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“I am just a child who has never grown up. I still keep asking these ‘how’ and ‘why’

questions. Occasionally, I find an answer.”

Stephen Hawking



Abstract

Klebanov and Polyakov conjectured in 2002 a duality between O(N) vector mod-
els and Vasiliev higher spin theory, providing a useful probe of the AdS/CFT
Correspondence[l]. When considering this duality in d = 2 + 1 dimensions, the
free 3d O(N) vector model is dual to type A minimal Vasiliev higher spin gauge
theory with a A = 1 scalar at the boundary, and the critical 3d O(NN) vector model
is dual to type A minimal Vasiliev higher spin theory with scalar having A = 2. In
particular, in the presence of a relevant interaction, the theory flows from an un-
stable UV fixed point with a scalar of dimension A =1 to an IR fixed point where
A = 2. Strong evidence for this conjectured duality was provided by Giombi and
Yin around 2010 where they performed explicit tree level and one-loop calculations.
For example they showed that at tree level, the three-point functions on both sides
of the conjecture match for both A =1 and A = 2, and that the one-loop 3-sphere
free energy on both sides of the conjecture agree[2, 3, 4]. Further evidence has been
the reconstruction of the bulk by de Mello Koch, Jevicki, Jin and Rodrigues[5] (for
another construction see Ref. [6]). In 2018 Mulokwe and Rodrigues showed that,
making use of a bilocal field approach (taking a 1/N expansion) to investigate a
three-dimensional O(V) invariant bosonic model with £ (¢%¢*)? interaction at the
critical point / infrared fixed point, there was indeed a state identified to correspond
to a A = 2 scalar state; the A = 1 state was found to vanish from the spectrum in

agreement with Polyakov and Klebanov|[7].

In this thesis, we make use of Collective field theory, where bilocals are used to encode
the invariance of the theory explicitly so that it is the invariant variables which
are described by the theory[8]. We build on the constructive approach developed
by de Mello Koch, Jevicki, Jin, Rodrigues and Yoon between 2010 and 2015 in
both the light-cone and temporal gauge for the free theory, wherein an explicit
map between the conformal field theory in d = 2 + 1 dimensions and the higher
spin theory in AdS,; x S; was established[5, 9, 10]. In the Hamiltonian approach,
the 1 + 2+ 2 = 5 coordinates of the equal time bilocals map (in phase space) to
the coordinates of AdS, x S1, and in this thesis we investigate the applicability of
this map to the interacting theory. Using the Hamiltonian approach in time-like
gauge, it is found that the quartic interaction contributes linearly in the bilocal field

fluctuation equations so that the spectrum problem is that of a potential scattering



problem. The scattering state solution takes a universal form at the critical point.
Using a change of variables from bilocal momenta to bulk momenta (as dictated by
the map), and instituting a field redefinition to define bulk higher spin fields, we are
able to obtain a bulk description of these boundary scattering states. It is rather
remarkably shown directly in the bulk that for the interacting theory, the s = 0 state
(corresponding to the A = 0+ 1 = 1 state) is precisely removed in agreement with
Ref. [7]. Tt is then shown that this approach is equivalent to that taken in Ref. [10],
by showing that the bulk algebra agrees with that found in [10] both at the free and

interacting critical point.
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Chapter 1

Introduction

1.1 Holography

Holography, the concept that the description of a volume of space, understood as the
gravitational bulk, may be encoded on a lower dimensional boundary of that region
(and that space-time is an emergent property[18, 19]), has been a tremendous source
of inspiring work in theoretical physics over the last few decades, most notably
the AdS/CFT correspondence as initiated by Maldacena[20]. A chief instigating
factor has been the limitations of the SU(3) x SU(2) x U(1) model or Standard
model with regard to explaining things like dark energy and dark matter. This
model is based on local invariance principles and has been extremely successful in
understanding the nuclear Strong, Weak and Electromagnetic forces; in particular
the theory predicted the spin-0 Higgs boson required for symmetry breaking (in
section 1.2 we review background mathematics useful for physics and in section 1.3
we revise the spontaneous symmetry breaking mechanism in the Standard Model).
However, notably, when the Gravitational force is incorporated into the Standard
model, the theory becomes non-renormalisable (We review Renormalisation and the
Renormalisation Group (RG) flow in section 1.4). For example, the ratio of the

one-graviton correction to the zero-graviton amplitude is of the order

E’Gy = (ij)Q (1.1)
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where M, = 1.22 x 10GeV is the Planck mass. For small energies, or large dis-
tances, this quantum correction is irrelevant. However at high energies or small
distances, this coupling grows stronger, and indeed the divergence gets worse with
each additional graviton, and the perturbation theory breaks down. This is the
short-distance problem of quantum gravity, the non-trivial UV fixed point, stem-

ming in position space from all the graviton vertices being coincident. [21]

In section 1.5 we review some of the developments in General Relativity. Some key
points in its history are as follows. In 1915, Einstein developed his famous Einstein
equation, which Schwartzschild famously gave a solution for in 1916 for a static, un-
charged black hole. In particular, this black hole has a singularity at » = 0 and an
horizon at r = 2G M. More general black hole solutions were subsequently found. In
1916 and 1918, Reissner and Nordstréom respectively found the charged, non-rotating
solution, while the uncharged, rotating solution was found in 1963 by Kerr and the
charged, rotating solution by Kerr and Newman in 1965. A key result obtained by
Bekenstein in 1975 and Hawking in 1976 [22, 23] after studying Einstein’s equations
is that the entropy of a black hole grows as the area of its event horizon and not as its
volume as intuition may have suggested. Surface or boundary conditions therefore
determine everything within the boundary, a concept known as holography. Quan-
tum mechanically, black holes radiate, and this leads to the realisation that surface
gravity and temperature are equivalent concepts in black holes; this may also be used
to show that entropy scales as area. (Extremal black holes have zero temperature.)
The generalised second law of thermodynamics states that the entropy of the black
holes combined with that of the rest of the universe is increasing, implying that the
area of the black hole is increasing. The quantum mechanical notion of unitarity
conflicts with the Hawking/Bekenstein-derived notion that entropy is ever-increasing
(otherwise put, a pure state should evolve to a pure state; for a black hole, the end
state is instead a thermal state indicating a paradoxical loss of information). Some

interesting developments in this area are also reviewed in section 1.5.

There are various No-Go Theorems, for example those due to Coleman, Mandula,
Weinberg and Witten (we review these in section 1.8), which place constraints on the
type of theories that may be written. A fruitful avenue of research has been finding
ways around these no-go theorems by deviating from the underlying assumptions
of these theorems. For instance Supersymmetry (which we review in section 1.9)

deviates from the Lie algebraic assumption and instead requires anti-commutators

2
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to build non-trivial interactions between internal and external symmetries. Super-
gravity builds on this and with the introduction of a "I}, term which one interprets
in a gravitational context (we review concepts from General Relativity in subsec-
tion 1.5.3, as well as Supergravity in section 1.10). A further way to circumvent
the no-go theorems is to assume a non-flat space-time background as we shall see
soon; however, we first need to review the role of String theory and D,-branes in

holography and how they ultimately gave rise to the AdS/CFT correspondence.

In 1973/1974, Gerard 't Hooft showed that the Lagrangian £ = Lo + L3 + L4 for
a non-Abelian Yang-Mills theory (in general a matrix theory with trace structure),
gives rise to a topological expansion in terms of 't Hooft coupling A = g%,,N [24] (we
review the argument in 1.6). Over time, these topological structures then sweep out
worldsheets in a space with one dimension higher, and this theory is known as String

theory. In the 1970s/1980s String theory (some aspects of which we review in section
1

2o’

1.7), where the string tension T is given by T' = for o/ the Regge slope, was found
to have highly desirable features as a possible candidate for unification (the string
length in this theory is then of order the Planck length ¢p). (Initially it had been
thought that the dual resonance model was a likely candidate to study hadrons[25],
and within the span of 4 years, wherein was the rise of QCD, the dual resonance
model became a contender instead for describing non-hadrons [26, 27]). For example,
non-renormalisable amplitudes and ultraviolet divergences make it difficult for other
quantum field theories to incorporate gravity, whereas the massless spin-2 particle
(having a Regge intercept of 2) is understandable as a graviton that is present in any
string theory. String theories naturally incorporate gravitons and massless vector

particles. The low energy dynamics of the massless sector of closed (super)strings

was found to yield the Einstein-Hilbert action.

D-branes or Dirichlet-branes arose from considering boundary conditions of strings.
The strings move around within a "bulk’, whereas the string endpoints are confined to
moving about certain boundaries known as p-dimensional Dp-branes. For example,
the open string / closed string duality states that a closed string moving from one
D-brane to another is dual to an open string between two D-branes whose endpoints
perform a single circuit in the same direction on their respective D-branes. A further
way in which the idea of duality and holography arises was found by Sen, Hull-
Townsend and Witten in 1995 [28, 29, 30]. Here five different superstring theories

are unified in terms of an eleven dimensional theory called M-theory, all of which

3
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are related by dualities; the low energy limit of this theory gives 11 dimensional
supergravity. One can retrieve the original 4-dimensional theory by, for example,
making use of Kaluza-Klein reduction [31], where the additional dimensions are
curled up on a small space like a small sphere or torus. One might, as a simple case,

consider a background solution to be

where A represents 4-dimensional indices and ¥ the remaining indices; gfg,) (z) and

gﬁ,%(y) are the metrics on the 4- and extra-dimensional spaces respectively. One

then expands using spherical harmonics,
gul/(xa y) = 9;(31) (z) + Z g;([;) (2)Yn(y),

(with Y,,(y) the spherical harmonic) and then employing dimensional reduction, i.e.

only keeping the lowest dimensional mode (the constant one),

gz =

( 9} (@) +hyo(@)  hyn(a) ) |
B (22) 90 (Y) + hun (@)

In 1997, Banks, Fischler, Shenker and Susskind came up with the BFSS matrix
model for M-theory [32]. Here, the infinite momentum limit of M-theory is the
N — oo limit of N coincident DO-branes, given by U(N) symmetry. The D0-branes
describe multi-graviton bound states and the eigenvalues of the matrices represent
the classical position of the D-branes; these interact via open strings. Some further
results include Polchinski describing D-branes as solitons in string theory in 1994
[33, 34], Klebanov contributing to the understanding of stacks of D3 branes in 1997
[35] and Douglas, Polchinski and Strominger making the observation that the near-
horizon behaviour can be obtained by taking the large-N limit of a quantum field
theory [36]. These set the necessary foundations required for Maldacena to make his

breakthrough discovery.

Considering the near-horizon geometry of N parallel Dp-branes of type IIB string
theory and string coupling g in the large N limit generally gives a supergravity

solution AdSy42 x M where AdS describes a space with constant negative curvature,
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Anti-de-Sitter space. Anti-de Sitter, or AdS, space is the maximally symmetric
Lorentzian manifold with a constant negative (scalar) curvature, and M is typically
a compact manifold. For example, the supergravity solution related to D3-branes is
given by AdSs x S°. The curvature of the combined space AdS, 2 x M (in Planck
units) is a positive power of 1/N [37], so that, in the large N limit it gives the required
asymptotically flat universe. For AdS5 x S°, the radius of the Anti-de Sitter space is
the same as that of the five-sphere and are both proportional to N'/4. Moreover, in
the large-N limit, this results in a conformal field theory (CFT) on the brane given
by N = 4 Super Yang-Mills (SYM). The presence of the graviton together with the
holographic principle led to the assertion in the 1990s by Maldacena[20] (and fleshed
out by Gubser, Klebanov and Polyakov[38] and Witten[39]) that non-Abelian gauge
theories correspond to quantum theories of gravity and that they are related by
the value of A [40]. In particular N' = 4SY M is equivalent to type IIB strings in
AdSs x S®, where the coupling constants are related as 932/ v = s and the radius of
both S5 and AdSs are related to A by

R* = (4ma’)?\

The duality is established by the value of A\. Large A, corresponding to a non-
perturbative regime on strongly coupled N'= 4 SYM, corresponds to a large radius
of curvature R, or weakly coupled gravity. This duality is referred to as the AdS/CFT

correspondence, which is reviewed in section 1.11.

Another avenue for circumventing the No-Go Theorems came in the form of the
Fronsdal and Vasiliev programmes which challenged the underlying flat space-time
background assumption and builds higher-spin theories on curved space-times where

there is no S-matrix. These are reviewed in section 1.12.2.

An example of the AdS/CFT correspondence is the conjectured duality between
large N conformal theories in d dimensions which contain N component vector fields
and theories of an infinite number of higher-spin massless gauge fields in AdS4y1; in
particular Klebanov and Polyakov conjectured this for d = 2 + 1 dimensions in 2002
[1]. Later, Giombi and Yin were able to do calculations using the AdS/CFT corre-
spondence to corroborate this conjecture [41, 2, 4]. This conjectured correspondence

is reviewed in section 1.13.
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It can be shown that the holographic duality that exists for the A = 2 critical theory
follows from the A = 1 free theory using Legendre transformation arguments; this

is reviewed in Ref. 1.14.

1.2 Mathematical background

1.2.1 Lie group definitions

The following is based on Ref. [42]. A Lie Group is a group G whose underlying set
is given a manifold structure (a manifold is a set M endowed with bijections to R”
and various nice properties, that can often be visualised as a surface, for example

the 2-sphere
8 ={(r,y,2) R 1+ 4P + 22 =1)

is a manifold). The dimension of the Lie group is then given by the dimension of this
underlying manifold. Lie groups often come with a homomorphism, i.e. a smooth

map (one where all partial derivatives of all orders exist) J : G — H such that
J(G1G2> = J(Gl)J(Gg) VGl, G2 € d.

Two Lie groups are isomorphic if there exists a bijective homomorphism between
them, e.g. J : U(1) = O(2) given by

J(ew) _ ( cosf —siné ) '
sinf  cosd
We tend to like manifolds that are compact (closed and bounded, therefore the
hyperboloid {z,y,z € R|2? — y? — 22 = 1} is a non-compact manifold) and simply
connected ('connected’ means that any 2 points are connected by a path, and ’simply’
means that all loops can be contracted to a point, and all paths between the same 2
points can be continuously deformed into each other). For example, while the sphere
S? is simply connected, the circle S” and the torus are not. Furthermore SO(3) is
not simply connected: we can define 77 a rotation axis (corresponding to eigenvalue

+i

A\ = 1; the other two eigenvalues will be of the form e** where @ is the rotation
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angle). Then, since the point M (7, 2w — 0) is identified with the point M (—7i, 0),
we would need to restrict € to the range 0 < 6 < 7 to avoid double-counting of
points. In particular, anti-podal points (7i, 7) and (—7, 7) are identified. As a case
in point, the two paths 77 where 6 € [0,7) and — (2 — 6) 7@ where 0 € [r,27) are
two paths between the same two points. But since these paths are traversed in
opposite directions, it is impossible to continuously deform one path into another,
giving the result that SO(3) is not simply connected. Indeed, although SO(3) has
the same number of generators (232 = 3) as SU(2) (2% — 1 = 3), SU(2) is actually
a double cover of SO(3). For U € SU(2), U = apl + id - o where

01 0 —1 1 0
o1 = ;02 = y 03 =
10 i 0 0 —1

necessitating that

1 -yt B ap +1ta1  as +1aq ap —taz —ao — iaq
—ao +1a1 ag —taq as —1ta1 ag+ tas
= (a%—l—a%—f—a%%—ag)l

<~ a%—i—a%—ka%—i—a%:l,
There is a global 2 : 1 map f: SU(2) — SO(3) given by
1
f(A)iy = Str (UiAO'jAT) € SO(3).

Notably f(Aij) = f(—A4ij). SO(3) and SU(2) satisfy the same algebra [T%,T°] =
cabel €. Note that the choice we made for SU(2) generators results in real structure
constants fupe = €qpe and therefore the choice of generators is called a real basis;

later on we will use a new basis called the Cartan-Weyl basis which is not real.

1.2.2 Lie algebra definitions

An algebra is a mapping from a group to a vector space, endowed with an operation,
and a Lie algebra g is a vector space over a field F' equipped with a bracket [] : gxg —
g that is anti-symmetric, [x,y| = — [y, x|, linear, [ax + By, z] = a [z, y] + [ [z, y] and
obeys the Jacobi identity [z, [y, 2]] + [y, [z, z]] + [z, [z, y]]. It has dimension dim(g) =

dim(vector space) = dim (basis 7%). Elements in the algebra are given by = = x,7*

7
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and basis elements satisfy [T“,Tb] = fngc. Two algebras g and ¢’ are isomorphic

if there exists a bijective linear map f : g — ¢’ such that

[f (@), F(w)] = [ ([z,y])

and our aim is to classify Lie algebras up to isomorphism. A subalgebra h C g
is a subset that is also a Lie algebra. An ideal h of g is a subalgebra such that
[z,y] € hVz € g, Yy € h. Ideals are to Lie algebras what normal subgroups are to

groups. Some examples of ideals are the derived algebra and the centre, respectively

ilg) = {l=,yl:z,y€g}
J(g) = {z€g:fz,y =0VY €g}.

A Lie algebra is abelian if [z,y] = 0 Vz,y € g in which case i(g) = {0} and J(g) = g.
A Lie algebra is simple if it is non-abelian and has no non-trivial ideals, in which
case, i(g) = g and J(g) = {0}.

1.2.3 Obtaining Lie algebras from Lie groups

For any Lie group G (which will come with an underlying manifold/surface), we
can define a tangent space (locally flat) around the identity. The mapping from the

tangent space to the (matrix representation of the) group is given by

T(G)Evii - v 99(6)

500 0 |, € Mat, (F),

where F is a space such as the real or complex numbers. We can write curves close
to the identity parametrised by ¢ in our Lie group G;(t) in terms of tangent space /

Lie algebra elements x,y, w as follows

91(0) = g2(0)1; ¢1(0) = x1; §2(0) = 22
g1(t) =1+ a1t +wit?; go(t) = 1+ zot + wot®.

To determine the operation we should define on our tangent space, closure requires

that the composition g '(t)gy ' (t)g1(t)ga2(t) should also be in our tangent space.
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This gives

(1 — 21t — wit? + 23t?) (1 — 2ot — wot® + 25t°)

(1 + z1t + w1t2) (1 + xot + w2t2) )

The terms linear in ¢ clearly cancel, as well as the w; and w9 terms in t2 and we are

left with

2 2 2 2 2
1+ (371 + 25 + 122 — ] — T1T2 — T2T1 — T + xlxg) t

= 1+ [.%'1, xg] 2.

Here we see that our tangent space is a mapping from a group to a vector space that
we can naturally endow with an operation [z1, 23] - which is exactly the definition

we had for a Lie algebra! That is
L(G) ={Te(G), [,]}-
As examples, consider the groups G = SO(n) or O(n). Here

(t)R(t) =1
=0 = (t)R(t) + RT(t)R(t)
=0 = RTO)R0)+RTO0)R0)=XT1+1X =X+ x7

RT
RT

< X is anti-symmetric with dim(G)= n(n — 1). For G = SU(n) we similarly
obtain UT(t)U(t) = 0 = ZT4+Z = 0, so the dimension of G is given by n? constraints,
less one since, writing U = 14+ Zt+O(t), the constraint det(U (t)) = 1 = ¢T(1+2) —
1 = Tr(Z)t = 0, hence the generators need to be traceless and anti-hermitian of
dim(G) = n? — 1; for example in SU(2) the 3 generators would be T% = —%iaa.

Note that a Lie group is an abstract object and in order to discuss particular types

of objects like matrices one needs to talk of that particular representation.

1.2.4 Representations

Recall that an homomorphism was a mapping that came into play in Lie groups, for

example two Lie groups were isomorphic if there existed a bijective homomorphism



Chapter 1 Introduction Section 1.2 Mathematical Background

between them. On the other hand, a Lie algebra was associated with a bracket [,].

These properties filter down to their respective representations.
For any group G, not necessarily Lie, a representation is a set of non-singular ma-
trices {D(G) € GL(n,F),G € G} with a homomorphism

D(Gl)D(Gg) = D(GlGQ) VGl, G2 € G.

For any Lie algebra g, a representation is a set of matrices {d(g) € Mat, (F),z € g}
such that

[d(z1), d(z2)] = d ([(z1), (z2)]) Vz1,22 €9
d(azy + fra) = ad(z1) + fd(x2) Vo1, 22 € 0; o, B € F.

The dimension of the representation is the dimension of the corresponding matrices,

and the space F" the representation acts on is called the representation space.

Given a representation d of the Lie algebra L£(G) we can define a representation
D(G = ¢*) = e¥®), For example, if D(G;) = %

D(G1G2) = exp [ <a:1 + z9 + ; [x1, z2] + )}
g

= exp |d(z1) + d(z2) ; [d(x1),d(z2)] + }
= exp (d(z1)) exp (d(x2)) = D(G1)D(Ga),

which follows from the Baker-Campbell-Haussdorf formula, which is briefly ex-

plained/derived as follows:

1 1
e =¢e%e? = (1—|—$—|—§x2+...)(1—|—y+§y2—i—...)
1 1
- 1+<w+y+2[x,y]+...>+2(x+y+[a:,y]+...)2+...
S2 = aty+aleyl+ sl oyl - Sl el +
=yt Sl el = Sl [l +

This is most useful as we can see a group representation as being generated by

an algebra. Some representations of a Lie algebra g are the trivial representation,

10
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do(xz) = 0 Vo € g, the fundamental representation d¢(x) = x Vo € g and the adjoint

representation
dagj(z) = ad, Vo € g

where ad,(y) = [x,y] Yy € g. We can choose a basis B = {T,},a =1, ..., D for g so
that

[adw(y)]c = [SL‘, y]c = l'afgbyb <~ [adx]lc) = xafgb

which is a D x D matrix. This is a valid representation since it trivially satisfies the

second requirement, and the first requirement is satisfied as follows:

[d(z),d(y)] = [ads, ady] (2) =[x, [y, 2] = [y, [, 2]]

= — [z [zl
= Hx7 y] 72] = ad[év,y](z) = d[l”vy]'

Two representations Ry and Ry are isomorphic if 3S such that Re(z) = SRy(z)S™!
Vr € ¢g. A representation with representation space V has an invariant subspace
UcCVifR(zx), € UVe €g,u € U, the two trivial invariant spaces are {0} and V.

An irreducible representation or irrep has no non-trivial invariant subspaces.

If the structure constants in a Lie group representation are real, the basis for the
representation is called real. We could complexify the basis (resulting in real gener-

ators). For example in SU(2)
1.
su(2) = spanR{fiwa ra=1,2,3} = spanc{o, :a=1,2,3}.

We will use the basis

1 0 ] 0 1 0 0
H=o03= ; B1,Eo =01 ti0g = )
0 -1 0 O 1 0

so that [E1,F_] = H, [H,Ey] = adg(F+) = £2E+ and adyg(H) = 0. Therefore

adp has three eigenvalues 0, +2; the eigenvalues of the representation of H are known

11
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as weights (in general there may be more than one H). It also has three eigenvectors,
H, Ey known as the roots of su(2), and F4 are known as the step operators. We can
operate with these step operators multiple times (gaining or losing 2 each time) until
we get to states of maximal and mimimal weight A and —A. The finite-dimensional
representations of su(2), Ry with weight given by {—A, —A +2..., A} has dimension
dim(Rp)=A+1. SO(3) = 5%2) results in SU(2) and not SO(3) being able to model

spin—% particles.

To consider what happens in the above discussion when we add or multiply rep-
resentation, consider the direct sum of representations which can have different di-

mensional representation spaces Ri @ Ro @ ... @ R,, may be visualised as follows

Ri(z) 0 0 0
0 Rs(x)
(31 DPr.DP.. EBRn) (z) =
R,_1(x) 0
0 0 0 Ru(x)

which makes evident the reducibility and invariant subspaces; if the representation
is reducible then there is a basis in which it will have upper triangular form. When
it has block-diagonal form we say that it is completely reducible. The dimension of

the above is equal to the sum of the dimensions of the individual representations.

A direct product (R; Q R2) (v @Qw) = (Ri(v)) Q(R2(w)) of two representations
may be done in one of two ways - multiplying R; by each of the components of Rs
or vice versa. The dimension of the resulting representation will then be the product

of the dimensions of the individual representations.

With this machinery we can now say that

Ry, ® Rpy = Rjp,—py| @ Riay—pgl42 @ @ RA 4,

For examples, for spin—% particles we have that

R1®R1=R2@RO

12
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so we can have a triplet of states or just a singlet.

1.2.5 Cartan subalgebras

In this subsection we will extend the su(2) example above. In order to do this, one
needs to be able to normalise things, and for this we define an inner product (given
a vector space V and field F, this is a symmetric bilinear map i : V x V — F) called
the Killing Form K :gx g — F by

K (x,y) = tr(ad, o ady) .
This is indeed an inner product since

(ady 0 ady) (2) =[x, [y, 2]] = zampa[t?, [t°, )]
= zampre[t?, [ = zampue f1° O]
= (waanflefe) 2t = [m(w,y)); 2t
= K(z,y) = trim(z,y)]l = zaxsfi° 0.

These Killing forms have the following property:

K([z,y],z) = tr(adp, oad.)
= tr([adg,ad,] oad;)
r (ad, o ady o ad, — ady o ad, o ad,)
(
(z,

Il
-+

= tr

ad, o [ady, ad;])

- K [ 2]) = —K(z,[2,9]) = K(y,[2,2]).

In particular, an inner product on Lie algebra g is called invariant if
K([z,2],y) + K(z, [2,9]) = K(ad:(x),y) + K(z,ad-(y)) = 0

since elements in ¢ transform naturally as x — Note that the d generators {T%, a =

1,...,d} satisfy commutation relations

{Ta7Tb:| — fngC~

13
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where fgb are the structure constants. A Lie algebra is semi-simple if it has no
abelian ideals, in which case it can be written as the direct sum of simple Lie al-
gebras. Having abelian ideals requires some commutators to [T% 7% = 0 which
sets certain structure constants to zero; it turns out that the Killing vector (which
contains 2 structure constant terms) will be identically zero in this case, and so be-
ing semi-simple is equivalent to requiring that the Killing vector is non-degenerate.
This is important for us because we will be working with a Cartan Subalgebra(CSA)
h (h is a maximal abelian subalgebra of g if all its elements are ad-diagonalisable
(so we can think of them as diagonal generators like H in our previous example;
it is, however, true in the more general abstract sense). We can demand g to be
semi-simple and yet contain a CSA since it is just a subalgebra and not an ideal

(Heh=[H,H|=0andif [E,H|=0Yheh= E €h).

Extending the su(n) example from before, we can choose n — 1 generators like the
H we chose - (H")op5 = 00ifp; — Sa(i+1)08(i+1) - that will commute with each other.
The rank of the CSA will then be its dimension, n — 1. The remaining eigenvectors
of the CSA {E* : a € ®} are called step operators E®. The Cartan-Weyl basis is
then given by B = {H",i = 1,..7}U{E* o € ®}. That is

[H',H'] = 0
[H',E*] = od'E* i=1,..,r,Vaed
e o)) = = [ [ ) [, )

= (a'+5) [ B7]
x BB ifa+Bed
= [E“,E’B} = 0 otherwise, o #£ —f3 - (1.2)
? a=-—0

In an attempt to understand the unknowns in the previous equation, note now that

we have the following results (which we prove in reverse):

K (H,E*)=0
<~  J'K(H,E*)=0
<  K(Ho'E*)=0

14
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K (H,[H', B*])

— =0
~  K(E*[HH])=0

and

K (Ea,Eﬁ) —0

(o' +8) K (B B") =0

K (O/‘Ea, Eﬁ) +K (Ea,ﬁiEﬁ) —0

K ([Hi,E“] ,Eﬁ) YK (Ea, [HEfBD

[

K ([#' B, B7) + K ([B, 0], B7) = 0.

By the previous argument K is non-degenerate, however. Therefore there must exist
H' such that K(H, H') # 0. Therefore, if we define

K(H,H') = K(H'e;, H¢}) = KYe;el; # 0

then K% is invertible = HKi;l such that KiglKjk = 521?, and we can start talking
about the ’geometry of the roots’. From the commutators in (1.2) the only option
that will lead to a non-degenerate K is if H'(= H*) < [E*, E~].

In the su(2) example we had [E4, E_] = H; consider therefore
K ([E*,E™*],H") = K([H',E*],E™*)=d'K(E*,E™).  (13)

Therefore, if we define

(B, B

H® o=
K (B>, E—)

— [E*,E°] =K (E*,E"*)H"
then equation (1.3) will become
K(H* HY) = o

Our set of commutators has therefore now become

[H' H] = 0
[H',E*] = o'BE* i=1,..,r, Vaed

15
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L | I e |
— (o' +5) B, |
Ny gEotP ifa+pBe®
= [EQ,EB} = 0 otherwise, o # —f -
K (E®,E-)H® oa=-8

Now we can obtain H®

K(H* H) = K (H'@ Hlej)=K"7ele; =ae

=6 = (K0!
= H® = (K_I)ZJOZJHl
Hence,
(B = (Kol |1 B
= (K™Y EP
= (a,B)E” (1.4)

so that K% acts on h while K i L acts on the dual space h*. If we now define

= \/(a,a)K(2Ea,E—O‘)Ea
« . 2 «
R
the commutation relations become
] = ) L) 7] =0
e = (a,zco\/ e ] - <a?a>\/ FAREEH O
_ 2(0675)65
(o, @) ,
{ea’eﬁ} " (wa)K(E*, E2) [Ea’Eﬂ

16



Chapter 1 Introduction Section 1.2 Mathematical Background

’I’Laﬁea—i_ﬁ a+ped

_ 2KHY(E“E~%) _ ;1 « _
=\ R =h a+5=0

0 otherwise

where n,3 € C and (a, «) # 0 is given without proof. Note that Vo € ® there is a
Lc (su(2)) = su(2), subalgebra that is generated by {h®,e®* e *}:

[h%e*] = +£2e*°
[eo‘,e_o‘] = h“.
This will prove important. We will now try to simplify this further by defining

simple roots which will eliminate the o + 8 € ®g option since simple roots cannot

be written as the sum of 2 roots.

For a, 8 € ® and a #  the a-string (a root-string) through 3 is given by
Sas ={B+pa € ®;pcZ}.
A given root-string has a corresponding vector space
Vs = spanc{e? 7% B 4 pa € ¢}
and, since B+ (p£1)a#0

[hoz, eﬁ—i—pa] _ 2(047 B+ POé) 66+pa _ (2(067/8> + 2p> eﬂ—l—pa
(a, ) (a,q)

B+(p£1l
{e:l:a,eﬁ-i-pa] o ef e B+(p:t1)a€(b

=0 otherwise

We can make use of the initial su(2) example by noticing that for R a representation
of su(2)q (under which V, g is invariant, so that V3 may be seen as a representation
space for R. Furthermore R is an irrep of su(2), and therefore must have a highest

weight 0 < A € Z). The weights are thus given by

Sk = {(2((5’(5)) +2p> B+ paed@t={-A—-A+2 .. A}

17
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(Each weight has multiplicity 1, i.e. corresponds to exactly one state.) Therefore

p € Z and for some integers ny > 0 and n_ <0,

2(e, B)

-A = _
(@) "
2
A (@8)
(v, @)
Adding these two equations together we find that R,z = (( ’5)) —(n_ +ny) €

ZVa,8 € ® . It is possible to show that the inner product satisfies the necessary
requirements to be a Euclidean inner product e.g. (a,a) > 0 with equality <=

a = 0. So we can define the length of a root to be

ol = (a,)"/?

(a, B) ][ B] cos ¢

where ¢ is the angle between the two roots a and (3, as per figure 1.1. Hence

8

a

FiGURrE 1.1: Diagram showing the angle ¢ between two roots o and 3

2(

Q

0) _ 2181
Jal

neZ=cos¢p==

cosp € Z; Rgo = 2la |cos¢€Z

18]
NG
2

Rop =

Q
3

= cos® ¢ =

%\3

so we can divide the root set into positive roots ® and negative roots ®_ (we will
draw a hyperplane with negative slope through the origin; roots to the right are
called positive and roots to the left are called negative). We further define simple
roots to be roots that cannot be written as the sum of two positive roots; the set of

all simple roots is ®g. Some results:

o If o, € &g then a — 3 ¢ g since a — € ® implies « is the sum of o — 3
and § (so not simple), and « — f € &_ = [ — a € ® implies § is the sum of

18
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f — a and « (so not simple).

o Therefore So 3 = {B+na;n_ <n<ni} = Syp={B+na;0<n< —2((a’ﬁ)}

a,q)
since n— = 0 for &g and ny +n_ = —2((525)), and the length of the a-string
through 3 has length [, 3 =1 — 2(35(5)) e N.

e Hence (o, §) <0.

e Any positive root 5 may be written as a linear combination of simple roots
(since the rank is finite, one can write 5 as a sum of other roots until all
roots are simple). Furthermore any roots v € ® may be written as a linear
combination of simple roots, a =, dia ;) where o) € ®g. The simple roots

therefore span hi (objects that are in g but not h).

e The simple roots are also linearly indepependent since A € hy = A =", CiOv(y)
where ¢; € R and a(;) € ®g. For general non-zero A, not all ¢; =0 and we can
define Jy = {i: ¢; S 0} and Ay = £, ; ciag) so that A = Ay — A and

therefore

WA = (A, Ap) + (A An) = 2004, A0)

> —2(Ap,A0)

= 2 2 Z CiCj Q) Q)
iedy jeJ_

> 0

the last step is true since ¢;¢; < 0 and o) < 0. Hence MA) =0 =

A = 0 completing the proof for linear independence.

o It follows from the previous two points that ®g is a basis of hi implying
that |®g| = dim(hg) = r, and the simple roots will from now on be labelled

a(i), 1= 1, ey T

Defining the basis for the Lie algebra to be {h¢, e = eiw ,et = e ¥} and the (not

necessarily symmetric) Cartan matriz to be

i = 2w aw) 5
(@) aw)

19
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the (not necessarily symmetric). The commutation relations (1.5) then become

[hi, eii] = 42
[hi, ei} = iQAijei
[e;, eji} = A

The Cartan matrix satisfies the following:

o AW =2VZ.

AT =0 <= A =0.

A4 € 720V +# j since (o, 8) < 0Va # .

e From equation (1.4) the inner product was defined as (a,3) = aTk718 >
0 = detk~! > 0 A% defines a Euclidean inner product necessitating that
det(A) > 0.

the Lie algebra g is simple and hence A% is irreducible.

These constrain the Cartan matrix, enabling us to classify all Cartan matrices and
allows us to uniquely determine all Lie algebras. For rank 2 the constraints above

give rise to three Cartan matrices,

() () ()

For each Cartan matrix one can draw a Dynkin diagram by drawing a node o for

each simple root a;), drawing max (|Aij|, |Aji|) lines between nodes a(; and a;),
and drawing an arrowhead from longest to shortest root, as in figure 1.2 respectively

for the rank 2 example. All finite dimensional simple complex Lie algebras has one

O—0O =0 =0

FI1GURE 1.2: Dynkin diagram for Rank 2

of the following forms:

or be one of the 5 exceptional cases For rank 1, D4 is not possible but Ay = By = C;
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Ay O—0— —O0—0 (Lc(SU(n+1)))
Bp: O—0——0=0 (Lc(SO(@2n+1)))
Cn: OO —O=<0 (Lc(SP(2n)))

D.: O—0— =0 """ (Lc(50(2n))

Eg : f
O—00—0—8—0

E-: f
O—O0— 00— 0—0—0

FEg : f
O—C—0O—0O—O——((—4)

Fy: O—O=>=0—-o0

Ga: O==0O

implying that
Lc(SU(2)) ~ Lc(SO(3)) ~ Lo(SP(2).
In rank 2 By = C5 so that
Lc(S0(5)) = Le(SP(4))
and the diagram for Ds is the same as two A; s implying
Lc(SO(4)) ~ Le(SU(2)) €D Le(SU(2)).

Now we can use a Dynkin diagram to reconstruct a Lie algebra g. The Dynkin

diagram for As is which corresponds to Cartan matrix
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The roots, which may be called o and 3 then satisfy

2(04,,8) 2(aaﬂ) _ 2’&‘

208
(a) (B8 18 0T (o 7

os¢p = —1.
|

¢
Hence |a| = |8] and cos ¢ = —% and therefore ¢ = %’r The length of the a-string
through 3 is fo 3 = 1 — % = 2 so that a + 8 is a root. The full set of roots
therefore comprises 6 elements, ® = {a, 8, —a, =5, + 8, —a — §}, which may be

visualised in figure 1.3 and the Cartan-Weyl basis of Az (Lc(SU(3))) has dimension

g a+p

—a =B =8

F1GURE 1.3: Diagram showing the full set of roots, comprising 6 elements for rank
2

2 4+ 6 = 8 and consists of

Bew = {H', H?, E*® E*P gty

1.2.6 Root and weight lattices
For R a representation of g on V., R(H?) € gl(V) and R(E®) € gl(V') and
[R(H"), R(H?)] = R ([H', H]) = 0.

Since the R(H") commute, they have a common eigenvector vy soV H € h, R(H)v) =
A(H)vy for some A(H) and A € h* is called a weight of R; the set of all weights Sk
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of R is called the weight set and V) is the subspace of vectors v that satisfy

Since V) need not be 1-dimensional, the weights can have multiplicity
my = dimV) > 1;
(Note that these weights are integers). For example,
[H',E*] = adyi B = Raqj(H")E, = o'E,,
so that the roots « are the weights of the adjoint representation. We have that

RH"R(E*)v = R(E“)R(H")Yv+ [R(H"), R(E“)]v
= MNR(E*)v+a'R(E*)v = (\"+a') R(E“)v.

Therefore, v € V) = R(E“)v € Viiq, but if Vi, = {0} then A + a is not a
weight. Hence the Cartan elements H? preserve the weights and the step operators

E® increment the weights by a.

1.3 Standard model - Higgs mechanism

In 1964-1968, Brout, Englert, Guralnik, Hagen, Kibble, and Higgs recognised that
spontaneous symmetry breaking results in gauge fields acquiring mass [43, 44, 45, 46].
This led to the building of ATLAS (A Toroidal LHC Apparatus) and a full-blown
search for the Higgs particle by the collaboration under team leader Fabiola Gianotti,
which culminated in finding it and thus providing the last vindication of the Standard
Model in regimes where coupling to gravity is not important. For this work Peter

Higgs and Francgois Englert received the Nobel Prize in 2013.

The Standard Model Lagrangian is given by

Lsm = Lym + £ + Lyukawa + LHiggss
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where Ly gives the dynamics of the gauge fields, £Lp gives the dynamics of the
matter fields (fermions) and their interaction with the gauge field, Lyykawa gives the
mass terms for the matter fields and Lyjges gives the dynamics and potential of the
Higgs. In particular Lyy describes the SU(3)colour @ SU(2) et @ U (1)ypercharge

as follows:

Lynm = —4;%BWBW - 4;gwguww — L;%G A G

The first term represents the U(1) Hypercharge part with boson By, = 0,8, —0,By;
the second term is the SU(2) weak isospin felt by left-handed fermions with W, =
oWy —0,Wy —eabCijWlf, where a = 1,2, 3 and before symmetry breaking these are
not the W*- and Z- bosons, and includes only left-handed objects, i.e. maximally
violating symmetry; the third term is the SU(3) strong force colour felt by quarks,
G;‘V = 8uAf — OZ,A;‘ — fABCAEAZ(,J, where A =1,...,8 and Al‘j‘ is the gluon. Now

»CHiggs = (D#¢)T (D#¢) - V(¢)
with ¢ a scalar field, and where (with rescaling B, — g1B,, and Wlﬁj — QQW;‘V)

1

i
D, = 0,91+ §ggwgaa + 5

2
’

V(e) = —u*olo+A(s'0)

i.e. just involving the U(1) and SU(2) gauge fields. We require A > 0 for vacuum
stability. Since this field ¢ is a scalar complex doublet, it has 4 degrees of freedom,
while W represents 3 complex numbers and hence 6 degrees of freedom, and simi-
larly B, has 2 degrees of freedom; there are therefore 12 degrees of freedom before
symmetry breaking, in total. Since, prior to symmetry breaking, the field has a zero
VEV (vacuum expectation value), all of these fields are massless prior to symmetry
breaking (as we would see in nature above a threshold temperature). If y? > 0,

then the minimum is at ¢f¢ = % = % (so p? = Av?) and the scalar field develops a

non-zero VEV (0| 0) = (
V2

) which spontaneously breaks the symmetry. Using
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equation (1.6), the Higgs covariant derivative term becomes:

2

. . 0
(Du¢)T D,p = | <au¢l + %Q2WZUG + ;ngM]') ( Y )
o

2

<

0
= § (ggWﬁO'a‘i‘ngMl) ( . )

2

_ V2 ggWE + 918, gng} + iggWi 0

-8 [( g2W,y —igaW2 —g2W; + g1By, ) ( 1 )

A W +igW :

-8 ( — W2 + g1By, )

= V; [(QQW/} + iggWi) (ng; — iggWi) + (_QQWS —l—ngu)Z] )

and with fluctuations around the minimum potential, this becomes

(D.d) Dué = Lo h@“h+w[( Wi +igaW2) (g2W —igoaW?2)
12 1% - 2 123 8 .g2 w 92 w g2 " g2 nw

+ (Wi + 1By)’]

v+ h)? v+ h)*
B 2\ v? + 2vh + h? . )\V4 + 4v3h + 6v2h? + 4vh3 + bt
- 2 4

1 1
= _Zw + AR 4+ awhd + ZAh‘l,

Here we see that the scalar field has reduced from having 4 degrees (a scalar complex
doublet) of freedom to having 1 (choosing the vacuum out of the infinite options
that satisfy ¢f¢p = ”72 is what spontaneously breaks the symmetry). The terms
multiplying v? have developed a mass; in particular the Higgs scalar h has a mass.

So too the Wf bosons defined as

+ 1 172
Wi = (W Fiw,]
1
Zy = (92W3 - ngM)
gitg "
/42 2
have masses myy = % and my = w. These 3 bosons have now got an addi-

tional longitudinal degree of freedom, at the expense of the ‘eating’ of 3 Goldstone
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bosons. In addition we have a massless photon

1
Ay =~ (WP —0iB,).
iz H
R .
Furthermore, in the Yukawa sector, the Higgs boson couples to fermions, whose

masses may be similarly read off. One can define the Weinberg angle 0y, such that

2

m
cos? Oy = —I;V <= 6Oy = arctan <91>
my g2

and in practice it is found that 6y runs with energy.

1.4 Renormalisation

The following is based on Ref. [47]. At very high energies (UV) there is a vast
mess of interactions, as may be seen at the LHC. However, as one flows down to
energies at the scale we live, may of these interactions seem to be ‘interacted out’
and to become irrelevant. Renormalisation, which was discovered in 1947-49 by
Hans Kramers, Hans Bethe, Julian Schwinger, Richard Feynman, and Shin’ichiro
Tomonaga, and systematised by Freeman Dyson in 1949 [48, 49, 50, 51, 52|, is a
procedure which explains how one may understand this. Kenneth Wilson made his
important discovery regarding the Renormalisation Group (RG) in 1971 [53, 54].

We will need to work in Euclidean signature k*k, < A for an effective cutoff.

1.4.1 Relevant, irrelevant and marginal operators

Consider a path integral over momentum modes less than A given by
a1 o 1 50 Ay
Z = [[Do]rexp | — [ d xi(au@ + oM o+ Iqﬁ ;

that is over fields ¢(Z) = %e’%'fqﬁ(lg) and one could set [Dé|a = [[;_, do(k).

The renormalisation procedure follows 3 steps.
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In the first step, we break the path integral into two parts ¢ = ¢ + ¢~ using a
parameter b << 1:

. o(k), for0<|k| <A-(1—0b)

< (k) = o
0, for A- (1 -0) <|k| <A
0, for 0 < |k| < A-(1—0b)

¢<(E) = o -
o(k), forA-(1-0)<|k|<A

In the second step we integrate out the higher momentum modes as follows:

A
S = S <¢< + o> + 4!¢4>

= [ ate (@07 + yuie?)
= [t (00 6+ 0207+ i (05 4 0+ 05

= S(é<) + S,

where S = So + Sy With Sp a propagator: Sy = [ ddx% ((3#(]5)2. Note that since

JDSle=06(R)6(@) _ (2m)'8D(F + )
JDole A

the term fdd$% (Ou¢>) (0ud<) drops out, and so Sy = fddz,‘% (0H¢>)2 and

e Seft — =S(¢<) /[D¢>]e_30 Z (Sint)n‘

Obviously it would make sense to define that if S = % [(0,0)%d%z, then S = Seg.
We define this as the free field fixed point, and we assume very small changes due
to this step so that we remain close to the free field fixed point (which is also the

zero coupling fixed point).

The third step involves rescaling of parameters:

D] = [ de(k)

|E|<(1—b)A
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, k
Y=o
¥ =z(1-0)
o' =(1-b)""7¢
= [Do] = dp(k) = [ d¢/(K') = [D¢.] = [D¢')a.
|E|<A |E|<A

Iterating through steps 1-3 will result in parameters changing continuously, known

as a ‘Renormalisation Group flow’. Notice that we have (in mass dimensions)
/ ’ _ M N(d=2)
T S
= (1-b2 [/dd:ca%fv]

= A / dd oM N 5 N / dz0 My N =N (1 —b)"2 / ddzoM pN

= N=(1-b)"A

so that these couplings, which were previously dimensionless, now have mass dimen-

sion [\] = M2, where

Ao {d M- N(dQ)] ‘
2
For example the term
/dd:c m?¢? (1.7)
will have A = —2 (independent of d) and therefore coupling m? — % Since

b < 1, m? grows along the RG-flow and so this operator is called relevant. On the

other hand, the term
/ da\g"

will have coupling Ay = (1 — b)2¢=6)\¢ so that for d = 4, A =2 and \g = (1 — b)%Xg
and the coupling Ag dies along the RG-flow. Such a coupling is called irrelevant.

Clearly the term

/ d*z g0t (1.8)
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has A = 0 so that the coupling does not change over the RG-flow. Such an operator
is called ‘marginal’. We have therefore learned that however big the ‘high energy
mess’ we started with, all the operators with positive A will be irrelevant and are
called non-renormalisable interactions. This explains why quantum field theories of

particle interactions are given by ‘renormalisable’ quantum field theories.

Interestingly, masses need to be fine-tuned at scale A to explain experiments - this is
known as the hierarchy problem. Furthermore, while it was previously understood
that A was simply a regulator needed for mathematical convenience, this procedure
shows that A is a scale telling us that we may not describe nature with larger energies
than that cutoff, or equivalently length scales lower than % Also of interest is that,
when one deals with A4 carefully, one actually finds that it is irrelevant. One rarely

finds marginal operators. In particular, a general theory with
— [t (16,6070 + rg"
for which

(6] = M2 [/ e ¢n:| _ a-(dn(d/2-1) _ A

will have a marginal operator if A = 0, or equivalently

n

d=———-.
1—n/2

(1.9)
This equation has particular positive integer solutions when (n,d) = (3,6), (4,4) or
(6,3). There are often quantum corrections to these solutions which will make these

theories ‘marginally relevant’ or ‘marginally irrelevant’ as shall be explored further

in subsection 1.4.3.

1.4.2 Matching conditions

Before we jump to the Callan-Symanzik equations, we quickly review the initial work

done on renormalisation.
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Here the aim is to find the Lagrangian in terms of physical couplings
1 " L 9.9 4
E - §8u¢8 ¢ - §mp¢ - gp¢

What we have access to is a Lagrangian for a bare field ¢¢ with quantum corrections

turned off (i.e. & = 0)given by
1 n L 9.9 4
L = ) 1 P00" o — 9m b0 — 9%0,
and a Lagrangian in terms of a dressed field with a mess of all sorts of multiparticle

interactions shielding a particle, ¢ = zfégbo in which

1

TIT Jy° da?o(a?)’

where the integral over the spectral density, fooo da’o(a?), quantifies the sum of all

these quantum corrections:
1 " Lo 5.9 4
L = 527@@3 ¢ — §zmp¢) — 2gp@”.
We introduce counter-weights 6z, dm? and dg and write
L=Ly~+ Lint
where
1 1 459
Lo = S0.00"0— Smo
1 1
Lint = —gpo" + 55,28”@%)8“(;5 - 5577”&2(]52 — dg*.

We will find out what the counter-weights are by solving to one-loop and using

matching conditions. The free two-point function is given by

(@(z1)pla)) = / DJet] 203y ) ()

d4k ik-(x1—x i
= [ G e = B )
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For the complete 2-point function we obtain
& |t J d'elo ! Ul (@)e@)
(p(z1)9(72)) = m [Dole Z ] d*aLing (¢ e
=P

N 1+ d4 = i * .
0 J(21)0J (a9) Z x “5J(a: 6J(z) '
os Jd'z [ digI(@)AE-7)](9)
0z 0 0
— _ 4 — —
= A(xl 1‘2) /d l’A(SEl 132) 9 8$“ axu

+i5z/d4ar: (aZA(xl — x)) (aiA(:cg - :c)) :

The second term in the above is merely a vacuum contribution. The third term,

(z —),—

8

however, may be simplified as:

‘ . . . 2
102 / d4 / d4kl / d4k2 (Zklu) Z(Zku> ei(’ﬂ-m1*k2-z2+x'(k17k2))
k2 —m2 +ie ki —m2 + ie
d*k 7 7 )
= 5 k;Q Zk-(wlfo)‘
ZZ/(QT(‘) <k2—m§+iek2—m§+ie>e

Now, to extend this to one-loop (i.e. to one factor in #), consider that the mass

counter-weight will appear in a similar integral to the one above, so combining these

(and changing the dummy variable k to p) we get

/ d4p (ip252 — i5m2) ¢ i eip'(m—xz)
(2m)4 p? —m? +iep? — m2 4 ie '

For g, we have incoming and outgoing momenta p, and momentum in the loop £,

coming with a combinatorial factor % = 12, giving us the following expression:

12y, [ 42 [ o i i e
Plo@mt ) @2m)tp? —ml+ick? —m2 +iep? —ml +ic '

The correlator at one-loop is thus given by

4 . . 4 .
/ d p eik-(mf:m) L4 1— 12ig ’ / d’k L4
(2m)* p? —m2 +ie Pp?2 —m2 +ie | (2m)* k%2 —m2 +ie

e i
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B / ‘ qel o) 41k 2‘ :
(2m) P2 —m2 +12ig, [ &k oy — (ip20z — i0m?)

2m)* k2 —m2+ie

Since we require the pole to be at p? = mg, the matching conditions will be obtained

from
d*k i ) )
19i _( .
ng/ (2m)* k2 — m2 4 ie (ip“02 — iom?)
for which
oz = 0
d*k 1
2 _ .
om° = —12zgp/( )4k2—m2+i6
= —1229p/ /53 Qg/ dk —m2]
1 t
= —12 .
" [2 [ Lo, t—mﬂ
2
Setting z = and l—z = an so that dz = ( )2 dt = (%22) dt, we obtain
that

1—=
2 1o; 2
om= = —12ig, / 27) /53 Qg/ dx ]

- 12i, _;”2 o [ }

(1)}

| m2(4m)?

= —12g,
Of course I'(—1) is not finite, but this gives the general idea behind matching con-

ditions! Let us move onto the Callan Symanzik equation, which was derived inde-

pendently Curtis Callan and Kurt Symanzik in 1970.

1.4.3 Callan-Symanzik equation

Before matching, one would be unable to read the S-matrix elements off the cor-

relators defined for bare fields (note that throughout the time-ordered product is

32



Chapter 1 Introduction Section 1.4 Renormalisation

intended),

/[D¢]6i8¢o($1)---¢o($n) = (0¢o(1)--do(xn) 0)

where
4 1 " 1l 99 9 4
S = d LL’ﬁ, L= 5 #(ﬁoa ¢0 — §m ¢O — E(z)o

However, after matching the dressed fields (¢ = 2~ 1/2¢, where z depends on M and
¢o depends on g and the UV cutoff A but not on M),

(0 |¢(x1)...0(wn)] 0) = 272 (0 |0 (21)...0 ()| 0) (1.10)
with
(0|¢(21)...0(xn)| 0) = F (M, gp), (1.11)

we do obtain correctly normalised wave functions since the matching conditions
replace A, g and z with the renormalisation scale M (what we previously called m,)

and gp. Consider the following variations, where we set 617 = —%5logz:

M — M+6M

9p — gp+5gp
o — (14 dn)o.

For the expression in equation (1.10),
G™ = (14 6n)"G™ = 6G™ = nena™

and from the expression in equation (1.11),

) 9
) _ (s 2 9 | A
5G 5M0M—|—5gpagp G,
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Setting them equal to each other leads to the Callan-Symanzik equation which was
found around 1970 [55, 56],

[ 0 0
= M—— — (n)
0 1) B + (5gpagp nén] G

o0 T 5Mag, oM
0

[ 0
= |M—= — (n)
_ aM—i—ﬁagp—i-nv]G

where f = M gij\z tells you how the coupling changes as you go to higher energies
(although we are generally more interested in how the coupling flows from the UV to
the IR). For example in QCD, 8 < 0 so that at high energies / small distances (UV)
the strength of interactions is small, an effect known as asymptotic freedom. As you
flow from the UV to the IR (low energies/large distances) the strength of interaction
becomes very strong, which is known as confinement). Also, v = —(;STZM is called
the anomalous dimension, which gives the quantum corrections to the dimension.
Consider the marginal operators obtained in equation (1.9). For a coupling term of
the form %(b‘l in 4 dimensions one has that the one-loop beta function is given by
g>>0

b= Tom

so that the operator is marginally irrelevant. To make this theory once again scale
independent, one can add a relevant contribution, obtained as follows. Consider
working in dimension d = 4 + €, where [¢] = M'*% so that [g] = M. A relevant
contribution corresponds to [g] = M€ and thus d = 4 — ¢ dimensions. One can then
write [g] = [g]M ¢ to obtain a critical coupling

2
T ey O(e?)

3 2
B g+ 1629 g

which is weakly coupled for epsilon small, so that one can make use of it for pertur-
bation theory. Similarly for a theory with coupling %cf)g’ in d = 6 dimensions which

is marginally relevant since
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we work in d = 6 4 € dimensions for which [g] = M —¢/2_ which deforms § to give a

critical coupling as follow:

¢ 3g° 12873 \ /3
57 =39 2563 g < 3 6)

Furthermore, a theory with a coupling term A¢°® in 3 dimensions is marginally ir-

relevant with § = % > (0 can be made scale invariant by working in d = 3 — ¢

dimensions where [A\] = M?2¢, and the critical exponent is found as

% 32 , 4m?

1.5 Black Holes, holography and the information para-

dox

This section is based on Refs. [57, 58, 59, 60, 61]. Gravity is non-renormalisable as

can be seen for fluctuations in the metric,

hyw
G = Ny + MLP
where Mp is the Planck mass. For small energy scales the space-time metric is
approximately equal to the flat metric and perturbation theory works satisfactorily.
However for larger energies tending towards the Planck mass this is clearly not the
case any longer. In the quest to find a UV-complete theory, black holes become of
great importance as objects with both relativistic and quantum behaviour.

A star that has used up its nuclear fuel will use quantum mechanical sources to
support itself against gravitational collapse, known as degeneracy pressure; when
this source is a gas of cold fermions a white dwarf is formed, possible for stars less
than 1.4 solar masses, which is the Chandrasekhar limit. When the pressure increases
further to that of nuclear density, it is the degeneracy pressure of neutrons which
becomes important, resulting in neutron stars. Since at the surface of a neutron
star the gravitational potential is of order 0.1 and no longer << 1 required for
Newtonian gravity, General Relativity considerations need to start being applied.

General Relativity predicts a maximum mass of 3 solar masses for such a star, and
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so hot star masses more massive than this may not end their life as a cold star but

rather as a black hole.

Hawking and Bekenstein showed that the the energy spectrum of photos radiated
from a black hole is the same as the black body radiation where the temperature is

given by (which we shall justify later in this chapter).

h

kT =
B 8rc3kpGM

=T

= ’nGM

This gives a temperature of 60nK for a solar mass black hole and even less for a
larger black hole - significantly less than the background temperature of the universes
which is 2.73K. The smaller the black hole, however, the hotter it is, and in order
for a black hole to have a temperature of 2.73K, it would have to have a mass
comparable with that of the moon, 4.5 x 10%2kg. Since the internal energy U of a

black hole is just its mass M, we have the statistical mechanics relation

o5 _ 1
ou T
oS 8rc3kgGM
= 2= = =R
oM h
3 2
L9 drckpGM
h
B ASkpA
 4hG

where we have recalled that the radius of the event horizon is 2GM and the surface
area of a sphere is 47r2. Of great interest is the fact that black holes are the classical
solutions of Einstein’s equations, and yet this result for S contains the quantum

mechanical quantity A, together with quantities ¢ and G which are indicators of

relativity and gravity. Defining the Planck length as £p = %, the entropy can be
given by

kpA

407

The area thus scales as the area rather than as the perhaps more intuitive volume,

which is a hint of the holographic principle.
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1.5.1 Differential geometry notation

In d dimensions, a p-form w(®) can be constructed as

1
w® = ;!wmwm...wupdx‘” AdxH? AN datr (1.12)
where the wedge (A) product is antisymmetric. The exterior derivative d maps

p-forms onto (p+1)-forms as follows

1
dw® = — O Wy Wyy Wy, dh A daht Ndah® NN dat?
p!
1
= Puw® = aﬁua@%wmwm...wﬂpdx““ A dxte N dxPt A dat? A LA datr
d (w(p) A w(q)) = dw® Aw'D + (—)Pw® A dw@.

The latter two properties are referred to as the nilpotent and distributive properties
respectively. One is able to go from a p-form to a (d-p)-form using the Hodge star
product. Here the wedge product indices in (1.12) are absorbed into an e-term so

that a wedge product on the dual directions can be instead incorporated, and a

factor of ﬁ compensates for over-counting;:

1 1

*w(p) = mewm...w“pe ".Mpup+1_._uddwup+l A dw“p” AN dxud.

Notice that doing this twice will then give you w(®) back up to a sign,

1
= Hp+1---Hd
*x xw = wMIwMZ"’wMPG V1..Vp

(P)*((d —p)1)?
6#1“.#pﬂp+1~-ﬂdd:ry1 Adx2 A ... N\dx*P
(_Dt—i—p(d—P)

Hp+1--Hd

H1.--Hp v 2 v
€ fipa1 g AT N AT N LN AP

(—1)t+e(d—p)

meww...w%p!(d — p)'(d — p)'dZL"“ VAN d.'L'MQ VARAN dx“p
(—1)tHpld=p)

= Wy Wy Wy dTt N dxH? A LA datP

V)

= (- 1)t+p(d—p) w
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where t is the number of time-like directions we have (if in Minkowski signature; for

Euclidean signature we can set t-0). This comes about due to the definition

yeeesihpy A LA _ t H1-ee
irobp Aottty g = () p!(d—p)!é[ylmyz}

Performing the exterior derivative on the Hodge star product of a p-form gives

1 e
dew?) = pl(d —p)i(d — p)!aﬂwulwm'“wupe ' “pr. @t A AP N LA dat
1 fhp1 o pt [
= wd = pl(d —p)!(d — p)!aﬂwmwuz'--wupe € T

dx? A dx!rtt A LA date.

-----

ali \/m = \/@Fz/u

and therefore

sd xw = (=)t Dp-dgv dz't A A daPTL (1.13)

wl’y4.4up71

(p—1)!
1.5.2 Stokes’ Theorem

Stokes’ Theorem gives that

/ dW = W.
M oM

From equation (1.13) we can see that V,j* <= d=xj, and therefore a conservation

law where a manifold M is covered by surfaces ¥;, and ¥, given by

Q<t>=/2t *j‘/zt *j:/Md*j:o:»Q@l):Q(tz)

Also Maxwell’s equations, which are given by VVF),, = —4mj, <= d*F =47 j.

The conservation law is therefore given by

1
> 4m Jox
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so that the conserved electric charge is () = ﬁ limp_eo . 52 «xF' and magnetic charge

. 1
is P = ;- limp_0 fS% F.

1.5.3 Concepts from General Relativity

First recall the standard methods for obtaining Riemann tensor coefficients. The

Euler-Lagrange equations of motion which maximise proper time given by & =
[ d*zL for which £ = v/—ds? = \/—gag(x)%”—:%if are

(1.14)

D (P 100027 07
or g’m(%' 2 9zt Ot Ot

Relativity relations follow simply from defining vierbeins e, (the prefix comes from
the number of dimensions they live in) such that g.g = eqneg and Ones = Fgﬁeu.

The covariant derivative comes from

dA  0(A%y) u oA
dx®  Ox“ = (Vad") e, = oz

= VaAM = 0,AM + A'TE o VA, = 0,A, — A'TE.

e, + AT e,

The second of these follows from requiring that for scalars V, (A*B,,) = 0o (A*B,,).

