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1 Introduction

Recently, there has been some interest in understanding massive particles with spin greater
than 2, commonly known as massive higher spin (MHS) particles. MHS particles are one of
the ubiquitous features of any string theory model; in such cases, the masses of these particles
are controlled by the string tension, see [1–3]. On the other hand, these particles do not
appear in the standard model of particle physics. In [4], the authors pointed out the possible
relevance of these particles in a more general context beyond string theory. It was argued
that time advancement in higher derivative theories of gravity can be avoided by including
the MHS particles. Since then, people have tried to explore these directions [5–8].

Most of the work on MHS to date has focused on the bosonic particles. The fermionic
particles are relevant both phenomenologically and conceptually. For example, the rich world
of chemistry and most structure formation is due to the Fermi exclusion principle. In the
standard model of particle physics, the fermions are responsible for the violation of various
discrete symmetries like C (charge conjugation), Ri (spatial reflections),1 and CRi. Before
the discovery of Ri and CRi violation, it was used to be believed that C, Ri, and T (time
reversal) are the symmetries of any theory. CRi violation is one of the necessary criteria for
the matter-antimatter asymmetry in the observed universe. On the phenomenological side,
the higher spin particles can provide various beyond-standard model EFTs. For example, one
could ask: 1) what is the interaction of higher spin particles with standard model particles, [9]?
2) How does the beta functions of the standard model change in the presence of higher spin
particles? Can such particles be any candidate for dark matter particles, [10]? From the study
of bosonic MHS, we know that the presence of spin allows us to write many independent
three-point interaction terms. As a result, the possible interactions and the landscape of
higher spin interactions are much bigger. One possible tool to look at a smaller landscape
is to impose supersymmetry. Supersymmetry always comes with fermionic particles, and
the interactions of fermions become relevant.

In order to understand MHS particles, one can start by classifying the three-point
functions. In D = 4, the scattering amplitudes for all masses and spins were constructed
in [11]. A similar classification was done in the center of mass frame in [12, 13] with more
recent discussions in [14, 15]. Moreover, the CFT techniques have also been used to compute
the amplitudes using the CFT correlators [16–18]. The interactions of the MHS with photons
and gravitons in arbitrary dimensions were classified in [19, 20]. Given the three-point
functions, one would like to understand the scattering amplitudes in arbitrary dimensions.
This problem is straightforward in principle. However, the explicit computation is cumbersome
because the expression of the higher spin propagators is messy [21, 22]. This problem was
circumvented in [23], using the derivative method in the kinetic space. The authors found
the explicit expressions for the four particle scattering (of Gravitons and photons) due to
the exchange of massive higher spin particles.

1Ri is defined as the reflection along any ith spatial directions. P are reflections along all spatial directions.
We use Ri and not P because in odd spacetime, P is in the connected part of the rotation group because of
det(P ) = +1. In even spacetime dimensions, Ri and P are connected by an element of the rotation group and
both have det(Ri) = det(P ) = −1.
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Classifying the supersymmetric interaction in higher dimensions remains an open problem.
This is partly because the property of fermions depends on spacetime dimensions, and one also
needs to understand the interaction of fermions. Thankfully, in the 3+1 dimension, one can
use the spinor helicity variables and easily understand the consequences of supersymmetry.
This was done in [24]. However, one would like to understand supersymmetry in other
dimensions [25]. In order to do that, one first needs to classify the three-point functions
involving fermions. We undertake that job in this work.

In the case of fermions (both massive and massless), the basic building blocks are
Majorana/Weyl fermions. On the other hand, it is simpler to classify the interaction of Dirac
fermions. The primary reason behind this is twofold: 1) It is possible to define the action of
all the discrete symmetries on Dirac fermions, which is not always true for chiral asymmetric
theories of Weyl fermions. In such theories, the action of time reversal and reflections is not
well defined. 2) A theory of Dirac admits the action of wick rotation. This is because the
Dirac fermions are complex representations of the Clifford algebra (see appendix E). In this
work, we have classified the three-point function of two massless Dirac fermions and one
massive higher-spin bosonic particle. We also write down the action of discrete symmetries
C, R, and T and their action on the three-point functions.

1.1 Main results

In this section, we summarise the key results of this paper; the details of how to arrive at
these results can be found in the later sections. We divided the discussion into parts based
on whether the spacetime dimension is even or odd.

Even dimensional spacetime:

1. The basic building blocks in this analysis are massless Dirac bilinears of the following
form

(i)s+ (r+1)(r+2)
2 (∂(ν1 · · · ∂νs)Ψ†β)Γ[µ1 · · ·Γµr]Γ⋆Ψ,

(i)s+ r(r+1)
2 (∂(ν1 · · · ∂νs)Ψ†β)Γ[µ1 · · ·Γµr]Ψ

(1.1)

r is called the rank of bilinear. The factors of i are to make sure that the term is
hermitian. Because of the presence(absence) of Γ⋆ in the first (second) bilinear, we call
it Chiral (non-chiral).

2. A massive higher spin (MHS)2 field is represented by the Young-Tableau,

µ1 ν1 · · · νs̃

µ2 ρ1 · · ·
...

(1.2)

Using the kinematics of the massless and massive Little groups, we show that two
massless Dirac spinors couple to a massive higher spin fields only if the corresponding

2Unless explicitly mentioned a MHS means a quantum MHS field.
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Young tableau is of the following form

Φ(r̃,s̃) ≡ µ1 ν1 · · · νs̃

µ2...
µr̃

(1.3)

i.e. the number of boxes in any row apart from the first row is at most one. We use
the short-hand notation Φ(r̃,s̃) ≡ Φ[µ1···µr̃]{ν1···νs̃}. The indices r̃ and s̃ denotes the
antisymmetric and symmetric indices in Φ(r̃,s̃). A flavored higher spin is denoted by
Φ(r̃a,s̃a)

a , where “a” is the flavor index and r̃a, s̃a holds the same meaning as r̃ and s̃.

3. For any massive higher spin (MHS) field other than scalars, there are four independent
couplings out of which two are non-chiral, and two are chiral. For scalar fields, there
are only two independent couplings given by the chiral and non-chiral Yukawa terms.
These couplings can be found in table 1. In the paper, unless explicitly mentioned, the
couplings of any MHS field with the even (or odd) ranked Dirac bilinears are termed as
the even (or odd) ranked couplings.

4. Using the C, Ri, T theorem, we have shown that the intrinsic parities of any MHS field
Φ(r̃,s̃) must always satisfy (in both even and odd spacetime)

η(r̃,s̃)
C

η(r̃,s̃)
R

η(r̃,s̃)
T

= +1 (1.4)

where C is the charge conjugation operation, Ri are reflections along the ith spatial
direction, and T is the time reversal operation.3 Equation (1.4) is a higher spacetime
analogue of constraints on intrinsic parity, given in equation 5.8.4 of Weinberg Vol
1 [26].

5. Consider multiple MHS Φ(r̃a,s̃a)
a where a = 1, 2, · · · , N coupled with a massless Dirac

spinor. We have shown that if the MHSs couple only with a chiral (or non-chiral)
bilinear of even rank r = 2n, then the theory will always preserve C, Ri, T , such that
the intrinsic parities of every MHS are given by

η(r̃a,s̃a)
C

= η(r̃a,s̃a)
T

= η(r̃a,s̃)
R

= +1, ∀ a (1.6)

6. In a C,Ri, T preserving theory of multiple MHS coupled only with a non-chiral bilinear
of odd rank r = 2n+ 1 and s derivatives, the intrinsic parities of the MHSs must be
given by

η(r̃a,s̃a)
C

= η(r̃a,s̃a)
T

= (−1)s+n+1, η(r̃a,s̃)
R

= +1, ∀ a (1.7)

3The C, Ri, T transformations of MHS Φ(r̃,s̃) are summarized as follows

CΦ(r̃,s̃)C−1 = η(r̃,s̃)
C

Φ(r̃,s̃), RΦ(r̃,s̃)R−1
i = η(r̃,s̃)

R
(Ri)r̃+s̃Φ(r̃,s̃), TΦ(r̃,s̃)T−1 = η(r̃,s̃)

T
(T )r̃+s̃Φ(r̃,s̃) (1.5)

where Ri and T are the spacetime representations of reflections and time reversal. All the η′s are U(1) phases.
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Similarly, In a C,Ri, T preserving theory of these MHS coupled only with a chiral
bilinear of odd rank (r = 2n+ 1), the intrinsic parities of the MHSs must be given by

η(r̃a,s̃a)
C

= −η(r̃a,s̃a)
T

= (−1)s+n+m, η(r̃a,s̃a)
R

= −1, ∀ a (1.8)

where m = ⌊D/2⌋. It would be interesting to derive the same results using the action
of C, Ri, T over the Little group states, i.e., following arguments similar to chapter 2
of Weinberg Vol. 1 [26].

7. Let us consider an interacting theory of a single MHS Φ(r̃,s̃) interacting with a massless
Dirac spinor through all possible three-point couplings. For such theories, we can state
the following

• In any D = 2m, the chiral and non-chiral couplings of a MHS always transform
oppositely under Ri, CT . Therefore, an interacting theory with both the chiral
and non-chiral three-point couplings of a MHS would always break Ri and CT . For
example, spinor QED breaks Ri and CT if we also include the coupling with Γ⋆.
This is generally true in even dimensions, even if we keep the coupling constants
with the least number of derivatives (often referred to as the minimal coupling).
Our result generalizes the statement to three-point couplings of any MHS.

• In D = 4k, such a theory must transform in the same way under CRi and T upto
a factor of η(r̃,s̃)

T
(−1)s̃+ñ+1, where ñ = ⌊r̃/2⌋. For the unique choice of intrinsic

parity η(r̃,s̃)
T

= (−1)s̃+ñ+1, the couplings remain invariant under CRi and T . This
gives a D mod 4 classification of such theories based on their transformation under
CRi and T .

• Similarly, there exists a D mod 4 classification such that in D = 4k + 2 the theory
transforms in the same way under RiT and C, upto a factor of η(r̃,s̃)

C
(−1)s̃+ñ+1,

where ñ = ⌊r̃/2⌋. For the unique choice of the intrinsic parity η(r̃,s̃)
C

= (−1)s̃+ñ+1,
the theory is always invariant under C and RiT .

Odd dimensional spacetime:

1. In odd dimensions, there are only two independent bilinears: (i) even ranked bilinears,
and (ii) odd ranked bilinears. The bilinears are always non-chiral since there is no
chirality matrix in odd dimensions.

2. Just like even spacetime, we have classified the three-point interactions of two massless
Dirac spinors and a MHS field Φ(r̃,s̃). For MHS, other than scalars, there are two
independent even and odd-ranked couplings. For scalars, the only independent coupling
is the Yukawa coupling. The results are summarized in table 2. Unlike even dimensions,
in any odd D = 2m+ 1, there also exist the self-dual and the anti-self-dual couplings
corresponding to the highest rank irreducible representations of the massive Little group
Spin(2m). See the section 5.2 for elaborate discussion.

3. Consider a theory of multiple MHS fields Φ(r̃a,s̃a)
a coupled with a massless Dirac spinor

through bilinears of even rank (r = 2n) and s derivatives. Such a theory would preserve

– 5 –
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C, Ri, T only if the intrinsic parities of every MHS is given by

η(r̃a,s̃a)
C

= −η(r̃a,s̃a)
T

= (−1)s+n+m+1, η(r̃a,s̃a)
R

= −1 ∀ a (1.9)

Similarly, in a C, Ri, T preserving theory of multiple MHS coupled only with the odd
ranked bilinear (r = 2n+ 1), the intrinsic parities must be given by

η(r̃a,s̃a)
C

= η(r̃a,s̃a)
T

= (−1)s+n+1, η(r̃a,s̃a)
R

= 1 ∀ a (1.10)

4. Let us consider a most general theory of either the Φ(2ñ,s̃) or the Φ(2ñ+1,s̃) MHS coupled
with a massless Dirac spinor through both even and odd ranked three-point couplings.
In such theories of a single MHS, we show the following

• The even and odd ranked couplings of a MHS always transform oppositely under
Ri and CT . Like even spacetime, a theory of MHS with both even and odd ranked
couplings would always break Ri and CT .
However, (unlike in even dimensions) if we restrict to the minimal coupling, then
a theory of a massless Dirac spinor with an MHS preserves C, Ri, T . The intrinsic
parities satisfy either (1.9) or (1.10), for a = 1.

• In D = 4k + 1, a theory of an even ranked MHS Φ(2ñ,s̃) would preserve C, RiT

such that the intrinsic parity is given by η(2ñ,s̃)
C

= (−1)s̃+ñ+1. Whereas, a theory
of an odd ranked MHS Φ(2ñ+1,s̃) would preserve CRi, T such that the intrinsic
parity is given by η(2ñ,s̃)

T
= (−1)s̃+ñ+1.

• In D = 4k + 3, a theory of an even ranked MHS Φ(2ñ,s̃) would preserve CRi, T

such that the intrinsic parity is given by η(2ñ,s̃)
T

= (−1)s̃+ñ+1. Whereas, a theory
of an odd ranked MHS Φ(2ñ+1,s̃) would preserve C, RiT such that the intrinsic
parity is given by η(2ñ,s̃)

C
= (−1)s̃+ñ+1.

We can combine the results in even and odd spacetimes in a single statement (also summarized
in tables 11 and 12.):

In any D = 2m+ 1, 2m spacetime, any theory of a massless Dirac spinor with a single
MHS, which includes all the possible three-point couplings, can be classified in a D mod
4 manner such that

• For an even ranked MHS Φ(2ñ,s̃), the theory preserves C, RiT in D = 4k + 1, 4k + 2
with the unique choice of η(2ñ,s̃)

C
= (−1)s̃+ñ+1. Whereas, the theory preserves CRi, T

in D = 4k, 4k + 3 with the unique choice of η(2ñ,s̃)
T

= (−1)s̃+ñ+1.

• For an odd ranked MHS Φ(2ñ+1,s̃), the theory preserves C, RiT in D = 4k + 3, 4k + 2
with the unique choice of η(2ñ+1,s̃)

C
= (−1)s̃+ñ+1. Whereas, the theory preserves CRi, T

in D = 4k, 4k + 1 with the unique choice of η(2ñ+1,s̃)
T

= (−1)s̃+ñ+1.

– 6 –
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Organization of the paper: we have divided the rest of the paper as follows: we encourage
the reader first to read section A to make themselves comfortable with the notations and
conventions used throughout the paper. The basics of the Clifford algebra and the convention
we follow are summarized in appendix E and F. In section 2, we review Dirac spinors as the
representations of complex Clifford algebra in any D spacetime dimension. In section 3, we
classify all the independent massless Dirac bilinears in even and odd spacetime dimensions
by constraining them with the internal axial and vector symmetries. The group theoretical
explanation for the construction of Dirac bilinears is discussed in appendix B. In section 4,
we review the massive higher spin representations of the Lorentz group and their Young
tableau notations. In section 5, we couple the bilinears constructed in section 3 with massive
higher spin fields. We construct the couplings by taking projections of the bosonic irreducible
representations of the Spin(D − 1) over the product of spinor representations transforming
under Spin(D − 2). The branching (projection) rules are explained in appendix C and D.
In section 6, we first introduce the action of the discrete transformations C, Ri, T over the
spinors and MHS. In section 7, we calculate the action of these transformations over the
spinor bilinears and the three-point couplings constructed in section 5. In section 8, we
discuss the couplings for multiple Dirac spinors and the action of CRiT . In section 9, we
conclude along with some future directions.

2 A lightning review of Dirac spinors

In this section, we summarize the basic concepts we follow in the rest of the paper. We denote
the Dirac spinors by Ψα(x). These are the complex representations of the Spin group Spin(D)
based on the complex vector space CD.4 In D spacetime dimensions, Ψα(x) ∈ CN where
N = 2⌊D

2 ⌋. From the first course in Quantum field theory, we know that the starting point to
study fermions is the Clifford algebra, which consists the gamma matrices that satisfy

{Γµ,Γν} = 2ηµν (2.1)

We work in the mostly positive signature of the spacetime metric ηµν = (−,+,+, · · · ,+). We
assume that the observables, e.g. scattering amplitudes and cross-sections are independent
of the choice of the metric signature. From these Clifford generators, we can construct the
Lorentz generators. In the spinor representation, the Lorentz group generators are (Jµν)α

β

which can be constructed using the gamma matrices

(Jµν)α
β = − i

4[Γ
µ,Γν ]αβ (2.2)

In case of fermions, we know that 2π rotation is not the same as the identity element.
Mathematically, we look at the double cover of the Lorentz group, which is known as the
spin group. A Dirac spinor transforms under the complex representation of the spin group.
The representation matrices are given by

d(Λ) = exp(iωµνJ
µν), Λ(ω) ∈ Spin(D) (2.3)

4For our purpose, we work with the complex representations of the real Clifford algebras which are
isomorphic to the irreps of the complex Clifford algebra.

– 7 –
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A longer summary of Clifford algebra, Pin, and Spin groups is given in appendix E. The spinor
group Spin(D) is independent of whether the metric signature is Minkowski or Euclidean.
Therefore, the Dirac spinors in the Minkowski and the Euclidean signatures have the same
degrees of freedom. As a result, it is simpler to study a theory of Dirac spinor as we can go
back and forth from the Lorentzian signature to Euclidean signature using Wick rotation.
The Clifford elements satisfy identity

d(Λ) Γµ d(Λ)−1 = Λµ
νΓν (2.4)

In even D = 2m spacetime, the Clifford basis is spanned by {1,Γ0,Γ1, · · · ,Γ2m−1} where
Γ0 is anti-hermitian whereas Γi are hermitian ∀ i = 1, · · · , 2m− 1. The hermitian property
can also be written in a compact form as

βΓµβ−1 = −(Γµ)† (2.5)

where β = iΓ0 is the hermitian operator known as the parity matrix. We can also define
the hermitian volume element also known as the chirality matrix

Γ⋆ = (−i)m+1Γ0 · · ·ΓD−1 (2.6)

In odd D = 2m+ 1 dimensions, we can choose Γ2m+1 as either +Γ⋆ or −Γ⋆ which gives rise
to two in-equivalent representations5 of the Clifford algebra. Interestingly, both the signs
gives rise to two “equivalent” spinor representations generated by J

µ(2m+1)
± = − i

4 [Γµ,±Γ∗]
which can be mapped to each other by Γ⋆. Hence, the choice of Γ⋆ doesn’t alter the physics
of the spinors.

