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Abstract

This study employs the method of normal modes and linear stability analysis to inves-
tigate double-diffusive convection in a horizontally layered, rotating fluid, specifically
focusing on its application to oceanic dynamics. Double diffusive convection arises
when opposing gradients of salinity and temperature interact within a fluid, a phe-
nomenon known as thermohaline convection, and it is crucial for the understanding of
ocean circulation and its role in climate change. With the increasing mass of water due
to glaciers melting, fluid pressure variations occur, leading to slight fluctuations in grav-
ity. We conduct both stationary and oscillatory stability analyses to determine the onset
of double-diffusive convection under gravity modulation. Our analysis reveals that
time-dependent periodic modulation of gravitational fields can stabilize or destabilize
thermohaline convection for both stationary and oscillatory convection, with amplitude
stabilizing and frequency destabilizing. The wavenumber in the y- direction also affects
convection in the equatorial regions. This wavenumber exhibits destabilizing effects for
large values and stabilizing effects for small values for both stationary and oscillatory
convection. Rotation along with gravity modulation tends to destabilize the system for
both stationary and oscillatory convection. The key difference between stationary and
oscillatory convection is that oscillatory convection exhibits large values of the Rayleigh
number, thus susceptible to overstability while stationary convection tends to have rel-
atively smaller Rayleigh numbers and thus more stable. This research provides insights
into the complex interplay between gravity modulation and thermohaline convection,
contributing to our understanding of ocean dynamics and their implications for climate
change.
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Chapter 1

Literature Review

1.1 Introduction

Convection is the movement of heat and mass in a fluid due to differences in tempera-
ture and density, primarily caused by temperature variations. The study of convection
has practical applications in various fields, including geophysical systems, engineering,
oceanography, electrochemistry, and solute migration in porous media. Temperature
plays a pivotal role in convection, especially when a system is heated from above or
below. This heating causes warmer fluids to rise and colder fluids to sink, creating
convection currents within the fluid [1]. There are two main types of convection:
natural convection, driven by self-induced forces, and forced convection, driven by ex-
ternal forces. Natural convection and forced convection represent distinct modes of
heat transfer within fluid mediums. Natural convection arises from density variations
due to temperature discrepancies, leading to fluid movement without external inter-
vention. Essentially, as fluid is heated, it becomes less dense and ascends, while cooler,
denser fluid descends, generating convective currents [2]. This phenomenon is evident
in everyday scenarios, like the rising of warm air above a heat source or the circulation
of water in a pot being heated [2]. Conversely, forced convection involves the deliber-
ate movement of fluid induced by external forces, such as mechanical pumps or fans.
Unlike natural convection, where buoyancy drives the flow, forced convection relies on
external mechanisms to propel fluid through a system. Examples include airflow in
fan-forced ovens or water circulation in car engine cooling systems.

The differences between natural and forced convection extend beyond their driving
mechanisms to their flow characteristics and applications. Natural convection typically
yields slower, more irregular flow patterns, whereas forced convection tends to produce
more controlled and uniform flow. Moreover, natural convection commonly finds ap-
plication in passive heating and cooling systems where temperature differentials drive
fluid movement [2]. In contrast, forced convection is integral to actively controlled
systems requiring precise regulation of heat transfer, such as those found in industrial
processes. While both mechanisms play vital roles in heat transfer, understanding their
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differences is essential for designing efficient heating, cooling, and ventilation systems
that cater to specific needs and environmental conditions [3].

1.1.1 Convection in the ocean and lakes

Ocean convection plays a crucial role in regulating various aspects of the ocean, includ-
ing heat uptake, water-mass re-distributions, CO2 exchange, and nutrient transport [4].
This mechanism has significant implications for ocean dynamics and climate change.
Surface waters become denser and sink due to the cooling of the atmosphere and salin-
ification from processes like evaporation or sea-ice formation, leading to turbulent con-
vective plumes. Convection deepens and sustains the upper mixed layer of the ocean,
with different drivers depending on the region [4]. In tropical and subtropical areas,
night-time cooling drives mixed-layer convection, while in mid- and high-latitude re-
gions, winter cooling is the key factor.

Strong convection events occur due to extensive surface heat loss and polynya activity
in regions like the sub-polar North Atlantic and the Antarctic continental shelf. These
events influence the Meridional Overturning Circulation (MOC) and water-mass trans-
port globally. However, convection is often localized in time and space, posing chal-
lenges for accurate measurement in field observations [4]. Global Circulation Models
(GCMs) struggle to resolve convection and turbulence, relying on simplified parameter-
izations that may not fully capture their impact on ocean circulation, air-sea exchange,
and biology.

Despite these challenges, there have been significant advancements in observing tech-
niques, numerical simulations, laboratory experiments, and theoretical understanding
of ocean convection in recent decades. However, the impacts of climate change on
ocean convection are still not fully understood, and key questions remain about future
climate scenarios [4].

Inland water bodies like lakes lack tidal influence and experience weaker wind forces
compared to oceans, making convective processes pivotal for their mixing and strati-
fication dynamics. The diverse nature of lakes, shaped by local factors like geochem-
istry, morphology, and meteorology, carries a rich spectrum of convective phenomena,
each exhibiting unique characteristics [5]. While traditional studies focus on cooling-
induced and shear-induced convections in oceans, lakes feature additional convective
processes such as under-ice, sidearm, and double-diffusive convection, alongside ther-
mobaric instability and bio-convection, often overlooked in mainstream research. Fur-
thermore, the density function at lower salinity/temperature values in lakes leaves dis-
tinctive imprints [5].

1.2 Rayleigh-Bénard Convection

The investigation of thermal convection dates back to the 1700s when Count Rum-
ford first observed convection currents while experimenting with a large thermometer
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[1]. Subsequent experiments by Bénard in the 1900s focused on convective motions
in shallow fluid layers [1]. Later, Lord Rayleigh conducted experiments and developed
theoretical foundations concerning the dynamics and behavior of fluids in convective
processes [1]. He introduced the Rayleigh number (Ra), a dimensionless quantity used
to predict the onset of convection. This parameter is expressed as

Ra =
gαβ

κν
d3, (1.1)

where d signifies the layer height, g denotes gravitational acceleration, β (where β =
dT/dz) represents the temperature gradient, while ν, κ, and α correspond to kinematic
viscosity, thermal conductivity, and volume expansion coefficients, respectively. The
Rayleigh number evaluates the relative impacts of viscosity and buoyancy in a fluid
under defined circumstances [1]. His research provides insight into how temperature
differentials within a fluid induce motion and mixing. These findings proved to be
crucial in understanding convection phenomena such as oceanic currents, atmospheric
circulation patterns, and the behavior of fluids in engineering contexts [1]. Due to
Rayleigh and Bénard’s contributions, thermal convection is now known as Rayleigh-
Bénard convection.

In natural convection, instability is found to be due to buoyancy effects when the sys-
tem is heated from below [1]. Instability theory was discussed in the book by Chan-
drasekhar [6] and recently by Drazin and Reid [7]. In his groundbreaking research,
Chandrasekhar [6] delved into the onset of instability in Rayleigh–Bénard convection,
a classical phenomenon observed when a fluid layer heated from below undergoes con-
vective motion. He formulated analytical expressions for critical parameters, notably
the critical Rayleigh number, indicating the threshold for convection instability. This
parameter, representing the balance between buoyancy and viscous forces, is pivotal
in identifying the onset of convective instability. Drazin and Reid [7] extended Chan-
drasekhar’s findings. Their research advances our comprehension of fluid dynamics
and heat transfer phenomena, particularly in the realm of instability within convection
flow. Their investigations led to the understanding the conditions under which convec-
tion flow destabilizes and evolves into complex patterns. A pivotal aspect of Drazin and
Reid’s work lies in pinpointing critical parameters dictating the stability of convection
flows. By examining factors like the Rayleigh number and the Prandtl number, they of-
fer valuable insights into the circumstances triggering instability in convective motion,
resulting in the formation of distinctive structures such as rolls, cells, and plumes.

The one common deduction from Chandrasekhar, Drazin and Reid’s work on thermal
convection instability is that the exchange of instability in convection flows occurs when
a stable convective flow becomes unstable, characterized by the emergence of complex
flow patterns. This exchange occurs due to various factors such as changes in tem-
perature, fluid properties, or external influences. As the critical parameters governing
stability are surpassed, convective motion becomes unstable, leading to the formation
of structures like rolls, cells, and plumes. Rayleigh [8] made an important discovery
that the system will remain stable if and only if a certain critical number known as the
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critical Rayleigh number:

Rac =
27π4

4
(1.2)

is less than or greater than the thermal Rayleigh number (Ra). However, the system
will eventually reorder itself to counter this instability. The viscosity and density play a
pivotal role in rearranging the system. Understanding this exchange is crucial in fields
such as fluid dynamics, meteorology, and engineering, as it influences processes like
heat transfer and fluid circulation in natural and engineered systems/forced convection.

This particular manifestation of convection has garnered widespread attention due to
its accessibility for experimental and analytical investigation, solidifying its status as
one of the most extensively studied classical phenomena.

1.3 Double-diffusive convection

While thermal convection relies on temperature gradients, the recognition of multiple
components influencing density became evident in the early 1960s. Henry Stommel,
a pioneering oceanographer specializing in ocean circulation and fluid dynamics dur-
ing that period, proposed an explanatory framework for the mixing and behavioral
patterns observed in oceans with varying temperatures and salinity [9]. This phe-
nomenon, where fluid exhibits unexpected behaviors due to temperature and another
solute, is now termed double-diffusive convection (or thermosolutal convection) [6].
Double-diffusive convection refers to a convection process where two components with
opposing density effects control the fluid density. In the ocean, the convection processes
are driven primarily by temperature and salinity differences. The process in which flu-
ids gain or lose heat or salt is known as diffusion. Double diffusive convection can take
place due to the opposing diffusion rates of heat and salt. Heat diffuses much faster
than salt (approximately 100 times). This form of convection is termed thermohaline
convection if it is being driven by temperature (thermo) and salt (haline).

Stern [10] initially identified the potential for oscillatory instability when a stable solute
distribution compensates for an unstable temperature profile; this leads to enhanced
restoring forces and oscillations when warm, salty water is displaced upward. Turner
and Stommel’s [9] experiments demonstrated that steady convection occurs in systems
with thin interfaces separating well-mixed layers, driven by thermal diffusion and mod-
erated by weaker salt diffusion.

In oceanic stability, the notion of the “exchange of instability” is due to the dynamic
interaction between stable and unstable fluid motions within the ocean [11]. This
exchange occurs due to a variety of factors, including temperature gradients, salinity
differences, and external forces, all of which can provoke alterations in the stability of
oceanic flows. Within a stable oceanic regime, fluid motions exhibit smooth and well-
organized characteristics, with minimal turbulence or disturbances. However, certain
conditions, such as temperature gradients or shear forces, can induce instability, giving
rise to turbulent eddies, waves, and other dynamic features. Conversely, the exchange
of instability encounters scenarios where unstable fluid motions may revert to a stable
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state [11]. This reversal can be facilitated through mechanisms such as mixing, dif-
fusion, or the dissipation of energy, which serve to reduce turbulent fluctuations and
reinstate stability within the flow.

Walin [12] investigated the stability of different thermohaline stratifications, favoring
the analysis of the diffusive convection system using classic Rayleigh-Bénard convec-
tion, as it provides an accurate analog considering diffusive fluxes through boundaries
and cell size proportional to layer depth. Veronis [13, 14] explored finite amplitude
behavior through numerical integration, revealing that the presence of solute delays
convection onset, but at high Rayleigh numbers, fluxes remain substantial. Noteworthy
is the finding that the salt/heat buoyancy flux ratio tends toward -1/2. Nield [15] and
Baines and Gill [16] also examined stability under various boundary conditions in such
systems. These studies contribute valuable insights into the complexities of diffusive
convection and thermohaline.

Due to the extensive applications of double-diffusive convection in industry, signifi-
cant research has been conducted, with several authors laying foundational work in
this field. Researchers such as Chandrasekhar [6], Henry Stommel [9], Veronis [14],
Arnold Gordon [17], and Alan Plumb [18] authored numerous papers and books on the
subjects of fluid dynamics and oceanography, many of which extensively explored the
fundamentals of double-diffusive convection. Their contributions have played a pivotal
role in advancing our understanding of this complex phenomenon.

A strong emphasis has emerged on examining the factors influencing convection dy-
namics, particularly within industrial contexts where understanding the onset of con-
vection holds significance in engineering fields. Bénard’s observations, as documented
by Chandrasekhar [1], revealed distinctive phenomena:

• A steady flow regime manifested upon heating a plate, characterized by forming
regular hexagonal layers.

• The frequency of these patterns, identified as Bénard cells, escalated with increas-
ing depth.

• The spatial separation between these cells expanded as the temperature differen-
tial (∆T ) increased [1].

In subsequent investigations of convection, the prominence of double-diffusive convec-
tion increased. The industrial sector showed heightened interest in further exploration
of double-diffusive convection. Since the 1960s, numerous authors have contributed
to the body of literature on double-diffusive convection, establishing a foundational
framework for convection research. In recent years, understanding of what affects
the onset of double-diffusive convection has grown significantly. Many studies have
been conducted to determine how different conditions can affect convection processes.
Linden [19] studied a theoretical model for high Rayleigh number double-diffusive
convection, characterizing the interface with a dual structure: stable boundary lay-
ers producing thermal features at the edges and a diffusive core facilitating molecu-
lar transport. It is a time-independent model compared with ‘run-down’ experiments,
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viewing each equilibrium state separately. The model predicts a constant buoyancy flux
ratio between components, proportional to the square root of their molecular diffu-
sivity ratio, consistent with experimental data. Individual flux estimations align rea-
sonably with observations. Time-dependent aspects are also explored. Overall, the
model enhances understanding of double-diffusive convection, particularly in scenar-
ios with high Rayleigh numbers, advancing knowledge applicable in natural and in-
dustrial contexts. Hage [20] conducted an experimental setup of an electrodeposition
cell to maintain a destabilizing concentration gradient of copper ions in an aqueous
solution between its boundaries. This arrangement induces convective motion akin
to Rayleigh–Bénard convection. Moreover, the cell imposes a stabilizing temperature
gradient despite being significantly weaker than the chemical buoyancy. Interestingly,
even with thermal buoyancy much smaller than chemical buoyancy, the presence of
this gradient greatly influences the convection pattern, resulting in the formation of
double-diffusive fingers consistently across cases.

