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The AdS/CFT correspondence asserts a duality between non-Abelian gauge theories
and quantum theories of gravity, established by the value of the gauge coupling
M. Gerard t’Hooft found that the large N’ limit in non-Abelian Yang-Mills gauge
theories results in a planar diagram simplification of the topological expansion.

In this dissertation, SU(2) gauge theories are written in terms of vector models
(making use of collective field theory to obtain an expression for the Jacobian),
a saddle point analysis is performed, and the large N limit taken. Initially this
procedure is done for gauge theories dimensionally reduced on 7% and R x T3, and
then attempted for the full field theory (without dimensional reduction). In each case
this results in an expression for the non-perturbative propagator. A finite volume
must be imposed to obtain a gap equation for the full field theory; directives for

possible solutions to this difficulty are discussed.
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Chapter 1

Introduction

1.1 AdS/CFT

1.1.1 Quantum chromodynamics and strings

String theory was initially conceived in the 1960’s as a mechanism to explain the
great number of particles being discovered in terms of different oscillatory modes of
a smaller subset of fundamental strings [1]; it was thought that these fundamental
strings, with length of the order of the size of the nucleus, could explain the strong
interaction. Veneziano developed a theory of dual models (which would now be
called a 26-dimensional bosonic string theory) where scattering amplitudes were
calculated using approximations to the Euler gamma and Euler beta functions and
this theory was later shown to have a string interpretation. For example, Veneziano
model’s predicts that particles with greatest spin for a particular mass follow Regge
trajectories given by the formula o’/m? = J + constant [2], so that o’ is the slope
of these Regge (and daughter) trajectories (as seen in the Chew-Frautschi plot in
figure 1.1); in string theory, string rotations explain the resonances along the Regge
trajectories while vibrational modes give the daughter trajectories; o/ emerges as the
inverse string tension. The agreement between string S-matrix scattering amplitudes
and the results of meson scattering amplitudes of the time gave strong support to

the theory.
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FI1GURE 1.1: Chew-Frautschi plot indicating resonance poles in Veneziano’s model,
resulting in the uppermost Regge trajectory, and lower daughter trajectories, with
slope o’ which is also the inverse string tension in string theory; one of the early
driving forces for string theory was that a large number of massive particles could be
explained as different oscillatory modes of a smaller subset of fundamental strings

However, this theory which predicted the high-energy, fixed scattering amplitude
falling off exponentially with s (squared sum of incoming momenta) was published
at about the same time as the publication of the first experimental evidence [3] of
the parton-like behaviour of the strong interaction (the scattering amplitude actually
falls off according to a power law in these processes) [4]. There were also concerns
over the large number of extra dimensions required for the theory to be consistent
and the massless particles apart from spin-1 gluon, that the theory predicted (the
open-string spectrum predicted massless vector particles and the closed-string spec-
trum predicted massless tensor particles [3]). Furthermore, a particle known as the
tachyon, with its undesirable property of violating causality, resulted in infrared di-
vergences in the loop diagrams in these ’consistent dual models’. By 1973/1974 it
had been accepted that the strong interaction could be explained using an SU(3)
colour gauge theory QCD (Quantum Chromodynamics), and this was backed up well
by experiment, including the parton-like behaviour resulting from aymptotic free-
dom [5]. SU(3) colour gauge theory emerged as the successful theory of the strong

interaction.

String theory, however, was found to have highly desirable features as a possible can-
didate for unification (the string length in this theory is then of the order the Planck

length ¢p). For example, non-renormalisable amplitudes and ultraviolet divergences
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make it difficult for other quantum field theories to incorporate gravity, whereas
the massless spin-2 particle (having a Regge intercept of 2) is understandable as a
graviton that is present in any string theory. String theories naturally incorporate
gravitons and massless vector particles. The low energy dynamics of the massless
sector of closed (super)strings yields the Einstein-Hilbert action, which, when tak-
ing into account the variational principle, gives rise to the Einstein equation (see
Appendix A.1)

Sgg = 167{16,1\1 d*z v/ —det|g| (R — 2A) + d*z \/ —det|g| L

1 TGN
= Ry — §g,wR+ Agu = —a Ty

In the 1980s, it was extablished that SO(32) type I superstrings are anomaly free[6]:
5 superstring theories are consistent, each of which are defined in 10 dimensions.
These are Type I, non-chiral ITA and chiral IIB, and heterotic SO(32) and Eg x Eg;
in compactifying from a 9+1 spacetime to a 341 spacetime, string dynamics require
the resulting 6-dimensional manifolds are Calabi-Yau spaces which display similar
features to the Standard Model [7]. The 1990’s then gave rise to the discovery that all
of the 5 10-dimensional superstring theories are perturbative expansions (consistent
at every finite order) of one unique (although not well understood) underlying 11-
dimensional theory. This 11-dimensional theory is referred to as M-theory, the low
energy limit of which is 11-dimensional supergravity. Ref. [8, 9] gives a good overview

of these milestones.

1.1.2 Gravity and the holographic principle

A well-known result obtained by Stephen Hawking after studying Einstein’s equa-
tions is that the entropy of a black hole grows as the area of its event horizon and
not as its volume as intuition may have suggested. Surface or boundary conditions
therefore determine everything within the boundary. In string theory, this notion es-
tablishes itself in the following way: the actual strings move around within a "bulk’,
whereas the string endpoints are confined to moving about certain boundaries known
as p-dimensional Dp-branes. For example, open string / closed string duality states

that a closed string moving from one D-brane to another is dual to an open string
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between two D-branes whose endpoints perform a single circuit in the same direc-
tion on their respective D-branes. The holographic principle therefore gives rise to

a notion of duality.

Furthermore, considering the near horizon geometry of N parallel Dp-branes of type
IIB string theory and string coupling g in the large N limit generally gives a super-
gravity solution AdS,12 x M where AdS describes a space with constant negative
curvature, Anti-de-Sitter space, and five-dimensional Anti-de-Sitter space (or AdSs)
is the maximally symmetric solution to Einstein’s equations for a negatively curved
space; M is typically a compact manifold. For example, the supergravity solution
related to D3-branes is given by AdSs x S°. The curvature of the combined space
AdSpi2 x M (in Planck units) is a positive power of 1/N [10], so that, in the large
N limit it gives the required asymptotically flat universe. For AdSs x S°, the radius
of the Anti-deSitter space is the same as that of the five-sphere and are both pro-
portional to N1/4. Moreover, in the large-N limit, this results in a conformal field
theory (CFT) on the brane given by N' = 4 Super Yang-Mills (SYM).

The presence of the graviton together with the holographic principle leads to the
assertion that non-Abelian gauge theories correspond to quantum theories of gravity
and that they are related by the value of A. In particular N’ = 4SY M is equivalent to
type IIB strings in AdS5 x S, where the coupling constants are related as g% M= Us
and the radius of both S5 and AdSs is given by R where g% ,,N = A ~ R* [2].
The duality is established by the value of A\. Large A, corresponding to a non-
perturbative regime on strongly coupled N' = 4 SYM, corresponds to a large nucleus
of curvature R, or weakly coupled gravity. This duality is referred to as the AdS/CFT

Correspondence
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1.2 Non-Abelian gauge theories - Yang-Mills theory

The low energy description of the world volume of d-branes is given by N'=4 SYM,
which (on the boundary) is realised in terms of special unitary SU(N’) gauge fields
which are spacetime dependent matrix-valued fields; this is also true for the bosonic
sector which is of interest in this dissertation. Such non-Abelian gauge fields are
fundamental in our description of particle interactions; for example, the internal
symmetries of quarks are described by 3-dimensional vectors due to their 3 colours,

and these components transform or mix via an SU(3) matrix.

Emmy Noether found that every continuous global symmetry of the action of a
physical system is associated with a conservation law. A symmetry of an action
S = [d*zL — [d*aL + [d*2z6L implies 6S = 0 and hence that, for an internal
symmetry, the fields are independent of position so that £ = 0. Using the Euler-
Lagrange equations for the variation in £ (¢, 0,1),

oL oL
oL = —9§ —— 00
99 °V T 50,0 "0
oL oL
= 0,—— 90 —— 0,0
a0, Y T a0 Y

= (505 ™)
— 0

Hence 8MJ # = (0 where the conserved current is

oL
9 (9uv)

JH x

oy,

and the associated conserved charge is given by

Q@) = /d% JO (2)

Vectors transform as
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where the transformation matrix U is an x-independent SU(N’) matrix which mul-
tiplies the vector ¢ (z), and there is implied summation over the repeated index n.
The convention followed in this dissertation is that N’ refers to the dimension of
the fundamental representation, while N refers to that of the adjoint representation;
in other words, N = N'2 — 1. These transformations are a symmetry of actions

involving bilinears since

Yy = (U) (U) =TT = 4Ty
autory — 9, (U)o (Uy) = 8,0 UTU"p = 8,704,

The transformation ¢y — U1 thus corresponds to a global symmetry together with

a conservation law. Extending this global symmetry to a local/ gauge symmetry,

P () = U™ (2) 9" (), (1.1)

one finds that 174 is still invariant. Since (3N¢)T (Outp) is no longer invariant, a

covariant derivative is required,

D" =0""0, +igAL", (1.2)

which transforms in such a way that (omitting matrix indices)

D,y — Di = DUy = UD,. (1.3)

Hence

(O +1igAL) U () (x) = U (2) (O + igAy) ¢ (x)
= 8,U +igALU = igUA,

= Al = UAUT + ; @.U) U, (1.4)

Elements in the Lie algebra may be rewritten in terms of the (matrix) basis 7™ of

the Lie algebra

Ai]’ = *ame. (15)
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The coefficients a™ have the form of a vector. Since infinitesimal transformations

may be expressed as U (z) = e~ @) =1 —jw (z), (1.4) becomes

Al = (1 —iw (@) Ay (1 +iw (2)) + ; [0, (1 —iw (2)) (1 + iw (2))]
1
= A, —iw A+ gauw () (1.6)
= 5% ™ = §auT g al [T, TP] + §§T O™ (z)
1 1
=a," = a;+ if”pmw"aﬁ + gauwm (z),

since A, and w are elements of the Lie algebra. The generators of the Lie algebra
obey the commutation relation [T, T"] = 2i f™"PTP and Tr (T™T") = 26™". Useful
identities for su(N’) can be found in Appendix A.4. Now consider in equation (1.4)
that if the usual field strength tensor F},, = 0,4, — 0, A,, were used, the interaction
term of the Yang-Mills Lagrangian —%Tr (FuF*) would not be invariant because
of the x dependence of the U matrices; hence F},, needs to be adjusted such that
F,, — F/’W =UF,U T which will clearly leave the Lagrangian invariant. Consider
then the inclusion of a term ig [A,, A,]: Under transformation one would hope that
there would emerge a term igU [A,, A, |U f, and that the remaining terms would
cancel with the problematic terms in the original expression (see Appendix A.2
which details how one can derive that ig[A,, A,] is the expression that ought to
be added, together with an illustration of this from representation theory). This is

indeed what happens and one obtains
Fu = 0,A, —0,A, +ig[Au, A — (1.7)
F, =U[0,A, — 0,A, +ig|A,, A U

