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MSC: In this paper we study the convergence analysis of a Golden Ratio Algorithm with a backward
47H09 inertial step and a fully adaptive step size procedure for the purpose of approximating solutions
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of variational inequalities in Hilbert spaces. We present a weak convergence result when the

2gﬁg operator is quasi-monotone and locally Lipschitz continuous, and a strong convergence result in
the setting of strong pseudo-monotonicity. Our algorithm features one operator evaluation and
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one projection computation at the current iteration. We recover interesting algorithms in the
literature, for instance, the Golden Ratio Algorithm. Numerical experiments were conducted to
validate the theoretical convergence analysis.
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1. Introduction

Let us consider the Variational Inequality Problem (VIP)
find x € C such that (Px,5-%) >0, Vj € C, (@D)

where P is a continuous operator defined on a real Hilbert space H and C is a nonempty closed and convex subset of H. Problems of
the form (1) are useful in fields like engineering, transportation, economics, mathematical programming and mechanics (see [1-4]
for illustrative examples).

Several methods have been studied for approximating solutions of the VIP (1) when the operator P is monotone (or pseudo-
monotone) and Lipschitz continuous. A common method for this purpose is the extragradient method [5]: x; € C, 4, € (0, l) and
L>0,

{.Vk = Po(x — 4 Px;) (2)

X1 = Polxe = 4Py, k 2 1.

When P exhibits monotonicity or pseudo-monotonicity and Lipschitz continuity conditions in a real Hilbert space, (2) is proved to
converge weakly (see [6-8]). However, in this method, the operator P and the projection onto C, P, are computed twice at each
iteration. This leads to the computational expensiveness of this method especially when P and P are difficult to compute.
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Popov [9] on the one hand, proposed the following method which reduces the number of computations of P in the extragradient
method (2) from two to one: x;,y, € C and 4, € (0, %],

{X/m = Po(xi — 4Py @

Vir1 = Pe(pyy = 4Pyi), k2 1

However, P is computed twice at each iteration. Similar to the extragradient method, the Popov’s method (3) is proved to
converge weakly in a real Hilbert space when P exhibits monotonicity or pseudo-monotonicity and Lipschitz continuity conditions
(as established in [10,11]).

Censor—Gibali-Reich [12] on the other hand, proposed the following subgradient extragradient method which reduces the amount
of computations of the metric projection in Algorithm (2) to one: x; € H, 4; € (0, %) and L > 0,

Vi = Po(xg = 4 Pxy)
Dy :={we H : (x; — 3Px; — y,w—y;) <0}, “4)
X1 = Pp, (X — 4Py k> 1.

The subgradient extragradient method (4) is also proved to converge weakly in a real Hilbert space when P exhibits monotonicity
or pseudo-monotonicity and Lipschitz continuity conditions (as established in [13-16]).
An alternative to Algorithm (4) is the following forward-backward—forward method, which was first proposed by Tseng [17] in
the context of monotone inclusion problems: x; € H, 4, € (0, %) and L > 0,
Vi = Polxg = 4 Pxy) 5)
Xpp1 =W+ 4 (P = Pyp) k> 1.

Like the subgradient extragradient method (4), in this method, P, is computed only once while 7 is computed twice at each iteration.
Similarly, the weak convergence of this method has been widely studied in real Hilbert space when P exhibits monotonicity or
pseudo-monotonicity and Lipschitz continuity conditions. For inertial variants of methods (2)—(5), see [18-23] and the references
contained there.

Related results

The available research on the convergence results for projection-type methods applied to the VIP (1) in scenarios where P
exhibits both quasi-monotonicity and Lipschitz continuity conditions remains limited in real Hilbert spaces. This gap persists because
the Minty variant of VIP (1) does not coincide with VIP (1) when P is quasi-monotone. Consequently, the techniques applied in
establishing the convergence results for pseudo-monotone cases cannot be directly extrapolated to the quasi-monotone scenarios.
While methods proposed in [24-26] address VIP (1) under the assumption of non-monotonicity and continuity of P in finite-
dimensional spaces, those in [25,26] entail computationally expensive projection onto (k + 1) half-spaces, particularly burdensome
as k increases. Additionally, the method presented in [24] necessitates the computation of projections onto the intersection of two
half-spaces and the feasible set C, further exacerbating computational costs. Further related weak and strong convergence results
on quasimonotone variational inequality problem can be found in [27,28].

In their work cited as [29], Liu and Yang demonstrated weak convergence properties for the extragradient method (2), the
subgradient extragradient method (4), and the forward-backward—forward method (5), under the conditions of quasi-monotonicity,
Lipschitz continuity, and sequential weak continuity of P within an infinite-dimensional Hilbert space. Furthermore, weak
convergence results for extragradient method (2) were also outlined in [30], focusing on quasi-monotonic settings. Wang et al. [31]
provided similar weak convergence outcomes for the inertial version of the projection and contraction method, incorporating
Barzilai-Borwein stepsize, with A exhibiting quasi-monotonicity and Lipschitz continuity within Hilbert spaces. Importantly, the
algorithms presented in [31], specifically Algorithm 3.1 and Algorithm 3.2, require two projections P- and two evaluations of P
during each iteration.

In designing projection-type methods for tackling variational inequalities, a key concern revolves around reducing the amount of
computations of projections and functional evaluations per iteration. This arises from the fact that when dealing with a general closed
and convex feasible set, the numerical implementation of projection-type methods entails solving minimal distance problems. The
efficiency of the method can be significantly affected if numerous such distance problems need to be addressed. Additionally, in large-
scale optimization scenarios where functional evaluation is resource-intensive, the efficiency of algorithms could also suffer from
the need for multiple functional evaluations. Recent advancements in iterative techniques have aimed to address these challenges by
proposing and exploring methods requiring only one projection and one functional evaluation. These developments are documented
and scrutinized in contemporary literature, as evidenced by references such as [32-36].

