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“I am just a child who has never grown up. I still keep asking these ‘how’ and ‘why’

questions. Occasionally, I find an answer.”

Stephen Hawking



Abstract

Klebanov and Polyakov conjectured in 2002 a duality between O(N) vector mod-

els and Vasiliev higher spin theory, providing a useful probe of the AdS/CFT

Correspondence[1]. When considering this duality in d = 2 + 1 dimensions, the

free 3d O(N) vector model is dual to type A minimal Vasiliev higher spin gauge

theory with a ∆ = 1 scalar at the boundary, and the critical 3d O(N) vector model

is dual to type A minimal Vasiliev higher spin theory with scalar having ∆ = 2. In

particular, in the presence of a relevant interaction, the theory flows from an un-

stable UV fixed point with a scalar of dimension ∆ = 1 to an IR fixed point where

∆ = 2. Strong evidence for this conjectured duality was provided by Giombi and

Yin around 2010 where they performed explicit tree level and one-loop calculations.

For example they showed that at tree level, the three-point functions on both sides

of the conjecture match for both ∆ = 1 and ∆ = 2, and that the one-loop 3-sphere

free energy on both sides of the conjecture agree[2, 3, 4]. Further evidence has been

the reconstruction of the bulk by de Mello Koch, Jevicki, Jin and Rodrigues[5] (for

another construction see Ref. [6]). In 2018 Mulokwe and Rodrigues showed that,

making use of a bilocal field approach (taking a 1/N expansion) to investigate a

three-dimensional O(N) invariant bosonic model with λ
N (φaφa)2 interaction at the

critical point / infrared fixed point, there was indeed a state identified to correspond

to a ∆ = 2 scalar state; the ∆ = 1 state was found to vanish from the spectrum in

agreement with Polyakov and Klebanov[7].

In this thesis, we make use of Collective field theory, where bilocals are used to encode

the invariance of the theory explicitly so that it is the invariant variables which

are described by the theory[8]. We build on the constructive approach developed

by de Mello Koch, Jevicki, Jin, Rodrigues and Yoon between 2010 and 2015 in

both the light-cone and temporal gauge for the free theory, wherein an explicit

map between the conformal field theory in d = 2 + 1 dimensions and the higher

spin theory in AdS4 × S1 was established[5, 9, 10]. In the Hamiltonian approach,

the 1 + 2 + 2 = 5 coordinates of the equal time bilocals map (in phase space) to

the coordinates of AdS4 × S1, and in this thesis we investigate the applicability of

this map to the interacting theory. Using the Hamiltonian approach in time-like

gauge, it is found that the quartic interaction contributes linearly in the bilocal field

fluctuation equations so that the spectrum problem is that of a potential scattering



problem. The scattering state solution takes a universal form at the critical point.

Using a change of variables from bilocal momenta to bulk momenta (as dictated by

the map), and instituting a field redefinition to define bulk higher spin fields, we are

able to obtain a bulk description of these boundary scattering states. It is rather

remarkably shown directly in the bulk that for the interacting theory, the s = 0 state

(corresponding to the ∆ = 0 + 1 = 1 state) is precisely removed in agreement with

Ref. [7]. It is then shown that this approach is equivalent to that taken in Ref. [10],

by showing that the bulk algebra agrees with that found in [10] both at the free and

interacting critical point.
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Chapter 1

Introduction

1.1 Holography

Holography, the concept that the description of a volume of space, understood as the

gravitational bulk, may be encoded on a lower dimensional boundary of that region

(and that space-time is an emergent property[18, 19]), has been a tremendous source

of inspiring work in theoretical physics over the last few decades, most notably

the AdS/CFT correspondence as initiated by Maldacena[20]. A chief instigating

factor has been the limitations of the SU(3) × SU(2) × U(1) model or Standard

model with regard to explaining things like dark energy and dark matter. This

model is based on local invariance principles and has been extremely successful in

understanding the nuclear Strong, Weak and Electromagnetic forces; in particular

the theory predicted the spin-0 Higgs boson required for symmetry breaking (in

section 1.2 we review background mathematics useful for physics and in section 1.3

we revise the spontaneous symmetry breaking mechanism in the Standard Model).

However, notably, when the Gravitational force is incorporated into the Standard

model, the theory becomes non-renormalisable (We review Renormalisation and the

Renormalisation Group (RG) flow in section 1.4). For example, the ratio of the

one-graviton correction to the zero-graviton amplitude is of the order

E2GN =

(
E

MP

)2

(1.1)

1
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where Mp = 1.22 × 1019GeV is the Planck mass. For small energies, or large dis-

tances, this quantum correction is irrelevant. However at high energies or small

distances, this coupling grows stronger, and indeed the divergence gets worse with

each additional graviton, and the perturbation theory breaks down. This is the

short-distance problem of quantum gravity, the non-trivial UV fixed point, stem-

ming in position space from all the graviton vertices being coincident. [21]

In section 1.5 we review some of the developments in General Relativity. Some key

points in its history are as follows. In 1915, Einstein developed his famous Einstein

equation, which Schwartzschild famously gave a solution for in 1916 for a static, un-

charged black hole. In particular, this black hole has a singularity at r = 0 and an

horizon at r = 2GM . More general black hole solutions were subsequently found. In

1916 and 1918, Reissner and Nordström respectively found the charged, non-rotating

solution, while the uncharged, rotating solution was found in 1963 by Kerr and the

charged, rotating solution by Kerr and Newman in 1965. A key result obtained by

Bekenstein in 1975 and Hawking in 1976 [22, 23] after studying Einstein’s equations

is that the entropy of a black hole grows as the area of its event horizon and not as its

volume as intuition may have suggested. Surface or boundary conditions therefore

determine everything within the boundary, a concept known as holography. Quan-

tum mechanically, black holes radiate, and this leads to the realisation that surface

gravity and temperature are equivalent concepts in black holes; this may also be used

to show that entropy scales as area. (Extremal black holes have zero temperature.)

The generalised second law of thermodynamics states that the entropy of the black

holes combined with that of the rest of the universe is increasing, implying that the

area of the black hole is increasing. The quantum mechanical notion of unitarity

conflicts with the Hawking/Bekenstein-derived notion that entropy is ever-increasing

(otherwise put, a pure state should evolve to a pure state; for a black hole, the end

state is instead a thermal state indicating a paradoxical loss of information). Some

interesting developments in this area are also reviewed in section 1.5.

There are various No-Go Theorems, for example those due to Coleman, Mandula,

Weinberg and Witten (we review these in section 1.8), which place constraints on the

type of theories that may be written. A fruitful avenue of research has been finding

ways around these no-go theorems by deviating from the underlying assumptions

of these theorems. For instance Supersymmetry (which we review in section 1.9)

deviates from the Lie algebraic assumption and instead requires anti-commutators
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Chapter 1 Introduction Section 1.1 Holography

to build non-trivial interactions between internal and external symmetries. Super-

gravity builds on this and with the introduction of a ’Tµν ’ term which one interprets

in a gravitational context (we review concepts from General Relativity in subsec-

tion 1.5.3, as well as Supergravity in section 1.10). A further way to circumvent

the no-go theorems is to assume a non-flat space-time background as we shall see

soon; however, we first need to review the role of String theory and Dp-branes in

holography and how they ultimately gave rise to the AdS/CFT correspondence.

In 1973/1974, Gerard ’t Hooft showed that the Lagrangian L = L2 + L3 + L4 for

a non-Abelian Yang-Mills theory (in general a matrix theory with trace structure),

gives rise to a topological expansion in terms of ’t Hooft coupling λ = g2
YMN [24] (we

review the argument in 1.6). Over time, these topological structures then sweep out

worldsheets in a space with one dimension higher, and this theory is known as String

theory. In the 1970s/1980s String theory (some aspects of which we review in section

1.7), where the string tension T is given by T = 1
2πα′ for α′ the Regge slope, was found

to have highly desirable features as a possible candidate for unification (the string

length in this theory is then of order the Planck length `P ). (Initially it had been

thought that the dual resonance model was a likely candidate to study hadrons[25],

and within the span of 4 years, wherein was the rise of QCD, the dual resonance

model became a contender instead for describing non-hadrons [26, 27]). For example,

non-renormalisable amplitudes and ultraviolet divergences make it difficult for other

quantum field theories to incorporate gravity, whereas the massless spin-2 particle

(having a Regge intercept of 2) is understandable as a graviton that is present in any

string theory. String theories naturally incorporate gravitons and massless vector

particles. The low energy dynamics of the massless sector of closed (super)strings

was found to yield the Einstein-Hilbert action.

D-branes or Dirichlet-branes arose from considering boundary conditions of strings.

The strings move around within a ’bulk’, whereas the string endpoints are confined to

moving about certain boundaries known as p-dimensional Dp-branes. For example,

the open string / closed string duality states that a closed string moving from one

D-brane to another is dual to an open string between two D-branes whose endpoints

perform a single circuit in the same direction on their respective D-branes. A further

way in which the idea of duality and holography arises was found by Sen, Hull-

Townsend and Witten in 1995 [28, 29, 30]. Here five different superstring theories

are unified in terms of an eleven dimensional theory called M-theory, all of which

3



Chapter 1 Introduction Section 1.1 Holography

are related by dualities; the low energy limit of this theory gives 11 dimensional

supergravity. One can retrieve the original 4-dimensional theory by, for example,

making use of Kaluza-Klein reduction [31], where the additional dimensions are

curled up on a small space like a small sphere or torus. One might, as a simple case,

consider a background solution to be

gΛΣ =

(
g

(0)
µν (x) 0

0 g
(0)
mn(y)

)

where Λ represents 4-dimensional indices and Σ the remaining indices; g
(0)
µν (x) and

g
(0)
mn(y) are the metrics on the 4- and extra-dimensional spaces respectively. One

then expands using spherical harmonics,

gµν(x, y) = g(0)
µν (x) +

∑
n

g(n)
µν (x)Yn(y),

(with Yn(y) the spherical harmonic) and then employing dimensional reduction, i.e.

only keeping the lowest dimensional mode (the constant one),

gΛΣ =

(
g

(0)
µν (x) + hµν(x) hµn(x)

hmν(x) g
(0)
mn(y) + hmn(x)

)
.

In 1997, Banks, Fischler, Shenker and Susskind came up with the BFSS matrix

model for M-theory [32]. Here, the infinite momentum limit of M-theory is the

N →∞ limit of N coincident D0-branes, given by U(N) symmetry. The D0-branes

describe multi-graviton bound states and the eigenvalues of the matrices represent

the classical position of the D-branes; these interact via open strings. Some further

results include Polchinski describing D-branes as solitons in string theory in 1994

[33, 34], Klebanov contributing to the understanding of stacks of D3 branes in 1997

[35] and Douglas, Polchinski and Strominger making the observation that the near-

horizon behaviour can be obtained by taking the large-N limit of a quantum field

theory [36]. These set the necessary foundations required for Maldacena to make his

breakthrough discovery.

Considering the near-horizon geometry of N parallel Dp-branes of type IIB string

theory and string coupling g in the large N limit generally gives a supergravity

solution AdSp+2×M where AdS describes a space with constant negative curvature,
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Anti-de-Sitter space. Anti-de Sitter, or AdS, space is the maximally symmetric

Lorentzian manifold with a constant negative (scalar) curvature, andM is typically

a compact manifold. For example, the supergravity solution related to D3-branes is

given by AdS5 × S5. The curvature of the combined space AdSp+2 ×M (in Planck

units) is a positive power of 1/N [37], so that, in the large N limit it gives the required

asymptotically flat universe. For AdS5×S5, the radius of the Anti-de Sitter space is

the same as that of the five-sphere and are both proportional to N1/4. Moreover, in

the large-N limit, this results in a conformal field theory (CFT) on the brane given

by N = 4 Super Yang-Mills (SYM). The presence of the graviton together with the

holographic principle led to the assertion in the 1990s by Maldacena[20] (and fleshed

out by Gubser, Klebanov and Polyakov[38] and Witten[39]) that non-Abelian gauge

theories correspond to quantum theories of gravity and that they are related by

the value of λ [40]. In particular N = 4SYM is equivalent to type IIB strings in

AdS5 × S5, where the coupling constants are related as g2
YM = gs and the radius of

both S5 and AdS5 are related to λ by

R4 = (4πα′)2λ

The duality is established by the value of λ. Large λ, corresponding to a non-

perturbative regime on strongly coupled N = 4 SYM, corresponds to a large radius

of curvature R, or weakly coupled gravity. This duality is referred to as the AdS/CFT

correspondence, which is reviewed in section 1.11.

Another avenue for circumventing the No-Go Theorems came in the form of the

Fronsdal and Vasiliev programmes which challenged the underlying flat space-time

background assumption and builds higher-spin theories on curved space-times where

there is no S-matrix. These are reviewed in section 1.12.2.

An example of the AdS/CFT correspondence is the conjectured duality between

large N conformal theories in d dimensions which contain N component vector fields

and theories of an infinite number of higher-spin massless gauge fields in AdSd+1; in

particular Klebanov and Polyakov conjectured this for d = 2 + 1 dimensions in 2002

[1]. Later, Giombi and Yin were able to do calculations using the AdS/CFT corre-

spondence to corroborate this conjecture [41, 2, 4]. This conjectured correspondence

is reviewed in section 1.13.
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It can be shown that the holographic duality that exists for the ∆ = 2 critical theory

follows from the ∆ = 1 free theory using Legendre transformation arguments; this

is reviewed in Ref. 1.14.

1.2 Mathematical background

1.2.1 Lie group definitions

The following is based on Ref. [42]. A Lie Group is a group G whose underlying set

is given a manifold structure (a manifold is a set M endowed with bijections to Rn

and various nice properties, that can often be visualised as a surface, for example

the 2-sphere

S2 = {(x, y, z) ∈ R3 : x2 + y2 + z2 = 1}

is a manifold). The dimension of the Lie group is then given by the dimension of this

underlying manifold. Lie groups often come with a homomorphism, i.e. a smooth

map (one where all partial derivatives of all orders exist) J : G→ H such that

J(G1G2) = J(G1)J(G2) ∀G1, G2 ∈ G.

Two Lie groups are isomorphic if there exists a bijective homomorphism between

them, e.g. J : U(1)→ O(2) given by

J(eiθ) =

(
cos θ − sin θ

sin θ cos θ

)
.

We tend to like manifolds that are compact (closed and bounded, therefore the

hyperboloid {x, y, z ∈ R|x2 − y2 − z2 = 1} is a non-compact manifold) and simply

connected (’connected’ means that any 2 points are connected by a path, and ’simply’

means that all loops can be contracted to a point, and all paths between the same 2

points can be continuously deformed into each other). For example, while the sphere

S2 is simply connected, the circle S′ and the torus are not. Furthermore SO(3) is

not simply connected: we can define ~n a rotation axis (corresponding to eigenvalue

λ = 1; the other two eigenvalues will be of the form e±iθ where θ is the rotation
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angle). Then, since the point M (~n, 2π − θ) is identified with the point M (−~n, θ),
we would need to restrict θ to the range 0 ≤ θ < π to avoid double-counting of

points. In particular, anti-podal points (~n, π) and (−~n, π) are identified. As a case

in point, the two paths θ~n where θ ∈ [0, π) and − (2π − θ)~n where θ ∈ [π, 2π) are

two paths between the same two points. But since these paths are traversed in

opposite directions, it is impossible to continuously deform one path into another,

giving the result that SO(3) is not simply connected. Indeed, although SO(3) has

the same number of generators (3×2
2 = 3) as SU(2) (22 − 1 = 3), SU(2) is actually

a double cover of SO(3). For U ∈ SU(2), U = a01 + i~a · σ where

σ1 =

(
0 1

1 0

)
; σ2 =

(
0 −i
i 0

)
; σ3 =

(
1 0

0 −1

)

necessitating that

1 = UU † =

(
a0 + ia1 a2 + ia1

−a2 + ia1 a0 − ia1

)(
a0 − ia3 −a2 − ia1

a2 − ia1 a0 + ia3

)
=

(
a2

0 + a2
1 + a2

2 + a2
3

)
1

⇐⇒ a2
0 + a2

1 + a2
2 + a2

3 = 1.

There is a global 2 : 1 map f : SU(2)→ SO(3) given by

f(A)ij =
1

2
tr
(
σiAσjA

†
)
∈ SO(3).

Notably f(Aij) = f(−Aij). SO(3) and SU(2) satisfy the same algebra
[
T a, T b

]
=

εabcT
c. Note that the choice we made for SU(2) generators results in real structure

constants fabc = εabc and therefore the choice of generators is called a real basis;

later on we will use a new basis called the Cartan-Weyl basis which is not real.

1.2.2 Lie algebra definitions

An algebra is a mapping from a group to a vector space, endowed with an operation,

and a Lie algebra g is a vector space over a field F equipped with a bracket [ ] : g×g →
g that is anti-symmetric, [x, y] = − [y, x], linear, [αx+ βy, z] = α [x, y] +β [x, y] and

obeys the Jacobi identity [x, [y, z]] + [y, [z, x]] + [z, [x, y]]. It has dimension dim(g) =

dim(vector space) = dim (basis T a). Elements in the algebra are given by x = xaT
a

7
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and basis elements satisfy
[
T a, T b

]
= fabc T

c. Two algebras g and g′ are isomorphic

if there exists a bijective linear map f : g → g′ such that

[f(x), f(y)] = f ([x, y])

and our aim is to classify Lie algebras up to isomorphism. A subalgebra h ⊂ g

is a subset that is also a Lie algebra. An ideal h of g is a subalgebra such that

[x, y] ∈ h ∀x ∈ g, ∀y ∈ h. Ideals are to Lie algebras what normal subgroups are to

groups. Some examples of ideals are the derived algebra and the centre, respectively

i(g) = {[x, y] : x, y ∈ g}

J(g) = {x ∈ g : [x, y] = 0 ∀ Y ∈ g}.

A Lie algebra is abelian if [x, y] = 0 ∀x, y ∈ g in which case i(g) = {0} and J(g) = g.

A Lie algebra is simple if it is non-abelian and has no non-trivial ideals, in which

case, i(g) = g and J(g) = {0}.

1.2.3 Obtaining Lie algebras from Lie groups

For any Lie group G (which will come with an underlying manifold/surface), we

can define a tangent space (locally flat) around the identity. The mapping from the

tangent space to the (matrix representation of the) group is given by

T (G) ∈vi ∂
∂θi
7→ vi

∂g(θ)

∂θi

∣∣∣∣
θ=0

∈ Matn(F),

where F is a space such as the real or complex numbers. We can write curves close

to the identity parametrised by t in our Lie group Gi(t) in terms of tangent space /

Lie algebra elements x, y, w as follows

g1(0) = g2(0)1; ġ1(0) = x1; ġ2(0) = x2

g1(t) = 1 + x1t+ w1t
2; g2(t) = 1 + x2t+ w2t

2.

To determine the operation we should define on our tangent space, closure requires

that the composition g−1
1 (t)g−1

2 (t)g1(t)g2(t) should also be in our tangent space.
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This gives

(
1− x1t− w1t

2 + x2
1t

2
) (

1− x2t− w2t
2 + x2

2t
2
)

(
1 + x1t+ w1t

2
) (

1 + x2t+ w2t
2
)
.

The terms linear in t clearly cancel, as well as the w1 and w2 terms in t2 and we are

left with

1 +
(
x2

1 + x2
2 + x1x2 − x2

1 − x1x2 − x2x1 − x2
2 + x1x2

)
t2

= 1 + [x1, x2] t2.

Here we see that our tangent space is a mapping from a group to a vector space that

we can naturally endow with an operation [x1, x2] - which is exactly the definition

we had for a Lie algebra! That is

L (G) = {Te(G), [, ]}.

As examples, consider the groups G = SO(n) or O(n). Here

RT (t)R(t) = 1

⇒ 0 = ṘT (t)R(t) +RT (t)Ṙ(t)

⇒ 0 = ṘT (0)R(0) +RT (0)Ṙ(0) = XT1 + 1X = X +XT

⇐⇒ X is anti-symmetric with dim(G)= 1
2n(n − 1). For G = SU(n) we similarly

obtain U †(t)U(t) = 0⇒ Z†+Z = 0, so the dimension of G is given by n2 constraints,

less one since, writing U = 1+Zt+O(t), the constraint det(U(t)) = 1⇒ eTrln(1+Zt) =

1 ⇒ Tr(Z)t = 0, hence the generators need to be traceless and anti-hermitian of

dim(G) = n2 − 1; for example in SU(2) the 3 generators would be T a = −1
2 iσa.

Note that a Lie group is an abstract object and in order to discuss particular types

of objects like matrices one needs to talk of that particular representation.

1.2.4 Representations

Recall that an homomorphism was a mapping that came into play in Lie groups, for

example two Lie groups were isomorphic if there existed a bijective homomorphism

9
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between them. On the other hand, a Lie algebra was associated with a bracket [,].

These properties filter down to their respective representations.

For any group G, not necessarily Lie, a representation is a set of non-singular ma-

trices {D(G) ∈ GL(n,F), G ∈ G} with a homomorphism

D(G1)D(G2) = D(G1G2) ∀G1, G2 ∈ G.

For any Lie algebra g, a representation is a set of matrices {d(g) ∈ Matn(F), x ∈ g}
such that

[d(x1), d(x2)] = d ([(x1), (x2)]) ∀x1, x2 ∈ g

d(αx1 + βx2) = αd(x1) + βd(x2) ∀x1, x2 ∈ g; α, β ∈ F.

The dimension of the representation is the dimension of the corresponding matrices,

and the space Fn the representation acts on is called the representation space.

Given a representation d of the Lie algebra L(G) we can define a representation

D(G = ex) = ed(x). For example, if D(Gi) = exi

D(G1G2) = exp

[
d

(
x1 + x2 +

1

2
[x1, x2] + ...

)]
= exp

[
d(x1) + d(x2) +

1

2
[d(x1), d(x2)] + ...

]
= exp (d(x1)) exp (d(x2)) = D(G1)D(G2),

which follows from the Baker-Campbell-Haussdorf formula, which is briefly ex-

plained/derived as follows:

ez = exey = (1 + x+
1

2
x2 + ...)(1 + y +

1

2
y2 + ...)

= 1 +

(
x+ y +

1

2
[x, y] + ...

)
+

1

2
(x+ y + [x, y] + ...)2 + ...

⇒ z = x+ y +
1

2
[x, y] +

1

12
[x, [x, y]]− 1

12
[y, [x, y]] + ...

This is most useful as we can see a group representation as being generated by

an algebra. Some representations of a Lie algebra g are the trivial representation,
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d0(x) = 0 ∀x ∈ g, the fundamental representation df (x) = x ∀x ∈ g and the adjoint

representation

dadj(x) = adx ∀x ∈ g

where adx(y) = [x, y] ∀y ∈ g. We can choose a basis B = {Ta}, a = 1, ..., D for g so

that

[adx(y)]c = [x, y]c = xaf
ab
c yb ⇐⇒ [adx]bc = xaf

ab
c

which is a D×D matrix. This is a valid representation since it trivially satisfies the

second requirement, and the first requirement is satisfied as follows:

[d(x), d(y)] = [adx, ady] (z) = [x, [y, z]]− [y, [x, z]]

= [x, [y, z]] + [y, [z, x]]

= − [z, [x, y]]

= [[x, y] , z] = ad[x,y](z) = d[x,y].

Two representations R1 and R2 are isomorphic if ∃S such that R2(x) = SR1(x)S−1

∀x ∈ g. A representation with representation space V has an invariant subspace

U ⊂ V if R(x)u ∈ U ∀x ∈ g, u ∈ U ; the two trivial invariant spaces are {0} and V .

An irreducible representation or irrep has no non-trivial invariant subspaces.

If the structure constants in a Lie group representation are real, the basis for the

representation is called real. We could complexify the basis (resulting in real gener-

ators). For example in SU(2)

su(2) = spanR{−
1

2
iσa : a = 1, 2, 3} → spanC{σa : a = 1, 2, 3}.

We will use the basis

H = σ3 =

(
1 0

0 −1

)
; E1, E2 = σ1 ± iσ2 =

(
0 1

0 0

)
,

(
0 0

1 0

)

so that [E+, E−] = H, [H,E±] = adH(E±) = ±2E± and adH(H) = 0. Therefore

adH has three eigenvalues 0,±2; the eigenvalues of the representation of H are known

11
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as weights (in general there may be more than one H). It also has three eigenvectors,

H,E± known as the roots of su(2), and E± are known as the step operators. We can

operate with these step operators multiple times (gaining or losing 2 each time) until

we get to states of maximal and mimimal weight Λ and −Λ. The finite-dimensional

representations of su(2), RΛ with weight given by {−Λ,−Λ + 2...,Λ} has dimension

dim(RΛ)=Λ+1. SO(3) ∼= SU(2)
Z2

results in SU(2) and not SO(3) being able to model

spin-1
2 particles.

To consider what happens in the above discussion when we add or multiply rep-

resentation, consider the direct sum of representations which can have different di-

mensional representation spaces R1
⊕
R2
⊕
...
⊕
Rn may be visualised as follows

(
R1

⊕
R2

⊕
...
⊕

Rn

)
(x) =



R1(x) 0 0 0

0 R2(x) 0 0
. . .

0 0 Rn−1(x) 0

0 0 0 Rn(x)


which makes evident the reducibility and invariant subspaces; if the representation

is reducible then there is a basis in which it will have upper triangular form. When

it has block-diagonal form we say that it is completely reducible. The dimension of

the above is equal to the sum of the dimensions of the individual representations.

A direct product (R1
⊗
R2) (v

⊗
w) = (R1(v))

⊗
(R2(w)) of two representations

may be done in one of two ways - multiplying R1 by each of the components of R2

or vice versa. The dimension of the resulting representation will then be the product

of the dimensions of the individual representations.

With this machinery we can now say that

RΛ1

⊗
RΛ2 = R|Λ1−Λ2|

⊕
R|Λ1−Λ2|+2

⊕
...
⊕

RΛ1+Λ2 .

For examples, for spin-1
2 particles we have that

R1

⊗
R1 = R2

⊕
R0
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so we can have a triplet of states or just a singlet.

1.2.5 Cartan subalgebras

In this subsection we will extend the su(2) example above. In order to do this, one

needs to be able to normalise things, and for this we define an inner product (given

a vector space V and field F, this is a symmetric bilinear map i : V ×V → F) called

the Killing Form K : g× g→ F by

K (x, y) = tr (adx ◦ ady) .

This is indeed an inner product since

(adx ◦ ady) (z) = [x, [y, z]] = xaxbxc[t
a, [tb, tc]]

= xaxbxc[t
a, f bcd t

d] = xaxbxcf
bc
d f

ad
e te]

=
(
xaxbf

bc
d f

ad
e

)
zct

e = [m(x, y)]ce zct
e

⇒ K(x, y) = tr [m(x, y)]ce = xaxbf
bc
d f

ad
c .

These Killing forms have the following property:

K([x, y], z) = tr
(
ad[x,y] ◦ adz

)
= tr ([adx, ady] ◦ adz)

= tr (adx ◦ ady ◦ adz − ady ◦ adx ◦ adz)

= tr (adx ◦ [ady, adz])

= K(x, [y, z]) = −K(x, [z, y]) = K(y, [z, x]).

In particular, an inner product on Lie algebra g is called invariant if

K([z, x], y) +K(x, [z, y]) = K(adz(x), y) +K(x, adz(y)) = 0

since elements in g transform naturally as x→ Note that the d generators {T a, a =

1, ..., d} satisfy commutation relations[
T a, T b

]
= fabc T

c.
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where fabc are the structure constants. A Lie algebra is semi-simple if it has no

abelian ideals, in which case it can be written as the direct sum of simple Lie al-

gebras. Having abelian ideals requires some commutators to [T a, T b] = 0 which

sets certain structure constants to zero; it turns out that the Killing vector (which

contains 2 structure constant terms) will be identically zero in this case, and so be-

ing semi-simple is equivalent to requiring that the Killing vector is non-degenerate.

This is important for us because we will be working with a Cartan Subalgebra(CSA)

h (h is a maximal abelian subalgebra of g if all its elements are ad-diagonalisable

(so we can think of them as diagonal generators like H in our previous example;

it is, however, true in the more general abstract sense). We can demand g to be

semi-simple and yet contain a CSA since it is just a subalgebra and not an ideal

(H ∈ h⇒ [H,H ′] = 0 and if [E,H] = 0 ∀h ∈ h⇒ E ∈ h).

Extending the su(n) example from before, we can choose n − 1 generators like the

H we chose - (H i)αβ = δαiδβi − δα(i+1)δβ(i+1) - that will commute with each other.

The rank of the CSA will then be its dimension, n− 1. The remaining eigenvectors

of the CSA {Eα : α ∈ Φ} are called step operators Eα. The Cartan-Weyl basis is

then given by B = {H i, i = 1, ...r}U{Eα, α ∈ Φ}. That is

[
H i, Hj

]
= 0[

H i, Eα
]

= αiEα, i = 1, ..., r, ∀α ∈ Φ[
H i,

[
Eα, Eβ

]]
= −

[
Eα,

[
Eβ, H i

]]
−
[
Eβ,

[
H i, Eα

]]
=

(
αi + βi

) [
Eα, Eβ

]

⇒
[
Eα, Eβ

]
=


∝ Eα+β if α+ β ∈ Φ

0 otherwise, α 6= −β

? α = −β

. (1.2)

In an attempt to understand the unknowns in the previous equation, note now that

we have the following results (which we prove in reverse):

K (H,Eα) = 0

⇐⇒ αiK
(
H i, Eα

)
= 0

⇐⇒ K
(
H,αiEα

)
= 0

14
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⇐⇒ K
(
H,
[
H i, Eα

])
= 0

⇐⇒ K
(
Eα,

[
H,H i

])
= 0

and

K
(
Eα, Eβ

)
= 0

⇐⇒
(
αi + βi

)
K
(
Eα, Eβ

)
= 0

⇐⇒ K
(
αiEα, Eβ

)
+K

(
Eα, βiEβ

)
= 0

⇐⇒ K
([
H i, Eα

]
, Eβ

)
+K

(
Eα,

[
H i, Eβ

])
⇐⇒ K

([
H i, Eα

]
, Eβ

)
+K

([
Eα, H i

]
, Eβ

)
= 0.

By the previous argument K is non-degenerate, however. Therefore there must exist

H ′ such that K(H,H ′) 6= 0. Therefore, if we define

K(H,H ′) = K(H iei, H
je′j) = Kijeie

′
j 6= 0

then Kij is invertible ⇒ ∃K−1
ij such that K−1

ij K
jk = δki , and we can start talking

about the ’geometry of the roots’. From the commutators in (1.2) the only option

that will lead to a non-degenerate K is if H ′(= Hα) ∝ [Eα, E−α].

In the su(2) example we had [E+, E−] = H; consider therefore

K
([
Eα, E−α

]
, H i

)
= K

([
H i, Eα

]
, E−α

)
= αiK

(
Eα, E−α

)
. (1.3)

Therefore, if we define

Hα =
[Eα, E−α]

K (Eα, E−α)
⇐⇒

[
Eα, E−α

]
= K

(
Eα, E−α

)
Hα

then equation (1.3) will become

K(Hα, H i) = αi

Our set of commutators has therefore now become

[
H i, Hj

]
= 0[

H i, Eα
]

= αiEα, i = 1, ..., r, ∀α ∈ Φ

15
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[
H i,

[
Eα, Eβ

]]
= −

[
Eα,

[
Eβ, H i

]]
−
[
Eβ,

[
H i, Eα

]]
=

(
αi + βi

) [
Eα, Eβ

]

⇒
[
Eα, Eβ

]
=


Nα,βE

α+β if α+ β ∈ Φ

0 otherwise, α 6= −β

K (Eα, E−α)Hα α = −β

.

Now we can obtain Hα

K(Hα, H) = K
(
H ieαi , H

jej
)

= Kijeαi ej = αiei

⇒ eαi = (K−1)ijα
j

⇒ Hα = (K−1)ijα
jH i.

Hence, [
Hα, Eβ

]
= (K−1)ijα

j
[
H i, Eβ

]
= (K−1)ijα

iβjEβ

= (α, β)Eβ (1.4)

so that Kij acts on h while K−1
ij acts on the dual space h∗. If we now define

eα =

√
2

(α, α)K(Eα, E−α)
Eα

hα =
2

(α, α)
Hα,

the commutation relations become[
hα, hβ

]
=

[
2

(α, α)

] [
2

(β, β)

] [
Hα, Hβ

]
= 0

[
hα, eβ

]
=

2

(α, α)

√
2

(β, β)K(Eβ, E−β)

[
Hα, Eβ

]
=

2

(α, α)

√
2

(β, β)K(Eβ, E−β)
(α, β)Eβ

=
2(α, β)

(α, α)
eβ[

eα, eβ
]

=
2

(α, α)K(Eα, E−α)

[
Eα, Eβ

]

16
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=


nαβe

α+β α+ β ∈ Φ

2KHα(Eα,E−α)
(α,α)K(Eα,E−α)

= hα α+ β = 0

0 otherwise

(1.5)

where nαβ ∈ C and (α, α) 6= 0 is given without proof. Note that ∀α ∈ Φ there is a

LC (su(2)) ≡ su(2)α subalgebra that is generated by {hα, eα, e−α}:

[
hα, e±α

]
= ±2e±α[

eα, e−α
]

= hα.

This will prove important. We will now try to simplify this further by defining

simple roots which will eliminate the α + β ∈ ΦS option since simple roots cannot

be written as the sum of 2 roots.

For α, β ∈ Φ and α 6= β the α-string (a root-string) through β is given by

Sα,β = {β + ρα ∈ Φ; ρ ∈ Z}.

A given root-string has a corresponding vector space

Vαβ = spanC{eβ+ρα;β + ρα ∈ φ}

and, since β + (ρ± 1)α 6= 0

[
hα, eβ+ρα

]
=

2(α, β + ρα)

(α, α)
eβ+ρα =

(
2(α, β)

(α, α)
+ 2ρ

)
eβ+ρα

[
e±α, eβ+ρα

] ∝ eβ+(ρ±1)α β + (ρ± 1)α ∈ Φ

= 0 otherwise
.

We can make use of the initial su(2) example by noticing that for R a representation

of su(2)α (under which Vα,β is invariant, so that Vαβ may be seen as a representation

space for R. Furthermore R is an irrep of su(2)α and therefore must have a highest

weight 0 < Λ ∈ Z). The weights are thus given by

SR = {
(

2(α, β)

(α, α)
+ 2ρ

)
;β + ρα ∈ Φ} = {−Λ,−Λ + 2, ...,Λ}.

17
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(Each weight has multiplicity 1, i.e. corresponds to exactly one state.) Therefore

ρ ∈ Z and for some integers n+ ≥ 0 and n− ≤ 0,

−Λ =
2(α, β)

(α, α)
+ n−

Λ =
2(α, β)

(α, α)
+ n+.

Adding these two equations together we find that Rα,β ≡ 2(α,β)
(α,α) = −(n− + n+) ∈

Z ∀α, β ∈ Φ . It is possible to show that the inner product satisfies the necessary

requirements to be a Euclidean inner product e.g. (α, α) ≥ 0 with equality ⇐⇒
α = 0. So we can define the length of a root to be

|α| = (α, α)1/2

(α, β) = |α||β| cosφ

where φ is the angle between the two roots α and β, as per figure 1.1. Hence

α

β

φ

Figure 1.1: Diagram showing the angle φ between two roots α and β

Rα,β =
2(α, β)

(α, α)
=

2|β|
|α|

cosφ ∈ Z; Rβ,α =
2|α|
|β|

cosφ ∈ Z

⇒ cos2 φ =
n

4
, n ∈ Z⇒ cosφ = ±

√
n

2

so we can divide the root set into positive roots Φ+ and negative roots Φ− (we will

draw a hyperplane with negative slope through the origin; roots to the right are

called positive and roots to the left are called negative). We further define simple

roots to be roots that cannot be written as the sum of two positive roots; the set of

all simple roots is ΦS . Some results:

• If α, β ∈ ΦS then α− β /∈ ΦS since α− β ∈ Φ+ implies α is the sum of α− β
and β (so not simple), and α− β ∈ Φ− ⇒ β − α ∈ Φ+ implies β is the sum of

18
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β − α and α (so not simple).

• Therefore Sα,β = {β+nα;n− ≤ n ≤ n+} → Sα,β = {β+nα; 0 ≤ n ≤ −2(α,β)
(α,α) }

since n− = 0 for ΦS and n+ + n− = −2(α,β)
(α,α) , and the length of the α-string

through β has length lα,β = 1− 2(α,β)
(α,α) ∈ N.

• Hence (α, β) ≤ 0.

• Any positive root β may be written as a linear combination of simple roots

(since the rank is finite, one can write β as a sum of other roots until all

roots are simple). Furthermore any roots α ∈ Φ may be written as a linear

combination of simple roots, α =
∑

i diα(i) where α(i) ∈ ΦS . The simple roots

therefore span h∗R (objects that are in g but not h).

• The simple roots are also linearly indepependent since λ ∈ h∗R ⇒ λ =
∑

i ciα(i)

where ci ∈ R and α(i) ∈ ΦS . For general non-zero λ, not all ci = 0 and we can

define J± = {i : ci ≶ 0} and λ± = ±
∑

i∈J± ciα(i) so that λ = λ+ − λ− and

therefore

(λ, λ) = (λ+, λ+) + (λ−, λ−)− 2(λ+, λ−)

> −2(λ+, λ−)

= 2
∑
i∈J+

∑
j∈J−

cicjα(i)α(j)

≥ 0

the last step is true since cicj < 0 and α(i)α(j) ≤ 0. Hence (λ, λ) = 0 ⇐⇒
λ = 0 completing the proof for linear independence.

• It follows from the previous two points that ΦS is a basis of h∗R implying

that |ΦS | = dim(h∗R) = r, and the simple roots will from now on be labelled

α(i), i = 1, ..., r.

Defining the basis for the Lie algebra to be {hi, ei = e
α(i)

+ , ei− = e−α(i)} and the (not

necessarily symmetric) Cartan matrix to be

Aij =
2
(
α(i), α(j)

)(
α(i), α(i)

) ∈ Z,
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the (not necessarily symmetric). The commutation relations (1.5) then become

[
hi, ei±

]
= ±2ei±[

hi, ej±

]
= ±2Aije

j
±[

ei±, e
j
±

]
= hi.

The Cartan matrix satisfies the following:

• Aii = 2∀ Z.

• Aij = 0 ⇐⇒ Aji = 0.

• Aij ∈ Z≤0 ∀i 6= j since (α, β) ≤ 0 ∀α 6= β.

• From equation (1.4) the inner product was defined as (α, β) = αTk−1β >

0 ⇒ detk−1 > 0 Aij defines a Euclidean inner product necessitating that

det(A) > 0.

• the Lie algebra g is simple and hence Aij is irreducible.

These constrain the Cartan matrix, enabling us to classify all Cartan matrices and

allows us to uniquely determine all Lie algebras. For rank 2 the constraints above

give rise to three Cartan matrices,(
2 −1

−1 2

)
,

(
2 −2

−1 2

)
,

(
2 −3

−1 2

)
.

For each Cartan matrix one can draw a Dynkin diagram by drawing a node ◦ for

each simple root α(i), drawing max
(
|Aij |, |Aji|

)
lines between nodes α(i) and α(j),

and drawing an arrowhead from longest to shortest root, as in figure 1.2 respectively

for the rank 2 example. All finite dimensional simple complex Lie algebras has one

Figure 1.2: Dynkin diagram for Rank 2

.

of the following forms:

or be one of the 5 exceptional cases For rank 1, D1 is not possible but A1 = B1 = C1

20
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.

implying that

LC(SU(2)) ' LC(SO(3)) ' LC(SP (2)).

In rank 2 B2 = C2 so that

LC(SO(5)) ' LC(SP (4))

and the diagram for D2 is the same as two A1 s implying

LC(SO(4)) ' LC(SU(2))
⊕
LC(SU(2)).

Now we can use a Dynkin diagram to reconstruct a Lie algebra g. The Dynkin

diagram for A2 is which corresponds to Cartan matrix

(
2 −1

−1 2

)
.
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The roots, which may be called α and β then satisfy

2(α, β)

(α, α)
=

2(α, β)

(β, β)
=

2|α|
|β|

cosφ =
2|β|
|α|

cosφ = −1.

Hence |α| = |β| and cosφ = −1
2 and therefore φ = 2π

3 . The length of the α-string

through β is `α,β = 1 − 2(α,β)
(α,α) = 2 so that α + β is a root. The full set of roots

therefore comprises 6 elements, Φ = {α, β,−α,−β, α + β,−α − β}, which may be

visualised in figure 1.3 and the Cartan-Weyl basis of A2 (LC(SU(3))) has dimension

α−α

β

−β

α+ β

−α− β

φ

Figure 1.3: Diagram showing the full set of roots, comprising 6 elements for rank
2

2 + 6 = 8 and consists of

BCW = {H1, H2, E±α, E±β, E±(α+β)}

1.2.6 Root and weight lattices

For R a representation of g on V , R(H i) ∈ gl(V ) and R(Eα) ∈ gl(V ) and

[
R(H i), R(Hj)

]
= R

(
[H i, Hj ]

)
= 0.

Since theR(H i) commute, they have a common eigenvector vλ so ∀ H ∈ h, R(H)vλ =

λ(H)vλ for some λ(H) and λ ∈ h∗ is called a weight of R; the set of all weights SR
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of R is called the weight set and Vλ is the subspace of vectors v that satisfy

R(H)v = λ(H)v.

Since Vλ need not be 1-dimensional, the weights can have multiplicity

mλ = dimVλ ≥ 1;

(Note that these weights are integers). For example,

[H i, Eα] = adHiEα = Radj(H
i)Eα = αiEα,

so that the roots α are the weights of the adjoint representation. We have that

R(H i)R(Eα)v = R(Eα)R(H i)v +
[
R(H i), R(Eα)

]
v

= λiR(Eα)v + αiR(Eα)v =
(
λi + αi

)
R(Eα)v.

Therefore, v ∈ Vλ ⇒ R(Eα)v ∈ Vλ+α, but if Vλ+α = {0} then λ + α is not a

weight. Hence the Cartan elements H i preserve the weights and the step operators

Eα increment the weights by α.

1.3 Standard model - Higgs mechanism

In 1964-1968, Brout, Englert, Guralnik, Hagen, Kibble, and Higgs recognised that

spontaneous symmetry breaking results in gauge fields acquiring mass [43, 44, 45, 46].

This led to the building of ATLAS (A Toroidal LHC Apparatus) and a full-blown

search for the Higgs particle by the collaboration under team leader Fabiola Gianotti,

which culminated in finding it and thus providing the last vindication of the Standard

Model in regimes where coupling to gravity is not important. For this work Peter

Higgs and François Englert received the Nobel Prize in 2013.

The Standard Model Lagrangian is given by

LSM = LYM + LD + LYukawa + LHiggs,
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where LYM gives the dynamics of the gauge fields, LD gives the dynamics of the

matter fields (fermions) and their interaction with the gauge field, LYukawa gives the

mass terms for the matter fields and LHiggs gives the dynamics and potential of the

Higgs. In particular LYM describes the SU(3)Colour
⊗
SU(2)Left

⊗
U(1)Hypercharge

as follows:

LYM = − 1

4g2
1

BµνB
µν − 1

4g2
2

W a
µνW

aµν − 1

4g2
3

GAµνG
Aµν .

The first term represents the U(1) Hypercharge part with boson Bµν = ∂µBν−∂νBµ;

the second term is the SU(2) weak isospin felt by left-handed fermions with W a
µν =

∂µW
a
ν −∂νW a

µ−εabcW b
µW

c
ν , where a = 1, 2, 3 and before symmetry breaking these are

not the W±- and Z- bosons, and includes only left-handed objects, i.e. maximally

violating symmetry; the third term is the SU(3) strong force colour felt by quarks,

GAµν = ∂µA
A
ν − ∂νAAµ − fABCABµACν , where A = 1, ..., 8 and AAµ is the gluon. Now

LHiggs = (Dµφ)† (Dµφ)− V (φ)

with φ a scalar field, and where (with rescaling Bµν → g1Bµν and WA
µν → g2W

A
µν)

Dµφ = ∂µφ1 +
i

2
g2W

a
µσ

a +
i

2
g1Bµ1 (1.6)

V (φ) = −µ2φ†φ+ λ
(
φ†φ
)2
,

i.e. just involving the U(1) and SU(2) gauge fields. We require λ > 0 for vacuum

stability. Since this field φ is a scalar complex doublet, it has 4 degrees of freedom,

while W a
µ represents 3 complex numbers and hence 6 degrees of freedom, and simi-

larly Bµ has 2 degrees of freedom; there are therefore 12 degrees of freedom before

symmetry breaking, in total. Since, prior to symmetry breaking, the field has a zero

VEV (vacuum expectation value), all of these fields are massless prior to symmetry

breaking (as we would see in nature above a threshold temperature). If µ2 > 0,

then the minimum is at φ†φ = µ2

2λ = ν2

2 (so µ2 = λν2) and the scalar field develops a

non-zero VEV 〈0 |φ| 0〉 =

(
0
ν√
2

)
which spontaneously breaks the symmetry. Using
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equation (1.6), the Higgs covariant derivative term becomes:

(Dµφ)†Dµφ =

∣∣∣∣∣
(
∂µφ1 +

i

2
g2W

a
µσ

a +
i

2
g1Bµ1

)(
0
ν√
2

)∣∣∣∣∣
2

=
ν2

8

∣∣∣∣∣(g2W
a
µσ

a + g1Bµ1
)( 0

1

)∣∣∣∣∣
2

=
ν2

8

∣∣∣∣∣
[(

g2W
3
µ + g1Bµ g2W

1
µ + ig2W

2
µ

g2W
1
µ − ig2W

2
µ −g2W

3
µ + g1Bµ

)](
0

1

)∣∣∣∣∣
2

=
ν2

8

∣∣∣∣∣
(

g2W
1
µ + ig2W

2
µ

−g2W
3
µ + g1Bµ

)∣∣∣∣∣
2

=
ν2

8

[(
g2W

1
µ + ig2W

2
µ

) (
g2W

1
µ − ig2W

2
µ

)
+
(
−g2W

3
µ + g1Bµ

)2]
,

and with fluctuations around the minimum potential, this becomes

(Dµφ)†Dµφ =
1

2
∂µh∂

µh+
(ν + h)2

8

[(
g2W

1
µ + ig2W

2
µ

) (
g2W

1
µ − ig2W

2
µ

)
+
(
−g2W

3
µ + g1Bµ

)2]
V (φ) = −µ2 (ν + h)2

2
+ λ

(ν + h)4

4

= = −λν2 ν
2 + 2νh+ h2

2
+ λ

ν4 + 4ν3h+ 6ν2h2 + 4νh3 + h4

4

= −1

4
λν4 + λν2h2 + λνh3 +

1

4
λh4,

Here we see that the scalar field has reduced from having 4 degrees (a scalar complex

doublet) of freedom to having 1 (choosing the vacuum out of the infinite options

that satisfy φ†φ = ν2

2 is what spontaneously breaks the symmetry). The terms

multiplying ν2 have developed a mass; in particular the Higgs scalar h has a mass.

So too the W±µ bosons defined as

W±µ =
[
W 1
µ ∓ iW 2

µ

]
Zµ =

1√
g2

1 + g2
2

(
g2W

3
µ − g1Bµ

)

have masses mW = g2ν
2 and mZ =

√
g2
1+g2

2ν

2 . These 3 bosons have now got an addi-

tional longitudinal degree of freedom, at the expense of the ‘eating’ of 3 Goldstone
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bosons. In addition we have a massless photon

Aµ =
1√

g2
1 + g2

2

(
g2W

3
µ − g1Bµ

)
.

Furthermore, in the Yukawa sector, the Higgs boson couples to fermions, whose

masses may be similarly read off. One can define the Weinberg angle θW such that

cos2 θW =
m2
W

m2
Z

⇐⇒ θW = arctan

(
g1

g2

)
and in practice it is found that θW runs with energy.

1.4 Renormalisation

The following is based on Ref. [47]. At very high energies (UV) there is a vast

mess of interactions, as may be seen at the LHC. However, as one flows down to

energies at the scale we live, may of these interactions seem to be ‘interacted out’

and to become irrelevant. Renormalisation, which was discovered in 1947–49 by

Hans Kramers, Hans Bethe, Julian Schwinger, Richard Feynman, and Shin’ichiro

Tomonaga, and systematised by Freeman Dyson in 1949 [48, 49, 50, 51, 52], is a

procedure which explains how one may understand this. Kenneth Wilson made his

important discovery regarding the Renormalisation Group (RG) in 1971 [53, 54].

We will need to work in Euclidean signature kµkµ < Λ for an effective cutoff.

1.4.1 Relevant, irrelevant and marginal operators

Consider a path integral over momentum modes less than Λ given by

Z =

∫
[Dφ]Λexp

(
−
∫
ddx

1

2
(∂µφ)2 +

1

2
m2φ2 +

λ

4!
φ4

)
,

that is over fields φ(~x) =
∫
ddk
2π e

i~k·~xφ(~k) and one could set [Dφ]Λ =
∏
~k<Λ

dφ(~k).

The renormalisation procedure follows 3 steps.
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In the first step, we break the path integral into two parts φ = φ< + φ> using a

parameter b << 1:

φ<(~k) =

φ(~k), for 0 ≤ |~k| < Λ · (1− b)

0, for Λ · (1− b) < |~k| ≤ Λ

φ<(~k) =

0, for 0 ≤ |~k| < Λ · (1− b)

φ(~k), for Λ · (1− b) < |~k| ≤ Λ

In the second step we integrate out the higher momentum modes as follows:

S(φ) = S
(
φ< + φ> +

λ

4!
φ4

)
=

∫
ddx

(
1

2
(∂µφ)2 +

1

2
m2φ2

)
=

∫
ddx

(
1

2
(∂µ (φ< + φ>))2 +

1

2
m2 (φ< + φ>)2 +

λ

4!
(φ< + φ>)4

)
= S(φ<) + S̃,

where S̃ = S0 + Sint with S0 a propagator: S0 =
∫
ddx1

2 (∂µφ)2. Note that since

∫
[Dφ]e−S0φ(~k)φ(~p)∫

[Dφ]e−S0
=

(2π)dδ(d)(~k + ~p)

~k2
,

the term
∫
ddx1

2 (∂µφ>) (∂µφ<) drops out, and so S0 =
∫
ddx1

2 (∂µφ>)2 and

e−Seff = e−S(φ<)

∫
[Dφ>]e−S0

∞∑
n=0

(Sint)
n

n!
.

Obviously it would make sense to define that if S = 1
2

∫
(∂µφ)2ddx, then S = Seff .

We define this as the free field fixed point, and we assume very small changes due

to this step so that we remain close to the free field fixed point (which is also the

zero coupling fixed point).

The third step involves rescaling of parameters:

[Dφ<] =
∏

|~k|<(1−b)Λ

dφ(~k)
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k′ =
k

(1− b)
x′ = x(1− b)

φ′ = (1− b)−
d−2

2 φ

⇒ [Dφ<] =
∏
|~k|<Λ

dφ(~k)→
∏
|~k′|<Λ

dφ′(~k′) = [Dφ′<] = [Dφ′]Λ.

Iterating through steps 1-3 will result in parameters changing continuously, known

as a ‘Renormalisation Group flow’. Notice that we have (in mass dimensions)[∫
ddx′∂

′Mφ
′N

]
= (1− b)

[
d−M−N(d−2)

2

] [∫
ddx∂MφN

]
= (1− b)−∆

[∫
ddx∂MφN

]
⇒ λ

∫
ddx′∂MφN → λ′

∫
ddx∂

′Mφ
′N = λ′ (1− b)−∆

∫
ddx∂MφN

⇒ λ′ = (1− b)∆ λ

so that these couplings, which were previously dimensionless, now have mass dimen-

sion [λ] = M∆, where

∆ = −
[
d−M − N(d− 2)

2

]
.

For example the term ∫
ddxm2φ2 (1.7)

will have ∆ = −2 (independent of d) and therefore coupling m2 → m2

(1−b)2 . Since

b < 1, m2 grows along the RG-flow and so this operator is called relevant. On the

other hand, the term ∫
ddxλ6φ

6

will have coupling λ′6 = (1− b)2d−6λ6 so that for d = 4, ∆ = 2 and λ′6 = (1− b)2λ6

and the coupling λ6 dies along the RG-flow. Such a coupling is called irrelevant.

Clearly the term ∫
d4xλ4φ

4 (1.8)
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has ∆ = 0 so that the coupling does not change over the RG-flow. Such an operator

is called ‘marginal’. We have therefore learned that however big the ‘high energy

mess’ we started with, all the operators with positive ∆ will be irrelevant and are

called non-renormalisable interactions. This explains why quantum field theories of

particle interactions are given by ‘renormalisable’ quantum field theories.

Interestingly, masses need to be fine-tuned at scale Λ to explain experiments - this is

known as the hierarchy problem. Furthermore, while it was previously understood

that Λ was simply a regulator needed for mathematical convenience, this procedure

shows that Λ is a scale telling us that we may not describe nature with larger energies

than that cutoff, or equivalently length scales lower than ~
Λ . Also of interest is that,

when one deals with λ4 carefully, one actually finds that it is irrelevant. One rarely

finds marginal operators. In particular, a general theory with

S =

∫
ddx

(
1

2
∂µφ∂

µφ+ λφn
)

for which

[φ] = Md/2−1 ⇒
[∫

ddx φn
]

= M−(d−n(d/2−1)) = M∆

will have a marginal operator if ∆ = 0, or equivalently

d = − n

1− n/2
. (1.9)

This equation has particular positive integer solutions when (n, d) = (3, 6), (4, 4) or

(6, 3). There are often quantum corrections to these solutions which will make these

theories ‘marginally relevant’ or ‘marginally irrelevant’ as shall be explored further

in subsection 1.4.3.

1.4.2 Matching conditions

Before we jump to the Callan-Symanzik equations, we quickly review the initial work

done on renormalisation.
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Here the aim is to find the Lagrangian in terms of physical couplings

L =
1

2
∂µφ∂

µφ− 1

2
m2
pφ

2 − gpφ4

What we have access to is a Lagrangian for a bare field φ0 with quantum corrections

turned off (i.e. ~ = 0)given by

L =
1

2
∂µφ0∂

µφ0 −
1

2
m2φ2

0 − gφ4
0,

and a Lagrangian in terms of a dressed field with a mess of all sorts of multiparticle

interactions shielding a particle, φ = z−
1
2φ0 in which

z =
1

1 +
∫∞

0 da2σ(a2)
,

where the integral over the spectral density,
∫∞

0 da2σ(a2), quantifies the sum of all

these quantum corrections:

L =
1

2
z∂µφ∂

µφ− 1

2
zm2

pφ
2 − zgpφ4.

We introduce counter-weights δz, δm2 and δg and write

L = L0 + Lint

where

L0 =
1

2
∂µφ∂

µφ− 1

2
m2
pφ

2

Lint = −gpφ4 +
1

2
δz∂µφ∂

µφ− 1

2
δm2φ2 − δgφ4.

We will find out what the counter-weights are by solving to one-loop and using

matching conditions. The free two-point function is given by

〈φ(x1)φ(x2)〉 =

∫
[Dφ]ei

∫
d4xL0φ(x1)φ(x2)

=

∫
d4k

(2π)4
eik·(x1−x2) i

k2 −m2
p + iε

= ∆(x1 − x2).

30



Chapter 1 Introduction Section 1.4 Renormalisation

For the complete 2-point function we obtain

〈φ(x1)φ(x2)〉 =
δ2

δJ(x1)δJ(x2)

∫
[Dφ]ei

∫
d4xL0

∞∑
p=0

1

p!

(
i

∫
d4xLint(φ)

)p
e
∫
d4xJ(x)φ(x)

∣∣∣
J=0

=
δ2

δJ(x1)δJ(x2)

(
1 + i

∫
d4x

δz

2

(
∂µ

δ

δJ(x)

)(
∂µ

δ

δJ(x)

)
+ ...

)
e
i
2

∫
d4x̄

∫
d4ȳJ(x̄)∆(x̄−ȳ)J(ȳ)

= ∆(x1 − x2) +

∫
d4x∆(x1 − x2)i

δz

2

∂

∂xµ
∂

∂xµ
∆(x− x̄)|x=x̄

+iδz

∫
d4x

(
∂

∂xµ
∆(x1 − x)

)(
∂

∂xµ
∆(x2 − x)

)
.

The second term in the above is merely a vacuum contribution. The third term,

however, may be simplified as:

iδz

∫
d4x

∫
d4k1

(2π)4

∫
d4k2

(2π)4

(
i(ik1µ)

k2
1 −m2

p + iε

i(ik2
µ)

k2
2 −m2

p + iε

)
ei(k1·x1−k2·x2+x·(k1−k2))

= iδz

∫
d4k

(2π)4
k2

(
i

k2 −m2
p + iε

i

k2 −m2
p + iε

)
eik·(x1−x2).

Now, to extend this to one-loop (i.e. to one factor in ~), consider that the mass

counter-weight will appear in a similar integral to the one above, so combining these

(and changing the dummy variable k to p) we get∫
d4p

(2π)4

(
ip2δz − iδm2

)( i

p2 −m2
p + iε

i

p2 −m2
p + iε

)
eip·(x1−x2).

For gp we have incoming and outgoing momenta p, and momentum in the loop k,

coming with a combinatorial factor 4!
2 = 12, giving us the following expression:

−12igp

∫
d4p

(2π)4

∫
d4k

(2π)4

i

p2 −m2
p + iε

i

k2 −m2
p + iε

i

p2 −m2
p + iε

eip·(x1−x2).

The correlator at one-loop is thus given by∫
d4p

(2π)4
eik·(x1−x2) i

p2 −m2
p + iε

[
1− 12igp

i

p2 −m2
p + iε

∫
d4k

(2π)4

i

k2 −m2
p + iε

+
(
ip2δz − iδm2

)( i

p2 −m2
p + iε

)]
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=

∫
d4p

(2π)4
eik·(x1−x2) i

p2 −m2
p + 12igp

∫
d4k

(2π)4
i

k2−m2
p+iε
− (ip2δz − iδm2)

.

Since we require the pole to be at p2 = m2
p, the matching conditions will be obtained

from

12igp

∫
d4k

(2π)4

i

k2 −m2
p + iε

=
(
ip2δz − iδm2

)
for which

δz = 0

δm2 = −12igp

∫
d4k

(2π)4

1

k2 −m2
p + iε

= −12igp

∫
1

(2π)4

∫
S3

Ω3

∫ ∞
0

dk
k3

[k2 −m2
p]

= −12igp

[
1

2

∫
1

(2π)4

∫
S3

Ω3

∫ ∞
0

dt
t

[t−m2
p]

]
.

Setting x =
−m2

p

t−m2
p

and 1− x = t
t−m2

p
so that dx =

m2
p

(t−m2
p)2dt = −

(
x2

m2
p

)
dt, we obtain

that

δm2 = −12igp

[
1

2

∫
1

(2π)4

∫
S3

Ω3

∫ ∞
0

dx
1− x
x2

m2
p

]
= −12igp

[
1

2

Γ(2)Γ(−1)

Γ(1)

] [
1

m2
p8π

2

]
= −12igp

[
Γ(−1)

m2
p(4π)2

]
.

Of course Γ(−1) is not finite, but this gives the general idea behind matching con-

ditions! Let us move onto the Callan Symanzik equation, which was derived inde-

pendently Curtis Callan and Kurt Symanzik in 1970.

1.4.3 Callan-Symanzik equation

Before matching, one would be unable to read the S-matrix elements off the cor-

relators defined for bare fields (note that throughout the time-ordered product is
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intended), ∫
[Dφ]eiSφ0(x1)...φ0(xn) = 〈0 |φ0(x1)...φ0(xn)| 0〉

where

S =

∫
d4xL, L =

1

2
∂µφ0∂

µφ0 −
1

2
m2φ2

0 −
g

4!
φ4

0.

However, after matching the dressed fields (φ = z−1/2φ0 where z depends on M and

φ0 depends on g and the UV cutoff Λ but not on M),

〈0 |φ(x1)...φ(xn)| 0〉 = z−n/2 〈0 |φ0(x1)...φ0(xn)| 0〉 (1.10)

with

〈0 |φ(x1)...φ(xn)| 0〉 = F (M, gp), (1.11)

we do obtain correctly normalised wave functions since the matching conditions

replace Λ, g and z with the renormalisation scale M (what we previously called mp)

and gp. Consider the following variations, where we set δη = −1
2δlogz:

M → M + δM

gp → gp + δgp

φ → (1 + δη)φ.

For the expression in equation (1.10),

G(n) → (1 + δη)nG(n) ⇒ δG(n) = nδηG(n)

and from the expression in equation (1.11),

δG(n) =

[
δM

∂

∂M
+ δgp

∂

∂gp

]
G(n).
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Setting them equal to each other leads to the Callan-Symanzik equation which was

found around 1970 [55, 56],

0 =

[
δM

∂

∂M
+ δgp

∂

∂gp
− nδη

]
G(n)

=

[
∂

∂M
+
δgp
δM

∂

∂gp
− n δη

δM

]
G(n)

=

[
M

∂

∂M
+ β

∂

∂gp
+ nγ

]
G(n)

where β = M
δgp
δM tells you how the coupling changes as you go to higher energies

(although we are generally more interested in how the coupling flows from the UV to

the IR). For example in QCD, β < 0 so that at high energies / small distances (UV)

the strength of interactions is small, an effect known as asymptotic freedom. As you

flow from the UV to the IR (low energies/large distances) the strength of interaction

becomes very strong, which is known as confinement). Also, γ = − δη
δMM is called

the anomalous dimension, which gives the quantum corrections to the dimension.

Consider the marginal operators obtained in equation (1.9). For a coupling term of

the form g
4!φ

4 in 4 dimensions one has that the one-loop beta function is given by

β =
3

16π2
g2 > 0

so that the operator is marginally irrelevant. To make this theory once again scale

independent, one can add a relevant contribution, obtained as follows. Consider

working in dimension d = 4 ± ε, where [φ] = M1± ε
2 so that [g] = M∓ε. A relevant

contribution corresponds to [g] = M ε and thus d = 4− ε dimensions. One can then

write [g] = [ḡ]M−ε to obtain a critical coupling

β∗ = −gε+
3

16π2
g2 = 0⇒ g∗ =

16π2

3
ε+O(ε2)

which is weakly coupled for epsilon small, so that one can make use of it for pertur-

bation theory. Similarly for a theory with coupling g
3!φ

3 in d = 6 dimensions which

is marginally relevant since

β = − 3g4

256π3
< 0,
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we work in d = 6 + ε dimensions for which [g] = M−ε/2, which deforms β to give a

critical coupling as follow:

β∗ =
ε

2
g − 3g4

256π3
= 0⇒ g∗ =

(
128π3

3
ε

)1/3

.

Furthermore, a theory with a coupling term λφ6 in 3 dimensions is marginally ir-

relevant with β = 3λ2

2π2 > 0 can be made scale invariant by working in d = 3 − ε
dimensions where [λ] = M2ε, and the critical exponent is found as

β∗ = −2ελ+
3λ2

2π2
= 0→ λ∗ =

4π2

3
ε.

1.5 Black Holes, holography and the information para-

dox

This section is based on Refs. [57, 58, 59, 60, 61]. Gravity is non-renormalisable as

can be seen for fluctuations in the metric,

gµν = ηµν +
hµν
MP

.

where MP is the Planck mass. For small energy scales the space-time metric is

approximately equal to the flat metric and perturbation theory works satisfactorily.

However for larger energies tending towards the Planck mass this is clearly not the

case any longer. In the quest to find a UV-complete theory, black holes become of

great importance as objects with both relativistic and quantum behaviour.

A star that has used up its nuclear fuel will use quantum mechanical sources to

support itself against gravitational collapse, known as degeneracy pressure; when

this source is a gas of cold fermions a white dwarf is formed, possible for stars less

than 1.4 solar masses, which is the Chandrasekhar limit. When the pressure increases

further to that of nuclear density, it is the degeneracy pressure of neutrons which

becomes important, resulting in neutron stars. Since at the surface of a neutron

star the gravitational potential is of order 0.1 and no longer << 1 required for

Newtonian gravity, General Relativity considerations need to start being applied.

General Relativity predicts a maximum mass of 3 solar masses for such a star, and
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so hot star masses more massive than this may not end their life as a cold star but

rather as a black hole.

Hawking and Bekenstein showed that the the energy spectrum of photos radiated

from a black hole is the same as the black body radiation where the temperature is

given by (which we shall justify later in this chapter).

kBT =
~

8πGM
⇒ T =

~
8πc3kBGM

.

This gives a temperature of 60nK for a solar mass black hole and even less for a

larger black hole - significantly less than the background temperature of the universes

which is 2.73K. The smaller the black hole, however, the hotter it is, and in order

for a black hole to have a temperature of 2.73K, it would have to have a mass

comparable with that of the moon, 4.5 × 1022kg. Since the internal energy U of a

black hole is just its mass M , we have the statistical mechanics relation

∂S

∂U
=

1

T

⇒ ∂S

∂M
=

8πc3kBGM

~

⇒ S =
4πc3kBGM

2

~

=
c3kBA

4~G

where we have recalled that the radius of the event horizon is 2GM and the surface

area of a sphere is 4πr2. Of great interest is the fact that black holes are the classical

solutions of Einstein’s equations, and yet this result for S contains the quantum

mechanical quantity ~, together with quantities c and GN which are indicators of

relativity and gravity. Defining the Planck length as `P =
√

G~
c3

, the entropy can be

given by

S =
kBA

4`2P
.

The area thus scales as the area rather than as the perhaps more intuitive volume,

which is a hint of the holographic principle.
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1.5.1 Differential geometry notation

In d dimensions, a p-form w(p) can be constructed as

w(p) =
1

p!
wµ1wµ2 ...wµpdx

µ1 ∧ dxµ2 ∧ ... ∧ dxµp (1.12)

where the wedge (∧) product is antisymmetric. The exterior derivative d maps

p-forms onto (p+1)-forms as follows

dw(p) =
1

p!
∂µwµ1wµ2 ...wµpdx

µ ∧ dxµ1 ∧ dxµ2 ∧ ... ∧ dxµp

⇒ d2w(p) =
1

p!
∂µa∂µbwµ1wµ2 ...wµpdx

µa ∧ dxµb ∧ dxµ1 ∧ dxµ2 ∧ ... ∧ dxµp

d
(
w(p) ∧ w(q)

)
= dw(p) ∧ w(q) + (−)pw(p) ∧ dw(q).

The latter two properties are referred to as the nilpotent and distributive properties

respectively. One is able to go from a p-form to a (d-p)-form using the Hodge star

product. Here the wedge product indices in (1.12) are absorbed into an ε-term so

that a wedge product on the dual directions can be instead incorporated, and a

factor of 1
(d−p)! compensates for over-counting:

∗w(p) =
1

p!(d− p)!
wµ1wµ2 ...wµpε

µ1...µp
µp+1...µddx

µp+1 ∧ dxµp+2 ∧ ... ∧ dxµd .

Notice that doing this twice will then give you w(p) back up to a sign,

∗ ∗ w =
1

(p!)2((d− p)!)2
wµ1wµ2 ...wµpε

µp+1...µd
ν1...νp

ε
µ1...µp

µp+1...µddx
ν1 ∧ dxν2 ∧ ... ∧ dxνp

=
(−1)t+p(d−p)

(p!)2((d− p)!)2
wµ1wµ2 ...wµpε

µp+1...µd
ν1...νp

ε
µ1...µp

µp+1...µddx
ν1 ∧ dxν2 ∧ ... ∧ dxνp

=
(−1)t+p(d−p)

(p!)2((d− p)!)2
wµ1wµ2 ...wµpp!(d− p)!(d− p)!dxµ1 ∧ dxµ2 ∧ ... ∧ dxµp

=
(−1)t+p(d−p)

(p!)
wµ1wµ2 ...wµpdx

µ1 ∧ dxµ2 ∧ ... ∧ dxµp

= (−1)t+p(d−p)w
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where t is the number of time-like directions we have (if in Minkowski signature; for

Euclidean signature we can set t-0). This comes about due to the definition

εµ1,...,µp,λp+1...λdεν1...νpλp+1...λd = (−)tp!(d− p)!δµ1...µp
[ν1...νp]

Performing the exterior derivative on the Hodge star product of a p-form gives

d ∗ w(p) =
1

p!(d− p)!(d− p)!
∂µwµ1wµ2 ...wµpε

µ1...µp
µp+1...ddx

µ ∧ dxµp+1 ∧ ... ∧ dxµd

⇒ ∗d ∗ w(p) =
1

p!(d− p)!(d− p)!
∂µwµ1wµ2 ...wµpε

µp+1...µd
ν1...νpε

µ1...µp
µp+1...µd

dxµ ∧ dxµp+1 ∧ ... ∧ dxµd .

Seeing that ε0,1,...,d =
√
|g| and hence the partial derivatives give

∂µ
√
|g| =

√
|g|Γρρµ,

and therefore

∗d ∗ w =
1

(p− 1)!
(−)t+(p−1)(p−d)∇νwνµ...µp−1

dxµ1 ∧ ... ∧ dxp−1. (1.13)

1.5.2 Stokes’ Theorem

Stokes’ Theorem gives that ∫
M
dW =

∫
∂M

W.

From equation (1.13) we can see that ∇µjµ ⇐⇒ d ∗ j, and therefore a conservation

law where a manifold M is covered by surfaces Σt1 and Σt2 given by

Q(t) =

∫
Σt2

∗j −
∫

Σt1

∗j =

∫
M
d ∗ j = 0⇒ Q(t1) = Q(t2)

Also Maxwell’s equations, which are given by ∇νFµν = −4πjµ ⇐⇒ d ∗ F = 4π ∗ j.
The conservation law is therefore given by

Q =

∫
Σ
∗j =

1

4π

∫
∂Σ
∗F
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so that the conserved electric charge is Q = 1
4π limR→∞

∫
S2
R
∗F and magnetic charge

is P = 1
4π limR→∞

∫
S2
R
F .

1.5.3 Concepts from General Relativity

First recall the standard methods for obtaining Riemann tensor coefficients. The

Euler-Lagrange equations of motion which maximise proper time given by S =∫
d4xL for which L =

√
−ds2 =

√
−gαβ(x)∂x

α

∂τ
∂xβ

∂τ are

∂

∂τ

(
gµα

∂xα

∂τ

)
=

1

2

∂gαβ
∂xµ

∂xα

∂τ

∂xβ

∂τ
(1.14)

Relativity relations follow simply from defining vierbeins eα (the prefix comes from

the number of dimensions they live in) such that gαβ = eαeβ and ∂αeβ = Γµαβeµ.

The covariant derivative comes from

dA

dxα
=
∂ (Aνeν)

∂xα
[= (∇αAµ) eµ] =

∂Aν

∂xα
eν +AνΓµανeµ

⇒ ∇αAµ = ∂αA
µ +AνΓµαν ; ∇αAµ = ∂αAµ −AνΓµαν .

The second of these follows from requiring that for scalars ∇α (AµBµ) = ∂α (AµBµ).

The Christoffel definition comes from adding the 3 cyclic permutations of ∂αgµν

∂αgµν = (∂αeµ) eν + eµ (∂αeν) = Γσαµgσν + Γσανgµσ

⇒ Γσµν =
1

2
gσα (−∂αgµν + ∂µgνα + ∂νgαµ) .

which is clearly symmetric in lower indices. To determine the Christoffel symbols for

a given metric, one derives an alternative form of the geodesic equation to compare

with (1.14); the starting point is 0 = ∂
∂τ

(
∂xµ

∂τ eµ
)

which results in:

∂2xµ

∂τ2
+ Γµαβ

∂xα

∂τ

∂xβ

∂τ
.

The Riemann tensor is obtained by considering ∇c∇bVa −∇b∇cVa:

∇c∇bVa = ∂c (∇bVa)− Γdbc∇dVa − Γdca∇bVd

= ∂c

(
∂bVa − ΓdbaVd

)
− Γdbc (∂dVa − ΓedaVe)− Γdca (∂bVd − ΓebdVe) .
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Now, the first term and middle 2 terms are symmetric in swapping b and c and

therefore

∇c∇bVa −∇b∇cVa

= ∂b

(
ΓdcaVd

)
− ∂c

(
ΓdbaVd

)
+ Γdba (∂cVd − ΓecdVe)− Γdca (∂bVd − ΓebdVe)

=
(
∂bΓ

d
ca − ∂cΓdba

)
Vd +

(
ΓdcaΓ

e
bd − ΓdbaΓ

e
cd

)
Ve

⇒ Rdabc =
(
∂bΓ

d
ca − ∂cΓdba

)
+
(

ΓecaΓ
d
bd − ΓebaΓ

d
ce

)
. (1.15)

The stress-energy Tµν arises from realising that quantities like ~E =
(
kQ
r2

)
r̂ and

~g =
(
−GM

r2

)
r̂ assume action at a distance which displeased Einstein, so that the

better starting point to consider local field equations of the form ~∇ · ~E = 4πkρ and

−~∇ ·~g = −~∇ ·
(
~∇φ
)

= ∇2φ = 4πGρ, the tensorial extension of which is ∇νTµν = 0

where T 00 is the energy density, T 0i is the xi−momentum density and T ij is the

i-flux of the j-momentum, in other words the stresses exerted by the fluid. The

Einstein tensor and Einstein equation may then be constructed using combinations

of gµν and Rµν terms using tensorial arguments, and are respectively given by

Gµν + Λgµν = κTµν (1.16)

∇µGµν = 0

Gµν = Rµν − 1

2
gµνR

⇒ Rµν − 1

2
gµνR+ Λgµν = κTµν (1.17)

⇒ −R+ 4Λ = κT

⇒ Rµν = κ

(
Tµν − 1

2
TgµνT

)
+ Λgµν

where κ = 8πG.

1.5.4 Cartan formalism for obtaining the Riemann tensor

Riemann tensor calculations can be tedious and slow to give intuition. However,

these may be done quicker using Cartan formalism and differential forms (for exam-

ple, see lectures by Professor Ruth Gregory at the Perimeter Institute), which will

be expedited below with the help of a simple example. Consider the metric for a
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sphere,

ds2 = r2dr2 + r2 sin2 θdθ2.

We choose the basis ea where eaµdx
µ, such that ds2 = ηabe

aeb. In this case

er = rdr ; eθ = r sin θdθ.

The exterior derivative of a 1-form is de(1) = ∂µeµ1dx
µ ∧ dxµ1 and therefore

der = ∂µrdx
µ ∧ dr = 0

deθ = ∂µr sin θdxµ ∧ dθ = ∂rr sin θdr ∧ dθ =
1

r2
er ∧ eθ.

To obtain the connection components wab , we use the first structure component,

dea + wab ∧ eb = 0

a = r : 0 = wrb ∧ eb ⇒ wrθ = 0

a = θ : 0 =
1

r2
der ∧ deθ + wθb ∧ eb =

1

r2
der ∧ deθ + wθr ∧ er ⇒ wθr =

1

r2
eθ.

Thus wrθ = wrr = wθθ = 0 and wθr = sin θ
r θ. The second structure equation gives us a

formula for the Ricci tensor, Rab = dwab + wacw
c
b. Hence

Rθθ = Rrθ = Rrr = 0

Rθr = dwθr = d

(
sin θ

r
dθ

)
= ∂µ

(
sin θ

r

)
dxµ ∧ dθ = −

(
sin θ

r2

)
dr ∧ dθ.

Thus Rθr = 1
r4dθ ∧ dr. From Rab = Rabcde

c ∧ ed we see that Rabθr = 1
r4 e

θ ∧ er ∧ ec ∧ ed,
and one may use

Rλµνσ = (e−1)λaR
a
bcde

b
µe
c
νe
d
σ

to convert back to an orthonormal basis, and find for example that Rθrθr = sin2 θ as

expected for a sphere.

41



Chapter 1 Introduction Section 1.5 Black Holes and Holography

1.5.5 Solutions to Einstein equations

1.5.5.1 The Schwartzschild Solution

First we define that a spacetime is stationary if it admits a Killing vector field kµ

that is everywhere timelike (i.e. gµνk
µkν < 0 for g00 < 0). In particular if we

define a hypersurface Σ and assign coordinates (t, xi) to give a coordinate chart,

then kµ = (∂/∂t)µ will always point in the time direction and hence is timelike and

the spacetime will be static. Similarly the space-like killing vector that generates

space-time isometries (i.e. φ→ φ+2π) is k̃µ = (∂/∂φ)µ; spacetimes that admit such

solutions are called axisymmetric.

The spherically symmetric solution of the vacuum Einstein equation gives a sta-

tionary and uncharged blackhole as described by the Schwartzschild metric (or a

solution which is isometric to the Schwartzschild solution as proven by Hawking and

Ellis and which theorem goes by the name of the Birkhoff theorem):

ds2 = −
(

1− 2GM

R

)
dt2 +

(
1− 2GM

R

)−1

dR2 +R2dΩ2. (1.18)

The solution has a further isometry - the hypersurface-orthogonal ∂/∂t which is

timelike for r > 2M implying a static universe for this region. Furthermore r = 2M

constitutes an event horizon where nothing passing into the black hole will ever be

able to escape, including light. The metric’s t- and φ- independence tell us that

the relativistic energy per unit mass at infinity, as well as the relativistic angular

momentum per unit mass are conserved. This has an Innermost Stable Circular

Orbit (ISCO) at R = 6GMR.

1.5.5.2 The weak field solution

Since Tµν is a symmetric 4× 4 tensor and Einstein’s equations are given by Gµν =

8πGTµν , we see that energy conservation, ∇µTµν = 0 ⇐⇒ ∇µGµν = 0, gives

10 constraints. However since this equation still holds if we perform an arbitrary

coordinate transformation (4 equations), we actually only have 6 constraints. In a

Local Inertial Frame (LIF) (locally flat so that if we consider g′µν = ∂xα∂xβ

∂x′µ∂x′ν
gαβ = ηµν

at P and where ∂xα

∂x′µ
= aαµ + bαµνδx

′ν + cαµνβδx
′νδx

′β = aαµ at P , and hence to first
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order

[
g′µν
]
P

= aαµa
β
ν [gαβ]P = ηµν

which involves 10 independent conditions on 16 components aαµ so that the 6 leftover

degrees of freedom may be interpreted as 3 rotations and 3 boosts giving a Local

Observer Frame (LOF). Using similar counting arguments to second and third order

ones finds one has sufficient degrees of freedom to set first derivatives to zero (which

is the key result for LIFs) but not second derivatives. Thus in this case the Riemann

tensor in equation (1.15) becomes

Rdabc → ∂bΓ
d
ca − ∂cΓdba

= ∂b

[
1

2
gde (−∂egca + ∂cgea + ∂agbe)

]
− ∂c

[
1

2
gde (−∂egba + ∂bgea + ∂agbe)

]

⇒ Rdabc =
1

2
[−∂b∂dgca + ∂b∂cgda + ∂b∂agbd + ∂c∂dgba − ∂c∂bgda − ∂c∂agbd]

=
1

2
[∂b∂agbd + ∂c∂dgba − ∂b∂dgca − ∂c∂agbd] .

For the weak field solution we set gµν = ηµν + hµν for |hµν | << 1, in which case

Rαβµν =
1

2
(∂β∂µhαν + ∂α∂νhβµ − ∂α∂µhβν − ∂β∂νhαµ)

⇒ Rβν =
1

2
ηαµ (∂β∂µhαν + ∂α∂νhβµ − ∂β∂νhαµ − ∂α∂µhβν)

=
1

2
(∂βHν + ∂νHβ − ηαµ∂α∂µhβν)

where Hν = ηαµ
(
∂µhαν − 1

2∂νhαµ
)

which we can set to 0 to get back to 10 con-

straints, and the Ricci tensor reduces to

Rµν = −1

2
�hµν = 8πG

(
Tµν −

1

2
ηµνT

)
since both Rµν and Tµν are of order hµν . For a slowly rotating (about the z-

axis), time-independent object, we obtain (in polar coordinates x = R cos θ sinφ,

y = R sin θ sinφ, z = R cos θ)

ds2 = −
(

1− 2GM

R

)
dt2 +

(
1 +

2GM

R

)(
dx2 + dy2 + dz2

)
− 4GS

R3
(xdy − ydx)dt
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= −
(

1− 2GM

R

)
dt2 +

(
1 +

2GM

R

)(
dR2 +R2dθ2 +R2 sin2 θdφ2

)
−4GS

R
sin2 θdφdt,

where S is the angular momentum which we may write as S = Ma. This reduces to

the flat solution as R→∞.

