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ABSTRACT
The title of.this research report is a 1/ A Survey of the most recent State ..
of-tl1e~Art Short¢st path algorithms"

One may ask what is the. need ••and aim of this survey. During the decades
of the 1'970'sand 1980's there has been considerable research and publi-
cation in shortest path algorithm ..Each new publication is either a new
and faster algorithm or survey of recent methods. Even with all. the new
advances in thisiieL:i Dijkstra'$ method is still applied in many respects
ip. industry. The aim of this survey is to isolate the different groups of

algorithms and their efficient applications, The algorithms are the evalu ..
ated and then compared.
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The design and analysis of network flow techniques has been fenile

ground from the mid 1950's for an astonishing amount of' recent research

in the field of Applied Mathematics (grap:n theory and combinatorial

analysis a~ well as linear programming and Optimization), Discrete

Mathematics, Operations Research, Business Management and Computer
Science. A combinatorial approacl .. to .computer science techniques and

data structures has contributed amajor part to recent research.

For network flow problems finding the shortest path within the network

is a fundamental problem In combinatorial optlmi-' ...xtlon. Finding shortest

path is often the foundation to solving many real-life large-scale network
models. This would explain why there have been so many papers pub-'. ..
Iished in this area, resulting in a number of different algorithms solving

the same problem. It is interesting to note that although there are many

different algorithms there are a handful of general methods for solving

the shortest path problem.

The general methods of shortest path algorithms differ in the way that

the data structure for obtaining the most scan eligible is exploited. The

Algorithms are generally divided into two classes, label correcting and

label setting. There is a further breakdown of general methods within

these two streams of shortest path algorithms. Of particular interest in the

stream of label correcting algorithms is the concept of partitioning ori-
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ginally introduced by D'Esopo. {I 974) and Pape (1980)., 'tMs concept. hast,

been taken extensively further by Glover and Klill[jman which bas lead

to the sophisticated Threshold uIgorithm. Fr.om the Iabel-correcting.tjpe
algorithm~/ there has. been,' an emergence of a c.ombination of buckets,

.originally intr.oduced by Dial (1963), and Heaps by· Demai.o and Fox

(1980)a.nd Tarja:n (1988).

In this survey iJr in other recent surveys (Gallo and Pallottino UJ86) spe-

cific algorithms representing the various methodologies have been chosen

from an historical importance, computational relevance as, well as from

a prace-eal performance rather than from just a theoretical analysis.' Most

.of the algorithms presented are evaluated' from beth a computational as

well as a theoretical view. It is also. noted that the different algorithms

perform better or worse fer different types of networks. From a eompu-

tational point of view the methods are all tested en three different classes

of networks} grid, complete and, both sparse and dense random networks.

These networks are generated and will vary in size up to a practical level

of testing.

The most recent survey published has been that of Galle and Pallottino

(1986). The basic structure of that survey has been used to structure this

survey. This survey then extends further and considers recent work done

by Glover and Klingman as well as that of Tarjan and Orlin Tn start

with a brief history of key types of shortest path algorithms is given. This

is followed by some definitions and the mathematical formulation and

foundation to the problem. The analysis of the algorithms are then de-

l~lled and discussed. A general algorithm which will act as a basis to the

Introduction 2



different types. of algorithms win then be presented. The different t;ypes

of algorithms are then grouped. Each group of algorithms is then ..:pre~

seated with a. brief background to •relevant data structures. Each algo-

rithm within the group is. presented in pseudo code followed by the worst
case analysiS,;of the complexity of the algorithm. Finally a comparison

of the algorithms is made using both the theoretical worst case analysis
and experimental .data of computational implementation of the algo-

'. _.. _: ':__.il
rithms, the computational im,plementation and. analysis is done usin,g. ~. .... .
three. types of graphs: c0mplete; grid »r.d· sparse random graphs; ~.

The survey is then concluded with a recommendation of the best·methods

for particulaitypes of graphs based on the compurationaland theoretical

analysis of the ·alg9rithms.

!lntroductiOll



Optimising flow in network problems genenlUy started. in the ea.rly 1940's.

Pioneering works are usually attributed to Hithcock (1941) and Kantorich

(1942) and toward the end of the 1940/s Koopm.ans (1947). Origiaatly

network flow problems were used to .solve the transportation problems.

The 1950's saw a firm foundation for further research in the network flow

problem. Atgoritbmic work was now specifically aimed at solving the as ..

signment , transportation, maximum flow and pure minimum cost prob-
lem. Pioneers in this respect were G Danzig (1951) (also wen known for

his. work in the development of Linear Pro~ ..'amming), Flood (1953),

Charnes and Cooper (1954), Greyza! (1955), Ford and Fulkerson (1956),

Munkres (1957), Eisemann (1957) and Dennis (1958).

The need to specifically find the shortost path in the most efficient way

became more and more apparent. In 1958 Bellman published a paper "On

a routing problem" in which he formulated foundational equations to the

shortest. path problems. The solution to these equations has also been

regarded as the solution to the shortest path problem. From this two
trends of algorithm developed. In 1957 the Belaaan-Ford ..Moore algo-
rithm appeared, this later became it classic model to the label correcting

technique type of algc .zhm. In 1959Dijkstra developed an algorithm that

became a classic model for the label setting technique. This algorithm

was however limited to a network with positive arc lengths.

Hist/()rical nackgroulld



Evolution outline of corner stone Shortest Path I\: tf50rithms follows:

the Evolution cf Sil<~rtcst Path AlgQJritlutls
(1958 w 1990)

Algorithm UasM on Be1hl1an's equations

'Iwo It'mdsr algoritlrms

r-----__~------.~~~-~--~--~--~
r,ABEl. SE1f1'ltNG

M oore and l>1jkst,.a
(lLOWJES'f SEAN-en fIRS'!)
19.59 - Dijkstra's Algorithm

- Ordered version

LABElL COAmECTlNG
Ford

QUEUES ami STAC}{S
1957 ~ ael1r.o.an~Ford·MoQ,te (SFM)

(LQucuc)(GaUo 1988)
.. Partitioned Queu.!':i

1974 - D'Esopo - Pape Algorithm
(Pape 1980)

• Pallottino (1984)
.. 2Queue (2 Queues)
- dQueue (Queue + Stack}

PARTl1'KONING aod THlRESJ8[OLlD
1983 • Glover & Klhlgtl.1M

• PSP Algoritiu,'J, (1985)
1983 - Glover & IOmgman (1984)

- THRESHOLD
Algorithm (1985)

llUlC!<ETS :md HEAPS
1963 - Diala Bucket (k-pass )

Algorithm (Radix. Sorting)
1966 - Dantzig ( l-pass )

Algorithm (Radix Sorting)
(Buckets at" used as one)
(one way linked lists )

1977 - Dernato and Fox (Buckets
and pruning) SUAIU?'N}:SS BOu.NJl)S

1989 p New Shamness Bounds
with Threshold &
Partitioned AlgorithmDYNAMIC BUCKETS ~mdlHllEAPS .

1988 p Tarjan & Orlin Et at
• One-Level Redistributive Heaps
- Two-Level Redistributive Heaps
- Fibonacci Heaps

Figure 2,{ The EvolutionofSl)ortest Path Algorithms
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lPr([})blieUil

Graph :A configuration of a set of two or more. different "points". These
points may. be joined by one or more "lines", The result of this config-
uration may be regarded as a graph.

The "points" are usually called ltl~es 01' vertices and the "lines" ate called

eMgesor branches. More than one edge can join two nodes. The degree
of a node i·is the number of edges that have node t as an end. point. ..An

edge that has a specific direction from .a specific node of origin i to a node
of destination j is usually called an arc denoted as arc(iJ)

The nodes of a graph can, be thought of as points in euclidean space,
where the edges or arcs are either straight or curved lines joining.these

points. If however, graphs are considered from ~mabstract point of view,
a node can be considered to be any type of element, The only property
that an edge has is that of defining two end points. The theory of graphs
can thus be considered as the theory of combinatorial analysis.

For the context of this study, a graph will be regarded as a set of nodes
N ith a correspondlng set of arcs A that are represented as a config-
uration d.awn in a plane.

Mathematicl11·nacltgtGund of the Shortest Path lPl'obl~m 6



The following definitions are specific to networks in this study

Patb : A path that joins node i to node j is an ordered set of edges or arcs
such that, with possible exception to the first and .Iast node, each node
in the set has exactly two end points belonging to the arcs or edges.

Circuit or Cyd~ : If for a path from node i to node j, node i is equal to

node j then the path is called a Circuit or a cycle.

A Connected Grapb : A graph is said to be connected if' for any two ncdes
i,j there exists a path from node i to node J

Tree: A graph that is connected with no cycles. is a tree. If a tree has
exactly n no ...GS then it will have exactly n -1 edges.

Network : A graph within. which a flow can take place from one node to

the other along the edges or the arcs is called a network. The direction
of the arc between two nodes in a network is taker as the direction of

flow. There is a limit to the capacity of flow through each particular <...&'O

known as the capacity in the network. The node from which flow is

commenced is known as the source node (s). The node where the flow
is terminated is known as the sink node (t)

ForwardStar : A forward star of node j is defined as the set of nodes i
adjacent to node} originating from node j. A forward star is one of'the

most efficient ways of storing a network as a data structure on computer.

The following diagram illustrates a network w'th its corresponding for-
ward star representation,

1\1athematic:a1 8acltgrollnd of the Shortest Path Pl'obli!Ml 7



Network w~thIts Forward Star
Forward <Star

From the above definitions! the shortest path problem can now be for-
,

mutated:

Given :

Figure 3.1 Forwanl Star

a network G(N,A) where all the nodes belong to N

and all the arcs have a length or cost associated with it.

Mathematical Background of the Shortest Path Problem



Path length is de/fined to be the sum of the lengths of all the arcs traced

along that pat'1..

The shortest path problem is to find a path whose Sum is the smallest

from a source node (s) to a sink node (t)

The shortest path problem is also regarded as the shortest tree problem.

In solving the shortest path pro bern there are three main types. of net ..

works that need to be taken into consideration.

1. A network G(N,A) where no arcs are non ..negative le.

A = {at/Cli ;;.0, '1/ at}

2. Should some arcs in a network G(N,A) be negative there do not exist

any negative cycles.

3. A network G(N,A) does contain negative arcs, which can also be in-

cluded in a negative cycle.

NOTE: From the above three cases it is only possible to derive alga ..

rithms to find the shortest paths for the first two cases. To derive an al-

gorithm to find the shortest path of the third case of algorithm discussed

above is impossible. It is intuitively obvious that should there be negative

cycles the algorithm would continually iterate within. the negative cycle

to reduce the length of the path to either zero or a negative value.

Mathema.tical BAcl~gt(lundof the Shortest Path Problem



its lLiFU!(UI ·Programming Formulation f/JI!tlfteSluJrt:esi

jP(Jtid Problsm

As a network floWproblem the shortest path problem can be formulated

as a linear programming problem. The general linear prcgrammlngprobleni:

(Floriall~ Nguyen and Pallottino 1981) is given as follows.

Given; Directed Graph G(N~A)

where N .. Set of all nodes

A - Set of all arcs

tea) denote tail arc, h(a" . "note the head arc.

elf - length associated with. each arc

F(i) =: {(a)!t(a) __. i, a £;: A} ..Set of arcs that originate at node i

B(i). {(a)/h(a);::; i, a e A} - Set of arcs that terminate at node i

3.3.1 PJRJIMAL

Minimise lAa{<a) ... (i)

L 1((1) - L 1(0):= -1 i € N .•.(ii)
a e F(i) a F.l 11(1)

L J(a) - L 1(0):= 11 - 1 i e N ..(iii)
a e £(0) it e 11($)

J(a.)? 0

J{a).~n
a eA ....... (iv)

aeA

Mathl:ltlaticnl Bad,ground of the ShOl'test r.(tth Frobleln to



3.3.2 DUAL

let - 1ft be dual variable associated with constraint i

Maximize E(trj - 'IT,) ..... ev)
j

Subject to

CiJ + 'IT[- 'lTj .;?::. 0 (ij) e A .....(vi)

Optitlitality. conditions for this.dual. pair are as. follows:

Prima! ... That which is defin~d from (i) to (iv). The primal feasible sol-

ution is one. that satisfies (ii), (iii) and (iv),

ie. (a) Conservation of flow (ii) and (iii)

(b) f(a) .~0 (tv)

Dual ..-

The dual feasibility solution is one that satisfies the 511 of dual

variables 'lfi that sati~fy (y~)

ie, Restricted Dual Feasibility

(Cij+ 'lTj- 'lTj'i2: 0)

Math~1l1atical Backg1foundof the Shortest Path Problem II



As a basis to the analysis of algorithms certain assumptions about the
type of computer system must be made. For the purposes of this research it
is assumed that a "conventional computer" is used. It is also assumed thr.:t
thefollowing criteria characterise the "conves.tienal' computer",

1. Instructions are carried out one at a time (Von Neumannmachine)

2. The greatest overhead in the execution of an algorithm is the amount of

instructions carried out.

3. Random access memory is available which allows us to retrieve and

replace any variable in a fixed time.

4. No parallelism is taken into account.

4,,2 The llllUilysis of the Alg({)u~it!t!n

The analysis of an algorithm is.broken up into two basic steps :

1. Priori Analysis

2. Posteriori Testing

1"he Analysis (If I,l)gorithl1lls t2



The main. criteria used. to evaluate the algorithm. in. this type of. analysis
are the type of operations that are executed. These operati, ..ns are divided

into two. types:

L The four basic operations on integers. ie, addition, multiplication,

division and subtraction.

2. Arithmetic on f eating point numbers. ie. comparisons, assigning values
to a variable, executing procedure calls.

The time taken to execute the type of operations defined above is regarded

as fixed, The execution time of each operation is thus regarded as bounded

by a constant.

4.2.2 Posteriori Testing

To perform this type of evaluation it is important to understand the

workings of the algorithm. Data must be created that will test the best and

worst. performance of the algorithm.

Priori Analysis :
Obtain a function that bounds the algorithms computing time

Posteriori Testing:

Actual statistics of'the algorithm is collected. These statistics provide

actual time required to run particular data as wen as the space

required while it was executing.

