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Abstract

In this dissertation, we study some restricted integer partition functions. We first give a survey
of some aspects of integer partition theory that will form a foundation of our work. These
include but are not limited to, the Jacobi’s triple product identity and its consequences, known
recurrences such as MacMahon’s recurrence for the partition function and Frobenius partitions.
Our contributions to partition theory is a generalisation of one of the theorems of Sylvester, a
non-trivial extension of a version of Alladi-Schur’s theorem and a derivation of several parity
and recurrence formulas of Sylvester-related partition functions and Frobenius partitions.
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Chapter 1

Introduction

The study of integer partitions started around 1674. According to Andrews
in [2], the discovery of integer partitions was due to Gottfried Leibniz. Dur-
ing that time, Leibniz wrote a letter to Johann Bernoulli asking if he had
ever thought of ‘how many ways a positive integer n can be partitioned’.
Leonhard Euler (1707 - 1783) got interested in that question and was the
first person to work on the problem of partitioning positive integers and
other related problems.

Definition 1.1.1. A partition of a positive integer n is a representation

¢

A= (A, A, .o, Ng) where YN =nand Ay > A > A3 > ... >N > 1.
i=1

The integer n is called the weight of a partition, denoted by |\,

and \; (for each i =1,2,...,0) is called a part of the partition.

There are several ways of presenting a partition \. Alternatively, A could
be presented as A\j + Ao+ A3+ ...+ Ay, or (7™, (r— 1)1 . 3™ 2M2 1)
for some r, where m; is the multiplicity of 2. Given partitions « and 3, we
define the v U B to be the partition found by taking the multiset union of
a and G (in this case o and [ are treated as multisets). In the notation
(r™r (r— 1)t 0 3™ 22 1) if my; = 0, then ¢ does not appear in A
since it is not a part. We write A = n to mean that \ is a partition of
weight n.

For instance, 7+5+5+3+3+3+ 1+ 1414 1 can be written as
(7,5,5,3,3,3,1,1,1,1) or (7'52331%).

One may wonder, how many partitions does an integer n have? We denote
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the number of all partitions of n by p(n). Usually, p(n) is referred to as
the unrestricted partition function because there is no restriction on the
parts. We define p(0) to be 1 and p(n) = 0 for all negative integers n.

Example 1.1.1.

n partitions of n p(n)
1 (1) 1
2 (2), (1) 2
3 (3),(2,1), (1) 3
4 (4),(3,1),(2%),(2,1%),(1%) 5
51 (5),(4,1),(3,2),(3,1%),(22,1),(2,13), (1°) 7
(6), (5, 1), (4,2), (4,17), (3%),
6 | (3,2,1),(3,1%),(2%),(22,12),(2,1%), (19 11

However, a partition function that enumerates partitions in which a re-
striction on parts is imposed is called a restricted partition function. For
example, the number of partitions into distinct parts is one such out of
many that can be formulated. We will denote the number of partitions of
n into distinct parts by d(n).

Example 1.1.2. Note that d(5) = 3 and the 3 partitions of 5 into distinct
parts are;

(5),(4,1),(3,2).

In the same way as p(n), we set d(n) := 0 for all negative integers n and
d(0) := 1. This partition function has been widely studied and a lot can
be said about it. It is known that d(n) is equal to the number of partitions
of n into odd parts [11]. There is a bijective proof for this identity as
well as a generating function proof, (see page 7). In terms of generating
functions, we have

¢} 0

[Tr+a9 ZH% (1.1.1)

n=1 n=1 1- q

The identity is due to Leonard Euler, no wonder it is named after him.
Identities that conform to (1.1.1) are called identities of Euler type. More
explicitly, one side of the identity describes partitions in terms of multi-
plicities, and the other side describes partitions in terms of what parts are
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allowed to appear. One bijective proof of this identity was found by J.W.L
Glaisher [14] in 1883.

Not only is d(n) connected to the number of partitions into odd parts but
also, its parity can be deduced directly from Legendre’s partition theoretic
interpretation of the Euler’s Pentagonal Number Theorem:

(—1)/, n="1820"5_01.2 ..

. (1.1.2)
0, otherwise,

de(n) — do(n) = {
where d.(n) (resp. d,(n)) is the number of d(n)-partitions of n into even
(resp. odd) number of parts. We shall call an identity of type (1.1.2) an
wdentity of Fuler’s pentagonal type.
There has been progress in the discovery of more identities of Euler type
as well as those of the Euler’s pentagonal type. The good news is that
if parity of some partition function, f(n) say, cannot be deduced easily,
but the difference f.(n)— f,(n) can, then we automatically know the parity.

The Euler’s Pentagonal Number Theorem (EPNT) whose Legendre’s in-
terpretation is given in (1.1.2) is the equation

> n s n n(3n+1) n(3n—1)
[[a-¢)=14+> (D" 7 +q¢ 7 )
n=1

n=1

as long as |¢| <1 [5].

In the subsequent chapter, we lay down prelimnary tools. In Chapter 3,
we present Andrew’s elementary proof of Jacobi’s triple product identity.
As it will be shown, the EPNT follows from Jacobi’s identity as a corol-
lary. In Chapter 4, we discuss Legendre’s partition-theoretic intepretation
of EPNT. MacMahon’s recurrence for p(n) is also presented besides a re-
currence formula for d(n). Chapters 3 and 4 are based on [6] and [3].

A little amount of research in partition theory was done after Euler and
later on, J. J. Sylvester started to get interested in the study of integer par-
titions an area in which he made great contributions. One of the partition
identities discovered by Sylvester is: the number of partitions of n into dis-
tinct odd parts is equal to the number of self-conjugate partitions of n [19].



Our goal is threefold. Firstly, to generalise the aforementioned Sylvester’s
identity and give an explicit bijection for the generalisation which we
present in Chapter 4. Secondly, to derive new parity and recurrence formu-
las for certain restricted partition functions and study some combinatorial
consequences of Glaisher’s bijection. Thirdly, to derive new partition iden-
tities involving certain restricted Frobenius partitions and geometrically
interpret the bijective proof of our generalisation of Sylvester’s identity.



Chapter 2

Preliminaries

2.1 Notation

For a,q € C, we have

n—1 )
[T(1—aq"), forn>1
(a;q)n = § =0
1, n=>0
Then,
— _ _ — an? — —an™) — Ti .
(@;¢)sc = (1 —a)(1 —ag)(L —ag’) ... Ho(l aq") = lim (a; q)p.

Note: Throughout this dissertation, we generally use an abbreviation
(a), instead of (a;q), and (a) instead of (a;q)~x Whenever the base ¢ is
understood.

For all n € N, we may write

The following are some important g-products we are using in this work;

e.¢]

(@ = [J(1—¢",

n=1



() =[] =),
(% 0% = [ (1 — ™).

We denote the coefficient of ¢/ in the series expansion of f(q) by

[’1(f(q))-

Note: We denote the sets of partitions by capital letters. For instance,
the number of all partitions on n is denoted by P(n).

2.2 Background

The following theorem gives the generating function for the sequence p(0),
p(1),p(2),- .

Theorem 2.2.1. For |q| < 1, we have

> " =]]5 _1qn. (2.2.1)

n=0 n=1

Proof. Every partition is such that 1 occurs 0 times or once or twice or



thrice, etc., 2 occurs 0 times, once, twice, etc., and so on. Hence

Zp (A4 T g ) A @ P )

X(A+@+@P 4+ )A+g" +¢"™ )

1 1 1
(- -¢)(1—¢%) "

8

n=1

]

Every partition enumerated by d(n) is such that 1 occurs 0 times or once,
2 occurs 0 times or once, and so on. Thus for |¢| < 1,

NE

d(n)q" = (L+q)(1 +¢*)(1+¢*) . H

Il
=

n

Let o(n) denote the number of partitions of n into odd parts. It turns
out that o(n) is actually equal to d(n), an identity called Euler’s partition
identity [11]. This is stated in Theorem 2.2.2

Theorem 2.2.2. For any nonnegative integer n,
d(n) = o(n).

Proof. In terms of generating functions, we have

Y dmyg" =]]1+4q¢"
_'O_O' n (1_qn)
BT
e SRS

S (A=) (=g

n=



B 1
o _ 42n—1
n=1 q
= ) o(n)q"
n=0
Thus
00 i o0 1
n=1 n=1

[]

However, Theorem 2.2.2 has been generalised by L.W.J. Glaisher [14].

Theorem 2.2.3 (Glaisher, [14]). Let k be a positive integer. Then the
number of partitions of n where no part appears more than k — 1 times
equals the number of partitions of n in which parts are not divisible by k.

We describe Glaisher’s bijection for Theorem 2.2.3.
Glaisher’s bijection

We denote Glaisher’s bijection from the set of partitions of n in which
parts are = r (mod k), r € {1,2,3,...,k — 1} onto the set of partitions
of n where each part occurs at most £k — 1 times by ¢. This map ¢ is
described as follows:

Consider a partition A = (A", A7, A, ..., AYY) of n with ¢ different parts
and each part is not divisible by k. We write each multiplicity ¢; in its

m; ,
unique k-array expansion: t; = > a;;k’ , a;; € {0,1,2,...,k —1}.
j=0

We define pn = |J U (k?A;)* to be a partition of n whose parts are &7\,
i=15=0
with multiplicities a; ; for all 4, i.e., each part occurs at most £ — 1 times.

Thus p = ¢(N).