1.5.5.3 The Kerr Solution

The solution for a spinning black hole turns out to be the Kerr solution (for example

see figure 1.4), for which

ds2 = −
(

1− 2GMR

R2 + a2 cos2 θ

)
dt2 +

(
R2 + a2 cos2 θ

R2 − 2GMR+ a2

)
dR2

+
(
R2 + a2 cos2 θ

)
dθ2 +

(
R2 + a2 +

2GMRa2 sin2 θ

R2 + a2 cos2 θ

)
sin2 θdφ2

−4GMRa sin2 θ

R2 + a2 cos2 θ
dφdt.

Clearly, for a non-spinning black hole (i.e. a = 0), this reduces to the Schwartzschild

solution. Furthermore, R →
(
1 + 2GM

R

)1/2
R gives the weak field solution to first

order in GM
R . The event horizon is found at R =

(
1 +
√

1− a2
)
GM which reduces

to the Schwartschild case when a = 0 and to R = GM for a maximally spinning

black hole where a = 1. If a > 1 in ‘superspinners’, there is a naked singularity which

the cosmic censorship hypothesis forbids. Avoiding this situation involves defining

the ‘irreducible mass’ of a black hole to be Mir =

√
2GMR+

2G where R+ = 2GM ,

implying that the area of the event horizon is given by A = 4π (2GMir)
2. Thus a

statement that mass can’t decrease is equivalent to one that area can’t decrease,

and indeed that entropy can’t decrease. This is related to the ‘information paradox’

(since pure states evolve into thermal or mixed states), an area where Maldacena

has recently made quite some progress, which we shall discuss later. The Innermost

Stable Circular Orbit (ISCO) for a Kerr black hole is found by solving

R2 − 6GMR− 3a2 ± 8a
√
GMR = 0

where the + is for orbits in the same direction as rotation, and the − is for opposite

direction. When a = 0 this reduces to the Schwartzschild case where R = 6GM ,
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and for extremal black holes where a − 1 there are two solutions, R = GM and

R = 9GM . Note that the ‘No-hair theorem’ states that any isolated black hole is

Figure 1.4: First photograph taken of a black hole, or rather of the accre-
tion disc surrounding it, on 10 April 2019[11, 12, 13, 14, 15, 16]; the results are
consistent with a spinning uncharged Kerr black hole with spinning parameter
a = 0.9 ± 0.1[17]. This black hole is located in the elliptical galaxy Messier 87
located 50 million light years away, and the photograph was taken by the Event
Horizon Telescope, a collaboration of 8 Earth-based telescopes. (Image: c© EHT

Collaboration)

described only in terms of its mass, spin and electrical charge.

1.5.5.4 The Kerr-Newman Solution

The Kerr-Newman solution gives a rotating charged solution of the Einstein-Maxwell

theory and is given by

ds2 = −∆− a2 sin2 θ

Σ
dt2 − 2a sin2 θ

r2 + a2 −∆

Σ
dtdφ

+

(
R2 + a2

)2 −∆a2 sin2 θ

Σ
sin2 θdφ2 +

Σ

∆
dR2 + Σdθ2

where Σ = R2 + a2 cos2 θ and ∆ = R2 − 2MR + a2 + P 2 + Q2. When a = 0 this

gives a Reissner-Nördstrom black hole, that is, a stationary and charged black hole.

1.5.6 Penrose Diagrams

Consider the flat metric

ds2 = −dt2 + dr2 + r2
(
dθ2 + sin2 θdφ2

)
= −dt2 + dr2 + r2dΩ2

(2)
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where t ∈ (−∞,∞), r ∈ [0,∞), θ ∈ [0, π), φ ∈ [0, 2π). Consider the following change

of coordinates:

t̄ = arctan (t+ r) + arctan (t− r) ∈ [−π, π)

r̄ = arctan (t+ r)− arctan (t− r) ∈ [0, π)

⇒ t̄+ r̄ = 2 arctan(t+ r) ∈ [−π, π)

t̄− r̄ = 2 arctan(t− r) ∈ [−π, π)

We have captured these boundary lines t̄ = ±r̄ ± π in Figure 1.5, and drawn the

t̄

r̄

t̄ = −r̄ + π

t̄ = −r̄ − π

i+: Future time-like infinity

i0: Space-like infinity

i−: Future time-like infinity

Figure 1.5: Penrose diagram for flat space.

Penrose diagram for a Schwartzschild black hole in Figure 1.6. Note that |r| =

|t| ⇐⇒ |r̄| = |t̄| implying that light rays still follow 45◦ trajectories. Furthermore,

from

t =
1

2
(tan(t̄+ r̄) + tan(t̄− r̄))

r =
1

2
(tan(t̄+ r̄)− tan(t̄− r̄))

we see the following special points on the diagram:

• i+, i−: (r̄ = 0, t̄ = ±π) ⇐⇒ (r = 0, t = ±∞) ⇐⇒ time-like future / past

infinity
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BH

t̄

r̄
Eve

nt
H
or

iz
on

t̄ = r̄ + π t̄ = −r̄ + π

t̄ = r̄ − π t̄ = −r̄ − π

i+: Future time-like infinity

i0: Space-like infinity

i−: Future time-like infinity

Figure 1.6: Penrose diagram for observer falling into a black hole.

• i0 : (r̄ = π, t̄ = 0) ⇐⇒ (r = π, t = 0) ⇐⇒ space-like infinity

1.5.7 Hawking radiation - QFT in a curved space time

Two observers may disagree on the number of particles they see; this may be un-

derstood from the following argument. The Killing vector satisfies
[
k,∇2

]
f = 0.

Since ∇2 (where ∇2f = gµν∇µ∂νf) and k = ikµ∂µ are both self-adjoint, they admit

a complete set of common eigenfunctions,

∇2f = m2f

ikµ∂µf = νf,

where ikµ∂µ = i∂t is time-like and f = eikẋ explaining the frequency eigenvalue

ν = k0; likewise kf∗ = −νf∗. In a spacetime admitting a timelike Killing vector, we

can mode expand our field. In particular for two observers with different timelike

killing vectors, and the same field will admit two different mode expansions:

ϕ(U) =

∫ ∞
0

dν

2π
√

2ν

(
aνe
−iνU + a†νe

iνU
)

=

∫ ∞
0

dω

2π
√

2ω

(
bωe
−iωu + b†ωe

iνu
)

= ϕ(u).

where
[
aν , a

†
ν′

]
= 2πδ(ν− ν ′) and

[
bω, b

†
ω′

]
= 2πδ(ω−ω′). The first expansion ϕ(U)

we assign is for an in-falling observer near the horizon and the second ϕ(u) for an
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observer very far away. Then

bω =

∫ ∞
0

du
√

2ωϕ(u)eiωu

We could expand these in terms of the a, a† models and obtain

bω =

∫ ∞
0

dω
√

2ω

∫ ∞
0

dν

2π
√

2ν

(
aνe
−iνU + a†νe

iνU
)
eiωu

=

∫ ∞
0

dν

2π

(
αωνaν + βωνa

†
ν

)
where

αων =

√
2ω

2ν
eiωu−iνU ; βων =

√
2ω

2ν
eiωu+iνU

are the Bogoliubov coefficients.

The observer near the event horizon will experience massive time dilation so that,

since the quantum system changes slowly compared to the spacing between energy

levels, by the adiabatic principle the probability of an excitation is exponentially

small. That is, the lowest energy state is given by aν |ϕ〉 = 0 ∀ν, and therefore this

observer sees no particles,

〈ϕ| a†νaν′ |ϕ〉 = 0.

The distant observer, however,

〈ϕ| b†ωbω′ |ϕ〉 =

∫ ∞
0

dν

2π

∫ ∞
0

dν ′

2π
β∗ωνβω′ν′

[
a†ν , aν′

]
=

∫ ∞
0

dν

2π
β∗ωνβω′ν′ .

An explicit calculation reveals this to be

〈ϕ| b†ωbω′ |ϕ〉 =
2πδ(ω − ω′)
e4πRSω − 1

where RS = 2GM = 2M is the Schwartzschild radius. Comparing this with the

expression for a bosonic field blackbody,

2πδ(ω − ω′)
e~ω/TH − 1
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we see that this radiation can indeed be seen as blackbody radiation with Hawking

temperature given by

TH =
~

4πRS
=

~κ
2π

where κ = 1
2RS

[= c4

4GM ] is the surface gravity of the black hole. Amazingly, the

surface gravity is equivalent to the temperature for a black hole. This observation

naturally leads to the relationship between entropy and area as seen in the introduc-

tion. The mechanism behind this ‘black hole evapouration’ is the pair production

that happens very near to the event horizon. Particles of positive energy are radi-

ated out while particles of ‘negative energy’ enter the black hole. These particles

are not really negative energy particles inside the event horizon, however, since the

Killing vector goes from timelike to spacelike, and these should rather be interpreted

as particles with negative momentum.

Another point of interest is that, since T ∝ 1
M and the mass of a black hole is also

its internal energy,

C =
dU

dT
= − 1

8πM2
< 0

meaning that the black hole will be perpetually losing mass and gaining tempera-

ture. This, of course, is a quantum mechanical effect; classically the black hole is

stable.

The Hawking temperature may also be deduced by considering regularity of Eu-

clidean geometry. Allowing t = −iτ in the Schwartzschild metric, we obtain

ds2 =

(
1− RS

R

)
dτ2 +

(
1− RS

R

)−1

dr2 +R2dΩ2.

which has signature

(+,+,+,+) for R > RS

(−,−,+,+) for R < RS .
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We exclude the R = 0 region by asserting that the region of validity is just RS ≤
R <∞. For R >> RS , the space time is asymptotically flat, i.e.

ds2 ∼ dτ2 + dR2 +R2dΩ2.

In particular, since Euclidean time t = −iτ necessitates periodic conditions to be

placed on it, this metric will be S1
⊗

R3, with ‘cigar’ topology (considering just one

of the spatial dimensions.

When R gets closer to RS , if we let R = RS + ρ2

4RS
= RS

(
1 + ρ2

4RS

)
where ρ << RS ,

then

1− RS
R

≈ ρ2

4R2
S

dR =
ρ

2RS
dρ

so that the conical singularity where R = RS is smoothed out; the metric becomes

ds2 =
ρ2

4R2
S

dτ2 + dρ2 +R2
SdΩ2,

which is R2
⊗
S2
RS

. As mentioned before, τ is necessarily periodic and we need to

identify τ
2RS

with τ+β
2RS

. The reason that this makes sense here is that, unlike when

we set c = ~ = 1 for which [L] = [T ] = [M ]−1, here we set G = c = 1, for which

[L] = [T ] = [M ], and hence [β] = [E] = [L] = [T ]. This gives us a periodic condition

β = 4πRS =
2π

κ
=

1

TH
.
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1.5.8 Information Paradox

Hawking and Bekenstein’s results, as shown in a previous section, convey that en-

tropy is monotonically increasing as plotted on a ‘Page curve’. This however, would

result in a non-unitary process since pure states go into the black hole, but at the

end of the life of the black hole there are just thermal / mixed states, representing

a loss of information. Quantum effects are usually fairly small, so this result was

surprising (discrepancy is large, of order O(1/GN )), and in Ref. [62] (for AdS2; AdS

is discussed in Section 1.11.1) it was argued that the formula for entropy being used

(von Neumann - SvN = −TrρRlogρR) required refining; instead the entropy for the

black hole is given by that on the quantum-corrected Ryu-Takayanagi surface,

SB = extQ

[
Area(Q)

4GN
+ Smatter(B)

]
where Q is the quantum extremal surface. The issue is understood to result from

entanglement of quantum fields across the horizon, and the paradox lies in whether

the calculation measures the Page curve of the black hole and or of the radiation. Ref.

[62] further recommended glueing the right-hand-side of an AdS2 black hole (that is

of the Penrose diagram thereof) to the origin of an auxiliary Minkowski space (which

effectively acts as a bath) - this allows the AdS2 black hole to radiate. In Ref. [63],

the idea of ‘quantum extremal islands’ emerged, regions in the gravitational theory

side with matter entangled with the external quantum system. In Ref. [64], further

machinery was developed for calculating the entropy of the union of the island with

the Hawking radiation, and in Ref. [65], the battle was conquered with the use of

saddles and replica wormholes, and a trick which works as follows. In Ref. [66] it

was shown that the quantum Rényi entropy defined by

Sα(ρ) =
1

1− α
log Tr

(
ρα

ρ

)
, α ∈ (0, 1) ∪ (1,∞)

(which indeed is monotonically increasing for increasing α) reduces to the von Neu-

mann entropy in the limit as α → 1. This may be understood using L’Hospital’s

rule since when α = 1, both the numerator and denominator equal zero.

lim
α→1

Sα(ρ) =
1

1− α
log Tr

(
ρα

ρ

)
, α ∈ (0, 1) ∪ (1,∞)

= −
∑

λi log λi
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= −Trρ log ρ

= SvN .

Ultimately, including these islands was pivotal to the result.

1.6 ’t Hooft’s large N expansion for matrix-valued fields

In 1973/1974, Gerard ’t Hooft showed that the Lagrangian L = L2 + L3 + L4,

derived in the previous section for a non-Abelian Yang-Mills theory (in general a

matrix theory with trace structure), gives rise to a topological expansion; this result

will be derived here.

Consider the Feynman rules associated with this Lagrangian. The term L2 describes

a propagator, the term L3 incorporating a factor g describes a cubic interaction, and

the term L4 incorporating a factor g2 describes a quartic interaction, where g is the

coupling constant of the theory. A graph describing the interactions of this theory

would then involve edges, 3-vertices and 4-vertices respectively.

Hence, the Feynman diagrams in this theory will be associated with the factor [24]

(assuming there are no quark loops)

r = gV3+2V4NF , (1.19)

where V3 is the number of cubic vertices, V4 is the number of quartic vertices and

δii = N ′. A famous formula discovered first by Leonhard Euler describes a topological

invariant for polyhedra. This topological invariant is called the Euler characteristic

and is given by the formula

χ (H) = F − P + V = 2− 2H, (1.20)

where F is the number of faces, V the number of vertices, and P the number of

edges / ‘propagators’. H is called the genus of the topological surface and counts

the number of holes in the topology, for example a doughnut has one hole and so its

topology, together with any other one-hole object, would be described by an H = 1

topology. A derivation of this formula may be found in Appendix A.
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The total number of vertices is given by

V = V3 + V4

and the number of outgoing propagators from each vertex, given by 3V3+4V4 double-

counts the actual number of propagators so that

P =
1

2
(3V3 + 4V4) .

Hence

P − V =
1

2
V3 + V4,

so that (1.20) gives

F = P − V + 2− 2H

=

(
1

2
V3 + V4

)
+ (2− 2H) .

Finally, substituting this in (1.19) gives

r =
(
g2N ′

) 1
2
V3+V4 N

′2−2H . (1.21)

Hence, clearly this factor admits an infinite sum over topologies which one equates

to the partition function Z

logZ =
∞∑
h=0

N2−2HfH
(
g2
YMN

)
= N2

(
f0 (λ) +

1

N2
f1 (λ) +

1

N ′4
f2 (λ) + ...

)
, (1.22)

for which, in the limit where N → ∞ and λ = g2
YMN is constant (referred to as ’t

Hooft’s coupling constant), all but the planar Feynman diagrams drop out giving

rise to an unexpected simplification of the calculation [24]. This is a topological ex-

pansion which is the signature of a string theory (since a string moving in spacetime
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gives rise to a world sheet), with string coupling given by g2
s = 1

N2 , or gs = 1
N ′ .

An example of this is the correspondence between type IIB strings on AdS5 × S5

and N = 4SYM referred to earlier. This is a topological expansion which is the

signature of a string theory (since a string moving in spacetime gives rise to a world

sheet); here it is observed that the string coupling is given by g2
s = 1

N2 , or gs = 1
N .

This was one of the first hints of a gauge/gravity duality: λ is of the order R4,

so when considering strong coupling where λ is large (and where non-perturbative

methods are required), the curvature is small so that the supergravity side of the

duality is realised. For small λ, the conformal field theory dominates.

1.7 String Theory

1.7.1 Quantum chromodynamics and strings

String theory was initially conceived in the 1960’s as a mechanism to explain the

great number of particles being discovered in terms of different oscillatory modes of

a smaller subset of fundamental strings [67]; it was thought that these fundamental

strings, with length of the order of the size of the nucleus, could explain the strong

interaction. Veneziano developed a theory of dual models (which would now be

called a 26-dimensional bosonic string theory) where scattering amplitudes were

calculated using approximations to the Euler gamma and Euler beta functions and

this theory was later shown to have a string interpretation. For example, Veneziano

model’s predicts that particles with greatest spin for a particular mass follow Regge

trajectories given by the formula α′m2 = J + constant [40], so that α′ is the slope

of these Regge (and daughter) trajectories (as seen in the Chew-Frautschi plot in

Figure 1.7); in string theory, string rotations explain the resonances along the Regge

trajectories while vibrational modes give the daughter trajectories; α′ emerges as the

inverse string tension. The agreement between string S-matrix scattering amplitudes

and the results of meson scattering amplitudes of the time gave strong support to

the theory.

However, this theory which predicted the high-energy, fixed scattering amplitude

falling off exponentially with s (squared sum of incoming momenta) was published

at about the same time as the publication of the first experimental evidence [68] of
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Figure 1.7: Chew-Frautschi plot showing Regge trajectories with Regge slope α′

the parton-like behaviour of the strong interaction (the scattering amplitude actually

falls off according to a power law in these processes) [69]. There were also concerns

over the large number of extra dimensions required for the theory to be consistent

and the massless particles apart from spin-1 gluon, that the theory predicted (the

open-string spectrum predicted massless vector particles and the closed-string spec-

trum predicted massless tensor particles [68]). Furthermore, a particle known as

the tachyon, with its undesirable property of violating causality, resulted in infrared

divergences in the loop diagrams in these ‘consistent dual models’. By 1973/1974

it had been accepted that the strong interaction could be explained using an SU(3)

colour gauge theory QCD (Quantum Chromodynamics), and this was backed up

well by experiment, including the parton-like behaviour resulting from aymptotic

freedom [70]. SU(3) colour gauge theory emerged as the successful theory of the

strong interaction.

String theory, however, was found to have highly desirable features as a possible can-

didate for unification (the string length in this theory is then of the order the Planck

length `P ). For example, non-renormalisable amplitudes and ultraviolet divergences

make it difficult for other quantum field theories to incorporate gravity, whereas

the massless spin-2 particle (having a Regge intercept of 2) is understandable as a

graviton that is present in any string theory. String theories naturally incorporate

gravitons and massless vector particles. The low energy dynamics of the massless

sector of closed (super)strings yields the Einstein-Hilbert action, which, when taking
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into account the variational principle, gives rise to the Einstein equation:

SEH = c4

16πGN

∫
d4x

√
−det|g| (R− 2Λ) +

∫
d4x

√
−det|g| LM

⇒ Rµν −
1

2
gµνR+ Λgµν =

8πGN

c4
Tµν .

In the 1980s, it was extablished that SO(32) type I superstrings are anomaly free[71]:

5 superstring theories are consistent, each of which are defined in 10 dimensions.

These are Type I, non-chiral IIA and chiral IIB, and heterotic SO(32) and E8×E8;

in compactifying from a 9+1 spacetime to a 3+1 spacetime, string dynamics require

the resulting 6-dimensional manifolds are Calabi-Yau spaces which display similar

features to the Standard Model [72]. The 1990’s then gave rise to the discovery that

all of the 5 10-dimensional superstring theories are perturbative expansions (consis-

tent at every finite order) of one unique (although not well understood) underlying

11-dimensional theory. This 11-dimensional theory is referred to as M-theory, the

low energy limit of which is 11-dimensional supergravity. Ref. [73, 74] gives a good

overview of these milestones.

1.7.2 String theory and the Nambu-Goto and Polyakov action

This subsection is based on Refs. [21, 75, 76]. In contrast to how most field theories

developed, where the second quantized theory can be completely derived from one

action, String theory was initially developed as a first quantized theory, where things

such as the vertices, interaction choice and weights of perturbation diagrams need

to be put in by hand, and the unitarity explicitly checked. In first quantized rela-

tivistic point particle theories, scattering amplitudes are given by a sum over graphs

of different topologies, not manifolds. Thus one can place an arbitrary number of

different spins at interaction points corresponding to an infinite number of point

particle theories. Furthermore, one can ‘pinch’ internal lines in the graph to zero

which results in locally deformed topologies with ultraviolet singularities for each

‘pinch’. In String theory, however, the string worldsheet cannot be ‘pinched’ to form

an ultraviolet singularity from a topological perspective (although the pinched dia-

gram could be understood as an infrared divergence involving the emission into the

vacuum of massless spin-0 particles - but supersymmetry eliminates these infrared

divergences). Furthermore, the worldsheet is a manifold / Riemannian surface and
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the selection of interactions consistent with the propagator are limited by conformal

symmetry, supersymmetry and modular invariance, resulting in only a few allowable

string theories. In this subsection we overview some of the fundamental theory of

String theory.

Strings in space-time sweep out an area element, and this gives rise to the Nambu-

Goto action,

SNG = −T
∫
dA

where the string tension T is given by T = 1
2πα′ and α′ is the Regge slope. Now this

can be written in terms of the induced metric, hab = ηµν∂aX
µ∂bX

ν , as

SNB = −T
∫
dσ dτ

√
−h. (1.23)

Note that µ, ν = 0, 1, ..., D and a, b = 0, 1, and Xµ (σ, τ) describes a one-dimensional

object sweeping out a two-dimensional worldsheet in terms of two parameters and;

this Xµ (σ, τ) is then just a vector extending from the origin to a point on the two-

dimensional manifold while the induced metric hab is the contraction of two tangent

vectors of this two-dimensional manifold, where −∞ < τ < ∞ is taken as a time

parameter and 0 < σ < π as a spatial parameter. Here the Lagrangian simplifies to

L = T

√
Ẋ2
µX

′µ2 −
(
ẊµX

′µ
)2

(1.24)

where the dot is a τ -differentiation and the prime a σ-differentiation. The square

root proves cumbersome, and it is simpler to work with the Polyakov action,

SP = −T
2

∫
dσ dτ (−γ)1/2 γab∂aX

µ∂bXµ

where we have introduced an independent worldsheet metric γab(τ, σ) with signature

(−,+). We identify this action as being that of massless Klein-Gordon scalars Xµ

coupled to the metric γab, and thus bosonic. The Nambu-Goto and Polyakov are

indeed related, as can be shown since for any real symmetric matrix A we have that

4detA ≤ (trA)2,

4det (γachcb) ≤ (γachac)
2
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⇒
√

det (−hcb) ≤
1

2

√
det (−γac)γachac

⇒ SNG ≤ SP

and equality holds when hab ∝ γab. Varying the Polyakov action with respect to Xµ

we obtain the following equations of motion

0 = δSP = δ

[
−T

2

∫
dσ dτ (−γ)1/2 ∂aX

µ∂aXµ

]
= −T

∫
dσ dτ (−γ)1/2 [∂a (δXµ∂aXµ)− δXµ∇2Xµ

]
.

The second term gives the equations of motion which is a wave equation, and we

require the first term (the surface term) to vanish,

−T
∫
dτ (−γ)1/2 [δXµ∂σXµ]σ=π

σ=0 = 0.

This can happen in two ways. Firstly, it vanishes if ∂σXµ vanishes at the spatial

boundaries, implying there is no momentum flow at the ends; here no constraint is

placed on Xµ - in other words this is an open string whose ends can move freely in

spacetime. These are known as Neumann boundary conditions. The second way the

surface term can vanish is if

Xµ (τ, 0) = Xµ (τ, π)

∂σXµ (τ, 0) = ∂σXµ (τ, π)

γab (τ, 0) = γab (τ, π) ,

which can happen if the fields are periodic, and the endpoints are joined to form a

loop - in other words closed strings.

In order to learn more about the open string spectrum, one can go to light cone

coordinates and make conditions on the metric, namely

X+ = X0 +X1 = τ

∂σγσσ = 0

detγab = −1.
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Then, taking various boundary conditions into account, the Polyakov lagrangian

becomes

L = −π
T
γσσ∂τx

− +
1

2T

∫ π

0
dσ
(
γσσ∂τX

i∂τX
i − γ−1

σσ ∂σX
i∂σX

i
)
,

and, after obtaining the momentum conjugate to x−, the spacetime coordinate, and

Xi (τ, σ), the worldsheet coordinate, one finds that the Hamiltonian is given by

H = p−∂τx
− − L+

∫ π

0
dσΠi∂τX

i

=
π

2Tp+

∫ π

0
dσ

(
TΠiΠi +

1

T
∂σX

i∂σX
i

)
.

The equations of motion that arise from this Hamiltonian result in the general so-

lution to a wave equation, given in terms of centre-of-mass variables by

Xi (τ, σ) = xi +
pi

p+
τ + i

(
T

π

)1/2 ∞∑
n=−∞n6=0

1

n
αinexp

(
−πincτ

`

)
cos

πnσ

`
.

Imposing equal time canonical commutation relations from which a general state is

obtained, one arrives at an Hamiltonian in terms of raising and lowering operators,

H =
pipi

2p+
+

1

2p+α′

( ∞∑
n=1

αi−nα
i
n +A

)
.

The conformal gauge approach, which makes the covariance explicit, gives the value

of A to be (correctly regularised)

A =
D − 2

2

∞∑
n=1

n

=
2−D

24
.

[Here we used that
∑∞

n=1 n = − 1
12 ; one way of seeing this is by introducing a

regulator ε and writing

∞∑
n=1

n →
∞∑
n=1

ne−nε =

∞∑
n=1

− d

dε
e−nε = − d

dε

1

1− e−ε
=

e−ε

(1− e−ε)2
.

and, using Mathematica, this has an expansion 1
x2 − 1

12 + x2

240 −
x4

6048 ..., for which the
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only regulator-independent term is − 1
12 .] This cutoff-independent term is a Casimir

energy due to the string having finite length. The mass can now be expressed in

terms of the level (N) as

m2 =
1

α′

(
N +

2−D
24

)
.

From this we notice two of the interesting aspects of bosonic string theory. Firstly for

D > 0 the square of the mass is less than zero, and the state is tachyonic. Recalling

that the potential energy for, say, a scalar field, is 1
2m

2φ2, we see that this vacuum is

unstable. With greater study, however, one finds that there are tachyon-free string

theories. The second thing to notice is that the first excited state is given by

m2 =
1

α′

(
26−D

24

)
,

and this state must be massless, hence D=26 giving rise to the well-known state-

ment about bosonic string theory that it is only consistent, or Lorentz-invariant,

in 26 dimensions. A further item of interest is that the allowed eigenstates of the

Hamiltonian are products of the Fock spaces of harmonic oscillators,

∏
n,i

α†n,µ |0〉 ,

where the vacuum is given by

anµ |0〉 = 0,

for n ≥ 0 and the low lying states are catalogued [77]:

|0〉 ≡ Tachyon

a†µ1 |0〉 ≡ Massless vector

kµa
†µ
1 |0〉 ≡ Massless scalar

a†µ1 a
†ν
1 |0〉 ≡ Massive spin− 2

a†µ1 |0〉 ≡ Massless.

The following involves supersymmetry, which will only be discussed later in section

1.9, but is nevertheless useful to mention here. The tachyons in the spectrum are
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an instability, but they can be fixed with supersymmetry. Also, string perturbation

theory does not converge, and there exist non-perturbative objects such as instantons

in Yang-Mills of mass 1/g2
YM and D-branes in string theory, also of mass 1/g2

YM ∼
1/gstr.

The supersymmetrised Polyakov action (which now involves fermions too) is given

by

SP = −T
2

∫
d2σηab

[
∂aX

µ∂bX
ν + iψ̄µγa∂bψ

ν
]
gµν(x),

which is explicitly invariant under infinitesimal supersymmetric transformations

δεX
µ = ε̄ψ and δεψ

µ = γa∂aX
µε (normally we just use gµν(x) = ηµν). The re-

sulting equations of motion, ∂−χL = ∂+χR = 0, give rise to left- and right- moving

solutions,

χL = χL(σ + τ); χR = χR(σ − τ).

Varying the action, we find,

δS =
T

2

∫
dτ
[
χµLδχLµ − χ

µ
RδχRµ

]σ=`/2

σ=−`/2

for which one requires that χµL(τ,−`/2) = ±χµR(τ,−`/2) and χµL(τ, `/2) = ±χµR(τ, `/2),

which leads to two types boundary conditions, Ramond for which χµL(τ, `/2) =

χµR(τ, `/2), with expansion

χµL(τ, `/2) =
1√
2

∑
n∈Z

dµne
−inσ,

and Neveu-Schwartz for which χµL(τ, `/2) = −χµR(τ, `/2), with expansion

χµL(τ, `/2) =
1√
2

∑
n∈Z+ 1

2

bµr e
−irσ.

These satisfy the relations {dµm, dνn} = ηµνδm,−n and {bµm, bνn} = ηµνδm,−n respec-

tively. We observe that bµr |0〉NS = 0, ∀r > 0 with bµr , r < 0 being creation op-

erators. We similarly have that dµm |0〉R = 0, ∀m > 0 and that dµm for m < 0 are

creation operators. However, in this Ramond case, {dµm, dµ0} = 0, ∀m > 0, and thus

the ground state is degenerate; dµ0 in fact takes one ground state to another ground
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state. For the Neveu-Schwartz sector, the state bi−1/2 |0〉NS = 0 has mass-squared of

m2 =
1

α′

(
1

2
− D − 2

16

)
,

for which there are massless modes in D = 10 dimensions, giving the well-known

result that supersymmetric string theory is only consistent in D = 10 dimensions

(synonymous with that of bosonic string theory only being consistent in D = 26

dimensions). States here transform as a vector in SO(8). Furthermore, the Neveu-

Schwartz ground state is tachyonic with m2 = − 1
2α′ , but this is solved by introducing

the GSO projection (named after Gliozzi, Scherk and Olive),

eiπF = (−1)F ,

which counts the number of fermions and keeps only states with an odd number of

creation operators applied to |0〉NS , which we won’t elaborate on in great detail here.

Since there are both left- and right- moving states, written schematically as (L,R),

there are 4 possibilities for boundary conditions giving rise to the Ramond-Ramond

sector or (R,R) sector, the (R,NS) sector, the (NS,R) sector and the (NS,NS)

sector (we will see these later in section 1.10). We further have possibilities R± and

NS± depending on the sign of the GSO projection. In Type IIB string theory, only

L and R fermions with the same ‘space-time chirality’ are allowed, whereas in Type

IIA this is not the case. The allowed possibilities are given by

Type IIA : (NS+, NS+), (R+, NS+), (NS+, R−), (R+, R−)

Type IIB : (NS+, NS+), (R+, NS+), (NS+, R+), (R+, R+).

For Type IIA, we have the followed possibilities

Potential : C1, C3, C5, C7, C9

Field strengths : F2, F4, F6, F8, F10

Sources : D0, D2, D4, D6, D8

and for Type IIB,

Potential : C0C2, C4, C6, C8
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Field strengths : F1, F3, F5, F7, F9

Sources : D(−1), D(1), D(3), D(5), D(7).

Here Hodge dualities relate, for example, F2 and F8 (indeed, wherever the number

of dimensions adds up to 10; we saw some details about the Hodge star product in

subsection 1.5.1).

1.8 No-Go Theorems

Presented below are no-go theorems that need to be taken into account when con-

structing higher spin theories. These no-go results concern flat space-time theories

and an S-matrix, however, and the concluding purpose here is therefore that one

should work in a curved space-time background where there is no S-matrix.

1.8.1 Coleman-Mandula Theorem

In Ref. [78], Sydney Coleman and Jeffrey Mandula proved a theorem describing

the impossibility of combining internal symmetries and space-time symmetries in

any way but the trivial way. It was general in that it was applicable to infinite-

parameter groups, and it assumed an S-matrix. Unitary operators which commute

with the S-matrix turn one-particle states into one-particle states, and transform

many-particle states as tensor products, where G is the symmetry group of the S

matrix that was investigated. Under 5 general assumptions it was shown that this

(connected) group G needed to be locally isomorphic to the direct product of the

Poincaré group and an internal symmetry, in other words the trivial combination.

Otherwise put, due to the fact that theories we observe contain a mass gap, apart

from the generators of the Poincaré group, the only conserved quantities, must be

Lorentz scalars.

1.8.2 Weinberg

Another theorem (see Ref. [79] for a nice summary) in which general properties of

the S-matrix were invoked was due to Steven Weinberg in 1964. Here he considered
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N particles with 4-momentum pi emitting a massless spin-s particle of momentum

q and polarisation vector εm1m2...ms(q). In the soft limit, i.e. where the momentum

of the emitted particle goes to 0 and the scattering is elastic, the S-matrix could

factorise,

S(p1, ..., pN , q, ε) ≈
N∑
i=1

gi
pim1

pim2
...pimsε

m1...ms(q)

2piq
S(p1...pN ).

The polarisation vector, being transverse and traceless, has only two physical polar-

isations, so there are redundancies which can be removed by imposing

N∑
i=1

g
(s)
i pim1

...pims−1
= 0 ∀pi.

Thus

s = 1 ⇒
N∑
i=1

g
(s)
i = 0⇒ Conservation of charge

s = 2 ⇒ κ
N∑
i=1

pim = 0⇒ Conservation of energy/momentum

gi = κ⇒ Equal interaction with massless spin− 2 particle

s > 2 ⇒ No solution for generic momenta.

This argument showed that the only particles able to produce long-range interactions

are scalars, vectors and one spin-2 particle (otherwise the 2 different spin-2 particles

would interact with all matter with different couplings g and g′ say).

1.8.3 Weinberg-Witten Theorem

In Ref. [80], Steven Weinberg and Edward Witten proved two theorems, the first one

stating that a theory which allows a Lorentz-covariant conserved four-vector current

Jµ to be constructed can’t contain massless particles of spin j > 1
2 since in these

cases the conserved charge
∫
J0d3x will vanish. The second theorem states that a

theory which allows a Lorentz-covariant conserved energy-momentum tensor θµν to

be constructed for which
∫
θ0νd3x is the energy-momentum 4-vector can’t contain

massless particles of spin j > 1. To do this they studied matrix elements describing
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scattering of one-massless-particle states of helicity ±j and four-momenta p′ and p

off a soft graviton [81]. They took the limit as p→ p′ (i.e. nearly forward scattering)

and not p′−p = 0 and thus the graviton described was off-shell and spacelike, nearly

light-like, whereas p + p′ is timelike, and from Lorentz invariance the limit is given

by

〈
p′,±j |Jµ| p,±j

〉
→ gpµ

E(2π)3〈
p′,±j |θµν | p,±j

〉
→ fpµpν

E(2π)3

Because the calculation of matrix elements involves the rotation matrix R(θ) which

has Fourier components eiθ, e−iθ and 1, the matrix elements vanish unless 2j = 0, 1,

implying that g = 0 for f > 1
2 and f = 0 for j > 1, thus concluding the proof.

This theorem is applicable to all known renormalisable quantum field theories, for

example in quantum chromodynamics, since one may construct Lorentz covariant

energy-momentum tensor and Noether current for all symmetries commuting with

local symmetries, it may be concluded that quantum chromodynamics has no mass-

less bound states with j > 1 and no flavour non-singlet massless bound states with

j > 1
2 . Importantly, this theorem does not apply in theories such as Yang-Mills the-

ories and General Relativity where, under Lorentz transformation xµ → Λµνxν fields

transform as a Lorentz transformation plus a term proportional to a derivative, for

example ∂µΦ.

1.8.4 Solution around no-go theorems

The following is based on Ref. [82]. Since the notion of massless particles is only un-

equivocal in theories with Poincaré-invariant vacua, the previously mentioned no-go

theorems relate specifically to theories on a flat space-time background. In con-

stantly curved non-flat space-times, one has that the mass operator (∇2) is related

to the eigenvalues of the quadratic Casimir operators of the space-time isometry

and Lorentz algebras and, in Minkowski space-time for example, one may interpret

massless higher-spin particles as limits of their respective massive particles. These

particles are consistent at low energies and observed experimentally in hadronic

physics as unstable resonances as opposed to fundamental particles.
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The discussions regarding the S-matrix no-go theorems incorporate couplings that

involve the same number of derivatives as the number of spins, for example two-

derivative couplings between the graviton and other fields. If spin s couplings con-

tain more than s derivatives, this S matrix argument needs re-examination. Indeed

a more suitable starting point is using purely Lagrangian arguments. Indeed at the

classical level, all of the consistent cubic vertices found in Minkowski and (A)dS

space-times have exhibited higher-order derivatives.

The gauge principle states that, ”A sensible perturbation theory requires compat-

ibility between the interactions and some deformed version of the abelian gauge

symmetries of the free limit”. Massless particles are seen as representations of the

space-time isometry group - different Lorentz tensors obeying their respective free

equations of motion. A subset of these ”carriers” are the primary curvature tensors

and their derivatives which transform tensorially under isometry, and the construc-

tion of interaction Hamiltonians from Lorentz- and hence gauge- invariant non-linear

Lagrangians is the guiding principle behind what is known as the ”Fronsdal Pro-

gramme”. Ultimately, it was Mikhail Vasiliev and Efim Fradkin who conceived of

the principal escape route where the cosmological constant play the role of both the

infrared and ultraviolet regulator.

1.9 Supersymmetry

Here we highlight key points regarding Supersymmetry following Ref. [83]. Space-

time symmetries may be external, for example continuous symmetries like those of

the Poincaré group and the discrete parity P , charge conjugation C and time rever-

sal T , or internal, such as the global isospin and flavour symmetries and the local

U(1), SU(2) and SU(3) of electromagnetism, the weak interaction and the strong

interaction respectively. Internal symmetry generators Ra obey[
Ra, Rb

]
= 2ifabcRc

and commute with the Casimirs of the Poincaré group, [Ra, P 2] = [Ra,W 2] = 0 im-

plying that particles related by the internal symmetry have same mass and spin. In

spite of the fact that Sidney Coleman and Jeffrey Mandula showed that one cannot
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mix internal and external symmetries in their no-go theorem of 1967, the pre-quark

era showed for example that spin-1
2 baryons are in the 8 and spin-3

2 are in the 10

representation of flavour SU(3). In other words, there is a link between the external

symmetry spin and the internal symmetry of the SU(3) representation. The Loop-

hole in the Coleman-Mandula ‘no-go’ theorem was that symmetries were assumed to

be Lie algebraic - so one could bypass it by considering spinorial symmetries having

half-integer spin which are described by (non-Lie algebraic) fermionic / anticommu-

tating algebras. This led to a new fermionic symmetry call Supersymmetry.

Supersymmetry involves extending the Poincaré group by adding anticommuting

spin-1
2 operators, meaning that the 4-component Dirac spinor may be written in

terms of a Weyl spinor and its conjugate

QD =

(
Qα

Q̄α̇

)

where the generators QD are called supercharges. One wishes, then to add these gen-

erators in such a way as to obtain a consistent algebra. (Having more supercharges

is called an extended supersymmetry, e.g. N = 1→ N = 2,N = 4 etc.)

1.9.1 N = 1 SUSY

According to the O’Raifeartaigh’s theorem which predates Coleman-Mandula, trans-

lations commute with all generators beyond the Lorentz group generators,

[Pµ, Qα] =
[
Pµ, Q̄α̇

]
= 0.

Further, the Qs transform like spin-1
2 states when commuting with Jµν so that

[Qα,Jµν ] = i(σµν) β
α Qβ, (σµν) β

α =
1

4

(
σµαγ̇ σ̄

νγ̇β − σναγ̇ σ̄µγ̇β
)

[
Q̄α̇,Jµν

]
= i(σ̄µν)β̇α̇Qβ̇, (σµν)β̇α̇ =

1

4

(
σ̄µα̇γ σ̄ν

γβ̇
− σ̄να̇γ σ̄µ

γβ̇

)

(recall in the Wey representation these appeared as Σµν =

(
σµν 0

0 σ̄µν

)
). As

per the discussion above the Qs are fermionic and hence relations involve fermionic

anticommutators.

67



Chapter 1 Introduction Section 1.9 Supersymmetry

For N = 1 (1 supercharge), since the only Lorentz-invariant object that is symmetric

in α and β is εαβ whereas {Qα, Qβ} is symmetric, we have that

{Qα, Qβ} = {Q̄α, Q̄β} = 0.

For the relation between Qα, an object in the (1
2 , 0) representation and Q̄α an object

in the (0, 1
2) representation, we recognise that the product should be in the (1

2 ,
1
2)

representation which is schematically a spacetime vector for which there is only on

possibility - Pµ; matching indices gives

{Qα, Q̄α̇} = 2σµαα̇Pµ = 2Pαα̇.

We further have an R-symmetry which is a U(1) phase rotation,

Qα → e−iαQα Q̄α̇ → eiαQ̄α̇. (1.25)

It is an internal symmetry with respect to the Poincaré group, so that [R,Pµ] =

[R,Jµν ] = [R,R] = 0, however it is an external symmetry of the full super-Poincaré

group, and charges the Qs in a way that differentiates between left- and right- handed

charges,

[Qα, R] = Qα [Q̄α̇, R] = −Q̄α̇. (1.26)

The full super-Poincaré algebra is called a graded Lie algebra since it contains both

bosonic and fermionic commutators; the set of generators comprises {Pµ,Jρσ, Qα, Q̄α̇, R}
which are all bosonic except for Qα and Q̄α̇. This algebra is not arbitrary since the

graded Jacobi identities they have to satisfy are very strong consistency relations.

They look as follows (where b are bosonic elements and f are fermionic elements):

[b1, [b2, b3]] + [b2, [b3, b1]] + [b3, [b1, b2]] = 0

[b1, [b2, f ]] + [b2, [f, b1]] + [f, [b1, b2]] = 0

[b, {f1, f2}] + {f1, [f2, b]} − {f2, [b, f1]} = 0

{f1, {f2, f3}}+ {f2, {f3, f1}}+ {f3, {f1, f2}} = 0.

It is a useful exercise to check that the identities hold for all possible choices of 3

generators. We first consider combinations with 2 Qs and one of Pµ, R and Jµν (we
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just consider Qα and Qα̇ since it is trivial to show this for 2 Qαs and 2 Qα̇s; it is for

this same reason that we don’t consider 3 Qs):

[Pµ, {Q̄α̇, Qα}] + {Q̄α̇, [Qα, Pµ]} − {Qα, [Pµ, Q̄α̇]}

= [Pµ, 2σ
ν
αα̇Pν ] + {Q̄α̇, 0} − {Qα, 0} = 0

[R, {Q̄α̇, Qα}] + {Q̄α̇, [Qα, R]} − {Qα, [R, Q̄α̇]}

= [R, 2σναα̇Pν ] + {Q̄α̇, Qα} − {Qα, Q̄α̇} = 0

[Jρσ, {Q̄α̇, Qα}] + {Q̄α̇, [Qα,Jρσ]} − {Qα, [Jρσ, Q̄α̇]}

= [Jρσ,−2σµαα̇Pµ] + {Q̄α̇, i(σρσ) β
α Qβ}+ {Qα, i(σ̄ρσ)β̇α̇Qβ̇}

= 2iσµαα̇(ηµρPσ − ηµσPρ)− 2i(σρσ) β
α σµβα̇Pµ + 2i(σ̄ρσ)β̇α̇σ

µ

αβ̇
Pµ

= 2i (σραα̇Pσ − σσαα̇Pρ))− 2i
1

4

(
σραγ̇ σ̄

γ̇β
σ − σσαγ̇ σ̄γ̇βρ

)
σµβα̇Pµ

+2i
1

4

(
σ̄β̇γρ σσγα̇ − σ̄β̇γσ σργα̇

)
σµ
αβ̇
Pµ

= 2i (σραα̇Pσ − σσαα̇Pρ))− 2i
1

4

(
2σραγ̇ σ̄

γ̇β
σ + 2ηρσδ

β
α

)
σµβα̇Pµ

+2i
1

4

(
2σ̄β̇γρ σσγα̇ − ηρσδβ̇α̇

)
σµ
αβ̇
Pµ

= 2i (σραα̇Pσ − σσαα̇Pρ))− 2i
1

4

(
2σραγ̇ σ̄

γ̇β
σ σµβα̇Pµ − 2σ̄β̇γρ σσγα̇σ

µ

αβ̇
Pµ

)
= 2i (σραα̇Pσ − σσαα̇Pρ))− 2i

1

4

(
2σραγ̇

(
2ηµσδ

γ̇
α̇ − σ̄

µγ̇βσσβα̇

)
Pµ

+2σσγα̇

(
2ηµρ δ

γ
α − σ̄µβ̇γσραβ̇

)
Pµ

)
= 2i (σραα̇Pσ − σσαα̇Pρ))− 2i (σραα̇Pσ − 2σσαα̇Pρ)

= 0.

For combinations with 1 Q and 2 from Pµ, R and Jµν , there are 6 possibilities (not

including the identities involving Q̄α̇ which follow in the same way) - 3 involving R:

[R, [R,Qα]] + [R, [Qα, R]] + [Qα, [R,R]] = 0

[R, [Pµ, Qα]] + [Pµ, [Qα, R]] + [Qα, [R,Pµ]]

= 0 + [Pµ, Qα] + [Qα, 0] = 0

[R, [Jµν , Qα]] + [Jµν , [Qα, R]] + [Qα, [R, Jµν ]]

= [R,−(σµν)βαQβ] + [Jµν , Qα] + [Qα, 0]

= (σµν)βαQβ − (σµν)βαQβ = 0,
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and 3 not involving R:

[Pµ, [Pν , Qα]] + [Pν , [Qα, Pµ]] + [Qα, [Pµ, Pν ]] = 0

[Jρσ, [Pµ, Qα]] + [Pµ, [Qα,Jρσ]] + [Qα, [Jρσ, Pµ]]

= 0 + [Pµ,
(
i(σρσ) β

α Qβ

)
] + [Qα, (−i(ηµρPσ − ηµσPρ)] = 0

[Jµν , [Jρσ, Qα]] + [Jρσ, [Qα,Jµν ]] + [Qα, [Jµν ,Jρσ]]

= [Jµν ,−
(
i(σρσ) β

α Qβ

)
] +
[
Jρσ,

(
i(σµν) β

α Qβ

)]
+ [Qα, i (ηνρJµσ + ηµσJνρ − ηµρJνσ − ηνσJµρ)]

= i(σρσ) β
α (σµν) γ

β Qγ − i(σµν) β
α (σρσ) γ

β Qγ

+i
[
ηνρ(σµσ) β

α Qβ + ηµσ(σνρ)
β
α Qβ − ηµρ(σνσ) β

α Qβ − ηνσ(σµρ)
β
α Qβ

]
(1.27)

Now

(σρσ) β
α (σµν) γ

β =
1

42

(
σραγ̇ σ̄

γ̇β
σ − σσαγ̇ σ̄γ̇βρ

) (
σµβγ̇ σ̄

γ̇γ
ν − σνβγ̇ σ̄γ̇γµ

)
=

1

4

(
σραγ̇ σ̄

γ̇β
σ − ηρσδβα

)(
σµβγ̇ σ̄

γ̇γ
ν − ηµνδ

γ
β

)
(σµν) β

α (σρσ) γ
β =

1

4

(
σµαγ̇ σ̄

γ̇β
ν − ηµνδβα

)(
σρβγ̇ σ̄

γ̇γ
σ − ηρσδ

γ
β

)
.

After cancellations we get that (σρσ) β
α (σµν) γ

β − (σµν) β
α (σρσ) γ

β is equal to

=
1

4

[(
σραγ̇ σ̄

γ̇β
σ

)(
σµβδ̇σ̄

δ̇γ
ν

)
−
(
σµαγ̇ σ̄

γ̇β
ν

)(
σρβδ̇σ̄

δ̇γ
σ

)]
=

1

4

[(
σραγ̇

(
2ηµσδ

γ̇

δ̇
− σ̄γ̇βµ σσβδ̇

)
σ̄δ̇γν

)
−
(
σµαγ̇

(
2ηνρδ

γ̇

δ̇
− σ̄γ̇βρ σνβδ̇

)
σ̄δ̇γσ

)]
=

1

2

[
ηµσσραγ̇ σ̄

γ̇γ
ν − ηνρσµαγ̇ σ̄γ̇γσ

]
−1

4

[(
2ηµρδ

β
α − σµαγ̇ σ̄γ̇βρ

)
σσβδ̇σ̄

δ̇γ
ν −

σµαγ̇ σ̄
γ̇β
ρ

(
2ηνσδ

γ
β − σσβδ̇σ̄

δ̇γ
ν

)]
=

1

2

[
ηµσσραγ̇ σ̄

γ̇γ
ν − ηνρσµαγ̇ σ̄γ̇γσ − ηµρσσαγ̇ σ̄γ̇γν + ηνσσµαγ̇ σ̄

γ̇β
ρ

]
=

1

4

[
ηµσ

(
σραγ̇ σ̄

γ̇γ
ν − σναγ̇ σ̄γ̇γρ

)
− ηνρ

(
σµαγ̇ σ̄

γ̇γ
σ − σµαγ̇ σ̄γ̇γσ

)
−ηµρ

(
σσαγ̇ σ̄

γ̇γ
ν − σναγ̇ σ̄γ̇γσ

)
+ ηνσ

(
σµαγ̇ σ̄

γ̇β
ρ − σραγ̇ σ̄γ̇βµ

)]
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= [−ηµσ(σνρ)
γ
α − ηνρ(σµσ) γ

α + ηµρ(σνσ) γ
α + ηνσ(σµρ)

γ
α ] ,

which cancels with (1.27) to give the desired 0. All the other Jacobi identities do

not involve Q and come from the standard Poincaré algebra. The full N = 1 super-

Poincaré algebra (excluding special conformal transformations) is therefore given

by

[Pµ, Pν ] = 0

[Pµ,Jρσ] = iηµρPσ − iηµσPρ

[Jµν ,Jρσ] = i (ηνρJµσ − ηµρJνσ + ηµσJνρ − ηνσJµρ)

[Pµ, Qα] =
[
Pµ, Q̄α̇

]
= 0

[QαJµν ] = (σµν)βαQβ[
Q̄α̇Jµν

]
= −Q̄β̇(σ̄µν)βα

{Qα, Q̄α̇} = 2σαα̇Pµ = 2Pαα̇

{Qα, Qβ} = {Q̄α̇, Q̄β̇} = 0

[Qα, R] = Qα[
Q̄α̇, R

]
= −Q̄α̇

[R,R] = [R,Pµ] = [R,Jµν ] = 0 (1.28)

The supersymmetric generators are fermionic, so acting twice on a state should

return the original state; that is

Q |boson〉 = |fermion〉 Q |fermion〉 = |boson〉

The superparticles these represent contain both fermionic and bosonic components

which belong to the same supermultiplet. The Casimirs which commute with su-

persymmetric generators Qα turn out to be the usual C1 = PµP
µ (which follows

directly from [Pµ, Qα] = 0 and shows that all fields in a supersymmetry multiplet

have the same mass), and the not so usual C ′2 = CµνC
µν where Cµν = BµPν −BνPµ

with Bµ = Wµ − 1
4Q̄α̇σ̄

α̇β
µ Qβ (compared with the usual C2 = WµW

µ). Here we

recall that the second Casimir operator, known as the Pauli-Lubanski pseudovector,

is defined as

Wµ = −1

2
εµνρσJ νρP σ
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The next thing to consider are the massless multiplets of N = 1 SUSY. Recall that a

covariant definition of helicity entails observing that we have tensors (here, vectors)

that are both null and orthogonal to each other

PµP
µ |kµ〉 = WµW

µ |kµ〉 = WµP
µ |kµ〉 = 0

so that Wµ is proportional to Pµ and therefore their eigenvalues satisfy wµ = λpµ.

Boosting to the frame Pµ = (E, 0, 0, E) and specifying a state with helicity λ, we

have that

Wµ = λPµ W0 = λP0

⇒ W0 |E, λ〉 = λP0 |E, λ〉 = λE |E, λ〉 ,

from which we would like to build a supersymmetry multiplet. Recalling that in

σµαα̇, the top index tells us which Pauli matrix we are talking about

1.10 Supergravity

The following is based on Ref. [84]. Supergravity theories are interesting as they

are field theories with local supersymmetry, are the only known field theories with

interacting spin-3/2 fields and they enable us to write supersymmetric extensions of

General Relativity (including the adding of higher order R-curvature terms where the

algebra may not close so on which is a feature quantum mechanics is built on). Of key

interest today is the phenomenologically interesting 4d N = 1 where new patterns

of SUSY-breaking with a positive semi-definite scalar potential allow for a smaller

cosmological constant and provide new dark matter candidates (e.g. gravitino) and

places constraints on inflation models. It is further the natural interface between

string theory and low energy string phenomenology, which can shed light on non-

perturbative aspects of string theory such as black holes and AdS/CFT dualities.

While Supersymmetry is a global theory, Supergravity is a local theory:- it is gauged

Supersymmetry.

For the (free) Wess-Zumino model, one could use superspace notation,

LWZ =

∫
d4θ Φ∗Φ
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where Φ(x, θ) is a chiral superfield (DΦ = 0), Φ∗(x, θ) its hermitean conjugate,

K(Φ,Φ∗) = Φ∗Φ is the canonical Kähler potential and W (Φ) = 0 is the vanishing

superpotential. However, here we will rather use 4-component spinor notation.

1.10.1 Notation

The following notation is useful conceptually as well as for doing calculations. We

have the following relations

{γµ, γν} = 2ηµν14 Σµν =
1

4
[γµ, γν ]

and Pauli matrices

σ1 =

(
0 1

1 0

)
σ2 =

(
0 −i
i 0

)
σ3 =

(
1 0

0 −1

)
σaσb = δab12 + iεabcσc σ2

1 = σ2
2 = σ2

3 = −iσ1σ2σ3 = 12

For any even dimension one may, as de Witt and Friedman in the 1980s did, work

in a ”friendly representation” 1, defined as (the convention used in this section is

ηµν = (−1, 1, 1, 1))

γ†0 = −γ0 γ†i = −γi γµT = ±γµ.

An example of a ‘friendly representation’ is the Weyl representation

γµ =

(
0 iσ̄µ

iσµ 0

)

where σ̄0 = σ0 = 12 and σ̄i = −σi. Thus

γ5 = iγ0γ1γ2γ3

= i · i4
(

0 σ0

σ0 0

)(
0 −σ1

σ1 0

)(
0 −σ2

σ2 0

)(
0 −σ3

σ3 0

)
1There are various representations (which won’t be used here), for example in the Dirac repre-

sentation, γ0 = iσ3

⊗
12 =

(
i12 0
0 −i12

)
and γi = σ2

⊗
σi and in the Majorana representation

γ0 = iσ2

⊗
σ3, γ1 = −σ1

⊗
12, γ2 = σ2

⊗
σ2 and γ3 = σ3

⊗
12.
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=

(
−iσ0σ1σ2σ3 0

0 0− (−iσ0σ1σ2σ3)

)
=

(
12 0

0 −12

)

so that

{γµ, γ5} = 0

Σµν =
1

4
[γµ, γν ] = −1

4

(
σ̄µσν − σ̄νσµ 0

0 σµσ̄ν − σν σ̄µ

)
=

(
er∗µνe

−1 0

0 rµν

)

where rµν = −1
4 (σµσ̄ν − σν σ̄µ) and r∗µν = e−1

[
−1

4 (σµσ̄ν − σν σ̄µ)
]
e where e is just

a convenient tool to write σ̄ in term of σ:

e =

(
0 1

−1 0

)
⇒ σ̄µ = e−1σµe

Since Σµν is reducible, the 4-component Dirac spinor decomposes naturally into two

2-component spinors

(ψα) =

(
eȦḂwḂ

λA

)

where the number of degrees of freedom may be cut down by setting w = 0 or λ = 0

for a Weyl spinor or setting w∗ = λ for a Majorana spinor in Weyl representation.

Furthermore, Σµν may be understood as a generator of rotations, for example

Σ12 = −1

4

(
σ̄1σ2 − σ̄2σ1 0

0 σ1σ̄2 − σ2σ̄1

)
=
i

2

(
σ3 0

0 σ3

)
=
i

2
diag(1,−1, 1,−1)

⇒ R(θ) = e
θ
2

Σ12 = cos

(
θ

2

)
+ 2 sin

(
θ

2

)
Σ12.

Noticeably, R(2π) = −1→ a full rotation leads to a negative sign in fermions. Since

{γµ, γ5} = 0 and γ2
0 = −14, a friendly representation dictates that γ0γ

†
µγ0 = γµ. It

is now simple to define projection operators:

PL,R =
1

2
(14 ± γ5) P ∗L,R = PL,R

PLψ = ψL PRψ = ψR γ5ψL = ψL γ5ψR = −ψR

PLγ0 = γ0PR PRγ0 = γ0PL
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γ0Σ†µνγ0 = −1

4

(
γ0γ
†
νγ0γ0γ

†
µγ0 − γ0γ

†
µγ0γ0γ

†
νγ0

)
= −1

4
(γνγµ − γµγν) = Σµν .

Note further that the 16 matrices defined from γ5, that is γµνρσ = iε̂µνρσγ5, γµνρσ =

iε̂µνργ5γ
σ, γµν = − i

2 ε̂µνρσγ5γ
ρσ and γµ = − i

6 ε̂µνρσγ5γ
νρσ is a basis for all (complex)

4 × 4 matrices. Now, defining the Dirac conjugate to be ψ̄ = iψ†γ0 = −iψ†γ0, one

has

ψR = (PRψ) = (PRψ)†iγ0 = iψ†γ0PL = ψ̄PL = ψ̄L; ψL = ψ̄R.

Recall that Majorana spinors are of the form ψ =

(
e · χ
χ

)
. The Majorana con-

dition is a reality condition (ψC = ψ) on a four-component Dirac spinor) requires

self-consistency (ψ∗∗ = ψ) and Lorentz covariance. One defines a charge-conjugation

matrix in a friendly representation so that,

CT = C−1 = −C γTµ = −CγµC−1 ψTC = ψ̄.

[C may be written explicitly in Weyl representation as C = iγ0γ2 =


0 −1 0 0

1 0 0 0

0 0 0 1

0 0 −1 0

].

Using γµν... = 1
n! (γµγν ...+ ...) (where combinations that are odd permutations come

with a negative sign and if any of µ, ν, ... are the same, then γµν... = 0), we obtain

the following identities (where we note that swapping a χ and a ψ costs a minus sign

for anti-commuting spinors),

χ̄γµψ = (χ̄γµψ)T = −ψTγTµ χ̄T = −ψT
(
−CγµC−1

)
χ̄T = −ψ̄γµC−1CTχ = −ψ̄γµχ(1.29)

χ̄γµνψ
[
∼ −ψT

(
−CγνC−1

) (
−CγµC−1

)
(χTC)T

]
= −ψ̄Tγµνχ̄

χ̄γµνρψ
[
∼ −ψT

(
−CγρC−1

) (
−CγνC−1

) (
−CγµC−1

)
(χTC)T = −ψ̄γργνγµχ

]
= ψ̄Tγµνρχ̄

χ̄γµνρσψ
[
∼ −ψT

(
−CγσC−1

) (
−CγρC−1

) (
−CγνC−1

) (
−CγµC−1

)
(χTC)T

= −ψ̄γσγργνγµχ
]
ψ̄Tγµνρσχ̄
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1.10.2 Simplest globally supersymmetric model in 4d

The kinetic term of the Wess-Zumino model is given by

LWZ =

∫
d4θ Φ∗Φ = −(∂µφ)(∂µφ)− χ̄/∂χ+ |F |2

where setting F = 0 just enforces the equations of motion, so that the on-shell

Lagrangian is just

LWZ = −(∂µφ)(∂µφ)− χ̄/∂χ.

where

Lferm = −χ̄/∂χ = −χ̄/∂ (PL + PR)χ = −χTCγµ∂µ
(
P 2
L + P 2

R

)
χ

= −χTCPRγµ∂µPLχ− χTCPLγµ∂µPRχ = −χ̄R /∂χL − χ̄L/∂χR

= −2χ̄L/∂χR

The supersymmetric transformations take bosons to fermions and vice versa and the

Wess-Zumino action is invariant under the following changes of fields and has the

following currents:

δφ = χ̄LεL

δφ∗ = χ̄RεR

δχL =
1

2

(
/∂φ
)
εR

δχR =
1

2

(
/∂φ∗
)
εL

JµL = −χ̄Lγµ(/∂φ∗)

JµR = −χ̄Rγµ(/∂φ)

Here, up to total derivatives (where we use equation (1.29) and /∂ /∂ = γµγν∂µ∂ν =
1
2{γ

µ, γν}∂µ∂ν = ηµν∂µ∂ν = �14),

δLbos = δ (−(∂µφ)(∂µφ)) = δφ�φ∗ + δφ∗�φ

δLferm = −2δ(χ̄L/∂χR) = −2δ(χ̄L)/∂χR)− 2χ̄L/∂δ(χR)

= −2(χ̄R /∂δ(χL))− 2χ̄L/∂δ(χR) = −2(χ̄R /∂δ(χL)) + CC
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= −2χ̄R /∂(
1

2

(
/∂φ
)
εR) + CC = −χ̄R /∂

(
/∂φ
)
εR + CC

= −χ̄R (�φ) εR − χ̄Rγµ
(
/∂φ
)
∂µεR + CC

= −δφ∗ (�φ)− JµR∂µεR + CC

⇒ δLWZ = δLbos + δLferm = JµL∂µεL + JµR∂µεR.

The Wess-Zumino Lagrangian is thus locally but not globally invariant. This is

similar to QED, where Lkin = −λ̄/∂λ:

λ→ eıαλ ⇒ −λ̄γµ∂µλ→ −λ̄γµλ(i∂µα)− λ̄γµ∂µλ

⇒ δu(1)Lkin = JµEM∂µα =
(
−iλ̄γµλ

)
∂µα.

where JµEM = −iλ̄γµλ. In QED the solution would be to make U(1) a local symmetry

by introducing a field Aµ(x), requiring that δu(1)Aµ(x) = ∂µα(x), and then adding

a term L′ to the Lagrangian

L′ = JµEMAµ ⇒ δu(1)L′ = −δu(1)(JEMµ)Aµ − JEM∂µα

⇒ δu(1)(Lkin + L′) = −δu(1)(J
µ
EM)Aµ

Since the fermion is a Majorana fermion, the λ and λ̄ terms cancel out, so that this

goes to zero. The Lagrangian that is locally invariant in QED is therefore

Lkin + L′ = −iλ̄Dµλ.

We follow a similar procedure for our Wess-Zumino action: introduce a field ψµ(x)

(if we expanded indices, this would really read ψµα(x) since the expanded form of

the action is given by δLWZ = JµLαεLα + JµRαεRα). Next we require that

δεψµ =
1

κ
∂µε (1.30)

κ is required due to the for dimensional analyis to be consistent: in c = 1 ([L] = [T ])

and ~ = 1 ([[p, x]] = 1 ⇒ [M ] = [L]−1) coordinates, φ has mass dimension 1 and ψ

has mass dimension 3
2 (since

∫
d4x∂µφ∂

µφ and
∫
d4xψ∂µψ are dimensionless) and

therefore ε has mass dimension −1
2 (since δφ = χ̄LεL). Hence (1.30) has dimension
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3
2 and therefore κ has dimension −1. Lastly we add the term

L′ = −κJµLψµL − κJ
µ
RψµR

⇒ δεL′ = −κδε(JµL)ψµL − κδε(JµR)ψµR − κJµL∂µεL − κJ
µ
R∂µεR

⇒ δε
(
LWZ + L′

)
= −κδε(JµL)ψµL − κδε(JµR)ψµR.

In QED δε (LWZ + L′) = 0 because of the Majorana condition. Let us consider what

happens in SUSY:

δε(J
µ
L) = −δε

(
χ̄Lγ

µ
(
/∂φ∗
))

= − (δεχ̄L) γµ
(
/∂φ∗
)
− χ̄Lγµ/∂ (δε(φ

∗))

∝ −ε̄R /∂φγµ
(
/∂φ∗
)
− χ̄Lγµ/∂ε̄RχR

= −ε̄Rγµ
[
”∂φ∂φ− χ̄L/∂χL”

]
This expression is similar to Tµν ∼ Lgµν (foreshadowing the link to gravity), and

we therefore write

δε
(
LWZ + L′

)
= −ε̄γµγνTµν(φ, χ).

Unlike QED, now, we need follow the Noether procedure and introduce a new field

gµν(x) with

δagµν(x) = κε̄γµψν (1.31)

and add L′′ = gµνT
µν . Now ψµ, with helicity ±3

2 (gravitino) is the superpartner of

gµν with helicity ±2 (graviton) and we identify κ = 1
mP
≈ (1018GeV )−1. In QED,

we would add an interacting Lagrangian −JµEMAµ

Ltot(λ,Aµ) = Lkin(Aµ) + Lkin(λ) + L′(λ,Aµ)

= −1

4
FµνF

µν − λ/∂λ− JµEMAµ.

Similarly now we have a Lagrangian for SUSY,

Ltot = LWZ(φ, χ) + L′(φ, χ, ψµ) + L′′(φ, χ, gµν)

=
[
−(∂µφ)(∂µφ

∗)− χ̄/∂χ
]

+
[
−JµLψµL − J

µ
RψµR

]
+ gµνT

µν

and one for supergravity, the first term involving gravitons with 2 vector indices and
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Usual coordinate space Orthonormal tangent space

V µ →
(
∂xµ
′

∂xν

)
V ν χα → R(Λ)αβχβ

Inner product
g(∂µ, ∂ν) = gµν

Inner product
η(ea, eb) = ηab

ea → e′a = Λ b
a (x)eb has no effect on ∂µ ∂µ →

(
∂xν

∂xµ

)
∂ν has no effect on ea

Covariant derivative:
∇µV ν = ∂µV

ν + ΓνµρV
ρ

∇ρgµν = 0 (metric compatible)

Γρµν = Γρνµ (torsion free)

Covariant derivative:
DµV

a = ∂µV
a + w a

µ bV
b

Metric compatible: impose Dµη
ab = 0

⇒ w a
µ bη

bc + ηabw a
µ b = 0

⇒ w ab
µ = −w ba

µ

Torsion-free: Impose Dµ equivalent to ∇µ
with respect to different bases
⇒ DµV

a = eaν∇µV ν

(else D[µ eν] = 1
2S

a
µν 6= 0 where

Saµν is the torsion tensor.)

Table 1.1: Table comparing the usual coordinate space and orthogonal tangent
space

vierbeins with 1 spinor index, and the second term involving gravitinos - fermions

with vector and spinor indices:

L(gµν , ψµ) = Lkin(gµν) + Lkin(ψµ) + Lint[ψµ, gµν ]

=

[
− 1

2κ2

√
gR(g)

]
+

[
−1

2
ψ̄µγ

µνρ∂νψρ

]
+?. (1.32)

Here, δgµν = κε̄γ(µψν)+?, and δψµ =
[

1
κ∂µε

]
cov

+?. Vector fields transform accord-

ing to V µ → ΛµνV ν , that is GL(4,R) and spinor fields according to χα → R(Λ)αβχβ,

that is SO(1, 3). Now SO(1, 3) ⊂ GL(4,R); we therefore start to utilise spinors in

curved spacetime, so we now have two types of inner products on an usual coordinate

space and an orthonormal tangent / local Lorentz space respectively.

Notice that the w term has the same number of indices as a Γ term, and performs

the same type of function. Further it is just a function of e. The inner product

satisfies

ηab = eµagµνe
ν
b

gµν = eaµηabe
b
ν . (1.33)
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We now define ∇̃ to include both covariant derivatives:

∇̃µe a
ν = ∂µe

a
ν + w a

µ be
b
ν − Γρµνe

a
ρ = 0

The Vierbein postulate is then given by

∇̃µeaν = 0.

We then have

∇̃[µ e
a
ν] = ∂[µ e

a
ν] + w a

[µ b e
b
ν] = 0⇒ D[µ e

a
ν] = 0

For fermions we have (recalling that Σab = 1
4{γa, γb}),

∇̃µε = Dµε = ∂µε+
1

2
wabµ (ε)Σabε = ∂µε+

1

4
wabµ (e)γabε

⇒ ∇̃µ(R(Λ(x))ε) = R(Λ(x))∇̃µε

∇̃µψν = Dµψν − Γρµν(g)ψρ

⇒ ∇̃µ
[
(R(Λ(x))ε)

∂xρ

∂xν
ψρ

]
= R(Λ(x))

(
∂xρ

∂xν

)
∇̃µψp

[ Note that, while spinors live according to the symmetry of flat spacetime, Super-

gravity lives in a curved spacetime. At every point in curved spacetime we therefore

define a flat spacetime where our objects can transform. Hence the natural objects

related to spinors are γa - if we see objects γµ we are really talking about eaµγa. For

example,

∇̃µγν = ∇̃µeνaγa = ∂µ(e a
a γ

a) + ... = γa∇̃µe a
a .]

The following gamma matrix identities are of use:

γa = const.

{γa, γb} = 2ηab

γµ = eµa(x)γa = γµ(x)

{γµ, γν} = 2gµν(x)

∇̃µγν = 0

γµνρDµψν = γµνρ∇̃µψν .
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General relativity may be written in Vierbein formalism as

LEH =

√
−g

2κ2
e µ
a e ν

b R
ab

µν (w(e)),

where e ≡ det(e a
µ ) =

√
−g and

R ab
µν (w) = 2∂[µw

ab
ν] + 2wac[µw

b
ν]c.

Now, defining a ‘flat ε-tensor’ ε̂abcd (ε̂0123 = 1 ⇐⇒ ε̂0123 = −1) with

εµνρσ = eeµae
ν
b e
ρ
ce
σ
d ε̂
abcd

⇒ ε0123 = edet(eνa) = e.e−1 = 1

⇒ εµνρσ = const.

⇒ ε̂efcdε̂abcd = −2(δeaδ
f
b − δ

f
aδ

e
b)

⇒ εµνρσ ε̂abcde
c
ρe
d
σ = −4e(eµ[ae

ν
b]),

so that the Einstein-Hilbert action becomes,

LEH =
1

8κ2
εµνρσ ε̂abcde

c
ρe
d
σR

ab
µν .

For the variation with respect to w, we rewrite the R part of the action to obtain

(performing an integration by parts to get to the second line),

δwLEH =
1

8κ2
εµνρσ ε̂abcde

c
ρe
d
σD[µδw

ab
ν] = 0

D[µε
d

σ] = 0 ⇐⇒ w a
µ b = w a

µ b(e). (1.34)

This was just the torsionless condition that we imposed. For the variation with

respect to e, consider

M = elnM ⇒ detM = etrlnM ⇒ δdetM = detM.tr(M−1δM)

⇒ δe = eeρcδe
c
ρ

eµae
c
µ = δca ⇒ δeµa = −eρa(δecρ)eµc

⇒ δeLEH = 0⇒ e

2κ2
[eρce

µ
ae
ν
b − 2eρae

µ
c e
ν
b ]Rabµνδe

c
ρ ⇒ −eρcR+ 2Rρc = 0

⇐⇒ Rµν −
1

2
gµνR = 0
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which is just Einstein’s equation!

1.10.3 Pure 4d N = 1 SUGRA

We can now write down an expression of a supersymmetric theory for gµν and ψµ

alone as per the mission in equation (1.32):

L(gµν , ψµ) = Lkin(gµν) + Lkin(ψµ) + Lint[ψµ, gµν ]

=

[
− 1

2κ2

√
gR(g)

]
+

[
−1

2
ψ̄µγ

µνρDνψρ

]
+?

⇒ LPure = Lkin(gµν) + Lkin(ψµ)

→ 1

8κ2
εµνρσ ε̂abcde

c
ρe
d
σR

ab
µν (w(e))− e

2
ψ̄γµνρ∇̃νψρ. (1.35)

where the last step was possible since Γσ[νρ] = 0. Here we recall concisely that having

torsion-free spin-connection w a
µ b(e) implies that

∇̃µe a
ν = ∂µe

a
ν + w a

µ be
b
ν − Γρµνe

a
ρ = 0

D[µ eν] = 0 ⇐⇒ δLEH

δw a
µ b

= 0

∇̃ργµ = 0

and that

∇̃µψν = ∂νψρ +
1

4
wabµ (e)γabψν − Γρµν(g)ψρ = Dµψν − Γρµν(g)ψρ.

We will use that

δeaµ =
κ

2
ε̄γaψµ ⇒ δgµν = κε̄γ(µψν)

δψµ =
1

κ
Dµ(w(e))ε+O(kψ2ε).

Making use of (some of which we have already proven, others which one could prove),

λ̄γµνρχ = χ̄γµνρλ

λ̄γµχ = −χ̄γµλ

(γabε) = −ε̄γab

D[µDν]χ =
1

2
[Dµ, Dν ]χ =

1

8
Rabµνγabχ
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{γµνρ, γab} = −4γρeµ[ae
ν
b] + 8eρ[aγ

[µe
ν]
b]

δwLRS =
1

2κ2
εµνρσεabcde

c
ρ

[
−κ

4
ψ̄µγ

dψσ

]
δabν

eγµνρ = −iεµνρσγνγ5(
ψ̄[µγaχ

) (
ε̄γaψν]

)
=

1

2

(
ψ̄[µγbψν]

) (
ε̄γbχ

)
we will show that

δSUSYLpure = 0 +O(κψ2ε)

where δSUSYL(eaµ, ψµ, e
ab
µ (e)) = δeL+ δψL+ δL

δwabν

∣∣∣
w=w(e)

· δw
ab

ν (ε)
δecµ

δecµ and

L = LEH + LRS + L4F .

Let us then first consider the variations with respect to e: Since the last term involves

4 fermion terms we do not consider it (δeL4F = O(κεψ5), δwL4F = O(κεψ3)).

Further

δeLEH =
e

2κ2
[eρce

µ
ae
ν
b − 2eρae

µ
c e
ν
b ]Rabµνδe

c
ρ

=
e

2κ2
[eρce

µ
ae
ν
b − 2eρae

µ
c e
ν
b ]Rabµν

(κ
2
ε̄γcψρ

)
δeLRS = δe

[
−e

2
ψ̄µγ

µνρDνψρ

]
= O(κψ3ε).

For w = w(e)

δwLEH = 0

δwLRS = δw

[
−e

2
ψ̄µγ

µνρDνψρ

]
= −

[e
2
δw(ψ̄µ)γµνρDνψρ

]
−
[e

2
ψ̄µγ

µνρDνδw(ψρ)
]
δw +O(κψ3ε)

= −
[
e

2

(
1

κ
Dµε

)
γµνρDνψρ

]
−
[e

2
ψ̄µγ

µνρDνDρε)
]
δw +O(κψ3ε).

Using the identities, it becomes precisely

− e

2κ2
[eρce

µ
ae
ν
b − 2eρae

µ
c e
ν
b ]Rabµν

(κ
2
ε̄γcψρ

)
+O(κψ3ε)
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which cancels with δeLEH, so that indeed

δSUSYLpure = 0 +O(κψ2ε).

In fact it is possible to show this result for all orders by absorbing the L4F and

O(κψ3ε) into a modified spin connection with torsion,

ŵ ab
µ (e, ψ) = w ab

µ + κ ab
µ (e, ψ)

which is a fascinating result!

1.10.4 Pure 4d N = 1 SUGRA with a cosmological constant

If one adds a cosmological constant to the Einstein-Hilbert action,

L = LEH −
1

κ2

√
−gΛ

Gµν = −Λgµν ,

it turns out that SUSY is broken. However in the case where Λ < 0, (AdS), SUSY

can be restored by adding an additional term to L. A way to understand why this

is only possible for AdS and not dS is as follows: Just as the Poincaré algebra has

an extension to the Super-Poincaré algebra, so too does the AdS isometry algebra

SO(2, 3) have an extension to the N = 1 superalgebra. However, for the dS isometry

algebra SO(1, 4), such an extension cannot be made which still satisfies the super-

Jacobi identities. One could get deSitter solutions in 4d, N = 1 SUGRA theories,

but only by adding matter multiplets - and any de Sitter solution of such a theory

will have that SUSY is spontaneously broken - similarly for all d and N !

1.10.5 Matter coupled to 4d, N = 1 SUGRA

Using κ as 1
MP

, so LEH = −κ
2M

2
PR and so on, one can consider some background

material on non-linear σ-models which is outlined below: Given ns scalar fields,

ψi(x), (i = 1, ..., ns) in terms of a kinetic term and a scalar potential V (φ, φ∗) term
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as follows:

L = −1

2

(
bij + blijϕ

k + bklijϕ
kϕl + ...

)
∂µϕ

i∂µϕj

−
(
a+ aiϕ

i + aijϕ
iϕj + ...

)
.

Here we identify the term
(
bij + blijϕ

k + bklijϕ
kϕl + ...

)
→ gij(ϕ) as a metric on a

scalar manifold which has the same dimension as the number of scalars; this makes

sense since

ϕi → ϕ̃i(ϕ)

⇒ gij(ϕ)∂µϕ
i∂µϕj → g̃ij(ϕ̃)∂µϕ̃

i∂µϕ̃j

where g̃ij(ϕ̃) =
∂ϕk

∂ϕ̃i
gkl(ϕϕ̃)

∂ϕl

∂ϕ̃j
.

One would require the following constraints:

• gij = gji

• gij is invertible (so we don’t get non-singular kinetic terms).

• Must be Riemannian (i.e. we require gij to be positive definite to ensure

unitarity and that we won’t have to include ghosts for example).

We will then be able to form all the usual geometric quantities, like Γkij(g), Rkij(Γ(g))

etc., and if R k
ij = 0, we can just define gij(ϕ) = δij so that the theory is renormal-

isable. Of course, since gravity is non-renormalisable, we can consider curved scalar

manifolds which is the case for many extended SUGRA theories. For global SUSY,

we have chiral multiplets involving a complex scalar field and a Majorana spinor,

φm, χm, where m = 1, ..., nc and we define φm̄ = (φm)∗. It turns out that the most

general action with at most 2 soacetime derivatives in each term and global N = 1

SUSY is completely determined by two functions, a real function called a Kähler

potential K(φm, φm̄), and a holomorphic function called the Superpotential W (φm),

where ∂W
∂φm̄ = ∂m̄W = 0. Since SUSY distinguishes between left- and right- handed

φm and φm̄ via φm → χmL and φm̄ → χm̄R , one requires a restricted linear-sigma model

and so one requires thatMscalar be a complex manifold with nc complex coordinates

and holomorphic transition functions. Further, since only φm → φ̃m(φm) may be
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allowed to preserve left-right transitions, the metric is constrained,

gmn = gm̄n̄ = 0

gmn̄ = ∂m∂n̄K.

Such manifolds are called Kähler manifolds. From a superspace approach,

L =

∫
d4θK(Φm,Φm∗) +

[∫
d2θW (Φ) + h.c.

]
.

Using holonomy arguments, an equivalent definition of Kähler manifolds is that

Hol(Mscalar) ⊂ U(nC) which comes from the form of the SUSY transformations

(the holonomy group is the set of different paths you sweep out). The Superpoten-

tial W (φm) determines V (φ, φ∗) as well as Yukawa interactions and fermionic mass

terms. The scalar potential is given by

V = VF = gmn̄(∂mW )∂n̄W
∗ ≥ 0

where VF is called the F -potential term, and gmn̄gn̄l = δml . The Yukawa mass term

is given by

LYuk/mass = − [(D∂nW )χ̄mL χ
n
L + h.c.]

where D∂nW = ∂m∂nW − Γlmn∂lW , defined on the scalar manifold. The theory is

then invariant under Kähler manifolds

K → K ′ + r(φm) + r∗(φm̄)

since for holomorphic functions gmn̄K = ∂m∂n̄K
′.

1.10.6 Chiral and vector multiplets in the global SUSY

Here one adds to the previous theory nv vector multiplets (AIµ, λ
I) where I = 1, ..., nv

which requires adding a kinetic Lagrangian involving the sum of terms that are

products of 2 non-Abelian F Iµν = 2∂[µA
I
ν] + f IJKA

J
µA

k
ν with real or imaginary part

of the holomorphic ‘gauge kinetic function’ fIJ(φm). In order to do this, one also

needs to add certain terms bilinear in fermions χm and λI , and one may either
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have the case with no gauged isometries where nothing further happens to L and

V = VF = gmn̄(∂mW )(∂n̄W
∗), or one could have the case where there are gauged

isometries ofMscalar. In this case, the field content is given by (φm, χm)
⊕

(AIµ, λ
I)

and

∂̂µφ
m = ∂µφ

m −AIµξmI (φ)

where ξmI (φ) are the holomorphic killing vectors. One then needs to add to VF a new

term called the D-term potential involving two terms PI = i[ξmI ∂mK − ηI ], where

ηI are called the Fayet-Iliopoulos terms (only for Abelian gauge group factors). If

K(φ, φ∗) changes under the isometry generated by ξmI (φ), then a further term needs

to be added to PI . From holomorphicity of ξmI (φ), one can show that

ξmI (φ)− igmn̄(∂m̄PI)

and one obtains for global SUSY

V = VF + VD ≥ 0

Lkin = −1

4
(Ref)IJF

I
µνF

µνI − 1

2
gij∂µϕ

i∂µφj

1.10.7 Coupling nc chiral and nV vector multiplets to SUGRA

This process requires covariantisation and adding various MP -suppressed Noether

couplings to ϕµ to Lpure. Thereafter W and ∂mW are replaced and further MP -

suppressed Noether terms involving W and not the derivative are added. The result

is that V = VF + VD becomes more complicated. However the upside of doing all

this is that for V < 0 one is able to have both AdS and dS solutions because the

new K and W are no longer independent in SUGRA due to their redefinitions, and

once can rewrite L in terms of G = K +M2
P ln W

M2
P

+ CC.