The Analysis Qt alg(ltitilm$



When evaluating computing. time of an algorithm. using priori analysis, all
the factors that depend on a specific machine or programming language are

ignored.

The general. format of this type of.analysis is to develop. a function that

represents the amount of operations to be performed, each eperation: bounded

by a fixed time. The most common mathematical notation used is caned the

O-Notation ("Big Oh").

fin) = O(g(12)

f of fJ equals big oh ofg and h iff there exists

two positive constants c and 110 such that
l/(n)l ~ clg(n)! for all ne 110

For the function j(n) of computing time the variable 12 is determined by
the various operations and iterations thereof. It may thus 'be the amount
of inputs or outputs or the sum of both of them.

Algorithms should thus be compared at the pseudocode stage when using

an a priori analysis. At the pseudocode stage, certain factors about the
hardware and software ate unknown. This. makes it impossible to deter-
mine the exact resource requirements of a real implementation. To avoid

The Analysis of a.lgorithms 14



irnplementation-dependent factors-that arebased on the. input size n when
determining the algorithm complexity, constant factors ate eliminated

from the analysis of the algorithm,

It is noted that An) is machine dependent. This. makes. it impossible. to

use an a priori analysis. alone to determine it .. A. function gln) where

Oeg(n)) • fin)· may be determined by an a priori analysis. An algorithm

with computing time O(g(n)) will be machine independent, 'provlding that

the data is the same with increasing values of 11,· less than Some constant

Ig(n) I

More specifically An) is O(g(n)) for c,i'~ 0 such that An) <; C X g(n) V n > i.

This means that assuming there is a large enough data in;mt set n the

function I(n) will grow no faster than a constant factor faster than g(n)

To further explain this consider the following example:

30

O(g(n))An)

0(1)
. .'

0.6 X n2 + 7 O(n2)

n3 + n2 - 12 Den3)

The exact values of the constants are insignificant when considering

j(n) -e ex g(n) Note however this relationship may not hold for spel:}ifically

small size of data input n

The Analysis or algorithms 15



NOTE: To .detenaine the order of'the ma.gnitude}(n) the smallest g(n)

such inatj(n) == O(g(n)) will be obtained»

The following theorem states that if the number of executions of a par ..

ticular statement in an algorithm cart beexpressed as a polynomialsuch

as A(n), then the computing time of"that statement Is. O(nm)

IF ACn) == Clmnm + +alit -+- ao is a -polynomial of degree In then

A(n) = O(nm)

The proof of this theorem can be found in Horowitz and Sahni (19&7)

4.5.1 The Classes orAlgorithms

The following five different classes of algorithms are important with re-

spect to this study. These algorithms are classed by the following time

required to execute them

1. Constant time .. 0(1)

2, Logarithmic time - OC log(n))

3. Linear time - O(n)

4~ Polynomial time - OCnk) for fixed k» 1

5. Exponential time ~O(kn) for fixed k > 1

The Analysis ufalgorithll:ls 16



f\notIlcr common alg0rithmic time requirement is O(nlog(n)}.. From this
type of classification it can been ••seen that computing times of different
alg(;)rithms are related-as follows

. . .. . . . ;

O(n ~..OC log(n) < O(n) -< O(n log,(n)) -< O(n2) < Q(n3) < Q(2n)

The tate of growth of the above algorithms with respect to the input size
is seen_!.e~g~~ 4.1 The tYJe algorithm with the least computational time
requjretp~~t would thus be that of constant time. 0(1), .1Jlis algqrithm will

be completed within atime regardless of the data input size. all the other
end of the sct1'i} for polynomial algorithms the resource requirements

needed to complete the algorithm will grow exponentially as the size of

the input. data grows. Exponential time algorithms, such as

O(kn}, O(nny and Oen!) become more and more worthless since as the size

of the :rJnputdata increases the computing time irequh:~d to complete the
algorithm. becomes impractical.

The Analysis of ;ligorithms
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When ap,alysing all algorithm using the Big Oh it lrltust be noted that the
functi911 developed. of the upperbound of the time required to_ ~()mplete
the al&orithm is that of the theoretical worst case durin~/t1ie execution.
of the algorithm. This theoretical ,worst case bound way be deceivh~
though, since, a particular algorithm with a bigh .w9dt. case upperbound
(ie. a high O(j(n))) may on average perform much b~tter than an algorith~;n
with lOYler worst case upperbQUnc1 for specific input data, Certain

computer science technique~h such as dynamic data structures may be able
to exploit the format or structure of the input data. Neyer the Jess the

Priori analysis with particular reference.to the Big Oh notation can pro-

vide generally good evaluation of the computing time requited for specific
algorithms. The Big Oh rnay.also provide useful and imperative infer-

mation about the structure ,of an algorithm,

inc Annlysls (If algorithms !9
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The algorithm presented is a general outline of the besie framework 011

which all shortest path algorithms are based. The algorithm is usually
broken down into three steps:

1. The Initialising step

2. The Scanning and Updating of a selected node

3. The Iteratirlg step

The algorithm is given as follows:

Given: Directed graph G(N,A) with root node r
dij ~ distance of arc(iJ)

STEP 1 : Initialisation

In general all tho nodes are initialised with the following values

dr!:::: 0

For every vertex dv.denot~$ the length of the path from r to v

the Gt:nerttl Algorithm 21



The algorithm presented is a general outline of the basic framework. 011

which all shortest path algorithms are based. The algorithm is usually

broken down into three steps:

1. The InitialiSing step

2. The Scanning and Updating of a selected node

3. The Iterating step

The algorithm is given as follows :

Given; Directed graph G(N,A) with root node r

dlj - distance of arc(ij)

S1f'ltP 1 : Initialisation

In general all the nodes are initialised with the fol!owing values

di=OO i#:r
dr= 0

For every vertex d, denotes the length of the path from r to v

the General \lgodthm Zl



Now creat~ a list .of Scan Eligible .(SE) nodes <usually denoted by
Q. This list w:(')uldinitially consist of the node r

ie. Q- {r}

STEP Z: Select and Updatf~node u

Seiedi(}n1 :- Select u from Q the SE list Should Q be empty the
shortest path problem has been solved and for every node t the
label d, is the value of the shortest path from r to i

Once u has been selected from Q the forward star of u is scanned
and updated. Most algorithms will scan the whole forward star,

however this is not always the case.

Scanning !,. For each (u,l') E FS(u) such that du + duv < dv

DO

STEP 3 : Iterate

IF Q is 110t empty THEN goto step 2
ELSE STOP.

NOTE from Step 3 a node from the SE nodes Q. must be selected for
step 2, This is the area in which most optimisation occurs. The majority

The General Algorithm 22



of algorithms under consideration today, will evaluate fhe complete for ..
ward star in one iteration, where as some win scan only s=lected nodes

, ,

from t.be forward star.

The crucial point is..the seleetionof a node U from a set of candidate (SE)
nodes Q.

The General Algorithm 23



The selection criteria of nodes belcnging to the forward star FS(u) has

given rise. to two different classes of shortest path algorithms.

1. Label 'Correcting

2. Label Setting

Che label correcting algorithm is attributed to Ford algorithm and is

based on the idea of selecting a node from a Queue or a Stack. The dJs".

tinct eharacte-tstlc of the label correcting algorithm is that the labels (.)f

the nodes are updated at each iteration. Other general characteristics of

the label correcting algorithm are as follows

o Label correcting algorithms are more general than label setting in that

they are not restricted to non ..negative arc lengths and may start with

any tree.

o Rathel' than having to select the node with minimum distance label

from the SE set of nodes Q any node may be selected from Q

o Label correcting methods differ in the way nodes are selected from the

SE set of nodes Q

The types of algorithm 24



The principle of this algorithm is, at each iteration. to improve that tree:

T by reducing the distance label of at least one node in T. This would

be done by

1. Adding at least one node or arc to T

2. The replacement of an existing arc which would shorten an existing

path to. a node already existing in T

3. UpdatiJ.lg a non-sharp distance label without adding a new arc or node

to T

The change of selection criteria of a node from the SE Set of nodes Q is

in complete contrast to the fundamental property of the label setting

methods. The feature that T is always the shortest path tree currently for

all the nodes in T is thus lost in the label correcting methods. This would

imply that label correcting methods may not necessarily be polynomially

bounded or sharp. Theoretical analysis would thus indicate that label

erecting methods may be far inferior to their label setting counterparts.

(Glover,. Glover and Klingman 1984, 1981, 1985 Dial et al 1979) have

shown through empirical studies that for sparse Of grid networks, the ef-

fort required to select the minimum distance label from the SE set of

nodes Q is often outweighed when taking into account the advantage of

the structure grid and sparse networks using label correctirg methods.

The first polynomial bounded label correcting. algorithm known as the

Bellman-Ford-Moore (B-·P-M) is usually attributed to Bellman (1985),

Ford (1956) and Moore (1959).

'tbe types I)f I.dgcritbm 25



The Qriginal·label sei~tin,gaigorithm is .•a.ttributl~dtv Dijkstra (1959) and

Whiting and IJi11iel' 1tl960Y.The label setting ~lgoritbm is based on: the
assumption that dij 'Z.O V (fj) ..($A. The ~en~ral. ~Ugorithm·.of label setting
methods is.to start with a 'tree T. consisting of a root node r. 1'l)e distance
of the root node is in.tHallY set toozero. All the other nodes' are initialised
to a distance value of infinity. The principle of' the algorithm is to' start
with the root node. the entire forward star (~f the. root node is tl1en
scanned. The arcs are examined to determine if any distance labels can

beimE~roved. The hod~~with, ~he.shortest arc di1itance is selected to ensure
this nede need not he scanned again. This isa fundamental property of
all IabM setting methods that is based on the following proposition (Gallo
and Pallottino 1984,. 1984)

Propositlen 1: If c.(i} ~ Q, V (iJ)$ A, then each node is removed. from
(and inserted into 0) Q exactly once.

The above proposition holds, provided there are no negative arc lengths, '

since if u is a minimum label element of the SE· set of nodes Q then du

is the shortest. distance from the foot node r to u.

It follows thus that for the tree T is always the shortest path tree for all
nodes currently in T at each iteration. Label setting algorahms onty scan

\' ''''\

nodes with sharp distance labels ..The most expensive operation is that
of determining the node u which minimises ~ rather than the temporary

label set.
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The complexity pf the shortest path algorithms will be derived with ref-

erenceto the general algorithm. Tht; complexity will be given as a fune ..

tion of the operations performed. The complexity of the different

algorithms will be given as a function ot:n (the number of nodes in the

network) and m [the ntt~byr of arcs in a netw·ork). Based on the notation

used in Gallo, PaUottil1Jb (l986) the complexity of each step in tile general

algorithm will be denoted ~s follows:

'l!l::~~tep1, Initialisation of Q
r/ ... '"

'11 - Select and·removal of node u from Q

'12 ~ Insertion of node v into Q

Cl - The number of times step 2 is performed (The. number of iter-

ati.on:-- ie each time a new forward. star is examined.)

C2 .. The number of label improvements (The number of times that a

label is put into Q)

C~f- Max number of selection of a single node from Q

The complexity of the general algorithm will thus be

O(qO + '11 X Cl + '12 X C2)

NOTE: C3 e; max {h(v):v E; Iv} where h(v) is the number of subsets th~t

the forward star FS(v) is partitioned into.
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Cl .~ n x C3 and C2 $ min {mps(U) x Ch m x C3}' where

For Label .setting algbrithms, from proposition 1, C3 ...... 1 So in' geu~Fat
I'

Cl ~ nand C2 = in for 11~belsetting algorithms.
. Ii

I
II

For label co';recting aJ~gorithmsC3 ~ 1 and so for most label correq;ting ..
I

algorithms Cl n x C3 jiud c? m x n The nature of Jabel eorrecting al..
I, .. . I

gorithms ensures that q;l ::::: q2 _, constant since there are no specific cr!~teria
;/ ',' .:0 ':. .Ii

to chose and remove or insert a node.
jl

The types. of lligorjtilill
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The main point of interest in the General. Shortest P(l_tn Algorithm is.tbal"- -
of the selection of a node u from the, set of Scan Eligible nodes Q. The
data.structures that are most commonly used to sto-e and manipulate Q
are' those commonly known as a List and a Priority Queue. A typical1ist
is a sequence of elements; The first element of a list is-known as the head
of the list and the 'last element is regarded as' the tail of the .Iist, The eF

ements of a lfstcan be manipulated with the following t~icaLope)~ationst

Addition : The addition of a new element will form a' new head to

the list. The addition of an element could also form' a new' tail to
the list.

Removal: 'T'!leremoval of an element involves retrieving-the element

and dekdtlg it either from the head or the tail of the list.

Concatenating ; Two lists can be concatenated by linking a pointer

from the tail of one list to the head of another.

Insertion' : An element can be inserted after an element in a specific

location

(J
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Deletion: An element can be deleted from a sped.fic location in the
list

There are two common search strategies used when manipulating •11St5
with reference to shortest path .algnrithms:

1. Breadth First Search, commonly known as First ..In-First-Out (FIFQ)

2. Depth Firs, Search). commonly known as Last-In-First ..Out (LIFO)

the Label Correcting Algorithms make US~ of these two strategies and
any other strategies derived from them.

A Prlt1>rityq!ueue is a collection of elem -nts that each have an associated
numerical value. The basic operations that are performed to a priority
queue are that of the addition of a new element, the removal of the
maximum or minimum element. or replacement or correction of an ele..
ment in its correct location.

T"~· most common strategy by used shortest path algorithms ThenQ is
implemented as a Priority Queue is that of a Best First Search. Specif..
ically for shortest path algorithms. the best first search involves searching
for the element with the minimum value. Priority Queues with the Best
First Search are used in the implementation of Q by Label Setting
Methods.

