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“"A; Survey af the must_ recen Stat&?

: -::01:‘ the 19’70 _.and'1980’s there has been conmderable rese'arch“ 511& Pubh* :"

T catmn m shﬂrtest path algorithm Each new pubhca‘tion 1s mthar & naw B

-__'a.nd iaster aigcﬁuthm or survey of recent meﬂmds Even wnth all, the new TR
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o -_.'.The demgn and analysxs of network ﬂow techmques has been fertﬂ«e

ground from the mld 1950 s for an astomshm g amolmt Of recent research :
._;-_m the field of Apphed Mathematms (graph theory a.nd wmbmaton al

C analyms ay- Well as hnear programmmg and Optlrm?atmn), Dmcretef_f’_-*-f_:
. .'_"Mamema.ttcs, Operatlons Research Busmess Management and Computer{.__'_"-
A _-_j'.-'Scxence A combmatonal approach to computer smenr:e techm:;ues a.nd L

_'j'; data srrucmr@s has contrxbuted a mapr part to recent research

P For neﬂvork ﬂow problems findmg the shortest path w1thm the networkf"f j- :': -
Cisa ﬁmdamental ‘problem m combinatorial optimiation. Fmdmg shortest._‘f L
o -_.path 18 often the fnunclatmn to solvmg many real-hfe 1arge~scale network .
" "--models Th.lS wou[d cxplaln why there ha.ve been 50 many papers pub—-}-'

__ "hshed m this area, resultmg ina uumber of dlfferent algonthms solvmg _?. " o
~ the same problen, It is mterestmg to note that although there are many
_ dxﬁ'erent a!gonthms there are a handful af general mcthods fc:r solvmg'___; _  " _' .

o the shortest path problem

The general methods of shortesi: path a!ganthms dlffer m the wa.y that Lo

‘the data structure for obtammg the most scan ehgﬂa}e is explmted “The o
_Algontlnns are generally dmded mto two classes, label carrectmg and-__"' o
label settmg “There is a further breazcdawn of general methnds w:thm" N
these two streams of shortest path algonthms of pamcula:r mterest inthe

| stream Of lbel correctmg algonthms is the Wn@epi Gf Partltxonmg on-'_ : |

| -lntruﬂuem R T TS 2t e



A gmally mtmduced hy D‘Esope { 19?4) and Pape ﬂ?ﬁﬂ) This coneept has

.'_\_.' .3._'__.I:bﬂen taken extenswely furthcr by Giaver and Klm,jmah wh:ch h""‘ 13'--- .
'to the snphrstlcated 'I‘hreshold 'Igarithm From the Iahei confcctmg typef

algbnt}um there has been an- emergence ‘f a c°mbmaﬁ°n Uf buakets;_

:' In this sunrey ar__ n othe recent'survﬂys (Galla and Pallottmc 1986) spe-'_" - - B
i _.\:-';-E'I-c;lfia algenthms répresentmg the various methodoiches have been chosen B
D _':.'_from an hlstcncal 1mparta.nce, computatmnal relevance as well as from’-:-___g_-_
. '._f_f-a prac**cai performance rather thap f‘rom ]ust a thf.'oretwal analysxs Most
R :.i:"_'Of the aigonthms presented are avaluated from both i cumputatlonal as E

: we.ll as a Lhemetlcal wew It is also noted that the d1fferent a,lgonthms-____; |
L “ perform better ot worse for dﬁ“ferent types of networks From a eompu-:_f-_f:_{__ - ) o
i ._'-_'f.tatmnal pomt of view the methods are all tasted on t.hree dxfferent classes_i;? B

. of netwnrks gnd complete and bozh sparse and dense randem nemorks

-"."'These netw{\rks are generated and wﬁl valy in. s:ze ‘up to a practlcal Ievel. R _-‘_ __

o '_of testmg

o (1986) The basnc structure of that survey has bzen used to stmcture th:s"“_ L

“ survey. This survey then extends further and consxders reoent work done.
_._by Glover and Klmgman as weﬂ as. that of Tarjan and Orlm Tn start_'f-
 with a brief hlstory of key typas ef shortest path algomhms is g,we,n Thls | o o
| _1s followed by some defimtwns and the mathemaﬁcal *bnnulatmn and o

_ | foundauon to thc problem The analysxs of the. algonthms are then cLe~ .
~ uned and dzscussad A gencral algcnthm whmh wﬂl act as a basxs to thej--i- SR

S "_';":'Imrodunhorl | __ o o :& S



| -’f--_f;dlfferent types nf‘ alganthms wﬁi then Ee p esented 'I'he diﬁerent t;ypas:_
;._:_--Qf algor:thms are then grcmped Each gmup of algonthms is then pre-.
'-_’sented thh a hrxef background to relevant data structures Each algc-_f_'_-_f_:_: ]

e -_ fnr pameular types nf gnaphs based an the tompuﬁaﬂnn&l and thearetxcal-i__.._: . ..;_-:
B analyms {xf the algonthms e : S




s 2 EB i Hasﬁ:@maﬂ Baackgmmﬁ -

o :._-'_Optunmmg ﬂow in network probiems gemraﬂy staned in the early 1940’__4

o --Pmneermg warks are usaally attnbute& to Hrthceck (1941) an& Kar,ttonch"_-:g_ff_"_;':__ﬁ:__
(1942 and toward the end of the 1940‘3 Koopmans ( 1947} Qngnai,y:_ﬁ:f R

e .:netwmk ﬂuw pmblems were used tc solve the transportatmn pmbltrms

S -.The 1950’8 sa.w a ﬁrrn foundatlon for furlher n*seaxch in the network ﬂnw':__-_ R

_. prabxem ATgomhnuc wark was naw spemﬁcally aimed at snlvmg the as--_,‘_5 e -
o : '__'-.;s:gnment transponatmn, mammum flow and pure mimmum cost prob-'-:
. - lem Pwneers in this r&spect were G Danzs,g (1‘951) (also weil known for‘rz.' o
“his. Work m the deveiapment cf Lmear th ammmg), Fioed (1953),"--:
R '___'_Chames and..Cooper (1934), Greyzal (1955), Ford and. Fulkerson (1956),:

- Munkres (1957), Elsmnann (1937) and Denms (1958) PR

" "-The need to specxﬁcally f‘ nd Lhe shemst path n the most cfﬁment way::_-- L

o '_became more and inore apparent In 1958 Bellman pubhshed a paper “On. '_ .

a routing pmbiem in which he formuiated foundatwnaf equa.tmus tothe
:shortest path problems The solunon te these eq_uatlons has also heen -
o _regardesd a3 the squt:on io the shoxtest path problem From thas twa_f N :
trénds’ of alg,nnthm developed In 1957 the Bel:man-Ford—Mﬂﬂre adgo—j-:::“ e

" "'?'-rlthm appeared thls later became, 2 classzc maciel to the Jabel carrectmg{._f_f :

L -techmque type of' alg«‘ mm In 19‘9 Dlgkstr.a deveioped an algorlthm that_-. : |

. became a- classm model fur the 1abel settmg techmque ThIS algemhm"____ j___: ol

: Was however hmn‘ed tn a network wﬂh pusztlve arc Icugths e

- -Histmcal Bﬂcksrunnd
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o 3 o Ma&hemamaﬂ mckgmmd @ﬁ‘ tthe Sﬁmmtest Pﬂﬁm
e thﬂem .

S . Graph A conﬁguratwn of a set af twn or more d1f’ferent pomts 'I‘hese_-:: ' :;
e pmrxts may. be joined by one. or more ”hnes The remlt of thls conf1g~ AR

AR .: u ratl {m may be rcgarded as a graph

| _._"The pomts are usually called mrdes or vertxces and tlia "‘lmas are cailed:i._.";'_
- jf'Pdges or. branches Mote than ons edge can join two nodes “The dega’ee;_”f{"-"- T
Cofa nocie 1s the number of edges that have node # as-an end pormt An

o Tedge that has a SpBC!fiG dlrectmn f‘mm a spcmfic node of Dﬁgm i to a node L f_ - -
R _of' destmanon_; xs usually called an arc denated as arc(z,j) e :

| ';;f The nodes af a. graph can be tht)ught of as pomts i euchdean Spacc,:“:- 'f__.\'_?_:ﬁ_’::
' "'_\where the adges or arcs are mther stra.lght or curved lmes ]ommg these: "

o 'pc-ints If however, graphs are cons;d&red from an abstract pmnt of view, RN

a n0d=- can be consxdered {o-be any type of elsmeut The only propartyf“’f_
| -that an edge has 1s that of dcfinmg two end pomts The theory of graphs R

o - can thus be conmdered as the theory of combmatorial analysxs

 For the contet ofthis sy, a graph will be regaraed a8 8 set of nodss
N. 1th 4 carrespandmg set Uf arcs A that are represented as a c.onhg__i_;. S

: urdtlon d. a.wn m a planc. _

o _'_Mmemasmnmgrma aftheShartestl’ath Prnblem s e



| ..f Path A path that 3oms node x to nc:de J 15 an ordered set of edges m ams o S
AT _3such that, with posslb}e exceptmn to the first and Iast nade, each node-3
T m the set has fsxacﬂy tvm erd pomts belangmg to the arcs of edges IR

Ty ',"-Cm:mt or :_'_'yc!e : If for 2 'path from node i to nade }, node i is cquat ‘to :
B fl_ﬂ._s._nadej then the Path 13 ca:lled a Cmu:t or a cycIe '_ I

- 'ﬁ.& Connectad Grap' __ ‘s A graph is smd to be connected li’ for any twa nc,des"-'_f
. j there ﬂ,XlStS a path Qn}m ﬁede 1 tﬂ nﬂdﬂj i e } TR

.':_'fTree A graph thai is connected Wlth no c?r:ies isa treg If a tree has_-'-5';";"_j.f':'-_ e

- | :-exactly rz no ;es then 1t wzll ﬁave exactly n —-i edges

o Nemork A glaph mthm whrch a ﬂow can take place fmm one node to A -_
'__-.the other alcmg thﬂ edges or the arcs is called a network Ths dlrectmn R

= ot the arc betwesn twa nodes in a. ﬂetwork 1s taker as the d1rect10n of : : B

o ﬂow There is 2 fimit to the capacity ef flow through eac"x pamcular ST

_-knewn as the capamy in the’ network ‘The node from which flow ls_'f_'_ o
. commenced is known as the source node f s) The node whew the ﬂcwg S
e f_.1s tcrmxnated is known as t.he smk node ) B

Forward Star A forward star af node; is deﬁned as the set af nodes 1
. iad]acent to node 7 orlgxr atmg from node . A forward star is. one of the.;_:fﬁ Eh
- most efﬁcxent ways of‘ storing 2 netwc:rk as a data stmcture on comvouter
o 'I‘he follawmg d:agram 111ustrates a netwark w’ th 1ts cnrrespundmg far-__-f_"?'._“__f: S

'- ward star representatlon o

| Mathematical Bm:kgmuudorihe Shnrtcstl’ath th]&n | . .. | : : B o .' i -, .



:'_::;"Neﬁwﬁ rk Wﬂm ﬁ-&s F@rwam Sﬁ‘ar

°f’“‘a'ﬁ ‘B’tar SRS o N etwork

0 Bk B Rt Bl Bt il B 00

Anl-iderrlateictaialwlalnlall

R F‘gura 31 Fnrward, Star

From the above deﬁmtwns, the shc:rtest path problem can now be forn- -

".”mulatedr'w ST L '
a, netwark GtN A) where aII the nodes belan,g to N

and all the arcs hava a length or cost aSSOCIRtud Wlth at




T 3 1 ﬁqf‘nztwm af ﬁze iengtk af sz mﬁz
| 3 2 Eeﬁmtwm af tfze Shartest Pm% Pro%iem

L “rom a s uurce node (s} to a smk nade (t)

" Path length 1s def‘mecl to he the: sum cf t,he lengths nf all the arcs iraced';_f.f_

B -._'S'The: shortest path pmblem is ta ﬁnd a path whose sum 1s the smallest___'-_'_.':ﬁ._:'-_"“_‘"\';_

o '.'_.:._In solvmg ihe shartest pa.th pmbem thera are three mam types of net-v'_._'_-'_-':

Works that need tu be taken mte cons1deratmn '":_i ST

A networlc | G(N A) Where nc arcsare nanwnegatwe e IR

A {a;fa.:r» 0 V a;}

' .2 Should some arcs m a network G(N A) be negatwe the:re do not ex:st_.-""_' R

y negatzve cycles

_-3 A network G(N A) does cantam negatlve arcs, Wthh can also be m- S

cluded ina negatwe cycte

NOTE From the above three cases it is only possxb!e to denve algo—__ _
o nthms to ﬁnd the shartast paths for thez first t.wo cases, To dernfe an. al--" S
- gorathm to ﬁnd the shartest path nf the thxrd case of algar:thm dlscussedf W
abcve is unpossxble It i intumveh abvmus that shou!d there be negatwe i

"'cycle,s the algorzthm would contmual!y iterate Wzthm the negatlve cycle_.
o reduce the Iength of the path to elther zero nr a negatwe valuc T

"'-'Matlaenmtaeal BackgroundortheShorfestPathProblem 9



S where'-.N_ S et ofan nodes

3 Sr" Lmear ngmmmmg Farmafm‘mﬁ @f ﬁw S&W test

{ F'lgnan, Nguyen and Pa.llattm 1981) 1s gwen as fellaws L ]
. 'Dxrected Graph G(N,A] S TR

= _:'Gwnn.

';j-_:-_{;Se% m“ all arcs :

- .;.:”':g(aJ ﬁenate taLI arc, h(as,_.. *‘ﬁete the head arc T

. BO={@/Hd=iae 4} - Setof arcs that terminate at node i -

o Mimmlsezqaﬁa}a (1) | : _. N
R esz?a} Z Ji'a)__ - 1 ie N (xi)

ezr'cozﬁ") zf“"””“l IEN {m}

v -Mat!:emahca! Bﬁnitgmuud ofthe Shartest P&th thlem T R R PR



S Gptnmahty mndmnns for th:sdualpmr areas fellows L

o _mw. (a) Conservatwn 0f ﬂaw (11) and {111) : o

.;ﬁ:\."::_'P'nmal That whmh 1s deﬁned fmrn (i) to (w) The pmmal feasible soi?
o Eiutmu: is one that satlsﬁes (n), (ui) and (lv) R L S

(b) ﬂia) z 0 (W)

o 'Duai--._, s

_ | "_"'_'I'he duaI f’eas1b1hty solutlon xs une that :satnsfies the S"lt of duai R
:: vartables 3 tha,t. sansfy (Vl) L _' o e T

S _ 1e Raestrlcted Dual Feamblilty

" Mathematical Backgtoond of the Shoitest Path Problein . op oo




SR éﬂ@'m@ s e L

o :4 I '.'Assumpﬂom of Araafyszs L

As a basu; to the mysw of algonthms ¢ertam assumptiorns about th S

o -._T:_type of computer sy&:em must be made-. For the purpases of thls research 1t:__-_-” e

' "aﬁssinned that a conventwnal ccmputer IS usﬁd It 1s alscz assumed th&t

._'-_the followmg cntena charactense the eonveutmnal camputer R T

'._'2,:-'_-'__'.The grea.test nverhead m the execuuon oi‘ an algonthm is the ameunt faf .
o structlons camed Qut . S ot R

R 3 Ra.ndom access memory 1s avaﬂable whwh alIows us to retne:ve and
’Ieplaﬂe any vanable m a fiXﬂd tlme - e R

- 4 2 sze am{ysw ﬂf ﬁee Algamthm
The analysxs af an algonthm is. brckcn up mto twc bam steps N




el '_-4 z 1 Pram Auaﬁysxs
3 B : _The mam crxtena used to evaluate the algorrthm m th:s type of analys.ts
are 1he type oi’ npera:m
. mto t.wo typﬂs* RTINS

”'that are execuied Thcse operatn,ns are dmded

R .Thf} four ba*sm Qperatlons on mtegers. ie addatlen, multlphcatmn,
dwrsmn an subtrartmn. L R

o '-i_j:_.‘ff_'2 Anthme:;'c o f oatmg pmnt numbers., ie. compansons, assxgnmg values:

R o a vartable, executmg pmcedure calls

s -:.".--;The txme taken to execute the !‘.Y!.’?G of npf:ratwns deﬁned abﬁve lS rcgarded-:’ -:f:-'..}f SRR

- _4 2. 2 Pnstemn Testmg

' as ﬁfed The executwn time of each operatlon 1s thus regarded as. bounded_fl':j-'?‘";_::____.___.__.:_"-'::_:.‘* :
-by atmnstant g o 3 R SN

- :._:-__._To perfonn th1s type of evaluatwn it ls unportant tc understand the |
) _-____.”workmgs of the algarﬂhm. Data must be created that wxll tast ﬂm best and' A
s *_--Warst perfarmance of the a.lgonthm LT SRR

43 Mmmmwfmfwmw from the analysis

__"-Pnon Analysns' e o el
: Obtam a functlon that bounds the algonthms computmg tlme

”"-.Postenon Testmg. S e e T S
B Actual statzst:cs of the algcnthm is collected 'I’hese statlstxcs prcmde-’. -. SR

o -a,ctual ume reqmred tn nm partmu.ar data, aa well as the space. e

o _requued whxle 1t was executmg S

Th(‘-‘ Analys:s ol'algumhnm '. : 13 S



- 4 zﬁ Prm-z Amﬁ’m

el -__.4 ) 1 Asymptﬂm N*‘m“““

o When evaluatmg compugmg' tima of” an algonthm usmg pnon aualys;s, all e

g | The gene_ 1 fgfmat of thxs type of analysxs is to 'clavelop a functlon that e
L represants 1.he amount of Qperat[ﬂns m be peﬂom'led eaCh Dpﬁmtmn bounded
by a fixed time. The most: common mathemancal notauun used is caHed the
| .~Nutatmn ("Blg Gh") T T T L

" 4 4 2 Deﬁnmﬂn
- ﬂn) Ofg(n))

- f of n equals blg oh of g and h 1ff them exlsts o
- ;:.two posztwe constants ¢ alld m such tha.t L
o lf(n)l < c]g(n)i far all n> rzo .

_ For the fu nctxon j(n) of mmputmg t:me the vanable n xs detenmned by-. . o
the varmus aperatlons and ltera.tmm thereof It may thus be the amount-”f;_t._::fj o '_f'.jf_ |

. Algonthms should thus be compared at the PSeudocode stage when usmg S
 ana pnon anal}rs:s At t.he pseudocode stage, certaln factors abcui the
s .hardware and saf‘tware are unknown Th:s makes it unposmble to dete!“"'-_'_-:'-' .
mme the exact resource reqwrements of 2 real unplementatmn To avmd

'lheAnalys!sﬁfalsonﬂum L S



functaon £n) will grcw no faster than a constant f‘actor faster thari g(n)‘- g

o TO furthef explam thIS COHSIder the fOHQWlng example oL

ocl)

_:...__.o(nz)

3 | n3 -Hz’ 12

The exac» values ef the constants are mmgmficant wherx cons;dermg;_-__ .
| .f(ﬂ) <cx ) Note however ﬁns relauonshlp may not hold for spemfigany.-- R,
| small sme ofdata mputn | SRR R SIS DT

' H&Analysmofalgpmhms

_f__"anlementanamdependent factors that are baseel on the mput s1ze n whan e
S -_.;'__}f.__determmmg the a!gcmthm camplex.ity, canstant facters ate Shfrnnated:; .
o __fmm the ana]ys:s of the algonthm L

""‘_f_It is rioted that j(n) xs machme dependent Th1s _makes 11; 1mposmble ’to"
';:'_"5“-__iusa a:n a pnon analysm alone t@ determme ﬂ; A funcnon g(n) Whera'_f--’f_
Ly .{'--_'o(g(n)) s _f(n} may be determined by an 3 priori analysrs An aigonthm-__:_':} e
S "'_wzth computmg tune O(g(n)} w;ll be maahme mdependent, prwxdmg that\"-f._
IR '_ _the data 1s the same Wlth mcxeasmg values af rz, less than same constant'._;.__kff

faT fgfﬂ)l

| | .._."'Mora speclf" cally ..f(r:) 15 Ofg(n)) ﬁ’-’l’ oiz 0 5!1011 ﬂ‘xﬁt ﬂ”) <oX g(n) V n> L-”:j.;’-_ 2o
. This means that- assummg there is 2 Iarge enough data mput setmthe

. } ﬁ;*."s."- o e




o ":'._"NOTE To detamtme the Qfdﬁf of ﬂw magmtude j(zz} the sma,}lest '-g(rz}; .