Then

—AL = TrF,, (z) F" (z)
= T (9,4, — 0, A, +ig A A)]) (x) (OHA” — O”AF + ig A, AY]) (x) .
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This Lagrangian splits up into three pieces as follows:

where

Ly

Lo

L3

L=L+ L3+ Ly (1.8)
= — 3T [(0uA, (x) — 9, Ay () (9" AY (x) — 0" AF (2))]
= —1Tr[9,4, (z )(6“A” (z) — 0" A (2))]
1 mn

= —Imy ;T’”@a (z) =T (0"a"™ () — 9"a"" (x))
)
= —g0ua (2) <a~a”"<a: 9"l (z)) (26™")

2
— _%‘%av (x) (O*a"™ (x) — 0¥al" (x)) Tr (T™T™)
) — (
=~} (Quay (2) - 9"a” (2) = Ouay (x) - 0 a* () (1.9)

12T (O (2) 0, A, () A () A7 (@)

= —igTe (O (@) (4 (@), 4° ()

= —igTr (77 @ 4ol (@) 50" (o) b o) 1777

= LT (T (G () 0 ()0 () 20§ T7))

= L (Bl () 0" (x) 0 (2) 7T (1)

= LoD () 0 ()0 () 7 (26

= LoP (B (@) @ (2) (@ (110

—g9°ay (x) ay, (z) @ (z) a”" (z) f"° 77 (1.11)

8
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1.3 ’t Hooft’s large N’ expansion for matrix-valued fields

In 1973/1974, Gerard 't Hooft showed that the Lagrangian £ = Lo + L3 + Ly,
derived in the previous section for a non-Abelian Yang-Mills theory (in general a
matrix theory with trace structure), gives rise to a topological expansion; this result

will be derived here.

Consider the Feynman rules associated with this Lagrangian. The term Lo describes
a propagator, the term L3 incorporating a factor g describes a cubic interaction, and
the term L4 incorporating a factor g2 describes a quartic interaction, where g is the
coupling constant of the theory. A graph describing the interactions of this theory

would then involve edges, 3-vertices and 4-vertices respectively.

Hence, the Feynman diagrams in this theory will be associated with the factor [11]

(assuming there are no quark loops)

p o VAV (1.12)

where V3 is the number of cubic vertices, V} is the number of quartic vertices and
62 = N’. A famous formula discovered first by Leonhard Euler describes a topological
invariant for polyhedra. This topological invariant is called the Euler characteristic

and is given by the formula

X(H)=F—-P+V =2-2H, (1.13)

where F' is the number of faces, V' the number of vertices, and P the number of
edges / "propagators”. H is called the genus of the topological surface and counts
the number of holes in the topology, for example a doughnut has one hole and so its
topology, together with any other one-hole object, would be described by an H =1
topology. A derivation of this formula may be found in Appendix A.3.

The total number of vertices is given by

V=V+V
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and the number of outgoing propagators from each vertex, given by 3V3+4V, double-

counts the actual number of propagators so that

1
P:§(3V3+4V4)-

Hence

1
P=V=3Vs+ Vi,

so that (1.13) gives

F = P-V+2-2H
1
= <2V3+V4>+(2—2H).

Finally, substituting this in (1.12) gives

1 ’
r= (g2N')2 VTV N2 (1.14)

Hence, clearly this factor admits an infinite sum over topologies which one equates

to the partition function Z

oo
logZ2 = Y N2 fy (g3 N')
h=0

= N7? <fo ()\)‘F%fl (M*F%ﬁ ()\)+~-~> , (1.15)

for which, in the limit where N’ — oo and A = g% ,,N’ is constant (referred to as
't Hooft’s coupling constant), all but the planar Feynman diagrams drop out giving
rise to an unexpected simplification of the calculation [11]. This is a topological ex-

pansion which is the signature of a string theory (since a string moving in spacetime

gives rise to a world sheet), with string coupling given by g2 = N1,2, or gs = % An
example of this is the correspondence between type IIB strings on AdSs x S° and
N = 45Y M referred to earlier.

10
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1.4 Vector-valued fields and their large N limit

Up until now the, large limit of matrix-valued fields in the adjoint representation
with index N’ has been considered, resulting in a systematic % expansion which,
and this led to simplifications of a topological nature. It is also known that the large
limit of the fundamental representation index N is amenable to a systematic %
expansion, giving rise to a vector model in terms of O(N) invariants. In this section
it will be shown that this expansion in the large N limit leads to what is known as

the bubble approximation and ultimately the gap equation for dressed propagators.

In order to make the N-dependence of the theory clear, consider Lagrangian density
of the form [12]:

Y
Il
N[ =

Dua™ (x) Ia™ (x) — Lpda™ () a™ ()

—§ % (@™ (2) a™ (2)) (" () a" ()

where N is the dimension of the colour index a, and there is implicit summation

over repeated indices; furthermore, £ scales with N as

L(Na™(z)a™ (z)) = NL(a™ (x)a™ (x), N =1).

The 2-point propagator (a™ (x1)a™?2 (z2)) will then be given by

N ((am1 (x1)a™? (x2)) — BLNZ'
([t @ @) o™ (00)) @ (1) 0" o)) ™ (20)a™ (22))

128N2 </d41‘k1/d433k2 (zky) ™ (k) (0" (k) ™ (k)

(aP () aP (zky)) (a? (zgy) a? (xp,)) @™ (21) a™? (22))) + 0 (gg) . (1.16)

This corresponds to incorporating an additional 4-vertex with 2 pairs of matching

indices for every additional power of g. The Feynman diagrams that emerge are then

11
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ay a9
—4i i
mi—m m M2 mi m n M2
_Iml mm PP mQ_ZWm +W +m [
L M Tnm pp me mp nm p p my mp nm q p My
2 2 2 2
g @ 2 @9 ¢ @9 2 @9
O B RO
mim m M2 mi mm M2 minom M2 mi n m m
n n
L9 ngmNd YA
2N my v mo +W mi ‘y mo
m q m p

)

where 0,,,m, multiplies all these diagrams. In the large N limit, the first column
of these corrections prevail over the rest; these diagrams correspond to maximally
matching indices and are known as tadpole or bubble diagams. Therefore the dressed

2-point function to leading order in N is given by

2 2 .
— = — 40 ¢ 00 480w
1

1+4i0) +£ 8

1

—Forg—

1
—i (p = m’) +51Q

since

12
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This gives rise to the full propagator expression

1
~i(p? —m?) +if [ TEG (p1)

G(p) =

In general, this expression diverges and so it is necessary to introduce a cutoff A,

1
i = m?) + i [N GBG (o)

G (p) =

Integrating this then gives

/A ddp (p):/A ddp 1
(2)* (2m)" —i (p? —m?) + i§ [ TBG (1)

After making the identification

A d
s = [ P ¢,

(2m)*

this becomes

_ M b 1
7= / (2m)? =i (p? —m?) + §o (A) (1.17)

which is called the Gap equation. It is of interest that, although the terms in equa-
tion (1.16) are proportional to }72%”12 and hence massless particles display infrared
divergence to every order. However, equation (1.17) does not display this infrared
divergence when m? = 0 due to the presence of the %0 term which acts as a mass

term.

13
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1.5 SU(2) gauge theories as SO(3) vector theories

In subsection 1.2, the Lagrangian in terms of SU(N’) gauge fields was found to be

L=Ly+ L3+ Ly,

where these pieces are given by equations (1.9), (1.10) and (1.11):

Lo = —10,a0 (@) (0™ (@) — e () Tr (T™T")
Ly = dg(@ual @) (@)a” (&) f T (1)
Lo = —fegtal () ol (2) 0 (@) @ (&) 7 T (T°T).

In the particular case where N'’=2 and SU(2) gauge fields are being considered, the

generators T become Pauli matrices ¢* and thus

Tr (TTT") = Tr (c™o™) = 26™".

The structure constants f*¢ become €*¢ and therefore these pieces become

Ly = —3Ouay (x)(9"a"™ (z) — 8™ (z)) (1.18)
= = (Ouaw (2)) - (9"a” () = (Duaw (x)) - (8"a (x)))
L3 = Lge™P (9,a (x))a™ (z)a”? (x) (1.19)
Ly = —3g°€ z)a'? (z) a”" (z)
= —gg” (PO — §MTEP) aflt (x) ayy () @ (w) @ (x)
—39° [(ay (2) - @ (2)) (ay (2) - @ (2)) = (@, (2) - " (2)) (@, (2) - @ (2))] .
(1.20)

)
)
2 _smn eSPT m( )

v (
)

Thus L9 and £4 are O(3) invariant, and L3 is SO(3) invariant due to the presence

of e.

In general, if correlators can be shown to be O(3) invariant, an O(N) expansion can

be considered ; this is one of the aims of this dissertation.

14
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Interestingly, Vasiliev was able to construct interacting theories of massless higher
spin fields in AdS,. (For flat space, this construction is independent of an S-matrix
and therefore circumvents the Coleman-Mandula Theorem which states that for
fields with spin greater than or equal to 2, there exists no interacting theory in
asymptotically flat space. Whether such an argument exists in curved AdS, space-
time is unsettled.) In particular, AdS, was found to be dual to CFT3 and in general
it is assumed that an AdS space in the bulk, which relates to gravity, defines at
its boundary a CFT. In particular, the O(N) invariant sector of the large N limit
of vector models [13] corresponds to higher spin theories [14] (AdSs / CFT3). Al-
though not of a topological nature, the large N limit of vector models can be studied
non-perturbatively and, as such, this setting of the AdS/CFT may enable a better

understanding of this correspondence.