Selection Criteria for Lists 1.I.ndJ?riority 'Queues



~to The t~fueli COlrIl\e!ctllIDlg ARgrQ)1riltIhurr~lls(JLnst SearcllTi
AllgrQ)riitnnms)

Before further expansion on ~~atticular algorithms, it would be a good
idea to pursue the various types of lists used by these algorithms. The two
fundamental list structures that are lJ:s\::o as defined or as a part of or a
combination of each other are the concepts of a Stack and. a Queue and
are defined as follows:

Stack: A stack is a list that is characterised by the Depth~F'it'st Search
(LIFO). The idea, is to add and =move elements onto and from the
head of the stack. If the elements A,B,C and D are added to the stack
in that order, they will be removed ill). the order o,e,s and A. The
terminology used for the addition of elements to the stack is to
PUSH an element onto. the stack. When removing an element from
the stack it is POPPED from the stack" See figure 8.1

Queue: .1\ queue is a list that uses the Breadth-First Search (FIFO)

strategy ..A new element is add~d to the tail of the queue while all the
elements are removed from the head of the queue. If the elements
A,B,C and D ..vere added to the queue in that order, they would be
removed in the same order. See figure 8.2

Tbe Label Correcting Algorithms (Ust Sentell Algorithms)



STACK

PUSH ponto tM $tael(

POP 0 oU the stack POP C off the stacl(

Figure 8.1 Stack

QUEUE

D Is added to the tall 'A the queue

A and the a are removed from the queue

Figure S.2 Queue
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Two other lists that have been. derived as a combination of the two types
defined above commonly used in shortest path algorithms are I)..eque and

Zqueue both defined Knuth vol 1 (1973),Horowitz and Sahni (1987) and
Pallottino (1984) and are defined as follows:

Deque : This is a 115tthat acts as double ended queue. Additions and

deletions to the, queue can be done at either ends. In the context t1f

the shortest path Algorithms that implement Q as a deque list, addi....
tion are made at both ends of the list while deletions are only made
at the head. Deque can be thought of as a stack and queue connected

in series. The. tail of the stack would point to the head of the queue;
See figure 8.3

2queue: 2queue is alist that consists of tw(;: queues connect in series.
Elements can thus be added to the tail of both queues hut remove

only from the head of the one queue. See figure 8.4
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DeaUE
remove sta.ck queue

~ add >' ·CL,.,..-J:..J..-.••• ·•••••....J.....1 ~. ~"---D..-•.::r:r1__._.

.figure 8,;1 Deque

2QUElJE

4- ~ ~ __ ~ ~- ~
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The first algorithm using a list to implement the set of SE nodes Q to
be considered has been generally credited to Bellman, 1Ford and Moore,
This algorithm uses the common definition of a queue as the SE li~" 9f
nodes Q

The procedure of this algorithm based on the general algorithm is as
follows:

Procedure B~P.·M(r)
Begin

STEP 1 Initialise
predecessor and distance labels p; d are given initial values
Q is initialised as the queue of SE nodes

STEP 2 Select and Update node u
Node u is removed from the head of Q
The Forward Star ofu is scanned and updated
For every (u,v) E FS(u) such that
du + duv <. d,
d, ::::du+duv

pv:::: U

IF v not in Q
THEN 11 is insertec' into the tail of Q

STEP :3 Iterate

'the Lo.bel Com~cting Algorithms. (List Search Algorithms) . 35



IF Q.is not empty THEN gote STEP 2

ELSE .STOP

End

An ¢fficient implementation of the queue in the above algorithm is to
use a one way linked list.

Theorem 1

The Bellman-Ford-Moore algorithm has a worst case complexity of
O(n, x m)

Proof Initialisation : All the distance labels of the nodes are

initialised qo :;:::O(n) since there are at most n nodes.

Selection and removal of node u : Since the selection and removal

of the node u is done using a FIFO queue it is done in constant time.
So ql := constant, say x

Inserting v into Q : The node v is jusl added to the list Q so q2 -
constant, say y.

The number of label improvements: At most the label improvements
during the exploration of a forward star can consist of In arcs, . and
since.each node can. be explored as a forward 5t.;1.1' at the most 11 times
thus c'}. =: Oim x n}

The Label Correcting AIg()tithlQS (List Search Algorithrlls)



Number of iterations of Step. 2 = Each. node can be examined as a

forward star at the most n times> the algorithm can. iterate at most
n2 times. Cl;: OCn2)

The complexity of the B-F~M algorithm is thus

- Oen+ rt2x .x+m x n x y) - oent + n >< m);: O(n x 111)

Tp1S algorithm 'uses the idea of .~double-ended queue, deque as it is defined

above as an implementation of the SE list of noc'es Q. The idea originally

by D'Esopo was implemented by Pape (1980) with cuperior results to. that

of the common queue used in the. B~F-M algoritl; 01••The reasoning in

using a rtouble~ended queue is to split the Scan. Eligible nodes into two

classes:

1. The. unlabelled nodes k., Those nodes that have not yet entered Q.
Nodes whose. distance values still retain the initial value of infinity.

I

These nodes are inserted at the end of Q,

2. The labelled and already I;I1A.nn~dnodes ie Those nodes that already

have passed through Q. N0.ies whose distance values have already

been updated at least once, These nodes are insetted at the beginning

of Q.
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The advantage. of this method is that temporary Inirlfmal distances that

still need correcting are often corrected as soon as they are detected
without being allowed to progress further.

The procedure of this 'algorithm based on the generalalgorithm is as
follows~

Procedure D'Esopo ...Pape (t)

Begin

3tEP 1 Initialise
predecessor and distance labels p, dare given initial values
Q is initialised as.the queue of SE nodes

STEP 2 Select ana Upddte node ti

Node u is removed from the head of Q
The Forward Star of u is scanned and updated
For every (u,v) e FS~u)such ~.(lat

du + duv -e d;

DO

Begin

dv::::; d; + duv
pv=u

IF v not in Q THEN
IF
dv::::::+ oovis inserted into the tail of 0

"""'
ELSE v is inserted into thehead of Q

STEP 3 Iterate
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IF Q is not empty THEN goto STEP 2

ELSE STOP

End

An efficient implementation -of the queue in the .above algorithm .1S to

use a one way linked. list of pointers with two additional pointers to in-

dicate the two ends of Q.

Computational Complexity

Theorem 2

The D'Esopo-Pape algorithm has a worst case co.mplexity of Oen x 2'1)

Proof

Initialisation : All the distance labels of the nodes ate initialised

qo = O(n) since there are at most n nodes.

Selection and removal of node u : Since the selection and removal

of the nodezz is done using both a queue and a stack and it is re-

moved only from the head of the stack it is. done in constant time.
So ql· constant> say x

Inserting v into Q ~The node v is just added to the list Q so ql -

constant, say y.
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The number -of'distance labels. that will be updated : It is shown

Gallo and Pallottino (1988), Kersaenbaum (1981) that at most 211

distance labels can be updated thus C2 ...O(n x 211)

Number of iterations of Step 2 .: .Since it is shown Gallo and

Pallottino (1988), Kershenbaum (1981)that at most t.n distance.labels
can be updated the algorithm. will iterate at most n x 211 times.

Ct· Oen x 2n)

The complexity of the D'Esopo-Pape algorithm is thus

An adaptation of the D'Esopo-Pape Algorithm was done by Pallottino

(1979) which is similar in ·performance. The difference between the two

algorithms. is that the double-ended queue is divided into two queues Q'
and Q" connected in series. The Scan Eligible nodes are again divided as

before except that both are inserted into the. tail of both queues.

The procedure of this algorithm based on the general algorithm is as

follows:

Procedure 2queue (r)

Begin

The Label Correcting Algorilhms (LIst Search Algorithms) 40



STEP 1 Initialise

predecessor and distance labels p, d are given initia] values

:e is initialced as the queue of SE nodes

STlEP :2 Selec: and Update node 14

Node. u is removed from the head of Q

The Forward Star of u is scanned and updated

For every (u,v) 6 FS(u) such that

a;+ duv < dv

DO

Begin

dv du + duv

py=u

IF v not in Q THEN

IF

d; - +ocv is inserted into the tail of Q

ELSE v is inserted into the tail of Q

STEP :; Iterate .

IF Q is not empty THEN goto STEP 2

ELSE STOP

End

The most noticeable difference between the D'Esopo-Pape and 2queue

Algorithm. is that of the worst case complexity. In practice however as

shown by Pallottino (1984) both algorithms seem.to be as fast.
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Theorem:}

The Pallottino 2queue' a1~gorithm has a worst case ¢omplexity of

oen" 'f( 111.)

Proof

Initialisation ~.All the distance labels of the nO'ies are initialised

qo =: O(n) since there are at most n: nodes.

Selection and removal' of node u :

of the node u is done using a doubi

constant time. So ql = constant, say x

,'\ done in

Inserting. v into Q : The, node v is just added to the list Q so q2 -
-eeastant, say y.

The number of distance labels updated: At most the forward star

can consist of m arcs, .. and since' each node can be explored as a

forward star at the most n2 times (Pallottino (1984.)) thus

C2 =: Oem x n2)

Number of iterations of Step 2 : Each node can be examined as a

forward star at the most n2 times, the algorithm can iterate at most

113 times. Cl = O(n3)

The complexity of the 2queue aigorithm is thus
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...,.. 0(11. + n3 x x +m x n2 x y) ;:::;O(n3 +n2 xm) =: O(n2 x m)

lL4 The PartitioJJeiJIpc Shortest Patio AlgOJritl~rnl (Glovert~
Klingmas. and Phillips)

As already introduced in the D'Esopo ~ Pape and 2queue algorithm the
idea of partitioning the SE list of nodes Q seems to be a viable technique
in improving the computational complexity of label correcting methods.
This technique has also shown superior results through empirical studies.
Dial, Glover, Karney and Klingman (1979), Glover, Glover and
KHnenlan (1981, 1984)

Glover, Klingman and Phillips (1985),developed the partitioned idea. by
actually separating the SE list of nodes Q into two separate queues NO?V
and NEXT. This algorithm will be regarded as the Partitioning Shortest
Path Algorithm (PSP). The purpose of the algorithm is best described by

the following quotes from the Glover, Klingman and Phillips (1985) : /I

The PSP al~0rithm explicitly identifies the partitioning concept and pro ..
vides an alternative foun da'.ion for computational complexity analysis."
The division of the nodes is on the same bases of that the D'Esopo ..Pape
and 2queue algorithm. 1/ The PSP algorithm also explicitly identifies an
efficient node scan procedure; that is, only nodes whose distance labels
have been improved are scanned, and improved distance labels are used
as soon as they are determined. 1/

The \teps of the PSP algorithm are as follows :
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NHTE :An extra step (STEP (~)has been included to the generaF~ho.ttest
path algorithm to repartition the. SE nodes.

Procedure PSP (r)
Begin

STEP 1 Initialise
predecessor and distance labels p, d are given initial values
Q is initialised as two mutually'exclusive and ~olleetively
exhaustive lists of SE nodes called NOW'and NEXT

NOW is initialised with the root node rand
NEXT is initialised as an empty set.
Set k - 0

STEP :2 Select and Update node u
NO TV is now scanned : IF empty goto STEP 4

ELSE select any node u from
NOW

The Forward Star ofz, is scanned and updated

For every (u,v) s FS(u) such that
du + duv <. dv
DO
Bee;in
d; = du + dtw
pv=u
IF v not itt NEXT or NOW

THEN add v to NEXT
End;
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STEP 3 Iterate '
'When the whole forward star of U has been explored return to
to step 2

STEP 4- Repartition Scan Eligible Nodesand Iterate
•

IF NEXT is empty stop
ELSE set k: ...~ k + 1 and transfe-r all the nodes from
NEXT to .NOH' and return to step 2.

End

This is a polynomially bounded algorithm. The key factor in deriving the
polynomial complexity of this algorithm is the partitioning of the SE list
of nodes denoted by Q in the general shortest path algorithm. Parti-
Honing the SE list of nodes gives this algorithm the fundamental property
of an -upper bound to the number of times that nodes are transferred from
the one set of SE nodes, NEXT to the other set NOH', This is due to the
fact that partitioning- guarantees at least one node has 1tSdistance label
permanently set at each iteration. Although the original Threshold Al-
gorithm by Glover and Klingman (1981) appeared before that of the PSP
algorithm, the PSP, algorithm servos as a good basis to the concept of the

. Threshold algorithm.

Computational! Complexity

According to a result stated and proved in Glover, Klingman and Phillips

(1985) the PSP algorithm has a complexity of Oem x n).

The Label Correl,1;ingAlgorithms (List Se~feh Algotithllts) 4S



As introduced in the PSI>a:goritlim the SE list is maintained in two parts,
a NOW list and a NEXT list. The Threshold a1gorithrn is an extension
of the idea. of splitting the SE nodes into two lists. the idea is to separate
the SE nodes by means of a threshold value t computed from the existing
SE nodes. The basic outline of the Threshold algorithm is given as fol-
lows:

To start with all the SE nodes are placed on the NEXT list. From
this list a threshold value t is computed. Nodes from the NEX'T list
with a distance value less than that of the threshold value tare
transferred to the NOW list. At this stage the algorithm starts the
scanning and updating process, corresponding to the second step of
the general Shortest Path. Algorithm. The NOW acts ~:sthe. SE Ilst
of nodes defined as Q in the general algorithm. The scanning of the
NO'V list is done using the FIFO (:";eadth~First).search strategy. (ie,
NO\V' is implemented as a common queue). During the iteration of
step 2 any nodes that become scan eligible for the first time are
placed 011 the NEXT list. A later variation of the threshold algorithm
is to place any new Scan Eligible node that is less than the current
threshold value t immediately on the NOW list. Once the.NOW list
has been completely ~canned, all the elements have been removed and
updated, a new threshold value is computed. The new threshold value
would either be computed directly from the elements in the NEXT
list or from update rules that will be defined later. Before the
threshold value can be computed from NEXT, certain criteria to be
defined later, must be met. Should this criteria not hold the specific
updating rules will. be used to compute the threshold value t The al-
gorithm continues to iterate by trensferring elements from the NEXT
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list that are less than the threshold value tto the NOW list and the
algorithm is.taken back to the start (If step 2.

