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^ ( x , )  =

< V  =

a t K,M <u)

a . +«,, i / T T  K (u)i M 1

a* K7+l<u)

'U I-I Kt (u)

(2.5.30)

(2.5.31)

ad

j y v  =
2 V - T T

Kt +1(u ) a#

K (u) Z / T T

a..
a®

U.,(x2> =

a j ♦tij, 2 / T T

r a , M  I (uj

(2.5.32)

“1

■a l>°2+ l K1 (u* a 1+«M K^(U)

(2.5.33)

W 0   ̂ °* V 1 K^ 2 (u) *2  lW u)]

K (u) 2/ I # 

f .a i * V l K7 (U)

“I*;

(<ij+a^) (a^*Oj+l)

a*

27*TT-

K _ .«(°) C i ;u,L

(a^a,)-------- -- (a |,faj{+ ^ -“7^----1 (2 5.34)

K7 ( u ) X;(u)

p(Xj.x^)

a^+a., 2 V  1 <

W 0

(a.+a,.)-------- - (a.+« +1)— n----

1 “ K7 (u) 1 L K‘(u)

• !g,(a, ,a.,,a,7,«) g .^(c^ ,a.^,a,7,0)}

• /*J

where

g. (dj^.a.i.ij!

and

g2 (al • <V a,7,,)~

» W U,A «•

a l K

7' a l

(u ) 2 y  i #

• i ^ V 1
** a l **2

K�+ i (u) a*

r o y l

* f2 “2

K� (u ) id7~l"T

,a l+a2+1

If (u>

a l+a2

(2.5.35) 

.2 . .
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2.5.4 The BoUi.innpB ial ■liatr lbut ion for the ..ascending diagonal 

arrays and_th,e Inverse q9usg.iafl.£SL»»on d i s ^ r ^ u t tofl_Lor 

the..thlld garg-inql

If we have the BBD on the ascending diagonal array and the IGP for 

the third marginal the joint distribution function of and x^

is.

p< w s F (a«/2)

The marginal distributions tor and x^ are:

x 2 r<x(♦•xi,+<iJ^jrcx^-^i)

Xj+x^-1/2

(a) and

I "2 J

.  X

B(aj ,a.^) 

/ • ( x ^ )

r(x^+l)

(a) (2.5.37)

x| r(x1+xi,+xxl+ai,)r(x1 + i)

x ,+xv-l/2

A *L

Further we use the Bessel function identity

k_7 (*) - K , U >
(2.5.3H)

and the recurrence formula

(2.5.39)

The substitution of i - -1/2 into the formulae (2.5.30) to 

(2.5.35) leads to the following results:
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ci•

"1(V  :

V a2 27 1 0

a2 a0

V a2 2 J  1

a l aC

(2.5.40)

(2.5.41)

a^a^, 2j I 4

a#

2 j~ T T

°1+1

.a l * V A

♦i

a ^ x 2

(2.5.42)

2 2

a., a® aB

I 4. V *

1

+ |
*2 ]

f t j  '^r r f

Z / T T ou/HFT

“l*0 * J

(2.5.43)

COVlXpX^) *

a l®2
------ 2----------

(cij ♦<».,) (a >0.^+1 /

a0

' U T T

a l+a2

- 1

a u / T T
(2.5.44)

and

pt x ^ x ^ )  =

where

Oji+ttj, 2 7  1-5-

a l+n2

- 1

a / T ?

h 1(a1,a2 ,a,») h ^ a ^ a ^ . a , # ) ,

h l(al,a2 ,a‘#  ̂ =

�UJvt

a t

| *

1

4- 1 _ 

2 V  I  d
1

a / T V
a l * 2  ■

(2.C.45) 

-I/?

2 1* 2 '

s

a *
14 .

a 2 f l
1

4. | a 2

2 / t t a , a d  1  i

* 1 * ° 2  •

- 1/2
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The bivariate distribution generated from the NBD as the third 

marginal and the BBD for the ascending diagonal ar-ays is given by

2.5.5 The Beta-Binomial disirib * ion for the ascending diagonal

arrays and the Negative Bincmial distribution

tor the third marginal

i-a -a.,

(I-*) 1 “ no^+a.^) /-(x^x^+t)

r(7) r(x1+x2+« 1+ai!)

a x

(1-0) r(x1+a])«

r(aA) r(xA+ u r(a.,) r(x2+i)

(2.5.46)

where Xj = 0,1,... and x., = 0,1,2,...

For the ■special case of y = a^+a^,, equation (2.5.46) becomes an

independent bivariate NBD

a

P (x ., x..) = 

x Ax2 1 2

(1-0) 1 T(x1+ai)0 1

r(a1) r(xA‘l;

a 2 X2 
(1-0) r(x.,+a.,)0

r(a^) rtx^+l)

(2.5.47)

By allowing the parameters in equation (2.5.46) to vary, a large 

number of interesting bivariate discrete distributions are 

obtained. For example, if one takes t  = a ^ + a ^ - 1  and

f l j  s * 1 (i.e. 7 = 1), it leads to a very simple bivariate

distribution given by:

( 1- 0 ) 0
V * 2

P (x. , X.,) = ---------------

X . X . ,  1 2  .
1 2 x^+x^+l

x L =0,1,2,... , x2 * 0,1,2,

where (2.5.48)

and 0 < 0 < 1.
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Agf.»n, if one nets i - a^+a..+l, one obtains:

Px.x < W  = — —

1 1 a l*a 2

01 X

( i-e) 1 r ( x 1+«1)® 1

/•(a^ r t x ^ l )

(1-®) " /\x,,+a.,)0

T(a„) n x ^ + U

, where (2.S.49)

Xj = 0,1,... and x^ * 0,1,2,... .