E ;.'The _-fallomng thecrem states that 1f the ﬂumber of exccutwns of apar . P

s as A(n} then the computmg tIm 1 nf that sta.tement_ is: O(ﬁ"‘)

B ..j_?:A(n} O(n’“} _' i

'-_i:.?jtlcular statem ent m an algor:tthm can be expressed as a pﬂlynomlal sm’:h.

"'":_IF 'A(n) 'a,,,nm—;- .......... +a1n~i—ao s a polynonnal af degme m then? e

o B 4 5 1 ’Ehe Classes @f Alganthms

L The leIOng five dﬁferent classes o f algonthms are m‘xpcrtant w. th re_

. __"spect to: th:s study These algonthms are. c}assed by the followmg tlmef_"__j:"'i,

I '_-':reqm‘red tq Bxecute them

3 Limeartime-O()

L '_ 4 Pcnl!momlal tlme“o(ﬂk)fﬂr ﬁxﬁd k’ l - e Sl

__:5 Exponentxal ‘ume O(k") for ﬁxed k > l

'!‘hemi\ysnsnl’alzﬂmhm ‘ S s



a0 end Of o he CE";&‘ fgr pDIYnDHH al a].g 0 l‘lﬂ'lms ﬁla msnurce requlrﬂments;

L ?'._:"';_Ineeded to complete _the algarzthm wﬂl grow expanenha.lly as the srza of S

:.3__;.-_;__.;__the mput data _gmws Expanennal tune mgonthms, such
. _.-.::".'_'rO(k") O(n") and O(an beceme more. and mere warthless since as the sxze_-_

i of the, ﬁnput data mcreases the computmg tﬂnﬁ Tequi“ﬂd t‘i’ Wml’lew thef-'-?_'-ﬁ' i
j_'algcenthm beccsmes :mpracheal 5 o
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SR When analysm,g an. a,lgorrthm usmg the Blg {Z}h 1t znwst be ‘Jnuted that th

i ntsa*j@ns u&‘ ﬂm "Bng @ﬂn’*‘

ff.'}"ifunctzon developed of the_uppﬁrbcund of the tlme reqlill‘ed o ﬁomplete

the algonthm IS th&t of the thearetlcal worst case durm ythe 'exenutmﬁ" e
o - of the a.lgamthm This theoretmat wurst case bound r'n'ay"]ae denelthgﬁff’_: S
o ;t"-'-i-'_':though smca a_particular algonthm thh a hlgh wmét r:ase' upperbcund-f"f ¥
E : SR (1e a h;gh GMn))) may bn average: perfarrn much bf;tter tham an algonthm
R W1th a lower Warst case upperbounci for spemﬁc xnput data. Certain |
e computer sclem:e techmques', such as dynamm data structures may be ablc." e

; to exploit the format or structure of the: xnput data Never the less the_'-”'i"--'f " ’
. Pnorl analysas w:th parucular refareﬁce ta tha Big Qh nﬂtauan can pm~
. 'vxde generally good evaluatxon uf tha computmg time requlrexi for ﬁpemﬁc-- R =

aigorithmg The Blg Oh may also pmwde useful and 1mperatw& mfor--

e : matmn abcut the structure z::f an a,lgomthm







o .__.t?'}_.ifZS @ Th@ @emmﬂ Aﬂgmﬂm

:'ﬁ:':The a.lgnnthm Pre&ented m a general autlme cvf' the basac framewmk 0n-’3
'._-__f':;whmh all shartest path algonthms are based The algomthm 1s usually: P
broken down mta three steps ._;j'_ I R R AR

Gwen Dlreuted graph G(N ,4) w1th root node r
dg dlstance af arc(;,f) :

- 'STEP*__1'.;"_Ini__t-i_aﬁsaﬁdn*"_j_.-_

I general all tho nodes are initialised with the following values .~

: _"'Far every vertex a’» denotes th.e length ﬂf the path fmm r to v R



| ?5 @ T]h:e Geunemﬁ Aﬂgamhm

The aigonthm prcsented 1s:a general outhne of the basw framework Qn_f';_ﬁ:’ | 3_' ._
Whlch all shorte.st path algontllms are based The aigonthm 1s usually‘

- L

o "”1 The Init:ahsmg $tep iy

3 Thelteratingstep

Gwen I)lrected graph G(N A) wﬂh root node re R
4; dmtance of arc(i,;’)

- sTEPd ':-'}'_xn_mmn-'___. e

* In'general all the nodes are initialised with the following values -

For every vertex dv denotes the Iength of the path from r to v



© STEP2: Sclect and Update node -

":.:"_-:_'Selectwn ~ Select u from g the SI: 115* A
:j_i__:.shurtest path pmblem has been solved and fm* every m)de i the ;:'
R '_i_‘_iabel d: 13 the va.lua of' the shortest path from r to z e L

Shculd Q be empty the-‘f

o Gnc& “ has been seiected from Q the. forward sta.r of uis. scmmed_
R and update;d Most aigcnthms wﬂl scan the whnle fomard star,l : SR
o however this 15 no&. a!ways the case | s R

o gmm Fgrmh :@’,-_1_,); . .;;5@ such :;h;t;‘dg__q..‘_g;&:g PO Rty

dedu'{"dw
Q QU{v}

5TEP3 :'Itérate -

IF Q 1s not empty THEN gota step 2 Pl
- | ELSE STOP | L

" _IRQTE from Step 3 a node from the SE nodes Q must be selected f‘ﬂr"j'. L
- 'step 2 Thxs 13 the area m whxch mo»t Dptmusatlon occurs The m;ontyi | S




today,' wxll evaluate the complete fop-

| : "'\_Of‘ algorlthms under conmderat. .
ward star in- one 1teratmn, wherc as SQ!’ﬂﬂ wxll scan oﬁly -ealected nades.ff:

from tile forward tar- R ',3 __ _j-i o - T

The cruc:al pomt 1s the selectwn of a nﬂde u' fmm a sct of candldatﬁ‘(sﬁ):__-;;._----_-

L The GenelAlgorm o




i L .-_'glven nset-to hm d1ffemnt classes_ of shu:rtest path algonthms S

L 6 1 Lﬁ bﬂl ﬁ. gryecﬁng M&T&st

:The seleqhon cntena af nodes belongmg tD the forward star FS(:;) has

1I1e Iabei correctmg algonthm 1s attnbuted tg Ford algomhm a.nd is
__.-_.based ot the 1dea of seIectmg a nﬂde from a Queue or a Sta.ck The ch&- S
. tinct character,stxc af the 1abel uorrectmg algorlthm 1s that ti'le labe!s ﬂf

e ncdes a,rc up dated at each iteration. Other generaj charactenstlcs of 1 IR
"__I“Ithe label mrrectmg algonthm are asfoHQWs .' R T SURN U

. e Labei cerrectmg algonthms are more general than label s\ettmg m that
o _-__they a.n-e not restncted to nomnegatwe arc lengths and may start Wxth__ S

e '_'Rathex than havmg te select the node wnh nummum dxstance Iabel -

) ":"f'rom the SE set of nodes Q any node ma.y be selected from Q

g Lahel wrrectmg methods dnffe..r m the Way m:sdes afe Sﬁ‘rlected fmm thej'lf; .
ST ".'SE se,t ofnodes Q S F T T A




'.-..__?_-"_:"The pmmph gf' this algar;thm 1s, at eaeh 1terat10n to mlpmve that trog

o by rcdumng the dmtance label of a.t leas’t cne rmde in _T This Wﬂ‘tﬂd

S Addmgat least mmd& Orm o7

H '-_."..".:fbe- done by

The ehauge af selectlon cntel-la of a node from the SE set of nodes Q 1s |
N - '__':-'fzn complete contrast tn the fundamental property of the labe.l settmg-:_.'_::_'

: _"_'methods The fﬁatum that T xs always the shortest path tree current!y for :: _3
e all the nodes m T' is th‘us Iost in the Iabel comctmg methnds Thls would RN

o :_ilnply that label carrectlng methods ma.y not necessanly be poiynunualiy

l 'bounded or sharp Theoretncal analysxs would thus mdicate tha,t Iabel_'l_j“-‘-..f: R

"¢ recting methods may be far inferior to their labei settmg counterparts

o [(Glovar, Glover and Klnigman 1984, 1981, 1935 Dial et a1 1979) have o

| f-_._'-_shewn through empnracal stu:hes thaj: fm sparse 0r gnd networks, the ef» 5

- fort wqmred to select the mlmmum drstance lahel from the SE st o

..nodes Q is °ft3n OWWEIEhed when takmg mto a.ccount 1he advantage or"‘-_.

- the structure gnd and sparse netwnrks ‘using Iabai correctxrg methods ST -

e Thﬂ first polynomwi bounded label cqrrecnng algonthm known as the

_'_'Benman-Ford*Mt:ore (B F—M} is usuahy attnbu&ed to Bellman (1985},_7.

o ;'"“'Ford (1956) and Moore (1959)




C '}6 2._.[' :MM Sésfme Meﬁwtﬁs o

:.'_.-_f:to 3 dxstance value 0 “fm“? The pﬁﬁﬂllﬂe Bﬂ' thﬂ aiganthm is m‘ s’—'a‘“t:'--"":-:'
"wzth the rcnot nbdm The _entlre fﬁmard st&r rerf the root mde 1s thenl.,______ o

e i wved ‘i‘he imdq: mth ‘he shnrtest am du;tance Is selected tck &nsurc EEA

| 1 thls nepde nead not be scanned agam Thls 1s 3 fundamantal property of L ;__
R all Iab:at sattmg methcads that 13 based an the follawmg prapomtmn (Gallo_ . B
e and Pailottmo 1984 1984) PERE N e

Prﬂpm’sntwn I : If t.?:f 2:.0 V (z,;‘] € A then each nnde 15 removed fram . __
(and mserted mtcs '} Q cxactly rmce - L e

o The abovc propusxtzon hoids, prcmded there are no negauve am lengths,
o :_;_'_smce 1f u :s a mmunum label element ﬁf the SE set of nodes Q then dur.:. __-_ :
s the shortest dmtance from the root nade ’ to u s

It foliaws thus that far the tree T is aiways the shartem pa.th tree far alli j';-

| _ nodes currently in T at each 1teratmn Labal settmg algori;thmg Qn;y sofm | b
o nodes mth sharp dlstance Iabeis The most, expenswe np&ratlan 1s that:_’:_ _' "_-_.:
- B of determmmg the node u wh:ch xmmmxses a} rather than the temporary-'_'_-:f S

| Tuetypes ofalgacithn

e o S Sy,




S 6 3 Sh@mst Paﬁx A!gamhm 'amf ﬁzm' c@mpfemy

:_2'_5The oo mple:uty Qf the; sharteat Path aIgonthms wxll he derivad w:th ref..

S il

e '_:._'61 - The numbet of tunes step 2 1s performed (The number ﬂf 1ter~f .

o f.-[_f-"_.‘at1onr e each tame a new. fc:wvard star is exammed)

y cz - The number af label mpravements (The numher of tu‘nes that a,

o The complemty of the gener al algorlthm Wﬁl 'thus bc -i

| Gmtaxataxe

N ZNOTE Cs ;: max {k(v) ve N} Whﬂrﬁ h(v) 15 ﬂw number Uf S“bms ﬁ‘ﬁt"

o the forward star FS(v) is parntmned mta TP

o -__.;'..‘I‘he types ni‘algorlﬂlm o o




s asnxe and g i {mps(U) X o, 1 X o5} whets |

;: s ...gOnthms ensum;; that q;
o 1'0 ChOS'B Eﬁ!d fcmuve OT lIlSBl‘t ﬁ node. :: S




o i :'r_-ff.:'data structﬁms that are mos& commonly used 10 stofa and mampu,i Q -
L o aret those commonly known as 2. List-and a Pmrrty Queue A mel lis
”'i::':_as a sequenee s:}f elements The f' rst elemem of a 11st is known as the head
ERe '_-':--f':'at the hst and the last element is regzxrded as'the taif of the List. ’I‘he |
PR _em&nts of a l’ist can be mampulated wrth the follomng tsnpxcai opera.tmm'.“.'gf"_:-' R

_ -_:"_.Addltwn Tha add:tmn of a new eIement wﬂl form a new head ta”' E L
5’:3.-;'-:;'_':"the st ’I‘he additlan of an element muid also fbrm a new taﬂ o
A ;_-.the hst i N

RN RRE R,emoval 'f"‘ae remova[ ef an’ eiement mvolves 164 nevmg th& elemanti-ﬂ.-__:-': :;
e _:_'and delccmg 1t etther from the head or the tml of the Imt L

':'"'._"_._.Concatenaﬂng Twa llst.s cat be concatenated by hnkmg a pomterf:j: | f_-_'-"
o f‘mm thﬁ tanl of one hst to the head c:f another e

L ’.:_'Insartmn An eiement can be mserted after an element in a. speclfic e
| “-"5'_'_*'-:.10catlon I LT ot e




Ilst

j.There are two cmmnrm search strategles used when mampulatmg listsf

;Wzth refemnce tcn shortest path'algﬂnthm« R

5 1 Breadth Fxrst Search cammonly anWﬁ as. FlfSt“In‘F 1rst‘0ut (FIFQ) : j:
' '2 quth Fgm Search, cemmanly kmwn as Lastvln-Fzrw{E)ut (LIFO]; _'t; :

= '?j_"_'_'The Label Correctmg Alganthms rnake usu nf ﬂaese twa strategnes and e e

Be.leﬁen An eiement x,an be deleted from a s;:-ecaf'c Iecatmn m _the -_

S _ ueue 1s a callectlon of elem -nts that each hava an assomated . "
B numemcal value The bas:c nparatmns that are performed to a prmrity_;ﬁ-.-_{-'. R
"'_.iquﬁue are that of‘ the addltion of a new element the remnvai of tihe.'_ R

o max:mum ar mmunum eIement or replacement or correctmn Gf an eie~j--ff DT

"“35'1_-ment m 1ts cnrrect lucatlon. o

: .:.;'I" @ most cammnn strategy by used shortest path algunthms ’hen Q e | =
- ..lmplemen“’d as a Priotity Queue is that of 2 Best First Search. Speclf?; R

- -'1ca.11y for shortest path algnrzthms the best f’irst search mvolvss searchmg o
| for the element mth ﬁae mmmmm value. Pnor;ty Queues wﬂ:h the Best

R : Flrst Suarch ‘ars used m the lmpiementatzon of Q by Labal Settlng_i_ SO T



_- -_:_fi;?'; 8 %B 'll‘he mﬁyeﬁ C@mmﬁmg Mg@mhm (Lnst S@an‘e&n
St '-:-';.:j“_Mg@ruitEﬁms)

5 " 'Befora further expansmn on ;?amcuiar algonthms, 1t would be a. gnocl“_:'?f_._".’f--
© . idea to pursue the various types of lists used by these algorztlnns The tWo

fundamental Itst structures that am mad as def' ned ur as ) part Qf ar a’-’f._.' -

L _f_.;cambmatwn of each uther are the ccmcepts af a Stack and a Qqeue arx d‘-; - S

are dafined :.s follnws

| : Stack A stack isa llst that is charactensed by the DepthaFarst Sea,mh'f_.;"{_._j PTRE
e (LIFQ) The Jdea is to add and f°m0ve elements onto- and from 1he'3'-:'-:_"3' |
L ;-."_'.head of the stack If the elements A B,C a.nd D are. added to the stack,;_ . o .

| :m that order, they Wﬂl be removed in the order 12) C,B and A. The. -

termmolagy used for tne addmon of elements 10 the staek is to R

~ PUSH an element. 0nto the stack. Wheu removing an. element f‘rom-

= : _"the stack 1t sPOPI’ED from the stack Sees ﬁgure 81 o o

= -_Queua dn queue 1s a Ilst that uses the Breadth—Flrst Sea,rch (FIPO)___{- = ..::
E _'strategy A new element is adéad to the tail of the queua while all the |

_._'__elements are removed f‘mm the: hea.d nf the queue. If the elements"_i_ e
- A JB.Cand. L’t were adcled to the queue m that order, they would be.'-f'_-'__ _' -

o __.;remcved in the same mﬂd&r Se& ﬁgure 8 2



STﬁCK

PUSH b onto tha atack

QUEUE

D ls adﬂad to tha tan ,r ﬂm quaua

) -_.Z_.F.igu__.re_-'s.'z Qucue e

o - 'The Label :(Z_‘i:.r_ré_r':ti'i_igi.Algbriﬂ:fﬁs.z(@,&tiS;uh:hﬂ_i&lgur’itht_i';s}" L



S Tvm other Ixsts that hava heen denved as a s:ombmatmn of the twa typesf_f _'3
S defined above comﬁncnly used in shnrtest path algcuntm‘ns are ngue and <

L ;'.i-f_gqum both defined Knuth vol 1 (1973), Horothz and Sahm (1937) and.‘_?if'f L
B -Paliattmo ( 1984) and ara deﬁned & follaws IR

el -cieletmns tn th¢ queue can by done at azther ends In the context af S

B :_-;-:.-tlon are made at both ends of the l:st whﬂe deletlons a,re mly madef_'_?_'i

R _the shortest path algar:thms that implement Q asa deque List, addis

o at the head Deque can be thought of as a stack and queuew connectsd
S __'m series. The taﬂ of‘ the stack would pomt to ﬂlﬁ heax:l of tht: queue e
"'_Sea figure 83 e e SR

._;:.'--.1"'-'_;_:2queue uneue isa hst that consxsts Qf w u q;ueues cﬂnnect m'senas B ke
R " Eiements can thus be adclf:d ta the tall of‘ bath qucues but remme'___ L
R f_only from the hcad of the :mc queue Sa@ figure 8 4 B



U remove et

add

" “TheLabel Corresting Algorthuns (List Search Mgerithme) T g




: .:’::'_f' 8 f T}se Be!fmam—-ﬁard—Mmre Alg@m‘ﬁam

'.':'._.:The ﬁrst algﬂritlnn usmg a hst to 1mplement the set af SE m:udes Q tﬁ S
o be. mnmdered has been generally credlted to. Bellman Ti‘ord and Mot:sm __
S _"Tl'us algonthm uses tha common deﬁmtmn of a quaue as the SE 11&* ‘?lf"'-_. I i

PR _::"_"""'nodcs Q

SR foﬂaws

Z.Pmceﬂure B“F“M (T)

B Tha procedure of th:s algonthm based on the general algamhm 13 as

STEP 1 Imrzakse | LT . ST e e
predece:ssar and dxstance labels p, d are gwen mmaI values ‘ -
Q 15 mltxahsed a,s the queue nf SE nodes S

| STEP 2 Se!ect and Update nade W
o :_-'-Node u is removed from “ihs head of Q -
I- The Farward Star szz is scanned and upclated B T
_ ) For every (u.v) & FS(u) such that L f' LT
'ﬁ;:_'du+c£n.<dy e
: '-_-d\. da+dw__-;-_- SRS
S IF vnotmg T PR Y o
T I'HEN vis msartec* anto the tml of Q

S’I‘EP 3 Itemte



IF Q is not empty THEN goto STEP 2
Ot ! ELSE STOP

S An eff"ment mplementatlﬂn of the queue m the above algonthm xs to

e usc a one way lmked hst R

o _'_-'_'Theorem I

--:'?The. Belhnan-FOI‘d'Mmfe ajggnthm has a worst ca.se complemy of

. Q(n x m)

. Pmof Imtiahsauon Ail tha dlstance labels faf the nodes are '_
'mmahsed qu O(n] smce there are at most n nodes P R

S Selectmn and removal of ncde oz Smce the selectmn and removal

o 5 of‘ the: node u xs done usmg a FIFO queue 1t is done m constant ume | f e

| 50 t{h 4 cnnstan say x RRTTE

: Insertmg v ‘mo Q The node v 1s jus’ added to the hst Q sn fIz __ R

o -cﬂnstant, say y

o ':__The number of lahel unprovements At most the label 1mprovemhnts'j_
I during the explor: 4ticm ofa forward star ca:rn coﬂsmt of m arcs, . a;ncl.-_l._-.‘f A
o ‘since- each node can e explored as 4 forward sta:r at the most tlmes.! R

e _:.'thus o= O(m xn)

'“'e mﬂ Cﬂmms Msoriﬂw mstﬁmch Alsnrnhms) B TR S



S f‘arward star a: the mest n txmes, the algonthm can xterate ﬁt 'm(’“ o

[ rlﬁ tlmes Cl‘""‘_ nﬁ) e e TR T T T

L ;,meer ef 1teratwns af Step 2 Each mde can be exammed aa a.._

= o+ Mxmwwﬂ O+ nx )= Olwxm)

8 2 T!se D’EsapomPaya Algom‘lzm e

o ;Tihs algomthm uses thc Idea of dm:b!e-ended qzzeue, deque as 11; is deﬁned

| -'above as an 1mp1ementatmn of' the SE Tist of no&es Q The ldea ongmally._} S

S "";bY D’Esopo was Implemented by Pape ( 1980) with C'upﬁi‘lm' results to that

"_".ﬁ._.of the common queue used in the. B»F-M algontrm, The reasﬁﬂmg m

~using'a r!aub!e»ended queue is to spht the Scan Ehgible nades mto two

__'-:-classes BT

. 1 'The. unlabel!ed mdes m Thosa nodes tha.t have nat yet entered Q _
o ;_"-’Nodes whose dlstance values stlll retam the mltlal value af zﬂﬁmty o
- :These nodes are mserted at the end of Q ' A

| 2 _'-:Tne labellcd and already cﬂanned nodes ze Those nodes ﬂaat already_"
N '_'have passed through Q N“}uBS whose dmtance values have already_'_.:_;;ﬁ_,_i
o "-.-beﬁn updated at least once Thesa nades are mserted at the begmnmg PR

o The thel CntreehngAlgomhmlelstSeamhAlgamhms) e w



Tha advantage of thts method is that temparary mmimal dlstanees that'_;'
still need correctmg are nf’ten corrected as smm as the;sr are detactedi;_
o "'j"mthout bemg allowed tu progress further. L o S
o The "procedure of th:s aigenthm based an t.he general alganthm 1s as_'
failows S . R

B aTEP 1 Imt:aa’zse

predec‘cssor and dxstance Iabels p, d__.are_ gwen mltlal values

Q IS mltlahsed as the quaua nf SE nodes '_:: ;.:3_.'.__:.; 3

S’I‘EF 2 Select amf I Tpdate node i

_' ok _Node  is removed fram the head of Q

. "'_I*The Forward Star of u 13 scanned and updated .