The following parameters and rules were originally defined by Glover)
Glove!' and Klingman (1984) ~

MIN === Minimum distance label for the nodes on NEXT

AVO == The average distance of the distance labels for the-

nodes on NEXT

MINWT ;::::a positive weight applied to MIN

AVGVVT ;::::a positive weight applied to AVO

WTCNG - a positive "weight change factor" applied to
AVGvVr

The general formula to compute the threshold value t is given by

t === (MINWr*l\1IN+AVGWT*AVG)/(MINWT+AVGWT) ... (i)

To start with the parameters MINW1' and AVOWT are related as follows

MINWT + AVOWT === 100

This is only an initial relationship as MIN\VT is regarded only as an in..
put parameter. The initial value of AVGWT is thus computed as 100 u
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AVGWT. As the algorithm proceeds the value of AVG\VT changes, while
that of MINWT retains its initial input value.

The other value that is applied to. AVOWT is that of the "weight change
factor," VvTCNG. This is a /'(very) rough interpretation as a target Per-
centage of nodes on NEXT that one desires to transfer to NQW ".

When.nodes are transferred from NEXT to NOW1 AVOWT is revised
by the rule

AVGWT :::;.AVOWT ~(\VTCNGjlOO)*(lNEXTIIINOWI) ... (ii)

The following modifications of the value oIA VO are also observed :

IF 7 *INOWI:$ INEXTI THEN AVO· 1.1 * AVO- ...(iii)

If 1.3 *INOWI .~ INEXTI THEN AVO:::; 0:,9 * AVO •..(iv)

The t teps of the Threshold Algorithm are as follows :
. ,

NOTE : An extra step (STEP 4, 5 & 6) has been included to the general
shortest path algorithm to repartition the SE nodes and calculate the
threshold value.

Procedure Threshold (r)
Begin
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STEP l1nitialise
predecessor and distance labels p, d are given initial values
Q is initialised as two mutually exclusive and collectively
exhaustive lists of SE nodes called NO Wand .NEXT
NOW is initialised with the root node.r and
NEXT is initialised as an empty set.

Set k = 0

STEP 2 Select and Update node.u
NOW is now scanned: IF empty goto STEP 4

ELSE select any nods u from

NOW

The Forward Star of u is scanned and updated

For-every (u,v) E FS(u) such that

du + duv -e d,
DO
Begin

d; ::::du + ~'!I.v
pv=u
IF V not in NEXT or NOW

THEN add v to NEXT
End;

STEP 3 Iterate
When the whole forward star of u has been explored return to

to step 2

STEP 4. Repartition Scan Eligible Nodes and Iterate
IF NEXT is empty stop
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BLSE··

Begin '

the first time that,this step is reached, ie after.,scanning

u .' r Goto step' 5 to' compute the initial value. of t

IF the scanned node. u in question is not equal to r
THEN transfer the nodes in the list NEXT that are less than or

equal to the current threshold value t:

IF no nodes have been transferred then goto step ..5

ELSE goto,st0p., 6

End

STEP;; Compute At/IN andAVG from NEXT

MIN and AVO are computed from the, elements in NEXT, that are less

than or equal to the current value of t, This would mean

that .at the vet}' least nodes. that are equal to value of MIN would

be transferred from NEXT to NOW.

STEP () Compute the threshold value t and iterate

Use the relation (ii) to re-evaluate the "weight change factor"

AVG\VT and use rule (iii) and (iv) to compute the new value of

t and return to step 2.

End
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C()mpatatiollllaUComplexity

According to Glover, Glover and Klingman (1984) the computational

complexity is 0(n2 x m)

Theorem 4

The Threshold algorithm has a worst case complexity of 0(n2 x m)

Proof

Initialisation : All the distance labels of the nodes are initialised

qo :::;:O(n) since there are at most n nodes.

Select and removal of node u : The NOW queue can be in two states:

(a) not empty or (b) empty .. Consider

the case (a) where NOW is not empty : Since the selection and re~

moval of the node u is clone from the head of the queue NOW it is

done in constant time. So lJ1 - constant, say x

Consider the case (b) where NOW is empty : In order te obtain a

new Threshold value.t· the list NEXT must be scanned. Thiswould

mean that ql :::;;O(n) during the refreshing of the threshold value.

It is also noted that the threshold value of t canonly increase during

the execution of the algorithm. This implies that any node that

passed the threshold test and has been transferred from NEXT to

NOW, will never re-enter NEXT. This would. imply that the number

of times that NEXT is scanned to refresh the threshold value, in or ..

der to transfer new nodes to NOW is bounded n This would mean
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.iNlt the total cost of the refreshhlg operation in the worst case is
()(n?)

f1~.sertingv into NEXT ; The node V is just added to the list NEXT
so q2 .:::::;constant} say y.

Number of 111nations of Step 2 : When the algorithm is running be..
tween successive refreshing operations (ie. NOW G not empty) it be-

'haves similar to the B"I,,? ..M (FIFO queue) algorithm for a sub.graph
of-the main graph. This would mean that number of nodes ·to be

explored as forward .•stars .extracted from NOW is bounded by n
Hence CjS n2, The number of iterations would thus be C1 == 0(n3)

The time that the distance labels of nodes are updated ~.Since C3 s n2

it implies c; -- O(C3 x m)

Cz :::;:0(n2 x In)

The complexity of th~·Threshold algorithm is thus

::::: O(n + n"; x x +n2 x m x y) = Oen'}. x m)
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The sharpness cnncept introdu.ced by Shier and Witzgall (1981) has been

expanded on by Glover» Klingman and Philips (1985) and Glover and

Klingman (1989) to produce better algo.rithm and. coo,'llplexity bounds on
the Partitioning and Threshold .Shortest Path Procedures. The' concept

of sharpness relates the distance' labels du and the. distance of the path to
the node u denoted by d(Pu}, where 1'u is the actual path from the root

node r to ],I not just art upper bound ..

NOTE .: A label setting algorithm by proposition 1 scans sharp labels

only. An algorithm that scans sharp labels 0111y is called a' sharp algo-

rithm.

d(Pu} ="l.du:3 'II arcs(iJ) belong to the path fro., r to u

Shier and Witzgall (1981) defined sharpness as follows: An algorithm is

called sharp if at the time that node u;s scanned du ......d(Pu) (ie ..the distance

label of node u is equal to that of the path distance from the root r to

node u).
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There. are ••three levels. of sharpness defined In Glover and Klingman
(1989)

1. GlobaUySharp ),eft ..d(Pi) Vie N each time the tree T is changed,

2. Globally ScaRl-mU[lrp : dt::= d(Pi) Vie N each time a node is chosen to
be changed.

3., LocaUy Scan-SRulll'P : du . d(Pu) such that u is chosen to be scanned
at the time of scanning. u is initiated.

It. is interesting to note that. the third level of sharpness defined is equiv...
alent to t);rlat defined by Shier and Witzgall (1981): The first two. levels
of sharpness defined are more restrictive ..

9~1 The Glohmlly Shaop Algorithm (Glowe1" and iflbagman

1989)

The algorithm that is now presented is a polynomially bound al~~orithrn
that only scans nodes with sharp distance labels. The concepts of parti~
tionii1g the scan eligible nodes (Glover, Klingman and Philips 198.5)are
expanded on to ensure that the nodes that are to be scanned are sharp.

The algorithm of the PSP-GlobaHihMpness is outlined as follows:

Procedure PSP-G~S·(r)
Begin
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STEP 1 Initialise
predecessor and distance labels p) d are given initial values
Q is initialised as twa mutually exclusive and collectively
exhaustive. lists of SE nodes called NOfVand NEXt

NOW is initialised with the root node rand
NEXT is initialised f($ an empty set.
Set k. \)

STEP 2 Select and Update node u
NOW is now scanned : IF empty goto STEP 4

ELSE select •.any node ufrom
NOW

The 'Forward Star of.u is scann .1 and updated

For every .(u,v) e FS(u) such that
d; + du~'< dv
DO

Begin

~ ;:::du 4- duv -- d,
IF J <0 THEN
Begin

2.1 dv;::: d,+ 8
IF v not in NEXT or NOW

THEN add v to NEXT

2.2 T is changed by setting jJv :::::U

2.3 For each node i :f. v m the subtree of T
rooted ".1 v, let dl -- t4+ b
IF ill0t in NEXT or NOW

THEN· add v to NEXT

End;

Tbe Concept uf Sharpnes.'1 5S



StEP :3 Iterate
When the whole forward star of u has been explored return to

to step 2

S';fEP 4 Repartition Scan Eligible Nodes and-Iterate
IF NEXT is empty stop

,ELSE set k = k + 1 and transfer all the nodes from
NEX~' to NO~Vand· return to step 2..

End

Computational Complexity The computational complexity of the above
algorithm is analysed and upper bounds are proved by the following

Lemmas and Theorems (Glover, Klingman and Phillips 1985), (Glover,
Klingman, Phillips and Schneider 1985)and (Glover and Klingman 1989).

Lemma 1 : At the kth iteration of step 3 of the PSP algorithm. each

node in the .NEXT list attains the following two properties:

1. The depth of the -tode is at least k

2. The shortest path to the node has at leasta depth of k

Lemma :2 : .I\'.t least one of the nodes in the current NEXT list will

have its shortest. path determined when the algorithm iterates at step
3.
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theorem 5
The PSp ..GS algorithm has a worst case bound O(m x n2) and only
scans nodes with sharp distance labels.

Proof
Part 1
The depth of any shortest path will be at mos~ 11. - L
From lemma 1 and lemma 2 this aJgorithm. will iterate at 1n05t

n''_ 1 times.
The most arcs that can be examined from a forward star rooted at
say node u is .m and there will be ~tmost Jt - 1 distance labels that
will be updated for a.node 11 rooted at the forward star.
The complexity of the PSP~GS algorithm will thus be O(m x 11.2)

Part 2
The updating rule of the distance labels after each node in the for ..
ward star has been examined ensures that only nodes with sharp
distance labels are scanned. This completes the proof.

T] ':) algorithm 1.: locally scan ...sharp as it satisfies the locally scan sharp
condition that du := d(Pu) when thA scan of u is undertaken.

Steps 1,3 and 4 are the sa..ie as in the previous algorithm,
PSP-Global ..Sharpness step 2 however is changed as shown.

Procedure PSP·L()calIy~Scan..Sharp (r)
Begin
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STEP 1 Initialise As in previous algorithm
STEP 2 Select and Update node 14

NO W is now scanned .: IF empty goto .STEP ·4
ELSE select any node u from

NOW
Before deleting nodeu from NOW the path.

Pu is genel'ateq from predecessor labels.
The path distance d(Pu) is then computed and
cirl is set to d(Pu)

The Forward Star of u is scanned and updated
For every .(utv) E: FS(u) such that

du + duv <·dv

DO
Begin
o;::.:·du+duv-d~
IF b<OTHEN
Begin.

2.1 dv =: dv+ (j

IF v not in NEXT or NOW

THEN add v. to NEXT
2,2 T is changed by setting pv =: U

End;

STEP 3 Iterate As in previous algorithm
STEP 4 Repartition Scan eligible Nodes and Iterate

As in previous algorithm
End

The Concept of Sharpness



903 11u~SlulJltJP.·Threshold. Alg(Jritl~m ..Fl;n-q 1!U)Jtall~egative

lellagtlus

The PSP-G ..S algorithm is now presented modified 'to include the

threshold concept while retaining the global sharpness property.

The algorithm of the Threshold Global-Sharpness is outlined ,as follows:

Procedure Sharp Threshold-G'S for non-negative lengths (1')
Begin

STEP 1 Initialise
predecessor and distance labels po d are given initial values
Q is initialised as three mutually exclusive and collectively
exhaustiveIists of SE nodes called NOW, NOW

and NEXT
NO W is initialised with the root node rand
NOW' is initialised as an empty set.
NEXT is initialised as an empty set.
Set k =: 0 and threshold value t .0

STEP 2 Select and Update node it

NOWis now scanned: IF empty goto STEP 4.
ELSE select any node u from
NOW which was last placer in
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NOW(ie, NOW is a LIFO queue)

The Forward Star of u is scanned and updated
For every (u}v) E ES(u) such that
d« + duv <. d\,
DO

Begin
D:=.du+duv-dv
redefine d, :=. du+duv

set pu·· .. u
IFdy<.t

THEN r-ode v is not a member of NOW or
NO ~Vf.add node v to the tail of

NO W' and if v is a member of NEXT

delete it from NEXT
ELSE add node v to the tail of the NEXT queue

Now add Dto the distance labels of nodes w. .
rooted at node v belonging to the current tree, and add
w to either NEXT or NOT¥' depending on the

criteria used by node v above, .

STIEP 31terate

When the whole forward star of u has been explored return to

'to step 2

STEP <4 Repartition Scan Eligible Nodes andIterate
4.1 IF NO PV is empty go to 4.2

ELSE transfer all the nodes from
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NOW to NOW and return to step 2.
4.2 IF NEXT.!$. empty stop

ELSE.set k=; k + 1 and recompute the threshold value

such that t z mind/v' i e NEXT
and transfer all the nodes i from NEXT to NOW
such that ti'ley satisfy di.~ t. and return to step 2.

End

Choice of Threshold value

One of the advantages of choosing the threshold value t is .that. info:--ma~

tion of the arc density Cal 1e incorperated into the algorithm. In the
original threshold algorithm (Glover, Glover and Klingman 1984) the
threshold value t is computed as. a weighted combination of true or esti-

mated minimum and average distance labels of the nodes currently in
NEXT. This method though successful is rather intricate. (Glover,
Klingman, Phillips and Schneider 1985) developed a new method to cal-

culate t based on two observations:

1. The performance of the shortest path procedures seems to be affected
by the arc density of the network. Preliminary Testing (Glover,

Klingman, Phillips and Schneider 1985) has shown that the arc density

affected the choice of a good threshold value. The arc density should

thus be included in the computation of the threshold value t,

2. At the ktll iteration of the algorithm all the distance labels .of the

nodes in the .NEXT list are less than that of the previous threshold

value tk~ 1 It can cbviously be seen that if a distance label of a node

is greater than that of tk ~ 1 it would have been placed in the NOW'
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list. tk- . ~sthus a lower bound 011 the minimum distance label of the

nodes that have Clll!rently been left behind in the NEXT list. Since it

is time consuming to rInd the true minimum distance of nodes inthe

NEXT list a surrogate minimum value f/C-l + I is introduced for the

iteration k, The new heuristics value of the. threshold value can thus

be calculated as follows;

til;:: AVG/c,_ (AVGt~- MINk)· * (0.03 * DENSE .. 0.15) where

AVGk = Ttul~ average distance labels for nodes in l'!EXT at the end

of each iteration k - 1

MIN" ;:;:::Either 0) the. true minimum. distance of nodes in NEXT for

k =: 0,] or eii) MJNk •. tIc ~ 1+ 1 for k - 2,3, .....