1.10.8 Extended SUGRA

[31]One may extend SUGRA in 4d by increasing the number of supercharges to

N = 2 or higher. See the table below for N ≤ 8 which is the maximal supergravity

with spin≤ 2; chiral multiplets of spins are given by (1/2,0), gauge multiplets by
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Fields Multiplets

N = 1 (eaµ, ψµ) (2,3/2)

N = 2 (eaµ, ψ
i
µ, Aµ), i = 1, 2 (2,3/2) + (3/2,1)

N = 3 (eaµ, ψ
i
µ, A

i
µ, λ), i = 1, 2, 3 (2,3/2) + 2(3/2,1)+(1,1/2)

N = 4 (eaµ, ψ
i
µ, A

k
µ, B

k
µ, λ

i, B) (2,3/2) + 3(3/2,1)+3(1,1/2)+(1/2,0)

i = 1, 2, 3, 4, k = 1, 2, 3

N = 8 (eaµ, 8ψ
i
µ, 28AIJµ , 56χijk, 70ν) (2,3/2) + 7(3/2,1)+21(1,1/2)+35(1/2,0)

Table 1.2: Table comparing fields and multiplets for different supercharge number

(1,1/2), gravitino multiplets by (3/2,1)), and supergravity multiplets by (2,3/2); the

fields are given by the graviton eaµ, the gravitino ψiµ, the vector/photon Aiµ, axial

vector Bi
µ, the fermion χ and scalars φ, ν,B. Each results in a different type of scalar

manifold. Note that the numbers of fields and multiplets starts to look like numbers

in Pascal’s triangle.

For N ≥ 2 (unlike N = 1) it is not possible to have a gauged SUGRA (with gauged

interactions) such that V = 0. Also, while SO(8) does not contain the standard

model, SO(10) does.

Another way to extend SUGRA is to take it to arbitrary dimension. Here one needs

to understand spinor representations of SO(1, D−2) which has starting point the ir-

reps of the Clifford algebra Cliff(1, D−1), {Γµ,Γν} = 2ηµν1 for µ, ν = 0, 1, ..., d−1).

For even d one finds that there exists only on irrep of the algebra with complex

dimension 2D/2, so that for d = 2 the Γµ matrices are 2 × 2-dimensional, i.e. C2,

d = 4 is C4 and d = 6 is C8. When d is odd, one chooses an irrep from Cliff(1, d−2).

There are 2 definitions for choosing the set of Γs in this case, and one may have the

case where there are two inequivalent irreps of Cliff(1, d− 1). One may impose chi-

rality and/or reality conditions (possible or not depending on the value of d ). One

finds that different spinors exist in different dimensions. For example Weyl spinors,

where γ2 = 1, the spinors may only exist in even dimension d. Majorana spinors

on the other hand may exist for all d except when d = 5, 6, 7mod8. Majorana-Weyl

spinors exist only for d = 2mod8. Symplectic Majorana are a better choice in 5

or 7 dimensions. This leads to the following table (notice that ‘M’ and ‘W’ cuts

dimensions in half, while ‘MW’ cuts it to a quarter of original dimension.
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Minimal number of real components of a spinor rep

Original # components d # real components Spinor type

4 2 1 MW

4 3 2 M

8 4 4 M or W

8 5 8 SM

16 6 8 SMW

16 7 16 SM

32 8 16 M or W

32 9 16 M

64 10 16 MW

64 11 32 M

128 12 64 M or W

Table 1.3: Table showing spinor types allowed in various dimensions, and reduc-
tion in the number of components as a result of these allowed spinor types

1.10.9 N = 1 SUGRA in 11d

In 11d SUGRA, only N = 1 is possible, and Q has 32 real components. The field

content of the multiplet will include a Majorana spinor ψµ together with the Vierbein

eaµ and a 3-form Cµνρ, µ, ν, ρ, a, b, c = 0, 1, ..., 10). The field strength may then be

derived from the 3-form as

dC3 =
1

4!
Gννρσdx

µ ∧ ... ∧ dxσ ⇐⇒ Gµνρσ = 4∂[µCνρσ].

The 11-dimensional action is then invariant under C3 → C3 + dΛ2 for Λ2 and arbi-

trary 2-form; this invariance is known as p-form gauge invariance. 11 dimensional

SUGRA is known to be the low energy limit of M-theory, and it is the highest

dimensional theory that has supergravity.

1.10.10 N = 1 SUGRA in 10d

In type I SUGRA there are 2 types of multiplets: there is (eaµ, ψ
a
µ, Bµν , χ

−, φ) which

includes the real scalar dilaton and the negative helicity dilatino. These represent

the bosons and form the Neveu Schwartz-Neveu-Schwartz (NSNS) sector. Then

there are the nv vector multiplets (Aµ, λ
+) which includes the gaugino. These are

the fermionic elements and for the Ramond-Ramond (RR) sector. The chiral spinor
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fields have gravitational and gauge anomalies except for

G = E8 × E8, SO(32),
[
E8 × U(1)248, U(1)496

]
where the bracketed groups have no string theoretic applications. The rather compli-

cated action includes a term−1
2 |H3|2 = 1

3!HµνρH
µνρ whereH3 = dB2+α′

4 (ΩYM−ΩL)

requires a Chern-Simons form to allow for anomally cancellation:

ΩYM = tr

(
A ∧A ∧A− 2

3
iA ∧A ∧A

)
.

Type IIA SUGRA is the low energy limit of type IIA string theory; here some SUSY

generators have + chirality while others have - chirality. There is also type IIB

SUGRA which is the low energy limit of type IIB string theory.

1.11 AdS/CFT Correspondence

1.11.1 Anti-de Sitter space (AdS)

1.11.1.1 Vacuum solutions to Einstein’s equations in AdS

From equations (1.16) and (1.17),

Gµν + Λgµν = Rµν − 1

2
gµνR+ Λgµν = κTµν

where κ = 8πGN . From dimensional analysis where [M ]−1 = [T ] = [L] we have that

for D = 4, [F ] = [MLT−2] = [M ]2 ⇒ [Gµν ] = [κ] = [M ]−2, [ρ] = [p] = [M ]4. For

general spacetime dimension D, these become [κ] = [L]D−2 = [M ]2−D, [Tµν ] = [ρ] =

[p] = [L]−D = [M ]D ⇒ [κTµν ] = [M ]2 = [L]−2 ⇒ [Λ] = [L]−2. The vacuum solution

to equation (1.36) (i.e. where Tµν = 0) are found by finding the trace to obtain

Rµν − 1

2
gµνR = −Λgµν (1.36)

R

(
1− D

2

)
= −ΛD

⇒ R =
2DΛ

D − 2
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Rµν =

(
DΛ

D − 2
− Λ

)
gµν =

(
2Λ

D − 2

)
gµν =

R

D
gµν .

We can thus see that we have three cases
Λ = 0 no curvature Minkowski (flat)

Λ > 0 positive curvature de Sitter (dS)

Λ < 0 negative curvature Anti-de Sitter (AdS).

Noting that equation (1.36) remains true if we rescale Λ and Rµν in the same way,

we can define Λ in AdS (thus negative) in the following way to avoid having factors

involving D in the denominator of either Λ or R

Λ = −(D − 1)(D − 2)

2L2
⇐⇒ R = −D(D − 1)

L2
,

where L is the AdS length.

1.11.1.2 AdS metric in various coordinates

Anti-de Sitter, or AdS, space is the maximally symmetric Lorentzian manifold with

a constant negative (scalar) curvature; just as one would use a Minkowski metric

when working in Euclidean space, we use an AdS space when working in hyperbolic

space. Consider the hyperboloid on Rd,2 and its related manifold, given by

(X0)2 + (Xd+1)2 −
d∑
i=1

(Xi)2 = L2

⇒ ds2 = −dX0dX0 − dXd+1dXd+1 +
d∑
i=1

dXidXi. (1.37)

This space clearly has SO(2, d) isometry (and therefore has maximal component

subgroup SO(2) × SO(d). There are multiple parametrisations / diffeomorphisms

(an invertible function that maps one differential manifold to another such that

both the function and its inverse are smooth, that is, an isomorphism of smooth

manifolds) possible, for instance

X0 = Rcoshρ cos τ

Xi = Rsinhρwi, i = 1, ..., d

Xd+1 = Rcoshρ sin τ
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where
∑d

i=1w
2
i = 1 with

w1 = cos θ1

w2 = sin θ1 cos θ2

...

wd−1 = sin θ1 sin θ2 . . . sin θd−2 cos θd−1

wd = sin θ1 sin θ2 . . . sin θd−2 sin θd−1, θi ∈ [0, π), θd−1 ∈ [0, 2π),

induces the metric

ds2 = R2
(
−cosh2ρdτ2 + dρ2 + sinh2ρdΩ2

d−1

)
(1.38)

where Ωd−1 is the metric of the d− 1-sphere Sd−1. ρ > 0 and τ ∈ [0, 2π) covers the

whole hyperboloid. This situation is illustrated in figure 1.8. Near ρ = 0, this metric

AdSD = AdSd+1

Unwrapping of S1

τ

ρ ρ

Figure 1.8: Diagram illustrating the AdS metric given in equation (1.38).

has topology S1 × Rd where the S1 is indicative of having closed timelike curves in

the τ direction.

ds2 ≈ L2
(
dτ2 + dρ2 + ρ2dΩ2

d−1

)
.

Now, the metric for the Einstein static universe on R1,d is given as follows, where, in

the second step we make use of the transformation u± = t±r ⇒ −du+du− = −dt2 +

dr2, in the third line we set u± = tanv± (so that (u+ − u−)2 = (tanv+ − tanv−)2 =
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(sin v+ cos v−−sin v− cos v+)2

cos2 v− cos2 v+
= sin2(v+−v−)

cos2 v− cos2 v+
) and in the fourth line we set v± = τ±θ

2 :

ds2 = −dt2 + dr2 + r2dΩ2
d−1

= −du+du− +
1

4
(u+ − u−)2dΩ2

d−1

=
1

cos2 v− cos2 v+

(
−dv+dv− +

1

4
sin2(v+ − v−)dΩ2

d−1

)
=

1

cos2 v−(τ, θ) cos2 v+(τ, θ)

(
−dτ2 + dθ2 + sin2 θdΩ2

d−1

)
.

Upon analytic continuation we obtain

ds
′2 = −dt2 + dθ2 + sin2 θdΩ2

d−1.

The Penrose diagram for this is illustrated in Figure 1.9, and has isometry R× Sd.
where θ ∈ [0, π], t ∈ (−∞,∞). We could further define tanθ = sinhρ for θ ∈

τ

θ
π

constant t

constant r

Figure 1.9: Diagram showing the Penrose diagram for Einstein static universe,
with lines of constant t and r displayed.

[0, π/2) in equation (1.38) (which is equivalent to decompactifying the circle so that

τ ∈ (−∞,∞)), and obtain (using cosh2ρ− sinh2ρ = 1⇒ sinhρ = secθ),

ds2 =
R2

cos2 θ

(
−dτ2 + dθ2 + sin2θdΩ2

d−1

)
→ ds

′2 = −dτ2 + dθ2 + sin2 θdΩ2
d−1, (1.39)
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which is the metric of one half of the Einstein static universe. This space-time is

found illustrated in figure 1.10. As in the comment below equation (1.18), the time-

like Killing vector ∂τ is everywhere non-zero (since multiplied by a square number);

further in conformally rescaled coordinates it is of constant norm, and so τ is just a

global time coordinate. Alternatively, defining

X
θ = 0

θ = π/2

θ = 0

τθ

θ = π/2

AdS3S2

Figure 1.10: Diagram illustrating the AdS metric given in equation (1.39).

X0 =
√
L2 − r2 sin

t

L
Xi = rwi i = 1, ..., d

Xd+1 =
√
L2 − r2 cos

t

L
.

in equation (1.37), will result in the metric

ds2 = −
(

1− r2

L2

)
dt2 +

(
1− r2

L2

)−1

dr2 + r2dΩ2
d−1,

which, with L = 2(×G)M and d = 3 is the metric of the Schwartzschild black hole

in AdS5; this may be compared to the the Schwartzschild black hole in Minkowski

given in equation (1.18).
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The last coordinate system we will consider is the Poincaré coordinate system. Here

X0 =
1

2u

(
1 + u2(L2 + ~X2 − t2)

)
⇒ dX0 =

1

2

(
− 1

u2
+ (L2 + ~X2 − t2)

)
du+

u

2

∑
XjdXj − u

2
tdt (1.40)

Xi = LuXi, i = 1, ..., d− 1

⇒ dXi = LXidu+ LudXi (1.41)

Xd =
1

2u

(
1− u2(L2 − ~X2 + t2)

)
⇒ dXd =

1

2

(
− 1

u2
− (L2 − ~X2 + t2)

)
du+

u

2

∑
XjdXj − u

2
tdt (1.42)

Xd+1 = Lut

⇒ dXd+1 = Ltdu+ Ludt. (1.43)

Plugging this into equation (1.37) we obtain for the du2 term

−
[

1

2

(
− 1

u2
+ (L2 + ~X2 − t2)

)]2

+ L2 ~X2

+

[
1

2

(
− 1

u2
− (L2 − ~X2 + t2)

)]2

− L2t2,

which simplifies beautifully to

L2

(
du2

u2

)
.

Terms arising from the last 2 terms of equation (1.40) cancel identically with equation

(1.42) and the only terms arising from cross-terms with these are

−L2
(
u
∑

XjdudXj − utdudt
)
,

which cancels with the cross terms arising from equations (1.41) and (1.43), and we

finally obtain (with coordinate transformation z = 1
u in the second line) the AdS

metrics given by

ds2 = L2

(
du2

u2
+ u2(−dt2 + d~x2)

)
⇒ ds2 =

L2

z2

(
dz2 − dt2 + d~x2

)
,
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in terms of Poincaré coordinates (u, t, ~x) and (z, t, ~x) respectively. We see that the

conformal boundary at z = 0 has topology R2,d−1. The isometries SO(1, d− 1) and

SO(1, 1) are clearly manifest. However, these Poincaré coordinates cover only half

of space-time, in particular, only when z > 0 or equivalently u > 0.

1.11.2 Conformal Field Theory

1.11.2.1 Conformal Transformations

This subsection is based on Ref. [85]. The conformal group in d dimensions will be

shown to be described as a non-compact group SO(d+1,1). A conformal transfor-

mation is an invertible mapping x→ x′ such that g′µν (x′) = Λ (x) gµν (x), i.e. locally

equivalent to a rotation and dilation, and the Poincare group (Λ = 1) is a subgroup.

Such transformations conserve angle but not distance as can be seen as follows:

cos θ′ =
A′ ·B′

(A′ ·A′)1/2 (B′ ·B′)1/2

=
g′µνA

′µB
′ν(

g′µνA
′µA′ν

)1/2 (
g′ρσA

′ρB′σ
)1/2

=
ΛgµνA

′µB
′ν

(ΛgµνA
′µA′ν)

1/2
(ΛgρσA

′ρB′σ)
1/2

=
gµνA

′µB
′ν

(gµνA
′µA′ν)

1/2
(gρσA

′ρB′σ)
1/2

= cos θ

For a transformation x
′µ = xµ + εµ (x),

g′ρσ
dx
′ρ

dxµ
dx
′σ

dxν
= gµν ⇒ g′µν = gµν − (∂µεν + ∂νεµ)

which, to be consistent with the conformal condition requires that

∂µεν + ∂νεµ = f(x)gµν . (1.44)

This is called the conformal Killing vector equation. (For Poincaré transformations,

the right had side would be 0 identically, and for metrics with space-time dependence
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gµν = gµν(x), the left hand-side would become

εαgµν,α + (∂µε
α) gαν + (∂νε

α) gαµ

= ∂µεν + ∂νεµ + εα (gµν,α − gαν,µ − gαµ,ν)

= ∇µεν +∇νεµ).

We will now prove that ∂2f = 0. Contracting equation (1.44) with gµν gives

2∂ρε
ρ = df(x). (1.45)

A second thing that can be done is acting with ∂ρ on equation (1.44) to obtain

∂ρ∂µεν + ∂ν∂ρεµ = ∂ρf(x)gµν .

Writing the two other cyclic permutations and using arithmetic to isolate the ∂ρ∂µεν

term we get

2∂ρ∂µεν = [gµν∂ρ + gνρ∂µ − gρµ∂ν ] f(x) (1.46)

and finally contracting with gµρ we obtain

∂2εν =
2− d

2
∂νf (x) . (1.47)

Now, acting with ∂2 on equation (1.44) and using our expression in equation (1.47)

we get

(2− d) ∂µ∂νf = ∂2fgµν

and, contracting with gµν gives

(2− d) ∂2f = d∂2f ⇒ (2− 2d) ∂2f = 0⇒ ∂2f = 0 (1.48)

Just a brief comment on this, a solution to ∂2f = 0 is called harmonic as can be seen

as follows. Writing f = A(x)B(y)..., the solution is given by 1
A
d2A
dx2 + 1

B
d2B
dy2 + ... = 0

and hence each of the individual terms equals a constant and the constants sum to

zero. This implies that d2A
dx2 = const×A which admits periodic/harmonic solutions.

Now, for d = 1, equation (1.48) does not imply that f is harmonic since 2− 2d = 0,
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but we see that in this case d2A
dx2 = 0 which does not admit sinusoidal solutions but

just a linear solution.

Now, since f(x) =
2∂ρερ

d , our transformation parameter takes the form

εµ = aµ + bµνx
ν + cµνσx

νxσ

⇒ f(x) =
2

d
bλλ +

(
cσλσx

λ + cλλσx
σ
)

where cµνσ = cµσν . From equations (1.44), (1.45) and (1.47), εµ = aµ holds auto-

matically and corresponds to translations

x
′µ = xµ +Aµ.

Substituting εµ = bµρx
ρ into equation (1.44) gives

f(x)gµν = ∂µεν + ∂νεµ

⇒ 2

d
bλλgµν = bµν + bνµ.

If we now limit ourselves to diagonal gµν = ηµν , it is clear that bµν consists of a

diagonal part and an antisymmetric part (mµν = −mνµ),

bµν = pηµν +mµν

which corresponds to dilations and rigid rotations,

x
′µ = Pxµ

x
′µ = Mµ

νx
ν .

Substituting εν = cνλσx
λxσ and f(x) = cλλσx

σ = bσx
σ into equation (1.47), we

obtain,

2∂ρ∂µεν = [ηµν∂ρ + ηνρ∂µ − ηρµ∂ν ] f(x)

cνρµ ≡ ηµνbρ + ηνρbµ − ηρµbν

⇒ εν = cνρµx
ρxµ ≡ 2x · b xν − x2bν .
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Notice that

εν = 2x · b xν − x2bν

= (x · b)xν + (bνxµ − xµbν)xµ

and so the special conformal transformation corresponds to a local scaling (first

term) and a local rotation (since the bracketed term in the second bracket is an-

tisymmetric). To find the finite transformation associated with this, one needs to

solve

ẋµ = 2x · b xµ − x2bµ.

Now, if we let yµ =
xµ
x2 then

ẏµ =
ẋµ
x2
− 2 (x · ẋ)xµ

x4

=
2x · b xµ − x2bµ

x2
−

2
(
2 (x · b)x2 − x2 (x · b)

)
xµ

x4

= −bµ

⇒ yµ =
xµ
x2

=
(x0)µ
x2

0

− tbµ.

Squaring both sides of this equation to obtain a consistency equation, we obtain

1

x2
=

1− 2tx0 · b+ tb2x2
0

x2
0

and therefore

x′µ = x2

(
(x0)µ
x2

0

− tbµ
)

=
x2

0

1− 2tx0 · b+ t2b2x2
0

(
(x0)µ − tbµx2

0

x2
0

)

=
(x0)µ −Bµx2

0

1− 2x0 ·B +B2x2
0

.

Notice that this finite form of the special conformal transformation could be obtained

by a series of inversion, translation, inversion as follows:

xµ → xµ
x2
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→ xµ
x2
−Bµ =

xµ − x2Bµ
x2

→
x2
(
xµ − x2Bµ

)
(xµ − x2Bµ) (xµ − x2Bµ)

=
xµ − x2Bµ

1− 2x ·B + x2B2
.

Furthermore, the infinitesimal version of this can easily be re-obtained by expanding
xµ−x2Bµ

1−2x·B+x2B2 to first order in B:

x′µ =
(
xµ − x2Bµ

)
(1 + 2x ·B) = xµ + 2x ·Bxµ − x2Bµ.

In summary, then, the finite transformations resulting from the conformal transfor-

mation are given by

Translation x
′µ = xµ + εµ

Dilation x
′µ = εxµ

Rigid rotation x
′µ = εµνx

ν

Special Conformal Transformation x
′µ =

xµ − x2εµ

1− 2x · ε+ ε2x2
.

The scale factor Λ(x) is roughly the square of the coefficient of xµ, namely

Λ(x) =
1

(1− 2x ·B +B2x2)2

1.11.2.2 The Witt and Virasoro algebras

The following is based on Refs. [86, 87]. Any holomorphic map in 2 dimensions

is conformal. First let’s review the definition of an holomorphic map. For f =

u(z) + iv(z) to be analytic where z = x+ iy, ∂f
∂z = ∂f

∂x = ∂f
i∂y leading to the Cauchy-

Riemann equations, vy = ux, vx = −uy. An holomorphic map is one for which

∂zf 6= 0, i.e. the Jacobian,∣∣∣∣∣ ux uy

vx vy

∣∣∣∣∣ =

∣∣∣∣∣ ux uy

−uy ux

∣∣∣∣∣ = u2
x + u2

y = |∂zf |2 6= 0
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A change of coordinates to r = |∂zf | and tan θ =
uy
ux

results in the following Jacobian

matrix,

r

(
cos θ sin θ

− sin θ cos θ

)
, (1.49)

which is a composition of a scaling and rotation and hence is a conformal map that

preserves angles. In particular, the infinitesimal conformal generators,

Ln = −zn+1 ∂

∂z

(for n ∈ Z) are holomorphic maps. There are an infinite number of these generators.

The commutation relations for these generators are given by

[Ln, Lm] = (n−m)Lm+n

with the Lie algebra relating to this being called the Witt algebra. In 1+1 dimesions,

we can define all these generators except for rigid rotations (so 3 generators in total),

and these obey the Witt algebra with m = −1, 0, 1 which coincides with the bosonic

case. These generators could either be written in terms of derivatives,

Time translations : L−1 = −∂t → Conserved charge is momentum

Scaling : L0 = −t∂t → Conserved charge is dilatation operator

Sp. Conformal : L1 = −t2∂t ,

where L0 is identified as the energy operator and must hence be bounded from below.

These generators may also be written in terms of the 3 generators of S`(2,Z)

A =

[
a b

c d

]
, ad− bc = 1,

which can also be written as

z′ =
az + b

cz + d
.
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These generators are given by the exponents below:

Time translations :z′ =
z + ε

0 + 1
→

[
1 ε

0 1

]
= e

 0 ε

0 0


⇒ L−1 =

[
0 ε

0 0

]

Dilation :z′ =
(1 + ε) z

1− ε
→

[
1 + ε 0

0 1− ε

]
= e

 ε 0

0 −ε


⇒ L0 =

[
ε 0

0 −ε

]

Sp. Conformal :z′ =
z

1 + εz
→

[
1 0

ε 1

]
= e

 0 0

ε 0


⇒ L1 =

[
0 0

ε 0

]

where the last expression follows from

z → 1

z
→ 1

z
+ ε→ z

1 + εz

Now, in quantum theory, symmetry transformations act projectively on states. We

dissect this comment here. Groups have composition laws, so if g1 and g2 are in the

group, there must be a third element such that

g1g2 = g3

which is a representation of the group. QM and QFT are probabilistic and hence

we have what is called a projective representation,

g1g2 = eiφ12g3.

It has been shown that one can obtain a projective representation if either the group

has a non-trivial topology, or if the algebra develops a central charge.

We will consider the option where it develops a central charge, denoted by c. Physi-

cally, c measures the number of degrees of freedom in the theory (after complicated

analysis). It is called ’central’ because it commutes with everything in the algebra,

and ’charge’ because it commutes with the Hamiltonian and is hence conserved. Now,

we want the algebra to have the same results as we had classically for L−1, L0, L1,
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and so the commutation relations become,

[Ln, Lm] = (n−m)Lm+n +
c

12
(n− 1)n(n+ 1)δn+m,01.

This is the quantum mechanical version of the Witt algebra and is known as the

Virasoro algebra.

1.11.2.3 Scaling dimension ∆

Scale transformations are defined as

x′ = λx

φ′(λx) = λ−∆φ(x).

Hence

S =

∫
ddxL (φ, ∂µφ)

→ λd
∫
ddxL

(
λ−∆φ, λ−1−∆∂µφ

)
.

Therefore, for an action S =
∫
ddx∂µφ∂

µφ, it is scale invariant if

d− 2 (1 + ∆) = 0⇒ ∆ =
d

2
− 1,

and for an action S =
∫
ddx ∂µφ∂

µφ+ φn,

d− n∆ = d− n
(
d

2
− 1

)
= 0

⇒ n =
d

∆
=

2d

d− 2

which is an integer for d = 3, 4, 6 and even if d = 3, 4, which ties back to what we

saw in equation (1.9).
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1.11.2.4 Noether’s Theorem - generators

For a transformation (actively) x
′µ = xµ + δxµ = xµ + εa

δxµ

δεa
,

φ′(x′) = φ(x) + εa
δF (x)

δεa

= φ(x′)− εa
δxµ

δεa
∂µφ(x′) + εa

δF (x′)

δεa
. (1.50)

Here, the F is defined to satisfy whatever symmetry the transformation corresponds

to, so under translations, dF
dε = 0, and under the Lorentz transformation the addi-

tional term Sρν obeys the Lorentzian algebra, and so forth. In the above equation,

the first line was written in terms of x and the second line in terms of x′ (which we

can do since, to first order in ε, εa
δF (x′)
δεa

= εa
δF (x)
δεa

). Now, we define the following at

point x:

δφ(x) = φ′(x)− φ(x) = −iεaGaφ(x)

Therefore, noting that equation (1.50) is defined at a single point x′, it is clear that

δφ(x) = −iεaGaφ(x) = −εa
δxµ

δεa
∂µφ+ εa

δF

δεa

⇒ iGaφ =
δxµ

δεa
∂µφ−

δF

δεa
. (1.51)

We therefore obtain the following generators:

Translation φ(xµ) = φ(x
′µ − εµ)

⇒ Pµ = −i∂µ

Rotation φ(xµ) = φ(x
′µ − εµνxν)

⇒ J ν
µ = −ixν∂µ ⇒ Jµν ≡ i (xµ∂ν − xν∂µ) = − [xµPν − xνPµ]

Dilation φ(xµ) = φ(x
′µ − εxµ)

⇒ D = −ixµ∂µ = xµPµ

SCT φ(xµ) = φ(x
′µ − 2 (x · ε)xµ + x2εµ)

⇒ Kµ = −i
(
2xµx

ν∂ν − x2∂µ
)

= 2xµx
νPν − x2Pµ = 2xµD − x2Pµ.
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The commutators are given as follows (for detailed calculations, see Appendix C.1):

[Pµ,Jρσ] = iηµρPσ − iηµσPρ

[D,Pν ] = iPν

[D,Kν ] = −iKν

[Jµν ,Jρσ] = i (ηνρJµσ − ηµρJνσ + ηµσJνρ − ηνσJµρ)

[Kµ, Pν ] = 2i [ηµνD − Jµν ]

[Kρ,Jµν ] = i (ηρµKν − ηρνKµ) .

Note that one could alter the statement for Noether’s theorem in equation (1.51) to

Taφ = i∂µ

[
δxµ

δεa
φ

]
,

in which case the above generators become the following

Translation Pµ → −i∂µ

Rotation Jµν → i (xµ∂ν − xν∂µ) , since εµν = −ενµ

Dilation D → −ixµ∂µ − idφ, where dφ = number of dimensions

SCT Kµ → −i
(
2xµx

ν∂ν − x2∂µ + 2dφxµ
)
.

Counting the number of elements described by these generators we obtain d from

Pµ, d from Kµ, d(d−1)
2 from Jµν and 1 from D, i.e.

d(d− 1)

2
+ d+ d+ 1 =

d2 + 3d+ 2

2
=

(d+ 1)(d+ 2)

2

hence we can describe this using a (d+2)-dimensional antisymmetric matrix.

1.11.2.5 Redefining generators - the SO(d+1,1) group

We define a new antisymmetric object Jab (where µ = 1, ..., d and a = −1, 0, ..., d)(ηµν

defined here as being Euclidean, all +1 on the diagonal),

Jµν = Jµν

J0,µ =
1

2
(Pµ +Kµ)
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J−1,µ =
1

2
(Pµ −Kµ)

J−1,0 = D

This new group then satisfies the commutation relations

[Jab, Jcd] = i (ηadJbc + ηbcJad − ηacJbd − ηbdJac)

where ηab = diag (−1, 1, 1, ..., 1). Let’s show this.

[Jµν , Jρσ] = [Jµν ,Jρ,σ]

= i (ηνρJµσ + ηµσJνρ − ηµρJνσ − ηνσJµρ)

= i (ηνρJµσ + ηµσJνρ − ηµρJνσ − ηνσJµρ)

[J0µ, J0ν ] =
1

4
([Pµ,Kν ] + [Kµ, Pν ])

=
1

4
(−2i [ηνµD − Jνµ] + (2i [ηµνD − Jµν)])

= −iJµν = −iη00Jµν

[J−1µ, J−1ν ] = −1

4
([Pµ,Kν ] + [Kµ, Pν ])

= −1

4
(−2i [ηνµD − Jνµ] + (2i [ηµνD − Jµν)])

= iJµν = −iη−1 −1Jµν

[J−1 0, J−1 0] = [D,D] = 0

[Jµν , J0ρ] =

[
Jµν ,

1

2
(Pρ +Kρ)

]
1

2
([Jµν , Pρ] + [Jµν ,Kρ])

=
1

2
(i (ηρµPν − ηρνPµ)− i (ηρµKν − ηρνKµ))

= i (ηρµJ−1 ν − ηρνJ−1 µ)

[Jµν , J−1ρ] =

[
Jµν ,

1

2
(Pρ −Kρ)

]
=

1

2
([Lµν , Pρ]− [Lµν ,Kρ])

=
1

2
(i (ηρµPν − ηρνPµ) + i (ηρµKν − ηρνKµ))

= i (ηρµJ0 ν − ηρνJ0 µ)

[Jµν , J−10] = [Lµν , D] = 0

[J−1µ, J0ν ] =

[
1

2
(Pµ −Kµ) ,

1

2
(Pν +Kν)

]
=

1

4
([Pµ,Kν ]− [Kµ, Pν ])

=
1

4
(−2i (ηνµD − Lνµ)− 2i (ηµνD − Lµν))

= −iηµνJ−1,0
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[J−1 0, J0µ] =

[
D,

1

2
(Pµ +Kµ)

]
=

1

2
([D,Pµ] + [D,Kµ])

=
1

2
(iPµ − iKµ)

= iη00J−1 µ

[J−1 0, J−1µ] =

[
D,

1

2
(Pµ −Kµ)

]
=

1

2
([D,Pµ]− [D,Kµ])

=
1

2
(iPµ + iKµ)

= −iη−1,−1J0 µ

These 10 commutators represent all possibilities, and hence we have shown that the

algebra holds. Let us now construct the invariants Γ(x) that are left invariant by all

conformal transformations. Translation and rotation invariance requires that Γ de-

pends only on the distance between points, |xi − xj |. Furthermore, scale invariance

implies that Γ depends only on ratios of these distances,
|xi−xj |
|xk−xl| .

For special conformal transformations, we have

(
~x′i − ~x′j

)
=

~xi −~bx2
i

1− 2b · xi + b2x2
i

−
~xj −~bx2

j

1− 2b · xj + b2x2
j

x
′2
i =

x2
i

1− 2b · xi + b2x2
i

⇒
∣∣~x′i − ~x′j∣∣2 =

1(
1− 2b · xi + b2x2

i

) (
1− 2b · xj + b2x2

j

)
[
x2
i

(
1− 2b · xj + b2x2

j

)
+ x2

j

(
1− 2b · xi + b2x2

i

)
−2
(
xi · xj − x2

ix · b− x2
jx · b+ 2bx2

ix
2
j

)]
=

x2
i + x2

j − 2xi · xj(
1− 2b · xi + b2x2

i

) (
1− 2b · xj + b2x2

j

)
⇒
∣∣~x′i − ~x′j∣∣ =

|~xi − ~xj |(
1− 2b · xi + b2x2

i

)1/2 (
1− 2b · xj + b2x2

j

)1/2

hence it is clear that the simplest invariants are cross-ratios involving 4 points, e.g.

Γ =
|~x1 − ~x2| |~x3 − ~x4|
|~x1 − ~x3| |~x2 − ~x4|

,
|~x1 − ~x2| |~x3 − ~x4|
|~x1 − ~x4| |~x2 − ~x3|

,

of which N(N−3)
2 may be constructed.
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As an example, notice this invariance in the (1,1)-dimensional case

Γ =

(
az1−b
cz1−d −

az2−b
cz2−d

)(
az3−b
cz3−d −

az4−b
cz4−d

)
(
az1−b
cz1−d −

az3−b
cz3−d

)(
az2−b
cz2−d −

az4−b
cz4−d

)
=

((az1 − b)(cz2 − d)− (az2 − b)(cz1 − d))

((az1 − b)(cz3 − d)− (az3 − b)(cz1 − d))
×

((az3 − b)(cz4 − d)− (az4 − b)(cz3 − d))

((az2 − b)(cz4 − d)− (az4 − b)(cz2 − d))
×

(cz1 − d)(cz2 − d)(cz3 − d)(cz4 − d)

(cz1 − d)(cz2 − d)(cz3 − d)(cz4 − d)

=
(z1(−ad+ bc) + z2(−bc+ ad)) (z3(−ad+ bc) + z4(−bc+ ad))

(z1(−ad+ bc) + z3(−bc+ ad)) (z2(−ad+ bc) + z4(−bc+ ad))

=
(z1 − z2)(z3 − z4)

(z1 − z3)(z2 − z4)
.

1.11.2.6 Noether’s Theorem continued - conserved currents and charges

In subsubsection 1.11.2.4 we considered the transformation x
′µ = xµ+εa

δxµ

δεa
. Writing

φ′(x′) = F(φ(x)) = φ(x) + εa
δxµ

δεa
,

we can write the new action as follows:

S′ =

∫
ddxL

(
φ′(x), ∂µφ

′(x)
)

=

∫
ddx′L

(
φ′(x′), ∂µφ

′(x′)
)

=

∫
ddx

∣∣∣∣∂x′∂x

∣∣∣∣L(F(φ(x)),
(
∂xν/∂x

′µ
)
∂νF(φ(x))

)
If we consider εa infinitesimal (so det(1 + ε) ≈ Trε), and local, i.e. allow εa to vary

with x, we can write

∂x
′ν

∂xµ
= δνµ + ∂µ

(
εa
δxν

δεa

)
,
∂xν

∂x′µ
= δνµ − ∂µ

(
εa
δxν

δεa

)
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∣∣∣∣∂x′∂x

∣∣∣∣ ≈ 1 + ∂µ

(
εa
δxµ

δεa

)
.

Therefore, to calculate δS to first order in εa,

S′ =

∫
ddx

∣∣∣∣∂x′∂x

∣∣∣∣L(F(φ(x)),
(
∂xν/∂x

′µ
)
∂νF(φ(x))

)
=

∫
ddx

[
1 + ∂µ

(
εa
δxν

δεa

)]
L
(
φ(x) + εa

δF
δεa

,

(
δνµ − ∂µ

(
εa
δxν

δεa

))
∂ν

(
φ(x) + εa

δF
δεa

))
=

∫
ddx

[
1 + ∂µ

(
εa
δxν

δεa

)]
L
(
φ(x) + εa

δF
δεa

, ∂µφ(x) +

(
∂µ

(
εa
δF
δεa

)
− ∂µ

(
εa
δxν

δεa

)
∂νφ(x)

))
⇒ δS =

∫
ddx

[
∂L
∂φ

εa
δF
δεa

+ ∂µ

(
εa
δxν

δεa

)
L

+
∂L

∂ (∂µφ)

(
∂µ

(
εa
δF
δεa

)
− ∂µ

(
εa
δxν

δεa

)
∂νφ(x)

)]
.

Then, since this is a symmetry, the action is stationary against variation in the fields

and so δS vanishes for any position-dependent parameters ε(x). Therefore,

δS =

∫
ddx

[
(∂µεa)

δxν

δεa
L+

∂L
∂ (∂µφ)

(
(∂µεa)

δF
δεa
− (∂µεa)

δxν

δεa
∂νφ(x)

)]
= −

∫
ddxjµa∂µεa (1.52)

= 0

where

jµa =

[
∂L

∂ (∂µφ)
∂νφ− δµνL

]
∂xν

∂εa
− ∂L
∂ (∂µφ)

δF
δεa

(1.53)

Integrating equation (1.52) by parts, we get the conservation law.

δS =

∫
ddxεa∂µj

µ
a = 0⇒ ∂µj

µ
a = 0,

and if we define the charge

Qa =

∫
dd−1x j0

a
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then

Q̇a =

∫
dd−1x ∂0j

0
a

= −
∫
dd−1x ∂ij

i
a

= 0

since it is the integral of a total derivative and is thus a surface term which must

vanish at infinity. So the charge is indeed conserved.

We take a quick digression to the Ward Identities. Defining X = φ(x1)φ(x2)...φ(xn),

we have

〈X〉 =
1

Z

∫
[dφ]Xexp(−S(φ))

=
1

Z

∫ [
dφ′
]

(X + δX) exp(−S(φ)−
∫
dx∂µj

µ
a εa(x))

⇒ 〈δX〉 =

∫
dx 〈∂µjµaX〉 εa(x)

the integrand of which can be written explicitly (bar the ε term) using δφ(x) =

φ′(x)− φ(x) = −iεaGa(x) to give the Ward identity,

〈∂µ (jµaφ(x1)φ(x2)...φ(xn))〉 = −i
n∑
i=1

δ(x− xi) 〈φ(x1)...Gaφ(xi)...φ(xn)〉

which vanishes because the LHS is a surface term. Defining now Y = φ(x2)φ(x3)...φ(xn)

and defining t = x0
i different to all the times in Y and bounded in a thin pill-box

t− < t < t+ and by spatial infinity which excludes all other points x2, x3, ...xn:∫
dsµ 〈(jµaφ(x1)Y )〉 = −i 〈φ(x1)GaY 〉 .

Only the time components don’t vanish, and this is true for arbitrary x, giving (for

the second line, in the limit t− → t+ → t, that charge Qa generates infinitesimal

symmetry transformations; for Minkowski, replace Qa with −iQa):

Qa(t+)φ(x)− φ(x)Qa(t−) = −iφ(x)Ga

[Qa, φ] = −iGaφ
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1.11.2.7 Energy-Momentum Tensor

For a translation x
′µ = xµ + εµ, ∂xµ

∂ερ = ηµρ and δF
δερ = 0, and equation (1.53) becomes

jµ =

[
∂L

∂ (∂µφ)
∂ρφ− ηµρL

]
∂xρ

∂εν
− ∂L
∂ (∂µφ)

δF
δεν

=

[
∂L

∂ (∂µφ)
∂ρφ− ηµρL

]
xρ − 0

∼ Tµρxρ.

We thus obtain the conservation law ∂µT
µν = 0 where

Tµν = −ηµνL+
∂L

∂ (∂µφ)
∂νφ,

where (recapping) ηµν is defined as (1, 1, 1..., 1); the conserved charge is the momen-

tum

P ν =

∫
dd−1xT 0ν

and energy is the 0-component of this,

P 0 =

∫
dd−1xT 00 =

∫
dd−1x

∂L
∂φ̇

φ̇− L

and this generates time translations

[P0, φ] = −i∂0φ

The conserved charge of the energy-momentum tensor gives

[Pµ, φ] = −i∂µφ

Under a transformation x
′µ = xµ + δxµ, we can see that, by acting on it with the

stress-energy tensor, the conserved current would then be given by

jµ = Tµνδx
ν .
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For translations, this would be given by

jµ = Tµνε
ν

so pretty much Tµν . For scalings it would be given by

jµ = Tµνx
νε

Here the conservation law gives

∂µjµ = 0

⇒ Tµνδ
ν
µ = 0

which implies that the stress-energy tensor is traceless. Furthermore the conserved

charge for scaling is given by

Q =

∫
dd−1xj0 =

∫
dd−1xT0νx

ν

and this conserved charge is called the dilatation operator. For the special conformal

transformation, δxν = 2x · bxν − x2bν so the conservation current is

jµ = Tµν
(
2x · bxν − x2bν

)
for which the conserved charge is

Q =

∫
dd−1xj0 =

∫
dd−1xT0ν

(
2x · bxν − x2bν

)
which corresponds to the conserved charge of a local scaling and a local rotation (as

was seen before). A result which will be used expansively later on is that, for an

x-dependent transformation x
′µ = xµ + εµ(x), the induced change in the action can

be written as (for Tµν assumed to be symmetric)

δS =

∫
ddxTµν∂µεν

=
1

2

∫
ddxTµν (∂µεν + ∂νεµ)

= −1

2

∫
ddxTµνδgµν
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whose correctness is not dependent on the equations of motion being obeyed. In

particular, we have shown that ∂µεν + ∂νεµ = f(x)gµν = 2
d∂ρε

ρgµν and therefore

δS = −1

d

∫
ddxTµµ ∂ρε

ρ

which is zero due to the tracelessness of the stress-energy tensor.

1.11.2.8 Classical Field Theory

We now consider the subgroup of the Poincaré group which leaves the point x = 0

invariant by introducing spin Sµν and thereafter, in a similar way, ∆:

Lµνφ(0) = Sµνφ(0).

Now, the Hausdorff formula is given by

e−ABeA = B + [B,A] +
1

2!
[[B,A] , A] ....

Hence, to translate Lµν to a non-zero value of x, we consider,

eix
σPσLµνe

−ixρPρ = Sµν + [Lµν ,−ixρPρ] .

However, we are assuming that [Lµν(0), xσ] = 0 for x a constant, therefore,

e−DLµνe
D = eix

σPσLµνe
−ixρPρ → Lµν(0)− ixρ [Lµν , Pρ]

= Lµν(0)− ixρ [−i (ηρµPν − ηρνPµ)]

= Lµν(0)− (xµPν − xνPµ) .

Similarly,

eix
σPσDe−ix

ρPρ → D(0)− ixρ [D,Pρ]

= D(0)− ixρ (iPρ)

= D(0)− ixρ∂ρ

eix
σPσKµe

−ixρPρ → kµ − ixρ [Kµ, Pρ]

= Kµ(0)− ixρ [2i (ηµρD − Lµρ)]
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= Kµ(0) + 2xρ (ηµρD − Lµρ) .

Hence

Lµνφ(x) = (Lµν(0) + i (xµ∂ν − xν∂µ))φ(x)

Dφ(x) = (D(0)− ixν∂ν)φ(x)

Kµφ(x) = [Kµ(0) + 2 (xµD − xνLµν)]φ(x)

= [Kµ(0) + 2xµD(0)− 2xνLµν(0)− 2ixµx
ν∂ν − 2ixν (xµ∂ν − xν∂µ)]φ(x)

=
[
Kµ(0) + 2xµD(0)− xνLµν(0)− 4ixµx

ν∂ν + 2ix2∂µ
]
φ(x).

We can require that φ(x) belong to an irreducible representation of the Lorentz

group, and since ∆̃, which we have called D(0), commutes with all generators kµν ,

it must be a multiple of the identity which then forces kµ to vanish.

φ(x)→ φ′(x′) =

∣∣∣∣∂x′∂x

∣∣∣∣−∆/d

φ(x)

and the Jacobian is related to the scale factor in the conformal metric transformation

(g′µν(x′) = Λ(x)gµν(x)) as follows∣∣∣∣∂x′∂x

∣∣∣∣ = Λ(x)−d/2.

Fields transforming as such are called ”quasi-primary”.

1.11.3 Overview of the AdS/CFT correspondence

This subsection reviews Ref. [20], where Maldacena sketches the key ideas and build-

ing blocks of the AdS/CFT correspondence. In section 1.9 we found the commutator

relations obeyed by the super-Poincaré group, and in section 1.11.2 we found the

commutator relations obeyed by the Conformal group. Ref. [88] went further and

found the commutator relations obeyed by the superconformal group; indeed the su-

perconformal group has twice the number of supersymmetries as the corresponding

super-Poincaré group has. They further showed that the supersymmetry group of

AdS5 × S5 is the same as the superconformal group in 3+1 dimensions. This was

one of the key insights that gave rise to Maldacena’s paper Ref. [20].
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The metric for the supergravity solution carrying D3-brane charge is given by

ds2 = f−1/2dx2
|| + f1/2(dr2 + r2dΩ2

5), f = 1 +
4πgNα

′2

r4

where x|| are the four coordinates along the world-volume of the 3-brane, N is the

number of branes in the stack, and r is the distance between the D3 branes. One may

then define the decoupling limit, in which the theories on the branes decouple from

the gravitational bulk (where the branes move together but the Higgs expectation

corresponding to the separation remains fixed) as follows

Energies fixed

α′ → 0

U ≡ r

α′
⇐⇒ Mass of stretched strings fixed. (1.54)

In this limit f → 4πgNα
′2

r4 , and

ds2 = α′
[

U2

√
4πgN

dx2
|| +

√
4πgN

dU2

U2
+
√

4πgNdΩ2
5

]
,

which one recognises as the metric for Anti-de Sitter space-time,

ds2 =
U2

R2
dx2 +R2dU

2

U2
,

so that it becomes evident that both the radius of the five-sphere, as well as the AdS5

space is proportional to N1/4, and that this supergravity solution may be trusted

when gN >> 1 (in particular N >> 1). Even in the α′ → 0 limit, proper energies

(Eproper) and proper wavelengths (ω) remain fixed, with

Eproper =
1√
α′
ω(gN4π)1/4

U
,

and the space-time action becomes

S ∼ 1

α′4

∫
d10x
√
GR+ ....

Since, in this limit, this theory had a finite Planck length, one can find fields prop-

agating on the AdS background; furthermore, the Hawking temperature is finite

implying a finite flux of energy from the black hole to the AdS space-time. One
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expects that N = 4, d=4 U(N) SYM includes in its Hilbert space states of type IIB

supergravity on (AdS5 × S5)N due to the fact that it itself is a unitary theory. In

particular there is a duality conjectured between the two, supported by the fact that

the supersymmetry group of AdS5 × S5 is the same as the superconformal group

in 3 + 1 dimensions; the theory on the brane is 4-dimensional N = 4, d=4 U(N)

SYM at the superconformal point where r = 0. The superconformal N = 4 SYM has

symmetry given by the Lie supergroup PSU(2, 2|4), which has the bosonic subgroup

SU(2, 2)× SU(4) = SO(4, 2)× SO(6). The correspondence is a strong/weak corre-

spondence since at large gN we cannot trust perturbative calculations in Yang-Mills

theory but we can trust calculations in supergravity on (AdS5×S5)N , while at small

gN quantum effects such as Hawking radiation are 1/N effects and are challenging

in (AdS5 × S5)N since the radius is small and hence the curvature very large. The

SYM coupling given by

1

g2
YM

+ i
θ

8π2
=

1

2π

(
1

g
+ i

χ

2π

)
,

where χ is the value of the RR scalar. A point to consider is that compactifying the

theory breaks conformal invariance, leaving a Poincaré supersymmetry. However,

we can trust the supergravity solutions if the physical lengths of the compact circles

are big in α′ units and we stay far from the horizon at U = 0, i.e.

U >>
(gN)1/4

Ri
.

1.11.4 AdS/CFT dictionary

Here we review Ref. [39], where Witten was able to concretise the concepts from

Ref. [20], proposing that correlation functions in conformal field theory are given by

the dependence of the supergravity action on the asymptotic behaviour at infinity.

An interesting claim in Ref.[20] is noted - that in order to describe N = 4 d = 4

SYM, one should use, not just the low energy supergravity on AdS5 but the whole

∞ tower of massive Kaluza-Klein states on AdS5×S5, and the chiral fields in N = 4

d = 4 SYM correspond to Kaluza-Klein harmonics on AdS5 × S5. Indeed it was

shown that the Kaluza-Klein excitations of AdS5 × S5 match precisely with certain

operators of the N = 4 theory.
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SO(2, d) acts on AdSd+1 as a group of ordinary symmetries, and on Md, the bound-

ary of AdSd+1, as a group of conformal symmetries; so too, there are two ways of

getting physics with SO(2, d) symmetry: in a relativistic field theory, with or with-

out gravity on AdSd+1 or in a CFT on Md. Minkowski space arises as the boundary

of AdS space, which may be understood as follows: SO(2, d) acts on

uv −
∑
i,j

ηijx
ixj = 0, (1.55)

(with scale invariance u, v, xi → su, sv, sxi for 0 6= s ∈ R), which is a compactification

(since scale invariance allows us to set v = 1) of Minkowski space-time (for generic

v 6= 0), known as the ’quadric’, which preserves the metric form

−dudv +
∑
i,j

ηi,jdx
idxj .

(Note that the quadric has an additional point at infinity where v = 0 when com-

pared with the Minkowski metric; in the next paragraph’s example this infinity gives

exactly what is needed to make a sphere.) Topologically, this is just S1 × Sd−1/Z2

where we mod by Z2 because we have scaled out s = −1. Meanwhile, AdSd+1

coordinates obey

uv −
∑
i,j

ηijx
ixj = 1,

which clearly reduces to (1.55) for u, v, xi large (i.e. at the boundary of AdSd+1).

Euclidean language makes understanding of the boundary behaviour easier. Here,

AdSd+1 is identified as the open ball Bd+1 with
∑d

i=0 y
2
i < 1 in Euclidean Rd+1, and

with metric

ds2 =
4
∑d

i=1 dyi
2

(1− |y|2)2
, (1.56)

while compactifying gives the closed unit ball B̄d+1 defined by
∑d

i=0 y
2
i ≤ 1 with

boundary Sd, identified as the boundary of AdSd+1, i.e. Minkowski space. Of

course Bd+1 does not extend over B̄d+1 due to the singularity at |y| = 1, so we could
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define an f such as f = 1− |y|2 so that

ds̃2 = f2ds2

where f is well defined up to conformal transformations f = few so that

ds̃2 → e2wds̃2, w ∈ R

which is precisely the metric of Sd. Putting this all together, this is saying that

AdSd+1 has a metric invariant under SO(1, d+ 1) and the boundary Sd has only a

conformal structure that is preserved by the action of SO(1, d+ 1).

Equation (1.56) could be written differently, using r = tanh(y/2) and
∑d

i=1 dy
2
i =

dr2 + r2dΩ2
d−1:

dr =
1

2
sech2(y/2)dy

=
1

2

(
1− r2

)
dy

⇒ dy2 =
4

(1− r2)2
dr2

⇒ ds2 =
4dr2

1− r2
+

4r2dΩd−1

1− r2

ds2 = dy2 + sinh2dΩ2, (1.57)

where 0 ≤ y < ∞ and the boundary is at y = ∞. Another representation is where

x0 > 0 and

ds2 =
1

x2
0

(
d∑
i=0

(dxi)2

)
.

Here the boundary is at x0 = 0 (where the boundary is Rd), as well as where x0 =∞
so that the other directions vanish so that this corresponds to a single point. These

boundaries together give a sphere Sd.

The next thing to understand is the massless field equations (Einstein’s equations

with a negative cosmological constant). In AdSd+1, ∀φ ∈ Sd,∃ a unique function on

B̄d+1 with given boundary conditions that obeys the field equation DiD
iφ = 0. The
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Laplace equation in representation (1.57) reads(
− 1

(sinhy)d
d

dy
(sinhy)d

d

dy
+

L2

sinh2y

)
φ = 0,

so that for large y and φ written as φ =
∑

α φα(y)fα(Ω),

d

dy
edy

d

dy
φα = 0.

We thus have the following: any metric on Bd+1 with a double pole on the boundary

induces a conformal structure on the boundary Sd and conversely, a theorem by

Graham and Lee [89] states that any conformal structure on Sd sufficiently close to

the standard one can be shown to arise from a unique metric on Bd+1 which obeys

the massless field equations and has a double pole at the boundary.

This formalism can then be extended to Yang-Mills field A with curvature F with

minimal Yang-Mills equations DiFij = 0. Any A on Sd that is sufficiently close to

A = 0 is the boundary value of a solution of Yang-Mills equations on Bd+1, unique

up to gauge transformation.

As an ansatz for the effective action, suppose that there is a field φ in AdSd+1

obeying DiD
iφ = 0 on AdSd+1 (where there is no mass/curvature coupling and

we have uniqueness of the solution on B̄d+1 for given boundary values. Let φ0 be

the restriction of φ to the boundary of AdSd+1 and assume that φ0 couples to the

conformal field O via ∫
Sd
φ0O.

Consider, now, the supergravity / string partition function ZS(φ0) which may be

written in terms of the classical supergravity action IS and also in terms of the

conformal field theory as follows (with several caveats)

ZS(φ0) = exp(−IS(φ)) =

〈
exp

∫
Sd
φ0O

〉
CFT

.

One could likewise have an AdS theory with gauge group G (and gauge fields Aa be-

ing the global symmetry group of the conformal field theory boundary (with currents
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Ja on the boundary). Writing A→∞ A0, the propoal becomes

ZS(A0) = exp(−IS(A)) =

〈
exp

∫
Sd
JaA

a
0

〉
CFT

.

As an example, one can write ds2 = 1
x2

0

∑d
i=0(dxi)

2 (which we recall has boundaries

at x0 = 0,∞), with K (thought of as a Green’s function) satisfying the Laplace

equation

d

dx0
x−d+1

0

d

dx0
K(x0) = 0,

with vanishing solution at x0 = 0 given by K(x0) = cxd0, which tends to ∞ at ∞.

Consider the following mapping

xi →
xi

x2
0 +

∑d
j=1 x

2
j

, i = 0, 1, ..., d

which will clearly map boundary points to the origin xi = 0, i = 0, ..., d. Thus K will

be given by c
xd0

(x2
0+
∑d
j=1 x

2
j )
d
, which has the correct properties to be a delta function

(for example it vanishes as x → 0 except where x1 = x2 = ... = xd = 0 and is

positive since it is assumed x0 > 0). Hence the field φ(x0, xi) is a ’multiple’ of K,

and one can ultimately write (where x0 → 0)

I(φ) = lim
ε→0

∫
Tε

dx
√
hφ(~n · ~∇)φ =

cd

2

∫
dxdx′

φ0(x)φ0(x′)

|x− x′|2d
.

Adding a mass term to the Laplace equation,(
− d

dx0
x−d+1

0

d

dx0
+m2

)
K(x0) = 0,

and repeating the procedure, one obtains λ(λ+ d) = m2 (from φ ∼ eyd) and

I(φ) =
c′(d+ λ+)

2

∫
dxdx′

φ0(x)φ0(x′)

|x− x′|2(λ++d)
.

In other words, a field of mass m in AdS space is related to the two-point function

of a conformal field O with dimension ∆ = λ+ + d, so that

∆(∆− d) = m2 ⇒ ∆ =
1

2

(
d+

√
d2 + 4m2

)
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⇒ λ+ =
1

2

(
−d+

√
d2 + 4m2

)
Note that

m2 < 0 ⇐⇒ λ+ < 0

m2 ≥ −d2/4 ⇐⇒ λ+ ≥ −d/2 ⇐⇒ ∆ ≥ d/2 lower bound.

1.12 Higher spins - Fronsdal and Vasiliev

Working in a curved background is one way to circumvent the various no-go theorems

which prohibit higher-spin theories. Fronsdal and Vasiliev did pioneering work in

this field.

1.12.1 Fronsdal Equations

We look now into the results obtained in Ref. [90, 91]. Christian Fronsdal wrote down

consistent actions describing arbitrary particles for spin greater than two for free

theories. We will perform the construction, motivated by considering the elementary

linearised General Relativity (i.e. by approximating the metric as small fluctuations

about the flat metric) as follows (ignoring terms quadratic in h): The generalised

Christoffel symbol for the spin-s gauge field is written as

Γ(1)
ν;µ1...µs = ∂νφµ1...µs − s∂(µ1

φµ2...µs)ν ;

for s = 2 these reduce to the usual Christoffel symbols up to a multiplicative factor

gµ1µ2 = ηµ1µ2 + hµ1µ2 ⇒ Γν;µ1µ2 =
1

2
(−∂νhµ1µ2 + ∂µ1hµ2ν + ∂µ2hνµ1) .

Using Ref. [91], one may iteratively define higher-rank Christoffel symbols,

Γ(m)
ν1...νm,µ1...µs = ∂ν1Γ(m−1)

ν1...νm;µ1...µs −
s

m
∂(µ1

Γ
(m−1)
|ν2...νm,ν1|µ2...µs)

.
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(When m = s the Christoffel symbol is gauge invariant, giving us a generalised

curvature tensor.) The Fronsdal tensor is now defined as Fµ1...µs = Γ
(2)
ρ

ρ

µ1...µs
where

Γ(2)
ν1ν2,µ1...µs = ∂ν1Γ(1)

ν2,µ1...µs −
s

2
∂(µ1

Γ
(1)
|ν2,ν1|µ2...µs)

= ∂ν1∂ν2φµ1...µs − s∂ν1∂(µ1
φµ2...µs)ν2

+
1

2
s(s− 1)∂(µ1

∂µ2φµ3...µs)ν1ν2
,

and therefore, setting Fµ1...µs = 0, we obtain the gauge invariant2 equation obtained

by Fronsdal,

Fµ1...µs = �φµ1...µs − s∂(µ1
∂ρφµ2...µs)ρ +

1

2
s(s− 1)∂(µ1

∂µ2φ
ρ
µ3...µs)ρ

= 0, (1.58)

or simply

F = 0.

Now, in the General Relativity case, fixing the gauge reduced the linearised equations

(i.e. no quadratic terms in h) to the wave equation as follows:

Rµνρσ =
1

2

(
∂ρΓµ;σν − ∂σΓµ;ρν + Γµ;ρλΓλσν − Γµ;σλΓλρν

)
=

1

2
(∂ρ∂νhµσ + ∂σ∂µhρν − ∂ρ∂µhσν − ∂σ∂νhµρ)

⇒ Rµν = Rµρνσ (η + h)ρσ

=
1

2

(
∂ρ∂νh

ρ
µ + ∂ρ∂µh

ρ
ν − ∂µ∂νh−�hµν

)
. (1.59)

In de Donder gauge where ∂µhµν − 1
2∂νh = 0, the vacuum Einstein equations which

reduce to the Ricci flat condition Rµν = 0 since

Gµν = Rµν −
1

2
Rgµν = 0 ⇐⇒ R− 2R = 0 ⇐⇒ R = 0 ⇐⇒ Rµν = 0

causes equation (1.59) to reduce to the wave equation

�hµν = 0.

2It can be shown that δF = 1
2
s(s− 1)(s− 2)∂(µ1

∂µ2∂µ3ζ
ρ
µ4...µs)ρ; thus, for s = 0, 1, 2 the gauge

invariance is trivial; for spin> 2 it turns out also to be gauge-invariant but is non-trivial.
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Following the same philosophy in this higher spin case, we find the analogue of the

Ricci tensor to be related to the antisymmetrisation of the Fronsdal tensor:

Rµ1ν1...µsνsη
ν1ν2 = −1

2
Fµ1µ2[µ3[...[µs,νs]...]ν3],

for example for spin 2

Rµρνση
ρσ = Rµν = −1

2
Fµν ,

so that F = 0 gives the Ricci flat condition. The analogue of Einstein’s tensor is the

generalised Einstein tensor,

Gµ1...µs = Fµ1...µs −
1

4
s(s− 1)η(µ1µ2

F ρ
µ3...µs)ρ

.

The analogue of the vacuum Einstein equations is

Gµ1...µs = 0

and contracting with ηµ1µ2 requires

(1− s(s− 1))F ρ
µ3...µs)ρ

= 0.

Plugging this back into the expression for the generalised Einstein tensor gives

Gµ1...µs = Fµ1...µs = 0.

The extension of the de Donder gauge condition is given by

Dµ2...µs = ∂ρφρµ2...µs −
1

2
s(s− 1)∂(µ2

φρ µ3...µs)ρ
= 0.

This results in the second and third term in our expression for F in equation (1.58)

to cancel, leaving us with the wave equation

�φµ1...µs = 0.
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Continuing on the GR side, we insert δhµν = ∂µεν + ∂νεµ into the de Donder gauge

condition to obtain

∂µ∂µεν + ∂µ∂νεµ −
1

2
· 2∂ν∂µεµ = �εν = 0,

giving gauge freedom to gauge away the trace, as well as showing that we have two

wave equations giving plane wave solutions

h = −ηµνδhµν = −2∂ρερ

hµν = Hµνe
ikx

εµ = Cµe
ikx

where k2 = 0, thus describing propagating massless particles. Therefore

Heikx = h = −2∂ρερ = −2∂ρCρe
ikx = −2 (k · C) eikx = −2k0C0e

ikx,

so that the trace may be gauged away with appropriate choice of C0 and the de

Donder condition becomes the transversality condition ∂µhµν = 0, we are free to

set −2∂ρερ = 0. This gives us that the fully gauge-fixed field contains exactly

(10 − 4 − 1 − 3) = 2 degrees of freedom so that the linearised Einstein equations

may correctly be interpreted as the classical field theory of massless spin-2 particles

propagating in a flat background.

The way this is played out in the higher-spin sphere is that we first construct a

canonical Lagrangian which give the correct equations of motion ∂L
∂φ = 0,

L = φµ1...µsGµ1...µs .

Requiring δS = 0 where we have the spin-s gauge transformation δφµ1...µs = s∂(µζµ2...µs),

results in a vanishing total derivative and a term ∂ · G. Then, as in the GR case we

observe that we have plane wave solutions for both the field as well as the parameter.

The trace can be gauged away and we are left with a transversality condition and

we can set the analogue of the divergence of the parameter to zero, and counting

once again results in two physical polarisation states.

124



Chapter 1 Introduction Section 1.12.2 Higher spins - Vasiliev

It is worth noting that in AdS space where Gµν = −Λgµν , the cosmological term

generates a mass tern for the higher-spin fields. This mass may take on negative

values and is bounded from below by the Breitenlohner-Freedman (BF) bound. It

may be derived by considering the action for a massive scalar field φ in AdSd (where

R is the radius of AdSd+1, η is a normalisation constant,

S(φ) = −η
2

∫
dzddx

zd+1
z2∂zφ∂zφ+ z2ηµν∂µφ∂νφ+m2R2φ2

and rescaling the field φ = z
d
2ψ and changing coordinates y = −lnz so dz = −zdy.

This action incorporates surface terms which can arbitrarily be made to be positive,

as well as a term

S(φ) = −η
2

∫
dyddx

[
d2

4
+m2R2

]
ψ2,

requiring that

m2R2 ≥ −d
2

4
.

Fronsdal’s equations in AdS4 are given by

(
∇2 −m2

)
φµ1...µs − s∇(µ1

∇ρφµ2...µs) +
s(s− 1)

4s
g(µ1µ2

∇ν1∇ν2φµ3...µs)ν1ν2
= 0

where m2 = s2 − 2s− 2.

1.12.2 Vasiliev’s Higher Spin Theories

We now take a look the way Mikhail Vasiliev and collaborators overcame the no-go

theorems, starting in around 1980 and working relentlessly through several decades

(see Refs.[92, 93, 94, 95, 96, 97]). Explicitly written, the problem he set out to

solve was to find a non-linear higher spin gauge theory such that it has the correct

free limit, i.e. is free of ghosts and is equivalent to the Fronsdal theory for the

case of totally symmetric fields. Secondly, it needed to contain unbroken higher

spin gauge symmetries since massive higher spin particles are not seen in nature.

And, thirdly, it was required to have non-Abelian global higher spin symmetry of

a vacuum solution, necessary to ensure non-trivial interactions such as Yang-Mills
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interactions [97]. It was inspired by geometric reformulations of Einstein gravity

in which the vierbein and Lorentz spin-connections are used to characterise local-

Lorentz frames on the manifold rather than the metric as proposed by Macdowell,

Mansouri, Stelle and West[98, 99, 100, 101, 102]. These, together with higher-spin

fields that propagate on the background are all contained in a single dynamical one-

form called a master field. The construction could then be generalised to higher-

spins using the generalised curvatures due to Ref. [91] as reviewed in the previous

subsection. One needed to include a space-time zero-form to ensure consistency

of the interacting higher-spin equations, endowing Vasiliev’s theory with a massive

scalar field. Fundamentally, one obtains a higher-spin algebra by introducing a

twistor space with non-commutative star product. This twistor space is spanned by

a pair of commuting spinors

(Y,Z) =
(
yα, ȳα̇, zα, z̄α̇

)
or ‘ghosts’, where barred variables transform as left-handed spinors and unbarred

variables as right-handed spinors of SU(2). These satisfy commutator relations

[yα, yβ] = [zα, zβ] = [ȳα̇, ȳβ̇] = [z̄α̇, z̄β̇] = 0

and may be transformed using vierbeins so that spinors contracted with themselves

vanish,

yαyα = εαβyβyα = εαβyαyβ = −εβαyαyβ = −yβyβ ⇐⇒ yαyα = 0

The inner product on the twistor space is called the star product defined as

f(Y,Z) ∗ g(Y,Z) = f(Y,Z)exp
[
εαβ

(←−
∂ yα +

←−
∂ zα

)(−→
∂ yβ −

−→
∂ zβ

)
+ εα̇β̇

(←−
∂ ȳα̇ +

←−
∂ z̄α̇

)(−→
∂
ȳβ̇
−
−→
∂
z̄β̇

)]
g(Y,Z).

The star-commutation relations are then calculated as follows (we give one example

just to elucidate the method),[
yα, yβ

]
∗

= yα
(

1 + εab
←−
∂ ya
−→
∂ yb

)
yβ − yβ

(
1 + εab

←−
∂ ya
−→
∂ yb

)
yα = 2εαβ.
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Similarly
[
zα, zβ

]
∗ = −2εαβ. The twistor fields are auxiliary so physical fields do not

depend on them. Notice that the star product combines barred terms or unbarred

terms but not a combination of barred and unbarred terms. The following functions

are defined

K(t) = etyαz
α

K̄(t) = etȳα̇z̄
α̇

(1.60)

which are called Kleinians K and K̄ when t = 1. The functions (1.60) satisfy

f(y, z) ∗K = f(−z,−y)K, K ∗ f(y, z) = Kf(z, y).

This is best understood by considering the alternative definition of the star product

given by the convolution formula[2],

f(y, z) ∗ g(y, z) =

∫
d2ud2veu

αvαf(y + u, z + u)g(y + v, z − v),

normalised with f ∗ 1 = f etc. Thus

f(y, z) ∗K(t) =

∫
d2ud2veu

αvαf(y + u, z + u)et(yα+vα)(zα−vα)

=

∫
d2ud2veu

αvαf(y + u, z + u)et(yαz
α−yαvα+vαzα−vαvα).

However, vαv
α = εαβvαvβ = 0 from symmetry-antisymmetry arguments; also yαv

α =

εαβvαyβ = −εβαvαyβ = −yαvα, so that

f(y, z) ∗K(t) =

∫
d2ud2veu

αvαf(y + u, z + u)et(y
αzα+(yα+zα)vα)

=

∫
d2ud2ve[uα+t(yα+zα)]vαf(y + u, z + u)ety

αzα

=

∫
d2ũd2veũ

αvαf(y + ũ− t (y + z) , z + ũ− t (y + z))ety
αzα

=

∫
d2ũf(y(1− t)− tz + ũ, z(1− t)− ty + ũ)

∫
d2veũ

αvαety
αzα

=

∫
d2ũf(y(1− t)− tz + ũ, z(1− t)− ty + ũ)δ(ũ)K(t)

= f(y(1− t)− tz, z(1− t)− ty)K(t).
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Similarly,

K(t) ∗ F (y, z) = F ((1− t)y + tz, (1− t)z + ty)K(t),

from which one may now easily obtain

f(y, z) ∗K = f(−z,−y)K, K ∗ f(y, z) = Kf(z, y).

The master fields which depend on twistor coordinates (lower case) and space-time

coordinates (upper case) are given by the physical one-form and scalar field W and

B, and the non-physical auxilliary one-form S, that is by

W (x|Y,Z) = Wµ(x|Y, Z)dxµ; B(x|Y,Z); S(x|Y,Z) = Sα(x|Y,Z)dzα + S̄α̇(x|Y,Z)dz̄α̇.

We group the one-form fields into the field Â,

Â = W + S +
1

2
zαdzα +

1

2
z̄α̇dz̄α̇.

Vasiliev then gave gauge invariant and non-linear master equations of motion in

terms of this field (where f is an arbitrary function and f∗ is obtained from f by

replacing products with star products; the operation π swaps the sign of y, z and

dz):

dxÂ+ Â ∗ Â = f∗(B ∗K)dz2 + f̄∗(B ∗ K̄)dz̄2

dxB + Â ∗B −B ∗ π(Â) = 0 (1.61)

which are invariant under

δA = dε+ [A, ε]∗; δB = −ε ∗B +B ∗ π(ε).

Requiring that [KK̄,W ]∗ = {KK̄, S}∗ = [KK̄,B]∗ = 0 necessitates that W and

B are even functions and that S is an odd function, i.e. W (x|y, ȳ, z, z̄) = W (x| −
y,−ȳ,−z,−z̄), B(x|y, ȳ, z, z̄) = B(x| − y,−ȳ,−z,−z̄) and S(x|y, ȳ, z, z̄) = −S(x| −
y,−ȳ,−z,−z̄). The function f allows one to encode the infinitely many higher spins

f(x) =
1

4
+ xeiθ(x),
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where θ(x) =
∑∞

n=0 θ2nx
2n. From parity invariance of the master equations of

motion, one has that θ may take on values 0 and π
2 only, giving rise to type-A and

type-B Vasiliev theories; other values of θ would describe Vasiliev theories that have

broken parity symmetry. We now give an a priori condition that physical degrees of

freedom in the master fields are given where Z = 0, and therefore define

C(x|Y ) = B(x|Y,Z)|Z=0 Ωµ(x|Y ) = Ŵµ(x|Y, Z)|Z=0

which are, respectively, a massive scalar field and an infinite tower of (bosonic)

higher-spin fields. This may be seen by expanding f into (m,n) components as

follows (where we define the vector Y µ spinorially as Y µ = σµαα̇y
αȳα̇, called the

‘Winding Dictionary’)

f(x|Y ) =

∞∑
m,n=0

f (m,n)(x)α1...αnα̇1...α̇my
α1 ...yαn ȳα̇1 ...ȳα̇m

⇒ δ

δY µ1
...

δ

δY µn
f(x|Y )|Y=0 = f (n,n)(x)µ1...µn

for m + n even. Ω
(s−1+k,s−1−k)

µ,α1...αs−2β̇1...β̇s−2
(x) is related to the kth Christoffel symbol; for

example, (applying treatment similar to that above to the Ωs) one has schematically

that

Ω
(s−1+1,s−1−1)

µ,α1...αs−2β̇1...β̇s−2
(x) ∼ σµ1

α1β̇1
...σµ1

αs−2β̇s−2
.σρσαβΓ(1)

ρ,σνµ1...µs−2

where we have used the usual (σµν)βα = 1
4 (σµσ̄ν − σν σ̄µ) β

α . Hence, these objects

describe the higher-spin curvatures of de Wit and Friedman that we observed in the

previous subsection!

Furthermore, the maximally symmetric solution for A is given by

A = W0(x|Y ) = (e0)αβ̇y
αȳβ̇ + (w0)αβy

αyβ + (w0)α̇β̇y
α̇yβ̇,

and e0 and w0 are now interpreted as vierbein and spin-connection. When we put

B = S = 0 in the master equation of motion (1.61), gives

(dxW0)µν +Wµ
0 ∗W

ν
0 = 0.
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After some detailed manipulations, one obtains

dx(e0)αβ̇ + 4(e0)γβ̇ ∧ (w0)αδ̇ε
γδ − 4(e0)αγ̇ ∧ (w0)δ̇β̇ε

γ̇δ̇ = 0

dx(w0)αβ + (e0)αγ̇ ∧ (e0)βδ̇ε
γ̇δ̇ + 4(w0)αγ ∧ (w0)βδε

γδ = 0

dx(w0)α̇β̇ + (e0)γα̇ ∧ (e0)δβ̇ε
γδ + 4(w0)α̇γ̇ ∧ (w0)β̇δ̇ε

γ̇δ̇ = 0,

and using the definitions

(e0)αβ̇ =
1

4
eaσa

αβ̇
(w0)αβ̇ =

1

16
wabσabαβ (w0)α̇β̇ = − 1

16
wabσ̄ab

α̇β̇

results in

dxea + wab ∧ eb = 0

dxwab + wac ∧ wcb = 6eb ∧ ea

which, respectively, are the torsion-free equation and the Ricci tensor in terms of

the vierbein in the geometry of AdS4!

If, now, instead of considering the maximally symmetric vacuum solution where

W = W0 and S = B = 0 we consider small perturbations of order λ around this

solution, i.e.

W = W0 + λŴ ; S = λŜ; B = λB̂,

and consider terms linear in λ in the equations of motion, we may equation coeffi-

cients in λ to obtain

D0Ŵ = 0

dZŴ +D0Ŝ = 0

dZ Ŝ = eiθ0(B̂ ∗K) + e−iθ0(B̂ ∗ K̄)

D̃0B̂ = 0

dZB̂ = 0

where D0 = dx+[W0, ·]∗ and D̃0 = dx+W0 ∗ ·−·∗π(W0). One can indeed show that

these equations do describe a massive scalar together with a tower of higher-spin
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fields in AdS4.

For the scalar field, one can expand D̃0B̂ = 0 and set Z = 0 to derive the equation

−1

2
(∇µ∂µ + 2)C(0,0)(x) = 0

which is just the Klein-Gordon equation for a scalar field with mass-squared given

by m2 = −2 in AdS4.

1.13 Higher spins - Klebanov, Polyakov, Giombi,Yin

This follows key concepts from Refs. [1, 41, 2, 4, 103]. While much progress has been

made in understanding the AdS/CFT correspondence when the duality is between

a strongly coupled CFT and a weakly coupled gravity/string theory (taking the

radius of AdS large)[67], somewhat less progress has been made in understanding the

correspondence in the opposite limit, where the radius of AdS is small. Historically,

steps that led to noting that such a duality should exist came in by considering

that, in the tensionless limit, String theory’s massive excitations become massless.

In this limit, Type IIB String theory was therefore thought to be dual to a free

N = 4 SYM theory [104, 105, 106, 107], although this idea has never been made

concrete. Klebanov and Polyakov provided the first plausible duality pair in which

a weakly coupled, and possibly free gauge theory at large N is dual to a known

bulk theory. Around a decade later, Giombi and Yin were able to do calculations

using the AdS/CFT correspondence to corroborate this conjecture [41, 2, 4], and

the conjecture gained momentum as a result.

The theory was worked out in d = 2 + 1 dimensions in Ref. [1]. One reason that

d = 2+1 dimensional theories are of interest is that they act as a portal to problems

which are challenging in d = 3 + 1 dimensions. For example in Ref. [108, 109],

Polyakov tackled ‘the infrared catastrophe’ and was able to demonstrate confinement

by showing that the presence of instantons / monopoles enables apparently broken

gauge symmetries to be restored. Peskin further introduced the particle / vortex

duality [110] to try and explain confinement in d = 3 + 1 dimensions.
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In this example of the AdS/CFT correspondence, the starting point is the simplest

CFT, which is given by the O(N) vector model with action

S =

∫
d3x

(
1

2
∂µφ

a∂µφa +
1

2
m2(φaφa) +

λ

4
(φaφa)2

)
,

for a = 1, ..., N . This is a 3-dimensional free theory of N massless scalar fields in the

singlet sector. Being a conformal field theory, this singlet condition requires that

the set of physical operators must be O(N) invariant (an attribute that makes it

amenable to the introduction of Collective field theory as we shall see in Chapter

2. This action has a UV fixed point at λ = 0 and an IR fixed point for 2 < d < 4

(relevant when d < 4)which gives rise an RG flow from a UV fixed point in the free

theory to an IR fixed point in the interacting theory. In d = 4 − ε, this IR fixed

point is found by considering the one-loop beta function, βλ = −ελ + N+8
8π2 λ

2 + ...,

for which the (weakly coupled) IR fixed point occurs when

λ =
8π2

N + 1
.

(since ε = 1 in 3d). The O(N) vector model has an infinite number of conserved

currents, for example

Jµ = φ∂µφ

Jµν = Tµν = ∂µφ∂νφ−
1

4(d− 1)

[
(d− 2)∂µ∂ν + gµν∂

2
]
φ2.

These conserved currents all have the form

Jµ1...µs = φa∂(µ1
. . . ∂µs)φ

a + . . .

and could be repackaged in the manner of Giombi and Yin in Ref. [41] as follows

φi(x)f
(
εµ,
←−
∂ µ,
−→
∂ µ

)
φi(x), (1.62)

where conservation and traceless conditions on the currents require that

(~u+ ~v) · ~∂εf(~ε, ~u,~v) = ~∂2
ε f(~ε, ~u,~v) = 0.
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This has solution

e~α±·~ε, ~α± = ~u− ~v ±
√
−2

u · v
~u× ~v.

and the massless equations of motion require u2 = v2 = 0, and so

f
(−→ε ,−→∂ µ, ~u,~v) =

e~α+~ε + e~α−~ε

2
= e(u−v)·ε cos

[√
2(u · v)ε2 − 4(u · ε)(v · ε)

]
.

In the duality, these O(N) vector models are conjectured to be dual to higher spin

theories[103]. In section (1.12.2), it was seen that Vasiliev was able to construct

exact non-linear equations of motion (without the use of an action), and that they

have a vacuum solution corresponding to AdS. The master fields with Z = 0 gave

scalar field of mass-square m2 = −2/L2 (with L, the radius of AdS, making this

relation dimensionally correct) together with an infinite tower of bosonic higher

spin fields. (Initially Vasiliev’s equations were written in AdS4, but these have been

generalised to AdS in all dimensions.) The s = 2 graviton is present in all higher spin

theories, and generalises Einstein theory to include an infinite tower of (massless)

higher spins (one can minimally truncate this to involve only a spectrum of even

spins). Furthermore, we saw in section 1.11 that in the AdS/CFT dictionary we

have the identification

Jµ ↔ Aµ, Tµν ↔ gµν , Jµ1...µs ↔ φµ1...µs .

It is fully conceivable, therefore that a theory with conserved currents as in equation

(1.62) as the O(N) vector model has, would be dual to a gravitational theory having

an infinite tower of massless higher spins such as Vasiliev higher spin theory. In-

deed, while much successful work has been done to understand the correspondence

between matrix-valued fields (which would transform in the adjoint representation)

and higher-spin massless gauge theories, O(N) vectors models have the desirable

property that there exists a conserved current for every even spin, and thus a 1-

1 correspondence between the spectrum of currents and the spectrum of massless

higher-spin fields in the minimal bosonic theory in AdS4[1]. Vector models are in-

deed seen to be one of the simplest ways of probing the AdS/CFT correspondence

(see Table 1.4, courtesy of Ref. [111]) and are ‘solvable’ in the large-N limit, allowing

a more detailed study of the AdS/CFT correspondence.
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Comparison of models probing AdS/CFT

Matrix models SYK Vector models

Large N Feynman
diagrams

Planar Melons Bubbles

Difficulty Hard Easy/medium Easy

A CFT example N = 4 Yang-Mills
(4 dimensions)

SYK, at strong
coupling (1 di-
mension)

Free/critical O(N)
vector model (3
dimensions)

AdS dual theory String theory ? Vasiliev higher
spin

Gravitational sec-
tor

Stress-tensor ↔
Einstein gravity

h=2 mode
(Schwartzian) ↔
Jackiw-Teitelboim
gravity

Inapplicable

Gauge invariant
operators

tr
(
X∂kXY Y...

