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funetion » = a{r, y) van he roprosented as

ue ) == i, {12067
whete 3 is now a mutrlx of unknowns, and o(r), e{y) ave Cholyshov Lises with

respect to o nd g respeetivoly.

Operators fur the co-omlinate divectious + amd g now pre- and post-nmltiply

onto the upknown cooflicients for instanee the mised derivative zi operating
oi 1 becomoes, in the Chebyshey hasis,
2
¢} i
oy b :; J’?m,. {12.68)

thrdhy

For any given difforential esquation Arfda = ¢ the howdary uuulilimm aroe
augmented for o by shiftiug the resulting upmntnr matrives Ay and ¢F down o
nutube  of rows, wid for g by shiltlsg Ay and (* aver hv s nuniber of colams,
A conflict arises al the top left corner of the waivix ¢, where the conditions
Huterfere' with one nuother, The upshiot of (s i thet only really sjagle codi-
tinng ean be acvopunodated with ense; for instanee, veloeity everywliore avound
tho perimeter zeyo ean be arcommotated, but any wore complicnted conditions
eause & prablen.

Thix problemt ocenes primarily hecause the houndary constraiuts in the Cliohy-
ghoev basis concern all the oxpansion coollicionts, The rellocatlon appronch on
the nther hand stmply asserts the relevaut bowodary comditon at 1he respeetive
notle (like o fuircacifferonce appronch), with the result that ne compatibility
coulliety arlse,

12,9 Summary

Tlds ehinpter haw hoet coneerued with developing the tools and basle prineiples
that will be geedol to apply e operationnd approiach to the problems of fuid
werhanies. A limilation of the staudard aperational-Tan mothod was remnvod,
allowitg aeenrato solution to he eaerfod ont at high ovders of selution, The
colloeation approach was wise showa to he uniformly sndorstaudable nnder the
oprrational methedotopy. The hest teans of deseription of o prineiple I nsually
by Hllustration, and to this end, proper explanation of the mothod's aplication
to veal prablems is plven fu the following chapter, by weans of examplos pertinent
tor Elie wieby,
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Using relatious (12,63} and {12.64), any mutrix operator (for exanple §) in the
Clhebyshiov hasis can be trasfortned vin o similaity travsfotmation into the
Lagrunge basis as

A= edet (12.68)

Thus the operator 1) given in algorithin 1.7 above ean be alternatively gener-
atodd By transforining the difforeutintion matidx i into the plysical dmuaing that
g 17 ean he redefined as

Do el (12.66)

Thoe similavity trassform (12,663 &5 woll hehaved munerieally, in that both € and
= pre explicitly derivable, and are Lot woll couditioned, ‘Tlns the prolilen
witlt the similarity transforn: apparent in the ‘Tan tethod i uot preseut hoee,

Oue fundnental dilference Lotween the Lagrange and Chebyshee hases cone
corns thedr heluwionr as their ovder Is extonded, With hoth spstems, the hiwis ¢
or ¢ each wpan the spree of polynominls P Farthenmore, the trunested Lases
ex anl @ oach spans the space of polynowinls Iy of order less thaw or oqual to
N. However, Iy the ease of tlie Chebysbey basds 6, cach vestrdeted basls vector
éa.p I8 complotely contained by tha Ligler ovder hases, ‘This iv in cottrast to
the Lagrange systom: here each restrfeted basis iy I nnique and not nocossar-
ily contaited within the lerger bases, In othor words, for cach owder N, thiore
in o undeque basis voctor Py of Lagrange polynomials that spouns the spaee Py
of palynondals in an opthmon way, Thas, walike the Cholyshey syston, the
aperators I the Lagrange basls at o cortain order ave sob slmply the truneation
of an inlnite systen, but most bo genevated explivitly for s cortadn N For o
particular N, 15y resnles fu the projection watriees & awd € being nuique
auel not simply & chosen tryneation of infindte watsces. This vosteletion of the
Lagrange busiz defues the Dndamental diffevenve Detweon the collocation and
Tan merhody,

12,8.6  Advantagoes of the collocation method

TFhe wajor reaxo Loy prefeering the collocation nethod over a *Pan approach for
the axinl diserotisation was ity ease of lnudBng the lslet Dowr lary eonditions,
While ouestdinuensionnl Tan approaches rewdily wlnit nousual borudary values,
their twe=dimensional counterpurts are sevorely rosteietod iy this regard.

To Blustrnte this, consithe o two-ditmensioun] Tan appesach, Heve the wiknowns
form a maerix of voelliclents, wid e two sets of liwsis voetors (one for each vos
artliuate divestion) pres and post-mudtiply onto these cooflicjonts "Fhat s, the
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Vol = (e—=ag)(r ) o = o M = dypr}eee
vor{@t =t ) = oy ) {145

Thoxe [unetions can be defiued to correspoud o any set of colloention nodes,
Howover, it v xhown Ly Fox & Barker (1968) that in order o misioise the
naximum value of ]IT.(.r]l these nodes should be taken as the zoroes of (e

Chehyshov polynombal Ty« the nodes of mashuon quadeature as defined by
equation (12.65). Tu other words, the corvect chioiee of geic eafivees minhimax
bobavionr on the Lagrange polynomsials, und will produce wiibem convorgencr
of the solution with inerensing N, I Diet s Suppropeate cholee of nodes {for
instanee ogud-spietd ) enn onsre that the interpolating series does uot converpe
ot allf Duing the Lageauge basis, the [metion o can be yopresented in the
phyrieal domnaln ax

U= Ay (12.60)

with the row vector 3 glven by

-

RS 111 A CIERRI U EYAFS | Py LN (12.41)

where TT; 4 the /th Lagrange polyuomdal, coreesponding to the ith colloeation
node .y, and normalised sael that [15(eg ) =

Htf'}

M) = gy

{11.63)

Eyuation (12.57) defines o divect mapping botwoen the covlliclent voetor in the
Tan wystem aned the vector in the phvsical (Lagrauge) basis, Innmediately olivi-
oua I diveet wmdogy betwoeey the matvis ¢ wed the eansfortuation wateix ¥
from the operationnl-Tan wethod [Hee seetion 12.7), i that they hoth primarcity
dudine a mapping betwoen two polvuominl bases. Thns the fnwetton v can b
defined equivalently iu both the Cliebysliov sl Laprauge hases as

it = B i, {12,64)

By the substitution of the relution (12.87) luto the above equality, o relation
Dotwoen the Dases can be ndorveds this relution s

O o i, (12.064)

MThiy photutnenon will lamper any attupt to tee o high order ditfrostisfon matels iv
[oltesdiilovenve uystom with equisspoeed ooy, hecnnse of nwtebilid s
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For the Cloabyshiey polvumuials of the secomd kitel, evabated ot (he (Gausss
Lolatto poluts, the differentintion nevix i given by algovithm (12.7) that fol-
lows,

Algorithn 135 D

for D11V =1

ap ot ens{ s LN = 13)

8 (Pl oox deon N =1} { 0y::2 } oloe { 17 21 }

for jra0i1N =1 {
£z el JHN ~ 1))
A (jo=lor joozN 1) { ;% }eloe {1}
S HUE IR

vig = (efe) s (=1 Ly~ )

rig (2N - DD
} alsa {egpsm —afedu (1))
}
}
t
D= 8D,

Tt s privanely the stinetute of the operator I3 that distinguishes the e ho

Irom n difference approach, Using 1 ax defined Ly (1.7} above, dillerentiation
in the physical domain ean be reprosentod s

(i W
:E;-u =x @), L1L0M)

12.8.4 7The collocation approach as an operational system

The above oxplanation essentiadly follows the “raditfonal’ deserintion of the
vollveatlon moethod, wlbeit using @ noee terse ntele notation. It s, however,
pewilile to desertbe the eative colloeation approuch completely untlovinly aq with
the ‘Fan method. Thix povel methed of causidering the colloeation approwclt is
outlined below,

In coutrast to the ‘Fan mothod, the mateix representation of the fapetion in the
colloeation approach & glven with no associntod liwis voetor, TTowevor, *hore i
an hnplicit basds veetor, nawely a vector of Lagrange polvuoniuls » polynmninls
thist are 2evo at all the collocation nodes exeept ones that s polynendels whose
routs coinedde with all the sodes exeept one, These polysominks can he delined
 [Fox & Darker {1961)]
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[ V)

Mporitlon 13.6: ¢ 1

for kU N=1{
for jooB:iN=1{
wik

ll'.d R ..';r:--:z- i

N -1

}
}.

Alpovithis (12.5) and (12.6) ave siven ws Mokl Imetions iy appopdiz I3 Al-
ternatively. tlie St Foued + vansform (FITY ean be enploved to e sawe offeet,
Cannto of o (1988 contanm dotidled deseriptions of how an FIFT aporitha ean
b mont ceopetnivally coaplovesl for this purpeose, el tis it will be takes wo
farther heve, The two approiches (Matrix teansform or FETY are oquivalent and
vield fdentien] remulbe the sole advintape of the FIT approach §s a relabively
modest gain in spead®, Thus for the vorrent deseription, the wetis transdor.
mastlons given by the alporitlngs (1851 and (13.6) will e wsed (o project the
dlserete function hetween the phivsieal spaee aned ¢ helvshes spaee,

12.8.3 Differentiation

The simple transformalion of the dida to aud fom the plisieal domain g de
keribed above v usof] 1o evaluatiug elficiently the copvolution suus arising
from the nowslneny tepms in he basesQow cquation, The wethod of achivviug
thiy will he deserilbed Iator; however, the primueey concern now i with Qitfer-
ontinton of the fumetlon i the plasdesl spaee, The offoet of difforontintion on
the Betlon & ean be dediesd dither by cotsidering the devivatives of the Tae
grange polynominds - which are zoro ot all e collocation aodex exeopl one -
ot by transforming the differentintion wmntvls 4 of the operatiouak-Taw wethod
into the physieal space waing 0 Tiug the foyer approacs, the fise derlva-
tive mately las been given by Cato of of (L8R, aed thiv = & ol matrix
represontitg differentintion®, It will however be shown later that teeating tie
volloeation method nx just o paetiendar ease af the epesatloun] paruedipn veatdes
in (he noatural nwe of the latter option for generatiog operstos,

*Te eost In termw of Soatingepoint opomtions of Oie wuteix tramsfurm for o one ditietsionel
vertur @ of ardey N s approxhuately N2, wherons a well desigaed PP, i to operate on
muny reidsvitlned vocetors at the same time, e take advautage of the Gl complex FET° (y
purkbiyg the voctors together an toabeontles pairs) amel perform the same operation at o cox
al BN logg Nk AN por transtnm. The ndvantape st i ordor of approginstely N = 60 {the
nppresinmte volue for Qe entranee calendntions) b fo sperd ap the caleatution tine by o 3.0
tines,

"Noto thist the derivative mntzis ot detiend from dilfvronee foemulae: rther o the
ploll cov[feient operators projected inte the phasical lsty,
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the grid poluts (12.5!’:] are esenly spaeed iu B0 Fuvthermore, the polynowials
slmply heeome n cosine sevies with respeet to @ Thus it i possilile to deline »
shple Fourier tyansform between - he phvsien] vilues at thn colloration nodes,
ansd the expansion cosflicients, "T'hiv is important becanse is allows the pecguisite
aperntors to he transformed from tae Chelpshey Dasds into <he plivsieal sesten,
It wili be shown o litthe Jatey that the choiee of points (1258} is epthna tor
ropresenting the system as o Lugrange polynoimdal cxpansion,

12.8.2 General description

Ta deseribe the collocation approach, vonsider tlhe vudatioe of i variolle o <
() it the oneedimensional rope o € J0.13, Lot the spiee vilues at the N
colloration poluts in thix range he lefined us

W3 [tpg Hey Mps *=* Uey 4 Moy 5 ey 1 b (156)

where the toym iy, reprosonts Lhe spuee values ot the ith colloeation node as
delined by (12503, Usitgy the fuet that the Clebysboy systew is sliuply o co-
sine serdos with w change i variabl s, o mateix transformation can he geneented
saeh that the veetor (12,56) can b (ransfornsed into the squivalent expadon
couflivient representation de according to

T il 113.67)

where the mateix € b defined by olgovithm {10.5) Lelow,

Alporithin 19.5: ¢

for koli N -1 {
for jul:N—=1{
i (hambor bua Nl { g -2} adoo {rp 01}
i (joboerj xN=1) {ey=2}oloe{r -1}
3 Ly
O - ik

Y TR T T

}
b

The juverse teansforn s abtninable simply by inverting €' or ean he divectie
eideutated from the even simpler slpevithom which Jollows,
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12.8 Collocation

Az already mentioned, in the rollocation. methiod, the tuknownz are physical
vnlues al pode points within o compiact domain, Ths the method has o finite
difforence-dike quality to it, It is vore oeh unlike the #pite ditferenee me;hod
in that it I8 subjeet to the propeety of ifiniteorder aewsey, The reason for
this behavionr is best explainesl by carebally cousidering the metbod,

12.8,1 Collocation grid

The appropriate collocation pried Is depetedewr. ugson 1he method ehose fo derive
the opeyator watriees,  When wsinyg the Chebyshey polynomials, e eorveet
wiesh i the GuasseLobatto grhd. Far the porpose of the ciaevent Livestipation,
the peld wax adapted to the resteieted range [t 3] fom the wove naual ~1,1]
This cestriction is in aceordanee with the redvicetion of the rauge for the eaelio
Fan derfvations. The CanssaLobatto prled I8 shown in figure 12,3, and b glven
Ly eeatlon (1255 "Cauntu of ol {18R)] below,

&y .15 (ruﬁ 3%-1- + 1) . JeMN 1), (12.55)

Important to note i that this grid I8 reversed, tlt I8 g =2 1 ol 2y = O,
Re-ovientation of the grid to the move indwitive, reversod, sense can be done,
{hiz unneeessnelly complleatos the suathematlen, Practieally it §x Tar simplor to
Hlip® the resmltant veetor afior ealenlation (if st all neeessney), for the sake of
convendont proseutatinn.

T AT LA FASATT I ke L R e 5 LT R S T G TR e K e oty

v e '™ 41 o T 5 o [ b bt

0 0.23 0.5 0.73 i

Figure 12.1: Tl Ganss-Lobatto seid poiuts, shown for N ),

While popresewting the fnuction al the il points of this préd migld seom muek
like u finite-ditferenee philosoply, sume npertast Jestures distiuguish it feon a
uortd difference grid, To bogin witly, the poists defined by {12.5%) are wodes of
i graudratnre for e Chebyshiev polyviwmndat, I the Clelyshov poly.
notials are subjectod to a chauge of independent varinble as # 02 cox 1, thon
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Table 12.1: Variation most unstable slgenvalue with order in plae Poisenille
flow, for a == 1, Re == 3000, compared to rosulis generatod by explicit transfor-
mation of operators fulo the orthogouat basis, Ouoly the imaginary coponent

s xhown
COreilor TIineginury component of
Tiest vipenvalue (x109)
Current method T Explicll (rausiorimn

TV T E T T I T ST
30 [ ~5197312878 | =510V 312878
32 ~0.107 312 311 0197 312 311
i =0.197 412 2380 | -=h197 312 289
36 | 5297312270 | =50107 312 270
AR 0,107 312819 | --5.107 312 319
10 | ~5.107 312308 | tTA.000 8710
G0 | 5,197 313 602
B =0, 107 301 190
0 ~0 107 310 894
a0 «h.10% 266G 519
M| 5187 327 350
o | --5,147 306 411
13 | -5.190 405 536

dntn ou the left-haud sile was generated Ly inplementing the wateix operators
piven in sectioe 12 7, while the data on the vighit-hand side wis caleulated usiug

the explicitly Lransformed matrices of the Ortiz apjroack,

For lew orders, both approaches give Identienl results - ax would he expocted,
sinee  he basie manerical consiruction of enely i identical,  Tu both data up
to IV == 38, the aaswer can Lo seon to couverpe with ordor to the level of the
routdepfl’ orror.  Tlowover, inetvasing N by jnst 2, frots 34 1o 4D eatses e
Ortix nethod to collapse, Thiv phetomenon s entively due to the Dadly seadod
beliwvlo o of the watrix voustruetion (rasforn matelx V. pemlting o ivearoee!
operator matrices § und A, aied nob die to the solntion proces’,

That the entasteoplie belwelowr I8 not inaate to the Tan wystou {= {upthor
desnpstrated by cotsidering the beluviour of the preseat results above N -~ 10,
What is son 8 only a gradunl decronse in (e decina] preeision of (e solition,
resulting frowy the grudaal inerease in the rouwd-off ervor of the (-7 solution
slgorithn as the ovder eresses. At the very high srderof & -« 13, the solution
st cotroet (o (hee sptdlieant figtres

B ontle difference hetween the two methods wis wheee they pot their sperator matrices
ftom. Thus by inferenee the probiem could not lave been seith tie yooerical formmlation of
the Orr-Houueerfold svstem siiee (his stepr wan ideaticid in both enses, s was the solition of
the sulsequent alaehrnic clgenvaloe problem, The endize limitation of die Oreiz nppmonch wis
thux simply the enteulntion of jneoreeet apesators at higher ordes,
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viells the following:

The intrgral matrix operator evaluntes to

C L 000 o e ]
Do

00
- 0 . (12.52)

00
1
~gy 0 0

-‘"
I}
N

L E -

0
Ly == g . [12.53)

P e N

while for the condition r = 0 the correct limit operator ke

1000 -
-1 0

fg=| 10 (12.54)
-1 0 U

12,7.2 Verification of operator transformation

To show the effect of (he removnd of the simflarity ceanstorm, it is perhaps best
to prosont some results, Table 12,1 shov ility data from the application of
the Ore-Sommesfeld stability eqmation to the parabolie Pofseuille profile, “The
annerienl method sl wos the spectyal lovmudation given lnter in chapter 13
Although premature, the presentation of these shmple results hore B necesmey
to illustrate the dranatic effeet that (e elimdantion of the (transforation has
ou the convergent hehavieour of the gysten

The datn in table 12,1 war generated for o Reynolds sunther Re = 3 000 and
spatinl wavenrtinber o = 1, hy nevensing the opder of solation N while noting
the behuviour of the imaghuney component of the nost upstalde cigenvalue, The
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Algorithm 12.3: 7

for i=1:2:100{

lf§.u='2*f

for j=2:2:i{
l'i_j-r-:-llli

}

}
for i=2:2:m |
for j=1:2:i
lvlda-l*i
H
oo
Algor: ym 124 fi

=2

rg,1 =2

for i=1lin {
Pii-1=1
i = 2
Piivl =1

} - "

=i,

Tle most notable thing about 4 and /i ix that thele torms are rational. This
allows pssembly of munerically ereet operalors, regardless of 1le ovder of the
problem. The matrices (32.51) nre aot particularly badly sealed, despite the
transformuation matrix ¥ being so. Thix ability lo assenble the aperators with-
ont any romnsgd-olf error for any rensounble N, in in stark contrast to the stan-
dard approach of Urtiz [Lin & Ortiz (1987)] whore a ‘numerical catastrophe’
limbts the value of N severely, even belore solution s attempted: the incorrect
algebenic system is solved for any N execeding thin value, In the current ap-
proack, acenrary I8 lhnited by the ability to rolve the rormeet algebraic systom
within a fixed-precigion system, Tl ‘highly stressscl® nature attributed to the
operational-Tan method by Wright (1993) has heen shown by numerical exper-
iment (see section 13,16} to be due to the sindlarity tensformation. The true
clHect of precisjon-Fmited ervor has proved to be n comstant *noise’ at & lixed
lovel of precbdon in the result - repardles of order, and not & catastrophic de-
cline in aceuracy. Shnilar catastrophic (uds)behavionr of speeteal methods Lizs
heen noted by Gaster (1989), hut thix observation is quile poibly made of o
poor foemlation analogows to that of Ortiz, and s not a valid eriticim of the
spectral approach ftsell,

The limit and integral operators are G easier to romlate. Evaluation of the
watrives {12.20) awd (12.25) for the Cliebyshey polyamniads of the secomd kiud
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fact, o ‘unmerical catastrophe’ ocouts above a certain ovder N, where the result
of the travsformation becomes nousensical within o fixed-procision system,

Ax shiown {n the proof (12.1), the trausformation (12.11) & distributive, Thus
the tramsforieation sum and product of inaividual operators is equal to the sum
and prociet of the transforined operators, or

VIAB+C)V = [(VAV"‘)(I-‘BV"') + ufcv"‘}] . (12.50)

As a rosult of this thore is 1o need to tronsform the final operators into the
orthogonal basis (along with the error assoedated with poor seallng this entails)
if it in possille to geuerate the aperators  and f (e of course the limic
integral aperators, L and J rospoctively) divectly by other means,

12,7.1 Trausformed operators

Tt is posxible to infer f by divect differontiation of the Chelyulioy sevies represen-
tatlon, and shmilagly to oltain the siraetare of g by pre-multiplying the sevies
by » and reapranging. The relations in Fox & DParker (1068) or Rivlin {1950)
are sisgularly usoful in this rogard, Howover, the simplest route was simply to
perfr rm uumerieally the transformations Vav=! .ad Vav—! for small matrix
ordors, atd judnee the uuderlylug algovlths (f any), This course of action
proved to be sueeessful. Using Matlab, these matrices were found to be, for the
Chebyshov polynamials of the seeond kind;

0 3 2
20 12 1
o8 o o112 )
M1 0 120 |'F7] 1 81 (12.61)
016 0 16 0 13

The underlying generative algorithms Jor the malrdees (12.51) are:
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Alporithug 12.4: 1V*
top =1
ng = =1
i, &= 2
for i=2:ing {
Uiy =5 2P0 = Ui
for jw=l:i{
Uiy ol # Vel = T My
}
}.
Thus the firat few termw of the matrizx V* are
1
~1 P
) 1 -8 8
L I T R R & : (12.40)

1 -3 140 =266 128

The reverse mapping can he deeived feom equation (12.44), or by laverting 17,
Howover, ag will be shown In the next seetion, neither of the mutrices ¥+ or ¥+t
is over nooded explicily beenuse, unlike the operatioual-Tan method of Ortiz,
the current approach 1ormniates the operator imatelees diveetly in the ovth wonal
s,

From here on, it will be assmued that the orthagonal basis is the set of Chelyshey
polynomials of the secomd khud, on the futervad [0,1). These polynomials are
given by equation (12.47), and the hasis veetor s & = [T3(0) TH) T3 (0) -

The notation for the mapping 17 will be as el and the asterisk will be dropped,
although Vowill from here ou denote the matrix (12.49),

12.7 Direct formulation of operators

The stutard operationabTan mothed as ndvocated by Ordg and his sehool
entails foruulating the differentind operator vsing the fmetion opevators  awl
¢y in the eanonieal hasds, and then transforuing it ta the erthogonal basis vin the
similarity teansformation (12,105, The operara ¥ is, howover, badly sealed, so
thai errors are ineviable when luepe matriees wee teansforued ader (12.11). In

8- oor papers by Ortlz el Lin & Ortiz (1987)] do ot goucente the eanonical aperitor
frows the operators 3 awd g, bt do se directly asing @ simple algorithn, However, the resull
of this is utill an uperntor fi the canonieol Basls which moust be transfemed.
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the poiut of lowest Je on this ewrve is terned the pininnm evitien] Reynolds
mthor, ‘This is the Reynokls mambser below which no fuidtesingl distnebanees
are amplified.

F 3 (-"_:0 “I:O
Re
unstable 3
; stable
ey
atable Rey |
" | Rey 3 TRe Req
] t ot
iy a, L o y

Fipure 183 A schematic representation of the wentral stability eweve for toms-
poral disturbanees in phee-Poisendlle How,

A vortieal crosssvetfon through tw stability enree o figiee L33 s given iu
figure 13.4, showing the promwjvouce of the viclons sigenvaloes, Tn order to
reconstruet the wewtteal stabilliy eneve, a searell e be comducted at various
values of re =y to find the Hevnolds mumboers Beyp, awd Rejer at which o =2 O,
This is nebieved ax follows: consider figure 13,4 to be g ergss-seetion talen at o =
v1. The two eutting poluts Heyg, sl Regr can oasily be determined by usiug a
staaple Regula Falsi algovithun contbited overy now atd then by a halbintorval
wiethodd {Carnahan ef o (19693, the combination being nuerssary hevanse of the
nou-smooth nature of the ¢ vs, Re curvel, Raphl convergence with just the
Resula Falsi adgorithun can be ensured by vestrleting the range of eigenvidues
to boe considered, thos ouly generating the locus of a sfugle vipeuvalue, The
latter approach must he folfowed with cantion, as it way eliminate the actual
cigenvalue that exhibits the larpest imaginary component,

The mininouu eritien] Revoolds wmber may be deterinined lon the yesudts
obtaiued ftow the above deteenation of te neutral vurve, Constdering only
the lower valnes of eritieal Bevoolds munber Beyp az shown on Bee 133, o
tethod o find the mivinmm Regr cau proceed as follows:

(1) Cloose theee values of Regp ueae the lower side of  he eurve; lor istance,
take Reqp, Resy and Regg.

(2) Pit o guiudratie Mnetion through the theee points, mud lind the value of

The mixing of plporithmy iy buportant in eeder to achiove tapid convermonee, 1w nen-
sineoth nature of the ep vo. Be cneve 38 due 1o it Being dofined as the valae of (e mont
ntstihle eipronkue, aned the eigenvidnes do chmge position, With savh data, o simple Repafa
Fulsi alportthm ey converge very klowly indoed.



CHAPTER 13, VERIFICATION 267

development only, with final algotithns to he developed in ¢ or FORTRAN
for wpoe] awd Hexibility, Howover, aftor implementation, it was eealised that
Mutlah offorod o significant speosd, size or acenraey impedinent over the tra-
tlitionnl nmmerical langnares (€, FORTRAN). Furthermore, Matlal is plat{onn
Inddependent (dentical code can bo tnn ou fast UNIX congntars, or IBM PCPs),
and offers o symbolic matris envirenpent, Ta this enviressend, the constee-
ton sl solution of the Ore-Sominerfeld problem cun be carvied ot ecactly as
dortved above, The syiubolic nature of the packape shields the wer frown the
mttelane waleix manipalations?, The packape also works witl complex alpebra,
so the solation of problene such s oquation (LL20) with general complog teelas
ean Do treatod in o uniforn mwanuer,

The computer platforis nsed for e salution of the Orr-Songnerfeld equation
nidder Matlab was an IBM-8MEG cowputer running at 50 Mhz The operat-
ing system was Windows N'T. The alility to solve sneht probloms as the Ore
Sommerfold ecnation quickly on an ordinay desidop computer highiishts the
eapdel developient in both wamevical methods el compater phstfors in e
cett yoard, For instanee di Silva's (1000) yesnlts for plane-Doisetille flow woere
ubtajued wsing Hnjte-differonce methads on an IBM 3081E matuitame computer
(with compmtational speed roughly egquat to the earreut 50 Az %086), ooy
to attadn reasonable aeenraey, e had to solve matriees of owdey $00 x 30{, For
eruivident aceneacy, the prosent mystom wequived the solution of o systen with
arder 25 x 25, Results for the eneeent Forpmlation are shown and disenssed in
the uext seetion,

13.1.0 Numerical »esults for plane-Tolseuille llow

Nueriend tosts were condueted nsing the Ore-Sotuerfeld equatlon [or plane-
DPolseulle fow, Flestly, penoration of the neatral stability enrve i the aafle
plae for tlds Howe was fnvestigatod, nisd resudting feon s, the minimn eriticad
Revuolds munber way exteacted for different orders N, using o stinple seareh
alporithn. Seeondly, the [l vigenspectrmn for the case of e o0 1 wd e -
1000 wor obtaited lor vareing N, sud the st fow eipeuvaines wore eojupared
to existing yresnlix,

The ncutenl stability carve

The neutral stability enrve deflines o repion in the aeffe plane within whiel small
dirturlunees sve smplifiod. The nentval stability eurve glven by Shon (1854 for
this problem was alrewdy shown in Hpure 180, and i repented seliotantienlly
i pure 133 below, ‘e bhowelary of the vopion i defined by g == 6, and

SFar Instatee, fuvecting a matrix N s sbaply the aperation SaveCHY. Alatlal utilisen upsto-
dhute aptimived alporitines for auel Dnetions o inversion awd eigenvalee and clpgeufien.cton
uelerination,
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A munerical solntion Is now sovpdd to the algebrie eigenvalae problem
e - el =0, {13.29)

wlich d# the sulsjeet of the wext seetion.

13.1.5 Solution procedure

The formalation of au vigenvalue problem in o sujtable monerieal frauewok is
ane part of the procedure, Regardless of the Jormlation (inite-diflorencs, spees
trald, n mertem of the form (13.20) hat to be solved, Ouee the watsiees 1T awl
I ave wet up, thore remadns the dannting tusk of exfructing thie corveet ofgen-
value and ofgendinetiony from sestems exhibdting whit i termed patholopleal’
lehviour, By this i jmphied that the systems are extremely Qleonditioned,
and perhaps neacly singular,?

There ave two main approaches to the problem, sty o sheoting wethod” can
he employed, where an inftink guess for the sigeuvalne §s supplied, and then a
soatel is condietod by varving the eigenvalue 3o way 80 ox o reduee the vesid-
ual of the equation untll convergenee i attnined, This method i= uselu) i€ oo
Inftinl npproximnte praess of o relevant vigenvalne i availeble. For instanee Ny
& Tokd (1079) employed el o method for the solution of stilf ordhaey difler-
entinl pquntions, fnelnding the Ovr-Sennunerfeld equation, by ustug o techniegne
of compomnd matrives.

