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a al K . (u)
x) = — . (2.5.30)
a, ta, 2T Kv(u)
a, ae K {(u)
Y(ky) = mn 4 (2.5.31)
a, ta, 210 Kv(u)
o‘l ad
Hy(X ) = (2.5.32)
ava, /T
. 2
Kvﬂ“” ¢ an aifl l(”z(u) . a, l(”l(u)]
p = e 1+ o F
K, (u) 2T |ajta,tl K (u) & ta, x,(u)]
(%) = (2.5.33)
: a, ta, 210
2
[€,, (0 e el K ey KW
L e '
ll,(u) 2/ 159 lclﬂ.z*l K'\u} clﬂz l'(u)
a a, ag 2
L 172
cov(xl.xz) = v a
(a,%a,,)(a,+a,*l) (&S T0
1 72 1 72
LA 1
K_ .., (u) K, . (u)
(@, 40,)=228 - (o, tegt]) s and  (2.5.34)
g Sy 4
K (u) K (u)
v ¥ '
ala.: af K 42(") Kfﬂ(u)
X, x,) = (almz)—'-—— = ()t L) g
a,ta, s o K'(u) K'(u)
. (‘l(a||¢-£oao"v.) ‘2(410@10‘0"0”)) i ' (2.5.35)
where
o 2 -
Ky (W) @ [aptl K u) @ l”l(u)]
g (a),0,,a,7,0)= it - - -
L Kq(u) 219 almzﬂ K °1"“2 l,’\u) J‘
and
r ‘ 2 .
l(,'ﬂ(u) ad l'a2+l K”zu a, K”l(u)]
‘z(alnazoan"o.)g ‘“' -l ——— ™ ~y ]
.l("(u) m:'l'almzﬂ ¥ (u a, ta, K'(u) ‘




,49,

2.5.4 The Beta-Binomial distribution tor the ascending diagonal
d v ' iopn for
the third marginal

It we have the BBD on the ascending diagonal array and the IGP for
the third marginal the joint dis!ribution function of xl and xz

is.

a.f"lTB(x 119Xy tey) X%,
P(xl.x.‘) = l u” (a®/2) Kx " -1/2“"
B(al.au) X)X, My
(2.5.36)
The marginal distributions tor X and X, are:
X
a 1
a/ T-9 [ J rix, +a,)
,x (xl) . I 35 o 2—7 171
1 B(cl.dz) r(x +1)
r(xz*u2 ik
- ¥ hrq Ky e —1/1(“)
X, r(xl+x£«nl*¢2)f(X.*l)
X,
a0 '
ST ] ey
P, (x,) = l A
s B " Baa,)  FxHl)
2
r(xlm
.z ETJ (@) (2.5.37)
. x +x -1/8
Ky Flx tngtatag)Fngel)
Further we use the Bessel function identity
K_1(z) = Kv(z) (2.5.38)
and the recurrence formula
l(z) - K (z) + K 1(z) " (2.5.39)

The substitution of vy = ~-1/2 into the formulae (2.5.30) to

(2.5.35) leads to the following results:
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al af
py(x)) = . (2.5.40)
ata, ST
a, af
M} (x,) = (2.5.41)
ata, L/-T_r
a a,+l !
My(xy) = =2 %1 I
ey, 2T mumu o/ TF
(2.5.42)
a, a® % |
(X)) = et e 14 [ | - 2 ]
a, ‘a, S 1-9 ST “1"’2” a, ta,
(2.5.43)
a a, a, ta,
cov(xl.xz) =z 1 s i 1 (2.5.44)
(a *uz) (e +a2+l, oS T8
and
pix ,x,) = 1“2 h (a,,a,,a,0) h,(a ,a,,a,0),
LAl = ’ ’ ' ’
1'72 a 41: Nac] R e 2 A% P
where (2.£.45)
~-1/2
hl(aloﬂ-pd.ﬂ) = |1+ [ [ 1] -
ST almzﬂ a/ TV ) hay
an.d
~-1/2
%”
hz("l'“z"”” = + 1
‘ 1../'1'7 +l l"'&
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2.56.5 The Beta-Binomial disirib *‘ion for the ascending diagonal
arrays and the Negative Bincmial distribution
for the third marginal

The bivariate distribution generated from the NBD as the third

marginal and the BBD tor the ascending diagonal arrays is given by

e ca,
b i (i-¢) r(al+az) r(xl+x2+1)
X x.(xl'xz) -
172 rv) r(xl+xz+cl+u2)
a X a, X,
(1-6) ' rixprape | [(1-0) % rixraye ©
. (2.5.46)
r(al) r(xl+l) r(az) r(x2+1)
where x, = 0,1,... and x, = 0,1,2,...

1 2

For the special case of v = alﬁmz. equation (2.5.46) becomes an

independent bivariate NBD:
a X a, X,
[ (1-0) . rix +a,)e L (1) 2 r(x.+a,)o ¢

X (“1'”2’ - l

P
X ¢ -
172 r(al) r(xl 1) ”"z) r(x2+1)

(2.5.47)

By allowing the parameters in equation (2.5.46) to vary, a large
number of interesting bivariate discrete distributions are
obtained. For example, if one takes v = al+a2—1 and

a =1 (i.e. v =1), it leads to a very simple bivariate

ke
distribution given by:
X, +X,
(1-0)0 * %
P (X, 1X,) T c—ec—, Where (2.5.48)
”1”2 172 x1+x2+1

X, = 0,1,2,... , X, = 0,1,2,... and 0 < @ < 1.