)
χi∂

1+2n
τ χi φa∂(µ1

...∂µs)φ
a

Anomalous di-
mensions

Large (at large ’t
Hooft coupling)

Order 1 order 1/N

Dual of these op-
erators

Stringy modes Tower of scalars Tower of massless
higher spin fields

Table 1.4: Table showing comparison between Matrix models, SYK and Vector
models for probing the AdS/CFT correspondence

Furthermore, according to Klebanov and Polyakov, the conjecture is that the free

3d O(N) vector model is dual to type A minimal Vasiliev higher spin gauge theory

with ∆ = 1, while the critical 3d O(N) vector model is dual to type A minimal

Vasiliev Higher spin theory with scalar having ∆ = 2 [1, 4] (here ∆ is the dimension

of the scalar field that is in the infinite tower of higher-spin fields). Near the AdS4

boundary, the bulk scalar field ϕ(~x, z) has falloff behaviour[41]

ϕ ∼ az + bz2 +O(z3).

Here there are two consistent conformally invariant boundary conditions

Dirichlet with a = 0 −→ Dual operator with dimension ∆ = 2

Neumann with b = 0 −→ Dual operator with dimension ∆ = 1

The large N limit of the 3-dimensional (φaφa)2 theory (where φa is an N -component

scalar field transforming according to the fundamental representation of O(N)) is
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well-known to describe critical points of O(N) magnets and to be conformal. Accord-

ing to the AdS/CFT dictionary, conserved currents in the boundary correspond to

massless gauge fields in the bulk of a gravitational theory or string theory. There is

further a conjectured connection between theories of massless higher-spins in AdSd+1

and free fields in d dimensions.

The AdS/CFT prescription suggests that we can write〈
exp

∫
d3xh

(µ1...µs)
0 J(µ1...µs)

〉
= eS[h0],

so that boundary values of the fields are identified with sources h
(µ1...µs)
0 in the

dual field theory. Position space calculations for propagators are then fairly simple.

Defining x12 = |x1−x2| and spin-0 ‘current’ as J = φaφa etc. we obtain expressions

such as 〈
φa(x1)φb(x2)

〉
=

δab

x12

〈J(x1)J(x2)〉 ∼ N

x2
12

〈J(x1)J(x2)J(x3)〉 ∼ N

x12x13x23
.

Note that the dimension of J is 1 which is less that d/2 = 3/2, and thus (where L

is the radius of AdS4),

∆− = 1 =
d

2
−
√
d2

4
+ (mL)2 ⇒ m2 = −2/L2.

We observe that ∆− = 1 is related to the free O(N) theory. Now, since the radius

of AdS4 is given by R = − 12
L2 we can use the mass found above to make an effective

Lagrangian for the scalar field h of AdS4,

S =
N

2

∫
d4x
√
g

[
(∂µh)2 +

1

6
Rh2 + αh3 + ...

]
.

It turns out that the CFT corresponding to the case where the operator J has

dimension ∆+ = 2 is in fact the interacting d = 3 O(N) vector model,

S =

∫
d3x

[
1

2
(∂µφ

a)2 +
λ

2N
(φaφa)2

]
.
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The standard approach for obtaining a 1/N expansion[112, 113] is by introducing

an auxiliary field σ(x), where σ = φaφa, and integrating the (now quadratic in φa)

action over the φa fields. Here L is made to be of the form

L =
1

2
∂µφ

a∂µφa + aσ2 + bσ +
1

2
(φaφa)σ =

1

2
∂µφ

a∂µφa +
λ

2N
(φaφa)2

=
1

2
∂µφ

a∂µφa + a

(
σ +

1

2a

(
b+

1

2
(φaφa)

))2

− 1

4a

(
b2 + b(φaφa) +

1

4
(φaφa)2

)
;

matching coefficients one obtains an action that can easily be expanded in terms of

N ,

S =

∫
d3x

[
1

2
(∂µφ

a)2 + σφaφa − N

2λ
σ2

]
,

with interaction term which may be written as λJ2/(2N). When a relevant inter-

action (that is the tachyonic, negative mass squared terms, but nevertheless doesn’t

lead to instability) is included in the interaction, the theory flows from an unstable

UV fixed point with dimension ∆− = 1 to an IR fixed point where J has dimension

∆+ = 2[114].

Note that in this thesis, use will be made of the Collective field theory approach

rather than this standard auxiliary field approach.

There have been numerous validations of the O(N) Vector model - Higher spin

theory conjecture in the form of calculations that were done on both sides of the

duality and found to match with one another. These include the reconstruction of

the bulk [5], the one-loop test of the duality involving the calculation of the O(N)

correction to the Weyl anomaly for even d and to free energy for odd d [4, 4] and the

matching of the three-point function for both ∆ = 1 and ∆ = 2 (which we review

below). These have played no minor role in attracting attention to the duality.

In Ref. [2], it was shown that the tree level three-point functions match. This was

done as follows. Making use of Vasiliev higher spin theory as reviewed in section

1.12.2, it is noted that no explicit Lagrangian is known for the theory, and correlation

functions of boundary operators J(~x) are instead computed using dual bulk fields

near the boundary z → 0. In particular,

〈ϕs(~x0, z → 0)〉φ → zs+1Cs
〈
Js(~x0e

∑
ai
∫
d3~xJi(~x)φi(~x)

〉
CFT
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for some normalisation constant Cs, so that

〈ϕs(~x, z → 0)〉(si;~xi),i=1,...,n−1

〈ϕs(~x, z → 0)〉(s;~x′)
→

Πn−1
i=1 asi
as

〈
Js(~x)Js1(~x1)...Jsn−1(~xn−1)

〉
CFT

〈Js(~x)Js(~x′1)〉CFT
;

the left hand side of this can be calculated using Vasiliev’s equations of motion (up

to normalisation factors). Stripping off polarisation and ~x dependence (Js(~x) ≡
Js(~x, ε) → Js and ~x12 → 0 at the boundary), this will be denoted C(s1, s2; s3) so

that

C(s1, s2; s3) ∼ 〈Js1Js2Js3〉
〈Js1Js2〉

where the two currents Js1 and Js2 were chosen to be sources on the boundary.

The perturbative form of Vasiliev’s equations of motion are given by (writing W =

W0 + Ŵ ),

D0Ŵ = −Ŵ ∗ Ŵ

dZŴ +D0S = −{Ŵ , S}∗

dZS −B ∗Θ = −S ∗ S

D̃0B = −Ŵ ∗B +B ∗ π(Ŵ )

dZB = −S ∗B +B ∗ π(S).

We recall that all of the physical degrees of freedom may be found in Ŵ and B

restricted to zα = ~zα̇ = 0. In particular, making use of a Taylor expansion

Ω = Ŵ
∣∣∣
z=z̄=0

=

∞∑
m,n=0

Ω
(n,m)

α1...αnβ̇1...β̇m
yα1 ...yαn ȳβ̇1 ...ȳβ̇m

B|z=z̄=0 =

∞∑
n,m=0

B
(n,m)

α1...αnβ̇1...β̇m
yα1 ...yαn ȳβ̇1 ...ȳβ̇m ,

one finds that all the spin-s degrees of freedom are found in Ω(s−1+n,s−1−n) for

|n| ≤ s − 1 (where Ω(s−1.s−1) is a symmetric s-tensor field) as well as in B(2s+m,m)

and B(m,2s+m) for m ≥ 0 (where B(2s,0) incorporates up to s space-time derivatives

of Ω(s−1,s−1)). Using the linearised equations of motion for master fields B and

W , the boundary-to-bulk propagators can then be derived. For B, the linearised
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equations of motion are given by

dZB = 0

dB + [wL0 , B]∗ + {e0, B}∗ = 0.

The first says that B(x|y, ȳ) is independent of zα and z̄α̇, and the solution of the

second is given by the scalar boundary-to-bulk propagator

B(0,0) = K(x, z)∆, for ∆ = 1 or ∆ = 2

⇒ Bscalar = Ke−yΣȳ, for ∆ = 1

⇒ B(s) =
∑∞

m=0(−)m (2s)!
m!(2s+m)!z

−s−m (z2y/∂ȳ
)m

zsC(x|y) + c.c.,for ∆ = 1,

where K(x, z) ≡ z
x2+z2 (which is the correct boundary-to-bulk propagator for the

scalar field B(0,0)), Σ = σz − 2z
x2x with x ≡ xµσµ = xiσi + zσz, and

C(x|y) = B|ȳ=0. For ∆ = 2, the scalar field then has the form

C(~x, z) = K2 = z2

(~x2+z2)2 , and the scalar component of the master field B is given by

B∆=2
scalar(x|y, ȳ) =

∞∑
n=0

1

(n!)2

1

zn
(
−z2y/∂ȳ

)n
C(x).

The master field Ŵ is now written as a fluctuation away from the vacuum configu-

ration as follows,

Ŵ (x|y, ȳ, z, z̄) = Ω(x|y, ȳ) +W ′(x|y, ȳ, z, z̄) (1.63)

where Ω = Ŵ
∣∣∣
z=z̄=0

. This obeys the linearised equation

D0Ŵ = 0⇒ D0Ω = −D0W
′ = − D0W

′∣∣
x=z̄=0

.

When this is solved (in light cone coordinates, it is found that the entire boundary-

to-bulk propagator for Ω comes from Ωn
++, given by

Ωn
++ =

2−n−2

(2s− 1)!
zs(x−)s+n

(
yxσ−zxy

)n
∂2s

+

(yxȳ)s−n

x2

Solving for B at second order near the boundary then requires defining a homoge-

neous function in y′α of degree 2s, K(~x, z|y, ∂y′) which is the same as the boundary-

to-bulk propagator for the scalar field when s = 0, but for s > 0 obeys different
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boundary conditions to the boundary-to-bulk propagator of B(2s,0)(~x, z|y). In par-

ticular, the helicity= s part of K, denoted K(s), is given by

K(s)(~x, z|y, λ) = 2−2sz2−s
∫ ∞

0
dt(1 + t)−2s

×
[

(yσa/∂λ)2s

(2s)!

[
−γ(2− 2s)(x2)s−1

2π2|~x|
sin

(
2(s− 1)arctan

|~x|
z

)]]
.

Here,

K∆=1
(0) (~x, z) =

1

2π2

z

~x2 + z2

K∆=2
(0) (~x, z) =

1

π2

z2

(~x2 + z2)2
,

and the 3-point function coefficient C(s1, s2; s) can be computed from

lim
z→0

z−s−1B
(2s,0)
h=s

=

∫
d3~x0dz0

z4
0

K(s) (~x− ~x0, z0|y, ∂y0)

[
− 2z0

s+ 1
J(~x0, z0; ~x1, ~x2|y0)

]
.

In particular, considering the limit where the two sources collide, so that ~δ = ~x2−~x1

is close to zero, and using translational invariance to set ~x1 = 0, the scalar becomes

lim
z→0

z−1B
(0,0)
∆=1(~x, z)→ −δ

−s1−s2−1

π2|~x|2

∫
dz′d3~x′(z′)−2J(~x′.z′; 0.δ̂)

lim
z→0

z−1B
(0,0)
∆=2(~x, z)→ −2δ−s1−s2

π2|~x|4

∫
dz′d3~x′(z′)−1J(~x′.z′; 0.δ̂)

Using their normalisation convention, it is found that

C(s1.s2; 0) = −
√
π

2
Γ

(
s1 + s2 +

1

2

)
C(0, s1; s2) = −

√
π

2
2−s2

Γ(s1 + 1
2)

s2!
, s1 > s2.

For example, for the ∆ = 1 3-point function involving two scalars and one spin-s

current (i.e. C(0, s; 0)), one can deduce that

〈
J0(0)Js̃(~δ;~ε)J0(~x)

〉
→ g

as
C(0, s; 0)

(~δ · ~ε)s

|~x|2δ2s+1
,

δ

|~x|
→ 0, (1.64)
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where as is a normalisation factor and g is the coupling constant of Vasiliev theory,

and where

C(0, s; 0) = −π
1/2

2
Γ

(
s+

1

2

)
up to normalisation factor as which depends only on boundary-to-bulk propagator

(which is at his point undetermined since the normalisation of the 2-point function

is not known). Similarly, for the 3-point function comprising one scalar and two

higher spin currents, one obtains

〈
Js(0;~ε)Js̃(~δ;~ε)J0(~x)

〉
→ g

a0

aaas̃
C(s, s̃; 0)

(~δ · ~ε)s+s̃

|~x|2δ2s+2s̃+1
,

δ

|~x|
→ 0. (1.65)

For the free O(N) vector theory (recalling equation (1.62)), the conserved currents

have got the form

Of (~x; ε) = φi(~x)f
(
εµ,
←−
∂ µ,
−→
∂ µ

)
φi(~x) =

∞∑
s=0

Jµ1...µs(~x)εµ1 ...εµs

where

f
(−→ε ,−→∂ µ,−→∂ µ) ≡ e(u−v)·ε cos

[√
4(u · ε)(v · ε)− 2(u · v)ε2

]
.

From this one can compute 3-point functions; firstly

〈
J0(~x)J0(~x− ~δ)Js(0;~ε)

〉
→ 8N

2sπ−
1
2 Γ
(
s+ 1

2

)
s!|δ|(x2)s+1

[
~ε ·

(
~δ − 2~δ · ~x

x2
~x

)]s
,

whose coefficient may be compared with C(0, s; 0) from equation (1.64), to identify

that the normalised 3-point function coefficients for the free O(N) theory are given

by

C free
00s = N−

1
2 23−sπ−

1
4

√
Γ
(
s+ 1

2

)
s!

.

Secondly

〈
Js1(~x,~ε)Js2(~δ,~ε)J0(0)

〉
~ε·~x=0

→ 8N2s1+s2π−1 Γ
(
s+ 1

2

)
Γ
(
s+ 1

2

)
s1!s2!

(~ε · ~δ)s1+s2

|~x|2s1+2|~δ|2s2+1
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whose coefficient should be similarly be compared with equation (1.65). Further-

more,

lim
z→0

z−s
′−1B

(2s′,0)
h=s (~x, z|y = λ)→ −2s

′−2π
1
2

s′!
Γ

(
s+

1

2

)
(~δ · ~ε)s+s′

(~x2)s′+1δ2s+1
,

from which

C(0, s; s′) = −2−2s′−1π
1
2

s′!
Γ

(
s+

1

2

)
.

Comparing this with〈
Os(0,~ε)Os′(~δ,~ε)O0(~x)

〉
〈O0O0〉

→ gC(s, s′; 0)
(~δ · ~ε)s+s′

(~x2)δ2s+2s′+1
,

and making the association Os = asJs, one finds that the 3-point functions once

again agree given that

as
a0

= 2−ss!.

By comparing this with the free field theory, one obtains explicitly that

a0 =
1√
N
, g = − 16

π
√
N
.

Performing a similar procedure for ∆ = 2, we obtain

C∆=2(0, s; 0) = −π
1
2

2
sΓ

(
s+

1

2

)
,

with corresponding normalised 3-point function in Vasiliev theory given by

C∆=2
00s = g

a′0as
a′0

C∆=2(0, s; 0) = gasC
∆=2(0.s; 0).

where the prime indicates the normalisation constant for the ∆ = 2 case; no prime

indicates values are the same as for the ∆ = 1 case. For C(s, s̃; 0),

∫
d3~x lim

z→0
z−2B

(0,0)
∆=2(~x, z) = −π

5
2

(
Γ(s+ s̃+

1

2

)
(~δ · ~ε)s+s̃

δ2s+2s̃+1
,
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which, together with the normalisation factor g asas̃
a′0

, gives the desired 3-point func-

tion in Vasiliev theory,

∫
d3~x

〈
Js(~δ,~ε)Js̃(0,~ε)J

′
0(~x)

〉
〈J ′0J ′0〉

= g
a′0
asas̃

∫
d3~x lim

z→0
z−2B

(0,0)
∆=2(~x, z).

We see that Giombi and Yin provided some remarkable evidence for the duality

conjectured by Klebanov and Polyakov, that the free 3d O(N) vector model is dual

to type A minimal Vasiliev higher spin gauge theory with ∆ = 1, while the critical

3d O(N) vector model is dual to type A minimal Vasiliev Higher spin theory with

scalar having ∆ = 2. This will be one of the main themes in this thesis.

1.14 Holographic duality for the IR fixed point follows

from that of the UV fixed point

On the surface it is surprising that there exists an holographic duality between

critical 3d O(N) vector models and type A minimal Vasiliev Higher spin theory

with scalar having ∆ = 2 (that is, for the interacting IR fixed point case) since the

higher symmetry in the bulk is broken through loop effects. The simplest example

to show that this happens at leading order in 1/N (noting that the O(N) vector

model has only even spin currents) is for the three point function involving spins

4,2 and 0[115]. Computing the three-point function with null polarisation vectors ε1

and ε2 in momentum space gives the following result for the free theory (calculated

using the U(N) version for simplicity):〈
J (0) (−p1 − p2) J (3) (p1, ε1) J (1) (p2, ε2)

〉
=∫

d3q
ε2 · (2q + p2) f3 (ε1 · q, ε1 · (p1 − q))

q2 (q − p1)2 (q + p2)2 .

The equivalent value in the critical theory is obtained by multiplying the free theory

value by −|p1 + p2|. Now, while the divergence of the spin 3 current J (3)(p1) in

the free case is composed of two analytic terms, when we obtain the critical theory

values (by once again multiplying by −|p1 + p2|, one of the terms turns out to be

non-analytic.
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The duality at criticality, however, actually follows from the ∆ = 1 case (for the

free UV fixed point case). In particular, Refs. [114] and [116] showed that at large

N , the generating functional of the correlators at the UV and IR fixed point are

related by a Legendre transformation. In Ref. [114], it was conveyed that in moving

between a given bulk and boundary condition, there is a switching of the dimension

of the operator from λ to d− λ, similar to Liouville theory and results from the old

matrix model where a suitable double trace interaction reversed the ‘gravitational

dressing’ of the interaction. This was done by finding the expected value of

exp
(
−N2W

)
= exp

(
−N2

∫
dnxf(x)g(Oi)

)
.

where g(Oi) denotes that this procedure works for general functions of a series of

operators (we denote by βi the expectation of Oi with dimension λ in the boundary

CFT). The expected value (i.e. the boundary functional) is found by replacing Oi
throughout by βi to obtain the so-called ‘multitrace boundary interaction’ W ≡
E(x, β, dβ, ...). The boundary condition may be stated as αi = δW

δβi
, so that αi are

related to the source of the operators. Now note that the near-boundary behaviour

of two scalar fields φ1 and φ2 (with equal mass squared) in D = d + 1-dimensional

AdS space is given by

φi ∼ αi(x)rd−λ + βi(x)rλ..

For d/2 − 1 < λ < d/2, two methods of quantisation is possible, where the scalar

fields are related to primary operators of dimension either λ or d − λ. Considering

a marginal operator fO1O2, one may one the first method to the first scalar field,

and the second method to the second scalar field, so that

φ1 ∼ α1(x)rd−λ + β1(x)rλ

φ2 ∼ β′2(x)rd−λ + α′2(x)rλ,

with boundary conditions α1 = fβ′2 and α′2 = fβ1. There is a f → 1/f symmetry

which gives rise to a φ1 ↔ φ2 symmetry, so that the value of f , while not changing the

physics, defines which scalar field is related to the operator of dimension λ and which

to the operator of dimension d − λ. Importantly, note that for d/2 − 1 < λ < d/2

and φ ∼ αrd−λ + βrλ, we could perturb a theory with boundary condition α = 0
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with relevant perturbation W = g
2β

2 so that the boundary condition is α = gβ.

Then as g →∞, the boundary condition condition β = 0 is approached, suitable for

the quantisation of a field of dimension d − λ. (Note that in the reverse direction,

the perturbation W = g
2α

2 would be irrelevant.) Thus, the renormalisation group

flow leads from one quantisation method to the other. This was expanded upon

in Ref. [117], resulting in ‘an improved correspondence formula for AdS/CFT with

multi-trace’. Furthermore, the generating functionals of the correlation functions

are related to each other by a Legendre transform[118].

Ref. [119] applied Witten’s prescription as set out in the previous paragraph to fields

φa in AdS with a mostly positive metric. The classical action that was considered

was

S =
1

2κ2

∫
dd+1z

√
g (R− Λ0) +

∫
dd+1z

√
g

(
−1

2
(∂φ)2 − 1

2
m2φ2

)
.

A key point investigated here was the concept that an RG flow should ‘interpo-

late’ between the UV ∆− theory and the IR ∆+ theory - the idea of a line of RG

fixed points. The focus, however, was not on the full interpolating solution but on

properties of the AdS endpoints and the central charges of the CFTs dual to these

endpoints. The one-loop scalar correction to the gravitational Lagrangian is

−√g−1δL = V (z;m2, f) = − i
2

trlog(−�+m2)

Making use of the Breitenlohner-Freedman bound (the smallest mass with normal-

isable modes in AdS) one can then find the difference in V when f = 0 and when

f =∞ (corresponding to the change in central charge as one flows from the UV to

the IR. To do this, making it possible for the change in one-loop self-energy between

the UV and IR endpoints of an holographic RG flow to be evaluated.

Meanwhile, Ref. [116] tackled the question from the field theory side. In the unde-

formed (UV) CFT,

〈O(x)O(0)〉 =
1

x2∆
,

and we assume a suppression of higher point functions ofO. To trigger an RG flow we

include a relevant deformation f
2O

2; using a Hubbard-Stratonovich transformation
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(involving the introduction of an auxiliary field σ)we have

Zf [J ] =
〈
e−
∫ f

2
O2+

∫
JO
〉

0
=

√
det

(
− 1

f
1

)∫
Dσ
〈
e
∫ (

1
2f
σ2+σO+JO

)〉
0

.

Indeed, the correlator in the IR is found to be 〈O(x)O(0)〉f ∝
1

x2(d−∆) for x >>

f−
1

d−2∆ . Defining W to be the generating function of correlators in the UV CFT

and with some rescaling and discarding of surface terms, one can write

Zf ∼
∫
Dσ̃eW+

∫
σ̃J̃ .

In the planar limit (using a saddle point approximation), one is able to realise

the Legendre transformation between the IR generating functional and UV one,

J̃ = − δW
δσ̃ , and conversely. The difference in central charges then emerges using the

following calculation,

cIR − cUV =
1

d
R
∂

∂R
(Wf [R]−W0[R]) ,

where Wf [R] ≡ logZf
[
J = 0, SdR

]
, with Zf [J = 0, SdR] being the partition function

of the CFT on the SdR sphere deformed by
∫ f

2O
2. Without going too much into the

mathematical detail which involves zeta-functions and various polynomials, one can

write

Wf [R] = −1

2
(V1 + V2).

For d even there is good agreement with the results in Ref. [119], for example the

gravity (AdS5) result was that

c+ − c−
c−

=
κ2

5

120π2L3

[
(∆− − 2)3

3
− (∆− − 2)5

5

]
,

and for the CFT result it was found that the total anomalous part of V2 to order

(∆− 2)5 was

1

6
log (RΛ)

(
(∆− 2)3

3
− (∆− 2)5

5

)
.

The above discussion shows indeed that the ∆ = 2 duality is a direct result of the

∆ = 1 duality to leading order.
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Ref. [115] then extended the above results to all orders in 1/N . In particular, if it

holds for the free O(N) theory that bulk tree level diagrams reproduce the correct n-

point functions and all loop corrections cancel with the boundary condition, then the

theory with the ∆ = 2 boundary condition has a UV finite perturbative expansion

that matches order by order with the 1/N expansion of the critical O(N) vector

model. This was done by finding the difference between critical and free n-point

correlators, where a scalar operator of dimension 2 (α was included to allow for the

building of loops. The relation

G∆=2

(
q; z, z′

)
−G∆=2

(
q; z, z′

)
= −|q|K∆=1 (q; z)K∆=1

(
−q; z′

)
= − 1

|q|
K∆=2(q; z)K∆=2(−q; z′)

is used, where K∆(q; z) is the Fourier transform of the boundary to bulk propagator

which obeys the correct relation between correlators of the free and critical O(N)

vector models,

K∆=2(q; z) = −|q|K∆=1(q; z),

and G∆(x, x′) is the Fourier transform of the bulk scalar propagator. The relation

can be shown quite beautifully using Witten diagrams, as a cutting of bulk n-point

functions. The ultimate result here is that the perturbative expansion of the theory

with ∆ = 2 boundary condition matches the 1/N expansion of the critical O(N)

vector model order by order. Furthermore, the higher spin symmetry breaking

caused by the ∆ = 2 boundary condition is controlled by the bulk coupling constant

1/N , with anomalous dimensions of boundary higher spin currents being suppressed

by 1/N .

1.15 Aim of the Thesis

One of the ‘easiest’ ways of probing the AdS/CFT correspondence is the duality

conjectured by Klebanov and Polyakov[1] between free/critical O(N) vector models

in d = 2 + 1 dimensions and higher spin theories, where gauge invariant operators

φa∂(µ1
...∂µs)φ

a are dual to a tower of massless higher spin fields[111] (for example,

see table 1.4). In this duality, the free 3d O(N) vector model is dual to type A
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minimal Vasiliev higher spin gauge theory with ∆ = 1 and the critical 3d O(N)

vector model is dual to type A minimal Vasiliev Higher spin theory with scalar

having ∆ = 2[1, 4]. In particular, it was claimed that when a relevant interaction is

present, the theory flows from an unstable UV fixed point with a dimension ∆ = 1

scalar at the boundary to an IR fixed point where ∆ = 2.

Remarkable evidence for Klebanov and Polyakov’s O(N) vector model / higher spin

theory conjecture has come in the form of the reconstruction of the bulk [5], the one-

loop test of the duality involving the calculation of the O(N) correction to the Weyl

anomaly for even d and to free energy for odd d and the matching of the three-point

function for both ∆ = 1 and ∆ = 2[4, 2]. Furthermore, Refs. [115, 114, 116] show

how using a Legendre transformation the ∆ = 2 duality follows from the ∆ = 1

duality. In Ref. [1], the standard auxilliary field approach is used to obtain the

1/N expansion (and take N large). In this thesis we will instead make use of the

Collective field theory approach, where bilocals are used to encode the invariance of

the theory explicitly. It is then the invariant variables which are described by the

Collective field theory[8].

In Ref. [7], the three-dimensional O(N) invariant bosonic model with λ
N (φaφa)2

interaction was studied at its infrared fixed point. This was done making use of a

bilocal field approach, in a 1/N expansion. At the critical point / infrared fixed

point, a state was indeed identified to correspond to a ∆ = 2 scalar state and the

∆ = 1 state was found to vanish from the spectrum in agreement with Polyakov and

Klebanov.

In this thesis, we build on the constructive approach which has been developed

in Refs. [5, 9, 10] in both the light-cone gauge and the temporal gauge for the

free theory, in which an explicit map between the conformal field theory in d =

2 + 1 dimensions and the higher spin theory in AdS4 × S1 was established. In the

Hamiltonian approach, the 1 + 2 + 2 = 5 coordinates of the equal time bilocals map

(in phase space) to the coordinates of AdS4 × S1. In this thesis, the chief aim is to

investigate the applicability of this map to the interacting theory [120] and to make

contact with the work in Ref. [7].

We will use the Hamiltonian approach in a time like gauge[121]. The quartic interac-

tion contributes linearly in the bilocal field fluctuation equations, and the spectrum
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problem is then that of a potential scattering problem. The scattering state solutions

take a universal form at the critical point.

In order to obtain the bulk description of these boundary scattering states, we de-

velop a first principles approach consisting of a simple change of variables from

bilocal momenta to bulk momenta, as dictated by the map, but requiring a field

redefinition in defining the bulk higher spin field. Remarkably, it will then be shown

that the s = 0 state (equivalent to ∆ = s + 1 = 1 state) is precisely removed from

the bulk higher spin field, which is equivalent to the observation found in Ref. [7],

by studying correlators and the spectrum on the boundary.

The equivalence of this approach to that developed in Ref. [10] then has to be

established. This is indeed done by showing that the conformal algebra, in bulk

coordinates, both at the free and interacting critical point, agrees with that obtained

previously in Ref. [10].

I have endeavoured to make this PhD thesis as self-contained as possible, ensuring

adequate explanations are provided where necessary, without sacrificing elegance

and conciseness of the arguments, in the spirit of Einstein’s comment,“Everything

should be made as simple as possible, but no simpler.”
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Chapter 2

Collective Field Theory

In this thesis, the Collective field theory approach[8] is the approach taken in de-

scribing the large N limit of O(N) invariant vector theories. The Collective field

theory approach re-expresses these theories directly in terms of bilocal fields which

encode the invariance explicitly.

Collective field theory is based on a non-trivial change of variables from the original

variables of a theory to the set of invariant variables appropriate to the description of

the theory’s large N limit, which thereby reduces the number of degrees of freedom

for the theory. Below is an overview of this method, which uses the Hamiltonian of

the system to obtain an expression for the Jacobian.

2.1 General Method

A change of variables is performed in a Hilbert space, from original variables xa

to invariant variables φα (where Greek letters α, β etc. are used to label these

invariant variables). The kinetic energy portion of the Hamiltonian is proportional

to ∇2 which can be written as follows using the chain rule:

∇2 = ωα∂α + Ωαβ∂α∂β (2.1)

∂α ≡ ∂
∂φα

ωα =
∑N

a=1
∂2φα
∂(xa)2
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Ωαβ =
∑N

a=1
∂φα
∂xa

∂φβ
∂xa . The inner product is invariant in Hilbert space and so∫

ψ∗ (x)ψ (x) =

∫
JΦ∗ (φ) Φ (φ)∫

ψ∗ (x) ∂αψ (x) =

∫
JΦ∗ (φ) ∂αΦ (φ) ,

where J is the Jacobian of the transformation. Equivalently, we could absorb the

transformation into the individual wavefunctions and so obtain∫
ψ∗ (x)ψ (x) =

∫
J

1
2 Φ∗ (φ) J

1
2 Φ (φ)∫

ψ∗ (x) ∂αψ (x) =

∫
J

1
2 Φ∗ (φ)

(
J

1
2∂αJ

− 1
2

)
J

1
2 Φ (φ) .

Hence

∂αf → J
1
2∂αJ

− 1
2 f = J

1
2

(
J−

1
2∂α −

1

2
J−

3
2∂αJ

)
f =

(
∂α −

1

2
∂α ln J

)
f

⇒ ∂α → ∂α −
1

2
∂α ln J. (2.2)

Using (2.2) in (2.1) results in,

∇2 = Ωαβ

(
∂α −

1

2
∂α ln J

)(
∂β −

1

2
∂β ln J

)
+ ωα

(
∂α −

1

2
∂α ln J

)
= Ωαβ∂α∂β −

1

2
Ωαβ∂α (∂β ln J)− 1

2
Ωαβ (∂α ln J) ∂β

+
1

4
Ωαβ (∂α ln J) (∂β ln J) + ωα∂α −

1

2
ωα (∂α ln J)

= ∂αΩαβ∂β − (∂αΩαβ) ∂β −
1

2
Ωαβ (∂α∂β ln J)− 1

2
Ωαβ (∂β ln J) ∂α

−1

2
Ωαβ (∂α ln J) ∂β +

1

4
(∂α ln J) Ωαβ (∂β ln J) + ωα∂α

−1

2
ωα (∂α ln J)

= ∂αΩαβ∂β − (∂αΩαβ) ∂β − Ωαβ (∂α ln J) ∂β −
1

2
Ωαβ (∂α∂β ln J)

+
1

4
(∂α ln J) Ωαβ (∂β ln J) + ωβ∂β −

1

2
ωα (∂α ln J) , (2.3)

where the last step was possible because Ωαβ is symmetric. Now since kinetic energy

is an observable, its operator must be explicitly hermitian and hence (2.3) must be

hermitian. Operators linear in a derivative must be accompanied by the imaginery

i to be hermitian (for example the momentum operator) unlike scalar terms and
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terms quadratic in the derivative. Hence the real terms linear in ∂β in (2.3) must

be set to zero, forming an important constraint which can be written in two useful

forms due to the symmetry of Ωαβ,

∂αΩαβ = ωβ − Ωαβ (∂α ln J) (2.4)

Ωαβ (∂β ln J) = ωα − ∂βΩαβ. (2.5)

Hence (2.1) becomes

∇2 = −1

2
ωα (∂α ln J)− 1

2
Ωαβ (∂α∂β ln J)

+

[
∂αΩαβ∂β +

1

4
(∂α ln J) Ωαβ (∂β ln J)

]
. (2.6)

Now, using equations (2.4) and (2.5) the first line in equation (2.6) simplifies to

∇2
(1) = −1

2
ωβ (∂β ln J)− 1

2
∂α (Ωαβ∂β ln J) +

1

2
(∂αΩαβ) (∂β ln J)

= −1

2
[ωβ − (∂αΩαβ)] (∂β ln J)− 1

2
∂α (Ωαβ∂β ln J)

= −1

2
[Ωαβ (∂α ln J)] (∂β ln J)− 1

2
∂α (ωα − ∂βΩαβ) .

Hence, combining with the second line in equation (2.6) results in

∇2 = ∂αΩαβ∂β −
1

4
(∂α ln J) Ωαβ (∂β ln J)− 1

2
∂αωα +

1

2
∂α∂βΩαβ

⇒ 1

2
∇2 =

1

2
∂αΩαβ∂β −

1

8
(∂α ln J) Ωαβ (∂β ln J)− 1

4
∂αωα +

1

4
∂α∂βΩαβ. (2.7)

Note that the standard way for writing the term 1
8 (∂α ln J) Ωαβ (∂β ln J) in the

literature (for example see [122]) is 1
8ωαΩ−1

αβωβ; to leading order these two terms are

equivalent by making use of equation 2.4. (For this thesis we only need the first

two terms of equation (2.7), so we are further at liberty to write it as above, which

avoids the need to invert Ωαβ. The first of these is a kinetic energy term, and the

second contributes to the effective potential.) Except for the derivative terms, it is

evident that this expression should be incorporated with the potential to give rise

to an effective potential, necessary in determining the ground state (for an example

of this, see Ref. [123]).
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2.2 O(N) Hamiltonian

We obtain an expression for the Jacobian of an O(N) uncharged bosonic scalar field

using the Collective field theory method, and that of the Collective field Hamiltonian.

We follow Refs. [124, 125] with the addition of flavour indices α, β for a change of

variables

φaα(x)→ σαβ(x, y) = φaα(x)φaβ(y),

where x is a d-dimensional parameter and a=1,2,...,N. It is useful to define an upper

triangular matrix Φαβ(x, y) where

σαβ(x, y) = Φαβ(x, y) for α ≥ β

Φβα(y, x) for α < β. (2.8)

and similarly for x, y indices. We will be making use of equation (2.4)

∂α̃Ωα̃β̃ = ωβ̃ − Ωα̃β̃ (∂α̃ ln J)

where (with δaa = N for colour indices and δαα = m for flavour indices)1,

ωα̃ ≡
∫

ddz
δ2

δφaδ (z) δφaδ (z)
σαβ (x, y)

=

∫
ddz

δ

δφaδ (z)

(
δαδφ

a
β(y)δd(x− z) + δβδφ

a
α(x)δd(z − y)

)
=

∫
ddz

(
Nδαδδβδδ

d(x− z)δd(z − y) +Nδαδδβδδ
d(y − z)δd(z − x)

)
= 2Nδαβδ

d (x− y) (2.9)

Ωα̃β̃ ≡
∫

ddz
δ

δφaδ (z)
σαβ (x, y)

δ

δφaδ (z)
σα′β′

(
x′, y′

)
=

∫
ddz

[(
δαδφ

a
β(y)δd(x− z) + δβδφ

a
α(x)δd(y − z)

)
(
δα′δφ

a
β′(y

′)δd(x′ − z) + δβ′δφ
a
α′(x

′)δd(z − y′)
)]

=
[
σαα′(x, x

′)δββ′δ
d(y − y′) + σαβ′(x, y

′)δβα′δ
d(y − x′)

+σβα′(y, x
′)δαβ′δ

d(x− y′) + σββ′(y, y
′)δαα′δ

d(x− x′)
]
. (2.10)

1Here we change labels α to α̃ to convey that these labels now represent both space-time and
flavour degrees of freedom.
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Finding derivatives with respect to Φαβ(x, y) will then single out only the upper

triangular copy of variables, as follows:

∂β̃Ωα̃β̃ =

∫
x′>y′

ddx′ddy′
δ

δΦα′β′ (x′, y′)[
σαα′(x, x

′)δββ′δ
d(y − y′) + σαβ′(x, y

′)δβα′δ
d(y − x′)

+σβα′(y, x
′)δαβ′δ

d(x− y′) + σββ′(y, y
′)δαα′δ

d(x− x′)
]

=

∫
ddx′

∫
ddy′

[
δαα′δβ′α′δββ′δ

d(x− x′)δd(x′ − y′)δd(y − y′)

+δαα′δβ′β′δβα′δ
d(x− x′)δd(y′ − y′)δd(y − x′)

+δβα′δβ′α′δαβ′δ
d(y − x′)δd(x′ − y′)δd(x− y′)

+δβα′δβ′β′δαα′δ
d(y − x′)δd(y′ − y′)δd(x− x′)

= 2(mδd(0)Ld + 1)δαβδ
d(x− y)

Furthermore,

Ωα̃β̃

(
∂β̃ ln J

)
=

∫
x′>y′

ddx′ddy′
[
σαα′(x, x

′)δββ′δ
d(y − y′) + σαβ′(x, y

′)δβα′δ
d(y − x′)

+σβα′(y, x
′)δαβ′δ

d(x− y′) + σββ′(y, y
′)δαα′δ

d(x− x′)
] δ

δΦα′β′ (x′, y′)
lnJ

=

(∫
ddx′σαα′(x, x

′)
δ

δΦα′β (x′, y)
+

∫
ddy′σαβ′(x, y

′)
δ

δΦββ′ (y, y′)

+

∫
ddx′σβα′(y, x

′)
δ

δΦ (x′, x)
+ σββ′(y, y

′)
δ

δΦαβ′ (x, y′)

)
lnJ

= 4

∫
ddzσαγ(x, z)

δlnJ

δΦβγ (y, z)
.

And therefore equation (2.4) becomes

Nδαβδ
d (x− y) − (mδd(0)Ld + 1)δαβδ

d(x− y) = 2

∫
ddzσαγ(x, z)

δlnJ

δΦβγ (y, z)

. (2.11)

Now note that

Ωα̃β̃∂β̃ ln det(σ) =

∫
x′>y′

Ω
δ

δΦα′β′(x′, y′)
ln det(σ)
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=

(∫
ddzσαδ(x, z)

δ

δΦδβ (z, y)
+

∫
ddzσαδ(x, z)

δ

δΦβδ (y, z)

+

∫
ddzσβδ(y, z)

δ

δΦδα (z, x)
+ σβδ(y, z)

δ

δΦαδ (x, z)

)
ln det(σ)

=

(∫
ddzσαδ(x, z)σ

−1
βδ (y, z) +

∫
ddzσαδ(x, z)σ

−1
δβ (z, y)

+

∫
ddzσβδ(y, z)σ

−1
δα (z, x) + σβδ(y, z)σ

−1
δα (z, x)

)
= 4δd(x− y)δαβ (2.12)

where we have used the symmetry of σ. Hence

lnJ = 1
2

[
N −

(
mLdδd(0) + 1

)]
ln det(σ) = 1

2

[
N −

(
mLdδd(0) + 1

)]
tr ln(σ).

(2.13)

This result is consistent with both Ref. [124] as well as the author’s MSc dissertation.

We can now obtain the Hamiltonian (with flavour indices now omitted) as follows

∂αΩαβ∂β =

∫
dx

∫
x<y

dy
∂

∂Φ(x, y)

(∫
ddzσ(x, z)

δ

δΦ (z, y)
+

∫
ddzσ(x, z)

δ

δΦ (y, z)

+

∫
ddzσ(y, z)

δ

δΦ (z, x)
+ σ(y, z)

δ

δΦ (x, z)

)
= 4

∫
dx

∫
z<y<x

dydz
∂

∂Φ(y, x)
σ(x, z)

δ

δΦ (z, y)

= 4Tr
∂

∂Φ
σ
∂

∂Φ

Furthermore,

(∂α ln J) Ωαβ (∂β ln J) =

∫
dx

∫
dy

(
∂

∂Φ(x, y)

1

2

(
N − (δd(0)Ld + 1)

)
ln detσ

)
(

2N − 2(δd(0)Ld + 1)
)
δd(x− y)

=

∫
dx

∫
dy
(
N − (δd(0)Ld + 1)

)2
σ−1(y, x)δd(x− y)

→ N2Tr(σ−1)
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and the kinetic energy from equation (2.7), where ω ∼ N , Ω ∼ 1 and ln J ∼ N ,

becomes

K = −1

2
∂αΩαβ∂β +

1

8
Ωαβ (∂α ln J) (∂β ln J) (2.14)

= −2Tr
∂

∂Φ
σ
∂

∂Φ
+
N2

8
Tr(σ−1)

→ 2

N
TrΠσΠ +

N

8
Tr(σ−1),

where Πxy = −i δ
δΦ(xy) and σ → Nσ. For the following Lagrangian

L =
1

2
∂µφ

a∂µφa − 1

2
m2φaφa − g

4!
(φaφa)2

the Hamiltonian density may be written as

H =
1

2
∂µφ

a∂µφa +
1

2
m2φaφa +

g

4!
(φaφa)2 ,

so this contribution to the Hamiltonian may be written in terms of bilocals as follows

H = −1

2

∫
dx

∫
dyδ(x− y)∂2

yσxy +
1

2

∫
dxm2σxx +

g

4!

∫
dxσ2

xx

→ N

(
−1

2

∫
dx

∫
dyδ(x− y)∂2

yσxy +
1

2

∫
dxm2σxx +

λ

4!

∫
dxσ2

xx

)
where λ = gN is the t’Hooft coupling. The complete Hamiltonian is then given by

H =
2

N
TrΠψΠ +

N

8
Tr(ψ−1)

+N

∫
dd−1~x

(
−1

2
lim
~x→~y

∂2
~yψ~x~y +

1

2
m2ψ~x~x +

λ

4!
ψ2
~x~x

)
. (2.15)

Here we note that as N → ∞, fluctuations about the saddle point of the effec-

tive potential are suppressed. In this formalism, the large N configuration is the

semiclassical approximation determined by the effective potential.
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2.3 O(N) Path Integral

Here we follows what was done in Ref. [125]. The Schwinger-Dyson equations for

an uncharged bosonic scalar field are defined as follows:∫
Dφ

δ

δφaβ(y)

[
φaα(x)F [σ]eiS

]
= 0

=

∫
Dσ

∫
ddz

∫
x′<y′

ddx′ddy′[
δ

δΦα′β′ (x′, y′)

(
σαα′(x, x

′)δd(y − y′) + σαβ′(x, y
′)δd(y − x′)

)]
JF [σ]eiS .

+

∫
Dσ

∫
ddz

∫
ddz

(
σαγ(x, z)

δ

δΦγβ (z, y)
+ σαγ(x, z)

δ

δΦβγ (y, z)

)[
JF [σ]eiS

]
.

(2.16)

Using the chain rule we have

δ

δφaβ(y)
≡

∫
ddz

∫
ddx

δσγα (z, x)

δφaβ (y)

δ

δΦγα (z, x)

=

∫
ddz

∫
ddx

(
δβγδ

d(y − z)φaα(x) + δβαδ
d(x− y)φaγ(z)

) δ

δΦγα (z, x)

=

∫
ddxφaα(x)

δ

δΦβα (y, x)
+

∫
ddzφaγ(z)

δ

δΦγβ (z, y)

= 2

∫
ddzφaγ(z)

δ

δΦβγ (y, z)
. (2.17)

Substituting equation (2.17) into equation (2.16), finding expectation values for the

Schwinger-Dyson equations, and making the necessary cancellations, we obtain

Nδαβδ
d(x− y) =

∫
ddz

(
mLdδd(0) + 1

)
δαβδ

d(x− y) + 2

∫
ddzσαγ(y, z)

δlnJ

δΦβγ(y, z)

in other words, the same solution as was found in equation (2.11) using the Collective

Field Theory, for which the Jacobian once again is given by (see equation (2.13))

lnJ = 1
2

[
N −

(
mLdδd(0) + 1

)]
ln det(σ) = 1

2

[
N −

(
mLdδd(0) + 1

)]
tr ln(σ),

the leading term of which is

ln J =
1

2
N ln detσ =

N

2
tr lnσ. (2.18)
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Note that this has the same functional form as for the Hamiltonian formalism, but

with the time coordinate included.
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Chapter 3

Large N infrared fixed point of

3− d O(N) invariant vector

theory - a bilocal boundary

study

Here we review some of the results in Refs. [7, 126], where the system is studied as

a d = 2 + 1 dimensional conformal field theory, using bilocal fields. The emphasis

in this thesis will be on the Hamiltonian (single time) formalism; for d = 2 + 1

dimensions in this formalism, bilocal fields have 2 + 2 + 1 = 5 degrees of freedom,

which is the same as the number of degrees of freedom as AdS4 × S1[8]. In Refs.

[5, 9], explicit maps were constructed, which will be discussed in detail at a later

stage. Considering two-dimensional vectors ~x1 and ~x2, O(N) singlet sector equal-

time (Hamiltonian formalism) bilocals are given by

ψ ~x1 ~x2
=

N∑
a=1

φa (t, ~x1)φa (t, ~x2) . (3.1)

We will compare the Collective field Hamiltonian approach which we focus on in this

thesis with that of the Lagrangian (two-time) covariant formalism in which most of

the literature is given. Bilocals in the Lagrangian covariant formalism have 3+3 = 6
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degrees of freedom. Bilocals here are given by

ψx1x2 =
N∑
a=1

φa (x1)φa (x2) . (3.2)

Note that we differentiate notationally between ~x which has only spatial coordinates,

and x ≡ xµ, which is a contravariant vector and thus has both spatial and temporal

coordinates.

3.1 Non-linear sigma model

As highlighted before, the approach taken in this thesis is the Hamiltonian/Collective

field theory approach. In this section, however, we will obtain expressions for the

∆ = 1 and ∆ = 2 propagators using the standard auxiliary field theory approach,

which we will compare later with those found, first using covariant bilocals, and then

using the Hamiltonian/Collective field theory approach; these will be shown to be

identical.

At the IR fixed point, the standard way for treating the critical O(N) vector model

is by describing it using a non-linear sigma model. This non-linear sigma model has

a bilocal description which can be written in Euclidean signature as

S = N

∫
ddx

(
1

2
∂µ~S∂µ~S +

α(x)

2

(
~S(x) · ~S(x)− 1

λ

))
.

Covariant bilocals are given by

ψxy = ~S(x) · ~S(y).

The leading term of log of the Jacobian for non-charged bosonic fields was found in

equation (2.13) to be

logJ =
N

2
Trlogψ
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Hence, in the large-N limit, the O(N) vector-model at its infra-red critical point is

described by a non-linear sigma model with an effective action

Seff = N

[
−1

2
Trlnψ +

∫
ddx

(
−1

2
lim
y→x

∂2ψxy +
1

2
αxψxx −

1

2λ
αx

)]
.

where αx = α is constant-valued at the saddle point / leading large N configura-

tion and
∫
ddxαx is a multiplicative volume which factors out. Using the large N

translational invariant ansatz

ψxy =

∫
ddk

(2π)d
eik(x−y)ψk, ,

a saddle point analysis leads to

0 = −1

2
ψ−1
k +

k2

2
+
α

2

⇒ ψ0
k =

1

k2 + α

⇒ ψxy =

∫
ddk

(2π)d
eik(x−y)

k2 + α
.

Varying the effective action with respect to α, yields the gap equation∫
d3k

(2π)3

1

k2 + α
=

1

λ
;
√
α = −4π

λ
.

The bilocals at the conformal fixed point (α→ 0, equivalently at the infrared fixed

point, where λ→∞) are given by

ψ0
k =

1

k2
.

The 1/N corrections about this large-N background are

αx = 0 +
1√
N
α̃(x); ψxy = ψ0

xy +
1√
N
ηxy.

Substituting these into the effective action

Seff = N

[
−1

2
Trlnψ +

∫
ddx

(
−1

2 lim
y→x

∂2ψxy +
1

2
αxψxx −

1

2λ
αx

)]
→ N

[
−1

2
Trln

(
ψ0 +

1√
N
η

)
+

∫
ddx

(
−1

2 lim
y→x

∂2

(
ψ0
xy +

1√
N
ηxy

)
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+
1

2

1√
N
α̃(x)

(
ψ0
xy +

1√
N
ηxy

)
x=y

− 1

2λ

1√
N
α̃(x)

)]
.

It is clear that the quadratic part of Seff , for which the factors of N cancel come

from the first and third terms:

Seff = N

[
−1

2
Trlnψ0

(
1 +

1√
N

(
ψ0
)−1

η

)
+

1

2

∫
ddx

1√
N
α̃(x)

(
ψ0
xy +

1√
N
ηxy

)
x=y

]
,

so that the quadratic part of the action is given by

S2
eff =

1

4
Tr
(
ψ−1

0 ηψ−1
0 η

)
+

1

2
Tr (α̃η)

Applying a shift η̃ = (ψ0α̃ψ0) + η to decouple the η and α̃ terms, this becomes

S2
eff =

1

4
Tr
(
ψ−1

0 (− (ψ0α̃ψ0) + η̃)ψ−1
0 (− (ψ0α̃ψ0) + η̃)

)
+

1

2
Tr (α̃ ((−ψ0α̃ψ0) + η̃))

=
1

4
Tr
(
α̃ψ0α̃ψ0 − ψ−1

0 η̃α̃ψ0 − α̃η̃ + ψ−1
0 η̃ψ−1

0 η̃
)

+
1

2
Tr (−α̃ψ0α̃ψ0 + α̃η̃)

=
1

4
Tr
(
ψ−1

0 η̃ψ−1
0 η̃

)
− 1

4
Tr (α̃ψ0α̃ψ0)

≡ 1

4

∫
ddxddyddzddw (ψ0)−1

xy η̃yz (ψ0)−1
zw η̃wx −

1

4

∫
ddxddyα̃xψ0xyα̃yψ0yx (3.3)

we that we obtain the quadratic effective action which may be schematically written

as,

S
(2)
eff =

1

4
Tr
(
ψ−1

0 η̃ψ−1
0 η̃

)
− 1

4
Tr (α̃ψ0α̃ψ0) .

In momentum space,

η̃xy =

∫
ddk1

(2π)d/2

∫
ddk2

(2π)d/2
eik1xeik2yη̃k1k2

α̃x =

∫
ddk

(2π)d/2
eikxα̃k.

Hence, the first term in equation (3.3) becomes

S21
eff =

1

4

∫
ddk1

(2π)d/2

∫
ddk2

(2π)d/2

∫
ddk3

(2π)d/2

∫
ddk4

(2π)d/2

∫
ddp1

(2π)d

∫
ddp2

(2π)d
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(ψ0)−1
p1
η̃k1k2 (ψ0)−1

p2
η̃k3k4

∫
ddxddyddzddw

eip1(x−y)eik1yeik2zeip2(z−w)eik3weik4x

=

∫
ddk1

∫
ddk2 (ψ0)−1

k1
η̃k1k2 (ψ0)−1

−k2
η̃−k2−k1

and similarly for the second term, and therefore the quadratic effective action for

d = 3 is given by,

S
(2)
eff =

1

4

∫
d3k1

∫
d3k2η̃k1k2k

2
1k

2
2 η̃−k2,−k1

−1

4

∫
d3k1α̃k1

 1

8
∣∣∣~k1

∣∣∣
 α̃−k1 .

From this action, the propagators are read off to be the following,

〈η̃k1k2 η̃k3k4〉 =
2

k2
1k

2
2

δ(k1 + p1)δ(k2 + p2) (3.4)

〈α̃k1α̃k2〉 = −16|k1|δ(k1 + k2). (3.5)

In coordinate space these are given by

〈ηx1x2ηx3x4〉 = 2

∫
ddk1

(2π)d
eik1(x1−x4)

k2
1

∫
ddk2

(2π)d
eik2(x2−x3)

k2
2

=

∫
ddk1

(2π)d
eik1(x1−x4)

k2
1

∫
ddk2

(2π)d
eik2(x2−x3)

k2
2

+ (x3 ↔ x4) .

In equation (B.6) we show that

∫
d3p

(2π)3

1

(p2)1
eipx =

π3/2

(2π)3Γ(1)

Γ(1/2)

(x2/4)1/2
=

1

4π|x|

so that

〈ηx1x2ηx3x4〉 =

(
1

4π

)2
(

1(
x2

13

)1/2 1(
x2

24

)1/2 +
1(

x2
14

)1/2 1(
x2

23

)1/2
)
.

Similarly, with α = −1/2 and Γ(−1/2) = −2Γ(1/2) = −2
√
π,

〈α̃x1α̃x2〉 = −16

∫
ddk

(2π)d
eik(x1−x2)|k| = πd/2

(2π)dΓ(α)

Γ(d/2− α)

(x2/4)d/2−α
.
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=
16

π2

1(
x2

12

)2 .
By setting x1 = x2 and x3 = x4, it becomes clear that the field ηxx has scaling

dimension ∆ = 1 and that the Lagrange multiplier field α̃ has scaling dimension

∆ = 2. This model thus gives rise to both a ∆ = 1 state (identical to the free

theory) and ∆ = 2 state at the IR fixed point. However, from Section 1.13 we know

that at the IR fixed point there should only be a ∆ = 2 state. This we shall verify

in the next section by using directly the quartic theory.

3.2 Path Integral at the critical point with a quartic

interaction

The effective action may be written in Euclidean signature as

Seff = N

∫
ddx

[
1

2

(
− lim
y→x

∂2
yψxy

)
− 1

2
m2ψxx −

λ

4!
(ψxx)2

]
−N

2
Trlnψ.

We make use of the translationally invariant ansatz

ψxy =

∫
ddk

(2π)d
eik(x−y)ψk,

to perform a saddle point analysis

Seff = N

∫
ddx

[
1

2

(
− lim
y→x

∫
ddk′

(2π)d
eik
′(x−y)ψk′

(
−k′2

))
− 1

2
m2

∫
ddk′

(2π)d
ψk′

− λ
4!

(∫
ddk′

(2π)d
ψk′

)2
]
− N

2
Trlnψk′ ,

which leads to the mass gap equation

δSeff
δψk

= 0 = N

∫
ddx

[
1

2

∫
ddk

(2π)d
ψkk

2 − 1

2
m2 − 2λ

4!

(∫
ddk′

(2π)d
ψk′

)]
− N

2
ψ−1
k

⇒ 0 =
1

2
k2 − 1

2
m2 − λ

12

∫
ddk′

(2π)d
ψk′ −

1

2
ψ−1
k
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⇒ ψ0
k =

1

k2 −m2 − λ
6

∫
ddk′

(2π)d
ψ0
k′

.

The large-N conformal background is then given by (for a more detailed explanation

of this, see the discussion after equation (3.13))

ψ0
k =

1

k2
. (3.6)

To obtain the 1/N corrections we consider the fluctuations when expanding the

effective action about the large-N background,

ψxy = ψ0
xy +

1√
N
ηxy

⇒ S
(2)
eff =

1

4
Tr
(
ψ−1

0 ηψ−1
0 η

)
− λ

4!

∫
ddx′η2

x′x′ (3.7)

=
1

4
1©− λ

4!
2©.

We desire to write this quadratic effective action as

S
(2)
eff =

1

2

∫
ddk1

∫
ddk2

∫
ddk3

∫
ddk4ηk1k2Ok1k2k3k4ηk3k4 ,

Expanding the circled terms we obtain

1© = Tr
(
ψ−1

0 ηψ−1
0 η

)
=

∫
ddx

∫
ddy

∫
ddz

∫
ddw∫

ddk1

(2π)d

∫
ddk2

(2π)d/2

∫
ddk3

(2π)d/2

∫
ddk4

(2π)d

∫
ddk5

(2π)d/2

∫
ddk6

(2π)d/2

eik1(x−y)ψ−1
0k1
e−ik2ye−ik3zηk2k3e

ik4(w−z)ψ−1
0k4
e−ik5ye−ik6zηk5k6 .

The 4 spatial integrals result in 4 Dirac delta functions multiplied by a factor of

(2π)4d; thereafter, integrating over k2, k4, k5 and k6 sets k6 = k1, k2 = −k1, k4 = −k3

and k5 = k4 = −k3 to give

1© =

∫
ddk1

∫
ddk3ψ

−1
0k1
η−k1k3ψ

−1
0−k3

η−k3k1

=

∫
ddk1

∫
ddk2ηk1k2ψ

−1
0−k1

ψ−1
0−k2

η−k2−k1

=

∫
ddk1

∫
ddk2ηk1k2

[
δd(k1 + k4)δd(k2 + k3)ψ−1

0k3
ψ−1

0k4

]
ηk3k4
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. Similarly

2© =

∫
ddxη2

xx

=

∫
ddx

∫
ddk1

(2π)d/2

∫
ddk2

(2π)d/2

∫
ddk3

(2π)d/2

∫
ddk4

(2π)d/2
e−ik1xe−ik2xe−ik3xe−ik4xηk1k2ηk3k4

=

∫
ddk1

∫
ddk2

∫
ddk3

∫
ddk4ηk1k2

[
1

(2π)d
δd(k1 + k2 + k3 + k4)

]
ηk3k4 ,

and hence

S
(2)
eff =

1

2

∫
ddk1

∫
ddk2

∫
ddk3

∫
ddk4ηk1k2[

1

2
δd(k1 + k4)δd(k2 + k3)ψ−1

0k3
ψ−1

0k4

−2λ

4!

1

(2π)d
δd(k1 + k2 + k3 + k4)

]
ηk3k4 .

Therefore

S
(2)
eff =

1

2

∫
ddk1

∫
ddk2

∫
ddk3

∫
ddk4ηk1k2Ok1k2;k3k4ηk3k4

where[125]

Ok1k2;k3k4 =
1

2
δd(k1 + k4)δd(k2 + k3)ψ−1

0k3
ψ−1

0k4

−2λ

4!

1

(2π)d
δd(k1 + k2 + k3 + k4).

In Minkowski signature, this may be written as [7]

iS
(2)
eff = −1

2

∫
ddk1

∫
ddk2

∫
ddk3

∫
ddk4ηk1k2Ok1k2;k3k4ηk3k4

where

Ok1k2;k3k4 → 1

2
δd(k1 + k4)δd(k2 + k3)(ψ0)−1

k3
(ψ0)−1

k4

+
2iλ

4!

1

(2π)d
δd(k1 + k2 + k3 + k4), (3.8)

and

ψ0
k =

i

k2
.
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The effective propagator, which is given by the inverse of this operator, is thus[125]

O−1
k1k2;p1p2

= 2ψ0
p1
ψ0
p2
δ3 (k1 + p1) δ3 (k2 + p2)

+
− iλ

3
1

(2π)3ψ
0
k1
ψ0
k2
ψ0
p1
ψ0
p2

1 + λ
48

1
|p1+p2|E

δ3 (k1 + k2 + p1 + p2) . (3.9)

For finite λ there is a pole condition given by

1 +
λ

48

1

|p1 + p2|E
= 0

⇐⇒ |p1 + p2|E =
√
−(E1 + E2)2 + (~p1 + ~p2)2 = − λ

48

⇐⇒ (E1 + E2)2 − (~p1 + ~p2)2 = − λ2

482
; (3.10)

as λ → ∞, we note the infinite ”pole” in the two-point function, which is consis-

tent with conformal invariance and dimensional analysis. At criticality (λ → ∞),

equation (3.9) takes a finite form, independent of λ:

O−1
k1k2;p1p2

= 2
i

p2
1

i

p2
2

δ3 (k1 + p1) δ3 (k2 + p2)

− i

k2
1

i

k2
2

16i|p1 + p2|E
(2π)3

i

p2
1

i

p2
2

δ3 (k1 + k2 + p1 + p2) . (3.11)

This is the sum of a disconnected piece (associated with the UV critical point) and a

connected piece which is a ∆ = 2 state that emerges at criticality. Up to leg factors,

these results are in direct agreement with the results found using the non-linear

sigma model in section 3.1. It is highlighted that this result is finite and that no

regularisation scheme was required. We now examine the ∆ = 1 propagator 〈ηxxηyy〉
in the path integral approach,

〈ηxxηyy〉

=

∫
d3k1

(2π)3/2

∫
d3k2

(2π)3/2

∫
d3p1

(2π)3/2

∫
d3p2

(2π)3/2
e−ix(k1+k2)e−iy(p1+p2)O−1

k1k2;p1p2

=

∫
d3k1

(2π)3/2

∫
d3k2

(2π)3/2

∫
d3p1

(2π)3/2

∫
d3p2

(2π)3/2
e−ix(k1+k2)e−iy(p1+p2) ×[

2
i

p2
1

i

p2
2

δ3 (k1 + p1) δ3 (k2 + p2)

− i

k2
1

i

k2
2

16i|p1 + p2|E
(2π)3

i

p2
1

i

p2
2

δ3 (k1 + k2 + p1 + p2)

]
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=

∫
d3p1

(2π)3

∫
d3p2

(2π)3

[
−2e−ix(p1+p2)e−iy(p1+p2)

p2
1p

2
2

− i2 i

8|p1 + p2|E
16i|p1 + p2|E

1

i

p2
1

i

p2
2

e−ix(p1+p2)e−iy(p1+p2)

]
= 0,

so that indeed the ∆ = 1 state is removed from the spectrum at the IR critical fixed

point. Note that this results from a combination of the connected and disconnected

pieces of the propagator.

The identification of the ∆ = 2 field as suggested by equation (3.11) may be written

in coordinate space as

α(x)δ(x− y) =
(
ψ−1

0 ηψ−1
0

)
xy

⇒
〈(
ψ−1

0 ηψ−1
0

)
x1y1

(
ψ−1

0 ηψ−1
0

)
x2y2

〉
= δ(x1 − y1)δ(x2 − y2) 〈α(x1)α(x2)〉

Making use of equations (3.4) and (3.5) -

〈η̃k1k2 η̃k3k4〉 =
2

k2
1k

2
2

δ(k1 + p1)δ(k2 + p2)

〈α̃k1α̃k2〉 = −16|k1|δ(k1 + k2),

we have that for the connected piece,〈(
ψ−1

0 ηψ−1
0

)
x1y1

(
ψ−1

0 ηψ−1
0

)
x2y2

〉
= δ(x1 − y1)δ(x2 − y2) 〈α(x1)α(x2)〉

= δ(x1 − y1)δ(x2 − y2)

∫
d3p

(2π)3
eip(y2−y1) (−16|p|)

and that the disconnected piece satisfies

〈(
ψ−1

0 ηψ−1
0

)
x1y1

(
ψ−1

0 ηψ−1
0

)
x2y2

〉
=

∫
d3k1

(2π)3/2

∫
d3k2

(2π)3/2

∫
d3p1

(2π)3/2

∫
d3p2

(2π)3/2

eik1x1eik2x2eip1y1eip2y2k2
1k

2
2p

2
1p

2
2 〈ηk1k2ηp1p2〉

=

∫
d3k1

(2π)3/2

∫
d3k2

(2π)3/2

∫
d3p1

(2π)3/2

∫
d3p2

(2π)3/2

eik1x1eik2x2eip1y1eip2y22p2
1p

2
2δ(k1 + p1)δ(k1 + p2)

=

∫
d3k1

(2π)3

∫
d3k2

(2π)3
eik1(x1−y1)eik2(x2−y2)2k2

1k
2
2.
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From equation (B.5):

∫
d3p

(2π)3

1

(p2)α
eipx =

πd/2

Γ(α)

Γ(d/2− α)

(x2/4)d/2−α
,

we see that α = −1 and so this disconnected piece goes to zero since 1
Γ(−1) → 0.

3.3 Hamiltonian Approach

The Hamiltonian formalism builds upon the concepts from chapter 2. The collective

Hamiltonian was found in equation (2.15) to be

H =
2

N
TrΠψΠ +

N

8
Tr(ψ−1)

+N

∫
dd−1~x

(
−1

2
lim
~x→~y

∂2
~yψ~x~y +

1

2
m2ψ~x~x +

λ

4!
ψ2
~x~x

)
Using the translationally invariant ansatz,

ψ~x~y =

∫
dd−1k

(2π)d
ei
~k·(~x−~y)ψ~k.

For this Hamiltonian, performing the saddle point analysis with respect to ψ~k, we

find that

−1

8
(ψ0
~k
)−2 +

1

2
~k2 +

1

2
m2 +

λ

12
ψ0
~k

= 0

⇒ ψ0
~k

=

[
8

(
1

2
~k2 +

1

2
m2 +

λ

12
ψ0
~k

)]−1/2

=
1

2

(
~k2 +m2 +

λ

6

∫
dd−1~k

(2π)d−1
ψ~k

)−1/2

. (3.12)

Setting s =
∫

dd−1~k
(2π)d−1ψ~k and integrating, we may write the above as

s =
1

2

∫
dd−1~k

(2π)d−1

1√
~k2 +m2 + λ

6 s
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Writing α = m2 + λ
6 s the above becomes

6

λ

(
α−m2

)
=

1

2

∫
dd−1~k

(2π)d−1

1√
~k2 + α

(3.13)

Now notice that (where the signature used is (+,-,-), and using equation (B.2) in 3

dimensions),

∫
ddk

(2π)d
1

k2 − α
[= i

√
α

4π
] =

∫
dd−1~k

(2π)d−1

∫
dE

2π

1

E2 − (~k2 + α)
.

The energy integral is given by (closing in the UHP)∫
dE

2π

1

E2 − (~k2 + α)
=

∫
dE

2π

1

(E −
√
~k2 + α+ iε)(E +

√
~k2 + α− iε)

=
2πi

2π

−1

2
√
~k2 + α

implying that

i

√
α

4π
= − i

2

∫
dd−1~k

(2π)d−1

1√
~k2 + α

⇒ 1

2

∫
dd−1~k

(2π)d−1

1√
~k2 + α

= −
√
α

4π
. (3.14)

Therefore, equation (3.13) becomes

6

λ

(
α−m2

)
= −

√
α

4π

⇒
√
α =

24π

λ

(
m2 − α

)
=

24πm2

λ
−
(

24π

λ

)3

m4...

The IR fixed point is approached by keeping m2 finite and letting λ→∞, in which

situation equation (3.12) reduces to the background operator in conformal form -

the O(N) invariant two-point function of the scalar fields:

ψ0
~k

=
1

2

(
~k2 +m2 +

λ

6

∫
dd−1~k

(2π)d−1
ψ~k

)−1/2

→ 1

2
√
~k2
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so the large-N saddle point analysis reveals that at the IR fixed point, the conformal

background has the form

ψ0
~k

=
1

2
∣∣∣~k∣∣∣ . (3.15)

We now obtain 1/N corrections (and study the spectrum of fluctuations about the

large N conformal background) using

ψ = ψ0 +
1√
N
η; Π =

√
Nπ (3.16)

H =
2

N
TrΠψΠ +

N

8
Tr(ψ−1)

+N

∫
dd−1~x

(
−1

2
lim
~x→~y

∂2
~yψ~x~y +

1

2
m2ψ~x~x +

λ

4!
ψ2
~x~x

)
.

The quadratic Hamiltonian is then given by

H(2) = 2Tr (πψ0π) +
1

8
Tr
(
ψ−1

0 ηψ−1
0 ηψ−1

0

)
+
λ

4!

∫
dd−1~xη2

~x~x. (3.17)

3.3.1 Quadratic fluctuations and the Eigenvalue equation

The equations of motion for the quadratic Hamiltonian given in equation (3.17) are

as follows:

η̇~x~y =
δH(2)

δπ~x~y
= 2 [ψ0π + πψ0]~y~x

π̇~x~y = −δH
(2)

δη~x~y

= −1

8

[(
ψ−1

0

)2
ηψ−1

0 + ψ−1
0 η

(
ψ−1

0

)2]
~y~x
− λ

12
η~x~xδ(~x− ~y).

To decouple this we see that

η̈~x~y = 2 [ψ0π̇ + π̇ψ0]~y~x

=

[
−1

4
ψ0

[(
ψ−1

0

)2
ηψ−1

0 + ψ−1
0 η

(
ψ−1

0

)2]− 1

4

[(
ψ−1

0

)2
ηψ−1

0 + ψ−1
0 η

(
ψ−1

0

)2]
ψ0

−λ
6
η~x~xδ(~x− ~y)ψ0 −

λ

6
ψ0η~x~xδ(~x− ~y)

]
~y~x
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=

[
−1

4

[
ψ−1

0 ηψ−1
0 + η

(
ψ−1

0

)2
+
(
ψ−1

0

)2
η + ψ−1

0 ηψ−1
0

]
−λ

6
δ(~x− ~y) (η~x~xψ0 + ψ0η~x~x)

]
~y~x

.

In momentum space,

η~x~y =

∫
dd−1 ~k1

(2π)
d−1

2

∫
dd−1 ~k2

(2π)
d−1

2

e−iEtei(
~k1·~x+~k2·~y)η~k1

~k2

(ψ0)~x~y =

∫
dd−1~k1

(2π)d−1
(ψ0)k1

ei
~k1·(~x−~y)

and substituting this into equation (3.18) term by term (noting that, from equation

(3.15) (ψ0)~k ≡ (ψ0)~k and that η~k1
~k2

= η~k2
~k1

), we find that

η̈~x~y =

∫
dd−1 ~k1

(2π)
d−1

2

∫
dd−1 ~k2

(2π)
d−1

2

e−iEtei(
~k1·~x+~k2·~y)η~k1

~k2

[
−E2

]
(
ψ−1

0 ηψ−1
0

)
~y~x

=

∫
dd−1~x1

∫
dd−1~x2

(
ψ−1

0

)
~y~x1

η~x1~x2

(
ψ−1

0

)
~x2~x

=

∫
dd−1~x1d

d−1~x2
dd−1k1d

d−1k2d
d−1k3d

d−1k4

(2π)3(d−1)

e−iEtei
~k1·(~y−~x1)

(
ψ−1

0

)
~k1
ei(

~k2·~x1+ ~k3· ~x2)η~k2
~k3
ei
~k4·(~x2−~x)

(
ψ−1

0

)
~k4

=

∫
dd−1k1d

d−1k3

(2π)(d−1)
e−iEtei

~k1·(~y)
(
ψ−1

0

)
~k1
η~k1

~k3
ei
~k3·~x (ψ−1

0

)
−~k3

=

∫
dd−1 ~k1

(2π)
d−1

2

∫
dd−1 ~k2

(2π)
d−1

2

e−iEtei(
~k1·~x+~k2·~y)η~k1

~k2

[(
ψ−1

0

)
~k1

(
ψ−1

0

)
~k2

]
(
η
(
ψ−1

0

)2)
~y~x

=

∫
dd−1~x1

∫
dd−1~x2η~y~x1

(
ψ−1

0

)
~x1~x2

(
ψ−1

0

)
~x2~x

=

∫
dd−1~x1d

d−1~x2
dd−1k1d

d−1k2d
d−1k3d

d−1k4

(2π)3(d−1)

ei(
~k1·~y+ ~k2·~x1)η~k1

~k2
e−iEtei

~k3·(~x1−~x2)
(
ψ−1

0

)
~k3
ei
~k4·(~x2−~x)

(
ψ−1

0

)
~k4

=

∫
dd−1 ~k1

(2π)
d−1

2

∫
dd−1 ~k2

(2π)
d−1

2

e−iEtei(
~k1·~y+~k2·~x)η~k1

~k2

[(
ψ−1

0

)
−~k2

(
ψ−1

0

)
−~k2

]
=

∫
dd−1 ~k1

(2π)
d−1

2

∫
dd−1 ~k2

(2π)
d−1

2

e−iEtei(
~k1·~x+~k2·~y)η~k1

~k2

[(
ψ−1

0

)
~k2

(
ψ−1

0

)
~k2

]
((
ψ−1

0 η
)2)

~y~x
=

∫
dd−1 ~k1

(2π)
d−1

2

∫
dd−1 ~k2

(2π)
d−1

2

e−iEtei(
~k1·~x+~k2·~y)η~k1

~k2

[(
ψ−1

0

)
~k1

(
ψ−1

0

)
~k1

]
.
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The last term in equation (3.18) is given by

η~y~y (ψ0)~y~x =

∫
dd−1 ~k1

(2π)
d−1

2

∫
dd−1 ~k2

(2π)
d−1

2

∫
dd−1 ~k3

(2π)d−1
ei(

~k1·~y+ ~k2·~y)η~k1
~k2
ei
~k3(~y−~x) (ψ0)k3

=

∫
dd−1 ~k1

(2π)
d−1

2

∫
dd−1 ~k2

(2π)
d−1

2

∫
dd−1 ~k3

(2π)d−1
ei(

~k1+ ~k2+~k3)·~ye−i
~k3·~xη~k1

~k2
(ψ0)k3

,

and we will use a change of variables ~p1 = ~k1 + k2 + ~k3, ~p2 = −~k3 and ~p3 = ~k2 (for

which the Jacobian
∣∣∣ ∂pi∂kj

∣∣∣ = 1); thus ~k1 = ~p1 + ~p2 − ~p3, and we obtain:

η~y~y (ψ0)~y~x =

∫
dd−1~p1

(2π)
d−1

2

∫
dd−1~p2

(2π)
d−1

2

∫
dd−1~p3

(2π)d−1
ei( ~p1·~y+~p2·~x)η~p1+~p2−~p3,~p3

(ψ0)~p2

=

∫
dd−1~p1

(2π)
d−1

2

∫
dd−1~p2

(2π)
d−1

2

∫
dd−1~p3

(2π)d−1
ei( ~p1·~x+~p2·~y)η~p1+~p2−~p3,~p3

(ψ0)~p1
.

Similarly, changing variables to ~p1 = ~k2 + ~k3 − ~k1, ~p2 = ~k1 and ~p3 = ~k3

(ψ0)~y~x η~x~x =

∫
dd−1~k1

(2π)
d−1

2

∫
dd−1~k2

(2π)
d−1

2

∫
dd−1~k3

(2π)d−1
ei
~k1(~y−~x) (ψ0)~k1

ei(
~k2·~x+~k3·~x)η~k2

~k3

=

∫
dd−1~k1

(2π)
d−1

2

∫
dd−1~k2

(2π)
d−1

2

∫
dd−1~k3

(2π)d−1
ei(

~k2+~k3−~k1)·~xei
~k1·~y (ψ0)~k1

η~k2
~k3

=

∫
dd−1~p1

(2π)
d−1

2

∫
dd−1~p2

(2π)
d−1

2

∫
dd−1~p3

(2π)d−1
ei(~p1·~x+~p2·~y) (ψ0)~p2

η~p1+~p2−~p3,~p3
.

Relabelling indices, equation (3.18) simplifies to

−E2η~k1
~k2

= −1

4

[(
ψ−1

0

)2
~k1

+ 2
(
ψ−1

0

)
~k1

(
ψ−1

0

)
~k2

+
(
ψ−1

0

)2
~k2

]
η~k1

~k2

−λ
6

[
(ψ0)~k1

+ (ψ0)~k2

] ∫ dd−1~l

(2π)d−1
η~k1+~k2−~l,~l

⇒ E2η~k1
~k2

=
1

4

((
ψ−1

0

)
~k1

+
(
ψ−1

0

)
~k2

)2
η~k1

~k2
+
λ

6

[
(ψ0)~k1

+ (ψ0)~k2

]
∫

dd−1~l

(2π)d−1
η~k1+~k2−~l,~l, , (3.18)

resulting in the eigenvalue equation,[
E2 − 1

4

((
ψ−1

0

)
~k1

+
(
ψ−1

0

)
~k2

)2
]
η~k1

~k2
=

λ

6

[
(ψ0)~k1

+ (ψ0)~k2

] ∫ dd−1~l

(2π)d−1
η~k1+~k2−~l,~l.

(3.19)
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3.3.2 Quadratic Hamiltonian

The quadratic Hamiltonian was found in equation (3.17) to be

H(2) = 2Tr (πψ0π) +
1

8
ψ−1

0 ηψ−1
0 ηψ−1

0 +
λ

4!

∫
dd−1~xη2

~x~x (3.20)

so, for the free theory

H(2) = 2Tr (πψ0π) +
1

8
Tr
(
ψ−1

0 ηψ−1
0 ηψ−1

0

)
.

We obtain as an equation of motion that

η̇xy =
δH(2)

δπxy

= 2 (πψ0 + ψ0π)yx . (3.21)

Writing

η (t; ~x1, ~x2) =

∫
d2k1

2π

d2k2

2π

(
e
−iE~k1

~k2
t
ei
~k1·~xei

~k2·~yα~k1
~k2
a~k1

~k2
+ h.c.

)
η̇ (t; ~x1, ~x2) =

∫
d2k1

2π

d2k2

2π

(
−iE~k1

~k2

)(
e
−iE~k1

~k2
t
ei
~k1·~xei

~k2·~yα~k1
~k2
a~k1

~k2
− h.c.

)
π (t; ~x1, ~x2) =

∫
d2k1

2π

d2k2

2π

(
e
−iE~k1

~k2
t
ei
~k1·~xei

~k2·~yβ~k1
~k2
a~k1

~k2
− h.c.

)
(ψ0)xy =

∫
dd−1p

(2π)d−1
eip(x−y)ψ0

p

where [
a~k1

~k2
, a†~k′1~k′2

]
= δ~k1,~k′1

δ~k2,~k′2

[η (t, ~x1, ~x2) , π (t, ~y1, ~y2)] = iδ (~x1 − ~y1) δ (~x2 − ~y2) ,

we see that

β~k1
~k2

=
−iE~k1

~k2

2
(
ψ0
~k1

+ ψ0
~k2

)α~k1
~k2
.
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and

α~k1
~k2

=

√√√√(ψ0
~k1

+ ψ0
~k2

)
E~k1

~k2

.

From equation (3.15)

ψ0
~k

=
1

2
∣∣∣~k∣∣∣ .

From the eigenvalue equation (equation (3.19)) we see that for the free theory,

E~k1,~k2
=

1

2ψ0
~k1

+
1

2ψ0
~k2

= ω~k1
+ ω~k2

.

Hence

α~k1
~k2

=
√

2ψ~k1
ψ~k2

=
1√

2ω~k1
ω~k2

= α∗~k1
~k2

(
ω~k1

+ ω~k2

)
2(ψ~k2

+ ψ~k2
)

α~k1
~k2

=

√
ω~k1

ω~k2

2
.

The mode expansions are therefore given by

η~x~y =

∫
dd−1k1

(2π)(d−1)/2

dd−1k2

(2π)(d−1)/2

1√
2ω~k1

ω~k2

(
e
−i
(
ω~k1

+ω~k2

)
t
ei
~k1·~xei

~k2·~ya~k1
~k2

+

e
i
(
ω~k1

+ω~k2

)
t
e−i

~k1·~xe−i
~k2·~ya†~k1

~k2

)
π~x~y =

∫
dd−1k1

(2π)(d−1)/2

dd−1k2

(2π)(d−1)/2

(
−i
√
ω~k1

ω~k2

2

)
(
e
−i
(
ω~k1

+ω~k2

)
t
ei
~k1·~xei

~k2·~ya~k1
~k2
− ei

(
ω~k1

+ω~k2

)
t
e−i

~k1·~xe−i
~k2·~ya†~k1

~k2

)
.