The size and velocity of these fingers remain unaffected by the cell’s height but are
contingent upon the concentration difference of ions between the boundaries and the
applied temperature gradient. The observed scaling of mass transport aligns with prior
findings on double-diffusive convection. Overall, the study sheds light on the complex
interaction between concentration gradients, temperature differentials, and convective
motion in electro-deposition cells, offering valuable insights into their behavior and
potential applications. McDougal [21] conducted the study of double-diffusive convec-
tion in scenarios where a significant coupled diffusion effect is present, exemplified by
the Soret effect, where solute flux depends on its gradient and the temperature gra-
dient. Extending linear stability analysis to include cross-diffusion flux terms reveals
that finger-like structures can develop under substantial coupled diffusion effects even
when both solute concentrations yield statically stable density gradients. A compari-
son of conditions for diffusive instability and finger formation highlights their mutual
exclusivity in specific linear property gradients. Additionally, the text explores finite-
amplitude, steady, infinitely long fingers, demonstrating that substantial cross-diffusion
effects can sustain them even when solute concentrations increase with depth. Further-
more, it shows that property diffusion from an initially sharp interface can establish
favorable vertical gradients conducive to finger formation. This comprehensive exami-
nation deepens our understanding of the interplay between diffusion effects and finger
formation in double-diffusive convection.

The hydrodynamic equations governing convection flows are often derived through
the Boussinesq approximation, simplifying density considerations to the buoyancy term
[6]. A prevalent assumption postulates a linear relationship between temperature and
density [6]. The Boussinesq approximation reduces the momentum equation, allowing
for possible analytical solutions [7]. Numerous applications of this approximation in
Rayleigh-Bénard convection have been documented [7].

Yoshida and Kagayama [22] devised novel numerical methods, such as the “Yin-Yang
grid” technique, to address thermal convection under the Boussinesq approximation.
Their methodological innovation facilitated the examination of mantle convection in
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planetary systems [22]. Rayleigh employed the Boussinesq approximation in analyz-
ing Bénard cells in 1916 [23]. Spiegel and Veronis [23, 13] revisited the assumptions
underlying convection studies in incompressible fluid layers, validating constraints on
vertical dimensions and fluctuations in pressure and density. They further discerned
two stable solutions at low Rayleigh numbers.

1.4 Rotation in convection flows

When rotation is incorporated into convective systems, it fundamentally alters flow
dynamics and patterns, particularly notable in geophysical and astrophysical contexts
where celestial body rotation influences fluid motion [24]. Rotation induces the Cori-
olis force, causing the motion to deflect in opposite directions between the Northern
and Southern Hemispheres, contributing to large-scale circulation patterns like Earth’s
Hadley cells or planetary zonal flows [24].

Moreover, variations in fluid density or temperature under rotation can generate Rossby
waves, which are significant in atmospheric and oceanic circulation, shaping weather
and climate dynamics [25]. In rapidly rotating systems, like Earth’s core or gas giants’
atmospheres, the Taylor-Proudman theorem asserts fluid motions align predominantly
with the rotation axis, forming cylindrical columns with minimal perpendicular varia-
tion [26]. This interplay between rotation and convection leads to diverse flow phe-
nomena, from large-scale circulation to small-scale turbulence, critical for understand-
ing geophysical processes, astrophysical phenomena, and engineering applications.

Various studies have been conducted on the effects of rotation in convection. Julian et
al [27] studied turbulent Boussinesq convection under rapid rotation, where rotation
occurs on timescales comparable to convection. The transition to turbulence follows
a clear sequence, beginning with unstable convection at moderate Rayleigh (Ra) and
Taylor (Ta) numbers, and progressing to a regime characterized by coherent plume
structures at high Ra and Ta. The Taylor number is given by

Ta =
4Ω2d4

ν2

where, Ω is the angular velocity, d is the characteristic length scale, and ν is kinematic
viscosity. Similar to non-rotating scenarios, the rapidly rotating state demonstrates a
simple power-law relationship with Ra for statistical flow properties. Heat transport
scales as 107 with no-slip boundaries, akin to non-rotating experiments, but transitions
to a different law at Ra = 4× 107 with stress-free boundaries. Due to angular momen-
tum conservation, plume structures at heated and cooled boundaries undergo cyclonic
spin-up, leading to vortex-vortex interactions that modify the flow state and result in a
finite background temperature gradient as Ra tends to infinity while the ratio between
the Rayleigh number and Taylor number remains constant.

The study of rotation on convection dates back to the early 1950s [28]. Most of the re-
search is on the rotating Rayleigh-Bénard convection. Researchers such as [25], [28],
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[29] and [30] all studied rotating convection on the Rayleigh-Bénard convection all
following the traditional approximation (TA) on the angular velocity, Ω. In this approx-
imation, only the x-component of the angular velocity is taken into consideration and
the y-component is ignored.

The traditional approximation of angular velocity is a simplification used in geophysical
fluid dynamics, especially for studying rotating systems such as oceans and atmospheres
[31]. It assumes that the Coriolis force, resulting from the Earth’s rotation, mainly in-
fluences horizontal motion. In this approximation, only the component of the Earth’s
rotation vector perpendicular to the local vertical is considered, while the vertical com-
ponent is ignored [31]. This simplification effectively analyzes large-scale flows where
horizontal movements are much more significant than vertical ones. The traditional
approximation of angular velocity, while simplifying the study of rotating geophysical
systems, comes with several drawbacks [31]. Although this approximation is reason-
able, it can lead to inaccuracies in regions with significant vertical motions, such as
deep ocean currents or near the poles. This limitation restricts the approximation’s ap-
plicability primarily to large-scale, low-latitude flows, and it may result in errors when
applied near the equator or in areas with rapid changes in the Coriolis force [31]. Ad-
ditionally, the approximation can distort the behavior of wave propagation, particularly
for internal gravity and it may reduce accuracy in shallow water where vertical gradi-
ents play a crucial role.

In a rotating system, the Coriolis and the centrifugal forces affect the inertial equations.
The centrifugal force is a type of force that acts on a rotating body in the direction away
from the body. At the same time, the Coriolis force is a type of force that reacts perpen-
dicular to the direction of motion in a rotating system. Previous studies on thermal and
double-diffusive convection under rotation assume the traditional approximation of the
angular velocity vector by neglecting the cosine term of the vector [31]. However, in
this work, we will consider the cosine term.

Duba et al [32] examined thermohaline convection within a rotating fluid layer in the
context of ocean dynamics. The research demonstrated that rotation acts to stabilize
the system, while temperature exerts a destabilizing influence. For oscillatory convec-
tion, the analysis becomes critical, as the Rayleigh number becomes dependent on six
parameters. Through graphical representation, the study showed the interplay among
these parameters. Notably, it suggested that the salinity Rayleigh number, Lewis num-
ber, and rotation serve to delay instability. These results provided fresh insights into
the behavior of large-scale fluids, particularly concerning weakly nonlinear stability.

The study of rotation on the onset of convection in the solar system is significant be-
cause it helps us understand how heat radiates. The heat generated in the solar interior
drives the resulting convective motions. Like the Sun, giant planets (Jupiter, Neptune,
and Saturn) possess convecting outer layers. But the giant planets rotate faster than
the Sun. They generate strong alternating zonal jets in their atmospheres. In contrast,
the Sun has only one zonal jet because of its weak rotation.
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Convection in the ocean is very different from that of the Sun and the giant planets
in terms of the driving forces of convection in the ocean and on the Sun and the giant
planets. The driving force in the ocean is due to spatially varying and temporal cooling
due to seasonal changes in atmospheric conditions, while that of the Sun and the giant
planets is heat generated in the solar interior. Thus, oceanic convection is somewhat
time-dependent [27]. These convections are complicated due to the problems intro-
duced by rotation. It is also interesting to note that all these convections have very
high Reynolds

Re =
UL

ν
,

and low Rossby numbers,

R0 =
U

Lf
,

thus implying rotationally constrained convictions. Here, U represents flow velocity, L
is a characteristic length, ν is the kinematic viscosity, and f is the Coriolis parameter,
which is defined as f = 2Ω sin θ, where Ω is the angular velocity of the Earth, and θ is
the latitude. In contrast, our planet’s atmosphere has a large Rossby number, R0. Thus,
rotation cannot be ignored [27].

At high altitudes, small-scale convections occur in the ocean due to differences in buoy-
ancy and temperature flux on the ocean surface [24]. The existence of planetary rota-
tion affects horizontal geostrophic circulation. For convection with rotation, it is found
that for large Rayleigh numbers, potential energy is released and leads to turbulent
mixing [24]. The kinematic equations for such a convection problem are principally
different from those of the Rayleigh-Bénard and thermohaline convection [24].

1.5 Modulation in double-diffusive convection

The study of fluid instabilities becomes apparent thanks to the vast knowledge of con-
vection and double-diffusive convection. In convective processes, it is important to
understand when instability will occur. This behavior is known as the onset of con-
vection [6]. The onset of convection depends on various parameters such as rotation,
temperature, gravity, and salinity [32]. Varying one of the parameters can change the
onset of convection. This phenomenon is known as modulation. Many studies have
been conducted to understand the role of different modulations. Venezian [33] in-
vestigated the stability of a horizontal layer of fluid heated from below under steady
temperature differences between the walls, with the introduction of a time-dependent
sinusoidal perturbation to the wall temperatures. Results indicate the potential to ei-
ther speed up or postpone the onset of convection through time modulation of the wall
temperatures.

Modulation is essential within double-diffusive convection, influencing various faces
of this complex fluid phenomenon [6]. Firstly, modulation enhances mixing within
the system by inducing the creation of distinct structures like fingers or layers [10].
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These structures facilitate the exchange of heat and solute across different fluid re-
gions, thereby intensifying mixing processes crucial for fluid transport in oceans and
enhancing heat transfer efficiency in industrial setups [34]. Secondly, modulation con-
tributes to both stability and instability within the system. It can stabilize the flow by
organizing it into well-defined structures that resist perturbations while driving insta-
bilities such as fingering or layering, which drive convective motion and amplify mixing
dynamics [34].

Furthermore, modulation significantly impacts transport processes occurring within
the fluid, altering the rates of heat and mass transfer. Modulation modifies the driv-
ing forces for diffusion and convection by inducing spatial variations in temperature
and concentration, resulting in complex transport patterns and mixing [10]. This
modulation-driven interplay between diffusive and advective processes ultimately leads
to distinctive patterns observed in double-diffusive convection, such as the spatial dis-
tribution of fingers, layers, or convective cells [10].

Understanding the role of modulation in double-diffusive convection holds practical
significance across various applications [34]. It highlights crucial processes in ocean
circulation models, heat exchange design, and geophysical fluid dynamics [34]. By
understanding the underlying mechanisms and behaviors influenced by modulation,
researchers can optimize processes and accurately predict the behavior of complex sys-
tems. In summary, modulation emerges as a fundamental mechanism shaping double-
diffusive convection dynamics and behavior, profoundly impacting mixing, stability,
transport processes, pattern formation, and practical applications across diverse fields
[34].

Modulation in double-diffusive convection holds significant importance across various
scientific and industrial domains. Firstly, in ocean circulation, where different wa-
ter masses of varying temperatures and salinities interact, double-diffusive convection
plays a crucial role, particularly in deep thermohaline circulation patterns [34]. Under-
standing modulation helps in unpacking these circulation dynamics, which are pivotal
for global climate and weather patterns. Moreover, modulation influences biological
productivity in aquatic ecosystems by affecting nutrient distribution [35]. The mixing
processes driven by double-diffusive convection determine the availability of nutrients
and dissolved gases, directly impacting the growth and distribution of marine organ-
isms [34].

In oil and gas exploration industries, knowledge of modulation in double-diffusive con-
vection is critical for predicting fluid behavior in geological formations [36]. This un-
derstanding is essential for optimizing extraction techniques and maximizing resource
recovery rates. Furthermore, in climate modeling, double-diffusive convection con-
tributes to the atmosphere’s heat and mass transfer processes, affecting cloud forma-
tion, precipitation patterns, and greenhouse gas distribution [35]. Accurate represen-
tation of modulation in climate models is critical for improving predictions of future
climate change scenarios.
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Lastly, modulation in double-diffusive convection has practical implications in engineer-
ing applications [7]. It influences heat and mass transfer rates in crystallization, desali-
nation, and heat exchanger performance, impacting various fields, including chemi-
cal processing, material science, and environmental engineering [34]. Understanding
modulation in double-diffusive convection is essential for understanding a wide range
of natural and engineered systems, from global climate dynamics to industrial pro-
cesses, resource management, and environmental sustainability.

1.5.1 Gravity modulation on convection

The influence of gravity on convection remains a subject that needs to be thoroughly
studied within scientific discourse. Understanding natural convection in environments
like the ocean without the Earth’s gravitational field poses significant complexities due
to gravity’s pivotal role as the driving force for such phenomena [3]. Gravity modula-
tion is highly influential in addressing large-scale convection problems, particularly in
oceanic contexts. Similar to temperature modulation, the modulation of gravity offers
a means to regulate convection [37].

Interest in the impact of gravity modulation on convection has escalated over time,
paralleling the burgeoning curiosity among researchers regarding convection currents
in oceanic systems. These currents, fundamental to oceanic convection, arise pre-
dominantly from density disparities attributed to temperature and salinity variations
in the ocean. The interplay of temperature and salinity engenders opposing diffusivi-
ties, which, in turn, sustain the convection currents. Despite considerable investigation,
the influence of gravity modulation on convection remains ripe for exploration.

Studies have highlighted the effects of gravity modulation on Rayleigh-Bénard con-
vection, focusing on its implications in various specialized scenarios. Vadasz [38], for
instance, employs linear stability and weak nonlinear theories to investigate the in-
fluence of the Coriolis effect on three-dimensional gravity-driven thermal convection
occurring within a rotating porous layer that is heated from below employing the tra-
ditional approximation on rotation. Notably, he discovers that overstable convection in
porous media is not constrained to specific Prandtl number, Pr = ν/κ, ranges unlike
in non-porous fluids where the Prandtl number must be greater than one. Additionally,
the critical wavenumber for stationary convection in porous media differs from that in
non-rotating situations, a distinction absent in non-porous fluid systems.

Despite these differences, the study reveals that high viscosity in porous media destabi-
lizes stationary convection, aligning with similar effects observed in non-porous fluids
under rotation. Weak nonlinear analysis yields differential equations for amplitude,
revealing pitchfork bifurcation for stationary convection and Hopf bifurcation for over-
stable convection. Heat transfer assessments, derived from amplitude solutions, express
Nusselt number, Nu variations for both types of convection. Rotation generally hinders
convective heat transfer, except for a narrow range of low Prandtl number values where
rotation enhances heat transfer in overstable convection scenarios.
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The study shows the interplay between rotation, porous media, and gravity-driven con-
vection, highlighting critical insights into such systems’ stability and heat transfer dy-
namics. Moreover, investigations by Malashetty and Padmavathi [39] explored gravity
modulation’s role in the onset of thermal convection. A linear stability analysis was con-
ducted to demonstrate the substantial influence of gravity modulation on the stability
of thermal convection. Employing Venezian’s method for small modulations, the critical
values of Rayleigh number and wavenumber were computed. The variation in critical
Rayleigh number was assessed with respect to the modulation frequency and Prandtl
number. The analysis revealed that low-frequency modulation can impact the system’s
stability. Bhadauri and Kiran [40] studied convective instability in an electrically con-
ducting fluid, shedding light on how adjustments in gravity modulation parameters can
govern heat and mass transfer.