With the classical approach we obtain the marginal distributions

of Xj and x̂ ,:

P (x ) = 

1 1

and

1-0

•a l+a2

*1 *

1 -

01 9

1

a +tx 

1 2

a i , x i 

(1-®) r(x1+a1 )B

r(aj) r(x1+l)

■

1-0

a l+a2

 + 1 -

V

a l+<X2

a 2 l2 

(1-0) r(x,,+a,,)0

r(a2 ) r(x?+l)

(2.5.50)

Cne will find graat difficulty in using the classical approach 

when 7 * Then it is not possible to obtain the marginal

distributions and their moments for either integer or non-integer 

values of 7, a^, a...

By substituting the expressions for the first two moments around 

the origin of the third marginal into the formulae (2.5.3) to 

(2.5.B) we obtain the following results for the particular case

when 7 = ou+a.,+1.

7 a.0

" i ' V  = - - -  ■

7-1 1-0

(2.5.51)
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7-1 1 0

(2.5.52)

*2 < v

a, 70

(�-l)(l~0)

a,,® a i + l a'>
____ :______ + ___ i___ + ___ £

(7-1) (1-0) 7(1-0) •»

(2.5.53)

^ ( x 2 >

a ./79

(�-l)(l-0)

a.0 a.,+ 1 a. 

___ _______ + __Z___  ♦ __ -

a la2

d - D ( i - e )  �(i-e) i 

2
9

(*"1)

�
1-0

and

(2.5.54)

(2.5.55)

- 1/2

P l X j . X j  = ------

7-1

0 a.>l 

1 + --- + _ —

7-1 a

1

0 a +11 

1 + ---  +

7-1 a.,

. (2.5.56)

In the general case for any arbitrary values of �,af and au, tne 

results of the node! are as follows:

" i < V  =

a ̂ 70

(«1>a2 )(l-0)

(2.5.5�)

V *

(a l+a2>(l-#)

(2.5.58)

* 2 (xl,:

^ (X2 ,=:

a ,70

V *

( a ^ ) ( l - # ) (a1>a2 )(a1+«2+l)(l-0)

V ®

a^70

(a^+a^)(1-0) (a1+a2 )(aJl+0.^+1 )(!-�)

. V 1 .

CI..+ 1

(2.5.59)

‘1

1 2 1 Z

(2.5.60)

cov(x A,x^) =

a a1 2 70^

(a1+a2+l)(aA+o2 ) (1-0)

2  (Of+0 .̂ -�) and (2.5.61)
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p(x[tx2 ) = V 1 -  V + 1 -  V +

a .J

-1/2

, where (2.5.62)

V •= 6 J -

a,**.

If y = c^+a,, in formula (2.5.62), then the correlation

coefficient becoaes p = 0 and the variables x ( and x.. are

therefore uncorrelated and independent as shown in equation

(2.5.47).

For y # a j +a,, a wide range of correlations is obtained.

Increases in 9 and o^+av ?> y or ** � will result in

high positive or negative correlations respectively.

2.5.6 The B e taBinpaial distribution for tt>e ascending  diagonal 

array? qpd tor the third nariiD&A

The joint distribution of x ( and generated fro» the BBD for 

the third aarginal as a function of paraneters m, /3( and p., and 

the BBD for the ascending diagonal arrays as a function of

S, a A and a.j is

PfX^.X,,) =

BUf+Of ,xi,+«.J )B(x1*x,,+/JJ .a-xf-x.,+/>.,)

B ( a 1 , a ;, ) B ( / J 1 ,/J.^) ( b - x ^ x . , ) !  x ^  x .̂ !

where (2.5.63)

Xf = 0,1,...,n, and x„ = 0,l,...,m.

The marginals can be derived froa the foint distribution (2.5.63) 

using the classical approach, but they can riot be expressed in a 

closed fora.
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The first two moments around the origin for the random variable on

the ascending diagonal array are 

Sa,
1

a,**.

and

Saf [Sfaf+U+Og) 

(al+«2 )(oi

(2.5.64)

(2.5.H5)

The mean and the variance for the random variable on the third 

marginal are

(2.5.66)

mp

*iJ(S) * ------

and

P f P 2

^ <s) = T
(Pi*p 2 ) ( p ^ p ^ d

(2.5.6�)

We now apply the theorems proven in Section 2.1 to obtain the 

mouents of the model. Theorem 2.1 gives the following means for 

the aarginala:

p f ( V  =

p ’(x2 ) *

‘1

mp

1

a l+a2 V * 2

and

«2

mp.

(2.5.68)

(2.5.69)

a l+a2 V A 2

Theorem 2.2 gives the following variances for the mnrginala:

m^flmtPf + D+p^]

/ W  =

a i(a1+l)

(a i ) («i+<*2+l)

■ M “ A

( a ( HXg) (a ^ .^ 1 ) (/’[♦A,) [ ( a ^ X p ^ )

a 2*^i “Pi ̂ (■ +Pf+/®2 )

and (2.5.�0)

(2.5.�1)

a ,+ a y (p^p^) (Pf+P./D
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Theorem 2.3 gives the covariance between and x^:

COV ( X| , X̂ f ) =

1

(af+a^+l) (/Jf+Aj+l) (al+a2 )(y8j+/82 )

(2.5.72)

Using the definition of the correlation coefficient we obtain the 

correlation between and x^. The sign of the correlation

coefficient depends on the sign of the covariance between 

Xf and Xy. This sign is a fun* 'ion of the relation between the 

parameters af and a of the ascending diagonal array and the 

parameters m, p and p of the third marginal.

Tne covariance will receive different values according to the 

value of a t♦<*.,, as shown below;

*p(p +p,t+l)

cov(x.,x,J > 0 if a.+a.. > ------------------------  , (2.5.�3)1 2  1 2

mfl (p|+A,+ D

cov(x.,xf.) < 0 if a.+a.. < ------------------------ and (2.5.^4)

T 2  “1 ~2

covfx^.x,,) = 0  if = -------------------------- (2.5.�5)

From the above relations between the parameters in,a f ,a., ,p  ̂,p., we

conclude that the variables x ( and x^ can be either positively 

or negntively correlated or uncorrelated to each other.