- For every (u,v) e FS”H) Such ..nat e
B dn + dm < du TR

.""Begln G TR T
pv-»u RS B T R
Co IF v not m Q THEN . BRI
o et
dp +mv 1s msertad mto the tail of 0
S : f ELSE v 1s mserted mta the head cf Q

STEP .i Irmre

'I'he Label Catmﬁng Algarithms{hst Seatch Mgomhms) S



IF Q 1s not empty THEN goto STEP 2
ELSE STGP EEEI

An efficxeni; 1mplementatmn of the queue m the a.bave alganthm :zs':'to

o _;;-._-_;-_use a one Way hnked hst of pomters \mth tWﬁ additmnal Pomters to mﬂ}_.:_;- PR

S '_-;_-dtcate the twcx ends nf G'

o 'Thwrem 2 | SRR T e
The D’Esopo—Pape a!gcnthm has a warst case ccmplemy Of 0{:1 x 2")

L Pmof T e e e

o '-Qr'_Imtlahsatton Aﬂ the dxstance labels of the nndes are m:tmhsad.f-;-'

O(n) smce there are at most n nodes

k -._-selectwn a:nd removal of node Iy Smce the SGIeﬂ_tlan and mmw alf'
of the node uis donc usmg bgﬂ-j a queue and & sta ck an d 11; ;s wo T
B "-moved only from the head 01' the stack 1t 1s done in constant trne 3_ o

a 'SO qi ~-constant, say.x o
L Insertmg v mto Q The nude vis lust added tc- tha hst Q so qg
" 3'*.;5_-’constant, sayy e

| The Lahe} Cnrrechng Algw'ithms {Llst St:arch Algonthms) | BT TR T



_'-:;:.-_::.{_The numher of dzstance J:abels that wxﬂ be updated K It 13 shown

el Gallo and Pailattmo (1988) Ker&aenbaum (1981) that at mcst 2"'3:'__:_:
S _[:distance labeis can bﬁ updated thus C’z O(PZ )C 21:) I

__'_.f:;"";:j__ﬁ'._':-_Number of 1tera1mns of Step' 2 Smce 1t is shown G alio an d LR
e -_-_Pailottmo (1988) Kershenbaum (1981) that at mogt » dlstance Iahels

L . can be updated the alg@nthm wnll maraw at. most n * 2"‘ tnnes

e R

= amemesmg=om

SR '-‘"'8,3 The Paliaiﬁmo Z’gzwzm Algomﬁzm

An adaptatmn 0f the D*Esopo~Pape Algonthm was done by Pallottmo _'
(1979) which is sxmxlar in perf‘nrmance The dﬁferencp between thfs two'_”_-%

o a!gonthms is that the doublemended queue is dmded mto two queue,s Q .

| R and Q" 6onnected in senes The Scan Eligrble nodes are agam dm&ed as NN
- r:befom exwpt that both are mserted mto the tall of both queues

o '-The procedure of' tl:us algonthm based on the general algorlthir s as"'-'f::,' _' "

- follows

. Procedure;’.quaue(r) R e

PR Thcl.abelCmcﬁngNgmn&ma{thSmhAlgw:M) T A0



STEP I Im:mlzse T e N ELRE W
O prcdecessor and dxstancc Iabelﬁ p, d a;re gwen mmal values
| _.__f?lsﬂutlalﬁdasthequeueofSEmdgs | S

S‘I‘EP 2 Sele*cr ami Updaig rzode zt-
: 'Node.u. remcwed fmm thei head of Q

The Farwﬂfd Star gf u is scanned and updated

IF v nOt 111 Q THEN
dp +oov 15 mserted mto the taxl of Q
S :.'_f:.'ELSE v 1s mserted 1nto the tzui of Q

STEPSIterate R
IF Q 15 nnt empty THEN guta S'I EP 2
o o ELSE s‘:rOP |

| o The most notlceabie dlfference bet ,veen the D’Esapn-Pape ancl unt‘:ue' :__ S

: : Algonthm 15 th&t Of the WOfSt C&SB Cﬂmple}iitj In pracuce hﬁwever 35 : B
e .‘:Shawn hy Pallattmo ( 1984) hﬂth algpntnms seemy tﬁ be as faSt ”




R '?-._:-_'_Thwrem:% e g :
--.:'3_.\'__'-:'_-_The Pallattmo unen ; f'.ﬂ_fa‘girorkthm h;w a Warst (:asa mmplemy of

_-{,'-.Imt1alxsatmn AII the d:stanca labels of the m:les a.re "mltralméd:.__;'_'

qg an) smca therc a.re at most n nodesi Eoelie s

5 f-’-"_f-SeIectmn and remcsval of’ node u 3 B ‘é‘ remwal. " B

DR '_’_'.__:':oi‘ the. node a 15 done usmg a daubz L 1__._;;9;;3__19__ : _f

i i-‘_'.'f.__.consta.nt tune Su ‘?1 constant sayx

Iﬂsefrtmg ¥ mte Q The node v 13 ;ust added to the I1st Q so qz

LIRS

:fThe number of d:stance Iabels IIPdated At most the forwml star*-"_-._:----

: f.::can consmt of m arcs, . and smce cach node can be expicred as &'_-_:__"_
o __forward star at the most n" times (Pallottmo (193“)) thﬂs e

cn O(m X n‘)

-: _;.'Number of 1te’rat1ons of Step 2 Eam noda ::an be exammpd as a:_;"-'

e :f'orward star at the most n2 tunes, _the axgorzﬂnn can 1terate at mcsst'_:-_j :

The I.nhel Comt:tmg Algmthum {Ll&t Search Algorlﬂlms)

- _'-.'n3 times. cl Q(n")

The complexxty ot‘ thez 2qucue aagumhm xs thus




s

0{n+n3xx+mxnﬂxv)ma(n’+n2ym) O(u’*xm)

. :;_.‘_':_,_8 fﬂ Ww Pamtwreiwg Shartest f’ath ,»4 Egm'zﬁ'r'i‘ ( Wm’ﬂ’s

i ._:_; : Kfmgmayg gmd thllgp.?)

As already mtrcduced in the D’Esapo Pape and uneues algonthm the R

__-1dea of partatlomng the SE list of ncdes Q seems to be a v1abie techmque N

| in i unpmv:ng the’ cemputatwnai complexxty at label carrectmg methods, T
-__'--__.Thls techmque has a!so shcwn 5upe=r10r results through empmcal studnes .

Dial,” ‘Glover, Kamey and Klmgman (1979), Glover, Glover and
' 1 _. “K;mgnan(l%l 1934) | o e

'Glove.r g Klmgman fmd Phﬂhps (1935) dﬂVeiﬁDed the partmoned 1clea by

Ia"tuauy separating the SE list of nodes.Q into two separate queues NOW

 and NEXT. This aigorlthm will be. regarded as the Partxtmnmg Shartest,'_-_ : EENE
~ Path Algonthm (PSP) The pulpose of the. algonthm is best descrxbecl by' B o

" the follnwmg quctes from the Glovel Klmgman and Phllllps {1985)

The PSP alzsmthm explicitly 1dent1fies the partitioning concept and pror- '. L
“vides an alt amativa founda. ion for computatwnai cnmplex:ty analysis.”
The dwzsmn of the nodes is on the same bases of that the IV Esc«pa + Pape o .
| and 2queue aIgor:thm The PSP algonthm also exphc:tly 1dant1fies nn | |
- efficient. nnde scan procedura* that is, only nodes whosa distance 1abels o :
have heen unprwed are scanned a.nd 1mproved dmtanoe labels a,re used

'as soun as they are d@termmed .

- The 1Lepa of 1hﬂ PSP algonthm are as fnllows PREE

_"rne Label Carm;.g Algsmhms{LtstSmﬁ Algorllhms) R T L



o NUTF An ﬁxtra step (STEP d) has been included to the general shortest:_f _'

o path a,]gunthm m r@partmon ths SE nodes

P’mcedure PSP ("}

Begm SRR

STEP ‘l Iniria!ise __ T R S
PR pradecessor &nd dastance iabels p, d are gwen lmtial values
L ;:_':Q is initialised as two mutually ext:luswe and ..nlleetwely

_ _:_-'f_-“{_"exhaustwe lists of SE nedes calleti NOWand NEXT e

_ .. ’:I-N{E}W is: mltxahsed with the mot node r and
_ '_ o '-__NEXT zs mntmhsed as an empty set.. |
'Sef: k 0 = - s L

STEP 2 Selecr tmd Updare nade u IR .
NOW is nnw scanned II“ empty gotc:: STEP 4
e T T:.LSE select any nude “ from

_.-The Forvard Star nf uis scanned and updated e :

| _ﬁf-.'-_'Far evety (u,v) e FS(::} sueh that S
o :du+dw«<d, L
. "':-Begm e
L;mm¢+¢y,_.i~***
IF v nct in NEXT or NOW
THEN add v tu NEXT
End, '

.3:_ . -The thal Cmectmg Algmthnw (L: tSeardt Algnuﬂm)._. L - o 3 44 L L



E sTEP 3 Tterate .

When thc whole forward star of u has been axplored retum m:____ [N

ta step 2 F T A

o f‘smp 4 Reparmmn Scan Eizgzb!e Nodes and Irerate S TR

IF NEXT is empty stop e
R ELSE set k k+ 1 and transfer all the nades from L
K NEXT to NOW a,nc! retum to step 2

""._?"'Thxs rs a polynemlally bounc!sd algnn,thm The lmy fa.ctor in dermng the-'_'--_'-_j o

e ___polynomlal complexity of‘ thxs algonthm is thez parntlening of the SE hst

of nodes denoted by Q in the general shorfest patb algorlthm Pa.ru— o

'_'_tlonmg the SE Ilst of nodes gwes thxs algomhm the fundamental pxoperty' R -

ofan ﬁpper bound to the numbcr of umes that nodes ate transferred from -
.'the one set of SE rxodes, NEXT to the ather set NOW Thxs is due tothe . -

fact that partltwnmg guarantees at least one node has its dlstanca label 5 SRR

~ permanently set at each 1teratxon Although the orxgmal Thrcsheld Al |

o gorlthm by Glover and Klmgman ( 1931) appeared before 1hat of the PSPZ-_’__ e
. algonthm the PSP algorxthm servos asa goc:d bas:s to 11'!6 concept uf the'_ o

- Threshold a!gornthrn

'Computatwnal Complex:ty

Accordmg toa result stated and prmfed in leer, I{hngman and Phall:ps_-.'-:-'3.".:'__ =

- ( 1985) tl,e PSP algonthm has 3 rompiemty of O(m X n)

The Lahei Curmcting A!guﬁthm{LlstSca:ch Alguﬁthrns) I e D



3 5 ?f‘ire Wzr es'?e 0&5 A [gorztkm (Giaver mad m’mgmm)

S As intrnduced m the PSP mganthm the SE hst is mamtamed m twa parts,'.._ R
| Ca NOW list and a NEX'I‘ list. The Threshold a‘gonthm isan extcnsmn;"_.5"1_--';__'-”"j-"
o “of the 1dea of spizttmg the SE nodss mta two hsts The 1dea isto separata'ff* 3
R _-'the SE nades by means. ofa threshold value tcomputed from the exrstmg f
. SEx nodes The basm ouume of the Threshold algonthm is gwen as fol-* e

B :_'_;Iows

- .-_-_\-':.'To start W1th all the. SE nodes are placed on the NEXT Ilst Fromf"_'__:-'ﬁ. S

S this hst a threshold value tis computed Nodes from the NEXT list - L

| __ --".__-_-{mth a distance value. lm than that. af the threshold value i are
" transferred to the. NGW hst At thiis stage the algarxthm starts the S
R j'scannmg and’ updatmg pmcess, carrespondmg to the second step uf_’ el

B ke general Shorte;st Path. Algonthm The NOW acts '3 the SE list

: ':"'__of nodes defined as Q in the general algonthm The scannmg cf the .
'NOW hst is done using the FIFO « :eadth—Fxrst) search strategy (ie. f:_ S o
- NOW is nnplemented as a common queus). During the iteration of - PRI
_ | -step 2 any. nodes that become scan ehglble far the first tune are-__; __ :
o --placed on the NEXT list. A later variation of the threshold algonthm Lo
is to. place any new Scan Elngnble node that is less than the current
threshold value 1 xmmedlately on the NOW lzst. Once the NOW Wst

B has been completelv v.,anned all the elements have been removed and

3'_?updated & NEW threshald value is computed The new threshold value o |

o -wauld elther be computed d1rect1y from’ the elements iri the NEXT_:;j'.ij-._'_l'_'_;_ el

| '-_hst or from- update Tules that will be- deﬁned later. Befare the'-{_'_f"

| -_-:’-threshold value can be computed from NEXT certam cntena to bef_'_ |
* defined later, must Le met. Should this criteria niot hold the speeific |,
updatmg rules wrll be used to compute the threshold vaIue i The al- B o g

o .gomthm contmues to 1terate by tmnsfemng elements fmm the NEXT | . '_'_



o hst tha:t are less than the threshold value r to ths N\OW hst and the
- algonthm is taken back to the sta.rt af‘ step 2 O N e

o '-; The follomng parameters and rules were erngmally defined ‘by Glover,ff _j

o ---."-Gluver and Klmgman (1984)

| AVG = The average d;stanca af the dmtancc labels for the
nodes on NEXT e e S T

L AVGWTH apos:twe weight applied to AVG. .

R WTCNG @_‘ posltrve ”Welght change faﬂtﬂr”ﬂpplled te: _. | )

- VTN AW AV VT AR )

- ThIS is only an tmt;al relatmnsh:p as MINW’I‘ 1s regarded only as an m?'-:'
- put parameter The 1mt1a1 value af AVGWT 15 thus computed a.s 100 -

| -_"T'w Lale Cortectng Aisvmhmsmse search Algontth) e



._:.-_AVGWT As the algorlthm procaeds the valun Qf AVGWT ﬁhanges, I
I that of MINWT retams 1ts :mtla.i mput valu@, S :

I The othcr vame that is applied tn AVGWI‘ s that af the wmght change_'__i-_-;:__._fl.:

L " _. l_-".fa.ctor, WTCNG Thls is'a ”{vexy) rough mterpmtatwn as o targst per—-._
S flcentage of nodes .on NEX’I‘ that cma desxres to transfer to NQW SRR TRC S

When nodes are transferred fmm NEXT to NGW AVGWT is revlsed.'__-_'3..f".':-'

s IF 7 *lNOWI s INEXTI THEN AVG = 1 1 * AVG (m)

They epsnfthe Threshald Mgumthm ara as fﬁllnws AT

- _NGTE An extra stcp (STEP 4 5 & 61 has been meluded to tlm genera.l‘_.:_ __ '_
- shortest path algonthm tu repartxtmn the SE nodes and calculate the
""threshold value e ST S ST

| _."._Procedure Threshold (r)
| Begm |

- “The Labet Correctiog Algorithms {List Search Algorthais) - 0 g



| STEPIInim{ise L L T
o b --'prﬁdecessor and dxstance labels p, d are gmm lmtial values
S _ Qs initialised as two mutuaily excluswe and collectwe[y N R R
_ "'exhaustwe hsts of SE nodes caHed NOW a:nd NEXT 2 IR e
o N 0W1s initialised w:th the mat node r and

e f;NEXT i mltlahsed '

S an ernpty set

STE‘.P 2 Select and Updaze nade u N
NUW!S now scanned IF empty goto S’I‘EP 4 S e e
e ELSE select any node u fram_' -.
LT '. CNow |
o g 'The Fnrward Star of u is .scanned and updated
) :.___'Far every (u v) & FS(u) such that :
po e o BRI
: 'ngezm
d:+n:1w
pw- u PRI
1P y not in NEXT of Naw AT A e S e
THEN add ¥ to NEXT S

S’I‘EP 3 Iterare | oo S O S
’When the whole fr.*rward star of u has 'aeea explored retum to
tostepz e | BRI

S’E‘EP 4 Repartitwn Scan E{igzble Nodes a:zd Itemt-:-'
IF NEXT 1s empty stop

i '_.'I‘he La!le[Comctmg As‘gmﬂuns (hstSearchA!guﬂthm) e



L {f- 'tha ﬁrst nme ihat thls step i reached ie after__: ning

IR _'fus: r lato stcp 5 tﬂ compute the mﬂ;ml value of‘ t L

IF the scanned node u m questwn_ ls'mt equal ta r o
o 'I'HEN transfer the nodes m tha Ilst NEXT that are'hss th;m nr
equal ta the current threshold value 1.

S k IF i modes hav& been transferred then goto step 5
- ____'_'_‘i_.':__:;‘.*j:-_'___!'_'ELSE gom step oo R

STEF 5 compme MINandAVGﬁom NEXT e
MIN aud AVG are computed from the elf,ment% m NEXT that are lass
than or equal to the current value nff Thxs woulﬂ mean e B
that a‘t the very Jeast nc:des fhat are equal to value ot‘ MIN would.-'_"_;_‘-:_f":.:;_if{
 be transferred fomNEXTtoNOW. .~ e

Use the relatmn (n) to wevaluate the wmght changa factor R
L AVGWT a.nd use rale (m) and (1v) to cempute thﬂ tiew value of _-: e
o r and return to stcp 2 o G

S 'I'he LahelcorremmgAIguriihms{Llst Smch&lgamhms} L 5(, o




o __"'Computahenal Complexnty

ey ?.:__'-A{:cnrdmg to: Glover, Glover and Klmgman (1984) the computanonai '_

o ':_ complexlty 1s 0(::2 X m)

_ 3'_._"_'53'-_5The0rem 4 _ GRS e S
| The Thresheld a!ganthm has a WOl‘St case complexny of 0(?:‘3 X m)

Lo L Imtaahsa.twn A}I 1110 dmtance Iabels of the nades are m1tzahsed

O(n) since there are at mast n nades.