_52_

Ageun, it one pets v = al+u2+l. one obtains:

1-¢
P (%, ,X,,) = ce—— (X, %, 40, 40,)
xlx2 1'72 a +a. 1 271 72

a X,
(1-9) r(x ﬂ: )0 (1-0) r\x2+a2)0
l , where (2.5.49)

r(a ) r(x +1) r(a.) r(x +1)

x, =0,1,... and X, = 0,1,2,... .

With the classical approach we obtain the marginal distributions

of x, and x,,:

1 2
, . al xl
1-8 al' (1-8) r(x1+al)o
Px (xl) = xl + |1 -
1 L al+a2 alhaz ‘{ r(al) r(xl+1)
and
r b a, %1
1-e a,,@ F“_.) : r(x,+a,)e ¢
p = 2 G
X, (xz) o xz > l - .
2 - a, ta, a, ta, ) r(dz) f(xz*l) |

(2.5.50)

Cne will find great difficulty in using the classicel approach
when Y # a1+a2. Then it is not possible to obtain the marginal
distributions and their moments for either integer or non-integer

values of v, ay “2’

By substituting the expressions for the first two moments around
the origin of the third marginal into the formulae (2.5.3) to
(2.5.8) we obtain the following results for the particular case
when v = q1+a2+1.

Y alo

X)) = — —
17100 1-e

(2.5.51)




e o
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P4
Pr(K,) = e — (2.5.52)
1772 -1 1-0
a0 [ «,.8 al+l az'
pz(xl) = ~ . + + , (2.5.53)
(v=1)(1-9) [(v-1)(1-9) v(1-8) L
a,,ve [ a,® a,+1 a, |
yz(xz) - : ! + + 0 . (2.5.54)
(v-1)(1-8) |[(»=1)(1-0) v(1-8) o
M 1"‘2
cov(xl.x,,) =z - and (2.5.55)
' (v~ l)
-1/2
a +1 al+l
p(xl.xz) iy l +o—t . (2.5066)
a,

In the general case for any arbitrary values of v.al and a.z the

results of the model are as follows:

dl‘i.
uy(x,) = P (2.5.57)
(al*az)(l-o)
0.21.
My (x,) = " (2.5.58)
(almz)(l-i)
e aln [ “2" " dl*l B 9 :
- A |
(al-mz)(l-o) (al+a2)(al+az*l)(l-0) (al+a2+l)(l—0) ‘l+°'2+14
(2.5.59)
”2(,(2)_ “2" [ alw 2 c\2+1 » o :
(“1"‘2’“_') ("1“"2)("1*"2”)“-') (a1+02+1)(1-0) al+02+1
(2.5.60)
dldz 1.2
cov(xl.xz) = 7 (aluz-v) and (2.5.61)

2
(almzﬂ)(al*az) (1-0)
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) ) a2+l al+l B ' )
p(xl.xz) = v 1 v o+ 1l -~ v + , where (2.5.62)

a, a,
v
v = 8] -
al*‘cz
184 Yy = al+a2 in formula (2.5.62), then the correlation
coefficient becomes p = 0 and the variables X, and X, are

therefore uncorrelated and independent as shown in equation
(2.5.47).

For v # a,+a a wide range of correlations is obtained.

172

Increases in @ and al+a.

u >> v or al+az <{ v will result in

high positive or negative correlations respectively.

2.5.6 The Beta-Binomial distribution for the ascending diagonal
arrays and for the third marginal

The joint distribution of x, and x2 generated from the BBD for

1
the third marginal as a function of parameters m, pl and p2 and

the BBD for the ascending diagonal arrays as a function of

S, a, and a, is

Pl ox.) = n! B(x)4a) s Xy¥a))B(xX) +X, 48, \mX) ~Xy+h,)

) Gy '
where (2.5.63)
X, = | 9 (RS and X, = Bil;ioi s

The marginais can be derived from the joint distribution (2.5.63)

using the classical approach, but they can not be expressed in a

closed forw.
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The tirst two moments around the origin ftor the random variable on

the ascending diagonal array are

fa)

Wi(x,[8) = and (2.5.64)
a, +a,
Sal[S(alﬂ)*uzl

ui(x, |8) = : (2.5.65)

(al+a2)(al+az+1)
The mean and the variance for the random variable on the third

marginal are

ng,

pi(S) T —and (2.5.686)
x>
np B, (mtp +4,)

py(S) = S N (2.5.67)
(B *Ry) (B +A,+1)

We now apply the theorems proven in Section 2.1 to obtain the
mowents of the model. Theorem 2.1 gives the following means for

the marginals:

- ms)
pi(xl) = and (2.5.68)
atay,  A*Ay
ng
P 1. (2.5.69)

Hy(x,)
ate, AR,

Theorem 2.2 gives the following variances for the marginals:

P (%) = o it W mat bapput M +
L (apray) (e raytl) | (8 48,) (8 4B+
2
" ~142A) . [ i) ] and (2.5.70)
(a,+a,) (a +a,+1) (B, +6,) (a,+a,) (B, +8,)

a,a;  mA P, (mH, +A,)
Pz(xz) s Pz(xl) + .

- (2.5.71)
ayta, (B+8,) (B +A,*1)




Theorem 2.3 gives the covariance between x1 and xz:

ma a8, (I‘l)(Pl+l) mg,
cov(xl.xz) = - - .
(almz)(plw*pz) (al*azﬂ)(pl*pz*l) (014112)(#1*#2)

(2.5.72)

Using the definition of the correlation coefficient we obtain the

correlation between X and X, The sign of the correlation

coefficient depends on the sign of the covariance between

X, and x This sign is a fun ‘ion of the relation between the

1 2’

parameters o of the ascending diagonal array and the

1 and az

parameters m, pl and pz of the third marginal.

