Suppose A is the universal space of differential functions. A Lie-Béacklund operator is

given by

o .9 .0 . b

X =¢ a
7122 [e%
Gum-z

11



where £, n® € A and the additional coefficients are

G = Di(W*)+&ug ,
ioilé = DilDiQ (Wa) + Sju?iu'g? (1 4)
ic;i2---is = DilDiQ e Dis (Wa) + Sju?ilil"is’ s > 1
and W is the Lie characteristic function defined by
We =n* —&uf . (1.5)

The formula in (1.3) is the most general form of the Lie-Bécklund operator and is known
as the general prolongation formula. In this thesis, we will assume that X is a Lie point

operator, i.e., & and 7 are functions of x and u and are independent of derivatives of .

Theorem 1.3.1 (Infinitesimal crieterion) . [4] A connected group of transformation
G is a symmetry group of a system of DEs of mazimal rank (1.1) if and only if the classical

finitesimal symmetry conditions
XEB(JZ,U,U(D,...,U(T)) :O, (16)

wherever

Eﬂ(:c,u,u(l),...,u(T)) = 0, (1.7)

holds for every infinitesimal generator X of G.

The equation (1.6) are the determining equations of the symmetry group to (1.7).

The Euler-Lagrange equations, if they exist, associated with (1.1) are the system

oL
5u—a = 0, a = 1, ,m,
where
1)
ou®



is the Euler-Lagrange operator given by

) 0 0
e Y “1¥¢D, - D; —— =1,...,m. 1.
5&0‘ aua "—;( ) 11 1s au?lzs ) a ) 7m ( 8)

L is referred to as a Lagrangian and a Noether symmetry operator X of L arises from a

study of the invariance properties of the associated functional

L= / L(z,u,uqy, ..., up))de (1.9)
Q

defined over €2. If we include point dependent gauge terms fi,..., f,, the Noether sym-

metries X are given by the expression,
XL+ LD;¢ = D, f'. (1.10)

Corresponding to each X, a conserved vector T'= (T,...,T") is obtained via Noether’s
Theorem. For our purposes, the Lagrangian is obtained directly from the metric which

gives rise to the geodesic equations.

Theorem 1.3.2 (Noether’s theorem) [4] For any Noether symmetry X corresponding
to a given Lagrangian L € A, there exists a corresponding vector T = (T',... . T"),T" €

A, called conserved vector or conserved quantity and defined by
T'=f' —N'L, i=1,...,n, (1.11)

where N* is called Noether operator and is defined by

7 % e’ 0 « e g

T is the conserved current associated with the Euler-Lagrange equations.

Theorem 1.3.3 [9] A Lie-Bdicklund symmetry generator X of the form (1.3) is associated

with a conserved vector T' of the system (1.1) if X and T satisfy the relation

[T, X] = X(T")+T'D;(¢) =T'D;(£) =0, i=1,...,n. (1.13)

13



Theorem 1.3.4 [10, 11] Suppose that X is a Lie-Bdcklund symmetry generator of the

form (1.3) and T* are the components of the conserved vector of the system (1.1), then
T =[T"X]=X(T")+T'D;(¢) —T"D;(¢") =0, i=1,...,n, (1.14)
constitute as well the components of the conserved vector of (1.1), that is

D;T* = 0](1.1). (1.15)

There are several ways of constructing conserved quantities. In this thesis, we will use
two approaches: the partial Noether theorem and the multipliers approach which mostly
applies for non variational problems. This latter approach fills the gap of the lack of
Noether theorem which only apply for variational problems. Goktag and Hereman in
[12] have proven that every admitted conservation law is obtained from a multiplier

Qu(%ua U1y« - - ,u(r)) € A such that
Q.E" = D,T". (1.16)

Since the right hand side in (1.16) is a total divergence, the action of the Euler-Lagrange
operator on (1.16) gives
4] 0 ,
S (QuE) = (DT =0, (117
uO[

ou®
It is important to remark that if the system of differential equations is variational, so
does multipliers. Many authors have used the homotopy operator to obtain the conserved

vectors [4, 13, 14, 15].

1.3.2 Point transformations

A point transformation is a one-to-one transformation which acts on the n+m—dimensional

space (z,u). It is of the form

u = g(z,u). (1.18)



The infinitesimal transformations are given up to the first order Taylor expansion by

T = x+e(x,u),
o = u+en(z,u), (1.19)

where ¢ and 7 are previously defined in (1.3). In this situation, the point transformation

is a one parameter (€) Lie group of transformations.

1.3.3 Contact transformations

A contact transformation is a transformation of the form

- du
r = .f <ZL‘,U, E) )
— du
u = g I,U, df[‘ )

du
i = bz —), 1.20

where ¢ = 1,...,n. It is a one-to-one transformation on some domain D in (n +m +

nm)—space and leaves invariant the contact condition
du = u;dz, (1.21)

where it is assumed that f and ¢ depend only on x, v and the first derivative of u given by
U; = Z—Z. The transformation, if not of that assumption would be a point transformation.

The infinitesimal transformations are given up to the first order Taylor expansion by

- du
r = x—f—ef(‘r?ua%)v
o = u+en(z,u d_u)
- 77 ) 7dx )
u
Ni = % sy Wy 7 )y 1.22
U u; + ((x,u dx) (1.22)

where ( is previously defined in (1.3).
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1.3.4 Double reduction theory

The application of a Lie point or Lie-Backlund symmetry generator to a conserved vector
provides either conservation law associated with that symmetry or conservation law that
may be trivial, known already or new, see [16]. The theory of the double reduction then
results from the association of symmetries to conserved vector. This means that having a
system of PDEs of order » with n independent variables and m dependent variables, we
can reduce the number of independent variables followed by the reduction of the order of

the system of PDEs, which becomes a system of ODEs of order (r — 1).

Theorem 1.3.5 [11, 16] Suppose that D;T* = 0 is a conservation law of the PDE system
(1.1). Then Under a contact transformation, there exist functions Ti such that JD,T" =

D;T where T' is given by

T! T T T
T2 7?2 T2 T2
=JAHT ;o J = AT : (1.23)
Tn ™ ™ T
i which
B/1$1 5/1% ce bvﬂ?n Dz Dizy -+ Dhiy
A 52% 5/2@ T BJﬂn ’ A1 Dyzy Doy --- Doiy 7 (1'24)
5:13;1 5:1372 e 5;3;11 Dn:il Dan e Dnj;n

and J = det(A). AT is the transpose of the matriz A.
The proof of theorem (1.3.5) is provided in full details in [16].

Theorem 1.3.6 (Fundamental theorem of double reduction) [16] Suppose that D;T" =
0 is a conservation law of the PDE system (1.1). Then Under a similarity transformation

of a symmetry X of the form (1.3) for the PDE, there exist functions Ti such that X is
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still a symmetry for the PDE Efl =0 and

XT! [T, X]
XT? T2, X
=JAhH | _ | : (1.25)
XTn [T", X]
where
Ewl 171@ Efﬂn Dz, Dyzy --- Dizy
| Do e Dan| LD D D
b\;xl b\;xQ b\;xn Dnjl Dni'Z Dn-%n

and J = det(A).

The proof of theorem (1.3.6) is provided as well in full details in [16].

1.4 Outline of chapters

In Chapter 2, variational symmetries and conservation laws of a modified de Sitter metric
are classified. The resulting Noether symmetries in each case are compared with conser-

vation laws given by Killing vectors.

Chapter 3 presents the algebra of symmetries associated with the de Sitter-Schwarzschild
metric and the corresponding wave & Klein-Gordon equations. These symmetries are
studied and classified. They are the Lie symmetries of the geodesic and wave equations.
The conservation laws are obtained via the natural Lagrangians and variational symme-

tries in each of the cases.

In Chapter 4, we focus on the symmetry structure (and the corresponding conservation
laws) of the Schwartzchild and other asymptotically flat metrics (in particular, the vari-
ational /divergence symmetries of the respective geodesic equations following from the

‘natural’ Lagrangian).
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In Chapter 5, we undertake a detailed analysis of the symmetry structures of the plane
symmetric and the locally rotationally symmetric Bianchi type [ space-times in the
f(R,T) gravity. In particular, we construct all the variational (Noether) symmetries and,
in some cases, construct the associated conservation law using Noethers theorem. Some

comparisons are made with the symmetry structures of some well known space-times.
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Chapter 2

Classification of a Modified de Sitter
Metric by Variational Symmetries

and Conservation Laws

2.1 Introduction

The recent observations of Type-I supernovae have led us to believe that the current
universe is undergoing accelerated expansion [17, 18]. Looking back at the evolution of
the universe, earlier on, it was in a decelerating stage, and this means that there was a
transition from deceleration to acceleration. Hence the deceleration parameter ¢ which is
defined as

aa

where a = a(t) is the scale factor of the universe, must show a signature change from
positive to negative [19]. One way in which this can be achieved in cosmology is to take

the deceleration parameter ¢ to have the form [20]

qg=a+ pH, (2.2)
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where «, 8 are constants, and H is the Hubble parameter given by

H= g (2.3)

Equation (2.2) is the next possible generalisation (see also [21]) of a constant deceleration
parameter (Equation (2.2) with 8 = 0), [22] which was popular before the discovery of
the accelerated expansion of the universe. Combining (2.1), (2.2) and (2.3), we have the
following differential equation

¥+/@%+a20, (2.4)
whose solution is

1+« 1 c

( —; )t Cl+ta N G|’

for a # 1, where ¢ in an integration constant.

a=exp |—

Without loss of generality, we make take & = —1 in equation (2.2). This then leads to

the following solution for the scale factor a:

a = en VPR (2.5)

Such a scale factor has been studied by several authors in a variety of different cosmological
scenarios [23, 24, 25, 26, 27, 28, 29, 30]. Pradhan et al [20] have shown that this solution

is in agreement with current observations for certain values of the parameters.

The general theory of relativity, which is a field theory of gravitation, is governed by the
Einstein field equations. These equations explain how spacetime geometry and distri-
bution of matter are related through them via the Einstein field equations. In order to
understand the physics of the solutions of the Einstein’s equations, a lot of work has been
published. Most of this work includes investigations of the Lie symmetries or conservation
laws admitted by these solutions. A tensor A is said to admit a Lie symmetry, X, if its
Lie derivative along X is zero, i.e, LxA = 0, where A represents a metric tensor g,; in
ds? = gudz®dz®. In this chapter, we focus on finding variational or Noether symmetries

and conservation laws of the modified de Sitter metric

ds? = —dt? + &

V2Bt+k
7
1 —kr?

dr? + r2d6* 4 r*sin® 9d¢2) : (2.6)
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Recently, a study of the role of the Noether symmetries in the classification of a large
class of Lorentzian metrics have been done; this was shown to play a significant role in
the classic studies of the classification of Killing vectors (isometries), homotheties, etc.
that arise in Relativity via certain solutions of the Einstein equations. Some references
in this regard are [31, 32, 33]. This work has also been applied to some manifolds of
metrics with ‘neutral signatures’, like ASD manifolds ,[34]. It has been especially useful
in the construction of conservation laws. It is well-known that the classical conservation
laws are fundamental tools for establishing the existence and regularity of solutions for
differential equations, [35]. Thus, the classification that we resort to in the sequel is not
in the sense of the ‘Lie point symmetry classification’ carried out by a number of authors
in the recent past following the pioneering work of Ovsiannikov, Ibragimov, inter alia (see

36, 37, 38, 39]).