Conversely, consider a partition p = (u{l, ,u%%, ,ug?’, e ugg > of n where no

part appears more than k — 1 times, that is, f; € {1,2,3,4,...,k — 1} for
all 1 < i < ¢g. For each ju; we find the highest power of k, say k%, such
that pu; = k/ia; where k does not divide a;. Observe that

g
A= U(ai)kjifi
1=1

8



is a partition of n whose parts are not divisible by k. Thus A = ¢~ 1(u).

Further restrictions can be put on odd parts in Theorem 2.2.2, where odd
parts are allowed to occur at most twice, and one observes Theorem 2.2.4,
which has been recorded in [9].

Theorem 2.2.4 (Alladi-Shur, [9]). Let d3(n) denote the number of parti-
tions of n into distinct parts not divisible by 3 and os(n) be the number of
partitions of n into odd parts occurring not more than 2 times. Then for
n > 0, we have

dsz(n) = o3(n).
Proof.

oo

12

os(mg" = [+ + )
n=0 7‘1.:‘i

1 — q3(2n—1)

L — q2n—1
11 "

- 1+qn

= by (2.2.2

(1 )+ A+ )
(1+¢)

1

= [0+ Ha+¢"?)

= ng(n)q".

n=0

2.3 Q-series

A g-series, also known as Fulerian series, is a series which in general con-
tains various products of the form (a;¢q), in its summands. In this section
we look at one of the most useful theorems in the theory of g-series, the
g-binomial theorems and discuss some important corollaries.



Recall that for all n € N, we have

(@)oo
a), = : 2.3.1
) (ag")oc (23.1)
For a prime power £k =p", r=1,2,3,..., we have
(:9)k = (¢"¢")n  (mod p). (2.3.2)
k

Proof. Observe that expanding (g; q)
tain,

» using the binomial theorem we ob-

Li=1
n k—
=11 (1 + > () (=)™ ql)"“)
=1 m=1
But (£)=0 (modp), V1<m<k-1

If p is even, then p = 2. i.e., k = 2" and is even.
Then,
(=) =1=41 (mod p).

Also, if p is odd, then k£ = p" is odd.
Thus
(—1)F = —1.

k

In either case (p even or odd), (—1)" (mod p) becomes —1 (mod p),

le.,
n

(Gon=]]1-q% (modp) = (¢":¢")n (modp).

1=1

10



Theorem 2.3.1 (g-binomial theorem, [6]). For |q|, |t| < 1,

00 (1-—-u)(1-—~uq). ..(1__,uqn—l)tn B 00 E};:;gzgﬁz
nz:% 1-¢(1—=¢*)---(1—q") —EO —ig") (2.3.3)
Proof. Let
— 1 — utq"
F%t)::JiE-i_:Ta?;.

It turns out that F(t) converges uniformly on compact subsets of |t| < 1,
see [6]. Hence it represents an analytic function on |t| < 1.
So, we may write

Ool—utq” - n

=0 =0
Clearly,
1] (H 11_—7“:;%1> = 1. (2.3.4)
n=0
So,
B 1 TT L utd")
(1—t)F(t) = (1 t)g Tt
1 TT At
= (1 1t)7[[0 =™
= (1 —ut)F(tq)
We have

(1—1) iAnt” = (1 — ut) iAnq”t”,
n=0 n=0

i At — i Attt = i Aq't" — i uwA,q"t" 1,
n=0 n=0 n=0 n=0
(AO + zoo: Ant”> — EOO: A, 1t = (AO + EOO: Anq”t"> - EOO: wA,_1q" ",
n=1 n=1 n=1 n=1
D> (An = A )t =) (Ang” — udyag" " (2.3.5)
n=1 n=1

11



Equating coefficients of ¢" in (2.3.5), we find that for a fixed n
A - An 1= An - uqn_lAn—la

or ,
1 —ug"
An - ( ! )An—l-
(1—4q")
Iteration of this recursion reveals that for all n > 0,

1 —u)(l —ug)---(1—ug"™")
1-qg)1—¢*)---(1—¢q")
But by F(t) = i Apt", we have

n=0

Ay=[t"] F(t) = 1. (by (2.3.4))

An:( 0-

So,

(1 —u)(1 —ug)---(1—ug"™)
1-¢)(1=¢*)---(1—g¢")

Substituting this value for A, in (2.3.4), we obtain the desired result. [

A, =

We now state two useful corollaries of Theorem 2.3.1 found by Euler.

Corollary 2.3.1. (Euler) For |q|, |t| < 1,

772:% (I—q)(1—¢*)- (l—q”):gma (2.3.6)
L I n
;(1—(1)(1—(12)---(1—(171) _L[O(lﬂq ). (2.3.7)

Proof. Equation (2.3.6) is obtained from Theorem 2.3.1 by setting u = 0.
That is, for |¢|, |t] < 1,

oo

i (1—0)(1—0q)...(1—0g""H)t HO (1 —0tg")

1-—q¢)(1—¢?)...(01—qn) (1 —tq™)
o

o0 tn
Zl—ql—Q) _Hl—tq

n:() 1 - q n:O

n=0

12



Replacing u by u/v and ¢ by vt in (2.3.3) we obtain that for |q|, |vt| < 1,
we have

2 (1= u/v)(1 = (u/v)q)...(1 = (u/v)g" Y (vt)" = (1 — utqg”
Z( [v)(1 = (u/v)g) ... (1 = (u/v)g"")(vt) H( q")

— 1-q¢)(1—¢*...(1—g") S (1 —vtg")

But the summation above equals

v —u)i(v—ug)... (v —ug" H"t"
HZO 1-q¢)(1—¢*)...(1—q")

i v—u)(v—uq)... (v—ug"H"

1-q)(1—¢*...(1—q")

Hence we have

o0

(v =) —ug)... (v —ug" W T (1—utq")
nz:% 1-¢)(1—=¢)...(1—¢") _g(l—vtqn)- (2.3.8)

Now Equation (2.3.7) is obtained by setting v = 0 and u = —1 in (2.3.8),
that is

- g ¢ ¢

:0l—q(l—q)---(l—q”)_n:O (1)

n

and thus

n n(n—1) 00

q 2 N

NE

Il
o

n

]
However, if we set t := ¢ in (2.3.6), we get
~(l-q)(l=¢)---(1—q") 5 (1—g")
-
n=1 (1 - qn)
=> p(n)q". (by (2.2.1))



That is, for |q| < 1,

e} n o0

q B N
Z(l—q)(l—QQ)...(l_qn) _ZP( )q". (2.3.9)

n=0 n=0

And also if we set ¢ := ¢ in (2.3.7), we get

n(n+1)

Z (1—q) 1—@1) (1—q”):H(1+qn)

n=0 n=1

=> d(n)q". (by (2.2.2))
n=0
That is, for |q| < 1,
%) qn(n2+1)
d(n 2.3.10
Z(l—Q)(l—Q) (1—q) Z ( )

n=0
We now look at Heine’s fundamental transformatlon as a corollary of the
g-binomial Theorem.

Corollary 2.3.2 (Heine).  For|ql,|t],|v| < 1, we have

oo

(w)n(V)nt" . (V) oo () _ = (%)n(t)nvn
Z_: (@n(w)n  (W0)oo(t)oo ; (@)n(ut)y

n

Proof.

3 (u)n(V)nt" _ 3 (wat" i“)oo T (by (2.3.1))

=0 (gn)(w)n

m=0

and u = w/v)




o> () e ovea
- fiii‘;ni(w@?:”m (") o
EEEESERGE wew
RN D e

The following corollary follows as a corollary of Corollary 2.3.2.

Corollary 2.3.3 (Heine).  If |w| < |uv]|, then for |q| < 1, we have

— (W (V) (w/ (o))" (w/u)oo(w/v)o
nz_% (@)n(w)y (W) ao(w/ (Uv)) oo

Proof. If we replace t with w/(uv) in Corollary 2.3.2, we get that, for
gl <1 18] = 55 < 1, (e Jwl < Juvl),

[uv]

n

Z(U)n(zfq)n(w/(uv)) _ (izzu)(u w/ (uv))oc Z Jn(w/(uv))nv

(w/(uv) (u - w/ uv))p,

_ (v)oo(w/v)oo . (w/( ))
(W) (w/(w))s nz_% (@)n

(V) oo (W/V) 0 (w/u)oo

@)o(w/ @) W (by (2:3.3))
(10 0)c0/0)
()] (u0))

[]

Corollary 2.3.4 (g-analog of Kummer’s theorem).
We first look at the g-analog of Kummer’s theorem due to Cauchy.

15



If |q| <1, then

qn(nfl)zn

—(1-q)(1—=¢*)-(1=¢")(1—2)1—2q)(1 —2¢°)--- (1 = 2¢")

o= (2.3.11)

Proof. In Corollary 2.3.3, weset u =u ", v = v ! and w = z. Then, for
lq| < 1, |2] < Ty OF |zuv| < 1,

i +(u— 1)(u —q)...(u—g" V& -1Dw—-1q)...(v— g Hu"""
(@)n(2)n

v @=Du—q) .. (u=g" N -Dw-gv—¢")... (v —g"")"
a ; (@)n(2)n
_ (21) 00 (20) 0

(2) 00 (2UV) 50

Setting u = v = 0 in this equality we get that, for |¢| < 1,

— (- (=¢°) - (=" D" (2(0)o(2(0))os .
nz:% (Q)n( )n  (9)o(2(0)
0 q2+4+6+ -2 ]
nz:% )n(2)n ()]

iqnn— Zn: 1

2@, (B

O]
We now look at the other g-analog of Kummer’s theorem due to Euler.
f: T Ny (2.3.12)
c~ (1—q)? 1—Q) (l=qn)? L (1—q")

16



Proof. Equation 2.3.12 follows from Equation 2.3.11 by setting z = ¢. That
1s,

2.4 Graphical representation of partitions

Partitions can be represented via diagrams. One of the representations
is a Ferrers graph. The Ferrers graph of a partition (Ay, Ag, ..., A\x) is a
left-aligned array of dots with k rows and \; dots in the i*" row.