15
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1.6 Purpose of the dissertation

The main focus of this dissertation involves investigating the large N O(N) saddle

point approximation to an SU(2) gauge theory. This will be done as follows:

e (Collective field theory: The method which will be used consists of a change
of variables to O(N) invariants. The Jacobian is calculated using hermiticity

arguments for the kinetic energy.

o Dimensional reduction of SU(2): The matrix form of SU(2) gauge theories
reduces to vector models, and, upon dimensional reduction, these gauge theo-
ries may be written in terms of O(3) invariants. The collective field theory is
then used to obtain the Jacobian for this change of variables to O(3) invari-
ants. A large N’ saddle point analysis is then performed. Initially this will
be done for SU(2) gauge theories dimensionally reduced on 7% (here all space-
time dimensions are dimensionally reduced and thus derivative terms in the
Lagrangian are negligible compared with the non-derivative terms, and thus
the Lagrangian reduces to £4). Here a path integral approach will be followed,
where the effective action (including the log of the Jacobian) is extremised.
Thereafter this will be done for SU(2) gauge theories dimensionally reduced
on R x T3 (here spatial derivative terms in the Lagrangian are similarly ne-
glected and, by making use of an Hamiltonian approach, the time derivative
terms in the Lagrangian fall out as a consequence of gauge-fixing). In this case

an effective potential (incorporating £4 and a Jacobian term) is minimised.

e SU(2) gauge theories in terms of vector-valued fields: Making use of the tools
developed in the build-up to this chapter, the Jacobian previously obtained is
generalised to bilocals. A large-N’ saddle point analysis is then performed on

the full field theory, and a gap equation is obtained.

e Discussion: The relevance of the exact gap equation obtained will be discussed,

together with a consideration of the result at low and high energy.
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Chapter 2

Collective field theory

Collective field theory[15] is based on a non-trivial change of variables from the
original variables of a theory to the set of invariant variables appropriate to the
description of the theory’s large N limit and thus reducing the number of degrees
of freedom for the theory. Below is an overview of this method, which uses the

Hamiltonian of the system to obtain an expression for the Jacobian.

A change of variables is performed in an invariant Hilbert space, from original vari-
ables % to invariant variables ¢, (where Greek letters «, 5 etc. are used to label
these invariant variables). The kinetic energy portion of the Hamiltonian is propor-

tional to V2 which can be written as follows using the chain rule:

V? = wa0a + Laplads (2.1)

O = 35
_ NN %9
Wa = Za:l 8(1‘”)2

N 9¢q 99
Qaﬁ = Za:l 8(:;;“ 8&:5 :

Here « is implicitly summed over and may take on matrix-type indices, e.g. o =, j

(in such cases this will be carefully dealt with). The inner product is invariant in

17



Chapter 2 Collective field theory General method

Hilbert space and so
[v@uw= [0 @
[ @ @) = [ 100 @) au (0.

where J is the Jacobian of the transformation. Equivalently, we could absorb the

transformation into the individual wavefunctions and so obtain

[ @ew = [re et
[o@owia = [0 (r0.r) 1o ).

Using (2.2) in (2.1) results in,

V2 = Qg <aa — %aa In J> (aﬁ — %aﬁ In J> + Wa <aa - %aa In J)
= Qe — 5 sl (95107) — Qs (90 7) 0
$1005 (000 J) (9510 ) + ol — 50 (9aTn )
= 0a92pD — (0uL05) D5 — 5 Qs (003 0.]) — L0 (03 101.7) Do
—%Qag (OaInJ) 0p + % (0aInJ) Qap (0gInJ) + wa0a
_%Wa (0aIn )
= 002050 — (0uL0) D5 — Qo (a1 T) O — Qs (903 )

+% (OaInJ)Qap (0gInJ) + wgds — %wa (OqInJ). (2.3)
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Chapter 2 Collective field theory General method

Where the last step was possible because (2,5 is symmetric. Now since kinetic
energy is an observable, its operator must be hermitian and hence (2.3) must be
hermitian. Operators linear in a derivative must be accompanied by the imaginery
i to be hermitian (for example the momentum operator) unlike scalar terms and
terms quadratic in the derivative. Hence the real terms linear in dg in (2.3) must
be set to zero, forming an important constraint which can be written in two useful

forms due to the symmetry of Q.g,

008 = wg — Qap (0aInJ) (2.4)
Qap (0sInJ) = wq — 05Q0p- (2.5)
Hence (2.1) becomes
) 1 1
Vv = —iwa (8a an) - EQQB ((%85 an)
+ 8aQa585 + % (8a In J) Qaﬁ (8/3 In J) . (2.6)

Now, using equations (2.4) and (2.5) the first line in equation (2.6) simplifies to

VA = s (00) — 50 (UpdsIn ) + 5 (0uLas) (9510 )

1 1
= 5 [ws = (0af2ap)] (OpInJ) — 30 (Qap0s1InJ)

1 1

Hence, combining with the second line in equation (2.6) results in
9 1 1 1
V* = 0,820,303 — 1 (OaInJ) Qup (85 InJ)— §8awa + iaaagﬁarg. (2.7)
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Chapter 2 Collective field theory General method

Except for the derivative terms, it is evident that this expression should be incorpo-
rated with the potential to give rise to an effective potential, necessary in determining

the ground state (for an example of this, see [16]).
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Chapter 3

Dimensional reduction of SU(2)

gauge theories

3.1 Collective field theory applied to vector models

Consider now space time independent fields a]* where m =1,..., N and ¢ =1, ...,d.
These then correspond to d N-dimensional vectors with O(N) invariants given by
Gij = ;-0 = a;"ai". The collective field theory can be used to find an expression for
the Jacobian for the change of variables a[" — ¢;; [17]. This procedure is reviewed

here.

To ensure that these invariant fields are independent, ¢;; is defined to only be non-

zero when j > i. This set of independent and invariant O(N) fields may be written
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Chapter 3 Dim. reduced SU(2) gauge theories Section 3.1 Vector model application

in matrix form as

@y d1 G -dy a1 ds iy g1 a1 dg
0 dy-dy Q- a3 s - Gg—1 ds - G
0 0 as - as as - dg—1 as - g
G%‘ =
0 0 0 (q—1 - Gg—1 G4—1 - 0dq
L0 0 0 0 dq - Qg |

In order to determine the values of w, and €2, in equation (2.5) it proves useful to

define the vector

— _ m_m m_m m_m m_m m_m m_m m._m
¢a:¢ij—[a1 ai, @1 Ay ..., A1 Qg , 0, Ao Ay ...y Ay Ay, 0, 0, asz ag, ..., adad].

d(d+1 . . .
In other words there are % non-zero terms and there is implied summation over

each separate pair of indices. For calculation purposes it is sometimes also convenient

to define the symmetric matrix ®;; as follows

ay-ap dp-ds ay - dq
dy -Gy - do o - Qg
_|#ij forj>i
iy = =
(bji for j < i
|dq - a1 dq - da Qq - Qg
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Chapter 3 Dim. reduced SU(2) gauge theories Section 3.1 Vector model application

Substituting into (2.1) one sees that w, is then given by

— = Y 0% -y
! 8($%)2 azla( i

N
Wo = Z 82¢a

a=1 8 (x%)Q

N Nabe

‘Ek)z

_ Z — ( 0™} + 040"
k

((Sikdabdabéjk + 5jk5ab5ab5ik>

a=1

I
M= 1

a=1
= 2N6;, (3.1)

and, for o and 8 mapped to (ij) and (mn) respectively, that 2,3 is given by

<~ Qij,mn

0o 0
Z B

8:L"k 0z}

g xz o axk &Ek

Mz

(5ab51kx +5abajkx)(5a05mkx + 698,1,2C,)

Q
Il
—_

E

(5ik$? + 5jk$;‘l) ((5mkx% + 5im1’%)

S
I
—_

Oim®Pjn + 0in®jm + djm®in + djndim. (3.2)
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Furthermore 03,3 may be calculated as follows
Z 0Q0p
5 99

0
= X o GimBin+ Ginojm + djmin + Djnim)

n>m

= > SimbjmOnun + OinjmOmn + Smbimbun + 8jnbimbmn

n,m

= 0id+di5 +0id + by

9p2ap

where the differentiation takes into account the independence of variables in ¢gp.
The expressions in equations (3.1), (3.2) and (3.3) may now be used to obtain an

expression for the log of the determinant in equation (2.5),

Qaﬁ (85 In J) = Wq — 8ﬁﬁaﬁ
= 2N5ij — (2 + 2d) 5@'
= 2 (N — (d + 1)) (SZ] (3.4)

Now consider a similar calculation for det®, the determinant of the symmetric ma-

trix, as was derived for J above,

Qop (95 Indet (®)) = Zﬂijymna(fln det (@)

n>m

0 0

n>m

Now, since the determinant of a matrix is equivalent to the product of the matrix’s

eigenvalues A\; which make up a diagonal eigenvalue matrix A,

In det® = mH N\ = Zmi = Tr In)\; = Trln ®.
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Using a Taylor expansion it can be shown that 5‘3&% = ((I)_l)ki (see Appendix

A.8). Hence equation (3.5) becomes
Qapdplndet (@) = > Qjjmn (@71,

= 2 Z Qij,mn (d)_l)nm + Z Qijﬂnm (d)_l)mm

n>m

= Z Qij,mn (d)_l)mn

by symmetry of ®.

Hence, making use of equation (3.2) to substitute in for €4, ¢, this becomes

Qaﬁaﬁ In det ((I)) = Z (5zm¢]n + 6zn¢]m + 5Jm¢m + 6jn¢zm) (¢_1)mn

m,n

= D (650 (870 + G (871) 5 Bin (671) 5+ Bin (67),.,)

n

= 51']‘ + 51']‘ + 51'3‘ + 5ij
. (3.6)

Hence, comparing equations (3.4) and (3.6), it becomes clear that

(det (9)) %
=InJ = N_(QdH)Tr Ing] . (3.7)

J

3.1.1 Determining an effective potential

The Hamiltonian may now be written out,

> =

An expression was found for V? in equation (2.7),

1 1
V2= —= (0aInJ)Qups (95InJ) — 50awo + 5000305 + 0aap0s.

1
4
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Chapter 3 Dim. reduced SU(2) gauge theories Section 3.1 Vector model application

From equation (3.1), Oawa = 0 and from equation (3.3), 0,082 = 0. Furthermore
90820305 represents a kinetic term, whereas —1 (9q In J) Qag (95 1nJ) may be com-
bined with V' to form an effective potential which can be simplified by making use

of equation (3.5)

InJg = wrﬁ [Ing)
and (3.7):
Qus (9510 ) — N_(Qdmgag (95l det)
N (d+1)
= fll(sij

= 2(N —(d+1)) 0.
Therefore the effective potential is given by

1
Ve = < (0alnd)Qup(0InJ)+V

8
_ éaa <]V_(2d+1)Tr [1n¢]> 2(N —(d+1))6;+V
- %%1 N~ (d+ )26+ V
_ %Tf (6N - (d+ )P+ V. (3.8)
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3.2 Dimensional reduction of SU(2) gauge theories on

T* and the vector system integral

Upon dimensional reduction of SU(2) gauge theories on the torus 7%, all space-time
dimensions are neglected and thus fields in the Lagrangian are space-time indepen-
dent. The Lagrangian thus reduces to £4; for this system, the path integral will be

calculated.