11 the entire cigmrspeetinn i desived amd §Einitsl guessed ave not avadbable, tlen
the standard approach is to use o ‘black-box' general complex vigenvalue solver,
The standard slporithin employed fn thiz ense d the QR [Wilkinson (14656),
Willkdnson & Relusel (19%1)] or yelated algorithms, da Sitva (1960) employed o
moslifiention af the QR alporlthm - the Q4 alporithm « for Lis dulte-Qiilerenee
gtttclon of the stability of pipe enteanee Jow, This wethod, ns suppgestod by
Moloe & Stewart (1873), Wand (1975). and Wilkinson (1079, is very offective
st extrreting the dgenvalues oy 1 concditioned probilens,

The actvent of powerful oumerienl toolboxes oy st progranping lanpniges
(o NAGH sabroutines for ¢ mgl FOIPRAN), awd farther, the developiment of
fourth peneration nmthemationl packapges sueh as Mathals has rotdered olwolete
wuy need to develop from serateh solation algovithms fov salving these prehe-
Lo, Top fstanee Matlal has the QF algorithin already weailable w o stagulard
funetion eall, nx do the NAG rontines,

The cotwstruetion and solution of the Orv-Sommerfeld problem wis condneted
in Matlaln The Matlah envivowment was inithelly fsteaded to he Tm prototype

FPes clistinetion Berweey slnpniar aied nearly sopgulae sestems beeomes hlaered in o nueer-
fea) application, dae to the finite ropresgation of e matris valioe g suel applivations,
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anel
[(ya =1t L L (13.22)

The iwelividual bowwlaey operators f, from (13.20) ¢an he calendated ad then
aupuimted ko o mabeix as

N 1 07
2 01 2
—N n1 =
K = [f Vifalfaif 1] SR I LR L (13.2)
42 1R 1 32
1L I (3 { R
" E J

The houndary conditions can b stitod in the Pau syston sx
bRy = pooa) . (13.20)

or vl a shaple revision of the dght-has side of (13.21), a form veady Loy
augmentation e be doveloped, uanely

BE) = ohiy {13.25)

Heve Ky isan N x0o0hmntrx of zeroes, ths making Che vight-luaed side of {13.21)
coivalent to He right-haud side of (14,25).

‘Thie honydnry comditions (L3235 are now snpraenied to the systeny (13.5), This
lends to

B e i, 1T [I\'li(.-l,. -|-i.-l,)]. ir [rcain]. (1.36)

T'he shifting vight of the inuer proablem maetviees can be shogly aceongslishiod Dy
usiig the canondeal ninltplication watix - postamultiplication by ™ Lhilts (he
colinns of o matrix to the vight w ploces, Ths, i Ky ad Ky are both made
of size N w0 N by adding zeroes, then the soagiented matriees 11 atd ¥ can be
writien equivalenth as

s [y b i g 4 K (14.27)
¥[8l ¢ R {138
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13.1.4 Boundary conditions

The boundary eomditions must be angmoented 1o the systew (13.3) before soli-
tion can proeood, Ax this s an sigenvalue problem, the styueture of the matrices
in wlightly ditferent from those wsed fn the general deseription of the oporutional-
Tt method at the Leginning of this chapter, For the Bnear problem deserihed
there, the T sdary comditions Jad to be angnented ta o system

=

A

whore I fs a seiere matris, aed & iv o row veetors thas for 1 bonndary cotlitions,
fhe bomulary operaturs viere of 1 forn

R=d

with &' an N % # wnteix, awd f a tow veetor with 1 elemeuts,

for this cuse, the bontdiny cowditions need to he of o stuilar fovin to equation
(13,5}, that is, in the {orm of

By = bRy

Belore proceeding (the fovm al the boundary operators (13.3) in the T systen
st be cousbdered, Tn fuen these are

Dédyppstl o> bs [
or f;fl e ),
I_)“r,’li., p=0 =% Hi}"‘ [i‘] P
or: by e 0, (1:3.20)
By o= o B, e
nrs f':,f;, =0,
Ditly.y =0 2> Byl ;=0
or: 5}’1 =l

The torms {/y- o and {edy .1 evalnate to

Wy g [l wlidy «d, oo (13.21)
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Thus for & grueral velocity profile, given as o = @fe in the Chelyshey basis, the
mafrix (13.6) enn oow he geuernlised to

Ay [f;‘J - ¢1-2I] Rt - Rty (14.19)
where the aperator 'R s defined by {13.17).

13.1.3 Construction

Roeturning to the wmove restrictive case of planePoiseuille flow, the matviees
(13.9), (13.30), (13.11) amed (13.132) must be developed {or the chosen order N,
As wiy divenssed in section 12,5, the operators should be constrieted = indindte
watrices. However, i this case it will suffiee i the operators § and f ave matices
of vlve (V + 1) x (N 4 1}, Leeause the largest power of the polynemial operator
Ale 2 Onee Ay, Ap and 73 ate constoneted at the Li ardey, they cun he
braneatod to N x N

It readity, only the matrix o, nesds to be constrneted at the lerger dimension.
1t = only the opeeation of ralsing /i to a power that causos o disparity hotween
the truneated and infinite result hefore aud after the opevation’. Thus mateix
{11.9) ean be Hest doveloped st ovder (V + 1) % (N + 1) then truneated at
N x N, All the other matvices (beeanse they cottudn ouly the termx g, T3 ean
be eonstrieted of order N x N,

For the more goneral case of un arbitrary veloeity prafile ghven in the canonival
lhinsls, the conntractlon of Ay, then given by equation (19,1063 mut be condieted
uf order (N ok p=§) % {N o p = 1), where p s the dimonsion of the coviliciont
voetor @, of the lase velocity profile. If the goneral profile is applied fu the
orthogonal bagls, then Ay, vow given by equation (LL19), can Do constyueied
nd N % N, heennse no matviees are raised 1o g power Liere,

The best methad of checking whoether the maleix toowestion Jins beon earrhsd
et at p sulliclent order {9 to renernte two sets of mateives; otie sot constrneted
at the order to be tested, amd one at o waeh higher ovder [say (28 % (2N)] The
point of traneation can be said to be correct iF the Luge and swall operators,
wlen both teuneated ot X s N, ave identieal, IF they are not, they seme ovder-
depondent nuerienl ‘reflection” has oeeureod,

Pitaising o udte sleed 2 to @ power conses the teflection® of mmmserieal valnes ot e Jowont
rows ol the matets « the bigher the power, e more pows affectod, T an indindte system, suech
roquden(Trets” in 1l mukbtiphicstion wondd oceur at inBpity I the caiked power in s, then the
snmber of "bad rowr iv wr - 1 T i€ the Jighest poelyiomial puwer i the systo is &, then
o b safie, the matricos shonkd be developed ot ovedor (VW 4k~ D (N 4k = 1).
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Thsis {or & general voloeity profide, the imatrix (13.6) can be generalised ta
Ay = [ij"! - n-z.f] P(iE) - Plitn?) . (13.14)

The operator (13,13} aceepts a cooflleient veeton in the canouieal hasds, Of more
use woutld be an analogous operator thal wounld constraet the matvis feom he
voeflicient veetoy in the Chebyshov basis, Again, consider the vepresentation of
a kuown funetion o = g(y) < @, but with # the orthogonal basis veetor, The
eifeet of multiplication by « on the vuknown feuetion o i equivalent iu the Tan
system, of past-nmltiplication by the watrix

Nl
R = 3wl {13.17)
il

where ;s deflued by algoritlin (13.1) helow,
Algorithim 18,3 1
for i=0:4-1{
i =1
gk = B
for i=1limo {

Vigpp = 1
}

for iwmlim {
Pigik = Vg 1

wew/to

The forin of algorithi (33.1) ean be derived by cousdidecing the relations of Fox
& Parker (1468), for the product of two Chelyshey polyuominls,

For oxaple, k = 3 would give

[ Q) 2 0
i 1
i 1
st 0 ‘ (13.18)
“ 1
|
Lo '- .
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The sperators (13.6), {13.7) and (13.3) ean now he replaced by theie Tau ana-
lognes. For this case, the base Bow i 1 = 1~ g%, simply a polynomial maltiplier.

Thuas ¥ becomes
r=1-j {13.9)

andl D ix simply 21, The other operators ure then

i = [:}2-::“1]!‘-'4-21 (13.10)
N I PR )

A o= m[q - 1] (13.11)
B o= -l {13.12)

wheve T ix the identity matrix, For chosen valunes of Ny Be awl o - respoetively,
the order of solittion, the Revnalds manber, and the wavenmiber « the wialgicos
(13.10), (23.11) und (14,12) ean he assemblod,

13.1,2 Treatment of general velocity profiles

The nlove derivation has heen strictly for Poiseuille flow with moan velocily
it = 1~ »% Belore solution i attempted, a diversion wili be made to explain
how o general velority profile is accommodated. This is useful in that such o
peneralisation is noeessary or tho later sobition of the Sex] equation for arhitrey
velocity proflles,

For a more general velocity profile given as u = dy, where 7 is the canonieal
basis veetor, the torms v and D2y can be ovalnatad casily by fiest defining the
fisteetion i) as

. N1
P = Y it (13,13}
t

where uy is the 'th term of the eoeflicient voetor © iu the canonieal Tasis, For
s gpiven variation o = wlp) = #jp the tevms o and D3, as amitiplicrs onto
the unknown funetion o heeame, in the Tan system, the operator watrices:

TR {*un {13.1.1
D = Pn® . {13.15)
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13.1.1 Analytical and numerical formulation

The flat plate system las o contral plane of synunetry, therefore two sorts of
disturbanee mode can exist within ity the modes ean Le either symmetric and
autisymmetric, or in more mathematical torms, oven and odd. If the full domain
# € {~1,1] woere tuken as the region of solution, then the results ol dued would
congist of all the cigonfmetions, both even and odd. Ax only half the solution
domain is considered here, snitable houndary conditions must be inmlemented
at the centreline, Dopendent on these conditions, a solution can be abtained
lor either the even or the odd wodes, Since the odd modes for pavaliel channel
{low are always stabie, the evon-mode boundary conditions are implemented at
the contre. The full set of bowndary concditions are {Drazin & Reid (1981)] as
follows:

Dlyzp = 0,
Dl = 0,

tly= = 0O {13.3)
Dily=y = O

The solution ran now procesel. First equation (13.1) must be rearranged to the
generad form

Ad =B

which s amenable to mmerieal xolution, Equation (13.1) hecomes
ot it ] It e o [192 2 }
{nﬁ’r [% = ] 4 u[pP =] - D ll]}g”—-f [P =a?]p (34

el further grouping of the left- wed right-hand sldos gives

[ + i) = e (13.5)
whoroe

A = [132~¢12]_[1.J=*e:] (13.6)

A = ;.1_.}5;[132-“2]” (13.5)

B = [I)"’»r12] . (13.8)
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Figure 13.1: The curves of eoustant tompoval mnpliflcation for plane-Polzentlle
flow [Shen (19564), after Lin (1955)).
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Figure 13.2: The sofution domain for the stability of flow betwoo paraliel pintes.

Stability for a certain velocity profile ¢ is dotermined, for a given value of fe
anel ex, by whether the imaginary componeut of ¢ s less than zevo, 10y < 0 for
&ll e, then the profile is stable, whoreas i for ¢ > 0 Lr any o, then w sall
disturbance in the [low will grow in time,

As o Tarther simplification, only the solution for plane-Poisenille flow will hie
considered liere, although it is o trivind task to oxtend this Tau fornmlation
to accopt any getiernd veloelty profile w{y) - as long as it is exprowsible ay o
polynominl serjes expabsion. Although it is not direetly used hero, the wmore
general fornwdation s presented below, heeause of s neeessity Inter for solving
the Sex! stability vquation for goneral velocity profites,
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18.1 The Orr-Sommerfeld stability problem

The frst system considered i the Ore-Somunerfeld equatioun Tor the stability
af planar Aow, The solution i formmulated generally for Now between parallel
plates. While this might seein like tackling o hard problem fst, it will be shown
that this methad allows o simple foromlation for sueh high-order systowns,

Early investigations af the stability of plane-Poisenille flow were carried ont by
Heisenberg (1924) and Lin (1945) nsing asyuptotic methods, Thomas (1953)
firat fmplemented & nuwerical method of solution to this problem, aud his so-
Tution showed thit this How was Dadeed unstable, Lin (1944) gave the curve
of newtral stubility for plane-Polsenille flow, Luter Suen (1954), extetded these
vexults by giving the contours of constant tewporal amplification as well as the
curve of neutral stabllity. Sheu obiatned these contours by using n pertuwrha.
tion from Lin's curve, The stability enrves of Sien are shown in fipure 13.1,
His vesults, although qualitatively correct, do devinte from the more aceurate
enlenlations of later authors [da S{tva (1090)]. Most other investigations into
this systemny were coneorned ouly with the wininmm eritical Reynolds amnber,
and thus did net present values for the entire nentral stability curve, Orszag
(1071a) was the first to aeeurately prediet the minhmnn exitieal Reynolds nun-
Lor for this fow, ualng o Cliebyshey-Tan wethod, s result of e = b ¥72.22,
v = 1090056 and e = 0,201002 is generlly acvepted as being the eraet answer Lo
thispre & v, Recently, Lin & Ortiz (1987), wsing their operntiogal-Tau method,
extendos Orszag’s results to Re = 5772,2212, o = 1020547 and e = 0,264 0002,
gubstantinlly agreeing witl supublished rosults of Davey and as given fn Drazin
& Reid (1981), (Bt = 5 772,221 B, «v = 1.020 547 awcl ¢ = (L2642 000D 3) obtnined
using o shooting methad,

The (Orr-Sommerfeld equation [Drazin & Reid (1881), Lin (1955)] s giveu by

1?1%3 [0?- a—"-‘]2 p=(n-c) [D* = 0] g~ [D%] ¢ (13.1)
where v is the wavemmber, fe 38 the Revuolds munber based on cline el eross-
soction, e ig the phase-speed or celevity, df{y) v the disturbanee shay, | aued
is the undisturbed velacity profile. The solution domain is taken as y € [0, 1},
whete y = 0 corresponds to the centee plane of the systenn, and g = 1 to the wall,
The base veloctty » = w(y) is given as a polynemial funetion ik y Figure 13,2
shows the solution domain and undisturbed velocity profile,

Eguation {18.1) iz a difforential sigenvatue problem of the form
Fle, o Re) =0, (13.2)

For this prohlem, the simpler case of tomporal stability in considered, ylolding
a llnear cotplex differential cigenvalue prabien, with e the compliox eigenvalue,



Chapter 13

Verification

The madified operational-Tan method ix perhoags botéer Bustyated furthor by
means of example, This chapter demonstrates its application to standazed prob-
Teas whoso results are relovant to this study,

The first example cousiders the chssie Ore-Sommerfeld senbility equation, for
the easo of plane-Poisenilio fow. Compatison 4 macte hetween the present stu Ay
and other resnltx for both the case of the minfmmn evitical Reynolds number,
and {or eigenspeetrn at various Reynobls numbers. The velovance of this examn.
plo is twafold, Firstly, it is a high-ordor dilferontial efgenvalne problent, aud thus
s icteal vessel for veriliing the accuraey of the method, Secondly, tis similarity
to the Soxl equation, in the context of pipe stability, allows for the introduction
ol fornmlation and selutlon techniques that will be used to later solve the pipe
atability prollem. The second example is cotcerned with a shuple linear initial
value problem {n a stugle space variable « the temporal developuient of an im-
pulsively started pipe fow far from the inlot, This probleu i used to jutrodoee
the temporal diseretisntion, whiel will be nsed later in the non-linear pipe inlet
flow caleulations  Further to this, the purameters that will be used to charne-
tevise the wisteady pipe flow ave lutroduced, The Gual problan concerns the
solntion of o nou-linear ordinary dilfeeentiaf equation - tee Blasiug houndnry
layer similarity ceuation for the spatial developient of a flntplate heundary
Iayer in the absenee of 1 pressure grivdient, “This solution demens; rtes the il
erittive procodure teedod for an exact solution to such a system, I cddition to
Hlusteating the mothod of dealing with the vonvolntion sws arishoy trom the
use of a Cliehyshev etiud,

The fornulation of the problews ju this chapter & by necessity ull, o order
that the details of the process be evident. The numerical solations preseated in
subsequent chapters will bhe wore brief, but frequent veference will be nrude to
these protofypieal examples helow.
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IC the wattie (1850 Ix extonded 1o order N » N, awl the veetor (13.51) Lo
legpth N, then the awygnentation earvied out o ogutions (3350 and (14.51)
van bie aecomplished equivalontly by use of the eanonival shift mateis g

e (4G W - B 4+ F, {13.55)

As disevssod iu seetion L3133 the ecoustietion of the nabviees slotld De earded
ant ab an order slightly Tigger than the order & at which sehytiog will proceed,
Tu this cuse, sl wadricos ein b construeted diveete at order b« N, hecanse
the wateix i i uot raised 1o auy power here, The matris i ponssingnlar,
el een bo renedily nverted to allow explicit solntion for the tuknowa coefliclent
veetor By 1o Solution of system (13.52) Is the subjoet of the nest seetion,

13.2.4 Initial conditions and solution precedure

The salution approncdt for anindtind value problag is o sttt with some starting
or indfind vale ny to the aystetn at time £ 0, and 1o allow the solndion to
develup through Hme by application of e governing dillevential cguation. For
thin pretiendar problew, the sturting valne s taken ag iy - 1 or the veloeity
voustant evervwhero,

T the Chebyshey basdy, this condition ean e representind by e cosiliciont
voeetor

by < LOO <), L13.56)

The soluton I8 initted by using s valne o geecate Fg, nsdug i filly o leswen
order tempornl seheme (heeatise only one Tevel of solition valsts ut tis point).
The matrvices 1 and ¥ nve then generated, The matrix 11 is then inverted and
A solntjon is soupht for the next thine level as

By - il (14.57)

I o higherorder (me selionie I to Die aseed, e nudvis Hoean now be reendenlated
for sew values of the coustants o, jsee table (VLY. The voetor W i unw
penernted wsing the \'c-_l_pl-il s eevin from dhie titne-ste)e 2oro atud one, By inverting
H agadn, the solution b ot thoe-step 1w, cun be gonerated,

1f the temporal diseretisation vepadies Bxed, (thet 1B o constiant, ‘Fhi it neod
only he liwerted onee and Uien stoved, Solulious (o cach swlsoguent Hinestep
¢+ 1 e then songhit by ealenlating ¥, aned post-aaltiplving it by the inverted
I[: oy

ﬁ“ l - ‘l‘f“l] ) l- l 13-5“]
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on

i"mli"Iiﬁ ol
byt fy == 0

gmlﬁ"l:- IRt

1y - 0

These coditivus ean be augoented into o siugle syston i

-+ - o
fhy g 10V 22 by

whore o7 In defiued as

(£ [flifk!] =

e # I shinply

Fo o .

it
L]
ol
18
-2
i

cem R RS s

27

(13:47)

{13.18)

{13,141}

{13.50)

(13.51)

The soluton for the time-stop o 4 1 now peneratod by sabving the system

g 11 == Aty
where 11 ix defined nx
U= [r‘fir“.']

and Ty, {x piven by

i, = [Ei!i,.} ,

(1452

(13,53}

(13.54)
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conditions) can in a wimerien] selieme be inverted to yvield an explivit solution
for the nuknown 4!,

13.2.3 Numerical formulation

Fyuation (13.39) s analogous to the peneral forme (12.26), whicl, as was shown,
i sitnply solved using the operationalTau method, Retuening uow to the more
specific problem, equation (1.34) @ stiternent b the v of (LL39) can be
made stuply by nudtiplying this oquation theoagh by #

Ca™ e DT, et 1), (14.40)

with the opeyator ¢ and function 13 new delined ws

¢ = [i' l!u-\f«ﬁ] {13.11)
Do g ALM [n;u" dotp™ by * 4 ...] . {13.13)

ad tle term M given by eguation {13.35),

The cenntion (13,40}, alowg with the boundary condittons {13.431), ecau now
De formnlated in the Taw sealetin: consider first the aporator ¢ wird fmetional
. If the funetion &* iy reprovented in "Tan foene ax fige, hon those operal oy
respoetively bovome in the Tau systew

¢ = [;m{m.;m.ﬁr]. (EREY
Oy o By [,&4- (u.An.\‘I] + At [.;-.,H,, | - e 1=] i (141
Moo= 3L api (13.15)

where the hnit operator £ s defined in the canoudeal basds as oquation (12.19)
and fu the enerent Chebyshey sestew diveetly as (12.53) The aperators fo awd
# ave dofined as mnal divectly in the Chelivsliovr basiz by (he matelees (12,51}

Soldion for the time step i+ 1 entails solving the inner problom
bun (e B, (13.16)

along with the howadary canditions (131, The spatial boundary couditions

bovone, fu the Tan wystew, the [olowing mudeis opesitom
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1.3
=%
d

Talde 13,5 The vahies for the copstants ap for the the vigious temporal dis-

wedisation gehetes, R
e 0ew0 Tty [y [
Forward-Ther |67 i AT
Adsis-Basthiforth (2ud ovdery | 0 '; = o
Adams-Bashlorth (3ud oxder) | 0 U‘L ~«}‘_; Ry
Implivdd _
Backwardlnler {1 [0 | D I
CrunkNielolson | 23 5 |0 i
A teMondton | B ]G | 10

approacles can be constracted by makine oy noecoro, Table (LAY gives the
values of the voustants ny that define 1he viaeions selienus,

Bueh sehemes an the lenp=frag diseretiation sre not reprosentalile sxactly o
thir foruy however sueh a scheie i only veally appropriate for probletus with
temporal peciodivity [Canto of ol (1988wl oven hore are sulideet o an
alinwing effeet, Tlvs they will not be vousidered fartlier here, Other approneles
ot eneompissed iy the above formalidion are Bunge-Kutta methods, Althenph
these whow better tempotiel acenyaey than the simpler schetaes whove, they way
e agope prone to suffer from stability probleus in lougterm tane intepeation,
Furthermore, their accursey gadn aver the singpler methods s not of infidte
ovder, so u simple decvonse fn thne step A of o simple methad s sufllchat to
wmatel the securaey of o Runge-ISutia appronel st n coneser Himeestep, Tlns
only the set of schomes given by equation (13.87) will e copddered hore, The
stability wid convergenee properties of b these sebenies are disenssed i detaidl
I Camto of af (QU88;, These convergenee evdterdn glven in this veferenee ape
ouly un inceation, however, so the curvent method was formulated gonerally
as o (1837} and nmnerleal exporimentation was undeetaken to detepmine the
stability of the vavions appraaches.

Cotwsblering reuation (13373 the unknown gty is veprossnted by the tein
i, As et this equation can be renreangd to wake @™ 4 the subjoet of e
left=binanel wiele alome, Mwrther, the lineseity of £ altoves substant b siaplilication
of the piplit-hand sdedo, This rosulis in

T Y ¥ Pl % o AL [y ™ 4 g™ U ob g™ o - '] {13,355}
which i an equation of the form
At Bl e Loy (1334

The vight-hand side B cantaius only known quantitios ((he a's o the previons
thne ateps) wued the left-hand operator 4 (atter neovporation of the loamwtay
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As wis showy 1 seetion £2.2.2, the hmit ferin i (13.33) enn be ropresented
wniformly in the operational-Tay sestemn, The operator £ does leowover eontain
fractions v r, whiclh wee not diveetly representadle o the annunerieal sestem,
This ix sitply resolved by umltiplviug theough by # i eqration (15300, This
resnb fu the initial-vitlue foumlation

i
r-

iy <A {1330

with the linear operador M defined as

M "!l W B (-"’)‘ CL335)
)

" B PPy
irly 1 e\ i
The speratar {13.35) i divec by yepresontabie in the Tan spstem,

13.2,2 Toemporal diseretisation

The vpatial aperator (13.35) is suitable for implemendation wuder the opeeationad-
Tamn systenn Fonation (1330 & however an indtial vadue protdem, thus the
teapural diseretisation must e consideted, Ty this seetion a simple diserete
tonzpern] method i used, Jnt this s formmlated generaily suels that it onobeaeos
all conunon tegnparad diseretbadions,

Copdder Ror aow equation (1332), "The lelthaned vide of (his cquation ean he
eliseretingd tubup o Auitedillforenee et lodobopy as

:}:ﬁ o Ali [n" .. u"] {(13.:03)

wlhetr the supe sevipt ® reprosents (he sobeoaon at the thaeslevel 0, aud A s
the twe step, To geueval, the temporal vavltion §BL36Y can he said to depemnd
o the solution at difevent thueslovels; tlis o be stated as

:'E_! [n'“' - u"] gl e L v asle® L {1397

whote the tepus q; are comstants. 16 enny be showen singple it the judieious
ehiaice of constintx ean determine a broad range of toporal diserotiations, Vor
fustiagee noranpee of explielt selienmes inelnding ol (e Adams-Bashiforth et -
el B peperated by setting g = 0 wwd clisosiig, vavdons vidues {or e ot lioy
constants, Inpllelt sehomes suel as the Crank-Nichotson sl Adams-Alouloon
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13.2 Impulsively started laminar pipe flow far from
the inlet

The solutlon of equations (10,33 aud (10L31) determine the haninnr belisvione
of high Reyuolids smnber {low in the entrance region of a pipe. This pair forns o
conpled, nopdinenr system in g aucd o, the axind nud eadial veloeition rospe tively
Of interest in this system Is the hehaviour of the (htid by downstream of the
pipe indet, Tu this Bwdt, the erediad component of veloeity ¢ Heeoies zero, and
the system (10301 and {1031) reduces + single simeple luear indtial-value
wopuantion, with i = #8(F ) only, wethier, ouly the inpubkive ease i3 considersd
here, For this the toym §2 = 0, and oguation (100,33} siinplifios soanewlst, "The
soltitlon of this systew is the subjeet of this chapter,

13.2.1 Analytical formulation

The neglecting of the radial component of veldaeily and the seceloyation tenn in
eopuittlons {10.83) and {1L31) Toads diveetly to the formulation

i i 18 Uii)
= I3 -==t2 e wh o ruren s : .:
B EHLnibrﬂr(%k (13.30)

with bomudary conditions

Hli'...:}\ == n‘

i g
Tl 0, (13.31)
d; o =

the woll no-slip vondition, the centreline symmetry condition and 1he initial
volocity distribution respectivoly,

The system (LhA0) and (13.31) deseribes fully the paralle] development of flow
i a plpe. Eguation (18.30) i a Hnear systewy of the fun

L

392
i {13.4)

where the linonr operator £ 8 defined ax

1 1ady¢ a
PSR, Sl BN S T I "4
z {,h_L R (; ezr) (13.39)
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Figure 14.6: The eigonspeetran for the even modes for plane-Poiseuille Dow
with a = 1 wwd Re = 50004,

resull represents a commpuior operation-connt snving of G0 tHmes, with an
improvewoent in acestraey of @ slgniflesut figures, For the approach of da
Silva to lve attainad comparable aceseacy, s order would hiave had to
e inconceivably high, beeanse of the algebraje convorgence ratos piven by
a HBnitealifference approach. For comparable neeuracy to da Silva al this
Roevaiolds anaber, the enzvent seheme needed to be solved at only N = 33,
resmltiang in a real operationscount ratio of approximately 17260,

The operational=Tan appronch is thas capable of solving beonditioned problems
Bighly accurately, The level of aceuraey attninable at blgh valnes of Re reudes
compacison with ather {lniteallfforence) methods weaningless, The sipliciey
of the method (o vse of mprovewent techniques, second-guessing the eigeu-
funetion gliwpos, or extrapolation to inflaite mesh density) yields the solution of
this traditionally ditliends systom trivial, Fagthermore, it oxeeeds the acenvacy
of the traditional Tau approned [Opezag (19718)] while wvolding the ase of the
MWR [orumlation nitogether. Its aperational nature allows simple algovitlunie
waeably ol angy generd spatent awd 15 anglopy to auslytic operator untathng
allows for ready muderstanding of the method,

The buprovement over the ovigiunl opeeational-Tan wethod, of assewlsding the
apoeratars diveetly, removes ope of the major hupediments of this approach, al-
lowing extension of probiews te extremely high orders of solntion (heaee allowing
Ehe solution of hudly sealed probloms) with no catastrophic deewy in aceuraey
i uadly noted in tle stagdard operational-"Tan method. The approach thus
shows itsell to be highly aptinana for the solution of hadly comditionod eipon-
value prohlems snell s the OQve-Sonnnerfeld equation, Az will he showu in the
uext oxatple, the method = deal oe initiad-valoe problens as woell,
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Table 13.4: The varkation of the most unstable eigenvalue for plaw Poisenille
flow with «v == 1 and Inereasing Re. compared to the vesnlts of Gersting (1981)

and ey Silva (19940).