Let un investigate a simpler distributicn for a pnrticular cnse 

where p^ * cif+a.,. In this case the variances of x^ and x^, tKe 

covarinnce and the correlation between Xf and x^ can be 

expresued in a simple form as follows:
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=

^ ( x 2 )

(a l 1 ̂ (011 +<V ^ 2  *

^ i + V V ^ V V V '

cov(xAtx.̂ ) = -

P(xA,x2 ) = -

( a , +*2+p.z ) '^a l +<x2+fi2> 1)

/, a ~ A/2

( - - ] ( " - ]
1 a , 1 a.,

and

(2.5.	b)

(2.5.		)

(2.5.	8)

(2.5.79)

2.5.7 The Hyp e rgeo a e t n c  distribution tor the qscepdinfi dlflggnaf 

array? and \he Beta B u u g i a  I..‘Us.lLLt)uLLon 

for the t^ird ■argf.na.l

Let us assume that the variable for the ascending diagonal array 

is distributed in accordance with the Hypeigeo«etric distribution, 

which is a particular rase of the Beta-Binoaial distribution. 

Without loss of generality let us further asouae that this 

variable follows the sane syun< trie Hypergeoaetric distribution, 

which is a function of the s u e  parameter a ( only, as au, = a^.

The monents of this distribution are:

AiJ(xi |») = S/2 , (2.5.80)

a.S+ta.-i)S^

f/.\(x.|S) = ----------------  arid (2.5.81)

1 1 2(2aA-l)

(2a.-S)S

h (x. IS) = ---- 1-------  (2.5.82)

1 4(2a -1)
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The random variable S for the third marginal is distributed as 

BBD with the parameters p.̂  and 2a^ and the momenta

**1*1

^;(s) =

y * 2

2 a ^ 1(2a1 (/>i+l)+/y

(Prt)(V V u

a V i A / a y y * , , )

(0,*A,) <*,«*/!)

and

(2.5.83)

(2.5.84)

(2.5.85)

The joint distribution is:

P (x.,x.,) = 

x.x. 1 2 

1 £

x,.

B < y y / y  * y y y y

where

Xf - 0|l|.t>|di|i x„ - 0,1,... ,a.,,

* 1,2....  a.. s 1,2,..., p^ > 0 and p.̂  > 0.

(2.5.8b)

This distribution is the classical bivariate Beta-Binomial for 

which the marginals x^ and xJt are also distributed in accordance

with the BBD model.

The murginal distributions are:

Px < V  5 

1 1

■ ( y ^ *  

»(/*,. a 2 >

where

Xf ■ 0,1,... ,a., ci| “ 1,2,..., p y  ̂ 0 and ^   ̂ 0 ;

(2.5.87)

and

x..

B(x 2+ P j , a^-x^+p^)

»<Pi. />;,

where (2.5.88)

x., = 0,1,...,a^, ~ 1,2,..., p ( > 0 and p.̂  > 0 .
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The random variable S * ~ i !ie t^ird marginal is distributed as

BRD with the rwameter* p,h p., and 2a. and the moments:

i * 1

(2.5.83)
p ;(s ) =

^ ( S ,

^ ( S )  =

*,/»!

v * 2

{pl+p.£)ipl+A2+l) 

(Px+P2 ) < v v  1)

and (2.5.84)

(2.5.85)

The joint distribution is:

P (x,,x.,) =

XjX^ 1 2
M

a i

BIk ^+x ^ j ,

Zai+V K r x 2 }

-.J X2
B(/>1

x| - 0,1,. ..,C|

x/
» o*1.....v

where

(2.5.86)

a J = 1,2,... a, = 1,2,..., /J, > 0 and p^ > 0.

This distribution is the classical bivariate Beta-Binomial for 

which the marginals Xf and x.̂  are also distributed in accordance

with the BBD aodel.

The marginai distributions are:

°l | B( *l+/,l * ®1 X l+/V  

X lJ B(/Jl
 ft2 )

P (x. ) 

X 1 1

where (2.5.87)

and

Px < V  

*2
x.,

B (x2 ^ i ,  a r x2 ^ 2 } 

B(/»a, P2 )

where (2.5.88)

x^ — 0,1,...,ot^, <if = 1,2,..., /Jf ) 0 and ) 0
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By applying Theorem 2.4 to this model we obtain the following 

results:

V<° 2

<V l /32 (a]

COVfXpX^) =

P l X f.Xf =

_  A * * _________________

(W ^ ( W u  

-1

and

1 ♦

V * »

1 -

(2.5.09)

(2.5.90)

(2.5.91)

(2.5.92)

In this rase it is possible to work out the sum- result by using 

the conventional method.

2.5. H The.Binpgfai distribution, .♦or_the ascending diagonal arrays

and the Beta-BmoBAai dnt.rifevtUpn tar

As previously mentioned the Beta-Binomial distribution approaches 

the Binomial distribution for very large values of its parameters. 

Let us assume that the distribution for the ascending d'etgonal 

arrays is the Binomial determined by the parameters S and p. The 

random variable on the third marginal is distributed following the 

probability law of the BBD with parameters m, and 0,̂ .