The content of this chapter is appeared in the paper [40].

2.2 Friedmann-Robertson-Walker (FRW) metric

This section provides the derivation of the FRW metric of which for the particular value
of the scalar factor a(t) defined in (2.5) gives rise to the modified de Sitter metric studied

herein.

2.2.1 Spatial homogeneity and isotropy

We start with the definition of cosmology. Cosmology is the study of the dynamics of
the whole universe. This study seems quiet simpler for two reasons. On a very large
scale, only the gravity dominates and in the meantime, the universe is assumed to be
homogeneous and isotropic. This latter assumption applies only to the spatial term in

the metric, [41, 42].
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Definition 2.2.1 (Cosmological principle) At any particular time the universe looks
the same from all positions in space at a particular time and all directions in space at any

point are equivalent.

2.2.2 FRW metric

The equations under this subsection can be found in [41, 42].

The cosmological principle allows us to consider spaces with constant curvature denoted
by K. the constant curvature together with the metric tensor g,, defined the Riemann

tensor
Rijr = K(gikgj1 — 9a9jk)- (2.7)

According to observation, the universe evolves in time. Thus, one has imposed to the line

element the form

ds? = gyyda'da?, i,5=0,1,2,3, (2.8)

since the universe by assumption is homogeneous and isotropic in spatial coordinates only,
where g;; are functions of the coordinates (¢,z', 2%, 2*) and the signature (+, —, —, —) is

used. One introduces the scale factor a(t) into the line element (2.8) and has
ds* = dt? — a*(t)do?, (2.9)

where do? is the spatial part of the metric. We recall that the Schwarzschild line element

has the general form [41, 42]
ds® = A(r)dt* — B(r)dr? — r*(d6? + sin® §d¢?). (2.10)
Using this as a guide, we write the spatial part in (2.10) as
do? = B(r)dr® 4+ r2d6? + r? sin® 0d¢*. (2.11)

In order to find B(r), we compute in the following paragraphs the Christoffel symbols

also known as connection coefficients denoted I'’; and the Ricci tensor denoted Rj;.
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3

We recall that in n-dimension space, there are n® connection coefficients defined by

I k59 (D59 + kgt — Digjr), (2.12)

where ¢’! is the inverse of the metric tensor. The Ricci tensor in terms of the connection

coefficients is given by

We can obtain as the Ricci tensor in terms of the constant curvature K by using the

Riemann tensor in the following way

Ry, = Ry,
= ¢"Riju
= K¢" (9951 — 9u9sx)
= K(9"gugj — 9" 9a9;x)
= K091 — 019;x)
= K(gjx — 0i95x)
= K(gjr —39;x)
— 2Kgy. (2.14)

where we have used the Einstein summation convention and with three spatial dimensions,

Si=1+1+1=3. (2.15)

The metric tensor g;; associated with the line element (2.11) writes

gii=1 0 2 0 : (2.16)
0 0 72sin’0

The computation of the non-zero connections gives

oo 1 dB(r)

"o 2B(r) dr
r

I, — ——

v = TBGY

23



rsin’6

r, = ——
“ = B0
FG(M) = —sinfcosb,
1

r‘, = =

ro 71,,’

‘., = =

ro 7,7

%, = cotd. (2.17)

R, - 1 dB(r)7
rB(r) dr
1 T
Ry = —1 —
& B T 2B
R¢¢ = Rg@ SiIl2 0. (218)

Substituting R,, and g, in (2.14) we obtain the following differential equation

1 dB(r)
rB(r) dr

— 2K B(r). (2.19)

In a similar way by substituting Rgy and ggg in (2.14) we obtain the following differential

equation
L A O (2.20)
B(r)  2B3(r)

The integration of (2.19) yields

1

B(r)= —— 2.21
()= s (221)
where C'is a constant of integration. Replacing B(r) into (2.20) gives
1-C+ Kr* = Kr?, (2.22)
that is C' =1 and
1
B(r)= ———. 2.2
()= —— (223)
Thus, the line element of the spatial part writes
do® = T dr® 4+ r°d6” + rsin® 6d¢”), (2.24)
and the FRW line element becomes
1
ds? = dt? — a®(t) (1——Wer — r%(d#* + sin? 9d¢2)) . (2.25)
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We can normalize the curvature K by defining the parameter k = I7K\ in such a way that

k = +1. Substituting k into (2.25) gives rise to the standard form for the FRW line

element

2 _ 32 2
ds® =dt _a<t)<1—kr2

dr? — r2(d6? + sin? qubz)) : (2.26)

The normalized constant curvature can take the values —1,0,1 which are respectively

associated with the negative, zero or positive curvature of space (the spatial part).

1
In other to compute the symmetries we consider the scale factor a = e#" PR,

2.3 Symmetries and conservation laws

2.3.1 Symmetry via Noether’s theorem

The metric (2.6) has a corresponding Lagrangian

L=—1+e

o VZBETR 1
B
1—kr2

72 4+ 1202 + r2 sin? 9¢2> (2.27)

with the Euler (geodesic) equations

G'=t+ ﬁ (eﬂfiﬁﬂ)Q (1fljr2 + 72602 + 2 (sin ) gzﬁ2> =0,

G? = <7’¢2 (=1 + kr2)? (sin6)® + r°62k% — 21302k + itkr?

v <—7‘”2k+92> r—i2BT Tk 4 27 (—1 + kr?) =0, (2.28)
G3 = rsinf¢? cos (0) V2Pt +k —2r0i — 20723t + k —r0/25t + k =0,

G*=4 ((qﬁr + 1/2Tg5> sin 6 + récos@é) V2Bt +k+4rsin(0)ip =0,

where s is the arclength variable and the derivative z is the derivative of ‘x’ taken with

respect to s. The variational symmetries, [4, 43, 8, 44],
X = gas + 7”tat + T]rar + 77089 + 77¢8¢

in which &, n, n,, ng and 7, all depend on (¢, 7,0, ¢), satisfy for some gauge function f,

d¢ df
xWrL = = =4, 2.99
+ ds ds ( )
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Since the Lagrangian is in terms of the first order derivative of the variables, we must
rewrite the variational symmetries by making use of the first prolongation defined in (1.3)

as follows:

XW = €0, + 0,0, + 1.0 + 1605 + 1504 + 1 oy, + no; + n 6 + 775]@), (2.30)

where

nt = Dy, — éD&

and ¢ stands for {t,r, 0, ¢}. The total derivative with respect to s is Dy and is given by
d . . . .
DS = d_ :as—i-tat—i-rar—k@(%—f—qﬁ@qg
s

Substituting (2.30) in (2.29) leads to

4 72 o ; : VIBITR
92 2 20 2 2 3
\/26t+knt{1—kr2+r st 0g7) e
2kri? 42 . 9. 59| 9M2BItE
+nr {m+27‘«9 +2rsin“f¢“|e” B
\/MT

+272 sinf cosf ¢ e
—2[0sm; + L0y + 7Om; + 98977t + ¢8¢,nt
— 10,6 — (20,6 — 11:0,& — 1005 — 1d0,E]1
2[4, + 10, + 70,1, + 009, + Oun,
LFOE — E7OE — 720,6 — 100pE — FdDEle> T (1 — kr?)~L

+2[u11 + £0imo + 70,15 + 00410 + </‘5(9¢779
—00,& — 00,6 — 100,& — 0%0p¢ — 9¢8¢§] g YIEEE 20

+2[071 + £0ing + 70,y + 00904 + GDsny
—GO,E — 1O — 190,& — 0dOpE — P20y€]e? % sin? 04
(D& + 10, + 70,6 + 005 + §D,E))e> T 12

(DL€ + 0,E + 70, + 004€ + $O,E))e> T 2 (1 — hr?) ™
(DS + D + 10, + 009E + $0,E])e> 7 2
(D€ + 10,6 + 70,6 + 000E + D E))e* 5 12 sin® 0

= Oof +10,f 4+ 70.f + 00pf + ¢0sf. (2.31)

26



The separation by monomials leads to the overdetermined system

P2 A (L= k) QB+ k)T 420, k(1 — kr?) 2 4+ 28, (1 — kr?) !
—0,£ (1 —kr*)t =0,
0 - 477,5(2525—}—]{:)_%+2nr7“+2r289779—7“288§:0,

» A (20t + k)™ 272 gin? 0+ 2npr*sinfcos @ + 20gn, r? sin® @ — 9,& r? sin® 6 = 0,
1 2 ETE

tr: —20m +20m, (1 —kr?)” =0,
.. VIBIFR

0 =20 4+ 20me 1 = 0,

.. W

th © —204m; +20m,r* sin 296275 =0,

i 20, (1—kr®)™ +29,m1% =0,

Fo o 2 Opm > + 2 0gmgr? sin® = 0,

0 = 204m, (1 —kr*)™" +208,m,7% sin?0 = 0,
1 0,f =0,
t =20 = O.f,

7o 204m, (1 —kr?)~t o2 HF =0, f,
6 - 285779r2e N = Oyf,
b 1 20yt sin20e T = 8,f, (2.32)

whose solution, with zero gauge f, leads to the vector fields

X, = 0,

Xy = /T Fr?cosdsin 00, — \/—1+kricosﬁcos¢ae+ \/—1;i/i’lr;sin¢a¢’
X, = msirubsin&?r— \/Wcosecos¢ae+\/T‘kT;cos¢a¢’

Xy = —cos@dy+ cotsin ¢d,, ' o

X5 = sin¢dy + cot 0 cos ¢pOy,

Xo = 0Oy,

X; = —/—1+kr?cos6d, + % —1 4+ kr2sin 00y. (2.33)

The algebra of Noether symmetries of (2.28) contains the Killing vectors/isometries of

(2.6). It can be shown that all except X; are Killing vectors (isometries) of the manifold.
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2.3.2 Killing equation

Consider a scalar function f : M — R and a vector field X = X*0, defined on M. The
Lie derivative of the function f is defined with respect to X and its action on f tells
us how much f changes along the flow of X, that is the change of f from a point x to
another point 2/, (f(®(e,z)) — f(z)). Thus the Lie derivative of a scalar function f along
the vector field X denoted Lx f is given by

Lxf(z) = lim L2060 = /(@) (2.34)

e—0 € ’

where @ (e, x) is the flow of X. By using the following relation

ot g = D (e, ) = a* + eXH(z) + O(e?), (2.35)
one can write
of 2
f(®@(e,x)) = f(z) + GX“@(x) + O(€). (2.36)

This in the local coordinates system z#, The Lie derivative of a scalar function is just

wOF

ﬁxf($) =X ax“.

(2.37)

The Lie derivative can generalize the directional derivative of a scalar function to higher

rank tensors.

Definition 2.3.1 Let X and Y be vector fields on M. The Lie derivative of Y with

respect to X 1s the object whose value at a point p € M is defined by

Y(p+eX)—Y
LxY = lim e 6) () (2.38)

where Y (p + €X) is called the Lie transport of Y along a curve.