Reynokls Present cosnlis CGorsting (1981) | du Sitva (1090}
nuber | order | valie o
10 008 3R 0.237 h26 4 0.237 2 0,337 52
+[l.{_1_[)3 T 6T +(_L{1[l3 i +0.003 T
BOUO0 |06 | 0.7 Jh8 N 0175 25 0,175 25
~ {1005 312§ (LN 3i = {100 i
0000 | 62 DA ITTD [ 0.015 0D IBEEY] ™
~=0 05 04207 ~{ 015 ¢ _;--__(_1.01-'1 i
IO OB0 Rl 0.081 3200 (sl 01 3
~0016 453 71§ | 0,016 3 J-LOLGY

(i} The waode A 9 wstable at moderate Reynolds munbers, bad heeomoes

stable aguin with jnereasing e. At the Ligher Be, it 38 not the most
unxtable wode ot all, that role ey sl by the fimst fow cigenvalnes
of the P2 fnmily, afthough none of these ever actually becouse nustahle,

(ili) The vipenspoetrany for the highest vatue of Re, nunely Be = 500 000 is

given in figme 23.6. As can be seen, it i vory shoilar to the speetrum
shown in figuee 135, The energenee of the elangular contyd feature
is interesting, A similer feature I8 evident in Davey & Dragin's (1969)
gpectim for He = 10000, but the featnee there was due to poor mnterical
representation®. The cigemetlues in gnee 136 ave woll converged, thus
the ‘tefangle’ veprosonts o real fonture of he cigenvalue speetinn ab this
Roeynolds mumbor,

%) The earrent results were produeed to the greatest preclsion possible » or-

(v)

dloy was ineroased until the decimal ropresentation was lixed (o the lovel
of the ronnd-oll ‘uolse’. As ean bo seen, the wlloet of the Gnite decimnol
ropresentation (roumdl-oil) on the result ix ot an approgimacely constant
fevel, ivvesportive of ovder N, This indieates that the waxinnm seenraey
attninabie fg fixed by the nunerieal precision (for a partienlur prablew,
that i) aned pot by the order of (he matrices. This further vindicates the
apipraieh of direetly evaluating 1lie operador mateles (see seetion 12,7)
diveetly in the orthogonal domain, The vowd-oll problen of & statulard
aperationnl Tan approach would have boen ldted fu ordey heve to ap-
proximately N == d0: at this owder, for the case ol Be =3 500000, 1he cosalt
wauld have beey necurate to only § slgnilicant Hpore « B iuferior to hoth
da Silva's aud Gorsting's veaulfs,

For the case of Re = 500000, da Silva's caleulations were extrapolated
feom N o= 100, N o= 200, wud N = 300 to indluite order, Assaing au
operation-count of approxiusdely N for he cigenvalne solver, the current

"he aceurately determined upvt'l'rmn for ev 2z 1, Je 2 10000 is given in Hpare 135,
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Figure 135 The efgenspeetrum for the even modes for plane-Poisenilie Aow
witl ex = 1 aned e = 10000, Modes mmuhered according to the scheme of Mack
(1076). o, A family; o, I? fnily: 0, 8 [nnily.

Accuracy with inerensing Reynolds nurmber

The variation in accuraey of the dystem with inevousing Revisolds wunber is
an important considoration in stability ealenlntions, As Roeynokds pumber is
inereasod, the lefi-hand side of the Ore-Sonsmerteld egnation {13.1) heeowmes ine
ereasingly smalloy with respect to the vight-hand side, This loads to thie system
beeowing nerensingly badly sealed, with the reamltast infroduetion of uneeu-
eacies,  Numorieal oxperimentation was conduetod at o = 1, ascertainine the
most unstable eipeuvalne for lnevensing Re. This was done o necordanee with
the resudts of Gersting (1081} ad de Silva {1990). For Reynokls nambers of
10 600, 50 000, 100 000 and 500 000, auswors frowe the present woethods were
obtalned to the maximum attainable decimml precision, Tnble (13.) ghows the
rosults obtained, theie precision, and the order of solutlon, Ouly the correct
{vouverged} digits ave given for each cuse, A comspirison s alse wade with the
vilues of both Gersting and du Silva,

By inerensing N at each Reyuolds wimber while considering 1.0 belaviony of
the most unstable sigeuvalue (A4 o figure 13.5), & wax possilde to ascortain
which decimal digits in the answer wore invariant, da Silv’s ned Gersting's
vosubts have alko hoon truneated ta show only the digite tht they detepnined
earrectly. A number aof ssues avise from tiese cosulis:

(1) Ax the Reynokls mimber taeroases, the order of the svstem must he jie
erewsed to represent the eigeuvalnes correetly, This ix primarily hecanse
the nuwerdeal problet becomes badly sealed with inereasing N,
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to Ly & = B8, Buch vast gains in acenracy over the finite«lifference approacl,
allowed soludion Hies to be decrvased by opders of mygitude for eowparable
rosnlts to dn Silva,

Talile 13.3: Compavison between present results Tor the most unstable eigenvalue
with ev = 1, Re = 10000, and those from Orszag {1971a), with A varied to show
the rate of convergettes,

Orszag (107 14) Dyesent
ordoer | velue ovder [ vihie
38 0,237 0 30 0,337 +0.00i
30 0.287 +0.003 7i 22 0.237 +L003i
31 (1,237 +0.0063 Ti 2 0.237 .00 i
40 {0,237 b2 S{LO03 730 30 0237 52 40,0083 Ti
46 1237 52 00,003 T3% 43 (237 520 0,003 T39¢
52 (L2837 56264 O3 TRDOT } 31 (L2337 026 4 --0.003 T30 61
i1 0,237 52640 40003 739 677 § 38 0,297 526 4% 40,008 730 677

It is infevesting o note that the eurrent method @ more aceurate for a cho-
sen ovder of sobution then Ovsengs approach, ‘This eau be easily explained by
consitlering the problem domwain in eael case. Opszag solved the problom over
the [nlt fnterval [~1,1] but only nsed the even Chebyshey polynomial wherens
the enrrent method used the full Chebyshev set over the sub-rauge (0, 1), Both
mothods refurned only the evon modes, but the restriction in dowmain allowed
better aceuracy of interpolation [xee Fox & Packer (1968), Riviin (1000)). If
Orszag linel applied his method to the suberange [(1,1], then the resulls of the
twer methods would be identieal. This relnlos a suggestion made Ly Lin & Ortiz
(1987) that thelr method i nnately bettor than that of Quszag, In fact the
twa yield identienl matrices wheu applied identically to a problem, and the ouly
benedit of the enrrent Tormulation over Oazag's method = that it avelds the
confusing and diffieult fornntation of his MWR approach,

The Hrst 16 syuunet.ieal and nsynunetrieal cgenvalues for o = 1 and Re ==
10 000 are shown plotted fn figure 13,5, The asymmetrien] modes were ob-
tained by replacing the eentreline bousclary conditions frow (13.3) witl their
asymunetriea) oquivalonts, ramely

"'I“Iﬂ;-'-ll = 0
Dl‘!l,*a],,--;u = 0,

The clpeuvabues are bere grouped futo the A, P2 and 8 funilies neeovding to the
classillention by hack (1976} These modes have heon oguivaiontly wuned the
will, congre and median modes due i part to their asymplotie behaviour in the
inviscid Himit (an Be ~» o0) [soe Drazin & Reid (1981), Schinkl & Heundngson
(1994)].
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the order is rolked to N = Gl uo significans deerease iy precision ovenes, Wlhen
the Tat method was otiginally implemented for this systens, the standard Ortiz
approach war nsed, and the munerieal system beeame jnacenrate above § = 40,

Tabk 13.1: The converpence of the minimmm eritical Rovnolds munber with
order for the preseut ivestigation,

Ny He ) [
200 [ 5 s 1.02 .26
3 {67722 1020547 | L2GL 000

40 § 57722208 | LO20 G470 | 1L264 000 208 17
44 { 5772221 80 7 LO20 5470 1 (.264 000 2 1
G0 ] 57722218 | 1020547 | DL2GL 0003

The eigenvalues for a = 1, Re = 10600

While the minimmn ervitieal Reyuokls anmber might seeve as the hest point
of comparison for the most upstable cigenvalue, the uabueal framework for the
verillcation of the full eigenspeetrum s hecome, by virtue of ity historieal
prevedent, the caxe of o= 1 and Re = 10 000,

da Sitva (1900) [table 4.3, pot] compared the convergence of his finite-differonce
schietne to other results, for the most unstable cigenvalue of the above test case,
He indicated the crror in the various xolutions as a pereentage devintion fron
the ezrct result of Orszag (1971a), The waxinuan aeenraey attained for his and
athier anthors’ resmlts are represented in table (13.2).

Table 3.2 Muxhoun acenracy attajued for the most nustable eigenvalue at
e =1, He == 10000, as compared to the resnbts of Orszng {1071a),

| Author Errar %
Thomas {1953) 0,02

Gary & Helgason (1971} | 0.0005
Groseh & Salwen {2068) | 1,57

Duvey (1073) (.00%

Gorsting {1981) hL0G

dn Silva (1000) 0.0
By extrapolating to , eslt degrity, da Silva was able to rednee his ervor
to O0RY, 1u contiast, - woent vesults attain the snine aeenracy of Ousung’s

resudts ot ¥V = 38, Thus a camparisou of the present data to thie rosults preseutod
in table (13.2) ix measingless. Ax wonld be expeeted, the curvent mothod does
report ideutical convergent be haviour to the stmilar approach by Lin & Ortiz
{1887), The convergence with order of the most wnstable eigenvalue for this
ense i showa in table (18.3). ere the respoctive order for the saunie lovel of
acenracy for cach method is xhown on the zaane loe of the tahile, As meutioned,
the present moethod reaches the acenraey of Oeszag at N == 38, correspanding
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Figure 13.4¢ The variation of ¢y with Reynolds number  ~ “crlar value of

the wavemunher o,

o coreesponding o the mivium of this Htted eurve, Find the eritienl
Reynolds munber at this point, and call this value feyg,

(3) Choose the three of the four points Reyy,, Regr, Regy, mul Reyy, that Lave
the lowest Reyuokds number, Renmne these thvee points Reqy,, Begr and
Rt‘;u,.

{4) If the Roynolds numbers of the three peints ave sulficiently close {within a
givon tolerruee), thon stop the process and take the poiut with thie median
value of o as the minimmm eritical point, else go to step 2,

For suitable initinl guesses, the abaove algorithm will give the minimwun eritieal
Reynolds nmnber to within the given tolerauce,

The current results for the minimwum eritical Reynolds nunbey are shown in
talde (14.1), Only fgnres invariant with order ave shown here, As ean he soen,
Elie vesults of Davey nre duplicated, suge ating that the last decinnl place of
Liu & Ortiz’s valuen is wrong. This is astrong indication that explicit use of the
mapping ¥ (see section 12.1) canses wnuerical vottud-off probles, Lin & Ovtiz
did not extend thelr vosults past N = 41, bat it is coucelvable that they were
lmited to this valae by the transformation (12,11}, The present resulis do not
show any catnstrophic round-off limit, but roundsoff orvor seems to be preseut
in the solution, rendering it aceurate to approximately 8 signifieant figures in
Reynolds munber, sogerdless of No The efleet of the Dxed deefinal precision i
mandlest i the stability curve being jageed od the wagnitade of the trumeation
error. Dy this i meant that theve is wueertaluty u the posltion of the actnal
stability cneve Stsolf within a finite decimal vepresentation, and not jnacenracy
in the deterimingtion of the mnnerical systenn In othey words, the pertarhation
of o parameter (say o) needed to diserhainate betwoen two distinet points on
the enrve iy so small, that the effect of the varlation s son-unifornf, offoctively
producing ‘wolse’ in the algehraie mateix system. As showt in the table, swhen

Fn wome inultiplientions the faetor “fulls off' the finito decimal repreantntion, oaving the
yilue tnchanged, whilo in other cases 1t doos not,
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transformations and their haitations is contained in Caumto ef o (1988) For
the present systemt, it was decided to nse o simple Buear trousforin, beeanse
the wore saphisticated tranefors weve found to couplivate the straetnre o the
equation tnecessarily, As will he shown, the simpler cholee did not prechude
the attainment of & % 20" - eewrad e sobatjon.

The Blasius equation (15 vi) is applicable to o Sat plate sitnated along the r axis
(fipure 13.12% Tor the enrrout juvestigation, i was requirved that the solution
he for a plate situated at § o= &y and with the solution domaiu estonding i the
irection ol deereasing ¢ towads zero, This rather unnsnal reguivenent was so
that the solution be compatible with the pipe base-How nasdel: and stalility
seliemes (whose solution dowains extemd from o wall at 2+ 1 to the contreline
of the pipe/Hataplate-systent at #-: 0} A suitable wmapping encompassiig both
the stretehing and Bovndary rovorsid was achioved By tse of the simpte algebrale
poptitiun

¢ = k{1 = ¢, {14.74)

Uwing (13,7 4), toe dilloventinl e cau b related to its transtormed conmtevpart
ns

R 31 (13.75)

then, wsing {13.74), ‘(‘13.’?5} atiel the chain mle of difforentinton, the Blasiua
eguation in levus of ¢ hovomes

2see = kS fee = 0, (3.7

Wttt the subseript ¢ dndieates differentintion with respeet to ¢, The heandary
conditions wust alsa be transformed, and these become

.,“1} = fl,
f,‘:[l] 1 R (7T
_fc[(]] o 1.

Although the systetn (13.76) (14TT) §s reveaed, the solntion thereto ean be
rolated back to the towditional solution simpay by transtorming, the ordinate
Lack to the rtandurd ¢ using equation (1371
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where f = f{¢h wnd 1he prine denotes ditferentintion with vespert 1o ¢, The
boundary eotiditions under the transtormation heeome

fly =0
FUC TR 1 {1
Flisy = L

The solution of {1371} with conditions {1L72) describe the shape of volocity
profiles ou a flat plate bowmdlary Javer with no pyessuee pradiont,  The laek
ol an axial co-ordinate buplies tht the shapes of subseguen profiles inoe are
solfssimilir: tins o singlo solntion enceapasses e entite plate!”,

Dowmain truncotion & co~ordlnnte trausformation

Although the sotation i (13.71) i ouly strictly vatid foe § o 0, 8] s atnerical
gyt eannot casily oblain a solation on suel an ifdinitc domain, {Jowever,
it the solution s tlen over o restvicted pagt of the donain, say [{4), then,
providng & ix Targe enough, the solution to the problem in the e aueatod donain
shonld be o good approximation of the proper selution. The truneated-douain
solution will converpe (o the exact rosult at a rate groater than any power of
koo ki inervased, heeawse all the kipher derivatives of the Masins soletion
docay to zero a short way from the edge of the bonwdaey Jayer,  This vapdd
vonverpenee of the solution with an fuerease of domndn abows s spectral wethod
o he suevessfully used hove,

In order to solve the Blasius equntion {13,71) using au operationalTan approach,
the dommin must he transformed analytically such that [0, 5] aps 10 the undl
tlomdn [0 1], Such o eo-ordinate transforation can be hmplemented ina nmn-
hep of ways, bt all approachies fuvalve defluiug, o transirmation between the
current hulepoendont viavinble ¢ el 4 new varable ¢ ax

(Y} (1:8.78)

The forn of the uetioun] & defines the nnre of the franstorn: ut the siine-
plost Jovel, & enn shuply be a lnese wapping: here & wonkd simply strotels
the doutu linearly, More sophistieated methods mipht involve distorting $le
downin ro ax to emphosise covtadn avease an algebeade, Jogavithmie or expomt
tinl wapping wiglt be appienble o such o case, X detailed sting of applicable
LT vItllii\l.i:l.—I:"a(Tl:'.l. la‘i‘]l:wnk:tlu\m at 1l vory Teaeling eedpe of the plate; theeefne e Blus
siay solntion becaes invalid there. A recent paper By MeLacdan (99 aaddiossen (s o

exictlv Thin anthor doea however show it the Blasing silntion is valid Jor an ntesiealige
wanpe of axial pasitionn.
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w(a0) == (a0} =8, 2 €[]
ey o) s [ {18.06%)

The flow domwain s shown sehiemntically o fignre 13,12, This lignte shows
wao the experted quditative bonudiney luver development along the phate (the
vortieal seale hag been exapgernted and no seale 39 given), and the approsinmoste
shape of the velocity profile st o seleeted positions along the plade,

éﬁ‘ﬁ\"i\.‘m\m\\x\\ A R,

Figure 13,12 "The developtuent of the Luninae bouudary Taver over it ok plate
at zoro iucidenee,

A slmflurlty solution oxistx to the above equations (13.66) aud (13.67) with
anxilisry cotulitions (13.68), which reduess thom to o single (non-linear) ovdinacy
differential equation, "This problem wax consitdersd by Blasing in his docioral
thesis, and 4 summarised sud deseribod in Sehdiehting {1079).

Dervivation of tho Blaslus equation

Hrielly, if o dizuensiondoss eosondinate?

Y 13.69
L= g Y {13.69)

and divensionless stremsfonetion f{9), delised by
i =2 il f (O {14.70)

are jntroduesd fute the shove eoquations, then they can be rearranped to yield
the Blasina equation

Pt ef =0 (1171
“eblichting (1971 vses to doate 1l conndinate, Here the weinbed § s snlstisited, In
ureler to avald confusdon with the differentintion matrix p
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13.3 The Blasius problem - base flow and stability

The developing bomndary-lver flow over a llat plate, wader conditions of nu
prissure gracdiont, i of direct intevest to the curront study beeanse §E ropre-
sonte the asyaptotie lmiting behwvionr for pipe fulet Bow (this i shown jn
ehiapter 11}, This problm i deseribed analvtieally by the wollknown Blasius
stmilarity solation, the solution of which is deserilied bebow,

Solutlons to the Blasiux squation have heey produced by other anthors: 3kasiug
£1908) ohtained » solution ns s matehed series pxpatsion, Subsedquent work-
ers {fov instanee, Balretow (1925), Goldstein (1930)] msed a shuilar tecbnigne,
Toplor (1912) wau the lrst to solve this problemn wsing o Ruupedowt tu ntopras
tion techuiqoe, aad loter Howartle (19038} achivvod eves more aceneude resudts
Iy ase of this method, The wost acenrate vesnlts to date wers obtained by
Davey funpubished, Imt presented in Drazin & Redd (1981}, although he never
prosented hix Blisius solution tecbiigque, bt only the linear stability solition
to this profile.

Thix elassical problem = reconsddered hore for o wunber of veasaus, Fiestiv, the
Tlasing sohttion ix necdeed tn terms of Hie Chelseshov coelliclents, eovdor Sl it
it Lo treatod waiformby with the other velovity protites cousiderad in Uhis work,
Secoully, it prosents an ideal voldele to demonsteate the treatment of the nons
Hnenr termy wader the operatnal-Tau approach. Lustly, the velocity profifes
vat he used &0 frther verily the stability formulion of soetion 13,10 lor higher
order profiles  The last point of verlieation deserves Puther mention; pooed
agroentent with the results of Davey [Dyazin & Reid (1981)] for the wmininmn
eritieal Reyuolds number for this system innnediately would vindicate hatl the
Blusiug and Qer-Smnmeefeld alroritlims sltuultaneously,

13.3.1  Analytical formulation

The stowly, spatinly developing boundary taver flow over o ol plate with no
prossure geacdient. s deserlled Ly the simplifisd houndary-Juyer equatjons

the  {n

o= o e @ ), {13,041}
e v i R
U + 1 :}’:; = B {LiL6T)

wheye &< (@) 07 el gh ad there exists a ot plate slong the positive o
axis, The free-stream voloerty is Py, and s taken as being [vom Iefl to rlghi.
The above wo equations wre Hhus subjoet 1o the houndary conditions
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normalised shape paraneter awl dimensonless ventreline veloeity is given here
for dilferent values of the dimensionloss titne, o the point of flow nception
= {F until stoady-stitte (§ = ),

Table 18,7 Varlation of parameters in inpulsively stavted pipe flow Eu from

he julot, . v .
¢ wefln | 8*fHe | 8 Mg
x 10 x 107 _
i I 0 ~ IRERE
1 10744 | g6 0 [ 38058 | Lo510
2 1A07 1 [ 4837 D | 28476 5 1243
3 1,133 0 § 58708 | 24870 | 12368
| LIso4 [ 67361 {211 | Lo T
i LITHG ) 70679 § 10388 | 1,095
i 1G4 3 | 81283 [ 17027 | L2204
T 12115 | RT208 | 16,875 | 1.2159
10 1.258 7 | 10,275 | LLYERG 1 12041
15 133740 | 12,821 | 12,702 1148 T

b L3879 | 1897 | 11657 1 L1737
an 14141 | 16378 | 10008 | 11611
30 LASG K | 1505 [ 10867 1 1.1404
di 1,502 7 | W8.607 U647 { 11370
a0 L6756 | 20,150 | 9.1008 [ 1,105
G LT 20341 [ BREDZ | 1amG 3
70 18008 [ 22231 | 86500 | 1,069 2
00 [ 18078 [ 23,702 | 828006 § 10338
150 | L9752 24685 | BOTGT | 10004
260 1.093 4 | 24017 | 80205 | 1.002 ¢
R11) 19995 | 2449494 | 80015 1 1,000 2
100 L0000 1254000 | #0001 | 10000
. 3 25 L 1
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iguwre 1314 The vaviation of the uprmalised slape paviwmeter Sp with dis.
placement thickuess 8* fn an implsively started pipe flow Go o e ol

iz shifted (o the plate, then the velocily shape is given by
wln) = Ueel(s). {13.6:4)

The value of Sp for this profile was neeuratoly deterntued by peuerating the
Choebyslev rories for orf{n). aned then manipalating it usng the operational-lug
watvices, This was done as follows: < mntliomatical sofiware package (Motlly)
wi el to gonerato the valoes for er[{y) at the GansseLobatto colloewtion pojmts
e range 7 € [ imaes lor & partienlar order N, The values at the geid polngs
wore tiey teansloraed divectly into the Chelvshovecoofliclent space iy osing o
Chubyshny tenieform [see Chauto ef al (1088) for o [ast=cosine transform appli-
rable tn this procoss, and section 12,8 for the squivatent malrix transform) auel
tlie vnlue of Spe wis then ealeulnted nsing olenestary opeestionalThu wateix
funetions, By vervitng fmee N in the vaupes 6 5 ipgee 5 10 angd 500 <C N < U0
vespeetvely, the vitdne of Kpe for this profile was detordned to he

Sueqopf) = 12T R B4LT, {13.65)

oxied to 10 sipnificant foures,

13,2.8 Tabulated resulls

The vesults for Lhe various prrmnetors, Tor seloeted vidues ol tine £, are proseistod
in table 137, The varintion of the shape paratnover, displacement thivkness,
11 |
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f

Figure 13.10: "The tempora] variation of the normalised wall shoay stross 83 in
impulsively sturted pipe flow Tir from the fulot,

18.2,% Limiting hehaviowr of 8-

As was whown above the paraietor Sze toneds to o defindte limit as the displaco.
wient thickuess of the profilos deereases to zovo, This linditng sywtom I8 given by
o siwdlarity salution to the Naviel-Stokes equitions, st discoversd by Stokes
Seblichting (1079)). The problew is for a inflnite Qut plate suddenly aveelerated
from vest to o veloeity T7, and It doseribed by the sheplified eqgnation

i u

i p‘i.j;ﬁ" {13.43)

That this equation ix the Jindting case for the curront systom js easily demou-
strable by n order of maguitude analysis; iF the fller equation is sealed with
vespech (o 0%, and the sestens i trunsformed to o wall cosordinate, theu equation
{13.30) will formally reduce to cquation (13.63),

The solution of equation (14484 i steaightforward - the problem is ermed

Stoles' fivst problens, wlich he solved fn 1851 1 the belependent variable g is
mnde ditmensionless aecording to

then the solution to equation (13,63) is sellerimilar aned the resultant bonndaey
layer shape i the complimentary eveor fiunction evfe(n). I the referenee fmne
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o=
)
=

S I as usefnl & parameter as 4 deseriboed above, exvept for its houndedacss
problew for vanishingly thin boundaey layvers,

50
10
20
Ry
10 -
8
59 0.08 0. 0.15 02 0.25

{

Fignre 139 The vardation of the shape paraneter S with thne inan npulsively
stoeted pipe fow far from the inlet,

The sealed ghape paramotor

Ardeing frma the unbounded behaviour of & as ¥ =+ 0, & slape paramoeter nor-
walised with regpect to 6* waed coutredine velocity w18 introdueed as

U # Tt .
Spm B Es =t (13.02)

This parameter vefers divectly Lo the geometvieal shape of the bonwdary laver,
Mows' (1985} defiuition of 8 « equation (13.61) « did ot take this geometiienl
conformality into acconut. The variation of Se with ¢ s given in Hgure 13,14,
The broanded Hndting behavleur I+ apprrent as # — 0, and S vejains toite
liere,

The paranueder S togother with the displacewent thickness deseribe a velocity
profile iu a wore natural feamework than § and 8 do. The parameter 8* enr
he used] to pive o weaswre of the thickness' of the byor, and the term 8 s
form. 'The variation of S with 4* 2 <hown o figaee 13,15 The otalde jssae
sbont this figure i« that both the ordinete and abseissa are bounded, Thus as
Fao e, 8% s N annt s e O (eotresponding, to 8* s 0, the sealed shape Sy
converpes on g Rad point. Flis point is labelled in this figure ax the parallel
Bounelary faver Hmdt, "The value ol this paint is caleulated in the uext seetion,



CHAPTER 18, VERIFICATION 284

dimensionless displacoment thickuess ean be defined as a ratio of the radius
aecerding to

!

. {13.60)

HE
=)=

Uxe of the dimensiontess parameter allows comparison independent of the pipe
radins, The walue at # = 0 is & = 0 - corresponding to a bonndary hwer of
zoro thickness, At far times, #* — (.25 although the bowmlary layers have in
fact mergod at this point, the parameler still deseribes anlquely these velocity
profites,

This paramoter is homded and monotonic for an eutire range of proliles, from
top-hat to parabelic. Thas for a particular variation of profiles {either tom-
poral as here, or spatial as in steady-state pipe inlet flow), it olfews o unique
alt.  1ative method of identiying o velority profile. For instance, jnstead of vee
frry’ 3 to n profile’s spatinl position {or tiwe), one can egually validly refor o
lts aisplacement thickness,

Velocity profile shape parameter

The dimeusionless wall shiear stress or veloeity profile shape parametor [Moss
{1885)] ix cdefined ax

_An R
- #lhn )

S (13.61)

The vavintion of § with ¢ is showa in figure 13,9, This wan the porameter used
hy Doth Moss and da Sliva [Moss (1085), da Sitva (1090)] to uniguely detine pipe
inlet velocity proflles. The parameter converges to the value of § = 8 in the
fg-time limit, corresponcding 1o a parabolic profile. However, & - x, s - 0,
hieeruse the velocity geadient at the wall bocowes infinite, It is an analogons
parameier fo the displacement (hicknise deseribed above, i that it is @ sealar
guantity that varies monotonically for the range of profiled of interest. I does
however eneode differeut information to ¥,

da Silva {1990) fmplicd that this parameter was soificient to miguely deseribe
all impulsively started plpe profiles, hoth in the intet aned far downstremn, This
assipiion 8 equivalent 1o stating that all hupulsive pipe veloeity peofilos bes
long to a one-parameler group with & that paeameter, This has boon shown to
be [allaclons, and it ix later clearly demonsteated in chapior 10 that nlet and
downsiroittn profifes - for the sate value of & - are very differont indoed. How-
ever, [or o particider llow situation (oy example, stondyastate pipe jalet flow),

KThe torur § coureais the profile sope nt the wall, while 8 is nn intopral prapesty of the
profile,
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the same level, the infinite-ordor aceuracy of the spatial operator ensuves that the
profiles are infinitely simooth: this makes the temporal error behave like n small
rawctom tine shift alone - the ovror does not propagate as ractain wiggles' in
the profiles at all, rnther, it i ewbodled uniformly in (he entive pro6ile, This is in
cottbraclistinetion to the finite-difference ethod, Here te orvor at | signifteant
liguves is embodied spatiafly as well as tewpurally, Tt takes ou the forn of a
random uneertaiuty nt every node point, and thos this ervor will signiticantly
allert o stability analyss, bociuse the profile i savy' ol the level of the orror,

13.2.6 Derived parameters

Variows integral or it terms derivable for the velovity profiles ave usefnt {o
deseribe their vintation, These are diseusseed in turn below,

Displacement; thicknesa

The varvintion of dlsplucement thickness 87 with thoe iz given in Bguoe 138, The
value of & 5 directly dorivable from the controline voloelty as

0.23 /

0.2

015

0.1

005

1} 0.05 0.1 . 0.15 0.2 028
f
pure 13.8: The variation of the displarement thickness # with time in an
Iipulsively started pipe flow far from the fudet,

b‘ — 1 ”‘IH -
Il' - 2 (1 Hy ) {l!’ul’g)

where [T, 4 the erosesectional wean velocity - equal to unity in this case, o,
i the centreline velovity, and 7 i the pipe sadius, Tor convenienee sake, a
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Table 13.6: Vawiation of centreline velaeity in iinpulsivoly started plpe flow far
fromt the inlet, shiowing also the values abtained using do Silva's (1890) finite-
difforence algorithm,

¢ tte/ Uy
{x107) [Dreseut [ da Stiva (1990)
] 1 1

1 LOT 367 | 1.07T3 8&2
2 1.107 133 | 1106 V17
K 1,133 88 | 1.132 700
5] 1175 583 | 11735 300
7 1,211 628 | 1.211 26Y
10 1,258 463 | 1.25% .21
20 1AR7 5aT | 1.7 GGs
3l 1107 T63 | 1.496 hsd
40 LAN2 7L | L5642 555
50 1,674 il | 1.675 43
a0 1.741 668 | 1.741 603
70 1,800 752 | L.8OD 726
100 1.907 779 | 1.007 821
1650 1975165 | 1.975 237
200 1,963 351 | 1.093 126
300 1,599 521 | 1.959 598
%) 2 2

The methods show agreement with eneh other consistently to three decimal
places. The Taw methad was shown to he eorrect to approximately 4 deehnal
(laces hy deeremsing At mud olwerving the variation in the munerical representn-
tion. In the Tan results, the errors oviginate overwheliningly fom the temporal
diserotisation”, thus inereasing & will have no effect ot long-term sectiraey, The
results of the Anite-cifference fopmmlation are probably equaliy allected Ly or-
rors from both temporal and spacind diserotlsations, The ouly way o huprove
the neenracy in the sehome wonld be te employ o hiph order thne-diserotisation,
For the sake of robustuess howovor, i1 was decided to remain with the stmple
techuignes, heeause of stability probles with wore exotie methods.