The Ferrers graph of (7,5,3,3,1) is shown in Figure 2.1.

Figure 2.1: Ferrers graph of (7,5,3,3,1)

We call each diagram of a Ferrers graph given in the following picture

a hook of a Ferrers graph.

17



Definition 2.4.1. A conjugate partition of a partition \ is a partition
whose Ferrers graph is obtained by interchanging the rows and the columns
of the Ferrers graph of \. We denote a conjugate of A by X .

Alternatively, given a partition A = (A", A5, ..., A\J") where A\; > Xy >
A3 > ...\ > 1, the conjugate partition of A is given by

e B Ae1—Ag
/ ‘ (-1 N
A= (D>mi) (D m ,..mptT .

If A =X, then X\ is called a self-conjugate partition.
Self-conjugate partitions are related to partitions into distinct odd parts.
J. J. Sylvester gave the following correspondence.

Theorem 2.4.1 (Sylvester, [19]). The number of self-conjugate partitions
of n equals the number of partitions of n into distinct odd parts.

Proof. Let X be a self-conjugate partition of n. Then,
)\ — ()\1, AQ, )\3, ey )\57 >\S+17 AS+27 .. )

where ()\5+1, )\5+2, >\s+3 . ) — (8)‘5_8, (S _ 1))\571—)\57 o 1/\1—)\2)’
and s = max{i : \; > i}.

Now, the partition S of n defined as
=02\ —1,20—3,...,2)s — 25+ 1)

is a partition into distinct odd parts.

This map A — [ is a bijection. This map has a known geometric interpre-
tation via Frobenius symbols. []

Example 2.4.1.

Consider the partitions of 14. Then the 3 partitions of 14 into distinct odd
parts are;

(13,1), (11,3), (9,5).
And the 3 self-conjugate partitions of 14 are;

(7,2,1%), (6,3,2,1%), (5,4,2%1).

18



Using the map given above, observe that;

(7,2,1°) — (13, 1),
(6,3,2,1%) — (11,3),
(5,4,2%.1) = (9,5).
The following theorem connects ordinary partitions in which part size and
the number of parts are restricted.

Theorem 2.4.2 ([7]). For positive integers m and t, the number of parti-
tions of n with at most m parts in which the largest part is at most t equals
the number of partitions of n with at most t parts in which the largest part
1S at most m.

Proof. Consider the Ferrers graph of a partition of n with at most m parts
and the largest part at most ¢ and then we take its conjugate;

<t
<m r -\ ~
7, o rooooo
e o o o o o
e o o o o
e o o o o
e o o o
<t<e o o o — <mJ
o o o
e o o
e o
Lo o
. ©

We map each partition from the first class onto its conjugate partition.
Clearly, this mapping is bijective and by looking at the Ferrers graph we
observe that the number of parts < m is transformed into the largest part
< m, vice versa.

Thus there is a one-to-one correspondence between the set of partitions of
n with at most m parts where the largest part is at most ¢ and the set of

partitions of n with at most ¢ parts where the largest part is at most m.
O

Example 2.4.2. For ezample, take the Ferrers graph of a partition (4,2,1)
of 7, m=3 and t =5 and conjugate it;
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o o — o o
° °
°

Thus  (4,2,1) — (3,2,1,1).

Hence the 6 partitions of 7 with at most 3 parts and the largest part < 5 are;

and the 6 partitions of 7 with at most 5 parts and the largest part < 3 are;

(3,3,1), (3,2,2 (3,2,1,1),
(371717171)7 (27 ) 71)7 (272717171)'

Theorem 2.4.3 ([7]). Let p(u — w,v) denote the number of partitions of
u — w into ezxactly v — 1 parts, none exceeding w and p(u — v, w) denote
the number of partitions of u — v into exactly w — 1 parts, none exceeding

v. Then

p(u —w,v) =plu—v,w).

Proof. Consider the Ferrers graph of a partition of u — w enumerated by

p(u — w,v).

V—1C o o o @

First we add a top row of w nodes to the the Ferrers graph above, so we

have
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e o o o
e o o
. ©

Note that the above diagram is the Ferrers graph of a partition of u —
w + w = u. We now delete the first column (which has v nodes) from the
Ferrers graph above, so we have a partition of u — v,

w— 1<
[ ] [ J [
[ [ J
. ©

Thus we have the Ferrers graph of a partition of u — v into exactly w — 1
parts and the largest part is at most v.

Note that all of these transformations are reversible. Thus we have a
one-to-one correspondence between the set of partitions enumerated by
p(u — w,v) and the set of partitions enumerated by p(u — v, w). O
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Example 2.4.3. Let u = 17, v = 7 and w = 5. Take the Ferrers graph
of a partition (5,3,1%) of u —w = 12 into exactly v — 1 = 6 parts and the
largest part at most 5.

Take the Ferrers graph of a partition (5,3,1%) of 12 and add a top row
of 5 nodes to it, then delete the first column, which now has 7 nodes;

[ [ [ ] ([ ] [ J [ [ ] ([ ] [ J [ ([ ] [ J [ [
[ [ [ [ [ (] [ J [ [ [ J [ [
[ ] — e o o — e O
[ [
[ ] [ ]
[ [
[ ]
The Ferrers graph of (5,3,1%) A partition of ©u — w + w. A partition of u — v

We now take the conjugate of the above partition of u — v ;

Conjugate partition of u — v

Hence we obtain a partition (3, 3,2, 2) of v —v = 10 into exactly w—1 = 4
parts, none exceeding 7.

Now the 9 partitions of u — w = 12 into exactly v — 1 = 6 parts with the largest part <5 are;

(5,3,1,1,1,1), (5,2,2,1,1,1), (4,4,1,1,1,1),
(4,3,2,1,1,1), (4,2,2,2,1,1), (3,3,3,1,1,1),
(3,3,2,2,1,1), (3,2,2,2,2,1), (2,2,2,2,2,2).

and the 9 partitions of v — v = 10 into exactly w — 1 = 4 parts with the largest part < 7 are;

(7,1,1,1), (6,2,1,1), (5,3,1,1),
(5527271)7 (4)4)1’]—)7 (4737 71)5
(4a27272)7 (3737371)7 (3737272>

Associated with the Ferrers graph of a partition is a square called the
Durfee square. The Durfee square of a partition is largest possible square
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contained in the Ferrers graph. The Durfee square for (7,5,3,3,1), whose
dots are framed in circles, is shown in Figure 2.2.

@@@. [ ] L] [ ]

ONORONUIR
©®®

Figure 2.2: The Durfee square for (7,5,3,3,1)

Definition 2.4.2. For any partition A\ of n, we define the order of X to be
max{i: \; > i}.

We shall denote the order of A by s(A). Actually, the order is simply the
length of the Durfee square.

By counting the number of dots to the right of the diagonal of the Durfee
square, as well as those below the diagonal, we can construct a structure
called the Frobenius symbol of a partition. However, we look at its defini-
tion that is independent of a partition, and then will connect the concept
with partitions.

Definition 2.4.3. A Frobenius symbol is a two-rowed array of non-negative

integers
a; a2 ag ... Qg
b1 by by ... b
where a1 > as > a3 > ... >a, >0 and by > by > b3 > ... > by > 0.

Now consider the partition in Figure 2.2. Deleting the diagonal of the
Durfee square leaves us with two subset partitions. If we let a; be the
number of dots in the i*" row to the right of the deleted diagonal and b; be
the number of dots in the ™ column beneath the deleted diagonal, then we
automatically have a Frobenius symbol with a;’s and b;’s defined in that
way. This is generally true for any partition. In the case of the partition
in Figure 2.2, we have a1 = 6,as = 3,a3 = 0 and by = 4,0y = 2,03 = 1.
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Thus the Frobenius symbol

6 3 0
4 21
is a Frobenius symbol of (7,5,3,3,1).
It should be noted that every Frobenius symbol is a Frobenius symbol of

a partition of some positive integer n. For a Frobenius symbol to be the
Frobenius symbol of a partition of n, it has to satisfy the extra condition

s s
TL:ZGZ'-FZI)Z"FS.
1=1

1=1

Thus a Frobenius symbol of a partition A of n, denoted by f), is given by
a a2 ag ... Qg
by by by ... by

S S
where n = > a; + > b; + s.
i=1 i=1
On the other hand, given a Frobenius symbol

_ a; as as ... Qg B 5 ‘ s |
f_(ln by by ... bs>’ ”—Zaﬁ;bﬁs, (2.4.1)

i=1
one can find a partition A of n whose Frobenius symbol is f.

Let f(n) be the number of Frobenius symbols of the form (2.4.1). This
map ¢ : P(n) — F(n) defined by A — f) is a bijection.

Since there is a one-to-one correspondence between P(n) and F(n), it
follows that

p(n) = f(n).

In terms of generating functions, one can also see that

> f)gt =) p(n)g".

That is,
§ : n o__ E : § : § : s ai+as+...+ag bi+ba+...+b,
f(n)q_ q,ql 2 ,ql 2 )
n>0 $>0, a1>a9>...>a5>0, by >by>...>b,>0

(2.4.2)
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But,

as >0 =as=mny, n >0

s 1> 05 =>as.1=n1+ns+1, ny,nyg >0
ap>a =a=n1+ny+---+ns+s—1, Vn; > 0.