In his work [33], Malitsky developed a projected reflected gradient method tailored for tackling variational inequalities. Within
this study, Malitsky derived convergence results, including both weak and linear convergence, under assumptions of monotonicity
and Lipschitz continuity, particularly in real Hilbert spaces. An intriguing aspect of the projected reflected gradient method is its
simplified approach, necessitating one functional evaluation and one projection per iteration. Furthermore, Malitsky demonstrated,
through numerical experimentation, that this method demonstrates superior computational efficiency compared to other established
techniques, such as Korpelevich’s extragradient method [5], Popov’s extragradient method [9], the subgradient extragradient
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method [12], and Tseng’s forward—-backward—forward method [17]. Various iterations of Malitsky’s projected reflected gradient
method have since garnered attention, with studies by Chang and Bai [37], further explorations by Malitsky himself [34], and
investigations by other researchers [35], yielding pertinent convergence results within the context of monotonicity and Lipschitz
continuity.

Malistky [32, Algorithm 1] introduced the following Golden Ratio Algorithm with a fully self adaptive stepsizes for tackling VIP
(1) in finite-dimensional spaces:

Algorithm 1 Adaptive Golden Ratio Algorithm

1: Choose yy,y, € C,Ag >0, € (1,0, 1> 0. Set xy = y;,0, = 1,p := +¢l2 and k :=1.

1
@

2: Compute
0, - 2
A =mi1’1{p),k_1, D01 yi — Yl 2’1} ©)
42—y 1Py = Pyrill
and
3: compute
_ @=Dyg+xi_g
HET @
Vi1 = Pl = 4Py,
where
A
0 = —. (8
A

The Algorithm 1 is designed to streamline the process, requiring only a single functional evaluation of 7 and one projection P,
during each iteration. Additionally, the step sizes 4, produced from 6 are adaptively determined. The convergence analysis provided
in [32] demonstrates both an ergodic ©O(1/k) convergence rate and R-linear convergence rate for Algorithm 1.

In a recent development, Yang and Liu introduced a modification of the Golden Ratio Algorithm, as outlined in [36, Algorithm
4.1], specifically tailored for addressing the VIP (1) problem in cases where the operator A exhibits pseudo-monotonicity within
infinite-dimensional Hilbert spaces:

Algorithm 2 Self-Adaptive Algorithm

1+4(ﬁ+l—a)—l
1: Choose A; > 0,0, yp. ¥, € C. 1t € (0, 1), € (0,1),0 € (0,1],6 € (—Vzl) Set k := 1.

2: Compute
{ X =1 =08)y, +x,_;, ()]
Vi1 = Pexp = 14 Pyp).
where
- [ anbly=yi 1 1P+ =vel1?) } . _ _
dpyr = mm{ BP0 kg PV =Py v =) > 0, (10)

Ak otherwise.

Utilizing Algorithm 2, Yang and Liu [36] established weak and strong convergence outcomes under the conditions of pseudo-
monotonicity and strong pseudo-monotonicity, respectively, within Hilbert spaces. However, it is noteworthy that the step sizes
generated by Eq. (10) exhibit a restrictive monotone nonincreasing behavior, unlike the more fully adaptive step sizes outlined in
6.

Our contributions

Inspired by the findings presented in [32,36], our focus in this paper is to propose and analyze a Golden Ratio Algorithm
augmented with a backward inertial step and fully adaptive step sizes for addressing variational inequalities within the framework of
quasi-monotonicity and locally Lipschitz continuity in infinite-dimensional Hilbert spaces. To this end, we contribute the following
to the literature:

» We propose a Golden Ratio Algorithm incorporating a backward inertial step, which entails a single computation of
projection onto the feasible set and necessitates only one functional evaluation per iteration. Notably, our proposed algorithm
encompasses the Golden Ratio Algorithm [32, Algorithm 1] as a special case.
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» Another notable aspect of our method lies in the flexibility of the step sizes, which are not confined to being nonincreasing,
as in [16,18,19,38] and related works.
» We derive weak and strong convergence results for our proposed method.

» Numerical experiments are conducted to showcase the superiority of our proposed approach over several related methods
documented in the literature.

Organization

We organize this paper in the following manner:

» Section 2: The foundation for our convergence analysis is laid by introducing fundamental definitions and key results.

+ Section 3: The main results are presented, wherein we introduce our algorithm along with both weak and strong convergence
results.

+ Section 4: Several numerical examples are presented to illustrate the effectiveness of the proposed method.
» Section 5: Concluding remarks are offered to summarize the findings and provide insights for future research directions.

2. Preliminaries

In this paper, we use the notation x,, — & to indicate the weak convergence of the sequence {x,} to a point &.
We call the operator P;

(i) L-Lipschitz continuous, if for all #, & € H, there is an L > 0 for which

IPi —Poll < Llli - oll;

(ii) L-strongly monotone, if for all i, 5 € H, there exists L > 0 such that
(Pii = Po,ii— ) > Llli - 0]|*;

(iii) monotone, if for all 4,0 € H,
(Pii—Po,i—0) 20

(iv) #-strongly pseudo-monotone if for all i, & € H, there exists 7 > 0 such that (P#,i — &) > 0 = (Pii, i — 0 > #j|ii — 5%

(v) pseudo-monotone, if for all 4,5 € H,
(PBii—0) >0 => (Pii,ii— ) > 0;

(vi) quasi-monotone, if for all &, € H,
(Po,i— ) >0 = (Pii,ii—0) > 0;

(vii) sequentially weakly-strongly continuous, if for any sequence {u,} converging weakly to &, we have that {Pu,} converges strongly
to Po,

(viii) sequentially weakly continuous, if for any sequence {u,} converging weakly to &, we have that {Pu,} converges weakly to P&.
The implications (ii) implies (iii), (iv) implies (v), and (iii) implies (v) implies (vi) are valid; however, converse of these statements
are not universally valid.

Consider the Minty expression of the VIP (1):

find % € C such that (Py,j—x) >0, forall j € C. (11

The set of solutions of this problem is designated as .S;,. We know that .S}, is a closed and convex subset of C. Given the convexity
of C and the continuity of P, we get .S, C S.

The lemma below provides conditions under which S, is guaranteed to be nonempty.