The Christoffel definition comes from adding the 3 cyclic permutations of 09,

aozguu = (8(16“) ey + €u (8046V) = Fg{,ugdl/ + Pgugua
1

= I, = §gaa (=00 + Ougva + Ougap) -

which is clearly symmetric in lower indices. To determine the Christoffel symbols for
a given metric, one derives an alternative form of the geodesic equation to compare
with (1.14); the starting point is 0 = a% (%i:eu) which results in:

0% xH p 0z o0xP

r .
or2 thap or Or

The Riemann tensor is obtained by considering V.V,V, — V,V . V,:

VeV = 0c(VpVa) —TEVaV, — T4V Vy
— 0, (abva . rgfavd) ~ T (8V, — T, V.) — TL (9yVy — TE, V).
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Now, the first term and middle 2 terms are symmetric in swapping b and ¢ and

therefore
vCVI)‘/zJL - vacva
= O (Tgan> — O (Tilan) + g, (0cVa — TegVe) — T, (85Va — TigVe)
- (abrga - 86Flczla> Va + (Fga gd - F(Ifarzd> Ve
= Ripe = (0Tt — 078, ) + (D6l — ThoTe ) (1.15)
The stress-energy TH” arises from realising that quantities like E = (%) 7 and
g = (—GT—]QW) 7 assume action at a distance which displeased Einstein, so that the

better starting point to consider local field equations of the form V-E= 4dmkp and
—V.-j= ~V- <§¢> = V?¢ = 47Gp, the tensorial extension of which is V, 7" = 0
where T% is the energy density, 7% is the z'—momentum density and T% is the
i-flux of the j-momentum, in other words the stresses exerted by the fluid. The
Einstein tensor and Einstein equation may then be constructed using combinations

of g" and RM terms using tensorial arguments, and are respectively given by

G 4+ Agh” = KT, (1.16)
V,.G" =0
G = RW — %g’“’R
14 1 v v
= RM — ig“ R+ Ag" = KT (1.17)

= -—R+4A = kT
1
= R" = g (T‘“’ — 2Tg””T) + Agh

where Kk = 87G.

1.5.4 Cartan formalism for obtaining the Riemann tensor

Riemann tensor calculations can be tedious and slow to give intuition. However,
these may be done quicker using Cartan formalism and differential forms (for exam-
ple, see lectures by Professor Ruth Gregory at the Perimeter Institute), which will

be expedited below with the help of a simple example. Consider the metric for a
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sphere,
ds? = r2dr? + r%sin? 0d6?.

We choose the basis e* where ede“, such that ds? = nabeaeb. In this case
¢" =rdr ; ¢ =rsindf.

The exterior derivative of a 1-form is de(!) = Opey, dxt A dzt' and therefore

de” = Oyrdz" Ndr =0

1
de’ = Oyrsinfdat Ad = Oprsinfdr Adf = —e" Ae.
T
To obtain the connection components wj, we use the first structure component,

de® +wi Ae’ =0

a=r: O=wjAe’=w)=0
L g

1 1
a=20: O:—2deTAd69+ngeb:—Qder/\dee—f—wf/\eréwfzﬁe.
T T r

sin 0
T

Thus wy = w; = wg =0 and v = . The second structure equation gives us a

formula for the Ricci tensor, Rf = dwy + wiw;. Hence

Rj = Rp=R. =0
0 sin 6 sin 6 sin 6
dw, =d dg | =0, daz* Ndf = — dr A df.
T T

6
R
T T2

Thus R? = r%d@ Adr. From R = R¢ e¢ A e we see that R, = %469 Ae" Ae Aed,
and one may use
A —1\A b d
R = (6 )aRgcdeuelc/ea

uvo

to convert back to an orthonormal basis, and find for example that Rfer =sin?0 as

expected for a sphere.
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1.5.5 Solutions to Einstein equations
1.5.5.1 The Schwartzschild Solution

First we define that a spacetime is stationary if it admits a Killing vector field k*
that is everywhere timelike (i.e. g, k*k" < 0 for goo < 0). In particular if we
define a hypersurface ¥ and assign coordinates (¢,2%) to give a coordinate chart,
then k* = (9/0t)" will always point in the time direction and hence is timelike and
the spacetime will be static. Similarly the space-like killing vector that generates
space-time isometries (i.e. ¢ — ¢+2m) is k* = (8/9¢)"; spacetimes that admit such

solutions are called axisymmetric.

The spherically symmetric solution of the vacuum Einstein equation gives a sta-
tionary and uncharged blackhole as described by the Schwartzschild metric (or a
solution which is isometric to the Schwartzschild solution as proven by Hawking and

Ellis and which theorem goes by the name of the Birkhoff theorem):
2GM 2GM\ !
ds? = — (1 - R> dt* + <1 — R) dR* + R?d0?. (1.18)

The solution has a further isometry - the hypersurface-orthogonal 9/9t which is
timelike for r > 2M implying a static universe for this region. Furthermore r = 2M
constitutes an event horizon where nothing passing into the black hole will ever be
able to escape, including light. The metric’s ¢- and ¢- independence tell us that
the relativistic energy per unit mass at infinity, as well as the relativistic angular

momentum per unit mass are conserved. This has an Innermost Stable Circular

Orbit (ISCO) at R = 6GMR.

1.5.5.2 The weak field solution

Since TH is a symmetric 4 X 4 tensor and Einstein’s equations are given by G* =
8wGTH”, we see that energy conservation, V, T = 0 <= V,GM = 0, gives
10 constraints. However since this equation still holds if we perform an arbitrary
coordinate transformation (4 equations), we actually only have 6 constraints. In a
; . ; - _ 92%9zP —
Local Inertial Frame (LIF) (locally flat so that if we consider g;,, = SanoaTs Y = Nuv

at P and where g;,i =a%, + bo‘W5xl” + cauyﬁéxl’jéwlﬁ = a% at P, and hence to first
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order

900] p = a%,0°, [9a8] p = Nv
which involves 10 independent conditions on 16 components a€, so that the 6 leftover
degrees of freedom may be interpreted as 3 rotations and 3 boosts giving a Local
Observer Frame (LOF). Using similar counting arguments to second and third order
ones finds one has sufficient degrees of freedom to set first derivatives to zero (which
is the key result for LIFs) but not second derivatives. Thus in this case the Riemann

tensor in equation (1.15) becomes

Rl — OT%, — 0.Tg,

abc
1 1
= ab igde (_86960, + 6cgea + 8znge):| - 86 |:

2gde (_aegba + OpGea + &nge)

1
3 [—0b0d9ca + Ov0cYda + Ob0agbd + 0c0dgba — OcObYda — OcOaGnd]

1
= 3 [0b0agba + 0cOdgba — Op0igeca — 0cOaGbd) -

= Rdabc

For the weak field solution we set g, = 1 + by for |hy,| << 1, in which case

1

Roguw = 3 (080 hav + 0a0vhgy — 0a0uhs, — 080, hay)
1
= Rg,/ = 5?70“u (868uha]/ + 8a8,,hgu — 8581,hw — aaauhg,,)
1
= 5 (ang, + 8VH5 — nauaaauhg,,)

where H,, = n* (auhm, - %&,hau) which we can set to 0 to get back to 10 con-

straints, and the Ricci tensor reduces to
1 1
R, = _§th =81G (T — 577WT

since both R, and T}, are of order h,,. For a slowly rotating (about the z-

axis), time-independent object, we obtain (in polar coordinates z = R cos6sin ¢,

y = Rsinfsin ¢, z = Rcos0)
2GM

2GM 4GS
ds? = — <1 — R) dt® + <1 + R> (dz® + dy* + dz*) — — (wvdy — ydz)dt
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= - <1 — QGRM> dt* + <1 + 2?‘5”) (dR? + R*d0® + R*sin® 0d¢*)

4
f% sin? Odedt,

where S is the angular momentum which we may write as S = Ma. This reduces to

the flat solution as R — oo.

1.5.5.3 The Kerr Solution

The solution for a spinning black hole turns out to be the Kerr solution (for example

see figure 1.4), for which

2 202
FE _<1 2GMR >dt2+< R* + a® cos® )dR2

" R2+a2cos20 R2 —2GMR + a2
2G M Ra?sin2 6
R? 4+ a?cos? 0

+ (R? + a*cos® 0) db* + <R2 +a%+ ) sin? dp?

AGM Rasin? 6

——————dodt.
R?2 4+ a2 cos? 0 ¢

Clearly, for a non-spinning black hole (i.e. a = 0), this reduces to the Schwartzschild
solution. Furthermore, R — (1 + QGTM)U °R gives the weak field solution to first
order in GTM. The event horizon is found at R = (1 + m> G M which reduces
to the Schwartschild case when a = 0 and to R = GM for a maximally spinning
black hole where ¢ = 1. If @ > 1 in ‘superspinners’, there is a naked singularity which

the cosmic censorship hypothesis forbids. Avoiding this situation involves defining

the ‘irreducible mass’ of a black hole to be M;, = 7”2§CA;IR+ where Ry = 2G M,
implying that the area of the event horizon is given by A = 4x (QGMir)2. Thus a
statement that mass can’t decrease is equivalent to one that area can’t decrease,
and indeed that entropy can’t decrease. This is related to the ‘information paradox’
(since pure states evolve into thermal or mixed states), an area where Maldacena

has recently made quite some progress, which we shall discuss later. The Innermost
Stable Circular Orbit (ISCO) for a Kerr black hole is found by solving

R? —6GMR — 3a> + 8aVGMR =0

where the + is for orbits in the same direction as rotation, and the — is for opposite

direction. When a = 0 this reduces to the Schwartzschild case where R = 6GM,
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and for extremal black holes where a — 1 there are two solutions, R = GM and

R = 9GM. Note that the ‘No-hair theorem’ states that any isolated black hole is

FIGURE 1.4: First photograph taken of a black hole, or rather of the accre-

tion disc surrounding it, on 10 April 2019[11, 12, 13, 14, 15, 16]; the results are

consistent with a spinning uncharged Kerr black hole with spinning parameter

a = 0.9+ 0.1[17]. This black hole is located in the elliptical galaxy Messier 87

located 50 million light years away, and the photograph was taken by the Event

Horizon Telescope, a collaboration of 8 Earth-based telescopes. (Image: © EHT
Collaboration)

described only in terms of its mass, spin and electrical charge.

1.5.5.4 The Kerr-Newman Solution

The Kerr-Newman solution gives a rotating charged solution of the Einstein-Maxwell

theory and is given by

A — 2 o3 29 2 Z_A
ds® = —%d#—%shﬂ@%
(R2 + a2)2 — Aa?sin? 6

by

dtde

)
sin? 0d¢? + ZdR2 + 2db?

where ¥ = R? + a%?cos?6 and A = R?> — 2MR + a® + P?2 + Q2. When a = 0 this

gives a Reissner-Nordstrom black hole, that is, a stationary and charged black hole.

1.5.6 Penrose Diagrams

Consider the flat metric

ds? = —dt* + dr® + r? (d6? + sin® 0d¢?) = —dt* + dr® + r*dS2},
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where t € (—00,00), 7 € [0,00), 8 € [0,7), ¢ € [0,27). Consider the following change

of coordinates:

t = arctan(t+r)+ arctan (t —r) € [—m, )
7 = arctan(t+r)— arctan (t — r) € [0, 7)
=t+7 = 2arctan(t+r) € [—m, )
t—7 = 2arctan(t —r) € [-m, )

We have captured these boundary lines ¢ = £7 4 7 in Figure 1.5, and drawn the

t
i*: Future time-like infinity

t=—-F+m

i: Space-like infinity
77

t=—-Tr—m

1~ : Future time-like infinity

F1GURE 1.5: Penrose diagram for flat space.

Penrose diagram for a Schwartzschild black hole in Figure 1.6. Note that |r| =
[t| <= |F| = |¢| implying that light rays still follow 45° trajectories. Furthermore,

from

(tan(t + 7) + tan(t — 7))

N =N =

r = < (tan(t+7) —tan(t — 7))
we see the following special points on the diagram:

e T i (F=0,t=+71) < (r=0,t==400) <= time-like future / past

infinity
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iT: Future time-like infinity

BH S
_ oy : _
t:’)“—i—’/TQyO t:—T-I-?T
S
>
@4"’ i¥: Space-like infinity
f

i~: Future time-like infinity

FIGURE 1.6: Penrose diagram for observer falling into a black hole.

o i': (Ff=mt=0) < (r=m,t=0) < space-like infinity

1.5.7 Hawking radiation - QFT in a curved space time

Two observers may disagree on the number of particles they see; this may be un-
derstood from the following argument. The Killing vector satisfies [k:,Vz] f=0.
Since V? (where V2 f = g"*V,0, f) and k = k"9, are both self-adjoint, they admit

a complete set of common eigenfunctions,

v?f _ m2f
iKO.f = vf,

where ik#0, = i0; is time-like and f = e’*® explaining the frequency eigenvalue
v = kU likewise kf* = —vf*. In a spacetime admitting a timelike Killing vector, we
can mode expand our field. In particular for two observers with different timelike
killing vectors, and the same field will admit two different mode expansions:
o dv . . o dw . .

U :/ (a e_ZVU—l-CL,JLCWU) :/ (b e—zwu+bT ewu) _ w).
#(U) 0 2mV2u \ " 0 2mV2w \ “ e(w)
where [a,,, ai,] =2mé(v—1') and [bw, bL,} = 270(w —w’). The first expansion p(U)

we assign is for an in-falling observer near the horizon and the second ¢(u) for an

47



Chapter 1 Introduction Section 1.5 Black Holes and Holography

observer very far away. Then
m .
b :/ duv2we(u)e™"
0

We could expand these in terms of the a, ' models and obtain

bw — dw / / —wU+a1€iyU plwu
/0 27r\/ )

* dv
= /0 % (awl/au + Bwual)

where

2w

iwu—ivU | _ iwu+ivU
9, € ) Bwu = €

2v

Qupy =

are the Bogoliubov coefficients.

The observer near the event horizon will experience massive time dilation so that,
since the quantum system changes slowly compared to the spacing between energy
levels, by the adiabatic principle the probability of an excitation is exponentially
small. That is, the lowest energy state is given by a, |¢) = 0 Vv, and therefore this

observer sees no particles,

(plaba, |p) = 0.

The distant observer, however,

®dy [ dV * dv
bT bw/ = - - * (JJ/V/ [ T Vli| = / - * UJ,VI .
il o) = [ 50 [ Gttt [aha] = [T 508

An explicit calculation reveals this to be

270 (w — W)

T _
(@l bLbyr [p) = InRsw — 1

where Rg = 2GM = 2M is the Schwartzschild radius. Comparing this with the

expression for a bosonic field blackbody,

270 (w — w')
eﬁw/TH — 1
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we see that this radiation can indeed be seen as blackbody radiation with Hawking

temperature given by

b
H_47rR5_27r

where Kk = ﬁ[: 4(6;—4]\4] is the surface gravity of the black hole. Amazingly, the
surface gravity is equivalent to the temperature for a black hole. This observation
naturally leads to the relationship between entropy and area as seen in the introduc-
tion. The mechanism behind this ‘black hole evapouration’ is the pair production
that happens very near to the event horizon. Particles of positive energy are radi-
ated out while particles of ‘negative energy’ enter the black hole. These particles
are not really negative energy particles inside the event horizon, however, since the
Killing vector goes from timelike to spacelike, and these should rather be interpreted

as particles with negative momentum.

Another point of interest is that, since T ﬁ and the mass of a black hole is also
its internal energy,

AU 1

C=97~ 8mae©

0

meaning that the black hole will be perpetually losing mass and gaining tempera-
ture. This, of course, is a quantum mechanical effect; classically the black hole is

stable.

The Hawking temperature may also be deduced by considering regularity of Eu-

clidean geometry. Allowing ¢ = —i7T in the Schwartzschild metric, we obtain
R Rs\ "
2 S 2 S 2 2 102
=(1-— 1——= Q-
ds < R>d7‘ +< R) dr® + R°d

which has signature

(+,+,+,+) for R> Rg
(—,—,+,+) for R < Rg.
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We exclude the R = 0 region by asserting that the region of validity is just Rg <
R < c0. For R >> Rg, the space time is asymptotically flat, i.e.

ds?® ~ dr? + dR? + R%dQs.

In particular, since Euclidean time ¢ = —¢7 necessitates periodic conditions to be
placed on it, this metric will be S; @ R3, with ‘cigar’ topology (considering just one
of the spatial dimensions.

When R gets closer to Rg, if we let R = Rg+ % = Rg (1 + %) where p << Rg,
then

R 4R%
p
dR = —d
2Rg p

so that the conical singularity where R = Rg is smoothed out; the metric becomes

2
P 2 2 2 7092
ds? = ~—5dr* + dp® + R%dQ
s 4R% T+ ap” + Iig )
which is R? ® 512%5‘ As mentioned before, 7 is necessarily periodic and we need to
identify ﬁ with %. The reason that this makes sense here is that, unlike when
we set ¢ = h = 1 for which [L] = [T] = [M]~!, here we set G = ¢ = 1, for which

[L] = [T] = [M], and hence [5] = [E] = [L] = [T']. This gives us a periodic condition

o 1
B=drRg =" = —.
K
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1.5.8 Information Paradox

Hawking and Bekenstein’s results, as shown in a previous section, convey that en-
tropy is monotonically increasing as plotted on a ‘Page curve’. This however, would
result in a non-unitary process since pure states go into the black hole, but at the
end of the life of the black hole there are just thermal / mixed states, representing
a loss of information. Quantum effects are usually fairly small, so this result was
surprising (discrepancy is large, of order O(1/Gy)), and in Ref. [62] (for AdSs; AdS
is discussed in Section 1.11.1) it was argued that the formula for entropy being used
(von Neumann - S,y = —Trprlogpr) required refining; instead the entropy for the

black hole is given by that on the quantum-corrected Ryu-Takayanagi surface,

Area(Q)

W + Smatter (B>

Sp = extq

where @) is the quantum extremal surface. The issue is understood to result from
entanglement of quantum fields across the horizon, and the paradox lies in whether
the calculation measures the Page curve of the black hole and or of the radiation. Ref.
[62] further recommended glueing the right-hand-side of an AdSs black hole (that is
of the Penrose diagram thereof) to the origin of an auxiliary Minkowski space (which
effectively acts as a bath) - this allows the AdSs black hole to radiate. In Ref. [63],
the idea of ‘quantum extremal islands’ emerged, regions in the gravitational theory
side with matter entangled with the external quantum system. In Ref. [64], further
machinery was developed for calculating the entropy of the union of the island with
the Hawking radiation, and in Ref. [65], the battle was conquered with the use of
saddles and replica wormholes, and a trick which works as follows. In Ref. [66] it

was shown that the quantum Rényi entropy defined by

(67

Salp) = < L logTr(pp>, o€ (0,1)U(1,00)

—

(which indeed is monotonically increasing for increasing «) reduces to the von Neu-
mann entropy in the limit as @ — 1. This may be understood using L.’Hospital’s
rule since when a = 1, both the numerator and denominator equal zero.
. 1 p*
lim So(p) = . logTr | — ), a€(0,1)U(1,00)
p

a—1 —

= = Alog

o1
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= —Trplogp

= S’L}N'

Ultimately, including these islands was pivotal to the result.

1.6 ’t Hooft’s large N expansion for matrix-valued fields

In 1973/1974, Gerard 't Hooft showed that the Lagrangian £ = Lo + L3 + Ly,
derived in the previous section for a non-Abelian Yang-Mills theory (in general a
matrix theory with trace structure), gives rise to a topological expansion; this result

will be derived here.

Consider the Feynman rules associated with this Lagrangian. The term L9 describes
a propagator, the term L3 incorporating a factor g describes a cubic interaction, and
the term £4 incorporating a factor g2 describes a quartic interaction, where g is the
coupling constant of the theory. A graph describing the interactions of this theory

would then involve edges, 3-vertices and 4-vertices respectively.

Hence, the Feynman diagrams in this theory will be associated with the factor [24]

(assuming there are no quark loops)

r=gBtiaNe, (1.19)

where V3 is the number of cubic vertices, V} is the number of quartic vertices and
8¢ = N'. A famous formula discovered first by Leonhard Euler describes a topological
invariant for polyhedra. This topological invariant is called the Euler characteristic

and is given by the formula

X(H)=F—-P+V =2-2H, (1.20)

where F' is the number of faces, V' the number of vertices, and P the number of
edges / ‘propagators’. H is called the genus of the topological surface and counts
the number of holes in the topology, for example a doughnut has one hole and so its
topology, together with any other one-hole object, would be described by an H =1
topology. A derivation of this formula may be found in Appendix A.
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The total number of vertices is given by

V=V:+Vy

and the number of outgoing propagators from each vertex, given by 3V3+4V, double-

counts the actual number of propagators so that

1

Hence

1

so that (1.20) gives
F = P-V+4+2-2H

= (;1/34-1/4>+(2—2H).

Finally, substituting this in (1.19) gives

1 /
r= (g2N')2 T N (1.21)

Hence, clearly this factor admits an infinite sum over topologies which one equates

to the partition function Z

logZ

[e.e]
> N fy (g8 N)
h=0

_ N2 <f0 N+ 32t (V) + 5 ()\)+...>, (1.22)

for which, in the limit where N — oo and A = g%, u N is constant (referred to as 't
Hooft’s coupling constant), all but the planar Feynman diagrams drop out giving
rise to an unexpected simplification of the calculation [24]. This is a topological ex-

pansion which is the signature of a string theory (since a string moving in spacetime
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gives rise to a world sheet), with string coupling given by g2 = ﬁ, or gs = %

An example of this is the correspondence between type IIB strings on AdSs x S°
and N = 4SY M referred to earlier. This is a topological expansion which is the
signature of a string theory (since a string moving in spacetime gives rise to a world
sheet); here it is observed that the string coupling is given by g2 = %, or gs = %
This was one of the first hints of a gauge/gravity duality: A is of the order R*,
so when considering strong coupling where \ is large (and where non-perturbative
methods are required), the curvature is small so that the supergravity side of the

duality is realised. For small A, the conformal field theory dominates.

1.7 String Theory

1.7.1 Quantum chromodynamics and strings

String theory was initially conceived in the 1960’s as a mechanism to explain the
great number of particles being discovered in terms of different oscillatory modes of
a smaller subset of fundamental strings [67]; it was thought that these fundamental
strings, with length of the order of the size of the nucleus, could explain the strong
interaction. Veneziano developed a theory of dual models (which would now be
called a 26-dimensional bosonic string theory) where scattering amplitudes were
calculated using approximations to the Euler gamma and Euler beta functions and
this theory was later shown to have a string interpretation. For example, Veneziano
model’s predicts that particles with greatest spin for a particular mass follow Regge
trajectories given by the formula o/m? = J + constant [40], so that o/ is the slope
of these Regge (and daughter) trajectories (as seen in the Chew-Frautschi plot in
Figure 1.7); in string theory, string rotations explain the resonances along the Regge
trajectories while vibrational modes give the daughter trajectories; o/ emerges as the
inverse string tension. The agreement between string S-matrix scattering amplitudes
and the results of meson scattering amplitudes of the time gave strong support to

the theory.

However, this theory which predicted the high-energy, fixed scattering amplitude
falling off exponentially with s (squared sum of incoming momenta) was published

at about the same time as the publication of the first experimental evidence [68] of

54



Chapter 1 Introduction Chapter 1.7 String Theory

Chew-Frautschi Plot
Regge trajectory

gt i o Pa,ught‘?;‘,,trajectorles

. J (Angular momentum)

Y

m? (Mass squared)

FIGURE 1.7: Chew-Frautschi plot showing Regge trajectories with Regge slope o’

the parton-like behaviour of the strong interaction (the scattering amplitude actually
falls off according to a power law in these processes) [69]. There were also concerns
over the large number of extra dimensions required for the theory to be consistent
and the massless particles apart from spin-1 gluon, that the theory predicted (the
open-string spectrum predicted massless vector particles and the closed-string spec-
trum predicted massless tensor particles [68]). Furthermore, a particle known as
the tachyon, with its undesirable property of violating causality, resulted in infrared
divergences in the loop diagrams in these ‘consistent dual models’. By 1973/1974
it had been accepted that the strong interaction could be explained using an SU(3)
colour gauge theory QCD (Quantum Chromodynamics), and this was backed up
well by experiment, including the parton-like behaviour resulting from aymptotic
freedom [70]. SU(3) colour gauge theory emerged as the successful theory of the

strong interaction.

String theory, however, was found to have highly desirable features as a possible can-
didate for unification (the string length in this theory is then of the order the Planck
length ¢p). For example, non-renormalisable amplitudes and ultraviolet divergences
make it difficult for other quantum field theories to incorporate gravity, whereas
the massless spin-2 particle (having a Regge intercept of 2) is understandable as a
graviton that is present in any string theory. String theories naturally incorporate
gravitons and massless vector particles. The low energy dynamics of the massless

sector of closed (super)strings yields the Einstein-Hilbert action, which, when taking
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into account the variational principle, gives rise to the Einstein equation:

Sen = toege [diry/—detlg] (R—20) + [d'z /=det|g| Ly

1 81G
= Ru - 59WR +Agu = CTN Ty

In the 1980s, it was extablished that SO(32) type I superstrings are anomaly free[71]:
5 superstring theories are consistent, each of which are defined in 10 dimensions.
These are Type I, non-chiral ITA and chiral IIB, and heterotic SO(32) and Eg x Eg;
in compactifying from a 9+1 spacetime to a 341 spacetime, string dynamics require
the resulting 6-dimensional manifolds are Calabi-Yau spaces which display similar
features to the Standard Model [72]. The 1990’s then gave rise to the discovery that
all of the 5 10-dimensional superstring theories are perturbative expansions (consis-
tent at every finite order) of one unique (although not well understood) underlying
11-dimensional theory. This 11-dimensional theory is referred to as M-theory, the
low energy limit of which is 11-dimensional supergravity. Ref. [73, 74] gives a good

overview of these milestones.

1.7.2 String theory and the Nambu-Goto and Polyakov action

This subsection is based on Refs. [21, 75, 76]. In contrast to how most field theories
developed, where the second quantized theory can be completely derived from one
action, String theory was initially developed as a first quantized theory, where things
such as the vertices, interaction choice and weights of perturbation diagrams need
to be put in by hand, and the unitarity explicitly checked. In first quantized rela-
tivistic point particle theories, scattering amplitudes are given by a sum over graphs
of different topologies, not manifolds. Thus one can place an arbitrary number of
different spins at interaction points corresponding to an infinite number of point
particle theories. Furthermore, one can ‘pinch’ internal lines in the graph to zero
which results in locally deformed topologies with ultraviolet singularities for each
‘pinch’. In String theory, however, the string worldsheet cannot be ‘pinched’ to form
an ultraviolet singularity from a topological perspective (although the pinched dia-
gram could be understood as an infrared divergence involving the emission into the
vacuum of massless spin-0 particles - but supersymmetry eliminates these infrared

divergences). Furthermore, the worldsheet is a manifold / Riemannian surface and
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the selection of interactions consistent with the propagator are limited by conformal
symmetry, supersymmetry and modular invariance, resulting in only a few allowable
string theories. In this subsection we overview some of the fundamental theory of

String theory.

Strings in space-time sweep out an area element, and this gives rise to the Nambu-

Goto action,

Sna = —T/dA

where the string tension T is given by T' = - and o is the Regge slope. Now this

2wa’

can be written in terms of the induced metric, hqp = 1,0, X*0p X", as

Snp = —T/dU drv—h. (1.23)

Note that u,v = 0,1, ..., D and a,b = 0,1, and X* (0, 7) describes a one-dimensional
object sweeping out a two-dimensional worldsheet in terms of two parameters and;
this X* (o, 7) is then just a vector extending from the origin to a point on the two-
dimensional manifold while the induced metric hgy, is the contraction of two tangent
vectors of this two-dimensional manifold, where —oo < 7 < o0 is taken as a time

parameter and 0 < ¢ < 7 as a spatial parameter. Here the Lagrangian simplifies to

. . 2
L= T\/ng n2 (XuX u) (1.24)

where the dot is a 7-differentiation and the prime a o-differentiation. The square

root proves cumbersome, and it is simpler to work with the Polyakov action,
T
Sp=-3 / do dr (—=)'/* 49, X 9, X,

where we have introduced an independent worldsheet metric .5 (7, o) with signature
(—,+). We identify this action as being that of massless Klein-Gordon scalars X*
coupled to the metric 7,5, and thus bosonic. The Nambu-Goto and Polyakov are

indeed related, as can be shown since for any real symmetric matrix A we have that
AdetA < (trd)?,

Adet (Y*hep) < (7%%hae)?
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1
= \/det (—he) < 5\/det (—Yac)Y*hac

= Sng < Sp

and equality holds when hg, o v45. Varying the Polyakov action with respect to X*

we obtain the following equations of motion
T 1/2 uAaa
0=0Sp = 4§ —-3 dodr (=) '7 0, X"0"X,,
= -T / do dr (=)' [0, (6X"0°X,,) — 6X"V2X,] .

The second term gives the equations of motion which is a wave equation, and we

require the first term (the surface term) to vanish,
=T [ dr (<) X497 X,0755 =0,

This can happen in two ways. Firstly, it vanishes if 07X, vanishes at the spatial
boundaries, implying there is no momentum flow at the ends; here no constraint is
placed on X, - in other words this is an open string whose ends can move freely in
spacetime. These are known as Neumann boundary conditions. The second way the

surface term can vanish is if
XH(1,0) = X* (1, )
O° XH (1,0) = 0° X* (1, m)

Yab (1,0) = Yap (7, 7) ,

which can happen if the fields are periodic, and the endpoints are joined to form a

loop - in other words closed strings.

In order to learn more about the open string spectrum, one can go to light cone

coordinates and make conditions on the metric, namely

Xt=X"+X'=71
80’700 =0
detyg = —1.
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Then, taking various boundary conditions into account, the Polyakov lagrangian

becomes

1 " 7 1 7 i
L= T'ymﬁx +ﬁ da(’yUU@XOX—’yUJ8X8X)

and, after obtaining the momentum conjugate to ~, the spacetime coordinate, and

X' (7,0), the worldsheet coordinate, one finds that the Hamiltonian is given by

H = pOa —L+ / dol11;0, X"
0
s

™ . 1 . .
_ TIAIT? - i i)
2Tp+/0 do (T IT* + T(%X &,X)

The equations of motion that arise from this Hamiltonian result in the general so-

lution to a wave equation, given in terms of centre-of-mass variables by

Xi(r,0) iy p' w T\? i 1, TinCeT ™o

T,0)=x"+ 77+ — —ayexp | — cos .

’ pt T p (P 14 14
n=—00p£0

Imposing equal time canonical commutation relations from which a general state is

obtained, one arrives at an Hamiltonian in terms of raising and lowering operators,

pii

~ ot 2p+a (Z ol 0y, + A)

The conformal gauge approach, which makes the covariance explicit, gives the value

of A to be (correctly regularised)

D-2
A = ——
5 n
n=1
_2-D
24
[Here we used that Y 2 n = —%; one way of seeing this is by introducing a

regulator € and writing

—€

> > = d d 1 e

N —ne _ _ —ne - _ — .
Z n Z ne de del — e—¢€ (1 _ e—e)z
n=1 n=1

n=1

. . . . 1 1 2
and, using Mathematica, this has an expansion 23 — 15 + 375 — 48 ., for which the
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only regulator-independent term is —%] This cutoff-independent term is a Casimir

energy due to the string having finite length. The mass can now be expressed in

terms of the level (N) as
1 2—-D
2_ - —
m= <N+ 2 >

From this we notice two of the interesting aspects of bosonic string theory. Firstly for
D > 0 the square of the mass is less than zero, and the state is tachyonic. Recalling
that the potential energy for, say, a scalar field, is %m2¢2, we see that this vacuum is
unstable. With greater study, however, one finds that there are tachyon-free string

theories. The second thing to notice is that the first excited state is given by

, 1/2-D
m° = —
o 24 ’

and this state must be massless, hence D=26 giving rise to the well-known state-

ment about bosonic string theory that it is only consistent, or Lorentz-invariant,
in 26 dimensions. A further item of interest is that the allowed eigenstates of the

Hamiltonian are products of the Fock spaces of harmonic oscillators,
[Teh. 10,
n,i

where the vacuum is given by
any |0) =0,

for n > 0 and the low lying states are catalogued [77]:

|0) = Tachyon
al*|0) = Massless vector
k:ua;“ |0) = Massless scalar
al*al”|0) = Massive spin — 2
a{“ |0) = Massless.

The following involves supersymmetry, which will only be discussed later in section

1.9, but is nevertheless useful to mention here. The tachyons in the spectrum are
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an instability, but they can be fixed with supersymmetry. Also, string perturbation
theory does not converge, and there exist non-perturbative objects such as instantons

in Yang-Mills of mass 1/g%,, and D-branes in string theory, also of mass 1/g%,, ~
1/gstr-

The supersymmetrised Polyakov action (which now involves fermions too) is given
by

—— /d2 3 W XHOp XY + MZ#'Vaab@by] G (),

which is explicitly invariant under infinitesimal supersymmetric transformations
de X" = € and oYp* = v*0,X*e (normally we just use gu,(x) = 7w ). The re-
sulting equations of motion, O_xr = 0+ xr = 0, give rise to left- and right- moving

solutions,

xL=xL(o+7);  Xr=Xr(0C—T).
Varying the action, we find,

T o=L£/2
58S = ) /dT [Xl]i(SXLu — XlIL%(SXR#]a:—en
for which one requires that x (7, —0/2) = x5 (7, —£/2) and X/} (7, £/2) = £X'(7,£/2),
which leads to two types boundary conditions, Ramond for which x/ (7,€/2) =
X'g(7,4/2), with expansion

X (m,0/2) = Z dlte=,

nEZ

and Neveu-Schwartz for which x// (7,£/2) = —x'p(7,£/2), with expansion

Xi (T, 6/2) = Z b=,

n€Z+ 3

These satisfy the relations {dh,,d%} = n"*6p —pn and {bl,, b} = 76,y Tespec-
tively. We observe that b |0)yg = 0, Vr > 0 with bf', r < 0 being creation op-
erators. We similarly have that dfy, |0), = 0, Vm > 0 and that df, for m < 0 are
creation operators. However, in this Ramond case, {d},,dj} =0, ¥m > 0, and thus

the ground state is degenerate; dfj in fact takes one ground state to another ground
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state. For the Neveu-Schwartz sector, the state b’;l /2 |0) yg = 0 has mass-squared of

s 1 (1 D=2
m=—|=-—— |,
o’ \ 2 16
for which there are massless modes in D = 10 dimensions, giving the well-known
result that supersymmetric string theory is only consistent in D = 10 dimensions

(synonymous with that of bosonic string theory only being consistent in D = 26

dimensions). States here transform as a vector in SO(8). Furthermore, the Neveu-

1
T 2a

the GSO projection (named after Gliozzi, Scherk and Olive),

Schwartz ground state is tachyonic with m? = but this is solved by introducing

eiﬂ'F — (—I)F,

which counts the number of fermions and keeps only states with an odd number of
creation operators applied to |0) 5 ¢, which we won’t elaborate on in great detail here.
Since there are both left- and right- moving states, written schematically as (L, R),
there are 4 possibilities for boundary conditions giving rise to the Ramond-Ramond
sector or (R, R) sector, the (R, N.S) sector, the (NS, R) sector and the (NS, NJS)
sector (we will see these later in section 1.10). We further have possibilities R+ and
NS+ depending on the sign of the GSO projection. In Type IIB string theory, only
L and R fermions with the same ‘space-time chirality’ are allowed, whereas in Type

ITA this is not the case. The allowed possibilities are given by

TypellA:  (NS+,NS+),(R+,NS+),(NS+,R-), (R+,R-)
TypellB:  (NS+,NS+),(R+,NS+),(NS+, R+), (R+, R+).

For Type IIA, we have the followed possibilities

Potential : Cl, 03, C5, C7, Cg
Field strengths : FQ, F4, F6, Fg, F10
Sources : D0, D2, D4, D6, D8

and for Type IIB,

Potential : CyCs, Cy, Cg, Cs
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Field strengths : FY, F3, F5, F7, Fy
Sources : D(—1),D(1),D(3),D(5), D(7).

Here Hodge dualities relate, for example, Fy and Fg (indeed, wherever the number
of dimensions adds up to 10; we saw some details about the Hodge star product in

subsection 1.5.1).

1.8 No-Go Theorems

Presented below are no-go theorems that need to be taken into account when con-
structing higher spin theories. These no-go results concern flat space-time theories
and an S-matrix, however, and the concluding purpose here is therefore that one

should work in a curved space-time background where there is no S-matrix.

1.8.1 Coleman-Mandula Theorem

In Ref. [78], Sydney Coleman and Jeffrey Mandula proved a theorem describing
the impossibility of combining internal symmetries and space-time symmetries in
any way but the trivial way. It was general in that it was applicable to infinite-
parameter groups, and it assumed an S-matrix. Unitary operators which commute
with the S-matrix turn one-particle states into one-particle states, and transform
many-particle states as tensor products, where G is the symmetry group of the S
matrix that was investigated. Under 5 general assumptions it was shown that this
(connected) group G needed to be locally isomorphic to the direct product of the
Poincaré group and an internal symmetry, in other words the trivial combination.
Otherwise put, due to the fact that theories we observe contain a mass gap, apart
from the generators of the Poincaré group, the only conserved quantities, must be

Lorentz scalars.

1.8.2 Weinberg

Another theorem (see Ref. [79] for a nice summary) in which general properties of

the S-matrix were invoked was due to Steven Weinberg in 1964. Here he considered
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N particles with 4-momentum p; emitting a massless spin-s particle of momentum
g and polarisation vector €"1™2:"s(q). In the soft limit, i.e. where the momentum
of the emitted particle goes to 0 and the scattering is elastic, the S-matrix could

factorise,

N

S(P1, PN G E) R D g

=1

ml...ms(

q)

z’pm1pm2"'pm36

2piq

S(p1...pN).

The polarisation vector, being transverse and traceless, has only two physical polar-

isations, so there are redundancies which can be removed by imposing

N
Z g,fs)pfm ...pfns_l =0 Vp;.
i=1

Thus

N
s=1 = Z gZ(S) = 0 = Conservation of charge
i=1
N
s=2 = kK Z Py, = 0 = Conservation of energy/momentum
i=1
¢' = k = Equal interaction with massless spin — 2 particle

s >2 = No solution for generic momenta.

This argument showed that the only particles able to produce long-range interactions
are scalars, vectors and one spin-2 particle (otherwise the 2 different spin-2 particles

would interact with all matter with different couplings g and ¢’ say).

1.8.3 Weinberg-Witten Theorem

In Ref. [80], Steven Weinberg and Edward Witten proved two theorems, the first one
stating that a theory which allows a Lorentz-covariant conserved four-vector current
J* to be constructed can’t contain massless particles of spin j > % since in these
cases the conserved charge [ JOd32 will vanish. The second theorem states that a
theory which allows a Lorentz-covariant conserved energy-momentum tensor 0" to
be constructed for which [ 6% d3x is the energy-momentum 4-vector can’t contain

massless particles of spin j > 1. To do this they studied matrix elements describing
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scattering of one-massless-particle states of helicity +j and four-momenta p’ and p
off a soft graviton [81]. They took the limit as p — p’ (i.e. nearly forward scattering)
and not p’ —p = 0 and thus the graviton described was off-shell and spacelike, nearly
light-like, whereas p + p’ is timelike, and from Lorentz invariance the limit is given
by

gpt
E(27)3

forp”
E(2m)3

', £ p.£j) —

(o', £510"|p, +5) —

Because the calculation of matrix elements involves the rotation matrix R(#) which
has Fourier components €, e~* and 1, the matrix elements vanish unless 2j = 0, 1,

implying that g = 0 for f > % and f =0 for j > 1, thus concluding the proof.

This theorem is applicable to all known renormalisable quantum field theories, for
example in quantum chromodynamics, since one may construct Lorentz covariant
energy-momentum tensor and Noether current for all symmetries commuting with
local symmetries, it may be concluded that quantum chromodynamics has no mass-
less bound states with j > 1 and no flavour non-singlet massless bound states with
j> % Importantly, this theorem does not apply in theories such as Yang-Mills the-
ories and General Relativity where, under Lorentz transformation z# — AL z? fields
transform as a Lorentz transformation plus a term proportional to a derivative, for

example O*P.

1.8.4 Solution around no-go theorems

The following is based on Ref. [82]. Since the notion of massless particles is only un-
equivocal in theories with Poincaré-invariant vacua, the previously mentioned no-go
theorems relate specifically to theories on a flat space-time background. In con-
stantly curved non-flat space-times, one has that the mass operator (V?) is related
to the eigenvalues of the quadratic Casimir operators of the space-time isometry
and Lorentz algebras and, in Minkowski space-time for example, one may interpret
massless higher-spin particles as limits of their respective massive particles. These
particles are consistent at low energies and observed experimentally in hadronic

physics as unstable resonances as opposed to fundamental particles.
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The discussions regarding the S-matrix no-go theorems incorporate couplings that
involve the same number of derivatives as the number of spins, for example two-
derivative couplings between the graviton and other fields. If spin s couplings con-
tain more than s derivatives, this S matrix argument needs re-examination. Indeed
a more suitable starting point is using purely Lagrangian arguments. Indeed at the
classical level, all of the consistent cubic vertices found in Minkowski and (A)dS

space-times have exhibited higher-order derivatives.

The gauge principle states that, ” A sensible perturbation theory requires compat-
ibility between the interactions and some deformed version of the abelian gauge
symmetries of the free limit”. Massless particles are seen as representations of the
space-time isometry group - different Lorentz tensors obeying their respective free
equations of motion. A subset of these ”carriers” are the primary curvature tensors
and their derivatives which transform tensorially under isometry, and the construc-
tion of interaction Hamiltonians from Lorentz- and hence gauge- invariant non-linear
Lagrangians is the guiding principle behind what is known as the ”Fronsdal Pro-
gramme”. Ultimately, it was Mikhail Vasiliev and Efim Fradkin who conceived of
the principal escape route where the cosmological constant play the role of both the

infrared and ultraviolet regulator.

1.9 Supersymmetry

Here we highlight key points regarding Supersymmetry following Ref. [83]. Space-
time symmetries may be external, for example continuous symmetries like those of
the Poincaré group and the discrete parity P, charge conjugation C' and time rever-
sal T, or internal, such as the global isospin and flavour symmetries and the local
U(1), SU(2) and SU(3) of electromagnetism, the weak interaction and the strong

interaction respectively. Internal symmetry generators R* obey
|:Ra’ Rb} — QifabCRc

and commute with the Casimirs of the Poincaré group, [R%, P?] = [R%, W?] = 0 im-
plying that particles related by the internal symmetry have same mass and spin. In

spite of the fact that Sidney Coleman and Jeffrey Mandula showed that one cannot
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mix internal and external symmetries in their no-go theorem of 1967, the pre-quark
era showed for example that spin—% baryons are in the 8 and spin—% are in the 10
representation of flavour SU(3). In other words, there is a link between the external
symmetry spin and the internal symmetry of the SU(3) representation. The Loop-
hole in the Coleman-Mandula ‘no-go’ theorem was that symmetries were assumed to
be Lie algebraic - so one could bypass it by considering spinorial symmetries having
half-integer spin which are described by (non-Lie algebraic) fermionic / anticommu-

tating algebras. This led to a new fermionic symmetry call Supersymmetry.

Supersymmetry involves extending the Poincaré group by adding anticommuting
spin—% operators, meaning that the 4-component Dirac spinor may be written in

terms of a Weyl spinor and its conjugate

Qo
Qp=| _.
? (QQ)

where the generators Qp are called supercharges. One wishes, then to add these gen-
erators in such a way as to obtain a consistent algebra. (Having more supercharges

is called an extended supersymmetry, e.g. N =1— N =2 N =4 etc.)

1.9.1 N =1 SUSY

According to the O’Raifeartaigh’s theorem which predates Coleman-Mandula, trans-

lations commute with all generators beyond the Lorentz group generators,
[Puquc] = [P,qud] = 0.

Further, the Qs transform like spin-1 states when commuting with Juw so that

2

. 1 3 _ 5

[Qou j,ul/] = Z(O—HV)aﬁQﬁv (Juy)aﬁ - Z (O—Z'VUV’YB - O—LVW'yO—M’YIB>
_ : 3 1 . ;

_ (s B B _ 2 (gravgy. _ zrivs
(Qard] = G sQp (0" = ¢ (74708, — 57752
I

(recall in the Wey representation these appeared as ¥,, = UO e )) As
o)

per the discussion above the (Js are fermionic and hence relations involve fermionic

anticommutators.
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For N/ =1 (1 supercharge), since the only Lorentz-invariant object that is symmetric

in o and S is €43 whereas {Qq, Qg} is symmetric, we have that

{QQ’QB} = {QQ;QB} = 0.

For the relation between @), an object in the (%, 0) representation and @, an object

11)

in the (0,1) representation, we recognise that the product should be in the (33

)
representation which is schematically a spacetime vector for which there is only on

possibility - P,; matching indices gives
{Qa,Qa} = 20", P, = 2P,.
We further have an R-symmetry which is a U(1) phase rotation,
Qo =€ Qo Qa— €*Qa- (1.25)

It is an internal symmetry with respect to the Poincaré group, so that [R, P,| =
R, Juw] = [R, R] = 0, however it is an external symmetry of the full super-Poincaré
group, and charges the (Js in a way that differentiates between left- and right- handed

charges,

[Qa, Bl = Qo [Qa, Rl = — Q. (1.26)

The full super-Poincaré algebra is called a graded Lie algebra since it contains both
bosonic and fermionic commutators; the set of generators comprises { P, Jpo, Qas Qs R}
which are all bosonic except for Q, and Q4. This algebra is not arbitrary since the
graded Jacobi identities they have to satisfy are very strong consistency relations.

They look as follows (where b are bosonic elements and f are fermionic elements):

[b1, [b2, b3]] + [ba, [b3, b1]] + [bs, [b1, b2]] = 0

[b1, [b2, f1] + [b2, [f, b1]] + [f, [b1, b2]] = O

[0, {f1, fa}] + {f1, [f2, 01} = {f2, [b, ]} = O
{fr,{fo, f33} + {fo, {f3, fr}} + {f3, {f1, fa}} = 0.

It is a useful exercise to check that the identities hold for all possible choices of 3

generators. We first consider combinations with 2 @s and one of P,, R and J,,, (we
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just consider @), and @4 since it is trivial to show this for 2 Q,s and 2 Qg4s; it is for

this same reason that we don’t consider 3 @s):

[P {Qa» Qu}] +{Qa, [Qa Pul} — {Qa, [Pu, Qal}
[Py, 2005 P)] + {Q4,0} = {Qa,0} =0
(R, {Q4: Qa}] + {Q4: [Qas R} — {Qas [R, Qal}

= [R,2044P)) +{Qa,Qa} — {Qa, Qa} =0
[Tpos {Qom Qa} +{Qs: [Qas Tpol} — {Qar [Tpo, Qal}
[

= [Joor —20%Pu) +{Qa i(00)a" Q) + {Qar i(50) 5 Q)
= 2i0h, (NupPo — Nuo Fp) — 2i(040)a” 0 P + Qi(f}pa)ﬁaaggpu

. 1 i
= 2 (UPOédPU - Jaade)) — 27/1 (Upoa—'yO"YB O—JQ’YUWﬁ) ﬂaP
1 =By p
+211 ( T0gya — O, U,Wd) UaBP“
: 1 .
= 2i(0paals — 0aaly)) = 2y (2%@035 + 2%55) ol P
L by 5 P,
+2zZ (QJP Ogvia — Npo )0
; 1 i ¥
= 2 (Upadpa - Jaade)) — 21,1 (20‘pa’.y0-gﬁo-gdpu _ 20_5’}/0_0‘76“0_::3})“)
; 1 C
= 2i(0paaPs — 0oaal))) — 2@1 (2(;[)04,.7 (Qng(sg _ U“W%ﬁa) P,
+2005~a (277“57 — Uu’B’YO'p B) Pu)
= 2 (UpadPa - JaadPP)) -2 (Upadpa - QUaadPP)
= 0.

For combinations with 1 @ and 2 from P,, R and J,,, there are 6 possibilities (not

including the identities involving Q4 which follow in the same way) - 3 involving R:

[R,[R,Qu]] + [R, [Qa R]] + [Qa, [R, R = 0

[R, [Py Qall + [Pu; [Qas R]) + [Qas [R, P]]
= 0+ [Py, Qo) +[Qn,0] =0

(R, [Ju, Qal] + [T [Qas RI] + [Qars [R, Ty ]
= [R,—(0,u)2Qp] + [T Qo] + [Qa, 0]
= (ow)aQs — (ow)a@Qp =0,
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and 3 not involving R:

Now

After cancellations we get that (apg)aﬁ(aw,)ﬁv - (O'uy)o/j(O'po-)B

(P [Pos Qall + [P [Qas Pull + (@ [Py P = 0

[Too [P Qall + [P [Qas Tyl + [Qas [Tprs P

0+ [P (i(0)aQ5) ) + Qs (=inp P = s B)) = 0

(To s Qull + [Tpors [Qas Tu]) + [ Qs [T T

(o= (i(000)a7Q ) + [To (i(00)"Q5)|

+[Qar i (MupTuo + MuoTvp — NupTve — MveTup)]

i("pﬂ)aﬁ(aw)ﬁv@v - i(Uuu) (Upa) Qv

+1 [Th/p(a,w)aﬁQ,g + UMU(UVp)a Qs — nup(aua)aﬂQﬁ - Uua(aup)aﬁQﬂ}
(1.27)

1 » . » »
(000)a’ (Ow) g = z (ffpawgﬁ — Ooai0y)’ ) (0up300" = 0upy3)))
1 Py .
- (U/JMU;/B - 77p05£) (%ﬁwﬁ - nuvég)
1 . y
(UNV)QB(O-PU),B’Y = 1 (Uua&f’:fﬁ - WV‘S@ (%BWZ” - npaég) :

7 is equal to

[(prowU ) ( /3505 ) _ (gwﬁag@ (%555,‘37)}
Kapav (2mw gvﬁ om) _ 57)
(0t (2108~ 50,55) 53]

1 . .
_ =Y et
- 9 [nlwaﬂowgu NvpO oo ]

N e N

1 » _§
Y [(277up<5§ - Uua“‘ya;w)) Uaﬁéaufy_

auawa (27]1,05 —Ugﬁsﬁgvﬂ
1

_ = CFYY  FY B
= 3 [nMUUPOé’YUV MvpOuaiOs nupaaava +77VUO_M0¢’YUP}

1 . . . .
T [nlw (‘7/%1‘/537 - Uuaﬁazry) — Nvp (Uuaﬁagv - Uua*ﬁgv)

“Tpp (O'Ga"ya"y’y - O'Vo«yo' ) + Nvo (Uua"ya';ﬂ - O'pa"ya'zﬁ>}
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= [_77110(0'1/;))o¢7 - 771/,0(0';10)02Y + 77#;)(0'1/0)o¢7 + UVO(Uup)aW] )

which cancels with (1.27) to give the desired 0. All the other Jacobi identities do
not involve @ and come from the standard Poincaré algebra. The full N/ = 1 super-

Poincaré algebra (excluding special conformal transformations) is therefore given
by

[Pu. P = 0

[Pus Tpol = inpplo — i by

(Tuvs Tpol = i (upTpo — MupTve + Mo Tvp — Mo Tup)
[Pu;Qal = [Pu,Qa] =0

[Qajm/] = (0w)aQs

[QaTiw] = —Q3(Guw)a

{Qon Qd} = 2Uadpu = 2P
{QOHQﬁ} = {QOMQB} =0

[QO&?R] = Qa
[Qa.R] = —Qa
[R,R] = [R,P.)=I[R,Ju]=0 (1.28)

The supersymmetric generators are fermionic, so acting twice on a state should

return the original state; that is
@ |boson) = |fermion) @ |fermion) = |boson)

The superparticles these represent contain both fermionic and bosonic components
which belong to the same supermultiplet. The Casimirs which commute with su-
persymmetric generators @), turn out to be the usual C; = P,P* (which follows
directly from [P,,Q,] = 0 and shows that all fields in a supersymmetry multiplet
have the same mass), and the not so usual C} = CwCH where C, = B, P, — B, P,
with B, = W, — %Qd@éfﬁQB (compared with the usual Co = W,W*#). Here we
recall that the second Casimir operator, known as the Pauli-Lubanski pseudovector,

is defined as

1
W,u == _§€lujpo_jyppo'
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The next thing to consider are the massless multiplets of N'= 1 SUSY. Recall that a
covariant definition of helicity entails observing that we have tensors (here, vectors)

that are both null and orthogonal to each other
P,P*|EF)y = W, WHI|EF) =W, P*|EF) =0

so that W* is proportional to P* and therefore their eigenvalues satisfy w# = Apt.
Boosting to the frame P, = (F,0,0, E) and specifying a state with helicity A, we
have that

W, =AP, Wo=APy
= WolE,\) = AR |E,\) = \E|E,\),

from which we would like to build a supersymmetry multiplet. Recalling that in
o

04 the top index tells us which Pauli matrix we are talking about

1.10 Supergravity

The following is based on Ref. [84]. Supergravity theories are interesting as they
are field theories with local supersymmetry, are the only known field theories with
interacting spin-3/2 fields and they enable us to write supersymmetric extensions of
General Relativity (including the adding of higher order R-curvature terms where the
algebra may not close so on which is a feature quantum mechanics is built on). Of key
interest today is the phenomenologically interesting 4d A" = 1 where new patterns
of SUSY-breaking with a positive semi-definite scalar potential allow for a smaller
cosmological constant and provide new dark matter candidates (e.g. gravitino) and
places constraints on inflation models. It is further the natural interface between
string theory and low energy string phenomenology, which can shed light on non-
perturbative aspects of string theory such as black holes and AdS/CFT dualities.
While Supersymmetry is a global theory, Supergravity is a local theory:- it is gauged

Supersymmetry.

For the (free) Wess-Zumino model, one could use superspace notation,
Lwz = / a0 o*o
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where ®(x,0) is a chiral superfield (D® = 0), ®*(x,0) its hermitean conjugate,
K(®,®*) = ®*® is the canonical Kéhler potential and W(®) = 0 is the vanishing

superpotential. However, here we will rather use 4-component spinor notation.

1.10.1 Notation

The following notation is useful conceptually as well as for doing calculations. We

have the following relations

1
At =22"1y B =

1 Yuur W]

and Pauli matrices

0 1
o1 = 02
1 0

0a0h = Oapla + i€qpe0c O

1 0
0 -1

= —i0'10'20'3 = 12

1
VR
o
o |
~.
N~
Q
w
1
VR

For any even dimension one may, as de Witt and Friedman in the 1980s did, work

in a ”friendly representation” !, defined as (the convention used in this section is
77;111 - (_17 17 17 1))

W=—0 A=-vn PT=2

An example of a ‘friendly representation’ is the Weyl representation

0 io
T = ( ) g )
1o, 0

where 69 = 09 = 192 and ¢; = —o;. Thus

V5= 10717273
.4 0 o9 0 —o1 0 —oo 0 —o3
= i-1
oo O o1 0 oo O o3 0

I There are various representations (which won’t be used here), for example in the Dirac repre-

. B C(ila 0
sentation, o = i3 @ 12 = ( 0 —ils

Yo :i02®0'3, Y1 = —O'1®12, Y2 :O'2®0'2 and Y3 20'3®12.

) and v; = 02 @ oy and in the Majorana representation
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B —100010903 0 [ L 0
0 0— (—’i0'00'1020’3) 0 —12

so that
{7}14775} =0
1 1{ ouop—0u0 0 er* et 0
Y = 4[%7%]:—4< SR _ _ >:< ! )
0 00y — 00y 0 L
where 7, = —% (0,6, — 0,5,,) and e, =e! [—% (046, — 0,5,,)] € where e is just

a convenient tool to write & in term of o:

0 1\ _
e = o, =¢€ o,€
10 I H

Since ¥, is reducible, the 4-component Dirac spinor decomposes naturally into two

GAB'LUB
(¢a) = < A )

where the number of degrees of freedom may be cut down by setting w =0 or A =0

2-component spinors

for a Weyl spinor or setting w* = A for a Majorana spinor in Weyl representation.

Furthermore, ¥, may be understood as a generator of rotations, for example

1 O —0 0 ) 0 )
212 = - 7192 7201 = 1 78 = 3dlag(lv _L 17 _1)
4 0 0109 — 0201 2 0 o3 2
0 0
= R(#) = e5%12 — cog <2> + 2sin <2> Y19.

Noticeably, R(27) = —1 — a full rotation leads to a negative sign in fermions. Since
{Y4,75} = 0 and ¢ = —14, a friendly representation dictates that 707;270 =y It
is now simple to define projection operators:

PLr= % (la£7) Prrp=PLr

Py =4 PrYy=9r VL =% 75¢Yr=—YR

Pryo=v%Pr  Pryo = YvPL
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1 1
W0h0 =~ (’yo’yi'yo'yoﬂ'm - 70727070%70) = = (WY — W) = S

4

Note further that the 16 matrices defined from ~ys, that is v, p0 = €upo¥5, Vuvpe =
1€uvp Y5V Y = —%€Wpafy5’y”” and vy, = —%éuyp075’y”p” is a basis for all (complex)
4 x 4 matrices. Now, defining the Dirac conjugate to be 1) = ith)T7? = —irhT~g, one

has
vr = (Pry) = (Pry)lin® =" OPp =P =dr;  Pr =g
e-X

X
dition is a reality condition (¢ = 1) on a four-component Dirac spinor) requires

Recall that Majorana spinors are of the form ¢ = ( ) The Majorana con-

self-consistency (¢** = 1) and Lorentz covariance. One defines a charge-conjugation

matrix in a friendly representation so that,

CT=Cc'=-C 4 =-CyC' ¢'C=14.

0 -1 0 0
[C' may be written explicitly in Weyl representation as C' = iyyy2 = (1) 8 g (1)
0 0 -1 0
Using yuu... = % (YuYv--- + ...) (where combinations that are odd permutations come
with a negative sign and if any of y,v, ... are the same, then 7,,. .. = 0), we obtain

the following identities (where we note that swapping a y and a 1 costs a minus sign

for anti-commuting spinors),

Xt = ()" = —yTyIx" = =0T (=CyC ) X7 = =¥y, 0 CTx = —@RY
Xy t) [~ =" (=CC7Y) (=CC7Y) (XO)T] = =Ty
[~ =" (=Cy,C7) (=CC7Y) (—C1C) (KO = =017
= Pl yupx
Xpeth [~ =0T (=C1C7Y) (=C,C7Y) (=CCh) (=C7uC 7Y (KTO)T
= — Y VuX] B Vuwpo X

~

X’Yuu/ﬂ/}
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1.10.2 Simplest globally supersymmetric model in 4d

The kinetic term of the Wess-Zumino model is given by
fwz = / d'0 ©*® = —(9,0)(9"¢) — xdx + |F|”

where setting F' = 0 just enforces the equations of motion, so that the on-shell

Lagrangian is just

Lyz = —(8,0)(0"¢) — xPx.
where

Liom = —XPx =X (P + Pr)x =—x"Cy"0, (P} + P§) x
= X" CPry"9,Prx — X' CP"9,Prx = —Xr¥XL — XLIXR
= —2x1dxr

The supersymmetric transformations take bosons to fermions and vice versa and the
Wess-Zumino action is invariant under the following changes of fields and has the

following currents:

0¢p = Xrer

d¢" = Xgrer

Sxp = 5 (#6)en

Sxn = 5 (@0%) e

Jp = —xu"(@6)
Jp = —XrV"(39)

Here, up to total derivatives (where we use equation (1.29) and @@ = Yy 9,0, =
%{,YM’,YV}aua = n“”@,ﬁy = |:|14),

0Lbos = 0 (—(0u0)(0")) = 60" + 59"
0L = —20(Xrdxr) = —20(XL)Pxr) — 2X2P0(XR)
= —2(xr®(x1)) — 2x2@3(xr) = —2(Xr@(x1)) + CC
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= 20 (#9) en) + CC = X (96) en + CC
= —xr(00) er — Xp" (#9) Ouer + CC
= —0¢" (O9) - Jhduer + CC

= 0Lwz = 0Lbos + 0Lserm = JIOuer + Jh0uer.