(3.22)

Substituting these mode expansions into the quadratic Hamiltonian (see Appendix

C.2 for the calculation), we obtain

H(2) =
1

2

∫
d2k1

∫
d2k2

(
ω~k1

+ ω~k2

)(
a~k1

~k2
a†~k2

~k1
+ a†~k1

~k2
a~k2

~k1

)
=

1

2

∫
d2k1

∫
d2k2E~k1

~k2

(
a~k1

~k2
a†~k2

~k1
+ a†~k1

~k2
a~k2

~k1

)
.
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3.3.3 Scattering States

We wish to express the scattering solution in terms of the free solutions. The full

scattering solution of equation (3.19) is given by

η~p1,~p2

~p−~k,~k
= ψ~p1~p2

~p−~k,~k
+

λ

12

1

E2
~p1~p2
−
(
|~k|+ |~p− ~k|

)2

(
1

|~k|
+

1

|~p− ~k|

)∫
dd−1~l

(2π)d−1
η~p1~p2

~p−~l,~l
,

where E~p1~p2
= |~p1|+ |~p2| and ψ~p1~p2

~p−~k,~k
= δd−1(~p1− (~p−~k))δd−1(~p2−~k) is the solution

to the free equation. Let us write (with ~k1 + ~k2 = ~p),

ψ~p1,~p2

~p−~k,~k
= δd−1(~p2 − (~p− ~k))δd−1(~p1 − ~k)

= δd−1(~p2 − ~k1 − ~k2 + ~k)δd−1(~p1 − ~k)

⇒
∫
dd−1k ψ~p1,~p2

~p−~k,~k
= δd−1(~p1 + ~p2 − ~k1 − ~k2)

and hence,∫
dd−1k

(2π)d−1
η~p1,~p2

~p−~k,~k
=

∫
dd−1k

(2π)d−1
ψ~p1~p2

~p−~k,~k

+

∫
dd−1k

(2π)d−1

λ

12

1

E2
~p1~p2
−
(
|~k|+ |~p− ~k|

)2

(
1

|~k|
+

1

|~p− ~k|

)∫
dd−1~l

(2π)d−1
η~p1~p2

~p−~l,~l
,

resulting in

∫
dd−1k

(2π)d−1
η~p1,~p2

~p−~k,~k
=

1

(2π)d−1

δd−1(~p1 + ~p2 − ~k1 − ~k2)

1− λ
12

∫
dd−1~k

(2π)d−1
1

E2
~p1~p2
−(|~k|+|~p−~k|)

2

(
1

|~k|
+ 1

|~p−~k|

)
=

δd−1(~p1 + ~p2 − ~k1 − ~k2)

(2π)d−1
(

1 + 2λ
12i

∫
ddk

(2π)d
1

k2(k−p)2

) , (3.23)

where we have used equation (B.7),

∫
dE

(2π)

1

k2(k − p)2
= − i

2

1

E2
~p −

(
|~k|+ |~p− ~k|

)2

(
1

|~k|
+

1

|~p− ~k|

)
.
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From equation (B.4), ∫
d3k

(2π)3

1

k2(q − k)2
=

i

8 |p|E
,

where Minkowski subscripts were dropped in the last line. Equation (3.23) becomes

∫
d2k

(2π)d−1
η~p1,~p2

~p−~k,~k
=

δ2(~p1 + ~p2 − ~k1 − ~k2)

1− 2λ
12i

∫
d3k

(2π)d
1

k2(k−p)2

=
δ2(~p1 + ~p2 − ~k1 − ~k2)

1 + λ
48|p|E

,

where we may write |~pE | =
√
− (|p1|+ |p2|)2 + (~p1 + ~p2)2. The scattering solution

is therefore given by

η~p1,~p2

~p−~k,~k
= δ2(~p1 − (~p− ~k))δd−1(~p2 − ~k)

+
λ

12(2π)2

1

E2
~p1~p2
−
(
|~k|+ |~p− ~k|

)2

(
1

|~k|
+

1

|~p− ~k|

)
δ2(~p1 + ~p2 − ~k1 − ~k2)

1 + λ
48|p|E

,

which may be rewritten as

η~p1,~p2

~k1,~k2
= δ2(~p1 − ~k1)δ2(~p2 − ~k2)

+
λ

12(2π)2

1

E2
~p1~p2
−
(
|~k1|+ |~k2|

)2

(
1

|~k1|
+

1

|~k2|

)
δ2(~p1 + ~p2 − ~k1 − ~k2)

1 + λ
48|p|E

.

At the critical point (λ→∞), it takes a finite form

η~p1,~p2

~k1,~k2
= δ2(~p1 − ~k1)δ2(~p2 − ~k2) +

|p|E
π2

δ2(~p1 + ~p2 − ~k1 − ~k2)

E2
~p1~p2
−
(
|~k1|+ |~k2|

)2

(
1

|~k1|
+

1

|~k2|

)

(3.24)

where E2
~p1~p2

= (|~p1|+ |~p2|)2. Thus, at the infra-red conformal fixed point (λ → ∞
as per this equation), we have that (once again using the equations from Appendix

B),

η~x~x ∼
∫
d2~k1d

2~k2 η
~p1,~p2

~k1,~k2
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=

∫
d2~k1d

2~k2

[
δ2(~p1 − ~k1)δ2(~p2 − ~k2)

+
|p|E
π2

δ2(~p1 + ~p2 − ~k1 − ~k2)

E2
~p1~p2
−
(
|~k1|+ |~k2|

)2

(
1

|~k1|
+

1

|~k2|

)
= 1 +

|p|E
π2

∫
d2~k

1

E~p −
(
|~k|+ |~k − ~p|

)2

(
1

|~k|
+

1

|~k − ~p|

)

= 1 + |p|E × i
∫
d3k

π3

1

k2(k − p)2

= 1 + |p|E × i
(

i

|p|E

)
→ 0

so this ∆ = 1 state is removed from the spectrum [7].

3.3.4 Bound state

The eigenvalue equation (3.19) leads to a bound state, given by

η~k1
~k2

=
λ

6

(ψ0)~k1
+ (ψ0)~k2

E2 − 1
4

((
ψ−1

0

)
~k1

+
(
ψ−1

0

)
~k2

)2

∫
dd−1~l

(2π)d−1
η~k1+~k2−~l,~l. (3.25)

We now act on both sides of equation (3.25) with δ(~k1 +~k2 − ~q1 − ~q2) and integrate

over ~k1 and ~k2 so that the left hand side becomes

LHS =

∫
dd−1~k1

(2π)(d−1)/2

∫
dd−1~k2

(2π)(d−1)/2
η~k1

~k2
δ(~k1 + ~k2 − ~q1 − ~q2)

=

∫
dd−1~k2

(2π)d−1
η
~q1+~q2−~k2,~k2

(3.26)

and the right hand side becomes

RHS =
λ

6

∫
dd−1~k1

(2π)(d−1)/2

∫
dd−1~k2

(2π)(d−1)/2

(ψ0)~k1
+ (ψ0)~k2

E2 − 1
4

((
ψ−1

0

)
~k1

+
(
ψ−1

0

)
~k2

)2

∫
dd−1~l

(2π)d−1
η~k1+~k2−~l,~lδ(

~k1 + ~k2 − ~q1 − ~q2)
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=
λ

6

∫
dd−1~k2

(2π)(d−1)/2

(ψ0)
~q1+~q2−~k2

+ (ψ0)~k2

E2 − 1
4

((
ψ−1

0

)
~q1+~q2−~k2

+
(
ψ−1

0

)
~k2

)2

∫
dd−1~l

(2π)d−1
η
~q1+~q2−~l,~l

and consistency of these equations requires that (relabelling ~k2 → ~k and ~q1 +~q2 → ~p,

and recalling that ψ0 = 1
2|k|):

1 =
λ

12

∫
dd−1~k

(2π)d−1

1

E2
p −

(
|~k|+ |~p− ~k|

)2

(
1

|~k|
+

1

|~p− ~k|

)
, (3.27)

in agreement with Ref. [7]; this is also in agreement with the pole condition, as we

will now show.

The pole condition from equation (3.10) can be written as

1 =
λi

6

1

(2π)d

∫
ddk

1

k2(p1 + p2 − k)2

From equation (B.7),

∫
dE

(2π)

1

k2(k − p)2
= − i

2

1

E2
p −

(
|~k|+ |~p− ~k|

)2

(
1

|~k|
+

1

|~p− ~k|

)
.

Finally,

1 =
λ

12

∫
dd−1~k

(2π)d−1

1

E2
p −

(
|~k|+ |~p− ~k|

)2

(
1

|~k|
+

1

|~p− ~k|

)
,

which agrees with the result for the Hamiltonian formalism given by equation (3.27).
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A constructive higher spin

AdS/CFT correspondence

In section 1.11 the concept of a duality between a conformal field theory in d dimen-

sions, CFTd, and a gravitational theory in d+ 1 dimensions, AdSd+1 was developed

(indicating the rise of an additional AdS space coordinate, z). A useful example

of this to consider is the duality between CFT3 and AdS4. In particular, in the

Hamiltonian approach in d = 2 + 1 dimensions, the 1 + 2 + 2 = 5 coordinates of

the equal time bilocals map (in phase space) to the 5 coordinates of AdS4 × S1. S1,

which was added to ensure that the degrees of freedom on both sides of the map

match, is then parametrised by an angle θ. It is then conceivable that an explicit

map exists between the Hamiltonian CFT3 coordinates of the form (t, x1
1, x

2
1, x

1
2, x

2
2)

and the AdS4 × S1 coordinates of the form (t, x1, x2, z, pθ) (the notation arose that

θ be treated as a momentum variable and pθ as a spatial variable). The map was

originally understood in terms of light-cone gauge and thereafter moved on to the

more general temporal gauge; highlights of this development are explicated below.

The aim of Ref. [5] was to construct higher-spin theory in AdS4 from the CFT3

obtained using the O(N) vector model written in terms of canonical collective fields.

Light-cone gauge, where the physical degrees of freedom of the gauge theory are most

clear, was a natural starting point[127, 128, 129]. Indeed, in the light-cone gauge

phase space, an exact map was achieved between these two spaces in null-plane

quantisation and the collective coordinates of the bi-local field were successfully
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used to generate AdS4 space-time. An exact one-to-one reconstruction of higher-

spin fields and bulk AdS4 was thus obtained in light-cone gauge. This was done by

comparing the AdS4 generators in light-cone gauge found by Metsaev in Ref. [130]

and comparing them with the second quantised conformal generators obtained for

the collective fields, written as follows

G =

∫
dx−1 dx

−
2 d~x1d~x2A

†ĝA =

∫
dx−1 dx

−
2 d~x1d~x2A

† (ĝ1 + ĝ2)A.

In this thesis, we wish to obtain the conformal generators for the collective fields in

the temporal gauge (and at the IR critical point), necessary to construct the bulk

using a similar approach to that used in Ref. [5]. These will then be compared with

Ref. [10], where a kernel was used to obtain an exact one-to-one reconstruction of

higher-spin fields and bulk AdS4 in both light-cone gauge and temporal gauge.

To this end, we begin by summarising the conformal algebra and its generators

in section 4.1, which we will then write in light-cone gauge in section 4.2 and in

temporal gauge in section 4.3 in d = 2 + 1 dimensions. A summary of the light-cone

results of Refs. [5, 10] are included in section 4.2, and a summary of the temporal

results of Ref. [10] are included in section 4.3.

4.1 Conformal Algebra

In section 1.11.2 it was shown that the 1st quantised conformal algebra consists of

the following generators,

Translation φ(xµ) = φ(x
′µ − εµ)

⇒ Pµ = −i∂µ

Rotation φ(xµ) = φ(x
′µ − εµνxν)

⇒ J ν
µ = −ixν∂µ ⇒ Jµν ≡ i (xµ∂ν − xν∂µ) = − [xµPν − xνPµ]

Dilation φ(xµ) = φ(x
′µ − εxµ)

⇒ D = −ixµ∂µ = xµPµ

SCT φ(xµ) = φ(x
′µ − 2 (x · ε)xµ + x2εµ)

⇒ Kµ = −i
(
2xµx

ν∂ν − x2∂µ
)

= 2xµx
νPν − x2Pµ = 2xµD − x2Pµ,
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obeying the commutation relations

[Pµ,Jρσ] = iηµρPσ − iηµσPρ

[D,Pν ] = iPν

[D,Kν ] = −iKν

[Jµν ,Jρσ] = i (ηνρJµσ − ηµρJνσ + ηµσJνρ − ηνσJµρ)

[Kµ, Pν ] = 2i [ηµνD − Jµν ]

[Kρ,Jµν ] = i (ηρµKν − ηρνKµ) .

4.2 Light Cone

4.2.1 Light Cone coordinates

This subsection follows the notation of Refs. [131, 130]. In CFT3, the light cone

coordinates are given by

x± =
1√
2

(x± t)

x⊥ = y

and hence

ds2 = −dt2 + dx2 + dy2

→ ds2 = 2dx+dx− + dx⊥2

= 2gabdx
adxb + dx⊥2

where a, b run over +,− and

gab =

(
0 1

1 0

)
.

Clearly the metric has convention η = (−,+,+). Note that since xa = gabx
b,

x+ = x− and x− = x+. Furthermore,

∂t =
∂x+

∂t
∂+ +

∂x−

∂t
∂− =

1√
2

(∂+ − ∂−)
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∂x =
∂x+

∂x
∂+ +

∂x−

∂x
∂− =

1√
2

(∂+ + ∂−)

⇒ ∂+ =
1√
2

(∂x + ∂t)

∂− =
1√
2

(∂x − ∂t)

for which ∂± has the property that ∂± = ∂
∂x±

= ∂
∂x∓ = ∂∓. The Lagrangian (which

is negative due to the metric convention) is given by

L = −1

2
∂µφ

i∂µφi → −1

2
∂+φ

i∂+φi − 1

2
∂−φ

i∂−φi − 1

2
∂⊥φ

i∂⊥φi

= −∂−φi∂+φ
i − 1

2
∂⊥φ

i∂⊥φ
i (4.1)

which we recognise is no longer quadratic in ‘velocity’ but rather linear. To obtain

the Hamiltonian, we notice that if we make the identification of x+ with time, so

that the conjugate momentum to this is

Π+i =
δL

δ (∂+φi)
= −∂−φi

the Hamiltonian, which is in general of the form H = Πφ̇ − L, is now given by

(noting that ∂+ now takes the role of ∂t),

H = −∂−φi∂+φ
i −
(
−∂−φi∂+φ

i − 1

2
∂⊥φ

i∂⊥φ
i

)
=

1

2
∂⊥φ

i∂⊥φ
i.

The equations of motion are in general given by ∂µ

(
δL

δ(∂µφ)

)
= δL

δφ = 0 and for the

particular lagrangian in equation (4.1) are given by

0 = ∂+

(
δL

δ (∂+φi)

)
+ ∂−

(
δL

δ (∂−φi)

)
+ ∂⊥

(
δL

δ (∂⊥φi)

)
= −∂+∂−φ

i − ∂−∂+φ
i − ∂⊥∂⊥φi

⇒ (2∂+∂− + ∂⊥∂⊥)φi = 0

which has solutions of the form

φi ∼ eixµpµ = ei(x
+p++x−p−+x⊥p⊥) = ei(x

+p−+x−p++x⊥k).
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We see that p− is the energy conjugate to the time x+ and p+ is the momentum

conjugate to the spatial coordinate x−. We wish to find out the scalar field in

standard time-like quantisation, where the generic scalar field has the form

φ (x, t) =

∫
ddk

(
√

2π)d
1√
2ωk

(
e−iωkt+i

~k·~xa~k + eiωkt−i
~k·~xa†~k

)
.

Since the time component of the metric is negative, the Klein-Gordon equation takes

the form,

pµp
µ = −m2

⇒ p+p
+ + p−p

− + p⊥p
⊥ = −m2

⇒ 2p−p+ = −m2 − p⊥p⊥

⇒ p− =
−m2 − p⊥p⊥

2p+

⇒ p− −→
m2=0

−p2
⊥

2p+
.

Light cone variables are associated with the infinite momentum frame, in particular

partons which travel parallel and anti-parallel to the direction of the boost (notice

that the sign of p+ is opposite that of p−; this sign relates to left- and right- moving

massless bosons). The infinitely massive ones drop off from the spectrum. The scalar

field may thus be written as follows:

φi
(
x+;x−, x⊥

)
=

∫ ∞
0

dp+

√
2π

∫ ∞
−∞

dk√
2π

1√
2p+(

ei(p
−x++p+x−+kx⊥)Aip+k + e−i(p

−x++p+x−+kx⊥)A†i
p+k

)
.

4.2.2 Commutation relations in light cone gauge

Making use of the relation for the raising and annihilation operators,[
Ap+

1 k1
, A†

p+
2 ,k2

]
= δ

(
p+

1 − p
+
2

)
δ (k1 − k2) ,

the equal time commutator between the scalar field and the conjugate momentum

in light cone coordinates is given by[
Π+i

(
x+, x−1 , x

⊥
2

)
, φj

(
x+, x−2 , x

⊥
2

)]
x+

= − i
2
δ(x−1 − x

−
2 )δ(x1⊥ − x2⊥)δij
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(the details of this, together with the commutator that follows, are found in Ap-

pendix C.3.1). This comes with a factor of 1
2 since half of the degrees of freedom are

missing. The equal time commutator between fields is given by

[
φi
(
x−1 , x1⊥

)
, φj

(
x−2 , x2⊥

)]
=

1

2
δijδ(x1⊥ − x2⊥)iε

(
x−1 − x

−
2

)
where

ε
(
x−1 − x

−
2

)
=

∫ ∞
0

dp+
1

2π

1

ip+
1

(
−ei(p

+
1 (x−2 −x

−
1 )) + ei(p

+
1 (x−1 −x

−
2 ))
)

satisfies

d

dx−1
ε(x−1 ) = δ(x−1 ),

which does not vanish.

4.2.3 First and Second quantised operators

. In light-cone coordinates, the metric has the property that g+− = g−+ = gii =

g+− = g−+ = gii = 1 and gµν = 0 elsewhere, and the conserved charges are given by

j+ = −
[(
Lg+

ν −
δL
δ∂+φ

∂νφ

)
δxν +

δL
δ∂+φ

δφ

]
= π∂νφδx

ν − Lg+
ν δx

ν − πδφ

= π∂νφδx
ν − (π∂+φ−H) g+

ν δx
ν − πδφ,

from which we obtain first quantised generators in light cone gauge (details of which

may be found in Appendix C.3.2):

P+ = −
∫
dx−dxiπ2

P− = H =

∫
dx−dxi

1

2
(∂iφ)2

P i =

∫
dx−dxi (π∂iφ)

M+− = x+H −
∫
dx−dxi

(
π2x−

)
M+i =

∫
dx−dxiπx+∂iφ+ xiπ2
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M−i =

∫
dx−dxi

(
x−π∂iφ− xiH

)
M ij =

∫
dx−dx⊥

(
πxi∂jφ− πxj∂iφ

)
D = x+H +

∫
dx−dx⊥

(
πdφφ+ πxi∂iφ− x−π2

)
Ki =

∫
dx−dxi

(
xiD − 1

2

(
2x+x− + xjxj

)
π∂iφ

)
K+ =

∫
dx−dx⊥

(
x+D +

1

2

(
2x+x− + xjxj

)
π2

)
K− =

∫
dx−dx⊥

(
x−
[
x+H− π2x− + xj∂jφ+ πdφφ

]
− 1

2

(
2x+x− + xjxj

)
H
)
.

We now describe in more detail the approach of Ref. [5]. Here we note that sec-

ond quantised conformal generators satisfy G =
∫
dx−1 dx

−
2 d~x1d~x2A

†ĝA) (with the

momenta conjugate given by (p+
1 , p

+
2 , p

i
1, p

i
2)). The second quantised generators are

summarised as follows (details of these calculations may be found in Appendix C.3.3):

P+ = −
∫
dx−dxiπ2

=

∫
dxi
∫ ∞

0
dp+a†(p+, xi)

(
−p+a(p+, xi)

)
δa(p+, xi)P+ = p+a(p+, xi)

⇒ p̂+ = p+
1 + p+

2 (4.2)

P i =

∫
dx−dxi (π∂iφ)

=

∫
dxi
∫ ∞

0
dp+

1 a
†(p+, xi)

(
i∂ia(p+, xi)

)
δa(p+, xi)P i = i∂ia(p+, xi)

⇒ p̂i = i∂i = pi1 + pi2 (4.3)

P− =

∫
dx−dxi

(
1

2
(∂iφ)2

)
=

∫
dxi
∫ ∞

0
dp+a†

(
p+, xi

)(
− 1

2p+
∂2
i a
(
p+, xi

))
δa(p+, xi)P− = − ∂2

i

2p+
a
(
p+, xi

)
⇒ p̂− = −

(
pi1p

i
1

2p+
1

+
pi2p

i
2

2p+
2

)
(4.4)

M+− = x+H +

∫
dx−dxi

(
x−π2

)
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=

∫
dxi
∫ ∞

0
dp+a†

(
p+, xi

)( x+

2p+
∂2
i + i

√
p+

∂

∂p+

√
p+

)
(
a
(
p+, xi

))
δa(p+, xi)M+− =

(
x+

2p+
∂2
i − i

√
p+

∂

∂p+

√
p+

)(
a
(
p+, xi

))
⇒ m̂+− = tp̂− − x−1 p

+
1 − x

−
2 p

+
2 (4.5)

M+i =

∫
dxidx−

(
x+π∂iφ+ xiπ2

)
=

∫
dxi
∫ ∞

0
dp+a†(p+, xi)

(
ix+∂i + xip+

)
a(p+, xi)

δa(p+, xi)M+i =
(
ix+∂i − xip+

)
a(p+, xi)

⇒ m̂+i = tp̂i − xi1p+
1 − x

−
2 p

+
2 (4.6)

M−i =

∫
dx−dxi

(
x−π∂iφ− xiH

)
=

∫
dxi
∫ ∞

0
dp+a†

(
p+, xi

)(
−∂i

∂

∂p+
− ∂jx

i∂j
2p+

)
a(p+, xi)

δa(p+, xi)M−i =

(
−∂i

∂

∂p+
− ∂jx

i∂j
2p+

)
a(p+, xi)

⇒ m̂−i = pi1x
−
1 + pi2x

−
2 + xi1

pj1p
j
1

2p+
1

+ xi2
pj2p

j
2

2p+
2

(4.7)

M ij =

∫
dx−dx⊥

(
xiπ∂jφ− xjπ∂iφ

)
=

∫
dxi
∫ ∞

0
dp+a†(p+

1 , x
i)
(
ixi∂j − ixj∂i

)
a(p+, xi)

δa(p+, xi)M ij =
(
ixi∂j − ixj∂i

)
a(p+, xi)

⇒ m̂ij = xi1p
j
1 + xi2p

j
2 − x

j
1p
i
1 − x

j
2p
i
2 (4.8)

D = x+H +

∫
dx−dx⊥

(
πdφφ+ πxi∂iφ− x−π2

)
=

∫
dx⊥

∫ ∞
0

dp+a†(p+, xi)(
x+

2p+
∂2
i + idφ + ixi∂i − i

√
p+

∂

∂p+

√
p+

)
a(p+, xi)

δa(p+, xi)D =

(
x+

2p+
∂2
i + idφ + ixi∂i + i

√
p+

∂

∂p+

√
p+

)
a(p+, xi)

⇒ d̂ = tp̂− + 2dφ + xi1p
i
1 + xi2p

i
2 + x−1 p

+
1 + x−2 p

+
2 (4.9)

K+ =

∫
dx−dxi

(
x+D +

1

2

(
2x+x− + xjxj

)
π2

)
=

∫
dxi
∫ ∞

0
dp+a†(p+, xi)
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[
x+

(
x+

2p+
∂2
i + idφ + ixi∂i

)
+

1

2
xix

ip+

]
a(p+, xi)

δa(p+, xi)K+ =

[
x+

(
x+

2p+
∂2
i + idφ + ixi∂i

)
− 1

2
xix

ip+

]
a(p+, xi)

⇒ k̂+ = t2p̂− + t(2dφ + xi1p
i
1 + xi2p

i
2)− 1

2

(
xi1x

i
1p

+
1 + xi2x

i
2p

+
2

)
(4.10)

Ki =

∫
dx−dxi

(
xiD − 1

2

(
2x+x− + xjxj

)
π∂iφ

)
δa(p+, xi)Ki =

[
x+∂jx

i∂j
2p+

+ x+∂i
∂

∂p+
− i

2
xjxj∂i

+ixi
[
dφ + xj∂j +

√
p+

∂

∂p+

√
p+

]]
a(p+, xi)

⇒ k̂i = −t

(
xi1
pj1p

j
1

2p+
1

+ xi2
pj2p

j
2

2p+
2

+ pi1x
−
1 + pi2x

i
2

)
−1

2

(
xj1x

j
1p
i
1 + xj2x

j
2p
i
2

)
+ xi1

(
dφ + xj1p

j
1 + p+

1 x
−
1

)
+xi2

(
dφ + xj2p

j
2 + p+

2 x
−
2

)
(4.11)

K− =

∫
dx−dxi

(
x−D − 1

2

(
2x+x− + xjxj

)
H
)

δa(p+, xi)K− =

[
−∂jx

ixi∂j
4p+

−
√
p+

∂

∂p+

∂

∂p+

√
p+ − xi∂i

∂

∂p+

−dφ
1√
p+

∂

∂p+

√
p+

]
a(p+, xi).

⇒ k̂− = xi1x
i
1

pj1p
j
1

4p+
1

+ xi2x
i
2

pj2p
j
2

4p+
2

+ x−1
(
x−1 p

+
1 + xi1p

i
1 + dφ

)
+x−2

(
x−2 p

+
2 + xi2p

i
2 + dφ

)
(4.12)

4.2.4 Map between AdS4 generators and CFT3 generators

The generators in AdS4 higher spin theory were first worked out in Ref. [130] and

then summarised in Ref. [5], and were used to establish a map between bilocal and

AdS4 × S1 coordinates. Here G =
∫
dx−dxdzdθΦ̄ĝΦ, and the conjugate momenta

were given by (p+, px, pz, pθ)):

p̂− = −p
xpx + pzpz

2p+

p̂+ = p+

p̂x = px
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m̂+− = tp̂− − x−p+

m̂+x = tp̂x − xp+

m̂−x = x−px − xp̂− +
pθpz

p+

d̂ = tp̂− + x−p+ + xpx + zpz + da

k̂− = −1

2
(x2 + z2)p̂− + x−(x−p+ + xpx + zpz + da)

+
1

p+

(
(xpz − zpx)pθ + (pθ)2

)
k̂+ = x+2p̂− + x+(xpx + zpz + da)−

1

2
(x2 + z2)p+

k̂x = x+(xp̂− − x−px − pθpz

p+
) +

1

2
(x2 − z2)px

+x(x−p+ + zpz + da) + zpθ

where da = 1 for AdS4. Comparing these two sets and generators results in the

following map between CFT and AdS4 × S1 (worked out explicitly in Appendix

C.3.4):

p̂+ = p+
1 + p+

2

p̂i = pi1 + pi2

p̂− = −
(
pi1p

i
1

2p+
1

+
pi2p

i
2

2p+
2

)
= −pp+ pzpz

2p+

x =
x1p

+
1 + x2p

+
2

p+
1 + p+

2

x− =
x−1 p

+
1 + x−2 p

+
2

p+
1 + p+

2

z =
(x1 − x2)

√
p+

1 p
+
2

p+
1 + p+

2

(4.13)

pz =
p1p

+
2 − p

+
1 p2√

p+
1 p

+
2

pθ =
(
x−1 − x

−
2

)√
p+

1 p
+
2 +

(
x−1 − x

−
2

)
2

[√
p+

2

p+
1

p1 −

√
p+

1

p+
2

p2

]

θ = 2arctan

√
p+

2

p+
1

. (4.14)
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4.2.5 Map established through Kernel

Another approach, generalisable to the temporal gauge, was developed in Ref. [10].

The collective fields are canonical, i.e. [Ψx,Πc′ ] = δc,c′ where the equal time bilocals

are given by

Ψ(t; ~x1.~x2) =
N∑
i=1

ϕi(t, ~x1)ϕi(t, ~x2).

The large N expansion of the collective Hamiltonian is given by

Hcol = NH0 +H2 +
1√
N
H3 +

1

N
H4 + ... .

In subsection 1.12.2 and section 1.13, it was observed that theories could be written

in terms of an infinite tower of higher spins. In the present case there is a similar

situation as a result of the S1 parameter θ which was added to ensure that CFT

degrees of freedom match with the AdS degrees of freedom. A Fourier transformation

of a sequence of higher spin fields yields

H
(
x+;x−, x, z, θ

)
=

∞∑
s=0:even

cos (sθ)Hs
(
x+;x−, x, z

)
, (4.15)

representing a field on AdS4×S1. The pointwise one-to-one momenta map in equa-

tions (4.14) between bi-local (SO(2, 3)) and bulk (AdS4 × S1) fields is summarised

below:

p+ = p+
1 + p+

2 (4.16)

p = p1 + p2 (4.17)

pz = p1

√
p+

2

p+
1

− p2

√
p+

1

p+
2

(4.18)

θ = 2arctan

√
p+

2

p+
1

. (4.19)

This may be inverted as follows: from (4.19) we may obtain expressions for p+
1 and

p+
2 ,

tan2 θ

2
=

p+
2

p+
1
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⇒ tan2 θ

2
+ 1 = sec2 θ

2
=

1

cos2 θ
2

=
p+

1 + p+
2

p+
1

=
p+

p+
1

⇒ p+
1 = p+ cos2 θ

2
⇒ p+

2 = p+ − p+
1

= p+ sin2 θ

2
.

Plugging (4.17) and (4.19) into (4.18) we obtain

pz = p1 tan
θ

2
− (p− p1)

1

tan θ
2

⇒ p1

(
tan

θ

2
+

1

tan θ
2

)
= p1

sec2 θ
2

tan θ
2

= pz + p
1

tan θ
2

⇒ p1 = pz cos2 θ

2
tan

θ

2
+ p cos2 θ

2

= pz cos
θ

2
sin

θ

2
+ p cos2 θ

2

=
1

2
(pz sin θ + p (cos θ + 1))

⇒ p2 = p− p1

=
1

2
(p (1− cos θ)− pz sin θ) .

We may therefore write the map between fields as

H̃
(
p+, p, pz, θ

)
=

∫
dp+

1 dp1dp
+
2 dp2K

(
p+, p, pz, θ; p+

1 , p
1, p+

2 , p2

)
Ψ̃
(
p+

1 , p1, p
+
2 , p2

)
where the Kernel K is given by

K
(
p+, p, pz, θ; p+

1 , p
1, p+

2 , p2

)
= δ

[
p1 −

1

2
(pz sin θ + p (cos θ + 1))

]
δ

[
p2 −

1

2
(p (1− cos θ)− pz sin θ)

]
δ

[
p+

1 − p
+ cos2 θ

2

]
δ

[
p+

2 − p
+ sin2 θ

2

]
.

This map may be used to obtain the identifications as found in the previous section.

For example, the identification between the extra AdS4 coordinate and the relative
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bi-local space found in equation (4.13),

z =
(x1 − x2)

√
p+

1 p
+
2

p+
1 + p+

2

.

The map is established using the kernel as follows[10]

LAdSH̃
(
p+, p, pz, θ

)
=

∫
dp+

1 dp1dp
+
2 dp2KLbi−localΨ̃

(
p+

1 , p1, p
+
2 , p2

)
.

Some examples of obtaining generators using the kernel may be found in AppendixC.3.5.

We can rewrite the Kernel in terms of the AdS coordinates,

K = δ
(
p+

1 + p+
2 − p

+
)
δ (p1 + p2 − p) δ

(
p1

√
p+

2

p+
1

− p2

√
p+

1

p+
2

− pz
)

δ

(
arctan

√
p+

2

p+
1

− θ

2

)
J

where the Jacobian J=
∂(p+,p,pz ,θ)
∂(p+

1 ,p1,p
+
2 ,p2)

of the transformation is given by

det

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 1 0

0 1 0 1

−
p+

2 p1

(√
p+2

p+1

)

2p+2
1

√
p+2

p+1

−
p2

√ p+2

p+a


2p+

2

√
p+2

p+1

√
p+

2

p+
1

p+
2 p2

(√
p+2

p+1

)

2p+2
1

√
p+2

p+1

+
p2

(√
p+1

p+2

)

2p+
2

√
p+1

p+2

−
√

p+
1

p+
2

− p+
2

p+2
1

(
p+2

p+1

+1

)√
p+2

p+1

0 1

p+
1

(
p+2

p+1

+1

)√
p+2

p+1

0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
which simplifies to

J =

√
p+

2

p+
1

1

p+
1

(
p+

2

p+
1

+ 1
)√

p+
2

p+
1

−

−
√
p+

1

p+
2

1

p+
1

(
p+

2

p+
1

+ 1
)√

p+
2

p+
1


(
−

√
p+

1

p+
2

)
− p+

2

p+2
1

(
p+

2

p+
1

+ 1
)√

p+
2

p+
1

+

√
p+

2

p+
1

 p+
2

p+2
1

(
p+

2

p+
1

+ 1
)√

p+
2

p+
1

 (4.20)
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=
1

p+
1 + p+

2

+
p+

1

p+
2

1

p+
1 + p+

2

+
1

p+
1 + p+

2

+
p+

2

p+
1

1

p+
1 + p+

2

=
1

p+
1

+
1

p+
2

and we may therefore rewrite

H̃
(
p+, p, pz, θ

)
=

∫
dp+

1 dp1dp
+
2 dp2KΨ̃

(
p+

1 , p1, p
+
2 , p2

)
=

∫
dp+

1 dp1dp
+
2 dp2 Jδ

(
p+

1 + p+
2 − p

+
)
δ (p1 + p2 − p)

δ

(
p1

√
p+

2

p+
1

− p2

√
p+

1

p+
2

− pz
)
δ

(
arctan

√
p+

2

p+
1

− θ

2

)
Ψ̃
(
p+

1 , p1, p
+
2 , p2

)
.

Now recalling what was initially written and performing a Fourier transform,

H
(
x+;x−, x, z, θ

)
=

∞∑
s=0:even

cos (sθ)Hs
(
x+;x−, x, z

)
⇒ Hs

(
x+;x−, x, z

)
=

∫
dθH

(
x+;x−, x, z, θ

)
cos(sθ)

=

∫
dθ

∫
d4p δ

(
2p+p− + p2 − (pz)2

)
eix

µpµH̃
(
p+, p, pz, θ

)
cos (sθ)

=

∫
dθ

∫
d4p δ

(
2p+p− + p2 − (pz)2

)
eix

µpµ

∫
dp+

1 dp1dp
+
2 dp2

Jδ
(
p+

1 + p+
2 − p

+
)
δ (p1 + p2 − p) δ

(
p1

√
p+

2

p+
1

− p2

√
p+

1

p+
2

− pz
)

δ

(
arctan

√
p+

2

p+
1

− θ

2

)
Ψ̃
(
p+

1 , p1, p
+
2 , p2

)
cos (sθ)

where in the third line, this Fourier transform would normally be over 3 variables

but since we are now integrating over 4 variables it introduces an additional delta

function which enforces the on-shell condition.

Now, since

cos
θ

2
=

√
p+

1

p+
1 + p+

2

⇒ θ = 2 arccos

√
p+

1

p+
1 + p+

2

,
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Hs (x+;x−, x, z) reduces to∫
dθ

∫
d4p δ

(
2p+p− + p2 − (pz)2

)
eix

µpµ

∫
dp+

1 dp1dp
+
2 dp2

Jδ
(
p+

1 + p+
2 − p

+
)
δ (p1 + p2 − p) δ

(
p1

√
p+

2

p+
1

− p2

√
p+

1

p+
2

− pz
)

δ

(
arccos

√
p+

1

p+
1 + p+

2

− θ

2

)
cos (sθ) Ψ̃

(
p+

1 , p1, p
+
2 , p2

)
=

∫
dp+dpdpzdθ

∫
d4p δ

(
2p+p− + p2 − (pz)2

)
eix

µpµ

∫
dp+

1 dp1dp
+
2 dp2

Jδ
(
p+

1 + p+
2 − p

+
)
δ (p1 + p2 − p) δ

(
p1

√
p+

2

p+
1

− p2

√
p+

1

p+
2

− pz
)

cos

(
2 arccos

√
p+

1

p+
1 + p+

2

s

)
Ψ̃
(
p+

1 , p1, p
+
2 , p2

)
,

Orthogonal polynomials are a useful tool to understand this further. By way of

introduction, these polynomials are solutions to second order differential equations,

and some insight may be gained by viewing them with regard to their generating

functions, below of which are a few examples (defined when |z| < 1; for Jacobi

polynomials, R is defined as R = 1− 2xz + z2):

Legendre : 1√
1−2xz+z2

=
∑∞

n=0 Pn(x)zn

Chebyshev : 1−xz
1−2xz+z2 =

∑∞
n=0 Tn(x)zn

Ultraspherical (∝ Gegenbauer) : 1
(1−2xz+z2)λ

=
∑∞

n=0C
(λ)
n (x)zn

Jacobi : 2α+β

R(1+R−z)α(1+R+z)β
=
∑∞

n=0 P
(α,β)
n (x)zn

Hypergeometric : F (a, b, c; z) =
∑∞

s=0
(a)s(b)s
(c)ss!

zs

Here we see that Gegenbauer polynomials are generalisations of Legendre polynomi-

als. Gradschteyn and Ryzhik’s table of integrals , series and products[132], Szego’s

Orthogonal Polynomials [133] and Slater’s Generalized Hypergeometric Function

[134] give us some ideas about how to proceed. Firstly note that Chebyshev’s poly-

nomials of the first kind are given by (8.940 Ref. [132])

Tn(x) = cos (n arccosx)
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and thus

Hs
(
x+;x−, x, z

)
=

∫
dp+dpdpzdθ eix

µpµ

∫
dp+

1 dp1dp
+
2 dp2 Jδ

(
p+

1 + p+
2 − p

+
)

δ (p1 + p2 − p) δ

(
p1

√
p+

2

p+
1

− p2

√
p+

1

p+
2

− pz
)

Ψ̃
(
p+

1 , p1, p
+
2 , p2

)
T2s

(√
p+

1

p+
1 + p+

2

)
.

In order to calculate T2s

(√
p+

1

p+
1 +p+

2

)
, we take note of the following formulae:

Tn(x) =
22n(n!)2

(2n)!
P

(− 1
2
,− 1

2
)

n (x) 8.962, [132]

Pα,α2ν (x) = (−1)ν
Γ(2ν + α+ 1)Γ(ν + 1)

Γ(ν + α+ 1)Γ(2ν + 1)
P

(− 1
2
,α)

ν (1− 2x2), Theorem 4.1, [133]

P (α,β)
n (1) =

(
n+ α

n

)
4.1.1, [133]

The calculation requires us to treat T2s

(√
p+

1

p+
1 +p+

2

)
as a normalised quantity. Hence

we obtain,

T2s

(√
p+

1

p+
1 + p+

2

)
=

22s(s!)2

(2s)! P
(− 1

2
,− 1

2
)

2s

(√
p+

1

p+
1 +p+

2

)
22s(s!)2

(2s)! P
(− 1

2
,− 1

2
)

2s (0)

=

P
(− 1

2
,− 1

2
)

2s

(√
p+

1

p+
1 +p+

2

)
P

(− 1
2
,− 1

2
)

2s (0)

=

(−1)s
Γ(2s− 1

2
+1)Γ(s+1)

Γ(s− 1
2

+1)Γ(2s+1)
P

(− 1
2
,− 1

2
)

s (1− 2

(√
p+

1

p+
1 +p+

2

)2

)

(−1)s
Γ(2s− 1

2
+1)Γ(s+1)

Γ(s− 1
2

+1)Γ(2s+1)
P

(− 1
2
,− 1

2
)

s (1)

=
P

(− 1
2
,− 1

2
)

s

(
p+

1 −p
+
2

p+
1 +p+

2

)
P

(− 1
2
,− 1

2
)

s (1)
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=
P

(− 1
2
,− 1

2
)

s

(
p+

1 −p
+
2

p+
1 +p+

2

)
(
s− 1

2

s

)

=
P

(− 1
2
,− 1

2
)

s

(
p+

1 −p
+
2

p+
1 +p+

2

)
Γ(s+ 1

2
)

s!Γ(− 1
2

)

= Γ(−1

2
)
P

(− 1
2
,− 1

2
)

s

(
p+

1 −p
+
2

p+
1 +p+

2

)
s!

Γ(s+ 1
2)

, (4.21)

and therefore

Hs
(
x+;x−, x, z

)
= Γ(−1

2
)

∫
dp+dpdpzdp− δ

(
2p+p− + p2 + (pz)2

)
eix

µpµ

∫
dp+

1 dp1dp
+
2 dp2

Jδ
(
p+

1 + p+
2 − p

+
)
δ (p1 + p2 − p) δ

(
p1

√
p+

2

p+
1

− p2

√
p+

1

p+
2

− pz
)

P
(− 1

2
,− 1

2
)

s

(
p+

1 −p
+
2

p+
1 +p+

2

)
s!

Γ(s+ 1
2)

Ψ̃
(
p+

1 , p1, p
+
2 , p2

)
. (4.22)

in agreement (up to a factor of −2
√
π) with equation 30 of Ref. [10]. Equation 33

of Ref. [10] (which has a detailed but yet insightful derivation and hence is included

in Appendix C.3.6) tells us that in the limit z → 0,

Hs
(
x+;x−, x, z

)
−→
z=0

s!

Γ
(
s+ 1

2

) ∫
−2p+p−−p2>0

dp+dpdp−(
1

(−i∂−)s
ei(x

+p−+x−p++xp)
)
Õs
(
p−, p+, p

)
,

which shows that the Collective field map to AdS fields at z = 0 (which is the

boundary of AdS) leads to the conserved primary operators of the Conformal Field

Theory; this acts as a good consistency check.
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4.3 Temporal Gauge

The map found in section 4.2 as enforced by a kernel was generalised to temporal

gauge in Ref. [10]. We review the construction of this map below.

4.3.1 Operator derivations in temporal gauge

In temporal gauge, where

gµν =


−1 0 0

0 1 0

0 0 1


and

L = −1

2
∂µφ∂

µφ

= −1

2

(
∂tφ∂

tφ+ ∂xφ∂
xφ+ ∂yφ∂

yφ
)

=
1

2
(∂tφ∂tφ− ∂xφ∂xφ− ∂yφ∂yφ)

⇒ π =
∂L
∂tφ

= ∂tφ

⇒ H = π2 − L = π∂tφ− L

=
1

2

(
π2 + ∂xφ∂xφ+ ∂yφ∂yφ

)
we have

jµ = −
[(
Lgµν −

δL
δ∂µφ

∂νφ

)
δxν +

δL
δ∂µφ

δφ

]
⇒ jt = −

[(
Lgtν −

δL
δ∂tφ

∂νφ

)
δxν +

δL
δ∂tφ

δφ

]
= −

[(
Lgtν − π∂νφ

)
δxν + πδφ

]
= π∂νφδx

ν − Lgtνδxν − πδφ

= π∂νφδx
ν − (π∂tφ−H) gtνδx

ν − πδφ
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For translations (where caligraphic writing indicates operator densities), noting that

gtν = gtµgνµ ⇒ gtt = 1,

δxµ = εµ

δφ = ∂µ [εµ]φ = 0

⇒ jt = π∂νφδx
ν − (π∂tφ−H) gtνδx

ν − πδφ

= π∂νφε
ν − (π∂tφ−H) gtνε

ν

=
(
π∂νφ− (π∂tφ−H) gtν

)
εν

⇒ Pν = T tν = jtν = π∂νφ− (π∂tφ−H) gtν

Px = π∂xφ

⇒ P x =

∫
dxdy π∂xφ

Py = π∂yφ

⇒ P y =

∫
dxdy π∂yφ

Pt = H

⇒ P t =

∫
dxdyH.

For Lorentz transformations,

δxµ = (ερµ − εµρ)xρ

δφ = −∂µ [(ερµ − εµρ)xρ]φ = 0 (antisymmetric parameter)

⇒ jµ = (Lgµν − π∂νφ) δxν

= (Lgµν − π∂νφ) (ερν − ενρ)xρ

= ερν

[(
Lgµν − δL

δ∂µφ
∂νφ

)
xρ −

(
Lgµρ − δL

δ∂µφ
∂ρφ

)
xν
]

⇒ jµνρ =

[(
Lgµν − δL

δ∂µφ
∂νφ

)
xρ −

(
Lgµρ − δL

δ∂µφ
∂ρφ

)
xν
]

⇒Mνρ = jtνρ =

[(
Lgtν − δL

δ∂tφ
∂νφ

)
xρ −

(
Lgtρ − δL

δ∂tφ
∂ρφ

)
xν
]

=
[(
Lgtν − π∂νφ

)
xρ −

(
Lgtρ − π∂ρφ

)
xν
]

⇒Mtt =
[(
−(π2 −H) + π2

)
t−

(
−(π2 −H) + π2

)
t
]

= 0

⇒M tt = 0
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as expected for an antisymmetric operator. Furthermore,

Mtx =
[(
Lgtt − π∂tφ

)
x−

(
Lgtx − π∂xφ

)
t
]

=
[(
−
(
π2 −H

)
+ π2

)
x+ (π∂xφ) t

]
= Hx+ (π∂xφ) t

⇒M tx =

∫
dxdy Hx+ (π∂xφ) t

⇒M ty =

∫
dxdy Hy + (π∂yφ) t

⇒Mxy =

∫
dxdy − (π∂xφ) y + (π∂yφ)x.

For Dilations,

δxµ = εxµ

δφ = −∂µ [εxµ]φ = −εdφφ

jt = π∂νφδx
ν − (π∂tφ−H) gtνδx

ν − πδφ

= πε (πt+ ∂xφx+ ∂yφy)− ε
(
π2 −H

)
t+ επdφφ

⇒ D = (π∂xφ)x+ (π∂yφ) y +Ht+ πdφφ

⇒ D =

∫
dxdy [(π∂xφ)x+ (π∂yφ) y +Ht+ πdφφ]

= Ht+

∫
dxdy [(π∂xφ)x+ (π∂yφ) y + πdφφ] .

For Special Conformal Transformations,

δxµ = 2 (x · ε)xµ − x2εµ =
[
2xαxµ − x2gαµ

]
εα

δφ = −∂µ
[
2xαxµ − x2gαµ

]
εαφ = −2dφε

µxµφ

jt = π∂νφδx
ν − (π∂tφ−H) gtνδx

ν − πδφ

= π∂νφ
[
2xαxν − x2gαν

]
εα −

(
π2 −H

)
gtν
[
2xαxν − x2gαν

]
εα + 2dφπεαx

αφ

⇒ Kα = π∂νφ
[
2xαxν − x2gαν

]
−
(
π2 −H

)
gtν
[
2xαxν − x2gαν

]
+ 2dφπx

αφ

= π∂νφ
[
2xαxν − x2gαν

]
−
(
π2 −H

) [
2xαt− x2gαt

]
+ 2dφπx

αφ

⇒ Kt = π∂νφ
[
2txν − x2gtν

]
−
(
π2 −H

) [
2t2 + x2

]
+ 2dφπtφ

= 2πt (πt+ ∂xφx+ ∂yφy) + π2x2 − 2π2t2 − π2x2 + 2Ht2 +Hx2 + 2dφπtφ

= 2πt (πt+ ∂xφx+ ∂yφy)− 2π2t2 + 2Ht2 +Hx2 + 2dφπtφ

= 2tD − π2t2 +Hx2
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⇒ Kt =

∫
dxdy

[
2tD − π2t2 +Hx2

]
Kx = π∂νφ

[
2xxν − x2gxν

]
−
(
π2 −H

) [
2xt− x2gxt

]
+ 2dφπxφ

= 2πx (πt+ ∂xφx+ ∂yφy)− 2xt
(
π2 −H

)
+ 2dφπxφ

= 2xD + 2π2xt− 2π2xt

= 2xD

⇒ Kx =

∫
dxdy [2xD]

Ky =

∫
dxdy [2yD] .

4.3.2 Temporal Gauge Map

The temporal gauge map was achieved in Ref. [10], and we review the construction

of this map here. The map requires that old co-ordinates and new co-ordinates

must close the same Lie algebra - so(d, 2), and this change of co-ordinates must be

a canonical transformation. These have been mapped, in the UV, to AdS4 × S1 [5]

and generalised to temporal gauge [9]. In momentum space, this temporal gauge

map, is a point-like transformation that reads:

E = E1 + E2 = |~k1|+ ~k2|
~k = ~k1 + ~k2

kz = ±2

√∣∣∣~k1

∣∣∣ ∣∣∣~k2

∣∣∣ sin(ϕ2 − ϕ1

2

)

θ = arctan

 2~k2 × ~k1(∣∣∣~k1

∣∣∣− ∣∣∣~k2

∣∣∣) kz
 (4.23)

Let us understand this map a little better. Working in phase space, the centre of

momentum of the bilocal space is identified with the AdS4 momentum,

~k = ~k1 + ~k2

k0 =
∣∣∣~k1

∣∣∣+
∣∣∣~k2

∣∣∣ ,
and, writing

~k1 =
(∣∣∣~k1

∣∣∣ cosϕ1,
∣∣∣~k1

∣∣∣ sinϕ1

)
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~k2 =
(∣∣∣~k2

∣∣∣ cosϕ2,
∣∣∣~k2

∣∣∣ sinϕ2

)
,

kz is defined from the mass-shell condition as

kz =

√
(k0)2 − ~k2 (4.24)

=

√
2
∣∣∣~k1

∣∣∣ ∣∣∣~k2

∣∣∣− 2~k1 · ~k2

=

√
2
∣∣∣~k1

∣∣∣ ∣∣∣~k2

∣∣∣√1− (cosϕ1 cosϕ2 + sinϕ1 sinϕ2)

=

√
2
∣∣∣~k1

∣∣∣ ∣∣∣~k2

∣∣∣√1− cos (ϕ1 − ϕ2)

=

√
2
∣∣∣~k1

∣∣∣ ∣∣∣~k2

∣∣∣√1−
(

cos2

(
ϕ1 − ϕ2

2

)
− sin2

(
ϕ1 − ϕ2

2

))
= 2

√∣∣∣~k1

∣∣∣ ∣∣∣~k2

∣∣∣ sin(ϕ1 − ϕ2

2

)
. (4.25)

So kz is defined as

kz = ±2

√∣∣∣~k1

∣∣∣ ∣∣∣~k2

∣∣∣ sin(ϕ1 − ϕ2

2

)

with the sign changing under exchange of ~k1 and ~k2. θ and kθ are a bit more tricky.

The derivation of these is sketched here, but the full calculation may be found in

appendix D. kθ was found by relating it to the quadratic Casimir using Ref. [135],

so that

CSO(2,3)) ∼ 2s2 ∼ 2(kθ)2.

Working in collective gauge (in the language of [9]) which is different to that given

in [135]), where

(~x1)2 = 0

(~x2)2 = 0

~x1 · ~k1 = 0

~x2 · ~k2 = 0(
~k2

)2
= 0(

~k1

)2
= 0.
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The full expression for the Casimir then simplified to[9]

(kθ) =

√
| ~k1||~k2| cos

ϕ1 + ϕ2

2

(
x1

2 − x1
1

)
+

√
| ~k1||~k2| sin

ϕ1 + ϕ2

2

(
x2

2 − x2
1

)
.

= F+(~k1,~k2)
(
x1

2 − x1
1

)
+ F−(~k1,~k2)

(
x2

2 − x2
1

)
.

Imposing Poisson brackets, in particular,

{x1, θ}PB = 0

{x2, θ}PB = 0

{z, θ}PB = 0

{kθ, θ}PB = 1,

with the assumption that all AdS coordinates are functions only of bilocal coordi-

nates ~k1 and ~k2 and not of ~xi, we obtain that

θ = arctan

 2~k2 × ~k1(∣∣∣~k1

∣∣∣− ∣∣∣~k2

∣∣∣) kz
 .

The map in (4.23) can be inverted to obtain[10] (writing w ≡
√

(kz)2 + ~k2):

k1
1 =

w − |~k| cos θ

2|~k|
(

(kz)2 + ~k2 sin2 θ
) [(w|~k| sin2 θ − (kz)2 cos θ

)
k1

−
(
kz|~k| sin θ cos θ + kzw sin θ

)
k2
]

k2
1 =

w − |~k| cos θ

2|~k|
(

(kz)2 + ~k2 sin2 θ
) [(kz|~k| sin θ cos θ + kzw sin θ

)
k1

+
(
w|~k| sin2 θ − (kz)2 cos θ

)
k2
]

k1
2 =

w + |~k| cos θ

2|~k|
(

(kz)2 + ~k2 sin2 θ
) [(w|~k| sin2 θ + (kz)2 cos θ

)
k1

−
(
kz|~k| sin θ cos θ − kzw sin θ

)
k2
]

k2
2 =

w + |~k| cos θ

2|~k|
(

(kz)2 + ~k2 sin2 θ
) [(kz|~k| sin θ cos θ − kzw sin θ

)
k1

+
(
w|~k| sin2 θ + (kz)2 cos θ

)
k2
]
.
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4.3.3 Map established through Kernel

As in the light cone case, the map (4.23) may be established using a kernel, as

follows:

H
(
~k, kz, θ

)
=

∫
d~k1d~k2K

(
~k, kz, θ;~k1,~k2

)
Ψ
(
~k1,~k2

)
. (4.26)

The kernel K
(
~k, kz, θ;~k1,~k2

)
is given by

K
(
~k, kz, θ;~k1,~k2

)
= J δ2

(
~k1 + ~k2 − ~k

)
δ

(
2

√
|~k1||~k2| sin

(
ϕ1 − ϕ2

2

)
− kz

)
×δ

(
arctan

(
2~k2 × ~k1

(|~k2| − |~k1|)kz

)
− θ

)
,

where

J =

∣∣∣∣∣∣
∂
(
~k, kz, θ

)
∂
(
k1

1, k
2
1, k

1
2, k

2
2

)
∣∣∣∣∣∣ =

1

|~k1|
+

1

|~k2|
.

Using the partial derivatives[136] (noting that

√
(kz)2 + ~k2 = |~k1|+ |~k2| = k0),

∂k1
1

∂k1
=

|~k1|
|~k1|+ |~k2|

+

kz
√

1
2

(
|~k1||~k2|+ k1

1k
1
2 − k2

1k
2
2

)
k2

~k2k0

∂k2
1

∂k1
=

kz
√

1
2

(
|~k1||~k2| − k1

1k
1
2 + k2

1k
2
2

)
k2

~k2k0

∂k1
2

∂k1
=

|~k2|
|~k1|+ |~k2|

−
kz
√

1
2

(
|~k1||~k2|+ k1

1k
1
2 − k2

1k
2
2

)
k2

~k2k0

∂k2
2

∂k1
= −

kz
√

1
2

(
|~k1||~k2| − k1

1k
1
2 + k2

1k
2
2

)
k2

~k2k0

∂k1
1

∂k2
= −

kz
√

1
2

(
|~k1||~k2|+ k1

1k
1
2 − k2

1k
2
2

)
k1

~k2k0

∂k2
1

∂k2
=

|~k1|
|~k1|+ |~k2|

−
kz
√

1
2

(
|~k1||~k2| − k1

1k
1
2 + k2

1k
2
2

)
k1

~k2k0
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∂k1
2

∂k2
=

kz
√

1
2

(
|~k1||~k2|+ k1

1k
1
2 − k2

1k
2
2

)
k1

~k2k0

∂k2
2

∂k2
=

|~k2|
|~k1|+ |~k2|

+

kz
√

1
2

(
|~k1||~k2| − k1

1k
1
2 + k2

1k
2
2

)
k1

~k2k0

∂k1
1

∂kz
= − 1

|~k1|+ |~k2|

√
1

2

(
|~k1||~k2| − k1

1k
1
2 + k2

1k
2
2

)
∂k2

1

∂kz
=

1

|~k1|+ |~k2|

√
1

2

(
|~k1||~k2|+ k1

1k
1
2 − k2

1k
2
2

)
∂k1

2

∂kz
=

1

|~k1|+ |~k2|

√
1

2

(
|~k1||~k2| − k1

1k
1
2 + k2

1k
2
2

)
∂k2

2

∂kz
= − 1

|~k1|+ |~k2|

√
1

2

(
|~k1||~k2|+ k1

1k
1
2 − k2

1k
2
2

)
∂k1

1

∂θ
=

√
1

2

(
|~k1||~k2|+ k1

1k
1
2 − k2

1k
2
2

)
∂k2

1

∂θ
=

√
1

2

(
|~k1||~k2| − k1

1k
1
2 + k2

1k
2
2

)
∂k1

2

∂θ
= −

√
1

2

(
|~k1||~k2|+ k1

1k
1
2 − k2

1k
2
2

)
∂k2

2

∂θ
= −

√
1

2

(
|~k1||~k2| − k1

1k
1
2 + k2

1k
2
2

)
,

the map in (4.26) may be used to find the AdS4×S1 coordinates in terms of bi-local

variables, for example

kθH
(
~k, kz, θ

)
= − ∂

∂θ
H
(
~k, kz, θ

)
=

∫
d~k1d~k2K

(
~k, kz, θ;~k1,~k2

)(∂~k1

∂θ
· ~x1 +

∂~k2

∂θ
· ~x2

)
Ψ
(
~k1,~k2

)
.

Now, these partial derivatives may be written in terms of trigonometric functions as

follows,

∂k1
1

∂θ
=

√
1

2

(
|~k1||~k2|+ k1

1k
1
2 − k2

1k
2
2

)
=

√
1

2
|~k1||~k2|

√
(1 + cosϕ1 cosϕ2 − sinϕ1 sinϕ2)

=

√
1

2
|~k1||~k2|

√(
1 + cos

(
ϕ1 + ϕ2

2

))
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=

√
1

2
|~k1||~k2|

√(
1 + cos2

(
ϕ1 + ϕ2

2

)
− sin2

(
ϕ1 + ϕ2

2

))
=

√
|~k1||~k2| cos

(
ϕ1 + ϕ2

2

)
,

and thus

kθ =

√
|~k1||~k2| cos

(
ϕ1 + ϕ2

2

)(
x1

2 − x1
1

)
+

√
|~k1||~k2| sin

(
ϕ1 + ϕ2

2

)(
x2

2 − x2
1

)
.

Similarly,

x1 =
|~k1|x1

1 + |~k2|x1
2

k0
− k2kzkθ

~k2k0

x2 =
|~k1|x2

1 + |~k2|x2
2

k0
+
k1kzkθ

~k2k0

z =
(~x1 − ~x2) · ~k1|~k2| − (~x1 − ~x2) · ~k2|~k1|

kzk0
.

One can do the same for the generators, to obtain

P tAdS =

√
~k2 + (kz)2

P xAdS = k1

P yAdS = k2

JxyAdS = x1k2 − x2k1

J txAdS = −x1k0 − k2kzkθ

~k2

JytAdS = x2k0 − k1kzkθ

~k2

DAdS = x1k1 + x2k2 + zpz

Kt
AdS = −1

2

(
~x2 + z2

)
k0k

zkθ

~k2
Jxy − k0(kθ)2

2~k2

Kx
AdS = −1

2

(
~x2 + z2

)
k1 + x1D +

zk2k0kθ

~k2
+
k1(kθ)2

2~k2

Ky
AdS = −1

2

(
~x2 + z2

)
k2 + x2D +

zk1k0kθ

~k2
+
k2(kθ)2

2~k2
. (4.27)
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Chapter 5

A First Principles Construction

of the Bulk

In this thesis, we investigate if, in any way, the map developed in Ref. [10] needs

adjustment or if it applies to the higher spin/CFT correspondence at the IR critical

point.

In order to answer this question, we arrive at what can be called a first principles

construction (‘derivation’) of the bulk, in momentum space, which simply (concep-

tually, but not necessarily technically) requires:

• a change of variables from the original variables of the theory to bilocal fields

using the Collective Field method;

• a change of variables from bilocal to AdS and spin momentum variables ac-

companied by a field redefinition;

• and the use of the chain rule.

This approach is different, but as we will show, equivalent to the approach developed

in Ref. [10] for the full conformal algebra, at the quadratic level.

Moreover, the critical scattering states, which are the exact eigenstates of the inter-

acting theory and which, on the boundary, have an extremely non-trivial form, are

shown, when expressed in bulk variables, to correspond precisely to the removal of
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the s = 0 (∆ = 1) state from the spectrum. This highly non-trivial result confirms

the applicability of the method described above.

5.1 Change of variables, field redefinition and Hamilto-

nian in the bulk

The conformal generator P t is given by

P t = H =

∫
d~z H

=

∫
d2z

1

2
π2(~z) + V

=

∫
d2z

1

2

∂2

∂φC(~z)∂φC(~z)
+ V,

which we recognise from equation (2.14) (ignoring V ) to correspond to

P t = −1

2
∂αΩαβ∂β +

1

8
(∂α ln J) Ωαβ (∂β ln J) .

Although the key elements of this calculation have been done in chapters 2 and 3, we

review it schematically here as this will be useful in understanding other conformal

generators. We have from equation (2.18) that

ln J =
N

2
tr lnψ

⇒ ∂α ln J =
∂ ln J

∂ψ(~x, ~y)
=
N

2
ψ−1
~y~x ,

and further ∂α ≡ δ
δΦ(~x,~y) = iπ~x~y; therefore

P t =

∫
d2x

∫
d2y

∫
d2x′

∫
d2y′

1

2
π~x~yΩ~x~y;~x′~y′π~x′~y′ +

N2

32
ψ−1~y~x Ω~x~y;~x′~y′ψ

−1
~y′~x′ . (5.1)

Now, from equation (2.10) we have that

Ω~x~y;~x′~y′ =
[
ψ(~x, ~x′)δ2(~y − ~y′) + ψ(~x, ~y′)δ2(~y − ~x′)

+ψ(~y, ~x′)δ2(~x− ~y′) + ψ(~y, ~y′)δd(~x− ~x′)
]

and therefore
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P t = Trπψπ + Trππψ + N2

8 Trψ−1.

Making use of the fluctuations as per equation (3.16) and the comments leading up

to it (where to leading order in momentum space, ψ is diagonal and hence commu-

tative), we obtain

P t = 2Trπψ0π +
1

8
Tr(ψ−2

0 )η(ψ−1
0 )η(ψ−1

0 ), (5.2)

equivalent to what was found in equation (3.17); here, however, the trace is taken

schematically as an integral over coordinates ~x, ~y, ~x′, ~y′ and not momenta. We rewrite

η~x~y and π~x~y using the Fourier transform,

η~x~y =

∫
d2k1

2π

∫
d2k2

2π
η~k1

~k2
ei
~k1·~xei

~k2·~y

π~x~y =

∫
d2k1

2π

∫
d2k2

2π
π~k1

~k2
ei
~k1·~xei

~k2·~y

(ψ0)~x~y =

∫
d2p

(2π)2
ψ0
~k
ei~p·(~x−~y). (5.3)

The first term in equation (5.2), written schematically as πxy(ψ0)yy′πy′x, is thus

given as follows: ∫
d2k1

2π

∫
d2k2

2π

∫
d2k3

2π

∫
d2k4

2π

∫
d2p

(2π)2
π~k1

~k2
ψ0
~pπ~k3

~k4∫
d2x

∫
d2y

∫
d2y′ei

~k1·~kei
~k2·~yei~p·(~y−~y

′)ei
~k3·~y′ei

~k4·~x.

Integrating over the ~x, ~y, ~y′ followed by the ~k3,~k4, ~p cancels all denominator factors

of (2π) and sets ~k4 → −~k1, ~p→ −~k2 and ~k3 → ~p→ −~k2, resulting in

2Trπψ0π = 2

∫
d2k1

∫
d2k2π~k1

~k2
ψ0
−~k2

π−~k2−~k1
.

Similarly, the second term in equation (5.2), which can be written schematically as

(ψ0)−2
~x1~x2

η~x2~x3
(ψ0)−1

~x3~x4
η~x4~x1

and is given by

∫
d2k1

2π

∫
d2k2

2π

∫
d2k3

2π

∫
d2k4

2π

∫
d2p1

(2π)2

∫
d2p2

(2π)2
(ψ0)−2

~p1
η~k1

~k2
(ψ0

~p2
)−1η~k3

~k4∫
d2x1

∫
d2x2

∫
d2x3

∫
d2x4e

i~p1·(~x1−~x2)ei
~k1·~x2ei

~k2·~x3ei~p2·(~x3−~x4)ei
~k3·~x4ei

~k4·~x1 .
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Here ~p1 → ~k1, ~k4 → −~p1 → −~k1, ~p2 → −~k2 and ~k3 → ~p2 → −~k2, and therefore,

symmetrising, we obtain

1

16
Tr(ψ−2

0 )η(ψ−1
0 )η(ψ−1

0 )

=

∫
d2k1

2π

∫
d2k2

2π
η~k1

~k2

[
(ψ0
~k1

)−2(ψ0
~k2

)−1 + (ψ0
~k2

)−2(ψ0
~k1

)−1
]
η−~k2−~k1

and the symmetrised quadratic collective Hamiltonian is therefore given by (with

vector notation),

H2 =

∫
d2k1

∫
d2k2

(
π~k1

~k2

(
ψ0
~k1

+ ψ0
~k2

)
π−~k2−~k1

)
+

1

16

∫
d2k1

∫
d2k2 η~k1

~k2

(
(ψ0
~k1

)−2(ψ0
~k2

)−1 + (ψ0
~k2

)−2(ψ0
~k1

)−1
)
η−~k2−~k1

.

At the conformal fixed point where masses drop away, we found that

ψ
0~k

=
1

2|~k|
,

for which the Hamiltonian becomes

H2 =

∫
d2k1

∫
d2k2

1

2

(
π~k1

~k2

(
1

|~k1|
+

1

|~k2|

)
π−~k2−~k1

)
+

1

2
η~k1

~k2

(
|~k1|2|~k2|+ |~k2|2|~k1|

)
η−~k2−~k1

,

and we notice that

η̇~k1
~k2

=
δH2

δπ~k1
~k2

=

(
1

|~k1|
+

1

|~k2|

)
π−~k2−~k1

(5.4)

π̇−~k2−~k1
= − δH2

δη−~k2−~k1

= −
(
|~k1|2|~k2|+ |~k2|2|~k1|

)
η~k1

~k2

⇒ η̈~k1
~k2

= −

(
1

|~k1|
+

1

|~k2|

)(
|~k1|2|~k2|+ |~k2|2|~k1|

)
η~k1

~k2

= −
(
|~k1|+ |~k2|

)2
η~k1

~k2
,

from which we can immediately read off that the energy in bilocal coordinates is

given by

P t = P 0 =
(
|~k1|+ |~k2|

)
= k0
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and in AdS is defined from the on-shell condition (equation (4.24)),

P 0
AdS =

√
~k2 + (kz)2

Furthermore,
(

1

|~k1|
+ 1

|~k2|

)
is the same expression as was obtained for the Jacobian

for the change of variables from bilocals to AdS coordinates in Ref. [10],∣∣∣∣∂kAdS×S1

∂kbilocal

∣∣∣∣ =
1

|~k1|
+

1

|~k2|
. (5.5)

Now in this canonical formulation, since we have the general property written

schematically as∫
δ(x− x0)dx =

∫
δ(f(x)− f(x0))df(x) =

∫
δ(f(x)− f(x0))f ′(x)dx

⇒ δ(x− x0) = δ(f(x)− f(x0))det
∣∣f ′(x)

∣∣
we require that[

π~k1
~k2
, η~k′1~k′2

]
= −iδ2(~k1 − ~k′1)δ2(~k2 − ~k′2)

= −i

(
1

|~k1|
+

1

|~k2|

)
δ(~kAdS×S1 − ~k′AdS×S1)

⇒

[
π~k1

~k2
, ηk′1k′2

]
1

|~k1|
+ 1

|~k2|

= −iδ(~kAdS×S1 − ~k′AdS×S1)

This suggests that we redefine the fields as follows (from equation (5.4) we see that

it is η that should be rescaled and not π):

H
(
~k.kz, θ

)
≡

η~k1
~k2

1

|~k1|
+ 1

|~k2|

∣∣∣∣∣∣
~k1,~k2(~k,kz ,θ)

ΠH

(
~k.kz, θ

)
= π~k1

~k2

∣∣∣
~k1,~k2(~k,kz ,θ)

.

The potential term may be massaged as follows:

η~k1
~k2

(
|~k1|2|~k2|+ |~k2|2|~k1|

)
η−~k2−~k1
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=

(
1

|~k1|
+

1

|~k2|

)
η~k1

~k2

(
|~k1|2|~k2|+ |~k2|2|~k1|

)
η−~k2−~k1(

1

|~k1|
+ 1

|~k2|

)
=

η~k1
~k2

(
|~k1|+ |~k2|

)2
η−~k2−~k1(

1

|~k1|
+ 1

|~k2|

)
=

(
1

|~k1|
+

1

|~k2|

)
η~k1

~k2

(
|~k1|+ |~k2|

)2
η−~k2−~k1(

1

|~k1|
+ 1

|~k2|

)2

implying that we can write the collective quadratic Hamiltonian as an integral over

the AdS coordinates by first factorising out this Jacobian from both expressions,

H2 =

∫
d2k1

∫
d2k2

(
1

|~k1|
+

1

|~k2|

)
1

2

[(
π~k1

~k2
π−~k2−~k1

)

+
η~k1

~k2

(
|~k1|+ |~k2|

)2
η−~k2−~k1(

1

|~k1|
+ 1

|~k2|

)(
1

|~k1|
+ 1

|~k2|

)
 . (5.6)

From [10], |~k1|+ |~k2| = (P 0)AdS =

√
~k2 + (kz)2 = k0, and therefore, using equation

(5.5), this Hamiltonian may be written as an integral over AdS × S1 coordinates as

follows,

1

2

∫
d~kAdS×S1

[(
ΠH(~k, kz, θ)ΠH(−~k,−kz,−θ)

)
+
(
P 0
)2H(~k, kz, θ)H(−~k,−kz,−θ)

]
.

We define ~κ ≡ ~kAdS×S1 , and may therefore write

H2 =
1

2

∫
d~κ
[
Π(~κ)Π(−~κ) + (P 0)2H(~κ)H(−~κ)

]
.

This may be mode expanded using

H~z =

∫
d~κ

(2π)2

1√
2P 0

(
e−iP

0tei~κ·~za~κ + eiP
0te−i~κ·~za†~κ

)
⇒ H(~κ) =

1√
2P 0

(
a~κ(t) + a†−~κ(t)

)
=

1√
2P 0

(
a~κ + a†−~κ

)
Π~z =

∫
d~κ

(2π)2

(
−i
√
P 0

2

)(
e−iP

0tei~κ·~za~κ − eiP
0te−i~κ·~za†~κ

)
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⇒ Π(~κ) = −
√
P 0

2
i
(
a~κ(t)− a†−~κ(t)

)
= −

√
P 0

2
i
(
a~κ − a†−~κ

)
to give

H2 =
1

2

∫
d~κ
[
Π(~κ)Π(−~κ) + (P 0)2H(~κ)H(−~κ)

]
=

1

2

∫
d~κ

[[
−
√
P 0

2
i
(
a~κ − a†−~κ

)][
−
√
P 0

2
i
(
a−~κ − a†~κ

)]

+(P 0)2

[
1√
2P 0

(
a~κ + a†−~κ

)] [ 1√
2P 0

(
a−~κ + a†~κ

)]]
=

∫
d~κ P 0

[
a~κa
†
~κ + a†~κa~κ

]
. (5.7)

5.2 Scattering States in the Bulk

In equation (3.24), the universal/critical scattering states, independent of λ as λ→
∞ were found to be

η~p1,~p2

~k1,~k2
= δd−1(~p1 − ~k1)δd−1(~p2 − ~k2) +

|p|E
π2

δd−1(~p1 + ~p2 − ~k1 − ~k2)

E2
~p1~p2
−
(
|~k1|+ |~k2|

)2

(
1

|~k1|
+

1

|~k2|

)
.

Here we note that ~k1 and ~k2 are momentum ‘coordinates’ and that ~p1 and ~p2 label

the energy eigenfunctions with energies

E2
~p1~p2

= (|~p1|+ |~p2|)2 .

We further recall notationally that in Minkowski coordinates, pµ ≡ (|~p1|+ |~p2|, ~p1 + ~p2),

so that |p|E may be defined as

|p|E =

√
E2
E + ~p2 =

√
−E2 + ~p2 = i

√
E2 − ~p2.

Moreover, we see that

|p|E = = i

√
(|p1|+ |p2|)2 − (~p1 + ~p2) · (~p1 + ~p2) ≡ i|pz|.
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We may therefore expand the universal / critical scattering states in their energy

eigenstates as follows:

η~k1
~k2

=

∫
d~p1

∫
d~p2η

~p1,~p2

~k1,~k2
ψ~p1~p2

= ψ~k1
~k2

+
i

π2

∫
d~p1

∫
d~p2 |pz|

δd−1(~p1 + ~p2 − ~k1 − ~k2)
(

1

|~k1|
+ 1

|~k2|

)
E2
~p1~p2
−
(
|~k1|+ |~k2|

)2 ψ~p1~p2
.

To change to higher spin variables, we make the identification

H(~κ) =
η~k1

~k2(
1

|~k1|
+ 1

|~k2|

)
h(~κ) =

ψ~k1
~k2(

1

|~k1|
+ 1

|~k2|

) ,
resulting in all the terms being multiplied by a factor of

(
1

|~k1|
+ 1

|~k2|

)
when writing

in terms of AdS coordinates; the additional factor of
(

1

|~k1|
+ 1

|~k2|

)
in the last term

allows for the bilocal integral to be converted into an AdS integral. Hence we obtain

H(~κ) = h(~κ) +
i

π2

∫
d~p

∫
dpz

∫
dθ |pz| δ2(~p− ~k)

(pz)2 + (~p)2 − (kz)2 − (~k)2
h(pz, ~p, θ)

= h(kz,~k, θ~k) +
i

π2

∫
dpz

∫
dθ

|pz|
(pz)2 − (kz)2

h(pz,~k, θ).

Under mild assumptions of the behaviour of h(pz,~k, θ) as |pz| → ∞ where we also

require that h(−kz) = h(kz),

∫
dpz

|pz|h(pz,~k, θ)

(pz)2 − (kz)2 − iε
= iπh(kz,~k, θ),

so that

H(kz,~k, θ~k) = h(kz,~k, θ~k)−
1

π

∫ π

0
dθ h(kz,~k, θ~k). (5.8)

Using

h(kz,~k, θ) =

∞∑
s=0

cos(sθ)hs(k
z,~k)
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for 0 < θ < π. The latter term in equation (5.8) removes the s = 0 term. Since

∆ = E = s + 1, s = 0 being removed is the same as removing ∆ = 1 state, as seen

in the previous observations. This gives great credibility to the identification. The

interacting field may thus be written as

H(kz,~k, θ) =
∑
s 6=0

hs(k
z,~k) cos(sθ).

It is then important that this approach is shown to be equivalent to Ref. [10]. The

following procedure yields the desired AdS generators (dropping vector signs for

notational simplification):

1. The generators are calculated according to the formulae which were found

in subsection 4.3.2 to be (where expressions are first written in terms of the

original O(N) invariant vector fields):

P t =

∫
dxdyH

P x =

∫
dxdy π∂xφ

P y =

∫
dxdy π∂yφ

Mxy =

∫
dxdy − (π∂xφ) y + (π∂yφ)x

M tx =

∫
dxdy Hx+ (π∂xφ) t

M ty =

∫
dxdy Hy + (π∂yφ) t

D = Ht+

∫
dxdy [(π∂xφ)x+ (π∂yφ) y + πdφφ]

Kt =

∫
dxdy

[
2tD − π2t2 +Hx2

]
Kx =

∫
dxdy [2xD]

Ky =

∫
dxdy [2yD] ,

where we set t = 0.

2. The expression is then Fourier transformed to give generators in terms of

momentum space vectors k1 and k2; this step may involve first obtaining a
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Collective field description, or expanding using the chain rule.

3. A change of variables korig → knew is performed given by kbilocal → kAdS×CFT

with associated Jacobian given by∣∣∣∣∂knew

∂korig

∣∣∣∣ =

∣∣∣∣∂kAdS×S1

∂kbilocal

∣∣∣∣
⇒

∫
dkbilocal

∣∣∣∣∂kAdS×S1

∂kbilocal

∣∣∣∣ =

∫
dkAdS×S1 =

∫
d~κ.

Additional terms that arise due to this change of variables need to be dealt

with appropriately.

4. Second quantisation is performed if necessary, that is, the expression is ex-

panded in terms of a~κ and a†~κ and compare the expression of the AdS generator

with those in equations (4.27)[10]:

P tAdS =

√
~k2 + (kz)2

P xAdS = k1

P yAdS = k2

JxyAdS = x1k2 − x2k1

J txAdS = −x1k0 − k2kzkθ

~k2

JytAdS = x2k0 − k1kzkθ

~k2

DAdS = x1k1 + x2k2 + zkz

Kt
AdS = −1

2

(
~x2 + z2

)
k0 − kzkθ

~k2
Jxy − k0(kθ)2

2~k2

Kx
AdS = −1

2

(
~x2 + z2

)
k1 + x1D +

zk2k0kθ

~k2
+
k1(kθ)2

2~k2

Ky
AdS = −1

2

(
~x2 + z2

)
k2 + x2D +

zk1k0kθ

~k2
+
k2(kθ)2

2~k2
.

5.3 Bulk Conformal Algebra of the Free Theory

In this subsection we wish to derive the conformal generators. In order to calculate

the conformal generators, we shall require partial derivatives the opposite to those

which we used in Ref. [10]. According to the map, the AdS variables are given in
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terms of the bilocal

k1 = k1
1 + k1

2

k2 = k2
1 + k2

2

kz =

√
2|~k1||~k2| − 2~k1

~k2

=

√
2
√

(k1
1)2 + (k2

1)2

√
(k1

2)2 + (k2
2)2 − 2

(
k1

1k
1
2 + k2

1k
2
2

)
θ = arctan

(
2~p2 × ~p1

(|~p2| − |~p1|) pz

)
.

The kz partial derivatives are given by

(kz)2 = 2
√

(k1
1)2 + (k2

1)2

√
(k1

2)2 + (k2
2)2 − 2

(
k1

1k
1
2 + k2

1k
2
2

)
⇒ 2kz

∂kz

∂k1
1

= 2

(
k1

1

|~k2|
|~k1|
− k1

2

)

⇒ ∂kz

∂k1
1

=
1

kz

(
k1

1

|~k2|
|~k1|
− k1

2

)

and so forth. We can simplify the expression for θ as follows:

tanθ =
2|~k1||~k2| sin(ϕ2 − ϕ1)(

|~k1| − |~k2|
)√

2
(
|~k1||~k2| − |~k1||~k2| cos(ϕ2 − ϕ1)

)
=

2|~k1||~k2|2 sin
(ϕ2−ϕ1

2

)
cos
(ϕ2−ϕ1

2

)(
|~k1| − |~k2|

)
2 sin

(ϕ2−ϕ1

2

)
=

2

√
|~k1||~k2| cos

(ϕ2−ϕ1

2

)(
|~k1| − |~k2|

) (5.9)

=
2

√
|~k1||~k2|

√
cos(ϕ2−ϕ1)+1

2√
|~k1| − |~k2|

=

√
2

√
|~k1||~k2|+ ~k1 · ~k2(
|~k1| − |~k2|

)
⇒ θ = arctan

√2

√
|~k1||~k2|+ ~k1 · ~k2(
|~k1| − |~k2|

)
 .
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Thus,

tanθ =

√
2

√
|~k1||~k2|+ ~k1 · ~k2

|~k1| − |~k2|
(5.10)

⇒ sec2θ =
2
(
|~k1||~k2|+ ~k1 · ~k2

)
(
|~k1| − |~k2|

)2 + 1

=
|~k1|2 + |~k2|2 + 2~k1 · ~k2(

|~k1| − |~k2|
)2

=
~k2(

|~k1| − |~k2|
)2 .

We will make use of sec2θ ∂θ

∂kji
= ∂A

∂kji
⇒ ∂θ

∂kji
= 1

sec2θ
∂A

∂kji
.

∂A

∂k1
1

=

[
k1

1
|~k2|
|~k1|

+ k1
2

]
√

2

√
|~k1||~k2|+ ~k1 · ~k2

(
|~k1| − |~k2|

) − √2

√
|~k1||~k2|+ ~k1 · ~k2(
|~k1| − |~k2|

)2

k1
1

|~k1|

⇒ ∂θ

∂k1
1

=

[
k1

1
|~k2|
|~k1|

+ k1
2

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

−

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k1
1

|~k1|

and so forth. The partial derivatives we require are therefore given by

∂k1

∂k1
1

=
∂k1

∂k1
2

=
∂k2

∂k2
1

=
∂k2

∂k2
2

= 1

∂k1

∂k2
1

=
∂k1

∂k2
2

=
∂k2

∂k1
1

=
∂k2

∂k1
2

= 0

∂kz

∂k1
1

=
1

kz

(
k1

1

|~k2|
|~k1|
− k1

2

)
∂kz

∂k2
1

=
1

kz

(
k2

1

|~k2|
|~k1|
− k2

2

)
∂kz

∂k1
2

=
1

kz

(
k1

2

|~k1|
|~k2|
− k1

1

)
∂kz

∂k2
2

=
1

kz

(
k2

2

|~k1|
|~k2|
− k2

1

)
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∂θ

∂k1
1

=

[
k1

1
|~k2|
|~k1|

+ k1
2

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

−

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k1
1

|~k1|

∂θ

∂k2
1

=

[
k2

1
|~k2|
|~k1|

+ k2
2

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

−

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k2
1

|~k1|

∂θ

∂k1
2

=

[
k1

2
|~k1|
|~k2|

+ k1
1

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

+

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k1
2

|~k2|

∂θ

∂k2
2

=

[
k2

2
|~k1|
|~k2|

+ k2
1

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

+

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k2
2

|~k2|
. (5.11)

5.3.1 Calculation of P x and P y

The first conformal generator we shall calculate is

P x =

∫
dxdy π∂xφ.