Lemma 2.1 (see [26]). If any of the following conditions hold:

(i) P is pseudo-monotone on C and S # @,

(i) P represents the gradient of G, where G is a differential quasiconvex function defined on an open set K > C and achieves its global
minimum on C,

(iii) P is quasi-monotone and non-zero on a bounded set C,

(iv) P is non-zero and quasi-monotone on C and there is 7 > 0 for which ||X|| > F for any X € C, there is j € C satisfying ||| < F and
(Px,5-%) <0,

(v) P is quasi-monotone on C, the interior of C is nonempty, and there is X* € S for which Px* is non-zero,

then we have that S, # 0.
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The mapping P, defined on H onto C and designates to each ¥ € H, the unique point in C such that
1%~ Pell = inf (1% ~ 5il).
is called a metric projection. The inequality below holds for all j € C;
(X = Pc%,5— Pox) <0. 12)
Lemma 2.2. The equalities below are valid:

() 2(@, &) = ||all* + 181> - @ — o] = lla + ol|* — llall* - 18], Va0 € H;
@) ||(1 + @i — ad||® = (1 + a)||i]|> — &||5])? + &l + &)||a — ||, Vi, o € H, @ €R.

Lemma 2.3 ([39]). Let X be a subset of H, with X # @ and let {y,} be a sequence in H that satisfies the following conditions:
(@) lim |ly, —yl exists for any y € X;
(i) evaeory sequential weak limit point of {y, } belongs to X.
Then {y,} converges weakly to a point in X.

3. Main results

Our goal here is to discuss and delve into the analysis of the algorithm that we presented, both in terms of weak and strong
convergence.

3.1. Proposed algorithm

We begin with the assumption that the parameters § € [@ 1) and 0 € (—% O] satisfy the following condition:

o(1+6)(1+6)>1. (13)

Next, the algorithm is detailed as follows:

Algorithm 3 Fully Adaptive Method

1: Pick A, 1> 0, 1, yo. X0, Wy € C. Choose 5 € [@ 1)andoe (- %,0] such that (13) is fulfilled. Set 6, = 1, p := 5(1 +5)(1 +6)
and k := 1.
2: Find the stepsize:

: 01 lyk = yi—1 [
A =m1n{pik_1, ,/1} 14
4416 1Py, — 73}’k71||2
and
3: compute
X =1 =0y, +ow,_y,
wy =X + 0 — x4, (15)
Vi1 = Pe(wi — 4Py,
where
Ak
0, = . 16
k= 6 (16)

4: Set k < k+ 1, and go to 2.

We give the following comments on our proposed algorithm.

Remark 3.1.
(i) Our proposed Algorithm 3 simplifies to the adaptive Golden Ratio Algorithm presented in [32, Algorithm 1] with § = é (¢

denoting the golden ratio, ¢*> =1+ ¢, ¢p = @) and 6 = 0.

(i) Our Algorithm 3 can be seen as a modified Golden Ratio Algorithm (see [32, Algorithm 1]) with inertial extrapolation. In
this case, the inertial factor # in Algorithm 3 is non-positive; a feature which is different from many inertial algorithms in
the literature where the inertial factor is usually non-negative. The non-positivity of the inertial factor # could probably be
due to the nature of Algorithm 3. Hence, our Algorithm 3 could be seen as Golden Ratio Algorithm [32, Algorithm 1] with a
backward inertial step w; = x; + 0(x; — x;_).
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(iii) The iterate w, in Algorithm 3 can also be seen as a convex combination of x, and x,_;. Thus, we can write w, = (1—-(-0))x; +
(=0)x,_,, where -0 € [0, 1)

(iv) In [36, Algorithm 4.1], the stepsizes that the authors defined are nonincreasing. Hence, they are restrictive. But the stepsizes

we presented in (14) do not need to be nonincreasing; rather, 4, can be bigger than A,_, (since for 6 > @ and 6 > 3 (11+ 5 1,
we have p > 1) and {4, } is bounded.
(v) The iteration (15) simplifies to [36, Algorithm4.1] under the condition that P is a pseudo-monotone operator and 6§ = 0.
Furthermore, in [37, Algorithm 3.1], larger stepsizes are employed, but with the requirement that P is monotone and 6 = 0.
(vi) A single projection P, onto C and a single functional evaluation of P per iteration are needed in Algorithm 3. This method
seems simpler than the methods outlined in [29-31], which require multiple functional evaluations and projections P, at each
iteration for solving VIP (1) in the setting of quasi-monotonicity.

We make the assumptions below to ensure the weak convergence of the algorithm we presented above (Algorithm 3).

Assumption 3.2.

(@ Sp#0,

(b) P is locally Lipschitz continuous on C, meaning that P is Lipschitz continuous on any bounded subset of C,
(c) whenever {y,} c C and y, — v*, we have ||Pv*| < liminf,_ o |Pyll,

(d) P is quasi-monotone on H.

Remark 3.3. In Assumption 3.2(c), we imposed a condition weaker than the sequentially weakly continuity requirement placed
on P in [29,36] (refer to [7] for further details).

From (14), we can derive the following insights:

Remark 3.4. Eq. (14) in Algorithm 3 gives rise to two scenarios:

Case 1: When 4, < p4,_,, it follows that

P
0, < -—. 17
k=3 17)
. Ok—1 Ok Ok—1 :
Case 2: When =L = Zk=L 'we obtain
A-18 Ak
0,0,_
RIPy =Py I < 25y =y P (18)

Applying similar thoughts as in [32, Lemma 2], we can demonstrate that when y, is bounded, both sequences {4,} and {6, } are
bounded and remain separated from zero. This assertion is elaborated in the lemma below.

Lemma 3.5. Let Assumption 3.2 (b) holds. Then {4,} and {6, } are both bounded away from zero provided that {y,} is bounded.

Proof. Using (14), we get 4, < ,Vk. Since {y,} is bounded, we see from Assumption 3.2 (b) that there exists L > 0 such that

1Py=Pyi_ill < LIlyg=yi—1]l- Let us take L large enough such that 4; > Aﬁ for j = 0, 1. Now, suppose 4; > ﬁ, j=0,1,...,k-1.
Then we have either (since p > 1)
1
Ay =pAj_| 2 Ay 2 ————
k = PAk-1 =l = o503
or
_ 2
A = 1 > s = Vil 5 (from (14) and (16))
42 26% 1Py = Pyl
1 1
> > -, 19
42, o262 T 41262] (19)
Thus, we have in both cases that
1
Ay 2 ——. 20
k= 412627 (20)

Therefore, it can be concluded that {6,} is bounded away from zero. []
3.2. Weak and strong convergence
This subsection provides the analysis of the algorithm, both in terms of weak and strong convergence. We commence as follows.