The Wess-Zumino Lagrangian is thus locally but not globally invariant. This is
similar to QED, where Lyin = —A@\:

A= e\ = = AHIN = —MYPA(i0,0) — MO
= 5u(1)['kin = JgMaﬂa = (—’L'j\’}/‘u)\) 8MO£.

where JE; = —iAy*A. In QED the solution would be to make U(1) a local symmetry
by introducing a field A, (), requiring that d,(1)A4,(z) = dya(x), and then adding

a term L’ to the Lagrangian

L= JguAu = oy L = —0uq)(Jemr) A, — JamOua
= 8y (Lxin + L) = =6,y (Jhn)Au

Since the fermion is a Majorana fermion, the A\ and A terms cancel out, so that this

goes to zero. The Lagrangian that is locally invariant in QED is therefore

We follow a similar procedure for our Wess-Zumino action: introduce a field v, (x)
(if we expanded indices, this would really read 1), (x) since the expanded form of

the action is given by 6Ly z = JfaeLa + JgaeRa). Next we require that
1
dethy = —0p€ (1.30)
K

k is required due to the for dimensional analyis to be consistent: in ¢ =1 ([L] = [T])

and A =1 ([[p,z]] = 1 = [M] = [L]7!) coordinates, ¢ has mass dimension 1 and

has mass dimension 3 (since [ d*z8,¢0"¢ and [ d*zyd,y are dimensionless) and
1

therefore ¢ has mass dimension —35 (since 6¢ = yrer). Hence (1.30) has dimension
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% and therefore x has dimension —1. Lastly we add the term

L= —kJMbur — kg
= 55[,/ = —Ii(se(Jg)l/}uL — K5€(J§)/lp'uR — KJZ@MEL — IiJgaMGR
= 0, (ﬁwz + [,/) = —li(se(Jg)”L/JuL — 555<J}%)¢MR-

In QED 6 (Lwz + L") = 0 because of the Majorana condition. Let us consider what
happens in SUSY:

0(JE) = =0 (Xu" (@9%)) = — (0exr) V" (P9") — XLA"D (0:(07))
o —Epd" (#9*) — X1 Perxr
= —er" 0300 — X1.OxL”]

This expression is similar to T ~ LgM (foreshadowing the link to gravity), and

we therefore write

bc (Lwz + L") = —eyum/TH (¢, ).

Unlike QED, now, we need follow the Noether procedure and introduce a new field

G () with
dagu(x) = Kéyuhy (1.31)

and add £" = ¢, T*". Now 1, with helicity i% (gravitino) is the superpartner of
g With helicity +2 (graviton) and we identify x = n%; ~ (10'8GeV)~!. In QED,

we would add an interacting Lagrangian —Jf A,

[ftot()\a A,u) = Ekin(Au) + ﬁkin()‘) + [’/()‘7 A,LL)
1 14
= —ZFWF“ — AN — JE AL

Similarly now we have a Lagrangian for SUSY,

['tot = EWZ(¢7 X) + ﬁl((bv X5 1%) + ﬁl/((ba X gMV)
= [—(0u8)(0u0") — XIX] + [T bur — Tpbur] + guu T

and one for supergravity, the first term involving gravitons with 2 vector indices and
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Usual coordinate space Orthonormal tangent space
VH— (%ﬁ'ﬁ ) v Xa = R(A)apxs
Inner product Inner product
g(a,ua a1/) = Guv Un(eaa eb) = Tab
ea — €, = A,’(x)ep has no effect on Oy Oy — (g%) 0, has no effect on e,
Covariant derivative:
D,V* =8,V +w, "V
Covariant derivative: Metric compatible: impose D,m“b =0
VWY =9, VV +T% VP = w, " +n*w,% =0
V9 = 0 (metric compatible) = wu“b — —wuba
Torsion-free: Impose D, equivalent to V,
with respect to different bases
I'f, = T'Y, (torsion free) = D,V =¢e"V, V"
(else Dy, e,) = %Sﬁu # 0 where
S}, is the torsion tensor.)

TABLE 1.1: Table comparing the usual coordinate space and orthogonal tangent
space

vierbeins with 1 spinor index, and the second term involving gravitinos - fermions

with vector and spinor indices:

['(g/un %) = »Ckin(g,uz/) + Lkin(d’,u) + Lint [¢u, g;w]
= [—2;\/5]%(9)] + [—;wwﬂ”paywp] +7. (1.32)

Here, 69, = ke, ¥,y +7, and ¢, = [%@Le} woy 17+ Vector fields transform accord-
ing to V# — A¥, V", that is GL(4, R) and spinor fields according to xo — R(A)asX 3,
that is SO(1,3). Now SO(1,3) C GL(4, R); we therefore start to utilise spinors in
curved spacetime, so we now have two types of inner products on an usual coordinate
space and an orthonormal tangent / local Lorentz space respectively.

Notice that the w term has the same number of indices as a I" term, and performs
the same type of function. Further it is just a function of e. The inner product

satisfies

Nab = egguueyb

G = e““nabeby. (1.33)
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We now define V to include both covariant derivatives:

a __ a a _b 14 a __
Ve, = ouey, +w, e’ —1,e,* =0

The Vierbein postulate is then given by

We then have
v a a a b a
v[#el/} = a[#€y] +U1[M bey} = O = D[“ey] = O
For fermions we have (recalling that Lo, = ${7a,}),

1 1
Ve = Dye=0,e+ §wzb(e)2abe = Oue+ Zwﬁb(e)’yabe

= Vu(R(A(z))e) = R(A(z))Ve

ﬁ;ﬂ/fu = D,qu_FZu(g)wp

=V, (R(A(a:))e)gii p] = R(A(x)) <gf;> Vot

[ Note that, while spinors live according to the symmetry of flat spacetime, Super-
gravity lives in a curved spacetime. At every point in curved spacetime we therefore
define a flat spacetime where our objects can transform. Hence the natural objects
related to spinors are 7, - if we see objects v, we are really talking about €};v,. For

example,

Vv’ = Ve " = 0ule, ") + .. = vV e, ]

The following gamma matrix identities are of use:

~% = const.
(" = .
o= ey =" (x)
{¥. 2" = 29" (x)
@,ﬂ” =0

'YWpDuwu = 7’“’”%%-
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General relativity may be written in Vierbein formalism as

VoI, e, R wle)),

[’EH = 2,€2 224

where e = det(e,*) = /—g and

R, (w) = QG[Mwﬁ]b + Zw‘[wwb

uv j2 l/]c'
Now, defining a ‘flat e-tensor’ é0¢? (¢0123 = | «—= ¢j193 = —1) with
purpo w v, p,osabed
€ = 6eaeb€ced6
= 1B = edet(el) =eel =1
= e*P? = const.
~e fod A
= ey = —2(055] — 5165)
= e“l’poéabcde‘;eg = —46(6'{;62}),

so that the Einstein-Hilbert action becomes,

Lrn =

1
Urpo » c_ d ab
781%2 € eabcdepeURW .

For the variation with respect to w, we rewrite the R part of the action to obtain

(performing an integration by parts to get to the second line),

1
_ vpo 2 c d ab __
dwLlEH = 82 P €apeaepeq Dyydw, 7 =0

D[uﬁo_]d =0 <— wuab = wﬂab(e). (134)

This was just the torsionless condition that we imposed. For the variation with

respect to e, consider

M =™ = detM = ™M = §detM = detM.tr(M ~15M)

= Je = eelde;

efl‘ei = §5 = et = —eg(éez)e’c‘
= JLpn=0= 2% [ebetiey — 2ebelel] RO 5eS = —ef R + 2RE = 0
1
— R, — 5gWR =0
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which is just Einstein’s equation!

1.10.3 Pure 4d N =1 SUGRA

We can now write down an expression of a supersymmetric theory for g,,, and v,

alone as per the mission in equation (1.32):

LG, Yu) = Liin(Guv) + Luin(Vu) + Lint [Yu, 9]
~ [ o var@)| + |38 D)+
= Lpue = Liin(g) + Liin (V)
S el R w(e) — SOV, (135)

log
[ve]
torsion-free spin-connection w,%,(e) implies that

where the last step was possible since I'?, , = 0. Here we recall concisely that having

Ve, = 0.+ wuabeby —I,e,"=0
oL

Dpe,) = 0 b=
5w# b

@p'y“ =0

and that

- 1
v;ﬂ/}l/ = &ﬂﬁp + szb@)’yabwv - Fﬁu(g)wp = Dlﬂ/}l’ - F,ﬁu(g)wp'

We will use that

a K‘/— a —
dey, = 5€Y Yu = 09 = KVt
1
0y = EDu(w(e))ﬁ + O(ky?e).

Making use of (some of which we have already proven, others which one could prove),

MHPx = XA
Mix = =X
(Yabe) = —&Vab
Dy, D,x = %[DM,DV]XZ éRffL%bx
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(VP v} = —Pep e + 8efa7[“ea]
1 vpo c K - a
6w»CRS = ﬁeu P €abed®p [_Zlbu’ydwa} 6yb
eyl = —jeVPTy
_ . 1 - B
(prax) (@) = 5 (i) (847X

we will show that
5SUSY['pure =0+ O(’Q'(Z}QE)

where dsusy L(ef,, Yu, €,” b(e)) = 0L + 4L + o 560( )56 and

b
wa w=w(e)

L = Lgg+ Lrs+ Lar.

Let us then first consider the variations with respect to e: Since the last term involves
4 fermion terms we do not consider it (6.L4r = O(key®), dyLyr = O(ker?)).
Further

0LEH = %[epe”e — 2ebPele ]Rab5e
K
— & pebol 9P ol ab (K c
= zﬁz[eeeb 2efeley| Ry, <2E'ywp>
belrs = O |[=5B" Dutty| = ().
For w = w(e)
dwlegr = 0

bulrs = Ou |=5Uur"" Do)
= — |50 D, | — |60 Dudulty)] b + Oliise)

= - [5 (o) o] = [srrimio] oo+ ot

Using the identities, it becomes precisely

_© lePetel — 9P el ab (K c 3
2%2[66 2efel ey Ry, (26’ywp)+(’)(/€1/)e)
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which cancels with §.Lgy, so that indeed
6SUSY£pure =0+ O(Ii¢2€).

In fact it is possible to show this result for all orders by absorbing the L4r and

O(k1)3€) into a modified spin connection with torsion,
~ ab b b
w,ua (6, 1/]) = w,ua + ’i,ua (67 1/})

which is a fascinating result!

1.10.4 Pure 4d N =1 SUGRA with a cosmological constant

If one adds a cosmological constant to the Einstein-Hilbert action,

1
L= Lgn — ?\/TQA
G,uz/ = _Ag,uz/a

it turns out that SUSY is broken. However in the case where A < 0, (AdS), SUSY
can be restored by adding an additional term to £. A way to understand why this
is only possible for AdS and not dS is as follows: Just as the Poincaré algebra has
an extension to the Super-Poincaré algebra, so too does the AdS isometry algebra
SO(2,3) have an extension to the N' = 1 superalgebra. However, for the dS isometry
algebra SO(1,4), such an extension cannot be made which still satisfies the super-
Jacobi identities. One could get deSitter solutions in 4d, N' = 1 SUGRA theories,
but only by adding matter multiplets - and any de Sitter solution of such a theory
will have that SUSY is spontaneously broken - similarly for all d and A/!

1.10.5 Matter coupled to 4d, ' =1 SUGRA

Using k as ﬁ? so Lgy = —gMI%R and so on, one can consider some background
material on non-linear o-models which is outlined below: Given n, scalar fields,

Yi(x), (i =1,...,ns) in terms of a kinetic term and a scalar potential V (¢, ¢*) term
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as follows:

L = (bi]’ + blijgok + bklijgokgol + ) 8M90i8”g0j

1
— (a+aip’ + aijo'’ +...).
Here we identify the term (b;; + byij® + b o™¢! 4+ ...) = g¥(p) as a metric on a
scalar manifold which has the same dimension as the number of scalars; this makes

sense since

o' = & ()
= gij(SO)({)MSOia#SOj - gij(@au@@”@j
. Ok N
where 9ij(?) = 557 9(#2) 5 25

One would require the following constraints:
® gij = Gji

e gi; is invertible (so we don’t get non-singular kinetic terms).

e Must be Riemannian (i.e. we require g;; to be positive definite to ensure

unitarity and that we won’t have to include ghosts for example).

We will then be able to form all the usual geometric quantities, like I’fj(g), RZ(F(g))
etc., and if Rijk =0, we can just define g;;(¢) = 6;; so that the theory is renormal-
isable. Of course, since gravity is non-renormalisable, we can consider curved scalar
manifolds which is the case for many extended SUGRA theories. For global SUSY,
we have chiral multiplets involving a complex scalar field and a Majorana spinor,
¢™, x™, where m = 1,...,n. and we define ¢ = (¢™)*. It turns out that the most
general action with at most 2 soacetime derivatives in each term and global NV =1
SUSY is completely determined by two functions, a real function called a Ké&hler
potential K(¢™, ¢™), and a holomorphic function called the Superpotential W (¢™),
where % = OmuW = 0. Since SUSY distinguishes between left- and right- handed
¢™ and ¢™ via ¢ — X' and ¢ — X, one requires a restricted linear-sigma model
and so one requires that Mgca1ar be a complex manifold with n,. complex coordinates

and holomorphic transition functions. Further, since only ¢™ — ggm(gbm) may be
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allowed to preserve left-right transitions, the metric is constrained,

Imn = Gmn = 0
Imn = amaﬁK-

Such manifolds are called Kéhler manifolds. From a superspace approach,
L = /d49/c(<1>m,<1>m*) + [/ d2OW (D) +h.c.] .

Using holonomy arguments, an equivalent definition of Ké&hler manifolds is that
Hol(Mgealar) € U(ne) which comes from the form of the SUSY transformations
(the holonomy group is the set of different paths you sweep out). The Superpoten-
tial W (@) determines V (¢, ¢*) as well as Yukawa interactions and fermionic mass

terms. The scalar potential is given by
V =Vp = g"(0uW)0aW* >0

where V is called the F-potential term, and ¢™"gm; = §;*. The Yukawa mass term

is given by
ﬁYuk/mass = - [(Danw))z?x% + h.C.]

where DO, W = 9,,0,W — Ffml@lW, defined on the scalar manifold. The theory is

then invariant under Kahler manifolds
K = K'+r(@™) +r(¢")

since for holomorphic functions g,z K = 0,0, K'.

1.10.6 Chiral and vector multiplets in the global SUSY

Here one adds to the previous theory n, vector multiplets (Aﬁ, M) where I = 1,...,n,
which requires adding a kinetic Lagrangian involving the sum of terms that are
products of 2 non-Abelian F| iy = 28[;LA£ T ijAiA’,j with real or imaginary part
of the holomorphic ‘gauge kinetic function’ f7;(¢™). In order to do this, one also

needs to add certain terms bilinear in fermions x™ and A, and one may either
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have the case with no gauged isometries where nothing further happens to £ and
V = Vp = g""(0,W)(0;W*), or one could have the case where there are gauged
isometries of Meqiqr- In this case, the field content is given by (¢™, x™) @(Aﬁ, M)

and
0ud™ = 0u™ — ALET(9)

where £} (¢) are the holomorphic killing vectors. One then needs to add to Vp a new
term called the D-term potential involving two terms Py = i[{]" 0, K — n1], where
nr are called the Fayet-Iliopoulos terms (only for Abelian gauge group factors). If
K (¢, ¢*) changes under the isometry generated by £}*(¢), then a further term needs
to be added to P;. From holomorphicity of £}*(¢), one can show that

&7'(¢) — ig™™ (0 Pr)
and one obtains for global SUSY

V=Vr+Vp>0
1 1 , .

£kin = —Z(Ref)[JF;{VFuVI — igijé?ugola“w

1.10.7 Coupling n. chiral and ny vector multiplets to SUGRA

This process requires covariantisation and adding various M p-suppressed Noether
couplings to ¢, to Lyue. Thereafter W and 0,,WW are replaced and further Mp-
suppressed Noether terms involving W and not the derivative are added. The result
is that V' = Vp 4+ Vp becomes more complicated. However the upside of doing all
this is that for V' < 0 one is able to have both AdS and dS solutions because the
new K and W are no longer independent in SUGRA due to their redefinitions, and

once can rewrite £ in terms of G = K + Ml%ln% + CC.
P

1.10.8 Extended SUGRA

[31]One may extend SUGRA in 4d by increasing the number of supercharges to
N =2 or higher. See the table below for N' < 8 which is the maximal supergravity
with spin< 2; chiral multiplets of spins are given by (1/2,0), gauge multiplets by
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Fields Multiplets
N=1 (€% ) (23/2)
N =2 (e, i, Ay, i=1,2 (2,3/2) + (3/2,1)
N=3] (e¢,,A,N),i=123 (2,3/2) + 2(3/2,1)+(1,1/2)
N =4 (e, vl AF BE N B) (2,3/2) + 3(3/2,1)+3(1,1/2)+(1/2,0)
i=1,2,3,4,k=1,2,3
N =8| (e8, 87, 28AL7 56x5%, T00) | (2,3/2) + 7(3/2,1)+21(1,1/2)+35(1/2,0)

TABLE 1.2: Table comparing fields and multiplets for different supercharge number

(1,1/2), gravitino multiplets by (3/2,1)), and supergravity multiplets by (2,3/2); the
"
vector Bfw the fermion y and scalars ¢, v, B. Each results in a different type of scalar

fields are given by the graviton e}, the gravitino 1/1/2, the vector/photon A!, axial
manifold. Note that the numbers of fields and multiplets starts to look like numbers

in Pascal’s triangle.

For N/ > 2 (unlike A/ = 1) it is not possible to have a gauged SUGRA (with gauged
interactions) such that V' = 0. Also, while SO(8) does not contain the standard
model, SO(10) does.

Another way to extend SUGRA is to take it to arbitrary dimension. Here one needs
to understand spinor representations of SO(1, D —2) which has starting point the ir-
reps of the Clifford algebra Cliff(1, D —1), {T',,I', } = 25,1 for p,v =0,1,...,d—1).
For even d one finds that there exists only on irrep of the algebra with complex
dimension 2P/2, so that for d = 2 the I'), matrices are 2 x 2-dimensional, i.e. C?,
d=4is C* and d = 6 is C8. When d is odd, one chooses an irrep from Cliff(1,d—2).
There are 2 definitions for choosing the set of I's in this case, and one may have the
case where there are two inequivalent irreps of Cliff(1,d — 1). One may impose chi-
rality and/or reality conditions (possible or not depending on the value of d ). One
finds that different spinors exist in different dimensions. For example Weyl spinors,
where 742 = 1, the spinors may only exist in even dimension d. Majorana spinors
on the other hand may exist for all d except when d = 5,6, 7mod8. Majorana-Weyl
spinors exist only for d = 2mod8. Symplectic Majorana are a better choice in 5
or 7 dimensions. This leads to the following table (notice that ‘M’ and ‘W’ cuts

dimensions in half, while ‘MW? cuts it to a quarter of original dimension.
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Minimal number of real components of a spinor rep

Original # components | d | # real components | Spinor type

4 2 1 MW

4 3 2 M

8 4 4 Mor W
8 5 8 SM
16 6 8 SMW
16 7 16 SM
32 8 16 M or W
32 9 16 M

64 10 16 MW
64 11 32 M
128 12 64 M or W

TABLE 1.3: Table showing spinor types allowed in various dimensions, and reduc-
tion in the number of components as a result of these allowed spinor types

1.10.9 N =1 SUGRA in 11d

In 11d SUGRA, only N' = 1 is possible, and Q has 32 real components. The field
content of the multiplet will include a Majorana spinor v, together with the Vierbein
ey, and a 3-form Cyyp, p,v,p,a,b,c = 0,1,..., 10). The field strength may then be

derived from the 3-form as
1 g
dCs = IGl,ypgdx“ AN...Ndx’ <— Glul,pg = 4@[Mc,jpg].

The 11-dimensional action is then invariant under C5 — C3 + dAy for Ay and arbi-
trary 2-form; this invariance is known as p-form gauge invariance. 11 dimensional
SUGRA is known to be the low energy limit of M-theory, and it is the highest

dimensional theory that has supergravity.

1.10.10 N =1 SUGRA in 10d

In type I SUGRA there are 2 types of multiplets: there is (ez, Vs Buws X @) which
includes the real scalar dilaton and the negative helicity dilatino. These represent
the bosons and form the Neveu Schwartz-Neveu-Schwartz (NSNS) sector. Then
there are the n, vector multiplets (A4,, A\") which includes the gaugino. These are

the fermionic elements and for the Ramond-Ramond (RR) sector. The chiral spinor
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fields have gravitational and gauge anomalies except for
G = Eg x Eg,SO(32), [Es x U(1)**,U(1)*]

where the bracketed groups have no string theoretic applications. The rather compli-
cated action includes a term —% |H3|? = %HWPHW/’ where Hs = dB2+%/(QYM—QL)

requires a Chern-Simons form to allow for anomally cancellation:
2.
Qyy = tr (A/\A/\A— 3ZA/\A/\A) .

Type ITA SUGRA is the low energy limit of type IIA string theory; here some SUSY
generators have + chirality while others have - chirality. There is also type 1IB
SUGRA which is the low energy limit of type IIB string theory.

1.11 AdS/CFT Correspondence

1.11.1 Anti-de Sitter space (AdS)
1.11.1.1 Vacuum solutions to Einstein’s equations in AdS

From equations (1.16) and (1.17),
1
G + Ag"" = R* — ig“”R +Ag" = KT

where k = 87G . From dimensional analysis where [M]~! = [T] = [L] we have that
for D =4, [F] = [MLT?] = [M]? = [Guw] = [x] = [M]2,[p] = [p] = [M]". For
general spacetime dimension D, these become [] = [L]P2 = [M]*>7P[T},,] = [p] =
[p] = [L]7P = [M]P = [kT,] = [M]* = [L]7? = [A] = [L]2. The vacuum solution
to equation (1.36) (i.e. where T}, = 0) are found by finding the trace to obtain

1
R — g™ R = —Ag" (1.36)
R(l—D> = —AD
2
2DA
R = 53
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DA 27 R
po el pr [ = wy bV v
R <D—2 A>g (D—2>g 7y -

We can thus see that we have three cases
A=0 no curvature Minkowski (flat)

A >0 positive curvature de Sitter (dS)
A <0 negative curvature Anti-de Sitter (AdS).

Noting that equation (1.36) remains true if we rescale A and R*” in the same way,
we can define A in AdS (thus negative) in the following way to avoid having factors

involving D in the denominator of either A or R

D-1)(D-2) _ ,_ DD-1

(
A= _ T\
212 L2 ’

where L is the AdS length.

1.11.1.2 AdS metric in various coordinates

Anti-de Sitter, or AdS, space is the maximally symmetric Lorentzian manifold with
a constant negative (scalar) curvature; just as one would use a Minkowski metric
when working in Euclidean space, we use an AdS space when working in hyperbolic

space. Consider the hyperboloid on R%? and its related manifold, given by

d
(XO)2 + (Xd+1)2 _ Z(XZ)Q — L2
i=1
d . .
= ds® = —dX%dX° — dX*TldXT + Y " dXidX. (1.37)
i=1
This space clearly has SO(2,d) isometry (and therefore has maximal component
subgroup SO(2) x SO(d). There are multiple parametrisations / diffeomorphisms
(an invertible function that maps one differential manifold to another such that

both the function and its inverse are smooth, that is, an isomorphism of smooth

manifolds) possible, for instance

X% = Rcoshpcost
Xt = Rsinhpw;, i=1,...,d

X%t = Rcoshpsint
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where Z?Zl w? = 1 with

w; = cosbq
wy = sinfy cosby
Wyg—1 = sinfysinby...sinf _ocosby_1
wg = sinfisinfy...sinfy_9sinfy_q, 0; € [0,7), 041 € [0,27),

induces the metric
ds* = R? (—COSthdTQ +dp? + sinthdQ?j_l) (1.38)

where 41 is the metric of the d — 1-sphere S?~1. p > 0 and 7 € [0,27) covers the
whole hyperboloid. This situation is illustrated in figure 1.8. Near p = 0, this metric

AdSp = AdSyis

Unwrapping of S*

p p

FIGURE 1.8: Diagram illustrating the AdS metric given in equation (1.38).

has topology S x R? where the S! is indicative of having closed timelike curves in

the 7 direction.
ds* ~ L* (dr* + dp* + p*d5_,) .
Now, the metric for the Einstein static universe on R% is given as follows, where, in

the second step we make use of the transformation vy = t+r = —du,du_ = —dt*>+

dr?, in the third line we set ug = tanvy (so that (uy —u_)? = (tanv, — tanv_)? =
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(sinvg cosv_—sinv_cosvy)? _ sin?(vy—v_)

76,
cos? v_ cos? vy cos?v_ cos? vy 2

) and in the fourth line we set vy =

ds* = —dt* +dr* +r?dQ;_,
1
= —dupdu+ 7 (uy ~ u_)2dQ3

1 1 . 2 2
= m <—d’0+d'U + Z Sin (U+ — ’U)de_1>

1
= —d7? + d6? + sin? 0dQ3_,) .
cos? v_(7,0) cos? vy (T,6) ( T +sin d—l)

Upon analytic continuation we obtain
ds'? = —dt* + db? + sin 0dO%_,.

The Penrose diagram for this is illustrated in Figure 1.9, and has isometry R x S

where 6 € [0,7], t € (—00,00). We could further define tanf = sinhp for 6 €

----constant t

—— constant r

F1GURE 1.9: Diagram showing the Penrose diagram for Einstein static universe,
with lines of constant ¢ and r displayed.

[0,7/2) in equation (1.38) (which is equivalent to decompactifying the circle so that
7 € (—00,00)), and obtain (using cosh?p — sinh?p = 1 = sinhp = sech),

R? .
ds* = p—y (—dT2 +do* + smzé?dﬂfl,l)
—ds? = —dr®+df® +sin®0dQ2_,, (1.39)
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which is the metric of one half of the Einstein static universe. This space-time is
found illustrated in figure 1.10. As in the comment below equation (1.18), the time-
like Killing vector 9, is everywhere non-zero (since multiplied by a square number);
further in conformally rescaled coordinates it is of constant norm, and so 7 is just a

global time coordinate. Alternatively, defining

0=m/2 «H/

S2 AdSs

FIGURE 1.10: Diagram illustrating the AdS metric given in equation (1.39).

t

X0 = \/L2—r23inz

X' = rw i=1,..,d

Xd+1

in equation (1.37), will result in the metric

—1
ds®> = — 1—ﬁ dt® + 1—ﬁ dr? + r2d0?
- L2 L2 d—1>

which, with L = 2(xG)M and d = 3 is the metric of the Schwartzschild black hole

in AdSs; this may be compared to the the Schwartzschild black hole in Minkowski

given in equation (1.18).
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The last coordinate system we will consider is the Poincaré coordinate system. Here

1 ﬁ
X0 = 2—<1+u2(L2+X2—t2))
u
o _ L 1 e g2 p u igxi Y
=dX’ = | S+ (L2 + X717 du+22XdX Stdt (1.40)
u
Xt = LuX' i=1,.,d—1
= dX' = LX'du+ LudX® (1.41)
1 ﬁ
xd = %<1—u2(L2—X2+t2)>
axt — (oL o) aus U5 xiaxd - Yar (142
= = o\ ) )dut 3} ptdt (1.42)
X = Lut
= dX = Ltdu+ Ludt. (1.43)

Plugging this into equation (1.37) we obtain for the du? term

1 1 , 2 .
- [ <—2 + (L* + X2 —t2)>] + L2X?
u

2
4|2 —i—(L2—X‘2+t2) 2—L2t2
2 u? ’

which simplifies beautifully to

Terms arising from the last 2 terms of equation (1.40) cancel identically with equation

(1.42) and the only terms arising from cross-terms with these are
—I? (u Z X dudX7 — utdudt) ,

which cancels with the cross terms arising from equations (1.41) and (1.43), and we
finally obtain (with coordinate transformation z = 2 in the second line) the AdS
metrics given by
2 2 [(du® 2 2 =2
ds® = L7 — +u(—=dt” + dz7)
u

L2
=ds® = = (d2® —dt* +di?),
z
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in terms of Poincaré coordinates (u,t,Z) and (z,t,Z) respectively. We see that the
conformal boundary at z = 0 has topology R>%~!. The isometries SO(1,d — 1) and
SO(1,1) are clearly manifest. However, these Poincaré coordinates cover only half

of space-time, in particular, only when z > 0 or equivalently u > 0.

1.11.2 Conformal Field Theory
1.11.2.1 Conformal Transformations

This subsection is based on Ref. [85]. The conformal group in d dimensions will be
shown to be described as a non-compact group SO(d+1,1). A conformal transfor-
mation is an invertible mapping x — 2’ such that g, (z') = A (z) g (2), i.e. locally

equivalent to a rotation and dilation, and the Poincare group (A = 1) is a subgroup.

Such transformations conserve angle but not distance as can be seen as follows:

A/ . B/

(A A/)1/2 (B - B/)1/2
g;WA/“B/”

(g AP AY) ' (g, A B0) 2
Mg, A*BY

(Ag'uVA/HA/V)l/Q (AngA/pB/U)I/Q
glwA/“B/”

(QWA,“A/V)Iﬂ (9pUA/pB/U)1/2

= cosf

cosf =

. /
For a transformation x #* = z# + € (z),

! !
, dxPdx?

gpo'ww - gll,y = g:“/ - g'uI_/ - (aMEV + ayeu)

which, to be consistent with the conformal condition requires that
Ou€y + 0vey = f(x)gu- (1.44)

This is called the conformal Killing vector equation. (For Poincaré transformations,

the right had side would be 0 identically, and for metrics with space-time dependence
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Guv = Guv (), the left hand-side would become

eagw/,a + (aﬂea) av + (auea) Gau
= Ouev +0veu + € (Guva — Javp — Japw)
= Ve, +Voe,).

We will now prove that 9% f = 0. Contracting equation (1.44) with g gives
20,€” = df (x). (1.45)
A second thing that can be done is acting with J, on equation (1.44) to obtain
0p0u€r + 00,6, = 0y f(2) G-

Writing the two other cyclic permutations and using arithmetic to isolate the 9,0,€,

term we get

20,060 = [9,00p + GupOu — Gpu0y) f(2) (1.46)

and finally contracting with ¢g"*” we obtain

2—-d
d%e, = T&,f (z). (1.47)
Now, acting with 6% on equation (1.44) and using our expression in equation (1.47)

we get
(2 - d) auauf = a2fg;w
and, contracting with g"¥ gives

(2—d)O*f =dd*f = (2-2d)0°f=0=d*f =0 (1.48)

Just a brief comment on this, a solution to 9?f = 0 is called harmonic as can be seen
as follows. Writing f = A(z)B(y)..., the solution is given by %227‘3 + %(57]3 ..=0
and hence each of the individual terms equals a constant and the constants sum to
zero. This implies that ﬁ%;‘ = const X A which admits periodic/harmonic solutions.

Now, for d = 1, equation (1.48) does not imply that f is harmonic since 2 — 2d = 0,
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but we see that in this case ‘;27‘3 = 0 which does not admit sinusoidal solutions but
just a linear solution.
Now, since f(z) = QBQEP, our transformation parameter takes the form
€p = au+ b’ + cpor’a’
2
= f(l') = gb)\)\ + (CU)\O.QJ/\ + C)\)\de>

where ¢y = Cuou. From equations (1.44), (1.45) and (1.47), €, = a, holds auto-

matically and corresponds to translations
't =gt + AM

Substituting €, = b,,2” into equation (1.44) gives

f(x)g;w = a,ueu + aue,u
2
= gbAAgLW = by + by

If we now limit ourselves to diagonal g,, = 7., it is clear that b,, consists of a

diagonal part and an antisymmetric part (my, = —my,),

buu = PNpwy + My
which corresponds to dilations and rigid rotations,

z# = Pzt

xt = M*ha".

Substituting €, = c,x,2*2° and f(z) = ¢} 27 = bya’ into equation (1.47), we

obtain,

20,06 = [MwOp + MupOu — Nppdy] f(x)
Copp = Nuwbp + Mupby — Npuby
=€, = Cpur’at = 2x-bx, — z%b,.
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Notice that

€y 2z - bx, — x°b,

(x-b)xy, + Bz, — 2M'by) 2,

and so the special conformal transformation corresponds to a local scaling (first

term) and a local rotation (since the bracketed term in the second bracket is an-

tisymmetric). To find the finite transformation associated with this, one needs to

solve

Now, if we let y, =

=y,

T
22

r, =2xr-bx, — xzb#.

then

&y 2(z-d)xy

x2 x4

2z -bxy, —2%b, 2(2(x-b)a* —a? (z-b))zy,
x2 T4

—b,

tn_ (T0)y th

22 23 w

Squaring both sides of this equation to obtain a consistency equation, we obtain

and therefore

1 1—2txg-b+th%ad
z? z2

x
2 <( 02)“ —tb“>
Zo
(azo)# — thx}

2
o
1 — 2txg - b+ t2b%23 ( z3
(:I"O),u - BMII%
1—2xg- B+ B3

)

Notice that this finite form of the special conformal transformation could be obtained

by a series of inversion, translation, inversion as follows:

Ty

—

Tu
.732
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T
— %_B#:
T T

2 .2 2
T (xu a;Bu) T, —x°By,

(z, — 2?B,,) (z# — 22 BH) " 1-2z-B+a?B%

_>

Furthermore, the infinitesimal version of this can easily be re-obtained by expanding

Mt first order in B:
1—2x-B+x2B2 0 St orde :

ay, = (2, — 2’B,) (14 2z - B) = x, + 2z - Bz, — 2°B,,.

In summary, then, the finite transformations resulting from the conformal transfor-

mation are given by

. 1
Translation ot =t + e
Dilation zH =ex”

Rigid rotation — z# =€/ x

Special Conformal Transformation xH =

The scale factor A(z) is roughly the square of the coefficient of z,,, namely

1
(1 -2z - B+ B222)?

Ax) =

1.11.2.2 The Witt and Virasoro algebras

The following is based on Refs. [86, 87]. Any holomorphic map in 2 dimensions
is conformal. First let’s review the definition of an holomorphic map. For f =
u(z) +iv(z) to be analytic where z = x + iy, % = % = % leading to the Cauchy-
Riemann equations, v, = u;, vz = —uy. An holomorphic map is one for which

0. f # 0, i.e. the Jacobian,

U (22
tY = +uy = |0:f[" # 0

|um Uy

Uz Uy —Uy Uy
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A change of coordinates to r = |0, f| and tan § = 1% results in the following Jacobian

matrix,

cosf sinf
r < ) , (1.49)

—sinf cos6

which is a composition of a scaling and rotation and hence is a conformal map that

preserves angles. In particular, the infinitesimal conformal generators,

0
L,=—-2""1—
" 0z
(for n € Z) are holomorphic maps. There are an infinite number of these generators.

The commutation relations for these generators are given by
[Ln’ Lm] = (n - m) Lyyin

with the Lie algebra relating to this being called the Witt algebra. In 141 dimesions,
we can define all these generators except for rigid rotations (so 3 generators in total),
and these obey the Witt algebra with m = —1,0, 1 which coincides with the bosonic

case. These generators could either be written in terms of derivatives,

Time translations : L_1 = —0; — Conserved charge is momentum
Scaling : Ly = —t0; — Conserved charge is dilatation operator
Sp. Conformal :  L; = —t20, ,

where Lg is identified as the energy operator and must hence be bounded from below.

These generators may also be written in terms of the 3 generators of S¢(2,Z)

a
A=
c d

b
], ad —bc =1,

which can also be written as

W az +b
cz+d
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These generators are given by the exponents below:

[0 €
1 0
Time translations :2' = zte — ‘ =e 0 0] =L = ¢
0+1 0 1 0 0 |
e 0
1 1 0 — 0
Dilation:z/:ﬂ — te :e-o € = Lg= ¢
1—¢ 0 1—c¢€ | 0 —e€
[0 0]
10 00
Sp. Conformal :2' = i — —el € 0] =L =
14+ ez e 1 e 0

where the last expression follows from

1 1 z
z———=>—+te—
z z 14 ez

Now, in quantum theory, symmetry transformations act projectively on states. We
dissect this comment here. Groups have composition laws, so if g; and gs are in the

group, there must be a third element such that

9192 = g3

which is a representation of the group. QM and QFT are probabilistic and hence
we have what is called a projective representation,

id12

g192 = ¢ g3-

It has been shown that one can obtain a projective representation if either the group

has a non-trivial topology, or if the algebra develops a central charge.

We will consider the option where it develops a central charge, denoted by c. Physi-
cally, ¢ measures the number of degrees of freedom in the theory (after complicated
analysis). It is called ’central’ because it commutes with everything in the algebra,
and 'charge’ because it commutes with the Hamiltonian and is hence conserved. Now,

we want the algebra to have the same results as we had classically for L_1, Lg, L1,
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and so the commutation relations become,

[Lus Lin] = (0= m) L + 75 (0= n(n + 13m0l

This is the quantum mechanical version of the Witt algebra and is known as the

Virasoro algebra.

1.11.2.3 Scaling dimension A

Scale transformations are defined as

r = Ar

¢'(Ar) = A 2¢(x).
Hence
S = / A%z L (¢, 0,0)

— X / d'zL (N2, N TTTR0,0)

Therefore, for an action S = [ ddx(?#gb@“gb, it is scale invariant if

d

d-2(148)=0=A=5 1,
and for an action S = [ d%x 9,00"¢ + ¢",
d—nAzd—n(Z—l) =0
i
A d-2

which is an integer for d = 3,4,6 and even if d = 3,4, which ties back to what we

saw in equation (1.9).

103



Chapter 1 Introduction Section 1.11 AdS/CFT Correspondence

1.11.2.4 Noether’s Theorem - generators

For a transformation (actively) z'# = z# + dxt = z# + ea‘js’”%,

S = o)+ e o)
= (ﬁ(x’) — ea(;t:au¢(g;/) + ea(”;iz:/). (150)

Here, the F' is defined to satisfy whatever symmetry the transformation corresponds
to, so under translations, % = 0, and under the Lorentz transformation the addi-

tional term S*” obeys the Lorentzian algebra, and so forth. In the above equation,
the first line was written in terms of 2 and the second line in terms of 2’ (which we

can do since, to first order in €, ¢, Mgix’) =€q 656(”") ). Now, we define the following at

point x:

dp(z) = ¢'(x) = ¢(z) = —icaGad()

Therefore, noting that equation (1.50) is defined at a single point 2/, it is clear that

30(a) = —ieaGud(e) =~ Oy + eay
= iG.p = (Z:@gb - gi (1.51)
We therefore obtain the following generators:
Translation  ¢(z*) = (z'* — ")
= P, = —i0,
Rotation  ¢(zt) = ¢(z'* — e z¥)
= J," = —i2"0y = T =i (240 — 2,0,) = — [2, P, — 7, P

Dilation  ¢(a*) = ¢(z* — ext)
= D = —izl0, = 2"P,
SCT  ¢(at) = pla™ — 2 (x - €) a* + 22e")

= K, = —i (22,2"0, — 20,) = 2z,2" P, — 2*P, = 22,D — 2*P,.
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The commutators are given as follows (for detailed calculations, see Appendix C.1):

[Pus Tool = inupPo — inuo Py
[D,P,] = iP,
D, K, = —iK,
(T Tpo]l = i (MupTpuo — NupTve + Mo Tvp — Mvo Tpup)
(K, P)] = 2i[nwD — T
(Kp, T = @ (npus — npw Kp) -

Note that one could alter the statement for Noether’s theorem in equation (1.51) to

| oxt
T = 0, 5],

in which case the above generators become the following

Translation P, — —id,
Rotation  J,, — i (2,0, — x,0,), since €, = —€,,
Dilation D — —ix"0, — idy, where dy = number of dimensions

SCT K, — —i(22,3"0, — 2°0, + 2dyz,,) -

Counting the number of elements described by these generators we obtain d from

P,, d from K, d(d2—1) from J,, and 1 from D, i.e.

1 2 1
d(d2 )+d+d—|—1:d +2d+2:(d+ )2(d+2)

hence we can describe this using a (d+2)-dimensional antisymmetric matrix.

1.11.2.5 Redefining generators - the SO(d+1,1) group

We define a new antisymmetric object Jy; (where p =1,...,dand a = —1,0, ..., d) (7
defined here as being Euclidean, all +1 on the diagonal),

J,uu = \7;”/
1
Jou = B (Pu + Ku)
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1
Joapu = ) (PH - Ku)
Joio = D

This new group then satisfies the commutation relations

[Jab; ch] =1 (nadjbc + nchad - nachd - ndeac)

where n,, = diag (—1,1,1,...,1). Let’s show this.

[Juwjpa] =

[JO,uy JOI/] =

o J-1] =

[J-10,J-10] =
[J,ul/a JOp] =

[Juwjflp] =

[J,uya J—IO] -

[J—l,uy ']01/] -

[\7#1/’ jp,o]
i (nvpj,ucr + nucrjz/p - nypjua - nuajpp)
i (Mpduo + MuoJvp — NupIve — MvoJup)
1
(B K+ [ P
1 . .
1 (=20 oD — Top) + (20 N D — Tw)])
_ijuu = _inoojp,y
1
Pk ¢ KR
1 . .
_Z (_22 [nl/,uD - jl/,u] + (22 [UW/D - jpy)])

1T = —in-1 1T

[D,D] =0
1 1
T By )| 5 (B + T )
1. )
) (i (Mpu Py — Mo Pu) — i (Mpp o — Npw K1)
i (Mppd =10 = Mpvd -1 1)
1 1
{jwv 9 (Pp - Kp)] = 9 ([Luva Pp] - [L/U/?KP])
1. .
B} (@ MppPy — NpvPu) + 5 (Mpp ks — Mo K1)
i Mpudov = MpvJo i)
[LMWD] =0
1 1 1
|:2 (PM - KM) ’ 5 (PV + KV):| = Z ([PWKV] - [K,uypu])

1 , .
1 (=2t (D — Lyy) — 2 (D — L))
—imefl,o

106



Chapter 1 Introduction Section 1.11 AdS/CFT Correspondence

Uroda] = Doy (Bt K| = 3 (DR + DK,
= % (iPu - iKu)
= inooJ-1pu
1 1
[J—10’J—1u] = {Da2(Pu_Ku)] 25([Dvpu]_[D’Ku])

1

= —in-1,-1Jdopu

These 10 commutators represent all possibilities, and hence we have shown that the
algebra holds. Let us now construct the invariants I'(x) that are left invariant by all
conformal transformations. Translation and rotation invariance requires that I" de-

pends only on the distance between points, |z; — x;|. Furthermore, scale invariance

implies that I' depends only on ratios of these distances, E;f_ﬁ"
For special conformal transformations, we have
(:i;/ _ :L—;/) — ? 7 _ J J
v 1—2b- 2+ 027 120z 4 b%z?
2
! 1—2b-z; + b%?

1
(1 —2b-z; + bef) (1 —2b-xj + bQ:EJQ.)
[ac? (1 —2b-xj+ bQ:UJQ-) + x? (1 —2b-x; + be?)

=2 (@ - wj — air-b— :L'j2l' b+ befa:?)]
x?+x?—2xi-xj

(1 —2b-x; + b%z?) (1 —2b-z; + 523732')

|Z; — 75

(1 —2b-z; + b%:?) 2

=/ =/ _

(1—2b- 2+ b2a2)"/?

hence it is clear that the simplest invariants are cross-ratios involving 4 points, e.g.

@ — Xol |T3 — Xy| |¥ — Tol |73 — Ty

r

|Z — T |To — Ta| " | T — Tal |Fy — Ts|

of which N(Azf_g) may be constructed.
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As an example, notice this invariance in the (1,1)-dimensional case

az1—b _ aza—b azz3—b _ azs—b
cz1—d czo—d czz—d cza—d

az1—b _ az3—b aza—b _ az4—b
cz1—d czz—d czo—d cza—d

az1 —b)(czg —d) — (azg — b)(cz1 — d

az —b)(cz3 — cz1 —d

)
az3 —b)
azy —b)

( (
( ( (
( ( (cz3 —d
( ( (

)
)

az3 —b)(czq —
) azy —b)(cza — d
(

(

( d) —

( d) —

((azg — b)(czqg — d) —

(cz1 — d)(czg — d)(cz3 — d)(czq — d)
(cz1 — d)(czg — d)(cz3 — d)(czq — d)
(
(
(
(

z1(—ad 4 be) + zo(—be + ad)) (z3(—ad + be) + z4(—be + ad))
z1(—ad 4 be) + z3(—be + ad)) (z2(—ad + be) + z4(—be + ad))
71— 22)(23 — 24)

21— 23)(22 — 24)

1.11.2.6 Noether’s Theorem continued - conserved currents and charges

In subsubsection 1.11.2.4 we considered the transformation z'# = a:“—i—ea%. Writing

oxt

o (') = F(o(z)) = 6(a) + a5

we can write the new action as follows:
s = [ deL (0.0, (2)
_ / 'L (¢/(2'), 00 (2'))
= [ | S| (Feote, (000 105') 0,7 (6(a)

x
If we consider ¢, infinitesimal (so det(1 + €) ~ Tre), and local, i.e. allow ¢, to vary

with x, we can write

/

ox” y ox” ox” Y oz
% = 6# +aﬂ <€a5€a> s w = 5.“‘ - 3# <€aéea>
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ot
~1 + 8# <€a5€a> .

Therefore, to calculate §.5 to first order in €,

S = /dd (
= Jorefa(ei

£ (s el (-0 () ) o (o)
- Jrafen (o)

<¢( )+ ea Dud(a) + (m (f) — 9, <‘§”) am(@))

[OL OF ox”
_ d
=05 = /d T _T)d)eaiéea + 0y <ea 56a) L

+a<8af¢) <aﬂ <ea?€7:> — Oy (6“(Z> auqb(x)ﬂ :

Then, since this is a symmetry, the action is stationary against variation in the fields

ox'
ox

() (833” /8z’“) 81,]-'(<;5(:c))>

9l

3]

and so 0.5 vanishes for any position-dependent parameters e(x). Therefore,

68 = /ddx [(aﬂea) ‘Z:L+ (af@ ((a €a) gf — (Opéa) Z:am(ﬁ))]

= —/ I‘jaa €a (152)
=0

where

jg:[ oLr agb—d“ﬁ] Oz L oF (153)

0 (0ue) " Oca  0(9ud) bea

Integrating equation (1.52) by parts, we get the conservation law.

0S = /ddxﬁaaujff =0=0ujs =0,

and if we define the charge

Qu = / 1 50

109



Chapter 1 Introduction Section 1.11 AdS/CFT Correspondence

then
Qu = / 1 90

= —/dd_l.%'aijé

= 0

since it is the integral of a total derivative and is thus a surface term which must

vanish at infinity. So the charge is indeed conserved.

We take a quick digression to the Ward Identities. Defining X = ¢(x1)p(x2)...0(zn),

we have
1
) = 5 [ 146 Xexp(=5(6)
= 5 [ 1d6] (X +ox) exp(-5(0) — [ datitea(a)

= (6X) = / 02 (9,41 X) cal2)
the integrand of which can be written explicitly (bar the e term) using d¢(z) =
¢ (x) — d(x) = —ie,Gqa(x) to give the Ward identity,

(O (jE (1) P(x2) e B(20))) = =i ) 0z = 23) ($(21) .. Ga(i)-.P(n))
i=1

which vanishes because the LHS is a surface term. Defining now Y = ¢(x2)¢(z3)...0(xp)
and defining ¢t = 2 different to all the times in Y and bounded in a thin pill-box
t_ <t <ty and by spatial infinity which excludes all other points xg, z3, ...xn:

[dsu (o) = =i oenGay).

Only the time components don’t vanish, and this is true for arbitrary x, giving (for
the second line, in the limit = — ¢, — ¢, that charge (), generates infinitesimal

symmetry transformations; for Minkowski, replace Q, with —iQ,):

Qa(t+)d(2) — ¢(2)Qu(t-) = —ig(z)Ga
[Qay ¢] = —iGq9

110



Chapter 1 Introduction Section 1.11 AdS/CFT Correspondence

1.11.2.7 Energy-Momentum Tensor

For a translation '# = 2 + ¢, %%5 =7 and (‘% = 0, and equation (1.53) becomes
oL ox” oL OF
- _ M o Y
" = [saa ] & - s
oL
— _ph p_
[mmw@¢ %4x ’
~ THg,.

We thus obtain the conservation law 8MTW = 0 where

oL
9 (0u9)

T = L+ &,

where (recapping) n*” is defined as (1,1, 1...,1); the conserved charge is the momen-

tum
and energy is the 0-component of this,

PY = /ddleOO = /ddlxaﬁ.d) - L
¢

and this generates time translations

[Po, ¢] = —i0o¢

The conserved charge of the energy-momentum tensor gives

[P/.u (b] = _Zau(b

Under a transformation z'# = z# + dz/, we can see that, by acting on it with the

stress-energy tensor, the conserved current would then be given by

Ju =Tuox".
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For translations, this would be given by
Ju = Tue”

so pretty much T),,,. For scalings it would be given by
Ju=Tux"e

Here the conservation law gives

M, = 0

= Two, = 0

which implies that the stress-energy tensor is traceless. Furthermore the conserved

charge for scaling is given by

Q= /ddlxjo = /ddleoya;”

and this conserved charge is called the dilatation operator. For the special conformal

transformation, dx, = 2z - bz, — x%b, so the conservation current is
gh=TH (2.%' ~bx, — beV)
for which the conserved charge is
Q= /dd_lxjo = /dd_leo,, (2x - x2b”)

which corresponds to the conserved charge of a local scaling and a local rotation (as
was seen before). A result which will be used expansively later on is that, for an
z-dependent transformation x'# = 2 + et(x), the induced change in the action can

be written as (for 7}, assumed to be symmetric)

68 = / AT D¢,

1
= 3 /dde“” (Ou€v + Ovey)

1
= -3 / AT 8 g,
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whose correctness is not dependent on the equations of motion being obeyed. In

particular, we have shown that d,e, + Oy, = f(2)gu = %896”9,“, and therefore

58 = —5 / Az T O,

which is zero due to the tracelessness of the stress-energy tensor.

1.11.2.8 Classical Field Theory

We now consider the subgroup of the Poincaré group which leaves the point x = 0

invariant by introducing spin S, and thereafter, in a similar way, A:
Lw$(0) = S,u6(0).
Now, the Hausdorff formula is given by
e ABet = B+ [B, A + % [[B,A], A]....
Hence, to translate L, to a non-zero value of z, we consider,
e e = S, 4 (L, —iz"P,) .
However, we are assuming that [L,,(0),2%] = 0 for = a constant, therefore,

G_DLMVBD — 6i33‘7PU Lﬂye—iszp N ;J,V(O) _ ’l:ﬂfp [Lulja P,O]

uv(0) = ia? [=i (op Py — npu By)]
v (0) = (2 By — 2y Py) -

Il
&~ N~

Similarly,

" Fe D=’ Fr s D(0) — ia” [D, P,
D(0) — ia” (iP,)
D(0) — iz”0,
e P e e sk, —iaf (K, P

K,(0) — iz [2i (nu,D — Ly,)]
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= Ku(0) + 22" (D — Ly,) -

Hence
Lywd(r) = (Luw(0)+i(2,0, — 2,0,)) ()
Dé(z) = (D(0) —iz"0,) o(x)

Kup(z) = [Ku(0)+2(zuD —2"Lyw)] ¢()
[K,(0) +22,D(0) — 22" L, (0) — 2ix,2" 0, — 2iz” (2,0, — x,0,)] ¢(x)
= [Ku(0) +22,D(0) — 2" L, (0) — diz,2”0, + 2iz%9,] ().

We can require that ¢(x) belong to an irreducible representation of the Lorentz
group, and since A, which we have called D(0), commutes with all generators &,

it must be a multiple of the identity which then forces £, to vanish.

~A/d

0| 4w

b(a) > &) = | 5

and the Jacobian is related to the scale factor in the conformal metric transformation
(in(%/) = A(z)guu(x)) as follows

ox'

Jr | _ .y
o A(x) .

Fields transforming as such are called ” quasi-primary”.

1.11.3 Overview of the AdS/CFT correspondence

This subsection reviews Ref. [20], where Maldacena sketches the key ideas and build-
ing blocks of the AdS/CFT correspondence. In section 1.9 we found the commutator
relations obeyed by the super-Poincaré group, and in section 1.11.2 we found the
commutator relations obeyed by the Conformal group. Ref. [88] went further and
found the commutator relations obeyed by the superconformal group; indeed the su-
perconformal group has twice the number of supersymmetries as the corresponding
super-Poincaré group has. They further showed that the supersymmetry group of
AdS5 x S° is the same as the superconformal group in 3+1 dimensions. This was

one of the key insights that gave rise to Maldacena’s paper Ref. [20].
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The metric for the supergravity solution carrying D3-brane charge is given by

ArgNa'?

ds® = [72daf + [P (dr? 4 77d03),  f =14+ —7

r

where x| are the four coordinates along the world-volume of the 3-brane, N is the
number of branes in the stack, and r is the distance between the D3 branes. One may
then define the decoupling limit, in which the theories on the branes decouple from
the gravitational bulk (where the branes move together but the Higgs expectation

corresponding to the separation remains fixed) as follows

Energies fixed

a =0
U= L/ <= Mass of stretched strings fixed. (1.54)
a

In this limit f — 4”%#, and

2

U duU?
ds — o deﬁ + \/47T9NW + /AmgNdQ2 | ,

which one recognises as the metric for Anti-de Sitter space-time,

U? dU?
2 _ 2 2
ClS = ﬁdx + R W,
so that it becomes evident that both the radius of the five-sphere, as well as the AdS5
space is proportional to N'/4, and that this supergravity solution may be trusted
when gN >> 1 (in particular N >> 1). Even in the o/ — 0 limit, proper energies

(Eproper) and proper wavelengths (w) remain fixed, with

B 1 w(gN4m)1/4
proper—\/a U s

and the space-time action becomes

1
S~ —
o4

/dlox\/GR + ..
Since, in this limit, this theory had a finite Planck length, one can find fields prop-
agating on the AdS background; furthermore, the Hawking temperature is finite

implying a finite flux of energy from the black hole to the AdS space-time. One
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expects that ' =4, d=4 U(N) SYM includes in its Hilbert space states of type 1IB
supergravity on (AdSs x S°)x due to the fact that it itself is a unitary theory. In
particular there is a duality conjectured between the two, supported by the fact that
the supersymmetry group of AdSs x S° is the same as the superconformal group
in 3 + 1 dimensions; the theory on the brane is 4-dimensional N' = 4, d=4 U(N)
SYM at the superconformal point where r = 0. The superconformal ' = 4 SYM has
symmetry given by the Lie supergroup PSU (2, 2|4), which has the bosonic subgroup
SU(2,2) x SU(4) = S0O(4,2) x SO(6). The correspondence is a strong/weak corre-
spondence since at large g/N we cannot trust perturbative calculations in Yang-Mills
theory but we can trust calculations in supergravity on (AdSs x S%) , while at small
gN quantum effects such as Hawking radiation are 1/N effects and are challenging
in (AdSs x S°)y since the radius is small and hence the curvature very large. The

SYM coupling given by

1 Y 0 1 /1 4 X

—ti—=—|-+i=),

g%y  8m® 2m\g 2«
where x is the value of the RR scalar. A point to consider is that compactifying the
theory breaks conformal invariance, leaving a Poincaré supersymmetry. However,
we can trust the supergravity solutions if the physical lengths of the compact circles
are big in o/ units and we stay far from the horizon at U = 0, i.e.

(gN)*/*

U —_—.
>> R,

1.11.4 AdS/CFT dictionary

Here we review Ref. [39], where Witten was able to concretise the concepts from
Ref. [20], proposing that correlation functions in conformal field theory are given by
the dependence of the supergravity action on the asymptotic behaviour at infinity.
An interesting claim in Ref.[20] is noted - that in order to describe N' =4 d = 4
SYM, one should use, not just the low energy supergravity on AdSs but the whole
oo tower of massive Kaluza-Klein states on AdS5 x S°, and the chiral fields in N = 4
d = 4 SYM correspond to Kaluza-Klein harmonics on AdSs x S°. Indeed it was
shown that the Kaluza-Klein excitations of AdSs x S® match precisely with certain

operators of the N' = 4 theory.
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SO(2,d) acts on AdSg11 as a group of ordinary symmetries, and on My, the bound-
ary of AdSgy1, as a group of conformal symmetries; so too, there are two ways of
getting physics with SO(2,d) symmetry: in a relativistic field theory, with or with-
out gravity on AdSgy1 or in a CFT on M,. Minkowski space arises as the boundary

of AdS space, which may be understood as follows: SO(2,d) acts on
uv — Z nijr'ad =0, (1.55)
12

(with scale invariance u, v, " — su, sv, sz’ for 0 # s € R), which is a compactification
(since scale invariance allows us to set v = 1) of Minkowski space-time (for generic

v # 0), known as the 'quadric’, which preserves the metric form

—dudv + > 1 jda’da’
0.
(Note that the quadric has an additional point at infinity where v = 0 when com-
pared with the Minkowski metric; in the next paragraph’s example this infinity gives
exactly what is needed to make a sphere.) Topologically, this is just S* x S9=1/Z,
where we mod by Zy because we have scaled out s = —1. Meanwhile, AdSg.1

coordinates obey
uv — E nijrta! =1,
i,

which clearly reduces to (1.55) for u, v, z* large (i.e. at the boundary of AdSqy1).

Euclidean language makes understanding of the boundary behaviour easier. Here,
AdSgy1 is identified as the open ball By with Z?:o y? < 1 in Euclidean R4, and

with metric

d
o 4 D i1 dyi®

ds” = ,
(1= y*)?

(1.56)

while compactifying gives the closed unit ball By, defined by Z?:o y? < 1 with
boundary S?, identified as the boundary of AdS; i, i.e. Minkowski space. Of

course By does not extend over Bd-‘,—l due to the singularity at |y| = 1, so we could
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define an f such as f = 1 — |y|? so that
ds? = f2ds?
where f is well defined up to conformal transformations f = fe" so that
ds* — e*ds®, weR

which is precisely the metric of S%. Putting this all together, this is saying that
AdSg;1 has a metric invariant under SO(1,d + 1) and the boundary S¢ has only a
conformal structure that is preserved by the action of SO(1,d + 1).

Equation (1.56) could be written differently, using r = tanh(y/2) and Zle dy? =
dr® 4+ r2dQ3_:

1
dr = isech2(y/2)dy

1 2
= 5 (1 —-r ) dy
4
2 _ . * 42
=dy* = (1_r2>2dr
4dr?  4r2dQ,-
2 d—1
= dst = 1—r2 1—r2
ds®* = dy* + sinh?dQ?, (1.57)

where 0 < y < oo and the boundary is at ¥y = co. Another representation is where

xo > 0 and

d

ds® = a:lg (Z(dw’)2> .

=0

Here the boundary is at 29 = 0 (where the boundary is R?), as well as where 2° = oo

so that the other directions vanish so that this corresponds to a single point. These

boundaries together give a sphere S%.

The next thing to understand is the massless field equations (Einstein’s equations
with a negative cosmological constant). In AdSqy1, ¥é € S, 3 a unique function on

Bgy1 with given boundary conditions that obeys the field equation D; D¢ = 0. The
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Laplace equation in representation (1.57) reads

1 d d L?
- = (sinhy)¢— —
< (sinhy)? dy (sinhy) dy + sinh2y> ¢=0,
so that for large y and ¢ written as ¢ = > da(y) fa(£2),

d 4, d
—eY—op, = 0.
aw’ dy Pa
We thus have the following: any metric on Bg41 with a double pole on the boundary
induces a conformal structure on the boundary S¢ and conversely, a theorem by
Graham and Lee [89] states that any conformal structure on S¢ sufficiently close to
the standard one can be shown to arise from a unique metric on Byy; which obeys

the massless field equations and has a double pole at the boundary.

This formalism can then be extended to Yang-Mills field A with curvature F' with
minimal Yang-Mills equations D'F;; = 0. Any A on S% that is sufficiently close to
A = 0 is the boundary value of a solution of Yang-Mills equations on Bgy1, unique

up to gauge transformation.

As an ansatz for the effective action, suppose that there is a field ¢ in AdSgi1
obeying D;D'¢ = 0 on AdSgy; (where there is no mass/curvature coupling and
we have uniqueness of the solution on By, for given boundary values. Let ¢q be
the restriction of ¢ to the boundary of AdS4y1 and assume that ¢g couples to the

conformal field O via
@0 O.
Sd

Consider, now, the supergravity / string partition function Zg(¢g) which may be
written in terms of the classical supergravity action Ig and also in terms of the

conformal field theory as follows (with several caveats)

Zs(¢o) = exp(—Is(¢)) = <6Xp /Sd ¢00>

CFT

One could likewise have an AdS theory with gauge group G (and gauge fields A% be-

ing the global symmetry group of the conformal field theory boundary (with currents
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J, on the boundary). Writing A —, Ay, the propoal becomes

Zs(c40) = expl~1s(4) = {exp [ 1,45)

CFT

As an example, one can write ds? = xig Zfzo(da:i)Q (which we recall has boundaries
at z9p = 0,00), with K (thought of as a Green’s function) satisfying the Laplace
equation

A a4

x, (x0) =0,

d.’L‘o d.’L‘o

with vanishing solution at xg = 0 given by K(z9) = cmg, which tends to oo at oo.