Any rank r element of the Clifford algebra is defined as Γ(r) ≡ Γµ1µ2···µr , where
µ1, µ2, · · · , µr are all anti-symmetric. There exists a duality between the rank r and D − r

elements of the Clifford algebra in even dimension

Γµ1···µrΓ⋆ = −(−i)m+1 1
(D − r)!ϵ

µr···µ1ν1···νD−rΓν1···νD−r . (2.7)

In even dimension, there exist two rank r elements: Γ(r) and Γ(r)Γ⋆. Whereas in odd
dimensions there is a unique one rank r element: Γ(r). Γ(r) is dual to the rank D− r elements

Γµ1···µr = im+1 1
(D − r)!ϵ

µ1···µDΓµD···µr+1 (2.8)

3 Dirac bilinears in even and odd spacetimes

The interactions in a quantum field theory are Lorentz scalars constructed out of the quantum
fields. Any scalar that is formed out of spinor fields will necessarily have even number of
spinor fields. We begin with terms which are constructed out of two Dirac spinors which are
representations of Lorentz group. We call them Dirac spinor bilinears. We are interested in
bilinears which transform covariantly as a spacetime tensor of the Lorentz group. In general,

5There does not exist any matrix in the Clifford algebra which can map Γ⋆ to −Γ⋆ keeping all other gamma
matrices invariant.
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such a spinor bilinear6 is given by Ψ†M (r)Ψ, where M (r) is an object with r spacetime vector
indices and two spinor indices, such that it satisfies the following equation

d(Λ)†M (r)d(Λ) −→ (Λ)(r)M (r) (3.1)

where (Λ)(r) denotes the r factors of Λµ
ν . In case of Dirac spinors, the matrix M (r) is

given by βΓ(r). Using equation (2.5), it can be checked that the parity matrix β maps the
representation d(Λ) to it’s hermitian conjugate d(Λ)† such that

β d(Λ)β−1 = d(Λ−1)† (3.2)

In even D = 2m spacetime, the most general bilinears for a single Dirac spinor are given by

Non-Chiral : Ψ̄Γ(r)Ψ (3.3)
Chiral : Ψ̄Γ(r)Γ⋆Ψ (3.4)

where Ψ̄ ≡ Ψ†β is the Dirac adjoint spinor which transforms as d(Λ)−1 under the Spin(2m).
The rank 0 Dirac bilinears gives the Dirac mass term. As we will see later, it is always
possible to add a Dirac mass term without breaking any discrete (C,Ri, T ) symmetry in a
theory of Dirac spinors in even spacetime dimensions.

For three-point couplings, we only consider the Dirac spinors to be massless. As discussed
in B, the one particle states of a Dirac spinor transform under the direct sum of the two
inequivalent fundamental spinor representations ρ and ρ̃ of the Little group Spin(2m− 2). All
the independent massless Dirac bilinears are governed by the irreducible representations in
the product of two massless Little group states. The complete group theoretical construction
of the irreducible representations in the product of spinor states of Spin(2m− 2) is discussed
in appendix B.2. In any D = 2m/2m + 1 spacetime, the product of one particle spinor
states transforms under the irreducible representations of Spin(D − 2) ⊗ Spin(D − 2) and
generates irreducible antisymmetric tensors of rank 0 ≤ r ≤ m − 1. Thus, any irreducible
Dirac bilinear can have a maximum rank of m − 1.

The interactions of these bilinears with the massive higher-spinning Bosons might involve
derivatives acting over the spinors. In order to manifest invariance under the Spin group,
we first write down the most general bilinears, which involve s number of derivatives and
a rank r Clifford element

M(r,s) = (i)s+ r(r+1)
2 (∂(s)Ψ†β)Γ(r)Ψ, (M(r,s))† = M(r,s) (3.5)

and
N(r,s) = (i)s+ (r+1)(r+2)

2 (∂(s)Ψ†β)Γ(r)Γ⋆Ψ, (N(r,s))† = N(r,s) (3.6)

These are compact notations to write down the expressions given in section (1). We have
inserted the factors of i appropriately to make them hermitian; these factors will be different in
other conventions of the metric (2.1). Since Ψ are complex-valued, the bilinears are invariant

6At this point, we only consider the bilinears for Dirac spinors of the same flavor. We will talk about the
multiple flavors Dirac bilinears in the section 8.
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under the phase transformation U(θ) = exp(iθ). There exists another field redefinition
known as the axial rotations

Ψ −→ U⋆(θ)Ψ, U⋆(θ) = exp(iΓ⋆θ) (3.7)

Since Γ⋆ anti-commutes with β and Γµ, the axial rotations mix the even rank bilinears among
themselves but keep the odd rank bilinears invariant. The action of this transformation
on the bilinears is as follows

∀s, r ∈ 2Z+ 1 : M(r,s) −→ M(r,s)

∀s, r ∈ 2Z+ 1 : N(r,s) −→ N(r,s)

∀s, r ∈ 2Z : M(r,s) −→ M(r,s) cos 2θ + N(r,s) sin 2θ
∀s, r ∈ 2Z : N(r,s) −→ −M(r,s) sin 2θ + N(r,s) cos 2θ

(3.8)

Later we will explore the consequences due to these field rotations. The space of all the
independent bilinears in a chiral asymmetric theory is given by as

M(n,s), N(n,s), n, s ∈ Z (3.9)

In odd D = 2m + 1 spacetime, the one particle states of the massless Dirac spinors
transform under the direct sum ρ⊕ ρ, where ρ is the unique spinor representations of the
Little group Spin(2m− 1). Since there is no chirality matrix in odd spacetime dimensions,
the only possible Dirac bilinear, which transforms as a rank r tensor of the Lorentz group are

M(r,s) ∀ r, s ∈ Z (3.10)

As we have discussed in appendix B.1, all the irreducible bilinears of Dirac spinors in
D = 2m + 1 would have rank 0 ≤ r̃ ≤ m − 1. The construction of these bilinears using
group theory is also discussed briefly in appendix D.1. Unlike even spacetime dimensions, the
Dirac spinors in odd spacetime only enjoy the vector rotation symmetry U(θ) which keeps
the bilinear M(r,s) invariant. Therefore, we cannot flip the sign of the Dirac bilinears in odd
spacetime dimensions. As we will see, this has an important consequence over the signs of
interaction terms. Unlike even dimensions, the mass term in odd dimensions might break
certain discrete symmetries like C,R, or T . Therefore, adding a Dirac mass term in a theory
of Dirac spinors in odd spacetime is not always possible. We will discuss the mass term briefly
in section 6. For the purpose of three point interactions, the Dirac spinors are always massless.

4 Massive higher spin representations

We denote the MHS field representations of the Lorentz group by Φ(r̃,s̃),7,8

Φ(r̃,s̃) ≡ Φ[µ1···µr̃]{ν1···νs̃} (4.1)
7We have chosen different notation for the indices of MHS Φ(r̃,s̃) and the bilinears M(r,s) because they are

representations of different Little groups. All the indices with “tilde” carry information regarding MHS.
8Since the Dirac bilinears do not have any mixed symmetric indices, particles other than (4.3) cannot

couple with the massless Dirac spinors in any dimension. This point is discussed briefly in appendix D.
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where s̃ and r̃ are the number of symmetric and antisymmetric spacetime indices such that
whenever r̃ = 0 =⇒ s̃ = 0. The MHS follow the equation of motion

(∂2 − m2)Φ(r̃,s̃) = 0 (4.2)

where m is the mass of MHS. The one particle states of the MHS bosons transform under the
irreducible representations of the massive Little group Spin(D − 1) (or SO(D − 1)). Every
index of the MHS field is transverse to its momentum k3. Whereas every pair of indices
are traceless. These constraints reduces the on-shell degrees of freedom of the MHS which
are same as that of a Young tableau representation of SO(D − 1) with same number of
indices [27, 28]. In other words, the space of MHS fields which are traceless and transverse
to k3 transforms under the Young tableau representations of SO(D − 1) which keeps k3
invariant. We can now associate the Young tableaux of SO(D − 1) with the MHS fields
following equation of motion (4.2).

Φ(r̃,s̃) ≡ µ1 ν1 · · · νs̃

µ2...
µr̃

(4.3)

In the usual notation, a Young tableau is denoted by Y (c1, c2, · · · , cs̃, cs̃+1) where c′is are
the number of boxes in a column such that c1 ≥ c2 ≥ c3 ≥ · · · ≥ cs̃ ≥ cs̃+1 ≥ 0. In our
notation, c1 = r̃ and c2 = c3 = · · · = 1. In the literature, there are multiple ways to define
the symmetry properties of the Young tableau. One starts with a general rank r̃ + s̃ tensor.
We work in a basis where we first symmetrize s̃ number of indices and then anti-symmetrize
r̃ of them. This is same as the basis described by equation (2.1) of [19]. Alternately, one
can anti-symmetrize r̃ of them followed by symmetrizing s̃ indices. To get acquainted with
the notation, we summarize the following:

• The scalar fields are denoted by Φ(0,0).

• The completely symmetric traceless fields with s̃ + 1 indices are denoted by Φ(1,s̃)

(s̃ ≥ 0). All the s̃+ 1 indices are symmetrized by construction.

• The completely antisymmetric rank r̃ ≥ 0 fields are denoted by Φ(r̃,0).

• The mixed symmetric traceless fields9 can only be only denoted by Φ(r̃,s̃) where r̃ >
1, s̃ > 0.

Since Φ(r̃,s̃) are massive irreducible representations, the antisymmetric indices r̃ have an
upper bound given by the rank of massive Little group Spin(D − 1) i.e. ⌊D−1

2 ⌋ ≥ r̃ ≥ 0,
s̃ ≥ 0. When D = 2m + 1, the highest rank m representations are further reducible to

9Mixed symmetric particles have mixed symmetric and antisymmetric indices. For example: the domino

tensor Φ[µ1µ2]ν ≡ µ1 ν

µ2

and the Riemann-Weyl tensor R[µν][ρσ] ≡ µ ρ

ν σ
.
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the direct sum a self dual and an-antiself dual representation. In general the reducibility
condition for tensors of SO(D − 1) are given by,

Φ̃[l1···lr̃]{k1···ks̃} = ±(−i)m

m! ϵl1···lD−1Φ{k1···ks̃}
lr̃+1···lD−1

(4.4)

where li, ki are the Little group spatial indices i.e. 1 ≤ li, ki ≤ 2m ∀ i. The tensor ϵl1···lD−1

is the invariant antisymmetric tensor of SO(D − 1). The factor of (−i)m appears because
the epsilon tensor squares as ϵl1···lD−1ϵlD−1···l1 = (−1)m where m = ⌊(D − 1)/2⌋. To manifest
Spin(D − 1, 1) covariance, the duality relation can also be written as

Φ̃[µ1···µr̃]{ν1···νs̃} = ±(−i)m+1∂µ

r̃!m ϵµµ1···µD−1Φ{ν1···νs̃}
µr̃+1···µD−1 (4.5)

where m is the mass of the higher spinning boson. The reducibility condition (4.5) is the
solution to the equation of motion (4.2).

In D = 2m+ 1 spacetime, we denote the rank m MHS fields by Φ(m,s̃) and Φ̃(m,s̃) which
using the reducibility condition (4.5) follows the duality relation

Φ̃[µ1···µm]{ν1···νs̃} = ±(−i)m+1∂µ

m!m ϵµµ1···µ2mΦ{ν1···νs̃}
µm+1···µ2m (4.6)

The self dual and anti self dual irreps are given by

Self-dual : 1
2(Φ

(m,s̃) + Φ̃(m,s̃)) (4.7)

Anti-Self-dual : 1
2(Φ

(m,s̃) − Φ̃(m,s̃)) (4.8)

The field Φ̃, satisfying equation (4.6), is also a solution to the equation of motion (∂2 −
m2)Φ(m,s̃) = 0. It follows from (4.6) that for m = even, the equation will have no solution
for real Φ(m,s̃) because of an i factor on the r.h.s. . Whereas for m = odd, it will have
solutions for real Φ(m,s̃).

5 Three point interactions

The research in classifying three-point function of higher spinning particles started in [19].
The authors classified three point function of a higher spin particle with two photons and
gravitons in that work. Later, these three point functions were used to compute the tree-level
scattering of photons and gravitons due to higher spin exchange in [23].

In this section, we classify all the three-point couplings of two massless Dirac spinors
interacting with massive higher-spinning (MHS) bosons. The couplings are the non-vanishing
projections of the Spin(D − 1) bosonic irreps over the irreducible representations in the
product of two spinor states of Spin(D − 2). The branching rules for the projections are
described in appendix C. The complete group theoretical construction of the couplings using
branching rules is described in D. Here we give an analogous on shell approach which is
in line with the branching rules.
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At the level of representations of the Lorentz group, the projection is achieved by
contracting the MHS with the derivatives acting over the spinor bilinears.10 Since all the
bilinears are hermitian, the irreducible MHS which couple with them can always be taken
as real with real coupling constants. However, this is not true in odd spacetimes where
we can have self dual and anti self dual MHS which can be complex valued depending on
the rank of the Lorentz group.

We first write down important properties for the projections of the MHS over the massless
Dirac bilinears which simplifies the construction of couplings. These properties can also be
understood using the branching rules discussed in appendix C.

1. A coupling vanishes if more than one derivatives acting over the Dirac spinors are
contracted with the antisymmetric indices of a MHS. For example in D = 5 spacetime,
the couplings (∂µνΨ̄)ΨΦ[µν] and (∂µΨ̄)(∂νΨ)Φ[µν] vanishes in the momentum space
because kµ

1 k
ν
1Φ[µν] = −kµ

1 k
ν
2Φ[µν] = 0.

2. The couplings where derivatives contract withing themselves are reducible to couplings
without such contracted derivatives. This can again be easily understood in the
momentum space where the self contracted derivatives gives rise to Mandelstam factors
k1 · k2, k2 · k3, or k1 · k3. For example, in momentum space the coupling (∂µΨ)(∂µΨ)Φ
is reduced to Ψ̄ΨΦ times the Mandelstam variable k1 · k2.

3. The couplings where the derivatives are contracted with the gamma matrices of the
bilinears either vanishes or reduce to couplings with lesser number of gamma matrices
using the equation of motion (∂µΨ̄)Γµ = 0 = Γµ(∂µΨ). For example, the coupling
(∂µΨ̄)ΓµΨΦ vanishes.11 Whereas the D = 4 coupling (∂µΨ̄)ΓµνΨΦν is reducible to the
lower rank coupling (∂µΨ̄)ΨΦµ.

(∂µΨ̄)ΓµνΨΦν = 1
2(∂

µΨ̄)(2ΓµΓν − 2ηµν)ΨΦν = −(∂µΨ̄)ΨΦµ (5.1)

where in the second equality we have used the equation of motion for the massless Dirac
spinor.

4. To ensure Lorentz invariance of any coupling, the number of indices of MHS Φ(r̃,s̃) must
be equal to the total number of derivatives and gamma’s12 in the Dirac bilinear M(r,s)

and N(r,s). So we obtain the following restriction

r̃ + s̃ = r + s (5.2)

5. Since Spin(D− 2) ⊂ Spin(D− 1), the rank of the massless Dirac bilinears is always less
than or equal to the number of antisymmetric indices in the MHS, i.e., r ≤ r̃. This is a
direct consequence of the branching rules (C.1) and (C.2). Following property 1, the
non-vanishing projections involve at most one derivative contracted with antisymmetric

10This procedure has also been discussed in [19] for the classifications of interactions between two massless
bosons and a MHS.

11If the Dirac spinors were massive, such a coupling would be non-vanishing but still reducible to Ψ̄ΨΦ.
12Following property 2 and 3, the derivatives contracted within themselves or with gamma’s are not counted.
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S.no. Notation Three-point functions r̃

1 e M(r̃,s̃)Φ(r̃,s̃) e (i)s̃+ r̃(r̃+1)
2 (∂ν1···νs̃Ψ̄)Γµ1···µr̃ ΨΦ[µ1···µr̃]{ν1···νs̃} 0 ≤ r̃ ≤ m− 1

2 f M(r̃−1,s̃+1)Φ(r̃,s̃) f (i)s̃+1+ r̃(r̃−1)
2 (∂ν1···νs̃∂µr̃Ψ̄)Γµ1···µr̃−1 ΨΦ[µ1···µr̃]{ν1···νs̃} 1 ≤ r̃ ≤ m− 1

3 g N(r̃,s̃)Φ(r̃,s̃) g (i)s̃+ (r̃+1)(r̃+2)
2 (∂ν1···νs̃Ψ̄)Γµ1···µr̃ Γ⋆ ΨΦ[µ1···µr̃]{ν1···νs̃} 0 ≤ r̃ ≤ m− 1

4 h N(r̃−1,s̃+1)Φ(r̃,s̃) h (i)s̃+1+ r̃(r̃+1)
2 (∂ν1···νs̃∂µr̃Ψ̄)Γµ1···µr̃−1 Γ⋆ΨΦ[µ1···µr̃]{ν1···νs̃} 1 ≤ r̃ ≤ m− 1

Table 1. Three point couplings of real Φ(r̃,s̃) for any arbitrary r̃, s̃ in D = 2m spacetime. Here
e, f , g h are the real-valued coupling constants.

indices r̃ of MHS.13 Therefore, the only possible non-vanishing projections of Φ(r̃,s̃) over
the bilinears are of two types

r̃ = r, s̃ = s or r̃ = r + 1, s̃ = s− 1 (5.3)

6. As discussed in appendix B and section 4, the rank of the irreducible Dirac bilinears
M(r,s),N(r,s) and the irreducible MHS Φ(r̃,s̃) are always bounded by the rank of the
massless and massive Little group, respectively. In any D = 2m/2m + 1 spacetime,
these bounds are given by

D = 2m : 0 ≤ r ≤ m− 1, 0 ≤ r̃ ≤ m− 1, (5.4)
D = 2m+ 1 : 0 ≤ r ≤ m− 1, 0 ≤ r̃ ≤ m, (5.5)

Therefore, any coupling with r and/or r̃ beyond these bounds are reducible using the
reducibility conditions (2.7) and (4.5).

We already know that there are four types of Dirac bilinears in even dimensions:
M(2n,s), M(2n+1,s), N(2n,s), N(2n+1,s). In odd dimensions, there are only two independent
bilinears: M(2n,s) and M(2n+1,s). This implies that the number of couplings of a MHS Φ(r̃,s̃)

for any r̃ and s̃ are finite. We demonstrate how these couplings look in the following sections.

5.1 Even dimensional spacetime

In even D = 2m spacetime, the MHS transform under the irreducible bosonic representations
of the Little group Spin(2m−1) whereas the massless Dirac spinors transform under the Little
group Spin(2m− 2). Since both the groups have rank m− 1, we have 0 ≤ r̃ ≤ m− 1, and
0 ≤ r ≤ m− 1. Using the Lorentz invariance condition (5.3), any MHS of rank r̃ ̸= 0 would
have four independent couplings corresponding to the projections over M(r̃,s̃), M(r̃−1,s̃+1),
N(r̃,s̃), and N(r̃−1,s̃+1). These couplings have been summarized in table 1. As described in
appendix D.2, the same couplings can be derived using the branching rules.