LxY has been proven to be equal to the commutator [X,Y]. Furthermore, using compo-
nents notation, the Lie derivative of a vector field Y with respect to a vector field X is

given the relation

LxY, = X"8,Y, +Y,0,X". (2.39)
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Likewise, the Lie derivative of the covariant tensor metric g, along the vector field X is
‘CXguu - Xp@pguu + gpl/auXp + gupauXp- (240)

If the metric tensor g, is invariant under the flow of X, that is Lxg,, = 0, then X is

said to be a Killing vector and the Killing vector Equations are
X?0,9 + Gov0u X" + g0, X7 = 0. (2.41)

We use (2.41) to verify that Xg and X, are Killing vectors.

(i) Case of Xg
When we substitute Xg = 04 previously obtained into (2.40), for example, we get

0

T (2.42)

£ng/ =

which vanishes since the metric given in (2.6) does not depend on ¢. Hence, we

proved that Xg is a Killing vector.

(ii) Case of X,

The metric (2.6) takes the form

-1 0 0 0
0 2 0 0
Guv = Lhr? ) (243)
0 0 a*? 0
0 0 0 a%r?sin’®d

and

Y

r rsind

1 2 1 7 o
X, = <O,—\/Wcos¢sin9,—v + kr2cosfcos¢p —1+ kr smqb)‘

(2.44)

The Killing vector equation of X5 writes
Lx, G = X50p9u + 9pw0u X3 + 9up0n X5 (2.45)
Since g,,,, is diagonal, we can simply compute Lx, g, Lx,9rr, Lx,900 and Lx, e
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Lx,g1 = X5§0,91 + 9p0: X5 + 91,0,X5
= X30,9u + 29,10: X5
= Xgapgtt + QQttatXé
=0, (2.46)

since gy = —1 and X! = 0. In a similar way

Lx,grr = X50,91r + 9pr0- X5 + 91p0, X%
= X50,9:r + 29,00, XY
= X50:9r + 29,0, X3
= 0, (2.47)

Lx,900 = X50,900 + 9009 X5 + 90,00 X5
= X50,900 + 29,000 X5
= X10,900 + 290006 X3
~ 0, (2.48)

and

Lx:960 = X350p960 + 9ps0s X3 + 9op0s X3
= X50,906 + 29905 X3
= X30,900 + X306950 + 290005 X5
) (2.49)

We see that Lx, g4 = Lx,9r = Lx,900 = Lx,96¢ = 0, which implies that Lx,g,, =

0. Thus, X5 is a Killing vector.

2.3.3 Conserved vectors using multipliers approach

An alternative approach that guarantees a knowledge of all the symmetries requires

the construction of the multipliers of the Euler equations (2.28) that are in one-to-one
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correspondence with the conservation laws of the Euler equations, [13, 14]. The ap-
proach is based on the well known result that the Euler-Lagrange operator annihilates
a total divergence. We analyse the Euler-Lagrange equations (2.28). The multipliers

Q; = (4}, 4,4}, q;) are chosen to satisfy the “joint” Euler-Lagrange operator as follows:

)
d(t,r,0,0)

This is a consequence of four dependent variables and can be interpreted as the action of

(G + G + @G + ¢;G*) = 0. (2.50)

the Euler-Lagrange operator of each one of the variables t,r, 0, ¢; that is

( "GP+ ¢G +¢iGY) = 0,
(G + ¢G° + @G + ¢;GY) = 0,
(G + GG+ G +¢;GY) = 0,
—(q;G

'+ G+ @G +q;GY) = 0. (2.51)

%: %%bﬂ%ﬂww

Then the relation between multipliers and conserved quantities takes the form

4G '+ G+ ¢G® + ¢;G* = D,T”. (2.52)

For simplicity, we restrict the multipliers ¢); to be functions of the independent variable

s, the four dependent variables ¢, 7,6, ¢ and their first order derivative only, i.e.

qjl = his,t,r,0,0,i,7,6,0),
q?- = W3(s,t,7,0,0,i,7,0,0),
q;-)’ = h3(s,t,r,0,0,i,7,6,0)
q;l = h4(s,t,r,97¢,i,f,9,<ﬁ).

Y

(2.53)
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The detailed calculations of (2.51) show that the multipliers are

Ql - <_t’ _7;? _97 _¢)7
_ ) — 5
Q2 = (0,—\/mcos¢sin97_mcosﬁcosgb msmgb)

7 rsin 6
—_ 2 —
Qs = (0, —1+kr2sin¢sin0,—mwsesm¢ mcosqb)
r 7 sin

Qi = (0,0,—cos ¢, cot fsing),
Qs = (0,0,sin¢,cotcos @),
Qs = (0,0,0,1),

1
Qr = (0,—/—1+ kr2cos6, —\/—1+ kr2sin6,0). s

r

Since the system (2.28) is variational, each of the multipliers ); corresponds to a sym-

metry, viz., X;. The conserved quantities (first integrals) are, respectively,

L=~ kr21_ 1 [_752 T R N AR b B ﬂi’ﬁr%?
—ezm 2¢ cos2 ) — 2m42k+e2¢2iﬂr4q'§2k00829],

T = —#2 e? %\/T <— sin ¢r sin ¢9qz.5 + sin qbr3 sin Hgﬁk + cos 6 cos QSTH
— cos 0 cos ¢r®0k + cos ¢ sin 07'“) ,

T3 = #2 e A <cos ¢r sin 9Q5 — cos ¢r sin Gqﬁk + cos 8 sin gbré
— cos 0 sin ¢r’0k + sin ¢ sin 97”) ,

T, = —2r%? G <COS 0 sin ¢ sin B — cos ¢«9> ,

Ts = —2r%? e (cos 0 cos ¢ sin 6 + sin ¢9> ,

Te = —2 ezmr%sm 0,

T. = _#2 e? VEETER <— sin 0r6 + sin 0k + cos 97'“) . (2.55)

2.4 Discussion

In this chapter, we have found the variational or Noether symmetries and conservation

laws of the modified de Sitter metric

ds®? = —dt’ + e

2 V2Bt+k
7
1 —Fkr?

dr? + r2d6? + r? sin? 9d¢2) , (2.56)
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corresponding to the solution for the scale factor

a = esVIPHE, (2.57)

This solution has been found to be compatible with observations for suitable values of the

parameters, [20].

The study suggests that where a finite dimensional group generated by conservation laws
exists, the Noether symmetry group has at least one additional symmetry that is not given
by the Killing Vectors. It will be worthwhile to develop methods for general classification
of Noether symmetries with some minimal symmetry group in terms of Killing Vectors and
to see how this general classification compares with Killing Vectors, Noether symmetries,
Ricci and curvature collineations. It is unlikely that higher order conservation laws for the
Euler equations exist. In any case, computing these would be extremely time consuming

and futile.
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Chapter 3

Symmetry and Conservation Law
Classification of the de
Sitter-Schwarzschild Metric and the
Corresponding Wave and

Klein-Gordon Equations

The Einstein’s field equations (EFEs) comprise a system of ten non-linear coupled partial
differential equations [45, 46, 47]. These equations provide an interpretation on how

spacetime geometry is related to the distribution of matter by an expression given by
Gab = K Taiﬂ

where

5

and

1
Gab - Rab - i(sabR
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respectively represent energy-momentum and Einstein tensors [46]. The value of the
constant x is given by
8tG

k= ——
A’

where GG is the Newton’s gravitational constant, and ¢, the speed of light in vacuum.
In case one uses Einstein tensor to define the corresponding energy-momentum tensor,
then every metric tensor can be regarded as a solution of the EFEs. However, only
those solutions are of interest which are physically plausible and satisfy certain physical
assumptions such as conservation of energy, and angular momentum etc. On the other
hand, the EFEs are extremely non-linear and finding their exact solutions is an uphill task.
To overcome this difficulty of finding exact solutions, it is required that the spacetime
metric admits certain symmetries [45, 46]. These symmetry considerations have lead
relativists to find interesting exact solutions. A detailed account of these exact solutions
is documented in literature [45, 46]. Most of this known work is based on the existence
of symmetries (metric, variational, inter alia) and conservation laws admitted by these

solutions.

A two rank tensor Ty, is said to admit a symmetry &, if it satisfies a requirement that the

Lie derivative of this tensor T, along & is zero, i.e,
E&Tab = 0.

The vector £ is called a Killing vector if 7T}, in the above equation represents a metric
tensor gqp. If we replace T, in this equation with Ricci tensor (Rgyp), then the £ defines a
Ricci collineation. If Tj; represents the one form Lds, where L is the Lagrangian of the

geodesic equations and s the arclength, then ¢ are the variational symmetries and
ﬁé‘A = d’LU(B ),

for some differential function B, £ is a divergence symmetry [4, 8]. Thus, divergence
symmetries with zero gauge B are the variational symmetries. In either case, one can
construct conservation laws via Noether’s theorem. These conservation laws and others,

are widely discussed in the literature and interesting physical interpretations are found of
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various spacetime geometries [48, 49, 50, 51, 52].

More recently, attempts have been made to explore the physics of spacetime geometries
that could be given by Noether symmetries [7]. Noether symmetries have been discussed
from a point of view of their comparison with Killing vectors, Ricci and Riemann tensor
symmetries [45, 48, 52]. The de Sitter-Schwarzschild solution describes a black hole in
a causal patch of de Sitter space. Unlike a flat-space black hole embedding, there is a
largest possible de Sitter black hole, which is the Nariai spacetime. The Nariai limit has
no singularities. the cosmological and black hole horizons have the same area and they can
be mapped to each other by a discrete reflection symmetry in any causal patch [53, 54, 55].
The purpose of this chapter is to focus on understanding the conservation laws admitted

by the e Schwarzschild-de Sitter metric. The Schwarzschild-de Sitter metric is given by

ds? = (1—22 —i\?)dt? — (1 — 22 — 2xr?)~tdr? — r2d6? — r?sin® 6d¢?, (3.1)

r

where the two parameters m and A give the black hole mass and the cosmological constants
respectively. The de Sitter space is the solution of Einstein’s equation with a positive
cosmological constant. It is spherically symmetric and it has a cosmological horizon
surrounding any observer, and describes an inflating universe. Similarly, the Schwarzschild
solution is a spherically symmetric static solution of the Einstein equations with zero
cosmological constant and it describes a black hole event horizon in otherwise empty space.
The Schwarzschild-de Sitter spacetime is a combination of the two (the Schwarzschild
space and the de Sitter space), and describes a black hole horizon spherically centered
in an otherwise de Sitter universe. An observer, who has not fallen into the black hole
and who can still see the black hole despite the inflation, is sandwiched between the two
horizons. The Nariai solution is the limit of the largest black hole in a space which is
de Sitter at large distances, it has two horizons, the cosmological de Sitter horizon and a
Schwarzschild black hole horizon. For small mass black holes, the two are very different.
There is a singularity at the center of the black hole and there is no singularity past the
cosmological horizon. But the Nariai limit considers making the black hole bigger and
bigger, until its event horizon has the same area as the cosmological de Sitter horizon. At

this point, the space-time becomes regular. The black hole singularity runs off to infinity
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and the two horizons are related by a spacetime symmetry. In the Nariai limit, the black
hole and de Sitter horizon can be interchanged. When there is additional matter density,
the solution can be thought of as an Einstein spherical universe with two antipodal black

holes. Whichever black hole becomes larger becomes the cosmological horizon.

The content of this chapter is under review [56].

