
CHAPTER 12, 1'118 OJ>BR1'1'WNJL nnunontv 25(5

functiou u ,,;; 11\.1',1/) ('1111 1w rl'JlI'(,~l'l1(p(l <Iii

'/'''11(.", ll) ,..."i'T ]Jr'", (1:!,li7)

whrn- jj ii'l HOW a uuurix of unknowns. a1ll1 1'(.1'). dll) aru Ch(lhy"lu'v bmH'H with
l'('HPl'!'i to .,' nll<llIl'l'~;I>('('ti\'{'I,\'.

Op('mtnt':; for !II!' ro-ordinuto diroctious .r Hilt! .'1 lIOW 111'<'-and pm-;I-mllltiply
onto th(' IIIlIWOWII (,(ll'!!id('l1t~: fill' instunr« t!H' mixed dr-rivntivo i-/:!IT! (lilP1'i\(illg
on It IH'('OlIl(,S, in Ilu' C'hebvshov hm;is,

iJ2 T ..'J' -r ,
--"--11 ~:>".,/ JJI/1'"U,"i}lI ,r ./

( 12,!iH)

Fo1' allY given dHl'I'l'('ulinl oquatiuu ..111Ll~ '" {\ (h(' hOllll<lal',Y cOllcli!illllH aro
aumnout«] for ," hy t'hiftillg IIn- l'C'I'Hlitiug oporator luall'i<'('s AI and (' ,\0\\'11 a
11111111)(' of 1'1lWH, IIIHI for ,1/ by ~hil'till!!. ..12 tuul (~ OWl' hy a 11IlIIlIH'\' of column«.
A ('llIIllkt ariSl'l' at till' top Ipft remer (It' Ihi' mnt rlx (:, whore IhI' ('(lIHlHiuUH

'illll'l'rl'l'(" with (l1H' unothor, Tho upsho: of this h! that Dub' roullv shupl« roncli-
tiOllH cau bo H('('Ollllllodllt(',\ with 1'lll;I'i fur lustauco, veloelty evcrywhuro around
(.Ill' porhnetor Z('l'O (,IIU II(' .uvonuuodntrrl, hut allY 1ll1l1'P('olllplkatl'll condiriou«
causo It problem.

This problem ()('('nl'H primarily hc'('ansl' tho hOlulIlal'Y ('OIlstl'aiutl-l ill IIII' (~11l'h:v.
shov basis eoutom all tho expansion c'oPlIil'il'lItH, 'I'ItI' rollocatlou 1\]l)'l'Oltdl Oil
till' ntllt'l' hand simply IIHHl'l'lH tll(l rolovuut hOllll(lal'~' ('01IIli t 1011 !\t t hI' 1'1'l'l)('('tiv('
uorlo (lik« II liuit('·(lill'l'l'C'1H'I' uppronch), with (hI' l'('~l1lt t hnt 110 ('olllimtihility
('OUllictH urlso,

12.9 SUll1l1UU'Y

This rhuptvr hns hoon 1'0111'1'1'111'11 wit h dl'vdopiu1\ till' tOO\H and hask lll'inl'iplI'H
(hat will 1)(1lH'(llit'd \(1 ap}ll~' I hI' 1lI)lll'aliull'll apjll'oll('h to IIII' Pl'Oh\('IIIH ol' Ilukl
uu-chunies, A llmltutlon or tho stninlnnl uporul iuunl-Tnu mothorl was l'I'111O\'l'cl,

!\ll()will~~ureurato solutlm; to hI' c'l\l'l'il'd out at hil~h o1'dl'l'H of solution. '1'11('
cnllurntinu Il11Pl'oal'i1 waH abo ..1111\\,11to Ill' untfunnlv IIllt\Pl'Hiuudahll' unrlor IhI'
oll1'l'alilllll\llll('t1w(lol()I'.~·' '1'11(' III',,! II11'itllS of Ch'H('l'iptiOIl (II it Pl'illl'ip1c- b I1Hllally
hy lllnsrratlou, uml III !!Iis oud, proper vxplnuutiuu of tho 1I11'tilO<1'Huppllrntiuu
11I1'l'ai problem» is 1',iVt'lIill till' Iollowinn chuptor, h~' llH'alll' of t'xaulpic'!' !Il'l'lilu'llt
to t Ill' Htlld~',
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Usiuf.\ rolution« (12,n:3) and (12,(; 1), unv mat rix OPI'l'atOI' (for «xmnplo I)) ill I hI'
Chobvsliov hasis run Ill' tr.msfonu«! via a similarity trausforuuuiou iuto tli!'
L;'gl'all[.~1' basis as

.iz.us )

Thus tho nporntor D gh'C'll ill algorit hill 12.'7 nIH)VI' run \l(' ult ornntivclv 1',l'lIl'l' ..
atl'(l h.v tl',lll:4f'Ol'llIitll~ til(' dilleroutlution iuntrix /) into thl' phvsirul domnln: that
is J) run Ill' 1'1'<]l'lilH'd as

D ('1)(' I (12.(i(i)

1,'1l<'silllilarity t.l'auKforlll (12.00) i~;well h!'!mVl'd numerically, ill that hot h (' and
C l a1'(, ('xplidtly dorivabl«, and aro hntl. well conditioned. Thus 111('problem
with tho similarity trausfonu nppnn-ut ill tlu' Tall IlI!'tllOcl i;; lUll Ill'I'H!'li I 1\(,1'1',

Ou!' Iundnmoutul llili'I'1'('lH'(' il!'tw('('11 til(' J.agl'ltlllW nurl CllI'hyslll'v has('s cou-
('('l'lls their holuwiou; as 111(,11'nnlor j:.; l':o:tl'lI(1<'(1. Wit h hot It :4YHtt'1l1H. I III' hilHiH Ii

nr 1/; ourh span til(' spa('(' of polvuoiulnls n., Furthcnnor«, tho !l'lIlH'all'(llHIHNI
I'N aIHI J' ouch :4jHtllH tlH' HJHU'(' of pulvnomiuls lIN of order Il'sH than or oquul 10
N. IIow<,VI' 1', in till' ('1\;;(1 or tl1<' ('h,,]JyslH'v hasis I" ouch l'('stl'i<'ll'(1 Imi,is vor-tor
I'N ..-k ill ('Olllpit'tply coutuined by its hi~~I!('l'onlor haHl's, This iH ill ('Olltl'OISI to
111('T,ngl'tlul';(' :W:<t('IlI: hero oueh l'PHtril'tl'c1 has is I}'N is uuiquo aurl 1I0! n('(('HSar-
ily contalned within the lul'f.\Pl' 1>aH(I:<, III othor word», Ior ouch order N. 111<'\'('
iH It unique hasis vector ~;N of Lagrltllp;p polynomlals thut HjHU1:4 till' s11m'!' ]IN
of polynomials in au opthnum way. TI11IH, unlike tlu: (,Iwh,vhlll'v H,VHtNll, Ill('
oporntors ill tho Laf,!;t'llU!);l' haHls at it eortaln (ll'l1<'l' an' uo! silllply th<' trunratiou
of l\1l iulinito S~'Ht('lU, hilt IIllh,t, \)(' W'IH'rate'll ('xpliC'i! lv fill' II ('('1'1aln N, For it

Imrti(,lIiar N, Ihis l't'Hl1ltK ill tlll' projection luall'1r'ps (' awl (" I lH'iuf.\ uuiqu«
und not shuplv 11rhnsou truneutlou or lnllnit« Illnt,'1('('s, Thill 1'I'Htridioll 0(' tIll'
Lngrnuf.\o lH1HiH(l(lliIlPH til!' lnndumoutul dilJ'P\'('lirt' \)(>1\\'('(111 th« collorntlou mul
Tan lIlC'lho(h~,

12.8.0 Advantages of the collocation method

Th« lllajor ronsou ror lll'pfl't't'illg t h(' cullorutiou method (1\'('1' it 'Iuu upprourh for
tllC' nxiul (IiS('I'fl(iHalioll \\'n~ ilH ('asp of luuulliug tIl<' iniP! bOll' 'lal'Y rmulltiuns,
Whilo ono-dtmonslounl Tan approiwlH'H roudllv uduiit unusnul bouurlurv values.
tlu-lr two-dimonsloual ('Ollllll'l'llnl't H uro ;l(lwl'pb' 1'pHtrkh·d ill this l'pgHnl.

To lllnstrat P this, ('()lI"i<ll'r a two-dimenslouul Tan npprruu-h. II!'I'I' (1\(' unkuowns
form it matrix of ('o('fIiC'ipllIs, and t h(' two i'ipb, of llHHi" \'('('IOl'S (uno fill' ourh ('00

ordinut« <lh'pc'lionl pro- uud post-multiplv nntu t hp!,!, ('Oplli('j('llts Thai iH, tilt'
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Uj(,I') ~> (,I' _. ,1'n)(,I' ~ ,'~il"'(,I' .• ,I'; d(,,' .I'it J) .. ,

'" (.I'~",I'N· ~)(,,' ••, ,I'N I)' ( 12,!'i!l)

'1'11('1'(' fllllctiolls cnn 1)(, d<'lilu'(1 (0 ('Ol'!'t'sptlutl to anr Hl't of rollorurion nmlvs,
Ilowovor, it iH shown by Fox 1\' Parker (1!lUH) that ill 01'111'1' to miuhnls« tilt'
mnxlnnun value of !Hi(.!')!, thl'st' lIodt's should bll tukcn as tho Zl'l'OI'S of (li('

C1H'hyslH'v polvnomlal 'f", t I • till' u;)(lt'H of muxhuum (!uat!ratlll't' as Ilt'lilU'l1 by
oquatiou (12,51i), Til otitl'l' wnrd», till' ('orrl'!'( dwiPl' Ill' grit I ('lIf01'('I'H minlmax
bohaviour Oil Ihl' LagrallA(' polvnouilnls, uiul will produco nniforur ('OU\'Pl'l.\l'!H ('
of t11(1solution with ill('l'l'a)oli1l1\ N, hi Iuct all lnnpproprinto dwicl' of 1J()(11'1'l (Iur
lnstunre ('(llli'HIHlI'('(j) ruu vusur« (hat 1Ilt' ill('l'polatill!~ 1'1'1'I('s (1m'S unt ('1lI1V('1'g('

at allIn, Usill~~ til(' Lap,rtlug(' ]1Il:.,iH , lit(' Iunrtlou II run 1)(' It'jll'l':.iPlltl'(1 ill Iho
physh-nl domnln as

(12,GO)

1/; c::: [iIo III '" iI,\' 2 fIN t]1'. (l2.!i1 )

whoto fIi iH tho flit L!\!~l'nnp;<'polviromiul, ('Ol'l'(,Sl)[llHlilll~ 10 1IH' It1l collorntiou
11()(1l',I'll nnd uorruallsod such t hnt !jI1(,I'1l1 1i

(1:.!,(j2)

Equariou (12./'i7) (j('lilll's it clh'('d 1ll!ll>Pillg 1>('1\\'1'('11 tilt' ('Ol'llil'it'lli. voctor ill til(>
Tau Hj'Hi(,lIl IIlLd tlll' wdol' ill tit" l>lt~'Hkl\l (LI\~\raIlI\P) IH\HiH, Illllll(ltiiall'ly obvi-
O1IS is It <lit'N't IItllllon,\' IH'lw(,l'li IIll' mutrlx C f awl (h(· t t'!lllslill'luat.ioll Ilmtl'ix t·
from tilt, oporatlnnul-Tau uiothorl IS!'(' t'il'l'l inn 12,7]. ill that 1h('~'hot It priuuu'ily
(!diut' It llUlJlJlhl~\ botwoon two pulyumniul hll;;l'i'l, Thus IIll' funerkm II (',Ill hI'
dollnod t'llllivall'lltly ill bot h t h(' C'!U'hYNhl'v unrl LlIgl'all[\(' hnsl'l'I n~

(12,0:1)

By til(1 HlIhstitntioll of 111(' rolatinn (l:.!.liiJ into tho ahovo (,([\11\lity. u relatlou
bvtwoon tilt' hai'i('H cnn h(' illl'('l'l'('(1; this rvlutiou iH

(12,(H)

phl'lhllUI'1l01l will hallllll'r anv nttvmpt tn ilkI' a high t1l'1h'r tlifr('I'l'utiatioll m.urix ill II
liuitPo(lif['I'I'('IIl'1' H,';Ii!t'1l1with l'qni·~llIU'Ptl U!lllt·~, lu-ruus« of hwtllhilil~',
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For (Itt' CII,\bYi'<lll'v pclvuomial« of till' ~:!'I'()IHIkind, ovnluun«! at t lu- (;al1~i'i'
Lobatto points, tit!' IIUi'('l'Plltiatioll matrix hi giwu hy alt'.uril hill (1~. 7) f lin 1 t;ll·
!OWI4.

:for () 1: N 1 {
.I'l "I)H(il' '" ll(S 1))
if (l () or I .\' 1) { , I :Z} 0100 {q I}
:for j (): N = J {

,1',1 ,"0 ('mi(;'I' '" .iI(,\' 1) 1
if U 0 or j N 1) {/'./ :Z} 0100 {I',1 I}
if (l i.il {

1',/./ ._, (q/l'J I,..(("'1)1 t '/(.l'! .1'1))
olooif (I .i.; j and 1 0) {

1'./.1 =; (2", (N l)i 1· 1)/1;
olooif (l j and I N 11

1',101 (2)1i(N 1)2·lll/ti
0100 {I'/.I ""'.,/12;; (1 " "'.1))

}
1),;,,'2]).

It il'l lll'iuml'ily til!' Hl.l'lI!'III\(\ of nIP oporator D tluu di ...lin(\lIiHh('H Ih(' 1I".1!<lll

from it I\iJ[('l'('lH'(' uppronrh, li:;iug D nH Ildilu'(l by (12.7) all o\'(' , dill'!'l't'uli.tliOIl
ill tho l'liYHkal domain ('1111Ill' t'I'lll'(';I('lllpII i\H

12.8,·1 The collocation approach as an operutionnl systorn

TIlt' abov« oxpluuntlnu ,'HSl'ut lullv f0110WH IhI' 'I rnrlil loual' d('K('l'iptiol1 of 1'111'
rollucatlon method, nl1H'H I1SillA It 11101'1' !I'l'i.;(l mntrlx lIolaliou, It. is, }1O\\'1'\,('I"
IllIHf;ihh' t () Ih'H(,l'ih(1 1111' out it I' rullnrnt ion IIpprouch I'Olllllll'tl'h' uuifonnlv as wit 11
till' Tan method, This uovel Ill!'! hod (If l'olli'iil\l'l'iuA th. I'Il11o!'lltioll upprmu-h is
outlhuxl below,

III ('(lUll'lIst, tn til!' 'Iuu iuothod, tho matrix !'t'lll'ps!'lltatioll or thl' I'I1lH'tiOIl ill tll\'
rollocntlcn allPl'Oltdl iK ,.dwlI with un assodllll'd hll;ij,o \'1'1'101', Ilowovor, ,It!'!'!' i~
all hnpllclt Jli\SiK \'('('101', uauu-lv a W('llll' of T.ngl'HIlI',1' pulvnmuinls - polvuomlnls
that aro i'\('l'O ilt 1\11titl' r-ollorution 1l!l!ll's !'XI'Ppt Oll!': that is polvuuutlul« whos«
l'OotK ('oilH'iti!' with 1\11tltl' 1l()(1t'l' I'XI'I'pl (1111'.Till'S!' polvuouilal« run Ill' t\!'liu!'IJ
ilS [Fox l" Pnr!\!'l' (l!lW:) l
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:for k () : .V <, 1 {
:£01' i II: N = 1 {

1"t.1

} ,

AI~\Ill'illllll~ (12,!i) allli (l:Un un' ",ivl'll il!-l Miltlah fnJl(,tilllll'i ill ilPPl'llIlix D, AI·
1I'I'IInt lvolv, tho fm,1 Fund' 'vunsform iFF'1') mn he l'lllllloYI'<l to 1111' "ilUU' ('ll'tot'I,
Cuuutn i-t til (1 !l~Kll'1l1l1 ums dl't aill'(1111'~l'I'ipt iOIlH or how un Flo''!' algol' it hill ran
11(1lIlOHt ('('olloll1imlly ('lllplo~'(,11 I\ll' t ilis 1I1U']HliW. awl I !tIlH it will Ill' t a)\(,11 III I
Iurt hor hl'l'l', Thl'IW!) IlPlll'lIit('h('H (~I,lll'ix trnnslot m or 10'1"'1') al'I'I'!Jui\'a!t'llt und
vlold hl('ul icnl 1'l':-;I11I:;: f h,' so)!, ad\'ilul alII' Ill' t h,' 10'10''1' llPPl'uadl hI it 1'I'lati\'l'Iy
11l()(lt'I't /\aill ill I'pl'l'!III, 'I'hu» Ior Ill(' 1'1\1'1'('11111!,:c;niptioll. tlu- matrix trunslor-
nuulon« uivou h)' tlu- algorithms (1~,Ii) allli (12,(i) will l.« 11,,1'11 III prlljl'('t till'
llis('l'l'\(' Iuuctton 1)('\\\'l't'11 111(' phYHi!'1l\ Hllill'l' IUIII ('hl'hVi'lIIl'\' Kllilf'l',

12.8.3 Dlflerentlatlon

'flit> Hhuplt· t1'll1lHf(1l'lllatioll of tIll' rhuu to uml Iron: lli(l physit'nlilolllllill liS 1\(1'

S('l'i1J(1(1ahuVl' iN Ils('i'1l1 ill (lvalual iul'. t'iIil'il'utly f hI' ('OIl\'UIIlI lou 1'111111101ul'billj\
Iron: lilt' nou-linenr 1(II'1Il!' ill I ht' lH1~il'·lIow l'(lIl1Llioll, TIll' iuethml of iwl!itoviug
thiH will Ill' (\t'H('l'ih(',1 lalt't': 110\\'('\'(11'. I Ill' Pl'illHll'Y ('011('('1'11 lIOW hI wit 11 (lill'('l'"
1'111i1lliull of tho Iuurtiou ill tlu Ilhy~kl\l ~llH\('!" Th« 1'1l't'1'tol' tlilli'l'I'utiatiou on
tli(' Iunrtion il ('1111 Ill' (\('(1111'('11 l'itlH'l' 11,\'('l)lIsidl'rilll~ tIll' (\!'l'ivati\'I'!'I Ill' till' La-
~l'allg(' p()I~II()llIiaIH • whleh 111'(' :Wl'() at all tIl!' l'ullul'IltiulI lltICli'H ('XI'I'111 ou« u

01' by ll'allNi'Ol'ming till' Iliif,'l'l'lItialioll matrix I} or 11It' 1l1)('l'lIlitlllal,'I'nll lllt'l hOlI
Into tIll' IlhYHil'al HI)iIl'(' lIr1ing (', lTHillg lIt!' Ionuor uppronrh, thv fil'Nt (l(Il'iv(l'
tlvo niutrix hns hl'l'lI p,iwlI h~' t 'nunto d III (lH~K), uurl thh~ iK it Iull uiutrlx
1'1'}11'('1'1('111illr~ t1ifli,I't'1I1 iat lou''. 11 will h(J\\'I'\'('1< hI' shown Inter I hal fl'l'al hll', flit·
rnllnru! jon 1l1l'thIHIII1' [ust a jlill'1 irulur ('aw o] t 1H'upl'l'i\f inuul PIII'HlIir',11l n'Hllil!'l
ill IIll' nnt ural IIfi!' of t hI' lalt 1'1' opt ion fill' J\l'ltl'l'atilll\ (I1l('l'I\IOl'K,

'~--il;n;"(:"I~;~i~\~t'\:~;I;::7fli'~I~i;;;;I;~I~tolll'mtinllH of IIll' matrix traln,form rur 111111('diUlI'II~iullI'l
\'Prim' II or onh'l' IV i1< uppruxhuutolv 0\'01, Whl'rt'IIS il wdi ,11'~i!\nl'll FFT, H tn OPI'I'IUI' till
munv roul-vuluvd \'I','llIfH at till' ~illlll' timo, run toll\(' i\,I\,illItilJI11of till' full IIlIllpl,'x Jo'F'J' (!Iv
pilddlll'. till' \'!'('torR tnl',,'rhr'r IU' f!'a!'('(IlIlph'N llilirs) illl!lllI'rCUrlll Ihl' NiIIllI' IlJl,'rlllioll ut '1 I'm:1
nf ~N IUIIJ IV 'f' ,IN 11('1' I ri\lWfnlln, '1'h,' 1111\'.111101111'ill illl unlt'l' of uppruxnnnt I'lv IV '~:; (i{) (thl'
I1pprnNillli\lt' vuluo fllr t1. .. 1'1111'1\111'('(,lilt IIllllhlll~l i~In ~IH,,'t1 IIp tlH' rulrulutiun tun« hv ::; ;j,:!
tillll'H,

"Nntl' thilt tlu- ,h'ri\'illiVl' muttix is IIllt (h'ri\'(',1 from ,Ull'I'fI'IlI'1' Iortnulno: rut lu-r frlllll thl'
1"lnlml l'ul'lIidl'lIt (JIII'mtnrs prll,itol'tl'll into tlH' phvshnl h,I!,h,
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t Ill' Ariel ll()illt~ (l2.lili) 1\1'(' (,willy :;pal'('( 1 ill 0, 10'11:'1henno L'P, t hr i>Ol,I,'lLllluiahi
Himply hecomo it cOHill!' ~pl'h'~ wit h 1'1'~1H'('( to ii, Thus it is Ilt)SHi1)h' to IIt'I in« "
:.iilllllh· Fot1l'i!'1' nunslonn lwl\\'('('11 hI' }lh~';.;iml \'ilhlt's at th» rnllncut ion uudrs,
and tho oxpausiou ('(I!'((kil'l1t~, Thi .. is importuut 1I1'I'iIIlS(' ii'i allows thl' l't'lllliHitt·
oporntors to bl' tl'llIlSfOl'llll',l 1'1'0111 t·w ('lu'b,','I;h!'v ba,is iuto : ht' phvsirul l-iyntl'lIl.

It wili Ill' shown II lit l!c' la1!'!' 1hal t.ho dlOit'r· of puints (12,55) iH !lpl :11Ial fb1'
n'lll'I'''('lltillf~ tit!' fiyi'ill'lll as it La1-';l'alll'.l' polynomial ('XPilllHhlll,

12.8.2 Gouernl descrlptlou

'1\1 I!p}i('!'ih(, Iht· ('olhH'atiolL uppruarh, ('oll;,idt'1' th" vnrintin» of it \'i1ri"hh' 1/

11(,1') ill IIII' o)lt',,(lilllt'IlNiollal l'alill" ,I' !. [0, II, 1.1'1' til(' Npa.'1' vahll'i'i lit !Ill' .v
r-ollorutiun poi1ll':; ill this l'all:\,' bt' ll'iilll'li as

II,~ [11.1",111'(11,1',1 .. , II".\' .,11,\, J u, ... II, ( 12,lili)

Whl'I'C' till' 1'(11'111III', l'l'l11'(';'l'lll~ 111(1Hpa('t' \,illtUI!,! at' I Ill' it h l'tllltH'at inn lIodl' ill"

(\<'Jillt'tl h~' (1~,!i,)), tl~;illl'. til!' ('nt'! I hat tho Clu,h,\'l-illt'\' Ny!'!t t 1Il iN simply u ('0,
~lilll' Hl'l'iPK wit It it ('hall,.,!' ill varln hi " a matrix trallHflll'llllltioll run hI' f',l'lll'l'atl'(\
sueh Ihat t ht' vectnr (12,Ii(i) r.iu II, !ranslonued iuto lilt' equivulout I'Xl'allHiulI
('(It'HiI'i(,lIt l'I'lll'(':-;('lllatioll ill' 1\('('lll'tiillg to

\1~,!i7)

"lil'rl' th!' mntrlx (' i:; ti('JiIH'tI hy HIgo1'illilll (t!,!i) lioluw.

:for h' c ():N 1 {
for J t:: () : N c.~ 1 {

if (k c::~s() or .',':.'1,-" X c> 1) {I'~ .:.! } 0100

if (j ~:~o 01,' ) N "" 1) { (',":.! } 0100

('A- I}
1'1 , •. 1 }

~ rrj!.'
.",.~",..... _"".,"',\'"",,"""",,",(t()\~ ".'""'="""""-:..._"_'
(N,,"lk,I('k '(N 1)

} .
TIlt' luvorso j·l'l\l1;ifol'lll iK Ill!tn;'\I\J,lt, siiuplv h\' illWl'tilll\ (', Ill' ('!II! 1)(' (lil'!,(,tl~'
('" lrulauxl from til<' oveu i'iilllp\l'l' ahV:l'it 11111whh-h Iullows,
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AI' alt'('lllb' 1I,('lltilllll'd. ill tIll' ('()lllll'at iot. nu-thn: 1. till' uuknowus HI(I physicul
\'nhll'H at HOIII' points within n rumpuct douinin, 'I'hus tlu- Il'l'th(l(l 1Ia:-; it fiuitu
Ili1l'('l'l'w'('·lilw quality to it. It iH Vt'l':: unu-h unlike thl' Iinit« c1ill!'l'I'IH'(I 111(':110<1
iu that it iH Hllhj('('1 to til!' }l1'1l11I'I'tyof hlliuitl··ol'lir'l' nrvururv, TIll' rouson lor
11th; hohuvlnnr is 1)(';;1 pxplaill"J h~' I'al'pl"lll~' ('oushl('l'ill~\ till' IIl1'lh()(1.

12.8.1 Collocation grid

Till' npproprla!« cnllnrutlou nrld is dPjH'JIl!I'U' llPOII IIH' 1Il('fh011 dlO:';PII tOllt'riw
tlu' oporutor IlUlll'iI'l'l':, \\'111'11 llsillg thn ('!I(·hYHhp\' JlOI~'llOllliills, t hI' (,Ol'.l'('l'(,
1Il1'};h is tIl!' GllIIHs·Lolmt\1) !!,l'hl. Fot, til!' pI'I'JHl'il' of till' runvnt ill\'('stiJ~at),l)lI.
tlH' gl'iti was adaptod to tIll' l'l'stl'iI'l!'(il'H1l1\1 [O.lJ frmn t hr murt: usnnl [~"1.1J,
This i(',;tl'idioll j. in al'('ol'(I(\11('(1 with t ho 1'('1' 1rlct lou of t IH' lWIII!' fur till' cnrl i1'1'
Tau (il'l'i\'lll iOUH, TItI' C Illls:,·I.llhllt til ~\l'id is HIIO\\'1I ill li~\lIl'(' 12,1. allt I is givrll
h~' oquntion (12,liG) 'Caunto (1111 (l!JXH)j hclnw,

1 ( ;rj )I'· ::::- ro~ ~.~-- + 1
'.I 2 'N--1 ' j (~[O.N ~·11, (12.:"jfi )

Important. to noto iH tllllt this Ariel iH l'('VI'r~('([. that iK ,1'0 1 uud ,I'N I ,:;, n,
Re-orientation of th« gl'ill to tho moro intultlvo, rovorsod, SI'IlHI'mil II(' rlouo, hili
t his nlllll'''(,si'l!\l'il~' 1'()lllJlllmtl'H till' mntlu'mnt it's, Pl';Wt.it'lllIy it is I'm' sillljllt,l' to
'Ilip' till' l'I'!'lllltulll voctnr uftor rulculntiou (if at ull uceossarv), fill' HII' !'lab' of
couvoulont lll'('~(,ll!llti()II,

o 0,25 0,5 O,7S

Fig1ll'I' 12,1: '1'1," (inllss·Lo\Jaltn gritl !loilll!'l. shown [ot' N;"7 :m,

\\,hill' I'l'Pl'l'SPllt illl\ till' Iuuet iou ut IJu' !lOt lul !loiu!s of thi~; grid lIIi[\l11soom uuu'h
lilw II fiuitp'llifl'l't'pl)('(' phil()~llph~·. Hllllll' illlp()t'tnllt fouturos (listiuPtllbh it Iroui a
uonnul diIf('l'I'IlI'P p;l'id. To IlI'gill with. thl' Jlllillts (!I'lilll'd h;\'112,!i'i) arc' wHIps of
muxlnnun quurlruturo [Ol' IIIl' ('IH·hys!ll·Y pnlvuouiinls, If I Ill' (,h(lh~'sIH'\' poly-
uomlal» 1lI'(' Huhj('('(I'd tu 11 dmugp of iudt'p!'wipul variahl« as a .: ('os 1,1', 1111'11
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Tabl« 12.1: Varlution iuost unstable pi:~l'll\'alll(, with onlt'l' ill plan« Poiseuillv
flow, for (\ ::::I, R" ::.....,:3 000. coinpanxl to 1'1'~lllt~ g(lll!'l'iltl'd h~' oxplicit translor-
matiou of operntnrs illt 0 till' urt hngoual hasi«, Oulv t III' illll\~dual'~' ('01111)(1111'111
is shown

~

)1'( i('i;-r----:I,_Il-H-l~~d-1l-i\r·;:";:;-;i111-;1lIl,iit01'--
Iirst piAI'Il\,iLl\1(' (x 1O~)

___ =-~i~riill'tl~~r ··j·;~_l!lfillJi~~~~iii'
:W -s.iue 1i,1;);)x2 -;'.1 !I(i ;),1:;1i1':!

I so - :;.1!); 312 !:!'j;j -a.iur 312 ~ia
a2 -n.inr :312 all ,·ii.Wi siaau
::,1 -,5.11); ~H22H!l ···Ii.1!li :1122~!l
:w -s.ior :112 2711 ··':;.1!17 :n2 2711
:i~ -·Ii.l!I7 :n'~arn ··Ii.W7 :112 :H!I
,11) -n.iur :U2 20a 17ii,Il1!1 2i,1 0
lin ·"Ii,IU7:n:iCi!l2
(ill ··:;,W7 amI 1!10
71l ,-ii. 1!I',' arn !I!la
sn <,Ii.1!1720Ci sm
!lO ·~Ii.l!17227 ail!)ll~~J;~:l::~~~:~~;~co •• ,~ " ~. __

(Iatll on Ihp Il'ft.-IIILlH! ~i(l!'\HIS gf'))l'l'iLtI'd hy illlplt'llll'lltillA the matrix OI)(11'ntOl'H

givou ill ~!,(,thll1 I:! "', while 1.11('dutn Oil till' riuht-luuul Hid!' wns ('a)coula(.p(1 uHing
; ho (';:.:plidtly l·l'(\m,fOl'IllI'(\ mntriro« of I Ill' Ort it. fI]lIIl'OIH'it,

For I(w orciN'S, hoi h ap}ll'IHwll('H Ai\'(' klent icnl results • IlH would 1)(1('XIH,(,tl'cI,
sinre h(1 11Il!-k ntuuorirnl cuustrurtiou of ouch i~kloutlcul. III \lI)th (lata lip
t(. N :: atl, 1·11l'nllSW('1' run Ill' S('('11 to ('OIlVI'IW' wit It oulor to tho )('\'('1 of t ho
round-of]' NTO!'. IIo\\'(I\,('l" iIU'l't'ilSill[" N h~'.illst. 2, {'l'OIlI a~~to ,1{) ('I\\lS('H HII'
()I't-i;~n.othod to ('ulllljlsl'. TId»! 1'11('1101111'11011 is I'lItit'I'I~' ,IIII' to till' luull,\' Sl'i\lc'(1

hohuvio 11' of tIl(' uuurlx coustruvtiou uuuslonn iuatrlx , • ll'sllltilln ill iurorrrr!
oporutor 1Il11I1'k('~ Ii und ii, uud uot (1111' tn t ho solution 1>1'(I\"'HS;,

Th II the mtllstrophi(' bohuvknu' is uot iuuuto 10 Ih(1 '1'11\\ S:>'Kt(11l1 iH flll'tllt'l'
(1I'1illlllstl"ltl'(1 h~' ('oll~idl'1'iul\ thl' bohuvlour of t hI' 1)I'I'H('nt 1'(,~llltH nhov« N ;-' ,10.
Whut h.:. 'I'll is only a unulunl (\I'('1'I'IIH(' ill IhI' (11'l'imlll proclslou of t hI' :·,)lntio'I,
1'I'HIlI thll~ f1'0111til!' A1'llIh\1\1 itwl'I'i\S(' ill tIll' rouud-nl]' error of t lu- Q-Z solut lou
alg(ll'ithm ,li'l til!' (ll'I\1'1' !Iu'l'I'HH('H, ,\t. tilt' wry high :>1'1\1'1' of:\, .: l:!O. I hI' solutlun
is Ht ill ('(,1'1'1'('1 til (111'(,(1 Sil',l.ifimllt. liJ"lll'I'i'l.

·-T:j'l~;~;,;(\:";Ii'fr;~;~17,~~h;;~:;:;:;;-~'I~7.iwu Illl'lhll!ts \\';IS whore 111l'\' fIlii Itll'it' "lll'millf Illalfirl'~
Iunu, 'I'hus h.\·inrl'n'm'I' !Ill' l,ruhle'lll ruukl lIot hn\'I' h""11 wit h IIII' hllllll·rir.1I Ionuulatlon IIr
tilt' Orr,SllIlIlI'l'rrl'llt ".\'~11'11i sin!'I' Ihi~ ~Il'll was hle'n(ic-ilt ill hllih l'il\I'~,U~ Wil~lIn' hullllillll nf
thl' NllhM'(IIII'ntIltr,I'hrllit' l'il\I'l!\,i1hlt' problem. TIll' I'nliw limitutiuu uf till' Orliz upproarh \\'as
thus hillll)l~' thl' rulculntlon nf hll'III'I'I'I'!Il!ll'flltIlI"S ut hil\lll'r nt-IIl'I'H,
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yil'ld" t IH' following:

Tho lutogrnl mntrix uporntor evaluntos to

() () () " , () , "
() ()
1 ()-I,a

,;::.: (I ()

-,-l" () (12.52)
.1",
() 0
1 0 ()

5-7

tho limit. op' -atnr at. I' :::;:1 i~

1 0 0 0 ...
1 0

tl:': 1 ()
1 () ()

whllo for (it(' conditiou l' ::::0 tho ('(}1'1'('('( limit oporator Is

1 0 0 0 ...
--I 0

j,u :;::: 1 (I

-1 () II
(12.54)

12.7.2 Verlflcntion of operator transformation

To show Iht' ('{[I't'( of tho removal of tilt' shullarlrv truusform, it. is pl'rlli\PK II('Kt
to )ll'(·K(llIt. HOU!!' rvsults. 'Iu hlo 12.1 shov .hilitv dut II from tilt' npplk-atiou of
tl\(' ()1'l'-HOlll111t'L'f(,ld :;1ahility equation to I hI' parnboll« Polsoulll» prolll«, '1'11('
llIllIH'l'kaluH't.h()(II1:,,'d wm till' KIW('trlll Ionuulatlou gi\'I'u lntrr' ill rhuptor la,
AII.lwup,h 1l1'1'1lHlt IIl'P, Ilw prrsoututlou of tlu-so simplo l't'SUItK Iw1'(' iK 1l1'I'I'l'1"i\l)'
to lllustrnr« \Ill' dnunatk: I'Jl't'1't that Ill!' olhuluntlon of tho trausforuuulon has
Oil tIll' l'OlI\'!'l'g('llt hohuviour of lilt' "~·Htl'111.

TIH' datu ill tahlt, 12.1 wnK p,1'IH'l'atl'c1 ('ot' It H(,ytwhls llIUII!>!'!' Rc' oc: a D()O IItHI
sputinl wavornunhor II c: I, h~' iIl('l'l'lIl'illg thl' ol'd!'l' of solntlon .v while uotlng
tho bohuvlour of t hI' hlli\gillal'~ rotupnuout or till' most uustnblo 1'i1~I'Il\'ilhll" TIll'
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A Igorit hili 12,!l: ij

for i=I:2:00 {
IIi,U = 2 * i
for j=2:2:i {

I'i.j = ,1* i

}
for i= 2: 2: 'XI

for j=1:2:i {
I",J == ,1 * i

1'0,0 = 2
1'0,1 :...:2
for i= 1: ~ {

I'i,i-l = 1
I'i,i = 2
1'"Hi = 1

}
Ii = i, ;

TIl(' lllost not nble thing about ij and Ii is thnt (hl'it' terms aro rational. This
allows l\.'iI>('lIlhly of umnericnlly rrad operators, r('gnrdl{'S!; of Iho order of Ih«
problem, The ul.\trirl'S (12.51) nre dot pnrticulnrly badly scnlod, d('Spil(' Ihl'
trnusfonuntion matrix l' bl'ing 1'0, Thi"! ability to assemble Ih(' operntors with-
out nny round-elf error for nuy rensounblc N. is ill stark contrast 10 tho stan-
dard npproneh of Orli~ [Liu & Ortlz (W~7)1 whore I\. 'IlU11l!'l'i!'ILI rntnstropho
limlts Iho value of N S('\'('1'('I)" ('\'1'11 Il('fol'1' solution is attempted: the iurorrret
n}gl'ht'nir system ill solved Ior auy N ('X('(,I'(IiIlP; I his valuo, III 11)(' current np-
pronch, nccllt'ncy ill limit cd by the ILhility 10 N(1h" I hI' rortvcl IlIgl'hrak sYl'ltI'm
within 1\ flxod-prerision "'YlIt(,lll. TI,,' 'highly sh'!'l'.'i('d· nature attributed 10 the
op('1'1l1 ionul-Tau method hy Wrighl (1!1!J3)has 11('('11 :lhO\\"11 hy numerical ('XPI'l'-
iUl!'111 (st'!.' sectlou 13.1.6) to h(' dUI' 10 Ih(' similnrity tr.msformatleu. TIl(' 11'11('

I'ff!'rl of pm'i'liou-lituil('(1 error IUL'I 1't'0\'('(1 to h(' n roustunt 'llOh«" at n fix('cI
1('\,,1or pr!'roooll ill the result - l't'gardl!'l'.'i of order, and 110t a rntnstrophic do-
eline ill nrcurncy, Similnr catnstrophir (mis)llI'llIwioll1' of spectrnl mothods hns
heon noted h~' \,;ast('l' (lOI{!.I). hut this obsorvatinn is quito p(lS-'dhly mad« (If u
poor Iornmlntiou aualogou« 10 that of Ortfz, I\ull is not n vnlid ('I'ltidslII of Ihl'
SPI'('!l'I\II\JlPI'IlI\('h itsl'lf,

TIll.' limit nud inll'p;l'nl IIIII'ratnflo' 1\1'1' far ensier In Iormnlato. Evnluntiou of tIll'
umtrices (12,20) aud (12,2:;) Ior t he (,llI'h~'shl'\' polyuoinlnl» ne thl' sl'rUlul kind
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fact, a 'uumcrical catastropl.c' 0('( IIl'S above a certain order N, wher« the result
of tho truusfonuation heromos nonsensieal within a Iixed-procision system,

As shown ill tho proof (12,1), tho trunsfunuation (12, III is distrihutivo. Thus
tho transfonnation sum ami product of innlvidunl oporators is equal to tho sum
and prod uet of tho transformed operators, or

(12.50)

As It result of this thoro js 110 need to trr usform the final operators into tho
orthogoual basil' (along \,'HIt tho ('1'1'01'lI:4sol'ia(pd with poor scalillg this outnils)
if it is possil.lo to geuerutc t.ll!' operator» I; ant! {I (and of course tho limit. am!
intogrul operntors, i and .i resper-tivoly) directly by other 1l1('a1lH,

12.7.1 Transformed operators

It is possible to infer " hy direct dilf('l'l'ut.intiou of tIl(' Chobyshev HPri('S reproseu-
tatiou, and shuilnrly to ohtaiu tl1(' structnr« of Ii hy pro-multiplying the Hl'ri('H
hy r m:,( rearranglug. TIll' rolatlons ill Fox ,v. Pnrkor (1D(J~) or Hivlin (l!HlD)
are si',glliarly useful in this regard. However, tho simplest route was simply to
porfr I'lll numerically the tmnsfonnatlons l''/1'-1 .nd l'Iiv-i for small matrix
Ol,(l.·rs, aud induce t.ll(' uudorlylug algorithm llf any). This courso of action
P' oved to Ill' HIlC'('('SHful. Using Mutlah, these matrlcos W('l'O found to 1)(',for tho
Chobvshev polynomials of the socond ldnd,

0 2 2
2 0 1 2 1

1/ ::::: () H () 1 1 2
(12,51)(J 0 12 () Ii;::: - 2 1·1

() 16 0 16 () 1 2

Tho uuderlvlng geuorativ« algori: luns Ior Ill(' nmll'ic('s (12,51) lll'P:
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A!gorithm 12.:.!: v-

/'0,0 == 1
lll,O =:-1
111,1 == 2
for i = 2: eX'

l'i.lJ =.: 2 * III r.n - l'i --2,0
for i= 1 : i {

1'10./ 1>1- 1'1-1,./· 1 - 21·i-.I.l - I'i· ~,I

} ,

Thus tho first fow terms of th« matrix F* ur«

1
-1 2
1 -~ ~". - -1 1~ -<It-! 32~-
1 --32 HiD .a2(j(j 128

(12..1U)

TIl(' reverse UmPllinl!; can \)(' <\(Iriwd frnllll'<IIlRtiou (12.<14), or by iuwrl.illA ,'.,
However, atlwill ho shown ill tho next section, IH'il.ll<'l' of tIl(' lluttri('('s 1'* or 1'.,.1
is ever 11('(1(1(,<1 oxpl« i. 1y bocnuso, unlike tho oporntioual-Tnu mothod uf Orti»,
111(1current approach tormnlntos tho operator matrices di1'('('/I,ll ill HIP orth JAOluti
bnsls,

From hero on, it will be IlSHIIll!('d that tilt' orthogonal baHiH is tho H<'I of Chobyshov
polynomials of til(' s('('oll(1 kind, 011 !lUI iult'l val [n.l], Th(IHI' polynomials 1l1'(1

p;iVl'll h;v oquation (12..17), und til(' hasiH \'('('t01' is i;:;:: (7;;(1') Tt(I') 1:1(1') ",],1',

'I'ho notntiou for til<' lllltJlpiuA l' will ho as sueh, and thl' nsterisk will he dl'OPI)('<I.
although l' will Irmu horu 011 (\('110(1 till' matrix (12,·10),

12.7 Direct formulation of operators

'1'11<'Ht.ltlld,U'd oporutionnl-Tuu method ilK ndvorutr«] by Ol'tiJl and hiK sehoul
ent uils Ionuulut ing tho d ill'Pl'(\llt ial o}lPl'I\t or llsiug til(' function opornt urs 1/ uurl
/I. ill tho rununlrul hHsi~. all(\ thou tnuisfonulun it (Ii t.hc ort liogouul basi;; vin th(l
silllilarity tt'nlls['\ll'IlI:\tion (12.1l )(;. TIH' 01)1'\'1\ 1m V is. 110\\'('\'('1'. hlully s('n\p(\. su
thai (,I'l'O!';; Itl'P lnevltublo whcn lnrgo mutrlres !\l'(' translonn«! iuulor (12.11), III

(;'1 .er IHt!H'!'H bv (lI'lIz [rC. Lin ,\~ Ortiz (l!lHi)j do not IWllt'mtl' th(' cnuoun-al np('ra!ol'
from til!' operators 1/ uud fl, hut (In xo l!in·rtl," nsuu; ,I siruph: ulnnritluu. Ilowr-ver, (hI' rr'''lIJl
oC this is still IIU 0pl'rl\!ol' ill !III' runonirnl hasis whlrh muxt hI' truusfonuvd.



2(i1{

t.ho point of lowest HI' Oil this ('111'\'(' is tvnnvd 111('miuimum niti<'ill H!'YllOlds
number. This is tilt' H!'Y1Whb munln-r below which no illl!ll;f:·~il!d disturbuurt-s
111'(1 urnplilied.

stable

Figlll'(' l:l,:l: A schemntic l('lll'('s!'lllatinll of tho noutrul st alrilitv curve Ior !(lm-
pornl <li:;t1l1'1lItlH'(I:-I in pI;-' '('·Pui:-;pnill(' Ilow.

A vortirul ('l'oss-s('('t ion t hrounh 1111'1'1ahilirv ('111'\'(1 ill IiAIU'(I 1:1,:1 b !'.iv(l1I ill
HAIll'(' 1:1,,1. :;howillg t h!' proiuiuoiu (I 0(' t he vnrious piA(lll\'altll's, In onlor to
reeonstruct 111(1iu-utrnl stability vu1'\,(, , a soarrh vm 1)(1('olllhlC!('(l at varinu«
values of n "" I\j to Ilnd t he H(',\'1101ds 11(11111)('l's Ht'lf. aIH1 Rf'W at which (', :; 0,
This is aeiti!'\'('(llls follows: ('ollsitiPl' fil-\IU'(' la,,1 10 twa ('WSI'-s!'('1 iun t akrn at n 'co

'1. The tW(1 ('nttin~~ points l?cll. and R('/II can ('asil~' h(· (1I'I<'1'lIliu!'d h,\' nslug a
si.r.ple H('~nla Falsi ulgnritlnu, roinhinorl !'\,!'l',\' 110\\' HIl(1 t h(\11 h~' a hulf-lutrrval
III1·tho<1 [Curuahnu ez ai (lUG!!)]. tho romhinutluu h!'iug 11l'('f'ssal',\' hpc'all,,!' of Ih('
nou-smouth nature of th!' C'I \'1', HI' ('1Il'\,("I. Rnpkl ('Oll\'Pl'g<'lU'(' with jllst til!'
H!'gllia Fah,i alp,ol'ithlll run 1)(, ousurod h~' l'!'st1'ic'lil1r~ tho l'iUW' of !'ig(lll\,ilitIP!'i
to IH' ('OIlsit!!"'(·tl. thus only gI'II('mt ing Ih!' lot-us of a singl!' \'i,\l'IlVaitll', Tho
lattor approach must \1(1 Iollowod wit It ('alii lou, as il mnv olhuinn: p t h,· ad Hal
('ig(\tlvnitl!' t hat ('~hihit s t he lalW'st imaginary coutpom-nt.

'flip miuluuun nil kat HI'~'l1()hll' uumbor Illay IH' tlt'l l'l'lllill('<} Irom t h(' l't'sllits
ohtuluod from Il)(l ahov« <I(·tpt'lllillalioll of t lu- neutral ('lU'\'P, {'ollsidpl'iufl ouly
I ho lower valur« or !'1'ilk.1i Ilovuokls 11111111)('1' RIll, as shown on Iig1ll't' la,a. n
nu-thod to lind (itl' mluinnuu Ht,(, ruu Pl'o('{'('(llls Iollowu:

(1) <'ho(\sp t hl'l'(I values of U'rl. 11(1111' Ih« 10\\'('1'shh· of hI' rurvo: lin' inst HIlt'I',

lal\" Nr II,. Urn uiul Rr:lf,'

(:!) Fil a quadrali(' Iuuctlun throuah lit" 1111'(1('points. nncl Ilnd th« vnlu« ol'

mixilill o[ iltJ\orilhlllH iH impurtuut ill ordc'l' til nrhiov« mpitl t'(lI\\'(lr'~"lH'p, 'lho uuu-
smooth iuuure of tIl(' 1'1 VH. lll' curve is Ilul' to it h,'illll dl'lilH'd iI> IIII' valuo of th(' Il\O:,!
unstable (lilll'lI\,illl1p. mul tlU' pi,\I'tI\'alcll's dll dlilllJ\p jlllsitioll, Wit It snl'lt data, it ,itllllip Hpl\uiil
Falsl ai,\oritiull lIla~'C'1l11\'t'rl\p verv hl(j\\'I~' ilult'l'ti,
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dt'wloP11I1'1l1, oulv, with Iiuul ulgoritlnn« to 1)(, c\!'wlopc'(1 ill (' or FOHTHAN
for :,pl'('d awl f1('xibilily, Ilowovor, aft!'!' hnplomontutiou, it was I'l'alhwcl that
Mntluh olfl'l'pd 1ICJHi[.~llilic'allt iip!'!'cl. I'i.-.(' 01' :\C'('l1l',U'V impcdinu-ut over IIIP trn-
dltional inunorirullnuguuge« (C, FOHTHAN), Furtlu-nuon-, Mut.luh is platform
iu(ll'pPIU\t'llt (;cit'utic-aj ('(lIl(1 ('1111hI' 1'1111Oil Inst PNIX rnmputors, or IB:\I PC'H),
am! oJf(lrs It symholi« lllil I rix ouvimnmont. III this «nvh !IIIIII I'll t., Iho roustruc-
tiou and solution of lilt' Orr-Stumncrlolrl problem run hI' rnrrird ollt f',radiy ill'

cl!'l'i\'('(l nIH)\,I', 'I'll!' l'iYlullOlk uaturo ul' tli!' padm[.,,1' liliit,ltb thl' lllil'l' Irmn til!'
nnuulunv matrix munlpulntious''. Till' IlH('hill',1' ulso works with ('OlIlP!PX nlp,Pbra.
l'iOtlH' solution of prohk-ius :;1Il'i1 us equutiuu (1:1.20) wit It 111'l1('1'1I1 ('Ollljlj!,X t l'rUIH
«an Ill' II'pall'd ill II uuilonu inuuuor.

TIlt' rourputor platform usorl lor till' »Iutiou of lin' Orr-Somnu-rleld cquutiou
1I1lt\1'1' Mntlnh waN all IBl\I"S()lS(j !'tlllllllttpl' 1'I1l111illl~ at :;0 Mhz. Tit!' ojll'ml-
iu[~ H,\'HI('1I1 was WiW\OWH NT. 'I'll!' uhilitv to sol\'(' such pruhloms II" tilt' Orr ..
Sonnnerfok! ('qllatioll quirklv 011 1111ordinnrv df'8/,'tflJl rnmputcr highliu,ht,. til(l
l',lllicl dovolopnu-ut ill hoth uutuorirul l1ll'tlt()(\" IIIlCI computer platforms ill 1'(1.
('put yC'ars, For ius! ilW'(I (III Silvu's (l!J! l()) l'('S 11ItH Ior plano- Poiscuill« lluw W('1'<
ohtnlued uslng liuit(I·<lil!i'l'I'I1(·P Ill!,thmic. 1111 aulB;\I :l(ll'{lk iuninfnun« computer
(with eomputatlonnl Hl)('(I!ll'01lghb' (I(I'ml to tit .. rurrrnt :iO i\lhl1 KillS!;). hi onit'1'
to attain rousonubl« 1\('('1U'l\(,~', lit' hall to solv« Ilmll'i('l'l'i of (Ink!' auo :" :lOO, For
('(1'li\'1\11'111 m'('Ill'ary, Ih(' 1)I'(lH(l1I1 ~;~'Ht!'tn l'I'llllil't,tl Ih(1sulutluu of il H~'Ht(l1llwlt h
orcIN' 2!i x 2:;, H('sllitH lilt' !hI' ('lll'1'l'1l1 lonnulation a1'{' showlI and Ilb('IISH{'(\ ill
IhI' next !-01'('tion,

13.1.0 Numerical -osults fol' plnne-Polsoullle flow

Numorirul t (,HINWI'1'I' ('Olu\lH'1 (1(1 usln.; t ho Orr-Smnmorlold ('(plitl lou for pili Ill"
Polsrulllr How, Firstly, g(IIH'l'atioll of (1)(1 1I!'1I1ml stahility ('Ill'V!' ill Ill!' II·Rf'

1l1!1Ilt' for I !til'{ Ilnw WHK iln'l'st.il,\lllt'(I. 1111(11'('1'11111iliA Irom IltiH, 1h(, llli uiuuuu t'ri[ irnl
HpYIIOlclH 11111111Wl' WilS (lxlral'i('( 1 for (lill't'l'(lut 111'c1!'l'~N, IIKillg a sitllplt' Sl'ardl
algorithm. S(I('owlly, the 11i1lI'ir\(,Il~I)('('ll'tIlu lin' 111('(',W(I or It 1 awl lic'
lO on!) was nhtninerl 1'01'varvhu; N. awl tho Iirst low ('il\(ll1\'aJll('~ \\'(11'(' ('Ol1ljIlU'!Ic\
to ('XiHI iug l'PHtlll K,

'1'11(1neutral Ht,ahility curve

TIll' nout ral st uhilitv ('\11'\'(' ddiut's a l'I'I',ioll ill t hI' n·H!' plnu« wit hill whlch small
(listmllllll!'(':< 111'(':tlllplilil'd, Th« 1I(1t1t1'1I1stuhllitv ('111'\,(\giwll h~' Sll(IlI (l!J!il) rot'
I hiH 1l1'obl('1II wns nlroudv shown ill Ii)\ Ill' (I 1:1.1. .uu] iM l't'l)(lat(lt\ H('h(IIIlUI knlly
ill figlll'l' la,a In-low. 'I'h« h()tllltlal'~ of IhI' 1'l'l',ioll h; (l('JiIl!'(1 by ('j 0, awl

in~IIIU('t', i1l\'('1'lillll II matrix N b himpl,\' 1111' "ll1'ratillll inv(H), Milllilb Illilili('N up'llI'
(Ial(' "fltinti~t',1 IIl'\111111111l" fill' htll'h fUllrtlllllH llii inven.ion illIII t'i,\I'Il\,ilitU' uurl l'i'11'1I1'1I11dlo11
llt't('I'IU1Uillioll,
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A muuorical solution is uow HOII!!;ht tn tho ulgohmir C'igpuvnliw problem

(1:1,20)

whlch is till' sllhjP('( )1' till' next l'{'('!inu.

13.1.5 Solution procedure

Till' Ionnnlntlnn of au ('igl'llvahll' problem ill u suit ahl« muucrleul fnuuowork is
!lUI' part of tho Pl'()('('t\Ilt'I', HPgiU'(lIt'ss of till' Iunnulut ion (Hlli II" IHllh'l'u('(I, SP(I('"
tral) , it ~i~·"t(llllof tlH' Ionn (la,:l!l) has to 1)(' solved. OUI't' tit!' llHlti'in's II anrl
1,(1 art' HC't 11p. !hero remain» till' dauutina IHHk Ill' t'xITa('till!~ tlH' C'OITC'('( <'iW·u-
valuo HlICll'igl'uflllH'tiollH from H,\'Ht('lllH oxhlhltlug what iH (prillI'd 'IHltlllllogit'al'
hehavlour. Br thh.. iH hnpllod that (hI' H),stPlllH ur« t'x(l't'lllt'ly lll-couditknuxl,
und [ll'rhaJlH nourlv sillgularY

Thor« nt'(' two niuin HI)Il!'oadll'H to tlu: prohlom, Fit'Htb'. a 'Hitootiug mothml' ruu
ho I'lUlllo.\'I'll, whon: au initial !llll'SS for IIU' (li!,,('ll\'ahl!' is I'lI!lplil'd. nud then it

lwalt'h is cuudurt«l hy varyillll, tilt' ('ig<'lIVahl(, ill 1\ way IlO as to 1'I'tlll('I' till' rosld-
I\al of tIl(' oquntluu unt il ('OUWIW'lH'P h, at tahuxl, This mrthod is useful if all

initial itlljll'Oxillml(' ,',111''':; of II 1'1'1PVi\1lt. <'igPIlVilh1l' is available" For hIHtllll('(' Ng
l\~Hl'i<l (lOiO) ouiployod Sill'll It method for till' solution of ::till' orrllunrv tiill'('!'"
eutlul oqnntlons, iuclndiin; tho Orr-Sounuorlokl oquutiou, h~' \Ising It t('('hlliqlH'
of eoiupuuud matrin«.

If I'hl' ('lItil'l' l'igl'llSIl!'I'll'lllll is dl'llil'('(1 allll if iui! iul gltl'H!'(';j ill'l' not uvailulrlo, t 111'11
IhI' I'(·nllc11\1'(I upprunrh is t o 111'('it 'black- h0:-: , !\I'lIl'l'al rumplox l'ig(,ll\'ajlll' Holwl',
'I'll!' stundard nlglll'ithlll ouiployerl ill this ruso is t hI' qn [Wilkluson (l()(iil).
Wilkiuson .'i,' Rolnseh (Wil lj or 1'l'jatl'11 alglll'illllllH. tilt Silva (1iHH1)I'lUpiOYl'tl 1\
modllk-ntlon of till' qH nluorltluu • tlH' q7. nlWll'ithm • for his 1i1litl'ollill'1'1'('11I'1'
Hwclic's of !lu' I'lahility (If l)ilHI ('lltl'lllJ('(' How, 'I'his 1Il1'1hOll. liS Hltl'.g(lsl f'<\ bv
l\foit'l' I\.~ S(PWill't (lUi:!), \Val'll (lUi;'), awl Wilkiusou (Wi!)). is WI'.\' Plf('(·I.jw
ttl ('xt.t'n('t.illg tho l'igl'llvaitll'K Iroiu ill coiulitiour-d prohlem«,

Tit I' .t tvont of powerful nmuorlenl loolhoxl')1 for most Jll'llg!'allllllilll\ lalll\t1HI',I'H
(<"g, NAG Huill'Outillt's Ior (' uud FOlfI'HANl, and fm! hvt, t hI' dl'v{'io[lllll'llf of
fourth tWUl'ra!iollllmllil'lllntil'al jllll'imf\l'S I'lldl as :-'latlnh, llllH 1'1'IuII'1'('tiOhHOh·(<,
uuv 1\('(,11 In l\l'V!'lop from I'C'l'ill('h solutlnu algorithllls lor Holvhlf'. titl'Hl' proh-
It'lII~, For illi'itau('(' 1\lal1<11I hni'\ thl' qz algol'ilhlll alt'l'iuly nvailubl« II:; 1\ sturulnnl
Iunetiou I'all, ilH do till' NA(~ 1'01l1ill<'H,

TIll' l'ollHttll('tioll illhl sulutlun of tit;' Orr-Somnu-rlchl Jll'ohll'lll W1II' l'Ollllnetl'lI
ill Mutlah, 'I'h« Mntlnl: ('l1Vil'011111l'lll \\'i\H init Iullv iu(<'wll't[ to Ill' I'm prutntvpo

(lh.tiu!'tioll l!t·tw('l'lIliilll\lllill' uurl uonrlv hilll\ul,lr 1i,l'hlt'IIIS h!'t'OIllI'f' hlurrcil ill u nunu-r-
1m! applimlioll, (hll' 10 tht' Jiuit!' ft'PI'l'."t'lllatiuu uf tht' Illall'l)( \',,!tll'f' in hllrl! IlP1Jlimliow"
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awl

lr'lu 1 ::::; [1. 1. 1. 1. "y , (13,22)

TIl<' iudlvkluul houudnrv operators 1, from (1:1,20) vuu Ill' rail-Hlat!,(1 und then
[\1IJ.\Illl'Ut'(I(\ into It matrix aK

(l () II
2 () 2
-s () I<

1\1 -:: [.rl:h:h:fl] 11< HI:! IX ( 1:1.2:1)
:J2 l:i:W :12
:ill (i720 till

TIt(, IHllul(lary rouditinn« cuu 1lt' Hlall'!\ ill til(' Tall ~~'lil('1IIaH

(1:1,2·1)

nt' via a Silllpil' rovlsiou of till' l'iltht-11i\1II1 I-itlt· of (1:1,21), a Ionu [,(·ady for
[1111';1111'111'\1lou ruu IH' d(l\'('}oP('tl, llHllll'ly

Iloiv l\"~i'i 1\11X x -l mutrix of 11'1'U1'~,thus lIIaltillg IhI' rinhr-luunl shl« of 0:1,2-1)
I'qlli\'llll'lIt to tltl' l'i,\III.l1alul shit· of (l:!,2:i),

'1'111' 11()III1<IIll'Y1'()lIltilio1l~ (1:1,2:i) ,III' UOW "111'.1.11'1111'11 ttl lIlt' 1'~'Stl'lll (1:1,;'), Tllhi
It'HIIs 10

0:1.20)

'I'h« shift hll~ l'iJ.\ht of Ihi' ium-r pruhkm 1l1l:lrk!'~ I au Ill' liilllpb' urrutuplixlu«] llY
IIsillg t hi' «aunuk-al iuult iplil'lll iou luat rix " post -111111t iplkat 1011 hy /1111 ,.hins t ht'
ruluums of a matrix 10 Ill(' right III plan'H. TIllis. if /\1 alllll\'~ an' hoth nuulo
of sil.t' .v " .Y 11,\'iHlflilll\ 11'1'1ll':-;, then IIII' illll\llh'1I1!'1!lllal1'i('l's II alltllJl!'a!1 hI'
wrl 11 I'll ('qll)\'a!<'111 b as

II [AI' + i.l.l/l t j /\'1.

III [Ill/II f «;
( 1:1.2;)
(l :!.2s I
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13.1.4 Boundary conditions

'I'll!' houudnrv romlitiun» must 1)(1aumur-ntorl to tho SYHtt'lli (1:1,:1) ht'l'Ol't' HOIll"

tlon ('IllIIH'O('(I(I(1. A~ thi;; is an pigl'llvahlt'lll'oblt'llJ. tho strurtuu: of tIll' matriros
is slightly diJ1't'l'!'llt from {host' 11;;('1\ ill 111('gl'u!'ral tll's('l'iptioll of tIll' opvrutional-
Tall method at IhI' lwgilllliug of Ihis dI1l1)(t'I', For till' lillt';ll' }ll'llbh'lll lh'sl'1'ilH'<i

ther«, f ill' I, ·.<lal'~· conditlous luul to hI' i\ngllll'lltl'll tu !lI:lYHIl'lll

u.; I,:

whore I. is n H<!lIHI'I' mntri v, nIHI r ;...,I 1'1lW vrvtor: t 11II~1'01' I' huuudurv rmulition»,
the boiuuturv 0lwraltll'" \,,'1'(, or It.· f(H'W

with J( 1\11 IV x /1 uiutrix, 111111cl' n row VPl'tOl' with 11 1'1('I!\l'utH,

·'or this C';U';(', tho lunuulury runditluns 111'('(1 to lw of II sintllnr 1'01'111 to I'l(lHttioll

0:\,;;). that is, ill til!' Ionu or

Bpl))!'(' 11lOI'I'NlillJ,l .tho Ionu 0[' tIl!' ho\lll!lnl'~' ojll'l'atOl'H (la,a) ill tItt' TltIII'lYHt!'1ll
11lllHt 1)(1 ('(luHilh'l'(I(1. III t Ill'll tlll':;(1 nro

DI.~llI n c.~0 =-~. ;;.;Idll II _; II

or: ';.1\ :c:' II.

]):1,,',1'1 U ;:c, () ::=~ /;I):'H/I II r.; ()

('1': i:.I:l :-., O.
fMT/ n':' () .\. /;HlI I ()

or: i;h Gil,

D,:.I" I:'_;;O ,'> 1:1) HII J ()

01': i7/, II.

( 1:l.2(1)

'l'he t('I'UlS!i'lu U Hud HI! I ovahuu« to

(1;1,21 )
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TIllis for a 14<'111'1':11velocity profile. giwll as 11:- lil(, ill t he (,lll'hyshl'v hasi«. thI'
matrix (l:l,(j) !'all 1l0W 1)(1 f.!,l'llPraliH(I(1 to

(la,l!l )

13.1.3 Construction

H!'tlll'!lhlf~to Iho llIort' l'l'stl'kl ive ('asp or plnue-Poiseuillo flow. t Itt' llIatl'i('('H

(la,O), (la,llll, (la,ll) anti (la,l:.l) mnst 1)(' (It'wlolH'rllill' tlil' ('hm'('ll order N,
As waH (lis!'lIl's('c1 ill spetioll 12,ii, tltt' Ol)('l'alorH shonkl bo ('OllHt1'tH'h'(1 "H inlinito
umtl'icc'H, HOWPVt'l", ill tltis ('al',' it will Hunk!' if tI\(' opl'm!o!'" 1) awl/I a1'l' llllltrirl'H
of !-Ih~('([\T,," 1) x (N + 1), lH'l'ilttsl' tlH' Ja!'gp;;t. jl(l\\'I'l' of tlll' uolvnoinial olH'l'atol'
/1 iH 2, OW'(' ..i", • ii uud JJ all' ('011;;11'111'1('(1 ut till' hi 1)1'<11'1',t1L!'~'run Ill'
ll'l\Il\'a!t'(1 to N x N,

III ronlltv, onlv tho matrlx A,. 111'('<1;;10 \w ('OllS!l'lH'II'(1 al I ho 1111'1-\1'1'dhnonslon.
It i~ only Ill(' opemtion of raisin]; j) to 1\ powor that l'imSI'S it (lispi\l'it,v lwt\\'I'PIl
lilt' truuentod aud lnfinito result \wj'or" nnd nfror III!' o]>l'l'Illioul, 'I'hus matrix
(l:UJ) run \)(' !irs I: cl!,vplolWII lit (mit'!' eN 'j' 1) x (N -l- 1) 11[('11 11'IulI'all'd at
N x N, All IIH' other matrices (lW('iHlSI' t lH'Y ruutnin ouly I hI' tI'l'lllH 1/. I) C'<tII
1)(' ('OIlHt.l'llc'tl'(illt onlor N x N,

Fol' IIII' mor« gC'I[('ral ('m.;1' of an lll'hitl'ltlY wlodty pmlilo giVC'll ill till' ruuonirnl
haHili, t11(' eoustrurtlon of ..1", IIII'll giVPIl hy oquatlon (1:l.1fi). lllllH! hI' ('OI1(\t\('w<l
at Ol'tll'l' (N + l' -1) x (N + u> 1). w111'1'1' 11 iH till' CliUlC'w.ioll of thl' ('()('lIkiNIt.
vector U. of III(' hilHI' wlol'ity prolilo. If tho 1\"lll'l'al jll'Oli1(' ii'1 illlPlil'(1 ill Ihl'
orthognuul hasi~. t1H'1l Ar• now ~~i\'('n hy oquntion (la, HI), ('IHI J", ('Ollsll'lH'I(\(1

nt N x N, hl'('nll~c' IlO lH1tll'kl'~ itl'l' rai;;C'(! 10 It power !tN'P.

Tho \H'st method of dwddllg whothor t ho iuutrix tnuu-utlou hal't 1)('1'11 ('i\l'l'il'd

out at It sulliclont order iK tOI\('IH'l'Il(1' two HI'I:; of luntl'it'c'li; ouo I'l'l ('011;;11'111'11'(1
nt til<' ordor to \)(' tl'lill'(l, und 0111' lit n iuuch hinlu-r unit'!' [liil:" (2N):-. (2N)j, Tit!'
point or truurution run h« saill to IH' ('otTI'('! if !III' bl'!\<' and small O]H'1'HlolS,
\\'111'11hot h 11'lulI'a\I'(1 at N x N, 1\l'1' hlontk-nl, If thl'.\' 1\1'1' 1101. t hvn solllC' 01'(1<'1'·
depondont uumorlcal '1'1'1l(·('tiou' hns ocmrr« I.

il fiuhl' "i~('lllt ttl II powor t'Il1lSI'S til!' 'rt'fll't'lillU' of 1I1111H'I'it'illvalues 111 till' l()wt'~1
rows uf till' mutrlx- (Ill' hiflll!'f IIII' power, tllt' mur« I'()w~ illfl'I,tt'11. In nu hdillil(' ~i~'~tt'lll,such
'('lItl·(I{ri't'I~' ill thl' tnuluplirutinu would urcur at inlinitv If til(' rilispli I,ml'pr i~III, thou thl'
nnmln-r of 'hall' rows is 111,. 1. Thus if tlu- hl!\Ilt'st polvuomiul power ill Ihl' "ys(I'lIl IS k, thon
III Ill' tinf,'. Ih(' llIillrit't" shOllltllll' t!1'I'plllll,'tl ut onlt'l' (N -l- k 1) \( (N + I.' 1),
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Thus for It (.>;<'11(11'1\1wlodty profile, tho matrix (la,o) can 11(1~('IH'rnlis('d to

- [,) ')]' - ,).tl,,::: 1)" - n" I P( 17) - P( ihr) , (13,Hi)

Tho o}lt'mt01' (l:u:n 'H'('Pllls it ('odlld('ut \'('1'101 ill IIH' (';1I1011kal bnsis. Of 1ll01'(I

uso woukl bo au auulogou« operator that would ('1lI1"tl'1u'l 11)(' matrix from t li«
('ot'lliC'i('llt vector in t Ill' (,lH'h~'HIH'\' bnsis. Agaiu. rousirler t 11<'l'(lprl'~l'lll at ion of
a known Iuuction II :;:: 11(1/) cc 1/1(" hilt with (' flip orthogonal hasis YI'('tOl', TI)('
<'l!'(,(.t, of multiplleutiou hy II lin the unknown Iuuction (/' i~ equivalent ill t 11<'TIIIl
systNll, of post-multiplieatiou hV tho iuutrix

N ,I

'R(ll) '''' L 1I"'\i
i n

(1:1.17)

whor« \1 is cll'lhu'<1 hy algol'il Inn (l:l.l) below.

fOl' i::: () :" 1 {

}
l'O,I, .;::: 2
for i::o;; 1 : ex,

"~ t k,t :.::0 1
}
for i c_' 1 : "'I\.!

l'j,i+k :::::l'i.1 I J.: + 1

TIl<' Ionu of ulgorltlun (13.1) ('1111 1)(\ 1It'l'iVl'd hy (·llllHi(lpl'iul'. (1)(11'<'lntillllH of Fox
,I;: Pal'lwl' l1!l(j/{), Ill!' t h(' prnduct of two C'h('hYl<itpv polvuouilnls.

For oxnmplo, I,' ::co a would gi\'l'

() 2 ()

1

1\,1 ~; 2 1 ()

{\

(1:3.11-1)
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Tho operators (13.0), (la.i) and (1:1,,;) C'IlI1 now Ill' rt'plac'('d hy t heir Tall aun-
loguos. For this ('(lSI', till' hase> flow is /I ::_-::1,·, //', simply a polynouiial nmltiplier.

Thus /I hC'('OlU('S

(l:l,!))

.ir = [I;:' ... n2!J (. +'2[

.Ii. 1 ['J 'J l'=: -- Ii' - n"!nRI'
I) - 1;2 _ 1l2[

(l:l.10)

us.u:
(la.12)

whor« I is IIH' kleutitv matrix. For dlOS('J1 \',lltH'S of N, HI awl (\ • l'C'SIH·(·tivPly.
IIH' (11'11(')'of solutlou, tIll' H('Ylwlds number, IIIHI the>Wll\'C'II11111lll'l' - the iuutricos
(13.l0). (1a.11) und (1:1.12) rnn Ill' nssomhlod.

13.1.2 Treatment of general velocity profiles

Till' nbovo doriva! ion has 1H'('u 1<1riot ly COl' Poisouillo flow wit h 1111'1111velocity
II ::::1 - !p. 13(>1'01'1'solution is nl tomptor], II dlvorslon will Ill' made to explain
how It ),lr'uc'l'lll volcrity prolilo is a('(·oI1I1111)(lal('(1. This is 11I<I'Cnlill Ihat SIII'I! II
(.:('lu'l'IllisntilHl is 1l('('('SSflI'Y COl'til!' Inter solutlou of the Soxl ('qlHltioll for Ill'hill'ClI',Y
\,('Iol'ily Jll'ofi1('s.

For a 11101'(' ),l('lll'l'al wlodlY Pl'ofitt' l~h'('11 liS II ::::: 171/,where ,Ii is IIH' cnuonicnl
basis vector, thl' t(,1'111S 1/ nud /)2/1 t au h<' (\,,\itmt('<lt'llsily hy Iirst deliulng 1II('
Iuuctlou 'F'{ ii) as

N·l
fl(li) "'"L It.ll

I n
(1:1,1:1)

wlH'1'1' III is thr i't It 11'1'1ll 0(' t ho ('(wlliripUI \'('('101' II ill t ho runnnicul hasis. For
1'(11)(' giwlI vurint.ion II ::: II(!I) ", ;"1/. t lu- 11'1'1111' II anrl J)2u. liS 1I111ltiplh'I'H unto
thl' unknown Iunrtiou I:) hp('OII1l', ill th« Tall system, thl' OI)('I'Htor mntrlrt-s:

II "~. hii)
])~II :} ['(iii?)

(1:U·l)

(la.lii )
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13.1.1 Analytical and numerical formulation

'I'ho fiat plato system has a contrnl plane of SYlllllll'tl'Y, thciclor« two sorts of
disturbauce mode can ('xist within it; t.lio modes can 1)(' oither synnnetric and
antisvnunotrlc, or in more mathematical terms, ('\'('11 and odd, If tIl<' full domain
1I G [-1,1] \\'('1'<' taken as the rl'p;ioll of solution, then tho results obt duorl would
cousist of all tho oigoufuuctlon«, both I'V('l1 and (HId, As ouly half t IH' solution
domain is considered 11('1'P, suitable houudnrv couditlons must he implomentod
at 111(' controlin«. Dopondt-ut on the's!' conditions, a solution rnn \)(' obtained
for oithor til(' (,V(,11 or tho odd modos, Sinco till' odd modes for jJilral]t'1 channel
flow a1'(, always stable, tho even-mode boundary conditions aro hnplcmoutorl at
tho routre Tho full Sl't of J.'o'liu\ary eouditions ar(' [Drazin S: Rokl (W~l)1 as
follows:

J)C/Jh,c;;(l .- 0,
a 0,1)' (Mw::o -
1/1111 ocl ...... 0, (la,a)

Drbl1r:cl -- o,

TIl(' solution rnn UOW P1'o(,(,I'(]. First oquntion (13,1) must bo ronrrangod to tho
p;(,lH'l'ul form

which is amonnblo to muuericnl solution, Equation (13.1) h('('OIllI'H

uud Iurthor grouplng of th(' loft- and right-luun] sidl'H giVl's

(la.5)

whore

,A!' ._ II [lJ2 _. (\2] _. [])~Il)
.Ai ... ".1_ [n2 _ (\2] 2«u.
B _ [/)2_.(\2]

(la,G)

(1;),7)

( l:i,:-\)
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"

FiMlIl'O 13.1: 1'11(' ('lll'V('s of coustnut temporal amplilicntion for planc-Polseullle
flow [811('11(105:1), ufter Lin (l!l55)J,

FIMIIl'(1 13,2: TlH' solution domnin for thi' stahility of flow between IHlrnU(11 platps.

Stability for It cortnin velocity profik- II is dotonnlucd, for It given value of RC'
and rr, hy whether the imaginary rompouout of (' h: Ips...;than )\r1'O, If ('j < 0 for
all IV, (IH'Ill tho profile b stable, whorons if for I'i ~ 0 for nny n, thou a small
<list urhauco in till' Ilow will P;l'lIW ill t imo,

As a Iurthor slmpllflcation, only the solution for plano-Poisouillo flow will 1)(1
rousidorcd 11(11'(1,although it is It trivial task to pxtl'u(l this '1',\11 Ionuulatlon
to IU'('Ppt anv p;('llPral \'(Ilodt~' profllo II{!!) - as IOllg as it is (IXlll'pssihl<' Its It

polynomial /il'ri(IK expnnsion, AHhougit it: is not dil'PI,tly used IHll'(I, thll more
p;t11l(ll'Ill Iormulation is pr(\K(lut<ld holow, herause of its IU'('('ssit.y lntor for solving
tIl(' Scxl stnbility equation Ior APII('rnl wlol'ity prolllos.



CHAPTER is. VERIFICATION 258

13.1 The Orr-Sommerfeld stability problem

1'11<' first system considered iH tin' Orr-Sommerfeld equation for tho st.ability
of planar flow, Tho solution iH formulated gt'ut'l'11.11y for flow between pnrallol
plate», While this might !4N'llllilw tnrkling a hard problem first, it will bo shown
that t.his method allows It simple formulation for such high-onlor SyHtt'IIlS.

Early iuvestigatious of tho st.ahility of plano-Puiseuillc flow W(,1'P ('nrripd out by
IIdsPllbprp; (1!J24) and Lin (1!l1ii) using asvinptotic methods. Thoinns (lona)
first lmplemouted It muuerlcul mothorl of solution to this problem, and his so-
lutlon showed that this How was hulood unstnblo, Lin (10,H) g1W!' tho curve
of neutral stability for plano-Poisouillo flow, Luter Suon (105,1). extended t!JP!4('
results by giving the ('OUtO\l1'H of constaut teuiporul ampliflcution as well as tho
('\U'VC' !)f 11011t1'1l1 stability, Shen obtained thpsp ('()nt01Il'H by using It perturha-
tlcn from Lin's curve, Tho Ht.ahility ('1Il'WH of 811(>111t1'(, shown ill Iiguro 1:3,].
HiH results, although qualitutivoly correct .• do devlato Irom tho 11101'(' uccurato
cnleulations of later authors lela Silva (lUOO)], Most other Investiguf.ions into
thls systom W('1'(' concerned only with titl' mininnun ('l'itkal Roynokl« 1I11111!H'1',

and thus did 110t present values for tho ontiro neutral st!tbilit.y curve, Ol'SI\1tg

(lUila) was tho first to uccurntoly Jll'l'dkt the mlnlmum critical HC'YllOldH num-
bel' 1br this flow. using It Chcbyshov-Tan method, Ills result of Rc "'"5 772,22.
(~= Ul"()!iG and C' "'" O,2G,1002 iH g<'11(,1'1l11yarcoptod 1\8 being tho I':/:a.d answer to
this pr, ,I \, Recently, Lin & Ol'ti~ (1087). using thoir opcnulnnal-Tau method,
extender, ()l'H~ng'Hresults to He :::::!j772.2212, It ;:: U120 Gt17and C ::: 0,2G'1000 2,
substantinlly ngl'P('ing with unpublished results of Davey and ns given ill Drazin
& Roil! (1081), (R(' ::::1) 772,2218, n ::: U120 M7 nud (~=: O,2G40000:3) obtained
using It shootlng method,

Tho Orr-Sommerfeld equation [Dra~ill & Reid (1081). Lin (H155)] is given by

WhN'(' It i:-; tho wavenumber, He it' the Rovnolds muuhor based on dill' ('1 rross-
section, (' is till' phase-spoor] or c'plprity, (,~(IJ) is tho disturhaure Sllltj, and II

is tho IlUClist:llrlwcl wlodty profile, TIll' solution domaln is taken UK ,1/ E [0,1],
wI1I'1'('1I "'" 0 corresponds to the C'(,11tTP plane of' till' svstoru, and 1/ :::: 1 to tho wall.
Tho hasp velocity II ::::: 11(.1/) is given as It polvnoiniul Iuuctiou iu,l/, Figur« 1:3,2
Hh()WH tho solution domain and uudistnrhod voloolty profllo,

Eouution (Ld.L) is a dlllorontlal pip;Pllvnltw problem of tho form

:F(n. r,H(') :::::O.

For this prohlotu, tho simpler ('US(' of tomporal stability iH considorod, viokllug
It Iinoar complex <iilfpl'l'lltial ('ig!'UVllltH' problem, with l' thr rmnplox l'ig(!llvalu!'.
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Verification

TIl(' modified operational-Tau mothnd is Jl(ll'ilal):< bottrr Illustrated Iurther by
monns of example. This dmptpt' rloruonstratos its uppllcutton to sl undan; proh-
IPIlIS whoso results arc 1'p](I\,1\111 to t his study,

'I'ho first oxmnpl« ('OlisitiPl'S I ht' da:;t;i<' Orr-Sounuerfekl stuhility equution. I'm'
til(' ('nsp of plnno-Poiseuille Ilow. Comparison is 111<\(1('botwoon tho pr('HPul sl u.ly
nnrl other rosult» for both tho ('as!' of 111<'mlnhuum rritirul Roynold« number,
and Ior ('iP;(,llS]H'('trn itt various Roynold« 1111nil H'1'S , The 1'('1('\'<\11('(' of this ('XH1I\·

plo is twofold, Firstly, it is It high-order (1ili'('r!'lltial ('i~Pll\'altH' problem, nud thus
nn klenl vessel for wrifyillp; tho nrcurnev of tl1<'method. S(,(,(llldly, its similarity
10 tho Soxl equation, in till' context of pip!' stailility, allows for tho lntroduetiou
of Iorumlation 1\11(1 solutlon tochulquos thut will hp used to Inter solve tho pilH'
stahility problem. Tho soroud oxnmplo is rnuroruod with II simple linear initial
value problem ill It sillgh' Iipll('P vnriahl« • Ill!' tomporal dovolopmont of all lm-
pulsivoly s(.n1'I('<] plp« How far from tho inlet, 'I'his prohleiu ls us(\(1 to iutroduco
t he temporal (lis('t'('tiHat.joll, which will Ill' used later ill tho nou-li UPat' pip!' 1111('t
flow enlculatious Furthor to t his, tho purauu-tors that will ho used to !'lu\l'iw-
(.('ris(\ Ult' un-toadv pipo flow are lutrorluced. Th« Iiual problem (,OIl(,pt'U;; tit!'
solution of a non-llnoar ()l'dillaJ'~' clil['!'l'l'utial {'CJUilt lou • lilt, Blnsins bouudnrv
lnyor Silllilt\ril~' {'qllaliou [or th« spatial dr-velopuu-n! of it Ilnt ..plntl' boundary
lay!'r ill tlIP uhsonro of It 11l'(';;Sllr(' gradiPllt. This solution d('IlICllsd"ttPH Ih!' it-
onu lvo jll'o('p(lln'(' 1I(1('(bl Ior all ('XII('t solution to such a systom, ill • dditiou to
illUHI.l'~\tillfl, the' lll(llhm\ ()f t\Nlling wilh the convnlutinn S\llUS al'hih'v; from nIP
uso of n ChphYHh!'\ mot hod,

'I'll!' fonuulatiou of tlw problom« ill thi:-; !'Impt!'r is bv 1H'('pssity full, In orrlor
thnt tho dptail:-; of lit!' jll'O(,C':-;S 1)(' ovidont. Tho muuorloal solutions lll'('S(,lli('r\ ill
snbsoquont ('liaptt'rs will bt' 111(11'(' briof, but Ircqucnt 1'('[t'I'('I)('P will II(' nuulo to
!11('s(' Pl'\)t()!~'llkal t'xl\mph':-i hpJuw,
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I!' till' matrix (l:i.;;!I) iK I'xt(,lIdl'd to Ol'<I('1' .\' " S. .nnl the vrvtur (LUi!) to
!tllll\th N, IIH'll th" illll~Ill(,llla1ioll ('anil'(l 0111 ill ('ql\alioll" (l:l.;;:l) and (1:1.;;1)
run hI' urromplish«! «quivalontlv hv II"" or lIlt' ('allollitOlI },lIift matrix II a,.

[I:I,:;.i)

As (IiS('I1~}iI'(1ill ;;1'('(ionla,1.a, thl' t'Oll~11'1I1r ion of tlu' Illiltl'irl'~,,110111(11)('t'ill'I'il'(1
out at all 01'(\(11'HIi!~htly bimwr thau th(l unlor N at which solution willlll'O('(I(I(l.
III this ('as!'. ull uuurk-os ('nil 1)(' ('oustl'1l('tl'(\ rliivrrlv at unh-r .\ '< .Y, lW('illlsl'

t ho uintrix II b not l'ab(ld 10 auv lH)\\'('1' hl'l't" '1'111'matrix 11 is 1l00H,ill!\11Ial'.
awl run Ill' rondllv hlW!'( (It! 10 allow I'xplidl ~:ollltioll lilt' til(' IlUlmOWIl ('odU<'iput
\'('('101' i;" ! I, Sullil lou of :,ystl'lIl (l:l,ti:!) h, I hI' Sllh.iI'I'1 of t hI' next 1'(1('1iuu.

la.2.4 Initial conditions and solution procedure

'I'ho soluttou uppronrh 1'01' un initial valu« prnhlom is 10 stnrt with ~(l1l\(1 Hlnl'tiu!',
or i!lilitll value 1111to th« i'~'st('lll al lill!!' t (l. ill III to allow thl' sulutiou 10

(!t'V('}oll t hrnunh thuo hy applkalioll of I Ill' !',o\'(ll'llilll\ !lilli'n'ul iill ('Ijllal iou. For
Ihis partirular' problem. I Itt' }ilnl'l illg vulu« is t a};(11I a:-i 1111 L or t llt' \'(Ilndt\'
cunstuut (1\,l'l'~·\\'ht'l'l'.

III IhI' (·lll·b~'~;hl'\' hal'ii;;. Ihi~ vundiriou ('1111 11(1l'('Pl'(,~l'llll'tl hy tilt' ('(wllil'it'llt
\'('('Im'

hn . [111 0 ,,,], ( la,iil;)

'l'ho solution Is iuithued bv llsillg t hi- valu« to ",(lllt'ral(l u; l1sillH lultiullv a low-
onlor n-mpornl NI'III'IIH' (h!'!'illl~(1 oulv OUI' }I'wl of solutiou I'Xi:;tH at I !tiM pniut).
'I'ho llIatl'it'I"i 11HW! \~ ilrt' thou '~I'!ll'l'iIlt,(l. TIlt' uuurix 11 is then iuvortvd uml
a Klllt\! ion ii'i HHlI',hl fill' tlie IIt'XI thno 11'\'1'1 ilH

Hit hiIl11('1'''Ol'(iI'1' timl' sl'!lI'lIH' i;.; to 11l'11~1'c1.thl' uuurix II (,HIlIlIl\\' IH' l'('('alcnlatc'tl
fill' Il('W \'Hhll's of tltl' !'oll:,lallts II, [SI'(I lallll' O:l.:ilJ, Tit!' \'('1'101' '1'1 iM uow
I\!'I It'I'a It'ti ,,:>hlll lilt' VI·lol'it,\· <ii'I it luun lilt' t itl1t,·,,1 1'1'''' Il'l'Il a iul 011(,. H,\' iuvort hw,
II agaill. IIH' solutiou l;~at I itUI'"f!tpp 1\\'0. vnu h(l 1'.I'lIl'l'att'(l.

If tIll' (ptull0l'nl tli"('\'I'Ij:.;nliolll'I'lllailt" Iix«], thou ll if, it ('Oll~lilllt, 'I'hns it uP!'11
onlv 1)(1 hl\'PI'I I'll OW'P atul I III'Il ~I 01'1'1 1. Solnt iOlll'4 10 rurh ~'lIh'I'[IIH'lll I hllt',:.1 (>Jl
I 11 Hl'!' IIII'll }iol1l\111 h,\' t'akulatilll'. '1', .uul pm,HuIIltipl:villl\ it h~' tlip iU\'(ll'tlll
1[. 01'
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III!' 1 (l ,:;_:-~~.. /;11111'11 1 ()

or: ';11 I Ifl () (l:t·I7)

1)11 I () };,. [ 1//1'1, ();, II
i)1' l' II

or: /;,,11.1'2 n (1 a.,ll')

Thl'S!' ('OllllitiUI14 run Ill' itllgllll'lltl'll into i\ liiUf',h' S,\'IiIl'UI a;;

(la.W)

Wit('I'1 (; hi cll'fhl('cl ll}i

1 (J

1 .,
u

1 ",1'\

(; '''' [fa2] -,~ 1 Ii'
1 =,:i2
1 no..

(la.Ml)

k r., [0 OJ . (la.lil)

Till' solution lill' the timl"~tl'll II -+ 1 i~UOI\' 1',I'IIt'l'lttc'll by i'iolvilill tlil' Hylitl'lll

(1:l.!H)
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conditions] cnu ill it uumerlrul ~dl<'lllP Ill' invortrd to vivkl illl explicit solntiou
for th« unknown lilt 1 I.

13.2.3 Numerical formulation

Equution (la.a!)) is nUil\O!\\)Il:'; to t IIp lV'upl'ill Iunn (12.20), whirh, 11:<WilH :-;lIO\\'Il,

is slniplv so\V!'d IIsillA Ih(' olH'ratioual·TalL method. Hl't lIl'Uill).', nnw to tIH' 11101'('
sp('('Hie' prohlem, rquntkm (t:l.:l·l), u stall'llH'llt ill Ihp Ionu of (t:i.:~!l)run Ill'
uiad« simply h~' lltllitiplyill).', this vquut iun Ihrounh b,\' r:

with tlt(' oJll'ralm' C awl functiou ]) nnw d<,lilll'd as

{' c. II' 1111...\1A 1]
I) 1'1(11 T ..2>/ ..VI [(I) 1(" + 11211" 1 + 11:111" 2 + .. ,] ,

ua.u:
(1:3.12)

and til!' tenu ,Ai giwll 11,\'oqnatkm (l:l.:lli).

Th(1 oquution (la.·lO), l\lOlll~ witlt tlill IWltlldllt'y couditions (la.an, ('1\U now
1)(\ Ionuulntod ill tIl(' Tau H~'i'it «m: ('Ollsic\l'l' Iirst t hI' oiH'rat 01' C and 1'1111<'1ionnl
I), If I IIp Iunrt inn itA' is l'!'\ll'<'s('ul ('(I ill 'fall form as i;k r, t lion t h('s!' op('rat 01'H
I'(IH1)('c'tivolv i)(l('(lIlH' ill tho 'Iuu sy~t «nu

( , ~-.,

D" ,~. j .

•1',

[,) ", (uu.1I).)I] ,

hn [il + (el(.1f )"1] -I .11 [Cl~i;n I + rta':u ~ -l- • , ,] Xi,
·=2[.lii ,I, 11M,

(l:ua)

(l:U,l)

O:U1i )

whore t JH' limit op('rat (lI' t, is t\l'lilll'(l ill t h<' ('aullllit'a\ ha~iH ml <'(lllat ion (U.l\l)
awl ill tlH\ C'lUTl'llt· ('JH'hyslw\' ~yi'itplli diJ'(,(,ti~' as (tl,:;a). Tln- oJl(,l'iltOl'~ il and
'I al'l' (\l'lill('(l as usuul (lh'!'l'tb' ill tilt' ('lwhy;;lt(l\' hasii'i hy t 111'lnatl'i('(ls (12.!il).
Solution lor tIl<' tiiuo ~t('i> II + 1 ('ntaib solvim; tit!' i111H'1'pl'Ohlplll

O;J"W)

along with IiI(1 buuudury ('oll(litioIlH (1:1.:lll, Tilt, spnt iul boundurv ('olHlitiollS
hp('DlU!', ill tlU' Tall ;;~'s((lIl\, th(l l'nllowiu!', matrix o\lI'l'i\tOl's:
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"I'

tt)IPl'Oll('lll'H run 1)(' ('Ollsll't\('ll'd h~' niukiui; Ilu 1H1IH~l'lO, 'Iuhl« O:i·:i) gi\('" till'
va!tws of tlip ('Ollstalltr; II; that liP!iw' t lu- \'Hl'ioW; ~Whl'llll':i,

SlIdl Iwh<'llIl's aN 1Ill' II'i\p"h'ol'; dhi('l'('tiHa!ioll lin' nol 1'1'111'(.,.1'111all]!' I'x.\('t Iy ill
thii'l form; however surh a ,.1'111'11)(' iH onlv n'aHy aPJI!'oJll'iatl' 1'01' llrohll'll1~1 wit h
t(,lllpot'tli ll(lrio(lidt~· [Cunuto r! III (l!lss)j. iUlII oven hl'l'I' 111'(';;lIhjl'l'l III all
1l1i:tKilll.~('!Ii'('!'. Thin. (11l'Y will nut 1)(' rUlIshIp!'!'11 I'm 1her IIl'l'I'. ()I ht'l' HPJl1'!ladlt,~,
uot ('1l('()1lI1HI~s!'(1 hy till' 1\hov« formulal ion iU'l' H11111',(\"1\1111It Ill!'! luuhAlt hOlll\h
I hl'H(I ~11O\\' 1)('11('1' 11'1ll1)(lt'illl\c'('lIl'i\(,~' t hun tlu- shuplor I'<l'h!'lll('H nhm·c'. llH'Y uuw
1)(1more prolll' to !'Hlfl('t' from HIahilily JlI'Ohlt'llIH in loua-tonu tun« illlpl~ml lou,
Furthonuor«, thl'il' i\('('IIl'tu'Y gaiu OWl' t lit' Shllpl!'l' 1ll1'1hod" is uol of luliult«
order, I'D it simplo t1('('l'('as!' ill tilu(' H!('P j.t of a lihnplt· morhod ii'> lillllidl'UI to
mnreh th(· l\('('lIl'IH'Y of it HllllIW·I\lItla. IlPlll'tlildl al it ('Oi\l'Hl'l' litUI'·Ht"p. 'I'hus
oulv 11u' I'I!'I (If Sdll'lll(ll' giWll hy cqnutlou (1:1.:1';) will hI' ('oIlHhll'l'l'(l h(·I'!'. 'I'lu-
stahility aut! ('OU\'('l'{J;l'IlC'(I 1l1'OIH'l'tit'H (II' nil th('KI' St'}I<'llll'H nr« diKC'Il}>Kt'11 ill (it'tail
lu (~Illlllt(l d n{ (J!)~~), Th('H(' ('OIl\'I'l'fWll('1' nitl'l'il\ I\i\,!'ll ill thiN l'l'lh'!'lI!'!' IIt'C'
only au ludicatiun, ]W\\'I'\'(Il\ !'iO Ihl' ('II1T('111 1Ilt'llw(l wm, ftll'1l11l1nl('(1 gt'llt'l'all~'

al' in (la.an und unmorlrul t'~Pt'l·itll!'ll!atioll WHi' IIIl1ll'rlal,PH ttl (1I'tl'l'llIitl!' Ill!'
HI1\hiliIS of I hI' \'lll'iOIlH aplll'oal'iu'H.

('()W~it h'rillg oquat ion (1a.a 7), t hI' unknown quuut ltv is I'I'Pl't':Wllt ('(I h.\' t Itt, t !'I'1Il
iilll!. As H1Wit. I !til' equutiou ('IUI 1)(' 1'1'111'1'1\11111'1110 HUlk" a" ! 1 t h" I'<llh.iI'(,t ot' t hc'
It'ft·llllud l'i,lt· nlnno, burthr-r, lilt' lilH'lll'ity of L.' allow" l'1l1ln.tnnliilll'1ilupliIit'illio\)
(If IIH' l'illh!,illIlUIl'1itit" ThiN 1'I'Nllilli in

(1:1,:;1')

which iH all oqnut ion of Iho Ionu

.,tall!! 11(1/".1/" I •••• )

Till' l'i!\llt·hi\lld tiitlt· B runtuln« Dllb' kuowu qnunt itlos (Ih" 11'1'< luun Iht' proviuu«
tlm« Nlpps) uud tIlt' lelr-luu«! Oill'l'alol' A (aftI'I' lucorporutlou of tIl!' bmuulurv
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.\s was shown ill };!'I'lioll 1:!,:!.:.!. IIII' lunit 11'1'111 ill (1:l.a:l) run 11(1 l'!'lll'!'S!'IlI!'(\
uuifonulv ill I It!' oJll'l'at iOllill-'l'a II :'~'~;lf'lll, Th« oJll'l'at 01' c dOl's 110\\'1'\'('1' ruut uiu
1'rill'Iiom- h 1', whlrh Ill'!, not (li 11'('I lv I'I'PI'I";1'1I1 ahll' ill I hI' nunu-rirul I'~'stc'lll,
'I'hi» is f;illlJlI~' l'I'sojW(j h~'mulrlplvhu; t hl'ollgh II\' I' ill !'qltafillll (l::.;Ul), This
l'(';;n!t:.; ill I It!' iuitiul-valu« ICI\'lIml,ll lou

iJlI
r- c ,\ III
iJI

( 1:J..lll

wit It 1hI' lineur oJlI'I'alol' ,\ t IIt'lilll'd a~;

,\1 ill ;1( II)"I' j /' •
U iiI' j 1 ill' ill'

i 1:1,:1;')

13.2.2 'fmllpOl'al discrotlsuelou

'l'hv hpatiai o}H'l'IIIOI' (la,:!!j) j,., sult alth' Ior illlpil'llIl'lltal ion IIlillt'I' IhI' npouu lunnl-
Tall syHtl'lll, Eqllal ion t l:l,:lO) is howovor all lnit ial value problem, t IlIIs I ill'
Il'llllllll'ill Ilh'l'l'l'lblllioll 1Il1l!;' hI' l'llll:->hll'l'l'li, III Illh. :;('('1 ion a I'illlplt· dh;('l'l'tl'
t!'Ill}lIlI'lllllH't hod ill IINI'd. hilt I hhl b fm'lllniatl'(lgl'lll'l'ally I'II!')l Ihut it I'llIb1':\('('s
all ruuunun 11'1lI}HlI'ltl Ili~('l'l't hial illwi,

('oll:,hlt,l' fill' now ("lIlHlillll (l:l,:l:n, '1'111' }!'I'tollitlUl "hI I' IIf thiN !'(Illatioll rnn Ill'
lli:i('rl'tiht'llll~illg It fillitl'·ciil('l'l'l'lll'l' Ill!'1 iult!oio!\,\' as

\\'111'1'1' thl' Hllp. 'i('l'ipl " )'('[ll'l'SI'IlIH th(' :,,,ltuoll nt Ihl' thne-lovol », awl ~I iH
Ih,· t inu- Hll'p. Iu uouorul, till' tl'llllllll'al "i1l'inlioll tl:l,:lCi) ('1111II(' l'aiti to llt'PI'IIl!
Oil IIII' solutfuu at ,liIliot'l'lIt liUH'·II'\'l'is: t lil« "nil IH' 1'1aiI'd mi

(l:J,:li)

\\'111'1'1' t hI' 1I't'IlI}l II, al'l' l'om,I.\lI(>." It ('all \1(' I'hoWIl l'itllilh' I hal I III' jll(lid!l1ll,
choirI' 01' ('Illl~t alit); mil liPll'l'I11illl' a hl'Oil! I J'HIl1',!'01' 11'11I1l(ll'ai (1i:-lI'l'l'lbill ious. Fill'
ill~lnlll'!' n l'iUII',I' of l'xplidl :,dll'llll'~ illdllliillg i.1I thl' ;\t1llllli'\,BiI~hfOl'lh Illl'th·
oti); hi 1',!'lI('I'atl'(i h~'~l'ttilll-\ 1111 () awl dlllll~illl', vn rio liS \'aitlf's (ill' thl' otill'l'
l'IlIlHtautH, Iutplk-it ~dl!'IIH'" ~1H'h mi I hI' (ll'i\llk ..Nil'!lIIl~1l11alit! Arlurus-Muultun
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13.2 Impulsively started laminar pipe flow far from
the inlet

Tit!' solution of ('!Jllat iOllK (1O.:)a) and llO.a 1) dl'tl'l'lllill(l I lu: laiulmr lH'lmvi!llll'
of high H!'YllohlH 11111111H'1'Ilow ill t hr out ranro l'I'gioll of it pill!'. This pair Ionu H
coupled, 110U·li1H'Hl' !i~·:-;t(,111in n tuul e, thl' axial uiul rudiul \'(Iloritil's 1'l'S1>1' t.iwly.
Of interest ill I hls :.;,\':-;11'111 i:-; t ho hohuviotu' or t lIP U1Ihi !ill' dowustroum of IIH'
Ilill(' inlet. III I his linilt, tltl' radial ('01UPOlll'lIt of v(,lo<'ily I' lH'('01l1l'H zeru, nnd
III(' S~'Htl'llI (1O.:l:l) uml (I1l.an I'I'dlll'I'S 1 :-:illgl<' sinipl« litlPHl' initial-value
('\llIatioll. with il ::; u(i'.t) oulv, F1lI'11H'l'. unlv III(' hupulsivo case is ('011sitlt'I'l'l1
1t1'1'1'. For tltiH thl' (1'1'111 U,." n. and oqnutiun (10.a:l) siuiplillo» somowhnt, TIll'
solutlon of t.hiH H~'Htl'lll i~ t Itl' Hllbj(ll't of t Iii!' chaptvr.

13.2.1 Analytical formulation

'I'll!' U('f!,h·(·tillg or tltl' nulial ('OllllHllll'UI or \'l'lo{'it~' awl Iltl' H(,I'ph'l'IItioll n-nu ill

('lJlIatioul' (lO.:!:!) awl (IO.al) h'iHls (lil'(,(·tly to tltl' Ionnnlntlou

wit h bouudurv conditlons

lill' '\
"-.~,, n,

iJlll n, (l:3.:U)
/)1' j'

....~
(l

{iii o "'-'-~ lin.

t lit' Willi uo-sllp ('01I!Ut lou, t 11(' ('putl'plhl(, svuunetrv ruudit iuu unci 1hI' initiul
Vl'lol'ily di:-;trll lilt ion 1'(1:-<1)('1'1iv!'ly.

'l'hv S,\'Ht!'1Il (la.:l!l) .uul (l;i,:n) dl':''l'l'ilws fully Ihl' pnmllol (h'\'l'loPIlll'lll of flow
ill it pipo. Eqllatioll (la.an) iH it linear syst!'lH of t 11(1Ionn

(1:l.a:l)
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Fi!~l1l'(' la,O: Tho (li,\(llI:SPf'(·t1'11111rot' 11ll' ('\,P1l modes for plane-Poisouill« 11ow
with (\ = 1 and HI' :-:-~lin non,

result 1'1'1)1'(lSl'lltt-11eomputor opcrutiou-count I'avillg of (i() thuos, with 1\11
hnprovomout ill I\('('ltl'it!'y of ,1 siguiliruu] Iigures, For Ill(' approach of da
Silva to haw ul tulnod ('OlIlIHtI'<J)]1' a('('m'a('y, his urdor would 1mVI' hall to
he lnccncoivably high, h('('atIS(' of tlH' ajp;(lhl'llk ('Oll\'(II'!!,('IH'(1 mt(IS giWll hy
It Iluite-dilloronr« approach, For coruparahl« uccuracy 10 du Silva ut this
Hl'Yllo!ds lI11111lH'r,tho ('lll'r(lut Sdl(,llll'lll'('d('c1 to hI' solv«! at ouly N =: li2.
resulting ill It 1'1'1\1OIJ(ll'IttiOlH'0l111t rat in of appl'()Xilllatpl~' 1/2IH)'

'I'lu- oporatlounl-Tan approach is tlms rupnhl« of soh'illl\ Ill-rmulltlouod pmhloms
hip;hly lu'elll'at(lly. TIll' 1('\'(11of It('('I\l'IH'~' aHninahl(' at hh~hvnluo» or lh roudors
couipnrison with nthor (liuit('·(lill'(ll'(lll('(I) methods llll'IUlilld('ss, '1'11(1silllplicity
of tho mothud (no \lS(I of hnprovomont (I(,ltlliqu(I:;, S(l('Olll\-gll(lssillg thr ('igl'll-

iunctiou HIIIlPPH, or oxtrapulutlon to inlluit« IUl'sh d(lllsity,) yidds till' solution of
this tnulltlouully dilllcnl: S~'SI{l)1ltrivial. F1Il't lu-nnoro, it (lX('('('l\s t hf' nc'('lll'a('~'
of tho truditlouul Tall ItjJ!ll'oadl [()l':;l.a!~ (1!l7la)] wliil« I\\'oitliug 111<' us« of t hI'
M\VH Ionuulatlon altog(lthl'l', Its oporntiounl 111\1111'(1 nllows siinpl« Itigol'Hlllllil'
ussomhly of !lUll !l"/lf'ml 8,1l8if'1II awl ih aunlogv to uuulvtic operutor uotutlou
allow» lor !'l'lu\y uudorstuudiun of till' morhod.

Tho illlill'oWllH'llt O\'!'!' Ill!' Ot'igiulll oprrntiunnl-Tnu uiothod, or Ilss('luhlillg t h(l
OI)('1'lltOI'S dil'l'C'tly, !'PlIlO\'PS OUI' of th« major hnpodiuiout« of this uppronrh, ill-
lowi ng extension of problems to oxtroinolv high OJ'( 1<'I'H of soln Iion (1](111('('ullowiuu
tIl(' sulutiou of hadlv i"i('(llPd problems) with 110 l'atastl'oJlhit' d(I('ay ill i\('I'nl'IU'.\'
liS is usually Hol!'11 ill till' stuudanl opornriouul-Tan method. 'I'll!' aJlJll'olldl Ihus
shows itsl'lf to hI' highly optimum Ior tltl' solutiou of badly comlitionet! !'iP,('Il-
valuo problems surh Hi"i I ho Ol'l'-HOlUllll'I'f'l'lcl equation. AK will 1>1' shown ill I itt'
next oxmupl«, tho Ill(lt hod is idl'a\ lor iuit inl-vnlur problems ilK \\'1'11,
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Table l:J,·l: Tho variat ion of IhI' most nust ahl« ('ig"lIvaitw lor plan. -Poisouillo
How with n '"" 1 and lncu-asing I?, • compared 10 tlu- results of (1p)'st.illg (1!)t\1)
all<1 tilt Silva (UH}(),
Roynold« ii;';;ut l'(~;~r;,:-~'"(T;'l'l'tillg (lfJS1) cia Silva (lDU!l)
11111utw l' ~r' vaT;I(;'~~-"-~"
10000 :lX--' ().2'3Y132(;4D ~,~ -rr::m;r?;2'-----*' -(),2:i'flE ~--

+!l,ona 7aD (j'ii +O,OO;l 71i +O,DO:! 7,ti
r;O()()-O---+...,.1-(i- ..+-()-:.1-:::7"'li·...,2"li~~t\-s-·-(j~I7~'2r.~".~~~..'IU75-2,-3 -- .. _

-Il,nOii :l12i -(J,()()!'i:li -n.nos :li

lmi(TIi1!' (i2 -_. ~~·,~~I~~''"''~/-el;~!~-)i-+~~3~1~1 '"'~«-'['-(~~~~~~"- ..~.'-
~Hmo- ":~T-"'(HH'l :J2D!l O:!lH~l-~-'~-"-- n,o;Tr"~ ..~.~

-uuie alia 71i --O,OW:li +II,OWi,,-,---~.-~-".'''-''~'--'''~'- ---_.- .•.-.-.~.~.,.~.-...~

(il) Tho modo Al is unstable at tnork-rat« HI'Yllohls nuinhors, but IH'('Oll1(,s
stahlo agnin with itH'1'!'!lsiul!, He, AI Ihl' higl1P1' Rs-, it is not tlio mOSI
unstahlo lll(Hh· at nil, that 1'011' h(·iug IIS:-1I1111l'llhy thl' first low (li!\(lll\'alll(l~
of th» ]J family, although II0 Ill' of th(l~(I (lW1' ucmullv ill'('olll!' ulI:4tahll',

(iii) TIl!' Pig('IlHl)(l('h'UlU for t1H' hi~\h(':-;I value of R(', muuclv Be' ccc lion 000 is
glvon ill fig11l'P la,G, As run \)(' S<'PlI, it is vorv shuilur to IIH' sportriuu
showu ill figlll'(' 13,5, Tho ('lIl('rl~!'lH'<' of t 11(1Iriaugular ('{'1IIml ii'at,m'p
is lutercstiug. A similar fpal 1Il'{, is evident ill Davoy &: Dmziu'» (lUGO)
spoctrruu for He :::: lOnOO, hilt til!' Iruturo !lUI)'!, WHH duo to poor muuorlcal
l'('jll'P:.(llltntiollli, 'I'll!' I'ig('ll\'ahws ill figt1l'p 1a.1i m'(\ well ('OlIVPI'gl'd, I hus
the 'triunglo' represents a real f<'atlll'(' of 111(1pigt'llvaluo S]l(l('I'.l'llI11 itt this
Rovuokls )1111111)(11',

,IV) T1H' 1'\\1'1'Pul results W('1'(' prorlucod to til(' gl'('IlI(IHt pl'P('i:-;ioll possihl!' • or-
(\(11' was lncronsod until tho <l(ldlllal ('(11>1'(1;\(1111' at ion was Ij:.w(l 10 Ill!' lovol
of Ill!' round-off 'uolsc'. Ai'i ('illl Ill' S(lI'Il, III<' (111'1'('1of tlU' Iinito dl'l'illlal
l'('prpsPlltatioll (rouud-oll') Oil t ho result i:-; nt HU upproxhuan-ly eoustant
11'\'(11, it'l'(lsp(,(,tiw of order N, This iwlkall's thnt I II<'muxinnun IU'('11l',l!'Y

at t alnahl« iH Ilxed by Iho uumorleul pnx-isiou (Io: a IlIl!'1 kulnr problem,
Ihat is) Hlld !lg,t hy tho orrlor of Ihl' l11Ull'icl'S, Thb, flll'IIU'1' \'iudkall's tl1('
1tJlJl\'(liIl'll of dlnx+lv I'\,ilhlalillg t lio OPN'HIOl' IUilll'it·l's (SI'I' SP('liOll 18.7)
(li!,p('t lv ill t hI' 01" h()g{):'al domain. Tlu- 1'0111111'0([' prohleiu of II st anrlnrd
oporutionul Tan np(ll'oi\l'h would haw 1)('1'11 lnuit«! ill onll'!' Ill'!'!' to up-
Jll'()Xilllal('I~' N" ,10: Itt this ()r<l~'l', for I lu- ('asp of Ih ,~-::!i()()()()(). I hI' result
would haw I> PI' 11 !\('('\ll'n(.p to oulv i "igllilil'nlll lil\11l'P • fur iul<'l'iol' 10 hoth
du Silvn'H uud (j(ll'sting'H 1'1'1'llltltol,

(v) For thl' ('IISI' of R: ,:::lion (JOO. dn Silva's ('ukl1latiolls WI'I'I' oxtrnpolated
Irom N :c; lOO, .r..,r ,." 20(), a11(1 ,V c: :W{! to il1liuitp order. Assllllliug an
0IH'l'al iOlH'0l11l1 of IIpproxi lila I ('1,\' .'{l rot' !hI' l'i!\I'II\'nh1l' soiwl', till' currrut

nrrunuolv tll'tl'l'lllilll'li ~IH'I'trlllll Iur II .C 1. lit- c.: 10 UIIO is l\ivl'l\ in (il\\lf(' 1:1.:;.
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Figure la.li: Till' ('ip,Pllsppctl'Ulll Ior lhl' ('\'('11 modes for plnnc-Poisouillo How
with Cl ::.:: 1 and Be: := 10000. l\1odps 11111111)('1'1'(1i\('('ol'(liup, to tIlt' scheme of Muck
(197G). 0, ,1 family; e, J> family: 0, S family.

ACCUl'tlCY with increasing Reynolds number

The varin! ion ill accuracv O[ the HYI'I om with itH'I'I'IISinp, n"ynolcls number iH
all lmportuut cousklorut ion in stahility rulculutlons, AI' Revuokl» muuhor iH
increased, tho IpfL-llllllCl sklo of tho Ol'l'-S01111lH'l'l'('ld oquntion (1:l.1) \)('('OllH'S ill-

('l'(,llsin!l,'b' smaller wit h 1'(,HI)('('t to till' right-hand side. This loacls to tilt' 1',\'1'1om
b(I('olllin!l,' ill('l'('aHillg]~' bnrllv scaled, wit h the rPHlIlthllt, iutrodnctiou of iUIH'('U-
1'1t<"i('s. Ntunorical exporimontutlon waH couductod Itt (\ ;:: 1. I\H{('l'tl\illill~f tho
most unstublo Pi!l,'nllVllitH' fo\' it)('l'('1\siUA Rc, This WHH (10l1<' ill nrrnnlnuco with
till' results of Gt'l'l'ltinp; (UHll) nnt! dn Silva (HmO), For H(lyu(llcIH numbers of
ID 000, liO DOO. 100 (Jon and liDO (JOO, IlllRWPl'S from t 11<'prosont lIlPthOl\H W[l1'[1

obtniu«! to t.h(' maximum nt,tainnil\<' cl!'cilllal pI'Pci~iOIl, 'n~hlt' (t:J..1) sliow« th«
l'flHIl}t.H obt aiuod, tholr proclsiou, and til!' 01'<1('1' of sulutkm. Oulv t lu- ('Ol'l'P(1

(convorgod) t1ip;itH art' giWll ['or (laC'll (·alil'. A coiupnrison is ahm nuul« with tl1('
values of both Gl'l'sl iug mul (In Silva.