For r̃ = 0, which corresponds to a massive scalar field Φ, there are only two independent
couplings given by the Yukawa terms: Ψ̄ΨΦ and iΨ̄Γ⋆ΨΦ. In a theory of multiple MHS of
flavors a = 1, 2, · · · , N , the coupling constant depends on r̃, s̃ and the flavor index a. The

13This point has been discussed while constructing the three point couplings using the branching rules in
appendix D.
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table 1 gives the couplings for both r̃ = 2ñ and 2ñ+ 1 where ˜n ∈ Z. For example, in 5 + 1
dimensions, for r̃ = 2, s̃ = 0, this gives the following couplings of a massive 2−form given by

ieΨ̄Γµ1µ2ΨΦ[µ1µ2], f(∂µ2Ψ̄)Γµ1ΨΦ[µ1µ2]

gΨ̄Γµ1µ2Γ⋆ΨΦ[µ1µ2], h(∂µ2Ψ̄)Γµ1Γ⋆ΨΦ[µ1µ2]
(5.6)

In any D = 2m, for r̃ = s̃ = 0, the only couplings are e and g corresponding to the Yukawa
term and its chiral counterpart. Similarly for r̃ = 1, s̃ = 0 i.e. massive spin 1, we get the chiral
and non-chiral massive QED couplings eΨ̄ΓµΨAµ and gΨ̄ΓµΓ⋆ΨAµ. The corresponding
non-minimal couplings are given by f(∂µΨ̄)ΨAµ and h(∂µΨ̄)Γ⋆ΨAµ. In section 7, we will see
that the minimal and non-minimal couplings together always break the reflection symmetry.

All the couplings in table 1 are for r̃ ≤ m − 1. A natural question that may arise
is the following: What happens to the three-point function of the MHS whose one particle
states are reducible representations of Spin(2m − 1), i.e., with r̃ > m − 1 ?. In all such
cases, the three-point function can always be reduced to a three-point function of lower rank.
Here, we consider an example to explain it. Consider a higher rank coupling of Φ(r̃,s̃) where
m − 1 < r̃ ≤ 2m with the M(r,s) for r̃ = r, s̃ = s given by

(∂ν1···νs̃Ψ̄) Γµ1···µr̃ ΨΦ[µ1···µr̃]{ν1···νs̃} (5.7)

Using (4.5), the MHS with r̃ > m− 1 is reducible to the lower rank irreducible tensor with
r̃ − 2m + 1 antisymmetric indices,

Φ[µ1···µr̃]{ν1···νs̃} ∝ ∂µϵ
µ1···µr̃µr̃+1···µ2m−1µΦ{ν1···νs̃}

[µr̃+1···µ2m−1] (5.8)

where ϵµ1···µ2m−1µ the invariant epsilon tensor of SO(2m− 1, 1). Equation 5.8 is the covariant
form of the following duality condition at the level of the Little Group

Φ[l1···lr̃]{k1···ks̃} ∝ ϵl1···lr̃lr̃+1···l2m−1Φ{k1···ks̃}
[lr̃+1···l2m−1] (5.9)

where li, ki are the little group SO(2m− 1) indices running over the spatial values 1 ≤ li, ki ≤
2m−1. The proportionality factor includes i and permutation factors among r̃, m. Using (5.8)
and (2.7), the rank r̃ gamma’s in (5.7) can be reduced to rank 2m− r̃ gamma’s. This relates
three-point function with the rank r̃ > m− 1 (given in (5.7)) to a three-point function with
rank 2m− r, given by (upto some factors of i which can be restored through hermiticity)

(∂ν1···νs̃Ψ̄) Γρr̃+1···ρ2m−1µΓ⋆ Ψ ∂µΦ[ρr̃+1···ρ2m−1]{ν1···νs̃} (5.10)

We can further reduce the coupling to a lower rank by shifting the derivative over Φ to the
spinor field Ψ and using the Dirac equation of motion. For example consider the following
higher rank coupling in D = 4 for r̃ = 2 and s̃ = 1, (∂νΨ̄)Γ[µ1µ2]ΨΦ[µ1µ2]ν . After the Little
group reduction and using the equation of motion ∂µΓµΨ = 0, we can write the coupling
as (∂µνΨ̄)Ψ Φ̃{µν}.

5.1.1 A theory of single MHS

Consider a single MHS Φ(r̃,s̃). We know it couples to the following Dirac bilinears

M(r̃,s̃), M(r̃−1,s̃+1), N(r̃,s̃), N(r̃−1,s̃+1) (5.11)
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For any r̃, two are even rank bilinears, and the other two are odd rank bilinears. We
already mentioned the axial field redefinition symmetry U⋆(θ) in (3.8). Now, we discuss
its consequences. Due to these axial rotations, we can set the coefficient of N(2n,s) to be
zero.14 This implies that in a theory of Φ(2ñ,s̃) (or Φ(2ñ+1,s̃)), we can set the coupling constant
of N(2ñ,s̃)Φ(2ñ,s̃) (or N(2ñ,s̃+1)Φ(2ñ+1,s̃)) to be zero. Therefore, in a theory of a single MHS,
the only independent bilinears are

M(2n,s), M(2n+1,s), N(2n+1,s), n, s ∈ Z (5.12)

Moreover, under U⋆(θ) for θ = (2f + 1)π
2 ∀ f ∈ Z, the even ranked bilinears pick up a sign

whereas the odd ranked bilinears remain invariant,

M(2n,s) −→ −M(2n,s), M(2n+1,s) −→ M(2n+1,s), N(2n+1,s) −→ N(2n+1,s) (5.13)

This implies that we can always flip the sign of even-ranked non-chiral bilinears using discrete
axial rotations without altering the signs of the odd-ranked chiral and non-chiral bilinears.
This has an important consequence on the signs of interaction terms in a theory of Dirac
spinors. For example, the mass term corresponds to the rank 0 bilinear, which does not
have a physical significance in even dimensions. Also, in the standard model, the sign of
the massive spin 1 (r̃ = 1, s̃ = 0) coupling f(∂µΨ̄)ΨΦµ is not physical. Whereas, the sign
of the chiral coupling gΨ̄ΓµΓ⋆ΨΦµ has physical significance. Similarly, the sign of the spin
0 (r̃ = s̃ = 0) Yukawa coupling eΨ̄ΨΦ is not physical.

We saw that, in a theory of only one MHS, we can get rid of N(2n,s) using axial trans-
formations. However, in the presence of multiple MHS, it is not always possible to get rid
of all the couplings with N(2n,s). For example, consider the following Yukawa couplings of
two distinguishable spin 0 massive scalars in any D = 2m,

Lint = g1Ψ̄ΨΦ1 + f1iΨ̄Γ⋆ΨΦ1 + g2Ψ̄ΨΦ2 + f2iΨ̄Γ⋆ΨΦ2 (5.14)

Under the chiral rotation U⋆(θ), the Lagrangian transforms as follows

Lint U⋆(θ)−−−→(g1 cos(2θ)− f1 sin(2θ))Ψ̄ΨΦ1 + (g1 sin(2θ) + f1 cos(2θ))iΨ̄ΨΦ1+
(g2 cos(2θ)− f2 sin(2θ))Ψ̄ΨΦ2 + (g2 sin(2θ) + f2 cos(2θ))iΨ̄ΨΦ2 (5.15)

The chiral couplings of both Φ1 and Φ2 can be set to 0 only if f1
g1

= f2
g2

; which is not true in
general. Therefore, in the theory of multiple MHS, we must consider the couplings of MHS
with all four bilinears. As discussed, in a theory of single MHS, we can flip the signs of the
even-ranked bilinear couplings that are irrelevant (i.e., not physical). In the case of multiple
higher spins, only the ratio of the sign of even ranked bilinears is physical. For example,
in (5.15), the sign of g1/g2 ( or f1/f2) cannot be changed using the discrete field redefinitions.

5.2 Odd dimensional spacetime

In odd D = 2m+1 spacetime, the one particle states of the massless spinors transform under
Spin(2m− 1). As discussed in appendix B.1, the irreducible antisymmetric tensors in the

14Once we have done this, we can no longer use this transformation, apart from θ = fπ
2 , f ∈ Z.

– 16 –



J
H
E
P
0
5
(
2
0
2
5
)
0
5
7

S.no. Notation Three-point functions r̃

1 e M(r̃,s̃)Φ(r̃,s̃) e (i)s̃+ r̃(r̃+1)
2 (∂ν1···νs̃Ψ̄)Γµ1···µr̃ ΨΦ[µ1···µr̃]{ν1···νs̃} 0 ≤ r̃ ≤ m− 1

2 f M(r̃−1,s̃+1)Φ(r̃,s̃) f is̃+1+ r̃(r̃−1)
2 (∂ν1···νs̃∂µr̃Ψ̄)Γµ1···µr̃−1 ΨΦ[µ1···µr̃]{ν1···νs̃} 1 ≤ r̃ ≤ m

Table 2. Three point couplings of real Φ(r̃,s̃) in D = 2m+ 1 spacetime.

product of two spinor states of Spin(2m− 1) has a maximum rank of m− 1. On the other
hand, the one particle states of the MHS transforms under Spin(2m), which has a maximum
rank of m. By virtue of the Lorentz invariance condition (5.3), any MHS Φ(r̃,s̃) with rank
0 < r̃ < m would have two independent couplings corresponding to its projection over the
spinor bilinears M(r̃,s̃) and M(r̃−1,s̃+1). For rank r̃ = 0, i.e., massive scalar, we get the only
possible coupling, the Yukawa term Ψ̄ΨΦ. The couplings for r̃ < m are summarized in table 2.
These are same as the couplings derived using branching rules in appendix D.1. For rank
m MHS, the one particle states decomposes into a sum of self-dual and anti-self-dual given
by (4.7) and (4.8). These massive irreps are new in odd spacetime, which were not present in
the even spacetime which gives rise to two independent couplings. One of the couplings is
given by row 2 of table 2 for r̃ = m. The other coupling is also given by row 2 by replacing
Φ(r̃,s̃) with Φ̃(r̃,s̃). For now we can denote the coupling constant for Φ̃(r̃,s̃) by f̃ . Then using
the duality condition (4.6), the self dual coupling have coupling constant 1

2(f + f̃). Whereas,
the anti self dual coupling have coupling constant 1

2(f − f̃). For m = odd, both the self-dual
and anti-self-dual MHS are real. Therefore, their couplings are hermitian, and the coupling
constants are also real. Whereas for m = even, both the self-dual and anti self-dual MHS
are complex. Therefore, their couplings must also involve their hermitian conjugates, and
the coupling constants would generally be complex.

For r̃ = 1, s̃ = 0, table 2 gives the minimal and non-minimal QED couplings e iΨ̄ΓµΨAµ

and f (∂µΨ̄)ΨAµ. The minimal and non-minimal couplings together always break the reflection
symmetry. Similar arguments can be made for any MHS. For a fixed s̃, the coupling e is
the minimal coupling when r̃ = 2ñ, ñ ∈ Z. Whereas the coupling f is the minimal coupling
when r̃ = 2ñ+ 1, ñ ∈ Z. The breaking of the reflections when the minimal and non-minimal
couplings are present in a Lagrangian will be shown explicitly in section 7.2.2.

As discussed at the end of sec 3, we cannot flip the signs of the bilinears in odd dimensions.
Therefore, the signs of the coupling constants e, f , f̃ have physical significance. For example,
the mass terms in odd dimensions are always odd under reflections.

In any D spacetime, the tables 1 and 2 describe all the possible couplings quadratic in
massless Dirac spinor and a massive higher spinning boson. The counting of the couplings
goes as follows

• In even dimensions, for r̃ ̸= 0, there are four independent couplings; two chiral and two
non-chiral. For r̃ = s̃ = 0, there are only two independent couplings.15

• In odd dimensions, for r̃ ̸= 0, there are two independent couplings. For r̃ = s̃ = 0, there
is only one independent coupling.

15Since r̃ = 0 implies s̃ = 0, there are no couplings for r̃ = 0, s̃ ̸= 0.
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In any D spacetime, the MHS have a maximum rank ⌊(D − 1)/2⌋ governed by the Little
group SO(D − 1). Since SO(D − 1) ⊂ SO(D + 1), the couplings in D + 2 spacetime upto
rank ⌊(D − 1)/2⌋ are same as that in D spacetime.

6 C, Ri, T transformations

Any relativistic QFT is known to always remain invariant under an antilinear-antiunitary
discrete transformation known as the CRT transformation [26, 29–38]. We start by pointing
out that the name CRT is a bit of misleading. The name suggests that the CRT is a
set of three consecutive discrete transformations: a time reversal transformation T , the
reflections R, and the charge conjugation C. However, there exist QFTs where not all of
them are individually well-defined. For example, in D = 10, the type IIB supergravity is
chiral asymmetric, which does not have well-defined R and T but has a well-defined C and
RT ≡ C−1(CRT ). Therefore, depending on the spacetime dimension and the spectrum of
the QFT, only a smaller subset of C,R, and T might be well-defined.

In this paper, we restrict ourselves to Dirac representations, which makes our work simple.
For Dirac representations, C,R, and T are individually well defined [37–40]. In this section,
we verify that the three-point functions constructed in the previous section are invariant
under CRT . We also do a detailed analysis of these couplings under different combinations
of C, R, T , which are (i) C, RT , (ii) R, CT , and (iii) T, CR. We show that the couplings
have a mod 2 classification based on their transformation under these combinations. We
denote the reflections along the ith spatial direction by Ri. The action of the reflection and
time reversal on the Clifford algebra elements are as follows

ΓiΓµΓi = −(Ri)µ
νΓν , Γ0ΓµΓ0 = T µ

νΓν (6.1)

where Ri and T are linear-unitary spacetime representation of Ri and T given by the
diagonal matrices

(Ri)µ
ν =


+1 ∀ µ = ν ̸= i,

−1 ∀ µ = ν = i,

0 ∀ µ ̸= ν

, (T )µ
ν =


+1 ∀ µ = ν ̸= 0,
−1 ∀ µ = ν = 0,
0 ∀ µ ̸= ν

(6.2)

For future purposes, it will be useful to mention the following identities; these identities
capture the symmetric and conjugation properties of Clifford algebra elements

CΓµC−1 = t0t1(Γµ)T , BΓµB−1 = −t0t1(Γµ)∗ (6.3)

The matrices C and B are called the charge conjugation and the complex conjugation matrices.
For symmetric and conjugation properties of C and B, we have followed the same conventions
as [41]; the readers can check that reference for the derivation of the above identities. The
parameters t0, t1 are either +1 or −1 depending on the spacetime dimension, summarized in
figure 2. We emphasize that the charge conjugation matrix C is different from the charge
conjugation operator C. In Euclidean spacetime, C is the spinor representation of the
operator C.
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We first derive all the possible transformations of spinors and bosons under C,Ri, T ,
which preserve the kinetic term of the action. In later sections, we look at the action of
these transformations over the interactions and the mass terms. The kinetic term for Dirac
spinors in every dimension is given by Ψ̄Γµ(∂µΨ). In a theory of scalars, we know that the
C, Ri, T transformations, which keep the kinetic term invariant, always keep the MHS term
invariant. However, this is not true for Dirac spinors. The Dirac mass term might break
certain symmetries depending on the spacetime dimensions. At the end of this section, we
will discuss the transformations of the Dirac mass term in even and odd dimensions.

We define the “conventional” charge conjugation transformation16 as a linear transfor-
mation (in the Hilbert space) which maps a one-particle state without changing its Little
group quantum numbers to its antiparticle state (see [26]). The action of charge conjugation
over the Dirac spinor field is such that it maps the spinor to it is conjugate up to the
complex conjugation matrix B−1,

CΨ(x)C−1 = ζCB
−1Ψ∗(x) (6.4)

ζC ∈ U(1) is known as the charge conjugation intrinsic parity. Since Ψ have the internal
symmetries U(θ) , the intrinsic parity ζC can always be chosen as ±1. We emphasize that
the charge conjugation operation is linear over the Hilbert space but antilinear over the
field space. Next, we look at the action over the higher spinning bosonic fields. The charge
conjugation maps the MHS Φ(r̃,s̃) to it’s conjugate field Φ(r̃,s̃)∗,

CΦ(r̃,s̃)(x)C−1 = η(r̃,s̃)
C

Φ(r̃,s̃)∗(x) (6.5)

where the intrinsic parity η(r̃,s̃)
C

of MHS which can be chosen is +1 or −1 depending on
r̃ and s̃. For real MHS Φ(r̃,s̃)∗ = Φ(r̃,s̃), the charge conjugation transformation is trivial
up to the intrinsic parity which squares to +1. Reflections, on the other hand, act on the
space coordinates such that Ri : xµ → (Ri)µ

νx
ν . The reflection transformations of the

generators of the Spin group are given by

RiiJµνR−1
i = i(Ri)µ

ρ(Ri)ν
σJ

ρσ, RiiPµR−1
i = i(Ri)µ

νP
ν (6.6)

which shows that Ri is a linear unitary operator over the Hilbert space. The conventional
form of reflection transformations over the spinor fields, which preserve the kinetic term
of the action, is given by

RiΨ(x)R−1
i = ζRγ

iΨ(Rix) (6.7)

where ζR is the reflection intrinsic parity which can be a phase eiθ. At the level of Dirac
bilinears and their couplings, these phases do not contribute. Reflections over the MHS
act as follows

RiΦ(r̃,s̃)(x)R−1
i = η(r̃,s̃)

R
(Ri)r̃+s̃Φ(r̃,s̃)(Rix) (6.8)

16The unconventional C, Ri, T is discussed in section 8.
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where (Ri)r̃+s̃ denotes the r̃ + s̃ factors of (Ri)µ
ν and η(r̃,s̃)

R
denotes the MHS intrinsic parity

under reflection. For example, the transformation of symmetric rank 2 MHS Φ(1,1) ≡ Φ{µν}(x)
would be given by

RiΦ{µν}(x)R−1
i = η(1,1)

R
(Ri)µ

ρ (Ri)ν
σ Φ{ρσ}(Rix) (6.9)

For real MHS Φr̃,s̃, we can always choose η(r̃,s̃)
R

as ±1 depending on r̃, s̃. There also exists
space inversions along all the spatial directions

Pµ
ν =


+1 ∀ µ = ν = 0,
−1 ∀ µ = ν ̸= 0,
0 ∀ µ ̸= ν

(6.10)

where P are the space-time representations of the unitary parity operators P . In odd
dimensions, parity operation is connected to the identity by the rotations in spatial planes. In
even spacetime dimensions, parity is a combination of reflections along all the spatial directions
given by P = R1R2 · · ·R2m−1. The transformation of a Dirac spinor under parity is given by

Pψ(x)P−1 = ζP γ
0γ⋆ψ(Px) (6.11)

where ζP is the intrinsic parity, which can be a phase. The Time reversal transformations
flips the time coordinate as T : xµ → T µ

νx
ν . The time reversal transformations of the

generators of the Spin group are given by

T iJµνT−1 = iT µ
ρT ν

σJ
ρσ, T iPµT−1 = iT µ

νP
ν (6.12)

Since there are no negative energy states (energies less than the vacuum state are not possible),
the second equality implies that T must be an antilinear-antiunitary operator. The time
reversal transformation preserves the kinetic term only if the spinors and the MHS must
transform as follows

TΨ(x)T−1 = ζT CΨ(T x) (6.13)
TΦ(r̃,s̃)(x)T−1 = η(r̃,s̃)

T
(T )r̃+s̃Φ(r̃,s̃)(T x) (6.14)

where (T )r̃+s̃ denotes the r̃ + s̃ factors of T µ
ν , whereas ζT and η(r̃,s̃)

T
are the time reversal

intrinsic parity for spinors and MHS. An example of this notation is discussed in equation (6.9).
Since T is antilinear, we can always choose the intrinsic parity for Dirac spinors as ±1.17

Moreover, the intrinsic parity for MHS also depends on r̃ and s̃.
In even spacetimes, together with the intrinsic parities ζC , ζR , ζT , the C,Ri, T transfor-

mations of spinors are unique up to factors of i and/or Γ⋆. These factors can be incorporated
separately using the vector U(θ) or the axial U⋆(θ) internal symmetries. We can redefine
the C,Ri, T transformations upto chiral phases such that

C : Ψ(x) → ζC e
iθ

C
Γ⋆ B−1Ψ∗(x) (6.15)

Ri : Ψ(x) → ζR e
iθ

R
Γ⋆ Γi Ψ(Rix), (6.16)

T : Ψ(x) → ζT e
iθ

T
Γ⋆ CΨ(T x) (6.17)

17The intrinsic parities ζC and ζT cannot always be chosen as ±1 simultaneously.