Lemma 3.6. Under the fulfillment of Assumption 3.2 (a) and (b), we have that the sequences {x,} and {y,} produced by Algorithm 3 are
bounded .
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Proof. Using (15), gives
Yir1 = Po(wy = 4Py,
which by (12), further gives
0 < (Vpp1 — Wi + 4Py ¥y — yip1) Yy EC.
Similarly from
Yk = Pe(wy_y = A1 Pyg-1)
we see that
0< (e —wi_y + o1 Py, ¥ — wi) Vy € C.
Putting y = x € Sp in (21) and y =y, in (22), we have
0 < Vi1 — Wi + 4Py X = yiyr)
and
0 < (k= Wiy + Ay PYis Yirr = Yi)-

From x; = (1 = 8)y; + dw;_,, we get
1

Ve = 1%~ T 5%kt
Therefore,
S
Vi = Xk = m(xk — W) = 6(y; — wi_y).

Using (25) in (24), we have

0< <%(J’k =X+ 41 PYic1s Yirr = Vi)
From (23), we have (since § > 0)

0< l<yk+1 = Wi + 4Py X = Vi1)-
Also from (26), we obtain

[
0< <?k(Yk = X) + Ok A1 PYi—ts Vw1 — Vi)
0, Ay
= (E(J’k —x)+ ?Pyk—lsykﬂ = Vi)

Adding (27) and (28), we get
1 _
0< E(ykJrl =Wy + LPyi X = Yig1)
0, Ay
+ (g(yk —x)+ ?Pyk—l’ Y+l = Vi)
Thus,
0 < (Viqt = Wis X = Vg1 + Ok = X, Vw1 — Vi)
FAPYis X = Viw1) + P Vi—1s Vi1 = Vi)
Therefore,
(W = Vi 1- X = Yig1) + 0 (X = Vi Yiewr = Vi)
S APy X = Vi) + AP Yi—1s Vier1 — Yi)-

Note that

_ 1 _
(W = Vip1-X = Yp1) = 3 [llwk = Vi+1 I+ 1Ypesr — x|

-2
~llwg = %I

and

0y
O {Xp = Vies Vi1 = Vi) = 5 [llxk - yk||2 + yiesr — yk||2

2
= e = et 1]

Communications in Nonlinear Science and Numerical Simulation 138 (2024) 108217

(21)

(22)

(23)

24

(25)

(26)

27)

(28)

(29)

(30)

(31

(32)

(33)
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Using (32) and (33) in (31), we have

1 -2 1 -n2 1 2

= — X[ = sllwg = x| + s llwy —

Sy = %I = Sy = 1P + Sl =y

0, 5 O O 2
+ 7||xk 1 7||Vk+l 1 7||xk = Vit ll
< MlPyis X = Vi) + AP Vi1 Vit = Vi)

That is,
Ty = 51 < Jloy = 3P = 2w = vl
= 92_k||xk - yk||2 = %”J’kﬂ - yk||2 + %ka — Vi+1 ||2
+ 2Py X = Yir1) + AP Vi1 Vw1 — Vi)
= g =512 = Sl = vl
= 92_k||xk - yk||2 - 62—k||J’k+1 - yk”2 + %”xk — Vi+1 ||2

+ 4Py X = Yi) + AP Yk = PYi_1s Vi = Yi1) B4

IN

1 2 1 2
Ellwk - x|° - Ellwk = Vit ll
6y 2 b 2, b 2
- 7||Xk e/ 7||Yk+l = Vell” + 7||Xk = View ll
+ 4Py = PYi—1s Vi = View1)s (35)

where the last inequality follows since x € S, (hence, (Py,,x — y;) < 0). Now, note that

2Py = Pyi_15 Yk = Yir1) < 24Py = Pyt My = v |l
VOO llye = it lllye = yiewll

0 O
7k||yk —nenl?+ kT”.Vk -l (36)

IN

IN

We have from (35) and (36) that
et = %I < llwg = X = llwg = vt 17
= 03[k = 9l + i = 32l = e = v 1]
+ 02—k||J’k = venl? + %”)’k =yl (37)
From x; = (1 — 8)y; + éwy_,, one has
Vk+1 = lTléka - %er (38)

Applying Lemma 2.2 (ii) in (38) gives

- 1 - s -
lyer — %117 = 1 ] _5(xk+1 —-%- m(wk -9l
1 - o -
= m”xkﬂ - =07 - m”wk - =7
2
+ m”xk+l - wll?
1 - [ -
= 75k - x|I* - T3 1w -xI?
+ 6yt — well®. (39)

Using (39) in (37), we obtain

1 2112 o 2112 2
—lxpyy = X|I° = ——|w, — X[+ - w
5 e = X2 = Tl = I + 8l — will
< Ny = I = llwg = yigr 1P = Ollxg = well?
= Ollyisr = Yell® + O llxg = v I
ek ek—l
+ 5 1= et + =5 e = v I (40)
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Thus,
1 -2 1 -2 2
m”xkﬂ -7 < m”wk =X = A+ O)llwy =yl
+ 0l = vt 17 = Ol — il
0, 0
+ 5 e = vt 12 = i = il 1)
Now
llw, = =1 = 11+ 0)(x — %) — 0(x,_; — DI
= (1+0)|x; — %> - 0llx,_, — x|
+0(1+ 0)lx, —x,_, 11 (42)
Also, observe that (since 6 < 0)
1V = will? = I +6)xg = i) — 0Ce—y = VerDII?
= (L+0lxg = vt P = Ollxe_y = it I?
+0(1 + 0)|1x, —x,, I
> (1+0)xg = Yt I* + 01+ 0)lx, = x> (43)
Putting (42) and (43) in (41), we obtain
1 ) 1 i} -
T3 s =3I < T [+ Ol — 712 — Bllx,y — 712
001+ 0)llx = x| = (1 + )1+ 0l =y I
O
+ 0y = Xl = Ollye = Xl + =l = v I
0
= 5 it = ll? = 1+ 8)0 + O)llxy = x4 11
Thus,
1 ) 1 i} 0 i}
mllxk-ﬂ -3 < ] _5||Xk - %2+ 1 _5||Xk - x|
0 ~ 0(1 +0)
= 7 e = 5P+ Sl = xi P
+ (ek —(1+8)1+ 9))||yk+] — x| = (A4 8)(O% + 0)lx; — x,_y II?
2, O 2 b 2
= Ollye — xill” + T”yk = Vel = 7||yk+1 = ell” 44
Re-arranging (44) gives
1 _ [ - Ok
m”xkﬂ - X||2 “1-s [Ix) — X||2 + 7||Yk+1 - yk||2
1 _ 0 - Or_1
STz 5||xk - x||2 “1=s llxp—y — x||2 + T“yk —yk_1||2
+ (0 = (1 +8)1+0)) 1y = el = Ol = xe
61 +6)
(S5 — 14606 +0))Ixi = xiy % (45)
Define
1 i} 0 _
a i = 75l -x|*- T3 X - x|
0
+ %”J’k -yl k> L
Then (45) becomes
gy < a + <0k —(+8)1 + 9))||y,<+1 —x, I
01 +0)
+ (5 — A+ +0))llx = xei 1P = Oyl = el (46)