It is sometimes convenient to work in Euclidean space where the time coordinate is
treated the same as spatial dimensions (and calculations produce equivalent results).

This involves a transformation of the time coordinate to

t =2 = —izt.
Therefore,
eifdt Bl _ 6if(f1l dzg) d3z L
_ efd4:0E L
_ e—fd4xE Ly
Thus, since this Lagranian comprises no mass term, one can write Lg = —L where

L is the Minkowski Lagrangian with n*¥ replaced by 6#¥. This is necessitated by the
fact that, under a transformation to Euclidean coordinates, z,z" = (mo)z —Z-T—
- (x0)2 — -2 = —(2u2y)g. Under a change of coordinates to O(3) invariants

¢;j = @; - d;, then, the path integral becomes rewritten as
/ (did] e=Se®) = / 1dg] Je—Se®) — / [dg] e~ Sent(®),

where J is the Jacobion associated with this change of variables. The effective action

is then given by

Seff = SE—an (3.9)
= [Silg—InJ. (3.10)
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In the large N limit, calculating the path integral is equivalent to performing a saddle

point analysis on this effective action.

3.2.1 Saddle point analysis

According to equation (3.7), the Jacobian term is given by

InJ = YD Ty (1 )

N >> d+ 1 implies

InJ — %Tr [Ing].

Under the dimensional reduction of SU(2) gauge theories on the torus 7%, space-
time fields aj;’ (x) — ay,', so they become space-time independent, and therefore £

reduces to L£4. Thus equation (1.11) becomes

£4 — —19261 a,upalfr smn spr

= —ig*alala"Pa’" (55" — 5™
= —1¢*(ay - d'ay-a’ —ay,-d’a, - a)
= —39% (d0) — d.0) -

= [Ladg = 597 (bundbuw — b)) -

Hence, including a mass term (which replaces time components of ¢), and trans-

forming to Euclidean coordinates, the effective Euclidean action becomes

1

Seﬁ‘ = 1 —In J

d

e

d

- i Z; i T 92‘/ z;é: |:¢n¢]] (sz])ﬂ — %Trlngb, (3,11)
7]

where V is the space-time volume that factors out of the integral of the space-time
independent action; define a new coupling strength §2 = ¢2V. It will be investigated

whether the w? — 0 limit can be consistently defined. Performing a saddle point
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analysis on equation (3.11) results in

d
058, 52 _
¢eﬂ =0 = 30 Gindu+ L [26w0ud; — 20050i5] — 3oy
kil i=1 itj
L[
2 a —
= Zou+% Z 2651055 — 20kt | — F byt
/=1
Ll
2 a —
= Lo+ L |0 b~ du| — Fou-
i=1

Once this is multiplied through by ¢, and summed over k this becomes

d
52
%61)[ = ¢pl + gI Z ¢pl¢]j ¢;2)l (3'12)
J=1
= prl = %}g(spl + %Apla (313)

where A, = Z?Zl OpiPjj — (;5]271. For g2 = 0 it is noticed that

2N
¢pl = Fépla

which agrees with the perturbative result A.6, where

<ao‘af> =2 (504,851'3'
= (¢p1) = (afal) = 256y (3.14)

Similarly, a perturbative solution to first order in g? may be obtained by substituting

the expression for ¢,; in equation (3.13) into equation (3.12) to obtain

U

2 o2 2
Sou = (Bowr BAY) + 53 (ouk) - () s
7j=1
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The term on the left cancels with the first term on the right and therefore

0 = FAQ + % (D20,) (@ 1)

2(d—
S A o _aeng,

Hence

(o) = Bou+ LAY +0(5Y)
N 5 — gi4N2<d Vs, +0 (59
= M 1-2W-1)0u+0(5"), (3.15)

w? w?

where A = §2N is 't Hooft’s coupling constant. This procedure of iterative substi-
tution may be continued indefinitely to give a perturbative solution in g2. A non-
perturbative solution may be obtained as follows: consider that the left-hand side of
equation (3.12) is diagonal, making feasible an ansatz that ¢,; = b,NJ,;. However,

by spherical symmetry, no direction is preferred and hence, for some constant B,

¢p1 = BNG,. (3.16)

Substituting equation (3.16) into equation (3.12) (and once again substituting in
A = §2N), one obtains

d
2
N6y = < BNou+% Y (BN6uBNGj;) — (BN)? 6y
j=1
= (4B+2YB* (1)) Noy
— <%B +AB2(d )) Ny
=1 = 2B+3B*(d-1).

A quadratic equation in B is thus obtained,

2
B® + 5t B — 5 = 0. (3.17)
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Perturbatively in A,

w2 w2 2
B = % [_)\(d—l) + \/(A(d—l)) + A(ds—l)]

2

w [—1j: 1<+8A””] (3.18)

(3) (-5 (242" 4 )]

2 (8A(d—1)
2X(d-1) [_1 + <1 32 wh +

N[ =

Notice now that the previous perturbative result for the first term (equation (3.14)
where the factor of N has been absorbed) may be retrieved when the positive root
is taken and only terms to first order in A are taken into account. Hence a solution
for B is given by

B=2% 2l (3.19)

w wb

which agrees with the leading term in equation (3.15). The strongly coupled solution

to equation (3.18) where A >> w* and hence where % >> 1 is given by
- 2 8A(d—1)
B = 2)\(02171) [ wi }

- 3V

This could be directly read off equation (3.17) with w? = 0. It is of interest that this
expression for the propagator is independent of the mass term w? and is infrared

free.
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3.3 Dimensional reduction of SU(2) gauge theories on

R x T3 and the Hamiltonian system

3.3.1 Hamiltonian formalism

The Lagrangian for SU(2) gauge fields is given by

L = —iTr(0,A, — 0, A, +ig[Au, A)]) (OMA” — OV A* +ig [AF, A])
1Ty (B FY) — 1Tx (B FY) .

Defining Bl = —e;j,Fiy, <= Fidy = —*BE and Ei, = Fi0

mn?

the Lagrangian

may be equivalently rewritten as
£ = iTv(E'-E")—-LiTx (B B).
The conjugate momentum is given by

_ oL
(H#)mn - 8(80(14“),””) ’

19 is then identically zero and II},, = F'° = E! . By noting that

= A, =0A% — EL. +ig[A A"]

n

mn’

the Hamiltonian density reduces to

H o= (1), A, — L
= (Ei)pn (0°4),, — Bl +ig [A, A% ) — (3T (E°- EY) — 3Tx (B*- BY))
= ITr(B'-E'+B"-B') —Tr (B (0'A° +ig [A", A"])) .

This second part of this expression can be written as follows using integration by

parts for the first term and the cyclicity of trace for the second term:

Tr (A°0'E; — ig (A’E; A" — APA'E;)) = Tr[A° (0'E; +ig [A, E)])]
(4%),,,, Grm,
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where

Grm = (0'E; +ig [A', E;])

nm *

The Hamiltonian density is therefore given by

H=3Tr(E'-E'+B'-B)+ (A%  Gum.

n

The Euler-Lagrange equations of motion become

oL oL
a0 = O (6(8MA0)> =0

Then,

oH

" od, ~ O

0
Hence the Hamiltonian density comprises a term
H=3Tr(E'-E'+ B'- B,

together with a constraint, Grm = 0, which will act on physical fields. For an
infinitesimal traceless transformation parameter wy, € SU(2), the physical fields

will be obtained by considering
A k| — A k
Wmn {Gnmy qu] = Wmn (Gn'rm qu) .
where the brackets in wy,n (G‘nm, qu) are intended to imply that the énm acts on

Apg and no further. The quantisation condition is given by

(L) (= (Ei) ) = —ia(j)

nm

() (47),,] = () (47),,)) = =8y
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Hence,

[A17El]nm = [AZ7HZ]nm
= (Al)nr (Hl ')nr (Al)rm
= (4),, (M), = (), (47),,) = (A7), (W),
= (A1) () 06 S — (AT (L),

and using the fact that w is traceless,

wn ([A B AL) = wmn (A7), ()., = (A7), (T0),,) Ak,)
= won (7 (A7), 0 Sy + i (A7), 056100,
S (Ak)nq i (A’“)pm Wing
- ]

pq

Therefore infinitesimal transformations will be given by

z’lg“m" (G A5, | = Z_lgwmn<(8iEi+ig (A%, E]),,,, Ab,)

= L (0 () 10 (i o] )

- (Jow-ifw.a]) (3.20)

rq

which is exactly the same form as infinitesimal transformations for unitary, non-

abelian transformations as given in equation (1.6).

3.3.2 Dimensional reduction of Hamiltonian on R x 73

When the SU(2) gauge fields are dimensionally reduced on R x T where all but the
time component in the action are neglected, then dyw will be identically zero. The

infinitesimal transformations will therefore be given by

ilg“’m” [Gnm, A¥ } - [w, A’“]pq (3.21)
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so that

AR Ak = Ak [w, A’f} (3.22)

pq

which, by equation (1.4), is the infinitesimal form of the transformation

AF = y AUt (3.23)

The vector form of infinitesimal transformation (3.22) is given by

k

1
5&5 gy

1 k 21 k
— §a5 Oy — 1 §6gmnagwman

k k k
=a; — Gyt €EpmnWmy,

which describes an O(3) rotation, with O(3) invariants given by af ~ag. Furthermore,

1 N kg
—w Gom, a a]} =
ig mn|: nmy 4yg Gy

This shows that for SU(2),

invariants.

o (19[4 B]),,, A4}

o (AL (IL),,, — AL, (T),,,) 4%, A7)
onn (A (8F0mprg Ay + Ayl 0madiy)
AL (056,00 Ay + Ak 678,000y ) )

wmn<Ak Al 4 AT AR AR AT A A’f)

nr<trm nrirm pm*inp qm*ing

0

the physical fields of the system are given by O(3)

3.3.3 Saddle point analysis using the Hamiltonian approach

Making use of the collective field method it was found in equation (3.8) that the

Hamiltonian comprised an effective potential,

H=Vers =T (67 [N = (d+ 1" +V,
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where V' is the Yang-mills potential comprising only spatial fields as explained in
the previous section (due to the dimensional reduction of SU(2) gauge theories on

R x T3). This potential is given by

V = iTI‘ (FZ]E])
%TI“ (BZ . Bz) s

which depends only on magnetic field components. That is

Vo= DG a) (@ - d) — (di ) (di - )]
i#j
= £ [t - (@)°]-
i#j

Note that, unlike in subsection 3.2.1, there is no mass term.