– 20 –



J
H
E
P
0
5
(
2
0
2
5
)
0
5
7

D mod 4 C Ri T

0 ✓ ✓ ✓

1 × × ✓

2 ✓ ✓ ✓

3 ✓ × ×

Table 3. Dirac mass term under C,Ri, T in D mod 4 spacetime.

where θC , θR , θT are chiral angles corresponding to C, Ri, T which might or might not be
equal to each other. It is easy to check that these modified C, Ri, T also preserve the
Dirac kinetic term. Let us see how the Dirac mass terms transform under the C, Ri, T

transformations. In any D dimension, the Dirac mass term is given by Ψ̄Ψ which under
charge conjugation (6.4) would transform as follows

C : Ψ̄Ψ → ΨTBβB−1Ψ∗ = −t0t1ΨT (β)∗Ψ∗ = −t0t1Ψ†βΨ = −t0t1Ψ̄Ψ (6.18)

where in the second equality we have used BΓµB−1 = −t0t1. Using figure 2, we know that in
odd dimensions t0t1 = (−1)m. Therefore, the mass term preserves C in D = 4k+3 but breaks
it in 4k+1. In even dimensions, we can always work with the modified C in (6.15) and choose
θC such that cos(2θC )t0t1 = −1 and sin(2θC ) = 0. Therefore, the mass term always preserves
C in any even spacetime. The action of reflections (6.7) over the mass term is as follows

Ri : Ψ̄Ψ → Ψ†ΓiβΓiΨ = −Ψ̄Ψ (6.19)

Again, we cannot absorb the minus sign in odd dimensions because the only field space
symmetry is U(θ), which keeps the mass term invariant. Therefore, the mass term breaks
Ri in any odd dimension. In even dimension, we can use the redefined reflections in (6.16)
and choose θR such that cos(2θR) = −1 and sin(2θR) = 0 and the mass term always remain
invariant. The action of time reversal in (6.13) over the mass term is as follows

T : Ψ̄Ψ → Ψ†Cβ∗C−1Ψ = t0t1Ψ̄Ψ (6.20)

where we have used Cβ∗C−1 = t0t1β using (F.6). In odd dimensions, t0t1 = (−1)m+1 which
means that the mass term breaks T in D = 4k + 3 and preserves it in D = 4k + 1. In
even dimension, similar to charge conjugation and reflection, we can absorb the sign t0t1
by choosing θT such that cos(2θT )t0t1 = +1 and sin(2θT ) = 0. Therefore, the mass term
always preserves T in any even dimensions. The C, Ri, T transformation of the mass term
are summarized in table 3. Table 3 shows that the mass term can always be added to a theory
of Dirac spinors in even spacetime dimensions without breaking C, Ri, T transformation.
However, it should be emphasized that the mass term breaks the axial transformation and
generates its counterpart chiral mass term iΨ̄Γ⋆Ψ.

7 C, Ri, T and three point interactions

The C, R, T transformations of interacting theories have played a vital role in understanding
the nature of a theory. For example, in the standard model of particle physics, the weak forces
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violate the CR transformation, which, on the other hand, is preserved by the strong and
electromagnetic interactions. All the discrete C, R, and T transformations are preserved in
QED. Moreover, every relativistic quantum field theory preserves CRT transformation. The
important aspect of what discrete transformations are preserved by a theory (the interacting
part of the Lagrangian) is that it fixes the intrinsic parity of the particles. In other words,
for an interaction to preserve a certain discrete symmetry, the corresponding intrinsic parity
of the particles must remain conserved. For example, in QED, the intrinsic parity of the
gauge boson under C, R, T are fixed as ηC = −ηR = ηT = −1. Whereas, in Yukawa theory
or in the Standard Model, the intrinsic parity of the spin 0 boson or the Higgs boson is
ηC = ηR = ηT = 1. However, these theories only involve bosons up to spin 1. Not much is
known about the C, R, T (or C, Ri, T ) transformations of interacting theories MHS particles.
In this section, we discuss the C, Ri, T transformations of the Dirac couplings constructed
in section 5. We aim to fix the intrinsic parities of the MHS interacting with a massless
Dirac spinor through the three-point couplings. As a warm up exercise, one can work with
1 + 1 spacetime dimension model where a spin 1 boson interacts with a Dirac spinor interacts
through the following three point couplings

Lint = e iΨ̄ΓµΨAµ + f iΨ̄ΓµΓ⋆ΨAµ + g iΨ̄(∂µΨ)Aµ + h Ψ̄Γ⋆(∂µΨ)Aµ (7.1)

As discussed earlier, only the even ranked couplings g and h are sensitive to the chiral
transformations U⋆(θ). Therefore the chiral angles in (6.15)–(6.17) can always be tuned
such that the even ranked couplings are always invariant under C, R, T . The C, R, T
transformations of the odd ranked couplings are always independent of the choice of chiral
angles. As we know, the QED coupling e always preserves C,R, T with the choice of intrinsic
parities ηC = −ηR = ηT = −1. With this choice of intrinsic parities, the chiral coupling f
always breaks R and T but preserves C.

f C−→ f , f R−→ −f , f T−→ −f (7.2)

Therefore, an interacting theory of massive spin 1 boson given by (7.1) preserves C and RT .
A higher spin boson in 1 + 1 spacetime has the same degrees of freedom as the spin 1 boson.
So the same results hold true for any spin J massive boson with the unique choice of intrinsic
parity ηC = ηRηT = (−1)J . However, the statement changes for the same theory in 3 + 1
spacetime. Since the charge conjugation matrix C commutes with Γ⋆ in 3 + 1, whereas it
anticommutes with Γ⋆ in 1 + 1 spacetime. As compared to 1 + 1 spacetime, there’s an extra
minus sign under C and T transformation of the odd ranked bilinears implying that a similar
theory in 3 + 1 dimensions must remain invariant under CR and T . The intrinsic parity of
any spin J massive boson is given by ηT = ηCηR = (−1)J .

In odd spacetime, there are no chiral transformations. So both the even and the odd
ranked couplings play a vital role. However, the similar arguments can be made in similar
theories in D and D + 2 spacetime. Using (F.6) with the choice of signs in figure 2, the
charge conjugation matrix C satisfies different algebras with the clifford generators Γµ,

CΓµC−1 = −(Γµ)T , D = 3, 7 (7.3)
CΓµC−1 = +(Γµ)T , D = 5, 9 (7.4)
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Bilinears C Ri T

M(r,s) (−1)s+1t1tr (−1)r+1(Ri)r+s (−1)r+st1tr(T )r+s

N(r,s) (−1)r+s+m+1t1tr (−1)r(Ri)r+s (−1)s+m+1t1tr(T )r+s

Table 4. C,Ri, T transformation properties of bilinears in any D = 2m/2m + 1 spacetime. See
appendix F for the definition of t1, tr.

This implies that the C and T transformations of any even ranked couplings (the bilinears
also have a β = iΓ0 matrix) would be opposite in D = 3, 7 as compared to that in D = 5, 9
spacetime. So if a theory is C, RT is invariant in D = Odd spacetime, it should be CR, T
invariant in D + 2 spacetime.

We will show these results explicitly for any MHS in what follows next. In even spacetime,
we use the C, Ri, and T transformations independent of the chiral phases given by (6.4), (6.7),
and (6.13) respectively. As discussed above, the results must remain independent of the chiral
phases. We first summarize the transformations of the bilinears M(r,s) and N(r,s) in table 4 in
any D = 2m/2m+ 1 spacetime. The transformations depend on the rank r, the spacetime
dimension m = ⌊D/2⌋, and the number of derivative s in the Dirac bilinears. For arbitrary r
and s, all possible couplings of the bilinears and the MHS Φ(r̃,s̃) are summarized in tables 1
and 2. Using equation (6.5), (6.8), and (6.14), we know that the C,Ri, T transformation of
the MHS depends only on their corresponding intrinsic parities, and r̃ + s̃ factors of Ri or
T . But since Lorentz invariance implies r̃ + s̃ = r + s, the factors of Ri, T from the MHS
must exactly cancel the Ri, T factors from the bilinears in table 4. Moreover, the full CRT
transformations of the bilinears ∀ r ∈ Z are always independent on the spacetime dimension

CRiT : M(r,s) −→ (Ri)r+s(T )r+sM(r,s) (7.5)
CRiT : N(r,s) −→ (Ri)r+s(T )r+sN(r,s) (7.6)

In even dimensions, these bilinears couple with real MHS. In odd D = 2m+ 1 dimensions, all
the real MHS Φ(r̃,s̃) for r̃ < m also interact with Dirac bilinear. For both these cases, C, Ri, T

are well defined separately. Under CRiT , the real massive higher spins Φ(r̃,s̃) transforms
upto a factor of η(r̃,s̃)

C
η(r̃,s̃)

R
η(r̃,s̃)

T
(RiT )r̃+s̃. Therefore, for the couplings to be invariant under

CRiT , the intrinsic parities must satisfy

η(r̃,s̃)
C

η(r̃,s̃)
R

η(r̃,s̃)
T

= 1, ∀ r̃, s̃ (7.7)

This is a generalization of the result on the constraints intrinsic parities, given in equation
5.8.4 of Weinberg Vol 1 [26]. Since η(r̃,s̃)

C
, η(r̃,s̃)

R
, η(r̃,s̃)

T
are the intrinsic parities of the real

MHS which always equals to ±1, they must satisfy

η(r̃,s̃)
C

= η(r̃,s̃)
R

η(r̃,s̃)
T

, η(r̃,s̃)
R

= η(r̃,s̃)
C

η(r̃,s̃)
T

, η(r̃,s̃)
T

= η(r̃,s̃)
C

η(r̃,s̃)
R

(7.8)

In odd dimensions there also exists couplings for r̃ = m corresponding to the MHS Φ(m,s̃)

and Φ̃(m,s̃) which are dual to each other by the virtue of (4.6). Since the epsilon tensor in
any dimensions flips under both Ri and T , the self-dual and the anti-self-dual couplings
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for the MHS Φ(m,s̃) ± Φ̃(m,s̃) transform into each other under Ri and T . For m = odd, the
MHS is real, which transforms trivially under charge conjugation. In such a case, C, RiT is
well defined. For m = even, the MHS is complex and transforms non-trivially under charge
conjugation as per (6.5). In such a case, the self-dual and anti-self-dual couplings are invariant
only under CRiT . The following sections only consider the C, Ri, T transformations of real
MHS coupled with a massless Dirac spinor.

7.1 Even dimensional spacetime

Let us first discuss multiple MHSs in even spacetime, where they can have chiral couplings.
As discussed in section 3, in a theory of single MHS, the even-ranked chiral couplings with
N(2n,s) are dependent on the even ranked non-chiral couplings with M(2n,s) through chiral
transformations U⋆(θ) : Ψ → eiθΓ⋆Ψ. However, in a theory of multiple MHS, it is not possible
to make such a statement unless the coupling constants are related. We start with multiple
MHSs Φ(r̃a,s̃a)

a where a = 1, 2, · · · , N , for any arbitrary r̃a, s̃a, coupled with massless Dirac
spinors of the same flavor. Multiple flavor Dirac couplings will be discussed in section 8. As
discussed, the most general three-point interactions of the MHSs are given by

Lint = Lint
1 + Lint

2 + · · ·+ Lint
N

+ Lint
mix

=
N∑

a=1
Lint

a
+ Lint

mix
(7.9)

where Lint
a

involves all possible three point couplings of Φ(r̃a,s̃a)
a with a massless Dirac fermion

and Lint
mix

involves the interactions between all Φ(r̃a,s̃a)
a . For the purpose of this paper, we

keep Lint
mix

= 0. In Lint
a

, the interactions are of two categories: M(r,s)Φ(r̃a,s̃a)
a and N(r,s)Φ(r̃a,s̃a)

a

which are subjected to the condition r + s = r̃a + s̃a to manifest Lorentz invariance of the
coupling. As discussed earlier, see (5.3), there are only two possible solutions: r = r̃a, s = s̃a

and r = r̃a − 1, s = s̃a + 1. This implies that for any arbitrary Φ(r̃a,s̃a)
a , the most general

three-point coupling with a massless Dirac spinor is given by

Lint
a

= ea M(r̃a,s̃a)Φ(r̃a,s̃a)
a + fa M(r̃a−1,s̃a+1)Φ(r̃a,s̃a)

a

+ ga N(r̃a,s̃a)Φ(r̃a,s̃a)
a + ha N(r̃a−1,s̃a+1)Φ(r̃a,s̃a)

a

(7.10)

where ea, fa,ga,ha are the couplings constants for ath MHS. Note that if all the bosons
are massive scalars, i.e., r̃a = s̃a = 0, then the only non-vanishing couplings are ea and
ga. Using table 4, we can write down the C, Ri, T transformations of the couplings in Lint

a
.

These are summarized in table 5. Since CRiT is always a symmetry, every MHS satisfies
ηa

C
ηa

R
ηa

T
= +1, ∀ a. For any arbitrary r̃, table 5 gives that under Ri, CT , the couplings

fa,ga always transforms differently as compared to ea,ha, ∀ a. Therefore, ∑a Lint
a

would
always break Ri, CT . Let us check what happens under CRi, T and C, RiT . For CRi, T

to be a symmetry of ∑a Lint
a

, every coupling must remain invariant under it, which implies
that the factors in table 5 must satisfy

(−1)r̃a+s̃at1tr̃a = (−1)r̃a+s̃at1tr̃a−1 = (−1)s̃a+m+1t1tr̃a = (−1)s̃a+mt1tr̃a−1 (7.11)

The first equality holds true only if tr̃a = tr̃a−1, whereas the last equality holds true only if
tr̃a = −tr̃a−1. Since tr̃ ̸= 0, this implies that the chiral couplings would always break CT, Ri.
Therefore, ∑a Lint

a
, for generic value of the coupling constants, always breaks CT, Ri.
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ea fa ga ha

C (−1)s̃a+1t1tr̃a η
a
C

(−1)s̃at1tr̃a−1 η
a
C

(−1)r̃a+s̃a+m+1t1tr̃a η
a
C

(−1)r̃a+s̃a+m+1t1tr̃a−1η
a
C

Ri (−1)r̃a+1 ηa
R

(−1)r̃a ηa
R

(−1)r̃a ηa
R

(−1)r̃a+1 ηa
R

T (−1)r̃a+s̃at1tr̃a η
a
T

(−1)r̃a+s̃at1tr̃a−1 η
a
T

(−1)s̃a+m+1t1tr̃a η
a
T

(−1)s̃a+mt1tr̃a−1 η
a
T

Table 5. Transformation of (7.1) under C,Ri, T in D = 2m spacetime. The intrinsic parities of ath

MHS are ηa
C
≡ η(r̃a,s̃a)

C
, ηa

R
≡ η(r̃a,s̃a)

R
, ηa

T
≡ η(r̃a,s̃a)

T
.

Similarly, for C,RiT to be a symmetry of ∑a Lint
a

, it must satisfy

(−1)s̃a+1t1tr̃a = (−1)s̃at1tr̃a−1 = (−1)r̃a+s̃a+m+1t1tr̃a = (−1)r̃a+s̃a+m+1t1tr̃a−1 (7.12)

Again, the first equality holds true only if tr̃a = −tr̃a−1, whereas the last equality holds true
only if tr̃a = tr̃a−1. Since tr̃ ̸= 0, this implies that if all the chiral couplings are present, the
theory would always break C, RiT . Therefore, Lint

a
always breaks C,RiT for a = 1, 2, · · · , N .

Hence, in even spacetime, the interactions of the type (7.9) would always break C, Ri, T or
any combination of them but always preserves CRiT such that ηa

C
ηa

R
ηa

T
= +1 ∀ a.

7.1.1 Even or odd ranked couplings

Now, let us consider a specific type of theory where multiple MHSs are coupled only with
an even or an odd ranked massless spinor bilinears. For example, consider the interaction
with only the even ranked non-chiral bilinear M(2n,s). Any MHS Φ(r̃a,s̃a)

a would have a
coupling which is of the form M(2n,s)Φ(r̃a,s̃a)

a such that 2n + s = r̃a + s̃a. As we know,
there can only be two possible solutions: 2n = r̃a, s = s̃a or 2n + 1 = r̃a, s − 1 = s̃a ∀ a.
Under C,Ri, T defined in (6.4), (6.7), (6.13), any coupling would transform upto factors of
η(r̃a,s̃a)

C
(−1)s+n+1t0t1, −η(r̃a,s̃a)

R
, and η(r̃a,s̃a)

T
(−1)s+nt0t1, respectively. However, since Dirac

spinors here are massless, we can use the modified C, Ri, T transformations in (6.15)–(6.17)
and suitably choose the chiral angles θC , θR , θT such that M(2n,s) is always invariant under
C, Ri, T . This implies that in a C, Ri, T invariant theory of only even ranked bilinears, the
intrinsic parity of the MHS must be given by

η(r̃a,s̃a)
C

= η(r̃a,s̃a)
R

= η(r̃a,s̃a)
T

= +1 ∀ a (7.13)

The same choices can be made for a theory of MHSs coupled only with even ranked chiral
bilinear N(2n,s). These results are consistent with the already known intrinsic parities of the
spin 0 massive bosons in Yukawa coupling Ψ̄ΨΦ. In our notation the MHS spin 0 boson Φ
is denoted by Φ(0,0). The C,Ri, T intrinsic parities of Φ are all +1,

η(0,0)
C

= η(0,0)
R

= η(0,0)
T

= +1 (7.14)

However, if the MHSs are coupled with an odd-ranked bilinear, then it is not possible to
absorb the signs using chiral phase redefinitions. Consider a theory of multiple MHS Φ(r̃a,s̃a)

a

coupled only with odd ranked chiral bilinear M(2n+1,s) such that 2n+ s+ 1 = r̃a + s̃a. Using
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table 4, in order to preserve C,Ri, T , the intrinsic parities of the MHSs coupled with rank
r = 2n + 1 bilinear must be given by

η(r̃a,s̃a)
C

= η(r̃a,s̃a)
T

= (−1)s+n+1, η(r̃a,s̃a)
R

= +1 ∀ a (7.15)

This is consistent with the already known intrinsic parities of a spin 1 boson in massive
QED. In 3+ 1 dimensions, the C,Ri, T invariant massive QED coupling is given by Ψ̄ΓµΨAµ.
Where the spin 1 field Aµ in our notations corresponds to r̃ = 1 and s̃ = 0 MHS. Since n = 0
and s = 0 for the rank 1 bilinear Ψ̄ΓµΨ, the intrinsic parity of the spin 1 boson is given by

η(1,0)
C

= η(1,0)
T

= −1, η(1,0)
R

= +1 (7.16)

Similarly, consider a theory of MHS Φ(r̃a,s̃a)
a coupled only with the odd ranked chiral bilinear

N(2n+1,s). Using table 4, we can fix the intrinsic parities of the MHSs such that the theory
preserves C,Ri, T ,

η(r̃a,s̃a)
C

= −η(r̃a,s̃a)
T

= (−1)s+n+m, η(r̃a,s̃a)
R

= −1 ∀ r̃a, s̃a (7.17)

where n = ⌊r/2⌋, r is the rank of the bilinear, and m = ⌊D/2⌋.