Consider the following mapping

T

2 d 2’
x5+ 2521 T

T, — 1=0,1,....d
which will clearly map boundary points to the origin z; = 0,7 =0, ...,d. Thus K will

be given by ¢ which has the correct properties to be a delta function

g
(@3+35_, 224
(for example it vanishes as x — 0 except where 1 = 29 = ... = x4 = 0 and is
positive since it is assumed z¢ > 0). Hence the field ¢(zo,z;) is a 'multiple’ of K,

and one can ultimately write (where zg — 0)

H@zm.dw%mﬁw=f/ww%®%w>

=0 |1, x — x/[2d

Adding a mass term to the Laplace equation,

d _g41 d 2
_ i K —
( dzo x, d +m (z0) )

and repeating the procedure, one obtains A(A + d) = m? (from ¢ ~ €¥?) and

d(d+Ay) ) _Po(x)o(xX)

In other words, a field of mass m in AdS space is related to the two-point function

of a conformal field O with dimension A = A, + d, so that

(a+ Vv am2)

AA—d)=m? = A=

| =
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1
= AL = 3 (—d+ vV d? +4m2>
Note that

m?<0 <= A <0

m? > —d*/4 <= A\ >-d/2 <= A>d/2 lower bound.

1.12 Higher spins - Fronsdal and Vasiliev

Working in a curved background is one way to circumvent the various no-go theorems
which prohibit higher-spin theories. Fronsdal and Vasiliev did pioneering work in
this field.

1.12.1 Fronsdal Equations

We look now into the results obtained in Ref. [90, 91]. Christian Fronsdal wrote down
consistent actions describing arbitrary particles for spin greater than two for free
theories. We will perform the construction, motivated by considering the elementary
linearised General Relativity (i.e. by approximating the metric as small fluctuations
about the flat metric) as follows (ignoring terms quadratic in h): The generalised

Christoffel symbol for the spin-s gauge field is written as
1 .
Fu;Ll...,us = 8V¢u1---us - Sa(ul ¢y2...us)ya
for s = 2 these reduce to the usual Christoffel symbols up to a multiplicative factor

(_al/hmm + 6#1 huzl’ + a/uhl/m) .

N | —

uipz = Mupe T hHI#Z = FV;#luz =

Using Ref. [91], one may iteratively define higher-rank Christoffel symbols,

r(m = 8,,[(m=D) — 29,
m

Vi...Um,[1...s 1+ v1...Umipl .. s M1 |l/2...l/m,l/1|u2...;ts)'
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(When m = s the Christoffel symbol is gauge invariant, giving us a generalised

. p
curvature tensor.) The Fronsdal tensor is now defined as Fy, ., = ng) P where
(2) _ 1 s 1)
FV1V27M1---M5 - al’lr(V2)7M1---Ms 26(N1F|1/2,1A\M2...us)

1
= 8V16V2¢M1-~.us - 58V18(u1¢u2...p3)y2 + 58(8 - 1)a(u1au2¢u3...ps)y1uga

and therefore, setting F,,,. ., = 0, we obtain the gauge invariant? equation obtained
by Fronsdal,

1
Fureons = B0y = 50,0 bpuy piyp + 55(5 N 1)8(#16M2¢Zs---us)p =0, (1.58)
or simply
F=0.

Now, in the General Relativity case, fixing the gauge reduced the linearised equations

(i.e. no quadratic terms in h) to the wave equation as follows:

1
Ruvpe = 9 (8pru;cw - 30Fu;pv + Fu;px\rgu - FMUAFQV)
1
= 3 (8,)61,11“0 + 050,hpy — 0,0,hoy — 808,,hup)
=Ry = Rupwo (n+ h)p"
1
= 5 (apc‘)l,hlf + 8,,8,&,}’ — Bu(?,,h — Dh,w) . (1.59)

In de Donder gauge where 0*h,,, — %(’%h = 0, the vacuum Einstein equations which

reduce to the Ricci flat condition R, = 0 since
1
GW:RngRgW:O < R-2R=0 <= R=0 <= R,, =0
causes equation (1.59) to reduce to the wave equation

Ohy = 0.

*It can be shown that 6F = $s(s — 1)(s — 2)8(‘“8@8”3(}’14‘_‘”5)/); thus, for s = 0,1, 2 the gauge
invariance is trivial; for spin> 2 it turns out also to be gauge-invariant but is non-trivial.
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Following the same philosophy in this higher spin case, we find the analogue of the

Ricci tensor to be related to the antisymmetrisation of the Fronsdal tensor:

140% 1
Ry psvsn™? = _5]:111/12[#3[---[vas]---]wﬂ’

for example for spin 2

o 1
Rupya"?p = Rw/ = _§Fum

so that F = 0 gives the Ricci flat condition. The analogue of Einstein’s tensor is the

generalised Einstein tensor,

1
gul---ﬂs = fﬂl---ﬂs - ZS(S - 1)U(M1M2Iu3,,,#s)pp'

The analogue of the vacuum Einstein equations is

g,ul...,us =0
and contracting with n#*1#2 requires

(s — p_
(1—s(s 1)).7-;3.“#3)[) =0.

Plugging this back into the expression for the generalised Einstein tensor gives
gul...us = Fur.ps = 0.
The extension of the de Donder gauge condition is given by

1
Dyspie =0 bppis..pis — 58(8 - 1)0u,¢" = 0.

K3 )P

This results in the second and third term in our expression for F in equation (1.58)

to cancel, leaving us with the wave equation

D¢ﬂl---ﬂs =0.
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Continuing on the GR side, we insert dh,, = d,€, + J,€, into the de Donder gauge

condition to obtain
L L 1 T —
0" 0uey +0"0y€, — 3 20,0"¢, = Ue, =0,

giving gauge freedom to gauge away the trace, as well as showing that we have two

wave equations giving plane wave solutions

h = —n"6hu, = =20,
h/“/ — H#yeikx
€ = Cueikx

where k% = 0, thus describing propagating massless particles. Therefore
He™ = h = —20°¢, = —20°Cpe’™ = =2 (k- C) ¥ = —2k%Coe™™”,

so that the trace may be gauged away with appropriate choice of Cy and the de
Donder condition becomes the transversality condition 0*h,, = 0, we are free to
set —207¢, = 0. This gives us that the fully gauge-fixed field contains exactly
(10 —4 — 1 — 3) = 2 degrees of freedom so that the linearised Einstein equations
may correctly be interpreted as the classical field theory of massless spin-2 particles

propagating in a flat background.

The way this is played out in the higher-spin sphere is that we first construct a

canonical Lagrangian which give the correct equations of motion % =0,

£= G0,

Requiring 4.5 = 0 where we have the spin-s gauge transformation ¢, .., = 59, Cu,... 1)
results in a vanishing total derivative and a term 9 - G. Then, as in the GR case we
observe that we have plane wave solutions for both the field as well as the parameter.
The trace can be gauged away and we are left with a transversality condition and
we can set the analogue of the divergence of the parameter to zero, and counting

once again results in two physical polarisation states.
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It is worth noting that in AdS space where G, = —Ag,,, the cosmological term
generates a mass tern for the higher-spin fields. This mass may take on negative
values and is bounded from below by the Breitenlohner-Freedman (BF) bound. It
may be derived by considering the action for a massive scalar field ¢ in AdSy (where

R is the radius of AdSg4y1, 1 is a normalisation constant,

dzd®z
S(¢) = _g / 2d+1 Z2az¢8z¢ + ZQUMV8“¢8V¢ + m2R2¢2

and rescaling the field ¢ = Zg¢ and changing coordinates y = —Inz so dz = —zdy.
This action incorporates surface terms which can arbitrarily be made to be positive,
as well as a term

2
S(¢) = —g /dyddx B + mZRQ] W2,

requiring that

d2

2 2
>
m“R* > 1

Fronsdal’s equations in AdSy are given by

s(s—1
(VZ - m2) Doy — Sv(ul vp¢u2~--ﬂs) + ( :

s
Tg(/“ﬂ? A ¢u3~~-us)V1V2 =0

where m?2 = s2 — 25 — 2.

1.12.2 Vasiliev’s Higher Spin Theories

We now take a look the way Mikhail Vasiliev and collaborators overcame the no-go
theorems, starting in around 1980 and working relentlessly through several decades
(see Refs.[92, 93, 94, 95, 96, 97]). Explicitly written, the problem he set out to
solve was to find a non-linear higher spin gauge theory such that it has the correct
free limit, i.e. is free of ghosts and is equivalent to the Fronsdal theory for the
case of totally symmetric fields. Secondly, it needed to contain unbroken higher
spin gauge symmetries since massive higher spin particles are not seen in nature.
And, thirdly, it was required to have non-Abelian global higher spin symmetry of

a vacuum solution, necessary to ensure non-trivial interactions such as Yang-Mills
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interactions [97]. It was inspired by geometric reformulations of Einstein gravity
in which the vierbein and Lorentz spin-connections are used to characterise local-
Lorentz frames on the manifold rather than the metric as proposed by Macdowell,
Mansouri, Stelle and West[98, 99, 100, 101, 102]. These, together with higher-spin
fields that propagate on the background are all contained in a single dynamical one-
form called a master field. The construction could then be generalised to higher-
spins using the generalised curvatures due to Ref. [91] as reviewed in the previous
subsection. One needed to include a space-time zero-form to ensure consistency
of the interacting higher-spin equations, endowing Vasiliev’s theory with a massive
scalar field. Fundamentally, one obtains a higher-spin algebra by introducing a
twistor space with non-commutative star product. This twistor space is spanned by

a pair of commuting spinors
(Y, 2) = (v, 5% 2%, 2%)

or ‘ghosts’, where barred variables transform as left-handed spinors and unbarred

variables as right-handed spinors of SU(2). These satisfy commutator relations

vy = 2%, 2°) = 7%, 9] = [2%,2°] = 0

and may be transformed using vierbeins so that spinors contracted with themselves

vanish,

B B B

Y Yo = € Pysya = €Pyays = —Yoys =~ ys = Y Ya =0

The inner product on the twistor space is called the star product defined as

[, 2)%g(Y,Z) = [V, Z)exp [ (5;/& n Ra) (5)yg - 32;3)
+ b (3@1 + Ed) (5276 - 353)} 9(Y, 2).

The star-commutation relations are then calculated as follows (we give one example

just to elucidate the method),

- -
[yajyﬁ]* — ya (1 + 6abayﬂ3y[)> yﬁ _ yﬁ (1 + Eabayagyb) ya — 98
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Similarly [zo‘, 28 ] .= —2¢*8. The twistor fields are auxiliary so physical fields do not
depend on them. Notice that the star product combines barred terms or unbarred
terms but not a combination of barred and unbarred terms. The following functions

are defined
K(t) = e K(t) = e'¥e? (1.60)
which are called Kleinians K and K when ¢ = 1. The functions (1.60) satisfy

f(y,Z)*K:f(—Z,—y)K, K*f(y,Z):Kf<2,y>

This is best understood by considering the alternative definition of the star product

given by the convolution formula[2],
fy,2) %9y, 2) = /d2ud2v€“a”“f(y +u,z+u)g(y +v,2—v),
normalised with f %1 = f etc. Thus

fly2) « K(t) = / Pud?ve™ ™ f(y + u, z + u)elWotra)( =)

/d2ud2?}€uavaf(y + u7 z + u)et(yazafyavﬁ+vazaivav&).

However, v,v® = €8 Vovg = 0 from symmetry-antisymmetry arguments; also y,v® =

eo‘ﬁvayﬁ = —eﬂavayg = —y*v,, so that

fly,2)« K(t) = dPud?ve” ™ f(y + u, z + u)et(yaza+(yo‘+za)va)
Pud?oelt = Non f(y |y o 4 og)eld e
dud*ve™ e fly+a—t(y+2),z24+a—t(y+z))e¥
daf(y(l—t) —tz+a,2(1 —t) — ty + @) /dQ,Ueﬁavaetyo‘za

d*uf(y(1 —t) —tz+ 10, 2(1 —t) — ty +0)d(a) K ()

I
e T T T

y(1 —1t) —tz,2(1 —t) — ty) K(¢).
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Similarly,
K(t) + F(y,2) = F(1— )y + t2, (1 — £)2 + ty) K (2),
from which one may now easily obtain

f(y,z)*K:f(—z,—y)K, K*f(y,z):Kf(z,y).

The master fields which depend on twistor coordinates (lower case) and space-time
coordinates (upper case) are given by the physical one-form and scalar field W and

B, and the non-physical auxilliary one-form S, that is by
W (x|Y,Z) = W, (2|Y, Z)dz"; B(z|Y, Z); S(z|Y, Z) = S*(2|Y, Z)dzo + S%(2|Y, Z)dzs.

We group the one-form fields into the field A,

A 1 1 .
A=W + 5+ §Zadza + igadzd.

Vasiliev then gave gauge invariant and non-linear master equations of motion in
terms of this field (where f is an arbitrary function and f, is obtained from f by
replacing products with star products; the operation m swaps the sign of y, z and

dz):

de A+ Ax A= f(BxK)dz* + f.(B x K)dz*
d,B+AxB—Bxn(A) =0 (1.61)

which are invariant under
dA=de+ [A€el,; 0B =—e*x B+ Bxm(e).

Requiring that [KK, W], = {KK,S}. = [KK, B], = 0 necessitates that W and
B are even functions and that S is an odd function, i.e. W(z|y,y,z,2) = W(x| —
Y, _gv —Zz, _2)7 B(I‘|y,g, 2, 2) = B(:I:’ - Y, _gja —Zz, _2) and S(:Z:’yuga 2, 5) = —S($’ -

Yy, —Yy, —z, —z). The function f allows one to encode the infinitely many higher spins

flz) = i—l—xew(z),
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where 0(z) = Y°°  62,2?". From parity invariance of the master equations of
motion, one has that ¢ may take on values 0 and 7 only, giving rise to type-A and
type-B Vasiliev theories; other values of § would describe Vasiliev theories that have
broken parity symmetry. We now give an a priori condition that physical degrees of

freedom in the master fields are given where Z = 0, and therefore define
C(x|Y) = B(|Y,Z)|z=0  Qu(x|Y) = Wu(2|Y, Z)|z=0

which are, respectively, a massive scalar field and an infinite tower of (bosonic)
higher-spin fields. This may be seen by expanding f into (m,n) components as
follows (where we define the vector Y* spinorially as Y#* = agdyo‘yd, called the

‘Winding Dictionary’)

F@Y) = D (@0 andran ¥y g
m,n=0
0 0
—  flnn)

-1 1=
for m + n even. Qs 1tks—1=k)
Hya1...0s—201...Bs—2

example, (applying treatment similar to that above to the Qs) one has schematically
that

(z) is related to the k® Christoffel symbol; for

—1+4+1,s—1—-1
(s—141,s ; ). ﬂf) ~ot gt pz;a (1()71]
M70¢1---O¢s—2/81---ﬁs—2 a1 as_2fs—2 & POV ... [hs—2

where we have used the usual (/)5 = 1 (ot5” — J”&“)Of. Hence, these objects

describe the higher-spin curvatures of de Wit and Friedman that we observed in the

previous subsection!

Furthermore, the maximally symmetric solution for A is given by
A = Woz]Y) = (€0) 09" 9" + (wo)asy™y” + (wo) 450" y",

and eg and wgy are now interpreted as vierbein and spin-connection. When we put

B =5 =0 in the master equation of motion (1.61), gives

(de())w/ + W(lf * Wéj =0.
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After some detailed manipulations, one obtains

da(€0) 05 + 4(€0),5 A (1) 5™ — A(c0)ers A (U’O)gﬁ'e% -0
i (100) 5 + (€0)a A (€0)55€7° + 4(1wo)as A (wo) ™ =0,

and using the definitions

1 L ab_ab L ab_ab
(€0)np = ZGQUZB (wo) 5 = Ew“ oap  (wo)sp = _T6wa 0’25

results in

dpeq + wep Nep =0

ApWap + Wae N\ Wep = 6ep A €

which, respectively, are the torsion-free equation and the Ricci tensor in terms of

the vierbein in the geometry of AdSy!

If, now, instead of considering the maximally symmetric vacuum solution where
W = Wy and S = B = 0 we consider small perturbations of order A\ around this

solution, i.e.
W=Wo+W; S=\S; B=2\B,

and consider terms linear in A in the equations of motion, we may equation coeffi-

cients in A to obtain

DoW =0

dzW + DoS =0

dz8 = e B+« K)+e " (BxK)
DoB =0

dzB =0

where Dy = d, + [Wp, -]« and Do =dy+Wys-—- 7 (Wp). One can indeed show that

these equations do describe a massive scalar together with a tower of higher-spin
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fields in AdSy.

For the scalar field, one can expand EOB =0 and set Z = 0 to derive the equation
1 1y 4+ 9200 () =
— 5 (V#8, +2) €09 () =0
which is just the Klein-Gordon equation for a scalar field with mass-squared given
by m? = —2 in AdS,.

1.13 Higher spins - Klebanov, Polyakov, Giombi,Yin

This follows key concepts from Refs. [1, 41, 2, 4, 103]. While much progress has been
made in understanding the AdS/CFT correspondence when the duality is between
a strongly coupled CFT and a weakly coupled gravity/string theory (taking the
radius of AdS large)[67], somewhat less progress has been made in understanding the
correspondence in the opposite limit, where the radius of AdS is small. Historically,
steps that led to noting that such a duality should exist came in by considering
that, in the tensionless limit, String theory’s massive excitations become massless.
In this limit, Type IIB String theory was therefore thought to be dual to a free
N = 4 SYM theory [104, 105, 106, 107], although this idea has never been made
concrete. Klebanov and Polyakov provided the first plausible duality pair in which
a weakly coupled, and possibly free gauge theory at large N is dual to a known
bulk theory. Around a decade later, Giombi and Yin were able to do calculations
using the AdS/CFT correspondence to corroborate this conjecture [41, 2, 4], and

the conjecture gained momentum as a result.

The theory was worked out in d = 2 + 1 dimensions in Ref. [1]. One reason that
d = 2+ 1 dimensional theories are of interest is that they act as a portal to problems
which are challenging in d = 3 + 1 dimensions. For example in Ref. [108, 109],
Polyakov tackled ‘the infrared catastrophe’ and was able to demonstrate confinement
by showing that the presence of instantons / monopoles enables apparently broken
gauge symmetries to be restored. Peskin further introduced the particle / vortex

duality [110] to try and explain confinement in d = 3 + 1 dimensions.
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In this example of the AdS/CFT correspondence, the starting point is the simplest
CFT, which is given by the O(N) vector model with action

1 1 A
S = / B <26M¢aa“¢“ - 5mQ(qﬁ“qb“) +7 (¢“¢“)2> ;

for a = 1,..., N. This is a 3-dimensional free theory of N massless scalar fields in the
singlet sector. Being a conformal field theory, this singlet condition requires that
the set of physical operators must be O(N) invariant (an attribute that makes it
amenable to the introduction of Collective field theory as we shall see in Chapter
2. This action has a UV fixed point at A = 0 and an IR fixed point for 2 < d < 4
(relevant when d < 4)which gives rise an RG flow from a UV fixed point in the free

theory to an IR fixed point in the interacting theory. In d = 4 — ¢, this IR fixed

NA8NZ 4

point is found by considering the one-loop beta function, 8y = —e\ + g5

for which the (weakly coupled) IR fixed point occurs when

(since € = 1 in 3d). The O(N) vector model has an infinite number of conserved

currents, for example

Juy = ¢Oup

1
J;W = T,uz/: u¢au¢*4

m [(d - 2)8ual/ + g;w82] ¢2-

These conserved currents all have the form
Jpgeps = Oy + - Opy @ + ..
and could be repackaged in the manner of Giombi and Yin in Ref. [41] as follows
61(2)f (6w 0 ) 4(2), (1.62)
where conservation and traceless conditions on the currents require that

(@@ + ) - O f (&, 10, ¥) = D2 f (€10, ) = 0.

€
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This has solution

—2
U-v

U X .

€ G, =g T+

2

and the massless equations of motion require u? = v = 0, and so

f (?, 3,“17, ’D’) = % = ()€ ¢og [\/2(u v)e2 —4(u-€)(v-e€)|.

In the duality, these O(NN) vector models are conjectured to be dual to higher spin
theories[103]. In section (1.12.2), it was seen that Vasiliev was able to construct
exact non-linear equations of motion (without the use of an action), and that they
have a vacuum solution corresponding to AdS. The master fields with Z = 0 gave
scalar field of mass-square m? = —2/L? (with L, the radius of AdS, making this
relation dimensionally correct) together with an infinite tower of bosonic higher
spin fields. (Initially Vasiliev’s equations were written in AdSy, but these have been
generalised to AdS in all dimensions.) The s = 2 graviton is present in all higher spin
theories, and generalises Einstein theory to include an infinite tower of (massless)
higher spins (one can minimally truncate this to involve only a spectrum of even
spins). Furthermore, we saw in section 1.11 that in the AdS/CFT dictionary we

have the identification
J,u e A,LL’ T,uu < Guv, J,ul...,us A ¢ﬂ1~~-#s'

It is fully conceivable, therefore that a theory with conserved currents as in equation
(1.62) as the O(N) vector model has, would be dual to a gravitational theory having
an infinite tower of massless higher spins such as Vasiliev higher spin theory. In-
deed, while much successful work has been done to understand the correspondence
between matrix-valued fields (which would transform in the adjoint representation)
and higher-spin massless gauge theories, O(N) vectors models have the desirable
property that there exists a conserved current for every even spin, and thus a 1-
1 correspondence between the spectrum of currents and the spectrum of massless
higher-spin fields in the minimal bosonic theory in AdSy[1]. Vector models are in-
deed seen to be one of the simplest ways of probing the AdS/CFT correspondence
(see Table 1.4, courtesy of Ref. [111]) and are ‘solvable’ in the large-N limit, allowing
a more detailed study of the AdS/CFT correspondence.
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Comparison of models probing AdS/CFT
Matrix models SYK Vector models
Large N Feynman | Planar Melons Bubbles
diagrams
Difficulty Hard Easy/medium Easy
A CFT example N =4 Yang-Mills | SYK, at strong | Free/critical O(N)
(4 dimensions) coupling (1 di- | vector model (3

mension) dimensions)

AdS dual theory String theory ? Vasiliev higher
spin

Gravitational sec- | Stress-tensor <> | h=2 mode | Inapplicable
tor Einstein gravity (Schwartzian) <

Jackiw-Teitelboim

gravity
Gauge invariant | tr (X0 XYY...) 02y, ¢ Oy -0y, ) 9°
operators
Anomalous di- | Large (at large 't | Order 1 order 1/N
mensions Hooft coupling)
Dual of these op- | Stringy modes Tower of scalars Tower of massless
erators higher spin fields

TABLE 1.4: Table showing comparison between Matrix models, SYK and Vector
models for probing the AdS/CFT correspondence

Furthermore, according to Klebanov and Polyakov, the conjecture is that the free
3d O(N) vector model is dual to type A minimal Vasiliev higher spin gauge theory
with A = 1, while the critical 3d O(N) vector model is dual to type A minimal
Vasiliev Higher spin theory with scalar having A = 2 [1, 4] (here A is the dimension
of the scalar field that is in the infinite tower of higher-spin fields). Near the AdSy
boundary, the bulk scalar field ¢(Z, z) has falloff behaviour[41]

@~ az+b2* +0O(2*).

Here there are two consistent conformally invariant boundary conditions

Dirichlet with a =0 — Dual operator with dimension A = 2

Neumann with b =0 — Dual operator with dimension A =1

The large N limit of the 3-dimensional (¢?¢®)? theory (where ¢® is an N-component

scalar field transforming according to the fundamental representation of O(N)) is
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well-known to describe critical points of O(N) magnets and to be conformal. Accord-
ing to the AdS/CFT dictionary, conserved currents in the boundary correspond to
massless gauge fields in the bulk of a gravitational theory or string theory. There is
further a conjectured connection between theories of massless higher-spins in AdSg1

and free fields in d dimensions.

The AdS/CFT prescription suggests that we can write

<exp/d31:h(()“1"'“5)<](mmus)> = ¢Slhol,

so that boundary values of the fields are identified with sources h(“ Lk in the
dual field theory. Position space calculations for propagators are then fairly simple.

Defining x12 = |x1 — z2| and spin-0 ‘current’ as J = ¢“¢? etc. we obtain expressions

such as
ab
(@) = =
(J(@1)T(x2)) ~ gz
(J(x1)J (x2)J (23)) ~ 36129;N13£L“23

Note that the dimension of J is 1 which is less that d/2 = 3/2, and thus (where L
is the radius of AdSy),

d d? 9 9

We observe that A_ =1 is related to the free O(N) theory. Now, since the radius
of AdS, is given by R = —+5 we can use the mass found above to make an effective

Lagrangian for the scalar ﬁeld h of AdSy,
_N 4 2, 10 3
5—2 d*x\/g | (0.h) +6Rh +ah”+ ...

It turns out that the CFT corresponding to the case where the operator .J has

dimension A} = 2 is in fact the interacting d = 3 O(N) vector model,
/\
3 a a a2
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The standard approach for obtaining a 1/N expansion[112, 113] is by introducing
an auxiliary field o(z), where o = ¢%¢®, and integrating the (now quadratic in ¢%)

action over the ¢ fields. Here £ is made to be of the form

1 1 1 A
L= 50.6°0"6" +a0” +bo + (6760 = 50,0"0" 9" + (676"’

= Lpsorgr b alot Lt (be 2ioem)) = L (5 4 bio0en) + L2
= 3% Y\ 24 2 1a 1 ’

matching coefficients one obtains an action that can easily be expanded in terms of
N,

1 N
S = /dgx [2(8u¢a)2 +op"p? — 2)\02} )

with interaction term which may be written as AJ?/(2N). When a relevant inter-
action (that is the tachyonic, negative mass squared terms, but nevertheless doesn’t
lead to instability) is included in the interaction, the theory flows from an unstable
UV fixed point with dimension A_ =1 to an IR fixed point where J has dimension
Ay = 2[114).

Note that in this thesis, use will be made of the Collective field theory approach
rather than this standard auxiliary field approach.

There have been numerous validations of the O(NN) Vector model - Higher spin
theory conjecture in the form of calculations that were done on both sides of the
duality and found to match with one another. These include the reconstruction of
the bulk [5], the one-loop test of the duality involving the calculation of the O(N)
correction to the Weyl anomaly for even d and to free energy for odd d [4, 4] and the
matching of the three-point function for both A = 1 and A = 2 (which we review

below). These have played no minor role in attracting attention to the duality.

In Ref. [2], it was shown that the tree level three-point functions match. This was
done as follows. Making use of Vasiliev higher spin theory as reviewed in section
1.12.2, it is noted that no explicit Lagrangian is known for the theory, and correlation
functions of boundary operators J(Z) are instead computed using dual bulk fields

near the boundary z — 0. In particular,

. s+1 = S a; [ dBTT;(D)di(F)
(ps(Zo, 2 = 0)), = 2°TCs <J8(x06 >CFT
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for some normalisation constant Cs, so that

(st<fv zZ—= 0)>(si;fi),i=1,...,nfl N H;"Lz_llas,- <‘]S(:L_:)J81 (fl)"-']sn_1 (fnfl)>CFT,
(ps(Z,z — 0)>(5;5g’/) as (Js(Z)Js(T)) cpr ’

the left hand side of this can be calculated using Vasiliev’s equations of motion (up
to normalisation factors). Stripping off polarisation and # dependence (Js(Z) =
Js(Z,€) — Js and ¥12 — 0 at the boundary), this will be denoted C(s1, s2;s3) so
that

<J51 JS2 J33>

C(s1,52;53) ~ o o)
s1Ys2

where the two currents J;, and Js, were chosen to be sources on the boundary.
The perturbative form of Vasiliev’s equations of motion are given by (writing W =
Wo + W),

DOW:—W*W
dyW + DS = —{W, S},
dzS—Bx©=—-S%S
DoB =W % B+ B« m(W)
dzB =—S8% B+ Bxx(S).

We recall that all of the physical degrees of freedom may be found in W and B

restricted to zo, = Z5 = 0. In particular, making use of a Taylor expansion

oo
— 1 — (nvm) aq Qn —Bl —Bm
Q - W z=z=0 o ZOQalanﬁlﬁmy .Hy y ”.y
m,n=
B’ZZEZO = Z Ba?7mo)ln615myalyangﬁlgﬁm’

n,m=0

one finds that all the spin-s degrees of freedom are found in Q(—1+ms—1=n) for
In| < s —1 (where Q®=15=1 is a symmetric s-tensor field) as well as in B(Zs+mm)
and B(™25+m) for m > 0 (where B (25.0) incorporates up to s space-time derivatives
of QG~15=1)) Using the linearised equations of motion for master fields B and

W, the boundary-to-bulk propagators can then be derived. For B, the linearised
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equations of motion are given by

dzB =0
dB + [w}, B« + {eo, B}« = 0.

The first says that B(z|y,y) is independent of z, and Zs, and the solution of the

second is given by the scalar boundary-to-bulk propagator

BOO) = K(x,2), for A=1or A=2
= Bgcalar = Ke—yEgj’ for A =1
= By = Zﬁzo(—)m%z*“m (ZQy@y)m 2°C(zly) + c.c.for A =1,

where K(z,2) = — i s (which is the correct boundary-to-bulk propagator for the

scalar field B O)) Y =0%— 2—5&3 with ¢ = zto, = 2'o; + zo%, and

C(z|y) = Bl;—¢- For A =2, the scalar field then has the form
C(#,2)=K?= ﬁ, and the scalar component of the master field B is given by

[e.9]

Bscalar $|y y

—2%ydy)" C ().

The master field W is now written as a fluctuation away from the vacuum configu-

ration as follows,

W (zly, 7,2, 2) = Qzly, ) + W(zly, 7, 2, 2) (1.63)

where Q = W . This obeys the linearised equation
4

—=z=0

DoW = 0= DoQ =—DoW' =— DoW'| ___,.

When this is solved (in light cone coordinates, it is found that the entire boundary-

to-bulk propagator for {2 comes from 2} ,, given by

2—n—2
(2s —1)!

m— sS—n
Qr, = 25 ()5t (y:nafzazy)n % zy)™™" ‘zg
Solving for B at second order near the boundary then requires defining a homoge-
neous function in y;, of degree 2s, (&, z|y, 0,/) which is the same as the boundary-

to-bulk propagator for the scalar field when s = 0, but for s > 0 obeys different
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25,0

boundary conditions to the boundary-to-bulk propagator of B9 (zZ, z|y). In par-

ticular, the helicity= s part of K, denoted K ), is given by

K@ zly, \) = 223223/ dt(1+t)~%
0

y [(yoaa)\)% [_7(2 — 25)(2)5"! sin <2(8 B 1)arctanf|>” ‘

(2s)! 272 | 7|
Here,
1 z
A=1/= _
Koy @2) = so@ia
1 22
A=2/~ - -
,C(O) (#,2) = T2 (2 + 22)2°

and the 3-point function coefficient C(s1, s2;$) can be computed from

1' _5_1B(2570)
zli}(l)z h=s
d3Zodzo 220
= K T — T ) ,(9 - J(Z » 203 r ) T .
/ it (& — Zo, 20|y, Oyy) i (Zo, 20; T1, T2|yo0)

In particular, considering the limit where the two sources collide, so that §=To—7

is close to zero, and using translational invariance to set 1 = 0, the scalar becomes

lim = B0V 2) o 0 B (R 0.6)
2550 A=LVD 2|2 ’

25172 .

lig(l) z_lBg]’:O%(f, z) — TR /dz'dgf'(z')_lj(f’.z';0.5)

Using their normalisation convention, it is found that

1
0(81.82;0) = —\/27?F<81+82+2)
I'(s1+ 3
0(0,81;82) = —\/27?282(81'2), S1 > S9.
s9!

For example, for the A = 1 3-point function involving two scalars and one spin-s

current (i.e. C(0,s;0)), one can deduce that

-0 9

7 — g
<J0(0)Jg(6;€)Jo(x)> 2 COS0 s 0, (1.64)
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where ag is a normalisation factor and g is the coupling constant of Vasiliev theory,

and where

1/2 1
C(0,5;0) = —%F <s + 2)

up to normalisation factor as which depends only on boundary-to-bulk propagator
(which is at his point undetermined since the normalisation of the 2-point function
is not known). Similarly, for the 3-point function comprising one scalar and two
higher spin currents, one obtains

- . ao . (-tE b
s\Y; 5005 3 $S0) =5, T . 1.
<J (0;8)J5(3 E)JO(x)> 2 9655 0) ey 0 (1.65)

For the free O(N) vector theory (recalling equation (1.62)), the conserved currents

have got the form

(7€) = $:(E) (€9 O s 0 0) i) = Y oy (D) e

s=0

where

f (?, 3#7 3#) = (U= cog [\/4(u c€)(v-e)—2(u- 0)62} :

z. (5_ 2‘;'25'7:5’)] ,

whose coefficient may be compared with C(0, s;0) from equation (1.64), to identify

From this one can compute 3-point functions; firstly

o 257731 (54 1
<J0(:L')J0<I’ - 5)Js(07 E’)> — 8N 8"(5’($g)8+12)

that the normalised 3-point function coefficients for the free O(N) theory are given
by

1
fr 1as o1 [T(s+3)
Cooese =N"22 S7T 4 T

Secondly

D4 (s+d) (@
s1lso! |Z|251+2| 52521

(4 (%,8)1.2(5,8)0(0) )

— 8Ntz 1
0

€x=
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whose coefficient should be similarly be compared with equation (1.65). Further-

more,

/1_9 1 < s+s’
. g1 p(28,0) = _ 2" mz 1 (9-€)
i B (@ ey =) = F<s+ ()7 gm

from which

Comparing this with

(0.(0,804(5,90(7) )
(eneny

(5

/.
— gC(S,S 70)w,

and making the association Qs = asJs, one finds that the 3-point functions once

again agree given that

s _ 27 %sl.
ap

By comparing this with the free field theory, one obtains explicitly that

1 16
ag = —F—, g:_ﬂ'\/N

Performing a similar procedure for A = 2, we obtain

1
2 1
C’AZQ(O, 5;0) = —%SF (s + 2> )

with corresponding normalised 3-point function in Vasiliev theory given by

apas
/
0

C'(%? =g CA:2((), $;0) = gasCAZQ(O.s; 0).

where the prime indicates the normalisation constant for the A = 2 case; no prime

indicates values are the same as for the A =1 case. For C(s, 5;0),

e _9(0,0), 5 1\ (69t
/d&”];ili%z QB(A:;(QT,Z) = —T2 <F(S+S+2> §25r25410
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asas

which, together with the normalisation factor g=7%, gives the desired 3-point func-

tion in Vasiliev theory,

J &7 (15,8750, 8 () /

—25(0,0) /=
I = gasag d3Z lim 2 QB(A:%(QC, z).

z—0

We see that Giombi and Yin provided some remarkable evidence for the duality
conjectured by Klebanov and Polyakov, that the free 3d O(NN) vector model is dual
to type A minimal Vasiliev higher spin gauge theory with A = 1, while the critical
3d O(N) vector model is dual to type A minimal Vasiliev Higher spin theory with

scalar having A = 2. This will be one of the main themes in this thesis.

1.14 Holographic duality for the IR fixed point follows
from that of the UV fixed point

On the surface it is surprising that there exists an holographic duality between
critical 3d O(N) vector models and type A minimal Vasiliev Higher spin theory
with scalar having A = 2 (that is, for the interacting IR fixed point case) since the
higher symmetry in the bulk is broken through loop effects. The simplest example
to show that this happens at leading order in 1/N (noting that the O(N) vector
model has only even spin currents) is for the three point function involving spins
4,2 and 0[115]. Computing the three-point function with null polarisation vectors €;
and €y in momentum space gives the following result for the free theory (calculated

using the U(N) version for simplicity):

<J(O) (=p1 —p2) J® (p1,€1) JU (pa, €2) >

/d3q€2 (2¢+p2) f3(e1-q,€e1- (p1 — Q))
2 (q—p1)° (g +p2)?

The equivalent value in the critical theory is obtained by multiplying the free theory
value by —|p1 4+ pa|. Now, while the divergence of the spin 3 current J®)(p;) in
the free case is composed of two analytic terms, when we obtain the critical theory
values (by once again multiplying by —|p; + p2|, one of the terms turns out to be

non-analytic.
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The duality at criticality, however, actually follows from the A = 1 case (for the
free UV fixed point case). In particular, Refs. [114] and [116] showed that at large
N, the generating functional of the correlators at the UV and IR fixed point are
related by a Legendre transformation. In Ref. [114], it was conveyed that in moving
between a given bulk and boundary condition, there is a switching of the dimension
of the operator from A to d — A, similar to Liouville theory and results from the old
matrix model where a suitable double trace interaction reversed the ‘gravitational

dressing’ of the interaction. This was done by finding the expected value of
exp (—NQW) = exp <—N2/d”xf(1:)g((9¢)> .

where g(O;) denotes that this procedure works for general functions of a series of
operators (we denote by 3; the expectation of O; with dimension A in the boundary
CFT). The expected value (i.e. the boundary functional) is found by replacing O;
throughout by 3; to obtain the so-called ‘multitrace boundary interaction’” W =
E(z,B,dp,...). The boundary condition may be stated as a; = g—‘g, so that «a; are
related to the source of the operators. Now note that the near-boundary behaviour
of two scalar fields ¢; and ¢o (with equal mass squared) in D = d + 1-dimensional

AdS space is given by
bi ~ a(x)r + Bi(z)r..

For d/2 — 1 < A < d/2, two methods of quantisation is possible, where the scalar
fields are related to primary operators of dimension either A\ or d — A. Considering
a marginal operator fO;02, one may one the first method to the first scalar field,

and the second method to the second scalar field, so that

b1~ ar(@)r?i ™+ By (z)r?
pg ~ Bé(IE)Td_)\+Oé/2(ZE)T)\,

with boundary conditions «a; = f85 and of, = fB1. There is a f — 1/f symmetry
which gives rise to a ¢1 <+ ¢2 symmetry, so that the value of f, while not changing the
physics, defines which scalar field is related to the operator of dimension A and which
to the operator of dimension d — A. Importantly, note that for d/2 — 1 < A\ < d/2

and ¢ ~ ar® > 4+ Br}, we could perturb a theory with boundary condition o = 0
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with relevant perturbation W = %62 so that the boundary condition is a = gf.
Then as g — oo, the boundary condition condition 5 = 0 is approached, suitable for
the quantisation of a field of dimension d — A. (Note that in the reverse direction,

2 would be irrelevant.) Thus, the renormalisation group

the perturbation W = S«
flow leads from one quantisation method to the other. This was expanded upon
in Ref. [117], resulting in ‘an improved correspondence formula for AdS/CFT with
multi-trace’. Furthermore, the generating functionals of the correlation functions

are related to each other by a Legendre transform[118].

Ref. [119] applied Witten’s prescription as set out in the previous paragraph to fields
¢, in AdS with a mostly positive metric. The classical action that was considered

was

S=5 /dd“z\/ﬁ(R — Ao) + /dd+1z\/§ <—;(a¢)2 - ;m2¢>2> |

A key point investigated here was the concept that an RG flow should ‘interpo-
late’ between the UV A_ theory and the IR A, theory - the idea of a line of RG
fixed points. The focus, however, was not on the full interpolating solution but on
properties of the AdS endpoints and the central charges of the CFTs dual to these

endpoints. The one-loop scalar correction to the gravitational Lagrangian is
S I 2
-9 L=V (xm, f) = —itrlog(—D +m”)

Making use of the Breitenlohner-Freedman bound (the smallest mass with normal-
isable modes in AdS) one can then find the difference in V' when f = 0 and when
f = oo (corresponding to the change in central charge as one flows from the UV to
the IR. To do this, making it possible for the change in one-loop self-energy between
the UV and IR endpoints of an holographic RG flow to be evaluated.

Meanwhile, Ref. [116] tackled the question from the field theory side. In the unde-
formed (UV) CFT,

and we assume a suppression of higher point functions of O. To trigger an RG flow we

include a relevant deformation %(’)2; using a Hubbard-Stratonovich transformation
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(involving the introduction of an auxiliary field o)we have

ZslJ] = <67I%OQ+I‘IO>O = m/po <ef(;fa2+ao+(]o)> _
0

Indeed, the correlator in the IR is found to be (O(z)0(0)), o ﬁ for  >>
I =7y Defining W to be the generating function of correlators in the UV CFT

and with some rescaling and discarding of surface terms, one can write
Zy o~ / DoV 7.

In the planar limit (using a saddle point approximation), one is able to realise

the Legendre transformation between the IR generating functional and UV one,
J— _ow

00’

following calculation,

and conversely. The difference in central charges then emerges using the

1._0
CIR — CUV = 8Rﬁ (Wy[R] — Wo[R]),

where W¢[R] = logZ; [J = 0,5%], with Z¢[J = 0, 5%] being the partition function
of the CFT on the S% sphere deformed by [ %(’)2. Without going too much into the
mathematical detail which involves zeta-functions and various polynomials, one can

write
1
Wy[R] = _5(‘/1 + Va).

For d even there is good agreement with the results in Ref. [119], for example the

gravity (AdSs) result was that

Cy —C— :‘ig

c_  120m2L3

and for the CFT result it was found that the total anomalous part of V5 to order
(A —2)° was

_9)3 _9)5
(ljlog(RA)<(A32) —(A52) )

The above discussion shows indeed that the A = 2 duality is a direct result of the
A =1 duality to leading order.
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Ref. [115] then extended the above results to all orders in 1/N. In particular, if it
holds for the free O(N) theory that bulk tree level diagrams reproduce the correct n-
point functions and all loop corrections cancel with the boundary condition, then the
theory with the A = 2 boundary condition has a UV finite perturbative expansion
that matches order by order with the 1/N expansion of the critical O(NN) vector
model. This was done by finding the difference between critical and free n-point
correlators, where a scalar operator of dimension 2 (« was included to allow for the

building of loops. The relation

Ga=2 (¢:2,7) = Ga=2 (¢:2,2") = —l|g|Ka=1(g;2) Kaz1 (—¢;7')
1
= —rq’KA:Q(q;Z)KA:Z(_q;Z/)

is used, where K (q; z) is the Fourier transform of the boundary to bulk propagator
which obeys the correct relation between correlators of the free and critical O(N)

vector models,

Ka=2(q; 2) = —|q|Ka=1(q; 2),

and Ga(x, ') is the Fourier transform of the bulk scalar propagator. The relation
can be shown quite beautifully using Witten diagrams, as a cutting of bulk n-point
functions. The ultimate result here is that the perturbative expansion of the theory
with A = 2 boundary condition matches the 1/N expansion of the critical O(N)
vector model order by order. Furthermore, the higher spin symmetry breaking
caused by the A = 2 boundary condition is controlled by the bulk coupling constant
1/N, with anomalous dimensions of boundary higher spin currents being suppressed
by 1/N.

1.15 Aim of the Thesis

One of the ‘easiest’ ways of probing the AdS/CFT correspondence is the duality
conjectured by Klebanov and Polyakov[1] between free/critical O(N) vector models
in d = 24 1 dimensions and higher spin theories, where gauge invariant operators
0y, -0, )" are dual to a tower of massless higher spin fields[111] (for example,
see table 1.4). In this duality, the free 3d O(N) vector model is dual to type A
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minimal Vasiliev higher spin gauge theory with A = 1 and the critical 3d O(N)
vector model is dual to type A minimal Vasiliev Higher spin theory with scalar
having A = 2[1, 4]. In particular, it was claimed that when a relevant interaction is
present, the theory flows from an unstable UV fixed point with a dimension A =1

scalar at the boundary to an IR fixed point where A = 2.

Remarkable evidence for Klebanov and Polyakov’s O(N) vector model / higher spin
theory conjecture has come in the form of the reconstruction of the bulk [5], the one-
loop test of the duality involving the calculation of the O(N) correction to the Weyl
anomaly for even d and to free energy for odd d and the matching of the three-point
function for both A =1 and A = 2[4, 2]. Furthermore, Refs. [115, 114, 116] show
how using a Legendre transformation the A = 2 duality follows from the A = 1
duality. In Ref. [1], the standard auxilliary field approach is used to obtain the
1/N expansion (and take N large). In this thesis we will instead make use of the
Collective field theory approach, where bilocals are used to encode the invariance of
the theory explicitly. It is then the invariant variables which are described by the
Collective field theory]8].

In Ref. [7], the three-dimensional O(N) invariant bosonic model with 3 (¢2p®)>
interaction was studied at its infrared fixed point. This was done making use of a
bilocal field approach, in a 1/N expansion. At the critical point / infrared fixed
point, a state was indeed identified to correspond to a A = 2 scalar state and the
A =1 state was found to vanish from the spectrum in agreement with Polyakov and

Klebanov.

In this thesis, we build on the constructive approach which has been developed
in Refs. [5, 9, 10] in both the light-cone gauge and the temporal gauge for the
free theory, in which an explicit map between the conformal field theory in d =
2 + 1 dimensions and the higher spin theory in AdS; x S' was established. In the
Hamiltonian approach, the 1 + 2+ 2 = 5 coordinates of the equal time bilocals map
(in phase space) to the coordinates of AdSy x S'. In this thesis, the chief aim is to
investigate the applicability of this map to the interacting theory [120] and to make
contact with the work in Ref. [7].

We will use the Hamiltonian approach in a time like gauge[121]. The quartic interac-

tion contributes linearly in the bilocal field fluctuation equations, and the spectrum
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problem is then that of a potential scattering problem. The scattering state solutions

take a universal form at the critical point.

In order to obtain the bulk description of these boundary scattering states, we de-
velop a first principles approach consisting of a simple change of variables from
bilocal momenta to bulk momenta, as dictated by the map, but requiring a field
redefinition in defining the bulk higher spin field. Remarkably, it will then be shown
that the s = 0 state (equivalent to A = s+ 1 = 1 state) is precisely removed from
the bulk higher spin field, which is equivalent to the observation found in Ref. [7],

by studying correlators and the spectrum on the boundary.

The equivalence of this approach to that developed in Ref. [10] then has to be
established. This is indeed done by showing that the conformal algebra, in bulk
coordinates, both at the free and interacting critical point, agrees with that obtained

previously in Ref. [10].

I have endeavoured to make this PhD thesis as self-contained as possible, ensuring
adequate explanations are provided where necessary, without sacrificing elegance
and conciseness of the arguments, in the spirit of Einstein’s comment, “Everything

should be made as simple as possible, but no simpler.”
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Chapter 2

Collective Field Theory

In this thesis, the Collective field theory approach[8] is the approach taken in de-
scribing the large N limit of O(NN) invariant vector theories. The Collective field
theory approach re-expresses these theories directly in terms of bilocal fields which

encode the invariance explicitly.

Collective field theory is based on a non-trivial change of variables from the original
variables of a theory to the set of invariant variables appropriate to the description of
the theory’s large N limit, which thereby reduces the number of degrees of freedom
for the theory. Below is an overview of this method, which uses the Hamiltonian of

the system to obtain an expression for the Jacobian.

2.1 General Method

A change of variables is performed in a Hilbert space, from original variables x“
to invariant variables ¢, (where Greek letters «, [ etc. are used to label these
invariant variables). The kinetic energy portion of the Hamiltonian is proportional

to V2 which can be written as follows using the chain rule:

V2= WaOa + Qagaaag (2.1)

QD
Q

Il
o2
o

N  0%¢a

a=1 a(xa)2

3
I
N
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Qup = Zivzl gﬁ‘; gﬁf. The inner product is invariant in Hilbert space and so

[v @i = [ @
[ @ o) = [ 19 @) 2.8 ).

where J is the Jacobian of the transformation. Equivalently, we could absorb the

transformation into the individual wavefunctions and so obtain

=

[ @ew = [rewriee)
[o@owia = [0 (rH0.r) 1o ).
Hence
Ouf — J20uJ if=J2 <J—%aa;J—ian> f= <8a;8aan> f

= Oy — Oy — %c% InJ. (2.2)

Using (2.2) in (2.1) results in,

1 1 1
V2 — Qap <8a — §6a In J) <6ﬁ — 565 an) + Wa <8a - 58a 1nJ>
1 1
= 2,830,038 — §Qa58a (OgInJ) — 5905 (OaInJ) 0
1 1
+ZQQ5 (OaInJ) (0gInJ) + wa0n — JWa (OqInJ)
1 1
= 8aﬂa535 — (8aQa5) 85 — §Qa5 (8a85 In J) — §Qa5 (85 In J) O,
1 1
—iQQB (OaInJ) 0p + 1 (0aInJ) Qap (0gInJ) + wa0a
1
—iwa (8a In J)
1
= 02820808 — (0a82a3) 08 — Qap (OnInJ) 0g — §Qa5 (0a03In J)
1 1
+Z (OaInJ)Qap (0gInJ) + wgds — JWa (OnInJ), (2.3)
where the last step was possible because (1,3 is symmetric. Now since kinetic energy
is an observable, its operator must be explicitly hermitian and hence (2.3) must be

hermitian. Operators linear in a derivative must be accompanied by the imaginery

i to be hermitian (for example the momentum operator) unlike scalar terms and
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terms quadratic in the derivative. Hence the real terms linear in dg in (2.3) must
be set to zero, forming an important constraint which can be written in two useful

forms due to the symmetry of 2,4,

80;9045 =wsg — Qag (8a In J) (2.4)
Qap (0sInJ) = wq — 05Q0p- (2.5)
Hence (2.1) becomes
) 1 1
\Y% = —§wa (8a IHJ) — §Qaﬂ (aaag an)
1
+ {02308 + 1 (OaInJ) Qap (0glnJ)| . (2.6)

Now, using equations (2.4) and (2.5) the first line in equation (2.6) simplifies to

1 1 1
Viy = —5ws(0nJ) — 50 (05 ) + 5 (0a80p) (910.J)
1 1
= —5[ws = (0a8205)] (950 ) — 500 (Vuapds In J)
_ _% Qs (9 In.J)] (95 1n.J) — %aa (Wa — 05Q0s5).

Hence, combining with the second line in equation (2.6) results in

VQ = 8,190[585 — i ((9a In J) Qag ((95 In J) — %t%wa + %%%Qaﬁ

1 1 1 1 1
= §v2 = 500008 — 3 (O In.T) Qo (95 10T) = - Oatwa + £ 0a0pQap. (2.7

Note that the standard way for writing the term % (0q1nJ) Qs (0glnJ) in the
literature (for example see [122]) is %waﬁ;éwg; to leading order these two terms are
equivalent by making use of equation 2.4. (For this thesis we only need the first
two terms of equation (2.7), so we are further at liberty to write it as above, which
avoids the need to invert €2,5. The first of these is a kinetic energy term, and the
second contributes to the effective potential.) Except for the derivative terms, it is
evident that this expression should be incorporated with the potential to give rise
to an effective potential, necessary in determining the ground state (for an example
of this, see Ref. [123]).
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2.2 O(N) Hamiltonian

We obtain an expression for the Jacobian of an O(N) uncharged bosonic scalar field
using the Collective field theory method, and that of the Collective field Hamiltonian.
We follow Refs. [124, 125] with the addition of flavour indices a, 8 for a change of

variables

Po(x) = oap(,y) = ¢4 (2)d5(Y),

where z is a d-dimensional parameter and a=1,2,...,N. It is useful to define an upper

triangular matrix ®,g(z,y) where

oap(@,y) = Poplz,y) fora = p
D, (y, x) for o < 5. (2.8)

and similarly for x,y indices. We will be making use of equation (2.4)
0555 = wz — Q55 (0aIn J)

where (with 6%¢ = N for colour indices and d, = m for flavour indices)?,

52
~ = d _—_—
s / s @y Y

= [t (Basd )9 — 2) + St )0~ )

095 (2)
= /ddz (N&agéggéd(x —2)6%z — y) + Nbusdps6%(y — 2)0% (2 — a:))
= 2NG,p0% (x —y) (2.9)
. = d 0 L oo
Qs = /d 26¢g(z)aa5(m,y) 5¢§(z)aa/5/ («',y)

[ 2 [ (Bass )6 a — 2) + Bpso @6y - 2))
(darsy (410" = 2) + 650 (2)0% (= — 1)) )|
— [, 5% = ) + i 2,8y — )

000 (5,200 (x = ') + 7 (4, a0 (2 — 1) (2.10)

'Here we change labels o to & to convey that these labels now represent both space-time and
flavour degrees of freedom.
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Finding derivatives with respect to ®,(x,y) will then single out only the upper

triangular copy of variables, as follows:

1)
0.0 . = / dderddy — 0
prab />y’ 5(I)C¥'5' (x’,y’)

[ (2,250 = o) + G (2,4 )0y — )
+080 (Y, x')5a5/5d(rv — )+ 085 (¥, Y )0aa 0% (z — ')

= [ @ [ty [Baastiadadc — a3~ )0~ o)
+5w,55/[3/55a/5 (.%‘ )5d(y -y )(5d(y )
“l_éﬂaléﬂlaléaﬂléd(y — CIZ/)(Sd( )(5d(37 Y )
+680:05 3 0 0% (y — )% (Y — y')6%(x — 2)

= 2(md%(0) L + 1)5,50%(x — y)

Furthermore,
Q.5 (35 In J)
= / dz’d%y’ [0-0404’(357 2')855:0%(y — ) + O (2, Y) 050 0% (y — 2')
z' >y’
)
/ d / / d /
a/ 5 o ! —_— / 5 aa/6 - —1 !]
+r500 ()60 8%( = 1) + 035 (0,1 Yoo (0 — )]

) 0
— ddxlo_aa/ Z, x/ - + / dd /JO‘ "\, y/ o /N
(/ ( )5%'5 (z',y) ¥oas( )5‘1’56' (v, 9)

6 6
dd / o n__ -~ / 9 N 1 J
+/ CL'O'IB (y,$)5¢($,’$)+0/8:3 (y y)é(baﬁ/(x>y/)> !
dlnJ

= 4/ddzaa T, ) ——.
) S )

And therefore equation (2.4) becomes

olnJ
N6og0® (x — —  (mdY0)L4 + 1)6,50%(x — :2/ddzaa T,2)—————
2 (e —y) — (mOO)L! + 100w~ y) s )

(2.11)

Now note that

0
Q.50 Indet = / Q————Indet(co
ﬁ B ( ) .y 5‘I>a'5'(3?',y') ( )
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— </ ddzaaé(:n’z)&b(;;(z,y) /d 204s(, 2)5‘I’ﬁ6 .2

o
d? —_— Indet(o
[ oo g o )“ )

- ( / d"2005(2, 2)055 (v, 2) + / d'z005(2, 2)055 (2, 9)

+ [ daosaty, oz ) + 055<y,z>ag;<z,:c>)

= 46%x — y)dup (2.12)
where we have used the symmetry of o. Hence

InJ =1 [N - (de(sd(o) + 1)} In det (o) = 1 [N - (de(sd(o) + 1)] trin(o).
(2.13)

This result is consistent with both Ref. [124] as well as the author’s MSc dissertation.

We can now obtain the Hamiltonian (with flavour indices now omitted) as follows

0600505 = /dx/x@dyacmi,y) </ddza(3:,z)6(b(5W+/ddzd(x,Z)5(b(6M
+ /ddza(y,z)(sq)(é) +0o(y, 2)5(1)(56)>
/dx/z<y<xdydza(p RGP

Furthermore,

(8a1nJ)Qa5(8gan) = /d:c/dy <8(I> .%' y
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and the kinetic energy from equation (2.7), where w ~ N, @ ~ 1 and InJ ~ N,

becomes
K = —%aaszaﬁaﬁ + é@aﬁ (9 1n) (95 In.7) (2.14)
= 2Tr8(?1)08(?1) + ]\:Tr(al)
— %T&"HJH + gTjr(a—l),
where II,, = —i% and 0 — No. For the following Lagrangian

1 1
£:§ ”¢aau¢a_§m2¢a¢a_%(¢a¢a)2

the Hamiltonian density may be written as

1 1 g
_ agpia | 2 a0 | I (40402
H = 50u00"¢" + 5m ¢ " + 55 (6°0%)°,

so this contribution to the Hamiltonian may be written in terms of bilocals as follows
1 2 1 2 9 2
H = -5 dz [ dyd(x —y)0,0uy + 3 dxm® o, + o dxoy,
1 2 1 2 A 2
- N D) dz [ dyd(z — y)ﬁyoxy + 3 dxm©og. + 1 dxos,
where A = g is the t’"Hooft coupling. The complete Hamiltonian is then given by
2 N
H = T+ —Tr(y!
ST+ ()
d1~( L. oo L o Ao

Here we note that as N — oo, fluctuations about the saddle point of the effec-
tive potential are suppressed. In this formalism, the large N configuration is the

semiclassical approximation determined by the effective potential.
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2.3 O(N) Path Integral

Here we follows what was done in Ref. [125]. The Schwinger-Dyson equations for

an uncharged bosonic scalar field are defined as follows:

d a iS1 _
Do i) [P @Flo1e ] =0
= / Do [ d% dda’ ddy’
' <y’

(aaa/@, x’)éd(y —y) + oap (2, y’)&d(y — x’))] JF[U]eiS.

+/Da/ddz/ddz (aw(x,z)w +0a7(x,z)W) [JF[U]eiS].

(2.16)
Using the chain rule we have
6E/dd/dd607azx )
5950) 505 (5) 5ya (2,7)
= [ats [t w (0= 2)08(0) + it = 1)05) T
- [ s
= 2/ddz¢g(z)6q>m(s(y’z). (2.17)

Substituting equation (2.17) into equation (2.16), finding expectation values for the

Schwinger-Dyson equations, and making the necessary cancellations, we obtain

olnJ

Néasshz —y) = /ddz (deéd(O) + 1) Sap0%(x —y) + 2/ddzaa7(y,z)&{)ﬁ(yz)
y\Y>

in other words, the same solution as was found in equation (2.11) using the Collective

Field Theory, for which the Jacobian once again is given by (see equation (2.13))
InJ =1 [N - (deéd(O) + 1)} In det (o) = 1 [N - (dech(O) + 1)] trin(o),
the leading term of which is
InJ = éNln deto = gtr Ino. (2.18)
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Note that this has the same functional form as for the Hamiltonian formalism, but

with the time coordinate included.
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Chapter 3

Large N infrared fixed point of
3 —d O(N) invariant vector
theory - a bilocal boundary
study

Here we review some of the results in Refs. [7, 126], where the system is studied as
a d = 2+ 1 dimensional conformal field theory, using bilocal fields. The emphasis
in this thesis will be on the Hamiltonian (single time) formalism; for d = 2 + 1
dimensions in this formalism, bilocal fields have 2 + 2 + 1 = 5 degrees of freedom,
which is the same as the number of degrees of freedom as AdSy x S'[8]. In Refs.
[5, 9], explicit maps were constructed, which will be discussed in detail at a later
stage. Considering two-dimensional vectors ] and z3, O(N) singlet sector equal-

time (Hamiltonian formalism) bilocals are given by

N
Uiy = O ¢ (4,41) 0% (¢, 45) . (3.1)

We will compare the Collective field Hamiltonian approach which we focus on in this
thesis with that of the Lagrangian (two-time) covariant formalism in which most of

the literature is given. Bilocals in the Lagrangian covariant formalism have 343 = 6
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degrees of freedom. Bilocals here are given by

N
(e Z " (1'1) " (332) . (3'2)
a=1

Note that we differentiate notationally between T which has only spatial coordinates,
and x = z*, which is a contravariant vector and thus has both spatial and temporal

coordinates.

3.1 Non-linear sigma model

As highlighted before, the approach taken in this thesis is the Hamiltonian /Collective
field theory approach. In this section, however, we will obtain expressions for the
A =1 and A = 2 propagators using the standard auxiliary field theory approach,
which we will compare later with those found, first using covariant bilocals, and then
using the Hamiltonian/Collective field theory approach; these will be shown to be

identical.

At the IR fixed point, the standard way for treating the critical O(/N) vector model
is by describing it using a non-linear sigma model. This non-linear sigma model has

a bilocal description which can be written in Euclidean signature as
da (1, 20 a2 al@) (= - 1
S=N [ d% §8M58MS+ 5 S(:U)'S(x)—x .

Covariant bilocals are given by

The leading term of log of the Jacobian for non-charged bosonic fields was found in

equation (2.13) to be

N
logJ = ETrlogw
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Hence, in the large-N limit, the O(N) vector-model at its infra-red critical point is

described by a non-linear sigma model with an effective action
1 1. 1 1
Serf =N {—QTrlm/J + /ddx (—2 ;lgi 321/1907; + §Ozx¢m — 2)\ozx>} .

where a; = « is constant-valued at the saddle point / leading large N configura-
tion and [ dzay is a multiplicative volume which factors out. Using the large N

translational invariant ansatz

ddk ik(x—
%y:/we K@=y,

a saddle point analysis leads to

1 K«
0= 3% T3 %3
1
0 _
% T Fia
dk eik(zfy)
e = [ Gita e

Varying the effective action with respect to «, yields the gap equation

Bk 1 1 A
/wm—x va=-1

The bilocals at the conformal fixed point (o — 0, equivalently at the infrared fixed

point, where A — o0) are given by

The 1/N corrections about this large-N background are

T 0
ay = 0—|—ﬁo¢(:c); Yoy = Pgy +

Substituting these into the effective action

1
ﬁnxy‘

_ 1 d 11 9 1 1
Serf = N [—2Trlnw+/d x (—2;1§9168 wwy—i-iozwwm— 2/\0435)]
S N |17 ¢0+in +/dd1; — 1 1im 9% ( 2 +Ln
2 VN 2y—a W yNT
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+y (@) (U8 + ) - 5rale)

———a(x — ) - ——a(zx .