Performing a saddle point analysis on the Hamiltonian requires calculation of 8ngs¢;1) :
A'A=1
0A~! 0A
= A4 AT =0
8¢ab 8¢ab
0A~! 0A
= = A"t =241
8Qbab 8Qbab
: 0A JTrA
Since Trm = Do
OTre~! ( 0ot >
= Tr
a¢ab aQbab
1 09 _
- _Tr 1YY 1)
<¢ aéab ¢
_ g1 0% ot
i 8¢ab ki
= —¢;' 6jadrdy;
_ ¢i_CL1 ¢b—i1
= —¢;2 (3.24)
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Hence the large N saddle point analysis is given by
Vepp = %Tr (qf)_l) [N — (d+ 1)} ‘% Z [¢zz¢]y (¢zg)2]
i#£]

N %T ( N2+ z Z |:¢Z7,¢jj ¢Zj)2}

i#]
oV, 2 2
= 9l = o+ % D [20udjadj — 26i005a]
i#]
2 _ 2
- _%¢ba2 + gf Z [¢ii5ab - ¢ba] =0
i#]

Multiplying through by ¢4, and summing over a, one obtains

oI r LS [fidne — 03] =0,
i#]

and multiplying through once again by ¢,y and summing over c gives

N2+ 4 [biidhy — Ba) = 0.
i#£]

Now, since the first term is diagonal, a logical ansatz for ¢ would be

(bab = BN(Sab-

Substituting this ansatz into equation (3.25) results in

N S+ Y [BN(SM- (BN)2 8pa — (BN)? Gpa| = 0
i75
N5+ L BPN? [d — 1] g = 0.

Hence, considering a particular element b = d = p, one obtains
3 _ N2
B 2N3g2[d—1]

1
2N g2[d—1]

__1
N[d—1]’
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where A = ¢?N. Thus,

B = \3/ 2,\[clz—1]'

Hence a solution exists, without any need for an infrared regulator.
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Chapter 4

SU(2) gauge theories in terms of

vector-valued fields

4.1 Collective field theory for space-time dependent fields

In the rest of this dissertation, the possibility of developing an O(N) systematic
approximation for dimensionally unreduced SU(2) gauge theories will be explored;
that is, SU(2) gauge theories with space-time dependent fields. In this case, the

invariant fields are bilocals

¢ (z,y) =) a™ (z)a™ (y)

The Jacobian obtained in section 3.1 is now extended to incorporate space-time

dependence, where a single field is considered. Thus equation (2.5) becomes

Qag (8,3 In J) = Wao — 859a5
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with

N 2 .
wa =w(z,y) = /ddzz W

2 0lam ()]
Y9 ¢ (x.y)
_ dZ 5
= Ja 2 5l () (a[wn<zn>
N
- /&%;;amfwn(wwwawy—a+am@wﬂﬁ—a)
= 2N& (z —vy)

and

00 (2,y) 09 (/. y)
2D Bam (z) 0am ()

Qus = @ (w.sayf) =

(am (x')é(z—y') +a™ (y')d(z—x')) (4.1)

Therefore %W is given by

/d:c’/dy’&d (x/f:l/‘/) 5d (CL“*y/) 5d (yfy’) +5d ($/7$) 5d (y’fy’) (5d (yiml)
+5d (x/_y) 5d (y/_x/) 5d (x_y/) +5d (x/_y) 5d (y/_y/) 5d (x_a:/)

= V6l (0)6% (x —y) + V5 (0) 6 (x —y) + 6 (x — y) + 0% (z — )

(2+2v5d (0)) 5 (z —y).

Thus the right-hand side of the hermiticity relation in equation (2.5) becomes

2(N— <1+V5d(0)>>5d(x—y).
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The left-hand side of equation (2.5) is given by Qx,y;x/,y/% so consider

Olndet®

-1
Qx,y;x',y’m = Dy y® (¥, 2)
Olndeto d d 1
= Q%y;x/’ylm = /d gj,/y >$d y,Qx,y;x’,y’q) (y/’q;/)

— /dd '/ddy'qZ) y x)
a:x)éd(y y)—i—d)(xy)&d( — ')
—l—(b(y,a:)éd(a:—y)+¢(y,y)5d(x—m’)

= 46%(z —y).
Comparing the two expressions
OlnJ B d d
Qx,y;x’,y’m = 2 (N - (1 +Vo (0))> 0° (z —y)
[9) _,,M = 40¢(z —y),

Z,Y,x°,Y 8(]5 (x/ y/)
results in

nJ =1 [N - (1 + Vol (0))} Indet = [ (1 + Vel (0))} Tilng  (4.2)

which is an extension of equation (3.7) to field-valued theories. Here the trace is
functional over coordinates x and y. In the large N limit, then, the determinant is

given by

InJ — JTrin¢.

With d original vector fields al* (z), ¢ = 1, ...,d, the invariant bilocals are

Gij (w,y) =Y al" (z)af (y),

m

the Jacobian in the large N limit becomes

InJ = %TrTr In ¢.
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where the additional trace is taken with respect to vector indices ¢ and j.

4.2 The full field theory

In this section, the full (not dimensionally reduced) field theory for SU(2) gauge
theories is considered, where none of the fields are independent of space-time. Note
that the bilocals ¢, (z,y) = @, (x) - @, (y) no longer span the set of gauge invariant
fields. However, one can introduce a mass term that would break the local gauge
symmetry to a global one, and then, once a gap equation is obtained, the limit as
the mass goes to zero would be considered. This is the case that will be assumed.

The Lagrangian was found in equation (1.8) to be

L = —iTvE, F"
= —Trl (0,4, — 8, A,) +ig Ay, A [(9FAY — 0¥ AP) + ig AP, AY])
= Lo+ L3+ L4

In Euclidean coordinates, L5 in equation (1.18) reduces to the following for SU(2):

Ly = —1(dua(z)-0"a" (z) — duay (z) - 0"aH (z))
— % (Ouay () - Opay () — Opay () - Opay (x)) .
= (L2)g = 1 (Ouaw (2) - Ouay () — Buay (x) - Dyay (x))

The accompanying action for (L2)y is

(S2)y = }l/d4:vd4x’ § (z — 2') [0u0pan () ay (2) — 0,0vay () ay (2)]

= }l/d4azd4a:' 0 (:c — x/) [8M5M¢W (:c,x/) — 8u5,,¢w (3371‘,)] ,
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Chapter 4 SU(2) gauge theories Section 4.2 Full field theory

where 0, is the derivative with respect to z and 5# is the derivative with respect to

2’. Similarly £4 in equation (1.20) becomes

Ly = —59°[(au (@) a"(2)) (ay (2) - a” (2)) = (au (2) - " (2)) (@ (2) - @ (2))]
= —59” [(au (@) - au (@) (ay (2) - ay (2)) = (au () - ay (@) (ay (2) - a, (2))]
= (Lp = 597 [au(2) - au (2)) (av (2) - @y () = (au () - @y (2)) (a0 () - au (@))],

and hence the accompanying action for L4 is

(50 = §0° (442 (610 (09) By (2,2) = G0 2,2 6 2. 2)].

Last of all, £3 from equation (1.10) simplifies as follows:

Ly = Lgem (Dual (v)

= (L3)g

I
—
<
M
3
S
=
S
=
S
v 3
—~~
8
~

with accompanying action

(Ss) = 39 / diz €™ (9ai) (2)) a (x) af (x)

Unlike in previous calculations, this term is SO(3) invariant due to the presence
of the €™ term, and a change of coordinates may not be automatically done.
The possibility of generalising the approach followed in Ref. [17] will therefore be

explored.

While (S2)g and (Si)p are both even, leading to O(3) invariants, (S3)g is odd
leading to SO(3) invariants. Consider for instance the partition function. Expanding

eS3 = efd4“(£3), one notes that the expectation value of odd expressions vanish, so
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that the following is obtained:

<efd4x <cs<x>>E> = <1 + /d% (L3 (2)g + o /d%d%’ (L3 (2))g (L3 (2')) — >
— <1 + 4 / d'zd'a’ (L3 (2))g (L3 () + 4 / d*zd*a’ d*a" d*a”

(L3 (@) (L3 (2'))g (L5 (")) (L5 (")) + )

Now define
A = /&x&yug@»Ewgme
_ gj/d4$d4$/ e (9,a%) (z) az (z) al (z) V' (aﬂaﬁ; ($/)> azl, (z') a’, (z')
Note that contractions of e®¢ea’t'e" will result in bilocals of the form by = af, -

ag (z,2'). The following (with implicit dependence on (Z,2')) will therefore be

obtained:

A = % d'zd's’ (040w Su) Sy S + (Oubwyr) St (O b )
+ (a,u(zsw/) (5/1’(25;”/’) ¢1/,u’ - (aug,u’(byu’) ¢;w’ ¢1/,u’
- (au(bw/’) ¢uu’ (gu’¢zw’) - (a,u¢u,u’) (5u’¢;w’) G-

The Taylor expansion of coshz is given by

coshz = 1 [e"+e "]
= [zt ga’ e’ o)+ (1 -zt g2’ - g2’ + )]
= 1[2+22%+ 22t + ]
= 1+Z 4%+
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and hence the partition function is given by

zZ = /[dA] e_((SQ)E+(54)E)6(83)E
- /[dA] e ((82)u+(S1)e) cosh (\/Z>
= %/[dA] 67((82)E+(84)E) (e\/E + e_\/Z)

= § fldo) (v (V5 4 vE)

— 1(z +z2Y).

Two effective actions will therefore be obtained (equation (3.9)):

St = Sg—InJ
=8t = S+S-WmJ+VA
= }l/d‘lx d*z’s (ac — :B’) [8“5#@,1, (ac, x’) — @Léy(ﬁw (:):,x')]
égQ/d4m (Dup (T, 2) Py (T, 2) — G (2, 2) Py (2, )]
~ I TTr Ing] £ VA.