7.1.2 Single MHS theory

Let us now focus on the case when a Dirac spinor is coupled to a single MHS.18 As discussed
in the beginning of this section and in section 3, using the axial rotation, in case of only one
MHS in (7.9) i.e. a = 1, either N(r,s) or N(r−1,s+1) can be set to zero depending on whether r
is even or odd. In such a case, the intrinsic parities can be fixed such that there is a m mod
2 classification, which we will discuss now. In general there are two types of MHS: the even
ranked Φ(2ñ,s̃) and the odd ranked Φ(2ñ+1,s̃). Consider first the even ranked MHS Φ(2ñ,s̃). As
discussed, we can do an axial transformation and set the coefficient of N(2ñ,s̃) to zero. In
such a case, the interacting Lagrangian of Φ(2ñ,s̃) can be written as

Lint = e M(2ñ,s̃)Φ(2ñ,s̃) + f M(2ñ−1,s̃+1)Φ(2ñ,s̃) + h N(2ñ−1,s̃+1)Φ(2ñ,s̃) (7.18)

Using table 5, the C, Ri, T transformations of the Lagrangian in (7.18) can be summarized
in table 6. Table 6 shows that Ri, CT is always broken. However, we can have CRi, T

and C, RiT transformations. First, consider the CRi, T transformations in table 6. In a
single MHS theory, the sign of the bilinear M2ñ,s̃ can always be flipped, keeping the signs
of M(2ñ−1,s̃) and N(2ñ−1,s̃) unchanged, by redefining the C, Ri, T operations upto a chiral
phase exp

(
i(2f + 1)π

2Γ⋆
)
. Therefore, for CRi, T to be a symmetry of (7.18), the couplings

f and h must transform in the same way,

(−1)s̃+ñ+1 = (−1)s̃+m+ñ+1 (7.19)

For a MHS Φ(2ñ,s̃) with any arbitrary ñ and s̃, equation (7.19) holds true only if m = Even.
Therefore, for the choice of intrinsic parity η(2ñ,s̃)

T
= (−1)s̃+ñ+1, the CRi, T transformations

are symmetry of (7.18) only in D = 4k spacetime.
18These are good EFTs at a scale much lower than the mass of the MHS. Otherwise, it leads to causality

violation [4].
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e f h

C (−1)s̃+ñ+1t0t1 η
(2ñ,s̃)
C

(−1)s̃+ñ+1 η(2ñ,s̃)
C

(−1)s̃+m+ñη(2ñ,s̃)
C

Ri −η(2ñ,s̃)
R

+η(2ñ,s̃)
R

−η(2ñ,s̃)
R

T (−1)s̃+ñt0t1 η
(2ñ,s̃)
T

(−1)s̃+ñ+1 η(2ñ,s̃)
T

(−1)s̃+m+ñ+1 η(2ñ,s̃)
T

Table 6. C,Ri, T Transformation of the couplings of Φ(2ñ,s̃) given by (7.18) in D = 2m.

e f g

C (−1)s̃+ñ+1 η(2ñ+1,s̃)
C

(−1)s̃+ñt0t1 η
(2n+1,s̃)
C

(−1)s̃+m+ñη(2ñ+1,s̃)
C

Ri +η(2ñ+1,s̃)
R

−η(2ñ+1,s̃)
R

−η(2ñ+1,s̃)
R

T (−1)s̃+ñ+1 η(2ñ+1,s̃)
T

(−1)s̃+ñ+1t0t1 η
(2ñ+1,s̃)
T

(−1)s̃+m+ñ+1 η(2ñ+1,s̃)
T

Table 7. C,Ri, T Transformation of the couplings of Φ(2ñ+1,s̃) given by (7.18) in D = 2m spacetime.

Similarly, we can consider C, RiT transformations in table 6. Again using axial rotations
Ψ → exp

(
i(2f + 1)π

2Γ⋆
)
Ψ, the sign of the coupling e can be fixed as +1 without altering

the signs of the couplings f and h. This implies that for C,RiT to be a symmetry of
(7.18) it must satisfy

(−1)s̃+ñ+1 = (−1)s̃+m+ñ (7.20)

For a MHS Φ(2ñ,s̃) with any arbitrary ñ and s̃, equation (7.20) holds true only if m = Odd.
Therefore, for the choice of intrinsic parity η(2ñ,s̃)

C
= (−1)s̃+ñ+1, the C,RiT transformations

are the symmetry of (7.18) only in D = 4k + 2 spacetime.
Now let us consider the other possibility of MHS which is the odd ranked Φ(2ñ+1,s̃). Using

table 1, it can couple with a massless Dirac spinor in three possible ways: M(2ñ+1,s̃)Φ(2ñ+1,s̃),
M(2ñ,s̃+1)Φ(2ñ+1,s̃), and N(2ñ+1,s̃)Φ(2ñ+1,s̃). These correspond to the couplings e, f , and g
in the Lagrangian (7.9). The coupling h can be set to zero by axial transformation. The
interaction Lagrangian for Φ(2ñ+1,s̃) is then given by

Lint = eM(2ñ+1,s̃)Φ(2ñ+1,s̃) + f M(2ñ,s̃+1)Φ(2ñ+1,s̃) + gN(2ñ+1,s̃)Φ(2ñ+1,s̃) (7.21)

Using table 5, the C,Ri, T transformation of (7.21) are summarized in table 7. Again, we
can see from table 7 that Ri, CT is always violated by (7.21). Like in the case of even ranked
Φ(2ñ,s̃), we can consider the action of CRi, T and C,RiT . Consider the CRi, T transformation
of Lint in (7.21). Similar to even-ranked MHS, we can do an axial rotation to fix the sign
of f , corresponding to the coupling of odd-ranked MHS with the even-ranked bilinear to
be +1. For CRi, T to be the symmetry, the couplings e and g must transform in the same
way, i.e., the corresponding factors must be the same

(−1)s̃+ñ+1 = (−1)s̃+m+ñ+1 (7.22)

For arbitrary s̃ and ñ, the (7.22) holds true only if m = even. Therefore, for the choice
of the intrinsic parity η(2ñ+1,s̃)

T
= (−1)s̃+ñ+1, the most general theory of odd ranked MHS
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Φ(2ñ+1,s̃) coupled with a massless Dirac spinor through (7.21) would remain invariant under
CRi, T only in D = 4k spacetime.

Consider the C, RiT transformations of (7.21). We can fix the sign f to be +1 using
the axial transformations. For C, RiT to be a symmetry, the couplings e and g must
transform in the same way i.e.

(−1)s̃+ñ+1 = (−1)s̃+m+ñ (7.23)

For any arbitrary s̃ and ñ, equation (7.23) holds true only if m = Odd. Therefore, for the
choice of the intrinsic parity η(2ñ+1,s̃)

C
= (−1)s̃+ñ+1, the most general theory of odd ranked

MHS Φ(2ñ+1,s̃) coupled with a massless Dirac spinor through (7.21) would remain invariant
under C,RiT only in D = 4k + 2 spacetime.

Using the results for even ranked Φ(2ñ,s̃) and odd ranked Φ(2ñ+1,s̃), we conclude the
following statements for a theory of massless Dirac spinors with a single MHS interacting
through three-point couplings

1. In any even dimension, the chiral and non-chiral couplings transform oppositely under
reflection Ri. Therefore, a theory with both the couplings always violates Ri. This also
implies that in a theory where Ri is a symmetry, the chiral and non-chiral interactions of
a MHS cannot be present simultaneously.

2. In D = 4k, the chiral and non-chiral couplings transforms oppositely under C but in the
same way under T upto a factor of (−1)s̃+ñ+1η(r̃,s̃)

T
where ñ = ⌊r̃/2⌋. Therefore, a theory

with both couplings will always transform in the same way under CRi and T . This gives
a mod 4 classification of D = 4k theories with both the chiral and non-chiral couplings. If
we choose the intrinsic parity of MHS as η(r̃,s̃)

T
= (−1)s̃+ñ+1 where ñ = ⌊r̃/2⌋ then such

theories will always preserve CRi and T .

3. In D = 4k + 2, the chiral and non-chiral couplings transforms oppositely under T but in
the same way under C upto a factor of (−1)s̃+ñ+1η(r̃,s̃)

C
where ñ = ⌊r̃/2⌋. Therefore, a

theory with both couplings will always transform in the same way under RiT and C. This
gives a mod 4 classification of D = 4k + 2 theories with both the chiral and non-chiral
couplings. If we choose the intrinsic parity of MHS as η(r̃,s̃)

C
= (−1)s̃+ñ+1 where ñ = ⌊r̃/2⌋

then such theories will always preserve RiT and C.
The mod 4 classification under C, RiT and T, CRi is summarized in table 8. We emphasize
that the classifications in D = 4k and D = 4k+2 are different. In D = 4k, the classification
can only be done under CRi, T , whereas in D = 4k+2, it can only be done under C, RiT .

7.2 Odd dimensional spacetime

In odd spacetime, there are no chiral couplings. The only independent couplings with a MHS
Φ(r̃a,s̃a) are of two types M(r̃a,s̃a)Φ(r̃a,s̃a) and M(r̃a−1,s̃a+1)Φ(r̃a,s̃a). Consider now N number
of MHS i.e. a = 1, 2, · · · , N interacting with a massless Dirac spinor through

Lint =
N∑

a=1
Lint

a
=

N∑
a=1

(
eaM(r̃a,s̃a)Φ(r̃a,s̃a)

a + faM(r̃a−1,s̃a+1)Φ(r̃a,s̃a)
a

)
(7.24)
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Φ(r̃,s̃) ∀ r̃, s̃

D mod 4 C, RiT Ri, CT T, CRi

0 × × ✓

2 ✓ × ×

Table 8. D mod 4 classification of theories with both chiral and non-chiral three point couplings of a
MHS with a massless Dirac spinor in D = 2m spacetime.

ea fa

C (−1)s̃a+1t1tr̃a η
a
C

(−1)s̃at1tr̃a−1 η
a
C

Ri (−1)r̃a+1 ηa
R

(−1)r̃a ηa
R

T (−1)r̃a+s̃at1tr̃a η
a
T

(−1)r̃a+s̃at1tr̃a−1 η
a
T

Table 9. Transformation of (7.24) under C,Ri, T in D = 2m+ 1 spacetime. The intrinsic parities of
ath MHS are ηa

C
≡ η(r̃a,s̃a)

C
, ηa

R
≡ η(r̃a,s̃a)

R
, ηa

T
≡ η(r̃a,s̃a)

T
.

Using table 4, the C,Ri, T transformations of Lint
a

is summarized in table 9. Again, it is
clear from table 9 that Lint would always violate Ri, CT for any N . For CRi, T to be a
symmetry, the couplings ea and fa must transform similarly. This implies that tr̃a = tr̃a−1
and ηa

T
= (−1)r̃a+s̃at1tr̃a ∀ a. Since t2ñ = (−1)ñt0 and t2ñ+1 = (−1)ñt1, we get t0t1 = +1

for r̃a = 2ña + 1, and t0t1 = −1 for r̃a = 2ña. Using figure 2, we know that t0t1 = +1 for
m = 2k and t0t1 = −1 for m = 2k + 1. This implies that in any odd dimension, CRi, T is a
symmetry only if all the MHS in (7.24) are either odd or even ranked. If Lint in (7.24) has
both odd and even ranked MHS, then it must break C, Ri, T and is only invariant under
CRiT such that ηa

C
ηa

R
ηa

T
= +1 ∀ a.

Similarly, for C,RiT to be symmetry, we must have tr̃a =−tr̃a−1 and ηa
C
= (−1)s̃a+1t1tr̃a∀a.

Again using t2ñ = (−1)ñt0 and t2ñ+1 = (−1)ñt1, this gives t0t1 = −1 for r̃a = 2ña + 1, and
t0t1 = +1 for r̃a = 2ña. Since t0t1 = −1 when m = 2k + 1, and t0t1 = +1 when m = 2k, it
implies that in any odd dimensions C, RiT is broken if both the even and odd ranked MHS
are present in the Lagrangian. Therefore, in the presence of both odd and even ranked MHS,
the Lagrangian in (7.24) is invariant only under CRiT such that ηa

C
ηa

R
ηa

T
= +1.

7.2.1 Even or odd ranked couplings

Similar to even spacetime, we can consider the multiple MHS theory coupled only with the
even-ranked or odd-ranked Dirac bilinears. The coupling of any flavor “a” MHS Φ(r̃a,s̃a)

a with
the even ranked bilinear is given by M(2n,s)Φ(r̃a,s̃a)

a such that 2n+ s = r̃a + s̃a. Using table 4,
such a coupling would transform under C,Ri, and T upto factor of (−1)s+n+m+1η(r̃a,s̃a)

C
,

−η(r̃a,s̃a)
R

, and (−1)s+n+mη(r̃a,s̃a)
T

, respectively. Unlike even dimensions, we cannot redefine
the C, Ri, T transformations up to chiral phases and absorb all these factors. Therefore, in
a C, Ri, T preserving theory of multiple MHS coupled only with r = 2n ranked bilinear of
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a massless Dirac spinor, the intrinsic parities must be given by

η(r̃a,s̃a)
C

= −η(r̃a,s̃a)
T

= (−1)s+n+m+1, η(r̃a,s̃a)
R

= −1 ∀ a (7.25)

Similarly, in a theory of multiple MHS Φ(r̃a,s̃a)
a coupled only with an odd ranked bi-

linear M(2n+1,s) of a massless Dirac bilinear, every coupling transforms upto factor of
(−1)s+n+1η(r̃a,s̃a)

C
, η(r̃a,s̃a)

R
, and (−1)s+n+1η(r̃a,s̃a)

T
under C, Ri, and T respectively. For such

a theory to preserve C, Ri, T , the intrinsic parity of any MHS coupled with r = 2n + 1
ranked massless Dirac spinor must be given by

η(r̃a,s̃a)
C

= η(r̃a,s̃a)
T

= (−1)s+n+1, η(r̃a,s̃a)
R

= 1 ∀ a (7.26)

7.2.2 Single MHS theory

Consider a most general theory of single even ranked MHS Φ(2ñ,s̃) given by

Lint = eM(2ñ,s̃)Φ(2ñ,s̃) + f M(2ñ−1,s̃+1)Φ(2ñ,s̃) (7.27)

Using table 9 for a = 1 and r̃ = 2ñ, we can conclude that such a theory would always violate
Ri, CT . The theory preserves CRi, T if both the couplings transform in the same way i.e.
(−1)s̃+ñ+m = (−1)s̃+ñ+1 and the intrinsic parity is given by η(2ñ,s̃)

T
= (−1)s̃+ñ+1. This is

possible only if m = odd, i.e., in D = 4k+3 spacetime. Whereas the theory preserves C, RiT

if (−1)s̃+ñ+m = (−1)s̃+ñ and the intrinsic parity is given by η(2ñ,s̃)
C

= (−1)s̃+ñ+1. This is
possible only if m = even, i.e., in D = 4k + 1 spacetime.

Now consider a most general theory of an odd-ranked single MHS Φ(2ñ+1,s̃) given by

Lint = eM(2ñ+1,s̃)Φ(2ñ+1,s̃) + f M(2ñ,s̃+1)Φ(2ñ+1,s̃) (7.28)

Using table 9, we know that the theory must always violate Ri, CT . The theory preserves
CRi, T only if the couplings transform in the same way i.e. (−1)s̃+ñ+1 = (−1)s̃+ñ+m+1 and
the intrinsic parity satisfies η(2ñ+1,s̃)

T
= (−1)s̃+ñ+1. This is possible only if m = even, i.e., the

spacetime is D = 4k + 1 dimensional. Whereas, the theory would preserve C, RiT only if
the intrinsic parity is given by η(2ñ+1,s̃)

C
= (−1)s̃+ñ+1, and (−1)s̃+ñ+1 = (−1)s̃+ñ+m. This

holds only if m = odd, i.e., the spacetime is D = 4k + 3 dimensional.
In D = 4k + 1 and D = 4k + 3, we can summarize the results for the even ranked

Φ(2ñ,s̃) or the odd ranked Φ(2ñ+1,s̃) coupled with a massless Dirac spinor through three-point
couplings as follows

1. In D = 4k + 1, a theory of an even ranked MHS Φ(2ñ,s̃) would preserve only C, RiT

such that the intrinsic parity is given by η(2ñ,s̃)
C

= (−1)s̃+ñ+1. Whereas, a theory of an
odd ranked MHS Φ(2ñ+1,s̃) would preserve only CRi, T such that the intrinsic parity is
given by η(2ñ+1,s̃)

T
= (−1)s̃+ñ+1.

2. In D = 4k + 3, a theory of an even ranked MHS Φ(2ñ,s̃) would preserve only CRi, T

such that the intrinsic parity is given by η(2ñ,s̃)
T

= (−1)s̃+ñ+1. Whereas, a theory of an
odd ranked MHS Φ(2ñ+1,s̃) would preserve only C, RiT such that the intrinsic parity is
given by η(2ñ+1,s̃)

C
= (−1)s̃+ñ+1.

These results have been summarized in a tabular form in table 10.
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Φ(2n,s̃)

D mod 4 C, RiT Ri, CT T, CRi

1 ✓ × ×

3 × × ✓

Φ(2n+1,s̃)

D mod 4 C, RiT Ri, CT T, CRi

1 × × ✓

3 ✓ × ×

Table 10. D mod 4 classification of theories with three point couplings of an even ranked MHS
Φ(2ñ,s̃) (left) and an odd ranked MHS Φ(2ñ+1,s̃) (right) with massless Dirac spinor in D = 2m + 1
mod 4 spacetime.

7.3 An m mod 2 classification

The results from the even and the odd spacetimes can be merged such that there exists a
mod 2 classification of the theories of an even or an odd ranked MHS coupled with a massless
Dirac spinor through all possible three-point couplings.