DENSE. = min(35,m/n)

It may happen that at all' .teration k there may, be nodes in the list

NEXT that pass the threshold criteria, If this were the case it will be

necessary to find the true value minimum. distance label of the nodes

in NEXT.

The threshold tk value moves towards the AVGk value for low density

networks and the value of: tic moves toward the MINk value for higher

density networks. This would imply that the algorithm displays label

setting characteristics for more dense networks.
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Computational C()wplexity :~The complexity of the algorithm is anaTjsed

and proved in the following Lemmas and Theorems found in Glover,

Klingman, Phillips and Schneider (1985)

Theorem 6

For negative arc lengths the Threshold Global ~harpness (T-O-S) algo-

rithm has the following properties:

1. After each iteration, all the nodes in NEXT have sharp distance

labels "naturally"

2. At the start of each iteration, all the nodes in NOW have sharp

distance labels "naturally"

3. The polynomial worst case bound of the algorithm is O(n2 x m)

4. Only nodes with sharp. distance labels are scanned.

In order to prove the above theorem the following lemma and coronary

(Glover, Klingman and Phi-lips 1985) is used.

Lemma 3 Consider NEXT at the beginning of step 3

Asspme dij ~ 0 '1/ (iJ; e A: and

dmin .. min(du] '1/ (iJ) € NEXT} at the beginning of step 3.

dminis then nondecreasing at each successive iteration.

Moreover, at this stage a shortest path has been determined to each

node i in NEXT for dE == dmin such that nodes i wilt hot appear in any
subsequent NEXT set.
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Coronary Every time nodes ~t,?,transferred from NOW' to NOW and

are scanned, a shortest path has been determined co each node i

whose distance letbe1 is the rriiiltmum.ofthose.node.s.in NOW'. Such

nodes will not appear in any subsequent set.

Proof

Parts 1 and 2

...

Let tk' be the threshold value used at iterati0.n k By th~ end of the

kth iteration,·everYl1ode in NEXT will have a corresponding prede-

cessor nodefrom a previous NOW set. This would be due to the .fact

that all nodes that i-ave been placed in the NOW set must have been

less than the threshold value tk. The corresponding predecessor node

i will thus have a distance label s\'{ch that dis ts- For every node that

will subsequently be improved it must trace by a predecessor path to

an element of the current NEXT set. By the assumption that an arcs

are nonnegative it follows that no node i such that ch $ tic can be im-

proved. This confirms that there is no node [.an element of the cur-

rent .NEXT set whose corresponding predecessor will ever be

rescanned. This would imply that the distance labels of every node i

such that i e current NEXT set represents the actual in-tree distance,

in other words the distance labels of the nodes in the current NEXT .

set are "naturally" sharp. Part 1 of the theorem is thus proved. It

follows thus that the nodes in the NOW set at iteration k: + 1 are also

sharp "naturally" ••This. completes part 2 of the theorem.

Part 3
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From the corollary of lemma 3 there can be at most n --J nodes

transferred from th~ NOW' to NO'N and from. NEXT to NOW.

There can be at most -m arcs that can be examined after each transfer
and at most n ..- 1 nodes that will have their distapce labels upd~ted

in the subtree rooted at v of the current tree. This concludes the pro6f

of part 3.

Part 4

proved. in the same way that Theorem 5 is"proved.
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l(()$d]l JLalbJeRSe~tlllffi1gARgoritJInms (Shortest WJirst
Search AllgoJriitllilP.1n1§)

Before the detailed discussion of the label setting algorithms, it is neces-

sary to expand on. the different ways of implementing Priority Queues

As has been. previously mentioned a priority queue or heap (.\huja,

Melhorn, Orlin and Tarjan, 1988) is a data structure consisting of a set

of items each with. an associated real value on which the following oper-

ations are possible :

Insertion ; The insertion of a new element with a predefined value

into the priority queue or heap.

Delete MIll : The element with the minimum real value is found and

deleted from the priority queue or heap.

Decrease : Replace the key of an item x in a heap by say A.
NOTE: I:J. must be smaller than the old l, .)f x

The elements of a priority '!ueue,. the set of SE nodes Q can either be an

ordered priority queue or an unordered priority queue. The difference

between these two queues is. crucial to the complexity of the algorithm.

To maintain a priority queue requires continually upcl.ilting the whole
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priority queue when a individual ~I~::I)lettthas had. it~ value changed or

has been inserted or deleted.

For the purpose of this study we assume-the operations

1. Is Q empty?

2. I~ v is in Q ?

are done in constant time.

The different general implementationcf priority queues with reference to

shortest path algorithms are as fellows:

Unordered Lmked-" 1St This-is tbe simplest implementation of a pri-

ority queue Q. When an element is added to this type list it is, inserted

to the head of the list. The only type vf operation that can be per-

formed on Q is that of firtdinf~ and removing the minimum value of

the list. To perform this operation the whole of Q must be scanned,

Ordered Link(:(i-List In this }.mplementation of a priority queue Q a

two way linked list can be used. Q is sorted in a increasing order of

label values. The i. perations that are performed on this type of im--

plementation are to insert an element in its correct position in Q or

delete the minimum element from the head of Q

Label Setting Algotlthms (Shortest First Search A1goritllms) 67



10.1 Buckets and Heap$

B.ancketsA list of·nodes that can be arranged using.their .labels into
a specific set of ranges. where each range. defines a bucket -.For the
simplest case a bucket i contains those nodes that fall into the, inter-
val fpmn iw to (i + 1).w where.w is the width .ofthebucket.

W'}l~re Yi is .the ke_v associated with the. item k The keys are linked

to tl:e items with pointers. The keys are stored at the nodes of tree

caned a Heap-ordered tree.

Heap-ordered tree : A tree that contains a set of items, one item to

ea....h node. The items are arranged in heap order

Heap order : The parent of a node x has a key that is no more than

the key in x itself. Intuitively the root of the tree contains an item,
of minimum key.

Heap : A heap is thus defined as follows:

Assume N is odd for convenience

NOTE: Each sub tree of a heap is also a heap. The root of the heap

is the first node and has the smallest key.

Label Setting Algorithms (Shol'tt',st {t'irstSearch Algorithms) 68



Insert (i,b) ~A new Item i is inserted with a predefined key into. heap
h

Delete Min: Theitem of minimum .key in heap h is found' returned
and then deleted from h.
Decrease )Key (value, i,h) : The key of item i in heap h is decreased
by value.
NOTE~ The position of i is known and value must be smaller than
that of the old key.

f8unary Heap

Node Number m AOPoQlated Kay Value

fa) A bl.nary heap rapr()f;HHliad 00 a blnonr tree

~t~lT;Y~~
(ll) RopraoantnUfut of e. blElanf lioop In on onll'll

Figure 1O.t Binary Heap I--------.-------------~_j
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The first algorithm presented is the simplest implementation of a priority

queue Q It is usually credited to Dijkstra <11though some references do
credit it to Moore. The algorithm is based on the basic Label setting

property given in proposition 1 and implements Q as an unordered
linked -list,

The procedure of this algorithm based 011 the general algorithm is as
follows:

Procedure Dijkstra (r)
Begin

STEJP 1 Initialise
predecessor and distance labels p, d are given initial values
Q is initialised as the queue of SE nodes

STEP 2 Select and Update node u
Q is scanned and the minimum label 110dt:: u
is removed from Q
The Forward Star of u is scanned and updated
For every (u,v) e FS(u) such that

du+ duv <: d,

dv~ du + dUI'
pv=u

IF v not in Q

THEN v is inserted into Q

STEP ,3 Iterate
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IF Q is not empty THEN goto STEP 2

ELSE STOP

End

An .efficient implementation of the queue in the above algorithm .is to
use a two way .llnked list.

Computationai Cm'Dllplexity

Theorem 7
Dijkstra's algorithm has a worst case complexity of Genl) for all dij t?t 0

Initialisation : All tho distance labels of the nodes are initialised
qo :; 0(11.) since there are at most n nodes.

Selection and removal of node u : In order to select node u Q must
be searched for the node with the smallest distance label. Since the
cardinality of Q is at most n _. 1 thu order of this procedure is a.t most
I1.q -1 So ql - O(nq -1)~O(nl1)

Inserting v into Q : The. node v is just added to the list Q so tl2 =
constant, Jay x,

The number of labels that are updated :At most the forward star can
consist of m arcs, thus C2 = Oem)

Label Setting Algorithms (Shortest First $e:m:h Algorithms) 71



Number of iterations' of Step Z ~ Since by proposition 1 that e(l,.Ch
node is examined only once, the algorithm can iterate at most II

times, thus Cf, :::: O(n)

The complexity of the Dijkstra algorithm is thus

OCn+n x nq+ x x m) $ O(/lq X n + 11'1) :;; Oen?)

This algorithm is an extension of Dijkstra's algorithm where the efficiency
of obtaining the. miaimurn. distance label from Q. is improved by means
of implementing Q as a two way ordered linked-Iist, The minimum label

is thus always the first element of Q. To insert and correct an element the
priority queue need only be scanned once.

The procedure of this algorithm based on the general algorithm is as
follows:

Procedure Ordered-Dijkstra (1')
Begin

STEP l Tnitialise
predecessor and distance labels p, d are given initial value;
Q is initialised as the queue of SE nodes

STEP Z Select and Update node 11
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U ::= QCl) and is removed from Q
The Forward. Star of u is scanned and. updated
For every (u,v) e FS(u) such that

du+du't<dv

d; ::::du + duv

pv:::: U

IF v not in Q

THEN v is inserted into Q to its proper position

ie, In a position where it maintains Q as an increasing
ordered queue.

STEP ,3 Iterate
IF Q is not empty THEN goto STEP 2

ELSE STOp·

End

An efficient implementation of the queue in the above algorithm irs to
use a two way linked list"

Theorem 8
The ordered version of Dijkstra's algorithm has a worst case complexity

of O(n x 1ft). 'r/ du ~ 0
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Initialisation : All thedistance .labels of· the nodes are initialised
qo- O(n) since there are at most n nodes.

,

Selection and removal of node u : Since Q is implemented. as. a pri ..
O1'1tyqueue Q the selection of node u is constant since the node with
the. smallest distance label is always in the first position. ql = con-
stant say x

Inserting v into Q : The node v must be added to the list Q in its
correct position so to .maintain th~ nondecreasing order of Q Since
the maximum cardinality of Q is nq, hence q2 = O(nq)

The number of labels that are updated : At most the forward star can
consist of m; arcs, thus C2::::; Oem)

Number of iterations of Step 2 : Since by proposition 1 that each
node is examined only once, the algorithm can iterate at most n

times, thus Cl ::::; O(n)

The complexity of the Ordered Dijkstra algorithm is thus

::::; O(n + n x X + nqx m) :$ O(n x x +m x llq);$ O(n x m)

lOot/. The Dial (bucket) Algoritlftlil1t

This algorithm makes. use of buckets to implement Q The elements are
partitioned into a sequence of buckets that each have a range with a width
k. Q is thus partitioned into buckets each with a range such that the
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bucket i·.contains. 'allthe elements that are within the set k(i - J) S d; -< .hi
In order to find .the range of all the buckets together define

dmax - max{dy :3 (iJ) eA}

Now no distance label can ever be greater than (n._ l)dmax so the upper

bound of the last bucket must be (n - 1)dmax and the lower bound of the

first bucket must. be O. In order to access a bucket i a vector of pointers

say q is used where the pointer qi points to bucket i.

In order to remove and scan the minimum node the vector q is scanned

and the first non-empty bucket is found. From this bucket the minimum

'element is removed. To insert a new element it is inserted into the bucket

with the range within that of the new element.

Dial proposed a shortest path algorithm using bucket of size k:= 1, where

di} is an integer 'Ii (ii) EA. NOTE; in this case each bucket will contain
nodes that have the same label.

The. procedure of this algorithm based on the general algorithm. is as

follows:

Procedure Dial (Bucket) (1')
Begin

STEP llnittalise
predecessor and distance labels p, dare given initial values

Q is initialised M buckets of SE nodes
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STEP 2: Select and Update node. u
Search for the first· non-empty bucket and remove node u from

this bucket. ie, u === Bucket(t)

The Forward Star of u is scanned and updated
For every (u~v)E FS(u) such that

du+duv -c dv
IF V .~.Q then V is removed from its appropriate
bucket.

d; === du+ duv
pv-u

v is inserted into Q into Bucket i such that

r E range(Bucket(i»

STEP .3 Iterate
IF Q is not oUlpty THEN goto S':'EP 2

ELSE STOP

End

An efficient way to implement Dials Buckets is to use a two way linked

list for each bucket.

Computational Complexity

Theorem 9

Dials Bucket algorithm has a worst case complexity of

Oem+ It X dmax) V. dlj? 0

Ll1bel Setting Algorithms (Shortest First Search Algorithms) 76



Initialisation ; All the. distance labels of the nodes and the vector q
are initialised qo 0.... O(n + dJ1u1.x).

Selection and removal of node u : To. select a. node the vector q is

scanned to find the first empty bucket. l/l = O(dmax)

Inserting v into Q : The node v must be added to the list Q in its
correct bucket. This operation is done in constant time q2 = con-
stant, say x

The number of labels that are updated ;At most the forward star can

consist of m arcs, thus C7. ::::; Oem)

Number of iterations of Step 2 : Since by proposition 1 that each
node is examined only once, the algorithm can iterate at most n times

thus Cl = O(n)

The. complexity of Dials Bucket algorithrr; is thus

- O(n + dmax + n >< dmax + x x m) -~ Oen x dmax+ m)

An implementation of the priority queue as a binary heap. The elements
of a binary heap are stored as nodes of a binary tour. The label of an
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element is always smaller or equal to that of its ohildrer '..The root node

is thus the smallest element of the heap. A more detailed discussion of

heaps. and buckets is presented a-little later. The comr,lexity of 'removing

the minimum label element, inserting a new element and correcting ala ...

bel is of the order lognq.