So, (2.4.2) becomes

Z Z Z . Z Z Z L Z ¢ - q(s)nl—f—(s—l)ng—l—...—i—ns . q1—|—2—|—...+(s—1)

520, 1120, n2>0 ne>0, m1 >0, ma>0 mg>0

> q(s)m1+(s—1)m2+...+ms . q1—|—2—|—...+(s—1)
=N N T g ST g N g § T g T g
s>0 n1>0 n9 >0 ng>0 m1>0 mg>0

We have

. 2°

n>0 5=0 (q’ q>n

Setting z := ¢ in (2.3.11) , we get
o0 2

n-——n ,n
q

q
— (4;9)5(¢; 9)s Sol—a-qv

n
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le.,

o0 2 o0
OFP I | s 243
- q)2 - _ n+1? T
—~ (¢:q)7 ~ol—a
so that
o0 (0.¢] 1
"= . 2.4.4
;::Of(n)q El_‘l" (2.4.4)
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Chapter 3

In this chapter, we look into the structure of the Frobenius symbols and
provide a detailed proof of a well known and very useful theorem (Jacobi’s
triple product identity). We also explain some useful corollaries of this
identity. One such corollary is a well known theorem called the Euler’s
Pentagonal Number Theorem (EPNT). The partition-theoretic interpre-
tation of EPNT due to Legendre is presented. Furthermore, we derive
some known recurrence formulas, such as the MacMahon’s recurrence for
the unrestricted partition function and a recurrence for the number of
partitions into distinct parts.

3.1 The Jacobi triple product identity

We first present a proof for the Jacobi’s triple product identity. Proposition
3.1.1 reveals that the generating function for the number of Frobenius
symbols of the form (2.4.1) actually provides a simple proof to the Jacobi
triple identity.

Proposition 3.1.1 (Andrews, [3]).

> g =[] (H(l +wg" ) (1 + wlq")) -

n=0

Proof. We examine the coefficient of w’ in

[[O+wg ™t +wg) = [J(+wg™™) [ ] +w g™
n=0 n=0 n=0

={(1 4+ wq)(1+ qu)(l + wq3)(1 + wqt) .. 3

X {1+ w )1 +w g (1 +w™¢?) ..}
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={(1+ (wg)")(1 + (wq)q" ) (1 + (wq)¢®) .. .}

{1+ w0 )1 +w 'g)(T+w g% .. ).

After multiplication and careful permutation, one finds that terms in the
coefficient of 2°, are of the form

qs . qa1+a2+...—|—as . qb1+b2+...+bs
where a1 > a9 > a3 > ... >as>0and by > by > b3 > ... > by > 0.
Hence the coefficient of w” in the product is actually the generating func-
tion for the number of Frobenius symbols, f(n).

Indeed . N
E:ﬂ@leﬂ<Iﬂl+wf“X1+wlf0-
n=0 n=0
[
Using (2.4.4), we have
) (T 4w s) =TT
n=0 n=1
Let J(w) = ﬁ(1+qu)(1+w 1¢"1). Then
0 17 L
[w]JWU—IIl_qm (3.1.1)

Theorem 3.1.1 (Jacobi triple product identity, [3]). For |¢| < 1,w # 0,

Proof. Recall that J(w) = [] (1 +wq™)(1 +w g™ 1).

n=1

We may expand J(w) in a Laurent series around w = 0 so that

= i A,w",

n=—oo
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where A,, = A,(q), a function of g. Moreover,

J(wg) = [ [+ wg"™) (1 +w g ?)

n=1

= I +we) [T +w g™

n=2 n=0

:1 H1+wq 1+w q H1+w

n:l n=1
(1+wg)(wq™h) -
1+w 1+ w
T+ wg 1( Q)H( q

=w ¢ T (w)

Hence

Substituting wq for w in

we have

= i A, q"w".

n=—oo

On the other hand, the right-hand side of (3.1.3) is

et T (w) =w g™ Z A"

n=—oo

— i Anq—lwn—l

n=—oo

00
= Z An—Hq_lwn'

n=—oo

Thus (3.1.3) becomes

ZA wq)" ZAan w”.

n—=—oo n—=—oo
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Comparing the coefficients of w™ on both sides, we note that

An(Q)n = ArH—lq_1

which implies that
An = An_lqn.

Iteration of this recursion reveals that for all n > 0,

n(n+1)

A, = Ayq ®
But by J(w) = ), A,w", we have
= 1
Ay = [w'] J(w) = . by (3.1.1
0 [ ] ( ) };[1 1— ¢ ( y( ))
So,
NI
J(w) = Ay Z qg ? w
which yields
AR SIS S
n=1 n=1 1 - qn n=-—00

Hence

o0 o0
n(n+1) _ _
ST owig™ T =TI - @)1+ wg) (1 +w g,
n=1

[]
Corollary 3.1.1. Forw # 0, |q| < 1, we have
Z w"qg" = H(l _ q2n+2)(1 + wq2n+1)(1 + w—1q2n+1)' (315)
n=-—00 n=0

Proof. Setting w := wqg~! and ¢ := ¢? in Theorem 3.1.1 we obtain the
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desired result. That is, for |¢| < 1,w # 0,

oo

Z wnqn(n—i—l)—n _ H(l o q2n)(1 + wq—1q2n)(1 + w—qu2n—2)

n=—00 n=1

oo

Z wnqn2 _ H(l _ q2n)(1 + qun—l)(l 4+ w—qun—l)

n=—o0 n=1

_ H(l . q2n+2)(1 + wq2n+1)(1 + w71q2n+1).

n=0

[]
Corollary 3.1.2 (Jacobi’s identity). For |q| < 1,
> n o n n(n+1)
[Ja-¢ =) (-D)"@n+1)g = . (3.1.6)
n=1 n=0

Proof. Setting w := —w in (3.1.5) we obtain

> (Dmutg” =[]0 - A — w1 —w g
n=—00 n=1
_ H(l wq2n+1) H(l q2n)(1 _ wfqunfl)
n=0 n=1

(1—wg)™ Y (—)"w"q” =[] —w g™ (1 = we® ™)1 - ¢*)
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Now,

(0.¢]

(eI
(1+wq+w2q2+...)<1+§: qn+z “ny, M>
n=1
i (1 + i nwn _|_ 1)nwn)qn2>
j=0
=1 i w + Z 1)"w" + (—1)"w " )wl g™+,
j=1 j=0 n= 1

We now let j' = n? + 4, then j = j/ — n?. Furthermore, 5 — n? > 0, that

isn<|[Vj]butn>1= L\/_JZLWeleth/—L\/_J.

Now we have

32



00 mj—1
=14+ ¢ (Z( 1) gl ) +Z

7=1 n=1
=14+ Z q]( 1)m1w3 m;(m;+1)
=1

Hence we have
O

n=0

Replacing w with ¢~!, we get

1+ Z qj(_l)qu—j+mj(mj+1)
=1+ Z qumy (m;+1)

— 14 Zaf(i) : ay;) = (—=1)/ W) gf DI+

— 14> al{r= 1 Vil =k} @ = (1),
k=1

— 1+ Y alfr = 1K <r < (k+ 1))
k=1

=14+ al{r>1:k <r<(k+1)° -1}

ar((k+1)?*=1) —k*+1)

M I

— 14+

e
I
—_

I
_|_
M8

e
I
—

33

o0 (0.9]
H 2n+1 H —1q2n—1) — 14+ qu
n=1 j=1

wj n n—l—l))

FG) =1Vl

k = |\/r] for somer.



and also,

H(1 —q- q2n—1)(1 . q—l . q2n+1)(1 . q2n) _ H(l . q2n)(1 . q2n)(1 . q2n)
=[] -"?

Thus we have

L+ (=DF 2k + 1)¢" ) =TT - ¢ (by (3.1.7))
k=1 n=1
Replacing ¢ by ¢!/, we obtain the desired result. ]

3.2 The Euler’s Pentagonal Number Theorem

In this section, we prove the EPNT and look at some of its implications.

Theorem 3.2.1 (Euler’s Pentagonal Number Theorem, [5]).

[[a-¢)=1+> (-1 <q"(33+” + qn(33_1)> (3.2.1)
n=1 n=1

Proof. Setting ¢ := ¢> and w := —¢~ ! in Theorem 3.1.1, we obtain

Z (_ 3n(n+1) H 1—(] ( ) 1 Sn)(l + (( q)—l)—1q3(n—1))’
(=g =] - ¢ - )
= [[a-¢"
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The left-hand side is

ad 3n2+3n ad 3n2+n
2 (DT = ) (<
n=—00 n=—00
= 3"2*71 = 3n2+n
=> (DT Y ()
n=1 n=0
> n2— > n2+n
=14 (D Y (-1
n=1 n=1
o0
nZ—n n2+n
= 1 D) )

[]

Remark 3.2.1. Numbers of the form n<3gﬂ), n > 0 are called pentagonal

numabers.

EPNT has a partition-theoretic interpretation. We discuss Legendre’s in-
terpretation in the subsequent section.

3.3 Partitition-theoretic interpretation of EPNT

Recall that d.(n) (resp. d,(n)) is the number of d(n)-partitions of n into
an even (resp. odd) number of parts. Legendre gave the following inter-
pretation of EPNT.

Theorem 3.3.1. For n > 0, we have

(1), n=1820 5 —01,2 ..