By ill('l'pnHilll~ N at ouch H(,YllOlcl" number while ('ollshh'l'ing 11(' lx-hnviour of
U1(' most unstahl« ('i!~('n\'ahl(l ( ..tl ill fi'~Ill'(1 la,il), it wno.; Jlo~"ihl<' to !\S('(ll'tlliu
which derhnnl c1igit~ ill tho 1\111'1\\'('1' \\'('\'(' invnrlunt, cia SUm';; nncl Gpl'Htillg'H
l'(lSUHH haw abo 11(1(111ttuucutod to show only til(' (\i~\itH thut t \l(IY (lptpl'llIilll'< I
cornx-tlv, A number of isHII(\~ ariH!' from 1hps(I 1't'HIIItS:

(i) As t he H(,YllOlds numhor iut'l'P;ts('s, t h(' onlor or t 11<';;~'st Pill 1ll11,,! 1)(· iu-
('l'PiI:wcl to 1'(llll'('H(,1I1 111(1 pil!,(lll\'ahH's corroct lv, This is prluinrilv bp('a IIS(l
i'lli' iuunorirul problem II('(,01111's 11lt(1l~'s('alpel wit It ill('l'('a~illg lie,
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to his N :::.:58, Such vast !';!tillS ill a('('lll'a('~' OWl' the fillitp·clill'C'l'C'lH'(' uppronrl.
allowed solution times to 1)(' cl!'('l'PlIsC'd by orders of magnitude for couiparable
results to da Silva,

Tn1)!!' 1:1,:3: Comparison bctwoou present results Ior the most unstahl« l,jp;C'llvahlC'

with It::::: I, R(':::: 10000, aIH! those from Ol's~ng (lD71a), with N varied to HllOW

til(' rate' of convcrgenee.
Present-------H

r--.
()l'S~al~ (1D71a)

".-~---"'....',.~~-
I

order vulno (11'(1('1'"._.
~2H O,2a7 +O,Oi

ao 0.2:37 +o,noa 7i 22
a1 O,2a7 -o.una 7i 2,1
,10 0,2:3752 -n.ona tai ao
·W 0.237 li2 +o.ooa 7:Wi :32
52 O,2:Ji 52G 4 H).OOa7aOUii :H
5H O,2a7 ii2G ·HI -H),OOa i:W liii :lH--_._------ --

+O,()Oi
+O,003i
·HI.OO:lii
-IO,OOa ii
+0.00;3 7:mi
+O.OO;J iaO Hi
'In,oo:! ian (iii

K2:li-
n.2:!7
0,2:37
O.2:l7 li2
0.2:37 Ij2G
0.2:37 ii2G ,1
0.2:37 li2G ,HI

It is illtC'l'l'St.iug to note that tho ('1\1'1'(,111 method is iuoro uccurato for it rho-
son order of solution thou Orszag's approach, This cuu be eusily oxplaiuorl hy
l'ollHitl(,l'illP; 111('problem domain ill C'iWIt (<lSI'. Ol's~ng solved til!' prohlom ovor
Ill(' full Interval [-1,1] hilt, only used tho (,VI'Il ClH'h~'sll('v POlYllOIlli;11 whorons
IhC' (,1Il'1'P1I1method used lli(' Iull Chohyshov HI't OV('l' th« sub-rango In,l], Both
methods roturuod only tho oven 11lO(It'S, hilt t he restriction ill domain nllowcd
1)('11(11' I\C('\U'I\CY of lnterpolatlun [:wP Fox .'\:. Parker (U)(itl), Rivlin (lOUO)], If
Ors~n!~ 111\(\appllod his method to tho suh-mngo [0,1], thou tho l'PHllitH of t.I1(I
two methods would hp i!kllJ iclll. This 1'C'1'lIl!'s a SIl!!.!';PSt.iOllmad« hy Lin .'\:.Ot'ti~
(1[)H7) thltt Ihpir method is luuntoly 1>('(11'1' thnn that of Ors~lIg, III fnl'( tho
two yield ldeuticnl matrlcos whou npplied ideuticnlly to It problem, ami the only
\H'lwlit of tho ('l11'l'('llt Ionuulnttou OWl' Ol'swg's lllethod is that it, avoids til('
(,ollrm~illg {UH\ dilllcult Iunuulutlou of his M\\,H nppronch,

TIll' lirst 10 HYlllllll't.iI'al 1I1l!\ nsvnunetriru! ('i~';(,l\vahH's for !1 ,-" 1 nud R!' :;.;;
10 (JOO aro shown plotted ill fil~11l'(' 13,5, 'flip aSYllllllPll'iI'al modes \vI'1'(1 oh-
talnod hy l'('pladll!~ til<' coutrolino bouurlatv eoudltlou» Iroin (la,a) with thd1'
nsyunnot l'il 'it} ('qni \'1\1<'111;;, nnuioly

(/,111 () E,·' o
J)2,ill o ",,., o.

I U

TIll' l'ig('1l\'n!uI'H i\1'(1 lil'l'!' gl'01l1H'11 iuto the ..1. I' aUII h' fnmilio» 1I1'('Ot'!lillg to Ih!,
clnssllicntiou h~' Muck (l!J7G), Tltl's(' lIlot\C's haw boon N[llivnl(,lltl.v 1111111('(1tho
\\'.ll!. n~JI.I'):t!awl .IJt!~diiHllll(H1C's thlt' ill parI t () Iheir HS.\'lIlploljc hohavkmr in t hI'
invisrld limit (iI;; III '"•. x.) Is!'!' Druxiu ,\: H('itl (l!lH1), Sdunitl ,\. Ilouningsou
( l!l!H)],
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tho order is 1'1'i~{ld to N "" GO, 110siguilicuut dp{'l'Pi\s(' ill precision (H'('1ll'S, \VIH'u
(h(l Tall method was originally implemented for this svstom, till' standard ()rti~
approach was IlSP(l. and tho numorlral system \l('('ll1lH' lunrcurutc ahovo N :::::·10,

Tablo 13,1: The ('OllV<'l'AplU'p of the nriuinnun (,l'itical H<',\'1101ds numhor with
order for lll!' Pl'('sput investiautiou. . ~ _

r;N Ill- n

20 :3 ULJW' Ul2
3D ~ ,...,..,,) t) l,(J20 ,'j,!,;tl t i s,':
,10 s ;72.2218 1.020,'j,11
,1,1 G ii2,22180 1.020 5,11
UO 5 i7:t221 S 1.0205,11......._-.

O,2G
O,2(j.l 000

M 0 0.20,1 (JOD201' Ii
- 0 O,2U1000 2() 1

0,20,10002_____ ..l1

The eigenvalues for (\ "'"1, H(' :-..;10 nnn

While tht' minlunun ('ritical Rovuokla nnmhor might SP1'W as tit!' \JPHt point
of coinparlson for Ih(l 11101011uustahl« C'iAC'llvaltH" (11(1nnturnl Inunowork for Ill<'
veriiication of Ihn full piAPIlSI)('('tl'll111 Ims hPI'OIll(" hy virtue of its historlcul
precedent, tho nts(' of (l := 1 aut! Ue ::: 10 (lOO,

cia Silva (1000) [tnhll' 4,3, pOOl compared till' {'()n\,(,l'!~('ll('{'of his liuit{'-(lill'pl'('IU'P
scheme 10 othpr results, for tho most unstable olgonvalu« of tho above (I'Ht cuso,
He iIl<limt.('d Ill(' error ill t,lu' various solutions Its it Jl<'l'('{,lltng{' doviatiou from

tho (';f,nl't result of Ol'H,mg (Wila), Tho iuuxinnun !t('Clll'Il('Y Itt tahiod for his uud
otiH'l' authors' results ar(' l'{'pr(\s!'ut(l(l ill tablo (13,2),

Table 1:1.2: Maximum IU'('lll'IU'Y attaln«! for tho 1II0H(: unstable pip,!'llvnltl<' at
n' "'" 1. T?c, ::: 10 O(J(J, IIH ('01111)(l1'(\t\to t11<' results of Ol's~ng (1!l71n),
Antho1' Enol' %

r-Tholllllfi (1053) 0,02
Gary & Ilelgnson (1ni1) 0.00{)5
Grosch & Salwon (1!l(it{) 1.5i
Davey (10;3) O,OOi\
GOl'Htillg (IDSl) (loOG
(Ia SilVit (1000) O,O(lX

By {'xt.l',I{lollttillg t,\I • '<':;11 d<,w.il\·, !In SilVit was ab}p 10 l'pdm'c' hi:; error
to (l,Ons',;':'. III rout. ast , 'SPlit results al t nin tho samo arcurnrv of Orszap;'s
results :,t N :::;::aI', Thus a rnmpnrisou oft1w prosont (lata to tho results prosoutod
ill tnhlo (l:1,2) i~monuinglcss. As would hI' PXl){'{'Il'd, til<' rurrout method dc){'s
report klnutirul C'Oll\'l'l'p;l'llt ln haviour II, tit!' suullnr uppronrh h~' Lin tV Ort i~
(lDt'li) , Tho 1'(lllV!'l'!~I\lH'(' with 01'<11'1' of tho most unstublo l'i~l'llVl\hl<' Ior this
{'US{' is shown ill tabh' (la,;!). II!'!'!' !li!' l'l'sp!'('tiw order for lit!' sumo lovol of
lll'('llt'i\{'Y Ior ouch motlu»! iti shown Oil Ill!' snme llno of til(' tuhlo, As iuoutiou«],
tho prosout method t'l'lldH'!'< t ho i\('{'lll'iH'Y of ()r~zilA al N c:: :11', rnrrospnndlug
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Figuro laA: TIl(' vnriat ion of ('1 wit h Reynolds munbo:
tho wavomunl-er n.

:('\11<11' value of

ft ('Ol'l'(lHj>OlHliug to the minhnum of thiH JiIIC'c1 curvo. Find til!' critic-al
Reynolds number at t his point, a11<1 cull this valuo B(·'.lI,'

(:3) CllOOH(, tho thro« of the foul' points BCll" UC2[" !?(':If. and He,IT. that have
1111'lowest Rovnokls UIIII1I)('1', HI'IU\llI(' thpsl' Ih1'(I(' points lkt/" Rf'2I. and
RCal,.

(,1) If the' Roynckls uumhors of tho thl'N' points I\I'P snlllciontly dust' (within a
glvon toloranco), 1hou sf op t ho prO('PHS au(l t ako tho poiut with t.lin median
value of n as the minimum criticul point, ('is(' go to stop 2.

For suitnhl« initial gll('SS!'H, tho aliovo algorithm will give tho minlnunu critical
Reynolds unmbor to within tll(' givon toloranco,

Tho current l'('HU}tH for tho miuinnnn critical Roynnlds number are' shown in
tuhlo (l~I.1), Only figm'('H invariant wit h orrlor nro shown 11('1'(',AH (',\11 1)(' 1'('('11,
tIl<' results of Davov nro dupllcntorl, sllg~' ,;tiH!!; (hat. tho last dochunl plan' of
Liu &, Ortiz's values is wrong. This is it stroup; ludicatlou that oxpliclt uso of tho
IlHtJlPing V (S(lt' s('('lioll 12,1) CltltSPH muuorlcnl round-elf prohlom», Lin & Ortiz
did not oxtond Ih(,lr results 1l!IHt N :=. ·11, but it iH ('ou('('ivnblr Ihat, thC'y wor«
limited to thiH value by til(' transfnnuntlo» (12,11). The lll't'!iI'llt l'<,:mlts do not
show any ('ntltHt1'ophk round-off limit, hut round-oil' error HPPlllH to 110 IH'ps(lut
ill t11(' solution, 1'('I\(\('ri11g it acrurato to upproxiuuuoly R Hip;l1ifir!lnt 1ip;1lt'PH ill
Hpj'IWi<\S number, 1·('fI(l.1'(llr'8,~ of N, TIl(> 1'11'('('1 of 111(> Ibw<l d('('illlni procisiou iH
lllllllifps( in th(' stahi1iI~' curve l)(Iillg jap;p;I'c\ al (hI' uinguitudo of tIll' tmnrutlou
error. By (his is mount thai t!tN(' is uurrrtniuty in tho poslf inu of tIll' urt nul
s(ahilH~1 curve its"If within It Ilnito drr-hnnl represourutiou, uurl not ilUH'('1ll'I\('Y

in (11(1dl'j(ll'lllilult ion of tIl(' muuorlcnl system, In ot her words, (11(' pl'l'turlml iou
of a IHU'Il111P«'l' (say (l) Ut'('(Ic'd (0 discrhulnut« botwcou two distinrt points Oil

tho curve iH HO H1111111, that thl' I'lf(,(·t of thl' variation is nou-unifonn", dl'(,(,tiV<'iy
producing 'lloiHI" ill til<' aip;('brai<' nuurlx S~'st(,lll. AH shown ill tlt(' tnhl«, whou

HOIllI' multtplirntlon« til!' Inctor '[nils oll" tho Ilnit« !ll'duml l'('IH'(,HI'II!1ltioll, 1<>lwill!l til('
vnluo uurhungod, whilo ill ot 111'1'(~IIHI'Hit IjOI'H nut.
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trnusfonuntiun« and I1IPir limitations i~ ('olltaill('r[ in C'anutn d nl (1!}~I{), For
t ho lll'(';.!t'llt ~yst(,lll, it was r[Pdt\('t1 to 111'(' it shnplo liurur trnnslonn, h('('<llls('

111('mor« sophh·i( kat('d t ran: fonus wvr« Iouud 10 ('olliplicat(' tIl!' SII'111'1111'{' or Ill('
(,([Imtioll nnnr« l'sl:'aril;.', ,\, will 1)(' shown, t lu: «inipk-r dlok!' did nut pl't'riwh'
Ill(' uttahuuont of it I; ....' , 'f'r'llI'all' -olurlou.

Till' Blnsills ('(Il\ation (};, II} is nppliruhlo to it llnt plat« si(Halt'(1 aloll!', t hI' .r nxi«
(n~\ur(' l d, 12), For t hI' ('III'l'(,111 invest igat lou, it was ivquirr«! t hat I III' sulutinn
lH' Iot it }lla(!' situa!!'(l at (:'" I.', awl with thl' solut.inn doiuuh: I'XI!'lHliul'. in tho
dh'('rtiou of c1P('I'Pilsiug r.: towards <':('1'0, This ratlll'l' uuusunl n-quirouu-u! was so
that the solutiou 1)(1('OU1lliltihh, with Ihl' piJlP haso-Ilow Illodph: aud stuhilitv
i4dH'llll'~ (whose solutiou douinius !'xtPIIII 1'1'0111a wall nt: 1 10 t hp coutrelin«
of till' pi)lp/lIat.platp·;;,\'stPIIl at " ; 0), .\ ~llitilblt, lllnJlllilw. I'W'OlllPilssillP, hnt h
t])(1 HI.rI'\l'liiug nurl lx.uiularv 1'1'\'(,1':,al was i\('lIi('\'('(1 h,v \lS!' or t ho siiupl« nigl'hl'ail'
1'(lllatioll

( c::; 1.-(1 _. (). (1:1.7,1)

FHiug (la,,;, 1), t ,1(, (wrPl'(,Htial O( ran 1)(· I'dnt('(1 to its translonuerl ('()lIJltl'l'pal'l
ltH

iJ( =,,,"U(, (la.71i)

t lu-n, W.illg (la.7,1), (l;J,71i) and th(' rhnin 1'1111'or dilli>rPlltiilliOll, till' Blw.illH
('(Illaliou ill tN'IIll-< of ( h('('OlllI'H

,) r··· ,. , _I, 1,2f1:' ., I)"J(r;r; 'I 1\ r:< - I
(la,7

Vv,I('l'!' till' sllils('l'illt r; illlli('al ('~ <lilI'('l'('lltint lou with l'P~Il('('1 to ~, '1'11(1 hp,lll(lill',\'
rouditiou« 1Il1ls1 also 1)(1truuslonn«], allli t hl'w hl'{'Ollll'

iO) 0,
fr;(1) 0, (la.ii)

.f,,(I1) " 1.

Although till' l'y~t('lll (1:1,7(;), (la,iil iti 1'('\'(, :I'(\. tl\(' sulut km IIH'l'l'to ('1111hI'
rolatrd hark I (I IIH' t('H(lit iuuul solut lou shup.v hv IrallSlill'luil11'. t ht' ordiun: ('
hack to I It!' sf uudnul ( llHilig oquutlou (la,; I'.
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whore .f ::c j[(l, aIH1IIH' prhu« dl'llOtf's (lim'I'Plltialioll with I'<'SPI'I'! 10 (,,:' 'l'h«
houmlnrv cnmlitious nuder t IH' I rnustonuut ion 11('('0111<'

.f(O) <L, •• 0

.('(0) n, (l:!.'i:!)
r:......) 1.

'I'll!' sulut ion of (1:1,i 1) wit h runditions (l:l.i":!) <i!':o;nib!' t hI' shap!' of \'('Iodl~'
J>l\)fill's Oil a Ilat plat!' lH1II1Hlal',\' laver with 110 Pl'I'S";III'(' 1',I.nli<'1l1. 'l'ho lack
of all axial «o-ordluau- implies t hnt IIIP shill"'s of' sllh~f'qll!'111 I'J'OliII's ill ,I' an'
;;<'Il~sillliJal': IIlllS a siugh' soillt lou f'1l('()j'IPil'i'iI'S t 11('<'Iltill' plal!,Iil,

Domaln trunco t.lou & co-ordlnnt« trnusiorumtiun

Althougl: tho solutton lor (la,'il) is (11\1:-:~tl'ktly vnlkl Ior ~ \.. Ill, ......1, it uuuwrivul
S~'SII'IIl ('aUIIO! pm,i1y ohl nlu a solution on xnrh au illlillill douuiin. IIO\\'I'\'Pl".

if thl' snlutiou is t:.l((,ll OWl' a l'<'sll'iI'l<,d pal'l of till' dnmniu. sa~' [0, h'l, Ih<'II,
provklhu; k hi lal'l\<' 1'1l001gh, t hI' sulut ion to IIll' problem ill t IH' 11illn'all'll dotuain
should Ill' it good upproximatlou of I ho ]lropl'!' snlutiou. Tho 1I'll nrared-doiuniu
sulul iun will ('Oll\'('I'n!' to tlu- I'xa('( rosult al a ratl' l\l'pal!'l' Ihall unv power of'
k iI~ ~. is itll'n'a~{'(l. ]lp('all!'p nil tho hi,~hl'l' (i<'l'imti\'(';i of' IhI' Blasius solut ion
t!1'('a~' 10 Z<'l(J a 111101'1wnv Irmn t hI' l'd~!' of t hI' houndurv lilY!'!', This rapid
('OU\'('\'I.\l'lI('(' of Ill!' l'iollltiou with all ill('l'pal'il' of domain nllow» iI :-<1)('('ll'al11I<,1 hod
to Ill' SIH'!'('ssfllll~' 111'1'<1 h1'\'1' ,

111oulor to HoI\'(' Ihl' Blnslus oqnution (1:l.il) IIsi11,.\1111 (1)('l'aliollal.TilIIIIPPI'OiU'h,
I lIP domain must II!' 11'1l1l:-.lhl'llll'(1 nuulvticallv sill'll I hat tn, /.'J llIaps 10 1111' unit
dnmuiu [0. IJ, SlIdl a co-unlhuu« truusfonuatlou I all hI' illlph'III1'HIl'd ill it 1111111·
lior of WIt~'H. 11IIt all aj)pl'oadl!'H involve rlPlillillg It trnuslonnntlou 1)('1\\'p('11 Ih('
('III'l'(,llt itull'lH'IIlIr'llt \'aliahh' 1,' awl It 11(,\\' \';Il'lahh' (.;a",

( 1:1,',':1)

TIll' Ionn of till' Iunvtiounl .:. dvlinos Illp nnturo or til!' truusloruu ut 11Il' sim-
pit's! lovol, Z run «huplv lw a linear lllilpping: 1l('l't' Z \\'0111<1Silllpl~' 'sll't'l('h'
th(' dmuaiu !iUl',ll'lV. l'.jol'P l'opltbti<'all'<IUlI'lltocl:l llli",hl involve tiislol'tiul\ til('
rlomulu 1'0 us to Plllphil;;is(' ('('Itaill iI\'(,iI~: au alw,hl'ilil', lo!\it\'illlllli!' 01' P:'o:POlh'll"
t ial lIIappill1\ might 1)(' applil'abh' ill sin-h u I'il~(,. A dl't aiho(\ Ii:-;Iill!', of npplknbh'

111'1'111'1'lllIatillll (1:1 li71 "mil;, ,11111';1ill 1111' \'1'10\' I!'atlilll\ !',hll' uf Ih,' plall'; lh"f,'fUf!' t hv Hlu-
~ills hllllllioll h,'mlll"" tuvalul therr. :\ H'n'1I1 pap!'!' hv :\Id.ilrhlilll (l!IIJl) illlth"", .." I IIh j""ll('
,'X,IlI!\,. 'l'his authur ,1111'" 1I1111'I'\'I'r -huw rhut thl' lII,hlll" sulutlou b \',IIi,1 fur 1111illl!'lllll',liilll'
nlll!'," IIf ;\xialllll'.iIiIlW"
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1t(,1'.0) - /I ( .1~. (] ) II. ," e [0. X,]

11(,1',1'\.,) '"" o.; (1:1,0)0()

Tho now domuiu is SIIOWIl hl'lIpllHtlkall~' iu Iig1ll'P 1:1.12, 'I'liis liglll'l' show"
ulso tho (\'(1)('('1('(1qunlluu ivo hOll11!IH1'Y Inver (l(lwloplllI'UI aloull Ilu: piat!' (till'
\'(').'1i('(\1 1'(';\11\hili'! boon <,~,al\'\l'l'IIt('dund uo /'i!'lll!' i~giwul. awl til{' approximnto
Hhap!' of tho wlol'ity prolil« at a spl!'l'I!'d posltious along 111<' plnt«.

~

4,'\:~","\\:\\
Fil'.lll'(' 1:J.l2: Till' develupment of fh(l laminar bnunrlurv Inver OWl' it llat 111alc\
at zom iueklonro,

A ~illlilill'ily solution ('XiH!:; to thl' ahow oquntiou» (la,OU) awl (l:Uii) with
ltltxilial'Y (,OllllitiOlIH (13,!lI'i). whit-It l'('(hH'PS I hom to It siugh\ (uou-Ilnoar) ordinary
(lilI'N'('lItial equation. 'I'his problem waH ('OllHitl!'1'!'(i hy Bhu·;jUH ill his (lo!'loral
th(\siH, aud i"i snnnnarlsod 1111(1dl's('dl)(l(1 ill Sl'Illkhtillfj; (WI!))'

Dorlvatlcn of tho Blasius equation

(la,mJ)

(la,70)

IH'!' introdue«] into IllI' ahov« <'qll(lliollS. then th<'~' ('<IU ho 1'(\(\I'l'<lIII',(I(\ 10 yi(llcl
111l'Blaslu» oquntkn;

( la,i'l)

(l!);!l)m.c's 7/ to (It'lloh' ll1ih ru-ordiuat«. UN!' till' H\,llllH'; (ho }Hlh~Hifllt(,11.in
rllnfllHion with tlu: tlilrl'f('lltiiltioll mutrix 7},
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13.3 Tho Blasius problem - base flow and stability

Tho dl'VI'}opiug boundnrv-laver flow OWl' a flnt plat I', under rmulitiou« of ]10

1ll'(ISSlll'(' I',l'a<ii(lllt, i!' of t1ir(l('t illt!'!'('S! 10 !hp current study tH'c'allsl' it 1'1'111'1'-
SPiltH (itt' usymptoti« liniitiin; ln-huviour for pijlp Inlet llow (this is shown ill

dmlltl'l' U). This problem b t\p~I'l'ilwct alli\b'!ki\I\~' hy IIll' well-known B1a"ill~
~hllilaril~' solution, Ihl' solution of which is Ih'SI'l'ib('cl below,

Solution« to I1H'Blili'iiHS p(lllillillll luwo bl'(,1l111'IHltll'1'11 by (lthl'!' authors. B1a~illl'
(1!H)t') obtniuor] n solution iI", u mnu-lu«! s('ri('s oxpausiou, Subsoquout work-
(Irs [for lustanr«, Balrstuw (1!):.!!i) , {1olcl~tl'iu (W;JO)jus('(1 it shuilur IPdmiqlll',
Tiiplh' (1!1l2) was tho lin;t In sulvo this }ll'llhh'llllI!'iiul\ a Huuuo-Kuttu jllwl'.ra'
t ion tl'chuiqlW, and Jat 1'1' Ilowart h (1oat') Hl'lti!'\'l'( I ('\'1'11 11101'('i\(TI!l'at I' 1'1'>;111t}l
hy liS!' of this method, Thr 111O:-;t arcurat« 1'I'Hllit:; 10 datI' \\'('1'(' ohtuint«] hy
J)!tVl'Y [uupnbllshrd, hilt 11l'l'~('IlI"rl ill J)l'llzill li..· Reid (l!)~l )J, nlt !lOlll'.h ho 1l1'\'(,1'
PI'I'Hl'ut I'd his Bluslux solut lou t vrliuiquo, but only t h(' linear Ht i\bi1it~· solut ion
tot his prulilo.

This da~Hkul problem is 1'('('olll'li<il'l'l'rl h('1'\' Inr a uuuihor of rousous, Fit'Ht lv, tho
Blnsiu« solution i~ Ill'l'l!t,cl ill Ipl'lIl~ of I III' ('Ill'byshl'v ('o('lliciPl1ts, ill nnlor thai it
('allin' tl'l'all'lII1IlUhI'1II1~' with III(' nthor \'('lodl~' Pl'oli1ps ('oll~id(,I'I'rl ln tlils work.
Sl'('llllllly, it 11l'I'Sl'llt~ an icll'ai vohirlo I() (1l'11l0Ilst raIl' Ihl' t rrut 1lll'1l! or t Ill' nou-
lluoar tonus \1'.111('1'til!' olll'l'atioual·Tnll approach. L 11:-; tly, t!tl' \'('lol'ity prolllos
run 1)(' I1K{'{\ to further vorilv lin' stahility Iormulntiou of SI'('tjoll 1:1.1. for hip;hl'l'
ord('!' prom!'H TIt(' lasl polnt of \'('I'ilimt lou t!l'SP1'\'('S flll't1h'1' IlH'UI inn: ~\(}od
ngr('('IlIt'Il! \\ Hit till' 1'('sl1lts of Ilawy [Drazin ,I.,.' Hl'ici (l[lNl)j Ior tho mluinuuu
nitiml H('ytl()l<l~ IIlIml)('I' lor thiH HYHINll illllllC'llia(ply would vludl-at« huth til('
Blnsill:-l and On'·Sollllll('rfl'ld all';orit lnn« Hilllllitlll1l'Ollr:b',

13.3.1 Analytical formulation

Th(1 Htl';uly, HIHltii\ll~' c\('vt'lollilll'. houudurv hwor Ilow OWl' a Ilut platl' with 110
)lI'I'HHIIl'(' I\ralHl'lll, ii, llt'l"('rihl't\ h~' thl' silllplifil'd buundurv-lwor 1'1IIlntioll":

iII( iiI'
"="" + ,~'"
il,l' iJll

all ih'
I( ... ~ + 1''','·
0,1' II!I

,~ 0, (1:l,(Hi)

(la,(ji)

\\'11('l'I'lI 11(.1',1/), l' ·c· t'(.I' • .'I). awl th<'l'(' l'xi~t;; iI flat Jlli~t(l illOlll1 till' posltiv« ,I'
nxis, 'I'lu fl'l'l'·sll'l'illll wiul'lty is F..,_, uml is t akt-u as IlI'hll\ l'1'01Il ll'ft t o right.
Tho nhuvo iwo 1'111Ii\tioll;; i\n' t hu« slIb,iI'(,t t () t iI<' boundary ('Olulil iuus
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unnnnllsod r:hap<' panunotor aut! dimensionless ,'('lltr('lilH' w\lldty is gi\'('ll 11('1'('
Ior dHf(ll'Pllt valuos of til!' dimonslonlos« time, Iroui till' point. of flow lucoption
i':::.: 0 until st.(,;Hl~··st;ll(' (i '"'.(X ).

Tahlo 1:1,7: Varinlioll of pal'HUH'I<,l's ill hupnlslvelv l'tal'l('d pip!' How far Innn
tll(ljllh~t! 'w_>~

f III'/Cim
xlO:l

-0
1 1.07,1 ,1

1.107 1
i.isa 0
1.155 ·1
1.17ii U
1.] !J,l 2

2
a
·1

(i

7 i.su s
10 1.2liH 7
15 La270
20 1.:JH7 H
25 1"Hi 1
ao 1.,i!JU H
·10 1.5!J27
50 1.U7ii U
(j{) 1.i,1,1 7
70 1.RO() H
'[00 U)()7 H
W() l.!)752
200 1.00:! ,1
son 1.!)!l!l 5
·100 2.()()() ()

,tHa7 D 2H. l;n 1.2,1-1 a
ii,H70 H 2a.HiD 1.2:W H
(j.72!i 1 21.1-11 1.2:m 7
7An7!> 1!).2HH 1.22ii a
8.12!1 a 17.!)27 1.220,1
H,72!) H 10.H71i 1.:.n5 ()
10.2i5 1,1.7;;0 1.2(J.11
12.:121 12.iD2 LIt:i;
la.!l7,j 11.(j57 1.17:1 i
l1i.:li(j 10.Don i.im 1
lG.1iOli lO.:l!ii loUD ·1
lH.U07 !l.U,ii 1 1.U7 II
20.InD !l.lH!) H 1.1{)!j H
si.sn H.HHO a l.m'(j a
22.2a,1 H.OIjU 0 1.00!) 2
2:liD2 H.2H!l G I.O:!:! H
2,1.GH(i H.OiG i l,Oll!l ,1
2,UJl ; H.020 :; 1.002 (i

2,l.O!)·1 t\,OOl Ii 1.00n 2
2,'j.OO() i{.oon 1 1.00(J II
2n H 1~",",,,,,,,,"='_=.:c,,,-., Y~-<"" .."'~."==""~.-.,...."'''''''''-'''=='''''''
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1.3 r----".'. -I-fl-~r,-aljm;:~~l!
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Fi~~mC'1:3.11: TIll' variatiou of th!' 1l0l'UIIt!iHI'(IIi}ml!l' parallH'It'l' 8~. with dis-
pli\('(\lllPIt! thkkllP~s f,. ill all hnpulsivelv HI·arl I'd pipo flow [ill' Iroiu t hI' Iuk-t.

is shift(l(il() tlH' platt', (11('u Iho \'Plodty Hhapp i~giwll h~'

(l:l,(H)

'I'll\' value of S~. for this profile' was il('('ul'atply d('(Pl'lllill(>c1 by IH'IJ(ll'iItilll~ Ill<'
CIl<'hyshl'v Hl'rit':-tfor Pl'f(l/). nurl tlion muuipulathu; it usiug (It(· Opl'l'lttioual·'l'all
matrices, 'l'his was IlmH' ns follows: '~matlwllHttiral soltwar« pndmgl' tl\tlltlab)
was used to r;<'lwrl~('(\ the' vnlue» fOl' 1'l'['(I/) at til(' CiItIlHs·Lolmtto rollocutlou poiuts
:)1 I I'IlUf,<' II E [O,lllTltl,rj, Ior a pnrtirulur (ll'd(·l'N. The vllh\{'~ at the' grit! p()illt~
1\'1'1'(' ti.on trausfonn«! dil'(·l'f.ly iuto 1'11(1 ('lu'h,vslH'\"('oplIi<'i('ut span' hy w..illg a
Clu bY"Ih"v 1'l'lt\UlfOl.'lU [S(,CI ('a!\IIt,o t'l III (1U~I{) fol' it flU<(,.o('OKill(' (,l'allHfOl'1ll Rppli-
ruhlo til !hiK Jlro('PH~, nnd HI'(,tioll l:.l,~ fol' tho «quivnlont IlHt!I'iX trunsfonu] alltl
th(1 vuluo of S~. wu» 1111'11 t'akllhttl'tl l1~ill!~ clomoutnrv Olll'l'll!.iollal.Tan uuurlx
Iuuctlous. By Vnl'yillf~ 1111111.".N in thr l'ItU!\I'1! Ii ~£ 111lltlr ~~ 10 Hll11 ,10 < N •• lOll
l'('~lll'('tiV(lJYI !h!' value or ,...'~. Ii11' t hh; pl'olill' was cI(,! 1'1'111illl'd to lit'

(1:l,lili)

18.2.8 'Iubulntod results

'I'll!' 1'1'HnllH for 1l1p various IH\l'!lUW!N'h, ['ot' l'wh,(,tt'c\ values ofliuH' I, 1\1'1'11l'('~(l1l1('tl
ill t ahl« l:l, i, Tho vurintion of tit!' shapl' parumou-r, tli"pliH'I'IIH'llt t hil'lm('s;I,
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Fig1ll'1' la.10: TIll' trmpornl variation of til{' nnnunlised wall :<llI'al' :-;tl'PS~ 8~. in
hupulslvolv t'tnl'trd pip(' Ilow far from tho lnlot.

13.2.'7 Limiting behaviour of 80,

As waH shown ubovo th!' IHll'llllll't('l' Sb' ('llcls to IL dolinito limit aH til!' dlsplace-
111('l1t,thidmr:;s of tIl!' Jll'olill's dC'('l'l':tS(,H to ZPI'O, This IiIII it iug sysfl'lll is giV<'ll h;v
It similarity solution to tho Naviei-Stokes oquutious, first dil'('oVPl'Pc\ h~' Sto\,('s
[S('llHdltilll'; (Wi!))]. TIll' pl'Ohh'llI is fot' It iufinlto Ilut pluto HHcldl'uly (\('C'plpl'llt I'cl
fl'Ollll'('st to It wIndIly F, and is cl('scrilH'd 1)y tlw silllpliJi('d rquutlou

Thill this oquatlou is tIl(> lillliting ('I\SI' for tlw C'Ill'l'('ul systl'lll is PHsily .lomou-
"Irlthh' hy all order of lllaguillldl' nllal~·,.;is; if tIll' 1'1111('1'oquut ion i~I,wall'd wit h
1'('1'])(\('(. tn "', uud tlH' H~'Ht(lm is 1.r!lu"fn1'IlH'cl to it wall ro-urdlunro, thou oquution
(l;{,:JO) will Ionnully l'(lcllH'(' to oqunriou (l:J,O:l),

'l'h« solution of (I(llmtioll (1:l.1i:l) is st I'aight forward • IIll' problem is ll'l'lll(lC\
Sinkf'H' li1'1'I prohlem, which ho sol\'(ld ill li~!il.If I II!' iUclt'}ll'llcll'llt \'ariah}!' II is
nuulo rlimensionlos« Ilc,t'Ol'cling to

then Ihc' solution 10 equation (1a,(i:~)i~1'II'U:'silllilal' awl I ill' rrsultunt hOlllldal':v
laY!'l' shalll' is t ht' rornplhneut aI'," I'l'l'ot' Iunrt ion l'1'fl'( '1), If t ht, 1'1'1'('1'<'1)('<'Inun«
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S is as 1Is('£111a parauietor us b· !i(ls{,l'i1H·!l ahovo, !'XI'Ppt Ior its hCHllHl('(lil('ss
problem for vllnishingly thin boundary lay!'rs,

so
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FiglU'P 1:1,0: TIll' vnrintion of I Ill' 811'1})(' pnnunotor h' with tinu- ill an illljlulHivPiy
slar(('cl pip(l now fill' from till' inlet,

Tho scaled shape parameter

Arising frOId till' unbounded boluwlour of .<; ilK [ -4 D. a shupo PlIl'llllH'tl't' nor-
mallsod with 1'(IHI)('('( to b· awl coutrolln« wloC'ity II,. iH iutrmlucod IIH

::: 2 iwl't:,
/1111'

(W.(2)

This panuuotor 1'1'1'(l1'Srlil'l'c,tly 10 tit!' !',c'olll(ltl'kal 8hrJ]1I' of th(l houudury luvor,
Moss' (llIHG) <il'lillitioll of.<; - oquntiou (la.UI) - did not tako this I~(\olll(ll.l'imi
coulonnnlitv into arrnuut. Th» vuriatiou or .....~. with t iH r,i\'('ll in IilJ,lIl'(I 1:1.10,
Tho h"l\llcl(lci lilllitiug hohuviour is appal'!'lll as I .,_, D. and ,<"b' rernains Iiuito
111'1'('.

Th« jHU'iUIlP(t'l' .....~. t 0lwt 1H'1'wit h Ih!' disphH'(,III(llll t hirknoss clp:-Il'l'i1l1'it wlo<'iIY
prolil!' ill u morr nut.ural Irnmowork Ihall .....und b' do, TIll' panuuotor b' ('nl

1)(1 llspd 10 niw it monsuro of III!' 'Ihidoj('ss' or tho laver, IIIH1 111(' 1(,(,1ll ."'·b' .rs
form, TIl!' variation of 8~.with b* is shown ill figlll'(' 1:1.11. Tho notnhl« i:-:SllP
nhout Ihis Ji!\lIl'(I iH that both t Itt' onlinuto mul absds~ia uro hotuulorl. Thus 1l1'l

1-. "". b' ",-, ' 'r" un.' :IS I",. ()(('OlT(lSPOlldiug to b* ·.0), IIH'sC'ah'd shapil S~.
C'OIlH'l'f!"S 011 it 11", Ii point. This point is InhC'l\('cl ill this Jig\\l'(' Ill' tho parallel
buunrlury In~v('l' limit. 'I'll!' value of IIds point is ('Hle-Illal (It! ill t lIP I1('X( Sp('tioll.
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dimenslonless rlisplaromont t hickuess cuu 1)(' defined as a ratio of t he radius
a('('or(lill!~ to

-- /l*
h*= l( ( la.OO)

PSI' of till' dlmonslouloss panunotor allows comparison lndependout of I hI' pip('
radlus. Th« value at f == 0 is X* ::: () - corresponding to It honmlary lar!'1' of
zero t hickuoss, At far times, ~. -. 0.25: nit hough 1Ill' houndarv la~'(,l'S hnvo ill
fact 1l1l'1'g('ciat Ihis point, t IH' puruinol 1'1' still t\l's('l'ilws 1II1il(l!pI~' t lu-so \'l'lodt~·
profiles.

This pnramotor is bounded nud mcnotouir for all outire l'ilUP;('of prolllos, 1'1'0111
top-hat t () parabolic. Thus for a part icular varia: ion of profile» leit Iw1' 1I'1ll-
poral as horc, or sput.inl as ill st('a«(\':::-~t~;t~-i)il)(' inlet How), it oll'I't's it unique
alf" II't;iW method of identifying u wlodt,\' prolilo. For iustnnco, iustond of 1'('-

r..··I· 19 to It prolilc's spatinl position (or thue), OIH' can l'qnally validly rolor to
its (lispla('I'IlH'ut t hkklH'SS,

Velocity profile shap« parnmotor

Tit" dluiousionles, ...wall shear Hlrpss or veloritv prom!' shnpo purumotor [1-.!os....
(1!J~5)1 is (1<'1111(><1 as

(ia.ur )

Th« variation of ..., wit It I iH shown ill figlll'c' 1a,D, 'I'his WIIS tho Illll'!tlllt'II'1' I1st'(1
hy both Moss and <lit Silva [1Ioss (lDHli), (In Silva (WOO)! to tllIi(ltl!'l,v <ll'fitlt' plp«
inlet vrlocil,\' pl'olilt's, 'I'll!' Plll'llllH'tI'l' ('ollv('rgl's to 111('vnluo of ,'; c" H ill I Itt'
fur-time limit. currospoudiug to u parabolic prolik-, IIO\\'!'\'('r, ,'; ,~. x, , as I .,t O.
hornuso tho volocitv grIHli('llt at t he wall l)('('Olll!':O;iuflnit«. It is IIU nualogous
pnramctor tn tho diHpla('Pllll'lll Ihkklii'''S (\t·s('l'ibt'<lllho\'('. it. thai it is a srulur
quautity thnt \,ill'h's mouotuuirully 1'01' t ho 1':\11[\1'of pl'olil(ls of iIlIN'PSI. It <I0(lS
hOWPVI'l' ('11I'o(h' dillorout infonna! ion to /l'x.

dn Sliva (l!ltJO) implied Ihal Ihis punuuotvr was sullk-ient to uuiquclv dI'S('l'il)('
all impulsivelv stnl'tl'(\ pip!' prolilo«, both in 111('inlet IlIHl fur downstream. This
asstnuptlnn is oqulvnlout 10 stating that all ilUIHIIHiv(' pip!' velocltv pl'olil!'s two
long to a nno-pnrnmot or p;rollp wit 118 I hal pnrtunotor, This has 1>(I('ushown 10
he' fullaclous, uud it is later d(·arly demoustrnted in ('hapl('l' 1,1 H'at iulot nud
.lownstronm prolil!'s - for t hI' !'iault' value of ,._,'- an' VPl'.\, dillorout iW\!,l'd, Ilow-
('VI'I'. for a purliculnr How sit untinu (I'm' oxmupl«, stl'lldY-Stlllp pip!' inlet llow),----------_ ............ ,.._"""

"Tltl' tvnu ..,. (,U1H'I'rtls thl' prnlilo ~I(lp(' ill till' Willi. wlul« It' b 1111intl'grul prupI'rl_l' oC t h«
profllo,
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til!' saiuo level, tho inlinito-orrlor (I('('l1rtU'y of t II(' spat ial operator ousuros that t hI'
protilos are inllnitolv smooth: this makes t 11(' temporal <'1'1'01' 1)('11(1.\'1' like it small
rruulom time shift aIOlH' - tit!' ('1'1'01'dol';'; not propagat« as random 'wiAAI(';.;' ill
til!' prolilo« at all. rather. it is omhorlk-d uniformly in I11('ontlro profile. This hi ill
contrndistinctiou 10 til(' Iinite-dilloronco method. IIp!'!' th« 1'1'1'01'at ·1 signillcant
HAIll'('1'! il'! omhodl«l spatially ns well as temporally, It takes on \ Il!' Ionn of it

random 1111<'Ol'lnllll;,' at. I'Vl'l'Y 11<)(11' point, and thlls thi:; ('1'1'01' will slguificaut.ly
al[,p(·\ a stnhili\y alHll~'sis, lW<'lIllS!' th!' prom!' is 'wavy' ut thl' 11'\'1'1of till' orror.

13.2.6 Derived parameters

Various lntogral 01' limit tonus dorivablr for thp wlo('ity prolilos nro useful to
c1('s<'1'ilJll their vnrintlon. Thes« <11'1'(lis('lll'i:->('(1III turn below.

Dlsplaccmcnt thlcknoss

TIU' variation of (llHplal·Plll(·ltt Ihll'lw!'ss b· with limp ii'l giWll in fiAtll'l' l:l.K. TIll'
value of b" is <i11'(·('(.b·dorlvahl« from till' l'l'utrl'liu(' velorltv as

0,2

0,25

015

0.1

0.05

o '- _.... L_.......__'--~
o 0.05 0.1 0.15 0,2

i
O,2S

Ig\ll'(' 1:i.~: The variatlon of Ihi' dlsplacemout thkku('l'is b' wit It thn« in nil
impulsivelv HIart!'ll pill(' Ilow far frmu IIll' inlet.

(la.il!})

\\,11('1'<' Pm is fhl' ('l'll:-ls-l'il'dioual iuoau wlol'ily - equal to uuitv ill tiliH (,I1SI', II•.

iH tho controliuc V!'lodl~·. and R il'i tho pipo radius, For ronvonlouco snk«, it
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Tnhlo l:J,U: Variation of ceutrollnc veloeity ill impulsivoly H('art('(1 pip!' flow far
from tho inlet, sJlOwillg abo tho valno» obtuinerl USillf.!, da Silva's (1!lDO) finite-
dilf('l'Pll('P nJgol'i tlnu,
r:"'---t Itr/Um
(x 10:1) _. ---"-:- ----.----Present <lit Silva (UH)(J)ro-' 1 1
1 1.07,1 :W7 I,07a ~H2
2 1.10712:1 1.100 'i17
a 1.13303H 1.1:32 70D
5 1.175 5~a 1,175 soo
7 1.211 52H 1.211 207
10 1.25H 0(i3 1.25H ·121
20 1.ax7 Kt'l'j' i.asr HUx
aD I.·W7 7na l,.jOUIi().!

<IO Ui02 717 1.502 555
50 ] ,G71i .'ili1 i.ets ,lax
GO 1.7,1·100D 1,7,1-1Goa
70 i.soo 752 l.HOO 72(j
100 U)0777!J 1.00i H21
150 l.Ui5 W5 l.Oili 2:Ji
200 1.00:1 a51 UHl3 ·12U
aoo l.O!JO 52·1 1.0!J!! liDS

I 2 2r'X!

Tho lll<'t.illl(IH show 1\11;1'('<'I11(111\' with onrh other couslstoutlv to ('111'('(' dcchnal
)llnCN1, Tho Tm; method was shown to 1)(' {'Ol'l'(I('t tn upproxlmntvlv ·1 dochnal
phw{'s hy d{'('l'l'asilll~ At and ohS('l'vil1g till' varlatiou ill thn niunerlcal roprosontn-
tiou, III Ih(\ Tau results, tho (,!'lO!'!' originat« ovorwholmlngly Iroiu till' temporal
dis('l'('t.iHntiou7, thus iIH'l't'(lsillg N will huvo 110 ('lr(,1'1 011Iong-term a('('ttl'U('Y, TIH'
results of tho llllil('-tiUl'('l'('IH'(, Iormulation H1'P probahly ('(lll(\ll~' afl',,(,tpd by ('1'-
mrs from both temporal and spatial {lis('l'l'tisatiolls, 'I'lI(' oulv wny (0 Improve
tho f\('('\Il'1\('Y ill tIl!' ,,<'iH'IlH' would he' to cmplov a lIigh ordr-r tiul!'·(liK!'l'l'thmtioll,
For tho snko of robustnrss l!O\\,P\'Pl\ it was d('I'i(it'cl to remain with tho simple'
t P!'!Illi<l'H'S, hornus« of !'itahility prohloius with 11101'1' ('XO! it' lllt'l hods,

Tho eurront schcmo is:l stahh' ill (hI' S!'llSl' 0(' Cuuuto I'f III (W('ll'). ill that all
small numericul l)('l'tll1'hatiouI't an' dumped unrl the' solution l'(,lIUtitIS bounded,
oven fol' all illtil'iiuit(' IP11llh(11of itemtious. This is HO d('spitl' tho ('\1l1~' implicit
uatttrr of tilt' method, nlong with 110 !'xplil'it I'llf01'('PUIPllt of 1I111SSflow ('Oll,,!'!,-
vntion between thno Htl'llK, da Silva's mel.hurl iK fully tiUl!'·l'xplidt; this, and his
moans of ""1,1\1111\ tIl!' boulldary rnnrlition», oxplalns itK rouipnrnhlo numorical
H( ahility bchuviour,

Alti;llul\h it 'lla~' S('l'lll that Ih(' IIll't]tO(\ i- 110 1I101'P ncrumt« thuu the' Ilulte-
di1l'!'l'(,lU'(' a]lJlJ'oad bl'I'i\\IS(l or hot II IH'iu!\ lhnitorl ill uceumrv at upproxiiuatoly
""',J-L__""'C <_"""-=-~.-""..._,,,""".-.._,~~.~·~- -.~~_"''''''-'''

7This is 1l('(,<llIst'thl' sputiul vuruuion b mort' thuu pl'tlJll'rl\' rt'JJrt'~;t'llt(,d III N ;-~GO.
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Each time Ht(l!>consist« primnrily of It matrlx-vertor rnultipllcutlou (tho .natrix
assomhly iH mostly vector-scalar multiplicatiou and addition) and tho time takon
is thtlH of order N2 for mi. imlllidt S<'11<'l11(','I'hus itS woll as twin?; uccuruto (h~'
virtue of its iuiplicit uaturo) tho method ,aJ:.m fast.

13.2.5 Convergence and accuracy

Results W(,1'(' obtuinod for impulsively stal'l<'{I flow hy sptting !l '"' 0, The IUO!'('

R(llH'ral 1'('slllts for expouontinl <u'('plprnt,jolls, with varying values of !l arc con-
taiued ill dHlpt(ll' 15, The only point of comparison for tho impulsive results are
t1l(' :;t:Il<lit'H by 110HH (lU8G) and du Silva (HHJO), ill which th<'y 1>1'(';;('11ttho ('(')I.

troline varintlon of wloC'ity with time, Moss userl It shuplo mmuenrum-integm!
schomo, ItIHI da Silva omplovod it vortlelty-tmuspor« flnlt« dlfforouco method,
The coutrolino varintion of wlo!'ity with time for tho Pl'('s('llt st.udy is shown ill
figure 13,7, '1'1H';;(1 results nro visually idonticul to !In Silva's vnluo»,

2

1.8

1.6
lie
Um

1.4

1.2

Figure 1:3,7: '1'11<' temporal 'lI'wlolllllPut of tIll' ('putl'dhll' volocirv in Ill! ilU]l111.
t-liVl'ly :;llll't('(1 pipe now fat' Irom tho Inlet.

'1'111>101:3,0 liHt~ values for th(l tho <iilIH'lU<itlHl('~:sroutro-liu« \'('iot'it.ips at I'ld('('t('(1
tiUl(,H i' for 1'11(1prosont srhonu', Abo shown 1t1'(, tho values attuiuorl hy rorunnlng
da SilVII'S (lUOO) Ilnlto-dllloronro algorithlll, Tho 11l'('H(lllt t'(,Hllits W(,I'(' solvod lIt
Ol'(IN' N ::=: on, with ~t ::::::1 '< 10 ':', Tho or(IN' of !iO waH ('X('('~Hi\'(l for lll(,l'il. of
tho culcnlatiou, oxcept lnltlnllv, where till' thin buundnry-lnyo» lik« 'illt\ll'(' of
tho flow U('('('si,litatpc\ flu' rotontinn of moro ('O(llIi<'i('llIH, Hpsllits 1(>1'tho <In Silva
cnlculatlou W('1'(' ohtaiuC't\ nt N '0" 200, Tit!' thuo-stop usod h('1'(' was tho HI\ 111<'
as that I1HP(I ill tIll' sportrul cnk-ulntion, Both :;pfH of l'C':mlt~ 111'(1 shown to G
Hip;lliJiraut ligHt'(I;;,



('II.\PTmt 1:1, vnur« '.1'1'10;"\

(vi) 'l'h« IIt'tl'1'llliu,,'jl)ll of a highb' ill'l'mall' solution to IIII' Blasius 1''IlIalillll
111'1ll0lH,tl'all''' f III' 1'()ll\'l'n~I'IIl'I' liohnvknn: and ilI'I'lll'a('~' IIr f 111'1111'1luul \\'11I'n
ilpplit'e1 til gl'lll'l'al velocitv !Il'lIJih's. l'~h1j~IIII' itvrut iv« B1a~i us solver ill
cnnjnurt ion wit II till' ()rr,SlllllllU'l'li'hl aJnol'il hill, IhI' 1'1'''1111~ Ii11' the uiini-
nnnn vritlcal HI'Yllllltis 1111111111'1 lin' Ihis 1'~'''11'11Iohtninerl II," I)a,'''~'[l)ral.in
,\. Hl'icl (1 !)l'il lj \\'1'1'1' I'XII'IIIII'II hy lilli' Sil',lIilkallt 1i!\lIl'l', FIlI'!!lI'l' t () Ihis, au
Iudirntiun of 1111'solutlou lin I!'!' IIl'Plle'll III rulrulnn- l'IlITI'I'lb' IIII' stahilitv
IIf IIU'sl' hilo,lll'I' lin II'l' !Il'lIlih';i was "1·ll'l'lIliH!'11.

TIll' ('111'1'1'111('hap!!'!' has Idwll lumu] douronsrratluu uf Ibl'llllI!lilit'!III}l!'l'atillllal
Tau 1I11'IIuI(I III prulilem« .llrertlv n-lovaut III IIII' ("!d'I'1l1 1'111Ib'. As ,~Udl it
l-\'l'\'I'~, III' it 1\1I11!1f;lill filiI!, pOili1 fl!' til(' fllllo\\'lIl!~ dmpll'!'s. Thl'sl'!'lIl1tll'xalllpll'
(n-mpurnllv (ll'vl'lllpillr; pipI' HIl\\,) lr'I\(ls naturnllv III IIII' I'ullsidl'mtioll of pip!'
inlet IIl1w under f~I'IlI'ral il('('l'h'ml ions - (1)(' ;;ul..iI'('1 "I' 1111'next Iwo dlapll'1':< "
while til<' 1'1ahilit:v :luilb'sis hl'l'I' allows u Hat 111'111Pl'lll'.l'P!'sioll I(I I lu- pipl'·llllw
Htahilit~· suulv IIf (')1,\\111'\' !Ii,
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Dlllicult rquatlou tonus uud honudarv r ondition« WI'I'(' SIJ(lWll 10 1)(>han-
(th'd in a ('Olllplptl'b' uniform muunor, Tho lllli\,(,l'l'>alil~' of tln- philosophy
of uppllrutinu ill all ('asps ullowr«] liH'lIS 10 11('pla('l'd Oil thc mor« hnportnut
parts of t hp problem at luuul. WI III olv t hI' auulvtl« 11I1'(111)dor solution. III
fa('t this upproarh allows most problem» to Ill' jllll'slll'll ill an unifonu 011111
almost fully unalvt k wa~', This j;; ill :-;1rollf~ ('olltra:,I 10 IIII' Ilnit l'odi!l'l'I'!'IH'('
npproueh, whor« Ill(' priIlIHl',\' ('OIl('I'I'W';nr« HIIlIO~1ulwav« nuuu-rirul (li~i.
('l'!'ti>ml ion ~dlt'llIPS, I'll',),

(i:) 1'(L IIH' solution of tho Orr-Sunnnorfold equntiou for plano-I'uisouillc Iluw,
l'!'~ull:-; ohtulnorl Irmn t hp Pl'I':i('llt S. 11('111('was shown to ('xI'('l'd I lu- iU'('Ill'<\(',"

of ",Jlh t luu of Ol'szag (l!Jila) un-I thl' lutor itlw!'lil'.Olliou h,\' Lin .1.: Ol'liz
(1nK;), Fsiul'; tlu- verilkutiou of t hl' miniunuu (Til kal H!'~·Il(1hl:.; unmbvr,
muuolv Rt" - :i 772,221 K, as i\ II';..t t'il!"!', thl' Pl'Pi'i1'1l1 method <Iuplkat('(l
I Itt' l't'Jl1ll I'tll~' highl,v nrrurut (I hut unpubllshnl result« of 1)aVl',\' [(,Ullt aiupcl
ill Druziu ,\: IH(I (101'(1)j, obtaitll'(luHillg it :-;hoolillg 11lt'lhocl. Lin &. 0l'ti;l,'
1'(',,1111, nbt ail.c·d IIsillf\ it similur SdU'1I11' 10 I h« 1I1'(';i('III (lilt' but IIHill!~ it

luully-scuh«] Hllllilal'ity I I'll Ilh Ior III, \\'1114 it ('OIT('( t ill thl' filial (!Pt'itllal pla('(',

(iii) TIH' ('111'11'111S!']II'llll' ditl not filum' lUl~' '('at ast 1'011hil" dl'('a~' ill ;t(TIIl'itl':"

abow a ('l'l'laill on lor of sulut itn. This wa« (luI' to Iht' elhuiuntiou of tlu-
hilllilat'it~· truusfonu ill IIII' slHllllarllllll'tho(1 of()I'!L~. It is llti~ l'lli'<'I t luu
is Ihouglit 10 haw limitvcl Liu .v Ol'l.il.' n-sult H ill t III'it' (11'11't'lllillal iUII of
I lit' mluhuum rrlt lrnl HI'~'lloh hi umulu» lur platH'.Pobl'lIilll' Ilow, (\'1'1 niulv
their srnudaul apPI'()i\('h would Hot luw« 11I't'1l ah!!' to (Inplkat(' I ill' hi!\ltl~'
i\('('Ill'alt' HIahililY 1'l'sn!ts oht .1i11l'(1 ill t hI' I hirtl oxmupl«. III all ('m.:t':;, 1111'
('\t1'1'1'1l1 Ilwt hod could h(, I'xt<'lIllt'd to PXll'l'llIl'1y hiuh on INK (.v ;. 12{)) I
with ouly a gl'i\dllal hll'l'l'HSI' ill lit!' )'(111ll11·o1i'-rror.

0") Tit!' initial value problom fot' II1\1'all('1 piliI' Ilow wax t,ulwd ill it I'XI1'PllIl'b'
Ht.l'aigltl.fm'wIIl'tl Wll~', 1'l'I',:tl'llh,s of 1hI' 'dlllicult' tonus rout aiuI'11 ill th«
('(Illatioll, 'I'li« method il!tOW(·t! thiH problem to 11(1dh;c'l'!'tiflt'd tt'IIlIHlI'all~' ill
II most !I('ul'I'l\l SI'IIS(', TIH'1I1'1'S('1111I11'thod (illplimll'cll hI' 1'1':.ult;.; of rlu Silvil
(1!W()), ohtuiuod usill'~ a lal'W' 1',rhllillitpodifii'n'lU'(\ mothud, Till' ('l'1'II(' ill
th« ('111'1'1'111solution 1'('~IlItI'(llll'illlat'il~' Iron: 1111' !1'1I1]lOl'ill (\is('l'('li:mtioll.
Altlllluglt Ihis wn« ol th« l'iilllll' II'\'P} i\>i Ihl' I'ITor ill (Ia Sil\'i\':~ n': ..ntIlH,
tItI' ('Ill'l'('lll t't'slIll!-i' 1I11l'('l'lninly \\,iI~ 11l1l1lil'p,,1 a~ it nuulum tt'lltl)(H'al :;hil't,
t hus till' \'('i(1rily )ll'olill'~ \\'1'1'1' in I'lf('c'l far iuoro 11<'('l11'a\1' I hall 1111' Iinlu--
(\i1[('I'PIII'P O!II'fl,

(\,) 'l'h« ill\'l'~liglllioll i1110 1111'11'1ll)HI1'1l1 cl('\'I'loll1lH'llt of piJlP Ilow lll'owcl all
itil'al wa~' of illtl'lHilldlll\ 1'1'11'\,HIlI1'111'11IIII'I !'l'" 10 quautlfv I hI' hOllll!lary
111Y<'1'in II pipt', The 1l0l'llIali~il'd sImJlI' 1>nl'llllll'l('[' ,..,'~. ilwl dh'1l1a('PIlII'1I1
thid\lH'~;~b", \\'1'1'(' ill I'OllIhillalillll HllO\\'1I 1(1 hI' upprnprlnt« Jlnl'allll'lpl'll

for t!1'l'i('ribiul\ pip!' fh)\\ 11l'O!ilf'H, {lfi!' of !hI' llal'allll'll'l' ,""~.1ibm\'!'fl I hnl
IllI' b(l·ltlllill'~·llI~'I'I' Jill' iUljlnbi\'('b' slm'II'(lllo\\' IiII' dowustnsuu hi it pip!'
bl'\ti\wd li!(f' it llill'a:td i1Ulll!hi\'('I,\' HIart PI I llnt-plat« IHl1l11l1al'~'lil~'\ I' wit It
ZI'I'O JlI'I'SSIU'P I',radit'IlI , in t h.. Inuit or \,i\uhihilll', houmlurv la~'''l' Ihkktlf'''~'
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ill agl'('(lllll'lll wit h t lu- 1l1111nhli"IH'1i n-sults uf Duvov [))l'azin ,I,: Hl'itl \ l!l~1)1 lmt
I'xtl'uliillf, them bv OIH' !'i~llilkallt fig1ll'I', TIlt, cl!·('jlual tl'lll'l':->l'lltatiuu r-ould pos-
sihly haw ht'l'lI pursued to furl her si,'.mlkaut {hIlIl'l'S , hut II iuor« 1'IlJlhist icall'.l
prorvrlur« for IilHlill~ f he tuininnnu nit irnl HI'\'lIllhh; 11111111)('1'Isl'l' ~I'C'tion 1a.1)
would have luu I 10 Ill' ('Iuplo,wcl. Furthermore tilt' hH'l'Pi\:<P ill /., 1lI'{'I'SSiU'Y to
at'hiC'\'1' Ihis would haw 1'l'slllt{'cl ill a 1II111'h1011')',1'1'nnlrr of I<tahilit,v solution \1("
iu!', 1lI'c'{'sSa1'~" wit It a counueusumt« c!C'c"W ill ,l('c'tt1',H',\' chH' 10 round-olf. Thus
nt till' curront IC'\'{'Iof utuuerh-ul pn-rislou (IEEE douhl« IIl'P(·isillu). it is po:-;sihll'
that oulv IllH' further C'()l'l'f'!'t clc'dllm! c1ip,if wouhl lu- nhtninnbl«,

TIll' 1'1':->\I!ts from Inhle I :i,n arc' useful ill Ihat I lit·,\' giw all hulit-ut ion of I II!'
mtil'l' of sl nbll! I,\' sulu I lou lH'C'('~SiU'~'10 adlit·\,11 atTlIl'al I' rosults as IhI' boumlurv
1I1YI'I' thins. Cnlculnt itll~ 1111' sl uhilitv of pilll' eutruuco IIOWH {'ut ails (ic'l 1'1'11Ii1ll1l~
I lit' HIahilil~' l'hal'i\rlt'ristil's of profil!'s wit h SIlI'C'C'ssi\'C'b' Ihluner hOllll!lal'~' la~'I'I'~
IIH till' iulot plane is upprourhod, Till' hight's! oulor prolil« hl'l'l' ('oll:-li(It'I'I'(1 is
that Ior /.. :::! DO: this 1'()l'l't'SPOUclH to n velorltv pmlil(' with 1\ (liul('lIsioull'ss
disllla('PlU('lll t hkklll'S:; uf to* :~ (I.OW atul shap« panuuotor of 8 c._ (iO.tl. This
prolilo is of tho :-lamp Ol'ciN'as thl' hight'st order Ill'olil!' t'llnsicit'rt'(1 later ill till'
pipp ontrunro stuldlitv 1l1lalY:-lis of chapter Ii. Thus IhI' I'l'snlts 1ll't'sI'UI('<I 111'1'1'
ni\'(' au iudicnriou of till' ()l'<ll'l' llI'I'tII'II III olituiu il!'I'nl'i1lp results iu t.ho Inter
aw\b';;i1'(l:1.

13.4 Summary

'I'h« applirution of I Ill' nuuliliul olll'l'al ional-Tan IlIl'I hoci ha:-<111'1'11explained in
this dmplt'l bv 1I1l'i1I1Sof 1)111'1hU'1l1 I'xlulIph's. t hl'~;l' hl'iug: t hI' snlu Ilou of t hI'
OI'I',SOIlIIllC'l'ft'lci !,IJllIItiou fol' phuu-Puisouill« flow, IhI' tomporal dp\'l')uPIIIPul
01 au illll)\li~i\'('b' sturt I'll pipl' flow far Irom I hI' iuh», IIllII Ih!' t1l'lpl'llliual inn of
I hI' Blasius solntlou (allrl I Itt' Hlahilit~, thoroof'). rill' following llOillls nris« from
IhI' rosnlt« o)!laitll'c1 Ihis rltall1l'l"

(I) hi 1\11('lUll'S, tht' IIII'I hod waH showu to \)(1 I'xtl'!'llll'b' HilUpl(' to hnpl« m« III ,
wit It l'ollHtl'lll'1 iOIl of till' prohloin (ll'()('l'l'dill{\ ill'> ill I) llpl'rat.n' 1101at lou.

I'IIllrw, tIll' (lill" illll't iUlaly~is wIlII'm'! tIll' w," of IIU' S"ld f hUH\' "'I'loilillll • tIll'
'IXi~~'IllIllI'lrkallillnl\lII' uC tlH' Orr,SuIlIUIl'IM,1 '·(IU.lllull • tlu- 1I11t1l1·ril'.,1 fUfmulatiun uf whirh
n',uhf> ill a \\'llf""(,(lIl1lititllll',1 ~.\·htl'lU thau t lu- Ilff"l'lIt IIIH', Ilowovt-r, thi' hillI 1lIllIltliullin!:
run III' »hown til a[f''t'l Nuh'talllhilh' unlv thl' rllllllll'off enur, IIl1t tlu tctr of fllllwrr.('II(,(' with
order. '"Ims Ihl' 'IXI'\'lIIl1l1'llil' !...iution will h"hil\'l' "ilUilarl\' III IIn- 11111',Ihow, aurl "IIII' tlu-
1I11IUI'rkal pn'rj;;jllll 10 which tIll' fI"lIlh run I", ,',1\'('11 will ht' 01[[.'1'11',1.
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numln-r Ior thiH H~'HlplH is ow' has!'!1 011 tlH' far-Iiokl wlo('it~· awl tIll' !lisp!;:' mont
thickness, IHllll(ll~' l?('~. :.: F ....}O" /11, Table la,!! sliows tho valu« of 11)(' miuluuuu
!'t'iti('al HI'YllOltls nmnln-r for vurious valuos of I,', N, All Ihl' rosults al'(I 111'1'1'
Pl'('Hl'llt('11 to six d('('illlal plnrvs, Iw('allSI' that was I hI' lH'('IU'ill'~' I t) whlvh tl(('
mluimum polut Oil tlu- !,l'itknl curve was iHi('I'l'lailll'tl,

'Iuhl« 1:1,0: 'I'll!' vuluo Inr tIll' miuinnuu ('I'itiml HI'~'llOlds uumln-r hils('(1 on dis-
plnreiuont t hkklH'ss Ht~. for variou» ordors of solutlon "wi doumln trunratiou,
lilt' t I\(, B1a:;ills bonndurv Inver,

, "., .ce~~=.,~, -~ "=~'tffiiilli'i;il('11!Y;:~117r;:;:~~""""-~~""~"~'·
N '/t:;1nr"" '~7':;'''i{I---''-T"-~qr~"'" '~;':~!llr

"~'ir ~iu:l)~!jT:r75lU,{)t,T:IHII 'f,TiUrm 7:l:1 ,Wl,:I-iK :,l:lli
1\,1 lil!),(j(ill aao lil!J,O!iii i01 iiW,Ohi 1i!)2 !il!I,Oaa iai
HI{ !il!l,O(;O Ian !il!l.Ilrn :Wi lil!l,OI;O OT·1 !il!I,Oiia :J1i!I
1)·1 tJl!l,{)()() 1:32 lil!l,llli!l!lOi li1U,OOl,lt{O :i1!l,05U liG:3

lOO li1!J,()(iO inn sm.nso O!)i iil!l,O:iU K!ll sis.em !i:.!1i
lOG !ilD,noO lli1 n1O,0(;0125 sru.ouo O!):.! !iUl,Oli[) [):.!(i

i
llo liUl,or" Ilil sin.eco I:.!:.! nUl,OOO 1I)~ muouo :.!1:l
uo IiW,O(j() I:.!:.! Iil!l,O(j() lO!i li10,OliO 12a
120 /iW,II(j() t.l:.! 1i1!I,OIH! 10i lil!l,O('O 121'

o~~. ,_,_~,=~L~,",lilll,nun lilT ,]l:l~~;~Ul~,
TIl(' variarion of til!' domniu Hi;l!' I.' \\'Hh ill till' ru 1Igt' (i() S; J..' :"~' !HI: thl'l'i(' values
of ", gaw Jll'(Ifil('s with \'1'1)' thin bouudary 11I.\'1'1'1'i rolatlve to thl' domain oxtout,
nuuu-lv O,O,l:J S b· :;;1I,1)l!l, Surh a 11\1'1\1'solut lou domaiu was 1l1'('I'~:-.al'~·to allow
IiiI' hnposorl pl'I't11l'hittiollH to (\t'('ay to ;l('I'O Jlmp('rly away Irom tIll' lunuulurv
laYN\ thus ullowlng 1111ncrumto !ljljll'OXilllati:lll of Ilu' HYHll'llI to till' jlrop!'!' ('asl'
oi' lnllnlto domain.

For (,1I('h vnluo o[ k tl1(1 Orr-Souunorfokl Ol'tit'l' waH il1('l'I'ClH(',1 nutil 11 solution
hlviU'hmt to slx 1\I't'iHHlI llh~\'\IH ill 1ft- was obtuimxl, AllPIU'l'll\ il'i IIH' hWl'l'ao.,p
in N U('('d(I(1 to ohtuiu It Holnt lou to n rortnin Jll'l'<'i:;iOll as ". i~ilu'1't'as(·(1. This
11'1'111\i~runslxtt-nt with tlu: results [Will thl' llil~1' llow, as I',i\'('ll ill lahlt, 1:1,1':
11101'(' ('OPlli<'it'llt.K 11('('(t t () h(1 1'(11aitH'(1 as t hI' boundary hW(11' t lIh-itll<'H:; (I('('J'('HS(':-l,
ill 01'(\(11' that a \'(Ilot'ity prolllo \H' jll'Ollt'rly l'I'pl't's('lltl'd, [II thl' ~alllt' wa~.. It

hi~\h('l' onlor stahility ilunlYHis 1)('('(11'1 10 hI' n~(I(1!Hi I.' ill('l't'HHI'H, 10 ('aptlll'P thp
full IIHlIllWI' in whlch IIll' Pigl'llfllllt't iolts varv,

Till' high('HI nnlor of solution Win; .\ laO, A('t'\U'alt' snlutinn« at thi:-. onl!'1'
again HhoWH lhilt elimluutlou o{ t Ill' Hilllnill'it~' t runsfonn r (~t'l' dlll»t ('I' 1 !)
Iron: tilt' operational-Tau uiothod l't'lllO\'l's ('Ulllp!t'tt'I~' tilt' uuijur ohstad(' of t]1t'
HIlllltlal'tlalllll'OIlI'It. umuolv il:-; t'ntHstl'ophk tlt'('a~' ill lU'('\U'i\C',\' uhovo it ('l'l'lltill
(10\\) order of solution.

B~' ohs('l'villg tIl!' ('OllVt'lW'll1'l' of t h(' jll'<,;>,'ul 1'1':-<111ts wl I It I.., t ht' jll'(lSt'llt B1asillH
jJ1'0Ilit' miulnnuu nitit'al t,tnhilit~' point \\'n~ "'l\lllt1 10 h,'
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As it dwelt of til!' vnliditv 01 tlH' (Titl'lioll I.fN 11 as all arrurut« indirntor of
tho 1\1'('lll'lIl'Yof thl' HPl'it'i'i, the val'IPs of t h(l Iuuctiou it~(llf at arhitral'Y <iisl'l'<'tl'
points was caleulated for s!'i('('tl'l\ values of .V. k, TIll's!' compurisons l'liow('(1
Ihat, nhove all arvunu-y of upproxiuuuolv 10 '', this r-ritvriou was it reliable
indieut or of ('Oll\'PlW'W'P, Thus I III' sulut ions st all'll uhuve t I) 1)(, til'l vnulu«l I(I

til!' II'\'('I of 111(' rouud-olf ~'iphh'(l 1'1':-",11~ fixl'(\ I0 .tjllll'o~illlal I'l~' 1:1 si~\lIilimlll
figlll'ps,

To tll'lIlll11slml(' tIll' :-;igllilicallt (lilil'l'l'lll'(' hl't\\'PPII till' Blasins homularv la~'l'l'
uud I lIP 1'1'!'01'-fIll1l ,: III llrolih' rnlculanxl ill SP('( iou l:l.:! allow. it j)' usolul to
rousidor t hI' scnlod Hllil}ll' IHu'alll"t 1'1' ....'10· lor I'adl uf t ItPH(, 11l'(.IilI% FilI'I lit' (11'1'01'
Iuuetlou profile, tlH' value of this pnnunotor was giwll hv ('<lllatioll (l:l,GIi) aH
1.27a ~a!l, For Iht' current Blllsitts prnlil«, this tonn Wit"; (lpt!'l'lIlilll'(1 III Ill'

(1:l,!lH)

(lXII('! to ~ :-;igllilit'alit fil\IIl'l'S, 'l'hh: illllimil's H snhstalliial llifIi'I't'lll'l' hl'l\\'I't'll
till' houmlurv layer :-:11'1\('(111'1'uf tho two S~'};tt'llIS, This ii'slIl' wlll lw IUhll't'ssl'cl
Iurt 111'1'ill it Inter chaptor.

Stability results

Snbsoquout results WI'1'(' ull ealculntvd at order N; 100; t hl'St, W('1'1' then usod ill

It Htnhility annlysi« "sillg t IH' Orr-Sommorleld oquntiou (H(,(,tiou 1:1,1), ill ordor to
nS('l'l'tnill tlH' various pal'lll1ll't!'l'S l'Oll(,t'l'lIill!~ lilt' :-tahility of till' Illasins prolil«,
This jll'(){'('ss provld«! an ltlonl Vl'ss!'1 [or \'('rifyiug IIll' <H'('Ul'ill'y of' till' ('ut iro
svstom (hoth BIas! Ill' am I Orr·Solllllll'l'fl'lt I 1'01\'1'1'), A suinll mnr IiIiratiou W1\~
uuulo to the hottlltim',\' ('()llllitiollt-l of Ihp aho\'(' '111'111 iunod illlaly;;is: rourlit iuus

cotumousurato with tho dnmain tnuu-utluu \\'<'1'(' l1S('tl ill p!lW(' of tht' 'rontn-llno'
('oll(litiollS ill (l:J,:3), and (hN;!' W('l'(I [Draxlu '\' Hpitl (l(lHl)j

tJ,I(O) ,+ nrjl(O) ~.. 0
(f/'(O) "" C\~(/I(()) - (J, (la,!l!I)

Th« t'()lHUlioll~l (1;J,!l!l) nr« l''1nivalt'llt. oil thl' trunvutr- lmuuiu, to th(' Iorinnl
condltlou r/J(:::) !':'!. IJ!'xl)("'n.~) as .~ ~•• :\.', JIo\\'I'Wl', til<' dlOil'(' of thl'sl' roudi-
tlons Ill' tit!' 1l1l('S (1:l,:l) llra('(jl'i\lJ~' lllal,(ls little tiili'I'l'l'l,('1 10 thl' solution HS /., is
itH'l'I'HSI'(1.

Blusiu« pl'olil('s fill' (liffl'l'l'll' valuvs of k \\'1'1'(' ('lIklllal I'd, mul lor !'Hi'll or t }II':;!' III('
unlor N of tilt' sl'ability uuulv-d» WI\~ varlod whll« lil(, ('OIl\'l'I'I',I'l\('1' of t Ill' "HitII'
for tlH' miuinuuu nitkal HI'~'lloJds muulu-r was noted. '['1.1' l'!'II'\'illlt HI'\'llllhls
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waH 111('smnllost \'<\h(, possiblo: value» of I'~Ismulk-r I hall this ruukl not ht'
Ill'hil'\'('(l 1H'!'al\s(' Ihl' round-of! ('ITOI' 1l)'()(hH'(ld llllllll'l'i<'al 'lwisp' ill the H~'S!(llll

at HI 11, HIoppillr~ t lUI 11('1 r-nniuist it' nut urr of I he ill'rati\'(' alf.\Ot'it lun at 1his
1('\,1'1,

As ('ilulwHI'I'U, a f\l'I'al(ll'Ol'll(ll' is 11(11'1111110 1'1'111'(I~('l1tIhI' solUlio;! as tli(l domain
sli'(' iUI'l'(laHI'~, '1" , most I'lllr,\' ill I'adl i'OW of I ln- I nhl: (lllarl,I'(1 wit It all
asl orlsk) l'('pl'(I~I'n! ~ Ihv Ol'(11'1'at whicl; I hI' l'I'~'l)('('t ivo solu I lous lu« 1 (,Oll\'(llW'( I
I() till' lovol (If 1Ill' round-off error. For tllP lal'g(l~t 1l.nuuiu (,ol1~i(ll'l'l'd (/.' ~O),

all nrrler of X . - lOU was sulliriont 10 tip! onnlu« I hI' 1'01111ion I (l I he maxinnun
a('I'IIl'IIIT possihl«, I'his valu« of I.' ('Ol'1'I'spolHb 10 a dilul'llsiollh'ss displnl'PIlIl'1I1
thidwp;;s of"· := lo·/,,' r.: :.!.l51 x 10 :1, 'l'he )'('spl'l'liVl' dlmcnslonless Ilh'plan'.
lllPul thidm('ss fol' tho vnrinns rlomuiu I'izl's ran hI' llil'('('II,\' ('"it-1IIal(,11 via the
rolatiou

". 1~·)(I""··('/'fJ :-=-::: .r _ I t~ I ) ,,'. ( la,Hi)

'I'lu- hl'a('kl'l('(lulllllh('I'H ill Inbh' l:l,S l'!'III'I';;(11I1 (miN'S lor whlrh the truueuted
s('ril's WIIS insullk] 'ilt 10 l'PHul\'(' (1\'1'11 tlU' ('lllll'H!,1' fl'allll'!'s III I ln- I'YI'((·Ill. Visu-
nllv, Ih('s(' sol IIIiOll!'! won rhururt 1'l'it'(ltl h~' li1l'gll (l"dllilt iOlls (wit 11 II rlovlut ion
(If> 0.1 Iroiu tIl(' PI'Olll'I' solution) 111111 IlmH IllI' trunratiun error was lint nrru-
rutoly hulkall't! hy 1111'IlUl!\lIitut!(· (If the hi~~h(l:-.t (11'111'1' ('o('Jlil'i(·ut. Nuiuorieallv,
fill' H1\dl low onler -olu: iOIlS, th(' .ruucut«! solut lou is nuf 'dos(" to tho Jll'lljPl'o
lion of t he iulluit« H'l'i1'S onto tho truncatod uuuu-ricul hasis, In (1111('1'words,
tlH' luw·IJ1'(IC'1' veetor ill Chl'll,\'Hhl'v HjllU'1' J'('PI'I'Sl'lIt(·t1 h,Y IlliH solut lou iH 11111I~
goo(1 upproxhnntlon 10 tho iufinlto Wl'tOI' rl'ln'(I~('llthl~\ tho true solutiou • I'l~
[(I('ti\'('I,\', 1101 ('lIUlIg'l <I(I~I'II('S of fn'('dOlIl hnv« 1)('('11 ndlllilll'd 10 gi\'(' it jlWP<'1'
1'l'jll'l'Hl'lIt at iUII or t II(' Hy~:tom.

'!'tthh' la.x: Tho truucatlou 1'1'l'Ol' I'm' tIll' Blasius solutlou, Ior vnriuu« \'IIIlII's of
tho domuln slz» k 1\l1I~order N, -. to tlH' 1t'\'('1 of thl' rouud-nll' ('l'1'OI'; (1. nut V("
l~l2p(I£lyr{~1_l}~~~~l~':J~>~ (l[nH'l'll~}.~l,!!I~~~,.c~.~ =~ .. ' .. '=='~ ,=,~, __~~~~

Tl'l11H'al ion Errol' (., 1111\II,)

l~"f~rf~~;:I~~:;;?X'12~::'~""~.j~::rl·:Vl~;'~~"j":V -j(lll·
an ~.5.1H ..·(i,5,1 ·=1'.51-1 ··HUH ",l:.!,(i:! =1,t.oa·
,10 ~,I,a2 ""5,1-15 '" 7,,12 !l.:.!:i 'co 11.:32 ,la.[):;·
50 (,,,1.Ul) ·~,5.71 -u.m ,-·1'.:11 ··!Uoi(;
(j() (-.,1.~(;) ·-5,22 <"7,()~ ~,i,H7 ~!).()!I

( .. a.H.t) -u.u i'iil.l"x.sa
,7.01 ,,,S.:l:l

< U,::\'
···Ui,:I:l·
,·1,1 )W
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of IIII' lew-order result 10 the hinlu-r order is (\Olll' simply hv appl'lHlilll~ ZPl'OI'Sto
Ihl' Ionuor, Th« Iinal result Ill' this PI'OI'I'i'iS will ilJllll'lhll'h all invariant solution.

Till' couvolutiuu suuis ill equation (l:l.HS) tuko tho major portion of rluu: ill tho
HO\, iou. A quicker 1111'111011 of (',I\('tlliltiuA tlll':;l' will Ill' ~\h'''l ill dlllpll'l' 1-1;
hOWl'VI'1', \H'('alls!' I~ sitnli<' solution is l'l'IPlil'l'11 horo, 1"\)('1'1\ is not it ('011<'1'1'11,A~
\llofOl'l'. tit!' algoril lun« W('1'P itll)lI(,llll'lltl'l\ IIsill!~ ~latli,h, unr] a Iblillg of t.1ll'
IH'ltilll'llt fUlIl'I'lOlls al'(' cuuluimxl ill upperullx J),~, SOlllliolli'i W!'I'P dl'wlop('(\
Ior various sl'aliug rm'tors k; uud Ihl'~l' so\nliollH 1I1'l' 1111' suh.il'('! of till' next
st'c'l ion,

13.3.4 Numerical results

Lurninar velocity prollle

'Iuhnlut I'd solut lous of' t IH' Blasius \ l'\,)('ily prolil« '1'1' uvailuhl« [sp(' Sdllkhl iug
(1!l7!l)], awl thus thp pt'l's('lIl r('stlll, l'mlld hI' din'('tb' compared, 'I'll!' lll'psput
results IW'ppd sllhstaulial1~' with 111<'l'p~;Ulls of Ilowart h (1!l:lH). as l'('pl'()(hl!'l'l\
in Sdllkltt iug (Win), Unlor! 1111,\1l'l~', Ilownrt h's !'l'slIlH woro only 11I'1'!'-('lltl'l\10
Ilvo d('l'illla\ pltl!'('~. nml thus Illl' 11'\'('\ of Il!'l'\ll'al'~' III whirh Ill' ('air-lila!!'!! !tis
IiAIll'I'~;cnuld uot Ill' !Is('C'rtailll,t1 'lil'!'l'tb" Till' presout I'I'Sl111sdld however show
it small deviation Irom Ilowarth's \'<lItH's ill Ihe' Ilunl dor hnal (ligil of SI'\'l'ral of
his tabulatod uumbors, and this S('I'IlIl'ti to indieato thai Ids results \\'('1'1' ('Ul'I'('('(

10 oul,\' four d(,('illlni iiglll'('s,

Fol' I Ill' !ial«' of coiupurison, thl' on lor S of th(' )Il'C's!'llt i'i,VSIC'lll Was ri('('1'!'HSl'tlll11-
til tho PI'I's('111 vnluo» \\1'1'1'1\('('111'1\1(' to th!' sum« 1!'\'(1\or pr!'eisioll as llowarth's,
FOl' n sl'alill~ lartur or ", ~::;10. agl'!'(,IIl!'lll with Ihis c1('('illlal Jlt'(,l'b~i()llWIIS nl»
tniuod ut S "" 17, ('OI'l'('SllOlHliui\ to I~ tutu] xolution thu« of apJll'llxillllltC'ly 2i
s('('llIu\s 'Ill all IBM H(),lKU • IiO r-.m;l, lh·~l'.t')p l'olllPlltl'l'.

Absolnt« ('OIl\'('l'g('II('(' Will' IlSH!'SS('(! hy ill('l'l'lll,iul~ both ordor N Hill! \,ohli ion
riullltliu ", Illltl ohsl'l'villr; till' invuriuur« of tlu' t1C'l'i Il1111l'l'p"C'sl'llli\tioll of I!tC'
I"olnt lou. B('('I\Ils!' of t he' iuiuhunx 11l'olH'l'til'~ ol' t ho ('lll'h~'slll'\, }lol,\'UOllliah,ll.
mul Ilu' unlfonu ('OIl\'(,l'!Wll\'P of till' sPl'il'S to Ihc' oxnct Il'slIlt, 11ll' Iliaguitllll<' or
th« error ill Ihl' interpolntlnu s('l'il'S is till' SllllH' OIl\PI' 'l!'< Ill!' 1lllll\I1illlcll' of I Itt'
last !l'rtIlH ill tlH' Sl't'it-s; thus tlu- t'llll'l'illlll.f, .... II was tlll('II[:.! !l'; 1\11npproprlut«
iudientlou of Iht' "frpd of !\,lllll'at lun. Fur various dmuuiu siz('s J.', I Itl' order was
illl'l'l'aSl'li nnd tho truueutiou 1'1'1'01' IIl'll'l'lllilll'(1. Till' I'l'SIlI!~ of Ihis Ill'OI'PSS al'p
runtuiuod ill labl" 1:1,1'1.TIll' ('011\'1'1'1',1'11('1' niH'doll WitS Sl't 10 I~I ltl 11, which
, "Cj ill.;~~;J~i;;;~~~'t;i~;I~:i;lnrci:l~I',~~t1"11111IIII' muxuuumabhllitll I'1I\lIl\lIillllh' of I hl'~1' pnlvnmui-
ills ik uultv 1'\'t'r~'whl'fI' ill till' fillll\I'; Iluw chI' IIl;\XiI1l1l1ll11lill~lIil 11th, of u C'11l,h,,1.hl'\' 1I1I1\'1I11111ial
is alwavs t hi' valu« or itt. 1lH'lIidl'l1t.

I~Thl' II'rIlI J. i, :011,1'1110 "1'lIutt' (hI' llh ('XllollI',IOI, ,,,"'lidl'lIl. (II ill ut lu-r words, Illl' n h
IIIl'1Ilhl'I'llf Illl' WII' \'('(Iur loc unkuowu ml'lJidl'lIls; Ihth II., II I" ~'IUIII\' Ihl' 1I\i1I',l1illlll,' of
1hI' la',1 {'X[lilll,ioll r""Uid"1l1
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The evolution equation

With tho pcrmrhatiou cak-ulatod as ahovo, Ill!' IIt'Xl ltonunl 11('!'<ls to Ill' tip-
volopod: oqnut ion (13,~,J) I hns lH'('d:-: 10 \)(> lonuulated ill t ho oporat it' ral-Tau
Hy:4l'Ill, This simplo svstom Il1l'l'l'ly horomos

(1:1,!J.1)

whore tho superscript (JJ cll'llotl's til!' lllO ...t rocout valuv of th« it('l'allll/alHi if./) is
[hI' value of tl1(' porturbution C'!l!ton!alpt! ll~inA equutlou (la,na) with tho itoruud
jtn, 'I'll!' icll'lIlity matrix 1 is iutrodnced ill to Ill!' lolt-luuul shil' of tla,!H) to
fadlitatl' thl' al1g111l'ut at iclll of till' bouudarv rondit ions. TIll'S{' rouditinns arc'
(ic'!'h'p{1 from (13,7'7'), and ill till' opotutionul-Tuu systom ill'{'

fllJl _- lJa:
Ba :::: [00 1J,

(l:l.H5 )

Th« matrix 131 iH Identlcal to 1'11(1matrix 1J1 from (1:J.O:.l), Aumuentntion of
til(' lxnunlarv conditlons (1:J.!J.'i) to till' inner prohlom (13,Hl) is slmpl« uml till'
resultant HYHIom b{'{'OllH'S

flJ tl)ih ._ W(jll)h.

[II ~ [ill :1], (] ~U}(l)

Tho sulutlon fot' tho now itc'I'alHI ]ll' I) rnn Ill' ohtuluod Irom (l:l,[Hi) h,Y 111('
inversion of 111.

13.3.3 Solution proce U'C

Sultuhle \,1\11\1'';for ItHlnl'linr; gll(,HKalltl till' itoratlou relaxntlun fartot' Ill'l'; ]to)
[1, (l, Il, ()," 'J awl v) ;~ n,!l l'(,Hll{'{'li\'(lj~·,Tit!' Illll!'t oxpcdlont \\',lY to lIl'hip\,!' It hiuh
<ll'd!'!' a{'('matc' solution rot' It ('I't'tain Hl'alil!!\ Iurtor /" IS h~' solvilll\ tho s~'stl'ln at
It low ol'{II'l' (say N ~ U;), II'I till!', f he vstoin C'Ol!\'I'l'!~I', nud t hl'll n"illg this 1'1':;1111
as It Htltl'till!~ !~II(ISS for a HJi~~ht\~'hi!~ht'l· m'(Il'l' (N ~ N" 10) H~'sf('m, ThiH jll'Ol'l'SH

eun Ill' 1'I'JlI'!lfl'cIulltil til(' cll'i'iil't'll onlor is I\c'lliC'\'l'cl. aut! iHHllhst alltiall~' qllklM'
thalllll'()l'{II'{lill~'1 clil'l'c,tly from thl' rourso initial l\n{'SS at it high order. Exton-duu
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'l'hiH oquution can be roanungod to uiuko th« unknown fj th!' subject, awl nfter
cllmiuatiou of tl1<'('t)('flici(,llt vector i' 1l('('OIlH'H

(la.DOl

Equation (l:3.00) iH of tIl!' form

i7[LIISJU) :.;::[HIIS1(Ji (l:l.Ol )

whoro til!' matrlx [LIISlui awl t h« row \'('('(01' [HIISJU) m'!' hUH'ljollH of r. (Itt'

known (·(wlli<'i('nt. \'('('(01' from tho Pl'!'\'i01IS iteration. Equatioll (1:tO 1) is ill
It funu nmouahl« to tlu' uugmontutlou of lit,' lmunrlurv rnnditious. As stal'('(l
hoforc, the' boundary couditiou« uro implt'lll!'llt(l(l ill tlw soluriou fol' both f nud
6.1. 'I'll!' relevant cornlltions horc aro (l:i,Kfi), aud uudor tIl(' oporutinnal-Tau
ilj'HtNll 1l('('OllH'

(jIlt -.

Bl _.

l3~(l) --

IMii:
[pIe: 1 : l/i'I(,d : IHe· oJ
[··i~;k 1: ~ ]"/('1( 1: ". ji/i'l( ()+ 1].

(la,D2)

Thns th(1 HYSt('1ll (0 IH' solved for t 11<'nukuown !I is

I/iI(j") _,. If, (j\

ir(,f) - [IJ1: [LIIS1(f>]'

wet) .,' [IJ~(f"'j: [IU1Slu)] I

(l:l.O:n

whore both Ilu' matrix in]') and row \'Pc·tot' 'hl) (l(lllt'll(i 011 tilt' previous itl'1'itud
j'. Solution is Htl'aightfol'WHl'd hy moau« of lnvorsion of'tI(/).

Thus, giwll HOllH' itonuul .ltn, I Itt' Fn;dl!'\ porturbatlou ii'/) ruu 1H' ('nlt-nlILt('<\
11Hillg oqnutiou (la.!l:l).
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Ea('h of thr ubovo condltlon« is eompnt ililc with tlit' conditio)! that IlIP 1)('1'-
turlnu.ion qllnntity ~f nIHI il:; (l!'l'i\'aliws 1)(, ZPI'O ovorvwhorr ill t Itt' Iimi I as
11~.r11 -. D. More lmporrnutlv, tht' 1I~t' of ruuditions (l:3.K!i) ('11;;111'(' that 1'1'1'1'1/

ltorund .rUl slttil'li!';; thr houndnrv rnnditions (la.ii) at all tiuu-s.

13.3.2 Numerlcal formulation

'I'he equutinns to 1>1'solvorl ill'!' (1:3.1'i:l) awl (la.KI), which Ionu a rouplod pail'
of nou-lluonr partial dilfpl'l'llt inl oqnutious. The '('\'oinl ion' oquat ion is (l:J.I\,I),
and (1:1.1'i:3) i" liueur ill ~J (and .f ill Ihis I'<tllat ion i" it known). SOllll lou is t Ims
sl raiJ!;htfol'\\'Hl'd, ('x('('pl for IIt!' ovnluat ion of tho cunvolutlou SlIlIIS O('('I1l'l'illg ill
(1:3$'3),

Basic dlscrotlsatlou

t Tlldt'1' t Itt' uperutinunl-Tau sv-u-m, tIll' Iuuet iOlI;; f and ~.r al't' l'I'lll't'S!'lll ('(1 hy
their SN'h's expnusion count I'l'parls as

.f :~> i~'
A.f :::> !}('

( la,Hti)
(la,Hi)

whirh, ItS hoforo, ar(' simply iuliulto polyuouiiul oxpuuslons dpllo«·d ill \'('('101'

Ionu.

COllHitil'rillg Ilrst til(' couvolut.ons, it was shown ill sort.iun 1:1.2 that It known
pulynomia! umltiplied outo n flllH'lioll IWC·OIll('H. ill Ih(' uprrntiouul-Tnu s~'HI('II',
post-umlelpllcution hy IIH' uuurlx oponuor (1a.1 i). Psillg Illili DllI'ralol\ Iho
itorutiv« llll'thod in tho opl'l·ntionnl.'DtIl "YHtl'111 (',L11 1)(' simply til'iilll'!l.

'I'll!' ('(lllal lou (la.~2) i;' litH'ar with 1'1'!\ill'd .n t ho Itll!WOWIl ['11111'1ion .f: I1111H it
('IUI hI' l'('jll't'Hl'llt('d ill t he operntlounl-Tuu H~'H!('1I1 ilH

( l:1.H;o;)

whore 'J~() iH tI('litH'(l hr (l:!.l i). 'I'll!' uunlouuo 0[' !'IPlitt inn (l:J.H:J) can t lieu h1'
showu 10 1)(·
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and 1'11('porturbation ~f must 1)(\ ('aln\a11'(\ as tho solution to

All Itorativ« algorithm to oquntion (l:l,7U) rail then 1)(1doiluod as follows:

(1) Mnko all inltiul uuoss f(lI) to Ihl' unknown lunction J, This gill's;; 11('('11
not ~atisf~' tho bouurlurv romlit ions, hUI should h« 'rolut ivoly' dosl' to till'
Hunl solntlou. A shnpl« yl't HIlIIil'il'lIt glll'l'S lor tho ('111'1'1'111 probk-rn would
1)(, J :.:.::1.

(2) Dotonnino tho solution fur III(' pertnrlmtiou ~.r llsing oquut.inn (l:tl':.!)
nIH! till' ('UI'I'('UI gtll'ss Ior j', Simulmueous to tlli;; 1111'hnnndnrv ronrlition«
lllllst Ill' l'ufol'('('d such t hal IIll' pert urbat ion is rumpntihl« wit It til(' svstern.
Suitalile «uulitious 10 nelliI'\'(' thi;; will hI' giYl'Il 1<111'1',

(:3) If 1'11('('rit('riollll~fll <; Ie'll is satbUl'd (with 1I~.r11 a sulrubk- nunu of ,::".1',
I\llcllbl tho ('OUV('I'AI'IH'(' criterion), 1111'11 stop Ill<' itrrntiun uurl 1'1'1l1l'1I 1111'
curront vnluo of f ilK till' solution. Otlu-rwis«, cnlculutr t 11('now itl'l'aIHI
J(J+l) Irmn Ill(' currout value ftJ) IISillA

TIH' bouudnrv ronditiou» (la, 77) must also 1)(' itJljlli!>dsuch I hat t ho IlI'W
iterand ~lttj:.;li(IH them ('xt\('tly, TIH' Il(,W solution i,. IIOW 11Ia(I(' tIl<' ('I11'1'('1It.

solution, ILll<IIIlC' n}r\o!"I!UIl rot urns 10 stP}l 2 ahovo,

Tho method 11l!'11 )lro('('('c1~ 1Isiug I ho nhnvo algorithm, unt it ~f hn« approadH'd
,M'O uuiformly to tho required tolt'I'aIH'(' Ie'll,

'1'111'!lollwlm',\' ('()IulitiollH W('I'(I hriolly 1lH'llliolll'd a!Jovpi I h(' iuost robust way to
(>ui'r,l'('P thorn iH to !lInl\(' both Ih!' rUI(,tina .r alll\IH'l'llll'l)(>(\ Iunrtlon f·+ ~.r
satiHfy Ihorn, Thus bonurlurv ('OIHlitiollH !.I'( nppliod (\miug t h(' sulnt ion of hot It
(la,~;j) IIIHI (la,~'l), 'I'll!' sJl(>('i(i(' allll!i!'ILlioll of tho ('OIHlitiom; (l:l,77) iH <1(,.
IH'lldl'llt Oil the' ('(Illatioll lH'ill!~ solYl'd, \\']1('11 solvlna tIll' '('\'Olll!ioll' oquut.lou
(1a,~'l) tlt(' roudltlous IIlIlS! IH' (llllbn'!'(!I'XiH'tl,\' aH ~ilall'(\ ill (la,77)i hO\\'P\,Pl',

when Ih(1 ?lYHII'Ill (1:l,~:n is ,<01\'(>(1. uoundurv eundition« portluout to th(' !IN''
t urbutiou Iunrtion ~J lllllSI Ill' IlsP(i. SII('h ('llllllitiollS run Ih' onsilv (\t'riW(\ hy
('ollsi(\(ll'iu!\ tlu' ()ri!~!llal ('ollditiolls (1:1,77), hilt with Ill!' torui J + ~f hllhsti·
tu.«! vvorvwher« fill' f: til!' coudlt inns ill ~.r (all t lu-u Ill' Iound h~' 1'I'alTi\IlI\ill'~
the' I'(,H\lltillf~ l'('ialioll:<, h'ndilll\ 10

~.f(l)

~.r~(I}
j..fc;(()) ..

...fm
..r~(1"
.f~((}) + 1.

(la,XIi)
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Tho iterative algorithm

Although t 11(' eqnntiou (la. iG) is a lii{fN'put ial oqnutlon ill a l'i IIP,it' varluhl«,
and thus ideul f(,1' solution 1111(\1'1' thl' opl'l'nt ioual-Tau approach, it il' nou-lim-ar:
t horoforo oithor linearisatiou or itorntiou hnve to Ill' l'lllploYl'd ill it~ solution.

Linl'ilril'in!!, t lie uqunt ion will viekl onlv an npproximnt l' solu: ion, mul Ior Ihis
n-ason, au it orntive srilt'llH' was ado].1 ed, I W'lll'ral terms t hi:-> 11l'\ll'I'pds as
follows: t.ho oquut ion is reformulntrd to l'Pl'l'PSl'h! au init ial ..value prohloiu: all
initial AlIt'SS is supplied, ami this SUIlPlil'd funrtiuu is fl'd 1'('('1Il'~;i\'('I,\' I hrough
th!' algol'ithm until till' solution has rouvoraod to It statiollal'Y value (to within
It cortuiu tolorunre). A simple lid. 11(' involvos taking til!' Fn\chl't (\t'rivatiw
of th« unalytic Iunrtion (l'!,il), nu-l doflning (Il!' uoxt ltemtion through this
dorlvativ». A dolinltiou of (h(' Fn'chot dcrivntivo is contalnod in Caunto r! III
(lDH8) [in nppeudix A"l],

The F1'<\('I1('tdorivativ« C(f) of a g<'ll('ral Iuuctiou AU), i 'i(!!), run 1)(' ti<'litl!'d
as

C(f}:c: lim ..l(./' +- .:1.f) ~ JU)~r·(J (1:l,i~)

whore .:1f is It gl'u<'ra\ 1)('1'1urbution of III!' Iunct lou. For it smoot h funct ion
f. tho Fl'l\t')l!'t derivative should uppronrh zero uuifonulv a~ IIll' porturbat lou
.:1.( dhniuishr«. Dropping t II!' limit ('oust mill I. au apllt'oxima(' ('lil ilw\t<, of I II!'
Fl'pdH't dotivatlvo for It unu-zoro ~J Iw('olll(,S

L.:1.f ::::AU -I- _\j) - AU), (1:~,i!))

tising (la,iU), It p;!'IH'ral iI(Il'atiVt' procedure to dl't('l'lllitH' It solutlou f /(,11) to
It ~~l'l\(,I'allloll-lill<'al' oquntion A(.f) ,_",() run Ill' (It'lill('<l HH

whor« tll(' Iorm ~f iii tilt' -ulut iou of (Il!' oqunt.ion

A(.f) 4- l,.:1.f :.0 () (la,Hl)

awl ,I) iH a n-lnxntiou Iavtor. Spl'('i!h-al1~', til!' npproxiumte Fl'{'!'}ll't dorlvatlv« of'
oquntiou (la.ili) is

(1:l,S:.! )
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til!' supvr-computvr) , ApIH'llftiX D runtuins it lbiting of titl' Matlal: Iuurtiou«.
Tho HCript lI>l!'d to ~(lIVl' thl' prohlcm was I II!' Iunrtiou bn.oo2d. m, giwll ill S('('·

I ion D.'I.1. TIll' ~'Imliul order of solution was 1iI1-: (:1:.alt hOHI\ll I iti~ was ('xt I'wh·d
10 ~(l x ~!l 10 vl'l'i(\' t lu: ('OIlWl'I'.I'Il!'(· of IIII' l',\'~II·Ilt. Till' thll('''sII'Jl was tukeu
h. Ill' ~I 7 ': 10 h. SIt'v; tlll~' }ligg('1' thau 10 I nuul« till' ;;~'~tt'll1uustul.l«,
'1'11(1 Iinul (st(Il\(I~'.:,[al(') urrurarv of I Ill' tiys[('1ll WHI'i 1I1I(l11'(,(,t('(\ hv till' timl'·sh·p
(as loug a~ I't.lhility Will' muiutuluod). Situ'p til!' 1'01pady"st all' solutiou« al't' 111'('(1

pn-dominnnt b' fill' cmuparison to till' P'>;PI'l'illlllllt. it was 11 11import nut I hal I II!'
tt'lltlltll'al (1i:'('l'1'1lsutiou was hinhly urrurutv, a~ IOIlf,\ as Ilu- "I('at 1,\' st at I' sulu-
tiou wns oxuct, Tit!' ('nrl'('ul lUI'! hod of 11i:;"l'l't isal ion ('11;;111'('11t hal I his was
1'0, allli til\' hh~h ordor (If Hllilliallli~"l'l'tbalioll made spatial I'I'l'OI'H"alli~hil'f!ly
Hll1a11, Ilowovcr, tllp ulmvo I itIII' stl'P waH also I{ul!ir;"lltly sn ..ill Ior good tl'lIIIH)'
1'1\1a(·('llI'at'Y. as ml,hltlJ\l'tl hy 11)(' purulk-l M~'Hll'lll Slllw(! in i'i('dioll l;{,~, .\ small
HYHtl'llIatit' ('1'1'01'ill til(' llla~~ tlow (dill' 10 tlu- explirlt nannv 01' IIll' non-linear
tenus) waH 1'01'1'('('1('(1('\'(11'," [1'\\' t hu« Htl'P:i hy silllpl,\' tlh'itliul\ I'adl I'O\\' of till'

axial w!odlY hy Ihl' lIHIHH flow 1.':111'ruk-ulutod lin' I hal llill'tkulal' ruw.

'~'II(' axial solutlnn domuln \\'IIS rnkr-n II) hI' .r C [0.II,02J ill that Ihis l'!'gioll
I'lllhra('l'd i\(1('(lllalP)~' I hI' )lOl'lion of pipl' inlet Ilow t luu l'xhihits linear ill~1 nbllitv,
Altholl!~h it iN Hot Xillidtl~' ovkleut ill tIl!' Ionn IIIntion , it varlntlon of Iht, nxiul
dmunlu iH !'IIHily adlitl\'('(l hy Hilllply t1ivitlillg tIl!' rulloratiou ,\t'l'i\'atiVl' Oil (ll'lIillI'
/) hy lIlt' rluumiu I'xi out. This i~ hp('llIlSI' 11111 rullorut ion til'l'i\'ati\'l' ojll'rallll'
I'lllhra('('H Ihl' domain [(J,ll: if tho doumlu h'llgth is l'I'quil't'(1 to 1)(' H1I\',d units,
111('11 IIII' oPl'l'Itlol' D eun Ill' 1'lilllllly multlpll«! hy t)tll /'i('alar Iru+or rI as [)' ',;
(lId)]) awl tIlt' IIt'W matrix /)1 mll'ti ill pJ;u'(' or I), For exmuplo, to uvhiev» t h«
1>1'(11'1('111:domain oxtont of [0, n,u:?J, tho fa('(ol' rl wa~ taken as d -; 1/.'iO, uud Iht'
op I'I'lll or ])1:::,linD .va~ 111'('(1 ill pln('!' of 1>,

Solutlon« '\'Pltl 1\t'IH'l'iltl'(1 both 1'0), itnpllhiiwb' l'i11\1'11'(1Ilow, mul th(11I for flOWH
with itH'l'('aHiug \,1I1u(IHof oxponontiul a('('phlrntioll, The rosults {('I'! llC'hupnlslve
('ilSP art' enntnlnorl ill 111(1 f(llltlwilll~ :-IPC'lioll 01 t hi~ l'ilIlptt'l" while lIlt' l'(',mit!i lilt'
IIt!' mor« g(I!ll'l'nl !'XpOllt'll! ial !u'('l'ltl!'a!iou a!'(' (1I'fl'l'l'(,tl uu: ll I Itt' IlI'XI H(I('!inn,
'I'll!' iuipulsivr- ('liS!' is nlvon h('l'!' "('IHu'atph' hp!'llll~i(' il l'I'llIw,l'uls tIl(' onlv polnt of
('OllIPill'i}ioll 10 NIlIdit·!'i l'olllllitl(',1 illlh(lliltlml1ll'I', 'I'ho \'('lllaill<i(11' of thi:, ('hapl!'!'
hi t hus d('vol('t1 to t h(' Itupulslv« NYHI om, wit h 1111 (Illlphm;is 011 ('OlllpariHoII with
('Xhitillll l'(IHllltN,

14,t:.1 Numorlcal results

Illlpul:,iVl'ly Ht.ll'lt'(llIow run IH' ultHll'lll'd lI~illl\ thl' uunn-rirul s,\'I'I('I11 d('H('I'i1lt'ti
uhov«, simplv h~' i'it'lliul', tho il('('(1II',al lou pnrumoter U In ~PI'O, TIll' impulslv«
sYHIl'1ll provklr« t lu- Hub- Inuuowo I, of rmupurlsuu llll' I ho }lI'psl'ut l'I'snits; Illllfi

u til'l nik,1 invl'HI if~l\t ion or I III' Ihult iun hPluwiolll' i\1111('01111 Hll'iHllIlH with l'Xii'i1ill~1
,Iat it iHcnrrlod out ill tllil1 ~I'('1Ion, nt'l ailt'III't'HII\t ~ obtnilll'( 1 1'01't Illi btl'!HlY-Htall'
]lip!' PHII'IIIH'!' 1I1l\\' I'Hknlaliollh at'!, tltl'll jH'(,"l'lll('ti: ill purtk-ular Ill!' parnnu-tvrs



:Hii

aml this is Silllpb' aehlevod l:~'t lu- inversion or tlIP rnustaut iI" TIll' bouudnrv
niutriros n, and ill, or dimension X, .. :! and JI x 2 rl'sl)(·!'(iwl~'. art' i;iwll as

1
r n

II
····1 () II

1J:1 r-: 1 lJI () () ( ll.:i(i)
1 l(;()

TIH'rl' is no nood to nssort itll~' nuliul Inflow bounda-y, If !to\\'!'\'l'l' it is <1l'sin'll
(0 rl'strkt 111('inlet nulial roiuponout to zorn, 111('11 111l' last row of (III' resultant
matrix ,"t rnn bo nuulo Z!'l'O,

14.3 Method of solution

'I'll!' uon-lluour tl'l'I11S ill tlIP Iiunl lonnulutlou (1'1.2i) add a fail' dcul of' roinpli-
cut ion tot hI' -ystom. If t h('s!' lH'!, l'l'lllO\'l'( 1. t hvn IhI' I" sill I nut s;o.'sll·11Iis l'xal'lly
IIm1 dl'\'pJop('(! iu :-;Pl'tiou rt2. hut with th!' arc'!'lPl'atiou rotnined,

Nl\lllPl'i!'al1~', Ih(' nou-liuoar (PI'IllS an' the most (l.qll'llsivl' at ,va. I)('('itlls!' IIH'
lilll'lll' syst('lli cuu 1)(' solved illll'li('jth' .:J a ('ost of X2, Although tho (lis('l'!'tis!'ll

equntlon IH'ptis thl' cnlculatlou of IhI' unu-Iluoar ol)('mt or at lila 1I~'thu« sl ('PH (if a
hi· .n-ordor disc'l'('tisatiol\ is 11:-;('(1),it it; only 1l('I'l'SSal'~' to rnk-ulnt« th!' UOU·liUI'Ill'
lll'o(hll't. i~{(i, (1) OU('!' per thuo-stop, aut! thou to stot'l' it, WIlI'll atlmlll'ill!,; to
tho m-xt sh'p, till' lilSI few convolntiou ll!all'i('PS (Irom IIl'P\'ioIlH time«) cnu 1)(1
stol'l'cl, TIl(I lllcll'~t IlHttl'ic-l'S ran 1)('HilllJlI~' dis(,Hl'cll't1 ut ('iI('1I now thuo-step.

Tho cholco of dlserottsnt lou was t Il(I shuple fOl'w,U'<I·Eltil'l'Ior tho non-linear
Ionus, HIlCl Crank-Nicholson fot' I ill' liuour Hill'S, This oxpllclt-huplirl: itppl'CHlC'h
is optimum for thi~ system a. it rotnins I Ill' higill'st nrcurarv pH~"ihh' {h,\' Illaldllf~
ilS much of t IH' ('II llill ion as p(l~1<ihl(' huplici I) wit hou t hnvi n.; t (l l'('SOl'l 10 it c'ml ivp
tc'('hllitlll('S (whie-II would 1)(11l('('C'ssal',\' ir till' nou-lluenr I!'IIllS \\'1'1'1' implic] I). or
litu'arisalioll nnd th« HlIh:-l'ctllf\l1t. dl'('a~' il1l\('('IU'itl'~" '1'11(1 rnustnut« !Ii' h. lor thl'l-ic'
timo tliS('l'l'liHatioIlH 1\1'1': /'2, !II"" 1/:'• 1/2 :.: II, ilt '1, IlllcllJ~ ,.: D, Later,
(mit! 10 ohtuiu Illp solu. .• , pn't'l'lltl'd ill III!' l'hapll'l'), a llIodilic'alioll of tilt'
Crnnk-Nirhnlsou uu-thud • the () method [< 'Hl11l10 r! ,,1 (WHH)J. wus ('llll)I()~'l'cl
to avoid tIll' lark of dmuphu; of higil·fl'l'qlll'll(',\' C'OltlJlOIWllts luhorout ill t h«
['01'I1U'1' aplll'olldl, This iuothod is !'lilllply illlplplIll'utC'11 h,\' uinkini; tlu () lIuII
(11 :.:,: {I ., (}),WhN'1' () :-~ 1/'2 + (\.:":.1 and C\ is a smnll posi I h'c' ('CllIsI aut.

Tho uumorirnl solutiou wa:-odotH' IIsiul', ~rilllah, All till' Iuuctiuus, 1'01' lustnur«,
c'aklllalillg 1lu- uou-liuenr t onus, \\'('1'(' writ tpn as ~ritt luh Iunet iOIlS, Tit!' rnm-
putor lllntfol'llI us(!1 wn« fit'st 1,\' IL ('Oll\'PX (':!10, aut! thou Inter cL n()~Ih;l, IBl\!
HO,lH!i 1IIIllpI' Windows ~T (whleh ill 1'1'01111'1'1111'oulv rail ut half t hc' sll('l'll of
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'{'IH' ('owlitiollH (11.:10) aud (I,1.al) must I ill' lu-Ior« 11('Illli\!lIl'llt('d 10 IhI' inner
problom (H.2!l) a~i

(HI..flJlI ... ,.. Ii,•
l! ,-. [hl:[LIIS1] I ( l·1.:tn

tit .. [lJ~:[HlIS1] I

0 1 tl 0
2 1 () ()

J}j ;:_-: •• 1'1 1 1I~ II (} ( 1·t.:la)
II'! 1 (I (I

Tho left-hund bouu.lnry matrix 111 i~ of dlniouslon N X 2, IIlal 112 is of Ilh;:p
M x 2. Eqnatiou (1·1.a2) ('1111 h(· :-;01\'('(\ h~' invorsiou of 111(1matrix II. For 1\ 1:1'1.
dis('l'{'I.isntioll, 11 is It coustunt, (!tN'prot'(1 tIl<' luvoudon ll(l('dK 1)( dono 1l1l1~' our«,

'I'll!' Inlo: ('(HuHI iOlI ):. illlllllSl'(1 h~' ll'llllldul\ t ho (11IIi1'l' InHI row of t hI' uowly
('a(n\lall'tl "('{odly r(k II) h.Y that cmulitlou, This allows for It 101 of !I('xihility,
in Ihat 1L1111 wln('ily prolllo run hI' nxrrl as an lnh-t cnmlitiou, III Inet, IhI' urtuul
solutions Al'lH't'nl('(1 I1sl'(1 it wry I hill l)(l1lllllal'r layer inlet Ilrolii<1 with ". / Ii '<
1(1 :l ilS til<' i\llt·! ('o\l\litioll ill onlor t(l 1\\'lli,1 (I~('ilh\li()IlS ill IIII' sll\1l1i\)1I ('i\\\S('t\

hy 111(1siugularily inhorrut ill t ho silullli!iP(1 •Iup-hat' prolilo. 'I'ho ('0111 luultv
roqulroiueut (1-1.21{) <11'1('l'lllilll'!'< IhI' radiul I'(l('llidl'llt~ Iroin I Itl' nxia] onrx, and
thllK the radial boundary coudttious must hI' huplouioutrd ful' IhiK :-'~·KIl'l'l. Tit,·!,>!,
I'ullllitio\ls 111'(' sil1lpl.\· I' "Oat huth t ho (('Ill rolino unrl wall. AgHili Ior darity,
(101.21{) is written as

(H:i,I)

whoro [LIIS,] is ('ollHtallt 111111t Ill' matrix [HIlS,,] dl'lH'ml;; Oil /1, 'l'h« 1,,\';;1(1111
with hmlU(hwy ('OW lit iOIl:< III Ill' ;;01\'('(1 iK

rn.. I}t,.•

II" [n,:!I.IIs,l] , (l,l.a:; )

III,. [Jil:[HIIS,]] .



:ll:l

(k, I) [il 1I1I.:..l1i.] (:(kl [Ii 1'IIt.:..lfL]
., tlJ~ff(l.: I)i,

I bl.~IX(((kl,(In)

I II~b'll SUhk I).(lk III

I snc.
(1,1.~;)

Equution (1·1.2;) Ut'pth, titr' itnplomvntutiuu of thp bouudurv {'flWlitiulll-i 1ll'lill'I'
solutlou j,'; attplll}lf(ltl.

