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Abstract

The Kronecker product is the unique bilinear product of matrices which arises
from vectorization via the vec operator and matrix multiplication. This ap-
proach may be generalized to the block vec operator and the block Kronecker
product which are defined for arbitrary partitioned block matrices. This disser-
tation brings to light a novel approach of describing balanced and unbalanced
partitioned block matrices and discusses properties of the block vec operator
and the block Kronecker product. This novel approach is extended to block
tensors and block tensor unfoldings following the work in [Lin. Alg. Appl.
149,165-184(1991)] and [SIAM J. Matrix Anal. Appl. 33(1),149-169 (2012)].
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Chapter 1
Introduction

In linear algebra and multilinear algebra, we study different matrix products
each with its own structure and properties. The products that arise naturally
are the usual matrix product, Kronecker product as well as the Hadamard
product (also known as the Schur product or the entrywise product) while
for the block structured matrices, the Khatri-Rao and Tracey-Singh products
generalize these concepts [6]. When dealing with linear operations, the natural
product is the conventional matrix multiplication while the tensor product
(i.e. the Kronecker product for matrices) is the natural product for bilinear
operations. To formally explore different kinds of matrix products, we first

introduce a block matrix.

A block matrix is a matrix whose entries are matrices [5]. For example,

A A 0 A
A= A.21 A.22 A?n
A A A
with each matrix A;; of order p x ¢ where i = 1,...,m and j = 1,...,n [5].

Here A;; is called a submatrix in the i-th row and j-th column of A. Therefore
A is an (mp) x (ng) matrix [5]. Block matrices are perceived to have two
structures, namely balanced and unbalanced partitions. In the case where all
block submatrices have the same size, we say A is partitioned in a balanced
way. An unbalanced partitioning has block submatrices A;; of order p; x g,
where p; # pi, and ¢; # ¢ in general, for all i # k and j # [ [5]. A block matrix

can be visually represented with horizontal and vertical lines to distinguish the
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submatrices. Properties and standard operations of the conventional matrices

also hold for block structured matrices.

We now introduce four matrix products collected from [6] starting with the
Kronecker product which is the main product in this work, since the other
matrix products considered here follow from it and it will be used throughout

the dissertation.

Definition 1 Let A = (a;;);; be an m x n matriz and B = (b;;):; be a p X q
matriz over a field F. The Kronecker product of A and B is defined as the
(mp) x (nq) matriz [9]

CL11B algB c CblnB
A 2 B G/Q%B GQ?B o CLQT.LB
amlB am2B N amnB

Thus A ® B is an m X n block matriz that contains p X q submatrices.

Tensor products obey the universal factorization property as follows [7]. Let
Vi, Vo and W be vector spaces. For every bilinear map f : V; x Vo — W, there
exists a unique linear map ¢y : V3 ® Vo — W associated with the bilinear map

Vi x Vo = V1 ® Vi where ¢y o ® = f. Thus the following diagram commutes

bilinear
Vi x Vs W
R
® ,¢f
VieV,

and a 3 X 2 matrix



CHAPTER 1. INTRODUCTION 6

Then
[ /2 6 2 6 26\] [2 6 6 18 0 0]
111 2| 3[1 2| o1 2 1 2 3 0 0
31 31 31 3 1 9 0 0
2 6 2 6 2 6 10 30 4 12 8 24
511 2] 201 2| 41 2 5 10 2 4 8
31 31 3 1 15 5 6 2 12 4

is a 6 X 6 matrix which can also be written as a 2 x 3 block matrix as follows

2 6|6 18] 0 |
1 213 0
3 119 0
10 304 12] 8 32
5 1002 4|4 8
(15 5|3 212 4 |

Here each block or submatrix is a matrix of order 3 x 2. Unlike the conventional
matrix multiplication, there is no restriction on the sizes of matrices when
calculating the Kronecker product. In some cases, the Kronecker product is
referred to as the tensor product or the direct product [9]. The Kronecker
product is defined for standard matrices as shown above, we can also define it
for block matrices. This introduces the next matrix product, the Tracey-Singh

product.

The Tracey-Singh product generalizes the Kronecker product in the sense that

(6]
[A o Blij = [[Ai; @ Brlwlij-

This is the Kronecker product of pairs of submatrices of each block matrix A
and B that are partitioned (balanced or unbalanced) block structured matrices.

For example, consider a 2 x 2 block matrix

A A
A21 A22_

and a 1 x 2 block matrix

B = [Bn 312 )

then
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{An ® B11 Ay ® Big ‘ A, ® By A1 ® Bl2-l

AoB = .
LA21 ® B11 Ay ® By ‘ Ao ® By Ay ® B12J

This matrix product is regarded as the block Kronecker product and is dis-
cussed fully in Chapter 3 (where it is called the balanced partitioned block

Kronecker product).

The Hadamard product on the other hand takes two matrices of the same
order and produces a third matrix of the same order and is denoted by ® [6].
Let A and B be m x n matrices, the Hadamard product of A and B is defined
entrywise by [7]

(A® B)ij = (aijbi;)ij-

For example, if A and B both are 3 x 3 matrices, with

ailz a2 Aas b1 bio 513
A= |ay ax 23 and B = |by by b |,
az1p azz as3 bs1 b3z bss

then
a11b11  a12012 CL13513
A® B = |axbsy agby aszbes

as1bs1  azabsy  assbss

Similar to the Kronecker product, we can generalize the Hadamard product
to produce another matrix product defined for partitioned matrices [6]. This
product is called the Khatri-Rao product (for balanced and unbalanced parti-

tioning) and it generalizes the Hadamard product in the following way [6]
[Ax Blij = (Aij ® Bij)is-
For example, if A and B both are 2 x 2 partitioned block matrices,

1 2(3 6 0 1

2 4 1
PR LI N R B Y )
7 1 0 2 2

o
— =
w =

(eI
O =
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then
Ax B — _An ® By A2 ® By
_A21 ® Bgy  Ags ® Bay
(1 2 0 1 3 6 11
Q ®
[\ 4 10 9 3 13
(71 2 2 10 7 1
® ®
AUR! 15 0 1 00
[0 1 0 2|3 3 6 6 |
1 0 2 0/3 9 6 18
0 2 0 419 9 3 3
2 0 4 09 27 3 9
=114 14 2 27 1 0 0
7 35 1 5/0 0 0 0
0 2 2/0 0 7 1
0 1 5/0 0 0 0

This matrix product produces a block structured matrix that consists of block
matrices as its submatrices. It is important to note that the Kronecker prod-
uct is not commutative while the Hadamard product is commutative. The
Tracey-Singh product and the Khatri-Rao product do not commute also since
they are defined in terms of the Kronecker product. These matrix products
are connected since some properties can be derived from other products, for
example the Hadamard product of two matrices can be written in terms of the

Kronecker product as follows
A®B=M"(A® B)N

where M and N are selection matrices of order m? x m and n? x n, respectively
[6]. The matrix products are useful tools in areas of multilinear algebra, as well
as in econometrics and statistics [6]. We now define the vec operator which is

closely related to the Kronecker product.

Definition 2 The vec operator is an operation that converts an m X n ma-
triz into an (mn) x 1 column vector by stacking each column of the matriz
underneath the other [9].
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For example, given a 2 x 3 matrix

1 3
0 4

o O

Then

vec(A) =

O© O =W O

is a 6 X 1 column vector. The vec operator also provides the relation between
the usual matrix product and the Kronecker product, and we see this in de-
tail in Chapter 2. The vec operator is a vector space homomorphism and is

compatible with the Hadamard product in the sense that [6]
vec(A ® B) = vec(A) © vec(B).

A generalization of the vec operator is the block vec operator, the vectorization
of a block matrix, denoted by vecb [5]. There exists two kinds of vecb operator,
namely vecb, which stacks the vec of each submatrix of a block matrix, and
vecb, which stacks the vec of each submatrix of the block transpose of the

block matrix. For example, consider a 2 x 3 block matrix

All A12 A13
A21 A22 A23

Then we can vectorize A column-blockwise, i.e.

vech.(A) =

)
)
)
| (1.1)
)
)
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We can also vectorize A row-blockwise denoted

vech,(A) = (1.2)

Similar to the block vec operator, we have the block tensor unfolding. Here, a
block tensor is defined in a similar way to the block matrix and is a tensor that
consists of tensors as it entries [8]. We can transform a tensor into a matrix
and this process is known as the tensor unfolding. A generalization of tensor
unfolding is called the block tensor unfolding. The mathematical definition is
provided in Chapter 4. The main focus of this dissertation will be on the block

vec operator and the block tensor unfolding.

Before we begin with the next chapter, we first define the commutation ma-
trix which will be useful in defining some of the properties throughout this

dissertation.

Definition 3 The commutation matriz K,,, is given by

n

j=1 k=1
where Eji, is an m X n matriz.
For example,
(1 0/0 0[0 0]
0 01 010 O
0 0[O0 01 O
Kas =
0 1/{0 0/0 O
0 0[O0 1|0 O
| 0 0]0 0]0 1|

The commutation matrix is sometimes referred to as the permutation matrix
P (perfect shuffle and is defined in Van Loan [11], Schicke [9] and Henderson

and Searle’s [3] vec permutation article) and is useful for transforming the vec
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operator to the vec of the transpose. In other words,
vec(AT) = Ky, vec(A)

for every m X n matrix A [3]. Notice that vec(A) and vec(AT) have the same
number of entries but in a different order [3]. The other main function of
the commutation matrix is to reverse the order of the Kronecker product.
As stated above, the Kronecker product is not commutative, so we can use
the commutation matrix to reverse the order. In particular, let A and B be

matrices of order m x n and p X ¢, respectively. Then [3, 9]
B®A=Kyum(A® B)K,, = K] (A® B)K,,.

These two properties of both the Kronecker product and the vec operator

appear again in Chapter 2 as part of the main discussion.



Chapter 2

The vec operator and Kronecker

product

This chapter provides properties of the vec operator and the Kronecker prod-
uct. The Kronecker product arises when applying the vec operator to matrix
products and it has an important role in solving linear matrix equations [9].
We use both the Kronecker product and the vec operator to obtain equivalent

equations which are provided in the example below, collected from [9].

Example 1 (Matrix equations) The following are linear equations of un-
known matrices X,Y and their equivalent systems of equations defined direclty

from the mized product property (Theorem 1, below).
1. AX =B <= (I ® A)vec(X) = vec(B)
2. AX+XB=C < [I®A)+ (BT ®@I)]vec(X) = vec(C)
3. AXB=C <= (B"® A)vec(X) = vec(C)
4. AX+YB=C < (I® A)vec(X)+ (BT @ I)vec(Y) = vec(C)

The basic properties of the vec operator collected from [3, 9] are stated below

and we will refer to them later in the dissertation.
Properties of the vec operator
1. vec(ab’) = b ® a, where a and b are column vectors.