0, otherwise.
Proof. We first show that
[0~ 4" = D" (deln) — dulm))q” (331)
n=1 n=0

We may write
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so that

o= =1]D_(-Die")
n=1 n=1 1=0

= (Z(l)’”lqm) (Z(l)m2q2m2> (Z(l)m3q3m3)

mgz()

— 21: 21: 21: L. ((_1)m1+m2+m3...qm1+2m2+3m3,“) '

Consider the exponent of ¢, my 4+ 2mo+3msg+... and mi+mo+msz+...
where m; = 0 or 1 for all 7. This exponent m; + 2ms + 3ms3 + ... can
be viewed as a partition into distinct parts. If the number of parts of
the partition, i.e. m; + mo + mg + ... is even, then the coefficient is +1.

Otherwise, the coefficient is -1. This means that the expansion is indeed
(0.¢]

the generating function for > (d.(n) — d,(n))q".
n=0

Finally, we look at the sum

n 3n2 —n 3n2+n
1+ 30—y (g5 4+ g™,
n=1

) 3’n2—n 3n2+’n e
Set 1+ > (=1)"q¢ = +q = )=} a.q"
n=1 n=0

Then it is clear that

i [V =T 20 (332
" 0, otherwise. o
Using Theorem 3.2.1, the theorem follows. []

3.4 MacMahon’s recurrence for p(n)

Clearly

(.¢]

MMo-¢) ————=1
n=l I[1(1—qm)

m=1
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implies that

D ang™d pn)g" =Y ap(n — k)"
n=0 n=0 n=0 k=0

Hence o
ZZakp(n—k)q”:1+Oq1+0q2+....

n=0 k=0
Comparing the coefficients of ¢" yields

p(0) =1 and Zakp(n — k) =0.
k=0

We have

n

0= Z arp(n — k)

k=0, k pentagonal
n

=p(n) + Z app(n — k)

k=1,k pentagonal

- : j(3j+1) j(3j —1)
— —1y ST _ W TN
p) + 31 (= 25y = L2y
Thus we obtain the following recurrence, due to P. A. MacMahon:

pn) = 31 O )

=p(n—1)+pn—2)—p(n—5)—pn—7)+pn—-12)....

Example 3.4.1. Computing p(n) for n = 1,2,3,4 using MacMahon’s
recurrence.

37



p(1) =p(1—=2)+p(1-1)—p(1-7)+
= p(—=1) + p(0) — p(—=6) + ...
—0+1-0+0...
~ 1.

p(2)=p2—=2)+p2—-1)—p2—=T7)—p(2—=5)+ ...
= p(0) +p(1) — p(=5) — p(=3) +....
—14+1-0—-0+...
= 2.

p3)=pB-2)+pB-1)—pB-7)+
=p(1) +p(2) —p(=4) + ...
—14+2-0+0...
= 3.

p(4) =p(d=2)+p(4 1) —pd =7) —p(4 =5) +
=p(2) +p3) =p(=3) =p(=1) + ...
=2+3-0-0+0...
= 5.

3.5 A recurrence for the function d(n)

In this section, we derive a known recurrence for the restricted partition
function d(n): the number of partitions of n into distinct parts [1]. We
know that, (see page 7),

Zd H1+q)

n=0 n=1
Using the fact that
[Ja+aa—gy=]] -
n=1 n=1

we have
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which implies

(Za”qn> (ZW”) =D a = Y

where a,, is defined in (3.3.2) and a,, is defined as follows

i {(—1)’5, n=t3t+1),t>0
ay, =

' (3.5.1)
0, otherwise.

We then have

Z Z ard(n — k)q" = Z anq"
n=0 k=0 n=0

which upon comparing the coefficients of ¢", gives

n

Zakd(n — k) = a,.

k=0
So,
Z apd(n — k) + Z apd(n — k)
k=0, k:i(SiQ:I:I) k=0, k?éi(Biz:tl)
(=1 n=tBt+1),t>0
0, otherwise,
l.e.

(—1)!, n=t(3t+1),t>0

=1 0, otherwise.

Thus we have

(=1 +>(=1)"*d <n - @) L n=t(3t+1),t>0
=1

d(n) =

S (=1)"1d (n — @) : otherwise,
i=1
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where d(0) = 1.
Example 3.5.1. For n =7 we have

d(7) = d(6) + d(5) — d(2) — d(0)
— [d(5) + d(4) — d(1)] + d(5) — d(2) — d(0)
= [2(d(4) + d(3) — d(0))] + d(4) — d(2) — d(1) — d(0)
= [3(d(3) + d(2) — 1)] + 2d(3) — d(2) — d(1) — 3d(0)
— [5(d(2) + d(1))] + 2d(2) — d(1) — 3d(0) — 3
— [7(d(1) + d(0) — 1)] + 4d(1) — 3d(0) — 3
— [11d(0)] + 4d(0) — 10
= 15(1) — 10
= d.

The 5 partitions of 7 into distinct parts are (7), (6, 1), (5,2),(4,3), (4,2, 1).

In Chapters 4 and 5, we present our contributions to partition theory. We
believe that the results in these chapters have not appeared anywhere in
the literature. In Chapter 4, we generalise Sylvester’s identity (Theorem
2.4.1) and give its explicit bijection. We also generalise Theorem 2.2.4,
present combinatorial consequences of Glaisher’s bijection, and give parity
and recurrence formulas for related partition functions. In Chapter 5,
we present new partition identities involving certain restricted Frobenius
partitions. We then conclude in Chapter 6.
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Chapter 4

Contributions I

In Section 4.1, we generalise Theorem 2.2.4. In Section 4.2, we analyse
some special case and give a generalisation of Theorem 2.4.1 and in Sec-
tion 4.3, we provide combinatorial consequences of Glaisher’s bijection. In
Section 4.4, we give parity and recurrence formulas for related functions
when certain restrictions are imposed on odd or even parts.

4.1 A generalisation of Theorem 2.2.4

For k > 2, let di(n) denote the number of partitions of n into distinct
parts not divisible by &, and denote by og(n) the number of partitions of
n into odd parts occurring not more than £ — 1 times. Then we have the
following theorem.

Theorem 4.1.1. For n > 0, we have

dp(n) = or(n).
Observe that if k£ = 3, we obtain Theorem 2.2.4.

Proof.
- >0
Ok(n)qn — ‘.‘-(1 _|_ q2n—1 _|_ q2(2n—1) _|_ L _|_ q(k—l)(2n—1))
n=0 n=1

- 11 . (by (2.2.2))
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We have

(1 +q*)

n=1

ﬁ (1 T qkn)(l + qkn—l)(l + qkn—2) o (1 + qk‘n—k’—i—l)

_ H(l +qkn—1)(1 + qkn—2)(1 + qkn—?)) o (1 + qkn—k—|—1)

]

If we set £ = 2 in Theorem 4.1.1 we obtain partitions with distinct odd
parts which we saw in Section 2.4. These partitions are related to self-
conjugate partitions. We analyse this case in the following section.

4.2 The case k =2

It is clear that ds(n) and 0y(n) are one and the same in descriptions. How-
ever partitions enumerated by 0y(n) or da(n) are related to self-conjugate
partitions in Theorem 2.4.1, which we generalise in this section. We be-
gin by introducing a new class of partitions which we shall call symmetric
partitions.

Definition 4.2.1. For any integery > 0, a partition A = (A1, Ao, Az, ..., \y)
for some r, is said to be vy-symmetric if

()\8+17 )\5—1—2, )\5+3, cee )\T) — (S)\S*S+’Y’ (S . 1))\3_17)\5’ o 1)\1f/\2)

where s = s(A).

We denote the number of y-symmetric partitions of n by g(n,v) and de-
note the set by G(n, 7).

The y-symmetric partitions are related to partitions with parts in certain
residue class modulo 2. The following theorem demonstrates the relation-
ship.

Theorem 4.2.1. For n > 0, g(n,7) is equal to the number of partitions
of n into distinct parts congruent to 1+~ (mod 2) and the smallest part
15 at least 1+ .
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Proof of Theorem 4.2.1.

But,

(A1—Az2)

n=0
_ 2 : } : q()\1+>\2+ AN As—s+7)+(s—1) (As—1—As)+...+1
§20, M >XAo>.. > >s
s s—1
<Z1 >\i>+8>\s—82+87+ le()‘j_)‘j+1)
— E E q = 1=
§20, \i>Xo>.. >N\ >5
(Z i )—824-8’7-’-2 Aj
— E § q =1 7j=1
§20, M1>A2>.. > A28
(2 > /\i) —s%+sy
— E E g\ i=1 .
§20, M1>A2>.. > As>s
As =S = Ag=85+n1, ng >0
As-1 2 As = A1 =5+n1+ng, nyyng >0

A1 > Ao :>)\1:$—|—n1+n2-|—---—|—n8,

Now we have

Z Z Z Z q25 . 25 . (qQ(s—l))ng o

520, ns>0,ns_1>0 n1>0

% q—52+3’y
o0 q232—52+57
—~ (1-¢*)(1—¢D).. . (1—¢2)(1 - ¢?)
5:0 5
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We have

S gln,y Z ) (4.2.1)
n=0 n=

Replacing t by ¢" and ¢ by ¢* in (2.3.7) we get

io: C] _ ﬁ(l + q2n+('y+1))_

n=0 n=0

+n(y+1)

4.2.1 A bijection for Theorem 4.2.1
Let A = (A1, A2, A3, . . .) be a y-symmetric partition of n. Then the mapping
A= B=0C2M+7v—=1,204+7—-3,...,22 s +7— 25+ 1) (4.2.2)

is an explicit bijection from the set of y-symmetric partitions of n onto
the set of partitions of n with parts congruent to 1+~ (mod 2) and the
smallest part is greater than or equal to 1 4+ v. We claim that the map
preserves weight, i.e. |A| = |8]. To see this, suppose |A\| = n. Thus