Let us start with an even ranked MHS Φ(2ñ,s̃) coupled with a massless Dirac spinor.
The interaction in D = 2m is governed by (7.18) and in D = 2m+ 1 is governed by (7.21)
for a = 1, r̃ = 2ñ. It is D mod 4 classifications as summarized in tables 8 and 10 can be
clubbed in to give a nice D mod 4 classification as summarized in table 11. The three point
couplings of Φ(2ñ,s̃) with a massless Dirac spinor for any arbitrary ñ and s̃ preserves C,RiT

in D = 1, 2, mod 4 with a unique choice of intrinsic parity η(2ñ,s̃)
C

= (−1)s̃+ñ+1. Whereas
it preserves CRi, T in D = 3, 4, mod 4 spacetime with a unique choice of intrinsic parity
η(2ñ,s̃)

T
= (−1)s̃+ñ+1.

Similarly, using tables 8 and 10, the odd ranked MHS Φ(2ñ+1,s̃) coupled with a massless
Dirac spinor through (7.18) and (7.24) preserves C, RiT in D = 2, 3, mod 4 spacetime.
Whereas it preserves CRi, T in D = 4, 5 mod 4 spacetime. This again gives a m mod 2
classification of the theory of three-point couplings of an odd-ranked MHS with a massless
Dirac spinor as summarized in table 12. For even ranked MHS Φ(2ñ,s̃), the theory has the same
symmetries (either CRi, T or C, RiT ) in m = 2k and m = 2k + 1. In any D = 2m− 1, 2m
spacetime, the theory of even ranked MHS in m = 2k will always remain invariant under
T, CRi, whereas in m = 2k + 1 it will always remain under C RiT .For odd ranked MHS
Φ(2ñ+1,s̃), the theory has different symmetries in m = 2k and m = 2k+1. In D = 2m+1, 2m,
the theory of odd ranked MHS in m = 2k will always remain invariant under T, CRi, whereas
in m = 2k+1 it will always remain invariant under C, RiT . This shows that the theory of an
even or odd ranked MHS coupled with massless Dirac spinors can be classified into a m mod 2
(or D mod 4) manner. Using table 11, it can be stated that Ri and CT are never a symmetry
in an interacting theory of an even ranked MHS coupled with massless Dirac spinors through
three-point couplings in any D dimension. One of the couplings (either chiral or non-chiral)
would always violate Ri and CT . Moreover, under dimensional compactification, we observe
that the C and T of D = 2m + 1 go to CRi and TRi of D = 2m. Whereas C and T of
D = 2m goes to C and T of D = 2m− 1 respectively. Like even ranked MHS, we can use
table 12 to come across similar remarks. Again, It is clear that Ri and CT are never a
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Φ(2ñ,s̃) ∀ ñ, s̃

D mod 4 C, RiT Ri, CT T, CRi

0 × × ✓

1 ✓ × ×

2 ✓ × ×

3 × × ✓

Table 11. “m” mod 2 classification of a the-
ory of a real even ranked MHS Φ(2ñ,s̃) inter-
acting with a massless Dirac spinor through
all possible three point couplings in D = 2m+
1/2m spacetime.

Φ(2ñ+1,s̃) ∀ ñ, s̃

D mod 4 C, RiT Ri, CT T, CRi

0 × × ✓

1 × × ✓

2 ✓ × ×

3 ✓ × ×

Table 12. “m” mod 2 classification of a the-
ory of a real odd ranked MHS Φ(2ñ+1,s̃) inter-
acting with a massless Dirac spinor through
all possible three point couplings in D = 2m+
1/2m spacetime.

D = 2m+ 1
C

T
CRi

RiT

Ri

CT
CRiT

D = 2m
C

T
CRi

RiT

Ri

CT
CRiT

D = 2m− 1
C

T
CRi

RiT

Ri

CT
CRiT

D = 2m+ 1
C

T
CRi

RiT

Ri

CT
CRiT

D = 2m
C

T
CRi

RiT

Ri

CT
CRiT

D = 2m− 1
C

T
CRi

RiT

Ri

CT
CRiT

Figure 1. Dimensional reduction of C,Ri, T in a theory of an even ranked real MHS Φ(2ñ,s̃) (left)
and an odd ranked MHS Φ(2ñ+1,s̃) (right) interacting with a massless Dirac spinor through all possible
three point couplings.

symmetry. Under dimensional compactification, we observe that the C and T of D = 2m+ 1,
respectively, goes to C and T of D = 2m. Whereas C and T of D = 2m goes to CRi and RiT

of D = 2m− 1 respectively. The dimensional reduction for C, Ri, T in the case of both even
ranked and odd ranked MHS are summarized in figure 1. A formal proof for the dimensional
reduction of C, Ri, T in interacting theories is left to be done for the future.

8 Multiple flavors and unconventional CRT

Till now, we have only discussed the three-point interactions of a massless Dirac spinor and
multiple MHS. For multiple spinors, constructing the Dirac bilinears and their couplings is
also important from different points of view. For example, the standard model of particle
physics has fermions of different flavors like electrons and neutrinos. Any theory of multiple
spinors and bosons has a richer possibility of the discrete Ri, T transformations and the
internal symmetries in the field space. For example, consider the simplest theory of two
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different massive Dirac spinors in even dimensions

Ψ̄1Γµ(∂µΨ1) + Ψ̄2Γµ(∂µΨ2) + m(Ψ̄1Ψ1 + Ψ̄2Ψ2) + m̃(Ψ̄1Ψ2 + Ψ̄2Ψ1) (8.1)

The theory is also invariant under the field space rotations Ψ1 ↔ Ψ2, which would not
be present in a theory of a single Dirac spinor. The theory is also invariant under the
conventional C, Ri, T transformations defined in equations (6.4), (6.7), and (6.13) for each
spinor. However, these discrete transformations were constructed assuming they keep the
kinetic term invariant and can only transform the field to itself or its antiparticle. However,
there is no good rationale for not considering the C, Ri, T transformations, which mix the
fields among themselves. This section will discuss how one can construct the Dirac bilinears
in any dimension for multiple flavors. Then we comment on the unconventional C, Ri, T

transformations (see chapter 2, appendix Weinberg vol. 1 [26]) of these bilinears. We leave
some of the details to the readers to figure out.

Consider a spectrum of finite N number of Dirac spinors Ψa, where a is the flavor index,
which runs from 1 to N . In even dimensions, the most general rank r Dirac bilinears with
s number of derivatives are

M(r,s)
ab ≡ (i)s+ r(r+1)

2 Ψ̄aΓ(r)(∂(s)Ψb), (M(r,s)
ab )† = M(r,s)

ba , (8.2)

N(r,s)
ab ≡ (i)s+ (r+1)(r+2)

2 Ψ̄aΓ(r)Γ⋆(∂(s)Ψb), (N(r,s)
ab )† = N(r,s)

ba , (8.3)

In odd spacetime, the only possible bilinears are M(r,s)
ab . In even spacetime, under the axial

transformation U⋆(θa) for θa = θb = (2f + 1)π
2 ∀ a, b, the even ranked bilinears picks up a

sign, whereas the odd ranked bilinears remain invariant ∀ a, b

M(2n,s)
ab −→ −M(2n,s)

ab , N(2n,s)
ab −→ −N(2n,s)

ab , (8.4)

M(2n+1,s)
ab −→ M(2n+1,s)

ab , N(2n+1,s)
ab −→ N(2n+1,s)

ab , (8.5)

In even spacetime, there are total 4× N(N+1)
2 number of independent bilinears, where 4N

number of bilinears are of same flavors and 4× N(N−1)
2 number of bilinears are of different

flavors. The factor of 4 appears because there are even and odd ranked bilinears for both chiral
and non-chiral. If the theory has an internal flavor symmetry, the number of independent
terms might reduce. In general, these bilinears couple with the complex-valued MHS Φ(r̃,s̃)

in the following ways

gabM
(r,s)
ab Φ(r̃,s̃) + g∗

abM
(r,s)
ba (Φ(r̃,s̃))†, ∀ r + s = r̃ + s̃, (8.6)

habN
(r,s)
ab Φ(r̃,s̃) + h∗

abN
(r,s)
ba (Φ(r̃,s̃))†, ∀ r + s = r̃ + s̃, (8.7)

where gab and hab are the coupling constants dependent on the flavour a, b. There are only
two possible solutions of r + s = r̃ + s̃ as discussed in (5.3). For particular cases of real Φ(r̃,s̃)

ab

satisfying Φ(r̃,s̃) = (Φ(r̃,s̃))†, the couplings are given by

(M(r,s)
ab +M(r,s)

ba )Φ(r̃,s̃), ∀ r + s = r̃ + s̃, (8.8)

(N(r,s)
ab + N(r,s)

ba )Φ(r̃,s̃), ∀ r + s = r̃ + s̃, (8.9)
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Since MHS are irreps of the massive Little group SO(2m − 1), the antisymmetric indices
r̃ have the following bound m − 1 ≥ r̃ ≥ 0. The Dirac bilinears are representations of the
Spin(2m− 2)⊗ Spin(2m− 2), which restricts the rank of the Dirac bilinear by m− 1 ≥ r ≥ 0.
The symmetric indices s and s̃ have no constraints.

In odd D = 2m+1 spacetimes, the independent bilinears are the even and the odd-ranked
non-chiral bilinears. The total number of bilinears are 2 × N(N+1)

2 . The MHS transforms
under the irreps of the Little group SO(2m). The rank r < m couplings of the bilinears with
complex or real-valued MHS are given in (8.6) and (8.8), respectively. The couplings for
r̃ = m are of two types: the self-dual and the anti-self-dual couplings. Consider the rank
m tensors Φ(m,s̃) and Φ̃(m,s̃) which follow the duality relation (4.6). The possible couplings
are of two types (with their hermitian conjugates)

dab

2 M(m−1,s̃+1)
ab Φ(m,s̃) + d̃ab

2 M(m−1,s̃+1)
ab Φ̃(m,s̃) (8.10)

The self dual couplings will have the couplings constant 1
2(dab + d̃ab). The anti self dual

couplings will have the coupling constant 1
2(dab − d̃ab). Any MHS Φ(r̃,s̃) with 1 ≤ r̃ ≤ m will

have 2× N(N+1)
2 number of independent couplings. The number of independent couplings

for r̃ = 0, i.e. scalars, is again one.

8.1 Discussion on unconventional CRT

As discussed, the C, Ri, T transformations of these bilinears can also be defined in an
unconventional manner. The C, Ri, T transformations can come up with non-trivial matrices
that intermixe the flavors but still keep any MHS couplings CRiT invariant (see chapter 2,
appendix C, [26] for discussion on unconventional CRT). The unconventional C, Ri, T over
the spinors can be defined as follows

CΨa(x)C−1 = (ζC )ab B−1Ψb(x)∗, (8.11)
RiΨa(x)R−1

i = (ζR)ab Γi Ψb(Rix) (8.12)
TΨa(x)T−1 = (ζT )ab CΨb(T x) (8.13)

Here “a”, “b” are the flavor indices and (ζC )ab, (ζR)ab, (ζT )ab are the components of the
matrix of intrinsic parities. The multiple flavor kinetic term of the Dirac spinors is diagonal:19

δabΨ̄aΓµ∂µΨb. For these transformations to keep the multiple Dirac spinor kinetic term
invariant, the matrix of intrinsic parities must be unitary, i.e.

ζ†
C
ζC = I, ζ†

R
ζR = I, ζ†

T
ζT = I, (8.14)

where I is the N × N identity. In the case of conventional definitions of C, Ri, T , these
matrices are all diagonal. We would need to do a U(N) rotation in the field space to show
that these matrices can be diagonalized simultaneously. Since the kinetic term has all the
possible symmetries, any U(N) transformation represented by the matrix U over the field
space will keep it invariant. This gives us the following transformations

U−1ζCU
∗ = ζ ′

C
, U−1ζRU = ζ ′

R
. UTζTU = ζ ′

T
(8.15)

19A non-diagonal kinetic term can always be made diagonal by field redefinitions preserving all its symmetries.
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Bilinears M(r,s)
ab N(r,s)

ab

C (−1)s+1t1tr(ζC )∗ca(ζC )bdM
(r,s)
cd (−1)r+s+m+1t1tr(ζC )∗ca(ζC )bdN

(r,s)
cd

Ri (−1)r+1(ζR)∗ca(ζR)bdM
(r,s)
cd (−1)r(ζR)∗ca(ζR)bdN

(r,s)
cd

T (−1)r+st1tr(ζT )∗ca(ζT )bdM
(r,s)
cd (−1)s+m+1t1tr(ζT )∗ca(ζT )bdN

(r,s)
cd

Table 13. C,Ri, T transformation properties of bilinears in any D = 2m/2m + 1 spacetime. See
appendix F for the definition of t1, tr.

where ′ denotes the new transformed matrices and UT denotes the transpose of U . Here,
in the third identity, we have used the unitary property U∗ = (U−1)T. The question is
whether it is always possible to have such a unitary transformation that can diagonalize
ζC , ζR , ζT simultaneously. A non-diagonal matrix leaves many possibilities of the C, Ri, T

transformations. For this paper, we conclude by summarizing the unconventional C, Ri, T

transformations of the multiple flavor bilinears in table 13. The C, Ri, T transformations
of the three-point couplings can be figured out using table 13. In case of couplings with
the real MHS, the transformations are same as in table 13 including the intrinsic parities
η(r̃,s̃)

C
, η(r̃,s̃)

R
, η(r̃,s̃)

T
. Under CRiT , the three-point couplings in (8.8) and (8.9) always transform

upto the following factor

CRiT : (ζC )∗ca (ζR)∗c̄c (ζT )∗¯̄cc̄ (ζC )bd (ζR)dd̄ (ζT )d̄ ¯̄d η
(r̃,s̃)
C

η(r̃,s̃)
R

η(r̃,s̃)
T

= +δa¯̄c δb ¯̄d (8.16)

From section 7, we know that the intrinsic parity of an MHS always satisfies η(r̃,s̃)
C

η(r̃,s̃)
R

η(r̃,s̃)
T

=
+1. This implies that the intrinsic parities of a massless Dirac spinor are constrained
through (ζC )∗ca (ζR)∗c̄c (ζT )∗¯̄cc̄ (ζC )bd (ζR)dd̄ (ζT )d̄ ¯̄d = δa¯̄c δb ¯̄d. The only possible solutions to these
constraints is (ζC )bd (ζR)dd̄ (ζT )d̄ ¯̄d = ±eiθ δ

b ¯̄d ∀ b, ¯̄d. With no loss of generality, let’s consider
θ = nπ or θ = (2n + 1)π

2 which gives two solutions of the intrinsic parities

ζCζRζT = ±I or ζCζRζT = ±i I (8.17)

Since ζC , ζR , ζT are unitary, this shows that if one of the intrinsic parity matrices is diagonalized,
the product of the other two also is diagonal by virtue of unitary transformations discussed
in equation (8.15).

Constraining the intrinsic parities for Dirac spinors and giving a classification of multiple
flavor Dirac interactions with the MHS using C,Ri, T is an interesting and open problem which
is out of the scope of this paper. We leave it for the future work. Another interesting problem
is to figure out square properties of C,Ri, T and it’s group structure in interacting theories of
multiple flavors of Dirac spinors and MHS. See [35, 39] for the recent works in this direction.

9 Conclusion and future directions

In this work, we classified the three-point couplings of the massive higher spin fields with
the massless Dirac spinors. We also analyzed the action of C, Ri, & T and the possible
constraints of the space of such interaction with the help of these discrete transformations.
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The Dirac spinors are a complex representation of the real Clifford algebra; however, as
a vector space, they are isomorphic to the irreducible representation of the complex Clifford
algebras. The complex Clifford algebra exhibits a mod 2 periodicity. One future goal is to
classify the three-point interactions of massive higher spins interacting with two massless
spinors, which transform under the irreducible representation of the real Clifford algebras. The
real Clifford algebras (see appendix E) have a mod 8 isomorphism with the matrix algebras
based on R, C, H. In physics literature, these irreducible representations have different names
(majorana, majorana-weyl, symplectic majorana) depending on the spacetime dimensions.

It would also be interesting to construct all massless three-point couplings of two spinors
(Dirac or simplest spinors) with a massless boson. All massless three-point amplitudes are
relevant for constructing on-shell recursion relations at the tree level, for example, the BCFW
recursion relation in Yang-Mills [42, 43] and its generalization to gravity recursion relations [44]
and effective field theories [45]. The massless three-point couplings are kinematically restricted
to vanish when all the particles are on-shell because the real-valued momenta of all the particles
become proportional. Therefore, the couplings cannot be constructed using the on-shell
approach used in this paper (see [25] for some works in this direction). In order to construct
non-vanishing couplings, one must consider the momenta to be complex-valued, which would
make them independent, keeping the momentum conservation independent. Another way to
construct the on-shell massless couplings is to work with different signatures of the metric, for
example, (−,+,−,+), see page 17, 27 of [43]. Moreover, to complete the classification of the
three-point interactions, it is also important to classify the space of all massive three-point
couplings of fermions and bosons. Both of these works are under construction.

Another potential direction is to include the representations of supersymmetry algebra
in various dimensions. In [24], the authors derived the supersymmetric constraints over the
bosonic three-point couplings from various amounts of supersymmetry in D = 3+1 spacetime.
The form factors for four-point tree-level amplitudes for massless bosons mediated by massive
higher spinning particles were shown to be the same as that of scalar particles. It would be
interesting to impose supersymmetric constraints over the fermionic three-point couplings. It
is expected that the form factors for the four-point massless bosonic amplitudes mediated
by an MHS in any D dimension should be given by Gegenbauer polynomials. It would also
be interesting to explicitly show this for supersymmetric fermionic tree-level amplitudes
mediated by MHS. In [20], the authors classified the local four-point bosonic couplings. In
order to constrain the tree level amplitudes with supersymmetries, it is also required to
classify the four-point tree level for fermions.