3.1 Symmetry classification of the Schwarzschild-de

Sitter metric

The geodesic equations followed by the test particles in the Schwarzschild-de Sitter space-

time are obtained by varying the action

S:/Lds

constructed from the metric given in (3.1). The geodesic equations corresponding to the

variation of this action take the form:

m ; rPA-18r%m . ) : / r -
Gl = ( 7z %AT) t2 + (—36r+2m1—f)\r3)27"2 7’2 o 2T02 - ZTSIDQ 9¢2 —6 —3r+6m+)\r3r = O’
G2 = —27r2sin 092 cos O + 4r0r + 2120 = 0,
G3 = 47sin® 0¢r + 4r?sin 6 cos 00 + 2 r2sin® 0 = 0,
G4 — % —3r+6rm+/\r3 t . % 3mr—2)\r3 t?" — 07
(3.2)

with Lagrangian defined by,

2 1 : 2 1 - . :
L= (1 _am g)\r2> T (1 _am 3)\1"2> 72— r20? — r?sin® 6¢>.

T T

Since we are dealing with 4-spacetime geometry, we write the Noether vector field as,

X =o0(s,t,r,0,0)0,+7(s,t,7,0,0)0.+A(s,t,7,0,0)0.+B(s,t,7,0,0)09+C(s,t,1,0,$)0s,
(3.3)
or for simplicity

X = 00, + 70, + Ad, + By + Cd,, (3.4)
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where we constraint the coefficients o, 7, A, B, and C to depend only on the curvature s

and the spacetime coordinates t,r, 6, and ¢. This vector field satisfies the equation

do  df

xWp = ==L .
ds  ds (3 5)

with gauge f = f(s,t,7,0,6). X1 is the first prolongation of X, given that L depends

on first order derivative, and is given as
XW =60, + 70, + AD, + Boy + Coy + 19, + Ay, + BU 05 + ct 0y (3.6)

After replacing L into (3.5), we have

2 2 2 2 1 - : :
Al —/\ ) (1= 2y 72 — 2rf? — 2r sin? §¢>
r2 3 r2 3 r 3
2m 1
+2 (1 -— = §>\r ) [Ts + i1 + 77 4 079 + 74 — (0 + Loy + 70, + o + qﬁad))]
r
2m 1, 5\ Lt LA s o
—2(1-=F—on?) [As VA, 4T A, 4 0Ay + GAy — (0 + toy + o, + Byt
r

qgad,)} —2r2%0 [Bs +iB; + 7B, + 0By + ¢By — i(04 + toy + 70, + Hog + <bo¢)]
—2r2sin” 0 [Cs +iCy + 70y + 0Cy + ¢Cy — (0, + toy + 70, + oy + éad,)]
-1
(1 _2m _ 1)\7«2) 2 — (1 _2m 1)\71 ) 7 — 120% — 1% sin? 0¢°
r 3 r 3
(05 + toy + 70, + Oog + ¢a¢) — 2Br?sinf cos0¢® = f, +if, +7fr + 0 fs + q5f¢, (3.7)

+

followed by the separation by monomials which leads to the overdetermined system

. 2 2
U (—m——)\T)A+2<1—Tm——)\T)(QTt—as)zo

r2

7o (Q_m - —)\7’) A+ (0, —2A4,) =

' r2 3
0 : —2rA+r*(o, —2By) =0
¢* : —2rsin®0A — 2r?sinf cos OB + r?sin® (o, — 2C,)
. 2
t 2(1——m——)\7”>7's:ft
r 3
;o —2<1—2—m——A )Aszfr
- r 3
6 : —2r’B, = fy

¢ —2r’sin®0C, = f, ,
. 9 1 -
i Tr—(l——m——)\’l"Z) A =0



i - (1—27m—%)\7‘2)7'9—r3t—
i (1 - 2Tm - %)\72) 75— 1r?sin® 0C; = 0
i (1—27m—%)\r2)_1149+7°39=
7o (1 — 2Tm — %A?ﬂ) B Ay +1*sin?0C, = 0
0 : By +sin?0Cy =0
B o=0
2 o, =0
0 - g =0
gz§3 :04=0
1 : fo=0 (3.8)

From the lengthy and tedious calculations in (3.8), one can show that the solutions of the
corresponding Noether symmetries is represented by five Lie symmetry generators whose

Lie algebra is spanned by the following Noether symmetries with zero gauge (f = 0)

Xl - asa
X2 = 8t7
X3 - 8¢,

X4 = cos @0y — cot Osin ¢ Dy,
X5 =singdy + cot fcos ¢ 0y
Each X; leads to an independent conservation law and X,-X5 form the algebra as they

are Killing vectors of the metric. For example, the first integral associate with X is

Ti = e [0 + 368%rm + 61\t — 36£2m? — 1262mXr®
— 22276 4+ 9r%2 — 187%0%m — 3r902\ + 9r10? — 3r04°\ + 9rid?
—18r3¢%m + 3 cos? 02r0¢2 \ — 9 cos? 0rp? + 18 cos? Or3¢?m],
with X3 is

Ty = —2r sin® 0,

and with X is
Ty = —2r*(— cos 0 sin 0 sin $d + cos ngé),
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and so to with 75 and T5. The integral T} cannot be a conserved quantity determined by

a Killing vector due to the vector field, X;’s, explicit dependence on the arclength s.

3.2 Symmetry classification of the wave and

Klein-(GGordon equation

The general wave equation is given by

=0, (3.9)

1 0 ik 0
—/_|—g|% |—g|g @U

where u is a field, g is the determinant of the metric ¢;;, and ¢%* its inverse. The metric

writes
(1— 22— ir?) 0 0 0
0 —(1- sz — %)\72)_1 0 0
ik = . (3.10)
0 0 —r? 0
0 0 0 —r2sin’6

We find that 4/|—g| = r* sin @ for this metric and (3.9) can be written in detail as

1 0 .0 19 L0 )
|—g\8t(v’ 9lg at“)+\/1—‘g|8r( I=olg ar“)* !—g|<99( =919 55
1 0

0

or

2 2
gttutt +gTTurr + 2T Singgw — 4/ |—g| (T—T — g)\r’«)) Uy _l_gé)@ Ugy

el

r2 g% cosd

=l
Substituting g;; given in (3.10) into (3.11) yields

1 ! 1 4
(1 —m gw) Uy — (1 —m gw) Upr + (—% + 24 5/\7“) U,

—r~2cot Qug — r 2 ugy — (r*sin® )L uy, = 0.

ug + g% ugy = 0. (3.11)
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We multiply the above equation by r? sin# and we obtain, after simplification and

rearrangement, the equation below:

_3risind o % sin 0[(—3r2 + 6mr + Art)u,, + (=61 + 6m + 4 r3)u,]

3r—6m—Ar3

(3.12)
. 1
— sin Ougy — cos Oug — s 5ugs =0
which admits a Lagrangian depending on u given by
3r3 sin 0 1 ) _ 1
L= P —— u? + (r® — 2mr§)\r4) sin fu? — sin Quj — @ui
Via L, it can be shown that the variational symmetries of the wave equation are
Yi = am
YZ = atv
Y = Oy, (3.13)

Yy = cos ¢ 9y — cot Osin ¢ 0y,
Ys = sin ¢ 9y + cot 0 cos ¢ 0,

and the Lie symmetries of the wave equation are Y5 to Y5 with Y] replaced by the ‘infinite’
symmetry Yo, = f(t,7,0,$)0,, where f satisfies the wave equation (3.9). Suppose the left

hand side is some function G(t,7,6, ¢, ug, w, Uy, Ugs, Uge) or G for simplicity. That is
G(t,1,0, 0, up, ur, Uy, Ugy, Ugy) = 0. (3.14)
Then to find the n” order invariant G of a vector field symmetry X, we need to solve
X[”}G’(t, 7,0, 0, Up, Uty Upr, Ugg, Ugp) = 0.

This leads to the reduction of the independent variables. For example if we consider Y,

then a 0-order invariant GG satisfies

Y,G =0,
ie.
(cos ¢ 0y — cotfsin g d,)G = 0, (3.15)
or
ij(ﬁ ~ cot 3fin¢ (: %) ‘ (3.16)
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Combining the first two elements in the above equality and after integrating, we get a
new independent variable o = sin 6 sin ¢ which is an integration constant depending on 6

and ¢. Thus, by a symmetry reduction using Y}, the wave equation reduces to

—3r—637;3—,\7~3 Uy + 5 [(—3r? + 6mr + Ar)up+

(=61 + 6m + 4 u,] + 2au, — (1 — a®)tuae = 0,
where a = sinfsin ¢. This retains Y; and Y5 for the next reduction. Taking a linear
combination Y5 + gY; for some constant 3, we get the scaling symmetry generator Y, =
Oy + 0, leading to the invariant and transformed variable u = v(r, &) + ft, where v(r, «)

is an integration constant obtained from
- =—. (3.17)
The symmetry reduction therefore leads to

1
5[(—37"2 + 6mr + Ar)v,, + (=61 + 6m + 4\r*)v,] + 2av, — (1 — a*)vga = 0.

We remark that in the case of the wave equation with a source term, the right hand side
of (3.12) is some function of u, say F(u); if F' = u, we have the Klein-Gordon equation.

For any F'(u), the equation looses the symmetry 0, from the list in (3.13).

3.3 Summary and discussions

In this chapter, we have studied and classified the algebra of symmetries associated with
the Schwarzschild-de Sitter metric and the corresponding wave and Klein-Gordon equa-
tions. Separately, these were the Lie symmetries of the geodesic and wave equations. The
conservation laws were obtained via the natural Lagrangians and variational symmetries

in each of the cases.
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Chapter 4

Gravitational Waves and the
Classification of Spacetimes that are

Asymptotically Flat

4.1 Introduction

Relativity, in its general form, is well known to be dependent on the equations of Einstein
and centres around the spread of matter and the geometry of a spacetime manifold.
These equations constitute ten partial differential equations (pdes) [45, 46, 47] and since
its inception, much work has been done in attempting to obtain exact solutions leading
to various models of the universe; the symmetries and corresponding conservation laws

that underpin these models lies at the core of the various models.

A symmetry, X, admitted by a metric tensor satisfies the annihilation equation that
the Lie derivative of the tensor along X is zero, i.e, Lxges = 0, where g, is a metric
tensor and X is called a Killing vector. If instead, we consider the ‘annihilation’ equation
LxLds = 0, where L is the Lagrangian of the geodesic equations and s the arclength

variable, then the Xs are the variational symmetries and when £y Lds = div(B), for some
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differential function B, X is a divergence symmetry [4, 8]. Thus, divergence symmetries
with zero gauge B are the variational symmetries. In both cases, conservation laws are
obtainable using the celebrated Noether’s theorem. The relation between the variational

or divergence symmetries and Killing vectors have been expounded in [48]-[52].

In [53, 54], a detailed account on how the theoretical existence of gravitational waves
occur and the mathematics behind gravitational waves is presented. The articles describe
the history and theoretical development of gravitational waves and the recent results of
the LIGO detector. Einstein, in 1916, linearized his field equations by assuming that
the metric g,, representing the gravitational field has the form of a slightly perturbed
Minkowski metric 7,,, i.e.,

v = Ny + €l (4.1)

where 0 < € < 1.