The cureent seheme i 2L stable in the sense of Canuto ef of (1988), i that all
smnl] nomerical porturbations are damped and the solytion romadn bonnded,
even for an helefuite mimber of iterutions. This i so despite the [ully implici
nature of the method, along with no expleit euforeemont of miass flow consors
vation hetween thne steps, da Silva's medhod bs fully thinesoxplivit; this, and his
means of atplving the boundary condltions, explalus i comprurable wmmerieal
stalillty behavionr,

Although it wsy seews Hud the iothad i no more sceueate than the fnite
differenee approact becanse of hoth belug limited in acenracy at approxhoately

PThis is bocasse the spatial vacdation Is wore than sroperly copeesentod it N = 60,
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Each time step consists pritoartly of o matrix-veetor multiplication (the matrix
assembly is mostly veetor-scatar nultiplication aud addition) aud the time taken
{8 thus of order N for an tuplicit sebewe, Thus as well as being accurate (by
virtue of its iwplicit natare) the wethod . also fast,

13.2,6 Convergence and accuracy

Results were obtained for inpmlsively started flow by sotting € = 0. The nwore
goueral rosults for exponentinl accelerations, with varying values of 2 are con-
tained in chapter 15, The only point of comparison for the impulsive resulis are
the studies Ly Moss (1985) and da Silva (1990), in whick they present the con-
troline vartation of veloelty with time. Moss used a suple momentum-futegral
schemte, and da Silva employed a vortleity-transport finite-diffevenee method,
The contreling variatlon of velodity with tlme for the prosent study i shown in
figure 18,7, Thoese results are visnally identival to da Silva's valnes,

2 /,....-——

0 005 01 0I5 02 025 03
i

Figure 13,7 The temporal rlevelopment of the controeline veloeity in an tmpal-
slvely started pipe low far fron the inlee,

Table 13.6 lists values for the the dimonsioness coudresline voloedtion at seloeted
times ¥ for the prosent seliome, Also shown are the valnes attuined hy rerunning
do Silva's (1980) flndte-clifference afgorithon, The presont results wore sobeed at
order N == 60, with A# == 1+ 1079, "The ovdor uf 60 was oxeossive for most of
the calewlation, exeept initinlly, where the tldu bowndorylayor like sature of
the flow neceaddtnted the vetentlon of wore covieionts, Resnlts Tor the da Stlva
culealation were obiafued at N = 210, The time-step used hove was the satne
as that nsed i the spoeteal ealewlation, Both sots of vesults sre shown to 6
slgudficant figuyes,
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(¥} The determinition of a highly seenvate selution to the Blasins equation
demotstrated the cotwerpence bolnvionr aml neenracy of the mothod when
applivd to peoeral veloeity profiles, Usingg the forative Blasius solver in
conjuuction with the Orr-Sominerfeld alporitiom, the resalis For the wmind-
e exitieal Revuolls wmmber for this system obtained by Daver [Drsein
& Reddd {1981)] wore extonded by one sipnifieast Bve, Further to this, an
fitication of the solutton ovder needod to calenlate correetly the stability
af these biplier opder proftles wis detecmiml,

The eurrent ehapter has given broad demonstration of the modilied operational
Tun meihnd to problems diveetly relovant to the egeeent stidy, s suels it
servey as gL pood slatting peint Br the ollowp, chapters. The seeomd exsunple
(temporally develuping pipe low) leads natarally to the considevation of pipe
intot fow ander general aecolorations « the subject of the pext two chaplew -
while the siability analysis here allows a natmral propression 1o the pipe-flow
stalility sindy of chaplor 1,
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(i

{iv)

(v

Difhiendt cquation ternes wied houndary conditions wore shown to be han.
dled in s completely aniforin manner, “The auiversativg of the philosophy
of appliration in al] caxes wllower] foeus to Be placed on the mere important
pavts af the problem at Land, wanely the analyvtie method of solution, n
faet thix approach allows most probleis to De pupsued i an aniform awd
althost nlly shabytie ways, This Is in strong contrast to the initeadilforeaes
approacl, wheee the prhwary converns are almost always nowericad (dis-
erotivation schemes, vte,),

e e solition of the Ore-Sommerfeld equation for plane-oismaille (low,
resnills obtakued from the present schewe was shown to exeeed 1he aceaeaey
of wofh that of Oszag (19714) apd the knter investization by Lin & Outle
(108T), Ulsing the verification of the withoun eritival Beviokds unmber,
wiely e 5 TTR2318, ax o test ease, the present method duplicated
the veputodly highly acenrate bt anpaldislund rendts of Diavey [eontinined
in Drnzin & Reid (1981)), obtadied using a shooting wethod, Lin & Ortis’
result, obtained ashyg o shnilar seheoe to the prosont one It adng o
badly=seald stilarity teatsforne, was iveorrect in the final deciaal place,

The ewrvent seheme did uot show avy ‘catistropide’ deeay ln acentiey
abive o certain order of sohitior This was due to the elimbmu ion of the
simibarity trnusforin i te stogdard wethod of Ortize I8 3 s olleed that
iv thought to hwe inited Liv & Ortiz® rosulis in their detopinbiaation ol
the winbam erbieid Revnokis ansuber for plane-Polseutlle flow. Cortainly
their standard appronell wonkl not have been able to duplicate thie hiphly
acenrate stability results obtained in the thivd example, In all cases, e
ctizeont method could he extemdoed to extromely Ligh orders (N 2 120),
with oudy o gracaal fnerease in the rontd-oll =ror,

The luitial value prablew o parallel pipe How wax solved jn a extyemely
stradelt forwnrd way, vepardless of the *diflleult’ ternny contained {u the
oepintiot "The method allweed this problom to he diseretised towgporally in
wmost peneral sense, The present method daplicated the resuits of da Silva
(1990), obtadned nsine o lupe peld Sndte-difference method, The ervoe in
the evvrent solution vesilted primarily frow the temporal diseretiation,
Althouply this wny of the samme level ad thie error in da Silvacs pesulis,
the earrent vesslts' uneertainty win manifest as o rondom tewgroral s1f,
thux the veloelty proflies were in effect i iore acenrate tan the linite-
dilferenee anes,

The favestigntion into the tenporl developient of pipe ow proved wn
idoal way of Intvodueing relevint paramedors to quantily the bowudary
Tver in o pipe The nopnadised shape pavaneter Sge aned lisplocement
thivkiess 4%, were in combination shown to he appropriate paraoueters
for deserlbing plpe flow peoliles, U of the parsiueter Spe showed 1l
the bomudary layer for impudsively started flow far dowustream in a pipe
belaved Hhe o pavalled impulsively started Bateplite hongdiny laver with
2evn prosaupe pradieut, e thie indt of vasishing, boundaey Tover (hickness,
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Reg == 510,060 1,
epe o GG TTL,
e DAY 63,

in wrrooment with the unpablished results of Davey [Drazin & Reid (181)] It
extoncing them by one signilicant fismure, The decimal vepresentation conld pos-
sibly liwve been pursaed te Tnther sipnaficant fipaees, but a more sophisticate)
procedare for fingling, the minfun evitical Revnolds wanber (see seetion 13.1)
wontdd have hl to be eaployed. Furtherwore the incronse in & necossary to
achiove (hiy wonld have vesulted ju aowneh larger order of stability selution bes
ing, necessary, with a commensurate decay fu acetraey due (o ronnd-off. Thws
at the evrvent lovel of muaerieal provisiou (TEEE double prevision), it is possible
that only one further coreeet deviisal dipit wonld be obtainable,

The results from table DALY are uselit] in that they sgive an indication of the
order of stability solution neeessary (o achiove acetutate resuths s the houwdlary
Inyor thins, Calenlating the stability of pipo aatraee Bows enfails deterininng
{he stadility chavactepistios of profibes with saveessivoly thinner howslary layvees
an the julet plane is approached, The highest ovder profile hege cousfdered is
that for & = B0 this corvesponds to a veloeity profile with a dimensionless
tlisplacement thickiess of @ = 0,019 awd shape pavameler of 8 = 600, Thix
profilo ix of the smue arder as the highest oxder ofile considered Infer ju the
pipe entranes stability aunlysis of cliapter 17, Thax the restlts presented hore
give an indication of the oeder nosded to obtain aceurate vesulis in the later
analysis!®,

13.4 Summary

The application of the madilied operational-Tan method hias been explvined in
this chapter hy weans of pertinent examples, these hejup: the solhution of the
Orre-Smamerfedd equation for plane-Poisenille flow, {he tomporal development
ab an inpuisively staeted pipe How far from the inlet, and the determination of
the Blising xolntion (and the stability theveof), The following poiuts avise from
the reanlts obstained this chapuere

(1) In all caves, the wethod was shown to be extromely simpdoe to haplement,
with comstrnetion of the prolilen proceeding ae in 1) operatar notation.

HOE rowese, the pipe bl anadysis conceri the aee of the Sex] @ bility oquation - the
axisyrnietrie analogie uf Vhe Ore-Summerfeld equation - the snerical formadtion of which
resnlts i i warsescanditioned seatepn than the presend e, ewever, this lad conlitioning
tun be shown (o alfect sndstantialle undy the ronndeofl onor, not the refe of eobverpeuee with
order. 'l the asisemanetsde wintion will lediave similardy 1o e one above, amd ooty e
mtmerical precision to which the realis cay be given will be affecied.
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niber for this systen is one hased on the Gu-dield velocity aid tle displar- meat
thicknoess, namely Reps 23 87,8% /e Table 13,9 shows the value of the mininnan
evitieal Roynolls number for varfous values of & N, All the resnlts are here
presonted to win decimal plrees, Deeanse that wias the securaey ts whiclh the
nifubmu poiut on the egltical curve was aseertaded,

Table 13.9: The value for the miuim eeitical Rornolds namber Based on dise
placenent thickuess Repe {or vioious orders of solntion and domain truneation,
for the Bhuius homdary Twoer,
Minfuum ¢ mic ul h‘u e .
NE=T0 R L T
80 | S1L0055 117 | 510074 180 | 510,016 798 | 161,316325
B | 515,060 330 | 519.065 701 | H19.067 582 § S10.083 T3V
BX P RIOO60 136 | 519061 307 1 819060 071 | 519053 350
94 ] HIMBGO 332 | 510,050 U7 | 510061 80 | 319,050 563
140 | S10.060 150 | S1o000 607 | 518060 891 | H10.061 B35
1006 1 510,000 151 ¢ 510060 135 | 510,060 092 1 510,089 026
110 | 18,60 161 | 519060 122 ] 510000 108 | 519060 213

116 510,060 122 § K10.060 108 § 519,060 123
120 H19.060 122 | 510,060 1067 | 51060 128
1206 SI.060 107 | H109,060 124G
130 RLILOGH 120

The varviation of the domain size & wes in the ranpge G0 < 0 < M1 these values
of & gave profiles with cery thin bowndary lavers relative to the domain extont,
natnely 0.043 < #* < 0,018, Sueh a lavee solution donndn was neessiney to allow
thie hpoxed perturhatlons to decay to zero roperly awiy from the bonudaey
Jiyor, thus allowing an aceweate approximation of Lhe systoan to the proper eaae
of inlinite domatu,

For cacl value of &, the Opr-Sommerfoeld ovder was inereased nutil a selition
invarisnt to six dechinal plces in Be was obtatned, Appurent s the ineroase
in ¥ weeded to ohtuin o solution to o certain precidon as & iy foercased, This
treted f5 consintent with the resulix from the base flow, ax piven o talle 138
more coellicients need to be rotuined as the bowndary loyer thielness doeronses,
in order that a velovity profile be properly represented, i the sane way, o
frigher ordor stability anndysiz nesds to be used as b eveases, to euptove the
Oudl manmer in wideh the eigonfiictions vary

The highest order of solation was ¥ = 130, Arenrate sulntious al s ordep
ppatn shows et eliminetion of the shufldty teansform 17 {see chapter 11)
from the operational-Tan metlod remeves commpletely the major obstacle of the
slatelnaed npproael - mnedy Uy catastrapliv deeay o acenerey wbove o cererin
{low} order ol sohution.

By sbsorviug the converpenee of Uhe presont vesults with & the prosent Basing
prafile mininmw eritival stability point woas Sl 1o o
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As o chieek of the validity of the eriterion [fx ¢] as an acenrate indicator of
the aceurney of the sorjes, the valnes of the fneetion itsolf at arbitrary diserote
poiut was caletlated for seloeted values of N, b0 These comparisons showed
that, above an avedraey of approxhaately 10 %, this edterion was a reliable
tdivator of convergeuce, Tl Hue solutions staded abiove o be determined (o
the level of thie rownd-oll vielded resulis fixed to approsimadely 13 sipnilicant
lignres.

To demonstrale the sipnilicant dilference boetween the Blasing bonudaey lnver
and the erropsfiuncm profile calealated ju seetion 132 above, 3t ix wefol to
consider the senled shape parmaneter Spe for vacle of these profiles. For the error
Funetion proflle, the value of this parameter wax given by ogqoation (LLGGY as
1,273 239, For the corrent Blastus profile, this tertn was detormined to e

Npo{Blusineg = 1112 ¥ Gy (13.08)

exact to ¥ significant fipures. his indicates o sabstantial diffevence betwoen
the boundury Inyer structure of the two sestems, This e will be adidvessd
further iu a later chapter,

Stability resnlts

Subseguent results were ol ealenlated st ovder N 5 1008 hese were 1hen nsed o
o utability annlysds using the OreSommerfeld equation (zeetion 13.1), in order ty
ascertain the varlons parumetors concerning the stubility of the Blaving prodile,
This process provided an ideal vessol for verifving the aceuracy of the ontive
system (Doth Blasius and OreeSotmerfeld solver), A small modiiention was
made to the bowmlary conditions of the ahove mentioned waalysise couditions
conunengurate with the domain teuneation were used n place of the ‘contreline’
conditions in {183}, and these were [Draziu & Redd (1981))

i

S 4 an(D)
DY = P

1]
0. (13.94}

i

The comditions (1199} are equivalent, on the troneste muain, to the Jormal
condltdon ¢2) o Hexplens) as 3 = s TTowevey, the choice of Hese condi=
i or the oues (13.3) practieally mikes little difforenee to the sohittion e b is
Inereused,

Biasiux profiles for differont values of & wore enleuteted, and for cnel of these the
oot N of the stubiity analvais wae vl while the converpence of the value
for the minjmaum evitieal Revoalds mmber wis noted, The relovant Revholds
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wag the smallest valwe possible; values of |3 suwadler than this conkl not he
aebioverd boeause the sotcd-oll ervor produced iuerlea] foofse’ in the svsten
at 10 M, stopping the determiuistic nature of the fterative alpovithm at this
lovel,

A can besoen, it greater opder is nemled to vopresent Ow solatiog as the domain
Kize fuereases, TV st ety I cach row of the table (marked with an
asterisk) voproseutx the veder at wlich the respeetive solutions harl vouverpgoed
to the level of the roundsofl error, For Gie Targest domain considored (&~ 80),
an order of N o HE was sudliclent to deterinine the solition to the maximmn
aceurney possible, This value of & correspowsds to a ditensiouless displaceient
thickness of 3 = & /b = 2151 x 10 2 "The rexpeetive dimensionless displaces
ment thickness for the variots domain sizes ran be diveetly calenlated via the
relation

A* o2 720 TNT G6fh, {13.97)

The bracketed nmmbers in table LI represent orders lor whiclt the timncaled
sovied was isullivisug to resolve oven the coarsor featsives of (e aystem, Visn-
ally, these solutons wore chiaraciorised by lnege oseillations (with n deviation
of = 0,1 frow the proper solution) wed thus the truneadion error wad uol actits
rately imdieatod by the magnitude of the highest ovder cooflictent, Nuaerivally,
for sueh low ovder wintfons, the ccuncated solution s not telose' to the proje
tion of the influite series ento the traneated nunerical basise In other words,
the low-ordor veetor in Chebyshiov space reprosonted by this solution I8 not a
goad approximation (o the infinite veetor representing the true solution - of
foctively, uol onong'i degrees of freedoin have been adusitted to give o proper
representation of the sesto,

Table 13.8: The truncation srror for the Blasiug solution, for virjont values of
the domaiu stze b aw! ovder ., to the lovel of the vongl-off oevors (1 not ym
woperly ropresentative of the solution, e e e
] Traveation Frror (< lopye) o
PN [N =30 [N q0 [Nz [N “;I-.%“uhj'

6] 061 | 110 o '
| =72 =118 | -=LLiI"
13 | -=G.87 1 My SRR 1L N I 3 P Y
M [ =hdT =Tl wI0AT ] - TS | 14,66 | 1405
30 | ~f.18 ~={i =8, NH 1061 | 1062 | =103

A0 | 432 it T2 -8 <1133 | 1LY
B F (=401} | 571 ~{id =M3] {80 Sl & X N A B
GO | (=4.°6) | =522 =T.08 ~THT =048 | -13.34 | -lhag*

| (=38 | (=BR1) | =Bl [ wTEL | RN | =100 | LK1
80 [ (=873 | (=50} | 600 | T4 | R | S106K | - ldnr

B Ll T R R e
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of the low=order resnlt to the hisher opder is doue simply by appoenditg zoroos to
the Tovmer, “The nal result of this process will approach an invaviant solution,

The eouvolution sums in equution (03L.88) take the major portion of tine in the
sole fon. A qnirker wethod of calenlating these will be giver i chapror 14;
however, hecanse o single solution js regived lieve, speed I not a coneern, As
hefore, the slgorithins were implomented using Matlal, amd a listing of the
pertinent funetions are contained i appendix D20 Solutions were develdapsd
for various sealing Lictors k. aned these solutions ave the subject of the next
seetion.

13.3.4 Numerical results
Laminar velocity profile

Tubulated solutions of the Blasius velaeity prolile re available [soo Schlichiing
(1970)) and thux the present vesmlt,. conld be diveetly compared, The present
resilbs apreed substantably with the results of Howarth (199R), a8 roproducsd
in Schlichting (1070, Unfortunately, Howarth's resulis were ouly presested Lo
five dochinal plitees, and thue the level of aceuraey to which he ealenlated bis
ligures conld not be ascertained directly, The presewt resnlts did however show
o siakl devintion from owarth's ealues in the lnad decimal digit of soveral of
his tabulated munbers, aud this seemed to Dudicate that big resulis were corvect
to only four declimal Bpures,

For the sake of compatison, the order § ol the present systein was decrease nus
1 the present vidtws were seeurate to the snme lovel of preciston ns Hownrth's,
Por a realing Bwtor of & == 10, agreenent with this decimil precision was olw

tnined b & == 37, correnponding to a total solution tine of approinately 35
geeoids an an IBM ROIRG = 50 M desktop compiter,

Alsolute convergenee wis assessed by Derensing both order & amd wolution
chnuain b o] observing the invarinuee of the decimal reprosentation of the
solton. Deeause of the minhuay propertios of the Cliebyshov polynominls!!,
andd the wndlorm converponee of the seeies (o the exaet wemitlt, e piagnitnde of
the ervor in the juterpolating series in Uhe sane onder an (he magnitwde of the
last Tors in the sevies; thas the expecdon [ 1] was taken™ ps nn appropriate
indication of the offecl of trapeatdm, For varlous domain sizes k, the ovder was
lnereased amd the truneation ceror deternined, The resubts of this process are
vanttained iy tible 1.8, The converpence eriterion wax set to 8 - 10 Y, which

Sy wininns bedavioes Iomeane that the masinnim absolute maguitnde of these polymnas
uls Iv wnity everywhore in the rinre; Uhias Qe iaxioaen sagnitade of o Clielssdiey polvaomial
by wlways (e value of its coellivient,

FThe ter Jy in taken o denste w1l expinsten soelficient, o i other words, the &
intmber of the row vector £ of anknes s corflicients: Qs [fx o] s semply the wagnlinde of
e Jast expansion condlivient.
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The evolution equation

With the perturbation ealeulated as above, the nest ftermnd nesds to be de-
volopeds equition (13.81) thus needs to be fomodated in thie operatic b Tau
system, Thin shuple systein merely boeomes

JU g e [l g i (13.94)

where the superseript 3 denotes the most recent valio of the fterand Fand J90 s
the valie of the perturladion calenlated wdng equation {(13.93) with the iterand
FY The identity matrix 1 s futrodueed in to the left-haud side of (13.04) to
facilitate the pugmentation of the bowwbey conditions, These couditions are
derived from (13.77), and in the operafional-Tia systew aye

¢

iy
Iy

By (13.93)
ooy,

i

The matris By i identicnl to the mateix 3y feom (13.92). Avpmentetion of
the bonulary conditions (13.95) to the inaer problem (13,91} v slnple aud the
vesubtant systom bocones

FOy = By,
i = [Blif]. (13.96)
B, [fi‘:s R u’ﬂm] .

The solution for the new fteruul j‘(,'.| N can be obtalsed from (13.06) by the
inversion of 11,

13.3.3 Solution proce. ire

Suitalle valnes for o starting guess and the fleration reloxation factor arer fI09 2
L0, 0, 8o+ el w2 009 respeetively, The tost expedient way ta achieve o high
ortler aecurte solution for o cortain sealing fuetor & 1 by solving the system at
a low avdor (say N = 16), letting the . estong eonverge, and 1hen wsing this resalt
ay o atarting gues for o slightly hlghor oxder (8 29 A4 1) sestom, This process
ean he repeated until the desived order is aehieved, and Banbstantially quleker
than proceeding divectly Trom the coarse initial guess at o high owder, Exteustou
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This eequation can be regrranged to muke the wuknown 7 the subject, and aftor
climination of the cocfficient veetor i beeones

FEU) = F |2 + RG] (13.00)
Equation (13.00) ix of ihie form

FLHS fy = RIS (13.91)

where the matrix [LHS] 4 ad the row veetor [RIIS] 4 vre funetions of F. the
lnown coollicient voctor fromn the provionk teration. Eguation (IL01) is in
a form anenable to the augmentatlon of the boundary conditionx. As stated
heforey the boundary conditions are implemented in the solutlon for both £ aud
Af. The relovant conditiomm hore are {13.85), and wuler the operationalsTu
systom heeome

B o= By
B = [i‘-if.w._l e ’ii"I@.--u] (13.02)
Hﬂ(f) =2 ["ﬁ‘lf:-:.l o ﬁf‘lc‘l S ﬁ?f‘|f.-.-.u + 1] :

Thua the system to be solved for e nkuown 7 is

fHH = WA,
) = [Bl E{LIIS]m]‘ (14.03)
) = [Iig(f) RIS ﬂ] .

wlmw hoth the wsatyix I [f] and row voetor Y, .\" ) depend ou llw previvus ftorud
£ Bolution ix stralphtforward by means of inversion of 11(/).

Thus, given some {terid 70, the Frdekot pecturbation #7 ean be calenlatod
nxing eqgnation (13.53),
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Bach of the above conditions is compatible with the eondition that the pee-
burbation quantity AS nued it devivatives be zero overswhere fn the it as
AL~ 0, More buportantiy, the sse of conditions (13.85) ensure that erery
iteramel £UY satistios the onndary conditions (13.77) at all Hues,

13.3.2 Numerical formulation

The cquations to be solved are (13.83) al {1381 which forw a coupled pair
of non-linear partial dilferentinl equations. The ‘evolation' equation iz (13.81),
nuek {18.83) i linoay in AL (awd £ i this cquation i= a known), Solutiot is thas
straipbtlorward, exeopt for the evalintion ol the convolutlon sms ocenreing in
(13.83).

Dasie diserotisation

Undoer the operational-Tan svstent, the unetions S and Af ave reproseated Dby
thelr series expunslon conuterparts ax

;o= Je (13.86)
Af = go (14.87)

which, ns hefore, are shuply infinite polvnowdal expansions denated ju veetor
form,

Considering flest the convolutions, it was shown in seetion 132 that o kuown
palynomin! muliiplied onto o funetion beeoues, fu the operatioual-Tan systemn,
post-ultipileation by the wmatvdx operator (1317 Using this opoeator, the
jterative mothod in the operational Taa system can be simply defined,

TFhe cquation (13.82) & Hoear with vepared o the suliownr foaetion £ (s it
eanr be veprosonted i the operational-Tan gystom as

LU g let o (f}'-’-'fc-:j"} 4+ Ry f':‘;'“'))] o {14.8%)

where RO Is defined by (18.27), The avalogue of squation {1837 can then by
shown to he

f'[m}-“ o 5-“’1;'1}‘,;3}] e e =0, (13.5)
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and the pertwrbation Af must be ealendated ns the solution to

fpie + K fap) + LAS =0, (13.59)
An jterntive algorithin to equation (13.76) can then boe delined axs follows:

(1) Make an initial guess f'9 o the unknown funetion f. This guess noed
not satisly the bouudary concitious, but shoanled be rebutively® elose to the
Aual solution, A simple yet sufliclent guess for the eurreut prablem wouldd
ht [,

(2) Detormine the solutlen for the perturbation Af using equation (13.82)
and the enrront guess for f. Simultayeous to this the homedary conditions
st ho enforeod such that the perturbation is computible with the systen.
Suitalle conditions to acddeve this will be given later,

(3) If the eritovion [JAS]] < 18] Iv satisfied (with HAF]] o suitable norm of Af,
and |8 the couvergeuce exiterjon), then stop the lteration nud retuen the
cireent value of £ oux the solutfon, Othwerwise, caleulate the new iterand
JUY from #he eurrent valae U3 asing

JURTY D 4 A, (13.84)

The boundary conditiona {13.77) wust also he applied sueh that tle now
iterand sutisfies then exaetly. The new solution s now made the enveent
solution, and the algor'chuy retums to step 2 above,

The wethod then proeeeds using tie above algorithun, wtil Af has approacied
soro uniforly to the vequired tolezanee 8],

The bonudary couditions were briefly wentioned above; the most rolnst wiy to
euforee thews s to make both the fuowtlon £ oand perturhed fanelion f + Af
satiafy then, Thus houndury eonditions wre applied doving the solution of both
(18.44) amd (1384}, The spectlie application of the conditions (18.77) v de-
peudent on the equation being solved. When solving e ‘evolution’ equation
(L84} the conditions wust be onforemt exactly as staded jn (1L.77); howeser,
wlien the system (LLR3) s solveed, houndary couditions portineut to the per-
tarbation funetlon A S mwst b wseek, Such conditions can be easily dovived by
cousidoring the origiual comditlons (8177), but with the terin J 4+ AS substi-
treed everywhere for 3 the corditions in Af can then be fond Dby resranping
the resulting relations, leading to

Af() = ~fil
Afc{l) B "'.r,“(l_'q {13.“5]
Afl) = =f0)+ 1
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Tha itorative algorithm

Although the equation (13,76} i o cifferentinl equation i a single vaviable,
and thug ideal for sobition under the operational-Tan approach, it s now-lisear;
thorefore either Huearisation or iteration Lave to be employed e its salntion,

Liuearising the equation will vield only an approximate solutio:n, wnd for 1his
reson, wit iterative sehome was adopted, 1 general tenns this proceeds as
follows: the vquation is reforimalated to reprosent an initlal-valne prablews an
initial guess is supplied, aud this supplied funetion is fed reevrsively through
thie algorithm untdl the solution has converged to o stationary valne (to within
o cortuin toloranee). A simple sele ne involves taking the Fréchet derdvative
of the analytic function (19.71), awd defining the vext itezalion through this
dorivative, A dofinition of (e Frochet derivative i contained in Cannto of af
(1988} flin appendix Ad).

The Fréchot dovivative £(F) of a geneead Dunetion ACF). f = flr) can be delited
faw

)z Jim A(f 4 Af) = A) {(13,78)

where Af is o genoral perturbation of the funetion, Tor a smooth funciion
Ss the Fréchet derdvative should approach zero uniformly as the pertacbation
Af dingiuishes, Dropping the limit constraind, an amvoximate estiuate of the
Fréeliot derivative Tor 0 nau-zoro Af hecomos

LAF = A+ Af) ~ ALf) (13,74}

Using (13.79). & genoval itovative proceduve to determine o solutlon f = f{#} 1o
a general non-linear equation A{f) = 0 eau be delined as

S fRdf, {13500
where the teem Af s the solution of e equation
AFY+ LAf == 0 {13,581}

und W ix o relaxation fetor, Bpecifically, the approximate Frochet derivative of
cquation (13.76) i

LA = 20 e + RS 4 AL (13.82)
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the superccomputer). Appoudix 13 contains o listing of the Matlab funetions,
The seript userl to salee the problem was the [inetion baoe2d.m, given in seee
tion Deh L. The sputin] order of solution was 60« GG afthonely this wis extended
to 80 » 80 to verlly the convergeuee of the sesten, "Phe thieestep was taken
to bo At o2 T 10 5, Stepe any higger than 107 made the svstom anstable,
The finad (ateadyestate} avcuriey of the systew wiss nnadlected by the (e-stop
(as loug as stability wax muintuined), Sinee the stondy-state solutfons are ased
predowinautly for comparison to the experiment, §t was uningsortant that the
tunporal diseretisation was liphly aceurate, ns g as the stouly state solus
tion was exmet,  The enrent method of diseretisation ensneed that (his was
son, sl the high order of spatial diserotisition micde spatial eevors vioishingly
siadl. However, the above tine step was also salliciontly snadl for pom] tewpos
ral acetvney. as aekindmed by the paraliol sysien solved inoseetion 13,2, A small
gystenui be vrror in the mass How (die (o the explicit uature of the nonelinear
torma) was covreeted evory fow tine stops by stnply dividing el row of the
axiel veloelty Ly the mass flow wate calenlated for that partivalae vow,

The axinl sohtion domain way taken to be e ¢ [0.002] fu that thiz region
erlaeed ndecquintely the portion of pipe inlet flow that exhibits Hnear instability,
Mthoupgh 1t i vot  xplivitly evident i the formulation, o variation of the axial
domadu B eosily achivved Dy shinply dividing the colloration devivative operator
D by the domain estent, This s Beeanse the colloeation derivative operator
cmbraces the dowain {0,1]: if the dotaiy lemgth s rogquived to be say, o naits,
then the operator 12 can be shuply wmltipliod be the sealar ftor o as 1Y =
(1/:31) niul the new matrix 2 wsed iy place of 12 For exataple, to achiove the
prosent dosain extent of [0,0.08], the Twtor o wiw taken ag o = IH0, aad the
opepator I < 05 aas wied in place of 1),

Solationy were generpted both for hapulsively starded fow, and then for lows
with Inereasing viduer of exponentin] aceeleration. The results for the impulsive
ciase pre contpined in the followlng seetion of this chaptor, while the vealts foy
the wore generad exponeitial aeeelopation are deforved unti) the nest seetion,
The hmpulsive case i pivew hepe sepacateby hecaase 36 cepresents the only point of
comparison to xtudios contained in the Yleratare, "The vemaindor of this ehapter
Ix thns dovoted to the mpnlabve spstenn, with sa empliasis on comparison with
exinting yoanles,

14.4 Numerical results

Tmpubdvely started Qow can be modelled using the wamevieal system deseribed
alwwve, simply by sefting the aceeleation paraneter 8 ta wero, The fupalsive
svstemn provides the ouly ramewo: Rk of congrurison for (e prosent resalts; thas
i Jetadled Tovestigntion of the Bulijng belavionr and comparisous witl oxistiug
ditta i earvied ot jn thin seetion, Doetathad vosslis obtained for the stendy-stato
pipe rateanee flow ealenlations are they presenteds tn partienlay the parameters
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and this is simply achieved Ly the inversion of the constant 1I,. The bonudary
ntrices By mml I;‘;. of dimension N = 2 and A7« 2 respectively, are given as

By C By | D0, (1130

el
T

There s no need to assert any radial inflow bonndary, Il bowever it s desired

to resirict thie julet radial component to zevo, then the Jast vow of the resultant
. 43

matriz U ran be made zoro,

14.3 Method of solution

The non-Huear ternss i the Aual formmbation (1-1.27) add a faie dead of conplis
cation to the system, I these are vomoved, then the v-saliant sestem is esaetly
that developsl b seetion 13,9, Tt with the aceeleration rotained.