Further research endeavors, such as Kiran et al. [41, 42], studied the interplay be-
tween gravity modulation and various convection phenomena, uncovering important
relationships. These investigations highlighted factors influencing heat transfer and the
transition from steady to chaotic thermal convection, underscoring the crucial dynamics
governed by gravity modulation. Kiran [43] examined the impact of gravity modula-
tion on Rayleigh–Bénard convection under rigid isothermal boundary conditions, he
utilized insights from the Ginzburg–Landau equation (GLE). His investigation consid-
ered gravity modulation comprising both steady and sinusoidal components. Specifi-
cally, the sinusoidal aspect characterized gravity modulation in terms of its amplitude
and frequency. The findings illustrate that gravity modulation dictates the outcomes
of heat transfer. Notably, the amplitude of modulation amplifies heat transfer at lower
frequencies while attenuating it at higher frequencies.

In the realm of physics, the gravitational pull of objects is well-understood to be pro-
portional to their mass. Examination of pressure variations in the ocean offers insights
into oceanic circulation and gravitational fluctuations. Regions experiencing elevated
pressure manifest more vital gravitational forces, particularly evident in denser areas.
Variations in mass concentrations, such as those resulting from glacier melting, induce
corresponding alterations in bottom pressure and gravitational fields across the ocean.

The average gravitational acceleration on Earth, approximately 9.8m/s2, exhibits slight
variations based on location, with discernible differences between equatorial and polar
regions. Despite their modest magnitudes, these variations play a pivotal role in analyz-
ing oceanic convection currents. The temporal manifestation of gravitational changes
may span weeks to months, influenced by processes such as ocean floor heating and
glacier melting, which unfold over extended time frames.

A time-dependent periodic function is the most commonly used form of the gravity
modulation equation in the convection field. Bhadauri and Kiran [44] employed the
equation

g(t) = g0(1 + δ cosωt), (1.3)

12



while Kiran et al. [41] utilized the equation

g(t) = g0(1 + δ sinωt). (1.4)

In summary, the interplay between gravity modulation and convection processes, par-
ticularly in oceanic contexts, underscores the complexity inherent in understanding
and predicting natural phenomena governed by gravitational dynamics. Ongoing re-
search efforts continue to illuminate the multifaceted relationships shaping convection
patterns in diverse environmental settings.

1.6 Motivation of research

The drive for this research arises from the reassessment of three components: the esca-
lating ocean temperatures, variations in gravity at the ocean bottom, and the departure
from traditional approximations (TA) of the Coriolis effect [31]. Over recent years,
there has been a notable rise in ocean temperatures, contributing to destructive natural
phenomena such as El Niño. In the past four decades, the average ocean temperature
has increased by 0.6◦C [31]. A recent NASA study concluded that as the oceans expe-
rience warming, there are alterations in the transport and exchange of mass and heat
[31].

Temperature increase facilitates glacier melting. The melting of glaciers introduces cold
freshwater into the ocean, leading to large-scale mass redistribution. This phenomenon
enables different regions to experience varying gravitational forces. Additionally, tem-
perature increase typically destabilizes the convection process. Recent studies have
highlighted variations in gravitational effects on the ocean bottom [45]. Particularly
noteworthy is the 2002 launch of two NASA satellites—one dedicated to gravity recov-
ery and the other for climate experiments. Over nearly 12 years, these satellites aimed
to measure the average gravitational field and monthly variations in gravity within
wavelengths ranging from 300 to 4000 km. They utilized a time-dependent variation
in mass and gravity for the ocean, allowing for the assessment of variations in mass
distributions relative to gravitational fluctuations in the ocean [45].

For over a decade, researchers have embraced the concept that the Coriolis force can
be partially accounted for by omitting the components proportional to the cosine of
latitude [46]. This concept is referred to as the traditional approximation (TA) of the
Coriolis effect, originally proposed by Laplace in 1878 [46]. The (TA) predominantly
influences deep convection, Ekman spirals, internal waves, and equatorial jets. The
concept behind the traditional approximation is to have the Earth’s angular velocity
vector predominantly aligned with the vertical z-axis. That is,

Ω = Ωsin θk. (1.5)

The literature indicates that many researchers employ the traditional approximation
(TA) of the Coriolis effect when investigating stability in rotating convection flows. This
study aims to delve into the unexplored territories of nontraditional approximation. We
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incorporate the cosine term into the equation (1.5). By doing so, we express the angular
velocity (Ω) of the Earth as:

Ω = Ωcos θj+ Ωsin θk. (1.6)

Thus, disregarding the cosine term in Ω, (TA approximation) results in convective
plumes becoming tilted, dependence on wind direction emerges in Ekman spirals, and
numerous alterations occur in internal wave behavior [31]. These changes include the
presence of trapped low-frequency waves and an expansion of their habitat towards
the poles. In the astrophysical domain of stars and gas giant planets, the traditional
approximation (TA), influences patterns of thermal convection and the rate of tidal
dissipation [31].

Aims and objectives of research

This research aims to conduct a linear stability analysis in a horizontal fluid layer heated
from below in a rotating frame of reference. We employ a Boussinesq approximation.
This approximation simplifies the governing equations by assuming that density vari-
ations are negligible except where they appear in buoyancy forces, allowing for an
accurate yet manageable fluid flow analysis. The specific objectives of this study are to:

• Derive equations governing double-diffusive convection under the Boussinesq ap-
proximation for a horizontal layer of fluid heated from below

• Determine the relevant boundary conditions in the case when the x and y com-
ponents of the Coriolis effect are taken into consideration.

• Employ normal modes to determine the critical Rayleigh number for stationary
convection.

• Conduct the stability analysis by varying the frequency and amplitude of gravity
and other parameters to determine their impact on oscillatory convection.

1.7 Summary

In summary, this chapter provides foundational background on double-diffusive con-
vection, modulation in convection such as gravity modulation, convection in rotating
fluids, and the traditional approximation of angular velocity. In this work we will em-
ploy the non-traditional approximation where we consider both horizontal and vertical
motion since we will consider thermohaline convection across different altitudes.

This research is subdivided into the following chapters. Chapter 1 reviews the differ-
ent literature on double-diffusive convection and Chapter 2 describes the method of
normal modes. The mathematical model is developed in Chapter 3 whereas Chapter 4
prepares us for linear stability analysis using the method of normal modes. Chapter 5
is concerned with stationary convection and Chapter 6 considers oscillatory convection
analysis. Lastly, Chapter 7 summarizes and concludes our results.
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Chapter 2

Methodology

2.1 Introduction

The preferred methodology is the utilization of the normal modes technique. A normal
mode represents a form of motion in which constituent elements of a system exhibit
sinusoidal motion at an identical frequency. These motions transpire at fixed frequen-
cies, commonly called resonant frequencies or natural frequencies. In the context of
physical structures, the characteristics of normal modes are dependent upon the spe-
cific material employed and the boundary conditions applied. In musical instruments
that generate vibrations, these modes are termed “overtones” or “harmonics.” The su-
perposition of normal modes is a critical phenomenon in various systems, and these
modes act independently of each other.

2.2 Method of normal modes

Recent studies have applied both numerical and direct methods to normal modes.
Scholars have devoted substantial attention to exploring linear and nonlinear normal
modes in recent years. Numerous attempts to determine these modes have been con-
ducted spanning from the 1960s to the present. In these endeavors, Platzman [47]
employed the method of normal to study the Rayleigh-Bénard convection by trans-
forming the problem to the spectral domain and applying numerical methods to the
resulting equations. Vakakis [48] made noteworthy contributions by using the method
of normal nodes on Manevich and Mikhlin’s [49] perturbation methodology along with
the method of multiple scales [50]. Additionally, Drazin and Reid [7] investigated the
stability problem rooted in Rayleigh’s work by employing the method of normal modes.
Numerous studies on thermal convection stability have been conducted utilizing the
method of normal modes.

In double-diffusive convection, Duba et al [32] employed the method of normal modes
to study the effect of the Soret and Dufour effects in a rotation thermohaline convec-
tion using the traditional approximation for the angular velocity. Mirouh [51] utilized
the method of normal modes to investigate double-diffusive convection on Earth and
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planetary sciences assuming the traditional approximation. Shankar [52] investigated
the stability of a primary buoyant flow in a vertical layer of fluid. The flow density
is controlled by temperature and solute concentration. The method of normal modes
was employed. The resulting equations were solved numerically using the Chebyshev
collocation method.

The literature shows that the normal modes method is widely utilized to study con-
vection stability under various conditions. Rayleigh [8] investigated the stability and
instability of a Boussinesq fluid subject to thermal convection. In his pursuit of sta-
bility analysis, Rayleigh employed the normal modes method. Rayleigh’s investigation
focused on a fluid confined between two infinite horizontal plates, each heated from
below at dissimilar temperatures.

2.3 Application of the method of normal modes

In applying the normal mode method, Chandrasekhar [1] considered a fluid confined
between two infinite horizontal layers heated from below at different temperatures (T0

and Td). Let d be the distance between the two layers. The lower layer serves as the
origin for the Cartesian plane. The z-axis is perpendicular to the two layers. Under
appropriate transformations, the linear stability equations are given by the following
non-dimensional equation,

∂q
∂t

= −Pr∇p+ T Pr Ra k + Pr ∇2q, (2.1)

the continuity equation
∇ · q = 0, (2.2)

and the temperature gradient
∂T

∂t
− w = ∇2 T, (2.3)

where q = (u, v, w) is the velocity vector, k is the basis vector in the z direction, T is
the temperature, p is the pressure, α is the volumetric expansion due to temperature
differences, κ is the heat diffusion coefficient, g is the gravitational acceleration, ν is
the kinematic viscosity,

Ra =
gα∆Td3

κν

is the dimensionless Rayleigh number and

Pr =
ν

κ

is the Prandtl number which describes the ratio between the momentum diffusivity to
the thermal diffusivity. Taking the curl of equation (2.1) we get the following

∂σ

∂t
= Ra Pr (∇T × k) + Pr ∇2σ, (2.4)
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where σ = ∇× q is the vorticity. In particular, the z-component of the curl of equation
(2.4) is given by

∂

∂t
(∇2w) = Pr Ra∇2T + Pr∇2w, (2.5)

where ∇2
H = ∂2

∂x2 +
∂2

∂y2
is the horizontal Laplacian and ∆. Eliminating T from (2.3), we

obtain (
∂

∂t
−∇

)(
1

Pr

∂

∂t
−∇

)
∇w = Ra ∇2w. (2.6)

We then impose the boundary conditions that is,

w =
∂w

∂z
= T = 0 (rigid boundary) at z = 0, (2.7)

w =
∂2w

∂z2
= T = 0 (free boundary) at z = d. (2.8)

The various cases are called rigid-rigid, rigid-free, free-rigid, or free-free according to
whether the upper and lower boundaries are free or rigid.

Equations (2.3, 2.4, 2.7 and 2.8) are symmetric in x and y. Thus Rayleigh managed to
take normal modes of the form

w = W (z)f(x, y)est and T = T (z)f(x, y)est, (2.9)

where s = δ + iσ is the growth rate. Therefore, equation (3.3) becomes

(D2 −∇− s)fT (z) = −fW, (2.10)

where D = d
dz

. Therefore,
(D2 − a2 − s)T (z) = −W, (2.11)

and
∇2f + a2f = 0, (2.12)

where a2 is the constant of separation. Equation (2.12) is known as the membrane
equation, Helmholtz equation, or the reduced wave equation. Thus, a can be taken as
the wave number.

The variations of the solution in z are given by,

(D2 − a2)(D2 − a2 − s/Pr)W = a2Ra T, (2.13)

and
(D2 − a2)(D2 − a2 − s)(D2 − a2 − s/Pr)W = −a2Ra W, (2.14)

where

Ra =
gαβd4

κν
.

The solution to the equations is not trivial. So for given values of Ra, a and Pr, a set
of solutions Wi that satisfy the boundary conditions is needed to represent the initial
disturbance. For given values of Pr and Ra the flow is unstable for δ > 0, for any
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mode with any real value a, and stable if δ ≤ 0 for all modes. The critical Rayleigh
number is the value Rac for which δ(Ra, a, Pr) for some a whenever Ra > Rac and
δ(Ra, a, Pr) ≤ 0 for all a whenever Ra ≤ Rac. For σ = 0, s = δ thus creating a
stationary convection process, and for σ ̸= 0, the growth rate creates an oscillatory
motion.

2.4 Summary

This chapter provides insight into the method of normal modes. The method of nor-
mal modes offers a simplification of complex systems, insight into natural frequencies,
decoupling of equations, reduced computational load, and many other advantages. In
this dissertation, we apply the method of normal modes while expressing our angular
velocity Ω in terms of both the horizontal components Ωx and Ωy and assuming vari-
able gravity in a rotating system. The method of normal modes in convection analysis
aims to determine the stability of a fluid system by breaking down disturbances into
sinusoidal modes or waves. By analyzing these modes, the method identifies which
disturbances grow or decay over time. If a mode grows, the system is unstable and
likely to lead to convection; if it decays, the system remains stable. This approach helps
in understanding the conditions under which convection occurs and the nature of the
resulting flow patterns.
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Chapter 3

Mathematical Model

3.1 Introduction

In this chapter, we derive the equations of motion to describe the fluid flow in a hori-
zontal layer heated from below with salinity in the system. These include the continuity
equation, momentum equation, temperature equation, salt equation, and the equation
of state. In deriving the governing equations, we assume familiarity with the results of
the divergence theorem, the stress tensor matrix, and Fourier’s law of heat conduction.
This set of equations will be analyzed in the next chapter. The divergence theorem
states that the total flow of a vector field out of a closed surface is equal to the sum of
the field’s sources and sinks inside the enclosed volume. In mathematical rotation,∫

S

F · n dS =

∫
V

∇ · F dV, (3.1)

where S is a closed surface with unit upward normal (n), F is a vector field and V is
the volume. In index notation, ∫

S

Fknk dS =

∫
V

Fk,k dV, (3.2)

where comma notation denotes partial differentiation,

Fk,k =
∂Fk

∂xk

. (3.3)

The divergence theorem can be extended to tensor T of any order,∫
S

Tnk dS =

∫
V

T,k dV, (3.4)

where T has any arbitrary number of indices, not necessarily the index k. The Cauchy
stress tensor is,

τij =

τxx τxy τxz
τyx τyy τyz
τzx τzy τzz

 , (3.5)
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where τij is the stress tensor matrix. It follows from the principle of angular momentum
that the Cauchy stress tensor is symmetric,

τij = τji. (3.6)

The components of the stress tensor are given by

τyx = µ

(
dvx
dy

+
dvy
dx

)
, τyz = µ

(
dvz
dy

+
dvy
dz

)
, and τzx = µ

(
dvz
dx

+
dvx
dz

)
. (3.7)

Let H be the heat flow vector. Then Fourier’s law of heat conduction is given by

H = −κ∇T, (3.8)

where κ is the material heat conduction and T is temperature.