2. There exists a permutation matrix K,,, such that vec(AT) = K, vec(A)

for all m x n matrices A.

3. vec(A + B) = vec(A) + vec(B).

12
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4. For all o € IF, vec(aA) = avec(A).

5. tr(AT B) = vec(A)T vec(B).
The following results will be used to prove many properties throughout

the dissertation.

Theorem 1 (The mixed product property) Let A, B,C, D be ma-

trices of order m x n, p X q, n X s and q X t, respectively. Then
(A® B)(C ® D) = (AC) ® (BD).

Proof Let A = (a;)ix and C = (ckj)k; then, by the properties of matric

multiplication (blockwise)

(A® B)(C ® D)
-CL11B a2 B - ai,B cuD ci2D - 3D
amlB CngB T amnB CnlD Cn2D e CnsD
—((111011‘1‘ <o FainCn)BD - (ancist o Faintns)BD
_(amlcll+ e +amncnl)BD e (amlcls_'_ e +amncns)BD
aix Q2 -+ Qin 11 Ci2 -+ Cis
= S . || ®(BD)
Am1 Am2 - Amn Cp1 Cp2 -+ Cpg
— (AC) ® (BD).

The next theorem provides an important application of the vec operator which
enables us to express matrix multiplication as a linear transformation on (vec-

torized) matrices in terms of the Kronecker product.

Theorem 2 If A, B,C are matrices of order m X n, n X q, q X t, respectively.
Then [3]
vec(ABC) = (CT @ A)vec(B).

Proof Let B = ab” where a is an n x 1 column vector and b* a 1 x q row
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vector. Then by property 1 and Theorem 1 above

vec(ABC) = vec(Aab’ C)
= vec((Aa)(CTh)T)
= CTb® Aa
=(CT"® A) (bR a)
= (C" @ A)vec(ab”)
= (C" @ A)vec(B).

The result follows by linearity of the vec operator and writing B as the sum of
rank 1 matrices.

Corollary 1 Let A be an m X n matriz and B be an n x q, by Theorem 2
vec(AB) = vec(ABI,) = (I, ® A) vec(B)

and
vec(AB) = vec(I,,AB) = (BT ® I,,,) vec(A).

Corollary 1 together with linearity of the vec yields the four matrix results in
Example 1. Similarly, since A = AI,[l,, then by Theorem 2, we obtain an

explicit formula for the vec operator namely
vec(A) =) e;® Ae;.
i=1

This is the (mn) x 1 column vector where ey, ..., e, € F is the standard basis.
A generalization of Theorem 2 will be provided for block matrices in the next
chapter and we use the property to prove other common properties of the vecb

operator.

The following theorem provides basic properties of the Kronecker product col-
lected from [9] and we will omit some of the proofs which are similar to the

others.

Theorem 3 (Basic properties of the Kronecker product) Let A, B and
C' be matrices of order m X n, p X q and k x [, respectively. Then [3]

1. " ®@a=a®b" =ab’ for column vectors a and b.

2. Forallao € F, 0(A® B) = (0d) ® B=A® (aB).
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3. (Ae B) = AT ® BT,
4. (A® B)* = A*® B*.
5 A (B(C)=(A®B

7. (A+B)®C=(A&C

)@ C

6. A9 (B+C)=(A®B)+(A®C) whenk=p and | = q.
)+ (B®C) when m =p and n = q.
) =

8. tr(A® B) =tr(A) tr(B) = tr(B® A) where m =n and p = q.
9. I, ® I, = Iy,

10. B® A=K,," (A® B)K,

11. det(A ® B) = det(A)? det(B)™ where m =n and p = q.

Proof
Proof of 1. Let a and b be column vectors of order mx 1 and nx 1, respectively.
Then

v @a= (b by) &

A
bl(ll bnal
bia,, -+ bpam,
Clel cee albn
ambi o+ amby,
ai

_ (b - )

am
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Proof of 2.

Proof of 3.

(Ao B)' =

o, B

anozB

CL210[B

amiaB

a1

21

Am1

= A® (aB).

anB

_(alnB)T

alnBT

= AT @ B”.

Q12

22

a12B
a22B

amgB

aas B

OZGQQB
Qo B
algCYB

CLQQO./B

Ao B

Am2

CllgB
CL21B a22B

_amlB a'mZB
(a1 B)" (anB)"
(a12B)" (axeB)"

(aQnB)T
_CLHBT angT

(IlgBT GQQBT

CZQnBT

alnB
a2nB

A B

aar, B

oo, B

Qn B

arp,aB

o B

Ao B

Q1n

A2n
® (aB)

amn

T
alnB

agnB

Amn B

(amlB)T
(am?B)T

(amnB)T
CLmlBT

amgBT

A BT
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Proof of 4. The proof of 4 is similar to the proof of 3, by taking the complex

conjugate throughout.

Proof of 5. Let D = B ® C, then

A®(B®C)=A® D

CL11D cee alnD
amiD - amnD
a;1bC - a11b1qC
anbplC' s CLprqC
A1 b1 C - -+ a'mlblqc
amlbplC s amlbqu'
(aB)nuC - (alnB)qu
_(amlB)plc T (amnB>qu
—(A®B)®C.

Proof of 6.

A® (B+C)

a1 (B+C) app(B+C)
921 (B + C) a22(B + C)

_aml(B + C) amg(B + C)
[ a1 B+ a1C  a1aB + a12C
an B + a1 C axB + anC

_amlB + amlC CLmQB + CLmQO

CLHB a,lgB e alnB
a21B a/22B e (lQnB

am1B amaB - apnB

a1,01:C alnblqc
alnbplc alnbqu
amnbllc amnblqc
Ay bp1 C i bpgC
(lln(B —f‘ C)
azn(B + C
amn(B + C)
(llnB + alnC
CLQ”B + CLQnC
amn B + amnC
CLHC algC alnC
CL210 CLQQC CLQnC
amlC (lmQC amnc
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=(A®B)+ (A ().

Proof of 7. The proof of 7 is similar to the proof of 6, by taking the product of

the sum of the two matrices and C.

Proof of 8. We have

Proof of 9.

3

— Z > (ee]) @ (ese))

Z(ei ® ej)(e,- ® ej)T

Proof of 10. By Definition 3, we define the commutation matrices KZ;p and

Ky, as
m P m p
T _ E E : T _ § § : T T
i=1 j=1 i=1 j=1
and

n q n q
an = ZZEM X E,Z; = ZZekelT X 616{,

k=1 I=1 k=1 1=1
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respectively. Using properties 1 and 2 of Theorem 3 as well as the mized

product property, we get

3

MQ

K! (A® B)K

L
M-

(eje; @ eiej )(A® B)(ere; ® erey)

s
Il
N
<
Il
—
B
Il
—
—
Il
—

NE
M-
M:
M@

s
Il
—
<
I
—
e
I
—
~
Il
—

T T T T
eje; Aege; @ eie; Begey,

NE
M@
M:
MQ

(e; ® eie] Bey)(e] Aepe] @ ey)

~
I
—
<.
I
—
x
—
—
I
—_

1=
[M]=

(e;®e;® e;‘-FBel)(eZTAek ®el @et)

@
Il
—
<
Il
i
B
Il
—_
—
Il
—

and since e;rBel 1s a constant, by Property 1 of Theorem 3 we get

p n q

Z Z Z Z e; ® 6?361 ® ei)(e'f ® e;-rAek ® e;f)
=1 j=1 k=1 [=1
n q

i Z Z ejel Be @ €;)(e] ® el Aeyey).

j=1 k=1 1=1

.

|
lzms

By Proof of Property 9 we get

<Z E;jBe; ® ez> <elT Rel A Z ekeg>
i=1 1=1 k=1
= Z Z (Be; @ ¢;)(e] @el A)

3

3

= Z Z(BelelT ® eel A)
=1 =1

=B ®A.

S
<

Proof of 11. Since A® B = (A® I,)(I,, ® B) it follows that

det(A® B) = det((A® I,,)(I,, ® B))
= det(A ® I,) det({,, ® B).

We use direct sums (Chapter 3) to calculate det(l,, ® B) and det(A ® I,)
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follows in the same way. Consider the direct sum

[m Omxp

I, ®B =
Opsme B

We know from the Leibniz formula that the determinant of a general s X s

matriz 18

det(A) = Z Sgn<U)Ala(1)A2a(2) T Asg(s)-
with the signature of the permutation o given as

1 if ois even

—1 if ois odd.

sgn(o) =

As a result

det(l,, ® B) = Z sgn(o)l-1---- 1B15(m+1)B2o(m+2) * * * Bpo(m-+p)

Similarly we find
det(B & I,,,) = det(B).

We have that

det(l,, ® B) = det(B ® (I,,_1 ® B))
= det(B @ I(m-1)p) det([, & ([ni—1 @ B)).

Since

det(I, & (I;n—1 @ B))
= det(I,,-1 ® B)
= det((B @ I(m-2)(Ip © (Im—2 © B)))
= det(B ® I(m—2)p) det (L2 ® B)
= det(B & Im_2)y) det(B & Ipn_s),) - - det(B & L) det(I, & B)
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then

det(]m X B) = det(B &P ](m—l)p) det(B P ](m_g)p> .- -det(]p &P B)
= det(B) det(B) - - - det(B)
= det(B)™.

In a similar way we can show that det(A ® I,) = det(A)P, hence

det(A® B) = det(A ® I,) det(l,, ® B)
= det(A)? det(B)™.

Theorem 4 Given an n xn matriz A and a m x m matriz B, then (A® B)™!

exists if and only if A~' and B~ exist, and

(AB)'=A"1® B

Proof From linear algebra we know that the inverse of matrices are unique
(when they exist). Suppose that A~', B~! exists. Then by Theorem 1,

(AR BY(A'® B™Y) = (AA™Y) ® (BB™)

and

(AA™) @ (BB™)

I
—~

I, ®I,)
L.

It follows that A ® B is non-singular and we identify
(A B '=A"@ B

Since inverses are unique, (AQB)™! exzists if and only if (A®QB)™!' = A~'@B™!
so that A™1 and B™! exist. Therefore both A and B are non-singular.