= (A4 A+ s(A —8+7)+(s—1)()\ 1= A)F .+ 1A = A)

—ZA +5(As—s+7) +Zy Aji1)
:Z)\i+s/\s—s2+37—|—2)\j—s>\s
1=1 j=1
:2283)\2-—32—!—37
i=1

= 2\ — (20— 1) +7)

i=1
= 18]

Theorem 4.2.1 is a generalisation of Theorem 2.4.1, and the explicit bijec-
tion given above generalises the explicit bijection of Theorem 2.4.1. This
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is because self-conjugate partitions are precisely those 0-symmetric parti-
tions. Observe that a 0-symmetric partition A is such that

A= ()\17 )\27 /\37 )\47 SRR >\s—17 >\57 8()\8_8)7 (S - 1><)\871_)\S)7 SR 1()\1_)\2))

and A; may be equal to s. If we conjugate A\, we get
s—1 s—1

N = ((5 T A —s+ Z()\i —Air) (5 X — 5+ Z(Ai =) 7
i=1 i=2

ot (S +As — S)S_(s_1)7 (S))\S_Sa (3 — 1))\371_&7 N 1)\1_)\2>
- (Al? )\27 >‘37 )‘47 SR )\8—17 )‘87 S(AS7S) (S - ].)0\8_17)\8), ey 10\17)\2))7
le. A=\,

On the other hand, those parts congruent to 1+~ (mod 2) and occurring
at most once become distinct odd parts. Thus Sylvester’s theorem.

Example 4.2.1. Consider n =10, v = 1.

The following table shows the correspondence for this case

Partitions of 10 with parts =0 (mod 2) + l-symmetric partitions of 10.
(10) - (119)
(6,4) — (3%,22)

4.3 Combinatorial consequences of Glaisher’s bijection

In this section we prove that Glaisher’s bijection provides a bijective proof
of Theorem 4.1.1 where k is a power of 2. Various formulas of partition
functions arising from the theorem are derived.

4.3.1 The case k£t = 2" where r € N

Consider a partition A\ = (A1, Ao, A3,..., ;) enumerated by di(n). We
write \; = 2 - o; where 2{ ; for i =1,2,...,1 . Let



Note that p is a partition with parts a; with multiplicity 2%. It is clear
that «;’s are odd and if we sum the parts of u, we get the same weight as
of \, because each part of u corresponds to the product 2% - o; = ;.

We want to show that the multiplicity of «; is at most £ — 1 times. i.e.,
2t <k — 1.

Case 1: Suppose a; # o in p for @ # 7. We assume to the contrary that
2li > k — 1. Then 2% > k, i.e. 2% > 2" which implies that ¢; > r.
Therefore t;,=r+n, n>0.
But
>\i = - 2ti
= - 27‘+ni

=q-2"- 2™

which yields, 2" = k | \;, a contradiction. Therefore 2% < k — 1.

Case 2: Suppose that A\; 1, Aig, ..., A, in pare such that A, j = 2lii.or V7.

m

We claim that > 2%t <k — 1.

7=1
To see that, let v = max {¢; ;}. By Case 1, 2" < k =27, ie. t;; <r.
So v < r. Then

m
D ohi = g gl g 4 glie
j=1

20y ovty 420
2" — 1

90

k—1

IAN A

To invert the map, consider a partition of n into odd parts and each part
occurs at most k — 1 times. For each odd part (2m; — 1), let ¢; denote its
multiplicity. Thus

5 = t1(2m1 - 1) + t2(2m2 - 1) + ...+ tl(le - l)
We write each ¢; in its unique binary expansion: t; = Z 2"id,
j=1
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[ s;
Let A= {J U (2" (2m; — 1)). Clearly || = n.
i=1j=1

A new partition A is a partition of n with parts (2"7(2m;—1))’s. Each part
(2" (2m; — 1)) is not divisible by k = 2" since each 2" < k — 1 because
each t; < k — 1.

Indeed, the Glaisher bijection provides a bijective proof of Theorem 4.1.1
when k is a power of 2.

Note: If £ is not a power of 2, Glaisher’s bijection does not necessarily
work. See Example 4.3.1.
Example 4.3.1.

Let k = 5. Then a partition (9,53, 3%, 1%) maps to (12,10, 9,5, 2).
But 10,5 are divisible by 5.

Corollary 4.3.1. Fort > 2, let f(n,t) denote the number of partitions of
n in which even parts occur exactly t times and odd parts occur at most
2t — 1. Then for n > 0, we have

f(n,t) =d(n).

First proof of Corollary 4.3.1. In terms of generating functions, we have

Zf(n,t)qn — H(l + q2tn) (1 + q(Qn—l) + q2(2n—1) + q3(2n_1)+
n=0 n=1
”_|_q(2t—1)(2n—1))
= ] — g2n-1)
H( T4 ) (1 _ q2n—1)

1l (14 ¢2tn)
= Jla+¢) = > dn)
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Bijective proof. We want to show a bijection from the set of partitions A
of n enumerated by f(n,t) onto the set of partitions of n enumerated by
d(n) in the case when t is a power of 2. Recall Glaisher’s bijection ¢.

Let A be a partition of n enumerated by f(n,t). Decompose A as A =
(Ao, Ae) where A, is the subpartition of A consisting of all odd parts and
e is that subpartition of A with even parts.

Note that A, = (A, A5, A, ..., Al) where \; = 2m; for some m; > 1 and
AL > Ao > A3 > .00 > AL Thenthemap

A p=¢""(A) U (U tAZ)

is a bijection.

To invert the bijection above, let u be a partition of n enumerated by d(n).
Decompose i as p = (p1, po) where py is the subpartition of p consisting
of distinct parts congruent to 0 (mod 2t) and ps is the subpartition of y
with distinct parts not divisible by 2t¢.

Suppose that p; = (a1, a9, a3, ..., a;). Then the map

s B = o) U (U (%)t>

is the inverse.

Example 4.3.2. If n =10 and t = 2, then f(n,t) = 10 = d(n).

Hence the 10 partitions of n enumerated by f(10,2) are;
9.1, (7.3, (7.1%), (5%,  (5,3,1%),

(5,22,1), (42,12), (3%,1), (3%,22), (3,22,13).
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and the 10 partitions of n into distinct parts are;
(10), (9, 1), (8,2), (7,3), (7,2,1),

(6,4), (6,3,1), (5,4,1), (53,2), (4,3,2,1).
4.4 Parity and recurrence formulas

In Theorem 2.2.2, we looked only at partitions with restrictions on odd
parts. In this section we investigate what happens if we include certain
restrictions on the even parts. We also provide parity and recurrence for-
mulas in some cases.

Let ¢(n) denote the number of partitions of n in which even parts occur
not more than 2 times, and odd parts occur at least 2 times.

Theorem 4.4.1. For n > 0, we have

(n) 1 (mod2), n=23E=N";>q
c(n) =
0 (mod 2), otherwise.

Proof.
Zc(n)qn — H (1+q2n+q2(2n)) <1+q2(2n D 4 e 4 )
n=0 n=1

_ ﬁ (1 o q6n> (1 N q2(2n—1) )
v 1 — q2n 1 — q2n—1
_ lo_O[ (1 _ q6n> (1 _ q2n—1 + q2(2n—1))
v 1 — q2n 1 — q2n—1
B ﬁ 1 — q6n 1+ q3(2n—1)
o et 1 — ¢ 1 — q2(2n—1)
B OO (1 _ q3n)2 1 — q3(2n—1)
= ]] ( o T (mod 2) (by (2.3.2))



R & B Uk R
= ==y (md?
= T[0-¢") (mod?)
= Y ¢F (mod2). (by (3.2.1) with ¢ := ¢°)
Then the result follows.
Example 4.4.1.
c(1)=0 =0 (mod?2), 1£3j(3j+1)/2.
c(2)=2 =0 (mod 2)
c3)=1 =1 (mod?2), 3=3(1)(3(1)—1)/2.
c4d)=4 =0 (mod 2)
c(5)=2 =0 (mod 2)
c(6)=7 =1 (mod?2), 6=3(1)(3(1)+1)/2
c(7)=4 =0 (mod 2)

Interchanging the multiplicity roles of even and odd parts in ¢(n), we get
¢(n) which denotes the number of partitions of n in which odd parts occur
at most 2 times, and even parts occur at least 2 times. Then we find a

recurrence formula for parity of é(n). Theorem 4.4.2 reveals this.

50



Theorem 4.4.2. For n > 0, we have

| B

2.

. j(j+1))

1+ 5

c(n

We define ¢(0) := 1.
Proof.

0¢]

c(n)q"

n

7 :l
[ 81

4n

(mod 2),

otherwise.

(1 4 2m) 4 B > <1 s q2(2n—1))

6mn—3
q

g :n
RS

1 — q2n+q4n

1
1 — q2n—1

)

6m—3
q

1_q2n

1 —
1 — q2n—1

7 :l
|8

)

3

[ 8l

—_ \
N N

7 :l
[ 81

— ") (1 —

Thus
n=1

n(n+1)

0
and hence Z q
n=0

) eln)q"

n=0

(by (3.1.6)) and (by (3.2.1)

o1

[Ja-4¢") (mod2),

n
o0

=1
3n(3n+1)
>0
n=0

with ¢q := ¢?)