Nuwerieally, the pon-linear terms are the most ecpomsive at N, haeanse the
linear systons enn he solved tmplicitly st o cost of V2, Althougl the diseretised
pguetion needs the calenlation of the non=tuear operator at many the steps (ifa
b neorder dise l'l‘ti:mtitlll i1 nxed), it v only necessary to ealentate the nmlinear
produed N(I i ) onee per Himestep, uml then to stove it, When advaneing to
thie mext step, the Just {ew convolotion watrices (from provions times) can be
slored, Tho oldest matriees can e shaply disearded at vach uew thine-step,

The cholee of diseretisation wns the shuple lorward-Euder for the wonslinear
tormg, atel C'rank=Nicholson for the linear ones, This explicit-ingslicll approach
is optitm for thiv systom a: it votaius (he Dighest aecuracy possible (s wadsing
wi el of the eguation ax pessible huplielt) withot having to yesart to iterative
torhuigues fwhich would be gecessary i€ the nouslinenr fors were finplicit), ar
lineayrleation aad the sulsegoent devay innecuraey. The constants ag, b; lor these
time diserotisntions are: Ja ay = 100w = 0 by = 1, and by <2 00 Later,
(and 1o obinin the sobie, o prososted dn this chapter), s medilication of the
Crank-Nicholson method « the @ niethod [Caunto of ad (1988)]- wis emploved
to avold the Iack of dmaping of high-fregqueney components inhoereat in the
[ormer appronch, This methad i shaply implemented B making ag = # and
ay == {1~ 0 whore & == 1/2 + oA aud o is o sanall pexitive eoustant,

The nnnerieal solution was done wsing Matlalh, A the hinetions, [or instanee,
calenlating e non-linear torms, wove written as Matlab funetions. The com-
puter tlatform ustd wax firstly o Convex C2HL aud the Inter o 50Mhg TI3M
BiMEG winder Windows NT' (which in real tegs only van at hall the speod of
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Phe conlitions (14.30) and (EBL31) wmust, as before Le angnented to the Inner
problem {1.1L29) ax

EACRRY VPR 8
- [fs,i[ms]]. (11.82)

P = [nzi[nus]] .

wheve the matyixes Fy and 5 are the angnented bomdary conditions namely

n1 0 u
21 [ IRY)

By |8 |, B8 0], (t4.34)
v 1 0o

The left-hanet bomulary matrix By is of dimensdon N x 2, and I?g i ol Kige
AL % 2. Bquation (14.32) can boe solved by inversion of the matlx 1L Por o eet
diseretivation, Il s a constant, therefore the lnversion needs be doene ouly onee,

The jnlet eondition §s fnposad by replacing the entire lnst vow of the newly
ealenlated vetoeity 4118 by (hat condition. This allows for o ot of llexibility,
In that any veloeity profile can e used as an sk condition, In fet, the aetual
solutions geneeated used o very thin boundary layer inlet profile with /R «
102w the fulet condition i order 1o avoeid oxeillations in the solntion cansed
by the slugnlaeity inheveat in the simpitied ‘top-hat’ profile, The eontpoity
requivement {14,38) determines the radial cocflicients from the axial ones, aned
thus the radinl howsdary vonditions must be finplemouted for Ehiv svstop, Those
conditiong are simply 6 <= at hoth the contreline and wall, Apgiin Tor clavity,
{14.28) is waltten ax

VLIS, <+ [RITS,) (LLi)

whoye [LIIS,] i constant sl the mateiy {RIIS,] depemts on ', The syston
with houndary corptitions o he solved s

Pite o ¥,
m - [B:ﬁ{I-HHr]]- (LL35)

B [!i‘tilliliri. 1] .
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&

ikt [ﬂ . ml.&ff.] [ [fl +uy At f]

4 ap PR D]

4 I ARNIIR A

VAN TALIRN W (14.27)
1+ AR,

Equation (14.27) veeds the huploanentaiion of the houndary eonitions holors
sulwtion 1+ attempted,

The continnity tequiventent (LL2) is waed to detenmine the vadi] velocity fiekl
corllivionts 7 from a piven axial veloesty fiok] coolfivients TF. Tn the Tan system
it enn be written ax

Vit o= =DV (14.28)

The twe cauations (1L2T) and (1428) form a conpled prir of equations ot the
mnknown eovficlents T and 7. Ax the adinl eoofficlont matrix 1 ouly appears
in the woneliuear pait of the cquation, the solution is steadplitforwarnd, Eguation
{14.27) ix nsedd to generate the axial veloclty eoellicionts I ol the now taesstop
(b 4 1) wwding the kuown pudish and oxiat coofileionts @om the previows times
atopr "The contivadty requivemont {(3L38) I then Do plementod to ealealate the
racinl coeflicionts T nt the new thesdop,

Olwitnsly, Doumeney conditions need o be impleniented wl vach step, To show
ihe implementation of tese bowgdaey conditions, it s welid fo snarse
(14.27) nw

EEO[LIY) - [RTIN) (1120

where the ntatrix [LIIN] ix o coustaut (dependent an the choiee of temporal
diserotisation) N« & matrix. The matris [RIS] s constencted o the kuown
voellicients Tram the previoms thue steps, amd §s of dhoensdon M x &, The
honuduey conditions relovant to this equation e thase coueeridug the axial
velnedty componeut iz thus semieetey ot the contreline ad the uo-lip cotdition
al U wall st be appowded. In the "D systow these aee

e v = 0, (14.30)
Ullpa = 0 (LL31)
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14.2.3 Operators

A the apeyators detined by the velations (1.81) to (LLG) can pow be franstated
inte the operationalTan bisis, These breow fu tagm

L oo ~3Lgji e~ St {14.22)
NP e PO DTG (1 - T ) - POy Wi, (LG
K o= SRy, (1124)

where the terms ave defined ax folows: T is the idontity matris: L s the Tt
operator defined iy (13533 J s the definite infopral matvix given by (12523
D v the collovation derivative marix plvey by algoyithm ¢355% i amd § wee
tie proamaltiplication saml derivative nutrees respoetives defined e (12,510
] Iy ik delined Ty

. {11.25)

14.2.4 Discrotisation

The sputiatly swd teporally diseretised annlogne of equation (14.3) can now
b written In @ mstmer analogottn 40 the Goese seateen o the exatple In
seetion 13.2, nu

.;1 [fm ... frﬂm] o [uuf?{"”” g (R g gy PHO 10 ] i

b by N
d N Py g (11,26
) R

whete the sapesseripts @ jndieats conflicionts frow e ke tiae step, wd the
values of the vountints ey & defioe the teangaorad diseretamttons for the lnear
il nonsJineny termy respeedively, and their values For vavions sehietes are givon
in tible 185, The now-Hoeay torus can only be treated egplieitly (heaee the
omission of the &y termwd Fyustion (1426 ean be vearenuped to nke $he
mknown PRI the sihjoet af the Lefteband side, This results i
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et be wrfiten as
g {{aner o [iee M} (1418

whore - represents Hie erpewise (or sealar) multiplicarion of the two voctons,
Spution (14.19) ean he evaluated at a cost of AN? operations if the matrices
¢ and ¢ e ealewlated Hest and then stored. Tor a two-diinensional system
like the present eue, the veelors o u epuation (14.19) can shuply be replaced
by the nuknewn cocllicient nutrices 11, with no loss of renerality, The cust of
the fult twosdinonsional enlenlation b uow 1V, or LV? Tn a spure sysiom,
I one imorew the fnetor of 2, the saving in calenbatfon 1ime s N tines,

The eqqicker FFT hetween the coeflicients wind the plivsical values can be aelioved
at it redueed operation conut cost from approzinately N 1o approxinately
;’_-.‘\"" lopa N operations. For the present system, the matrixArausform met!od
win tsed Bocause of B shinplicity of fornmlation. Towever, the modest sp wd
paing i not jnseile the inplaneatation of the FI'T approeh,

Alinsing

DPuowlo-upectrally perforied convolutions produce alissing in the pesuliant voe-
tor if the trunsform s perfornied at the order of the system N [Canuto of ol
LLO8R)]: (hat Ik, spurious ligh-lregueney modes e introdiged, The wiy aronml
this s to extend the ingmi veetors # Lo order 3572 siply Dy selding wevaes to
the o1l of these voetors, The transform is then conduetod at the Tiphor ovder,
el the result affer trassforming back to the Tau basds B3 iennealed at ovder
N, A detailed aerount of why thix allnsdog, ovens s eontadied in the abhove
referepee, IIowover Che aliasiug i so slighl as 1o Do neligible, as fong ax the
syston) i properly tepresented at the order A that s, the ervor peodueod by
wllasing wdvg docuyn b infinlte-order, The prosent couvolution calenlations wee
porformed 1 betl alinsed nwd aosenlinend fortns, but no dilferenee to the Jevel
of the romuloll noise was foud between the eadenlations,

Defluition of 21T, 11%)

Comsideriupg the above, the preduet of two cetioas tan be defined for the
prosont systely s

PO {0 ] e 2} e (1120)
Thns wueder the operationsl=Thut systeng, the produet of twve Dinetions ix

wytrs o T T {1420
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ont at opdor 2 x .V = 1 and fhen tonaentod. This means that e smalter {(and
honee quirker) ealeulation does uet affes the result, This is in conteast with the
prowdo-speetral wethod for calewlating the produet (lexeribied below), where
alinsing does orenr,

Extension of the above wethad 104 two-diiensional systei, where the second
wiseretisiation = vollosation (the prosent proldem), resnlts in o copvalitbion .
ing to e poformed between eacl row of the two watricos, The eost of « single
convolition is kowever highs of order M when perfortued at order ¥ - making o
twosdiinensional couvolntion prolibitive at 3 x A or N for a square system,

This problem of cost, and hewee spees, of o prodnet wder the speetral system
i fuhweront when dealing with the eooflicionts in the {rrusformed svstem, 1 the
yxtemn woere yopresetied at diserete uodes G in o Huitedilferenee method), then
ie priee of o twosdimensional product wenld only he X2 or a square system
uf ovdoer N, Peefortning the convelution by consdderiug the produet ae diserete
nwdes i the essenee of the psendo=speetial approach deseribed helow,

The Peeudo-spectral approach

Thiz approacl entails traustonuing the eocllivients & into the physical {Lu-
prangian) dotwmin vie the trosforiation ¢, veprexenting the fimetlon heve wt
the collovation poluts, pevforming o nudtplication bety on the fwo Tnetions
at these nodes, utd then transforming the resalt Lack inte the Chebyshiov basis,
Ax mentioned, transformantion beiween the Chelipshiey st Lagrange bases con
be achioved in two ways: frstly by nshgg a matele cansforns {€0 giver Dy algo-
vitlon (12,63, and seeondly (st more qoickly) by wtilistug o fast-Fourior (ype
iransfornn

Couvelwtion via the fisst option s sbapler to explain, Int is wathematieally
equivadent to the seeond. Coshler again the two onedimeusiounl fenetions wy.
g, with thedr opeeationabTan forme given as hefore, Fach eoedlicient veetor, i
ol avder N, ean be cquivalontly transformed to physica] values at the & Ginsss
Lobatto colloeation poiuts by the matrlx ¢ 1, deflned hy the alporithm (12.6):

oot Y,
R LR {11.18)

wline ad before the cheeld (i) iudicates that the veelar pepreseuts the physieal
valued at e collueation wodes. In the pliysieal space, @ vae be muleiplied
element-wise with vy, mnl the vesalt transtoried buekt 1o the Tan Lasis by
eiploying (he inverse teansformation €, vesulting i the answer 3% "This procvess



CIAPTER 1L IMPULSIVE ENTRANCE FLOW 308

sehonte allows the Rexibility of imroduction of an arbitrary inlet condition, The
variables F and T can, however, be rondered we Iwo-dimeasional Cheliyshev
coctficient matrices 24 and ¥ via the ivansformation ' 1 i given by (12.5) on
page 251}, as

U= e e
Ve ¢ {14.15)

14.2.2 Non-linear terms

The nou-finear torms deined by the oporator AV, wa) cannol be aveomtio-
dated uniforiy it an implieit scheme suel s that glven in the exauple in
wection 132, The torms can, however, be stated as o polvnomial fometion of r
(oo mection 13.3), This, they ean be ncconnuodited rxplicltly in an fnitalvaloe
problen.

The wmethod of inchuding these non-Hinearitios van be sho 3 by considerivg two
goneral funetions of # alone nnder the operationalTan system, ey == @e aud
1y = aitye, Por the eurvent problen, all the nomsluearitios consist of products of
Huoar torws, The produet of the above two fgetions hecome, in the "Tan basis,
a convolution belween the regpeetive coolliciont vectors @y, i, or

wyry o [ufly o 1By (14.16)
This convolution s givon by
[ify v i) e R = Wi R () (1L17)

where R is slinply the nmltiphication operator (18.17) delined fn seetion 13,1,
Benution (LL17} ix valid beenuse 1he produet of the two fmetions is squivalent
simply to the one fanetion () presamltiplied by o polynominl (i, the othor
Caetion).

Due to the fact that the couvolution is a produet betwesu polyvominls, the
vesulbani vertor will have atognitude 2x N < 1§ alb the teram aee to be votained,
Howoever, iruneation of the produet at ¥ tepr is seeeplable ax fong as the
veetars @ and 8y arve salliciently reprosentative of tooir gespective IinetHons,
linplying elad thely higleo eoelliclents are vory stmall, As stated Lelove, this
I alwiys the vase for a siwooth Tonetion if the uterpolating serles is 1aken to
suflicient terms, beestnse of the infinite-ovder converpenee to zore of the higher
covlielonts, An inspovtans poiut I3 that the resalt calenlated at o truneation
lovel N using (11,16 will be klevitend to the result of the convalniion earcied
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14.2.1 Axial discretisation

The diseretisntion of the nnkaowns i awd § in the axinl diveetion was by means
of colle ention. This metlod was discissed in detadt in seetion 12,8, where an
operatiounl approach was doveloped, In general under a mixed opoerational-"Than
= eolloeation approach, these vacdalios can be givon as

w o= I8, (14.11)
# o= P (1112

where I and ¥ for an Afth order colloeation diserotisation and an Nth oxdoy
operational-Tan fovmulation ave 3 x N matrices of unkinowns, The colunn
voetor ¢ represents the Ciebysliey basis voetor in £ Operatious in the radial
divection are carvied out fu the nsuat way,  For instavee dilferentintion with
respect to ¥ s simply

-‘-’-:i = e, (11.13)
while in the nxial diveetion, differentimion is
92 . e, (14.14)
i

The watviz D 4 the standad Chebyshey Gauss-Lobatto collseation derivative
matrix, doliued by the algorithim (12.7). Ench row of the cooflivient mntrix
it veproseuty the Tan coolliclonta ot a particwlar collocation point, thus sliees
through the coefliclent matrix form diserete profiles at figed 2 statons, The ease
of implowentation of the inlet boundary eondition nrises heeause of the diserote
nnture of the collocation system, For instanee, to wssert the inflow bhoundary
conclition, the last! row of the coeflietent mateix & just replaced with the piven
inlet coudition.

While the mixiug of sehiowes might seetn nunsnal, i . commaon practice to do
this n o speetral appeonch. Purthermore, the enrrend mixture uses the optinnm
meopertios of each seheme for each divections The vadial Tou diseretisation s
opthun i that it aceommodates the svounetry couditions at the contreline, can
he extonded quickly to an, ordoer (by simly sugmeuting zeroes to the coefliciont
malrices), and, as will he weon later, 8 compatibie with the highly seeuruate
stability fornmlution to be developed in the next chapter, The axial colloeat{on

"Remember that the collocition grid (12.58) i meverset in 5 thus the inflow cotdition al
4 i 1 eozresponds o the Tast (V « 1'th) colloention node,
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(1) Symmoetry at the pipe contreline, given by the two relations below,

o
'-J;-"“["’! 8 f} = 0,
(e 0LH) = A, (11.7)

(ii} The no-slip condition at the wall, deseribed by the following coustraiuts

e 1,h = 0,
#F1,8) = 0. (14.8)

(iii) The initial conditions, that i= the state of the system at = 0:

a(#, 7, 0)
al, 7, 0)

1,

i
=

(1449

(iv) The axinl inlet or inflow conditions persiating at the indet plane, glven by
a(0,7H - 1, (14.10)

while the inlet radlal component is lelt to he deterained from coutinuity,

Both the evolution equation (14,3} and the continuity requireiment (14.2) have
to be applied with congideration of these houndary comdition; that is, thelr
solutions wmst be compatible with the houndary conditions. The above opers-
tors {14.4}, (14.3) andd (14.6) can be formudated radially in the operational-Tau
yystoul,

14.2 Numerical formulation

The radial Tau formulation hng boen covered in some detail in previows chaptors,
the diseretisntion of the axial operators Eﬂ‘ lind not heen defined, This seetion
clisensses the axinl diserotisation seheme, furtherare, the woethod of treatment
of non-linearitios, which wax introdaced in the soludion of the Biasius equation
(soetion 13.3), i given detatled consideration holow,
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14.1 Analytical formulation

The equarions (10.33) aml (10,34) aye the basis for the pipe eateasee model to he
developed, These equations are repeated below for convenlence, Thoy constst
of a coupled pair of non-luear partinl-differentiul cquations in twa vaviables
ii = @t(F, ¥, and # = e, 7, 1), while the prossure kas boen formally eliminated,

i
+f.ra; ( o7 ) (14.1)
t?u

d (n') + - e 0. (14.2}

di i i Vo, i
T +Sl(u 1}+ua,+ﬂ T 25-.[0 Fitcdr=2 ﬁ

1

The system given by (1-L1} and (14.2) ix an indtialvalue problean with an ovo-
hition teem in &,

The equations {LL1) and (14.2) need to be arranged in a form amenable to
solution by the operationul-Tan method, The only peoblematic aspect of these
equations in that vegard bs that they contain terms in . Thus o simple multi-
plieation {hrough Ly 7 will reanlt in operntors that ean be formuintod direetly
in the Tau basis,

Alter multiplication theough by #, the evolution equation {14.1) can e vewrition
in the form

r-%% = Lii + N{ii,7) + K. (14.3)

The countinuity relation will be comvidered lator.

The lingar operator £ for non-aceclerating (8 = 0) dow was given by (13.33).
The wore general operator of equation (14.3) containg an extra term, but as
hofore 1s o fanction of i alone. The now-linenr operator AGi, #) doseribos the
non-linear torns, and Ik a fanetion of both & aud #, The reinaining constant
terin A encapsulates the eonstant (non-functional) ters fn the equation, The
relationship between i and & is given by the coutinuity constraint (14.2), These
operators and! constant factor are given ax

L t)] i} ( (J)__..- 1.
c f{m g () - (11.4)
d i g .
Nlur, i) = ..:-5-— u:.lth --iau?ﬁ- -1 :'2-(-) (14.5)
A= il (14.6)

Boundary conditions for the current systom are:



Chapter 14

Impulsive laminar pipe
entrance flow

A suitable tool for the aceurate solution of differentinl equations has heen devel-
oped in chapter 12, and in chapter 13 was applied to vayious simple problems of
relovance to the current study. The means of diseretising the non-lnear tv s
wag given, as way o generally aprlicable form of temporal discretization. How-
aver, the problems thore all haw  aly one spatial dimensi-~u, and the ineans of
diseretisation for a recond spatinl co-ordinate neods to be ( onsidered before a
solutlon for the aceclerating hase-flow in the pipe entrance con be genoratod,

A gensible problem in which to introduee the relovant two-dimensiotiad fornnle-
tion i& that of the impulsively started pipe entrance flaw, Sowo work has been
done in this aves, and thas comparisons ean be drawn, Purther to this, the
extonzion of the impulslve ense to the more genoral accelerntiuyg systean involves
the incorporation of o slhgle additional ternt Into (he steady equations,

Due to the munerieal similarity between the two nysters, the more gennyal set
of equations is actually diseretised hevey but o xolution is ouly presonted for the
impulsive flow, which is the formnl limiting case as £} — 0, The full results for
non-zero {3 ave given in the followiug chapter, This broak was chosen because
i allowoed soparation of the numerieal dssues frown the fuld dynamies considoer-
ationg. Thus the survent chapter concenfrates on the axind diseretisation and
the presentation of the jmpulsive das in switeble parsnetrie frameworks, which
leaves the following chapter to be coneerned with the were general rosults aloue,
The brerk Between this chaptor and the next also falls wlong the line hetwoeen
the kuown aud unknown, This chapter can draw comparisons w existing results,
wlierens Lhe subsequent oue presents novel resulis,

304
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14.5 Exclusion of the inlet plane

In the ease of the flat-plate bowedary Taver. the stmphifvhyy asstinptions aad
tr deetve the Blashe squation ave no longer valid as the font of the pate
ix approavhed. This hus boen Dsvestipated by MeLachlan (1991) whose papor
sihowed that the leading edee does uoy ~aefori to the Blasins solntion, but that
tlie wimple Blasius solution does beeowe walid o short way dowanstveat of 1his
point, At tin front odges the il NaviepStoles equiations wnst be appliad o
teseribe the flow property. The sune fatene fe pipe inlet low, Althotgh the
systom teuds to the Blastus lnit as the inlet i approached, this it itself
beemnes invalid, and the ] Navier-Stokes eyguations should be involudd Bere,
This s, lowever, o raihor aciloie poiat, becanse in veality, o pipe inlet is
ustadly [od from some sapt of eontraction on which there esists a honndary
layer alveady,  Thu the i of zero displaecment thickness at the indet s
werely s conveuiont simplification, In €0 preseut analyvsis, the nlet cowdition
wis rod taken ax this sbngale tmit, i rather s o velocity profile with o smnll
bonntlary laver, move in keeping with the physdeal sestequ. In Gud (he pesalt of
ustng, the shuple eotdition (the tonbat' profile) cansed oscillations $o avdse i
the solution, highlighting this breakduwn in the equations at s pojur®, This
witd heewuse the sitnplitied bowedlary Jayer relatlons could not properly deserile
the solntion i this it Regardiess of this, whatover indet prodile war taken,
the solution o 1.l way downstream beluved as if i wore originating from the
simplified Basia Riit,

Thus, although the infet plane must strietdy be erelndod o the analysis, the
Blawing domutary Inyer-like doseription of this Hmit 8 valid, repardloss of the
dotails of the thin inlet bonndayy layer. In shmpler words, the flow beluves
ad though it erginated from a Blasins-like form, evon theuph the actual jne
et eowditions were uot ko, Thix is rubstuntiated by the work of MeLacllan
{10991), which states that o homwdary laver hecomen Blasinselike a «lort wiy
dowustremn, rogardlon of the nature of its sright.

14.6 Summary

The hehaviour of steadyestate pipe entvanee fow has beow hwvestigated ther-
oughly, wul comparlsons nuede to the natural asvipiotie tinits, A monber of
important issues luve been bitrodueed o this ehaptor which deserve montiont

(i} A general smunerieal seheme I8 presendec, for pipe inlet Bows waeder -
ernl neeedepations uaing the operational-Tan method, The presont seheme
eg the sne philosapliy as applied to the Huepr systeas in the previous

MPhe spevteal approach B very sebsitive te analytie propertion of e sesiom « the oseillue
tion indiented a Drealidowy in the sooth fanetonal patare of the solaten st the nlet wall,
indlivating the sos-applicablliee of the saplifled eguations ieve.



CHAPTER 14 IMPULSIVE ENTRANCE FLOW 327

pipe entranee, and sinee {he elfeets of the now-pavaltel satore of the How on
the stability of thiv profile ix known, it is important (o evalate the value of
the paraltel paemoeter for the Blusins svstews, For this pl‘nﬂl{'. the paraltel
pavaanetor ix given by & = ORGOAR, 1 » while fepe o= 1, t.!(lhh‘: ,- . Fhe valne
of the parallel pavameter for 1he Blasins profile i s = LASEr,, or in fors of
thie houndary livor paramoter, xpe -~ 148,

In the cuse of the Blasiix syston, 18 i ek sinadler Ehan the evitical Revnolds
number of Regepgey = A9, indivating that the non-pavaliel effects for thix llow
ave insigdfeant, Boundary layers with o displacenient (iekuessbased parallel
paraneler wmel less than the Blasais valne will thus e sven fess svone to non-
porallel offeets than the Blasius prefile. Fignee LLY shows the variation of s
with #* for the plpv cutratee system, with the lndting vabw of K1Blnst shiown
o 1w lefielined axis,

1.6
Km, L ] H
1.4
wal N :
Koo 1 :
08 : - . - . . .
0.0 F : \\
0.4 " . L - ‘1. X
0 o0 004 006 0.08 0.1 012 014

a.
Fignre L0 "Phe varkittion of the pavallel parawmeter seabed with vespeet 1o
displacoment thickness ape. with displacoiment thickness 4%, fn o steady=siade
g entrauee [low, showing 1he Blwins it al the ndel,

This fpgare inuediatoly shows the diminishing natuee of the uon-paraliol olfecis
away from the pipe indet, At the inlet, the paranwter approgeles the Blasins
value af & piay = 18 The value of the paruneter diminishes away froim this
limit, hulu-uﬁn;, that the pipe esntranee [low becomoes inceopsingly ore paealle]
away front the nled plune, The mnsinign diserepaney betwoen the papadle) aned
uot=purallel stabllity aualvaes fov tie pipe entrince would 1l be expeeted to
dtiminish from the Dlusing ditferenee of about 8% {Abbot & Moss (1900} near
the et plane to an insignilicast guantity a short distsnee downstron, ‘The
stabhility analysis of this systom will le adidvossed {0 chapter 16,
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measuee of the non-parallel natwre of the pipe inlet flow. A suflieient celterion
to determine the non-parallelness of the pipe sestem will be taken s

R TS l.-:-:-] < Re {1dald)

The varintion of the perallel parameter s, given by (1-1.41), with displeoment
thickness 4* for pipe enfrace flow i shown i figuee 148 Newr the point of
mininmun eviti=al Reynolds namber, & <2 11667, and so the How is most cevtadnly
newly-pavallel, owever, us the inlet plage 8 approwched, hoth & and Ready
fnerense without bomul, making it unelesr whether the paralled wesmnption iz
valld s the inlot plane l+ approached,

200

160

w - i : \\

0 0.02 0.04 0.06 0.08 6.1 612
Bl

PFigure 148 "The varintion of the purallel paennieter & with displacemend thick-

ness &* o stesdy-state pipe entranee [ow.

Due to the wbowuded sature of # towards the indet, it is ax before appropriate
to acale the parameter with respeet to the houndary layer dimension in this
Hmdt, A parnllel eviterion sealed aecovdivg to the boundury layer paranetors
ean bo stimply delined as

ey i:.-i&;- R i ' 5
o £2 E K €2 Hoges {14.45)

Thuy when cousidering the pipe spiranee yopion ax a bowndary lavoer flow, the
houndary laver parallel parnametor sa st be el doss than Dhe displacetent
thicknesy eritieal Reynolds wmber for non-paeadlel effects to be nuimportant,
Sinee the Blasiua honndary laver is the lmiting boundary laver shape for the
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Figure 1L A comparison betweon the parablel and Blasios bondary lyers for
identical displacement thickness 8%, puraltel bonndary kyer; - « <, Blasins
prafilo,

one, the fnktor possessing o high value for the seeowl derivative thraughout the
bonndary Inyer. It will be shown hstor in the stability analysis that these vwo
profiles have vory different evitien] Revnolds munbera,

14.4.6 The nearly=-parallel nature of the flow

The above dizeussion rafses gome guestions regaeding the neu-parallel nature
of the inlet fow, This topic was addeessed fn some detadl in Abbot & Moss
(1094} The magnitade of nou-paralleiness of the entvanee flow can be showu
divectly iy consddoriug the ratio etween Lhe axinl and rodinl compoeis of
velaeity, aud by observing the magninule of the tonm f:'; Drazln & Reld (1081
dellue w searly-parellel Bow as one du whith ¢ < w0 and fi? < 1, Tlw current
varfubles are dimenslontess; s for the prasent ease, the Dow ean e judped
noarfy-parallel i

-:: & R, (14.42)
it oont .
W FENR)

It can be easily shown vin conthmity that the evitevion (14.03) for pipe How is
of the sane avder of wapnitade as (1.143), thorefove (14.02) will be nsed as the
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Figure LLE. The varintion of the scaled shape parnineter Sz with displacement

thicknew &%, for the two cases of paradel hapadsdve pipe ow (- - <), and stewdy-
state pipe enteaaee fow { ).