9 \/N Ty \/NU Y vy I\ \/N

It is clear that the quadratic part of Scsf, for which the factors of IV cancel come

from the first and third terms:

1 1 _
Sepp = N[—2Trlm[)0 <1+\/N(w0) 117)

—l—;/ddx\/lﬁd(:r) <¢2y + \/1N77xy>x:y] ,
so that the quadratic part of the action is given by
2 1 11 |
Sers = 717 (o 'mig 'n) + 5Tr (am)
Applying a shift 7 = (Yoat)g) + 1 to decouple the n and & terms, this becomes

1 1
Sepp = 7T (o' (= (Wodvo) +7) ¥ (= (vodko) + 1)) + 577 (& ((=odido) + 1))
= LT (@it — 5 g — &1+ U5 iy ) + 5Tr (~avodao + i)

= 77 (g i) — {Tr (@vodvo)

1 L L -
= 3 / dwd?ydzd"w (o)., fly= (Y0) 2y Tlww — 5 / A2 dhy g tPogy Gy toye  (3.3)

we that we obtain the quadratic effective action which may be schematically written

as,

2 1 e 1w 1 .
S«Ef)f = ZTY (vg "y i) —ZTT(OWOO&/JO)-

In momentum space,

. d'ky Ak ipa by -
Ty = / (27r)d/2/ myi2® ¢ ke

~ _ ddk ik ~
Gy = (27r)d/2€ Q.
Hence, the first term in equation (3.3) becomes
o 1 / 4k, / ik, / ks / ik, /ddp1 / dipy
eff 4 (27T)d/2 (27T)d/2 (27_[_)(1/2 (27_‘_)d/2 (27T)d (27T)d
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o) s (o), ey [ oyt

eipl (z—y) eiklyeikgzeipz(sz) eikgweik4x
= / d'ky / Ak (Vo) 1, ks (10) g, —ko—kr

and similarly for the second term, and therefore the quadratic effective action for

d = 3 is given by,
1 ~ ~
Sy = 3 / d’ky / TN L

1 N 1 -
_Z /dgklakl =7 | ¥k
8

From this action, the propagators are read off to be the following,

N N 2
(MhrkoThsks) = Wé(kl + p1)d (k2 + p2) (3.4)
12
<dk1dk2> = —16|k‘1|(5(l€1 + kz). (35)

In coordinate space these are given by

ddk‘l eikl(xlfzzl) ddk‘Q eikz(mzfxg)
<77351€E2773535E4> = 2/ /

(2m) K @2m)?® K
/ diky ekr(@i—ea) / dlky etk (w2—23) ( :
= + (23 <> x4) .
(2m) R (2m) k3 e
In equation (B.6) we show that
/ dPp 1 . T2 1
(2 (21 @r)pPT(L) (@2/4)2 4z

so that

: > < 1 >2 1 L1 1
NeyzoNesx = . '
122'/T3T4 47 ( 2 )1/2 ($%4)1/2 (.7)%4)1/2 (.1‘33)1/2

L3

Similarly, with o = —1/2 and I'(—1/2) = —2I'(1/2) = —2+/7,

Ak ner—y T2 T(d/2—a)
_16/ (27T)d6 k( )|k7| - (27)4T (av) (;p2/4)d/27a'

(O, Oy )
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_ 16 1
m (‘%%2)2.

By setting 1 = x9 and x3 = x4, it becomes clear that the field 7, has scaling
dimension A = 1 and that the Lagrange multiplier field & has scaling dimension
A = 2. This model thus gives rise to both a A = 1 state (identical to the free
theory) and A = 2 state at the IR fixed point. However, from Section 1.13 we know
that at the IR fixed point there should only be a A = 2 state. This we shall verify

in the next section by using directly the quartic theory.

3.2 Path Integral at the critical point with a quartic

interaction

The effective action may be written in Euclidean signature as

1 1 A
. d . 2 2 2
N

— ETrlnw.

We make use of the translationally invariant ansatz

ddk ik(x—
wzy:/we H@=y)yy.,

to perform a saddle point analysis
1 d' / 1 deK
- N do | = i ik (@=y),, , (12 - 2/ ,
Sets /d o [2( yliri/(zw)de VO ( F ) 2™ | mya?t
A

ek’ 1 N
_@ </ ka/> ] — ETI'IH”l/}k/,

which leads to the mass gap equation

6Serr 4 (1 [ dk s 1 5 2 dK N
om0 = el [t =t =5 ([ )| - 3

_1212A/ddk/ 1,
=0 = S =om 5 | @A T %
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1
0 _
= wk - ]{,‘2 _ m2 BN ddk/

o,

The large-N conformal background is then given by (for a more detailed explanation

of this, see the discussion after equation (3.13))

1
Y = oR (3.6)

To obtain the 1/N corrections we consider the fluctuations when expanding the

effective action about the large-N background,

1
_ 0
'QZJ:ch - wajy + ﬁnxy
1 o A
=@ = e (qpo g ) — da'n?, (3.7)
If 41
1
— Z® _

We desire to write this quadratic effective action as

1
Sé?f = 2/ddkl/ddk?/ddk?)/ddk4nk1k2ok1k2k3k4nk3k4v

Expanding the circled terms we obtain

O = Tr(y ny'n
Jt [ /dd f

d%ky d%ksy dks dk, dks Ak
/ <2w>d/ <2w>d/2/ <2w>d/2/ <27r>d/ <2w>d/2/ (2m)72

ik1(x—y),,—1 —ikoy —iksz tka(w—2),,—1 —iksy —ikez
€ %kle e Nkoks € %k4€ e

77k5 ke *

The 4 spatial integrals result in 4 Dirac delta functions multiplied by a factor of
(27)44; thereafter, integrating over ko, ky, ks and kg sets kg = ki, ko = —ky, kg = —k3
and ks = k4 = —k3 to give

@ = /ddk'l/ddkgw()klln_k1k3’¢0_1k377_k3k1
- / dk; / R R I
— [tk [ dhamg [5 00+ k)8 )
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. Similarly
@ = /dd'xni:p

d?k d?k dk dlky . ,
= d ! 2 3 4 —ikiz —ikox —zkgx —ikax
B /d / 2 d/2/ (2m)d/2 / (2m)d/2 / (27T)d/2€ € € Moy ke Mhes ke

1
— /ddk‘l/ddk‘g/ddk‘g/ddk4nk1k2 |:(27T)d5d(k31+k:2+k23+k‘4) Nkesks >

and hence
5@ L (it [ aty [ atns [ ak
eff 92 1 2 3 ANk y ko
[ (K1 + ka)0% (k2 + k3) ¥, Yor,
4! (27T) (k1 + ko + ks + k‘4)] Nhesky -
Therefore
gc)f - /ddkl/dde/ddk?)/d k477k1k’20k’1k2,k3k477k3k4
where[125]
1 f— —
Ok1k2;k3k4 = iéd(kl + k4)5d(k2 + k3)w0k13¢0k14
2\ 1
—— k k ks + ka).
4'(27_‘_)d (1+ 2 + K3 + 4)

In Minkowski signature, this may be written as [7]

. 1
ZSS‘)f = —2/ddkl/ddk2/ddk3/ddk4?7k1k2(9k1k2;k3k477k3k4

where
14 d 1\l
Okikaikaks = 50 (k1 +ka)0% (k2 + ks) (o), (Yo)y,
2t 1
e 5k kot kst k 3.8
A (2n)d (k1 + ko + ks + ka), (3.8)
and
0 o 7
VY = 72
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The effective propagator, which is given by the inverse of this operator, is thus[125]

Ol;llk’z;mpz = 2¢21¢g253 (kl +p1) §° (k2 + pz)

A1 0,,0 ,,0 ,.,0
_gﬁwk Vi Up ¥
@m)” T 7R TP 53 (k1 + k2 +p1+p2). (3.9)

A1
1+ 48 |p1+p2|E

For finite A there is a pole condition given by

A 1 B
48 [p1 + p2|E
— A
— ‘pl—i_m‘E:\/_(E1+E2)2+(p1+p2>2:_478
S A2
= (Bt B) = (i +7)’ = — o (3.10)

as A — oo, we note the infinite "pole” in the two-point function, which is consis-
tent with conformal invariance and dimensional analysis. At criticality (A — 00),
equation (3.9) takes a finite form, independent of A:
-1 Lol 3
Ok1k2;p1p2 = 272726 (kl +p1) 0 (k2 +p2)
pi b3
i i 16ip1 +p2lp i 0 4
777 — 550 (ki +k+p+p2). (311
BiE e AR B
This is the sum of a disconnected piece (associated with the UV critical point) and a
connected piece which is a A = 2 state that emerges at criticality. Up to leg factors,
these results are in direct agreement with the results found using the non-linear
sigma model in section 3.1. It is highlighted that this result is finite and that no
regularisation scheme was required. We now examine the A = 1 propagator (1y47yy)

in the path integral approach,

<77:ca:77yy>

_ A’k d*ky *pr d®ps ik th) g—iy(p1+p2) )~ 1
(27r)3/2 (zﬂ)?,/z (27r)3/2 (2ﬂ)3/2 k1k2;p1p2

_ / d3k; / d3ks / d3p; / d®po o—iw(kitk2) =iy (p1+p2) o
(2m)32 | (2m)32 | (2m)32 | (2m)372

71
[2253 (kx4 p1) 8 (s + po)
1

i i 16ilpr +p2|lE @ i 4
L pie e gk
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/d3p1 / d3py [_2eiw(p1+p2)eiy(pl+p2)

(2m)3 ) (2m)3 pip3
_ 2 : 16i[p1 + pa|p iie—ix(pﬁpz)e—iy(pﬁpz)
8|p1 + p2|E 1 p?p3

= 0,

so that indeed the A = 1 state is removed from the spectrum at the IR critical fixed
point. Note that this results from a combination of the connected and disconnected

pieces of the propagator.

The identification of the A = 2 field as suggested by equation (3.11) may be written

in coordinate space as

a(@)d(z—y) = (¥ mg),,
= (65 105y (U5 105 ) 1) = (@1 — 90)8(2 — 2) (al)a(e2))

Making use of equations (3.4) and (3.5) -

- N 2
<77k1k’277k3k’4> = k‘2k‘26(k1 +p1)5(k2 +p2)
12
(QkyOy) = —16[k1[0(k1 + k2),

we have that for the connected piece,

(05 165 gy (05 105 ) ) = 81— 90)3(22 — 1) (w1 )ale))

d3p i

= 6(x1—y1)d(w2 — y2) / We plv2=v1) (—16]p|)

and that the disconnected piece satisfies

1 1 - d3ky dks d*p dpa
<(¢01771/10 1)x1y1 (o 1Tl¢ol)xzyz> = /(27r)3/2/(277)3/2/(277)3/2/(27r)3/2

ik1x1 jikoxa Jip1y1 ,ip2y21.21.2,.2, 2
€ € € € k1 k3pIDs (M ko Mpapa )

B / d*ky / d*ky / d*py / d®ps
B (27r)3/2 (27)3/2 (277)3/2 (277)3/2
eiklafleikZCCQeiplyleip2y22p%pgé(k.l + p1)8(k1 + p2)

_ / A3k / Pk it (1) gika(o- 1) 9212
(271')3 (271')3 172
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From equation (B.5):

/ Pp 1 . 72 T(d/2 — a)

— £ _ - . -

@) ) D) (a2/4) 2=

we see that o = —1 and so this disconnected piece goes to zero since =+— — 0.

T(-1)

3.3 Hamiltonian Approach

The Hamiltonian formalism builds upon the concepts from chapter 2. The collective

Hamiltonian was found in equation (2.15) to be
2 N
H = DI+ §Tr(z/}—l)
1 1 A
d—1 — .
+N/d 1z <—2 %%8§¢5g+ §m2¢ff + 1 %f)
Using the translationally invariant ansatz,

Ak g
v = [ e

For this Hamiltonian, performing the saddle point analysis with respect to 15, we
find that

—éwg)—? + %EQ + %mQ + %w,% =0
e L[
- -1/
_ ;(;22+m2+2/(;l:;’“1¢]2> 1 2. (3.12)
Setting s = [ (gjr;idl_’glwg and integrating, we may write the above as
1 [ d7'k 1
°T 2/ (2m)d=1 k2 +m2 + %S
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Writing o = m? + %s the above becomes

(o —m?) = 1/ a1k ! (3.13)

2] Cn 1 iz 1

6
Y

Now notice that (where the signature used is (+,-,-), and using equation (B.2) in 3

dimensions),

%1 Va d*-'k [ dE 1
Jorr=t) = o | v e

The energy integral is given by (closing in the UHP)

/dE 1 _ /dE 1
2m B2 — (k2 + a) 2T (B — VK2 + a +ie) (B + V2 + a —ie)
2w -1

gQ\/EQ—i—a

implying that

VA . k1
4 2 (27T)d71 1/]22_’_04

1 [ d % 1 va
- = _¥= 3.14
3 / @2m)d=t iz 4 o A7 (3:14)

Therefore, equation (3.13) becomes

6 o Va
y(a-m?) = =
24m
B 247Tm2_ 24w 3 4
B A A

The IR fixed point is approached by keeping m? finite and letting A — oo, in which
situation equation (3.12) reduces to the background operator in conformal form -

the O(N) invariant two-point function of the scalar fields:

1 A 4?1k V2 1

0 .2 2

T - k I‘ + 7 %

wk 2 ( mn §] / (271.)(1_1 wk) o/ 72
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so the large-N saddle point analysis reveals that at the IR fixed point, the conformal
background has the form

P2 = . (3.15)

We now obtain 1/N corrections (and study the spectrum of fluctuations about the

large N conformal background) using

1
= + —=n; M=vNr 3.16
0 Yo Nk % (3.16)
N
H = —TrHl/JH—i— 8Tr(1/) h
1
+N/dd 1*( hma%xﬁ 3 sz + zp )
The quadratic Hamiltonian is then given by
@) 1 T S ANTEAR (e e g

H :2Tr(7rw07r)+§Tr (v ' by ') + A (3.17)

3.3.1 Quadratic fluctuations and the Eigenvalue equation

The equations of motion for the quadratic Hamiltonian given in equation (3.17) are

as follows:
. SH®
A 2 [thom + ™ol gz
) SH®
Tgg = —
Y Oz

1 A
= 5 L") mog! e (ug")’] |~ et (® — ).

To decouple this we see that

ey = 2[om + 7oz
1
= | [t vt it (0] -
A
G

(@) meg" + v n ()] wo

»-lk\H

—

L A L
Nzz0 (T — )0 — 61#077555(95 - y)}

<
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17 _ _ N2 _1n\2 _ _
= [—4 [%177%1 +0 ()" + (¥ ) n+ v ny

Ao L
—65(90 — ) (Nzzvo + Yonzz)

gz
In momentum space,

Neg = / dd_ldkll / dd_ldk2 e Ple ik x+122.g)77]z]g
emT J @enT i

ddfllg -
sy = | G (o

and substituting this into equation (3.18) term by term (noting that, from equation
(3.15) (o) = (vo); and that n; z =mng 7 ), we find that

) Ay [ ATk i i
”“:./@ﬁ” m>1€m@j%”%hkﬁ]
T) 2 T) 2

(%%%5f:=/fl /dd1 (o ') gz, e (V0 ) gy

B dd—l—»dd—l—» dd lkldd 1k2dd lkgdd 1]€4
- 1 L2 (27)3(@-1)

e_iEteik‘l.(g_fl) (%_1)];1 ei(kg-i1+k3-x§)ng2]z3eiE4.(52—f) (%—1)4

dd—lk;ldd—lkg _iEt ik (i 1 e (1
= /(271-)(51—1)6 te 1(9) (wo )E1 77121/2536 3 (wo )—Eg

. ddflk_i ddflk;_é —iBt i(k1-T+kad), | |
- /(27r)dEl/(27T)d;16 ¢ "k ks {(% )i, (o )2]

(105")"),, = [t [t 05, () e

/dd—l:i: dd—ll—: dd 1k‘1dd 1k2dd71k3dd71k4
= 1 2

(27)3(d=1)
ei(k1.§+k2.x1),’7]_€1_‘26 zEteikg.(a?l—fg) (wal)’; ezk4 To—7) ('QZ)O ) i
a1 d* ks —iBt (k1 -4k M1 .
= / (271-)% (27.‘.)%6 te( 1-y+k2 )77&];'2 _(1/}0 )_;;’2 (wo )—E2i|

S L D R A o _
_ / d—ll/ 61;216 Bt ji(k1-@+ 2y)n’;1]€2 _(%1)%2 (5 1)122]

(em= ) (2m)
d—17. d - = r
(w5™)?). =l/émiﬁ/gﬂi%ﬂmdk“2”%@_Wﬁhﬂ%ﬂa}
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The last term in equation (3.18) is given by

ddfl k_i ddflk; dd 1]5:; (’;1 I
- — Y+ko-y ) L iks(j—7%)
g7 (Vo) 7z / L= (%)T (27r)d se My € (¥0) 1,

d—17. d— d—1 -~ = -
(2%)% (2m) ) @m)ds ¢ " ’

and we will use a change of variables p; = k1 + ko + Eg, Do = —Eg and p3 = ko (for
which the Jacobian ’ap ;

= 1); thus Ky = p1 + P> — p3, and we obtain:

A U A T B R T
§§(¢0)gf = / d—1/ a1 a_ 1 el x)npl-ﬁ-ﬁz—ﬁ&ﬁs (¢0)ﬁ2
@emn)T ) @2n% ) @)
d—1 d—1 d—1
_ /d P1 / d"pp [ d"p3 R
(27’[’)% (ZW)T (27.‘.)d 1 P1+D2—P3,D3 P1

Similarly, changing variables to p; = ko + ks — Ky, Po = Ky and P3 = ks

dd_1E1 dd_IEQ d- 1/;3 i” - FdFoa-F
(Vo) gznzz = /(2 e = o= (iR (7 (1/10) oi (Ko +Fs 7)
™ T

d—17, d—11. d—1 i
B /d K / Ay [ d? ks oi(Rathis—Fr )7 ik 17 (o), 1

Mkaks

en% ) on% ) o’
d—1 > d—l—» d—1 =
- / : dpll / : - ¢! P Eg) (wo) Np1+p2—p3,03+
en% ) en% ) @n)dt & ’

Relabelling indices, equation (3.18) simplifies to

1 _ _
ek, = —7 000 2055 W, + a5 s,
A AT
~5 [(%) (%)EJ/(%) A
1
= E’npg, = 1 ( s (11)61),;2) Tkt g {(1/10),31 + (wo>,;2]

di- 1l
/ om)d- oyd—1 Ty +Eky 107 (3.18)
resulting in the eigenvalue equation,
a1
(7/)0);;‘1 + (%Z)O);;‘J /(27r)d_177;;1+;;2ljf~
(3.19)

| >

1 B _ 2
|:E2 — Z ((@Z}o 1)]}'1 + (QJZ)O 1)E2) :| 771_6‘11;2 -
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3.3.2 Quadratic Hamiltonian
The quadratic Hamiltonian was found in equation (3.17) to be

1 A
H® = 2T (mipor) + g g g '+ 5y [ A7 o

so, for the free theory
1 _ _ _
H® = 2Tr (mypom) + 5T (¥ Yng T ) -

We obtain as an equation of motion that

(3.20)

(3.21)

. SH®
ey = 0Ty
= 2 (7T¢0 + woﬂ-)y$ N
Writing
A2k d%k CiB -t = AT
n (T, 23) = 727: 727: (e iy ik1 T gk Yo rag +hc>
d?ky d2k T R
08, @) = 27r1 27r2 (_ZEH}) (e Phay! i 7 ik ya;zfgala} hc)
d?ky d2k CiEe -t = T
m(t;21,73) = 727r1 727r2 (e B Ryt gtk E ik Bﬁfﬂ&ﬁz —hc)
d*~p i
_ p(z—y),,0
(wO)xy - /(27_‘_)5116 wp
where
ot | = s
ki1ks? k’lké kl,k‘ll kg,ké
[0 (t, @1, %2) , 7 (¢, 91, 92)] = 6 (F1—y1)d (T2 — 92),

we see that
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and

From equation (3.15)

From the eigenvalue equation (equation (3.19)) we see that for the free theory,

1 1

Ei o =0+ 0
k1K 0 0
1,R2 2¢E1 21/1]22

= wE1 + wEQ .
Hence

1 *
Wk, T VRV T T T %,
wklwk2
(wE1 —|—w,—52) o WE Y,
2(0g, +95,) | R T VT2

The mode expansions are therefore given by

Nag = / dd(_lkil)/ dd(_le)/ 1 e—i(wlgl+w52>t6i];1.f€iﬁ2.g‘aﬂ .
’ (2m)ld=1)/2 (2mr)(d=1)/2 2wz wr
k1 k2

i wr +ws )t ik —iko- T
e( Fy TWRy )t g k1T g—iky ya’r

kl’”) (3.22)
B di—1 kq dd_lkg . ngl WEQ
Ty = (QW)(d—l)/2 (27r>(d—1)/2 -t \/ 2

(e—z’(w,;l+wg2)teik'1-feik'2-ga’; - - ei(w;gl+Wg2)tefik‘1-fefik‘2-y”a]: B ) .
1R2

k1ka

Substituting these mode expansions into the quadratic Hamiltonian (see Appendix

C.2 for the calculation), we obtain

1
2 _ = 2 2 . . L + 1 o
H = 3 /d k1/d ko (wkl —l—w,@) (akleQEQEI +alZ11§2akzk1)

— 1 2 2 t 1
= 2/d k1/d k2Ep i, (aE1E2aE2E1 +aE1122a132131)'
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Chapter 3 Large N infrared fixed point

3.3.3 Scattering States
We wish to express the scattering solution in terms of the free solutions. The full
scattering solution of equation (3.19) is given by
d—17
i 1 i 4 1 _ / a1 nﬁlﬁé
2 - | (27.‘-)d 150

B2 — (R + 15— F)

+

??‘lwl

ni = i

p—

??‘l ”31

N5 ik

where Eg 5 = [pi|+ [p2| and wzilpgg = 6415y — (F— k)09 (Fa — k) is the solution
to the free equation. Let us write (with &y + ks = p),

e = 8N G — (- RO (B~ F)
= o 1(p2—k1 k2+E)éd—1<ﬁ1—E>
and hence,
/ A1k 51,52 _/ d* 'k wﬁl_é
@m a1 lkE T ()T kR
+/ A1k 1 (1 L1 )/ N
2m)d-112 AN A 2m) =t Tpir
BT B = (R + = R) AR =R @
resulting in
/dd_lknﬁhﬁz _ 1 o 1(p1—|—p2—k‘1 k2)
(2m)d—1 —kk (2m) di-1k 1 1 L
12 (2m)d- 1E1271p2 (1F1+I7—F1)° (\ \+ ﬁ*kl)
0411 + P — k1 — ko) (3.23)

a A [ dlk ’
(27r)d ! (1 + 122z f (2n)d k2(k1 p)2>

where we have used equation (B.7)

e R Ut )
2(k—p)2 2 - N \E k)
(27) k2(k — p) 2E§_(|k|+|p~_k|) k| 1P =k
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From equation (B.4),
1

/ 43k 1 -
2 81plp’

(2m)% k*(q — k)

where Minkowski subscripts were dropped in the last line. Equation (3.23) becomes

/‘12]‘3 VR 52(]71 Py — k1 — ko)
(QW)dilnﬁ_E’E - 1 - 121 f (d3k k;l p)2
I ki — ko)
It wmpy

where we may write |pg| = \/— (Ip1] + |p2])® + (B + P2)?. The scattering solution

is therefore given by

e = 00— (- k)ST (B — F)
A 1 (1+ 1 )52(ﬁ1+52—E1—E2)
12(27)? - 2\|kl |- o ’
@r)f e - (F1+ 15— &) \IF 17— 1+ aghor;
which may be rewritten as
e = 6%(p) — 1)0%(Fa — k)
k1,k2
T A 1 o 82(P1 + P — k1 — ko)
e (g Vil TR A
Eﬁ1ﬁ2 N (’kl, + |k2|) il i “irls
At the critical point (A — 00), it takes a finite form
51+ po — k1 — ki 1 1
e = 63— k)0 (P2 — ka) + @E iz - o ﬁkZ)z <~ + ﬁ>
22— (ol + )’ L TR
(3.24)

Thus, at the infra-red conformal fixed point (A — oo

where EZ 5 = (11| + [p2])*
as per this equation), we have that (once again using the equations from Appendix

B)?

Nzz

~ | dPkydky nEHE?
1,k
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= /d2E1d2E2 [52(171 — k1)0%(ph — ko)

Pl 52(171 + po — El - E2) 1 ]
T I |Fr|
B, — (Il + rkzr)

_ ‘P’E 21 1 L
- /d By~ (Jf|+ F - 51) VI+V€—T

- HE w3 k2 (k —p)?

= 1+‘p”f“<\| )

— 0

so this A =1 state is removed from the spectrum [7].

3.3.4 Bound state

The eigenvalue equation (3.19) leads to a bound state, given by

A (o), + (¥o)g, ) /(dd_lf (3.25)

B B 2 2 d—1 77151+E2—ET'
e + o)) ) @0

We now act on both sides of equation (3.25) with 6(k1 + ks — @1 — ) and integrate

over El and Eg so that the left hand side becomes

dd—llgl dd—1,;:2 o o . .
LHS = / (27)(d=1)/2 / (27)(d—1)/2 77’_51’_~526(k1 the =@ - @)

d? 1k,
N ‘/\wailnﬁ+ﬁ—ﬁm% (3.26)

and the right hand side becomes

RHS =

A / di-1k, / di1k, (Yo)z, + (o)z,
2 — — 2
0 oIS e 4 (0 )g, + ),

dd 1l . .
/(27r)dlnl%'1+l€glfﬂ5(kl +hy— @ — @)
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) / A1k, (Y0) g v ay—iy T (W0)7, / A1 .
6./ (2m)@D/2 _ 2 | Godilata-il
( ) E? — i <(¢0 1)6’1+(72—E2 + (wO I)Ez> ( )

and consistency of these equations requires that (relabelling ky — k and qa+aq@ — P,

and recalling that ¢y = ﬁ)

A [ dE 1 1 1
1:12/(2 = . - 2<ﬁ+”>, (3.27)
T By — R+ 15— F) AR P

in agreement with Ref. [7]; this is also in agreement with the pole condition, as we

will now show.

The pole condition from equation (3.10) can be written as

N1 / g 1
- 6 (2m)¢ k?(p1 + p2 — k)?

From equation (B.7),

/ aE 1 1 (1 Ll )
2(L _p)2 9 o N2\ 7 T
(2m) k*(k — p) 2E12> _ <|k:| . k|) [kl |7 — Kl

Finally,

L )\/ -1 1 <1 Ll )
19 d—1 - N2\ S
12 ) (2n) B2 - (|k] +p— k|> k[ [P =k

which agrees with the result for the Hamiltonian formalism given by equation (3.27).
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Chapter 4

A constructive higher spin
AdS/CFT correspondence

In section 1.11 the concept of a duality between a conformal field theory in d dimen-
sions, CFTy, and a gravitational theory in d 4+ 1 dimensions, AdS;;1 was developed
(indicating the rise of an additional AdS space coordinate, z). A useful example
of this to consider is the duality between CFTs and AdS4. In particular, in the
Hamiltonian approach in d = 2 + 1 dimensions, the 1 4+ 2 4+ 2 = 5 coordinates of
the equal time bilocals map (in phase space) to the 5 coordinates of AdSy x S7. Sy,
which was added to ensure that the degrees of freedom on both sides of the map
match, is then parametrised by an angle 6. It is then conceivable that an explicit
map exists between the Hamiltonian CFT3 coordinates of the form (¢, z1, 2%, 23, 23)
and the AdS4 x S; coordinates of the form (, 2!, 22, z,p?) (the notation arose that
0 be treated as a momentum variable and p’ as a spatial variable). The map was
originally understood in terms of light-cone gauge and thereafter moved on to the

more general temporal gauge; highlights of this development are explicated below.

The aim of Ref. [5] was to construct higher-spin theory in AdS; from the CFTj
obtained using the O(N) vector model written in terms of canonical collective fields.
Light-cone gauge, where the physical degrees of freedom of the gauge theory are most
clear, was a natural starting point[127, 128, 129]. Indeed, in the light-cone gauge
phase space, an exact map was achieved between these two spaces in null-plane

quantisation and the collective coordinates of the bi-local field were successfully
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used to generate AdS, space-time. An exact one-to-one reconstruction of higher-
spin fields and bulk AdS4 was thus obtained in light-cone gauge. This was done by
comparing the AdSy generators in light-cone gauge found by Metsaev in Ref. [130]
and comparing them with the second quantised conformal generators obtained for

the collective fields, written as follows
G = / dry dey ditydi, ATgA = / dry dey ditydia AT (91 + §2) A.

In this thesis, we wish to obtain the conformal generators for the collective fields in
the temporal gauge (and at the IR critical point), necessary to construct the bulk
using a similar approach to that used in Ref. [5]. These will then be compared with
Ref. [10], where a kernel was used to obtain an exact one-to-one reconstruction of

higher-spin fields and bulk AdSy in both light-cone gauge and temporal gauge.

To this end, we begin by summarising the conformal algebra and its generators
in section 4.1, which we will then write in light-cone gauge in section 4.2 and in
temporal gauge in section 4.3 in d = 2+ 1 dimensions. A summary of the light-cone
results of Refs. [5, 10] are included in section 4.2, and a summary of the temporal

results of Ref. [10] are included in section 4.3.

4.1 Conformal Algebra

In section 1.11.2 it was shown that the 1st quantised conformal algebra consists of

the following generators,

Translation  ¢(z*) = (z'* — ")
= P, = —i0,
Rotation  ¢(zt) = ¢(z'* — e z¥)
= j#’/ = —ix"0y = T =1 (,0, — 2,0,) = — [x, P, — v, P,]
Dilation  ¢(a*) = ¢(z* — ext)
= D = —izh0, = 2"P,
SCT  ¢(az) = pla™ — 2(x - €) a* + €M)

=K, =—i (23;#36”81, — x28#) = 2x,2" P, — $2P# =2z,D — x2P“,
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obeying the commutation relations

[Pus Tool = inupPo — inuo Py
[D,P,] = iP,
D, K, = —iK,
(T Tpo]l = i (MupTpuo — NupTve + Mo Tvp — Mvo Tpup)
(K, P)] = 2i[nwD — T
(Kp, T = @ (npus — npw Kp) -

4.2 Light Cone

4.2.1 Light Cone coordinates

This subsection follows the notation of Refs. [131, 130]. In CFTj, the light cone

coordinates are given by

1
+
x = —(xxt
7 (z£1)
= Y
and hence
ds®* = —dt* + dz* + dy?
—ds® = 2dxtdx + dat?

= 2gupdatda® + dat?

0 1
b= .
Ya 1 0

Clearly the metric has convention = (—,+,+). Note that since z, = gap2?,

where a,b run over +, — and

vy =x and r_ = xT. Furthermore,
ozt ozx~ 1
O = SOt 0= 500
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oxt =, 1

8x = E&r + 878_ \/5 (8+ +8_)
1
=0y = — (0490,
+ \/5( t)
1
0. = —(0,—0
\/5( t)

for which 01 has the property that 0T = % = &% = O¢. The Lagrangian (which
is negative due to the metric convention) is given by
1 o 1 gt L i i 1 inl i
L=-50.0'0"¢" = —50:¢'07¢" —50-¢'07¢" — 50,¢'07¢
. 1 A A
= —0_¢'04+¢" — iam’amz (4.1)
which we recognise is no longer quadratic in ‘velocity’ but rather linear. To obtain

the Hamiltonian, we notice that if we make the identification of z* with time, so

that the conjugate momentum to this is

=5t — 79¢

the Hamiltonian, which is in general of the form H = Hd) — L, is now given by

(noting that d; now takes the role of 9;),
o 1 o
H = -0.¢'04¢" - <—3¢10+¢Z - 2@@“@&“)
Lo g i
= 5019'0.9"

The equations of motion are in general given by 0, (%) = % = 0 and for the

particular lagrangian in equation (4.1) are given by

oL oL oL
0"m<ﬁmw>+a<uaw>+m<umw>
= —040.¢'—0.0,¢'—0.0.¢’

= (20,0_ +0,0,)¢" =0

which has solutions of the form

¢z‘ ~ ez’x”pu _ ei(x*p_g.-i-x*p_-i-xlpj_) _ ei(x*p*+:c*p++xlk).
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We see that p~ is the energy conjugate to the time ™ and p™ is the momentum
conjugate to the spatial coordinate 7. We wish to find out the scalar field in

standard time-like quantisation, where the generic scalar field has the form

¢ (z,t) = /ddk ! (e*"“’kt”z'fm + ei“”@t*“;'fag .
Since the time component of the metric is negative, the Klein-Gordon equation takes

the form,

pupt = —m?

= pspT App +pipt =—m?

= 2 pt=-m’—pip*

2 1
- —m~—plp
= e
p ot
2
_ P
= — —,

Light cone variables are associated with the infinite momentum frame, in particular
partons which travel parallel and anti-parallel to the direction of the boost (notice
that the sign of p* is opposite that of p~; this sign relates to left- and right- moving
massless bosons). The infinitely massive ones drop off from the spectrum. The scalar

field may thus be written as follows:

| ) © dpt [ dk 1
7 +. 1 —
o (at5a™a) /0 Var | Vo ot

(=2t 4o ; (=2t 4o ;
i(p~aT4+pTa™+kx) ) gi —i(p~xt+pTa—+kx, ) 41Tt
(e( )Ap+k+e ( )Ap+k .

4.2.2 Commutation relations in light cone gauge

Making use of the relation for the raising and annihilation operators,

T
[Apirkl A

Pa k2

] =38 (pi —p3) 6 (k1 —k2),
the equal time commutator between the scalar field and the conjugate momentum
in light cone coordinates is given by

[H” (x+,w1_,1‘3') ¢ (x*,x;fl«"%)]ﬁ = —%5(xf — @y )6(w1L — w2105
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(the details of this, together with the commutator that follows, are found in Ap-
pendix C.3.1). This comes with a factor of % since half of the degrees of freedom are

missing. The equal time commutator between fields is given by

[(ﬁi (a;l_,aru_) N (CCQ_,.’I?QJ_)] = %dij&(:cu_ — X9 i€ (:cl_ — xz_)

where
e(ey — ;) = / > ﬂ; (_em(xm;)) + ei@;(x;ﬂ;)))
o 2m zpf
satisfies
d _ _
Fd% )= 5(331 ),
Ly

which does not vanish.

4.2.3 First and Second quantised operators

. In light-cone coordinates, the metric has the property that ¢gt— = ¢=F = ¢ =

gi— = g—+ = g;; = 1 and g"” = 0 elsewhere, and the conserved charges are given by
oL oL
it = — || Lyl - 0,0 )" 0
! (20 = 5000) 8+ 55500

= m0,¢6x" — Ly} x" — 16
= 71,6z — (1041 —H) g dx¥ — 76,

from which we obtain first quantised generators in light cone gauge (details of which

may be found in Appendix C.3.2):
Pt = —/dm_daziWQ
_ N 2
P = H= [dx dx 3 (0i0)
Pt = / dz~dz' (10;¢)
Mt = ztH - /dx_dxi (71'21"_)
Mt = /dxd:cimﬁaiqﬁ + z'n?
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Ml
M
D
Kz‘
K+

K-

= /d:c_d:vi (x_m?m — x“;’-[)

= /dx_dxj‘ (7rxi i — ijaigé)

= otH+ /dazala;l (mdp¢p + 73'0p — 2~ 77)

= /d:c—dxi <

20T + ;Uja:j) W@igb)

(
— /dx_dazj‘< D 4+ %(Qx T~ +:c3x])7r2>

— /dmdmL (:c [2tH — 2™ +270;¢ + mdyo] — % (227 2™ + 2x;) 7—[) .

We now describe in more detail the approach of Ref. [5]. Here we note that sec-

ond quantised conformal generators satisfy G = [ dzy dzy d1dis AT§A) (with the

momenta conjugate given by (pf, p;, P4, ps)). The second quantised generators are

summarised as follows (details of these calculations may be found in Appendix C.3.3):

Pt =

da(p®,a")pr =
=p" =

P =

5(1(p+,l‘i)pi =

=p =

5&(]9 7$i)P_ =

=p =

Mt =

—/dx_dxiWQ
/d:r/ dp*al(p*,2") (—pTa(pt,2?))

pra(p®,a’)

pi +ps (4.2)
/d:v_d:ci (m0;)

/dwi /OO dpi"aT(er,a;i) (i@ia(p+,xi))

iaz'a(f?xi)

i0; = pi + ph (4.3)

/d:n dz < ( l¢>))
/ i’ / dp*a )<_2;+aga (p+,xi)>
2+ a(p®a’)

P11 p’épé
- <2p1+ - 2p§> (44

$+H+/d£€dl’i (afﬂz)

185



Chapter 4 Constructive Correspondence

Section 4.2 Light Cone Gauge

5(1(p+, :L‘i)M"'_
= mt

M+i

(5a(p+, xi)MH
N

M—i

5a(p+, JI@)M”

= mY

sa(p™,2")p
=d

K+

oo ot P
i 4+ t (ot 0 z 2 . T+ -+
/da:/o dp*a' (p*, ") (2]0*82 +iv/p —8p+\/p >

(a(p*,2"))
x 0 i
<2+‘9z2 vp+va+> (a(p™.2"))
tp —aypf — 3Py
/dafidx (xﬂr@mﬁ + xiWZ)
/dmi/ dp+aT(p+,xi) (ix+8i + xip”L) a(p™, x’)
0
(ix+8i — :cip+) a(p™, xz)
tp' — 2\pf — w3 py
/d:v_d;vi (a:_w&qb — 3:27-[)

o[ ’ 0 0;x'0;

i + f(+ 8 [ 9. R R
/d:):/o dpTa (p ,x)( ali@]fr o+ )
a(p+ 2

(—@- o 2p+

P1951 +p2$2

i

/ dx~dat (wlﬂ(‘)jqﬁ — ) 7r8i<;5)
/d:): / dpTa pl +ah) (i:piaj - mjai) a(p™,xh)
w:(?—m]@) a(p™, z?)

zip] + 4} — 2{p} — 2)p}
xtH + /dx_de (mdyd + ma'Oip — x~7?)

m .
/ dat / dp*al(p*, ")
(;Jr(?? +idy + ixtd; — z\/p+ \/p+> a(pt
<2+83 +idy + ix'0; + i\/p+ap+\/p+> a(pt
th™ + 2dy + 24ph + abph + 7 pf + 2y py

. 1 )
/d:v_d:cZ <:U+D + 5 (2m+aj_ + CL‘j$]’) 7r2>

/ da’ / dptal(p*,z')
0
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at . . g 1 i i
|:x+ <2p+8@2 +idg + zx’@) + ﬂUifUzPJr} a(p*,z')

2
+ i AT . q L + i
da(pT, 2\ g+ = |z %ﬁ@- +idy +1ix'0; | — 5@:1: pla(pT, ")
. A, o o 1 . . o
= kT = %+ H2dy + 21py + whph) — 5 (2121p] + 2hayps) (4.10)

. v 1 .
K' = /al:):_dacZ (x’D ~3 (23:+x_ + x]xj) 7Taz'¢>

~ L 05z 8 0
Sa(pt, 2" ki = [:c ot 70 " 53;]:6]8
" ; 0
+iz’ [d¢ +270; + \/p+8]ﬁ\/p+H a(pt
=k = —t ( p—lpl + zpépf +piay +p§x;>
2p1 2p
1/ . o . o B
-5 (:r]llep’l + méxépé) + 2 (d¢ + z]p] + pf ] )
+ <d¢ + xép% + p;mg) (4.11)
A 1 ,
K- = /dx_dx’ <x_D - 5 (2x+x_ + 2/ ;) H)
, oz’ g 8 in 0
Sa(pt,2")g- = —/pt i, 2
a(p 737)K |: p+ap+ - zap+
_ 2t
=k = :E’ Zp1p1+ p%pQ—{—x (1: + 2 +d)
= apt 4 s 1 (zrpy v ¢
+zy (x2 Py + w5ph + dy) (4.12)

4.2.4 Map between AdS, generators and C'F'T3 generators

The generators in AdSy higher spin theory were first worked out in Ref. [130] and
then summarised in Ref. [5], and were used to establish a map between bilocal and

AdSy x Sy coordinates. Here G = [ dz~dxdzdf®§®, and the conjugate momenta
were given by (p*,p", p*,p’)):

187



Chapter 4 Constructive Correspondence

Section 4.2 Light Cone Gauge

/\+_

m +

—tp" —ap
mtt =tp* — apt

0.,z
Wt =2 p —ap o+
p

d=tp~ +z p" +ap®+ 2p° + d,

+pl+ ((xpz —2p")p’ + (p9)2>

kt=at?p + ot (xp” + 2p® +dy) —

k= z(xp” —a p” —

p+)+

+x(x pT 4+ 2p* +dy) + zpe

p*. 1
2

1 A, o
:—§(x2+z2)p +27 (27 pT +ap® + 2p° + da)

1
5(362 + ,22)}9Jr

(2° = 2%)p”

where d, = 1 for AdS,;. Comparing these two sets and generators results in the

following map between CFT and AdS; x S; (worked out explicitly in Appendix

C.3.4):
Pt o= pl+ps
po= pl+ph
o= <pip’1 +p’2pé) __pp+pp?
2pf  2p3 2p+
z1py + w2py
€T frd ﬁ
P1 t Py
= = T p] + T3Py
+ o+
P1 TPy
(71 — 1‘2)\/@
z frd
Py +p3
o Pws P
\/Pi Py
_ _ Ty — Xy
po= (e —a3) \/pfp2++(2)

+
2arctan }%
Py
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2] 24
X P1— | ¥DP2
Y4 Ps

(4.14)
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4.2.5 Map established through Kernel

Another approach, generalisable to the temporal gauge, was developed in Ref. [10].
The collective fields are canonical, i.e. [V, II] = d.» where the equal time bilocals
are given by
N . .
U(t31.00) = Y @', T1)¢ (¢, Ta).

=1

The large N expansion of the collective Hamiltonian is given by

1 1
——H3+ —Hy+ ...
N 3+ N 4+

In subsection 1.12.2 and section 1.13, it was observed that theories could be written

HCOIZNHO+H2+

in terms of an infinite tower of higher spins. In the present case there is a similar
situation as a result of the S7 parameter # which was added to ensure that CFT
degrees of freedom match with the AdS degrees of freedom. A Fourier transformation
of a sequence of higher spin fields yields
o0
H(zt27,2,2,0) = Z cos (s0) Hs (2527, 2, 2), (4.15)
s=0:even
representing a field on AdS; x S'. The pointwise one-to-one momenta map in equa-
tions (4.14) between bi-local (SO(2,3)) and bulk (AdSs x S!) fields is summarised

below:

" = i +pg (4.16)
P = p1tp2 (4.17)
+ +
p p
PP o= piy | =2 (4.18)
by
of
6 = 2arctan —i (4.19)
p

This may be inverted as follows: from (4.19) we may obtain expressions for p; and

Py,
tan2> = 22
2
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0 0 1 + + +
=tan’~ +1 = sec’= = 29:p1 —L_LPQ :pT_
2 2 cos® 3 1 Dq
0
:>pfr = p+cos,2§
=p; = p—pf
6
+ o2
= sin® —.
p 2

Plugging (4.17) and (4.19) into (4.18) we obtain

. 0 1
pT = pltani_(p_pl)ig
tan§
N ; 0+ 1 Seczg :y 1
an — = —
h 2 tang P tang P ptang
= = Zcosggtang—i— cos2g
pr = D B 9 b 9
0 0
= p?cos—sin— + pcos® =
2 2 2
1
= §(pzsin0+p(0089+1))
=p2 = p—n
1
= §(p(1—cos0)—pzsin9).

We may therefore write the map between fields as

H(p",p,p°.0) = /dpfdmdp;dpa/C (p",p, 0%, 0;01 0 03, p2) U (07, p1, 13, p2)

where the Kernel K is given by

K (erapupzue;pf’plap;apQ)
1 1
= 4 [pl —5 (p®sinf + p (cos O + 1))] ) {pg —5 (p(1 —cosf) — p®sinb)
1) [pf — pt cos? Z] 1) {p; — ptsin? g] .

This map may be used to obtain the identifications as found in the previous section.

For example, the identification between the extra AdS, coordinate and the relative
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bi-local space found in equation (4.13),

(x1 — x2)\/Pi Dy

pi +p;

Zz =

The map is established using the kernel as follows[10]
LA (p*,p,p*,0) = /dp dp1dpy dps KLY N0 (pf p1, p3, po) -

Some examples of obtaining generators using the kernel may be found in AppendixC.3.5.

We can rewrite the Kernel in terms of the AdS coordinates,

Py Py
K = 0 +p5 —p") 61 +p2—p)0 | p1y/ =% —poy| % = p°
P Do
+
0 arctan”p—i—g J
P 2

. _ 8<p+,p,pz,9) . . S
where the Jacobian J= ——+——+—< of the transformation is given by
o(py .p1.p3 p2)

0 1 0
0 1 0 1
+ iy + +
D) ) ) AD) g
det P ¢ 2 ! Py p]
2 vy s E 2 py + pT B E
2p+ p% ; % 2p+ p% Qp; p—1+
1 Py 1 2
; +( P2 1 p; 0
pl( “) 53 i ()| %
which simplifies to
BN~ SR N
¥ T T
b (PQ 1) 72+ p2 +(p72 1) ﬁ p2
Pr,rt Py Pr\r Py
+ + -
= P2 +/P2 P2 (4.20)
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B 1 i1 Lo p3 1
pi +ps v ol +ps ol +ps pipf +py
_ 1,1
i py

and we may therefore rewrite

*.p.p*.0)

H (p
= /dp1 dprdpg dps KU (pf, p1, 3, p2)

dpy dp1dps dps Jb6 (pf + p3 —p™) 6 (p1 +p2 — p)

+ 0 _
(pu/ pgy/pl ) (arctan % - 2) ¥ (pf,p1,p5.p2) -
1

Now recalling what was initially written and performing a Fourier transform,

H(zha™ w20) = ) cos(sO)Hs (2327, 2)
s=0:even

= Hs (a;Jr;a:*,x, z)
= /dG’H (x+; x,x, 2z, 0) cos(sf)
= / do / d'p & (2p"p~ +p* — (0°)%) € PeH (p*, p, 0%, 0) cos (s0)

= /dﬁ/d4p5 2ptp” +p® — (p°) ””“”“/dp dp1dp3 dps

_l’_
J6 (pf +p3 —p") 6 (m +p2—p)5<p1\/pi—p2\/pfr—pz>
D1 Do
ICHAT
0 [ arctan —1—5 \I!(pf,pl,p;,pg)cos(sﬁ)
by

where in the third line, this Fourier transform would normally be over 3 variables
but since we are now integrating over 4 variables it introduces an additional delta
function which enforces the on-shell condition.

Now, since

5
cos — = ———— =0 =2arccos | ———,
2 pf + g P +ps
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Hs (xt; 27,1, 2) reduces to
/ df / d'p 5 (2pTp~ +p* — (p°)?) P / dp{ dp1dp3 dp;

15 (vF + o+ — ) 6§ PR ﬁ_ ﬁ_z
(pf +p5 =)0 (1+p2—0)0 (P15 — D24/ = —p

+
141 4 O (it +
0 | arccos | —/——— — = | cos (s0) ¥ (p],p1,D9 , P2
( i +py 2) ECHEL
= / dp™*dpdp*df / d'p s (2ptp™ +p° — (p°)?) P | dpf dpidp3 dpo
Ps Py
IS (pf +p5 —p*)o(pi+p2—p)d |11 p%fpz L p?
1 2

+
Py T (nt +
cos | 2 arccos s |V (p{,p1,p5,D2
( i +ps ) (b7 21. 75 p2)

Orthogonal polynomials are a useful tool to understand this further. By way of

3

introduction, these polynomials are solutions to second order differential equations,
and some insight may be gained by viewing them with regard to their generating
functions, below of which are a few examples (defined when |z| < 1; for Jacobi

polynomials, R is defined as R = 1 — 22z + 22):

Legendre : \/ﬁw =00 o Pa(z)z"
Chebyshev : 1712;% =30 o Tnlx)2"
Ultraspherical (x Gegenbauer) : m =30 M (x)z"
] . ots — ( 75)
Jacobi : R(1+R—§)a(1+R+z)B =20 B ()"
Hypergeometric : F(a,b,c;2) =322, %zs

Here we see that Gegenbauer polynomials are generalisations of Legendre polynomi-
als. Gradschteyn and Ryzhik’s table of integrals , series and products[132], Szego’s
Orthogonal Polynomials [133] and Slater’s Generalized Hypergeometric Function
[134] give us some ideas about how to proceed. Firstly note that Chebyshev’s poly-
nomials of the first kind are given by (8.940 Ref. [132])

T.(x) = cos(narccosz)
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and thus

Hs (:U+;:1:_,95, z) = /dp+dpdpzd9 i Pu /dpfdpldp;dpg Jo (pir +p§r —p+)

Py pf -
§(p1+p2—p)0 | p1y/ == —p2y /= =" | ¥ (p].p1,05 . p2)
P Do
+
p
Tos ﬁ .
p1 +ps

+
In order to calculate T ( - fip + ), we take note of the following formulae:
1 2

_ 22n(n!)2 (-
Th(z) = an

oo Frv+a+1)I'(v+1) (Lo 9
P = (=1)" P, 2%(1—-22%),  Theorem4.1, [1
o (@) = (=1) F'v+a+1)I'(2v+1) ( %) eore [133]

Pl (1) = ( nta ) 4.1.1, [133]

1
2

1
() 8.962, [132]

n

+
The calculation requires us to treat Tog (, / %) as a normalised quantity. Hence
1 2

we obtain,

22(s)? p(=3:-3) i
T ( Py ) @t "2 vi+rs
2s T —— = 925 (512 (—1,—2)
b1 +p2 (2(58)') P2s 2 (0)

1 1
plm273) 28
2s py +pd

1 1

Py (0)

2
sT(2s— 141D (s+1) ,(—3,—3) ot
(DT rrorasn s © (-2 \/; )

sT2s=24+D)T(s+1) 5(—3,—3)
(=1) Fs—%2+1)1“(25+1) s ()
(_17_1) <p+—p+>
Ps 2 2 1 2

pi+pg

_1_1
pEE
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, (4.21)
and therefore

Hs (x+;:1:_,x, z)

1
= T'(- 2)/dp+dpdpzdp §(2pTp” +p*+ (p°) )e”’p“/dpl dp1dp3 dps

J6 (pf +p3 —p") 0 (p1+p2—p) (pl\/>— \/Z— )

Ps( 2 2)< _pQ)s!

p1 +P2
T(s+3)

U (pf,p1,p3,02) - (4.22)

in agreement (up to a factor of —24/m) with equation 30 of Ref. [10]. Equation 33
of Ref. [10] (which has a detailed but yet insightful derivation and hence is included
in Appendix C.3.6) tells us that in the limit z — 0,

- 3'/ dp*dpdp™

1 i(x+p’+x*p++xp) A - .+
7 \S Os ’ ’ ’
((_ia)se (p~.p",p)
which shows that the Collective field map to AdS fields at z = 0 (which is the

boundary of AdS) leads to the conserved primary operators of the Conformal Field

Theory; this acts as a good consistency check.
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4.3 Temporal Gauge

The map found in section 4.2 as enforced by a kernel was generalised to temporal

gauge in Ref. [10]. We review the construction of this map below.

4.3.1 Operator derivations in temporal gauge

In temporal gauge, where

-1 0 0
g =1 0 10
0 0 1
and
1 Iz
L = ) , PO" ¢
1
= =5 (0000 + 02006 + 0,60"9)
1
= 5 (00016 — 0:60: — 0,60,9)
or = 25
O
= O
>N = P —L=ndp—L
1
= 5 (7 + 020020 + 0,00,0)
we have
oL oL
I = —_ Bmo_ T v
’ K'Cg” 58M¢8”¢) ort 5au¢‘5¢]
oL oL
-t _ _ t . v

= - [(ﬁgf, — 70,0) 62" + wo )
= m0,¢6x" — Lg'6x" — 16
= 7O,pdz” — (10 — H) gL.ox” — 7ée
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For translations (where caligraphic writing indicates operator densities), noting that

g, =9"guu = gi =1,

ot = €
0¢ = Oule]p=0
= = w0,¢0x" — (nbip — H) g'0x" — 7o
= 7wOype” — (1D — H) ghe”
= (70,0 — (1O —H) gl) €
=PV =TV = = 18,6 — (ndp—H) g,

P = 100
=P" = /dwdyw@qu
PV = myo
= PV = /dxdyﬂayqﬁ
P = H

= P! = /dxdy?—l.

For Lorentz transformations,

oz = (€pu — €pp)a’
0p = —0"[(€pu — €up) x”] ¢ = 0 (antisymmetric parameter)
=" = (Lgy —m0,9)dz"

= (Lg"" —70"P) (€py — €1p) P
Y oL, oL
el ggme) - (o))
Y Y oL
(20 sayg0) o= (07~ g0 ]

|
==t = (e e ) - (e goro) o]
[
[
0
0

= jHP =

(L g — 10" ¢) x’ — (Egt" — 10°¢) z]
=M = [(=(n® —H)+ )t — (—(7° —H) +7°) ]

= Mtt —
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as expected for an antisymmetric operator. Furthermore,

M = [(Lg" —7d'¢) x — (Lg™ — 70" ¢) t]
= [(= (7= H) +7°) 2 + (10:9) t]
= Hx+ (n0.0)t
= M® = /dxdy Ha + (10 P) t

= MY = /dxdy Hy + (70y) t

= M = /da:dy — (70:0)y + (n0y¢)
For Dilations,

ot = ext
6 = —Opler’]d = —edyd
it = 7mo,p0x” — (10 — H) gLox” — mé
= me(nt + 0ppx + Oyoy) — € (7° — H) t + emdyo
=D = (70.0)x + (70y0) y + Hit + wdyod
=D = /dxdy [(1020) x + (m0y@) y + Ht + wdy ]

= Ht+ /dmdy [(100) x + (m0y@) y + wdy)] .

For Special Conformal Transformations,

Szt = 2(z-e€)at — 2l = (22 — 1}2‘9&“]
5p = —0,[22%a" — 2*g™"] € = —2dy€'z b
it = 7m0,¢0z" — (10 — H) gLox” — mée
= wo,¢ [22%2" — z? 9*"] €a (7r2 H) 9!, [22%2” — a:QQO"’] €a + 2dgmeqx®P
= K* = nd,¢[2z%2" — z? 9] - (7?2 H) g), [22%2” 290‘”] + 2dgma“ o
= 7o, [21‘0‘;13” z? a”] (7r2 ) [23:0‘75 — 22 O‘t] + 2dgma® ¢
=K' = 70,0 [2tz” — 29“’] —(m 2 —H) [2252 + 332] + 2dgmto
= 2nt(nt + Oppx + Oypy) + m2x? — 2m?t? — wla? 4 QH + Ha® + 2dymte
= 27t (7t + Opopx + Oypy) — 27%% + 2Ht* + Ha® + 2dymte
= 2tD — n*t? + Ha?
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=K' = /dwdy [QtD A ”HwQ]
K* = wd,¢ [23}3}” — ac?gx”] — (7T2 — ’H) [Q:Ut - :UQth] + 2dgmad
= 2mx (7t + 0r0x + Oydy) — 2t (7T2 —H) + 2dgma
= 22D + 2n2xt — 2n’at
= 2zD
= K* = /dxdy [22D]

KY = /dxdy [2yD] .

4.3.2 Temporal Gauge Map

The temporal gauge map was achieved in Ref. [10], and we review the construction
of this map here. The map requires that old co-ordinates and new co-ordinates
must close the same Lie algebra - so(d, 2), and this change of co-ordinates must be
a canonical transformation. These have been mapped, in the UV, to AdSy x St [5]
and generalised to temporal gauge [9]. In momentum space, this temporal gauge

map, is a point-like transformation that reads:

E = E1+E2=|E1|+E2|

k= El + EQ
kz = :|:2U‘E1HE2 sin <802;SO1>
2%k x k
f = arctan — 2 ><4 ! (4.23)
HEDE

Let us understand this map a little better. Working in phase space, the centre of

momentum of the bilocal space is identified with the AdS; momentum,

]; = E1+E2
K = E1 + Ez ,
and, writing
El = (‘Ellcosapl,‘ﬁl‘sing01>
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Eg = (‘Eg’ Cos Y3, ‘Eg‘ sing02> ,
k* is defined from the mass-shell condition as

o= [ (k0)2 — k2 (4.24)

— \/2 Eyl |ko| — 2k7 - ko

= 21k | | ko \/1 — (cos 1 cos @3 + sin ¢ sin @)

= 2/{?1 k‘g \/1*COS(()01*Q02)

_ il R ¢ (oo (252) - (252))
2 2
_ 2,/(151"1%’2 sin (w;m) (4.25)

So k* is defined as
k‘z = :‘:2” ’]21’ ‘EQ sin (SDI g SOZ)

with the sign changing under exchange of k1 and Ka. 6 and kY are a bit more tricky.

The derivation of these is sketched here, but the full calculation may be found in
appendix D. k¥ was found by relating it to the quadratic Casimir using Ref. [135],
so that

CSO(Q,S)) ~ 282 ~ 2(k9)2.

Working in collective gauge (in the language of [9]) which is different to that given
in [135]), where

(#1)* =0
(#2)* =0
Z1-k1=0
Ty ky =0
(k) =0
)~
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The full expression for the Casimir then simplified to[9]

- + [ oL
(k%) = ]lekg\cossO12sO2 (z — 21) + ]lekg\smw(x%_ﬁ)_

= F.(k1, ko) (x5 — 21) + F_ (K1, ks) (23— 27).

Imposing Poisson brackets, in particular,

{:vl, Otpp = 0
{z2,0}pg = 0

{z,0}pp = 0
(K% 0}pg = 1,

with the assumption that all AdS coordinates are functions only of bilocal coordi-

nates El and EQ and not of T;, we obtain that
2%2 X El
(8] - [&2]) =

The map in (4.23) can be inverted to obtain[10] (writing w = 1/ (k*)2 + k2):

§ = arctan

o W= Iklcost [(w|E|sin29—(kZ)2cosﬁ)k1
2\k| ((kz)2 + B2 sin? 9)

- (kzva sin @ cos § + k*w sin 9) iﬂ

— k| cos 6 -
K = — i HCSS [(kz|/€|sin96059+k:zwsin«9>k:l
2lk| ((k:z)? + E2sin? 6)

+ <w|E| sin?@ — (k%)2 cos 9) kﬂ
2l cosd L ]
k= R (tuk;lklcgjsjﬁ 0) [<w|k] sin® 0 + (k*)? cos 9) k!

- <k‘z|/g| sin 6 cos 0 — k*w sin 9) k‘ﬂ
k2 = 2 (?k;:lklcgjznz 9) [(kz\l;] sin 0 cos 0 — k*w sin 9) E!

+ <w|l_5| sin? 6 4 (k*)? cos 9) k‘ﬂ .
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4.3.3 Map established through Kernel

As in the light cone case, the map (4.23) may be established using a kernel, as

follows:
#(Fhe0) = / dbvdbok (R, 0B R) w (R (4.26)
The kernel K (. k=, 0:F1. ) is given by
K (Ra0:kB) = g9 (Fi+ B K)o @W sin (90;90> - k:>
o (k.k,0) L

\.7: ==+ =.
0 (ki, k7, ks, k3) k1| kel

where

Using the partial derivatives[136] (noting that \/(k*)2 + k2 = |k1| + |ka| = £°),

L 2 /L (k]| R 1.1 1.22.2) 1.2
okl |k k \/2 (|k1||k2|+k‘1k‘2 kle)k
ok! 1| + |Fo| P20
k3 ’fz\/é (1FsI1Rs] - K1k + K383 )2
okl Tor0

i Z )1 (k| |k 171 _ 727222
R T G R e L
ok (ki | + [l £2j0
ok} kz\/% (|k1||k2|—k{k§+k§k§)k2
okl 250
ok} _’fz\/é (!klllkzl + kIR — k;%kg)kl
k2 7250

— z 1 eI a1 279 1
87]{:% . “ﬁ’ B k \/2 (’lekQ‘ k1k2 +k1k2>k
ok? R | + |Fa| 52)0
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o 3 (BIEL+ k= a3

ok k2k0

N S AR

W N \El\+]l§2| E2k0

Ok} 1 Loz

= e (BRI -k )
1 2

ok N Er

2 ey (R - )
1 2

Ok} 1 Lz

ok M\/2 (1Rulia] = ik + k33)
1 2

Ok3 1 Lozwe

5 = ey (- )
1 2

ok} Ul

o % (Il + L} — R203)

Ok? [

N IR

ok e

s S (Rl + ki - 1203)

ok3 e

L _\/2 (1FallBa] = kLY + K213,

the map in (4.26) may be used to find the AdS, x S! coordinates in terms of bi-local

variables, for example

KOH (Eke) - —%H (Eke)
— [ ddioe (£ 0 ) (%’; 5+ x) v (k).