(mod 2).



We have

00
n=0 k=0

1 d2), k=201 5>1
where ap = (mod 2), 2 S =5
0 (mod 2), otherwise.

n
3n(3ntl)

apc(n —k)q" = Z q 2 (mod 2),
n=0

n n

Thus Z apc(n — k) + Z apc(n — k)

k=0, k:j(jg“l) k=0, k#i(ﬂjl)
3r(3r+l
{1 (mod 2), n = r(3r ),r>1,

2 iy
0 (mod 2), otherwise.

We have
VBn+i-1
_ & G+ 1 (mod 2), n=2C=D"p>q
c(n) + Z é(n — ) = .
y 2 0 (mod 2), otherwise.

Example 4.4.2. Forn=4,t=1

c(4) = ¢(3) + ¢(1) (mod 2)

14+¢(2)+¢(0)+¢(1) (mod 2)
=1+¢(1)+¢e(l)+¢0) (mod 2)
=1+2¢(1) +¢(0) (mod 2)
=1+¢(0) (mod 2)
=0 (mod 2)

But ¢(4) = 2 because the partitions of ¢(4) are (3,1),(2,2).

Let s(n) denote the number of partitions of n in which odd parts occur at
most 3 times and even parts are distinct.
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Theorem 4.4.3. For n > 0, we have
p(n) = s(n) (mod 2).
Proof.

ZS(n)qn _ (1 e (L N q3(2n—1)> (1+¢*)

Il
=
o
Q.
(\)
~—

= Zp(n)qn (mod 2). (by (2.2.1))

[]

Corollary 4.4.1. The number of partitions of n in which at least one even
part is repeated or there is an odd part appearing at least 4 times is always
even.

Proof. Let t(n) denote the number of partitions of n in which at least one

even part is repeated or there is an odd part occurring at least 4 times.
Thus
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Theorem 4.4.4. For n > 1, we have

( [T
2-1)' + Y (—D)Fls(n—1EH) =4 1> 1,

s(n) = 9
[ o
> (_1)j+15(n—](?ﬂ+1)), otherwise.
L =L

We define s(n) := 0 for all negative integers n and s(0) := 1.

Proof.
Zs(n)qn _ _ (1 e e (e T q3(2n—1)> (1+ ¢*")
n=0 n=1
o =)+ )
11 g1
o (1- )
o A=A+ ) (1 - )
e (1—¢>1) (1—¢)
e g
o ey
We have
[[a-a0d st = [0 -¢"a—a"H1—g""),
n=1 n=0 n=1

n(Snil

le., i(— 1)"q 5_0205( n)q" = 1+22( 1)"q 4n?

0
(by (3.1.6)) and (by (3.1.2) with w : —¢~* and ¢ := ¢°)
Hence we have

(1), b= >

ars(n—k)q" = 2 L 7 = 1,
ZZ - )4 Z( )'a ’ {O, otherwise.

n=1 k=0 n=1
Thus
n n
2(-1)", n=42 t>1,
Z ars(n—k) + Z ars(n—k) = (=1)", DT
3 ‘. 0, otherwise.
k=0, k:w k=0, k?é](séﬂ)
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We have
L\/24n+1+1J
6

ﬂ%i1%: 2(—1), n=4t* t>1,
0, otherwise.

s(n) + Z (—1)s(n — 5

Example 4.4.3. Forn =15 andt =1, we have
s(5) = s(4) +s(3) — s(0)

;_2+aqm+@m)+2ﬂm—sm)
= 5.

And the 5 partitions of s(5) are (5), (4,1),(3,2), (3,1%), (2, 13).

4.4.1 Certain s(n)-partitions

In this section we look at certain subsets of the set of partitions of n
enumerated by s(n) and we refer to such partitions as s(n)-partitions of n.
We observe that s(n) may be split in such a way that ‘no even part occurs,
but either distinct odd parts occur or at least one odd part is repeated’ and
‘at least an even part occurs’. The diagram below illustrates the splitting.
In the diagram, the arrow points towards a subset of partitions with the
described condition.

distinct odd parts
/

no even part

s(n)

— at least one odd part repeated
\

at least one even part

If we let a;(n) denote the number of s(n)-partitions of n in which no even
part occurs and at least one odd part is repeated, and as(n) be the number
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of s(n)-partitions of n containing at least an even part, we observe that

s(n)q" = H(l + ¢ + Z a(n)q" + Z as(n)q". (4.4.1)
n=0 n=1 n=0 n=0

Theorem 4.4.5. For n > 1, we have

( L\/m—lj
2

1+ > al(n—‘@) (mod 2), n =1 >
J=1

al(n) = {
L@flJ
>, ai(n— w) (mod 2), otherwise.
\ ]:13
Where a1(0) =0 (mod 2).
Proof.
al(n)qn — :_' (1 + q2n—1 + q2(2n—1) + q3(2n—1)) _ H(]‘ i q2n—1)
o (1= gy X -
11 (1— g2 1) g
T (1 - qn) T In—1
= — = —||1—=¢""") (mod 2)
11 _ A4n 11
n=1 (1 q ) n=1
o 1 = (mod 2) by (222)
= - mo v (2.2.
o= S5 (+g")
— 1 =1
= + (mod 2)
L (@—gn)? I3 (1-gq")
1+ J](1—qg™)?
= = (mod 2).
[1(1—q¢")?
n=1
Hence we have
H(l —q")*- Zm(n)q” = 1+ H(l —¢*)  (mod 2),
n=1 n=0 n=1

o6



ie.. Z q (n2+1) . Z al(n)qn = Z qn(3n:|:1) (mod 2)
n=0 n=0 n=1
(by (3.1.6)) and (by (3.2.1) with q := ¢* )
Thus
a1(0) + Z ap-a1(n —k)¢" = Z ¢"®" Y (mod 2),
n=1 k=0 n=1
1 (mod2), k=2 j>1
ap =
‘ 0 (mod 2), otherwise.
We have Z ap-a1(n —k) + Z ai - ayp(n — k)
k=0, k=11 k=0, k#1UFD

1 (mod?2), n=t3t+t1),t>1,
, a1(0) =0 (mod 2).

0 (mod 2), otherwise.

2 o _t(3t£1)
ai(n) + Z a1(n—]—(‘7;1))z {1 (mod 2), n =75

0 (mod 2), otherwise.

Theorem 4.4.6. For n > 1, we have
as(n) = ai(n) (mod 2).
Proof. Note that

s(n)q" = _(1 +¢" ) + Z ai(n)q" + Z as(n)q" (by (4.4.1))
= 1 i 00
= + > ai(n)¢"+ ) asn)g"
wet (107 g% " g% "
> 1 0 o0
=1 1—q") + Zal(n)q” + Za2(n)q” (mod 2)
n=1 n=0 n=>0

I
(]
=
S
Qﬁ
+
NE
E
>
Qﬁ
+
WE
S
=
Qﬁ
B
2
o

o7



oo

We have Z(al(n) + as(n))q" = Z(s(n) —p(n))¢" (mod 2),

1.e.

n=0 n=0
n)+az(n) =0 (mod 2) (by Theorem 4.4.3 ),

n) = ag(n) (mod 2).
[

Interchanging the multiplicity roles of even parts and odd parts in s(n),

we get §(n

), which is the number of partitions of n in which even parts

occur at most three times and odd parts are distinct.

Theorem

(

\

4.4.7. For n > 0, we have

L\/W-‘rlj
6

(D' X (1Y Ms(n = EE), n=26(2t£1), > 1,

|_x/24n+1+1J
6

S (=1 t5(n - ](?”Tﬂ)), otherwise.
J=1

We define 5(0) = 1.

Proof.

Z E(n)q" — H (1 + q2n + q2(2n) + q3(2n)> (1 + q2n—1)

n

=0 n=1

o8



We have

[[Ja-a)> sty = JJa-¢"0 =" 21 -g"F
n=1 n=0 n=1
= DT st = (1)
n=0 n=0 n=0

(by Theorem (3.2.1)) and (by (3.1.2) with w : —¢ 2 and ¢ := ¢° )

Now we have

zoo: i Clk§<n _ k)qn — zoo:(_l)nQQn(Qnil)’
n=0 k=0 n=0

(—1)7, k=182 5>

where ap =
0, otherwise.
Thus
n n
oo asti—k) + Y wsn—k)
k=0, k=1CL50 k=0, k13D
B (1), n=2t02t%1), t>1,
0, otherwise,
le.,
YRR

2

e Y (_1)j8(n_j(3j:|:1)): {(1)% n=2t(2t+£1), t>1,

0, otherwise.

Example 4.4.4. Consider n = 6.
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In this case, t = 1. We have

And the 5 partitions of 5(6) are; (6), (5,1), (4,2),(3,2,1), (23).
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Chapter 5

Contributions 11

Recall that

F(n) = 9 G2 .- O : CLS,bS > O,CL@' > 41, bz > bi—i—l; VZ,
by by ... b

ns—|—i(ai+bi)},
and f(n) = [F(n)].