The example

ds? = dt? — dx? — dy? — dz? + cos(t — x)(2 + cos(t — z))dt? (42)

—2cos(t — z)(1 + cos(t — x)dtdx + cos?(t — z)dz?)

is cited in [53] and has been shown not be a plane gravitational wave [57] although it
satisfies properties of a ‘gravitational wave’ in the linearized Einstein theory. What one
obtains is that gravitational waves which transport no energy can be generated from a
‘field-free system’ by a simple coordinate transformation. In this example, the straight
transformation of a Minkowski metric is a change of the time coordinate ¢ = t+sin(t — x),

that is
ds? = d#? — da? — dy? — dz?

= [d(t + sin(t — x))]* — dz? — dy? — d2?
= [dt + cos(t — x)dt — cos(t — x)dz]? — dz? — dy? — dz? (4.3)
= dt? — dz? — dy? — d2* + cos(t — z)(2 + cos(t — x))dt?

—2cos(t — z)(1 + cos(t — x)dtdz + cos?(t — z)dz?).
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The algebra of isometries of the metric (4.2) has basis (SO(3) @ R*)

X, = _ z(cos(t—x)=1)8;  zcos(t— z)d;c + taz,

1+-cos(t—x) 1+cos(t—z)
X2 = ~Teaon — #0r T 20,
cos(t—x)0,
o= sy 1,
X4 = atv
__ (cos(t—z)t—cos(t—x)r+x)d:  (cos(t—z)t—cos(t—z)z+t)0s
X5 = cos(t—zx) cos(t—z) ’

Xﬁ = —zf)y + y@z,
X7 _ __y(cos(t—x)—=1)d:  ycos(t—x) &c + tf)y,

1+cos(t—z) 1+cos(t—z)
XS = a:lh
Xg - Gy,
Xy = az

with an additional two variational (zero divergence) symmetries

X, =2 585 + (2 cos(t—z)t—cos(t—x)z+x)0 + (14cos(t—x))t0; + yay + 2(92,

cos(t—x) cos(t—x)
X12 - 88.
In fact, there exists a further five divergence symmetries. The respective algebras are all

isomorphic to the algebras in regard to the Minkowski metric.

Gravitational waves are waves in a space time that propagate at the speed of light away
from their source. They may be produced, for example, when black holes merge and
are, inter alia, metrics that are asymptotically flat. Examples of asymptotically flat
metrics are the Kerr metric, the Reissner-Nordstrom metric, the Kerr-Newman metric,

the Friedman-Robertson-Walker (FRW) metric, the Vadyia metric.

An example is the group of Schwarzschild metrics which are solutions of the Einstein

vacuum equations that describe space times containing a black hole,

(1-5)° .

2 4p 2 S \4 2 2 2

gs = —¢"——=dt" + (1 + —)*[da” + dy” + d=7], (4.4)
(1+3) 4p

where r, = 2?’_2771, m >0 and p = /22 + y?> + 22. As p — o0, the space is asymptotically

flat (c.f., the Minkowski metric n = —dt* + dz? + dy? + dz?).
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One aspect of gravitational waves is to study what happens to its source when it radiates
energy. One way to proceed this study is to calculate how much energy the gravitational
waves are carrying away and then make use of the principle of conservation of energy to
work out the effect a loss of such a quantity of energy would have on the motion of the

source [58].

In what follows, we focus on the symmetry structure (and the corresponding conserva-
tion laws) of the Schwartzchild and other asymptotically flat metrics, in particular, the
variational /divergence symmetries of the respective geodesic equations following from the
‘natural’ Lagrangian. We sometimes refer to these as Noether symmetries which contain
the algebra of isometries/Killing vectors of the metric. Each of the symmetries give rise

to an independent conservation law.

The content of this chapter is submitted to journal [59].

4.2 Symmetries of the static, spherically symmetric

space time metrics

We recall an established result involving the general static spherically symmetric space
time metric given by ds? = e*"dt? — X dr? — r2d6? — r?sin? d¢? for which the cor-
responding Lagrangian is given by L = e"(0i2 — X132 — 202 _ y26in? 2. where dot
represents derivative with respect to s. The corresponding five dimensional algebra of

Noether symmetries of the geodesic equations is spanned by

X1 = asa
X2 = ata
X3 — (9p,

X4 = cos @0y — cot Osin ¢ Oy,
X5 = sin¢ dy + cot 0 cos ¢ Oy.
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It turns out that the Schwarzschild metric representing vacuum solution of the Einstein

equations generates, in spherical coordinates, the same algebra.

Reissner-Nordstrom metric.

The Reissner-Nordstrom metric is a static solution to the Einstein-Maxwell field equa-
tions, which corresponds to the gravitational field of a charged, non-rotating, spherically
symmetric body. In spherical coordinates, we have

ds?% =(1- % + :—g)dtQ —(1- % + :—g)_ldr2 — r2d6* — r?sin? 0d¢?, (4.5)

where 7, is the Schwarzschild radius and rg is a characteristic length scale (or equivalently,
the length-scale). In the limit that the electric charge () goes to zero, one recovers the
Schwarzschild metric. The complete algebra of Noether symmetries has the same basis

as that of the Schwarzschild metric above.

4.3 Classification of some Kerr metrics

Case 1. Kerr-Newman.
The Kerr-Newman spacetime is a stationary, axisymmetrical, and asymptotically flat

solution of the Einstein-Maxwell equation which in the Boyer-Lindquist coordinates is

2 s 2 0
dsiy = Zar® + prde? + 222
P

A [(r? + a®)d¢ — adt]® — %[a sin” §d¢ — dt]?, (4.6)

where A = 72 — 2mr + a®> + Q* + P? and p? = r? 4+ a®cos?6 and m > 0 the mass, a
the specific angular momentum, @) the electric charge and P the magnetic charge of the

gravitating source. The corresponding Lagrangian writes

L=—[1- 2mr 24 p? 7“_2 e _4mar sin? 0&54— (12 + a?) sin 0 + 2ma®r sin* 0 .
p? A p? >
(4.7)

Using the Lagrangian in (4.7) with the divergence symmetry

X = &0 + mOy + 1,0y 4+ 1m90p + 140y
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the equation

becomes

Ny |:(2mp2p_44m7~2> lé2 + (27"A—p2(22r—m)> 7;2 + 2Té2—

4map? sin® 08mr2asin? 0\ ; ; ) oma2p2 sint 0—4ma2r2sint 0\
( 14 o t¢+ I sin 0_|_ ma” p* sin = mar< sin ¢+

dmra?sinfcosf \ ;2 242 sinfcos@ -2 [ 8marsin @ cos O(p>+a? sin? 6 i
Mo |:<p—4> $2 — o cos 7 p4(P ) t¢

—2a?sin 0 cos 0% + (2(r2 + a?)sinf cos 4 mairsin® 0cospg(2p2+a2 sin’ 9)> ¢2}

— |:2t (1 — 2{)%) -+ %W} (3577t -+ iaﬂ”]t -+ f@ﬂ”]t -+ éagnt + (b([%ﬂ”]t

P
—H(0.€ + 10,€ + 70,€ + 00p€ + $04)) + (D, + 10, + 7O, + 00gm, + GOym,
—F(DsE + 101 + 70, + 00 + $05€)) + 20%(Dsmo + L0y + 10,19 + 60gmp + GOy
—9(855 + tatf + Tar§ + 9895 + ¢3¢§)) + |:2¢ sinZ 6 (,r,2 + a2 + 2ma2p7"251n20)

— et go0 | (), + Oy + 70,m + 001, + GOus — D(OE + T + 70, + 00y

F00pE)) + (0ol + LO,E + 70,6 + 00pE + GOGE)L = fo +1ifi +7fr 4 Ofs + O f .
(4.9)
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We get, after separation of the above equation by monomials, the following system of

overdetermined pdes

2. 20m +0ms =0,

2 . 2mp?—4Amr? 4mra?sincosf
t . p4 ,’77’ + p4 ,'76 - 2

2Z;T> (O — 048)

mra sin? mr
—Amrgntlgy, — (1 252) 9.6 =0
7-,2 : (ZrApr(Q%“—m)) Ny — 2 a? sizacosem 4 zg(aﬂ% - 885) 4 %2835 — O,
0% :2rn, — (2a® sin? 6 cos O)ng + 2 p® (Dgne — OsE) + p*0,€ = 0,

; . 2 4 4 . 2 3
¢2 . (27” Slﬂ29—|— 2map2sm 0 _ 4mr? Z sin 0) 7]r+ (2 (7,,2 +6L2) sm@cos@—l— 8mra ZIQD 6 cosf

+4mra4 sin59c089> o 4 ) <(7,2 +a ) sin 0+ M) (3¢77¢ -0 5)

p 0?
_4m7"g2sin2 0 Doy + <(7"2 +a?)sin? 6 + W)#) 9,6 =0,
i s =2 (1= 257) Oy + 20y, — 1mre2200,n, — o,
i0: =2 (1 232) g +2 POy — L2230y, — 0,

. 4ma sin? 0 _ 8mr? asm29 8mra sinf cosf 8mra’ sin3 0 cos 2mr
t¢-_( 2 o )77r ( 2 + o Ny — 2 1—p—2

X Oy + 2 ((7"2 +a?)sin? 0 + m’“"p—ﬁ‘”) Ome — W—QsmM(atm + 0pnp —3058) =0
70 220, + 2 p*0,mp = 0,

ié s 20, + 2 <('r’ + a?)sin® 0 + 2"”‘;#) Orny — W—zsmwarﬂt =0,

06 ~2p20m +2 ((r? +a? ) sin? 0  2meyainl) g, — Amresingy, — o,
1:0,f=0

i:—2(1—

p?

22 ) Oy, — A, = 0, f,
i 200, = 0,f,
0:2p*0smp = Opf,
4

b ——4m“p§in298sm +2 ((7’2 + a?)sin® 0 + %W) Osny = 04 f .
(4.10)

It turns out that the algebra of Noether symmetries of the geodesic equations is spanned
by
Os, O, 0.

Case 2. Kerr-Sen.

The Kerr-Sen solution [60] is an exact classical four-dimensional black hole solution in
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the low energy limit of heterotic string field theory. The metric being

2 : 28 A
dss.s = %dr2 + p*dd* + Sl%[(r? + a®)d¢ — adt]® — E[a sin?0d¢ — dt]?,  (4.11)

where A = 1% — 2(M — b)r + a® and p* = 2 4+ 2br + a®cos® @ and M > 0 the mass, a
the specific angular momentum and b = Q?/2M (Q is the electric charge). The algebra

of Noether symmetries of the geodesic equations is spanned by

s, O, 0.

4.4 Classification of the Friedman-Lemaitre-Robertson-

Walker (FLRW) spacetime

The FLRW space times describe homogeneous and isotropic universes, viz.,

1

— dr? + r2d6* + r* sin” 6dp?]. (4.12)

ds% = —dt* + aQ(t)[l

For a(t) = 1, the dimension of the gauge symmetries is nine (seven Killing vectors, one

additional zero gauge Noether symmetry and one non zero gauge Noether symmetry).

These are
X, = —V—1+kr2cos(¢)sin ()0, — _HMQCO:(Q)COS(@% + _1tk;if;?(¢)a¢,

Xy = /=1 F FrZsin (¢) sin (0) 0, + Y- LHErZeos@)sin(0)0y | VoIHkr co(0)ds

r sin(6)
cos(0) sin(¢)0,
X3 = —cos(¢)0p + %,

. cos(0) cos(¢)d
X4 = sin ((b) 69 + ( s)in(O()¢) 2 )

X5 = _\/WCOS (9) O, + \/Wsin(@)c‘)g7

r

Xo = 0,
X7 = 04,
Xg = 0,
Xg = s0;.