'1'11(' ('olli innitv l'1'(luh'plllt'u( (U,2) if> 1I~1'(1to Ijl'tl'l'lllitU' IhI' nuli: I ,'pllH it~'lit'hl
('o('IUI'i('lIl H ,: Iroui it ",iVl'u axial \'plol'! I~' Iiokl ,'01'1Ii1'k1l1 s t'. III 1;1(' Tall }i,Vl'tPIll

it run II!' writ 1(111 as

TIll' two 1''1l1atiOllH (1-1.2;) mul (l'1.2~) Iom: a ('011\)1(1<1pail' or ('(lItaliUIlK lor III!'
uukunwu ('()lIlIil'il'llIH (1' and (" AI' Ih" nuliul ('f\l'flil'il'lll matrlx ,~ onlv aPIlt'al':4
in tho nou-liuear part of till' !'(IHlltiulI. tilt' solutiun is Htl'ilj~·,hlrol'\\'al'!\, Equation
(1-1.2;') iH \lSi'll 10 g(llll'mt(l (h(' axial \'(II(1dl~' ('OI'IIi('jl'llhl (1 ill till' )H'W timo-stop
(I,' -l- 1) lIHiug t IH' known nulial uiul nxinl I'!wlIi('j('llh ,)(111\ IhI' provious Ihuo
Ht!')lH, 'I'll!' ('Olllillllily l'I'lll1il'('IIIl'1l1 (1 L:lH) iK 111('11il)lllh'llH'1I('(110 ('alt'lllall' thl'
rndtnl ('Ol'flil'i('lltH 1'1 at tIl!' IlI'W tiIlH'·;,h p,

OlwiOllHly, IWllll(Ii1l'Y condltious 1l('('(110 II!' imph'II1(111I('(1111 I'ildl Klpp, 'I'll HIIIlW

Ihl' luiplomoutution of 11I('K('hOllllriary routlitious, il is Ilspfn! 10 ~il111111ml'i;;!'
(H,2i) a:~

e(k'l t)!LlIS] ., [HIlS] (l,L2!ll

whore tho matrix [t.nS] i:-i 1\ ('OllKtl\lll (ril'pl'lltll'ul Oil Ih(' ('}toil'(' of 1('1lI1)(ll'al
(\is('l'l'liHatiolll S ...:N matrix, 'I'll!' iuutrlx [HIlS] iH ('uI1Htrll('I<'I\ from t Ill' known
('Ol'flil'il'llts Irom t h" IH'('vhl11;i I luu: HI1'1);;, ainl is or t1hllI'IlHiUIl J[ ;..;N, Tit!'
1l()1I1ll1l\l'~' ('Ullt iii iOlll' rolovuut (0 I h h; ('Illlat inn ul't, rhu;;" ('Ollt'(,l'uiu!\ I hI' axial
wlol'iIY t'OtlllHllll'llt II: thus H~'IIlHl('ll'Y al th" ('(')lll'!'lilll' awl till' II{H-llill vmulltiou
at till' wull umst 1)(1iIPIH'llIh'(1. III t he 'Iuu ~;y,.1vm tit!'!'!' uro

Of/HI' II 11.
(~Hj' 1 - n.

( 1-1.:ltl)
(l.1.:n)



All I Ill' O])('l'ilt(ll'k (["fill!'ll by I Ill' u-lutlou- 0.L,1) In (l,1.fi) run IIO\\' Ill' I l'tIltHlal I'd
lnro t lUI opl'l'al ionul-Tuu haNi'i. Till'S!' bl'('Ollll' ill 1111'11

t.
.\' (Tf'l ' ll"~ 1

/{

,,'21, III+ 1/111/ ~ HIt,

]1(1\\, ]ll'n\ lit (1.//1 I) /'(H";j,lf'piJ/I,

uu,«.

( 1-1.'2'2)

(H.:!:n
(1,1.'2·1)

\\'111'1'1' tlil' 1I'1'IIIH 111'1'df'lilH'ti Ill' illhIlW",: I h tlul illl'Il,tity mutrix: ],1 iii th .. limlt
(l1H'l'il1lll' (1('1i11l'(1 hy (l'2.1i:l); .T h tlH' ddillitl' illll'1\1'i11I1lall'i~:niwll hy (l'J':12);
n i~IIJIl enlloeutlon d!'l'iva1i\'{' IIIItIrix giVPll hy algnl'ithlll (l'2.i): /1 .uu 1 1/ ill'l'
Ihl' Pl'P>llllllliplkatinll mul <il'l'i\'atiw IlIatl'it'I'}< l'(·sl)('(·li\',.j~·, Ih'liw'<1 hv (l'2.:il l:
aud 1\'1 iH doliuod h~'

1 () II
1

[\1 ::, 1

'I'll(' Hllatinl1y und Il'lllpul'ally tli~('l'l'ti}i('(l Illllliogt1!, of vquuthm (H.a) run HO\\'

Ill' wrlttou ill it munnor llUlliogOllH ttl t ho llucur ~,\'htl'lll Iunu IIll' ('''alullln ill
~i{I{'(ion 13.2, 1\\4

1. [r'!(l~11) - r'I(~'\]'." , /1
b':J.i

[lIufW l) + fit tHM + 1I:J{I(k 1l1 .•. J t.
bl;\'(f~lkl,('(kl)

1. h~.\,(tt(k I), ,t(l, l)H... (H.2!i)

i:

whor« !.Ill' HlIIHll'H('l'iptH (k) iudkat!' ('!It'lIi('j!'utH Irom (Itt' ktlt thuo HI!')!. hlll\ 111l'
Vahll'H of till' ('Ollstl\lIts fI,. Ii, (\l'iilH' tlu: 11'1lI1Hll'l\l di,a-l'(ltiHatil'lIs for Ihl' linrnr
uud nun-lluonr 1I'I'II1H 1'(11'11)(1('( iwl,\" and t heir values Ibl' variuu« ~,i('hl'lJlI'i'i1\1'1' 1'.i\'l'1l
ill tab)!· la.n. '1'111'uou-lluvnr !1'l'1ll1'1run ()1l1~'1)(1 tl'l'illl'd N:plidtly (11(111('(' llip
omlssinn of t hI' /III 1(11'111). Jo:ql1l1tiou (1 ,1.~(j) ('IIU Ill' 1'(lill'l'ilU[!,l'd to muk« t hI'
unknown t~{k! 1) thl' Huhjl'(,t of th(1 lvft-luuul :-iil\!'. 'I'his l'Il)Hllts ill
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run 1)(' written II~

(ll.l!l )

where • 1'1'111(,:;I'uts 1hI' tvnn-wis« (Ill' s(,alar) iunltlplicu-ion of III\' twu ,'Pl'tors,
E(lllalioll 11Un) ran hI' evalunuxl at it ('ost of ,!.\'J OIH'l'Hliolls if till' lIlall'kl's
(f and (" I ill'(' ('akttlat('I\lil'Nt awl IhPlI slCll'l'l1. For a two-dimeuslouul svstom
Iil«' thI' jll'l'Sl'ut OUI'. I h(l \'I'l'Iori-< /II, ill !'qttat iuu (ll.l!l) can ~iIl1JlI\' hI' I'l'plal'!'d
h~' till' 1111kuIlWIl ('0 !'lIi l'i1'1l I malril'l'K n\ with no 11I"~iIll' N'lll'ralit,v, '1'111' 1'll~1 of
IhI' Inll twu-dimousioual cuk-ulut inn if' IIO\\' 1.\·~.H, 01' .tVa lin a ~q\lan' M.\'lill'UI,
U 011(' irlll()n'H I II(' filI'I Ill' of ,1. 11H'liit\'illg ill ('ilk,,!.\! ion' im« iN .Y I ilIlI':',

Till' qttiC"}(1'1'FFT 1>1'1\\'1'1'11I lu: l'ol'flil'il'lltN and t hI' ph~':ikalvalues can hI' adtil'\'l'li
at a l'!'dlH'!'d III H'm! inn ruunt ('(1;;1: from upproxhuutelv .\':1 III upproximut elv
jSJ IOI~~N operat ious. Fill' 1111' jlrl'H'1I1 ".\'NI (1111, Ih(l niutrlx -trausforu: 1I1t'1' ,OIl
WilH 1\;;1,(1 llt't'ltlU-l<' of it ~ ;;i1u]lUdly of funuulatiou, IIOW('\'t'l" I hI' 1I1!l1ir'HI NJl'I'11

f\aills dkl not jllNliCy thl' lutplomrutntiun of lIlt' FFT IlJlIll'(ml'il.

Aliasing

i'sC'ucio,sjlC'('lrally pl'l'lill'llll't1 rouvolutlons )ll'O<iIl('I' t\IiHHill~ ill chI' 1'I'1.lIl1a1l1 \'('('0

tor if the truuslonu ill porfonnod at tho order (If Ill!' "ysl('1Il N 1< 'uuuto rt III
(1!11:{~)J: t hat is. spurioux hiAh-fl'l'lllIl'llC'Y l1lolh', a1't' iurrodured. 'I'lu- way uromul
!hi>; il'l 10 oxtoiul tho input WI'Im's "\ to 01'1\('1' a.v/2 Silllpb' hy alhlilll~ ~1'l'tH'H III
thl' (11111of 1111'1'\1' V(,c·tlll'~, 'l'ho truuslonu ii'l thou l'OlltilH'I('d III tit(' highl'l' 0\'(11'1',
I\ud th(' 1'(lSIIH 1I/le'1' lmll,.forming had, to t!t(, Tall hash. hi tn\lll'nlc'd at fll'111'},

N. A d(11ail('11 urruuut 01' why! his aliHsillg (H'I'\It'H ii-<('onl aiIu'll ill IhI' uhove
l'('fl'1'(lI1('I', Ilowover I hI' alia:-;iu!\ is HO !'ili",hl 11:, I0 hI' llt'l\lirlihll" as 10111',n:l t hI'
H,n;t(,llI ill jll'op('l'iy 1'1'Ill'(ISI'IlII'(1 at illt' order N; Ihat ill. litl' orror pl'olhu'(lcllW
nlitlHill1\ ulsn (ltll'a~'H al. influlto-uulor. '1'11(1 1I1'1'sl'1I1 ruuvolutlou I'akntal iowl \\'('1'(

lll'l'fol'lllI't1 ill bOI It Illim;l'l\ nud !lOll-alia:-J"11 Icnn», 11II1 110 clilrl'l'l'tH'(I to IhI' It'wl
of IhI' rouud-oll' llOisl' Wt\)'l COllll1! 1)('1\\'('1'11 IhI' ruk-ulntlnu«,

('ollHiclc'l'ing I ill' uhuv«, 1111' Ill'IHln(,l !If two fllll('tioHS t'i\1l hI' (I!'Iiw'll fill' tiL('
jll'!':i(, 11I HVHIt'lll a~

u-.em

'I'hus 1111<11'1' lit!' 1l}H'mlioulIl.'}'nlll'o,\',..;tl'lll. I hI' pl'O(hwl Ill' Iwo 1'1I1lt'tiOUH is

(l·l.~l)



:no

oul at Ol'l\Pl' 2 X S ~ 11\1111 ,h,'11 truucntod. 'l'his lU!'1tIlS thut Ill(' smaller (and
hl'w'(' quk-ker) calculatiou do('s nut ulius t h« 1'('1'1111,This is ill routrust wit h t ho
ps('\UiO'HP('('jl'lt1 iuorhod for calculnthu; tho lll'Odll('t (([!'l"('l'ill('(1 holow), \\,111'1'('
illiasill:~ Ilo('~ orvur.

EXtl'llsiOl1 of tilt' ahov(' IIII'I lim I I() it two« lhueusloual S~'i'itPIll. wlu-ro Ill!' l'l't'ont I
11I:.('1'l'tisatioll iH collo-at lou (1111'IlI'I';;1'1I1 problem), 1'1';;11111' ill a ronvolut ion hav-
ill!~ to Ilt' p!'lfOl'l!lt'(llH'tw('l'u I'Hl'll row of !h!' 1\\'0 matrk-os, 'I'lir ('(1st (If a Sill~dl'
couvnlut lou b however high; of nrdrr .\':1 whou pvrfonnvd HI order S - iuukiun H
t\\·0·,t1ilIH'lIsiOlwl convolution prohibitive at .\":1 >( .1! 01' .Vl lor it ~'qllal'(' :-;ysl(':u,

Thhi problem of ('(ls!, Hilt! h!'lU'(' ~'l)('t'(:. (If iI Ill'Ot\ll('1 1I11(it'l'1hI' sp!'('t rnl svstem
iN illht'l't'nl whou It!'alillll with tIll' ('o('llil'iPllts ill th(· 1runslonuo.l H~'st!'lll, 11' 1hI'
Hyslt'1ll W('I'!' l't'!>l'l'S('II!t'(! at dil'('l't't(' 11011(':1 (aH ill a lillill'·,lill't·n'll('(' method), t.hvu
;:iI' pd('!' of a two-diiuensioual product would only IH' .Y~ Ii11' it xquur« ';,\'Nt('lll

(If (ll'l It'!' N, P!'l'lbl'lllillg I hi' ruuvolut inn h,\' ('(lllsh It'ring t hi' pUll 11It'! at ,1i:-'('l'(I!I'
Iltll)t·s it! t h(l (,:,;0;('111'1' of 111<'1l1'iI'lll!O'rljlt'('1 ral upproiu'h (h'SI'l'ihl'(! holuw,

'I'ho Pseudo-spoctrnl approach

'I'hls llIlPl'(H\('h 1'111ails trallHlbt'llIillg t h<' ('ot'lIil'il'ul s li1i into I'ht' Jlh~'siral (La-
gralll~iall) domain vla Ill!' nnuslunnutlou C, r('l11'(I~{,lllillg Iht, iuuctlon lu-r« al
tho t'oUI)('atioll points, P{·l'fOl'lllillf.', i~ lIIultiplimtiou 1)1'1\"; I'll thl' two Iuuctious
at t heso nodr«, uud t lieu trnusfonnlug t hi' l'l'Sl1lt haek iut (l t it(I ('h(lh~'sll{'\' basis,
As 1ll1'1lt.ioll('(I, ttunsfuuuntlon 1)('lw(I(ln til!' CIH·hysht'\· iuul r,agrall[',I' hUlil'S run
Ill' lll'iti(lVl'ti in two WIlYI'I: lirt-ltl,\' h~' 1Ising It uuu rix 1nt liS Io 1'111 [C. 1',iVt'l' 11,\' al!\o.
rltluu (12,0)J, uiul ~t,(,\)llllI~' Iuurl mnro qnirkly) hy 1Itili~illl'. a j'i\sl ..l,'olll'!t,t' tYJl('
Irunsfonn.

('(lI1\'olutioll via t ho Ilrst uptiun iH situpll'l' to oxplniu. hnt is mut hl'llml irnlly
oqulvalont to till' }l(l('Oll(l. {'oll"h 1(,1'agnill ~ho 1\\'0 ono-dltuensiouul Iunrt iOIlH 11'\,

1I'~, with lheir OPt'l'lltional.Tall Ionu« giwu itS ln-Ior« Ea('h ('Il(lIlieit'1l1 \'1'('101', if
of 01'11(\1' N. rnu hI' r-quivaloutlv truusfonued to ph,\'skal vnluos ut tIlt' N t:a11~s,
I.olmtto ('oUul'lttillll points h~'tIll' uintrlx (" \, (lditlt·(\ b~'111(1algol it ItIII ([2,1i):

11'1 liV'
li'~ ~, li1J(' I (HW)

\\'IVI'I' as 111'1'01'1' Ihl' I'lli'd, (II') illtlkatl's thai t.hr \'('('[01' I't'lll'l'sl'llts tho ph~'Hiral
\'ah\l'~ at lilt' ('olltH'a I ion Iltll!t'fi, III t hI' ph~'skal spat'p. li'l l'illl 1)(' 111111t iplil't1
«leuu-ut-wls« wit It 11'2, awl !hI' result 11'<l11l'hI1'1lI!'tI had: Itl t h!' 'Iu 11 Imsis hy
1'11l}llo~'illIT,lIlt' hlWI'KI' t rauslonnut ill\! ( .. l'l'slIlt illl', III tIlt' alls\\'!'!' .:', This J!l'Ot'('SH
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schonu- allows IIII' Ilexlbllitv of lutrodut-tlon of an arbltrarv inlet rondit.iou. TIH'
varluhlcs U and 1"'}call. h'ow('\,('l', 1)(' l'!'ucit'l'!'d us IWCHli'lll('usiollal ChC'h,\,:-ihp\'

c'oC'lIi<'iC'1l1 umll'irps U and V via lilt' trauslouuation (' !<' is ~i\,(,11 h" (l!Ui) 011

llilP,!' 251]. as

u '.'[(' 1]'1'0
V:::; [C I )rr\~, (H11i)

14.2.2 Non-linear terms

'I'll!' non-linear !('rllls d!'lilH'cl bv Ill!' opornt or :V( II'). II'~) ruuunt hC' arconuuo-
Itat('li unilonulv into au hnplicit SdH'lll\' such l!'i that f,\h'('u ill IhI' oxanipl« ill
!'iC'd ion la,2, The 1I'1'I11!'i ('lUI, however, 1)(' 1'1at I'd aH It polyumui, \1 [1ItH'1 ion or I'

(:;(1(' sC'('li(lll 13,:1), Thus, thov ('HlIIl!' H('('olllllloclatpd oxplk-ltlv ill au initial ..value
problem.

TIll' 111('t hurl of inrludlug 111('s(1 nou-llnonrltio« run II(' slu» 11 hy c'ousi<i('l'iuf.( IWI)

~~('lH'l'al Iunrtluns of r alon« 1\11111'1't 1tC' operational-Tau HYHtC'Ill, 11') ,,~ IPlI' mul
l(I~ ::;, 1(12(', 1"(11' till' ('111'1'1'111 problem, all 1hI' nou-lluoarlties ('OIlSiSI of }ll'o(llIl'Is IIf
llnear tonus, TIlt' product of tho nhov« two fuuctious hl'C'Otlll', ill till' Tan ba~i~,
It cuuvolutiou IwtW('(lJl tlu- l'1'~Jl(,(,ti\'(' ('o('Uidl'nl v('('tOI'S lVI, lil~, or

(1-1.W)

This convolu t lou is giwll by

(Hli)

whore 1~ is shnplv tho multlpllention oponuor (1:l,1i) (Ic'filll'li in Sl'l'Iioll l.l.l ,
Eql1atiou (1,1.17) is valkl hrruuso Iho prurluct of IhI' two Inuctious iH ('<Jllivall'lIt
"illlply to IIH' OIl!' fuuetlon (1I't) pro-umltipllorl I>~'it polvnomlul (II'~, tit(' other
Inuetion ).

J)1H' to tho fad that Ih(' couvolutinu i~ II prorluct 1>('t\\('('11 pclyuuurlnl«, 111(1
1'('';II11.I\Ut·voctor will hnve mngnlt.udo 2 x N = 1 if nil till' 1I'I'1IIH at'll to \)(' l'l'laitl!'(!.
Ilowovor, truncutlon of tho }l1'ocllI('t at .v tonus is !l('C'Plll'llhlt, as long .\S til!'
\'p('lot's IiI) nu-l Ir~ nro Sllmd!'llli~' 1'1'11l'(lS('lItatiVl' of t.,,'it' i'!':1!ll·rtiv:' luucrlons,
huplviiu, dml t 11I'il' high!',., l'lH'lliril'llts 11)'1' wt'Y sm all , As st Itt 1'<1 l.olure, this
is 1\lwl\)'s Ih!' ('liS!' for II smooth function if thl' illll'l'})olalilll\ ~"'!'il''' is takeu to
Hllllidl'llt 11'1'111:1, Iw('amw of till' iuliuito-onler ('OllVI'l'gl'lI('1' 10 zoro of t ho hi~\ltl'l'
l'ol'Uidl'lllH, Au import alii poiut is Ihat t lu- result C'llklllal·C'tl I1t it t ruucntlou
level .v ltSilll\ (1,1.1(j) will Ill' it\("lti<'al to till' result of III(' couvolutku; rurriod
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14.2.1 Axial discretisation

Tho dls('l'rtilmtioll of thl' unknowns ii aud i' ill t he axlnl direction was hy monns
of collr eution. This method was dh;('ussl'd ill dl'tail ill s(,('tio11 t!,l'I, whl'l'(I all
oporut ionnl approach was (i<'\'('lop('(1. III gl'ul'l'alull(i{'l' a mixed oporal iouul-Tau
- colhn-nticn approach. tit!';;!' variables can IH' giveu as

II - tTi'. (1-1.11)
ji -- l~(' (1,1.121

whore ('r nnrl i~fot, all Mtll orclor rollocntion cii;;('l't'tisal lou and au Nth ordor
operutioual-Tau Iormulatlon an' M x .v matrlros of uuknowus. TIll' column
vector (' represents tho ( ll{'hy;;llI'v 1I1I;;is \'('('t01' ill 1', Oporatious ill til(' radial
dirortion 1Il'(' (,lIl'l'it'd out ill thl' usual way, For lnstuuce <lllfl'l'('lltiatioll with
l'I'SPI'('t to I; is silllply

(1·1.1:J)

while ill tho axial diroction, (liff('l'('utilU ion is

(1.1.1-1)

'I'ho matrix D il'! tlH' HtltlHli\l'<l Clu-bvshov GUIlHs-Lolmtlo collorntlon rk-rivatlv«
l::!ttrix, d!'lilH'<i hy tho nlgoritlun (12,7), Each l'OW of til!' roelliciont matrlx
rr l'('jll'l'HPllts t lIP Tall ('opllil'i(,lIts at a partk-ulur rnllorntlnn point, tlm» Hlic'('s
through tIl!' ('o(lHidpllt uiutrix form dis('l'pt!' profiles at Iixod ,j' sllll inns, Tho C'lINI'
of Implouu-ntutlon of tho lulot hOlll1(lal'Y rundirlou al'hw;; 1l('('Il11~(' of tltc' (lisc'l'C'(.C'
nnturo of thl' colloention systom. For iUHtaJ1('!', to IIS;;C'1't fhl' lullow boundnrv
coudltlon, t h« lasl' row or (Itt' ('oC'lIil'iC'lIt matrix is just replnrrxl with !hl' nlveu
iulot couditiou,

While I,hl' lllixiup; of st'iH'IllPS might. s(,C'111U1111Sl[I\I,it. .onnuou prat-t ic(' to do
this ln a HjH·('t.ralal1lll'O[\cil, Furthonnoro, tIl!' curroutmlxture IISC'Still' opthuum
proportios of (1,1('11 1'<I'11!'1I1('for I'll! It (lil'P(,tioll, TIlC' rndial 'Iuu dis('l'C'(hmtioll iii
optlnuuu ill thut it nceouunor IMps t 11('svnnnet l',\' ('OIl!li t lons Itt till' ('I'UI reline, cuu
1)(1oxtondod qukkly to lUl/ ol'(I('l' (hy silllply Itllgllllluting Zl'l'O(,S 10 III(' ('o!'Ilki(,llt
matrirr«), 1\1\11. al'! will IH' S('(,ll lutor, is cmuput iblo wit It IItp highly [\('('\1I'a!C'
;;tahilit,\' Ionuulutlou 10 Ill' d('\'('loJlC'd ill t lio next chuptor, The axial collncatlou
"c~~,,,,,_,,,",,,_,,,,","-~;"=.''''"''''''''''"'_~~_'''''''''''''''_·''''''-'-'''''''-''''''''''''''.

lHl'lIu'mh('I' tlml thl' rullorutlon r,rill (12.flii) i~ fl'Vt'rsl'tl in J'; thus tho inllnw rondition at
.1' ;:: II ('Orrt'SIHlntis to tho lust (N'~ I'th) ('Ollo('atiulI limit'.
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(I) Symmetry at tho pipe' centreline, given by 1'11(1two rolntions below.

iJ , -
-;-)_tl(i,O,t) - 0,
( r

i!(,i" 0, f) ._. o. (H7)

(ii) TIlt' no-slip condition at the wall, dC's('ri1H'cl by til(' Iollowing constmints:

ii(,I', 1" t) = 0,
iI(;i'. 1, t) ;::: O.

(iii) The initial conditions, that is the stMp of tho SYHt(,1ll at t == 0:

11(;1',P, 0) := I,
tI(;,', F, 0) == 0, (1<1.!1)

(iv) The axial inlet or inflow conditions pPl'HiHtillg at. tho inlet plano, givon by

il(O, rJ) ~ ~,

while tho inlet rndinl component is 1('1'(to be doton.iined from continuity,

I30th tho evolution equation (l,1.a) and tho continuity requirement (B.2) have
to be applied with cunsidorntlou of tllNIt' boundary condition: that iH, thPir
solutlons must be compatible with tho boundary conditions, Tho abovo opera-
tors (14,4), (1;J.5) and (14.G) can 1)(1Ionnulatod radially in tl!P operutlonal-Tnu
system.

14.2 Numerical formulation

The radial Tall Ionnulatlon has been covered ill soin« (j<,1':1i1ill previous chaptors,
the dlsrretisation of tho axinl operators .J)'L" has not boon dofluod, This section(,I

(liHCtlHS<'H tho axial <liH('l'l'thmtiol1 scheme, Iurthonnoro tho method of t,l'<'ntlll<'Ut.
of nou-llnenrltlos, which wnH introducod in tllP solution of the' Blasius equation
(scctlou 13,3), iH given detailed considerutlcu bolow,
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14.1 Analytical formulation

TIl(' oquations (10,:J3) nIHI (lO,a,1) HJ'(' tho basis for tho pipo entrance model to 1)('
tIevolope L Thoso ('£1\\<\1ions an' t'P!Wl\!.II!l below for convenionco, They runsist
of a coupled pail' of nou-llnear partlul-dilfon-ntiul equations ill two varinhles
fi = il(.r. T, f) ami ;. = P(,)" 1', n, while the pressure has 1>1'1'11 formally ollmiuated.

1 iJ .' aii
-:--(rli) + - = 0,
I'Dr i),I'

(14,2)

TIl(' system given hy (J.l.1) and (1,1.2) is all iuitial-vnlue problorn w.rh an ovo-
lution toi m ill ii,

Tho oquntions (U,1) and (B,2) 11('l'<I to 1>(' arrnugod ill It Iorm nmonahle to
solution hy the oporatlonnl-Tuu method. 1'11{'only t"L'ohlt'lIHllic HSP('ct of th{'st'
oquntious in that l'P!!,'I\l'd is that th{ly contain 1<'1'lI1Sin ~, Tints It shuple multl-
plication t hrough by i' will result ill operators thnt ('!UI be Ionnulntod direct ly
ill the Tau basis,

Aft,(,l' llmitiplkatioll till'Ough hy /'. lll(' ovolutiou oquation (14,1) can Ill' rowritton
ill tho for)'l

Dil
i' Dl = efl +N(ft. Ii) + A.:,

The coutinultv relation will 1>(1 cunaklorod 11\1<'1',

'I'll!' lluonr OP(l1'o.tOI' C [or nou-accclerutlng (Si :::: 0) now was given by (13.:3a),
Till' lIlOI'(1 ~(,lIpral oporntor of oquatiou (1-1.:3) rontnius all extra (.('1'111, hut as
boforo is !1. Iunction of ii ulouo, TIll' uou-liuoar operator NUl. Ii) (jps('rilH's tho
uou-linonr '.l'I'IlIH. nud i!4 a function of both 11and I', Tilt' roinainiug constnnt
tonu A.: oucapsulutos lil!' constant (uou-Iuuctlonnl) tenus ill tho equat ion. Tho
l'(lil\tiollsitip botwoon ii nnd F is given hy til<' ruutinuity constmint (1-1,2), Thoso
operators ami roustant factor nre p;i\'PII as

L _ -2i' [~~] + ,.0_ (;..fL) - 1'12,
cJ/' Fe"l ()r cJl'

iJ £1" . (Jll'l OWl
:::: 2i'-- I'tl'itil' -. I'U'l-·:-.- - 1'11"'--:-iJi . II iM· ()i' '

A.: - di.

(1-1A)

(H,!j)

(HG)

Boundary condltious for the ('III'1'Pllt system aro:



Chapter 14

Impulsive laminar pipe
entrance flow

A suitable tool for tho I\('('urat(' solution of dilforoutinl equations hns boon devol-
oped ill chapter 12, and in chapter 13 was applied to various simple problems of
relevance to tho current study, '1'11('moans of diH('l'pti;;ing tlie non-llncar tl 'IlH

was given, as was n generally apr-Iicablo form of temporal di:-wt'ptisatioll, HOh-
ever, the problems there all ha, .lly 011(' sps tial dlmens'<u, and tho means of
dlscrctlsatlou fol' n SOC011<1 spatial eo-ordinate needs to be \ ;msiclol'l'cl b('for(' It
solution for the acreleratlng base-How in 1'11(1pipo entrance can be gonerutcd.

A sonsiblo problem in which to introduce tho relevant two-dimensional Ionnuln-
tion is that of tho Impulsively stnrtcd pipe entrance flow, Some work hns \>0(111
dono in this area, and thus compurisous ran be drawn, Fnrthor to this, tho
extension of th« impulsive case to tho 11101'(' general 1tec('h,l'Itting system involves
the lncorporation of' a singl(' additional tenu into tho l'ltoltdy cquntions,

Due to tIl(' numerical silllilarity 1><'(:W(,Ol1 the two HYHtClIlH, tl1(1more W'Il"ral H('t:

of oquatlons iH actually discrctised here: hut It solution itl ouly presented for tho
Impulsive flow, which is tho Ionnnl lhnlting ('IU~(,as {l -+ 0, Tho full 1'1';11111'11Ior
non-zero s1 !U'(' given ill tho following chapter. This hroak WI\~ chosen b(,( auso
i1 allowed tll'P,U'!ttiOll of tho mnnerical i14HI1<'S from tho Ilukl dynamics consklor-
ntions, Thus tho ('1I1'1'(lUt. rhaptor conocutrntos on tho axial diH('l'C't.is!ltiOll and
tho prosontution of the impulsive dura in suitable panuuotric frameworks, which
loaves the Iollowlug chaptor to bo concomod with tho more general rosults ulono,
TIl<' hroak 1>(,(:W('<'11 this ('hap('1' and 1'.11<' next also falls nlong tho line between
the known and unknown. This rhnp tor ('ItU draw compnrisous to oxisting results,
whereas tho subsequent 011<' presents ucvol rosults,
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14.5 Exclusion of tho Inlet plano

In tltt' ('a:-;(' of th!' Ilut-plat« hotunlnrv laver, the >;illllllil~'iug ussumptinns il'Wll
to dorivo tlL(l Blushu: ('!illatiou I\\'(' 1111 Ionuer valid HI' tho Iron: of th(1 plat!'
i:; upprunrhod. This haH IU'1'1l iu\'c'iti!-\at!'(l by Mcl.arhlnn (Ul!ll) whos« papl'l'
Khow(ld that t li!' h'ilclilll'; ('cll',I' c1lws lIOI "I/ulill'lll to t hI' Bla;;ills ,~Illlltioll. hUI Ihat
tlH' simpl» Blnsiu« ,~olllt lou clop:; 1)('1'0111(' ,"IIi!1 a short \\'a~' .lowust reum of I hi~
point, At tho front l'<I!-\I'. thl' full Navior-Stn] ••':; oquutious lllllsi hI' appli('(\ 10

t!"~;('rill!' I ho Ilnw (ll'Opl'l'h', The s.uno it< 11'111' Ior piPI' inlet Ilow, All liuunh Ihe'
~;~'stI'111 tl'll(l~ to Illl' Bluslu« limit as t hI' iulot i:-i uppronrlu«l, t his limit its{'ll'
\l('('OI11l'H invalid, uurl t hI' lull Na\,h·!'·Slok!':; (,lillatiolls shunkl hI' invoked It!'!'!',
This is, )!OWI'Wl" u rut )1('1' llmti!'lllit' poiut, lH'l'itlll'i1' ill l'('.t1it~'. a pilH' iuh'l iH
usnallv [('(I Iron: "(HilI' 1i00't of l'Ollil'al'tiou on which tbN'(' p:-:hitli a l.ouudurv
layl'!' nln'H(ly, Thu« th(' limit of zero displarotuout thkklll'liS nt t lio inlet i;l
1111'1'(llyIt ('oll\'!'uil'llt HilllpliJi('atioll, III t 1 [ll'l'Hl'llt unulvsi«, t ho Inlet ('(lllllit ion
WI\i'lll(J/ tukou liS this liilllpl(' limit, hut rutlu-r ilS it \'('I()dt~' prnlil« with It snmll
lnnunlnrv laver. IIIOl'!' in k(I(')lilll\ wit II t hi' phYliit'alli,\'"tl'lll, III Ill('1 t hI' n-snlt of
\Il'iiug thl' Hhuplt· 1'lllulitiOll lIlt!' "oldmt' profile) ('<lllH!'tl olidllatiollS to ill'i,,(1 ill
tho sulut lou, hit~ltlil';htiug Ihb lnvnk.lown ill t h(' p!JIl'lI iOll" at t hiH lwilll \ 'l'hls
was hPI'il1l1'i1' I Ill' Silllplili('(l boundurv Inver 1'('1.11ions ronlrl not pnl}l!'l'ly (I('~('l'ih('
thl' solution In I'lis limit, HI'~~al'!lll'~s of this, \\'l1all'\'('1' inlet protilo Was tukcu,
tl1l' solutlou It ., Irt \\'iI;I' downstream lH'imwd as if it \\'1'1'1' ()l'igillatiJl~~ frruu thl'
Hillllllili!'ti BlaSI!., limit,

'I'hus, although thll iulet piau!' lllllKt HIl'kll~'b(1 1':-'I'll'(il'd Iroiu tIll' uuulvsi», tlJtl
Bl!lHhlH bounrlnrv lnver-liko d('~wript ion of t his limit iK Vii lit I, 1'I'gIl1'(1l('~;1 of I h(1
,il'tnih. of tho thin iulot lHlIllltlal'Y la~'(ll', III shuplor wonls, Ihl' How IlIlha\'('s
as t houah it origillatp<1 from it Blnsius-lik« Ionu, ('\,(,11 t hOllgh tlu- at'( Hal in-
lot ruudit ions \\'('1'(' not so, This is :,111>,,1 aut illl Pti h~' t 1\(·work of Mr-l.m-hlau
(l!l!Jl) , whit-It st lit P~l t hut It hOl\ll(lnl'~' laver lW{'OlllPS Blnsillli·lilw II :.hOl't wnv
dowustrotuu, l'I'f~!l)'(l1(11i1iof the Hat 111'(' or ih oriuiu.

l':t.O SUUUl1al'Y

Till' holuwiour of Kttlady-:;t at (. pipp outrnurv tlow hilli lux-u illwKt igall'(l thor,
ollghly. aile! couiparlsou« 11IH,tll to tilt' nnturul nS~'l1lptotk limits, A uumhrr u]
huport alit isslIt's hnvo ht't'll iut l'Odll{('d ill t hi;; dlilpt (11' whlcl; t1ps('l'Vl' lllPHI ion:

(i) A g!'ll('l'nllllllll!'l'it'lli sdltll\l(' il'l pl'('~('nlt'(l. lor pipp illl!'t lIow~ HIllIN' i,,'lt-
oral [\!'{'('h'l'lll lous \lsiug tho operarinual-Tau method. '1'1\(,Ill'PSI'1l1 sch on 11'
nKt'H tlH' smuo plliloHoplly ItS applit'll to rho linear N~'~tpl1lli ill t h« Ill'P\'it'IlH

~l)l,(,tmlllpl11'narh l~ wry WllHitiw In 11IHlI~·til' pl'Ilpl'rtil'H flf Ihl' !<~'hl('1ll • thr m,dll,\·
tion illdintll'd II hronkdnwu ill Ill!' SllIoolh Iunenonul naruro u! tht· sohlli!lll at the· lulrt 11'<111.
imli('lttin:1 Ihl' non-npplh'uhilitv of tlu- silllpli!it'd {,llilatinn~ hI'H·.
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pillP outrunre, awl silu'p tho 1'11'('('11'\of 11l1' nnu-parallel nature of tho How Oil

rho stahility of this p)'ofill' is known, it i" important 10 evalunt« Ill(' vnlu« of
tilt' pnrullnl pnuuuetor for III(' Blusins systom. For this pmfll«, IhI' IHI1'alh'!
pununoror is ni\,I'H hv h' ·cc {l,H!iOHil'.r 1!~!,while Rcs-> 1.'j2()SUr ~n,Tho value
of tlio p1l1'<1111'1PIIl'iUl1Pt!'l' Ior I h« Bla~iu!" prolil« i" h' ·c l.'lI-(R('~}, or. ill Il'ruls of
Ih« houndury luvor punuuott-r, h'~' ,- 1.1)0(,

III til!' ('asl' of I lie Blasi1lH s~':-;I1'111. 1..1~~is much :'lIIilllPl' t hun IhI' rriticul Rovnulds
number of UI'~-r('rit I " Inn. iiulirut illl~ thai t hI' uou-purallol 1'11'1'('1H for t hi" flow
arl' iusiguifi('i\llt. Boullt!ar~' la~'l'l's with it displucemont 1hkkup;;s-haHI'(\ parallel
)lIU'CUllplt'I' much 11';;"Ihall t h« Blasn]« value will t hu» III -vrn 1,'s8 :Jl'(llll' 10 lIOII'
lli\l'a1l1'1 p{fp(,ts I hun tilt' Blasius pro iiiI' , Fin1lt'1' 1,l,!) HltOWH till' variutiou of I,'~.
with h· Ior tlIP pip I' eutrunr« :'Ystt'llI, wlth til!' lilllitilll\ valnv of lirBlasl shown
Oil thl' loft-hand uxis.

!Cblos
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. i '-....,1
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'0 0,02 0,04 0,06 0,08 0.1 0.12 0,14

o·
1o'i[\II1'(' ~ 1.1): Th(' varlntion of (hI' pl\l'<llIt'\ parnllll'tt'l' ;wah'e! with I'!'"p!'{'f to
(liHpla('('III1'lIt Ihkkll!'~s li~" with t1ispim'!'ll1l'llt !hidm('~s h', :11 1\ ;;tl';III~'·"lllt(l
I>il'(' entruuro Ilow, showlug t hI' B1I1Sitb limit III t hI' lnlot.

0.6

ThiH Ii(';\ll'(' Iunnodtntolv I'lho\\'s Ihl' (lilllillishill!~ naturo of (III' uou-pnrulh-l "fl(·('tH
ilwnr from (hI' pilH' iulot. AI t hi' inlot , tit!' IHlI'H11Il'tl'r ilppl'oa!'Ilt's t hv B1a~ill~
value of hlJ,luHl 1.,11-(,TIH' \'1\1\11'of t hI' pnnunotor (lilllilliHhl's nwav from 1IIIt,
limlt, itl!limtillg thai th(' pi)ll' «ntrunr« llow \W('OIlll'S ill('l'(,I\~illl\l~'!Wll'!' IH\1'Hlh'}
away Irotn (itl' inlet ])11111(',Tho uiuxiuuuu di:«'I'('I)(IIl('~' lH'twl'l'll til(' PIIl'lIl1plllllCl
uou-purallol slahility aualyst's for IhI' pi)lt' ('!llralU'!' woukl thu» hI' ('X)W!'!I't! 10
dimiuish from tll(' Bla:-iill~ durl'l'!'lI('(I of uhout x'3 [.\hhot .1..- ~I()"s (l!H1,I)jIH'Hr
lilt, inlet 1>111111'Iu nn lusiguiik-uut 'lllillltity it ~h()1'1 t1btllll('P dowustroruu, '1 Ill'
Hlahilit~· unulvxis of' this s,\'sll'lll will Ill' a(hh'(';;.~(I(1 ill dHl)lt!'l' l!i.
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monsuro of tho non-pnrallol uat uro of t Ill' pip!' Inlet flow. A l'iltlIi('j!'llt crltorion
('.0 dotonnine tho lloll·llaralMl1l'88 of tho pipo H.\'st!'1ll will Ill' tukon HS

(1·1.H)

Tho varintion nf !h!' 1Jrt7'tllld ]Jllrtlllll'ie'l' u, giwll b~' (1·1.11), with displa('PIlHlut
t hkkll(,;-;H h· fill' llip(1 ('l1t1'«I1('(' Ilow is shown ill fi!~lll'p 1-1.'" Ncnr 1lit' point of
minimum I'l'iti"al Reynokl» umubor, t. <'.: lllilii, awl so tilt' llow is most ('I'l'taillly
nonrlv-purnllol, I!OW(,\,(,l', a~ tho iul('t plan» is upprouched, hot 11/,' and Re'[!'l'it]
lncronso without bmnul, mukuu; it uuclour whether tli(l purnllol aSI'H111111tiollis
valid II" tlio i111('1 pluno iH 1111}l1'(H\('h(I(1.

200~--~~-----r----~··------·r-·--'--·r-----"~
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FiglU'(' 1·1.1:-1:'I'll(' varlntion of tIl(' pnrallol IHU'l\lll(ltl'l' /,' with (li~pltu'(,IIlI'Il(. thick-
ll('HHe~" ill a HI('llciy·:;tat!' piJll' eunnuco flow,

D1W to till' uuhouud«! l.alm!' of II' !(lwanls litl' inlet, it ii'<Hi'<1)(lf(l}'(' 1l111H'opl'iatl'
to Hm\P the pnrmuon-r with 1'<'."'})('I'1 to titl' liouudurv la~'l'l' dimC'lIsioll ill thili
limit. A pnrullel crltoriun ~{'al('(l a('C'OI'(lilll'. to th!' bouurlurv 1I1~'('1'IHU':\lW'!N'H
vun h(· simply dl'lill('(l as

(l·t.·Hi)

Thus when ('(lwd(l!'l'iul\ till' pip!' l'ull';IW'1' 1'1'd(1II as a houndury IH~'1'1' Ilnw, t ho
huuudnrv laver pilmlld panuuotor ,.'~. uinst bl' much h·ss 1hall t hI' (lisllln('(,llI!'lIt
thid\ll!'sH nitic'a! H('~'llOlch:number 1'0), uon-parullol dl'(lc'!s to hI' unimportnut.
Situ'!' thl' H1i1Hill/i huuudmv la.\'l'l' i:-< t lu: lhnitiiu; houudurv 1n.\'('1'shapo (ill' th«
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Fi~\lr(1 l·l.i: A cmupurisou lu'tw('PIl I II(' pnrnllol und Blnsiu« 1J()lllltlal'~' la~'l'l'H Ior
hlNltit'nl dlsplucorueut tllid(ll('~il /1*: , parallel bOUlll\ill'Y htYl'r: 0 • ", Blm,ills
prolllo

OIl(" tho lattl'l'pOSS('SHillg It high \'(\111(' Ior lilt' 1-'('(011(\ drrlvatlv« througlmu! Ill('
houudury laYI'!', It will hI' shown Inter ill t Ill' st ahility analYHil, !hal 1h('S(' iWO
prOIil('H have \'('l'Y (liIrt'l'('UI nitiml H('~'llol<l~ umuhors,

14.4.6 The nearly-parallel nature of the flow

'l'h« uhovo (lil'H'IUiSi{l1l l'lIbl'H sumo <111('slioul'! 1'1'1wrclillg Ih« uou-pnrullol naturo
(If tho i111<\( How. Thl« 1opk: \\I\H a<i(\t'('HH(I(1 ill HOIllt' (1('!idl ill Ahbnt IV l\IoH:-O
(l!Hl,I). '1'11(' magnitudo of lIouoimralll'I1I1'88 of tl1<' (11111'1111('('flow run IH' HIWWll

(lin·t'lly· h~' t'OIlHitl('l'illl\ tho rntio 1)('lw('('1I Iht' nxinl 1\11<1 l'llflinl ('OlllllOlH'uIH of
\'(·l(ldt~.. uud hy oh>l(,l'ving the muaulnul« of Ih(' tvnu ::'::. I>1'Il~ill k lMd (1!l~l)
(ll'iilH' !1 711'a1'lU-lltlmlld Ilow a~ 1)11(' ill whirh I' -:. 1/ awl :;~,\(~: 1. 'I'ho ('111'1'1'111
vnrluhlo« an' dillH\llHillnh's~: I luis for I hI' prl';;l'ul ('a;;I', 1lit' Ilow enu 1)(' jll(lg('(l
uoarlv-pnrullol if

I' lh, (1,1,.12 )'i.~
II

(l,l U2
(1,1,,1,' )

iI.1 (~''>

I'

II cnu ill' l'asily :;iWWlI via routhntitv 11m! th" l'l'iM'joll (l·U:!) lor pipt' llow is
of tho MaIlH' ol'dt'l' of lIla~'lIitlldt' as (1·1.,12), Illt'l't.fOl'1' (1·1.,12) will lit' n,l('d as 1111'
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Figlll'(1 H,(. 1'1\(1\'arh~titlll of tIt<' Ht,ItII'(1 }111ll1l(1paruuietvr ,..,,~.with {li~pl<H'I'IlHllIt
thil'lm(lsN b· I lor th!' two {':t!oi(I}, of pHl'alll'l hnpulslvo pip(' llow (. - .), awl sl!'luly·
1,lnt(· pipo (Intra.II'(1 How ( ),

Th« two C'Ul'V(,S ill Iiglll'(1 H,B C'OUVP1W' al h' ~ (1.1:\. awl Irom then Oil art'
vil'tlU\lIy ill<iiHtinglliHhabh' Iowunl» t III' IIa~Wll-Pois(·t\ill(· limit, 'I hiH t'1't'lllH to
iudicuto thnt Ih!' non-pnrallol Inlluenco haH 1)(1('0111(1ll(l~lil~ihl(l ill (h(l (1111·1',\11('('

Ilow for b~ > O.l!i. From llglll'(' 1-1.:1. it ('II1l h(l H(l(lll thM t ho portion of thl'
Inlet ('tll'l'(\Hlllll)(IiI\!~ to b* G (0. (l,Ili] iM oulv tIll' wry snmll rogkm .r C; [O,O,(2)i
Ih\lH oulv I~ small l'('gioll of 1111'total pip!' 1'1I11'illH't' c1pviMl'H murkodly irom thcl
purnllol !lYHt(,lI1; however, th(' portlou or t 111' pipo wit hill whlch illHt ahility run
()('( \11' iH well wit hln this l't'gioll'l.

l"il~tll'(1 B.!l lIl!oWt-lthut, fm' Ilul HIIH)(' diHjllllt'PIIHlllt thkkllPHH h·, l>1'()1il1'~ Irom Ill('
pi})!' 1'1111'IUU'('und Iroin lur downs: 1'(I(Im 1mVI' '111"1',11 (Ull'('l'C'ut Htl'll!'ttll'I'H, ('~Jll'l'iall~'
in (h(' limit of d('('l'PIl'lillg h()tlll(lltl'~ .1.WP1' l.hkkll<'St;, I'rlll\'iudll!~b' (ll·llulIIHt.ratill!';
thaI \'Plodty Jll'o!ilt's (10 not Innn It Hilll~lc'·IHll'alll!'tpl' ~';l'()tlP wit It :-; ilH parauir-
1('1'. 'l'ho lilllitillr~ ht'liaviolll' of tIl<' pip<' illll't Ilow ('1111 Ill' shown annlvtirullv by
('oUHicl('rillg ('Cjll!ltiollH (lIl.H) mill \ : ,)'0) • tIt!' Iull bunndurv lnvor \'l1l1at ions for
pill(' llow. It' th('H(' t'qllatiow, m'(' nou-dhnr-usionnlis«! wit It l'1'HJl(,('f to b*. mul
til(' nullal cn-ordlnnr« iH 11'ituI'fOl'llll'd to Il wall ro-onlinato I\H ,'/ :..c; H I" thou as
b* ,,,' 0, tIt!'I'P I'ljltltt ions will l'!'!ltl(,(, to t ht' llnt plait' hOtlU<illl'Y layor ('<tlml iOlIH
with 110 Ill'I'}1Ht\l'tll~l't\(Ii(,IlI, for which 111('Him;iIlH H~'tit(,lIl yil'iclH 11lI1'xat'f solution,

Fip,tIl't' 1-1. j' shows, for I It!' 1'111Ilt' \'I\II\!' of lliHplm'(,1l1f'nt t hit'lm('HH. Ih(· ('oll111l\riH(JlI
j)(lI\\'t'('ll tIl<' Illuslus !lUll orrnr-Iuurtluu (pal'alld) prolil!'s, 11lll\Hlcljl~t<,lyllppal'<'lll
(Ill thifi plol iH tilt' U\1'I\<' {lii'i('l'<'lll\lIt'~' 111'1\\'1'<'11 11ll'[;(1 two t~'Jl(lK of Jll'olilc .. 'l'ho
B1ilHilli'< hoiun lurv IIIYI'l' i~umch h'l':-< '('Ol1V1'X' lWltt' IhI' wall t hall 1h(l pu rnllol

mdill Hl'lli<m ut wllkh thl' minlunuu rrilil'ill nl'~'llllilbnutubor (HTIlfH iu II\lPfU)(illlllt\'ly
,I' :c 0.(10:1 IHI.
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14.4.5 Scaled shape parameter

'I'his pumuioter was dolinod ill soctiou 1:1.2,(; [oquatlou (l:i.(i2) Oil pap,p 2~)j1 as

(H.·ll )

It: is t.ltlls simply IIH' sImp!' panunetor s('ale'(t uerording to I Ill' boruulnrv laY('l'
rlimonsiou and routrollne volocltv, '1'11(1 variation of .r,'~.wit It .1' is uivon ill fig·
111'(1 ]·Ui. Ai'l ill tt'lllporally (It'wlopillg flow, this parnmotor romulus bounded as
till' pitH' inlet is approuchod, ('(lIlVPl'f\illg to a Iinlt« nsvmptutl« limit. Far down-
xtroam it Itp}Jrnl\('ill's unltv, ('Ol'1'pspoll(lillg to the parabolic IIal~(IH·P()is('tlilI(1 pro-
!il('.

I~-----""'----------~~------------~o 0,05 0.1 0.15 0.2

»
Fip;lll'(1 B.il: 'I'ho vnriatlnn of tho "('al('11 Hllltlll' pm'.II\l('((Il' H~.with nxlnl HIlltioll
,I' ill It H(P!\ttY-Hlat(1 plpo (11111'1\11('(1 How.

If this Iiglll'(1 is ('Olll}lIIl'l'!1 to Ih(\ aunlogou« O1lP lb1' tompnrnlly !\(lVPlopiup; J10ws
- HAtH'(1 1:l.1O • it is tuuuedlarolv uppurent I hat tIl<' ('\ll'I'Put curve ap}ll'Oa('hI'H

It diflorour. lower, limit al I h(l lnlor. Whih, I1H' parnllol sYNI(1111IIJllll'Oaduls 1111'
purallol h01ll1lial',V IIl~'('l' limit 8~'Il'l'lll\i\,(,1l hy (la.Oil), Ih<' ('tll'l'('1I1 curve 1'('(lllIK to

hI' .IH,Vlllptotkally ('ClII\'('l'g(lnt I()....\. ,-~1.1·1:i, IIt(l Hlnxius lhuit, nivou by (l:l.!lK).
H, liS ill Iig1U'(' l d.l l , ..,~. is plot tt'<1 against b*, Ihis llmlt iug lx-huvinur iJ(I('OlllI'H

imuuxliutoly uppurrnt. Fi!\lll'(I 1,1.0 shows this vnrlatlon. aloll!~ with llll' results
from lil\lII'(' l:i.l1 KlIIH'riUljlOr;l'c\ for comparison, 'I'll(' values of .....~.IBlasitlsl and
S~'1(,1'11'[Ol' tho B1i1i'ihIH uiul parallel boundurv laYN' cnk-ulut i()U~l t'l'Hlll'('II\,piy,
a1'(\ shown plott('I\ Oil Ill(' 11'1'1·)11\11<1axi«, Tho outranrt K~':-It(,111 mil Ill' S{'Pll to
('(I1l\'(ll'IW ((l tho BllI:-lj\ls boun.lurv )a~'(ll' limit.
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fur-downstream ond ., reduces to t 11<'parnboll« limit of 8 ::: I'l, TI1(' similarity of
this fif~Ill'P to I.11<'OIl(' presented for temporally doveloping flow - HAm!' la.!J - hi
possibly wl.nt lod da Silva (l!J!JO) to l'rrOlH'{)II~I~' roncludo tluit tIll' panuuotrr 8
uniquely quantllles a prolilo (that is. proliles from uuywher« ill a pipl' Ilow with
idontieal valuos of 8 art' klentirul),
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Fi~1lI'1' 1-1.,1: 'flip varlnt.ion of thv shapo Pil,lUlI!'t!'l' ,',' with axial stalioll .1' ill It

st(,I\(IY-Ht at l' Jlip(' outranro llow,

Both figl1l'(,s 101..1and 13.!J show tho smno two nsy nptotie limits. This is unt
however snflki<'1l1 to allow 0111' to eonelud« that t.1H' IHtl'lI111I'II'1' uulquoly lltl-
Ilnos a prolllo, in tliitl th(II'(' ii< I ()othor point of ('OllIPllrisoll I)(IIW(I(III tlH' two
Iil~lIr(I:,:I. III Iuet, stal'l'inf, with 1.11<'IISSI1111ptioll of Ihl' ulIiwl'sality of .'I, awl Ih(I
two Iiglll'(ls. 1\ toruporal-sputinl 1'<1l1i\'l\I<'11('(1 1)(1lwl'('1I t1ilfN'(lut prolilo» mil ho (II'''

ronoously derived. AH will ho shown, Ill<' Il~P of tho shnpo pal'!lllH'tl'l' smh'd with
1'(lS1>(I(·t to 0·, .'ih- hllllWdil1.t(l'Y highlights tho dis('l'!']llUH'y h(lt.w(l(ll\ tho spatial
and tompnral v(')ot'ily profiles.

-:~~11umouut oCr{'n~"t1Tt;~;ti11'prnhlorn • ouo oC(1IHUltify!uF, tho HllIIIH' of 1\ prom!, tlmt
!'OIlSiHls of a boundnrv "t~'t'r full()\\'I't1 hy it reutrnl ('or!' • will Nhnw that ut l!'iHit two 11ilrillll!'tI'I'H
would 1)(1Tl(,(,(,SKnryto tlt'h('rihl' tho prom(, Ihh'<llmh'l:v in thl' l'llst' whore tilt' Nltapt' (structure')
oC tltt' houmlurv luvor Is snhjl'(,t to vnrintlon, In surh it t'ast', (lUt' IlIll'lUlIt'tt'l' wouhl 11('}1('1'11I,tl
tn dosrrib« th« 1'.~t~'I)!(si~!') I)f tltt' boumlurv luyor, uurl ut ;I'llst OIH' w{IIl\11 11(' lIC't'PSHal',Vto
onrnpsulnto tho filmlH' of this rt'!\!OIl, That 011I\' 0111' pl\ruUH'II'!' wor» snllil'il'llt would inC!'l' thM
tltt' hnundnrv Ilty!;r,Vi,!'(\ UlWU1l8 oC tlt(' SIllHt' s'hnpp, l.o. h!'IC·:,imilllr, Tltt' ('ousit!l'mtiou of lIu'
NIl'llt'tnrl' "f varlous bouudurv IIl\'t'fH, PS1H'I'iillly in t lu: pilH' S:v~tt'lll, will show litis to ht' rillst',
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Fi~Ul'C'1<1,a: TIl(' v.uintiun of t1U' diHllhwl'lll(lUl: thidm(IHH b* with axial stutlou .t'

ill !t St.NU ly-stuto pip(' ontrnnce Ilow,

14.4.4 Velocity profile shape parameter

'I'hls pnmtnetor was defined by MOHtI (lU85) as

(V1.3U)

In the (101M:":!: of tho uonualised varlnblos 11and i', it. is given by

(1,1.,10)

und iH t hus Him ply (,·2 x) Ilw dimonsionle« vplodty dcrivatlvo I\t tho wall.
Tho controlluo volocitv and displncomout thicklH'SH discussed abovo aro illt!'gt'lll
qunntltlos in that th<,y contain lufonuatlou Irom tho (lutir(' boundary flow, Tho
slmIH' parnrnctcr Oil the otl1('r hand is ('011('(11'111'<1 with til(' radial dprivativ(' of
axial wlodty at tIl(' pipp wall, It iH t1ll1H lUI i11<1('1><'I1<1(,)lt monsuro from the'
provlou« two puramotors.

Flguro 1·1.'!shows tho variution of tllP shnpo pununotor S' with axlul positiou Of',
Tho unbounded bohnviour S' -. 'x' us .r' •.• 0 is humodintely upparon]. At the'
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Figure 1.1.2: Tho variation of' th« normalisorl controllue vPlodty llc/[/lII with
axial station ;1' ill u steady-stnto pijlt' outrauce flow, showing the ontranco length
z;

TIl(' dimensionless ('l'utl'(llhw vnriutlcu of vPloC'ity is It simplo moasur« of the
volociry profile' shnpo and can h(' oxtractod rondlly from munorlcal or ovou ox-
porhnoutal <lata,

14.4.3 Displacement thickness

'I'ho dhnousionloss ('C'utrC'lhH' \'('Jo<'ity and 1'11('boundury 1ny('1'dlsplnromeut thick-
ll!'SH are directly rolate.l through tho relation (13,50) from t lip previous chupter.
which is repeated ns (l,ta8) holow:

'I'ho varintinn in dlsplnromout t hirkness b* with ,I' is shown ill fip;tn·(,B,a, Anal-
op;ons to the' ('(,lltr('lilll' varintiou, till' two lhuithu; vnluos of b' at til(' inlet awl
fur dowustroam nn» b· c;.' () at ,(' :;:;;0, rorrospondlng to th<' 'top-hat' inlot prom!',
nnd fI* •." O,:~5 IlH ,I' - ... ,Xl, tho parahollr limit, Although lIO lH'W iulonuntion is
('u('o(h'cl in tho <ilsplac'(llIH'llt t hlckuoss, this t orm i~more ph,vHimlly meaningful
than thl' rontrolin« wiol'ity variation ill that is gIY(lS It (lirN'! inrlicutlou of til('
hourulnrv InY{'l' dimension,

The equation (la,on) is not the' exact dolinittou of 0* for pip« How (H('(' tho
clis('llssioll on pag<, 2~a) in t hat it it' linoarised. hut it <io!':; t'('l'\'P as It valid
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and this is reinforced hy tho longer ontranro length that II(' obtained (spp ta-
ble 14.1). This cannot however 1)('verified, without the data for his cntrnuce
length caleulatlon (with its much larger axial domain),

1.35
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1.2
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1.05

0,002 0.004 0.006 0,008 0,01
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Figure 14.1: Tho normalised rontroline velocity lldUm, ('OlllPIH'Pt! to tho results
of <inSilva (lUDO): 0, tin Silva; ',: .esont,

'I'he temporal development of pipe flow

Pipe flow sufficiently far from t)1(I entrance iH parallel, aiul tho non-linonr systrlll
(B,a) simplilios to a linear one, 'I'h« ox.uuple in section 1:3,2 solved exactly
this problem for impulsively stl\rh~d pipe {low, and the l't':mlts art' pr('s(,l1(.;>(\
tlwl'(" The only points of' comparison W(,1'(' the momoutum-integrnl t<'('lllliqtl('
of Moss (lD85) anti thr results of dn Silva (HlDO), The present results and tin
Silva's showed remarkable ugroomcnt, <ill<' to tho upwinding lH'illg absent from
his simplified one-dimoualonal caleulntiou. Tilt' present results wore dominntod
by temporal errors, an-I the lnvnrianco to only ,1 dochnnl plitl'l'H of the present
results shown ill tnblo 13,6 ronllnus this, However, as (lis(,tlss!'c\ thoro, tIl<'
('\11'1'<'11t error is mnuifost as It tomporal uncortainty, aud thus the 11('('Ill'Il('Y of
dotonuinntion of tile profilps WIlS much h ip;hor than 10-,1,

14.4.2 Centreline velocity

TIl(' controliue v('iot'ity variation uormnlisod with l'('sp('('t to tho 1ll(,1111 velocity,
IIc/FlII. with ,I' is shown in Iigur« 1,1.2, A:; exprctrxl, 1I,.jl'm varies from n value of
unity at tho inlet plano, aml hocomos nsymptotir to Ilr/UIII = 2 fnr downstroam.
Also shown on t his plot is t ho iul('t lougt hZ" liS p;iv('u hy (1·1.a7),
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in x 70 anti comparing tho results, TIlP current inlet rulrulation 1181'<1 It wry
thin boundary layer profile HH inlet boundary cnndit ion, not tho top-hat, and
an cxtrapolatiou to the' Inlet was c101H' to corrcc! this, Tho shape of tho iullow
111'01ilC' hounclary luyer was t 11('Blnsius profile, This choice of eonditiou was mudo
Oll physical grounds, However. til(' solution a short distuuco downstream from
t he inlet was invariant, 1'/'f/art! less of t he particular form of t ho inlet ('OlHliliou2,
ThC' inlet olfH('t was found to hC' UHHJ!J x 1O~.1±3 x 10 !): thus tho i11Il'1 1('11I1;I.h,
exact to 6 dechual places, is

Z" = 0,220 i'i!), (1<1,37)

DuC' t.o (he fnct that no simplifviug usstunptious W('1'(' made oxcopt that t IIp
H('YllOI(lH llt11111lC'1' was high, til!' prosout answer can 1)(' IlcljHdp;pcl exact to at
lonst (11(' (j docimal places given ill (1,1.:17), du Sllva's (W!}O) model, although
using the (,01'1'('('( equations, used tho (physicallv highlv dubious) upwlnding
tochuiquo, allowing a bias to outer the rnleulatious. Thus, nlt hough his results
lllay haw ('OUVC'l'A('<1 to all Invariant solution, this value would haw 1>('('11wrong.
Tho Hornbeck (1003) model ylokls the' dO~C'Ht rosult« to tho prosont SYH\C'lll;
therefore Hornbeck's 111O([C'1 S('('lllS to 1)(>the ruost valid (')lOi('C' if n shupllliod
iul(,t system iii needed, Itt ]C'HSt when adjudged by !'.lll' Z" critorlon,

Unfortunately, tho ('11'.' (In('C' length criterion for inlet llow is tho only universul
point of compnrison; b' ,C' of this tilt' validity of tho various simpllfiod modols
in terms of profile shape, otc, could not. be validated. Agreement Oil Z(, does not
guarantee t11('C'OlTC'('tU('SS of a UlOl1(,), However, tho present model is tho most
natural ill that no non-physical simplifying assumpt ions I\1'P mndo, and hp(,!U1SP

tho numoricnl modol solves t11C' proper equations nccurately,

Centreline variation

TIH' study by (In Silva (WOO) p;iWH tubulatocl \'1\111(';;for tho ('('lIt1'PliIH' volocity
vnriatiou with ,i~ill tho rostrlctixl rnugo ,i; E [O,0.02J, und tlll'sP uro rumpanxl
with tho present results ill Iiguro I,Ll. Tho ),C'HUitH of dn Silva show ,l smnll lag
uonr t11(' pipe inlet, whore tho ('('utrC'lill(' velocities 1\1'(';;lip;ht1y <1C'I>1'(,HH('d. Further
downstreruu, his values apprnarh tho current rurvo. and 1)('('01111' visually ilulis,
lillp;uisillthl(' Irom tho 1Il'C'S('nl results, TI1(I slight suppression of titC' coutroliuo
velocity i:-; thought to 1)(' duo to a hins introduced hy IIH' upwiudiug t('('hniqu("

2Thl' inlot prolll« WIIN taken soquontinllv II~ 'top-hut', th!' Illnsius prulil«, nud tho parullol
boun-lary lnyor limit, and til(' results l'OlUPII\'('(1. For all tlm'(' raH('S, t IH' solution thl'l'P cnlloru-
tlun nodes duwnstroa-n was vlsuullv irloutirnl, nnrl UIl(' or two nndos further downstream had
rcnvorged to tho lovol .f ,1.(, round-off ('1'1'01', 'I'ho problem with thl' 'top-hut' prolil« was that it
('i\llM'd osclllutk.ns in the' solutlon unless an ('xtrt'I1H'11'hip;h rndinl order of solutinu was used,
duo to til(' llrl'S(,!H'P of a Sill!\ularit~' III tho wall. Tho Blasius prolil« was t hus dIUS('11 IlI'('IlIlS(,

that \VIIS tho untuml limlt COl'this svstom.
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shown 1\1'(' t11<'ccutroliu« velocity u,.. the (1;,4(11(1('(,111('ul thickness b", tho shape
panunctor S·. illl<1 til!' scahxl shape panuuo.vr Sb·, TIH' lutroductiou of tIl{'sP
tPI'IIl!'! is rovorvd fully in S('ctioll 13,2. \\'111'1'1' those paruuiotors' temporal variation
is }>1'1':-;pl1«,(1 for parallel, impulsively started piPl' flow far from t he inle

14.4.1 Comparisons with previous results

A 111l1ll1H'1' of unalvtlcal and nuuiericnl st urlios of impulsive pipo inlet flow have
boon carried out by workers ill t 11(' Ilekl of fluid dytuunirs, I!O\\'I'Wl" t hI' only
uuivorsnl means of comparison with Ihl's(' results is via a SillJ.!,11'parameter, the
entrance lcngt h.

Entrance length

Tho 1'11lml1('1' lougt h of t 11('pill(' is defined as Z(" tIl(' rodul lornt ion at which t 11<'
coutrolino velocity nttuins 99(.i{,of tho pnrnboll« coutreline value, Till' values of
Zc Ior tho various outrnuco flow Iuvestigations is shown ill table H.1.

'Iuhlo 14,1: Tho outranco lcngt h for 11. pip(' inlet Z" as dotcnniuod by various
authors , ,
Author Zt'
Boussinosq (IS91) 0.26
Schiller (1922) 0,115
Atkinson & Goklstciu (1U3~) O,2(j()
Langham' (l!H2) 0,227
Ilornhock (1963) O,22G
Campbell & SIattN)' (l9G3) O,2H
Mohanty & Asthanu (197~) O,]~'l
<lIt Silva (1900) 0,233
Presout 0,221

Tho authors shown in thl' tablo 11.1111111<1('various Silll}llif~'iuJ.!, nssmuptlons about
111(' pip I' iulot How, 1111<1this iii r('II('('II'<I in tlu- <liS('l'('Jllllll'i('S shown between
!heir results, For ill!'! nnco, Schlllor (1!122) and Moluuity .r... Ast hann (lUiH) hot h
restrk+od tho profile shape, and this probably resulted ill their t'!'l"1llts hnth
showing It shorter inlet lcnnth. III runtrust till' grouter 1('lJgth of C'mnpholl ,1,,'
Slattery (l!)(i;n I'plll'l'Is tho supprosslou of boruulnrv laver dovolopmeut ('Ilus(·d hy
tlwit· Ilat-roro nssumption, TIll' dosPtl('ss of tlt(, woll-nccopttxl Hornbeck (1!)(j3)
annlysl« to tIl<' prosont lIualysis a goO(\ iudicutiou of tIl(' arvurtu-y 1)[ his inlet
llHHII'l.

1'11(' outranr« IPllgl It for tho current iuwstiJ.!,ut ion was "hl.li. .<1 at It solut ion
ordoi of liO x (iO, TIll' solution WlIS [IJIIIHI to 1)(' in.u-lnnt at this order to !J
siguificant figl l'(IS. This was as{'prl.1 iuod by ill<'l't'a;;illJ.!, t hI' solut ion (Ii'(1('1' to
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15.2.·1 Velocity profile shape parameter

'I'ho variatiou of Mnss' (l!J~:;) HllillH' punuurtvr .... wit h t itlU' iH shown ful' 1111'
va1'i011Kvalues of al'('l'h'rat.iol1 llill'<lllll'tl'l' ill HAm!' 1:;,~', 'I'lils l'l'fat lou is givl'll aH

,',' (1:;,:; )

At f ::.::.0 tho slmp(' parmuotor for I'I(('h value of till' an'l'll'l'ali(lll paI'Olllll'!l'l' is
lulinlto (tilt' 'top-hat' lnnlt), As tim« i!H'l'('llH'}l, t hI' value of ,Ii fol' oueh 11111

HI!('('(,~lSh:('1.vllilllillis))(,ll unt il I'adl l'('adu's it Iix(,11 valu« which it maint aill~ ii.!'
IIl1li11H', 11lI((l('pill~\ with tIll' uJ,,,Pl'Vaiiollllla<h' 1'01' Ihl' volneltv pt'olill'H. thi~ linul
value of,li '" ,','-..,itu'l'l'mi('i'l wit 11H, I!1l\\,('\'Pl" tIll' 1'11/" of iW'l'l'ilH(' (If ,.,'", dl'('l'!'OlSl'H

as till' an'l'lt'ratioll puuuneter 1\(lI'S up, rah;illl~ tit!' pmi"ihilily that tilt· lu-luwlour
of the HYHtl'lll111ight h(· bounded ill }iOIU!' way m. ~l ,.; "'. Fldhl'(IIlHttl'h .. till'
Iinal vnlue of !~':c ill hi too low 10 i11fl'l' HIP vnhu- of any hndl limit if it (lol'H
exist, It iH abo IIIIIiJ'l'b' t hut h' has it Jiuit I' lhnlt fill' all inlinl! l' m'I,t'iI'rat ion,
ill thnt t hiH pal'illll(ltl'l' 1\l'lll'rnJly HhoWH nuhounded hohuvinur, for iIlHt1UH'1' as
I <"~ n. l)i~:('llssillu of Ihllitilll'; hohuviour will thus 1)(1dl'fl'l'n'{\ until tho I1I'Xt
sertlon, W}I('11tho iuoro m:l'ful HI'alt·!! shupo llal'alllC'('l' is ('llllsitl('l('(l,
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Fi!\lU'(' 15.7: TIll' variutiuu of HIUllll' purtuuotor .....wit It t lull' t ill \Hll'utlt'l ('XlH)'

uoutiullv I\!'('(·lt'l'ntilll-\ pipl' llow, for Vi\l'.\'illl\ vu!1ws of till' a('('l'h'l'ntioli jlill'allll'tt'l'
~l.
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Ilual value to th(1 exact 1'I'sIllt was then lil'tl'l'lIlilll'll hy ill('n'a~illl~ tit!' solution
onler N. aut! ohs(ll'villg which li~\\1l'(I" of t he dl'('llllilJ 1'1'111'l's1'1I1allou !'I'mailH'11
invarlunt. In t hili way. t lu- values ill IIII' t ahlt' WI'1'I' 111't1'1'lllitll'll til 111'('Ol'l'('ct to
till' U Hil~uilk!\llt. lit\lIl'l'li niWll t 111'1'1',

10.2.3 Velocity profiles

Till' oxtrnpolntion to 'I 'x' rvsult I'll ill it Ii!'l'h's of Iinnl volorltv Jl olil!''' - 0111'
for 1'1\('11value of !l. and t h!':;!' an' gh'!'1l in Jigl1l'!' Iii,H, Iuuuodiatolv ('Vitll'llt
iH tlH' nxluctiou in tl1(' ('('llll'l'lilll' \'l'1()dt~· ill> tho l('('('ll'rati(lll parumetor is ill,
('1'l'a:,(\(I. cousisteut wit 111lio (ll'('l'l'asl' in displacement thidnll'ss, For I lio hijJ.h('lit
a('('ph'rat ion ('<Hlliitlt'l'l't! (Sl ;;:, ill). t 11('How ruu 1)(' \\'('11 approximut I'll h,\' II ('Ol'I'-
Ilnw /hollutial'Y !tW(Il' 1~'I)\1 system. TIH's(' wjO( ity Pl'o1ill's also show an iU('l'I'HS('
ill till' wall sheur sll'(ISS with ilH'l'('asill;~ It('('!'ll'ml Ion, 1J\\1\\it utivoly oxplainuhlv
from It shuplo Nowtoninn for('(1 haluure ('()lll'<i<l('mtioll,

IIllIm

I'

Fh\1\l'I\ 1.'\,(;: 'I'll!' variartuu or volucitv jll'Olill'H a! I • -v, wit It 1\('1'1'!t'ral lou
1umunct 1'1' ~l ill parnllel P:qHlIl{IUIiall~' tIl'I'pIN'at illl', pipp Ilow.
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t 11(\clispla('('ml'ht 1hickurss, This is runxistont wit h IhI' ch'('l'l'asl' ill l'lllltl'l'lilll'
V(llo<'ity shown ill 1ir,IU'1' liJ,~), uud is also ill agl'(,I'IIH'lIt with thl' results of tlIoss
(lDDl), who ollsl'l'VI'cl tIll' saul<' 11'1'1111.

The panirulnr value of aI'c'ph'ratioll panuneter at which the houudnrv lnycrs fail
to IlH'l'v,C' could not 1)(' c11'1('l'lllillt'cl ill IhI' PI'I'S('ut study, primarily hl'c'ansp IhI'
houudnrv laver t hidm(lss is u uH'auillgll'ss critoriuu in pipo f1(lWS~, TIll' ('hallg('
ill hohavlour ohsorvtxl h~' :-'Iu;;s (l!l!Il) at this 'rrith-al' nrrek-mtiou was ill Iaet
all urtl'fal't of t ho verv ussumption of a well (\l'lilll,eI value lill''', '1'\11' llW1'1'
mutheuuulenllv rigorous nnturo of t hI' ('I11'1'('nl uumorical systl'lll shows oulv it

smoot h !'\lilUg(' ill t hI' Ilow as t hr- a('('I')I'l'al ion ilu'n'asps, wit hout auv disroutiu-
uous bohuvlonr. Al'isilll\ 1'1'0111thl' vnriutiou of till' (lbpla('('!lll'llt thieknrs» "* IR
with tlmo, It l'l'latiollshlp run IH' giwil 111'1\\'('1'11 tho value of b* IT? as I -I ,""'_,

unci till' a('('I'II'l'atjoll puuuurtor This variat ion i:; shown ill 1i,~\II'('1;;,:;. und ill

tahle' 15,1.
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Fi~IIl'(' 15,!i: 'I'll!' varlu Iion of dlsplar-eiuont t hic-kn('ss as t ~. x , to ":",1U, wit h
nreelernt ion pn rmnetvr Hill a parullel oxpouout ially IU'('('l('ral hu; pipl' Ilow,

Till' \'allws Ior t hi:; pamm('It'1' wor« H('IIN'at ('11 h~' allowing t h(, IllIl(h'ls 10 1'1111
toward t " ,....._,by SIlI'I'('ssi\'('I~' ill('1'I'Hsiur. tIll' t illll' 1'1('P ill till' 1I1111l1'l'iml s~'sl ('111,

TIll' rosultnut vl')nl'ily proJlll's \\'('l'I' IIIIIS as('('t' dul'l\ (fol' a jlill'lil'1llar X) 10
tho 1('\'('1 of th(' rouud-oll' 1'1't'1l1' (~ 10 II), Thr nbsoluto l'Il11Vl'I'1W11I'('of thl'

hnuulhu',\' luvr-r thidu\('s,j /I i~\I;'lIa11\' tukou a~ that clislillll'l' uwuv £!'tUII II ~Ilr£ill'l' III
wlnrh tho lorul veloritv attuius 9!I';{,nf tilt' Iroe-strcam \',11111', In pipc' Ilows, Iht'fI' i, IlU I'Tnl)('r
\\'a~' ill which nuv part of tho volorttv fh'ltl rail 101'dt'loi!,lIalt'(1 il\ rf\'I,'~trt'lllII Ilow, (')(t'I'I)( ill
tho limit as Iht' buuudurv laver is \"I'r~' Ihill (und tIll' ('('Illrf'lilll' \l'll\dl~' ('1111 lit' lIlt·iulillr.fully
umlorstund ns till' IIII'!lUvolorltv oe II I' mT!' IIn\\') , Fur this roason, 11,(·is 1111\111'ill Iht' rurrrnt
study of till' 1lIIlIIu'lllillit'all,' pn~'iM' rritvrlou • IIII' t!i,plil\'('11Il'1I1Ihidmt-s, • il~ II nu-asun-inout
or Iho I '"lllcll\ry·I!l~·('r ditnouslun.



Figlll'l' 15,3 shows u clear roduetiou ill '1; wit 11 illl'r('a~illl\ oxpuucntinl j\(,!·plt·l'"
ntion: thus, for IIH' higll!'r a!'('l'h'l'Iltioll~, Ih!' flow (h'wlojlllH'l1! tiiuo is 1'!'tltll'('(1
snhstantinlly when ('OUllHU'('t\ 1·0 1111'impulsive ('a~(', For t hI' highpst a!'('p\t'l'llu

tiou ('ousltlpl'(·d lil'1'p (Sl :.:::;'iO), till' dovelopmout 1line b upproxhuun-lv Ii tilll(,,,
shnrtor than for impulsive llow, 'I'his ratio of tillH' ~;('aJp;i is ulsn l't'J1PI'I('ti !'XHI'tI.\'
ill tho phyl'iml HySIt'IIl, bl'l'alls!' till' tlillll'lIsiollh,s"4 t hue parallll't 1'1' tn t1(WHnot
Hl'al" with tit!' H('yuohIH nuuilu-r

15.2.2 Displacement thickness

'I'll!' (lillll'llSiollh·sl'l displnroment t hklmPH;; b' / R ii'i IUrl'('I lv d('dmbh' Iunu t h«
dhuonsionles» I'Plltr!'lill(, velorlty Ii, /T'm. It" I\t'lillil iou » ('<Illatioll (la,Ii!)) • is
l'I'Pl'Ht(,c1 below for elaritv:

(L'i,1)

'I'll!' vnrint ion of (I'/ Ii wit h I is shown ill liglU'l' 1n,,1 [01' Iho vuriou. vahll';l of t ho
,w('('I<'ratioll parmuot ('1' U.
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Fignt'(' 1.1,·1: Tho variation of <Iispla('('!lll'nt Ihkhtll'ss with thu« iIlIHlI'allI'II'XIIO'
uentlallv H('('l'it'l'atilll\ pipl' Ilow, Ior various values or t hI' I\ITI']!'l'al ion parallll'Il'1'
~2.

Fill' all I Ill' ,1('('('11'1'1\1 lve (,II:O;('S, ,liiH pamllll't {'I' Htarts HI ~('ro. ('Ol'l'(I"Pllllllilll'. 10
tho iuitiul ·top.hat' \'('lol'il~' prolil«, !IoWI'\'!,}" 1'01' i111'l'('Il::illg values of H, thl'
valuo of b' / R in IIll' Iur-timo limit I\symptotl'H til h\l(·I'l'i,;:.jwly IOWl'!' valuos or



t.c

1.8

--~--+-------~~o12
------~-------;30
---~+----I40

~====:====E=====~;~

1.6

1.4

1.2

O.OS 0.1 O.IS 0.2

1<'il'.II1·(' Hi.:.!: 'l'h« "aria! iou Ill' lJll'U1aU;,I'( 1 rout rollu« \'(Il(Jdt~· II" If rill wit It time
ill pa1'al1<'1 ('X1HlIll'llliaJly af'('l'it'l'HtiuA pip(' HIlW, fol' vnrion« \'Hhl(lH uf U. Abo
shown iH tho entrnnco-tim« '1:, (ill' ouch lI(·('(')l'l'lItim!.
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Fl,·;11l'1' Vi,:!: '1'111'variation of thl' ontrunr« Hult' 'Z; (ill' parullol 1'~}lOllf'll!illlly
!l('('l'll'l'IItillg lli)H' flow, fill' VIll'iIlIlH \'aJIII'H of llip ,«'('piPratiou IHtl'lllllptl'l' ~l.
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awl (pwlltifiC'c\ tho a('('pl<'l'aliol1 ll!'iillA a jl1'I'l'i!'illl'P-g1'adiPlit panunetor. which ll!'
(ll'llllt('(\ >., Th« form of I his tvnu is h\l'lItica\ to tho i\('('l'!l'ral ion pnrmuvtt-r n,
Muss :-;\IOW('(\ that above a ("'l'taiu rat« of (l('('pJt'rationlhp lroundarv lnvers in tho
Hy:-!tl'lll woukl not llH'l'!!;(' III all. uud till' Ilow would rotuin It '(,Ol'l" l'PgiOll Ior all
nmo, For hH'l'l'n~illg l\('l'l'lC'I'.ttiou ])I\1'a11lI'tp1'. Ill' showed a !'il\('('pssi\'(' (\l'('l'l'as(' ill
hoth IIH' Iinal c('ntrdillC' vdoClty .un] l)(Jllllda!',\' la.\'('1' Ihicl{jH'~s. allll HI! ilU'l'I'HS{,

ill till' Himpl' punuuotor, all ('OllHist out wit It till' 1>1'I'S(,IU'(' of t IH' (l{'('pl('rati Ill,
IIOWI'Wl" !til' chumrterisntiun I1SillA the houn.lary-laver thicknoss r\ lod to tho
artilirlnl dlsrluctiou \l(ItWI'('H tlows ill which tln- bouudarv la'\'(ll' ha(\1ll('1'IW(\ aut!
Ilows ill which it hat! not, III l't'ality. t hr- b01l1! 'Y (;\'\'1'1' Ihkklll'SS is ouly vulkl
aH It pnrnmoter ill pip!' Iiow ill till' limit liS (! e.' 0), AI' a rosnlt of this, ho faJ:.wlr
idputi!it'd two IlHH\I'H (If behuvlnur, Sl'pilrall'd bv that value of Ihl' nrcolornt.inu
pnrumotor w11('1'1' tho pclg!' of til(' bonurlury laver ('oiw'irlps with (hI' rout roli uo ,
The prosent solutlou was ohl uhuxl ushu; lilt' lull algorithm Irom till' provious
I'liapl('l', by :-;illlp\y st'ttjllr~ (Itt' uon-Iinonr 1"l'lllH to Z 1'1'0 , All uptimised Matlah
script for tili:-; was rI('vI'lO}l('<i, bano ld. m, and t his ruu IH' found iu appeudix D
(soctlon I),a). 'I'lio tlmo-stop and order ht'l'(, W<'I'<' kleutical til those tls('(l to uh-
tnin tho 1'('1'1\111:; in SI'('tioll 1a 2, namolv ~f r::: 1 x 1 () r. and IV (iO; however, lor
thl' VI't'~' high a<'('('Il'ratiolls, tIIP order of (liSI'l'('ti:mtioll Will' ill('1'!'HSl'C\ 10 IV lon,
A prosoututlon of 1Ill' datu Jill' th!' purallol tt'mpora\ ('asl' follows,

15.2.1 Centreline velocity and entrance time

Tho vnrlation of til(' (,(11111'(.JiJ1(I \'('locity with lilll<' I within I Ill' pal'alll'lllow. for
tht, various vnluo« of a('('l'll'ratioll parallll'l('l'. iK shown ill Ilgur« l!i,2 below, Also
shown on tlli:; figur(' iK tho dhnensioulos» ontrnuco timo, TIll' l'Ult'HUl'P tlmo 11-

unulogous to t h(' Inlet 1<'IIAth [p,i\'<'ll as (1<1.:li)]. and is r\l'li uod as Iho tiIIH' Iakon
for til!' coutrolluo wlodty to (irwlo!> to !)U'I{ of ils slC'a(\.\'-slatl' valuo; ill other
words with It ::::.:iiO', (),

7~. [I I 1I(().f) '''' {),!Hlli(O., ......,)j. ( 15,a)

In all l'aS('S, till' flow iH Htal't('(l impulsivolv Irom 1'(':-;1·, Thoroloro ut I ," 0 till'
v!'lol'ity )ll'olilps 1'01' eaeh {\('(,I'lr'ratioll l'P(hu'(' to 'top-hut.', with 1/('/['111 ~:: 1. III
1111' limit ilK I ~,. "x'. the' ('{utrditH' variatlous for till' <iifli'l'Pllt 1H'('<'i!'rntioIlH
('Ol1\'prw' to Hl1('('C'K:4i\'('b'IOWI'I' vnlue« of II,,/rrm aH thp a('('Plpratillu is incn-nsod.
TIlliS IhI' dil'(,('! dli'ct of I II(' <l1'1'1'!t'ral ion is to 10\\ ,'I' IhI' 1H1I'lllil]ispr! ('l'llll'PlilH'
w!ol'ily, hllJlb'ill~1 a thlnulng of t hv bouudnrv luyor with i1H'I'('asillg U, This
is ill a~.:' -mout qunlitat.iV!'ly with till' sunpllliod 11lO(It'1 of ~!Il:;H (I DDt), AI'
run l)(' SP('II. IIll' ontnuuv t illl(' r\('('l'l'lls('s urark« ll~'wit 11 iU('1'PHHiul\ 1\(,(,l'h'l'atiou
pnrumotor, iudiml iug Ihal t ho Ilow (\r'wiollH UI01'p rnpidlv for ill!TPnsiug \'i\hII'H
of thl' nrcolorution P<l1'll11l1'(1'1', III order (0 qlllllllify Ihis (lm'd. I ill' varlntion of
tlip <'uII'IU\('p thuo 1;, with ~I is giVl'll ill Iiglll'l' I5,a,
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approximat ions, t hils t he arrclorat iou parauu-t ('1' 1'0111(1 have arbit rurv temporal
dl'll('ll(ll'll(,p, It :-;0happens that till' chosen form of Ilow to In- iuvrst igutod was
t hI' exponcutlal cas(', Theso spocili« t~'JlI'S of flows arc dl'sCl'ilH'd h~' maiutniuiug
a rnnstnnt \'111\11' for 12. Thus oquntlou (Iii,I) dol's not deline the arrvlerat.ion
panuuoter ill ~PIH'ral: it is nub' valid for expououtlnl Ilows. A ll'ss ('ollfll:-;ill~ way
of stili illg til(' flow vnriution is rat 111'1' to ~ivl' it as

where tIl(' roustnut k happens to assume tll(' value of 12 (nlso ronstuut ) ill this
pnrtirulur casl' of rxponeutially varyiug flows.

15.2 The far-downstream flow

The Iar-dowustrouiu Ilow is that Ilow with-it 1l('('IIl'S at axial posltion« it sulli-
<'i(llltly distuuro downstreuui of tho pipp inlet. It is rhanu-torisod hy its pat'allt,1
nnturo, that is, its lark of uxial rJppPIl(ll'll<·I'. BI'('lUISp t h« How is st ric'! lv parallel.
t lip radial compouont of velorlty is Z{,1'O. aIHI the' uou-lluonr torms of till' of tho
govorniug cquat ion (B.a) vauish. 'I'hc continulty roquiroiuent ln-comos nxlun-
daut, ami tho systom roduros to a linenr init ial value problem. TIll' parnllel Ilow
shows no axial d('IH'U(i<'IH'('; thus tho rcsultiug axial \'(Ilodt)' is a function of .l-

ItIlC! {aloHl'. This simpliflorl Ionu of til!' oquation is ItS follows:

iJii ". iJii IIi) (. Uii)_..+ U{I! ... 1) == -2 - . + _._- ,'_ .
(}t (Ji' ". I I' ilr ell'

(11i.2)

This ('XllI't system was solved in ~l'\ I ion la.:! for t III' limit inp; casl' of Z!'l'O IH'('ph'r-
ution parameter (Impulsive llow), hnt tlU' more gI'u!'ral oxpnnvntinlly itl<'l'('asillp;
flow it! ('out!itlt'l'C'<l hero, TIlt' value of 12was iuerensod ill stl'pS of 10 from 0 to 70.
in (ll'tl(\l' to P;('Il!'I'I\h' tll\1 n. (l<'snihillp; Iho ('If('('1 !If itlt'1'l'nsillr, cxponont inl 1U't'I'I-

erntiou. Of pritlllll'Y illt('l'!'St hero is tho limiting bohaviour of this flow s,\'stl'lIl.
both nt 1'Ill'ly HuH'S. aud us t - .. '.......Tho para llol fur-rlowustroum flow is cunsld-
('I'l'd It!'I'!' first h('('ansl' its lnrk of .1' t\1'}ll'lllit'Il(,(' I'lilUillatl's t hI' H!'Yllul(ls muubor
d('l)('udc'llt axial SI'Hlillg that (H'('III'S lH't \\'1'1'11 til<' dimonsiouloss and llh~'sical ('0-

ordinnto systems, lind thlls allows a :-;illllllPl' iutorprotu: ion of results,

The only (·xistillp; work of tli!,p(,t rolevanr« is that hy ;'.[uss (HI!ll), III' solved
It slmilnr a('I'I'i<'rat iu~ svstom for pal'allt'l pipl' Ilow, lIsinj.'; II simpl« mo III I'll t HIll-
int pgml approach. Ills Iormulnt ion was, however, 111\\\'(11)in that tit!' 1I'l'nl nu-ut
of tho Ill'PSS11l'P 1('1'1llwas lurorroct. DI'~Jlit!' this, awl rl'f\al'(llp,,~ of til(' sitllplidt~'
of tIll' npproueh, I)I!' rosultx ~'il'l<ll'(1 \\'1'1'1' qunlluu ivelv ('111'1'1'('1 IlIHI of rousidr-r-
ahi<· iutorost, II(' ('!lIH'itl(lc'<i that un ('XIIOlII'llt ial 1t(,(,pjl'l'a1ion wnuhl ('aww t 11(1
Ilow H~'St 1'111 to ('Oll\'(ll'IW tn u limit of 111'1'1hall t ho \\'1'11kuowu Polsouill« llow,
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Tho dovolnpment of tho displnrouiout t hirknes« both for tho parnllol temporally
devoloping systNll, and for tho sl(,l\{ly l'taj(' entrance Ilow, an' prpl'(,llt('(\ ill tho
Iiual section of this chapter. The ('111'1'(,11t chapter is couccrnod with tho laminar
dovolopmout of 111(1 pipo How. awl cuusidoration of its iust abilltv it-< rloforrocl to
the' Iollowing two chnptors.

15.1 F'lowrate variation

All tho oxponontinl urt-olerntions cousklorod 11('1'('uro g('ll(lrnli~iIli(JllS of I II<'slPluly
impulslvoly started How, III all ('I\;,('S tho Ilow is sturtod frOllll'l'sl impulsivolv and
thon nceoleratorl oxponeutiallv, Fignr« 15,1 SllOWS the' various Ilowrute vuriatlons
for t \1<' dilloront t('StH,

Q
Qo

\)

Fi[;\11'(' 15.1: Tho variation (If nonualisrd Ilowrat (' q/ CJn wit It tinio ill exponou-
Iinl1~' It<'(,plprntillg pipe flow, for various values of tlH' 1H'('(ll<'l'Ill lou panunetor it

Eight; <ii/fOr(lll!: Ilow« (Iuclndiug 111('hlllltl]'~I\'(' liwit) W(lI'(1 ('ollsidN'(lcI ill all. TIll'
V!'l'timl axis ill this gmph dpl\ot!'K Ill!' Ilowrato, uonnalisod with l'('HiH'ct to HI'
initial value 1 , Tit!' ('UI'VC'S in Iigur, 11'1,1,U'P ourh of tho funn

(11;,1)

whore ~~i iH silllply IIH' partirulur value of t lu: IIc'('d/'ratioll punuueter {ill' ouch
(!'H!.. A !loiul of potontlal ('oufusloll lH'pds to Iw d!'! 1'('<1 up hp!,!" 'I'hrounliout
1'11('parlipt' annlvsis, 110 l'Pstl'i<'tioll whntsuovor was plurod Oil IIH' tomporal <1('"
l)('udpu('p of U, All dorivutiou» .. hltH(' How tuul stahilltv .. coutnluod no st(IHcly

!\OWWill!1 (''1l1l1tioll (15,2) iH l!l'ynolds 111111111(,1'illllc'Il('!,clPIlI; lill't'('flll'!' thl' numorirul
llIIHh'll'l'jll'(lM'llts it ~,\,Htl'U1with nuv dlWi('1l Ilowrat«, It is nulu-r till' 1IuI1\I'1' of till' Ilowrut«
dmllf\(' with linl!' tim! is impovtmu.



Chapter 15

Exponentially accelerating
pipe flows

A sp('('II'ttl1l\l1ll('!'knl mot hod wn« Iunnnlatod ill chuptor 1-1 1'01' gPIH'rnll~' (\('('('1·
pratillg pip .. ontranco flows, hilt was used t 11('1'('ouly to ohl alu l'('sl11ls for t lIP
lilllitiug "'''.cly 1I0w ('as!', In this chuptor, tho irlonticul Ionnulatiou is lIH('(l to
gouor-uo results for exponentially nrrolorating Ilows both far downstrenm and ill
tho entrance TIl(' oxponoutial nccoloratiou is modollcd by making t ho at'('pJ<'nt-

tion parameter n It roustnut, and !'(';mlts are 1>1'(,H('I1II'<\ for (light (lilf(,l'('lIt ('as('s,

nnmelv, S2 E {O,W, 20" , , ,70}, This range of nceolorntlou 111U'aUHt,'IS was cho-
sen bocnnso it adcquatoly ombrucod tho nrrolemtions used in tho oxporlmontal
moast tromout H,

Results for this munerirnl system aro prosoutcd dir!'('tly. for 1lH' 1'('I\S011 that hol h
tho numorlcal mothod nud nuuhcmntirnl denvntion of tho s)'sl!'ul uro adequutelv
covered ill previous chapters. TIll' render is rolorrod both to ~w('(i()u 1·1.1 nurl
to chapter 13 for compreheuslvo dl'st'l'iptiolls of hot h the HlP! hod of Ionnulnrion
and solution. Tho flows horo ar« 1\11impulsively xt a1'(('(1 ut timo i:.::: OJ t h('l'('nft('t'
(li!'y nro allowed to develop oxpououtiallv In time. TIH' Iollowing aSI)('('I:; of I h('S('
Ilows n1'O urklressod in tli(' sectlous that follow:

(i) 'I'ho initinl temporal development of tIl!' llow lur downstream of IIH' inlet,

(ii) I'll!' spatial slrt\('1 \\1'\' of till' llow lipj(] ill Ill!' outnuu:« \'I'gioll of !lH' pip«,
ill tho limit tiS" - .. ,x"

(iii) TIt(' full trmpornl and spatia] dovolopnn-nt of 111<'flow uwnv from Ill(' ini: inl
eondiriou«, and the ('OU1I)1I\'iHoll of I l1('s(' \'l'slIlls to Ill!' simplor two limitiur;
('!1141'S mont iouod uhovo,

(iv) TIt!' rolutloushlp bpi \\'1'('\1 I ill' tInl:~ ill t ho uon-dhnonsloual H~'S('lll and
(hI' dhnousioual (physirnl) :-;~'Sll'lll, and Illl' 1'1['1'('1 of Ih(' HI'~'llOlds numbor
dPI){'ll< lout muppim; Iw( \\'('1'11 t ill' Iwo,

:l:11
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(v) TIH' large' discropancy between tl1<' temporal and spati;~1 profiles towards
tho limit. of cl('('rpasillg boundnrv-lavor thirknoss dops not allow thorn both
to 1)(' quantilied llsing u siugle parameter as was stak<i by da Silva (l!J!JO):
cspeciully for the ralll-\p of displncemcnt thickuoss w hero t lip Ilow is most
unstable, At lonst it two-parameter classificatlon - using the rllsplncomont
thickness 0* and scaled shape panunctor S'~•• is llP('PSS,u'y to olassifv t]w
full HYHtPllL As tho Ilagou-Poisouillo limit is approached, till' two sets of
profiles beccmo similar,

(vi) TIH' spaHal (\('('III'I\('Y of till' syslPl1l has Ixx-n cnmputrxl to at least ~ sig-
nifirnnt figures, whllc tl'mporai invariunco was t->lp;nilil'alltly 10\\'('1' at -l Hig-
niflcaut figures, as domoustratod hy tho pnrallol systPllJ in SP(·tioll 1:3.2.
However til<' spatial results prl'spu{('cl here arC' uuaffectod bv the' lower
temporal accuracy b('(,lWS(' IIH'Y nro taken as till' limit as t _" 'x"

This chapter concludes t11(' romparisou of t 11<'present (lat.a with known results,
1'11<' Iollowlug clinptor 1ll'(,S(,llt,: th(l novel solution» for till' expououtiully lH'('('I-

(Il·lttillg pip!' ontrunce system.
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chapter, namoly an matrix ussomhly approach. TI}(' operntional approach
is successfully applied to tho ccllocut.ion method, allowing it to 1)(' iucor-
porated uuifonuly into the schoine. TIll' toiuporal disrrot lsntiou of the
system is given ill au as gl'n('ral a way as possihl«, aurl is implomoutrrl as
implicit for tl)(' linear tPL'IllS awl explicit for tho uou-linear 01l('S,

(li) Results an' gPllPrntpd Ior th« cas(I of st(lad,v pip(' inlet Ilow. Til!' PL'(,SPllt

entrance model shows fail' agrpPlll('ut. wit h exist iug results whe'll compared
on the strength of tho outrauro INIgt h, hut tlw largo deviation 1)('1\\'P(,l1

the e::dHt.iug values is taken as an ludication of t ho inudcquacv of that
parameter as It point of comparison. The present results are quite dose
to the simplified hilt nccoptod results of Ilurulx- (10G3), Compurison to
til(> values of da Silva (1000) show a sl;ght. dispal'lty that is t hought to 1)('
due to his lise of tho invalid upwiudiug methodology in his Iiuito-diflorenre
calculutions. 1'11(' compnrisou to dn Silva's parallel t empurally dovoloping
(far downstream) model shows bettor agr(l('lllPut, duo to the ahs('lu'p of
npwiuding here,

(iii) TIl(' pipp flow is shown to approach tho Blasius boundary lnycr limit 10-
ward t;.P inlet, which allows some wry importaut conclusions to 1)(' drawn
l'C'gal'(lillg HI(' non-pnrnllol uaturo of pipe ontranco How, As tho axial stu-
tiou ;I' lncreasos from zero, the hOllllllary 1aY('1"Ilow hocouies Il'ss liko a
flat-plate huundary layer, until a pnrabolic profile is evoutuully attuinod.
III the same way, the non-parallel nal.uro of tho out.ranee flow dp('1'('I\I>('S

monotonically from the most non-parallel Blasius limit at tho iulot., to
coinplotely parallel flow far downstronm. Thus t IH' How is 11('\'('1' unv llIO],(~

non-pnrallel than a Hat plato boundary layer, and qnicklv becomes 1<'ssso,
This iufors that It parallol stability analysis is a valid mothud of npprox-
hunting tho initiation of instability ill pipe outrunce flows, It has boon
s11O\I'11 that non-parallel t'ff(,(,ts do not play au important. 1'01<, in flat. plate
bouudary InYN' stability [Fnspl & Konzehunun (]!JO()), Gusler (107~), Ab-
hot & MOSH (109,1)J6, Pipe' outrnnco Ilows an more parallol than lint plat('
flows, Thi« implies that It parallel stability analysis iH valld for such Ilows,
A direct monsure of tho non-parallol nature of tho pipo inlet showed this
conclusion to b(' valid. This iH consistent with the conclusions of <lit Silva
& Moss (1H!J.1), who also argued that non-purnllel (llr('<'I~ ill a piJlP inlet
are IlPglip;ibl(l.

I v) III the limit of d('('" 'iouud.u v la~'<'l' thickuesx, hoth Ill<' out l'aJU'P
awl IIH' IHlf'l'!l1'1 srs' aV<' aH~'llll'lt)tkally aH bouudary 11IYI'I'swith
zero Ill" SHlIl'P Al'ndi<'ut. »ugh t II(' actual PI'<'SSIlI'P p;l'lldi(,llt i1l('l'('as('s
whh d(~'I'PIlHillP; hOllJuial','-I.trpl' thickue« ill oarh ('as(', this Al'adiPllt H(,IlI('d
with l'PSppct to the ho\lll(h,I'~'llty('" illtl'alllPtpl'S diminishes HS t he boundary
lay('r t hius,

HFn~,'1& Knnzelmnnu, hy ,lirp"t nuuu-rirul experiment. disrrl'clit t IH' mauv nllal\'~ps t hut
show uon-pnrnlh-l ('1Ii'I'Is tn ln- donnnant ill boumlnrv laver flnws. I-iivinll tho work of Gastf'r
(19701) us tIll' nub' \'alid uunlvsis. (;asl"r ohtainod a nou-pnrallol miuiunuu critlrul RI'.\'uolcls
munbor of nnlv ,I"n. a small fP,IIH tiou when t'olllll1ll'l',1 ttl Rr '" 52!) of th« parallel svstr-m.
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chapter, namely an matrix assembly approach, Tl1(' operational approach
is successfully applied to the collocation method, allowing it to \)(> incur-
porated uniformlv into th(l scheme, Tho temporal discretisation of tho
system is given ill au llS general it way as possible, awl is hnplcmented as
implicit: for th(l liuear terms and oxplicit for thl' non-lincnr onos.

(it) Results are gPll('l'atpll for tho (,IlS(, of stpady pipe inlet now, Tho 1I1'('1'('ut

entrance model shows fail' agr('('IllPllt with P'I(istilll; results W1'('11coruparerl
on the' stl'C'ugth of the' ('1Itr1l11('(' length, but the larg» d, , betwocn
the ('xbLmg values is taken as au indication of till' in. 1(111" of that
parameter as It point of comparison. '1']1(' present 1'('HI1:. " v, .c dOH!'

to the Silllplilip'l but IW('Ppt.<,<l results of Hornbeck (1063), Coinpnrisou to
the' values of da Silva (W!H)) show a slight disparity that is thought to \H'
due to hit! uso of tho invalid upwinding mothodnlogy ill his Iinito-difforeuco
calculutlons. The cnmparlson to da Silva's pnrnllol temporally dovolophn;
(fill' downstrenm) model shows lw1l('1' ag1'(,l'llH'llt, <111(' to tho ahscnco of
upwindiug hero,

(iii) Tho pipo How is shown to approurh tho Blnslu» boundary l1l~'('r limit to-
ward th(1 inlot, which allows S01ll<' wry important ronelnsions to he drawn
l'('garclill~~ tho non-purullel unture of pipo outraucc Ilow. As tho axial stn-
tlon ;P ilH'1'Om';cH frou; Z<'l'O, tilt' hcrunlury layP" flow becomes l(,HH like It

flat-pluto boundary Iayer , until It parabolic profile is eventually attuiued,
111t11(1 santo way, tho nun-parallel nature of tho cutruuco Ilow <I(,(,I'('(\S(,8

monotonically from till' most. nun-parallel Blnstus limit at the Inlet, to
completely parallel flow far dow nstromu , 'I'hns till' Ilow is 11(".'<'1'auy 'Ill O1'e

nou-parnllol than a flat pluto bouudnry liW(,J" and quickly h('('olll(,s lpHH so,

ThiH Infers that a pnrallol stability analysis iH a valid 111('1.110<1of approx-
hunting tho iultlntlon of inHtailility in pipe ontrunco Ilows. It. has \)('('11
shown t.lmt. non-parallel pll'(,(,ts do not play an huportant 1'01(' In flat plate
houndnrv layer Htabilit.y [PHilP! S: Kouzehnnnn \l!HJO), Gmlt.('l' (1!l7il), Ab-
bot, & rvIoHH (lDO.l)](i, Plp« ('111.1'1\11('(' flows are moro parallel thnn Ilat plate'
flows, This implies that a parallel stabilit.y nualvsis is valid for such Ilows.
A dir(,ct moneure of tho non-pnrallel nature of the pip" inlet showed this
conclusion to 1)[1valid, This iH ('OIlHis(,llt. with tho coneluslous of' tla Silva
~ IvIoHH (lfHJ.1), who also argu«] that non-parnllol ('{['pdp ill It pipo inlet
aro lIPp;lip,ibl(',

(iv) III the limit of (l('('r('aHill!~ boundnry laver thirkuoss, both tho ontrauco
and tho p1\1'I\11(1lSYH(PllUl hohave [UlYlIllltot.imlly ttl'( boundary layers with
Z('l'O JlI'(,HHIH'(1 grndknt, Alt hough t11(' nrtuul prossur« p,rmli('ut ill('1'('i\SPH
~vitil;'I('('l'l'asil;'g'T;(i1\Jllln1'y-lay('1' thlrknoss ill oach cnso, this g1'llc\i(,Ilt. srnlod
with 1'('H)I(I('t to tit!' bunndnrv ln~'('t'pa1'IUllPtl'1'S <iiluillislH'H us tli(' boundnrv
layl'l' thins,

IlF!I~l-;:;-r\~~;~h;~~;7;'-i)~-dit'l'l'I~1111Il!'rkaloxponment, disrrorlit til!' munv alll\ly~l's tlnu
show unn-parallol I'Ui'I'IS tn 1)(' dominant in houmlnrv lavl'!' flows, !livinll tho work of Gast!'f
(UJ7.I) liS th« only valid unalvsls. (lltS!!'!' ontuinc.l a non-pnrullol minimum nitkal Rrvnolds
number of only 'HHl, It smull rorluctinu when rompnnxl (0 /I t: '" ii20 of (II!' pamllrl S~'SI"UI,
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Fir,lll'(' 15.15: TIl(' vnrintlon of smlt'll slmp(' Iml'aIllP(pl' Hh• with lIiHlllm'I'IlH'Il(
thie-kllt'sS h" IR in tho ontruur« 1'1'1~iollof a pip«, fol' vnrlous valur« of till' llI'I'I'\"
oration pnr.uuotor H, Till' !\aslll'!\ line iu(liC'a( PH t ho lO('IW of lhult iug vnluos lot'
:r' "" oo,

of Ilual point» (.1' .~. "X'), whilo tIl(' dotH Oil tlils line nr« t h!' Hl>t'dlk IiIII ithl!~
points ('orl'C'S))(llHlillr, to HII('('('ssiv(' values of the 1\('('('I!'l'lttioll purauu-tor, 1)111'
to tho lhnitod rntw' tukon for ,I" (Ill' Irnj(,(,tol'iI'H fol' (ladl U H(Op a short wa~'
Iroiu tholr Ilual lhult: !tOW(I\'('l' as meutkmod ill thl' Ilrt'llluhlt, 10 this soction,
it is trivial to 11(,1lI0uHtmt(' that (l1<'s('polnts an' ill fill'( til(' (1'11<' lhults of 11)1'
syst(l1ll7,

J.S,3.G Comparison between the limiting temporal and spatial
results

TIl<' shuiluritlo» and (lis('l'l'palwh's ovklout lwl\"('1'1I t hI' u-iuporul IIlId sp:~lial
sys( (,illS I\l'(' of major illtN'PHI. Bot It ~YHtI'IllH, for t h(' H,UllP value of ill ('('il'l'lll ion
parumotor, ha\'(' tlH' sumo stt'miy"stat!' limits. thnt it" as.1' c ...... ' awl I ..
(X'. Furthermore. th(' tl('wiu)ling {pari,\' time) vntrnuro flow will consist of two
l'p!~iom.;: It uon-pnrnllel 11psl roam I'l'l\illH' wlu-r« (111'1'<'is ~;lill ial d('wio)luU'llt
of (h(' l-ouudnrv lnvor, uiul a «ownstroum portion \\'111'1'1'till' inllurnro of t hI'
lnlot hns not ;VPI \)('('11 f('II, Tlu- lrloul Iuuuowork lin t 11(' 1'011' rison 1)('1\\'('('11

tho parallel nud ontruuro results is agaill t hv /:>" IN " ,..,'~.plane Fil',lIl'(' IIi,Hi
!-ihow,.; tit!' Iull toiupornl hilt! spatinl rosult» aut! their liiuitiur, \'I1.lII'S 1'01' all IhI'
nrrolorut iOlls giwll,

Coco7~rl;;;~I~iC,:lilltH rurrrspurul \,1 c~~c; 'v. whl'll' t hi' Iluw b Iormnllv llilrillM; \ hl'rcofnn' \ Ill'
parullol Hll'lUh' klatl' limit j; uppropriut« lu-n-.
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Fir;I\1'(' 11i.H: Tilt' vuriutiou ol ['wah'tl i1happ pununetvr 8~. wit II uxinl pusitlnn .r
lu t11('out 1'1\11('(,l'('[\iOll of a pip«, Ior various vuluos of tIll' an'plN'at ion IHll"llllt't 1'1'
~l.

IU'I'('h'l'lltiollS, Till' dutu ill tIll' far lhult agaiu approach thl'il' Iur-thuo value», hut
duo to till' rostrlrtod axial solution douiaiu uro 1I0t oxtonsive ouough to [,(,1l('11
this lhnlt, DI'~Jlit(' this, tho dnt n dol's SllOW much of tll(1 bohnvlour fol' itlt'r('llsillg
,I', As in tho purallol darn, th(' impulslve (U "" n) ('1\:-;(1 il! lnlloxiouul, with ,,'~. (irst
itu'i'('uHillA and t 1H'1ld('('l'('aHilll~ wit II .r. Fol' tll(' lill'lwl' i\('('('I(,l'Iltious ('ollsi<i('I't'tI,
hOW('VI'l'. H". iUn'l'tlSl'S runnotouienllv from tho Blasius limit to 111(' higlwl'stpatly·
slltt(' value. TIH' ,I' onliuato itl mtlll'\, inuppropriute [01' th« <i(,llloll~tratioll of
downstronm behavlour' (lwl'a\ls!' Ihil'l limit iH ollb' truly l'(liI('lIt'd i\~ ,I' • '1(,,'),

, olhuluuto tIlt' 1I11j,01llHl('dll('S~, IllI' (lata is 1I0W (,(lllsi<lt'1'1'11in tht· b·IH •. .,'~.
plano: Ihii'l is !',iVl'lI in Ih~llr(' Iii, Hi,

TIlt' (l!tllt ['or th!' hupulsiv« ('IUi(' r;iWll ill dmpll'l' 1·1, comlrin«! with th(' parnl-
lol t1l'wlopiug flow ~('c'ti()11 oarlior ill Ihil'l dlaptl'l' botl: HhoWI'(1 tlt(· b· IN ' 8~.
Inunrwork () 1)(' optimal ill (11ll! ImllL upstrnuu awl downstroam lH'llllvioll1':i
amp III (lis('l't'Il' }loillts on 1his plano. Th('l'('Jhl't' t 11(' outire flow varintion (1'01' it
pnrtirular H!'! of IHll'ltIllPll'l'H) is dpHt'rih('tl h~' 11 Killl~lt· line Il',Hlillg Irom Ill!' "tal'l
point 10 lilt' point ('()n(l~llllllllill1\ 10 IIt(' Il11III slalt' of IIII' llow, Further 10 t hl«,
tll(' datu shown ill litis wuv i~Hll'Ollgl~' t1istill!!,lIi~ltt'(1 from (hila 1'.t'1I1'1'I\I(I<1wh l:
nthor \'al!l('~ of th(· )HU'alllt'tl'l'''i lin' iustnnr«, I lit' lillI'S for Ililf('I't'ut ;[l'('pIN'al iou
JlHl'ILlll!'(l'l'S ~l al'(' ('\(larly t1istilu'I,

As ill 1·1i(' Jll't'\'iOllf, Iigm'p. all of Ih!' ('1\1'\'(1:-; ar!' IlllH1Uhif!,1l11llsly din·('tI·(1 townrd«
Ihl' pnlnt [0, 8~,[pl'Jll, This trend iH I'al' dt'Hl't'l' 1It'l'(' than Jll'l'\'io1\~ly. till!' to tho
ndValllllf',I'OlIS sealing pl('l'r\ Ihat IhI' ordlnato b"] U ~iht)wH, Till' rlotuxl lin« ill
1i1~1ll'1' l:i,l!i. as ill dl(l hnpulslv« ras!' (If lilt' provious sl'l'IiOll. iudiratl's tltl' hlt'lls
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Fi[',lU't' l!'i.1a: The variation of I'lla))(' paralll(,(pl' .'i wit II Hxial Im:-;iI iou ,I' ill (ht'
ontrnnc« 1'('!\i011 of It pip!" Ior various values of tho aI'('plt'rati{)ll parallH'tl'l' !l,

As \lPf{)l'(" tln' dowust l'(l1l111 lhnitlug valuo« an' (\P:-('l'il)('(1 h~' t h(1 dut it Iroiu till'
previous S(IC'lioll, TIll' Ilnal value of 8 ill('l'(,llS('S with il\('l'('nsill~~ IH'('ph'l'atioll, All
till' (IMa 1\.1>1>l'oll('11 .c,' ",' ''Xi at 1,11(1Inlet, hp('alll'P tho wall slt('al' stl'(':-:S !lJlPl'onl'il(ls
infinity lIN'P, ThiH lir~\Il'('ugnln (llIlpluu,isPH {lip (\t'lki('ll('Y ill 8 IlH it pnnunotor
toward» tho Inlet, hp(,ltIlHP of it;, unbounded bohaviour ItH .l' -. 0, !IoW('V('l" awny
from the Inlet plano it \l('('OllH'H n 111'1(1[\11Ior tho qunntllleutlo» of wlodty Ill'olile'
boluwiour.