Recall: We denote by o(A) the spectrum of a matrix which is the set of all
eigenvalues. A square matrix A of order m x m has eigenvalue A € o(A) with

corresponding eigenvector x # 0 if [1]

Ax = \x.
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Theorem 5 Let A and B be square matrices of order m xm and n xn, respec-
tively. Then A\ is an eigenvalue of A @ B with the corresponding eigenvector
r®y when A € 0(A) and p € o(B) and x and y are corresponding eigenvectors
for A and p, respectively.

Proof From above,

Ax = Az, By = uy.
Then
Ax ® By = Az ® uy.

By Theorem 1 and property 2 of Theorem 3, we get
(Az@By) = (A B)(z®y) and  (\2)® (uy) = Mz @ py).
Therefore,

(A® B)(z®y) = Az ® uy)
= Az ®@y).

Consequently, (A® B)(z ®y) = Au(r ®y), and v @y # 0.

The Kronecker product also has many applications in areas of quantum com-
puting, signal and image processing as well as semi-definite programming [9)].
It is easy to see that the Kronecker product has properties which are similar to
the conventional matrix multiplication. In particular, associativity, distribu-
tivity as well as the order independence of scalar multiplication holds for both
[9]. These properties become useful throughout the dissertation as they will
help us to prove properties of other operations. It is clear that the vec opera-
tor allows us to convert matrix equations into systems of equations using the
Kronecker product that defines the coefficient matrix. The Kronecker prod-
uct induces two additional operations, namely the Kronecker sum which arises

naturally from the second matrix equation in Example 1 and is defined as
(A@x BT)vec(X) = vec(C)
where the Kronecker sum
(A B)=(1,® A)+ (B® I,)

is defined for square matrices A and B of order m x m and n x n, respectively
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[9]. In general, the distributive law does not hold for the Kronecker sum, i.e.
(Adgk B)@C # (AR C) @k (B ()

and
AR (BogC)# (A® B)dk (A ().

The second operation is called the symmetric product and is also known as
the Jordan product where multiplication of matrices is the Kronecker product,
ie. AR B+ B® A. The symmetric Kronecker product has properties that
are similar to the Kronecker product and is discussed fully in [9]. The next
chapter provides a detailed discussion on the generalized vec operator as well

as relevant properties.



Chapter 3
The vecb operator

In Chapter 2, we considered the Kronecker product and the vec operator both
defined for conventional matrices of order m x n, where m,n € N. In this
chapter we discuss the generalization of these operations which are defined
for block matrices, namely the block Kronecker product and the block vec
operator. They follow the same operations and have similar properties to the
Kronecker product and the vec operator defined for conventional matrices.
Both the block Kronecker product and the block vec operator are presented
in two parts with reference to the structure of our block matrix (the balanced
and unbalanced partitioned block matrix). We denote by A X B, the block
Kronecker product defined for partitioned block matrices A and B (i.e. both
A and B are partitioned in a balanced or unbalanced way). On the other hand
A H B denotes the block Kronecker product where only one block matrix is
partitioned and the other is a general non-partitioned matrix. The algebra of
the block Kronecker product A X B and the block vec operator for balanced
partitioned matrices is already defined in [5]. We derive and introduce the
algebra of the block Kronecker product AX B in the unbalanced case and one
for AHB defined in both cases following the work in [5]. We will also introduce
the block vec operator for unbalanced partitioned matrices and discuss some
of its properties. We denote the block vec operator by vecb which also arises
in two parts, the vecb, operator which induces the block Kronecker product
AN B as well as the vecb, operator which induces the block Kronecker product
AHB.

Before we begin with the main discussion of the vecb operator and the block

Kronecker product, we first define an unbalanced block matrix. Let A be an

24
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m X n matrix where m and n are partitioned m = my + mo + - - - + m; and
n =mny+ns+---+n. Then we say A is an unbalanced partitioned block
matrix where each submatrix A;; may have a different size m; x n; [5], for

example,

A=

S =W
N — | =
S Ot O

To introduce an algebraic expression for this matrix, we first introduce E-
matrices which are used to identify the entry of the submatrix or the block in
which each A;; belongs. We denote such a matrix by Ej;; and it is a matrix
that consists of 1 in its 4, j-position and 0 elsewhere. Let m = (my,...,my)
and n = (ny,...,n;) be vectors of integers defined from the blocks of an m x n
block matrix. We define the k& x k block matrix £, n, of order m x km,, that
consists of the identity matrix I,,, in its p-th row and column and a zero matrix
Omgxm, in its g-th row and r-th column. Here ¢, € F* is the element of the

standard basis in F¥ with a 1 in entry p and 0 in all other entries. In particular,
p—1 k
Eep,m - (@ Omixmp> S Imp S < @ 0m¢><m;;> (31)
i=1 i=p+1

where the direct sum A@® B of two matrices A and B of order m x n and p X ¢,

respectively is defined as

Oqu

Opun B

A®B =

Example 2 Let m = (1,2). We can see that k = 2. Choose p =1, then

2
Eel,m - ]ml S5 (@ OmiXm1> = Il ) 02><1

i=2
I 01><1]
102x1 0251
(10
=10]0
00
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Choose p = 2, then

1
Eeym = @Omixm2> D Iy = 0152 D Lo

=1
[ 01><2]
_02><2 IQ
[0 0]0
=10 0]1
000

— OO

The direct sum has some properties which are similar to the Kronecker product,

sums for product-compatible matrices, that is

(4 0

e.g. the mixed product property seen above also arises in the case of direct
0 B

C 0
0 D
AC 0
_O BD
— (AC) @ (BD).

(A B)(Ce® D) =

Further properties of the direct sum (in contrast with the properties of the

Kronecker product on page 14) are
1. AeB)+(CeD)=(A+C)® (B+ D).
2. (AeB)©@C=(A®C)& (B CO).
3. (AeB)'=A"1e B
4. det(A ® B) = det(A) det(B).
5. tr(A @ B) = tr(A) + tr(B).

Remark: Property 2 follows from our definition of the Kronecker product,
and C ® (A® B) # (C® A) & (C ® B) in general.

We will now introduce an algebraic formula of expressing a block matrix using

the Kronecker product and discuss some of the basic properties.
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Definition 4 An unbalanced block matriz A is a block matrixz of order m x n

AH c. Alq

A Ay,

pl

where the submatrices Ay, need not have the same sizes and are of order my,xn,
where m = ZI;:1 my and n = 22:1 ng. Using the matrices defined in (3.1) it

follows that this definition is equivalent to expressing A as

A= Z Z Eep,m(qu ® qu)Eg;,n

p=1 ¢=1

For example, we can express the matrix

311 0
A= 14|15
02 6

withm=n=(1,2) and k =1=2 as

10 0 1
A= Eel,m ® <3> EZI nt Eel,m ® (1 O) Ez; n
00 ’ 00 ’
0 0 4 0 0 1 5
+Euym ® El 4+ Eem ® B,
’ 10 0 ’ 7 0 1 2 6 ’

We say that A is an unbalanced block matrix of order 3x3. Here the E-matrices
Ee,m and E,_, reduce to one of

|

respectively. Here I is an appropriate identity and the remaining entries are

the appropriate zero matrices.

In Definition 4, we have introduced the matrices E,, m (3.1) which, to some
extent, allow us to regain the algebraic structure of balanced partitioned block
matrices. This novel approach reflects the underlying algebraic structure via

notation, as opposed to the informal approach presented in [5] and the indexed
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(modal) approach of [§].

We define a balanced block matrix from the unbalanced block matrix as follows,

A= Z pa ® Apg), (3.2)
when m; = my = -+ =my and ny = ny = --- = n,;. In this case, the matrices
Eep,m = Epp & [ml and Eean = Pyq & [711 so that

A= ZZE; m(Bpg ® Apg)EL

p=1 g=1

k l
= Z Z(Epp ® Iy ) (Epg ® Apg)(Egq @ In,)

p=1 g=1

k l
= Z Z EppEpgEeg ® Iy ApgIn,

p=1 g=1
which reduces to (3.2).

Definition 5 A balanced partitioned matriz A is an ms x nt matriz with block

enties A,, each having the same order of m x n for all p = 1,...,s and

g=1,...,t

For example, if

1 2[3 6

249 3

Clrtlto”
0 10 1

then A is said to be a 2 x 2 balanced block matrix of order 4 x 4 that consists
of 2 x 2 blocks.

Matrix partitioning often arises naturally with large matrices since it allows
for manipulation to be carried out on the submatrices or subblocks [4]. We
can partition any matrix to make it a block matrix, for example, an m x n
matrix can be partitioned into an m X n block matrix where each entry is a
block of order 1 x 1, or as a 1 x 1 block matrix with an m x n block. For

example, consider an m X n matrix A defined by

Z Z 61 ij i and bj = €4,

=1 j=1
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where a; and b; are m x 1 and n x 1 column vectors, respectively. Using the

fact that e; € R", we can express A algebraically as follows
A= Z CijJT = Z e eiT(A)ijeje]T
J ]
=Y ei®e] (A)je; @€
]
=Y ei®e] @6l (A)ye
]

= By ®(A);.
i

Here, (A);; is an m x n block matrix that consists of the entry a;; in its 4, j-

position and 0 elsewhere. For example, if

( )
s b ol

Linear operations and matrix operations such as matrix multiplication, ad-

then

A:

dition, transpose of a matrix, matrix conjugate are also applicable in both

balanced and unbalanced block matrices.

3.1 Balanced partitioning

In this section we discuss the vecb, operator and its properties which enable
us to define the block Kronecker product A X B. We consider balanced parti-
tioned block matrices throughout this section. Properties of the vech operator
are also derived from the standard vec operator. We state and prove these
properties below collected from [5]. This includes properties of the block Kro-
necker product which are a generalization of Theorem 3, defined for block
matrices. We also consider the case where only one matrix is partitioned and

describe the block Kronecker product in such a case.

Let A be a block matrix defined as in (3.2), we first show that block matrices
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obey the usual matrix product structure AB. Let

A=Y (Ey®Ay) and  B=)Y (E,®Buy)

pq uv

be block matrices of order ms x nt and nt x rk, respectively. Here A,, has
order m X n where p = 1,...,s,q = 1,...,t and B,, has order n x r with
u=1,...,t,v=1,..., k. Then

AB = (Z Epy ® qu> <Z Eu, ® Buv)
n " t t k v
=20 2.2 BB ® Ay Buy

p=1 g=1 u=1 v=1

n t k
= Z Z Z Epv ® ququ

p=1 ¢q=1 v=1

Y B (i ququ>

t
Z ApgBav
q=1

pv

As mentioned in Chapter 2, the vec operator arises naturally when discussing
the Kronecker product of matrices which is also the case for block structured

matrices. We use (3.2) to define the concepts of the vecb operator.