If a(t) is arbitrary, one obtains a seven-dimensional algebra (six Killing vectors and one
additional zero gauge Noether symmetry). In the latter case, energy conservation d; and

s0; are lost.
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4.5 Summary and discussions

In this chapter, we have studied some metrics that are asymptotically flat (i.e., Minkowski
‘in the limit’) and, for illustrative purposes, Minkowski by a coordinate transformation.
In turns out that, their respective symmetry algebras are radically different and in the
former case it is not the maximal Minkowski metric. Inter alia, this is a distinguishing
factor between a flat Minkowski type metric and one that generates gravitational waves

being Minkowski in the limit.
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Chapter 5

Symmetries and Conservation Laws
of some Spacetimes in f(R,T)

Gravity

5.1 Introduction

The universe, on large enough scales, is homogeneous and isotropic. Recent cosmological
observations from different sources involving geometrical and dynamical methods have
confirmed that the universe is at the phase of accelerated expansion. The generalization
of the Einstein’s general relativity known as f(R) gravity theory was first proposed in
1970 by Buchdahl [61]. Recently, Harko et al. [62] proposed a generalization of the f(R)
theory of gravity to the f(R,T) theory of gravity where R and T respectively represent
the scalar curvature and the trace of the energy-momentum tensor. For having potential
applications in cosmology, this work turned out to be quite interesting and has opened up
a number of investigations, for example, Jamil et al. [63] reconstructed some cosmological
models in f(R,T) gravity where it was proved that the dust fluid reproduced Lambda cold

dark matter (ACDM) model. Keeping in view the importance the role Ricci collineations
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play in general Relativity, Sharif and Zubair [64] provided a reconstruction and stability
criterion of f(R,T) gravity with a Ricci and modified Ricci dark energy and discussed
the laws of thermodynamics in this modified theory of gravity [65, 66] . Santos [67]
investigated a Godel type universe model, while Harko [62] reconstructed f(R,T) gravity
for a special form given by f(R,T) = fi(R)+ f2(T). More recently, Shamir obtained some
interesting exact solutions of the f(R,T) gravity in a plane symmetric spacetime [68]; the
results correspond to an exterior metric of cosmic string and a non-null electromagnetic
field. They also considered locally rotationally symmetric Bianchi type I spacetimes in

the f(R,T) gravity for some specific cases of f(R,T).

We briefly recall some aspects of invariance properties and vector fields which will impact
our discussions on the symmetry properties of spacetimes. Recall that L£xT is the Lie
derivative of the tensor T" along a vector field X. Then X defines a Lie symmetry of the
Tensor T if LxT = 0. In case the tensor 7' = g, and its Lie derivative along X is zero,
then such a vector is called a Killing’s vector defined mathematically by Lxg., = 0. A

detailed overview of Killing’s vectors is given in [45], [69] and [46].

In this chapter, we follow the detailed analysis and results given in [70], [71] and [72].
Therein, the exact solutions of plane symmetric spacetime in the framework of f(R,T)
gravity, the exact solutions of locally rotationally symmetric (LRS) Bianchi type I space-
time and Bianchi type Vin f(R,T) gravity are investigated. In what follows, we undertake
a detailed analysis of the symmetry structures of the plane symmetric and the locally ro-
tationally symmetric Bianchi type I spacetimes in the f(R,T) gravity expounded in [70],
[71] and [72]. In particular, we construct all the variational (Noether) symmetries and,
in some cases, construct the associated conservation law using Noether’s theorem. We
summarize results in the concluding section with particular reference to the symmetry

structures of some well known spacetimes.

Some results of this chapter have been accepted for publication and will appear in [73].
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5.2 Model and basic equations of the f(R,T) gravity

theory

5.2.1 f(R,T) field equations

The f(R,T) gravity formalism is the modification of the general theory of relativity. The

action of the theory is given in [62] by

S = /\/—_g (if(R, T) + Lm) d*x. (5.1)

Here g is the determinant of ¢, kK = SZ—QG, f(R,T) is an arbitrary function of the Ricci
scalar R = g" R, and T' = ¢""T},,, the trace of the matter energy-momentum tensor 7,,.
L,, represents the matter Lagrangian density. Let us now consider varying the action
(5.1) with respect to the inverse metric g"”. We have

55 :/ 5 (\/__g<if(R,T)+Lm> d%) (5.2)

5g#l’ §g#’/

which vanishes accordingly with the variational principle. Thus the f(R,T) gravity field

equations as given by [62] are
1
fr(R, T>Ruu_§f(Ra T)guv_(vuvv_guum)fR(R7 T)= “le_fT(Rv T)(Tuv+@uV): (5.3)

where V,, denotes the covariant derivative, and

5T, 9°L
__ apf af _ _ af m
@NV - g 5g/“, - g;,u/Lm QTMV 29 aguuagaﬁ, (54)
Of(R,T Of(R.T
O=v'v,, fr(RT)= %, Fr(R,T) = %. (5.5)

We can now get a simple relationship between the Ricci scalar and the trace of the matter
energy-momentum tensor by contracting (5.3); that is we multiply (5.3) by the inverse

metric tensor g"”. We get
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where © = ©, #. We recall that the covariant derivative of the energy-momentum tensor
vanishes; that is

vHT,, = 0.
With this divergence property, we have the following relations, see [62, 74, 75]

fT(R7 T)

T(R,T) (T +©,,)V*In fr(R,T) 4+ V*O) =0

and

7 (fal R Ry (R T~ (9,7, = gD . T) ) =

5.2.2 Models of the f(R,T) theory

Due to the non-uniqueness definition of the matter Lagrangian, it is known that the perfect
fluid may be described by the energy density p, the pressure p and the four velocity u,,.
We therefore assume the matter Lagrangian in the framework of this study as L,, = —p.

With this assumption, the standard form of the energy momentum tensor is given by

T = (p + D)Wt — PGpuv, (5.6)
where u, = {/g00(1,0,0,0) is the four velocity in co-moving coordinates. The substitution
of L, = —pin (5.4) gives

Ou = =P — 2T

Hence, the substitution of ©,, in (5.3) returns

fR(Ra T>R;w_%f(R7 T)guu_(vuvu_guum)fR(Rv T) = ’{TMV+fT(R> T) (TMV+ngV)' (5'7)

The detailed computations given above showed that the field equations above depend
on the physical nature of the matter source ©,,. A number of model appear in this
framework and it was Harko et al., see [62], who came up with the classification of these

into three classes
)

R+ 2f(T),
f(R) +9(T),

f(R) + g(R)h(R).

f(R,T)

\
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Remark: In what follow we use [70], [71] and [72]. We verify the results in those papers

but some do not match with our computations.

5.3 Exact plane symmetric solutions

In the first case, we consider plane symmetric static solutions of the field equations in

f(R,T) gravity. The general static plane symmetric spacetime is given by
ds? = A(z)dt* — do? — B(z)(dy? + dz?), (5.8)

where A and B are the cosmic scale factors. A natural Lagrangian for the corresponding

geodesic equations is then
L= A(z)f* —i* — B(x)(5* + 7). (5.9)

From this Lagrangian of the geodesic equations, we can construct the variational and

gauge symmetries using the Killing type equation

d¢ df
g 98 _df 1
+ ds ds’ (5.10)

where f is a functions of (s,t,z,v,2), X! is the first prolongation (in the jet space) of
the vector field

X =80, + 10, + "0y + Y0, + 070, (5.11)

while &, 7 and 7 are functions of (s,t,z,y,2). For f = 0, we obtain the zero gauge
(variational) symmetries; the variational symmetries include, as a subalgebra, the Killing
vectors or isometries of the corresponding metric. We note that the variational symmetries
are those that leave the functional [ Lds invariant whilst the isometries are the vector
fields that correspond to the one-to-one onto functions that leave the distance function,
defined by the metric, invariant. In the former case, the conserved quantities (conservation
laws) are obtained by Noether’s theorem; for each variational symmetry, there exists a
conservation law. For example, Noether showed that the symmetry 0, leads to energy

conservation, 0., p, and p, are conservation of linear momentum, z0, — yd, leads to
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an angular momentum and t0, + x0; is related to the spin. These may be seen in the
cases expounded below. Some of the symmetries may not lead to physical conservation
laws like ‘scaling’ but have their importance in the mathematical analysis of the geodesic

equations.

Following the analysis given in [70], we look at the cases f(R,T) = R+ 2f(T) and
f(R,T) = f(R)+g(T) dealing with the vector fields of the variational symmetries. These
would necessarily include the Killing vectors/isometries. For illustration, in some of the

cases, we construct the conservation laws.

For convenience, the Ricci scalar is obtained by using the formula
R=¢"R,,.
The detailed calculation gives
2A" AN? 24'B"  4B" B\’
A A AB B B

where prime represents the derivative with respect to x.

R= : (5.12)

1
2

5.3.1 Models f(R,T)=R+2f(T)

When f(R,T) = R+2f(T), we obtain a number of possibilities. From now on, we use the
natural system of unit where x = 1. By taking f(7') = AT for some dynamical parameter

A, the field equations become

1
R,uzz - §Rgul/ - )‘<T + 2]7)9“1/ = (1 + 2)‘)TMV (513)

If we introduce R into (5.13), we obtain the system of differential equations below

B’ 2 B
(ﬁ> e T (5.14)
A'B B'\?
sag ) Tlag) = (30—, (5.15)
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A'B B A 2 A" B 2
— | - | = —|-|=) =0 — 1
(4AB) * (23) (2A> i (2A> (23) (1+30)p =, (5.16)
which is a system of three independent equations with four variables namely A, B, p and p.
The system above is solved with different assumptions, see [70]. Since we are interested in

the form of the metric, we shall just consider solutions for A and B. However, we proceed

at the elimination of p and p by subtracting (5.15) from (5.16) and we get
A 2 B 2 A B" A'B' 2
= o =) —of o 4 =

(1) 2(5) 2(5+%) (G)

(i) Power law model

= 0. (5.17)

We assume A = k2" and B = kyz! where k; and k, are constants of proportionality. It
results that A = k;2=5 and B = kya5. Hence, the power law assumption on A and B

leads to a metric with corresponding Lagrangian given by,
Ly = ky a7 232 — 3% — koa' (P + 27).