The first two moments around the origin for the random variable 

for the ascending diagonal arrays are:

^^(x^fS) - Sip and (2.5.93)

Pg(Xf |S) = Sp(l p) + S V  . (2.5.94)
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By using the formulae (2.5.bb) and (2.5.b7) and the moments above

and by applying Theorems 2.1, 2.2 and 2.li we obtain the following

results:

- (1-P)» bf ,

^ ( x i) = P» hj [a-P) + P b,.
/^(x^) = (l-p)m b t |p ♦ (1-p) b^f ,

' 1 2 ;

ptx^.x^) = (b„-1)

i ' 2

P

♦ b-,

1-p

(2.5.95)

(2.5.9b)

(2.5.97)

.]■

(2.C.9H)

and (2.5.99)

l~P Vi

♦ b.,

b l =

P ^ 2

and b^ =

, where

(W ( w ])

(2.5.100)

For the particular rase where we have the same symmetrical 

Binomial distribution with p = 1/2 for the ascending diagonal 

arrays the formulae (2.5 95) to (2.5.100) become much simpler. 

Due to tK' symmetry on the ascending diagonal arrays the marginals 

Xf and x^ have the same mean and variance. By substituting 

p = 1/2 in the expresuions above we obtain the following results:

(2.5.101)(x i) = fJf(x2 ) = mbf/2 ,

Pg(*|) * ^ ( x ^ )  = mbf( l*b.,)/4 ,

covlx^.x^) = ml) (b^-l)/4 and

(2.5.102)

(2.5.103)

p(xltx2 ) =

V A

b2+l

(2.5.104)
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From the foregoing nathematicai development we conclude that for 

any parameter p of the Binomial distribution for the ascending 

diagonal arrays the sign of the correlation coefficient does not 

depend on the values of p. The sign of the correlation 

coefficient between the variables x^ and x^ is only a function 

of the parameters of the third marginal distribution, 

i.e. u, p f and A,. Thus:

p(x.,x..) > 0  if m > --- — ----!----- ,

*

p( X . ,x,,) v 0 if m < --- 1— ---- - --- and

p(x,,x.J = 0  if n = -----------------  .

h

2.5.9 The Binomial distribution tor t^e ascending <ji«yLQB3A SIMJa 

and �or the third marginal

Let us consider for all the ascending diagonal arrays the Binoaial 

distribution with the parameters S und p. The two momentu around 

the origin for the Binomial distribution ore:

p|(x.fS) = Sp and (2.5.105)

^ ( x J S )  = Sp(l-p) ♦ s V  • (2.5.106)

For the third marginal we take the Binomial distribution with 

parameters n and 9 with the moments given as:

£i*(S) = n9 and (2.5.107)

fj2(S) = n«(l -•) . (2.5.108)
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The joint distribution of x^ and x^ is

n? x. x.. n-x.-x„

P (x ,x ) = ---------------------(p») [(i-p)fl] (i-«)

1 2  x^Jx^!(n-xf-x^)!

where 0 < p < 1 and 0 < 9 < 1 . (2.5.109)

This is the classical trinomial distribution, which is bound by

the main ascending diagonal array.

The marginal distributions for x^ and x^ are distributed

Binomial with parameters n, p« and n, (l-p)e respectively.

Their probability laws are: 

n

P (x.) = 

X I 

1

p. (X ) =

I

x. n-x.

(p«) (i-p«) and

((1-P)®]

x..

l-(l-p)fi

n-x

(2.5.110)

(2.5.111)

By applying Theorems 2.1, 2.2 and 2.3 to the foint distribution 

given by (2.5.109) one obtains the following results:

(xt) = n»p ,

^ i (x2^ = n9(l~P> •

^2(xi) = n«p(l-«p) ,

^ ( x ^ )  = n«( l--p) (!-• + « ) ,

cov(x,,x„) = -n* 'p(1-p)

ptx^x^) = -9

rr 1
- 9

and

1

i-p

- 1/2

(2.5.112)

(2.5.113)

(2.5.114)

(2.5.115)

(2.5.11b)

(2.5.117)

The same tesults could be obtained by substituting the third 

marginal moments into equations (2.5.JH) to (2.5.23).
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2.5.10 The Beta-Binomial distribut i_op and a.£

as functions of S for the ascending diagonal arrays aid 

any distribution fzr the third Marginal

Let us cr>r«*ider for the ascending diagonal arrays the BBD with 

parameters S, and a.,, where a  ̂ and a., cr** functions of S as 

explained in Section 2.3.3. For the third marginal we assume any 

distribution with the first two moments around the origin as 

p|(S) and /i’(S).

by applying Theorems 2.1, 2.2 and 2.'3 the following results are 

obtained:

1

" i ' V  =

-

c* 1

^ ( S )  ,

c+1 

^ ( S )

(c+1)

c+1

2
+ b ^ ( S )  + a /i|(S) ,

- b

(c+l)‘

c

#i'(S) - a /if (S) ,

cov(x .,x,.) = -------7  fj (S) - b p|(S) - a p!(S) and

1 * (c+1)

(2.5.118)

(2.5.119)

(2.5.120)

(2.5.121)

(2.5.122)

(2.5.123)

i - 1 £ 1 L L Z

P t x ^ x ^ )  =
where (2.5.124)

z = —

f[i ♦ ( c ^ ) 2 ,][. ♦ (eii)

b ^ ( S )  + a pJ(S)

^ (S)

(2.5.125)
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The correlation coefficient pfx^.x,,) depends on c and z, where 

7 actually depends on the moments of the distribution for the 

third marginal and on the relation between the variances on the

ascending diagonal arrays.

~n—  i i*.fJ

I ' * 

~7T

c

For z > -------p(x,,xv ) < 0 ,

(c+1) 

c

lor z - -------- p ( x . , x,.) = 0 and

(c+1) 

c

for z < -------- p(x ,x ) > 0 .

( c + l T  1 *

If we assuse that for each a rending diagonal array the variable 

is distributed symmetrically according to the BBD model and that 

the parameters a ( and a., are still functions of S, then in 

equation (2.3.21) we take c = 1. In the synetricai case for the 

ascending diagonal arrays we obtain the following results:

p|(xA) = p|(x1<;) = p|(S)/2 , (2.5.126)

Pi.(xA ) = p^tx^) = p2 (S)/4 ♦ bp'(S) + ap*(S) , (2.5.12?)