From Newton’s law of friction, consider the velocity of the fluid (called the fluid ve-
locity). The fluid velocity at time t is denoted by v(r, t), where r is the position vector.
Consider the Cartesian coordinates (x, y, z). Define i, j, k to be mutually orthogonal
unit vectors in R3. Thus r and v can be expressed as

r = x(t)i+ y(t)j+ z(t)k, (3.9)

and
v = vxi+ vyj+ vzk, (3.10)

where

vx =
dx

dt
, vy =

dy

dt
, and vz =

dz

dt
,

and
vx = vx(x, y, z, t), vy = vy(x, y, z, t), and vz = vz(x, y, z, t).

The flow is steady if
∂v

∂t
= 0.

Consider now the time rate of change following the motion of the fluid. Let f(x, y, z, t)
be a continuum variable. Then ∂f

∂t
is the rate of change of f at a point and Df

Dt
is the

time rate of change following the motion of the fluid. Then,

Df

Dt
=

∂f

∂x

dx

dt
+

∂f

∂y

dy

dt
+

∂f

∂z

dz

dt
+

∂f

∂t
, (3.11)

thus
Df

Dt
=

∂f

∂t
+ (v · ∇)f. (3.12)

The acceleration of a fluid at position r is given by,

Dv

Dt
=

D

Dt
(vxi+ vyj+ vzk), (3.13)
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which can be expressed as,

Dv

Dt
=

Dvx
Dt

i+
Dvy
Dt

j+
Dvz
Dt

k. (3.14)

Using equation (3.12), we can now have

Dv

Dt
=

(
∂vx
∂t

+ (v · ∇)vx

)
i+

(
∂vy
∂t

+ (v · ∇)vy

)
j+

(
∂vz
∂t

+ (v · ∇)vz

)
k, (3.15)

thus,
Dv

Dt
=

∂v

∂t
+ (v · ∇)v. (3.16)

Equation (3.16) is the acceleration of a fluid element following the motion of the fluid.

3.2 Equations of incompressible fluid

Consider a fluid flow between two semi-infinite horizontal layers heated from below.
The density of the fluid in the system is primarily affected by changes in salt and tem-
perature. Let T0 and S0 be the initial temperature and salt in the system, d the height

Figure 3.1: Double diffusive convection process where salt and temperature are the main
diffusers.

between the two horizontal layers, g is the gravitational acceleration, and the boundary
conditions at z = 0 and z = d are given by,

T (z = 0) = T0 +∆T, S(z = 0) = S0 +∆S, T (z = d) = T0, S(z = d) = S0.
(3.17)
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Consider a region of volume V with boundary S ′ and outward normal n. Mass is not
created nor destroyed, the resulting mass equation for compressible fluids is given by

∂ρ

∂t
+∇.(ρv) = 0. (3.18)

The conservation of mass equation for an incompressible fluids is,

∇ · v = 0, (3.19)

since the density ρ is constant.

3.2.1 Momentum balance equation

The momentum balance equation is derived from Cauchy’s first law of motion. Stress
is force per unit area. Let t(n) be the stress exerted on the surface of an element by
the fluid on the side to which n is directed. Where t(n) is the stress vector. Cauchy’s
formula

ti(n) = nkτki, (3.20)

gives the stress vector t(n) on a surface with arbitrary unit normal n in terms of the
nine components of the stress tensor (3.5). Cauchy derived his first law of motion
from the principle of linear momentum, which states that the rate of change of linear
momentum of an arbitrary part P of the fluid equals the resultant force on P . Now
consider a material volume V with surface S ′ consisting at all times of the same fluid
particles and moving with the fluid. The ith component of the force exerted by the
surrounding fluid in V is given by∫

S′
ti(n)dS

′ =

∫
S′
nkτkidS

′, (3.21)

and therefore, ∫
S′
ti(n)dS

′ =

∫
V

τki,kdV, (3.22)

using the divergence theorem (3.1). Consider a small material volume δV , then τki,k
will be almost constant throughout δV . From the principle of linear momentum applied
to δV , we have

D

Dt
(ρδV vi) = τki,kδV + FiρδV. (3.23)

Since mass is conserved,
D

Dt
(ρδV ) = 0, (3.24)

and therefore,

δV

(
ρ
Dvi
Dt

− τki,k − ρFi

)
= 0. (3.25)

But, δV is arbitrary, thus

ρ
Dvi
Dt

= τki,k + ρFi, (3.26)
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where Fi is the component of the body force per unit mass in the ith direction. Equation
(3.26) is known as Cauchy’s first law of motion.

For a Newtonian fluid,
τik = (−p+ λΓ)δik + 2µDik, (3.27)

where p is the pressure, λ is the coefficient of viscosity, µ is the dynamic viscosity, δik is
the unit stress tensor,

δik =

{
1 if i = k

0 if i ̸= k.
(3.28)

µ is the coefficient of dynamic viscosity,

Γ = ∇ · v,

and Dik is the rate of strain tensor,

Dik =
1

2

(
∂vi
∂xk

+
∂vk
∂xi

)
.

For incompressible fluids, the density ρ is a constant.

∇ · v = 0.

Thus constitutive equation (3.27) reduces to

τik = −pσik + 2µDik. (3.29)

Substituting equation (3.29) into (3.26) we obtain

ρ
Dv

Dt
= −∇p+ µ∇2v + ρF, (3.30)

which is the Navier-Stokes equation for incompressible fluids.

Equation (3.30) is the momentum equation in an inertial frame of reference. The
problem we are solving is in a rotating frame. We will utilize the rotating axis theorem
to move from the inertial frame to a rotating frame.

3.2.2 The energy balance equation for the temperature

We use the energy balance equation to derive the temperature equation. Consider a
material volume V with material surface S ′ containing of the same fluid particles mov-
ing with the fluid at all times. The repeated indices in our derivation imply summation.
The first law of thermodynamics which is the energy balance equation states that the
rate of change of kinetic energy in V plus the rate of change of internal energy in V is
equal to the rate of heat flow into V plus the rate of work done by the surface stress
t(n) plus the rate of work done by the body force F.
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For the rate of heat flow in V , let H be the heat flow vector, which satisfies Fourier’s law
of heat conduction (3.8)

H = −κ∇T, (3.31)

where T is the temperature and κ is the coefficient of thermal conductivity. Let the rate
of heat flow into V be denoted by h. Using the divergence theorem (3.1) we have

h = −
∫
S′
H · n dS ′

= −
∫
S′
(−κ)∇T · n dS ′

= κ

∫
V

∇2T dV.

(3.32)

Now consider a small volume δV . Then the rate of heat flow h into δV is

h = κ∇2T δV. (3.33)

Let the rate of work done by surface stresses t(n) be denoted as qss, then qss is given by

qss =

∫
S′
t(n) · v dS ′ (3.34)

=

∫
S′
nkτkivi dS

′, (3.35)

where v is the velocity vector of the surface, and S ′ is the surface over which the work
is being done. Using Cauchy’s formulae and applying the divergence theorem (3.1), we
obtain

qss =

∫
V

(τkivi),k dV.

But
τkivik = τikDik.

since the Cauchy stress tensor is symmetric. Now consider an incompressible fluid, then

τik = −pδik + 2µDik, (3.36)

where p is the pressure, δik = 1 for i ̸= k and 1 elsewhere, and Dik are the strain
components and Dii = div(v) = 0 from equation (3.19). Thus,

τkivi,k = 2µDikDik, (3.37)

and for small volume δV , the rate of work done by surface stresses t(n) is given by

qss = (τki,kvi + 2µDikDik)δV. (3.38)

Let KE and m denote the rate of change of kinetic energy and the mass associated with
the volume of the fluid. For a small volume δV , qss is given by

qss =
D

Dt

(
1

2
ρδV vivi

)
, (ρδV = δm) (3.39)
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qss = viρ
Dvi
Dt

δV,

(
D

Dt
ρδV =

D

Dt
δm = 0

)
. (3.40)

Let IE denote the rate of change of internal energy. For a small volume δV , IE is given
by

IE =
D

Dt
(cvTρδV ) (3.41)

IE = cvρ
DT

Dt
δV,

(
D

Dt
ρδV =

D

Dt
δm = 0

)
, (3.42)

where T is the absolute temperature, cv is the specific heat at constant volume. Now,
let the work done by the body forces be denoted by qbf . For a small volume δV , qbf is
given by

qbf = F · v, (3.43)

qbf = FiviδV. (3.44)

Therefore, substituting equations (3.33), (3.38), (3.40), (3.42), and (3.44) and simpli-
fying we get the following

cvρ
DT

Dt
= κ∇2T + 2µDikDik. (3.45)

The term DikDik is the square of two terms. If Dik is sufficiently small, then DikDik ≈ 0.
Therefore for sufficiently small Dik, equation (3.45) simplifies to

ρ
DT

Dt
= κT∇2T, (3.46)

where κT = κ/cv is the heat diffusion coefficient. Equation (3.46) is the temperature
equation for incompressible fluids. Similarly, the salt equation is given by

DS

Dt
= κS∇2S, (3.47)

where κS is the salinity diffusion coefficient. In summary, equations (3.18), (3.30),
(3.46), and (3.47) are the governing equations for double-diffusive convection in the
inertial frame of reference.

3.3 Summary of equations in the inertial reference frame

Here, we summarize the essential equations of motion in an inertial reference frame.
Momentum equation:

ρ
Dv

Dt
= −∇p+ µ∇2v + ρF. (3.48)

Mass equation:
∇ · v = 0. (3.49)

Temperature equation:

ρ
DT

Dt
= κT∇2T. (3.50)
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Salt equation:
DS

Dt
= κS∇2S, (3.51)

In the next section, we shall use the rotating axis theorem to shift from the inertial
frame to the rotating frame.

3.4 Governing equations in a rotating frame

Consider the position vector r,

r = xi+ yj+ (z + a)k

of a particle/object at the surface of the earth, where a is the radius of the Earth, θ
is the angle measured from the horizontal plane to the position and Ω is the angular
velocity of the Earth. See Figure 3.2.

Figure 3.2: Position of a body at the surface of the earth.

3.4.1 Rotating axis theorem

Let i′, j′, k′ be a rectangular reference fixed in space with origin O. Denote this frame
by sI . Let i, j, k be a rectangular frame rotating with angular velocity Ω. Let f be a
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position vector in a rotating system. Thus,

f = f1i+ f2j+ f3k, (3.52)

and
f = f

′

1i
′
+ f

′

2j
′
+ f

′

3k
′
, (3.53)

that is
f1i+ f2j+ f3k = f

′

1i
′
+ f

′

2j
′
+ f

′

3k
′
. (3.54)

Then the time rate of change concerning f is given by(
df

dt

)
I

=
d(f

′
1 i

′
)

dt
+

d(f
′
2 j

′
)

dt
+

d(f
′
3 k

′
)

dt
, (3.55)

and (
df

dt

)
R

=
d(f1 i)

dt
+

d(f2 j)

dt
+

d(f3 k)

dt
, (3.56)

subscript I and subscript R denote the inertial and rotating frames, respectively. Equa-
tion (3.56) reduces to (

df

dt

)
R

=
df1
dt

i+
df2
dt

j+
df3
dt

k, (3.57)

and equation (3.55) reduces to(
df

dt

)
I

=
df

′
1

dt
i
′
+

df
′
2

dt
j
′
+

df
′
3

dt
k

′
+ f

′

1

di
′

dt
+ f

′

2

dj
′

dt
+ f

′

3

dk
′

dt

=
df

′
1

dt
i
′
+

df
′
2

dt
j
′
+

df
′
3

dt
k

′
+ f

′

1(Ω× i
′
) + f

′

2(Ω× j
′
) + f

′

3(Ω× k
′
)

=
df

′
1

dt
i
′
+

df
′
2

dt
j
′
+

df
′
3

dt
+Ω× f .

(3.58)

For any vector v, (
dv

dt

)
R

=

(
dv

dt

)
I

+Ω× v,

in a rotating frame and (
dv

dt

)
I

= 0,

in the inertial frame. Thus using equation (3.57), (3.58), and (3.54) we obtain the
following (

df

dt

)
I

=

(
df

dt

)
R

+Ω× f , (3.59)

where Ω = (Ωx,Ωy,Ωz) is the angular velocity vector. Equation (3.59) is known as the
rotating axis theorem.
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3.4.2 The momentum equation in the rotating frame

Let
r = x(t)i+ y(t)j+ (z(t) + a)k

be the position vector on the surface of the Earth, where a is the radius of the Earth,
and

Ω = (0,Ωy,Ωz) = (0,Ωcos θ,Ω sin θ) (3.60)

be the angular velocity of the system. The angle θ is measured from the line of latitude
(equator) to the line of longitude. Then applying equation (3.59) we get the following(

dr

dt

)
I

=

(
dr

dt

)
R

+Ω× r, (3.61)

or,
vI = vR +Ω× r, (3.62)

where vI and vR are the velocity vectors in the inertial and rotating frames, respectively.
Applying vI on theorem (3.59) to obtain the acceleration yields the following,(

dvI

dt

)
I

=

(
dvI

dt

)
R

+Ω× vI

=

(
d(vR +Ω× r)

dt

)
I

+Ω× (vR +Ω× r). (3.63)

Since Ω is a constant, the above equation can be reduced to,(
dvI

dt

)
I

=

(
dvR

dt

)
R

+ 2Ω× vR +Ω× (Ω× r), (3.64)

where 2Ω×vR is due to the Coriolis effect force, while Ω× (Ω× r) is a consequence of
the centrifugal force effect, and dv/dt is the acceleration of the fluid particle. Consider
the viscous term of the momentum equation (µ∇2vI). Substituting

vI = vR +Ω× r

into the viscous term gives,

µ∇2vI = µ∇2(vR +Ω× r), (3.65)

which simplifies to,
µ∇2vI = µ∇2vR, (3.66)

since
(Ω× r) = Ω ((z + a) cos θ − y sin θ) i+ Ω(x sin θ) j− Ω(x cos θ) k,

therefore
∇2(Ω× r) = 0.
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Because,

∇2 =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
,

and
Ω × r,

depends only on x, y, z. Substituting equation (3.65) and (3.63) into equation (3.30)
and rearranging we get

ρ
∂q
∂t

+ (q · ∇)q = −∇p− ρg(t)k+ µ∇2q − 2ρΩ× q − ρΩ× (Ω× r), (3.67)

where
q = vR = (u, v, w)

is the velocity vector in the rotating frame, p is the pressure, g is the gravitational
acceleration, k is a base vector in the z direction, and ν is the kinematic viscosity.
Equation (3.67) is the momentum equation in a rotating frame. We can rewrite the last
term of the equation (3.67) as a divergence of a scalar potential [53]. That is,

Fce = ρΩ× (Ω× r) = −ρ∇Φce, (3.68)

where
Φce = (Ω× r)2/2.

Combining the pressure term and Fce we obtain,

∇P = −∇
(
p

ρ
+ Φce

)
.

P is known as the hydrostatic pressure of the system, where

P = p+ ρΦce.