15.3.5 Scaled shape pm'l1:i.wtllr

'I'ho 1'('IlIe'11 simpI' pnnuuo.or hUH h(ll'll <\I'Iillt'd ill s(l('titm 1:1,2 of dmpfl'l' la, and
is glvcn 111('1'(\by tIll' oquutinn (1a,02), wllllPly

(1!'i.1:n

Its variat iou wit 11axial positioll ,I' ill (11('raug(' [0, (),(}:.!j is I'IHlWll ill liglll'l' l!'i, U,

This panunetor is I hI' lirst to hil~hli1\hl all? strueruro ill 111('lIow m, ,I' c' n, It wa:;
HhoWII ill tho impulsive soluuon of vhnptor l-l thut t hI' limit iug lu-lmviour townuls
tho iulor of the stl'llllY'HtlltP pip(' ('lltraIH'l' Ilow WIlS till' 13Iasiun h()Il111I111'~'la~'('l"

like, 'I'll tltil'l ('11(1, 1111'vnluo or .<'·b'[BhIH' 1.1,1;) [lit's! [\iVl'U ill (la,!l1")] i14showu
011 t lip fif~1U'(" Innnodiutoly ('\'idpllt h('i,l' is t hut nil 1It!' (Int a HI'l' l'OUVI'lW'llt ()11
t his point. 'I'hus as ill t h(' tl'lllpol'1I1 ('IlS!'. t bl' dfl'l'1 of till' 1\('l'PIPl'at ion llillliuish('s
ll~ 1Ill' h()\II111al'~' lavor t hius, uml it Hiudl' npst romn nsviupt 01(I is l11'l's('u( lill' nil
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Tho vnrintiou of this pnrametvr wit 11axial displurrment ,I', fol' t h« rhoson values
of Sl, is shown in 1iP;lll'(' 15.12,
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Flp;1!ll' lli,12: Tho varlutlou of displi\c'('lllPut thkklll'''i:; b'/ R wit h axial po:;il ion
,I' ill tho outrauco l'('p;ioll of It Jlipl', for t IH' chosou ,'!litH'S of flo

As with 11t(' lmpulslv« ('nS(I, til(' houudnrv Inver t1i:-;p aC'('Il1Put. t hkkllP:;s is 1:1'1ll at
,I' C_"" (\ l'm'l'(,KpolldillP; to III(' 'lop-hat' prolil« t 11<'1'1'.As ,I' itH'l'!'aS('s. I Ill' vnln- of
h"/li 101' tlH' varlou« 1\('('I'II'1'allon« U itH'I'l'aS(' towards I h('il' I'(,HI)('('1 ivo fur-t illl!'
lI:;~'mptolie lhulrs a~ giVl'1l ill Ih(' prcvlous sl'ctioll [s!'1' linnl'!' trU], Again. Ill!'
('111'1'('111 nxlul solution (lnillaiu is 100 l'hol'l to illllknl!' }lI'O}l('rly lilt, dowusll'l'Illll
heluwlour. As ('1111 1)(1Sl'('It. 111(1I'll'pct of I Ill' H('('I'!(')'at lou is I () 1'(I(I1I1'!'rvorvwhoro
Ill(' c1isplm'('IIl(,1l1 thiC'lmpss Irom that of its hnpulsivo \'.11111' This result is ill
kl'l'pillP; with till' hounvlour of hOI/{ shown in Ih(' pumllol dow, As has 1ll'('1t
inoutionod b"fOl'I'. tIll' (lispi!u'Pllll'llt t hi('kIlI'S~ hi IlHl'tl n~ ;~ quun! iliml lou 01' Ill!'
hOlllltlal'Y IIlYN' dhnonsion lu t ho s~'st om, This t 1'1'111 il'l pl'lcfl'l'l'l'cl hp('iUIS(' t IH'
simplt-r boundurv htyl'1' t hkklH'SH 11'1'1Il b is 1lIl'auitlf',It'~s ill it pip!' s~'~1 ('III wit h
nnv l'ligllilimut hnundary Inver si~l', TIll' (I('lillitioll of Ih,' displnromout t hidm(·ss
is gi\'('11 hy oquutlon (11i.12;, Althollgh lhl' Htri<'1 Jlh~'sit'ltl Interprotnl ion Ill'

this tcnu IlHW dhuiulsl. wit It i1Hl'('a~il1g h()llIlllal'~' In~'pl' Ihkklll'sS ill It piJH',
it muintnlns It nnuhouuuicnllv (':-lill'l uu-nniin; I hl'Oll!lhollt t Ill' svstr-m, ill ilS
ovnlutlon Irom 'top-hat' 10 pnruholic,

15.3,-1 Velocity profile shape parameter

Fi)\lIl'l' IIi.1:J I'(,Pl'('s(lHt~ ,h(' \'tll'ialillll Ill' \"I'1()ril~' prulil« shilpl' 1>,11'1\111(1(('1'with
axial (lisIIlIH'(', For all IIIl' 1\('l't'it'l'atioIlS. 11th, PIII'1l1l1(l1('1' (11'('I'(Wil'H lroui iuliuitv
Itt I h(' illl(,1 10 SOIllI' Iix«! vnin« Inr t!ll\\'I1I'II'{'HIlI,
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F'igl\l'P l:i.l1: Tho variation of nonnalis«! ('l'lltl'PliliP \'(Ilndty Il,P'm with axial
-listunco :", ill tho entrunro 1'1'p,iou of It pip«, for various vnlur» of tIll' H('('Pit'l'lltioll
paramotor it

tim« WllH doflued, which dhululahed with Increasing !l(·(·l'lt'ratioll. Au outranco
length could 1)(' doliul'd fol' ouch oxpououtinl datu t~('t glvon hor«, l!0\\'(lV('1', H11dl

1\ lllll'alll!'tpt' in l'('lllity hns lilth' moaulug. It cuuuot ho IISP(\ as boforo UK It point
of ('OlUP,Il'iSOll (uo other datil exists). uolthor is it renllv useful in j(.,,<'lf, !l('('alls\'

In <1illll'uHiollal physit'al Ionn«, tilt' outrauco ('Ol1ti1l1W:-' pxt<'llclillg rlownstreum
Ilnyway. Tho rato ut which tliis extension O('C\ll'S is linked 10 IIll' H('Y1Wlds
11III ul l(Il', which lu t111'l1 is a Iuurtiou of timo. Thus tho oulv ronl bouudlng
lHtl'lllllPI(ll' oj' lIS(l in 111(1 a('('('il't'atiV(' ('!lH(' is III(' ('llll'!lll('(' liull'. A ('a1<'1I1alioll
of tlH' (11111'1\11('1' 11'1l!~th fot' t IH' gP1H'ral ('asl' will, however, show Ii I'Pclu(,t lou ill
longth (in tlU' nnnnnllsod Iraniowork) with iU('l'l'!lHing !lI'I'l'h'I'Hl lou 11ll1'!lllll'll'1'.
'1'11(1short axial oxtrut of til!' prrsont model (optimis«! fin' tho linonr :.;tnhilily
atllllYHiH lntor) provontod 111(' dh'(I('t dotorminnt ion or IiiI' l'ut.rall(·· 1(1111.',111fot' tho
non-zero !l('('('il'ratiulll'. Cnlrulntinu« would huvo to 1)(1('oll(lul't!'d OWl' .1 larg('!'
domnlu to dotennluo I his pnl'llllH'1 (11',

15.3.3 Disptaccment thlckncss

i\, Ill'li n'(\ , Ih(' dlsplucomont t hldml'sM {IC'lll'1I<Is (lil'('('II~' Oil tIll' clilllC'W;joUit'HS
('C'l,lrl'lilll' \'Plodly; ilK dollnition iH gi\'f'll b~' ('C[untioll (la.Ii!!). I'l'}l('(ltpcl lx-low:

,~(1
:.!

( i,i.l!.!)
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:-.tl'Jl ~t IIsc'(i was iuitiall.\" .:It '-':! \( 111 t hat t hi .. W;L"itHTl'ilS{'tl as t he sll'1\(I\',
stat(' liml: was approarlu«]. Sulut iou was ['olltillllPd nutll ih« solution rr-iuained
invariant to 111t' level of till' rouud-olf and trnnrarion 1'1'1'0rs (appl'oxitnatpl,\'
10' 1-1), TIll' solution hl'l'alll(' indl'pl'Il111'IIt of ~t in the fur liuiit: thus its l\('('nra(',\'
wns IIllaU'p('t(l[ Ihv IIH' low order touiporal disl'!'!'t bat ion,

Tho solutiou douiuin ,I' I.e [O,O,O:?] rOlU't'l'lI;; ollly it siuull port ion of till' pip['
out ruuro ill compnrison I[l till' dplini t ion 01' tn fl!I1I'T ll'l1.'1'h [('qllal ion (H ,:li) l:
however this !-olllall r('~i()l1 Plllh";l('('S I Ill' cutin- port ion of t hI' pip!' iulot that
cau show iufiuitr-dmul iustnbilit ios [s('[' Abbot k :-'10::;''' (1!1!11) 1'01' til!' ('as(' (If
stratly cntrnuce (low]. It wns for this n-ason that til(' cakulat ious \\'1'1'1' not
oxteudcd further dowustromu, B(,YIllIlI this n'l~i()1l Ill!' trmpornl and I'Jl<llial
!i,\'lit('1111'npproaeh ('11I'1lof lu-r dtl:-;('I~', iIlHI this ('lllljvall'lll'I' ohviuuslv hp('utlll's
I'XIU't Itt ," cc ,x ill thl' !ill'lub··"lalp, TIll' r-nrreut datu Is thus not exu-usivc
enough to tll'l11()llSlrall\ formally IhI' luultiun lu-huvlour II:-l ," , .• '''", However,
t his hohavlour hm; III'(,u PI'(I1)(ld~' ~i\,(,l1 for tlu- impulsiv« ('jlS(' ill dlal'tl'!' 1-1, ilUtI

(hr oxtouslou of 1III'lil' n-snlrs 10 t h(' ('XPOlll'lIt iul 1'11»(' is I rivi.il. 'l'h« uuquallllrd
far dowustream limit" for IIH' Iluw« h('I'I' at'!' t lms taken a~ lwilll\ Iht' {;Ir-I i11l1'
solution» or tli(' pamllol Ilows ill Ih" previous "('<'liOll (l'!'C'tioll l:i,:.!), awl tII!'S('
vnluos 1\1'1' shown iu t lit' various fil~Ill'I's thai Ioll.iw

AI' with the impulsive piJl!' inlet solut ioi ,If chapter ll, 1hI' inlet hounrlnry
couditiou» Ill'(' not taken as IH'iull 'top-hat" hut r.ulirr a vorv thin bouudurv
lay(ll' wlndty profile (III(' sam(' prolllv liS \\,11:1 IN'ti Ih('I'I') is ill1ph'IIl('llll'(1. Till'
1'l'IlS0U fill' this, liS (h"wl'il)('(l iu ei<'lail ill that ('1111(111'1', i:; to P1'I'\'(,111o:;dllilliolls
ill Iho solutlou i11\1'u<ll1('('(\ by till' Pl'('SI'IU'(' of I hI' ...Ill!-\Illi!dl~· III t hI' 'tup-hut'
emu lit lou, 11 \Vn~ shown t hilt t Itt' sohu ion hl'('OIlH'J; rapidly illlll'lH'llt !t'1I1 of t hi'
dl()ir(' (If illl!'t ('IIIItHt lou nuly i~ lihlll't (lh'l anro t!1l\\'lll' Irenm of IhI' lulot nlauv.

15.3.2 Centreline vnrlntion

TIlt' vnriut lou of tho Ilhlll'll:->iollll'sS ['(1111 rollno \'('I()dl~' II, /f'm wit h nxial ilist IIIH'('
;,; is I~ Hilllpl(' 1lIl'I\lIK of (Il's('ribilll~ an 1'1l11'1\W'1' Ilow, awl Ihis is shown Ior 1\11
Ill!' dillerout values of Sl ill IiglH'(' lli,l1. The value ul' II,/l'm in {'llI'h ('m;1'
{ll'\'('lops [1'0111 a valu« of unitv at ,,' (I to il:; Inr-down-tream su-adv-stut« vnlu«
• ,h't{'l'lllill(',l ill tilt' purullol nualysis of Ih!' pl'l'\'I(1\I" li('( tiuu, DI1(' 10 tilt' "hort
axial snlutiuu dmuaiu, rho downstremu lhuitlun lu-luwiour i;; HoI ('\'it\c'1l1 ill this
Iiguro, SI'!' Sl'!'! ion lli,:U nhovo for iuoro <11'1nil 011 f his point.

A [:,!'I(II' ('lIIltTl '('d wit h t hI' ('PHtt'I'IiIlP volocftv vnrin! lou ill ,r i...till' ('1111 a11t'('

1('11' rI· Lal " .;' '111('(' t a},I'11 COl't h(' rvnt n'lh,1' velncltv I () IIPPI'OIll'i1 !l!l',~.of It s fur-
elo,\,l11'1"'j 1 \';'1IlI', This quuntitv \\'IIS ('aklllall'(1 ill dlll»!I'!' 1,1 lor IiII' iuipulslv«
II,,\'.', 111111\\'IIK {'Ollllllll'('cl 10 1111' l'I'HIIIt~1 of 01111'1' 11'!'I'Hl'('h('n., [Is vnln« fill' Ihl'
1111PIlh;I,,1' ('asp i:; !~i\,1'1I ),~' I lu- 1'1'1111lou (1-1,:1;), allli WilS Z, 1l,:.!:.!l, '1'11(' 1'001('('pl
of till' ('lIll'al1('(' h'll!~lh was abo ('\It'wit'(1 ill till' pu-viou« s('('lillll or this dmpl(,l"
ill tIll' ('Ollli'xl IIf IhI' r('sltits fill' 1h(' paralk-l Ilow, Ilvre all i1uaIOr',OIlt. ('lIlmllll'
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shnpo, nnrl subsequent axial profiles evolve from Ihis profile to 111(' parnholi:'
Ilugou-Poiscuill« limit !IS ,I' ~. tx·, 'I'll!' rquivaleut occurs ill oxpouont inl pipp
flows ill the fur thuo lhuit ('ollsiclt'l'('(l of cuurs« ill tho nonuallsod fnuncwork),
Iloro, for It particular value ofH. tho Ilow Iiold (It'wlop,, Irmu it 'lop-hat' prolllo al
th(· iulot »1I111!', to an invariant prolil« Hlllliri!'lItly fin' rlowustremu, I!O\\'l'VP1 .. ill
1his ruso, tho fill' downstream limit is 1101 rho simpl« Ilugou-Polsoulllo prolile, hut
rut her th(' corrospom ling limit iug parullel velnci I~' protil«, as :;110\\'11 iu Iigllt'l' iii,li,

or course tho fur-time limit <1plillps (July tlIP Iiual :-;tal(' of I lIP Ilnw. All iuilially
iuipulsivoly Hta1'tl't1 oxponentiul How will pai'ls 1hrounh a 111l1Uht'1'of int ormedi-
atp plltlh!':-; as til!' Iuflumc« of t hI' lnlot ('Oll\'('('ts nnrl dilhlSl'S downstream. II
will, however, IH' shown ill thl' followillf.!, s(·(,tiou (SI'('IiOll 1!i,.1) that til<' two
asympto( it' lhnlthu; hohavlour« - pamllt'l I ompoml dovolopuiout, as dp;wl'ih('(l in
sortiou l!i.2, nurl stondy-state uou-parnlk-l How. as t1l's('l'ii>C'ci It!'!'(· - .11'<'extremely
goo(1 upproximatlous to lllost pOl'tions (If I lu- 1\<'!H'ml1.v til'V<'lopillg pll(l'<llU'1' flow;
that is, I hC'~(I ~illlpl<'r snlutious I(W·t hor (,luho(ly most of t 11!' lluw (1('~('riJlt ion for
II(.!'. p, t) and j·(,I',I'./).

15.3.1 Method of solution

TIl<' eurrout prosontation of til!' dat.lt I'm' ~t<'lldy·:.;(atl' I'XIHlltl'ut.ially {\('{·(,l(·1'-

{tHug pip!' (111[1'1111<'('lIow is ~illlilat' 10 Ihat p,iwll ill rlmptor 1-1 IIUt! ill SP('..
tion lli.2 allow. As l)(1f01'<', til(' datu IS Pl'('S('ut('d in SIl('('ps:<i\'l' :-;t Ilt(':-l of iu-
(l'l'pl'l'tl\l ion, Hl'slllls W(l1'1' gC'n(,t'ltt(l(l lor I h<' l'Ilug(' of .u'('I'!t'ral ion pat'iUU(lt (Irs
1! C {H, 10,20, an, ,10, IiO, GO, rn}, with thr iiupulsiv« Ilow Iueltulorl as It lhultiug
\'!11tH', Tho t'l·it'vaut l'I[UlltiOUK fot' (Itt' 111'(lSl'l1t syst('tll aI''' (lo,aa) iuul (to,a,I),
whleh nro 1'pl)(,II[I'<I In-low:

us.n )

'I'ho muuorlrnl Ionnulut ion of t ht's!' ('quat iOlls was IIn'sI'1I1 I'd in ('hlljlt(·I''' 1,1.
Hohlliow< W('1'1' !!,1'11('l'lttt't! 11('1'1' "illlpl~' hy ('hoosillg .Il to haw SIW('('ssiV!' values
from t 11<'l'I111gl' rhosr-u, That which follows is it S~'i'\(«mat k 1I1'I'><I'UlilliOll of' (Iu'
I'I's1lltl'\ nhtuin«].

The rulrulat iOlls wor« illlplt'lll<'l1tl't! for (hI' <lxinl dmuain ,I' C [0.O,02j, Tit!'
t1is('l'(Itisltl iOUH tlSI'(1 10 ohtalu I hl':O;l' 1'I'sIlIIs \\'('l'I'.\' 1'10 fell' I hp nulinl Tau
(lb('t'I,( isut ion uud .U c..: 1'10for I hI' collornt ion nxinl iWp!t'UH'llf al lou, 'l'ho I illI(I

!\t'llt'ral. H(,(,t'h'rati\'t', numerirul ~,V"!t'lll wa~i dl'vt'lopl'd in Ihnl r11i1ptl'r. hut (lilly tilt'
itupulxiv« ('I\S(' \V;I' ~lIh'l'll tlll'rt',
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at III<' wall, 01' .9 _., 2[T/b = 2/b, t111l~tllI' ;;('<11('(1shape parameter is ill this (',IS(,

given hy

NI1l1UI1'irall~'. the vain!' s!'('u1(I(1 to IH' nppronching 2 unnmhigttously, Tho hip,h('st
it('('plf'ralioll iuvestigated hofore uuuu-riral iustuhilitv 0('('111'1'('<1 was U ::::non 000,
for which (hp final value of 8~. wn« 1.!)!) 72 ,

Tho asymptotic hounds of tit!' systI'Ill, ult hough primarily of amd(llllic tutor-
('St'l do allow important vorillcntion of 111('results obtaiuvd. Both limits roqulro
high procislon Ior t hpi!' nccuruto solution. COllsid('rin~ Ihp orror-funrt ion limit,
tho systom couvorgos to tho ('()l'l'I'('(. value of .c.,'~. at this point. Arcuruto rlotor-
minatiou of tIH' data uoar this point implie« that thp dl\la fill' from t his limit
is wry accurato, sluco in p;l'lll'ral a far lower order sysh'lll i;; required to solve
tho dutu ltWay from the uumorirullv 'hiAhl~' sll'(,l's('(I' limitiug point, Tho high-
!\('('plpl',ttioll hHYlIIptOI<' is of a dillorout nature ill that it is mor« vxtrapolatnrv,
Unlike till' orror-Iuuctiou limit for tht' Ilow at ('arly times, tilt' Implied limiting
valuo of 2 as 52 - ... iX' hnd no l'igOl'011S thptH'ptkal basis,

15.3 The far-time entrance flow

All huportnut lilllitilll~ {'asp fol' plpo flows near the inlet i" till' fur-time limit
- that is, Ihe Ilow thnt pPI';;ists altor all th,' 11'I\1Isi"uts have' diPll nwa~". TIll'
Iar-thuo solution for hnpulsivoly stal't<'d Ilow was ohtaiul,tl in dlaptpl' 1,1. Th(1
('I!l'1'('llf. S('('tl(lII is ('OI1<'PI'1I1\<1 with tho invariant limit of oxpououtinlly 1\('('('1<'1'-

ntillg ('lIt1'aIU'(' How, Invuriuuc« ill I his rout pxl hilS u <1il['P1'I'lltiuounlng to tluu
ill 1.11('impulsive {'IISl': whorou« the' hupnlsiv« outrnuro !low nttnlns lnvarlnue« in
the phvsicnl ro-urdinato s.vs{ (lUI", IIll' cxpouout ial flow IlPI)('lln; to 1)11const untly
dumgiug \\'11('11vlowod ill tho physknl uxinl ordinate. I!OW('\'('1', this <'llallg(' is
coutniuorl solt'ly ill 111('mllpping between tho phvsicnl uud nonunlis«! SYS!('lllS:

t)ms luvnrlauc« Iu the Ph, .meutial ('IIS(, IIH'illlS si111ply rhut thl' Ilow ill III<' nor-
umllsorl ro-onlluuto svstoui nttnlus strudv-stuto. Tho lllapping 1)(,(\\,ppn IlhYtiil'al
und uonuullsod co-unllunn- S~'st('lllS was introduced ill vltaptor 10, and its p{['l'd
ill tilt' l'OIlIt'X! of till' (,111'1'(,lIt H~'stPlll iH gi\'l'U later ill s('('lioll lii,G,

,'j('w('(1 Iroiu (II<' uonuullsed ro-unli lin 1 (' liysl oiu, t ho PXPOllPlll ial ac'('('It'l'Hliug
Ilow lH'hllVl'K ill it innuuor analogous 10 tho iinpulsiv« llUl' of ('hap(l'!' 1,[, (IXC'PJlI

for IIIP nonuul ('11'('1'11'1 of ll('('plt'l'atioll, sm-h as sH]lpl'('ssioll of hOlllldal'~' la~'(l1'
growl h, III t h(' H[pally hupulsiv«, "'1'(('., I'as(', t lu- out l'illlt'P Ilow 1'(JlIVt'lW'H loa

s!l'a(I~'·stal(' ('(lIIliglll'atio:" ill which tlu: must upstrrum stnt iou has H 'tup-lutt'

"H(;II;~lIlh;:;ti;~:k7\~1I\~t;;I~tl~;~)pillllhptwp('U tlu: (litm'nhitllllPss anti ph~'siral r o-orrlinuto
S.\'stl'lllH Clll' hupulslv« Ilows.
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Figlll'(, 15,10: The' vnriutlou of senlt,!l shape' panunetor S'~.with displr,t'l'llll'llt
thicknos« 0* / II ill pnrallel exponentially a('('pl('l'atillg pipe Ilow, for varyiug \'"II1I'S

of the I\('('!'ipratioll parameter s1: _-._ -, locus of limitiug values IlS I --. 'x' of
(0* / H, S~')i 8~'[l'rll' parallel houtnlary-lnyor limit as F _, Oi lines of coustnnt-
limn aro shown suporimposo-l.

tlt(· !\('('('j('l'alioll term {l(ii --1), l'(\su1t.illg ill this limit hl'iug <lpsc')'ilH'd by

Ii:::: I, (Vi,tl)

along w.tl; th« no-slip wall rouditlon«, 'I'ho solution to this syslNIl is simply

-._.fo 1':;::1

11·.- l lOS i' < 1 (1Ii,!!)

Hilu'l' t !tN'!' is a discoutiuuity at tIl!' wall. t ho Hlopl' t hl'rp is inllult p, IIOW('\'('l" t hI'
scalpel slinpo IllU'flllll'tl'l' ('lUI romnin hounded, sitH'!' thl' bouurlnrv hlVl'r displm'(·.
mont thidoH'SS nlso is zoro. That tho limiting valuo of ,.,'~. iH :.l run Ill' shown hy
('(lllHiclPl'ing til!' wlod!,\' pro IiIt· !Ii\'('u bv (lii,!J). The houudurv 1!1~'('r thickness
ill Ihis ('1\1'11' is h· ... 0, Titp displureuu-n: Ihid\l\('HS iH dl'lillC'clllH thut cliHtllll!'(' t lu-
boumlary must b(' dlsplnrod 10 ('OIlI]lI'IlHatl' 1'01' tit!' Ill'PH!'Il('P of Ihp wall: ill llli:<
('I\S(", h* .-. (I, 'I'll,' volocirv prolilo HltUJlI' !lilrHllll'!!'r is p,iVl'll 1Iy Iwi('{' till' slopo
ft"""""_"""""""~ '~ "-=''"'''_ ...._-..,,..,,_,_~,

"Thill m~~\Ilnplltm ill slIhjl'll tn ,1i,pu1!', 111\1b rouunvnsuruu- wilh till' uouuunrv linl' \winl:
(l<'~l'rilH'd II,\' It vortienl lluo lit lhl' Willi, TIlt' ontir« ill'f,lllllt'llt gl\'('11 hvro is ruther iuformnl, and
1\more ritlOfOllS pruof is 1l(,{·(,SSilr~.
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'I'he limit 8o*[('rl) is clearly shown on tllP Iolt-haur! Hide of this Iiguro: t iIP ot.liur
limits (J ~~ I'X») for tho varlou» values of 12 roustituto It lorus [tll(' dolt!'(l line]
ol'iginatillg al th(l hupubdvo luuit, and innviug up aIHI to til!' 11'1'1for incrensing
values of a('cd!'l'IttiOll, The IISP[lI]tH'SS of 111(1b·/ H • 8~. l'P)ll'l'Sl'llt arion is agaiu
evident ill this Ilguru, ill that it trausfonus all tlll' data into It linitn douinln,
w1l11(' (lis(,l'itninatillp; stl'OllP;')' hotwoou tlin dllloront nrrolorutiv« ('lIH!'S, Agaln, Ill!'
points dpfiuing I1H' t .". 'x· 10('111'0I'I'Plll to \)(\ approa('hing KOIIl(' Lillil!' value as tIl('
a('('('I(I1'atioll is ilH'I'PHS('(l. Leading from this inforour«, Ilows with substuntially
hi!1:hl'l' valuos of U \\'('1'(' invcstlgurod to rlodnco this limiting hrhavlour.

15.2.6 Limiting behaviour as S2 _., IX,)

A simpl« oxtonslon of til!' clatlt ill liglll'(' 15,0 waH math' by ilH'l'('i\siu!1 tIH' value of
H to vnluos of 500 OO(Jithps(' J'!'S11ltH uro shown ill Jig1U'P 15,10, Also roprodurod
ill this Iiguro 1\1'(' lim's of ronstuu] t, III or(hll' to obtain tho 1'l'HUltH for tho vorv
high IU'('(lh'l'ltliou ('asps. tho order of solution had to ho (lx('lHlp(1 from Iht' IV :c" UO
11~('(1fot' til!' l'('HUItH below 5~ c:: 100, to as hil~h us N "" 1~0 for n ""500 01l0,
Furthormoro, til!' tim!' stop t:.t of tJH' solution had to ho roduced to 10 5 (Irom
tho value of 5 x 10·,,1 used for tho lower !H'('ph'ratioll (,Ht.ll) ill Ol'dpl' to capture
tho !'xtl'(,lll!'ly short: thno ,,{'nlo boluwiour ILt tho higher !\('('pl!'rntiolls, For tho
high('Ht' uccelemtlun ('{V;(I of!i ~ (jon 000, only !II!' fillallillliting point WHH HtOl'NI.
(111('to of tho extremoly quick development li11I('K Itt· this !\('('C'lpl'lttion,

It h; d(larly evident Irom thp !ip;I1l'(' that tho lo('us of t ho final values of tho
(6* / H, 80+) pail' with im'rollsillg' s~ 1\1'(' convergent OU the point (0,2), while tIH'
li111(1 taken Ior tho svstom to reach the Inr-tlnm nsyruptot« 1J('('oUH'S rapidly
shortt'!" TIlt18 tho lillliting' hohavinur of til!' syatom !IS si _., "'X, cnn b(' illfl'l'l'!'cl to
ho tho ,qtmi!}itl. line' '~('!Jrd('l1l ('xt('udi1l{J; Irom (0, 8h'[(ll'Q) to (0, z). '1'11('bohavlour
of S WaH, !If! nutidpntod, unbounded fol' itH'l'!'uHinp; n, This lilllit.ill!~ bohuviour
IH (\VI<1(1)11, ill Ill!' dHfN'('lltiai gOWl'llillp; ('<[Ilatio!! (15,2), TIl!' hehuvlnur IIH t ~, ()
i.: <11'';('1'11>('(\h,Y tho rolutlou

( In,7)

Thi~ can 1)(' fonunlly shown by trunsfonnlug t he radial cn-nnllunto to It wall
co-onllunto HYH(l'1ll awl H('alill!~ it It!'l'Ol'(lillg to tho diHplu('l'lll!'llt thicknosa, aK
II "" (1 ~ nl?/b', By lH'ld('('ting all siunll tonns, i.e, tliuH(, c'l'lItaiuillg ('OC'llil'i!'lltH
of b'/ R ill IIIl' lhnlt its b* -. n, tho oquatiun (lli,i) results. This oquntiou,
uloug with tIlt' uo-sllp i)()\lll!lnl'~' conrlitlou» (aH glwll ill ''''('tioll la,~) cll's('l'ilm;
til!' now Iiold noxt to It Hat pluto illI1HllsiV!'I,\' stnrtvrl nwl inovlng pumllo] I()
itH plano. This problem is :-;('l!~Hitllilnl' aurl yidds tll!' orror Iuuctlon solution
[S('hHdlting (WiD)], Tho lhuitlng oquut iou ajlpli('ahh' II;; U '"'. 'X j" evon Hitnph'l'
to derive. IIp!'(' nil tonus iu oqnutiou (15,~) \1('('0111(' llPgligihl!' ill rompnrisou to
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value diminishes, Interesting to note is that for uccelorutions above Sl ~ 10, til('
value of 86< increases with time, while at a value of slightly below 10, it remains
npproximatcly constant''. Thus for the hip;h(l1' ureeleration flows til(' wall shear
stl'('SH normalised to tho boundary layer displacoineut thidwps;; itu'l'I'lISPH with
time (unliko tho impulsive case). Anothor iutorostlug a;;pp('t ;;1I0\\'u is tit!' ra(.p

of incrcnse ill Sb.r:x., with n, AH with SIX" this value H('(lllll' to not 11(' inrrensing
without hound. but rather approuehing S0111(, Iinito value ill thp high arroleration
limit, As mentioned [l1'('ViOUHiy, the highest va111(, of ~l [OJ' this Ii!'t of data
is only 70. )1' I. sufficlout to determine limitiull; bchuviour. Extended data Is,
lIOW('V(,l" presented ill the next section, ill order that this upper hounding value
he IU;('('l'utiuC'd,

It was shown in St'I't.iOll 13,2 that an optimum, hOUlHh'<I, ropresentatiou of I hI'
<lata iH ohtnined if th« scalc'(j shape 8/). <lata iH plottot] V<'t'Sl1Htil!' <Iispllu'<'lIl"nt
thickness h' [l t , III tho caH!' of impulsive flow, this Iramowork 1'('(1111'('sbot h Iimita
of' tho data (f :;.";() and f -~ (")(!) to Iinito pointa Oil 111('b* / R - S'h< plano, with
r = () ('Ol'l'(,HPOlUlillg to (0. S'~.[t'l'n) nnd { -,. 'x' to (0,25, I), Tilt' plot of t ho
current data, for all till' values of Sl cousidorod, is shown ill Iigurc 15,n,

1.6

Sa'[erf]

1.2

0.05 0,1 0.15 0,2 0,25

S'/R

FiglU'(\ 1u,D: The vnrlatlon of H('ah\<i shap!' pnramoter •.,'~<with (lispln('(lllwllt:
thkklH\SS b* / Hill purallol oxponont ially 1\('('I'!,'rat illg pip!' How. for \'al'yillf~ valuos
of the ureelerntiou pnnunotor !~:._- --, lo('us of' limitiug \'1\ltH'S as t -.... 'Xii
Sh'[Pl'!)' pnrallol boundary-lnyor hllH I\S i ". 0,

.llt Is unlil,t'ly th~ltti;;:tIl\l,rtj;·;;;l~·partirulnr I'XtHlIH'llti. I urrelerutlou \'ill remain oxuetlv
rnnstunt for tilt' outlro flow drvelupmont , as ,.'1 ('\\l'V('S show SUIlIP lulloxinnnl hehnvlour nour
flow iuceptkm, No iuvcstignttou W,IS l'ilfri!'tl nut to usrortuin which vuluo (If II wuultl'lt'll('rat('
tIl!' curve shu\Vin~ th(' mn»! coustnut bohuvinur, hill tllb is lik!'l" to ho thut Ilow whoso Iinul
valuo of S~. Is also cqunl to tho vrror-Iunctlon limit in vuluo.
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15.2.5 Scaled shape parameter

1'11<'H('n1('d shape parumotor ,Sr' iH dollnod it;; '" scaled with l'(','JlP('\ to h· / Rand
IIri Its formal dofluition is given by (1:1.62), which is l'p}lpat('d hr-low:

s~. Tll'b*.-
/llle

""'~
~ UmS. ( lii.G)
Rile'

1'11<'varh •. .on of this parameter in timo fol' dilfpl'(llll values of t he !l('(,plpl'afillll
pnramctor H, is shown ill Iignro 11).~.

Figiu« 15.~: '1'11('vnriatiou of H('ale'(1 shaJl(' pal'llIlIPlpr ".~. with thno { ill par-
1\11(11oxpnnontinlly IW('p!I'l'lttiug pipo flow, fol' varying values of tIll' tt('cdprnt.ioll
pnnunoter it

At iucoptlon, tho value of ,'·h. [or ouch value of !2 tpllds toward IIH' parallol
bouudarv lay('l' limit, uauioly Sb'[(ll'l) ,'-' 1.27:3 as delinorl hy (1:3,lil)), This il4 1111

iuiportnnt result, in thai it shows that ill til!' limit ilS {l* / R -. 0, tltt' rolutivo
('Ifpc{ of IIH' (\('('t'I('l'1\tiOll J)('('(JllI('H iUl'liAui!i('I\llt, nud t hat all tIl<' !I0WH npnroneh
tIlt' error Iunrtlou houndnrv lnyor ill :-;tt'1)('(.1I1'(I, ('OlT(lHl}(llHlill~ to tho purnllcl flow
OWl' a flat l.ta! (I inst-uitnncouslv I'llart (I( 1 f1'OIH 1'(1:;( (s('(1 sp(,! ion 1a,2), AH! imo
P"OAl'I'HS('S, til<' values for ,..,.~. for onrh U di\'(Il'g(' from thil'l \'1\1111', nnrl npprourh
th('i!' l'(lSp('ct lvo far-thno limits. For til!' impulsive ('asp (t h!' lowpst ('1Il'\'('). thu-
limit is S~")(" :;;::1 as was giYC'll ill l'('l't·iOll 1:1.2. As tli(l lH'Cpll'l'IItioll parauu+or
hH'l'pa:;('" Irom zero, tllll Iiuul valn« iuc['('asPH\ whil« Ihl' thuo tnkou to 1'('<11'11 thb
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Figw'(' 1ii.:.!:!; The variation ofwiodt.\' prom!'s ill time lor U :.!n. at the physkai
suuiou .1" co 0.02.

'I'll!' di"pla('('IlH'llt tJli('klH's~ mil II!' I'~tl':l(,tl'<i din'('1 I)' from tit!' volocirv proJi1!':;
a!JO\.'II. Tit!' vnriution of thls pnnunen-r ill time at lixerl J.I (1I'sl'l'ilH'l'I (Ill' varlatlon
that v-oukl hp S(I(11l (IXll!'l'itul'lltally at (hI' (,Ol'l'l'C;POlHlillg point, Pn'sl'lltp(1 liN'!'
iH 1,11(1I oiupornl varlut Inn of b*/ R ('(ll't'I'Hpoll<iinp; to th(1 throo "t utious ,I" :C.: n.On2.
().(Jl und !l.1l2, giwll in tilt' Pl'(lViOl1S figllt'(IH. Figlll't' 15.2,ll'1hows Ih(l vn-latiuus
fill' tilt's!' IItt!'!' stution«, Also HII()WII is tit!' fur-downxtrerun (parallel) varlarton
of diBpla('(IIllt'lIt thi('kIH'SS.

0.1

(4)0.16 r--
0.141 ~ .

0.12
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Figm(' lii.:H: 'I'll!' vurintlou of <iispln('1'1lI1'1l1 thid:H!'~S ,"IN ill tiiu« for Sl 20:
tl), 1'/ ll.Om!: (:1) •. ,./ n.m. tal. .,. (1.(12: (·1), pnrullol (.,.' v ).

II!'!'I' it b d(li\rl~' (·\'itlt'llt thut Iht' I',ll'ly jliu'allc1l 1('\'1'101'111(1111hi hl('lllimi for all
xtutions, 'I'ho Iluw l)("',in:o; 10 clt'\'ialt' ;'rolll thlH liuo, 1i1'HII~'at t.lio upstroum ~Ii\'
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Fi:~Ill\' 15.20: LilH'Hof iH(hl' ill til!' t· ,I" plano, fot' ~l cc: ZO,

wore stored fot' vuriou« tilU(lH, Fur ouch snnpshot, tilt' \'(Ilodly profll« lnfonnu-
lion was sturp(1 aH C)l(IhYHlwv ('(H'llil'i('uhl ill I' and eollorutiou values ill :", '1'!\('
collocatlou direction was Pl'oj(,(,t.!'d into tho C!lp!Jyslwv-'!\LI\ form hy tho trans-
Iormatlon (12,57), .l'(IHllltillP; ill vcloeity datu IIH It Iull twn-dimonsinunl Chebyshev
('Ot'!H<'i('llt matrlx, Tht'l'NI[t('l', it Wilt{ simplo to extrnct tho allJll'Ollt'ia(.C' wlol'ity
prolilo (ali 1\ oue-dhnonslonal vector of coolliclouts) from til!' ('01'1'('('(: .1' statiou
for ouch corrospondlug HUH' valno, 'rhiH allowed tho constructiou of 1\ Ii('t of
wlot'ity 1l1'olil!'H (OIl(' liP!: fol' each ehoKI'U stMioll ill .i") dps('l'ihill!,; th(' tomporul
varlatlon of tho Hownt It pal'tklllm' pliYHi<'al po;;it.ioll, Fnnu tit!' 1'(11;;of velocity
profile (latlt, 1\11Iurthor lnfonuntion could b(' oxnnctod.

Fol' tl\(l Hnlt(l of ('uUl'iH('IlPHS, only thl'('(' ,io' :-.taliollH aI'P1l1WWll awl tliH('lIHH(I<1 rOI' tlH'
'domonstratlon' I\('('('il'l'ntitlll of S! ~-;:;20, Th('H!' al'!': OIH' dma' to (hI' lulot plan« a I'.

:,;1:;:0 O.O()2,ouo central to tlw axial solution extent, at ,rJ <=.: (l,(lI, uud th(' Ilnul 011(1

flll'tlH'l'lll()Ht dowustroum, It I ,1,1 "'1 (),()2, Figlll'(' 10,21 1lhUWH It Ihrro-dimonsiouul
;;m'f,U'(' plot of til!' vnriatlou of tho wlul'ity 1l1'oJiJ(lH at ,I:' .z: O,()()2, figlll'l' 15,22
tli(l Hitullal' variafiou Iurthor downstroum at ,I" ,;:, (l,lli, und li!~I11'(115,2:! giWH
th!' fmthN'lUost downstroum varia tlou. Th('sl' l'PSU!IH d('al'Iy HIIOW Ih" lultinl
tltidtNlhlP; 1111(1IIII'll thillllill!~ of th(' bouudurv laYN', 'I'll!' llloHI 1l1lH(l'(lIlUl prolll«
• Iiglll'(' lti,21 • Hl!OWI: thl' Hlln1'1>('s[ 1'111\111',(11, ill bohnviom' ill limp, whil« Iurt 11!'l'
rlownstronm HIt' dllUlg('K IUP more gl'lltl!',

'I'ho Htl'i1dl1!~f('[tlm'(' nhou] Jiglll'Ps lid!. 10,22 und 15,2a is tho 1">1111'<'of tiLt'
vnriution shown, Tho flU' upstroaiu (low - liglU'(' 15,21 • :-;hOWHun i\lll'lIpt l'iUUlgI'
ill bohavknu' when Iho ('utl'ltlH'I' lluw 1'l'adw:; (Il1('il st [IHOll, It;; t('lll))()l'ni (1(1\'('1·
opmont raphUy dH\IW'H into 1\ rvvorsion townrds it t hinuor hotuulurv la~'('l', Till'
dnwustroam flow ill liPiltl'!' 15.2:(, shows nnuloaou», lmt more Inil'1lrl'ly, li'ittlU'P;l,
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Fj~llr{' 15,10: TIl(' rclntlonahlp 1)('1"1(1('11tIl(' (liUWllSiouh'ss co-ordlnato "':VSII'llIH
ami 1'11(' phvsicnl ill<iI'Pl'lI(1c'llt varluhlos,

With til!' hm~i('co-ordtunto t.ram,lilrnmtiollH (i('Jilll'(i, it iH lIOW pOHsibl1' 10 oxtnu-t
the' phYHit,ltllluitl variation at It point ill all oxponentiully i\('('l'kl'at.illg lnlot. A:;
rnoutlonod allow, Hl)('I'i1ie llN(, will he lllar\t' 1H'l'('of tIH' (arbitrarily 1'1101'('11)dutu
fot' ~l"" 20,

15.5.2 Development of the flow for ~~2::z: 20

AH moutiouod ill H(l('tioll 15.,1, tho How fur 12 ,,~,20 will ho ns('d for It sjl(l('llk
oxruuple ill illllHtrat.illg til" tmnHfol'llH·tl bohavlour of oxponontial Ilows. 'I'll!'
mug!' of iulN'PHt in tIl(' outruuco How eaHt' is, Ilt-!inoutlouod, .l' C; [0, (),()2j, U~lillg
lilt' Pl\l'alu!'ll'i<' (\t'H('riptil'ln, of K(I('tiollS lii,2 uud 1ii,a, tht' l)hyskal nPIH'lIl'IUH'!'
of th(' Howat ('(lllis[lll('('<l llH'1lHl1ring I'llntiollH ill III(' llhYHicoailmsls :1,1will Ill'
examined. For tho snlw or rigoui', tIl(' full (tplllJlorally and Klm1ially varving)
(lal'1t will hp l1H(I(1 ill this Jll'()('t'HH, hilt as boforo, it will ]>1' shown that \11'(' of
tl\(' two 1'illlplt' Ihnitillg ('aHt'H will Hlllli('!' hor«, too, ill d('s('rihilll', must of t11(1
fluid varlatlou, COIlHidl'l' 11 Irxod, equally HIHlI'!'(l, lIH'aKtlrilig Ht.lItiOlu; in :1" • th(,
diull'IlHiollIt'HH phy:-;im\ ro-ordinnto sYHI «m, For the' 11l'1'1,t'llt 1'I\1I!'.(I. thpHI' !lUIU!'H
will (H'I'lIl' ttl the· axial pmiitiolls .1,1 :Cc: {O, O.{)2, (),(),1, "'. n,lK, O,"}, At. t ::::(I,
both tho .1" and .1' cu-ordiunto H~'Ht(OlllH('Uilll'icl!'i 111('1'('1\£11'1" pal'll Ibwd pnlnt Oil
til!' ,I" onliunto will ('Ol'l'l'Kjl!)llll ('0 nn oxpouontlnllv dhniuishtru; axial posltlou ill
tllp solutioll C10Ill,\ill ,I', llI'c'ordiug 10 ('(jlInticm (15, ltl). Fill'1)'1' lii,20 :-;IIOWHwhat
lilH':, of ('OIlHI·ItUI ,1' look llk« in nil ,I" • I Irnmowork,

{THing till' iufonnuttun ('outailll'ti ill filllll'(1 lii,20 ill (OlljlllH't.ioll with thl' lull lnlct
llow Ior U ,::,20, tho physil'al variutiou of Iluirl III O}1 1'1' Iit :< Itt stali(Jllltl'.\' points ill
tIll' Jlh~'Hkltl doiuaiu r-oulrl ho i\H('(1l'tailll'(1. This \\';IS al'ill'\'pti as Iollows: tr-m-
purul 'snapshots' of till' Iluw (\(lVI')OPlU(1llt. Ior IIll' dlmil'll I ('('I'II'1'n t ion par!l1ul'll'1'
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15.5.1 A normalised co-ordinate system for the physical domain

The eqnatious (lli,lG) awl (Ui.l7) allow unfortuuutolv rompllcnto Ilw lllappiug,
in thut tho physical ,I' ordinate has dimonsiou. Of far more I1S(' would 1><,It
nonuullsod (rlimeusionless) pllYHi<'all'l'f('l'olu'(' 1'1'!l1111', from whk-h 111(1~;Jl('('iJit'H 0['
til!' How (pipe nulius, 1'(.(',) WI'I'(1 oxclnrlod. All klrnl <'andiclai!' for nonuallsing
tIl{' physical HYHt.(,1ll would \)(' tho Htf\t.(I of tIl<' Ilow at ilH'Ppli(lll; using thoso
couditions, u nurmullsod phvsicnl axhl co-ordinate it coukl he fo; iuvd, Cousidor
til!' rleflnition

(Iii IH)

whore Rr« is tho Hl'YllOl<!H nmubor at lnroptiou, Using this IIt'W llillll'llHiollh'ss
cnllnnto, (Hi,Hi) and (15,17) can 1)(1 l'('d('IillP{1 ill it 11111('11siiuplor way, Firstly,
the' mapplng (15,Hi) }>P('OllH'S, for It fixed ./',

(lii,Hl)

and, secondly tho l'!'VC'l'S(I trausfonnutlou, for fixed ,1', is

'1'11(1 ,i~tIramework is helpful ill that it ill It dhneualonloss and thus pipo p;1'(llllC't.ry

ill(\(lllPlI(\('ll\" Tho p;oVl'l'llillf, (I<[tUttiullK aro Rovuolds munber ill<!!,P(lll(\put" tluis
1\ co-onllunto Hyst<'lllllOrllHtliHl'd with l'('SPN't 10 i1)('P1>tlOlI H(lyuohlH nmnhor will
lH' unlvorsal to Ilow» with arhitrary Htnrting Roynokls 1111I\1b('1', Moroovor, tho
uonuallsod phYHiml HlICIdiuH'llSiouit'KK Ol'(lillatpH ('Oilld<l(' at {,.~~ 0, TIlt' Iotnporal
rolntlou \J<'1',wPpu 111('s('two HYKt('IlIS is (ll'lilwtll1l(ll'!'ly by Ill!' parallll'\l'k gl'()lIJl" ill

the' Ilow, whllo thoIHll'lllaliHC'll phYKkal S~'Kt(llllt il(lC'!UlKI' it iH constuut iu rehulou
to tho proper phy~ic'al varlnhles, linK u 11lIi<111(' ('!lI't'!'KPOlHII'IH'P 10 Ill!' plrysicul
flow, This wwi'lll iutcll'l'dal tonshlp is c1l'pic'tc'{1 in IiAltl'{' lli.l!),

IIp!,!,, fot' llow with It t ortulu value of S! auc! Rc', til!' lllapping (a) iH 1\ ulveu
luurtiou of 'f nlono, lIud tlmH <\OPH not couroru 11It' plpo and Ilukl gl'olll(llry
unrl j>t'()I)('l'I'.i('H. 'I'll(' Ilm\llling hotwoon tho nonunlisod 11hy:-d cnl doiuulu 1\1111
phvsieu] Kyst(llll (b) ('lllho{li('H all t h!' physicul pip!' and ukl propor: i!'s, tTKillg
this Sysl'c'lll, data van Ill' Pl'I'K(llltl'd ill a uu'Ionn anrl g<'lIN'alllllUlllt'l" whil« .Il<'
Pl'ojt'cl'ioll of (hiH datu to It purticulur Jlh~',1kal HyKtt'I'l (It pip!' with nulius li,
Ilukl wlth vi~('{):<Hy I', ctc.) romain» 1'1'111011'from till' gl'll('ral d(l~('l'i]lti()ll, A
Hxod point ill till' uonnalisod llhYHiI'nl bHHiH will ('{)l'l'!'HI)I)lHi to it Iixod pnlu! ill
tho Jlh~'si('!\l KYKi('IU (rlt'I)('lld('llt Oil till' gt'(lllll'tI'Y): thus til!' nonunlisnl jlh~'Hil'ltl
illl:-liK iK I itt' lllOKI II( uornl fl'allll'\\'ol'k Irom whkh to t\l's('l'il)(, tlio Ilh~'i'ii!'lll flnw
holuwlour.



upstream, tho point of obsrrvat ion will 1H' lu tho pnmllol l'<'Aioll of tIll'
Ilcw: thus tho tomporul development wlll prorood (,Xad Iy lit' given ill HI'('·
tiou 15,2, a('('oHliar, to tho s)('{'ili{'(l value of til!' iU'('l'\t'l'atinll pa1'a1111'I('1'
n,

(ii) A timo will aris(' 11 " 11 tlil' upstrouni 111OVillP; obsorvutiou »01111 ('0-

incides with thl' rlownstromu moving ontranco front. Till' tvrnporul llow
(1<,\'('10[1111<'111 (as. of ('olll'SC' lll('HSHt'pd from til<' physical Hf arion '/"L) will
slow as tlH' trunsitiou l'('Aiou IwtWPPll i>arnll!'\ uud eut raUI'I' How tl'it\'('l'I'H'S

th« lllt'as1Il'inr, sl at ion,

(iii) Olll'!' 111('meusurim; stutlou il' within tltt' l'tl'il(ly·~tatP (at' soon [10m 111('
dimcnsionloss co-on liuato s~'stPI1I) out ralll'(' llow, it will coutinn« to move
Ullst re IIIII , TIll' temporal dovolopmont of 111('flow ill this l'l'giou would Ill'
(HlP ill which S1l<'('ps:,iVl' volocitv prolill';; at a liXI'11,I' would ol'i[\iuatl' trom
itl('l't'USi11p;ly upstrouin stutions ill till' <liIllPll;;iolll('~s system. Thus thl' How
hero would show u r/f'!TI'(I81' ill hounrlnrv la~'l'l' thil'klH'tiS Iroin this Hult'
OU,

('(>Ilsicl('rill~~ SOUl(' l'hYHical Pl'Ol)('l'ty of Illl' flow such as rllspluromont thi('kll(,i"S,
1\ Ilxod OI>SI'I'Vl'l' would first st'P an hH'l'('aSl' ill this ([\lithtity ill thuo, <'X1H't.ly 1\1-1 ill
tho slmpl« Iur-rlowustroam flow of the fil'st soctiou, Thl'l,(,ltftl'l" th(' diHlllac'('llll'ut
thickness would start to cl('('l'!'asl' again, as tho physiral monsuromout stntkm
tmV('l'S(lS upstromu in tho diml'nsioull'ss cu-ordhuue sysh'lll, This principle was
Illustrated ill fir,lIl'(' 10,5 (lHW' 20D),

'1'11(' .tho\'(' way of' ppl'('(\iviug the r c-ortlinute mapping was ('OUI'I'l'lll'(1 with IhI'
oquivalont IlI'lliwiolll' ill th!' llillH'lIHionlC'HH hm;is of It lix('(\ jlOilll ill I Ill' physlonl
svstom, Au ultoruntlvo hut oqnallv valid porspoctivo, would hI' to ('ollsicll'l' t.}\(,

holnwlour of It Iixecl regiou ill t hI' dimonsionless hasi!' ill tho phYHil'lll H~'Stt'lll, For
lustune«, rousidor til!' llno HPgm('ut: [0, i'l' J ill I'll<' (lilll(lIlSiouil>:-K H~·"tl'lIl, If ,I'll' ,:c!

(),02, thou IhiK llno s('glll(lut would ('UI'OlUlllIHS the' dim('llSiouII'HK soluttou doumin
'p<l COl' t 11\' outruuco cnlrulatiou«, Of illtl'1'('Ht IlOW would IH' (11(' hohuviour of

,,1tH HI'gUll'lIt ill lit!' physil'1l1 hilS!:" III order t () show this, It l'l'lntioll lll'l'cis to
1)(1 (Ic'v!'lojl('cl st!ltitl!~ how It Ilxed point ill ,1' tl'llllHlatl's 10 thc' Jlhy~ic'al :-pal'l',
Sucb it rolatiun run IH' Himpl), (it'wIOlH'(1 ill it nuunu» Itllalogous to (15, Hi), Iroui
oquntiou» (15,1-1) and (l:i,lii), and is

nn.:j)

Thus It lino Hl'gllll't:. [O"I'II'J ill till' llillll'l1si{)ll!c'~::i ro-ordinut« ~~'"t('1\1 11'ltI\sllltl'H
into It liIll' Hl'gltll'ut (O"I'(I,(t)] wlis-h f',rt['llrl,~ ill lilll<'; Ihl'l'('lht'P Ihp [,p[pr('\H'I'-
lnun« truuslonnntiun is oqutvalent tn a ;;t t'l'j('hillg of! Ill' dilllC'IlHiOlIIC'HS fHlilltioll
ill thuo. If (h(' (lillll'lIsiuIIIl'sS SOI1ltioll WI'l'(' drawn OH It 1'1I11hl'1' Hltl'!'!. !ltC'l1 11lf'
1.l'lUlHflll'lllalioll would rorrospoud to stl'l'ldlilll; th« HIII'I'! oxponoutinlly down-
HIl'l'am ill I hill',
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trunsfonnatlon is

,".1'= '--,HR('
(Iii,l,!)

This rolatluu indlcutos that Ior all itl('l'!'asill~ H(lY1WldH munhor, au axial position
ill tho phYHi('ul domain l'!'lll'l'S!'llts all ilH'l'!'asillgly !lillliuishillg ordinru« ill Ill!'
dhnouslonloss liasis. What -urh a t rausfonnation means ill pl'al'fil'!' is uurlour
fro III such II short I'XplallalicHl. t IH'rl'fol'(' dis(,tlssioll of its I'lf!,(,t 011 1111'1I0w will
1)(' vouturod upon ill 1l11H'h~ll'atl'l rlotail. '1'111'(l<'S('l'iplilill will 1)(' developed ill
1\ gl'II('l'al Inshlou; }WWI'Wl'. whore Hlll'dik illnstrntiuu ii, to Ill' lIHUJt', lit!' tlall\ of
llul Pl'I'I'lllliug HI,(,thlll, II)!' t lip I'as!' H ::~ 20. will Ill' I1s('ll.

TIl<' Royuokls uumbor in tit!' exponontiul Ilows diH('lISHI'(! in('n'lIsl's oxpoueut inlly,
and its vnriatiou ill tlmc run tliu» Ill' giwu as

(1!j, 1ii)

with Reo till' illithl illlllllhliwly nttaitll'(l H(IYllOldH 11II II ih or, Equation (15.15)
affol'(hl It relation 1)(,(.W(,1'1l Rt: and fj IltiH nllows Iht, axial ro-nnlinnt« tnmsior-
iuutlon (1Ii,H) to ho V;iwu as it Iunctiou of' rhuo. Till' 1'('fl'1'('II('I' Inuuo or Al't'alt'st
importuner is tho physkul, hocauso it is ill this Inuuowork that oxporhnentul
results m't' ohsorvod, Mensurciuout of IIIl exponoutinlly I\('('('l('l'lttillg How ('XP('l'-
lmontally, is usually nuulo from It Ilxod nxlnl posltion: for instanco, :-;lll'al' stross
pl'oh('s or I~lnsor Doppler voloclmotor wlll mousure I~How at I~giV!'1I spntlul pOHi..
tion, '1'11IIH it iH hnportnut to d('j('l'lllitIP what t1l(1ohsorvatiun of tho How from IL
fix!'(l ,l~ (phYHit'lll) station will moan \\'11('11transfonuod to tho .f' (dimonslonle«)
Iraiucwork ASSllIlIt' 1hat nil nhsorver iH 1ll('t1HlIl'illg lluirl \'('iol'itit'H at II fix!'(J
IlltYSielll stutlou .f' ::;c, ,1'(1' 'I'll!' observation HIIU'!.S at f ,,~()uud coutiuuos for It
Hllill\hll' timo. tisill!,; ('qllatiolls (15.1,1) nurl (l5,Ifi), the oqulvalrnt dilll!'UHi()ul<'Kl'l
axial Htatioll will ht'

(In,Hi)

ThllH Iho dillll'lIKionll'ss axiul stu tion ('Ol'1't"'IIl)wlillf\ I0 it Iixt'd point ill llw ph~'i4i-
rul ro-nnlinnto H~'HI(,lll ii4It point 'hal moves 111'8/1'('1].111 ill tltl' ,lilll!'11Siollll'HH hasi:;
with itlt'l'l'i1:;illg tiuw, AI' luis \)t'l'll S!tIlWIl, allY t'X}hllll'ulially il('('l'lt'rnlt'rl pipp
('utl'ltllt'l' llow ('OIlHiKIH of two portIous • it ilHl'Illl('llloWIlSll'Pllm Jlow uud a HI (Indy"
HIit It' ont.nuu (' Ilow - awl I hat us t lnu: dl'\'l'Il)Jl'~, t hi' !'llll'illH'P 1'<'1\ioll illl'n'ilst'H 10
(lUt'Olllpa~~ 11l01't' uud inoro of t hI' plp«, From it phvsicul \'alltag(' puint ,I' :; ,I'" u
xiuull wav dowustromu (ut , Hay rIo';': of I hI' "lltl'illl;:" 1;~,i~\1h) I Itt' Ilnw wlll bohnv»
ill' follows.

(i) In Ih!' iuitlal HIIII',t'S, whou bolh till' lloll<Jlarall('II'('I~ioli il' short, untl th«
diull'lII.;iollit'ss ," stutiou [ao.; l"oVl'l'lll'll bv (lG,Hl)] hilS not Illll\'!'(! WI'.\' fill'
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Fip;m'p 1ri,18: TIl!' varint.iou of (liHpiat'PIll('Ilt. thirkuess h' / R wit h axial (list nIH'('
,j; ill til!' c1('\'('lopill~~('lltl'atH'(' \'PAioll of it pipp, iill' H :::c 20 awl I '" 7 x 10 :I: (1).
HtP!t<iY·H(at.(' !'lItrlUll'I' flow; (2), tompornl devoloplng (low; (:3), the Ill'tual inlet
How,
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111('systom prrdomiuuntly in til(' storuly-stutr eutraur« portion of til!' flow, thus
tho most. important baso now rosult« tt1'l' thOHt' from till' :,t(la(ly-st.all' 1'lltl'IUl('('
calculation - fOl't,nitoIlHly, tll('H(' art' also tho most lU'('lIrn«',

15.5 Mapping to the physical domain

'1'1H' (lXl)(lllt'lltially lI('('('l(ll'!Ltiug HIl'lulY-Htat(' ('111'\'1111('('Ilow« ('ollsitl{,l'(111 ahovo an"
only ronlly Hh'adY'HIlttl' ill thl' (linWllsioul<'HS Inunework, It waH shown ill chap-
11'1' 10 that It w.riablo, H('YllOldH 111111\1)(11'd('P(,ll<1(111t llHtppillll; I'xist~, 1)('1\\'('('11
Ill(' llhYHi('al varia blos 1I11(1t Il(Iil' (liuH'llsioulp!4H ('OIIll!(Il'IHll'ts, Thus 1>liysirully,
all oxponontlnl Ilow i~('OllHtalltly dl!tllgin!~, hut thiH chuuao 1'!tUho Plllil'ply (leo-
HC'l'ii>P(l by using thp varluhl« l'('f('I'(I)l('p-fmnll' transfonnutton lrom t III' physical
to tho dil1lpnsiolllC'I'IH basis, TIH' roll' of this sort iuu iK to IlpSl'l'illP tlio pf[,(,(,ts
of III(' trnusfonnntion, uml thus to inuke obvious Ill<' mulerlylun pnttoru ill til!'
HUlIN'Iie-iully compllratod 1iohuv lo \11' whou viewed Irom t 11(1physi('al domuln, To
illustruto this, thr full results 1 nn tlH' '\.1':;\.' It('('(lI<'l'atioll U "'" 20 It\'PIll'.ltill IlSp(l,

TlH' lllapping 1)(11\\'('l'1Itho p1wsic'al und noruialisorl vnrinblo» is niV(,ll by tIl<' sot
of oquutiou» (lO,'&O), The trausfonuatious 1>('1\\'1'<'11th('HP two hasps ['01' t.he axial
ru-urdinuto ,I', tho Jll'pSHIIl'(' ]I, und 111<'axial volority II it!'p all Ilevuokl« 1I11111IH'1'
t}('IH'udl'llt; of thl'Hl'1 ," is th!' onlv ill1p}lpll(I<'11t varinhl«, t.hn« it ulono nll'p('ts
111('transfonuntiou hpj \\'('('11 t ht' two solution domnins, 'I'ho axial co-ordiuat ('
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its steudy-stnt« value, tlu- ontrunro flow 1)('('01I1PS Alohallr ";[('aCI~'-:-1all', with 110

!lIO!'(' temporal dovelopmont. For this final rourlitiou, til<' Ilow resombling lIP
ontrauco rogiou hoi that within 1111' ontranr« It'IlAth of (1)(' pip!', wlill« t lit' !low
downstrwun of this h; (ll4H!'lltially pnrallel. However, ouo must hour ill mind that
tho above doslguntion of l'("riOllH is nrtifir-iul, iufununtlon in th(1 pip!' Ilow .uu ill
l'C'ality propagate· at t.h« local sp(l('cl of S0111H] (ill t!tp ('liSt' of (11<' ina! hemath nl
model at an iufinit I' rat!', rouuncnsurnto with tIl!' nssump! ion of iIH'OIllPl'PSHil ,il·
ity) and Ilu-ro is (II,,>, 110 hard iIlIN'ra(,(I, However, aiul q1litt' for: nitouslv, till'
lIow 1H'lmvps much aH if an iut(>1'fiU'P \\"(>1'P propngnt iug rlownst renin at the mo.ui
volocity".

TII(' Ilow dovolopinout is clourlv evident i .figm'p 15,1 i, TIll' subscqurut tomporul
('111'\,(,1'11 to i ('h'ar!y show the two rl'r;iOllS, III'l'(I tit!' cutraur« compoueut 1f
t ho flow l'isps from till' origin to 1I1(1l'\ tIl(' pnrnllol dowustroam (low, giWll lly
til(' horizontal portion of tho data, AH til!' time cl('wiops tit,. ('lltl'illl<'P moves
downstream, und an lucroasiunlv lurgor portion 0[' tho Cl1l'Vl'H lie 011 lhl' Ht('ad~'-
HIM(' outranco ('111'\'(1 (curve 11111111)(11'8), What is Htrildu).!; about thiH system
is that, except for a small lntonuodlat« Jlal't of the' flow, most of Ih(1 inlet III
any time can 1)(1 IH'('lll'l1tdy upproximatcd hy a comblnatlou of Illp Hlpn<IY"Htatc'
ontrnuco • ('m'V(1 number 8 ..nd parullol IC'lIljlornlly dpvdoping Ilow • II horlznnt III
Hl'ri(lS of liUC'H,

III order to illustrate the goo(1 asymptotic IlHtt('hiu).!; 10 the full (lata, tIll' ('111'\'1'

for f == i x HI":! frolll figuro 15.1i is roproducod ill figul'(' 15,1~, Also shown ill
(his Ilguro al'C' th« two lhuiring eurvos: firstly til!' H!Pllcly-stal(' ontrauco curve.
ludlcated as (1), and till' t(\jlljl()rally c1('\'('lopillf.!, parallel How result Ior t :~
7 x IO"a - ('11l'VC' 11\11111>('1' (2), Only th(1 portiou of tho full clata that, dilJrl'l< Iron
II\(' ahovo \'111'\'(1S is visiblo, 1\11(1 tltis iH denotod (3), '1'1)(1 Vhlhlily of 111(1 two
simpler lilllits iH lnuucdlately appnront hor«,

Tho major huportnuce of tlH' llllplimhility of til!' two IhllltiW~ ('HSPS ('Oll('(,l'llH 1111-
morlcal nccnracy, Fil'stl~., tho HIH\til~1solution (1) Is hulopondout or tho tornpornl
dh-wl'P(isalioll ill tho nrosont model; tllllS solutions mvarlaut to til(' machlu« 1>1'("
cision C1\n hI' attainod ill this ('a~(', SN'OlHllv, till' much shnpler tompornl model
(2), wliilo limited hy itH tonipornl schomo, il' :;0 slmpl« nnrl fns( to rulculnto
11m! 1\('('111'1\((, results ('lUI bo prot 111('(,(1shnply by \1>1'11((I Iorrc'. Fill'! lu-nuoro, us
unmod in rhnptor 13, tit(' lnuitntlnn In lU'('11l'1\('y for I his ('I\S(I Will' suhxtunr iully
I('ss th1\11 waH HIII)(ll'(jdnl1~' evident. To achieve ('lIlIi\'al(lul i\('('Ul'1U',V from 1lH' full
S~'Ht('1lI would h('('OllH' prohlhitivolv (lxjwllsiw; tlliH b IJ(>(,ftlls(I it l'ulf'(lrs Irom Ih(l
c1iHlt<lvantagPH or both til!' slmplor schomrs, nunu-ly ~1()\\,ll(,HH IlIHI til!' 111'('1'1('1\('('
of tompornl illIH'('11l'!t('Y,

A Ilunl polnt (\(lSIII'\'(':; montlon ('ll1H'(I'c'lliug t\H' Hpp!'oxilllHtiollS, nit hOUI'.1t it will
])(1 ('ovpl'('<i in 11101'(1 dotuil lutor: th(' obs('l'VPc] (lXI)l'rillH'lItal instahililY ()('('lU'S ill--~-"-----.'"-~".~-

HOIl!' is ulwnvs quirk to imUI\im' 1\ 'lump nf Iluid I'tlU\'l'rlilll\ rl!l\\,llsll'l'illll from tlw inlet,
hilt tllih nuuition is uot IH'!'I'~snril\' ('IIm'rt, 1Itl\\'I'\'I'r, th .. phvxirul lnw« gn\,l'l'Ililll\ Ilukl monon
I\il'(' u rate (It axial dillusion dIN' tn till' unxui \'"Iodl,'; thus till' illusion is rumplot«, iU1I1 1\

purl'l,\' ':'11111'1'('(("1' illt!'rfiH'" ili 1II'f('I'\WII.
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nccelerntod pip(' flow proceeds from tho incoptlou couditious to the far-limp
steady-state solution, Such It How can be represeutod all a lH'ri!'l'l of (,IU'V!'l'l. each
one reproscntlng the flow at all instant, 'I'lds rcpresentatiou allows tho 11H(' of
tho notational and doscriptivo Iramrworlc of tho previous section. TIll' simplost
manner ill which to indlento tit!' tempore-spatial dcvolopmcut of tho inlet is by
obsorving tho development of tl'" houudnrv lnvor dlsplnrcmont thirknoss, The
development of this pnrautote. 'Ith.T' i:-; show. ill Bglln' 15,17,
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Figure 15,17: Tho vnriation of dlsplnroment thickness Ii"/ R Winl axial distuuco
.r ill tho c\(1V(1I011ing C'lll,nuw(' rogiou of a pipe', for \}. ::: 20. Tho ('\ll'V('S roprosont
tho value of till' lllU'ltlllC'tt·l' at, various ti111('Il.

'I'ho Ilow dovolops Irom tho initial coudltlcn Itt t:::::. 0, with thp 'top-hut' flow
eondltion assumed overvwhoro This :-;t!\t(' (11' f 11('system is l'Plll'PS('Ilt.('d hy a
line along tho positive .l' nxls, 1'11(1 H~'Ht('lll now moves nWlIy Iroui this rurvo
all tho boundary Iny!,l' starts growing. '1'11(1Inlet boundurv courlltion, hOW('V('l"

maintain» tho 'top-lint' coi.dltlcn at t 11('illl('!: plano: tlllls th!' flow Hlart::; to show
two distinct l'Pp;inH'H. TIl(' firH!: l'('Aiou iH 11(11\1'the Inlet, awl hero tll(1 h!l111l!I-
!try lay<'l' <\('vplopl'l spat.iltll~' Irom tho ,'.<'1'0 thlrknoss Inflow cmulltiou to It value
matching t:h(' H('('Oll(\ region. Thi.. spatial variat Inn ill tIl(' How lmpllo» that this
rcglon is non-parallel in nature. Anotho», nlthougl; }l('r!mps II'KS ovklout, prop-
('l·ty of thill rogion is its st(l!\(l~'-sta[.(' bohnvioiu' - lIH rho iull,! int(ll'ii1('(1 }ll'olHtgat,(ls
dowustronm, it h~a\'(l~hohiud It vii tuullv tplllj)Oral1,v iuvnrinnt Ilow svstom, TIll'
HP('oud How \,C'giOllourompnssos tho [low l'(I~illH' that I'xtp}Hls rlownstmrun Irom
tll!' Ilrst. In this portinu of th(l pill(', thoro b no axial variutiou in till' flow. unr]
til(' HYl't'l'm dovolop« only tomporully,

TIH' ontrnnro 1'(·giou run 1)(1IIs:-<ol'i!H('ci with t hp ('OUV('C'!lou of iufonuatlon about
tho ill!"!'. in tilt' downstrcmu dinx-tiou: as tho Ilow cl('wlopH, t11(1iut<'ri'a('(' hotween
t his l'q~i()ll and t 11<'pnrn'lol OIl<' moves dowust romu at HllproxillllttC'ly t 11(1n1('[\11
wloC'ity in till' Ilow. g\'('ntl\al1~', whon tll\' fill' rlownstronm Ilow hll.' approaclu«]
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UlIlIliUNU' instnbllity is well wit hill th« rogion [n,O,021. awl ill Iart ol'l'lIpips only
about atl{, of tho onriro entrance in tho stoady (,<ISP [Abbot ,\: Moss (1!J!J.1)j, This
point Iurthor OUIIllIl('PS Ihl' us!' of th« '" / n - 86' frann-work, hl'('1tIl:;!' it properly
omphnsiso» this region of Importanro,

15.4 The limiting cases as approximations to the
proper solution

It has I>I'Pll iudiratorl uhovo rhat till' two typl'S of Ilows disc'lIsspd ill thi~ chapter
- temporally developing and stl'adr-statl' entrance - arc' lllPI'l'iy upproximntious
to til(' aetuul developing flow ill iI pilH' at allY ()\II' timo,

A heuristic description was forwarded ill chapter 10 Ior 1'.11<'behaviour of It pipc'
outranco flow started Iroin rest to soino flxed Royuokls number. Thoro it wa:;
argued that tho pll'prt of thl' pipp entrauro would ('()llWC'!' dowust rerun with
time, and this iutpd'u('P would C'fl'p(,f,jwly divkl« tho pipe into (WO sC'C'(iOllH .. on«
downstroam ill which tho Ilow romnin«! strictly parallel. and ouo at Ihe ontrnurc
ill which tlH' How dovolopod spa!inl1>' (in temporal stl'iHly-slatC') from 'lop-hat'
at tho Inlet plano 10 sonio more C'1I1'\'('t! profile at 111(\('Oll\'pc,ting iutorfaco. H-
Ims 1)('<'11 shown that illlPIIIsiwl,v stal'\.C'(1 exponont iul llows hehnv« analogollHly
to til!' Impulsive :'Wl") ,l'-c!'!c'l'alioll ('I\SP, !lH 10n[1; aK IhC' Ilow is observed from
tho viowpoint of tho dhuouslonloss vnrinblos. Thus, if tilt' abovo nssumptlon
(thnt tho SYHt(\lll can 1)(' 'l'lU'at.C'ly npproximutod by its l'Ps]lC'('livt' temporal
and apatinl limltiup; C'([HPS) i:< corroct, thou tho full temporo-sputial dovolopmout
Ior all tho ('xllou!'ntinlly IU'(·(\jpl'Ittinp; How c'ollsitll'l'P(1 run hI' pl)llally cuusldor«!
as It 'patch' between tho two simpllfled mathomntlcnl mudels solved HOlilt', ThiH
soctiou will show thnt most of till' l.'P<' How mil iudeod bl' validly (lXlll'C'SSPc\ iu
terms of t,lH' simpler modol«.

III this HPctioll, till' ussumptlou that t II<' limit iug l'IlSC'Sprovklo un ndoqunto do-
scription of tho gl'llC'l'al How is illv('stip;nl('(l, by dir('c't ('Olllparisoll of 111('(C'lllIlOl'1I1
and spatiul upproxltuutiuu» to 1\ Iull muthomatlcal model fol' Ill(' dovolopmont or
nn l'Xllollt'lltially uccolerntlng pip!' l'lllraIH'C' lit w, To illustrate this assortlon, nn
ill'hitl':\),~' Hc'\('('liOll or 111(1c'ast' for H :::; 20 WIlS mn.lo, a11(1 (h(' datu lor this C'IIHP
W(lI'C' gC'llC'rat('(1 uHinp; titt' Inll two-dhuouslouul mudol. Unlike in !'h(l illVl'Htigatioll
of tho s{l'ady-stlltC' l\'HlIll.s in section 1n,3, tho intoihn rosults b(l\.w(lC'u impulsiv«
uud stendy-stnto wC't'('l'ptailwd, Th<'sc' data WC'I'(I !V'llC'I'at('{lllt lUI Ol'C\('l' of Jf x N
of !HI x !iO, whllo I II(' timo (lisc'l'C'1isat lou wn« I nkou at ~t '-C: i x I (l ''. Whut
follows I:; t 11(1prosoutation of Ill<'s(I l'!'SU\tH at various Iituos, ill rumpurison 10 IhI'
Hilllpkl' lilllitill>~ C'lISPS,

All h()\l!~h till' diH('ll:;..,ioll unt il now luis Il'd towunls 111('IIS(, of Iho displnreiueut
thirknoss (>*/R as til!' onlinut« ill datu ropresoututlou, for Ihl' Hnkc· of phvsicn]
lllHlc'l'.-l!WHliug lIH(I will nglllllllO\\' ho uuul« of tho axial ru-ordinate ,I' (0)' Ihi~ pur-
}lOHC', 'I'h« cll'wlOPllIl'llt ill I It(' I'lltl'lllH'(1 or illl]llllsiwl,V t-itarl orl nud I'Xjl!lllC'utinJly
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Figur« 15,lG: Tho variation of scalod shnpo pnnunotor S'b' with displnrvmont
thlckuess c.*IR In tho outrauco rogiou of a pipe, for various values of t}1(' H('('I'I·
oration pnnunotor si, TIll' equivalent temporal dovolopmeut ('III'VI'S are HUIl('!'-

Imposed, and are shown dnshcd, Tho dotted line illdkat('H t ht' Ict-us of limiting
values for ,j~=: 00,

This Iignro pr('HPuts no UPW results, hut lU('anillr,fll11y 1<h()WHthe roliu.ionship
lx-twoon tho tomporul and spatial syst"llls, '1'11(' lin4 intportaut f('[\\.I11'(' of this
plot iH tho rospoctivo nsvmptoti« limit l'OHK!'liS('(\ hy onrh svstom. Th« disl.inrt
naturo of each typl' of flow iH luunodlntely appnrout ill IJtis conrpnrisou, Thls
Ilguro it-! moroly tho [,!;l'llPralisatioll of fip;Ill'l' l,1.G (par;(' a:!,1), for non-zero \'!lItH'S

of'Si; tho l'l'lull't' iH referred to the' diH('I\Hsioll (11l'1'I' fol' Cnl'tlwl' eullghtomunnt.

AH tho flow dovclops, tlul two rosult« • spatial awl tl'lllJloral - nppronrh onrh
other until th('~' IH'I'OII1l' formally kloutienl at !II(' Iiual !lI'Ylllll!01k limit, TIH'
two Sl'ts of data huvo l'l[I'('1 iwly bl'l'OUH' lndistluguixhablo, ['01' ('ad I value of ~l,
at· th« points correspoudhu; ill 111(1SI atlul data 10 ," '" 0,02, Till' spat.ial data
was ouly gl'lIl'mt('t! for .I' E [0,0,02], hnt ill nil ('(tS('S at iti4 dOWIlSlr<'Il111 limit,
tho l'l'l-Htitilll~ \'(lindly Jll'olilt'H W(,1'('virtually ideutlcnl ill slm}H' to tit!' oquivalout
tomporal proflle», \'('[o<'ity P1'oJil('s bovond tilis valu« of i for It chosen value of H
thus npPI'()xiluatl' It ono-pnramoter falllily, 'I'hls was Ih(' l'('latiousltill ill<'o1'I'(,('t\y
aH(,t'illl'(\ to till' r'u/in' pipo Ilow by lin Silm (Hl!)(l),

Whll« t he' 1'l'Aitm 0\'('1' wlih-h I Ill' tomporal and sp<\tial r(,~lIltsal'(' (liwl'g(,llt. S('('lIlS
sllhHtnlltinl iu Iiguro i5, Hi, its l'.~tl'llt ill !!'rllls of th(1 axial co-ordlunt» iii rolntivoly
illHigllilic'allt. ('omdt!l'l'illr; till' ('lISt'!!:::; 0, till' ('utl'IUll'(' lougth was ('airnlat('(1 10
ho Z(. ~ 0.22, and thus tho domain teugth ofn,(12 iu(\i,'at!'s thai 11\1'outrnue« Ilow
is (1ir:tilH't [Ill' onlv IO'/{, of I1H' formal pipo PIlI.raw'(I, !IoWI'VPl\ I ill' illHi!!;llifi(,at\!
Hi~(' of Ihis 1'(I~\inll hdi(,H ill-! huportunc«, 'I'h« at'('1l of till' pipe whk-l: cnu show
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Fil~lll'(' l!i,·l1: '1'11(' vnriatiou ollli~plil(,(,1l1(,1l1 t hidU1l'1'~1r.' / R wit It !hill' I, Ior
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Fh~lll'!' lii,·12: TIl(' varlut ion of Ilisplal'(,Il11'l1t t hidm('~:N ". / U wit It noriunlisorl
lll'tIiUllt!' .r, fill' varions whH's of 1111'llilll!'llf,i()lll('~;:; )lhy~i('lll unliuute ."'; H: ill.
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Results for S~ ,= (jO
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1<'il\\I1'(' 1'\3!J: TIll' vnrlnt ion of (IiHplm'Pllll'llt thlrkness b' / R with time i, for
various valnos of t 11(,(lilllPllHiollhosH pltYHit'nl ordinn!« .,,'; ~l ,. (i0.
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Figm'(' 15.,10: Tho variutiou of (liHpllt(,PllH" l('kll('H!-{ ". / U wit It uormurisod
ordillall' ,I', [or various vnlur« of Iho dimeusionles» ph~'Hkai orliill;dp ,I'/i 1! :.~bU.
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Fig1ll'(' l1\.aH: Tho vnrlation of displ.uvmont thkkul'l'H bO/ H with 1I(11'1IHtlisP(1
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Fig1\)'(' 11i.3ti: TIl!' varintion of (lisl'l;U·C'ltHlllt thidm!'sH h' In with tiull' f. for
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15.7 Comprehensive results

Only It Iow 1'!'lpc,tpci rosnlts wore gi\'c'll ill sC'C'tioll 1G,Ii,2 - spC'C'i1kally thr rlut a
for ~l::;: 20 • in ordor to illustrate till' l'lf('('ls of tho co-ordhuue nnnsfonnntlou,
nIH I to (lpHC'ri1)(' t 1)(1p,C'llP1'1t1naturo of til!' oxpoueudnl Ilow S:"Ktcui. This HC'd ion
1)1'(,S(,IIIHmoro [~('uC'ml l"';mlls for all III(' oxponeutiul <ll'c'('IC'l'atiou~ illVl'stigal('(l,
Irorn thc' impulsively stal'tpci c'asp to S~ C" 70, 'I'ho parauu+or lIS('(1 for I h«
prrsontntinn lu'1'(' is 111(' displnroincut thkkllC':'''. Variation of b·/ UfoI' fixC'cl
\'1\111<':;of ,,;1 is shown ill hot II III(' tvmporul :111(1spatial SC'llSC', Tlu- present at ion
11l'O(,I'C'cls from thC' impulsive c'asC' upwards 10 til!' higlH'sl value of H, It was
shown ill thl' previous HC'C'tiou that Ill!' asyuiptotk' lilllitillA C'II1'\'C'San' pl'op<'1'ly
l'C'Pl'l's('lltatiw of most of t hI' dut it; t horolor« only thrso C'lIl'VI'S nro given. III hot 11
tho temporal and spatial roproseututiou« that follow, I('U sC'IHtl'ntp uonualisod
physical statiolls ,l'~ have 1)('('11 giWll, ill Htc'pS of "\,I'~,::::0,002 in the' rall~p
0,002 ~f.i,1 :f 0,02,

Fi~III'('H 15,27 to 11iA2 In-low show the tompornl and spatial drvolopmcut of
the' How sequentially Ior ilH'l'('asill!~ vnlues (I< tIl!' urroloruf.luu lHll'iUlIl'tl'l'. TIl<'
lmpulsive datu iH also l~i\,C'll here (1i!~\1l'I'S Vi,2'l nud lli,21'). in it uuifunu munuor
to Ill!' lH'('('I<'l,!tliug ('as!'s, Duo to the' filet thal ill Ill!' hnpulsivo ('al'(', t 11('lUilppil1g
from t ho physi('al axial i,osition to the diuieusionlrss ordiuutv is consu.ut, Ihe
outrnur« How is ~\i\'('ll by horizontnl lines ill li~\lt'p 11i.27, III tho (asl' of th«
HPllt iul roprosout at ion (Ilguro 1;;,21'i). the pari,\' pnrallol Ilow dcvolopuu ut III t 11('
rospoct lvo axial staelous is shown as it S(·t of vortlcal liuos, III this cnso 111<'How
Itt. Imy ('hOH('U phy~i<'al Hlatiou romnin» illVm'll1ll1' (I1IC'('tompornl dovelopmout haH
C'(\HS(Ic\.and it iH {(ll' this reason I hat III(' stoudy-stnto curv« 011 this p;rapil is shown
IlS it dotted line. For Ihp l'(llUailliug lu'c·('I(,l'at.inJ.r Ilows, th(· flow dovolopmon!
11l'O('p('cls ill til!' samo way ilS doscnbod in soctlou lIi.(i above, As till' ,llll\'
of thr lv'('C'I(,l'atioll pammotrr ill(T(·IlHC'S. t lIP ('UI rn 11('1' How liues on I ho 1"111]10,'1\1

fC'Pl'Pl-iPlltllt.iOll (figul'e's 15,2D. is.ai, is.sa. I5,a;;. 15.:17. IG,:lO audI5..!I) ilH'l'PllSC'
ill slope. III I\('C'Ol'ClIlIU'(' wlt It (his, t lIP lilH'S of Iompornl dovelopmeut ou I he'
sputlul data (ligm'PH 11i,:ln, lli,:l2, 15.a,1. lli,:3!i, lli.3H, l1i.,l0 1\11<1lii,·12) move
Iroin It vorticnl ol'iPlltatioll lind herotuo ill<'l'C'Olsilll"ly ('11l'\'(Ic! liS I hI' 1\('('I'Ic'l'lll ion
ilu'l'('uS('s, 'flU's\' datn follow holow.
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physien! axial measurement station, a continuous rnugo of dimousionless axial
stations to Ill' traversed. This is ill strong contrust to impulsive flow, wl1('1'P

tho physicnl and nonnalised ordinates remain ill Iixod corrosponde ..iro. Thus
expouentlal flows, if indeed pOSSI'Hsillg tho predicted behaviour, would bo hi
sPPlllillg eontrudictiou, It far hotter framework ill which to study ccouomicnlly
tho stondy-stat« dovelopiuont of It flow. III tho chnpter on tho stahilit.y of t1H'Sl'
flows, a further strong nrgumeut will \1(> Iorwarded as to why thpsl' Ilows atl'

much bettor to studv than ostensibly simpl« steady Impulsive flows,

It hils b('('11 shown previously that tho asvmp 'otic spatial and temporal solu-
tions describe substantially tho data, with only a small transition region not
concurrent with oithor of tlWH(I C'\Il'V('S. Figuro 15.20 shows ngnin the data of
Ilguro 15.:W, but hero with tho asymptotic ('II1'V('I<l SllI)('I'i111jlO);(,(1. The dO~(I
matching of tho data at all points except It small trnusitiou 'HIl('I' illdkatl'H that
til(' asymptotic curvos alone ('lUI 1)(' SllC('.('SHfnlly 1I14('clto give tho variation of
parmuoters ill almost all of tho pip<' entrance.
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X

Figul'c 15,20: Tho nctual vatlatiou, for si ::;:20, of d:Hplac('Ull'llt thlckne:« hOI R
in ,i' (nRgiveu ill tho prrwinu« flguro), conipar«! to datn nccording to the parallel-
temporal and st(\ady-st!tt(l sjlat.iallilllits of the' system: (1), (2), (3), parallel ('IlI-

porn) flow. corresponding to :e 0:': 0.002, :i" ::.0 (J.Ol, and :i" :::: 0,02 rosp (1('(.i\'('ly i
(,1), s\Pltdy-stn.tl' outrauco How,

0,005 0.015 0,02.

This soction has shown 11 moans wlH'l'phy oxpcrlmont ally monsur«! <latil from n
Iixcd physical position ill all oxpoucutlally lll'('(ll('mtillp; plp« flow can ho coin-
pared clil'P('tly to tho two nsymptotl« thooroticul cl,tta - tlm( fol' pI\1'I\11(11tempo-
rally (\<'v(llopiup; How, and that for tho Ht<'lHly entraneo sYHtrlll, TIl(' Iollowiug
S('('(ioll H~'Ht('l1latknlly Pl'OSOllts tho <laIn ill this way for all the 1U'('('IC'l'Itt.iollH

ronsldorcd.
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physical measuring station within tho pipe, t.11(· timp ordinate l'('lat('s to 1.11<'
~1illl('nRiollJpRSaxial ordinate .j' according to equation (15.19). Thus the (T, i; it)
data above can 1)(' transformed diroctly into tho (x, i', it) framework yilt this
relation, In this case, iucrcnsiug values of the time ordinate r will correspond
to dC(!Il!a8in!J values of tho nonualisod axial ordinate :,'. Since th(' Iar-time
portions of Iiguros 15.21, 15.22 and 1ii.23 W(I1'(1 ohtulued by transforming from 111<'
iuvnriaut ontrauc« solution in t11(1 first place, the reverse pro('pss - via equation
(15.19) - will simply recover tho invariant entrance solution for this portion of tile'
Ilow. In this case, data Iroin (tifl 1'('111. [physical} axial positions ill tho pipe for the
fur-time thinning portion of the !low will align ('Xlwtly to tho stC'!uly outrance
solution, while the early-time 1>I11'all('1data from each axial posltlon will be
lI11irlUC, The 1>(,8t wny to illustruto this principle is again to consider the varintion
of the displnccment thickucss 0'/ R for tho flow for 0 = 20, Figuro 15.2ii shows
tho t111'('('curves of figure 15.24 t,l'!tllH[,ll'lllOd ill thiH way. AIHo shown ill this
figure is the stcady-stnto pipe entranc« variation of b* / R ill .I...
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Figure 15.25: The shnuluted vnrlation of experimontnlly 'monsurrrl' displae«
mont thickness o·/R with nonuallsod axial station :r for fi =:: 20, corrospnnding
to throe dhuenslouloss physical positions; (1), .r~'= 0.002; (2), .1" ..::: (Ull: (3),
:e = 0,02: (1). stcadv-stato ontrance How,

1Il'1'(\\ tho hypotheticnl exporimontul datu line up oxactly with tho invariant
spatial solution Ior larA(' times, while tho short-timo data - which r"ll onto It
singlo line ill tho temporal Irumowork - truce unique curves. OU('; ,,~h axial
station, Notable hero ill that t.he directinu of itH'l'pasing , no ou t ui, dgurc is
from right to left.

Thus lunnodlutoly thoro is a mochanisin for comparlng oxperhuoutal <lata rlindl1J
to till' nsymptoti« results (pnrallel temporal and s{(ladY-Htat.(l spatial) ill such It

way that almost. all of tho oxporlmental datn, rogardloss of point of origin ill tho
pipe, will (if nccurato) align to two unique lines, This brings to ligh] It subtle
point rcgardiug exponoutiullv p('('C'lpl'1ttpd flows. Thos« flows allow, for It sillgl~
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tiou, and then later further downstream. The results for tlH' HpC'<'ific :H·C'C'lprat.ioll
{2 ee 20 have \)('('11 used for illustration only, and till' mor« 1""11('1'<11 n-sults (for
all tho values of acceleration parametor IISP!l) nro l'l'!'~i('llt{'d III a later snctlon.
Before proceeding to the more general results, ,\ diver-ion will \)(' made ill 01'-
der to explain another complimontnry method of prosoutuu; t h« datu, ill it form
tlutt will he useful for presentation of, anrl comparison wit li, t Ilt' oxporhnentullv
measured flow results in part IV.

15.6 Physical framework for comparison to cxperi-
ment

Tho most natural framework of presentatiou for 1.111'1111111(,1'i('1\1data it> 1.11<'nor-
rnalised dimensionless co-ordinate ;;:'ddll, whore t lit' solutions art' invariant in
the fur-time limit, with both their domain and rango rcmainlng bounded, Exper-
[mentally measured datil 011 the' other hand is uaturally monsurod in the physicnl
co-ordinate system; thus in order to compare thC'ol'Y to exporhnent, 01l(' of til!'
~wt.sof results must be tmnsfonned into tho system of' tho other, In tho P1'!'-
vlous section, the numerical results in tho norm: ed r o-ordinato system wero
transformed into the physicnl framework, aile! tue resnltant data reprosor, ,'<1
the tl.corotically predicted variation of parainetors (displacement thickness, vo-
Indty pl'.'lfilml) ill time, at, fixed physical positions ill tho pipe, This section iH
concerned with tile l'(,Vl'1'HC process; the transfnrmatiou of the exporhnontal datn
towards til( nomiallsed system.

Experimentally measured data were givt'll ill part II of this work, uud wore ]>1'('-
sonted as !1 8(,1'i08 of velocity profiles developing in tlmo at a Iixod physical axial
station, As such, tile exporimental datr, WPl'(, presented aH tlll·<,(;:ililli(:U:~iollal
surface plots in the (f, P, fl) co-ordiuatc system, and Wl'1'(, shullnr in Iunu to tho
numerical data shown in figures 15.21, 15,22 aud 15,23 above, TIll' parly Ii 111<' ,
parallel development of the above throe ilgur('t'! was Idcnttcnl at any axial stu-
tion: velocity profile parameters, H\1('11 as tho displacoment thiclm('~s or shape
parameter, followed a siuglo CUl'VO for this portion of tho flow, Fign1'o 15.24
showed that this was so for tho displacement t.hicknl1HH. TIH' univorsnl ('tU'Y<' was
doscrlbed cxltctly by the simpliflod parallel flow development iuo-lol as glvou ill
scctlou 15,2. This universal uligmnent for early times, is an ideal frmucwotk
for vorification of data, However, 011('(' t.IH' outrauco ('If<'ets IHlVO passed, and
the boundary hWP1' thickness is decreasing in HUll', each ('\U'W from F distim ,
axial station assumes itt'! own identity ill flguro 15,2·1. Due to thi:;, roiuparlson
of tlH'ol'Y to oxporimeut Ior tho later portion of tlie flow 1'<'l[llil'('s that tllp (IX-
perimental data from onch axial llH'IlHUrillg stntion \w compared to a HPpnl'atp
theorotirnl curve,

Thorn Is, however. a method of trlu1F1' -iug tho mcusurorl data such that 1'l1<'
Iar-timo portion of the ('\tl'VC'Hwill align .0 It Hingle {'1Il'VC' , That this it-; possible,
ill nuuiifest ill tho axlal co-onllnnte trausfonuntion (15.1;1) itself, For any ii,reel
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Straightforward suhstitntlou of (w.n) into (1<i.:.!) and subsoqur-nt r('al"'(,l'~V'Ill(,llt
of til!' t<'1'U1H l't'slIits ill th« following nou-slngular ('(Illation:

(II ~ (') [(J tI~ I'~]':'1 [I'll] '.". (W,O)

l'

CJ ,.~....

'I'

D

1'2])1 'I' Ol']):l "" a/)2 '" (:1/1')1):

/,2 ])2 + :!,.J)i

/,'011)2" I'D; (lli, i)
cl

DI1(I to tho fad that 111<'('('lltl'('lhl" ('(lllstraiuts art' ituj)lkH in (!(j,(ll. oulv Ihl'
wall eouditions 111'(' l't'it'vl\uti tit!',,!' romalu 11lIdwllgt'd Iroiu (1(;':'1) aud 1I1'!'

(/;(1) ()

(~p(l) h .... ,1

( 10,:-:)

Equutlon (lG,(i), tho OIlN'atOl'H (1(j,7) aud th(' bouiulurv ('owliliuw, (10,1',) Ill'lhw
It uon-alngulnr, (1;('11(11'1\1!'ip;(lllvallw problem for 011' :'t"hility of gt'lll'mi "Plodt,\'
1l1'oJi1(1sill pilH' Ilow: litis is It f),t'll(II'ltl complex ciiJfPl'olltial !'igt'llvahlt, IWs1('llI of
the' Iorm

:F(n.(',HI'):::::: n, ( l(i.!l)

w1I('1'1' He' is rrnl mul positiv«, uurl both n H1HI (' 1t1'(' gt'll(,l'nlly complex, AH
HIH'h, ('ith('!' n 01' (' ('IUt ho tit!Wll Hfl tl\(' (lig(luVllh1<' aiul till' othor (;tlollg wit.h
He) as It pununotor, Tho system (Hi,!}) ('allIIn! 1)(1solvod !V'lI('l'IlllVi ')11(1 11l1lHt
llHllIllly 1'('stl'ic'1 HI'! IIS(' to a silllpl('r situatlon b~' l'(,Hl)t,(,tiwb' Ht'ttillg ('illtl'1' It

Ol' t' to a (l'(lal) Ilxod \,111111', aud tl'(lntillg thl' otIH'l' pal'lUlll't('l' IIH III(' (('oUlph'xl
t']utl'a(~t(ll'IHtk valuo ill till' ('<11t1lIIon, Whitt t h('s(' l'(,Htl'kt lons iuoun ph~'sit'ltll,v
ar(' (li,WlltlHI'lllll tho f()llowilll~ ~! dioll,

16.3 Types of linear instability

'I'll!' stahility oquatlon (Hi,!)) allow run us montinuod 11('uscd rn iU\'(Istigltt(l sop-
amldy two dilli'l'l'ut llHlllpH of Htahility, t!tI'HI' uiorlos ('lit'll gi\'il1g tlll' tt'llljHH'nl
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1
,":',f!( 0) ~" rnnst,
"
~'ild(l) .._ .. ('1111,,1,
I'

,i,( 1) Il, ph,a)

<.\(1) o,

wlH'1'1' t he snhsrript iudirntos dHi'('l'l'lItiatillll \\il h 1'('sl)('('( I () 1', TIll' 1\\,11 ('IIIHli·
HOlls at r ,,~ () aro !nulit ioually taken to 1)('Z(,I'() at this pnint , whl'l'l'i1li Ih('~' IH'('(I
only 1)(' holtlHll'd at 111\'(,l'lIll'(,Ii,

Tho rall~." or tho lndepondcnt vnriuhle i:-; tnkon as 111'['01'1'as I.l,jlll\ I' r [0,1]
(tho radial co-ordiuut« s('all'<1 with 1'1'''1)('('1 to tho radius R). 111111It i:-; the axial
Vl'1()cil,V of t he hasp Ilow, 1'<1'111('<1wit h l'<'sp('(" to 1Itt' inonu ('1'0' :-;·:,('('1 lonul voloritv
U.
'I'll!' coutrollne hO\11HIt\r~' ('lllHlitioIlS assN'l that th(' Iuuctlou HIHI ln. Iirst tll'ri\'a
li\'(' IIlIISI npprourh ~I'r() at It rat(' ~1'('atl'l' thuu 1/1', Whut this iI11111i1':'Ii))' III('
Iuuction itspU' can 1)('dodurod hy thll shnplo llpplimtioll or L'Ilopitnl's rule til

l'III'SI' twn ('OllllitiOlIS, 'l'hiH l'l'S\llt~ ill

(Hi.,l)

. ",,,(tl11111-~~
i' ,(I r

ThiH shows thnl, hoth ,MO) nIH! '/',,«()) 111\11'1 Ill' ~1'l'O, whllo 1/'i'I,(Il) 111'(1(114only hI'
buumlorl ut I' ::;;n.
Tho llW!41 st l'ail\htlilI'WHt'I\ way or (In:-l1ll'il1~~Sill!lh""aItll'(lu(lSH is hy iutt'odlll'i1l1\
t 11(' 11(IW(!"pI'IU1t'l1t varinblo

(lIUi)

'1'11(1uuuslcnuatiuu (lIUi), when Hllh:;titlltt'(\ intn till' limits (hi.,1) will auto-
IlHttkall~' Hat i,,[~'1h!' boun: 1,.(lUI'i'iH 1'l'i t orion, uurl t IIIIS will aut 111lllltimlly (lIlK11l'(I
a smooth Iunr+lou al Ih(' ('(Ill!!'!' l'oint. '1'111' Wily Iorward uow is to I'l'flll'lllulat('
(10.2) ill \('l'lllS of ';', tllllli 1l1'00\lldlll\ IL1\11\'('l'llilll', oquutfnu that iH smooth ill all
its t\prh'atiVl's !'\,('I'ywlwl'(' ill 1'.

"Thifi lI'OWtlb('(l\'('fI't11,y uuun-rival vxporiuu-ntutum. 'l"llml!~ (Ill' Willi t1'·riv.lliws til hI' ll'ro,
I.{" ti\kil\l~ ~~(O) : ':', (0) 1,'1" (OJ:, 1I. lII'n~'IlI'{'HiI'll till' pruhlom uiul (,1I11i\Jl~1'11 Ihl' rill I' IIr
l'tlll\'I'rlll'lln' tn .111\I'hmil',
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H('riPS rr-prrsontatiou of soino 8111(}()fh function J'( !') ill [-1.1] ('1111 1)(' p;iWll as

'x!

i(,I') ceo 2: IIk':'b
k.' iX'

(lG.1)

whor« f/lA-{'!') Co": ,.Ik,r, k E [<.,.._, :""'J m'l' till' FOHl'it'l' fml('linll14 lll'llml\llllal on Ihl'

mUA!' [~·1.11, If the Iunctkm f to IH' l'P!ll'PI'!'Ut!,t! is smooth, UH'1l Ih!' ",'tit
('(wIlkiN I! Ilk 11<'('a:;;; at a ratl' 1\l'!'illl'r t hun allY invors« POW('l' ill k, 'I'hus,
OIH'(\ HllfIki('lH ('OPflil'il'lltH a!'!' present to 1'('I>I'('s(,111tIl<' !':i~l'lltial ii'al1U'('s of 1111'
Inuction, only it fl'w mor« 111'1'(1Il(' l'!'tailIP(l ill order that til!' 11'I1I1('all'd s(,l'i('s Ill'
all (,X('('l'tiillgly il('('IIl'llt<' upproxhuution of til(' Iunctiou.

If. however, thl' Iunetiou ('()ll:.aills it dhwolltiullity ill tlip !'1\lW', 1'01' instnuro it

Htpl> d('('l'I'(IHl', thou tho F01U'il'l' :-iN'ips (lU.1) 1H'1ll' t his point. will uot ('Oll\'I'l'gt'

rnpkllv at all, 1>1\1 ratlwl' will suller Irmu tlu' woll-knowu Willi" phouomcunu
whoroby llt(l solutiou ('01\\'I'l'I~(lS only algphrakally ill nu mwillalol'Y fashlon a~
tIl(' discoutlnuun» point is nPlll'mu'h('(1. It i" till!' to this pheuomeuou that 11

Hl)('('tral S!')l('lll!' will show puor ;H'('Hl'iH'~' ill such a systl'lll, Cauuto d III (I !1i'S)
rout nlns I~ rolovant (IiS('llSKioll of th(' (Hllhs phouomonon.

Tho l>l'('S('1H't' of otht'l' typ!':, oi' (lil'colltitmity will havo It shuilur I'Ili'!'!, III t:lH'
prosont SYHtl'lll I'll!' ('l'l1t1'1' poillt is it l'(I!loulltl' siugnlat'ity, with t.ho Iuuetion aurl
lirst dorivativo Iwillg uudcllnod horo, 'I'hua th!' Iuuctiou is non-unique at this
polut. Ulli(IIl(\Il('SS is ('lIfol'(,t'd hy tll(' impositioll of' hu1tlHll\r~' couditious, hut
(hrit' upplirnt ion is not 'st ['(lug' ouounh to ('UHU!'(' !<!lll()othul'ss Ill'ojwl'b', It iH

Ior this rN1HOlI that tho currout SYHtPlll 1l('('(iH tu 11(' (wal.l/timlly tl'lIlIsfOl'lll<'ti
snrh that this l'il1r~1l1arpoillt i" ('uth'l'ly ubsout Irum tho nuulvtlr Ienunlutiou, A
HPP('tl'1I1 solutiou to till' untmusfonn«! (Hillgl1lar) problem would b« !'xP(I(,tl'd ttl
('Il\lV('t'g(' tn til!' ('m'rl'(·t l\lIHW('l', hut I\\. 11.11I\l~\(\hl"\it' 1'1\('; w\l\'t\'aH 1\ tl',\uHfm'uwIl
(uuu-sinnular) prohlom would <'xhihit N}lI'rtl'al ('Oll\'('l'l\(')l('l',

16.2.2 Removal of the singulm-ity

TIll' gt'II(Imlll11stl'!llly stahility ('ql\l\tioll i~giWH h~' (10,0;'), which, 1(>1'('OIlY!'-
uiouco iH l'('}ll'o(hH'('(IIH'low:

(lG,2)

with \lw oporatur L dl'[itll'd m, I. :::/)2 '0' ~:n, n .1.: Tlit' hlllllll\;\l'y ('oIHlitlo\lH
I\t lh(' ('Plltl'l'lill!' ott!' gil'l'll Ill" (lO.[i(i), or



thou It trausit.iou studv would 111\\'(1to U:-;(' liS initial (listmhalH'p lil!' illlof~('tllC'l'
more eumplicanxl non-parnllel t lU'oI'Y: ill fact In such it ('as(' it \\'mtlllll1'olmhly II('
mlvitntalv'ollH to sluinlat» tho t'lltir(' prO('(,SH dir('c't lv, Whl'r(' nou-pnrallel ('fI{'('I:;
nrr absent, Ill(' liuour thoorv }lr('(lkts ('xal'tlr tlH' point at which suiull disrur-
bnncos will grow; thus lluonr lnstuhilitv is a u('('p~sm'~' ronditinn Ior trunxltinn
ill such t'il'('Il111slalH'('H, 'I'll!' rerout pappr by II('rlH'l't (l!li'\1'\) S('I'Vl'S as n gout!
suunuurv of till' current Htat(' of thollght ('OIl('l'l'llilll~ 1'i('('olHlan' illslabilily awl
Ilu- truusltion proress.

16.2 Analytical formulation of tho unsteady Sexl
equation

III order that tlH' :-;tahilit~, boluwiour of Il11HII'llIl~' pipl' [low Ill' (\Pll'l'lllill('(t, (h('
llllSI('illiy Sl'xl oquuriou (10,iii!) llI'l'li:; to II(' Ionnulatod ill it uuuiuer I hat is
nllH'uahh' 10 solutlon ushu; thl' npvrntioual-Tau llll'thlldolog,,', Solution of diller-
(liltial ('ig('n\'aitH' P1'Ohlt'IllK USillP, this mot horl WilS shown to ]1(' till'ainht forward
ill I,pcl ion 13,1; however, thl' Ill'I'i,PHI problem h~uot a:-;r;itllJlit' llIilllll'lll1\t lcnllv ,
tho 01'l'-SOllllll('l'fl'ltl rolutlon, dill' to till' 11l'I'Sllll'l' (If iL sillgllll.t'it~' ill 1111'SOllll inn
dmnniu at t hI' ori~ill, Thin 1'1'('1ion iH lal',V'l~' l'OIl('I'l'll('<1 wit h Ihe 1'('1110\'(11 of 1hi~
singulari!.\', 1'1'slIitiug ill It nuuu-rirnl lonuulatlon that nllow« {WI'matt' solntlou of
t ho III1HtI'ndy Soxl prohloru.

16,2,1 A singularity as a hindrance to spectral accuracy

Sillllllt' IiUitl'·dilfl'l'<'Il('(\ H('Ill'IlH's aro usuullv insousitiv« 10 auulvt it' 111'(1)('1'1 it,S IIf
t Itl' solution SPllI'('; for illSlmll'l' it Iillill'.(lilfl\l'I\IIl'(' SdIl'IIH' (',III 11(1NlIl'('('},sfully
11:-;<,<1to modol :;IIll!'!, ph"l!(JIIH'IH\. 1'\'1'11 t hough ill 1I'l'IllH uf IhI' mnt hl'lllal icul
d('H('dpliou, it shock iut('l' .,'(' is u l\ir;('olltillnil,\', <Hnhalnilllal~'1 irul lIll'l hod:{hudl
liS till' oporntloual-Tnu nu-t hod Oil t ho !lOll'!' luuul all('llljlt 10 I'Pjll'PS('1l1 IIIl'
<'llth'll solutinu lu n SPill'!' WllN'I' tIll' Iuuctlon uiul till il~ ()I'l'i\'<lliws 11)'('siuouth,
Whl'I'I' rho 1l1l(lt\1'IyilW, Iunrtiou is smooth, I'lli'll 1lll'lho(ls uttuin iulillil("()l'Iit'l'
,t('I'tU'Il('~'; hOW(,\'I'l' ill thl' 111'(';<1'111'1'of u sh!l-\llllll' or dis('(llllitlllllllS point ill till'
sointiOlI domnin, ('()IlVl'I'I~(,lH'l' ral('s ('ollaJltil' 10 altwhmk. uiul IhI' 1\('('lIl'aI'Y 01'
solutluu h~ nil hot tor (and ill most ('H~~'S far W01'SI') than all 1'(jlli\'nil'llt liuitl'.
dill'l'l'('III'I' :-;dll'llll'. 'I'h« morhuuisui 1'01' IhI' l'llllallsl' of t hI' ('Oll\'('ll\l'lH'P nuo t 0
a!l-\l'l!rak run hI' illustruuxl hy IlllltlolU' III !It(' FOIll'iI'l' l'iySII'1I1\ Till' FOlll'iPl'

'=~!\Xll:1TolllI' ~~I~~~:;l~:~l~I7;I:t~h7,';lk~;;~P~("I'1l1 un uuknowu fUlll'lill1l Il~ it ,pripi' ('XllilllNillll in II
sultubl« nrlhllr;Ullil! hm.i~, 'I'll!' hehuvinur of Mll'h iol'l'h'~' uro illllllol\UIIS tu IIII' FllmlPr N~'~I(,lIl
ill lllllt tho llIUl\lIitlldl' of thl' hi,\h(')'.nnh'r rOl'lIidl'llts deruv III n ruto I\rt'illl'l' thun uuv IlUWI'l'
of (In!r'r [('i\1I11111I't nl (ll)SRl]. urul din'('1 cnmpurlsun !'IIH Ill' drawn 11l't\\'PI'1l it Fourier li\'i,11'1ll
uml for iWilalll'(1 th,' ('IH'h~'N!II'\, I'XIHl11sioll,
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has boou 111.\(11' 10 Incorporate uon-pnrnllel ('[rl'l,t~ i1110 till' analysis of t hr- pipI'

1'11Il'alU'p Ilow. Ilowevor !lIn oquivulour« of Ihl' Ilow nvnr tlu- inlot to Ihl' llat-
plat I' lioundurv laYN' allows IIII' U~(' of rosnlt« nhtuined for 1hal ~~'stl'l11 to 1)('
applk«] to 1hI' }lilli' iulot, III I I" "l)lIll'xl of t lu- Blasius houndnrv laver, Ill!'
aJlJllknhility of uon-parullel I' ,1,iIit ha~ ln-eu rontroverslul. ('I'rtaill authurx
!Boathit'I' (l!Ji2, Hlia), T.('vdll Ill" ,\ S(llo\'~',,\' (Wi,I), Sarii' ,\, :'\a:\'[l'h (l!li;,)]
haw i\('hit'\'I'tll'l'snlls nsill)~ uou-pnrallol i\pprIH\I'!lt':-i 111i\1<\J.\I'I'(, :-i'lhs\i\lltiall;.' wit It
III(' avnilabl« oxperimoutul data of Sl'iillbanl'1' k :-;lmllllstml (Wli) uud Ho:-;s r!
ILL (l!Iill) (and Ilu'l'l'fol'!' show Illlll'gl' rloviat lnn Irmn till' I'I's1l1ls of pnrullel IIt!'-
Ill)'): hOWI'\,('I' ol ln-r authors [Uil1T~' ,,\-Ho;s (l!lirj. Ua:;!', (Wi,!)] gav{' results
whore till' inrlusiou of uou-parnlk-l (,[['I'rts ]P(l III :,,' 10 a; mall J'(·dnl'lioll ill Ihl'
mluiuuuu rrit leal HI'YUllhl1'l umuhor.

Fortunutolv sOUIl' light has lat{'I~' 111'1'11 hronr,hl 10 III'ill' Oil !hI' suhjert. III it

1'('('(1111 papPI' h~' Fas!'l k Kouzohnuun (1!l!JO), jl was ~;IIIlWIl hy din-rr 1lI11111'ri-

cnl shuulatlon ill Ihl' ('OIl!I'XI of a Ilar-phu« hcundury laver, t.hat non-paralh-'
I'lfl'I'11'I 1\('('OIlIl! Ior only a small pnrt of tho <lifIi'I'('III'I' 1)('1\\'1'1'11 IlH' I'XP('ri1ll('u-
11I11'('KlIltlllUlIl t:I" III Iii fiI'd parullol allalysis, Notuhly liII'S(' authon .. vindlcat«
i'lli' cousorvativ« tl'llIb'!dl'l of (;asll'l' (l!li,1), who hy IIII'ilIIS of lUI IlSYlllptolic'
1111'1hod Il('hi('\'pd l'l':mlls romurkablv dos!' to their dat II, Furt ln-nnon-, Faspl
". Kouzoluinnu llil'l'l'('llit IhI' 1'l'Hllits of aut hol's :mdl as HOIIIhie'!' (l!l;~, l!Ii:J).
B()lltilil'l' ildti('\'!'d roiunrkahl« ilAl'l'{'1Il!'1l1 111'1\\'1'1'11hb non-purnllol nnulysis Ill'
tIll' Hat plnto s,\'sll'lll awl 1111' oxporimoutullv obsorvod trunsitiou values: how-
1'\'('1' FIU;"I k Kunzolmnuu hnve HIWWl1 I hil< IlAl'l'('IIl('l11 to Ill' Ionultous, lH'I'aIlSI'
of Bout hirr's 111'(' of ph~'Hkal1~' lueonsistent nssumptlon« when compurinn hls
t hl'ol'Y to oxporhnout. FlIlwl,v Knnzeluuum rouelud« tluu t hI' di!->('l'I'Pi\llI'iI'H hp-
tW(,1'1l I h('or,\' aud oxporhncnt !',UUHlt 111'11('('0111111'(1for h~' non-parallel I'm'cls,
alltl Hngfwsl that IH\\'I'l'SI' Ill'I':;SIll'I' grnllil'lll:., f;olll'(,I,-!\btmhnlll'l' (,Illlpllllgl, )1'

uou-lluour 1'[1'1'I'ts Illa~' 1)(' I Ill' actual cnlprits,

III ;!I'I'lillll H"I.U, HIli I ill Ahllol ,,- !>.Io:;s (lOU,I), it \\'as hhO\\'ll that Ihl' Ilow
dosl' to tIll' }lilli' iulot pluu« upproarlnxl Ihe stl'tlf'1 1\1'1' of t hI' lla I plait' honnrlnrv
lay(II" TIll' pnrallol l'l'it<'l'ioll {dl'lilll'll ill both tit!' ahuv« uioutlounl SI'('lioll aUII
ill Ahhut ,I,- ~loss (l!H).t)J WIIS 1I:i1'(1 10 domoustrnt« tluu Ihl' muxlunuu (11'1\1'1'1'

of non-pnrnlleluos» ill It pip' is found to\\';n'(!s t hr inlet. where IIII' 111'1\1'['1' 01'
Ihl' uon-purullol lx-luwiour \\'a~ asrlllploli<' III Ihill or Ih!' Ilnt-plato hOlilldar,\'
laver, 'I'hus h~' illfl'l'('IH'(' it WilS H}IOWII II 'It, 100\'al'tis thr posilion ill lit!' pip«
at whlrh th!' mlnlnnuu rrltlrnl H{'.\'llOlds unmlu-r 01'('111'1'1, nun-pnrullol l'Ui'l'ls Hl'1'

virt unllv absout Iroin till' H,\'stl'lll. TIll' uuhupor! aw'l' Ill' uou-pamllol 1'11'1'('1H ill
IIII' I runsit lou }ll'lll'('»S ill pipe' ('III !'aIII'I' Ilow iH all ('xtl'l'llI(ll,\' ilnpOl'1 aut I'I'SlIlt,
ill Ihut it allows IhI' Iheorot 11'111d('~,wripti()u of Ihis )lI'OI'I'SS 10 11I'ol'I'I'd (lirl'(,tly
Iroiu IhI' lluour S('I'lIlll'io. 'lhUlSil lou 10 tlll'hll}I'1H'1' ill uu ouvirunmou: where IhI'
Il'wl of hadq\I'OllIH! rlisturhaur« i~small is \\,1'11 c1l'sn'lhl'tilir:.tl,v hy till' stuudnnl
Iill('IU' Ihl'lII'~', and 1111'11It,\' Ilu- rl':mlt Hilt 11I1I·ral·t ion of till' liI11'111'lH'l'tll!'hn I ioul'<
via uon-liurur Iiuite nmpli.urlo (I((i'('ls, If 1l1l1l·paranPi dli'l'l~ \\'('1'1' impurtuut,

"'
,,If('1'1 (I(('urs Wit('11 tilt' tli!.!ltrhilun' Iotlurn' (t~ \,ihrilliull ribbon) j, pllll('t!luo dll'" III

IhI' f{'I\itlu uC iUll'rt',I, llin>! t!hrltplillll lilt' pia('lIt1Ill('IlUU In hI' 1I1"('f\,('t!
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of 10 H7,!. (b Silvn H1Il'tlIiHl'<i t hat his lower result illllicat ('(1 tho ('Ol'1'l'('! lll'~H of
JaiH rlutu, as it was dmwr to Ill(' oxporlmoutul :-;t.uciy of Sal'p)mya (UJ'iIi) [shown
Hllll('ritlll>os('( 1 ill Ii'~lIl'(I W.!], Ilowovor th« 'gain' ill HAl'("'IlH'U! is iusigniliruut,
l'HIH'l'inlly ('ollsi<1prinp; t hat Ill<' uar 111'(' of t lil' two d at a dill'l'l'H fund um l'lit ally:l ,
It iH (11\IH 1I101'P importnnt to lind other mochanism« wh!'1'l'b~' pip!' llow "au 1w
!\l'Htahilitll'<i (and t.)l\lH l'('('olldJ('<i with Snrplmya'H results), rnther than try to
cxpluiu t l1('sl' oxperimontal rosults using til<' simple lineur t IH'OI'~' alnu«.