The procedure of this algorithm based on the' general algorithm is as

follows:

P:l'Ocedur~.Heap (Binary) (r)

Begin

STEP 1 Initialise
predecessor and distance labels p, dare giveninitial values

Q is initialised as the queue of SE nodes

STEP 1. Select and Update. node u
u =: the root node of the binary heap.

Re-order the heap.

The Forward Star of u is scanned and updated

For every (u,v) € FS(u) such that

d; + dzlV < dv
dv:::::du+duv

pv=u

IF v is not an element of the heap THEN insert v

into. the heap and re...order the heap.

STEP 3 Iterate
IF Q is not empty THEN goto STEP 2
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ELSE STOP

End

Computational Complexity

Theorem 10

The binary heap algorithm has a worst case complexity of

OCm x log2(n») V dij ~ 0

Proof

Before the proof is started it is noted that the complexity of reor-

dering a binary heap is OClagCn)) (1 Esakov and T W2iss (1989), Aho,

Hopcraft and Ullman (1974), Horowitz and Sahni (lfl87)where log

is to the base 2

Initialisation : All the distance labels of the nodes are initialised

qo - OCn) since there are at most n nodes.

Selection and removal of node u : Since Q .is implemented t 1;-'

(priority queue) the selection of node u is constant since the node

with the smallest distance label is alway" in the root position,

However, with the removal of this node the heap must be reordered

which will take at most Iog(n)operations. ql.= O( Iogen))
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Inserting v into Q : The node v must be added 16 the heap ••int<l a

correct position so to maintain, the binary heap. To insert and reorder

the heap will take at' most log(n) operations. q1. ','' ,0( log(n))

The amount of labels that are updated: At most the forward star can

(~o,nsistorm arcstthus C2 ;::::Oem)

Number of iterations of Step 2 ; Since l1Y proposition 1 that each

node is, examined only once, the algorithm' can iterate at most 11

times, thus Cl -- Oen)

The complexity of the Binary Heaped algorithm is thus

O(qo+ t]l x C}+ q2 x cz)
-- O(n+ n x log(n)+ mx. Iog(n)):= O((n+m)log(n)) - Oem x log(n))'
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(Ahuja, Mehlhorn, Orlin and Tarjan, 1988) Redistributive heaps exploit

special properties of the heap operations in Dijkstra's algorithm. Are ..

distributive. heap is a collection of buckets, .each with a range that is an
interval of integers.

;

The following. two properties are. essential in the formulation of Redis-

tributive heaps (Ahuja) Mehlhorn, Odin and Tarian, 1988)

1. For node v e N~ d(v) e (O.•nC) II d( v).:; d(v) is. finite.

2. For node ve N, such that v * s, .if vertex v is labelled then

d(v) ~ (dC!' , l)..d(x) + C; where d(x) is the most recently.scanned node.

(ie, successive delete min operations return. nodes in nondeereasing
:-rder of cost)

The second property is the most important of the two properties

A one ..level redistributive heap is a collection of B. JOgi(C + 1) buckets

that are sized as follows:

OnejTwu-Levcl Redistributive Heaps 81



Size of
size(l} ...1

size(B} nC+.l

NOTE: Thefcllewing inequality is satisfied

)-1

Lsize(i)e min {size(j),C+ I} for 2$f$}) ". (i)
i= 1

To start with node s is stored in bucket 1.. As the algorithm progresses
all the labelled nodes are stored in the buckets. The node v is st6red in
the bucket x if d(v) is within the ra .gi~(i)

To. start with 'the interval ·(O..nC + 1) is partitioned into the different
ranges of the buckets, After the first node has been scanned the bucket

ranges partition the interval (dmin ••llC + 1)where dmin is the maximum label
of the scanned nodes. The upper bound of each bucket i u(i) is main-
tained, where. the farge of each bucket is i is (u(i - 1)+ l ..u(i» such that
u(O) =.: dmin -1 and the range i .• empty set if u(i - 1)~ u(i) Initially the
upper bound u(i);::;; 2/-1.- 1 for 1 .s i ~tB"'_ 1 .and the upper bound of B,
u(B) is nO + 1

NOTE ; Although the ranges of the buckets may vary during the exe~

cution of the algorithm the sizes remain the same.
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With reference to the three heap operations they are performed as fob
lows:

Insert : The values. of bucket i ate examined starting with. i == Band
continuing until the largest ; is found such that u(i) .::dey) and node
v is inserted into bucket i+ 1

Decrease !{ey : The key of node v is. decreased by removing v from
its current bucket. The key vis reduced and v is reinserted using the

Insert operation.

Delete Min:· This is the most complex of the three operations. The
bucket with the smallest index is found. If the. first bucket is empty
find the non-empty bucket with the smallest. index, lets say it was
bucket.j, Find the node u with smallest distance label by scanning this
bucket, j and delete it from the bucket. The remaining nodes ate then

redistributed amongst buckets of smaller index using the following
rules:

u(O) replaced by"d(v) -- 1,
u(1) repl=ced by deY),
For i from ~ toj-l, u(l) replaced by min {u(i-l)+size(i)~u(i)},

The nodes in bucket j are removed and reinserted using the decease
operation.

From the inequality (i) it follows that for j ?': 2 by the delete min operation

every node in bucket j win move to a.bucket of smaller index.
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The procedure of. this. algorithm based on the general algorithm is as
follow'):

Procedure One..Level Redistributive Heap (r)
Begin

STEP 1 Initialise
predecessor and distance labels p, d arc. given initial values
Q is initialised as a heap of buckets as defined.

STEP :2 Select and Update node u
Search for the first non-empty bucket of the smallest index.
and remove node u from this bucket.
IF the first non-empty bucket is bucket(1)

seturn any node from this bucket
ELSE scan. the bucket and return the node with the smallest

distance value.

The remaining elements in the buckets are redistributed to buckets
with a smaller index by the rules defined.

The Forward Star of u is scanned and
updated For every (u;v) e FS(u) such that
du+duv<dv
IF v e Q then v is removed from its
appropriate bucket.
dv::::=du+duy

pv=u

v is inserted into Q into Bucket i



such that v e :ange(Bucket(t))

STEP 3 Iterate
IF Q isnot empty THEN goto .STEP 2

ELSE (ie, all buckets are nun empty) STOP

End

The 001;;- '~vel redistributive heap is implemented using a two way linked
list for each bucket.

'Theorem 11
The One-Level Redistributive heap algorithm has a worst case corn...
plexity of Oem + 11. x log(C») '1 dl} ~ 0

Proof

Initialisation : AU the distance labels of the nodes are initialised with
the buckets qo == O(n+ B) since there are at most 11. nodes and by de-
finition of a One-Level Redistributive heap at most B buckets.

Selection and removal of node u : The selection of node u is done
by finding the first non-empty bucket, and removing the node with
the smallest distance label. With the removal of this node the re-
maining nodes in this bucket will be reshuffled to buckets with. a
smaller index. The time taken to complete this operation will be of'
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order OCB) since there are at most B ,..··'cketshy definition .of the data

structure of this algorithm so ql :.= OC log(C))

Inserting v into Q : The node V must be Inserted into its correct

bucket containing in its correct range. qz could thus be regarded as

constant, say x if a function could map the distance label to the

correct bucket range.

Exploration of the forward star FS(u) :.At most the forward star can
consist of In arcs) thus c, Oem)

Number of iterations of Step 2 : Since by proposition 1 that each .

node is examined only once, the ~fgorithm can iterate at most n times

thus Cr = O(n)

The complexity of the One-Level Redistributive Heap algorithm is
thus

:::= O(n+ B + n x log(C) +m x x) ......Oem + 11. X logeC))

One way to further optimise the running time of the algorithm imple-
mented with a one-level redistribntive heap is to reduce the numbers of

reinsertions of vertices into buckets. The sizes of the bucket are limited

by the inequality (i), which makes it impossible to increase the size of the
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buckets to reduce the number of insertions of nodes. Another idea is to.
dicide the buckets into>equal sized segments. Like the one-level redis-

tributive heap the two-level redistributive heap is. define as a collection

of bucket. hut with an added parameter K which indicates the number of

segments lUi a bucket, The number of buckets is given as

13 -- Ilogg( C +.1)1 + 1 and the sizes.of the. buckets are defined as follows:

size(i) - J~ for 1s i 1. 13 - 1

size(13) ..nC + 1

The range of the buckets of the two-level redistributive heaps is the same
as that of the one-level redistributive heaps. Where the range of bucket i

is lu(i -1) + !..,u(i)1 where the initial upperhounds for the buckets are as

follows:

u(O) . dmin ~ 1 and u(13)::::: nC + 1

j

u(j) .. 2: l(i --- 1 for 1 sIs B-1
i= 1

Now each bucket t is partitioned into K segments the size of /(/.- 1 Bucket
B consists of a single segment. The range of the segments are defined as
follows:

range of segment (i,k};::;: Iu(i,k.,...,. 1)+ LU(i,k)I where

u(i,k)::::: max {u(i - 1), u(i) - (K - k)I<!-l}
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Where the segments are 'indexed by ordered pairs, segment k of bucket i

is denoted by (i,k)

The ranges of the buckets are 'maintained, the. ranges. of the segments

change and are computed as. follows:

For x E t~e range of (i,k) the value of k is computed by the formula.

k :::::.K -- I(u(i) - x)! J(! ~ 11

With reference to the three heap operations they are performed as fol-

lows:

Insert: .The values ofbucket i are examined starting with i::::: B until

the bucket. i is located SUC~lthat d(v) E the range of (1). The value of

k is then computed and v is inserted into the segment (i,k)

Decrease Key:. The key .clf node v is decreased by removing v from

its current bucket. The key v is reduced and v is reinserted using the

Insert operation.

Delete Min: This operation is performed in the same wayas that in

the one-level heap. only that the nodes of a single element are dis-

tributed.

The procedure of this algorithm based on the general algorithm is as

follows:

One/Two~Leyel Redistributive Heaps



ProeedureTwo-Level Redistributive Heap (r)
Begin

STEP 1.1nitialise
predecessor and distance labels p, d are given initial values

Q ls initialised as a heap of buckets and segments within

the buckets .as defined.

STEP 2 Select 'and 'G:~date.node u
Search for the first non-empty bucket of the smallest index,

now find the first non-empty segment within the bucket ..The

segment ·is scanned and the node u with the smallest

distance label is removed from the segment.

The upperbounds of the buckets are redefined as in the one-level

heap. The remaining elements in the segment are redistributed to

the correct segments within the buckets with the appropriate range.

The Forward Star oLu i~sscanned and
updated For every (u,v) Ell FS(u) such that

du+duv < d;
IF V EQ then v is removed from its
segment from its appropriate bucket.

dv= du+ duv
py=u
v is inserted into .Q into its correct segment
within the Bucket i
such that v e rcmge(Bucket(i))

,/
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STEP 3 Iterate

IF Q is. not empty THEN goto STEP. 2
ELSE (ie. all buckets are non empty) STOP

End

The .two-Ievel redistributive heap is implemented using an array of dou-
bly- linked .lists as segments and a two.way linked list for each bucket .

Computational Cmnpiexity

Theorem 12

The Two-Level Redistributive heap algorithm has a worst case com-
plexity of 0(111+ n x lo.gk(C)) \:f dij ;?;. 0

Proof

Initialisation : All the distance labels of the nodes are initialised with
the buckets qo -. O(n + B) since there are at most n nodes and by de-
finition of a Two-Level Redistributive heap at most H buckets,

Selection and removal of node u : The selection of node u. Is done
by finding the first non-empty bucket. The node with the s.t'ti~llest

distance label is removed from its appropriate segment. VVit.h the

removal of this node the remaining nodes in the segment of this

bucket will be reshuffled to segments.with a smaller index. The time

taken to complete this operation will be of order OCB) since there are

at most B buckets by definition of the data structure of this a;gorithm
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SO ql -: 0(10gk(C)) If the correct segment was [OUh:: by scanning the

segments.in the bucket it would take at-most. VeK) time.

Inserting. v into Q :. The node' 11 must be inserted into its correct

bucket containing in its correct range and then to its correct segment.

q'). could thus Of" regarded as.constant say x if ~ function could map

the distance label to the correct bucket range and then the correct

segment. Ahuja~ Mehlhorn, Orlin and Tarjan (1988) set K propor-

tional. to log(c)llog log(C) which will make B of the order

Oe log(C)/log logeC))

Exploration of the forward star FS(u) : At most the forward star can
consist of m arcs, thus C2 = Oem)

Number of iterations of Step 2 : Since by proposition 1 that each

node is. examined only once, the algorithm can ;ter:;~t~ at most It

tithes, thus Cl ~ O(n)

The complexity of the Two-Level Redistributive Heap algorithm is

thus

- O(n + B + n X.}Ogk(C)+ m x x) =O(m + n x logk(C))

11..3 Further improved Redistributive Heaps

The running time of the Two ..Level redistributive can be reduced to

O(m + n x JlOi(C))by using a variant of Fibonacci heaps, Fredman and
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Tat jan (1987) to (rod non-empty segments, Ahuja, Melhorn; Orlin ap"-'

Tarjan (1988).

When manipulating rooted trees in the Fsheaps the following invariant

is maintained. rank(x)..,- O(1ogsize(x)) for any node x as the root of a

subtree where size(x).is the, number of node.

The time bound per delete min is OC IQg(n)) By extending F-Heaps this

time bound can be reduced' to a time bo nd of OC logemin(n,N))) where>
N ..KB

The following is basic discussion of the Fibonacci heaps

Heap-ordered tree : A tree that contains a set of items, one item to

each node. The items are arranged in heap order

Heap order . The parent of a node x has a key that is no more than

the key in x itself. Intuitively the root of the tree contains an item

of minimum key.