E(x1x2 ) = /^(S)/4 - apj(S) , (2.5. I'M)

cov(x ^ ,x̂ f) = p2 (S)/4 - bp|(S) - apf(S) and (2.5.129)

1 - 4z

p(x.,x.,) = ---------  . (2.5.130)

* 1 + 4z

If we further assume that for the variances on the ascending 

diagonal arrays we can fit

P 2 (xA |S) = b SZ , then (2.5.131)

1 - bu

p(x.,x..) = --------- , where (2.5.132)

1 h bu

u = 4 p|(S)/p2 (S) . (2.5.133)
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The correlation coefficient p(Xf,x^) depends on b and u:

For b > -i- p(XfiX^) < 0 , 

for b = — L  pfxj.x,,) - 0 and 

for b < — L  p(Xj,x2 ) > 0 .

As illustrated in this specific case we can still apply the aodel 

for different functions fitted for the variances on the ascending 

diagonal array, as long as the functions are of a polynomial type.

If the functions are not polynomials one can use the Taylor series 

and an approximation is obtained. It will then probably be 

necessary to calculate higher order moments around the origin for 

the third marginal. In such a case we may encounter difficulties 

in calculating the high order aoaents. The aodel will therefore 

be not so easy to apply.

2.6 Regres s ion

The knowledge accuaulated so far raises the aafor question whether 

it is possible to derive the regression curves froa the developed 

aodel. The answer is positive. Unfortunately it is not. possible 

to develop general aatheaatical equations for this purpose, 

because the aarginal distribution aust be known first. Bach 

single situation aust be treated individually and one can p r o b a M y  

obtain a closed form for the regression curves only for certain 

values of the parameters.
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In this section we discuss the bivariate distribution developed in 

Section 2.5.5, which assumes the Negative Binomial distribution 

with parameters i and 9 for the third marginal and the 

Beta-Binomial distribution with the same parameters and a^ 

for all the ascending diagonal arrays.

In what follows we show that for certain values of and j

one obtains a closed form function for the regression curve 

K(x^fx^). We consider five different cases which can be used by 

interpolation for the fitting of other regression curves.

Case 1

For the given values of the parameters

aj = n, a., = 1 and 7 = n, where n is an integer,

one can write the joint probability function of x ( and x^ as:

n(i-«)n X l+Kii

P(x.,x.J = ----------  (x.+l)...(x.+n-l) ---------  , where (2.6.1)

(n-i)f xj+x^+n

x j ~ 0,1,... and x» ■ 0.1,.•• .

The marginal distribution of Xj is given by

P

x

(X.) = --- ----  M - ^ - l  (x.+l)... (x.+n-I) A f X , 1 , (2.6.2)

1 1 (n-l)f I J 1 1 ln [i

where x^ = 0,1,... ,

and the probability law of x̂ , given x^ is 

X l+X2+n

P(x^|x]) = --- ---------------- , where (2.6.3)

(»\
(Xf+x,,+n)A
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Therefore the regression curve ran be written as 

Xf+n

E(xy |x.) = ---- ?---------  - (x.+n) . (2.6.4)

 (n-ij

The expressions A f^uf and A |rix ff above are defined as:

r i r n' A
AI 0 = Z ---- = - ln(l-ft) - Z --- 1 and (2.6.5)

*■ •» f=n f I f=l f J

x^+n-1

* [nx l] * *[o41tV U ) ' -------7  '
1 * 1 J x^+n-i

Let us consider a particular situation of Case 1 when the values

of the parameters sre

<jj * 1, a., a 1 and 7 * 1 .

The joint probability function of x ( and x^ is

. V x2

P(x ,x ) a ( 1 - # ) ---------- , where (2.6.7)

x i+x2+l

Xj a 0,1,... and x.. a 0,1,... .

The marginal distribution of Xj is 

*-• r

Px **1* = ------ A [lx lf ’ where (2.6.8)

Xf a 0,1,... .

The conditional distribution of x^ givon x ( is 

x l+x2+1

Pfx^lx^) a ---- ?---------------  , where (2.6.9)

( x ^ x ^ l )  A [Ax A]



-  6 8  -

The regression curve of x̂ , on Xf is

Xf + 1

K(x^|xf) = ---- ----------  - (x^+1) , where (2.6.10)

( I - O J A ^ X jJ

A (lX l] = A (l^X l ~ ^ f  ’ and (2.6.11) 

A ^ o ]  = -ln(!-•) . (2.6.12)

C a a e _ ^

For the given values of the parameters

a. = n, a., = 1 and y * n+2, where n is an integer,

1 4m

one con write the joint probability function of Xj and x^ as:

n+2

PUj.x.,) =

(n+1)!

(I-#) (Xj+1)... (x j+n-1) (Xj +x.,+n+l)®

where x^ * 0,1,... and x.̂  = 0,1,... . (2.6.13)

The marginal distribution of Xj is

n(l-»)

n+2

P (x.) = 

x^ 1

(n+1)!

(Xj +1)...(x^+n-1)

Xj +n+l

1-# (!-•)

where x^ = 0,1...... (2.6.14)

The conditional distribution of x^ given Xf is

P U jJ X j ) =

2 X2 
(1 •)^(x1+x2+n+l)« 6

(x^+n+lX !-•)+•

(2.6.15)

The regression curve of x^ on x^ is

Etx^lxf) - 1 +

(Xf+n+1)(!-•)+•

(2.6.16)
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Let us consider a particular situation of Case 2 when the

of the parameters are

aj = 1, * 1 and y - 3.

The joint probability function of x^ and x., is

(1-®;

3

V X2

= --- j---- (Xj+x^+2) 0 , where (2

Xj = 0,1,... and x„ = 0,1,... .