Definition 6 Let A be a balanced partitioned matriz defined as in (3.2). The

column-blockwise vectorization vecb.(A) is defined as follows,

veche(A) =Y " (vec(Eyy) ® vec(Ayy,)), (3.3)

rq

while the row-blockwise vectorization vechb,(A) is given by

vech(A) = > (vec(E,,) @ vec(Ay)). (3.4)

pq

Equation (3.3) is the same as (1.1) and is connected to the block Kronecker
product A X B. Equation (1.2) is the same as (3.4) and is connected to the
block Kronecker product AH B.
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Similar to the vec operator, the vecb operator is also a linear operator, that is
vech. (A + B) = vecb.(A) + vecb.(B),

vecbe(aA) = avecb(A).

The same results also hold for vecb,. Properties of the vecb operator enable
us to define the above mentioned block Kronecker products. In a special case
where A is not partitioned (partitioned into 1 x 1 submatrices), vechb.(A) =
vec(A) and vecb,(A4) = vec(AT). The following lemma is given without proof
in [5].

Lemma 1 Let A be an (ms) X (nt) block matriz with m X n blocks and let K,

be the commutation matriz. The permutation matrix I; ® K, ® I, provides
veche(A) = (I; ® Ky, ® I,,,) vec(A).

Proof By property 9 of Theorem 3 and Theorem 1, respectively

s n t n
vecho(A) =Y Y (L@ epel @ee) @1,) Y Y (eg® e, ® Aleg ® ey,))

p=1 I=1 q=1 k=1

S Y e e kLAl © )

p=1 I=1 k=1 g=1

=220 ca®e® (g @ 1) (Z > (B @ Az‘j)) (e ® €1))

p=1 I=1 ¢=1 i=1 j=1

s n s t t
=20 2.0 ) c®e @ (ageicie) ® (Aye)

p=1 I=1 i=1 j=1 ¢=1

s n t
:ZZZGQ@)%@@Z@AMGZ

p=1 I=1 q=1

= Z Z(vec(qu) ® vec(Apg)).

p:l q:l

We will use Lemma 1 to define the block Kronecker product by generalizing
Theorem 2.

It is mentioned in Chapter 1 that we can use the commutation matrix K,,,
to write vec(A) in terms of vec(AT). Since we have two different block vec-

torizations, we introduce a way in which we can express vecb.(A) in terms of
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vecb;(A) in the next result.

Let A be a general ms x nt block matrix,

with each A,, of order m x n. Then
vecho(A) = (vec(Er1r) @ vec(Air)) + (vec(Ear) ® vec(Asar)) + - - + (vec(Ep,) ® vec(Ap,))
and vectorizing row blockwise yields (3.4),

vech, (A) = (vec(E11) ® vec(Arr)) + (vec(Ea) @ vec(Ags)) + - -+ + (vec(E,y) ® vec(A,,))
= (vec(E])) ® vec(Ay)) + (vec(EL,) @ vec(A1a)) + - -+ + (vec(EL ) @ vec(Ay,))-

pq

Using vec(AT) = K,; vec(A) where A is an s x ¢ matrix gives us
vech,(A) = (K4 vec(Err) ® vec(Ar1)) + (Kg vee(Ero) ® vec(Agg)) + -+ .

We know that K is the st x st commutation matrix, vec(E,,) is an st x 1
column vector and vec(A,,) is a mn x 1 column vector. Therefore, by the

mixed product property, we have

(Kt vec(Epy)) @ vec(Apg) = (Kg vec(Eyy)) @ (Lnn vee(Ayy))
= (Kt @ Lnn)(vec(Epg) @ vec(Ay)).

Hence

vech, (A) = (Kg @ L) [(vec(E11) ® vec(Arr)) + (vee(Er2) @ vec(Ags)) + -+ -]
= (Kst (029 ]mn)[(VeC<E11) [ VeC(AH)) + (VGC(Egl) X VGC(A21>> + .- ]
= (Ks ® Iny) vech(A).

We have proved the following proposition.

Proposition 1 Let A be an ms x nt block matrixz with all the sub-matrices

being of order m x n where vecb.(A) is defined as in Definition 6, then

vech, (A) = (Kg ® L) vecbe(A).
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We now generalize Theorem 2 which will induce the definition of the block

Kronecker product A X B using Lemma 1.

Theorem 6 Let A be defined as in (3.2). We define B and C' in a similar way
where both B and C' are block matrices of order (hj) x (rk) and (rk) x (nt),
respectively. Then there exists a unique bilinear matrixz operation AX B such
that

vech.(BCAT) = (AX B) vecb.(C),

for all C.

Proof Using Lemma 1 and Theorem 2 respectively,

vecb.(BCAT) = (I, ® Kjp, ® Iy) vec(BC AT)
= (I, ® Kj,, ® 1) (A ® B) vec(C)
= (I, ® Kjp, ® 1) (A® B) (I} @ K ® 1) vecb,(C)
= (AKX B) vecb.(C)
where K,, = Kl and
(AR B) = (I, ® Kjm @ I)(A® B)(I, ® Ku ® I,). (3.5)

Equation (3.5) provides a direct form for A X B, which we give in the next

corollary.

Corollary 2 Consider the block Kronecker product AKX B where A and B are

block matrices of order ms X nt and hj x rk, respectively. Then

ANB = Z(qu ® Euw) @ (Apg @ Buv).

pquv

We note that this is the Tracey-Singh product since it is given in the following
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way
[ An ® By Ay ® Byy Ay ® Byy A1y ® By, |
All & Bul All ® Buv Alq & Bul Alq X Buv
AN B = : : : :
Ap ® By Ap @ By, Ay, ® By Apy ® By,
Apl X Bul Apl X Buv qu 0%y Bul qu ® Buv

As seen in Chapter 2, the block Kronecker product also induces the block
Kronecker sum, that is, the block Kronecker sum H of block matrices A and
B (denoted by AH B) is

ABB=1,XA+ BKX [,.

The following properties generalize the basic properties of the vec operator

discussed in Chapter 1.
Properties of the vech. operator

1. Let a = (a,) and b = (b,) be block column vectors of order m x 1 and

n X 1, respectively where p=1,...,sand ¢ =1,...,t. Then

vecb.(ab’) = b X a.

2. If A, B, D are block matrices of order (ms) x (ms), (nt) x (nt), (ms) x (nt),
respectively and let AH B be the block Kronecker sum of A and B, then

vechb.(AD + DB) = (A8 B”) vech (D).

3. Let A, B,C, D be partitioned block matrices of order (ms) x (nt), (nt) x
(rk), (rk) x (wz), (ms) x (wz), respectively. Then

tr(ABCD") = (vecb.(AT))" (D X B) vecb.(C).



CHAPTER 3. THE VECB OPERATOR 35

4. Let AX B be defined as in Theorem 6. Then

vecho (AR B) = ([; ® Kis ® L, @ Ky, @ I,) (vech(A) X vecb.(B)).

5. Let A be an m x n matrix and B be a general partitioned matrix. Then

considering A ® B as a m X n balanced partitioned matrix,

vecb.(A ® B) = vec(A) ® vec(B).

Proof Some of the proofs are tedious (and proved by entrywise direct compu-

tation) and we have omitted them here.

Proof of 1.

Using Lemma 1 and Theorem 6,

veche(ab”) = (I, ® Ky, @ 1,,) vec(ab”)
= ([, ® Kgm © 1,)(b @ a)
=bNa.

Proof of 2.

vecb.(AD + DB) = vecb.(AD) + vecb.(DB

)
= ([} ® K¢ ® I,,) vec(AD) + (I; ® Ky, ® I,,) vec(DB)

= ([} ® K¢ ® I,)[vec(AD) + vec(DB)]

= (I, ® Ky, ® I,)[(I ® A) vec(D) 4 (BT @ I) vec(D)]

= (I; ® Ky, ® I,)[(I ® A) + (B" @ I)] vec(D)

= (L ® Ky @ L) (I ®A) + (B" @ I](I; ® Kep ® I,,)" vecb(D)
be(D)

=[IXA+ BT K] vec
= (AB B")vecb(D).
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Proof of 3. By property 4 of properties of the vec operator,

tr(ABCDT) = (VecAT) ) vec(BCDT)
(I I @ I,,) vechb (A™))T vec(BCDT)

(

(

(vecb (AT)) (Is ® Ky @ 1) (D ® B) vec(C)
= ( A

= (

vecb.(AT) (I, @ Kiy, @ 1,)(D @ B) (I, @ Ky, @ I,.) vech,(C)
(vecb(A)))T (D X B) vecb.(C).

The next theorem provides basic properties of the block Kronecker product
collected from [4], [5] and [10]. These properties generalize Theorems 1 and 3
from Chapter 2 and we will use the results of Theorem 6 and Corollary 2 to

prove them.

Theorem 7 (Basic properties of the block Kronecker product A X B)
Let A, B,C, D be blockwise partitioned matrices of appropriate order. Then

1. (cA)KB=AKX(cB) =c(AX B)

2. (AR B)" = AT ® BT

3. (AR B)(C® D) = (AC ® BD)

4. AR (B+C)=(AXB)+ (AXC)

5. (A+ B)KC =(AXC)+ (BXC(C)

6. tr(AX B) = tr(A) tr(B)

7. BRA=KI(AX B)K, for some commutation K, and K, .
Proof of 1. Let A and B be matrices of order ms X nt and hj x rk, respectively.
Using (3.5),

(cAYR B = (I, ® Kjp ® I;) ((cA) @ BY(I, @ K, @ 1),

then by property 2 of Theorem 3, we get

=(Is® Kjm @ 1) (AR (e¢B))(I; @ Ky, ® 1)
((Is @ Kjp, @ 1) (c(A® B)) (I @ K ® 1)
=c((Is @ Kjin @ I)(A® B)(I; @ Ky @ I,).

Proof of 2. Let A and B be matrices of order ms xnt and hj X rk, respectively.
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By (3.5) and property 3 of Theorem 3,

(AXB)" = (I, ® Kjp ® I)(A® B)(1, ® K, @ I,))"
= (L ® K @ L)(AT @ BY) (I, @ Ky @ 1)
= ATX BT,

Proof of 3. Consider the balanced partitioned block matrices A, B, C, D of
order (ms) x (nt), (hj) x (rk), (nt) x (wl), (rk) x (yz), respectively. Let AX B
be defined as in (3.5), and similarly CXD = ([,&K;,,®1,)(CRD)([;®0K,,®1,).
Let K1 = (i@ Kjy @ 1), Ko = (I @ Ky, ® 1) and K3 = ([, ® Ky, ® I,). By
Theorem 1 and (3.5), respectively.