Writing z = (x′, y′) (omitting explicit vector notation),

P x =

∫
dx′dy′ π∂x′φ =

∫
d2z∂x′φ

a(z)
∂

∂φa(z)

The chain rule associated with φa(x)→ ψ(x, y) =
∑

c φ
c(x)φc(y) is given by

∂

∂φa(z)
=

∫
d2x

∫
d2y

∂ψ(x, y)

∂φa(z)

∂

∂ψ(x, y)

=

∫
d2x

∫
d2y

(
δ2(x− z)φa(y) + δ2(y − z)φa(x)

) ∂

∂ψ(x, y)

=

∫
d2x

∫
d2y

(
δ(x1 − x′)δ(x2 − y′)φa(y) + δ(y1 − x′)δ(y2 − y′)φa(x)

)
∂

∂ψ(x, y)
.

Thus,

P x =

∫
d2x

∫
d2y

∫
d2z ∂x′φ

a(x)(
δ(x1 − x′)δ(x2 − y′)φa(y) + δ(y1 − x′)δ(y2 − y′)φa(x)

) ∂

∂ψ(x, y)
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=

∫
d2x

∫
d2y

∫
d2~z [∂x1φ

a(x)φa(y) + ∂y1φ
a(y)φa(x)]

∂

∂ψ(x, y)

=

∫
d2x

∫
d2y [(∂x1 + ∂y1) η(y, x)]π(x, y)

1. Using equation (5.3):

ηxy =

∫
d2k1

2π

∫
d2k2

2π
ηk1k2e

ik1xeik2y

πxy =

∫
d2k1

2π

∫
d2k2

2π
πk1k2e

ik1xeik2y,

we have

P x =

∫
d2k1

(2π)

∫
d2k2

(2π)

∫
d2k3

(2π)

∫
d2k4

(2π)

(
k1

1 + k1
2

)
η(k1, k2)p(k3, k4)∫

d2x

∫
d2yeik1yeik2xeik3xeik4y.

Integrating out over x, y, k3 and k4 sets k3 → −k2 and k4 → −k1 and cancels factors

of 2π, and therefore (re-introducing the vector notation)

P x =

∫
d2k1

∫
d2k2

(
k1

1 + k1
2

)
η(~k1,~k2)π(−~k2,−~k1)

=

∫
d2k1

∫
d2k2

[
1

|~k1|
+

1

|~k2|

] (
k1

1 + k1
2

) η(k1, k2)[
1

|~k1|
+ 1

|~k1|

]π(−~k2,−~k1)

=

∫
d~κ k1H(~κ)Π(−~κ) (5.12)

=

∫
d~κ k1

[
1√
2P 0

(
a~κ + a†−~κ

)][
−
√
P 0

2
i
(
a−~κ − a†~κ

)]

= − i
2

∫
d~κ k1

[
a~κa−~κ − a~κa†~κ + a†−~κa−~κ − a

†
−~κa

†
~κ

]
.

where aa and a†a† integrals go to zero by symmetry under ~κ→ −~κ. Hence (using a

dummy substitution in the second step),

P x = − i
2

∫
d~κ k1

[
−a~κa†~κ + a†−~κa−~κ

]
=

i

2

∫
d~κ k1

[
a~κa
†
~κ + a†~κa~κ

]
.

1The second term in the similarity transformation ∂α → ∂α − 1
2
∂α ln J does not contribute.
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so that the AdS generator is

P xAdS = k1.

Similarly

P y =

∫
dxdy π∂yφ

=
i

2

∫
d~κ k2

[
a~κa
†
~κ + a†~κa~κ

]
,

with associated AdS generator

P yAdS = k2.

as expected.

5.3.2 Calculation of Mxy

We now calculate Mxy,

Mxy =

∫
dxdy − (π∂xφ) y + (π∂yφ)x,

Using again z = (x′, y′), we obtain

Mxy =

∫
dx′dy′ − (π∂x′φ) y′ +

(
π∂y′φ

)
x′

=

∫
d2z

[
− (∂x′φ

a(z)) y′ +
(
∂y′φ

a(z)
)
x′
] ∂

∂φa(z)

=

∫
d2x

∫
d2y

∫
d2z

[
− (∂x′φ

a(z)) y′ +
(
∂y′φ

a(z)
)
x′
]

(
δ2(x− z)φa(y) + δ2(y − z)φa(x)

) ∂

∂ψ(x, y)

=

∫
d2x

∫
d2y

∫
d2z

[
− (∂x′φ

a(z)) y′ +
(
∂y′φ

a(z)
)
x′
]

(
δ(x1 − x′)δ(x2 − y′)φa(y) + δ(y1 − x′)δ(y2 − y′)φa(x)

) ∂

∂ψ(x, y)

=

∫
d2x

∫
d2y [(− (∂x1φ

a(x))x2 + (∂x2φ
a(x))x1)φa(y)
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− ((∂y1φ
a(y)) y2 + (∂y2φ

a(y))y1)φa(x)]
∂

∂ψ(x, y)

=

∫
d2x

∫
d2y [(−x2∂x1 + x1∂x2 − y2∂y1 + y1∂y2)ψ(x, y)]

∂

∂ψ(y, x)

→
∫
d2x

∫
d2y [(−x2∂x1 + x1∂x2 − y2∂y1 + y1∂y2) η(x, y)]π(y, x).

Using equation (5.3) once again,

ηxy =

∫
d2k1

2π

∫
d2k2

2π
ηk1k2e

ik1xeik2y

πxy =

∫
d2k1

2π

∫
d2k2

2π
πk1k2e

ik1xeik2y,

we obtain

Mxy =

∫
d2k1

(2π)

∫
d2k2

(2π)

∫
d2k3

(2π)

∫
d2k4

(2π)

[(
−∂k2

1
k1

1 + ∂k1
1
k2

1 − ∂k2
2
k1

2 + ∂k1
2
k2

2

)
η(k1, k2)

]
p(k3, k4)

∫
d2x

∫
d2yeik1xeik2yeik3yeik4x

=

∫
d2k1

∫
d2k2

[(
−∂k2

1
k1

1 + ∂k1
1
k2

1 − ∂k2
2
k1

2 + ∂k1
2
k2

2

)
η(k1, k2)

]
π(−k2,−k1).

Now,

∂k2
1

=
∂k1

∂k2
1

∂k1 +
∂k2

∂k2
1

∂k2 +
∂kz

∂k2
1

∂kz +
∂kθ

∂k2
1

∂kθ ,

and so forth. Using the partial derivatives given in equations (5.11), we find that

−k11∂k21 + k21∂k11 − k
1
2∂k22 + k22∂k12

= −k11

[
∂k2 +

[
1

kz

(
k21
|~k2|
|~k1|
− k22

)]
∂kz

]
+ k21

[
∂k1 +

[
1

kz

(
k11
|~k2|
|~k1|
− k12

)]
∂kz

]

−k12

[
∂k2 +

[
1

kz

(
k22
|~k1|
|~k2|
− k21

)]
∂kz

]
+ k22

[
∂k1 +

[
1

kz

(
k12
|~k1|
|~k2|
− k11

)]
∂kz

]
+

−k11

[
k21
|~k2|
|~k1|

+ k22

] (
|~k1| − |~k2|

)
√

2~k2
√
|~k1||~k2|+ ~k1 · ~k2

−

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k21

|~k1|


+k21


[
k11
|~k2|
|~k1|

+ k12

] (
|~k1| − |~k2|

)
√

2~k2
√
|~k1||~k2|+ ~k1 · ~k2

−

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k11

|~k1|


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−k12


[
k22
|~k1|
|~k2|

+ k21

] (
|~k1| − |~k2|

)
√

2~k2
√
|~k1||~k2|+ ~k1 · ~k2

+

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k22

|~k2|


+k22


[
k12
|~k1|
|~k2|

+ k11

] (
|~k1| − |~k2|

)
√

2~k2
√
|~k1||~k2|+ ~k1 · ~k2

+

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k12

|~k2|

 ∂θ
= −

(
k11 + k12

)
∂k2 +

(
k21 + k22

)
∂k1

= k2∂k1 − k1∂k2 ,

and therefore Mxy becomes

Mxy =

∫
d2k1

∫
d2k2

[(
−∂k2

1
k1

1 + ∂k1
1
k2

1 − ∂k2
2
k1

2 + ∂k1
2
k2

2

)
η(k1, k2)

]
π(−k2,−k1)

=

∫
d2k1

∫
d2k2

[(
k2∂k1 − k1∂k2

)
η(k1, k2)

]
π(−k2,−k1).

Consider now

[
−∂k2

1
k1

1 + ∂k1
1
k2

1 − ∂k2
2
k1

2 + ∂k1
2
k2

2

] [ 1

|~k1|
+

1

|~k2|

]

=
[
−∂k2

1
k1

1 + ∂k1
1
k2

1 − ∂k2
2
k1

2 + ∂k1
2
k2

2

] [ 1√
(k1

1)2 + (k2
1)2

+
1√

(k1
2)2 + (k2

2)2

]

=

[
k1

1k
2
1 − k1

1k
2
1√

(k1
1)2 + (k2

1)2
3 +

k1
2k

2
2 − k1

2k
2
2√

(k1
2)2 + (k2

2)2
3

]
= 0.

Hence we can write

Mxy =

∫
d2k1

∫
d2k2

[
1

|~k1|
+

1

|~k2|

]
(−∂k2

1
k1

1 + ∂k1
1
k2

1 − ∂k2
2
k1

2 + ∂k1
2
k2

2

) η(~k1,~k2)[
1

|~k1|
+ 1

|~k2|

]
π(−~k2,−~k1)

=

∫
d~k

∫
dkz

∫
dθ
[(
k2∂k1 − k1∂k2

)
H(~k, kz, θ)

]
Π(−~k,−kz,−θ)

=

∫
d~κ
[(
k2∂k1 − k1∂k2

)
H(~κ)

]
Π(−~κ) (5.13)

=

∫
d~κ

[(
k2∂k1 − k1∂k2

) 1√
2P 0

(
a~κ + a†−~κ

)][
−
√
P 0

2
i
(
a−~κ − a†~κ

)]
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=
i

2

∫
d~κ

[
−a~κ

[
k2∂k1 − k1∂k2

]
a−~κ + a~κ

[
k2∂k1 − k1∂k2

]
a†~κ

−a†−~κ
[
k2∂k1 − k1∂k2

]
a−~κ + a†−~κ

[
k2∂k1 − k1∂k2

]
a†~κ

]
.

Since k1 and k2 are dummy variables which, under exchange, don’t change the a~κa−~κ

and a†−~κa
†
~κ terms, these cancel and we obtain

Mxy =
i

2

∫
d~κ

[
a~κ
[
k2∂k1 − k1∂k2

]
a†~κ − ia

†
~κ

[
k2∂k1 − k1∂k2

]
a~κ

]
.

Thus,

Mxy
AdS = x1k2 − x2k1.

5.3.3 Calculation of D

Let us now calculate the dilatation operator,

D = Ht+

∫
dxdy [(π∂xφ)x+ (π∂yφ) y + πdφφ] .

Setting t = 0 and z = (x′, y′) and noting that dφ = 2−2
2 = 0, we obtain

D =

∫
dx′dy′

[
(π∂x′φ)x′ +

(
π∂y′φ

)
y′
]

=

∫
d2z

[
(∂x′φ

a(z))x′ +
(
∂y′φ

a(z)
)
y′
] ∂

∂φa(z)

=

∫
d2x

∫
d2y

∫
d2z

[
(∂x′φ

a(z))x′ +
(
∂y′φ

a(z)
)
y′
]

(
δ2(x− z)φa(y) + δ2(y − z)φa(x)

) ∂

∂ψ(x, y)

=

∫
d2x

∫
d2y

∫
d2z

[
(∂x′φ

a(z))x′ +
(
∂y′φ

a(z)
)
y′
]

(
δ(x1 − x′)δ(x2 − y′)φa(y) + δ(y1 − x′)δ(y2 − y′)φa(x)

) ∂

∂ψ(x, y)

=

∫
d2x

∫
d2y [(∂x1φ

a(x))x1 + (∂x2φ
a(x))x2]φa(y)

∂

∂ψ(x, y)

+

∫
d2x

∫
d2y [(∂y1φ

a(y)) y1 + (∂y2φ
a(y)) y2]φa(x)

∂

∂ψ(x, y)

=

∫
d2x

∫
d2y [(x1∂x1 + x2∂x2)ψ(y, x)]

∂

∂ψ(x, y)
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+

∫
d2x

∫
d2y [(y1∂y1 + y2∂y2)ψ(y, x)]

∂

∂ψ(x, y)

→
∫
d2k1

∫
d2k2

∫
d2k3

∫
d2k4

∫
d2x

∫
d2y[(

k1
1∂k1

1
+ k2

1∂k2
1

+ k1
2∂k1

2
+ k2

2∂k2
2

)
η(k1, k2)

]
π(k3, k4)

ei(k
1
1y1+k2

1y2)ei(k
1
2x1+k2

2x2)ei(k
1
3x1+k2

3x2)ei(k
1
4y1+k2

4y2)

=

∫
d2k1

∫
d2k2[(

k1
1∂k1

1
+ k2

1∂k2
1

+ k1
2∂k1

2
+ k2

2∂k2
2

)
η(k1, k2)

]
π(−k2,−k1).

Now

k11∂k11 + k21∂k21 + k12∂k12 + k22∂k22

= k11

[
∂k1 +

[
1

kz

(
k11
|~k2|
|~k1|
− k12

)]
∂kz

]
+ k21

[
∂k2 +

[
1

kz

(
k21
|~k2|
|~k1|
− k22

)]
∂kz

]

k12

[
∂k1 +

[
1

kz

(
k12
|~k1|
|~k2|
− k11

)]
∂kz

]
+ k22

[
∂k2 +

[
1

kz

(
k22
|~k1|
|~k2|
− k21

)]
∂kz

]

+k11


[
k11
|~k2|
|~k1|

+ k12

] (
|~k1| − |~k2|

)
√

2~k2
√
|~k1||~k2|+ ~k1 · ~k2

−

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k11

|~k1|

 ∂θ
+k21


[
k21
|~k2|
|~k1|

+ k22

] (
|~k1| − |~k2|

)
√

2~k2
√
|~k1||~k2|+ ~k1 · ~k2

−

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k21

|~k1|

 ∂θ
k12


[
k12
|~k1|
|~k2|

+ k11

] (
|~k1| − |~k2|

)
√

2~k2
√
|~k1||~k2|+ ~k1 · ~k2

+

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k12

|~k2|

 ∂θ
+k22


[
k22
|~k1|
|~k2|

+ k21

] (
|~k1| − |~k2|

)
√

2~k2
√
|~k1||~k2|+ ~k1 · ~k2

+

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k22

|~k2|

 ∂θ
= k11

[
∂k1 +

[
1

kz

(
k11
|~k2|
|~k1|
− k12

)]
∂kz

]
+ k21

[
∂k2 +

[
1

kz

(
k21
|~k2|
|~k1|
− k22

)]
∂kz

]

+k12

[
∂k1 +

[
1

kz

(
k12
|~k1|
|~k2|
− k11

)]
∂kz

]
+ k22

[
∂k2 +

[
1

kz

(
k22
|~k1|
|~k2|
− k21

)]
∂kz

]

+

2
(
|~k1||~k2|+ ~k1 · ~k2

)(
|~k1| − |~k2|

)
√

2~k2
√
|~k1||~k2|+ ~k1 · ~k2

−

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

[
|~k1| − |~k2|

] ∂θ
=

(
k11 + k12

)
∂k1 +

(
k21 + k22

)
∂k2 +

1

kz
|~k2|
|~k1|

(
(k11)2 + (k21)2

)
+

1

kz
|~k1|
|~k2|

(
(k12)2 + (k22)2

)
∂kz −

1

kz
(
2k11k

1
2 + 2k21k

2
2

)
∂kz

223



Chapter 5 Bulk Construction Section 5.3 Bulk Free Theory Algebra

= k1∂k1 + k2∂k2 +
1

kz
|~k1||~k2|∂kz +

1

kz
|~k1||~k2|∂kz −

1

kz

(
2~k1 · ~k2

)
∂kz

= k1∂k1 + k2∂k2 +
1

kz
(
(kz)2

)
∂kz

= k1∂k1 + k2∂k2 + kz∂kz . (5.14)

The Dilatation operator therefore becomes

D =

∫
d2k1

∫
d2k2

[(
k1∂k1 + k2∂k2 + kz∂kz + 2dφ

)
η(~k1,~k2)

]
π(−~k2,−~k1).

Since

[
k1

1∂k1
1

+ k2
1∂k2

1
+ k1

2∂k1
2

+ k2
2∂k2

2

] [ 1

|~k1|
+

1

|~k2|

]

=
[
k1

1∂k1
1

+ k2
1∂k2

1
+ k1

2∂k1
2

+ k2
2∂k2

2

] [ 1√
(k1

1)2 + (k2
1)2

+
1√

(k1
2)2 + (k2

2)2

]

= −

[
(k1

1)2 + (k2
1)2√

(k1
1)2 + (k2

1)2
3 +

(k1
2)2 + (k2

2)2√
(k1

2)2 + (k2
2)2

3

]

= −

[
1

|~k1|
+

1

|~k2|

]
,

the integrand of the dilatation operator D is given by[(
k1∂k1 + k2∂k2 + kz∂kz

) [ 1

|~k1|
+

1

|~k2|

][
1

1

|~k1|
+ 1

|~k2|

]
η(~k1,~k2)

]
π(−~k2,−~k1)

=

[[
1

|~k1|
+

1

|~k2|

] (
k1∂k1 + k2∂k2 + kz∂kz

) [ 1
1

|~k1|
+ 1

|~k2|

]
η(~k1,~k2)

]
π(−~k2,−~k1)

+

[(
k11∂k11 + k21∂k21 + k21∂k21 + k22∂k22

)[ 1

|~k1|
+

1

|~k2|

]][
1

1

|~k1|
+ 1

|~k2|

]
η(~k1,~k2)π(−~k2,−~k1)

=

[[
1

|~k1|
+

1

|~k2|

] (
k1∂k1 + k2∂k2 + kz∂kz

) [ 1
1

|~k1|
+ 1

|~k2|

]
η(~k1,~k2)

]
π(−~k2,−~k1)

−

[
1

|~k1|
+

1

|~k2|

][
1

1

|~k1|
+ 1

|~k2|

]
η(~k1,~k2)π(−~k2,−~k1)

=

[[
1

|~k1|
+

1

|~k2|

] (
k1∂k1 + k2∂k2 + kz∂kz − 1

) [ 1
1

|~k1|
+ 1

|~k2|

]
η(~k1,~k2)

]
π(−~k2,−~k1).
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Hence,

D =

∫
d~κ
[(
k1∂k1 + k2∂k2 + kz∂kz − 1

)
H(κ)

]
Π(−~κ) (5.15)

=

∫
d~κ Π(~κ)

[
kj∂kj − 1

]
H(−~κ)

=

∫
d~κ

(
−i
√
P 0

2
a~κ + i

√
P 0

2
a†−~κ

)[
kj∂kj − 1

]( 1√
2P 0

a−~κ +
1√
2P 0

a†~κ

)
=

1

2

∫
d~κ
[
−ia~κ

[
kj∂kj − 1

]
a−~κ − ia~κ

[
kj∂kj − 1

]
a†~κ

+ia†−~κ
[
kj∂kj − 1

]
a−~κ + a†−~κ

[
kj∂kj − 1

]
a†~κ

]
. (5.16)

Here the aa and a†a† terms don’t cancel as described in the comment on page 4 of

Ref. [137], which referenced Ref. [138].

These problems can be resolved by using the new improved stress energy momentum

tensor defined as [137]:

Θµν = ∂µφ∂νφ− gµνL −
1

4

(
∂µ∂ν − ηµν∂2

)
φ2.

Using the new improved stress energy momentum tensor, we have

D = xµΘµ0

= x0

(
∂0φπ − L−

1

4
∂0

(
∂0φ

2
))

+ xi (∂iφπ − g0iL)− xi

4
∂i
((
∂0φ

2
))

= 0 + xi∂iφπ −
xi

2
∂iφπ −

xi

2
φ∂iπ

=
xi

2
∂iφπ −

xi

2
φ∂iπ.

Moving to momentum space, we obtain (written schematically)

D =

∫
dz

(
xi

2
π∂iφ−

xi

2
φ∂iπ

)
=

1

2

∫
dz

dk

(2π)

dk′

(2π)

[(
−i
√
P 0

2

)(
ake

ikz − a†−ke
−ikz

) (
ki∂ki − 1

)
(
a−k′e

ik′z + a†k′e
−ik′z

)√ 1

2P 0
−

(
−i
√
P 0

2

)(
ake

ikz + a†−ke
−ikz

)
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(
ki∂ki − 1

) (
a−k′e

ik′z − a†k′e
−ik′z

)√ 1

2P 0

]

= − i
2

∫
dk

1

2

[((
ki∂ki − 1

)
a−k

)
ak −

((
ki∂ki − 1

)
ak
)
a†k +

(
ki∂kia

†
k

)
ak

−
((
ki∂ki − 1

)
a†k

)
a†−k

]
− 1

2

[((
ki∂ki − 1

)
ak
)
a−k +

((
ki∂ki − 1

)
ak
)
a†k

−
((
ki∂ki − 1

)
a†k

)
ak −

((
ki∂ki − 1

)
a†k

)
a†−k

]
= − i

2

∫
dk
[
−
((
ki∂ki − 1

)
ak
)
a†k +

(
(ki∂ki − 1)a†k

)
ak

]
= − i

2

∫
dk
[((

ki∂ki − 1
)
a†k

)
ak − a†k

((
ki∂ki − 1

)
ak
)]
,

where the last expression has been normal ordered. In AdS, therefore

D = − i
2

∫
d~κ
[
a~κ
[
kj∂kj − 1

]
a†~κ − a

†
~κ

[
kj∂kj − 1

]
a~κ

]
.

Removing the zero point energy we thus obtain

D = − i
2

∫
d~κ
[
a~κ
[
kj∂kj

]
a†~κ − a

†
~κ

[
kj∂kj

]
a~κ

]
= − i

2

∫
d~κ
[
a~κ
[
x1k1 + x2k2 + zkz

]
a†~κ

−a†~κ
[
x1k1 + x2k2 + zkz

]
a~κ

]
;

the dilatation operator in AdS is therefore

DAdS = x1k1 + x2k2 + zkz.

5.3.4 Calculation of M tx and M ty

We now turn to the generators that involve the Hamiltonian density and a coordinate

M tx =

∫
dxdy Hx

M ty =

∫
dxdy Hy.

226



Chapter 5 Bulk Construction Section 5.3 Bulk Free Theory Algebra

Recall from equation (5.1),

H2 =

∫
d2x

∫
d2y

∫
d2x′

∫
d2y′

1

2
πxyΩxy;x′y′πx′y′ +

N2

32
ψ−1
yx Ωxy;x′y′ψ

−1
y′x′ .

with (where x,y,x′,y′ are all 2-vectors)

Ωxy;x′y′ =

∫
d2z

∂ψxy
∂φC(z)

∂ψx′y′

∂φC(z)

=
[
ψ(x, x′)δd(y − y′) + ψ(x, y′)δd(y − x′)

+ψ(y, x′)δd(x− y′) + ψ(y, y′)δd(x− x′)
]
.

We can obtain M tx by adjusting this as follows:

Ω̃xy;x′y′ =

∫
d2z zx

∂ψxy
∂φC(z)

∂ψx′y′

∂φC(z)

=

∫
d2z zx (δ(y − z)φ(x) + δ(x− z)φ(y))

(
δ(y′ − z)φ(x′) + δ(x′ − z)φ(y′)

)
=

[
yxψ(x, x′)δd(y − y′) + yxψ(x, y′)δd(y − x′)

+xxψ(y, x′)δd(x− y′) + xxψ(y, y′)δd(x− x′)
]
.

Thus

M tx =

∫
d2x

∫
d2y

∫
d2x′

∫
d2y′

1

2
πxyΩ̃xy;x′y′πx′y′ +

N2

32
ψ−1
yx Ω̃xy;x′y′ψ

−1
y′x′

≡ M tx
1 +M tx

2 .

Therefore, integrating either over y′ or x′ but then keeping dummy index y′,

M tx
1 =

1

2

∫
d2x

∫
d2y

∫
d2x′

∫
d2y′

[
yxπxyψ(x, x′)δd(y − y′)πx′y′

+yxπxyψ(x, y′)δd(y − x′)πx′y′ + xxπxyψ(y, x′)δd(x− y′)πx′y′

+xxπxyψ(y, y′)δd(x− x′)πx′y′
]

=
1

2

∫
d2x

∫
d2y

∫
d2y′ yxπxyψ(x, y′)πy′y + yxπxyψ(x, y′)πyy′

+xxπxyψ(y, y′)πy′x + xxπxyψ(y, y′)πxy′

= Tr (xxπψπ) + Tr (yxπψπ) , (5.17)
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and (where we integrate by parts in line (5.18)),

M tx
2 =

N2

32

∫
d2x

∫
d2y

∫
d2x′

∫
d2y′

[
yxψ−1

yx ψxx′δ
d(y − y′)ψ−1

y′x′

+yxψ−1
yx ψxy′δ

d(y − x′)ψ−1
y′x′ + xxψ−1

yx ψyx′δ
d(x− y′)ψ−1

y′x′

+ xxψ−1
yx ψyy′δ

d(x− x′)ψ−1
y′x′

]
=

N2

32

∫
d2x

∫
d2y

∫
d2y′

[
yxψ−1

yx ψxy′ψ
−1
yy′ + yxψ−1

yx ψxy′ψ
−1
y′y

+xxψ−1
yx ψyy′ψ

−1
xy′ + xxψ−1

yx ψyy′ψ
−1
y′x

]
=

N2

8

∫
d2x

[
xxψ−1

xx

]
=

N2

8
Tr
(
xxψ−1

)
→ 1

8

∫
d2x

∫
d2y

∫
d2x1

∫
d2x2

∫
d2x3

[
xxψ−1

0xyηyx1ψ
−1
0x1x2

ηx2x3ψ
−1
0x3x

]
= −1

8

∫
d2k1

2π

∫
d2k2

2π

∫
d2k3

2π

∫
d2k4

2π

∫
d2p1

(2π)2

∫
d2p2

(2π)2

∫
d2p3

(2π)2[
∂px1
i
ψ−1

0p1
ηk1k2ψ

−1
0p2
ηk3k4ψ

−1
0p3

] ∫
d2x

∫
d2y

∫
d2x1

∫
d2x2

∫
d2x3[

eip1(x−y)ei(k1y+k2x1)eip2(x1−x2)ei(k3x2+k4x3)eip3(x3−x)
]

(5.18)

=
i

8

∫
d2k1

∫
d2k2

[(
∂kx1ψ

−1
0k1

)
ηk1k2ψ

−1
0−k2

η−k2−k1ψ
−1
0k1

]
=

i

8

∫
d2k1

∫
d2k2

 2kx1√
~k2

1

ηk1k2ψ
−1
0−k2

η−k2−k1ψ
−1
0k1


= i

∫
d2k1

∫
d2k2

[
kx1

√
~k2

2ηk1k2η−k2−k1

]
(5.19)

= 0

since it is odd in k1. Therefore,

M tx = Tr (xxπψπ) + Tr (yxπψπ) .

The first term in (5.17) becomes∫
d2k1

2π

∫
d2k2

2π

∫
d2k3

2π

∫
d2k4

2π

∫
d2p

(2π)2

[
πk1k2ψ

0
pπk3k4

(
−i∂kx1

)]
∫
d2x

∫
d2y

∫
d2y′ eik1xeik2yep(y−y

′)eik3xeik4y′
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= i

∫
d2k1

2π

∫
d2k2

2π

∫
d2k3

2π

∫
d2k4

2π

∫
d2p

(2π)2

[
∂πk1k2

∂kx1
πk3k4ψ

0
p

]
∫
d2x

∫
d2y

∫
d2y′ eik1xeik2yep(y−y

′)eik3xeik4y′

= i

∫
d2k1

∫
d2k2

[
∂πk1k2

∂kx1
ψ0
−k2

π−k2−k1

]
= i

∫
d2k1

∫
d2k2

[
∂πk1k2

∂kx1

1

2|~k2|
π−k2−k1

]
(5.20)

and similarly for the second one. Equation (5.17) is therefore given by

M tx = i

∫
d2k1

∫
d2k2

[(
1

2|~k2|
∂

∂kx1
+

1

2|~k1|
∂

∂kx2

)
πk1k2π−k2−k1

]

=
i

2

∫
d2k1

∫
d2k2

[(
1

|~k2|
∂kx1 +

1

|~k1|
∂kx2

)
πk1k2

]
π−k2−k1

=
i

2

∫
d2k1

∫
d2k2

(
1

|~k1|
+

1

|~k2|

) [( 1

|~k2|
∂kx1 + 1

|~k1|
∂kx2

)
πk1k2

]
(

1

|~k1|
+ 1

|~k2|

) π−k2−k1

+
i

2

∫
d2k1

∫
d2k2

[(
1

|~k2|
∂kx1 + 1

|~k1|
∂kx2

)(
1

|~k1|
+ 1

|~k2|

)]
(

1

|~k1|
+ 1

|~k2|

) πk1k2π−k2−k1 .

The second term has a bracketed expression given by[(
1

|~k2|
∂kx1 +

1

|~k1|
∂kx2

)(
1

|~k1|
+

1

|~k2|

)]
= −

[
kx1

|~k2||~k1|3
+

kx2

|~k1||~k2|3

]
;

this integral is odd in kx1 and kx2 and hence goes to zero; therefore

M tx =
i

2

∫
d2k1

∫
d2k2

(
1

|~k1|
+

1

|~k2|

) [( 1

|~k2|
∂kx1 + 1

|~k1|
∂kx2

)
πk1k2

]
(

1

|~k1|
+ 1

|~k2|

) π−k2−k1 .

Changing to AdS × S1 coordinates,

M tx =
i

2

∫
d~κ

[(
|~k1|∂kx1 + |~k2|∂kx2

)
πk1k2

]
(
|~k1|+ |~k2|

) π−k2−k1

=
i

2

∫
d~κ

P 0

[(
|~k1|∂kx1 + |~k2|∂kx2

)
Π(~κ)

]
Π(−~κ)
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By applying the chain rule, we have (writing ∂kx1 ≡ ∂k1
1

and ∂kx2 ≡ ∂k1
2
)

∂k1
1

=
∂k1

∂k1
1

∂

∂k1
+
∂kz

∂k1
1

∂

∂kz
+

∂θ

∂k1
1

∂

∂θ
(5.21)

∂k1
2

=
∂k1

∂k1
2

∂

∂k1
+
∂kz

∂k1
2

∂

∂kz
+

∂θ

∂k1
2

∂

∂θ
. (5.22)

From equations (D.14)

0 = |~k1|
∂θ

∂k1
1

+ |~k2|
∂θ

∂k1
2

− k2kz

~k2

∂θ

∂k1
1

=
1

|~k1|+ |~k2|

[√
|~k2|
|~k1|

cos

(
ϕ1 + ϕ2

2

)
+
k2kz

~k2

]

⇒ ∂θ

∂k1
2

=
1

|~k2|

[
k2kz

~k2
− |~k1|
|~k1|+ |~k2|

[√
|~k2|
|~k1|

cos

(
ϕ1 + ϕ2

2

)
+
k2kz

~k2

]]

=
1

|~k1|+ |~k2|

[
k2kz

~k2
−

√
|~k1|
|~k2|

cos

(
ϕ1 + ϕ2

2

)]

0 = |~k1|
∂θ

∂k2
1

+ |~k2|
∂θ

∂k2
2

+
k1kz

~k2

∂θ

∂k2
1

=
1

|~k1|+ |~k2|

[√
|~k2|
|~k1|

sin

(
ϕ1 + ϕ2

2

)
− k1kz

~k2

]
.

⇒ ∂θ

∂k2
2

=
1

|~k2|

[
−k

1kz

~k2
− |~k1|
|~k1|+ |~k2|

[√
|~k2|
|~k1|

sin

(
ϕ1 + ϕ2

2

)
− k1kz

~k2

]]

=
1

|~k1|+ |~k2|

[
−

√
|~k1|
|~k2|

sin

(
ϕ1 + ϕ2

2

)
− k1kz

~k2

]

and the other partial derivatives from equations (5.11), we obtain

∣∣∣ ~k1

∣∣∣ ∂k1

∂k1
1

∂k1 +
∣∣∣ ~k2

∣∣∣ ∂k1

∂k1
2

∂k1 =
∣∣∣ ~k1

∣∣∣ ∂k1 +
∣∣∣ ~k2

∣∣∣ ∂k1 = P 0∂k1

and ∣∣∣ ~k1

∣∣∣ ∂kz
∂k1

1

+
∣∣∣ ~k2

∣∣∣ ∂kz
∂k1

2

=
1

kz

[(
k1

1|~k2| − k1
2|~k1|

)
+
(
k1

2|~k1| − k1
1|~k2|

)]
= 0

∣∣∣ ~k1

∣∣∣ ∂θ
∂k1

1

+
∣∣∣ ~k2

∣∣∣ ∂θ
∂k1

2

=

∣∣∣ ~k1

∣∣∣
|~k1|+ |~k2|

[√
|~k2|
|~k1|

cos

(
ϕ1 + ϕ2

2

)
+
k2kz

~k2

]
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+

∣∣∣ ~k2

∣∣∣
|~k1|+ |~k2|

[
k2kz

~k2
−

√
|~k1|
|~k2|

cos

(
ϕ1 + ϕ2

2

)]

=
k2kz

~k2
(5.23)

and therefore∣∣∣ ~k1

∣∣∣ ∂k1
1

+
∣∣∣ ~k2

∣∣∣ ∂k1
2

= P 0∂k1 +
∣∣∣ ~k1

∣∣∣ ∂θ
∂k1

1

∂

∂θ
+
∣∣∣ ~k2

∣∣∣ ∂θ
∂k1

2

∂

∂θ

= P 0∂k1 +
k2kz

~k2
∂θ.

The generator is then given by (performing the mode expansion)

M tx =
i

2

∫
d~κ

P 0

[(
|~k2|∂kx1 + |~k1|∂kx2

)
Π(~κ)

]
Π(−~κ)

=
i

2

∫
d~κ

P 0

[(
P 0∂k1 +

k2kz

~k2
∂θ

)
Π(~κ)

]
Π(−~κ)

=
i

2

∫
d~κ

P 0

[(
P 0∂k1 +

k2kz

~k2
∂θ

)(
−
√
P 0

2
i
(
a~κ − a†−~κ

))]
(
−
√
P 0

2
i
(
a−~κ − a†~κ

))

= − i
4

∫
d~κ

[(
P 0∂k1 +

k2kz

~k2
∂θ

)(
a~κ − a†−~κ

)](
a−~κ − a†~κ

)
=

i

4

∫
d~κ−

[(
P 0∂k1 +

k2kz

~k2
∂θ

)
a~κ

]
a−~κ −

[(
P 0∂k1 +

k2kz

~k2
∂θ

)
a~κ

]
a†~κ

−
[(
P 0∂k1 +

k2kz

~k2
∂θ

)
a†−~κ

]
a−~κ +

[(
P 0∂k1 +

k2kz

~k2
∂θ

)
a†−~κ

]
a†~κ

=
i

4

∫
d~κ

[
−
(
P 0∂k1 +

k2kz

~k2
∂θ

)
a~κ

]
a†~κ +

[
−
(
P 0∂k1 +

k2kz

~k2
∂θ

)
a†−~κ

]
a−~κ

=
i

4

∫
d~κ

[
−
(
P 0∂k1 +

k2kz

~k2
∂θ

)
a~κ

]
a†~κ −

[
−
(
P 0∂k1 +

k2kz

~k2
∂θ

)
a†~κ

]
a~κ,

so we have

M tx
AdS = −x1P 0 − k2kzkθ

~k2
.

Similarly,

M ty = Tr (yxπψπ) + Tr (yxπψπ) ,
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and therefore

M ty =
i

2

∫
d2k1

∫
d2k2

(
1

|~k1|
+

1

|~k2|

) [( 1

|~k2|
∂ky1 + 1

|~k1|
∂ky2

)
πk1k2

]
(

1

|~k1|
+ 1

|~k2|

) π−k2−k1

=
i

2

∫
d~κ

P 0

[(
|~k1|∂ky1 + |~k2|∂ky2

)
Π(~κ)

]
Π(−~κ).

Here (
|~k1|∂ky1 + |~k2|∂ky2

)
= |~k1|

(
∂k2

∂k2
1

∂

∂k2
+
∂kz

∂k2
1

∂

∂kz
+

∂θ

∂k2
1

∂

∂θ

)
+|~k2|

(
∂k2

∂k2
2

∂

∂k2
+
∂kz

∂k2
2

∂

∂kz
+

∂θ

∂k2
2

∂

∂θ

)
= P 0∂k2 + 0∂kz −

k1kz

~k2
∂θ,

and a mode expansion gives

M ty = − i
4

∫
d~κ

[(
P 0∂k2 −

k1kz

~k2
∂θ

)
a~κ

]
a†~κ −

[(
P 0∂k2 −

k1kz

~k2
∂θ

)
a†~κ

]
a~κ,

so that the AdS generator is given by

M ty
AdS = x2P 0 − k1kzkθ

~k2
.

5.3.5 Calculation of Kt

Let us now understand the special conformal generators, the first of which is

Kt =

∫
dxdy

[
Hx2

]
.

Comparing with the expression for M tx in equation (5.17), we obtain that

Kt
1 = Tr

(
(xx)2πψπ

)
+ Tr

(
(yx)2πψπ

)
.
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Going to momentum space, we then compare with the equivalent expression for M tx

in equation (5.20) to obtain

Kt
1 = i

∫
d2k1

∫
d2k2

[(
1

2|~k2|

(
∂

∂kx1

)2

πk1k2

)
π−k2−k1

+

(
1

2|~k1|

(
∂

∂kx2

)2

πk1k2

)
π−k2−k1

]
.

This we can symmetrise to give

Kt
1 =

i

2

∫
d2k1

∫
d2k2

[(
1

2|~k2|

(
∂

∂kx1

)2

+
1

2|~k2|

(
∂

∂ky1

)2

+
1

2|~k1|

(
∂

∂kx2

)2

+
1

2|~k1|

(
∂

∂ky2

)2
)
πk1k2

]
π−k2−k1 .

In AdS, this becomes

Kt
1 =

i

2

∫
d2k1

∫
d2k2

[
1

|~k1|
+

1

|~k2|

]
1

1

|~k1|
+ 1

|~k2|

[(
1

2|~k2|

(
∂

∂kx1

)2

+
1

2|~k2|

(
∂

∂ky1

)2

+
1

2|~k1|

(
∂

∂kx2

)2

+
1

2|~k1|

(
∂

∂ky2

)2
)
πk1k2

]
π−k2−k1

=
i

4

∫
d~κ

1

P 0

[(
|~k1|

(
∂

∂kx1

)2

+ |~k1|
(

∂

∂ky1

)2

+|~k2|
(

∂

∂kx2

)2

+ |~k2|
(

∂

∂ky2

)2
)
πk1k2

]
π−k2−k1 .

The square partial derivatives are of the form

(∂
kji

)2 = ∂
kji

[
∂kj +

(
∂
kji
kz
)
∂kz +

(
∂
kji
θ
)
∂θ

]
= +(∂kj )

2 +
(
∂
kji
kz
)2

(∂kz)
2 +

(
∂
kji
θ
)2

(∂θ)
2

+2
(
∂
kji
kz
)
∂kj∂kz + 2

(
∂
kji
θ
)
∂kj∂θ + 2

(
∂
kji
kz
)(

∂
kji
θ
)
∂kz∂θ

+∂
kji

(
∂
kji
kz
)
∂kz + ∂

kji

(
∂
kji
θ
)
∂θ. (5.24)
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Thus, using the partial derivatives in equations (5.11) in calculating

1

P 0

[
|~k1|

(
∂

∂k1
1

)2

+ |~k1|
(

∂

∂k2
1

)2

+ |~k2|
(

∂

∂k1
2

)2

+ |~k2|
(

∂

∂k2
2

)2
]
,

we find terms involving (∂k1)2 and (∂k2)2 give

1

P 0

[
|~k1| (∂k1)2 + |~k1| (∂k2)2 + |~k2| (∂k1)2 + |~k2| (∂k2)2

]
=
P 0

P 0
(x2 + y2) = ~x2

AdS

.(5.25)

Terms involving
(
∂
kji
kz
)2

(∂kz)
2 sum to

1

P 0

|~k1|

[
1

kz

(
k1

1

|~k2|
|~k1|
− k1

2

)]2

+ |~k1|

[
1

kz

(
k2

1

|~k2|
|~k1|
− k2

2

)]2

+ |~k2|

[
1

kz

(
k1

2

|~k1|
|~k2|
− k1

1

)]2

+ |~k2|

[
1

kz

(
k2

2

|~k1|
|~k2|
− k2

1

)]2
 (∂kz)

2

=
1

P 0(kz)2

[
1

|~k1|

[
|~k2|k1

1 − |~k1|k1
2

]2
+

1

|~k1|

[
|~k2|k2

1 − |~k1|k2
2

]2

+
1

|~k2|

[
|~k1|k1

2 − |~k2|k1
1

]2
+

1

|~k2|

[
|~k1|k2

2 − |~k2|k2
1

]2
]

(∂kz)
2

=
1

P 0(kz)2

[
1

|~k1|
+

1

|~k2|

] [[
|~k2|k1

1 − |~k1|k1
2

]2
+
[
|~k2|k2

1 − |~k1|k2
2

]2
]

(∂kz)
2

=
1

|~k1||~k2|(kz)2

[[
|~k2|k1

1 − |~k1|k1
2

]2
+
[
|~k2|k2

1 − |~k1|k2
2

]2
]

(∂kz)
2 . (5.26)

Now

|~k2|k1
1 − |~k1|k1

2 = |~k1||~k2| (cosϕ1 − cosϕ2)

= −2|~k1||~k2|
(

sin
ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

)
= −

√
|~k1||~k2| sin

ϕ1 + ϕ2

2
kz

|~k2|k2
1 − |~k1|k2

2 = |~k1||~k2| (sinϕ1 − sinϕ2)

= 2|~k1||~k2|
(

cos
ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

)
=

√
|~k1||~k2| cos

ϕ1 + ϕ2

2
kz
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so that the expression in (5.26) becomes

|~k1||~k2|(kz)2

|~k1||~k2|(kz)2
(∂kz)

2 = (∂kz)
2 = z2

AdS. (5.27)

Continuing, terms of the form
(
∂
kji
θ
)2

(∂θ)
2 in equation (5.24) sum to

=
1

P 0

|~k1|


[
k1

1
|~k2|
|~k1|

+ k1
2

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

−

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k1
1

|~k1|


2

+|~k1|


[
k2

1
|~k2|
|~k1|

+ k2
2

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

−

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k2
1

|~k1|


2

+|~k2|


[
k1

2
|~k1|
|~k2|

+ k1
1

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

+

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k1
2

|~k2|


2

+|~k2|


[
k2

2
|~k1|
|~k2|

+ k2
1

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

+

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k2
2

|~k2|


2 (∂θ)

2

. (5.28)

The sum of all the first terms squared gives(
|~k1| − |~k2|

)2

2P 0(~k2)2
(
|~k1||~k2|+ ~k1 · ~k2

)
|~k1|

[
k1

1

|~k2|
|~k1|

+ k1
2

]2

+ |~k1|

[
k2

1

|~k2|
|~k1|

+ k2
2

]2

+|~k2|

[
k1

2

|~k1|
|~k2|

+ k1
1

]2

+ |~k2|

[
k2

2

|~k1|
|~k2|

+ k2
1

]2


=

(
|~k1| − |~k2|

)2

2P 0(~k2)2
(
|~k1||~k2|+ ~k1 · ~k2

) [ 1

|~k1|

[
|~k2|k1

1 + |~k1|k1
2

]2
+

1

|~k1|

[
|~k2|k2

1 + |~k1|k2
2

]2

+
1

|~k2|

[
|~k1|k1

2 + |~k2|k1
1

]2
+ |~k2|

[
|~k1|k2

2 + |~k2|k2
1

]2
]

=

(
|~k1| − |~k2|

)2

2P 0(~k2)2
(
|~k1||~k2|+ ~k1 · ~k2

) ( 1

|~k1|
+

1

|~k2|

)
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[[
|~k2|k1

1 + |~k1|k1
2

]2
+
[
|~k2|k2

1 + |~k1|k2
2

]2
]

=

(
|~k1| − |~k2|

)2

2|~k1||~k2|(~k2)2
(
|~k1||~k2|+ ~k1 · ~k2

) [[|~k1||~k2| (cosϕ1 + cosϕ2)
]2

+
[
|~k1||~k2| (sinϕ1 + sinϕ2)

]2
]

=

(
|~k1| − |~k2|

)2
|~k1||~k2|

2(~k2)2
(
|~k1||~k2|+ ~k1 · ~k2

) [2 + 2 cosϕ1 cosϕ2 + 2 sinϕ1 sinϕ2]

=

(
|~k1| − |~k2|

)2
|~k1||~k2| [1 + cos(ϕ2 − ϕ1)]

(~k2)2
(
|~k1||~k2|+ ~k1 · ~k2

)
=

(
|~k1| − |~k2|

)2
|~k1||~k2|

[
2 cos2 ϕ2−ϕ1

2

]
(~k2)2

(
|~k1||~k2|+ ~k1 · ~k2

) . (5.29)

From equations (5.9) and (5.10)

tanθ =
2

√
|~k1||~k2| cos

(ϕ2−ϕ1

2

)(
|~k1| − |~k2|

) =

√
2

√
|~k1||~k2|+ ~k1 · ~k2

|~k1| − |~k2|

⇒ cos2

(
ϕ2 − ϕ1

2

)
=

(
|~k1||~k2|+ ~k1 · ~k2

)
2|~k1||~k2|

so that the expression in (5.29) becomes

(
|~k1| − |~k2|

)2

(~k2)2
. (5.30)

The sum of the middle terms in equation (5.28) becomes(
|~k1| − |~k2|

)
P 0~k4

[
− k1

1

|~k1|

[
|~k2|k1

1 + |~k1|k1
2

]
− k2

1

|~k1|

[
|~k2|k2

1 + |~k1|k2
2

]
+
k1

2

|~k2|

[
|~k1|k1

2 + |~k2|k1
1

]
+

k2
2

|~k2|

[
|~k1|k2

2 + |~k2|k2
1

]]

=

(
|~k1| − |~k2|

)
P 0~k4

[
−|
~k2|
|~k1|

(
(k1

1)2 + (k2
1)2
)

+
|~k1|
|~k2|

(
(k1

2)2 + (k2
2)2
)]

=

(
|~k1| − |~k2|

)
P 0~k4

[
−|~k1||~k2|+ |~k1||~k2|

]
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= 0 (5.31)

and the sum of the last terms in equation (5.28) becomes

2
(
|~k1||~k2|+ ~k1 · ~k2

)
P 0~k4

[
(k1

1)2

|~k1|
+

(k2
1)2

|~k1|
+

(k1
2)2

|~k2|
+

(k2
2)2

|~k2|

]

=
2
(
|~k1||~k2|+ ~k1 · ~k2

)
P 0~k4

[
|~k1|+ |~k2|

]
=

2
(
|~k1||~k2|+ ~k1 · ~k2

)
~k4

. (5.32)

Adding equations (5.30), (5.31) and (5.32) gives

(
|~k1| − |~k2|

)2

~k4
+

2
(
|~k1||~k2|+ ~k1 · ~k2

)
~k4

=
~k2

~k4
=

1

~k2
.

Therefore, equation (5.28) becomes

1

~k2
(∂θ)

2 =
1

~k2

(
kθ
)2
. (5.33)

Next, consider terms involving
(
∂
kji
kz
)
∂kj∂kz , which sum to

2

P 0

[
|~k1|

[
1

kz

(
k1

1

|~k2|
|~k1|
− k1

2

)]
∂k1 + |~k1|

[
1

kz

(
k2

1

|~k2|
|~k1|
− k2

2

)]
∂k2

+ |~k2|

[
1

kz

(
k1

2

|~k1|
|~k2|
− k1

1

)]
∂k1 + |~k2|

[
1

kz

(
k2

2

|~k1|
|~k2|
− k2

1

)]
∂k2

]
∂kz

= 0. (5.34)

For terms involving
(
∂
kji
θ
)
∂kj∂θ, recall that from equation (5.23),

∣∣∣ ~k1

∣∣∣ ∂θ
∂k1

1

+
∣∣∣ ~k2

∣∣∣ ∂θ
∂k1

2

=
k2kz

~k2∣∣∣ ~k1

∣∣∣ ∂θ
∂k2

1

+
∣∣∣ ~k2

∣∣∣ ∂θ
∂k2

2

= −k
1kz

~k2
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so that the
(
∂
kji
θ
)
∂kj∂θ contribution is given by

2

(
k2kz

P 0~k2
∂k1∂θ −

k1kz

P 0~k2
∂k2∂θ

)
= 2

(
k2kzx1kθ

P 0~k2
− k1kzx2kθ

P 0~k2

)
= 2

(
kzkθ

P 0~k2

[
x1k2 − x2k1

])
=

2kzkθ

P 0~k2
Mxy (5.35)

For terms involving 2
(
∂
kji
kz
)(

∂
kji
θ
)
∂kz∂θ, we have (ignoring the factor of 2∂kz∂θ

for now)

|~k1|

[
k1

1

|~k2|
|~k1|
− k1

2

]
[
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1
|~k2|
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] (
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)
√
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√
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√
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√
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~k2
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1
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
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1
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2
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1
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√
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2
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[
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1

] (
|~k1| − |~k2|
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√
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√
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√
2
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2
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2
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1
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√

2~k2

√
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√
2
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k2
2
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
=


[
|~k2|2(k1

1)2 − |~k1|2(k1
2)2
] (
|~k1| − |~k2|

)
√
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√
|~k1||~k2|+ ~k1 · ~k2
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√
2

√
|~k1||~k2|+ ~k1 · ~k2

[
k1

1
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]
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1

~k2


+


[
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] (
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)
√
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√
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−

√
2

√
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[
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1
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2

]
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1

~k2


+


[
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1)2
] (
|~k1| − |~k2|

)
√
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√
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√
2

√
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[
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2
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1

]
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2
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
+


[
|~k1|2(k2

2)2 − |~k2|2(k2
1)2
] (
|~k1| − |~k2|

)
√

2|~k2|~k2

√
|~k1||~k2|+ ~k1 · ~k2

+

√
2

√
|~k1||~k2|+ ~k1 · ~k2

[
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2
|~k1|
|~k2|
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1

]
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2
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
. (5.36)

238



Chapter 5 Bulk Construction Section 5.3 Bulk Free Theory Algebra

The first terms in (5.36) give[
|~k2|2(k1

1)2 − |~k1|2(k1
2)2 + |~k2|2(k2

1)2 − |~k1|2(k2
2)2
] (
|~k1||~k2| − |~k2|2

)
√

2|~k1||~k2|~k2

√
|~k1||~k2|+ ~k1 · ~k2

+

[
|~k1|2(k1

2)2 − |~k2|2(k1
1)2 + |~k1|2(k2

2)2 − |~k2|2(k2
1)2
] (
|~k1|2 − |~k1||~k2|

)
√

2|~k1||~k2|~k2

√
|~k1||~k2|+ ~k1 · ~k2

=

[
(k1

1)2 + (k2
1)2
] [
−|~k2|4 + 2|~k1||~k2|3 − |~k1|2|~k2|2

]
√

2|~k1||~k2|~k2

√
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+
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2)2 + (k2
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]
√
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√
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= 0.

and the second terms in (5.36) give

√
2

√
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[
−

[
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1

|~k2|
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2
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1 −

[
k2

1
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1

+

[
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2
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1

]
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2 +

[
k2

2

|~k1|
|~k2|
− k2

1

]
k2

2

]
= 0 (5.37)

so that the 2
(
∂
kji
kz
)(

∂
kji
θ
)
∂kz∂θ terms contribute zero. Penultimately, for the

∂
kji

(
∂
kji
kz
)
∂kz terms we have

− 1

(kz)2

 |~k1|
kz

(
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1

|~k2|
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2
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(
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2
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[
|~k2|
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− 1

(kz)2
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(
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+
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] ∂kz
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= − 1

(kz)3

[
1
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(
|~k2|k1
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2
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−

[
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−
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−
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−
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∂kz

= − 1

(kz)3

[(
1

|~k1|
+

1

|~k2|

)[(
|~k2|k1

1 − |~k1|k1
2

)2
+
(
|~k2|k2

1 − |~k1|k2
2

)2
]

−
(
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∂kz
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1

|~k2|

)[
2|~k2|2|~k1|2 − 2|~k1||~k2|

(
k1
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1
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= − 1

(kz)3

[
P 0
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)
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]
∂kz

= 0. (5.38)

Finally, for terms involving ∂
kji

(
∂
kji
θ
)
∂θ, we need to calculate
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√
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√
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√
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 ,(5.39)

which involves a sum of 4 ‘first terms’ and a sum of 4 ‘second terms’. Since

∂k1
1

√
|~k1||~k2|+ ~k1 · ~k2 =

|~k2|
|~k1|

k1
1 + k1

2

2

√
|~k1||~k2|+ ~k1 · ~k2

,
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derivatives coming from the

√
|~k1||~k2|+ ~k1 · ~k2 in the numerator of the second terms

of (5.39) are given by √
2

2~k2

√
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1
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√
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1
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√
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√
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= 0.

Contributions from derivatives of kji in the second terms of equation (5.39) sum to

−
2
√

2

√
|~k1||~k2|+ ~k1 · ~k2

~k2
+

2
√

2

√
|~k1||~k2|+ ~k1 · ~k2
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and from the 1

|~ki|
in the second terms,

√
2

√
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= 0.

Derivatives resulting from the kji in the numerator of the first terms of equation

(5.39) become [
2|~k2|+ 2|~k1|

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

; (5.40)

derivatives resulting from the |
~ki|
|~kj |

from the first terms gives

[
− |
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√
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√
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. (5.41)

and derivatives coming from the 1√
|~k1||~k2|+~k1·~k2

in the first term in (5.39) are given
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so that (5.40), (5.41) and (5.42) cancel to give zero.

Now
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and derivative terms coming from 1
~k2

of the second term of (5.39) become
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−
√

2

√
|~k1||~k2|+ ~k1 · ~k2k

2
2

(
2k2

2 + 2k2
1

)
=

1

~k4

[√
2

√
|~k1||~k2|+ ~k1 · ~k2

(
2|~k1|2 − 2|~k2|2

)]
. (5.44)

Terms (5.43) and (5.44) therefore sum to give zero, so that all the terms involving

∂
kji

(
∂
kji
θ
)
∂θ sum to zero. Thus, adding all the contributions from equations (5.25),

(5.27), (5.33), (5.34), (5.35), (5.37), (5.38) and we find that equation (5.24) becomes

Kt
1 = ~x2

AdS + z2
AdS +

1

~k2

(
kθ
)2

+
2kzkθ

P 0~k2
Mxy.

Performing the mode expansion we obtain

Kt
1 =

i

4

∫
d~κ

[(
~x2 + z2 +

(
kθ
)2

~k2
+

2kzkθ

P 0~k2
Mxy

)
Π(~κ)

]
Π(−~κ)

=
i

4

∫
d~κ

[(
~x2 + z2 +

(
kθ
)2

~k2
+

2kzkθ

P 0~k2
Mxy

)
Π(~κ)

]
Π(−~κ)

=
i

4

∫
d~κ

[(
~x2 + z2 +

(
kθ
)2

~k2
+

2kzkθ

P 0~k2
Mxy

)(
−
√
P 0

2
i
(
a~κ − a†−~κ

))]
(
−
√
P 0

2
i
(
a−~κ − a†~κ

))

= − i
8

∫
d~κ

[((
~x2 + z2

)
P 0 +

(
kθ
)2
P 0

~k2
+

2kzkθ

~k2
Mxy

)(
a~κ − a†−~κ

)](
a−~κ − a†~κ

)
=

i

8

∫
d~κ−

[((
~x2 + z2

)
P 0 +

(
kθ
)2
P 0

~k2
+

2kzkθ

~k2
Mxy

)
a~κ

]
a−~κ

+

[((
~x2 + z2

)
P 0 +

(
kθ
)2
P 0

~k2
+

2kzkθ

~k2
Mxy

)
a~κ

]
a†~κ

+

[((
~x2 + z2

)
P 0 +

(
kθ
)2
P 0

~k2
+

2kzkθ

~k2
Mxy

)
a†−~κ

]
a−~κ

−

[((
~x2 + z2

)
P 0 +

(
kθ
)2
P 0

~k2
+

2kzkθ

~k2
Mxy

)
a†−~κ

]
a†~κ

=
i

8

∫
d~κ

[
−

((
~x2 + z2

)
P 0 +

(
kθ
)2
P 0

~k2
+

2kzkθ

~k2
Mxy

)
a~κ

]
a†~κ

+

[
−

((
~x2 + z2

)
P 0 +

(
kθ
)2
P 0

~k2
+

2kzkθ

~k2
Mxy

)
a†−~κ

]
a−~κ
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=
i

4

∫
d~κ

[(
−
(
~x2 + z2

)
P 0

2
−
(
kθ
)2
P 0

2~k2
− kzkθ

~k2
Mxy

)
a~κ

]
a†~κ

+

[(
−
(
~x2 + z2

)
P 0

2
−
(
kθ
)2
P 0

2~k2
− kzkθ

~k2
Mxy

)
a†~κ

]
a~κ,

so we have

Kt
AdS = −

(
~x2 + z2

)
P 0

2
−
(
kθ
)2
P 0

2~k2
− kzkθ

~k2
Mxy.

5.3.6 Calculation of Kx

We now calculate the special conformal generator Kx,

Kx =

∫
dxdy [2xD] ,

which is done as follows:

Kx =

∫
dxdy [2xD]

= 2

∫
dx′dy′

[
(π∂x′φ) (x′)2 +

(
π∂y′φ

)
x′y′

]
= 2

∫
d2z

[
(∂x′φ

a(z)) (x′)2 +
(
∂y′φ

a(z)
)
x′y′

] ∂

∂φa(z)

= 2

∫
d2x

∫
d2y

∫
d2z

[
(∂x′φ

a(z)) (x′)2 +
(
∂y′φ

a(z)
)
x′y′

]
(
δ2(x− z)φa(y) + δ2(y − z)φa(x)

) ∂

∂ψ(x, y)

= 2

∫
d2x

∫
d2y

∫
d2z

[
(∂x′φ

a(z)) (x′)2 +
(
∂y′φ

a(z)
)
x′y′

]
(
δ(x1 − x′)δ(x2 − y′)φa(y) + δ(y1 − x′)δ(y2 − y′)φa(x)

) ∂

∂ψ(x, y)

= 2

∫
d2x

∫
d2y

[
(∂x1φ

a(x)) (x1)2 + (∂x2φ
a(x))x1x2

]
φa(y)

∂

∂ψ(x, y)

+

∫
d2x

∫
d2y

[
(∂y1φ

a(y)) (y1)2 + (∂y2φ
a(y)) y1y2

]
φa(x)

∂

∂ψ(x, y)

= 2

∫
d2x

∫
d2y

[(
(x1)2∂x1 + x1x2∂x2

)
ψ(y, x)

] ∂

∂ψ(x, y)

+

∫
d2x

∫
d2y

[(
(y1)2∂y1 + y1y2∂y2

)
ψ(y, x)

] ∂

∂ψ(x, y)
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→ 2

∫
d2k1

∫
d2k2

∫
d2k3

∫
d2k4

∫
d2x

∫
d2y[(

k1
1(∂k1

1
)2 + k2

1∂k2
1
∂k1

1
+ k1

2(∂k1
2
)2 + k2

2∂k2
2
∂k1

2

)
η(k1, k2)

]
π(k3, k4)ei(k

1
1y1+k2

1y2)ei(k
1
2x1+k2

2x2)ei(k
1
3x1+k2

3x2)ei(k
1
4y1+k2

4y2)

= 2

∫
d2k1

∫
d2k2[(

k1
1(∂k1

1
)2 + k2

1∂k2
1
∂k1

1
+ k1

2(∂k1
2
)2 + k2

2∂k2
2
∂k1

2

)
η(k1, k2)

]
π(−k2,−k1).

Symmetrising this, we obtain

Kx = 2

∫
d2k1

∫
d2k2[(

k1
1(∂k1

1
)2 + k1

2(∂k1
2
)2 + k2

1∂k2
1
∂k1

1
+ k2

2∂k2
2
∂k1

2

)
η(k1, k2)

]
π(−k2,−k1)

= 2

∫
d2k1

∫
d2k2

[(
k1

1(∂k1
1
)2 + k1

2(∂k1
2
)2

+2k2
1∂k2

1
∂k1

1
+ 2k2

2∂k2
2
∂k1

2
− k1

1∂k2
1
∂k2

1
− k1

2∂k2
2
∂k2

2

)
η(k1, k2)

]
π(−k2,−k1),

and moving to AdS this becomes

Kx = 2

∫
d2k1

∫
d2k2

[
1

|~k1|
+

1

|~k2|

] 1[
1

|~k1|
+ 1

|~k2|

] [(k1
1(∂k1

1
)2 + k1

2(∂k1
2
)2

+2k2
1∂k2

1
∂k1

1
+ 2k2

2∂k2
2
∂k1

2
− k1

1∂k2
1
∂k2

1
− k1

2∂k2
2
∂k2

2

)
η(k1, k2)

]
π(−k2,−k1)

= 2

∫
d~κ
[(
k1

1(∂k1
1
)2 + k1

2(∂k1
2
)2

+2k2
1∂k2

1
∂k1

1
+ 2k2

2∂k2
2
∂k1

2
− k1

1∂k2
1
∂k2

1
− k1

2∂k2
2
∂k2

2

)
H(~κ)

]
Π(−~κ).

We now calculate(
k1

1(∂k1
1
)2 + k1

2(∂k1
2
)2 + 2k2

1∂k2
1
∂k1

1
+ 2k2

2∂k2
2
∂k1

2
− k1

1∂k2
1
∂k2

1
− k1

2∂k2
2
∂k2

2

)
.

We find terms involving (∂k1)2, (∂k2)2 and (∂k1) (∂k2) give

(
k1

1 + k1
2

)
(∂k1)2 + 2

(
k2

1 + k2
2

)
(∂k1) (∂k2)− k1(∂k2)2

, = 2k1(x1)2 − k1(x1)2 + 2k2x1x2 − k1(x2)2

= −k1
(
(x1)2 + (x2)2

)
+ 2x1(k1x1 + k2x2)

= −k1~x2
AdS + 2x1(k1x1 + k2x2) (5.45)
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Terms involving
(
∂knmk

z
) (
∂
kji
kz
)

which will be multiplied by (∂kz)
2 sum to

k1
1

[
1

kz

(
k1

1

|~k2|
|~k1|
− k1

2

)]2

+ k1
2

[
1

kz

(
k1

2

|~k1|
|~k2|
− k1

1

)]2

+2k2
1

[
1

kz

(
k1

1

|~k2|
|~k1|
− k1

2

)][
1

kz

(
k2

1

|~k2|
|~k1|
− k2

2

)]

+2k2
2

[
1

kz

(
k1

2

|~k1|
|~k2|
− k1

1

)][
1

kz

(
k2

2

|~k1|
|~k2|
− k2

1

)]

−k1
1

[
1

kz

(
k2

1

|~k2|
|~k1|
− k2

2

)]2

− k1
2

[
1

kz

(
k2

2

|~k1|
|~k2|
− k2

1

)]2

=
k1

1

(kz)2|~k1|2

[
−
√
|~k1||~k2| sin

ϕ1 + ϕ2

2
kz
]2

+
k1

2

(kz)2|~k2|2

[√
|~k1||~k2| sin

ϕ1 + ϕ2

2
kz
]2

+2
k2

1

(kz)2|~k1|2

[
−
√
|~k1||~k2| sin

ϕ1 + ϕ2

2
kz
] [√

|~k1||~k2| cos
ϕ1 + ϕ2

2
kz
]

+2
k2

2

(kz)2|~k1|2

[√
|~k1||~k2| sin

ϕ1 + ϕ2

2
kz
] [
−
√
|~k1||~k2| cos

ϕ1 + ϕ2

2
kz
]

− k1
1

(kz)2|~k1|2

[√
|~k1||~k2| cos

ϕ1 + ϕ2

2
kz
]2

− k1
2

(kz)2|~k2|2

[
−
√
|~k1||~k2| cos

ϕ1 + ϕ2

2
kz
]2

= sin2 ϕ1 + ϕ2

2

[
k1

1

|~k2|
|~k1|

+ k1
2

|~k1|
|~k2|

]

−2 sin
ϕ1 + ϕ2

2
cos

ϕ1 + ϕ2

2

[
k2

1

|~k2|
|~k1|

+ k2
2

|~k1|
|~k2|

]

− cos2 ϕ1 + ϕ2

2

[
k1

1

|~k2|
|~k1|

+ k1
2

|~k1|
|~k2|

]

=
1

2
[1− cos (ϕ1 + ϕ2)]

[
k1

1

|~k2|
|~k1|

+ k1
2

|~k1|
|~k2|

]
− sin (ϕ1 + ϕ2)

[
k2

1

|~k2|
|~k1|

+ k2
2

|~k1|
|~k2|

]

−1

2
[1 + cos (ϕ1 + ϕ2)]

[
k1

1

|~k2|
|~k1|

+ k1
2

|~k1|
|~k2|

]

= − cos (ϕ1 + ϕ2)

[
k1

1

|~k2|
|~k1|

+ k1
2

|~k1|
|~k2|

]
− sin (ϕ1 + ϕ2)

[
k2

1

|~k2|
|~k1|

+ k2
2

|~k1|
|~k2|

]
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= −

[
k1

1k
1
2 − k2

1k
2
2

|~k1||~k2|

][
k1

1

|~k2|
|~k1|

+ k1
2

|~k1|
|~k2|

]
−

[
k2

1k
1
2 + k1

1k
2
2

|~k1||~k2|

][
k2

1

|~k2|
|~k1|

+ k2
2

|~k1|
|~k2|

]

= −

[
1

|~k1|2
(
(k1

1)2k1
2 − k2

1k
2
2k

1
1 + (k2

1)2k1
2 + k1

1k
2
2k

2
1

)]

−

[
1

|~k2|2
(
(k1

2)2k1
1 − k2

1k
2
2k

1
2 + k2

1k
1
2k

2
2 + k1

1(k2
2)2
)]

= −
[
k1

2 + k1
1

]
= −k1,

so the contribution from this expressions is given by

−k1(∂kz)
2 = −k1z2. (5.46)

Terms involving ∂k1∂kz and ∂k2∂kz are calculated as follows.

2k1
1

[
1

kz

(
k1

1

|~k2|
|~k1|
− k1

2

)]
∂k1∂kz + 2k1

2

[
1

kz

(
k1

2

|~k1|
|~k2|
− k1

1

)]
∂k1∂kz

+2k2
1

[
1

kz

(
k1

1

|~k2|
|~k1|
− k1

2

)]
∂k2∂kz + 2k2

1

[
1

kz

(
k2

1

|~k2|
|~k1|
− k2

2

)]
∂k1∂kz

+2k2
2

[
1

kz

(
k1

2

|~k1|
|~k2|
− k1

1

)]
∂k2∂kz + 2k2

2

[
1

kz

(
k2

2

|~k1|
|~k2|
− k2

1

)]
∂k1∂kz

−2k1
1

[
1

kz

(
k2

1

|~k2|
|~k1|
− k2

2

)]
∂k2∂kz − 2k1

2

[
1

kz

(
k2

2

|~k1|
|~k2|
− k2

1

)]
∂k2∂kz

= 2k1
1

[
1

kz

(
k1

1

|~k2|
|~k1|
− k1

2

)]
∂k1∂kz + 2k1

2

[
1

kz

(
k1

2

|~k1|
|~k2|
− k1

1

)]
∂k1∂kz

+2k2
1

[
1

kz

(
k2

1

|~k2|
|~k1|
− k2

2

)]
∂k1∂kz + 2k2

2

[
1

kz

(
k2

2

|~k1|
|~k2|
− k2

1

)]
∂k1∂kz

=
2

kz

[
|~k2|
|~k1|

(
(k1

1)2 + (k2
1)2
)

+
|~k1|
|~k2|

(
(k1

2)2 + (k2
2)2
)

−2
(
k1

1k
1
2 + k1

2k
2
2

)]
∂k1∂kz

=
2

kz

[
2|~k1||~k2| − 2~k1 · ~k2

]
∂k1∂kz

= 2kz∂k1∂kz

= 2x1kzz. (5.47)
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Continuing, terms of the form
(
∂
kji
θ
) (
∂knmθ

)
(∂θ)

2 sum to

k1
1


[
k1

1
|~k2|
|~k1|

+ k1
2

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

−

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k1
1

|~k1|


2

+k1
2


[
k1

2
|~k1|
|~k2|

+ k1
1

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

+

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k1
2

|~k2|


2

+2k2
1


[
k2

1
|~k2|
|~k1|

+ k2
2

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

−

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k2
1

|~k1|



[
k1

1
|~k2|
|~k1|

+ k1
2

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

−

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k1
1

|~k1|


+2k2

2


[
k1

2
|~k1|
|~k2|

+ k1
1

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

+

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k1
2

|~k2|



[
k2

2
|~k1|
|~k2|

+ k2
1

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

+

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k2
2

|~k2|


−k1

1


[
k2

1
|~k2|
|~k1|

+ k2
2

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

−

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k2
1

|~k1|


2

− k1
2


[
k2

2
|~k1|
|~k2|

+ k2
1

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

+

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k2
2

|~k2|


2 (∂θ)

2 .

The sum of all the first terms squared (omitting (∂θ)
2 for now) gives

(
|~k1| − |~k2|

)2

2(~k2)2
(
|~k1||~k2|+ ~k1 · ~k2

)
k1

1

[
k1

1

|~k2|
|~k1|

+ k1
2

]2

+ k1
2

[
k1

2

|~k1|
|~k2|

+ k1
1

]2

+2k2
1

[
k1

1

|~k2|
|~k1|

+ k1
2

][
k2

1

|~k2|
|~k1|

+ k2
2

]
+ 2k2

2

[
k1

2

|~k1|
|~k2|

+ k1
1

][
k2

2

|~k1|
|~k2|

+ k2
1

]

−k1
1

[
k2

1

|~k2|
|~k1|

+ k2
2

]2

− k1
2

[
k2

2

|~k1|
|~k2|

+ k2
1

]2
 (5.48)
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Using √
|~k1||~k2|+ ~k1 · ~k2 =

√
|~k1||~k2|

√
1 + cos(ϕ1 − ϕ2)

=

√
2|~k1||~k2| cos

ϕ1 − ϕ2

2

|~k2|k1
1 + |~k1|k1

2 = |~k1||~k2| (cosϕ1 + cosϕ2)

= 2|~k1||~k2| cos
ϕ1 + ϕ2

2
cos

ϕ1 − ϕ2

2

|~k2|k1
1 − |~k1|k1

2 = −2|~k1||~k2| sin
ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

|~k2|k2
1 + |~k1|k2

2 = |~k1||~k2| (sinϕ1 + sinϕ2)

= 2|~k1||~k2| sin
ϕ1 + ϕ2

2
cos

ϕ1 − ϕ2

2

|~k2|k2
1 − |~k1|k2

2 = 2|~k1||~k2| cos
ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2
(5.49)

expression (5.48) becomes

(
|~k1| − |~k2|

)2

2(~k2)2
(

2|~k1||~k2| cos2 ϕ1−ϕ2

2

) [ k1
1

|~k1|2

[[
2|~k1||~k2| cos

ϕ1 + ϕ2

2
cos

ϕ1 − ϕ2

2

]2

−
[
2|~k1||~k2| sin

ϕ1 + ϕ2

2
cos

ϕ1 − ϕ2

2

]2
]

+ 2
k2

1

|~k1|2

[
2|~k1||~k2| cos

ϕ1 + ϕ2

2
cos

ϕ1 − ϕ2

2

]
[
2|~k1||~k2| sin

ϕ1 + ϕ2

2
cos

ϕ1 − ϕ2

2

]
+2

k2
2

|~k2|2

[
2|~k1||~k2| cos

ϕ1 + ϕ2

2
cos

ϕ1 − ϕ2

2

]
[
2|~k1||~k2| sin

ϕ1 + ϕ2

2
cos

ϕ1 − ϕ2

2

]
+

k1
2

|~k2|2

[[
2|~k1||~k2| cos

ϕ1 + ϕ2

2
cos

ϕ1 − ϕ2

2

]2

−
[
2|~k1||~k2| sin

ϕ1 + ϕ2

2
cos

ϕ1 − ϕ2

2

]2
]

=

(
|~k1| − |~k2|

)2
|~k1||~k2|

(~k2)2

[
k1

1

|~k1|2

[
cos2 ϕ1 + ϕ2

2
− sin2 ϕ1 + ϕ2

2

]
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+2
k2

1

|~k1|2

[
cos

ϕ1 + ϕ2

2
sin

ϕ1 + ϕ2

2

]
+2

k2
2

|~k2|2

[
cos

ϕ1 + ϕ2

2
sin

ϕ1 + ϕ2

2

]
+

k1
2

|~k2|2

[
cos2 ϕ1 + ϕ2

2
− sin2 ϕ1 + ϕ2

2

]]

=

(
|~k1| − |~k2|

)2
|~k1||~k2|

(~k2)2

[
k1

1

|~k1|2
cos (ϕ1 + ϕ2) +

k2
1

|~k1|2
sin (ϕ1 + ϕ2)

+
k2

2

|~k2|2
sin (ϕ1 + ϕ2) +

k1
2

|~k2|2
cos (ϕ1 + ϕ2)

=

(
|~k1| − |~k2|

)2

(~k2)2|~k1||~k2|

[(
|~k2|2k1

1 + |~k1|2k1
2

)
cos (ϕ1 + ϕ2)

+
(
|~k2|2k2

1 + |~k1|2k2
2

)
sin (ϕ1 + ϕ2) .

Now

k1
1 cos (ϕ1 + ϕ2) + k2

1 sin (ϕ1 + ϕ2)

= |~k1|
[
cos2 ϕ1 cosϕ2 − cosϕ1 sinϕ1 sinϕ2 + sin2 ϕ1 cosϕ2 + sinϕ1 sinϕ2 cosϕ1

]
= |~k1| cosϕ2

k1
2 cos (ϕ1 + ϕ2) + k2

2 sin (ϕ1 + ϕ2)

= |~k2|
[
cosϕ1 cos2 ϕ2 − cosϕ2 sinϕ1 sinϕ2 + sinϕ1 sinϕ2 cosϕ2 + sin2 ϕ2 cosϕ1

]
= |~k2| cosϕ1,

so that expression (5.48) further becomes

(
|~k1| − |~k2|

)2

(~k2)2|~k1||~k2|

[
|~k1||~k2|2 cosϕ2 + |~k2||~k1|2 cosϕ1

]

=

(
|~k1| − |~k2|

)2

(~k2)2

[
k1

2 + k1
1

]

=

(
|~k1| − |~k2|

)2

(~k2)2
k1 (5.50)

The sum of the middle terms is given by

(|~k1| − |~k2|)
~k4

[
−2

(k1
1)2

|~k1|2
(
k1

1|~k2|+ k1
2|~k1|

)
+ 2

(k1
2)2

|~k2|2
(
k1

2|~k1|+ k1
1|~k2|

)
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−2
k2

1k
1
1

|~k1|2
(
k2

1|~k2|+ k2
2|~k1|

)
− 2

(k2
1)2

|~k1|2
(
k1

1|~k2|+ k1
2|~k1|

)
+2

k2
2k

1
2

|~k2|2
(
k2

2|~k1|+ k2
1|~k2|

)
+ 2

(k2
2)2

|~k2|2
(
k1

2|~k1|+ k1
1|~k2|

)
+2

k1
1k

2
1

|~k1|2
(
k2

1|~k2|+ k2
2|~k1|

)
− 2

k1
2k

2
2

|~k2|2
(
k2

2|~k1|+ k2
1|~k2|

)]

=
(|~k1| − |~k2|)

~k4

[
−2

(k1
1)2 + (k2

1)2

|~k1|2
(
k1

1|~k2|+ k1
2|~k1|

)
+2

(k1
2)2 + (k2

2)2

|~k2|2
(
k1

2|~k1|+ k1
1|~k2|

)
=

(|~k1| − |~k2|)
~k4

[
−2
(
k1

1|~k2|+ k1
2|~k1|

)
+ 2

(
k1

2|~k1|+ k1
1|~k2|

)
= 0. (5.51)

The sum of the last terms gives

2(|~k1||~k2|+ ~k1 · ~k2)

~k4

[
k1

1

(k1
1)2

|~k1|2
+ k1

2

(k1
2)2

|~k2|2
+ 2

(k2
1)2k1

1

|~k1|2
+ 2

(k2
2)2k1

2

|~k2|2

−k1
1

(k2
1)2

|~k1|2
− k1

2

(k2
2)2

|~k2|2

]

=
2(|~k1||~k2|+ ~k1 · ~k2)

~k4

[
k1

1 + k1
2

]
=

2(|~k1||~k2|+ ~k1 · ~k2)

~k4
k1. (5.52)

Summing the 3 expressions (5.50), (5.51) and (5.52) we obtain that the (∂θ)
2 terms

is given by

k1

~k4

[
|~k1|2 − 2|~k1||~k2|+ |~k2|2 + 2|~k1||~k2|+ 2~k1 · ~k2

]
(∂θ)

2 =
k1

~k2
(∂θ)

2

=
k1(kθ)2

~k2
. (5.53)
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Terms involving ∂k1∂kθ and ∂k2∂kθ are given as follows.

2k1
1


[
k1

1
|~k2|
|~k1|

+ k1
2

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

−

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k1
1

|~k1|

 ∂k1∂kθ

+2k1
2


[
k1

2
|~k1|
|~k2|

+ k1
1

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

+

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k1
2

|~k2|

 ∂k1∂kθ

+2k2
1


[
k1

1
|~k2|
|~k1|

+ k1
2

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

−

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k1
1

|~k1|

 ∂k2∂kθ

+2k2
1


[
k2

1
|~k2|
|~k1|

+ k2
2

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

−

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k2
1

|~k1|

 ∂k1∂kθ

+2k2
2


[
k1

2
|~k1|
|~k2|

+ k1
1

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

+

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k1
2

|~k2|

 ∂k2∂kθ

+2k2
2


[
k2

2
|~k1|
|~k2|

+ k2
1

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

+

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k2
2

|~k2|

 ∂k1∂kθ

−2k1
1


[
k2

1
|~k2|
|~k1|

+ k2
2

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

−

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k2
1

|~k1|

 ∂k2∂kθ

−2k1
2


[
k2

2
|~k1|
|~k2|

+ k2
1

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

+

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k2
2

|~k2|

 ∂k2∂kθ

=


(
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

[
2
|~k2|
|~k1|

(
(k1

2)2 + k2
2k

1
2 + (k2

2)2 − k1
2k

2
2

)]

+2
|~k2|
|~k1|

(
(k1

1)2 + k1
1k

2
1 + (k2

1)2 − k1
1k

2
1

)
+2
(
2k1

1k
1
2 + k2

1k
1
2 + k2

1k
2
2 + k2

2k
1
1 + k2

2k
2
1 − k1

1k
2
2 − k2

1k
1
2

)
+

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

[
1

|~k1|
(
−2(k1

1)2 − 2k2
1k

1
1 − 2(k2

1)2 + 2k1
1k

2
1

)
+

1

|~k2|
2
(
(k1

2)2 + 2k1
2k

2
2 + 2(k2

2)2 − 2k1
2k

2
2

)]]
∂k2∂kθ
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=


(
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

[
4|~k1||~k2|+ 4~k1 · ~k2

]

+

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

[
−2|~k1|+ 2|~k1|

]
=

2
√

2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

(
|~k1| − |~k2| − |~k1|+ |~k2|

)
= 0. (5.54)

Terms involving
[[
∂knmk

z
] [
∂
kji
θ
]

+
[
∂knmθ

] [
∂
kji
kz
]]
∂kz∂θ are now calculated (where

we omit ∂kz∂θ).