The marginal distribution of X| is

1-0 x.

P (x,) = ----

*i 1 *

9 ((Xj *4!) (!-•)♦•) , where (2

Xf « 0,1......

The conditional distribution of x„ given is

x<>

(l-#)2(x +x +2)0 2

P(x2 |Xf) = ----------------------- , where

(Xf+2)(1-0)*0

(2

x^ • 0|i 1 1 1« •

The regression curve of on x^ is

1-0 (Xf+2)(1-0)+0

(2

Sflgfg__d

For the given values of the parameters

a ( = n, Oy = 1 and y = n+3, where n ia an integer, 

one can write the foint probability function of x^ and x^

values

.6.17)

.6.18)

.6.19)

. 6 . 20)

aa:
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Let us consider a particular situation of Case 2 when the 

of the parameters are

= 1, Oj, = 1 and 7 = 3.

The joint probability function of x ( and xv is

3

(i-») x i+x2 

H(x.,x..) = --------  (X .+ X . .+ 2 )  9 “ , where

1 £ 2

* 0,1,... and x,. = 0,1,... •

The marginal distribution of x^ is

1-# x,

Px (V  = ----

X 1 1 2

9 [(x j*2)(1 ] , where (2

The conditional distribution ot x., given x^ i

2 *2 
( I •  )^ ( X +X.,*2>»

Ptx^lx.) = -----------------------  , where {2

x^ — 0,1,> *■ •

The regression curve of x^ on Xj ii

EU.JXj) = (ii

gflsc J

For the given values of the parameters

aj = n, dy - 1 and ? = n+3, where n is an integer, 

one can write the joint, probability function ot x^ and x.̂

values

.6.17)

.6.1H)

.b.19)

. 6 . 20)

as:
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n(l-•) x l+x2 

P(x.,x ) = ----------  (x.+l)... (x.+n-l)(x +x. +n+l)(x.+x +n+2)®

(n+2)!

where x^ = 0,1,... and x^ = 0,1,... . (2.6.21)

The murgin.il distribution of x^ is

x .

n(l-®) (x.+l)...(x,+n-l)0 

P (K , . ----------- !--------- !---------

1 (n+2)!

•(I-#) + (2x|+2n+3)*(!-•) + (x +n+l)(x,-n+2)(i-«)

1

where x ( = 0,1,... . (2.6.22)

The conditional distribution of x^ g /en x^ is

3 x2

(l-fi)v vx.+x,.+n+l)(> ~xv+n+2)«

P(x |x ) = ------------------ J— i-------- :---------------------T -

® (!-••*' + (2 x , +2n+ 3) • ( 1 -•) + (x . *•!»-*■1)(x . +n+2) (1 —•) 

i 1 I

where x„ = 0,1,... . (2.6.23)

The regression curve of x,, on x^ is

9

E(x,, |x.) = ---

l~0

r#2+4#+l+(2x.+2n+3)( *ir*-l) (x ,+n+2 .l-*)2”1

JL X I--------------------------------------------------------------
0( l+«) + (2Xf+2n+3)«( 1-# - x 4 +n-1) (x ̂ +n+L 1-#)

(2.6.24)

For the given values of the parameters

af = n, oî  = 1 and y * n-1, where n is an integer, 

one can write the foint probability function of Xf and x., as:

n f H ) " ' 1 #V X2

P(x.,xv ) = ------------ (x.+l)...(x.+n-l) —

(n-2)! (x1+x,,+n-l)(xl+x,,+n)

where x ( * 0,1,... and x̂ , = 0,1,,.. . (2.6.25)
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The marginal distrihition of x^ is given by

n-1

p (X > = - 2 —  t-±±

1 (n-2)! 1 9

(Xf+l)...(Xf+n-l)

• I* f ,x.l — JLa T x.ll , where

I ln-1 lj * in ijj

Xf = 0,1,... ,

and the probability law of x,, given Xf is

(2.6.26)

P U . J x ^  =

xf+x^+n

‘(n-lx l]“ ‘ * [nx l]] < V V n_l)(V V n)

where x^ : 0,1,... .

The regression curve can therefore be written as

(2.6.27)

E(xL,|xt) =

f . .1 

* A |n-lA lJ

* A (n-lx i) ' *(nx l)

- (Xf+n) , (2.6.2U)

where

f=l f

x^+n-2

A(nXl) S A[n(xr A)]

Xf+n-1

x^+n-i

(2.6.29)

(2.6.30)

(2.6.31)

(2.6.112}
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Case 5

For the given values of the parameters

a l = n, = 2 and y « n+1, where n is on integer,

one can write the joint probability function of x^ and x^ as:

(n+l)(1-«)n+1 (x +1)...(x +n-1)(x„+l) x i+ x 2

P(x ,xv ) * ----------------------------------------------- 0 ,

(n— 1) ? x^+x.ytn+l

where x. ■ 0,1,... and x 0,1...... (2.6.33)

& b

The marginal distribution of x { is given by

n+ 1

p _ ]

1 (n-l)f 1 9 j

Px (xA) = — — —  U A* U  .. (xf+n-1)

---- ' ' V " '  A (n.lK l)

, where (2.6.34)

Xf * 0,1,... ,

and the probability law of x,̂  t'iven x^ is

x.+x,,m+l

(I •)(X >1)9

" M V ------------- ---------------------- :---- 77 •

(Kl+Xff+n+i) |» - iXf+nMl-*) A |n+|x iff

where x„ 3 0,1,... . (2.6.35)

The regression fiirv^ run therefore be written as: •

x. *n+l (• -f x.+n+l

e (x +n+l)(l-«)+# - (2x|+2n+i)(1-f)•

Etx^lxf) = --------- 1 ... ... -----------J--------i----------------
(!-•)

x.TnTT

0 A

I-.-.]]

lx.+nH)(Xj*n)( i-9) A

U « i ]