(AX B)(CR D) = (Ki(A® B)Ks)(K; (C ® D)K3)
— Ki(A® B)K,KZ(C ® D)K;
— K\(A® B)I[(C ® D)K,
— Ki(A® B)(C @ D)Kq
— K,(AC ® BD)K;
=ACKX BD.

Proof of 4. Let A be an ms x nt block matrix and B and C be matrices of
order hj x rk. Using Corollary 2 and property 6 of Theorem 3,

AR (B+C) =) (Ey® Euw) ® (Ap @ (B+C)us)

pquv

= (Epg® Euy) ® (Apg © (Buy + Cun))

prquv

> (Bpg ® Eu) ® ((Apg ® Buw) + (Apg ® Cu))

pquv

— (AR B) + (AR C)

by left distributivity of the Kronecker product.

Proof of 5. The proof of 5 is similar to the proof of 4, by right distributivity.
Proof of 6. Let A and B be balanced partitioned matrices of order mp X mp
and ng X ngq, respectively. We define AR B using (3.5) as follows

(A& B) = ([p ® qu ® [n)<A ® B)Up ® Kmq ® In):
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then

tr(AX B) = tr((I, ® Kgm ® 1) (A® B)(I, ® Ky ® 1,))
tr(A® B)({, ® Kpg ® 1,,) (I, @ Ky @ 1,,))
:n«A@Bx ® King @ I,) (I, ® KL, ® I,))
(A
(

B)
trA)()

using property 8 of Theorem 3.

Proof of 7. Let A and B be matrices of order ms xnt and hj X rk, respectively.

Let kv and ko be some appropriate commutation matrices satisfying
kj,{‘(qu ® Eu’l))kQ - Euq) ® qu.

By Corollary 2 and Theorem 1,

B X’ A == Z(Em; ® qu) ® (Buv ® APQ)

pquv

= Z kT Epg ® Eup)ks ® k1T<qu ® Buy) ko

pquY

- Z kT@kT q®Euv) & (qu®Buv))(k2®k2)

pquv

= K'(AX B)K,

for permutation matrices K1 = k1 ® k1 and Ky = ko ® ko.

In the special case where only one matrix is partitioned, say B, a hj X rk matrix
with the entry B, order h x r blocks and A is a general non-partitioned m x n

matrix, we get

ABB=) E,®A®B,, (3.6)

uv
We also write A H B in matrix form as follows,

A® By ... A® By,
ABB= : - : . (3.7)
AR By, ... A® By,
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The same properties of the block Kronecker product stated above also hold for
this product which arises naturally when we consider the operator vecb, and

is introduced in the next section.

3.2 Unbalanced partitioning

In this section we introduce the novel approach of the block Kronecker product
AH B which is compatible with vechb,. We have already defined an unbalanced
block matrix which will be the centre of this subsection. Let A be defined as

in Definition 4, and let B be the (unbalanced partitioned) matrix

l r
B == Z Z Eeu,n(Euv ® Buv)Eg;,s'

u=1 v=1

The partitioned matrix product

AB =

l
Z APQBQU
q=1

pv

for unbalanced partitioned block matrices obeys the usual matrix product for-

mulae. This follows from the special case of the product

Epp@]mp if p =g,
0 if p # q.

T —
Eep’mEeq,m -

In particular,

k l l r
AB = Z Z Z Z Eep’m<EPq ® APq)Eg;,nEeu,n(Euv ® Buv)Eg;,s

p=1 ¢g=1 u=1 v=1

k l r
- Z Z Z Eep,m(qu ® Apg) (Egq ® I’nq)(Eqv & qu)Eg;,s

p=1 ¢g=1 v=1

k l r
- Z Z Z Eepvm(EPqquEqv ® qu]anqv)EeTv,s

p=1 g=1 v=1

k l r
= Z Z Z Eepm(Ep ® ApgBy) EL

p=1 g=1 v=1
l
E :APQBQU
q=1

k r
=22 Fepm

p=1 v=1

T
Eev,s

pv
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which completes the result.

Definition 7 Let A be an m xn unbalanced block matriz where each A;; block

has order m; x nj. We define the vecb operator as follows,

vech.(A) = Z Ee,ge;nem(vVec(Eij) @ vec(Ay;)) (3.8)
]
for column-blockwise vectorization and
vech,(A) = Z Ee,5¢;,men(vec(Ej;) @ vec(Ay;)) (3.9)
]
for row-blockwise vectorization.

Note that the equations (3.8) and (3.9) still yield the block vectorization shown
in (1.1) and (1.2)

VeC(AH) VGC(AH)

A A
vech.(A) = Vec(' 21) and vech,(A) = vec(‘ 12)
vec(Apn) vec(Amn)

where the entries generally have different orders.

The above definition allows us to derive the results similar to Proposition 1 in
the unbalanced case. We already know by definition, the matrix E,, », where

I,,, is an unbalanced identity matrix. We define
K®l, =K

as a commutation matrix that contains the identity matrix I,,, and satisfies
the condition K vec(E;;) = vec(E]}). By (3.8), we can vectorize an unbalanced

block matrix as follows,

vech (A) = Z Ee e, nom vec(Eij) @ vec(Ay;)
ij
- Ee1®e1,n®m VeC<E11) &® VeC(All) + Eel®eg,n®m VeC(EQI) &® VeC(A21)
+ Ee1®63,n®m VGC(Egl) X VeC(Agl) + .-
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By (3.9),

vech, (A) = Z Ee,@e;,man vec(Ej;) ® vec(Ay;)
ij
= Eel®el,m®n vec(EH ® vec(AH E61®62 m®n VQC(E21> & VeC(Am)

T

= E¢ e, man Vec(E;) ® vec(An E. gesmen vec(EE) ® vec(Ais)

T

) ) +
+ Ee,ges man Vec(Ls1) @ vec(Aqs) +
) )+
+ Ee,gesmon Vec(Ei3) )+

& VGC(Alg
Then by definition of vecb, and Proposition 1, we have

vech,(A4) = Z Ee,0e¢;,men vec(EL) ® vec(A;5)

ij
ij
= Z Ee;@e; men K vec(Ej) ® vec(A;;)
ij
= Z Eei®6j,m®n(K & Imlnj) VeC(Eij) & VeC(Aij>.
ij
This result is reminiscent of the expression for vecb.(A) in equation (3.8).

The permutation matrix K factors out in the following way, and provides the

unbalanced partitioning analogue of Proposition 1.

Proposition 2 Let A be an m x n unbalanced block matriz of A;; blocks.
vech,(A) = K vecb.(A)

where
- T
- E :E€i®€j7m®n(K ® Iming)EeJ®eZ n®m
ij

1S a permutation matrix.

Conversely,
veche(A) = KT vech,(A).

The proof is straightforward and follows from the fact that the commutation
matrix K converts vec(E;;) into vec(E);) which reflects the structure of vec-
torizing row-blockwise, thus we only show that K vecbe(A) = vech,(A). The

converse follows since K1 = KT

Proof If E.; n and E., m are n X kn; and m x km; E matrices, respectively.

Then the product ET Ee;9e;nom reduces to the Kronecker product

e;®e;,n®m
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EG 1)kti—1)k+i @ Lnjm; where

Eg-nyiri-nw+i = Ejj @ B
= ejejr & eieiT

= (e; ®e;)(e; @e)”

= vec(E;j)(vec(Ey;))T.
Therefore,

(EG-1)kti,(i—1k+i @ Lnym, ) (Vec(Eij) ® vec(Ay;))
= Bk -1kri VeC(Eij) @ Injm, vec(Ajj)
= VGC(EZ‘J‘)(VGC(EZ‘J'))T Ve()(EU) X Ve()(Aij)
= VeC(EZ‘j) & VGC(AZ'j).

As a result,

K vech (A) = Z EeZ@ej,m®nKEeTj®ei7n®mEej®ei,n®m vec(E;;) @ vec(A;))
ij

= Eee,menK vee(Eyj) @ vec(Aj;)
7

= Eeie,men vee(Ej;) @ vec(Aj;)
7

= vech,(A).

We have introduced the block Kronecker product defined for balanced parti-
tioned matrices A and B in Section 3.1 and we will now introduce one for
unbalanced partitioned block matrices. Similar to Section 3.1, two block Kro-
necker products will be defined here, one where both matrices are partitioned

and one where we partition only one block matrix.

Theorem 8 Let A, B,C be unbalanced block matrices of order m X n,u X v
and v X n, respectively where the submatrices A;;, By and Cy; are of order

m; X nj,ug X vp and v; X n;, respectively. Then there exists a unique bilinear
matriz operation AX B such that

vecb.(BCA") = (AKX B)vecb.(C).

Proof The matriz product BOAT reduces to a block matriz of order u x m
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where the submatrices are of order u, X m; as follows

BCA" =" E., u(Bn ® Bu)E. ,Ee,o(Ej ® Cy)E! Ee o(E; ® AL)EL

ijkl :

= BewulBu © Bu)(Eu ® L) (Ey © Cy)(Ej; © 1) (B © ADE] ,,
ijkl

= Z Eep u(EnEyE; @ Bszszz})E;?’;,m-
ijkl

By (3.8),
vecb.(BCAT)
= Z Ee¢®ek,m®u VeC(EklEleji) X VGC(B]CZC[]'AZ;-)
ik

=Y Besemen(Ey ® Bu) vee(Eyy) ® (A © Bi) vee(Cyy)
ijkl

= Eeseomen(Ei; ® By) © (Ay; © By) vee(Eyy) ® vee(Cy)
ijkl

and since Eg;@el,n(@VE@j@@ln@V 18 a projection onto the subspace spanned by
{vec(E);) @ x : v € F"" }. We have

vech.(BCAT)

= Z Ee,germeu(Eij @ En) ® (A ® Bkl>EZj®el,n®vEej®ez,n®v vec(Ey;) @ vec(Cyy)
ikl

= (AX B) vecb.(C)

where

AX B = Z Eei®ek,m®u(Eij ® Ekl) ® (Az] 0% Bkl>EeTj®el7n®v-
igkl

Note that in the case of balanced partitioning we have m®u = (mquy, ..., myu;)
and hence E ge, mou = Fii @ Epi @ Iy, . By the same reasoning we obtain
Ee,0eimev = Ejj @ By @ I, and similar to the calculation on page 35 we ob-
tain the product in Corollary 2 (in the balanced case). We extend the results
of Theorem 8, using Proposition 2 to induce a different approach of vectorizing

row-blockwise.

Corollary 3 If the conditions of Theorem 8 hold, then there exists a unique
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product AH B such that
vech, (BCA™) = (A8 B) vech,(O).