Now, these partial derivatives may be written in terms of trigonometric functions as

follows,

okl 1/~ -
8791 = \/2 (|k‘1|\k2\+k%k§l—k%k%>

1= - - -
§|k1||k2|\/(1 + cos @1 cos Y2 — sin g sin pg)

\/ ;|E1||E2|\/<1 + cos (@12@2))
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Section 4.3. Temporal Gauge

1 - -
\/ 2|k71||k‘2|\/<1 + cos? <W5¢2> — sin? <

©1+ 2
2

)

= \/‘El‘|E2|COS <S01+802>,
2
and thus
[ + [ +
K = |k1]| k2| cos (9012902> (w% - x%) + 1/ |k1|| k2] sin (9012('02) (x% - x%) .
Similarly,
g R Y R
B kO F210
o k1|22 + |Ko|a?  K1k2K?
B kO k210
o (@) kilky| — (@1 — T) - alky
kzkO ’
One can do the same for the generators, to obtain
Plas = \/k?+ (k)2
Pigs = k'
Pas = K
J§ZS _ xle . kal
K2k K’
tx _ 1,0
Jadas = k 2
k k71O
¢ 27.0
Jlas = =k - i
Dags = z'kb + 2%k% + 2p?
1 k*k0 KO (k%)?
t I -2/ 2 0 TY
Khrgs = 2(37 —i—z)kz—q2 J Y
. Lg  ovi1 1. 2k2KOK% KH(KO)?
1 2k KOKY K2(K9)?
Yy 1 (a2 .2\ 12 2
Ky = 2(1‘ +2%) k* + 2°D + P R (4.27)
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Chapter 5

A First Principles Construction
of the Bulk

In this thesis, we investigate if, in any way, the map developed in Ref. [10] needs
adjustment or if it applies to the higher spin/CFT correspondence at the IR critical

point.

In order to answer this question, we arrive at what can be called a first principles
construction (‘derivation’) of the bulk, in momentum space, which simply (concep-

tually, but not necessarily technically) requires:

e a change of variables from the original variables of the theory to bilocal fields

using the Collective Field method;

e a change of variables from bilocal to AdS and spin momentum variables ac-

companied by a field redefinition;

e and the use of the chain rule.

This approach is different, but as we will show, equivalent to the approach developed

in Ref. [10] for the full conformal algebra, at the quadratic level.

Moreover, the critical scattering states, which are the exact eigenstates of the inter-
acting theory and which, on the boundary, have an extremely non-trivial form, are

shown, when expressed in bulk variables, to correspond precisely to the removal of
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Chapter 5 Bulk Construction Section 5.1 Field Redefinition

the s = 0 (A = 1) state from the spectrum. This highly non-trivial result confirms
the applicability of the method described above.

5.1 Change of variables, field redefinition and Hamilto-

nian in the bulk

The conformal generator P! is given by
Pl=H = / dZH
o 1 o,

= / d?z LA +V,
20¢c(2)0¢c(2)

which we recognise from equation (2.14) (ignoring V') to correspond to
. 1 1
Pt = —5(9&9&585 + 3 (OaInJ)Qap (0g1InJ).

Although the key elements of this calculation have been done in chapters 2 and 3, we
review it schematically here as this will be useful in understanding other conformal

generators. We have from equation (2.18) that

InJ = gtrlnw

OlnJ N
g = omS N
= Oy InJ aw(f’g) 21/}?”;’

and further 9, = % = 1mgzy; therefore
2
o= @ [y [ @ [ @y sy ~~+N—¢*19~~~~¢*1 (5.1)
X Yy X y 27Txy T /y/7T$/y/ 32 gz e 7z .

Now, from equation (2.10) we have that

and therefore
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)
Pt = Troym + Tramy + N?QTrwfl.

Making use of the fluctuations as per equation (3.16) and the comments leading up
to it (where to leading order in momentum space, 9 is diagonal and hence commu-

tative), we obtain

P! = 2Tempor + STl (e (v ™), (52)

equivalent to what was found in equation (3.17); here, however, the trace is taken
schematically as an integral over coordinates Z, ¢/, #, 4’ and not momenta. We rewrite

nzg and mz; using the Fourier transform,

o k1 [ d*ks oik1E ik
Nzy = 92 I nklkz €

m
2 2 o
Tme — d kl d k2 AT P ik1~£‘6ik2~g‘
T - k1k2

(Yo)zg = /(%) PP, (5.3)

The first term in equation (5.2), written schematically as gy (10)yy Tz, is thus

d2k‘1 d2k2 d2k3 d2k‘4
27-(- 2 k1k2q’bp Eska
/d2 /d2 /d2 / zkl zk2~yeip-(y—y )eikg-gj/eil_Qf.

Integrating over the Z, v,y followed by the Eg, 54, p cancels all denominator factors

given as follows:

of (2m) and sets ky — —ky, 7 — —ko and ks —  — —ko, resulting in
2Trmy)m = 2 / d*ky / om0 T 5 k-

Similarly, the second term in equation (5.2), which can be written schematically as

(¥0) 7, Mas ($0) 70z, Na, and is given by
d?k;

Rky [ ks [ ks [ dpy [ d2ps o
[ [ [ [ [ a2 [ s ) e
/del/d2w2/d2x3/d2m4eim'(‘““)eikl'”eik?f?’e@'(%f4)ei£3'f4eig4'jl.
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Chapter 5 Bulk Construction
Here p1 — El, E4 — —p1 — —lgl, Py —> —EQ and /2,:3 — po — —Eg, and therefore
symmetrising, we obtain
1 —2 —1 —1
76 r(vo )n(wo )n(y )
d’ky d2k‘2 0\—2/,0 \—1 0 \—2/.,0 \—1
/ / kle 1) ( EQ) +( Ez) ( E1) ]n_l_ﬁ—l_ﬁ
and the symmetrised quadratic collective Hamiltonian is therefore given by (with
vector notation),
2 0 0
/d kl/d ke (mg, (V2 +42) 7 5, 7)
2 0 \—=2(,,0 y—1
16 d ]{,‘1 /d k2 Ukle ((wgl) (¢E2)

At the conformal fixed point where masses drop away, we found that

for which the Hamiltonian becomes

1 1
ko /d2k Ty 7 e =+ - ™ oy 7
/ 1 25 ( k1 ko <|/<71| |/€2| —ka—k;

ey (FPIR + Rl m_g, g,

and we notice that

) 0H, 1 1
e g, = ===+ |7 7 (5.4)
k1ka 571-121];2 (’]ﬁ’ ’k2’> ko—k1
. _ O0Hy
N T = — (1RIRal + R ) i, 7,
.. 1
= ik <E |k2> || [F2| + |2 |/<?1|) R

= (1Rl +1Rl) g,
from which we can immediately read off that the energy in bilocal coordinates is

given by
P! = PO = (|| +[Fa]) = K
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and in AdS is defined from the on-shell condition (equation (4.24)),
Plas = B + (k)2

Furthermore, (m + W) is the same expression as was obtained for the Jacobian
2

for the change of variables from bilocals to AdS coordinates in Ref. [10],
Ok gasx 51
‘ 8kbilov:al ( )

Now in this canonical formulation, since we have the general property written

schematically as

/5x—a:oda;—/6 f(zo))df (x /6 x0)) f (x)dx

3(x — o) = 6(f(x) — f(wo))det | f'(z)]

we require that
[WE1E2,77E,1E,2:| = —i52(k1 k/)52(k klg)

1 1 - -
= —1 - + = 5]6' l—k’/
(Vfl\ \k2\> (Kaasxst — Kagsxs1)

AR .
= ﬁ = —i0(kadgsxst — Kagsxst)
kil ke
This suggests that we redefine the fields as follows (from equation (5.4) we see that
it is 1 that should be rescaled and not 7):

H (E.k'zﬂ) = 177121
kal  1kal 5, By (R ke 6)
H’H (k-kz7 9) = WE1E2 El,kQ(E’kz’a)

The potential term may be massaged as follows:

A (!’ﬁ!QIkzl + \k2\2!k1!) N_fyiy
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( 1 1 ) E1ks (|k1| || + |Fa)? |k1|> N % iy

R
I (m*a)

2
meg, (1Rl +1Rel) 0, g,
1 o, 1
<|E1\ + |E2|)
2
( 1 1 ) 1 ko (|k1| + V@‘) Nk,

i R 2
1 2 1 4
(\k1| + |k‘2\)

implying that we can write the collective quadratic Hamiltonian as an integral over

the AdS coordinates by first factorising out this Jacobian from both expressions,

1 1 1
&2k /d% T I G
/ 1 2 (‘kl‘ ‘kQ‘ 2 |:< k1kso 7k2*k1)
2
(Rl +16al) s,

EE
L 1 o, 1
(k |k2\) (|E1| + |E2\>

From [10], |k1| 4 |ka| = (P°) aas = \/k2 + (k*)2 = k°, and therefore, using equation

(5.5), this Hamiltonian may be written as an integral over AdS x S' coordinates as

(5.6)

follows,

;/d];AdSXSI [(HH(Ea kZ,Q)HH(—E, _kz?_6)> + (PO)QH(E7 kZ,Q)H(—E,—kZ, _0):| :

We define & = k Adsx s, and may therefore write

Hy= / 4R [IR)TI(—R) + (P°)H(RYH(-R))] .

This may be mode expanded using

_ —iPY% iR-Z PO —iR-zZ t
He = / (2m)2 /2P0 (e T ag e W“E)
. 1
= HE) = (ax(0) +al z))
1 i
o 2P0 (a” * G_E)

dr PP —iP% JiR-Z ot POt —iRZ o 1
o= [ (R i
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SR = — i(a,g(t)—a]t_ﬁ(t»

to give

5.2 Scattering States in the Bulk

In equation (3.24), the universal/critical scattering states, independent of A as A —

oo were found to be

5 5 I SV + Py — ky — K 1 1
ngiygz — 5d 1(]91 _ kl)éd 1(]92 o k‘g) + |p’2E (pl Pi 1_) 3) — ).
’ " E1%1172 - (|k1| + |k2|) “ﬂ’ |k2|

Here we note that k1 and k2 are momentum ‘coordinates’ and that p1 and po label

the energy eigenfunctions with energies
2 . S N2

We further recall notationally that in Minkowski coordinates, p* = (|p1| + |p2|, 1 + P2),
so that |p|, may be defined as

ple = VER+pP=V-E2+ 52 =iV/E2 -}~

Moreover, we see that

ple = =iy/(pil +Ipal)> = (1 + o) - (s + ) = ilp").

211



Chapter 5 Bulk Construction Section 5.2 Scattering States in the Bulk

We may therefore expand the universal / critical scattering states in their energy

eigenstates as follows:
77];1];2 = /dpl/dp2nplvp2 ﬁlﬁQ

51 (py +p2—k1 k2)<|k1\ +|T12‘>
= Yrg t / dp / dpa |p?| - 1
B — (1Rl + [Ral)

To change to higher spin variables, we make the identification

o M ke
H{F) = 7
(#i+ )

¢ﬂ4

hR) = ks

1, 1y
<|E1| + \E2|>

resulting in all the terms being multiplied by a factor of (ﬁ + ﬁ) when writing
2

in terms of AdS coordinates; the additional factor of (\k | + ﬁ) in the last term
1 2

allows for the bilocal integral to be converted into an AdS integral. Hence we obtain
i ([~ k)

HGE) = 1)+ [ far [aw )
: ) = () = (02

— h(k*,K,0p) +/dp /de ’p‘ )h(pZ,E,e).

Under mild assumptions of the behaviour of h(p?, k,0) as |p?| — co where we also
require that h(—k*) = h(k?),

z ’pz|h(pz7];,0) . z 1.
/dp )= () —ic ith(k*, k,0),

so that
z z 1 " z 7
H(k* k,0;:) = h(k* k,0;) — 77/0 do h(k*, k,0;). (5.8)
Using
h(k*,k,0) = cos(s0)hs(k*, k)
s=0
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for 0 < 8 < w. The latter term in equation (5.8) removes the s = 0 term. Since
A =F =s+1, s =0 being removed is the same as removing A = 1 state, as seen
in the previous observations. This gives great credibility to the identification. The

interacting field may thus be written as

H(k* k,0) = hy(k*, k) cos(sf).
s#0

It is then important that this approach is shown to be equivalent to Ref. [10]. The
following procedure yields the desired AdS generators (dropping vector signs for

notational simplification):

1. The generators are calculated according to the formulae which were found
in subsection 4.3.2 to be (where expressions are first written in terms of the

original O(V) invariant vector fields):

Pt = / drdy H
P* = /d:vdyw@xgb
pPY = / dxdy ©0,¢
e = [ ddy — (0,0)y+ (70,0)
M = / drdy Hx + (m0,p) t
MY = /dxdy Hy + (m0yp) t
D = Ht+ /dxdy [(02¢) T + (TOy@) y + Td )
K' = / dady [2¢tD — 7*t* + Ha?]
K* = / dady [20D]
KY = / dzdy [2yD],
where we set ¢ = 0.

2. The expression is then Fourier transformed to give generators in terms of

momentum space vectors ki and ko; this step may involve first obtaining a
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Collective field description, or expanding using the chain rule.

3. A change of variables korig — knew is performed given by Kpilocal — kadSxCFT

with associated Jacobian given by

8knew . 8kAdS><Sl
8korig B 8kbilocal
ok
= / dkpiocal | 2d5x5T | / Ak pgsx gt = / dR.
akbﬂocal

Additional terms that arise due to this change of variables need to be dealt

with appropriately.

4. Second quantisation is performed if necessary, that is, the expression is ex-
panded in terms of az and a; and compare the expression of the AdS generator

with those in equations (4.27)[10]:

Plas = k2 + (k)2
Pl = k'
Pde = K
Jf‘fés — .’Blk2 o x2kl
. k2k* k0
J/thS = _xlk'o - 7
klk# kY
¢ 270
Jias = =k - P2
DAdS = xlkl + 5621432 + zk*®
1 k*k? EO(k%)?
Kt — (2 2\ 1.0 _ _ TY -
AdS 5 (IZ? + z )k 7]{:2 J 2k2
1 2k2kOK0 /’<;1(k")2
Kl‘ - _ —2 2 kl 1D - -
AdS 5 (B +2°) K+ D+ = om
1 2k KOk I<:2(l<:9)2
KY _ i 2) 1.2 2p i v
AdS 2(95 +2°) k" +2°D + 2 572

5.3 Bulk Conformal Algebra of the Free Theory

In this subsection we wish to derive the conformal generators. In order to calculate
the conformal generators, we shall require partial derivatives the opposite to those

which we used in Ref. [10]. According to the map, the AdS variables are given in
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terms of the bilocal

E'o= ki + ks
K= ki +k
o= 2l — 2kiF
2 PR 2 2 (k1) + 289

2P X pi )
([p2] — |p1]) p*

0 = arctan(

The k* partial derivatives are given by

() = 2/(kD)2 + (k22
Ok? o
2k* = 2| K22 —k
= Ok} (1,1, )

ok ks
= — — e kl_,ifk
k1 K ( Bl P

and so forth. We can simplify the expression for 8 as follows:

VD2 + ()2 — 2 (ki kS + K2K3)

2| | o sin( 2 — 1)
0%—%0¢4%W¢4%%mm@—ww
2/ |Raf2sin (£2521) cos (2252)

(1F1] = [Bal) 25in (2252)

_ 2V/M5Hfg\co%ﬁ¢@g¢l) (5.9)
(1R = 12l
2/ [l o]/ 221
V1R1| = (Rl
\/5\/|E1||E2|+E1~E2
(1F:] = 1F2])
VBV IFil[Ra] + - Fo

(1% = 12l
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Thus,
\/5\/|E1HE2‘ + k- ko
tanf = = = (5.10)
k1| — |ka
2 (\Elw%'gy +1€1-1$2)
= sec’ = - 2 +1
(1% = IRz
1|2 + [ka|? + 2k1 - ko
= N N
(“ﬁ’ - |k‘2|)
E2
g —_) = -
(|If1| - |/<?2|)
We will make use of sec202% = 94 — 00 _ 1 04

okl — okl T okl — sec?d gil”

1 |Fe| 1 [ r—

oA _ g+ ) VIRl + R E g

T = — ~
M BRI RR (R =R (BRI R

1 [k2| 1 7

90 _ [k;lﬁ—i_@] <|k1|_ [ ) \f\/’k1’|k2|+k‘1 k2 ki

T = L =
8k1 \/ikg\/‘klukgl—i-kl'kg k2 |k71|

and so forth. The partial derivatives we require are therefore given by

Ok? okt O0k®>  Ok?

okt okl Ok2 T ok2
Ok oK _ oK ok
ok? — 0k3  Oki Ok
L S o 1 R
k! A\
Ok* 1 s

a2 1.2 k2T—]€2
k2 kz(lykly 2
ok 1 (k]

a1 1.2 le—k1
ok} kz(kagy !
Ok? 1 |1 |

— = — |k -k
k2 kz<2yk2] !
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1|;\ 1 (151 _ 1% e
1 - = =
H T e NAE P i
2 |k =
% Wi+ 3] (- 1kl f\/!klr\kwkl-kgki
2 —ﬂ
O VR IR+ - B Z =
1k S
o0 [ 2 |k 1} +k1} (‘kl‘ B ‘kz‘) \f\/|k1|\k2\ + k- ko kd
B - )
ok \fkmklukzukl-kg P o
2 |1 2| (151 _ -
oo _ (BRI (RI-IR) ey Rk <R g 51
2 -, = . .
N N AT AR Z i

5.3.1 Calculation of P* and PY

The first conformal generator we shall calculate is

P* = /dmdyw@xgb.

Writing z = (2/,y’) (omitting explicit vector notation),

0
99(2)

The chain rule associated with ¢*(z) — ¥(z,y) = Y. ¢°(x)¢(y) is given by
9 _ 2 2 op(x y 0
s = )P B e
3}
= [ [0+ -0 w) 5o
= [ [ @y (Slar - 32— )6 W) + 3~ )50~ )6 (2)

P* = / da' dy 70y = / d?20,¢%(2)

N (x,y)

Thus,

pP* = /d2 /d2 /d228 1 (x
(6(x1 — 2")d(x2 — y") o™ (y) + 6(y1 — 2")0(y2 — )" (z ))
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0

- / Lo / 2y / d*z [8m¢“(x)¢“(y)+3y1¢“(y)¢a(x)]m

_ / o / &y [(Dar + By,) nly, )] 7, y)

1. Using equation (5.3):

d?ky d2 ko

zklz ikoy
7714«‘1 2€ €

o = [ L0
/%

1 zk x ik
Ty = / 7rk1k2 e zy’

2 27

we have

Tz ko,‘ ko ko d2k‘4
" / j / ; / (27;; / (2) (k% + k%) n(k1, ka)p(ks, ks)

/d2 /deezklye'Lkgx iksx zk4y

Integrating out over z, y, ks and k4 sets ks — —ko and k4 — —k1 and cancels factors

of 27, and therefore (re-introducing the vector notation)

pr / 2k / Phy (k) + k) (R, Fo)m(—Fo, —F1)

_ /d2k1/d2k’2 U(k17k2)
;+;]
[|k1| K1

= /dﬁ' E'H (R)TI(—R) (5.12)

- fore s oot )] [ 5o )

1 o
= —5 /d/i Kt [aga_g — CL,QCLTR» + aiga—ﬁ - QEEGH :

=+ = m(—ka, —k1)

(ki + k3)
k| | 2\

where aa and afal integrals go to zero by symmetry under & — —&. Hence (using a

dummy substitution in the second step),
pP* = —% /d/%’ k! {—a,gag + aT_Ea,,g]

= ;/d/_{ Kt [a,gag—l—a;a,g}.

'The second term in the similarity transformation 0o — 00 — %&y In J does not contribute.
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so that the AdS generator is
des — kl.

Similarly

pPY = /dxdywayqb

= ;/d/% k> {a,ga}; + a};a,g] ,

with associated AdS generator
Yy 7.2
Pj.s = k.
as expected.

5.3.2 Calculation of M*

We now calculate M*Y,

MY = /dazdy — (m020) y + (m0yo) x,

Using again z = (2/,y'), we obtain

M™ = / da'dy’ — (70yr¢) y' + (10 d) '
0

o 22_ /az
= [ ey + 0,06 @) g

_ /dzx / 2y / @z [~ (0:6"(2) o + (9,6"(2)) @]

((5 (x —2)¢%(y) + 52(y - Z)¢a(x>) 8¢(8x7 Y)
N / 2z / d%y / &z [= (0w 8°(2) ¥ + (9y0°(2)) ']
(0(z1 — 2")d(z2 — 4" (y) + d(y1 — 2")d(y2 — y') 6" (2)) w(iy)

_ / P / Py [(— (8, 6°(2)) 22 + (9,0° (2))21) ()
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— (00" (¥) Y2 + (95, 0% (y)) 1) ¢ (2)] aw(iy)

0
/de/de (=220, + 2102, — Y20y, + Y10y,) Y (2, y)] 90y, 2)

o [ Po [ Eylna0n + 0100 - 120y, + 00 () 7l 2).
Using equation (5.3) once again,

2
d kl d zk1zeik2y

2m /
2 .

1 zklwezkgy’
2

27r

Ty
Y T

_—
/

we obtain
w d2k1 d2k2 d2k4 1 2 1 2
k37k4)/d2x/d2yem1x ikay Zk’3y€zk4gc

_ /d%l/d%z[( Okt + O k? — 8k§k§—|—8k%k§> n(kl,kg)] (—ka, —k1).

Now,

ok! ok? ok* ok?
g 8k2 akl + 8]{;2 8k2 + akz Bke,

Oz ok? ok?

and so forth. Using the partial derivatives given in equations (5.11), we find that

olk2| o 1 [ k]
=k Or= — k= -k O
<h|2 ' A\ R )T
1 (alk] s 1 [ k]
kz k2 ]_C' k;l 8kz kz k2|E2‘ kl 8kz
2 |Fa| 2 7 = R —
o [ ] (R 1Rl) Vol + o g
V2k2\ /|y [Ka| + Ko - k2 |y
1 |k2| 1 e ——
a2 [[k |E\+k} ('kl‘_“”‘) 7\/5 k1||k2+k‘1-k2k}]

V2k? \/|k’1||k2|+k1 ko K [

_k%akf + k28k1 - kéakﬂ + kgak;

= —k{ |Op + + k2 |04 +

+ k5 | O + +
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2 |E4| 2| (1% 7 - S -
" |35 4 k2] (Ikl—lkz)+\@ Fillfal + 51 By i3
V2R || [Ra| + i - R i [k
|1 |

+k2

[]4; |T } (|k1‘ - |k2‘) n ﬂ\/mk%]] 19)
VaR IRl + o o e Kl
= — (ki +K3) O + (K} + K3) Opa

= kzakl - kl@k%

and therefore M*Y becomes

M = / &k / d*ks [(—ak%kﬂak%k%—akgk;mk%kg) n(kl,z@)} m(—ka, —k1)
— /d2k1/d2k2 (K201 — k' Ope) n(ky, k)| w(—ka, —k1).

Consider now

I 1 1
—82k1+6 1k2—82k1+a 1k2:| T—i‘T
| TOk3NL T Opi R T Ozl T Okl R RS
1 1

_ [ 1 2 1 2
= [+ syt + 0] | ot + et
o AL R ]

VEDZF DT R+ ()2

= 0.

Hence we can write

M™ = /kol/d%z 7+7
kil k2l
n(k1, k .
e
k1| [k2l
— /dk/dkz/de kQakl — kLOe) H(k, k ,9)} I(—k, —k*, —0)
- / 07 [(K20ps — k'04) H(R)] TI(~R) (5.13)

= /dfz [(lﬁakl — k'0p2) \/21@ (ag +a%)}
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= ;/d/%' [—ag [k28k1 - klﬁkz] a_p +ag [k28k1 _ klﬁkg] a:%

—a! [k — k'O a_g + al _ K200 — K'8)e] aH .

Since k' and k? are dummy variables which, under exchange, don’t change the aza_x

and aiﬁa; terms, these cancel and we obtain

e = / 45 [az [0 — K'042] al. — ial [0 — K'0ja] ag|
Thus,

MY =a'k? — 2°k.

5.3.3 Calculation of D

Let us now calculate the dilatation operator,

D=Ht+ /dxdy [(70¢) x + (1Oy@) y + Tdy ] .

Setting t = 0 and z = (2/,3’) and noting that dy = 5= = 0, we obtain

D = / da'dy [(70p¢) 2’ + (10 o) ']

0
= [ O ) e+ @) ¥ s

B / &z / A’y | d®z [(0w¢™(2)) 2’ + (0 ¢°(2)) /]

2 a 2 — 2z @ 8
(5 (x—z¢(y)+5( )¢( )) aw(%y)
- / iz / d’y / &z [(Owd™(2) 2’ + (9 ¢°(2)) y/]
(6(z1 — a")d(w2 =y )" (y) + 3y — 2')8(y2 — y')" (x)) a¢(i y)

= [ @ [ (00 @) 0+ O @) 2 ) 5

+ [ / @y [0 (W) 11 + (08" (4)) 2] () =2

ay(z,y)
= [ [y (@0, + 220.) 600 0) awg,y)
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+ / iz / d*y (19, +923y2)1/’(y’x)]8¢(asﬂy)

— /d2k1/d2k2/d2k3/d2k4/de/de

[ (K10yy + KRhs + KOy + K303 ) mlhn, ko) | (ks k)

iy +hTy2) gi(kyor+h3we) gi(kjor+hies) gi(kiyi+kiye)

/ d?ky / d%ky

[(k}ak% + K304 + kb0 + /-c%@k%) n(ky, kg)} (—ka, —k1).
Now

k1O + k{02 + k30 + k30,2

ko 1,k
= kO + el oV o = 02 |0 + g2zl O
1 k kz<1|k‘1| 2 k k kz |kj| k

k1] |k |
k3 [0k + kll——l Op= | + k2 |02 + k22l O
i k( [ | o o | ()

TR+ R] (R = 1Ral) V2 IRl + R R g1

+ky - Os

K

L V2R [R ||Ra| + By - Fy 2 Jfr]
[ 21kl | 12 -~ S o o

N i k] (B IR)  vayiRiR R F it |

[ VR (Rl + B R k2 [k

(1.1 Kl 1

. _1@@%1] (\kll—\kzl) V2l ko] + Ry o g o
V2E2\/ k||| + Ky - o k? ||

i E 2 7 7 - - - -

[ ] (BB  vayiRIRI R R ]

L VR[] + Fy - ey K |z

/f2| 1 |Ko |
k1| 1)]3,92 (k:fq—kg -

’f( |1 k ||

k| 1 |F1
k1| 1 az kQT—k2 8z
k( IRl )] k(m I

. [2 (IF:llFol + By -Ro) (Bl = 1Rol) VoY IRilIRol + By - - ’52'}]

o [ - - 12
VIR2\/|F||fe] + B - B K

—‘rk/’% Oz +

! ak;l + + kz akz +

1 |k

= (k4 ED) O + (K24 k2) O + — = :;:: ((k1)* + (k7)?)
1

e LI (k2 12)2) 01 — = (k1R + 2023) 0
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1., - 1., - 1 - o
= /{ilakl =+ ]{i28k2 =+ k7|k1||k2|8kz + k7|k‘1‘|k‘2|akz — E (le . k‘g) 6;€z

1
= k'O + k%02 + = ((k*)?) O
= k'O + k%042 + k0= (5.14)

The Dilatation operator therefore becomes
/ &k / Ak [(klakl + k204 + k204 + 2dy) n(F1, 122)} 7 (—Fa, —F1).
Since

[k O + K20k + K30y + K30,

\kl !kzl
1

e ¢<k;>2+<k5>2]

- [k}&k% + k202 + kiyy + k20,

_ _[ (kD? + (kD2 <k§>2+<k5>2 ]
VEZ T R+ )2

1 1
= —| =+ = 5
[!kﬂ |/€2|]

the integrand of the dilatation operator D is given by

1 1 1 - =
(k/’lakl + k/’26k2 + k’zakZ) - + = 1 1 7’](k1, kg) 71'(—]627 —kl)
Bl TRl | L
1 1 1 2 2 1 o » 7
- + = (k‘ 8k1 + k 8k2 + k 8kz) 1 1 77(](31,/452) 7T(—/<J2,—k‘1)
ARNEY o
1 2 2 2 1 1 1
(klaki + klakf + klakf + kQakg) 5+ —=— 1 1 77(/@'1, kQ)W(kaa 7k1)
|k1\ | 2\ 1| + ksl
[kl [k2]
1 1 1 2 z 1 I I
= —_ + —_ (k akl + k 8k2 + k akZ) i 1 77(]61, kQ) W(—k27 —kl)
k1l [k IR
1 1 1 [ - -
-+ = 71 n(kl, kQ)ﬂ'(_kQa _kl)
ol kel |
1 1 2 z 1
= — + = (k 8k1 +k 8}@ + k*0p= — ].) I I T](kl, kg) 7'(‘(7]472, 7]431)
A Tl Tl
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Hence,

D =

=
L

(k'O + K*Op2 + K20y — 1) H(k)] II(—F) (5.15)

II(R) [k 0, — 1] H

[P /PO ; 1
<_Z 7% ) 199 1] (gzso-s+ pzs0k)

= 2/dﬁ [—’L'a,—{ [k‘jakj — 1] a_z —1az [/{?jakj — 1} CL:%

d

i

I
=S~ ?\
L

+iaT_E [k‘jﬁkj — 1] a_p + aT_E [kjakj — 1] aH . (5.16)

Here the aa and afa’ terms don’t cancel as described in the comment on page 4 of
Ref. [137], which referenced Ref. [138].

These problems can be resolved by using the new improved stress energy momentum
tensor defined as [137]:

1
@;w = 8u¢au¢ - gul/[' - 1 (auau - 77;“/32) ¢2-
Using the new improved stress energy momentum tensor, we have

D = l‘“@uo

= 2 (aoébﬂ L0 (30¢2)) o' (6w — goill) = <0 ((909”))
= 0+ xt T — %Zaz(ﬁﬂ - %Z¢817T
xi xi

Moving to momentum space, we obtain (written schematically)

2 2
1 dk dk’' . [P ikz T —ikz in
= 5 /dz(QW) ) [(—z 2) (ake —a..e ) (k Opi — 1)

2 S 1 PO . )
<a_k/e’k 4+ aL,e*”C Z) 2P0 (—z’ 2) (ake’kz + aT_ke”kZ)
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. s 1./ s 1.7 1
kO — 1 ( ek T/ —zkz)
(k' 0y, ) (a—we age ”2P0

= /dk [((kzﬁkl — 1 a_g)ag — ((K'Op — 1) ar) az + (kiﬁkiaz) a
Dty =5 [((F0 ~ 1) a) oo+ (K0 1) ar) af
L) ag — ((k@kz — 1) aL) aik}

_ i i T T i
— —Q/dk: [((rs — 1) af) ai ol (KO —1) i)
where the last expression has been normal ordered. In AdS, therefore

D = - [ ox W0y ~1) ol W0y, ~ 1] .

Removing the zero point energy we thus obtain

D = - /d/?i [a,g [kjakj} a; — a; [kjﬁkj] a,g}

/d/?é [a,; [2'k" + 2?k% + 2K7] aTE

N = N =

—a};. [2'k! + 2%k + 2k7] a,;} :
the dilatation operator in AdS is therefore

Dpgs = o'kt + 22k + 2k

5.3.4 Calculation of M*® and M%

We now turn to the generators that involve the Hamiltonian density and a coordinate

M = /dmdy Hzx

MY = /d:ndy Hy.
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Recall from equation (5.1),

1 NZ _
/de/de/de’/de' §7Txy9:cy;:v’y’7r$’y’ + Ewymlﬂscy;x’y’wy’alc"

with (where z,y,2’,y’ are all 2-vectors)

_ 2 ny 81%/3/
wer = [ P et

= [v(@.2)3%y o) + e,y - @)
+(y, )8 (x — ) + Uy, y )0 (@ — a') | .

Q

We can obtain M'* by adjusting this as follows:

A 2 8%?1/ ad’x’y/
Layiary /d °e 09c(z) 0pc(2)
= [ 0l - )00 + 8la - 200)) (5 - 2ol') + 56~ 2o()
= [y @)y — )+ y ey )6y - o)
a7y, ) (@ — o) + 2"y, y)0 @ — ')
Thus

1 - N%Z - _
M*® = /d2x/d2y/d2x1/d2y/ §7rny$y;x’y’77$’y’+372¢W19$y%$'?/'¢y’916’

Therefore, integrating either over ¢’ or ' but then keeping dummy index 3/,

M{® = /d2 /d2 /d2 ,/dgl yﬂzyl/)xl‘wd(y Y ) mary

+y nyw(x Y )5d -z )7% ry + T Wry¢(y7 )56[(35 -y )Wa; 1y!
+2" ey (y, )0 (@ — )ﬂ'xly/]

= /d2 /d2 /d2y nyllf z,y )7Ty 'y +y 7T$y¢(m Yy )ﬂ-yy
+x mew(% Y )ﬂ-y e + X mew(% y/)ﬂ-zy’
= Tr(z®mym) + Tr (y*mym), (5.17)
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and (where we integrate by parts in line (5.18)),

tx
M,

/d2 /d2 /dQ'/d2' Y g Yaar 8 (y — Y )00

+yx¢yx wxy/éd( - )wy ! + 5wayq; ¢yx’5 (33 - )¢y x!
o WL G ]

2 2 20 [z, —1 -1 z,—1 -1
- / o [y [ @y [y ottnin + v ity
+5L’x1/)y_x1 wyy’ %_yl/ + -way_;cl ¢yy/¢y_/i:|
N2
8/d21‘ [ﬂw;zl]

2

Nﬂr( “07)

_/d2k1/d2k2/d2k3/d2k4/ d2p1 / d’py / d?ps3
(2m)?
|: pl w[)plnklewOpgnkSk4¢0p3:| /d2 /d2 /dQ,fL‘l/d2,’L'2/d2$3

[zpl(a: y) k1y+k’2x1)61p2($1 902) (k3x2+k4x3) ips(w3— x} (5.18)

)
/dzkl/d2k2 8kw%kl)77k1k2% oy 11— — kl%kl}

/d2k1/d2k2 nklkzwo an ko— k1¢0k1

i/del/d2k2 I:kf\/k%nklbnlwkl] (5.19)
0

since it is odd in k1. Therefore,

MY = Tr (z"mipm) + Tr (y*nym) .

The first term in (5.17) becomes

Bl [ ko [ Pk [ d2k 2
/ 1/ 2/ 3/ 4/ )2 7Tk1k27/) 7Tk:3k4( z@kz)]
/de/de/d2y/ ez‘kweikwep(y—y)ezk3zezk4y

228



Chapter 5 Bulk Construction Section 5.3 Bulk Free Theory Algebra

d% d% d%g d% Ok 0
B 8]{% 7Tk’3k4¢p
/dzx/de/dZy’ eiklzeikwep(yw)ezkaweik4y’

. on
= / 2k, / ks [azlxk2w0k27rk2k1]
/ 4k / Py | Ok L (5.20)
! Ok? 2\122\ Thath '
and similarly for the second one. Equation (5.17) is therefore given by
1 0 1 0
Mtx:i/ko/dzk = + = | Moy T—bp
1 2 27| DT 2|k;1|8k‘2” kika T—ko—ky
/ [<5k + = >7Tk1k2] T ky—ky
|z |1

(i + 0]
<|k:1 ‘kg‘) < %> T _fo—ky
+;/d2k1/d2k2 F1% ) < El ﬂﬂklkgﬂ'kgkl'

1 1
= + =
<|k1\ k2]

The second term has a bracketed expression given by

= Oyt =0y || = +=|| = ~|= 5o +=5|;
‘kZ‘ ‘kl‘ Uﬂ’ ’kQ’ ’kQHkl‘?’ |/€1Hk2’3

this integral is odd in k7 and k5 and hence goes to zero; therefore

/d2 /d2k2 <+) ch Okt + O )mﬂm]ﬁ_b_kr

Rl R (F+4)

d?ky

2
2/

k
1
oY +

+

Changing to AdS x S' coordinates,

T—ko—ky

Mt i/dﬁ [(’El,ak‘fj U%!?k;) ’/Tklkg}
(1F2] + IFal)

-4 / o [(1Fv 1o + Ralons ) (e m(-5)
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By applying the chain rule, we have (writing Or = Opr and Oz = 8,%1))

okl o ok* 0 00 0
O = GiIon T oklok okl o0 (5:21)

okl o 0k* 0 00 0

= —— —_— .22
% = Gilon T okl ok T okl a0 (5:22)

From equations (D.14)

00 k2k*
0 = |k =
| l’akl Tlklgr T
0 1 k. k2k*
il -t Kol o ((#2 +902) K
oky ky |+ k2| [V [F1] 2 k2
0 1 | k2k? k k. k2k*
éil = = = — _,’ 1’_, |_,2|COS<801+¢2)+ =
Oky ko | K2 [ka| + k2| [V Rl 2 k2
1 k2k? V%\ <901 +902>
= = = = — —— COS | ———
k1| + |2 s 2
- 00 ki
| l’ak2 klge + T
% _ 1 k| (sol +soz> s
Ok} (1| + [ka| |V [k1] 2 k2
00 1 Elk? |E1| ‘EQ‘ . <901 +902> klk?
:>72 = = |- - = = —— sin - —
Ok; | K2 k2 k| 4 (K2l [V [k 2 k2
B 1 21 <901 +902> Kk
= - = —— S1n i
k1] + |Eo |Ka| 2 k2

and the other partial derivatives from equations (5.11), we obtain

Oky Oky

‘k‘l akla’“lJr‘kQ ak;akl — )kj‘akur‘k}(akl:poakl
and
TR A U VPR il — B il )] =
& aﬂ* e G ) Y CIARE A
90 ks <901 + <,02> k217
L +‘]€ - = 1 —— COS + —
‘ ! 8k:1 *| Okl k1| + [ka| |V |k 2 k?
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‘]@’ kK K1 | (s01+s02>
= = = — —— COS
|k1| + |ka| | K2 2
k2k*
= (5.23)

| K2

and therefore

0,
ok 00
k:QkZ

. . . .1 80 9
o+ [Rlay = Poow+ [f R 30

= Poakl + 89.

The generator is then given by (performing the mode expansion)

i [dR (- - , ”
ate = [ S [(Rolos + Ralos ) ()] i(-5)
- 1 [ ](Pon+ Sra) i) ner)

i [dR 0 k2k* PO t
= 5/ po (P Ok, + ]2289> <— 5 (a,g - a_ﬁ>

i [ k2k?
= 1 di [(Poﬁp + 15,289) (a,g — aT_E)] (a,,g — a;)
i . 0 k2k? ) ) 0 k2k? ot
= 4/d/<;— [(P Ot +];,269> a,i} a_gz — [(P O + P Oy | ag| az

k2k*
<P08k1 + ];,2 89) a

| —t
&l
"
©
3L
_|_
—
N
S
(=]
=
_|_
NA
m
N
%’
\_/
——r—
|—|
Q
AL+

k2
o . 0 k2k? + 0 k2k* t
= 4/dl€ [— <P Op1 + ]%,2 89) a,{| az + |— P 01 + ];2 Oy a_ | a—g
; k2L k2k*

= ;/dk’ [— <P08k1 +—=—0p a,;} a];Z - [— <P08k1 +— 89) ag] ag,

so we have
" k2 k7K
Mids - _xlpo - ]%'2

Similarly,

MY = Tr (y*npm) + Tr (y*mym)
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and therefore
i 1 1 [(ﬁakif + ﬁ‘%g) 7Tk:1k2]
MY = 2/d2k1/d2k2 ﬁ‘f’ﬁ : 1 : 1 T—ko—ky
e (% + )
7 di

= 2 [ 5 [(Floy + Faloy ) 1) (7).

PO

Here

- . - [(Ok* O ok* 0 06 0
(1Flowy + Falog) = 1l ( )

okZoK: T OkZok: T oKz o6
| ok 0 ok O | 00 0
I\ ok2ok? T ok2 ks T 9kZ 00

17.2
_owM%—ZS%

and a mode expansion gives

_— Ay i
Mt — _4/(1% [<P03k2 _ P (99> a,—,{| af_{— Kpoakz — P2 89) a,Tg] ag,

so that the AdS generator is given by

kL k# kY
t 2 p0
MY =a"P° - o

5.3.5 Calculation of K

Let us now understand the special conformal generators, the first of which is

K' = /dxdy [7—[:1:2] .

Comparing with the expression for M in equation (5.17), we obtain that

K = Tr((@")?mym) + Tr ((y*)*myr) .
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Going to momentum space, we then compare with the equivalent expression for M

in equation (5.20) to obtain

8 2
oo ) ) o
+ 0\’ ™
mm¢ dkg) Tl |
This we can symmetrise to give
o\ 1 d\?
d’k /ko < > +ﬁ<>
/ 1 2[( 20a| \OKF ) " 2[ky| \OK]
N o 2+ 1 d\?
T T _fo—fkq -
2|k‘1| k2 2|]€1| akg k1ka ka—k1
In AdS, this becomes
2 2
Kt = /d2k1/d2k2 111 . (8$>+£<%)
A |k?2| AR 2|ka| \ Ok 2|ko| \ Ok
Loy Loy
2‘/;1‘ Ok3 2‘/;:1‘ ak% Thika | Toha
i [ o1 S o\ - 0
- i) ("“'(akf) 1l ()
- N - 0\
+|k2| <6k§) + |k2| ((%32,> ) %/@] T kg -

The square partial derivatives are of the form

@)% = 0 [0 + (9g°) B + (050)
= @02+ (08) @) + (9,0)" @07
2 (04k°) 00k +2(9,00) O + 2 (95°) (9,49) D=0
0y (0k°) e + 0y (9,00) 0. (5.24)
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Thus, using the partial derivatives in equations (5.11) in calculating

o ON e (0N (2N e (9
5 (o) 81 () 1 (o) +1%1(ag) |

we find terms involving (9)1)* and (9)2)? give

1
PO

1 - S - S PO -
=5 [F1l (90) + Fi] (0k2)? + (Rl (D) + el (942)?] = (0% + 4%) = Fhas
(5.25)

2
Terms involving (8kj kz) (8k2)2 sum to

K3

2 -
1 7 V‘?Z‘ 1 1 2|k3 | 2
—5 |kl | (ki — kg || + Kl | [ K= — k3
PO k iy k k1]
A i 1 (R i
+ ksl | — (1 - m) +Mﬂz<@al—ﬁ>] (Oh=)”
|Fea |kl
1 . 2 1 7o . 2
= kolkt — |kq |kt — k2 — |ky|k2
Po(k )2 [’ 1’ “ 2‘ 1 ‘ 1‘ 2] + ‘kl‘ “ 2‘ 1 ‘ 1‘ 2}
1 . 2 - 2 )
—— ||k1|ky — |ka|ki +7 |k |k3 — [kal k| | (Ok)
|1€2| [ } |ka| [ }
_ 1 L 1 7 1 2 7 2 7 2 2 2
= oty | | [t - ] [t - ]|
1 . . 2 . . 2
= W HV@V‘?% - ’kl,kﬂ + [V@\k% - Vﬂl\k%] } (Op=)” . (5.26)
1 2
Now
|kolki — |k1|ks = |E1|ka] (cos o1 — cos p2)
= —2|k1|ka| <sin Pt P sin 22 SDQ)
2 2
= —/IFil[Efsin 22
|kolk? — |k1|k3 = |K1|ka| (sin 1 — sin o)
= 2lk1||Fo (cos ‘“;‘” sin Wl;‘”)

v/ || [Fa] cos wkz
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so that the expression in (5.26) becomes

|1 ||| (k)2

#322:822222 . 527
R @ = 0 = s (5.27)

2
Continuing, terms of the form <8kj_' 9) (99)? in equation (5.24) sum to

2

k r— o
1 ]; [k%%"i_ké} <|k1|_|k2> \/ﬁ\/|k‘1||k‘2|+k‘1-k’2 ]{;%
R Ll e TR Al
VR IR ol + oy - o !
92
k 7 _‘ [N - -
- [k%|k2| + k%} <‘k1‘ - |k2|) \/5\/|k21”k2| + k1 - ko E2
+ (k4 | ] - =L
2l + - T
2
k — —
- [k%|kll 1} (‘kl‘ - ’k2’> f\/“ﬁ”kz’ + ]{51 kQ kl
) [ A T -
\/§k2yﬂkquk2|+-k1-k2 k JFa]
= 2
k —
. [k; |k\+k2} (\kl\—]k@) \f\/|k1|]k2]+k:1 Eo %
| | =2 — (09)?
VIR |RillRol + o - Fo k Vel

(5.28)

The sum of all the first terms squared gives

(al = 1Rl Ik 7
- — |/~c|[/-e1 2Lk ke (KPR K2
zpqmy(mﬂmﬂ+kykg |1 kil
1 [Fa i o |K1]
kol (k3 =m + k| + [Ka| | K3 1+k%
|/€2| k2|

) (Rl —1F)” 1
= 2PO) (|El||E2|+E1E2) [|/€1| [|k2|k1 +|k1|k2} +@

N o 2
[[kz]k% + ]kﬂkg

1 Fe v % 12 W e L2
b [VRr K+ Ralk} |+ ol [1F]R3 + (a3
Fol

(1F] = 12l < L )
2P0(R2)* (|l el + o - o) \[Fil [k
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7 1.1 7111 2 I 1.2 7112 2
H]I@!kl o \Rilk3] "+ [ IRali? + 185 }
o S \2
(1% = 1Rz
2R 1Ral(R2)2 (1R ol + By - o
- 5 \2 > o
Tl = IRal) VRl

= —— ——— [2 + 2 cos 1 cos g2 + 2sin ¢ sin o]
2(k2)2 <\k1Hk2\ + k- kg)

. 2 - o 2
j H|k1||k2|(cosgol+cosg02)] + | Rt |F2] (sin o1 + sin )| ]

- > \2 o5 o
(1Fa] = 1Rel ) FallFal [1 + cos(p2 — 1)
(k?)? (\E1\|Ez| + k- Ez)
- - \2 5 o
(1Fa] = 1Fal ) 1R IR [2 cos? £25%1]

2
(B2 (1EullRel + By - Fz)

(5.29)
From equations (5.9) and (5.10)

o 21/ |k1||k2] cos (£2521) \@\/\E1H122|+E1E2
an = = — —
(|]{71|—|]€2|) |k1|_‘k2‘
_ |E1HE2!+E1'E2
= cos® (4/32 4/71) ( = >
2 2|k | k2|

so that the expression in (5.29) becomes

- S \2

<|k‘1| - |7€2|>

~ 7/ (5.30)
(k2)?

The sum of the middle terms in equation (5.28) becomes

(1%l = 121

_ M

- - K2 - -
1 1l ™ 2 2
i o [|k2|k1 + |k1|k2] o [u@\kl + \kﬂk@}
k% 7 1 7 1 k% 7 2 7 2
+—==||k1lk3 + |ko|ky | + == ||k1|k5 + |ko|kT
radl Raral ]
(IRl = 1Ral) T 17y |
— - = D kl 2 + ]{:2 2 + !
= ) (2 6?)

B g+ W)]
(1F2] = 1Fa1)

PO [—|E1||/g2| + \El\|g2|]
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=0 (5.31)

and the sum of the last terms in equation (5.28) becomes

2 (1Rl + i) [CrtCia S

PO | Rl R kel
2(1RillEs] + Ry o)
_ e (1] + IR
2 (IR + Fy - k’g)
(5.32)
B4
Adding equations (5.30), (5.31) and (5.32) gives
- - \2 - - o
(R = 1Ral)” 2(RlRel +FaRa) 2
= + = - =5 = =_.
k4 k4 kK2
Therefore, equation (5.28) becomes
= @) = = () (5.33)
k2 2 ' '

Next, consider terms involving (8,4 kz> Oy Ox=, which sum to

2

ksl 4 - okl o
| 1| [ (kl kz akl + ‘kl‘ > k —_ kQ ak2
PO K1 k ey
- k - k
+ [ko| | kl’ | — &} )| O + R2] | = k:2| fl — K2 )| Op2 | Op-
k B k s
= 0. (5.34)

For terms involving <8kj_- 0) 0, 0p, recall that from equation (5.23),

Y k2k*
Al el - %
Ok k2
k1K
2 ‘k - N
’ ! 8k2 2 8k~2 i
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so that the <8kf 9) 05,5 0p contribution is given by

ka.z klk'z kaZ lkﬂ klkz 2]€9
2< 019 — 6k269> - 2< S )
POL .2 POL POL2 POL2
k* ko
= 2< - [m1k2—x2k‘l]>
POk2
9 Je? 6
_ 2R e (5.35)
POk2

For terms involving 2 (8kj kz> <8kﬂf 0) Ok=0p, we have (ignoring the factor of 20y-0p

for now)
[ 7.1 1k RN
|;§1|[1|k2| k] i ] (B 1R) Vol + B g
! EQ\/VﬁHkQ\*l'kl ko 2 |k1|
- 1 [ 21kl
i g2kl e hw1+% Oh“ﬁ@) \T¢MM@H*Hk2W
177, — "2 =
L vk R Rl + R R Z %1
- L < [ {11kl i (121 1
oy [l ] | L] (R 1) oy Rl o g
2= — Rq N — — =
kol 1| 2R\ IR l[FRal + B - By K ]
- o 1 [ 21kl 2] (13
o ol o] (R R] (R 1Rl) vayRIR+FF g |
2 = 1 =
LI \[kQ\/\kl\|k2|+k1 k2 B [F|
[l (kD)? = R PS?] (1Rl = Ral) V2 IRl + B R [k - ] K
- ooy [ o - - 12
Vﬂh%ﬁ¢mnmﬂ+kykz K
17 - s o [l
[1Ra2 (202 — R 26)2] (1R~ 1Ral) V2 IRlo] + B - o[22 — 03] 12 ]
+ - =
- oo [ A 2
VRIRL R\ Rl + By - Ry k
(1R 200302 — B2 (e1)2] (1l = Rol) VBV IRallo] + Fo -y [ 21— k1] ]
+ + =
- oo [ - 2
V2IRa| 2\ Rl + By - R k
. (171 2(3)2 — B (2] (|E1||E2|)+ﬂ¢|z%}||l¥2|+a%2 35— 53 i3]
ooy [ o - - 12
V2IRa 2\ Rl | + By - R k

238




Chapter 5 Bulk Construction Section 5.3 Bulk Free Theory Algebra

The first terms in (5.36) give
[1Ral2(k8)2 = 1R Pk + Rl (k)2 = [Ra2(83)2] (1E IRl — [Ral?)
Ve AV AT A
[1FL[2(63)? = B2 (k})? + (R [2(k3)2 = [Ba[2(k2)2] (1RA[? — IRl Rz
ﬂ|gl|’E2’E2\/’E1"E2‘ + k1 -k
()2 + (2)2] [~1Fal? + 2ARllRoP — [Fa 2 1Rol?]

VAR Rol B2/ |Ro 1R 4 Fy - R
[(63)? + (k3)%] [1Ral = 20Fa Pl Fel + | 21 ]

Ve ATAN AT

and the second terms in (5.36) give

T

V B e | I

1] K1 |

k k
+ k;t—l‘—k} k3 + kgt—”—k% k2
|K2 | k2
= 0 (5.37)

so that the 2 (81#' kz> <6kj9> Or=0p terms contribute zero. Penultimately, for the
0, (8,{; kz) O> terms we have

N = 2 = N N
B S Y W O Y R LY
(&2 | &= \ MRy IR
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1 sy [ AR
- ()[k(|k2|k1 Flk}) —[wm ‘] (k*)?

2
A
( ) ‘ 1‘2

;;
i (1F1 Ik} — ol ) = [|k| T ]
2 k1|

o (e = Fapt) — 1 - VAL oy g
|z
1 - 2 - - 2
= k: ki — |k1|ks kolk? — |k k3
(kz) (k “@) okt = [Ralk})” + (1R Ik |1|2)]

_ (211211 4 2/Fs| — |K1| — |l ) (kﬂ O

1 [(1 1 Ly -
= - ( + >[2|k2|2\k1\2—2|k1|]k:2](k%k%+k%k%)}—Po(kz)zlé?kz

(k#)3 Vﬁ\ ]kg]
1 - g —
= oy [ po <2|]<;1||k2| —2k1-k2) _Po(kZ)g} e
- (5.38)

Finally, for terms involving 9, <8kj 9) 0y, we need to calculate

R (R B vaiRR R R g

1| O
RN Z )
R el (o S
s (I i3] (1Rl = 1Rel) V2 /1Ral ol + - B g2
1102 - — = = - = -
| Ve + - 2 i
k 1 —
et [FELH T ORI B o RIE R R g |
2|Vl — = =
2 \/ikZ\/Vfl 1B + k1 - ko K JFz]
- [k%:]lzl} +l<:2 (|/Z1|—|k:2) \f\/|k:1||k:2|+l~c1 ko k:2
1|y - (5.39)
\[kQ\/‘k1Hk2|+k1 kQ k |k2|

which involves a sum of 4 ‘first terms’ and a sum of 4 ‘second terms’. Since

k2] 7.1
\E|k + ki

2/ [R1l ol + Fy - Fo

3k§\/|7_51|’/22’ +kiky =
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derivatives coming from the \/ |k1||Fa| + K1 - Ky in the numerator of the second terms

of (5.39) are given by

2 K
— \( — [ ot (’ 2’k1+k2)—k2<’ 2’k2+k2>
2k2\/\k1\|k2|+k1-k2 |1 |1

+hy <:k1:k2 +k1> + k3 <k1;k2 + k2>
ko k2

NG L
- [—\k1\|k2|—k1.k2+\k1\|k2|+2k1.k2]

2];“2\/‘/21HE2| + El . EQ
= 0.

Derivatives resulting from the [|E1| - |l;:'2|} in the first terms give

Rl [+ ] () + Rl [+ 18] (i5)
Ve VAR
o [+ 1] (i) + Rl [ + 1] ()
VR il ol + Fy - Fo
T (1Rl (62 + (6)%) + IR (kb3 + k2E3)
VR |Rallfal + o -
T (IR ()2 + (63)%) + IR (k1R + k2H3) |
VR il Rl + Fy - Fo

Contributions from derivatives of kf in the second terms of equation (5.39) sum to

ARkl + F Ry Qf\/]k1]|k2|+k1 s
2 2

and from the l_}| in the second terms,

|Fes

R RlR + R [ 62 22 . ()P . (3)?
= |k1]-= 3 + |k1|—= o |ka|-—= o |ka|-—= 3
k |1 |1 |z |z
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Derivatives resulting from the ki in the numerator of the first terms of equation
(5.39) become

[2\1%’2\ + 2\/21\] <|l€1| — \/22\)

— —=; (5.40)
V2R Rl + Ry -
derivatives resulting from the ‘|k ‘| from the first terms gives
J
| [F2 | [ (k)% + (k)] Ikzllkl\[(kl)2 +(k3)?]
{_ Gk Fap? (1l —1Fal)
VR il Rl + Fy - B
{\Eﬂ + \EQ\} <\E1\ — \EQ\)
= (5.41)
V2R Rl + R - R
and derivatives coming from the m in the first term in (5.39) are given
by
7 7 2 2
1 (|k1| - |/€2|)
B R TE A k1| 2|+k2 + |k1 kz‘ 2‘+k2
Va2 (JF1| I +k1~k2> ! 1R

2
+|ka + |k k2|1:+k2

k1|1|+k
1
|k | o

2|

1 (R 1R) .

2 e (1l + T o) LR e
VRR2 (Jkr|a] + Fr - ) LRl ke

- 5 2 . . 9
H\kz\k%ﬂkl\k%] + [|k2|sz+|k1|k§} ]
1 (R 1R) [1 . 1]
3/2 |11
2 Va2 (|Ri[R + i R) 7 Lkl IR
[2\51\2\E2\2+2\El\yE21E1./;’1]

_(\El\ - U%!) (|E1|+‘E2‘> (5.42)
\@EQ\/\E1\|E2|+E1'E2 | |
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so that (5.40), (5.41) and (5.42) cancel to give zero.

Now

Dyt — B =

15— = 1= = = =

e U2 + [Kof2 + 28y - o
2k 428
I

Thus, derivative terms coming from ]%2 of the first term of (5.39) become

+|1]

+ka| | K

k2|k2| + k3
K1 |

zlkll

(|k1| - |722|) ] 1

1| — |kl 1o
( ) - [\kl\ ( 1: k| +k2> (2k} + 2k1)

B - - 4
VoA A

K1

(2k3 + 2k3) + |k2| |k (23 + 2k})

k
1| k1 Ll
? %ol

1

+ K3 | (2k3 + 2kY)

kol

—
J—
1

_ﬂ\/|E1||E2| + By | K
Fol k1 + \Elyk;) (2K} + 2k3) + [|E2|k% + |E1|k§} (2k2 + 2k§)]

(1Fa = 1Ral) ] 4

e - = | p4
| V2 IRl + Fy - Fa ]
(AR 2+ 1R Raf? + 4 (1R | + ol ) By - o

2\/

(16| _w Oaﬁ‘fgﬂ) - [allal + R
ValRiEl + Rk ] F

<|k1| - \k‘Q\) (|E1| + |E2|) \/|E1||E2| k- ky (5.43)

and derivative terms coming from = k of the second term of (5.39) become

1 oo o
= [\@\/|k1||k2| + ki - ok (2K + 2k3)

+\/§\/|121||E2| + k- kok? (2K3 + 2k3)

—ﬂ\/\/%’lul%gy + k- kokd (2k3 + 2k))
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—\@\/|E1||E2| + k1 - kok? (2K3 + 2k2)

1 — I o o
= = [\/5\/|k1|yk21 + ky - ko <2|k1|2 —21/@212)} : (5.44)

Terms (5.43) and (5.44) therefore sum to give zero, so that all the terms involving
8@ (akf 9) Jp sum to zero. Thus, adding all the contributions from equations (5.25),
(5.27), (5.33), (5.34), (5.35), (5.37), (5.38) and we find that equation (5.24) becomes

B 1/ \2 2Kk
Kb = %4+ 2345 + = (k ) T o M™Y.