Therefore, equation (3.67) reduces to,

ρ
∂q
∂t

+ (q · ∇)q = −∇P − ρg(t)k+ µ∇2q − 2ρΩ× q, (3.69)

where k is a base vector. Consider the mass equation (3.19). Substituting vI = vR +
(Ω× r) into the mass equation yields,

∇ · vI = ∇ · (vR + (Ω× r))

= ∇ · vR +∇ · (Ω× r), (3.70)

but ∇ · (Ω× r) = 0 since (Ω× r) is a constant vector. Therefore,

∇ · vI = ∇ · vR. (3.71)

For scalar-valued functions, the rotation has no effect. Thus, the temperature and salt
equations remain unchanged/unaffected in the process [53].
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3.5 Equations of motion in a rotating frame

We apply the rotating axis theorem to transition from the inertial frame of reference
to the rotating frame of reference. In the rotating frame, two fictitious forces arise,
the Coriolis force and the centrifugal force. The centrifugal force is absorbed in the
pressure term whereas the Coriolis force is to play an active role. We further introduce
a sinusoidal time-dependent gravity modulation. The mass equation and the marginal
departure remain invariant in the rotating frame. Furthermore, the transition from
inertial to a rotating frame leaves the temperature and salt equations unchanged. Thus
equation (3.18) is identically satisfied. Therefore, the governing equations for double-
diffusive convection in rotating incompressible fluids are.
Momentum:

ρ
∂q
∂t

+ (q · ∇)q = −∇P − ρg(t)k+ µ∇2q − 2ρΩ× q. (3.72)

Continuity equation:
∇ · q = 0, (3.73)

Temperature gradient:
∂T

∂t
+ (q · ∇) T = κT∇2T, (3.74)

Salinity gradient:
∂S

∂t
+ (q · ∇) S = κS∇2S, (3.75)

where q = (u, v, w) is the velocity vector, P is the system’s static pressure, g(t) is the
time-dependent gravitational acceleration, and ω is the modulation frequency. The pa-
rameter µ is the dynamic viscosity, Ω is the angular velocity of the system, and k is the
direction vector. The parameters, T and S, are the temperature and salinity, respec-
tively. The parameters κT and κS are diffusivity constant for heat and salt, respectively.
The terms ∂q

∂t
+ (q · ∇)q are the inertial forces, ∇P are the pressure gradient forces,

ρg(t) is the buoyancy term, µ∇2q are the viscous terms, and −2ρΩ × q is the Coriolis
force.

Equations (3.72) to (3.75) describe fluid dynamics in the ocean, particularly focus-
ing on convection processes. However, these are incomplete without the equation of
state The ocean’s high salinity level (ranging from 33 to 37 grams per liter) affects the
density of ocean water. Temperature and salinity gradients create vertical density vari-
ations, leading to ocean water instability. Notably, temperature diffuses much faster
than salt in water, making many ocean regions prone to double-diffusive convection.

Temperature and salinity gradients have opposing effects on water density. A posi-
tive temperature gradient increases fluid molecule kinetic energy, causing expansion
and decreased density. Conversely, a positive salinity gradient reduces fluid kinetic en-
ergy, increasing density. Therefore, the combined influence of temperature and salinity
changes governs the system’s density.

The changes in density depend on how much the water contracts or expands. Math-
ematically, the following equation describes the effect of contraction or expansion of
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water in the ocean during double-diffusive convection. If there are density variations
(denoted ρ1) and

ρ = ρ0 + ρ1,

then we can calculate an expression for ρ1 where

T = T0 + T1,

and
S = S0 + S1,

where T0 and S0 are the initial temperature and salt, and ρ0 is the initial density of
the system corresponding to T0 and S0. We can expand ρ(T, S) using the Taylor series
expansion around T0 and S0 to obtain,

ρ(S, T ) = ρ [T0 + (T − T0), S0 + (S − S0)]

= ρ(T0, S0) +
∂ρ(T0, S0)

∂T
(T − T0)

+
∂ρ(T0, S0)

∂S
(S − S0) +O((T − T0)

2 + (S − S0)
2).

(3.76)

Now we have,

ρ = ρ(T0, S0) + ρ1(T, S)

= ρ0 + ρ1(T, S).
(3.77)

Thus, neglecting second-order terms in (T − T0) and (S − S0) in equation (3.76) we
obtain the following,

ρ0 + ρ1(T, S) ≈ ρ(T0, S0) +
∂ρ(T0, S0)

∂T
(T − T0) +

∂ρ(T0, S0)

∂S
(S − S0). (3.78)

Hence,

ρ1(T, S) ≈
∂ρ(T0, S0)

∂T
(T − T0) +

∂ρ(T0, S0)

∂S
(S − S0). (3.79)

We define the following,

α = − 1

ρ(T0, S0)

∂ρ

∂T
and β =

1

ρ(T0, S0)

∂ρ

∂S
, (3.80)

where α is the coefficient of thermal expansion of the fluid and β is the coefficient of
fluid contraction. Consider a fluid element of volume V and mass m, consisting at all
times of the same fluid particles. The salt content remains constant. Then m remains
constant. Now, by definition,

ρ =
m

V
.

Thus,

α = −1

ρ

∂ρ

∂T
= −V

m

∂

∂T

(m
V

)
. (3.81)
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Differentiating we obtain the following,

α =
1

v

∂V

∂T
. (3.82)

Now, consider a fluid element of volume V and mass m, consisting at all times of the
same fluid particles. The temperature remains constant, but the salt content changes.
In this case, the volume remains constant while the mass changes. Thus,

β =
1

ρ

∂ρ

∂S
= −V

m

∂

∂S

(m
V

)
. (3.83)

Simplifying and differentiating we obtain,

β =
1

m

∂m

∂S
. (3.84)

Therefore, α denotes the change in volume per unit volume per temperature rise, and
β denotes the change in mass per unit mass per rise in salinity. From equation (3.80),

∂ρ(T0, S0)

∂T
= −ρ(T0, S0)α(T0, S0),

∂ρ(T0, S0)

∂S
= ρ(T0, S0)β(T0, S0). (3.85)

Let,

ρ0 = ρ(T0, S0), α0 = α(T0, S0), and β0 = β(T0, S0),

then,

∂ρ

∂T
(T0, S0) = −ρ0α0, and

∂ρ

∂S
(T0, S0) = ρ0β0. (3.86)

From equation (3.79),

ρ1(T, S) = ρ0[−α0(T − T0) + β0(S − S0)], (3.87)

where
T = T0 + T1, and S = S0 + S1,

for α0 > 0 and β0 > 0. Equation (3.87) is known as the equation of state for double-
diffusive convection.

The oceans are significant in regulating climate change, feeding, and generating most
of the oxygen we breath. Their significance is mainly due to the convection and ocean
circulation processes that take place. The study of convection in the ocean is well-
known in oceanography. Recently, the effects of gravity variations on the ocean bottom
have drawn much attention from researchers. These variations are primarily due to
pressure differences and the rapid shifting of mass in the ocean. The pressure differ-
ences are largely due to glaciers melting, waste products from human activity, and the
movement of tectonic plates.

We know gravity pulls stronger on dense objects than on lighter ones. This property of
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gravity gives rise to different areas of the ocean experiencing varying gravitational pull
due to pressure differences in the ocean bottom. Although these variations in gravity
are minor ( ±10−3 m/s2 ), the National Aeronautics and Space Administration (NASA)
showed that their effect on circulation is significant in large-scale problems. This vari-
ation in gravity is known as gravity modulation, an essential component of convection
analysis. The fluid moves up and down sinusoidally during a double-diffusive con-
vection process. Thus, we will use a time-dependent sine-like function to track the
variations in gravity. This function relates the initial gravity g0 to the changes in gravity
using the frequency and amplitude of modulation. That is,

gm(t) = g0 [1 + δ sin (ωmt)] , (3.88)

where δ is the modulation amplitude, ωg is the frequency of modulation, and g =
gm(t) is the modulated gravity. Equations (3.72)-(3.88) are the governing equations for
double-diffusive convection in a rotating frame with gravity modulation.

3.6 Summary

In this chapter, we have derived the equations of motion governing double-diffusive
convection in an inertial reference frame. Since we are considering application in the
ocean, where rotation cannot be ignored, we applied the rotating axes theorem to
transition from inertial to rotating reference frame.
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Chapter 4

Linear Stability Analysis

4.1 Introduction

In this chapter, we conduct linear stability analysis on the set of equations of motion
derived in Chapter 3. We first employ dimensional analysis on the equations and apply
the Boussinesq approximation, which assumes the density of the fluid to be constant in
all terms of the momentum equation except in the buoyancy term. We then conduct
both stationary and oscillatory convection using normal modes. Consider the following
model of the double-diffusive convection process between two horizontal layers heated
from below. We refer the reader to Figure (3.1) which is a layer of fluid confined
between two horizontal layers, undergoing natural convection driven by temperature
and salt subject to heating from below.

4.2 The background state equations

The governing equations (3.72) - (3.75) when velocity in the background state qb =
(0, 0, 0), and assumed to be independent of time reduce to,

∂Pb

∂x
= 0, (4.1)

∂Pb

∂y
= 0, (4.2)

∂Pb

∂z
= −ρgm(t), (4.3)

where the subscript ′b′ refers to the background state and gm refers to modulated grav-
ity. But equations (4.1) and (4.2) indicates that Pb = Pb(z), thus

dPb(z)

dz
= −ρgm(t), (4.4)

d2Tb(z)

dz2
= 0, and

d2Sb(z)

dz2
= 0, (4.5)
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subject to the following boundary conditions,

Tb(0) = T0 +∆T, Tb(d) = T0,

Sb(0) = S0 +∆S, Sb(d) = S0.
(4.6)

Equations (4.5) are solved for Tb(z) and Sb(z) to obtain,

Tb(z) = T0 +∆T
(
1− z

d

)
, (4.7)

Sb(z) = S0 +∆S
(
1− z

d

)
, (4.8)

where Pb(z), Tb(z), and Sb(z) are the background pressure, temperature, and salinity
respectively.

4.3 Dimensional Analysis

We now consider dimensional analysis on equations (3.72),(3.73),(3.74) and (3.87).
Moving from the background state, we will get perturbations of the following nature:

T (t, x, y, z) = Tb(z) + T ′(t, x, y, z), (4.9)

S(t, x, y, z) = Sb(z) + S ′(t, x, y, z) (4.10)

ρ(t, x, y, z) = ρb(z) + ρ′(t, x, y, z). (4.11)

From equation (3.87),

ρ′ = ρb[−α(Tb, Sb)T
′ + β(Tb, Sb)S

′]. (4.12)

gm(t) = g0 [1 + δ sin (ωmt)] , (4.13)

P (t, x, y, z) = Pb(z) + P ′(t, x, y, z). (4.14)

q(t, x, y, z) = qb + q′(t, x, y, z), (4.15)

where T ′, S ′, P ′ and q′ are the perturbations. Since qb = 0, substituting equation (4.9)
into equation (3.74) we obtain the following equations

D(Tb + T ′)

Dt
=

DT ′

Dt
+

DTb

Dt

=
∂T ′

∂t
+ (q′ · ∇) T ′ +

∂Tb

∂t
+ (q′ · ∇) Tb

=
∂T ′

∂t
+ (q′ · ∇) T ′ + w

dTb

dz
.

Therefore,
∂T ′

∂t
+ (q′ · ∇) T ′ − w

∆T

d
= κT∇2T ′. (4.16)

Similarly, substituting equation (4.10) into equation (3.75) we obtain

∂S ′

∂t
+ (q′ · ∇) S ′ − w

∆S

d
= κS∇2S ′. (4.17)

In the next Sub-section, we will use the Boussinesq approximation to consider the per-
turbed momentum equation.
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4.3.1 Boussinesq approximation

We apply the Boussinesq approximation for the perturbations of the equation (3.72).
The Boussinesq approximation is a simplification used in fluid dynamics, particularly
for buoyancy-driven flows like natural convection. This approximation is most effective
when dealing with incompressible fluids experiencing small temperature variations. It
helps with complex fluid dynamic equations, making them more manageable for cer-
tain types of analysis.

At its core, the Boussinesq approximation assumes that the fluid’s density remains con-
stant throughout the flow, except when it comes to the buoyancy term in the Navier-
Stokes equations. This means that density variations are only taken into account when
they influence the buoyancy force, which drives the motion of the fluid.

A key aspect of this approximation is the treatment of the fluid as incompressible. This
assumption simplifies the continuity equation, which governs the conservation of mass,
to a more manageable form. Because of these simplifications, the Boussinesq approx-
imation is particularly useful in studying natural convection, where fluid movement is
primarily driven by temperature differences, and in fields like oceanography and atmo-
spheric science, where large-scale flows often involve small temperature variations.

However, the Boussinesq approximation has its limitations. It is only valid when tem-
perature variations are small enough that the resulting density changes are negligi-
ble. In situations where temperature differences are large, this approximation may no
longer hold, and a more complex, fully compressible model would be necessary to de-
scribe the fluid’s behavior accurately. Here, the density is substituted with a reference
density value, usually representing the fluid’s density at a specific temperature and
salinity.

Substituting equations (4.9-4.15) into equation (3.72) we obtain the following,

(ρb + ρ′)

[
∂q′

∂t
+ (q′ · ∇)q′

]
= −∇(Pb + P ′) + µ∇2q′ − (ρb + ρ′)g0(1 + δ sinωmt)k

− 2(ρb + ρ′)Ω× q′. (4.18)

But for the background state,

0 = −∇Pb − ρbg0(1 + δ sinωmt). (4.19)

Hence,

(ρb + ρ′)

[
∂q′

∂t
+ (q′ · ∇)q′

]
= −∇P ′ + µ∇2q′ − ρ′g0(1 + δ sinωmt)k

− 2(ρb + ρ′)Ω× q′. (4.20)

Divide by ρb + ρ′,[
∂q′

∂t
+ (q′ · ∇)q′

]
= − 1

ρb + ρ′
∇P ′ +

µ

ρb + ρ′
∇2q′

− ρ′

ρb + ρ′
g0(1 + δ sinωmt)k− ρb + ρ′

ρb + ρ′
2Ω× q′. (4.21)
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We now make the Boussinesq approximation,

1

ρb + ρ′
∇P ′ ≈ 1

ρb
∇P ′

≈ 1

ρ0
∇P ′,

(4.22)

µ

ρb + ρ′
≈ µ

ρb

≈ µ

ρ0
= ν.

(4.23)

ρ′

ρb + ρ′
≈ ρb

ρb
(−α(Tb, Sb)T

′ + β(Tb, Sb)S
′)

= (−α(Tb, Sb)T
′ + β(Tb, Sb)S

′).