Proof By Proposition 2 and Theorem 8, respectively.

vech, (BCAT) = K vech.(BCAT)
K(AX B) vech(C)
{(AX B)KT vech,(C)

= (AH B) vech,(C)

where

(ABB):= K(ARB)K".

Remark: Since we know that the product AHB is induced by vecb, operator,
Corollary 3 allows us to define the product in terms of A X B provided that
both A and B are partitioned. We will elaborate on this in Definition 8.

To introduce the concept of the block Kronecker product A H B in the case
where we partition B only and A is a general non-partitioned matrix let mpg =
(mpa,...,mpy) and ng = (ng1,...,np,). The matrix defined above in (3.7)
also holds for the unbalanced case with the submatrices B,, having different
orders. We show that the equivalence in Definition 8 holds and the results are

derived in the Appendix.
As a consequence of Corollary 3, we have the following definition.

Definition 8 Let B be defined the same as in Definition 5, where mp =
(mpi,...,mpy) and ng = (ng1,...,npy). The Kronecker product A8 B,

where A is an s X t non-partitioned block matriz, is

A El B - Z Eeu,smB (Euv & A ® BTW)EZ;JUB'

uv

Remark: Since

ABB = Z Eeu®€p7mB®mA (Euv ® (qu ® qu) ® Buv)Eg;Qgeq,nB@nA

pquv

= Z E1®eu,s®m3(1 QL ®AQ Buv)Eg@ev,t@nB,

uv
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it is clear that if we partition A here as a single block A;; = A, our product
AH B changes into AKX B. The same properties defined in the balanced case

above are also applicable in the unbalanced case when partitioned in this way
[5].
Theorem 9 Let A, B and D be block matrices and I be an appropriate identity
matriz. Then

vecb,(AD + BD) = (I3 A+ BT B I)vech,(D).

Proof By Corollary 3,

vech,(AD + DB) = vecb,(AD) + vecb,(DB)
= vech,(ADI") + vecb,(IDB)
= (1 8 A)vech,(D) + (BT B I) vech,(D)
=(IBA+ BT81)vech,(D).

We will now provide basic properties of the Kronecker product AH B collected

from [4, 5] which are proven in the appendix below.

Theorem 10 (Properties of the block Kronecker product AH B) Let A,

B, C and D be block matrices partitioned in an unbalanced way, then
1. ABB = K,"(B® A)K, for some commutation matrices K, and K,
2. AH(B+C)=(ABEB)+ (ABC)
3.
/.
5

(A+B
(

. (ABB)(CBD)=(ACBBD)
(

)BC =(ABC)+(BBO)
ABB)T = ATE BT

)
IBAYBBI)= (BB Al) = (BB A)
7. (ABB) ' = A8 B!
8. AHB = KlT(B H A)K, for some commutation matries Ky and Ko
9. tr(AB B) = tr(A) tr(B)
10. det(A B B) = det(A)™ det(B)™

11. exp(ABI+IB8B)=expAHBexpB
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Proof See Appendixz Al.

We note that A H B has the same properties as A ® B and by uniqueness,
there exists an isomorphism between these two tensor products which makes

them equivalent. This is demonstrated the next commutative diagram.

AxB—5 _+ AB8B

bilinear

_linear v ..
® [bilinear .-
o llinear

ae B.k_

1 éAéB
As a result, uniqueness of the the isomorphism A ® B — A H B ensures that

600{ == IdA@B.

Theorem 11 Let A and B be square (block) matrices where A has eigenvalue
the «; associated with eigenvector x; and B has eigenvalue 3; associated with

etgenvector y; such that
Ay = s, By; = Bjy;-.

Then the Kronecker products AHB and B ® A have the same eigenvalue o;f3;

with corresponding eigenvector (x; By;) and (y; ® x;), respectively.

Proof By the Mized product property,

(AB B)(zBy) = Az; B By; and a;pi(z; By;) = auz; B By,

Using property 1 of Theorem 10, we have

K[ (B® A)(y; ® 2;)K, = (By; © Ax)
= (Bjy; ® ;)
= Bjci(y; @ x;).
Therefore,

(B® A)(y; ® x;) = Bjai(y; @ 1;).

Hence the result holds.



CHAPTER 3. THE VECB OPERATOR 47

Remark: The block Kronecker product A H B defines a tensor product of
matrix spaces and so by universality it is isomorphic to the algebra defined by
A ® B. Since we know that A x B — (' is bilinear, we can use the universal
factorization property to deduce existence of a unique linear 1) such that the

following diagram commutes [7].

A < B bilinear : C

It is clear that since we define the block Kronecker product in terms of the
standard Kronecker product then operations that hold for the standard Kro-
necker product also hold for the block Kronecker product. As seen above, it is
easier to show basic properties and operations for the block structures using
the standard Kronecker product. An important observation is that in order to
vectorize column-blockwise, all the matrices need to be partitioned. To vec-
torize row-blockwise all matrices do not need to be partitioned [5]. In other
words,

ABB =) Ee umy(Ew® A® By)E]

ey,tnp
uv

is independent of any partitioning of A.



Chapter 4

Tensors and tensor unfoldings

4.1 Introduction to tensors

In this chapter, we introduce a novel approach of tensors and tensor unfoldings.
A generalization of these concepts is discussed in the next section, namely block
tensors and block tensor unfolding. We denote by A € RIv*2x*IN an N-th
order tensor, which is an I; x Iy X --- X Iy tensor and a block tensor will be
denoted by [A]. Tensors extend matrices to a higher order and we define a
tensor as a higher order multidimensional array [2]. A multidimensional array
is an array that consists of multiple arrays, for example a matrix is an array
(a column) that contains arrays (rows) in each entry. We consider tensors
whenever we cannot work with matrices since they yield specific mathematical
framework for formulating and solving problems. Tensors are frequently used
in various fields such as numerical multilinear algebra, physics, engineering
and machine learning, signal processing, numerical analysis and chemometrics
[11]. We can categorise tensors into different orders based on their respective
sizes (the number of indices). For example, an m x 1 column vector has one
index and is denoted as x = (z;) for all i € {1,...,m}. This is classified as
a first order tensor or a tensor of order one [2]. A second order tensor can be
thought of as an m x n matrix A = (a;;) wherei € {1,...,m},j € {1,...,n}

for all m,n € N and is denoted

m n m n
§ T E § T § § :
A= aijeiej = A;5€; &® €j ~ Qi5€; &® €. (41)
i i=1 j=1 i=1 j=1

48
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An object with 3 indices is an m xn x p (third order) tensor A = (a;jx) denoted
by

m n

p
.A: ZZZGWQ ®€j X eg. (42)

i=1 j=1 k=1
Third order tensors and tensors of order greater than 3 are referred to as higher
order tensors. A tensor of order N is an [; X Iy X ... X Iy tensor with NV indices

and is denoted

I Ip) In
A= ZZ } : Qjpigein €ip & €jy @+ -+ Q) €4
i1=1lia=1  iy=1

In this chapter we will focus on third order tensors to present most concepts
since they are reasonable to visualize. In most cases, concepts generalize to
higher order tensors in a straightforward way. Tensors are arrays that contain
sub-arrays. These are referred to as fibres and slices. For a third order tensor,
the sub-arrays are classified into three kinds based on which index is fixed.
Slices are formed when we fix all but two indices of the given tensor indices.
They can be thought of as a collection of matrices. For a third order tensor,
slices are also divided into three modes, for example the frontal slices arise

“wo.m

naturally from A..,. Here, indicates that the corresponding index is not
fixed. In the case where j is fixed, we get A.;. which indicates a lateral slice.
Horizontal slices are obtained by fixing 7 in A;.. For example, let a tensor of

order three A € R3***2 be defined as

3 2

A:ZZZaijkeiQ@ej@ek

i=1 j=1 k=1

where a1 = 1, a121 = 2, a131 = 3, @141 = 4, as11 = 5, a1 = 6, ags =7,
agqr = 8, azi1 = 9, azor = 10, azz1 = 11, azy = 12, a112 = 13, a0 = 14,
a3z = 15, argp = 16, agio = 17, age = 18, agzp = 19, agp = 20, az;p = 21,

a392 — 22, a332 — 237 and asq2 = 24.

We write
1 2 3 4 13 14 15 16
Aq,s=15 6 7 8 and A., = |17 18 19 20|,
9 10 11 12 21 22 23 24

then, A.; and A.., are called the frontal slices of the tensor. Lateral slices are
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defined when j is fixed and are expressed as

1 13 2 14 3 15 4 16
A;l; - 5 17 9 A;Q; - 6 18 9 A;,?,; - 7 19 and A:4: = 8 20
9 21 10 22 11 23 12 24

The horizontal slices are described as

1 2 3 4 5 6 7 8 9 10 11 12
Al:: - 5 Ag;; = , A3:: =
13 14 15 16 17 18 19 20 21 22 23 24

where i is fixed. We define fibres as an extension of matrix columns and rows
defined by fixing all but one index. These are considered as a collection of
vectors. From the example, the tensor A € R3***2 has the following mode-1

fibres,

1 13 2 14
A= |5, Ap=117|, Au=1]6]|, A= |18],

9 21 10 22

3 15 16
A1 = | 7|, Asz= 19|, Au= 8|, Asp=120

11 23 12 24

Each A is regarded as a mode-1 fibre of the tensor where j,k are fixed.

Mode-2 fibres are defined when i, k are fixed and expressed as

1] [13] 5
9 14 6
Aq = y Ao = 5 A 1 = 5
1:1 3 1:2 15 2:1 7
4 16 8
17] [ 9] (91
18 10 922
Agy = C Agy = C Agy =
2:2 19 3:1 11 3:2 23
20 12 24

For mode-3 fibres, we get

1 2 3 4
A, = 5 A = 5 A = ) A = )
11: [13] 12 [14] 13 [15] 14 [16]
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where i, j are fixed.

We can convert a tensor into a matrix by rearranging its entries into rows and
columns. This is known as tensor unfolding or matricization [2]. We can trans-
form a single tensor into different matrices depending on the order of the tensor
by partitioning its index into different groups [2]. For example, a third order
tensor A € R11*/2XIs hag three possible matrix outcomes (tensor unfoldings) as
follows: mode-1 which is an I; x I3 matrix, mode-2 which is an I X I3]; ma-
trix and mode-3 which is an I3 x I; I, matrix [2]. In particular, an N-th order
tensor has mode-n unfolding denoted by I, X (Iny1lso - INL1 -+ 1, 1). We
note here that unfolding is defined differently in [2] and [8], the results which
follow can easily be adapted to either definition. We will use the following
definition [2].