Going forward, we examine the next two cases:

Case I: If —% < 6 < 0. Then, since

0, <(1+6)1+6)
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and
o(1+6)

— 2
=% (1+6)6-+06)<0,

a condition that is satisfied when —% < 6 < 0, we obtain from (46) that {a,} is non-increasing and lim,_, , g, exists. This implies
that {a,} is bounded.
Now, from (46), we obtain

Hm ||y — Xl =0 47)
k—o0

and
lim [|x; — x4 ]| = 0. (48)
k—o0

From (15) and (48), we obtain
lim |Jw, — x| = 0. (49)
k—o0
From (47) and (49), we obtain
lim ||y, — will = 0. (50)
k—o0
From (25) and (50), we obtain
Jim [y, = xl = 0. (51)
Now, combining (49), (50) and (51) gives
lim [y — »ll =0. (52)
k—o0

The existence of the limit of {a,} and (52), give

. =n2 =12
1(15?0[1 e

exists and hence {ﬁ”xk - x| - %llxk_l — %||?} is bounded. Noting that

1 I 0
— lx, = x> <
T =57 < 75 -6

we have that {x,} is bounded. Consequently, {y,} is also bounded.

" =12
[l — %I1° = llx—y — 1%,

Case II: Assume that # = 0. Then w,; = x; in Algorithm 3. Consequently, (15) reduces to

{ X =1 =8y, + 6x4_1,
Vi1 = PeG = 4 Pyy),

and {a;} becomes

= 19k—]
@ = 75 Ik = XIP + ==l = v I k2 1

1-6
and

Quyy < a + (0k 1+ 6)>||yk+1 — |12
— Ok llye —xk“z- (53)
Hence, one can obtain that lim,_, g, exists, {g;}, {x,} and are bounded by following similar arguments as in Case 1. []

By leveraging the concepts presented in [29] and exploiting the quasi-monotonicity of P, we derive the following lemma.
Lemma 3.7. If v* is a weak cluster point of {y,}, then under the fulfillment of Assumption 3.2(a)-(d), we have either v* € S, or Pv* = 0.

Proof. Based on Lemma 3.6, both {x,} and {y,} are bounded. If v* is a weak cluster point of {y,}, then it is also a weak cluster
point of {x,} since ||lx, — y;|| = 0 as k - oo. Consequently, a subsequence of {x,}, denoted by {xk/ }, can be selected such that
Xk, = vt ecC.

Now, examine the next two cases.

Case L If limsup;_, ||Pyk, | = 0. Then, lim;_, ||Pykj | = liminf;_, ||Pykj || = 0. Hence, by Assumption 3.2(c), we arrive at
0 < [|Pv*|| < liminf Py, Il = 0. (54)
J— o
Thus, we can infer that Pv* = 0.

10
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Case II: If lim sup;_,, [Py, || > 0. Then we select without loss of generality, a subsequence of {P Yk, } still designated as {P yk,} such
that lim;_, , ||Pyk/ || = M, > 0. By (12), we see that, for all ye C,

< et = X, + A Py ¥ = Vi)
= (V1 = Xpep Y = Vi) + A Py ¥ = Vi 1)
= <Yk,+1 —xk,aY-ij+1>+ﬂkj(kajaij —ij+1>
+ A, Py, ¥ = v, ) (55)
Since limy_, o [|¥ks1 — Yell = 0 = limy_ o Vi1 — X ll, we get from (55)

0 < liminf(Py; ,y — y;.) < limsup(Py, ,y — y;.) < oo, Yy € C. (56)
j—oo J J oo J J

Based on (56), we next analyze two scenarios under Case II:

Case 1: For all y € C, let us assume that lim sup ]_,oo(Pyk Y=y » > 0. Then we select a subsequence of { i, } designated as { Vi, }
such that llml_wo(Pyk LY = Vi 1) > 0. Thus, there exists /, > 1 such that (Pyy Y Ve 1) >0, VI > [,. Since P is quasi-monotone, we
get (Py,y— yk”) >0, VyeC I >1y. As | - o0, we obtain (Py,y —v*) >0, Yy € C. That is v* € S),.

Case 2: For all y € C, let us assume that lim sup qu(Pyk/,y =Yk j) = 0. Then, we infer from (56) that

lim (Py, ,y—y,)=0, Vye C. 7)
j—>oo j j
This implies
1
(Pykj,y—ykj>+|(7’yk/,y—ykj)|+m>0, VyeC. (58)

. . . . Py,
Again, using lim;_, ||Pykj Il = M; >0, we can find j, > 1 such that ||Pykj || > M, Vj > jo. Hence, we can set bk, = ﬁ Vj > jo-
kj

Thus, (Pykj,bkj) =1, Vj > j,. Therefore, by (58), we get
1
(Pyk/,y+ by, [|<7’yk y=n)+ o 1] —yk/.> > 0.
Combining the above inequality with the assumption that P is quasi-monotonicity, give

1 1
<P(y+bkj[|<7)57k Y= Yk, >|+—]),Y+bkj[|<Pij,y—J’k,>|+m]—Yk,>20~

+1
Thus,

(Pya)""bk [|<PYk Y=Yk >|+%]—J’kj>
2<Py—7’(y+bk/[I(Pyk/,y—ykj)l+j%]),y+bk/[l<7’yk/,y—ykj>l+j%]—ykj)
2 =Py =P+ by [Py, v =)+ g Dyt b [Py =31+ o | = o
> —L||bk.[|<Pyk = w ) g [ b [Py =)+ | =

= o o (1P =)+ 7 ) b [10Pw v =y )+ =5 | =
Zﬁ<|<kaj7y—Yk,>|+#>M2, (59)

where M, is a positive number which exists due to the fact that {y+ bk [l(Pyk V=V N+ — s, ] Yk, } is bounded. Looking at (57), we
get limj%o(l(Pykj,y— ykj)l + ,ﬁ) =0. As j — o0 in (59), we obtain for all y € C that (Py,y—v*) > 0. This gives that v* € S). O

Now, we proceed to establish our weak convergence result, which constitutes one of our key findings.