Performing the mode expansion we obtain

. )2 21.0
t E = =2 2 (k ) 2Kk Ty =
K] = /dli (az + 27+ o) + F=0%) M* | II(R)

; [ K2 ok#k?
- Z/dr{ <52+z2+(4)+ﬁM‘”y (R)
4 k2 POk2

II
. r 0\2 21.0 0
dRr fQ—i-zQ—i-(k;) +MM” — P—z’ (a,g—ai)
k2 POL2 2 K

o

L0 2P0 21.0
((:32 +24) P + ( l + quk M”) ag] a_g

k2 k2
[ 6\2 po 21.0
+ ((52 +2%) P' + (k Z P 2k Mxy) az] al
k2 k2 "
i 0\2 po z
+ ((f2 +2%) P* + (k Z - 2k4k0M$y> a! ~] a_
k2 k2 "
I 0\2 po 2
k2 ]{;2 —K K
. 6\2 po z1.0
= ;/d/%' !— ((52 +Z2) PO+ (k ]%,2 2]{;22]{: Mmy> CL;{] aTE
0\2 po 21.0
+ |- <(f2 +2%) PO+ () P 2k Mwy) a! ] a_i
k2 k2 "
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. 2 .
_ (_ (#+22) P ()P0 g Mwy) .

t
2 k2 k2 “x

so we have

=2 2\ po 0\2 po 21.0
Ki&dS:_(x +22)P _(k )_’P _k_’k Mmy'

5.3.6 Calculation of K*

We now calculate the special conformal generator K&,

- / dady [22D],

which is done as follows:
Kt - / ddy [24D)
_ / da'dy [(x0,9) (2')* + (xDyd) 2'y/]
_ 9 / @z [(000"()) () + (09" (2) «'¥] 5z
/

(52(90 — 2)0"(y) + 6*(y — 2)¢%(x)) 90y

= 2/d2x/d2y/d2z [(09°(2)) () + (0 ¢“(2)) 2'V/]

(81 — 2')3(x2 — )8 (y) + (1 — 2')3(y2 — o )6"(2)) =2

o(z,y)
dzx/dzy [(02,0%(2)) (21)? + (02,0 () T132] ¢°(y) 0

Op(z,y)
/d2$/d2y [(8y1¢a(y)) (3/1)2 + (8y2¢a(y))y1y2] ¢“(z) ang Y)
/ i / @y [((21)%0s, + 21220,,) ¥(y, 2)]

+/d2x/d2y [((41)?0y, + y1920y,) Y (y, 2)]

Il
[\]
—
8
-

+

I
DO

)
o(z,y)
)

o (z,y)
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— Q/dzkl/d%/d%g/d2k4/d2x/d2y
|(k1(0)? + 30200 + k3(01)? + K30,300, ) m(ka, F)|

ks, ka)e’ i(klyr+hty2) pi(k3e+hien) Si(kjz+hien) Li(kiyit+hiyz)

/ d?ky / d?ko

[ (K1(00)? + 30,200 + K3(913)? + K30,3043 ) (ko) | (o, —k ).
Symmetrising this, we obtain
K® = 2/d2k1/d2k2
[(k1(00)? + k3(009)? + K30,200 + k30,3044 ) (k. k2) | 7(—k, —h1)
_ 2/d2k1/d2k2 [(k}(ak%)Q + kb (O4)?
+2k%8k%ak% + %gakgak; - k%akfakf - k‘%akgakg) n(ki, kz)] m(—k2, —k1),

1

and moving to AdS this becomes
1
+ - k%(8k1)2 + k% (8k1)2
CARTA ] (e :

K* = 2/d2k1/d2k2 -
Lk B
+2k30,20, + 2K30,301y — K1 OyaOhz — KOy iz ) mlkr, k)| m(—h, )
_ 2/d%[<k%(0k%)2+k§(8@)2

12k30,2 01 + 2k30,301 — k14204 — k:%@kg@k%) 7{(%)} TI(—R).

We now calculate
(k%(@k%)Z + kY (0)? + 23042041 + 2k30,201 — k102042 — kdOyz ak,%) .
We find terms involving (951)%, (842)* and (841) (9y2) give

(ki +k3) (0k1)? + 2 (kf + k2) (Op1) (Oh2) — k' (Op2)?
, = 2k51($1)2 _ kl(ZEl)Q + 2k52$1$2 _ ]{21(1'2)2
— —k‘l ((561)2 + (I2)2) +23§1(k‘1$1 +k52$2)
= k'3 ¢+ 20t (K2t + k22?) (5.45)
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Terms involving (O k*) <8ki kz> which will be multiplied by (-)* sum to

. - 2
1 k2| 1 LA
k'l - kl_,i—kl - kl_,i—kl
1 [kz ( 1|]{31| 2) k= ( 2|]{22| 1
1 |E2| 1 1 2|E2| 2
2 k%T_kQ 2 ki == — k3
k ( |F1] k |E1]
1 |E1| 1 1 2|El| 2
2 k%T—’ﬁ 2 ky = — ki
k ( 2 k | 2|
L[ olF AN i
R e ey o R R e
[’f < A k |k

2

) Uc)]{;%ﬁ [_\/msin%;@kz 2
+(/.gz)?/;’2\2 [\/msinw‘;wkz
|k: |2 [ |y |2 sin 7 902192] [\/MCOS : @21&}
kz |k |2 |k1||7<22|sm wzkz} [ \/WCOS (p2kz}
_(kz)k;lTl_ﬁP [MCOS 1;%1&]2
_(kz)lzigzp [_MCOS sm-;cpzkz]z

ko k
— SiDQM k‘%‘_,‘ k,l‘ 1‘
2 |k K|
k E
_2Sing01+g0200$@01+<,02 k%g—l-k%g
2 2 k1] | k2|
o2 AL P2 %V@\ |
2 k| |k|
| [ N
= 5[l —cos(p1+¢2) n (g1 + w2) |k = =
2! A I el TR

1 \ 2| \ 1]
—=[1 4 cos (¢1 + ¥2)] [k‘ o —
2 K| |2

ko] | 4 K1

k%]%,—+k2 ] — sin (¢1 + ¥2)

= —cos(¢1+ ¢2)
|k | K|

|1
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_ (MM RR] 1Rl Rl ][RR kiR
= - |—=——= 1= 2> | — | == —
L Rk [Fal kel [t [[R2|
1
— | s e e b
1
[ 1
- ot - e e+ st
2
= — [k +H]

k!

so the contribution from this expressions is given by

—kL(Op=)? = —k122

Terms involving 0;10k= and 0,20k= are calculated as follows.

1 k
2ki | — 1‘ hal _ Op1 O + 2k3
K=\ IR
1 |ka|
2k? ki Op2 0 + 2k3
+ 1 _kz ( |k1 ) k2Uk +
1 )
+2k3 1| 1 — k! akQakmLng
2\ Ik
okt | 2”“2 akgakz_%g
K | 1|
1
1
+2k7 k( ) Op1 Op= + 2k3
2 [ Ikl 202y Kl
= == ((k1)* + (k) )+ e ((kz)
R 2
k= |1kl |2
—2 (kiky + k3k3)] Op1 Ok-
R .
= [2RllR] - 2R - k‘g} Op1 O
= 2k*0510k=
= 2'k*z.
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kz(

1

kz(

1|’<?1|

|2|

\kl
kz

+ (k3)?)

)

)

k
[

+k§|]f,—1|
| K2

(5.46)

8k1 8kz

8k1 8kz

8k2 akz

(5.47)
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Continuing, terms of the form (81&.' 9) (Okn. 0) (9g)? sum to

2

4w (B 1B)) Vol + R B

ki = .
fk2\/ykly|k2|+k1 ko k |1 |
L 2
1]k1| 1 .
] [k2|122|+k } (‘kl‘ !k2> \f\/lkl kol + Fr - gl
VIR IR [o] + Fo - P ol
2 |Fa| _ o
o2 ] (R R)  vaiRR + R F g
VR IR ol + Fy - B B2 A
[kl‘?j'-i-kz} <“€1’ - |k2> - \/i\/‘kl‘|k2|+k1‘k2k;7%
VIR R[] + Fo -y w2 i
ok [k%:?} —H{:l} (“ﬂ' B |k2) \f\/|k‘1||k'2|+/€1 k2 Kl
2 — =
ﬂkQ\/\le@lJrkl-kz k2 ]
2 |F1]
{k }15 | Tk } (’kl, B |k2|> f\/\k1\|k2|—|—k1 k> k3
V2R Rl ] + By - o & 2l
I 2
2 |k 2| (1.1 15 — E—
g [k Lk +k } <‘k1‘ “@) B \/5\/|/€1Hk2’+k1'k2ki
VIR R[] + Fo - Fy B i
2
L3 "

k;l [k%@—i-k%] <|/€1|—|k2) f\/!k1’|k2|+k‘1 ks K o)
s Bl i \
NN AT P )

The sum of all the first terms squared (omitting (95)? for now) gives
- R 2
k1| — [Fa| 2 i
- (4 _ )4 m— k1‘2‘+k2 + k) k%’%uk}
2(k2)2 (||l + iy - Rl R
k
+2k2 kl’ 2’ +]€2 k2| 2| +k2 +2]€2 kl‘ 1‘ +k1 k2| 1| +k%
k1 | 2 *|Fa)  |Eal
2 ’ i 2
— k! [1&} 2:+k2 — ki kQ: 1:+k2 } (5.48)
1 2
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Using

VIEIEs| + By Fo
|/22\/~€% + |/z1\/~€%

ol ket — |k |3
\/;2\/{:% + \/;1\/{:%

o k3 — |1 |3

expression (5.48) becomes

(1l — 1F)”

= 1| Ea| /1 + cos(e1 — ¢2)
- \/2|E1||E2|cos¥

= |E1|]E2] (cos @1 + cos p2)

= 2|k ||ka| cos %;—@2 cos (PI;(PQ
Y1t ¥2 gip FL— 92
2 2

= ’Eﬂ“;g’ (sin 1 + sin ¢2)

= 2|k1||ke]|sin P11t p2 cos 22— 2

= —2|ky||ka|sin

2 2
|y [|Fa] cos £ ‘; 22 sin P22

(5.49)

2(k2)2 (20| cos? 21522

2 2

k! N — s ]?
- [2|k1|]k2] cos 2 + ¢ cos 22— 72
| [?

oS ©1 — P2

— {Q‘ElHEﬂ sin L ;—(PQ

2

=]

k
+ 21
|k |?

[2|E1|]E2] cos 2L JQF P2 cos 2 ; 902}

[2|12§1||122| sin £ ; 2 o

2

Y1 — P2
2

k L.
4252 [2\k1\|k2|cos
|2

p1 + P2 1 — P2
2 COS 2 :|

[Q\ElHEﬂ sin 7! t cos

2
1

©1 — P2
2

+ b
|k2|?

2 2

s E ot o= ]’
“2|k1||k‘2|cos ! 2 cos 2]

— [2|/¥1||E2| sin 7! t co

2

ki

2
8801—902
2

- - \2 o5 o
(1R = 1Rl ) R IR
B (F2)?

|k |2

[ 9 P1+ w2
COS T

. 2¢1+<P2}
— S1n T
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ki o1tw2 . P11+ k3 Y1+e2 . p1+ 2
cos 5 sin 2 2 Cos sin

+2— =
| |2 Ll 2 2
1
Lk [cos2 prtgs oo W}
| |2 2 2
- N S
(1Fa| = 1Fal) 1R o) K2
= - 2cos(<p1+cp2)—i- qlzsin(901+902)
(k?) K| |a
2 1
+—==—sin (p1 + 2) + == cos (p1 + ¥2)
ks | |ka|?
w {(’]};’2]%% + \Eﬂ%%) cos (1 + ¥2)
(K2)2|ky |k

o+ (IRa[2K3 + [F1 243 ) sim (01 + 02) -

Now

ki cos (01 + p2) + ki sin (1 + 2)
= ]l%] [cos2 (01 COS Yo — COS (P1 Sin @1 sin 9 + sin? (1 COS Y3 + sin 7 sin 2 cos cpl]
= “%’ CO8 P2

k3 cos (91 + p2) + k3 sin (g1 + ¢2)
= |E2| [cos p1 cos® (P2 — COS g sin 1 sin w9 + sin ¢y sin Y2 cos 2 + sin? (P2 COS cpl]

= |Eg|cos<p1,

so that expression (5.48) further becomes

- o 2
Gldi) [l cos o2 + ol cosion
(E2)2|l§1||l_52| 1||R2|" COS @2 2||F1|” COS Y1
(1l — 1Fe)”

) kg

(722
o o 2
(1F2 = 1Fal)

= Wk (5.50)

The sum of the middle terms is given by

(K| — [Fal) [_2<ki>2 GRS

= e (kﬂk:gl +k§|k:1|) +2
1

(’%)2
ka2
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L2k # . k2)2 . .
28 (1] + 1) — 25 (ko] 4+ 3
|1l |1
k2k1 . . k2)2 . .
#2028 (IR KFI) + 20020 (IR + )
2 2
kik? - - klk3 - -
2t (IRl + K1) — 222 (IR + 4R
|1l 2
_ (Rl R [ B2+ 022 (e g
_ - e (Kbl + k3| )

(kS)? + (132
a2
(K| — IFs) U o

= S 2 (IRl + IR ) + 2 (KIE -+ R

= 0. (5.51)

42 (kdlFr] + Kz

The sum of the last terms gives

2(|k1||ka| + K1 - ko) k%(k%)2+k%(k%)2+2(’f%)2k} +2(k§)2k?5
k4 |k |? |k |? |k |? | k2|2
(k1?1 (k3)?
ki = — kX
|k |? |k |?
2 /;1 /32 +E1-E2
2 ky || ko | + Ky - K
_2([Rall 25 1 ka)n (5.52)

Summing the 3 expressions (5.50), (5.51) and (5.52) we obtain that the (9y)? terms

is given by
K 2 I 712 I O 2 k! 2
= (Rl = 20l + Rl + 2] [Fol + 26 Fo] (@0)° = 25(00)
]{71 k@ 2
= (4 )’ (5.53)
k2
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Terms involving 0100 and 0420y0 are given as follows.

1 k%%—i_k%] <|k1| B V@‘) \/i\/“%”@\—i‘ﬁr% ki
2k - - —— | 01050
' N AT A AN 2 )
ﬂk?\/|k1||k‘2|+k1'k2 [k
o S L
B R (R - 1BD) VBRI + - E g
+2k2 ] o - - . A + Py - 8k18k9
ﬂk2\/\k1u/~c2\+k1-k2 k | o
S S I
2 k%%—i_k% <‘k1‘_‘k2’> \/i\/’kl"k2’+kl'k2 ki
+2k1 - N . - 3 - o - Py - 8k28k9
V2R IRl ol + oy - o i A
[ k3] (1Rl = 1Rel) Va1l o] + Fr - B g2
+2k1 ] . N - N S o - ) - 3k18k9
ﬂk2\/\k1uk2\+k1-k2 k [
S S I
e (\kl\—\/@!) \/5\/|k:1|\k2]+k1-k2 Ll
+2k2 L |k2‘ J + Ry 8 8
2 — N N N N —»2 ];:.| k:2 k:‘9
V2R Rl + By - R k |2
[ T20k L 2] (1% 7 = 1
oz | B+ () +x/§\/lk1|k2!+k1-k2kg -
2 o o - o = | Okt O
ﬂk2\/\k1uk2\+k1-k2 k | o
S o I
R ] (R = 1Rl)  VBIRIR + B g
SN AT AN 2 |
V2RI Rl + Fy - B s
[ [121Fl 2| (151 _ IR g S o 1
L | R+ H] (R k2’)+ﬂ¢|k1|k21+k1-k2kg .
VIR R [Fol + B - Fy 72

|| — [a] iy
i Gl 22 ()2 4 13+ 03)7 - 1K)
V2RIl ol + By L TR
s
+2ﬁ (k1) + kiki + (kD)% — k1K7)
1

+2 (2ki k3 + kiky + kiks + k3ki + k3ki — kik3 — kiky)

\/§ El EQ + ]21 : EQ 1
. \/I H;Zz’ = (—2(k1)? — 2k2kt — 2(k7)% + 2k1K3)
1

1
+ﬁ2 ((k3)? + 2k3k3 + 2(k3)* — 2k§k§)” Op20p0
2
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(1Fl = 1R L
S [4|k‘1|\k2\+4k1‘k2}
V2R [Rdl Rl + Fy - Fo
\f\/|k1|!k2!+/€1
= = [~21F] + 20
2\[\/|]€1||k2|+l<?1 S
- - = (IRl = Vel = 1o + 1)
= 0. (5.54)

Terms involving {[akgnkz] [8kj9} + [8;%9} [8” k:Z” Ok=0p are now calculated (where

we omit Ji=0p).

1 [Fe|

R ] (BB vaRR + R g
E k1‘|]€2|+k'1 kz k2 ‘kl‘
k

L N
Sy % I
k( 1] )]
k. “j' kl E _ E - - — .—»
oK) [ 25l T 1} (’ 1= 2’) +\/§\/V€1W_€'2!+k1 kg];;

- -, - - 2
\@kZ\/|k1|\k2\+k1.k2 k K2

7 :ICI ’kl, k}
kz ? ||

1 ]k2] 1 2R — S
oy [k ] (1R |’f2|)_ﬂ¢|k1||§2|+k1-k2@

- = - - 2
ﬂk2\/yk1uk2\+k1-k2 k [Fa

ko)
kz’——kg
kz( k1

Q\kzl 2 2 R R

ﬁwwﬁln%\ s P2 |

2kt

1‘IS| 1 g - - = = =
- - - — 7.9 7
ﬂkQ\/UﬁHkQ\ + k1 -k k |

254



Chapter 5 Bulk Construction Section 5.3 Bulk Free Theory Algebra

1 I
— | k3= — K}
k* ( K|
k —
) [k }E:+k2:| (’k1’_|k’2) \[\/|]g1||k=2|_|_k1 k2 k2
k2 -
\/§k2\/!k1!\kz\+k1-k2 z JFal

1 U
— k= — K
k < K|
Ko
[k }E:+ }(’k1’_|k2|> f\/“ﬁﬂ’kz’—%kl kg ]4;2
\/|k'1 || k2| + k1 - Ko k2 ‘kl‘

1 ’E’ 2

il k —k

[k( i )]

[k }Z:+k2} (!Eﬂ—“@) \[\/|/f1||k2|+k1 E k3

- = - 12
ﬁkQ\/lkll\k2\+k1-k2 k JFal

[kz <k§;k;; — k%)] . (5.55)

Summing the first terms in expression (5.55) we obtain

2 <|E1| - \Ez\)

i g R ) (R - )
43 (IRalid -+ 1 lkd ) (1Ralk? — [ 183

43 (IRal#? -+ F1K3) (IRolkt — [k )

—ki (Vgﬂk% + \El\kg) (V@!kf - Vﬁ!kz)}

—2k1

—2k3

b B (R 1Falkd) (s i)
k3 (1113 -+ Falk} ) (1F2 K3 — [Ralk?)
3 (1183 + [Ral) (1Rl — [Falk})
3 (1R 3 + Ralk?) (1Fa K3 — 1ol |

B 2(1E11—|E2|) [ L
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kb (20| [Fa] cos P2 0os P22 (o ||y sin PLE#2 g 122
2 2 2 2
2 (o2 117 $1+ P2 $1 — P2 >0 Y1rt+p2 . p1— P2
k7 ( 2|k1||k2] cos cos 2| k1 ||k2] cos sin
2 2 2 2
12 (21| sin P92 0og PLZP2) (o1t 17y | sin P P2 gy PL— ¥2
2 2 2 2
—k! 2|k ||k2] sin P1t cos 22— 2 2|k1 || ka| cos P11t p2 sin L 72
2 2 2 2
1 Lo _
+—= [k:% <2|k1||k‘2| cos 2L e cos 2L 902)
ko2 2 2
2|1 || ko | sin Pt P sin PL %2
2 2
+k3 <2|121||E2| cos 2L ; P2 cos 2L g SOQ)

(—2|E1HE2] cos 2L ; 22 n A ('02)

902> (2“31”];2‘8111 @1—5302 sin P ; s02>

1+ @2
2 C

2
Y1 —
08—
U o T 1T i PL T P2 ©1— P2
—ky | 2|k1]| k2| sin cos ——
$rL—@
2

2

(2|E1|E2]COS 901;9”2 sin 2)”

AV/2 (1Fa] = IRal ) [Rrl el [ sin 22522
kK2

1

= — k! cos P 2 sin 2 + + k2 cos? prLtve
1 1

|12 2 2 2

+k% <2‘E1HE2| sin L4

1
— kq cos

12 i 9 1+ w2 Y1+ 2 . 801-1-802]
— ki'sin 5 sin

2 2

@12@2 sin 801-5802 — k2 cos? P11+ 2

+

1
“%,72 |:k% COS
2

2 1+ w2

©1+ Y2 . 901-1-902]
Sin

]Cl
+ k5 cos 5 5

+ k2 sin

2 (11| = el IRllRalbs [y )
_ [_kl sin (@1 + p2) + k7 cos (p1 + 2)

k* k2 1 |2

1 .
— [/{% sin (1 + p2) — /-c% cos (¢1 + goz)]

_I_
k2|2
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2 (Rl = Ral) RallRel T gy )
_ ——L 4+ 2 ) sin(¢1 + ¢2)

k2 k1|2 |kof?
ki k3
+ | =t — =2 ) cos (1 + ¢2)
(\k1\2 |k2|?
2 (1| = IR

= 2 ||k1)? [k} sin (p1 + pa) — k2 cos (o1 + ©2)
K2\ k|| k2| [ | |

—]Eg[z [k:% sin (@1 + p2) — k% cos (g1 + @2)]}

2(|k1|_|k2|) V@‘ 2 712 ’El, 2
= Teyme |k |2 ki| —lkal® | = K3
k2|k1|| k2| K| | k2|
2 (1] = IRl ) (k3 — i3)

_ = (5.56)

Summing the second terms in (5.55) gives

2v21/ |k1||ka| + K1 - Ko - (k3)? /.- -
Vi o= (1Fa Ik} — 17 o) + e (1% 1k} — 1Falkd )
2
K2k}
S (B K2 — R Lk Folk! — K1 |k
e (\ 2|kf — [kl ) |k1|2 (l 2l — [kl 2>
k%k2 H 2 1
o272 (15 K2 — [Ralk2) + Fulkd — |k
e (2 = [Rali?) + ¢ W A
k%k% H 2 2 k2k2 2
oL (1B k2 — |y [k ko lk2 — o)k
e (1Falk? = [R1]3) e (r 11K — [FRalk?)
2f\/\k1\|k2|+k1 ko )? S Pt 1 — P2
= P |k 2 —2|k1]||k2| sin g s
1\2 _
+ 152 (m o) sin PLE 22 g 1 9"2)
ko2 2 2
K2k} [ -
1 <2u<; || cos PLE#2 G, 1 *02)
k1|2 2 2
(%)2 e . 1T P2 . 1 — P
B oky|R
e k1| k2| sin 5 st
K2k -
22 ( Oy [|Jea| cos L1 P2 gy 1 9"2)
ko2 2 2
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(2\E1|E2|sin 5

p1+ w2 . 1 —902>]
S1n 2

L (2|1§1||E2|cos

p1+p2 . P1— P2
2 Si1n

¥
n

)

(k1)?
|k |2

21/2|ky ||k cos €152 [

\/ 2/k1||fea| sin 21522 k2

== (—2]51]|E2| cos 2L ; LR

(

lgm)]

o[y [|Jea| sin 2 ; P2 gin PL 5 “02)

)
|
)
%)
)
)
)

k‘l 2 I _
+(|E2|)2 (2\k1|k2| sin 2L ; 22 gin 2 5
2
k‘2 2 oL _
)™ (o1 11 sin PLT22 g, PL— 22
B 2 2
1
(k3)? (o7 17 P11+ P2 . P1— P2
+ ol (2\k1|k2|sin 5 sin 5
2
K2R L —
—“;—‘; (2|k1||k2| cos 2L ;— 72 gin 2
1
k3ky (o= - —
——Uj ; (2|k:1||l<:2| cos 22 ;L 2 gin 22 5 P2
1
K2k (o= - —
+\% ‘; (2|k:1||k:2|cos 1 ;L 72 gin 2 5 L
1
KL [ -
+“§ ‘g (2|k:1||k2|cos ‘Pl‘;‘” sin 1
1
 8cos 522 sin ALk ||y
- =
Alky ||k
= Akl | £|| 2 (sin @1 + sin ¢9)

4 /- .
= (|k2|k% + |1<;1|k§) .

(5.57)

Adding expression (5.56) and (5.57) together gives a contribution to K of

2 (11| + |Fal ) (K3 + 43)

;2
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Hence, the special conformal generator K* is given by the sum of contributions from
equations (5.45), (5.46), (5.47), (5.53), (5.54), (5.58)

2P0k2 kl k;G 2
—k'2% g + 22" (K'2! + k%2?) — k'2* 4 22k 2 + = 40 4 )

K2
2PVk? k! (K9)?
1 (=2 2 1 0
= —k' (Zh4s+2°) +22'D+ 2 zk” + P

The mode expansion is then given as follows

1 POI{J2 kl k@ 2
K* = 4/d/?5 K—kl (7 +2%) +2'D + —= 2k + &) )H(E)] I1(—F)
2 k2 2k2

1 P0k2 k,l k& 2
= 4/d/¥{<—2k1 (#+2*) +2'D+ o 4?4 P >

2k?

( 21P0 (az + a%)) (—\/?i (ar- ag)>

P0k2 Zkﬂ kl(kﬂ)Z)

— 4 /
2k2
r 1 PO 2 1/1.0\2
+ <—2k‘1 (f2 + zz) +a2'D + ;Zke + b 2(;2) ) a,z] a;
- 1 PO 2 1/1.0\2
+ <2k1 (:13“2 +2%) +2'D + l;zke + 162(]]_:2)) aT_g:| a_g
- 1 PO 2 1/1.0\2
— <—2k‘1 (52 + 22) +a2'D+ Ef k9 + K 2(11_:2) ) aT_E a)%
) 01.2 1/1.0\2
e (52+22)+:U1D+P4k 4 B ag| al.
2 k2 2k?2 "
1 PYk2 k' (k9)?
+ (k' (@ +2%) +2' D+ ——2k" + K ) al .|a_g
2 k2 2k?2 "
so we have
1 POk2 kL (k9)2
KT o= 2l (72 4,2 1p _ 0 il
&S Sk (2 +2%) +2'D + P zk" + o7
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5.3.7 Calculation of KV

In a manner similar to that used for K* we have that

KY = /da;dy [2yD],

which leads to

1 kIPOkG k}2 kG 2
KY = 4/dﬁ[<—2(f72+22) k2 + 22D + = = + 2(15’2) >H(E)} I(—R).

Mode expanding this gives

1 E'PORY  K2(K9)?
KY = —4i/d/§:’[(—(f2+22)k2+x2D+Z —— + (_,)>a*]at
2 k2 2k2 "
1 E'POK?  Rk2(Kk9)?
+ [(— (7% + 2*) K> + 2°D + S + (q ) )afﬁ} a_g
2 k2 2k2
and therefore
K{; = —5(1: +2%) k* + 2°D + P + R

In summary we have
1
pto_ 2/d,z [II(R)IL(—R) 4+ (P°)*H(R)H(—FR)]
— /dﬁ PY [a,;;af% + agaﬁ}
pr o / ARk H (R)TT (=)
i S B DR T
= 2/dl{, k [CLHCLEWLQ,QU%]
Py — / ARK2H(R)TI (=)
= /dﬂl’dyﬂ'ayqb
_ ! / 4 1 |agal; + alag]

MY =

O |

di (K*Op1 — k'Oy2) H(R)IL(—F)

1\3\@~\

/ d |ag (K200 — k0] al — ial, (K20 — k'02] o
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D = /dfz[(kﬂ‘akj)ﬂ(ﬁ)] II(—R)

- ;/dlz [a,g [z + 222 + 2k*] al

,a:% [xlkl + 22k% + zk:z} a,g]
. r kaz
M = ;/d/?i <P08k1 + 8@) (R )} II(—F)
. - ]{JQk k‘ZkZ
- i) o 00) ax] ok = (P00 + ) oo
. - klkz
R [ T
. ) 11.2 0y
_ _i d/% (POakQ k k 89> CLE:| CI/;I;{ — |:<Poak2 - k‘}f a@) a2:| ag
k
. k@ 2 9 Je? 6
K= ! s 2, W) 20k 1(-#)

(x + 27+ o +7P0E2M )H(m)

ﬂ 2 .
(G e L L

|
|
—

&

=)

2 2k? k2
. (_ @+ P (/.ga)j PR Mxy) ai] .
2 2k? k2 "
K* = 4/d/_{[<—; (fQ—FZZ) k1+x1D+P252zk9 k:;(:j) >7'(( } II(—R)
= 4 dﬁ[<—;(£‘2+z)k1+x1D+P]§k2 2k? + Z 2) } al.
+[ —%(35'2 )k1+xD+PI:k2 2k + k:;(ZZ)) T_]a_
KY = 4/d5[<—;(5€'2+z)k2+x2D+Zk1;0k0 E( k92>/H }
= —4i/d/¥[<—;(a?2+22) k2~|—m2D+Zkll§Ok0 ]’_Z ks } al
i K_; (7 +22) K + 2D + Zkl]—;(]ke . kzz(gz) ) ’r_g] 0
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5.4 Bulk Conformal Algebra at the Infrared Fixed Point

The bulk conformal algebra at the infrared fixed point is now simply obtained as a

result of the following observations.

The first is that the interaction term % [ a2z ( 55)2 does not contribute to the

Hamiltonian (or to the potential) at the critical point, since
nzz ~ 1/A+ O(1/A),

and, as such, the expressions for the conformal generators of the previous section

remain valid.

The second is, of course, that as shown previously, the (scattering) states of the
system correspond to the removal of the s = 0 spin in the bulk and we may write

each of the generators in equations (5.59) as a sum over an infinite tower of spins as

follows
P ] / it [T(R)TI(~R) + (P°)*H(R)H(~F)]
- ;Z/dﬁ [T (R)TLs(—R) + (P°)*Hy(R)Hs(—F)]
s=0
pPr = / dREYH(R)II(—R)
_ N ARk H s (R)ILs(—F)
>/

Py = / ARK*H(R)II(—R)

MY = /d/% (K201 — k'Op2) H(R)IL(—F)
_ Z/dlz (K201 — K104 ) Ha(R)TT,(—F)
s=0
did [(K Oy ) H(R)] TI(—FR)

-y / A [(K D)) Ho(R)] Iy(—R)

s=0

>
Il
—
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. N A =T ) }
M = 5 dr P8k1+ 15.2 89 H(li) H(—H)

w A I A T ) )
MY = B di || P02 — 7 O | II(R) | II(—R)

= 3y [ae](moe - E0) nw) n-w

s=0
: K ok#k?
gt a2 B R ) e s
4/d/<c (:1: +2¢ 4+ P + D0z (R) | II(—FR)
0~ . 0\2 210
1 S 2o 9 (k ) 2k*k R .,
_= — pury = M.Ty Hs HS -
;4/0% (x + 24+ o + POz (R) (—R)
1 P0k2 kl k@ 2
K® = 4/d/?£ [(— (2 + 22 k' +2'D + 2k + (q) )H(Fi)} II(—R)
2 k2 2k?2
> 1 PYk2 kL (k9)?
- 24/%[ —— (@ +2) k' +a' D+ ——zk" + ) )
g 2 k2 22
H(R)] ILs(—F)
1 2 2 2 2 klPO 0 kQ(k )2

s
> 1 1P0 2(1.0)\2

= > 4 [di||—5 (3 +2°) 24+ a?Dp 4 P e K
= 2 k2 2k?

At the critical point, the s = 0 contribution will vanish, and the summation will

become .
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Chapter 6

Outlook / Conclusions

6.1 Conclusions

The result in 1975-1976 by Bekenstein and Hawking, that the entropy of a black
hole grows as the area of its event horizon[22, 23|, has been a springboard for new
ideas in theoretical physics related to the concept of holography - that boundary
conditions determine everything within the boundary. Various no-go theorems ex-
ist which relate specifically to theories on a flat space-time background, making it
necessary to construct theories on a curved space-time [78, 80, 81]. In the 1990s,
Maldacena, Witten, Gubser, Polyakov and Klebanov developed an understanding of
how gravitational theories, in the form of type IIB strings in curved (but asymptoti-
cally flat) AdSs x S5 could be seen to be dual to conformal field theories in the form
of N' =4 SYM][20, 38, 39]). This duality relates a strongly coupled theory on one
side to a weakly coupled theory on the other side, allowing for the simplification of

complex calculations.

One of the simplest non-trivial ways of probing the AdS/CFT correspondence is the
duality conjectured by Klebanov and Polyakov[l]. This duality relates free/critical
O(N) vector models in d = 2 4+ 1 dimensions with higher spin theories, and the
gauge invariant operators ¢“d,, ...0,,,)¢* are dual to a tower of massless higher spin
fields[111]. Here, the free 3d O(N) vector model (restricted to the O(N) singlet
sector) is dual to type A minimal Vasiliev higher spin gauge theory with A =1 and
the critical 3d O(N) vector model is dual to type A minimal Vasiliev Higher spin
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theory with scalar having A = 2[1, 4]. (Note that the ‘minimal’ bosonic Vasiliev’s
theory with spins s = 2,4, 6, ... is simply a consistent truncation of the more general
‘non-minimal’ theory which also includes the odd spins. The dual of this non-
minimal theory would be expected to be a U(IN) vector model but restricted to the
U(N) singlet sector.) While it is perhaps not surprising that this duality exists in
the free case, considering it is the only known example of a Conformal field theory in
a dimension larger than 2 that has higher spin currents that are exactly conserved,
it is somewhat more unexpected that it work for A = 2 boundary condition case,
where the higher spin symmetry in the bulk is broken through loop effects[115]. A
fundamental claim that this duality makes is that when a relevant interaction is
present, the theory flows from an unstable UV fixed point with a dimension A =1
scalar at the boundary to an IR fixed point where A = 2. Klebanov and Polyakov’s
O(N) vector model / higher spin theory conjecture received a remarkable boost due
to evidence in the form of tree-level and one-loop tests of the duality involving the
calculation of the O(N) correction to the Weyl anomaly for even d and to free energy
for odd d, the matching of the three-point function for both A = 1 and A = 2[2, 3, 4]

and the reconstruction of the bulk[5] (done in an alternative manner in Ref. [6]).

In Ref. [1], the standard auxiliary field approach was used to obtain the 1/N ex-
pansion (taking N large) and in Refs. [115, 114, 116] it is shown how the A = 2
duality follows from the A = 1 duality using a Legendre transformation; in this
thesis we instead made use of the Collective field theory approach. Here bilocals
are used to encode the invariance of the theory explicitly and the invariant variables
themselves are described by the Collective field theory[8]. Within the Collective
field theory framework, the three-dimensional O(N) invariant bosonic model with
% ((]5“(]5“)2 interaction was considered in Ref. [7]. Here, a bilocal field approach was
taken and the a 1/N expansion studied at its infrared fixed point. At the critical
point / infrared fixed point, a state was in fact identified to correspond to a A = 2
scalar state and, in agreement with Polyakov and Klebanov above, the A = 1 state

was found to vanish from the spectrum.

In recent years, remarkable progress has been made towards achieving a map between
CFTj3 and AdSy x S7 in the free case. In Refs. [5, 9, 10, 121] this was done explicitly
by construction in both the light-cone gauge and the temporal gauge, where the
1+ 2+ 2 = 5 coordinates of the bilocals in the conformal field theory in d =

2 + 1 dimensions (in the equal time Hamiltonian approach) were mapped to the 5
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coordinates of higher spin theory in AdSs x S; (in phase space). In this thesis, the
alm was to make progress in developing an explicit map between AdS; x S7 and
CFTs in the interacting case and indeed, this was achieved. We made use of the
Hamiltonian approach in a time like gauge[121]. The quartic interaction contributes
linearly in the bilocal field fluctuation equations, and the spectrum problem is then
that of a potential scattering problem. The scattering state solutions take a universal
form at the critical point. The bulk description of these boundary scattering states
was obtained by developing a first principles approach, consisting of a simple change
of variables from bilocal momenta to bulk momenta, as dictated by the map, but

requiring a field redefinition in defining the bulk higher spin field,

. B N7 i
m(Er0) = e
LU N WA
m (Ekze) — ez 3
i Tk A

Note that this differs from the pre-existent matrix-model case which actually involved
no redefinition of the scalar field, n(q) = n(z), and a redefinition of the conjugate
momentum field II(q) = wpoP(x), as outlined in Appendix F. Remarkably, it was
shown directly in the bulk that the s = 0 state (equivalent to A = s+ 1 =1
state) is precisely removed from the bulk higher spin field, which is equivalent to
the observation found in Ref. [7], by studying correlators and the spectrum on the

boundary.

The conformal algebra, in bulk coordinates, was then shown to agree with that
obtained previously in Ref. [10], both at the free and interacting critical point, thus

establishing the equivalence of our approach with that developed in Ref. [10].

6.2 Outlook

The results of this research are quite exciting and below are highlighted some aspects

that are of particular interest for further investigation.

1. This thesis is based on the canonical transformation for the momentum coor-

dinates, and the map has been taken from the point of view of a momentum
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change of coordinates, which is point-wise. We have not examined the map for
space coordinate changes. In this case, the previously established map yielded,

for example

B Y e i
o= 0 E2L0
o |ki|z} 4 |kolad KRR
o= k0 E210
— (Z) — &) - ki |ko| — (&1 — o) - E2!E1!
k* k0 '

It is of interest to consider whether the field redefinition introduced in this
thesis changes these identifications, by investigating the full phase space map.
If in this case the momentum dependence in the space coordinates is still
present, the question would be whether it takes a new form consistent with it

still being a canonical space transformation.

2. In this thesis we considered only the quadratic Hamiltonian. One could now
consider making use of the redefinition and change of variables for the cubic
Hamiltonian - this is still an open problem. Indeed Vasiliev’s higher spin theory
has a very large symmetry and the issue of a gauge fixed three-point function
derived from this theory has not been fully understood. There has been some
progress using light cone gauge (see Refs. [139, 140, 141]). Omne could then
also look at applying the principles developed in this thesis to higher point

vertices.

3. The final point, perhaps the most exciting, was that in the earlier stages of
this thesis, we set out to establish or convince ourselves of the completeness
and/or orthogonality of energy eigenfunctions of the Hamiltonian in the bound-
ary. This was done using the Collective field theory with bilocals specified in
z-space. Despite the many attempts, this could not be achieved in a consistent
manner. However, by making use of the map, we were indeed able to find the
exact eigen-states in the bulk! If we were to start with the states in the bulk
and perform the change back to the boundary, we should find that the com-
pleteness and orthonormality was missing some weight functions. This links

with work done recently in Ref. [121], and could explain the leg factors that
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were introduced in the discussion about conformal partial waves in Collective

field theory, in the context of higher spins.
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Appendix A

A derivation of Euler’s formula

Euler’s formula may be proven in two steps [142]:

1. Distorting a polyhedron in any way leaves the Euler characteristic invariant.

2. Introducing a hole reduces the Euler characteristic by 2.

To prove the first point, note that a cube, for example, has Euler characteristic
of x =F—-—P+V =6-—12+ 8 = 2; similarly for tetrahedrons, octahedrons,
pyramids etc (polyhedra with no holes). Now consider any polyhedron: there are

three fundamental ways to distort the polygonal surface:
e Any deformation (e.g. rescaling of edges) to the surface that leaves P, V' and
F unchanged will leave the Euler characteristic invariant.

e Shrinking an edge to a point simultaneously reduces P and V by 1, thus leaving

x unchanged and

e Shrinking an N-sided face to a point reduces F by 1, P by N and V by N-1,

once again leaving x unchanged.

Any deformation to the surface is given by some combination of these fundamental

deformations.
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To prove the second point, consider that introducing a hole requires matching two
non-adjacent N-sided faces with each other and eliminating them, resulting in F de-

creasing by 2, P by N and V by N; hence x reduces by two for each hole introduced.
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Appendix B

Integral Calculations

B.1 Solid Angle

The formula for the solid angle is given by

2m/2
/de1 - 5

This formula may be recalled using the trick that

I:(W)d/Q:/ dize= %% /de 1/ drr®le

which becomes (with t = r? = dt = 2rdr),

I = /de 1/ Lyarp-1p-tgy /de 1T(d/2)

27Td/2
O, = -
- / S 1)

B.2 Schwinger Parametrisation

We derive a formula Schwinger derived for parametrisation:

dt dt dt,, (t1A1+t2As+...+tnAy)
A1A2 / 1/ 2/ ‘
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We change variable as follows:

a = t1+ta+...+t, €[0,00)
t,
a; = : €0,1].
th 4 to+ ... +tn

Here,i=1,..,n—1and Y ;_. 1 o; < 1. This is a change of variables from n variables
ton variables, and we shall calculate the Jacobian as follows: we see that t; = aay

for ¢ = 1...n — 1, so the n — 1 dimensional change of variables is given by

ot;
80@

n—1

det ’

We need to then multiply this by the 1 dimensional

N S N
oo \ot, n

Our expression therefore becomes

n—1
A1A2 /dal/ das.. /dan 1/ do o

e*a(alAl‘FaZAQ‘F Aan_1An_1+(1—a1—...—an_1)An)

1 1 1
/ dal/ dag.../ ClOén_l
0 0 0
I'(n)

(Clel + a9l + ... +ap_1A4p_1 + (1 -] — ... — an_l) An)n

The more general expression is calculated as follows:

1 1 /OO Ar—1 /oo Ao—1 /Oo
_ dt, th dts 227V at,,
AN AR AN L (A)T (A2) T (An) Jo Lo ? 0

t)\ -1 —(t1A1+t2A2+ AtnAn)

1
= da/ doy (aaq) /\1 L / do,—1
r'()r / 0

(aan—l))\n 1— 1@” 1[ 1 _al _aan 1)]/\n 1
e—a(oqAr‘r Aan—1Ap_1+(l-a1—...—an—_1)
= T OuT / da/ dalaAl L / dou, 10zA 1
)\1+)\2+ +/\ -1 (1 — e — Q. I)An—l
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—alai A+ don—1An—1+(l—a1—...—an—1)Ap)

(&
— (())\\11;_)\2+ ) /doq /d%1
o'~ 1 annll "A—ap— =)™}
(A1 + ..+ ap 1A 1+ (1 —a1 — ... —an_1) Ay )A1+>\2+...+An
— (()/;ll;r)\ﬁ 4 An) /dt1 /dtn1
e 1...75?;111 Ve tym oty g
(B1AL + oty 1 A+ (L=t — o — ) Ay T2 T A

B.3 D-Dimensional Integral Calculations

From the Euler Gamma function,

1 1 o0 1 —K2a
27 = F()\)/o dao? e P, (B.1)

Therefore

1 _ 1 > A—1_—(k2—m?)a
(2 —m2) F(A)/o doca” e

< d% 1 /Oo ,\—1/ dy., —(k2—m?
= 5 = [ daca ke~ (K —m7)e
[ an = ok

d/2

_ 1 > A—1_—(-m2)aT
= F()\)/o dao” e iz
d/2 o)
= Ty deettre e
0
<2 TO )
) (_m2)>\—g
;B/OO ek 1 w2 T(-3) _ m*P(=2y7)Va
PP —a) | TR (a b s
Ao

“ar

(B.2)

The following is a simple example of an integral that requires Schwinger parametri-

sation: Let us now calculate

d
I:/ d*k

(2 [(g - 0] "
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B LA+ ) [F Ml (1 — gyt
B /ddkF(All)F(>\22) /0 at (t(kg) +(1—1) [(q _ kﬂ)xlm

The bracketed term in the denominator of the integrand is expanded and simplified

as follows:

LR+ (=0 (=8| = K -20-Dq-k+(1-t)¢
= (k—(l—t)q)2+[(1—t)q2—(1—t)2q2]
= (k—(1-1t)g’+t(1—1t)q

Now there is a general property of d dimensional integrals that

[Pl = [ dipF i+

and hence we may therefore write

_ g POt ot -
h= /dk r(\)T ()\2)/ di (k‘2—|—t( EPEIPIEDY

B )\1+A2 dt t/\l l t)>\2—1
o k? —|—t t) q2))\1+>\2

(>\1+/\2)/ A1 Na—1_d/2
= 22 [ gt — ) e
TOWT ) o (=g

LA+ A2 —d/2) 1
T(A\+A2)  (E(1—t)g2)MitAe—d/2
_ 1
FOWT (o) (@2
1

(t (1 — t))MrHra—d/2
= ¥ LA+ Ao —d/2) /1 dt i~ +5-1 (1— t)_>\1+g_1

T ()\1) T ()\2) (q2)>\1+)\2—d/2 0
/2 LA+ A2 —d/2) F(—)\2+g)r(_/\1+%).

(M) (No) (@) 22 T(=A— X +d)

For example, if A\ = Ao =1 and d = 3,
A3k 3
—_— B.3
/ k2(¢ —k)* g (B3)
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In Euclidean signature, this becomes

/ B _ / idEpd®ky
k2(k - q)%, (—=k3) (—(a—k)%)

;3
s
= —. B4
la|E (B-4)
We now integrate
1 > 1 o,
ddp P2 - / dt / ddp ta—le—p t+ipx
/ (p?)" 0 I'(a)
> 1 ‘2 )2 2
— dt/ddp ta—left(pfzﬁ) e T /4t
/0 I'(a)
o] d/2
F(CK 0 td/2
I(a) Jo
_ w2 /OO du y—0Td/2+1-2 ,—a?u/4
L(a) Jo
2 1(d)2 - a) (B.5)

P(a) (a2/4)%/2=
;x/ EPp 1 . /2 T(1/2) 1 (B.6)

e = =

(2m)3T(1) (22/4)Y/2  Ar|x]
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We now solve (as per Ref. [7])

;o / 7k 1
(2m)? k2(k — p1 — p2)?

A=k [ dE !
-/ W“/ 2 (R vic) (<E—Ep>2—(l¥—ﬁ)2+z‘e)

-/ éljr;i/ Zf(E—(|E|—i€>>1<E+<|E|_i€)>
GCEE I D)

The integral over energy (closing in LHP) is given by

. 1
“EE T
1

)2

Ip =

)

+ >
k —p|

(Bp+ k-5 k—pl— |k

+ ‘ED (Ep+

)

Returning to k= El and g — k= Eg,
) 1
—1
2| (2= [Ra + [R2]) (5 — [1s] - [F2])
1

Ip =

+

(80 [Re] + [Ra]) (B0 + [Re] - |Ra]) (2]

i (B[R] [R]) ([R]) « 5] (£ - [B] - |&)
2[5 [Re] (B = o]+ [Re]) (B =[] = o] ) (o + [Ra] +[Re])
i (B[R] [R]) ([R]) « B (£ - 5] +]R)

(B =[] =[] (5 R+ [Ro])

<Ep+ k| + Ez)




Appendix C

Detailed Calculations

C.1 Conformal Generators

The exhaustive calculations of the commutation relations of the conformal generators

written down in Subsection 1.11.2 is as follows:

[xuv P = L
[PIMPV] = 0= [azu,my]
[D,P,] = [«"P,,P)|=[z" P,|P,=1iP,
[D,z,] = [2"P,,z,]=2"[P,,x,)=—iz,
[D,2?] = [#"Py, 22" = 2" (2, [Py, 2"] + [Py, 2] 2") = —2i?
[D,D] = [z"P,,a"P,) =a"[P,,2"|P,+ " [2",P,]P, =0
D,z,P,)| = [2°Py,x,P)|=2° [Py x,) P, +x,[2, PPy =0

]
]

[D,Jw] = —I[D,2,P)+[D,z,P,)=0
]

[D,K,] = 2[D,z,]D+2z,[D,D]— [D,2*] P, —2*[D, P,]
= —2ix,D + 2iz*P, — iz*P, = —iK,
[Py, x,P)] = —inyP,
[P, Tpw| = i (MpuPy — 1pw )
[Tp, 2 P] = inpuzy
[@ps Tuw] = i (NppTv — NpvTp)
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[xQ, JW] = 2ix” (Npuxy — Npvyu) =0
[Kp, Tw] = [2%1) - xQPm jw]
= 2i(Mppzy — Npwxu) D+ 0+ ) (MpuPy — N Pyu) — 0
= i (NpuKy — N Ky)
(2, Py, 2, Py] = x,[Py,xp) Py +x, [y, Pyl Py = —inypx, Py + iy, P,
(Tuws Tool = [2uPo 2pPs| = [xp Py, 2o Pl — [10 Py, 2pPo| + 20 Py, 26 Fp)
= —iNpxu Py + iNuopy Py + 1oy Py — iNupe Py
+iNupTy Po — iNyoTp Py — Nuexy Py + inypxe Py
= i (MpTuo + Mo Tvp — MupTov — Mvo Tup)
[xz, Py] = 2ix,
K,,P) = [22,D—2°P,,P)]
= 2[z,,P)D+22,[D,P) - [2*,P,)] P,
= 2D + 2ix, P, — 2iz, P,
= 2 [UWD - jw]
[z,D,z,D] = x,[r,,D]D+x,[D,z,]D
= wyry,D —ixyr, D =0
[qu,szy] = x, [D,x2PV] + [wu,xQPy] D
= z,|D, xQ} P, +x,2* D, P,] +2*[x,, P,| D
= —Qix#x2Pl, + ix#x2Py + ixznw,D

= —ixH:L‘2Pl, + ixQn#,,D

[2?,P)] = 2iz,
[xzpu’$2PV] = o [Puvxz} P, + 2 [a:Q,P,,] By
= —21’3:2qu” + QimQxVPM
= 2ix’ T,
K., K,] = [22,D—2%P,,22,D —2°P,]

= -2 (—ixu:vQP,, + ianWD) + 2 (—ixl,:L‘QPu + ia:in,uD) + QixQJW
= 0,

which may be summarised as

[Pus Tpol = inpplo — i by
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[D,P)] = iP,
D,K,] = —iK,
(Tuws Tpo) = 1 (MupTuo = MupTve + MuoTvp — Mo Tup)
(K, P] = 2i[nwD — T
]

Ky, T = i oKy — npw K) -

C.2 (Quadratic Hamiltonian Mode Expansions

We now substitute these mode expansions into our free quadratic hamiltonian

1 0 4
H® =2Tr (pvop) + gwo 1771/10 1771% g
The first term is given by

d-1 d—1 d-1 d—11 d—1p/
ATk (phop) = 2 d* "k d“ ke d ]j d* Kk} d“ ks
(2m)@D/2 (27) @172 (27) 81 (27)@=1)/2 (27)(d=D)/2

Wr! We! .
/ddl' ddy dd ( lwklzu)kQ) <—Z / k12 k2) elk(yfz)wk‘

(eil(wkl Fwi, )tezklwezkgyakle . ez(wkl Fwi, )te—zklxe—zkzyaL]@)

<e_i(wk’l+wk’2)teikizeikéxaklk/ _ 6i<wk’1+wk’2)t67ik zo—ikha T ) .
1v2

k:’ kS

For the ak,k, a1, term, the z, y and z integrals result in 3 delta functions: (277)3(d_1)

and k), — —k1, k — —ko and k] — k — —ko:
2Tr (pYop)y, = — / A4 ey d® ey (wiywiy ) € 2ROy g oa k-
For the aklba,z,lké term, these integrals set kb, — k1, k — —ko and k] — —k — ka:
2T (pvop) et = /ddlklddlkg (Wi, Wiy ) ¢k2ak1k2a£2k1.
For the azlkzakiké term, these integrals set kb, — ki, k — ko and k] — k — ka:
2Tr (pYop) ytq = / A e d ey (wy Wiy wkgazlbakgkl
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and for the aLkQaL,lk,Q term, they set ky, — —ki, k — ko and k] — —k — —ko:

2Tr (pYop)atar = — / A ke d" ey (whywi,) €2 TR gy al Gl

The second term %Tr (@ZJa lmﬁa 11777!15 1) = %Tr (mba lnwa 2) is given by

dd_lk’l dd_lk‘g dcl—ll1 dd_lk‘ll dd—lkl2 dd—ll2
(2m)([@=1)/2 (277)(d=1)/2 (27)d=1 (27r)(d=1)/2 (27r)(d~1)/2 (27r)d~1

1 1
ddazl ddasg ddacg dd1‘4
/ \/2&)k1 Wiko \/2wk,/1 wké

<e—i(wk1+wk2)t6ik1xleik2x2aklk2 +ei(wkl+wk2)t67ik1x167ik2x2 T )

il (xa—x3),,—1 ila(xa—2x1),,—2
€ %1 € 1/}12

ey ke

—t|w.r +w )t 1.0 1.0 i(w “+w )t il il
(6 < Ky TR ezk1z3ezk2z4akik/2 +e kTR ) zklxge zk2I4aT/k/
172

For the ay,k,ax K, term, the z1, x9, 3 and x4 integrals result in 4 delta functions:
2m) 4= and Iy — ky, I} — —ko, K — 1} — —ko and k), — —ly — —k;:
1

1 1 .
Ty -1 —2 - dd_lk dd_lk —2i(wgy +wro ), —1,1—2 o
3 (77% "7% )aa 16 1 2 s e 1 2 wkz wkl Aoy ko kg —ky

For the aklkzal,  term, these integrals set lo — k1, l1 — —ka, k| — —l1 — ko and
1™v2
ké — l2 — kli

1 1 1 _ _
gTr (o 177%2)aat = — [ d"kd 1]‘“2<

—-1,-2 t
16 > ka wkl aklk?akg’ﬁ'

wklka

For the a]t?lk?ak/lké term, these integrals set lo — —ki, l1 — ko, k| — I3 — ko and
]Cé — —lg — kli

1

wklka

1 _ _ 1 _ _ 1,
gTr (n¢0 1771!)0 2)aTa = E /dd lkldd 1k:2 < > ¢k21¢k12a1’;:1k2ak2k1'

For the aLkQaL,lké term, these integrals set Iy — —ki, l1 — ko, k§ — —l1 — —k2 and
]fé —lo — —kq:

1 1, -2 1 d—1,. gd—1 1 %i(wiey +wiy )t —1 2 1t
gTI‘ (771’[)0 nwo )aTaT = E d™ Ry d™ ke m e~k Tk ¢k2 Q’Z)lﬂ Vg koo V—kg—ky -
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Grouping all of these results together leads to

1 1,
H(2) = /dkl /de <Wk1&)k21/}k2 + ka21¢k22> ak1k2a22kl
1 12\
= + dk‘l dk‘g OJklek21,ZJk2 + md}]% ¢k2 akleGkal
1 L o
i [t (oot + g i) e
1%k2

1 —1,-2) 2 t it
+/dk1 /de <—Wklu.)k2¢k2 + mka ka ) e 1(wk1+wk2) aklkga—kz—kl'

From symmetry and using ¢, = ﬁ, we may write
1
Wiy Why Py Wk Wiy (U + V) = 7 (Why + )

11 1
% ¢k2 = 19 (1/%1 Vi, ) (wlﬂ + W)

16wk1wk2

and hence the quadratic Hamiltonian becomes

1
H(2) — z/dkl /de (Wkl +wk2) (akleaLﬂl + aleQGkQ;ﬂ)

1
- 2 / dky / dkyEy ;. (a;ﬂkQaLle +a,11k2ak2kl),

C.3 Light Cone

C.3.1 Equal Time Commutators

The calculation regarding the equal time commutator between the field and conju-

gate momentum in light cone coordinates from Subsection 4.2.2 is as follows

(e o) o],

__/°°dpf°°dk1 /pl/ < dky 1
N 0 Vam V27 \/271' 0o V21 /2p+

i [6 (p1 x +p1 x +klzu_ A — e p1 :1:++p1 x] +k1xu_)ATz

2 Tk kl

ci(py et 4pday +howar) gi 4 =i(py et Hps +k2xu)ATJ }
p3 k2 pa kol ot
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B _/ dp & dk‘l /pl/ © dky 1

0 0o V21 —oo V2T /2p§r
k
Ap;k2:|

_efi(pl_w++p1~'wl_+k1xu)ei(Pg_I'*'er;fEQ_ +k29€21_) [ATZ j }
ki’ 5 k2

i [e (P1 zt4pfa] +k1f€u)€ py xt+pg s +I€2$2L) [AZJrkl

+€i(p;z++pfx;+k1x1l)efi(p;x'*'er;r:chJrkzng) [Az+k A - i|
1 2

—e~ (pl T +p1 T +k1mu_ *74(p2 T +p2 Ty +kgng_) A]‘z AT]
pl k1" pd ke

:i/oodﬁoodkl\/Z/ * dky 1
0 VEr ) VR var J- = V2T o
+e” i(py et +pf ey thaw L) gi(py o +pg wy +howay ) [ATi,ﬂvAj;kJ

_oi(pratHpy el thiw ) —i(py 2t pg ay +howal ) [AH_ A }
kl kz

,/°° dpi [* dki [pt / © dky 1

= i —=

0 V2T J_co V2T \/27r 0o V21 /2p5r
teilpy o pi e ki) pi(py o py @y thow ) (—=0(pf — p3)d(k1 — k2)dij)
—eilpr et apler ki) =iy w bes s thara L) s (i — p)S (kg — k)6

,/°° dpf [ dki 11
= —1 —_— S —
0 V21 J_0o V2w 2271

[ei(Pf(Ig—xf)+k1(xzi—z1L)) + ei(Pfr(xf—$5)+k1(xu—$u))] 5ij

[NCRIEN

1 _
[2 x 20(x] — x5 )0(x11 — 29, )| 6ij

~.

= —*5(:6'1_ — :C;)(S(.%’lj_ — xgj_)éij.

[\

Similarly, the equal time commutator between fields is given by

[¢" (27, 211) (25, 221)]

B / dpl e dkl / dp2 o dkg 1
0 V2m 2p1 V2T 2]);

e~ (pl at+pfay +/€1$u el pg atpyay +k‘23@2l) [AJW J }
Tk’ Do k2

+ei(pl_x++p-1"—a71_+k1$1L)e—i(p;fo—‘rp;_SCE—‘rkgsz) |:A 1A;€0—k }
2
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B /Oo dpi" > d/ﬁ / dp2 > dkg 1
0o V2w 2p1 V21 +

T—pi)é(

e—i(Pl_E++p1 zy +k19E1J_)e (p2 IB++P2 Ty +k29321_)

ei(waJr-&-pfﬂCf-i-kWu)e—i(P§x++p;df§+k2x2L))

o(p
_l’_
B / dp1 / dky 1
b 2r 2pF i
(761(;01 (w5 —x 1)+k1($u z11)) +ei(Pf(xf—x5)+k1(Iu—xu)))
/ dpy
0

dpf 1 _ _i(pF @y —2D)) 4 (e} (e —23)
27‘[‘ 2p1 61]6($1L :L'QL) ( [ 1 2 1 —|— [ 1 1 2 )

1 . _ _
= §5ij5(1:u — X9 i€ (:1:1 — x5 )

C.3.2 First Quantised Generators

For translations, where derivatives of the field inside the d¢ term are set to zero

(where caligraphic writing indicates operator densities),

51‘“ — 6“
0p = Oullop=0
=it = 710,¢62" — (104 ¢ —H) g} dz" — 7o
= 700" — (1046 — M) g €
= (70,9 — (06 —H)g))
=P =T" =" = 710"¢— (1046 —H)g""

Pt = nd_¢
= Pt = —/dw dztr?
P~ = 7m0y — (n049 —H)
=P~ = H—/dxdxl;(amf
Pt = 70,6

= pt = /dm_d$L w01 .
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For Lorentz transformations,

oz = (€pu — €up) ¥

dp = —0"[(epp — €up) x”] ¢ = 0 (antisymmetric parameter)

oL
T B
= ] <£glj (58M(Z) V¢)

oL
= (Lgh — —=—0, €y — €vp) T
(26t - oo o=

50 5C ,
- 6"”[(@5 50,0 ”¢> (ﬁgﬁ_m p‘b)m}

e , oL _, 6L y
= P = [ LgH" — (58,@6 ¢> <£g“p 58u¢6p¢> x ]
oM = e = [(Lgt - n0” ) af — (Lg™P — 7P ) a”]
=M = [(Lg"t —7m0TP)a — (LgtT — 70 @) z]
[

—r?z” — (7040 — H) 2T + 12t 0, )]
= 2"H -z n?
=Mt = 2tH- /dwda:J‘ w2
ML — [(£g++—ﬂ'8+¢) (£g+J__7T8L¢) xﬂ

de=dat mato o+ atn

4
g
+
|7
Il
T —

EgJF* — 7m0~ ) — (Eg“‘ — W@J‘gﬁ) x*}
= (m0;0—H —7r(9+<;5)w + w0 px~

ML = / de—dat (z mmb—xw)
MLite — {<£g+Lj ﬂaj_](b) _ (£9+Lk _maL%) xLJ}
= MYt = / do—dzt m%‘amﬁ - m%alﬁ).

For Dilatations,

oxt = ext
56 = —Ouleat) 6 = —edyo
S = 70,062 — (70yd — H) 6 60" — w6
= 7nypex” — (01 —H) 6, ex” + emdyd
=D = ndér’ — (10sd—H) 0}z + ndyd
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- (x+8+¢) YO+ xlaﬂp) — (106 — H) 5 + mdyd
— tH4n <x—a,¢ n xiam) +wdyo
=D = ztH+ /alac_ala:L <7r (x_O, + xLaL) o+ 7rd¢¢>

= 2TH+ /alavd:zcL (—:1:*772 + 20,0+ 7rd¢¢> .