E Seiect and remnv&l nf node u The NO‘W queue can be m two stateﬂ‘ :'_:_ )
L (a) not empty or {b) cmpty Conmder
R _.the case (a) where N!DW as not empty Smce the selectxon and re—'._-"'.f:'_i_:-'

'::_i___'imoval of the node u is done from t.he head of‘ the queue NOW 11; is-'-_'__ =
':_done m constant tune So q1 canstant, say x L e

i Lonsxder the Cﬁ*’iﬂ (b) where NOW is emp’ty In sorder te abtain a._. -;._'
o mew Threshold value 1 the Hist NEXT must be scanned Thls wauld’ S
- mean that q, Ofn) durmg the refreshmg of the threshald value SO

h ','It is also noted that the threshold value c:f t can only mcrease durmg_' |
. the executlon af the algorlihm Thls lmpilﬂs that any “0‘15 that _' o
| ‘_ : '.'_passed the th;eshold test and has been transferred from NEXT to._j:'_ '-. o
-. -NOW wﬂl nevcr re-enter NEXT ThlS would ;mply that the number
Cof nmes that NEXT is scanned to refrash the threshold value, in 01‘*: B
fder to transfcr new nodes o NDW is bounded " Th:s muld mean. G



S tween .suecesswﬁ refreshmg operations. (13 NOW s not e,mpty) it be-

R explored as fnrward stars extracted fmm NOW is beunded by n

'_ the total cnst cf the refmshmg ﬂpﬁl‘aﬁﬂn m the .worst.'case B

S '"f'.:f"f':Nmnb_"_"'zﬂf' Wrations of Stepz'Z-?*thn the aigﬂmhm is runmng bﬁ“-:

. Taves similar to the B-"-M (FIFO queuc) algorithm for a subgraph - .
of the mam graph Thls would ‘mean that number of nodes fto hea_' e

R _:__=_Hence & s n’ The number'-'""f 1t¢ratmns wauld thus be o= 0(1"1") e

_ " ’I‘he txme that the dxstance labeis, of nades are updated Smc:e ca s :zz]_". S
. .ﬁ 1t 1mp11es Cz 0(»‘33 xm) : : G

~ Tho complerity of tho Threshold alporithm isthus




S 9 @_-::-_;____Tgﬁ@-__C@nc@pﬁ:m’ : Shmmess |

E _.'Thﬁ sharpness' cnncept mtmd:aced by ther ard Witzgall (1931) has baen?._f_.;

S ;-_.’j--?.--axpanded on by Glowr, Klmgrnan and Phinps (;935) and Glover and..-:-.'i*.-fi IR

the Parutmnmg and Threshald Shertest Path Pmnedures‘ The cancept
PR of sharpness relates the dxstance labeis dy and the d;lstance af th& pa:h 10'*‘”:'

s : L_-.the nodﬁ u dﬂtmted bY d(Pw)a Wh\?m""Pa 1s thef awmal paih fwm th 'mOt-

L nede 1% tu u mt ]um arf upper bdund,

L NOTE A label settmg algenthm by pmpamwn 1 scans sfxarp Iab&ls S

: _:anly An alganthm that scans sharp labe!s mﬁ}f is called a sharp algo—i'_'_"-:_

d(P)=Zdu v arcsmbezogmhe pathfar t o

s Shier and W‘t?gall (198 l) deﬁned shar?ness as follows An algorlthm 15':-'___-_ SRR

. The Conceptof Shuputss

" “called sfm‘p if at the t:me that node wis scanned du d(PnJ (l&the ﬂlStaﬂCﬂ o o
: :-'_._'.'.label of node: uis equal to that of the patb dlstance. from the mm r to’:f
. '_node a) | S DT — O T




PRRE :':_-"-:,'There are three Ievels nf sharpness deﬁned m Glcwer and" Kimgmzm o

2 Glahaily Scan%hﬂm dt ':.:;"dCP ) V.’

R ﬁ_' at tha mn., of scamung uis lmtmted

i :It is, mterestmg to rmte that thw-thlrd-’ievel Bf sharpness deﬁned 15 eqmv~

. Glabanysm w =d(Pf}Vr N cach time the troe 7'is changed.

N each time a node i§ chosen to

iy Scan—Sharp du d(Pu) such that u 1s chasen w be,:,r:-_"_ a

| _- ':::':"_-_"alent tu tl;qat deﬁned by Shier and- Witzgaﬁ ( 1981) The first two levelsf_:f_f_..___
o of’ sharpness defined are mm‘ﬁ rcstr:ctwe T RN

- ;_ 9 I Tke Gfoﬁaﬁy S’imrp Atgomhm ( Glam' &?Etf Klmgmm i

S 'ﬁ_: The algonthm that ls nuw presented 1s a polyno:mally baund alg;onthm

o '_'.:_'that ‘only. scans- nedes ‘with sharp dlstance labels. The concepts O\f partl- R

tionisg the. scan ehgable Todes (Glover, K.lmgman and Ph111ps 1985} are. U

L : P‘xpanded on to ensure that the nodes that are to ba scanned are s’ham. o Sl




STEPHmtzﬂlzse e L e T L
f_ g predecessqr and dlstance Iabels p, d are gwen 1n111a1 values : ‘ :_'
o ; " gis :mtxahsed as twc mutually excluswe and zollectwe,ly :..

o "=--:_-.'-_':_exhaust1ve lists of SE nodes called NOW and NEXT e

“ NUW is m:tlalnsed Wlﬂl 1.he root node r: and
. a NEXT is uuﬁal!sed as an empty set '
SR Sct =0

smp 2 Selec:t arzd Upda*e na-!e u
NOWls now scanned ’EF empty gow STEP 4 T
SR ELSB select any node u from ' i ll':i_
R e NOW T __ ; S
- 2 '_:The Fomard Star Qf .u 1s scann 3 and upda.ted B | jf_" .
Yo dmdtde—d,
© L IF4<0 THEN
B _; Begm
Coear d,-—dp—i*é R
 IFvnotin NEXT or NOW
N THE\I add v to NEXT S
- "”:3-"22 Tlschdngedby settmgpv-ﬁ_ LR
o 2 3 For each node i % vin the subtree af T'.__ R G
- rooted at v, let d =4t & RN
IF inot i NEXT or NOW
THEN add v to NEXT




f..._STEP Alierate

s 3_When the whala farward star of " has be.en exploxed retum
:_“_.mstapz e T T

_.-STEP’ 4 Reparrzrwn Scafz E&gzble Nodes and Irerare = T,

IF NEXT rs empty stop _ S AR A
ELSE sat k k + i and transfer all tha nﬂdes from s
o NEX"‘ to Nf)Wand return to. step T

) : :Computatmnaﬂ {Eomp!exity The computatxonal campiexaty of the above' | -
o ._l_.-_.;': :.falgamthm is analysed and upper bonnds are provad by tha followmg“j 3
e ?Lemmas and Theorems (Glover; Klmgman and Phillips 1985), (Gluver, R

Klmgman, Phllhps and Schnelder 1985) and (Glover and Klmgman 1989) '_:-_ - N

R .3Lemma 1: At thc kth 1teratmn of step 3 olf the PSP algorithm, ea.ch-_-if -
o -_-node m the NEX&“ hst attams the. fallawmg twc& propemes. S

'.'-:"Lemma 2 **t Ieast one m“ the nodes in the current NEXT hst wﬂl:_ a
SN .._;_-Z::_. ._ha\re its shortest paﬂ‘! determmed When the algorxthm it . r ates at step_ .



e -'.--'-,:Theﬂf“*m 5

: 1.'_-:_':_'-;_."_Tha S?vG‘S algamhm has a wer,st casa bound Gfm % rz‘) and nnlyf : ;_'.:

e fj’ l-_Proof

R .'__-_’"Thﬁ depth Qf any short,est path wﬂl be at most rx e 1

e '_'me lemma T and Iemma. 2 thxs mgonthm wﬂl 1terate at Jnost;";"-'_’_':f_

. __.'The mc-st arcs thai can be exammcd from a farwa.td star moted at

say nnde uism and there will be at mnst a1 dxstanca labels that___ -
LR jwﬂl be updated for 4 node “ rooted at the fomard star. e

L : The rumplemty of the PSP-Gs algarlthm will thus be O(Ni X nz)

i '_""-'-‘f'-'_*Par: 2 e e EI R
T The updatmg rule nf the d:stance labals after aach nﬁde m the fﬁraf_'-.j__- L o
L -._ward star has baen exammed ensums that only nodes mth sharp- o

o | '.dntance la.bsls a.re scanned ths r:ompletes the proef

9 2 Tize Lacaé’ly Scanwg&arp Dasmcfzers Algorafhm
_ ___'_Ts 3 a.lgonthm i locally scan-sharp as 1t satlsﬁes the locally scan sharp

| - condmon that du d(Pu) when thra scan of u 1s undertaken L

'Steps 13 and 4 are the saae as i the pre'v;ous algorxthm,
| _PSP GlobabSharpness step 2 however IS Lhanged as showm LR

R Proceﬂure PSP~L0calIy~Scan~Sharp (r)
L Begm



STEP 1 Imt;ah&e As m prevxous algorxthm
STEP 2 Select azzd Updare rzode u -
M?Wxs now sr:anned IF ampty gntn STEP 4
; i ELSE select an;y nodxa u fmm_

RN ¥ -'-B&fme dﬁlatmg node ¥ fmm NQW the :path
Pu 15 generated fmm predecesscsr Iabels B
e '-:____;:_--The path dlstanﬁe d(P.J is then computed and Sty
Tl d;, is set to d(PuJ e B

_ '  -_:’"': :_ -_1_}:_The Forward Star uf u 15 scanned and updated R IR SRR I
i Fcr svefy (ukv} & FS(:J) such that S R
Begm ‘ '
SRR d,;-a-d,,,, |
L IFs<0 THEN
. Begm co
T ::-"'_21 dy= a:,+5
IF vnnt m NEXT or NOW
. THEN add yto NEXT
R ' 2 2 T is changed 'by settingp,,ﬂu
o .'.End,

S’I‘EP 3 Iterare As in prewaus algonthm
STEP 4 Reparmzan Scarz El:gzb!e Nodes a‘nd Itemte A
SR Y As in Prevmus algorxthm R

S TheComveptofShapass oo g




; 9 3 Ww Sfmrg Wymsiwfd i’A&’ngﬁam Fm" rwm nggamg L

e The PSP-G-S  algorithm is now preserted. modified fo include the
R :'_.:threshold concept thie retammg fhﬁ global sharpness preperty SN

._-Pmcedure Shafp Threshold G-S for non«ncgatwe Iengths (r) : .

Begm

STEP 1 Imra’alzse | ST y
S predecessor and dlstance labels p»a d a.re ngen mmal values ,
L gis 1mt1ahsed as three mutually excluswe a.nd co!lectwely |
R "?_ﬁf;"exhaustwe hsts of SE nodes called NOPV N&W’ R
7 and NEXT T b
N()W is. mltzahsed Wlth the root nude r a.nd
. NOW’ 1s mitrallsed as, an empty aet. N
.. s NEXT IS mlt:a.hsed as an ampty set. o .. e
Set k 0 and threshold value tar-- {l |
S'I‘EP’ 2 Selenr a:ztd Updm‘e nade u L
NOW:S nuw scanned IF empty goto STEP 4 apltr e e T
| - BLSE select any. node u from R e
NOW thch was last place:* m




L dedesd

Y 1 d,.:+dw d»

S The Fomard Star af u 1s sc:anned and updateﬁ | B o
T .”'-':"_"_For every [u,v) eFS(zz) such that i- T Y

e ..:5'.._'Beg1n 5

DI redefine d-.. = d + dm
i ?"?_f-f._::_'.:set pess woo o

THEN pnde V. 1s not a member of NOW or
NOI; add node vto the taﬂ of T
NOW’ and ifvisa member af NEXT P
delef.a it fmm NEXT ORI T -
S ELSF adc‘l node v o the tzu! uf the NEXT queue " R
o . Now add 5 to the dlstance lab»ls of nodes W R
'. '-"_rooted at node v belongmg 1o the currem tree, and add o
w tc elther NEXT or NOW’ dapendmg on the SR .' -
: _cnterla nsed by nade v above, Voohen I

STEP 3 Iterate. S R e
. When t.he: whole forward star of u has been explored return to |
tostepz S TR
STEP t% Reparr;tion Swn Ehgzble Nades esz Izerate
4IIFNOWmemptygoto42
B ELSE transfer aII the nﬂd&s ﬁ‘om




NOW’ tn NOW‘and retum t{) step 2
4.2 IF NEXT 1s empty stop N

ELSE seth=k+1 and recnmpute the threshold valuef_. RO

| sw:h that e mmd, V e NEXT e
and transfer all the nodes i from NEXT to NQW
such that they sansfy di< t and mtum 110 Stﬂp 2

- OIxe of the advantages of chmsmg the threshold value t 1s that znfu*na-"'_ ;'
: twn of the a.rc densxty car 16 mCOTPOi’atEd mto the ﬁlgﬁl‘lthm In thﬁ
_ongmal threshold algenthm (Glover, Glover and Klmgmaﬂ 1984) thﬂf.

_ '_ - :'.mated mmlmum and average dxstance Iabels c«f the nodes currenﬂy m_{-‘_:.
' NEXT. This method ‘though ‘successful is. ra.ther intricate. (Glover, =

| ) -Klmg:nan, Phﬂhps and Schnelder 1985) developed a new me.thod to cal'_'.;_

ulate r based un twa observatmns

1. _'_The perfonnance of the shortest path precedurea seems tca be affem-ed (R
- '_by the axre clensxty of the network Prelﬁmna.ry Testmg (Glover, '.

| Klmgman, Phﬂhps and Schnemier 1985‘ 1 has shown that the are denmy_.:f.j; - . 5
| affectbd the choice of a gond threshold vatue, T he arc densny should N o

__--thus be mcluded m the computauan of the th:eshold vaiue t

oo At the kth 1teratlon uf the algonthm all the d:stancu labels of the_-f_f.{‘
- _;-nodes in the NEXT hst are Iess than that of the prevmus threﬁhaId_-if::_.;_ : e
© value 4,1 It can obthmly be seen that ifa dmtance label of & node
-~ | is greater than that c;f fz 1 1; would have been pl ace d m the NOW’"‘:_ PR

o "I'he Com;ept ufSharpnm B ) 51



-:_::_Ilst :k 15 ﬁ:ms a lnwer bound on the mm:mum dlsta.nce iabel of tlxa'_?-.f"-
R .’nodas that have cumnﬂy hesn Ieft behmd m the NEXT hst Smce 1t§'.

S Q'{_r_.:'ls tzma cnnsummg to Im& thﬂ tme muumum dlstance of mades 111 the
NEXT hst a surrﬁgate mmlmum value fk-—l + 1 18 mtroduccci fnr the'._'_'_" |

_J'iteratxon K The new. h*ur:s*ws value of the h

'be:calculaﬁed as fauows

e r=A‘VG -—cwm—-mm)foos DENSE om whe

o _AVGk = Tma average df,stance labels for nodes in I%FX’I‘ at 1he end-'ﬁ__'_' | ‘*

of each :teratlon k‘m i = IO CR O T

o "MIN;‘ Elther (1) the tfue mmlmum dastance of rmdes m NEXT far.-_'

i k 0L or (n) MINa—t_k 1+lfark 23

. It may ha.ppen that at av temtxmi k there may he nodes m the hst'_’_;:_;s‘. B |
o NEXT that pass the threshold r;ntena_ If this: weru ths casa 1t le.. be
R necessary to f’nd the true value zmmmum dxstanae 1abel of the nades

.__The threshald e value moves towa.rds thea AVG;, value fqr Iow denmty '.;:- o
 networks and the value oi‘ t maves toward the MIN;, value fnr hlghe.* R
_ densuy networks Thm weuid ;mply that thc algorithm dmplays 1abe1  :{ : S
o settmg characterxstws fur more dense netw&rks R



o _';Computammal Cmplemty ~ The complemty of the aiganthm 1s a,na’ jsed

" and proved in the mimwmg Lemmas and 'Ihaerems faund i Glcwer S

J':’_'_']Fc:sr negauve arc Iengths the Threshold G!abai Sbmpness
i _"'.;-;f;:_.:_-nthm has thf: foilawmg meel'f-leS _' i S

e _:';subsequent NEXT set

'_I:._.Klmgnan, Philhps and Schneider (1985)

l After eazh 1tera,txon, all the nﬁdas m NEXT have sharp dlstancei_

;---_:}'_:*labeis naturaily el e

| N 2.At thc start of each 1teratmn, all the nodes m NOW have sharp : :.::_.'_
i .‘:{:_dlstance labels naturauy | o IR

R _9_"."13.'_#5@8'Wifh_:.-'éh#rp'-..-dist?n_j‘-‘«éj'!abél.s_axé_: scanned. .

In order to prova the abcve theorem the follow:lng Iemma :md carﬁilary :
(GiQ‘VBr, Klmgman and Phhllps 1985) IS used A o

| __...;:-'_Lemma 3 C.ansuler NEXT at t.he hegmnmg 0f step .i

| .'._"'i-_r.Assume dgz 0 V i) € 4 and S :

g dm;,, o mm{dg, ] 4 (:jj S NEX’I‘} at the begmnmg Qf stcp 3

| -'_'_-_z{m is then nondecreasmg at each 'iuccesswe lteratmn TR -- .

. _'-.Moreover at this stage a shartest path has been determmed ta e.achﬁ _':
N - _node fin NEXT fnr d, dmm such thax nodes i wﬂl not appear in any' S

'I‘he&uﬂcertofsmwss T T T e



| - Euroi!m‘y Eve!y txme nndes arﬂ* transferred 1“r0m NOW’ t0 NQW anﬁ |
oL ‘are. scanned a shortest paﬂ‘l has been ﬁetermmed f.‘o each nedﬂ 1] S

whosa dlstance Iabel is ﬂ*ze._-:_.;l _ mum of those nodes m N@W‘ Such

__ ncdes wﬂl noi appear m a.ny subsequent set. o

: | Let tk be the thmshald value used at msratm t k;‘By. thﬁ ﬂnd ﬁf the_'___f"'-:"_' .- =
S kth 1teratmn every nade m NEXT wxll ha.ve a correspondmg prude-"-_ E

e cessor node from a prewous N(JW set. Thls weuld be duﬁ ‘to the fact'-f-_.;_::'- -
L '3;."__; :’_._:.'.that all nndes that 1\ave been placed m the NGW set muSt haVc bcen_:_' g S -' '
. -.'__'_.Iess than the threshald value 1 The correspondmg predecessor node":-j-"_ _.
- - : will thus ha,vc a d:stance Iabel such that d; S e Fcrr every node that'_'_-:-:_
B wzli subsequent{y be nnpr@ved 1t must trace: by a predecessor path ta;:'-:f.__-..:_3'_'5-;;5?
o element of the current. NEXT set. By the assamptmn that all arcs:'_' et
_'__-.;_.':are nonnegatwe 1t foIlows that nn nude 1 such that dz < tk can be im- -
B _proved Thls confirms that there IS na node z an element 0f the Cur-i':_';' : S

. '_'-rent NEXT set whose correspandmg predeccssor wﬂl ever be_- _.

G --"'msmm“ Th‘S Wwid lrnply that the distance labels of evel‘y node i
- suchthati & current NEXT set represents the acmal m»-tree, dxstanee, L o
| - }_-ln other words the distance labels of the nﬂdﬂs in the Gurrent NEXT'_; oy

. set are naturaﬂy sharp P:m 1 af the thenrem is thus pl'ﬁved It

v | "_'follaws thus that the nndes m the NOW aet a.t 1t¢rat10n k -i- 1 are alsa - |
_. sharli naturally" T‘us campletes part 2 of the theorem L SRR

'-*:;__'“Par: 3

S '_ The CanceﬂtnI‘Sharpness T T P ST S




'.."-""S-From the coroliaxy of lemma. 3 the*rs an b at:' most.'nw 1 nades
| '--_”'__{-_f;-.._:transferre& from the NGW" tﬂ NOW ancl from NEXT "'a:; NQW.
. Thﬁl’u can bB‘ at *mcvst m a:rcs that c:an be exammd aﬂer-ﬁach,traasfer




11@ 0 ]Laheﬁ semzmg Mg@mfchms (Sh@mtest Fmrsﬂ:_

o Séaa-ch Aﬂgamﬁnm@

it Before the deta:led dlscus:swn of the label settmg algonthms 1t 1s ner,es-

sa,xy 1:0 expand on the dﬂ‘farent ways of 1mp1ementmg Pmnty Queues-{-_’_;_;_:‘

o As has ‘been. prevaously mentmned a prram:y queue or keap (’ihu]a,'-___
L Melhom, Orlm and Tarlan, 1988) 1s a data structuw consmtmg ofaset

of’ nems cach with an assomated real value on Wthh the foﬂnmng oper-:_." a

o auons are posszble

o Insertlon The msertmn of a new element w1th a Predeﬁned value

- mto the pmnty queue or heap

& __*-De:lete Mm The element \\nth the mm.num reai value 13 feund and - ’

. '_:I3deleted from the pmnty queu» or heap

o 'Decreass Replace the key of an 1tem x zn a heap by say A
) __NOTE & must be smaﬂer than the old . ,>f X =

h __The elcments af a pnentv 4&‘&6, the set 0f SE nodes Q can exther he an LR

ordered priorty quens or an unordered priority queue. The d:fference*._" T

| 'between these two quaues 15 crumal t-::r the comple:uty of the algonthm S

7;-"I‘o mamtam a pmnty queue requmas connnuaﬂy pdatxng the thle'-:g"f,';_-'_:'_':_'_‘_ -

| f.'--.mersaungmmuhm{ahnmrsgstSMAngmnhm) ' [ R



_":prmnty queu& when a mdmdual eiﬁ:ﬁem has had it*' vaiue changed or
| ::"""-:-f._"_has been mserted or deieted o IRV

S 1 ISQ c mpt y ? L

i aredo ngmconstanttune

:-_ ___'__-:'ishmtest path algonthms are as fqiloWs&»_' | B

R ;_:*_-'*f'-.Unorderea me- m Tins 13 the srmplﬁst anlemen‘faﬁon "f 2 Pﬂ"fﬁ .
‘L - _":_.0 r:ty que,ue Q When an elennent 1s added 1o thls type Ilst 1t 13 mserted |
L to the head af the hst‘ The cmly type t" aperatxon tha% cam be per««

f_?S’jZThe dtfferent general Implementa' i n"nf‘ pnonty quelms WIIh l‘efei’ﬁﬂ@ﬁ tO LR

form::d (J!Ii Q IS that caf ﬁndmg and removxng the mlmmum valua orf

o _0rderéd Lmked-hst In thxs mnmementatmn of a pr:onty queue Q a j_'_ L

'-_;'-two way Imked Ilst ca.n be used Q is scrted m a mcreamng order of :

7._ -Iabel values The ‘ peratmm that are perfﬂﬁ'ﬂed 011 thxs tPP’-’* Of mz— '-‘ i

N .plementatmu ara to msert an element in its correct Posztmn in Q 01‘.: T

| deIate the mmunum elwﬂment frorn *he head of Q

- LamSemngMguﬁmm {Siluriest E‘irsﬂs Alg i) ) 6?