500
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(xlO-J) 100
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30
20

FiglU'(\ 1(j,2: TIl!' nxinl variattou of tlH' (,l'iti('al Heynokls uumbor 1'1'1' nxisyuunor-
dC' diHtnrhalll'('H ill st('IHIY·Htnt<' pip!' outranco flow: x , Gal'A (l!lHl)i 0, <IlL SUva
(:UUO)): , Abbot & Moss (1!l!J.1): ., minlnuun ('rili('111 Hl'YIHlhIH number.

Tilt' Garl~ (11\('·11Itligll nhnost oxuctlv with tho prosont studv at I III' ItoH(' of Ill!'
st.ahility curves, but aro Hlir;htly hight'l· than tho prosont <lata hot 11III )Hll'('lllll and
(lOWllSll'('tllll of thiK region, This misuliguiuou; iH. howovor, srnull uurl iii iliil!;p<\
townrd» highor Rovnokls munbor», TIH' Hll('('i(i<' tI('! ails of (;Hll\'H enlculut Ions
nrc' l111klWWn, hut this tl'(lwl ill(limlt'H elthor It !HIssi!>l!' lurk of ('OUVPl'f.l(,lU'C', 01'
illlmilkit'ul Ol'rl('l' of (lis(,l'C'tisatioll ill hiH (ligt'm'llillt' solutlou. Both I It(' abov«
mllH('S would IH' llllUlifp,;t nt highC'l' H(,Yllo!tls 11111l11H'I'S,wlu-ro IhI' 111111H'l'knl
pmhlom l'('quirl'K high 11l'P<'isioll 1\11(1iun! IUwd ()l'<Il'l' to adliC'Vt' ilc'c'\U'al (. l'P~l1ltH.

A dotnllod (IitlC'UHSioll!ll1 !lu' level nf nou-parullol pll'('('ts was l;iv!'ll ill st'c!ioll H,,1.0,
ill tl1<' l'Ollt!'X! of tho InllliIlHI' pipl' out raw'(' Ilow, and t hp Ipwl of t hiH 1l011"
parnllollsu; WIlS quautlllcd fur 111(':-\('Ilow», '1'11(1 fullcwini; liP!' I lou is ('OlH'('l'Ilt'd
sllC'ciliml1y with tilt' ('ff('('1 of uon-purullollsm on th(1 sllthility uunlysl». SOlllC' of
tho prrvlouslv lntrn.luc«! arglllll<'nts arc' l'I'lH'at('(1 h('l'(' for darity,

A l'!'s(,l'villioll mnv 1)(' I'uis('ci about 111(' 1'('1(,\,1111<'(' or It lilu'l\l' ]il1l'alld Htnbility
allHI~':-;;s ill It pipC' rutrunro, whor« t It!'!'!' is II (\PliuitC' lIOIHO:<'l'O radlnl Ilnw ('OIU"
IHII)('l11. No (lil'!'('t atll'lllpl [(IXc'ppl fill' it jll'OPOHC'ci mudol by (Iii Silva (l!lDO)j
'C'=:~_"'_~_"~_~""'~~=~L~'''", ""~~"'"_'"

I'XII('rillH'U!ul data c'xlI'u,1 fill' dowustronru while lilt' llueur thl'UI'v rurvo IUI'f",WPH
l\hl'll!lt)y III'''OIUIII pnrt Il'Illal' uxinl st ntum,
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It was Il(Ic1tuH(, of Ill(' liiultatious luhorout ill tho ahovo data that da Silva (llWO)
undertook un nualysi« uubouud to any approximate haso now system. To obtain
au Ilt'em'at(' Ht'ri!'S of pip!' outruur« proliles for high Royunkl« 11111111)(11's11(1solved
tlro nxisyuunotrlc ilH'ClIllP1'PHHihl<' Navier-Stokos equations in tho high Reynohls
umuber (RI' hulopeiulout) limit a:; it Iinlte-difloronr« systom. TIlt' data from this
nunlysl» wa:; fpcI (Jil't'(,tly into his finitv-dilloreurc torupuml Hlability aualvsi«. IIiH

unalysi» thus uvoirlod allY gl'O!->Sapproximutions: for thiH reason hi:; l'(,HllltH could
1)(1 inferred to hI> tho lllost i\('('l1rnl(' of tho uliov«, Alt.1lO\lgh da Silva's [iuit('
C!ilf('I'NI('P Ionunlatiou Will' hnplomoutod with (IX11'(111I(' C'i\1'P (hi~~honlur, a Al'iHlt'cl
mesh HYHtC'l1l aut! tlll' \1[,(' of It vortieity-trunsport funuulutlou-), l't'!->(,l'vatioll run
tH' pla('pc! on It UUlIlIJ(')' of' aSjH'C'tK of hiH Hf ucly:

(i) 'I'll!' I1Ht' of'u almpl« awl temporullv explirif Iirst-onlor Iinite-dlllorour« has(1
How lIl!HIl'1 waH iuapPl'oj)t'iat(1 for u Htability unnlysis.

(ii) TIlt' uso of tho Iinito-dilloronro lllC't.hoc!ology to solv« tlH' badly HC'alc'd
fourth Ol'dC'1' Sexl Htahility eqnatiuu was Huhjp('l. to tIl(' snmc (,l'itid~:lll IIH
ill point: 0) ,1bovo,

(iii) 'l'h(lI'aI1HaJily prohlom with flip huuudurv roudltious inl.eront ill Ih(l vOl't.irity·
tl'!tllHlHlt't. methud, as iuthuated ill dmpt('l' 1.0, combln«! with (.1[(1phYH'
ically invalld 1I1lWiuclillg clis('l'C'tiHatioll, pm:sihly lntruducr«] it I4YHt.C'lllittk
(11'1'0)' lute hiH haso flow model, thus invalirlnting his :;tahility l111I\IYHiH,

IIlIL r('('Nlt paper on pipe How stnbilltv, Ahhot &; Moss (l!H)·I) used tlw :;pl'('tml
111\:;(1How 11lOciC'1 of ('hap! (11' 1,1 to gt'll('l'at (. It high!,' HC'('lll'nt.(' I'lnt of volor-ltv
11l'oli1(IH fot' lISC' ill 1\ stahility IUmlYHiH, ThiH Htnhilit.y «nlculntlcu was HiltlJlb' t!I('
lmplomoutatlon 111(1algoritlull of "!(I('tion lU,i[ on tlH'H(1 profiles, 'I'ho C'OlllJlltl'hmn

of ('.11('1'>(1 data to that of both da S'lva unrl Gltl'P; is shown ill Iig\ll'C' Hi,~, AI' ('1\11
ho soon, tho 1l1't'H('llt cIltta 1\1'(' high(ll' thun t.1I(' du SHvit clitia, but align ultnoxt
IH'l'f('('tly with tho results of Glll'g, This viudic-al('s tll(ll'C'HllltH of Gnl'i~, C'i'lllC'dnUy
his IIS(\ of tho Ilorubcck approxhnute v(liodry pl'olil(IH, This approxhuute model is
thuH nccuruto enough to 1)(' Ilsl'(1 ill It pipo c'utI'ItlU'(' Htn.hility 1\1I1\1~'HiH, Till' prliuo
('uiprit iu tho doviatinu of tho dn Silva mndol Irom tIlt' PI'('lWllt dittn iH t.lwllgltt.
to 1)(1 tho vOl'tidty.trltu:<pol't Iunnulutlon, His SlllH'I'Hdnlly logic-al al'gtllllPllt,
that tho \H'lloJit. of Iwoi(lillg 11(1('OIulc1('l'ivaliv('s WIIH au Ildvantagl' of tIl(l method,
iH llnworl ill that tho (l1'l'O1' introduced by tilp ('xplidt hOllllclltl'Y ('ouclit.ioIlH in
vnrtiC'ity I\( tho wall. swamp any gaiu iUIH't'Ul'1H'Y pmduccrl by tIlt' olhnlnntiou of
H('('()))tJ <!pt'ivat.iV('H, It is qnitp IHIHHihlp thllt if dn Silva hnd urodue«! c1ntlt \Udll!~ Il
prhnitivo varlnhlo nppronrh, his l'C'HU\tH would havo nctunlly I1('C'1I 11101'1' nt'c'nratC',
not I(lHH so, It iH intt'r(lHtillg that t··I\(' niininnun C'ritiral H('YUOlt!H numbor of
lUlU';' obtained ill t1H' prosout t;(.ncly is HuhHtnntiall,v higlH'1' than du Silvu's value

of tIlt' \'ortiC'it\,·tfl\nspnrl Ionnulutlnn nllnws for tIlt' aoluuon 10 lit' dt'tt'l'minc'd cUrN,tly
liS It veloritv rlorlvntlvc, Iwniclillii unv oxplicir H(,l'IlIul Ol'ele'!' dillh!'lltiatioll in thel baHt' IInw
solutiou. While' 'lVoiclitl~ stich oporutlon« is uupnrtunt ill It lillitC··(lill'('f('llc(\ 1\jIIIl'OIH'h, it is of
IHl mtlM'!}IIl'lU'(\ lu It slll'ctrai method, hl'l'.lIli;(' uf tho illlillitr' clHfI'I'!'1I1illilility of thc' HIll'('tl'ul
hm;iH Iunctluns.



CHAPTER 16, STABILITY OF STB,ADY ENTR,1N(,E FLOW 37D

profllo O('('lIl'S; i.e, to t hI' values (If thr~p puramcter« at t he llOSI' of t 11('neutral
stability ('111'\'('1' ill t 11['It - Uc' plano.
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Figure 10.1: Th« axial varlutiou of tho critirnl Royuokl« numhor for uxisyui-
niotrk- distu ..hl1lll'C's ill stC'ady-stah' pip!' eutranco 1I0w. showing till' results of
various Authors: •• Huang k Chen (1!)7,1); x , Gnl'g (l!J81); 0. dot Silva (WDO);
+, Sarpkayr; (Expcrimontnl).

TIl(' curly l'C'!'IUltHof 'Iutsumi lIHC'd a boundarv lnyor-llko upproxluintlen to tho
Soxl equntlou, lllg with It Sl't. of ltl1l1n,~t8imilm' voloclty profill's, Although his
results show qunlitntivoly (hC' corroc! lx-luwiour, thc'~' nro gl'll('raJly hellovod to
bo unrollnhlc, Th« study hy Iluung k Chou (lUi,l) Invoxtignted tho tompornl
Htahilily bolmvinur of Ill!' onrrnuco. Theso authors lIHC'(llll!' Sparrow d III (1!)(i·1)
hasC' flow model to gouorato th(' vr}oeity pl'Om!'s UIIl'd ill I he I't ability nunlysis,
While tho \\s(' (If 1\ HimpliHl'Il haHI' IInw modol might at IitHI Hl'l'lll sl'llsihlc' ill
order III 1t·l{."II'U t 11(' calculat ion burden", tit" sPlIsitivity of I Ill' sl ahility results to
till' hill'll' flow proflle ItH<I('lllOllslmtC'd h~' (lllpt.a.'\: nlU'l~ (lDH1) pllWl'l'l :11question
(11111 stahility rulculntlou hasN! 011 all upproxlmute mudol.

Guptn k (lUl'1!. [GuplEt & (~[ll'g (l!1Hl), GI\l'I~ (WIn)! IISI'<I au approxlmut« h1l'\"
Ilow solutlou • t IH' Hornho-k (l!JO:n IlIlHI!'1 • iu order to hl'tll'l' (II'I onniuo t IJ('
stnhilily l'('SPOUH(' of tIlt' 1'111'1UII'I' systI'I1I, This 1l1ll'lil'llll1l' model has !)(,I'U shown
bv inirr alui Schmklt k %I'lcliu (l!)O!l). Cruuo ,v BlIl'ic'Y (WiG) nut! Shah (l!JiG)
to hC' 11I(I\'1' reliable than rho onrllor Sparrow model, 0111' would thus ('Xjl!'C't thl'
Garg 1'('sII1Is to hI' rlosor to 111<'urtnnl ('Ill'\'PS than tht- ourlior dnt a, Ilowovor, bv
vlrtu« of Ihc' Ilornbock model itsl'lf hr>illg only npproxlmau , (;al'g's results 1t1'!'

tlu-ursolvo» arglli\hl,\' snhj('('! to t)1(' H1l1l1<' rriticlsm Il'wlh'd at thoso of Ilunm; k
Chen.

--'WhHt' till' r;;jrl~;;:~;:;"IIl('II'i<·'··!;~~lIl1r pip(' outruur« lInw h.VNII·1llWIISsolvt«] ill dlitpll'l' 1,1.
Ihis 1\('('U1'~lt·aud ('('onllll1il'lll solutinn Wi1~IIlIb' p()s~ihh' IlI'l'nusf' or Iht, 1!(·\'..lopUII':,t or spI,(·tral
11'1·hllicltH·S in roujunrtlon with powerful mudvrn rmnputing fildliti(·s, Surh tuols W«'fI' nut
uvnilnhl« until vorv n'('('II(I~',



Chapter 16

The stability of steady pipe
entrance flows

Thoory npl'li('lthh' to til!' dotonuluntion of til<' ~Inhility of AP}\I'1'ally i\('('(llprat.('(l
velocity PI'OJil('H was dovolopod ill !'llnpll'l' 10, No umuorlcul solutiou of till'
unsteady Htn.hility oquntlon was htt('Ull) (t'<i: hOW(I\'Pl" It siiuilar equation - the
Orr-Sonnuorfeld relation - was sovod numoricully ill ('iutpt!'l' la, Ior tho ('n~l' of
plano Polsouillo flow,

In 1:l1iHchaptor, tho Htabilit~· oqnarion (10,55) i1' ('ast. ill it form amenable (:0 so-
lurion usinp; tho oporatlounl-Tuu appronch. Notably, till' regular Hillgnlal' point
pxistillg at; tho plp« origin for this equation is removed h;r II simple transfer-
mation, The rp~ultillP; oqnatlou is thou fcnuulnted Il11UH'l'ir'llly using tllp t(lois
dorivod in section l:U, Although tho f,lPIH'l'lll unstondy stahility equntlon i~
(lis('l'(\t\s('d h('1'(', only thl' t(ISlIlts for til!' ~tl\bility of tilt' i:I'rlHH'('('!t'l'i\lioll pip!'

PHI1'an"!' How 1\1'1' 1l1'Nl(lllt!'d, in order that compnrisons I'IUI 1)(' drawn to ('xiHting
~tltllility ll'IlUItS ill 111(' ll tcraturo , 'l'ho basI' Ilow windt,\' prolilos ltSP(j for Oil'
H!nbility !tll!tl~'~iH in this ('hap!!'l' !ll'(, those ralculuted previously ill dlitpl('l' 1-1,
'I'll!' moro gonoral a('('('I!'l'Ittillg stahility results at'P thou Pl'!'sl'llt!'!1 ill dHtpt!'l' Ii
t bitt folJOWH,

16.1 General overview

Some numorlcnl study has 1)(1('11 (li1'I'l't!'<i towanls dl'tPl'millillA tllt' 1'!'H)()llSI' of
pip!' ontrauoo now to liuonr [)I'l'l urhat inns, Relevant im'!'litign! ions 1\1'(' 1101ahly
t!tOHP hy Tntsum! (l!J52), Huang,," Ch!'1\ (lOi:1, IDi,l), (;IlI)fn S,' Gl\l'g (l!JHl),
Gl\1'g (1!l81) and dn Silva .'\: Moss [da Silva (WOn), r.I()H~ S: tin Silvn (1!JU3),
dl\ Silva S: M()~H (IOD,1)l, Thoso datn 1\1'!' shown plottocl in Ilgl1l'(' lCU, Tho
subscrlpt« [I'dt.] horo 1\11<1slIils<'q\\('utly 1'1'1'('1' tot 11(1('ou(li! ions (I hos!' par! lrulnr
values of n, Be) at which til!' lowest unstahl« Rovuokls numhor fot' tt pnvticulur



Chapter 16

The stability of steady pipe
entrance flows

Theory applicablo to tho rletennlnution of I;h(' st.ahility of gOllPl'nlly IH'('pJ('ratl'd
vpJodty profiles \\,I'~' dovolopod ill chuptor 10, No munorical solution of tIl('
unsteady I'ltnbilit? oquatlou was uttcmptcd: 110\\,('\'('1', !1. shuilur equation • the
Orr Sommerfeld l'l latiou - wns solvod muncrirully ill chapter 13, for tho e1\sP of
plane Polsoullle flow,

III this chapter, the stability equation (10.55) is east ill It Iorm amenable to so-
lution uKillg the openuionnl-Tau l'lllltlllu'h, Notahly, till' l'l'!~\\h\l' l\il\));\lll\1'point
«xlstlng at tho piPlI origin for this equation is removed hy a shnple transfor-
mation, TIl<' l'('snltillg equntion is then Iormulatod munorically usiug til(' tools
derived ill section 13.1. Although tho gonornl unstoadv stahility equation is
discretiscd hero, only titP rosults for tho stahility of tho :J.(ll'(HH'('('i<'1'nt.ioll pipo
entranc« flow 111'(1presented, in order dULl cotupurisnna cau h(' drawu to ('xist.illg
Htability results ill tho lltornturo. TIll' baso How velocity pl'Oliip:-i used 1'01' til('
stahility !\lU\IY:-iisin thiH dmpt('l' nro tlwH!, cak-ulutrd Pl'l'ViOllsly ill chnptor ' 1.
The more I\('U('1'!.I a('r(llomt:ill~ s\(lhility 1'1'H1l1tsIH'(' then 11l'l';;('ntt,d ill rhnptor 17
111ft! follows.

16.1 General overview

SOUl(' numerienl ~I\\(ly has boon dirt'('((ld towards 1l<'ll'rlllillill!~ lilt' rospouso of
pip!' ontraneo flow to linear porturbntiou«, Relevant illvt'stigatiollH nrc' notuhly
thOH(1 by 'Iutsumi (101i2), Iluang & CiH'U (!Un, 1U;',1), G1lpta & tiarg (1ll~1).
nnl'g (lUHl) and da SUm &: MOHR [da Silva (19UO), MOHS l\.: tlit Silva tl!JU3) ,
tin Silvn k ~IoHH (HHJ.l)j. Theso datn aro HI1OW11 plotted in Iiguro IG.1. TIlt'
subsrrlpt» [('rill horo and suhSl'qUt'lltly refer to tho comlltlon« (thOHP jlitl'lil'lllll1'
vnlucs of' «, R(') nt which till' lowest unstable Roynokls 111l111hl'l' [or n particulnr
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to the entrance t'YIl<'of flow. This framework of l't'pr('s<'llt ali on was de-
vised to allow direct comparison to, and voriflcation of, th« cxporiment» 1
results, wnit'h is doBe later in part IV.

With th« base Ilow comprohouslvoly qunntlflod, (IH' following (,W(J dmptt'rs 'U'P
concerned with the lineal' stability behaviour of t}lpsp Howl'.
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15.8 Summary

The various HHjlP!'tS of tho behaviour of the laminar pipo entrance How under
conditions of exponential accolorntlou were lnvcstlgatcd inuuoricully. III all ('ast's
the flow was startNi impulsively to It high Reynokls uumbor: tlH'l'('a;'('l' it, Wilt:
nrrolornterl expouentinlly. Eight. differout uccelorutions WC'l'(' invostlgato. \, Htltl'!.-
inp; from the Z(,I'O (steady) ('1\SP, and iIU'l'('asillp; tho nccoloratiou puramctor ill

Htpps of 10 up to (2 = 70. A 11\11111)('1' of iSHtt!'14W('I'(' cousiderorl:

(i) TIl(' fnr downstream, parallel, tomporally developing flow was iuvostiguted
bocnuse it shnpllflod suhstuntially tho governing eqnatious, Both thoh
tmnsicnt and limiting hohaviour WPl'P studled, nIHI til!' pnnunoters ill-
trod 11('('<1 ill previous rhllptPl's (shapo parnmotcr, clisplac'Pllll'nt fhi('}(1H'HH,
scaled displacement thickn('sH) wore used HIl('('(';;:;fll11y to dHU'IH't(ll'iHI' t1H':w
flows,

(U) Tho Kt('ltcly-st1ttc' (iu t.I1('nonnulisod co-ordinate systom) hohnvionr of til!'
accolerutiug pipe entrance was investigator]. 'I'll!' flow towurds tltc' i111('(,

was shown to approacl. tho Blasln« limit, ludcpendont of tll(' IWC'l'l<,l'Ittioll
pununctcr, Away Irom tho i11M, tho vl'locity prom!':; approitelll'cl tho same
veloclty profile limit as for tho temporally devoloplug parallel prolllos,

(iii) TIl(' full temporal and Hpatial development of tho outiro pip!' Ilow, from tho
Impulsive Htar!:, to Il. Ht.a(' of lnvannuco in the nonnnlisod bUHiH, WIl:; shown
to bo do:wly approximated by a cnmbination of till' Ht('ady outrunc« model
IIp:;tr('II111, matchod to tho shuplllled parallol modol Iurthor downstroam.

(lv) 'I'ho ('If('l't, of tho Royuolrla number cl('Jl{,ll<i(,llt mapplng on tho datu wna
Investigated. TIl(' simplidty of tho gNu'ral solution ill th« nonnnliscd
basis (much llk« steady lmpulslvo pip(' How) was shown 10 yield complex
hehnvlour when tl'l1uHfol'ul('<i Into tho physical domaln, To lllustratc tId:;
l.oliavlour, S<'IH of ClIl'VC'H \\'('1'1' P;('llC'l'Ittl'd Hhowing rho t(,lllpm'lllll11d Hpatial
(ill tho nonnallsod fl'IU1H'W()rk)variation of di:->pill('('lll(,llt tltidm(':;s from
tho llN'KPI'('t!V(' of th(' l>hYHi!'lli co-ordiuat« :;YHt('lll, Two Hl'ts of C'1\1'VC'H
were p;iV('11: Jirl4tly, tho ic"mpoml vuriuticu of b* / R Irom clill'('l'('llt. Ilxod
pllYHi!'nl position», and H!'('OI1CUy, tho variation ill :I~ of b* / U (ell' It H!'t of
fixed phvelcal statlun».

(v) TIl(' two l'!'lll'N!C'lltlttiollH {liH('\lslil'(1 aho\'(' ill pnrtlculur ulloworl datn 'UH'a-
surod' from any Iixod axial position ill fIll' physirnl ro-ordlunto :;YHtl'lll
to \)(' ('OllllllU'('(1 to both tho simpler thooroticnl models. For It partk-ulnr
nccolemtion, datlt from tit!' parallel, temporally dl'wlopillg pnrtinn of tho
Ilow fell 011 tilt' Hillgll' parullol curve ill I'he' I • "* / R Inunework, whil« til!'
outrauco pilrt of t,llI' datu nlip;ul'd with till' st(,lldy ontrunro curve ill tuo .l'
- b* / 1? system. Only a siuull portion of tho fill! dtlta <Ii!1 not. nlign with
olthor ('\\1'\'1'1'1' that portion IlsHol'iat('cl with tho transition C"OIll tIll' parallel
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tItp critical polut of Ih(l noutrul :-:tahility ('IlI'W is eoutnhu-d ill ~C'dioll l:U, Tho
current H(I('tiou il'i ('Oll('(lt'll(lcl ahout till' C'lltil'C' uoutral curve: itl'i ,,!tap(' iudie-a: iul'.
tit" nature of til(' How ",i'st(,lll, Figl '(' Hi,; shows it t'('ri(l~ of noutral ('II1'\,(,s for
HPlC'('t('cl \'P)odty pl'olil('s 1)('IW('l'u 111(1lulot and tlt(' point at wliich liurur iusra-
hility ('('asl's to ()('I\Il', 'I'ho sm)(I is hll\i,l'il luuic in 01'1)1'1'10 show pl'O}ll'l'1.V tlu- lull
1)('luwiour (;f tlH'f;(I cia(' a, FU1'1 h!'1' I () I hiH tlio wnvrmunhoi' 1\1l(1 ItpYllohl:-: 1111I11\WI'

in this liglll'(' al'(' both H(,lIh'<l with 1'('~p('('I to IIII' bmuulnrv lnvor pal'al1l('It'I'~: i.o,
tho ('Il1'VP is l'(lPl'PHl'utc'(1 in Ihl' n~•• N,p plun«. Abo shown ill Ihis 1i1',lIi'f' i!< till'
neutral ('111'\'(' for I hr Blasiu« bouudnrv lil~'(,l" It i~ 1'1('1\1'1)'l'\'iI II'll I Ihilt I hi» is
till' li1l1itill~ hehuvlour of pip(' ontrunc« JlIlW towurd IIII' inlot.
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Figlll'P Hl,i: Neutral slahility ('IIl'\'('H in lill' !l • UI' pluno, [or 1<1'1('('1('(1w)odty
Pl'oJi1!'s: (il, ,I' C,O () (Blnsiu» hOlluc1al'~' IIlY(lI' limit): (ii), ,I' ,. !I,OODWii (iii),
,I' ~::::O,()O:i Ii!) (Mlnlnnnu nitkl\l p.iint): (lv), ,I' ,: (),()Oi sai (v), ,I' (),()OS 1~,

1'11(1bolmvlnur (IOWIlSI1'('alll is ill~(l 11011'\\'o!'1hv, 1)0I\'lIKI1'l'alll of t hI' polut of
minimum critirnl Ih (at .1' ~ !l,ooa 1i0), thl' ('IIt'W~ ('OIlt.l'lU't nwnrds, with till'

"1)PI'l mHt lnwor ht'fUll'h('s aplll'OlH'hillg I'adl oilH'I' untl), fill' ,I' '(),OtlHIH, Ilu'.\' ill'!'

virtually roncurrout. 'I'his I;(TOlll\b' ill(limt('l'l Ihat vrloeitv Jlrolil('~ rlownst 1'1'11111
of IhI' lutter polnt 81/()Ui 110 liurin: l1I,~II!"!liI,ll,

Broadly Hpl'akillg. tln-« ('111'\'('~show two I~'l)('s of hvhnviour whon moviun (10\\'110

!'it.t'P1UlI 1'1'0111 111(' illll'l pia Ill', ('lm;1' 10 111(' lnlot , fill('('(I~:-i\'(' ('IIl'\'('H :;11O\\' 1\ 'l'll
I nt ion' nwav Irnm I hI' 1l11\~iIlK 1'111'\'(', This 11'1'1111('0111 iUIII'i'i nut i1 ftJlPt'oxillllltc'I,\'
till' point of iuiuhuum nit icul H('Yllllhh, 11\\1\111(11"t lwl'('aft(,I' till' ('\\1'\,(':; a\'(' HU('·

('(lssiw)y ('oul a illl'( 1 hy t h(' Olll'" IIp:!II'(lHIll, uur II I liov vanish alt 111',1'1lu-r \lI·youd
,I' ~, n.oos IS,
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Fi!;1ll'l'lIi.!i: TIll' nxlul vurlation of the' prmluct (\~'[(,l'iqH('h.(t'l'ilJ with wavenum
11('1'n[('ril)' fo)' uxlsvunnotri« cliHtllrilan('ps ill Ht('ntl~,.slal(' lllll(' PUlrall('I' Ilow.

(lIfr('ts must hI' huportnnt Ior rho 1irodomiuau«. of t.1l('pilH' eutrnuco. This
coneluslou OWl'tIIl'IlS tIll' Ill'l'lIll('('1 lvo t luu uon-parnllol f'Il'(,(,ts hnvo It part to
play iu pipl' st ahililY. '1'111'uhovo Ill'gll1lH'lIt is 1'1'11(1('1«l ill IIll' IIIlP('l' 1170'Ahbol
tV 110ss (l!l!),l).

:L6.5.5 Tho point of maximum instability ill a pipe

nIH' to tho uulmunded holuwlour of II:I' crltleul llal'nlllPII'l'''1 us Ihl' hlipl plauo
is IIp}lroadH'c1, it iK ~PlH'ihh· I() ('Ilf I'gorisp tlu' How ill'1'(I by :'C'nlill!1 I h(· pnuun-
PlPl'H al'('ol'(linl'; 10 t ho hOll111lm',\' Inyl'l' uimonslon. Ilowovor. Ih(l ph~'Hit'al 1I0w
ill 1\ pipI' at nnv on« time willposs!';'H It Iixl'd HI'YlwhlH number 11I\~f'dOil pip!'
nuliua ovorywhero, nIHI iu order to d!'ll'l'luilu' whicn portion of l lu- pipo ('uf.l'atU'!'
IH'('OllH'S uustuhk- 11m! iUl'oOUH' dlllS('1l How. OlH' IIt'P(tH 10 ro-runsklor Ill(' (Tilieal
Roynokls number RI'[('ritl bmwIl Oil l'ntiillH and iuvau ('l'()~H'S('('t iounl volucitv,
'I'ho variutlnn of thiH panunotor was giWll ill [jA11l'P 1Ii.2 uud Ih!'i'ip data HitOW it

mlnlmum value for Ilu· rrltlenl HI'~'lIollb 1111111111'1'of 11 UIi7 Itt 1\11uxi.il position
of..,. :." 0,00:3 liD. Tuhlo (,,17 shows Ill!'s!' tulninunn crittrul valll('s nudvrliu«].

10.5.0 Noutrnl stability curves

'I'll!' rdtieal HI'YlIOhlKnumber li)l' It IHlrtknlHI' pipl' \'('Ioril~' prolilo iM ohlaiul'(1
h~' tl!'('(,l'milling I ho point of iululunuu Uf' of I lu- f', () rurv« ill I hI' fI • HI· plun«
In fn('( all tIl!' )1111'111111'11'1;-;)ll'l'Sl'lltl'd Pll'\'jOIlSI,\' ('OlU'!'I'IH't1 th» llukl quuntitio»
('OI'I'('~p()JHlinl\ to Ihls poillt. A II!'t ail!'t1 (I!'i'it'l'ipl ion or IhI' 1111t hod of Iindhu;
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('[('dt] ('01'l'('HIlOlldH approximutely to tllp vplo<'ity of tlu' critlcal Inyor ill th« pipl'
bonndary layor. Again. c'ollsich'l'illf,!; t IH' h()1111Clar~'.k,\·(l1'liko naturo of t he' pip!'
iulot, it: is more approprlato to scalI' ('[nit] a(,(,()l'Clillg 10 thr bountlary la~'!'l'
pnnunours. 'I'ho llPl"'o]l"iaj(' Healing qlumtity IH'l'1' iH Ihl' ratio of the' moan
volocity to that al tlio ceutroliuo. A 11l'W houndurv la~'l'l' ('l'l(,l'it~, can thus IH'
introduced as

_ [T
(""'-C',

1/('
( Hi,21j)

The 111l11H'rkal value of c"[!,l'itl is far lU01'C' sl <IIiou II1',\' than ('[nit J for 1)1\' ontir«
axial domain considererl, cil'('l'l'asiu[', only slightly Iroin t'[C'l'iq .: o.a!)(j (j·t (Ill!'
B1aHiuH lilllH.illr; value) at the illl(ll to c\ 1'iq ::::;1l,:l7!'i,W at tIl(' lust stutiou run-
sidC'l'('cl, 'I'll!' variation of c~[C'l'itJis tlthlll~ltt'(1 ill tahll' C,li,

16.0.4 Behaviour with increasing ;r

Whllo tho hehnvlour Ior c1C'('l'NISillf,!; ,I' ~1110WH thaI the syslNll 1II'('0111(,S boundnrv
hWl'l'·Hkc' near the' inll'l, othor lwl'lmps mol" iull'l'pstillg bohuviour iH mctllii'PHI
n~ i iucronses. III'I'(" Itt SOllH' Iiuito vnluo of ,I' ::: O,()().'l2, 111(1value of (t~'[('l'itl
l'<llliclly npproncho» zero, 'flu' ('1111";('<111(')1('('1-1 of tho wavonumbor apPl'OlwhhlA
zorn somowher« III tho domniu nro profound, tho hupllcntiou lwing that Iroiu
thi~ point. downstronm, 1W I'ritil'a! Royuclds munhor would ('xhit for tll!' How
[Abhot. & I'.IoHs (W!J.t)],

J,r!\eliug from til!' abovo, it is illtc'l'NltiuA tu illVPHtif,!;l\t(, the' boluwlnur of Iho
IJ1Yuluc:t of crltlcnl WIWPIllIllIlw1' and nit it'a! Reynokl» munbor us t\{!'l'it] ~, 0,
This product Htl'Ollg!y ('fJi'd:; till' structure of tho Soxl stahility (I(JlIlltiOll (lO,Ii;,);
if the value of this product wor« 10 ill('l'C'IISl' nnbonudedlv then tho stnhilit:y at
thnt polnt would arqulre un iuvisckl unturo, however, if it. W(,1'(, to ll11ll1'OIH'h
sumo Jiuit(' vnluo (or zero), thou no HIlC'h coucluslon could 1)[' (11'11\\'11,F11l'lll<'1' to
thil'!, if tho product \\'(11'(' to l'l'lllniu non-zero ill tltil'! liml: tliru UC'[C'l'it] Itl IhiH
point \\'(1111(1ItPlll'(lIl<'il inlinltv at th« mIl' l/n[n'itJ' Tho varlutlon of tl\(l protlnC'l.
n~'[('rit.]R('~'[I'l'it.J with C\~'!!'l'it] is shown in liglll'l' 10,(i, ('IC'al'l~' t-vklont lioro hi
the' llJllll'O!ll'li oi' Ill!' 11l'Ot!UI'I. to u !lxc'(1 value of R: 2ili ilK Ill(' wuvouiuuho» t<'lIC1H
to \(I'l'U, This iu(limtps that Ih(' H,\'sll'lll lu<I('C'(1 hnx uo Iinito nitiC'al Rc nt l!til'!
point, IIll\\,(IW1, 1W!'aIlH!' I.ll<' Ilt'milwt (\~. [('rit] nf',l' [nit] c1(ws not 1)('('oull' lull ulto,
th solutton to th(l equntlon nt t hiH point is )lilt riuiplv til<' ill\'i~('hl kiltlplilic-atiou
ro tho S('xl Hy:.;t(llll,

TIt!' relntiw proportlou of 111(1I'nth'(' l'lllr<lll('(' whirl; oxhiblt« a Iiuite I'rilka!
H(I~'llOldH numhor i:4 mlil<'l' small. 'I'ho lilll'll!' illHtahility 01' t hI' flow rau only
ncenr Ior 0 S; ,I' ::; n,oe q, when-us Ihl' (llItl',\1\('(' louuth (~;I'(\ I'haplPl' 1-1) iH about
1).221; 111111'1th(llllil!~niji<'ati'll' IIf lnlinitoshnul cliHtlll'lmll('C';! is oulv l)();;sihlc' ill thC'
Iirst a,H P!'l'('('11t of I I,,· total pip!' 1'1111',\11('('. This ShOWH that Ilnito mllplit udo
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tlil' ,j; llxis near Ihis point, However. as with till' critirul H!'yu(,lclH 11111111)('1',tllt'
(lata is unbounded toward» Ill(' inlot aut! thu« til!' CIl1'VC"i'I hohavlour for higlu'l'
vnluos of ,j' is O!JHI'Ill'('(l by its high numorlrul value tuwanl I he' Inlot. AI~aill this
il'l silllply duo to tIll' lncurrert l'llOin' of )'C'!iII'PIU't" Inuno.

If 111('wuvomuuhor is !i('al"tl IlH

(Hi,2:;)

111<'11 it loillOWH bounded liohaviour toward« t 11(' lulot. Figlll'! 1:i.li :;ho\\'s I III'
prosout data ill this Iramowork, Shuwn nlso is thl' iulot as,Ylllplol k lhnlt illg valu«
of n".[<'l'it] ~ (l,an:! ii -th!' Hlusiux bOlllHlal',v luyor value 1'01' lltii1lliU'I\IIlPlc'l',

0.35 ~"'-~-"=-"'~-~~'-'-~l
O'25~

0,3
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Figtll'(' Hi,5: Tho axial varial ion of tho criticn] wavennmber Hl'alc'cl with l'I'H!H'!'I,
to cIiHlllat'l'Ill('llt thkkllNN. [Ol' uxlsynunotrl« lliKtlll'lmllt'I's in Ht(IIUly HI al(1 pip('
ontrnur« Ilow. ., tho Bla!'illil boundary lay!'l' limit, {\~. ~:,n,30a Tt,

\VIH'n I'wa)c'c1 IH'{'()l'clill~ 10 till' houudurv luvor IHll'lIllll't!'l':;, flu' 11'1'1111 towards
illt(Il'Hl'('(.jOll It I t hl' downstroum pal'l of tlt(l curv« 1){'('ollll'S lJIHl'kl'(i. Thill clour
lillli(.illf~ t.('llt 1!'11t,~,liN'!' ('oillt'hlc's wi t It I hI' \'1'1'1kill miYlllptol ic lu-hnvionr ul t h(1
t'l'ilkal Hl'YIlOIcIK 11\1111111'1',

10.0.3 Celerity

TIt(' ('('Ic'1'it~·or phnso HIH'!,<\of I Ill' ueutrnlly uustuhle l'i~\('ll\,lIhlt' is cl(,Hil~lInt!'cl as
('[('ritl' und illdkatl':1 ill hrond tonn« tho 1I11I\ll'1' (If till' .llsturbunr«, III tho ('U1'1'('1I1
itlVI'HtigiHioll, tho rnust uustuhlo lIJ()(\fI iH 11wull iuodo with valu« ill('l'('asilll~ from
1\1 till ~ O,·j a! till' inlet to ::::: n,li III t he' JaH! 1111:->(Ithlf' HI ntion. The \,11111<'of
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TIll' liehavlour of till' ('Hl'\'('~ towards till' rlownstruuu ('1ll1 is llotablt,: !)(I11t (lata
1'1ll'\'C' hll'ougly IIIIWltl't1 hl'l'(' awl appl'Hl' to III' n~YlI1Jltotk to a \'<'l'til'a! liuo,
TIll' ('111'1'('111(lata however I'XI1'11I1tin Silva's I'l'snlt;-. hv 11101'1' thau all order of
llli"~l1itlldl' ill HI'~'llOhis 11111111)('1',tlu- last puint Oil the' ('lIlTl'lit (latal1 pOK~I'1:~n

illl~it I'l'itlt'al HC'Ylwlcl~ 111\1111)('1'of Jlt~.!('l'it· j,I\ iiU ('olliparl'ci to his value or
llPlll'oxilllatl'b' :iIiOO, Oal't~ill~aill c1h!llot lab, his l'illt'tI!atitlus Jill' ('[wtlnh down-
stl('am 10 iwlimtp 11IIY I'll'a!' limithu; iH'ha\'iolll' ln-re. This vortlvnl as,vllIptolic'
holuwiour Ill'lllllph'li flll'!ItI'I' Invest il'.a! ion of !111's,\'"tc'llI, TIll' 111'(':->1'111'('of snrh
all m:,vllllltlli (' b: hUlllll'! aut: it S I'xhitl'nl'p wUIIIt! lmplv Ihal tIll' rouiuiudor (If Ill('
}IipI' downstrrum of lid:; point wunkl nnt exhibit linear illhtnhilit~" This Iimithu;
hehuviuur i:, ('um;hll'lt'll ill fiPc'lilln lIi.:i, I, bill lirst IIII' vurhuiou of Ihl' I'I'Himl
\\'a\'c'llll111iwl' awl ('I'\(ltity 011'1'Pl'l·}'('lltt·<1.

16.0.2 Wavenumber

'1'111' ('l'itiml Wi\\'l'UIUllhill' (\il'1'il] iii Ihi' I')littinl fl'l'lllI('lll'~' of till' IIlIlS! unstuhlo
(lif1t U1'lIalll'(' ill thv pi}!(' ('1111'1\111'1'.III t Ill' ('n~(' of till' Ioinporul sl ahilitv aW1I,vsiK
IN't! hl'l'I', Ihi!l llill'llllll't!'l' iH roul-valuod. TIlt' vnrlat lou of Ihi' I'til kal wavouum-
liN' \\:1 h ,I' is !~i\,1'l1ill Iif~lln' Hi.'l.

20

15

u. 10

0.002 0,004 O,OOb 0,008 O.ot

x
10'1/\111'1' Hi,,1: TIlt' uxiu] vnrlntlou of lIlt' nit kill \\'i\\·!'I1111111H·I'. 1'111'nxisvnunvtrir
tlh;tlll'lmlll'('K ill ~ilt·!lIIY·Htl\ll'llip(' ontruur« flow,

TIll' eritlral \\,1\\'1'11\1111111'1'tlp('I'!'iIS('!' l'iIl'i(ll~' Irom il1lil1il~' ut thv pip!' inlet with n
111'1'I'1';\;;il1l\ 1"1(11)('. 1111'11 1\l'iI<111illl,V H}!pl'lHlI'lll's ZI'I'U. Fill' v"I1I1's of .1' II\'I'HI1'1' t hall
n.UOH, t he' rurv« a!win itH'l'l'HSI'S ill SlOPI', ruul HPllt'IlI'S I II illll'I':-I('('1 alll'llill h' with
~"°Il"~H~i~ii~~;r;;;;';t7'I;h:'1,~:~(il;:;~~~,:li,ti(i1I1'[1h~' illll'rpoialillil llt'twt't'1l Iht· \'t'lntit~· IlrolUt'!j ut
till' III!joilliul\ (lI\lWfl.I.uhatlll puint«, Willllt II ~1H'('tfO\l truusfuruuuiun.
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FiAlU'I' lU.:3: '1'111'axial variatiou of I Ill' nilit'al H('Y1Wlds llllllllH'\' hiUWt\ Oil
dlsplnrvmont thidm('HH, for llXiS,Vlllllll'tl'k !IiHt1ll'1Hlu('I'H ill SI!'iu\Y-Hta(.(' pip!' ('II·,
tl'ltlU'1' How: 0, 111\Hi}v1l (WOO); ,Ahhot tV M01i~ (l!l!J·l): ., Blnslu« lIOIIIH\i\l'~'

layl'l' limit UI'h.[t'l'it} ,:, IilO.OU,

sulutlon however, [U'('\\l'n('y WIIH lllailllnilH'(\ ill thiH lhuit h~' ilH'I'('a~hll~Ih(' nrdor of
solution. This W1lll110HHihh\ hp('lUIS(' of the' inllulte-unler ('(llI\'I'I'gl'lll'(' lH'luwjolH'
I'xhihil('(1 h~' Iho Hlh'('ll'nl approneh,

'flip Blasills h()\llld!\l'~' IIlY('!'sli\hility limit of ]{('~'{I'l'iIJ ::: Ii1ll,OO is shown ()U
t11(1\'(\1'1 kill ltXiH, Both dallt u!lpl'ondl this limit r1oH('I~'; IIOWl'\'(ll' thnt of rln
Silva !ll'tHally (lips Hlip;lldY below tho value of 520 1>1'1'01'(\i :.:[)hi nPlll'IlIl!'lH'll,
'l'h« ('Ilt'I'('UI. clata initially IwadH tOWIlI'(l It pnint much higbt'l' thuu thb value,
c'Ul'viug IIOWll to 520 quito abl'lIptly, This abrupt behaviour ilHlil'all'H tluu. thl'
('If('I,ts of thl' IlXiHYlllllll'll'Y 1\1'(' HUll provnlont (1\'('11 \\'11(111 lli(' IHl1lll(IIlI'Y li\~'I'l' is
\'('l'Y thin, HI'fo1'(1 t 11('('Ill'l'l'llt data horum« uvniluhlo, it waH t hounlu that thel du
Silvn ([alit [as ('OUII'IISI(',1 to tilt' Gal'g (1!IHl) l'('HlIlll'l] wa« UI01'I' lH'I'Ill'all' t(l\\HI'(1H

111(\inlet pluno, pl'illlarily <\11('it:; illlPill'l'llt bl'll!'1' aud uinr« 1'1'I\ulal' l'lJlIVl'l'gl'll('{'
to the' lllnsiu» stability limit 11!'1'I', '1'11(' Ual'r; rosulrs appl'al'!'cl 10 hI' hl'utiiuH
Ion limit illg value unu-h highl'l' t hau t lu- l'01'I'I'I't 0111', This HI'I\llllll'lll WilH WiPC 1
h~' cia Silva k MOSH (1!l!1l) to iuli'l' 1hI' l'ot'1'I'('tllI'SS or (heir datil, 'I'll!' jll'l'Sl'ut

datu shows all icjl'util'al 1I'I'1lci to ({nl'g's l'I'KlIltH Jill' intonuedluto \'ahll'H of .r, IIi-!
moutioned C\i(lllilll~ to il1t('I'II(,I't th, axiH nt Ii:!!) quito nhruptly, 'l'h« 'lururnxt'
trourl aP11111'('l1t ill \lm'g's l!:tla dI'SC'l'i1)('ll h~' cIa Silva <\", ~r()SH (1WI,I) was IhllH
only (!til' 10 hiH not porforming {,lIklllal ilHIH dost' ('uough to t hI' pipl' ill!t'tlO,

WUH pWisihly uunhh 'j (liltaiu nitkal H(I\'llnltls niuulu-rx auv rlOS('f tu Ill!' iulot (hl!' In

lhuitutlons In hiN nnmorirul npprnarh.
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10.5.1 Displacement thickness Reynolds number

While' the :i' • Rt'[(,l'it] co-ordinute system of figure Hi.l might. well indicat« tho
disparitio« hC't.W(I('l1 the dilf!'l'(lut data, th!'1'!' iH 110 lllC'1U1Hof diroctly illf!'l'l'ill!;
which datu iH more corroct in this framework. 'l'hh; il-l primarily hp('allH!' both
towards til<' limit i ·A (), nurl for ilU'l'(lnHiug .i', the rriticul Hc·yuoldH iuunbor of'
t.IH' flow iU('l'!'ItH!'H wlthnur bound, A far more monnlngful way of viowlug tho
hohnviour of the Ilow dOH!' to t 11(' inlet iH hy tl'tUll-lfol'millA til!' HYnt('1ll HIt('h that
all variahlos are scah'd a('('o)l'diug to proportios of til!' thin boiuulnrv laver. This
npprnnrh was urloptorl ill t 11(' cont oxt of til!' laminar hnse How in dmpt!'t' }.1,
and was IIH('(1 in \.Ill' paper by dn Silv(\ & l\ioSH (lOll,I), also in tho coutoxt of tho
pip!' ('ul1'I\11('(' flow. That tlt(' boundary lay<,l' fnunrwork 11-1valid ill thiH ('ouh'xt.
can h(' shown h~' shnplo 111Ih'('I1('(', COli sidor It pip<' eutrunre voloclty profllo
cnnsisting of 11 thin boundurv laver matched to It unifonu COl'P now, SUPPOH('
nlso that tiliH particular wiodly profile POSS{,S,H'H It mlnhuuin critic-al Royuulds
1I1l111hpl' Rf'[l'l'it.] ,C;' fT1C'l'iqR/I', Such a profile, a:; til!' houndary layl'l' t'hi('ktll'HH
nllPl'ondH'H Z(,l'O, wll haw 11 value for Ht'[!'l'itl tlmt ill('1'PHHPH without hound.
simplv b(\('ltllS(I IIH' Hlability behaviour of H1l!' I it :.;yst('1Il iH it h011111lal'Y lay(l!,

phouomonon, If tIl!' Rovuolds UI\1l11l(\t, HI' ls 1'l('lti('(1ac'('()l'dillP; to th« \Jollu(lal',V
Inver diHlll(u'C'IlH\llt thkklll'HH b* / R co: 2(1 .'" !~~)1111(1 tilt' coutrellno volncitv 11(, m~

(10,23)

thon tho value of HC'b'[t'l'it.] should ftPJll'oltt'h thp boundury lay('t' Htahility value of
aPPl'oxinmtoly li2() liN tIl(' bouudarv layer thlcknoss b* / R ~.~n, This iH Iw('mIH!', in
thiH limit, (11('hOlllldary lay('l' IOH('1iknowledge of itN pipo-liko untur« and bp('Olll!':;
moro like n, Ilut pint. llow, U:;illg tho dolluiticu (1U.2:3), a transfonuaeiou ('lUI 1)('
d!'lill('(1 to culculato 1:11(11l1lIll'Opriltl!' value of n('~.[('ritJ when giVPII UI'[nitl' TIlIH
Ii'! !1:; follows:

(10,2,1)

UHilll~ cquution (10,2·1), the datu offi~IU'(ll(j,2 ('IllI\H' tt'IUIHfol'lllPd into it houndnry-
IIWPl' liko Inunowork, 'I'll!' I'C'HUlt of applying thiH cquutiou to tit!' clatn is shown
ill figll1'(, lO,a, Till' llata of cia Silva (1H!lO) iH HlIl)('l'ilu}losl'cl Ior ('Ollli .urlson,

AI' ill Ji!~lIl'!'10,1. thl' two 1'('1$of rlntn shown ill til(' figu)'(' agn'l' fairly well, 'I'holr
t\l'viati()1I from 011(1 unnther is gl'patclHt to\\'nt'(b~ til!' pip!' inlet, 'I'his wOI1Ic1 ho
(lxpl'c(',l COl'two l'(\!\HOIlS, Fil'Htly. tIll' muuorical HYKt('lIl 1'Pl1l1i1'P:; hip,hl'l' uccuruev
towards the houudnrv layPl' limit and tho liuitp·(IiIl'('I'I'Il('(\ ,Whl'lllP of lilt Silva
Ihl1i'! Sl.OWH iti'! d!'Ji!'i(III('y h('I'I', S('('OlHlly, t 11(1error duo to til!' vot'tidty tmIlHJlOl't
fonnulatiun would also 1)(' {'X!w('(pd ttl \)(1 hi14lll'l' ill thi:; limit, malulv duo to
till' hi~lll!'l'Hpatinl ral I' of ('hang!' ill tlio Ilow lu-r«, For t hI' ('I1I'l'PIII. H}lI'('(l'lIi
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16.4.3 Method of solution

Equatlou (16,20) is Him!>ly au aip;l'ilrail' matrix pip;l'llvaitl!' problem and iH paHily
solved IIHilll~ -itnndurd 1111111('1'[(oalHO[tWI\l'C'. The ('I111'('11t problem waH solved IlH
heforo using 11I\tl1\1>standard routines. Th« relevant Mntlab H('J'iJlt~ USN! for
rho solution an' to bl' found ill appendix D, Notably, Mutlnb provides the qz
algorithm [Wilkinson (l!Ji!J)] which allows OUI' to obtain diroctlv IhC' <'ip;c1llvnh\('s
and oigeufuur+ions of t 11('syston: Ior till' various hasl' flow profiles invostiguted.

Solution order was tnkou as N =: ~() for most or the solutions ohtnlucd. Ill"
vestlgntion of tho Ilmitiur; hehuviour towards rho inlet UI'('C'ssitatl'tl til!' us!' of
iUC'l'l'llHPcl orders of solution. All solutions W('1'!' of ('011l's!' und, rtukou 011 has('
flows solved ill previou» dlllptC'l'H, and fill' t!tiH rC'HSOU tho dimcusiou of t.h(' hml('
flow ('ocHiri('ut vector II was fixed, in most ('as{'s also at. N ::.;:~(), Tho strong
advantage of tho Tall method was appnroiu horo ill that no umn-hing of dluu-n-
sion WILHlU'C'('SS;U'Y botwoon tho basp Ilow !\lle! stahility invostigutiou. Thus it
WIIS possiblo to solve IlIlY cmuhinntinn of bnso flow" sl ahility order".

Limiting bohnviour ()f tuo system for rariy tiUlC'H nud H11OI'Iaxial c1bplac'PUH'lllS
was dotermlnod by obtnlnlug stahility 1'('1411.(14for the error Iuurtlou prolilo and
Blaslus bOIllH!a1'Y Iny('1' solutions 1'(ls1>(I("iwly, th('s(l hpill!~ til!' PI'OPN' limiting
bohavlonn, of the systom ill these lhnlts''. 'I'ho rceout pall!'l' by Abbot <'I: XV!OHH
(l!J!):!) illV('Htiglttl'c1 IluI stnbility of tho HtI'IH!y"stat(' pipo Inlot and found that it
possoss«! !' llitill~ st.nhility hohnviour ('Otlltl1(1UHII1'I1.t(' with its b('{'OllliuA Blasius"
like'. Llmitmg :;tahility hohnvlour of tho flow as f --t 0 has, with tho exception
of till' qunlltatlve st1\(!~' hy Moss (l!J~G). not iW1'1l illvl'stip;alc'(l ill tht- llteraturo
nnd will tlms 1)(' ('()\'C'l'(I(! horo in SOUH' dotnil. Whnt Iollows is tho Jl1'P:o;t'lltat ion
of t he stability data, firstly for tho HI ondv-srato (Impulsively s: nt,! pel) IWSt<'I\lS,

aud lntor for tho more APllC'm' "xpoul'lItial !'asps,

16.5 Comprehensive results

Tho nhov« soction \\I\S primarily ('OIl('('l'U(I(! with comparison of til!' Ilt'PSl'llt rlnt a
with t'Xistillr, l'C'SUltH, What follows it' t ho prosenn.tiou of tilt· various IHu'aUlC'tI'I'S
ronrornitu; tho stability of tho HtC'it{ly pip!' entrunc«,

~IC tho hnso llow is of II hi~hl'r ordor than the' stahilitv svstvm, thou thl' extru (()l'l!kil'llts
of til(' hns!' flow will simply bo illllClf('t( hy trtuuntiou. If tho stahility ih of iI ~\rc'ilt!'f 1lI,tc'r than
tIll' bnso flow then tho solutiuu will 1lC'CtII' It hilS,' Ilow vector with oxtru zc'roC's aPIlC'llCh'!1 up
tu rho cmh'r of tIl!' stnhill! v svsu-m,

"Tllt' hl\'C·stl~llt.i(l1l of ;'llIl'lltC'l' lli HhnwC'(! thnt tho hasp-!lu,I' \wlmV\'s lilu' II IllnsiuH 01' II
parullol !lilt."p!nh· houudnrv Inyc·r in thoso lhultx rosportlvolv.
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namely (10.8). TIH's(I ill tho Tau :;ystPlll become

(lli.l1i)

W!tN'(' JJ II is simply uu N x 2 mutrix of >wr()(IS and J1t. is l-\iwlI hy

(HUG)

As before, the applil'atioll of thps!' boundary ('OU(litiOlls uro currk«] out h,vmoans
of It simple uuginontation, If the oquutiou (Hi.12) is roprosoutod ill II more
compact notation as

(W,17)

(HUH)

(W.lD)

then tho full systPlll to 1)(1solved munerically is

(lG.2D)

with

(W.21)

(lIi,22)
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16.4.1 Basic equations

Consider again eqiuuiou (16.6), aloug wit 11 t 11('oporators (lG. 7) and boundary
conditions (lG.8). All til(' tonus in (16.7) ar«, after multiplieatiou through hy r,
members of tho HOt. Q of' operators with pclvuomlul coollicicnts (14P(1 section 12.2
fot' !\ ci(,taUt'll dh.;('u"lsioll 011 thiH family of OPP1'atOl's); th!'y can tlwrd'ol'e he
formulated directly in tilt' Tall systenr, U:;iug (lip th(lol'Y of chapter 12, tho
annlogues of tho equntion (lG.6) unrl oporators (lU.7) in the Tau system (uftor
nurltlplicatlon by 'I') are

(\~:(,I~[I> + (1l- 2(2) (J + (\1p:1] ::::
In(J - n2Ji:l] (R(17) - r'l) - (f~['R (111')]. (lG.12)

j> ::: 11'1 il:! + UI? 1)2 -l- 31,2,1~ a'l
ej "" if}. ft:l + :llil12
l' _- 1J2j):1-11112•

(1li.13)

Tho porturbation strenmfuuction ill tho Tau :;YHt(l1U iH doflned UH

(IG.H)

where I~ iH It row vector of UUkUOWll ('o(,md('llls onto t IH' Chebyshev bm..iH V(I('tOl'
i'. Tho infinito llmtric('H 1/ ami Ii a1'(1 (,j)(' (lifft'1'('utiali()11 and polynouiiul Hhift
opomtors l'('s})('ctiV(lly.T11!'s(I wore defined ill S{\('tioll 12.2. RO is 1110 polynmulal
convolution operatnr, TIll' matrix I is Himply th!' itll'lllily matrix: tho roiuainim;
tertus (,I\l'l'~' t.JH'i1' llHlH\1 meaulng«,

Th« UHttl'ie(,;l ill tho SYHt('1ll(10.12), (lO.l:n aro of ('OIll'S!' lnlinlto, A solution
is HOW sought ill tho aubspaco J>N,.l of polynomluls with order 1('HH thau N by
truncntiup tho uasouibled SYHtl'1l1 at dhueuslou N x IV. TIll' Sl'riI'H solution (lG.H)
would 1)(1oxpoctod to ('OIlV!'l'p,'<' uullonnly ('Vl'l'yw\t('1'(1 to til!' ('XiW( solution Ilt
1\11 order p,l'(,ltt('1' limn any power of N. Bt'i'ol'(' Hll('h roustructiou and solution
('1\11 tuko plnro however, the relevant bnmulnrv ronditiou» must I){' HUglll('lIt('d
to tho lufinito muuoricul svstem (10.12) in onlor tim! th(' resultant solution Ill'
unique.

10.,:1.2 Boundary conditions

'1'11('boundurv ('OIHlitiOlIS 111'0numuoutod In an irlontlcal Iushion to section l:i.1;
h()\\'("'P1' ill tho '!'l'SPllt H~!st('lll tlt('l'<' 111'(1 oulv two rourlit iuux to 1)(' appli(l(\,
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rclat ms. If 011(' was Interested ill the linear growth rate of tho disturbance,
then lie purticulnr nature of the SclU'lIH' (touiporal or spatial) would becomo
impor tnt; hOWPVN' such It study would quite' probably 1\K!' It direct simulntiou
and no a linear prodictlou anyway. Thorofore t he temporal snulv of liuourisod
disturl» H'Pi'> in t.il(' prosout context of ideutifvlng tho inception of trausitiou is
a l'('HS()lI; ile oUP.

While the '1'('ak<lowlI of roal flows is It compllcatcd uou-llncar prOC('HI', tho sim-
ple linear s ibility analysis ('HU he used as tIt!' leading approximatiou to it finite
amplitude s ibility analysis. Direct numerical simulut ion of transition hy inter
alia Sandhu. I & Klelsor (UW2) vindicate linear stubility t1H'Ol'Y a:-; all I,'('U-

rate descrlpt, . of the initial stag('1i of transition ill an envlroumont whore Ill'
background d. turhances are' small", TIH'Y show authotitativoly that tho liuear
modes are tho ' selected hy the later 'Iulhnoin-Schlichtiug \\,aWK that develop
on the way to \ 1(' formation of A vortices ill Ill(' flow. TIH' secondury stahility
behaviour of tit flow hevond the linear domain is well d('scrilH'd ill this pa-
P('I', w1111('the w, -k by Herbert (HlHH) affol'ds an oxecllout stuninary of recent
thinking ill this st ljC'('t. Tho purallel linear theory used !tN'P is thus (lil'(,(,ti;r ap-
pllcablo HS :t loadh , ('1'111 to a Iinito-umplitudo study of illHtllhility. The parnllol
results arc howovc, Hot useful if uon-parallol ('Ifp('!s arc dominant, and ill this
("\Ii(' other methods llIust be used [S('(' for instanr« Gnster (1!l7.1)], Howovt ., it
has boon shown by Moss &; da Silva (l!lO:i), and more rigorously ill Abbot Ss
Moss (100:!) that 11 .n-pnrallol effects uro wholly lnsigniflcant in pipe ontraucc
stability. These twc studies nro ill ngrcoment with tho munonrnl simulutlon of
Fasol & Konzclman (lnDO) which shows, in tho context of flat-plato boundary
layers, that non-pro LIM dl'('cts haw rorently received 11101'(' proiulucuco than
they <10S(,1'Vl', This aper shows that tho various uou-pamllel methods' agroc-
111('111; with theory If! instance Bouthlor (1!li2), (Hli3)] was fortultuu»,

In conclusion, tho \I [' of parallol temporal linear litllbility theorv for a pipe'
ontranoo region is It v lid approach to adopt, ill 01'<1(11' to dotormlno tho lnrvptlou
of lnstabllitlos ill thi. system ill tho absonco of bypass ('{['('!'Is, A subsequent
section dlscusso« tIl(' '1\('1\1' stahility of the' impulsivply stnrttxl pip(I ourraure.
Rosults art' presented I cornpurlsou to (lxisting datil, ill order i:llllt tho current
approach he verified. 1 owovor til<' oporational-Tnu formulation of tIl<' unstoady
Soxl equatiou must ho 'rst glvon,

16.4 Numerics formulation

Numoricnl fonnulation of a rolatod oigouvaluo problem - tlt(' Orr-Sonnnorfold
oquaticu - was glvon ill sl,(,tion 13.1 of chapter la. The (\!)pl'ollch hero is equiv-
ulout and relevant intermodiato stnp;<'s !U'O givou for rotuplotcuos«,

~allslti()1l1n lUI l'1~'irmllll!'nl whor« tilt' h1ld(!lI'()\IIIII!lt'rtllrhatiollS 111'1' not ~Illl\ll iH ~\lhjp(·t
to such ('lI'pels ilH 1I111111S8 trunsitlnu [S,'I' Morkovln .\: I!l'HhutJw (IOR!))I,
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and spatial stnhility chnractcristlc» of tho flow respectively, The temporal sta-
hility of tho flow is determined if t 11(' wavenumber n of the disturbance Is taken
as Hxod and 1'('a1. III this caso tlH> above equation 1'('(llI(,ps to a linear differential
oigouvaluo problem of the Ionn

(10,10)

with tho (piprity (' t h(> gouorallv complex ('igpllvaitH', If however t he spatial
stahility of tho flow is to \)(> investigated, thou c is taken as It fixed real parameter,
and tho spatial bohaviour of t.ho flow is detormiuerl hy a uou-linonr pigpuvall1p
problem of tho form

(HU1 )

By far tho oasior mode of stahilit.y to iuV<'stigat(' is tho temporal (HlP, IIpl'P,

oquntiou (lG.10), indepondont of t.lio type' uf 1111111(,l'imischomo used, reduces to
it complex Iinear algobraic nuurlx-olgouvnluo problem when fonnuluted munorl-
('Itlly. AH such it can 1)(1solved IIY IIUY 011(\ of It 11111111)('1'of algoritluns sultnhlo to
such problems. A standard uppronrh woukl ho to nso the QZ algoritum [Wilkin-
sou (197!))] as It 'black-box routine in SOUl<' hlgh-lovol mathonuuk-al computer
laugungo such us Matlnh, Iterntive (shooting) t('chuillllt'S could also ho employed
ill SIWIt It ('I\S(' thy roformulatlng (lG,10) to resemblo an initial-vnluo problem],
hut with tho prolileratlon of modem (lirp('( Ip('huiqllps, such !\II approach is
hardly justified. Till' nmltlfnrlous approachos [or tho solutio II of this SYS(Plll aro
intPl'ostillg Iroui It hlstorical perspective, lind tho reaclor is 1'P[('rl'('<1 to da Silva
(101)0) or Draziu & Hehl (IUtl!) for detailed infonuntion.

Numerically, till' spatial stlthility Ionnulntlon (HUl) becomos lUI alg(,hl'aic rigou-
vnluo problem with the eigouvalue (\ putpriug ill a polvuomlul lllIlUIH'I', unrl a
simple moans of solution is not rendily upparont. Ilowovor solutiou mothod« have'
heen proposed and HII('('pssflllly implemented Ior this pruhlcm: Watson (lUG:.!),
Gastor (1!lG5), and moro l'('('('lltl~' Bl'hlgps.\' Morris (HlH,la, lDH.jh), Notably t ho
Iltt,(pl' uuthors (liscllsS solution to tho spatial stahility of a shuihu' houndnry IIW!'l'
usillg It cotupauiou-mntrix approach, Their numerical SdH'llll' usps it CIH'hYHlw\'
method, hu, tho mnin romploxitv ill all ('asps liP,,; in Iho Ireat mout of t ho non-
llnonritv itself, and thus t1H' dilliculty with th(' spalial PI'Ohl<'11l is ludopondont
of tho method lIS(,(1. Of courso II\(' rolatiouslrip hotwoon tenipornl nnd splltial
lnstnhilitv is dis(,UHSNI ill tho woll-kuown puper hy Ua~tPl' (WO:.!),

'I'll!' spntlnl approach has boon forwnrdcd liS tWllIg more rptll'ps!'ntal ivo when
lIs('d ill romparlsou to oxporimontnl rosult-, whor« Ior instHlH'1' u rihhou vihral('s
at 1\ fixed point nud tlH' dlsturhuur« grows sJlatinll~' tliorelrom. Whil« t.his is 1\

valid viewpoint, til(' stlldy of tIll' inroption of instnhility is nllall'('('('(\ h~' this
armuuout 1>('('UIIS(, it iH inhorout lv ('OlH'Pl'lH><!wit h 1/('11/1'111 dist urbanco«, at which
J ,oint t IH' tompornl and spatial rosult s nro pql1i\'nlplIt hy virtue of OnstPl"s (l!)(i2)
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glvou hy tho relution

(1i,li)

FiA111'(11i..1 shows t 11(' variation 'If this parruurtvr wit 11 Ihilt', for till' Iull ra1llV'
of a('('pl('ration lHl1'alllt'tl'l':-I ('Olll,;J(lt'1'('(i.

i
Figll1'(' 1i"l: The tr-mporul varial Ion of t ho nit kal (liHlllll('PlIll'llt I hkklH'liH wave
numlx-r ill PIU'1l111'l, tompornlly (ll'w!opillg How, for (liS('I'plt' valuos of IhI' uccel-
orntiou pnrnmoror: (It), H ;.:::0; (h), 52 :::.: IU; (c), 12 20; (II). H ao; (1'),
H :;:, ,111; (f), ~l c::: 50; (g), 52 "" 00; (Il), !l r.: ro.
10'01' tiuu- I('\'(), all Ihp data aro 1'l('Hl'ly ('OIlWIW'llt Oil the' error Inuctiun limit of
(\~. :;::;0,2,10 1. As Ihno Ill'ugl'pSH('H, all I hI' ('I11'\'('S show It ('OllHi~ll'llf cll'('l'pllSI' ill

tlliH pnuuuoter townuls zoro 1lH timo pl'OI~r('H:;I'H, For thp 111)11 ar('plN'afillg ('1\1'1',

t lu- ('\Il'\,1' bends Htl'Olll\I,v downwards. This hehuvlour Iurthor "II'('l1l\lhI'1IS till'
il1f(l1'('1\('(' that I II(' nil kill Hovuokls muuhor bpI'ollll's illli uit I' at II ('1'1'1::ill Ihue".
1'01' I ho 11i[\h('I' Il('l'l'h'l'atioll ('n:;ps, tIll' dat a cl(lI's lIot show a~ 1'i11'0111'.It <il'sl'pl11
t () zero, hut t his is (ill<' 10 the 1III,It of sf ahilil~' dut a fur Iho Iurthor rlowust ruun

w!o<'ity prulilr«, Again 1111'('Ill'\'(';o indlcute tluu tho linn! il1!"!lhilil~' thn« O(('I1l'H
(,lIl'li('1' Ior ilH'l'I'IlHing !l('('l'h'ratiOiIH,

TIll' Hfahilily (latn jll'(,~l'llt(ld IH'l'I' uro tulmlutcd ill uppoiulix C, ; III' lahl('~ Ihl'l'p
show 1111' varint ion of thl' relevant !'I'itit'lI! punuuot ('l'S wit h t hu« lill' ouch va\111'
of tilt' il('('1'I<'1'Il1 lou iH\'l'sth~IlII'(1.

tht' arr.ulllt'nt IIfl'st'nh'tl in tht' pft'\'illlls Io('rtiun, nnd thut ruutuinrxl 'li AI,' lit. & ~r(l~~
O!l!)'!) Iur furtll!'l' t'xplullatiun,
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i
Figlll'P 1i ,3: Tho tl'lll)(lral vnriutiou of till' l'l'itknl displnreuu-n! I hkkll('I-1~
H('vl1oItIH 11111111)(11'ill pnrnllel, temporully (1l'wloping How, fb1' diHl'l'('I(' vallll'H
of tho 1t<'('('I!'l'atioll pnl'alll('tI'1'; (a), S~ ,,;; I); (II), S2 '" HI; (I'), 12 :~: 20: (I), Sl :":: all;
(e), fl c:: ,10: (f), U :co 50: (g), !!,...~(i0; (11), !l ,""rn.
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TIIP (,1'it;ic'nl H!'Ylwhls uumbcr hnsod (1lI displnromont !hkklH'SK inerousos away
Irom tho ('1'1'01' Iunctlon llml: for all VahH'H of S!, The hnpulslv« ('111'\'(\ initially
HllOWS It wry gra(llllli hl<'I'Pi\s(' then later 1'Ill'1IS I-Iha1'Jlly upward. For lurronsing
valuo« of t.lH' 1\('('<,h'l'lttioll paramotor Ihl' ('\Il'V!'H show n strongor iuitinl upward
treud, All tho curves oxhiliit It slop« tIm! ilH'l'('It~(':; ('olllhllllllly wlth titU(': I'm-
titl'rmlll'(" t.1t(,j' (Ill not intl'l'Sl'l't, I'llI'll nt 111'1', 'l'hiK illdit'ltl ('s that tlll' IInw enrro-
iii ,Hlill!,; to (':t('h ('1I!'V!' «xhlbit» uo JilH'Ill' instahility bovorul u cortuin tiuio, awl
that till' vnluo of this HIliI' <i('('!'!'IlSl'S with all itu,t'Plll1inv, 1H'('l'It'ralioll punuuetor.
POl' th« lmpulsivo ('as!', 111('('1l1'V(l is uhunst Vl'l'lkni al its dowustroum oud; iu
fltl't uo iUHtnhilily limit (ht'Jow HI' r loti) rould IH' found 1'01' lit(' w]nt'ily pro
1i1(l following that 0111' ('Ol'1'('HIHlll(lillg to til(' IiISl point nil thiK ('II1'\'P, Fill' Ilnws
wit It ill('rl'aHhll~ VllltWH of litt' 1l('('P]I'l'ltl ion P<l1'IIIIII'II'I" t itt' 1-110)11'of t h(1 ('1\1'\'('11al
Rt, ::::::lOr, Will' stil! 100 I!;radllal In allow il!TlII'i\!P prodirtion of th<'ir filial potUI,
of illst IlhilHyn,

TIH' wuvomunbor (\ d('s('ril H'S I Itl' li!lI't ial fl'I'111I(,Ill'y of I:hl' nnst all]!' (lisllll'lmlll'p,
AI< tho i:!o'Hahililj' is 1\ hOllll<iil!'~' In}'!'!' pitI'IWIlI!'1l0U, lt is apt to l'ollHitll'l' t Itl'
WI\\'('lIl1l1lh(,I' wit it 1'(';;]1('('1 to IIH' liouudury laver <li:-;]>III('('111('111 t hidclll'i'H-l, and

III111H'rknl MI'hC'lIll'fur HI'.\'llOhhllllllllh('I',4 nhu\,(1 Hl~ l'pqnin't1 im'f('uH('(iul!il'f of solutlon
tn inuintuiu good IU'C'nr!l(',\', Fnr till' hilllll'r IIC'('('!t'ralilll: IIm\'H, tilt' hil\h Hl'~'lIl1lthi number
(". 1i)lll Ilt whirl; thiH Ihuiling \lI'lm\'imu' iH showu murlo c'IlIrIlI;ltillll~ llllfl'i\h!hh"
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Fig1ll'(, 1i.2: Tho variutlon of tlu: minhuuui nilil'ill Reynold» 11111111)('1'with (u'_
coloration lllu'alll!'ll'l' lu pnrnllol, h'llIpol'ally th'\'('iopillg How.

Au lutorestiug compnrlsou cnu ht- drawu hetween tIl<'minluuuu rriticul H(I~'llOhb
I1\11U]>('1' for Impulsive flow (H :;::0) and t]1(I oquivnlont value of Rt'[!'l'itl :.:;:11 Ii(jj
obtainod for til!' Ht(',uly pipe ontranco Ilow in tho provloua st'('tiou. 1'11('minimum
value for tho impulsive pnrallol Ilow il'l RC\t'rHI ,= HI ~li!),upproxluuuoly twin' tilt'
mngnitudo of tilt' Ionnor. 'I'hue, 1\1'11t'1'1\1Y t 1(1 illlJlllhliwly Htal'l('(1 c10W11HtT!'1I111
flow is far more Htahh' than Ih(' 1'1lt.1'1Ul('(I flow,

AH ill tho ('IlSI' of tho pip!' (1111'1'1\11('(1now, tit!' rrlt irul Hoynolrls number fol' cic"
{'l'(I(lHillg hcuudarv luyor thickness (h'('!'('!ll'illV time) hp('mllt'l' lulinlt«, 'I'his is
duo 10 tho l.euudarv-lavo» liko nat uro of tilt' How ill this liuilt, hlHtllhility [01' all
tho Iv'('pIc'l'fl.tiOlll' OC'('lll'S onlv when thl' boundarv IIlY('l' hi thhu tIntS al' h(,ron' it
is uppropriat« to !'wal!' titP critirnl Royuokl« 11111111)(,1'lIn'ol'dillg to !h(' boundary
layor Ill'

(1 i.d)

'1'11('1"11111(1datil al' ill lil'.Itl'(' 1i.l is l'('prt'sC'utt'<i sral('d wit h l't')'ill('('! to dl!' hound-
ar:v lnvor ill 1ir;1\l'1' 1i.a,

As ill t 11(1 previous )'il'(,!iou ('Ull('t'l'llill~l\ t Ill' pip!' ent rnnro "~'K!(1111, !h!' lUW of !his
ouliuut« iUllllt'tliatt'ly )'('lllOVC'S t hI' unbounded behaviour ill 1It(l limit towards
I ~." II, ('It'urly appureut i:-; that Ill! !h!' ('mv('s show ;\s au ils~'lllptolk limit 1h!'
orrnr-Iuuetinu stnbllltv value (17,a), Iloro a~ ht'(\Il'!' t h(' I'If('('! of tilt' iI('('('h'mt lou
lH'('Olllt'H illHif!,lliflC'l\llt {,t'i b· (lhniniHht'H, with nil ('l11'VC'Hl'h()\\'illl~ 111(1SlIlllp initial
poi lit.
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17.1.4 Critical Reynolds number and wavenumber

Tho variutlon of tho critical Reynokl» 1lI1lulH'1' ill lim!' lin' rurh i\('('plt'rat·ioll is
shown ill liglll'(' 17,1. Tho vertirul axil. is giwll Il:-lillg a Iouaritlnnic ~('i\II', ill

rlor 10 hC'tt('l' show tI)(' larg(' variatlon ill tIlt' rriticul HI',VuoldH 11111111>1'1',
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Figlll'p li,l: Tho tomporul variatlou of I Ill' crith-al H('YII()I<l~ uuuiher ill 1><11'1111('1.
t(\lllJl"'ally (!('wloping IIow, COl'd is('l'l'tl' values of t ho lH'('plt'rlltioll pununotor:
(a). H ,,,,(}i (I». f2 ."" HI: (o), S! :::.;20j (d). H :c., a(1i (1'), H ,_::,10; (f). !~'"!in; (f~)'
1i ::.::! (iO: (11). S~ ::::;rn.

0,002 0,004 0,008 0,01 0,012

AI". tlmo hH't'('lIS('H from zorn, all til!' ('II1'\'('H show u rnpkl d('('l'1'11S(I to it miuiunuu
point" This minhnum point O(,('Ill'H Ior ill('rl'lIHiug vnlues ('. 1111' .w('('(('mt ion pa-
l'IUUl't{'l' nt, Hll('('(,HHivply {,llrliN' tilll(,S und highl'l' HpYIlOldH IIIlI11hN's , B('yoII!l tho
point of mluimum ('ritkal Royuokl» munbor, all ('11I'V('11lH'lld ~hal'llly upwards,
Irom which llmy 1)(' illfpl'l't'c1 that t lH'1'<' ('XIsl i1 It ruuximum tim(' fill' rnrh 1\('('1'1<'1'-

atlou I)('~'()wt which Ill!' Ilow always roniniu» stuhlo. Tlu. hupulsive Ilow (Sl '" 0)
shows I li(' most nhrup: hehuviour, 1111' rut (' of hll']'Pil"C' of Ihi' ('\Il'VI'H hoemn-
ill~ I\!'llll!'t, with itH'r('aHill~~ Il,'('!'ll'l'nt.ioll, II nppl'lIl'H ilK if n': thp c1nta will show
vortlcnl nsymptoth- bohavlour, hilt at sllh~!'(l\ll'lltly highC'!' H('YIl<lld~ IllllU1H'l'S
1111'it\(,t'('llsiup; vnluo» of 1111' iU'I'l'h'ratioll parallll't('l', tTufilrtllllill('h' nurnork-nl
lhuitutlous 11l'PVI'ltl(lti ilip HI'I'11l'all' dl'lPl'lllillatioll or th('sl' Iilllits lor th(· high!'l'
lu'('('I('l'IttiollH,

TIH'loWl'sl pointou uarh vnrvo I'PIlt'NiplIlH Ill!' miuimum nitkal Rovnokl« 1l11111-
lll'l'· tl}(' IOWI'HI HpYllUhls number at which tli(' now (,1I11hC'(,OlllpH llllHtahll', This
(IITItl'H at II pnrticulur Ihili' I'll!' pal'll value of H, TIll' mlnimum nil lvul R: ill"
('n'asps mpldly with i1I1'l'pHHillg1l('!'C'h'l'a1ioll pa\'allll'tl'l', 'I'ho varint lou of Ihls
valuo with il('('('lpl'1\li>lu )Hlraml'll'l' is showu ill figHl'I' 17,2,
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touipora! variation for illt(l1'Ill('tlii~H' thues is however uukuowu, UIH11H'pds to 1)('
iuVt'st iP;ltt('<i flirt her,

Tll<'l'P is Ht.l'ollg Hilllilarity 1)('(W(1(,1I the ('m'rNlt How and rho pipo outrnnro sys-
(.(1)11: ill tho outrnuro systom, th(' spatial wuvonoumhor (\ is It t'tl'ong functlou
of tho axial rn-ordinato ,r', while ill tIl(' n-mporal S~'Htl'lll. this pununeu-r i"!. tit'
meutiouod, a stroug fuuctiou of limp, Thus tho apph('ahilit~· of tho liuoar nnul-
ysis to tho romporal systom would SI'I'lll to Ill' quulilied to t 11('sum« 1('\,(,1 ill' its
for tho st('tHly outrnnco ~WSh'lll. As bclor«, tho rosorvation« I'XPI'('ss('(1 allow a1'(,
!lot ('OIlI'(Il'U!'<[ with t ho Ilow-rat« dlallAI' ill (lull' at all. TIll' reuonnnllsutlon or
tho hast' Ilow <'((lml Ions porlonned ill dmptt'l' 10 plarvs all (II!' Ilowx- t.hus(1 wil h
strong tompornl buso-Ilow vnrintious and thos« without« Oil all oqunl footiuA'

17.1.3 Solution procedure

S(lts oflugllly ,,"('Hl'at(l V!'lol'ity prolilo» wore g('ll(,l'at('li for I Ill' llllralll'jlll'\'(Ijopillg
now, ill unlor to ('X(1'I\('( roliubl« !'llahility datu. TIll's(1 prolllos \\'('l'(' ohtulm«!
\wing 111(1nlgoritlull (it's{'l'iil('ti ill H('('t.jOll 13,2. III ordor to ousuro nccurucv, tht'
Hpal'ial order waH ill('l'('ils('d to N ~" 120. and tIll' !iull·sII'Il 1'(,(ItH'('d (0 ~I --~
1 x 10-G, TIl!' lultlal \'('lo<'ity prolil« was tukon as 'top-hat' (II ':"~1 I'VI'1'),wll(l1'(')
and (lV<'l'Y tenth result WIlS stored, TIll' sulutiou was sto}lp(ld •·..1:(111 I ('X('<'('<1(1(1

0.1, gjght. H(ltH of data W('1'(, PI'Odll('('d ill total. onch [Ol' It ':;:>tiu('( value of th('
1l('('l'I('mtioll pal'ltllll't(ll' • (2 lurronslng in Ht'{IPS of (:(111ill till' l'alll-\(l 0 S; Sl ~ 7(),

1'11(1st,ahility Pl'o[l(ll'ti(1S of 111(1 resultant prolllos \\'(11'(' ohtnlnod in an klontlrul
Iashlcu to thosp for th(' ('1111'1\11('" prulilos of 1ho lll'('('('(liug section. 'I'll!' H( ahilit.y
solutions \\'(11'(1mostly devolopod at, solution order iV :2 t'Oj fol' till' Ihin wlodty
prolilpt; Itt. ('arly thno«, solution Ol'<ll'l'S of lip to N "'.,Ion W('1'(' oiuploved to PllH1\l'('

1\('('1ll'I\{'Y, AH before, t1iHi'l'I'Il('(1 ill solutlun order IH·tw('('U th(' hasl' Ilow aurl thl'
stahililY ntwlyslH WitH not prohlomatlc. Tho higltl'l' orrlor ('Ol'fIil'il'lIIH of 1ho hll;;!'
Ilow V<'lol'ity profiles \\'!'l'(' simply iAUOl'(ld by truneatlou''.

Till' nitit'a! H<'YIH)hIH 11\11111>(11' for 1'(111,('(('(1 l)l'o[i\I'H \\'111'1ohtltitll'(1 ilK bolnro by
lindill~ tho point of lowest RI' Oil (1)('i1' l'!'SIH,(,ti\'1' noutrnl Htahilit~· ('lll'Vl'S ill till'
It - HI' plano, Fol' (,11('h value of H. vnluo» of Ih'l'l'it) \\,(,1'(' llhtnilll'(l 1'01' prolllos
ilH'1'(lasilll~ ill tlmo, ('o'llinlling up to tho jlOillt. I~t Nilit'll thl' Ilow oxhihited 110
IhWIIl' instahility, Tho (lata fol' 1111' vurlou« .w('ph'ratiolls uro 1>1'(1:4('11((1<1on tilt'
HlUlH' Sl'tH ofax(I~. hot It h(l("wsP of t holr similllrit~· IIUt! [01 til<' snko of cumpnrison.
Th(1 Ol'ti('l' or presontutlon i\l,~llfollow» a path ('OllllllOll 10 Ih(1 previous Ht'('tioll,

~~1.1t;,1;;~~I;~~;7;i;;~~tt;;r;l;s(N-;:;-'12(l)WI'fI' fl'llIinl'tl in till' has!' Howrulrulntiuns Nilllply to
ouxur« muxluuun !\('('Ill'iH'Y, Thi~ I,'IIS ft'm,ihlt' h"!'i\uhP till' soluttou lll'ot'p,lnr,' \l'a'! so fllst; r-von
!\llhis hi~\h unlrr uf solution, till' full solution fol' ",1('11 vuluo (If til" lu,(,pl,'rillioll llilrlllll"tl'r 11'11:,
011t1l1lWI\ in alum! lUlU 1\11 hour UII 1\ 511MII~ ',IHGl'oIllJlIIII'I'. Fur most of thl' )lrnm(l~, ull th,'
('tll'liil'il'lIls Ilhm'" N Oil \\'('n' 110I,H'I\('r than t IU' nnuul-oll' I'rror of ~.:;1U II,



'1'11(1 hl('o1'l'(I('t illfC'l'C'lH'(1 of (lit SilVit (l!HIO), that th« I'lltrHIlI'{' and c10WI1;!tl'C'iUIl
volocitv prolllos \\'('1'1' idoutk-al. 11'<1him 10 ('Oll('itl<il' that his 1'111l'ilIH'(' stabllltv
cnlculatiou« \\'1'1:1' upplirahl« fin' rlowust 1'!'1lI1iill th« parallel 1'I'gioll of t hI' pipl',
The currout study ilHlkat('H t hut Ior illlP'llsi\'('ly iii art I'd pipp Ilow, IIll' down-
stream Ilow Ior (lariy Ii11H'H iii ill fa('1 far 1/101'1' st ahh' Ihall IhI' outraure l'l'gioll,
Thiii dis('l'PlllIll(''y 1)('1\\,(11'11 Ih(' slahilily of llil' Blusui« uncl I'\TOl' Iunrt.ion PI'OJi1I'H

promp: I'd tho invest igat iOI1 of t hI' t'il ahi1iI~' of 1111'parallel impulsivelv 1'1art I'd
Ilnw far from til!' inlet. Hl'snlls for Ihis s~'sll'lIl an' Jlrl'~l'llll'[l ill it Iollowluu
~(,('tion, hut Iirst I~' t 11('appllcnhility of I Ill' linear ~Ia hilil,\' illlill~'sis • thai is, till'
('Ol'l'('('(.llPHS of' tho pspll<io.sII'H(b' nssuiupt ion in this ('ali(' • will II(' (li:'(,l1li~l'(l.

17.1.2 Temporal variation of tho velocity profile shape

'1'11(' ~!\litahiliIY of tho linonr stahility uunlvsi» 10 Ill(' parallol I'<Yl<11'1I1is Imsl'd 011
tho nssumption of IlS(,lldo·st<'lHly Ilow: i.o. that tho tplIl}loral vnrlatfuu of tlip
hmip How iK 1lI1H'h Il'sH t hall (lit' (1'1ll1 iornl fr('qlH'l\(,~' of t hI' import aul l'il~l'lllll()tl{'s.
Till' I\llplic-ahility of t hI' uormal niude nppronch hp!,p ili thus, ill it uuuiuvr nualo-
g(ll1S tot III' nun-parallel Ilow ~~ituntlou, IIuulllir« I. II is not hi ric-tIy I I'll!' I Ita t till'
tilu(' smlps of till' vnrlntloi; of IIH' ha"(' Ilow 111'(1(mIN'H of Illaguilllci(l Il'H~ Ihall
tIlt' temporal {n'!J1H'II('Y of tilt' (liHtlll'lmllt·(,. Cortululv at PHrl,\' litUI'li IIII' spatinl
wavenumber' (\ is a strong Iunrtion of t imo.

I!OWllV<'1', one lllusl, 'Igaill ('ollsi<1l'l' IIH' Iluw from Ih(' IlPl'SPI'I'1 ivr of t he honndury
!IWN', At parly 1.i1:·('s.thl' CliHpilw(lllll'llt t hil'iwpss 0[" 1lH' bouurlnrv luyor ill I~llip(1
is "Ny smnll, For IllI' 1l1'('\'iollfily ('ollsi(ll'l'p(1 pip!' ('llll'illJ('1' How, Ihc' slulJ)(l of
tho 1101111(11\1'.'1 lay('l' rlPllI'()[wh,'c\ lilt' Bla;;ills solution, witl, critirnl (lispln('('lllt'ul
t hidmp!ls Hl'yuolcl:. )1111111)('1'attllillillg (h(' vnluv of Ut'~"l'l'ill =: !ilO,()(ill hon-, In
it slmllar' 1I11\ll1l('l' Ior 'h( 1'l'l'Splll ('asp, t hI' t hill hOllllcir/l',\' la,\'('1' nllPl'oal'ill'h til!'
onnr-Iuuction llitlll)(1 11,4I hi' h( 'llIlciltl'Y InYl'l' I hklm('ss c11'('I'I'IlSl's. AualogllllH to thl'
I'l1tl'llIH'P flow iuout iOl1!'11 uhov», t hI' 111\1'11111'1Ilow tor Ilhlliul:,hill1', (lisplll('('IUI'lll
thidmp:-;~ ". / Il IlI'lm\'('s 11's.-; llko a piJlP Hysll'UI und 1)('(,Ollll';; 11101'1' bumulnrv
Itty('l'-lIkl,:I, TIt(, l'OI'l'!'('tIlI'SS of !Ill' lluonv IlUUlYlliH Ilpplic',1 I [) I his syst 1'111 for
(,ltl'ly I illlt's is thus cit'PI'IH1c'1l1 only Oil t' , IpIIIIICH'al vnriat km of t h(, bOlllldal'~'
lIlY('. shap(1 ilsl'lf, 1101 il:; dlallgl' In ditlll'l1:;iol1, TIt(, bouiuhuv IIlY('t' 1'1'1aills
11 hif~h 11<'1\1'1'" of ~l'lf.!,hllilnl'itY hero, IlIHI hl'('()lllpS iuvuriuut ill Ihp limit of zero
houudurv-lavor Iltidm('ss, This i1tfpr~ t hilt a shupl« H'Il'lIl' nlll\b'~is il'i upproprin: I'
ill I hiH limit. TIl!' i\pt>lirahilil~' of IhI' Iiiit'll!' Illllllysili is l!()\\,I'\'P!' qUilliIil'l1 liS

till' h01ll11luJ'Y lit::,,!' t hkl\lw:o\l1 hpl'()IlH'~ lallII'; IhI' pipl'·likl' unum- of I hI' Ilow
hC'('(l'.I(' '111]> ,.' .r« alit! I hI' IC'l1lpoml varlut ion of IhI' Iluw III this l'('!lioll 1I111~'

1101 hI' '. !'L":hl". 'l'lu- l'att' of rhnll[ll' ill \'(llodt,\' prolil« ill thuo hO\\'('\,('l' ~l()\\':;
dr unnur.clv as III!' lunuulurv In~'I'1'Ihid\('ll~: ill t hI' fat' Iillll' limit wlu-u t hI'
pl'lIHll's Il('('olllp iuvariuut l Jloss('Hsilll\ IliLl'ahnlk shupl' ill t hI' hupulsiv« l'a~I')
till' Ii1ll'Ill' HlialYHis Ililitill h('('llIlIl'S oxnrt, 'I'h« IHill',nil.ncl!' of lit!' ('[r('('I or t!tp

[lblillll'l' ffllm thl' ('111\1' of tho hOlllllliln·I.t~'l'r tn thl' IUIlI' ('('11111"lilli' fur il thin prnlih'
iHmurh lilrr;I'r than til!' h()l1l1lh\r~' luvr-r llillll'lI,iulI, III thi>< limit of \.Illbl!illl\ honmlurv 1.\\'I'r
Ihldml"~, thl' Nt,lhilil\' hl'hiWiullT of tht' lluw I:, it boumlarv 1"1'I'r phI'IIUlIlI'!lIIII,
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whore tIl<' iu<1I'})(,1\(\1'1I(.varlahlo 'I is given by

/1
11=2~' (1i,2)

It. was straightfol'\val'(\ to ohtniu a Chehyshov s!'l'il's solutlon for tho error-
Iunctlou (sp(' Hl'ctiou 13.2) for various domain cxtouts [O,llmaJ']' Th« stahilit~,
limit of tl:t,~:(,iJ:.'ofilps was thus Pilsily d!'tt'l'IHitll'd IIHing thI' idrutical sf ahility
algorithm to that used for (11'1!'l'millill~~ th« Blasius stahilitv solution ill SPC'_

tiou 13,a, As \"Hit tlIP Blasius stability solution, hnt.l; domain shw tlnuir nu: I
solution order N wore varied, ill order to <\I'tpl'lllhll' till' proper stuhllitv so-
lutiou. Till' rosulting miuinnuu rritical Hl'YllOl(\s number of IhiK prolllo was
dotonninod to Ill'

(Ii,a)

l'X1Wt. to 0 si'~llHil'illlt Ii~llll'l's. This rrsult ,\'I\S obtalnod for It solutlou ordor of
N "" 100 1\11(1 ('Ol'l'('HllOl\(lillg boundarv-lnyor thlckuess b' / tluiur ::., O.02!{ 20!l.
'1'11('vnrlntlon of rritlrul Hoynold« 11111111)('1' ,\'ith domaln si;w arul ordrr h given
ill In1>1<'17.1. This table is analogous to ~ablt, 1:1,!) whk-h courorus tho Blasius
profile,

TILhl" 17.1: The vnluc for Ill(' mlnlnuuu critlral Ht'YIl()hh~ 1l1l1ll1H'1' Ims('(1 Oil <lis-
plarouient t hid{l!('HH Reo- Ior various orders of solut ion awl domain truunuiou,
flit' tho )IU'lltl<'l illlJltlIHiv('l:v Htlll'[('11 houndurv IIL~·t'r,
.•~~~ -=~~-~-~~lil\illl\lui"(~,rrT('nrl?~~~---~"'--~-~=
N -b"·'";;-1J:(rffir:n6'" h"-7: U;()2H20fT -"h;-7";[ill~K(nr

--to l'ffi't0.:I7oz1l
no 1 U72.H(il OHIi
70 1 G7:1.1:i7 H2!'1
H() 1 (ji:l.1:n 25i
no I 07:l.1:n all5

IOO
110
120lao

1 mn.5:l,1 :lH(i
1 (i75,372 1iO
1m,1.Hl i !)H!i
1 07·j 'i'1<!i107

1 GiO.·!!i() (i(i2
1 Gi2.1:m HO:l
1 liH511j 1711
1(i(.L ill!) !{.1O
1 (i7·1.702 (ili,l
1 (i7,1.7H7 lil-o(.i

Till' most romurkul.l« llrol)(,l't~· of t lit' lHll'all(') hOlllldat·y ht~'t'l' prolil« is that
its :,tahility limit (17,a) iH O\'PI' tlll'l'(' tilliPS highl'r than till' Blusiu« hOlllu\ary
IllYN' \'1\111(, of ::::; ;'20. Thus t hI' uon-parallol nuture of t Itt' inlet llow liaS It

profound (lm,('! 011 it's stahility h<'lllWio\U', ItH illlllll'lU'(' however, iH 10 dHlIlI',(I
tltt' Iundmuoutnl shup» of tilt' \,('Io<'ity prulil« rather tlum to Illo(li(v H(I\,(lt'('t~·tht'
linear Htl\hilit~' allalysis~

IHIH 1)('1'11 (lihl'IlHM'(1 ill hllllll' 111'11lil. I lil' Il1!lIIlld linvar stubilitv nuulvsi« b lIJllllinLhl!'
titrnllr,lirlltt tilt' ]lipI'. Tit!' larr,t' llisparit~· ill stnbilitv hf'lWI'I'1l Ill!' I'lltrnlH'I' rl'llillll atul Ihl' f<lf
dowu-trouru Ilnw l,tt'llI~ from til!' fll!'1 thut tWII Iundunn-ntullv dUCI'fI'ul \'('lodIV prolill'!! lUI'
prvsout ill l';lI'h n'!~ion,und nnt thl!' ttl anv uun-pnrnlh-l iulluenu: till tho stuhilitv unulvsis.
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'1'11<' stability l'PS1)(JllSP of g(llH'rally lu'('('lo1'atillp; pnrullol flows to infinitesimal
diHlul'lmm'(lH has not boon addrossod ill tho Iitoraturo, (111(1to tho IIH'k of any
thoorotlcnl basis fnr analysis, However, ovou tho stability of till' stt'llrlll (~2 "" 0)
j-arallol velocity profllcs has \)('('11 u('gl(l!'t(l(l, (lX('ppt for a briof analysis by <ln
Silva (1000), whore Ill' obtlliIH'tl stability 1'('sult.H for a sot of parallel temporally
doveloplng pipe' voloclty p1'Om('H g('ll!'l'at('d by tho simple momontum-intogrul up-
prouvh of Moss (lOot), II(l obtaiued critlcal Reynolds munbors for this SYHj.Plll

that were far highor than those for his steady ont.runc« How system, Unfor-
tuuntely da Silva had proviously iu('ol'l'(,!'tly inlorrcd that till' structur« of tIll'
rutT1UI('(' aud pamll«l hOlludary InY('rs WC'l'(' idc'utica!, auel tlHIIi SlllllIWU'j}y dis-
missed this larp;!' (liS('!'P]HUI('Y ItS being Iml!'!y (hi!' to tho simpliflod nature of
Moss' h(Uo1(lflow model, It. was shown ill chaptor ] -1 that. til<' boundary IlW!'!'
structur« of till' parallol clownstroarn plp« flow was fundamoutnllv difloront from
that of the outrnnce flow, III pnrticular tho pnrallel model had it hOllll(lnl'Y
iay('l' that waH more ('OIlVC'X than all (lljllivail'llt ontranco prnfll«, This (Wf('l'-
(111('(' im'l'l'aHl'<l with c1illlillishillP; bouudnry lnyor thidml'l'lli. til!' limiting Klml)!'H
boing I'll(>mill-lilts solution for tlH' entrance How, and au orror-fuuctiou shapc'
for tIll' pnrnllol flow, HNHlltiuA Iroiu this <li"pa1'i(:y, tho HtahiJity boluwiour of
the two tYIlt's of flow would \lI' (lX1)('('(:('(1 to \)(1 fundnmoutnllv dillorout. Till'
stability of dH' Blnslu» profile is well known [Dmzin &. H('icl (l[)~n), also S('(I I'll'(,-

tion 13,3J; til<' }ll'(IViOllS sectlon demonstrated thn! tho Blasiu» ('ritkal Reynolds
numher RC'b+[cl'it\ =. 51(J,O(JOW'I. ~lld('('ct tho 1i1llitit,U;valuo for the pipe l'lltl'all('(',
H()Wl'Wl\ tho Hla li1ity of tho error function limit does uot aPll(llu' to havo 1>('(111
Htutiit'<i ill tho Iiecrnturo.

'1'11(\ error-Iunction limit. wnH (lil'l('IlHHt't1 ill seine tll't.ail ill K(,('t.ioll 13,1. mill It

Tau solution to thiK problem wa» !V'IH\1'Itt('d; liowover no Htahility unnlysi« WitH

ll(,l'lbl'lllt'd t.lll'l'l'. Tho Kt'ct.ioll 1)(11ow eoucoms such It stability mmlYHiH on th!'H!'
profllo», lind follows It slmllar !tJlIll'OI\('h to t.h(' BiaHiuH Klability illVt'Htiglttion ()C
s(I('lioll is.s.

17.1.1 Stability of the limiting errol' function profile

TIll' (llTO!' Iunctkm \'(Ilod!y 111'olil('fl \\1(11'(' gl'IH'l'atl'<i ill soction 1:3,2, IlKillg It shnplu
Tan upprunch for Ih(' oquatlou (la,na), TIll' uunlyti« derivntiou of thiH purtlculm;
oqnatiou waH (il'K! carriod out hy Stokt'H (It'51) [!'i('" Schlichting (1070)], and tiP'
s('l'ibps tho Ilow Il('ltr It Ilnt plnr«, ilUlllliKiVl'ly Htmt!'(\ from l'l'st· und uinvlng ill it:;
own plnno Altl'1'Illtt.iVl'ly, via It Him!>I(' Onlil(lltll r!'f<'l'l'IIl'(' Inun« tmuslonnat inn,
it giv(,H tilt' solution fol' th(· illlpulsiwly Htltl'tp(j flow surrouudhu; It HtatiOlHLl'Y
Jlat plato. Eqnutiou (l3,O:n IlHK H simplo unulvtl« solution: tho boundnry lnyor
HIlIljlC' iH splf·Mimllal' awl is dp;wrib!'(l hy till' error-Iunctiou solution

It f. )
, 0;;;;: ('rtll

( ex'
(17.1 )



Chapter 17

The stability of exponentially
accelerating pipe flows

III tho previous ('hapIN' tlw gl'1I('mlllust('tldy Soxl !'IIahility equation was diHl'rp-
tis('<1 IlSillr; till' motlilled oporatiounl Tan morho.l, ill (l1'dl'l' to 1\('('lIl'!lI(lly d!'t<'I'-
mluo the stability hehnviour of tho luminnr Yl'iodty prolilos p;t'nl'l';~tl'(l ill chu]»
tor 11), However, onlv stability data for the st<'!uly (uon-urrolorating) Ilow was
preseuted thoro This <'111t1>t('1' 1'1'(1;;(,1I(.stho 1ll01'(, g<'lH'rltl Htability 1'(,HII1IK for th('
oxpouontinlly uccoloratiug base flows ruleulatod earlior. The stahility hohnviour
is investigatod for til<' two cli!l'(,l'('ut nsyinptutir limits 0[' iuipulslvely startod and
exponent ially nrcoloratod pip!' flow: Iirstlv for tho pal'IIi11'1 toiuporully develop-
lug pnrallol downstromn flow. uud KN'Oll(lly for tho stoady-stnto inlet sysll'1ll1,
Results for all UI(' nrcolorntlons aro 1>l'I'S(ll1t('<1 t(lg<·tlll'1' ill ouch ('mil', to allow
comparison» to 1)(1 (IraW11 lx-twoon tho data. III til!' Ilnal Kl'(,t.ioU tho stllhility
of th' parallol IWe! cntrane« Ilow stability results m'(' rompnrod (lil'(·(,tly 1,0 ou«
uuothor.

17.1 The far-downstream temporally developing How

A mat lH'lllatiC'lli model to c!l'I'('rilll' til<' Iompornl dovelopuion! of Ilow ill 11pipp
far from tIl<' lulot plano was (It'vC'lojll'(j ill rhaptor la, Vdo('ity prolilos for (itl'

gonornl ('asp of hnpulslvolv started uiul oxpnnent billy HI'('!'h'l'lljl'd Jlipl' flows \VC'),('

SUhSP(tUPlltl,v rnlculntod in chnpter Hi, t 11I's(' prolilr« d(\\'(Ilopilll!, ill t lm« Iroru II
'top-hut' (·oufij.\II1'atinll to II stC'I\c1~'-stllt(· shlllH' for lill'1\1' t imos, This S(l('t ion is
('OIH'l'l'lH·(1 wit It til<' litwal' stahility behaviour or IIIPH!' HOWl'l,[or tIl(' dlOHl'1l I'Ill!'s
of ill'('(,}pmth'll 11ll1'1l1lH'tI'1" )lIUIll'l~' H G [o.io, :!O, an, ,HI, GO, no. in}.
-lJi sill;;iJ"i;;;-;;Jl('mIH'l'rdlh;;tlll' oxpouontlullv 1I{'('I'!t'I'i\ling entrunr« !lnwH 11'('1'(' stC'IHly in
tho tranHfol'llll'd solution domnln, and thut tilt' kIron!: llnsll',ltlinl'~s in tIlt' JlhVIiit'1I1now syslC'1Il
was prlruurilv dIU' to 1\ 1ihUllh' f(·f('l'('u('(··fram(' trnnsCvl'lllation, {Yuh'lis 01 h('I'wiM' lndlrutrxl, IhI'
u-nn ,11('(1<1" will I'I'C('1'to Ilows which IIrc' sll'a!}y in this I runsfonnrd duuuun,
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All datil given ill the previous figur('s is tabulated for sl'lrrt!'d values of ill<' axial
displneement ,i', ill table Cli, This tablo has as its indopeudout variable til!'
axial displnremont :r, Tnhle (',11'1 rout ains t he rorrospoudenre of thl's(' axial
\'1\1I1('swit 11tho ot her hnso flow variuhlcs :';11('11 1\:'; th(' dlsplarouient t hirknes» h'
and shnp« parmuotor S, WhH(' this ('hlllltl'I' hns h('I'1l primarily ('011('('1'111'(1 with
IIH' linonr HIahility i4tpady pil)(' I'llt runro Ilow, Ihv following dHllltl'l' extends
t11(' above 1Umlysis. and g('ul'l'at PI' result s for the more gPlll1ral (1:>':110111'111ially
neroloratiug caso.
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Roferriug (0 tho figure, it, i~notahlo that, despit« thl' largo variation ill veloc-
it.y profile shapes, the discrete elgonvaluos remaln mutually coherent and their
arrangement changes llttl« through the ontir« axial raugo. Tho most distill<'l
fC'atlll'(, as ,i' incronsos is the appoarunr« of 'oxtra' (lis('rl't(' ('igPllvaitH'S, from
5 ill number at. tho inlet to i at tho last unstable stutiou - this phonoinouon
Is however (,Olll111C'UHIU'ltt(' with th« iurroaso ill H(,YllOhiH uumhor at tho most
dowustroam station [Grosrh & SalW1'1l (1978}J, TIll' continuous eigonvaluo SI)('('-

trum is plott» as a series of loci for t lI(' roason that indlvklual members do
not retain It strong id('ut.ity; rat her t ho lino rloiimxl h~' their group nrraugouiout
romulus well 1'I1'I1('1n1'('(I,migmtillg from It vortical orimtution (Blasius) to all

ftugi('(1 plncrmcut dowustroum,

16.6 Summary

Till' above discussion hilS ('C'1ItrC'<Iou tho steudy-stuto pipe' outrnuco Ilow, pri-
marily hocauso it is the only point of comparison wit h t IH' exist illg lit orut IU'(\ ,

Till' study uudortakon has c1arifi('(llll',llY uucertnlu point» ahout this flow, most
importantly showing that uon-parallol plfl'ctH are insignilicaut in till' dcsrrlptlou
of such flows, TIll' broad conclusious following Iroui tho above discussion aro as
follows:

(i) In It stC'acly lnminar pipo PUt.1'lUH'(\ flow. till' only rogiou suhj(\('(. to dostn-
hilisutiou hy lnflnltoshunl clistnrhllll('C'S is n ::; .i' :5 n,n08 1~, ouly about ,1
P('1'('(,1I1 of till' pip I' ent ranro length.

(ii) III tltis unstable region, nou-pnrnllol ollccrs 111'('illsigllilicallt, C'HJ>!'cinlly
towards the point of mnxlnnuu iustnbility,

(iii) Tho lowest H(,YIlOicIH 11\1111\)('1' haH(,c\ Oil radius at which tit(' pip!' ('ut 1'I\1H'('

will first become unstabl« to small disturbnueo« is 11(iG7, Tho ('OI'l'(,SIHlll(\-
iug axial station at which this will (l('('111'is ,I'::C' n,noa 50,

(iv) The bohavlour of' 11,(' Ilow towards tho pipcl Inlet is hOlllldul'y-lay('1' like,
I\IHI tho correct Inuuowork in whieh to PI'I'H!'ut stahility ('hal'a('IC'ristic-s of
the lIow 11('1'(' iH by using pnnunotors H('alpcI with respect tn tho houurlarv
la,YPI' dlsplucomout thirknrss and pip!' coutroliu« volocitv,

(v) 'I'll!' structuro of till' nitit'll: 1'i1;I'll\'ah\(' Hp('c'tm and neutrul C'I\l'VC'K vary
sllloothly and gl'lldllnlly fl. I' !lms!' ('Orrl'sJlOlHliug to tho Blasills solutlon
near tit!' inlet plnuo, to t Ill' last ohtaiuahll' rosult» Itt .j' '" n,()n~ IS, This iH
ill coutrus! to till' "q'()lll\ vnrlntlou ill vrlnt-lty prolilo sh:tjH' 0\,('1' t hI' mug!'.
This iudicatos that, to)' most of the rungo, it i:< tIl<' huuudary lay('l' structure
that is most import ant ill dl'! onni.riiu; tlu' stnhility ('hal'll('! prist ks of t hI'
flow,
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16.5.7 Eigenvalue spectrum

The 11('1It1'nl curves doscrib« the behnviour of the most uustablo oigonvulne in
the HYStC'lll. Whil« this behaviour might alone 1>!' sulliciout for a simple linear
analysis, It more g!'ll(lral Iinito-amplitudo model would require all flu' linear
oigouvaluos as initial porturbations on tilt' system. TIlt' f1l11spectrum is also
It clonr indicator of !11(1nature of t lUI flow h('haviour12, Fil~nr(1 lli.l:l :;ilOWH tho
variation of tho ('ig(,llvnhH's bt ,1\ all tho "11('('11'11 hoiug for HI' 0:: RC'[(,l'it]' Shown
also aro tho ('ig('nvaill(,s for tho BlasblH solution, nnd thoso Iroui the last station
at. which '~ability could 1)(' measured,
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Figure lG.8: !vIigl'atiull of tho ('ig('llvahwH with axial dlstaneo ill til<' l'Itug(1
o 5 ;'(: 5 o.oo~ l!; for !:Ill' minimum criticnl Roynokls 1ll1111\H'l' at. I'adl posi-
tiou. Elgonvnluo« aro 11111111>(11'('<11U'('or<lin!~ Ie rho Hdl(luH' of Murk (WiG), The'
continuous spoctrn nro lndlcatod as a s(lri(ls of Iiuos, ., spoctnun Itt .1' :C" 0 (Bla-
sius limit): 0, SPN'tl'l1111 at, if =.: (),O()~l~i Iutenucrliat« SIH'\'lm corrospoud (0
.?::. (),OOO071 1, o.ono G3,1, O,OOl GI, 0,002 i2, o.ooi ns, o.oos !H, O,OOi 06.

'1':1(, structuro of tho ('ig('uvaln(' sp('('t rum ill t III' rout ext of Ilagou-Poiseulle flow
,vas discnssr«! ill soetion 13.1. TItI' ('ij.\l'IlVnitIPs \\'1'1'(' dassili(\d Ihl'l'(' into wall,
modian and centro modes l'('sp('('tiVl'I~',TIll' ('('utr(' aud mvdiau morlr« tog('tlH'l'
correspond to tho cnntinuous SI)(I('(1'11111 of tho Blasin» boundary lnvor, while' til<'
wall modos form tho t1iH('l'('tC' SjWC'tt'1U1l [S('(I for lustnnro Antal' & Bouok (1OiH),
Grosch &- S;\IW(,ll (19i~) for 1\ discttssiou of (11(' contluuons and dhwr(ltl' SIll'drn
ill 1111'context of OUI Blnslus boundary lnvur],---------,-----~-

I;!ICtIll' ('ifl('Il\,illlll' spertrun; or 1\ llnt-plato hnundnrv 111\,('1'WI'I'I' mnrkedlv dilferent to OlH' for
pi po Ilnw nonr the Inlet, then 0111' could saft.!y eunrludo that tho il!I!)('l\filllC'(' of suullnrltv Ill"
tween thl'~I' flows was fortuitous, however suh« nntrul nr,r('I'U1l'llt of strul't 111'1' would H\n'Il!ltlH'1l
drnmatirnlly tho ruurluslon uf snniluritv.
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thl' svstoni is represented f',nzd/!I hy a horizoutal lino moving upwnrd OIL lif];-
u. 'a, Thus in til!' oxpououtial ('asp, instahility of tlu- pip!' cntrnure wlll ho
gOV(ll'll<d pl'Pcist'!)' h? tilt' :-;t.('atiy liuour nuvhnuism dp;;('l'ilwd ill this chapter".
Thi« is ill ('outras\, to the I,t('ady (11011 'H'(·('l(,l'at.il1~~)S,YstPlll, III this ('a;;(', tho
stuto-Ilne d()(IS not move upwards ou tho figlU'l'; t1111;;til!' trnnsieuts Hss(l(·i.tt('tl
with the' initial hnpulslvc Htal't of the flow will 0('('\11' at tho 11',\')101(1"1l1l1ll1)('1'
of tIl(' Iiunl flcw. AH it result, 111('1'('iH no gnurnntoe ill tiH' UOll-:u'('piC'l,ntiug caSl'
that illHlahility will bo duo to tho H\!',uly liumr mcrhunism as giV!'u h,v til!' H ()
('\11'\'(' ill figUl'P 17,1:-3, Cl'l'taillly, in Ol'(II'1' to att(,llIpt In 1ll1'i\,,\I1'(' linear iustubil-
ity ill the sl(',lIl)' ('ast', Ill(' iuitiul devolopment would 11<\\,/' to (l('('l1l' al ( linoarlv
lIUHIithit' H(,Y1Whhl uumbor, while ill lilt' exponent idly at,(,l'iprat illg S,\':- tom, tIll'
lnitiul dovolopnu-ut cuu 1)(' gllarallt('p(1 to 1)(' llnourlv stnlil«,

'I'Ims, l)('('an:ip (If till' 1ll0\'iug stuto-lin« ill t h(l oxpoueutial H:-"HIoui, I h('~l' BOWH
provide au uniquo hill'is for illw;;tit;atilll~ piPl' llow :-;tilhilH~', All expououtiully
U('('pit'ratinA outranco llow will nlwuv« niuk-rno lill!'ilr dt'staililil-latillll nt l,lIlllP

thn« ill HI' dovolopiucut, du« to tho fact that 11H'Ht,ltl' liue-will ulwavs oventuallv
iUI<'l't-l('('\, tl1\' relevant Hlahility ('111'\'('. FnI'11I('1'1II01'("HIartinA tho Ilow al nil initial
low Be' will ('111'1\1'(' II lumlnar initial dovolopmout 1I1IIil Ht(ln(b··~,t{lt(' is rcnclu-d,

17.3 Comparison between the spatial and temporal
results

DtH' 10 tho (lill('l'(lut, stahility hohuviour fill' till' parallel How aut! tlu- ('1111'(\)1<'(1

sYHh'lll, I~ ('olllpltl'isllll hotwoeu till' two !-i~'Htl'lI1Swould \)1' useful ill <l11111111(\'inl\
till'it' 1liSllllt'ity, To thiH <'uti, It lituitod ('Ol1lpal'isOIl was giVl'll hi Jigl1l'(I 17.111.
whor« tho iniuiuuuu ('riti<'al vahl('~l of both Ilnws \\'<'1'(' shown all it fllud lou of tho
!t('('('IN'MinH 1)1ll'11l1l('('1'.