The two eurves Iy figure L1LG couvorpe at 4% = 0,15, and feon then on are
virtually indistinguishnble towards the Hagen-DPolseaille it ‘Phis seemx to
fuctiente that the non-parallel ilvence s become uegligible i the eotrance
flow for #* » (.15, Frowm figure 163, it can be sooy that the porton of the
et corvesponcding to #* € [0,0,15] i only the very sull reglon & G [0, 0.02);
thus only o simall region of the tetal ppe entvanee deviates mnrkedly fom the
pitratle] systony; however, the portion of the pipe within which justabiity can
oecur i well within this vegion?,

Figuve 1.6 nhows that, for the sawse disphweontent thickness &%, profiles o the
pipe entenuee and from fur dovwasteeant lave sery dilloeent straetures, especinlly
i the limit of deereasing honndary Sayer thickuess, convinelsgly demonstrating
that veloeity profiles do not form o sfugleparameter group with & as pacames
ter, The Hiniting behavieue of the pipe Julet fow ean be shown analytically by
consider]ng oquations (104} and | 00.89) = the fudl bowwdary toyor ogetations fop
pipe fow, IE these squntions ave upp-dimensionalised with respeet to 4%, sid
the radinl coordinnte s transfornusd to a wali co-ondinde iy <2 1 py then oy
o wo {), thwse qutions will reduee to the flat plate honudacy layer equations
with mo prossure gricdiont, for which the Blasing system yiells an oxaet solation,

Figure TLT sliows, for the siune value of displcenent thickness, the compeisen
botwoeen the Blagins atd evror-lupetion (parallel) profiles. Tmmedintely appaveut
un this plot s the mpge diserepaney hetween these two types of profile. FPhe
Blasiux Loundary layer Ix muels desa ‘eonvex® near the wall than the parallel

Pl acial wtation at which the minbum eritical Revaoslds number aceurs is approximately
a o (D03 B4,



CHAPTER 14. IMPULSIVE ENTRANCE FLOW 323
14.4.5 Scaled shape parametoy
This paraweter was dlefined in section 13,26 fequation (13,62) on page 285] az

U # o Ted" )
Spolnl =ite (14:41)

It i thus simply the shape parameter sealed aceording to the honmdary layer
dimension atel contveline velovity, The variation of Sp with o ix given in fip-
ure LLE. As in temporally developing flow, this parameter remaiug bowded as
the pipe indot i approached, converging fo a fintte asymptotic Hudt, Fare downs
stream it approaches unity, corresponding to the parabolie Iages-Poiseuille pro-
file,

12

115

A

1.08

0 0.05 0l 0.15 0.2

X

Figure 14455 The varistion of the setod shape paraweter Spe with axda) stntion
& In o stoaddyentate pipe entranee How,

IE thix figure i compared to the analogons one for temporally developing lows
o figure 1310 - {6 8 umedistoly apparent that the cwrent eneve approaches
w ctfferent, lower, lmit of the indet,. While the paealle] systom approneies the
parallel boundary luyer lmft ¥ oforf) given Dy (13.065), the current curve seoins to
L asymptotically convergont to Spe @2 LU, the Blasins Hmit, giveu by (L3L.98),
IE o in fipgaee 18,110 See s plotted against 8, this Hindting belavione beeomes
immediately apparent, Pigare .G shows this eavintion, aleng with the results
frone figgure 13,11 smperimposed for comparison, The ealues of Spppggg and
Speferd) Tor the Blustus aned pavallel houndary laver ealenlations vespectively,
are showy plotbed on the left-hand axis The entranee systom cag be seon to
convorge ta the Blasius bowdary layver Hit,
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far-downstrean oned § reduees to the parabolic limit of 8§ = 8, The similarity of
this fimuree to the one presented for temporally developing flow - figure 13.9 - is
possibly what led da Silva (1990} 1o erroncously costehude that 1he parameter 8
unigquely guantilies o profile (Lhat b, profiles from auywhere in a pipe flow with
idontical values of § ave jdentienl),

100

&0 . s

30

20

10

I Y R T R YT

X

Figure Ido: The vaclntlon of the shape preameter 5 with axial station & iu a
steady-state pipe entrance flaw,

Both figures 144 and 13.9 show the sawe two asy nptotle Bmits, This is not
however suflicient to allow one to conclude that the parmmeter widquely de-
flues o profile, in that there Ix 1o other point of compneison hetweon the two
fipnres®, In fact, stacting with the asumption of the univemsality of 8, and the
two fpures. & tesupora-spatial equivalonce hobweon dilforont profiles can be prs
ronvcously degived, As will be shown, the nse of the shupe parameter seahed with
rexpoet 1o 8%, Sp imuedinte’y Lighligins the diseropriey botween the spatial
and temporal velovity profilos,

8 A sl atmount of reflection on the prolilem « ane of qunntifying the shape of @ profle thnt
consists of » boundrey laver follawved by o eentral core « wilt show that at Jeant two paranetors
winld he neressury to describe the praftle adeguately i the case where the shape {8tructaee}
of the boumtbary laver b anbject to vaekation, Tn surh a cose, one parameter wonld be nesthed
to deseribe the pxtent. (dee) of the houndary Tayer, and o feast one would e weeessary to
eicapsulate the slagre of Geie roplon. “Chat oy une parameter wors saffiviont would infer that
the bowadory laver were alivags of the sue shape, oo sellslnitng, The ronsideragion of (e
sleuettiee of virious bouwdory loyvers, supotially i the pige systoi, will show this Lo T false.
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Figure 14.3: The varlation of the displacement thickness 8* with axial station 2
i n steady-state pipe enteanee flow,

parameter in [ts own vight, as it characterises the system.

14.4.4 Velocity profile shape parameter

This paramoter wan defined by Moss (L985) as

21'11!13 R
5 = i {14.39)

In the vontextt of the novinalised varinblos # and #, it i3 given by

dil
8 =2 F o (14.40)

a1 thus shaply (=2x) the dimensionless velocity derlvative at the wali,
The contreline velocity and displaeciuont thickness diseussed abave are utegeal
cuantitios in that they contain infortuation from the entire bonndary (ow, The
shape parameter un the othier hand s coueerned with the eadial derivative of
axial velogily at the pipe wall, It is thay an dndependent megsure fram the
previous bwo PREAICLers,

Figure 14,4 shows the variation of the shape paratneter 8 with axial position &
The unbeunded behaviour & — 20 a8 F - 0 ix immedlately apparvent, At the
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Figure 14.2: The varistion of the nortnalised centreline velovity 1o/l with
axtal station F in a stendy-state pipe entrance flow, showing the cutrance length
zﬂa

The dimonsionless centroline vaviation of veloeity s a shnple measure of the
velocity profile shape and can he extracted readily frons munerleal or even ex-
peritmental data.

14.4.3 Displacement thicknoss

The dimensiontess centreline velocity aud the bonndary lnyer displacement thiclk.
ness e directly velabed throwgh the relation (13.59) from the provious ehaptor.
which 18 ropeated g (14.38) holow:

L _fm) A
Ie“‘e( =) (14,38)

The variation In displacement thicksess &* with @ is hown in figure 143, Anal-
ngous to the contreline variation, the two limiting values of 8* at the indot and
{ar downstream are: & o= @ at 2 == 0, corvesponding to the *top-liat* inlet profle,
sl %« .25 an F =~ o0, the parabolie lhndt, Althongh wo new nformation js
ctcoded in the displacement thickness, this term is more physically meaningfal
than the eeutrebue veloelty variation it that is glves a dizeet huliention of the
houndary lyer dimension,

The equation (13.59) ix nat the exact definition of 8* lor pipe low (seo the
diseussion on page 283) in that it Ix Honearised, but {8 doos serve s o valid
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and this is reiuforced by the longer entrance length that he obtained (see ta-
ble 14.1). This canuot however Le verlfied, without the data for his entrance
length caiculation (with its mneh larger axial domain).

1.35

a 0.002 0,004 0.006 0608 001
X

Fipure 141 The normalised centreline velocily ue /Uy, compared to the results
of du Silva (1990): o, da Silvay -+, +rcesont,

The tenmporal development of pipe flow

Pipe flow sufficiently far from the entvance is parallel, aud the non-linear system
(14.3) simplifies to a linear one. The example in section 13.2 solved exuetly
this problemn for hopulsively started pipe flow, and the results pre presentod
there. The only points of comparizon were the momentineintegral tochnigne
of Moss (1988) aud the results of do Silva (1990). The present rosults and da
Silva's showed remarkable agreement, due to the apwinding being absent from
his simplified one-dimensional caleulation, The present reaults wore dominated
hy teanporal errors, anrl the nvarianee to ouly 4 decimal places of the present
results shown iy table 13.6 confirms this, Howevor, ag diseusied thepe, the
current error is manifest ag o temporal uncertainty, and thus the acenrncy of
deterivination of the profilos was much higher than 10™9,

14.4.2 Centreline velocity

The eentreline vetoeity variation normalised with vespect to the mean volocity,
ttef Uy with & ix shown in figure 142, Ax expeeted, #e/Uh, varies from a value of
unity at the inlet plane, and becomes asyptotic to we/U, = 2 far downstrean,
Also shown on this plot is the inlet Jengih Z, as given Ly (1.437),
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0 3 70 andd comparing the vesults, The current inlet ealeulation used a very
thin bouudary layer profile ns inlot honudury condition, not the top-hat, awd
an extrapolation to the inlet was done to corvect this, The shape of the inflow
prolile bonndary layer was the Blasins prodite, This ehoice of cowdition was made
on physical grounds, However, the solntion a short distance dowustream from
the fnlet was invarlant, regandless of the particular form of the inlet condition®,
The inlet offset was found to be 1,609 % x 107 3 x 10 7 thus the inded length,
exact to 6 dechual places, is

Ze = 0,220 77, {14.37)

Due to the fact that no simplifving axsumptions wore made oxeept that the
Reynolds pmmber was high, the present answer van be adjucdged exact to st
feast the G deeimul places given i (1.1.37). da Silva™s (1980} moedel, althongl
nsing the eorveet equations, used the (physically highly dubious) upwindiug
tochnique, allowing & bins to enter the ealendations, Thus, althongh his results
may have convorged to an invariont solution, this value would have been wrong.
The Hornbeck {1963) model ylelds the closest results to the prosent systemy
thorefove Horubeek's model seems to be the most valid cholee if a shuplified
fulet system is nveded, at least when adjudged by tlie Z, eriterion,

Unfortnnatoly, the entranee leagth ceitorion for julet fow is the only universal
point of comparizon; L+ e of this the validity of the vavious simplified models
in terms of profile shape, cte,, could not be validated. Agreement on Z, docs not
guarantee the correetuess of a wmaodel. However, the present inadel is the mest
natural in that po non-physical simplifying assumptions are wnde, and beeause
the muuerical madel solves the proper equations accurately.

Centroline varlation

The stuedy by dn Siiva (1890) given tabulated walues for the controline volocity
variation with B in the reateicted renge @ € [0,0.02), and these ave compared
with the present resubts in Apure 141, The results of da Siva shiow o sanall lag
ner the pipe inlet, where the eentreline veloeitios are slightly doprossod. Fovthor
downstreann, his values approach the current eurve, and beeomne visually indis-
tinguishable from the prosent resulls. The slipht suppeession of the centreline
velority bs thought to he due to o bins introduced by 1he upwinding toclnigue,

1The fulot prokle wan tulen sequontinlly g ap-liat’, the Blasios profile, asd the pavallel
boundary luyer loit, nad the rosults comparved, Por all theee cases, the solution three volloa-
tion noddes downsteea was visaally identical, nul one or two nodes farther dowastremn lad
vonverged Lo the lovel Wf Jhe ronndsofl error, The problom with the ‘tap-hiat' profile was that it
caseed oscillintiong i vhe solutlon unless an extremely high rodlad order of solution was used,
due to the presence of a singudaelty nt the wall, The Blasiny profile way thns thosen hecanse
that was the notural limit for this system.
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shown are the ceutreline velovity u,., the diaplacoment thivkness 4%, the shape
paraneter &, and the sealed shape peramecer 8-, The introduction of these
tern is covered fully i section 13,2, where these parameters’ temporal variation
is presonted for parallel, impulsively started pipe How e from the inlm

14.4.1 Comparisons with previous resulis

A ummber of analytical and nunerieal stucdies of ipulsive pipe indet flow have
been catried out by workoers in the field of finid dysunies. Howoever, the only
nniversal meany of compurison with these results 8 vin o single patameter, the
cutranee length.

Entrance length

The entranee lougth of the pipe is defined as Zg., the axial location at which the
centreline volocity attaius 99% of the parabolie contretine valne, The values of
Z; for the various cntvanee flow investigations is showa in talie L1

Table 14.1: The enteance tength for & pipe inlet 2, as determined by varfous

Ut hors, _
Author Ze
Boussinesy (1891) 0.26
Schiller {1922} 116
Atkinsou & Goldsteln (1938) | 0,260
Langhaar {1942) 0.227
Hornbeck {1963) 0.226
Camloll & Slattery (1963) | 0,244
Mohanty & Asthana (1078) | 0,184
da Silva {1900) {1233
Presount (1.221

The authors shown in the table all made various simplifving assumptions about
tho pipe inlet fow, and thiv iz eellocted in the dixeropancies shown between
their results, For instance, Schiller {1922) and Mohauty & Asthana (1978} hath
restricted the proflle shape, and thiz probably resufted in their resulin both
showing a shorter inlet deugth, In contrust. the grouter longih of Camphbell &
Slattery (1963) reflects the suppression of Lenndary Tiver development cansed by
their llat-core asstmption, The closeness of the well-aceopted Hornhoek (1063)
sannlysin to the present analysls a good fudleation of the aeeuracy of hix inlet
manlel,

The catyance length for the curvent jnvestigntion woas obtel, d at a solution
order of G0 x G0, The solution wis funnd to be arlant at this order to 9
significant figt res,  This wis axcercoined by inereasing the solation order Lo
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15.2.4 Velocity profile shape parameter

The varfation of Moss' (1085) shape pavaneter 8§ with thue is showa for the
vartons values of aceolevation parasneter in igave 155 This relation is given os

s .3.'1'5,.{?. en ¥ '-!ii )
i ad)

At 1= 0 the shape parameter for cach vahiee of the aeceleration parameter js
infintte (the *top-hat* mit), As time inervases, the value of & & onel tin
suceessively diminishos vt eacl venches @ lixed valye which it maintains fuy
all thoe, Tn keeplag, with the olwervation tade lor the veloeity profiles, this linal
valne of § 52 Sa, increases with §2. TTowever, the refe of increase of 8, decreases
g the aeeeleration purameter goes g, ralsing the possibitity that the belavione
af the ayatem wight be hownded fn sone way ax § -» . Tafortasately, the
final velne of §2 = 70 i too Jow to iufer the vadne of any sl limit i 1t does
exist, It {4 also unlllely that & has a dindte limit for an inditnite aceclevadion,
in that this parameter generully shows nubovuded bebaviour, fur instanee s
f = 0, Disewssdon of limiting behavione will thus be defeered antdl the nest
soetion, when the more neebud sealed shape parameter ix considered,

50
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Figure 158,70 The viwlation of shoape paviseter 8 with e ¢ lu pueadicl expo.
nentially weevlerating pipe low, for varvitgs valaes of the aceeleration parmnmior
£,
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Tubile 15.1¢ ‘The vaviation of the lnal distlacement thickness 85 /8 with aceel-
cration purameter $3, given to 9 significant figires,

Q e/B 0 MR
0| 0.250 000 000 }f 40 { G011 012 691
10 | 0207 1538 xa3 | 50 7 0,128 940 358
20 | 0,177 TT3 361 || 6O | 0,119 323 S
30 | 0,156 727 943 | 70 | 0.111 480 426

fiual value to the exaet resubt was then detenuined 1y iuereasing (he solution
vrder N, and obsepving which Hgates of the decinal representation renained
invariant, In this way, the values in the table were detovigined (o T corpeet to
the 9 sipnificant Hpgnres given there,

16.2.3 Velocity profiles

The extrapolation 10 4 = o resulted funa series of linal volovity P ofiles = one
for enelr value of 8, wul these are piven in figure 156, Inuaedintely evident
i the roduetion in the centreline veloelty as the aeeederation paruncéer i iu-
crodsed, consistent with the decrease o displacement (hicknesy, For the highest
arceleration cousldered (§2 = 70), the low can be woll approximated by a cote-
flow /hontdary layer type system. Thoswe velocity proliles also show au inerease
in the wall shioar styess with iueveasing acecleration, gqualitatively explajuable
from o shnple Newlonian foree bulanee consideration,

0 02 fig 0.6 ne 1

?-

Figuve 1560 The varistion of velocity profiles at ¢ -+ oy wlth necelopation
parameter 2 by paretlel exponentinlly acecloruting pipe fow,
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the displacement thickuess, This is consistont with the decrease in contreline
veloeity shown in figure 1.2 and ix alse in agreement with the results of Moss
(1001, who olmerved the sune trend,

The particulnr vahie of aceeleration parameter st whieh die bowndary layers fall
to morge conld not be detosiined in the preseat study, prinarily beeanse the
houndary layer thickness is & meaningless critetion in pipe flows®, The change
in hehaviour observed by Moss (1991} at thix reritieal’ aecelevation was jn fael
ant artefuet of the very wsumption of a woll defined value for &, The wore
mathematically rigorous nature of the current munerical systein shows only a
swooth chiange in the flow as the acceleration inereases, withont any discoutin.
uous beliviowr, Aristng from the variation of the displacemont thickness 8% /R
with time, o relationship can he glven between the valae of /17 ax # - o~
and the aeevleration parameter  Thin variation & shown in Ggure 15,5, and in
table 15.1,

0,26 o e

0.24

022

0.2

0.16

0.14

D12 |-

0.t

Fignre 15.5: The varintion of displacement thickness as # < o~ 83 /R, whth
areeleration pavameter £ ju a parailel exporentially secelerating pipe low,

The valnes for this paruineter were penerated by allowing the mwdels to ran
toward ¢ = o by sieeessively ineroasing the thue <tep I the munerical system.
The resultant velocity profiles weee thus aseer dned (for a particnlar N} o
the level of the ronndeoll meror {2 10 9, The whsolute converpence of the

MThe hoandaey Tayer thivkness & iy waally taken as thnt distanee away fram n sarfaes at
which the Toent velacity attndns 995 of the free-surenm valne, Tin pipe Rows, heee i no pgoper
wiry in which any part of the velocity Beld can be desdguated as frvestreun fow, oseept in
the Timit as the bunadury laver is very thin (and the contrdine velovity tan Lie smeaningfully
mumderstond as the mean veloclly of © ¢ core flow). For this reason, nee is o in e rureent
sticly of the mutheatically provise eriterdon » the dsplacement thickues = o @ measurenent
of the Faandary-layer ditnension.
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Fignre 15.3 shows o clenr reduetion in 37 with inereasing exponential aveeleps
ation; thus, for the higher aceelerations, the flow developuent tite is pediced
substantially when compared fo the impulddve case. For the highest aceolors.
tion consfdered heve (§2 = T0), the developmoent time is approxiioately 5 thues
shorter than for implsive flow, This vatio of tine sealos s also reflected exacetly
in the physieal system, heewise the ditnensdonless time parsmeter fy doos ot
seale with the Revoolds mahoer.,

15.2.2 Displacement thickness

The dimensfoniess displacetent thickness 8% 8 Ix diveetly derivalde o the
dimensionloss eenteeline veloeity a, /1. s definition - equation (13.59) - i
repeated below for elarity:

&t U .
T3 ( e ) (a0

The vaviation of 8*/R with ¢ is slown in Hgoare 15,4 for the various vatues of the
aceeleration parameter §2.

0.25 R— e 0
/ 10
0.2 [ A e EIch a3 miAaef I Mo RIS DN 4
-~ 20
" 10 €
n‘l 5 . e T o g [FEFFTRE T e aime—aian 40
8'/R 50
70
0.1 |-
0.05
]
0 0.05 0.l 018 0.2
H

Figure 15.: The vaviation of displavewent thickuess with tie i prealle] expo-
uratially necolevating pipe dow, for viyious values of the aveelerit ion paraiwtor
¥

For all the aceeleratbve cases, this parameter starts al 2eco, corresponding (o
the initial “top-liat’ velocity profile, However, for ievoasing values of §2, the
alue of 8* /1 in Lhe fastime Hinit asvmptotes to anecessively Jower valties of
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Figuye 152 The variation of novnadised ceutroline velocity a7, with toe
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Pignre 153 The varintion of the entrance time 75 {or paratled exponentially

necrlerating pipe flow, for varions values of the acecleration parwmeter 2,
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andd quantified the aereleration using o prossarespradient paroneter, which e
desoted A The form of this terns s ddentical to the acceleration parameter £,
Moss showed that above a cortain rate of aceeleration the howsdary loyers in the
swstomn would not werpge sl all, and the fow would retain a ‘core' vepion loe all
time, For inereasing acceleration pavameter, he showed a saecessive decrease in
bath the final contreline veloeity and bonudary Layor thickness, awl an increase
i the shape parnmeter, all consistent with the presence of the accelerati w.
However, lis charactorisation ustug thie houadavy-taver thickness &, lod 4o the
artificial distinetlon betweon Qows in which the howndary laver had werged and
{lows i which it had not. In reality, the boun ¥ ayer thivkness is ondy valid
ws n pavaineter in pipe How i the Lnid ax d < 0} As o vesult of this, he fuddoly
identifiod two modos of hehaviour, separated by that value of the acecloration
paranioter where the edge of the boundary layer coineldes with the contreline,
The present solution was obtained using the full algoritim from the provious
vhapter, hy simply setting the non-linear leras to zero. An optimised Matlab
seript for this was developed, bageld.m. and this can he fonut in appendix
(rection 108}, The thue-step nmd order here wore identieal to those wsed to ab-
tnin the rosults in scction 13.9, nunely Af = 1% 107% and N = 60; however, for
the very high accolorations, the order of diseeetization was inereased ta N 100,
A presentation of the data for the parallel tewporal cise follows,

15.2,1 Ceoentreline velocity and entrance time

The variation of the centreline voloely with Hme 7 within the paratlol flow, for
the various valies of aceeloration prrameter, is shown in figore 152 helow, Also
shown on this Ggure i the dimensioniess entranee time, The enteanee thue -
analogous to the inlet length [given as (3437)], il ix defiued as the Hine tiken
for the contreline volocity to develop to 98% of its steady-dato valueg in other
words with i = (¢, ),

Ty =2 [F 0, 1) = 0.99 &(0, o). (15.3)

Tit all enses, the flow §s started impulsively feom test, Therefore at £ = 0 the
veloeity proflles fur each neceleration reduee to ‘top-lind’, with 4, /%y = 1, In
the Hmit a8 § = ~, the centeoline varlations for the diffevenst aeecleeatious
eonverge to suecossively dower values of « /T, a8 the aceeloration s inereased,
Thus the diroet ofloet of the aceoloration iy to low.r the normalised cpntroline
voloeity, fuplyving o thinudug of the bhoundary lnyer with nereasing 2, Thix
I8 in age ment gquolltatively witle the shuplified wodel of Mo (1901). Ax
ey e geen, the entrinee e deerenses wackedy with inereasing aceolevation
paramseter, indienting that the Jow develups more vapidly for increasing valnes
of the necoleration puratetor, I order to guantify this effoct, the virintion of
the eutentiee thue 75 with § ix given in lipure 15,3,
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approximations, thus the aceoleration parmetor coull have arbitrary temporal
dependence. It so happews that the chosen form of flow 10 he investigated was
the oxponential ease, These specifie types of Hows are deseribed by majutaining
i constant value for 2. Thws oguation (15.1) doos pet deline the acecloration
parvameter in geseral: it is ondy valid for exponentind flows, A less confusing way
of stating the flow variation iy rther to give it as

Q = Quexp ki,

where the constant £ happens to assiime the value of & (also constant) in this
partienlar ease of exponentindly varying Qows.

15.2 The far-downstrean flow

The far-dowistrenin flow is that Qow which ocenes at axial positions a suili-
clently distauee downstream of the pipe jndet, 1t is characterlsed by ity parallel
uature, that is, its lack of axial depewdence. Becawe the flow is steletly paratlel,
the radial compouent of velocity is zero, and the non-linear terns of the of the
governing cquation (14.3) vanish. The continuity requirement heeomes reduu-
cant, aned the systom reduces to a linear initial value problem. The paralled flow
shows no axial dependence; thus the vesulting uxinl veloeity is o fuetion of »
and ¥ alone. This stmplified fori of the equation Is ax follows:

dii | - dii 1d eii
— TS iy st} w—— afr o —— ], L3
T3 12{!( 1) - P ol | rar (r (}l') (1 1 2}

Thix exact system was solvecd inosecdon 18,2 for the lmiting case of 2ero accoler-
ation parameter (impusdve flow), but the more general exponent jally incveasing
flow ix eonsidered hore, The value of §2 was Ineveased b steps of 10 frow O to 70,
in order to generte dita deseribing the offeey of wersasing exponential el
eration, OF priviary interest here is the Biniting bebavionr of this Qow system,
Lath at eardy tines, aud as F— . ‘Che pavallel Gusdownstronm Qow 15 consid-
ered] here fiest beenuse fts Inck of i dependence elimjuates the Revnolils wunber
dependent axinl sealing that oceurs hetween the dimensionless and physical co-
ordinate systenm, and thus allows a simpler interpretation of results,

The ouly exixting work of diveet rolovance is that by Moss (1991), o solved
a xhmdber aceelorathyg spstem for parallel pipe flow, using o simple momentim-
integeal approach, s fornulation was, however, Hawed in that the treatment
ol the pressuee term was tocorreet, Dospite this, aud vepardless of the simplicity
of the approgch, the resalts yiekded were gqualititively corvee! and of eoisider-
able interest. Ie conelnded that an exponential aceelorntion would eanse the
flow syetens to converge 10 a limde other than the weli known Poisenille fiow,
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The development of the displacement thickness both for the parallel temporally
developing system, and for the steady state entrance flow, are prosented i the
final section of thiy chapter. The eurrent chapier is concerned with the lnminar
developinent of the pipe flow, atil consideration of {ts instability is deferved to
the lollowlug two chapters.,

15.1 Flowrate variation

All the exponential aceelerations considered heve ave generalisations of the sleady
fpulsively stacted flow. In all cases the flow ix started frown rest hupadsivedy and
then aceelerated exponentinlly, Figare 15.1 shows the varions Howrate viwiations
for the dilferont tests,

10" i1}
10 1]
50
Ty
40
Q 1o vl
Qﬂ 0
10
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u 0.05 0.1 0,15 02

Figare 15.1; The varistion of nermalized fowrate Q/Qo with thue in exponen-
tHally aceelerating pipe flow, for vavions valies of the aceeloration parameter §2,

Fight dilfevent Hows (ineluding the hmpalsive Jimit) were cousiderad n all. The
vortieal axis fu this graph denotes the {lowrate, nopmalised with vespoeet to ity
inftial value!, "The curves fu figure 15.1 ape onch of the form

€ = (Quexpilid, (15.1)

where 2, i simply the particalar valie of the acecierstion purameter for oach
ot A puint of potential confuston needs to be clocred up here. Threougliont
the carlior analvals, no restrictlon whatsoover was placed an the tomporal dow
pendence of £, All devivations - base How mid stability - contajued no stoady

UPhe govorning oequution (15.2) 8 Revoalds smber indepetdent; therefore B numegical
maodel reproseaty n svstem with apsy chosen Jowrate, It 5 eather the satare of the Jowrute
vhange with tinwe that s inpostant,
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Exponentially accelerating
pipe flows

A speetral uamerieal method was oruslated In chaptor 14 for generally aceels
orativg pipe entvinee fows, hut was wsed thore only fo obtgin results for the
limiting vorely How ease, In this chapter, the fdentieal formulation ix nsed to
gonermue rogilis for exponentially aceelerating fows hoth far downstrean ad i
the entranee The exponeutind acceleration is modelled by making the aveelora-
tion parnmeter §3 o constant, and results are presented for cight different casos,
namely, & € {0,10,20,++,70}, 'Thix range of acceleration parmndtors was cho-
sen beepuse it adequately embraced the accelerations used in the experimental
Mopsurement -,

Results for thix numerieal systein are prosented divectly, {or the renson that hoth
{he munerical metliod aud wathematieal derivation of the systen are adequately
covered In previous chapters. The reador B voferred both to section 111 nud
to chaptor 13 for comprehensive doseriptions of hoth the method of formulation
aaued solution, The Hows here are all inpulsively started at tite § = 0; therealter
thiey ace allowed to develop exponoentindly fu time. Tiie following aspeets of these
{flows are addressed I the seetious tliat follow;

(1} 'Ihe initiel tewporal developinent of the flow lur downstresm of the fules,

{ii) The spatial stracture of the How ficld in the entvanee vegion of the pipe,
in the lHmit as ¥ -+ ~.