_.the hst To perfonn thls Gperatwn the Whole of Q must bs: scanﬂed




U Buckeis A hst ef nodes that can be arranged usmg thmr lahels m.m

L a spﬁtzlfic set of ranges where f:ach range defines 2. bucket For. the
| " _""__snnplest c’ase a bucket i contams those ncdes thrt faﬂ mtu the mter-'_.
BE val fr»c,m iw to (1 + l}w wbﬁre. wis t,he w1dth of the bncket e

e _;_":"H@aps ’Let S dennte a set {YI,Yz, }Z}

o ﬁ_W he:re i‘i 1s the key assmczated wzth the :tem k The keys arc hnked _'
:-'___j__tcs ﬁ e 1tems w1th po;nurs The keys are stored at the mdes af tree

T :caﬂed a Heap-ordered 1ree

i ".'_;._:Heap-nrdbred ‘tree A tree that ccntams a se: of 1tems, one 1tem to -

e 'ea"'” “"d"* Thf’ “*3“13 are all”i'ﬂﬂg'ﬁd m heap ord«’r L e
" Heap oréer Fhe parent of a nodo x has a key that 1s no more than_]-.l i RO
o the key in x 1tse1f Intmtm]y the root of the tree. contams an: 1tem:-_- R
: __.-”..'-ofmmunum Key L - T

o AssumeN is §-dﬁd- for _qdnfénieuéé -

__ -'-_.NOTE Ea.ch sub tree of a heap 1s also a heap The rocrt ﬂf the heap

' is thc ﬁrst ncde and has the. smallest key ' DU T

LabelbettmgAlgnuthns {ShnrteetF’rstSeardl Alganthms) ' : - _. 58 T




-:_ﬁ;._f},;w ]1, o @peratmns pen-ﬁ‘m‘med mm Hemps" S

. .."':'_:'__f_'_ff_._'"Insert {1,51) A new. u:em 1 is mserted wath predef ned ke,y mta heap:;.w -

- f_Delete Mm _The xtem ::vf mxmmum ke:_ _' in hcap fz ls feund _returned'_ B
* " and then deleted from A, B L
:___?';'szecrease Fey (vame, i, k) ’I’he key ot‘ ltem ; m heap h ,s decreased"_’:”_:'_':
by va[uea S -
'_":NOTE ’l“he posmbn of 1 xs known and value must be smaller than';f .
L _".,-3."“:'::'_'_,-e__that of‘ the old key ' S o 3 : e

(hi Rapmaentntinn pf e Mnury nuan In an arrnv

: Figure -101 Bmary H'-“"’li‘

RO



| o _‘-hnked hst

"*-'?1@2 Mu fmm Al‘gwstm

o _Z_The ﬁrst algenthm presented 1s the snnplest unp]ementatmn Qf 4 pnorxtyf:‘:_._;_‘:___::_'_}_73'":.'
o 'queue Q It is usua.lly credlted to D:;kstra. althaugh some’ references doi;-?f:f R
S f”credlt it to Mom‘e The algonthm is based on the basm Label settmg ST

! -'property ngen m proposxtmn 1 and unplements Q as n unordered ?

| :-'_The procedure af‘ tl'us alganthm ba.sed on the genera.l algonthm is. as  "

; | Procedure I)ukstra (r)

Bagm

o STEP 1 nt mlxse v e | | S
predecassar ancl dzstance labcls P d are ngen :nmal Values_ SR
Q is lnmahsed as the queue of SE nodes S e

STEP 2 Select and Updare node weooo T
S Q ig scanned and the mm1mum lahel node u o
'_'Lsremovedfromg R
The Forward Star of u is scanned and. updated
For every (u,v) € F.S‘(u) such that - a :
'---d;,+dm.<dy | I
I. '_..dvmdﬂ'l'dm?
= 'p,-—--u §
 IF v ot in g .
"'-TI-IEN vis mserted into Q

STEP 3 Iterare

LabeISr;thngMgorithma{ShortestlfirstSeamh Mgogﬂhm)_ ‘m



L use a twa way Imked llst

IF Q xs nnt ampty TI—IEN goto STEP 2 -
s - iELSE STOP :

o Cﬂmﬂﬁtmﬂﬂ%ﬂl’mty R P R,

o -':Theorem 7

o _._._;nnkstra s a!gonthm has a worst r:ase camplmty of g{nz) fof all dy 5 0

e __."_Inltlallsatlgn All th!} dlstance !abeis gf' thg nodcs al-e -ln!tla-lised: L
| 0(?:) Smce thera are at most n nodes e

-select:on and r&moval of‘ node u In order tO select node " Q must : g . i}

. -hea sea:ched for the node w1th the smallest dmtaﬂce label Smce the S '.
- cardinality of Q is at most 7~ -1 thu order of‘ this procedure is at mostf- R
"-*130-;«1 O{nq--l)sa(m,) R R R

o Insertmg v mto Q T’ha node u 13 Just added ta th¢ hst Q se qa
constant, Jay X0 o L e
| The number of Ia‘bels that are updated At most the forwand star can:' :
o mnszlst ot‘m arcs, thus o= O(m} o L e

 Lab Settingmgmthm(shmmusmmh Algomhws) T |



L *'_3-'__:Number uf 1teratmns of Step 2 Smce by prOpOSlthH 1 that m‘:h

. riods is exammed only once, the algarxthm can 1terate at most o '_

B "';'-_:E_E'-_.tlmes, thllS "* O{H)

R _'_.":'ZM 3 ?‘ise @rdered Pmamy Queme Afgarsﬂzm

: _' - Thls algorlthm is an extensmn of nukstra 5 algomhm where the efficnency - | .
U ef obtalmng thc mmlmum dlstance Iabel from’ Q is. m:lproved by means“'._'_..-f G

:-_3-"of 1mplcmentmg Qasa two way ordemd 11nked~1ist Thﬁ mimmum label__f .. o
s thus always the first element. of Q. To. mse.rt am:l currect an element the ERRT
o ”,prmnty queue need anly be scanned onca B

k -' The pmcadure of this algorltnm based on the general algorlthm 13 as'
"-""foﬂom - B A : e e A e T

" Procede edwsmc) SR
STEP 1 Imtmlise

prcd ssor and d’Stamf' labels P, d &re gwen mxtml valuek
Q is. m1t1ahsed as the queue of SE nodgs ORI

STEP 2 Seiecr and Update ﬂade u

Label Sctting Algorithms {Shnrtest Farst Search Algorlthms) ’ o : o o o



R dl"{"dm*dv

_. '-_'-_:ra = Q(l) and is removed fram Q - | _
f-fl._.The Fnrward Star of uis scanned and up&ated S
. For ﬁvery (u,v) & FS(u) such tnat DR

-.. \¢w@+@ f;@@:;; ;g;_x

IF vnot m Q o I
T THE;N vis mserted mto Q to its pmper pmltion
S e In a plmtlon where it mamtams Q as an mcreasmg

orde md queue B e

STEP 3 Izerare BT

IF Q 1s nnt empty T HEN gm:ce STEP 2 ORISR T R
- An eft“ czent 1mp1ementanon of the queue in the above algaﬂthm 1‘5 in_;f.:
o pse g twu way hnked hﬁ L R -

_.-_Theorems o e L RN T
 The' ardered versmn of Di]kstra. s algarxthm has a worst case camplemy

. .of 0(n xm) V dyaﬁ

Proof

; Lalml Settmg Algonthms (Shortest l‘*‘irstSeﬁmh Ngurm,m} ' _ : 5 K : - .. B




.-_,:._{'_5;.-.__Ininahsatmn All the dlstance labels af the nodg-s are Imtlahsed_:_
O(rz) smce there are at mostnnodes e D

Ny ':-\-_-_'..ﬁ-Selee:tMn and removal of nade u: Smcs Q as mplemented as a pn 3

o i_’ﬁ“‘-_-'fonty queue §] the selccﬂon of m:ade u is constant since the node thh__:'ff-
E j_.:;_-the smallest dlstancc label 1s aIW'\ys m the first pesﬂ;wn q: = gom= T L

S ._ | _stant say x

Inscrtmg v mto Q The node v must be added ta the hst Q m 1tsi?:'"_:__’""_ |
:-correct pns:txon 50 to mamta,m tha nondesreasmg crder of Q Smce- -
L 'f:.:':'_"-:fthe ma:umum cardmahty of Q is nh hencez qz 0(::,) e

B The numbﬁr Of labﬁls that am UPdated At mﬂst fhﬁ farward sta,r can: e
_' ."canmst of m arcs, thus {.‘2 O(m) S -

ke Number of meratlons of Step 2. Smce by proposxtlon i tha.t each_'_-.'-.._-"-_:_i;_':'- "
" 'node is exammed only once, the algonthm can 1terate at most n

o _'_tlmes, thus c; O(n)

e, mplmyfthOdered Dijista slgorithm is thus

- 10 4 foe Z}MJ ( bzzckei‘) Algam}zm

| I‘his algorxthm makes use of buckets tf:r Implement 9 The elemems a.re
B partltloned inta a sequence of buckcts that each have a range thh a, wxdth L - e -
k. Q is. thus partmoned mto buckets each W1th a range such that the-_"'___-f e

MelSeﬁﬁigAlgnmhms{ShnﬂestFimm Algmﬂm} | 3 " e



= _:-:-:'-'-"-';In mder w f"nd thﬁ mge gf all the buckets mgether deﬁne
e dmxwwc%ww}
| Now no dlstance label can ever he greater than_(n -—-..-.'I)dmax SQI "hﬁ" “Ppe"

X -:_.bound of the last bncket must be (rz - I)dmax and the lower bmmd of the"'_:‘
. -_"first bucket must be 0. In ordar to access a, bucket i a vecntur af‘ pomtersz{

. .'-%bucket { contmns all the elements that are.thhm thg‘ __t-k{i -

?'f-sa)’ q is used where the pomter Q‘t Pomts to buckct ; T T

L '--In or&er to remove and scan tne mlmmum node the vector qis scanneciz‘”_ __

and the firs't nan&mpty bucket is found ‘From thls bucket the m:mmum,. - _"{'
R '-_-3“_'element 1s remaved Te msart a new element it xs mseried mto the bucket'if.
o .___'._-'_..';.wn.h the range wtthm that of the new elf:ment | R

A :' :_;:Dlal proposed a shnrtest path aigonthm uszng bucket of size k = i where > )
o dyisan mteger v (z,i) €4, NOTE in thIS ca.se ea.ch bucket wﬁl c;::ntam'- e
- '-:-."'3_node.~s that have tha same Iabel SR _ﬁ.j S T

. :__-The procedure of t!:ns algorxtnm based on the general algonthm 1s asf
Procedure D1al (Bucket) (r)
2 Begm T

STEP 1 Imtmlzse DU e e s R
predecessor and dlstancc label*i p, d ara gwen mztxal vaiues " R
Q 13 mma]megj as, buckats of SE nodes . - :-' SRR SR

. . -. ; | . Lahel Sdﬁng Mg.prm‘ms (Shm Fim chh Nmms} '. : | | . | _. . b .. \- 15 .. ._ | .




STEP 2 Select arzd Upcfare fmde zz R D R

| - Search for the firs 5‘non-emp£y ucket anﬂ remuve.node u fmm-

tlus bucket. fe.u = Buckef()

| _The Forwatd Star of‘ uis scarmed andl updatfd

_For e.very (u,v) € FS(u] such that :
du+duv<dx e L
L IF v e Q thexi v 1s remcvad from 11:s appropma;te' -

: d.,+d,,,, :

| Pv u AT i T T

IR v is mserted mto Q mta Bucket ! such that S

re rmge(Bucket(i)) PR

STEP 3 Iterate
IF ;) 13 not npty THEN goto S" EP 2
' ELSE STOP

o 'An efﬁc:cnt way to 1mplement Dxa.ls Buckets is to use a twu way lmked '
_' hstferﬁachbucket T : ol e

i
1
1.

o _:TheoremQ | L e e T
. -__Dxals Bucket algc:nthm has a worst case complemty uf =
_':0\m+nxdmax)\fdgzo T S R U

':""._Label Scttfng Aigontbms (Shoﬂest l‘irst Search Aigurithms} | _- ?5



stant aay X

. '._'-__'_are mltxahsed g@ . ﬂ(u + dmax)

scanned te f‘md the ﬁrst empty bncket q, 0{dmax)

Thecomplc X.l tyof ﬁlalsBu cket aigonthn* lsth ua : .

= On+dmax+nxdmax+xxm)=Onxdmaxtm)

o M 5 The Bmary Heap Afgawtim

L -f.-._Imtzal1satlon Ail the dxsiance }abﬁls of the nﬁd&ﬁ and the' Vﬁctﬁl‘ q;_'i-

Selectlcm and removal af node u Tt:a select a nnde the vector q s Ay

S ._-'_Inserting ' into Q The node v must be added m the lxst Q m 11:5

T correct bucket Thm opﬂratmn IS dcne in c:onstant ttme gz" = c;m—-

P ”:_.__-The number of Iabels that are updated Ai; most the forward star can R
e '_'-_-_'."conmst ufm arcs, thus c; O(m) | T T T
. N umhel‘ Of 1 teratlﬂns Gf S tﬁp 2 Smce by' pmpas;tmn l tha,t each
T 'nede is exammed only once, the alganﬁun can 1tera.te at m@st n timesf-'.. Lo
e _'_.thuscx 0(!1) | o o BT

| | i -An nnplementauon of the pnonty quaue a,s a bmaxy heap* _The elements__'_ :
ofa bmary heap are stored as: nodes nf a bmary tour ’I’hc iabel of‘ an'_i- e

Laﬁel Setﬁng Algﬂnthms (Shortest F‘m Smﬂ: ﬁ]gumhlns) : .': " _' _ _' 77 ) -:_'::._.:




o : ';element is always smai&r t:r equaI tca that ot’ 1ts chxldrer The mot ::ﬁde"-

R is thus the smallest element of the heap¢ A more deta:.led dlscusmcn of -

| '_ _J-_heaps and buckets 15 presented a httls Iater The camrﬁemty of a:emovmg._:f._

the mmnnum ;abcl element, msertmg a new e.lement and correctnng a la~._'. g
T -"__-:';':"beI 1s Qf the order Iog__' :;_ S R B T

| Tha procedure Qf t?us algc:nthm !msed :m the general a,lgonthm ls as
 : "'_'-':I:.-:"fcllows ' SE Ll e Lo

. Procsurs Heap @mayy@)
e Begm S D e

o 's'][‘EP 1 Imt:alxse

predccessor and distance 1abcls s d a.re gwen rmtmi values

Q is zmtlahsed as the queue nfSE nodes R Tl

S’I‘E]P‘ 2 Selecr and Updare node u o -
o | _u = the root node of the bmary heap oL
T Re-order the heaP S e L
" 'The Forward Star of' uis scmned and updated SRR
- ’ For every (u,v) e FS(u) snch tha,t R
g ?da+dw<dv o
- ¢+@,_

s IF v is not an element of the heap THEN msert v S

i-mto the heap a:nd re~order the heap. o o SR

S’I‘FP‘ 3 Iferate e e e
IF Q 1s not empty THEN gﬁm STEP Z

Luﬁel Settmg Algnrlthm {Shoﬂest I"rst Search Algumhms) _;. s o ._.:: m B o



. : ‘I‘heorem 10

o -ﬁ'@(m X }ogz(ﬂ)) V dy ?- 0 _: .

f.}_.The bmaxy heap algonthm has a wcrst case complex;ty uf »

e Pmﬂf N

_jj:_;_'"Before the proaf ls started 11; is nor.ed that the complextty of reor—.._f.'_'f"f--"_-‘.._'_':_:-'
b dcrmg a bmary heap is 0( lag(n)) (.I Esakov and T W«;ss (1989), Aho,"' o
o | Hopcraft and Ullman (1974), Horowmtz and Sahnl (1“37))Wherc logf _'
-.1s to the base 2 - e e

E Imuahsatmn All the dzstanca labels of the nodes are 1mt1ajxsed:__-7 g

0(n) smce there are at most % nodes

o '_ Selectlon and removal nf node z: Smce Q is 1mplemented i P

. - _- (prmnty queue) the sclectlon of node zc lS f;onsta;nt smce the nOde-_'_;__.ff_‘-'_;'f_

e _'_'_':_wmh the. smallest distance label is alWaY" in- the root Posxtlon. _.
E :However, Wlth thc remeval of thls node the heap must he T@Ordered
o __"-whlch wxll take at must log(n) operatxons q1 o( Iog(n)} SR T

. LaﬁelSthngMgonthm(Shml First Search Algorithms) R : 79 D



" 'I'he amaunt of laheisz- that are updated At most the forward 'star can’

o """_._::ttcrnsxst of P:z'ar;” "":_'fthus a= 0(m} S

s __:_Number of 1tera,ﬁons ef Step 2. Smce hy pprSltIOn I tim each '_
S 'j.".---"'.-_node is’ exammed onI;Y once, _the_ _algar:thm can 1terate at most rz._"? 2
SR -._.thmes, th.us c; G(rt) e I g |

-g“.ﬂm+mxm+mxw S s e
S 4 :___-'.o(rz + nx Iog(n) + m x Iog(n)} O((n + m) log(n)) O(m x log(n))" o




A E m @mﬂ’m-mmﬁ Rs..@nsﬂ:mﬂmtwe :Heaps-*

e "-(Ahula, Mehlhum, OrIm and Tarlan, 3988) Rediﬂrlbutlve heaps explmt_{f'_'é--fif'.._

"_-"'3:.:_-__._-'_-'__'_spemal propertaes of the heap operatmns in b1jkstras afgonthm A re _:_
o .]'*’__-'__'dnstrlbutlve héap xs a coilectxan"' f buckets, ach wﬁh a range that xs an

; " :"The fOHﬁWlﬂg tWG propertxes ar& essentlal in. tha formu{auan c:f Reaxs~ L
. tnbutwe hea,ps (Ahula, Mehlhum, Drhn and Tanan, !988) _

| -. - 2F "" Hﬂdf‘ VEN, such that v%S, xf vertex v is Iabelled the.n
_d(v) (d(s . i) d(x)+ C”there d(x) 18 the mnst recenﬂy Scanned node e

 (ie- successive delete min Qperatxons retum nodes in nondecreaSIIlg-__" coe

'*rder of cost)

 The second. pr_aper;y' is the most important of the two properties” -

- 1 I I The @ne-Level Redzsmbmve Heap Afgawﬁzm

: A Qne-level redlstnbutwe heap zs a collectmn of B =2 Ing(L + I) buckets;