The associated symmetries are:

X1 =0,
Xy =0,
X5 =0,
Xy =0,

X5 = —20, + 0.,
X@ = 6885 + 4t8t + 3378;1; + yay + z@z.
These variational symmetries are all killing vectors except X; and Xg. The conserved

quantity associated with Xg, for e.g., not attained through the isometries is

Ts = —5 ko w222 —3ky 2?2%s + hy 2%y — 3 ko 22y %5 +3 2?3420 Bs — 4k, tt+3k t%s]

8
wln Do

while with X5 it is

Ty = —2kox3 (29 — y3)
which is an angular momentum in y — 2.
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(ii) B = A" assumption for n an arbitrary real number

We substitute B into (5.17) and we obtain
(3n+1)A” —2(n+1)AA" =0,

whose solution is

A=ky[(n— Dz +2ks(n+ D)* 0, n#l,

where k3 and k, are integration constants. Taking k3 = 1 and k; = 0, the cosmic scale

factors give

and

m n+1

B=[(n—-1)z]"t",
see [70]. Thus the assumption B = A" lead to the Lagrangian

L = [(n . 1)x]2(n+1)/(1—n)i2 . .TQ _ [(n . 1)x]2n(n+1)/(1—n)(y-2 + 22)’

for which associated symmetries are

X1 =0,
Xy =0y,
X3 =0y,
Xy =0,

X5 = —Zay + y@z,

Xo = 7122(—7;;7”})—81 85 + angvi—l@t + n(21:-_21L)f1 aﬁ” + yay + Zaz

These Noether symmetries are all Killing vectors except X; and X4. Similarly, the con-

served quantity associated with X} is
Ty=2[n—1)z] =1 2

which is linear momentum in z.
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5.3.2 f(RT)=f(R)+g(T)

The field equations (5.7) become

) Ry = 3 F(R)g = (919~ G0l 8 = (U4 r (T T+ (0r(T) + 39(7))
(5.18)

If we contract the above equation with the inverse metric ¢g"”, we have
frRIR)R —2f(R)+30fr(R) =T +29(T) + (T + 4p)gr(T) (5.19)

from which we obtain f(R) whose substitution into (5.18) with rearrangement gives

Guv 4

fRB) By = V,, Vo fr(R) = (1 + gr(T) Ty _ (B = D) fr(R) — (1 +9r(T))

However, since we are dealing with cosmic scale factors depending on the spatial coordi-

nate x and due to the fact that the metric (5.8) is diagonal, we can write

fR<R>R,u,u - vuv,ufR(R) - (1 + gT(T>>Tuu _ (R B D)fR(R) B (1 + gT<T))'

0 (5.20)

L
One can remark that the right hand side of (5.20) does not depend on index p. Hence,

one can define a quantity @, by

Qu _ fR(R)Rw — vuvufR(R> - (1 + QT(T)>TW (5'21)

Gup

such that @, — @, = 0V u,v. The detailed calculation of the nonzero Christofell symbols

gives

1 _ 1A T0 _T0 _ 1A 1 _ 11 _ 1
Dy =35A" TV =T =35, Tyu=I0%=-—358,

11212 - I‘221 - P313 - FS31 - %%- (5'22)

We use these coefficients to compute the nonzero components of the Ricci tensor given

below

-+ 2A”] : (5.23)

(5.24)




- = (5.25)

We also use the formula

VuVufr(R) = Vu(0ufr(R)) = Oupufr(R) + 1,0, fr(R)

to find the second covariant derivative of the function fr(R). Finally, we obtain

A/

Qo = fr(R) - ﬂf}lac(R) — (14 gr(T))p,

A'B’ A 2 A
2AB (ﬂ) o

A 2 1 /B 2 A B
_(ﬂ) _§<§) AT B
A/B/ Bl/ Bl
1AB " ﬁ] "B

Q1 = [r(R) + fr(R) = (1 + gr(T))p,

02 — s — fa(R) [ Fo(R) — (1 + go(T))p.

By subtracting ()1 from )2, we eliminate the variable p and p and obtain the following

non-linear equation

A'B’ A 2 B 2 A" B B f/ (R) //(R)
= 2( =) -2+ = )| -2 -4 2 =0, (526
AB+<A> ! (3) <A+B> B f(B) " fa(R) (>20)
Now, we assume that B = A" and fr(R) < R™, where
1 ) AN? A"
R=§ (3n —2n—1)(z) +(4n+2)Z :
Then, (5.26) becomes
A 2 A" A f/ (R) ”(R)
m+1) (=) —2n+1)—F— —2n—=L— 4~ 5.27
( ) (A) ( ) A A fr(R)  fr(R) (5:27)
(iii) A = 27! model
m2 m
We can show that B = 2~ im  instead of B = z~(16m*+8m+3)/3 a5 oiven in [70] so that

. . _16m2+48m+3 | .
L=g " —3%— o tmam (7 + 2?),

16m?4-8m+3

S 1s obtained from the constraint equation

where n =

16m* +8m + 3 — n(1 +4m) = 0.
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We notice that this constraint equation results from the substitution of A = 71, fr(R) =

R™ into (5.27). The associated symmetries are

X1 =0,
Xy =0,
X, =0,
Xy =0,

X5 = —Zay + yaz,

__4s(14+4m) 3t(1+4m) 2z (1+4m)
Xe = 16m2+8m+5 95 + 16m2+8m+5 O + 16m2+8m+5 O + yf)y + 20;,

where X and Xg are Noether symmetries but are not Killing vectors. We can find all the
associated conserved quantities so that choosing X; for example, leads to the conserved
quantity

2.
T1 = ——1.
i

(iv) A =e* model

We get
1
R = 5(3n2 +2n + 1)a?.

This leads to the constraint equation n — 1 = 0 instead of (n — 1)(3n% +n2 + 1) obtained

in [70]. The corresponding Lagrangian is given by

L — eaw(iQ _ yQ _ 22) _.Z.U2
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for which the associated symmetries are

X1 =0,
Xy =0,
X3 =0,
Xy =0,

X5 = —20, + y0.,

X = 20y +10,,

X7 =y0, + 10y,

Xg =10, — 20, + y0, + 20.,

X9 = tyo; — %y&ﬂ + [% (12 4y — 22%) — %e_aﬂ 0y +y20;,
X0 = [% (12 +y? + 22) — %e*‘m] 0y — %@; + tyod, + t20,,

Xi = =220, + 020, — G0, + |5 (8 — P +22) — e 0.

2 2

Except X7, these variational symmetries are Killing vectors.

5.4 Locally rotationally symmetric (LRS) Bianchi type

I cosmology

The line element of LRS Bianchi type I spacetime used in this study is given by
ds® = dt* — A% (t)da® — B*(t)[dy? + dz?], (5.28)

where A and B are cosmic scale factors with corresponding Ricci scalar

A 2B 24B B2
R=-2|24+22

2 B + —AB + ﬁ (5.29)

The ‘dot’ denotes the derivative with respect to t. Here too, we consider the cases

f(R,T) = R+2f(T) and f(R,T) = fi(R) + fo(T).
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5.4.1 f(R,T)=R+2f(T) model

The field equations of the model are given by
1
R, — §RgW =K1, +2fr (1)1, + (f(T) + 2pfr(T)) G- (5.30)

When we take f(7') = AT for some dynamical parameter A, the field equations then

become

1
R/Ll/ - §Rg,u1/ - /\<T + QP)QW - (1 + 2>‘)THV (531)

Introducing R into (5.31) yields a system of three differential equations with four un-

knowns below

. 2 .
B AB

(E) +25 = (1+30)p = Ap, (5.32)
B (B)

92 (2] =1 _ :
2B (B) (1+3\)p— Ap, (5.33)
AB A B

B A B- (14 3X)p — Ap, (5.34)

We eliminate p and p from the system above by subtracting (5.34) from (5.33). It results

the following non-linear differential equation
AB A B B
—+—-——=—-|=] =0 (5.35)

We study some cases for a precised physical conditions as given in [71].

(i) A= B™ assumption

The substitution of A = B™ into (5.35) yields

BQ
+(n+ 155 =0, (5.36)

@

whose solution is

B = c1[(n+ 2)t + co] 72,
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where ¢; and ¢y are constants of integration. The corresponding Lagrangian is therefore

L=

"[(n 4 2)t + o) 23 — ex?[(n+ 2)t + ) mz [ + 2.

The associated symmetries are

X1
Xo
X3
X4
Xs

= 0,
= 0y,
= 0y7
=0;,
= —20, +y0.,

XG— (n+2)sa + (n+2) t+c28t n+la _I_ya _|_Za

n+1

Here, again X; and Xg are not isometries.

(ii) For n = —1

The Ricci scalar vanishes and the Lagrangian of the model becomes

L = tQ — {Cl (;t + 02)‘| .ft'Q — {Cl (;t + 02)‘| [y2 + 22]

The associated symmetries are

Xy
X
X3
X4
X5

= 0,
= 0y,
=>
= 0.,
= —20, + y0,,

Xe = 6505 + (3t + 2¢2)0; + 420, + y0, + 20,.

54.2 f(R,T)= f(R)+g(T)

We obtain the field equations of the model in a similar way as given

FrlR) R = 5 f(R) g~ (9

9.~ D) = (190D + (por(D) + 30(T)) g

(5.37)
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We multiply the equation above by the inverse metric g*” and it results
Jr(R)R = 2f(R) +30fr(R) = T +29(T) + (T + 4p)gr(T), (5.38)

from which we obtain f(R). Substituting f(R) into (5.37) yields

9uv 4

frB) Ry =V, Vo fr(R) = (1 + gr(T) Ty _ (R — D) fr(R) — (1 +gr(T))

Since the cosmic scale factors depend on the temporal coordinate ¢ and the metric (5.28)

is diagonal, we can write

fR(R>R,u,u - vuv,ufR(R) - (1 + gT(T)>Tuu _ (R B D)fR(R) B (1 + gT<T))'

0 (5.39)

L
Similarly, the right hand side of (5.39) is independent of the index u. Therefore, we can

define a quantity @, by

Q, = FR(R) Ry = ¥,V ufr(R) = (1 + 97(T)) T (5.40)

Gup

such that @), — @, = 0 for all u and v. We calculate the nonzero Christofell symbols as

given below

Foll = AA7 F022 - F033 — BB, F101 —= FllO e %’

F202 = I1220 = F303 = F330 = %- (541)

Similarly, with these coefficients, we find the nonzero components of the Ricci tensor

A B
=-=-2= 42
ROO A B’ (5 )
. AAB
Ry = AA+2———, (5.43)
. ., ABB
Roy = Ry3 = BB + B* + — (5.44)

Using these components, we obtain

Qo = —fr(R) (% + 2%) — fr(R) — (1 + gz(T))p,
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Q= ~f(R) <§ + 2j—§> + 2 nlR) + (Lt gr(T)p,

BB _AB\ B
B B?> AB

Q5 = Qs = —fr(R) <— + =+ —> + EfR(R> + (1 + g2(T))p.

We subtract @)} from @), to eliminate the variable p and p and we obtain the following

non-linear equation

(iii) Exponential law solutions

We suppose that A = B™ and fr(R) o< R™, where

2 B B
(" +n+1)—=+n+2)

=2
R B2 B

Hence, (5.45) becomes

(n® +2n® + 2n 4+ 2)B* + (2n% + 4n + 3)BB?B + (n + 2) B2 B?

+2m(n? +n + 1)BY — m(2n? + n) BB2B — m(n + 2)B2BB = 0.

A solution of the above equation can be of the form
B(t) — ecgt+c4
whose substitution into (5.46) gives the following constraint equation

4+ 4An® + T+ 7=0.

(5.45)

(5.46)

This equation admits two complex conjugate solutions and one real solution. The real

solution is given by

1 10 4
n = —=(260 + 60v/21)5 + —
6 3(260 + 604/21)2 3

Hence, the resulting Lagrangian is
L = 1§2 . e2n (03t+04)j:2 . e2 (03t+04)[92 + 22]
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where n is given in (5.47). The associated symmetries are

X1 =0,

Xy =0y,

X3 =0,

Xy =0,

X5 = —20, +y0,,

X — —%81; 1 (260+60\/ﬁ)?1§(65+15\/ﬁ)%+8l(65+15\/ﬁ)%*30xam + yay + 20,.
c 12(65+15v/21) 2

Only X; is not an isometry.