Similarly, we introduce the following notation:

Fo(n)=4(% 9 9 - %) 4 b =0 (mod 2) Vi s C F(n),
’ by by bg ... by

and fe.(n) = |Fec(n)|.

ay Qa2 agz ... Qg .
. b = C
Foo(n) = {<b1 by by ... b5> :a;,b; =1 (mod 2) W} C F(n),

and f,0(n) = | Fyo(n)].
F,.(n) = {(j;; o b) 4, =1 (mod 2), b; =0 (mod 2) w} C F(n),
and fyo(n) = |Fye ()]
Note: f,.(n) = feo(n), since the mapping n : F, .(n) — F,,(n) is defined
by

G )G )
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We denote the number of partitions of n into distinct parts = 1 (mod 4)
by d'(n,4). Hence

Zdl(n,4)q” _ H(1 + q4n+1).
n=0 n=0

We denote the number of partitions of n into distinct parts = 3 (mod 4)
by d3(n,4). Hence

Zd3(n’4)qn _ H(l + q4n+3).
n=0 n=0

5.1 F-partitions

Motivated by the properties of Frobenius partitions, we impose restrictions
on parts for such partitions and derive new partition identities. We shall
call the Frobenius partitions the F-partitions. We also give a geometric
interpretation of the given explicit bijection of Theorem 4.2.1, which is an
extension of the known geometric interpretation of Sylvester’s theorem.

Theorem 5.1.1. Forn > 0, we have

feo(2n) = p(n).
First proof of Theorem 5.1.1. We first give a proof in terms of generating

functions.

In a similar manner as done in the proof of (2.4.2)

Z foe(n)q"

n>0

— Z Z Z B L A

520, a1 >0e>...>a>0, f1>8:>..>8,>1

_ Z Z Z L Z Z Z Z q(25)n1+2(571)n2+...+2nsq2(1+2+...+(571))

5207 ni Zoa n220 n8207 leOa m?ZO mSZO
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(28)m1+2(s—1)ma+...42ms  2(14+2+...4(s+1))

X q q
— q (s—1) s(s+1) q (28)n q (s—1)n q2ns . q(23)m1
> Z q (s—1)m Z q?mS
2mo>0 mg>0

3. 22’
— (4% ¢%);
le.,
e¢] o0 q2n2
Joe(n)g" =
nz_% o nz:% (4% ¢%)?
If we set ¢ := ¢* in Equation (2.4.3) , we get
—~(¢%¢); S l—¢

Y foem)g” =D p)e" = Y pn/2)q"

n=0 n>0,n even

i.e. foe(n)=p(n/2), when n even.
Therefore, f,.(2n) = p(n) for all n. (by replacing n with 2n) [

Second proof of Theorem 5.1.1. We construct a bijection between F ,(2n)
and P(n).
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Recall the bijection ¢4 : P(n) +— F(n) (in Chapter 2). Let
Yy 1 F(n) — F.,(2n) be defined as

ai as ... Qg . 2aq 200 ... 2ag
by by ... by 201 +1 2b+1 ... 2b,+1)°
Clearly, 1 is a one-to-one correspondence.

Let ¢ = 1p901);. Then using 1), we see that the sets Fi,(2n) and P(n) are in
one-to-one correspondence. The diagram below illustrates the mappings.

V2091 F(n)
/
F..(2n)
[]
Theorem 5.1.2. For n > 0, we have
fee(n) =d'(n,4) (mod 2). (5.1.1)
fooln) = d¥(n.4)  (mod 2). (5.12)

We define f..(0) = f,,(0) := 1.

Proof. The generating function for f..(n) is given by

> feeln)q"
:Z Z Z qs . q2a1+2a2+...+2as . q261+252+...+2ﬂs

520, a1 >a>...>as>0, B1>F>...>B,>0

_ Z Z Z L Z Z Z qsq(28)n1+2(3—1)n2+...+2nsq2+4+...+2(3—1)

5§20, n1>0, n2>0 ng>0, m >0, mg>0

% q(25)m1+...+2m5 . q2+4+...+2(571)

Y 1 1 1 1
R U T e LR D S TR

s>0
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(mod 2).

If we set ¢t := ¢ and ¢ := ¢* in Equation (2.3.7) , we get

n 2n(n—1) o0

0
q4q

=t — 1+ q- q4n :
; (4% q4)n EO( )
le.,
> qn(2n—1) 00 it 00 1 )
Z( L, H(1‘|‘q ) = Zd (n,4)q". (5.1.3)
o \ 454 )n 0 —
Then,

> feeln)g"=> d'(n,4)g"  (mod 2). (5.1.4)
n=0 n=0

This completes a proof of Equation (5.1.1).

Similarly,

> fooln)g”
:_Z Z Z qs ) q2a1+2a2+...+2a5—s ) q251+252+...+265—8

520, a1 >a>...>as>1, f1>0>..>8,>1

_ Z Z Z . Z Z Z . Z qfsq(Zs)nl+2(5—1)n2+...+2nsq2+4+...+25

520, m120,122>0 ng=>0, m1 >0, ma>0 ms>0

2s)mi1+2(s—1)mo—+...4+2my 24-4+...+2s
« q2Imi+2s1) L

2s%+s

— q
R (R e o (e
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i gn(@n+)
4.
— (¢

g

(mod 2).

n
If we set t := ¢ and ¢ := ¢* in Equation (2.3.7) , we get

x  n(2n+1) 00 00
q n n
> e = JJa+¢"") =) dn,4)q" (5.1.5)
n=0 a4 n=0 n=0
Thus N
> fooln)g" = Zaﬁ n,4)¢" (mod 2). (5.1.6)
n=0
This completes a proof of Equatlon (5.1.2). ]

Corollary 5.1.1. For k,n > 0, we have

Zfee )foo(n —k) (mod 2).

Proof. Multiplying Equation (5.1.4) by (5.1.6), we get

o

Z fee(n)q" - Z Joo(n)q" = H(l +¢7")  (mod 2),
n=0 n=0
ie. ) (Z FoelE) foo(n — k:)) ¢"=][1-¢"") (mod?2)
k=0

n=0

[ mod2)  (by (222)

8

(mod 2)

=3 b (mod 2).



Example 5.1.1.

n | d*(n,4) | d3(n,4) F-partitions of n fee(n) | foo(n)

Example 5.1.2. Consider n = 5.

Zfee foo 5_ )

— fae( )fo,o( ) + fe,e(l)fo,o(4) + fe,e(2)f0,0(3> + ...+ fe,e(5)fo,o(0>
=1(2) + 1(0) + 0(1) +2(0) + 0+ 3(1)
=5=1 (mod2).

But p(5) =7 =1 (mod 2), and so the result is verified.

5.1.1 Geometric interpretation of the bijection for Theorem 4.2.1

In this section we give a geometric interpretation of the bijection for The-
orem 4.2.1.

A ~- symmetric partition of n, i.e., A = (A, Aoy Az, - oy As, Asa1, Asio, - - )
where s is the order of A, can be mapped to the Frobenius symbol

£ — )\1—1 )\2—2 )\S—S

T M =14y =24y . As—s+7
In this case, each hook in the Ferrers graph of A is represented by a sum
of (\; —i)+1plus (\; —i+) forall 1 <i<s.
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It is now clear that the new partition constructed in this way is given by
B=0C2M+7—12+v=3,...,2 +7—2s+1).

It is clear that [ is a partition in which parts are distinct and definitely
each part is congruent to 1+~ (mod 2) where the smallest part is greater
than or equal to v + 1.
To invert the map, given a partition X = (A}, A5, ..., \}) of n enumerated
by G(n,v) where the smallest part is greater than or equal to 1 4 7, we
can write each )\’ as

)\;-:2ozj—2j—|—1+%
for some unique «; > j. Then, we construct hooks as shown in the dia-
gram below where each horizontal section consists of a; — 7 4+ 1 dots and
the number of dots going downwards equals to o; — 7 + 7.

A as—1 as—s+1
‘e o o o o o - 7 ™ —
PY [ J [ [ [ [ [ J [ [ [
PY [ J [ J
PY [ J [ J
. + . oo+ .
PY [ J
PY [ ]
[ J
AL 2(ar — 1) + 1+ dots. Ayt 2(a2 — 2) + 1 + v dots. Ay 2(as —s) + 1+ dots.

Then, we nest these hooks together into a Ferrers graph. See the diagram
below.

. o o o o o ° — oy dots

e o o o o o — (dots
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We then identify the partition corresponding to the above Ferrers graph.
This partition has its parts as the number of dots in each row, i.e.,

p=(a,an, ... 0 Q501,019,...).

Clearly, this new partition is a y-symmetric partition.
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Chapter 6

Conclusion

In this dissertation, we studied some restricted integer partition functions.
We first introduced our work and gave some definitions and notation we
needed. In Chapter 3, we laid down some foundational tools that included
proving the Jacobi’s triple product identity. One important corollary of
the Jacobi’s triple product is the Euler’s pentagonal number theorem. A
discussion on a partition-theoretic interpretation of the Euler’s pentagonal
number theorem was presented. Furthermore, as part of the foundation,
the parity of d(n) was looked at by considering Legendre’s partition theo-
retic interpretation of Euler’s pentagonal number theorem.

Our contributions to partition theory were presented in Chapters 4 and 5.
To the best of our knowledge, the results are new.

In Chapter 4, we gave a simple extension of a version of the so called
Alladi-Schur theorem. We also generalised one of the theorems of Sylvester
and gave an explicit bijection of the generalisation. We also proved that
Glaisher’s map provides a combinatorial proof of Theorem 4.1.1 when
k = 2" where r is a positive integer. However, it does not generally work
if k is not a power of 2, (see Example 4.3.1). We believe that Theorem
4.1.1 can still be generalized and this is part of our further work. Besides,
we came up with several parity and recurrence formulas of some partition
functions in the fashion of Sylvester.

In Chapter 5, we derived some partition identities involving Frobenius
partitions by imposing parity restrictions on the entries of the Frobenius
symbols. Lastly, we gave a geometric interpretation of our explicit bijection
for a theorem in Chapter 4.
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