- :_that a.re smcd as follcws



e .?-'Z---sffff#(ﬂ o et ble L LR TR

T{) start Wlth node s is stored m bw ket I As the algomhm pmgresses
i all the labellecl nOdes are stored m tlae buckets Th& node v 1s stt)red m o )

o 'the bucket x ﬂ' d(v) is wathm the ra ,gi..(z‘)

TQ start mth uthe mterval (0 nC + l] 1s partltmned intu the dlfferent_ L "
o ranges of the buckets After the ﬁrst node has been scarmed the bucket
o ranges partxtwn the mterval (dmjn rzC —l 1) where diy, i 1s the maxlmum Iab&l' RREEE

S ef the sc.anned nodes The upper baund of sach but,ket i u(z) 1s 'nam-'__";”' S

o tained, where. the rarge of each buckf-t is ¢ i (ﬁ(i— 1)+ 1. () such that
- u(0) = din — | and. the range i= empty set if uli — 1) % u(z'} Tniti a.lly the

= upper bound u(z) 2*-1 ~1 for lsisB-a- 1 and the HPPer baund of E}-‘ ol

| .u(B) isnC+1- S o

L NQTE A.lthough the ranges of the buckets may vary dunng the exe~_”

: '; cutmn of the a.lgcrxthm the blZBS rematm the sama

o One/Twolew RefisibwiveBesps o



W’lth reference tm the th;ee heap operatmns they are performed as. fol-:'"-___:__.;_.-"

lows. RO L

_ _"Insert ’I‘he va!ues ef bucket i are exa:mned startmg mth ;-= E and
L cantmumg until tha largest ls found m«’.h that u(i) d(v) and node
v ;s mset';.ed mto bucket z+1 e R

A "D;«,érease- 'Kéy ’I‘he key of nade Vis decreased by remavmg v fmmi.f o

o s current bucket. The key ¥ is reduced and is remserted usmg the;_ el
| r.:”;:_-_-'Inserl; operatiﬂn Sl T e

L .-.:nelete Mm Thxs is fhe mOSt complex of th;e three nperat:ons. "I‘he.‘:. PR

RS '-}_'bucket wnh the smailcst index is found, Ir the first bucket is empty'-._.._'_ s

. s L

f"nd the non—empty bucket thh the smallest mdex, lets say it was
- i bucket J. Find ths ;mde u thh srnallest distance Iabel by scanmng this o
S ;bucket, i and delete it fram the buckat “The mmammg nodes ate then' B
o redtstr:buted amnngst buckets nf smaller mdex usmg the follawmg S

. -rules o _ | o

-."u(()) replaced b:i* d(l’)""l SR
Forii’rom ta,; - 1, u(l) repimed b:sr mm {u(t—*- l)+size(f)r u(fJ}’ e

k _'_'.'_The nodcs m buckat j are remﬁved and remsemd usmg the decease_'_.__' - 1.. s
o ._°Peratmn | Tl T e
me the maquahty (1) “‘ follows that f"ri 2 2 by the deIete min ﬂperatmni | |

"e"ﬁ' 1"0‘13 in l-"llcket.f wﬂl move tc- a hucket nf smaller mdex :

OWML mmﬁmmuw Com



- foliews '_

o The pmcedura of thlS algarathm based un the general aigonthm xs as S

S’K‘E]P 1 Imtzalzse T . L
predecessor and dxstance labeis p, d are glven mmal valuas |
Q IS 1mt1ailsed as a heap mf buckets as def‘ ned

STE‘P 2 Select and Updaze node u

Search for the f’zrst non-empty bucket vf th& smallest mdex S W ol

al“fl femb% ode w from- this bucket o -
| IF “the. f'i’rst non«empty bucket is bucicez(lj
o mtum any nude from thls bucket

R _ ELSE scan t.ha bucket and retum the mde mth the smasllest-_:.;_;_. a

” dlstance value

I -The: remammg elemems in the buckets are redmtnbuted f.o buckets
o w1th asma.llar mdex by the rules deﬁned s

: e '_'The, Fcorward Star nfu 1s scanned and S
o updat&d For evezy () eFS{u) such thm: S
'-:Vdu-l—dw«:cip R
IFveQ then v v is remaved from 11:s
_'--_.appmpnate bunket ST
d=dohde
p,mu T T
R v i mserted mw Q mta Bucket z

- _-'---{)neﬂ‘wa Lml P.el:istrhmtwe Heapa



&TEPSIIemte I I P
IF Q 1s nat e.mpty THEN guta STEP 2

ELSE (xe all bucket.s ate non empty) S’I‘OP e

End G e e

o ::__*.The Onﬂ-‘evel radrstrihutwe heap iS 1mp13ment¢d usmg a 'two way lmked

o .hst for each bucket

E ._Theorem 11

- The: Qne—Level Rechsmbutwe heztp alvonthm has a worst case com—

) plexxty of O.m-!- nx log(C}) V dgz O

'._Prbhf o

- Imtnahsatxon All the dxstance labels of tha nocies a.re xmtiahsed wn:h e
‘the buckets qa O(n + B) smce there | are at most n nodes and by de- IR

. 'fmmon of a One-Lwel Redtstributwe heap at most B buckets o

L Selectwn and removal of zmde w's The se:lectmn of node u 1s donef' .
. by ﬁndmg the ﬁrst non~empty hucke,t, and remavmg the node wrth ; -

o the smallest dxstance label. With the remeval of thls nade the re-
| '_"'.'-."malmng nodes in this bucket Will be reshut‘ﬂed to buckets witha
o ':_smaller mdex« _The tune tak:en to cemplete th1s Opﬁ‘atmn Wlll he Of":'{-’-' SR

Onafl'wa»l.,eve! Redlstrihutﬁre Heaps ¥ ' -~ - R 35 -



o arder OCB) since there a.re at mast B - wkets hy def“nnnun af the data S

o '_;I?.:.g"‘:'-Z.fatructure Df thls a]gonthm 5‘3 '?1 OEIUE(CD

L :'__:Insertmg v mta Q The node v must he mserted mta 11:5 wrm{-}:_i
o bucket COntalmng in its' correct range @ could thus be ragarded s

__-*correct bucket range f

o constant, say x if a fumﬂon could m,ap the d1stance label to th&:;_f_

s _. .Explﬁratmsn {lf tbe forward star FS(u) A‘t most the forward star "an-_f"."“‘.:_.-.-.. :-;-. ;

o conszst af m arcs, thtxs c;l O(m}

'“:'.if.._'."Number of 1terations nf' Step 2 Smca by prapasmon 1 that °a°h;:l':.--.'-.".-?:_':ﬁ.: ._
" nodei 1s exammed enly once, the mgom}un can 1terate at most n timBS" AT

"?thus a= 0("3

E _.Tﬁé__".c_o_mpie_xity- _;’:ﬁf_'th_e -'Q;';_é-.-i;gve;_ Redistributive Heap algorithmis

OCQo+q1><m+Qz>< o . R

| '-_N 2 The Two»ﬂm’el Redxsm&mive Heap Algomhm

) One way to fuﬁher opt:mxse the runnmg t:mc of the algonthm m‘nule—:i"- - "
| mentad wnth a une—level redvstnbutm heap 1s tc reduce the numbgrs nf'_';__- o
: remsertmns ot‘ vertlces mtc buckets. The sizes af the buckat are hmxted e

o by the mequa.hty (z), wh:r.:h makes it imposmble tﬂ mcrease the size 0f the o



| _:”"'ﬂsegmems o
B= lfagx(b'-l- 1)] + 1 and thc slzes of the, bucke.ts are defmed as fallows

. buckets to reduce the numbﬁr uf msertmns nf’ nudes Another 1dea, it wfﬁ
dmde the buckets mto equa;I slze-d ssgments L1k» the une»leval redis- ':__j
| | _':_.._.'___'___:trzbuuve heap the twa—level redlstnbunve heap m deﬁne as & collect:on'""'_-E_I_f_'-f-.::_ -
o of bucket but Wlth an added paramgter K whlch mchcates th.c number af

a buckeL The number of buckets 15 gmen

el szze(z) mﬁfinrl | s 1 53 —-1 L A s

| The: range of the bunkets af tha twoﬂlevel redlstnbutwe heaps 13 the same-_'_- PR R

s that of the one-level redlstnbutlve heaps. Where the range of bucket { S
1s [u(z‘ — 1) + lu u(i}l where the mlual upperbounds fur the buckets are as '_ -

u(0) a'mm--land u(B) nC+1

. ju@i%i'zi-zc-e»;]f.far- 1.; sB—-l S

o NOW each bucket iis Pmm"m’d mto K Segmt;nts the sxze af K’ -t Bucket' S
B COIISIStS of a smgle segment The range of the Segn]gnts are defin ed as' ) SRS

o -fouows

u(i k) max {u(zwl), u(z‘) (K k)K‘ ‘}



The ra_nges Qf thc bu@kets ﬂl‘ﬁ mamtalne
_'-:'change and aw wmp“*-ed .&3‘ f°“°WS |

- '_ .{ﬁWhere the segments are mdexed by crdered pa:rs, segment k of' bugket ;
e _.;__.__-zs denoted by (1,1:} ' | R L

T Farxe the mnge of (I,k)thevaluﬁnf k:s computedby the fogmula_ L |

k=K- I(u(i) x)lK““_‘l

o '_-“_"Wlth refe ence m the three heap uperauons they are perfonned a.s fol- :.'--.::ﬁ___:_

: i_ -_ _ﬁ'Insert The values nf buck t i arc exammed staﬂmg w;th z = B untxl."-_;
R :the bucket 1 is located suc‘x that d(v) e the range of (f) The value of" 3__: o

. .’-k xs then computed and v 1s mserted mto the segmvnt \z,k)

- | Becrease Key The kf‘f‘y Chf nodc v 1s decreased by removmg v from : o
. - -zis current buckct 'I‘he key v 1s reduced and v is reinserted usmg the L

___]Delete Mm Thls Operatlon is performed m t.he same way as that i -
 the one-lavel heap, nnly that the nodes nf a sxﬂgle elemem are dxs--" -
R _"'tnbuted U . o .

The precedure of thxs a.lgomhm based on the general algorxthm is as -_.:"_

follows. .

ﬁne{‘l‘wlml Redlstributive !—leaps SRR IR A ST S




T -

e | STEP §s Imrzahse

* the buckets as defined.

S segment from 1ts appmpnate bucket . j_ S

vis mserted mto Q mto 1ts correet Sﬁgment'_ o
o thhm the Bucketz L _- . S
P __Such that v € range(Bucket(zj) L o

Pmcedure "I‘wo-Level Redlstnbutwe Heap (r)

prsdecessor and dxsta.nce iabeIs p,d are gwen mmal values g
Q w mmahsed as 4 heap of bucksts and segment.s mﬂnn ST e '-

S’I’EPZSeIect and tﬂdate nodea B R
Search for the first nnn«cmpty bucket of‘ the smallest mdex, S
now f’ nd ths first numempty segment Wlthm the bucket. The L

S segment is scarmed and the nade u w1th the smallest

dxstanr:e Iabel lb removed fmm the segment o G

o The upperbaunds of ﬂ‘lﬂ buckets are redeﬁned as m the one-level e

Sl heap The remamlng elemcnts m the segment are redistributed to -

3 the correct segments wnhm the buckets Wlth the appropnate range__.'i

| The Farward Star of u 1;5 sc:a.nned and P U I e L
updated For evcry (u,v) g FSgu) such that o 9 SN

e IF p e Q then v is remaved from ltS

du dg.l.dw
. = ¥

I)ne;"l’wn-],evelm m‘s tnbutwe Heaps 39 Lo



B T

__:__'? j.':.:f_The twa—lchls redlstnbunve heap m unplemented usmg an array _'f .ﬂﬂu*
N _.-i_.b1y_ lmked hsts as segments and a two w.ay hnked hst fnr each ‘bucket

B Theorem 12

o - _-'rne Two Level Red:stﬂbutwe heap algontlun has a worst case com_'. :
":._-'_PIGXIfY ﬂff)(m +n><tugk(c))vdgzg B SRR TR

S’I‘EP 3 Iremte (S LTl
IF Q;s not empty' 'HEN goto STEP 2 - e R e T e
L .__..._ELSE (1e alI buckets__are rmn empty) STGP ST

_-.In1t1ahsation AIl the dxstance labels of‘ the nades are mmallsed thh-_. L

. the buckets. o =, O(n + B) since thera are at most. n nc-des apd by de— |
- ﬁmtmn of a Two-l.evel Redlstnbutwe heap a.t most B buckets S

o _Selectmn and removat 01’ node z—: The selectlon of node u is done

by finding the ﬁmt non-empty bucket The nmde wzth the swaJIeSt s o :
.'.dlstance label 1s rcmoved fmm 1ts ﬂpprﬂpnate segm cnt W'th *‘m_- ._ >

L ’-removal of' this. node the remammg nodes in the ssgmem of thm.:_'___;-_- BRI R

'-'bu‘..ket wxll be. reshufﬂed tﬂ Sb‘grnents thh a smaller index. The tlme_
ff'"taken to complete ‘l:hIS Operatmn will be of order O(B) smce there are Con

- ~at most B buckets by defimtwn ef the da.ta structure of thls ﬂuganthm _- |

o anqm Lml Redtsiributwe Heaps g i



B T R T T A T C

. was 0( logk(c:n If the corrct segment s fou... by scanmng ﬂw
e -_."'_segmenta 1n the bucket 1t wmuld take at mnst C’UQ tlme S

R '_consmt of m arcs, thus o= O(m)

L Number of 1terat1m1s of Step 2; Smce by proposmon 1 tha,t each
_node 1s exa.mmed oniy once, the a_lgonthm can .;e,.,ﬂ. at most n_ coe
'tlmes, thus r:; 0(;;) L - T

- The complexlty of the Two-l’..evel Redlstnbutwe Heap aigorztiun 1s-_-__ . S

| 'Q@&-l-_-_ql >.<-"¢i_.:+qz'x o;) D

| 11. 3’ Mrfher zmpmved Redzsmbmve Heﬂp&' e

- ._;'Insertmg v mto Q Ths node v must bﬁ mserted mt.c; 1ts z;orrect e ;'-
o bucket cantammg m xts ccrrect range and then ta zts comct segment _} u

' i _"qa ccwld thus br regarded as constant say x 1f a functma ccmld map '_ _. f_f S
'*r‘_'fi:the distance label to. the correct bucket range and the:n the correct-:‘_:-':.;_
o __';__'-‘j’segment Abuja, Mehlhom, Orlin and Tarjan (1933) set K propor-~
S "-;."_'--_"fuonal to_ Ieg(C)[ mg mg(C) whxch wﬂd make 3 of the orderi’-._

: Exploratmn of the, forward sta.r FS(u) At most tha forward star can' '_ S ' |

The runnmg tlme of the Two-Level red:stnbutwe can be reduced to":..
O(m +nx .Jlog (C))by usmg a, vanant nf F:banaccx heaps, Fl‘edman and . R

B 'Gnn{'l‘wn-i;ml R:(Iislrihntwe Heaps ' o ; - 91




- | '_'11'3;1-_ ]Fnbnuaccx Heaps

- i_'i_._.'Ta.t]an (1987} to f'md nomempty scgments, Ahuja, Melhom, Orhn m

’ -';.'When mampulatmg moted trees in the F-heaps the foﬂamng mvanant;'; o
1s mamtamed mnk(x)m mlogmze(x)) fcr a,ny node x as the mot nf a-__' |

- .';"__qubtree where sxze(x) 1§ the number cf node.r S

; The tune bound per delete mm 1s O( Iog(njj By extendmg F-Heaps ﬂns
| e _-'__'tlme bnund can be rec!uced to a ttme bu nd of 0{ Iag( mm(n,M)) whe;;e": __

| .The foilnwmg 13 basxc dlscussmn m" the szonacm heaps

o '.Heap—ordered tree A tree that contams a set of 1tems, one 1tem to._-_

e _._-'.'each nodea. _The 1tems are arrang¢d in heap Ordf??‘ e

R '_ZHeap m-der The pa.rent af a node x has 2 key that 1s no more than " S

?'_:_ 'the key m x 1t,aeIf Intmtwely thf: rozot of the trae contalns an 1tem': j: .

o ':oi‘ mmlmum key. o

- .:_..I‘mkwg Thlb i mdamental opera.non in heap-orderf. tres L

- Linkirg combmes e d xtem {ixs]omt trees mto one Two trees are. : S

o _ I;nked when the ks_y's of the 1tems of the two r00ts arg g@mp&md Thg -: R

._1tem vnth the smaller key is ;made parent of the other mot o

| '”ran&(x) The numbcr uf chlldren Of a noda x 1s rcgarded as the rank '-

- _;-of X “’I‘he rank of a node does nut have an upper baund



- A Fnhanai:cx Heap {F»Heap} is a caﬂecﬁon Qf m:m—disjomt heap~0rdered
. :.:trEGS Thel‘e- are na constraants on. the number or struc.ture of the trees
e '_ The only constra;mts tha!’ do emst are thnse m the Way the trces__ am ma.-
e ::'_._mpulatbda S -_;:_; R el e o

e | : Insert (' ,h) _’;’_f’A new heap that only cnnta.uis the node; i 1s cre_atcd emd thenf_.____ =
el repiace:s h mth the meld Of 3 and the new one nade hﬁap cuntammg P

= _"?-":i'.___Meld {ki, kz) The roat hsts 0f h; and Jl‘_g are cumbmed ta form a smgle':“_-:-'f':--f-'.'f'
| 3-3__;-'_fhst, The node thh the Ltem nf the smalier kay is retumed as the mml“ L

o mum ncacle

| Dél'ete':Mm The mmxmum node of Iz is daieted to start Wzth The hst af TR,

the chﬂdren of the aeleted nade are naw concatenated thh the foiluwmg f ::':-_
- step R UEP A SR e R L
Lmkmg Step To pelform thls step f‘ ncI two traes w1th the same ran’k : " R
 These two trees are tien linked. The ro0t of the new tree wﬁl have EREERR
| .* a rank one grcater than that nf the two oﬂgmai trees R

- When there are nu ionger any tress thh roots of the same rank' a I1st of - "5': 'j S

o mmn key The node that cnntams thxs key now becomes tha mmlmum .