This paper also classified the Dirac couplings based on their C, Ri, T transformations.
We have figured out the intrinsic parities of the MHS coupled with two massless Dirac
spinors for the couplings invariant under C,Ri, T . Although this paper exhausts the C,Ri, T

transformations of the Dirac spinors and MHS, it would be interesting to figure out the space
of C,Ri, T transformations of the spinors transforming as irreducible representations of the
real Clifford algebras. Although works have been done to understand C,Ri, T transformations
over the field space, not much is known about the Weinberg-like derivation of C,Ri, T where
its action is realized over the massive and massless physical Hilbert space in any D dimension,
see chapter 2 of [26].
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It is well known that the irreducible fields transform in the linear representation of the
symmetry group G and the projective representations of the symmetry group Q such that
there exists a short exact sequence

1 → N → G→ Q→ 1 (9.1)

where N is the normal of G, see [46]. There have been works in this direction recently,
see [35, 39], where the CRiT over Majorana fermions and its group extensions with the
fermionic parity (−1)F has been studied for free theories in various spacetimes. It would also
be interesting to figure out the CRiT group extension for interacting theories of simplest
spinors and massive higher spins. Moreover, the group extensions were constructed for
conventional C,Ri, T . The unconventional C,Ri, T , which, as we have studied in section 8,
can lead to different possible group extensions which are absent in the case of conventional
C,Ri, T . We hope to address some of these issues in the near future.
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A Notations and conventions

ηµν = (−1, 1, 1, . . . , 1) Metric in flat spacetime
i

√
−1

µ, ν, ρ Spacetime indices
α, β Spinor Indices
a, b Flavor indices
D = 2m/2m+ 1 Even or Odd spacetime dimension
Λ Element of spin group
Jµν Generator of spin group
Γµ Gamma matrices in D dimension
Γ⋆ Chirality matrix in D = 2m dimensions
Γ(r) Antisymmetric rank r gamma matrices
C Charge Conjugation operator
P Parity operator
Ri Reflection operator along the ith spatial direction
T Time reversal operator
(Ri)µ

ν , T µ
ν Spacetime Representation of Ri, T

C,B, β Charge conjugation, Complex conjugation, and Dirac adjoint matrices
ζ

C
, ζ

R
, ζ

T
Intrinsic parity of spinor under C,Ri, T

Φ(r̃,s̃) ≡ Φ[µ1···µr̃]{ν1···νs̃} Massive boson with r̃ antisymmetric and s̃ symmetric indices
Ψ(x) Dirac spinor
M(r,s), N(r,s) Non-chiral, Chiral Dirac bilinear of rank r with s derivatives
M(r,s)

ab , N(r,s)
ab Non-chiral, Chiral Dirac bilinear for multiple flavors

η(r̃,s̃)
C

, η(r̃,s̃)
R

, η(r̃,s̃)
T

Intrinsic parity of Φ(r̃,s̃) under C,Ri, T

e, f , g, h Real Coupling constants
U(θ) = exp(iθ) Vector transformation
U⋆(θ) = exp(iθΓ⋆) Axial transformation
m Mass of the MHS
n = ⌊r/2⌋, ñ = ⌊r̃/2⌋ Takes values in positive integers Z
MHS Massive higher spin
Irrep Irreducible representations

B Product of irreducible representations

In this section, we review the product of two spinor representations. Most of the content
discussed in this section can be found in standard representation theory textbooks and
articles [19, 27, 28, 48, 49].

In D-dimensional spacetime, the spinor irreps of the massless Little group SO(D − 2)
and the bosonic irreps of the massive Little group SO(D − 1) are labeled by their highest
weights (w1, w2, . . . , wl), where wi are the eigenvalues of the rotation generators associated
with the ith plane, and l is the rank of the Little group. The weights wi are integers
for bosonic representations and half-integers for fermionic representations. To describe
fermionic representations, we summarize the weight vectors for Spin(2l) and Spin(2l+1), the
double covers of the orthogonal groups. The weights of the bosonic (fermionic) irreducible
representations of the Little group Spin(2l+1) are all positive integers (half-integers), subject
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to the condition:

w1 ≥ w2 ≥ · · · ≥ wl. (B.1)

There is a unique spinor representations of Spin(2l + 1) which we denote by ρ,

ρ = (1/2, 1/2, · · · , 1/2). (B.2)

A Dirac particle, which is a reducible representation of Spin(2l + 1), transforms under the
direct sum ρ ⊕ ρ. The irreducible state ρ has 2l degrees of freedom.

For Spin(2l), the weights w1, . . . , wl−1 are all positive, while wl can take both positive
and negative values, subject to the condition:

w1 ≥ w2 ≥ · · · ≥ |wl|. (B.3)

The positive and negative values of wl correspond to two inequivalent representations. For
bosonic representations, these correspond to self-dual and anti-self-dual representations. For
spinor representations, they correspond to two inequivalent fundamental spinor represen-
tations, associated with positive and negative handedness, respectively. As an example,
consider Spin(4) ≃ SU(2)⊗ SU(2) whose representations are labeled by {j1, j2}, where j1, j2
are the spin labels of the two SU(2)’s. The relation between spin labels j1, j2 and the
weights w1, w2 is as follows

w1 = j1 + j2, w2 = j1 − j2 (B.4)

The left and the right handed spinor representations are: {1/2, 0} and {0, 1/2} respectively.
The weight vectors for these representations are (1/2, 1/2) and (1/2,−1/2). In general, we
will denote the left handed representations by ρ and the right handed representations by ρ̃

ρ = (1/2, 1/2, · · · , 1/2), ρ̃ = (1/2, 1/2, · · · ,−1/2) (B.5)

Both ρ and ρ̃ have 2l−1 degrees of freedom. It should be noted that a Dirac particle, which is
a reducible representation of Spin(2l), transforms under the direct sum of ρ ⊕ ρ̃.

For both Spin(2l+1) and Spin(2l), the product of two representations labeled by weights
(w1, w2, . . . , wl) and (q1, q2, . . . , ql) decomposes into a direct sum of irreducible representations
labeled by weights (v1, v2, . . . , vm):

(w1, w2, . . . , wl)⊗ (q1, q2, . . . , ql) =
⊕

v1,v2,...,vl

(v1, v2, . . . , vl). (B.6)

The irreps appearing in the direct sum on the r.h.s. are determined by their characters. Each
irrep is uniquely identified by a number (its character), which is defined as the trace of the
representation matrix. The sum of the characters on the r.h.s. of (B.6) must match the
product of the characters on the l.h.s. . In the following subsections we describe how to
calculate the characters of the representations of Spin(2l + 1) and Spin(2l).
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B.1 Representations of Spin(2l + 1)

For Spin(2l + 1) the character χ of a representation (v1, v2, · · · , vl) can be calculated using
the Weyl character formula [48, 49]

χ(v1, v2, · · · , vl; θ1, θ2, · · · , θl) =
Det(M)
Det(N) (B.7)

where θi are the rotation angles in the ith two plane, and M and N are l × l matrices
with the following entries

Mij = (vi + hi) sin θj , Nij = hi sin θj , , hi = l − i+ 1
2 (B.8)

Determining representations using the character formula is often a challenging task. How-
ever, it becomes more straightforward when dealing with spinor irreps by writing a simple
mathematica code for (B.7). For Spin(2l + 1), the product of two spinor irreps is equal
to the direct sum of all antisymmetric irreducible representations of rank 0 ≤ r ≤ l. The
weight vectors of the antisymmetric tensors have vi = 1, 0 satisfying vi ≥ vi+1. The odd
rank tensors have odd number of 1’s and remaining 0’s. Whereas even rank tensors have
even number of 1’s and remaining 0’s.

ρ⊗ ρ = (0, 0, . . . , 0)⊕ (1, 0, . . . , 0)⊕ · · · ⊕ (1, 1, . . . , 1) (B.9)

=
l⊕

r=0
(v1, . . . , vr = 1, vr+1, . . . , vl = 0) (B.10)

This can be verified using the character formula and by counting degrees of freedom. The
antisymmetric rank-r tensor has

(2l+1
r

)
degrees of freedom. The total degrees of freedom

on the r.h.s. of (B.6) is therefore

l∑
r=0

(
2l + 1
r

)
= 22l, (B.11)

which matches the total degrees of freedom on the l.h.s. , as the product of two spinor states,
each with 2l degrees of freedom, gives 2l × 2l = 22l.

As an example, consider the spinor representations of Spin(5), which are labeled by a two-
dimensional weight vector (1/2, 1/2). The direct product (1/2, 1/2)⊗ (1/2, 1/2) decomposes
into a scalar representation (0, 0), a vector representation (1, 0), and an antisymmetric rank-2
tensor representation (1, 1).(

1/2, 1/2
)
⊗
(
1/2, 1/2

)
=
(
1, 1
)
⊕
(
1, 0
)
⊕ (0, 0), (B.12)

4× 4 = 10 + 5 + 1 (B.13)

B.2 Representations of Spin(2l)

For Spin(2l) the character formula is slightly different

χ(v1, v2, · · · , vl; θ1, θ2, · · · , θl) =
Det(P ) + ilDet(Q)

Det(R) (B.14)
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where P,Q,R are l × l matrices with the following entries

Pij = (vi + hi) cos θj , Qij = (vi + hi) sin θj , Rij = hi cos θj , , hi = l − i (B.15)

Similar to Spin(2l + 1), the product of two inequivalent spinor representations (ρ and ρ̃, see
eqn (B.5)) of Spin(2l) can be determined using character decomposition. Interestingly, the
result of this product depends on whether l is odd or even.

For l = 2k, the product of two spinor representations of Spin(2l) exhibits distinct
behavior based on their handedness. The product of two representations with the same
handedness results in the direct sum of even-rank tensors up to rank 2k, while the product
of representations with opposite handedness gives the direct sum of odd-rank tensors up to
rank 2k − 1. The weight vectors of even and odd ranked tensors of Spin(2l) are same as
that of Spin(2l + 1) except for the highest rank l tensor. The highest rank l tensor is either
self-dual or anti-self-dual with weight vectors (1, 1, . . . , 1) and (1, 1, . . . ,−1) respectively. For
l = 2k, we have the following decomposition of ρ and ρ̃,

ρ⊗ ρ = (v1, . . . , vl−1 = 1, v2k = 1)
2k−2⊕

r=0,rEven

(v1, . . . , vr = 1, vr+1, . . . , v2k = 0), (B.16)

ρ̃⊗ ρ̃ = (v1, . . . , vl−1 = 1, v2k = −1)
2k−2⊕

r=0,rEven

(v1, . . . , vr = 1, vr+1, . . . , v2k = 0), (B.17)

ρ⊗ ρ̃ =
2k−1⊕

r=1,rOdd

(v1, . . . , vr = 1, vr+1, . . . , v2k = 0), (B.18)

ρ̃⊗ ρ =
2k−1⊕

r=1,rOdd

(v1, . . . , vr = 1, vr+1, . . . , v2k = 0), (B.19)

This decomposition can be verified by comparing the degrees of freedom on both sides. Each
spinor representation has 22k−1 degrees of freedom, so the product of two spinor representations
yields 24k−2 degrees of freedom. The total degrees of freedom for odd-rank tensors is given by

2k−1∑
r=1, r odd

(
4k
r

)
= 24k−2. (B.20)

For even-rank tensors, the highest rank 2k tensor is either self-dual or anti-self-dual, each
contributing 1

2
(4k
2k

)
degrees of freedom. All lower even-rank tensors contribute

(4k
r

)
degrees

of freedom. Thus, the total for even-rank tensors is

1
2

(
4k
2k

)
+

2k−2∑
r=0, r even

(
4k
r

)
= 24k−2. (B.21)

As an example, consider Spin(4) ≃ SU(2) ⊗ SU(2) whose left and the right handed
representations are: {1/2, 0} and {0, 1/2} respectively. Their products decompose as follows:

{1/2, 0} ⊗ {1/2, 0} = {1, 0} ⊕ {0, 0},
{1/2, 0} ⊗ {0, 1/2} = {1/2, 1/2},
{0, 1/2} ⊗ {0, 1/2} = {0, 1} ⊕ {0, 0},

(B.22)
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where {1, 0} and {0, 1} are the rank 2 self dual and anti-self dual tensors, respectively. The
{0, 0} represents the scalar representation, whereas {1/2, 1/2} corresponds to the vector
representation of SO(4).

For l = 2k + 1, the decomposition of spinor representation products contrasts with that
in l = 2k. The product of two spinor representations of the same chirality yields odd-rank
tensors up to rank 2k + 1, while the product of opposite chirality representations results
in even-rank tensors up to rank 2k. The highest odd-rank tensor, with rank 2k + 1, is
either self-dual or anti-self-dual.

ρ⊗ ρ = (v1, . . . , v2k = 1, v2k+1 = 1)
2k−1⊕

r=1,rOdd

(v1, . . . , vr = 1, vr+1, . . . , v2k+1 = 0), (B.23)

ρ̃⊗ ρ̃ = (v1, . . . , v2k = 1, v2k+1 = −1)
2k−1⊕

r=1,rOdd

(v1, . . . , vr = 1, vr+1, . . . , v2k+1 = 0), (B.24)

ρ⊗ ρ̃ =
2k⊕

r=0,rEven

(v1, . . . , vr = 1, vr+1, . . . , v2k+1 = 0), (B.25)

ρ̃⊗ ρ =
2k⊕

r=0,rEven

(v1, . . . , vr = 1, vr+1, . . . , v2k+1 = 0), (B.26)

The degrees of freedom for these decompositions can be matched as follows: the odd-rank
tensors, including the highest rank 2k + 1 tensor, have

1
2

(
4k + 2
2k + 1

)
+

2k−1∑
r=1, r odd

(
4k + 2
r

)
= 24k. (B.27)

The even-rank tensors contribute

2k∑
r=0, r even

(
4k + 2
r

)
= 24k, (B.28)

matching the total degrees of freedom, 24k, for the product of spinor states.
For example, consider the product of helicity ±1/2 states in SO(2). This gives rise to

helicity ±1 and helicity 0 states:

|±1/2⟩ ⊗ |±1/2⟩ = |±1⟩ ,
|±1/2⟩ ⊗ |∓1/2⟩ = |0⟩ .

(B.29)

The discussion of both Spin(2l + 1) and Spin(2l) concludes that the product of two
irreducible spinor states gives rise to all possible antisymmetric irreducible tensors of rank
0 ≤ r ≤ l. If the spinors are massless, the maximum rank of the antisymmetric tensor is
equal to the rank of the massless Little group. Therefore, in any D = 2m/2m+ 1 dimensions,
the maximum rank of an irreducible massless Dirac spinor bilinear is m− 1 governed by the
massless Little group Spin(2m − 2) or Spin(2m − 1). All the higher rank spinor bilinears
are reducible to bilinears of rank 0 ≤ r ≤ m − 1.
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C Branching rules

In this section, we review the branching rules [19, 27, 49] for projecting the Spin(2l) repre-
sentations over Spin(2l − 1) representations, or projecting the Spin(2l + 1) representations
over Spin(2l) representations.

A Spin(2l) representation labeled by weight vector (w1, w2, . . . , wl) decomposes into a
direct sum of Spin(2l− 1) representations labeled by (va

1 , v
a
2 , . . . , v

a
l−1) such that the following

conditions hold:

• The weights va
i and wi have the same integer property i.e. either integer or half integer.

• The weights va
i and wi satisfy the following inequalities

w1 ≥ va
1 ≥ w2 ≥ va

2 ≥ · · · ≥ va
l−1 ≥ |wl| (C.1)

A Spin(2l + 1) representation labeled by weight vector (w1, w2, . . . , wl) decomposes into a
direct sum of Spin(2l) representations labeled by (va

1 , v
a
2 , . . . , v

a
l ) such that the following

conditions hold:

• The weights va
i and wi have the same integer property i.e. either integer or half integer.

• The weights va
i and wi satisfy the following inequalities

w1 ≥ va
1 ≥ w2 ≥ va

2 ≥ · · · ≥ va
l−1 ≥ wl ≥ |va

l | (C.2)

D Projections of MHS representations

In this section we describe how group theory enables us to compute all the independent
couplings in table 2 and 1.

D.1 Projections in D = 2m + 1 spacetime

In D = 2m + 1 spacetime dimensions, the massless Little group is Spin(2m − 1), and the
massive Little group is Spin(2m) (or SO(2m)). From the discussion in appendix B, the
product ρ⊗ρ of two irreducible spinor states of Spin(2m−1) generates antisymmetric tensors
up to rank m− 1. All possible kinematically allowed couplings of a bosonic irrep of Spin(2m)
with these antisymmetric tensors are determined by the branching rule (C.1), where l = m.

The solutions to the branching rule are simplified by noting that the weights va
i of

completely antisymmetric irreps are restricted to 0 or 1 (see (B.10)). This leads to three
distinct boundary conditions for the weight vectors, along with their corresponding solutions
for the higher spin weights:

1. All zeros (va
1 , · · · , va

m−1 = 0):

w1 ≥ 0, w2, · · · , wm = 0. (D.1)

2. r ones (va
1 , · · · , va

r = 1, va
r+1, · · · , va

m−1 = 0, r ≤ m− 2):

w1 ≥ 1, w2, · · · , wr = 1, wr+1 = 1 or 0, wr+2, · · · , wm = 0. (D.2)
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3. All ones (va
1 , · · · , va

m−1 = 1):

w1 ≥ 1, w2, · · · , wm−1 = 1, wm = ±1 or 0. (D.3)

The solutions (D.1)–(D.3) imply that states with w2, . . . , wm > 1 cannot be projected over
the product ρ⊗ ρ. Consequently, SO(2m) Young tableaux with more than one box in the 2nd

to mth rows cannot couple to product of spinor states of SO(2m− 1). The same will be true
for the projections over the product of Dirac particle states transforming under the direct
sum ρ⊕ ρ. In this framework, the only MHS that can couple are represented by the Young
tableaux (4.3). The relation between the weights and the indices of MHS Φ(r̃,s̃) is as follows

r̃ = Number of non-zero w’s, s̃ =

w1 − 1, w1 ≥ 1
0, w1 = 0

(D.4)

Using the solutions (D.1)–(D.3), we categorize the couplings into three distinct types based
on the properties of the MHS Φ(r̃,s̃):

1. Scalar Couplings Φ(0,0): the weight vector for a scalar MHS is (w1, · · · , wm = 0).
There is exactly one independent coupling governed by the branching rule (C.1). This
corresponds to the projection of the scalar representation of Spin(2m) onto the scalar
representation of Spin(2m− 1). The corresponding coupling of a massive scalar Φ(0,0)

with a rank-0 Dirac bilinear Ψ̄ΨΦ. This coupling is described in the first row of table 2
for r̃ = s̃ = 0.

2. MHS with rank r̃ < m, s̃ ≥ 0: the weight vector for such a MHS is (w1 = s̃ +
1, w2, · · · , wr̃ = 1, wr̃+1, · · · , wm = 0) which has two independent projections governed
by the branching rule (C.1).
The first projection is over the rank r tensor (va

1 , · · · , va
r̃ = 1, va

r̃+1, · · · , va
m−1 = 0)

which is achieved by contracting s̃ number of indices in the first row with derivatives
acting over the spinors. The remaining r̃ antisymmetric indices are contracted with the
gamma matrices. The corresponding coupling is listed in row 1 of table 2.
The second projection is over the rank r̃−1 tensor (va

1 , · · · , va
r̃−1 = 1, va

r̃ , · · · , va
m−1 = 0)

which is achieved by contracting the entire top row with s̃+ 1 number of derivatives.
The remaining r̃ − 1 antisymmetric indices are contracted with the gamma matrices.
The corresponding coupling is listed in row 2 of table 2.

3. MHS with rank r̃ = m, s̃ ≥ 0: such a MHS transforms under the direct sum of
self dual and anti-self dual tensor with weight vectors (w1 = s̃ + 1, w2, · · · , wm = 1)
and (w1 = s̃+ 1, w2, · · · , wm = −1) respectively. The self dual and the anti-self dual
MHS are given by equations (4.7) and (4.8). For both of them, there exists a unique
projection over the rank m tensor (va

1 , · · · , va
m−1 = 1). The projection is achieved by

contracting the entire top row of the MHS with derivatives. The remaining indices r̃− 1
antisymmetric indices are contracted with the gamma matrices. The details of these
couplings are discussed in the paragraph below table 2.