The covariance will receive difterent values according to the

value of °l+° as shown below:

2.
!ﬂl(ﬁl*ﬂz+l)
cov(xl.xz) >0 if “1*02 > . (2.5.73)
(-—pl-l)(ﬂl*ﬂz)-qpl
cov(xl.xz) <0 if al+a2 < and (2.5.74)
cov(xl,xz) =0 if alﬁaz = . (2.5.75)

From the above relations between the parameters n.cl,az.pl.pz we
conclucle that the variables X, and X, can be either positively

or negatively correlated or uncorrelated to each cother.

Let us investigate a simpler distributica for a particular cease
where A = a ta,. In this case the variances of X, and X tre
covariance and the correlation between X, and Xy can be

expressed in a simple form as ftollows:
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mx, (a,+8,,) (mta, +a,,+8,,)
Hy(X)) = e 1 3¢ v (2.5.76)
(alﬁa2+pz+l)(al+az+p2)
u' ‘.a ’po.)(m mo +p- )
My (x,) = 2 : 1.3 ‘? : (2.5.77)
(@) ta,+p,+1)(a, ta,+A,)
ma a, (mta +a, +8,))
cov(xl,xz) = - 12 y 1 ¢ ¢ and (2.5.78)
(a +a,+8,) “’1*‘2"2’“
-1/2
iy )™
p(xl.xz) = - [l+-—-][l+-—-] . (2.5.79)
01 02

2.5.7 The Hypergeometric distribution for the ascending diagonal
arrays and the Beta-Binomial distribution
for the third marginal

Let us assume that the variable for the ascending diagonal array
is distributed in accordance with the Hypergeometri~ distribution,
which is a particular case of the Beta-Binomial distribution.
Without loss of generality let us further assume that this
variable follows the same symmetric Hypergeomotric distribution,

which is a function of the same parameter o only, as dz B al.

The moments of this distribution are:

pi(x1|8) = 8/2 , (2.5.80)
ulS+(al-l)Sz
pé(xl|8) = and (2.5.81)
2(261—1)
(ZGI—S)S
pz(x1|8) = (2.5.82)

4(% -1)
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The random variabie S for the third marginal is distributed as

BED with the parameters pl. pz and Zal and the moments

2P
PY(S) = — (2.5.83)

PPy

"

zalpl[Zal(pl+1)+pz)
(B *8,) (B *p,*1)

"

and (2.5.84)

pé(S)

P Py Lay By *By)

v (2.5.85)
(B *AB,) (ﬂl*ﬂz*l)

"

Ky (8)

The joint distribution is:

B(x +X, +p y 20 +p,~X ~X,)
P (xl.x ) = [ ][ ] - i 3 1.5 y  where
5 B(pl.pz)
X, = Bedyeoe an, X, = 0, “"'“2' (2.5.86)

& ® 5,85004, a2 o L8000 pl > 0 and pz > 0.
This dietribution is the classical bivariate Beta-Binomial for

which the margiaels X, and x, are also distributed in accordance

with the BBD model.

The marginal distributions are:
a B(x,+8,, @, X, *8,)
P (x)) - {xl] 1 2

1
X, = 0.1.....«1. a = | 1, - SR pl > 0 and pz >0 and

, where (4.5.87)

y  where (2.5.88)

[‘1] B(x, +pl. a, *pz)
B(pl. Pz}
x2 = 0.1.....«1. a = R R aTeTatals pl > 0 and pz > 0.
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The random variable & * - (1@ t~ird marginal is distributed as
BBD with the ~.rameters pi‘ p., and Zal and the moments:
%P,
p'l(S) D e — (2.5.83)
PPy
la . p [2a (B +1)+p,)
(s, A it WA (2.5.84)
(pl*pz)(pl+p2+l)
a.B8 B, +8 +8,,)
wil) » s S 2L (2.5.85)
(p]mz) (plmzvl)

The joint distributicn is:

a lfa B(x +x,+8 , 2a +p,-X ~X,)
. (x.x")z[l![l] M e e Yt o o R
. W xlj X,

X, X
xl = 0.1.....61, xz 2 U.l.....az. (2.5.86)
ﬂl ~ l.z..... 02 = 1.2,---. pl )o md p2>00

This distrismtion is the classical bivariate Beta-Binomial for

and x,, are also distributed in accordance

which the marginals x 2

1
with the BBD model.

The marginal distributions are:

a B(x,+8,, a,~Xx,+8,)
Px (xl) = [‘l] 11 1 12 , where (2.5.87)
1 1) B(p,, B,)
xl"O'l.-c-.al. dl-'-l.z..... pl>0 &nd pz>0: M
a B(x,+p, ., a ~x,*8,)
P, (%y) = [x‘] d 1 1 2 2 | where (2.5.88)
2 2 B(pl. /Jz)

X, =0.1.....a1. a = | 5, P p1>0 and p2>0.

2
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By applyir Theorem 2.4 to this model we obtain the following

results:
o af |
pi(xl) B pi(xz) - — (2.5.89)
p]+p2
a B p,(a 4P,
Ho(X)) = py(xy) = 1132 z' 1°¢ (2.5.90)
BBy (B *p,+L)
2
e PPy
cuv(xl.xz) = v and (2.5.91)
‘I’l*Pz) (ﬂl*ﬂz*“
-1
ﬁl’ﬁ-.
p(xl.xz) = |1 + g . (2.5.92)
a |

In this case it is possible to work out the same result by using

the conventional method,

2.5.8 The Binomial distribution for_the ascendinv diagonal arrays
and the Beta-Binowial distribution for the third marginal