Theorem 3.8. Under the fulfillment of Assumption 3.2(a)-(d) and Px # 0,Vx € C, we have that the sequences {x,} and {y, } produced
by Algorithm 3 converge weakly.

Proof. Let the set of weak cluster points of y, be designated as w,(y,). Our aim is to establish that

w,(y) C Sp.

Let v* € w,(y,).- We can find a subsequence { ykj} C {y} for which Vi, = v* as j —» oo. By the weakly closedness of C, we
arrive at v* € C. Again, since for all x € C, Px is nonzero, we see that Pv* is also nonzero. Utilizing Lemma 3.7, we conclude that
v* € Sp. Thus, w,(x,) C Sp.

11
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Define
* = 2
by =2(xp_y = X, X = %) + Iy — x|,
01
d;: = —T”)’k — Yk-1 ||2
Observe that
—_ 32 = _ 2 2 _ _ = _ =2
gy = %1% = llxgoy = xp 1™ + 2{x2y — X, x5 = %) + [l — X1
implies that
=12 -2
by = llxg_y = X7 = llx, — XII°.
Consequently,

0 a-9
ak+d;:+mbi= -5
Since lim_, o, [Ix,—; = x|l = 0, limy_, o, ly,—; — ¥« |l = 0, and both {x,} and {6, } are bounded, we have that d; — 0, and b; — 0. Since

also lim,_, , g, exists, it follows from (60) that

llx, = XII. (60)

Jim lx — x| exists for each % € Sp. (61)
—00

Moreover, since lim,_, o, ||x, — X|| exists, by Lemma 2.3, we deduce that {x,} weakly converges to a point in S,,. Additionally, due
to |lx; — yill = 0 as k — oo, we see that {y,} weakly converges to a point in .S;,. Therefore, the proof is finished. []

Remark 3.9. We give some nonasymptotic O(1/k) convergence rate for our Algorithm 3. One can show from (46) that (when
1

--<60<0)
2

0(1+6)\ = &
(a+602+0- T752) Xl =x,0lP < Yia = az)
j=1 j=1
< ap = Ay (62)
Therefore,
. a 1
min ||xj+]—x/-||2§ ,—=<0<0.
Isjsk ((1 +6)(62 +6) — X0 >k 2
Thus

i = x? < 1
|r5nj1£k”xf+l x;[17 <01 /k), 3 <60<0.
Furthermore, we can show that if § =0,
i =x < .
min l1x;1 = ;1 < O(1/K)
That is,
i = xi? < _L .
lrsnjlélk”xﬁ—] x;|I7 < O /k), 3 <0<0
Similarly, we can obtain
i —x.? < 1
lrsrll};lkllyj x;|I© <01 /k), > <60<0,
and

i =y < _1 .
lrsnjlgkllym yilIF <O01/k). -5 <0 <0

Remark 3.10. Suppose we define the set of trivial solutions to VIP (1) as
Sri={xeC:(Px,y—Xx)=0,VyeC}.

If Px = 0 in VIP (1), then (P%,5— %) = 0,Vyj € C and ¥ € Sy if X € C. As part of our future investigation, we shall consider
Theorem 3.8 without assuming the condition “Px # 0,Vx € C”.

In the scenario where P is 5-strongly pseudo-monotone and Lipschitz continuous, we establish the strong convergence result
below.

Theorem 3.11. The sequences {x;} and {y,} produced from Algorithm 3 converge strongly to a unique point in S provided that P is
n-strongly pseudo-monotone and Lipschitz continuous on C.

12
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Proof. If P is y-strongly pseudo-monotone and Lipschitz continuous, then VIP (1) admits a unique solution, as demonstrated in,
for example, [40]. Let this unique solution be x. Then, X € .S means (Px, y; — X) > 0. Utilizing the »-strongly pseudo-monotonicity
of P, gives

Py v = %) 2 nllye — 212
Thus,
WPy %=y < =nlly, — %II1%
As a result, Eq. (34) gives
1 _ 1 _ 1
§||Yk+l -x? < §||wk o §||wk = YVit1 2

0, 5 0, 5 0 2
- 7||Xk e 7||yk+1 = Vell” + 7||xk = Vi ll
+ MlPyis X = Yic) + APV = PYi—1s Vi = Yia1)

IA

1 _ 1
§||wk - x||2 - z”wk ~ Vi+1 ||2
O 0 Ok
- 7||xk - yk”z - 7||yk+1 - yk”2 + 7||xk = Yis1 117
+ 4Py, = PYi_1s Vi = Vi) = Atillyg — %I (63)

Following similar arguments as in (36)—(45), we get

1 - 0 - Ok
75 Wi = 517 = 75 e = %% + Sy = will?
1 i} 6 - 01
< g5l = 5P = sl = P+ = e = v P
+ (81 = (141 +0)) 1y = el = Ol = xe
0(1+0)
(S5 — 1 +9E +0) ) Ix = xi I
n 2112
S NN (64)
g Ve = Fl
where the last term follows from (20).
Define
1 - 0 -
= 75 lac= X - 5 e - 5P

0
+ =l =y P k2 1
Then we obtain from (64) that
n -
ay < ap — ——= |y — || (65)
k+1 kT 51252 llye [
Given that lim,_, , a; exists, we can infer from (65) that
lim ||y, — X[l = 0.
k—oo
Combining this with (51), gives
li - x| =0.
lim [l = I
Therefore the proof is finished. [

4. Numerical experiments

Here, we undertake a comparison between our Algorithm 3 and other methods from the literature, namely, Malitsky Algo-
rithm [32, Algorithm 1] and Yang & Liu Algorithm [36, Algorithm 4.1]. We evaluate their performances using the following test
examples.