This exhausts all the kinematically allowed couplings of a MHS and two massless Dirac
spinors in any odd spacetime.
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D.2 Projections in D = 2m spacetime

In D = 2m spacetime dimensions, the massless little group is Spin(2m− 2), while the massive
little group is Spin(2m− 1) (or equivalently SO(2m− 1)). As discussed in appendix B, the
states ρ and ρ̃ represent two independent spinor states of Spin(2m− 2), as defined in (B.5).
The structures in the product of these representations depends on the rank m − 1 of the
massless little group:
- For m− 1 = 2k (even rank), the product of two states with the same (opposite) handedness
decomposes into a direct sum of irreducible tensors of odd (even) rank.
- For m−1 = 2k+1 (odd rank), the product of two states with the same (opposite) handedness
decomposes into a direct sum of irreducible tensors of even (odd) rank.

In both cases, the highest-rank tensor (m− 1) is either self-dual or anti-self-dual. The
coupling of these antisymmetric tensors of Spin(2m− 2) with a bosonic irrep of Spin(2m− 1)
is determined by the branching rule (C.2). The weights in the product of the Spin(2m− 2)
spinor states, as given in (B.16)–(B.19) and (B.23)–(B.26), take the following values:

va
1 , . . . , v

a
m−2 ∈ {1, 0}, va

m−1 ∈ {±1, 0}. (D.5)

Here we write down the solutions to the branching rule (C.2) for all possible weights of
Spin(2m − 2):

1. All zeros (va
1 , · · · , va

m−1 = 0):

w1 ≥ 0, w2, · · · , wm−1 = 0. (D.6)

2. r ones (va
1 , · · · , va

r = 1, va
r+1, · · · , va

m−1 = 0, r ≤ m − 2):

w1 ≥ 1, w2, · · · , wr = 1, wr+1 = 1 or 0, wr+2, · · · , wm−1 = 0. (D.7)

3. All ones (va
1 , · · · , va

m−2 = 1, vm−1 = ±1):

w1 ≥ 1, w2, · · · , wm−1 = 1. (D.8)

Similar to D = 2m+ 1 spacetime, the solutions (D.6)–(D.8) concludes that the only MHS
in D = 2m spacetime which can couple have no more than one box in the 2nd to (m− 1)th

row of the Young tableau i.e. w2, · · ·wm−1 ≤ 1. The same will be true for the projections
over the product of Dirac states which transform under the direct sum ρ⊕ ρ̃. At the level
of Lorentz group all antisymmetric tensors are generated using the left Weyl spinor χ and
the right Weyl spinor ξ,

Γ⋆χ = +χ, Γ⋆ξ = −ξ (D.9)

All the even (odd) ranked tensors gives rise to bilinears of opposite (same) chirality Weyl
spinors i.e. the only non-vanishing bilinears are

χ̄Γ(2n)ξ, ξ̄Γ(2n)χ, , χ̄Γ(2n+1)χ, ξ̄Γ(2n+1)ξ (D.10)

where χ̄ = iχ†Γ0 and ξ̄ = iξ†Γ0. All other bilinears vanish because of the chirality con-
ditions (D.9). The even ranked bilinears are hermitian conjugates of each other upto a
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± sign. Whereas the odd ranked bilinears are self conjugates again upto a ± sign. The
Dirac spinor fields on the other hand can be written as a sum of left chiral χ and the right
chiral ξ Weyl spinor fields

Ψ = χ+ ξ (D.11)

Following (D.10), there are only two types of even and odd ranked Dirac spinor bilinears

Ψ̄Γ(r)Ψ, Ψ̄Γ(r)Γ⋆Ψ (D.12)

The full hermitian form of the bilinears is given in (3.5) and (3.6). Following the branching
rule (C.2), we again make three possible classes of the couplings depending on the properties
of the MHS Φ(r̃,s̃):

1. Scalar Couplings (w1, · · · , wm = 0): the scalar representations of Spin(2m − 1) can
only be projected over the scalar representations of Spin(2m − 2). Depending on m,
there are two scalar representations of Spin(2m− 2) generated out of either the product
of two same handed states (ρ ⊗ ρ and ρ̃ ⊗ ρ̃) or two oppositely handed states (ρ ⊗ ρ̃

and ρ̃⊗ ρ). Note that This gives rise to two independent couplings given known as the
Yukawa coupling of a scalar and Pseudoscalar: Ψ̄ΨΦ and iΨ̄Γ⋆ΨΦ which are different
linear combinations of the Weyl spinor couplings: (χ̄ξ + ξ̄χ)Φ and i(χ̄ξ − ξ̄χ)Φ. These
couplings are enlisted in the row 1 and 3 of table 1 for r̃ = s̃ = 0. The couplings in
rows 2 and 4 do not exist for massive scalars.

2. MHS with rank r̃ < m − 1, s̃ ≥ 0: the weight vector for such a MHS is (w1 = s̃ +
1, w2, · · · , wr = 1, wr+1, · · · , wm−1 = 0) which has two possible projections in this case
governed by the branching rule (C.2). Similar to the previous case, each projection
gives rise to two possible couplings: with and without a Γ⋆.
The first projection is over the rank r̃ tensor (va

1 , · · · , va
r̃ = 1, vr̃+1, · · · , va

m−1 = 0)
obtained by contracting s̃ indices in the first row of MHS with derivatives. The remaining
indices contract with the gamma matrices in the bilinear. The corresponding couplings
are listed in row 1 and 3 of table 1 for r̃ < m− 1, s̃ ≥ 0.
The second projection is over the rank (r̃−1) tensor (va

1 , · · · , va
r̃−1 = 1, vr̃, · · · , va

m−1 = 0)
obtained by contracting the entire first row of MHS with derivatives. The corresponding
couplings are listed in row 2 and 4 of table 1 for r̃ < m− 1, s̃ ≥ 0.

3. MHS with rank r̃ = m − 1, s̃ ≥ 0: the weight vector for such a MHS is (w1 = s̃ +
1, w2, · · · , wm−1 = 1). In this case there are two possible projections corresponding
each giving rise to a chiral and a non-chiral coupling.
The first projection is over the rank m − 2 tensor (va

1 , v
a
2 , · · · , va

m−2 = 1, va
m−1 = 0).

The corresponding couplings are listed in row 2 and 4 of tale 1 which are obtained by
contracting the entire first row of MHS with derivatives.
The other projection is over the rank m− 1 tensor which transforms as a direct sum of
self dual tensor (va

1 , · · · , va
m−2 = 1, va

m−1 = 1) and anti-self dual tensor (va
1 , · · · , va

m−2 =
1, va

m−1 = −1) of SO(2m− 2). One of these couplings is given by contracting the first
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row of MHS with s̃ number of derivatives. The remaining antisymmetric indices are
contracted with the Dirac bilinear

Ψ̄Γµ1···µm−1Ψ (D.13)

This gives rise to the coupling listed in row 1 of table 1. The other coupling is obtained
by contracting the antisymmetric indices with the rank m− 1 bilinear involving the
SO(2m − 2) epsilon tensor. In the momentum space, the covariant version of the
SO(2m− 2) epsilon tensor is [19]

ϵµνµ1···µ2m−2k
µ
1 k

ν
2 (D.14)

The corresponding coupling is given by contracting the first row of the MHS with s̃

derivatives and the remaining antisymmetric indices with rank m− 1 bilinear,

ϵµνµ1···µm−1ν1···νm−1(∂µΨ̄)Γν1···νm−1(∂νΨ)Φ[µ1···µ ˜m−1]{ν1···νs̃} (D.15)

However, it can be shown using the gamma identity (2.7) that the rank m− 1 bilinear
with the epsilon tensor is same as the rank m−1 bilinear (D.13) with a Γ⋆. For example,
in D = 4 spacetime, the coupling with the bilinear (D.15) is ϵµνρσ(∂µΨ̄)Γρ(∂νΨ)Φσ

which can be reduced as follows

ϵµνρσ(∂µΨ̄)Γρ(∂νΨ)Φσ = 3!i(∂µΨ̄)ΓµνρΓ⋆(∂νΨ)Φρ, (D.16)
= i(∂µΨ̄)(ΓµΓνΓρ − ΓµΓρΓν − ΓνΓµΓρ

+ ΓνΓρΓµ − ΓρΓνΓµ + ΓρΓµΓν)Γ⋆(∂νΨ)Φρ, (D.17)
= i(∂µΨ̄)(−ΓνΓµΓρ + ΓνΓρΓµ − ΓρΓνΓµ)Γ⋆(∂νΨ)Φρ, (D.18)
= 6i(∂µΨ̄)ΓνΓ⋆(∂µΨ)Φν (D.19)

where in the third equality we have used the equation of motion (∂µΨ̄)Γµ = 0 = Γν(∂νΨ),
and in the fourth equality we have used the identity

Γµ1Γµ2Γµ3 = 2ηµ1µ2Γµ3 − 2ηµ1µ3Γµ2 + 2ηµ2µ3Γµ1 − Γµ3Γµ2Γµ1 (D.20)

Moreover, note that the coupling in (D.19) has two derivatives contracted with each
other. In the momentum space, these are proportional (upto the Mandelstam factor
k1 · k2) to the coupling which has no derivatives contracted with each other i.e.

Ψ̄ΓνΓ⋆ΨΦν (D.21)

The same procedure can be applied to any epsilon coupling in D = 2m spacetime. The
corresponding coupling with a Γ⋆ is listed in row 3 of table 1.

This exhausts all the kinematically allowed couplings of a MHS and two massless Dirac
spinors in any D = 2m spacetime.
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E Clifford algebra

A Clifford algebra Cl(p, q) over a D = p + q dimensional vector space (V,F), equipped
with a quadratic form Q(v⃗) ∀ v⃗ ∈ V , is generated by the elements Γµ which satisfy the
following algebra

{Γµ,Γν} = 2ηµν (E.1)

where the metric ηµν is the metric of Q(v⃗) with p number of + and q number of −. It should
be made clear that Γµ ∀ 1 ≤ µ ≤ p+ q are the orthogonal elements which spans the p+ q

dimensional vector space. Any vector v⃗ ∈ V is given by

v⃗ = v1Γ1 + v2Γ2 + · · ·+ vp+qΓp+q (E.2)

where vi ∈ F ∀ 1 ≤ i ≤ p + q. The quadratic form Q(v⃗) is given by Q(v⃗) = ηµνvµvν . On
the other hand, the Clifford algebra basis is spanned by the tensors of Γµ’s. Any rank r

tensor of Clifford basis is given by Γ(r) ≡ Γµ1 · · ·Γµr . Any general element x ∈ Cl(p, q) is
a linear combination of it’s tensor elements Γ(r)

x = x0I+ xµΓµ + xµνΓµΓν + · · ·+ xµ1···µDΓµ1 · · ·ΓµD (E.3)

where the coefficients xµ1···µr ∈ F ∀ 0 ≤ r ≤ D. There exists an automorphism called the
grade involution ( x̂ ) defined as

Γ̂(r) = (−1)rΓ(r) (E.4)

Under the grade involution, any Clifford algebra has a Z2 grading

Cl(p, q) ≃ Cl(0)(p, q)⊕ Cl(1)(p, q) (E.5)

where Cl(0)(p, q) forms a sub-Clifford-algebra which consists of all the even tensors. The
Cl(1)(p, q) contains all the odd tensors of Cl(p, q) but doesn’t form a subalgebra.

For vector spaces based on the real fields i.e. F = R, the Clifford algebras are called
real Clifford algebras. There’s a mod 8 isomorphism between the real Clifford algebras
and the matrix algebras over R,C, and H. The real quadratic spaces V = Rp,q have the
quadratic form given by

Q(v⃗) = v21 + · · ·+ v2p − v2p+1 − · · · − v2p+q, ∀ v⃗ ∈ Rp,q (E.6)

For arbitrary p and q, these isomorphism are summarized in table (14), where R[N ],C[N ],
and H[N ] denotes that the matrix algebras of N × N matrices with real, complex, and
quaternionic entries.

For R[N ] and C[N ], N = 2⌊D
2 ⌋ whereas for H[N ], N = 2⌊D

2 ⌋−1. Note that the real
Clifford algebras in different signatures need not be isomorphic to each other. For example,
Cl(3, 1) ≃ R[4] whereas Cl(1, 3) ≃ H[2]. However, the even subalgebras of “opposite”
signatures are isomorphic to the same matrix subalgebras. for example, Cl(0)(3, 1) ≃ C[4]
whereas Cl(0)(1, 3) ≃ C[4].21

21It should be emphasized that this doesn’t imply an isomorphism between real Clifford algebras of opposite
signature. Traditionally, Clifford algebras of opposite signatures have been related through Wick rotation of
Clifford generators which is not an isomorphism. In the literature, there also exists various other techniques.
For example: tilt of the opposite metric.
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(p - q) mod 8 0 1 2 3 4 5 6 7

Cl(p, q) R[N ] R[N ]⊕ R[N ] R[N ] C[N ] H[N ] H[N ]⊕H[N ] H[N ] C[N ]

Table 14. Real Clifford algebras in different conventions in D-spacetime.

p− q mod 8 0 1 2 3 4 5 6 7

Cl(0)(p, q) R[N ]⊕ R[N ] R[N ] C[N ] H[N ] H[N ]⊕H[N ] H[N ] C[N ] R[N ]

Table 15. Real Clifford algebras in different conventions in D-spacetime.

D mod 2 0 1

Cl(D) C[N ] C[N ]⊕ C[N ]

Table 16. Complex Clifford algebras in different conventions in D-spacetime. Here N = 2⌊ D
2 ⌋.

The isomorphism between even real Clifford algebras and the matrix algebras are
summarized in table (15). For R[N ] and C[N ], N = 2⌊D

2 ⌋ whereas for H[N ], N = 2⌊D
2 ⌋−1.

The complex Clifford algebras on the other hand are based on the complex fields F = C. The
complex quadratic spaces V = Cp+q have the quadratic form

Q(z) = z21 + z22 + · · ·+ z2p+q (E.7)

Unlike real Clifford algebras, the complex Clifford algebras are independent of the metric
signature and are therefore denoted as Cl(D). The complex Clifford algebras have mod 2
isomorphism with the complex matrix algebras which are summarized in table (16). One easier
way to generate complex Clifford algebras is by the complexification of real Clifford algebras

Cl(p+ q) ≃ Cl(p, q)⊗R C (E.8)

This can be easily checked using the following matrix algebra isomorphism R[N ] ⊗R C ≃
C[N ], C[N ] ⊗R C ≃ C[N ] ⊕ C[N ], H[N ] ⊗R C ≃ C[2N ]. The even subalgebra Cl0(D) are
isomorphic to Cl(D − 1).

E.1 Pinors and spinors

All the invertible elements of the Clifford algebra forms a subgroup known as the Lipschitz
group. (see [50])

Lip(p, q) ≡ {x ∈ Cl(p, q)| ∀ v⃗ ∈ Rp,q, x v⃗ x̂−1 ∈ Rp,q} (E.9)

where x̂ is the grade involution of the element x ∈ Cl(p, q). There are two important
subgroups of the real Lipschitz group known as the real Pin and the real Spin groups. In
general for any metric ηµν over a field F, the pinors are the representations of the Pin group,
whereas spinors are the representations of the Spin group.
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The real Pin group is the subgroup of the Lipschitz group such that the invertible
element has norm ±1. The real spinor group consist of all the even rank elements of the
Lipschitz group with norm ±1.

Pin(p, q) = {x ∈ Lip(p, q)|xx̃ = ±1} (E.10)
Spin(p, q) = {x(2r) ∈ Lip(p, q)|xx̃ = ±1} (E.11)

where x̃ is defined as the reversion of the element x under which any rank r tensor of the
Clifford algebra picks up a factor (−1)

r(r−1)
2 .

However, the Dirac pinors and spinors are based on complex Clifford algebras whose
Lipschitz group is defined as

Lip(p+ q) ≡ {x ∈ Cl(p, q)| ∀ z ∈ Cp+q, xzx̂−1 ∈ Cp+q} (E.12)

The complex pinor group is defined as the subgroup of Lip(p+ q) such that the invertible
elements have norm +1. Whereas, the complex spin group consist of all the even rank
elements of Lip(p + q) with norm +1.

Pin(p+ q) = {x ∈ Lip(p+ q)|xx̃ = +1} (E.13)
Spin(p+ q) = {x(2r) ∈ Lip(p+ q)|xx̃ = +1} (E.14)

The Dirac pinors are the representations of the complex Pin group Pin(p+ q), whereas the
Dirac spinors are the representations of the complex Spin group Spin(p + q).

F Charge conjugation and complex conjugation matrices

In this appendix, we write down the properties of the charge conjugation matrix C and the
complex conjugation matrix B which are defined as follows

Cd(Λ)C−1 ≡ d(Λ−1)T : Bd(Λ)B−1 ≡ d(Λ)∗ (F.1)

i.e. the matrix C maps the spinor representation to it’s inverse-transpose whereas the matrix
B maps the representation to it’s complex conjugate. In Euclidean signature, the finite di-
mensional spinor representations d(Λ) are unitary: d(Λ−1)T = d(Λ)∗. Therefore, the complex
conjugation and the charge conjugation matrices are same. For non unitary representations
i.e. in Minkowski spacetime, C and B are related by the parity matrix β = iΓ0 which maps
the representation to it’s inverse-hermitian adjoint

βd(Λ)β−1 = d(Λ−1)† such that B = t0Cβ (F.2)

Since we are working in the mostly +ve signature, β is hermitian. In this paper, we work
with the conventions followed in [41]. The symmetric properties of unitary matrices C and
B are controlled by the parameters t0 and t1 such that

CT = −t0C, BT = −t1B (F.3)
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t0 axis

t1 axis

Cl(1+, 1−) ≃ R
t0 = +1, t1 = −1

Cl(2+, 1−) ≃ R⊕ R
t0 = +1, t1 = −1

Cl(3+, 1−) ≃ R
t0 = +1, t1 = −1

Cl(4+, 1−) ≃ C
t0 = +1, t1 = +1

Cl(5+, 1−) ≃ H
t0 = −1, t1 = +1

Cl(6+, 1−) ≃ H⊕H
t0 = −1, t1 = +1

Cl(7+, 1−) ≃ H
t0 = −1, t1 = −1

Cl(0, 1−) ≃ C
t0 = −1, t1 = −1

Cl(s, t) : {Γµ,Γν} = 2ηµν

Figure 2. Real Clifford algebra.

The charge conjugation matrix maps the Γ(r) to it’s transpose such that

(CΓ(r))T = −trCΓ(r) (F.4)

which implies that

t2n = (−1)n t0, t2n+1 = (−1)n t1 , n ∈ Z (F.5)

Using this, we can write down the symmetric and conjugate properties of Γµ as

CΓµC−1 = t0t1(Γµ)T , BΓµB−1 = −t0t1(Γµ)∗ (F.6)

In Minkowski spacetime with mostly +ve signature the t0, t1 values have a mod 8 classification
which can be arranged over the Clifford clock [51].

In even dimensions there can be other possibilities for t0 or t1, see [41]. For the purpose
of this paper we choose to work with these set of t0, t1 values. Under the reflection along the
t0 axis (horizontal axis), the same clock gives the t0, t1 in the mostly −ve signature.
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