As previously mentioned the Beta-Binomial distribution approaches
the Binomia! distribution for very large values of its parameters.
et us assume that the distribution for the ascending diagonal
arrays is the Binomial determined by the parameters S and p. The
random variable on the third marginal is distributed following the

probability law of the BBD with parameters m, A\ and 8,

The tirst two moments around the origin for the random variable
for the ascending diagonal arrays are:
yi(xlfS) =« Bp and (2.5.93)

ph(x,|8) = Sp(1-p) + s%p? . (2.5.94)
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By using the formulae (2.5.66) and (2.5.67) and the moments above

and by applying Theorems 2.1, 2.2 and 2.2 we obtain the following

results:

p;(xl) = pm bl . (2.5.95)

pl(xz) = (1l=p)m bl . (2.5.96)

ﬂz(xl) = pm bl [(l-p) +p bz] " (2.5.97)

pz(xz) = (l-p)m bl [p + (1-p) bZJ 3 (2.£.98)

cov(xl.xz) = pll-p)m bl(bz-l) and (2.5.99)
P L-p :

p(xl.xz) = (b2~l) + b2 + b2 , where (2.5.100)
I-p P

A B,(p B, tm)
bl = -——L- and b2 z ¢ 1 ¢
PPy (B By (B Ay )

For the particular case where we have the same symmetrical
Binomial distribution with p = 1/2 for the ascending diagonal
arrays the formulae (2.5 95) to (4.5.100) become much simpler.
Due to t» symmetry on the ascending diagonal arrays the marginals

2
p = 1/2 in the expressions above we obtain the following results:

xl and x, have the same mean and variance. By substituting

pi(xl) = pi(xz) = mb /2, (2.5.101)

pz(xl) = pz(xz) - lbl(l+b2)/4 ’ (2.5.102)

cov(xl.xz) - lbi(bz-l)/4 and (2.5.103)
bz—l

p(xl.xz) = i & (2.5.104)
b,+1

2
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From the foregoing mathematica! development we conclude that for
any parameter p of the Binomial discribution for the ascending
diagonal arrays the sign of the correlation coetficient does not
depend on the values of p. The sign of the correlation
coefticient between the variables X, and Xy is only a function
of the parameters of the third wmarginal distribution,
i.e. m, ) and pz. Thus:
(plfpz)(pl*l)
p(xl.xz) >0 it mo> "
Py
(B *8,) (B +1)
e wsew OD0d
P,
(Al*pz)(pl*l)
Py

p(xl.xz) ¢ it m <

p(x!.xz) =0 it m =

2.5.9 The Binomiul distribution for the ascending diagonal arrays
and for the third marginal

Let us consider for all the ascending diagonal arrays the Binomial
distribution with the parameters S and p. The two moments around

the origin tor the Binomia! distribution are:

Sp and (2.5.105)

M (% (8)
’ - 2 2 D

pz(xl|8) = Sp(l-p) + S“p“ . (2.5.108)

For the third marginal we take the Binomial distribution with

parameters n and @ with the moments given as:

né and (2.5.107)

Hy(8)

"

pz(S) n0(1~02 . (2.5.108)




The joint distribution of xl and xz is
n' X X, n-x,-X,
P (X,,x,) = - po) ! ((1-pe] ¢ (i-e) 14,
‘1“2 1774 X, !%.'(n%,-%x,,)!
172 1 &

where 0 ¢p <1l and 0 ¢ 0 ¢ | . (2.5.109)

This is the classical trinomial distribution, which 1is bcund by

the main ascending diagonal array.

The marginal distributions for xl and xz are distribuied
Binomial with parameters n, p# and n, (1-p)e respectively.
Their probability laws are:

[N X, n-x,
P (x,) = (pe) ~ (1-po) and (2.5.110)
X 1 X

L [ 1]

m xz n—x2
P, (x,) = [(1-p)e] I-(1-p)e . (2.5.111)
“2 ¢ xz

By applying Theorems 2.1, 2.2 and 2.3 to the joint distribution

given by (2.5.109) one obtains the ftoliowing results:

pi(xl) = nép , (2.5.112)

Hi(xz) = no(l-p) , (2.5.113)

pz(xl) = n@p(l-6p) , (2.5.114)

Hy(X,) = n0(l~p)(l—o+op) ’ (2.5.115)

cov(xl.xz) = —nozp(l—p) and (2.5.116)
1 1 +q—1/2

p(xl.xz) = -—0[[—p- - 0] -—‘_T -0 ] " (2.5.117)

The same 1esults could be obtained by substituting the third

marginal moments into equations (2.5.)JR) to (2.5.23).
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2.5.10 The Beta-Binomial distributiop witn_gl and a,
as_functions of S for the ascending diagonal arrays and
any distribution for the third marginai

Let us consider for the ascending diagonal arrays the BBD with
parameters S, al and °2’ where al and °2 zre functions of S as
explained in Section 2.3.3. For the third marginal we assume any

distribution with the tirst two moments around the origin as

pi(S) and pé(S).

By applying Theorems 2.1, 2.2 and 2.3 the following results are

obtained:
1
My (x,) = M (8) , (2.5.118)
1'71 ol 1
c
pi(xz) = pi(S) " (2.5.119)
c+l
FZ(S)
Fz(xl) s —-—2— +b ”2(8) + a Fi(s) ’ (2-5-120)
(c+l)
o 2
Hy(x,) = Mo,(S) + b u)(S) + a ul(S) , (2.5.17Z1)
2'72 [ o+) ] 2 2 1
c
B(xlxz) = |—y - b pé(S) - a pi(S) s (2.5.122)
(c+l)
c
COV(X |\ X,) = ———y ) (8) = b p}(S) - a p)(S) and (2.5.123)
(c+l)
P4
| - (c+l) "
P(Xl.xz) = , where (2.5.124)

[+ e[+ 52" 4]

b u,(8) + a ui(S)
z = A (2.5.125)

Hy(S)




The correlation coettficient p(xl.xz) depends on ¢ and z, where
2 actually depends on the moments of the distribution for the
third marginal and on the relation between the variances on the

ascending diagonal arrays.