(iii) ‘Tl full temporal and spatial developnient of the fow away From the initdal
conditions, and the comparison of these resnlts to the shapler two limiting
csos mentioned above,

{iv) The relatlonship between the date in the non-hmensional systens awl
the dimonsdonad (plvsienl) systesn, and the elfeet of the Revnolds monbor
dopoudent npping betwoen the (wo,

BE]
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(v) The large discropaney betweoen the temporal and spatial profiles towards
the limit of decreasing boundary-layer thickuoess does not allow them both
to be quantified using a single paraueter ax was stated by da Silva (1090);
expecially for the range of displacement thickness where the flow {s most
unstable, At leagt a two-parammeter classification « using the displacemnent
thickness 8* wud sealed shape parametor Sg « i necossury to classify the
full systom, As the Hagen-Poiseuille Hmit i= approached, the two sots of
profiles heeome shndlay,

(vi) The spatial acenracy of the system has been computed to at least 8 sig-
nifirant figures, while temporal invarienee wis sagnificantly lower at o1 sig-
nificant Gguros, as demonstrated 1y the paeallel systew in section 13,2,
However the spatial resulis presenteod here are wnaffected by the lowse
tempornd accuracy boeause they are taken as the lHmit ag F — ~.

This chaptor eoneludes the comparison of the prosent data with known vesults,
Tlie following chapter presents the novel solutions for the exponentinlly accel-
orating pipe entrance system,
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(i}

(i)

L v)

chaptey, namely an matrix assembly approach, The operational approach
is suecessfully applied to the collocation wethod, allowing it to be invor-
porated nuiformnly Into the scheme. The temporal diserotisation of the
systen s glven in an as general a way ax possible, and §s implemented as
fsuplicit for the linear ternws and explicit for the non-fincar ones.

Results ave generated for the ease of steady pipe inlet flow, The present
entrance mode] shows fair agreement with existing results when compared
on the strength of the entrance length, hut the large deviation between
the existiug values is taken as an bulication of the inadequaey of that
parameter as a polnt of comparison. The preseut vesults arve quite close
to the shaplified but necepted rosults of Hornber  (1963). Coniparison to
the values of da Silva (1090} show a slght dispanty that i thought to be
due to his use of the invalid apwinding wethodology in his finite<diflorence
calculations, The comparison to da Silva’s parallel temporally developing
(fur downstream) model shows better agroement, due to the absonee of
upwincling hore,

The pipe flow 15 shown to approach the Blagiug hovundary Inyer it to-
ward tLe inlet, which allows some vory important conclusions to be deawn
regavding the non-paratlel untnre of pipe entrance flow, Ax the axial sta-
tion & inereases from zera, the boundary layer flow becomes loss like &
flat~-plate houndary layer, until a parabolic proflle is eveutunally attained.
In the smme way, the non-paraliel nature of the cutrance flow docrenses
mounotonically from the mest non-paraliel Blasiug [huit st the inlet, to
complotely parallel flow far dowustrean, Tinw the How is never any mom
non-parallel than a flat plate boundary layer, aed guickly becomes iess so,
This infors that a parallel stability auulysis is a valid mothod of approx-
imating the initiation of ingtability in pipe eutrance dows. It has been
shown that non-parallel offects do not play aun importang vole in Qot plate
boundary layer atability [Fasel & Kouzelmann (1980), Gastor (1974), Ab-
hot & Moss (1994)]%, Pipe entrance Hows arc more parallel than llat plate
flows, This implies that o pareallel stability analysis is valid for suels Dows,
A direet measure of the non-parallel natwre of the pipe inlet showed this
conclusion to be valid, This is consstent with the conelusions of da Sitva
& Moss (1994), who also argued that non-paradlel cifects in a pipe iulet
are negligible,

In the limit of deer houndary Tayver thickuess, hoth the entrance
and the parsliel sys e asyvinptotically as bousdary livors with
zorg pressure gradient. . ougl the actnal pressure geadiont ineronses

with decrensing boundar, ~layer thickness i each ease, this gradient. sealed
with respeet to the houndury layer parametors diminishes ax thie houndary
lnyor (hins,

“Faxel & Konzelmasu, by ditert mumerical experiment, diserodit the many amalyses that
show nonsparajto] effects o be dontibant i bowndary laver fows, giving the work of Gaster
(19%4) uy the auly valid snalysis, Gasior abitained a nonepirallel mininmm eritien Revaalds
tumudsee of only 480, a small reduction when eompared to Re = 520 of the pasallel system.
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(i)

{11}

(iv)

chapter, namely an matrix assembly approach, The eperational approach
is suceessfuliy applled to the collocation method, allowing it to be incor-
porated uniformty iute the schewe, The temporal diseretisation of the
systew i4 given in an as general a way ag possible, and ¥ uplemented ay
implicit for the linear torms and explicit for the nop-linear anes.

Regults are generated for the ease of steady pipe inlet flow, Thoe presont
entrunee model shows faiy agreowtent with evisting results when conipared
oi the strength of the entranee length, bt the large d - . hetween
the exisling values Is tuken as an indication of the inc -equ..  of that
parnmeter s o point of comparison, The present vesnl. + - e close
ta the simplifiod but aceepted results of Hornbeck (1863). Cowparison to
the values of da Silva (1990) show a slight disparity that is thouglt to be
due to ks use of the invalid upwinding metlodology 1 his finite-difference
culeulatiows, The comparison to da Silva’s parallel temparally developing
(far downsironm) model shows botier agrooment, dne to the absonce of
upwinding here,

The pipe flow is shown to approach the Blasins howndaey laper lmit to-
ward the tniet, which allows some very important conelisions to be drawn
regareing the nou-porallel nature of pipe outvance flow, As the axinl sta-
tlon & Ineveuses from zero, the boundary layer flow becotnes loss ke
Hat-plate honndary layer, until o parabolic prefile iz eventually attained.
In the sune way, the non<parallel nature of the cutranece low decreases
monotonically from the most nonsparaliel Blasing Hmit at the inlet, to
completely parallel flow far dewnstroam, Thus the (low s never nny mone
nou-parallel than a flat plate bonudary layer, ad quickly beeomes doss so.
Thix infors that a parallel stability analysis i a valid method of approx-
imating the initiation of instabillty 1o plpe euteance flows, It has heen
shown that non-parallel effects do nel play nu dmportant. role in flat plate
houndary lnyer stability [Fusel & Kourelinann (1090), Guater (1974), Alb.
Dok & Moss (1004)]%, Pipe entrance flows ave more parallel than flat plate
flows, Thix implies that a parallel stahiltty analysia & valid for such {lows,
A direet measure of the now-parallel nature of the pipe inlet showed this
conclusion to be valld, This is consistent with the conelusions of da Hilva,
& Moss (1994), who alse argued that non<parallel effects in a pipe inlet
are negligible,

In the liwmit of deereasing boundary layer thickuoss, hoth the entrance
and the parallel systoms behave geymptotieally as boundary layers with
zore prossuce pracliont, Although the aetual pressure grudient hnereasos
with decreasing boundary-laver thickness fn eacly ease, this gradiont sealod
with vespeet to the bonndary layer paraseters dindudshes aa the bowwdary
layer thins,

Pave} & Konzelmnun, by direet ammerieal exporiviont, diserodit the many amnbyses that
show nonsputallel elfeets to be dominang in boaslary laver flows, giving the wark of Guoster
(1974} ou the only valid analyely, Gostee abeadned o noneparallel winimem eritical Revoolds
number of only 480, & stunll recdaetion when compazed 10 Re = 520 of the parallol svstot,
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Figure 15.15: The variatlon of sculed shape parnmeter Sy with displacement
thickness 8°/R in the entrance region of a pipe, for various vales of the aceel
eration paraweter 82 The <dashed line indieates the locu: of Hmitlng values for
T 00,

of fiunl points (& =+ o0}, while the dots ou this line are the speeilie Hmiting
pointa corvespouding to sueeessive values of the aceeleration parnmeter, Due
to the Hmited range taken for &, the teajoctories for each © stop o short way
(rom thelr [ual linit: however ax mentioned i the pramnble (o thiy seetion,
it ix trivinl to Jemonstrate that these points ave tn fuet the true ludty of the
systom”,

16.3.6 Comparison between the limiting temporal and spatial
results

The similarvities and diserepaygeies evidont hetwoeen the femporal il spatial
systenmis are nf wajor interest, Both syktens, for the same valne of aceeleration
parameter, have the some atemdyestate Thoits, amt 34, ax o o= o~ nud # -
oo, Iartherore, the developing {eavly time)} entrance dow will consist of 1wo
reglonss ¢ nonsparallel upstroam repiie where there is satial dovelapuat
of the Foundary layer, mul a ownstyenm portion where the fnlluenes of the
inlet hax not yet been folt, The ideal franework for the con  vison hetwoeen
the parallel and entrruee rosudts i apain the 8* /7 < Spe plane  Figuee 15206
shows the full terporal nant spatial vesiles and their limiting, vones for il the
aeeelerations given,

Tl i.lll-illlﬂ l'tl.l‘fi‘,‘iplllll.l to o oo, whee the flow is forially pitallel; therefore e
parailel steady-state Fanil i appropriate Leee.
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Figure 15.14; The virdation of sealod shupe partaneter Sy witl axial position &

it the entranee roglon of w pipe, for varlous values of e aceeleration parameter
Y3

necelevations, "The data in the G Hwde again approach their fae-tue values, hut
due ta the rostricted axial solution demain are not extensive enouph to reach
this limit. Desplee this, the data doos show el of the hobinviony for inereuslng
2 Ar In the pavallel data, the fmpulsive (82 = 0} case s inflexional, with S first
fiereusing and then deeveasing with & For the lager aecelerations cotsidersd,
Tiswoever, Spe iteroases moketonically from the 1asins Bmit to the bigler stendy-
stnte vale, The o erdivate i rather fuappropeinte for te demonstration of
downsteentn Belawionr (beeause (his Hndt & only tealy reached as & o0 )

olininate the aabomdedness, the data v now considored u the 08 - Spe
planw; this is plven in fipuee 15,15,

The dita for the iopulsve case givon fn chinpter 14, combined with the paral-
lel developlug Sow section entlier fn thiv chapter both showed the 8* /R - Sp
framework o he optimel ju that doefh upstrenm and downstroam beluvlonrs
me) to diserete points on this plne. ‘Therefore the eutiee flow vavistion {{for o
particulor set of purnneters) i deseribed by a single line leading from the staet
point o thoe polut corvespotuling to the Bual state of the Qow, Farther 1o this,
the data showe D this wiy ix stvongly distinpoishoed from dsts penerated with
other vidnes of the pavameters for instanee, (e lines for diflerent aceederation
paramoeters £ are cloardy distinet,

Aw in the provious fignre, all of (he curves mie wanbigiously diveeted towards
the point [0, 'qa'[u'ri‘]' This treaud is fne elowvor hove than previonsty, due to the
atlvnitngeous sealing effect that the ordinate 8 /0 shows, The dotted line in
fgve 1508, as o e impulsive case of (he previous seetion, indicates the oo
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Figure 15.13: The variation of shape pavameter & with axial position o in the
enttanee reglon of & pipe, for vavious values of the neeelorntion parametor L

As before, the downstrenn limiting vilues ave deseribed Ly the data frow the
previous seetion. The final value of § fnerenses with nereasiog receleration. All
the data approack § =~ ab the inlet, beease the wall sheae stress approachos
infinity bere. Tlis Ogure again emphaglses the deficieney in 5 as o parametor
towards the Inlet, because of it unbomided heliavione ax & = 0, [Toweeor, away
feowr the fnlet plane 16 beeowes o wseful for the gnantification of veloelty prolile
belnwiour,

15.3.6 Scaled shape parnzucivr

The sealed shape preameor lad boey defined ju section 182 of chapter 13, wd
i given there by the equation (13.62), suely

S = =B, {15.18)

Its vawdnbiog with axial position o fn the rauge [0,0,02] s shown jn fgure 1511,

Thiw parsueter ix the first to higlilight any struetuee in the Dow e < 0, Tt was
shown in the fmpnlstve solation of chiaprer 34 that the limiving behaviowr tinvaeds
the julet of the steady-state pipe entrance flow wos the Blasing hounduey loyeys
like, To this end, the valne of Spuppe = L1 st givew in (13.98) 14 shown
on the figore. Innnedintely evident heve i that all the data are convorgent on
this polnt. ‘Ihus as in the temporal ease, the effect of the aeeetoration dininlshes
ax the houndary laver thins, el o singgle upstremn psyiptote is preseat fov all
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The variation of thix parameter with axial displacement &, for the chosen valies
ol §3, is shown in Ggure 15,12,

0.6
014 [
012

0l

8'1R

0.03 ALt n
0.06
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0 0.005 0.01 0.013 0.5

x

Fipure 16,23 The varintion of displneetsent thickness fl'/R"_Wilil axial position
2 in the eutrance region of & pipe, for the chosen wlues of §2,

As with the impulsive ease, the bowndnry luver disp acoment thickuoss is 2oto at
&= M correspoiding to the “op-lint’ profile there, As . incrsases, the vidns of
a*/Iv aor the varjons aceelorations §2 nerease towards thelr vespective fin-time
asymptotle limits as given in the previous seetion [see figure 15.4) Agpin, the
eurrent axial solution dowain Ik foo shorl to haliate properly the downstrean
beliaviour, As cian bo seen, the elfect of thie aveeleration is to rediice everywhoere
the displacement thickness from that of its inpulsive vame  This resnll is in
keeping with the helinviour of 4*/R shiown in the pavatlel dow, Ax T been
mentionoed Lefore, the displocement thickness is wsod s s quantiliestion of (e
bonndury fayer diwenston Ju the aystenn, ‘This topn s preforred breause the
sitnpler honmtedary lever thickness torim & i sweanivpgiess fn a pipe svsiom with
any sfgnifleant benuadary Javer size, The definition of the displacemeont (hiekness
i given Dy equation (15,13, Although the steiet plvsleal interpretation of
this torm way diminish with fuereasing bosdary Jnver thickness i a plpe,
it maintaing & mathemationlly exact meaniug toonghant the systetn, i s
evolution from Hop-hat* fo parabolic.

15.3.4 Velocity profile shape paramoter

Figuee 1503 vepresents s he varkdion ol velocity profile shape pamauelor with
axhal distanee, For all the aecelorationus, (his parwneter deereases o infinity
at the nlet to sone Gxed vaine e downstroam,
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Figure 15,11 The variation of nornalised contreline velocity u, /U7, with axdul

Astanes &, In the entrance region of a pipe, for vazious valnes of the aceeleration
parametor §2,

time waw dofined, whick diminighed with [nereasdng aceeloration, Au entrancee
longth conld be defined fov eacl exponential data set given here, However, such
n pariimeter In voplity s little meaning, It cuonnot be used ax hefore ax o point
of comparlson {no othoer data exists), neither is it really wielud in fiself, because
in dimeuslonal physival tering, the cntranee continues exiewding downstremn
wnyway. The rate at which this extension occurs i3 linked fo the Reynolds
mther, which in taen Iz a funetlon of time,  Thas the only veal bhomding
pavaeter of wse iy the aceeleratlve ense 8 the entranee twe, A calenlation
of the cutrauer longth for the goneral case will, howover, show o reduetion in
lemgth (in the normalived feamework) with inevonsing accelepation paanoeter,
The shovt axtel extont of the presont model {optimised for the linesr stability
analysis later) proventod the direet determination of the entranc- length for the
notezero secelorations. Calenlntions would huve to be conducted over o lorpor
domain ta determine this pacnineter,

15.3.3 Displacement thickness

A+ belove, the displucement 1hickoess depends diveetly on the dimmsionloss
vordreline veloeityy its definition is givey by eqnation (15.59), repeated below;

o1y I .
T g (1 - wﬁ{i). (15.12)
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step At wsedd was initially A = 2« 10 7, laat this wis fucreased as the stoadys
state Himit was approached. Solntion was contbined nntil the solution raugained
fnvarinut to the fevel of the rownd-olf and truneation erroes (approgitatoly
107 My, The solution beeame iuclopewdont of A1 ju the far lnits thus ite acenraey
was unalloeted by the low vedor temporal diserotisatim,

The solution domain @ ¢ [0,0.02] concerns only a small portion of the pipe
entranee in romparison {0 the definition of eotrmnee length fguation (31.37)):
however this soall region embwaces the entire paction of the pipe iulet hat
cau show infinitesivial justabilities fsee Abbot & Moss (1901) for the cuse of
siendy entrauce fow], It wis for this reason that the cadenlations wore not
extended {urther downstreaws,  Beyoud this rogion the femporal and spatinl
systemys approach ench other closely, mud thiv equivitlenes obviotsly boeomes
exart at £ == o i the steadyestide. The enerent dada is thus not extensive
onpngh to demonsizate formally (e Buiting Dehavlowr ax e oo oo, However,
this behaviour has been properly given [or the impuisive case fu cligptoer 1, aml
Lhe extension of these resudts ta the exponeutiol ense s teivial. The uungualified
far downstrenm lindts for the flows here are thus taken as belng the far-time
sodutions of the paralied Hows fu the previous section (seetion 13.2), aml these
values nre shiowa iy the various ligures that Tl

As with the mpulsive pipe inlet solution of chapter 1, the iulet botwdary
couditions ave nat tnkow as beiug ‘top-hat', It rather a vory thin bonudary
layor veloeity profile (the sume profile as was wsed there) is implemented, ‘The
reason for thiv, ax deserihed fu detndl in that chapter, is to prevent oseillutions
in the solution dntrodueed by the presence of the singularity in the *tap=hat’
conlition. It was shown that the solutfon beeones rapidly independent of the
cholee of ndot condition anly a short distases downstreann of the fulet plae,

15.3.2 Coentreline variation

The variation of the dinensionless contreline veloeity o, /T, with axial distanes
F 3x o simple neans of deseriling an entrauce low, wd s ks shown Tor all
the different values of §2 s figure 1511, The value of a, /T, a0 each case
develops from a valne of auite at o~ 0 to its Invedownstream steadveatate vibie
= determined fi thie parallel auslesis of the previows section. Due to the short
axinl salntion domain, (he downstrean Tmitiae belindour s oot evident in this
figure, See seetion 15.3.1 abeve for more detail on this point.

A Fwtor coneer ol with the conteeline veloeity varatlon in o« i the eatranee
lews 1B Lt o seniee taken for the contrelue veloeity to approach 895 of itx far-
dodns =eiv vehue, This quoantity was ealenbided b chapter LE for the impilsdve
ftore, an wi compared W e vesadts of other 1esearchers, s valoe for the
nupulste case i glven by the relation (1437 and was Z, =2 0,22, The coneept
of the entranee lenpth wis also extended in the previous seetion of this clupten,
i the context of the results {or the parallel ow. Hore an aualopous eatiamree
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shape, awd sabseguont axinl profiles evolve from thix profile to the parabolic
Ingen-Poiseudlle it ax & — oo, The cquivalent oceurs in exponential pipe
flows in the far time it {eonsidered of comese iy the sormalised framework).
Here, for o particnlar vale of §2, the Jow field develops from a *top-lint" profile nt
the inlet plane, to an invaviat profile sulficioatly far dowastream, However, in
this euse, the far downstreain Hinit is ol the simple Hagon-Potcouille profile, hut
rather the corroxpateding liwiting parablel velocity profile, as shown tn liguee 1506,

Of conese the fur-time limit dolines only the Goal state of the Bow, An initially
inpulsively started exponentinl flow will pass throagh a nnuber of intermsedi-
ate phases oy the jufluence of the inlet comverts aud diffnses downstreans, T
will, however, be shown in the following seetion (seetion 15.4) that the two
asymptotie limdting behavions - paralie] temporal developtuent, ax deserilied in
sortion 15.2, and #teady-state nou-parallel flow, os deseribed here - ave exiremely
pomd approximations to most portions of the generally developing enteanes How;
Lhiat i, these shmpler solutions topether ctabody most of the fow deseription for
TR U 3 BT I S ) 8

15.3.1 Method of solution

The eurrent presentation of the datn for steady-state exponentindly acceler-
ating pipe eutranee flow v shmilar (o that glven In chapter 14 nid i see-
tion 152 above,  As Dofore, the data 1w presented in saccossive states of -
torpretation. Rosulls wore geneyated for the ranpe of aveeleration paraseters
£ ¢ {0, 10,20, 30,40, 50,60, 70}, with the impulsive llow incloded as o Hiiting
value, The relevaul oqnations for the present systeny see (2033 el (10,34},
whiich are repeated below:

hi . i i u 1 i f

Pt - viova 73 Faeta g tantd wra TR rme i

A =D ol 2 3 it i L s (; ) (15.10)
thl

u-ﬂv(r'l'] !— s 0, {15.11)

HEEIS

The nuuerieal formmltion of these eguations was prosented in chapter® 14,
Solutions were penerated here singdy iy ehooslng §2 to have suecossive values
fronu 1l eauge chosen, That which follows is o sestematie presontatton of the
reslts obtained.

The enleulstions wore implemented for the axial domain » ¢ {0,002, Tle
diseretisatlons used to oblain these pesnlis were N 2 80 for the vudind T
disevid iuauinn aud M =2 80 for the colloeation axtal inplanentation, Fhe Gue

e trzarm

T l'lll ral, mwlt-muw m:mt-ﬂt ik ayvntean Wi ddevelaped i thnd chinpter, bt unly thw
pulsdve ense was slved theee,
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at the wall, or § —s 207/% = 274, thus the sealod shape parameter is in this case
given hy

S.;-meﬁ'r-'E%--c!!.

Numerically, the value seemed te be approaching 2 anembignonsly, The highest
aceeleration investigatmd before mumerieal fnstability oceurred was £ = 500 800,

gy

for which the Hnal value of Sp was 19072,

The asymptotie hounds of the system, although primavily of acadensie inter.
esty do allow inportant verifieation of the results abtajned, Both lnits roguire
high precision for their acourate zolution, Cousldering the error-function limit,
the gystem converges to the corveet value of Spe at this point. Acearate deter-
wination of the datn near this poind implies that the data far from this limit
is very aceurite, since in general o Bar lower ovder system is reguired to solve
the datn away feom the sumoerleally *highly stressed® lidting point. "The high-
neecleration wiymptote i of o dilfevent nature fu that it is more exteapolatory,
Unlike the orror-function lmit for the Bow at oprly Himos, the implied limitiug
valne of 2 ag ) =» ~ had no rigorous theoretion] hasiy,

15.3 The far-time catrance flow

An huportant Kwiting case for pipe llows near the inlet i the Fae-time limit
- that is, the low that poersists alter a)l the transionts have died awny. The
fur-timse solution for fmpulsively started [low wag obtadued i chapter 1L The
euerent seetion i concerned with the nvacinut Bde of exponeutially aceelor-
ating entranee flow. Invarinuee in this context hay o different meaning to thal
i the hopulsive case; whereas the hupulsive eutranes low attadus ivarianee in
the physien] co-ordinate system®, the exponentiad ow appears to be constantly
changing when viewed in the phivsical nsind oxdinate, owever, this chuge ix
contained solely I the mapping hetween the physical aud nornalised systoms;
i tovarisnee du the ea, anentind eose weans sinply that the low in the no-
walised] co-ordinnte gyatem attaing steady-state, The mapping between physieal
ane normadised co-ordinate systoms was infrodaeed in chapter 10, aud its offoet
i the context of the enrvent system i piver later in seetion 13,5,

Viewsd from the novmalised co-oxdinate systet, the oxponential aceelerting
flow behaves in o omaer analogous o the impulsdve ane of chaptor 14, exeopt
for 1he pormal eoffects of acecleration, such as suppression of houndaey layer
growtl, In the steady hnpulstee,  arted ease, the entruues Dow converges to o
stendy-state eonliguration, fn which the most npstroam station hns o ‘top-hat

"Remember there iv o vonstant mapping lotween the dimensionless angd physied cosnrdinate
svibpm for ingpalsive Hows,
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Fignre 15,10: The variatlon of sealod shape parametor Sy with displacomont
thickness 4* /1 in porallel exponentialiy aceelerating pipe flow, lor varying valnes
of the neevleration parsmeler & = = =, locus of Hmiting valaes as 7 — = of
(& /R, 5p): Sﬁ.[l,rf]. paraliol boundarylayer limit me F = 0; lines of constaut-
{hue are shown superimposed,

the acveleration term i — 1), resulting in this lmit hoing described by
=1, (15.8)

along with the no-slip wall eowditions. The solution to this systow i sbaply

. D v=1 .
it o { 1 0gigl (15.4)

Sinee thore ¥ o diseoutinnity st the wall, the slope there is infinite. Howover, the
seaked shape parameter ean veninin bonaded, sfuee the bowndary hyver displaces
ment ihiekness alse is dero. That the Hwiting value of Spe s 2 ean be shown by
consfdering the veloeity profile given hy (15.9)% The bhoundary layer thickness
in this coke fs 8 < 0. The displacement thickness 8 deliued as that distagee the
Lonndary ;must be displneed to compensate for the prosence of the wall; In this
cane?, & = &, The velocity profile shape pacmneter Is given by lwice the slope

This nswamption i subjers to dispate, but s corueasarats with the howlae lae belng
dosertbnd by novertical e nt the wall, The entire argument given hoee I raler ioformal, and
i tnote tgorons praof B necessars.
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The limit Sﬁ.{pr[} is ctearly shown on the left-hawed side of this hgure; the other
lHinits (# ~ oo) for the vatious values of 2 coustitute a loews [the dotted lne)
otiginating at the bopulsive lmit, and moving up and to the left for increastng
values of aeceleration, The useluluess of the 3* /R - Sy representation i again
ovident in this fignre, in that it transforins all the data inte o tindte domnadn,
while djseriminating strong’y botwoeoen the differont accolerative vases, Again, the
poluts delining the ¥ — o0 locus seem (o be approaching some Aanite value as the
aceeloration s inerensed. Leading from $his inference, lows with substantially
ligher values of £ were fnvestigutod to deduee this Hmiting hehaviour.

15.2.6 Limiting behaviour as ) «» x

A simple oxtension of the dutn in fgure 15,9 was made by ineroasing the vaiue of
§2 to valnes of 500 000; these results are shown in fignre 15,10, Also reproduced
in this Heare are Hues of constant # In orcder to obtain the rexudts for the very
high neceleration eases, the order of solution lad to he extemded from the N = 60
useet for the vesubts below § = 100, to as high as N =3 120 for £ = 500 000,
Furthermore, the thue step At of the solution had to boe redueed to 1079 (from
the value of § x 101 used for the fower acceleration tests) in order to capture
the extrewely short thue scale bohavione at the higher accelerations, For the
highest neceleration cawe of §2 == 500 000, only the final limiting point was stored,
due to of tho extremely quiek development times at this acceloration,

It Ia clenyly ovident from the Hgure that the loeus of the Onal values of the
{6* /R, S+ ) prir with tnereashig 3 ave couvergent on the point (0,2), while the
time talen for the systom to reach the far-thue asymptote hecomes rapidly
shorter, Tlms the Hmiting beluvions of the system as £ = o~ cun be fuforeed to
be the siruight line segment oxtending from {tl‘Sﬁ.[ﬂmJ o (0,2). The behaviony
of § was, as anticipated, wbounded for inereasing §2. This limiting behwviour
f= oviclent in the differentin] governing ceqnatlon (15.2). The beliavlouy ns § - O
i doseribod by the relatlon

gi _

=4 8.7
TR (15.7)

This con be formally shown by teansfovming the radlal co-ordinate to a wall
ca«ardinate system and seallng it aecording to the displaconent thickness, as
i = (1 = M0, By negleetlng all saall terus, Lo, those containing coeflicionts
of /R n the lwdk as 8% < B the equation (18.7) results. This equntion,
atong with the ne-slip boundary conditions (g glven i section 13.2) deserdbes
the flow Hell next to o fab plate inpulsively stavied and woving parallel to
its plane. This problem f solfsimilor and giolds the evror fetion solution
{Behlivhting (1079)] The Hmiting equation applivable a §2 = ~ is even shinpler
to detive, Here all tertus in egnation {15.2) becowe negligible in comparison to
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value diminishes, Interesting to note is that for aceelerations above £ = 10, the
vahie of S5« incregses with time, while at o value of slightly Lelow 10, it remaius
approximately constant®, Thus for the higher acccleration flows, the wall shear
stroas normalised to the bowndary layer displaceinent thickness jucreases with
time (unlike the impulsive case). Another interesting aspect shown is the rote
of increase 1 Sgego With {3 As with S, this value seoms to not be incroasing
without hound, but rather approaching some finite valte tu the bigh aceeloration
limit. As mentioned proviously, the highest vatue of {2 for this sel of data
is omdy 70, » ¢ sufficient to determine Hmiting behaviour, Extended data is,
however, preacnted in the next section, in erder that this upper hounding value
he ascertained,

N was shown in seetion 13,2 that an aptimum, hounded, representation of the
data is obtained i the sealed shape S5 dato is plotted versus the displacement
thickness 6* /b, Tu the case of impulsive flow, this rameworl reduees both indls
of the dath (f =2 0 and F = ~c) to fuite polnts on the #* /R - Sgp plane, with
== 0 rorresponding ta (0, Spegor Y and f = o to (0.25,1), The plot of the
eurrent data, for all the values of 2 considered, is shown ju Qgure 15.9,

S 14

/
/
Senen]™ _ é
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5

Figure 155 The vatdution of sealed shape parameter Sy with displncement

thickness 6*/ R in parallel exponentially accelerating pipe flow, for varying values

of the accelorrtion pargweter (= = -, locus of limitieg values as § — oy

Spelord): parallel bongdary=layer Boedt s 7= ),

R

16 ks atdikoly thut the eurve fur any partivular expomenti: | aceeleration il emain sxactly
vonatant for the entiee Gow development, ax 2" eurves show sotne loflextowad behuvionr near
Nenw inceptlon. No investigation was carried out (o ascertain whick salue of 2 wonkd generate
the curve showing the mesd constant hebaviowr, bt dads is kely o boe that Row whose final
vidue of S5 1s nlso equal to the ereor-fanetlon Hudd in value.
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15.2.5 Scaled shape parameter

The sealed shape parameter S {s defined an 5 sealed with vesport to 8* /R il
e} its formal delinition ix given by (13,62}, which is repeated lelow:

Tur I.s *

Hie
& Uy

D 15.6
R u, S (15.65)

S‘gn =

The vitrle..on of this paramneter in time for different values of the acceleration
parameter £, i shown in figure 15.8.