2k1
1


[
k1

1
|~k2|
|~k1|

+ k1
2

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

−

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k1
1

|~k1|


[

1

kz

(
k1

1

|~k2|
|~k1|
− k1

2

)]

+2k1
2


[
k1

2
|~k1|
|~k2|

+ k1
1

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

+

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k1
2

|~k2|


[

1

kz

(
k1

2

|~k1|
|~k2|
− k1

1

)]

+2k2
1


[
k1

1
|~k2|
|~k1|

+ k1
2

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

−

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k1
1

|~k1|


[

1

kz

(
k2

1

|~k2|
|~k1|
− k2

2

)]

+2k2
1


[
k2

1
|~k2|
|~k1|

+ k2
2

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

−

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k2
1

|~k1|


[

1

kz

(
k1

1

|~k2|
|~k1|
− k1

2

)]

+2k2
2


[
k1

2
|~k1|
|~k2|

+ k1
1

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

+

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k1
2

|~k2|


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[
1

kz

(
k2

2

|~k1|
|~k2|
− k2

1

)]

+2k2
2


[
k2

2
|~k1|
|~k2|

+ k2
1

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

+

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k2
2

|~k2|


[

1

kz

(
k1

2

|~k1|
|~k2|
− k1

1

)]

−2k1
1


[
k2

1
|~k2|
|~k1|

+ k2
2

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

−

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k2
1

|~k1|


[

1

kz

(
k2

1

|~k2|
|~k1|
− k2

2

)]

−2k1
2


[
k2

2
|~k1|
|~k2|

+ k2
1

] (
|~k1| − |~k2|

)
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

+

√
2

√
|~k1||~k2|+ ~k1 · ~k2

~k2

k2
2

|~k2|


[

1

kz

(
k2

2

|~k1|
|~k2|
− k2

1

)]
. (5.55)

Summing the first terms in expression (5.55) we obtain

2
(
|~k1| − |~k2|

)
kz
√

2~k2

√
|~k1||~k2|+ ~k1 · ~k2

[
1

|~k1|2
[
k1

1

(
|~k2|k1

1 + |~k1|k1
2

)(
|~k2|k1

1 − |~k1|k1
2

)
+k2

1

(
|~k2|k1

1 + |~k1|k1
2

)(
|~k2|k2

1 − |~k1|k2
2

)
+k2

1

(
|~k2|k2

1 + |~k1|k2
2

)(
|~k2|k1

1 − |~k1|k1
2

)
−k1

1

(
|~k2|k2

1 + |~k1|k2
2

)(
|~k2|k2

1 − |~k1|k2
2

)]
+

1

|~k2|2
[
k1

2

(
|~k1|k1

2 + |~k2|k1
1

)(
|~k1|k1

2 − |~k2|k1
1

)
+k2

2

(
|~k1|k1

2 + |~k2|k1
1

)(
|~k1|k2

2 − |~k2|k2
1

)
+k2

2

(
|~k1|k2

2 + |~k2|k2
1

)(
|~k1|k1

2 − |~k2|k1
1

)
−k1

2

(
|~k1|k2

2 + |~k2|k2
1

)(
|~k1|k2

2 − |~k2|k2
1

)]]
=

2
(
|~k1| − |~k2|

)
kz
√

2~k2

√
|~k1||~k2| cos ϕ1−ϕ2

2

[
1

|~k1|2
[
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k1
1

(
2|~k1||~k2| cos

ϕ1 + ϕ2

2
cos

ϕ1 − ϕ2

2

)(
−2|~k1||~k2| sin

ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

)
k2

1

(
2|~k1||~k2| cos

ϕ1 + ϕ2

2
cos

ϕ1 − ϕ2

2

)(
2|~k1||~k2| cos

ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

)
k2

1

(
2|~k1||~k2| sin

ϕ1 + ϕ2

2
cos

ϕ1 − ϕ2

2

)(
−2|~k1||~k2| sin

ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

)
−k1

1

(
2|~k1||~k2| sin

ϕ1 + ϕ2

2
cos

ϕ1 − ϕ2

2

)(
2|~k1||~k2| cos

ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

)]
+

1

|~k2|2

[
k1

2

(
2|~k1||~k2| cos

ϕ1 + ϕ2

2
cos

ϕ1 − ϕ2

2

)
(

2|~k1||~k2| sin
ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

)
+k2

2

(
2|~k1||~k2| cos

ϕ1 + ϕ2

2
cos

ϕ1 − ϕ2

2

)
(
−2|~k1||~k2| cos

ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

)
+k2

2

(
2|~k1||~k2| sin

ϕ1 + ϕ2

2
cos

ϕ1 − ϕ2

2

)(
2|~k1||~k2| sin

ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

)
−k1

2

(
2|~k1||~k2| sin

ϕ1 + ϕ2

2
cos

ϕ1 − ϕ2

2

)
(
−2|~k1||~k2| cos

ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

)]]

=
4
√

2
(
|~k1| − |~k2|

)
|~k1||~k2|

√
|~k1||~k2| sin ϕ1−ϕ2

2

kz~k2[
1

|~k1|2

[
−k1

1 cos
ϕ1 + ϕ2

2
sin

ϕ1 + ϕ2

2
+ k2

1 cos2 ϕ1 + ϕ2

2

− k2
1 sin2 ϕ1 + ϕ2

2
− k1

1 cos
ϕ1 + ϕ2

2
sin

ϕ1 + ϕ2

2

]
+

[
1

|~k2|2

[
k1

2 cos
ϕ1 + ϕ2

2
sin

ϕ1 + ϕ2

2
− k2

2 cos2 ϕ1 + ϕ2

2

+ k2
2 sin2 ϕ1 + ϕ2

2
+ k1

2 cos
ϕ1 + ϕ2

2
sin

ϕ1 + ϕ2

2

]

=
2
(
|~k1| − |~k2|

)
|~k1||~k2|kz

kz~k2

[
1

|~k1|2
[
−k1

1 sin (ϕ1 + ϕ2) + k2
1 cos (ϕ1 + ϕ2)

+

[
1

|~k2|2
[
k1

2 sin (ϕ1 + ϕ2)− k2
2 cos (ϕ1 + ϕ2)

]]
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=
2
(
|~k1| − |~k2|

)
|~k1||~k2|

~k2

[(
− k1

1

|~k1|2
+

k1
2

|~k2|2

)
sin (ϕ1 + ϕ2)

+

(
k2

1

|~k1|2
− k2

2

|~k2|2

)
cos (ϕ1 + ϕ2)

]

=
2
(
|~k1| − |~k2|

)
~k2|~k1||~k2|

[
|~k1|2

[
k1

2 sin (ϕ1 + ϕ2)− k2
2 cos (ϕ1 + ϕ2)

]
−|~k2|2

[
k1

1 sin (ϕ1 + ϕ2)− k2
1 cos (ϕ1 + ϕ2)

]]
=

2
(
|~k1| − |~k2|

)
~k2|~k1||~k2|

[
|~k1|2

[
|~k2|
|~k1|

k2
1

]
−|~k2|2

[
|~k1|
|~k2|

k2
2

]]

=
2
(
|~k1| − |~k2|

) (
k2

1 − k2
2

)
~k2

(5.56)

Summing the second terms in (5.55) gives

2
√

2

√
|~k1||~k2|+ ~k1 · ~k2

kz~k2

[
−(k1

1)2

|~k1|2
(
|~k2|k1

1 − |~k1|k1
2

)
+

(k1
2)2

|~k2|2
(
|~k1|k1

2 − |~k2|k1
1

)
−k

2
1k

1
1

|~k1|2
(
|~k2|k2

1 − |~k1|k2
2

)
− (k2

1)2

|~k1|2
(
|~k2|k1

1 − |~k1|k1
2

)]

+
k2

2k
1
2

|~k2|2
(
|~k1|k2

2 − |~k2|k2
1

)
+

(k2
2)2

|~k2|2
(
|~k1|k1

2 − |~k2|k1
1

)]

+
k1

1k
2
1

|~k1|2
(
|~k2|k2

1 − |~k1|k2
2

)
− k1

2k
2
2

|~k2|2
(
|~k1|k2

2 − |~k2|k2
1

)]

=
2
√

2

√
|~k1||~k2|+ ~k1 · ~k2

kz~k2

[
−(k1

1)2

|~k1|2

(
−2|~k1||~k2| sin

ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

)
+

(k1
2)2

|~k2|2

(
2|~k1||~k2| sin

ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

)
−k

2
1k

1
1

|~k1|2

(
2|~k1||~k2| cos

ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

)
−(k2

1)2

|~k1|2

(
−2|~k1||~k2| sin

ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

)]

+
k2

2k
1
2

|~k2|2

(
−2|~k1||~k2| cos

ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

)
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+
(k2

2)2

|~k2|2

(
2|~k1||~k2| sin

ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

)]

+
k1

1k
2
1

|~k1|2

(
2|~k1||~k2| cos

ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

)
−k

1
2k

2
2

|~k2|2

(
−2|~k1||~k2| cos

ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

)]

=
2

√
2|~k1||~k2| cos ϕ1−ϕ2

2√
2|~k1||~k2| sin ϕ1−ϕ2

2
~k2

[
(k1

1)2

|~k1|2

(
2|~k1||~k2| sin

ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

)

+
(k1

2)2

|~k2|2

(
2|~k1||~k2| sin

ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

)
(k2

1)2

|~k1|2

(
2|~k1||~k2| sin

ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

)]

+
(k2

2)2

|~k2|2

(
2|~k1||~k2| sin

ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

)]

−k
2
1k

1
1

|~k1|2

(
2|~k1||~k2| cos

ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

)
−k

2
2k

1
2

|~k1|2

(
2|~k1||~k2| cos

ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

)
+
k2

1k
1
1

|~k1|2

(
2|~k1||~k2| cos

ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

)
+
k2

2k
1
2

|~k1|2

(
2|~k1||~k2| cos

ϕ1 + ϕ2

2
sin

ϕ1 − ϕ2

2

)
=

8 cos ϕ1−ϕ2

2 sin ϕ1+ϕ2

2 |~k1||~k2|
~k2

=
4|~k1||~k2|
~k2

(sinϕ1 + sinϕ2)

=
4

~k2

(
|~k2|k2

1 + |~k1|k2
2

)
. (5.57)

Adding expression (5.56) and (5.57) together gives a contribution to Kt of

2
(
|~k1|+ |~k2|

) (
k2

1 + k2
2

)
~k2

∂kz∂θ =
2P 0k2

~k2
zkθ (5.58)

258



Chapter 5 Bulk Construction Section 5.3 Bulk Free Theory Algebra

Hence, the special conformal generator Kx is given by the sum of contributions from

equations (5.45), (5.46), (5.47), (5.53), (5.54), (5.58)

−k1~x2
AdS + 2x1

(
k1x1 + k2x2

)
− k1z2 + 2x1kzz +

2P 0k2

~k2
zkθ +

k1(kθ)2

~k2

= −k1
(
~x2
AdS + z2

)
+ 2x1D +

2P 0k2

~k2
zkθ +

k1(kθ)2

~k2
.

The mode expansion is then given as follows

Kx = 4

∫
d~κ

[(
−1

2
k1
(
~x2 + z2

)
+ x1D +

P 0k2

~k2
zkθ +

k1(kθ)2

2~k2

)
H(~κ)

]
Π(−~κ)

= 4

∫
d~κ

[(
−1

2
k1
(
~x2 + z2

)
+ x1D +

P 0k2

~k2
zkθ +

k1(kθ)2

2~k2

)
(√

1√
2P 0

(
a~κ + a†−~κ

))](
−
√
P 0

2
i
(
a−~κ − a†~κ

))

= −4i

∫
d~κ

[(
−1

2
k1
(
~x2 + z2

)
+ x1D +

P 0k2

~k2
zkθ +

k1(kθ)2

2~k2

)
(
a~κ − a†−~κ

)](
a−~κ − a†~κ

)
= 4i

∫
d~κ

[
−
(
−1

2
k1
(
~x2 + z2

)
+ x1D +

P 0k2

~k2
zkθ +

k1(kθ)2

2~k2

)
a~κ

]
a−~κ

+

[(
−1

2
k1
(
~x2 + z2

)
+ x1D +

P 0k2

~k2
zkθ +

k1(kθ)2

2~k2

)
a~κ

]
a†~κ

+

[(
−1

2
k1
(
~x2 + z2

)
+ x1D +

P 0k2

~k2
zkθ +

k1(kθ)2

2~k2

)
a†−~κ

]
a−~κ

−
[(
−1

2
k1
(
~x2 + z2

)
+ x1D +

P 0k2

~k2
zkθ +

k1(kθ)2

2~k2

)
a†−~κ

]
a†~κ

= −4i

∫
d~κ

[(
−1

2
k1
(
~x2 + z2

)
+ x1D +

P 0k2

~k2
zkθ +

k1(kθ)2

2~k2

)
a~κ

]
a†~κ

+

[(
−1

2
k1
(
~x2 + z2

)
+ x1D +

P 0k2

~k2
zkθ +

k1(kθ)2

2~k2

)
a†−~κ

]
a−~κ,

so we have

Kx
AdS = −1

2
k1
(
~x2 + z2

)
+ x1D +

P 0k2

~k2
zkθ +

k1(kθ)2

2~k2
.
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5.3.7 Calculation of Ky

In a manner similar to that used for Kx we have that

Ky =

∫
dxdy [2yD] ,

which leads to

Ky = 4

∫
d~κ

[(
−1

2

(
~x2 + z2

)
k2 + x2D +

zk1P 0kθ

~k2
+
k2(kθ)2

2~k2

)
H(~κ)

]
Π(−~κ).

Mode expanding this gives

Ky = −4i

∫
d~κ

[(
−1

2

(
~x2 + z2

)
k2 + x2D +

zk1P 0kθ

~k2
+
k2(kθ)2

2~k2

)
a~κ

]
a†~κ

+

[(
−1

2

(
~x2 + z2

)
k2 + x2D +

zk1P 0kθ

~k2
+
k2(kθ)2

2~k2

)
a†−~κ

]
a−~κ

and therefore

Ky
AdS = −1

2

(
~x2 + z2

)
k2 + x2D +

zk1P 0kθ

~k2
+
k2(kθ)2

2~k2
.

In summary we have

P t =
1

2

∫
d~κ
[
Π(~κ)Π(−~κ) + (P 0)2H(~κ)H(−~κ)

]
=

∫
d~κ P 0

[
a~κa
†
~κ + a†~κa~κ

]
P x =

∫
d~κk1H(~κ)Π(−~κ)

=
i

2

∫
d~κ k1

[
a~κa
†
~κ + a†~κa~κ

]
P y =

∫
d~κk2H(~κ)Π(−~κ)

=

∫
dxdy π∂yφ

=
i

2

∫
d~κ k2

[
a~κa
†
~κ + a†~κa~κ

]
Mxy =

∫
d~κ
(
k2∂k1 − k1∂k2

)
H(~κ)Π(−~κ)

=
i

2

∫
d~κ

[
a~κ
[
k2∂k1 − k1∂k2

]
a†~κ − ia

†
~κ

[
k2∂k1 − k1∂k2

]
a~κ

]
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D =

∫
d~κ
[(
kj∂kj

)
H(~κ)

]
Π(−~κ)

= − i
2

∫
d~κ
[
a~κ
[
x1k1 + x2k2 + zkz

]
a†~κ

−a†~κ
[
x1k1 + x2k2 + zkz

]
a~κ

]
M tx =

i

2

∫
d~κ

[(
P 0∂k1 +

k2kz

~k2
∂θ

)
Π(~κ)

]
Π(−~κ)

=
i

4

∫
d~κ

[
−
(
P 0∂k1 +

k2kz

~k2
∂θ

)
a~κ

]
a†~κ −

[
−
(
P 0∂k1 +

k2kz

~k2
∂θ

)
a†~κ

]
a~κ

M ty =
i

2

∫
d~κ

[(
P 0∂k2 −

k1kz

~k2
∂θ

)
Π(~κ)

]
Π(−~κ)

= − i
4

∫
d~κ

[(
P 0∂k2 −

k1kz

~k2
∂θ

)
a~κ

]
a†~κ −

[(
P 0∂k2 −

k1kz

~k2
∂θ

)
a†~κ

]
a~κ

Kt =
i

4

∫
d~κ

[(
~x2 + z2 +

(
kθ
)2

~k2
+

2kzkθ

P 0~k2
Mxy

)
Π(~κ)

]
Π(−~κ)

=
i

4

∫
d~κ

[(
−
(
~x2 + z2

)
P 0

2
−
(
kθ
)2
P 0

2~k2
− kzkθ

~k2
Mxy

)
a~κ

]
a†~κ

+

[(
−
(
~x2 + z2

)
P 0

2
−
(
kθ
)2
P 0

2~k2
− kzkθ

~k2
Mxy

)
a†~κ

]
a~κ

Kx = 4

∫
d~κ

[(
−1

2

(
~x2 + z2

)
k1 + x1D +

P 0k2

~k2
zkθ +

k1(kθ)2

2~k2

)
H(~κ)

]
Π(−~κ)

= −4i

∫
d~κ

[(
−1

2

(
~x2 + z2

)
k1 + x1D +

P 0k2

~k2
zkθ +

k1(kθ)2

2~k2

)
a~κ

]
a†~κ

+

[(
−1

2

(
~x2 + z2

)
k1 + x1D +

P 0k2

~k2
zkθ +

k1(kθ)2

2~k2

)
a†−~κ

]
a−~κ

Ky = 4

∫
d~κ

[(
−1

2

(
~x2 + z2

)
k2 + x2D +

zk1P 0kθ

~k2
+
k2(kθ)2

2~k2

)
H(~κ)

]
Π(−~κ)

= −4i

∫
d~κ

[(
−1

2

(
~x2 + z2

)
k2 + x2D +

zk1P 0kθ

~k2
+
k2(kθ)2

2~k2

)
a~κ

]
a†~κ

+

[(
−1

2

(
~x2 + z2

)
k2 + x2D +

zk1P 0kθ

~k2
+
k2(kθ)2

2~k2

)
a†−~κ

]
a−~κ
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5.4 Bulk Conformal Algebra at the Infrared Fixed Point

The bulk conformal algebra at the infrared fixed point is now simply obtained as a

result of the following observations.

The first is that the interaction term λ
4!

∫
dd−2~x (η~x~x)2 does not contribute to the

Hamiltonian (or to the potential) at the critical point, since

η~x~x ∼ 1/λ+O(1/λ)2,

and, as such, the expressions for the conformal generators of the previous section

remain valid.

The second is, of course, that as shown previously, the (scattering) states of the

system correspond to the removal of the s = 0 spin in the bulk and we may write

each of the generators in equations (5.59) as a sum over an infinite tower of spins as

follows

P t =
1

2

∫
d~κ
[
Π(~κ)Π(−~κ) + (P 0)2H(~κ)H(−~κ)

]
=

1

2

∞∑
s=0

∫
d~κ
[
Πs(~κ)Πs(−~κ) + (P 0)2Hs(~κ)Hs(−~κ)

]
P x =

∫
d~κk1H(~κ)Π(−~κ)

=
∞∑
s=0

∫
d~κk1Hs(~κ)Πs(−~κ)

P y =

∫
d~κk2H(~κ)Π(−~κ)

=
∞∑
s=0

∫
d~κk2Hs(~κ)Πs(−~κ)

Mxy =

∫
d~κ
(
k2∂k1 − k1∂k2

)
H(~κ)Π(−~κ)

=
∞∑
s=0

∫
d~κ
(
k2∂k1 − k1∂k2

)
Hs(~κ)Πs(−~κ)

D =

∫
d~κ
[(
kj∂kj

)
H(~κ)

]
Π(−~κ)

=
∞∑
s=0

∫
d~κ
[(
kj∂kj

)
Hs(~κ)

]
Πs(−~κ)
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M tx =
i

2

∫
d~κ

[(
P 0∂k1 +

k2kz

~k2
∂θ

)
Π(~κ)

]
Π(−~κ)

=
∞∑
s=0

i

2

∫
d~κ

[(
P 0∂k1 +

k2kz

~k2
∂θ

)
Πs(~κ)

]
Πs(−~κ)

M ty =
i

2

∫
d~κ

[(
P 0∂k2 −

k1kz

~k2
∂θ

)
Π(~κ)

]
Π(−~κ)

=

∞∑
s=0

i

2

∫
d~κ

[(
P 0∂k2 −

k1kz

~k2
∂θ

)
Πs(~κ)

]
Πs(−~κ)

Kt =
i

4

∫
d~κ

[(
~x2 + z2 +

(
kθ
)2

~k2
+

2kzkθ

P 0~k2
Mxy

)
Π(~κ)

]
Π(−~κ)

=

∞∑
s=0

i

4

∫
d~κ

[(
~x2 + z2 +

(
kθ
)2

~k2
+

2kzkθ

P 0~k2
Mxy

)
Πs(~κ)

]
Πs(−~κ)

Kx = 4

∫
d~κ

[(
−1

2

(
~x2 + z2

)
k1 + x1D +

P 0k2

~k2
zkθ +

k1(kθ)2

2~k2

)
H(~κ)

]
Π(−~κ)

=

∞∑
s=0

4

∫
d~κ

[(
−1

2

(
~x2 + z2

)
k1 + x1D +

P 0k2

~k2
zkθ +

k1(kθ)2

2~k2

)
Hs(~κ)] Πs(−~κ)

Ky = 4

∫
d~κ

[(
−1

2

(
~x2 + z2

)
k2 + x2D +

k1P 0

~k2
zkθ +

k2(kθ)2

2~k2

)
H(~κ)

]
Π(−~κ)

=

∞∑
s=0

4

∫
d~κ

[(
−1

2

(
~x2 + z2

)
k2 + x2D +

k1P 0

~k2
zkθ +

k2(kθ)2

2~k2

)
Hs(~κ)] Πs(−~κ).

At the critical point, the s = 0 contribution will vanish, and the summation will

become
∑

s 6=0.
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Outlook / Conclusions

6.1 Conclusions

The result in 1975-1976 by Bekenstein and Hawking, that the entropy of a black

hole grows as the area of its event horizon[22, 23], has been a springboard for new

ideas in theoretical physics related to the concept of holography - that boundary

conditions determine everything within the boundary. Various no-go theorems ex-

ist which relate specifically to theories on a flat space-time background, making it

necessary to construct theories on a curved space-time [78, 80, 81]. In the 1990s,

Maldacena, Witten, Gubser, Polyakov and Klebanov developed an understanding of

how gravitational theories, in the form of type IIB strings in curved (but asymptoti-

cally flat) AdS5×S5 could be seen to be dual to conformal field theories in the form

of N = 4 SYM[20, 38, 39]). This duality relates a strongly coupled theory on one

side to a weakly coupled theory on the other side, allowing for the simplification of

complex calculations.

One of the simplest non-trivial ways of probing the AdS/CFT correspondence is the

duality conjectured by Klebanov and Polyakov[1]. This duality relates free/critical

O(N) vector models in d = 2 + 1 dimensions with higher spin theories, and the

gauge invariant operators φa∂(µ1
...∂µs)φ

a are dual to a tower of massless higher spin

fields[111]. Here, the free 3d O(N) vector model (restricted to the O(N) singlet

sector) is dual to type A minimal Vasiliev higher spin gauge theory with ∆ = 1 and

the critical 3d O(N) vector model is dual to type A minimal Vasiliev Higher spin
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theory with scalar having ∆ = 2[1, 4]. (Note that the ‘minimal’ bosonic Vasiliev’s

theory with spins s = 2, 4, 6, ... is simply a consistent truncation of the more general

‘non-minimal’ theory which also includes the odd spins. The dual of this non-

minimal theory would be expected to be a U(N) vector model but restricted to the

U(N) singlet sector.) While it is perhaps not surprising that this duality exists in

the free case, considering it is the only known example of a Conformal field theory in

a dimension larger than 2 that has higher spin currents that are exactly conserved,

it is somewhat more unexpected that it work for ∆ = 2 boundary condition case,

where the higher spin symmetry in the bulk is broken through loop effects[115]. A

fundamental claim that this duality makes is that when a relevant interaction is

present, the theory flows from an unstable UV fixed point with a dimension ∆ = 1

scalar at the boundary to an IR fixed point where ∆ = 2. Klebanov and Polyakov’s

O(N) vector model / higher spin theory conjecture received a remarkable boost due

to evidence in the form of tree-level and one-loop tests of the duality involving the

calculation of the O(N) correction to the Weyl anomaly for even d and to free energy

for odd d, the matching of the three-point function for both ∆ = 1 and ∆ = 2[2, 3, 4]

and the reconstruction of the bulk[5] (done in an alternative manner in Ref. [6]).

In Ref. [1], the standard auxiliary field approach was used to obtain the 1/N ex-

pansion (taking N large) and in Refs. [115, 114, 116] it is shown how the ∆ = 2

duality follows from the ∆ = 1 duality using a Legendre transformation; in this

thesis we instead made use of the Collective field theory approach. Here bilocals

are used to encode the invariance of the theory explicitly and the invariant variables

themselves are described by the Collective field theory[8]. Within the Collective

field theory framework, the three-dimensional O(N) invariant bosonic model with
λ
N (φaφa)2 interaction was considered in Ref. [7]. Here, a bilocal field approach was

taken and the a 1/N expansion studied at its infrared fixed point. At the critical

point / infrared fixed point, a state was in fact identified to correspond to a ∆ = 2

scalar state and, in agreement with Polyakov and Klebanov above, the ∆ = 1 state

was found to vanish from the spectrum.

In recent years, remarkable progress has been made towards achieving a map between

CFT3 and AdS4×S1 in the free case. In Refs. [5, 9, 10, 121] this was done explicitly

by construction in both the light-cone gauge and the temporal gauge, where the

1 + 2 + 2 = 5 coordinates of the bilocals in the conformal field theory in d =

2 + 1 dimensions (in the equal time Hamiltonian approach) were mapped to the 5
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coordinates of higher spin theory in AdS4 × S1 (in phase space). In this thesis, the

aim was to make progress in developing an explicit map between AdS4 × S1 and

CFT3 in the interacting case and indeed, this was achieved. We made use of the

Hamiltonian approach in a time like gauge[121]. The quartic interaction contributes

linearly in the bilocal field fluctuation equations, and the spectrum problem is then

that of a potential scattering problem. The scattering state solutions take a universal

form at the critical point. The bulk description of these boundary scattering states

was obtained by developing a first principles approach, consisting of a simple change

of variables from bilocal momenta to bulk momenta, as dictated by the map, but

requiring a field redefinition in defining the bulk higher spin field,

H
(
~k.kz, θ

)
≡

η~k1
~k2

1

|~k1|
+ 1

|~k2|

∣∣∣∣∣∣
~k1,~k2(~k,kz ,θ)

ΠH

(
~k.kz, θ

)
= π~k1

~k2

∣∣∣
~k1,~k2(~k,kz ,θ)

.

Note that this differs from the pre-existent matrix-model case which actually involved

no redefinition of the scalar field, η(q) = η(x), and a redefinition of the conjugate

momentum field Π(q) = πφ0P (x), as outlined in Appendix F. Remarkably, it was

shown directly in the bulk that the s = 0 state (equivalent to ∆ = s + 1 = 1

state) is precisely removed from the bulk higher spin field, which is equivalent to

the observation found in Ref. [7], by studying correlators and the spectrum on the

boundary.

The conformal algebra, in bulk coordinates, was then shown to agree with that

obtained previously in Ref. [10], both at the free and interacting critical point, thus

establishing the equivalence of our approach with that developed in Ref. [10].

6.2 Outlook

The results of this research are quite exciting and below are highlighted some aspects

that are of particular interest for further investigation.

1. This thesis is based on the canonical transformation for the momentum coor-

dinates, and the map has been taken from the point of view of a momentum
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change of coordinates, which is point-wise. We have not examined the map for

space coordinate changes. In this case, the previously established map yielded,

for example

x1 =
|~k1|x1

1 + |~k2|x1
2

k0
− k2kzkθ

~k2k0

x2 =
|~k1|x2

1 + |~k2|x2
2

k0
+
k1kzkθ

~k2k0

z =
(~x1 − ~x2) · ~k1|~k2| − (~x1 − ~x2) · ~k2|~k1|

kzk0
.

It is of interest to consider whether the field redefinition introduced in this

thesis changes these identifications, by investigating the full phase space map.

If in this case the momentum dependence in the space coordinates is still

present, the question would be whether it takes a new form consistent with it

still being a canonical space transformation.

2. In this thesis we considered only the quadratic Hamiltonian. One could now

consider making use of the redefinition and change of variables for the cubic

Hamiltonian - this is still an open problem. Indeed Vasiliev’s higher spin theory

has a very large symmetry and the issue of a gauge fixed three-point function

derived from this theory has not been fully understood. There has been some

progress using light cone gauge (see Refs. [139, 140, 141]). One could then

also look at applying the principles developed in this thesis to higher point

vertices.

3. The final point, perhaps the most exciting, was that in the earlier stages of

this thesis, we set out to establish or convince ourselves of the completeness

and/or orthogonality of energy eigenfunctions of the Hamiltonian in the bound-

ary. This was done using the Collective field theory with bilocals specified in

x-space. Despite the many attempts, this could not be achieved in a consistent

manner. However, by making use of the map, we were indeed able to find the

exact eigen-states in the bulk! If we were to start with the states in the bulk

and perform the change back to the boundary, we should find that the com-

pleteness and orthonormality was missing some weight functions. This links

with work done recently in Ref. [121], and could explain the leg factors that
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were introduced in the discussion about conformal partial waves in Collective

field theory, in the context of higher spins.
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Appendix A

A derivation of Euler’s formula

Euler’s formula may be proven in two steps [142]:

1. Distorting a polyhedron in any way leaves the Euler characteristic invariant.

2. Introducing a hole reduces the Euler characteristic by 2.

To prove the first point, note that a cube, for example, has Euler characteristic

of χ = F − P + V = 6 − 12 + 8 = 2; similarly for tetrahedrons, octahedrons,

pyramids etc (polyhedra with no holes). Now consider any polyhedron: there are

three fundamental ways to distort the polygonal surface:

• Any deformation (e.g. rescaling of edges) to the surface that leaves P , V and

F unchanged will leave the Euler characteristic invariant.

• Shrinking an edge to a point simultaneously reduces P and V by 1, thus leaving

χ unchanged and

• Shrinking an N-sided face to a point reduces F by 1, P by N and V by N-1,

once again leaving χ unchanged.

Any deformation to the surface is given by some combination of these fundamental

deformations.
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To prove the second point, consider that introducing a hole requires matching two

non-adjacent N-sided faces with each other and eliminating them, resulting in F de-

creasing by 2, P by N and V by N; hence χ reduces by two for each hole introduced.
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Appendix B

Integral Calculations

B.1 Solid Angle

The formula for the solid angle is given by∫
dΩd−1 =

2πd/2

Γ (d/2)
.

This formula may be recalled using the trick that

I = (π)d/2 =

∫ ∞
−∞

ddxe−~x·~x =

∫
dΩd−1

∫ ∞
0

drrd−1e−r
2

which becomes (with t = r2 ⇒ dt = 2rdr),

I =

∫
dΩd−1

∫ ∞
0

1

2
td/2−1e−tdt =

1

2

∫
dΩd−1Γ(d/2)

⇒
∫
dΩd−1 =

2πd/2

Γ(d/2)

B.2 Schwinger Parametrisation

We derive a formula Schwinger derived for parametrisation:

1

A1A2...An
=

∫ ∞
0

dt1

∫ ∞
0

dt2...

∫ ∞
0

dtne
−(t1A1+t2A2+...+tnAn)
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We change variable as follows:

α = t1 + t2 + ...+ tn ∈ [0,∞)

αi =
ti

t1 + t2 + ...+ tn
∈ [0, 1] .

Here, i = 1, ..., n−1 and
∑n−1

i=1 αi ≤ 1. This is a change of variables from n variables

to n variables, and we shall calculate the Jacobian as follows: we see that ti = ααi

for i = 1...n− 1, so the n− 1 dimensional change of variables is given by

det

∣∣∣∣ ∂ti∂αi

∣∣∣∣ = αn−1

We need to then multiply this by the 1 dimensional

∂tn
∂α

=

(
∂α

∂tn

)−1

= 1

Our expression therefore becomes

1

A1A2...An
=

∫ 1

0
dα1

∫ 1

0
dα2...

∫ 1

0
dαn−1

∫ ∞
0

dα αn−1

e−α(α1A1+α2A2+...+αn−1An−1+(1−α1−...−αn−1)An)

=

∫ 1

0
dα1

∫ 1

0
dα2...

∫ 1

0
dαn−1

Γ(n)

(α1A1 + α2A2 + ...+ αn−1An−1 + (1− α1 − ...− αn−1)An)n
.

The more general expression is calculated as follows:

1

Aλ1
1 Aλ2

2 ...Aλnn
=

1

Γ (λ1) Γ (λ2) ...Γ (λn)

∫ ∞
0

dt1 t
λ1−1
1

∫ ∞
0

dt2 t
λ2−1
2 ...

∫ ∞
0

dtn

tλn−1
n e−(t1A1+t2A2+...+tnAn)

=
1

Γ (λ1) Γ (λ2) ...Γ (λn)

∫ ∞
0

dα

∫ 1

0
dα1 (αα1)λ1−1 ...

∫ 1

0
dαn−1

(ααn−1)λn−1−1 αn−1 [α (1− α1 − ...− ααn−1)]λn−1

e−α(α1A1+...+αn−1An−1+(1−α1−...−αn−1)An)

=
1

Γ (λ1) Γ (λ2) ...Γ (λn)

∫ ∞
0

dα

∫ 1

0
dα1 α

λ1−1
1 ...

∫ 1

0
dαn−1 α

λn−1−1
n−1

αλ1+λ2+...+λn−1 (1− α1 − ...− ααn−1)λn−1
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e−α(α1A1+...+αn−1An−1+(1−α1−...−αn−1)An)

=
Γ (λ1 + λ2 + ...+ λn)

Γ (λ1) Γ (λ2) ...Γ (λn)

∫ 1

0
dα1 ...

∫ 1

0
dαn−1

αλ1−1
1 ...α

λn−1−1
n−1 (1− α1 − ...− αn−1)λn−1

(α1A1 + ...+ αn−1An−1 + (1− α1 − ...− αn−1)An)λ1+λ2+...+λn

=
Γ (λ1 + λ2 + ...+ λn)

Γ (λ1) Γ (λ2) ...Γ (λn)

∫ 1

0
dt1 ...

∫ 1

0
dtn−1

tλ1−1
1 ...t

λn−1−1
n−1 (1− t1 − ...− tn−1)λn−1

(t1A1 + ...+ tn−1An−1 + (1− t1 − ...− tn−1)An)λ1+λ2+...+λn

B.3 D-Dimensional Integral Calculations

From the Euler Gamma function,

1

(k2)λ
=

1

Γ(λ)

∫ ∞
0

dα αλ−1e−k
2α. (B.1)

Therefore

1

(k2 −m2)λ
=

1

Γ(λ)

∫ ∞
0

dα αλ−1e−(k2−m2)α

⇒
∫ ∞
−∞

ddk

(k2 −m2)λ
=

1

Γ(λ)

∫ ∞
0

dα αλ−1

∫
ddke−(k2−m2)α

=
1

Γ(λ)

∫ ∞
0

dα αλ−1e−(−m2)α π
d/2

αd/2

=
πd/2

Γ(λ)

∫ ∞
0

dα αλ−
d
2
−1e−(−m2)α

=
πd/2

Γ(λ)

Γ(λ− d
2)

(−m2)λ−
d
2

⇒
∫ ∞
−∞

d3k

(2π)3

1

(k2 − α)
=

π3/2

Γ(1)(2π)3

Γ(−1
2)

(−α)−
1
2

=
π3/2(−2

√
π)
√
α

8π3i

= i

√
α

4π
(B.2)

The following is a simple example of an integral that requires Schwinger parametri-

sation: Let us now calculate

I =

∫
ddk

(k2)λ1

[
(q − k)2

]λ2
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=

∫
ddk

Γ (λ1 + λ2)

Γ (λ1) Γ (λ2)

∫ 1

0
dt

tλ1−1 (1− t)λ2−1(
t (k2) + (1− t)

[
(q − k)2

])λ1+λ2

The bracketed term in the denominator of the integrand is expanded and simplified

as follows:

t
(
k2
)

+ (1− t)
[
(q − k)2

]
= k2 − 2 (1− t) q · k + (1− t) q2

= (k − (1− t) q)2 +
[
(1− t) q2 − (1− t)2 q2

]
= (k − (1− t) q)2 + t (1− t) q2

Now there is a general property of d dimensional integrals that∫
ddpF [p] =

∫
ddpF [p+ q]

and hence we may therefore write

I =

∫
ddk

Γ (λ1 + λ2)

Γ (λ1) Γ (λ2)

∫ 1

0
dt

tλ1−1 (1− t)λ2−1

(k2 + t (1− t) q2)λ1+λ2

=
Γ (λ1 + λ2)

Γ (λ1) Γ (λ2)

∫ 1

0
dt

∫
ddk

tλ1−1 (1− t)λ2−1

(k2 + t (1− t) q2)λ1+λ2

=
Γ (λ1 + λ2)

Γ (λ1) Γ (λ2)

∫ 1

0
dt tλ1−1 (1− t)λ2−1πd/2

Γ(λ1 + λ2 − d/2)

Γ(λ1 + λ2)

1

(t (1− t) q2)λ1+λ2−d/2

= πd/2
Γ(λ1 + λ2 − d/2)

Γ (λ1) Γ (λ2) (q2)λ1+λ2−d/2

∫ 1

0
dt tλ1−1 (1− t)λ2−1

1

(t (1− t))λ1+λ2−d/2

= πd/2
Γ(λ1 + λ2 − d/2)

Γ (λ1) Γ (λ2) (q2)λ1+λ2−d/2

∫ 1

0
dt t−λ2+ d

2
−1 (1− t)−λ1+ d

2
−1

= πd/2
Γ(λ1 + λ2 − d/2)

Γ (λ1) Γ (λ2) (q2)λ1+λ2−d/2
Γ
(
−λ2 + d

2

)
Γ
(
−λ1 + d

2

)
Γ (−λ1 − λ2 + d)

.

For example, if λ1 = λ2 = 1 and d = 3,∫
d3k

k2(q − k)2
=
π3

|q|
. (B.3)
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In Euclidean signature, this becomes∫
d3k

k2(k − q)2
M

=

∫
idEEd

2kE

(−k2
E)
(
−(q − k)2

E

)
=

iπ3

|q|E
. (B.4)

We now integrate∫
ddp

1

(p2)α
eipx =

∫ ∞
0

dt

∫
ddp

1

Γ(α)
tα−1e−p

2t+ipx

=

∫ ∞
0

dt

∫
ddp

1

Γ(α)
tα−1e−t(p−i

x
2t)

2

e−x
2/4t

=
1

Γ(α)

∫ ∞
0

dt
πd/2

td/2
tα−1e−x

2/4t

=
πd/2

Γ(α)

∫ ∞
0

dt tα−d/2−1e−x
2/4t

=
πd/2

Γ(α)

∫ ∞
0

du u−α+d/2+1−2e−x
2u/4

=
πd/2

Γ(α)

Γ(d/2− α)

(x2/4)d/2−α
(B.5)

⇒
∫

d3p

(2π)3

1

(p2)1
eipx =

π3/2

(2π)3Γ(1)

Γ(1/2)

(x2/4)1/2
=

1

4π|x|
(B.6)
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We now solve (as per Ref. [7])

I =

∫
ddk

(2π)d
1

k2(k − p1 − p2)2

=

∫
dd−1~k

(2π)d−1

∫
dE

2π

1(
E2 − ~k2 + iε

)(
(E − Ep)2 −

(
~k − ~p

)2
+ iε

)
=

∫
dd−1~k

(2π)d−1

∫
dE

2π

1(
E −

(
|~k| − iε

))(
E +

(
|~k| − iε

))
1[

E −
(
Ep −

∣∣∣~k − ~p∣∣∣− iε)] [E − (Ep +
∣∣∣~k − ~p∣∣∣− iε)]

The integral over energy (closing in LHP) is given by

IE = −i

 1

2
∣∣∣~k∣∣∣ (∣∣∣~k∣∣∣− Ep − ∣∣∣~k − ~p∣∣∣) (∣∣∣~k∣∣∣− Ep +

∣∣∣~k − ~p∣∣∣)
+

1(
Ep +

∣∣∣~k − ~p∣∣∣+
∣∣∣~k∣∣∣) (Ep +

∣∣∣~k − ~p∣∣∣− ∣∣∣~k∣∣∣) (2
∣∣∣~k − ~p∣∣∣)


Returning to ~k = ~k1 and ~p− ~k = ~k2,

IE = −i 1

2
∣∣∣~k1

∣∣∣ (Ep − ∣∣∣~k1

∣∣∣+
∣∣∣~k2

∣∣∣) (Ep − ∣∣∣~k1

∣∣∣− ∣∣∣~k2

∣∣∣)
+

1(
Ep +

∣∣∣~k2

∣∣∣+
∣∣∣~k1

∣∣∣) (Ep +
∣∣∣~k2

∣∣∣− ∣∣∣~k1

∣∣∣) (2
∣∣∣~k2

∣∣∣)
= − i

2

(
Ep +

∣∣∣~k2

∣∣∣+
∣∣∣~k1

∣∣∣) (∣∣∣~k2

∣∣∣)+
∣∣∣~k1

∣∣∣ (Ep − ∣∣∣~k1

∣∣∣− ∣∣∣~k2

∣∣∣)∣∣∣~k1

∣∣∣ ∣∣∣~k2

∣∣∣ (Ep − ∣∣∣~k1

∣∣∣+
∣∣∣~k2

∣∣∣) (Ep − ∣∣∣~k1

∣∣∣− ∣∣∣~k2

∣∣∣) (Ep +
∣∣∣~k1

∣∣∣+
∣∣∣~k2

∣∣∣)
= − i

2

(
Ep +

∣∣∣~k2

∣∣∣− ∣∣∣~k1

∣∣∣) (∣∣∣~k2

∣∣∣)+
∣∣∣~k1

∣∣∣ (Ep − ∣∣∣~k1

∣∣∣+
∣∣∣~k2

∣∣∣)∣∣∣~k1

∣∣∣ ∣∣∣~k2

∣∣∣ (Ep − ∣∣∣~k1

∣∣∣+
∣∣∣~k2

∣∣∣) (Ep − ∣∣∣~k1

∣∣∣− ∣∣∣~k2

∣∣∣) (Ep +
∣∣∣~k1

∣∣∣+
∣∣∣~k2

∣∣∣)
= − i

2

∣∣∣~k2

∣∣∣+
∣∣∣~k1

∣∣∣∣∣∣~k1

∣∣∣ ∣∣∣~k2

∣∣∣ (Ep − ∣∣∣~k1

∣∣∣− ∣∣∣~k2

∣∣∣) (Ep +
∣∣∣~k1

∣∣∣+
∣∣∣~k2

∣∣∣)
= − i

2

1

E2
p −

(∣∣∣~k1

∣∣∣+
∣∣∣~k2

∣∣∣)2

 1∣∣∣~k1

∣∣∣ +
1∣∣∣~k2

∣∣∣
 (B.7)
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Appendix C

Detailed Calculations

C.1 Conformal Generators

The exhaustive calculations of the commutation relations of the conformal generators

written down in Subsection 1.11.2 is as follows:

[xµ, Pν ] = iηµν

[Pµ, Pν ] = 0 = [xµ, xν ]

[D,Pν ] = [xµPµ, Pν ] = [xµ, Pν ]Pµ = iPν

[D,xν ] = [xµPµ, xν ] = xµ [Pµ, xν ] = −ixν[
D,x2

]
= [xµPµ, xνx

ν ] = xµ (xν [Pµ, x
ν ] + [Pµ, xν ]xν) = −2ix2

[D,D] = [xµPµ, x
νPν ] = xµ [Pµ, x

ν ]Pν + xν [xµ, Pν ]Pµ = 0

[D,xµPν ] = [xσPσ, xµPν ] = xσ [Pσ, xµ]Pν + xµ [xσ, Pν ]Pσ = 0

[D,Jµν ] = − [D,xµPν ] + [D,xνPµ] = 0

[D,Kµ] = 2 [D,xµ]D + 2xµ [D,D]−
[
D,x2

]
Pµ − x2 [D,Pµ]

= −2ixµD + 2ix2Pµ − ix2Pµ = −iKµ

[Pρ, xµPν ] = −iηρµPν

[Pρ,Jµν ] = i (ηρµPν − ηρνPµ)

[xρ, xµPν ] = iηρµxν

[xρ,Jµν ] = i (ηρµxν − ηρνxµ)
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[
x2,Jµν

]
= 2ixρ (ηρµxν − ηρνxµ) = 0

[Kρ,Jµν ] =
[
2xρD − x2Pρ,Jµν

]
= 2i (ηρµxν − ηρνxµ)D + 0 + x2i (ηρµPν − ηρνPµ)− 0

= i (ηρµKν − ηρνKµ)

[xµPν , xρPσ] = xµ [Pν , xρ]Pσ + xρ [xµ, Pσ]Pν = −iηνρxµPσ + iηµσxρPν

[Jµν ,Jρσ] = [xµPν , xρPσ]− [xµPν , xσPρ]− [xνPµ, xρPσ] + [xνPµ, xσPρ]

= −iηνρxµPσ + iηµσxρPν + iηνσxµPρ − iηµρxσPν

+iηµρxνPσ − iηνσxρPµ − iηµσxνPρ + iηνρxσPµ

= i (ηνρJµσ + ηµσJνρ − ηµρJσν − ηνσJµρ)[
x2, Pν

]
= 2ixν

[Kµ, Pν ] =
[
2xµD − x2Pµ, Pν

]
= 2 [xµ, Pν ]D + 2xµ [D,Pν ]−

[
x2, Pν

]
Pµ

= 2iηµνD + 2ixµPν − 2ixνPµ

= 2i [ηµνD − Jµν ]

[xµD,xνD] = xν [xµ, D]D + xµ [D,xν ]D

= ixνxµD − ixµxνD = 0[
xµD,x

2Pν
]

= xµ
[
D,x2Pν

]
+
[
xµ, x

2Pν
]
D

= xµ
[
D,x2

]
Pν + xµx

2 [D,Pν ] + x2 [xµ, Pν ]D

= −2ixµx
2Pν + ixµx

2Pν + ix2ηµνD

= −ixµx2Pν + ix2ηµνD[
x2, Pµ

]
= 2ixµ[

x2Pµ, x
2Pν
]

= x2
[
Pµ, x

2
]
Pν + x2

[
x2, Pν

]
Pµ

= −2ix2xµPν + 2ix2xνPµ

= 2ix2Jµν

[Kµ,Kν ] =
[
2xµD − x2Pµ, 2xνD − x2Pν

]
= −2

(
−ixµx2Pν + ix2ηµνD

)
+ 2

(
−ixνx2Pµ + ix2ηνµD

)
+ 2ix2Jµν

= 0,

which may be summarised as

[Pµ,Jρσ] = iηµρPσ − iηµσPρ
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[D,Pν ] = iPν

[D,Kν ] = −iKν

[Jµν ,Jρσ] = i (ηνρJµσ − ηµρJνσ + ηµσJνρ − ηνσJµρ)

[Kµ, Pν ] = 2i [ηµνD − Jµν ]

[Kρ,Jµν ] = i (ηρµKν − ηρνKµ) .

C.2 Quadratic Hamiltonian Mode Expansions

We now substitute these mode expansions into our free quadratic hamiltonian

H(2) = 2Tr (pψ0p) +
1

8
ψ−1

0 ηψ−1
0 ηψ−1

0 .

The first term is given by

2Tr (pψ0p) = 2

∫
dd−1k1

(2π)(d−1)/2

dd−1k2

(2π)(d−1)/2

dd−1k

(2π)d−1

dd−1k′1
(2π)(d−1)/2

dd−1k′2
(2π)(d−1)/2∫

ddx ddy ddz

(
−i
√
ωk1ωk2

2

)(
−i
√
ωk′1ωk′2

2

)
eik(y−z)ψk(

e−i(ωk1
+ωk2)teik1xeik2yak1k2 − e

i(ωk1
+ωk2)te−ik1xe−ik2ya†k1k2

)
(
e
−i
(
ωk′1

+ωk′2

)
t
eik
′
1zeik

′
2xak′1k′2 − e

i
(
ωk′1

+ωk′2

)
t
e−ik

′
1ze−ik

′
2xa†

k′1k
′
2

)
.

For the ak1k2ak′1k′2 term, the x, y and z integrals result in 3 delta functions: (2π)3(d−1)

and k′2 → −k1, k → −k2 and k′1 → k → −k2:

2Tr (pψ0p)aa = −
∫
dd−1k1d

d−1k2 (ωk1ωk2) e−2i(ωk1
+ωk2

)tψk2ak1k2a−k2−k1 .

For the ak1k2a
†
k′1k
′
2

term, these integrals set k′2 → k1, k → −k2 and k′1 → −k → k2:

2Tr (pψ0p)aa† =

∫
dd−1k1d

d−1k2 (ωk1ωk2)ψk2ak1k2a
†
k2k1

.

For the a†k1k2
ak′1k′2 term, these integrals set k′2 → k1, k → k2 and k′1 → k → k2:

2Tr (pψ0p)a†a =

∫
dd−1k1d

d−1k2 (ωk1ωk2)ψk2a
†
k1k2

ak2k1
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and for the a†k1k2
a†
k′1k
′
2

term, they set k′2 → −k1, k → k2 and k′1 → −k → −k2:

2Tr (pψ0p)a†a† = −
∫
dd−1k1d

d−1k2 (ωk1ωk2) e2i(ωk1
+ωk2

)tψk2a
†
k1k2

a†−k2−k1
.

The second term 1
8Tr

(
ψ−1

0 ηψ−1
0 ηψ−1

0

)
= 1

8Tr
(
ηψ−1

0 ηψ−2
0

)
is given by

∫
dd−1k1

(2π)(d−1)/2

dd−1k2

(2π)(d−1)/2

dd−1l1
(2π)d−1

dd−1k′1
(2π)(d−1)/2

dd−1k′2
(2π)(d−1)/2

dd−1l2
(2π)d−1∫

ddx1 d
dx2 d

dx3 d
dx4

1√
2ωk1ωk2

1√
2ωk′1ωk′2

eil1(x2−x3)ψ−1
l1
eil2(x4−x1)ψ−2

l2(
e−i(ωk1

+ωk2)teik1x1eik2x2ak1k2 + ei(ωk1
+ωk2)te−ik1x1e−ik2x2a†k1k2

)
(
e
−i
(
ωk′1

+ωk′2

)
t
eik
′
1x3eik

′
2x4ak′1k′2 + e

i
(
ωk′1

+ωk′2

)
t
e−ik

′
1x3e−ik

′
2x4a†

k′1k
′
2

)
.

For the ak1k2ak′1k′2 term, the x1, x2, x3 and x4 integrals result in 4 delta functions:

(2π)4(d−1) and l2 → k1, l1 → −k2, k′1 → l1 → −k2 and k′2 → −l2 → −k1:

1

8
Tr
(
ηψ−1

0 ηψ−2
0

)
aa

=
1

16

∫
dd−1k1d

d−1k2

(
1

ωk1ωk2

)
e−2i(ωk1

+ωk2
)tψ−1

k2
ψ−2
k1
ak1k2a−k2−k1 .

For the ak1k2a
†
k′1k
′
2

term, these integrals set l2 → k1, l1 → −k2, k′1 → −l1 → k2 and

k′2 → l2 → k1:

1

8
Tr
(
ηψ−1

0 ηψ−2
0

)
aa†

=
1

16

∫
dd−1k1d

d−1k2

(
1

ωk1ωk2

)
ψ−1
k2
ψ−2
k1
ak1k2a

†
k2k1

.

For the a†k1k2
ak′1k′2 term, these integrals set l2 → −k1, l1 → k2, k′1 → l1 → k2 and

k′2 → −l2 → k1:

1

8
Tr
(
ηψ−1

0 ηψ−2
0

)
a†a

=
1

16

∫
dd−1k1d

d−1k2

(
1

ωk1ωk2

)
ψ−1
k2
ψ−2
k1
a†k1k2

ak2k1 .

For the a†k1k2
a†
k′1k
′
2

term, these integrals set l2 → −k1, l1 → k2, k′1 → −l1 → −k2 and

k′2 → l2 → −k1:

1

8
Tr
(
ηψ−1

0 ηψ−2
0

)
a†a†

=
1

16

∫
dd−1k1d

d−1k2

(
1

ωk1ωk2

)
e2i(ωk1

+ωk2
)tψ−1

k2
ψ−2
k1
a†k1k2

a†−k2−k1
.
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Grouping all of these results together leads to

H(2) =

∫
dk1

∫
dk2

(
ωk1ωk2ψk2 +

1

16ωk1ωk2

ψ−1
k2
ψ−2
k2

)
ak1k2a

†
k2k1

= +

∫
dk1

∫
dk2

(
ωk1ωk2ψk2 +

1

16ωk1ωk2

ψ−1
k2
ψ−2
k2

)
a†k1k2

ak2k1

= +

∫
dk1

∫
dk2

(
−ωk1ωk2ψk2 +

1

16ωk1ωk2

ψ−1
k2
ψ−2
k2

)
e−2i(ωk1

+ωk2
)tak1k2a−k2−k1

= +

∫
dk1

∫
dk2

(
−ωk1ωk2ψk2 +

1

16ωk1ωk2

ψ−1
k2
ψ−2
k2

)
e2i(ωk1

+ωk2
)ta†k1k2

a†−k2−k1
.

From symmetry and using ψk = 1
2ωk

, we may write

ωk1ωk2ψk2 =
1

2
ωk1ωk2 (ψk1 + ψk2) =

1

4
(ωk1 + ωk2)

1

16ωk1ωk2

ψ−1
k2
ψ−2
k2

=
1

4

1

2

(
ψ−1
k1

+ ψ−1
k2

)
=

1

4
(ωk1 + ωk2)

and hence the quadratic Hamiltonian becomes

H(2) =
1

2

∫
dk1

∫
dk2 (ωk1 + ωk2)

(
ak1k2a

†
k2k1

+ a†k1k2
ak2k1

)
=

1

2

∫
dk1

∫
dk2E~k1

~k2

(
ak1k2a

†
k2k1

+ a†k1k2
ak2k1

)
.

C.3 Light Cone

C.3.1 Equal Time Commutators

The calculation regarding the equal time commutator between the field and conju-

gate momentum in light cone coordinates from Subsection 4.2.2 is as follows

[
Π+i

(
x+, x−1 , x

⊥
2

)
, φj

(
x+, x−2 , x

⊥
2

)]
x+

=

[
− ∂

∂x−
φi, φj

]
x+

= −
∫ ∞

0

dp+
1√

2π

∫ ∞
−∞

dk1√
2π

√
p+

1

2

∫ ∞
0

dp+
2√

2π

∫ ∞
−∞

dk2√
2π

1√
2p+

2

i
[
ei(p

−
1 x

++p+
1 x
−
1 +k1x1⊥)Ai

p+
1 k1
− e−i(p

−
1 x

++p+
1 x
−
1 +k1x1⊥)A†i

p+
1 k1

,

ei(p
−
2 x

++p+
2 x
−
2 +k2x2⊥)Aj

p+
2 k2

+ e−i(p
−
2 x

++p+
2 x
−
2 +k2x2⊥)A†j

p+
2 k2

]
x+
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= −
∫ ∞

0

dp+
1√

2π

∫ ∞
−∞

dk1√
2π

√
p+

1

2

∫ ∞
0

dp+
2√

2π

∫ ∞
−∞

dk2√
2π

1√
2p+

2

i
[
ei(p

−
1 x

++p+
1 x
−
1 +k1x1⊥)ei(p

−
2 x

++p+
2 x
−
2 +k2x2⊥)

[
Ai
p+

1 k1
, Ak

p+
2 k2

]
−e−i(p

−
1 x

++p+
1 x
−
1 +k1x1⊥)ei(p

−
2 x

++p+
2 x
−
2 +k2x2⊥)

[
A†i
p+

1 k1
, Aj

p+
2 k2

]
+ei(p

−
1 x

++p+
1 x
−
1 +k1x1⊥)e−i(p

−
2 x

++p+
2 x
−
2 +k2x2⊥)

[
Ai
p+

1 k1
A†j
p+

2 k2

]
−e−i(p

−
1 x

++p+
1 x
−
1 +k1x1⊥)e−i(p

−
2 x

++p+
2 x
−
2 +k2x2⊥)

[
A†i
p+

1 k1
A†j
p+

2 k2

]]
= i

∫ ∞
0

dp+
1√

2π

∫ ∞
−∞

dk1√
2π

√
p+

1

2

∫ ∞
0

dp+
2√

2π

∫ ∞
−∞

dk2√
2π

1√
2p+

2

+e−i(p
−
1 x

++p+
1 x
−
1 +k1x1⊥)ei(p

−
2 x

++p+
2 x
−
2 +k2x2⊥)

[
A†i
p+

1 k1
, Aj

p+
2 k2

]
−ei(p

−
1 x

++p+
1 x
−
1 +k1x1⊥)e−i(p

−
2 x

++p+
2 x
−
2 +k2x2⊥)

[
Ai
p+

1 k1
A†j
p+

2 k2

]
= i

∫ ∞
0

dp+
1√

2π

∫ ∞
−∞

dk1√
2π

√
p+

1

2

∫ ∞
0

dp+
2√

2π

∫ ∞
−∞

dk2√
2π

1√
2p+

2

+e−i(p
−
1 x

++p+
1 x
−
1 +k1x1⊥)ei(p

−
2 x

++p+
2 x
−
2 +k2x2⊥) (−δ(p+

1 − p
+
2 )δ(k1 − k2)δij

)
−ei(p

−
1 x

++p+
1 x
−
1 +k1x1⊥)e−i(p

−
2 x

++p+
2 x
−
2 +k2x2⊥)δ(p+

1 − p
+
2 )δ(k1 − k2)δij

= −i
∫ ∞

0

dp+
1√

2π

∫ ∞
−∞

dk1√
2π

1

2

1

2π[
ei(p

+
1 (x−2 −x

−
1 )+k1(x2⊥−x1⊥)) + ei(p

+
1 (x−1 −x

−
2 )+k1(x1⊥−x2⊥))

]
δij

= − i
2

[
1

2
× 2δ(x−1 − x

−
2 )δ(x1⊥ − x2⊥)

]
δij

= − i
2
δ(x−1 − x

−
2 )δ(x1⊥ − x2⊥)δij .

Similarly, the equal time commutator between fields is given by

[
φi
(
x−1 , x1⊥

)
, φj

(
x−2 , x2⊥

)]
=

∫ ∞
0

dp+
1√

2π

∫ ∞
−∞

dk1√
2π

√
1

2p+
1

∫ ∞
0

dp+
2√

2π

∫ ∞
−∞

dk2√
2π

1√
2p+

2

e−i(p
−
1 x

++p+
1 x
−
1 +k1x1⊥)ei(p

−
2 x

++p+
2 x
−
2 +k2x2⊥)

[
A†i
p+

1 k1
, Aj

p+
2 k2

]
+ei(p

−
1 x

++p+
1 x
−
1 +k1x1⊥)e−i(p

−
2 x

++p+
2 x
−
2 +k2x2⊥)

[
Ai
p+

1 k1
A†j
p+

2 k2

]
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=

∫ ∞
0

dp+
1√

2π

∫ ∞
−∞

dk1√
2π

√
1

2p+
1

∫ ∞
0

dp+
2√

2π

∫ ∞
−∞

dk2√
2π

1√
2p+

2

δ(p+
1 − p

+
2 )δ(k1 − k2)δij(

−e−i(p
−
1 x

++p+
1 x
−
1 +k1x1⊥)ei(p

−
2 x

++p+
2 x
−
2 +k2x2⊥)

+ei(p
−
1 x

++p+
1 x
−
1 +k1x1⊥)e−i(p

−
2 x

++p+
2 x
−
2 +k2x2⊥)

)
=

∫ ∞
0

dp+
1

2π

∫ ∞
−∞

dk1

2π

1

2p+
1

δij(
−ei(p

+
1 (x−2 −x

−
1 )+k1(x2⊥−x1⊥)) + ei(p

+
1 (x−1 −x

−
2 )+k1(x1⊥−x2⊥))

)
=

∫ ∞
0

dp+
1

2π

1

2p+
1

δijδ(x1⊥ − x2⊥)
(
−ei(p

+
1 (x−2 −x

−
1 )) + ei(p

+
1 (x−1 −x

−
2 ))
)

=
1

2
δijδ(x1⊥ − x2⊥)iε

(
x−1 − x

−
2

)

C.3.2 First Quantised Generators

For translations, where derivatives of the field inside the δφ term are set to zero

(where caligraphic writing indicates operator densities),

δxµ = εµ

δφ = ∂µ [εµ]φ = 0

⇒ j+ = π∂νφδx
ν − (π∂+φ−H) g+

ν δx
ν − πδφ

= π∂νφε
ν − (π∂+φ−H) g+

ν ε
ν

=
(
π∂νφ− (π∂+φ−H) g+

ν

)
εν

⇒ Pν = T+ν = j+ν = π∂νφ− (π∂+φ−H) gν+

P+ = π∂−φ

⇒ P+ = −
∫
dx−dx⊥π2

P− = π∂+φ− (π∂+φ−H)

⇒ P− = H =

∫
dx−dx⊥

1

2
(∂⊥φ)2

P⊥ = π∂⊥φ

⇒ P⊥ =

∫
dx−dx⊥ π∂⊥φ.
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For Lorentz transformations,

δxµ = (ερµ − εµρ)xρ

δφ = −∂µ [(ερµ − εµρ)xρ]φ = 0 (antisymmetric parameter)

⇒ jµ =

(
Lgµν −

δL
δ∂µφ

∂νφ

)
δxν

=

(
Lgµν −

δL
δ∂µφ

∂νφ

)
(ερν − ενρ)xρ

= ερν

[(
Lgµν −

δL
δ∂µφ

∂νφ

)
xρ −

(
Lgµρ −

δL
δ∂µφ

∂ρφ

)
xν
]

⇒ jµνρ =

[(
Lgµν − δL

δ∂µφ
∂νφ

)
xρ −

(
Lgµρ − δL

δ∂µφ
∂ρφ

)
xν
]

⇒Mνρ = j+νρ =
[(
Lg+ν − π∂νφ

)
xρ −

(
Lg+ρ − π∂ρφ

)
xν
]

⇒M+− =
[(
Lg++ − π∂+φ

)
x− −

(
Lg+− − π∂−φ

)
x+
]

=
[
−π2x− − (π∂+φ−H)x+ + πx+∂+φ

]
= x+H− x−π2

⇒M+− = x+H −
∫
dx−dx⊥ x−π2

M+⊥ =
[(
Lg++ − π∂+φ

)
x⊥ −

(
Lg+⊥ − π∂⊥φ

)
x+
]

⇒M+⊥ =

∫
dx−dx⊥ πx+∂⊥φ+ x⊥π2

M−⊥ =
[(
Lg+− − π∂−φ

)
x⊥ −

(
Lg+⊥ − π∂⊥φ

)
x−
]

= (π∂+φ−H− π∂+φ)x⊥ + π∂⊥φx
−

⇒M−⊥ =

∫
dx−dx⊥

(
x−π∂⊥φ− x⊥H

)
M⊥j⊥k =

[(
Lg+⊥j − π∂⊥jφ

)
x⊥k −

(
Lg+⊥k − π∂⊥kφ

)
x⊥j
]

⇒M⊥j⊥k =

∫
dx−dx⊥

(
πx⊥j∂⊥kφ− πx

⊥k∂⊥jφ
)
.

For Dilatations,

δxµ = εxµ

δφ = −∂µ [εxµ]φ = −εdφφ

⇒ j = π∂νφδx
ν − (π∂+φ−H) δ+

ν δx
ν − πδφ

= π∂νφεx
ν − (π∂+φ−H) δ+

ν εx
ν + επdφφ

⇒ D = π∂νφx
ν − (π∂+φ−H) δ+

ν x
ν + πdφφ
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= π
(
x+∂+φ+ x−∂−φ+ x⊥∂⊥φ

)
− (π∂+φ−H) δ+

ν x
ν + πdφφ

= x+H+ π
(
x−∂−φ+ x⊥∂⊥φ

)
+ πdφφ

⇒ D = x+H +

∫
dx−dx⊥

(
π
(
x−∂− + x⊥∂⊥

)
φ+ πdφφ

)
= x+H +

∫
dx−dx⊥

(
−x−π2 + x⊥∂⊥φ+ πdφφ

)
.

For Special Conformal Transformations, writing i ≡⊥i etc.,

δxµ = 2 (x · ε)xµ − x2εµ =
[
2xαxµ − x2gαµ

]
εα

δφ = −∂µ
[
2xαxµ − x2gαµ

]
εαφ = −2dφε

µxµφ

⇒ j = π∂νφgx
ν − (π∂+φ−H) g+

ν δx
ν − πδφ

= π∂µφ
[
2xαxµ − x2gαµ

]
εα − (π∂+φ−H) g+

µ

[
2xαxµ − x2gαµ

]
εα

+2πdφε
µxµφ

⇒ Kα = π∂µφ
[
2xαxµ − x2gαµ

]
− (π∂+φ−H) g+

µ

[
2xαxµ − x2gαµ

]
+ 2πdφx

αφ

= π∂µφ
[
2xαxµ − x2gαµ

]
− (π∂+φ−H)

[
2xαx+ − x2gα+

]
+ 2πdφx

αφ

⇒ Ki = 2π
(
xixj∂jφ+ xix+∂+φ+ xix−∂−φ

)
− x2π∂iφ

−2πxix+∂+φ+ 2xix+H+ 2πdφx
iφ

= 2π
(
xixj∂jφ+ xix−∂−φ

)
− x2π∂iφ+ 2xix+H+ 2πdφx

iφ

= 2xi
[
x+H+ πx−∂−φ+ πxj∂jφ+ πdφφ

]
− x2π∂iφ

= 2xi
[
x+H− π2x− + πxj∂jφ+ πdφφ

]
− x2π∂iφ

= 2xiD −
(
2x+x− + xjxj

)
π∂iφ

⇒ Ki =

∫
dx−dx⊥

(
xiD − 1

2

(
2x+x− + xjxj

)
π∂iφ

)
K+ = 2π

(
x+xj∂jφ+ x+x+∂+φ+ x+x−∂−φ

)
− x2π∂−φ

−2πx+x+∂+φ+ 2x+x+H+ 2πdφx
+φ

= 2π
(
x+xj∂jφ+ x+x−∂−φ

)
− x2π∂−φ+ 2x+x+H+ 2πdφx

+φ

= 2x+
[
x+H− π2x− + πxj∂jφ+ πdφφ

]
− x2π∂−φ

= 2x+D +
(
2x−x+ + xjxj

)
π2

⇒ K+ =

∫
dx−dx⊥

(
x+D +

1

2

(
2x−x+ + xjxj

)
π2

)
K− = 2π

(
x−xj∂jφ+ x−x+∂+φ+ x−x−∂−φ

)
− x2π∂+φ

−2πx−x+∂+φ+ 2x−x+H+ x2π∂+φ− x2H+ 2πdφx
−φ
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= 2π
(
x−xj∂jφ+ x−x−∂−φ

)
− x2π∂+φ+ 2x−x+H+ x2π∂+φ

−x2H+ 2πdφx
−φ

= 2x−
[
x+H− π2x− + xj∂jφ+ πdφφ

]
+ x2π∂+φ− x2H− x2π∂+φ

= 2x−
[
x+H− π2x− + xj∂jφ+ πdφφ

]
−
(
2x−x+ + xjxj

)
H

⇒ K− =

∫
dx−dx⊥

(
x−
[
x+H− π2x− + xj∂jφ+ πdφφ

]
− 1

2

(
2x−x+ + xjxj

)
H
)
.

In summary,

P+ = −
∫
dx−dxiπ2

P− = H =

∫
dx−dxi

1

2
(∂iφ)2

P i =

∫
dx−dxi (π∂iφ)

M+− = x+H −
∫
dx−dxi

(
π2x−

)
M+i =

∫
dx−dxiπx+∂iφ+ xiπ2

M−i =

∫
dx−dxi

(
x−π∂iφ− xiH

)
M ij =

∫
dx−dx⊥

(
πxi∂jφ− πxj∂iφ

)
D = x+H +

∫
dx−dx⊥

(
πdφφ+ πxi∂iφ− x−π2

)
Ki =

∫
dx−dxi

(
xiD − 1

2

(
2x+x− + xjxj

)
π∂iφ

)
K+ =

∫
dx−dx⊥

(
x+D +

1

2

(
2x+x− + xjxj

)
π2

)
K− =

∫
dx−dx⊥

(
x−
[
x+H− π2x− + xj∂jφ+ πdφφ

]
− 1

2

(
2x+x− + xjxj

)
H
)
.

C.3.3 Second Quantised Generators

Using the conventions in Ref. [5], noting that second quantised conformal gener-

ators satisfy G =
∫
dx−1 dx

−
2 d~x1d~x2A

†ĝA) (with the momenta conjugate given by

(p+
1 , p

+
2 , p

i
1, p

i
2)), these second quantised generators are derived here. Writing the

mode expansion as the Fourier transform of the fields φ(x−, xi) and π(x−, xi) in the
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x− direction as

φ(x−, xi) =

∫ ∞
0

dp+

√
2π

1√
2p+

(
a(p+, xi)eip

+x− + a†(p+, xi)e−ip
+x−

)
π(x−, xi) = −i

∫ ∞
0

dp+

√
2π

√
p+

2

(
a(p+, xi)eip

+x− − a†(p+, xi)e−ip
+x−

)
,

we obtain

P− =

∫
dx−dxi

(
1

2
(∂iφ)2

)

=
1

2

∫
dx−dxi

∂i ∫ ∞
0

dp+
1√

2π

1√
2p+

1

(
a(p+

1 , x
i)eip

+
1 x
−

+ a†(p+
1 , x

i)e−ip
+
1 x
−
)

∂i ∫ ∞
0

dp+
2√

2π

1√
2p+

2

(
a(p+

2 , x
i)eip

+
2 x
−

+ a†(p+
2 , x

i)e−ip
+
2 x
−
)

As before, the aa and a†a† terms vanish since p+ > 0,

P− =
1

2

∫
dxi
∫ ∞

0
dp+

1

1√
2p+

1

∫ ∞
0

dp+
2

1√
2p+

2

δ(p+
1 − p

+
2 )

[(
∂ia(p+

1 , x
i
) (
∂ia
†(p+

2 , x
i)
)

+
(
∂ia
†(p+

1 , x
i
) (
∂ia(p+

2 , x
i)
)]

=
1

2

∫
dxi
∫ ∞

0
dp+

1

1

2p+
1[(

∂ia(p+
1 , x

i
) (
∂ia
†(p+

1 , x
i)
)

+
(
∂ia
†(p+

1 , x
i
) (
∂ia(p+

1 , x
i)
)]
. (C.1)

Integrating by parts over xi and dropping surface terms, this becomes

P− =

∫
dxi
∫ ∞

0
dp+a†

(
p+, xi

)(
− 1

2p+
∂2
i a
(
p+, xi

))
,

and therefore, for P− we have

δa
(
p+, xi

)
= − 1

2p+
∂2
i a
(
p+, xi

)
.

Similarly for P+ we obtain

P+ = −
∫
dx−dxiπ2
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=

∫
dx−dxi

∫ ∞
0

dp+
1√

2π

√
p+

1

2

(
a(p+

1 , x
i)eip

+
1 x
− − a†(p+

1 , x
i)e−ip

+
1 x
−
)

∫ ∞
0

dp+
2√

2π

√
p+

2

2

(
a(p+

2 , x
i)eip

+
2 x
− − a†(p+

2 , x
i)e−ip

+
2 x
−
)

=

∫
dxi
∫ ∞

0
dp+

1

√
p+

1

2

∫ ∞
0

dp+
2

√
p+

2

2
δ(p+

1 − p
+
2 )(

−a(p+
1 , x

i)a†(p+
2 , x

i)− a†(p+
1 , x

i)a(p+
2 , x

i)
)

= −
∫
dxi
∫ ∞

0
dp+

1

p+
1

2

(
a(p+

1 , x
i)a†(p+

1 , x
i) + a†(p+

1 , x
i)a(p+

1 , x
i)
)

=

∫
dxi
∫ ∞

0
dp+a†(p+, xi)

(
−p+a(p+, xi)

)
.

and therefore, for P+ we have

δa
(
p+, xi

)
= −p+a(p+, xi).

For P i we obtain

P i =

∫
dx−dxi (π∂iφ)

= −i
∫
dx−dxi

∫ ∞
0

dp+
1√

2π

√
p+

1

2

(
a(p+

1 , x
i)eip

+
1 x
− − a†(p+

1 , x
i)e−ip

+
1 x
−
)

∂i ∫ ∞
0

dp+
2√

2π

1√
2p+

2

(
a(p+

2 , x
i)eip

+
2 x
−

+ a†(p+
2 , x

i)e−ip
+
2 x
−
)

= −i
∫
dxi
∫ ∞

0
dp+

1

√
p+

1

2

∫ ∞
0

dp+
2

1√
2p+

2

δ(p+
1 − p

+
2 )

(
a(p+

1 , x
i)∂ia

†(p+
2 , x

i)− a†(p+
1 , x

i)∂ia(p+
2 , x

i)
)

= − i
2

∫
dxi
∫ ∞

0
dp+

1 − 2a†(p+
1 , x

i)∂ia(p+
1 , x

i)

=

∫
dxi
∫ ∞

0
dp+

1 a
†(p+

1 , x
i)
(
i∂ia(p+

1 , x
i)
)
.

Therefore, for P i we have

δa
(
p+, xi

)
= i∂ia(p+

1 , x
i)
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Now for the Lorentz generators. For M+− we obtain

M+− = x+H +

∫
dx−dxi

(
x−π2

)
= x+P− +

∫
dx−dxi

(
x−π2

)
.

The second integral is given by∫
dx−dxi

(
x−π2

)
= −

∫
dx−dxi

x− ∫ ∞
0

dp+
1√

2π

√
p+

1

2

(
a(p+

1 , x
i)eip

+
1 x
− − a†(p+

1 , x
i)e−ip

+
1 x
−
)

∫ ∞
0

dp+
2√

2π

√
p+

2

2

(
a(p+

2 , x
i)eip

+
2 x
− − a†(p+

2 , x
i)e−ip

+
2 x
−
)

= −
∫
dx−dxix−

∫ ∞
0

dp+
1√

2π

√
p+

1

2

∫ ∞
0

dp+
2√

2π

√
p+

2

2(
a(p+

1 , x
i)eip

+
1 x
− − a†(p+

1 , x
i)e−ip

+
1 x
−
)

(
a(p+

2 , x
i)eip

+
2 x
− − a†(p+

2 , x
i)e−ip

+
2 x
−
)

= −
∫
dx−dxix−

∫ ∞
0

dp+
1√

2π

√
p+

1

2

∫ ∞
0

dp+
2√

2π

√
p+

2

2(
−a(p+

1 , x
i)a†(p+

2 , x
i)ei(p

+
1 −p

+
2 )x− − a†(p+

1 , x
i)a(p+

2 , x
i)e−i(p

+
1 −p

+
2 )x−

)
=

∫
dxi
∫ ∞

0

dp+
1√

2π

√
p+

1

2

∫ ∞
0

dp+
2√

2π

√
p+

2

2[
a(p+

1 , x
i)a†(p+

2 , x
i)(−i) ∂

∂p+
1

∫
dx−ei(p

+
1 −p

+
2 )x−

+a†(p+
1 , x

i)a(p+
2 , x

i)(−i) ∂

∂p+
2

∫
dx−ei(p

+
2 −p

+
1 )x−

]
= i

∫
dxi
∫ ∞

0
dp+

1

∫ ∞
0

dp+
2 δ(p

+
1 − p

+
2 ) ∂

∂p+
1

√p+
1

2

√
p+

2

2
a(p+

1 , x
i)a†(p+

2 , x
i)


+

∂

∂p+
2

√p+
1

2

√
p+

2

2
a†(p+

1 , x
i)a(p+

2 , x
i)


= i

∫
dxi
∫ ∞

0
dp+

1

∫ ∞
0

dp+
2 δ(p

+
1 − p

+
2 )
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 ∂

∂p+
1

√
p+

1

2

 a(p+
1 , x

i) +

√
p+

1

2

∂

∂p+
1

a(p+
1 , x

i)

√p+
2

2
a†(p+

2 , x
i)

+

 ∂

∂p+
2

√
p+

2

2

 a†(p+
2 , x

i) +

√
p+

2

2

∂

∂p+
2

a†(p+
2 , x

i)

√p+
1

2
a(p+

1 , x
i)


= i

∫
dxi
∫ ∞

0
dp+

√
p+

∂

∂p+

√
p+
(
a†
(
p+, xi

)
a
(
p+, xi

))
where the other two terms cancel after integration by parts. Thus

M+− =

∫
dxi
∫ ∞

0
dp+a†

(
p+, xi

) x+

2p+
∂2
i a
(
p+, xi

)
+i

∫
dxi
∫ ∞

0
dp+

√
p+

∂

∂p+

√
p+
(
a†
(
p+, xi

)
a
(
p+, xi

))
=

∫
dxi
∫ ∞

0
dp+a†

(
p+, xi

)( x+

2p+
∂2
i + i

√
p+

∂

∂p+

√
p+

)(
a
(
p+, xi

))
so that

δa
(
p+, xi

)
=

(
x+

2p+
∂2
i + i

√
p+

∂

∂p+

√
p+

)
a
(
p+, xi

)
.

For M+i we obtain the following:

M+i =

∫
dxidx−

(
x+π∂iφ+ xiπ2

)
Performing the first integral,∫

dxidx−x+π∂iφ = x+P i

=

∫
dxi
∫ ∞

0
dp+a†(p+, xi)

(
ix+∂ia(p+, xi)

)
.

The second integral is given by∫
dxidx−xiπ2

= −
∫
dx−dxi xi

∫ ∞
0

dp+
1√

2π

√
p+

1

2

(
a(p+

1 , x
i)eip

+
1 x
− − a†(p+

1 , x
i)e−ip

+
1 x
−
)

∫ ∞
0

dp+
2√

2π

√
p+

2

2

(
a(p+

2 , x
i)eip

+
2 x
− − a†(p+

2 , x
i)e−ip

+
2 x
−
)
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= −
∫
dxi xi

∫ ∞
0

dp+
1

√
p+

1

2

∫ ∞
0

dp+
2

√
p+

2

2
δ(p+

1 − p
+
2 )(

−a(p+
1 , x

i)a†(p+
2 , x

i)− a†(p+
1 , x

i)a(p+
2 , x

i)
)

=

∫
dxi
∫ ∞

0
dp+

1 xi
p+

1

2

(
a(p+

1 , x
i)a†(p+

1 , x
i) + a†(p+

1 , x
i)a(p+

1 , x
i)
)

=

∫
dxi
∫ ∞

0
dp+a†(p+, xi)

(
xip+a(p+, xi)

)
.

and therefore,

M+i =

∫
dxi
∫ ∞

0
dp+a†(p+, xi)

(
ix+∂i + xip+

)
a(p+, xi),

and for M+i we have

δa
(
p+, xi

)
=
(
ix+∂i + xip+

)
a(p+, xi)

For M−i we have

M−i =

∫
dx−dxi

(
x−π∂iφ− xiH

)
.