C

(ctl)
c
for z = pix ,x,) = 0 and
(c+1)2 1'72
c

for z < ol ix.)
(c+l)2 12

N
c

v
(=]

If we assume that for each a cending diagonal array the variable
is distributed symmetrically according to the BBD model and that

the parameters a, and a, are still functions of S, then in

1
equation (2.3.2]1) we take ¢ = 1. In the symmetrical case for the

ascending diagonal arrays we obtain the following results:

”i(xl) = pi(xz) = pi(S)/Z : (2.5.126)

E(xlxz) = pé(S)/é - api(S) i (2.5.148)

cov(x,,x,) = u,(8)/4 - bpi(S) - qpi(S) and (2.5.129)
1 ~- 42

Xy oNg) ¥ e (2.5.130)
- 1 + 4z

It we further assume that for the variances on the ascending

diagonal arrays we can fit

by(x,[S) = b 8*,  then (2.5.131)
1 = bu

p(xl,xz) S ’ where (2.5.132)
14 bu

u = 4 pi(S)/py(S) . (2.5.133)



The correlation coeftficient p(xl.xz) depends on b and u:
For b > ] (R,.,%;:) €0
. S i ‘
) .| .
for b = - P‘“l'xz’ = 0 and
fer b < —i- Pi(X,,x,) > 0
u e ’

As illustrated in this specific case we can still apply the model
for different functions fitted tor the variances on the ascending

diagonal array, as long as the functions are of a polynomial type.

It the tunctions are not polynomials one can use the Taylor series
and an approximslion is obtained. It will then probably be
necessary to calculate higher order moments around the origin for
the third marginal. In such a case we may encounter difficulties
in calculating the high order moments. The model will therefore

be not so wrasy to apply.

2.6 Regression

The knowledge accumulated so far raises the major question whether
it is possible to derive the regression curves from the developed
model . The answer is positive. Unfortunately it is not possible
to develop general mathematical equations for this purpose,
because the marginal distribution must be known first. REach
single situation must be treated individually and one can probadly
obtain a closed form for the regression curves only for certain

values of the parameters.

i —
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In this section we discuss the bivariate distribution developed in
Section 2.5.5, which assumes the Negative Binomial distribution
with parawseters v and @ for the third marginal and the
Beta-Binomial distribution with the same parameters a, and a,

for all the ascending diagonai arrays.

In what tollows we show that ftor certain values of a), “2 and v
one obtains a closed ftorm function ftor the regression curve
E(xz]xl). We consider five different cases which can be used by

interpolation for the fitting of other regression curves.

Case |

For the given values of the pearameters

a, = n, az =1 and vy = n, where n is an integer,

one can write the joint probability function of X, and xz as!

n(1-9)" .“1’”2
P(xl.xz) T — (xl*l)...(xl*n—l) '] mm (2'601)
(n—1)! xl+x2+n
xl 2 Uelyens and x2 B O,Lieee o

The marginal distribution of x1 is given by

n
1-¢ 5
P, (x,) = - [ ] (x,+1)...(x,+n-1) A[ X ] ' (2.6.2)
X, 1 (n-1)! o | 1 nl

where . % D)0 5

I

and the probability law of X, given X is

X, +X,,4+n
0 1 2
P(lexl) = , where (2.6.3)

(xl+x2+n)A[nxl]

= 0,1,...

Xy
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Theretore the regression curve can be written as
.x1+n
E(x,|x,) = - (x,+n) . (2.€.4)
(l"O)A[nxl}

The expressions A[nO] and A[nxl] above are defined as:

' J=n J =193’
X, tn-1

[ L] 1 » & &
xl+n-l

Let us consider a particular situation of Case | wheu the values
of the parameters are

al =1, 02 = 1 and » = 1.

The joint probability function of X, and X, is

X, +X,
0 1 72
P(x,:%x,) & (1) ——eemaae , where (2.6.7)
1”2 X +x,+1
1 72
x1 2 Balieee and x2 I ¢ P YR

The marginal distribution of X is
1-0

A A[lxl] , where (2.6.8)
)

The conditional distribution of
.xl+x2+l
P(lexl) = , where (2.6.9)

(xl*x2+l) A[lxl]

x2=o.l|acn .

given x is

Xy 1




_68-

The regression curve of x on X is

2 |
xl+l
E(lexl) s g - (xl+l) , where (2.6.10)
(“°"[1”1]
A[lxI] = A[l(xl—l)] , and (2.6.11)
A[lo] = -1n(1-9) . (2.6.12)
Case 2

For the given vaiues of the parameters
a, = n, a, = 1 and v = nt2, where n 1is an integer,

one can write the joint probability function of xl and x2 as:

n nt+2 xl+x2

Plx,,x,) = — ) (X, +1)...(x,+n~1) (x,+x,,+n+l)@

1958 1 1 I

(n+l)!
where X, = 0,1,54 and X, = Qsdyins s (2.6.13)
The marginal distribution of X, is
n(l—.)n*z xl+n+1 C] xl

Px (xl) 2 ce——— (xl+l)...(xl+n-l) + 70

1 (n+l1)! 1-0 (1-0)
where x, = 0,1,... . (2.6.14)

1

The conditional distribution of X, given X is

. x'
(lmo)z(xl+x2+n+1)o ¢
P(x2|xl) = . (2.6.15)
(xl+n+l)(l—0)+0

on X is

The regression curve of x \

2

] 1
1+ : (2.6.16)
1-0 (xl+n+1)(l~0)+0

l(x2|xl) =
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Let us consider a particular situation of Case 2 when the values
of the parameters are
a, =], a, =] and v = 3.