('()tlllll\l'i~()l1 of till' Iull Htahilitv eurv« ii'l luunper«! hy tilt' rat't that tit" )lal'lI.11,,1
Htahility behaviour is giwll HI' it Iunrtion of thu«, Wh('l'l':tH tho ~:patiai ('lIl'VI'H 1I1't'
giV!'lI wlth lI'slw!'t t n axin] posit lou. IIo\\'('\'I'l\ ill hot It tn)PS of How t h('1'1' is It

Htl'kt ('m't'!'H}lOIUh'u('(' l1I'tw(l(,11 I It(' Ihno (nr axial Pll!'lit iou) and I Ill' llispla('I'IlH'lll
IhidUlP~:~, 11I1IH Hllllwilll', till' variatlon of till' rriticul H!,,\'llOhls 11l11l11,(,t',.. with
(lispliw('Ull'lll thkkUPI'(H Ior both Howl'<hi all Idrul wuv or ('!Ilup:tl'ill!,; I Ill' two
i'il'IH or l'('HllltH. To thiH NIlI, tIll' varletlon of tit!' (,l'itit'ill tlispla('i'1I1!'1lt. tltidml'Hi'i
H !',vllolds 11111111>111' w it It (liHpliu'('ul('lIt t hidoH':iH is shown ill fif',l1l'!' 1i,J.I fol' hot It
the parall(lili(,\,(lluping sy:,I!'lll mul dll' ontruueo flow.

iB, of ('1I1IIIil'. If thl' level of hilrkl\rtllllltl I lii'lIll'hil 111'1' hi ,mllidl'lIlly 111111111. Tlh'I'IIUn'
llhi"l1Imit'lI I~ "OIlI'I'r1I1'11 with till' 1illl'IIf Illt'l'hlllli!illlillunl', 111111 tllll~ Iinlto-umplinul« ('11'1'1'1" tlfl'
i,\lllll'l·tl. IIUWI'Vl'I', I'~al'll.\' till' ,'allIl' llI'j\lIIl. 'lit will iIPIII\, III u flnill··ilIl1plilllllt· 1'll\'lfllllllll'lll,
hut ill thut ('mil', till' 'ht~hilit,," l'Ur\('s hlllll\U in Hl\lln'!' 17.12 i1utl17.l:l wuuhl hi' thl' Iinlt«
IllUpJitll!11' (tilliYalC'uti< or till' llnrnr ('Ilf\,(,~
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FI'~111'(' 1i.1:1: Till' variution of Ihl' rrltirnl HI',\'lI(lh\~ 1111IIlIH'l' ill pipl' I'lIlmlll'l'
Ilow wll h rt':-l!lPI'! tot Ill' phy:;lml eo-urdluut I' 1'~'!-Ih'III, flll' Ili~c'fl't I' vuluen (If t he
nrrvlorntion panunctor: (a), H ,; (J; (11), SI 10; (I'). U 2(); (Ill. 12 ., all:
(c», !l~.,,W; ([), H ','" :io: (It), S2 c:; (ill: (11), H <: iO: l'Iuj>l'rilllpllst'cllll'" Iilll'l' of
I'olll't unt uonuallsxl uxlal p()~it lou .1' .. ('Ollst •

50 ISO 200

Th« ktnhilily behaviour of .L particular I'Xpoul'llliaUy a(·('pll'l'I\tilll~ pipe Ilow at

1\ pn r Ikula!' t iUlI' hll~ 1\ ~illllllc' int (,I'lll'I't ation ill hOi h li",III'I'!-I Ii. I :! alii I 1i.1:1i
iuuuoly its Hlllt(' 11'1l'('lll't'HI'1l1 I'd hy it horlzoll! ul lin«, ('()IH,jlit'rillJ\ a Ilow Irmn It

]Ih1l8ltlll !Wl'lill('('t i\'(', I hI' mllst nPPl'Ilpl'lall' li'~I1l'!' III (\t'sl'I'illl' 1III' Ilow (\I'\'(I}up'

1I11'Ilt 11'1IiglU'(' li.1:!, 1)(,,'('1 jllll I'll t Ill' till' l'ulmu('I' J'('I~i()1I (If 1111 ('XIHlIlI'lltially
at,(,I'II'l'at iug pip,· I'llt mill'" !low would 111't1!'~;l'l'lhl'(1 h~' 1\ horlzunt al lim- 1II1lV-
itll\ IIpwal'llt< ill t hu«, For ill:-;IItlU'I', I III' ~I .~hiliIY of u Ilow at'('l'l(ll'ntillf', at II

mil' Sl ,10 would 1)(' dl's('l'ilH'd II.\' 1\ hul'izolltnl litll' Iliuvilll\ ttpwlll'cI ILl, It 1'Il1('
UI', Uq,c'xp(.101). Initlullv fill' low HI'~'Il!llclk 1I1l1I1h('l'H (I'HI'I~' I inu-), Ih,' ~tlll('~
liuo woukl no: hit 1'1'1'('('1 tlt(· I'l'h'\':tllt slnhililr c'1I1'\,1' • "IIl'VI' (,,) ill IhlH ('I\~(l, AI
u lntor thuo, illlt'rs!'('linll at upproxituutely x[I! :lri WOlllt' iudnr« iuxtuhilitv
III this point, Ln 1('1" ilK t III' lit nlr-llu« ,'0111 illlll'H to 11111\'(1 I1PWill'lI, iusrubillrv
\\ 'mId 1.(, iwllll'l'd hot 11fUl'l hC'I' UPSll'('II1I1 awl cllIWIISlll'lllll (If till' illit inl )loillt IIf
illl,1 uhilit ~',

TIlt' allo\'(' (lh('lls~ioll hinh lil' It .. I~ wry iuipnrt nut Ilisl ill!' I lou Il1't \\'1'1'11 I'XPOUC'II'

tiullv 111'1'1'11'1;11ill'l Ilow» alit! IIII' limithu; 1l0IHH'('I'Ic'l'al illl', ,'IPiI': IIIIIlU·I~'Ihat hi
thl' 1attl'l hYI<II'1I1 Ihl' slntl'olilll' l'I'l1taitl~1 fiX(lI\ III it pal' kulal' HI'\'llol:[H 1111111111'1'
wlll'}'('as II al\\,II~':' 1110\,('sHpwanl ill Ih!' Ionnor Ilnw. I'hi- !ixl'cl llO~itillll of I ill'
1,1ate',lilll' iu till' 1111'ady !I(1W I<~·~t1'111 1'!')lI'I"'1'1I1 h nil iuuut I' pre- ,jl'lll I h;11 lllal:1'1'<
ilI,(,11I'iI I I' ';1 ahililY IJII'<lsllt 1'1l11'1l1" ill hnpnh.jwb' !.t ilr"'I\ 1IIlw~; prohh-iuut it', III
uu "XIlIIIl!'lltinl H.\'~t. :11, tlIP Il'IlW.jl·lib; III Ihl' 1'1111'11111'(' now cliSIlJllll'iI\, whll« 111('
Ih',\'IlOhls 111111111(,1'h; still low (1111111'11' Ilow is stilhh'l; 11I!'I'I'aftl'I' till' ~illlhi1il.\' Ill'
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That. is, Im.i(,(·to1'il's corresponding to fixod physicnl axial snulous .1' ,~ .r"l 111'1'
llnos glvou by (17.11) in flgur« 17.~. To this ('11<1, Iiguro 17.12 l~iv<'Hth(' data of
tho ahovo montlonod ligll1'(' ngnlu, hilt with this g1'itl of eoustuut .I' traj<'('tot'i('H
H11llP1'illlPO!w(1.
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FigHl'1' 17,12: Tho HJlatial vnriation of thl' criticnl Roynold» uuiubor ill pip('
('11I1'IU1('(' Ilow, COl' (IiHt'l'('I(' VI\111('Hof tho neeclerntiou parmucter: (a), si '-" 0; (1)),
n ::::10: «('). 12 :- 20; (tI), H '"'" 30; (<'), H c: ·10; (f). H ::co liO; (g). H ::0 GOj (h).
S2 :::: 70; suporhnposed 1\1'(' lines of runstant physical axial posltlon ,r' 8('OllSt.

To muko intorprotuuou I'I\Hir1', tho data of thiH IiAm(' ('lUI 1)(, IraIlHiill'llIl'(l SlIdl
1bat t h» onlinuto is tho physkal dillh'llSiolllpss ro-oulluat« HYHIoiu ,i', Gmph·
irallv, !'hill is Udli('V(I(1 Himply h~' diHtorting tho <la!a of lilllll'l' 17,12 j·i\I('hthai
IiiI' linos of ('OllHtallt ,r· h('('Olll(' vortleal. Tit!' (lata tt'all~fOl'IlH'd ill such It wa~'
is Aiv(lll ill Iig11l'(' 17,1:1, Lit1PH of eoustuut ,t' ('Ol'l'('HI)(lIHlillr; to vertieul litH'S ill
liAIll'(' 17,12) 1\1'(' also giV!'1I ill thiH IiAUI't',

Till' Hlmll(' of t hI' "I ahility curves ml SI'I'Il from t hI' phvslenl co-ordinate S,YHtl'lll
,r nr« fnr more ext ('Ilsi\'!' t hall ill till' nonuulis«] basi;;. As th(' HIuhility ('I\rV('H
lnx-onu- vertirnl downstronm in IlH' uonuulised Sysll'lll (ill pnrtieulur titl' '/,('1'0
1\('('pll'1'atioll eurvo "how('(1 marked hohnvionr in 1his 1'('[\111'<1 1\1 It rolat lvelv low
H('~'l1oldK muubor) , their 1'('J'l'l'sl'lltalioll ill th!' ph~'skal Hy:-;tl'lIl is to follow Ihl'
lilli'S of cuustunt ,I', 1I0W~\iV!'llh~' ('([natiolls of the' Iunu

(17.1:1)

whoro till' ronstnnt is !(i\'(lll h~' A"' , ,I'
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III 1\ phYlikal oxporlmout, moasuremont» uro most usually tukou at lixod .1' Hllt-

linus in the pip!', It was shown ill chaptor 15 that it phvsirnl station ill all
(IXpollC'lltially a('I'('I!'l'atill~ flow ('Ol'l'('spollds to a station of vnriablo .r iu the uor-
lllaliHPtl Hy~lt(,llI, Tit!' varint lou or tit!' lliUU'IIl'iolllt'ss posit ion «(,Ol'l'!'sl)()luliul~ to
a Iixed physlcnl positlou) for a givru u('I'pll'l'lLtioll H il{ gi\'('u b~' IIH' rolntlou

.1'" (.),I' ;:.:: ~.-- !'xp ·-w
HRt'n

(17. i)

w11('1'!'Rcn is tlH' H('~'llOldH number at time f ceo l), nud ,"~IIIIl'llO(t'S a dlOs('u
Ilxod axial position ill tho physlrul ro-ordlnat I' S;\'~;!!'IU, Thus, Iixnl physirul
st ations ('Orrc'HPOII( Ito uonualis«! axial posit ions Ilc'('I'!'llHiIlA ill t illl(' [H'C'ol'lliuA
to (1i,7), This oxpououtlal llIapping aril-wH out or tlH' 11101'(' l~('u<'l'al Rovuokls
11111111)(11't\1'}>Plllhlt mapping I)('Iw(lI'11 tho phvsirnl aud n.mnallsed uxiul H~'HtI'IllS,

'I'll!' two ar(' l'('latl·!l hy t IH' simpl« t rnnsfonuut ion

,I'

i '"]flll'(f)' (li,~)

Thu« J'. for It Ilxvd vnluo of .r, Hl'al!'s ill luvor-« 1)(IW(,I'S of flu' RC'YIl()hls nnmher:
for 111('('\11'1'1'l11.studv, tho Reynolds 11111111ll'1' ':nriI'H ill an exponeutlal manner ill
time, h(\II('(' \.11(\ ll('I~I\tlVI' I'XI)()II(,lllilll bohuvlonr of til(' ,I~ordlnnt« ill HuH', Uufor-
t Ilnat('ly, equation t1 i,~) d('lill(,H 1111'IlIl\Jlpill~ in tonus of dhuvnsioual PIIl'IUIlI'-

(.(11':;, All iutprovod ioprcemtatlou ('1lI1 ho introdurerl by d('fillhll~ a (liIlH'llsiouil'l'H

axial Systl'lll basod Hilllpl,v nil tlt(' ratio ofnxial posltiou to tho pip!' radius. giVl'Il
hy

,i"
,I'

(1 i,D)

UHiUI~ (1 i,!I), the variation of 1\ Iixod phYHkal stutiun (fixed ,i'" ('Ol'l'I'spOlulillll; to
It Ilxod ,"tI) ill I hI' dhlll'lIsiouh,:-;s hn;;is ,I' ('1\11 t 1111;;hI' cll'fiul'd nrrunlhu; til

(17,10)

Eqllnti()u (17,10) l'illlJll~' tlI'HI'l'ih(':-; lilll'" of IhI' Ionu

(17,11)

/.; . - ,I'" (li.l:!)
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Figl1t'l' 17.11: '1'11(' variution of tIl(' rritieul WaV('lIll111\)I'( IHt;l('(\ on displaromont
thickness with 1l('('l'll'l'atiol1 pal'atlH't!'!' iu Ht('!uly pip(' Plltl'am'(' How; ., Bla:-;hlK
boundnry lay('!' limit, (t~'[('rit] cCl O,:i03 77; (a), Sl ':c 0: (11), !l :: 1(1: (e), Sl t.: :!o;
«(1), ~l :::::ani (o), He:, ,HI; (f), H '-'" 50; (A), U c., uO: (h), H ;:-:70,

rectly nunlogous; hero thc' ('1It'V('K 1t1'Proadi zorn W'W('lIt1l11hN' at dhulnishinj;
axial statlou» for ill('rC'm'illg values of it Tit!' !lHymptotk lhultiug I)('}mvio\lr as
no,!t'd!.] - () WIlH (liRrl1HHI'!I in somo dCltail both in till' previous (']11\1>11'1' (dmp.
1(11' 1G), awl in Ahbo! ,v MosH (1D!J.1). TIlC'sl' WI'1'(' both ('Oll('PI'U('(\ nuly with the'
ZC'l'O1\('('p}('l'l\tiou H~'Ht(llll, and tho downstremn lhnit boyond whlch 110 illHtlthility
Is pOHsihll' waH found to ho ,j' ~ (I,not' 11', As uiontionod 1\11(1\:('.it, IH npparont
I:l1<\t.such hohavlour iH !lIHO ovklout in tho Htahilily (taUt ll!'C'S(,llt.l'cl 11('1'(1,Unfor-
tlllll\t,('ly, HIP ('dt'kal Rovnokls unmher M whirh thiH IlSYllljltol1' ()('I'III'/> h(lI'Olll(,H
HIH'I'I'ssiwly higllN' with.l2, ;\.1'('111'111.<' c\l'tt't'lllhllllioll or tho litllit.iug points Ior
all III(' rlatu wns t 111111uot nttomptod, hut could Ill' tl('hil'wt\, ('C'rtaillly fot' t ho
lower l\1'!,(,}pl'lttiollH, However, tho lll!tr~llit urlo 0[' III!' HI'Ylwldl' 1II1l1l111'1' at which
till' stability ('\U'\'('H I)('f~ltll 1(\ HltOW sudl !lsYlUlltoti<' boluwlou» C· 10") would
IUt\'(' placed It SI'Wl'l' uumorlenl lhuitatlon 011 (1I'Ipl'llIillilll~ IIH' HHYlllplol('H 1'01'

tho higtwl' values of th(' 11('('plC'l'atioll pununot PI',

17.2.2 Tht' physicnl co-ordinate system

Whllo th(' sti\hiUty dutn Ill'!' l'(lJlrl'~l'llt('(1 ilia sunplo aud uulfonn mannor ill tIll'
nonnalls«! hal'llH, tIll' ohsorvatlon of all 1\('1nul I\('('pll'l'llt illl" Ilow would h(l ill the'
phYHit'al co-ordiuuto HYHt!'Ill, TIH' llmpJlillr~ hotween till' IWo H,I'HIPillS til'Jl('wlH 011
till' H('YllOlcls number. 11111:4til(' vuriahlo uuturo of (hill trnnsfunnut lou ('olll'tlS('"
t ht' HilllJllidty of n'}ll'(I'('ul at ion at t aillahll' ill I It!· 1I00')UIlIil'!'(1 HYHI!'IIl,
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Roturulug to figlll'P17.H, til(' vnrintion of th(' miulnnnu critical Reynolds number
(the 'uosc' of the stability curves ill that fip;Ill'p) with !l('('('I('l'atioll panuuotor S~
iH given hy figure 17.1(), The equivalent datu for tho purnllol Ilow HYHl.l'lll, first
:;IIOW11 ill liglll'(' 17.2, I~l'(, sll}lPl'illlllllH(·tl Oil thiH figurc',
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Figul'l' 17.10: Tho varlatlon of thl' miuhuum el'itkal R!'YllOlcIH 111l1ll1)(11'with
lu'('('lemt.iol1 pm'nllll'tl'r ill slt'lIdy pitHI outranco Ilow, compnrod to tho dntn for
till' parallol (\()WlIHtl'l'n111 l'a;l(I: , ontrauco: = .- "~,duwnstromn,

This lig1U'(, show» IhM tho minimum t'l'itiml H('YllOhIH munlm for tho pnrullol
downst ream Ilow, 1\11<1t IH' ('lllmH('(' HYHt('1ll (liflrl h~' lUI nlmost ronstunt !'Itt.lo
as tho uccolorutlon parumotor iU('l'l'UHPH. This ludicatos 1hat Ih(1 Ilh:C'l'(\ll1UI(T
1)('1\\,(1(111tho two How Hyst(,lllS i1' eli~(llltinll.Y indcpoudout of tilt' al'c{llt'ralioll pn-
. -uiotor. A Iurthor Higuifitoanl trend ill tho Pl'PHl'ut clala i14 till' Ilattonlng on' of

I'lh V(lHwith lncronaiug !!. Uufort lIluttl'iy 110Htahilily l'l'Hults [\)1' wry high IH'·
('('I(ll'lttiollH W('I'(, obtainod. From t11(1prosont dat it it euu 110(. Ill' lulerrod whether
this troud iH aH,Ylllptotk to It horlzonral llno (11' not,

'I'ho varlutlon of eho critH'n! wavouiunhor hasPIl 011 lliHll!IU'l'IlH'lll tltklmNIH (\'h·

wlrh dhnonsiouloss axial positlon ,c is t,hOWII in tigUl'(I 17,11, 'I'ho dlsplncemeut
tllidmN,s W1Wt'IlIllUI)(ll' WIlK <il'lill(lll ourlior ill til<' chaptor, IlS oquntion (17.5).

III th(' boiuul.uv lnyor limit, UK ,t ,-. 0, 1II(' ('\II'VPH fol' I~U111(1lu·('pll'l'at.iolls up-
proneh thl' BlilKillK hOlllllllll',Y IlIy!ll' value of (),aoa 77 (1'1(1(1 r!mp(I'1' 11)), From this
point dowustreum, till' WIWt'1II11ll1ll'l' {O!' Pilch curv« llilllillishl'H unrl aPIll'oadH'H
lWI'O with an ilH'l'Pllsing slopo, 'I'hi« is in qualiratlvo agl'l'('llH'llt with till' 1)(1-
luwlour of till' pnrnllol Cl'it kal wavouumhor (ill t 11<\11'11,,(' t hl' "!Iriut ion WlIS wit It
1'(';11)('1'( to tiiuo) shown ill 1i~\lll'l' 17,·1. whore tho ('Hl'VI':-. of !lh.[t't'itl lI]l]ll'oat'lu·t1

tho orror-Iunt-t ion limit IlS { ~) fl. nud t('UI! to zorn nt Hn('('I'~siVl'ly suinllor till il'S
for iUI'l't'H:<iug values of H, Tho boluwiom' of tho 1n'('~('1\t 1'1111'1\1)('(1dnta is <Ii-
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Reynolds number, giV<'1l by oquation (17..1), TIll' <lata plotted !lc'('ordillg to thiH
ordinntn a!'!' shown in Iigl1l't' 17,!),

10 000

5000

2000

1000

0,002 0.004 0.006 0.008 0,01

.'C

Figure I7,!): TIlt' Hpatial variation of tho critlcnl boundary lnyor dlsplncomon:
thicknes« Royuolds uumber in pip{' PUt.l'IUI(·{\How, for dis('!'N(1 valuos of tho
a{'('(II~rati()ll 11a1'l:lI1(' 1(I1'j e , Blnslu« hll1l1uln1'Y InY(l1' limit, H('~'!('l'itJ ::;:; 1i1!J.O(Jj
(It), n ~" OJ (1)), He::: 10: (e), ~l ::::.:20; (<1), H :z:: aOj (Pl, H CC" ,10; (f), H ~:, lifli (~~),
f2 :::0 GO: (h), U :::::70,

It. iH plaiuly d"Il!' 1lC'1'1'tlll~t all curves arc' convergent on tilt' BlnsiuH limit (If
R("~.r('rit.J :::::51[)'(Hi as ,I' .... 0, 'I'ho ('I11'WH for nll 1l('{'(ljPl'!ltiollS "how all itH'l'N1S(1

ill n}'b'[('l'it] wlth ,I', with tho slopo of tho ('\\1'\'1':; IdKIl ilu'l'('<lsillF, with it('('ph'ra·
tion Jlm'mu(IIN', A clonr contrast ill Hlmy"l is (Ivi(lI'lIt: brtwoou t-iI(IS!' (lIl1 It and t ho
('(lllivnlC'lIt purnllel rrsul! H shown ill 1ir;l1l'(' 17,:1; while til!' ('11l'1'('1I1·clala (l('s('('IHI
Hharply to tho BlH',lIis Ktability limit, II\(' parall(ll ('1ll'\'C'H(Ilgur« 17,:1) show IL

1I1(1t'(' 11\1l~\licl ('OIl\'Cll'g<'Il("P to IIH' l'i,~h('1' ('HOI' functlon Ii nit as Ih(' houudarv
11\.\'!'l' thil'kuP!,K dhuluisho». Tho zorn U('('!'lpl'il!iOll eurvo ill('n"IHPS rillliclly from
thc' B1aHlliH llmit, Ih(lll ilH:-;llllll'S 1\ moro gl'llclllal Hio!>!' IiiI' illtl'r!l1l'(liiltp valuos of
:1', lollowcd finally hy 1\ l'C'f'.ioll ,I' :.' O,O(W "\ which till' curve l'llpidly Ilppl'oadH's
1\ V(lrtical IIHympto! (I (SC'I' !'Impt!'!' lei), As IIc'c'!'I!'l'aticlIl itlC'!'PilSPS. t ho distlnrtiou
hetwoon tlill 'grntinnl' unrl 'lIs~'mpl()lk' HC'!'tiOllS of IhI' cla!a 1'('(1\11'1'; HIltI Ior til('
higiH'Ht {l('('c'l('mtioll of !! 7ll illwstil\.ttt>d, t ho Ktllhili!y ('IIl'W h,l~ nil nlmost
1I11ifol'IIl upward slopo within I'll!' H('~'n()lcb 1lI1ll11H'1'mug(' ('oll:;itll'l'('(1. Tho he-
lmviour of all 1'\11'\'('1'( wit h ill('l'l'aHill~~ ,I' h: til l)(lI'OUIl' n:;Ylllptot it- to It vC'l'tical
line. Flirt ln-ruiorv, t hPKC' mWlllpt olps appClilr II! b(, at 1'(llllll'illg valllC's of ,I' Ior
ilH'l'C'HHiul~ vaitlC'H ul !h(' <l(,(,(III'l'lltioll pa:allHltC'l' .• \" lH'I'OI'(', ('mH'l'm:; ubout uu-
morirnl Ol('('\Il'ilC'Y liulitl'(l tltC' Rovnolds nmulu-r 1'IIll!\l', 'I'h« hif.\hN' il('('C'\l'l'llti()u

curvos 1('lIllC'(\ to ll(I('OllH' mi~'lIlptotk at hiahor vnluo« of I?I ~ Tit' awl nrcur.uo
limitiug beluwlour roukl not lH' Ih'llIu'pcl ill tit(' 11l'P!'iPllt tll't)r.l" of tli~(,t'Ptisatioll,
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to the nonualised co-onllnato .i; is of gl'ent importance, The variation of RC'[('ritl
with ;'f Is given in llgUl'e 17.~, TIl(' impulsive entrance datil nrc' again roproduro:
here for purposes of ronvparison,
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Flgurc 17,8: Tho spatial vuriatlou of tho ('i'iU('al Reynolds number ill pipe on-
trance flow. for dlscroto values of tho aeeoloratiou pnramoter: (Il), n =: Oi (1)),
11 :::::10j (c). S2 :::: 20; (<I), f2 := 30i (c). H :.;;;:,1Oi (fl. fi :c," IiOi (g). n <:: aOi (11),
[2 "" 70,

AH pxp('(~t('il, tho (iMa show similar Slt'lll'tur(' I () tho pnrnllol llow of til!' previous
scd,ioll, Tho C\ll'V(,H dC'SC'Cllll from infinity Itt. ,I' :.::: 0, nrtnln 1\ minimum value.
and then 1'I\1>11I1y ill('l'C'llb(' again, TIll' miuhnum point for ilH'l'C'HSillg vlI1tH's of
tho a('('p}('l'llti()ll paralllct(ll' ()C'C'Hl'S lit slu'c'pssiwly hlglwl' Hl'yu()ich; numbers, and
('Cll'l'C'spoudingly smnllor values of :,;' Hl'[(ll'l'illg back to tho pnrallol st.ahility
C'1ll'WK~iV(ll\ lu ligure 17.7, thoro h~,hOW(IWl', a suhstantial qnnutltutlvo (lifl'(ll'(llu'(l
hotweon tho stnhilit.y of tho previous parallel How, and t lip ('111'1'(1111.l'lltrnu('c'
Kysl('JU, III tho Ionnor C'[\S(', th(1 t-Itability ('\ll'Vl'S gC'llC'rnlly OC'('\l1' al far ltiglH'l'
Rovuokls 1I\I1111)('1's I hun ill t IH'lat 1('1'. III )\(Il'pi1l1'\ with tIH' 11'''I1t1 Iort h(l Iurpulsivo
pip(' How, tho iuiniunuu ('I'ilit'al }Ioillt of lilt' ('lIl'1'C'111 c1atl\ Ior all tlH' (l('('(ll(ll'atiolls
1\1'(' substautinlly lower than tho oqulvnlout parallol <l,ttlt,

\Vh('l'(ll\:; tilt' ~\>l'o IU'('I'I(ll'at.ioll stability curve i~ l'l'latiwly Ilat, t!ttl ('\I1'V(IH Ior
hil~J\('r values of tlH' u('('c'lC'mlioll pnnnuotor h(I('ollH' IIllII'C' augular with It 'shnrp'
uriuluuun point. '\ shnhnr trend WIlS ntauiii'st, in tlH' touiporal flow. As would Ill'
('Xl)('('I('(I, (til tll(' .1\\tl\ ItJll\l'(){\('h cI\\'1I otlwl' (1\-1 .t' •."", n, As ", i1Wl'('lIS('H, till' ('IIrVl'S

t[(lvittil' m]litll~'. Th« curves uppronrh It ('01'1111011 point ul :1' c:.: () h('('iltls(I lilt'
windt)' Pl'O(il('H ill tltl:; limlt approach til<' ('OllllllOIl Blaslus prolil« shupo, Tho
IlHYllljllotk limit at '" ~,: () is not appal'PIlI ill Jiglll'(1 1i.H hp('HIIH(' of tho \\lIh01l1Hl('(1

hohnviour of till' st.thilit,v ('l\,'\'('S h('l'p: ns hl'fol'P t hI' ('Ill'!'!'!'! ('outl'xt 10 view t 11('
datu ill this limit is at ('Cll'(lillg to IIll' hO\\lI(lal',v laypl' (lisplw,t'lllC'llt thil'lO!('HH
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Figure 17.7: TIt(' tompornl vnriation I,r til(' initial ('1'it.icoa1 HI'YIIOIdH 11111111)('1'

ill parallel, tompornlly d('vplopilli~ flow, fol' (IiH('l'l'11' vnluos of IhI' i\('('l'll'l'Ittioll
parameter: (a), !i.::: 0: (1)), U::;:: 10i (I'), U '"'" 20: (d), H :;::;:ao: «'), !i cc;: ·10; (f).
f~"'"IiO: (g), si ::".::UOi (It), .It ::::.:70,

Rogardlng til!' Ht('ady nut 111'(' of (11(1(lXl,()U('ntinlly 1t('I'l'll'ml,inft pip(' outranco
Bows. ('hltpt(,l' Hi showed how such flows W(I1'(' ~;tI'lt<ly with 1'I'HI)(I(" 10 It 1'(1[(11'1'11('('

Iuuno that Htl'Ptl'ill'H oxpououtlallv with time in till' axial direction. Both t11('
baso lluw model nnd stnbilrty oquntiou W(I1'(' dovclopod ill tlli:-: nonuulisod Irmne
work, '1'11t'entrance rogion for allY chosen ('XI}Oll('\.:.iaIIH'('(\II'l,lltioll npprouehcd It
;;[(,I\(ly Htnt,(, limit III tho dhnousionloss ro-onllnat o system ill It uuumrr (Iir!'l't1y
nn!LlogOlIH to thl' trulv Ht('u(IY·Htatl· Ilow, '1'11\11'1111(1rontiuunllv vltl'yiug tuuur«
of 1:11<'physirnl ('XjHHl('utial ontmnco Ilow was HIIOWIl to 1)(1 (hi!' to It ro-onliuute
str(·tco11111g ('{f('('t alone. III this scctlon. the' tonninologv 'stoadv' will he' \li'H'(l
to 1'('[(11' to auy Ilow which iK iuvnrinnt ill the' uonnnllsod Irumowork: nil t.hl' I'll,
nnuco mndols 1Illllt'1'l\oilll!, expououtinl 1\('('('It'rMiou gPIH'l'ltt('(1 ill l'illlpt PI' Vi aro
iuvaclnnt in their Inr-thuo limit. Tho lIuHlpaciy S('xl stuhility «quatlon (lO,M)
WI' . applied 10 tho I\I'IH'1'I\1 outraure data 1\('IH'm«·t1 in rhaptor Vi. 'I'ho solution
pro: ('chl1'e' \\'I1S kloutlcul to that a<1optl'd ill t hI' previous ~l'('ciou (px(,l'ptilll~ of
('OIll'SI' tllp UH(, of tIl!' clill'(lr('1l1 hnse How profiles). TIll' II'HUlts for nil the' nrrolor-
ntiollS will HH hl'fol'P 1)(' P1'l'sl'uIC'cl !ogl'thC'r ill 111<'Hatlll HC'll' of IIX<'S to protuol o
pnsy ("llllllltrisol1,

17.2.1 Critical Reynolds number and wavenumber

As bofor«, Ihl' prillllll'Y roucrru is with thr iustubilltv of Ihc' flow. To this <'ud
I Ill' vnriat ion of 111<'critlral HI'YllOi(J:.; number ill t he' pip!' ('111l'IlllC'1' wit It l'l'SIH·{'t
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('Il1V<', 'Irajectorios lllissing tho 'nose' of tho stnl/ility ('U1'VP - for Instnnre tho
lowest oxpoucutiul path shown in rho Iiguro - would 11('\,('1' Intersect I he stnbility
curvo. F111'llw1'll101'e,some slight ly highp1' trajoctori, s descrlho Ilow« that IW(,()llH'
nustahl« for only It short while, rovorting ,l';aiu to it stable stall' for Inter tiures,
This situatiou would 1)(' (Wl'P1'l'ut if Ih(' slopl's of thl' oxpouontial paths WN{'

(',r('ato1' than tlip Iar-thue :-;i<h'of tho bility curve. III this cns«, uuy path that
cin-iunveutod tho 110;;(' would pwnt" .y illtl'l's{'r't til! uout ral st.ahilit.y (,1ll'VP, the
result being that. any How would IH'(,OllH' unstable after a suitable period (und
al it sultablv high Reynolds uumbor). I!O\\,P\'Pl', tho current ovkk-m <' presented
hPl'(' for parallel Ilows imlimt('s t h{' opposlte - that initially stable impulslvelv
Hta1't('cl cxponontinllv nceoloratlng flows far Iroiu tIl<' inlet will remnin stable.
MOl'('()V('I" flows that 1)(,(,OIlH' unstable (tho higher trajp('tori('s ill 1ho Hgllr(')
will eventuully re-st abilispH, TIn- duta show.i in fi~ll1'l' 1i,n is for t 11<' hight'st
1H'('('lpratiou illV<'Htigatp{1. It. was 111'('(1 lWCHIlHl' It roprosouted til(' most marked
dovlntion away from tIl(' impulsive ('as(' (Iigur« 17,ii),

Dill' to thls I.mj('{'(.ory e!('pPlld('lh'P, 111(\suporimpositinn of ('ll1'\,(,S for dHit'l'('ut
a(,(,pl!'mli()u panuuotors - ns in ligtll,(, 17,1 - i!i coufusiug, Au ndvuutunoou«
111('( hod of prcsontution would bp elll<' ill which Ill(' curves lor all I Itn IH'{'pl(,l'i.-

tlon» I>()!is('s!i('dt h(1 SIlIU!' loci of iul orpret ation. This is onsilv aehlovod for I.h('
preseut dnta, simply hv l'<'}lrpH(,lItillg it ill terms of till' initial impulsive Roynolds
numbor UI'O, Pra('liealiy, this menus distorting til<' dnta ill till' R(' - 1 plano (SI'(1

Iignro 17,G) snell that tho exponoutiul paths horoiuo horizontal. III such It (,HSt'

tho dovolopmout of tho now ill time Ior It purticular sl.ltl'ting Roynokls 1111111-
1)('1' is ahmys given by trnversiug n horizontul llno ill t11<' RI'o - ,I' plnno, This
trnnsfonuntiou run Ill' simply attaiuNl via appllrutlon of tho th!' relation (li,G),

Figl1l'(, 17,7 shows I,ll<' fl111 data plot(!'d ill t Itl' R 0 - t plano Iloro tho uoutral
st.ahilily {'ut'v('s of Iigm'(' 17,1 Ior till' highor value» of 111('l\('('pIN'ation pm'nml'l('l's
art' shown distorted downward in order thnt tIl<' tm.i('('lol'i!'s of intorprotutkm
aro horlxontnl, However, this {lisiortioll ('lUI IH' soon to ho minor: Iho AI'UP1'ltl

shnpo of 1.11<'l'IlI'\'PS romniu similnr 10 Ih!' oqnlvalout rlntu ill liglll'l' 17,1.

17.2 The far-tlmo entrance flow

SI ability results Ior t Ill' g<'ll{'1'nll~' i\('('<'].'ral iu!\ pip« eut rnur« Ilow« WPl'Poht niu('cl
ill IUl klontical munuer to t Ill' rl'~llllH or I lie llr!'{'l'(liup; li{,l'l ion, TIll' Hl.allility 1'<'-
Hl1lts Ior t11('st<'IHly-st lit t' pip!' <,uI1'I\1\('(' flow WPl'!' llr!':-«'lltpclHPparat Pi,\' iu chap-
1<'1'Hi, 'I'ho \'('snlts Pl'('H{'llt{'(IIH'l'(' al'(' for tlt(' ('<tl1ivait'lll 'sl!'l\(ly-stlllp' PU'l'<\IH'('
lIowli with nou-zoro 1\{'('{'I{,l'atioll pnnuuotrr.

"Of ('(lIll'S!', if a Iluw roiuuin« 1I11Mtahh' ful' il Hlllliril'llt time, finitt' mlllllitll<ll' trum.ltion to
turbuleuro will rnUlIIIl·IU','. III thi~ {'aSt" tIlt' 1111<'111'afl\\lllu'nt will 11('iuvaliduu«]. HU\\f'\'I'I' tht'
primnrv eunrorn at tIll' monu-nt iNwith th" ilu'('ptioll (If instilt.ilily; tIll' ro-stululisutluu nr tIl!'
high('I' H('~'l\n"IH 1Il11ll1l('1'lluwx i~l'llllsillC'l'l'll I[\'rt, Ior i'I!('f('st unlv,
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The ibovo argument becomes !tighly important when couskloring the stahilily
curv 's of tho flows with oxpououtinl accolerntions. In this raso, tho Ilowrato
vari uion of parlir:uiar Ilows nrc given hy exponent ial loci ill 111<':, f plano of
tho form

(1 i,G)

whore R('o ::::::;R('(O) is tho initial iuipulsivcly realised Royuold« number of til<'
!low at j = O. As with 1he impulsive ('ai'll' above, the st ability {,IIl'VP for a
pnrtirulnr fi is only valid if intorpretvd Irom It valid trajP('tOl'Yi in t IIiI' ('as!' one
given by tho equation (17.G)7.

Thus for varying values of tho initial Impulsive Reynohl« 11111ll1H'1' Rco. t.1I(·oqua-
tion (17,G) d('s(,l'il)('H 11 family of (,IIl'V(lH which represent valid travorsals of t he
pnrticulnr stnhility ('Ul'VI', To lllustrnt I' this principle for til<' nrcoleratlng SYH-

tom, Iiguro 17,6 gives the stahility ('I11'\'!' for S2 0:' iO. SllP<'l'illl}lOHl'd on which nro
the relevant traj('('(ol'i(ls as glvou hy (Ii.G) COl'dHl'l'l'!'ut values of Rr«.

Rc

60000

o 0,001 0,002 0,003 0.004 0.005 0,006

Flgur« 1i.G: TIl(' uoutrnl stahility ('111'\'(' [01' S2 ;;;: i'O. Hhowing The tmjP('tol'il'H
for d('VI'I!lJlin!~ llOWH ill pnrallol lmpulsivoly Hlatt('(l i\('c'(·I!'l'Htinp; pipl' (low. Cor
clill'!'l'('UI values of RI'II'

or illtl'l'l'st in this Iir.l11'1' is t ho 11l'PI'iI'll('1' of tl'llj!,(·tOl'i<·s that reuiniu Hlah!!' for
all thno. This is mulnlv duo to tho lilllit!'(! tvmpoml oxtout of rho stahilit~'

--';:i1~:t;;li)()rt;'-I";~ilirtl;~;i";II;;;IIII' lIn~(' Iluw 1I~I·tl (orIh(' stability uuulvsi» is prrulinr
In Ih(lIl('('('ll'ratitlll puruuu-tvr dUN·11. FlIllowinf\ a IHIli'f"lIt Ir.ljl'rlury tu that hupliri! in thl'
hnsl' flnw ruodcl humodlan-lv impli('s u tlill'l'rl'nt lim.!' Ilnw, und thus 1\ dill"'f('nt stahility curvo
III tho first ilia!'!',
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17.1.5 Physical interpretation of stability results

Physically, tho stability cnrvo for th!' parallel lmpulsivo ((I .,:= 0) ('(It-:(' has u
stmlghtforwurd intorpn-tutiou • it indicatos 111('values of Rovnokls number for
which the pipe' will bocomo unstuhl« for It purticular dunu.ion. In this (,lUW tilt'
~tahi1ity behaviour of a particular now iH 1'('Jll'Psput('d hy trawn;iuv 11horizoutul
line ill tho R(' • f plano. Figuro 17,:; shows tho impulsivo p: !';,11<'1 stability
('\1t'V<', with threo such lill('S indicato«. The lowest lino is tor He == 10000, Ill!'
lutonnediato one for RC' ::: 20 000, and tho higbost ropi sonts til<' dovelopment
for R(' =.: 30000.

140000..---'--""""--""---'--""""

120000

20000

Rc

o o 0,002 0.004 0,006 0.008 0,01 0.012

Fig\(l'<' 17,1): The trajl'('f.ol'il's for various doveloping flows ill l)ltrallpl lmpulsivoly
started pip!' How, (It), R(' := 10 DOD; (h), Pc:::;: 20 OO!); (e), lit' "'"ao 000,

For n How impulsiwly stm'l:('(l to It H('YIWhls ll\1l111J(\1' of 10 DOD• llno (1\) • th('
stahility behaviour in time ls represented hv ITlw<'rsiug tho liuo from il'ft 10
right, III t,hiH ('m;!', tho flow 11PVI'I' h('('OIIl(,S unstablo, Simply put, lill!, (II)

do,';; not illt.rl'l'('llt rho uoutml stahility curve. For tho lutcnno.liat« flow with !l

Roynold» muubor of 20000. following Ilno (h) aloug from l('[t to ri!dlt shows tluu
th(l systom hccomos unstnbl« Iur n wry HilOrt: durarlon • ns tIl(' llne travorsos tho
unstable region of tho plauo nonr tho miulnnnu rrltirul point. For t h« highost
Rovnokls muubor cnnsklorod [llno (c), B(' :0:: ao OOOj, tl'av(,l'siu!\ the' line shows
that tho systom l)('('olll!'S uustnbl« Ior a far 101lg('l' dunulou, connueuclug n.t. tl\(,
Ihuo ('Ol'l'(lS!HlIHlinr; to point 1", tho Ilow ro-xt ahilisillr; It! Ilm« r", Whllr- the
above c1iHc'\Issioll llllW S('('llt 1)llViOlIS, it ltir;hlights lUI Important point; that. 111('
nupulsiv« :-<tilhility rurvo Ior t hi' Iompornl ('an' is Old,\' valid Ior Ilows Ihat It!'!'

impulsive, or nearly so, That is tIll' noutral stahility ('\\I'V(I shown iu Iiguro I7,1j
r;iVl's Ill!' correct hohuviuur if truversod horizoutallv ill tiuu-, A tl\ljPc'loI'Y lit,

Hay ·11i" on tho (·Ul'I'PUt. I-wa1c' ofax('s wOIII<lI'('}lI'l'Sput a Ilow ill w hkll IlC'l'pl(,l'iltiV!'
p(f'p('ls \\('1'(' Inrgo, lnvalldatiug th!' liSP of the' Sl '.c.: I) ('111'\'('.
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18.2.2 Flow development from a fixed physical position

N 11111t'l'ielilly. (,1H' fall lIow devolopmout was :-;lu)\\11 almve to ('ollsiHt of Iirst tit!'
parallel tourpnrnlly d(lwiopiu(; How. and thou tIl<' '!('i"l~,ontraure l'Pgioll, III
order to umlorstaud thl' lmplicutious of 111(1variuhle mappin, Oil tllf' jll'l'('pplioll

of this <lain, Irom th(' physlcul on-ordlunte Hystl'll1, it i:-i worthwlm, to ('{)ll"hiPI' tltl'
tompornl Ilow dovolopmout from a Iixcd 11h1l8inli j1o;;ilillll ill t ttl' pi)lp vutranr«,
Till' nrgnmout below is ronccrnorl wit It till' utuuorirullv lll'pclil't('(lllow variation
ill till' pipp. awl uoi with thp oxporhnental results,

For it ('!tmwll phvsicul axlnl position .1'1within I It!' pilH'. initially Ill(' How will hr
strk+lv parnllel, and dpH('l'ilw(l hy tho shnpliliod pnrall«] Ilow morlr], For thitl
l'Pgioll, statious lo('at('d ut dlllorout physhll axial )l'lsitioll:-l will shov- icl('IlIil'al
houndary lay<'l' dovolopmont, dill' to Ill!' parnlk-l Ilow IHlt hnving any axial !I(,.
poudence, A4 till' Pll[.!'1Ut!'1' flow <tl'l'iVl's a! SIH'C'('H:-;iv(' :-;Iatiolll'. til!' parallel IlI()(II·1
will 110 IOllg(ll' 1)(1valid, and Ill!' Ilr, I\' will thou 1)(' cj!'H('l'ilH'll hy tIll' :-ltl'lld,v (ill tho
roucnnalised HYHt!'ltl) !'lltl'lllH'P Ilnw iuodol. '1'111'1'1'is however 11Revnnkls uumhor
IjI'P!'lld!'ut UlltPlliuf\. f\iVl'll hy !'lIlIli!ioll (18.1), h('lw(ll'u tIl!' ph~'HiI'l\laiul clhuou-
HiolllpHH uxinl ro-ordluuto HYSt!'lllS, In tho sp('cifi<' !'as!' of all oxponrutlul Ilow,
It lix('(lllllY~kal axlnl posltion ,I', rolatos to it variahlc uonnalisc.l nxiul posltlon
:r'(l) as

(18,(;)

Thua It Iixod ph~'sil'itl stutiou maps to It ClillH'llSiolll!'I'H stutiou that climiuish(':i
with ti111(' ill It IH'gatiVl' oxponontlul iuuunor, Tho Htpm\y (ill dhll(,llt'lioll)l'm, en-
ordinates) pnt:rlut!'P solution vltl'i!'H spatially (ill ,I' • \ II!' rruormulisod axial ordl-
nato) Irom 11thin hOllll!\nl'Y laver pruiilo Itt tho inlet, to tit(' liu il iug c1l1wlIHtl'(llllll
prolllo, 'Iruvorsin]; Ihhl solutiou ill IhI' <1il'C'('{ioll of d!'('l'l'lIsiug (lilllllllsjoull'ss ax-
ial pmlit.iol\ l'PHlIltK ill a Hl'ril'H of pl'olil('s whose tompnrnl <11'\,I'\OPllll'lll is townnls
it thinner houndary lay('t', 'I'he !'I'Hult of olli'l('l'viut'; th!' lltUtll'ri('ltl ilovolnpmont
from It lix('cl phYHi<'!tl axial position iH as follows: fit'Ht nil initial itH'l'(li\~1' ill til!'
\loltllclal'Y lllYN' (lb. <'ll:·;ioll iH ~('(lIl, In 1\('('01'(lal1{,1' wilh Ih{' simple pnrnllol <1(1-
Wl0j1111Pllt 11l()(11'!; ,lhSC'qll!'lltiy a d('!'l'I'HS(' ill thp boumlarv hW(ll' thil'ku(ISK is
oh~('rVl'(I. as 111<'Ilx« 1 physkal HI !' tiou '1l'1l\'('l'H('~i' II pHt l'I'UI tl ill till' invariuu! pi P('
outrauro nuxlol.

Fol' IlllY chosen stution ,l'i' oquutinu (18,fl) giv('H u l'l'lntiullship Iwlwl'l'll 111('time
f and tho llilll('IlSiollll':->s axial posltiou ,rtf): tlHiS tho vnriution of It tllU'alll!'!I'!'
(fot' instunc« (1ispIIU'('lUl'llt thlckuess) ill thuo III 1\ Iix«! uxial position ('lUI 1)('
uiven oquivnloutly liS itK variation iu (ihuflllsiolll!'!'is uxlul posil lou, ])IH' 10 I hI'
furt I hat till' tlui« unlinat« l'l'lall's 10 th!' (liltll'IlSiolllpSK nxlul jlo;;iliuu ill hlVN'SI'
propnrttou, lIow d,'V!'lojlltll'llt in tune is Iruui l'ir~ltt 10 Ipft fo!' tho dhuousionlnss
axial ll!l!"itioll, This Jll'l'sPUls two ('Ollljlltll1ll'll!Ill'~' mouus of l'!'Pl'('S('111 hn~(lata
uieusurod al It Ilxod physlcnl axial position: tit(' variation of It PHl'nlll('tl'1' cuu h{'
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By I1K(, of t his mappinp, t hr' siinplo umuerical solution ill t hI' (,I', 1',1) eo-ordinate
H~'1'ot<'11lcould ho tnu-sfonued into tho phvsicul domnin (,1',1', f), with II resultant
l'('('OV('l'Y of tho complex How hehaviour simllnr to that observed oxporbucutally.

18.2.1 Asymptotic approximations to the full numerical solu-
tion

TIll' (lisC'lIS~ioli of H('('lioll Iii,:; shO\wd how t hI' c1pvploPIlll'lIl of itupnltil ,'('l~' st art ('(I
all( I (,XPOIH'llt iallv 1\('('Plt't'a1 I'd pip!' «nt l'illl('(' Ilow rouhl IH' pnxlo.niuaut Iy ,It,-
sl'l'i1wcl hy two shuplilhxl nsymptoti« uiodels: Ior ml'ly timp;; h) t IH' parallel,
tomporully c1('vl'lopiug 111m c\('s(,l'illl'cl ill s('diou l:;,~. mal 101' latN' tillH'l{ h~' tit('
~:tPi\cly (in 111('c1itlH'llsiolll(,~H IllIsis) PIlII'HlH"· t<yslCOIlI,giwu ill ti(l('tioll l!'i,:l. TIll'
umuorlcul simulation oj' the developmeut of iUlplllHiw)y sturuxl an: I ('XPO)l('II-

tially 1H'('('Ic'rat('cl pip,' ('lIll'lIIH'P flow. was SIW\\'ll ill ('haptN' tii 10 follow a well
«('IiIH'C! pattern ill the nonnalisorl ro-ordiuntc ;;)'HII'111:

(i) For ('arly tiiuo», til!' Ilow (1c'\'('lol)('d nway h.1ll tilt' initinl ruudition« 1/ c•• 1
('\'('1'yw)I('I'('. with t h!' bouudnrv hWI'l' !~l'owit.g nullnllv wlt h ill(']'('asillg t iino,
Tho pip(' iullow roudition Was moanwhll« muiutuined as IL('()lIstllllt. - tluu
houndnry laver . velocity prulilo.

(ii) Fill' downstromn, th(' flow romnlnod parallel, und the volocity profil!'s de-
wl()p('c1 tompornllv towards it s(('ally stal(' limit.ing shnp». TIll' limiting
prolllo» for hH'1'('I\Hill!~ acroloration lind S\lC'('pssiYl'ly lnwor controlin« volor-
il i('s, nIHI t hus 1'('(111<,(,<1dlsplnrement IhkklH'S<:, Tho thuo Iakon to roach
til(' st('ad,V limit nxlurod with ilu'l'l'llsing 1I('('l'll'rntio11 punuuetor.

(iii) '1'11(1flow ill t.ho (,l1l1'I\1)('1' also iIJlPl'cmdll'<1 a sl I'lltly ~tat (' ('ollliglll'llI ion, wit h
tho wlodly Pl'Olill':; v!tl'ying spatially Iroui tln- t hill h01\ll<lill'Y h\~"'l' inllow
rouditiou ut I Ill' inlot, 10 I lit' pnrnllol limiting shapl' of }l1'01iI1'. cll':;('rih('cl ill
point (ll) allow. flll'tlwl' -lowustreum, 'I'ho clhul'llHioull'ss l!'llgth OWl' whk-h
this (lp\'l'lo}lnll'llt ()C'('lIt'I'I'Cll'l'lhlC'pcl" .. illl'l'(,IISillf'. valll!'s of IIII' 11('('('IC'l'III.ioll

(lal'!lllll't('l'.

'I'h« (lady thuo, parnllr-l dovolopuu-nt of Ihe' flow was (lc'~l'l'ilH'cl by tll(l shnpll-
[jpci parallol How model, while titl' lutor ('1111'1111('('llnw WIIS !~i\'(lll I'XHI' I lv hy tho
Htp!\(l~' (in tht· nonnnlls«! co-ortliunto svxtom) ('nlraIH'C' How, 'I'ho Iull uuuiorlcnl
simulntlon for till' cip\,l'[ojlilll\ Plltrallc'l' Iluw showed that IlIpl'(' WilS only a small
tl'ltllsitiollnll'p!lioll bplw(lI'1I tllp parallt'l nud (llltmlH'1' Ilow I'l'gilllPs thnt was not
dt's('l'ilw(\ by l'illH'l' of till' (WI) I\S~'lIlptotk uiodol», 'I'hus III1IH'('I1I'all' c\c'Hl'l'iptioll
of th(· Iull Ilow WI',M alford!'c\ nmuork-allv hy Iil'Ht ('onsiciC'l'in!1 I lit' purnllol !low
model, and Ihl'l'l'nftl'l' IIt(' s[{,lIIly ('Ull'1I1H'1'flow s),sl(,III,
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{waH ('ouHfallt (for a particular pip(' f\('OllH'IT.}' and Ilnid) awl is giwll hy

(18.:J)

DII(' lot IH' ('OllHtanl mapping. t hI' <!i!I'l'l'l'IH'1' in t hI' t.1'llljll)l'al onllnut« 1)('(\\,(,1'11

Ill(' oxperlmoutul data )ll'('S('lItl'll ill dW]lt('j' ~ mul IIll' 1l11111l'l'lI'al (lata giwu in
('hapl('!' 1ii wa« :-:imply a cnnstuut ~('l\lillg:t b~' 1(1, TIll' l'!'JatiollHhip horwoou
till' phYl'ical 111111(lillH'n~i(lIlII'ss axial ~~'Htl'lllH WitH more rompliratod, <lIlt' to thl'
Rovnolds 111l1111ll'l'<1('1)('11111'11('('or the mapping, and (hi" trnusfonutu ion is giVl'Il
hy

,I'
,I' :-:! ~-"-. ,I'U(I)::: R lh(!),

.I'U(/)
(VUl

'I'ho current I'X)H'l'illll'llt nl rosult« W('1'1' mensur« Iat u Iixl'tlllhYHit'al axinl Ht ill ion,
For uu (IXj)OIl<'lllially hH'l'I'IlHhl[~ H(lyuolcls 111UUll('I', till' S('(t!ill!~ 1ml'ltllll't (11' .1'(1(I)
:-dlll\\l'd an expoueutinl ill('l'('m;(' ill vnluo, and thus, fol' II 1i~\(,11 physkalllllHit.illll,
til!' diuH'llSi(llli('14s onliuuto d('('l'('asl'd ill 1\ IH'I~lttiVl' I'X)HlIl('1l1 tul uuumer. Whil('
tlH' ('llIlI'('pl of this val'ilthlt, lll:tPlli\l~~ WIlS (lxtl'lIHiwly ('ov('l'l'd ill S(l('1ion H .!i,
it is Iundamoutnl to tlH' roronrilintiou of theory with oxpcrimeut (Jll'l'~('llt('(1 in
~(,(·ti()ll 18,3), '1'1l11S fol' darity, tho various f{l('l't.14 of Iho rllmonsionlos» numorirul
solution awl its lllltppill~ to the phYHit'al domain uro 1'l'visill'd below,

T1H' main prnhlnu of l'{'lll'(lK('ntill~ !;<'lll'l'l\l1y IH'(,pl('l'ating llilll' Ilows h, till' UIl'
buuud«! hohuviunr of I.lil' tl('lWUtl('llt. varlahk«, III thc' ('!lllt('XI of ('XIHlIlC'llt.iHll.v
It<'('('l(ll'lltill~ Ilows, till' axial volocitv tN'1l1 S('lll!'H oxpnuontiully, and Ih(' suh-
tlt,tips ill tilt' variation of th(' Ilow (i('hl with tim(1 an' I{\\'Il1111)('(1by Ill!' f\I'OSH

illt(lgml dUlUj\I'H ill the' uxinl VI'Joeity, From till' point of view of tho 1U1I~IYHisof
111(':->(1llows, t.1H' uuhotuul« I illll'gl'nl l'!lllnj\(' in till' Ilow PI'Ill>1'l tit'!' 1ll1'1lIIH that
tlll'l'(1 is 110ulIiljH!' Hlliw!'I,ml [mllll' of !,pli'l'I'IH'(' ill which to lll()(}l'J sll!'h I',\·stl'lm,l.

'I'ho !'INlll\lltal'Y aualytic'1l1 studv of l'llllptl'l' 10 n~llClr!D}IJi)'{!'ll till' axial volurity
IlC'('ol'lliUII to itH 11'('(\11 ('I'O/'is's('('1 lonnl \'111\1(', 'I'hi» l'l'slIlt(,(1 ill It (lilll!'llsiouh'tl;l
\,I'lo<'ity Ihat l'C'lllnilll't1 or unlor uuitv, 1'('gal'Cll!'KHof Ih(' dWllgl' ill tll(\ Ilowmrr
over thno. A ('OIlSl'lIIlI'IH'(' of this reuunnulisntiou PI'O('(li'iS WitH t Imt till' axial"
('()-()rdlllatl' ,I' llwJlPc\11 to tlH' cliulC'llsiollh'HH (·o·onlillall' ,I' in It HI',VllOhIH 111l1l11wl'
11l'}H'ucll'ut mnuuor m'

.r n ,,'[l?, Rc(llJ, (1~.1i)

I'X1H'I'illl('utal -lutu \1'('fI' ulsu nffwt from Zl'Itl lil&)I', ':1H' to an I'Xll('rhlt'lltallilllrt'Ujl
(iI'II\.\', It is aSHullU'(1 11(11'1' thut tlliH (klIW has IH'1'1l rl'llItlVt'!} In.in the' 1lI('IIMlrC'(1dutu.

1'IH tll(' ('mil' (If sh'llIly !lUlI'N.till' \'a~itlus Iluw <tllautitil's (velorltv, IlfI'hHHrI') rail he' lirah'!}
hv it ronstunt slll'h tim! thl'h' IlHII\uIIHlh' romulus of lin II'!' on«, In til(' I'X1HlIlf'lItiall,(!i('. :'(,II!iuII
till' t('flUS hy it runstnnt will 1101 olhniunto till' lI11li(lllll(\t'tlUI'Hh

roThl' prt'1iHI1t(l, axial velorltv und uxiul ru·ortlilHlI(' Wl'rt' all snhjl'l,t tu II HI'Yllf.ldN number
Il"IH'llIh'UI llIappilll~' but the' ,I' • '. J' mapi'illl~ lI'ilS lilt' oulv 11111'Ihal ,'olll'PrllI'll an mtlq . ,!tl, III
vurlnhlo.
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Figlll'l' lH.:3: '1'hC' Ilow vnrlatlon wit It thno, for t h(' 'n' !Wl'il'~ of tl'HIs. Hot It 111l'
H!'~'lH)hl:, number 1\1l(1Hn'Pll'l'atiou panuuotcr variution al'!' shown: (ill, (;XPA;
(11), GXP13; (I'), (iXP('; (II), Gxpn; ~ ~, ", (lxllI'('I('(1 variatknu ,Iwlllal
varlut ion,

tniuod It fairly const nut mean value, Th« dl'l'l'l'lIlil' ill H lilt' IIll' hil\IH'!;1 (t'lit:-; wali

I'XJlIII,t(l(1 hy till' fa!'! that It constuut value of IH'I'!'lt·l'lttiolllHll'illlH'tI·l' implh« au
I'XI)(III('lltinlly jlH'l'I'a:iilll~ d(Jjelf, AI'I'lIl'all' vHI\'(' coutrol wn» Jll'ohahly limit I'd at
it Itxod muxlnunu (/(J/lif, tlnlH Ihl' highor ll('('('I(Il'ltliOlls woukl not havo heon ah]!'
to mulntuin eonstnut H beyond tl)(' poiut of !'1l'(ll'Iiw coutrul,

'1'11(' varintiou of !2 for tho '0' l"iC'riNI (If h'sts is shown ill lir;nrl' tH,:!, ThNiC'
tC':;ts hall thll hir,h!'st inltlnl luipulsivo H('YllOltls numhor, awl I hu- .•howed Iho
HUlst mark«! statt-IIL> ('(['I'rts, Ilowevor hy I im« t '-':O,O:.l, 1111'!'1' I .UlHil'llls luul
!IS hC'i'Ol'(1 rliod away, and all dltt{t showed simllur ttl·llll.: 10 hoth tlH' 'I';' atlll'F'
tl'HIs,

18.2 Dimensionless co-ordlnatc system

TIll' oxperbuoutul haK(' Iluw dat:~ ill dmplt'l' H WIIS P1'I'HI'lItl'lI lll'illlal'ilv lUi th(·
variat ion ol vaclons JHU'I\lllt'tI'I'K (disl'lm'('IlH'llt t hid\Il(,~S, sllilJH' llill'illlll'l ('I', ('I c.)
Yl'l'SllH t jill!' ill H('I'Ollds, TIll' ullab his of parI III showl'(} thut til!' uppropriut I'
Inunowork 'If ('Ollll inrisuu 1H'IWl'l'li Iheorv und ('XII( riment Wll~' IhI' llol'IlHllih(,III'o,
onllnat« sv-tom, This ti('('tjoll is 1'lIIl1'\'l'll('11 with Ih(' (h'sl'I'iplioll of tIll' Illltlll.'iul',
11('1\\'('1'11 Ih"HI' two /Wstl'IllS,

III t hI' llI111Il'I'kllIIllHlI~'liiH (part III), I Ill' lllal'pillg 111'1\\'('('11tlll' ]llly/,kal \'I\l'iahh'l'
uiul their llilllC'llHiouh'l'ls l'Olllltl'l'Jlill'tl'l was llt-rilll'll. III till' 1',lH(' of 1ho tiiuo urrli-
nnt«, tho I ,'ItIl',fUl'llllltioll h(ltwl'l'lI tIll' phYhkal variuhlo I awl lliuu'll!'ionll'i'ls (IIII'
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Fir~It1'''1(;,2: Tho Ilnw variation with time, fot' till' 'F' l.;p!'i(l~of tl'I'IH, Both IllI'
H('Yllohll'l unmbor awl i\('I'I'I('ratioll IHll'aIlll'tl'l' \',\1 "lIl n!'!' shown: (a), FXl'A;
(h). FXP13i ('), FXP('i (I), FXIl!); ,Co '=. (lXI)(I'I(I(1 variation; ,11('1111\1varl-
ntiou.

nauiely (a) and (d), show til(' lllO:it· l'(lgnlar awl ('01111IaI11 behnvlour, whil« till'
11i(1.11('r('1\1'\'('':, I'KIll'('ially ('), Ili'l' rather more il'l'l'lllllat'. TIll' variahility ut ltiglll'l'
!U'('I'It'ratioI1K wa:; (ill(' to lilt' limit ('(I!'l'riJlOlli't1' of IhI' Ilow ('(lUIrolllYNtl'lll,

TIlt' Ht!'()ll~~ variutlon at Ihp I'lll'l)' t illll's wa~ unuvoidab]«, uud was (hI\' 10 a
combiuution of 1'n('tm'H; III(' puor 1'(':-lI)(lIlH(Iof 111(1vHI\'(' !~tlow Ilowruto«, couibiuod
with tho neod to avoid valve overshoot, C'oll('(\l'lllug tho Iltu!,!' point, it waH 1;('1'11

ill cliaptor {l tim! It suiall umeunt (.1' overshoot ('aIlHt'd IIl1'l\(' stt'U('!nrI'H I () 11('
W'llt'mtpcl at til!' pip(' illl!'t, which 11IIi>H('<IIH'Utl)' ('OIlVC'('('<l downstream, For this
roasou, IIII' avoklanro Ill' roductlon of 111('('li'p(,(s ('IUlH('d by ovorshoo: waH 11t'(11I1(I(1
1Il0l'(I important t hun ill'hi('villl~ u runstuut vnhu- of n fo)' Ihl' (lal'ly portion (If
t IH' (psI. Early varluhlll ly ill tin' II( ('('!t'l'1I1 lou jlill'l\lIlt'1 ('1' wnx al'('('pl nblo Ior two
malu l'(II\SmIH: Iirst b', t11('luininur t;t ruet uro til' t ht' Ilo':. at IIII' HIliI'I of t 1\1' JlIlW
\\HH It'sll m'llsi!i\'(' to thl' lIwgllitll1J' of tlu' 1l('('pl(lI'lltilln2; /'i('('Ullllly, II'UlwitiClll III
tm'\1ll11'IH'(' OITlIl'I'I'(IIlt'1Il' t 11('«ud of (',\I'll ll'l't, whore til!' vnlu« of H hnd n-muhu«!
rnnstnnt Inr flOIlH' lillII',

TIll' 'F' Ht'l'i('H of [(IKIs, whos« varlat Ion Ill' llowrut« mul 1I('('pll'l',ttioll 1)1I1'lIlIIt'II'1'

is giVl'u iu JigIU'(' 1~,2, show vorv 1::11ilul' t\,p\H1H 10 I J..' IE' :'('riI'S, 'l'hp~, show
It far Htroll~~('l'lnitful vllrial>ilily of Sl than Hl(' 'g' It'sH, (ltll' til thl'!t'IN,S 'l-unl'
hupulslvo stlt!'!. As lwfol'(I, t 11(1HIill I-up Il'allHit'llts had (!il'd away hy I O,O:~.
For Ih('!()\\'(Il' U('I'plpraliollH' (a) uud (<I) illlil\lll'l' lS,:!' Ihl' valu« of 51 rotuuiur«l
l'ollHtaut to It hir;h level of npproxlm: tinn, \\'ill'l'l'l\l' til(' hi~\IH'l' two IU'('Pit'I'I\,{lOll!'
Hilow('ti W'WillPSS dill' to thl' limit I'd l('~I)(IlIH(, of tIl<' ('ontl'o\I'I,\'HII'IIl, Tho worst
('111'\,(' in t his 1'(lgn1'<1 was (r}, ('()l'l'('~I)llll!lillf!. to IhI' I (':-;t 1<'XP(,: 111'1<'tIl!' [\('('('1('\'·

utiou IUU'lllll('t('l' sliowr«] It gl'lI(itUlIl'nlllC'tioll form .~vnlu« of H ~ ,17 al: I (l,Il:!,
to 51::::; ,11 nIl (l,ot 'I'h« IlI'X! lowo-t ('1\1'\'(1. curvo (1)) • wn« \U\\'~', bill iuuin-
.q,~,""C ,~"~"~~=""=,~~"."""==='=c"a~

Wilil shown Ihl'lll'I'til'llll,v ill l'lHlptt'r U. that 1111 1('!ltH, n'!\arll1('~11 or IUTP!t'fa!lnll, liP'
prondll'<ilt lix('t1 hnUllllar,I' l;W('f IlIlut'ltll'l' in ill!' lilllit of \'anh,hinr. lmuu.larv lnvor thid~IIl"!',
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'Iable lit1: The values of tho punuuotors Bcn. !i of til<' «xporimontul Ilowrntr-
varintlons for the sc'pltl'atr tPHts,
'1\~ST.-· -ffen S~--'· ''";l\'st l?t'o U-l
'EXI)g ~':~OlH-1!J,U 1,'X'PIY" -:rIT3~'nrir
EXPF a01H 32,:i GXPA onio :i2,1i
EXPG 301H ,15,5 GXP13 emo ·15.~)
FXPA '11,13 2!i,O GXPC osio 2!i,O
FXPB ,11-13 32,5 OXP!) osm is.o
FXPC ·11·1:1,l[i,:i IIXPA 2!l[i!l 13,0

A 11101'('scnsitlve way of 11(1t('l'lllillil1~ tli!' agl'(,PIU!'nt of tho flow vnriation wit 11ox-
ponoutiul. i:; by oxtmrtlon of tho ph,\':-.imlvarlatlou of til!' arcr-lomtion parmurtor
itsl'lf. 'I'hls wa:; dono hy liltill~ It !lth ordor lens: squnros pulvnmuinl to tho flow
datu, IUlIl then aunlvtb-ully t1('t(,1'lIIiuinl~ ~l using n-latiou (lH,lj, TIll' Ilowrutc
varied sllloothly. and thus tho global curv« lit gil\,(, au nccurut« Indication of til<'
nrtunl Ilowratr variation, TIlt' oxpt-rimentnl variatlon of tllp Royuokls 111l111\)(,1'
is shown ill fignrps HU to IH.a that follow, alollf! with till' I'xtrnrtl'(ln<'('l'll'ra·
tlou pa1'ltlllt'tt'l'. 'I'ho 'E' ~1'l'iI'H of tt'sts (as hl'iill'(' iudlldillg tlu- !I':it IIXPA) a1'P
:-:IIOWll ill li~~\U'('IH.l, while fiP;IIl'I'HIH.2 Hu\IIH,a glVl' tIl(' rosults for tho 'F' mill
'G' tt':,!H l'(lsl>('ctiwly, Till' !'!lh'!\oris;~tioll into tho ;~', 'F' mlll'G' r,l'OIl11S iH, a:;
h('.fill'P, It('(,OI'(lillf~ to till' impulsive start-up H(lY1WlcIK number» (tahlo IH.1).
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Figm,· 11:.:.1: Tho Ilow varlatlon with tlm«, fill' tilt' 'E' l'iC'ril'" 0[' tpsts, Bot It till'
Rcyuokls uumbor uud nccolerntlou pnnunoror vnrintion 111'(' shown: (u), EXPE:
(h), EXPF: (.), EXPOi (II). IIXPA: _. c_ -', ('X!)(Iet!'I\ vnrlntiou: ,It!'tual vnri-
ntlou.

AI' can he S(lI'II ill Jigm'clH HU to lx,a, whll« IhI' Rcynold« 11111111)(11'varint ion
is dm;c, to oxponoutinl Ior ouch I ('HI \ til(l Iw('plN'at tuu punuuotor V!U.'h'H qult«
st.rouglv in SOUlt' I'USPS, Tho a('('pl('t'nl inn pal'ltlllPtl'l' t hilS show« its(llf to 1)(' It
wr,\' sousitivo iUllimtol' of t!t" '('XJHlIll'lltiality' of Iho Ilow, 'I'll!' variation of tIl('
nccoloration parmuetor for lill' 'E' st'rips ul (I'sts il'l giYPH hy H!\III'{' l S.L For
all Iotu tt'sts i2 is stl'()lI~ly variablo ill til!' 1'1\111\('() <, t < 0,02; thoroaltor it
romnius relatively ronstnnt until IIIl' roiuplotiou of 111('!PHI. 'I'ho 10wl'1' (.I1I'\,(,S,
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18.1 Acceleration parameter

Tho <[lInllti(vi11~ pnrnmotor for accoloratiou from Ih(l aunlvsls was tonnod till'
!l{'('d('rntio11 pnraiuotor, This Inrtor <i('s('l'i\lt's thr- (·ft(,('t of Ilowrat« lH'('{'I('mtioll.
aurl Is defined by

(UU)

whore Fill iH tho 111('(111I'rO'lS-HI "Iiollal \'(Iiodty, 'l'his pnrametor is identieul to thai
used hy S)J1'1l (lUGI). Moss tW01). and Lefebvre l\~White (WHO, WD1), 81H'11
wns C'011('('l'lH'<l with tho illVil-lI'i(\liluit.illg stability hohuviour of suvh flows, MOHS
describ«! t ho pnrallol Imnhu-r flow ill it pipe using a simple illt!'~.ral nppronrh,
while Lofobvro & White I\s!'(1 this tvnu 10 dt's('rill!' their ronatunt-nccolerut iou
oxporlmonuil results. It aroso Hat urnlly 1'1'0111tlll' Ill'l'Hrtlt analvsi«, t 111ISrovenliug
itsolf as tho ('orr(l{'1 IHtl'!Ull!'ll'ie group for dassifying ac'c'('I!'rntill~ Ilnws.

III 111('uumerleul model of tho Ilow, I lu- «xpoueut iul HCTl'iPl'atioll was cousistent
with tHkill~ !l to 1)(' a constant. Ej~ht dilloront H(·I'('i(l}'.tli(lllH wor« ill\'(lstigatC'(1
in total, corrospon.liug to Ihe following values or I Ill' accolemtlou llarlt1lll'tpl';
~iE {(), 10.20,30, {lO,~fl. un, 70}. Tilt' 1'11'1'1'1 of incrrusln« tho vnluo of till' accol-
oration pnvmuoter in tho (\UnlYflis wn« to prod \1('(1 llilll' ontrance Howl' showing
I>r()l~r(I14Hi\'('ly shorter development tilllPS and suppressed bouudnrv laver develop-
mont. TIll' thooroth-nl modol wns Rovnokl» munlirr ilHlc'I)(lllI]c'III; Illlis tho I'i(!ht
(liffl'l'l'llt ('aSI'H h~' iIll1,'ic-atioll PlUhrac'('(1 flows with nrbltmrv start-up Ht'Yllt)1ds
11uml )(Irs,

Exp<,rillH'utally, twelve c1i1fc'l'l'l11 cxpououtlal nceolerat iOlls WI'1'(' !!,('IH'rnl «l ill 10-
tal, (,Ollllll'iHillg throe H(·t14of Iour tt'sts, ouch S(·t· ha\'ing It (lifl'pl'('llt luit lnl impul-
sive R-vnold» number. '1'11('hllHdpltt(lci flow variation fill' ('!lI'h 1(ll4 wu« gi\'C'l1

by

(lH,2)

WII,'I'P t IH' viti III' or IhI' constunt» Rc«; H nro gi\'{'u in Iuhl« HU, which is HilllJ>I~'
tnhlo 7.:11 1'1'1)('al I'd fill' rouvonienro.

It \h,S ('!lSY to slmulnr« an oxponen: ial I10w uumoricnllv, HillJply hy H(ltt.ing t ho
Iln'(lil'l'lttioll parainoter to It "ow'l nut value, II()\\'(I\,f'l'. PX;lI'l'illllllll nllv, till' llow
had to hI' rontrolk«! (\('('Ill'itt(lly to umt ch till' dllHi(IU I'X1'01l1'1IIilli hll'I'(lIISl' lis·
ing It clnso.l-loop How control Hy::tl'lll. Althounh t h(l rosultuut (lX]II': unoutallv
gpuC'rat('d tlowrato vnrintlons \,('1'1' aPPl'oximat('b' oxpouontinl, IhN'(' W('I'(' IlO'

ti('('ahll' doviatiou« from t hosr I'X]I(,I'I ('II. mniuly (hlP to nou-liueuritio« ill 1111'
control K~'stI'lU, rnnpkxl with poor rosponso at t hI' low flow ratpH,

arrolorutlon ruustuut k Irum till' varlv tubl« has ]If'PU f('Illan'fl h~' lh(' urrolernttou
paramotor t). For exponontiullv 1II'('('h'ratinr; Ilow, thl' two arc' relunxl alTonlinl'; till! "" J.:UJ /1',



Chapter 18

Laminar base flow

Exporhnontally measured velccitv profiles 1'1'0111 tho ontruuro region of impul-
sivolv .'tart!'c\ and exponeutially urrolornted pipe Ilows WI'1'(' jlt'!'Sl'llll'!l ill rhap-
1(It' 8, Thvso Ilows showl'd unusual dUll'n(,(priHtirs in 111('11'development: llotably
all inltlul poriod of houudary layor dovolopmout, followed hy It Ilow ill whirh (h('
boundary lllY('l' thinuod with t'uio, III nil ('((li('S trnusitlon to (.I11'h\1I(1)I('(' HubHI'-
qlll'utly occurred, til!' discusslon of which is tho sl1hjC'(,t of tho lIPXt dutllt.C'l', No
theoretical oxplanution was avnllablo for tho observed flow bohaviour, and this
motivated n. general nnnlytlenl investigatinn or 111(' g('u('rally aC'('('l(,l'lttillg pip!'
entrance flow,

To this onrl, an allalysi:; was conducted Iroin Ilrst. princlples, utillsing the' gon-
('1'11.1lucomprossible IlxisYIllUl('trk Nnvior-Stokos rolutious as It stal't.ill'~ point (s('('
part. III), Uso was mndo of It dhnousloule:« co-urdinnto SYHtC'lll to c\l'sC'ril)(, the
pipe' Ilow, wheroln tho scaled nxial wlndty romnlnod bounded and (If order unity
d('spit.p St.l'(lll~ val'iat.!')lls ill tIl!' physlcnl value of this purmuotor. 'I'll!' lllaJlpiu~~
hotwoon thl .: system ami tho Ilhysi('al co-ordlunto svstom WIIS <1(11)1111(11'111.Oil Ihl'
Royuold« number, IlU<1thus in all (,XIHIIH'lltia!!y 1l('('C'I(lmtillg pip(' How, this map-
pillg vurlod oxponont.inlly ill time. Whi!« .11(1unnlvt irnl solut lou» \\'('1'(' HI might ..
Iorwnrd in the dlmousionloss co-urdinnte HYSt(,111 , t1H' varinhlo lIl11pping to the
phYHl('al domain l'('HllHC'<1 ill a rmnplox How which euiulntod ull t1H' 111\I1HI1IlIIlI-
I rlbutos of tho oxporlmont ally 111('1Isl1"C'(1 systom, for lnstuuc« !Il!' \l()I111(\nl'/ IILYC'r
I hinulng phenomenon. TIt(' plfC'l't of t he aceolernt ion was oncnpsulntod ill !hc'
nn'l'l('l'aliou paramotr-r, and stC'ncly pip(' flows \\'1'1'1' shown 10 h" (It's(,l'ihC'd hy
raking its VIlhit' to bo ~(')'O, TIll' PI'.'Spllt ('Imp!p!, is conrenuxl with 1ho rocoueil-
iug of the' 11l111H'ric':I!IUIlI IlH'HSIlt'(Id luminnr Ilow data, in OI'c\C'l' to lIiH('OVPl' tho
Iovol of (jltllll1ita.ii·ue ngroomcnt holwoon tIl!' two,

,l2i



Preamble

TIl(' :;Yllt:heHiH 1'('I>1'(,H('11ts tho culmination of the work rnrrlod out.. Comparison is
made \H'tW(I(IU the theory and the experimental data, and the luttor is 111'O('t'HS('(i

flll'tlwl' ill the light of insight« gained from tho fonuor,

All 1)('1'01'(' the lamluar bus(' flow and flow breakdown al'(' prosoutod H('parat<'ly. to
allow proper discussion of tho IlHlwl'ts 1IIli<JlH' to each. Both chnptors ('Oll('putrah'
011 high-level comparisons betw«. 11 experiment and t!WOl'Y, and Hl'P Hl1('C('(1<\<'d

by tho conclusions uud recomnn-n.latlou« ill two subsoquont chapters.
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cn.APTER 17. STABILITY OF ACCELERATED FLOW

diffcrcut to ensuro disparate Htability hchaviour, III contrast, tho tcmpoml and
spnl.ial curves for tho remaining data [(I» to (It) Inclusive] converge before he-
rorniug vertically asymptotic. Thi« iudicntos that the velocity profiles from r-ach
t.ype of flow (Ior tho snm« value of 0* that is) have become iudistiuguishahlr in
this limi t.

17.4 Summary

In the present chapter, t.1lt' ~tahility of genorally lu'('!'lemt.illg pipe How has been
investluate.l, both ill the fur downstrem», parallo! limit, and in the Htcady I'll-
trance case. 1'11<'s('two simple limits hav> been Htu(1i('d [OJ' tho main 1'('1\RO\1 that
they both embrace the majority of the developing pipe flow, A large diHparity
wns found botwoou the stability of Ul!' downstream aud ontrauc« roghnes, tho
former l'('v('nlillg ltsolf ItH bciug twice as ;ll,nhh' IlH the latter. III both ('m;('H, the 1'('-

gion of instnhility was shown to 1)(' restricted to !L small portion of t}1(' entire How
- in the temporal "liSP to (,lll'ly time", and rOI tho ('ut:l'aJH'!' flow to It small rcgiou
near till' inlet plano, Gonorally, uccoloration hns 11HtahiliHin!l, ('If(lt,t, Oil tho Ilow,
However, the fundamental bohaviour of expouontinlly !t('('('lC'l'ntiug pipe flow has
been shown to be simllar to its limiting caso; the impulsively started pip!' ('11-
trnnco flow. f.1l stabilit.y data presented hero, for both tho parallel downstream
and the steady entrance flows, are also tabulated ill appondlx C.

This chapter coucludcs tho prosontatlon of the analyticnl anti llUIIH'ri('1t1 data,
Tho following chapters are coueoruod with tho roconeillatiou ( f (ll!' oxporhucutal
dat;n - l.oth base-flow and Htnhility - with tho theory developed 11!'1'<'.
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Figure 17.B: TIl(' variatiou of till' critirnl (li~pllt(('nellt thk knoss Reynolds num-
1>(,1' with displneonu-ut thickness, for dlscrote va 1l1rH of t 11('nccoloratiou parnuie-
\('1'; (1), pnralle] dovolopiug How: (2), entrance flow; (i), Error-Iuuction ~t.!tbility
limit, RCO.[C1Jt] ::: 1G75i (~i).I3lmmis st~h 'fV limit, R"~'[('rit] ::;:_51U,()(ii (u),
= o, (1)), n = 10: (r), ~2 =: 20; (d), n ;";an: (I), iI ::::1]0: (f), 52 "'" 50: (p;),

H == (iOi (It), ~i:::.:70,

The Ir.unework of comparlsou for the stability data was CIWH(,11to hp tho h* -
Res- plane, 1)('('I1\1s('of tho bounded bohaviour shown hy both pnnunotors as
b" -> 0, This figur(' reveals rlrnrly tho distinctions and silllilariti('s botwoou
tho two sots of data, As t uo noundary lnyor thins, the "lability Cl1l'VpS for each
flow reglmo approach their respoctiv« limits; nnmoly tho Blasius stability limit
for the eutrauco flow, and the error-fuuctlon limit for tho pnrnliol, tcmporully
clevdojling system, As was S(,pll with tIl(' base-flow t'£lpr(ls(,lllatil)u ill 1:11('prnvlou»
chapter, tho lIH(, of the displacement t hickuess ns tlio ordinate is ndvautngoous
ill that it omphasises tho thin houndarv layor hohnvlour of til(' How; tim •• tht'
convergcuco of each data sot to their rospecriv« limits is clourlv ~(IPI1 ill this
Ilgurc.

Tho stabilit.y curves 1'1'(.111 e!tch tvpo of flow C()IlV(,l'P;P to (Jill' another ItS 111(' bOIl11:l·

nry layer t hickons, for each rospoctlvo value of the accolcratlou pnrnmotcr, This
behaviour would ho ('Xl){'C\C'd, duo to tho fact. that tho volocity profiles from ('{wI!
typo of flow 1)(1('1\111(' snnllar ItS tho b01I11<1l1l'Y layor growsHl. Simultnuoous to tho
eouvorgont behaviour, tho slahility ('I1l'V{,S from onrh flow show nu asymptotic
Increase ill til!' critical Royuolds numbor wit h itH'l'l'IISiug values of b", For t.h
uou-nrccloratiug Ilow (a), hoth the temporal alit! sputinl stubllity ('111'\'(1:; becom
vert itonlly nsymptntic 1}('I()n~rouvergeueo ()('('Il1'S: t II\IS tho two l'('sl)('('t lvo limit-
iug volorl ty profiles Itt w luch Htahility last O('('\l1'H, are ill PEWit ('I\H(' snlliciently

IllThis hohnviour was dlscussod ill dotnil ill t11('previous chapter.
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t('sl EXPE, ('ol1lprisiup; tho stations EEl, EE2, EEa and EE!), was shown, Tho
markod proxonce of' (It) tho inlet bump Ill' t.ho 1>II1'all(lI'(,1II'1'II11('(I flow intrrfur« for
ouch station, combined wit It (1)) variahility of H, prevent ('(I till' t hiuning portion
of tho datl~ from ('a('11 stntion from coinciding, Tlu- largl' wavluoss ill BXPE is
,hUH prodomiunutlv duo to t hI' coiuhluatiou of t hl'~1' lour dn t a (onrh wir It it,l 01"11
inlet hump) from dllloreut axial posit ions. FIIl'I her, t he t hiunhu; r('gioll of t Itt'
Ilow was also PI'OIlI' III tl'l a gl'lH'ral slight lurk of l'('IH'iltahility, (hI!' In variuhlo
inlet 1'1I'I'('ts other thau till' inlet bump. Tilt' above Iurturs [In), (1)) anti (I'l] woro
r('l->I)(lllSihll' for (hI' I,ll'gl' :-('attl'l' S('(,II, Apu; I Iroin thr 1'1[('('ts lit's('l'ih('(l above.
111('1'1'is '\ furt her musl' of ,\11811'11111111 dovintion of t h(' oxporimout ul Ilat a f1'0111
tho (1lI'ol'l'tknl trends, a(itln'H:;PII ill :;('('1 lou l~.ai uuiuolv I Ill' mismatch of t It('
simpl« tlll'orl'titoill IIIllI till' exporirnen! nl boumlnrv cnudltious nt t ho pipp inlet
111<tl1P.TIlt' l'oIlH'qUl'll('('H of tlliH can ht' I'P(,l1 in t 11p dut u 1<:XPF In li!~\\l'I' 1H,!!,
where tho ('XIH'riIllPu1al points romnin holow lit!' IhI'Ol,(·tic'alliu('s with I'Prllll'illg
,I',

;' Iinnl, :4t'IHu'alv, point to ho horr ill minu when ('ollsiclt'rilill figl1l'(' HUI hi
Ill!' lark of a film' dirorthn, ill this Ii~~ltl'(,. This is due to Ihp fa('1 thai lilt'
diinonsioule:« uxiul posit ion of lUI ('XI)('lh~ "lit ;·1 dat It polut iH IL Iunrt ion of hoi h
tho HuH' IUlIl tit!' ph~'sir'al axial station: comhiuatlon of (lata Iroiu dillorout
llh~si('nl statiolls of It tt'st 1'1'1111<'1':1lllt'IIUillp;k:-K Ill!' lndicutlnn of' any tompnrul
clevolopmout Oll 111('Ilgur«,

('om-li(h'!', w It compurison \)('t\\'('('11 tilt' datil shown ill lip;\I\'p l~.!l, For xuutl!
values of !,I' dhnouslouloss uxinl position, t II!' vnrlabilitv far ('X('ppris ill mngui-
t udo thp tltl'()L'l\!il'lll 11'('11IIs fol' i1H'l'('a!4iul( '\('('l'll'mt iou. III this 1'('[:1011uf tIlt' [iglll'l'
(aPlll'OxiulIltt'ly for ,I' < 0.0(5). no a('('pl('rntioll li('PPUlit\lIt troml run lit' ill[I'l'l'('I\.
Ilowovor, nil Iour datil follow ill ~wu(\l'ai t 11(\ aSYIll}ltotie t hoor« Ikal varlu tion,
iudimlillp; strollgly tim!' while t II!' thtuulug l'('r~i(J1I b substuut inllv lli:-;tlll'h:'11 h~'
1111(,1'(\11'('('(1'1, t he 1I11'1tl1 Ilow boluwlour iH dos!' t o till' shuplo I h('OI'1'1irnl UlO(1(111~,
For (lilll(\lIHiollb!!; nxlul posltlnus /',l'l'IltPI' than ahout ,I' ;!l:j n,oor), thll illl('( vnrl-
ahility IH'('tlIu(lH smnll rolntlvo to I !tc' Illli'('l'!'IH'(' hotwoon thI' t 11('01'l't ienl ('I\I'V('H

Ior dillorout 1l('('('II'I'lltious, awl til(' oxperhnontnl 1'1I'pr'tHof ttl'I'('h'ml lou eau thus
lH\ resolved. 1'11(' 11'1'1111 is shnilur to that show II ill tho toiuporul vouiparison ill
Ii~ur(' 1l{,Hi t 11(\ lower two ar'('pj('raliolls • EXPE nud IIXPA - 1t1'(I ill upproxi II IIII I'
aliglllllt'llt with tho low tt('('t'il'ratioll thoorotlrnl ('Ul'WH, somowhoro ii, til!' I'allgp
() ~ ~i< :ln, whorons 11ll' hiuhor t\\'o {'Ill'Vt'H • EXPF ami EXPU • ,tli~1l SOIlIt'•

whor» ill th!' rang(' an .: Sl <: jll, This is ill 1\1\1'(1(11111'111 wl: h IIll' t III'OI',\', to tho
level of nnrort ainty ill IhI' data,

tluutho f'XIH'l'inwII\.J t1l\tllllil~ 1)('1'11transfUfll1!'t1 iutu tlH' ditlll'usinnll'HH ('O·orditlllll'
sysll'll\ vln II varlablo trnnslonuuticn, tuul thN(' is 1'(llIHI'Cllll'lltl,I' 1\0 reasou why tho datil nhuuhl
sl1hs(nntilllly 11111\11with I'lli'll otl1l'l' or till' llwnry; I'XI'('lltinll thut th(' till'lIl',\' (}I'HI'rilH'1l thl'
I'xlwrhlll'ullli NW(I'1ll nrrurutelv.
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show distinct trouds, IIOW('\'('l" the expr-rimeutul variation of Ihl' displareiuen!
thickness !'lhOWHth« correct qualitativ« hehuviour with itu'rl'llSillf.!, nrcolorntiou
parmuotor for this region, rousistent wit h till' snperhnposerl t hcorot iral result H,
TIll' lowest urrok-rutinn test IIXPA (U ~ ':l) follows upproxiniatvlv 1h(' Sl :;.c. III
line: t 11(' t('sl EXPE (il ~ :!O) varies somewhero hl'tW(,!'1l Sl c." 10 aut! 20, whilo
tIl!' l'(,lllaillillr, two ('l11'V('S • EXl'F und y.;XP(~ (S! ::::: :!:! awl ~ ,Iii 1'(':ill('('liVl'ly)

are' positioned sOlll('whl'I'(, botwoou S! iiO uud 70 theon-tical ('I11'\'I'H, 'I'hus
ulthougl: til<' (lata show till' correct qualitatlv« t1'l'I1IIH, tho:-;!' for til(' hU'r,(lHt IWo
1('('('I(lrntiolls S('I'1ll to 1)(1 ('OIlVl'IW')1t to highor <H'('plt-mUou pnramotor (,1Il'VI'S
than would h(1 (')\1)(1('1<'(1. Unfortuuatolv, for tiJ(' two hir;lu'l' ,l('('C'il'ratioll I(lst:-;
(EXPF and EXPG), iuensuromouts WPl'(' not Iak I sullielont ly fur downstream
to capture ('xt(,IIHiVl' purallel dl'VI'io]>IIIPllt of I lu- flow, wit h (1)(' 1'(':-;1I1t I hal tho
lull ('XI('111 of t lI('s(' two data H('ls al'(' wit hlu Ihi' n'/doll of ~trollg ;tr'('I'i<'l'Iltioll
purumoter vnriahilitv, H(ofl'lTill!,; to !i!,;lIl'(' 1'1,1. hot It or t hl'SI' I('Ht:; shoWI'(t Hlighl!y
hlnher values of III(' iu'('ph'l'alioll pnramoter for '·'lll~'lill)('S, uud thi« poxsihlv
ronnibutcd t {) t hl'ir trend 100\',m!H I Ill' higher ,H'('plt'ration parauiot 1'1' t hooroticul
('\11'VI'S hero.

TIl(' lliK('UKHioullow 1'(lI.\ll'l1H10 tho luwor two arrvloration pnnuue! ('1' (I'HtS, uuiuolv
IIXPA and EXPE. Fol' IIXPA, t1u' lata ill !i!~IU'(1 l~,H nro ill dosl' agr(lPllll'llt
with till' sim»11' thl'ol'Y: till' meusuromcuts extend Ollly i1S Inr i1H I ::::::0,02:;,
and lip hotwoon tho U c', () and !! "-,10 thcorotlrul ('m'WH, appronrhiug tho
S! ,~~10 curve at t ::::0025, TIIiH iH l'OIlHist('lIt with dl(, 1II1'IISII1'('(! varlat ion in
Il(,('pl<'mtioll lllU'1tIllPt(ll shown ill IiP,Ill'(1 11'1.1, which in: 1'('l\lil'S from below ZPl'Cl

at start-up, to n. value [ust nhovo 10 for later tlmes. ('ou:-;ic!('rilll'. gXPE, til<'
il('('l'll'ratioll punuuotor (liglll'1' 11:-1.1) ll)Jpl'oad)('s it coustnut value of abuut 20 as
onrly » I ~ n,o!. Cousistont with this till' cxporiuionral datil follow ;hl' H~.:: 20
thl'ol'\,tu'ulliu(' dos('ly ill rho rail!',!' n,ot < I « O,021i, UOW('V('l\ for lilllPs r;1'(,I~t('l'
thau (),()2n, til!' duta d(lparl {mill tIl!' H "" 20 llne nnrl ltPPl'O!l('1t t!lf' 11 O:c 10
curve iUHI(\!\(l. This 11'<'1111wa» S(I('11 ('arli('!' ill lip;l1I'l' 11'1,,1,and WlIS mil'rilll'<i ill
secticn Uta,1 to Ih(' Pl'I'H('Il('(' of till' lulot lHIlIlI> ill till' (In!lt gg51l,

Til it nuumor shuilnr to till' 11'1l1pOl'a! rouipurisou allow, all four HI'I;, of datu Iroui
IhI' 'g' Hl'ril'S of Il'sls WI'1'1'HIlJlI'l'iIll}lOS('(1 ill t ho sp,tl inl Inunowork, This is shown
in Iig11l'(1 ll{,n, A1-I with Ih(' Il'llJIHJral l'Pl>l'I'S('lItafioll (wlH'1'1' tlU' bomulurv 11\,\'1'1'
thinlliur; Ilow was not ShOWIl), Ill!' datil from IhI' parulk-l dpvdoPllll'llt l'('I~ioll of
('iWIt II'Ht luwo 1)(\1'11 omit t(,(lfill' rlnrltv in I his illst HIl('P, III (,,(,llI'ral, I It!' rlovintlon
of thl' ('xIJ('riuII'1I1 frum tlH' thoorv shown ill this HI\lll'1' iH far gl'l'all').' than ill th(1
ouuivalont 11lImll(111'<'jlI'I'Sl'utntioll: flll'I.III'1'1\I01'1', tho hulivhluul rlntu KllOW II Inlnt'
<l('I~I'(I('of H('at t or, B('fOl'(' III'O('I'I'(lilll\ wit h t hI' dut a cumpnrlsou, till' ronsnn fiJI'
I h;H Htl'Ollg variahility will 1)(' oxplirit lv H<l<lrI'SS('!1.

Till' \'i\l'iahilily of IIII' Ihiuninr; Ilow ('IIII})(' Illltl('l'slood h~' ('olll'oi<iI'I'ihg thl' IlHUlIl('I'

ill whkh th(' <1,\la of Iil\ll!'1' ll{,!l is <il'!'iw(l. For lil(' sal,1' of illu-trnuon. IIII' tl'sl
EXPE will hI' Ilis('U!N'(1. III fig11l'1' 1I{,.'i , (1)(' spatial <il'wj0(111ll'lll (If I hI' Hiu!,,11'

"'Tl'i{!;11~~;;;(;;';tll:;t!:;~~I'~~;~i~~~f'i~\~n'1/1.1-1is l\ rumhinutiuu IIf datil Inuu mauv (!'sls; in till'
('tlS(' ur EXI'Jo:. iH nlllsiHtH (If \,il:tll'~from 1':1-:1.m,:~,1'~Ea and 1':1':;;,
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Flguro lIU): Tho variation of dhnousionlos» displaecmout Ihit-klll'HH with (liUII'Il-
slouless axial posltlou, COl' Ih(' bnundury la:v!'l' thinnhu; portion of lhl' 'E' H!'l'iPS

of (l'HIs: •• EXPg (~i:::::: 20); 0, EXPF (U::::::3:3); 0, EXPG (U ~ ,11));x , IIXPA
(S~:::::: la}i • th('()l'('t;icHl C'IIl'\,I'.'"I,

III order of im'I'l'IlHinp; 1H'('l'l('1'I~ti()1I pnnunotor, lll!' tl'St.H I\)'l': IIXPA, EXPE.
EXPF, and EXPG (thl'ir varintlou of U ill tlm« was glvon ill fip;ll1'(' 1H.1). DIl('

lo the [art tluit tho nccoloratlou panuuoter lli<l not romuln strktly coustaut
ill th('Hl' [(,HtH il: j;: uot Jlos:-;ihlo to giw au ('xad roprosoutativo valuo of this
panuno tor, IIOW(I\'l'l" til<' autidpltt('(l value!" of Ill(' ac'l'pjpl'atioll PIl1'!1111('t<'1'for
tho various t.('stH waH givon in table 1H.1. nnd Ior till' fOIll' t(':-<tH jll'l'Hl'Il\'('cl Itpl'('
th« values {\1'(': EXPE, H :0:: 10.H; EXPF, S2 :--:::~2.1i:EXPG, U :.: ·Hi,ii; nXPA,
~iG" 13.0. Although tIH' ntonsurod punuuotor waH dOH(' to t.hl'IiP values fol' lutor
times, !II!' Ilow at sturt-up HhoWl'd I~ highly vllrinhl!' vnluo of S7. Tho l'C'llci('l' i~
l'l'fl'l'l'l'd 10 tho ('I\l'lipl' soctlon 11'.1 ['01' It cI('tllill'd <lbl'lIHHiou 011 th(' !l('('(lll'rntiou
pnnuuotor Ior till' varlou« tl'HIH,

Tho tomporul dl'wt.)llllH'U(. giwll by Hl';\ll'l' IH,I{ will Ill' ('ouHicl!'l'('11 fil'st. As
f -. n, all lhl' I h('OI,C'tical ('111'\'('S 1'()IlV(\l'l((1 towal'cls II Hillglr' jl)('ll,Y, I'ill't h(ll'Ill()l'l',
th(' llll'uslll't'd datu shows «xcollout ullgumon: with tIl!' th(lol'Y hero, which 1\!Ho
llllJll'O!lchl'H 1\ liillgll' 1\('('(11<'1'1\( ion-hulopondent ('111'\'(1 I\S / .. " n. As Iimp itll'l'l'aHt'~,
ihl' 1\1\11\ Iroiu t he sepurnt l' (PHt H Iollow illt'1'Pi\sillgly lower Iraj(·(·toril'H 1'0), In-
1'[,PIlSill['; I\('('(ljt'ral ion pnrnnn+or.

('oushll'l,ltliou of Iiglll't' 11',1 show« thnt I Ill' \11I1IC' of H COl'all Iour I('sls Will' highiy
\'l\ria})!1' Ior { < n,02. J)1\P to (his vnrinbill! v, Iho 111('1\1'111'('<1dnt II \\'01\1<1 not 1)(1
('Xl>P('[P<I to follow IIUY uno theort-tirnl lhu- for snuill tilllPS, hu: ouly tht' gC'lll'l'aI
trend of Iht' (Iala. B~' uhuur I c.; n.nOli tho point« f1'(1111111(' Hp})I\1'I\I(I tpHh; ht'~\iu 10

vuluo that tIl(' 11011'('olltrul S,V~«('[II a(t('fIlp('cl tu lu'hit'w



18.4 Flow development with increasing acceleration

Tho (lata PI'C'S('lltC'11 ill the previous soctlou WI'1'(' ('01H'I'1'III'(1 with til!' llow <11'\"1'1·
opuu-ut of It singll' t('st: also of iutorost an' tll!' 11l0l'P ulobal trends, pspl'l'ially
Ill!' (llf('('t of ill('l'('asillg nrceletutlou parmnetor Oil Ihl' liow Ilokl. TlH' 'E' s(,l'it's
of ('I'sls was rhosen to lllustrnto ihe <'11'1'('1of 1I1!' nrrolornt ion IHU'illllP((11' Oil IIII'
oxperhuontul syst('lll. for th« n-ason that it was till' most extensive. ('OlllbilH'c1
with tho Inct that it showr-d t ho dos('sl to oxpuucntlal hohnviour for I'arl.\' fillIPS,
The rumplcmoutury tomporal and spatlal moun« of l'I'Pl'l'sl'lltillg t h« datu \\'1'1'('

dWS(IIl, IH'l'nlN' !IS IH'fore , it allowed a rompact ruinpurison wit II 1111' slmplv
t heorct i(',ll I'l'sl11ls COl'both Ill!' I'arl~' parallol JlI)\\' uurl for t ho lnu-r hotnulnry
layl'!' ihiuniug l'(·gil1ll', TIll' measured vnrhu ious of ".; R wit h both I and ,r from
IhI' 1I'l'l S BXPE, EX1'F. EXPel and IIXPA (1'('(' Iigur« Ix.l) ,.1'1' giWll below.

Tho vnrlatiou of Ihp dimenslonles» displacemout Ihidoll'ss ill timr for tlll' '1':'
o.;<'l'il'i'\of ({'sts iH gh'l'll ill Iiguro lH.K, while till' rotuph-utont nry spal inl dl'\'I'I0II-
men: is shown ill IiI~tU'('HUl, III t hI',,!' two figlll·('s. no clisnimillatioll iH uuulo
IWIW('1'1I (lata from til(' dilleront statiollH of a fI'HI. onlv 1)('1\\,1'1'1l till' t1ill'l'l'l'ut
tosts, J'luu is, the' Htntiolls EEl. E1-:2. I'll', U1'<'all ('C'lllhhH'(1 to lonn IlII' Hill!~11'
-lnt a sot EXPK TIll' t hinniug port ion of ('ill h dut a is omit h'd Irom till' 1<'Ill))o,
ral development, while Ihe I'ady t ime Ilow is \t,ft off Ihe' spa I iul l'('Pl'!'H<'lllal ion,
prcdomluantlv fol' datity nud to avoid dlltll'l'itl~, SlIIH'rilllpOSI'(l 011 hoi h fi~1l1'pS
IWI' tIll' 1'{'H}lC'rI'iVI' tlll'ol'('tklli <ipWIOPIlI('llt ('1ll'VI'S,

6'
R 0.\

• 10

20 n30
40
SO
eo
70

0.15

0.05

O.oJ 0.02 0.03 0.04 0,05

Fignr(' lK,~: '1'11(' vnrintiou of dillll'lIsiollh'ss <iisplm'('lll"llt t hid\lu'HS wit h tluio,
[ill' 'hI' pnrullol portlou of 111(1'E' I'\I'1'it's of I(lsls: _. EXPE (12 ~ 21ll: o, EXPF
(H::::: 33); o, Expn (H::::: ·1;'); x , IIXPA (U ~ 1:1); , tlll'ol'l'til'lli ('I1I'\'ps,
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111(1various ('II1'WS should 1)(> ,'oll!,icll'l'('(1 when (,Olupal'illA tIll' rhoorv wit h
expcrhnont,

(ii) \Vith 1'1'[1'1'('111"t •• ,' .. spatial f1()I\' development shown ill figlll'l' It-:.7; as
1W[OI'I' , tln- .l.,- ~Lhi is nut 1>1'('s('111on Ihis s('all' ul' axes. 'I'ho "Ih"1' t hrre
data show H(!'t·plahl<· illiglllll('!lt ",itL til!' U .., 20 spati.d (1< V( !o}lll1!'ul
('\I1'W, AH would bl' I'xpl'('II'(1. I It· Ilal a Iroiu Ilw pnrullol ,h'wlllpilll~ part
of III(' flow· film", l>oil1tK which aligl11'd ill 1i1~1Il'1'11',H - Itl'l't' foun distiurt
lines,

(iii) Tho inlet hump, }I1'I'S(,111 at t hI' "I't'rl'a{'(' l,('twl't'll t he purnllol 1111 I out raw'!'
1'('I~i(lllH, (lops not upprnr to have • :,igll.Ikalll (·Jli·!'t 011 till' sllll(l!' parum-
('tl'1', In fact till' onlv Higlliliraut Illllj,'ll'!hoot!l ill Ihl' slmIH' jlat'allll'tl'l' ('1U!

1'1' HI'I'II ill Iigur« is. i, for t 1)(' dall EEl at ,I' :;:: n,003, This S('l'lllS to hull-
('l~tl' that till' inlet ('Ifl'('t is ass(l(':at('cl more with tlu- contral ('(,1'(' Ilow (l'

tho pip(' than with rho lxnuulnrv laver. 'I'his lu-haviour was alsCl noted ill
th,' «xperimeutnl data P1'('S('llll't] »nrlier ill ~('('lilllll',(j. whore tIll' entrau«:

p' .~1'1'1Il('(1to h(1 rl'~It'ictl'd to 11H' outer ('clgl' of th(' h01111Clal',Yla~'l'l' anrl
I .ll' IH'i~hh(l1ll'il1~ ('()1'l' !I(/IV.