The first integral is given by∫
dx−dxix−π∂iφ

= −i
∫
dx−dxi x−

∫ ∞
0

dp+
1√

2π

√
p+

1

2

(
a(p+

1 , x
i)eip

+
1 x
− − a†(p+

1 , x
i)e−ip

+
1 x
−
)

∂i ∫ ∞
0

dp+
2√

2π

1√
2p+

2

(
a(p+

2 , x
i)eip

+
2 x
−

+ a†(p+
2 , x

i)e−ip
+
2 x
−
)

= − i

2π

∫
dx−dxi x−

∫ ∞
0

dp+
1

√
p+

1

2

∫ ∞
0

dp+
2

1√
2p+

2(
a(p+

1 , x
i)∂ia

†(p+
2 , x

i)ei(p
+
1 −p

+
2 )x− − a†(p+

1 , x
i)∂ia(p+

2 , x
i)ei(p

+
2 −p

+
1 )x−

)
= − i

2π

∫
dxi

∫ ∞
0

dp+
1

√
p+

1

2

∫ ∞
0

dp+
2

1√
2p+

2

(−i)
(
a(p+

1 , x
i)∂ia

†(p+
2 , x

i)

∂

∂p+
1

∫
dx−ei(p

+
1 −p

+
2 )x− − a†(p+

1 , x
i)∂ia(p+

2 , x
i)

∂

∂p+
2

∫
dx−ei(p

+
2 −p

+
1 )x−

)
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= −
∫
dxi

∫ ∞
0

dp+
1

√
p+

1

2

∫ ∞
0

dp+
2

1√
2p+

2

(
a(p+

1 , x
i)∂ia

†(p+
2 , x

i)

∂

∂p+
1

δ(p+
1 − p

+
2 )− a†(p+

1 , x
i)∂ia(p+

2 , x
i)

∂

∂p+
1

δ(p+
1 − p

+
2 )

)

=

∫
dxi

∫ ∞
0

dp+
1

∫ ∞
0

dp+
2 δ(p

+
1 − p

+
2 )

 ∂

∂p+
1

√p+
1

2
a(p+

1 , x
i)


1√
2p+

2

∂ia
†(p+

2 , x
i)− ∂

∂p+
2

 1√
2p+

2

∂ia(p+
2 , x

i)

√p+
1

2
a†(p+

1 , x
i)


=

∫
dxi

∫ ∞
0

dp+
1

∫ ∞
0

dp+
2 δ(p

+
1 − p

+
2 )1

2

√
1

2p+
1

a(p+
1 , x

i) +

√
p+

1

2

∂

∂p+
1

a(p+
1 , x

i)

 1√
2p+

2

∂ia
†(p+

2 , x
i)

−

(
−1

2

1
√

2
(
p+

2

)3/2∂ia(p+
2 , x

i) +

√
1

2p+
2

∂

∂p+
2

∂ia(p+
2 , x

i)

)√
p+

1

2
a†(p+

1 , x
i)


=

∫
dxi

∫ ∞
0

dp+

[
∂ia
†(p+, xi)

(
1

4p+
+

1

2

∂

∂p+

)
a(p+, xi)

−a†(p+, xi)

(
− 1

4p+
+

1

2

∂

∂p+

)
∂ia(p+, xi)

]
=

∫
dxi

∫ ∞
0

dp+a†(p+, xi)

(
− ∂

∂p+
∂ia(p+, xi)

)
.

The second integral is similar to the calculation for P− and hence∫
dx−dxi xiH

= −1

2

∫
dxi xi

∫ ∞
0

dp+
1

1√
2p+

1

∫ ∞
0

dp+
2

1√
2p+

2

δ(p+
1 − p

+
2 )

[(
∂ja(p+

1 , x
i
) (
∂ja
†(p+

2 , x
i)
)

+
(
∂ja
†(p+

1 , x
i
) (
∂ja(p+

2 , x
i)
)]

=

∫
dxi
∫ ∞

0
dp+ 1

2p+
1

a†
(
p+, xi

)
∂j
(
xi∂ja(p+, xi)

)
=

∫
dxi
∫ ∞

0
dp+a†

(
p+, xi

) ∂jxi∂j
2p+

a(p+, xi).
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Therefore M−i is given by

M−i =

∫
dxi
∫ ∞

0
dp+a†

(
p+, xi

)(
−∂i

∂

∂p+
− ∂jx

i∂j
2p+

)
a(p+, xi)

and therefore, for M−i we have

δa
(
p+, xi

)
= −∂i

∂

∂p+
− ∂jx

i∂j
2p+

.

For M ij we have

M ij =

∫
dx−dx⊥

(
xiπ∂jφ− xjπ∂iφ

)
The first integral is given by∫

dx−dx⊥ xiπ∂jφ

= −i
∫
dx−dx⊥ xi

∫ ∞
0

dp+
1√

2π

√
p+

1

2

(
a(p+

1 , x
i)eip

+
1 x
− − a†(p+

1 , x
i)e−ip

+
1 x
−
)

∂j ∫ ∞
0

dp+
2√

2π

1√
2p+

2

(
a(p+

2 , x
i)eip

+
2 x
−

+ a†(p+
2 , x

i)e−ip
+
2 x
−
)

= −i
∫
dxi xi

∫ ∞
0

dp+
1

√
p+

1

2

∫ ∞
0

dp+
2

1√
2p+

2

δ(p+
1 − p

+
2 )

(
a(p+

1 , x
i)∂ja

†(p+
2 , x

i)− a†(p+
1 , x

i)∂ja(p+
2 , x

i)
)

= − i
2

∫
dxi xi

∫ ∞
0

dp+
1 a
†(p+

1 , x
i)
[
−2xi∂j + ∂jx

i
]
a(p+

1 , x
i)

=

∫
dxi
∫ ∞

0
dp+

1 a
†(p+

1 , x
i)

[
ixi∂j −

i

2
δij

]
a(p+

1 , x
i).

Similarly the second integral is given by∫
dx−dxixjπ∂iφ =

∫
dxi
∫ ∞

0
dp+

1 a
†(p+

1 , x
i)

[
ixj∂i −

i

2
δij

]
a(p+

1 , x
i).

Therefore,

M ij =

∫
dxi
∫ ∞

0
dp+

1 a
†(p+

1 , x
i)
(
ixi∂j − ixj∂i

)
a(p+

1 , x
i),
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and so for M ij we have

δa
(
p+, xi

)
=
(
ixi∂j − ixj∂i

)
a(p+

1 , x
i).

The Dilitation operator is given by 4 terms

D = x+H +

∫
dx−dxi

(
πdφφ+ πxi∂iφ− x−π2

)
.

The first and fourth terms closely resemble M+− and we for these that

x+H −
∫
dx−dxi x−π2

=

∫
dxi
∫ ∞

0
dp+a†

(
p+, xi

)( x+

2p+
∂2
i − i

√
p+

∂

∂p+

√
p+

)(
a
(
p+, xi

))
.

The second integral looks like P i without the ∂i, hence∫
dx−dxi πdφφ =

∫
dxi
∫ ∞

0
dp+a†(p+, xi)

(
idφa(p+, xi)

)
and the third integral is the same as the first term in M ij , with j → i,∫

dx−dxi πxi∂iφ =

∫
dxi
∫ ∞

0
dp+a†(p+, xi)

(
ixi∂ia(p+, xi)

)
.

Putting these all together we obtain,

D =

∫
dxi
∫ ∞

0
dp+a†(p+, xi)(

x+

2p+
∂2
i + idφ + ixi∂i − i

√
p+

∂

∂p+

√
p+

)
a(p+, xi)

so that for D we have

δa
(
p+, xi

)
=

(
x+

2p+
∂2
i + idφ + ixi∂i − i

√
p+

∂

∂p+

√
p+

)
a(p+, xi).

Finally, we repeat the above for the special conformal generators,

K+ =

∫
dx−dxi

(
x+D +

1

2

(
2x+x− + xjxj

)
π2

)
.
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The first term is given by∫
dxi
∫ ∞

0
dp+a†(p+, xi)

[
x+

(
x+

2p+
∂2
i + idφ + ixi∂i − i

√
p+

∂

∂p+

√
p+

)
a(p+, xi)

]
The second term is given by x+ multiplied by a term in M+− and is therefore∫

dxi
∫ ∞

0
dp+a†

(
p+, xi

) [
x+

(
i
√
p+

∂

∂p+

√
p+

)]
a
(
p+, xi

)
and the third term is xi multiplied by a term in M+i, and is given by∫

dxi
∫ ∞

0
dp+a†(p+, xi)

(
1

2
xix

ip+

)
a(p+, xi).

Combining these we get

K+ =

∫
dxi
∫ ∞

0
dp+a†(p+, xi)

[
x+

(
x+

2p+
∂2
i + idφ + ixi∂i

)
+

1

2
xix

ip+

]
a(p+, xi)

so that for K+ we have

δa
(
p+, xi

)
=

[
x+

(
x+

2p+
∂2
i + idφ + ixi∂i

)
+

1

2
xix

ip+

]
a(p+, xi).

C.3.4 Map between CFT and AdS4 × S1

In order to establish the map between CFT and AdS4 × S1, we compare CFT gen-

erators found in Appendix C.3.3) (summarised below)

p̂+ = p+
1 + p+

2 (C.2)

p̂− = −
(
pi1p

i
1

2p+
1

+
pi2p

i
2

2p+
2

)
(C.3)

m̂+− = tp̂− − x−1 p
+
1 − x

−
2 p

+
2 (C.4)

m̂+i = tp̂i − xi1p+
1 − x

−
2 p

+
2 (C.5)

m̂−i = pi1x
−
1 + pi2x

−
2 + xi1

pj1p
j
1

2p+
1

+ xi2
pj2p

j
2

2p+
2

(C.6)

m̂ij = xi1p
j
1 + xi2p

j
2 − x

j
1p
i
1 − x

j
2p
i
2 (C.7)

d̂ = tp̂− + 2dφ + xi1p
i
1 + xi2p

i
2 + x−1 p

+
1 + x−2 p

+
2 (C.8)

k̂+ = t2p̂− + t(2dφ + xi1p
i
1 + xi2p

i
2)− 1

2

(
xi1x

i
1p

+
1 + xi2x

i
2p

+
2

)
(C.9)
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k̂i = −t

(
xi1
pj1p

j
1

2p+
1

+ xi2
pj2p

j
2

2p+
2

+ pi1x
−
1 + pi2x

i
2

)

k̂− = xi1x
i
1

pj1p
j
1

4p+
1

+ xi2x
i
2

pj2p
j
2

4p+
2

+ x−1
(
x−1 p

+
1 + xi1p

i
1 + dφ

)
+x−2

(
x−2 p

+
2 + xi2p

i
2 + dφ

)
, (C.10)

with higher spin generators in AdS4 × S1 (first worked out in Ref. [130] and then

summarised in Ref. [5]) given by

p̂− = −p
xpx + pzpz

2p+

p̂+ = p+

p̂x = px

m̂+− = tp̂− − x−p+

m̂+x = tp̂x − xp+

m̂−x = x−px − xp̂− +
pθpz

p+

d̂ = tp̂− + x−p+ + xpx + zpz + da

k̂− = −1

2
(x2 + z2)p̂− + x−(x−p+ + xpx + zpz + da)

+
1

p+

(
(xpz − zpx)pθ + (pθ)2

)
k̂+ = x+2p̂− + x+(xpx + zpz + da)−

1

2
(x2 + z2)p+

k̂x = x+(xp̂− − x−px − pθpz

p+
) +

1

2
(x2 − z2)px

+x(x−p+ + zpz + da) + zpθ

where da = 1 for AdS4. Equating the first 5 of these generators we thus obtain

p̂+ = p+ = p+
1 + p+

2 (C.11)

p̂x = px = p = px1 + px2 = p1 + p2 (C.12)

p̂− = −
(
pi1p

i
1

2p+
1

+
pi2p

i
2

2p+
2

)
= −pp+ pzpz

2p+
(C.13)

m̂+− = tp̂− − x−p+ = tp̂− − x−1 p
+
1 − x

−
2 p

+
2 (C.14)

m̂+i = tp− xp+ = tp− xi1p+
1 − x

−
2 p

+
2 . (C.15)
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Equations (C.11), (C.12), (C.14) and (C.15) give respectively

p+ = p+
1 + p+

2

p = p1 + p2

x =
x1p

+
1 + x2p

+
2

p+
1 + p+

2

x− =
x−1 p

+
1 + x−2 p

+
2

p+
1 + p+

2

.

Equating the rest of the generators gives

m̂−i = x−p− xp̂− +
pθpz

p+
= p1x

−
1 + p2x

−
2 + x1

pj1p
j
1

2p+
1

+ x2
pj2p

j
2

2p+
2

(C.16)

d̂ = tp̂− + x−p+ + xp+ zpz + da

= tp̂− + 2dφ + x1p1 + x2p2 + x−1 p
+
1 + x−2 p

+
2 (C.17)

k̂+ = t2p̂− + t(xp+ zpz + da)−
1

2
(x2 + z2)p+

= t2p̂− + t(2dφ + x1p1 + x2p2)− 1

2

(
x1x1p

+
1 + x2x2p

+
2

)
(C.18)

k̂x = t(xp̂− − x−px − pθpz

p+
) +

1

2
(x2 − z2)px

+x(x−p+ + zpz + da) + zpθ

= −t

(
xi1
pj1p

j
1

2p+
1

+ xi2
pj2p

j
2

2p+
2

+ pi1x
−
1 + pi2x

i
2

)
−1

2

(
xj1x

j
1p
i
1 + xj2x

j
2p
i
2

)
+ xi1

(
dφ + xj1p

j
1 + p+

1 x
−
1

)
+xi2

(
dφ + xj2p

j
2 + p+

2 x
−
2

)
(C.19)

k̂− = −1

2
(x2 + z2)p̂− + x−(x−p+ + xpx + zpz + da)

+
1

p+

(
(xpz − zpx)pθ + (pθ)2

)
= xi1x

i
1

pj1p
j
1

4p+
1

+ xi2x
i
2

pj2p
j
2

4p+
2

+ x−1
(
x−1 p

+
1 + xi1p

i
1 + dφ

)
+x−2

(
x−2 p

+
2 + xi2p

i
2 + dφ

)
. (C.20)

From equation (C.17),

x−p+ + xp+ zpz = x1p1 + x2p2 + x−1 p
+
1 + x−2 p

+
2
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⇒ zpz = x1p1 + x2p2 + x−1 p
+
1 + x−2 p

+
2 −

x−1 p
+
1 + x−2 p

+
2

p+
p+ − x1p

+
1 + x2p

+
2

p+
p

=
1

p+

[
x1p1(p+

1 + p+
2 ) + x2p2(p+

1 + p+
2 ) + x−1 p

+
1 (p+

1 + p+
2 )

+x−2 p
+
2 (p+

1 + p+
2 )− (x−1 p

+
1 + x−2 p

+
2 )(p+

1 + p+
2 )− (x1p

+
1 + x2p

+
2 )(p1 + p2)

]
=

1

p+

[
x1p1p

+
2 + x2p2p

+
1 + x−1 p

+
1 p

+
2 + x−2 p

+
2 p

+
1

−(x−1 p
+
1 p

+
2 + x−2 p

+
2 p

+
1 )− (x1p

+
1 p2 + x2p

+
2 p1)

]
=

1

p+

[
x1p1p

+
2 + x2p2p

+
1 − (x1p

+
1 p2 + x2p

+
2 p1)

]
=

1

p+
1 + p+

2

[
(x1 − x2)(p1p

+
2 − p

+
1 p2)

]
. (C.21)

Hence equation (C.18) becomes

t(xp+ zpz)− 1

2
(x2 + z2)p+ = t(x1p1 + x2p2)− 1

2

(
x1x1p

+
1 + x2x2p

+
2

)
⇒ t(

[
x1p

+
1 + x2p

+
2

p+

]
p+

(x1 − x2)(p1p
+
2 − p

+
1 p2)

p+
)− 1

2
(

[
x1p

+
1 + x2p

+
2

p+

]2

+ z2)p+

= t(x1p1 + x2p2)− 1

2

(
x1x1p

+
1 + x2x2p

+
2

)
⇒ z2 =

1

p+2

[
t(x1p1 + x2p2)p+ − 1

2

(
x1x1p

+
1 + x2x2p

+
2

)
p+

−t
(
x1p

+
1 + x2p

+
2

)
p− t(x1 − x2)(p1p

+
2 − p

+
1 p2) +

1

2

(
x1p

+
1 + x2p

+
2

)2]
⇒ z2 =

1

p+2

[
t(x1p1p

+
2 + x2p2p

+
1 )− 1

2

(
x1x1p

+
1 p

+
2 + x2x2p

+
2 p

+
1

)
−t
(
x1p

+
1 p2 + x2p

+
2 p1

)
− t(x1 − x2)(p1p

+
2 − p

+
1 p2) +

(
x1p

+
1 x2p

+
2

)]
⇒ z2 =

1

p+2

[
−1

2

(
x1x1p

+
1 p

+
2 + x2x2p

+
2 p

+
1

)
+
(
x1p

+
1 x2p

+
2

)
−t
(
x1p

+
1 p2 + x2p

+
2 p1

)
+ tx1p

+
1 p2 + tx2p1p

+
2

]
=

p+
1 p

+
2 (x1 − x2)2

p+2

⇒ z =
(x1 − x2)

√
p+

1 p
+
2

p+
1 + p+

2

. (C.22)

Equation (C.16) becomes

x−p− xp̂− +
pθpz

p+
= p1x

−
1 + p2x

−
2 + x1

pj1p
j
1

2p+
1

+ x2
pj2p

j
2

2p+
2
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⇒
(
x−1 p

+
1 + x−2 p

+
2

p+

)
p+

(
x1p

+
1 + x2p

+
2

p+

)(
p2

1

2p+
1

+
p2

2

2p+
2

)
+
pθpz

p+

= p1x
−
1 + p2x

−
2 + x1

p2
1

2p+
1

+ x2
p2

2

2p+
2

⇒ pθpz = p+

[
p1x
−
1 + p2x

−
2 + x1

p2
1

2p+
1

+ x2
p2

2

2p+
2

]
−
(
x−1 p

+
1 + x−2 p

+
2

)
p−

(
x1p

+
1 + x2p

+
2

)( p2
1

2p+
1

+
p2

2

2p+
2

)
=

[
p1x
−
1 p

+
2 + p2x

−
2 p

+
1 + x1

p2
1

2p+
1

p+
2 + x2

p2
2

2p+
2

p+
1

]
−
(
x−1 p

+
1 p2 + x−2 p

+
2 p1

)
−
(
x1p

+
1

p2
2

2p+
2

+ x2p
+
2

p2
1

2p+
1

)
=
(
x−1 − x

−
2

) (
p1p

+
2 − p

+
1 p2

)
+
(
x−1 − x

−
2

) [ p2
1

2p+
1

p+
2 −

p2
2

2p+
2

p+
1

]
. (C.23)

We obtain pz by dividing equation (C.21) by (C.22):

pz =
p1p

+
2 − p

+
1 p2√

p+
1 p

+
2

(C.24)

and pθ by dividing (C.23) by (C.24):

pθ =
(
x−1 − x

−
2

)√
p+

1 p
+
2

1 +

[
p2

1p
+
2 −p1p

+
1 p2

2p+
1

− p2
2p

+
1 −p2p

+
2 p1

2p+
2

]
p1p

+
2 − p

+
1 p2


=

(
x−1 − x

−
2

)√
p+

1 p
+
2

[
1 +

[
p1

2p+
1

− p2

2p+
2

]]

=
(
x−1 − x

−
2

)√
p+

1 p
+
2 +

(
x−1 − x

−
2

)
2

[√
p+

2

p+
1

p1 −

√
p+

1

p+
2

p2

]
.

C.3.5 Example of obtaining generators using the kernel

The map is established using the kernel as follows[10]

LAdSH̃
(
p+, p, pz, θ

)
=

∫
dp+

1 dp1dp
+
2 dp2KLbi−localΨ̃

(
p+

1 , p1, p
+
2 , p2

)
.

where on the left-hand side we will have an AdS/Bulk operator in terms of p+, p, pz, θ

and on the right-hand side is the bilocal operator in terms of p+
1 , p1, p

+
2 , p2. Let’s
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first obtain the above result:

zH̃
(
p+, p, pz, θ

)
= − ∂

∂pz

∫
dp+

1 dp1dp
+
2 dp2KΨ̃

(
p+

1 , p1, p
+
2 , p2

)
.

But

∂

∂pz
=

∂p1

∂pz
∂

∂p1
+
∂p2

∂pz
∂

∂p2
+
∂p+

1

∂pz
∂

∂p+
1

+
∂p+

2

∂pz
∂

∂p+
2

=
sin θ

2

∂

∂p1
− sin θ

2

∂

∂p2

= −1

2
sin θ (x1 − x2)

and

1

2
sin θ = sin

θ

2
cos

θ

2
=

√
p1√

p+
1 + p+

2

√
p+

2√
p+

1 + p+
2

=

√
p+

1 p
+
2

p+
1 + p+

2

and therefore

zH̃
(
p+, p, pz, θ

)
=

∫
dp+

1 dp1dp
+
2 dp2K

√
p+

1 p
+
2

p+
1 + p+

2

(x1 − x2)Ψ̃
(
p+

1 , p1, p
+
2 , p2

)
⇒ zAdS =


√
p+

1 p
+
2

p+
1 + p+

2

(x1 − x2)


Bilocal

.

As another example of implementing this equation, we obtained for M+i that

δa(p+, xi) =
(
ix+∂i + xip+

)
a(p+, xi)

⇒ m+i = x+p̂i + xp+

Inserting this we obtain

m+i
AdSH̃ =

(
x+p̂i + xp+

)
H̃
(
p+, p, pz, θ

)
=

∫
dp+

1 dp1dp
+
2 dp2K

(
∂

∂p−
p̂i +

∂

∂p
p+

)
Ψ̃
(
p+

1 , p1, p
+
2 , p2

)
=

∫
dp+

1 dp1dp
+
2 dp2K

(
p̂i

∂

∂p−
+ p+ ∂

∂p

)
Ψ̃
(
p+

1 , p1, p
+
2 , p2

)
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Now

∂

∂p
=

∂p1

∂p

∂

∂p1
+
∂p2

∂p

∂

∂p2
=

1

2
(1 + cos θ)

∂

∂p1
+

1

2
(1− cos θ)

∂

∂p2

= cos2 θ

2

∂

∂p1
+ sin2 θ

2

∂

∂p2

=
p+

2 x2 + p+
1 x2

p+

= x.

Hence

m+i
AdSH̃ = −

∫
dp+

1 dp1dp
+
2 dp2K

(
p̂ix+ + p+x

)
Ψ̃
(
p+

1 , p1, p
+
2 , p2

)
⇒ m+i

B = p̂ix+ + p+x.

C.3.6 Derivation of equation 33 of Ref. [10]

In equation (4.22), xµ and pµ are AdS4 quantities with first two coordinates related

to light-cone variables and second two coordinates to the i and z direction. Hence

eix
µpµ = ei(x

+p−+x−p++xp+zpz). The first delta function is of the form δ
(
x2 − a2

)
,

and since

δ
(
f(x)− f(x′)

)
=
δ(x− x′)
f ′(x′)

for all real roots of f , we have that δ
(
x2 − a2

)
= 1

2a (δ (x− a) + δ (x+ a)), and

therefore

δ
(
(pz)2 −

(
2p+p− + p2

))
=

1

2
√
−2p+p− − p2

(
δ
(
pz −

√
−2p+p− − p2

)
+ δ

(
pz +

√
−2p+p− − p2

))
.

Integrating over pz (with (pz)2 positive) in equation (4.22) then gives

Hs
(
x+;x−, x, z

)
= Γ(−1

2
)

∫
−2p+p−−p2>0

dp+dpdp−
1

2
√
−2p+p− − p2

ei(x
+p−+x−p++xp)
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∫
dp+

1 dp1dp
+
2 dp2 Jδ

(
p+

1 + p+
2 − p

+
)
δ (p1 + p2 − p)

P
(− 1

2
,− 1

2
)

s

(
p+

1 −p
+
2

p+
1 +p+

2

)
s!

Γ(s+ 1
2)

Ψ̃
(
p+

1 , p1, p
+
2 , p2

) [
δ

(
p1

√
p+

2

p+
1

− p2

√
p+

1

p+
2

−
√
−2p+p− − p2

)
ei
√
−2p+p−−p2z

+δ

(
p1

√
p+

2

p+
1

− p2

√
p+

1

p+
2

+
√
−2p+p− − p2

)
e−i
√
−2p+p−−p2z

]
.

Consider now

δ (g(x)) = δ

(
p1

√
p+

2

p+
1

− p2

√
p+

1

p+
2

±
√
−2p+p− − p2

)
.

Here,

g(x) = 0 ⇒ p1

√
p+

2

p+
1

− p2

√
p+

1

p+
2

= ±
√
−2p+p− − p2

⇒

(
p1

√
p+

2

p+
1

− p2

√
p+

1

p+
2

)2

= −2p+p− − (p1 + p2)2

⇒ p2
1

p+
2

p+
1

− 2p1p2 + p2
2

p+
1

p+
2

= −2p+p− − p2
1 − 2p1p2 − p2

2

⇒ −2p+p− = p2
1

(
p+

2 + p+
1

p+
1

)
+ p2

2

(
p+

1 + p+
2

p+
2

)
= p2

1

(
p+

p+
1

)
+ p2

2

(
p+

p+
2

)
⇒ −p− =

p2
1

2p+
1

+
p2

2

p+
2

.

Furthermore, ∣∣∣∣∂g(x)

∂p−

∣∣∣∣ =
2p+

2
√
−2p+p− − p2

.

Therefore,

δ(g(x)) = δ

(
p− +

p2
1

2p+
1

+
p2

2

p+
2

)
2
√
−2p+p− − p2

2p+

and hence

Hs
(
x+;x−, x, z

)
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= Γ(−1

2
)

∫
−2p+p−−p2>0

dp+dpdp−
1

2
√
−2p+p− − p2

ei(x
+p−+x−p++xp)

∫
dp+

1 dp1dp
+
2 dp2 Jδ

(
p+

1 + p+
2 − p

+
)
δ (p1 + p2 − p)

P
(− 1

2
,− 1

2
)

s

(
p+

1 −p
+
2

p+
1 +p+

2

)
s!

Γ(s+ 1
2)

Ψ̃
(
p+

1 , p1, p
+
2 , p2

)
δ

(
p− +

p2
1

2p+
1

+
p2

2

p+
2

)
2
√
−2p+p− − p2

2p+(
ei
√
−2p+p−−p2z + e−i

√
−2p+p−−p2z

)
= Γ(−1

2
)

∫
−2p+p−−p2>0

dp+dpdp− ei(x
+p−+x−p++xp)

∫
dp+

1 dp1dp
+
2 dp2

Jδ
(
p+

1 + p+
2 − p

+
)
δ (p1 + p2 − p)

P
(− 1

2
,− 1

2
)

s

(
p+

1 −p
+
2

p+
1 +p+

2

)
s!

Γ(s+ 1
2)

Ψ̃
(
p+

1 , p1, p
+
2 , p2

)
δ

(
p− +

p2
1

2p+
1

+
p2

2

p+
2

)
1

2p+

(
2 cos

√
−2p+p− − p2z

)
.

From Mathematica, the Bessel function of the first kind satisfies

J− 1
2
(x) =

√
2
π cos(x)
√
x

⇒ cos(x) =

√
πx

2
J− 1

2
(x).

Therefore,

Hs
(
x+;x−, x, z

)
= Γ(−1

2
)

∫
−2p+p−−p2>0

dp+dpdp− ei(x
+p−+x−p++xp)

∫
dp+

1 dp1dp
+
2 dp2

Jδ
(
p+

1 + p+
2 − p

+
)
δ (p1 + p2 − p)

P
(− 1

2
,− 1

2
)

s

(
p+

1 −p
+
2

p+
1 +p+

2

)
s!

Γ(s+ 1
2)

Ψ̃
(
p+

1 , p1, p
+
2 , p2

)
δ

(
p− +

p2
1

2p+
1

+
p2

2

p+
2

)
1

2p+
2

√
πz
√
−2p+p− − p2

2
J− 1

2

(
z
√
−2p+p− − p2

)
= Γ(−1

2
)

∫
−2p+p−−p2>0

dp+dpdp− ei(x
+p−+x−p++xp) s!

Γ
(
s+ 1

2

)
p+ (p+)s√

πz
√
−2p+p− − p2

2
J− 1

2

(
z
√
−2p+p− − p2

)
∫
dp+

1 dp1dp
+
2 dp2 Jδ

(
p+

1 + p+
2 − p

+
)
δ (p1 + p2 − p)

(
p+

1 + p+
2

)s
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P
(− 1

2
,− 1

2
)

s

(
p+

1 − p
+
2

p+
1 + p+

2

)
δ

(
p− +

p2
1

2p+
1

+
p2

2

p+
2

)
Ψ̃
(
p+

1 , p1, p
+
2 , p2

)
= Γ(−1

2
)

∫
−2p+p−−p2>0

dp+dpdp− ei(x
+p−+x−p++xp) s!

Γ
(
s+ 1

2

)
p+ (p+)s√

πz
√
−2p+p− − p2

2
J− 1

2

(
z
√
−2p+p− − p2

)
Õs
(
p−, p+, p

)
,

where

Õs
(
p−, p+, p

)
=

∫
dp+

1 dp1dp
+
2 dp2 Jδ

(
p+

1 + p+
2 − p

+
)
δ (p1 + p2 − p)

(
p+

1 + p+
2

)s
P

(− 1
2
,− 1

2
)

s

(
p+

1 − p
+
2

p+
1 + p+

2

)
δ

(
− p2

1

2p+
1

− p2
2 − p−

p+
2

)
Ψ̃
(
p+

1 , p1, p
+
2 , p2

)
.

Reverting now back to the equation above as written in the paper,

Hs
(
x+;x−, x, z

)
=

∫
−2p+p−−p2>0

dp+dpdp− ei(x
+p−+x−p++xp) s!

Γ
(
s+ 1

2

)
(p+)s√

πz
√
−2p+p− − p2

2
J− 1

2

(
z
√
−2p+p− − p2

)
Õs
(
p−, p+, p

)
,

where

√
πz
√
−2p+p−−p2

2 J− 1
2

(
z
√
−2p+p− − p2

)
= cos

(
z
√
−2p+p− − p2

)
→ 1 as

z → 0, so that in this limit the equation may be written as

Hs
(
x+;x−, x, z

)
−→
z=0

s!

Γ
(
s+ 1

2

) ∫
−2p+p−−p2>0

dp+dpdp−(
1

(−i∂−)s
ei(x

+p−+x−p++xp)
)
Õs
(
p−, p+, p

)
,

as in equation (33) of Ref. [10].
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The quadratic Casimir is related to it as follows,

CSO(2,3) = 2
(
kθ
)2
.

We take a quick digression to the commutator relations for the conformal operators,

which will help in calculating this Casimir. Counting the number of elements de-

scribed by these generators we obtain d from Pµ, d from Kµ, d(d−1)
2 from Lµν and 1

from D, i.e.

d(d− 1)

2
+ d+ d+ 1 =

d2 + 3d+ 2

2
=

(d+ 1)(d+ 2)

2

hence we can describe this using a (d+2)-dimensional antisymmetric matrix. A new

antisymmetric object JAB (where a = 1, ..., d replaces µ above, A = −1, 0, ..., d, and

where ηAB = diag (−1, 1, 1, ..., 1)),

Jab = Lab

J0,a =
1

2
(Pa +Ka)

J−1,a =
1

2
(Pa −Ka)

J−1,0 = D.
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This new group then satisfies the commutation relations

[JAB, JCD] = i (ηADJBC + ηBCJAD − ηACJBD − ηBDJAC) .

The Casimir is then given by

C2 =
1

2
JABJ

AB

=
1

2
JabJ

ab + J0,aJ
0,a + J−1,aJ

−1,a + J−1,0J
−1,0

=
1

2
JabJ

ab +
(Pa +Ka) (Pa +Ka)

4
− (Pa −Ka) (Pa −Ka)

4
−D2

=
1

2
JabJ

ab +
PaKa

2
+
KaPa

2
−D2

= ~L2 + PaKa +
1

2
[Ka, Pa]−D2

= ~L2 + PaKa + (iηaaD − iLaa)−D2

= ~L2 + PaKa −D (D − id) . (D.1)

The eigenvalues of the above generators acting on the vacuum are given by

~L2 |Ω〉 = s(s+ 1) |Ω〉

Ka |Ω〉 = 0 |Ω〉

D |Ω〉 = −i∆ |Ω〉 ≡ iE0 |Ω〉 ,

where E0 is the lowest energy and s is the spin; therefore, with d = 3, we have that

the Casimir is given by

CSO(2,3)) = s(s+ 1) + E0(E0 − 3).

From Ref. [135], E0 ≥ s+ 1
2 and therefore

CSO(2,3)) ∼ 2s2 ∼ 2(kθ)2.

where this kθ which labels internal spin degrees of freedom will be the subject of the

upcoming calculations. The SO(3, 2) bilocal generators for rotations are given by

JAB = xA1 k
B
1 − xB1 kA1 + xA2 k

B
2 − xB2 kA2
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and therefore the quadratic Casimir becomes

C2 =
1

2
JABJ

AB

=
1

2
(x1Ak1B − x1Bk1A + x2Ak2B − x2Bk2A)

=
1

2
(x1Ak1B − x1Bk1A + x2Ak2B − x2Bk2A)

(
xA1 k

B
1 − xB1 kA1 + xA2 k

B
2 − xB2 kA2

)
=

1

2

(
x1Ak1Bx

A
1 k

B
1 − x1Ak1Bx

B
1 k

A
1 + x1Ak1Bx

A
2 k

B
2 − x1Ak1Bx

B
2 k

A
2

−x1Bk1Ax
A
1 k

B
1 + x1Bk1Ax

B
1 k

A
1 − x1Bk1Ax

A
2 k

B
2 + x1Bk1Ax

B
2 k

A
2

+x2Ak2Bx
A
1 k

B
1 − x2Ak2Bx

B
1 k

A
1 + x2Ak2Bx

A
2 k

B
2 − x2Ak2Bx

B
2 k

A
2

−x2Bk2Ax
A
1 k

B
1 + x2Bk2Ax

B
1 k

A
1 − x2Bk2Ax

A
2 k

B
2 + x2Bk2Ax

B
2 k

A
2

)
=

1

2

(
(~x1)2

(
~k1

)2
−
(
~x1 · ~k1

)2
+ (~x1 · ~x2)

(
~k1 · ~k2

)
−
(
~x1 · ~k2

)(
~x2 · ~k1

)
−
(
~x1 · ~k1

)2
+ (~x1)2

(
~k1

)2
−
(
~x1 · ~k2

)(
~x2 · ~k1

)
+ (~x1 · ~x2)

(
~k1 · ~k2

)
+ (~x1 · ~x2)

(
~k1 · ~k2

)
−
(
~x1 · ~k2

)(
~x2 · ~k1

)
+ (~x2)2

(
~k2

)2
−
(
~x2 · ~k2

)2

−
(
~x1 · ~k2

)(
~x2 · ~k1

)
+ (~x1 · ~x2)

(
~k1 · ~k2

)
−
(
~x1 · ~k1

)(
~x2 · ~k2

)
+ (~x2)2

(
~k2

)2
)

= (~x1)2(~k1)2 + (~x2)2(~k2)2 − (~x1 · ~k1)2 − (~x2 · ~k2)2 + 2(~x1 · ~x2)(~k1 · ~k2)

−2(~x1 · ~k2)(~x2 · ~k1).

We can satisfy the above relation by choosing the following constraints:1

(~x1)2 = 0 (D.2)

(~x2)2 = 0 (D.3)

~x1 · ~k1 = 0 (D.4)

~x2 · ~k2 = 0 (D.5)(
~k2

)2
= 0 (D.6)(

~k1

)2
= 0. (D.7)

1These constraints (also called collective gauge in the language of [9]) are different to the ones
given in [135].
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Using these constraints we may write (noting that Yoon’s expression for kθ is in

terms of x21 = (x2 − x1))(
kθ
)2

= s2 =
1

2

[
2 (~x1 · ~x2)

(
~k1 · ~k2

)
− 2

(
~x1 · ~k2

)(
~x2 · ~k1

)]
=

[
− (~x2 − ~x1)2

(
~k1 · ~k2

)
+
(

(~x2 − ~x1) · ~k2

)(
(~x2 − ~x1) · ~k1

)]
=

[
−~x2

21

(
~k1 · ~k2

)
+
(

(~x21) · ~k2

)(
(~x21) · ~k1

)]
=

[(
~k1 · ~x21

)(
~x21 · ~k2

)
−
(
~k1 · ~k2

)
~x2

21

]
Here we notice that the cross product of 2 vectors,

(A×B) · (C ×D) = εabcAbBcεadeC
dDe

=
(
δbdδ

c
e − δbeδcd

)
AbBcCdDe

= (A · C) (B ·D)− (A ·D) (B · C)

and therefore, recalling that k1
1 = |~k1| cosϕ1 and so forth,

(kθ)2 =
[(
~k1 · ~x21

)(
~x21 · ~k2

)
−
(
~k1 · ~k2

)
~x2

21

]
=

(
~k1 × ~x21

)
·
(
~x21 × ~k2

)
= −

(
k1

1x
2
21 − k2

1x
1
21

) (
k1

2x
2
21 − k2

2x
1
21

)
= −

(∣∣∣~k1

∣∣∣ cosϕ1x
2
21 −

∣∣∣~k1

∣∣∣ sinϕ1x
1
21

)(∣∣∣~k2

∣∣∣ cosϕ2x
2
21 −

∣∣∣~k2

∣∣∣ sinϕ2x
1
21

)
= −

∣∣∣~k1

∣∣∣ ∣∣∣~k2

∣∣∣ (cosϕ1x
2
21 − sinϕ1x

1
21

) (
cosϕ2x

2
21 − sinϕ2x

1
21

)
=

∣∣∣~k1

∣∣∣ ∣∣∣~k2

∣∣∣ [−(x2
21)2 cosϕ1 cosϕ2 + (x2

21)(x1
21) (cosϕ1 sinϕ2 + sinϕ1 cosϕ2)

−(x1
21)2 sinϕ1 sinϕ2

]
.

From the identities

sin (ϕ1) cos (ϕ2) =
1

2
(sin (ϕ1 + ϕ2) + sin (ϕ1 − ϕ2))

=

[
sin

(
ϕ1 + ϕ2

2

)
cos

(
ϕ1 + ϕ2

2

)
+ sin

(
ϕ1 − ϕ2

2

)
cos

(
ϕ1 − ϕ2

2

)]
sin (ϕ2) cos (ϕ1) =

[
sin

(
ϕ1 + ϕ2

2

)
cos

(
ϕ1 + ϕ2

2

)
− sin

(
ϕ1 − ϕ2

2

)
cos

(
ϕ1 − ϕ2

2

)]
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we have that

sin (ϕ1) cos (ϕ2) + sin (ϕ2) cos (ϕ1) = 2 sin

(
ϕ1 + ϕ2

2

)
cos

(
ϕ1 + ϕ2

2

)
.

Furthermore,

(x1
21)2 + (x2

21)2 = (x1
2 − x1

1)2 + (x2
2 − x2

1)2

=
[
(x1

2)2 + (x2
2)2
]
− 2

[
(x1

2)(x1
1) + (x2

2)(x2
1)
]

+
[
(x1

1)2 + (x2
1)2
]

and since

(x1)2 = (x2)2 = 0 ⇒
[
(x1

2)2 + (x2
2)2
]

=
[
(x1

1)2 + (x2
1)2
]

= 0

and ⇒ (x2
1) = i(x1

1); (x2
2) = i(x1

2)

we obtain that

(x1
21)2 + (x2

21)2 = 0

⇒ (x1
21)2 = −(x2

21)2.

cos (ϕ1) cos (ϕ2) =
1

2
(cos (ϕ1 + ϕ2) + cos (ϕ1 − ϕ2))

=
1

2

[
2 cos2

(
ϕ1 + ϕ2

2

)
− 1 + 2 cos2

(
ϕ1 − ϕ2

2

)
− 1

]
=

[
cos2

(
ϕ1 + ϕ2

2

)
+ cos2

(
ϕ1 − ϕ2

2

)
− 1

]
=

[
− sin2

(
ϕ1 + ϕ2

2

)
+ cos2

(
ϕ1 − ϕ2

2

)]
sin (ϕ1) sin (ϕ2) =

1

2
(cos (ϕ1 − ϕ2)− cos (ϕ1 + ϕ2))

=

[
cos2

(
ϕ1 − ϕ2

2

)
− cos2

(
ϕ1 + ϕ2

2

)]
and therefore ∣∣∣~k1

∣∣∣ ∣∣∣~k2

∣∣∣ [−(x2
21)2 cosϕ1 cosϕ2 − (x1

21)2 sinϕ1 sinϕ2

]
=

∣∣∣~k1

∣∣∣ ∣∣∣~k2

∣∣∣ [(x2
21)2 sin2

(
ϕ1 + ϕ2

2

)
+ (x1

21)2 cos2

(
ϕ1 + ϕ2

2

)]
.
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(kθ) is thus given as follows:

(kθ)2 =
∣∣∣~k1

∣∣∣ ∣∣∣~k2

∣∣∣ [(x1
21)2 cos2

(
ϕ1 + ϕ2

2

)
+ 2(x2

21)(x1
21) sin

(
ϕ1 + ϕ2

2

)
cos

(
ϕ1 + ϕ2

2

)
+(x2

21)2 sin2

(
ϕ1 + ϕ2

2

)]
=

∣∣∣~k1

∣∣∣ ∣∣∣~k2

∣∣∣ [(x1
21) cos

(
ϕ1 + ϕ2

2

)
+ (x2

21) sin

(
ϕ1 + ϕ2

2

)]2

⇒ (kθ) =

√∣∣∣~k1

∣∣∣ ∣∣∣~k2

∣∣∣ [(x1
21) cos

(
ϕ1 + ϕ2

2

)
+ (x2

21) sin

(
ϕ1 + ϕ2

2

)]
which is identical to the expression in Ref. [10].

(kθ) =

√
|~k1||~k2| cos

ϕ1 + ϕ2

2

(
x1

2 − x1
1

)
+

√
|~k1||~k2| sin

ϕ1 + ϕ2

2

(
x2

2 − x2
1

)
.

= F+(~k1,~k2)
(
x1

2 − x1
1

)
+ F−(~k1,~k2)

(
x2

2 − x2
1

)
Note that we may also write F+(~k1,~k2) =

√
1
2

(
|~k1||~k2|+ k1

1k
1
2 − k2

1k
2
2

)
and F−(~k1,~k2) =√

1
2

(
|~k1||~k2| − k1

1k
1
2 + k2

1k
2
2

)
since

F+(~k1,~k2) =

√
1

2

(
|~k1||~k2|+ k1

1k
1
2 − k2

1k
2
2

)
(D.8)

=

√
|~k1||~k2|

2
(1 + cosϕ1 cosϕ2 − sinϕ1 sinϕ2)

=

√
|~k1||~k2|

2
(1 + cos (ϕ1 + ϕ2))

=

√
|~k1||~k2|

2

(
1 + cos2

(
α1 + ϕ2

2

)
− sin2

(
ϕ1 + ϕ2

2

))
=

√
|~k1||~k2| cos

(
ϕ1 + ϕ2

2

)
F−(~k1,~k2) =

√
1

2

(
|~k1||~k2| − k1

1k
1
2 + k2

1k
2
2

)
=

√
|~k1||~k2|

2
(1− cos (ϕ1 + ϕ2))

=

√
|~k1||~k2| sin

(
ϕ1 + ϕ2

2

)
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Let us now find the θ conjugate to kθ From [136], the result from equating two sets

of generators is given by

x1 =
|~k1|x1

1 + |~k2|x1
2√

(kz)2 + ~k2

− k2kzkθ

~k2

√
(kz)2 + ~k2

x2 =
|~k1|x2

1 + |~k2|x2
2√

(kz)2 + ~k2

+
k1kzkθ

~k2

√
(kz)2 + ~k2

z =
(x1

2 − x1
1)F−(~k1,~k2)− (x2

2 − x2
1)F+(~k1,~k2)√

(kz)2 + ~k2

(D.9)

θ is found by considering Poisson brackets,

{f, g}PB =
∑
i

(
∂f

∂qi
∂g

∂pi
− ∂f

∂pi
∂g

∂qi

)

and following Ref. [143], the best one to start with is (note that θ is considered a

momentum and not a coordinate); it is further assumed that all AdS coordinates,

including θ, are functions only of bilocal coordinates ~k1 and ~k2 and not of of ~xi-

coordinates.

0 = {x1, θ}PB =
∑
i

(
∂x1

∂x1
i

∂θ

∂k1
i

− ∂x1

∂k1
i

∂θ

∂x1
i

)
=
∂x1

∂x1
1

∂θ

∂k1
1

+
∂x1

∂x1
2

∂θ

∂k1
2

+
∂x1

∂kθ
∂θ

∂θ

=

 |~k1|√
(kz)2 + ~k2

 ∂θ

∂k1
1

+

 |~k2|√
(kz)2 + ~k2

 ∂θ

∂k1
2

− k2kz

~k2

√
(kz)2 + ~k2

.

Similarly,

0 = {x2, θ}PB

⇒ 0 =

 |~k1|√
(kz)2 + ~k2

 ∂θ

∂k2
1

+

 |~k2|√
(kz)2 + ~k2

 ∂θ

∂k2
2

+
k1kz

~k2

√
(kz)2 + ~k2

,

and therefore we obtain,

|~k1|
∂θ

∂k1
1

+ |~k2|
∂θ

∂k1
2

− k2kz

~k2
= 0 (D.10)

|~k1|
∂θ

∂k2
1

+ |~k2|
∂θ

∂k2
2

+
k1kz

~k2
= 0. (D.11)
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where from equation (4.25), kz = 2

√
|~k1||~k2| sin ϕ1−ϕ2

2 . Furthermore,

0 = {z, θ}PB =
∂z

∂x1
1

∂θ

∂k1
1

+
∂z

∂x1
2

∂θ

∂k1
2

+
∂z

∂x2
1

∂θ

∂k2
1

+
∂z

∂x2
2

∂θ

∂k2
2

+
∂z

∂kθ
∂θ

∂θ

⇒ 0 = F−(~k1,~k2)

(
∂θ

∂k1
2

− ∂θ

∂k1
1

)
− F+(~k1,~k2)

(
∂θ

∂k2
2

− ∂θ

∂k2
1

)
(D.12)

and

1 = {kθ, θ}PB =
∂kθ

∂x1
1

∂θ

∂k1
1

+
∂kθ

∂x1
2

∂θ

∂k1
2

+
∂kθ

∂x2
1

∂θ

∂k2
1

+
∂kθ

∂x2
2

∂θ

∂k2
2

+
∂kθ

∂kθ
∂θ

∂θ

⇒ 1 = F+(~k1,~k2)

(
∂θ

∂k1
2

− ∂θ

∂k1
1

)
+ F−(~k1,~k2)

(
∂θ

∂k2
2

− ∂θ

∂k2
1

)
. (D.13)

Now equations (D.12) and (D.13) are of the form

F− ×A− F+ ×B = 0

−F+ ×A− F− ×B = 1

⇒

(
F− F+

F+ F−

)(
A

B

)
=

(
0

−1

)

⇒

(
A

B

)
=

 ∂θ
∂k1

2
− ∂θ

∂k1
1

∂θ
∂k2

2
− ∂θ

∂k2
1


=

1

F 2
− + F 2

+

(
F− F+

−F+ F−

)(
0

−1

)
=

 − F+

F 2
++F 2

−

− F−
F 2

++F 2
−

 .

Note that

F+(~k1,~k2) =

√
|~k1||~k2| cos

(
ϕ1 + ϕ2

2

)
F−(~k1,~k2) =

√
|~k1||~k2| sin

(
ϕ1 + ϕ2

2

)
⇒ F 2

+ + F 2
− = |~k1||~k2|.

Therefore  ∂θ
∂k1

2
− ∂θ

∂k1
1

∂θ
∂k2

2
− ∂θ

∂k2
1

 =

 − 1√
|~k1||~k2|

cos
(ϕ1+ϕ2

2

)
− 1√

|~k1||~k2|
sin
(ϕ1+ϕ2

2

)
 ,
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and equations (D.10) and (D.11) become

0 = |~k1|
∂θ

∂k1
1

+ |~k2|
∂θ

∂k1
2

− k2kz

~k2

= |~k1|
∂θ

∂k1
1

+ |~k2|

 ∂θ

∂k1
1

− 1√
|~k1||~k2|

cos

(
ϕ1 + ϕ2

2

)− k2kz

~k2

⇒ ∂θ

∂k1
1

=
1

|~k1|+ |~k2|

[√
|~k2|
|~k1|

cos

(
ϕ1 + ϕ2

2

)
+
k2kz

~k2

]

0 = |~k1|
∂θ

∂k2
1

+ |~k2|
∂θ

∂k2
2

+
k1kz

~k2

= |~k1|
∂θ

∂k2
1

+ |~k2|

 ∂θ

∂k2
1

− 1√
|~k1||~k2|

sin

(
ϕ1 + ϕ2

2

)+
k1kz

~k2

⇒ ∂θ

∂k2
1

=
1

|~k1|+ |~k2|

[√
|~k2|
|~k1|

sin

(
ϕ1 + ϕ2

2

)
− k1kz

~k2

]
. (D.14)

Now, since k2
1 = |~k1| sinϕ1 and k1

1 = |~k1| cosϕ1, we have

∂θ

∂k1
[≡ ∂θ

∂|~k1|
] = cosϕ1

∂θ

∂k1
1

+ sinϕ1
∂θ

∂k2
1

= cosϕ1
1

|~k1|+ |~k2|

[√
|~k2|
|~k1|

cos

(
ϕ1 + ϕ2

2

)
+
k2kz

~k2

]

+ sinϕ1
1

|~k1|+ |~k2|

[√
|~k2|
|~k1|

sin

(
ϕ1 + ϕ2

2

)
− k1kz

~k2

]

=
1

|~k1|+ |~k2|

√
|~k2|
|~k1|

[
cosϕ1 cos

(
ϕ1 + ϕ2

2

)
+ sinϕ1 sin

(
ϕ1 + ϕ2

2

)]
+

kz

~k2
(
|~k1|+ |~k2|

) [k2 cosϕ1 − k1 sinϕ1

]
.

The bracketed term in the first line is given by

cosϕ1 cos

(
ϕ1 + ϕ2

2

)
+ sinϕ1 sin

(
ϕ1 + ϕ2

2

)
=

(
cos2

(ϕ1

2

)
− sin2

(ϕ1

2

))(
cos
(ϕ1

2

)
cos
(ϕ2

2

)
− sin

(ϕ1

2

)
sin
(ϕ2

2

))
+2 sin

(ϕ1

2

)
cos
(ϕ1

2

)(
sin
(ϕ1

2

)
cos
(ϕ2

2

)
+ sin

(ϕ2

2

)
cos
(ϕ1

2

))
=

(
cos2

(ϕ1

2

)
+ sin2

(ϕ1

2

))(
cos
(ϕ1

2

)
cos
(ϕ2

2

)
+ sin

(ϕ1

2

)
sin
(ϕ2

2

))
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= 1 cos

(
ϕ1 − ϕ2

2

)
The bracketed term in the second line is given by

k2 cosϕ1 − k1 sinϕ1 =
(
k2

1 + k2
2

)
cosϕ1 −

(
k1

1 + k1
2

)
sinϕ1

=
(
|~k1| sinϕ1 + |~k2| sinϕ2

)
cosϕ1 −

(
|~k1| cosϕ1 + |~k2| cosϕ2

)
sinϕ1

= |~k2| sin (ϕ2 − ϕ1)

and therefore

∂θ

∂k1
=

1

|~k1|+ |~k2|

√
|~k2|
|~k1|

[
cos

(
ϕ1 − ϕ2

2

)]
+

kz

~k2(|~k1|+ |~k2|)
|~k2| sin (ϕ2 − ϕ1)

=

∣∣∣~k2

∣∣∣ cos
(ϕ1−ϕ2

2

)
(
|~k1|+ |~k2|

)√
|~k1||~k2|~k2

[
~k2 + 2

√∣∣∣~k1

∣∣∣ ∣∣∣~k2

∣∣∣kz sin

(
ϕ1 − ϕ2

2

)]
.

Using the expression for pz in equation (4.25)

kz = 2

√∣∣∣~k1

∣∣∣ ∣∣∣~k2

∣∣∣ sin(ϕ1 − ϕ2

2

)
the bracketed term becomes

(~k1)2 + (~k2)2 + 2|~k1||~k2| cos(ϕ1 − ϕ2)

+2

√∣∣∣~k1

∣∣∣ ∣∣∣~k2

∣∣∣(2

√∣∣∣~k1

∣∣∣ ∣∣∣~k2

∣∣∣ sin(ϕ1 − ϕ2

2

))
sin

(
ϕ1 − ϕ2

2

)
= (~k1)2 + (~k2)2 + 2|~k1||~k2|

[
cos2

(
ϕ1 − ϕ2

2

)
− sin2

(
ϕ1 − ϕ2

2

)]
+4
∣∣∣~k1

∣∣∣ ∣∣∣~k2

∣∣∣ sin2

(
ϕ1 − ϕ2

2

)
=

(
|~k1|+ |~k2|

)2

so that

∂θ

∂k1
=

∣∣∣~k2

∣∣∣ cos
(ϕ1−ϕ2

2

) (
|~k1|+ |~k2|

)
√
|~k1||~k2|~k2

,
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which integrates to

θ = arctan

2

√
|~k1||~k2| cos

(ϕ1−ϕ2

2

)(
|~k2| − |~k1|

)


= arctan

 2|~k1||~k2| sin (ϕ1 − ϕ2)(
|~k2| − |~k1|

)(
2

√
|~k1||~k2| sin

(ϕ1−ϕ2

2

))


= arctan

2
~k2 × ~k1(

|~k2| − |~k1|
)
kz


= arctan

2
k1

2k
2
1 − k1

1k
2
2(

|~k2| − |~k1|
)
kz


where ∂θ

∂ϕ1
= ∂θ

∂ϕ2
= 0, i.e. the constant of integration is 0.
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Toy Model

E.1 Non-Relativistic Quantum Mechanical Problem

In equation (3.7), the second order effective action was found to be

S
(2)
eff =

1

4
Tr
(
ψ−1

0 ηψ−1
0 η

)
− λ

4!

∫
ddx′η2

x′x′ . (E.1)

The equations of motion for this effective action are given by

1

2

(
ψ−1

0 ηψ−1
0

)
xy
− λ

12
δ(x− y)ηxx = 0

⇒
(
ψ−1

0 ηψ−1
0

)
xy

=
λ

6
δ(x− y)ηxx. (E.2)

Now p̂ = −i∂x, thus

〈x|∂|y〉 = i 〈x|p̂|y〉

= i

∫
dp1

∫
dp2 〈x|p1〉 〈p1|p̂|p2〉 〈p2|y〉

= i

∫
dp1

∫
dp2

eixp1

√
2π
δ(p1 − p2)p2

e−iyp2

√
2π

=

∫
dp1

2π
eip1(x−y) (ip1)

=
∂

∂x
δ(x− y).
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Similarly,

〈
x|∂2|y

〉
= i2 〈x|p̂|y〉

=
∂2

∂x2
δ(x− y).

The large-N background for equation (3.6) was found to be

ψ0
k =

1

k2
,

and therefore 〈
x
∣∣∣(ψ0

k

)−1
∣∣∣ y〉 = − ∂2

∂x2
δ (x− y) .

The equations of motion in equation (E.2) therefore become

λ

6
δ(x− y)ηxx =

(
ψ−1

0 ηψ−1
0

)
xy

=

∫
ddz

∫
ddw (ψ0)−1

xz ηzw (ψ0)−1
wy

=

∫
ddz

∫
ddw

(
− ∂2

∂z2
δ (x− z)

)
ηzw

(
− ∂2

∂w2
δ (w − y)

)
= −

∫
ddz

∫
ddwδ (x− z) ∂2

∂z2
ηzw

(
∂2

∂w2
δ (w − y)

)
= −

∫
ddw

∂2

∂x2
ηxw

(
∂2

∂w2
δ (w − y)

)
=

∫
ddwδ (w − y)

∂2

∂x2

∂2

∂w2
ηxw

=
∂2

∂x2

∂2

∂y2
ηxy.

Therefore the equations of motion may be written as

∂2

∂x2

∂2

∂y2
ηxy =

λ

6
δ(x− y)ηxx.

This justifies the use of a one-dimensional Dirac delta function potential toy model.
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E.2 Dirac delta function potential

For the Dirac delta potential,

V (x) = V0δ(x),

Schrödinger’s equation is given by (with ~ = 1),

i
∂

∂t
ψ(x, t) =

(
− 1

2m

d2

dx2
+ V0δ(x)

)
ψ(x, t).

Since the time dependent wavefunction is given by ψ(x, t) = e−iEtψE(x) where E is

the time independent part, this equation becomes(
E +

1

2m

d2

dx2

)
ψE(x) = V0δ(x)ψE(0). (E.3)

We will now drop the E subscript. This may be solved as follows: suppose we had

a Green’s function

G
(
x, x′

)
=

∫
dk

2π
eik(x−x′)Gk

which satisfied ∫
dk

2π

(
E +

1

2m

d2

dx2

)
eikxGk = δ(x− x′)

⇒ ψ(x) =

∫
dx′G(x, x′)V0δ(x

′)ψ(0).

Substituting this Green’s function into (E.3) would then result in (treating ψ(0) as

a constant and recalling that δ(x) =
∫
dk
2πe

ikx,

Gk =
1

E − k2

2m

⇒ G(x, x′) =

∫
dk

2π
eik(x−x′) 1

E − k2

2m

=

∫
dk

2π
(−2m)eik(x−x′) 1

(k +
√

2mE + iε)(k −
√

2mE − iε)

=
m

i
√

2mE
e
√

2mE|x−x′|. (E.4)
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Hence,

ψ(x) =

∫
dx′G(x, x′)V0δ(x

′)ψ(0)

= G(x, 0)V0ψ(0)

=
m

i
√

2mE
e
√

2mE|x|V0ψ(0).

The general solution thus becomes (noting that p =
√

2mE)

ψ(x) = eipx +
m

ip
eip|x|V0ψ(0). (E.5)

Setting x = 0 we see that ψ0 = 1
1−mV0/ip

, so the general solution becomes

ψ(x) = eipx +
mV0

ip−mV0
eip|x|.

It is notable that in the limit V0 →∞, the x > 0 wavefunction vanishes.

E.2.1 Second quantised commutators for the free theory

Since Hamilton’s equation is given by i∂tψ̂ = Hψ̂, the Lagrangian is given by

L =

∫
dx

∫
dtψ̂†(x, t) (i∂t − h) ψ̂(x, t)

where

h = − 1

2m

d2

dx2
+ V0δ(x).

The conjugate momentum is readily obtained to be

π (x, t) =
∂L

∂
(
∂tψ̂ (x, t)

) = iψ̂† (x, t) .

It then follows that the second quantized canonical commutation relations are[
ψ̂ (x, t) , ψ̂†

(
x′, t

)]
= δ

(
x− x′

)
.
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For the scattering states, we have

ψ̂ (x) =

∫
dk

2π
eikxη̂k

where

η̂k =

∫
dk0η

k0
k b̂k0 . (E.6)

From Schrödinger’s equation,

− 1

2m

d2

dx2
ψ(x) + V0δ(x)ψ(0) = Eψ(x)

⇒ − 1

2m

d2

dx2

∫
dk

2π
eikxη̂k + V0ψ(0)

∫
dk

2π
eikx = E

∫
dk

2π
eikxη̂k

⇒ η̂k =
V0ψ(0)

E − k2

2m

=
V0

E − k2

2m

∫
dk

2π
eikxη̂k

⇒ ψ(x) =

∫
dk

2π
eikx

V0ψ(0)

E − k2

2m

⇒ ψ(0) =

∫
dk

2π

V0ψ(0)

E − k2

2m

⇒ η̂k = δ(k − k0) +

V0

∫
dk
2π

V0ψ(0)

E− k2

2m

E − k2

2m

.

Here,

ηk0
k = δ (k − k0) +

v0

2π

1
k2

0
2m −

k2

2m

1

1− v0

∫
dk
2π

1
k2
0

2m
− k2

2m

= δ (k − k0)− 1

π

ik0

k2
0 − k2

,

and k0 =
√

2mE is fixed. In momentum space, the critical scattering states1

ηk =

∫
dk0η

k0
k bk0

=

∫
dk0δ (k − k0) bk0 −

i

π

∫
dk0

k0bk0

k2
0 − k2

1Eq. (E.7) are the analogue of the full relativistic bilocal equation:

ηk1k2 = αk1k2Ak1k2 + α∗k1k2A
†
k1k2

+

∫
dp

4i |pE |
(

1
|k1|

+ 1
|k2|

)
E2
p,p−k1−k2 − (|k1|+ |k2|)2

(
αp,p−k1−k2Ap,p−k1−k2 + α∗k1k2A

†
k1k2

)
.

A huge difference between the two cases is that we are able to perform the integral over the
momentum label in the non-relativistic case.
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= bk −
i

π

∫
dk0

k0bk0

k2
0 − k2

. (E.7)

It then follows that the canonical commutation relations are since [bk, bk′ ] = δk,k′ ,

where in the last line we close above,

[
ηk, η

†
k′

]
=

bk − i

π

∫
dk0

k0bk0

k2
0 − k2

, b†k′ +
i

π

∫
dk′0

k′0b
†
k′0

k
′2
0 − k2


=

[
bk, b

†
k′

]
+

bk, i
π

∫
dk′0

k′0b
†
k′0

k
′2
0 − k

′2

+

[
− i
π

∫
dk0

k0bk0

k2
0 − k2

, b†k′

]

+

− i
π

∫
dk0

k0bk0

k2
0 − k2

,
i

π

∫
dk′0

k′0b
†
k′0

k
′2
0 − k

′2


= δk,k′ +

i

π

k

k2 − k′2
− i

π

k

k2 − k′2
+

1

π2

∫
dk0

k2
0(

k2
0 − k2

) (
k2

0 − k
′2
)

= δk,k′ +
i

π

k

k2 − k′2
− i

π

k′

k2 − k′2
+

1

π2

[
2πik2

2k (k2 − k′2)
+

2πik
′2

2k′ (k′2 − k2)

]
= δk,k′ .

E.3 Normalisation Constant

We now set out to normalise this Dirac delta function potential. Defining

f(p) =
mV0

ip−mV0
, f∗(p) =

−mV0

ip+mV0
,

the wave-functions are given by

ψp(x) =

{
eipx + f(p)eipx x > 0

eipx + f(p)e−ipx x < 0

ψ†k(x) =

{
e−ikx + f∗(k)e−ikx x > 0

e−ikx + f∗(k)eikx x < 0

We now find that

δd(k − p) =

∫ ∞
−∞

dxA†ψ†(x)Aψp(x)
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= |A|2
[∫ 0

−∞
dx
(
e−ikx + f∗(k)eikx

) (
eipx + f(p)e−ipx

)
+

∫ ∞
0

(
e−ikx + f∗(k)e−ikx

) (
eipx + f(p)eipx

)]
= |A|2

[
2πδd(p− k) + f(p)

∫ ∞
0

dx
(
eipx

(
e−ikx + eikx

)
+f∗(k)e−ikx

(
e−ipx + eipx

))
+ 2f(p)f∗(k)eipxe−ikx

]
= |A|2

[
2πδd(p− k) + f(p)

∫ ∞
0

dx ((cos px+ i sin px) (2 cos kx)

+f∗(k) (cos kx− i sin kx) (2 cos px))

+2f(p)f∗(k) (cos px+ i sin px) (cos kx− i sin kx)] . (E.8)

Consider now∫ L/2

0
dx sin

2πn

L
x cos

2πm

L
x =

1

2

∫ L/2

0
dx

[
sin

2π

L
(m+ n)x− sin

2π

L
(m− n)x

]

= −1

2

[
cos 2π

L (m+ n)
2π
L (m+ n)

−
cos 2π

L (m− n)
2π
L (m− n)

]L/2
0

= −1

2

[
(−1)m+n − 1

2π
L (m+ n)

− (−1)m−n − 1
2π
L (m− n)

]
.

If the denominators were not different, this would reduce to zero since (−1)n =

(−1)−n. The terms containing both cos and sin in equation (E.8) are as follows

I =

∫ ∞
0

dxf(p)2i sin px cos kx− f∗(k)2i sin kx cos px

+2f(p)f∗(k) (i sin px cos kx− i cos px sin kx) (E.9)

To calculate this, we work with the discrete case:

Idis =

∫ L/2

0
dxf(

2πn

L
)2i sin

2πn

L
x cos

2πm

L
x− f∗(2πm

L
)2i sin

2πm

L
x cos

2πn

L
x

+2f(
2πn

L
)f∗(

2πm

L
)

(
i sin

2πn

L
x cos

2πm

L
x− i cos

2πn

L
x sin

2πm

L
x

)
.

The first line in equation (E.9) becomes

Idis1 =

∫ L/2

0
dxf(

2πn

L
)2i sin

2πn

L
x cos

2πm

L
x− f∗(2πm

L
)2i sin

2πm

L
x cos

2πn

L
x
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= 2i

(
−1

2

)
mV0

i2πn
L −mV0

{[
(−1)m+n − 1

2π
L (m+ n)

− (−1)m−n − 1
2π
L (m− n)

]

+
mV0

i2πm
L +mV0

[
(−1)m+n − 1

2π
L (m+ n)

− (−1)n−m − 1
2π
L (n−m)

]}

= −i mV0

(i2πn
L −mV0)(i2πm

L +mV0)

[(
(−1)m+n − 1

2π
L (m+ n)

)(
i
2πm

L
+mV0

+i
2πn

L
−mV0

)
−

(
(−1)m−n − 1

2π
L (m− n)

)(
i
2πm

L
+mV0 −

(
i
2πn

L
−mV0

))]

= −i mV0

(i2πn
L −mV0)(i2πm

L +mV0)

[
i
(
(−1)m+n − 1

)
− i
(
(−1)m−n − 1

)
−2mV0

(
(−1)m−n − 1

2π
L (m− n)

)]

=
2i(mV0)2

(i2πn
L −mV0)(i2πm

L +mV0)

[(
(−1)m−n − 1

2π
L (m− n)

)]
(E.10)

The bracketed term in the second line of equation (E.9) evaluates to

−1

2
i

[
(−1)m+n − 1

2π
L (m+ n)

− (−1)m−n − 1
2π
L (m− n)

−

(
(−1)m+n − 1

2π
L (m+ n)

− (−1)n−m − 1
2π
L (n−m)

)]

= i

(
(−1)m−n − 1

2π
L (m− n)

)
.

Hence

Idis2 = 2i

(
mV0

i2πn
L −mV0

)(
−mV0

i2πm
L +mV0

)(
(−1)m−n − 1

2π
L (m− n)

)
. (E.11)

Adding the terms (E.10) and (E.11) together, we finally obtain that these ”extra

terms” equate to

Idis = 0

⇒ I = 0.

Now, for m 6= n∫ L/2

0
dx cos

2πn

L
x cos

2πm

L
x =

1

2

∫ L/2

0
dx cos

2π

L
(m+ n)x+ cos

2π

L
(m− n)x
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=
1

2

[
sin 2π

L (m+ n)x
2π
L (m+ n)

+
sin 2π

L (m− n)x
2π
L (m− n)

]L/2
0

= 0

=

∫ L/2

0
dx sin

2πn

L
x sin

2πm

L
x,

whereas for m = n,∫ L/2

0
dx cos2 2πn

L
x =

1

2

∫ L/2

0
dx

(
1 + cos

4πn

L
x

)
=
L

4∫ L/2

0
dx sin2 2πn

L
x =

1

2

∫ L/2

0
dx

(
1− cos

4πn

L
x

)
=
L

4
,

so that ∫ L/2

0
dx cos

2πn

L
x cos

2πm

L
x =

∫ L/2

0
dx sin

2πn

L
x sin

2πm

L
x =

L

4
δm,n

⇒
∫ ∞

0
dx cos px cos kx =

∫ ∞
0

dx sin px sin kx =
2π

L

L

4
δd(k − p) =

π

2
δd(k − p).

We therefore find that (E.8) reduces to

δd(k − p) = |A|2
[
2πδd(p− k) + f(p)

∫ ∞
0

dx ((cos px+ i sin px) (2 cos kx)

+f∗(k) (cos kx− i sin kx) (2 cos px))

+2f(p)f∗(k) (cos px+ i sin px) (cos kx− i sin kx)]

→ |A|2
[
2πδd(p− k) + 2f(p)

∫ ∞
0

dx cos px cos kx+ 2f∗(k) cos kx cos px

+2f(p)f∗(k) cos px cos kx+ sin px sin kx]

= |A|2
[
2πδd(p− k) + 2f(p)

π

2
δd(k − p) + 2f∗(k)

π

2
δd(k − p)

+2f(p)f∗(k)
(π

2
δd(k − p) +

π

2
δd(k − p)

)]
= |A|2

[
2πδd(p− k) + 2f(p)

π

2
δd(k − p) + 2f∗(k)

π

2
δd(k − p)

+2f(p)f∗(k)
π

2
δd(k − p) +

π

2
δd(k − p)

]
= |A|2πδd(k − p) [2 + f(p) + f∗(k) + 2f(p)f∗(k)]

= |A|2πδd(k − p)
[
2 +

mV0

ip−mV0
− mV0

ik +mV0
− 2

mV0

ip−mV0

mV0

ik +mV0

]
=

|A|2πδd(k − p)
(ip−mV0)(ik +mV0)

[2(ip−mV0)(ik +mV0) +mV0(ik +mV0)

−mV0(ip−mV0)− 2(mV0)2
]

324



Appendix E Toy Model

=
|A|2πδd(k − p)

(ip−mV0)(ik +mV0)
[2(ip−mV0)(ik +mV0) +mV0(ik − ip)]

= |A|2πδd(k − p)
[
2 +

mV0(ik − ip)
(ip−mV0)(ik +mV0)

]
⇒ |A|2 =

1

π
[
2 + mV0(ik−ip)

(ip−mV0)(ik+mV0)

] .
Considering the presence of the δd(k − p), we may set k = p and so

|A| = 1√
2π
.

E.4 Normalisation in momentum space

In terms of the Green’s function (E.4), the wavefunction may be written

ψ(x) = ei
√

2mEx +

∫ ∞
−∞

dp

2π

eipx

E − p2/2m
V0ψ(0),

which we may write as

ψ(x) = eik0x +

∫ ∞
−∞

dk

2π

eikx

k2
0/2m− k2/2m

V0ψ(0) (E.12)

≡ ψ1(x) + ψ2(x).

We make use of the convention

ψ(x) =

∫
dk

2π
eikxψk

ψk =

∫
dxψ(x)e−ikx.

Hence

ψ(0) =

∫
dk

2π
ψk

and

ψ1k =

∫
dxeik0xe−ikx

= 2πδ(k − k0).
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The normalisation would be
∫
ψk = 2π = A if it were free; in order to normalize the

whole of ψ(x) we write

ψ1k = Aδ(k − k0)

⇒ ψ1(x) =

∫
dk

2π
Aδ(k − k0)eikx

and we will need to solve for A. Thus equation (E.12) becomes∫
dk

2π
eikxψk = ψ(x) =

∫
dk

2π
Aδ(k − k0)eikx +

∫ ∞
−∞

dk

2π

eikx

E − k2/2m
V0ψ(0)

⇒ ψk = Aδ(k − k0) +
V0

k2
0/2m− k2/2m

∫
dk′

2π
ψk′ . (E.13)

Integrating now on both sides with respect to k we get∫
dk

2π
ψk = A/2π +

∫
dk

2π

V0

k2
0/2m− k2/2m

∫
dk′

2π
ψk′

⇒
∫
dk′

2π
ψk′ =

A/2π

1− 1
2π

∫
dk V0

k2
0/2m−k2/2m

=
A/2π

1− mV0
ik0

and equation (E.13) becomes

ψk = Aδ(k − k0) +
V0

k2
0/2m− k2/2m

A/2π

1− mV0
ik0

. (E.14)

In the limit as V0 →∞ we obtain a finite form which is the critical form of scattering

states, given by

ψk = Aδ(k − k0) +
V0

k2
0/2m− k2/2m

A/2π

1− mV0
ik0

= Aδ(k − k0)− A

2π

2ik0

k2
0 − k2

(E.15)

For expression (E.15) we therefore obtain

δ(k0 − k′0) =

∫
dkψk,k0ψk,k′0

=

∫
dk

(
Aδ(k − k0)− A

2π

2ik0

k2
0 − k2

)(
Aδ(k − k′0)− A

2π

2ik′0
k
′2
0 − k2

)
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whose solution has 4 parts:

a = A2δ(k0 − k′0)

b = −A
2

2π

2ik0

k2
0 − k

′2
0

c = −A
2

2π

2ik′0
k
′2
0 − k2

0

d =

(
A

2π

)2 ∫
dk

(
2ik0

k2
0 − k2

)(
2ik′0

k
′2
0 − k2

)
.

Adding the expression in b and c gives

b+ c = −A
2

2π

2ik0

k2
0 − k

′2
0

− A2

2π

2ik′0
k
′2
0 − k2

0

=
2iA2

2π

k0 − k′0
(k′0 − k0)(k′0 + k0)

= − 2iA2

2π(k′0 + k0)
.

and d is given by

d =

(
A

2π

)2

(2ik0)(2ik′0)

∫
dk

1

(k2 − k′20 )(k2 − k2
0)

=

(
A

2π

)2

(2ik0)(2ik′0)

∫
dk

1

(k − k′0)(k + k
′
0)(k − k0)(k + k0) + iε

=

(
A

2π

)2

(2ik0)(2ik′0)

∫
dk

1

(k − k′0 − iε)(k + k
′
0 + iε)(k − k0 − iε)(k + k0 + iε)

.

We include poles on the positive x-axis and close above and thus obtain

I =

(
A

2π

)2

(2ik0)(2ik′0)(2πi)

(
1

(k0 − k
′
0)(k0 + k

′
0)(2k0)

+
1

(2k
′
0)(k

′
0 − k0)(k

′
0 + k0)

)
= −A

22k0k
′
0i

2π

(
k′0 − k0

(k0 − k
′
0)(k0 + k

′
0)(k0k′0)

)
=

A22k0k
′
0i

2π

(
1

(k0 + k
′
0)(k0k′0)

)
=

2A2i

2π

1

(k0 + k
′
0)
.
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This clearly cancels with our expression for b+ c and we obtain finally that

δ(k0 − k′0) =

∫
dkψk,k0ψk,k′0 = A2δ(k0 − k′0)

and therefore |A| = 1 so our expression for ψk is already correctly normalized. Doing

a similar exercise for expression (E.14) we find

δ(k0 − k′0) =

∫
dkψk,k0ψk,k′0

=

∫
dk

(
Aδ(k − k0) +

V0

k2
0/2m− k2/2m

A/2π

1− mV0
ik0

)
(
Aδ(k − k′0) +

V0

k
′2
0 /2m− k2/2m

A/2π

1− mV0
ik′0

)
,

whose solution has 4 parts:

a = A2δ(k0 − k′0)

b =
A2

2π

V0

k
′2
0 /2m− k2

0/2m

1

1− mV0
ik′0

=
A2

2π

2mV0

k
′2
0 − k2

0

1

1− mV0
ik′0

c =
A2

2π

V0

k2
0/2m− k

′2
0 /2m

1

1− mV0
ik0

=
A2

2π

2mV0

k2
0 − k

′2
0

1

1− mV0
ik0

d =

(
A

2π

)2 V 2
0

(1− mV0
ik0

)(1− mV0
ik′0

)

∫
dk

1

k
′2
0 /2m− k2/2m

1

k2
0/2m− k2/2m

Adding the expression in b and c gives

b+ c =
A2

2π

2mV0

k2
0 − k

′2
0

[
1

1− mV0
ik0

− 1

1− mV0
ik′0

]

=
A2

2π

2mV0

k2
0 − k

′2
0

 mV0
ik0
− mV0

ik′0(
1− mV0

ik0

)(
1− mV0

ik′0

)


= −A
2i

2π

2(mV0)2

k2
0 − k

′2
0

 k′0−k0

k′0k0(
1− mV0

ik0

)(
1− mV0

ik′0

)


=
A2i

2π

2(mV0)2

k0k′0(k0 + k′0)
(

1− mV0
ik0

)(
1− mV0

ik′0

)
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The integral in d is given by

I =

∫
dk

(2m)2

(k2 − k′20 )(k2 − k2
0)

=

∫
dk

(2m)2

(k − k′0)(k + k
′
0)(k − k0)(k + k0) + iε

=

∫
dk

(2m)2

(k − k′0 − iε)(k + k
′
0 + iε)(k − k0 − iε)(k + k0 + iε)

.

We include poles on the positive x-axis and close above and thus obtain

I = (2m)2 2πi

2

(
1

(k0 − k
′
0)(k0 + k

′
0)(2k0)

+
1

(2k
′
0)(k

′
0 − k0)(k

′
0 + k0)

)
= (2m)2 2πi

2

(
k′0 − k0

(k0 − k
′
0)(k0 + k

′
0)(k0k′0)

)
= −(2m)2 2πi

2

(
1

(k0 + k
′
0)(k0k′0)

)
.

Therefore

d =

(
A

2π

)2 V 2
0

(1− mV0
ik0

)(1− mV0
ik′0

)
I

=

(
A

2π

)2 V 2
0

(1− mV0
ik0

)(1− mV0
ik′0

)

[
−(2m)2 2πi

2

(
1

(k0 + k
′
0)(k0k′0)

)]

= −A
2i

2π

2 (mV0)2

(1− mV0
ik0

)(1− mV0
ik′0

)(k0 + k
′
0)(k0k′0)

. (E.16)

This clearly cancels with our expression for b+ c and we obtain finally that

δ(k0 − k′0) =

∫
dkψk,k0ψk,k′0 = A2δ(k0 − k′0),

and therefore, once again, |A| = 1 so our expression for ψk is already correctly

normalised.
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Previous example of the need

for a redefinition of fields in

matrix models.

The construction of an explicit map between O(N) Vector models and higher spin

theories was a major theme of this thesis. This involved a field redefinition involving

the Jacobian for a change of variables from bilocals to AdS coordinates, which is

given by ∣∣∣∣∂kAdS×S1

∂kbilocal

∣∣∣∣ =
1

|~k1|
+

1

|~k2|
.

The quadratic Hamiltonian at the conformal fixed point was found to be

H2 =

∫
d2k1

∫
d2k2

(
1

|~k1|
+

1

|~k2|

)
1

2

[(
π~k1

~k2
π−~k2−~k1

)

+
η~k1

~k2(
1

|~k1|
+ 1

|~k2|

) (|~k1|2 + |~k2|2
) η−~k2−~k1(

1

|~k1|
+ 1

|~k2|

)
 ,

so that

η̇~k1
~k2

=

(
1

|~k|
+

1

|~k2|

)
π−~k2−~k2

=

∣∣∣∣∂kAdS×S1

∂kbilocal

∣∣∣∣π−~k2−~k2
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η̈~k1
~k2

= −
(
|~k1|+ |~k2|

)2
η~k1

~k2
.

The canonical commutation relations required are then given by[
π~k1

~k2
, η~k′1~k′2

]
∣∣∣∂kAdS×S1

∂kbilocal

∣∣∣ = −iδ(~kAdS×S1 − ~k′AdS×S1).

The above is then consistent with the redefinition

H
(
~k.kz, θ

)
≡

η~k1
~k2

1

|~k1|
+ 1

|~k2|

∣∣∣∣∣∣
~k1,~k2(~k,kz ,θ)

ΠH

(
~k.kz, θ

)
= π~k1

~k2

∣∣∣
~k1,~k2(~k,kz ,θ)

,

with Hamiltonian now rewritten in AdS variables as

1

2

∫
d~kAdS×S1

[(
ΠH(~k, kz, θ)ΠH(−~k,−kz,−θ)

)
+
(
P 0
)2H(~k, kz, θ)H(−~k,−kz,−θ)

]
.

It is possible for a similar procedure to be applied to matrix models, whose AdS

dual is String theory. The Collective Hamiltonian is given by

H =
1

2N2

∫
dx ∂xΠψ∂xΠ +N2

∫
dx

(
π2

6
ψ3 + ψ (v − ψ)

)
.

We now introduce fluctuations for the large N configuration, given by

ψ(x) = φ0 +
1

N
√
π
∂xη

∂xΠ = −N
√
πP (x),

and we therefore obtain the quadratic Hamiltonian

H2 =
π

2

∫
dx P (x)φ0(x)P (x) +

π

2

∫
dx (∂xη)2 φ0(x).

Here we have that

η̇ =
δH2

δP (x)
= φ0(x)P (x).
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Now consider a change of variables from x (old) to q (new) with associated Jacobian∣∣∣ ∂q∂x ∣∣∣. The canonical commutation relations are given by

[P (x), η(x′)]∣∣∣ ∂q∂x ∣∣∣ = −iδ(q − q′).

Defining the variable q to be the ’time of flight’ variable (which is the time taken for

a particle to go from the origin to a point x)[144]:

q =
1

π

∫
x

dx

φ0(x)
;

dx

dq
= πφ0.

The Hamiltonian may then be written as

H2 =
π

2

∫
dx P (x)φ0(x)P (x) +

π

2

∫
dx (∂xη)2 φ0(x)

=
π

2

∫
dx

∣∣∣∣∂q∂x
∣∣∣∣2 P (x)

∂q
∂x

φ0(x)
P (x)
∂q
∂x

+
π

2

∫
dx

∣∣∣∣∂q∂x
∣∣∣∣ (∂q∂x∂qη

)2

φ0(x)

(
∂x

∂q

)
=

1

2

∫
dq
P (x)
∂q
∂x

P (x)
∂q
∂x

+
1

2

∫
dq (∂qη)2 .

These are satisfied by setting

Π(q) = πφ0P (x); η(q) = η(x).

This differs from the vector case worked on in this thesis where the field η~k1
~k2

had

the redefinition, but the canonical momentum π~k1
~k2

remained the same.
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