:_._.Qne;Twn—Level Redsstrihuﬁve Heaps | EERS 93




B 3 :_'gtummg the 1tem i‘rom the mmlmum node whmh xs n@w destroyed

o _'Decrease Key (A, 15 Iz) Wlth thm operatwn A zs ﬂaletsd fmm’ 'the ._key:"of'__.f

. .ﬂﬂdﬂ Of the m‘#’*dlfﬂd heap Deletmn min is complemd by savmg and.r re;i{_ v

z, The node contalnmg : 15 faund Tne edge ]ammg thIS m)de to 1ts parent_':_'-z. R

1s c;ut The nade contammg ils thus the reot uf a new trﬁe of' Ao

T "Delete (1, h} Here the node contaming fis “nund and the edge ;ommg;;_‘i
RN 1t 1o 1ts parent xs cut The hst chlidren of‘ thts nmie (cfantammg f) are __ B
AR concatenated vmh the list of ertgma,l roots. The nnda wntaming i is th“m”i for

._.:destmyeu SRSSEREE I [ T

L _'."Cascadmg Cut After th& hnkmg step when a root x node has beer: madef___-*:

uhﬂd of’ another and the nade x Ioses two of i s ch:lclren thrOugh cuts, e e

- _the edge Jommg X and its parent xs also cut. Node X 1s thns made a new e

""_-j,".root as done m the decrease key Dperatmn Thls type of cuf. ® called a_;' -

R -'cascadmg cut

B } In order tQ kyep track of where to make casca'ﬁmg cuts the nodes are
-marked. When the linking step is used to make a root. node x & child of -
. anot.her nade, the ncde xis unmarked Now when x is cut from its parent o
. the parent node P(x), the rank of p(x) 1s deweased and p(x) 1s checked to- | .
see whether it is a root node. Should it be aroot noda and is unmarked_-_:_
_ '1t is marked If 1t was marked the edge to ns pa.rem s (.ut e

- j;_'ll 3 3 Mathematlcal Pmperties @f Fib@naccx Heaps

- -'The followmg Lemma and Qrmllary explam the derwatmn of and xs thef

- _' source name of the Fﬂmnaccx Hﬁaps



:-:3; 12 2 2 Sparse networks

e -;_ dmded mto -gwe furtuer netwcrks

o '_'-'-'::-_The second type of networks cons*dered, were spilrse nctworks Thxs ty;pe :
R _:_-';:-_of network can vary m densxtv, _Thﬂ sparse natworks generated ::"can be-f:_ f e

. .\_The ﬁrst type of‘ spars& network the grxd nemork has a spemﬁc swucture'"-'_" :
| st the number of ares m a.re detenmned by the nmnber of nodes fz A gnd e
network is. strongly connected Thcre m always a path from any node ;_;-" 5
B to aﬂ}' ﬂﬁde J The second type of sparse network cnnmdered waa the"f_:' o
f'randc}m networks ccmprzsmg randomly: stmctumd arcs connectmg the B
| _.:f.nodes Thls allows one to vary the denszty of the netwurk This type of'f_f_ :
o _network is st.ructured enly in that there exlsts a Mimmal Spannmg Tree__._”_-_-_ S
_ _-'_(MST), although tﬁem is: not alwa.ys a path frcrm .an} ﬂode i 1:0 any node.-_-:--"__-'- R

o The concep’tUa.l st.ructure of a grxd netwnrk 1s 8 rectangulal‘ grld Of nodes: _'::' |
arranged in rows and columns Each node unly bemg ad}acent to the:-'._.__'_
o ‘nodes above, below, to the left aﬂd to the nght °t it. The number °f arcs'_ - -
. are thus determmed by the number of nodes in: the netwcrk The s1ze ﬂf )
Ca grld network can he deﬁned in terms of the he;ght H (the amnunt of . 5
- -:nodes in the, of the columns of the netwo k) and the, vndth W(thﬁ amountf-" |

~of nodes m the rows of the network) The amnunt of nodes are thus n 3 o
- '_'_total (H + WJ a'ad the amount of arcs ar H{W—- l) + WCH ) —
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o -1]1 3 41 Lem‘ma 1
| o :‘_'Let x be any ncde m an FaHeap Let the chﬂdren of x. be manged m\ ':'
~ the order that they were linked to x (ie. Lnnked from earllest to lat.est) e
- --“..._?: ah chﬂd csf x wzll ha.ve a rank ot‘ at Ieast P20
o e o skt o st [ cldon,

B :Befnre the lmkmg both x and y both had the same rank Both hacl"_ SR

o -.'a rank of at le:ast z-? "

'After the llnka me rank of‘ y c.ould ha,ve decreased by a* most one R o

wzthtmt cau mg yto be cut as a ciuld of x.

| 11.3 S C@mﬂlm 1

.”A node of rank k in an. F~Heap has at least ﬂ +a=’°~' ,yk descendents, m,_’-
cludmg 1tself where Fk 13 the kth F:bonaccz number and q& == (l + J- )12'__ A
s thegalden ratio. - S o Do

- | Proof Lﬁt S" b*‘ ﬂ"e minimum Possable number c-f descandants ef a B
- nade of' rank Ia S . | - . .

| It is obmus that 5&“'——" 1 and S‘; o= 2 It xs amphed fmm Iemma 1 that o |
SMZS;+2fork32 o L :

Cgme

- __Qneﬂ%%_ml.md!ﬂ(mujm.ﬂg?m..:. : % el



 Ba =3 -f‘““ 2is Sa*“ﬁed b«‘f the *"b‘mm numbers 3 foﬁows by S
. !ndUGtIOIl Qn k that Skz Fk+2 for ka 0 P}‘+z¢k ls a Wel‘ knﬂwﬁ ‘ne‘_ .. . B ._
quahty 1hat is »xpioreﬂ in (Kmxth Vol 1 19‘?3) R

. Oneﬂ\vq-LmlRedislrihuﬁvellcaps . . | gﬁ _-



- It2 @ C«nmpuamﬂ@mﬂ Amaﬂysas @ﬁ’ ﬁ:ﬂne Aﬂgmﬂms

| "An extenswc cumputer system wa.s wrxtten tn compare the speed nf the--___ . S
o predammant algcmthms tm var:ous networks The system was wrltten for - PR
S - f- _-'."_'_'.-_an IBM compatnble The programmmg language used was turhu Pascal '_ | 3’;1 ]
and was 1mplemented on 2 M:&ms&ft DOS nperatmg system Incorpn?._’_f
o rated mm the svstem was a netWork generator It m possxhla to genarate;- L

| thme type m“ networks o e e

. 1 Compete Netwﬂrks RS AR

Once a network has heen generated 1t can then ba loaded into memary;f e
o and the short.est path f‘rom any start node to any enc‘i nocie (should nne_:" | |

| .'BXISt of course\ with any one of‘ the. algonthms pmposed can be found. - B o
The speed of findmg the shortest path 1s recorded thus makmg it possuble,ﬁ N S '_
tc compare the dlfferent methcds findmg the aame shortest path on the'_----: g
- Same networL The tesung was done '.m a IBM 80386 mmpat1ble ma

.chlne‘. o ' . x TR

| Computationsl Auslysie ofthe Atgorthms gl e

R v AL - sty




| ._.Twelve algonthms, mcludmg fonr dlfferent versxon,s of the threshold al,,_ o

| I 2 1 f’ ize Aigamhms zmpfememmf

. gcrnthm wers 1mplemented The algorithms were splxt mto the sa:rw, two- .

-.catergonse used for the thenreucal analms namely, labeI correcnng and !
label se.ttmg algonthms The ﬁrst two algunthms lmplcmented were the -

Ds,]kstra and the BellmanaFord»Moore (queue) algonthms, smce l;hey are_--"f_

Ll the: fﬁundatmn cf the label settmg and label correcnng alganthms ras_-’-__ ORI

- spectwely

: _;'12 1 1 Labeﬂ Settmg alg(mthms

" I:At Iea.s.t one type of each wel' known a.lgorxthm was 1mp1emented In-':' A
= _cluded in the label settmg algcmthms was a heap algenthm and the Dial
3 bucket algorzthm The bucket algorlthm known to. perform pnoriy with:

I Dxal’ origmal range of 1 to 2 range suied to’ the dmax of a spaczﬁc net-

l‘

a large dimax lncluded a variation of extendmg the bucket range from-j S

- wark. ’l‘he follcwmg Iabel setung algarlthms wer& 1mplemented

| a__ -;__'f'_‘he 'n.:iginax_ Dijkstra and-the-_ordared Dijkstra -atgt;r_i_tl_x_ms R

| Most of the known iabel correctmv methods wete 1mplemented The_'f; .
- threshold alganthm was. 1mp1emented m four. versmns dlffering m the o

Y The hﬂap algﬂnthm (blnary heap used) o

6 .]_:)ia'l’s;ﬁu'ck'ét al_géfiih_zh” ‘.ncluc_ii'hg{ {*ariatibn- of & vari'able_buékef_range.;-f- e

12, 1 2 Lalbeﬂ Can-mcnng Algmnthms

method of calculatmg the thmshald value N When comparmg the s

) threshold algauthm to that of the other alganthm, only the versmn mth_f

_'.commhunalmmyaisafehmtgmthms ST e R e

PE——




. '_-.__the best perfor:;’nance was used ‘I‘hts usua;lly varned between the mcrement

'.__".'._"fand percentagﬂ Versmns The follawmg 1abe1 carrectmg algorlthms Wf:re -_ -_

o _-_."_.'_i'-"nnplemente-d P R

° '--_'rhe D’Esmptﬁ"PaPe algom“m (deq“e)

i _'f:"j_'.".?j*-{:':'._._"5_?3'._'Pa,110ttmo 3 2queue algorlfhm (un"'“e)

e Th@Pﬁrutwnmg Shcsrtest Path algorlthm

o [ he ru mmg txme uf the ﬁqueue algor:thm was found in most nases tn L
| be. vces:y close to that of deque In compmson to the mnmng nme of thel -

- '-_. "__bther algﬂnthms the. runnmg t1me ﬁ:fferenca of the deque and unaue'_-_‘f' o |

S __f':.'algont.hms was not maﬂy notlcaable 'I’he diffezfence b&twcen t.he twa ai - | , i

F gonthms is the computatlonai complemty The computatmnal complexity S

of 2 Nueue is Om % 1) as oppased the complex:ty of deque Ox2).The = =

| L ﬁ.._dlfference in t:ozni:‘lemty dtd however, not mduce an:? Signlﬁcaﬂt dlff“"—“"_".'-';"‘_ B |
y - “ence i in performance of the two algenthms For this reason the running .
::,.: -.'5.11me o f the uneue claoes nmt spwﬁcauy appear cm the gi‘aphs cﬁmpmg-;‘;:
S the runmng times.of all the algorithms. The runnmg time of the dequ&_f e

- ';--Pallattmc: (19&3)

algontlm‘i represents bgth the deque ard 2queue algorithms Smular re ) -
©sults with respect to these two aIgDnthms were pubhshed bY Gailo anci} N

.. compmml MMS nﬂheggomhms i ] -_ ._ 5 L 99 '. -.



s ;‘I? 2 Wae emﬁmtwm gf ﬂze ﬂigamfam
S 'f'The networks used ta evaluate the algonth:ns can be dmded mta twn S

o - '_ 1 Cc’:_;pplgte__ nﬁtworks o T

L ZSPamBnethrks S e

- __’1 he mgmﬁcant dlfference af these networks is that of the netwark denmty -
= The densn‘.y of a network bemg defined as the ratm of number of arcs m-:-._ i
P over the number af nodes n m/n The camputatwnal pe.zformance of the; o
s algonthms 1s evaluat&d by the speed m wmch the shortest path xs fannd .
" The performance of the. algonthms were tested for varying sizes aod
o :;'_'3'danszt1es of networksa _’I‘he perfarmance of the alganthms on. dxfferent'--:
- structured networks is also evaluated, such as a random. sparse netwark A
B 'and a sparse gmA network The results of the computatmnal analyms ca.n | 'f :
o .- '-_then be campared to tha P"olected theorencal cnmrntatmnal worst case_‘ S

_ _'It 1s also xmpurta.nt to note what types of nea.wark are faund in the real L -
o wcrld applmatmns. .Thta major charactemstms are (Gallo and Pallottmu,'- e
R 2 '.T'me tapalogy of t,he netwarke i3 in most casés planar. I: thﬂ netwmk_ )
s ot planar 1t can more. tban hkely he ma.de planar by removmg a o

- 'few arcs

o 3_.;_"'_'I‘he size nf the netwmks are thousands of ncdes and arcs. N _' TR




W
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]
oy
1
:

- '.12 2 l Eampﬂete Networﬂw

. The ﬁrst type af network to be used m the computatlonai evaluatwn of’l- -

: the shartest pa.th alganthms are the cnmplete netwarks Thls netwark,_-_

. ;__although same.what unnatural can be useful in predictmg the trend ;af the - 8
et __algomthm perfonnance mward the more dense networks Prowdeél that:'

o .-'ff'ithﬂi‘e arg po rﬂpeat arcs in the netwcrks, the complete ne,twork is ‘the most"-_"f.' |

| N dense a netwark of a partxcular sxze can bc The denstty 0f acmp}etaj E :
L :_;'--:.'networks gmws exmnentially to the. size of the network (e, m gmws‘f:-.{ S
R ’_exponennally w the sxze af n m complete networks) BRI

AS ﬂxpected fmm the ccmputa,txona! rcsults of‘ Galla and Pallattma e
(1988) and that of Glover, Klingenan aod Phillips (1985) the label setting
L :algamhms dommated the labe! correctmg a.[gonthm wath exwpuon 1o
- : - the threshold a?garnthm see ﬁgure 2.1, The algonthm that perfonned:_'g___-._
| o ::thc: best m ﬁndmg the shortest path t‘or mcrcasmg s1ze¢ of the complete.'_.__._..._'.: _.
o networks was Dial’s bucket algorxthm The parformance of the bucket' L >
algonthm was fotlawed c:losely by the: threshnld aigorithm which was ':_::_ :_ o
followed b;y stkstras aigonthm Next in: Ime was the heap algonthm
‘which, althaugh it parf‘ormed falﬂy well with respect t,o alt the algorithms, -
. _._.was below expectauans thh regard to the pro;ected theoretical worst case i
- -_computatxonal complex:ty ‘Label correcting algontth thh the eXCEp_.I.;:__' |
tion of the threshcld algornthm performed poorly as would be’ expected e
i complete networks. It is mtarestmg to note- that from tha nature of the x
| '._:'threshold algomthm the more dense the network the more 11; perfarms asﬁ__._' - : S
' .label settmg alganthm (see chapter 9, page 59) e

o .':Tha maxlmum number ef ncdes af complete networks tested is 209 Thlﬁ_-f'_ S |
 was due to memory. Timitations of the hardware used. Sxmﬂa.r pmblems
_"_were expenenced by Gallu and Pallottmo ( 1933) ARSI




S ;-ff'_.'The companson of runmng tnnes pmduced by the :mplementaimn of the-_' :
SRR algorithms. for complete networks correlate very closely to that of Galla__ Gl
e _:;":'53:_"'_"and Pallottmn (1988) for most of the algorithms, My erdemd versiow of

o ‘_f“:-';'__'___the Dqkstra algonthm has hawever, a far better runnmg time in’ com—'{_f. "
PR .__pansan to. the. othner algonthms, unhke the perf‘onnance 'of:‘the ordered"__;“ SR

L ;‘--:'_,_}ailgamthm zmplemented by Gal!a and Paliottmo -
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. i__The perfonnance uf the Iabeh setung alguri%hms agam " mmateéi m the.'_'-'
__ 'compntatwnal expemnentatmn, see ﬁgure 12 2 The parfonnanc& of' thezi-}:
-__.'_:'.'_'_.'_threshal& algorlthm "b*eing rather poar althnugh lt does appear 1o Imprwe

a 3'_".:;_-mwa1'ds the end _he_label semng algonthms seemad to perforini equally_'_
B __'___'_-_well Tha best perfo' ' ':"_-mg Iabal m:-mctmg aIgontth '
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- '_-__-12.3 2 2 éparse Rar:dam Netwarks

B T hls type ccf' network 15 the most lmpertant in the pnori tﬁstmg' Tbe;' el

! : -_reasan 1s, sparse randam netwo:ks that \can ba generated ara tha closest B
. to that of mc«st real world networks. Real world netwnrks as mentmnﬂd_' .
o previously are large, planar and usually sparse. With'sparse random net- .
o : '-.-':__.'_.'\’w.'Jﬁ(S une can vary the s:ze and densuy csf the netwvrk Aparl: fram bemg.-_-_'_'“i_}_‘_"'i- : '_:; j
o '_._"m::tre reahstlc it also allccws us to- mmpare 1he performance of different'_' S

N algorithms ’mthm these. two network variants. A large tange of metworks

o with respect ta xlze and densat‘y wera generated. Although sums af the__ﬁ =

| :__netwurks genarated may nnt quxta he regarded as sparse, rm m,n > 30} o '

o ;___"'_wa.s felt they be mcluded for analytlcal purposes. Due to n:ernary con- :"_1 -::3-.' '_ |
5 '_."_stramts the Iarger tha dens:ty of the network the greater the lnmt to- the R
. size of the netwurk g..nerated Netwnrxs wnth a denslty min'=" 60 for e

S -‘-stance, could only be. created to a size nf up 1o 500 nodes. Networks w;th '_ - | -
o oa densxty m/:z =5, on ‘the other hand cou!d hava up to 150(3 ngdes‘ AT

| ..'Smce the networke are generate.d zandnmly it was necessary te take an L

- average of the. algorxthm performanca on several netwarks of‘ the same S

: "_sxze and densxty

: To cnmpa.re the perfnrmance nf‘ tha algonthms on netwwks varyxng only

by increasing swa, netwnrlcs varymg in sm from n= 250 nodes to

ne= 1500 nodes wrth constant densataes varymg from m/n"-“S to”_" o
_‘m/:z s 60 wem genemted and uxplored e L



C 40 fso s [0 |

" The'__foilqwing_'s_e”tg. 6*’:7#1?%?1##%:&.: gqn_erat ed e

| Tﬁﬁié 121 '_Séts-__éf n;ms zé._ﬁfefétﬂdé o

o The above sets nf netwox“x;s allowed for the companson of the. aigonthms - - o
 with zegard to increasing size whi!st keepmg 1he densny constant and m-_.l" R -

- creasing densuy whilst keeping the size constant. It was also passible from”-"- S  '
- the above table of networks generated to cnmpare the effect by m\,reasxngi L

the denshy nf a standard size netwark has on the perfannance f)f' the;_':'_-_ B

. vanous algonthms R
General overview of "thé'pm"mﬂgte-'_' P

As theoretcally expected the label seting algorithins doroinated the label

correcting algorithms with the'ex'cep'tibn' of the threshold algorithin, see___--_f:_ o
- figures 12.3, 12, 4 128, 12:6, 12.7 and 12,8 for the eivect of | mcreasm size, - :
as we.ll as ﬁgures 12,9, 12 10 and 12.11 for tha effect of only mmgasmg_}__f
. the dcnmty cf a spec:ﬁc s:zed netwmk Ths tup three aagaruhms in all L

._cases were the GIovet—Klmgman threshnld algumhm, Dials bucLet algo- o

o ¢°mpmtiannl Annlysis ofﬂmﬂgunthms : R _' - "; lﬂﬁ



nthm and the heap algar:thm In generai tha perfﬂrmanca nf the re i-..: -:'_'i
| " _r'-.jmaxmng label settmg algontlnns, the: I}ljkstra and the ordered Dul stra:‘_{}_f___:
- algomthm follmwd the top thres algnnthms Thg remammg 1 abal St _:.._i_?
e rectmg alganthms, _the queue, deque and partxtlon alg@rithms perfomed__;’_ .- E
the worst. The performance of these three &lgﬁnthms conunua.lly mtet*.f_._';._".:_f_': .
_ | _-changed Tha degue algonthm showed & certam ameunt of unstahxhty; |
__:_-_._.:as its peﬁ‘armance at- nmes :mproved and at ozher nmes dramatncauy.
| . '_.-determrated To further ASSess - and- dlscuss the algomthms they are"_::_'._'- |
. -I'-.El‘ﬁllpecl accordmg to simtlarity of st;ructure and performance The per~_ .
e -formance of‘ the algnrlthms are assessed Wlth reﬂpect to vamng size n d =
e :-I__:'densaty of‘ the network The perfbrmance csf the algorzthm is ccampared_f_: e
e 1o that nf the pmdxcted W{)I‘St case analysxs and o prewgus publ mhed;_ f—
results °f the algOchm 1mprlementatmn S e e

 Dijlstra snd the ordeved Dijlstra Algorithm

 Performance versus theoretical worst case analysis

“The perf‘crmance of these two algonthms wa.s very sumlar, sea ﬁgures 9 -
and 10'in aII the the sparse random networks explored me a\ theoraucal L o

‘point of view the perfarmance of ijkstra 8 algantnm should be snmla.r__._-.“... -
~ to the ordered version far Sparse netwarks The warst case cmmplexnty'._ - RS

of ths Dljkstl‘a algcmthm 1s O(nﬂ) whereas that of the ordered varsxon is :

Olnx m) Considering: that a connected. network ‘would hav» at least S
=1 ares (ie m2% 1) implies that Dl]kstras algﬁnthm has a better_._f_.'. .
worst ca,se ccmplemty thh a sxgmﬁcant mcrease in the densuy of the. i S
.:network than the ardered vemon 'I'hese ccmplemtws alsu lmply that .