(1-*)

r x .+n+l

0 - (x^+n)(!-•) A

(n+lx'l)f

(2.6.36)
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Case 5

For the given values of the parameters

<ij = n, <x.£ - 2 and i - n+1, whe ' n is an integer, 

one can write the joint probability �unction o� x^ and x^ as:

(n+1)(1-0)

n+1

(x^+1;... v X j + n - l M x ^ + l )  xi+x2 
- --- ■ ii i ■ ■■ i ■« —— — — ——  0

(n-l)! x^+x^+n+l

where x^ - 0,1,... and x,. 3 0,1,... . (2.6.33)

 marginal distribution o� x^ is given by

n+1

p (x ) = —

X 1 (n-l)! 1 0

-  | 1 9 j  (x^+1) ..(xA+n- 1)

x .+n+l

— ---  • (V D) A [n*-lx l]

where (2.6.34)

X| - 0,1,... ,

and the probability law o� x„ given x^ is

P(x2 |x1) =

(l-f)(x2+l)e

V V n+1

(x | +x^,+n+l)

x.+n+l 

0 - (Xj+nH
-#) A [n+lx l j ]

where x " 0,1,... . (2.6.Co)

The regression curve can there�ore be written as: 

x ,+n+l

E(x2 |xA) =

1 K + n+1)(!--•)+•

1 - (1V ‘

+2n+i)(1-0)8

( 1 - 0 )

jcT+nTT
0 - ( X j + n )(!-•) A

[n+lX lf]

(x ,+n+i)(xJ+n)(1-0) A |n+1x 1|

(!•-•)

r x.+n+l 

0 - (x^+n)(1-0) A

[n+ l Xl )]
(2.6.36)

wnere
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n

A (n+1°] = ~ 1 ~~~] 81111 (2.6.37)

j  “ X f

n+Xf

Notes

(a) One can develop formulae for regression curves for a large 

variety of parameters ,a., and y. However, for larger

and the mathematical expressions become more complex.

(b) Foi non-integer parameters ,a.̂  and y we can not find 

simple mathematical expressions for the regression curves because 

of the nature cf the above recurrence formulae. For certain 

non-integer values of a^.a,, and y we can approximate the shape 

of the regression curve by interpolating between the consecutive 

integer values of the parameters.

(c) In Section 2.5.5 we developed a general formula for the 

correlation between x^ and x,, and assut.ed that the distribution 

on the third marginal was NBD(0,ir) and the distribution for the 

ascending diagonal arrays was BBDla^.a^) with the same 

parameters along all the ascending diagonal arrays. By 

substituting the values of the parameters ,av and y into 

formula (2.5.b2) one obtains the correlation coefficient for each 

of the above five ca»*«:
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For caae 1: p(xltx2 ) > 0 ,

For caae 2: pUf.x^,) < 0 ,

For caae 3: p(xA ,x2 ) < 0 ,

For case 4: p(xA,x2 ) > 0 and

For case 5: p(xltx2 )
> 0 .

, 6

(d) The asymptote of the above regreaaion curvea ia •

(e) The diatribution applied to the aacending diagonal arrays 

det.erminea the shape of the regreaaion curve.

For BBD with > C and a <2 > 0 the regreaaion curve ia convex, 

for GPHD with < 0 and < 0 the regreaaion curve ia concave 

and

for Binomial distribution the regreaaion curve ia linear.

2 . 7  Jtts  iDlLcakg-C.. 2 0 h e  P i s t r i t mU p p

on the_Ascending P i agonal Array?

Let us assume that the diatribution on the aacending diagonal 

arraya ia a BBD with constant parameters a ( and a^. Without loss 

of generality we consider the symmetrical caae where oif = a^- 

Then the variance of the aacending diugonal arraya ia formulated 

in terms of S and as follows:

S2 ♦ 2a.S

|S,a.) = —— — — —  . (2.7.1)

* 1 A 4(2at+l)

If -» +*• or -* , we have the limiting proceaa where the

BBD (i.e. Of > 0) or the Hypergeometric diatribution (i.e. < 0)



- 75 -

are approaching the symmetrical Binomial distribution with the 

variance given by:

lim //gCxJS.o^) = S/4, (2.7.2)

a  -* "Oo
1

and the mean given by: 

lim fiJtxJS.a ) = S/2, (2.7.3)

a^-*-«o

The graph in Figure 2.3 displays the variance function for the 

Binomial distribution, for the BBD at a ( = 2 and for the H;/per- 

geometric distribution at = -2. This graph represents a tool 

for deciding which distribution can be fitted on the ascending 

diagonal arrays. On the graph one should plot the variances of 

the ascending diagonal arrays. If they fail above the S/4 line we 

have the Beta Binomial case. If the graph falls belo*’ th-f S/4 

line tl - Hypergeometric distribution should be fitted.

I
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C H A P T E R  3

m .  TRI VAR I ATE MODEL

Further to the development of the bivariate case, we now extend 

our work to the trivariate case.

3.I The General Model 

Le— a 3 ■ 1

Let (x.,x.,tx..) be a three dimensionul random /triable and let

1 4 O

g (.) be a function of x^ . Then the expected valve of g(x^) is

E � g ^ ) ]  = (3.1.1)

Let us assume three variables x^, x„ a^d x.{ such that 

X 1 + x2 * x3 = n’ and n is 8 ranc,OIB variable which is the total 

of variables. In case that the model is applied to multibrand 

buying field, the variables Xf, x.̂  and x.̂  represent the number 

of purchase occasions of the individual brands. The totality of 

the individual brands is the whole product field.