Definition 9 (Tensor unfolding) The mode-n tensor unfolding of an N-th
order tensor A € RIVI2xXIx s the matriz A,y € Riv*UniilnizIvhiz-In-a)

with the element a;,;, i, at the position with row number i,, and column number

N N n—1 n—1 n—1
S =0 ] LIIL+D -0 ]] L
k=n+1 s=k+1 j=1 k=1 j=2

Tensor unfolding arises naturally from (4.1). In particular, the equation defines
the mode-1 unfolding which is an I; x Iy matrix. The mode-2 unfolding is an

I, x I} matrix denoted

A(Q) = Z Z ;€5 & eiT = A{l) (43)

i=1 j=1

For a third order tensor, the mode-1 unfolding is defined as

m n D
A(l) = Z Z Z Q;55€; X 6? X BZ
i=1 j=1 k=1

m n

p
= Z Z Z Qjk€; ® (ej & 6k)T'
i 1

i=1 j=1 k=
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Mode-2 (A(2)) and mode-3 (As)) unfoldings are also defined similar to (4.3)

by interchanging the indices with respect to their respective modes.

Example 3 Let a tensor of order three A € R¥>***2 be given by

1 2 3 4 13 14 15 16
Aa=15 6 7 8 and A.o= |17 18 19 20|,
9 10 11 12 21 22 23 24

where A..; and A.o are the frontal slices of A. Then the mode-1 unfolding of
A is the 3 x 8 matriz

1 13 2 14 3 15 4 16
A(l): 5 17 6 18 7 19 8 20/,
9 21 10 22 11 23 12 24

the mode-2 unfolding is the 4 X 6 matriz

9 13 17 21
10 14 18 22
11 15 19 23
12 16 20 24

Ay =

N S
co 3 O Ot

and the mode-3 unfolding is the 2 x 12 matriz

12 3 4 5 6 7 8 9 10 11 12
13 14 15 16 17 18 19 20 21 22 23 24 |

A =

For an N-th order tensor, the n-th unfolding is defined as

I I
T T T T
A(n)zzailﬂé ,,,,, inCin & € ®"'®€,’N®€il®"'®€

Tn+4+1
11...0n
I I
- § : 21,0255t " tn In+1 N 21 tn—1

1.0

LIy N T -1 T
= Z ailaiQ ----- 7;Nein ® ® elk ® ezk .
k=1

k=n+1

3

i1...0n

As seen above with matrices and the vec operator, it is also possible to represent
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all the elements of an n-th order tensor as a vector. We vectorize tensors in a
similar way seen above by vectorizing each array. In particular, if A € Rt>x/n
then we define inductively the vec operator of the tensor denoted vec(A) € RY,
where N = [, ---I,, by

vec(A.q)
vec(A..o
vec(A) = ( 2)

vec(A..r,)

n

where A.1, A.o,... A1, denote the mode-1 frontal slices. It is clear that the

vec of a first order tensor (vector) is simply its column vector.

Example 4 Consider the tensor A € R3>***2 defined above, the vectorization

of A is given as follows

13
17
vec(A) = | : | eR.
8
12
16
20
24

In other cases, the vec of an n-th order tensor can be defined by taking the vec
of the mode-1 unfolding of the same tensor, depending on the ordering. For
example, the third order tensor defined above has the mode-1 unfolding

3 4
A(l) = Z Z Z aijkel- ® <€j ® ek)T.
=1

2
i=1 j=1 k=1

We can derive the algebra of the unfolding vec of A(;) using the definition as
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follows,
3 2
el ) = vee (222<>)
i=1 j=1 k=1

2
Zvec (aire; ® (e; ® ex)")
1 k=1

]
M,&

1

<.
Il

%

v

M)
M-

(ej ® €k) &® Qi5kC4,
1

R‘
,_.

7

1
which is a column vector in R?*. The general equation of this vec is given by
holy / N n—1
i) = 3 (@ i) o (@en ) e
i1in \k=nt1 k=1

Matrix operations such as matrix products and matrix addition can be ex-
tended to tensors. We can add any two tensors entrywise with restriction that

they have the same order and size, for example C;jy, = Ajji + Bijk.

4.2 Tensor multiplications

We have already defined matrix products in Chapter 1, we will now describe
the different tensor products which involves multiplying a tensor by a vector,
matrix and by another tensor. We first demonstrate how the algebra of these
multiplications by describing them using a first order tensor and a second order

tensor, called the matrix-vector product.
Matrix-vector multiplication

We use matrix-vector multiplication as an inspiration for tensor-vector multi-
plication. Matrix-vector multiplication is modal, i.e. we distinguish between

multiplying with row and column vectors.

Let A be an m x n matrix and v, w be vectors of order n x 1 and m x 1,

respectively. Then we have

(A xov); ZAZJUJ =

(A %1 w); ZA TA)T.
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Tensor-vector multiplication

Let A € Rivxl2xxInxxIN 1o 5 tensor of order N and let v € R». We define

the tensor vector multiplication by

(AXKV)iyigiyyin1iy = E Qiyigin-in Vig -

in=1

This product is of size Iy X Iy X - -+ X Iy_1 X Inyq X -+ - X Iy. If the matrix A,
is the n-th unfolding of A then

A x5, v =unvec(v’ Ay,)

where unvec is the appropriate inverse of the vec operation. We find the fol-
lowing property which holds for all the tensor vector multiplications. Consider
the tensor A above and let v and w be vectors of order I,, x 1 and I,, x 1,

respectively. Then

A X w X, 0, n>m
(A X 0) Xy w =
A X w X, v, n<m.

Tensor-matrix product

Consider an N-th order tensor A € R >IN and a matrix B € R»*K, We

define the tensor matrix multiplication, denoted x,,, as

In
(A X, B)iliz---inflkml---m = E iy i Bink-

in=1

Here we have a contraction over the index 7, thus replaced by k. Equivalently,
we can unfold a tensor A4 into a matrix A(,) and multiply with our matrix B
to get a new matrix A(,) which can be folded back into the desired tensor
matrix product. In other words, let A, be the mode-n unfolding of the
tensor A € RV *In then

(.A Xn B) = fOldn(BTA(n)),

where fold,, denoted the folding of a matrix back to a tensor. The tensor

matrix multiplication has the following properties (collected from [2])
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1. Let B and C be matrices of order I,, X I,,, and I,,, X J, respectively where
m # n. Then

Ax, Bx,,C=Ax,,C x, B.

2. Let B and C' be matrices of order I, x I,,, and I,,, X I;,. Then

(A x, B) x,C=Ax, (BC)
= fOldn((BC)TA(n)).

Tensor-tensor product

This product involves a tensor multiplied by a tensor. Let A € R/1X*In and

B € R71*Jm he a tensor of order n and m, respectively. Then
AoB=C

where C € RIVxInxJixxJm ig called the outer product.. The order of the
outer product of two tensors, is the sum of the order of the those tensors, for

example A o B is of order n + m.

4.3 Block tensors

4.3.1 Balanced and unbalanced block tensors

We have seen block structured matrices in Chapter 3 called block matrices. We
follow the same pattern in this section by introducing block tensors. Similar
to block matrices, a block tensor is a tensor that consists of tensors as its
entries [11]. Let M = (m™,... ., m™) where m® = [mgk),...,ml()lz)] is a
vector of positive integers, then we say M is a blocking of an N-th order
tensor A € RI>*In [8]. This is usually indicated by the dimension of the
block tensor. We call A a b; X by X --- X by block tensor with entries A
If each A

[3].
Example 5 Let M = (m®"), m® m @) where m®) = [mgl),mgl)], m® =

[m?),mg), m:(f)] and m®) = [mf’), mg3)]. Then we regard our tensor as a third

i1ein

i1 iy Das the same size, then we say that the block tensor is balanced

order 2 x 3 X 2 block tensor.
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A general balanced third order block tensor can be written in the form
[A] = Zei ®e; ® e @ Aijk,
ijk
where each A, is a third order tensor (all of the same size). In general, an
N-th order block tensor may be written
Al =D e @6, ®- - ®eiy ® Ay,
iy

where each A is of the same size.

iy
Definition 10 A block tensor (unbalanced partitioning) may be written in the

form

[A] = ZZ T Z(eh ®ei2 - '®eiN ®A111N) XlEeil,nu X9 EeiQ,mQ Xgee .

i1 12 IN

Consider a third order tensor A € R%*®*8 Tt is inconvenient to write this
tensor in a similar way to the one in Example 3, since it is large. So we use a
number to express the column, row or fibre in which we partition. For example,

a 2 X 3 matrix can be represented with rows as follows
1:2=[1 2]
where the numbers 1, 2, represent the first and second rows, and columns
1:3=[1 2 3]

which represents the first, second and third column. We can partition the

columns, rows and fibres as follow.

Example 6 A 9 x 6 x 8 tensor may be indexed as follows

9 =[1 2345 6[780]=]1:34:6]7:9],

[1:6]::1 23 4 5 6}:[1:2‘3:6},

i8] =[1 2|3 4][5 6|7 8| =[1:2]3:4[5:6]7:8].

Here, the colons represent the blocks, as a result this reduces to a 3 X 2 x 4
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block tensor.

Example 7 In the example above, the (1,2,4) block, denoted as the tensor
Aisy, is the subtensor A(1 : 3,3 : 6,7 : 8) with entries aizy, a13s, A147,014s,

A157, A158, A167, A168, A237, (238, A247, A248, A257, A258, A267, (268, A337, 338, 347,
348, 357, U358, U7 and ases. This is a third order tensor that acts an an entry

of the block tensor.