""’“"‘F“‘““""** Ws c.nwgmm T O s



| kstra $ algonthm would be affected exponential!y anly by swe where:-"_-:tf
| asihe Qrdered version would be affected expancntlally by size and by the-___._

'number af arcs for 8 hagher dcnsny netwark mfn

E 'Szze : The ﬁrst expenment evaluated the parfonnanw ef the algonthms.;. :_
by mcreasmg the size from networks of n=250 nodes to n=1500 nodes, .

whzle mam‘iammg a low denmty m/n 5 see 1gure 12[ The resuﬁs_: -%_: _.
. ._._showed the ordered algomhm performmg shghtly better than th g Orlgma.j D

'_Dqkstra aigonthm. The second expenmﬁmt explored networks va.rymg m"_-'f_ o e

o "mze frcm n=250 nodes to n= 1250 nodes but w;th a constam: densﬂ:y T

- 'm/n e 10 sew- ﬁgure 122, The results agam shawed the ordered aigonthm;._-f  ;
; perf'onmng better than the arlgmal I)ljkstra. algonthm but by not as a__-:i - o

o larg margm as m the netwarks of a densxt}" m’ﬂ 5

'_Berfsrfy Ta campare the et?ect of & network vatymg only b,Y mcreasmg o
- density on the two- algorlthms Wlth a constant 5IZ$ r: = 250 and mcreasmg'f - N
“density m/n =5 to mfn= 60 were explored. The - expenmental results -' .
showed the ordered algonthm performmg better than ‘the' Dukstra aign-" '
rithm for networks of lower & density. As the density of the networks . S
mcreased theugh, the ardered algonthm performed mcreasmgly worse f: E

than the Dl;kstra aigor:thm‘; See figures IZ 9, 12 10 and 12, IL s

| -C‘bmparisﬁii o other publxshed i'eszdts

The 1esults obtamed {‘rom the cnmputatmnai anaiysns for the Dukstm and__.-_ : : ._ | |
the ordered algorithm with tespect-to the other algorithms are not con-
sistent with those produced by Gallo and Pallottino (1988) or mal,'____ s

- Computatlauamnalysimrthem;ar&hm o S o e 110



- L,lover and Kimgman ( 1979) The resu!ts shaw a much better perf‘orm-f.. :_'
. ance by the. orlgmal Dxlkstra and the t)rdered algonthm with respect to_'_:'.il-__ _5
‘the other algomhms. My :esults tend to Tollow the theorencallyf.}_ R

o '3pr01e¢ted computatmnal worst case complex1ty analysm

| Dlal’s buc:ket alganthm for networks thh a Iow d‘rt % was, as antlclpamd .-
of the best performmg algonthms As expicted thaugh with g ¢ uuhstantxalf”:"_. .' Sl
o mcrease of dmax, the runnmg tm:ae of - Dml’ algonthm :leterioratedf
- 'drastlca,lly To combat this problem it was proposed o mcrease th& range o )
of each bucket fmm the value of 1 to a value re!atwe w dmax. Imple-«f_ S
- mentatlon of this :dea proved to be successful prowded the varymg arc'-i__ |
. iengths were reasonably evenly distnbuted among the arcs It was found"_'_'\ '
. for mstanca that far dmax = 10000 a bucket range of 300 Would produce-_ .

a compeutwe runnmg ume relauve . the faster algcmtlnns R
Perfoemaice versus theovetical worst ca:  malysis

' Thesé two algurxthms were amongst the three best performmg algonthm

in all the sets af nefworks explored. Theonetxcally f’mm th«;r Worst case:_' ._ o

ana.lysxs both algonthms shouid peﬁ‘orm better than any of the other al-

gnnthms The expenments seemed t. prove the theorencal predictmns' -

with the. exceptlon of the threshoid algorxthm whxch in many £ases. beat . | o
both the bucket and heap- alganthms When mmparmg the two- algo- : o o
r1thms theoretxcally the heap algnnthm (Om % Togm)) shauld perfonnf’_'_-:';' .
 vety similarly to the bucket algonthm (O0n + nx dmax)) for very sparsei--_ |
graphs (often in. sparse graphs mis O(»:J Ga’lo ( }986)) and a low dmax E .

: ComputatwnalAualys:sof:hez&lgonthm:a - o '1-__11- :



o ___bucket algonthm Sl

H Fcr a very h:gh dmax the heap algonthm should perfcrm better than th"’ -

- i_' '-effected by mcreasmg the s1ze af a network whﬂst mamtammg a constani:.__ _' —

L _‘_ﬁdensﬁy The bu«kat algorxthm perfanned better than of the heap algo- T
B rithm in. an the tests The perfcrmanca of-..thc bucket aigonthm was hztter
than the hcap algonthm m every. network explared prowdmg dmax was": |
_'-'kept low The dﬂ‘ference in perfnrmanae thc:ugh betweeﬁ the bucket and
the he ap algcrlth ms Wa g negl i Hl a m mm parxs 011 to the other aigonthm :

© . with the. emeptmn of the. threshold algnnthm The. performanca of she
S reshold algnnthm se&mecl 10 ﬂuctuate either. betwcen the heap and R
bucket algctnthms or bettasr than thatt of the huckct a,orithm vmh regard':'._'

 to-increasing the petwork size. The performance of the threshold algo-
- rithm was occasxonally Worse than the heap a1 gomhm When mcreasmg S

' the sme of hngher densnty algonthms

e

| Densxt_y The perfomance of both the heap and bucket algonthms were ;_ ] L
© mnot abnormaliy affected by the increase of density. Both the algonthms R
seemed 0 maxntam a mrtam amount of Stablllty when lnccreasmg the__ I

_dcnsxty of a natwo*k

'Camﬁaﬁsoix‘ {ta '_ot'lxer' pablfshed -mﬁli‘s_ ERRINE

Gaod runnmg times of D1a1*s bucket algonthm ham been l’“bllsh ed by_; : . IR
Gallo and Pallottmo ( 1984), ( 1986) and( 1988) In some P“hhcat:o ns G allo 2
and Pailottxna (1984) I)ml"s bucket algorithm donunated all other algo-_ﬁ:'_ x LR
rithns mcludmg "h@ threshold algonthm, wher as in more recent pubh« . o

"__f:omputaxma:mmurmemmmms 3 '. e por o nz



S Ecatwnss lever: Glﬁver and Klmgman (1984), ﬁimr, Klmgman, Pmmps-:f PR
_ j:_ S and Schnetder (1985) and Gallo and. Pﬁdottino (1983) the mnnmg t:mes--"_'-:'":
;:_af the thrashoid algonthm was batm‘ than the bucket algonﬂ;m Dial, :
5 Glover;: Kamay and Klmgman (lﬁ"?‘a fapnd. some ef the 1abel cnrrectmgf}_:: = Ll
R fﬁalgerzthms, dommatmg Dlals algn"zi."am* The resuits I obtamed correjlate_j BN

the best with the sesults published. by Gallo and Palluttmo (1988). Rez-

8 = 'sons fcr varymg results ccmld be explamcd hy the use of d1fferent hard« S
:-:'_-.-:_".'_:-__ZWa.r and softwa.m Thrcugh mzt the pubhcatmns, Dlal"s algonthm was}.i-_-'-:-l we

o always examined for networks with varying arc Iengths This fastor Playedr-._'.’-.-.':'"..' R
zmpartant role in the evaluatmn of D;al’s algorlthm When using a - -

o _.bucket range uf in a network w1th large. dmax it was diSGOVBI‘E-d that the
R algonthm performed poorly, as fbund it all the pubhshed results As
L 8 ‘mentloned th:s pmbiem was pa.rtly rectlﬁed by allnwmg the user to vary-“__‘ ARTRERIN AN

¥ the S1ze of‘ the bucket range ralatwe to dmax

Ri érfémﬁkz:é ':."3"3’“.;""‘"”.’?t;@&;.ﬂwﬁs ‘: ¢#3é.“mﬁ’55§".. B

' --:The queue, dcque and partltlon aloontth all performed poorly m com~ |

! _.pansan to the. Iabcl settmg a!gonthms When consxdermg the theg r &tlc a.l';'_ .
_-_worst case complemtles Qf these thirge a!gonthms they ate not expecte d
to perfarm as well as most of the Iaber settmg aIgo nthms Prevmusly'f. :
_pubhshed rcsults however md:cate tha; the quene. and deqm alg orlthms  :. :
'perform rala.,wely well in companson to the label settmg algonthms The R

© queue and patition aIgonthms are esscnuaily the same algorithm with -
o shghtly dnfferent data stru¢tures 'Ihe worst ¢ase campiemtws of these"_' .
fwo aloonthms are O(n X m) whxch is the same 2 that of Dukstras or—__f;

B _'Compmaﬁonxl Anal;msofiheﬂgim'ihms  ; : ._ .' o L _- 113 -. o



B _dered verswn. The Worst case cemplexlty Of ﬂw deque algontlnn lS the’
7 worst of ali the alganthms belng O(nx 2“) 'I'hess three algonthms are RSO

) f_-axpected to perfort at least as bad as the ordered version of Dijkstra’s

B _"::«case complexltles are of‘ the order of both m: and nv P A

R Szze The Queue, deque and partltton"a.lgonthms perfomlcd Pﬁ*@ﬂy Wlth f
o n rcspect 0 mcreasing the- IletWOI‘k size: Thﬂ runmng times Of these threa__:’f'.-
i methods seemed tc: escalate when the SIZB of the networks was mcreased,:i 5

The tlmBS also seemed to be 'somewhat unstable _Th** runmng time of

) work s:zm _W"th the Iower dﬁns:ty netwc-rks the queue algonthm per.__':__'-' S

'_ _ -_: algonthm The queue and pamtmn algoritnm should be effected by bath R
e s:ze n anci the denmty m}rz for hlgh densﬁy netwarks as then' warst-'--\:{f

. each algonthm, at tlmes bemg effected very differcntly Hy dnﬁerent net- L

o formed the worst out of the three wnth respect to mcreasmg sxze‘ II:equc' e

perforrned the best m the 10wer dens'ty networks w1th respect to mcreas» B

ing the. network s;ze only IncreaSmg the s:ze e the h1gher densrty net~“ e

'-works seemed to eftect deque the worst, ‘I’he queue and partxtnon? S T
'algonthm had smli"lar performance, the partltmn performmg better in the: ) |
h‘gher d"m"‘y networks The deque was. the most unstable. of. the threP* Sl

. aigomhms producmg erratlc resuits at ttmeu.

Densxt;p  The perf‘ormanoe of the queue, deque and partrtxon algonthms e

was raiher unstable mth resiacct tn densny changes of netwm 5 makmg oo

-1t dxfﬁcult to comment on’ tha var:snng densmes Tne effect of densny-_‘f‘ . S
'change was sxmﬂar mth the queue and part:tnon algonthms, whlch al o o

- though somewhat unstable became mcreasmgly worse as the densxty m?f"__ EARRE

creased The perfbrmance of deqaa became mcreasmgly worse and mom
--_unstableasthedensxtymareased L e e SR

“ .7-:Cﬂmvufmﬂmrmﬂhmwm - o me



R ._"Most af the pubhshed results showed 1hat the IabeI cotrectmg Mgomhms,*-fﬂ:;

: "-'_*;-::-'...'_Wlthm Partlcular quene and deﬁ?lue perfonmng wmpetmvaly against label SR DR

s correctlng alganthms such as the' Dl;kstra, ordered, haap and scmetnnesf__r ::_".-ff'
U Dial’s bucket algoritinn Gana and Panmtme (1933) Diai Glover,

o Kamey and Klmgman ( 19?9), Glc:ver, Glover, I{lmgman (1984} Tha
Lo :_-_{--_-1mp1ementatmn and expemnents af t.hese algcnthms dnd not hawever rew"_':

E _'_f.'-'";_':_:..corretstmg a.lgomhms with the exceptwn of the threshold alganthm T |

- F .H. ) m& . Ghﬂelder ( * 985} guggast re-evaluatmg'thﬁ_:_- '

L threshaid vaIue ¢ by.mareiy' mcremennng th# prevmus thmshﬂid Yﬂiﬂﬁ {ﬁﬂé :
L 'sectton g 3, page 59 The mmal threshold value m stxl! evaluated_} o

L '- heurlstmally from the data_ m the NEXT lzst as well a;s the densxty of the_f-’.'_ g

| ,netwo*k Thxs appmach was mplememad wlth a_n_ addxtm«...l cxtem,mn.
L of allowmg the user ta m:tf.xally eitter the sice of the 1ncrement The 1dea--'_'- . 3
U of usmg an mcrement of the prev:mxs threshold value was. further develw T

) | oped, to mc:temant the thresl* old by a percantage of the prewous thresh— :.3' o
L '-'_old value The percentag to be uSed ls mlt:ally entered by the user

At 'the 1terat10n k the new threshold value tg,,. '_ would be L _ - L
a rk_.i + (1;,,.1 X PTGE), where PTGE isa percentage mmally entered by the_-'-l_ ol
Coomsers . oo | PR R

:'ﬁThe rca.san for tne thrcshold algonthm extensmns is as follows It bew S

L came obvmus when usmg an mcrement of 1 ta upda.te the threshold : R

o _"Cumpumﬂanalmmysis oftha A[goruhms “5




S .-_Valuﬁg & suggested by Glover, Kiingman, Phnlhps and Schne:der ( 1935)-'

= : ;:_thc larger a’max was the ionger the runnmg t:me cd‘ the alg..utmn Inn
S cluded thh the pmlonged runnng tlme was the mcrease m the number L AU

e -_;Inetwnrk It became ewdent that the .slze of the mcmment shuuld be rel- -

. Is, mav lbe fmtumv& that as the shortest path 1s faund f‘rom node to node_._f_:_'_--__.

of tlmes that the thm}"ﬂd Valuﬂ Was re«evaiuated whﬂst explormg the{..._'- S

” .f‘:ﬁ_;_'.atr to dmax prov:ded the vanatwn of dmax _'1s reasonably evenly d1s-'_"'-‘;_' e
T '_'_':i_f'tnbuted The mer 1s thus allowed to enter mze o' ‘Lhe threshold mcrement R

. ;  - w:th a near label sei.tmg aigomhm such as that of the ihreshold algq—
i __'_3_.::'.:_nthm, and provxded that ine arc length is reasona.bly Weﬂly dmﬂh““’d L

Cin the’ gwen network the !ength of the shortest path grows. as an ap- s
L ___:'pmxmate Pﬂfcentage Gf ltself Takmg thls ldea mtt) a,cct;ant, x!: was pm. g L
= posed to mcrement the ﬂmreshold value as a pementage of ztcelf ’I‘hxs

- | _.z-appmach was. 1mplemente:d w:th surpmsingiy gmd nesults f'm- la.rger net-_{_*_;_'_.'

- W’Drks thhamgher densn.y I
o In general wﬂh partmular reference ta the more SPa!‘S& Iarger ﬁ“a““kas the._'_' o
algonthm usmg a ﬁxed sxzc mcrsment appea.red to’ dnmlnate :.."ze utherz-_-_ L

_ B threshnld algonthms 'I'he runmng txme of this algonihm was used to B
- .  represent the thresh sld algonthms m comparnson t(} the cher algonthmg

_-._It was found usmg a standard dmax of 20 a,nd mcrement value of 3 ga Ve__-._: :..

o lhe best results. =

. The thearencal worst case complexnty of the threshold algonthm_'_'-'_:-_.f:."_;
| -._..3_(0(m xm) i the second worst of all the. algorxthms analysed Published
- resuizs Glover, Klmgman, Phlll:ps and Schnezdar {1935) and Gallo and
. Pallottino (1988) of the threshold algonthm indicate that it is one of the S
= __.__'_fastest algonthms unplcmented to date Tha pfsrfamr:am‘"‘J Of the thresh- o _::_'::.;.; .

o C“"“""‘“‘"’"“‘ “‘""”‘“*' “‘° *’*'E"m'*ms e e



) : :' E "":-fold algonthm was analysed wuh the mast mterast Qf aiI tﬁe alger:thms.
In mast af tha ra.ndam sparsa netwerks explared the threshald algenthm;__ ¢
S -’ff_"-'fperfcumed better than the nther algo”"th:ms* el

L e s oo pertor

. _ : ﬁ_crea.smg size was poss:bly ﬁ'xe bes't uf aii ﬁw a.lgonthms 'I‘he runnmg time: x

o . '-::"ff:-_'of the threshnlrj algcmthm seemed

| : __"_'-the bucket algarlthm in m st Of the natwarks expiared tha ‘threshuld ai-
o i ____f'_:’gﬂrxthm beat tha buekst algur!t}%m as" tha sxze 0f the network mcreased__:

R :'whxlst ‘keepmg the dansxty mnstant S T R T

omanr.w ot‘ the threshof& aigarxthm w:th mgard tﬁ';.nfm

_ﬁccaswnalkr ﬂuctua?{: with that uf-f*

g ﬂm@ Ther ﬂ’xreshold algorithm setemed nelaﬂvely unaﬁected-_. the
SR mcreasmg densny Of the networks expmre_c_l & It dzd not: however performf_’f‘._f S

. as well m. larger netwurks wath a. gh d#nsity, see figures 12 3 and 124 :

i .f-:"I‘he only pubhcaunn that presents poor result«: ef the threshold algonthm '_ RS

I 3 Gallo and Pal!ottmo (1984) Results pnbl:ahcd hy Galia and Pailettmo_;;‘- RS

_. : '_'_1_(1988} seemed m rectify the perfarmance of the threshold algnnthm All'_:'-”---

. publlcatlons men}wnﬁd agrea that the threshﬂld argorathm is one of thg."_ g Ny

"-’best performmg iilgOHMS The I‘esults c:btamed correlate the: mast wnth ! ' S
| o __tho.se pubhshed by Gallo and Pallottmo (1988), Whmh althaugh shcw ai'_ o

x5 good perf’annance by the thl‘ﬂShOld algonthm, do not show the threshold S -

| _"algﬂrlthm as: gaod a algonthm as shown by Glover Giover and Khrlgmaufﬂ B

| '_:(1984) and Glaver, mmgmn, Phxlhps and Schnelder (1985)
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o ‘:Thﬁ Pﬁfpose Qf this reseamh rcport Was to survey tt ‘most recert state~
of—the -art shortest pa.th algonthms from both a fhﬁur&,ma. amd a com~ '

putational point of view. This type of survey has been long and published
R .._-by Dial, Glover, Kamey and Klmgman (}979} and Galio and Palletnno} .

'_.(1984)3 (1986} and (1988”* The aim of this survey was to rc-expiore the:

| '-prumm.ent methods thh theu* latest extenswns and to venfy pnamousi'.:{' Tl

| To conclude the survey, the user is bmught tcn mmd, as 1t ls he/she who e

o have to choose the aigonthm to expigrs the ne twark(S) w:th Wthh they'

- a_re ccnfronted The survey has analysed the promem in. tWo ways, .
o ame.ly thwretlcally (prmn analysm) and computatwnally (POSt,er: on'_ R
analYmS) AT R e TP

| _ Thﬁ ﬂd‘fﬂl‘lt&gﬂ of a theoretxcal analysxs ls that 1t is software and hardwa.re-;" .
_ mdependent Theurenca,lly the label settmg algonthms se em o be far _.

~ superior. “The bucket and heap algonthms ate caf a linear wder for 1Qw_-"ff
' ’-'denfsity, sparse netwarks (m << nﬁ and usuauy m O(n)) Where: as all the L
- label correctmg a!gonthms are at least of an expanentxal order The User'_" ]
- .may be tcmpted tcn rule aut the Iabel correenng ﬁlgonthms ﬂltogether._; o
| "'-_However since usmg wmst case computatnonal ana.Iys:s to Judge the per- - o

. 'formance of an algonthm may be mlsleading, wa tum to the expenmental_' o

o __'-appmach cf computatmnal anab—ses

T Conciusion e T S m



-The dxsadvantage of computatxonal analysxs is that 1t is soﬁwarc an
E hardware dependent The apphcatwn and anvzronmant usﬂﬁl t6 Cﬁdﬂ_ﬂnd
g -_ ..:.:._.._._'f'_'_'_-"_”"_scxlve the probiem méxy to some degree Iumt thé users chmce “The com-
S '_'-:_:'_"'putatmnal results af t.hxs survey, at tmm, do not cnrrsiats thh prevm,.

felt is the dxfferem software and hardwa.re used Takmg th;s factn'

o :'f_ account, these results, wgether thh mast af the pubhshﬂd results, f‘ound:'_:._i__._'_-_ ot L
PR '_'-"that the threshold a.lgonthm was the. nniy algcmthm umversally fﬁVOﬁfgd S e

RN Tmmcaliy tl:us a!got:thm has ane of the worst computatlonal complemxas . :

- e Fr&m the results of the computatxonal analyvﬁs the bucket algc:rxthm and - |
; o the threshold algonthm seem tq be on a par It Was found ﬁhat both aJ--}i,- '_'irj__;
gnrlthms may suFFer i there are few arcs w1th a iarge dmax unev,eniy:
o "::_':-':-_'-ﬁ-_dmtrlbuted w;thm the network 'I‘he heap aigorithm may bea goad stable ) o
o " choice Fx aithough it may not have beﬂn the best performer, it was cnn--' N
o - sistent and its running time. seemed to be most certainly thhm reach of B
- “the thrsshold and bucket annnthm‘ The: heap algonthm is rmt aff‘ectgd:--;'."f:-_-'-___":”'
L -:'by any abnarmal Iarge a,rc 1engths The heap algcnthm has the hest:."_f

S camputatmnal ccamplexﬁy

o g f"’f'he pmmmence dxspiayad by the th:‘eshold algonthm shauld rénder it tn_"-"- | '_ e _
o further study and refinemen& A further possihlhty isto combme the. morei} SR

promment label correctmg alggnthmsl the buckct an d heap algnr1thms_:._.-_"__:.-_ ._
. ._._.__-_.-with the threshnld algonthm Thzs may done by makmg NEXT a pnonty P

S concll!ﬂ‘)“ F - - .' | . N !29 . ..
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