(4.24)

Using equation(4.23)-(4.25) the momentum equation reduces to,

∂q′

∂t
+(q′ ·∇)q′ = − 1

ρ0
∇ P ′+(αT ′−βS ′) g0(1+ δ sinωmt) k+ ν∇2q′− 2Ω×q′. (4.25)

Equations (4.16)-(4.25), (4.11) and (4.13) are the resulting perturbation equations for
the system. We use the following non-dimensional variable

(x∗, y∗, z∗) =
1

d
(x, y, z), (u∗, v∗, w∗) =

d

κT

(u′, v′, w′),

t∗ = t
κT

d2
, S∗ =

S ′

∆S
, P ∗ = P ′ d2

κTµ
and T ∗ =

T ′

∆T
,

to non-dimensionalize our perturbation system. Dropping the asterisks for clarity and
applying the Boussinesq approximation, which assumes that the variation in density
only affects the buoyancy term and not the entire flow field, we obtain the following.
Therefore, equations (3.72)-(3.75) become,

∇ · q = 0, (4.26)

1

Pr

[
∂q

∂t
+ (q · ∇)q

]
= −∇P +∇2q+ (RTT −RSS)(1 + δ sinωmt)k

−
√
Ta(cos θj+ sin θk)× q,

(4.27)

∂T

∂t
+ (q · ∇)T − w = ∇2T, (4.28)

∂S

∂t
+ (q · ∇)S − w = Le−1∇2S, (4.29)

where,

RT =
g0α∆Td3

νκT

, RS =
g0β∆Sd3

νκS

, P r =
ν

κT

, Ta =
4d4Ω2

ν2
,

where RT is the thermal Rayleigh number, RS is the salinity Rayleigh number, Pr is the
Prandtl number, and Ta is the Taylor number.
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4.4 Normal mode analysis

In this section, we will conduct a linear stability analysis utilizing the method of normal
modes. We will focus on the z− component of our system as instability within the
system is predominantly influenced by vertical motion. We first take the curl of equation
(4.27) to eliminate the pressure term in our problem. Define

ζ = ∇× q,

= (ζx, ζy, ζz),

and
g1(t) = 1 + δ sinωmt.

Then

∇×
[

1

Pr

(
∂q

∂t
+ (q · ∇)q

)]
= ∇×

[
−∇P +∇2q+ (RTT −RSS)g1(t)k

]
∇×

[
−
√
Ta(cos θj+ sin θk)× q

]
.

(4.30)

The simplifications of the terms in equation (4.30) are given by:

∇×
[

1

Pr

∂q

∂t

]
=

1

Pr

∂ζ

∂t
, (4.31)

∇×
[

1

Pr
(q · ∇)q

]
=

1

Pr
[(q · ∇)ζ − (ζ · ∇)q] . (4.32)

We neglect the second-order terms of equation (4.32).

∇× (∇P ) = 0, (4.33)

∇× (∇2q) = ∇2ζ, (4.34)

∇× [(RTT −RSS)g1(t)]k =

(
RT

∂T

∂y
−RS

∂S

∂y

)
g1(t)i

−
(
RT

∂T

∂x
−RS

∂S

∂x

)
g1(t)j,

(4.35)

and

∇×
[√

Ta(cos θj+ sin θk)× q
]
= −

√
Ta

(
cos θ

∂q

∂y
+ sin θ

∂q

∂z

)
. (4.36)

Substituting equations (4.31-4.36) into equation (4.30) we obtain,

1

Pr

(
∂ζ

∂t

)
=

∂

∂y
(RTT −RSS)g1(t)i−

∂

∂x
(RTT −RSS)g1(t)j

+∇2ζ +
√
Ta

(
sin θ

∂q

∂z
+ cos θ

∂q

∂y

)
.

(4.37)
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We further take the curl of (4.37) to obtain the vorticity transport equation. Doing so
allows us to have a system of four equations and four unknowns.

∇×
[

1

Pr

(
∂ζ

∂t

)]
= ∇×

[
∂

∂y
(RTT −RSS)g1(t)i−

∂

∂x
(RTT −RSS)g1(t)j

]
+∇×

[
∇2ζ +

√
Ta

(
sin θ

∂q

∂z
+ cos θ

∂q

∂y

)]
.

(4.38)

Each term of equation (4.38) when simplified gives,

∇×
[

1

Pr

(
∂ζ

∂t

)]
= − 1

Pr

(
∂∇2q

∂t

)
, (4.39)

∇×
(
∇2ζ

)
= −∇4q, (4.40)

∇×
[
∂

∂y
(RTT −RSS)g1(t)i−∇× ∂

∂x
(RTT −RSS)g1(t)j

]
=

[
∂2

∂z∂x
(RTT −RSS)g1(t)

]
i+

[
∂2

∂y∂z
(RTT −RSS)g1(t)

]
j

−
[(

∂2

∂x2
+

∂2

∂y2

)
(RTT −RSS)g1(t)

]
k,

(4.41)

∇×
[√

Ta

(
sin θ

∂q

∂z
+ cos θ

∂q

∂y

)]
=

√
Ta

(
sin θ

∂ζ

∂z
+ cos θ

∂ζ

∂y

)
. (4.42)

Substituting equations (4.39)-(4.42) into equation (4.38) we obtain,

1

Pr

(
∂

∂t
(∇2q)

)
= − ∂2

∂x∂z
(RTT −RSS)g1(t)i−

∂2

∂y∂z
(RTT −RSS)g1(t)j+∇4q

+∇2
H(RTT −RSS)g1(t)k−

√
Ta

(
sin θ

∂ζ

∂z
+ cos θ

∂ζ

∂y

)
,

(4.43)

where, ζ is the vorticity vector and ∇2
H = ∂2/∂x2 + ∂2/∂y2, where ∇2

H is called the
horizontal Laplacian. The linearized z− components of our system are as follows:

1

Pr

(
∂ζz
∂t

)
= ∇2ζz +

√
Ta

(
sin θ

∂w

∂z
+ cos θ

∂w

∂y

)
, (4.44)

1

Pr

(
∂

∂t
(∇2w)

)
=∇2

H(RTT −RSS)g1(t) +∇4w

−
√
Ta

(
sin θ

∂ζz
∂z

+ cos θ
∂ζz
∂y

)
,

(4.45)

∂T

∂t
− w = ∇2T, (4.46)

∂S

∂t
− w = Le−1∇2S. (4.47)
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We assume a wave-like solution for the perturbations. That is,

ζz(t, x, y, z) = Z(z) exp [σt+ i(kxx+ kyy)]

T (t, x, y, z) = T (z) exp [σt+ i(kxx+ kyy)]

S(t, x, y, z) = S(z) exp [σt+ i(kxx+ kyy)]

w(t, x, y, z) = W (z) exp [σt+ i(kxx+ kyy)]

(4.48)

∇2 =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
=

d2

dz2
− n2, (4.49)

where W (z), T (z), S(z), and Z(z) are the amplitudes, σ is the growth rate, kx, ky are
the horizontal wave-numbers and

n2 = k2
x + k2

y.

Perturbations of the initial state can grow or decay depending on σ. Substituting equa-
tions (4.48) into (4.44-4.47) we obtain the following set of equations,

1

Pr
σZ = (D2 − n2)Z +

√
Ta(sin θD + iky cos θ)W, (4.50)

σ

Pr
(D2 − n2)W = (D2 − n2)2W − n2(RTT −RSS)g1(t)

−
√
Ta(sin θD + iky cos θ)Z,

(4.51)

σT −W = (D2 − n2)T, (4.52)

σS −W = Le−1(D2 − n2)S, (4.53)

where
D(·) = d

dz
(·).

Equations (4.50-4.53) consists of four equations for four unknowns Z(z), T (z), S(z),
and W (z). We eliminate Z(z) to obtain three equations for three unknowns. Equation
(4.50) can be rewritten as follows,(

D2 − n2 − σ

Pr

)
Z = −

√
Ta(sin θD + iky cos θ)W. (4.54)

Operating on equation (4.51) by (
D2 − n2 − σ

Pr

)
,

yields the following equation,

1

Pr
(D2 − n2)

(
D2 − n2 − σ

Pr

)
W = (D2 − n2)2

(
D2 − n2 − σ

Pr

)
W

− n2
(
D2 − n2 − σ

Pr

)
(RTT −RSS)g1(t)

+ Ta(sin θD + iky cos θ)
2W,

(4.55)

which does not depend on Z(z). Equations (4.52, 4.53, and 4.55) form three equations
for three unknowns T (z), S(z), and W (z).
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4.5 Boundary conditions

Chandrasekhar [6] discussed all possible boundary conditions for a convection process.
He noted that sometimes it may be necessary to employ unrealistic boundary conditions
to obtain an analytical solution. There are two types of boundaries: rigid surfaces,
where no-slip occurs, and free boundaries, where no tangential stress occurs. We first
examine all the possible boundary conditions satisfied by both rigid and free surfaces,
and then later we will consider the ones suitable for our problem.

4.5.1 Boundary conditions satisfied at both rigid and free surfaces

Consider physical variables at z = 0 :

w(t, x, y, 0) = 0 no cavities form,
T ′(t, x, y, 0) = 0 surface maintained at constant temperature,
S ′(t, x, y, 0) = 0 surface maintained at constant salinity,

(4.56)

and at z = d :

w(t, x, y, d) = 0 so cavities form,
T ′(t, x, y, d) = 0 surface maintained at constant temperature,
S ′(t, x, y, d) = 0 surface maintained at constant salinity.

(4.57)

The surfaces z = 0 and z = d are maintained at constant temperatures and salinities
and therefore do not undergo a perturbation. The normal component of velocity must
vanish on these surfaces.

4.5.2 Boundary conditions satisfied at rigid surfaces

Suppose that z = 0 is a rigid surface, then no-slip occurs:

u(t, x, y, 0) = 0,

v(t, x, y, 0) = 0.
(4.58)

But (4.58) holds for all values of x and y. Thus we can differentiate (4.58) with respect
to x and y. Hence

∂u

∂x
(t, x, y, 0) = 0.

∂v

∂y
(t, x, y, 0) = 0.

(4.59)

But the continuity equation at z = 0 is,

∂u

∂x
(t, x, y, 0) +

∂v

∂y
(t, x, y, 0) +

∂w

∂z
(t, x, y, 0) = 0. (4.60)

Hence,
∂w

∂z
(t, x, y, 0) = 0. (4.61)
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Thus, if z = 0 and z = d are rigid surfaces,

∂w

∂z
(t, x, y, 0) = 0, and

∂w

∂z
(t, x, y, d) = 0. (4.62)

Now consider the boundary conditions on the z−component of vorticity ζ,

ζ = ∇× q

= i

[
∂w

∂y
− ∂v

∂z

]
+ j

[
∂u

∂z
− ∂w

∂x

]
+ k

[
∂v

∂x
− ∂u

∂y

]
.

(4.63)

Thus

ζx =
∂w

∂y
− ∂v

∂z
, ζy =

∂u

∂z
− ∂w

∂x
, ζz =

∂v

∂x
− ∂u

∂y
. (4.64)

Suppose z = 0 is a rigid surface, then since (4.58) is satisfied for all x and y,

∂u

∂y
(t, x, y, 0) = 0,

∂v

∂x
(t, x, y, 0) = 0, (4.65)

and therefore

ζz(t, x, y, 0) =
∂v

∂x
(t, x, y, 0)− ∂u

∂y
(t, x, y, 0)

= 0.

(4.66)

Hence if z = 0 and z = d are rigid,

ζz(t, x, y, 0) = 0, and ζz(t, x, y, d) = 0. (4.67)

4.5.3 Boundary conditions satisfied at free surfaces

On a free surface there are no tangential stresses. Suppose that z = 0 is a free surface,
then

τzx(t, x, y, 0) = 0, and τzy(t, x, y, 0) = 0. (4.68)

From the Navier-Poisson law for an incompressible fluid,

τik = −pδik + 2µDik

= −pδik + µ

(
∂qi
∂xk

+
∂qk
∂xi

)
,

(4.69)

where,

Dik =
1

2

(
∂qi
∂xk

+
∂qk
∂xi

)
, (4.70)

thus,

τzx = µ

(
∂w

∂x
+

∂u

∂z

)
, τzy = µ

(
∂w

∂y
+

∂v

∂z

)
. (4.71)
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At z = 0 we have from (4.71),

∂w

∂x
(t, x, y, 0) +

∂u

∂z
(t, x, y, 0) = 0, and

∂w

∂y
(t, x, y, 0) +

∂v

∂z
(t, x, y, 0) = 0. (4.72)

But since no cavities form at z = 0,

w(t, x, y, 0) = 0, (4.73)

for all x and y. Therefore differentiating with respect to x and y yields the following,

∂w

∂x
(t, x, y, 0) = 0, and

∂w

∂y
(t, x, y, 0) = 0. (4.74)

Hence, from (4.72),

∂u

∂z
(t, x, y, 0) = 0, and

∂v

∂z
(t, x, y, 0) = 0. (4.75)

Now the continuity equation is,

∂u

∂x
(t, x, y, z) +

∂v

∂y
(t, x, y, z) +

∂w

∂z
(t, x, y, z) = 0. (4.76)

Now differentiating it with respect to z we obtain,

∂

∂x

(
∂u

∂z
(t, x, y, z)

)
+

∂

∂y

(
∂v

∂z
(t, x, y, z)

)
+

∂2w

∂z2
(t, x, y, z) = 0. (4.77)

Set z = 0. Then

∂

∂x

(
∂u

∂z
(t, x, y, 0)

)
+

∂

∂y

(
∂v

∂z
(t, x, y, 0)

)
+

∂2w

∂z2
(t, x, y, 0) = 0. (4.78)

by applying (4.75) the following boundary condition is obtained,

∂2w

∂z2
(t, x, y, 0) = 0. (4.79)

Next we derive a boundary condition on ζz at a free surface. From (4.64),

ζz =
∂v

∂x
− ∂u

∂y
, (4.80)

and differentiate with respect to z we obtain,

∂ζz
∂z

(t, x, y, z) =
∂

∂x

(
∂v

∂z
(t, x, y, z)

)
− ∂

∂y

(
∂u

∂z
(t, x, y, z)

)
. (4.81)

Set z = 0, then after differentiation gives

∂ζz
∂z

(t, x, y, 0) =
∂

∂x

(
∂v

∂z
(t, x, y, 0)

)
− ∂

∂y

(
∂u

∂z
(t, x, y, 0)

)
= 0.

(4.82)

and applying equation (4.74) we obtain the boundary condition

∂ζz(t, x, y, 0)

∂z
= 0. (4.83)
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4.5.4 Summary of boundary conditions

• Both rigid and free surfaces.

w = 0, T ′ = 0, and S ′ = 0. (4.84)

• Rigid surfaces.

u = 0, v = 0,
∂w

∂z
= 0, and ζz = 0. (4.85)

• Free surfaces.

∂u

∂z
= 0

∂v

∂z
= 0

∂2w

∂z2
= 0 and

∂ζz
∂z

= 0. (4.86)

4.6 Application of the boundary conditions

The solution to equations (4.52, 4.53, and 4.55) is assumed to be periodic and sine-
like. We assume stress-free boundary conditions on the upper boundary z = 1 and on
the lower boundary z = 0. We also assume that the perturbations W (z), T (z), and S(z)
vanish on the upper and lower boundaries. Hence,

z = 1 : W (1) = 0,
d2W

dz2
(0) = 0, T (1) = 0, S(1) = 0

z = 0 : W (0) = 0,
d2W

dz2
(0) = 0, T (0) = 0, S(0) = 0.

(4.87)

Thus, we look for solutions of the form,

W (z) = W0 sin πz,

T (z) = T0 sin πz,

S(z) = S0 sin πz.