Making use of a translational invariant ansatz, which is applicable for the leading

large N saddle point, the fields may be written in terms of their Fourier transforms,
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resulting in
L 4 4 . d4 ip-(x—x')
Sig = 3 dxdazé(fn 1:) 33;@1/1/()
(2m)*

4 1 4 2
_aﬂgz/eip.(x_zl)gbuu +9 / /d /d

[eipl'(‘rfx)qﬁ u( 1) ezp (z— )¢ . (pZ) _ elp (z— x)qslw (pl) eip2-(xfz)¢yu (pZ)]
—/d4 o e @) Ty [In ¢ (p)] £ /Apr

= % /2 [ 2¢yy p,u,pl/¢1/,u( )]

/d4 v [Ppn (P 1) v (p2) — b (pl) Pup (p2)}

Apr, (4.3)

L
8

/

where Apt is the Fourier transform of A, given by

apl 4p2 43
Apr — /d4 /d4,/d /d /d
(2m)*
(8 3, PR (p1)> ip?-(z— )d)uu’ (r?) ¢y ()
(8“61'19 -(m—x’)¢yul (p1)) esz.(x—x’)d)uyl (p2) (aL/ezp (z—2z )d) (p3)>
( )) (w000 ) 61,0 (7
_ (aﬂéﬂleipl.(x—x’)gbwﬂ (p1)> eip2.(:v—z')¢uyl (p2) ip3-(z—a’ ¢I/u ( )
-0 ) (e )
- (8 it (@— )<l5  (p )) <5M/6ip2-(m—x/)¢uyl (pz)) =ty (p3)

_ 2 /d% /4 : /d‘* ' /d“ r? /(; )3 (P74 (o)

PPy b (1) S (0°) Suwr () + Pl dupe (0°) b (0°) e (9°)
0,00 v (P) D (0%) buper (0°) = 2ppf Sur () by (97) buper (%)
—p Db (DY) b (97) bur (0°) — 0ppi b () b (0%) b (p°) -

|
Q
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Setting s = z — 2’ and t = x + 2’ implies that = 1 (s +¢) and 2’ = 1 (t — s). Then

!
oz.z | = % Thus Ap7 becomes

the Jacobian will be given by

Apr = / d's /d4 / = 1/ o / (f )3 (P47 s
v
p,upu’¢w/ ( )(b,u,u’ ( )¢VV/ ( ) +pup#’¢u,u/ (pl) QS/JV/ (pZ) (o (pg)
+p,£pi/¢uu’ (pl) QS;W’ (p2) gbu,u’ (pg) - p;apllﬂgbw/’ (pl) ¢uu’ (p2) ¢Vu’ (pg)
*p;ltpi/gi)uu ( 1) ¢,uu’ (p2) ¢VV’ (p3) *p};pi’d)l/u’ (pl) ¢;w/ (p2) o (pg)
d4 1 d4 2 d4 3 .
g‘*v/(zw) /(2724/(2:)4 (2r) 0 (p" + 5" + )
prL/¢VV/ (pl) ¢uu’ (p2) ¢VV’ ( 3) er;lei/QZ)Vu’ ( 1) ¢uu’ (p2) ¢VV/ (p3)
D0 G (D) Sy (07) duer (%) = 0y b (91) b (0%) Sy (0°)
—pipi/%y/ (2") S (%) bur (0°) - pupu’qsw (P") S (1) dur (1°)
d4 1 d4 2
- v o0 o
Pppybu (P) (B () v (0" — %) — b (0°) dupr (0" — %]
+pp (=P = ) b (=" = 9°) [ (P) b (07) = buar (") By (7)]
0,00 b (0°) [Sur () b (—0" = 1°) = dupr (P1) bur (—0" = p%)] -

N =

In the context of vector models, it was suggested in Ref. [17] that one should be
able to obtain the large N saddle point configurations for ZF and, of the two, choose
the one with lowest energy, with the second saddle point configuration contributing

exponentially small correlators.

Note that Apr is proportional to the volume, and hence /Apt is proportional to
VV; one of the terms in S;% is therefore not extensive. This requires further study.
In the following, V' will be kept finite.
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OAFT
O0bas (Po)

N —

5 4.1
g et
PouPop [¢uu’ pl) Pagp (*pl - pﬂ) — bup (pl) Doy (*pl *po)]
+papdu (0') du (=" = o) + pppjrbas (') duw (—po — p")
—papbus () duw (—p" = po) — Ppphdar () G (—po — p')
+pp0u [Gap () s (=0 = o) = Pas () Sy (—0" — po)]
+pop (—pos — D) bawr (—P0 — P") D (") + pi (=1} — PoWr)
b (—p" — po) Guw (")

—pou (—Pow = Ppr) dap (—p0 = P') S (0") — pa (=05 — Pow)
b (—p' = p0) dur (') Sy (p))

+papow [¢vp () Guywe (=p" = o) = Suw (P') dug (—p" — po)]
+p0pPL Sus (P') b (—po — ') + 1)) (—Ph — Pos) b (—p" — po)
borr (P")

—poppp b (") o (—po — ") — pp (—pow — ppr) dup (—po — ')
Do (pl)

4.1
v [
1

2p0up0u’¢,uu’ (pl) ¢o¢5 (_pl - pO) - pO,upO,u’¢,uﬁ (p ¢a,u’ (_pl _pO)
)

N[ =
M

+2paphdun (P') duwr (—p' — o) + pppjrbas (') b (—po — ')
—paprbup (P') duw (—p" = po) — 20,Psbar (") b (—po — p)

+2pLpow bagr (P*) dup (—1" = po) — pjpow bas (p') buw (0" — po)
—p0pPosbar (—10 — P') S (P') + & (=P — Pow) b (—1" — po)
Pup (pl)

+p0pP bap (—po — p') Sy (P') + Paposdun (—p' — o) duur (p')

+pép0u’ [quﬁ (pl) ¢Vu’ (_pl _pO) - qbl/u’ (pl) ¢Vﬁ (_pl - pO)]
+p0pPp Sus (P') b (—po — ') — p0s b (—1' — o) darr (p")

—2p0p b () ba (—po — ') + P Sus (—po — p') dayr (') -
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Giving an expression for ¢ B po) of

d41
V

(2poupou + poﬂp,ﬂ/) b (P') bap (—0" — Do)

+ (Dppy — Pppow) dap (P1) G (9" — o)
+ (20405 + Papos) Suw (') v (—p' — po)
— (2papop + Papy) ¢uvs (P — o) duw (P')
— (papyy — Papow) Gus (P*) ¢uw (—p" — po)
+ (2pppow + Pupyr) Gap () S (—p* — po)
+ (ot — Poupowr) Gus (') da (—p" — o)
— (2pouph + Poppos) b (P*) baw (—po — ')
— (2p,pj + Pppos) Pav (P*) D (—p0 —p') -

Performing a saddle point analysis then results in
0S5
ad’aﬁ (pO)

2
- %V [pgéa’jéﬂl’ _poﬂpol/(sav(sﬂ#] + %V

[5au5ﬂu¢w (pl) + buu (pl) dav08y — OapdBy Puu (pl) — O (pl) 5av5ﬁu]
OV ArT
a¢o¢/3 (pO)

= LV [p§das — PosDOQ | + 4 V /

0 =

d4p1

3V ¢ (po)] " £

d4 1
(2m)*

_¢Bo¢ (pl) - ¢ﬁa (pl)] - %V [¢ (pO)]_l +

[ aBPup ( 1) + dup (pl) dap

OV AFT
8¢aﬂ (pO) ’

and scaling the field ¢ — N¢ (Apt — N2?Apr keeping A = ¢?N finite) in this

analysis gives

1 2 A d4 !
0 = 3V [Po5aﬁ - pOﬁPOa] + BV/

(2m)*
1 OAFT
2/ Apr 0bag (po)

[25aﬂ¢uu ( ) — 208a (pl)]

Yo (po) " £
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The factors of N therefore drop out of this equation as before. Factors of V', however,

do not drop out, as can be seen in the resulting expression for the propagator:
2

4
P0as — PogPoa + A S % [Bapbun (P1) = dga (P)] £ 2=

0 _
¢ (po) = 1 8App )
V8¢aﬁ(p0)

Even for finite V, the gap equation is unlikely to yield a closed solution as there
is no longer an expectation that ¢,g o< dog. This can be remedied by introducing
the gauge condition d,A* = 0, which introduces ghosts, and they would have to be
generalised. It should be noted that the Jacobian of the transformation to fermionic

bilocals is known [18]. This is beyond the scope of this dissertation.
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Chapter 5

Conclusion

Non-Abelian gauge theories are of interest in Physics as they describe particle in-
teractions on the one hand and the low energy dynamics of the world volume of
d-branes on the other. SU(2) gauge theories are therefore of interest and were the
subject of this dissertation. SU(2) gauge theories were written in terms of vector
models and when these comprised solely O(3) invariants, a change of variables was
possible using a Jacobian determined via the collective field theory. A large-N saddle
point analysis ensued, giving rise to an expression for the propagator. The following

results were obtained:

e When SU(2) gauge theories were dimensionally reduced on 7%, a mass term
and a large N Jacobian term were incorporated into a purely quartic effective
action. The saddle point analysis performed on this effective action yielded
a quadratic equation and an expression for the propagator obtained in the
strongly coupled (and large N) limit was obtained. It is free of infrared diver-

gences.

e When SU(2) gauge theories were dimensionally reduced on R x T3, an Hamil-
tonian formalism was applied, in which it was argued that the physical fields
of the SU(2) system are those given by O(3) invariants. The Hamiltonian was
derived using the collective field theory, and the effective potential thereof once
again reduced to the quartic interaction as a result of the specified dimensional
reduction and canonical quantisation; no mass term was added. The large N

limit gave rise to a solution without any need for an infrared regulator.
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e In the case where SU(2) gauge theories were not dimensionally reduced at
all and the full field theory was considered, collective field theory was used
to obtain a new space-time dependent expression for the Jacobian. The cu-
bic contribution to the effective action was treated with care and the Fourier
transform was taken. Upon performing the large N saddle point analysis, an
expression for the propagator was obtained; it was, however, not independent
of volume, necessitating that a finite volume condition be imposed. It was ar-
gued that the complexity of the gap equation could be simplified using a gauge
condition, which introduces ghosts (and for which the Jacobian of transforma-
tion is known), but which lies outside the scope of this dissertation. This may

form the premise for future work.
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Appendix A

Derivations and additions

A.1 A derivation of Einstein’s equation from the Einstein-

Hilbert action

Making use of the variational principle, Einstein’s equation

1 8rG
R:U'V - ig‘u,l/R + Ag;u/ = C4 NT,UJ/ (Al)

will here be derived from the Einstein-Hilbert action

4
St = oo [atey/derl] (R—20) + [atr/dellCw, (A2)

167G N

where g = det|g| = det,, (gab (xk)) (using Roman numerals a, b etc. in intermediate
calculations, to differentiate them from the p and v indices which are expected
to appear in the final expression); ref. [19] provides useful insight in solving this

problem. The following results / identities are important before progressing further:

(a) A determinant may be written in terms of adjoints, expanding about any
row (or column). Expanding about the a'" row of the matrix g, results
in

ga) = Y 9a(adjg)™
b

=Y g = ) g ga(adjg)” = (adjg)*.

b
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Hence

_ 99 OGab
Ocg = gagabaﬂ

. Z 9 Zf gdf (adjg)df OYab

ab O9ab Ox°¢

)
= > (adig) L
ox¢
7
Jg
OV
fod
= 59 = 99"8gpa

with implicit summation over a and b. Therefore

oV—g = 2\/1Tg (_69) = %\/ _ggabdgbav

and finally
5 (x/—gg“l> = V=99"6gba9°" + v/—gdg°

(b) A small variation in the Ricci tensor is given by
(SRab - 5Rccwb
= 0 <3CFZb — BTG + Teglly — ngrgc)
= 9e0TG, — BTG, + 0T Ty, + Tegdlay — 0540 a, — T540Tge
= (0 (0T) + 1, (078, — T, (9T,) — Tt (9T5,))
~ (8 (0T60) + T (OT%.) — Ty (OT.) — T (0T%,) )
= Ve (Ig,) — Vi (6175,) -

This is Palatini’s theorem, expressing the Ricci tensor as an absolute

derivative.