The joint probability function of x k6 and x,, is

1

(1-0)J X\ *X,

P(%,,X,) = c———— (X, *X,+2) 0 , where (2.6.17)
| R Y 1 72
Kl=o.l.... md 82-0.1,... .
The marginal distribution of X) is
1-8 xl
P (x,) = 0 [(x,+2)(1-8)+8] , where (2.6.18)
X 1 p 1
1 2

xl 1N - 5

The conditional distribution of X, given X, 18

X

(1-0)2(xl+xu+2)o .

P(lexl) = - , where (2.6.19)

(xl+2)(l-0)+0

xl 2 Oyl500¢

The regression curve of X, on X, is
Bl 1

E(lexl) = . (206020)
-6 (x1*2)(1—0)+0

Case 3

For the given values of the parameters

al = n, a2 = ] and ¥y = n+3, where n is an integer,

one can write the joint probability function of X and X, as:
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Let us consider a particular situation of Case 2 when
of the parameters are

a, =1, a, = | and vy = 4.

The joint probability function of x, and X, is

1
(1—0)J xl+x2
P(X, X,,) © c— (X,+X,42) @ , where
1'72 Y |

xl ®Wlieee and x2 2 Q05000

The marginal distribution of X is

1-0 xl

P (x,) = B [(xl*Z)(l-0)+0] , where

2

The conditional distribution ot X, given X, is

. x.
(1-0)%(x #x, 0200
P(x2|xl) z , where
(x1+2)(l-0)*0

X. 30.1....

2

The regression curve of x, on x, 18

P

H 1
I(x2|xl) E : .
1-8 (xl+£)(l-0)+0

1

Case 3

For the given values of the parameters

- 2

the values

(2.6.17)

(2.6.18)

(2.6.19)

(2.60 20)

L =M a, = 1 and v = n+3, where n is an integer,

one can write the joint probability function of xl and xz as:
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n(l—O)n+3 xl+xz
P(xl,xz) B . (xl*l)...(xl+n-l)(xl+x2+n+l)(xl*xz+n+£)0
where X O;ksess and X, © Dolssis o (2.6.21)
The marginal distribution of xl is
n 1
n(l-0) (x +1)...(x,+n-1)e@
= I |
Px (xl) B
1 (n+2)!
[0(1—0) + (le*2n+3)0(l—0) + (% *n+l:(x!~n+2)(1—0)4]
where X, = By Lsces (2.6.22)
The conditional distribution of X, gi1ven x, 1is
4 -
(1-8) \xl+x.+n+l)(x *x,,*n+2)8
L 2 RS
e(!+o)+(2xi+2n43)0(1-0)+(x|*n+l)(x'+n+2>(l—0)
where x, = 0,1,... . (2.6.23)

The regression curve of X, on X, is

@ 02+40+1+(2x,+2n+3)(l~02 o(x;*avl)(xl*n+2 (1—0)2
E(x,|x,) = - - .

1-6 0(1+0)+(2x1+2n+3)0<l-o)olxl«-vl)(x1+n¢2w\1-c)

(2.6.24)

Case 4

For the given values of the parsmeters
a, =n, a, = 1 and Y = nl, where n is an integer,

one can write the joint probability function of X and x., as:

n(1-0)""! .“1‘”2
P(xl.xz) 2 —— (xl*l)...(xl+n-l) -
(n-2)! (xl*x2+n—l)(xl+xz+n)

WhQrQ xl = 0,1,--. md Xz = 0’1'--0 . (2.8026)
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The marginal distribation ot x is given by

!
n-1

P, (x,) = .- [ 1-e ] (% +1) .o (x +0=1)
1 (n-2)!

[A[n~lxl] — } A{nxl]] y  where

xl 2 Oylyess
and the probability law of X, ¥iven X is
xl*x2+n
P(lexl) =
[ [n 1 l] 1]] (x *xz+n-1)(x +X, +n)
where x2 8 015066

The regression curve can therefore be written as

o Af )
[n-171])
B(lexl) = - (%

’ "[n—l"l] ) "[n"L]

+n) ,

|

where
: . n-2 .J
An_l()] = - [n(1-0) + z 2| ,
. . J;l J
. . .xl+n-2
LY ] = Al (x -l)] T —
n-1"1 n-1""1 x -2
’ n-1 .J
o] = - [inie -2 1) ana
- =l
+n-1

SR ] ey

(2.6.26)

(2.6.27)

(2.6.28)

(2.6.29)

(2.6.30)

(2.8.31)

(2.6.12)
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Case 5

For the given values of the parameters

|- n, az = 2 and v = ntl, where n 1is an integer,

one can write the joint probability tunction of X, and x, as:

a

n+l
(n+l)(1-8) (xl+l)...(x +n-l)(x211) xl+x2

P(xl'xz) - l ‘ ’
(n-1)! wl+xz+n+l
where x, = 0,1,... and  x Deldysus » (2.6.33)

1 <

The marginal distribution of xl 18 given by

n+l
P, (%)) = .k [ 2 ] (xl+l) o (% 40-1)
1 (n-1)! 9
.lfnﬂ 1
L) o R °
-9
Xl o 0'1. . '

and the probability law of x yiven x1 is

2

xl+x"+n+l
(1-0)(x,*1)e =
P(x, |x ) = 2 "
2171 xl+n41

(x|+x2+n+1)[o - (xl+n)(1-0) “[n+lx1]]
where X, = Dy lyns » (2.6.35)
The regression curve can therefore be written as: N

xl+n+l xl+n+l

(] [(xl+n+l)(l—0)+ol ~- (2x1+2n+1)(l—0)0
B(lexl) =

xl+n+l
(1—0)[0 - (x ) (1-0) A[n+lxl]]