4.3.2 Unfolding

Block tensor unfolding arises naturally from the definition of a balanced block

matrix defined in Chapter 3, in particular, for a second order block tensor
Agy = Ei; @ (Ay)a
]
= eie] @ (A
]

=> ei®el @ (Ay)q)
i

which is called the mode-1 unfolding of a second order block tensor. Mode-2

unfolding becomes
Ap =) e ®ef ® (Ay)w)
]

This is the case when our block tensor above is partitioned in a balanced way.
For a third order tensor, the unfolding is defined in a similar way to Definition

10 and unfolding in the first mode yields
Ay = e @el @ef @ (A
ijk

For an N-th order block tensor, we define its n-th block unfolding as follows,

A=Y e, @el ®@-el @el @ @el | ®(Aiiy)m)

tn+1 infl
11N

LiIn N r n—1 T
= Z €i, ® ( ® €ik> ® <® eik) ® (Air“iN)(")'
k=1

11N k=n-+1

Consider a case where our block tensor is partitioned in an unbalanced way.
To introduce the algebra of an unbalanced block tensor and its unfolding, we

use mode-n multiplication.
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Since the unbalanced block tensor

E § E €i ®622® ®61N ®Azl zN) ><1 €iy,Mm1 X2Eei2,m2 Xz,

i1 19

its unfolding retains the structure of the balanced unfoldings with the neces-
sary modal tensor multiplications which express the unbalanced structure. In
particular, an unfolded unbalanced block tensor of order 2 is defined also from

the equation of the unbalanced block matrix as follows:

= Z Ee,m(Ei; ® (AU)(U)E;“

= ZE& m(€; ® e ® (Aij)a ))ET

]

This is a mode-1 unfolding. The mode-2 unfolding of A is given by
ZEeJ a(Eji @ (Aij) @) B¢, -

Definition 11 Let
A X253 Eejgernop = A X2 Ee;n X3 Eey p,

whenever the products on the right hand side are defined.
Proposition 3 A block tensor,

[-/4] = Z(ez X €; X e X A,ij) X1 Ee m X2 Ee n X3 Eek,p
ijk
- Z<€’L ® ej ® Ck ® Al]k) Xl Eei,l’l’l X23 E€j®6k7n®p

ijk

has the mode-1 block unfolding

= Z Eezym(ei ® 6? ® 6% ® (Aijk>(1))Eg;®ek,n®p' (44)
ijk
The operation X3 is well defined in the sense that E, ge, nop = Fe, e, nop if

and only if j =w and kK = v, alson=n’ and p = p'.
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Proof First, we note that

e; e, =e, e, <= vec(Ey;) = vec(Eyy,)
< L= By,

— j=uk=w.

In addition, suppose that Zj nj=n= Zj n; and >, pr =p =Y., py for all
J, k. Then

’ ’

nRp=nQp = np=np
= D mpe =) np
! !

== n;p =n;p

<~ N :nj.

Consequently,

Dbk =Y np
J J
= npy, =np,

< Dk = Dy

which implies n = n’ and p = p’. Equation (4.4) can be generalized for an
N-th order tensor as the n-th block unfolding defined as
A(n) = Z Eeinymn(ein X 6;-1;+1 (SN e;rN X ez; R ® 621;,1
i1in

T
®(Aw>(n)) Cint1® e\ @ ®ej, | My 1Q- QMY Q@mpy—1°

where ((Aw)n)) is the mode-n tensor unfolding for w = i1iy - - - in. The same
idea of tensor unfolding seen above also holds in this case, that is, the block
tensor unfolding will be divided into different modes depending on the dimen-

sion as seen above in Example 3.

As seen with tensors above, we can also vectorize block tensors to result in
block vectors. This is similar to the concept of block vectorization of matrices,

i.e. the operator vech,, and we denote it by vecyr(A).

Definition 12 Let M = (m", ..., m™)) be a blocking of an N-th order ten-
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sor A € RN denoted by A;. We define veen(A) by

veem (A) = Z e Z <® €¢n_]-+1> ® vec(A;),

=1 iy=1 \j=1
where 1= (i1 in).

Example 8 Let M = (m®, m® m®) | where m) = [mgl),mg)], m® =
my’, My , M e the blocking of a tensor A € R*17°2 then our block tensor
@ m8 mP) ve the blocki t A e RhxE p, block t

[A] is defined as a 2 x 3 block matriz that contains block tensors as its entries

denoted as )
A A Ais
[A] = :
Aor Ao A23_
Then _ .
vec (All)
vec (Asy)
A
veep (A) = vee (o)
vec (AQQ)
vec (Alg)
| vec (Agg)_
This allows us to extend the results as follows,
2 3
veeym (A) = Z Z vec(E;j) @ vec(A;;) = vecbe(A; )
i=1 j=1

For a third order tensor, vecyr(A) acts as our block vec and can be algebraically
defined as

veem (A) = Z E. ge;8e,m®em®@em0 ek ® € ® € ® vec(Aij)-
ijk
Notice that the vecys is defined in the unbalanced case. We consider the
unbalanced case since the balanced case can be derived directly from it, in
particular the general equation for both balanced and unbalanced is given in

the balanced case defined as follows:

veem(A) = g B, & ®e mmg-om€i, @ @ € @ vec(A .., )

i1in

for any given block tensor A € RIxxIn
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We see that it is almost impossible to present a tensor array in text whenever
the size is too large. The algebra enables us to define such cases and allows for
calculations as well. A number of properties in Chapter 3 can be generalized to
tensors and tensor unfoldings. We have seen in Chapter 2 that we can trans-
form matrices into vectors (i.e. the vec operator) and in the tensor case the
common transformation is the tensor unfolding which takes us from a tensor
to matrices as seen above. References [2] and [8] provide a broad discussion

on tensor computations including its applications.



Chapter 5
Conclusion

In this dissertation we considered the work of [5] and [11] which describes some
algebraic properties and relations of block tensors and block matrices. The
Kronecker product realises the tensor product for matrix algebra and naturally
provides a notion of balanced partitioned block matrices. For unbalanced
partitioned block matrices and block tensors, we introduced a novel approach
to consider the algebraic properties via the matrix E., m, (Equation (3.1)) which
reflects the algebraic properties of balanced block matrices and block tensors in
the unbalanced case. It is clear that the balanced partitioning arises naturally
from the unbalanced partitioning but it is usually treated separately because
of the underlying algebraic structure. The results of both matrices and tensors
show that both concepts can be unified. Some of the properties of block tensors
mirror properties of block matrices. The matrix E, n, also enabled us to define
the block vec operator for unbalanced partitioned block matrices using the
novel approach by reflecting on the block vec operator for balanced partitioned
block matrices described in [5]. This further extends to block tensors and block
tensor unfolding which reflects the connection of both the vec operator and the
Kronecker product described in Chapter 2. A similar pattern on partitioning
of block matrices is also formed in block tensors to showcase the balanced and
unbalanced partitioning of block tensors. The concept of unbalanced block
tensors is introduced via special matrices defined in collaboration with block
matrices. The results extend further to the unfolding of block tensors which
follows directly from the introduced algebraic equation of unbalanced block

matrices.
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Appendix A

Additional proofs

A1l. The following results are proofs of properties of the block Kronecker

product of the unbalanced partition matrices stated in Theorem 10.

Proof of 1. The Kronecker product

(A® B, ... A® By
ABB = : .. :
A® By ... A® By
KfL(BH@A)KLR KgL(Bln®A)Kn,R
K,E’L(Bml@A)Km’R Kﬁ,L(anGbA)Km,R
r T
Ky, ... 0 (Bu®A) ... (Bh,®A) | |Kig ... 0

which follows directly from matrix multiplication. Hence
ABB = K{(B® A)K,.
Proof of 2. By Property 1 and 6 of Theorems 10 and 3, respectively.

AB(B+0)=KI[(A® (B + C))K,
T(A® (B+C))K,
T(A® B)+ (A® C))K,
BB+ ABC.

K
K
A
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Proof of 3. Similar to the proof of 2.
Proof of 4.

(ABB)" = (K{(B® A)K,)"
=K, (B® A)'K]
= K, (B" @ A")K]
= KI'(B" @ A")K,
=AT8 BT

Proof of 5. Let A,C' and B, D be block product-compatible matrices. There
exists permutation matrices K1, Ky, K3 such that Ki(B ® A)KJ = (AH B)
and Ky(B ® A)KT = (CB D). Then,

(ABB)(CBD) =K (B®AK, Ky(D®C)K;
(B@ A)I(D®C)Ky
(B® A)(D®C)KT

= K,(BD ® AC)K]
= ACBBD.

=K
=K

1

Proof of 6. Follows directly from Property 5 and multiplication with the iden-
tity matrix.

Proof of 7. Follows from Theorem 4.

Proof of 8. Using property 1 of Theorem 10,

(ABB) = K] (B® A)K,
= K] (K{ (A® B)K,)K,
= K[ (BB A)Ko,.
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Proof of 9. By property 1 above

tr(AB B) = tr(K'(B® A)K)
tr(A® B)KK”
(A® B)
(

tr(A) tr(B).

A
tr(A

Proof of 10. Using property 1,

det(AB B) = det(K"(B® A)K)
= det(A ® B)
= det(A)" det(B)™.

A2. The following construction shows that the equivalence in Definition 9
holds.

Let m = (my,...,my) for m € N, such that

E mj:m.

j=1

We define |m| := k , where |sm| = |m]|, |m,s| = |s| and |m ® n| = |m||n|. Let
A and B be block matrices of order s x t and m x n blocks, respectively. Then
the Kronecker product

ABB =) Ee um(Bw®A® By,)E]

ey,tn
uv

= Z Eeu,sm<Euv & (Eej,s(Ejk ® Ajk)ET t & Buv>EZ in

jkuv

= Z Eeu,sm(]|m| & Eej,s & ]mu)Euv & (Ejk X Ajk)

jkuv

® Buv(I|n| & Eg;,t ® ]'n )EeT Jtn-

Here

u—1 Im|
Eeu,sm = <@ Osmj Xsmu) D Ismu S @ Osmj Xsmay |

j=1 j=u+1
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and

m|

I|m| & Eej,s ® [mu = [|m| ® Eej,mus = @ Eej,mus

where E,, s is an s X |s|s; E matrix. The product

Iml

Eeu,sm @ Eej,mus
k=1

u—1 m| Im|
= @ Osmj xsmu | D Lsm, @ @ Osmj X STy @ Eej,mus
j=1 Jj=u+1 k=1
u—1 Im|
= @ Osmj X 85|s|mu D Eej,mus S @ Osm]-Xs]-|s|mu
j=1 j=u+1

Note that

Is|

ej myS — (@ Omuskxmus]> S Imqu S¥ @ Omuskxmus]

k=j+1
Our product becomes

|m| u—1
Eeu,sm @ Eej,mus - Osmj X 5j|8|ma
k=1

J=1

j—1 Is|
(EB omuskxmusj> D Ions, ® | D Omusisms,

k=1 k=j+1
|m|

©® @ Osmj X 5j|s|may

Jj=u+1

We have

stXsJ|s|mu @Om]slxmusj
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Substituting back into the equation above yields
u—1 s j—1 Is|
@@Omjszxfnusj' b <@ Omulemusj> ® Imqu D @ Omulemqu
. g — —— o
j=1 1=1 _ Ni=1 A o I=j+1
(u=1)ls] i
Im|  |s]
@ @ @ Omjlemqu
j=u+1 I=1

which reduces to

Ee (o aaoimllsl = Eeyge;mes

by the definition of our E-matrix in Chapter 3.
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