Let us denote the variable 

S = x^ + x^ (3.1.2)
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which is known as the thi d marginal o� the bivariate table o� 

and  There�ore the ranges o� variability o� x^, x^ and S are: 

Xj 5 0,1,2,...,n ,

= 0,1,2,•••in ,

S * 0,1,2 ,...,n and S < n . (3.1.3)

Let us denote the probability law for the ascending diagonal 

arrays of the bivariate table of x^ and x̂ , to be 0(Xf|S) and 

the probability luw for the third marginal of the same bivariate 

table to be A(S|n). Let us denote the probability law for the 

total of variables n t»s f(n). The foint distribution of x^, S 

and n is therefore given by

p(xlfS,n) = O l x J S )  A(S|n) f(n) (3.1.4)

and the conditional distribution of Xf given S and n is 

pfxJS.n) = O ( x f S )  (3.1.5)

The following theorem is developed based on the above assumptions.

For any distribution f(n) for the total of variables with finite 

moments, for any distribution A(S|n) for the third marginal with 

finite moments around the origin and for any distribution 0(x^|S) 

for the ascending diagonal arrays of the bivariate table of the 

variables Xf and x^ with finite ^f(x^|S) and ^ 2 ^X 1 IS  ̂• the 

moments ^f(Xf), ^|(x.,). ^( x ^ ) ,  ^(Xf,) and the cov(Xf,x.,) 

can be expressed as follows:
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pf(Xf) : I [I /^(xJS) A (S |n) ] f(n) 

n S

p|(x2 ) = I pf(S|n) f(n) - I (I PJfxJS) A(S |n) ] f(n) , (3.1.7, 

n n S

p.s(ka) * z [z ^ ’(xfs) a(S|n)] rtn)

n S

- [z [S fj\(x |S) A(S |n) ] t(n)

*-n S

/i^fx^) = Z p2 (S|n) f(n) * Iz pf(Sfn) f(n) 

n In

(3.1.6)

-  2 Z [Z S p!(x |S) A(S|n)) f(n) 

n S

- [z  A(S|n)) �(n)j|z p|(S|n) ���)

r [Z flUx. |S)A(S|n)J  - \z [Z p! (x. |S)A(S|n)] �(n)| 

n S In S 1 J

and (3.1.9)

cov (x f , x ^ ) = z (Z S p f t x f S )  A(S |n)) f(n)

n S

- Z (Z p.\(x. IS) A(S|n)] f(n)

n S

- [z (z fj'Ax IS) A(S|n)] f(n) 

in S

Z fj[(S\n) f (n) - Z (Z |S) A(S |n)) f(n)l

n n S J

(3.1.10)

Proof

(a) Using Lemma 3.1 we can write

E(E[B(x^ |S,n)]] = E(Xj) (3.1.11)

Therefore from (3.1.11) and using (3.1.4) we obtair the following
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relation:

I II (Z x ^ x J S ) )  A(S|n)f f(n) = ^ ( x . )  . (3.1.12)

n S Xf

In view of the fact that

Z Xf fl(Xf |S' = <Xf |S)

X 1

equation (3.1.12) becomes

A'fUf) = Z [Z ^f(x J S )  A(S|n)f f(n) . 

n S

(b) Using the same l.nmma 3.1 and the constraint (3.1.?) we can 

write for p ’(x ) the following relation:

Ik b

EIK[B(S-Xj|S,n)]} = Etx^) (3.1.13)

By definition, the expected value: of x^ is:

^j(x2 ) = Z Z Z (S-x|) plXf.S.n) . (3.1.14)

n S Xf

By substituting (3.1.4) into (3.1.14) we obtain:

^(x.,) = Z (S|n) f(n) - Z [Z ^ ( x J S )  A(S|n)J f(n) . 

n n S

The expected value of x^, /^ftx^) can be expressed in terms of 

^if(Xf) as well:

^ j (x.̂ ,̂  = Z Mf(S|n) f(n) - A'fCx,) • 

n

(c) Using Lomma 3.1 we can write the second moment around the 

origin for the marginal x ( as follows:

A/’(X ) = Z[Z(Z X2 p( x ., S, n) ] ] = Z [Z [Z X2 0(x.|S)] A (S |n)) f(n)

c n S Xf 1 n S xl

« Z [Z /i‘(x |S) A(S|n)J f(n) .

n S

From the definition of the second moment, around the mean we can

write i) as
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^ ( x A) = X(X /iftxf S) a (S )n) J f(n) - X(X /iJ(xA |S) A(S|n)J f(n) 

n S Ln S

(d) In a similar way we can calculate the second moment around 

the mean for the variable x...mt

^ (x^) = x (i [x (S-x.)^ P(x ,s,n)]) 

n S x^

* I [£ [I (S-x,)2 0(xf|S;J A(S|n) ] f(n)

n S x

1

= Z ^ ( S | n )  f(n) - 2 Z [I S Aiftx^S) A(S|n)J f(n) 

n n S

+ Z (I fj.Ux fS) A (3 |n) J t in) . 

n S

From the definition of the second moment around the mean we can 

write ^ ( x ^ )  as:

fZ pj(S|n) f(n) 

n

X [X ^ ( x J S )  A (S | n ) ] f (n) - [x (X p f U f S )  A(S|«i)]f(n) 

n S Ln S

^ ( x ^ )  = X (S|n) f(n) - 

n

- 2 X (X S ^j(x1 |S) A(S|n)] f(n)

n S

- [z (x uf(xf |S) A(S|n)] f(n)J|x p|(S|n) f(n)f

(e) In order to calculate the covariance between x ( and x̂ , we

must first calculate E(X|Xg). Using f,»*f*ia 3.J. we obtain:

E U j X . , )  = X X X X ^ s - X j )  p ( X j , 3 , n )

n S Xj

= X [X [X X|(8-X.) fl(xfS)] A(S |n)) f(n)

n S Xf

= X [X S/y|(x |S)A(S|n)] f(n) - X  [I �iA(x. |S)A(S|n)] f(n) .

n S n S

From the covariance definition it is obvious that
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