(xl+n+l)(xl*n)(l—0) A[n*lxl]
+ ’

xl4n+l .
(1—0)[0 - (x,+n)(1-0) A[n+lxl]]

(2.6.36)
where
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Case 5

For the given values of the paramelers

al = n, az = 2 and vy = n+tl, whe * n 1is an integer,

one can write the joint probability tunction of X, and X, as:

(n+1)(l-—0)n+l (%, +1)..ox,+n-1)(%,,+1) X, +X,

- 1 1 2 1 72

P(xl,xz) z - 2] .
(n-1)! x‘+xz+n+l

where x, =0,1,... and R & Qiksvie s (2.6.33)

1 4

Th~ marginal distribution of xl is given by

n+l
P (x) = L. [ i-e ] (X 1) . (x #0- 1)
1 (n-1)! 0
. xl*n+1 ,
0 L) > .
t——-—-—-—-- (xl-n) A[n*lxl]l 5 where (2.6.34)
1-0
xl bt 0‘1. ]

and the probability law of xz given xl is

xl¢xz+n*l
(1—0)(x2+1)0

P(x2|x1) =

xl+n+l '

(xl+x2+n+1)[0 - (xl+n)(l—0) A[n+lx1]]
where x2 = Q14505 3 (2.6.359)
The regression curve can therefore be written as: B

xl+n+l xl+n+l

t [(xl4n+l)(l—o)+0] - (2x1*2n+1)(1—0)0
E(lexl) : xl+n+I )

(1—0)[0 = (x,*n)(1-9) A[n+lxll]
(x'+n+l)(xl+n)(l-0) *[n+lxl]
* xl+n¥I 2
a [ g e )]

(2.6.36)
where
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A )

A[ o] = - [1n(1--o) -2 %) and (2.6.37)
o+l o
J=1J
n+x
'} 1 8
A[nﬂxl] = A[nﬂ(xl-l)] = s (2.6.38)
n+x
1
Notes
(a) One can develop formulae for regression curves for a large
variety of parameters a) ey and 7. However, for larger
a and a, the mathematical expressions beccme more complex.
(b) For non-integer parameters a) ey and v we can not find

simple mathenatical expressions for the regression curves because
of the nature ¢f the above recurrence formulae. For certain

non-integer values of a,a and v we can approximate the shape

2
of the regression curve by interpolating between the consecutive

integer values of the parameters.

(c) In Section 2.5.5 we developed a general formula fur the

correlation between x, and x and assur:ed that the distribution

1 2
on the third marginal was NBD(#,v) and the distribution for the
ascending diagonal arrays was BBD(al,az) with the same
parameters along all the ascending diagonal arrays. By
substituting the values of the parameters cl .02 and v into

formula (2.5.62) one obtains the correlation coefficient for each

of the above five cases:
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For cese 1: p(xl.xz) >0 ,
For case 2: p(xl.xz) <0,
For case 3: p(xl.xz) <0,
For case 4: p(xl.xz) >0 and

For case 5: p(xl.xz) > 0.
(d) The asymptote of the above regression curves is —I;r .

(e) The distribution applied to the ascending diagonal arrays
determines the shape of the regression curve.

For BBD with e > 6 and a, > 0 the regression curve is convex,
for GPHD with «

<0 and a,, < 0 the regression curve is concave

1 2

and

for Binomial distribution the regression curve is linear.

2.7 The Indicator of the Distribution
on _the Ascending Disgonal Arrays

Let us assume that the distribution on the ascending diagonal
arvays is a BBD with constant parameters a and a,. Without loss
of generality we consider the symmetrical case where al = “2
Then the variance of the ascending diagonal arrays is formulated

in terms of S and al as follows:

s 4 2,8

——, (2.7.1)
4(Zal+1)

Fz(xl Is'al) -

If @) = 1% or a; %, we have the limiting process where the

BBD (i.e. o > 0) or the Hypergeometric distribution (i.e. ey <0)



are approaching the symmetrical Binomial distribution with the
variance given by:

lim pz(xlls.al) = §/4, (2.7.2)

Gl-o"”

al—o'“
and the mean given by:
lim pl(xl|S,al) = 8/¢, (2.7.3)

dl-o'ﬂb

QA -

1
The graph in Figure 2.3 displays the variance function for the
Bincmial distribution, for the BBD at a, = 2 end for the Hyper-

geometric distribution at @ = -2. This gravph represents a tool
for deciding which distribution can be fitted on the ascending
diagonal arrays. On the graph one should plot the variances of
the ascending diagonal arrays. If they fall above the S/4 line we
have the Beta Binomial case. If the graph falls below th: §/4

line tl- Hypergeometric distribution should be fitted.
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The indicator function

ol

|pjwculg—pleg —— ‘woebiadAH ——
S9OUS4INDVC JO "OU = §

6 8 L 9 c 14 3

|pruoulg

1 1 1. | 1 1 - 0
%

(S)4DA



- 77_

CHAPTER 3

THE TRIVARIATE MODEL

Further to the development of the bivariate case, we now extend

our work to the trivariate case.

3.1 The General Model

Lemma 3.1

Let (xl.xz.x3) be a three dimensional randem /mriable and let
g(.) be a function of X Then the expected vali.e of ((xl) is

Elg(x))) = B[(E[B[&(x)) |x,,x,]]] (3.1.1)

Let us assume three variables X0 Xy and X4 such that

xl + X, + %, =n, and n is a random varieble which is the total

2 3
of wvariables. In case that the model is applied to multibrand
buying field, the variables Xpr Xy and Xy represent the number
of purchase occasions of the individual brands. The totality of

the individual brands is the whole product field.