(Iv) '1'111' 'lata Ior till' 1Il0~t upxtronm station EEl ill ligtll'(' 1~,7 cll'viatl' Iulrlv
stl'ollV;ly from til(' theorotieul ('111vo as .i' -'" O. MiHl11at('h botweou l'Xlll'ri-
montal und theorotirnl hehavimu wns uiso Sl'!'l1 ill Ih(' (IiKpitU'('llH'1l1 thlek-
Ul'~Sfol' this statlon, As was oxplulned ill till' prior 1'i1'('lioll ('oll('l'ruill~ till'
(lispla('('1Ul'lIt thjrolml's~. clis('l'('plt lei!'S ut t hi;; t;titl ion IV(,1'(, quito l)()l'ls,hl~'
prodoiuiuautly duo to 1111 ill('(lll~h.t('l1(,~·botwoou tlH' slmpl« th('(ll'('tknl ill-

flow ('OU(litiolls at Iho inlet (('on"t ant, t hi II ltomulary lay('" prolllo), aud
tho bnnndnry condltlon« !'xbfinl~ at the exporhnoutnl inlet 1,lillll'

Dpspit(\ minor clis('l'l'jlanl'il's. Iho (\XIH'rillH'lItIlJ datu, us ad.indg!'cl by hoi h t \1('
I'!hIlJl(' P1U'I1111l't('l'awl t ho (li~plll(,(\IU(\l1t ,.hir1nH·ss. iH ill I'x('I'!I<\1I1.ag1'I'('IUo'1I1 wit It
tho shupl« thoorotirul rosults, for th« ('asl' of tIl(' II'~t EXPE.

m'l'fIlhou! WIIS S("'II in Ih(' ,!i,pli\('('IlI1'nl thirkn- ss wlu-n Ihl' hump IliI'~(,(1. An mulor-
~houl wouhl hI' ('XIII'('II'd in th'·I.llIItll' pununotvr fur tIll' 'IIt1lt' plu-nuuu-nou.
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FII~tll'(' 18,7: Till' variation of tIlt' hOllwlal'Y lllYN' simpI' pnnun. with cU·
llU'nsiolllt':lH tlxlal positlnn, for 111('IPHI EXPE: ., EEl (,I'/l? :::: 1~l,2,1); 0, FE2
(,1'/ R :::,211,25): o, EEa (,1'/ Ii "" (;.1,52); • t ll!'ol'l'li<'al ('Ill'VI' fot' ~2 "" 20,

A~ wltl. t he dlsplncemont thickness, t 11<'shapo purrunotor shows qnnlitative
np,I'(,I'llll'Ut. with tho prl'dktt'(\ Pllttl'1'llS, At. early timos, 111<'shapo IH11'1\111('t.('1' dll•
('l'(,IlS('Hl'hpiclly from infinity. following tho parnllol tomporal dovolopmont curves,
ill this ('I\SC' all tIl(l (\ata follow approximutolv !h(' ('\l1'Y!' ('()l'l'lIHJl()Il(lillg to H :co :!O,
'1'11('arrival of till' !'Utl'lLl1<'(' flow soquoutlnllv Ill, tho Vlll'1011s axial sl atlous ('lUISI'S
1\ halt. ill til(' toiuporul d('('l'('a~(1of tho slmpo i>m'ltnl!'t('l', (\11(\itH tl'l'ut! reverts to
n gmduul ill('l'(IIUi(' ill tim!', Tho Iurthonnos! upstn-nm :;!I\!ioIlK !tIIW(' ! Ill' paml.
lol dovolopmon! rurvo IiI'Ht., Iollowod later hy (hoSII at Hllhs('Cl'H11lf, dUWIIH! roam
}lositiollli, The h1('!'('n~(' ill I'IH' shnpo Ilnl'IUllPIl'l' with timo is counnonsurnt« with
Ill<' houndurv IIlYN' thilluing hohavictn' of til<' How a I 11\(('1'li1l1!'H,

It waH shown ill sort.ion 1Il,:U, ill III!' context of tho tlisphH'(IIll(11l1 thidol!'HS, tlnu
rho hUlllltilll'y InYN' thilluil1g portion 0[' tIl!' !'XIH'rilll('lltal (lata ii'll)('II(11' (1I'H('ri\)l'd
ill IIH' spal inl Inunowork of figllt'(, 11":;, As cnu lu- S('I'II ill this figlll'(" ~l!'tH 01'

dat it that W('1'1' lll'llIu'ntc' ill IIg1l1'1' ll",(i, ('OUVI'l'g(' lillh~tnlll iallv (III I'IWit 01h('!'
(mul fall dOH(, to Iho thl'ol'f'! j(,111 ('111'\'1') ill !hI' dhl1l'llHiolll(,HH axial i'ra III«work ,
Alt.hollgh nil datu pnxlnmluuut ly follow I ho ('Ol'l'P('t C'xPI,(,t('(1 1t'l'llcIK, it uumbor
of i(\ioS,\'III'l'llSi!'H Ill'!' 111'1':';(1111whirl. 111'(' il1t('I'C'l'til1g:

(i) ('ollslclt'ril1g fit!' cllllit or ligl1l'!' HUi; although IIII' npproxhunte VIIIIII' of
!ho 1l('('(lI('I'atioll pnrunu-tor for I h(':,C' dill it WitH H ::::: 20, tlu- I'm! horuiost
downstream curve • E1"r; 0 is ('Oll\'C'I'j\"lIt 10 a l'liJ\hlly lower value , 'I'his
disC'l'('llIUI('~' iH posHihl~' (\11t' til I It" Systl'llIill It- 11111'1'1'1aillty ill IIH' SIHt!)(I
IllU'i\IIl('!('l', 1)11('to I his error. not 1I111dl ('{,I'tl\illl~' run 1>(1 llIIH'C'd (Ill t hI'
('XI\('1 valu« of tlu- IIH'IIS\ll'l'd 11IU'IlIlll'Il'1'; rat 11('1'I hI' qunli: at ivo lu-luwiom' Ill'
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detailed structuro of til(' inlet flow niuv havo boon (lilfpl'Pllt from t hat of
tho simple theory, Concoruiug tho first puiut, It Iinito boundary layor
thickness at tho pip!' inlet would ('(,l'tainly have' produced tIl<' OhSN'V(·t!
offoet. Extmpolatlnn to it 'virtual' inlet plau« within tho contraction w()111d
hav« llP('(lHHitn.ted adding soiuo fnr+or to thl' physlcnl axial locution, 11111H
hrillf.;illg tho data closor into Iiue wi. h t lio t hourotical ('l1l'V('S, It was,
however, unelour wI1(l111('1'this factor was (,0 1)(1!1 constallt \'al11(1of ,I' 01' ,,';
quite l)l)HHibly neither siiupk- componsntion would haw (,01'l'pd('d tIl(' data
properly, Fo1' this reason it was dpdd('d not to adjllHt til<' <lata,

18.3.2 The velocity profile shape parameter

Til!' oxporhnoutnl vanation of h· / R discussrd above' was dotonninod oxpothnnn-
tally to It far gl'(latC'l' n!'('1t1'lWY than WIIH thl' shnp« pnr.uuotor 8, It wn« shown
ill section 8,G,1 that th« HhalH' pal'ltllll't<'1' was prone to a lal'~l' sYHt<'lllat.k error,
duo to tIl<' unknown posltlou of 11((1plpo wall rdntiw to tIH' LDV lll(l(lHlU'iug
vol IImo , Ilowevrr, consklomtiou of t11('vnrlntion of 8 with both ( and ,I" und it:;
comparison with t.hn Ill(lo!'y (UP giVPIl below, liS thn tl'!'lHiH oinborlv \\H(l1'111lnfor-
matlou, '1'11('vnrlation of 8 with both f and ,I~iH given ill ngn!'!':; 18.(; and Htl.
AH before, only <lata from t11(1t('st EXIlE is 11l'(lS('UI('(1. In both ligures tho
oxporhueutal <lata havo \)(1('11 compurod wit It til(' theorotiea! variation [Ol' tho
nccoleration ii ::::20, while tIt(· statlou EgG haH 1)(>('11 omitted from figl1l'P HI,5
l.ccauso it <lol's uot It}lP('lU' Oil !'lUI scnlo ofaxt's of tho tlwol'C't.i!'al curvos,
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truce scparato (,1ll'WS ill Ilguro HUj, III contrust, the boundary lavor thiuning
portions for each of the t 111'('('axlal stations, which uro widely sopurat« from 011<'

another in Iiguro U3A, align substantinlly with tho siinple thcoreticul steady (in
111('dimeusionloss system) ontranc« ('Ul'Vl'S, A number of importunt isst1<'s ads!'
hero, which require detailed discussion:

(I) In p;!'lwral, all Iii!' data dOH!'ly follow the thoorctk-al ('t\t'VC'H for t!t(' later
boundnrv li\ypl' thinning rogimo, TIH' ussortlou that tho houndary layer
thinning boluwiour is outlroly ;u.wrihahl(' to tIl(' 1'('[('1'<'1\('('Inuuo transfor-
mat ion, is t hils lal'g('ly t 1'1\(', This is a n-mnrkable result, aurl justilios th«
UHf' of tho sluiple 8tmrly outranco Ilow models 10 dl'scrilH' tit!' llllHtpady
entrance flow,

(ii) 'I'ho inlet !'If(,(,ts soon ill til!' I-ipatinl roprosentntion shown in (if~\U'(' HUi al'('
more lloti('(,!lhl<' than ill tIl(' temporal SYH(om given hy Iiguro l!'A, All tlirC'('
t('sls glvon 11('1'('overshoot till' H:=: 20 thoorotical ('\I1'W hoforo eOllV!'l'giljl~

on it. TIl<' rogion of ovorshuot iH iudicat!'cl in figtl1'(1 1H,5; aH (1\) Ior 1,11('
<lata gEl. (h) Ior EE2, nnd (') [01' EE3, Tho dilllf'nsiollh'HS axial extent
of this pm'('l ('1\11 bp soon to <!P('i'l'HH(' with diuiiulshlng dlmonslonloss axial
position, A suporfleial intorprotntiou of this Iuct would make it aplll'tlr
aH if t he :;t1'\1('t.\11'(, was growlng uxlnllv as it. ('OIlVl'('«('(! dowust renin. How-
('\'N" the overshoot on till' loft-most datn nctually occurs Itt u later tim«
I linn ill t})(' measurements from Iurthor downstream. In reality tho struc-

,1'(' iH l'lfN'tb'<,iy Il 'bump' ('OllV('('(illg downstream at Ill<' parallel-eutrnnro
flow Iutorfaeo, and its dorronso ill Hi;(p w it h dp('rf'llsiug dilll('lll'iolli<'HH nxial
posltion is <ill!' to the' variablo Hl'alillg of tho axinl ro-onliunt o, A more
111f'nllingfnl monsuro of this H(1'I1('(1I1'f' - itH temporal 1';..:1.('111.• can 1)(1ill-
1'<'1'1'(1(1Irom tho dnta, For all throe sots of dl~ta, tho t('llllHll'al extent of
this hump is npJl1'OXillll1.(dy constant, at ahout ~f ~ 0 ow,

(iii) Iiutn Irom diltf't'f'u( stations in !i!!lIl'(' 1H,5 whl-h PUi':->(,HS t h(, sumo value
of ;j' hnvo dilr('l'i1ll~ tillll'S. This oxpluin« why LlH' llVl'l'l!tjlpi!lg dlltll Iroiu
<iHfC'l'(lutst:LtiollH should not h(, I'Xl)('I't('<I to alipl 1)('l'fC'l'tly; duo 10 thl'
vnriuhility of fi, IhI' flow will jlOSS(lSH It <lilI'pl'(lll( vnlu« of !2 at cWf<'l'f'ul
times. WI1<'r \S IllI' <lata ill tho tourpurul romparison IIf ligur!' lB,·! would
h 1';":1)('('(('<1 td align wit h ono anothor, 110 UUI! tor whit! t ho variation ill

ii, for Hpatinl aliglllll<'l1( of th(' thinning flow rogirm it iH 11C'('I'HSltl'y tIm!. n
romnln constant,

(iv) Tho <lata for Iht' most upstremn stution EEl. dO('H not align well with th!'
t hf'ol'Y, All ho\l!~h each of t 11!'ot her t II('ol'!'tiral dat It C'01l\'('rAP to It HillJ.\h'
lilll' :11 tho limit 11:4,I' -. 0, (1)(, exporimontnl (lata of thiH PUl'(ic'u!nl' stntkm
is olfH('t from all thl' others, nnd ill fact li(lH outHiel!' tlll'i!' extont , Thoro
1\1'(' two pOHKihl<' l'(lIlSOUH for this 011\.;1'111:IirHtly, thl' iulvt plauo was simply
tukon us the' point 1\1which rho coutnu-tlon (,lull'd, hut tltiH was ('pl'lailll~'
uot tho point of ;(l'1'ClhOlllulary IIIYl'l' t hkklll'SS ill tho pi )(1; H('c'ollclly. tho

-";i'llI' H~m;:;i~:~;~;;hl'i~i;;:i~,with h'HS H('nNiti\'it~· (utht' ilion' dnwnstroum rlntu,
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to explain the discrepancy Irom within th« coufinos of tho simplified analysis
alone, III reality, the mismatch is larg(lly duo to clilf(ll'c'IH'ps between the simple
uumorical inflow boundary conditions and those oxistiug at th(' pipo Inlet ox-
pcrhuontally: that is, fnctors not included in tlw shupl« munorical modol, This
is corroborated hy the fact that tho mnximum devlatiou from the theory is ill
all casf'S nssoelatod with the measurements at tIl(' i11II'I'£II(,(' between tho parnl-
1('1dovolopmont rogion and the thh-niug part of tho flow, This portion of tho
flow was shown in chapter 8 to be nffl'ct('cl by inlet variability; ill particular by
111('inlet 'bump" all {,rfpct most (,Pl't(\il1ly not lncorpornted into the shuplified
ll11l11eri cal lllO dol , TIl<' l'ffeet of tho inlet bump is covered lator in this section,

Temporal development

First consider tho t.Plll})oral flow development shown ill Ilguro l~A, Tho mean
value of nt'('('IN'ntioll parameter for this tpst was just below si ::::20 (figl11'C' lH,l)
for lllo~t of its duration, For till' three most upstroarn statious (EEl, EE2 and
EE3), till' thuo period OVI'l' which till' oxporhuoutnl ontrnnre How shows parallel
development is small, coulinod to 111<'region () :5 f S; 0,02, Unforuuintely,
this is nlso the period cl triug which Ill(> 1U'('l'il'l'Il,l:iOll IHU'Il111PtC'r shows strong
variation (Iigur« UU); thus the' development curve of th(' oxporimontal data
is not expected to align exactly with any 011(' theoretical value Till' variation
would be expected to follow tho thcorctlcul trend (,llly rout!;hlYi in fa('t for this
region tho data Ii('s somewhere between tho si ::: 0 and S2 == 3n curves, Tho
far downstream station - EEl) - shows II longer period of initial dcvolopmont:
until about f' ':: O,O[Jwhich is well into til(' region of constant it As a result.
OIl(' would expect tho oxporhnoutal curve to npproach tho !i ;:::2n IhH', which it
dOPH oppeltr to at about F::::::o.na, Howovor, from tllii'! time until tho oecurrcne«
of tho i111('t front, 0.03 :5 f ::; O,()'j, tho varlntlou of b"] R tnl,PH 01l It slightly
Inrgl'l' mnnericnl valu« thn II wonk 1 he ('Xpl'C'I.pd, ('nllsill!\, it to fall Oil tho S l =" 10
('IIl'V(, lustond, This region of incronsod houndary Iny('l' thickness ncar the pniut
M which tIl!' tlunulng flow bpgills WIlH S('('l1 in other tests, osporlnllv at. the' fill'

downstream monsuring stntlons, It: was aSHocilll:(lC\ with ill Inlet plfpct: this WIlS
It iuanifostatiou of tho Inlet 'hll111P'prominent in somo II'stS, and lIssoC'inl('(l with
till' c\ptnils of the i111PIIIsivpflow stltt't (Sl'l' section u,:3),

Spatial development

Consider Iiguro IHA, tho bnuudary laYl'l' t hiuuiug t'l'gion of Ill!' flow is illclkMl'd
by It docroaso of cli:lplncl'l1lPllt, thickuoss with tiuio, with tho data ill ('llch CIISP
{liv(Il'tillP; from tho pl\mlkl dl'Vl'loPlll('ut curve. IIOWP\'('I" as cliH('uH'H'cl {'ltl'li('l"

this dnta ill Iigur« IH..t rnrrospouds to tho points ItliYIIC'Ii to tho stpluly ontranco
tl.lt.1\ in Iiguro IH.ii, For (11\('11sot. of data shown, 111(1point» Irom (1Ill'l,Y t.iUH'S

art- right-most, awl th(l tompornl development proeoods from l'ight. 10 l!'fI on
till' Ilguro. TIll' namllcl dovolopiug I'Pgi!lllH that WPl'!' concurrent ill Ilgur« 1~,,1
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Figure 18.'i: Tilt' spatial development of {J*IR for tho test EXPE: ',thpol'(,ticnl
results, ., EEl (.rIR t=..: 12.2·1); 0, EE2 :.rIR:.::: 29.25); 0, EE3 (,I'IR = 04.(2);
(a), (1)), (c), inlet '\JI1111P': A', 13', C', c1lOHPU points of im'l'PIlHing time for EE3.

catcd that tho two ropresontations given by figures 18.4 and 18.5 respcctivoly
WPl'O sufficient to show the alignment of 1;11('cxperhnontal data with tho theory,
The thinning flow thn!; cuts IWl'OSS the theoretical parallel development CUl'VCS ill
flguro 18.'1 nlir;lls with the theoretical entrnnee flow curves ill figure 18.5, while
the converso is true for the early pnrallel exporlmontnl datn, Thus ill conjunc-
tlou, both figures give cornplomoutury views of tho data, allowing verification of
most of the measured results. For iustauco, tho lino A*B-C ill Ilguro 18.4 (,01'1'(\·
spends to A'*I3'·C' ill llguro 18,5. TIlt' segment A·B ill till' former Iigurc aligns
with tho theoretical curves thoro, whereas tho corrospondlng s<'~lll<'nt A'·13' ill
tho latt.el' figure follows a unique trajectol'Y. Tho (,Ol1V('l'H(' is t, uo for tho line
segment B·C I which follows a unlquo path ln Ilguro 18.<1,while n'.c' aligns with
the muneriaal entrance flow C\U'VNl in Ilguro 18.5,

It should 1)('noted from tho 01l1s('1. t.ho,t, ill tho coniparlsons which follow, thoro
aro dichotomous way;; of viewing tho correlntlon between ltualYliis and oxpori-
nicut, III the first iUHtaU('C', the muxinunn deviation of rho lll('lIH1Il'C'(1 value of
displncoment thickness from tho theory in figures Itl..1 and 18,5 is only 10% -
for the data EE5 nt ("= 0,05 ill ligilro 18..1 - implying goorl correlntion with
the simplo thoorv, From anothor point of viow, this small discropauey ill the
data EEG C!H\S(lS it to 1(,11\'(1 the Sl :::::20 lino nud makes it lip Oil tho f2 ~=10
curve Instead. From tho In.tl:l'l' porspoctlvo, It naive luterprotntion would giv(\ a
factor of two dlfloreuco IH'tWN'll til!' tlwot'y and IlH\i\H11l'N\ c1ntl~ - it substantial
1('\'\'1 of dlsugreomout, TIt<' flaw ill til!' latter urgumout at'is!'s from attemptiug
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avold unn('('('HS!U'Y cluttering, onlv reprosentativ« results art' shown. III this
regard tho 'E' series of tests is described in detail, for tho 1'('I1S011 that thC's('had
an initial start-lip in closest correspoudoucc with the tlioory, and hecuuso t.Il<'Y
reflected the full range of bohaviour of t IH'Ilow".

18.3.1 Displacement thickness

A typical picture of tho temporal and Hllntial development of tho flow is given
by the test EXPE (soe figure 18.1). Tho variation of displacement thickness
o·IR with dhnousionless time and dimensiouloss axial position aro presented in
figures 18.4 and figure Ul.5 respectively. In hot h figures, the <'Xl erhneutal data
have heel! mapped to til{' dlmonsionless co-ordluatc system, and superimposed
on the thoorctical asymptotic data for the range of n(,(,l'l('l'ntiolls () :::;n S; 30.
The data EE5 have h(>('11 omitted from Iiguro lS,5 1>1'('1\I1S(, t.lH'y do not appear
Oil tho scale of :lXI'S of that figlll'r7.

a"
R

Figure lilA: Til!' temporal development of b' IR for t IH' Ipst EXPE: ,tllPol'rti-
cal results; ., EEl (.l·/ll = 12.2'1); 0, EE2 (.l·/R::: 2!).25); <>, EE3 (.I·IR::: 6'[.(2);
x, EE5 (,l~/R:.::: :320.50); A, B, C, chosou polnts of iner('asing timo for EEa.

Lines of throroticnl (\1'WIO)lIlH'llt for t ho t hiuning lIow aro not shown on fig-
uro 18..t, while tho liUPH ilHlimtin),; t ho Plll'ly tompornl dovelopment art' omit tod
in figlll'P 18.;i, to avoid dill !Pl'ing. Tho discussion of IIII' previous s('('1ion hull-

°TIlt' otll;r- t;:;;ts were diroetod more towards tho dotonninntion oC tho Ilow broakdown,
and thus woro not ideal Cor showing tho lamlunr flow variation rlrnrlv, III rnntrast, thl'Sf'
tpsts showed marked thlckoning 1I1ll! thinning r('p;iIlIlS, and rlrurlv distinguishnhl» ImU('rns of
hohaviour at t hI' (liit'l'rl'nl axial stutious.

7ThI' numerlral rosults wore in this ('nsf' llmltod to till' rnngo 0 ~ i ::;(}.O.].
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given with respect to time or as a function of t he dlmousionless axial position.
In the forme!' case, clara from various axinl positions will coincide for the 1>111'1l11el
developing portion of their flows, while the later thinning h('liavi,:"r will follow
unique trajectories for till' diff('rl'ut axial positions. Conversely, ill Ill' dimon-
sionlcss axial Iramcwork, all tho tlnuniug portious of t ho lIow will roim klo. while'
tilt' curly temporal development will be unique for <iifl'('l'illg axial IJ(lHit ions,

'1'1)(1 argument» »1'('1';('111.('(\ above W(,1'(, given ill gr('{\tl'l' <1('II,i! previously in H('t'-
tiou 15.0, of which the CII1'1'I'111 discussion serves aH a summary, '1'11('1'1't.ht'
numerical results for t 11(' I Iext.' arcolerut i011 si ::::2(1 W(l)'(1 used to illnst rat I' t IH'
principles involved, and the l'(,Il(11'1' is roforrod to that. sort.inn Ior [II1't11('1' clarili-
cation.

18.2.3 Basis of comparison with experimental data

The nbovo a1'glllUI',lt was concorucd with dimonsioulos« H('aling ill tho context
of the muuoricnl system, in O1'd('1'to d('s('ri\)1' tho temporal development of 1:11<'
Howat It Ilxod physica! axial position. In comparlng tho oxperimoutnl data with
till' numorical prodlctions, two options are availahlo: tho mousureiuouts may h('
reduced to Lil!' compact dhnouslouloss Ionn of til(> analysis, or til!' anulvsis may
1)(' made dimensional according to t 11(' pununotors of the mcasurotucuts.

It was docklod to I1S(, tho dhuousionless lin. is, for t he l'!'IlS01l t.hat. il WIlS shown
to highlight proportles of i.ho !low which could not havo boon observed from
t,h<'porspeetlvo of the primitivo variables, It i.1 eoutrnl to ostnblish whether the
oxporhncu! mhnlcs tho nuivl'rs!tlit.y oxhlbitod by tlro I\IH\lysiH, Furtho», t.1l1'im-
portant COll('Pptsof s(c'acly ,~(n(1' flow with its r ommousurate (kl'dll}l11ll'nt liuu',
aud l'nl,mnc(' {('nil/it only haw moauing in the dimousionloss Irnmowork.

III sections 1t;.3 aile! Ul.,j that. follow. comparison is nuulo lx-twoou t lip simpl« tho-
orotlrnl data aud the suitnblv tmuslonu«] ul1111PrimII'I'HuItS. 'I'll!' lIlPIlS1ll'P<I data
for tlil' test EXPg(S2 ~ 20) is first considorod ill isolntion in soct ion IH.a. M('I\-
suromonts from the four axial statiOllH EEl (.rIR:c: 12,:H), gr';2 (.I·/N::-: 2U.21i),
gga (.I'IR ::-.:;:0,1.52 and EE5 (.r/B :::, :J20.1iO) art' rompurorl 10 tho thooroticul
('\Il'VPS ill tho (IiUH'IIHjouh'HHInuucwork, hot h for tho clh;IlIIl('PllH'lIt. thidmpsH and
t 11(>wlocity prolilo shapo lllirlull(lt<'l·. Thl'l'<'ltft(ll' IIH' 1'11'('('(.of itH'l'l'lIHing nccol-
orntlon Oil tilt' !low is domonstrated iu S('l'tioll IH..1, hy rnmpnrhu; till' full datil
Irom tho four soparnt« 'E' te'sls !EXrE (12 ~ 20), EXPF (!! ~ :m. EXPO
(Sl ~ ,15), IIXPA (S2 ~ 1:1))with ('adl or lu-r nnd to thr t hoorv,

18.3 Flow development in thne and snaco

1'11(1oxporunoutul data or Imrt II 1\1'(' l'('-lll·(,H('nt(·d holow lIS\llg tho <IilU('llsioult'HH
fmmework, in order to allow rouipart cmupurisnn wit It till' uumoricul rlnta, To
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19.2 Comparie-ms

'1'11('results of tho Slll'fill'l' (Utili!; prorvdure (h':;nil)('11 abow .ll'!' shown ill Ii,\,
111'(' 19,5, TIll' individual exporhneutnl poluts ill'P shown a~ "11('11 !'ird('H ;;IIP('1'"

imposed Oil Iho surfuro plot.
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Fir,lll'(, lU,5: Thv throo dlmensiounl filll't\ surlar« 10 tho oxprrlmentul lneoptlou
dnta in (i, S., HI') SlItH'I', showinr; III!' oxporhuoutul jloints HUjl!'l'illlpmwtl. 'I'h«
('>:1(I11t, of tho Hllda!'(' is hulleatod Oil til(' floor of Ihl' plot.

ThPl'(I nro two iuiportau! t l'1'll<is I'vittl'1I1 ill tho incept ion s1I1'fal'l' shown h(ll'l',
Fit'Hlly, tho l{!'yuoltls I1\I111h(l1' iW'l'!'IUlI'H ill value monornulcnllv with iU('l'l,ltsiu(\
acrolorntiou punuuolor for all valiws of ,i': ~('('()Ildl' rot' uny value of ;tI'('I'I(lratioll
parnm-tor, tho Hoynokls number inlt ially (lc'I'l't'HS('S ill \'1\1111'wit It axial posltlou,
1'l'a<'il!'H .t mlnlunnn, uud t hereaftor ilW[('asl'H dowust ronm, Bot h t It('~l('t rends 1'1'-

fleet thol'i(' H('('ll ill lhl' I IH'ol'l'til'nllilll';u' tollahility ('1Il'\'(':; gl'w'l'att'tl it. dli\ptl'l' 1i,
'I'he threo-dlmonsiounl surfuco 1'('Pl'l'~;('lItati(l1l of Jil~\ll'(,lll,li h.only quulitntiv«
ill naturo, nrd 1)(111('1'quautituttvo ('UllIllIll'iM(llIs ('1111lw olitnilll'ci hy oxtruetiug
('IIl'Vl'H Irmu tliKtinct llhlll(':; of illl'l'I'!iP('t km with till' IHll'fa('p. 1<'11\1\1'(1W,lD shows
oxtmctod ('11,\,(,1' for Ilx«] values of thl' !U'('plt'l'lLliolllllll'lllllt'It'l' (H ; c 10, H ,'" 20,
(l ~, an, Sl :: ,10, U c .. 50), sll)ll'l'il11pm:I'(1 on which 111'1' till' ('Ol'l'PKlIUlI(linl~ theo-
1'('1leal Iiw'!U' Hlahility ('1Il'\'(I:; for tIll' (li(ll' ontrnnro 1'1'1',ioll,

hUlll(l(liall'ly p\'icl('lIt is t luu ouch curve of IhI' (lXI)('I'i111l'llt nl data ill nl~lIl'(, lO,n
has a lower minimum nit ienl valn« t 1.0\11 till' (,Ol'l'I'S]Hllllliug t h(·o),(·tkal ('\11'''1',

As thI' l\('('I'It'mt ion llal'unlpll'l' ill('I'l'tlSI'!'I, t hI' IliHpal'il~' itll'l'('USI'S, Tit!' vnrlatiou
of tlu' miutnuun critk'ul H('~'Il()hh< 1l1lIUht'1'with ll('('pit'mtioll purumoter iHshown
ill liglll'(' l!l,7,
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('Ol'l'(lSlHlIlIi<'(\ to a matrix of ('ol'lli('il'llts F with siiw i) x :l - it qnndratlr varintio
In n awl fourth order varlntlon ill .r). "'Ill' stundanl doviatiou of tll(' duta from
lilt' Ilttod S1ll'flH'(' WIIS 1,(j5a7 x l(fl ill Ih''yuohls number. TIll' distrilnttion of' t ho
error was dm;!' to normal. HH (lviti<'lll'('<1 hy tho hiHtogrnlll of Iiguro 10..!,
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Fig1ll'(' W"l: Tho distrihution of 111('oxporhuental data uhout the' lilt(·(\ S1l1'fl\l'(',

'I'ho shall(' of till' histogrulll S('(,lI1('l\ to illdimt(' that til<' slIl'fa('(' lit was au uccu-
ruto r<'pr('HPlltatioll of tho (lalll in til(' 1ll"I\U, Tho standard deviatiou shown hy
tho data from tho surfnco was I\PI)l'()xilllatd~' ~!X, of til(' ,W('ntP;(' Hllrf:l('(' Rovnokls
ntunhor (If ~ 20000, A more approprlato ('stillHtUOll of tho 1l('(,lll'a('y of lit ill this
caso ls 1101. till' HtlUl!hm\ devlation, hut ratlior the' ,~I(/,ntla.·l'tl (~'IT()l' of tlie 111m7/.,
giV(,ll hy (1,~::c:: Rr'lliv whore R(.I iH tlu' standard dovlutlou in Reynolds muuhor,
nud N is tho number of datu polnts. In Ihe current enso, N ,~,1::7, nnd thus tho
suuulnrd error ill t(ll'lUR or Reynolds number j:-; ir., " 177.3, For It ('ollfic\('ll('(' level
of !J5I,'{" till' lllH'l'l'tainty in tho Ilttod HIIJ'lh('(' would 1)(' oxpoctod to 1)(' :1:2 x (18'

whlch 1\l)H)UutK to au nncertuintv ill Hl'YllOlcls number of lie ~ :3ti5. ('olllhining
all 111(1ill('rpl ion <lata to <lPlilll' It singh' Rllrfn('(' hold« It munhor of ItdVltntngt'R
OWl' ('ollsil\<'l'ing tho stahility l'I'Hlllts from !'It('h tpHI individually:

(i) It allows It glohal corrolntiou, in hoth ". awl ~2,hotwoon 1111th(' monsur«!
datu,

(ii) ('olllhillhlj.~ all Iho datu yipld~ Il stalistic-ally bettor populution of point!'
(1n ({Ogl'('PH of f1'('(,( tom fol' ~7 points) Ior iut orpulutiou purposos, CIU'V<'
Ilttillg to tho lndlvklunl II'Ht ll!t!l\ would givp sllhHtllUtilllly POOl'!'l' l'(,HU!tR,
duo to tlH' HIllll'Hl' dlltlt distrihutioll (~ Ii (\t'gl'('(IH of fl'p('(lolll flll' ~ poiuts
on nvorngo),

(iii) 'l'ho 1'I'Hullnnt sl\l'fm'(' ohtailwd Innn thl' (it allons I'ol'l'plat.ioll of tho (11\1.1\
lu nny ehoson Ionu within lht' raugp of tIll' lit. For lustanro, ('\\1'\'(11'1 of
rnnstant Hl',Vll()!tIH 11\\1)11)('1' ruu hI' 1':<I1'I\('tl'(1 with I'ltSP, IIH run HI' • ,I;

('t\l'\'I'S nt arhltrnrv valuos of thl' it('('I'II'l'1l1 ion JHIl'nUl('{I'I',

(lv) A glohal 1'1'1'01' ('st inuu« ('0111<11)(' nht uluod from oils('r\'ing t lH' Hlatbt leal
dovlutiou of tho dutu Irum the' s ur l'!\ ('I' ,
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whore F is a 1Il1l1 ri~'of ('o('JIiciruts, and I h' WI·t Ot'H l{, I'll m'l' polyuomial hasis
vectors ill tho iu<i('IH'IH1('llt varinhlos ,I' and 12 l'l'sllrC'tivdy. TIH's!' hai'i('s woro
dlOSC'll to k thl' Chebyshov polynomial» of t ho Ht'l'oncl kind, Oil thl' l'all~(' [0,11.
This clroicv was nuule 1)('('lllU<!' of tlIP orthogonal propertk« of t hl'sl' polynoiul-
als, and h('I'IUISI' suhstantial uumorlral mnruluorv C'xiHtp(j for thorn, devolopod
ill til(' uuiuorlcal anulysl« (If tho Pl'l'ViOHS dlallll'l'H. By trunratiug Ii].' at. order
N, "'ii at M. and th(' eoellicleut mntrix at N x M, the lntorpolatlug !<lll'flH'('

could 1)(' 1'l'stl'kt('(1 to 01'<i('1' (N - 1) x (AI ,_ 1). A solution was thou sought
ill the Iorm of equutiou (H),:.l) which intorpola 1 I'd th« experiment ul dnt it ill t 11<'
least-squuro» St'llSI'. DIH' to thl' unit rall~(' of thl' Chobyshov polvuomlal«, til!'
experiurontal data was scnlod to IIH' HUi! square ill the ,I' - H plano. TIll' full
s('t of <JIlIn was not mwlii only t hos« points 11(':11' thC' inlet 1'l'f\iOIl (tl.HIt Irom th«
region »urrouudlug 111('mlnlmum critleul poi nIH of til<' oxporlmontul dnta) woro
rotainod. Tho l'('a~()uing bolrinrl Ihis was simplo. Fil'!4tly, tho dnt a ill tho H<tIl!\1'('

domuiu Aiv('11 hy i1.1!iO·J x Hr"j <: .r < a.HO·12 x lW·:I, 11.4,12 <: !i < ,W.O(i1i
showed n uuilonn <li~llrihllt ion, w11(11'<';1, points outsklo this l'(lgiol1 W('J'(' lorutod
OIl 'tC'lldl'ils'i 1-I('('OIully, Ihi:; Ill'PIt !'lIIbl'a('('!1 th(' "XIWrillll'utallllillillllllll nitknl
points of all tho dntn, Situ'l' u fhirly low Ol't1(1l'Iit waH cl(lsit,t'(I, the l'('stl'il'tiOIl of
til(' rogiou was \l('Il!'lidnl ill Illis l'!'garcl lll'l well, An explirl! prnrtxlur« was not
",;('(1. ruther It global mluhulsati.,» itoratlvo algorithm was employed, Ideal Ior
this pUl'I)(lSO was thl' snppliod Matlah Iunctlou :Emina, This Iunrtlou \1SI'S It shu-
plox HN1.t'C'i1 algoritlnn, to miulmiso It Iunction of several variahlrs, Pra('tically.
thi:; algorithm mlnituises any Innctlon roproseuted by l~ Matlab m-Ille, as long
1\1'1 that Iunction roturus 11. H<'IlIal' value to ho inlulmisod. Sill('!' tho problem was
1·0 minimis!' tho lenst-squurrs rosldunl of th!' polynoiniul SlI1'fl\('(' lil. (1!J.2) t.(l III('
clis('t'('I(' rlnta (,i\. Slj, Iil'i). a Iuuctiou WIIS d('lhwet of tho form

(10.:1)

whore ]f('(:i'il sid is e}('lillC'cl hy oquutlon (Hl.2), Au initiul ~IH'SS Ior 1.11(' uuurlx
P wn» supplied, and tho Iunctlon :Emino l'l'l.lIl',lt'tl I.IH' \)('Ht lit. l'o!'lli('h'llt. mntrlx
CO)' (:11(1purtkulnr ol'd('I' choson. Solution waH inltiullv obtnluod fol' low Ol'<l('l'H
(illitiatly a lluonr HO, and till' onlor WIIS iil('r(·lts('!l in ouch of tlt(' ordlnntos, silllply
lly Imgllll'lItinr; iW1'(l(IH to the' rosulthu; UHltl'le(IH Iron: til!' Pl'!'ViOlIH solution. 'I'1H'
rosultiug matrlx wn« thou \IH(I(I III' tho fil'Ht. itoruud COl' t 11(' III'xl solutlon, Til!'
111'oJlC'rtil'H of til!' CIl('hYHh('v 11IIHiH ullowod I hiH nugmontut lou: tll!' maguitud« of
thl' ('o!'llidC'uts of extra tl'l'lllH ill 11 (. 'h'hysIH'v Hl'l'il'H boromo l'Ilpictly iUHir;llilil'llllt,

while Ihdl' Jll'(,SI'III'l' dO(,H not allh,t p,l'l'ntly thl' value of tho alroadv dC't!'l'milll'tl
low!')' e'o('llid!'uts [SI'(' I'lHtJlt(·l' 12, 01' Fox .\~ Parkor (lU(iH). Hlvliu (1!H)(l), for It

discusslon on tho Pl'oJlC'l'ti!'" of til<' Chobyshov polyuominls],

Till' soluti. ,I 11l'O('('!bll'(' WI\H tonulnutod at IIII order whore till' IHI('II !41U'l'a('l'
WIIS Hlllooth IlIlC~1"'1-\111111',and whor« till' Htttlitioll of (lxtra ('ol'lIi<'i!'llt t!'I'IIlH had
ntl illsil~nili, nut C'fl'!,(,t Oil tIll' solutlon, For till' pl'e'sPlII datil, tll(· solutiou had
Ill'('OllH' Invarinu; to about lOO ill H('YlwlclH nmuher at 1111OI'<iPl'of ,1x2 (1.!tiH Ol'cl('l'
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Figur(' HI.a: 'III(' variatkm of 11u' oxperimeutul ('l'it.iml H<'YIlOhIH numbor with
diinousloulcss axial positlou, for tho INlt (;XPA (Ut'o ~..:;(jlil(), !i c..:; 32.:'i).

f1()W; t hpl'('foI'(' rmuparlson« will Ill' llUH!<' h('(.\\':'(11l t hI' 1ll(,IISIII'P(1 dutu lUll I t 11<'
H([thilil~ results fol' tho Htcla{I~' (IiI1lII11Sioul(lHH) }lipI' 1'1I1·l'illU'(' How,

Surface fitting to the oxporlmontnl datn

Tll('()l'<'tknl linear Htl1.hilit,\' dUL1'IlI'tl'l'iHtiC'H W(l1'(' calcnlnted Ior varlou« (,()llstl1.ut.
values of tho uceolorutlou pnrauieter, JiOW(lV!'l', ill Ill!' (':'(Jl('l'iuH'lltal il),Ht(llll Ill{'
Royuokls number in tho plpl' was only ll.JlJll'OXilllllt<,I,v (IXjlouI'lltial. ('()llS('qt''''ltly
tllll value of thl' 1t('I'(llPmt.ioll llal'l1.luN(ll' did not romuin l'OllKt.(wt (1111'i1l1{It test.
TIl(' viLl'i(Lt.!OUof till' It('('(lh'l'aticlll pal'!LlIwtl'l' with timo WIINshown il1llf~II1'('H IH,l
to H-I,3, DtH' to tho fad that tho iUst!\llj(\Il(lOllS value (If till' (lXIWl'itll(lutal a('('I'ln
oration paramoter W(\S known, t 11('(lXll(lrilll('llt at lucrption llI(1mllll'('lll(lllts could
Iw given as points ill ,,'I H, lie' !{llll('(I. ('o)Uiicil'l'1tlioll of all thp ('Xl)('rillH'lItnl
iucoptlou d!Lt(~showod that tiwy npproxhuatod a smootl; slll'fiU'(I ill ,I', H, R:
1'11>(\('(1, It. wnH t.!H'l'('COI'(1cll'l'i(l(l(1 to lit. 1\ ,~1t1j(lt'(~ to tho I'lIt.il'p !Iata sot, awl to
oxtmet dn.ta tr(,lulH tJI('l'('fl'()lll rnt her thun hy lltting ('IllWS 10 tho iudivklunl
(PHIs, 'I'he ndli('v(llltl'lIt oC it HlIl'f!l!'(1 fit is udvantugoous COl' thl' l'('I\~()U that. It
allows 1\ untltl-rlimonxlouul rorrelatkm (in .1' aIHI !l) hetwoon all thl' luception
1'('Hulls, lH'r;at.ill~ tht' icliosj'tU'l'lIHil'H of th(· ludlvklual h'sts and yil'!dilt~~a r;lohal
'll('st ..llt'. III ('Oltl'·rlHll'., iUIlivtduu] ('1l1'\'(' Iitliltl~ to til!' rlnt a Iron: oaeh (W('pIN'I\1 ion
would uorcssltnto n hir;h order (,1Ih order) lntorpolation to It H!l(\l'l'il' (~8poiuls)
Hl't of dut a, It was I'lIOSC'lt to lit 1\ gl'lll'l'Ill two-diinonslonnl polyuominl slll'fll!'!'
to tho dutn, of til(' Ionn

(HI,:.!)
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FiI~lI1'(' l!I.:J: Till' varial Ion of IhI' ('XP(lrillll'lll nl ('ritic-al H(lY1Whl" numlior wit 11
(lilll('IIHioull'!;!, axial pnsltiun, lill' Ihl' 11"·1 UXPA (lito' Willi, H~' :!2.1i),

now; IllI'l'l'fol't· I'UIlIPitri;;II11H will h,' IIIml(' 111'1\\'('('11 th(' IlU'i\H\It'('!1 dutu arul Ih,'
htahilil:'\' 1'(';;1111" ihl' Ih(' HII'alb' (1IiIll('lIhiouh''';;) pip!' I'UIrillll'\' now.

Surfnc« fitting to till' oxpcrlmontnl <Inta

'l'hl'lll'l'lit'al Ihll'lIl' Hlahilily l'!1il1'al'(I'l'i"ti('H \\'(In' ('lIkullltl'(l Ior \'al'i()l\h constunt
values of 1Ill' i\l'('pll'l'al iUII paI'allwll'l'. IImVI'VI'I" in (hI' (I:qWl'illlllllt nl HYHt<'l1l til('
H(I~'II\)ltlH IIl11ul)(1r ill I hI' pipl' waH only upproxluuu (l1,YI'XIlllUl'lltial. C'IllIHI'(llll'utly
tlu: ".LlII(1 of thl' 1l1'('l'it"I'atiou IltU'ulllf't('r (Iill not rnunlu runstunt tlmiug a (I'st.
TIl<' \'arilltillll (If till' al'('ph'l'l\1 lou 1H\l'llllwt (ll' wit It t hue WI\;; ;;IWWll ill lIg\ll'('s ] ~,1
10 l~,a, Dill' 101hl' fad that thl' iu;;llllltanpulls value III til(' (I )H'l'iullllllal al'('(II-
rrnt lou pnnunot 1'1'WII~ known, I he I'XIH'rilllt'lIt ill im'llpl ion lll('i\~Ilrt'ln(lllts could
1)(1nivou a" !lulul:; ill ,I', H, lit' SPat'I", ('oll;;itll'ml ion (If all tlH' oxnorlmont nl
illl'(lpl lou dati~ "h()\\'(,11 thut t Ij(lY 1L1l1ll'llximat (·d It smoot h ',' fUI'(' ill ,I', H. RI'
HIIlU'(I, It WIlH t h(ll'(lflll'(1 tll'I'jdl'(, io lit It 8witll'l' to tltt' ('utit'(' (ltt\IL ;;(1(. and I'll
(lxtl'lll't. data tl'c'lulH titl'l'pfl'Olll, rat.hor than h~' Iiltiug curves to thll lndlvklual
t (':;1:-;, 'I'h« Ill'hh'\'('llH'llt of II 14lll'fn('(' f t is udvunt agl'!l1H1 fol' t h(' renson that it
nllow« IL limit i- dill1l'n~i(lllal ('ll1'l'l'lation (ill ,I' utu I U) IH'tW(,1'1l all IhI' ilu'('pl ion
l'(':mllH. lIl'glltinf, IIll' itiioHYIl('l'lIBil'H of thll ludlvlduul t(l~II;; IIlId yil'ltlinr; a glohal
'I H'H1o(H', III ('olltl'm,t. hllHvj! lunl ('Hl'Y(1 Ii t t illg to f Ill' Ilat a Iroiu llill'h 1\('('('Il'l'll1 Ion
WOllhlll('('(I:;~jtlll(l it high nrdor (,1111onlor) iutorpolutiou to a ~paI'S(1 ~~ H points)
I'l't, of data, It was dlm'PIl to iii it g('lll'l'al twn-dlmousionnl polvnomlal smftw('
10 tlIP (lula. of th(' Ionu

(HI.2)
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I !"'l!' 1'1.' I L. 01',1.11,.. ,,1.1"111 I lilt' "\I"'lllW'III"llluw (,11'i1bloWII, from tIll'
I,· '(,\1'\ I,', ':0111 II :', .•1 .1 hili' non nl t iui« .ltlei H(·vllolrh .. 11111111)(,.'.

J!.t •• !I'- :.,t! l' tll'- 1'1,' to'''' "11,.1.;1.1 ']I'\,-l,t'iOl1

• Il':' !: l""l.t 11.. Ii ",' 1".,.,1,.(11\','101 ... ·.11 ,!II'.IIJ! \\.1 ,.1111\\11 ill I'hil{lll'l'!J 1(1 II!'
,.,l,,; !'l,' \',,'1. '.·,d'" >I.. ·.. II.,lId "1 .. ,,·.,11"I ,11'.1111",11111'" Iunn nr-ar Ihl' mluinuuu

10.1 Synt lu-sis of monsurod data

II., 01,,',1 III I.' 'U" 1",' I Hi "'111' "I ,11II1t'1' H'IMI v.u iahlc-. ('olll)lilriI'Oll with
!jll ,!,.lIld: r . !I.I.I'., "'1'111'" .111l,ll'llllll' I" II.,' nonu.ih- • .! ru-nnlinan- s\'I'I!'lIl.
Il, 'b· .. , .... ! 'I ... " -,:.•11'".1111111 1. t ln- IlI"I'I'IIW i'. :'.1\'('11 l-v

(1!1.l)

,dllll' Ii' I, I Ill' I'll'" 1... lm -, .uul H. i" 1111' HI·\·IlIlI.b nutuhI'1'. 1':adl poi lit Irom
11'·,IIl,·I·I,,!. 1"1'1" "1,1'·.1 (II III tlill ••!I' 1'''" 11.1111' ,I Nt plau«; I hilI' t1H' tl'IlH'lll'illll·
!., "",(.ti I"' Ifllllt ",.1" I'llfItlilll', til 1'.11 It J'lIilll till Ihh 1'.lilph ('0111 Ill' rukulater]
till 1'1 'I\' 11"111'11'1,.111111 1111,11 Joi",'lI" l'I,:! lu-lnw :.1111\\':. rlu- ill('('ptillll data from
IWIIII' j'I,;!I, 1'1'1" 1'111... 1111 IIII' llllllllilli·.(·t( .rxial nnlinat«.

TIll' h,'lIl" 1,111\'. lla.11 11,1'11' i"!l1l ,.llh.lillltial qlla\i'ati\'1' ,lill'l'l'l'lIl' IlI'lwl'l'l1 Ihi~
I ('Pl" ('11',11 ill II ,tilt! 111I' .lillH·fl:.jllllal 11111' l\i\'l'1l ill fi,\I1I'" l!l.:! oarlier. IIO\\'!'\'I'I',
till' 11111111.111'>011 iou ..I t It(· .1'..i.11 ouliu,u I' alluw-. l'olllpalis(HIS 10 hI' made, hoI II
11('1\',"('11 I hi' It" IliI·. IIlI .tilfl·IPIII I XPIlIlI'III iill ill'I'I')I'I'al iOIlS, alii I dirl'l" b' wit h till'
IIIIIIlI·lir.t1I11IllI"J.;, III pili III I hI' hlahilil\' dllll'iH'll'l'h ..lil'ti or tlu- twn a:-;~'Illptoli('
lit- ,'lil,liclll ·,1 IIII' pip,' 1'1111'.1111'1'llow \\'1'1'1' ohl.lilwtl: lirstlv lor tIll' tcmpurnllv
dl'\I'ltll'lll!'. IMI,II(I'I !low, allll S('I'llIlIl1y for IIII' s!\·:\tly \in Ilhl\\'l\sl\\lII\'sH tl"'ll\S)
1'1I11.lIlI'l'lIlotl,,1. It \\,1" :.lall'(II"lllil'l thilt .111lilt' 11.)\\' hreuk.lown ntul slIh,('qu!'llt

n.ue.iriuu phl'llollIl'lIa 111'11111'1'11ill 1111'1)(1111111.11',\'law!' rhiuuluu pori ion of I ho
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Figul'(\ 10,1: The Hdwlllati<' depictioll of the transition to turbulence ill the
ontrnuce region of au (\xpoh!'nlially lu'ceIN'atillp; pipe' [low: (a). laminar How;
(11), lorn! houudary layer hronkdown; (<'), trausitionnl flow convects downstream,
local boundarv laYN' breakdown ll<'r~ists near tho lulot; (d), local breakdown
upstrenm, turbulent Iront (,OUV('('!.H downstream: (e), local lnrnkdowu llPHtl'<'Il111,

plpe-wkl« tlll'hnh'llt How dowustronnu -- - -, roglon of in('!'llt.ioll,

Monsuiomouts of HI!' flow broakdown in tilt' pip!' Pllt1'IUH'!'WPl'(1 mndo at various
axial positlcn», by llladllp; tho Lnv uH'mml'ing vohuno within tho boundary layPl'
1\(', VItl'iOUH axial statious. 'rlH' 1'IHlial position I\t cnch stutlon WUH chosen to bo
l:hltt point within til(' lH't\lldary lnYN' ('.lmt showod maxiruum HPnHitivit.y to flow
broukdown, Tw(\IVC' runs wore mad!' Itt ouch stutiun, and tho results W(\1'('stored.
Fo1' oaeh 1'1111, IIIC'n1'HI~ i<it'l1tiIiahlC' limp of How doviutiou from tlir lnmlnnr ~I.{\I('
was measured, awl tho moan value of tho twolvo liuw:; was taken as t.11(\thuo of
Ilow hrPlIltt\oWllllt t.hat axial station, 'I'ho H('yuohh.; IlIl111b<'l'vatintlon with tim,
was known (from tll(' Ilowuiotor <lata), and ('OIlH(l<tI\('lltly the' ('1'itical Rovnokl»
111l1ll1H'l' ut onch axial station could !H' nsrortuinorl. Figlll'l' lU,2 below 1'('I)('atH
Ill<' oxporhuoutnl trunsltinu data fot' tit<' t('Ht (lXPA (lku ~ (j51O, 12 ~ 32,5),
Ih'l'Il given 1\1'1 Ilgur« 0,0, uud cmhodylug 17 axial HtatiollH,

TIlt' two represonuuious of the' datIL ill thiH IiglU'(' 1\l'P <'<[t1ivnlNlti th(l critical
H<'Yl101clH 1l1\\U!l('1' was silllply dotonniuod from I1H' tlmo of t nmsitlou, by uslng
tho Ilownu-ror data, Hreakdowu lirsl O('('1I\'H 111 nu iutonuediato axial statlon, ill
this ('!lS(' ,I' ~ O,U lit, AH tim« 11l'ogrpl'l'p~ (und tho H,'yuol<ls numher itH'I'('aH('H).
breakdown ls ohsorvod hoth upstroiuu and downstream of IlH' origiuul minimum



Chapter 19

Stability and inception

III this chapter, tho hask oxpernuentnl iucoptlou datil of ('llI\pl(11' 0 iH further pro-
cossod in thr light of t IIr t heoreticnl Ir.unowork (,lIl('1'~(,llt from the analysis, 'I'ht-
earlier oxpor.moutnl lurcptlon results, given ill thut chaptor ill terms of tho di-
monslonnl co-onliuntc system, lUI' trnusferrod into the nonnalls«! eo-ordiuutos,
to allow di1'(·(·t.corupurlson with the' siinpl« linear stuhility tllC'OI'Y results from
chap tor 17 of tho analysl«, The current study was concerned with the behaviour
of Impulsively startod and expouentlnlly nccolorated pipe cntrauco now ..;, From
,II<' P<'1'R}>I'('tiv('of a Ilxod axial position ill tho pipe, it clear pattern of bohaviour
was shown ill all of tho flows monsured in t his work, Initially t 11('flow rouiaiucd
laminar, with brenkdown and t.rnllsit.ioll O('('IIl'l'ing lall'l', when the Royuold«
11111111>('1'was high, 'I'ho (lnrIy laminur development ('ousist('<i of two Ilhas(ls: lni-
tially, bouudnry Inypl' growth (H'C'Ul'J'Nl I\t the lll(,i\SIll'iu~ station, th(,l'('nft(ll' It
region of houuda lnyor thinning ('uSI1('d, Tilt' first pitas(I of tho lmuiuar <1('-
VI'IOPllH'llt was shown ill (:ll(' previous chapter to h(' 1l('('\Il'atply (j('s('rihl'cl hy n
shuplc parullol IllIH(' flow model. '1'11(1oHh'll~ihly rumplox hohnvlour of tIl(' H('('-

om! thlnulng phnso was shown to 1)(1giwll hy a Hlmely 1l1l1ll(lri('al solutlon in th«
uonualisod vo-ordinnto systom 1,

In all tho Ilows iueasuro.l, lilt' hroakdowu of th!' lnmlnar stuto WiIS St'('11 to OCCI1l'

clllrill~ tho IM!'l' houndary lIlY<'l' thiul1ill~ portiou of Ih!, Ilow, Flow breakdown
hl'gau as I~ huulnur 'wnvlnoss' wlth'» 111(' 1)()lllldlll',V In.\'<'1'in tho pip(I ontrauro,
which :'mhsl'qu('utl.\' dovolupod into j ..bulont flow hplIaviolll', Th(,HP disturbances
W(I)'P Huhs('qlwutly observed both upstream nnd (lOWIl:-tl'C'!UU of tlit' initial i11(,('}>-
tlou point. Til!'.\' also grow ill extent raclially in tit(' dcwnstromu dirortiou, and
plpr-wklo turbulont Ilow wn« noted ill till' 1-1,\':;1(1\11far downstrcum, Nonr tIl!'
Inlet, while tho boundnry layor W!lS disturbed, tlIP ('(lntl'll\ '('Ol'l" How nlwltys 1'('-
mnined laminur. FiAII},(' 10,1 holow illust rat ps t he gP1H'I'nl S<'<[lIl'l1('p of t rnusltiou
oveuts :-;('('11 ill the How,
--ITl;;;rr('\'I()nH'7b7\I~~;-;:l)lIt~i;;~I-I\ til,titill'tl til'sc'rilltinn 111111sunuunry (lC 1.11(' l'o-nr,lhm('
H,Vh!('lllH mul till' vurlahl« lllIlPllllI!\ hl'tWI'('1l t horn, 111111t Itl')' will not hI' t!ihl'UHSl'cl flll'thrl' JH'I'I',

·liil
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Figure tH,12: TIlt' variation ill tilt' shape of the velocity profile with nccelcratlon
parameter in the parallel developing region for the 'E' sorlos of tests: 0, station
EE2, t = 7.685 x 10-;1, S2 ~ 20; x, station EGa, f' = 1.261 x Hr·2, !i ~ 45i the
two solid lines 1'('p1'e$<'11tthe cquivalout numorlcul velocity profiles for l2 ::= 20
and &2 = 50.

Ho1'(,tho trends shown by tho experimental data arc both qualitntivcly and
quantitativoly COl'1'(,(, I;, Tho higher accclemtlon profllo EG3 has 1\ higher value
of velocity 110ar tho \\-11.11,and It rorrospoudlugly lower value 110nr tho l'clp;nof
tho boundary layer. The difference between 1.11('two oxporimental profiles was
close to the discrepancy botwoou the theoretical curves. Furthermore «nch of the'
theoretical profiles correlates suhstuutially with its oxporhuouenl couuterpart,
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function profile» W(,1'(> plotted Itgaillst. 011(' another. In both ('IlSPK, the outranco
profile is less convex or curved 11(>11.1' tho wall than the ("luivall'llt parallel velocity
profile, This results ill tho entrance profile luwing 100\'I'r values of volocitv nonr
tho boundnrv, and by way of rouiponsntion, higher velocities towards tile outer
(Idp;(~ of the boundary layer.

Referring HOW to the experimental data, t he lll(,llH'lrpd values for the 1>a1'al1('1pari
of tho flow show it good match with till' t.heorotieal ('\\1'\'(" TIll' oxprrimentul
profile is ('V(,11 more ('011V('X than its theoretical eounterpnrt, This is consistent
with the pnxlictions of rhaptcr 15 that, iucrcased accelorutiou ('nmH'~ It more
convex velocity prom!': the start-up value of accolorntion pnnunotor was higher
than tho nominal value ({l ~ :!() for this tl'st (Ilguro 111.1), The entrance data
shows It lot of variability, duo to tho non-ropcntablo ontrance pff(lets ill this
rogiou of the flow, but in tho meun the rorrolation with the thp()l'Y appoar« to
bo modoratolv good. Comparing til!' two oxperimcutal rosults with Pilch other,
1:1l('nntlclpated trend is ovklont - tho ontrauce prolilo has It 10\V!'l' vplodty nonr
tho wall, ,t11d it hlghor voloelty olsewhoro. TIl(' observed discrcpnucy is, however,
far too Illl'gp to he> causod hy tho <liff!'l'(,II('(> ill flow l'l'ginl(':-' alono, a conclusiou
supported by the tiny difforenco b(ltwPPll tho theoretical curves. The observed
large oxporlmoutal discrepancy is thus possibly due to tlH' initial variatinu ill tho
arceloratiou panunetor, combined with tho iuuate uncertainty nssociatr«] with
tho later outranco flow,

18.5.2 The effect of acceleration on the velocity profile

As montlonod, it was shown ill chapter 15 that inrrensing tho ucceleration pa-
ramoter cansod the velocity profile to adopt. au ilH'l'Pllsillp;ly C'OllVPXshape. Unlike
the comparlson of tho previous sectlon, tl)(' 1'11'('('"of accoloration on tho prolilo
hoeumo morC! marked with i1H'l'!'llsinp; displltc(IIIl(111t tltiekIH'HS1iJ, 'rhus ill thp
cnso of disl'(>l'uillg tho (>II'(1('\sof tho !\('c('it'l'n.tiOll it was Hll'aightfol'wal'd to Ilnd
uppropria! (I velocity pl'olil(ls,

TIl(' value of displacemeut {.hickll('~H choson WaH the sumo itS in tho Pl'('ViOUH
Hl'('tioll (b' / R :::::O,O!ll), Proillo» W(l1'1' taken from tho pnrnllol developing flow
ulouo, in order to miuhulso oxperimontal 1111('('1'1ainty, It was shown ea rlior ill
(11(1dlapt(>r (Ior instunro in {jP;III'!' H,,~) that tho pnmllol tomporally dovoloplng
.low was highly ropontnhl« and litthjP(,t to minimal variability, Two prnlllos W(,1'(,

obtainorl, Pitch with tho same clisplucemont thlckness, hut orlginutlng from Ilows
pOHsc'SSillg dilf('l'Put values of tIll' arcolomtiou pnrumotor. 'I'ho JiI'Ht prolllo was
tukon 10 1)(' tho purullol profile from lig1ll'P HU 1 uhovo (EE:!; Il ~ 20 - axial
position il'l'Pit'vnut duo to parallol Ilow), nud tho H(I('OIHI was (1xtra('('<i from
lli(> data EG2 (Si ~ ·15), TI1PH(' two prolilos a1'(' shown ill lil-\IU'(>HU2 helow.
Superimposod uro Ill!' ('(lllivltiPIlI (lwol'!'! leal prollles for S! ;;:;:;:!o and Sl "" no
I'PHp('('(i" "I~"
-"IoiThis~~~s I\sr;:;l~ill('(l hy~inrnrlllal nuuu-rirul exporitneutntiou.



18.5.1 Parallel developing and steady entrance velocity profiles

'I. was ShOWl1<h('ol'c'timlly in chapter 1-1 that profiles from tho pnrallel dovolopiug
'11d bouudi (ny!'l' thinnlng rogions of thl' pipl' flow hall siglliliealltly dillcreut
\ locity prolilo shapes for tho smno value of nny chosen pnrnmotor such US tho
ri plaroment thirkuoss. In order to Sl'(' if t his was so oxperimout ally, it was
til' idod to compare thl' t hooreticnl prolik-s din'('lly to measured OUI'S. For this
pu, lose' two profilo« W('1'(' cxrracted from 111('dllt a EE2 (1'/R :::: :W.2.'i, !l ::::20)
COl' ./ R = 0.OD1 • oue Irom tho I'arly purallol dcvoloplug l'('gion and one from
t lie , oundary layer t hluuing rcgiou (;;1'(' Iiguro IS..!). 'I'll!' equivalent theoretical
profi. s for tho samo values of displncomont thh-kllt';;S and mean nccolorntlou
pnrai. "tC'1' WI'1'(, obtained from the numorical analysi», Those expoi uont 11.1and
theorc ical datn 11.1'(' shown superimposon in Iiguro HU 1.

1.4

-,.. /""lrilllCC
1.2 ., Y

t '.,
plltllllel r,

"

1/ O.S . purnllel

"1e-
(1.6 emrenee

\'

0.4

\0.2

0
0.6 0.7 O,B 0.9

r

Fignre 18.1 Exporlmoutnl velocity profiles from tho parallel aud outrnure re-
gions of the low, for tho station EE2 (,1'/ R = 2D.25, 1'2 ::::: 20): o f = 7.085 X 10-3
(parallol do elopuiout): x. i= 2.152 X IO-2 (eutrauco Ilow); tlw two solid Jill(,S

represent t.ll equivalent uumorlcal l)1trn111'1 aud ontruuco flow profiles.

TIl!' cholce c displncomont thickness to provide au appropriat (' comparison was
not ('aHY, A ideal choice would have hcou profiles with wry t hill houudarv
layers, for till roason that they would show th(' most mnrkod dilfN'!'lI('1' ill roganl
to st1'tlctlll'('. UnfOltllultwly, tlli,., ch,'; 'I lIot. 1'1l.,.~ihlt·COl' 1;C'vl'ral I'l'ltSOIlS:

firstly, til!' vo • enrly (pnrnllol) voloru ~wore 11'" \'pry l'C'p;nlal', mniuly IlS
1\ result of pour plarl'llll".r of rndlnl 111(',,' statious (sl at lou 1)(ISit ionlug was
opthuisod for tho later profile dovelopuu ut): S(,C'Oll(lly, in tho houuclury layr-r
thinuing (ontrance) portion of til!' flow. llH' prolill's underwent transition to
turbulouco h,,[Ol'1' at.tniuinp; I. very thiu })ol1lld,a'y Iny('l', It was for tlIC'HP l'('I\SOUH

thllt, tho P1'ofi]I'S shown ill Iigm'C' lKll W(,1'P (,IillSI'll to have a rolnt i\'('ly tllkk
boundary layer. As can be S('('11, tho l'XPI'('tptl thoorctlenl dlsrropnm y (1)('l.w('1'11
til!' solid lines) is very s11Ia11indeed for Iht's(' prohlos, Tho thecretlcal trend is
tho snmo as that shown ill figlln' 1·1.7 of rhaptor H, wl1('1'1'the' Blasius nud error-
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18.5 Velocity profiles

This chaptor has })PPI1 concerned up until now with coinparison IH'twPt'1l theory
and cxporlmoutal datn using two pnr:.llH'tC'rs - tIll' displacemen; t hirknoss and
the velocity profiles shape pnramcter. The panunctrir nature of the dlsplnco-
mont thicknes» allowed direct and full superiuipositiou of theory and experiment
using a pair of two-dimensional plots; versus I for t h(' parallel Ilow and wit h 1'<'-

HjlC'('t to .i: for the thinning flow. DIH' to tho Iart that a velocity profile 1'('Pl'('}:('"
It radial variation of thC' velocity, it full coiuparisou between till' uicnsurod
theoretlcal profiles is only possible using two throo-dhueusional roprosoutan
embodying il('i;, f) for tlip tomporally devolopiug flow, and li(i', .i') for tlu- hound-
ary layer thinning region, I!O\\,!'VP1\ <111(' to tho iuhcroutlv qualitative nature of
!L surface plot comparison 1:1, it was c\c,ejci!'d to ('1[p('t only a compnrlson hctweou
individual sd('(,[pcl velocity profiles.

The primary aim of tho veloeitv prolilo compnrison waH to nscertnin the ng1'('<'-
111(1utbetween throrv and oxporhuont, FU1'thPl'UlOl'P, it was lmnurtunt to observe
whether tho muncrlcally prcdlctod 11'<'11<ls ill volocity proule Htrl1C'(.Ul'P " duo to
uccolorntion and non-parallol ('If(,(,ts - \\'P1'(' P1'('s(,1It ill the oxporimontul datal,l.
As 1)(1[01'(',data W('1'(, taken from [11<'IE' sorlos of t!'sls. A Iixod value of the dis-
placement thickness was chosen, and two p1l<'l10111('I11t W!'I P iIlV('stl~at,('d: firstly
It comparison was made between It parallel developing velocity profile and its
steady entrance counterpart for !L Ilxod value of tho :w(,!'ic'mtioll paramoter (Iig-
IIl'P 18.1011.); secondly, tit!' p{frct of IhC' nccolorntion parruuetcr 011 the structuro
of the parallel dovolopiug volocity prollles wns observed (figure HUO!». TIH'S('
two compnrisous aro given below,

S""/R

(b)

pronlo2

o""/R

profile 1
\\l : -,

u ••:t~ :..~~~.
/ /1 ! profile 2
l/~ 1 !
'/ : :
t_ : :

__ L-. _-,'__

I, ')

(a)

,

I:---------~--------IJI,

Flguro 1H.l0: A schomutir l'('Pl'('sC'lltatiol1 of tho port.ious of tit" flow fro III whore
veloclty prolilos wore obtained: (It) prolllr« from 1ho pnrnllol and t hill ni UI!,How;
(h) prolllos from tho parallel flow region - dilloront Il('('<'ipratioll pnnuuoturs,

l:l'fl\'(} whh'iy (IiHllllmtl' snrfll!'('s I'IlI1 hI' mndo to look iudistlnguishnblo hy [udielous dl(Jk!'
of vlow point, whlle klcntlral surra('C' plotN ('1111 N('I'1ll (lim'rt'llt dun to tlilr('rill~ displav grids,

!<lIt was shown ill <'impt!'f 1,1 thut tho pnrnllol nnd cntruuec Ilow wloelty profil!'s luul Iundn-
mentally difloreut shllIH'H, ill tho limit ,IS the hOlUII!i\fY IIl~I'rthirknr-ss appronrhcd Zl'f(I, TIl!'
stl'll(ly ontranco Ilow was ronvorgont to a Blasius structure, when-as till' parallel Ilnw hocnuu-
of an error fuurtlon shupo in this limit. In 1\ similar mnnnor. till' prl'Sl'll('I' of nccolorutiou was
shown to produco morv \'OIlVPX' volorltv profiles, (111m for stC'IIc1.\· 11011',
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1,1. Al'i!.;illg from point 13, it. is dplI1' that tl\(' ,;,'lodty prolilo shup« puramoter
of Moss (108:)) is Hot a unique quunt il.or of volocitv profile» for auv cIm,l>
of Illlnh'ady pip!' entrnnro flows, '1'111;, !f'.'ltI'S till' «ourlusion of da Silva
(InUO), that thi;; parametor uuiqu: 1,' " 1 ,'{!'risl';; voloritv prolilos for till'
impulsively ;;ta1'll'd sll'luly flow rail' I' !'.

Iii, 'I'ho overull !'ll'l'!'t of itu'1'l'a,;illg t hI' a( celoratiou panunotor ill th« dhuon-
l>iolli<'ss Ii,\'stl'lll is to (a) itH'I'P<tst' t ho value of t hI' wlol'ity prolil« shnp«
pnramotor thronghou t t IJ(' pipo; (b) ('O)'l'PspOlltliu!dy low!'!' III(' vuluo of till'
<iisllla!'('llll'llt t hickuoss ovorywhero: t t') ('ans!' t hl' :;,v:-.tl'lll to al I nln Htt'ady"
Hlat!· ill it :;Iwl'tl'l' time: nnrl (II) 1>1'0!\tI<'1' a more' ('()HVI'X shap('(1 wlol'ity
prolilo.

Ui, III gcnorul, tho llt1111l'ri(.\\ has!' flow uiodol roproduco« all of the fl'atllt!';; of
tIl(' measured Hyslplll. 'I'll!' ohs('1'v('(\ hOIlUdla)' Ja~'!'1' thinning behaviour
is prndurod by proj!'('tilll{ (J:I' munork-al solutiou into th(' llhYHim\l'ljllu'(l,
Th« only slIhslantiallalllillltl' li'atlll'!'s nut oxplnluod hy tlll'ot'y 111'(' '1)\11111>;;"
ohs(,t'wd at I II!' intorfar« bptw('1'1l (11(' ontrauc« IIn<1 pnrullol flow !'<'gious,
IUHI thought to ari;;p from oxperluionrnl pip(' inlet 1'1[,(1('1:; at sturt-up.

17, 'I'ho mlniuunu I'l'iticnllh'yuoltls number Ior ti\(l daSHkltl (lC'l'o'IU'('pll'rn\ioll
pip!' ontrnueo Ilow ('!lSI' was <1!'h'1'lllilw(1 to hI' HI' 0::: 11 UU7, while ('ritknl
H!'~'llolds 11\11111)(,1':;ill ('X('PIiS of 500 000 W('1'1'obtained at Iho In;;t lIUS! 1\1>11'
dowustroruu Htatioll. 1\11 1)1'(\('1' of niugnitudo P;l'C'ltt<'l' than thai achieved b~'
provlous l'1'Hl'ttl'dw1's, Sh'mly pip(' (I1IITI\lI('p Ilows WN'!' shown to bl' lilll'ady
uustublo to IdSYllllll('I1'ic (li;;tnriHtIH'I'S for only It small rogiou of Ill!' pip!'
('1\11'1\11('(', uamoly 0 < :t~« 0,081 U. Tho P1'('H(IIlt. stahility I'Pslllt.iI l\!~l'('('

snhstautially with thos(' of Gili'll; (1!J81), and show tho st.ll!ly of tll\ Silvn
(lU!)(l) to \)(' iuaccurnte, Tho ('1'1'01'ill (lit SilVI~'S l\llnlYHi:; ill thought to nrisl'
from tllll uso of It temporally oxplicit lillil <'-!IiJfl'l'!'Jl('!' Sdl(1111<', coiuhlnod
with tho physicnllv ill('ot'l'('('t and cnntrovorsiul upwludhu; tochuiquo used
to tll'H('rib{' tho <1i1i'm:ioll tonus ill hiK hn:;!' flow 1I1o(\!'I,

!H, III til!' ('tiKI' of till' ~('l'o·n('('!'h'mtioll i1ll]luIHi\'('l~' Hlnt't!'(\ pipl' !'llt:mll('(' Ilow,
Ill!' Htability bohuvlonr of Ih(' two l'('ldom. d(ls!'l'ih('(1 in point 1:l (\1'1' suh-
;;tnlltially diJL'('l'l'lll, lu 1U'('ol'(latH'l' with th!' dilfl'l'l'l1!'!'s 1)('1.\\'('('u 1hpi!' volor-
ity proliles, 'I'h!' mlnhuum ('l'itil'nl H('YllO\d:; 11111111)(11'of 1111' purnllr-l How
(ile ::.:lU HI'l!i) WilH ;;IWWll to Ill' ItjlPl'oxitllll\l'ly twiet· IIH ltip,h IlS I,hl' oquiv-
alent value for til!' ontruuc« svstom (J?I' ;::_,11 (W7), Fttrthonnoro, nH tho
!JOIlUt!ll1'Y laYN' Ihidml's~ 1'(1(111('1'1'1,tho IllU'I\Il!'! systelll nplll'oal'lH'H 1\ ('t'itknl
(lh'llllU'('llll'ut I.hiekll('~'}l H('~"I()hlH 1II1mh('1' nbnut thl'P!' tim!';; lal'gl'l' thnn tIl!'
oquivalont limit for tlw ontrunr« syst('lll (ill'~' ::;Hi'::;i 510 1'I'SI)(·('tivI'ly).

l!), Tho uon-purullol uuturo of 1111' pip!' !'llll'lIll!'P flow hus un illHig"ilklllll I'If(I('(

Oil its stahilily hehaviour, Nou-pumlk-l !'m'ds, «\ullltiJi('(lll till' parnU('1
parmuotor /1:, 1l1'1' muxiunun at til!' inlet plall(" whore Ill( wlol'ity pro-
Illos approurh till' Blmmi" limit, J)OWIlHtl'1'1l1ll th!' uon-pnrallclnor I'('("I('('S

1'il)li<\ly, aurl formullv dh,n)l}H'lU'H ut ,I' '.: ll,[)()~ I!), that axial stutlon \H'Y(llHI
whirl! lIO critical Rrvuold« l111Ill\H'l'S !'XiHt.



IO, An oporut tonal uumorlcul uppruarh was (]t'VI'lopp(l. allowill~ the g<'Il!'ral
solution of III!' equatlous of fluid lHPrimllics, for both liuour und uou-Iinear
problems, PIH'olllpaHsilll~ hnt 11bourn lurv value awl l'iAI'Il\'ahH' SYS\!'HlH, Till'
approuch of Ortiz [Ortiz S.. Samara {lOKl, l!ls:~l] was ('xll'll(ll'(t hy olim-
ilmt.illg till' inversion of It luully sruled trnustormatlou matrix. inhorcnt
to thoir motliod, ('OllH('(llll'lllly fhi" modifiod \pdmiqul' waH UK!'d to solve
hi[\h unlor prohlom« (u'('I1l'a(ply, The rmumonullty of till' oporatlouul phi-
losophy with both rollorution aud shnpl« lluitr-dilleronrt- llH'tho(ls was
(1C'IllOllSll'at<'<i. Hi'<waH its I'qlliwlc'Jl('1' to Ol'i'zag's (W7!a) Tau mothod,

11. Numerical 1I1O(1!'ls WI'1'(I HI1(,(,,.,;sfl111y dcvolopod, both for high Rovuolds
1l1l1ll1)(11'm'('('lt'mtillg pip(' (·ut·ralH'(· flows, an.l for t twit' linear Hlahility:
(a) III til(' ('ilK(1 of t 1lC'hast' Ilow model, the 1>1'('SKII1'('11'1'111was ollmiuuted
allalyUt'!llly from 111(' gOV(ll'uing oquntlons, and tlH' resulting HYHi(,lll was
f()l'llIttJ!Lt(l(lllSilll~ tllC' (lp('l'atioual Tau lllC'tlwclmdially, awl ('ollOC'llt:j()ll ax-
ially, Tho unusual iUi(II';ral aml limit torms arising Irom tlu' ollminntion
of 111('Pl'('SS11r!' W(l1'1' Irl'alpd uniformly with the other tonus hy tIll' Tau
(lis!'l'Niwltioll, Tho temporal diserot isation was fully implicit lor th(' linonr
t.(·l'lllS, lind (Ixplkit for t h(' non-Iiuonr OlH'S.

(h) '1'11(1 1U1H!t'a(ly :-;Iahility oquutlou was un oxtousiou of llll' Soxl H!i1hility
rolatlou, TIll' :-;illglllal'ity PI'!':4l'll! at ttl<' origin was olhniuntod unalyt ieullv
hy trauslonuhu; till' radial ordinate, ill order to C'llKIU'(1Slh\('!l'al ronvor-
W'IH'(' of !11(1 resultan: oporutlou Tall Hj'Hi(llll,

12, Th« wloC'ity profilo Khllll(1 ]ltU'ltllH'\:('l' ol' MOHH (WH5). in coujunctlou with
tlul diHphWt'lll!'llt thlckuoss, W<'I'I' both I1S(,(\ !IS sculnr IHIt'lImplri" l('}ll'PHI'U·
tllt.iollH of til!' numerlcn! wlodty pl'olil('H. Tho M'a/I'd shaJlI' panuuotor was
introdueod: ill ('outl'IlHI. to til<' volocltv prolil« Hlmp(' PIIl'Ill11t'h'l' this shows
bounded lx-haviour I\~ 111(1bouudury IIWI'!' thkku('HH <11>I)1'01l(')1(Is ~C'1'0. al-
lowing til!' quantllicution of tho w!ol'ity prolilo structure in this limit,

la, LI was shown t,lm\. the Y(llol'ity lipId lu t ho (lillH'llHimlll'HS co-ordlnat« SYHtt'lH
is ('()lllpl'(lll(lIlHiv('I~' Ilf'I'('l'il)(l(1 by two sitnple 1ll()(\t·J:;: 1.)11'first Ill'ing pnrul-
lol, t('1lI1Hll'atly ti('v(liopillg and IilWIU'. and t.ill' HI'('owll'lplLt.inlly (l(lwIopillp;.
Hlontiy iuul non-lluour, At allY ehoson HIlH' t h(ll'(' ('xiHtH a (liUIl'llSiouIN,H
nxinl position, dnwustroum nnrl upstroum of which til(' Ionnor aurl InUN'
models 1\1'(1valid, l'(\HPI'I'tiwly, '1'11(1Hllitlinl oxtout of t ho intl'dill'(1 hl't\V(lC'1l
tho two l'(II~i()IlHWill' shown to 1)(·siunll at all litm';; tlm'jllg Ihl'UOW develop-
mont. Towards tho plano (If the pipl' inlet, tIll' I,patially clt'\'('iopillg \'(llodl}'
profilo IlPlll'Oil!'hpH llil' BiaHllis limit ill shupo, while Illl' dowustrenm par-
ullol \'('Iodly prolilPH hornmo Pl'l'Ol' Iuuctlou-lik« ill Hlmjll' for smnll thuos.
Th('HI' 1wo ltsympt ot.k liiults Ill'(' iucl(l)H'lHit'Ht of I h(' !U'('Pic'l'llt.ioll punuue-
tor,



4, For ouch tN,t, thl'1'1' ('Xi~!I'<1 all axiul position near til(' inlet at which tlll'
How fil'~t,dostabillsed, denoted till' minimum l'ritkal polut, As time pro-
grossed, til(' How Will' doatahilised both upstream and downstream of !hiH
point. The Howbroukdowu ill tho l'l'gioll of' this point. was characterlsed by
tlt(· development of lnminar 'wigglI'H' within till' boundary Inver, while thl'
flow 111'111'til!' l'l'lltr('lill(' rernnined Iuminar, Movillg downstroum, till' radiul
I'X,Put of tho iUHtahility lurroasorl, untll i'ar dowustromu, flow breakdown
O('('I\l'l'(I(1 by UH'aUH of II ('{JllV('('tl'cl turlutlout slug. All the Ilows lU('iUillt'('(l

W('1'(' prone to ovoutual ill:4tahility au II finally trunsitiou to turbulonco.

Ii, The oxpoueutinl flow Is all Ideal SYHtl'1ll ill which to mersuro oxporlmoutnl
inceptiou hohnviour, ItH til!' How breakdown (lafa 1'01' II ,~in!ll(! ('Ht trH('(IH
out an l'lltir(' oxporimontal stability ('1I1'V(I ill till' ,I: ~ /?(' plano. III ('ontl'tlHt
It Ht('lllly pipe Ilow would havo to Ill' sturtod to lllallY tlill'Pl'Pllf. Rovnolds
numbers to ('xtm!'t tho axial variatiou of tho critlcul H(I,Vllold:; number.

6, Tho expvrhnentnllv ol~,~I'l'Vl'!1dl'p('{,. of th(' oxponential aecoloratiou was t·ll
HtahiliH(' tho flow, till' minhmuu crlticnl Rovnokls number itu'l,(·ltHI'(1 with
higher mll'H of !t('('pl(')'utioll, 'I'hi« is ('olll'lil'lt('ut. with tho uhsorvntion« of.
IllllOllgHt othors, SIll'1l (l!)(il) awl <lit Silva (lUUO),

't, Tho bolnwiour of plpo ontrance flow under ('OU(litiollH of' 1t1'bitml',Y uccol-
l'ratioll iH govemod hy two IHU'II111PtPl'Hi the' Reynokl« 11\11111>('1'dotlncd by
Be £3 1;~',and tho nccclcmtlon I>1U'II11l1'(I'1' H ;::::lh:!·li~~~'III tho context of
oxponontlally ncrolcratlug flows, tho aecolomtion pununetor ),!'111ni11Hcon-
stunt.

H, Tho dovclopmont of tit!' g!'lll'mUy 1l1lst(l!t(ly pip!' hOlllldnl'Y laypl' (lquati(lllH
Involved no qunsl-stondy nssumptlnua, nud coutain tho Z(·t'()·n.('('Oi<'l'I\tioll
pip!' flow ('(JlllttiollH 111'n Hjll'('inl cuso. A slnglo tonn iu til(' oquatlon»
gOVPl'llH tho ('ff!'('t of nccolorutlou on tho 1';1><'How,

O. Tho nnnlytlc model ,[t':-l('l'ilINl tltl'll!'('('ll'l'atillg lliJll' ('lll:rltlH'l' flow hilt H('t. of
dhnonaionloss co-ordlnuto«, '1'11('values of' tilt' <l('lwwll'IlL vnrlubloa romnin
bounded, tt('spill' unhouudod dUtUg('H ill t:h('it' ph,wit-al ('oIlU(:('l'lll\l'IH, A
Reynolds uunrhor-dopondont ma)lping I'XiHtH betweou tho dhnousiunlos«
and phy~i('al uxlal position«. III ('Ollt.l'IUl(. to tho uul-ouudod holuwlour of

till' llhYHi<'al HYHtl'lU, tho 1111111(,1'i<'1\1model (\<'WlO]lH towllrd an lnvarlunt
Hta!'!' HH tlmo iIH'l'('I\S('H,
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Conclusions

A comprehensivo Ht\\(I~' of (IXjHlIlt'lltially a('('<'l(ll'atill~ Jlipp JiOWH hllH IH'PIl IIU'
dortukon, I'lllhl'llduf\ aualytkal, uumork-al und oxporhneutal compouonts. A HPI
of diH'pr('uHal equntiou« was dovolopod to (jl'sC'l'ihr pip(' flows vtlryill~ W'IH'r-
ally with timo; their muuoriral solutiou yi<ll<h'd results in substuntiul agl'('('llIl'ut
with mcasuromeuts conducted on it sjlt'eially developed trst fadlity, Th« Sllt'dlk
couclusious that follow will show that the work has eontrihutcd tu all cnhnucod
understanding of :-111('11 systl'lllS.

1. Au illtl'l~l'Itt.('t1 flow control and data ucqulaltion H'y14t!'1ll was HII('('('HHfllUy
developed, for pl'o(lut'inp; (\]}(Imeasuring plpo HOWH undergoing arhitrary
I\c(,t'll'rnt.iOlls. Tho uppnratu» WIHj Ils('(\lo APlll'l'lttl' n fmllily of hupulslvolv
st, '<1, oxpoueutially a('('pIN'nt(l(1 pipp I!OWH, TIl<' hunlnnr dovelojnneut
and snbsoquou! breakdown of tW('}V(I dllloreut oxponentiully val'yill~ Ilows
Will' lnvestlgntod IlI·dug 1\ lnsor Doppler velncimotor,

Velocity j)l'olil(';lW(l1'('monsur«l Ii! <1i;;('1'('(1 nxinl poxit ill II' ill tho pipo, froiu
which valuos of (lispill('(l}llI'llt thid\lll'l's and velocity prolilo shape puram-
otor [M()HH (lDHG)] roukl 1)(' SIH'('(lssflllly oxtraeterl, 'I'h« Hiuq)(l pltralll(ltN'
wn« Hllb.i(,(,t. to It SYBtl'llllttk error. duo to tho UUIWOWll posit.illll of tlw pip('
wall rolntlvo to tho LDV llll'lIslU'ing volume, For this 1'1'1IS(1ll<iispilt('Plll(lllt
titkh(,SH wa:, 1'110;;('11as Ih(' pl'il1llU'Y mvnua of ccmpariso» JH'tW(I('lI tho
tucnsuromruts nIHI till' 111I1\I;IIIoiis,Flow lnvakdowu orcnrrrd ill 1\ 1'l'lll'atib\t'
and coherent Iashlon. This was dotonnined I'y lll()llitorlll~ Ih(' Ilow nt It

number of ('\'I'llly spa('l'd nxinl pusit ious, (111('11at n singlo radinl position
within till' boundurv luvor.

a, 'I'ho mrusurod witH'ity prollk« WI'l'(' scaled wuh I'(,HI)('('( to tlH' iuoau ('l'OSS-

s(,(,tioual wlo<'ily obtaluod Iroiu the Ilowuu-tor. TIll' result iug uonuullsed
[ll'olilt's shnwo.l dhitilH'(. bohaviour: 1111 initial period of boundary I;t~'I'1'

gwwth Wlli'l Iollow«] bv 1\ l'(lgioll of How ill which til(' hOlllll11t1'Y la~'('l'
t hiuued with t lme, Eventually flow brrnkdowu took pitw(' within t hiH
boundury In~'t'l' thilllli1l~ pnrrkm of tho flow,

,[(Hi
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low about l'X,. tho linear tll('ol'Y iH applicable for tho prcdictlon (If the instnbillty,
Tho expected t1'(,11<1 ill tho data iH illustrated ill fif~IIl'(' 10.13 below, whore tIU'
datn of Ilguro 1!J.12 aro hy!>otiH'tic'ally oxtrapolarod to zero disturbanco size,
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Fi~tI1'(' 1D.12: 'I'll!' roduetion in oxperlmental mlulnnun crltical Reynokls nuuihor
with rC'HpC'('t to tho llnoar theory, with disturbnuco amplitude.
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Figlll'(' 1!>.1:3: 'l'ho oxpertod rodm-tlon ill tho mininnun ('t'itim! Rovnold« 111IlulH'l'
with 1'('H1I(,l't to Ihl' liuoar tlH'01')" ItS thl' disturbnnce umpliuul« IIPPl'oarhC'H ~1'1'().
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Flguro l!J,l1: Tho vnrlntion of til!' HMS background dlsturbuueo lllil!\nitll<!('
with ll('('(ll\lt'ltl lou pamlll<'tl'l\ llH'ltHUl'('dIII ('('lltl'l'lill<' lH'.ll' Ill!' pipl' illll'L

Ill'l'i1('l'l: (lOSS), Fol' thiH 1'ItlIg(1 of amplltudos, uou-llnour (llr(l(,t~ uro dmninnut,
11111tho diHtlll'\lllll('1' mugnit lull' is still too sinnll to Invoke hy-pIIl's mochuulsms,
Thi« iH couslstout with tho {ll'(lSPlll l'('l'l1lts: what. WIIH t;(1PU ('xlwrilllPlltally wn« a
gradual, flow hronkdown within tho thin boundurv la,V!'l'pl'eSl'llt, within till' pipo
('l1t1'I1I1('(" ilHlkl\t.illr~ a 'rnnventionnl' ('1\:;('(\(1(1 of instabilitie» ttlw!tnlH 1:I\1'\>u1('II('(',
mUu'l' than n slIdt1(,u hy-puss Imllsitioll, tTllfol'I.IIlHtt<'lytho poin! monsureiuout
nnturo of tho LDV procludod the' dl'(l'l'lllilmlioll of tho globul structuro of tho
flow breakdown meehnulsm, aud for thla ronsou it WIIS dpri,il'd ruther t.o ('olllill('j,
slmplv luenptiou lII(·(tHUI'(lllWlltH, A (1'11<1(\yPt: IlHI>fllllllNlHIll'!' of til(' quuutltntlvo
('lft'et. of tho diHt,\lth[llI\'(1~,i'l 111('P('l'{'('lltitgt' reductlon ill tho mluluuuu (,l'itil'ltl
H('YllOl<lsnumber (l'('lt~ti\'(' 10 rhe llueur theorv) with hlll'(laHill~ HMS mnplluuk ..
'I'll(' CliH(,l'PPIUH'Y 1><,1.\\'('<'11 III 'my awl (lXp<,rillH'lIt ('1111 Ill' dpliw'<i IIH

(W,n)

whoro U('[l'l'il.]tlll'Ol'V l'('}ll'(':-;(llltH tIll' tll('()l'('ticalllliuilllillll rritk-nl H('YllOldH 111\11\-
hor, whll« R('[(')'itiX\l1 iii tho l'Xll('l'im(,lltnll~' ohtltil1(l(\ VIIIII('. 'I'ho vnrlatinu of
~n( [('rill with B.,!S lliHtm\lalll'(' magllill1lh' iH giwll ill Jigm'p lU,12 mul 1'1'Jl.
l'(,I'PUt i., ('Ill,.! u.ution of rlutn from ligl1l'('H l!l,7 a1l11 l!),11. '1'11(' itll'l'I'IlH(, ill

~n( (t'ril, \\,'1" il'('l'(,H:-;illg tlisllIl'\Hllll'l' manninul« iK almosl liuoar Inr till' l'illlgl'

,r l,llll',nitwl<'K o.ois ~;;(il'll)~/UIU :,; O,D17, tlll' nmxinuun rodueticn ill I Ill' erit-
kill H(I~'ll ltlK numbor l)(lillr~ nhout 22'X, flit' till' high muplltudo porturbatlon«,
10'01'"II IIII'll of Ih(' H1lS Illllplilwl(' lu-low almnl 1),1112, fill' I'lU'V(' hflgillN to turn
<1O\\'I1WII1'I1.ilHli('atilll\ that below this nmplitudo Ill(' 1'(1'('('( of tl\(' (liKlllrllllu('(' Hii\('
l)(ll'OUll'S ill"l'(la>iilll~lyuuhuportnnt. 'l'his is ronslstont wit h of hor ui>Kl'l'Vatilllls

[Knrlumov (1!JH7), 1I"l'hl'l'l tl!l~H)1 whlrl: hulicnt« that fol' (liHtlll'hall('l' 1('\,(+, 11('-
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wavenumbor of 71 ::::: 1 [Huang & Chen {1(74)]5, Tho use of tho axisynnuotrlc
disturbanco was used for the sake of Hillllllidly: as tho Ht.abiJity of a('('d<'rat.ing
fiOWH WItH virtually unknown, the most economical moans of illv(,Htigatinp. them
was by using tho sillllll('st approximation to their behavinur. A Iogicnl cxtousicn
to HI(' current atHtlYHiHwoukl be the determination of tho non-nxlsynnnotric stn-
bility behaviour of exponoutially ucceloruting flows, Tho Hlability curve for tho
uon-uxisynunetrie cliHtlll'imll('l' ill HI(' ('m-\('of the st<>acly outrrmco flow hus both
It slightly lower critical Reynolds number, anrl it greater nxial oxtout than t.11C'
uxisymmotric 011(', Uso of It non-axisymmotrlc anulysl» should titus roduco tho
('\ll'l'('lIt (lilf('l'('lU'PH between the theoretieul IUICluH'1\Sl1l'e'c1 results, However it is
highly unlikely that lucorporutlon of this ('1f('('1'would coutributo Hignifil'nntiy
towards rednciug tilt' c1iH('1'Pp1tlH'Y,

A more llk(·ly cuuso of 1;110major dlfloronco h('(W(I('1l the' linear tlH'ol'Y and oxpor-
iUH'ut is tl1(l lll'('B('ll('O of Ilnite-amplltudo (liRtUl'lmll('('H within the pipe ontruuco
flow, UUfOl'tUlllttl'iy, tho theoretical Iinite-umplitude rospouso of oven tho st('acly
pipe entrance flow ill IlUlmOWII [H(I(' Abbot & Moss (lUOil)j, In t}1(I ('out(lxt. of the
BlnHiuH boundary l,tyPl" Iiultc-muplitudo ('f[,(" :H aro known to l'O(hH'P substan-
tially the minimum C'l'itkal Royuokls nmnber [14(,(' H(,l'bel't (H)~H) for a 1'!'1('V1t11t
overview of Ilnitc-nmplltudo stability], and by \uf(,1'('1I('(' this is almost (,Pl't.aiuly
iruo in tho 1l1'1'HPut CUSt' as \\'('11. Dotonninntion of the level of finite umplltndo
disturbnnco» present ill tho oxperimont was undertakon ill chapter H, whero the
RMS diaturbnncc magnitude' WIlS ostablished at controlino near the pipe inlet,
Tho magnitude of the dlsturbance rolativ« to the mean eross-socztonal voloc-
Hy was shown to remain a!llll'oxilllatPly conatant within It (:PHt. Comparing tho
(\Hl'('l'{'ut tC'HtH, the value of tho diaturbnnco magnitude increased with accolor-
ation pnrametor from just: allow 1%, to 1\ maximum of 1.7%, Tho HMS (l!\(:a
of (lg\ll'(' H,12 if! ro-prosontod below ill figure' 10.11 with tho !\.VPl'ag(' value of
t!t(, monsurod accolemtlon parnlll(,(:C'l' for each tC'Rt bolng 111'1(1(\ iu place of 1:11<'
uccolorntlon ('OIlHtlmt ". of eho previous liglU'(,ti,

Evklon! In this Jigltl'!' iii tIl(' deal' lncronso lu the level of Ilnlto ainpllturlc por-
turbatinn» with uccelcmtlou lllU'IIIll<'t:(Il', Slit'll lUI i!I(','('I\H(' ill the background
ouvlronmout would Ill' oxpoctod to ('nl1~;e au hH'l'pnKil\!~ dovlntlou 1>('tW('1'11 tho
tltC'(ll'l't.i('allllld oxporluiontnl uiinh-um ('l'Hi('al Hl'~'llOhIH numbers. Ex,wt.ly this
('{[('et was 14('('\1 in tho datn of flglu'(' 10,7, TIm» tit!' dhl('l'C'lHtltey between tit!'
tl)('o1'), and oxporhnout iH qnalitltt.iV!'ly lU'('0\111I('(\ fot' by lh(l 1>1'('1'1(11\('('of 1:11('8('
Iinito-nmplltudo diHtll1'i>aU('ps, AI'! montlonod in dlltllt:('l' H, tho 1)('1'1 urhntiou uuur-
nltudc ill 111('1>1'('1'('111 ('aRC' iii within the l'<'p;iOll dPH('l'ihl'd IUl m('di'lLm CI.1l!111it'l/.rie lly

hns hrou fonnally dl'lllOllHtl'llll'cl only fur t hI' Ilnl\I'Il·Puis('llllln flow, Whlle IIll!1l1!lllIlll
Chon ShOWl'l\ tlll\t thl' 11. :C~ 1 dlsturbnne« is IIInr0 unstuhlo thun tIlt' I\XISYlUlIll1tl'k ('IlS(' III till'
pill!' nntruuco, it Is 11US!dhlr tlmt. II llist\ll'hrull'l' Il()HSI'H~lnll1111uzimuthnl wavunumlror Ill'PIllt'1'
thun unity Illi!lht \w till' most uustahlo hpj'{',

fl'l'lll' uceoloraeiun Imrl\1lwll'l' hurl lint vot h '('11 dofluorl in t'hnptt', Il, and thus tlit' exporl-
mental {'Xlltllll'uthl\ ('OIlslilUI: k wns llNt'(1 tu l'I'II:t'Sl'llt tho mar,llitucil' of tho Il(TPI('mtion thoro,
III the' 111'!'Sl'llt{'Ollte'Xl, til!' Ilwilsltr('d n('('ph'riitiull purumotor was initially varlabl«, I:hc'rC't1fl!'l'
Hrltilull down to It more-or-lres ('()lIstllllt valno. 'I'lli' I1.VPI'Il[;('value takon for iiW,IH Ill'tunlly til!'
mean Irmn tlu' IIlU(,f, runxtunt portion of fll(l flow,
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Numerienl va\I1('H of b' and 1/(' wore used to transform tIll' exporimentul data, for
the ronsou that no measured variations of the pnramoters \\'I'I'P obtained at tIl!'
stations whore tho inroptiou meusuromeuts \\'P1'(' (,lllHhlt'lP(r1, X('\'('rthl'\pss. thp
comparisons of rhaptor 11{ slll.\l-\t'st!'d that !':.Pt'1'illH'lltal and theoretical values
of dlsplacoment thidmpss wore ('ol'l'l'latl'!\ to within 5'/. of ono auothor.

Of primary iutorest ill fir;ul'l' 10.10 is th: trend for (It'!'l'PlIl'illP; axial position.
Wh(ll'pl\s th« theorotirnl rurvos ('OllV(,l'P;(' 011 it siUld(' point in tIl!' limit as .i' -+ (J.

the rurvos obtuined Iroui the Iitted sUrill(,P remain approximately parallel. This
trend is probably <1\1(' 10 tho low order of fit, coinbined with tilt' spal's('IIPss of
oxporimontnl data in t 11('limit of <lP('l'P<lsing ,I'. ('ollsitlpl'illg all t hl' oxporhuontnl
{'IU'\'!'s tog!'t her, t heir moan trend is in the A('llt'ral direction of t he Blasius limit:
all the oxporimoutu! ('\Il'VI'S aro rouvorgcnt to values of I?r-~. \)(>(WI'I'Il .too and
Don, Tho only manner of resolving the question of behaviour ill tho pipo inlot
limit is to conduct more monsuromonts t 1)(,1'1',

Two dlsthu-t S(J1ll'(,I'Sof (ii;;{'l'!'pallcy an' ('vhlt'lll ln-tweou IhI' theory and I'XI)('1'-
Iment, 011 tho nnr luuul, spnrsoucss of 111('<1:-;111'1'<1point» towards t 11('pipp iulo:
oxncorbatos unrortninty ill tho meusurod valuo h('l'P, On tho other hand. if th!'
uneortuiuty was hypotlH'ticl\lI~' eliminated, it Iuudmuontul di:-laAl'<'PllH'nt would
still 1)(' expected for tho full 1'itllfll' of nxlul pnsltlons, dill' to Iundumentnl dlf-
1'1'1'1'11('(';1 lH'tW(,PIl tho nssumptiou« of tho nnnlysis and tho condltious P1'('I'II'11t ill
tho physic-al systl'lll, Th« possihlu mujor ('ltIIS{';! of lIlt' latter disagr(l('lllPut art'
considered ill tlil' SI'('tiOll that follows.

19.3 Effects of non-axisymmetry and flnito-arnpli-
tude disturbances

It was arguod above that, apart from IUH'Pl'taillliPH ill mousurcmont«, (!tN'P 1'P·
malus It (liSel'C'}llllH'Y 1)('lw('l'u tho Ih('ol'Y anti oxporhuout duo to clilf('l'l'lll'('~ ho-
twoeu tho simplo annlvtlcnl model nnd the physical svstom. If uou-parnllel I'l~
fl'('ts 1tJ'(, disregnnlod lib iniii()l, 1111'1'1'rouiain two major t'l'ilSOllS for tho inhon-ut
clh-mgl'!'l'Ill!'ut that npll(\I\t's to oxist hotweon I hoorv nIH! oxporimout: nmnoly 11011'
axi.~llmllH't I'll' ('IT('('t,~and t he Jll'l'S('Il('P of iin i/{!-1t1111Iilllltir' di,~11t1'11Il1l('r'8wit hill t 11(1
exporimout nl S~'i'lt<'IIl,

Cousldering uou-uxisynnnotric ('Ift'clt'l, the eutiro diseusslon thus far has con-
('I'l'lll'(1 tIl!' cmupnrison of tho monsur«! inn-ptlon data with a,ri8,IIT1I.'II1C'/l'ic' lin-
our st ubilirv results, 1'\'1'11 t hOUAh ill til!' rnutext of stt'adr pipo outranro flows
t Itt' most (lallAPl'OU~ disturbunro« at'P 71()II-i\xis~·lllllll'll'k. wit II au nzhuut hal--.------._...... --.""""'-_.

"M!'nSm('IlH'lltH of thr- llisp)a(,(lllIl'llt thidml''' woro roquin-d at rurh stutiun wlu-ro thl' in-
('('ption mvasuromont« \\WI' rmulurtod. In order (0 "rhi!,\"I' (lib, it wnukl lmvo 1>1'('11~ullidt'llt
to 1II('aSllfl' tlH' routrolin« v('l"rit~' ut thIN' nositiom., Fllrol'tlllliltt'lv. this was nut dOIH" IlIHl
thus UO t'XIH'ritlll'ntal variation nl' t1i~pla('('llh t'i(kl"~S was avnilnhle

4ThiH ('Hi·('t wa~i shown to hI' till; nportunt in itu- runtext nf pill!' IIllws hv Ahhot ,I,: ~[()~~
(I!l!) 1),
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curve is tho most shallow, and the uncertainty in Reynolds number of oRr:::: 350
translates to all uncertainty ill position of h.i' ~ O.002j while Ior tho steeper curve
n::::50 tho axial uncertainty is (J.r ~ 0.001.

H<'fl'l'l'ing hack to Ilguro 10.6, both the' th('(ll'l'ti<'al and oxporimoutal ('\Il'WS ill-
crease ill mngnitude for l'('dlldllg nxial position. While tho thooroticnl data
lucrenso rapidly towards lnfinity ill the limit as ,I' _... 0, the Ilttod data show it

more gradual increase, especially for tho IOW('I' accolorutiou parrunetor curves,
The us!' of tho H{'YIWlds 1lI11Ui>l'1' to study the now behaviour ill this limit is
not ideal, duo to its unbounded behaviour, Ilowover, it was shown in chap-
tor 17 that the displacement t hieknoss HC'YIWlds number approached tho value
R('~. = 510,060 as ;r ......0, T() explore this limiting behnviour tho stability data
of figt!l'(I l!J,!i woro transformed into the :1' - Rl'c. Irnuiowork according to

(lO,5}

tho result of which is shown ill flguro 1U,lO,

4000,..---,----,---,-----r----,

1000

3000

Re.
3 2000

Blasius
limit

%~~-0-,O~OI-~0-,O~0-2~~O,-00~3-~0·,-0~04-~0-,O~05

x
Plguro 10.10: Tilt' varintlon (If <'l'iti('nl diaplnccmout thi<'lm('H~Reynolds muuhor
with axial posltiou, for various values of tho !\('I'pl<'l'atioll pnrnmeter: (It), curvos
oxtmctod Irom tho fi trod oxperhuout al surfm'('i t hiu lines, t hoorotical stnhill ty
curve»,
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While the oxpcrimentul curve would 110t 1)('oxpcotod to follow tho linear stahility
variation exnetly, the behaviour of each dat It with ,r might he expected to he
qualitativrly similar, Thus tho stntiouary hrhaviour of tho experimental curve
ill Ilgur« ID.1l is pnsslhly spurious, unrl rolarod to lnudoquncics in till' surftu (' fit.
Dotorminutiou of derivntiv« iufonnatiou iH prono to It much higher inaccurney
than till' extraction of tho actuul surfaco values, uud tho strong variability ill the
posltion of 01(' mluhuuin nitieal value rau 1)(' inferred hy a slmplo sl'usitivity
annlysis, All the exporlmental ('lU'VPH shown ill Iiguro l!l.G hnvo singl« unnimum
points. and tho nncortuinty ill tho posltiou of this point is dlrectly rolatcd to the
shallowness of the (,111'VI' nearby, Flgur« lD.!) illnutrntcs this principle.

-,
'"

'''_, .'

Ra

-X
Fip;tll'(' 19,!): The relutlonslrip betwoon tho ull(,Pl'tailll,y in the position of a curve,
and tho IUlc(ll'taillty in the position of its minimum point: (It), fitted (,Ul'V(); (1)),
possiblo valid variatlon of RI'.

Hero curve (a) represents a soctlon through III(' surfnro lit, TIl<' dotted lines
brackctlng curve (a) roprosout tlu' ('1'1'01' hounds of tho data, positionod ut Ill' +
bRI' and Rr - bRe respocttvolv, Auy curve l'(,lllaininp; within tiH'SI' bounds,
Ior instance CIll'V(, (1)), l'rpr('St'llts It valid variation of til" Reynolds uumhor
with axial posltiou, to tlw level of ('prtlliuty given hy 111('1'1('hOlUHIH, As ('1\11

1)(' soon, while curve (h) rouinlns ellt.il'('ly within tho hounding llos, its turning
point is far from that. of tho fit.tl'd data (It), This sensitivit.y run hI' qunutiflod
II,\' a simple cousklcmnou of tho Ilguro. AllY valid ('l1l'VI' must bW(I It t.urning
point }>();;iliolH'(1 within till' orrot hOI1lHI:i, under the horizontnl <1ott('cllin(,2, An
unrortniutv in Reynold 111l1ul)('1' bRc' results ill a roiumcusurntc 11IlC'C'l'taillty hi
ill tho position of tho mlnlnnun value. Tho ratio h,i'/hRc' itu'l'(,IlH(\H in proportiou
to tho shnllownes» of tho ('Ill'VI' near 1.11('eriticnl point, TIl<' axial roglon of
uucortninty ('lUI 1)(' stutod in a cmnpact form a:i

b.i' :::: [,1' IRe'(:f') <.: R('lIliu + 2hHC'j (l!).i1 )

whore UC'lllin iH th(1 miuinnun niti('al value, III tho currou! context tho ~i ,c::: 10

_cc~AlIy'~'IIf\'P with it turningpuiutubovo this llno would !1lI\'(' to IlilSS outside of tho orrur
hounds.
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By extrapolating the oxporimcutal curve to zero acceleration parameter, tho
exporimontal value of mininnuu eritical Reynolds number for steady ontranco
flow can be cstnuatod, shown as a dotted line ill figure 1D,7, III the present caso
this estimation iHsigllifi('alltly 1'10:-\('1'to tho thooretieal llneur stability miulunuu
('ritical Reynolds number of 11 (jU7 [Abbot & !\IoHH (1004)] than that obtulnod
ill nny previous study [c.f, SItl'plmYlt (Wi5)], Th« cnnvergont trend 1>I'IW(lP11 the
two ('U1'VPH is couslstent with tho results of til<' flnite-amplitudo mousuromcuts
of snction 8,,1. III that section, It reduction ill tho level of Iinito-nmplitude distur-
haure was H!'Nl with decreasing ncreleration pnrametor, aud thus couvorgoncc
hetwcon tho Iinonr theory and experimental incoptiou results would be expected
as disturbauce mtonsity 1'('(1I1<'('s, This point is taken further in section 10,3,

Tho leeward (downstrenm) Hid!' of tit!' oxperimontnl data shown ill IigllrP l!J,G
remains lowe]' ill slope than til(' oquivalcnt portion of tho 1111111!'I'i<'nl ('HrWH,

ospoclnlly for til!' curves IJ(lHS!'HHillg highel' VahH'H of tho (t('('Pl!'l'ltt.ioIl pnnunotcr.
This is clue to I hI' fart that. tho 111('1\14\11'('(1 <lata define tho loci of disturbanco
incC!11tion ill tho flow, while the thooretieul data rcprosont tho l~nml' ,~lnbilitll
r!'Sl1011~(' of the flow, Tht- }('('WItI'<1sklc of tho oxporimontnl ('II1'VPH dofin« that
region dostabilisod hy finite umplltudo disturbance» eouvocted downstream from
ncar t.11('critical point, This issue was dlscussed previously ill section 0,3,

In the theoroticnl (,Ill'V!'S of Iiguro 1O,U, tho axial position of the minlnuun nit-
leal point mlgrntos rapklly towanls the inlet plauo with iucronslng nceolerntion
pammeter. III tho oxporlmeutal data, itH position remains fairly constant with
uccelerutiou, TIl(' varintion of tho mlnimum crltieal axlal pualtiou with accoler-
ation parameter is ~'h()W11 ill Ilgurc 10,1:\,

40

n
Fimu« Hl.t~: The vnriatiou of tho nuuuuum critlcal uxlnl position with nrcolor-
ution pnrnmotor. (It), ('IU\'(' oxtrnctod from oxporlmcntul <lnta slIl'fn('(' Iit: (h),
tlH'o1'ntiml pip« (>11\.1'1111('('minhunm ('ritiml curvo.
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Rc
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Figure 19.6: TIl(' variation of critirnl Reynolds nun-her with axinl positlou, for
various values of the nccelemtiou parameter: (a), (,1U'V(,S extracted from tho
fitted experimental surface, thin lines, the theoretical sta.hility curves.

Rc
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Figuro 10.7: TIl(' variation of the minimum ('ritle-al Reyuokl« muubor wlth 1\('-

eolorution IHtl'IlIlIC't.(It': (a), ('\I1'V(' oxtractod from oxporhuoutul clato. surfnco lit;
(b), t.ll(loretieal pille' outrauce mlnlmum niti('a} ('\I1'V('; - - -, cxtrupolutlon to
Z('l'O arceloratlou.
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IlIU

rlR

Figuro A,Ii: Numerieal velocity profllc with 1I0i:-.(' 'If umgnltud« 1'1.· nrkled: 0,

noisy dat u; , ('xa('t ('111'\'(' ,

Illtl'r;l'at.joll of till' Vl'llwity pl'olill' yil'ldl'd au error ill th« mean flow !'Ill(' of

f~/ -= 2,:J(j() x HI ,I (A,lO)

Di{f{,l'('ut poiuts tn the' previous OU{'S wore chosen lor t ho dorivntiv« aud con-
trolino fit, uotahly more JlOintHwore roquinxl to ,L('hiC'vl' ,\11 accurate routroline
dotormlnntion, hut tho muuber of wall points was ideuticn], Tho chosen points
WC'I'I'again ill(limt('(1 hy monns of <lotted l'{,('tt,nr,ll's iii lignr(' A,5.

Tho (\1'1'(11' in tho slmpo Il1\I'II11H'I('1' WIUI l'olat.iVl'ly llun(f(I('t!'<1 by til(' 1l0iH(li ill fa!'t
itH value (11'('1'(llIs('d Hli~htl)', to

(~~,,::: ,!,(j 1 x ur :I (A,I1)

'I'h« ('('ut 1'C'lhH'rlet onuinat ion was rnnrk« llv am,!,! (·.1h;\' t ho nolse, its 1'1'1'01' ill-
1'l'l'lIsilll'.dm:-.t.kally In

I ~('1 1(1 ':\ft,.. ~,:,! .),)1 X , (A.12)

hilt 111{'previous Il1ghl,\' 1\('I'lll'a!t' value was (hll' to t hI' almost I'XIU't lluouritv U

t hI' cia! It t III'n' - t ho ('111'1'1'111valuo wm, more lil{!' I h(' ronl mvnsurements.

In eouclusiou, t hI' 1\I('IIn Ilow dot onnluu: ion \Va" h'H~talr('('t I'd h~' noise, tIl('
l'I'l'UI' hl'inr\ o,o:~~rror ] 'X nonuul nois«. Bot h wall <!('rh',lt iV!' and ('l'lltrC'litll'
111)Pl'o'\illllll Ion \\'('1'(' p(l'tivah'llt Iy 1\([1'1'1 ('( I, t heir 1111('1'1'1aiuly lH'illr\ ahout O.:i'A,
COl'tIU' 1<1I1tl(' IHli~p level, In romltv, lllO!"!t ul' Ilu' llll'a:;I\l'('(1 }ll'OfilpS were Ir'M noisy
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Flgnr« A..1: Nuuioricnl velocity profile, showing smupkxl point« to hI' 111'(1<1for
Ihe osthuatlon of t ho intl'~mt ion error,

{THing t lie SIUll(' wiol'ity prolil« as allow, tilt' prnrvdur« to I'l'l nhlish ('l'utl'C'lhw V('·
loC'ity and tlH' velocltv dcrivntlve nt tho wall wns Ilppli('tl, Tho t!ott('t! l't'ctllllgi('s
ill Iiguro A.4 contain tho points used to dotonuiue I h('HI' two puramotor«,

Tho nctunl shnpo pllrnllH't<'r of thl' vclocitv profllo wns .., :c, l!J,!)!)OlUi, lYsing
1\ S('{'OlIlI order interpolatlon to the hmulIim'y lnyor pointa within tho dotted
rectanglo, tht' error ill tho Hhnp(' PIU'lUll('tl'1' wns

(A,tI)

Duo In thl' llntlH'SH of th(' current prolllo, Ih(' esthnntiou of thl' eeutroliu« v('lol'it.y
(nctual value 11(. "" 1.1t1!)~·1:J)wns t'XII'(,Ill('ly nreurnto. A linoar iutorpolntiou
resulted in t ho error h('illr;

("" ::-.::!1.2ii x HI II (A,!»)

A.4.2 Err'cet;of noise

'1'111' pl'olill' illl('gl'llt('tl uhovo wns not \'Pl'~' l'pllli:-;Ii(' ill tlnu 11-1' velorltv \'ahl(,s
at I ho polnt« WPl'(' exnct, nat It Iroin lUI LD\, is I"llhjt'l'l til SHIIl(' 111l1'Pl't aiuty,
typimlly it rnu rosolw t o about 1 IX of t hI' Ilow rang(', In UI't\Pl' tt, measnre
tIll' "lfl'l'Is or random lIuiSt' Oil t hI' velorltv prollles, !lobI' wit h 11~<'1'() moun mill
l'li" .}III'I} devlntiou of 1'1: of th(' menu \'('}oeily WU:i 1II1<1<'t\ to thl' prollle uhov«,
Th« lutorpolntlon« nhove W<'I'I' 1'('lll'ltt('t\ mul \1\bl<'~; ('0111)1'\1'('(1. Frl~lI1'(' A.1i shows
tIl(' uoisy pl'om!' SIlIH'l'illl!)():-;(' ~ Oil till' I'XIII'! I'III'\'(',
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which, wit It t ho typicnl values given curlier was upproxhnately

or about 0,06%,

A.4 Errors in experimental velocity profiles

T11l'r(\ wore two major S01ll'('PS of error assorlntod wit h t he oxtrnotiou of pn-
rnmotcrs from oxperimcntal velocity profiles: 0111' courorulur; determination of
tho moan cross-soctiou v('lority (hy iutogratiou :If fIll velority profile), and OU('

relating to tho oxtractlou of the coutreliuo and Willi dorlvativ« parnmotors. The
8!I,9lc71I1I/it ('i'rm' nSHudat('<\ with tit!' wall rlerivativ« WilS (liH('uss('d iu sp!'!ioll A,ai
111('current dlarussion ('OIl('('l'UH tIl(' random ('1'1'01' in tho oxtrnctiou of this pa-
nunotor.

A.·i.l Velocity profile integration 01'1'01'

This error was dillicult to osthuato, but cnnrernrxl 111('mismatrh lx-tweou tho
fitted curve ami tho oxporlmeutal dnt(\ (l('fi1li1l~ tho velocity procedure. This
nualysis is not couromod with errors introdunxl by vm lnhillty of IIll' lndivklunl
volocltv-tlmo lra!'(\:; (\tIC' to inlot ('lr('('tH,

1'11(1 \H\st WIW of (\!'(<'l'lllilling this (II'I'Ol' Will' hy I'Hlillutl:in[\ tll(1 moau ('l'OHH'

soctinunl \'!'Iol'ity of au illt711'('1'il'tll wlol'ity l>l'Olill': siu('(1 UI(' uetual !>r()!l('rt1 's of
11Ipuumorlcal prolllr- W(,I'(, 1\('('lIl'1l1 ('Iy known. 1'\l('h It ('st would servo to high-
light errors introduced b~' tho ('II1'\,1' filling prollle. TII(' t('sl profile that WIlH

:;('11'(,\:NI was ouo from tho parallel dovolopiug tlow, with lUI accoloratiou panuu-
etor 1l :::::an - au lntenuecllutc !t('('('}l'mtiou • nud wilh slmp(' pnnunotcr ,,,':::::20,
TIU' clatn '\1\); sampled at radial iut('1'mL" similar to those IIs('d in tho exprrl-
montntlou, Th« rosnltunt 'l':qH'l'illll'utal' I'rolilp WIIS thou iutl'!',l'at(1(lllsiuA tho
curve itt t ing routine dpS('l'ilwcl ill HI'('I Ion ;,G,a, Sitll'F I Ill' moun ('1'OSS-S(1('tiUlllll
Ilow mtl' of the· numorlcal profll« was unltv, IIH' IIlI'IlH\U'('(!IlH\llll volority would
joiN'V(' (:it'p('('ly IlS tho ('1'1'01' ostlmntr. Figlll'p A..1 HhuWH til<' s('II'('I('(1 prolllo, plu«
I hI' cliH('l'l't" S('lp('lp(1 points,

TIl(' hmuulnw lnyor lil shewn wnx of fourth unit')', while tIll' coutrolino lit waH
third o)'(IN', Tho 1ll1'1I11 now rnto pstillllllpcl by the honnrlary layl'l' lit was Plit
O,!l!Hl !ll\(). Ihe luterpolatiou prnrrdun- t hilS pl'mhll'(\d an !'I'I'Ol' of' unly

Ifl ;, 1.!l!1O x HI " (A,i)
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Thus for Hlll,tll errors in positioning of tho wall, I II(>('!TOt' in tho derivative at thI'
wall was shnply tho quantity !lr%'r, Thr radial qunntitv r was hard to csthuato:
to simplify matter» oquation (A..1) could hI' roarrauged as follows:

(A,Ii)

Equntlou (A,5) WIIS ill tonus of tho Iwtllal slopo ant! tilt' quantittos Il' aurl br,
Tho error in tho osthuntlon of tho slopo WIlH thus

(A,G)

Typical uncertaintles ill tho wall position WI'1'(' around br c; 0,002: on nvorago
I.lw v('I()C'ity value II' was upproxhuatoly 0.1. With tho \VI til gl'adi(,llt h('hl!~ of
tIl(' order 10, the HYH!l'llll\!.k Ull('('l'taillty in wlocily dl'l'ivnt.iw Itt th!' wall wns
11.Pl)l·()xilllntriy

Tho velocity shapo pnrametor WIIHdeflnod n» ·-2 tillH'S tho dlmousionloss voloeity
profile dorivatlvo Itt tho wall. TL\lH tho vll1'inilility in tho shapo P1\1'1\111(11('1' was
aho\lt

As mentloned, this (,1'r01' wall syslt'umt!t·: all Ull' !ll'Itdi!'uls mensur«! from a sot of
profiles from Ii pnrtleulnr statlnu would show tho smuo diseropnurv, This ('!f!'C't
WIIS in nrklltiou to normal errors nssoclntod wit h the voloclty p1'olilt's, which aro
lliH('llHS(,{\ in tho lollowing H('('tiuu,

A.3.1 Errol' ill tho mass flow rate due to wall errol'

Til!' ('stillmtioll of tho 1\1'1'11.under til!' vl'lol'ily prolllo was also su hj!'('t, 10 1\11('('1'-
tuiuty ill tho wall posltimu however tho <lhWt'<'PIllH'yin Ihis ('!lSI' was mluuto.
Tilt' 'extra' flow ontnilod by tlll' wall uioviun It diHtlllU'(' ~1' ont.wl\i'<IwaH 1t1lIll'OX·
illllttl'ly
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A.3 Systematic error in the profile wall slope due
to uncertainty in the wall position

Assume It group of t,hl'(l(' velocity points Iroin 111(' innor buuudury laver of It

velocity prolllo, plus a wall posl tiou that is huh, I'd ('0 HOlllP 1I1I('('1'tnintv, A
Clime!-ntic lonst-squares Iit is malic' through all four (lala ami from t ho slop« of
this ('II. VC'at tIll' iutersectiou with t 11<'radial nxls t!I(' wloC'it.y dorlvative at. tho
pip!' wall iH inferred, Figlll'(' A,a illustrates this Pl'O('I'14S,

II

n
"

Fig\ll'(' A,3: Tho elleet of wall variahility Oil Ill(' (lstillmtiou of nil' v(lloC'it.y !lC'rivn-
tivo at tho pip!' wall,

Ilero n' is tho v(llo<'ily value of tllC' point d()Sl'Ht to til(' wall, It iH IISt-l\ltlH'll t.hal,
tho Pl'ofit!' Is nonnalls«! iu rudius nnd w!odtYi thUH thl' moun ('rosH"S('I'tioua!
volocltv of thl' prolllo is unity, TIl(' l}IHtlltit.y 1" l'r{:l'('H<'IliH till' distanr« of tho
inuonuost lllPI\SIll'illf\ HIItl ion from 111('wail, 'I'ho sinnll tonn tI r is au 1lI1('I'l'laillty
in tIH' wall position.