(iv) Power law solutions

The Lagrangian of this model is given by
L= 152 — (C5t + 66)_2(2m+1)j§'2 — <C5t + 06)2(2m+1)[g)2 + 22]

The associated symmetries are

Xy =0,
Xy = 0Oy,
X5 =0,
Xy =0,

X5 = —20, + 0,
XG = —%85 — cattee at — —(m:;l)xaw + yay + Zaz.

2csm

1

2OI‘?”N,:

(v) For m = :

The Ricci scalar turns out to be constant. In particular, m = % corresponds to Minkwoski

space-time. For m = }L the Lagrangian for the metric takes the form

L =12 — (et + cg)'i% — (est + c6)[5? + 7]
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and the associated symmetries are

X1 =0,
Xy = 05,
X3 =0,
Xy =0,

X5 = —20, + y0.,
Xo = 450, + 2229 , 4 320, + 0, + 20..

5.5 Bianchi Type V

The line element of the Bianchi type V spacetime, see [72], is
ds? = dt? — A%(t)dz?® — *™[B?(t)dy? + C?(t)dz?],

where A, B and C' are cosmic scale factors and m is an arbitrary constant. The corre-

sponding Lagrangian is
L =1 — A%(t)i* — ®™[B2(t)y* + C*(t)2%. (5.48)

To obtain the Einstein field equations of the model, we first compute the nonzero Christof-

fel symbols as given

0 _ AA 0 _ 2mzpF 0 _ 2mxv/ 1 11 _ A
2 _ 12 _ B 3 _1m3 _¢C
I-_‘02_1—‘20_57 I‘03_1_‘30_5

I 2ma B2 1 _ 2ma C? 2 712 13 _T13 _

Then, we use them to find five nonzero components of the Ricci tensor which are the

01-component and the four diagonal components

A B C
A B C
R = A" B O (5.51)



AAB  AAC

B .. AAB AAC 9
RH =AA + B + C 2m s
AAB  AAC . B?
_ 2mzx | T el o 2
R22 =€ ( B + C + AA 2m A2) s

ABB BCB . 2
_ 2mx o 2
R33=e ( P + C + BB —2m _A2> .

The corresponding Ricci scalar is

A B C AB AC BC 3w’

R==212%stc ap " ac o~ @

(5.52)

(5.53)

(5.54)

(5.55)

Hence, substituting the five nonzero components of the Ricci tensor into (5.13) leads to a

system of the following five field equations

AB AC  BC 3m?

B ¢ BC w
E+ZT+§5_;§_AP_G+3Mn
A C AC m?
Z+Y§+Z_—252Ap—ﬂ+3ﬂﬂ

A+B+M?JM—A—Q+M)
A" B AR Az Y p-

(5.56)

(5.57)

(5.58)

(5.59)

(5.60)

The system above is solved in [72] and the values of the cosmic scale factors are provided

in two cases.
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5.5.1 Case n # 0: singular model of the universe

The metric functions A, B and C' for this model are provided in [72] as

A= (nlt + ky)n,

n—3
B = P(nlt + k)= exp [%} . n#3,

n—3
C = P~ (nlt + k)= exp {%} , n#3,

where P and () are constants. The associated Noether Symmetries X satisfy the following

equation

n(21A%™) 32 — pe?m= [QPQ(ZAQ_” + QA ) exp [%] 2+ 2P 2(IA*™ + QA7)

exp [‘f@f’éf] 22} —2mae® (B2 g? + C? 22) + 2i(ns 4 tn, + a0 + 9ny + 212)

—2£2(&, + 1€ + 0&, + Y, + 2E.) — 20 A% (as + Loy + dov, + Yoy, + Fay)
F207 AP (& + 1€ + 3&, + Yy + 2E.) — 29 BBy + 6y + i, + Yy + £P:)
+20° B2 (&, + 16 + 26, + Y&y + 2E2) — 22C2PM (s + by + Bya + Yy + 272)
222072 (&, + 16 + &y + Yy + 262) + 12(E + 16 + BE, + Y&y + 2E2)
—AZEP (& + 16 + 26, + Y&y + 2E.) — PBRPT(E + 16y + 26, + Y&, + 2E.)
—22C%PM (€ + &y + 08 + yEy + 26) = foH Ui+ Lo + Sy + 2

The separation by monomials is given below

£ 0 2 —& =0,

@2 0 AT — 20, + &, =0,

g° o 2(IAT" + QA7) — 2ma — 26, + & =0,
20 AT — QA3 — 2ma — 2y, + & =0,
ti - Ne — oy =0,

i?] SNy — B =0,

tZ : 77z—%:07

. 2QA"3
Ty ay+P25mexp(l£_3>):O,

2 An—3
ti o o+ Py exp <_Z(C;21——3)) =0,

AnfS Anf?)
vz P?B.exp <l2(6721 — 3)) + Py, exp <—l2(% — 3)) =0,
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i’ 6 =0,
g & =0,
26 =0,
t 2ns = [,

1 : f,=0. (5.61)

We finally obtain twelve Noether symmetries including two non Killing vectors as given

below

Xl = asa

X2 = at7

XS = 8x7

X4 — Gy,

X5 = 8Z7
—2Q(nlt + k)"

X¢ = —P Zexp [ Qg?n _+3)1> e*™ 20, + 20,

—2 =

X; = P%(nlt+ kl)% exp [ ngl:_—l-gl;ﬁ ] e®™® 20, + t0,,
—4Q(nlt + k)"

Xg = —P Zexp [ Qg?n _+3)1) 20y + y0.,

2Q(nlt + k)" | .
Xy = —P?exp [ o) ™ yd, + 10,
2Q(nlt + ki)™=

XlO = P2(nlt+k1)%exp l(n—3)

] 0, 4 10,

X11 = (nlt + kl)% l'at + taz,
X2 = 2805+ 10, + 20, + y0, + 20,. (5.62)
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5.5.2 Case n = 0: singular model of the universe

The metric functions A, B and C for this model are, see [72],

A = kyexp(lt),
B = PAexp [—Qexp(_slt)] ;

3lk,°

C=P'Aexp |:Q'3Xp(—3lt):| |

3lk,3
where P and () are constants. The corresponding Noether Symmetries X satisfy the

following equation

n(20A2%) 32 — ne?™= 2B2(1 + 2QA3)? + 2C2(1 — 2Q A~3)2?

—2mae?®(B2y? + C? 32) + 2t(n, + tny + a0y + Ym, + £1.)

—22(&g A & + 16, + Y€, + 2E.) — 20 A% (a + toy + T + Yoy, + Za)
F202 A (& + 16 + 3&, + Y€y + 2E.) — 29BN (B, + 16, + 2B, + YBy + £6.)
+202 B2¥ ™ (&, + 16 + 6, + Y&y + 262) — 22C%M (v, + by + Y0 + Uy + £72)
+222C2P M (&, + 16 + 6, + Y€y + 262) + (& + 16 + 26, + 9E, + 2E2)
—APE?(E +1E + B0 + Y&y + 2E.) — PPBPPM(E +1E + 20 + YEy + 2E2)
—2PCPPM (& 4 16 + B8, + YEy + 26.) = fo + Ui + 2 fu + Ufy + 2fe

In a similar way, the separation by monomials is given by

& 0 2p =& =0,

@2 0 2l —2a, + & =0,

7 2n(l +2QA7?) — 2ma — 283, + £, =0,
2 0 2l —2QA73) — 2ma — 2y, + & =0,
ti - Ny — ay = 0,

ty ny — B =0,

tZ : 77z_7t:0,

o QQA”_3
Ty  Qy +P2ﬁx €exXp (m) = O,

2 AnfB
o e e e <_z(?z = 3)) -0

n—3 n—3
y: . P?B.exp (12(%%) + Py, exp (—%) =0,

3) l(n—3)
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y3 : éy = 07
23 £ =0,
t 2775 = fta

1 : f,=0. (5.63)

We obtain the following symmeties

X1 = 0,

Xy = 0

X3 = 0Oy,

Xy = 0y,

X5 = 0,

X¢ = —PZexp {2@6}3;—2?) e¥™ 20, + x0.,

X; = P72 (kyexp(lt)) exp {2@%} ™ 20, + 10,

2
Xy = —P'exp {4@%1 20y + y0.,
Xy = —P?%exp [—2@%} ™ yd, + 10,
exp(—3it)

X0 = P?(kyexp(lt))®exp [—2@35—}{323] ey + t0,,
X1 = (k2 exp(lt))2 20y + t0,,
X2 = 2805+ t0; + 20, + y0, + 20,. (5.64)

Overall we see that the Bianchi type V gives twelve symmetries among which two are not

Killing vectors.
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Discussion

We have constructed the variational symmetries associated with some spacetimes following
certain f(R,T) models in a plane symmetric case and a locally rotationally symmetric
Bianchi type I spacetime. Each symmetry may be used to construct a conservation law
via Noether’s theorem; we have done this for some cases. In most of the results above, the
algrebra of variational symmetries is six of which four are Killing vectors or isometries and
the additional variational symmetries are 0, and a scaling symmetry involving s. This does
not coincide with the well known algebra of isometries and variational symmetries of the
Schwartzchild metric which generates four isometries but just one additional variational
symmetry Js. In the fourth case of Subsection 5.3.2, the algebra seems to mimic the de

Sitter algebra producing ten Killing vectors with one additional variational symmetry.
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Chapter 6

Conclusion

Symmetry analysis became a powerful tool in investigating differential equations. In
this thesis we examined symmetry, invariance methods and conservation laws of some

riemannian metrics of current interest.

We began our study with the modified de Sitter metric. We investigated the symmetry
classification of the corresponding geodesic equations and came up with the conclusion
that where a finite group generated by conservation laws exists, the Noether symmetry
group has at least one additional symmetry that is not given by Killing vectors. Moreover,
we saw that the dimension of the algebra formed by the Killing vectors, obtained in all
the cases we have studied, is less than or equal to 10 which is in agreement with Theorem

1.2.2 since we worked in four-dimensional spactimes.

The application of invariance methods in solving equations of our interest urged us to
choose dependent inavriants which lead to appropriate reduction in variables. In this
dynamic, we utilized the generalized fundamental theorem of double reduction to reduce
the number of variables from four to two in the wave equation studied. The wave equation,
initially written in terms of a field v depending on four variables, turned to be in terms

of a field v which only depends on two variables.
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We saw that the isometry group is always a finite-dimensional Lie group acting smoothly
on the manifold considered. Hence, the Lie derivative is one of the right tools in this

study for finding symmetry of a metric.

We constructed the variational symmetries associated with some spacetimes that are
asymptotically flat as well as some f(R,T)-gravity theory. In these cases, we derived the
Einstein field equations that gave solutions to the metrics. Most of the complicated cal-

culations done in this thesis were made possible with the help of Maple and Mathematica.

In future, we shall develop methods to provide a general classification of Noether symme-
tries with some minimal symmetry group in terms of Killing vectors. If this is successful,

it will help to compare this general classification to the Killing vectors algebra.
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