Linking This is 'trtdamental operation in heap-orderc ' tree

Linking combines ..• ) item disjoint trees into one. Two trees are

linked when the kej's of the items of the two roots are compared. The

item with the smaller key is made parent of the other root.

rand{(x) The number of children of a node x is regarded as the rank

of x 'The rank of a node does not have an upper bound
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A FibollHllcci Heap (F-Heap) is a collection of item-disjoint heap-ordered

trees. There are 110 constraints on the number or structure of the trees.

The only constraints tha\t do exist are those in the way the trees arerna-

nipulated,

Make. Heap. !This operation just returns a pointer to nufl.

Find Min {h}. : This operation will return the minimum item of h

insert (I,ll) : A new heap that only contains the node i is created and then
replaces h with the meld of h and the new one node heap containing i

Meld (hI, h],) : The root lists of hl and h'J. arecombined to form a single
list. The node with the item of the smaller key is returned as the. mini-
mum node.

Delete Min : The minimum node of h is deleted to start with. The list of
the children of the deleted node are now concatenated with the following
step:

Linking Step: To perform this step find two trees with the same rank.
These two trees are tnen linked. The root of the new tree will have
a rank. one greater than that of the two original trees.

When there are no longer any .•trees with roots of the. same rank a list of

the remaining roots is made to (rod a root containing an item of mini ..

mum k"y. The node that contains this key !lOW becomes the minimum
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node ofthe modified heap ..Deletion min is completed by saving and re-

turning the item from the minimum. node which is now destroyed.

Decrease Key (&,. i, b).: WIth this operation A is deleted. froll1 the key.of

i,·The node containing i. is found. The edge joining this node to its parent

is cut. The node containing i is thus the root of a new tree of h

Delete (I, luJ ~ Here the node. containing i js round and the edg1 jojning

it to its parent is cut. The list children of this node (containing i) are

concatenated with the list of original roots. The node containing i is then

destroyed.

Cascading Out: After the linking step when a root x node has been made

a child of another and the node x loses two of hs. children through cuts.

the edge joining x and its parent is also cut. Node x is thus made a new

root as done in the decrease. key operation. Tbis type of cut is: called a

cascading cut,

In order to keep track of where to make cascading cuts the nodes are

marked. When the linking step is used to make a root node x a child of

another node) the node x is unmarked. Now when x is cut from its parent

the parent node p(x), the rank of p(x) is decreased and p(x) is checked to

see whether it is a root node. Should it be a root node and is unmarked

it is marked If it was marked the edge to its parent ;5 cut.

The following Lemma and C,'Tollary explain the derivation of and is the

source name of the Fibonacci Heaps.
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The second type of networks considered) were .sparse networks. This type

of network can vary in density. The sparse networks generated can be
divided into two furt:ier networks:

1. Grid networks

2. Random networks

The first type of sparse network the grid network has a specific s~:"ucture

so the number of arcs m are determined by the number of nodes n.A grid

network is strongly connected. There is always a path from any node i

to any node j. The second type of sparse network considered was the

random networks comprising randomly structured arcs connecting the

nodes. This allows one to vary the density of the network. This type of

network is structured only in that there exists a Minimal Spanning Tree

(MST)l although there is not always a path from any node i to any node

j

12.2.2.1 Grid Networks

The conceptual structure of a grid network is a rectangular grid of nodes

arranged in rows and columns. Each node only being adjacent to the

nodes above, below, to the left and to the right of it. The number of arcs

are thus determined by the number of nodes in the network. The size of

a grid network can he: defined in terms of the height H (the amount of

nodes in the of the columns of the network) and the width Wethe amount

of nodes in the rows of the network). The amount of nodes are thus in

total (8 + 110 and the amount of arcs art.'H(W- 1)+ W(H - 1)
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1], .3.4 Lem~11Ult].

Let x be any ncde in an P..Heap. Let the children of x, be arranged in
the") order that they were linked to x (ie. Linked from. earliest to latest).
": 1~ 'dl child of ~.will have a rank of at least i .....2

Proof: Let y be the itl: child of x,

The time just before y was linked, x had at least .i - 1 children.

NOTE: Some children may have been lost just before linking.

Before the linking both x and y both had the same rank. Both had

a rank of at least i -- 1

After the linking- the rank of y could have decreased by at 1110st one
without causing y to be cut as a child of x,

11.3.5 CoroUary It

A node of rank k in an F+Ieap has at least FJ~+.l?! rpk descendents, in-
cluding itself, where PI< is the ktl: Fibonacci number and !fI ::;: (1+ jf)/2
is the golden ratio.

Proof: Let Sk b; the minimum possible number of descendants of a
node of rank k

It is obvious that 50~ 1 and 81 ::;: 2 It is implied from lemma 1 that
k-2

Sk?t .2: Sf + 2 for k ~ 2
1=0
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1&
Flc+2::::; L: Fl+ 2 is satisfied by the Fibonacci numbers. It follows by

/",,2
induction on k that Sk'?:. Fk+2 for k '?:. O. Fk+2lflk is a well known ine ..
quality that is explored in (Knuth Vol I 1973),

One/1\'V()-tevcl Redistributive Uellps



An extensive computer system was written t:> compare the speed of the

predominant algorithms on various networks. The system was written for

an IBM compatible. The programming language used was turbo Pascal

and was implemented on a Mi~rosoft DOS operating system. Incorpo-

fated into the system was a network generator, It is possible to generate

three type of networks

1. Complete Networks

2. Grid Networks

3. Random networks

Once a network has been generated it can then be loaded into memory

and the shortest path from any start node to any end node (should one

exist of course} with ajlY one of the algorithms. proposed call be found.

The speed of finding the' shortest path is recorded thus making it possible

to compare the different methods finding the same shortest path on the

same network. The testing was done- on a IBM 80386 compatible rna"

chine.
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Twelve algorithms, including four different versions of the threshold al-
gorithm were implemented. The algorithms were split into the same two
catergorise used for the theoretical analysis namely, label correcting 'and
label setting algorithms. The first tVIO algorithms implemented were the
Dijkstra and the Bellman-Ford-Moore (queue) algorithms, since they are
the foundation of the label setting and label correcting algorithms re,.
spectively,

At least one type of each well known algorithm was implemented. In-
cluded in the label setting algorithms was a heap algorithm and the Dial's
bucket algorithm. The bucket algorithm known to perform poorly with
a large dmax included a variation of extending the bucket range from
Dial's original range of I to a range suited to the dmax of a specific net-
work. The following label setting algorithms were implemented,

a The original Dijkstra and the ordered Dijkstra algorithms

o The heap algorithm (binary heap used)

o Dial's bucket algorithm including variation of a variable bucket range.

Most of the known label correcting methods were implemented. The
threshold algorithm was implemented in four VerSlOl1Sdiffering in the
method of calculating the threshold value t, When comparing the
threshold algorithm to that of the other algcrithms, only the version with
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the best performance was used. This usually varied between the increment
and percentage versions. The following label c.orrecting algorithms were
implemented.

o The Bellmen-Ford-Moore algorithm (queue)

o The D'Esopo ..Pape algorithm (deque)

o Pallottinos 2queue algorithm (2queue)

~ The ;P~£rtitioning.Shortest Path algorithm

e The, threshold algo.dthms (4 versions)

the l'uaning time of the 2q.ueue algorithm was found in most cases to
he very close to that of deque, In comparison to the running time of the
other algorithms the running time difference of the deque and 2queue
algorithms was not really noticeable. The difference between the two al ..
gorithms is the computational complexity, The computational complexity
of ~queue is Oem x 122) as opposed the complexity of deque 0(12 X 211), The
difference in complexity did however, 110t induce any signific~U1t differ-

,,;.~~
ence in performance of the two algorithms. For this reason the runni~g
time of the 2queue does not spe'~ifically appear on the graphs comparing
the running times .of all the algorithms. The running time of the deque,
algorithm represents both the deque ard 2queue algorithms. Similar !e"

~u!ts with respect to these two algorithms were published by Gallo an.d
Pallottino (1988)
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The networks used to evaluate the algorithms can be divided into two
general types:

L Complete networks

2. Sparse networks

The significant difference of these networks is that of the network density.
The density of a network being defined as the ratio of number of arcs In

over the number of nodes n, m] n. The computational performance of the
algorithms is evaluated by the speed in which the shortest path is found.

The performance of the algorithms were tested for varying sizes and
densities of networks. The performance of the algorithms on different
structured networks is also evaluated, such as a random sparse network
and a sparse grid network. The results i('f the computational analysis call
then be compared to the projected theoretical comr'Mtational worst case
analysis,

It is also important to note what types of network are found in the real
world applications. The major characteristics are (Gallo and Pallottino,
(1986))

I, The networks are sparse, ie, m < < n2 and usually m == O(n)

2. The topology of the netwocks .;$ in most cases planar. If the network
is not planar it can more than likely be made planar by removing a
few arcs.

3. The size of the networks are thousands of nodes and arcs.
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The first type of network to be used in the computational evaluation of

the shortest path algorithms are the complete networks. This network,

although somewhat unnatural, can be useful in predicting the trend 0f the

algorithm performance toward the more dense networks. Provided that
there are no repeat arcs in the networks, the complete network is the most
dense a network of a particular size can be. The density of .complete
networks grows. exponentially to the size of the network. (ie. m grows
exponentially to the size of It in complete networks)

As .expected from the. computational results of Gallo and Pallottino
(1988) and that of Glover, Klingman and.Phillips (1985) the label setting
algorithms dominated the label correcting algorithms with exception to .
the threshold algorithm, see figure 12.1. The algorithm that performed
the best in finding the shortest path for increasing sizes )f the complete
networks was Dial's bucket algorithm. The performance of the bucket
algorithm was followed closely by the threshold algorithm which was
followed by Dijkstra's algorithm. Next in line was the heap algorithm
which, although it performed fairly well with respect to all the algorithms,
was below expectations with regard to the projected theoretical worst case
computational complexity. Label correcting algorithms with the excep-
tion of the threshold algorithm performed poorly as would be expected

in complete networks. It is interesting to note that from the nature of the
threshold algorithm the more dense the network the more it performs as
label setting algorithm. (see chapter 9.) page 59)

The maximum. number of nodes of'complete networks tested is.200. This

was due to memory limitations of the hardware used. Similar problems

were experienced by Gallo and Pallottino (1988)
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Comparison to otkcrpl1blished results

The comparison of running times produced by the implementation of the
algorithms for complete networks correlate very closely to that of Gallo
and Pallottino (1988) for most of the algorithms. My ordered version of
the Dijkstra algorithm has however, a far better running time in com-
parison to the oth\~r algorithms, unlike the performance of the ordered

algorithm implemented by Gallo and Pallottino.
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The performance of the labels setting algorithms .again 80minatetl in the
computational experimentation, ..see figure 12.2 The performance of the
threshold algorithm being rather poor although it do~~appear to improve
towards the end. The label.setting algorithms seemed to .petfotm. equally
well. Thebest performing label correcting-ajgorithm was deque,
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12.2.2.2 .~))4r$eRandom Networks

This type of network is the most important in the priori testing. the
reason is, sparse random networks that can be. generated are the closest
to that of IDQst real world networks. Real world networks as mentioned
previously are. large, planar and usually sparse. With· sparse random net ..
Vv ,,) rks one can 'Varythe size and density of the network, Apart from being
more realistic it also allows us to compere the performance of different
algorithms within these two network variants. A large range (~fnetworks
with respect to size and density were generated. Although some of the
networks generated may not quite be regarded as sparse, Oe m! It » 30) it
was felt they be included for analytical purposes. Due to memory con-
straints the larger the density of the network the greater the limit to the
size of the network generated, Networks with a density min ~ 60 for in..
stance, could only be created to It size of up to ;500nodes, Networks with
a density mln = 5, on the other hand could have up to 1500 nodes.

Since the networks are generated randomly it was necessary to take an
average of the algorithm performance on several networks of the same
size and density.

To compare the performance of the algorithms on networks varying only
by increasing size, networks varying in size from n '7 250 nodes to
It ==: 1500 nodes with constant densities varying from mlll::= 5. to
min:::.':: 60 were generated and explored,
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The following sets of networks were generated =

Density Number of nodes

500 7502505

10
20

30
40
60

250 500 750
250 500 750
250 500 750
250 500 750
250 500

1250 1500
1250 '

1000
1000
1000
1000

Table ttl Sets of networks generated.

The above sets of networks allowed for the comparison of the algorithms
with regard to increasing size whilst keeping the density constant and in-

creasing density whilst keeping the size constant. Itwas also possible from
the above table of networks generated to compare the effect by increasing
the de~sity of a standard size network has on the performance of the
various algorithms.

As theoretically expected the label setting algorithms dominated the label
correcting algorithms with the exception. of th,~ threshold algorithm, see
figures 12.3t 12.4, A2.5;12.6, 12.7 and 12..8 for the eirect of increasing size,
as well as figures 12.9~ 12.10 and 12.11 for th~ effect of only inc-easing
the density .of a specific sized network, The top three a;gorW,:nns in. all
cases were the Glover- Klingman threshold algorithm, Dials bucket algo-
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ritbm and the heap algorithm .. III general the performance of the re..
matning label setting algorithms; the Dijkstra and the ordered Dijl:stra
algorithm followed the top three algorithms.; The remaining label cor ..
reeting algorithms, the queue, deque and partition algorithms performed
the worst, The' p~rformance of •these three algorithms continually inter-
changed. The deque algorithm showed a certain amount of unstability
as its performanc@ at times improved and at other times dramatically
deteriorated. To further assess and discuss the algorithms they are
grouped according to similarity of structure and performance. The per..
formance of the algorithms are assessed with respect to varying size and
density of the network. The performance of the algorithm is compared
to that of the. predicted worst case analysis and to previous published
results. of the algorithm implementation,

Performance VeI'SUS theoretical worst case cmalysis

The performance of these two algorithms was very similar, see figures 9
and 10 in all the the sparse random networks explored. From a theoretical
point of view the performance of Dijkstra/s algorithm should be similar
to the ordered version for sparse networks. The worst case complexity
of the Dijkstra algorithm is O(n'2) whereas that of the ordered version is
Oen x m). Considering that a connected network would have at least
11, ..... 1 arcs (ie m ~ n -- 1) implies that Dijkstra's algorithm has a better
worst case complexity with a significant increase in the density of the
network than the ordered version. These complexities also imply that
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"kstra's algorithm would be affected exponentially only by size where
as the Ordered version would be affected exponentially by size and by the
number of arcs for a higher density 'network mln

Size : The first experiment evaluated the performance of the algorithms
by increasing the size from networks ofn ......250 nodes to n == 1500 nodes,
while maintaining a low density mln == 5, see "igure 12. I The results
showed the ordered algorithm performing slightly better than the original
Dijkstra algorithm, The second experhnent explored networks varying in
size from n == 250 nodes to n= 1250 nodes but with a constant density
min;;;::: 10, see figure 12.2. The results.again showed the ordered algorithm
performing better, than the original Dijkstra algorithm but by not as a
larg ..·margin as in the networks of a density mIn:::: 5.