(4.88)

Subject to the stress-free boundary conditions(4.87). Where W0, T0, and S0 are con-
stants. This form of solution satisfies the boundary conditions in (4.87). Substituting
equations (4.88) into (4.52, 4.53, and 4.55) we obtain the following

σ

Pr

[
π2 + n2 + σPr−1

]
(π2 + n2)W0 sin πz =

[
(π2 + n2 + σPr−1

]
(π2 + n2)W0 sin πz

+ n2
(
π2 + n2 + σPr−1

)
(RTT −RSS)g1(t) sinπz

− Ta
[
ky cos

2 θ − π2 sin2 θ
]
W0 sin πz + i Ta W0 ky sin 2θ cos πz.

(4.89)

Equation (4.89) is of the form,

A sin πz +B cos πz = 0, (4.90)
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where A and B are constants independent of z and,

A =
[
(π2 + n2 + σPr−1)2(π2 + n2) + Ta(ky cos

2 θ + π2 sin2 θ)
]
W0

+ n2(π2 + n2 + σPr−1)g1(t)(RSS0 −RTT0),
(4.91)

and
B = 2ikyTaW0(sin θ cos θ). (4.92)

To obtain a solution for A and B, we set z = 0 which gives

B = 0,

and therefore
A = 0.

Thus
2ikyTaW0(sin θ cos θ) = 0, (4.93)

and [
(π2 + n2 + σPr−1)2(π2 + n2) + Ta(ky cos

2 θ + π2 sin2 θ)
]
W0

+ n2(π2 + n2 + σPr−1)g1(t)(RSS0 −RTT0) = 0,
(4.94)

W0 − (π2 + n2 + σ)T0 = 0, (4.95)

W0 − (Le−1(π2 + n2) + σ)S0 = 0. (4.96)

Equations (4.94, 4.95 and 4.96) form a system of three linear equations for W0, T0, and
S0. Let

ky cos
2 θ + π2 sin2 θ = Θ, (4.97)

and
π2 + n2 = Ψ

then the system is given by
Az = 0, (4.98)

where A is given by,[(Ψ + σPr−1)2Ψ+ TaΘ
]

−n2(Ψ + σPr−1)g1(t)RT n2(Ψ + σPr−1)g1(t)RS

1 −(Ψ + σ) 0
1 0 −(Le−1Ψ+ σ)

 ,

(4.99)
where

z =

W0

T0

S0

 , and 0 =

00
0

 .

A non-trivial solution exists provided

det(A) = 0.
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Therefore,

n2(Ψ + σPr−1)g1(t)RS(Ψ + σ)− n2(Ψ + σPr−1)g1(t)RT (Le
−1Ψ+ σ)[

(Ψ + σPr−1)2Ψ+ TaΘ
]
(Le−1Ψ+ σ)(Ψ + σ) = 0.

(4.100)

Equation (4.100) can be solved for RT in terms of RS.

RT =

[
(Ψ + σPr−1)2Ψ+ TaΘ

]
(Ψ + σ)

n2(Ψ + σPr−1)g1(t)
+RS

Ψ+ σ

Le−1Ψ+ σ
. (4.101)

Equation (4.100) can be written as a fourth-order polynomial with real coefficients.

p4(σ) = 0, (4.102)

where,
p4(σ) = σ4 +B1σ

3 +B2σ
2 +B3σ +B4, (4.103)

and
B1 = (π2 + n2)[1 + 2Pr + Le−1], (4.104)

B2 = (π2 + n2)2[Le−1 + 2Pr(1 + Le−1) + Pr2] +
Pr2

(π2 + n2)
Ta

(
ky cos

2 θ + π2 sin2 θ
)

− Pr n2

(π2 + n2)
g1(t)[RT −RS],

(4.105)

B3 = Pr2(π2 + n2)3
[

2

PrLe
+

1

Le
+ 1

]
+ Pr(1 + Le−1)Ta[ky cos

2 θ + π2 sin2 θ]

− n2Pr2g1(t)

[(
1

PrLe
+ 1

)
RT −

(
1

Pr
+ 1

)
RS

]
,

(4.106)

and

B4 = Pr2(π2 + n2)Le−1
[
(π2 + n2)3 + Ta(ky cos

2 θ + π2 sin2 θ)− n2(RT − LeRS)g1(t)
]
.

(4.107)

When Ta = 0 the polynomial is of order three [16]. It is of order four when Ta ̸= 0.
Equation (4.103) has four roots.

It has either four real roots,

σ1, σ2, σ3, and σ4, (4.108)

or two real roots and two complex conjugate roots,

σ1, σ2, σ3 + iσ4 and σ3 − iσ4, (4.109)

or two sets of complex conjugate roots,

σ1 + iσ2, σ1 − iσ2, σ3 + iσ4, and σ3 − iσ4. (4.110)
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When,
σ = σR + iσI , (4.111)

then the solution is of the form,W (t, x, y, z)
T (t, x, y, z)
S(t, x, y, z)

 =

W0

T0

S0

 (exp [σRt+ i(σIt+ kyy + kxx)]) . (4.112)

If σR < 0, the perturbation will decrease in magnitude and the system will eventually
return to its initial state. The initial state is stable with respect to this perturbation. If
σR > 0, the perturbation will increase in amplitude and progressively depart from the
initial state. The initial state is unstable and we will have resonance when the ampli-
tude grows unbounded. A system is considered stable if it is stable with respect to every
possible perturbation to which it can be subjected. A system is unstable if there is at
least one unstable perturbation state to which it can be subjected [6].

The condition
σR = 0, (4.113)

separates the two states and defines a state of marginal stability or neutral stability. The
states of marginal stability can be of two kinds, stationary and oscillatory.

Stationary phase: σI = 0. The amplitude of small disturbances grows steadily over
time. The transition from stability to instability is by a marginal state with a stationary
pattern of motions. The principle of the exchange of instability is valid. Instability sets
in as a stationary cellular convection or secondary flow.

Oscillatory phase: σI ̸= 0. The amplitude of small disturbances grows by oscillations
of increasing (decreasing) amplitude. The transition from stability to instability is by
a marginal state exhibiting oscillatory motions with a certain definite frequency. If un-
stable oscillatory motion occurs at the onset, one has a case of overstability. A slight
displacement provokes restoring forces tending away from equilibrium. In overstabil-
ity, the forces are so strong as to overshoot the corresponding position in the other
equilibrium site.

4.7 Summary

In this chapter, we have imposed normal modes analysis studied in Chapter 2 on the
governing equations derived in Chapter 3. We further discussed three types of bound-
ary conditions, rigid-rigid, rigid-free, and free-free (no-slip) boundary conditions. In
this work, we have decided to impose the no-slip boundary conditions. By doing so,
we have derived the thermal Rayleigh number, a paramount parameter in convective
stability analysis. The Rayleigh number here is found to be dependent on the Prandtl
number, the Lewis number, the salinity Rayleigh number, and the rotation parameter
(Ta) together with time-dependent sinusoidal periodic gravitational acceleration. We
introduced the growth parameter (σ).
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Chapter 5

Stationary convection

5.1 Introduction

In this chapter, we will conduct a stability analysis on stationary convection introduced
in Chapter 4. Our point of departure is the stability parameter, the Rayleigh number
in equation (4.101). We will compare this Rayleigh number with the critical Rayleigh
number (Rc = 27π4/4). If Rsc

T > Rc this implies that the system is unstable and if
Rsc

T < Rc then the system is stable. we will vary the different parameters to deduce the
effect of each on stability analysis.

5.2 Analysis

We deduce the onset of stationary convection by setting σ = 0 in equation (4.101).
Then we obtain,

Rsc
T =

Ψ3 + TaΘ

n2g1(t)
+RSLe, (5.1)

where Ψ = π2 + n2, and Rsc
T is the Rayleigh number for the exchange of instability. We

obtain the critical wave number (n) by minimizing Rsc
T with respect to n2, that is

∂Rsc
T

∂n2
=

3(π2 + n2)2n2 − [(π2 + n2)3 + TaΘ]

n4g1(t)
= 0, (5.2)

therefore,
3(π2 + n2)2n2 − [(π2 + n2)3 + TaΘ] = 0. (5.3)

From Equation (5.3), we can deduce that the critical wave number is independent of
gravity modulation but depends on the Taylor number, denoted as Ta. Thus, rotation
plays a significant role in determining the critical wave number. In the absence of
rotation (Ta = 0), the critical wave number is given by,

n =
π√
2
. (5.4)
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The corresponding Rayleigh number in the absence of gravity modulation, rotation,
and salinity is given by

Rc =
27

4
π4 ≈ 657.51, (5.5)

which is consistent with the literature [53]. For different values of TaΘ, one can solve
equation (5.3). Consider equation (4.93). The equation is satisfied if one of the follow-
ing is true,

ky = 0

θ = 0

θ = ±π/2,

(5.6)

where θ = 0 means we are at the equator, θ = ±π/2 means we are at the poles, and
ky = 0 means no waves in the y−direction.

5.3 Stationary convection analysis at the equator

Consider the case where θ = 0. This case corresponds to the equatorial region of the
Earth. Thus Θ = ky and equation (5.1) becomes,

Rsc
T =

(π2 + n2)3 + Taky
n2g1(t)

+RSLe. (5.7)

To find the minimum of Rsc
T , we find the non-trivial point (kx, ky) that minimizes Rsc

T .
That is, we compute

∂Rsc
T

∂kx
= 0 and

∂Rsc
T

∂ky
= 0.

Now,

∂Rsc
T

∂kx
=

6kx
n4g1(t)

(π2 + k2
y + k2

x)
2(k2

y + k2
x)−

2kx
n4g1(t)

(π2 + k2
y + k2

x)
3 − 2Takykx

n4g1(t)

= 0,

(5.8)

and

∂Rsc
T

∂ky
=

(Ta+ 6ky(π
2 + k2

y + k2
x)

2)(k2
y + k2

x)

n4g1(t)
−

2ky(π
2 + k2

y + k2
x)

3 − 2Tak2
y

n4g1(t)

= 0.

(5.9)

Equation (5.8) is satisfied if,

kx = 0, and 6(π2 + k2
y + k2

x)
2(k2

y + k2
x)− 2(π2 + k2

y + k2
x)

3 − 2Taky ̸= 0, (5.10)

kx ̸= 0, and 6(π2 + k2
y + k2

x)
2(k2

y + k2
x)− 2(π2 + k2

y + k2
x)

3 − 2Taky = 0, (5.11)

or,

kx = 0, and 6(π2 + k2
y + k2

x)
2(k2

y + k2
x)− 2(π2 + k2

y + k2
x)

3 − 2Taky = 0. (5.12)
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Consider the first case (5.10). Substitute kx = 0 into equation (5.9) to obtain the
following expression,[

Ta+ 6ky(π
2 + k2

y)
2
]
(k2

y)− 2ky(π
2 + k2

y)
3 − 2Tak2

y = 0, (5.13)

which is satisfied for
ky = 0,

or [
Ta+ 6ky(π

2 + k2
y)

2
]
(ky)− 2(π2 + k2

y)
3 − 2Taky = 0.

For ky = 0 we have the stationary point at

(kx, ky) = (0, 0)

which leads to a trivial solution. To obtain nontrivial solutions, we consider[
Ta+ 6ky(π

2 + k2
y)

2
]
(ky)− 2(π2 + k2

y)
3 − 2Taky = 0, (5.14)

which reduces to,
4k6

y + 6π2k4
y − 2π6 − kyTa = 0. (5.15)

The solution to equation (5.15) for various values of Ta is given in table (5.1). The plot
indicates a strong linear relationship between ky and Ta (see Figure 5.1), as evidenced
by the equation

ky = 0.0005582924727272791× Ta+ 2.221621177272728

and a remarkably high correlation coefficient of

r = 0.9999821717072658.

Ta ky
0 2.22144147
10 2.22713261
20 2.23279944
30 2.23844208
40 2.24406062
50 2.24965517
60 2.25522585
70 2.26077277
80 2.26629602
90 2.27179574

100 2.27727204

Table 5.1: Values of ky for different values of Ta

The horizontal wavelengths in the ocean can range from 1× 10−4 to 5× 10−2, while the
Taylor number can range anywhere between (1 and 104)[53]. In the following plots,
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Figure 5.1: Critical wave number ky plotted against the Taylor number Ta
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we assume constant gravity with RS = 100, n = (0.5, 8).

The second and third cases (5.11 and 5.12) lead to a trivial solution

(k2
x + k2

y)Ta = 0. (5.16)

Thus,
(kx, ky) = (0, 0). (5.17)
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Figure 5.2: The Rayleigh number plotted against the wave number (n) with and without
rotation for stationary convection.

From Figure (5.2), it is evident that a direct relationship exists between the Rayleigh
number and the Lewis number. The influence of the Lewis number affects the system’s
behavior, potentially signifying a shift in stability. Furthermore, it can be inferred that
the impact of the Lewis number remains unaffected by rotation. The horizontal wave
number (ky) exerts an additional influence, distinct from the wave number (n), on the
system’s stability at the equator. This influence is dependent upon the system’s rotation.
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The effects of gravity modulation on the stability of a stationary convection process can
be seen through a variation in the amplitude (δ) and frequency (ωm). We will restrict
the product (ωmt) between (0, 2π) [54].
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Figure 5.3: The Rayleigh number plotted against the wave number (n) at different modu-
lation amplitude for stationary convection.
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(a) No rotation (b) Ta = 30

(c) δ = 0.1, and ωmt = π
4 . (d) δ = 0.01, and ωmt = π

4 .

Figure 5.4: The Rayleigh number plotted against the horizontal wave numbers(kx and ky)
for stationary convection.

Figure 5.4 illustrates the variation of the Rayleigh number for stationary convection
with kx and ky. With smaller wave numbers, we observe higher Rayleigh numbers.
In the context of gravity modulation, significant Rayleigh numbers result from minor
variations. For instance, at δ = 0.1 and ωmt = π/4, we achieve 1 + δ sinωmt = 1.0707,
and for δ = 0.4 and ωmt = π/4, we reach 1 + δ sinωmt = 1.2828. Despite their small
magnitudes, these variations substantially impact the stability of the process.

54



(a) No rotation (b) With rotation

Figure 5.5: The Rayleigh number for stationary convection against the frequency and
amplitude of modulation.

The function RT (δ, ωm) demonstrates independence from rotation. Figure 5.5 above
shows a recurring, periodic pattern. This periodicity arises from the inherent cyclic
behavior of the sine function. The outcomes suggest that, over time, the modulation of
gravity will cyclically repeat, manifesting at intervals corresponding to multiples of 2π.
However, this deduction appears impractical as it results in a sequence of repetitions
yielding identical values. Consequently, the chosen gravity modulation form may be
inappropriate. Despite the inadequacy of the chosen form, an essential insight offered
by the equation is the establishment of both a lower and an upper bound, establishing
a reasonable range for slight variations.