4.1. Examples in finite dimensions

Example 4.1. Consider the example, also analyzed in [29], where C =[-1, 1] and P is defined as:

20-1, v>1,
Puv = V2, vel[-1,1],
—2v-1, v<-—1.

13
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In this case, P is shown to be quasi-monotone and Lipschitz continuous, yet neither pseudo-monotone nor monotone. Additionally,
it is noted that S, = {-1} and S = {-1,0}.

Example 4.2 ([29]). Consider the set C = {v € R? : U% +u§ <1, 0 < v,} and the mapping P(v,,v,) = (-v;e"2, v,). It can be observed
that P is not quasi-monotone, and consequently, P is not pseudo-monotone. Additionally, it can be verified that (1,0) € S, and
S§ =(1,0),(0,0).

Example 4.3. Consider the mapping P : R” — R™ defined by:
Po= ("4 p) (Po+q),

where Q, P and g are positive definite matrix (v Qv > 0|v|*> Yo € R™), positive semi-definite matrix and any positive number,
respectively. Also, g € R™. It is noteworthy that P is differentiable, and there exists a positive number M for which ||[VPv|| < M for
all v € R™. Thus, applying the Mean Value Theorem, we see that P is Lipschitz continuous (as established in [41]). Additionally, P
is shown to be a pseudo-monotone operator which is not monotone.

Take C := {v € R"|Bv < b}, where B is a matrix of size [* x m and b € R’: with /* = 10.
4.2. Example in infinite dimensional space

Forany 0 < T € R, let L,([0, T],R™) represent the Hilbert space of square integrable, measurable vector functions z : [0,T] - R™.
This space is equipped with an inner product defined as:

o= [ (e
and the corresponding norm:

llzll> = Viz.2) < co.
Let us examine the optimal control problem

z*(t) = argmin{f(z) : z € Z} (66)
under the assumption that such a control exists. In this case, Z represents the set of admissible controls:

Z ={z(t) € Ly([0,TL.R™ : z,(t) € [z, 2/ 1.i = 1,2, ..., m}.

Thus, Z takes the shape of an m-dimensional box and it constitutes the piecewise continuous functions. In particular, the control
can be of the bang-bang type, characterized by a piecewise constant function.
The terminal objective can be expressed as:

f(z) = gw(T)),
where g is a differentiable and convex function which is defined on the attainability set.
Consider a scenario where the trajectory w(t) € L,([0,T]) satisfies constraints represented by a system of differential equations:

w(t) = DOw(t) + Et)z(t), w)=w, t€][0,T],

where D(f) € R"™" and E(t) € R™™ are continuous matrices given for each ¢+ € [0,7]. According to the Pontryagin maximum
principle, we can find a function p* € L,([0,T]) for which (', p',z’) solves, for almost every ¢ € [0,T], the system of equations
below:

{ w*(1) = DOW* () + E0)z* (1) )
w*(0) = wy,
< sk — _ T x

p(@)=-D@) p () (68)
p*(T) = Vg(w(T)),

0€ E® p*(t) + N (z* (1), (69)

where N,(z) denotes the normal cone to Z at z, given as:

7] ifz¢ Z
N,(z) = .
{feH:{({,v-2)<0,Yve Z} ifze Z.

Denoting Gz(t) := E(t)" p(t), it is well-established that Gz represents the gradient of the objective cost function f [42-44]. We can
transform (69) into the following VIP: find z € Z such that

(Gz,v—2z)>0,VveE Z. (70)

14



C. Izuchukwu and Y. Shehu Communications in Nonlinear Science and Numerical Simulation 138 (2024) 108217

Let us discretize the continuous functions by selecting a natural number N with a mesh size h := T/N. We can represent any
discretized control zV := (29,21, ..., Zy_1) @S its piece-wise constant extension:

Ny =z fort € [t,1,.), i=0,1,...,N.
Additionally, we will denote any discretized state w™ := (wy, wy, ..., wy) with its piece-wise linear interpolation

t—t
wN () = w; + T’ (wiyy —w;), fort € [t,t,), i=0,1,...,N —1.
We also denote the discretized co-state variable as p" := (py, py, ..., Pn)-
Numerical ordinary differential equations (ODEs) offer various discretization techniques, including Euler and Runge-Kutta
methods [45]. In this study, we opt for the Euler method. This entails solving the system of ODEs (67) and (68) at each iteration

using the Euler method.

wlh, =w! +h [Dtyw + E@t)z]] -
w(0) = wy,
= pﬁl + hD(’i)Tpfil 72)
P(N) = Ve(wy).

The Euler discretization is well-known for its error estimate of O(h) [46,47]. This indicates that the discrepancy between the
discretized solution zV(t) and the original solution z*(¢) is proportional to the mesh size h. In other words, we can find a positive
constant C for which

Iz = z*|| < Ch.

The subsequent example is adapted from [48, Example 7].

Example 4.4 (Control of a Harmonic Oscillator).

minimize w,(3m)
subject to  w(t) = w,(1),

Wy () = —w, (1) + z(1), Vt € [0,3x], (73)
w(0) =0,
2(1) € [-1, 1].

We know the precise optimal control of this problem to be:

“(f) = 1 if te[0,7/2)u@Bx/2,57/2)
FUT\ A1 i re@/2.37/2 U Sr/2.3m)

Let us explore examples where the terminal function is not linear. One such instance is the following Rocket Car problem
described in [46,49].

Example 4.5 (Rocket Car).

minimize % ((w1(5))2 + (WZ(S))Z)
subject to  w, (1) = w, (1),

wn(t) = z(1), Vi € [0,5], 74
w,(0) =6, wy(0) =1,
2(t) € [-1, 11.

The exact optimal control is
. 1 if t € (z,5]

zt =
-1 if re€(0,7],

where 7 = 3.5174292.
The following example is taken from [50].

Example 4.6 (See [50, Example 6.3]).

minimize  —w;(2) + (,(2))’

subject to  w, (1) = w, (1),
W, (1) = z(t), V1 €10,2], (75)
w1 (0) =0, wy(0) =0,
2(1) € [-1, 11.
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Fig. 1. The performance of TOL, for Example 4.1 with ¢ = 10~ is illustrated as follows: Top Left: Case 1; Top Right: Case 2; Bottom left: Case 3; Bottom
Right: Case 4.