(c) Since the environment is assumed to be torsion-free , the Christoffel sym-

bols are symmetric in their lower indices and the following identity is
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obtained:
Vegab = OcGab — Tgan — Tigad
1
= 8cgab - igde (aagce + 8cgae - aeQac) gdb
1
_igde (817966 + Ocgpe — aegbc) Gad
1
— acgab - 555 (aagce + acgae - aegac)
1
_552 (abgce + acgbe - aegbc)
1
= 8cgab - 5 (aagcb + acgab - 8bgac)
1
_5 (8bgca + acgba - aach)
= 0.
Hence
Ocgab = Tga + Tigaa

=09 = 99"0cYab
= gg® (Fﬁcgdwf ?cgad)
= g0§Tq. + goiTs,
= 29I7,

and since g is a scalar of weight +2,
Veg = Oeg — Wglhex = deg — 2913, = 0

(a proof of this may be found in arXiv:physics/9802027), resulting in

Ve (\/jggll”) =0.

Solving the original problem now, the variation in the first part of equation (A.2)

may be written as

5/d4x\/—gR = 5/d4x\/—gg’“’RW = /d4x(5 (vV=99"") Ry + /d4x\/—gg’“’5 (Ruv) -

By (b) and (c), the second part of this expression is zero,

Jatov=a0"5(B) = [aley=gg" (T (6T%) - Vi (T)

— [daV, (VA (T - V. (Va9 )
= 0.
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Since

5 (vV=99") = V=g6g" — 3vV=99""6gbag""

one has that

/d4x5 (\/—gg’“’) R, = d4:1:5 ) R,
d4$ \ﬁngW -1 rgab(sgbag;w) R,Lw

d433 Ry — Qg,ul/ ) V—g6g""

Il
—— —

Hence the invariance of

A

Ser —
Bl 167G N

d*z/—g (R —2A) + /d4:17\/—g£M,

leads to the Einstein equations
R,uzx - %gul/R + Ag,u,l/ = BZ#TMV
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A.2 Derivation of the non-Abelian field strength tensor

For an Abelian field, the gauge field and field strength tensor respectively may be

written as .
4 *
A, = A+ p (Opu) u
1
= Al‘ + ;6“0[
F, = aqu/ — &,A#
= F;/wv

where u = ¢~**(®) € U (1). In the non-Abelian case, however (since we now extend
the principle to matrices, and so the transformation matrix becomes U = e~ (@) ¢
U (N)), the gauge field becomes '

A = UAU 4 ; @0 Ut

1
= A, —iw A+ -0uw.
)

In this case the field strength tensor is not quite as straight forward as in the Abelian
case where the differential term cancelled due to the commutativity of differential
operators. In order to shed some light on what the field strength tensor ought to
look like in this non-commutative case, consider
Fo = 0,A, —0,A,+ f(AuA)

— 9,A, — GVAL +f (A;, A;,)

= Uldudy — A, + f (A, A UT

= UFRnyt +Uf (A, A)UT. (A.3)

Using the identity,
vut=1 = 9, (vU") = @)U +U8,UT =0
= 9,Ut =-UT(8,U)UT,
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Section A.2 A derivation of the non-Abelian field strength tensor

consider, as a starting point then,
F;/ﬁ/be”an _ 8#‘4;/ _ 8VA;L

= 9, <UAVUT + g (9,U) UT> -9, <UAMUT + ; (8,U) UT>

_ [a“ (UAVUT ) _a, (UANUTH n [a“ (; ,U) UT>

-0, (; (8,U) UT>] .

The second bracket becomes

: P, H _ & Pt i
- (@u0,0) Ut 4~ (0,0) (8HU ) L @0,0) Ut~ (2,0) (8,,U )
i

= @) (8HUT ) - ; (9,U) (6VUT)

- o[ Grwo)- () o)

7 7
= —ig|-(8,U)Ut, = aVUUT],
g[gum L @.0)

whilst the first bracket becomes
((QLU) UT) (UAVUT) - ((&,U) UT) (UA#U*)
+ U (9,4, —9,A,)U"
- [(UA,,UT) ((8#U) UT) - (UAHUT) ((GVU) UT)}

= URAbiampt g B 8,U) U, UAVUT] —ig [UAMUT (8,U) UT]

and so

/Abelian Abeliany 7t
FW = U F/w U'—

ig <[UAMUT, (0,U) UT] + [

{ ?
9

@ t
L@ @00)U ]

+ ;(@U) UT,UAVUTD

U F;ixybehanUT B

ig (UA U + ; @0, U, UAUT + ; 0,U) UT] +igU [A,, A U

= UFp™UT —ig [Al, A)] +igU [Ay, AU
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Hence if one defines the non-Abelian field strength tensor to be
Fu =0,A, —0,A,+ig[Au, A,

then
Fl, = 04A,—0,A, +ig [A;“ Al
= U (9,4, — A, +ig[A,, A))UT
= UF,UT,

which (as desired) would result in an invariant Lagrangian.
An illustration from representation theory

This invariance result goes hand-in-hand with a key result from representation theory
which states that for a representation p where
p:G— GL(V),

the character xy : G — C of the representation, defined by
xv (9) =Trv (p(9)),

is a complete invariant. In particular, xy is conjugation-invariant:
xv (hgh™) = xv (9) ,Vg,h € G.

So one sees, highlighted in representation theory, a group element g = F,, and
representation p (g) = F,, F'*, giving an invariant trace under conjugation of g by
group element h = U, to obtain
v (9) = Tr (FuF*™) = Tr[UF,F*U™
= Tr[(UFLUY) (UF*U)]
= Tr (F,,F™)

= xv (),

implying an invariant Lagrangian

1
L= —JTx [ ™).
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A.3 A derivation of Euler’s formula

Euler’s formula may be proven in two steps [12]:

1. Distorting a polyhedron in any way leaves the Euler characteristic invariant.

2. Introducing a hole reduces the Euler characteristic by 2.

To prove the first point, note that a cube, for example, has Euler characteristic
of x =F—-—P+V =6-—12+4+ 8 = 2; similarly for tetrahedrons, octahedrons,
pyramids etc (polyhedra with no holes). Now consider any polyhedron: there are

three fundamental ways to distort the polygonal surface:

e Any deformation (e.g. rescaling of edges) to the surface that leaves P, V' and

F unchanged will leave the Euler characteristic invariant.

e Shrinking an edge to a point simultaneously reduces P and V by 1, thus leaving

x unchanged and

e Shrinking an N-sided face to a point reduces F by 1, P by N and V by N-1,

once again leaving y unchanged.
Any deformation to the surface is given by some combination of these fundamental
deformations.

To prove the second point, consider that introducing a hole requires matching two
non-adjacent N-sided faces with each other and eliminating them, resulting in F

decreasing by 2, P by N and V by N; hence x reduces by two for each hole introduced.
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A.4 su(IN’) algebra identities

The generators 7%, a =1...N 2 _ 1, in the fundamental representation of the su(N’)

algebra possess certain properties regardless of their dimension.

They satisfy the following relations (adapted from [20]):

[T“,Tﬂ — g fabeqe (A.4)
a 4 abcrpc
{1, 7" = ﬁaab + 24T (A.5)
- TaTb _ 35 + dabcTc + -fabcTc (A 6)
= 7y70ab 1 . .

From these equations, the following normalisation is obtained:
Tr (T“Tb) = 2. (A.7)

d®c is totally symmetric in its

In the above, f%¢ is antisymmetric in its indices and
indices and is given by:

dabe — iTr [{T“, Tb}TC} .

Furthermore,
pagbpe  _ % 5T + (dabd Y fabd> e
Ty (TaTch) —_ 9 ( aobe 4 g fabc) ’
and
Tr <TaTbTCTd> - Tr <]3,5ab]\2[,5¢d + (dabf tifas ) (df“;ﬁde rif! Cej\?ade))
- %&lb&d 2 (i) (afee i) b
_ %5ab56d+2 (dabe+ifabe) (decd_‘_ifecd).
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A.5 Path integral calculations

Path integrals are understood as follows. A propagator is the amplitude of finding a
state at z1 which originally had an eigenstate at coordinate xo [21]. This is equivalent

to summing over all paths between x; and 2,
G (a1,22) = (017 (@ (o1)  (22)) 10) = [ [daa(ar)a (o) 40,

where [ d*zL is called the action and denoted by S. By extention, the time-ordered
expectation value of an operator O (in units of h = 1) is given by
017 (©0)[0) = [ [da] © (@) 5.

The intricacies involved in performing such calculations may be found in appendices

A.5.1, A.5.2 and A.5.3.

A.5.1 Calculating propagators

Consider the moment generating function where the matrix J has the same order as
that of M,
Z[J] _ ’C/ [dM] e—ozTr(MQ)—l-@Tr(JM) (AS)

= K:/[dM] e~ (Map Mya)+B(Jab Ma)

= 4 Z[J]] ;=g = IC/ [dM] BMyp.e~*MabMsa)
dJ
= B (M)
d
VA = M B2M;. .. M. e~ *(MabMya)
and dJkllldJkQZQ[ [JHJ:O K:/[d ]B lik1oko €

= B2 (Mg, Migr,)

where K = W is the normalising factor. Once again, the moments of
e

the distribution fall out as derivatives of the generating function with J set to zero.
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Subection A.5.1 Calculating propagators

Completing the square in equation (A.8) gives
20 = K [ [aagememOr) e

'S [eT‘"(O‘(fﬁw’)Q) /[dM] o—aTr(M—

B eTr(a(%J)Z)

— e%Jabea'

Hence, the moments of the distribution are given by
1 d

M = ——[Z[J,_
(M) BdJm[ (11720
12532 [ 82 g }
= ——— |Ju etaatlba
B 4o J=0
= 0
and
Mo M) = LL[Z[J]]
l1ky PMloke - ﬁQ dJklll dszlz =

2 2
— 128 d [Jhkl efaJabea:|

@Edj]ﬁzlz J=0

(A.9)

1 QBQ 2,82 2 2
B 52 [(404511"726121“ + <4a ik sk ¢ 1a JabJba
J=0

1

- %511]626[2]{1'

Furthermore, a Gaussian distribution
[dM] efé(Mllh ) (011 kylgky ) (Mlzkz )

—0o0

(with indices in no particular order) reduces to
oo

[dM] e—%aTrM2

—00

(A.10)

(A.11)

(A.12)

under a unitary transformation; thus the operator has the form

Ol1k1l2k2 = Q5k1l25k2l1 °

(A.13)

Then the 2-point correlator (M, r, My, k,) is then inverse of this operator

A 1
—_ N1 _
<M11k1Ml2k2> = Ol1k1l2k2 = a5k1l25k2l1
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Section A.5 Path integral calculations Subsection A.5.2 Green’s functions

which is an important and general result for Gaussian distributions. 2n-point corre-

lators may similarly be obtained, while odd correlators are identically zero.