For Special Conformal Transformations, writing i =1; etc.,

szt = 2(z-e)at — e = [22%0" — 22g™] o
0 = —0, [2300‘;1:“ — :UQQO‘“] €ap = —2dye'z, 0
= = mO.bg’ — (1016 —H) gioa¥ — i
= 70,9 [20%2H — nga“] €a — (MO010 — H) g: [2z%zH — x2ga"] €a

+2mdget s,
= K* = 70,6 [22°¢" — 2°¢g*"] — (019 — H) g:{ [22%2H — 2?g™] + 2md ™
= mwOu¢ [22%aH — a;29°‘“] — (m04¢ — M) [22% — x2ga+] + 2mdyx P
=K' = 2r(2'270;¢ + 2’2044 + 2’2~ 0_¢) — 2°70;¢

—onztzt O, + 2teTH + 27Td¢33‘i¢
= 27 (mimjajgb + xix_a,gb) — 2210 + 2zt H + 27rd¢,xiqb
= 2 [az+7—[ +7mxT0_¢+ mz:jajqb + 7rd¢¢} — 2%70;¢
= 27 [a:+7-[ —nlr + mcjajd) + 7Td¢¢] — 2270,
= 22'D— (2zF2™ +27z;) 70,0
=K' = /dm_alxl <xiD - % (2272 + alz) 7r0¢¢>
Kt = 2n(zt290;¢ +atat0r¢+aTa"0_¢) — 2°n0_¢
—2raxtetO, ¢+ 20T TH + 27rd¢ac+¢
= 27 (:U“‘a:j@jqb + x+x_07¢) —2*n0_¢ + 20Tt H + 27Td¢33‘+¢
= 2zt [x""H — e + ijajgb + 7Td¢¢] )
= 207D+ (2:c_x+ + xjazj) 72
=Kt = /da:_dacl (x+D + % (2x_$+ + :Bjxj) 7r2>
K~ = 2n (af:zcjaj(b +a a0+ afaf@_(j)) — 2?0, ¢
—2ma"x T 0pp + 20 T H + 2? w0 — 2P H + 2ndyr— @
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= 27 (:U_xj6j¢ + x_m_ﬁ,gb) — 2*n0, ¢ + 20" aTH + 2270, b
—*H + 2ndyx™ @
= 2 [xJFH — T + xj8j¢ + 7Td¢q5] + 22104 — 2*H — 2?m0L
= (et H — 2™ +270;¢ + mdyo] — (2272t +27z;) H
. 1 .
=K = /dm dat < [;U+7-[ — e + 2?0 + 7rd¢¢] ~3 (213_l'+ + ZL']ZE]') 7—[) .
In summary,
Pt = - / dr~dx'm?
_ gl 2
P = H= [dx dxli (0i)
P = /dxda:i (m0;)
Mt = ztH - /dx_daci (71'21‘_)
dz~dr'rxT0;¢ + x'r?

dz~dz* (mc’ﬁjgb — mvja,;qﬁ)

/
Mt = /da:d:z:i (:c?r@i(ﬁ — xl’H)
/

D = a:+H+/d:c_de‘ (7rd¢¢—i—7rsci igﬁ—x_wz)

. 1
dr—dz’ —
[ o x( -1
1 ,
Kt = /dm_d:nl< D—|—2(2x+m_+xjxj)772>

20 T + a:jxj) W@iqﬁ)

do~dat (m— [27H — 72 +270;0 + mdyd)] — % (20F 2™ + a7a) H) :

C.3.3 Second Quantised Generators

Using the conventions in Ref. [5], noting that second quantised conformal gener-
ators satisfy G = [dxydzy di1dia ATgA) (with the momenta conjugate given by
(pf,ps,pi,ph)), these second quantised generators are derived here. Writing the

mode expansion as the Fourier transform of the fields ¢(z~, 2%) and 7(z~, %) in the
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x~ direction as

Pz, 2")
m(x™, xl)
we obtain

d 1 3 .’L'_ ) —1 x~
- /0 \/pz?m( Pl af (et
. d + i\ ipTxT i\ ,—ipTx
= —l/ \/};—W ak ((p ,2h)e T — al (pt,at)e " )
0

P = / do—da’ @ (3@)2)

1 .
= — [ dz~dz’ @-/
2/ 0 V2m /2p

d 1 o
L (ot st e

d 1
87,/ p2 ( an Z lp2 +aT(p27 2) Zp2 )
0

As before, the

P~ =

Integrating by

and therefore,

vV 2w /2p
aa and a'al terms vanish since p™ > 0,
1 i [T, 4 1 oy +
5 dx dp; dp, o(py
0 \/2pf 0 \/2p

[(Gia(pf,xi) (&a*(p;,xi)) + (@aT(pf,xi) (&;a(p;,xi))}

1 / ) / & 1
— [ da' dpf —
2 o topf

[(aia(pr,xi) <8iaT(pf,xi)> + <8iaT(pf,xi) (8ia(pf,xi))} .

—p3)

parts over z! and dropping surface terms, this becomes

/dw/ dptal )<—2;+83a (p+,$i)>7

for P~ we have

Similarly for PT we obtain

Pt =

— / dr—daz'm?
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_ — 7.0 dpl p+ ip+z’ T i zp
= /d:nda: /0\/% ((pl, e (pi s at)e™Pie )

ood+ + _ ) ) _
[T (e - a0

V2
[ dp+ﬁ/ [
( a(pf,x")al (p3,x (pf,a")a(py, = ))

- /dx/ apt P (alt,a?)al (o a¥) + ol (o a)a(rt 0)

_ / di /0 dpta(pt,a') (—pta(pt,at)).

and therefore, for P™ we have
sa(p*,a') = —pTa(pt,a’).
For P! we obtain

P = / dz~dx’ (70;¢)
= —i/dmdxi / dpl p+ (a(p+ $i)eipfx_ — aT(p"‘ xi)e*ipfx—)
0o V2m v L

d 1 4
az/ p2 ( p2 T z zp2 + CLT (p2+’ xz)e—zp;'z >
0

ifu [ dp+ﬁ/ d+*5 o

(vt 2010t (6 2") = o (7 2 >a a<p2, ")
— —;/dxi/ dpf—QaT(pf,xi)ﬁia(pf,xi)
0
- /d:rz/ dpfaT(pf,xi) (i&ia(pf,xi)).
0

Therefore, for P* we have
da (p+, :nl) = i0;a(p], ')
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Now for the Lorentz generators. For M ™~ we obtain
Mt = ztH+ /da:_dxi (:c_wz) =a2tP + /da:_dxi (95_71'2) .
The second integral is given by

/ dx~dz’ (:):_7r2)
+

. . _ dp p L4 P
= — [dxdit |z —1 (a T ozt)eP1® —af Toah)e W1 ® )
> dp; p;_ ( 7 zpz T 7 zpz )
/(; m 2 (p27 ) (p27 )

— ‘_ dp1 p1/ dp2
= — [ dx™d —-=
[ et | m\/ e
(atpt, s)ete — of
(atp, a)erie —apx>W2)

_ < dpf [p dps
= — [ dzda Uy 1/ dpy [Py
/JU v 0 V2T V2T
( alp}, 2)al (5, )T 2D m,>%,wﬂ%wﬂ)
_ dpl /p1/ dp2
0 V2T V2T

[@p)(m,ﬂ)a+/m ot e

,Zpl

+af(pii-7xi)a(p;-7 a /d:r el(pg —p7) ]
- z‘/da?i/ dpf/ dp3 (p —py)
0 0
0 i |py i i
py \/E\/E“(pfaw)awp?fﬂ)
+ + ‘ 4
WSW?Nwﬁm@mw

i [at [“ant [ antot -p)
0

0
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Y D N U N SRR N I PR
% o a(py,z") + ?a]?a(pl,xl) ¢ (ps,2")

ap;T-ﬁ-i p2+81‘+i p1++¢
+ @\/? al(py, ') + 781?61(172’95) 70(171797)

. i o 0 i i
= Z/dx/o alp"%/p*a].ﬁ\/p+ (CLT(P+7$)‘1(]9+’$))

where the other two terms cancel after integration by parts. Thus

- i [ N AP i
Mt = /dl’ /0 dptal (p*,2") %ﬁﬁia (p*,2")
: i [T 9 i i
—I—z/dm /0 dp+\/p+apﬁ\/p+ (aT (p+,a:)a(p+,x))
. [© ) + )
= /d:L’Z/ dp-l—aT (p+,$l) <$82 + 7 /p+a§+1 /p+> (a (p-l—’wz))
0

2pt "

so that

. + .
da (p+,wz) = <x8~2 + i\/p*'a;ir\/pJF) a (p+,x’) )

2pt "

For M*% we obtain the following:
Mt = /dmidx_ (2t 70,0 + xi7r2)
Performing the first integral,
/d:cida;x+778i¢ = gtp
. o0 . .
= /dmz/ dp+aT(p+,x’) (i:c+8ia(p+,$z)).
0

The second integral is given by

/ da'de x'n?
+

. . oo dp+ p . 4+ . P
= — [ dae—dx* " / it N0 (a +’ rePrr” _ CLT +, e P1 T >
/ 0 \/ﬂ 9 (pl ) (p1 )

00 + +
/ dps  [Dpsy (a(p;xi)ez‘p;f _ aT(p;,xi)e—ipg'm*)
0

V2T 2
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= /da::n/ dpﬂ/pl/ d+\/p2
< (p17 ) p27 p17 p27

)

= /dx/ dpl Zpl <p17 ) T(pl, ')+QT(p1F7$i)a(p1’—7mi))

= [dat | dptal(pT,at) (aipTalpt,al)).
el

and therefore,
= /da:i /000 dptal(pt, ) (iz0; + a:ip+) a(pt,zt),
and for M we have
da (p+, xz) = (ix"'@i + a:ip+) a(pt,z?)
For M~* we have
M~ = /d:c_d:ni (w_m?ié — x’?—l) .
The first integral is given by

/dx_dxix_ﬁaigb

+

. . — 74 — dpl by iy ipT e T i\ =Py
_—z/d:vdxx /ox/ﬂ ((pl,) e a(pl,) e )

® dpt 1
0

Vo o

_ d + pl
_—/xdx:r/dp\/ /dpQr
(awf . a")iat (3, ") T — ol (o, w)0ja(pg, a')e 0F 7))

= /dm/ dp+\/g/ d+\/> (pl? )8(1(1727 )

apl /dﬂf 6 (pl p2) aT(pf7xl)aza(‘p;’ xl)a§|» /dx—ei(pQ —p; )$>

2
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< [ [

0
O (ot —pb) - a*<pr,xl>aia<p;,ﬂ>—5<pl+ - p2+>>

8p1
0 p+ i
= /da; / dpl / dp?& ) |:apIr (\/5(1(17?,1‘))
1 - 0 1 . [ pT ,
7 T(P;axl) 8 + 7872(1(17;_71'1) iaT(pii—axl)
\/2p3 Opy \/ 205 2

= /dwi/ dpf/ dp3o(pf —p3)
0 0

1 1 » py 0 - 1 -

+ 1 1 i P O S )

=1/ —=alp],x") +\| = a(pl,2') | —==0a'(p3,x
|:(2 2p+1 ( 1 ) 9 ap+1 ( 1 )) n () ( 2 )

_ 71;8@(1)* zh) + iia.a(lﬁ ) fiaT(]ﬁ )
2va () 2py ops )V 2

The second integral is similar to the calculation for P~ and hence

/ dx=dx' z'H

= _l/daji z! /OO dpy ! /ooalp;r S(pf

2 0 \/2pf 70 \/2p
[(@atwt,2") (050" (6F ")) + (850! (5,27 (Bja(pf ) |
[0 1 , . .
= /da:’/ der%aJr (er?a:l) 0; (xzaja(er,a:l))
9,70, i
= /dm/ aT(p ZL') 2+a(p+,y;).

—p3)
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Therefore M~ is given by

. S . o 920, .
-t _ 7 + 1 (ot _ 9. _ 2 J + .0
M /dx/o dp*a' (p 7:U)( al@p* o )a(p , ')

and therefore, for M ~* we have

5,0 _ 0i'Y;
"Opt 2pt

da (p"', :cz) =—
For M% we have
M9 = / dr~dat (v'70;¢ — 2 70;p)
The first integral is given by

/ dz~dz™* xiwﬁjgb

) < dpt | pf o PR
— i | de—dazt 2t / 1 1 <a +,.%'Z PRI _aT +7[B’L e~ )
/ . v\ 2 (pi, ") (i ")

® dpy 1 o e
0 [ (a4l e )
0

V 2T /2pé‘r
. i [T pr [ 41 + ot
= —i [datx dpi [ = dpy ——=94(py —p3)
0 2 Jo +
v/ 2ps

(atpf,a")0yal (b a') = al(pi ") 0jalpy o))
= —% /d:ci z’ /OOO dpfaT(pf, z) [—21’i6j + Bjxi] a(p{r,xi)
= /dxi /000 dpfal(pf, 2% [i:ﬂiaj - ;5;] a(pf, ).
Similarly the second integral is given by
/dwdwiaﬁjﬂaiqﬁ = /dxi /000 deaT(pf,xi) [ixjai - ;5;} a(pf, x).
Therefore,

MY = / da' / dpfal (pf, 2") (i2'0; — ia? 0;) a(pf, 2,
0

293



Appendix C Detailed Calculations Appendix C Light Cone

and so for M we have
oa (p+7 x’) = (m«@'aj — ixjai) a(pf, azl)
The Dilitation operator is given by 4 terms
D = ztH+ /dm‘dwi (rdpep + 'O — :v_7r2) .
The first and fourth terms closely resemble M+~ and we for these that
xtH — /dx dat a7
x 0 ,

/dx / dp’LaT p ac) <2+83 \/p+W\/p+> (a (p+,mz)).

The second integral looks like P? without the J;, hence
. . S . .
/dx_dx’ Tdep = /dx’/ dptal(pt,a?) (id¢a(p+, x’))
0
and the third integral is the same as the first term in M%, with j — 1,
/da:_dacl Tx'0;p = /dx’/ dptal(pt, ) (ix@m(pﬂx’)) .
0
Putting these all together we obtain,
. o0 .
D= /dxz/ deraT(er,xl)
<82 +idy + iz'0; — z\/p"‘a Jr\/p"r) a(pt,z?)
so that for D we have
5@( + $l) = £(’9-2—|—id + iz — i/ +i\/ +1la
p bl - 2p+ 7 ¢ 7 p ap+ p

Finally, we repeat the above for the special conformal generators,

. 1 .
Kt = /d:):‘dacZ <x+D +3 (222~ + 2/ x;) 7r2> :
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The first term is given by

/dxi/ dptal(pt
0

') [ <82 +idy + i’ 0; —z\/pJFa +\/p+>

The second term is given by x™ multiplied by a term in M ™~ and is therefore

fe ]

dp*tal (pt, o) [x+ (z\/ﬁ-a;ir\/ﬁﬂ a (p*, ')

and the third term is z° multiplied by a term in M1, and is given by

/ da / dptal )(;xixipJ“) a(pt,2).

Combining these we

] i 1 + Tt 0 +( 7T 92 id . 29 1 bt
xz p CL(p ,IL') x 2 3 (14753 () 2331331)
0 p

get,

so that for Kt we have

da (er,xi) =

+ , 1 j
[;ﬁ (2;83 +idg + z’xlai> + 2:@:6’19*] a(p®,a").

C.3.4 Map between CFT and AdS; x S

oo

In order to establish the map between CFT and AdSy x S1, we compare CFT gen-

erators found in Appendix C.3.3) (summarised below)

po=

=
[l

pi +p3
_ <pWi N Pép%)
207 2pg
™ —wrpl —T3p3
tp' — aipf — x5 pd
i plpl p%pz

Ty + Py +X1 1 T
P11 p22 12p 22+

x1p1 + x2p2 - x1p1 - x2p2
tp~ + 2dy + xiph + abph + xypl + 2y py

- o o 1. . o
t2p~ + t(2dy + 2iph + zhph) — 3 (zi2ip] + zhabpy)
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Jod J.J
= —t (mz AL 4 b2 4 plg) —{-p’zmé)

1
2p;

Yl

2
2py
j

vy

i

J o .
= :clx’li: + zhah =222 4 ay (2 pf + 2ipl + dy)
1

4p dpy
+ay (23 py +ahph +dy) (C.10)

with higher spin generators in AdSy x S; (first worked out in Ref. [130] and then

summarised in Ref. [5]) given by

P i A
2pT
pr=p*
pt=p"
mTT =tp —ax pt
Mt =tp® —ap™
0,z
W =2 p —ap D f
p

d=th +a p" +ap® +2p° +d,

A 1

k= = —§(x2 +22)p” +a (2T pT 4 2p® + 2p® + dy)

1 z z\,.0 0\2

s ((:vp —zp")p” + (p) )

. 1

kT =a™2p + o (ap® + 2p° +d,) — 5(:52 + 22)p*
0.z

2 AT R

p+ )+ 5(1" -z )p

+x(z"pt + 2p7 +dy) + 2p°

k* = zH(xp” —a p” —

where d, = 1 for AdSy. Equating the first 5 of these generators we thus obtain

pt = pt=p +p; (C.11)
Pt = p'=p=pi+p3=pi+p (C.12)
mtT = T —aTpt =tp —aypy —aypy (C.14)
mt = tp—apt =tp—aipf —23p5. (C.15)
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Equations (C.11), (C.12), (C.14) and (C.15) give respectively

pt = pf+ps
p = p1+p2
_ zpf 4 2opy
To= 7
D1 T Do
_ mpf +aypy
T o= .
P + Dy

Equating the rest of the generators gives

- _ P vl | b

m = x p—xp + o = p1xy + P2y +x17+

2pf | lopy
d = tp +x pt+ap+2p® +d,
= 1P~ +2dy + x1p1 + x2p2 + rpl + x5 py

1
kY = 2p +t(ap+ 2p® +da) — 5(3:2 + 22)p*

A, 1
= % + t(2dg + x1p1 + w2p2) — B (xlxlpii_ + mzm]?;)

VA
N 1
K* = tlxp” —xp° ppﬁ )+ 5(&?2 — 2"
+a(z"pt + 2p® + dy) + 2p°
= t( z;p]l + gp;i)p? + play +p2$2)
1
1,/ . . . S . o B
-3 (x{:rjlpll + xéxépé) ] <d¢ + 2ip] + pl ] )
—i—xé <d¢, + ac%p% + p;m2_>
~ 1 o o
k= = —5(:1:2 +29)p" +a (a7 pT +ap” + 2p* +dy)
1
Tox ((xpz — 2 + (0)?)
pjp s w
= iz 1 1 +2x 4 =t (z1pi + 24P} + dy)

+y ($2_p2 +ahph + dy) -
From equation (C.17),

a"pt +ap+ 2p® = xip1 + xapy + 27 pf + x5 Py
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= Zp

z

-+ -+ + +
_ _ Ti Pl +Typ T1p + TP
= $1p1+$2p2+9€1pf+3«"2p;—%f—lT?p

1 _
= [z1p1(p] +p3) + 2op2 (P +p3) + 2107 (P +p3)

+x5p3 (pf +p3) — (x7pf +a5p3) (0] +p3) — (x1pf + @203 ) (p1 + p2)]
1 _ -
= [21p1pg + 2opap] + 21Dy p3 + 25 P T

—(x7pip3 + 2303 pT) — (21p] p2 + x2pd p1)]

1
= ¥ [z1p1p3 + zopop] — (z1p] P2 + 22p3 p1)]
1
= i [(z1 — @2)(p1p3 — pip2)] - (C.21)
1 2

Hence equation (C.18) becomes

1 1
5(1‘2 + 28)pT = t(z1p1 + z2p2) — 3 (z121p] + z222p])
2
" x1py + zopy L (- z2)(p1py —pfpz)) IRy mipf +aapf ] 2t
pt P pt pt b

t(zp + 2p°) —

2
1
= t(z1p1 + x2p2) — B (z121p] + 2222p7 )
1

1
22 = pe= [t(xlpl + @2pa)pT — B (w1210 + @2w2p3 ) p

+

1 2
—t (ﬂflpf + $2p2+) p—t(xs — ZL‘2)(291]92+ - pfpz) + B (961]91+ + $2p§r) }

1 1
2 = == Hwpips +xopopy) — 5 (m1z1p{ p3 + 227205 )

—t (z1p] p2 + w2py 1) — t(x1 — 32)(p1py — pip2) + (@10 223 )]
1 [ 1
2

F="m| (z121pf P35 + z2wopy pY ) + (2107 2p3)

—t (z1py p2 + w2p3 1) + tx1py P2 + twapipy |

pips (w1 — 29)?
p+2

T — 1 +,.+
(z1 2)\/101192. (©.22)

Py +p3

z =

Equation (C.16) becomes

oy

2py

0,z - J

’p _ _ pip]
=p1Ty + P22y +x1—— + X2

pt ! ? 2p;

xrp—xp +
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(xlpf + 255
:> -_— = e &
p+

2
b7

=pi1xr; +p2ry + 1317 + xo—
2py

0z + - — 1
= p'pT=p [plxl +poxy + 21— 2
2pf T 2py

2
— (z7pf +23p3) p— (1) + x2p3) (24_ + p?_~_>

= I:p1371 p2 +p2$2p1 —i—mFPQ + x2

— (z1pip2 + 2505 m) —

>p+ <m1pf+x2p§) < pi N p3 )+p9pz
pt 27 2p5 pt
PQ
+
1 2py
2 )
p . D2 ]
%
pi
1% 2p2
Pl p% p+
1
2p;
2 2
+ D3 + P1 >
T1p| T +T2py —¢
( " opy ?2pf
2 2
P1 + P3 + .23
f- | o

(7 23) (i —pi) + o7 - a3) [ Ly
P1

We obtain p? by dividing equation (C.21) by (C.22):

z

p =

and p? by dividing (C.23) by (C.24):

p1py — pip2

\/Pi Py

(C.24)

[ [p?pé’ —pjpfpz B p%zai’—pfpg pl}
0 N A 2p, 2P
po= (2 —xy)\/pipy |1+
( ) pip3 — pip2
_ _ + b1 D2
= (27 —zy) /i3 1+[ H
( Y F 20
_ _ p b
= (2] —=3) p1p2+ [”; Y. 1P2]~
1

C.3.5 Example of obtaining generators using the kernel

The map is established using the kernel as follows[10]

LASH (p*,p,p*,0) = / dpy dp1dpy dps KLY (pf p1,py, po) -

where on the left-hand side we will have an AdS/Bulk operator in terms of p™*, p, p*, 0

and on the right-hand side is the bilocal operator in terms of pf,pl,p;,pQ.

Let’s
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first obtain the above result:

ZH (p*,p,p%,0)

0
/ dpt dprdps dps

IC‘II (pl y P1, Py 7p2)

dp*
But
O  Om D O d i 9 dpf 0
op? Op*Opy ~ Op*dpy ~ Op* dp  Op* dpg
B sin&i_sinGi
2 O; 2 Op2
1 .
= —5511119(:1:1—:1:2)
and
1 6 0 b ps /Py

—sinf = sm — cos —

2

\/pl +p2 \/p1 +p

and therefore

\/pi Py

H(pT,p,p0) =

/ dptdpydpy dps K

pi +py
\/Pi Py : )
= 2ads = | (71 — 22
py +py
Bilocal

p1 +p2

(.1'1 - x2)\il (pii_7p17p;7p2)

As another example of implementing this equation, we obtained for M that

Sa(pt,z’) = (ia:+3i + xipJ“) a(pt,z?)
=>m" = zTp' +ap”
Inserting this we obtain
milH = (27 +ap®)H (pt,p,p7,0)
= [ dpfdpidpsdp: K <8§_ﬁi+ aiﬁ) U (pf,p1, 03, p2)

oL
op~ p

(
/
/

dp1 dp1dp2 dp2 K (

300

0 ~
8p> v (pii_vplvp;r?pQ)



Appendix C Detailed Calculations Appendix C Light Cone

Now
0 op1 O dpy O 1 0 1 0
— = ———+ ——==-(1+cosl)—+ =(1 —cosf)—
Op dp Op1 ~ Op Op2 2( )apl 2( )apz
cos? 6 0 + sin? 0 0
= _—— 1 —_——
2 8}91 2 apg
_ piaa+pia
= =
= .
Hence
migH = - / dp dpidpy dps K (p'2™ + pTz) ¥ (p], p1, 03, p2)
= mgi = plat +pta.

C.3.6 Derivation of equation 33 of Ref. [10]

In equation (4.22), x, and p* are AdS4 quantities with first two coordinates related
to light-cone variables and second two coordinates to the ¢ and z direction. Hence
i Pu = (&P +aTP +ep+ap®)  Pho first delta function is of the form § (2% — a?),

and since

5 (fla) - f') = ‘W

for all real roots of f, we have that ¢ (% —a?) = 5= (0 (z —a) + 6 (z +a)), and

therefore

5 (") = (2p*p™ +p%))

= . (6(v ~ V=2 )+ 3 (r + V" r ).

2y —2ptp= —p?

Integrating over p* (with (p*)? positive) in equation (4.22) then gives

Hs (x+;x_,x,z)
1 1

— F(—)/ dp+dpdp7 ei(w+p*+z*p++wp)
27 ) optp——p2>0 I/ —2ptp — p?
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_1_1 +_ .+
Ps( 37 32) <P1 Py ) !
p1 +p2

/dp1 dp1dp2 dp2 Jo (p1 +p2 - 5 (p1 +p2 —p) (s + )

— + _
U (pf,p1,p5 , p2) [ <p11/2+ p21/ —/=2pTp~ —p) Vot
by
+0 (m/i pz\/EJr —2ptp- > V2p+p_p2z].
by

Consider now

py pi
5 (g(x) =6 | piy| = —p2y | == £V =2ptp —p?|.
D4 Do

Py P
Py V2
Py p1 ot = 2
= |(m + 2p"p” — (p1 + p2)
Py

p _
= pi= —2pips +p2 = —2p"p~ — pf — 2p1p2 — P}
p1 p2
+ + + + + +
- Py t P 2 (P1 TPy 2 (P 2 (D
o g (B g () g (1) g (1)
Py Py Py Py
2 2
— P1 V)
= —p =1 422
207 p3
Furthermore,
lag(w) - 2pt
op~ 9 —2p+p——p2'
Therefore,
2 2 +r— — 12
~, bl P32y —2pTpT —p
5(9(2)) = 6 (p - )
207 py 2p*
and hence

Hs (ac+;x_,:c,z)
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= F(_l)/ dp*dpdp™ L ci(atp™ +ampttap)
2ptp——p2>0 2

2 —2ptp— — p?
PR (Bnd) g
5 pl +p2

I(s+3)

dpfdpidpy dp2 J5 (py +p3 —pT) 6 (p1 + p2 — p)

2 2 — 2
2y/=2ptp~ —p
1, L, p2) 6 +—+—
(pf.p1,p3 . p2) <p 207 5L> ot

v
( V/=2ptp=—p22 + e~V —2ptp— —pQZ)

—

= F(—)/ dp™dpdp~ ei(x+p+zp++:cp)/dp dp1dpy dps
2ptp=—p2>0

2
P(févfé) <p1 —DPo ) S!
5 pl +p2

J§ (pf +p3 —p") S (p1+p2—p) U (pf,p1, 05, p2)

I‘(s—l—%)
2 2
_ P1 Dy 1 ( —
o — + = 2cosy/—2ptp= — p? )
(p +2pir+ >2+ cos pTPT — piz

Joi(z) = NG
= cos(x) = L;J_;(x)

Therefore,

Hs ($+;$7,ZL‘,Z)

1
- (- / dp* dpdp~ (=P ) / dptdpydp dps
2ptp=—p2>0

2
P(*%,*%) (p1 —P2 ) 8!
5 pl +p2

il (pii_vplvp;r?pQ)

J6 (pf +p3 —p") 0 (p1+p2—p)

'(s+ l)
pi —2ptp~ —p
) +—+ ( —2ptp — 2)
e
1 - tp—pt s!
= F()/ dp™tdpdp™ ¢i(at P +a7pt+ap)
2 2ptp——p2>0 r (5+ %) p+ (p+)s

—optp— — p2
\/m p2p 2 (z —2p+p‘—p2)
2

/dp1 dp1dpy dp2 I8 (pf +p3 —pt) 6 (01 +p2 — ) (0 +p5)°
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(~1,-1) <p1+—p§> (_ pi p%) =4y

Py 272 —=)d|lp + + = ‘11}71 P1,DP9 ;P2

’ pl +py 207 py (b1 11, )
s!

1 / _ i(ztpmtzpt
= I'(-= dp™dpdp eiletp e pt tap) S
( ) —2ptp——p2>0 r (3 + %) p+ (p+)

2
o = 5. (-
\/7’(’2 p2p p J (Z\/W) Os (p 7p+7p)7

1
2

where

Os(p~,pt,p) = /dpfdmdp?dpz J§ (p7 +p3 —pT) 8 (p1 +p2—p) (pf +13)°
~1-3 (pf —p3 pi pi-p )
(272) <12 -l = T (pf.p1,p3.p2) -

P
Pl +ps >

2py Do

Reverting now back to the equation above as written in the paper,
s!

d +d dn™ i(aﬁp*—&-x’p*—i-a:p)
P pap € I—\ (8 + %) (p+)s

Hs (m+;x_,x,z) = /

—2ptp=—p?>0

oty — p2
\/772 p2p pj

(=v=2" 0~ =12) O, (™ .1*.1),

1
2

where \/: V_zpjp__pQJ_% (z —2ptp~ —p2> = cos (z —2ptp~ —p2) — 1 as

z — 0, so that in this limit the equation may be written as

.o ; 3'/ dptdpdp~
Hs (x ' L ,iL‘,Z) z=0 F(s—i—%) —2pTp=—p2>0 o
Lt rtm) ) 6, (p pt
(e ),

as in equation (33) of Ref. [10].
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# and kY in temporal gauge

The quadratic Casimir is related to it as follows,

Cso(23) = 2 (k,ﬁ>2 .

We take a quick digression to the commutator relations for the conformal operators,

which will help in calculating this Casimir. Counting the number of elements de-

d(dgl) from L,, and 1

scribed by these generators we obtain d from P,, d from K,

from D, i.e.

-1 2 2 1 2
d(d2 )+d+d+1:d +2d+ _ (d+ )2(d+ )

hence we can describe this using a (d+2)-dimensional antisymmetric matrix. A new
antisymmetric object Jap (where a = 1, ..., d replaces p above, A = —1,0,...,d, and

where nap = diag (—1,1,1, ..., 1)),

Jab = Lab
1
JO,a = §(Pa+Ka)
1
Jfl,a — §(Pa*Ka)
J_1o = D.
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This new group then satisfies the commutation relations

[JaB,Jcp) =i (mapJBc + nBcJap — nacJBp — nBpJAC) -

The Casimir is then given by

Co

1

5JABJAB

1

5 abJab+J0,aJ07a+=]71,a1]_17a+t]71,0=]_1’0
ljbjab_i_ (Po+ Ka) (Pa + Ka) _ (Po — Ka) (Py — Ka)
27 4 4

%JabJ“b + % + @ - D?

- 1
L*+ P,K, + 5 [Ka, Pa] = D?

L? + PyKy + (if)agD — iLaq) — D?
[’ +P,K,— D (D —id).

— D?

The eigenvalues of the above generators acting on the vacuum are given by

L21Q) = s(s+1)|Q)
K. ) = 0]Q)
DI = —iA|Q)=iE|Q),

where Ej is the lowest energy and s is the spin; therefore, with d = 3, we have that

the Casimir is given by

Cso(2.3)) = s(s+ 1) + Eo(Eg — 3).

From Ref. [135], Ey > s + 5 and therefore

CSO(Q,S)) ~ 282 ~ 2(]{9)2.

where this kY which labels internal spin degrees of freedom will be the subject of the

upcoming calculations. The SO(3,2) bilocal generators for rotations are given by

JAB — xf‘k:lB — xflﬁA + szsz — xkaA
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and therefore the quadratic Casimir becomes

Co

- JAB JAB

[ R

= (x14k1B — x1Bk14 + 24k — x2Bk24)

RN =N

2

ALB BA ALB B.A
— (w1akipa{ky — v1akipay ki + x1akipas ky — x1akiBad k3

ALB BLA ALB BLA
—x1Bkiax 1 ki + z1BkiaxT kT — z1iBkiaxy ky + z1iBkiaxs ks

Ai1.B B1.A A1.B B A
+xoakopxi ky — xo4akopxT ki + xoakopry ky — woakopry k)

A1LB B, A A1.B Bi1. A
—QZQBkQAﬂSl kl +:C23k2A$1 k‘l —xQBk‘QA:CQ k:2 —i—xQBk:gAxQ k:2)

EI)Q - (551 ' E1)2 + (1 - 72) <E1 '

(i

given in [135].

(71)° =0
(#2)* =0
# -k =0
Ty ko =0
S\ 2

(F2) =0
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Using these constraints we may write (noting that Yoon’s expression for £ is in

terms of x9; = (22 — x1))

) - -

Here we notice that the cross product of 2 vectors,

(Ax B)-(C x D)

GabCAbBcﬁadeCdDe
— (dhoc — oteg) A'BeCD*
— (A-C)(B-D)-(A-D)(B-C)

and therefore, recalling that k! = |k;| cos ¢ and so forth,

(k7)?

() (-5 - () )

= ( 1 X f21> . (9321 X 722)

= - (k‘lffg

— (:

= [A]l&( -

1

cos p103) —

- k?%x%ﬂ (k’%ffa k‘233

sin 125 1) (‘kg‘cos ©oT3 — ‘kg‘sm cp2x21>

1

(cosgolle sin 125, ) (coscp2x21 smg@le)
(

x%l)Q cos 1 cos w2 + (x 1)(x21) (cos @1 sin g + sin p; cos ¢2)

—(231)? sin 1 sin ] .

From the identities

sin (1) cos (p2) =

|
sin (p2) cos (¢1) = [

1
2

sin (
sin <

(sin (@1 + p2) +sin (p1 — ¥2))

©1+ P2 cos P11+ $2 Lsin (P92 o (1T
2 2
©1 +902> cos (m;m) in (@1;@) cos (sol -
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we have that

sin (¢1) cos (p2) + sin (p2) cos (p1) = 2sin (901 ;’ 902) cos <801 42- 802> ‘
Furthermore,
(51)° + (73,)° = (23— 21)* + (25 — 2})?

= [(22)* + (23)°] = 2 [(23)(27) + (23)(2])] + [(21)® + (21)?]
and since

(21)° = (22)* =0 = [(23)* + (23)*] = [(21)* + (27)*] = 0

and = (z3) =i(x}); (22) =i(xd)

we obtain that

cos (p1) cos (p2) = % (cos (1 + @2) + cos (g1 — p2))

1 1+ Y2 o [ P1 — P2

= Z|2cos? [ ——F2) —1+2 — =) -1
2 { cos < 2 > o8 2

= |cos® (12 2>+COS2 (12 2>—1}

= |—sin? <@1 ;L S02) + cos? <¢1 ; @2)]

sin (1) sin (p2) = % (cos (w1 — p2) — cos (w1 + ¢2))

i [ 2(901_902> 2<¢1+802>:|
= COS 9 — COS 9

and therefore

‘51 Ez‘ [—(231)? cos ¢1 cos gy — (w3;)? sin 1 sin ¢ ]

= ‘51’ ’EQ‘ [(fU%l)QSinQ (W) + (x3,)? cos? (W)} )
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(k%) is thus given as follows:

(k) = )El‘ ‘E2‘ [@%1)2 cos” <(’01 _g SOZ) +2(3;) (23 sin <901 ; SDQ) cos (@1 ; L
+(22,)? sin? <901-2F¢2)}
2
= )EI‘ ’732‘ {(3%1)008 (@12@2) + (231) sin (901";“’2)]
=) = ’]21 2 [(9551)005 <¢p1 —; (p2> + (a3) sin <901 ; (‘02)]

which is identical to the expression in Ref. [10].

= + [ et
(k:g) = |k1|| k2| cos L 5 P2 (x% —x%) + 1/ | k1||k2] sin Ll 5 P2 (x% —x%)

= F.(k1, k) (x5 — 21) + F_ (K1, ks) (23 — 23)

Note that we may also write Fi (k1, k) = \/é <|E1||E2| + kikd — k%k:%) and F_(ky, k) =

J L (IR IFs| — Kbk} + k2k3) since

I 1 /- -
L (A (D.8)

|k || Fa)|

= \/2 (1 4 cos ¢1 cos o — sin g sin 2)

Ak
- \/’1’22<1+cos<m+m>>

|kl o (1 + p2 o (P14 2
= \/ 2 14 cos 2 — sin 5
\/yﬁly@cos(@l;@?)

(1FullFs| = k1S + k353

F—(E17E2) =

DN |

Ak
il (1 — cos (g1 + )

— \/|Fu|[a| sin (Wl';‘@?)

Il
Q«
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Let us now find the @ conjugate to kY From [136], the result from equating two sets

of generators is given by

g |Fala} + [Bolad KRR
N kz 2_,_;;2 r2 /(kz)Q—i—EZ

\/ (k)2 + k2 2\/ k*)2 + k2

(x2 - x1) (k1>k2) (372 - x1)F+(k’17k2)
\/ (k)2 + k2

0 is found by considering Poisson brackets,

B of 99  Of Oy
{f,9}pB = zz: <3qi apt - opt aqz)

and following Ref. [143], the best one to start with is (note that # is considered a
momentum and not a coordinate); it is further assumed that all AdS coordinates,

including @, are functions only of bilocal coordinates k1 and ks and not of of Z;-

coordinates.
oz 00  oz' 00 ozl 00  oz' 90 oz 08
0 = Ly — el b I o S AN Wb A it
'l Olen =2 <8x,} okl ~ ok a@) ozl Ok T 0zl okl Ok 08
_ Rl | 90 kol |00 KW
i’ 1 i’ 1 =
(k%)2 + k2 Ok (k)2 + k2 Ok K2y /(k%)2 + k2
Similarly,
0 = {$2,0}pB
S SR T W S N W A
= = 2 = 2T =
(kz)2 —l—kQ 8k1 (kz)Q + k2 akz k2 (kz)2 + k2

and therefore we obtain,

-~ 00 89 k2k?

ki|—— + |k - —— = D.1
00 00  k'k*

k kol == -— = 0. D.11

ol + el + (D.11)
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where from equation (4.25), k* = 21/|k1||ka| sin £1522  Furthermore,

0 = {29} —ﬁ@+%ﬁ+%ﬁ+%ﬁ+%%
T VTIPE T 00T okl T a0kl T 022 0k? T 022 0k2 ' Ok 06

0 = F(R ) (;Z _ ;’Z) R (B R (5152 _ ;Z) (D.12)
and
N () P L Sk
Oxy Oky  Ox50ky Oz O0ky  Ox50k3;  OkY 00
=1 = Fy(k1, k) <§é — ;é) + F_(ky, ks) <§:§ - ;};) : (D.13)

Now equations (D.12) and (D.13) are of the form

F_xA-F . xB=0
- xA-F_xB=1

F. F, A 0
= —
F, F_ B —1
o) 00
N A\ | I T ookt
B | 20 _ o0
k2~ Ok?

Note that
Py, 0 = \/|E1||E2|cos<%‘;¢2>
PG = ylRllR s (2572
= F24+F2 = |k|lkal.

Therefore

20 _ 00 ——L__ cos (&rf£2
(r%% 8k%) _ ( NS (52)

00 00 1 : ©1+P2 ’

9 — Ao — — S1Il

Ok3 Ok} VIR |[Re | (5%)
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and equations (D.10) and (D.11) become

00 - 00 K*kF

0 = Fop | = kol — — ——
Mg+ klgr = 7
00 00 1 01+ Y2 k2k?
= |ki|= + |k —cos( e
ki Okl - 2 2
LRV b
o _ 1 kal <sol+go2> R
Oki |k1| + |k2] |k1] 2 k2
89 - 00 ElEk?
- 00 - o0 1 . 1+ P2 k'k?
= |kil55 + |k 2—81n< +—=
o0 1 |/Z2| . ©1 + P2 klk?
W = SV —— S1n 9 — =y . (D14)
1 |k1| + | k2| |1 k

Now, since k2 = |ky|sin ¢ and k! = |k1| cos 1, we have

9 [ ag]—cos ﬁ—Fsim 2
k1 o P okl Lok

1 k: K2k
= COSY]—=——5— Lﬂcos<¢1+¢2>+ =
k1| + [kl K1 2 k2
. 1 \EQ\ . <<,01 +<,02> klk?
+smp1——-=— —— sin - —=
kil + [ka| [V [kl 2 e

_ 1 U@![ <s01+302> o <901+902>]
= - Cosp1CoS | ——— | +sinp;sin
k1| + [ka| V [Ki 2 2

+ ul
B2 (11| + [Fal)

[k2 cos 1 — k' sin 4,01] .

The bracketed term in the first line is given by

COS (1 COS <<,01 ; <p2> + sin g sin (@1 _g @2>
= (o (5) 7 (5)) (o (5) e (5
2 (2 on(2) (30 (5) s ()
= (COS ( )—i—sm (%)) (cos( 1) cos(
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= 1cos P1—¥2
2

The bracketed term in the second line is given by

k?cospp — klsing, = (k% + k%) COS (1 — (k} + k;) sin ¢
= <|lgl| sin ¢ + |E2| Sincp2> cos o1 — (|§1| cos o1 + |E2| cos gpg) sin @1

= [kesin (p2 — ¢1)

and therefore

0 ks k? -
g e oo (21522 )] + g lRlsin =
1 |]€1|+|k2| A k2(k1| + |k2])

‘kz)cos(wﬁ’ ) 1 sin (cpl—g@)]
5 )

(1Fs] 4+ 17al) o FallFol 2

Using the expression for p* in equation (4.25)

kK = 2“ ‘El‘ ‘EQ‘ sin <S01 g SDZ)

the bracketed term becomes

kz + 2 ‘Ell ‘EQ

(k1) + (k2)? + 2|k1 || k2| cos(ip1 — 2)

o] (2 (25 22) o (252)

= (k1) 4 (k2)? 4 2|k1||k2] [cos <S01 5 @2) — sin <S01 5 @2)}

sin? P1L— P2
2

= (|E1|+|E2|)2

e

so that

‘ —

a0 k| cos (£15£2) <|E1|+|E2|)

! VA
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which integrates to

—

|1 |2 cos (£15£2)

@ = arctan ‘_) -
(|k2| - |k‘1|>
2|k || o si -~
_ aretan |k1[|k2| sin (o1 — ¢2)
(17l = 15s1) (2318l sin (2152
ko x k
= arctan | 2-— 2Xq1
(1%l = 1fr]) &2
kik? — kik2
= arctan | 2 _? L 2
(1%l = 1Rr]) &2
where 8%01 = % =0, i.e. the constant of integration is 0.
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Toy Model

E.1 Non-Relativistic Quantum Mechanical Problem

In equation (3.7), the second order effective action was found to be
2 _ 1 1, —1 A d
Seff_ZTr(d}O mbo ) 4|/dxnxx
The equations of motion for this effective action are given by

1 A
5 (wo_lnwo_l)x — =0T =Yz = 0

Yy 12
_ _ A
=>(¢01771/101)w - 55(90—21)%95-
Now p = —i0,, thus
(z]oly) = i{z|ply)
= i [dor [ dpa Galpn) (o) (o2l
p p eiTp1 e~ 1yp2
= /p1 pz\ﬁ (p1 — p2)p2 N
d .
— /Qp;ezm(x—y) (ip1)
0
= —d(zx—v).
o (z —y)
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Similarly,

(x|?ly) = i (zlply)

and therefore

<x\(w2)*l\ y> = —;;5(90 — ).

The equations of motion in equation (E.2) therefore become

A
=6(T = Y)New = (¢61n¢61)

6 Y

[t [t @)L e
/dd /dd (—5 )) Naw (—;;25(10 - y)>
—/ddz/ddwé(x —z) g;nzw (88:2““) - y))

- _/dd 8822”“” (88225( y)>

0% 02
_ d ) =~
B /dwé(w y) 922 dw?
02 o

B2 o2 v

Therefore the equations of motion may be written as

LW

This justifies the use of a one-dimensional Dirac delta function potential toy model.
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E.2 Dirac delta function potential

For the Dirac delta potential,
V(z) = Vod(),

Schrodinger’s equation is given by (with & = 1),

0 1 &
z'&w(a;,t) = <_2md:c2 + V0<5(x)> P(x,t).

Since the time dependent wavefunction is given by (xz,t) = e "F*)p(z) where E is

the time independent part, this equation becomes

2
(E L L ) () = Vod () s 0). (E3)

om dx?

We will now drop the E subscript. This may be solved as follows: suppose we had

a Green’s function

G(m,w’) —/;lieik(“”_x,)Gk

which satisfied

Substituting this Green’s function into (E.3) would then result in (treating ¢ (0) as

a constant and recalling that d(z) = [ %eik‘”,

1
Gy, = —=
k2
E—on
dk ; / 1
N — SR ik(x—2a')
= G(z,2) /276 E—%
dk k ) 1
_ M9 ik(z—12')
/ 27T( m)e (k +V2mE +ie)(k — V2mE — ie)
= L VomEBlel, (E.4)
W2mE
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Hence,

W(x) = /da:'G(x,x/)Vo&(x/)@Z)(O)

_ m V2mE)|z|
= — ¢ V 0).
wW2amk 09 (0)

The general solution thus becomes (noting that p = v2mFE)

Ye) = e+ o PV 0). (E:5)
Setting z = 0 we see that ¢y = m, so the general solution becomes
_ ipz m‘/o ip|z|
P(x)=e +ip—mV0€ .

It is notable that in the limit Vj — oo, the = > 0 wavefunction vanishes.

E.2.1 Second quantised commutators for the free theory

Since Hamilton’s equation is given by iaﬂﬁ =H 1[), the Lagrangian is given by

L= /dm/dtzﬁ(w,t) (i — h) P(x,t)

where

1 d?

The conjugate momentum is readily obtained to be

oL ) =il (x,1).

m(x,t) = ———~
9 (atw (z,1)

It then follows that the second quantized canonical commutation relations are

) (@) | =6 (- ).
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For the scattering states, we have

where

From Schrédinger’s equation,

1 d?
5 23 (@) + Vodlw)(0) = Ey(a)
1 d2 dk zkmA dk ikx __ dk ikx
> gz | 3 Vov) [ e =B [ e
dk k2 Vo (0)
dk Vi (0)
= w(())_/zﬂ_Ekz
Vi
g

Here,
v 1 1
77]]:;:0 = 6(:16—]{30)4—270]{:2
Wﬁ* — f27r21972_2,€72
1 kg
= d(k—ko)— 7rk2 ok

and kg = v/2mE is fixed. In momentum space, the critical scattering states!

nkz/MW%

- / dkod (k — ko) b, — / dkg kob’“@

'Eq. (E.7) are the analogue of the full relativistic bilocal equation:

4 |ps)| (‘k—lﬂ + ‘712,)
— (Jk1| + |ka])?

.
(ap,pfhfkgAp,pfhf@ + akleAklkz) :

s At
Mhiky =  OkikyAkikg +ak1k2Ak1kz + dpEQ
p,p—k1—k2

A huge difference between the two cases is that we are able to perform the integral over the
momentum label in the non-relativistic case.
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— by — % / dko kgofki(;?‘ (E.7)
It then follows that the canonical commutation relations are since [by,by| = g i/,
where in the last line we close above,
L1 i kobky .+ i ) k()blé
[nk,nk/] — b — 7T/cucokg R b+ ﬂ/dkolc’o?—k:?

. kot .
f o 07k i kobky
(b, BL | + | 7T/dkok,OQ_k,Q + [ 7T/olkokg b

, . kbl
+ —Z/dko Sobk Z/dk’ L
™

K-k ) k2 — k2
ik ik 1 k3
= Spw +— —— = [d 0
L Ry v ey v / "o (k2 —k2) (K2 — k7?)
g ik KA 2wk 2mik®
TORMT IR K n k2 K2 2 |2k (k2 —K?) 2k (K2 — k2)

= Ogpx-

E.3 Normalisation Constant

We now set out to normalise this Dirac delta function potential. Defining

_—mW
ip+mVp’

mVo

f(p) = f*(p)

ip —mVy’

the wave-functions are given by

bo(z) = ePr 4 f(p)e* x>0
P B ePr 4+ f(p)e= P <0

T( ) e—ik:c + f*(k)e—zkx z >0
x) = . .
k e~ tkx 4 f*(k)ezkr x<0

We now find that

Sk —p) = / " de ATyt (2) Ay ()

—0o0
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= |AP [/io dz <e’““’ + f*(k)eikm> (eP" + f(p)e™™?)
n /0 (e*ikw + f*(k:)ff“”) (e + f(p)e“”)]
2% (p — k) + F(p) /0 dz (epr <@_ka n ezm)

1 (R)e ke (e 4 eipx)) 4 2f(p)f*(k)eipxefikx:|
(

+2f(p)f* (k) (cos px + isinpz) (cos kx — isin kz)]. (E.8)
Consider now
/L/Qd in%—n 2mm 1/L/2d in2l( +n)r — in2l( —n)
; xs LaccosLaU—20 @ [sin— (m +n)x —sin— (m —n)z
L
1 cos%ﬁ(m—}—n)_cos%’r(m—n) 2
2 2T’T(m—i-n) 2T”(m—n) 0

If the denominators were not different, this would reduce to zero since (—1)" =

(=1)~"™. The terms containing both cos and sin in equation (E.8) are as follows

I = / dz f(p)2isin pz cos kx — f*(k)2i sin kz cos px
0

+2f(p)f*(k) (isin px cos kx — i cos px sin kx) (E.9)

To calculate this, we work with the discrete case:

lgis = /OL/2 dSUf(%Tn)QZ sin %Tn:c cos 27;7”55 _ f*(27;m)22 sin Qmecos 27271:6
+2f(27rTn)f*(27rTm) <z sin 27TTna: cos 27;mx — 4.COS %Tnm sin 27;m$> :
The first line in equation (E.9) becomes
lyis, = /L/2 dwf(%Tn)Qi sin %Tnx cos 27;m$ - f*(%Tm)% sin 27;m$ cos %Tnm
0

322



Appendix E Toy Model

< 1> mVo
= 2i|—5 -2
2 ’LT—m‘/(]

4 mVo
(122 — mVp) (1222 + mVj)

2mn (=)™ =1\ [.2mm 2mn
“L‘m%)‘( 2;<m—n>)(l £ (- ) )

= ] me . m4n . men
= B )R vy [ (DT =) = () )

e
’ VO( = ) )

2i(mVp)?
(12 — mVp) (1222 + mVp)

() =0
L

The bracketed term in the second line of equation (E.9) evaluates to

_1. [(—1)m+n 1 (_1)m—n 1 - ((_1)m+n 1 (_1)n—m _ 1)]
(

m—+n) 2T (m —n) 2T (m +n) = (n—m)

o
3

Hence

Id“? = 2 ~27Tnmvo »27rmm‘/0 (27r ) : (Ell)
i —mVj 1= +mW 7 (m—mn)

Adding the terms (E.10) and (E.11) together, we finally obtain that these ”extra

terms” equate to

Idiszo
= I1=0.
Now, for m # n
/L/2d 2mn 2mm 1/L/2d 277( Fn)e + 27‘('( )
T COS —— X COS r = = z cos —(m +n)x + cos—(m —n)x
0 L L 2 Jo L L
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_ 1 |sin Z(m+n)z  sinZ(m—n)z b
2 2T (m + n) 2T (m — n) 0
=0
= /L/2 dz sin %—nx sin %—maz

. L Lo

whereas for m = n,

so that

L/2 ) 1 L/2 4 L
/0 dx cos? %x = 2/0 dzx <1+C082n$) = 1
1 L

2 4

L)2 9
/ dx sin? ﬂx =
0 L

L/2 2mn 2mm L/2 S 2mn . 2m™m L
dx cos —x cos T = dx sin —x sin T = —0mn
0 L 0 L 4

L L

/ dxcospxcoskx:/ d:rsmp:vsmk:n———éd(k: p) = —5d(/~c—p).
0 0

We therefore find that (E.8) reduces to

5%k — p)

= |AP [27rf5d(p —k)+ f(p) /000 dzx ((cospx + isinpz) (2 cos kx)

(k) (cos kx — isinkx) (2 cos px))

+2f(p)f* (k) (cospx + isinpx) (cos kx — isinkx)]

- |A]? [276%p — —|—2f(p)/ dx cos px cos kx + 2 f*(k) cos kx cos pz
0

_|_

2f(p)f* (k) cos px cos kx + sin pz sin kx]

_|_

(
= [AP |208"(p — k) + 2 (p) 50"k — p) + 2f* (k) 56" (k )
(

21(p) (k) (50°(k = p) + Z0"(k —p)) |

= A [276%(p — k) + 2f(p) 50 <k—p>+2f*<k>g5d<k—p>

+2f(p)f* () 50 (k = p) + 20"k — p)|

= Mﬂﬂﬁk—mp+f<) + [5(k) +2f () f*(K)]
= |AP*76%(k - p) [2 + -

mVy mVy B mVy mVy
p —mVj zk—i—mVo ip — mVy ik +mVj

APt (k — p)

= [2(ip — mVo) (ik + mVy) + mVo(ik + mVp)

(ip — mVp)(ik + mVp)
—mVy(ip — mVp) — 2(mVo)2]
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APt (k — p)

= [2(ip — mVo) (ik + mVp) + m Vo (ik — ip)]

(ip — mVp)(ik + mVp)
mVy(ik — ip)
(ip — mVo)(ik + mVp)

= |A]Pré(k — p) [2 +
1

mVy (ik—ip) ’
™ [2 + (ip—m‘go)(ik+mV0):|

= |A? =

Considering the presence of the §%(k — p), we may set k = p and so

1
Al=——.
Al = 7=

E.4 Normalisation in momentum space

In terms of the Green’s function (E.4), the wavefunction may be written

_ _iV2mEzx o @ 6ipa:
vla) = VB g [ i (0)

which we may write as

oo 2mKE/2m — k2 /2m

Y1 (x) + Yo(z).

We make use of the convention

via) = [ Gretn
w = [ deula)e
Hence
dk
¢<O): %wk

and

Q;Z)lk — /dxeikgze—ikm
= 2mwd(k — ko).
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The normalisation would be [t = 2w = A if it were free; in order to normalize the

whole of ¢(x) we write

Vi = Ad(k — ko)
S di(z) = /dkA(S(k ko )etts

and we will need to solve for A. Thus equation (E.12) becomes

dk dk * dk ik
[ et = o) = [ Graste =kt + [ o
Vo dk’'

= = Aé(k -k E.13
Vi ( 0>+k8/2m—k2/2m 1/% ( )
Integrating now on both sides with respect to k we get
dk dk Vo dk:’
o — A/92 o
27 Uk /2m+ / om k2jom — K2jam | 2x ¥
dk:’ A/2r
o V= T
f k2/2m k2/2m
B A/27r
- mV
1- ’ik‘oo
and equation (E.13) becomes
Vo A/2m

v = Ad(k— ko) + (E.14)

kZ/2m — k2/2m 1 — mVO

In the limit as Vj — oo we obtain a finite form which is the critical form of scattering

states, given by

Vo A/2m
= Aé(k -k
Vi ( 0)+ k8/2m—k2/2m1—7mk‘/0
A 2ikg
—  AS(Ek — _ E.1
Ok — ko) = o e (E.15)

For expression (E.15) we therefore obtain

d(ko — ko)

/ dkk ko Yk gy
B A 2ikg / A 2ik0
_ /dk; <A5(k— ko) = o 7 kz) <A5(k— ko) = 5 k2 — k2>
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whose solution has 4 parts:

a = A*5(ky— k)

by A 2ikg
o k3 — k{f

B A? 2@]4:0
© T T k'OQ k2

A\?2 2iko 2ik!
d = (= dk 0},
(%) / <k3—k2> (ké2—k2>

Adding the expression in b and ¢ gives

A% 2ikg A% 2ik)
C2mKk2— K2 2mkZ— K2
21 A2 ko — k{
o (k) — ko) (k) + ko)
2i A2
“om(kl + ko)

b+c =

and d is given by

AN? -, 1
d = <27r> (21]<:0)(22/7<:0)/dk:(k2 — k[')2)(k2 — k:g)
AN? iy 1
= <27r> (2iko) (2iko) / e =Rk & k) (k — ko) (k + ko) e

R 1
- <27r) (2““0)(2““0)/ I (k — kiy — i€) (k + kjy + i€) (k — ko — i€)(k + ko + i€)

We include poles on the positive z-axis and close above and thus obtain

AN? e 1 1
1= (5r) e (G e mm - eE )
- _A22k0k[’)i< Ky — ko >
a 2 (ko — ko) (ko + ko) (kok{)

- A22k0k6z’< 1 )
o (ko + ky) (kok)

2A%; 1
21 (ko + ko)
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This clearly cancels with our expression for b + ¢ and we obtain finally that
(ko — ko) = /dkwk,ko¢k,kg = A%6(ko — ko)

and therefore |A| = 1 so our expression for v is already correctly normalized. Doing

a similar exercise for expression (E.14) we find

(ko — ko) = /dk%,ko%,ké
Vo A/2m
= dk | Ado(k — k
/ ( ( °)+k§/2m—k2/2m1_%0>
Vo A/2m
Ab(k — k| ; ,
< ( 0)+k02/2mk2/2m1—7?k‘{°>
0
whose solution has 4 parts:
a = A%5(ko — k)
b - Aj Vo I /ﬁ 2mVy 1
2w kR/2m — k3 /2m 1 — Tk‘,/o 2wk — k31— Tk‘,/o
0 0
A2 Vo 1 A% 2mV, 1
C _= —_— 7 = —_— 7
2m k§/2m — kit /2m 1 — 2o 2w kg — kg 1 — 2

() e o
2m ) (1— B5)(1— %) | kR 2m — K 2m K f2m — k2 [2m

Adding the expression in b and ¢ gives

A2 omVy |1 1
b + ¢ = 27T k.2 _ k.’? 1 mVo - 1 mVo
0 0 L~ ko A

mVy mVo

A% 2mV Ro ik

Rk | (- i) (1 - )

A% Amp)? i

TR () ()
A% 2(mVp)?

27 kokp (ko + k) (1 - 22 ) (1 - =)
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The integral in d is given by

(2m)?
h= /dk(k2 k(K2 — kD)
/dk: (2m)?
(k — ky)(k + k) (k — ko) (k + ko) + ie
= / dk 2m)*
(k — ky —i€)(k + kg + i) (k — ko — i€)(k + ko + i€)

We include poles on the positive z-axis and close above and thus obtain

(o227 1 1
f= Q%—k&@u%@@%)*@%x%—mm%+kw>

22w K — ko
= @m Q%—@@m«ﬂ%@)

_ (g2 2T 1
= Cem Qm+%www)

Therefore
AN? 2
d = (2) mVo‘/O mVo I
& (1- iko )1 - ik )
AN? 2 i 1
- &) e S ()|
2 ) (1= ) (=) 2\ (ko + ko) (kokyp)
A% 2 (mVjp)?
- _TZ mVy (n:)zl/o 0> ’ 2% (E'16)
™ (1= T ) (1= St ) (Ko + ko) (Koko)
This clearly cancels with our expression for b 4+ ¢ and we obtain finally that
d(ko — k) = /dkwk,kol/fk,kg = A%6(ko — ko),
and therefore, once again, |A| = 1 so our expression for v is already correctly

normalised.
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Previous example of the need
for a redefinition of fields in

matrix models.

The construction of an explicit map between O(N) Vector models and higher spin
theories was a major theme of this thesis. This involved a field redefinition involving
the Jacobian for a change of variables from bilocals to AdS coordinates, which is

given by

1 1

‘akAdesl B
k1| [k2|

akbilocal

The quadratic Hamiltonian at the conformal fixed point was found to be

Ne. & - N_g. _&
+ 1 5 21 <|k1|2+|k2|2> 1 > kll ’
(@ + ) (@ + )
so that
b= i+i L ’akAdesl 3
kkz ‘ k| ‘ kQ ‘ —ka—ke akbzlocal k2 —kz



Appendix F Matrix field redefinition example

- - \2
ik, = — <\k‘1\ + |k‘2|> U
The canonical commutation relations required are then given by

[7% Ry’ ”Eaﬁa}
Ok pasx 51
8k’bilocml

= —i0(kagsxst — Kaggxg)-

The above is then consistent with the redefinition

7 1.2 _ 1 2
IR PN
1 (%ke) = el
” ’ kik2 £ Ry (B k=0)

with Hamiltonian now rewritten in AdS variables as

;/dEAdSXSI [(HH(Ev kz,Q)HH(—E, _k;z7_9)> + (PO)2H(E7 kzae)%(_E7_kzv _0):| :

It is possible for a similar procedure to be applied to matrix models, whose AdS

dual is String theory. The Collective Hamiltonian is given by

1 2
H= 2N2/dx8 149, H+N2/d:z <2¢3+w(u—¢)>.

We now introduce fluctuations for the large N configuration, given by

O I = _N\fp( )7

and we therefore obtain the quadratic Hamiltonian

Hy — /d:cP Yool /dm 0.2 o ().

Here we have that
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Now consider a change of variables from z (old) to ¢ (new) with associated Jacobian

% . The canonical commutation relations are given by
P(x),n(z") .
LCaR G R
9q
ox

Defining the variable ¢ to be the ’time of flight’ variable (which is the time taken for
a particle to go from the origin to a point x)[144]:

1 dx dx é
= — —; — =T .
K ™ Jx ¢0($) dq 0
The Hamiltonian may then be written as
s T 2
Hy, = 2/de(a:)¢0(a;)P(a:)+2/da: (0zm)° do(x)
o dq|* P(x) P(z) = dq| [ 0q 2 Ox
1 P(z) P(x 1
= 2/dq éq) g(q)‘i‘Q/dQ(aqn)Q-

These are satisfied by setting

Il(q) = ngoP(z);  n(q) = n(z).

This differs from the vector case worked on in this thesis where the field U had

the redefinition, but the canonical momentum TE Fy remained the same.
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