The exact optimal control is
. 1 if r€[0,6/5)
== {-1 if 1€ (6/5,2],
During the computation, we make use of the following:

+ Algorithm 3 (Our Algorithm): § = 0.9,0 = -0.1, 4, =2, 1 = 2.

+ Algorithm 1 (Malitsky Algorithm): ¢ = ¢ = ‘/5;1 , Ap=2,A=2.

. . . A/ 1445 +1-a)-1
+ Algorithm 2 (Yang & Liu Algorithm): 6 = 0.5 <+ +1),0=1,a=05u=051 =2.

We then use the stopping criterion; TOL, := max{||y,.; — x|% |y, — x,I*} < e for all algorithms, where ¢ is the predetermined
error. Furthermore, we choose y, y;, x, and w as follows:

For Example 4.1: Case 1: y; = 02,5, = 0.1,x5 = 0.1,w, = 0.03; Case 2: y;, = 0.1,y = 0.2,x, = 0.15,w, = 0.03; Case 3:
¥ =03,3 = —0.1,x, = 0.15,w, = 0.03 and Case 4: y, = 0.3, y, = 0.3, x, = 0.15, w;, = 0.03.

For Example 4.2: Case 1: y; = (0.1,0.5), yo = (0.2,0.1), x, = (0.2,0.1), w, = (0.8,0.01); Case 2: y, = (0.1,0.2), yy = (0.1,0.2),
xo = (0.2,0.1), wy = (0.8,0.01); Case 3: y; = (0.3,0.6), y, = (0.5,0.5), x5 = (0.2,0.1), wy = (0.8,0.01) and Case 4: y, = (0.5,0.5),
Yo = (0.3,0.6), xo = (0.2,0.1), wy = (0.8,0.01).

For Example 4.3: m € {4,10,20,30} while y, = (1,1,..., DT, xo = wy = (0,0, ... ,0)" and ¥, is generated randomly in R™.

For Examples 4.4-4.6: we select N = 100 and randomly select the initial controls from the interval [-1, 1].
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Fig. 2. The performance of TOL, for Example 4.2 with ¢ = 107! is illustrated as follows: Top Left: Case 1; Top Right: Case 2; Bottom left: Case 3; Bottom
Right: Case 4.

Table 1
Example 4.1: Comparative analysis of algorithms with a tolerance level e = 1075.
Algorithms Case 1 Case 2 Case 3 Case 4
CPU Iter CPU Iter CPU Iter CPU Iter
Our Algorithm 0.0068 14 0.0064 12 0.0072 16 0.0064 16
Malitsky Algorithm 0.0169 24 0.0160 26 0.0186 28 0.0163 28
Yang & Liu Algorithm 0.1104 36 0.1118 58 0.1155 64 0.1126 64
Table 2
Example 4.2: Comparative analysis of algorithms with a tolerance level ¢ = 10714,
Algorithms Case 1 Case 2 Case 3 Case 4
CPU Iter CPU Iter CPU Iter CPU Iter
Our Algorithm 0.0114 84 0.0117 64 0.0126 77 0.0114 75
Malitsky Algorithm 0.1134 116 0.1114 75 0.1124 183 0.1135 179
Yang & Liu Algorithm 0.3306 262 1.0244 292 1.0282 294 1.0274 287

The calculations were conducted on a personal computer featuring an Intel(R) Core(TM) i5-2600 CPU clocked at 2.30 GHz and
8.00 GB of RAM, using Matlab 2016 (b). Tables 1-4 list the number of iterations under “Iter” and the CPU time in seconds under
“CPU”. (see Figs. 1-7).
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Fig. 3. The performance of TOL, for Example 4.3 with e = 1073 is illustrated as follows: Top Left: m = 4; Top Right: m = 10; Bottom left: m = 20; Bottom Right:

m = 30.

Table 3
Example 4.3: Comparative analysis of algorithms with a tolerance level e = 1073.
Algorithms m=4 m=10 m =20 m =30
CPU Iter CPU Iter CPU Iter CPU Iter
Our Algorithm 0.0213 10 0.0138 8 0.0192 11 0.0137 10
Malitsky Algorithm 0.1269 16 0.1135 16 0.1138 18 0.1142 17
Yang & Liu Algorithm 1.0318 22 1.0176 14 1.0204 34 1.0250 53
Table 4
Comparative analysis of algorithms for Examples 4.4-4.6 with a tolerance level e = 107*.
Algorithms Example 4.4 Example 4.5 Example 4.6
CPU Iter CPU Iter CPU Iter
Our Algorithm 0.1315 75 0.0566 29 0.2269 129
Malitsky Algorithm 1.2092 138 1.8203 501 1.8963 496
Yang & Liu Algorithm 1.5233 262 5.0218 1170 4.5964 954
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Fig. 4. Example 4.4 computed by our Algorithm (Algorithm 3): On the left: The blue line represents the random initial control, while the red line represents
the optimal control. On the right: Displays the optimal trajectories.

Fig. 5. Example 4.5 computed by our Algorithm (Algorithm 3): On the left: The blue line represents the random initial control, while the red line represents
the optimal control. On the right: Displays the optimal trajectories.

Fig. 6. Example 4.6 computed by our Algorithm (Algorithm 3): On the left: The blue line represents the random initial control, while the red line represents
the optimal control. On the right: Displays the optimal trajectories.

5. Conclusion

We have developed a fully adaptive Golden Ratio Algorithm with a backward inertial step, demonstrating weak convergence for
variational inequalities when dealing with a locally Lipschitz continuous quasi-monotone operator. Additionally, we have established
strong convergence when dealing with Lipschitz continuous strongly pseudo-monotone operators. A distinguishing feature of our
method is its flexibility regarding stepsizes, as it does not mandate them to be nonincreasing. Furthermore, our approach demands
only one operator evaluation and one projection computation per iteration during numerical implementations, streamlining the
computational process. Notably, our method encompasses the Golden Ratio Algorithm as a special case. Numerical experiments
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Fig. 7. The behavior of TOL,: Top Left: Example 4.4; Top Right: Example 4.5; Bottom: Example 4.6.

showcased the competitiveness of our algorithm compared to existing methods in the literature. In the future, we aim to explore
the application of our algorithm in solving nonconvex optimization problems, thus extending its utility and relevance.
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