A.5.2 Green’s functions

Consider the following generating function
Z(J) = / Depel o 4'7'i(30u¢" (@101 6"(2) = 313" (')9"(a) +J° (') ¢" (a")

The term in the exponent is maximised when its derivative with respect to ¢* (x)
is zero, giving an expression comparable to finding the position of the peak of a

Gaussian distribution:

0= /OO da’i [(@54 (a: - :E') oM o® (:L")) — m?5* (m — :L") ° (:U')] +J° (ac') 0 (m — :L") .

—00

Setting surface terms to zero, this results in

(0,01 +m?) ¢ (x) = —iJ* (). (A.15)

The generating function may then be written in terms of a new variable ¢ by
setting ¢? = ¢ + ¢'*; after normalising using N = [ DgeS(9) this simplifies to
4 070
Z[J] = NeJ V275

where terms linear in ¢’ have been eliminated and it remains to find a useful expres-
sion for ¢¢ from (A.15). Consider

(8,0" +m?) G (z—y) =6 (x —1y)d? (A.16)
= () =i [ e -y W)
=~ zZ[J]= Nes fd4zJ/a(m)G“b(xfy)Jlb(y)’ (A.17)

where G% (z — y) are Green’s functions.
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Fourier transforming G® (z — y) and 6 (z — y) and substituting into equation (A.16)

results in A 4
/ (;:;4 (0,0" + m?) PG (p) = / (;};4 S
= Gab (p) — i
Pubt — m?

N Gab (r—y) = / d4p fdabeip-(:c—y)'
(271')4 PuPt — m?

Propogators (time-ordered) may then be obtained by taking successive derivatives
of the generating function in equation (A.16) with respect J % (z;). For example,
52z
a1 as _ = —i(Gua2 _
<¢ (‘rl) d) (J32)> 5.Jar (331) 5.Ja2 (IEQ) |J—0 ? (331 .’EQ)

and
(" (z1) §** (w2) 9 (23) 9™ (24)) = =G5 0, GR3%, — Gata, G2, — Gy e G2

T1,T2 — 3,74 T1,T3 7 T2,T4 T1,T4

while odd correlators are identically zero; these results are a direct application of
Wick’s theorem (see Appendix A.5.3).

A.5.3 Wick’s theorem

Wick’s theorem gives an algorithm for calculating any order moment for Gaussian
distributions. One see that the expectation of odd combinations of x; will be zero (by
symmetry and since odd expressions will always have a coefficient of j which will be
set to zero when calculating the expectation). For even correlators, Wick’s theorem
gives the intuitive result that even correlators may be written as the sum over the
possible groupings of 2-point correlators for which there are (2k — 1)!! = (m — 1)!!

possibilities which can be seen as follows: For m = 2k even the number of pairings

of [ziy, iy, ey @i, | 18 o
2 C 2 720 20
2. 2...709
X , (A.18)
since the number of ways one can choose the first pair is 2#Cy = Qk(gﬁfl), the number
of ways one can choose the second pair is 2¥72Cy = W and so forth for all k
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pairs, and the number of ways of ordering the k pairs is k! which needs to be divided

out. Expression (A.18) is a telescoping series simplifying to
2k)!
(Qk)
k!

Even terms in the numerator cancel with factors of 2 in the denominator leaving
only odd terms, resulting in
(2k—-1)(2k—3)...1=(2k— D' =(m -1 (A.19)

possible pairing combinations.
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A.6 Zeroth order perturbative calculation for compari-

son purposes

Consider the action used in equation (A.20) before the change of variables (so in-
goring the In J term):

d

1 2 N

Sep= 797D du+ T Y |dudis — (9)°] - I, (A.20)
i=1 i£j

The path integral is then given by

- - N

7 = / [dg] e 3% S i D S () ()~ (05 ) ()]

Considering the equality of the following expression

2
1 d o _liojw | B
-5 221' 1 Qirds 505 [ 3 5(15(5”}(1]-

shows that to zeroth order in g2 the 2-point function is given by the inverse of the

operator acting on af* and a? and hence is equivalent to

<a§‘a5> = %501,85@- (A.21)
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A.7 A formalism for bubble diagrams

A potentially more visually appealing way of visualising bubble diagrams which

needs no examination of indices is made possible as follows:
1 1N 1
L 5 ”gbaa“qba N0¢a¢a_ = (d)aqba) _{_7; < go¢a¢a>

1 1N 1
= GO = LB — (670 4 50— o0

The additional term doesn’t change the dynamics of the theory in that it amounts
to a change in the normalisation factor, and the added auxiliary field o just places
a constraint on %d)a(ba. Furthermore, the only non-trivial interaction term which
remains in the Lagrangian density is the c¢®¢® term. This term allows matching
index labels to be replaced by solid lines which represent ¢ lines, and non-matching
index labels to be replaced by dashed lines which represent o lines; where closed
solid lines are then indicative of ¢ loops and carry a factor of N. The previously

drawn Feynman diagrams then become

-3 i -% L
, OO : O . QL
SR SN St R oy +& L +5 L
% ]
w4 5 tHy O e ]
Y Yy A B

. To further simplify the diagrams, considering integrating over the external ¢ lines
eiSeti(e) — /Had¢“eis(¢a’g),

which has the effect of further reducing the Feynman diagrams above to
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Q

|
roks

-~ []

00 .. O,

4;:;,0
_|_

=

|

_|_

=
[O
"
<
_

Q
O

g° 2 || 9° 2
+7 ton () +on |Q| +42 I I
92
+W 2 .-~
g ot

_|_

DO
-
’
~

. Since all terms in Se.g are proportional to N, the problem amounts to counting
powers of N using a graph theoretic argument. Internal (¢) and external (o) pro-
pogators need to be differentiated from each other and written as P; and Pg, and
the number of loop integrations is given by the number of faces of the graph. This
is written as

F=P-V+1=P -V=F-1.

The overall power of % associated with a given graph is calculated by taking into
account that each external/internal propogator contributes a factor of % while each

vertex contributes a factor N, resulting in
1\ PriPe=V 1\ F+Pe-1
R OO

Hence diagrams which minimise the power of % for a given number of integration

loops, F, are those with the smallest number of external lines, Pg.
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A.8 A Taylor expansion calculation of a matrix deriva-

tive

Define ¢ = 1+ Ap;. Then d¢p = 0 Ay, and thus

In (14 Ajj)
ol (1+ A),;

0Ap

Oln Tr (1 + A)

0AR

N oln (¢),;

Odr

AimAnmi  AimApmnAni
_ Az"_ im<img imAmnang -
J z 3
1
2
1
+§ [6ik5mlAmnAnj + Aimémk(snlAnj + AzmAmnénkégl]
+...
oln(1+ A),;
0AR

1
= Oirdi — 3 [0ik0miAmi + AimOmrdil)

0ik0jt — = [0ikOmiAmj + AimOmi0ji]

+...

1 1
= O — 3 [A + Ay + 3 (A Ank + Aik At + A A

+...

= 0w — A + A Ak + ..
= (1-A4+4*-.)

- (3)
- \1+4)/,

lk

aln(¢)ii_ l _ (41
“on _<¢>>m (67 (A.22)
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A.9 Alternative derivation of the space-time dependent

determinant using Schwinger-Dyson equations

In equation (4.2), it was found that
nJ =1 [N - (1 + V5 (0))} Indet = [N - (1 + Vol (0))} Tring

A second method which is able to reproduce this calculation may be by making use
of Schwinger-Dyson equations. An example of such a calculation may be found in

Ref. [18], in which the calculation is performed for charged scalar fields.

This result may also be obtained by writing the Schwinger-Dyson equations (as shall

be shown) for a and ¢ and equating them. These are given by

0 = / D“/ Pa wf(x) [ () F 6] €]
= /Da/Da N§¢ (r—y)+ (5a"(f(:£‘) [F (@] eiS]
e () wm

and

0 = /D@/ddz(m)fm (@ (2,y) JF [¢] €]
_ /Dcp/ddzad(zz)ad(:cy)+6d(zx)6"(zy)

+® (2,y) JF [¢] €]

)
0P (z,x) [

- /D<I> <V5d (0) + 1) 8 (z —y) JF [¢] &S
+/D<1>/ddz<1> (z,y) 5«1>(52,x) [JF [¢] €]

= (vt 1) @ Flel) + ([0 ) g s F o))

+ </ddz<1>(z,y) £%> +z’</ddz<1> (2,9) Mfzix)F [¢}> (A.24)

where F [¢] is a time-ordered product of bilocals
Fl¢] = T[IGZ,¢ (w3, y4)] -
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Using the chain rule,

= e fr e
_ /dd /dd ()8 (@ —y) +a” (9) 8 (@ - 2)]
= /ddz a” (2) [5¢ (i,:c) T (i,zﬂ
_ /ddwm (2) 55 ((;7 3= /ddzam (2) 55 (i,x)’

by the symmetry of . Incorporatmg this into equation (A.23) gives

. <N5d vy </ddza 5:;1?32)
= (e -nria)+ (fesew 50 0)

Equations (A.23) and (A.24) both equal zero, and hence are equal to each other

((vot o)+ 1) ot @ =gy Fiel) + ( [asn o) s 2P lo]) = (807 (@ =) Flal).

5
8¢ (z,9)

Since

[tz o) s =2 a0 s
therefore,
2 [at0(c0) 555 Fidl) = (Mot =) Flol) (vt ) +1) o e - ) Flal).
ddzqﬁ(z,y)ézl(z:;) - %(N—(V(Sd(O)—i—l))éd(x—y),

in agreement with equation (4.2) as promised.
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