Lpl 1111' slopo of thl' s(.licl lluc at t.iIP wall 1)(' 11, :::;: '111~II ,This slopo I'UII 1)(1
II U

npproxiuuu«! by t ho rutlo 111' ~ ¥~,If till' wall ro-nnllnnt t' :;hifts by till' IUIIOUllt

br, thou tllC' stopI' Itt tho wall ran ho upproxhuuterl lIS

whit-It hy It hlnmniul oxpnnsinn for bl' sinull hl'I'OIIlI'S

il,. ~-~II" (1 .., ~!:{ ,..) ,
"I

{A,,1}
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Figure A ,2: The distrlhution of the flowmeter (lata. about til!' 1IlC'1U1. The horl-
zontnl scale is nonnnllsod with respect to the full range (ill this cuso ,1 lis), A
model Gnussinu dlstrlbution ill shown suporhuposod,

0'1/" ._ 0.02·102 lis;
a l1e == 355,(1 , (A.2)

Thus at a Reynolds number (If 20000, 1'11('lH'l'C'l'utll.ge variation WIl.H Ul%, while
Itt tho mnximum range of GO000, this related to ft varlatron of 0,0%.

'I'ho flowmotc» was mcasurlng n. smooth variation on tho Ilowrnto, thus t.ho
uncortnlnty to which tho Ilowruto WIIS nscortalned from tho lloisy dl11:a above
was glvcn hy tho standard error of tho moan [Brlnkwortl; (1!J73)], given by

whore N is the' nunibor of data r!'alisatitlllH. Tho IWN'll.g!' 1I1l1u]>!'1'of points for It

siuglo flowmoter trnco - such itS that ill Hgll!'(' A.l - WUH ~ t1000; thus till' ('1'1'01'
to which the flow variation WIl.H obtuinod Oil !W<'l'l1AC', WIl.S about:

(IIr t:! 5,0 • (A,a)

Thia ('l'1'or IlnalYHiscunromod only t lIP scattor of til(' Ilownu-tor du t It, 1101 its
lillcarity. 'flip calilnntiou of tho Ilowructor waH (liH('IlIlK('(l ill dotuil ill H(I('lioll i.li.a
Oil pl\g<' 12·1.
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A.2 Scatter in the flowmeter data

Data was acqulrod from til!' flowmeter Itt It rnt« of 100 II:!., ill the form of all
unaloguo signal. This signal was sampled lIHiug 12 bit, pnx ision at. C'ff('rtiv!'ly
10 hit resolution - H(,(' soction A,l allow, !IO\\'('V(l1', the nualoguo signnl wn»
actunlly derived Iroin a (lip;ital signal - tho serial couununlcation link botwoen
til!' flowmeter proper and tho control hond. Whil« this analoguo signal wns
HtC'lt(ly to within till' 10 hits being mcasurod, til(' digital Hignal it: {'tIC'(HI('d - as I~

stopped-wave sample-and-hold tYllp signal - was far more noisy thau this, '1'11(1
unaloguo uoiso could thus 1)(' ll!'gl('('t<'d ill comparlson to the innate noise in 1.1)('
sigunl from tho j)ropril'tary Ilowmotor unit,

TIl(' H('attl'l' Inherent in tho signnl WIIH lUi n. rntlo of thp full-scalp rang!' of til"
uuit: it. tlms became relativety WOI'S!'at tho lower flowrates, Data for tho l

EXPE is shown ill Ilguro A,l,

2 r-----r---.,..----r----,
1.8
I.G
1.4
1.2

Q (lIs) 1
0,8
O,G
0.4
0,2O~---~---~--~---~o 20 40

t (s)
60 80

Fig\ll'p .\,1: Unsmoothod Ilowmoter datiL Irom tho test EXPl~, showing tho
innat» hl'O!t(\<'uinp; ill tho data, Tho Iull mnge is (il/s,

In 01.1('1' to nsccrtnln tIl(' S('I\U('l', It polynomial was flttod to tho data, and thls
1\1('1\)1value was aubtrnctod from tho raw (lata, TIH' rosultnut tll,lIt was ('(lu(.I'('(1
around zero, und showod no hl('l'P1UW in brondcning with rnngc • tho H('att<'l' was
coustant Ior tIl(' !'11th'" <11\(.a, Tho (liHt.rihntiou of tho rosultunt data ubout tI1(I
moan could thus hI' IIH('prl.aiup(\, This distrilmti\lu iH given in Ilguro A,2,

Tho nonnnl (listrihutioll (". \lIM!'(\ tlsing tho 111('1111 nud standard dovlatiou of
tho c11\tl\ is shown superhuposed I\S n solid ('\H'V('. It, is illlHl('(lintply ('vid('llt that
tilt' dlstrihutlou is (iltl1SHiIlU; thus tho simple moun calculntlon cnn IH' used, awl
tho stundurd c\('viatiou will giv!' an lndicatlon of tho vnl'it\hilit.y, 'I'ho ordinato
is prosoutod ill lis; tho orrur is IdVl':: IlS It mtlo or th« iuaxiunun Ilowrato ! ud
thoroforo hilS units,

Tho maxhnum Ilowrato thl'(lll!~h tho flOwlllPtpt' l'(lla\C'ci to a Hoynokl« uumbor.
Tho ('!Jllival('ut.standard dovlutlon could thus also lw giwll ill tonus of Reynokl«
muubor, 'I'ho stalHI1:rcI (\('viatiollH uro nH IollOWh.
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Error and sensitivity analysis

A.I Analogue acquisition

1ilnny data such us the Ilowmoter and tank 1ll'(lSSUl'O were moasured using nil
analogue-to-dlgital convertor card mounted ill tho PC, Furthermore tho cll'd.ro·
magnetlc valves wore controlled by analogue output lilH'S from tho SIUlW card,

Tho card USN[ was It PC3013 IUlalogtw/(ligitnl card, made by Engh' Electronics,
Capo Town, Tho input and output was to 12 bits proclslon on SOUH' llnos, and
Hbits 011 others. A properly ahlokl«! [uuctiou box and coaxial cablos woro tl1-i!'([

(:0 connect the card to tho controlled aud mcnsurcd j{:('IllS,

Menauromonts at the cuds of tho shloldod rlthll's showed that tho 12 bit clmnnols
gnvp repeatable results to 10 hits predsioll, tho last hit l)('ill~~UOiH(', This was
truo of both input and output channels, 'I'ho 8 bit channol« wore ropoatable to
the full 8 hits,

Thus for the 12 hi!; chnunols, tilt' Innate l'l'l'Ol' was

,1OUG
~- (),O!}H%, (;\.1)

TIll' a('('1tl'lleY in til!' 8 bit channels WitH llHHIIlU('d to h(1 ("Ill' rosolution of (I1OS('

channols, Illtlll<'1y O,8!l%,

·ITl
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of wall shear stress probes mounted throughout the length of the pipe;
altomatiwly a movable probe might be employed to reduce expense.

,1. A higher data density ot stability measurements ill the Si • .I' plane wo ,1<1
have allowed It more detailed 1111d accurate surface fit to the oxporhnental
inception data. Detallod measuremonts closer to tho inlet plano, lmpossl-
hlo ill tho current rig due to roatrictod optical aC'(,(,HS, would have further
clarified the experimental stability behaviour of tho flow ill (hiH limit,

5. A small 0' ; .ight of hnpr.. 'tllt. consequence was nogloctlng to obtain the
centreline velocity at the axial stations where Inception data was moaaured.
It was shown in section 8.4 that knowledge of tho dhnenaioulcss centre-
line velocity is sufflciout to determine tho displacement thickness, This
omission resulted ill tho displacement thickness being unknown for tho ill-

caption moasuromcnts. Lending from tho above, an oconomlcal motlind of
obtaining both the velocity profile shape parameter and the dlsplncemcnt
thickness ill 1\ pipe flow would 1)(' to measure the controllno velocity with
an LDV while simultaueously capturing the wall shoal' stress directly with
11wall-mounted 1>1'01>0.

G. Tho observed boundary layer flow breakdown, although statistically ('0-

horont in broad structure, was random ill detail, This, ill combination
with tho point monsnromcnt nature of tho LDV did 110t allow tho in-
stantunoous behaviour of this phenomenon to 1)('captured throughout UH'
pipe, A more suitahlu method of capturing such lufonuntlon would bo via
global voloclmctry appronchos such as light-aheet tomography, or general
flow vlsuallsatlon toclmiques,

7. Tho stability behaviour of tho flow was illvcstigat(l(\ uumorlcally uslng n.
simple linear stability analysis, W1101'OllS in reality tho mechanism of flow
breakdown in tho measured system involved Hnitc-amplltudo <'ff('('ts. A
moans of obtaining bott(l~ correlation between tl1('ory and tho CUl'1'pli';(IX-
perlmentatlon would bo to conduct a nuito amplltudo analysis of tho accel-
C'l'ltting pip<' 011t1'I\11<'0How. No detalled Ilnito-nmplitudo titability analYHis
oxlsta, even COl'stondy pipo outmnco flows, Possiblo methods to 1><, om-
ployod ill such an inVC'stigatioll would bo oithor I~weakly non-linear thC'Cll'j'
[8(,0 IIpl'bpl't (1!J8!:l)] or a full numorlcul simulation. Although tho lalt('1'
approach is computatlnnnlly Intensive, tho advont of fast modern mnchinos
and oconomlcal uew numerical toclmiques would mnko such !\ gcnl attain-
able.

I:l. Dofo1'(1 att<'lllptillg It complicated flnito-umplltudo ntutlysis of tho pipe flow,
it would first 1>0 worthwhilo to conduct It simple' nou-nxisymrnotrie linear
stahility illwstigat:ioll, It is \VC'1lknown [8('(1Ilu.uig & CIH'1l (10711)] that tho
nou-nxlsynnnotrir' Htl~hility curve (with all n:t.illlltth!ll wnveunmber of 011p)

is Hli!~htl.y lower than its syuuuotricul countorputt, and inoro importantly
hilS II P;l'Of.t('l' n:fial oxtont. By illf('l'(lIH'l' t]tC' samo tt'''ll(IK would flPllly to
tho 11l'(I~<'llt stability <laln, which llli~ht account for Itt leust SOllW of' tlw
observed dlscrcpanclos,



Chapter 21

Recommendations

The invostigation into tho Htllhilit.y and othor behaviour of exponentially accol-
orating pipo entrance flows was succcsslul in nchlevlng most of its H(!t Ol).i<'CtiWH,

Tho current study diet, however show some dl'Iici<'uei('H and those IU'O d<,scribod
below, together with possible' Iutur« oxtonslon«,

1. Thoro is a fundamental lack of understanding couceruing tho behaviour of
pipe inlet contractions in general, with most designs utillsing simple rules-
of-thumb combined with potentia] flow theory, Further, 110litol'atUl'o exists
fN' j 'J. dmlign of contmctlons in tho context of unsteady flows, While the
present pipe inlet conttactlou has boon used aucccssfully in other appli-
cations, it led to a number of undesirabl« ('ffr'ctsi (a) the observed inlet
'bump' at the lntcrfaco between tho pnrallol und entrance flow regions; (b)
the slight vnriq,bility of tho ontrauco flow l'('p;iOlliand (e) the level of flnito-
amplitude <iiHt:ut'hallc(ls in tho flow fidel, A l'101'(, controlled experimental
iuV<'stigl\tiol\ Into llllHt('ndy pipe flows would thus first roquire tho detailed
iuv('stigatioll (possibly 0. comblnntlon of numerical and exporimcnral) of
lulot contractions under unsteady conditlnns,

2, In tho (,Ul'rellt system, tho dvnamlc control of tho flow WitH optimal only
fut' the higher l'n11gl' 0 Reynolds numbers, D('fkiNIC'iC'S ill tho control
~lYst"m nt low Royuokls uu.nuora np;gravltt('(l t,]w Inlet (lfreets described in
point 1, and caused tho inonsurod flow rato to doviuto noticeably from the
(I:"1)('('t('(\ vnrlation, The \lfW of udnptivo control algorithms, combined with
a 11101'(' accumto flowmeter, would alleviat« thiH probloiu. A more complete
solntion would however also 1'('<1l1i1'(, tho roplucoiucnt of the (lXiHtillg oloctro-
pneumudo valve with It moro sousitivo and rospunsivo device, possibly It

tailorwl hull valve drlvon by n Ht<'PIWl' or DC motor,

(I, While' tho LDV Ill'OV('(\ itHrlf in most al'('llH In hp ttl! optimum meusuro-
lI1(111t tool, it had t1ofid('udNl, In lllll'ti<'\lial' it was ouly Il1>I(1 to achlovo It

rolatlvolv poor osthuutiou of tho wall Hlwnl' stl'('HH, To OWl'COIIW thill, it is
reeonnuondod that thlH pnrlUu(lI(Il' ho measured (lirN'tly, using a lllltt,(>l'Y

,171.
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20. The predicted minimum criticul Reynolds number Increases with arcelcr-
ation parameter, both for tho parallel downstream profiles, and for tl.e
('1111'1111('(' flow. In tho ('!lS!' of tho entrance flow, tlw Iinear stahility curves
for iucroashu; uccolorutiou art' surcossivoly contained within their 10w<'1' uc-
('('I(ll'atioll countorparts, and all curves approach each othor with reducing
boundary lnyor thicknoss. Further, tho value of the criticul displacement
thickness Iiovnolds 11111111)('1' for ouch ('\11'\'(' npproaches the HIm-ntis stability
limit us tho boundary lnyer thlckness npIl"(JadH's zero, Tho axial I'X(,l1t of
tho nnstnhlc region 1'(I([l1(,(,S with inrroasiug accolemtiou parameter. Tho
parallel dowustroaiu flow shows analogous hohnviour to the entrance sys-
tom, except that tho ~ritirul dlsplnrouiont thirkuoss Reynolds 11\\111\1(11' ap-
111'Oll('hNI t.hp orror-Iunrtion stahilit.y limit as tho boundary layor roducos
in thickness. TI1(' stahility (,1ll'WH for til!' parallel downstream flows Itl'('

generally much higher than for tho ontrnnce flows jlosspssiug tho H1tI1l('

accolcratlou parameter,

21. All the oxperimcutally observed iIlHt.n.hility ()(,(,tU'l'NI iu tho entrance I'<'{-\ioll
of tho plp«, rorrcsponding to tho stondy iuuuerlcul <'1ltl'l\ll('(' 111,)(11'1 ill th('
dimensionless co-ordinuto system, This allowed til!' uicnsurod incopt ion
data to 1)(' ('OIl1parc'c!lll"I'(,tly to tho sh'ndy entrauco tltahilit.y analysis,

22, A loast-squnros surfaco was fit tod through all tho III('l1S\I1'('<I iu('('pt.ioll <lata
in tl1(' ;r - fl- R(' SPIH'(', TIl!' fitting prorodurc yioklod good roaults Ior Ow
expcrimoutal minimum critlcnl Reyuokls number, mal p;aVC'11II indlcatlon
of the oxperhnontal pipe ontrnnee stnbilitv bohavlour. However, tilt' low
()l'(I('1'of fit I combined with tho rolntively CI'Wexperimental inception points
for the smallor axial posltious, gaVC' 1\ IpsH accurate fit. townrrl 111(1inlet,
This resulted in hoth t.1l(' position of tIl(' mlniunun e!'it.kILI point, and
the asymptotl« behaviour of tho surfnco ItS ,j' -I 0, \l!'iug iUlW('\I1'atl'ly
ropresoutod.

23, 'rll(' mugnltudo of tho dluicnslouloss fn!' ::;11'('1\111(listllrlmlu'c' [j0(i) IF]
moasurod at rontro-Iine near tho pip(1 inlo] plano Will' ('OUSt.IIUt. for tlw <Ill-

ration of It [.pst:, wl.llo its value iucroasod llucnrly with necolorntiou panun-
I'll'l" Irom a value or about 1.IIt{. at tho lowest IU'('I'I('l'rttiou, to nbou; 1.7%
for th« hig!tpst. Discropuncio» hotwoun thl' IllI'HSIll'('cl miuiuuun nitiml
HpYllOil\S numbers alit! tho IiIll' at' thoorv iI)('l'('IISN! with It<'cdpmtioll [lit-
nunetor, TIIP oxporuuental mlniuunn cl'iti( ul Revunkls 1I1111lill'1'was about
22% 100VC'1' than tho theory for till' high (li:;(:lU'ilau('1' tPHtH, I'<'llll<iup; to It

<1iS('l'('IllU)('Y of 12% Ior tho 100\'(':<t distlll'ht\lH'(' magnitude, Tho llij[(\l'I'UCI'H
1)(,(.W(,<'11 tll(lol'Y HllIl ('X[lC'l'ill)('lIt ;tn' conslstout with tIIP PI'PSI'IU'(' of small
Ilnlto-umplltud» distnrhauco», of iusulik-lout magnitude to mus(' bY·llllSS
trausittou. Norvort hI'II'HS, Oil tho hasis of' mluiuuuu criticnl Roynokls 1l111ll'
\)('1' the' eurron: \VOlk shows a suhstnllt.illll~' dOHI')' ('ol'rl'laliou l hall previous
stllclic's \)(ItWI'I'II linear stnhilit,v pl'('dictious 1111(1U)('i1HIII'l'cl doviatious Iroin
laminar lluw,
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anrfaco.
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Figure 13.2: Velocity profile's for the test EE2 (#R = 2D.21i), represented as !t

surface.
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Figure D.:]: Velocity profllos for the test EE3 (;!~IR ::::(i4.ri2), represented as It
surface,
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Figure 13.'1: Velocity profllos for tile test EE5 (.1'1 R = 320.50), represented as n
surfaco,
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Appe-ndix B

Base flow data

This appendix contains nil the exporimentul velocity profile data, given all It

throe dimensional surface pIOt.H. Tho (l:\ta is non-dhueuslonalised with respect
to radius, and normalised by its 11<('1\11 velocity, ~~ is ordered H('(lucmt,ially. This
profile data l'('Pl'{'S('Ut::1 a coarse sampling (If the l'I\W truces, points being taken
every one 01' two S(,(,011<18.
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Figure 13.1: V('ludly proflles for tho test EEl (.l~/17 = 12.211), roprescntod as It

surfaeo,
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than the artificially generated 011ehero; thus the present error «sthnate is It

conservative 011e,However the variability clue to inlet effects at times produced
much large!' variability in the houudary layer than shown hero Errors due
to th('s(' C'ffc'ctsW(,1'(, extremely riillirult to quantify: the distribution of those
«vents was not normal (in most traeos they \\"(>1'(' absent, only appearing at. some
stations).

The above analysis assumed no bins in the' velocity data, Bins would obviously
affect the mean VelOI ;ty profoundly» if all tho traces were to show a systcniatic
1% error in velocity, the mean velocity would also show the same ('1'1'01', Optimal
placing of the sampled points also maintained the level of accuracy. In some
profiles, traces were missing 01' badly displaced, and this would have severo
consequences on t,11(' error estimate.

A.4.3 Verification of the mean flow accuracy

ThC' only means of Vl'rifying tho nccuraey of the profile iutogmtlou was using
the flowmeter calibration, conducted ill section 7,5,3 on pagC' 124, Here 111('1\11

flow data obtained from intcgrntion of all tile velocity profiles \v. comparod to
measured flowmeter (' '!\j figure 7.15 gave this calibration data graphically,

Referring to the figure 7.15011page 125, the lower [Jart of tho curve was obtained
from integration of velocity profiles from the parallel part ot the flow, whereas the
upper portion was derived from tile entrance part of the Ilow- the flow snhjoct
to the large variability, Consideration of the variability of the more accurate
parallel region WIIS undertaken to test the correctness of tho error estlmates
contained above.

The variability of the 'parallel' datr, was 1.0%. However theso data also c1C'-
ponded on the accuracy of the flowmeter, whose vnriability was of the order of
one percent. 'I'hus the only conclusion drawn from this comparison was that the
val'iability introduced by the integration was hetter than one percent,
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Table C.U: Critical parameters at discrotr times ill tho Iar-dowustrorun impul-
sivoly started pipo flow, for til!' caxo 12 = ,10. TIl(' undrrlinocl data are 111('value's
of thC' paramotors at t he' minimum nitic-al HC'YllOlcls lllllllhpl".

t ~II [nit I nh'[eritl RCJI!rl'!t1 U('~'[rritl
(x 10" ) ( x 10:1 ) ( x 10' .1)

15 17.5(i6- 231 Au Pl:-;'2:-7'1·.~0"'"u.:....t~1":':"0~=:,U"'"'.3':-+--::O.'-==3~2U::-::3~O-+-:0:-:.3-:-;1"'"'(i~73,-l
20 1,1.1'125 227.07 108.:11 1711,.1 0.32001 O.3lGOa
25 13.177 220.33 OG.2!J5 1712.1'1 0.3278!J O.31Ij(j3
30 11.010 22,1.·11 88.350 1730.1 0.:12887 O.:JHi·1H
,lO 10.158 221.11 77,2:17 1757,8 O,:J:30~n ().~~1(j·l1
50 8,!JG80 218,07 OO.n02 1788.1'1 0,3:1231 O,:Wi15
00 H.OU23 215,21 0,1.82:1 1820,8 0.3:1358 O.:JHI8il
70 7.'1110 212,'18 00,001 11{!).1,2 0,:)3164 O.:n5·15
SO (U,OOI 200,1.\.1 57,975 It\88.! 0.a:3:i53 0,31501
90 0.,1<128 207.2!1 d5,(iOS 1!J2,1.!I O.3:JG;W O.:n.153
100 0.01<15 20·1.S0 53,iOO HlG2.2 (,,3aOOO O.:n,102
125 r,.~~ii18 1!J8.S2 50.aiO 20'.ia.l O.331:i15 0.:11255
150 ,1.01'10,1 19,J.!Hi oi8.!Mn 2l!i8.U O.a:1!)1l5 0.:11l0H
2no :Qim.v. .h'1·!lZ .Hi.ami ;2..11,;:h!1 t1,:lill),tti !h;HI77(~
250 3,2820 171.1i ·Hi.,W2 2iOO,0 o.aaouo o,ao·utI
3d!) 2,8301 100.'11 .1i,080 3000.0 II.aaH71i 0,300·1:l
8 ., 2.'1709 1·10,5:l 5{),ii2 3'H>;J,;- O.a:173·1 0,20051
.tOO 2,150<1 138.'12 5,1.000 ,10·11.( O.:J35<1:J 0,292·13
,150 UH8,1 120,01 (i(1.912 47-13,8 o.aaaoa 10,2HIH5
"00 1.G313 111 so "1.).3·1·,") "('\,)33 (1,',),'lOO('1 ().~)\13"'\,)

L_..;,,~5_0_J....11·.:130.,,)~(71 1'~:_~'~.'_",:~,;,,~,,_),...L-_~l'.!..l).!.U,_H(I;_)-I•..-. ~O:«U_I)~3)"'3~.(r•.11 o.asnu 0,2~H~~._ GOO _._ ~ uo - ___ _. .!!:~l~~.~~~292

('[nit]
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Tnble C.::!: TIl(' COl'l'(,SPOlH\('JI('P botwcou t awl 111('other voloeity profile pnnuu-
pt(,rH I~t.discrete HuH's ill till' pipe ('ut ranr«, [01' t II{' ('asp H :::~aO).

cPTt S (I.III tt,
( xl0r.) (x10:l)

rn,._:.,--- -!l1'.1){12 13.1~(iUi
20 H5A02 15.a2G 1.(

25 i(jA3H 1i.l!)() 1.(

30 (jD.UHI HUWO 1.
i10 GO.HU5 21.7!J(j 1.(

50 5l1.H21 2·1.353 1.(

GO (jO.3H2 2G.(H5 1.(

70 :1G.D5H 28.7:3·1 1.(

HO iH.2Hi 30.GG5 1.(

!J() ,11.H5D 32.t1GG 1.(

IOO '1O.05!) 311.157 1.(

12ti 30.:l!lO 3H.OO·l 1.(

15() 33.G!lG -11.·I:3H 1.(

200 2!).()83 ·17.:108 1
250 27.·1!)7 G2.5:3H 1.
300 25.G!)G G7.0GI' 1.
3!j() 2,1.320 G1.V11 1.
qOO 23.232 (j·l.tl(j2 1.
·150 22.3·i(j m.~.2GII 1.
500 2Ui10 71.·'127 1.
MiO 20.!)S7 N.37G 1.

LGO() 20A51i i7.l3D 1.
GIiO 1!J.!)!)2 7U.7:!!) 1._c_k...__ ~c-

-f271
law
135H
O:3D2
l·llili
1512
11iU:3
IGIO
)(i53
)(j!J.1
17:Ja
IH2:1
mll·l
1017
117·1
12tll:l
13U3
H!lO
1581
IOG7
17,1·1
11:12·1
18!17



..H'l'ENDIX C. T..1HULATED 1'lWFILE ,I:.' ST.:1HILIT'.t· IJXD1 :ina

Tahlo C.7: Critical IHU'lUU('({'l'H at dlscrot« timps ill 111('fur-downstream hupul-
sivrly startod pip!' How, for tho ('asp fl ::.'ao. '1'11(1 underlined data nr« the values
of tho parmnoters at til!' miuluuun critical Revnold« 11111111)('1'.

[ L ./I;~~:'::fl~;~:_.:':;~:12
r- Hi!) 1.7 n.a2(Hil o.aiusi

1()02.a O.a2~Ga o.:n 73·(

_,
{ nl'U{c;'it(\[('titj nO-[I'l'it'

(x1O") (xl0:1)' (x 10 a
15 17Jiif:f 2:n.~5- 12:U7
20 1,1.~Ii·i 227.GG lO7.1!.!
25 la.20D 227m !l5.(J(i!i
ao 1LO·1t1 220.20 ~7.002
·10 1(1108 222.2; i5.G37
50 0.0132 210.50 68.175
GO s.rus 21O.!l2 G2.iDD
iO i.·16aG 2H.'l(i 5H.i·1O
1:10 (i,OIG'! 212.()!) M.liGO
UO (Ufi22 20!I.KO ii:t002
IOO (i.Oim) 20i.!ii so, DOli
121i 1).::1211 202.22 ,17.100
HiO .1. 7li5D Wi'.O; ,1<1.·1I:1H
200 3.!)·18:~ IH7.11:1 ·11.!i!l5
2JHl iiJm~l 17'UiJ_ !!O.4H.t
aoo 2.U·Il2 lUi.8i; ·to.MD
:l50 2.5850 15H.05 ·Il.lint)
·100 2.2t-:20 l·l7.0!) ·la.u15
·1/jO 2.0153 137.57 ·W.51l2
500 1.7720 12G.G·l 50.811
551l 1.5·1(j(i ns.ns 5G.DD3
GOO 11327'( 102.·12 uo.i.n
GuO UOO2 HH.20il sn.ros_ ='=_~H_-" _~~.=.w·~~ _

170!i.2 O.32Dii O.:1l7:i:3
17:137 o.:3a:.m·l O.317!i7
17·15.:1 0.:3331'17 o.ainn
17G7..1 O.3:lI)·ii O.317!iU
17!J().H O.a:lGH(J O.317liO
lH15.0 o.a3~HO O.:1l7:l<l
lKW.2 O.33U21 O.:H71K
ll'{(i(i.a O.:l·1()21 o,:nU!J7
W:l7.2 O.a·122G o.aW:H
2010.1 (),3·.1.111,1 o.:n!i!i:1
217H.5 O.a,W55 O.:n:lllU
~:~;(i.7 1l.:HH1.1 !!dlJii~
2612.2 (l.a·lU12 O.:JI)!)27
2801i,7 0.:H052 O.30(J78
a2,12.G O.a,W·11 O.aO·10U
30iH.a O.3,j1{82 O.:iOUU
·12a,1.1 O.:J.liGD O.2:JH03
,H17D.n O.:Wi!l7 O.2lH50
(i032.7 O,313,lH O.200·W
705B,7 O.a·lOO2 (),2H57D
-. --....~~
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Tahle C.G: TIl(' corrospondour« between { and t he ot 11<'1'velocity profile ,Illmlll-
('tN'S at (lis(,l'('t(' times j!~til(' pip(' outrauce, for the ('lIS!' 12 :.;::20.

f>' / [ FdF
(xll):I)
13.1!J2 l.02n
15.33G 1.031G

{ s
JXI0r.)

15 !l~.701:1
20 !:I:).2·17
25 7G.20·!
30 GO.72G
·10 GO.Gi3
50 54.573
GO 50.10!}
iO ·!G.()G·l
ISO ·1:,.002
DO -11.625
100 3D.i07
150 33.2()i
200 2D.·IHD
250 26.!}·17
300 25.(J!)G
a50 23.!l7G
·tOO 22.5·1G
-t50 2J.022
!jOO 20.H50
u2!l 20.!i00
MO 20.!!).!
560 20.07·1
GOO 10.G30
G5h 19.137

l iOO 11:1.iO·l
750 I 1~.320

li.:lO::J
II:1.Hil:l
2Ui23
2·1.302
2G.605
21:1.iDI:I
30.7·12
32t!j5i
3-1.2G·1
·n.G30
·17.60H

1.0:J56
1.0302
1.0·156
1.0513
1.0!iG·!
1.0GU
1.0G55
1.0 (i!)(J

i.otao
1.0!JO~
1.1055

52.H3G i.us:
5i.51:12 1.1301
li1.iiS 1.1·110
G5.Gltl , 1.1511
GO.IG5 i 1.lG05
i2.·1GO 1.lG~1i
i·l.OaG 1.173H
75.551:1 i.irso
rn.isa 1.17!Ji
7H.-WG 1.11:1Gl
H1.215 1.10:m
1:13.1:123 1.201·1
SG.3().l 1.201:10__ -1.._
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Table ('.5: Criticnl parmuotors at discrete times ill til(' Jar-downstream impul-
sively Hta1'tNI pipe flow, for tho cnso !2 ::::20. 'I'll!' underlined data 111'(' the values
of til(' parmnoters nt. tlH' uiluinnuu critica! Rovuolds number

t n[
(x 1();')

15
20
25
ao
40
50
60
70
80
00
100
lliP
2 '
• ,0
aoo
!!fi0
·100
450
500
525
li50
56{)
GOO
650
700
7liO

.• r-"
R('I1[<'!'it.] R('6·[l'l'it] r[C'l'it}erit.1 II\~· fit] ('[crit]

(, til:!) (xl.O-:!)
.60G iai2G 122.30 1Ii57.1 0.32611 0.31751
.1383 228.21i HW.()7 1678.2 0.32722 O.:n710
.2012 227,81 Oa.t'!i6 1G72.1 0.32038 O.318()5
.!l77 226.1() t{5.\iG7 ·:380.G 0.330G7 o.:mno
.230 223.·1<1 7·1,( 73 luuO.2 0.33327 (l.31H73
15i:l0 22{).0·1 GG.·tuU ..'t'02.U 0.335·12 O.31!){)G
DOG 218.65 GO.H·I-l 1715.8 0.33735 O.31!l3·1
J167 216AG liG.GOt l'i'20.8 0.33008 O.:n!l55
)731 2101.37 53.!W4 1(.1.1.'1 O.:HOG5 O.alO71
224 212.35 50. 52!'! 1750.G 0.311210 O.:n083
,102 21O.aO ·lH.2G7 1775.5 O.34:W; 0.31002
331 201.2() ·11.(),12 HW:i.7 0.3:1903 O.310!l7
,132 102.85 n038 1052.0 0.35:l81 O.3200G

17I:lD lHUG :35.27i 2088.0 0.35G:-l0 o.ainoa
)522 175.75 3,1.28,1 2231.1 0.35003 O.3Hl22
1n(w Hi7·~1 iI4·(J.l7 2:mn.!l 9 .:W 11>.1 9·;n722
11<17 158.'15 :34.452 2G02.1 O.:JG370 0.:31005
507 1·10.37 85.180 28/17.0 0.a051!) 0.31407
30·1 laU,tl!) 37.1D7 3152.4 0.30013 0,:na07
228 134.05 38.350 3333.0 O.30G'12 0.31210
187 129.8G aO.70il 35:W.3 O.3GGfi7 0.31118
'77!) 127.78 ·10.403 3G2U.G O.300GO C 31076
183 119.13 ,13..t07 ,10·18.,1 0.3G(H3 O.30S93
22,1 107..10 ·18.(1% i1750·tl 0.305(il 0.30G22
235 0·1.173 ij·l.552 57tl5.S O.30:m9 0.30280
085 7BA07 72.50:l 75(j2.G IJ.::WOO5 O.20SIH

2>"'_, --~-----.

17
101
13
11
10
0.(
8.1
"""I••
O (
"G ".u

G.1
·1.8
t.O
3.,
3.1

2.1
1.0
i.s
1.7
loG
1.5
1.3
1.1
0.0
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Tabl« C.·1: The corrospondouce hetweon f aut! tho other wlol'ity profile parrun-
etors at clis('l'('t(' tilll('S ill tIll' pip!' ounnuro, Ior tho ('as(' Sl ::.:::10).-~t-·_.

S h"IR
~ ... !.~Frier

(x 1(5) (x lOa)
To"27I-15 08.575 -1'3:J.!3H

20 H5.0U2 15.3·15 1.0:nG
'25 i(i.OHO 17.217 l.O::lUG
ao (JU.53·1 IH.H05 Ul3U3
40 GOA51 21.H50 i.oisr
1i0 5<1.32·1 2·1A:JO 1.01n·1
00 f1!.l.83O 2G.7·11i 1.05G5
iO 'IG.auu ss.sci 1.0U12
80 ,1:3.5HU 30.H1U 1.(l!l57
DO u.soo 32.U·Hl l.OGO!)
100 :lu.aM 3·1.371 1.I17:ll'l
115 :l(i.05H :la.iM 1.07U·1
150 32.836 111.H23 Ul913
200 28.002 ·17.0U2 1.10a2
250 26.303 53.330 1.11!J.i
300 2<l,·100 5tU04 1.1315
350 23.02·1 G2.IJ27 l.H27
·100 21.851 GGAOO 1.15:n
'luO 20.H8G 70.0H5 1.1G30
500 20.077 i3.5:n 1.172·1
uGO 10.38G iG.ii2 l.lH14
GOO IS.7St-! 70.S3·1 1.1UOO
GGO 18.205 H2.7<10 1.1083
700 17.1.iOl !iU.50U 1.20G;J
7GO 17.388 !i!'l.152 1.2UO
BOO 17.017 OO.GS5 1.2215
8GO lG.G83 !la.115 1.2288
875 Hi.527 U:1.205 1.232,1
DOll 10.378 05..153 1.2:350
025 Hl.230 !l0.580 1.230·1
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Table C.3: Criticnl pnrametors at discroto times III rho fur-downstream impul-
sivoly started pipe flow, for the' cnse il ::::10. Tho undorliued data are the vnluos
of Ihe pm'l\lIIl'trl's nt tho iuiulmum rritil'nl Rovuokls IIIunh or. ~

i ct[c'ritJ n~"[('rit.] U('lI[C'l'it.] 1f('b" [('rit] ('[crit] r(crit.]
(x 10~) (x10:J) (xl0-3)

15 17.629 232.67 121..13 lU·fu.l O.32G51 O.317DO
20 1·1.!)13 228.84 10:!.9i W6UI 0.:12783 0.:n7i7
25 1:1.27·1 228.5,1 U2.(j(j.i IG52.2 0.3;3012 o.aisre
30 12.011 22G.!lG Hoi.3M 1G5G.1i O.3315i o.:n!}O·l
40 10.:nO 22·1.61 72.54G 1657.6 0.33·l·W O.3I9S8
50 9.1032 222.3!1 G,i,(.i!H lUG1.7 0.33G!)7 O.:t105I
GO 8.2·103 220.3!J 58.957 Hi(ili.!) O.33!):'!'! 0.3:.nO!l
70 7.5703 218A!J fi.1.55!J lU7Ll 0.:HI2!1 0.321G0
80 7.03011 21G.Ci7 1i1.05:3 lG7G.H 0.3,1321 O.32:.!05
00 6.58:32 21<1.03 ·11'.11:11 16H2.!J r..3·1500 0.322·17
100 n.:W'13 213.25 ,15.778 WHO.G O..rlGGH O.3228li
11~ fi.7337 210.01 -12.777 1GOH.I'i 0.3·1911 0.:123·12
1);0 ·1.0111'1 205.·1:l 37.88·1 172!J.1 0.31).102 O.:l2HO
200 ·1.1280 lOB. Iii 33.'100 1771'1.3 O.3GOI3 O.3255G
250 3.5825 lU1.U!! 30.782 HI;!7.9 0.3Gii·15 O.:32G,17
300 3.1G78 HH.OG 20.039 1!l0!J.2 o.arois 0.32718
:350 2.8:3115 17G.!J5 27.952 19!)3.0 O.:nHi 0.32772
,100 2.5552 160.67 27.35!J 20!H.1'J 0.37831 O.:l2810
1lill 2.313G Hi2.11i ~7.1Xl ,2211i.n !Jd~lX1i 1l.32H:n
GOO 2.0991 1511.35 2i.3!JO 2361.3 ().3H·i!JG 0.32835
550 1.!J()il0 1:1G.18 27.!J!J7 253!J.3 0.38770 0.32817
GOO 1.7225 137.51 29.057 27GO.5 O.:mOO3 0.32776
GGO 1.55(H 12tl.28 30.GtlO :m·12.7 ().a!llH~ O.327().1
700 1.3H27 118.23 3:3.08H 341:3.0 O.:m323 O.325!JH
750 1.2152 107.12 3G.G76 3!J25.1 O.3!)389 0.324·15
HOO 1.(Ji1()7 !1:1.37'( ·12.2!J1 ·1Gtl·1.8 O.a!J375 ().3223·1
H50 0.lM80!J 7H.!J70 52.11.12 5!JGG.a O.:3U2·1G 0.31031'(

Uli 0.737511 60.51.1G 00.(i1:(!J 7!J.Il.1 0.3!J121i O.31711G
O.GOI'J3!J 58.072 ;.t. 7G2 8820.0 O.3H!J51 O.:n515

" OA·107,! ·12.571 IOG.OG 12G07 O.a870·j O.:1122i- ---~



APPENDIX C. TiiBULATED PHOFILE & STABILITY DATA 49tl

Tuble C.2: Tho (,OlT(,R!lOIl<iPllC(, 1)('lw('('11 f and the other velocity profile parani-
eters at disrroto times ill the pipe outranco, for tho 2('1'0 nccoloratlon (Si :=: 0)
cos('

f s rtu Uc/U
(x 1()5) (x lOa)

13 106.09 12.234 1.0251
1<1 102.04 12.729 1.0261
15 UH.·H2 1:3.20<:1 1.0271
Hi 95.207 13.G62 1.0281
17 92.2H1 1<:1.105 1.0200
20 84.93G 15.355 1.0317
25 7n.017 17.228 1.()357
30 (10.3·12 18.913 1.03!):~
40 GO.228 21.878 1.0457
50 M.U74 2,lAG!) 1.051'1
GO '1O.5U3 2G.7DO 1.0GOG
so 43.287 30.8D:J 1.0G5D
100 3U.OOO :H.47D 1.0741
140 33.'137 ·10.031 1.0885
200 28.401 48.2b8 1.l0GO
')0 23.870 58.635 1.1328

400 21.1<16 67.19S 1.1553
500 lD.202 74.623 1.1754
GOO 17.030 81.2/12 1.10110
700 16.877 87.251 1.2114
SOO 16.033 02.778 1.2278
000 15.337 !l7.911 1.2·135
050 15.032 ico.ss 1.2511
070 1·1.D18 10UO 1.25,11
01.{0 lt1.SGI un.rs 1.2550
000 H806 102.25 1.2571
1000 1·1.i1"~ 102.71 1 .2585
1020 aG,.5 103.6·1 1.2H15
10,10 ltl.5t12 10,1.51i 1.2G,111
1050 H492 105.!)1 1.2G58
lOO!) 1-1.'1'12 105..t6 1.267:1
1070 1<1.303 105.01 1.26S7
llltm H2D7 IOG.SO 1.2702-- _.



APPENDIX C. TABULATED PROPILE [.: STABiLITY DAT.:1 <H)7

Table C.1: Criticnl pammeters nt discrete timos in the far-downstream impul-
siv(\ly start(\d pipe flow, for the zero-necolorntion CltH!' (il ::::0). Tho undorlluod
data Hl'O the values of tile panunctors at tho miuimum critical Reynolds number.

E RI'II(eritj Rf'o*(cIitj
--

n[Cl'itj (\'6"[e!'it] ('(c!'it] r[critJ
(x 105) (x 1(3) (xlO-:l)

1:3 20.023 2<14.75 12~.O7 1601.6 0.32765 0.:l1064
III 1H.727 238.17 12G.!M 1656.7 0.32558 0.317:30
15 17.G43 232.78 12,1.56 161:58.0 0.32,153 O.:n596
1G 16.805 220.'111 120.78 1695.3 O.32i15~ (I.a1571
17 16.194 228.26 116.08 1683.7 0.32548 O.81G31
20 15.016 230.'1,1 103.86 1G36A 0.3288·1 (l.31H75
25 13.3110 229.75 H2.1il7 16.f.1.3 O.aa030 0.31892
30 12.00,1 226.95 S:U';[)5 !Gi1S.5 0.33171 0.31917
40 10.334 226.02 71.2,13 1629,5 O.3il555 0.320~8
50 o.nra 223.7H 6il.256 1627.1 0.3:1H27 0.:12171
(;0 8.2921 222.1G 57.272 1621.2 0.3,1005 0.32268
80 7.0889 210.00 40.050 1615.1 0.:34561 0.32425
100 fJ.2600 216.16 13.498 , 1610.7 0.:H!J70 0.32567
140 5.1025 210.\)8 36.335 1606.0 0.35710 O.a2817
200

I
1],2228 203.00 30.137 1610.7 0.36682 0.33140

300 3.287'! 192.75 2,1.681 1630.3 0.38067 0.33603
·100 I 2.7015 181.53 21.860 1697.0 0.30282 0.34002
500 2.27110 100.76 20.<102 1780.5 OA0373 0.3,1317
illl!l 1.n:i3.Q Hi7,ll J!l.RR!i 1Q2H.!l O.'WILL2. o.!i,waa
700 1.0.110 1<13.17 20.231 2138.:1 OA2212 0.a,18'10
SOD r.ans 127.27 21.Gli4. U6G.7 0.12032 0.3'W66
000 1.10'[0 108.10 211.930 303G ..l 0.'13,168 O.3'W56
050 0.90088 06.'l2'l 27.096 3514.8 M3G,13 0.3tH:H:!'1
07D 0.80()72 00.718 20.715 3753.0 OA:l601 0.3tU180
080 0.86785 88.328 30.732 3027.2 0.43710 0.34813
UOO 0.8352'1 85.t101 :31.880 110D7.G 0.43723 0.3·1782
1000 O.B01:37 82.312 33.187 4200.1 OA373,l o.a·17fl!)
1020 0.72!HO 75.G05 aG.·l3D I17G'i.O 0.t137aO O.3tl673
1040 O.G,1002 G7.052 110.088 5111S.6 0.·13723 O.345H()
1050 0.G06l7 03.653 -i'1.040 585,1.8 0.'13706 0.3f1527
lOOO 0.55880 58.0:11 ·17.028 6·10r.G 0.:13682 O.3,V1GD
1070 0.fi0607 5:i.()GO 53.0i5 7131.7 O.·13G5() 0.3·1·10·1
10S() 0.37!):!7 ,10.515 71.719 0728.7 OA:35[i7 0.311202'------ .,-_. ._



Appendix C

Tabulated velocity profile and
stability data

C.l The far-downstream parallel developing flow

,HlG
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1 0

Figure B.35: Velocity profiles for the tost HAJ (xl R = 32.!)D). represented as a
surface.

100

I.S

-
1/

0.5

80

I 0
t (5)

Figure B.3G: Velocity profiles for tho tmlt HAK (a~/R = 11,111),represented as
!\ surface.
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I 0

Figure B.32: Velocity profiles for tho tC'stHAG t»!R = 113.57). represented as
a surface.

1/

80

I' I 0

Figure B.33: Velocity profiles for the test HAIl (.1:1 H = 81.G2). l'eJll'('H<'Iltet! as
11. surface,

1/

O.S

I.S

100
oo

I 0

Figure 13.311: Vpjot'it:y profik« COl' the test HAl (.I·IR:::: 5,L5G). roprcsontod as a
sur Iaco.



Al'Pl~N.DIX C. 'l'AIW[,i\.'1'BD PIWPILB & STABIUTY DrlTA lili

Tahl(' C.21: Val'illhlC'Kand parallwt('l'H at <IiSl'l'Ptf' point« ill till' pip!' entranr«,
fot' tho ca~(' fl "'.,2(l, Tho uudorlinod data art' t IH' vnluos of tIl(' panuuotors at
tho millill!)ltll ('l'iti(·l\ll}£,':llOl<lli.!ll!E.~!!.~!:

lli·t\·[('ri;i
c_~·~_~_"-' .... =,,-"":.-,,"~:'''''''-''''":":

.1' l\[nit.J [crit) HI'U[<'l'it] (',cril) (~[Cl'it.l
(x H)n) .,._,---""", xlO!I) (~~L

0 (')(.1 ·-:ni:3.7f IX! -''51!J.ifu· ~·'[:l!)(;(lT ~(J.:l!)(icTr
7.107a l6.S00 270.[JO :36.211') 62,1.01'1 (),·1025H O.:3H!Jl i
12.025 13.l0() 207..1,1 :n.121l lilii.HO O,1(l251 O.3HGl!)

I 19,703 10,HHO 261.GO n,w:! tHJ:!.!)!l 0,,10320 0,38301
:~8.3:n 0.1273 21i:l.02 25.000 i:lIi..1'i' OAOa·I3 O.3HlIlG
:l8.·105 7.H653 2·10.00 23.03·j 771.7!1 !JAO·1Iii O.3iOlG
50.HiO 6.8201 230.1:3 ZUO!J 1'!21.21 o ,,10,1G:3 0.37020
03.307 (;.02·11 2:32,23 20,H21 H(i!l.72 (U0503 O.37:{HO
'i'H.na'l li.:J5GO 22,1.U:i 20.1HO !J21'l.1!l 0..1!l518 0.:37115
!JUliO I ,1.im;7 217.02 10,iiD !J8(J.H OA051:! 0.:W8:m
111.72 ,U~2G7 210.:3·1 ltl.5G2 lOri:l.,1 n.·l050H O.aG5i'O
.EH1J.ili a.om .;m~,1i_x. lD·ndli. ;tJ~n·l l).,;HHRO n!':m~k\
iei.os s.seee 10ti'ati lD.UDO 121:l.·1 OAO.J.18 O.:J(JO()!)
l72.iO :~.2112G 18i.<i1 20.015 l:l(l!).G n.,WaDI{ 0.:35i23
105.61{ 2.!J!;n liD.GO :W.5HJ 1·1H).2 O..tO:l:3!J O.35,13i
210.0,1 2.GU7a 171..10 2U2U Iii·Hi.1 O..102G·l n.35Hl
2·1ii.·j·l 2..1570 IG2.!JU 22.1()U 1oui.o OAln77 (l.a,1H,tH
272.12 223·1fj 11i11.12 2:3.:l0i 11{71. 7 n.·W072 1).:1·15,15
20!l.!JG 2.02·15 H1.82 2·1.!Hll 2!1I{H.2 O.:3!)!).10 O.:H2aa
32H.DO 1.823(J 1an.OO 2i.OOI{ 2352.1 O.3!l801 (l.aaUOH
a58,01 1,028!l 1:201.52 2!J.H:31i 2UH2.·1 O.:3tHl22 o.aa/j<l·l
:380 !l2 1.'1368 11:!.21 sa.eao a145.3 n.3!l,101 o.a:n!12
112i.n ! 1.2112,1 100.71 3!Jl:W :mHi.2 O.:l!HZl 0.:l2770
·15·Un 1.0370 HliA21l 47.tWI ·17m.! O.3875(J O.32a02
1188.50 O.8()(jU2 OH.SHO (j.!,205 ()G12.0 O.3H21i(i O.:n722
1)23.1:3 O.,lO:lO;J ·la.17a 11:3.20 :2(l(J!l 0.37512 O.aOOlil

""""""'_=~-,. ~,,='= ~"'-=='=-==""-'.:_ -=~-=="!( "=".c=~



Tnhlo C.20: The rorrospcudonco 1IPI \\'('1'11 .F' and Ihl' other wlo('jt}' Jll'Ujlll' pn-
ralll!'tt'l':; n.t tliH('l'!'tl' points ill IhI pipt' ontrnnr« for tIlt' t'a:-;t' !l ::::;10.
i -:'i ii·;if T;;-;c .

{~1({1. (x 1o~IL
() oo () 1

7.1070 72.372 W.G75 1.Il:Wi
12.025 OO.H7 20.301{ 1.012:i
H).703 :n.3!:!!:l 2·1.050 l.UIi05
28.3:n ·H.!JHH 27.803 l.UIiH!J
38.·105 ·10.141 :n.520 i.oeta
50.180 aO.3M 35.177 1.()71i7
(j:i.307 33.383 3x.761 1.OtH0
78.03·1 30.0:;r ·12.2G(j 1.0023
!l:1.1{j() 2H.Oa:l 115.680 1.1nOG
in.rs 2i.2·12 ·1!UI27 1.10H7
130.0ti 25.801 1i2.2H1 i.nns
isi.na 2·1.50t1 55..151 1.1247
172.70 Z:l.·iI:i7 58.MIl 1.l32(j
105.68 22.Mti 01.5-17 1.}.1().1
210.!Jl 21.710 (i·lA75 l.HHO
2·15..101 20.0HO 07.32,1 1.1556
272.12 20.321 70.001:) i.iun
20D.U(i 10.731 72.7U6 1.17(),1
328.UO W.W7 750'122 1.177G
35H.01 Ul.710 77.U70 UH·!8
:18!l.U2 1H.ZiG SO.·1G1 1.1OUi
·12] .or 17.8i7 l'l2.87(i 1.1!lHi
tlM.tn 17.510 81i.2:W 1.2055
·181:i.5G 17.175 Hi.510 1.2122

l523.13 16.H65 80.730 1.21H7
5"H.·In 16.:;HO !JUNS 1.2252
5!J,lA7 W.3l(j n:l.US·l 1.2315
u:n.J.1 Hl.073 UG.021 1:2377 J



·APPENDIX C. 'l:'WFLj\TED l'R()FIU~ S:S'DUJIUTY D..n:\ ii15

Tahir C.ID: Vnriahh'S and pnrmuetr-;s at dil'cr('tl' point H ill t he pip!' I'utrIUH·('.
for t he rnso 52 := 10. The nud-rlinod data arc tho values of tho p<1.1'a1l1('1('1's at

thI' 11,' »iuuun crlt ienl Rovnokls 1l111ulH'1' ...- .--";-:::----
::. H[l'l'iq (th·[(

(xlO") (xl
o oo :3o:f

21'0
2GD
203
2W
250
2-14
2:i1'l
2:n
225
21!J
213
200
200
l!.l.L_
1tl7
180
17:3
105
157
Vi!)

1-10
isr
121
100
97.2
1'12.:
(i2.D
2H.r

7. WiD 1G.H20
12.025 13.203
1D,703 10.!)·W
28.3:n D,2171
:JHAD5 7.DOOI
GO.180 G.D37U
03.307 G,H23
78,03·1 GA840
9<1.100 ,1.03HO
111.72 ,t,.17GG
130.GB ·Ulit:m
151.(12 3.7:nG
172.70 3..12,19
_1 n:UiH :UiilO
21!).9,1 2.U034
245,4,1 2,0770
272.12 2AG81
20D.DG 2.2732
328.00 2.mm8
358.91 .U1GO
380,02 1.7<1G!)
42UJl 1.5828
·1M.Hl 1.4203
488.5ti 1.21i51i
523.13 1.{1H38
558.·15 0.8U575
5!Jt1.'17 0.GG98G
G31.1·1 O.:m727

.:.......-~:
Rlh'[(,1'it)

-
i·[(·l'it.]'l'it] He'u[l·rH.] I'll·rit.]

l}:I) (xl0- :1)
T3UU(j.l.ii 1"X..) fil!J.OG (r3!J(j(j.j

G') :15.77·1 G17.11 IlA032U O.:JHDH·l
fail ;JO.·12·I G·I·1.0a IJ..1(J.1(ll O,3H7GO
3') 2G,(i5(i (i73,·1i O,,101i2G 0.:JS577• w

.2G 23.U!lH iOG.IiO 0.·1OG:12 O.3837a

.UO 2U!OO i33,'J7 0,,101'25 O.aS252
,0·1 20.32a 70D.OO (lAOD 1a O.:JHOO:l
.08 to.OUO 802.1i1 n.·HOOG 0.:m)10
.H3 18.1ii H:l9.:1O 0.,112,13 0.37757
.si 17.,170 878.·13 O.,11aHI 0.:J7liU!J
.·17 Hi.OIG [)lOA!) O.·1152!J 0.37·157
.20 Hi.5IS OG,IAII OAWG7 O.:li:no
102 1G.23!i 1012.!i 0.,11810 O.3717:l
AD lU.OG'! lOG5A O.·nIH7 O.3i035
.!l:l lCU)O!1 112:lJi. O..120H;! !L:31l!IO;!
.W IG.055 11t'i',·1 0.·1221·1 O.3G7il
.23 10.21a 1201,.1 0..123·11 O.3G().10
.111 lG.-1H8 1:Ho1.:l O.,12·1G2 O,:lG500
.'18 Hl.!JOl }I1llO.0 0..12573 !l.3G375
G') 17.·171 1M!.7 O.'12G73 (J.3G23G
.32 18.23() IGM.O 0.,12758 O.3(lOOO
.!iG lD.25G 18·W.G OA2823 0.%032
.18 20.G17 2!J.1H.1 O,,12HG2 O.35i57
.or 22.·JG3 2307.H 0.128(jG O.3G55!J
.H7 ss.ona 2G5H.G O.42H2·1 O.3532!l
53 2H.()·12 :nG,l.U OA2iH! 0.:l501i2
30H :J1i.:lS,l :108:1.5 OA2521 0.3·1700
5G ilH.73G 5011O.G 0..t2181 O.:l·121i3
,0·1 11:1.0·1 1a·131 0.111587 0.33GOl



:lJ>I'BNDIX C. TABULATED PIWPILE & ststnutv I>A'm til-!

'Inblo C.lH: Tho ('0l'l'!'HI)(1llt1(11H'(' l)(l{'W('('l1 ,I' and tIll' other wlo<'ity lll'Olill' pu-
l'nUl<'t(ll'H a(, diHt'l't't!' points in [lip pipe· eutnuiro. for t lIP ('as(I of Zl'l'Il i\('t'<,h'l'atioll

(~l t:;, 0),

. (xl0_
()

7.107
12,G2
HI.70
38.40
ti0.18
U3.3U
78.0:3
!IUU
130.(
151.0
1:)5.0
2,15.11
272.1
:128.0
:31)8.0
:3~l!).O
·1tio1.t;
·188.5
523.1
50,1A
G31.1
70n.1

,,' h"·
Ii) i:<

00
!l 72.1(j(j Hi.
5 Gll.80!i 20.
3 51.00S 2-1.
5 30.750 31.
(J :3G.O(iO :35.,_.

:32.020 3H.I

,1 :30.·1<10 ·12.
0 21:i.atl:3 ·Hi.
.1{ 2ii.lHO !)2.
2 sa.oi i GO.
H 21.8:35 Go)~.
·1 20.20,1 G8.
2 10.515 71.
(l 18.aa4 70.
1 17.8211 70.
2 I7.aliH 82.
1 IG.5MI 8'"t .

U 1G.170 80.
3 IG.H·15 02.
7 l1i.250 !)O.
<1 101.08·1 !)8.
t) H.503 10:
7 H30G 10·
0 101.Hlli lIH
2 HOIH 10
1 13.m'8 10
1 13.0:n ill<
() 13.!)12 IOI
() 13.!JI0 IO!-,,=,-~.-

72512
7G3.7
783,0
t-\02.5
81<1.2
818.1
818.0

Gn:3 1.0:HIi
all 1.(1·12·1
lOa l,(liiO(i
Hal{ 1.0Gili
a:3U 1.07GI
(l70 UllH5
5'12 1,O!J:m
oa.J 1.101,1
700 1.1180
OM 1.12(;:3
3GO 1.1·125
:mi 1.158,1
270 1.1003
881 l.U117
582 1.1803
218 1.1!)(J8
302 1.2115
751 1.2188
lao 1.2250
7i1O L2300
!Ju3 1.2·Hi7
3.21 1.2001
1.2·1 1.20:H
:.2G 1.2GUO
7.25 1.27:n
8.22 1.:!i02
.:.~() 1.2il{1
lJ.OO 1.2781"
J,n:3 1.27l"t'



C.2 Tho steady pipe entrance How

'Iuhlo ('.17: Val'inhh':-i awl llal'a111I'II'l'c; al lli;;('rpj(' point« ill Ih(' Ilipt' t'lltrall!'p,

Ior tho zero 1U'1'I'll'ration ('m,!' (!~",0). 'I'h« I11Uh'l'liIH'd dutu mi' Ih,· valuos of
till' lHu·allj(lt(·l'S at tho !llillimlllll ('riIil'al Ht'YIWhIK 11111

c(~i('I;~]';I:,';.~ ~,..l~(~·J~..il~.;[r:~,i~~~;,i.·liie:'~-I"l~.,)(.~{·)l(.i"fl. ~('l~.·•.~~(,~)r(~,.1(:.1'',' . '·~·;;·!;·~·i;i·~·I " ... ) . .'-·(l.:l{)(f(ir~
,.107U lIUiUl 2HUIi a1i.:!32 Ii10.1 !i O.·HUOO O.:l!l()1il
12.U2!'i
l!l.70a
:lH.·1!l!i
sn.tso
03.:W7
;!'i.O:!·l
!).tIIH)
130.(iH
lu1.0:.!
lWi.O!'i
2·i!i.,H
272112
:J28.!lO
;~r~!!ll.
38(1.02
·15·1.81
·IHH.liG
li2:l.1:!
liO·1Ai
Oal.l·1
(OO.tli
72rl,27
70:i.'t'!1
7H:i.02
H02.iJl
HH.21
HIH.10

l:J.aar.
11.(llH
H.OI\W
i.O·llia
(i.20()1
!i.(il,lO
I\.Oiii
·1.2:ml
a.mJ.11
2.!I00:l
2.i003
2.:J01li
2!.~JHi2
2.0508
l.i87:1
1.0li8·1
1.5:125
1.2H:I,[
i.isee
{),H782
0.7!l!11
Om:lll
()"lK2H
{),aaH
(I,170!l
(),o:m

(I

2;1.2:)
2();'.:)X
21i·1.sa
2·l!l,(l1
2·la.UO
2:lH.K!l
2a:ti!)
22:l.s0
21H.S!
20~.'i1i
l!)~.:n
H12.!JO
181.55
lZ~._~Z
WD.:m
l~U.{J.1
1·1H.S·!
]·11.21
1201.15
IH:m
DO.(jaH
H:l.2U!l
(i5.HlO
ill 7iO
3G.1s·1
1Il.5{)!)
:l ..1!)(j!j

()

2!l.i·17
25.H·IH
20.01!)
1K.!l01
1i.1ilil
W.·ll-l
l!i.·ls 1
H012
la.·IHS
12.0;JH
12.0(i')
lUm
1Uj71i
11,(i(iZ
11. 725
12.075
12.:l!l5
is.sn
H.2l'10
l1i.,1li:l
lU.i,l1
21.0i1i
2t{.:i!)~
:35.517
5:i,aaa
lO!i.Ii!i
sss.n
('1

(jaO.i·1
Wi1.li!l
(mi.·ll
72t.01i
7·11.00
iH:l.2:l
iHIi.07
H2s.7H
H51.50
!l[)O.3H
\HiiJ.!lG
!Jl'Ii.3H
1{){iO.7
11(l:!"g,
115:1.7
12';;.2
131i1i.H
U!jO.1i
171:1.!!
WOU.·!
20U;.{j
2K!j,L!l
3H:n.H
,is·HI.f,
7:WIi.:J
1·HiH(J
71\'iOli

'".

(J..!05·1!)
(J..I0720
O..tllHK
O.,tUIIi
(J,.jW77
(JAWIl1
O.·1222!i
O..t2HIH
o.uiau
0..1:3773
O.HH1
O.H7s1
n.,IIl·iGi
!t,:.1!~!m
O"WlolO
{)A07tls
0.·1710(j
(I.<l7:JOO
OA 7(l(J.[
OAH1nH
OAIl:Wa
11.·1837·1
(J..1l'!aa7
0.·lH271i
o.,unr,o
O.'!HOlll
O.,lH012

:;:;;;O.·11l00i

O.:lKH!l!)
O.:JXiCi:l
O.:lH5H2
O.:lH·IHH
O.:iK42K
(J.:lI'i:iHl
(I.:JH:laH
O.:!H2!1H
O.aH2!)1i
O.;!H:na
O.:J8:ln:l
O.3tia07
O.aS·170
!l,~1X!jttl,
O.:lXli5H
O.aSU2i
O.3H0lil
O.3H(j(i2
O,3H(j:W
O.3H5H7
O.3H:1HO
O.:lS2HU
O.:lHO(i!j
0.37U21
0.3772H
0.:J75!H
n.3(!j·W

~ O.:l7MIl
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( .9 h*/R Cf(
(xlOn) (x10:J) .

15 00.:37,1 13.162 1.(

2D I'G.022 15.280 1.(

25 77.1:H 17.137 1.(

30 70.082 18.780 1.(

,10 G1.780 21.080 1.(

:iO 55.812 2'1.201 1.(

GO 51..107 2G.4>15 1.
70 ,18.12D 28A1:M 1.(

so ,15..107 30.30! 1.(

!lO 4:3.284 a2.l0,1 1.(

100 ·11AM 33.737 1.
125 :3'r.0·1<1 :37,;123 1.(

HiD a5.30:3 40.084 1.(

200 :31.02G 40.278 1.
250 2!).052 50.0!)7 1.
aoo 28.0:37 55.000 1.
a50 20.820 58.704 1.
400 25.S!)1 G1.!)30 1.
·HiO 25.1<13 0'1.8G2 1.
500 2,1.53,1 07.523 1.'
550 2·1002!) 00.OG2 1.'b-_~.,_______ ~__ ,

Tnblo ColO: 'rho correspondence between t' and tho other velocity promo pa-
nunetors Itt: discroto times ill tho pipo ('1111'1\11('('. fhr th(' ('UB(' {2 -170).

7V
""'"l270'

1:n5
1355
13UO
H53
)ijOO
0558
JO(H
10·10
1080
0723
mO!)
)880
1020
uae
1238
13aO
HH
H!)l
151i1
1627



A.l'PBNDIX C. T.ABUDATBD PROFILE l..~STM3ILITY DATil 511

Tahle C.11i: Critirul pammetors at disC'l'pt(' limps ill tho far-dowustrenm impul-
siVC'ly started pipe flow, for 111<'rasl' ~l= 70. Tho umlorhnod data nrc tIll' values
of tho parnmrtpl's at (lip minhuum critical Rovuokls number,
r-: Ilc' u[<'ri!] RCcl'[C'l'it] r[c'ritlt rt(crit,l ith'(<'ritJ ('[('!'it.]
(x 10") (x lOa) (x1O .:1)

--l71a~:r- li:32·108'.....:-r5 17..100 2:iO.21 126.75 0.31556
20 1·1.740 225.35 111.70 1762.1i 0.32·110 0.3142H
25 ia.ors 22·1.1l 100.10 lii6.2 0.32'iIH 0.31·W)
30 1U10 221.91 02.50,1 isor.r 0.32017 O.31:lH2
40 10.037 217.67 H2.2iO 11:1651 0.32710 0.:11292
UO ~.8369 213.!.\(J iu.iOi> W20.!J 0.32i03 O.:nI78
(iD 7.(H77 210.18 71.:1:12 1!J!J1.7 O.327HO O.310uG
70 7.2u61 200.68 08.187 201i!Ui O.:l27!JG (J.30928
!:I(J (J,G9uH 203.20 Gu.!>21 2I:10.~ O.:l27!:1·1 O.:lO7!>·1
!)(I 6.22!Jt1 lUll,9!> (H.2HO 2205.2 O.a:mHl 0,306u7
100 5.8320 100.71:1 63.108 2283,1 0.:1272·1 O.:J051U
125 5.0528 1!:19.09 61.6H5 ~H!)1i.2 0.32588 0,30l,HI
Hi I! ,1A(Um 1HUi!! !_LUil![~ ;E:llid !1.:l2421 !I~!l7H.;!
200 3.62:10 1G7.06 6·1..113 32H·1.9 0.:n9H8 0.29027
250 a.02'lU 15·1.2G 70.HIG 30Hli.H 0.:n·Ui2 0.28271
300 2.5G3li 1'11.23 78.802 ,11:17H.7 0.a093·1 0.27526
350 2.1872 128.'10 00.735 6035.1 O.303uO 0.26795
1100 1.!:I666 115.61 107.0G 7569.0 O.2!J7G{1 0.26077
{150 1.5830 102.71 12!UH !)G77,O 0.2!)1'1'1 0.25363
UOO 1.3230 H!>.393 Hla.14 127:35 0.2841:1u O.2tlG30
li50 UJ7:I2 75.082 2Hl.26 17592 O.277G4 0.231')79-
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Table Col4: Th« correspondence between F and tho other velocity profile pa-
rametors at discrete times in tho pipo cntrnuce, for the ('IlK(' {~ = (iO.

f S b* IR UC/U
(x IOn) (xlO!l)

15 00,241 13.168 1.()270
20 85,868 15,208 1.0a15
25 76.0(j0 17.150 1.0a55
30 70..192 18.807 1.0301
40 01.559 21.71<1 1.0'lM
50 55.565 24.239 1.0500
GO 51.100 26.405 1.0550
70 ·17.837 28.546 1.0605
SO 45.156 30A36 1.06·iS
DO !!2.054 :32.104 1.()6i'18
IOO ·11.107 33.8111 1.072G
125 37.558 37.567 1.()812
150 3!!.072 '10,870 1.0tWO
200 31.iH5 ·16.556 1.1027
250 20.120 51.3"(1i 1.11·15
300 27.460 55.l)73 1.1250
350 26.212 50.207 1.13'15
1100 25.239 62.645 1.H32
1150 2·1.t158 65.68!! 1.1512
500 23.819 68.46:3 1.1586
550 2;).287 71.021 1.1050



APPENDIX C. TABULATBD PROPILE & STABILITY DATil 509

Tahle C.13: Critical panuuetcrs at. discrete times ill the Inr-downstroam impul-
sivoly started pipe flow, for the (,11.:;(' n= GO. The undcrliuod data are tho values
of tho parameter» at tho minlmum critical Rovnokls number

t (([crit] ((b' [crit) Rl'U[Cl'it.j RC6·[Cl'Hj ('{nit] f(eri!.]
( x105) (x 10:1) (xlO--:l)

15 17.51,1 230.02 125.84 170l.!) O.32,14!) O.315!)5
20 B.76S 225.92 110.60 1745.3 0.32:180 0.31486
25 13.111 22·1.85 98.811 175,1.8 0.32639 0.31520
30 11.843 222.74 91.13!) irst.o 0.32707 0.31477
40 10.077 218.81 80.553 11:128.5 0.3283,1 0.3H08
50 8.8805 215.25 73.780 HI7!).G 0.3291!) 0.3132,1
60 7.9955 211.84 00.087 1932.8 0.:32079 0.31232
70 7.3071 208.59 65.61::11 1088.5 (1.33018 (l.3113,1
80 6.7·199 205.44 63. is 1 20·16.7 O.33(l·n O,:n030
90 6.2863 202.38 01.2·11 2107.2 0.33050 0.30022
100 5.89211 199.10 5D.79,1 2170.'1 0.330·17 0.301:111
125 5.1176 102.25 57.61l!) 23·11.6 0.32006 0.30516
1!iO •1.53!i2 1S!i.3(i !iB.7S1 ::lr~7.2 O.a2!)1-_g. ,!1a0222
200 3.69S9 172.21 57.7G2 29G!i.3 0.32011 0.29602
250 3.1053 150.53 61.261 3507.7 0.32288 O.28!J70
300 2.61160 147.08 66.!JS7 .n88.1 0.31878 0.28335
350 2.2713 1311.68 75.1G8 5056.9 0.:31·127 0.27700
100 1.9507 122.20 86.470 6193A 0.30941

O'2700~150 1.6G65 109.46 102.25 7731.8 0.30/US 0.26122
500 1.4053 96.213 125.00 0022.6 0.29H:16 0.25759
550 1.1542 S1.DG9 IGO.74 1330G O.2D20·1 O.2[j(J5G
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Table C.12: The ('o1'rel>{1011<1(,11('(, between t and the other velocity profile pa-
ramotors at discroto timPh ill the pipe entrance, for the cnso n = 50).

t S r tn [TeffT

(X 105) (xl03)
15 OU.108 13.174 1.0270
20 85.713 15.307 1.031G
25 7G.78G 17.1G3 1.0355
30 70.30D UI.82r) l.O391
40 61.338 21.741 1.04501
50 55.317 24.2ii 1.0510
60 50.925 26.5<11:; 1.0561
70 47.5·15 28.609 1.0607
80 44.844 30.512 1.0650
DO '12.623 32.:t84 LOGOn
100 '10.759 33.Vil6 1.0728
12fi 37.170 37.712 1.OlH6
150 3'1.5-19 ,11.058 1.0HV5
200 30,061 46.837 1.1033
250 28.583 51.757 1.1155
300 26.877 fiG.063 1.12G3
350 25.588 59.001 1.1361
,100 24.578 63.366 1.1451
450 23.764 GG.52'! 1.1535
500 23.004 (J9.426 1.1612
550 22.534 72.109 1.1685
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Table C.ll: Critical parameters at discrete times in the far-downstream impul-
slvcly stnrted pipe flow. for til(' eUS(1 f2 = 50. Tho uuderlined data are tho values
of the pnrameters at tho minimum critic-al Reynolds number,, -,-

f" (~[crit] rt6*[erit] RCII[crit] RCb"[ern] I c!(Tit] I (~[('rit]
( xl0r,) (x 10:1) (x 1(r~a)

15 17.537 231.0·1 12·1.D4 HlDO.5 0.32·100 0,';11)311
20 14,796 226.40 109,45 1728.3 0,32MO 0.:3154,1
2::i 13,14<1 225.59 97.5'14 17:3:3.0 0.327101 0,31592
30 11.877 223,57 89.738 1755.3 ().~1')707 0.:31563
40 10ol17 219.96 78.876 1702.8 0.:3. 157 0.31525
50 8.92114 216.66 71.802 isaac 0.33075 O.:nt170
00 8.ut137 213.52 06.018 1875,9 0.33108 O,3ltl08
70 7,3588 210.53 03,274 1020.0 0.:332'11 0.31339
80 6.8047 207.63 60.504 isee.i 0.33207 O.312G5
90 0.34·11 204.81 58.352 2013,0 0,33340 0,31188
100 5,0529 202,08 56,661 2063.5 0.3:3372 0.3110(l
125 5.1840 195.50 53.882 2107,7 0.331105 0.30885
150 4.00G8 11:39.15 52.335 2;.341.0 0.a:H07 0.30604
200 a.'778G 17G.Q§. 51.77:i 2G75,5 O,:~'~{()(I ().30181l
250 3.1913 165.17 53.389 3082.3 0.33115 0.29637
:300 2.7377 153.48 56.755 3583.7 0.32860 0.20176
350 2.3661 141. 73 01.000 4212.5 0.32555 0,28655
400 2.0484 129.80 09.175 5019.4 0.32205 0,28124

I
450 1.76GO 117.52 79.337 6087.8 0.31808 0.27576
500 1.5080 1011.70 93.801 '1507.1 0.3135'7 0.27003
51)0 1.2010 90.932 115.82 0759.0 O.a0834 0.20387- -.
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Table' C.10: The correspondence between f and the other velocity profile pa-
rameters at discrete times ill tho pipe entrance, for the ('as!' n :: ·10.

t S r t« UC/U
(x 105) (x103)

~'15 98.975 13.UH) 1.0271
20 85.558 15.317 1.031G
25 76.612 17.177 1.0356
30 ro.ms 18.842 1.0391
40 61.117 21.768 1.0,155
50 55.070 2'1.:H5 1.0511
GO 50.654 20.504 1.0562
70 47.252 28.671 1.0608
80 ,14.530 30.588 1.0652
90 42.202 32.375 1.0602
100 ,10.410 3,1.051 1.0ta1
125 3G.781 37.857 1.0819
150 3<1.124 <11.247 1.0800
200 30.473 '17.121 1.10·10
250 28.0'12 52.1<I5 1.116,1
300 2G.280 56.562 1.1275
350 24.958 GO.515 1.1377
<100 23.000 64.101 1.1470
450 23.060 67.384 1.1558
500 22.358 70.'114 1.1630
550 21.767 73.227 U7lG
GOO 21.264 71i.850 1.1788-



Appendix D

Matlab m-files

'I'his nppoudlx rout aillH liHt ill~~S of the bm;j(· Mat lab ur-Iiles 1l~1'<l ill III(' lioln-
lion 01 tho 1II1UH'I'i('al :<YHtt'IlIS ill Ihis work, Tilt' Iinil HC'('tioll lists til!' hask nr
A('UPl'i<' O]lI'l'lllol'H, and thl' HlIh:·;pqUPIII. OIlI'S 111'1' ('oW'(ll'll(lcl with t hI' in-lll« ....I'm'
tho solution of the pnrtlrulur iuut hl'lIlat icnl PI'Ohlt'llls,

D.I The basic operators

Tho m-Illos coutnlued ill this soctinn compriso t h(l husic' !\Illth\h 'toolbox' rOl'
solving all till' mnnorlenl probloms in t,ltiH work, They l'I'Pl'('l'\l'ut nil the algo-
rithms nUtI oponunr lIlMricl's, 1'((', (1(lwioJlPd throughunt thiH work,

D.!.l muhat .m

Yo
Yo muhat conotru.cto tho ohift matrix in Chobyohev Opace of ordor n
Yo
Yo function [mu]omuho.t(n);
%
function [m]cmuhat(n):
mczoroo(n,n~,
m(1,1)02:
m(1,2)::::2j
for 1::::2:n-l

mei,i-i)clj
m(i,i)c2j
m(i,i+1)clj

ond



APPENDIX C. 'l:iBrrI.ATBD PIWFILB 8.. ST.ABILITY /).1'1:.1 :;211

Table (',:12: '1'11('(,Ol'l'C':4POlHI('IH'(l hetwoou .,' nnd til!' other windty prom!' pa-
1'1l1lH'I.('l'Hat (liH(,l'C't!' poillt:; in the pip!' outrnuro, for tho ca~(' ~2~::iO.";;-:-"' r: 'h·/fr 71,7[1
( x lOr. ) ( :<1 ():l )~o~·_·w -··o~"
7.107U 73.GOO l!i.5{iH 1.0:3013
12.625 li1.GH 20.117 UJ.11U
10.703 53. HI 2a,ta5 l.IJ.1[)ti
28.3;n ·lG.DUO 2i.:i2B 1.057ti
3H.4U5 ·12.3[)O 30JlaH l.OG57
GO.1HO :lK,HU!I a 1.247 1.07:35
(la.aU7 a(J.()!Ja 37,MO 1.0H12
iti.n3·l :la.RiD ·10.ill 1.()HI-lO
().i.lOO 32.IHiH ,1:1.7;')0 1.0!lii!l
111.72 aO.57H ,Hi.UH2 1.1030
130.GB 20.32!'l ,HlAM l.lO!lH
Hi 1.02 2H.277 1i2.lGG 1.11O:i
172.70 27.:i77 5·tia2 1.122U
lO5.Ut-! 20,(jOH 1i7.180 1.1291
21U.9'l 25 , (}.1(J 5!I.G:10 l.1ali2
2·1Ii.·l,1 25taH2 (jLi ill 1.1410
272fl~~ 2·tH55 U3.!JOU 1.10105~~.=.~
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Tnblo c'.at: Varinblr« awl panunotcrs Itt di~(,l'I,t!'poiuts ill Ih!' pip!' ontrauco,
lor tho cnso Sl :::: ill. TIu' undorllucd data it!'!' th(1 values of th!' parumoters at
tJlP!~l!!.!.!}ll\Illl ('l'iti(',~ n!'Yll<2,ISI~.l~l!!!l"I2.<':~'.".~~~ -.---........,..".~~~,....""==.,..".....'.=-~.....'":,; Il[t'rit] n"'[('rit] Ut'u[<Titj Ht'~'[l'1'it] ''[cl'it.] (~[('riq
(xlO::.L ..._,.._, (x 10;1) J:,<l(J~L

() r").:.1 ;JOa:77 'x' "~hTfj]U'--O.:i!J(i{j.l' "(Y~3UG(jl-
i.107U W.721 277.0!i aHAi·! G5D.an O.3U!117 lI.a!;5U5
12.025 12.HlD 257.1313 :m.()·la ;a,1.iiO ll.a!J·i(W o.:mm~
10.703 10.53(j 25().OH :i2.15U HOLa·1 O.:maOH O.a7H2
2H.:J31 8.08·18 2:ii.a2 31.:lG7 !H1O.{iH 1l.:iHH3H 0.30715
:i~1.1!l!i z,:mn ~2i.Jl:l ~m.714 JJ1m, A !lJiH!i~Q n.:ifi]j1
:iO.180 O.aOH 215.HO :31.527 1150.1 O.a7!102 0.:ma(j2
G3.307 M·17·1 204.50 32.8·1{) 1332.0 0.37300 O.3·1:iH2
713.03·1 ,I.72!)1 1!l2.53 35.17t1 1.'iriU.1 O.:Hi70!l O.a3nl;
!)UGO <1.1·107 isi.in 3H.1!) 1 lHal.O 0.3(i()O{j O.328il5
111.72 3.0:320 ltHl.li8 ·12.333 217!1.7 0.352·13 O.31Uii2
130.08 a.1!J~8 15~.2!) ·17.5·1·1 2Ull.1 O.a,1·1ti2 n.aiosi
151.02 2.~15(i l·W.HI' 5·1.250 :nii!).7 O.a:j(j{jii 0.30153
172.70 2,;1702 ias.so G2.(j(jO 31:'li1.1 O.:32H7:l (1.::::;27·1
IUii.OI:{ 2.17ii7 12·1.'12 i3A:3ii ·17-Il.S O.320!)1 0.28420
210lil_l.U027 11:3.27 H7.2:H 1iH!lG.a O.:n32·1 O.2i'5!J·1
Uri..!·1 1.G·1!J5 101.8U 10il.G,1 i'il·l5A O.30['(iH 0.2{i7U2
272.12 1Alitli (lIl.·1{12 laO.77 U5H2.2 O.2!lH15 D.20()O·1~,- --



APPENDIX C. 'lilI3ULXfBD PIWz.1LB .to ,c;'l~WILITY J);l'lil .'i2G

Tnble C.30: Tho corrrspondeur« botweou .r and t 11('nt 11('1'volocltv prolilo pa-
l' .. 1 . (' ontrunre, for Ihl' rasp ~2 :c::: GO.ramoters itt ( IS('l'C'tC' lHlIlltS III t 1{, PI )

---.1' .9 0*IR (TriF
(xl()il) (x] (J:I)

0 00 0 1
7.l07!J 73.3!JG W.58G 1.0343
12.G25 G1.3!J0 20.J4H UJ.120
l!).703 li2.S1i1 23.780 1.!J.1!J!J
2H.331 ·Hi.CiCi·! 27.·10·1 1.0580
38A!J5 ·12.02(J an.9·tH 1.0(iGO
IiO.1HO 3tl.<!Gl :H.3!.i7 1.0i:J!J
03.307 35.G,1\) :37.73G 1.(1816
7S.03·1 :3MOO ,10.U5U 1.0SU2
0,1.100 :n.557 ·1-1.00(; 1.UtlGG
111.72 30.030 117.052 1.l()3U
130.68 28.756 ,Hl.!l2.! 1.1100
15U)2 27.677 52.G7S 1.1178
l72.70 26.750 55.322 1.1211.1
lU5.uS 25.050 57.857 1.130!)
2l!J.011 25.203 60.287 1.1371
2,15..111 2·1.062 62.616 1.14:32
272.12 2,1.132 (j,1,tMO t.noo
20U.!JG 23.067 O(j.U81 1.15017
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Table C,2!!: Variahll'H awl llarallll'tl'l'H at llisl'l'pl(' points ill tho pip!' ('11tml1('I"
fol' tho cm;(l ~2 :::::(j(), '1'11(' 1I11<11'1'li1ll'd <lata ar(' t lH' values of thI' I><U'lUlll't<'I'Hat
tho miuinnun C'l'it.j('I\i H<'Yll()hIH numbor.i~ii;,~·~tT"7~~;:r~~·itJ ~[;:~i;l'.-7[<:l'i1J-]

-;:x;-~.-~':fl!),(Hj "~().:f[)iiTj:r (),:iffiTIr.r
31Ullt< U52.20 o.:m!Jl{·l O.:JH(j;'1{
:H.202 i1H.05 O.:!!Hi2t-1 O,;iI'O:n
:n.15G rrs.ro O.:3U!)1,l n.:ii03·1
2!).UIl5 !\(il{, iij n.:J!)Ht 0.3(j!)!l()
;?ti,!HL WH·'l1{ g..lt'i~J ~1,:{(j~1~
:W.2:i5 lOiH.!) O.3Mi2 O.:J5!'l25
2!J.U07 1220.7 O.31{023 0.3515,1
:n.:lIlH l:JU!J..t (l,:nlH5 0.:3·1·11·1
:la.3i2 lIH2.1i O.:HHl13 O,:I;l!i(i()
:lO.171 It-liH.i O.3G287 0.32872
aU.771 220n. t O.:l5G28 O.a:!070
H,(!i,l 2U12.H (l.a,lU,W O,312(ji
I)O.20:l a122.l'I l).a·12M o.:m·j(H
57.598 :l7UtUi O.3:l5IiO O.2DG77
U7.12·1 ·W()1.5 O.:l2HliO O.2HHDH
7D,G2·1 !i(jC)!)"! O.:l21G5 0.28137
!lG.GGO 7202.0 O,31{157 O.27:1ii'
121.15 !J370.2 o.acrao O.2GGI,1

_.=~,_",\"o" -'--_""''''' ,~'"-----'''',,.,_''' -1.:l~ n[('l'itl 1t6· [('rill
(x10r.) (x 10~)

~0 'x' 30:!.77
'i.1079 1U.7:1H 277'(~ 2
12.G25 12.H!}·1 25U.78
19.i03 IO.Un(i 252.28
2H.:l:n H.7iOH 2·1O.aii
illi..!:1flJl Z,.:tzz~~ Z:{l,ol:{
50.1HO U,,!O·W 220.:11
G3.3G7 5.5581 ZOll.74
7t1.na·1 iU~i1U5 lOH.U:1
!J.1.lGO ·1.2Ulil 187.[)1
111.72 a.7GOO liG.!M
130.(iH a.:I2(iO lIm.()·!
1(iU)2 2.0·127 155.02
172.711 2,(i[)2H 1·13.!)1)
105.G8 2.2DQ·l 132.H(i
21!).9·1 2.0175 121.G:I
2'15,;1,1 1.75D7 110.1H
272.12 1.5Hll 9I{A:lD
2DD.9(i 1.21).17 HU.O·i!'!.~
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Table C.28: 'I'll!' correspondence between :,; and tho other velocity profile' pa-
1'IUllPt('l'H Itt dlscretc points ill the pipe outranco, for the {'asp !i "" 50.

.i: S b*/R
(i~(x 10") (x lOa)

f-' () 00 0
7.1079 73.192 1li.(l()<1 Ul343
12,625 61.1,17 zo.iao 1.0,12]
1n,70a 52.560 23,8aS 1.0501
28,3(Jl 4G.332 27.482 1.0582
38A05 <H.G!!S :n.060 1.0662
50.HID 38.051 31.540 1.07,12
63,367 35,203 37.0a5 1.0821
7t1.()34 32.918 41.212 1.0SUS
OU60 31.0'12 ,14.:177 1.0074
111.72 29.<:180 47..120 1.l0,1S
laO.OS 28.178 50.371 1.1120
15U)2 27.070 1'i:l.203 1.1191
172.70 26.115 55,928 1.1259
195,08 21i.2!Jo1 5S.MD 1.1320
210.04 2,1.570 01.0(i!) U3!)!
245,1).'1 23.050 OM91 1.1455
272.12 23.307 (i5,SI7 1. 15 in
20!).DO 22.!l10 08.052 1.1575
'328,00 22.·175 70.107 l.Hi33
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Table C.27: Variables and parameters at cliscroto points ill tile pip I' 1'I1I.l'a11('("
for the ('EU,e sl = GO, Tho underlined datu are the vnlues of t 11<'parnmetors at
tIl!' minimulll ('ritH'a! Reynolds 111l111hpr.

ill (\:[crit:) nco [(
(xl05) (xl

o r.o 303.
7.1070 lG,7G5 278,
12.625 12,068 261.
10.703 10.675 2M.
28.331 8.8585 2'13.
38.4!J5 (.57na 235.
!iO.IHO (i.!iO!J2 224.,_
6:ta67 5.nn!) 215.
78.03/1 ,L07a7 20,1.
!)i1.160 ,1.3038 1Oil.
111. 72 3.8(H5 18·1,
130,68 3,4623 17·1.
151.02 3.()821 163,
172.70 2.7/[27 15:1.
195.68 2.'1368 1·12.
210.04 2.1563 131.
245.'14 Ul060 120.
272.12 1.6522 lOS.
200.<)6 1.4183 06.5
328.00 1.1865 83.2

-_
RCJl[cl'it] R<'o'[C'l'it] r[crit]~l'i(;j ('[('ritl

(l3) (x lW':!)
n 00 GI0.()U O.;30UG·1 O,3D6U,1
10 37.5(H 6·15.13 OAO()1j2 0.38722
(l!) ::l3.3!)1 702.17 0.3!J7s7 (l.3~H~n
it7 3D.I00 (G5.70 O.3971D 0.37825
.ts 28.63·1 832.70 0.3 !).1.1!J O.372S0
a2 27.20S 904.05 0.3!J:H5 0.36873
~ill 27.1:la IOm.n rr,aS!l78 .!pn2 !'M
lG 27.260 l11U.O ().3SU/i5 (1.35722
07 28.007 1257.9 O.:JS258 (l.a5105
08 2D.ID2 1'121.U (l.37823 (l.;H460
'i1 30.D23 1020.3 0.(1731111 0.33S02
'lO 33.2211 1!:l61.0 O.:l682G 0.:33110
08 36.16'7 215(1.3 O.3628D 0.32428ao :3D.033 251-1.7 0.:35723 0.31727

"'"' ,14.675 2062.6 0.351<1!J 0.31033)I

138 50.7701 3532.1 n.3·15G5 0.30335
H 58.600 <1206.1 0.38!J56 O.2!J6/15
75 00.261 52iHl.G n.33335 O.28!J'17
18 811.032 6UI9.'1 0.:.12601 0.282'12
87 100.:lD 8{iSO.7 0.:31003 0.27501
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Table C.2G: Tho corrospoudouco 1>(\tW(,(\11 .l" and the other volocity profile pa-
1'I\111('(:('1'S at discrete points ill tho pip!' outranco, for tho ('asp i!~'"'10.

.r~ 5' o· II? UrlU
(x l()U) (XIO!l)

() t'XJ 0 1
7.1070 72.087 16.621 1.03·1<1
12.025 60.S08 20.212 1.0421
10.703 52.2GO 23.801 1.0502
2S.a31 '15.008 27.5GI 1.013(:)3
:{8A!Hi 41.274 :n.173 1.0665
50.IS0 a7.naS 3<1.703 1.07·16
03.3G7 34.753 38.137 1.0826
78.034 :.12.433 41..168 l.OO(H
0,1.160 30.522 4,1.G05 1.0082
111.72 28.030 117.815 1.1057
130.GB 27.504 50.B3l 1.11:32
151.02 20.455 53.742 1.12()·1
172.70 25.472 56.553 1.1275
105.08 2·1.022 50.2Gd 1.13·1.5
210.0,1 23.878 61.877 1.1:112
245.(1·1 23.227 0·1.307 1.1178
272.12 22.((/19 GO.82G 1.15'13
200.06 22.1,,8 60.lGG 1.1005
328.00 21.681 71.420 1.106G
35!;.01 21.273 73.501 1.172G
389.02 20.005 75.682 1.1781!--
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TI1.1>leC.25: Variables and parameters at discrete points iu the pip(' ontrauco,
for tilt' case ~1= ·10. 1'11<'underlined data 1\1'(1 tho values of tho parameters at
tho miuinuun critical Revnolds number,

,-r-;-;-- (~[(,1:J:r lV[Cl'it.] (t6• [erit] RCII[('l'it] HC:~.!erit.] ('[erit]
(x 105) (x 1()3) (x lWo!!)

0 00 303.77 00 5l0,OG O.30GG4 0.30G64
7,1070 16.360 271,Oa a7.60·! fH6,53 0,:10077 0.38648
12.625 l3.0Si! 26,1.45 32,651 687.7:3 O.3D!M6 0.aSa31
10.703 10,736 256.48 20,381 737,16 0,30804 0,37988
28,3:n 8.0374 2/16.aa 27.535 803,16 O,3P710 0,:37521
:38.405 7.6626 2:38.87 25.06,1 803,10 0.30651 0.37170
50.H~(l

I
6.6026 220.13 25.436 !).1tl.56 O.aO,115 0.36670

!l:l.:~tll 5.7882 ~20.74 ,7A_J'l7!l 1027·1 .o,,;m280 O.:3(l2H,1;
78,\)3,. I 5.10()O 2],1.40 25.05/1 11:12.0 0.3002,1 0.35787
04.160 4.5259 202.28 25.580 ] 255.5 0.3872!.l 0.35267
111.72 4.03·11 1()2.89 2(i.172 I 1JOO.6 O.a8407 0.3473·1
130,68 3.6076 183.aS 27,761 1570.8 0.a8045 0.3;1178
151.02 3.2333 173.77 20A50 1773.3 0.37nG7 0.33619
172.70 2.8DS3 16a.00 31.656 2018.6 0.37256 0.33()<12
lU5.6S 2.5063 153.86 3/1.438 2315.3 0.36832 0.32466
210.U4 2.~n86 H3A7 :38.002 2683.6 0.36382 0.:31880
2'15.44 2.0618 132.77 ·12.55tl 3145.5 0.35010 0.31202
272.12 1.8105 121.50 48.541 3744.2 O.35i120 0.3060,1
200.06 1.58811 100.86 50.610 45;14.0 0.3ilO1-1 0.300811
32S.0e 1.3619 07.270 68.118 5675.7 0.3·1353 O.20ilt16
a58.Dl 1.1330 SM4S 85.831 7<100.5 O.a:~727 0.28703
389.92 0.88842 (J7.237 117.().1 HM01 {).:J2!J82 O.279DO
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Tahlo C.2'1: Tho correspondence between :P and tho other vC'!odty profll« pa-
ramoters at diHCl'otepoints ill tho pipe ontrauce, for tho case n == 30.

:i' S b*/n [Te/it-
(x 10n) ._ (x 10:1)

0 00 I- 0 1
7.1070 7~ 782 IG.GaO 1.0a·H
12.625 GO.6·18 20.24·1 1.IM22
19.703 51.97G 23.0·13 1.0503
2/:1.331 115.GG3 27.6·11 1.0585
38.195 ·10.898 31.287 1.0GG8
50.180 37.222 34.S59 1.07,19
li3.3G7 a4.200 a8.3'12 1.()tl31
78.034 3U)t!3 '11.730 1.0011
94.100 20.!Hl7 45.019 1.0080
111.72 28.377 48.210 1.10G7
130.GS 27.003 5LaOZ 1.1143
151.02 25.S33 M.200 1.1218
172.70 24.810 57.105 1.1202
195.G8 23.9tU GO.OOO 1.13611
21O.!)11 23.1U0 U2.713 1.1<13,1
245.t14 22..101 U5.337 1.1503
272.12 21.887 07.874 1.1571
201),OG 21.351 7().326 1.1637
328.00 20,870 72.096 1.1701
3138.01 2M39 74.0~6 1.176·'1
31::0.02 20.0'10 77.108 1.1820
Il2!.01 10.607 70.:135 1.188G
,[54.81 10.37G H1/100 loW,15
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Table C.23: Variahles and parameters at discrete poiuts ill the pip(' cntiuncc,
for tho rase {i = 30. The underlined data arc til" values of the parameters Itt

the' minimum critlcnl Rovnokls number
.r n[('rit) Cl6·[crit.) Be l/[el'it] Reb'[erit) ('[crit) ('[erit)

(x l()Q) (xHfl) (xIO-:l)
O.3DGiiT0 00 303.1'7 00 51!J.OG O.3!J6\i'1

7.1079 Ifi.700 270.38 3G.fiG·! G;n.07 0.40HHJ 0.38851
12.625 13.117 265.53 :n.85·1 672.0G OAOOOO O.3S·17G
10.703 10.812 258.87 28.360 713.1!J 0.40125 0.38203
28.3:n 0.0:372 2i1!).!:lO 20.184 766.12 OAOO,10 0.:37835
38.495 7.7609 2113.10 2,1.355 812.87 0.40083 0.37574
50.180 6.7213 234.30 23.43? 878.05 0.3907,1 0.37187
03.367 5.0050 226.'1'1 22.740 94·1.32 O.30S07 0.36838
'7iUI:H 1i.227!l 2.18.15 22.-1fiO 11l22.(i n.an778 O.:3n45H
fH.160 4.6(1ll 200.8,1 22.463 111l.:{ 0.39028 0.36060
111.72 ,1.1787 201..15 221717 1212.1 0.39,105 O.35G60
130.08 3.7G02 102.91 23.2·18 1329.1 0.:i92G!) 0.352,10
15U)2 3.3037 18·1.27 2·1.028 140:3.0 0.3D()(ll 0.311810
172.70 3.0660 175.36 25.116 IG22.1 0.3882,1 0.34383
105.0S 2.7709 166.25 26.520 1808.6 0.38575 0.33046
210.9·1 2.500·1 156.81 28.3,18 2032.7 0.38302 O.33'1D8
2'J5.'14 2.250,1 147.0·1 30.a60 2305.0 0.38012 0.330(15
272.12 2.0156 136.81 33.663 26·13.7 O.37G09 0.32581
200.06 1.7026 126.07 37.582 3075.5 0.'~7360 0.32105
328.00 1.1:\769 114.63 42.872 3646.8 0.36085 031608
a5S.D1 1.36(11 102.29 50.358 11'142.3 0.30562 0.31070
380.02 1.1468 88.527 61.788 5G,10.8 0.360G7 0.30408
1121.!Jl O.01211'i' 72.302 8UnG 7715.0 O.35t15G O.20S30
454.81 O.02{172 50.852 130.1·1 12653 O.3·1G:W O.200()O
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Table C.22: T:.c corrospondonco botwoon . 'Uld the other velocity profile pa-
ramotors at discrete points in t11<'pipe' entrance, for the' cnso 51 :::::ZO.

;1: S h*/R UC/U
(xlO5) (x 10:1)

0 00 0 1
7.107D 72.577 lG.GG7 1.()3·15
12.G25 GO.3D8 20.276 1.0123
lD.703 51.683 23.D96 1.05().1
28.331 '!5.326 27.722 1.0587
38..195 40,520 31..10:3 1.0G70
50.180 3G,80'1 3G.017 1.07G3
G3.367 33.843 38.GGO 1.0S3G
78'()3'1 31.449 ·n.D9G 1.0917
94.160 29.'167 4G.3G1 1.0997
111.72 27.813 118.61,1 1.10ii
130.GtI 26A05 !j1.7t15 1.1155
151.02 25.203 M,8G6 1.123:'
172.70 24.158 57,857 1nO!)
195.68 23.2GO 60.7u1 i.iasa
21!UJ4 22.448 GJ,G78 1.1457
211ti.44 21.742 66.312 1.152D
272.12 21.111 (l8.D03 1.1(lOO
299.96 20.549 71.535 1.1670
328.DO 20.0'12 7·1.028 1.1738
358,91 19.587 76.1,16 1.1805
31:;0.92 19,173 78.78!) 1.187'1
·121.91 lS.798 8UGO 1.1935
45'1.81 18A55 8:1.201 1.19!)8
488.56 18.1013 85.394 1.20GO
52:1.)3 17.856 87A6G 1.2120
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utomp(l, :)cu;
utomp(2, :)ou;
utomp(3, :):::u;
tpointor::t2:
M=(dt(dtmurk,2)*dt(dtmar.k,4».*L+muhat(1:n,1:n):
OPemu (n) ~2*in1'_N j

Y.
% start tho loop ...
'I.
for tcl:tn,

if to::tl,
Rcutomp(3,:)*M+K:

0100,
R:outemp(3, :)*M + (dt(dtmarlt,2)*dt(dtmarlt,5» .*...

utomp(2,:)*L+K:
ond;
utomp(4, :)"'R*OP:
utomp(1:3,:)=utomp(2:4,:):
% rotato tho data in tho tomporary buffor

if rom(t,toav~)=::tO, % cava tho data into output array
d~op('oaving data to output arrayl):
diop(t):
diop(ohapo(utomp(4,:»):
diop(utemp(4,:)*chobvec(O,n»:
u(tpointor,:)=utomp(4,:);
~pointoratpointor+l;

% Draw tho thing
ur=ronlprof(30,u):
mooh(ul:',[31,40]):
claar ur
drawnow;

end:
if (dt(dtmnrk,l)<ct & dtoi~o>dtmnrk),

diop (1 changing diocl'otiontion) j
dtmnrkadtmnrlt+l i
K",ltmn.t(l,n,omoea,muho.t).*dt (dtmo.rlt,2) :
Nt:l(muho.t(1:n,1:n)-(dt(dtmarlt,3)*dt(dtmo.rlt,2»*L)j
NcN*mu(n)~2:
N(:,l)cchaovoc(l,n):
N(:,2)oot~hat(1:n,l:n)*cho~voc(O,n)i
(ll, llU] =Lu(N) j
invull,-inv(uu)*inv(ll) :

Hn(dt (dtmu:rk,2) *dt (dtmal'lt, 4» •*L+muha.t (1 :n,l:n) :

Ml



5·lO

D.3 The one-dimensional base flow equation

Thill f'l(l('tiou coutalns tilt' one..dimonsioual hnso-Ilow script, for I'll(' initial value
problem for a(·(·('I('l'ltt.iIlI~pipe Ilow far away from t he' inlet.

D.3.1 buseld.m

% baocld.m
%
% thio ocript generatoo tho parallol baoo flow modol
% uoing tho proGourowintQgral approach
%
% oot paramotoro
%
n"'100;
%dtc Cti dt aO al n2 ...
dtc Cl00000 10-6 1 0 OJ •••

10000 10-70.6 0.6 OJ;
[dtoizo,y]=oizo(dt);
dtmarkcl;

omogu.",Oj
tn"4000j
tonva"'20j

% Accoloration paramotor
% Hnximum time otop
% oava avary tonvo timoutop

%
% oot global matricoo ...
%
lotahat,muho.tJ=otamu(n+l0) i % tho global oldft ml1.tr::'c{lo.
(L]cl_opor(n,omoga,otahat,muhat)i
(KJ"kmat(l,n,omogn,muhat) .*dt(dtmarlt, 2) j

NCI(muhnt (1:n.l:n) -edt (dtmark, 2)*dt (dtma:rk.3» .*L) ;
N=N*mu(n)~2; % ohift tho matrix rieht 2 to nugmont BC'o
N(:.l)~chobvoc(l,n)./n;
N (: ,2)Clotahnt(1:n,l:11)*chobvoc (0,n) •In i
[11,uuJ "'luCli);
inv_Neiuv(uu)*inv(ll) i
ueC1 00)/chob2(3)i %Uinitj
ex IyJ "oizo (u) i
if Y >= n,

u=u ( : ,1 :n) ;
olOG,

u(x,n)cO;
('nd;
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LHS=LHS+bcblas(n,otahat):

[LL,UU]=lu(LHS)i
invLHS=inv(UU)*inv(LL)i

D.2.3 S_o:Lf .m

%
% g_of_f,m calculates the value of tho Blaouio equation
%
% Thio function io used by blaoiuo,m
%
% CGJQg_of_f(n,~_max,etahat,f)i
%
function [G]=g_of_f(n,z_max,etahat,f);
P.polyr(n,f)j
etahat-otahat(1:n,1:n)i
GQetahat~2*(2*otahat + z_~ax~2 .* p);
Gr;f*Gj

D.2.4 bcbl.as ,m

%
% bcblao.m cales the BC'o for Blasius
%
% Used by bl.aoiufl,m
%
% CBJ~bcblaG(n,otahat)j
%
:function eBJmbcbJ,ao(n,eto.ho.t)i

etnh~t=otahat(1:n,1:n);
BlIIzoroo(n,n)i
vO=chabvoc(O,n)i
v1"'chobvoc(1,n);
B(:,1)=v1j
B(: ,2)~oto.ho.t*v1;
B(:,3)aoto.h~t*vOi

1i3D
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delf~delf(1,1:n)j delf(1,n)=Oj

error=max(abo(dolf»j

LHS=bcblaa(n,etahat)+eye(n)*shiftj
RHS=(f+omcga*del£)*shiftj RHS(3)=1j
f~RHS*inv(LHS)j

f=f(l,l:n)j f(l,n)=Oj
f_rrl=realprof(20,f(1:n)*etahat(1:n,l:n»j
f_r=realprof(20,f(1:n»j
f_dolf=realprof(20,delf);
plot(x,f_r,x,f_rd,'w',x,f_delf)j grid;
drawnow;
~iGP('orror is:')j
diop(error)i
diep('chango is:')j
diop~max(oldf-f»i

oldf=fj
endj
save __tqmpj

D.2.2 frechet. m

%
% Frechet.m calculates tho new guesstimate
%
% This function is used by blaniuG.m
%
% CFJ=frochat(n,z_max,omegu,etahat,f,ohift)i
%
function [F]=frechot(n,z_max,omogn,otahnt,.f,shift)j

otahat"'otaha'~(1:n,lm) j
::"HS"'2>1<otahat~3 •..
+ (otrulat~2>1<polyr(n,f»*z_max~2
+ (polyr(n, (f*etahat~2» )*z_J:lax~2i
RHS=-B_of_f(n,z_max,otahnt,f)j
LHS=LHS>I<ohiftj
RHScRHS>I<ohiftj
RHS(l)c-f>l<chobvoc(l,n)j
RHS(2)c-f>l<etahat*chobvec(l,n)j
RHS (3)c-f>!<otahat*chebvoc(0,n)+l j
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D.2 The Blasius solution

'rhis script (and snl!sitliary in-filos) oalculnto titl' B1asiUH botnulurv lny<,l' solution
using It highly accurate uou-Iiuear iterative method.

D.2.1 blasius .m

%
% blasius. m This is a script that rotu:ms Blasius
%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% First sot up parameters ... %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
if (exist(ln') ==0),

nc20;
end; % Tho order
if (exist(lz_max') ==0),

z_rnax=100; % Axis stretching
end;
errlimit=lo-13j
omega=O,5j

% Convergence criterion
% relaxation parameter

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% Calculate the necessary matriceo %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
It-n+l0i
otnhat=mnkoetahat(k);

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Set the initial guess %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
£(1,n)"0;
£=:f(1,1:n);

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Start iterating! %
%%%'1.'1.'1.%%'1.%'1.'1.%'1.%%%%%%%%%%%%'1.'1.%'1.'/,%'1.:' '1.%%'1.%'1.%'1.%%%%%%'1.%
errorel; % O'cherwioe w,' -call through the while loop
ohi:Et=mu(n)A3i
oldf"'Oi
x"(O:19)/19i

whilo (nba (error) >errlimit) I

[dolf]l:l:frochot(n,z_max,omogn,otahnt,f,ohift);
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error(lrow v~~··-qpleaoe.I);
endj
M=A'*Bj
M(l,l)=M(l,l).*2j
C(l,l)=oum(diag(M»j
for i=2:ya+yb-l,

C(l,i)=sum(diag(M,i-l»+sum(diag(M,l-i»+ ..•
sum(diag(fliplr(M),yb-i»j

endj
C=C./2;

D.1.14 eta

%
% The function eta(n) returns a oquare matrix which io the
% derivative operator for the operational 'tau approach
% in the canonical basis
Yo n is the order of the matrix
function [a]=eta(n)
a'"zel:OS(n) j

for j=l:n-l
a(j+l,j)=j j
end

D.l.15 mu

% The function mu(n) reeurno a oquare matri~ that io the
Yo shift matrix opera'cor roprooonting premultiplixo.tio',lhy
Yo x in the canonical baois. n io tho order of tho matrix
function [o.]=mu(n)
a"zoroo(n)j
for j=1:n-l
a(j,j+l)=lj
end

Particular functions

TIJ(' above m-Illos ('Olllpris!'(1 u gt'IH'l'iI' 1l1l1ll!'1'it'1I1'lool!tox; lit!' Iollnwing H('d iou«
c'ont niu m-Illos t hilt culculnt« s}wC'ili('results ('OlllllitH't1 ill t his study,
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% need to call directly!!
%
% NB! II Construct C, Cinv as [C,Cinv)=transops(3*n/2); !II!
%
% [S]ccoet2pts(V,C,Cinv);
%
function [S]=coe£2pts(V,C,Cinv);
[x, yJ=sdze (V) ;
V(x,3*y/2)=Oj
S"'V*Cinv;

D.1.12 transops

%
% tranoops makon 'tho alrr>.ysncceonary to evaluate the
% transforms from Chebyghov space to real spaco and back
%
% [C,Cinv]=trnnoops(n)j
%
function [C,CinvJ=transops(n);
:for k=l:n,

:for j=l:n,
C(k,j)=2/(4-1)*coo(pi*(j-l)*(k-l)/(n-l»;
Cinv(j,k)=cos(pi*(j-l)*(k-l)/(n-l»;

end;
end;
C(: ,1)eC(: ,1)/2;
C(: ,n)"'C(:,n)/2;
C(1, :)..C(1, :)/2;
C\ll, :)=C(n, :)/2;

D.1.l3 convcheb

%
% convcheb returns tho convolution in CllObyohov :form
%
% :function CC]t:lconvcheb(A,B);
% A, B aro tho chebynhov coefficient (roH) vecncru ,
% Matrix returned io of ordor oize(A)+oize(B)-lj
%
function CC]cconvchebCA,B);
[xa,ya]Qoizo(A);
[xb,yb]coizo(B);
if xaN~l I xb·cl,
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D.1.10 poly2d

%
% po1y2d genera'tes the product matri:c of the conv- lution of
% u and v , If supplied with four axgumenue , it ,,'seothe
% pseudo-spectral transforln, if given 2 arguments, convo1vos
% directly.
% C, Cinv, if supplied, are respectivo1y, the Tau to Collocation
% projection operator, and itc inverse. They are given by
% tr:msops.m
%
% Capoly2d(u,v{,C,Cinv})i
function [C]=poly2d(u,v,C,Cinv):
if (nargin==4), % transform then multiply

(m,n]=size(u):
U=coef2pts(u,C,Cinv)i
V=coef2pts(v,C,Cinv)j
W=U.*Vj
C=pts2coof(W,C,Cinv)j

e1soif (narginc=2), % convolve directly
[m,n]=size(u)j
v(m+1,n+1)=Oj
v·v(1 :m,1 :n)j
C=zeros(m,2*n-l)j
for i=1:m,

if max(abs(v(i,:») N= 0,
C(i,:)~convcheb(u(i,:),v(i,:»j

else,
C(i,:)azoros(1,2*n-1);

end;
and;

else,
error(;Wrong arguments');

endj

D.l.11 coef2pts

%
% coef2pts converts the diocrote chebyohov coefficients
% to their space values at the Gau3s-Lobatto points.
% It projocts to a grid 3/2 times the oubopaco dimension
% (by adding zero coofficiento to the (:Qofficient vector)
% to avoid aliasing.
%
% 1~io m-fi10 io uood Qx~luoively by poly2d.m - no
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function [j]=intmat(n):
j=zeros(n,1)i
j(1)=1:
for i=3:2:n,

j(i)=-1/«i-2)*(i»:
end

D.1.8 lobgrid

%
% lobgrid returns the Gauss-Lobatto grid in x
% in the range (0,1]
%
% [L]=lobgrid(n);
%
function [L]=lobgrid(n);
i=(O:n-l) ~ (pi/(n-l»;
L=0.6~(cos(i)+1);

D.1.9 prodmat

%% prodmat returns the pith product matrix for Chebyshev products
% of order n * n
%% [P]=prodmat(n,p);
%
function [p]aprodmat(n,p);
if round(p)-p N:O,

error('p must be an integor >=0');
end:
if p>"l & p<n,

P=diag(ones(n-p,l),p)+diag(onos(n-p,l),-p)
+fliplr(diag(ones(p+l,l),n-p-l»:

P(p+l,l)=l;
p=p .* (1/2);

aloeif p == 0,
r=oye(n);

oloeif p>=n & p<2*n-l,
P=fliplr(diag(ones (2*n-p-l,l) ,-p+n-L) ;
pcp .* (1/2):

0100,
orror('P must be >= 0 and <=2*nl);

end;
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0.1.6 collder

%% collder is the collocation first derivative for the system
% u =(u(xO) ,u(x1) J ••• ,u(xN»'.
% It utilises c) Gauss-Lol-°tto points
%
% [C]=collder(n);
%
function [C]=collder(n);
C=zeros(n,n);
:for l=l:n,

xl=cos(pi*(l-l)/(n-l»;
if 1==1 I 1 == n,

cl=2;
elsa,

cl=l;
anti;
for j:::1:n,

xj=cos(pi*(j-1)/(n-l»;
if j,m"l I j="'n,

cj=2i
else,

cj:::1;
end;
if 1 H= j,

C(l,j)=(cl/cj)*«-1)~(1+j-2)/(xl-xj»;
alseif 1 ==j & 1==1,

C(l,j)=(2*(n-l)~2+1)/6;
elseif 1 ==j & l==n,

C(l,j)=-(2*(n-l)~2+1)/6;
a' se

C(1,j)=-xj/(2*(1-xj~2»i
end;

and;
end;
C"'2*C'i

0.1. 7 intmat.m

%
% intmat returns the definite integral vector for n polynomial
% in Chobyshev basis (2nd kind)
% function CJ]=intmat(n);
%
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D.1.4 chebvec.m

%
% chebvec generates a n dim' column vector containing the
% values for T=(TO,Tl,T2,T3, ...)' at x=a
% for O<x<l for second type Chebyshev
%
% function [T]=chebvec(a,n);
%
function [T]=chebvec(a,n);
T=zeros(n,l);
T(l)=l;
T(2) =2*a-l;
for i=O:n

T(i)=2*(2*a-1)*T(i-l)-T(i-2);;
end

D.1.5 co12cheb

%
% co12cho~ generates the transformation matrix for transforming
% the values at the Gauss-Lobatto points to discrete Chebyshev
% coefficients
%
% [CJ=co12cheb(n);
%
function [CJ~co12cheb(n);
C=zeros(n,n);
for k=l:n,

if k==l I kc:=n,
ck"2,

elso,
clt=1;

end;
for j=l:n,

if j==l I j==n ,
cjc2;

0100,
cj=t;

ond;
C(k,j)c(2/«n-l)*cj*ck»*coo(pi*(j-1)*(It-l)/(n-l»;

ond;
eudj
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D.1.2 etahat.m

%
% etahat constructs the diff' matrix in chebyshev space of
% order n
%
% function [eta]=etahat(n)i
%
function [m]=etahat(n);
m=zeros(n,n)i
for i=2:2:n

m(i,l)c2*(i-l)i
for j=3:2:i

m(i,j)"'4*(i-l):
end

end
for i=3:2:n

for j=2:2:i
m(i,j)=4*(i-l);

end
end

D.1.3 cheb2.m

%% The function chob2(n) returns thu Chebyshev mapping V of order
% n, that transforms the polynomial vector into the Chebyshov
% vccecr of coefficients.
% This io the transformation for Chebyshev polynomials of the
% second kind, on the range O<x<l
%
% [V] =chob2 (n) ;
%
:f\mction CVJ=chob2 (n)
V::Jzeros(lI);
V(1,l)col;
V(2,1):::-1;
V(2,2)=2;
for j=3:n

V(j,l)c-2*V(j-l,l)-V(j-2,l):
:for k=2:j

V(j,k)=4*V(j-l,k-l)-2*V(j-l,k)-V(j-2,k):
ond

ond