Let us denote the variable

S = x, + x, (3.1.83)
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which is known as the thi d marginal of the bivariate table of X

and xz. Theretore the ranges ot variability of xl. X, and S are:
xl 8 ;1800048 4

X, = Bl 8s4554,8 3

s =0,1,2,...,n and S ¢ n . (3.1.3)

Let us denote the probability law for the ascending diagonal
arrays of the bivariate table of x, and x, to be 6(x1|S) and
the probability law for the third marginal of the same bivariate
table to be A(S|n). Let us denote the probability law for the
total of variables n &s f(n). The joint distribution of X\ S
and n 1is therefore given by

P(x,,8,n) = a(xl|S) A(S|n) f(n) (3.1.4)
and the conditional distribution of X given S and n is

p(xl|s.n) = 6(x1|S) (3.1.5)

The following theorem is developed based on the above assumptions.
Thecrem 3.1

For any distribution f(n) for the total of variables with finite
moments, for any distribution A(Sln) tfor the third marginal with
finite moments around the origin and for any distribution 6(x1|8)
for the ascending diagonal arrays of the bivariate table of the
variables x, and x, with finite pi(x1|8) and pé(xl|8). the
moments pi(xl). pi(xz). ”2(x1)' pz(xz) and the cov(xl.xz)

can be expressed as follows:
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Mi(x)) = X (2 pj(x,|S) A(S|n)] f(n) , (3.1.6)
n §
Hy(x,) = Z pi(8|n) t(n) -z (2 pi(xl|S) A(S|n)] t(n) , (3.1.7,
- n n §
Hy(x ) = Z (X py(x |S) A(S|n)] f(n)
n S
2
- [: (2 pi(xl|8) A(S|n)) f(n)] ’ (3.1.8)
n S

2
pz(xz) = z pﬁ(S]n) f(n) - [ﬁ pi(Sln) f(n)]

- 2[2 (z S pi(x]|8) A(S|n)) t(n)
n S

- [z (Z pj(x,|S) A(S|n)] f(n)][: py(S]n) f(n)]] +
n 8§

+

2
I (X py(x,|S)A(S|n)] f(n) - [: (2 pj(x;|S)A(S|n)] r(n)]
n S n §
and (3.1.9)

cov (xl.xz) = : [; S yi(xl|8) A(S]n)] f(n)

I [z p)(x |S) A(S|n)] f(n)
n §

[ (2 o 1) acsim) e
n S

[x pi(Sn) f(n) =z (X pj(x, |S) A(S|n)] f(n)]
n n §

(3.1.10)
Prooft
(a) Using Lemma 3.] we can write

Therefore from (3.1.11) and using (3.1.4) we obtair the following
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relation:

I(Z [z x8(x|S)] A(S|n)] f(n) = pi(x,) . (3.1.12)
177 1°7
n S8 X

In view of the ftact that

zx, 6(x1|s\ = pi(x1|8)
X
1
equation (3.1.12) becomes

Hy(x)) =i [g H1(x,|8) A(S|n)] f(n) .

(b) Using the same Lemma 3.1 and the constraint (3.1.7) we can

write for pi(xz) the tollowing relation:

B[B[B(S—xl|s.n)]] - E(xz) (3.1.13)
By definition, the expected value of X, is:
ns xl

By substituting (3.1.4) into (3.1.14) we obtain:
Hi(x,) = I pi(sln) t(n) - 2 (Z yi(xl|8) A(S|n)] f(n) .
n n S
The expected value of Xy pi(xz) can be expressed in terms of
”i‘”i) as well:

Mitx,) = § pi(S|n) fn) = pi(x)) .

(¢) Using Lomma 3.] we can write the second moment around the
origir ftor the marginal X, as follows:

uy(x)) = 2(2(2 %% p(x),8,m)]] = T (2 (2 X} 8(x,|8)) A(S|n)] £(n)
ns X, n 8§ x,

z(z yé(xl|8) A(S|n)j f(n) .
n S
From the definition of the second moment around the mean we can

write pz(xl) as



2
pz(xl) = z[: yz(xl|S) A(S|n)] f(n) - i[g pi(xl|S) A(S|n)] f(n)] .

(d) In a similar way we can calculate the second moment around

the mean for the variable xz.

) 4
yé(xz) =2 (2 (2 (s—xl)“ p(xl.s.n)]]

n S xl
=z [z (2 (8x))% a(x,|$)] A(S|m)] f(n)
n S x
1
=2 ué(sln) f(n) ~ 22 (Z 8 ui(xIIS) A(S|n)] f(n)
n n S
. : [; Hy(x, |8) A(3[n)] f(n) .

From the definition of the second moment around the mean we can
write ”Z(XZ) as:
2
Hylx,) = I pé(S!n) t(n) - [I pi(s|n) f(n)]
n n
p

+Zz(z yé(xlls) A(S|n)] f(n) - [2 (z pi(xl|S) A(Sln)lf(n)]
n S n S

2[: (Z S pj(x,[S) A(S|n)] f(n)
n S

- [x (z pi(xl|8) A(S|n)) f(n)][! pi(8|n) f(n)]] .
n 8§ n

(e) In order to calculate the covariance between xl and x2 we
must ftirst calculate E(xlx?). Using Lemma 3.) we obtain:
E(xlxz) =222 xl(S—xl) p(xl.s.n)

nS x1

=z [z [z “1‘8'“1’ 6(x1|S)! A(Sln)] f(n)
n S xl

=z (Z Spi(xl|S)A(S|n)) f(n) - Z (2 pé(xl|S)A(S|n)] f(n) .
n S n S

From the covariance definition it is obvious that
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