5.4 Stationary convection analysis at the poles

Consider the scenario where θ = ±π/2. This situation specifically pertains to the polar
regions of the Earth. When θ = ±π/2, equation (5.1) transforms into,

Rsc
T =

(π2 + n2)3 + Taπ2

n2(1 + δ sinωmt)
+RSLe. (5.18)

We find the value of n where the function is minimum. Since Rsc
T is a function of n2 we

minimize it with respect to n2. To do this, we take the derivative of Rsc
T with respect to

n2 and set it to zero:

dRsc
T

dn2
=

1

g1(t)

3n2(π2 + n2)2 − (π2 + n2)3 − Taπ2

n4

= 0.

(5.19)

We expand to obtain,

1

n4g1(t)

[
2n6 + 3π2n4 − π2(π4 + Ta)

]
= 0. (5.20)
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Therefore,
2n6 + 3π2n4 − π2(π4 + Ta) = 0. (5.21)

Let,
P6(n) = 2n6 + 3π2n4 − π2(π4 + Ta). (5.22)

Using Descartes’ Rule of Signs which states that the potential count of positive roots in
a polynomial is either equal to the number of sign alterations in its coefficients or less
than that count by a multiple of 2. We deduce the possible number of positive roots
for P6(n). Thus the number of possible roots for P6(n) is less than or equal to one. But
since,

P6(0) = −π2(π4 + Ta), (5.23)

and
P6(n → ∞) = ∞, (5.24)

it follows that P6(n) has at least one positive root. You can solve Equation P6(n) = 0 for
various values of Ta.

Ta n
0 2.2214414690791653

10 2.2701220212994313
20 2.3152337874397433
30 2.357307022975578
40 2.3967590112653743
50 2.4339244154698263
60 2.4690760070425886
70 2.502439230663717
80 2.534202691665936
90 2.5645258696194655
100 2.59354489845482

Table 5.2: Values of the critical wave number n for a range of values of Ta.

Figure 5.6 shows an approximately linear relationship between the critical wave num-
ber n and the Taylor number Ta with the correlation coefficient (r = 0.99677139). Table
(5.2) shows that the critical wave number n does not increase greatly as Ta goes from
0 to 100.
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Figure 5.6: The plot of P6(n) against n for a range of values on Ta. shows a linear
relationship between the wavenumber n and the Taylor number Ta

In Figure 5.7 we generate plots of Rsc
T against n for various combinations of Ta and

Le. We maintain a constant value of RS = 100 and assume no gravity modulation. The
presence of gravity modulation impacts the stability of the process by delaying instabil-
ity. Figure 5.7 reveals that gravity modulation influences the convection stability in the
poles. Gravity modulation exhibits both stabilizing and destabilizing effects contingent
on whether there is an increase or decrease in gravity. Furthermore, the Lewis number
is insignificant in the presence of rotation. Lastly, the modulation amplitude seems to
be stabilizing the system.
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Figure 5.7: The Rayleigh number for stationary convection against the wave number (n)
with and without rotation and different values of the Lewis number and the modulation
amplitude.
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Figure 5.8: The Rayleigh number for stationary convection plotted against the wave num-
ber (n) with gravity modulation and rotation using equation (5.18)

Figure 5.8 indicates that gravity modulation through rotation significantly impacts sta-
bility, particularly for relatively high amplitudes of modulation. As such, it appears that
the system tends to stabilize under conditions of elevated frequency. Conversely, neg-
ligible changes in stability are observed for minimal amplitudes of modulation. This
underscores the critical role of gravity modulation in influencing system dynamics, par-
ticularly in contexts characterized by substantial amplitude variations.
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Figure 5.9: The Rayleigh number against the wave number with gravity modulation and
no rotation.

In Figures 5.8 and 5.9 outcomes regarding the influence of modulation amplitude and
frequency on convection in the absence of rotation mirror those observed in the rotating
system. However, a notable distinction lies in the relatively high values of the Rayleigh
number within the rotating system. This discrepancy highlights the significance of ro-
tational effects on the convective dynamics, suggesting a significant interplay between
modulation parameters and system behavior.
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5.5 Summary

In this chapter, the focus was on stationary convection. In this type of stability analysis,
we set the growth rate, σ, to zero in equation (4.101). We conducted stability analysis
at both the poles and the equator. At the equator, the smaller the wave number (n),
the higher the Rayleigh number, hence an unstable system. Additionally, there is no
actual effect between rotation and gravity modulation. Also, minor changes in grav-
ity modulation significantly affect the Rayleigh number. At the poles, we found that
higher modulated amplitude causes the system to be unstable while higher modulated
frequencies stabilize the system.
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Chapter 6

Oscillatory convection

6.1 Introduction

Similar to the stability analysis conducted in Chapter 5 where we have considered
stationary convection. Here we have assumed the growth rate to be non-zero. We now
let σ = σI , where σI signifies the imaginary part of the growth. We again consider
equation (4.101) for the Rayleigh number. We then substitute σ = σI and compute Roc

with the critical Rayleigh number (Rc = 27π4/4). We again conduct stability analysis at
the poles and the equator. we will again vary the different parameters.

6.2 Analysis

Oscillatory motions occur when conditions such as salinity gradient, magnetic field,
and rotation are present. Consider the mode,

σI = λ,

from equation (4.101) where λ is the oscillation frequency. We impose that λ2 > 0 such
that λ is real and we can obtain over stability. Substituting σ = iλ into equation (4.101)
yields two equations (real and imaginary). We need the equations to vanish separately.
Thus, we can obtain solutions to the characteristic values of the oscillation frequency
and the Rayleigh number. Therefore, equation (4.101) reduces to,

ROc
T =

b0iλ+ c1
n2g(t)

+
b1iλ+ c2
n2g(t)c0

+
b3iλ+ c3

c4
, (6.1)

where,

m2 = π2 + n2, c0 = m4 + λ2Pr−2, c1 = m6 − λ2m2Pr−1,
c2 = (m4 + λ2Pr−1)TaΘ, c3 = (m4Le+ λ2Le2)RS, c4 = m4 + Le2λ2,
b0 = m4 (1 + Pr−1) , b1 = TaΘ(m2 − Pr−1m2) , b3 = m2 (1− Le)RSLe.

Equation (6.1) can further be reduced to,

ROc
T = χr + iλχi, (6.2)
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where,

χr =
c0c1c4 + c2c4 + c0c3n

2g(t)

c0c4n2g(t)
,

χi =
c0c4b0 + c4b1 + c0b3n

2g(t)

c0c4n2g(t)
.

We require ROc
T to be real [6] so that we interpret the results of the analysis in terms

of real physical processes, like the onset of convection. Therefore, χi = 0 in equation
(6.2). That is,

c0c4b0 + c4b1 + c0b3n
2g(t)

c0c4n2g(t)
= 0, (6.3)

or simply
c0c4b0 + c4b1 + c0b3n

2g(t) = 0. (6.4)

Equation (6.4) can be written as a second-order polynomial in λ2

(λ2)2 +Bλ2 + C = 0, (6.5)

where

B = (π2 + n2)
[
(π2 + n2)(Pr2 + Le−2)

]
+ (π2 + n2)

[
Pr(Pr − 1)Ta(ky cos

2 θ + (π2 + n2)π2 sin2 θ)
]

+ (π2 + n2)
[
n2(1− Le)Le−1 RS g1(t)

]
,

(6.6)

and

C = (π2 + n2)3
[
(π2 + n2)Pr2 Le−2

]
+ (π2 + n2)3

[
Pr Le−2(Pr − 1)Ta(ky cos

2 θ + π2 sin2 θ)
]

+ (π2 + n2)3
[
n2Pr2(1− Le)Le−1 RSg1(t)

]
.

(6.7)

λ2 is the smallest positive root of dispersion. Thus,

ROc
T =

c0c1c4 + c2c4 + c0c3n
2g(t)

c0c4n2g(t)
. (6.8)
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6.3 Oscillatory convection at the equator

Consider the plot of the equation (6.8) against various parameters for different values
of Ta. At the equator (θ = 0), we have Θ = ky, thus, consequently leading to the
following. We set RS = 100, Le = 20, Pr = 7, Θ = ky = 0.1 and we set λ = 0.1 to
obtain results for the analysis unless stated otherwise.
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Figure 6.1: The Rayleigh number for oscillatory convection plotted against the wave num-
ber (n) and plotted against the Prandtl number (Pr).

From Figure 6.1 above, it is apparent that in equatorial regions, the influence of the
horizontal wave number in the y direction ky significantly impacts stability, with rota-
tion playing a minor role in these areas (Figures See 6.1 (c) and (d)). Furthermore, the
importance of the diffusivity ratio Le between heat and salt to stability becomes evident
as Pr varies. Higher values of Le lead to increased values of the Rayleigh number, and
conversely, lower values of Le result in reduced instability.
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Figure 6.2: The Rayleigh number for oscillatory convection plotted against gravity modu-
lation at fixed amplitude and frequency values.

From Figure 6.1 it is evident that in oscillatory convection, the modulation of gravity ex-
hibits signs of both stabilizing and destabilizing effects. The system’s stability depends
on whether g(t) exceeds or falls below one. This outcome suggests gravity modulation
significantly influences the system’s stability despite the relatively small variations.
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Figure 6.3: The Rayleigh number for oscillatory convection plotted against amplitude at
fixed frequency values with and without rotation.

From Figure 6.3 it is evident that in the presence of gravity modulation, varying the
modulation amplitude (δ) at different modulation frequencies (ωm) results in remark-
ably similar behaviors, in the presence of rotation and its absence. A similar result
occurs when we vary ωm for different values of δ (See Figure 6.4). It is crucial to
highlight that the presence of gravity modulation yields relatively high values of the
Rayleigh number, with further amplification when the system incorporates rotation.
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This deduction leads us to infer that in equatorial regions, under the influence of both
gravity modulation and rotation, the system exhibits a relatively heightened state of
instability.
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Figure 6.4: The Rayleigh number for oscillatory convection plotted against frequency at
fixed amplitude values with and without rotation.

6.4 Oscillatory convection at the poles

Let us consider the scenario where θ = π/2 (at the poles). In this case, Θ = π2. We keep
certain parameters constant while adjusting others to discern the relationships between
them and their impact on convection. The results are outlined as follows:

From Figure 6.5, it becomes evident that rotation assumes a markedly more substantial
role in convection, even without gravity modulation. Within these areas, convection
processes exhibit a higher sensitivity to rotation compared to the equatorial regions.
This observation may be linked to the poles serving as our planet’s rotation axis. The
simultaneous variation of both horizontal wave numbers could also contribute to this
heightened sensitivity.
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Figure 6.5: Rayleigh number for oscillatory convection plotted against wave-number, and
Prandtl number without gravity modulation.
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Figure 6.6: The Rayleigh number for oscillatory convection against gravity modulation at
fixed values of frequency and amplitude.

From Figure 6.6 we can deduce that similar to the equatorial regions, the Lewis number
(Le) is a significant factor influencing convection when investigating the relationship
between the Prandtl number (Pr) and the Rayleigh number. Rotation continues to exert
a pivotal influence in this context. The system exhibits indications of instability with
an increase in the Taylor number (Ta). Additionally, akin to the equatorial regions,
the presence of gravity modulation influences the convection process in the system.
However, notable differences arise as gravity modulation in the polar regions generates
higher Rayleigh numbers compared to the equatorial regions.
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Figure 6.7: The Rayleigh number for oscillatory convection plotted against the modulation
amplitude, and the Rayleigh number against the modulation frequency.

Including rotation along with amplitude and frequency modulation results in higher
Rayleigh numbers compared to the scenario without rotation (See Figure 6.7). This
observation implies that the introduction of rotation introduces a new dynamic regard-
ing system stability. The system appears to be unstable whenever rotation and gravity
modulation coexist.

Parallel to the preceding analysis, the polar regions demonstrate relatively high Rayleigh
numbers. This distinction becomes evident only when the system incorporates rotation.
The sole contrast between the polar and equatorial regions lies in the value of Θ. This
implies that for ky = π2 in the equatorial regions, a comparable behavior is anticipated
to occur as observed in the polar regions.
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6.5 Summary

The non-zero growth rare condition in this chapter led us to oscillatory convection
and we conducted a stability analysis thereof. With a complex number growth rate
(σ = iλ) we expect to observe some oscillations and hence we substituted this in equa-
tion (4.101). Similar to the previous chapter, our focus was on the poles and the
equator. On the poles, Figure 6.5 suggests that rotation plays a very important role in
stability analysis. Figure 6.6 shows that gravity modulation is directly proportional to
the Rayleigh number. In the equator, Figure 6.1 demonstrates that gravity modulation
affects the stability of the system.
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Chapter 7

Summary and Conclusions

In summary, our investigation focused on the effects of gravity modulation on double-
diffusive convection in rotating fluids such as the stratified ocean, which is heated from
below. The method of normal modes has been used to study the linear problem and
thereby conduct a linear stability analysis.

Due to the rotating nature of our problem, two very important concepts needed to
be introduced. First is the rotating axis theorem to transition from the inertial frame
to a rotating frame, and second is the no-traditional approximation of the Coriolis ef-
fect. By doing so, two fictitious forces were introduced into the momentum equation,
the Coriolis force and the centrifugal force. The Coriolis force plays a very active role
whereas the centrifugal force is absorbed into the pressure term and does not explicitly
interact as much with the system. We conducted stability analysis for both stationary
and oscillatory convection. The analysis was conducted in both polar regions and equa-
torial regions. Due to high temperatures, and glaciers melting, the ocean experiences
mass re-distribution which creates gravity variations in the ocean.

For stationary convection, the following results were obtained.

• The smaller the wave number (n), the higher the Rayleigh number and conse-
quently the unstable regime.

• Minor changes in gravity modulation have a significant effect on stability.

In the polar regions, the higher the amplitude of the modulation, the greater the
Rayleigh number, whereas the frequency of modulation has stabilizing effects.

For oscillatory convection, the following results were obtained.

• At high latitudes, rotational effects are very significant. Furthermore, an increase
in gravity modulation causes an increase in the Rayleigh number.

• In the equatorial regions, our results show that gravity modulation significantly
affects the stability of ocean convection.
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Distinct behaviors were evident between equatorial and polar regions, with polar re-
gions typically exhibiting higher Rayleigh numbers, especially under rotational effects.
This spatial variation underscores the importance of considering environmental con-
ditions when analyzing convective processes. Moreover, our investigation emphasized
the significance of wave direction, particularly near the equator, where the horizontal
wave number in the y− direction played a significant role. This aspect adds another
layer of complexity to convective dynamics, influencing stability patterns in conjunc-
tion with other factors.

In conclusion, the study advances the understanding of convective stability by high-
lighting the interactions among the Rayleigh number, Lewis number, gravity modula-
tion, rotation, Prandtl number, and wave directionality. By examining these factors, we
enhance our ability to predict and interpret convective behaviors across diverse envi-
ronmental conditions. The coexistence of rotation and gravity modulation suggests a
higher likelihood of system instability. Amplitude and frequency modulations also play
crucial roles in convection, particularly rotation. Rotation, in general, induces elevated
values of the Rayleigh number, highlighting its substantial influence on the system.
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