Density: To compare the effect of a network varying only by increasing
density on the two algorithms with a constant size 12::::: 250 and increasing
density mln= 5 to mIn:::: 60 were explored. The experimental results
showed the ordered algorithm performing better than the Dijkstra algo-

rithm for networks of lower a density ...As the density of the networks
increased though, the ordered algorithm performed increasingly worse
than the Dijkstra algorithm. See figures 12.9~12.10 and 12.1L

Comparison to other published results

The results obtained from the computational analysis for the Dijkstl'a and
the ordered algorithm with respect to the other algorithms are not con..
sistent with those produced by Gallo and Pallottino (1988) or Dial,
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Glover and Klingman. (1979). The results show a much better perform"

ance by the original Dijkstra and the ordered algorithm with respect to

the other algorithms. My results tend to follow the theoretically

projected computational worst case complexity analysis.

Dials bucket and the heap algorithm

Dial's bucket algorithm for networks with a low dn 'IX was) as anticipated,

of the best performing algorithms, As expected though, with at cubstantial
increase of dmax, tt>e running time of' Dial's algorithm deteriorated

drastically. To combat this problem it was proposed to increase the range

of each bucket from the value of 1 to a value relative to dmax, Imp Ie..
mentation of this idea proved to be successful provided, the varying arc

lengths were reasonably evenly distributed among the arcs. It. was found
for instance that for dmax - 10000 a bucket range of 300 would produce

a competitive running time relative 1') the faster algorithms.

Performance versus theoretical worst cal tlta!ysis

These two algorithms were amongst the three best performing algorithm

in all the sets of networks explored. Theoretically from th311'worst case

analysis both algorithms should perform better than any of the other al-

gorithms. The experiments seemed t~ prove the theoretical predictions

with the exception of the threshold algorithm. which in many cases beat

both the bucket and heap algorithms. VVhell comparing the two algo-
rithms theoretically the heap algorithm (O(1rl x log~n)) should perform

very similarly to the bucket algorithm (O(m + n x dmax)) for very sparse

graphs (often in sparse graphs m is O(n) Gallo (1986)) and a low dmax.
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For a very high dmax the heap algorithm should perform. better than the

bucket algorithm.

Size : The bucket and the heap wcr~ amongst the three algorithms least

effected by increasing the size of a network whilst maintaining a constant

density. The bucket algorithm performed better than of the heap algo-

rithm in all the tests •.the performance ofth~ bucket algorithm was better

than the heap algorithm in every network explored providing. dmax was
kept low. The difference in performance though between the bucket and

the heap algorithms was negligih!e in comparison to the other algorithms

with the exception of the threshold algorithm. The performance of she

t:seshold algorithm seemed to fluotuate either between the heap and

bucket algorithms or better than that of the bucket al::,orith!Il with regard

to increasing the network size .. The performance of the threshold algo-

rithm was occasionally worse than the heap a' gorithm when increasing

the size of higher density algorithms.

Density : The performance of both the heap and bucket algorithms were

not abnormally affected by the increase of density. Both the algorithms

seemed to maintain a certain amount of stability when increasing the

density of a network.

Comparison to other plihlished results

Good running times of Dial's: bucket algorithm have been published by

Gallo and Pallottino (1984), (1986) and(1988). In some publications Gallo

and Pallottino (1984) Dial'S bucket algorithm dominated all other algo-

rithms including. the threshold algorithm, where as in mote recent publi ..
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cations, Glover, Glover and Klingman (1984), Glover, Klingman, Phillips

and Schneider (1985) and Gallo and Pailottino (1988) the running times

of the threshold algorithm was better than the bucket algorithm. Dial,

Glover, .Karney and. Klingman (19'7';"; iuund some of the label correcting

algorithms, dominating Dials alg!;).cit!l1ri.The results 1obtained correlate

the best with the results published by Gallo and Pallottino (1988). Rea-

sons for varying results could be explained by the use of different hard-

war md software, Through out the publications, Dial's algorithm was

always examined for networks with varying arc lengths. This factor played

important role in the evaluation of Dial's algorithm. When using a

bucket range of 1 in a network with large dmax it was discovered that the

algorithm performed poorly, as found in all the published results. As
mentioned this problem was partly rectified by allowing the user to vary

the size of the bucket range relative to dmax.

... eue, deque and tile partition algorithm'

Performance Versus theoretical worst case analysis

The queue, deque and partition algorithms all performed poorly in corn-

parison to the label setting algorithms. When considering the theoretical

worst case complexities of these thr~e algorithms they are not expected

to perform as well as most of the labe' setting algorithms. Previously

published results however indicate that the queue and deque algorithms

perform relatively well in comparison to the label setting algorithms. The

queue and partition algorithms are essentially the same algorithm with

slightly different data structures. .The worst case complexities of these

two algorithms are O(n x m) which is the same as that of Dijkstra's or-
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dered version. The worst case complexity of the deque algorithm is the

worst of all the algorithms being O(n x 2n). These three algorithms are

expected to perform at least as bad as the ordered version of Dijkstra's

algorithm. The queue and partition \~Igorithm should be effected by both

',.l1e size n and the density min for high density networks as their worst

case complexities are of the order of both m and n.:

Size ~.The queue, deque and partition algorithms performed poorly with

respect to increasing the network size. The' running times of these three

methods seemed to escalate when the size of the networks was increased.

The times also seemed to be 'somewhat unstable. Tht;; running time of

each algorithm, at times being effected very differently hy different net..

work size. With the lower density networks the queue algorithm per-

formed the worst out of the three with respect to increasing size. Deque

performed the best in the lower density networks with respect to increas-

ing the network size only. Increasing the size itt the higher density net-

works seemed to effect deque the worst. The queue and partition

algorithm had similar performance, the partition performing better in the

higher density networks, The deque was the most unstable of the .thre-

algorithms producing erratic results at rimes,

Density : The performance of the queue, deque and partition algorithms

was rather unstable with respect to density changes of netwoi "making

it difficult to comment on the varying densities. The effect. of density

change was similar with the queue and partition algorithms, which al-

though somewhat unstable became increasingly worse as the density in-

creased. The performance of deque became increasingly.worse and more

unstable as the density increased.
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CompariS018to other pEtblished results

Most of the published results showed that the label correcting algorithms,

within particular queue and deque performing competitively against label

correcting algorithms such as the Dijkstra, ordered, }1eap and sometimes
Dial's bucket algorithm, .Oa110 and Pallottino (1988), Dial, Glover,
Karney and Klingman (1979), Glover, Glover, Klingman (1984). The

implementation and experiments of these .algorithms did not however re~

fleet this~ My results reflected rather ..poor performances of all the Iabel

correcting algorithms with the exception of the threshold algorithm.

Glover, KHngman, PhiHips and Schneider C985) suggest re~(fvaluating the

threshold value t by mereiY'incrementing the previous thresno1fl value (see,
section 9.3, page .59) The initial threshold value is still evaluated

heuristically from the. data in the NEXT list as well as the density .of the
network, This. approach was implemen.t~d. with an additional. extention

of allowing the user to initially enter the siz~ of the increment. The idea

of using an increment of the previous threshold value was further devel-

oped, to increment the thresh old by a percentage of the previous thresh-

old value. The percentage to be used is initially entered by the user.

At the iteration k t~le new threshold value tk-l would be

tk ...1 + (t" _ 1 x PTGE), where prGB is a percentage initially entered by the

user.

Computational A.mdysis of the Algorithms lIS
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value, ss suggested by Glover, Klingman, Phillips and Schneider.(1985)

the larger dmax was. the longer' the. running time of the alg; '.:ltnm -. In-
cluded with the prolonged runn~:"'g time was the increase in the number

of times that the threshold value was re-evaluated whilst. exploting the

network. It became evident that the size of the increment should be rel-
atl""" to dmax provided the variation of dmax is reasonably evenly dis-

tributed. The user is thus allowed to enter size of the threshold increment.

It may be intuitive that as the shortest path is found from node to node

with a near label setting algorithm such as that of the threshold algo-

rithm, and provided that ~ne arc length is reasonably evenly distributed

in the given network, the length of the shortest path grows as an ap-
proximate percentage of itself. Taking this idea into acccunt, it was pro-

posed to increment the threshold value as a percentage of itself. This

approach was implemented with surprisingly good results for larger net-
works with a higher density.

In general withparticular reference to the more sparse larger networks the

algorithm using a fixed size increment appeared to dominate i~e other

threshold algorithms. The running time" of this algorithm was used to

represent the thresh -ld algorithms in comparison to the other algorithms,
It was found using a standard dmax of 20 and increment value of 3 gave

the best results.

The theoretical worst case complexity of the threshold algorithm

(O(m x n2») is the second worst of all the algorithms analysed. Published

results Glover, Klingman, Phillips and Schneider (1985) and Gallo and

Pallottino (1988) of the threshold algorithm indicate that it is one or the
fastest algorithms implemented to date. The performance of the thresh-

Computational Mlatysi$ orihe Algorithms 116



old algorithm was analysed with the most interest of all the algorithms.
In most of the random sparse networks explored the threshold algorithrn

performed better than. the other algorithms.

Size : The performance of the threshold aigorithm with regard to in-

creasing size was possibly tne best of all the algorithms. The running time
of the threshold algoJ;ithrn seemed 1;.1) occasionally fluctuate with that of

the. bucket algorithm. In n. "Sf of the networks explored the threshold al-

gorithm beat the. bucket algorithm as the size of the network increased
whilst keeping the. density constant.

Density: The threshold algorithm s~~emed relatively unaffected by the
increasing density of the networks explored. It did not however perform

as well in larger networks with a 'gh density, see figures 12.3 and 12.4.

Comparison to other published results

The only publication. that presents poor results of the threshold algorithm

s Gallo and Pallottino (1984). Results published by Gallo al1d Pallottino

(1988) seemed to rectify the performance of the threshold algorithm. All

publications mentioned agree that the threshold algorithm is one of the
//

best performing ~Hgorithms, The results obtained correlate the most with

those published .by Gallo and Pallottino (1988), which although show a
good performance by the threshold algorithm, do. not show the threshold

algorithm asgood a algorithm as shown by Glover) Glover and Klingman
(1984) and Glover, Klingman, Phillips and Schneider (1985)
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The purpose of this research report was to survey t1..: most recent state-
of-the-art shortest path algorithms from both a t.hfOre!ich~ and a com ..

putational point of view. This type of survey bas been 10ne and published

by Dial, Glover, Karney and Klingman (1979) and Gallo and Pallottino

(1984), (1986) and (1988~ The aim of this survey was to re-explore the

prominent methods. with their latest extensions and to verify previous
computational results.

To conclude the survey, the user is brought to mind, as it is he/she who

have to. choose the algorithm to explore the networkis) with which they

are confronted. The survey has analysed the problem in two ways,

namely theoretically (priori antilysis) and eomputationally (Posteriori

analysis).

The advantage of a theoretical analysis is that it is software and hardware
independent. Theoretically the label setting algorithms seem to be far

superior. The bucket and heap algorithms are of a linear order 1'0'" low

density, sparse networks (m <: <: n2 and usually m == Oen»). Where as all the

label correcting algorithms are at least of an exponential order. The use],'

may be tempted to rule out the label correcting algorithms altogether.

However since using worst case computational analysis to judge the per ..

formance of an algorithm may be misleading, we turn to the experimental

approach of computational analyses.
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The disadvantage of computational analysis is that it is software and

hardware dependent. The applicat~Qnand environment used to code aind

solve. the problem may to some degree limit the users choice, The com-

putation.aLresults of this survey, at times, do not correlate with previou:Sly
published computational results. A reasonable explanation for this, it is
felt is .the different software .and hardware used. Taking.thisfactorh1tto

account, these results, together with most of the published results, found
that the threshold algorithm was the only algotithm universally fa:v6ur~id..
I(onically this algorithm has one of the worst .computational cOl11plexitij~s.

From the results of the computational analy~is the bucket .algorithm and
the threshold algorithm seem to be on a par. It was found that both al-
gorithms may suffer if there are few arcs with a large dmax unevenly
distributed within the network. The heap algorithm may be a good stable
choice as although it may not have been the best performer, it was con-
sistent and its running ti{l'l,eseemed to be most certainly within .reach of
the threshold and bucket ai.:-orithm.The heap algorithm is not affected
by any abnormal large arc lengths. The heap algorithm has the best
computational complexity.

The prominence displayed by the threshold algorithm should render it to
further study and refinement. A further possibility is to combine the more
prominent label correcting algorithms, the. bucket and heap algorithms
with the threshold algorithm. This may done by making NEXT a priority
queue.
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n - Number ofnodes in a given network

m - Number of arcs in a given network

Q - Queue.or list of Scan Eligible nodes

llq - Cardinallity of Q

r - Root (Start or Source) node.

A ~ Set of arcs

N - Set (If nodes

dij ,. Distance from node i to node

FS(u) - Forward star .of node u

k .. Width of the buckets

dmax • Upper Bound of arc lengths

p - Predecessor vector
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q - Vector of poillters to buckets

QI, Q" - Subsets of Q

NEXT, NOVi, NO\V' - Partstioned subsets of Q

t .~.Threshold value

Notation Used 131
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