1.8 ;
= 3
[ — ; )]
- an
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Figure 15.8: The warintion of sealed shape parnuetor Spe with time § in pare
allel exponentially aceclernting pipe low, for varying values of the acceleration
parameter §2,

At fneoptiou, the value of S for eacl vwlue of £ tonds toward the paeatlel
howdary layer limis, uancly 5, [or) = 1.273 ax defined by (13.65). This s nn
fmportant vesndt, ln that it shows that in the Bindt as $*/R -+ 0, the relative
offect of the accolerntion beeomes nsiguificant, and that all the Hows approach
the error fuuetion bowndary layer fn strueture, correspondiug to the paeadlel How
ovor a (lat §late hantantaneonsly startod froin vest (soe soetion 13,23 As toe
progresses, the values for Spe for each €2 diverge from this value, and approach
thedr pespoctive Bratime Hmits, Por the impulsive easo (the lowest enrve), ths
Hmit i1 Spese = 1 a8 was ghven i section 1.2, As the geevleration parnmeter
fnereases e geen, the {inal vidae lerenses, while the tiow taken to veach this
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Figure 15,23 The variation of velocity profiles in time for 82 = 20, at the physival
station o = 0,02,

The displuceniont thickness can he exteaeted diveeily fvom the veloeity prolilos
whove, The varlation of thix paratneter i thoe at xed ' deseribes the variation
that vould De seen experimentally at the coreespouding point, Presontod here
ix the torsporal varintion of 8* /R corvesponding to the three stations 3 = 0,002,
.01 and 0.02, given In the previous figures. Pigure 15.24 slows the variations
for these thveo stations, Also shown s the far-downstresm (parallel} variation
of displneemoent thickuoess,
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Figare 15,20 The varintlon of displacement thickuess /R Su thue for § 5 20
(), ! o U002 (2], oz 0008 (80 020 (), paratlel (of A )

Hore it fs clearly evident that the early parallel developauent is ideatienl for oli
stations, The flow beplus to deviate o His Line, fivstly at the upstream #ta-
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with fignre 15,22 of an Htermediage Mittiye, Ovioudy, the initin} (tempary])
tevalopine tegions iy a Hie fgnep e fdontieal, (e lempop] developmogy
mrerely belug eyy shovt snyplioy fu the Upstreaa fogw, Theso thpep data lave hoon
bresouted gy o titalitative ineientiog of the tffpery of the Con Ot e Ntrotehing
) tie fow, What folows i g Preseutation of e virintion of (hn displacomony
thivlenesy R in time,
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Figare 15,91, The variatigy of voloefty Profiles iy thye for 83 = 99, 44 the phywica)
utation of o 0002,
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Figuro 15, & The varkition ofs eloelty profijo It thne fop 6 2 nq thy bhywien]
slabiog o o niy,
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Figure 15.20¢ Lines of dso-0 in the £~ 2f plane, for £ = 2L,

wore stored for entlous thnes, For each smapshot, the velocity profile Inforima-
tiun was storod e Cliehyshov coeflicients n # aud colloeation values in @, ‘The
colloeatlon divection war projected into the Cheliyshov=-Tan form by the trans-
formatlon (12,57), resulting in veloeity datn ns o full two-dlimensionnl hebyshev
enefficiont inateix, Theroslter, it wis simple to extract the appropriate veloelty
profile (nd o one-dimonsional veetor of coollicients) frow the corvect # station
for each corvesponding time valne. Thix alowed the construction of o set of
veloclty profilos (one set for eacli chosen station in ) deserthing the temporal
variation of the flow at o particulay physieal position, Frow the sots of veloeity
profle date, all urther informaetion conld bo extracted,

For the snle of conelsoness, osly three & stutions wee shown aud diveussed for cho
“demomtention reecleration of £ = 20, These are: oue close to the inlet plane e
& == 1,003, one central Lo the axinl solutlon extent, at # = 401, nud the fnal one
furthermont downstveam, ab & = 0,02, Figtre 15,21 shows o three-dimonsiotial
gutface plot of the vaviation of the volacity profllos at & = 0.002, figare 15,22
the similar varintion furthor downstreams at & = 0,01, wid feuve 15,25 glven
the Inethermont downstrentn vatlation, These reanlts clondy show the Dnltal
thirkeuing nwl thon thinming of the bouudnry lnyer, The wost upstresn profilo
= fipgure 15231 « vhows the sharpest elunges i beliwviony i time, while further
dowustronnt the clianges ate more gentle,

Ll stalking feature about Hgures 1521, 1522 and 15,33 is the rtaee of the
sarintion shown, Thoe G upstronn fow - gure 15,21 - shows an norupt cliange
in belpvione when the entrances fow ropchios onel staton, Its temsporad dovel-
apment rapldly changes into a reversion towurds o thinner bowndavy laver, The
downstrenan flow fu figure 15,28 sliows analogous, Int more leisaealy, fontnres,
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Figure 15.10: The relationship botween the dimensionless co-orditate systoms
and tho plivsical fndependent varinbles,

With the basie co-ordinate transforuations defined, it i< now possible to extract
the plysieal flukl varintion at o polut in an exponentially aceclorating nlet, As
wentioned above, speeific we wilt e made heve of the {(arbltrarily chiosen) data
for §1 = 20.

15.5.2 Development of the flow for {2 = 20

An mentfoued i section 154, the fow for = 20 will be usml for n apecifie
example in {Nustrating the teansformed beduwiowr of exponentinl Bows, The
rauge of nkerest in the cutrance flow eaxe iy, s mentioned, & € [0,0.02], Using
the parametrle deserdptions of seetlons 15,2 ad 153, the physieal appearanee
of the flow at equispaced moeasrlng stations u the pliysieal Dasis & will b
exautined, For the sake of vigour, the fall (teanpovally aud spatinlly viying)
data will be wsed fn this process, hut ax hofore, it will be show that use of
the two simple Hiniting ensen will xulllee here, too, ju deseribing wost of the
ftuid varintlow, Consicer 11 Hxed, equelly spaced, measnving stations In & - the
hmensionless plysieal co-ordingte systom, For the presont pange, these points
will oeeur at the axial positions o < {0, 0082, 0.04, ++ 0 018, 8.9) AL =0,
bioth the & amd a co-brdinate sestenw coincidey thereafter, oneh lxed point on
the # ordinate will correspoud to an exponentinlly diminishing axial position in
the solntion domain #, neeording o equation {15.19). Fig e 15,20 shows what
lkues of constant i look ke fn an of - ¢ femnewark,

Uing the Juforuwtion eontudned o Hpore 1520 in comjunedon with the full indet
Hew for 2 =2 20, the physienl variation of {uid properties st stationey poiuts in
the physical donain could be asceertained, This wae sebieved e follows: tems
poval suupsliots® of the flow developmrat for the closen cevolopstion parmameter
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15.6.1 A normalised co-ordinate system for the physical domain

The equations (15,16} aud (15.17) nbove anfortunitely comnplivate the mapping,
in that the physieal » ordiunte hay dimensdon, OF far weee use woukd He s
normulsed (dimensiontess) physieal reforonee feane, from which the speeifies of
the flow (pipe radiug, vte.) weee exeladed, An ideal candidate for nomualising
the physical syntem would be the state of the flow at inception; wing those
candittons, & notmulised physteal axinl vo-ordinate # could he fo. med, Cousidor
the defluition

' e

- ‘ 5 1R
Rhea (15 18)

whore Rep s the Reynolds number at inception. Using this new dimensionluss
erdimte, (16.16) and (15.17) can be redefined in womneh smplor way, Firstly
the mapping (15,16) beeomes, for a fixed &

B = & oxp(~§2), {15.19)
aned, socotully the roverse transformation, for fixed J,
F 1) = Foxp{{if). {15.20)

The & feamework ix lelpfal ju that it i o dimensionless and thus pipe geometry
independent. The governing equntions ave Revuolds munbier independent, thus
a eo-ordinate system novialised with yespeet to inception Reyuolds munber witl
e unlversnl to dews with mbltearye starting Reynolds mumber, Moreover, the
normalised physieat and dimenslonloss ordinatos eolneide at £ = 0, The temporal
relation betwoeen these two systeinsy is delined merely by the prenmedrle groups in
the flow, while the yormalised physicn] system, boerugo it ik constunt in relation
to the proper physleal varlables, has a wuique coereapondenee to the physical
llow, This usefut intereelationship is depleted in lgure 15,19,

Here, fr flow with a certnin value of § snd Re, the wappiug (0) s o glven
funetion of £ nlone, and tius does ot concern the pipe and fivid geowetry
and propertles, The mapping between the novualised physeal domain and
phevsien] mystew (1) esubodies wll the plivsieal pipe ad sl propertles. Usdng
this system, data eage be prosented g o wniforn ad goneml manner, while e
projection of this date to o partienlar phyaieal systor {o pipe with radins R,
{Inic with viscasity #, ote.) remains romote from the general deseription, A
fixed potut in the nonoalised physieal basis will correspomd to o fixed pobut in
the physieal system {dependent on the goometey): thus the norulised plivsien)
By is the most peneral framework frem which o deseribe the physieal Dow
LeJuwinnr,
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upstrenn, the point of observation will bo in the pavatiol roglon of the
flews thus the tewporal developient will proceed exnetly as given in see-
tion 15.2, accordiug to the speeified value of the aceeleatinn parametoer
£,

(i) A thne will ardse » . 0 the upstreant woving observation powt eo-
ineldex with the downstream moving entranee front, The tomporal flow
development (ns, of cottrse reasured from the physieal station o) will
slow an the transition vegion betwoeen parallel and enfranee flow traverses
the weasuring station.

(iil} Onee the measuring station iy within the steadyestate (as seen hom the
dimensionless co-oridinite svstom) onteance llow, it will couthme to move
upstreans The temporal development of the flow in this region would be
one in which sueeossive velocity profiles at o fixed o wonld originate from
inereasingly upstream stations it the dimensiouless systen, Thas the How
Lere would show o dreerease in boundary layer thickiess o this thoe
mn

Considerlng some pliysieal propeety of the flow sneh as displacement thickness,
a fixed observer wounld first ree an dnerease 10 this quantity in thue, exnetly nein
the siinple furedowustrenm flow of the first seetion, Thereafter, the displacemoent
thickness wonld start to deerease agadn, ad the physfeal meumreemoent station
traverses upstream in the dimensionless co-ordinate systonn Thin prineiple was
Mlastrated in figure 10,5 (page 2003,

The above way of poreelving the «o-ordinate mapping way concerned with the
oquivatent belavionr in the dimensionless hasis of o fixed polot u the physical
aystom, Ay altevnntive but syually valicdd perspeetive, would be to consider the
Lohavloue of o fAxed veaion in the dhnensionless hasts fn Uie physieal syatons, For
lustanee, consicor the Hue segment {0, Eqr) in the dimensionless systens Ity =
0.02, theu thiv line sopgnent would eucompass the dlmenstontess solution domaiu

od for the eutrauce caleulations, OF Intevest now wotthl be the belaviour of
aug segnent b the physien] hasis. I ovder to show this, o reluton needs to
L devoloped stoting how a Oxed point in @ teannslaies to the physieal space,
Sacl o relatlon can be stmply developed in s inannes analogons to (15.16), from
equations (151 and (15.15), and i

Ly F) = gt R Rey exp{ ) {15.17)

Thus n line segines [0, Fy] in the dimensionles co-ordinate systom translites
into o line sogont {9,.0e (1)) which erfeads in Gme; thorefove the reforences
frame trausforinstion i equivalent to a sivetehing of the dimensionless solution
in time, U the dimenstondes solntion weee drawn on o ralhor sheet, then the
transforination wounld corvespond to steetehing the sheet exponentinblly down-
sivonut iy Hme,
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trausformation is

i = ..'..':..-. "1,
e s {15.14)
Thik relatlon indbeates that for an ineveasing Reynolds mumber, nu axial position
fn the physical domain represents an fuereasingly dimindshing ordinate in the
dlmensfonless basis, What such o traps<formation means in practice Is unelear
feonn such o short explasation, therefore diseusdon of its sffeet on the Qow will
be veutured upon in mmeh greater detail, The deseription will he doveloped in
a general Tnshion; however, where speeille illnstration s 1o be wade, the data of
the preceding seetion, for the case §2 == 20, will be aed,

The Reynoekts munber iu the exponential dows diseussed Inereases exponentially,
and e varintion in thne can thus be given as

Re = Reg oxp(S§i) (15.15)

with Rey the indtdal iupulsively astnined Revookls wanber, Egquation (15.15)
nffords o relation botweon Re awd # thix allows the axial co-ordinate transtor-
wation (15.3:4) to he glven as a [unetion of thae, The rolorenre Dene of prentost
fmportance 8 the plysical, beeause # 12 ln this awework that experbnental
vesnlis arve observed, Meastvement of nu exponentially aceeleenting lfow exper-
fwentally, i wsually macde from g fixed axial position; for justance, shone styess
probies or o laser Doppler veloelnrotor will measitre a fow at o given spatinl posis
tion, Thus it is important to determine whit the observation of thie flow fom o
fixel & (phivsieal) station will mean when tramsformed to the » (dimensioufbess)
frmneowork,  Axstupe that an observer i monsmring Quid veloeition at o fixed
physieal station o = 2y, The abservation stacts sl F = 0 wind coutiuues for o
suitable time, Using equations (15,141 awd (15.15), the equivalent dimensionlows
axind xtation will be

. f -——w.,,,;':&,,.. ".,,_ " .
dig{l} = Thee exp( -8t (15,16)

Tlns the dintensdonless axial stution corveaomding to s Bxed point in the physt-
vl eo-ordinple svstenn i n point it oves apsteeas o thie dimensionless basis
with inereasitg thue, As has Deer shown, spy exponentinlly aceslorated pipe
cutraner How cotsdsts af twe portlons = a pueadlel downsteean fowe aid o stoady-
state endrance flow = and that as tinwe develeps, the ontranee togion fuereases 1o
encompass more and wore of the pipe. From o physieal vantage poiut @ =5 0, 0
snall way downstroan (ad, say M5 of the enteaocee Bagtl) the Dow wild belave
s [ollows:

{i} In the mital stages, when both the now-paraliel vegion is short, el the
chimensionless o+ statlon [us governed by (15.163] haw not moved very fay
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Fignee 15.18: The variation of displacement thickuess &¢/R with axial distanee
& ju the developing entrance vogion of a pipe, for = 20 and ¢ = 7x 10 (1)
stondy-state entrance flow; (2}, tempornl devoloping flow; {3), (he actual inlet
llow.

the system predominantly in the steady-state sutranee portivn of the flow, thas
the most important base ow vesults are those from the steady-state entrnuee
calenlation - fortuitonsly, these are wlse the most aceurate,

15.5 Mapping to the physical domain

The exponentially aecelerating steady-state entrauce Qows considered above ave
otly really steady-state in the dimensiontoss fnmework. It was shown i ehap-
tor 10 that a verinbde, Reynolds munhor dependent mapping exists botween
thie physienl vavialdes and thely ditnonsdonlos conntorparts, Thus pliysieally,
aty exponeutial fow i constnutly changing, but this chanae can he eutively dos
seribed by neing the varlable referenee-frune frunsformation from the phvsieal
to the dhuensionless Basts, The role af this seetion ix to deseribe the offoets
of the tennsfovmation, sl thus to meke alwlons the nudeedyiug patteen in the
superficlally compicated behaviour when viewed from the plsical domaln, T
llustrate thiz, the full results 1 an the *text” mecoforntion §2 == 20 ave rpain nsed,

The mappiug hetween the plivsieal s pormalised vaejables is ideen by the sot
of equations (10.20). The transforinintivog between these twe bases for the axial
cu-ptclinate oy the pressure p, and the axial veloeity u are all Bevnolds mumber
dependent; of these, » 19 the oudy in "epetdent variable, thax it aloue afleets
the transformation hetwoen the two sobution domains, The axial co-ordluate
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ity stoady-state valne, the entrance flow hecomes globally steady-state, with uo
more temporat developinent, For thix final coudition, the low resenmibling e
entragee region s that within the entvance length of the pipe, widle the Bow
downstremn of this is cssentinlly parallel. However, one must bear ia mind that
the above designation of replons i artificial; information in the pipe How can in
reality propagate at the loeal speced of sound (in the ease of the mathematical
moclel at an infinite rate, commoensarate with the sssnmption of incompressit -
ity) and there is (e o hard jnterface, However, awd qnite fortuitously, the
flow lu‘l:llwos miueh as il an interfuee were propagating downstream al the mean
voloeity®,

The Dow developmont is clearly evidont § . figure 15,17, Thoe subsequent tomporal
etievos 1 to 7 clearly show the two regions, Hore the entranee cowponent »f
the flow rises from the oripgin to meet the parallel dmvustrean low, given Ty
the horizontal portlon of the date, As the time develops the entyauee moves
downstream, and an inereasingly larger portion of the curves He on the steady-
stalo eutragee curve (curve mumbor 8). What s sivlkiug abend thin systemn
i that, except for a snnll interodinte part of the flow, most of the inlel ot
any tme can he acenrately approximated by s combination of the steady-state
entrance = curve nmber 8wl paradlel teauporndly devoloping flow - 1 horlzontn]
series of Hnea,

In order to {Hustrate the good asymptotie matehing to the full data, the curve
for £ == 7 % 10 frows flgure 15.17 is roproduend in Hgure 16,18, Also shown iu
thin figure are the two Himitiug enevest festly the steady-state outranee enrve,
incticated ax (1), and the towmporally developing parallel Bow result for # =
7% 10" - curve number {2). Ouly the portion of the full data that «(ifers fron
tho above curves Ik vigible, and thiv & denoted (3). The validdity of the twe
aimpler Hwits is immedintely apparont heye,

The major mportanee of the applicability of the two limiting eaxes coucerns ao-
mervieal aceurney. Fstly, the spatind solution (1) s Indeperdent of the temporad
diseretisation in the present model; thas solutions mvacdont to the pichine pre-
cision can he attnined i this ease. Secowdiy, the much simpler tomporal waodel
(2}, while Hindted Dy its temporal seheme, {9 so shople and Gt to calenlage
ihat accurnte results ean be produced siaply by *heute foree’. Frethermeove, as
argned in chapter 13, the Hmitation in acenraey for this ease way substanially
legs thinn was anporfleinlly evidont. To achieve equiivalont aceuracy from Lhe fll
system wonlld hecotne probibitively expensive; 1his is boesuse it sullers from the
tlisulvantages af hoth the simpler schemes, namely slowness aud the presence
of temporal inaceuracy

A flual point deserves tention concerning the approximations, althongh it will
e covered in more doetadl Jatee: the observed exporiental instability oreurs o

"o is alwoys quick to imagine o onp’ of luid cotvectigg dewnstream o the inlet,
bt this intnitton is not nevessarily correet, However, the physical laws govereing Boid metiots
pive & rate of axial dlilusion close to the mean veloeity; 1os the illusion is complete, amd s
purely feouveetod® jntorface i prreelved,
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accelerated pipe flow proceeds from the inception conditions to the far-time
steady-state solution, Such w flow can be represeuted as a sovies of eneves, cach
ane representing the Gow at an instaa, Tlis roproseatation allows the nse of
the uotational and deseriptive framewark of the previous seetion. The simplest
manner in which to indieate the temporo-spatial developmont of the inlet 1s by
ohserving the development of (e boundary layor displacement thickness, The
development of this parameter - ith # 8 show, in figure 15,17,
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Figure 15.17 The variatlon of displacement thickness 8 /R with axial dixtanee
& iu the developing entranee vegion of o pipe, for £ = 20, The curves veprosent
the value of the paramoeter at various thnes,

The flow develops from the initlal conditlon ot ¥ = 0, with the ‘top-hat* How
condition asswiued overywhere, This state of the system is represeuted Ly a
line nlong the positive & axis, The systom now wmoves away How this curve
ad the bonndary layer starts growlug, The dulet howwlary condition, however,
miplutaing the *top-hot’ condition ab the inlet planey thus the fow starts to sliow
two distinet reghues, The st vogion 8 uear the inlet, and bore the bhouul-
ary layer develops spatinlly from the zero thivkness inftow condition to o valne
matching the second regioun, Thi. apatinl varintlon in the Now tmplies that this
reglon is non-paralled in natuve, Anothoer, althongh perhaps loss evidont, prop-
vty of this vezlon ks He stondy-state hebaviour « as the fulet interface propogates
dowusirean, it lenves bebind o vivtunlly temporally ivvarant fow system, The
second flow vegion encompasses the low regime that extends dowostream from
the fivat. In this povtion of the pipe, there i uo axial variation o the fow, awd
tho systom develops only temporalky,

The entyanee region can be pssovinved with the convertion of inforantion nhout
the intet in the downsires diveetions as the flow develops, the interface botwoen
this reglon aud the parailel one moves downstrean at approxinately the mean
veloeity in the [low, Kventually, when the far downstream flow has approachied
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eny linear instability is woll within the region [0, 0.02], awd i faet ovenpies only
about 3% of the entire eutrance in the steady case [Abbot & Moss (1994)], "Thix
poind farther enlinnees the use of the 0* /1 - S franework, becanse it properly
eiphasised this region of inportance,

15.4 The limiting cases as approximations to the
proper solution

It has been indicated above tliat the two types of ows disenssed in this chapter
= temporally developing and steady-state enteanee - ave merely approximations
to the actual developing flow In o pipe ab any ous timoe,

A heurtstie deseription was lorwarded in chapter 10 for the hehavionr of a pipe
entrance flow started froan rest to some fixed Reynolds wamber, There it was
argned that the clfect of the pipe euteance would convert downstream with
time, and this interface would effectively divide the pipe iuto two sections « une
tdlownstreant jiu which the fow rennined strictly parallel, and one at the entranee
in which the flow developod spatinlly {in temporal stvadysiate} from ‘top-hat'’
at the inlel plane to some more curved profile at the couvecting interface, Tt
I heen sliown that hnpnlsively started exponential Hows belave analogonsly
to the {mpulsive zors.aceelopation ease, ug long nx the low iy observed fro
the viewpoint of the dimensionless vadablos, Thug, if the above assamption
(that the systew can be oceurately approxinated Dy ite respective towporal
nud spatial lmiting eases) iv correet, then the full temparo-sputial developnent
for all the exponentially accelerating Aoy cousldered ean e equally cotwsidered
a8 o 'patel’ between the two shaplified mathematical models sobeed so fap, This
section will show that most of the L'pe How can indeod be validly exprossed in
torms of the simpler todels,

In this section, the assnmption that the Ydting ewses provide an adegunte de-
seription of the general flow & fnvestigated, by divect cotmparison of the teuporal
aud spatind approxhustions to a fll mudthemationl model for the development of
an exponentinlly aceelerating pipe entrasce [ow, Ta fllusteale this assertion, an
arbitrary seloetion of the ease for £2 == 20 was ma.le, audd the duti for this ense
were generated using the full two-dimensiona] model, Tadike o the investigation
of the steady-stute romlts i section 15,3, the interiu vesulls hotween iinpualsdve
anie] steady-ntate wore retained, These doto were genorated ot anordec of 3 x N
of 80 x g0, while the titme diseretisation was taken at A = T x (078, What
follows ix the presentation of these results ot varions times, i comparison to the
slipler Hindting eases,

Althoweh tae diseasdon it now bas led towaeds the use of e disploceioent
thicknoess 8* /1 as the ordinate in dato representation, for the sake of physieal
wkileratanding nse will again sow be made of the axial co-ordisaie @ far this pue-
pose. Tho development i the entrawee of bapulsvely starsod aned exponentiaiy
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Flgure 15.16: The variatlon of sealed shape parameter Spe with displacemoent
thickuess 6* /R in the entrance vegiott of & pipe, Tor varous values of the aeeel
cration parameter 3. The equivalent temporal develapment eurves are super-
imposed, and ave shown dashed, The dotted line indicatos the locus of Umiting
values for & = 00,

This figure preseuts no new results, but meaninglully shows the reladonship
botween the temporal and spatial systeuw, The fest boportant feature of this
plot i8 the respoctive msymptotie Bmit possessod by cach system, The distinet
nature of cach type of dow i immediately appaveat in this compaeison. This
Hgure is merely the peneralisation of figure LLG (page 324), for won-dero yalues
of 4 the reader i referved to the disenssion there for further enlighteument.

As the flow develops, the two results - spatial sid tomporal - approaneh onch
other until they become formally identienl ot the final asymptotic lmit. 'Che
two sets of dnta have ofletively becowne Indistinguishnblbe, fr eacds value of §2,
at the points corvesponding in the spatinl data to @ == 0,02, The spatial data
was only generated for & @ {1, 0,02], but i all eases at its downsironn i,
the rexnlting veloeity profiles wore virtually identieal in shape to the oquivalont
temporal profiles, Veloeity profiles bevoned this value of @ for a chosen value of 2
thus approxlwwte o one-preameter Bunilye This was the relationship fneorrectly
aserilied to the entire pipe flow by do Silva (1950),

White the region aver which the tempoval ad spatind resttlts are divergent seems
aulstantial in fgure 15,146, its estont i terum of the axial cosordinate is relatively
insignifienut, Conslderiug (he caso {2 = 0, the entranes lougtl was ealenlated 1o
be Zp =5 0,22, and (hus the dewain Togth of .02 indicates that the eutranee llow
in distinet for ondy 10 of the formad plpe cutranee, Tawevey, the nsdguificant
size of this vegion beties 1ts hnportanee. 'The aven of the pipe which ean shiow
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Fipure 1541 The wriation of displacemend (hickuess 8 /1 with time £, [
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Fipure 16420 The variation of displacement thivkness #* /3 with nornalised
ordipmte oy for varions wlues of the dimensiontess phiysica] ordinate o 800 T
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Fenults for =G0
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Figure 1733 The variation of displacoment 1ldckness S*/H with thoe £, for
viious vitlnes of the dimenstonless physleal ordinate o 6 - G0
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PFigure 15.40: The varintion of displacone whness #* /1 with normaisel
ordinate «, for varions values of the dimensiondess plivsical ordinae »f 8 <= Go,
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Ttesults for 82 == 50
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Figure 1537 The vavintion of dixplacement (hicknesu #% /3 with time #, I
various values of the dinensiontess pliysical orcdinate o'y $2 = 50
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Flgure 15,38 The variation ol displacemont thivkness #* /R with nonualised
ardinste &, for varlons values of 1he dimemdontoss physieal ordinate o 82 = 50,
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Renults for {2 =40
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Flgure 1586 The varintion of displacotent thickoess 8* /00 with tiue §, for
varions vilnes of the Jdimensionless physical ordinate o't $¢ o240,
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Figuee 15036 The vavintion of displavemeni Uiickuess 8°fR with norsadised
ortlinate @, for varions values of the dimoedontess phvsical ordinate o 82 2 40,
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Results for (2= 30
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Figure 15.33: “The variation of displacement thivknew 8/ with time £, for
srvions valaes of the dlmensionless physical sedinate o - 30,
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Tignre 15,31 The varidtion of displarement thickuess 0°/8 whtl we oaralised
ordinate 2, for varlous vabies ol the dhnensiogess plivsieal ordinate o £ -2 30,
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Results for =20
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Figure 1531 The wariaton of displacement thickues /8 with thae ¢, for
variows vabues of the diinensionless physical ordinnte ofs 8 - 220,
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Fignre 15,32 The varfution of displacement thickuess 8*/R with novmalised
ardinate », for vaefows values of the diwensionloss plvsion] ordinate of; (2 20,
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Ttesulfs for $) = 1)
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Figure 1520 The variation of disptacement. thickness 8*/8 with thoe 4, for
varlous values of the dimensiosless physicnl ordinate & 82 = 10,
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Pigure 1530 The vavintlon of displacement thicknes 8/R with norninlised
ordinate 2, for various values of the dlneusionless 1 ysical ordinate &y Q == 10,
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Results for Q=0
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Plguee 15.27; The vadation of displacoment thickuess * /1 with time {§, for
vitriows values of the dhnesdonloss phvsieal ovdinate & $2 = 0.
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Figure 15,28 The variation of displacmnent thickness 8 /R with norualised
ardinate &, for varioms values of the dimensgonleas physteal ordingte o §E = 0
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15.7 Comprehensive results

Ouly o [ow selected resnlts were given fu section 15.5.2 « specifieatly the data
[or §2 == 20 - in order to flhustrate the effeets of the co-ordinate transformation,
st to deneribe the general nature of the exponential How system, This seetion
presents more peperid veanlts for all the exponential aceolorations investipated,
from the fnpulsively started case to §2 = 70, The paameter wsed for the
presontation here s the displacement thickuess.  Variation of 6*/1 for fxed
vadnew of ¥ is shown in Loth the temporal wad spatial sense, Fhe prosentation
proceeds from the tmpulsive ease upwards 1o the lighest valae of 9, It was
shown fn the previons seetion that the asymptotie Jmiting enrves are properly
representative of mest of the duta; therelore ouly these rurves are given, Tn both
the temporal and spatial representations that follow, ten separate normalised
physieal stations &f have been given, in steps of A} = 0,002 in the range
0.002 = ¥ < 0.02,

Fignres 16.27 to 1542 below show the temporal and sgpdial development of
the llow sequentially for inereasing valnes o, the aceeleration paraeter, The
impmlsive data is also given bere (figares 1527 amd 15.28), i a uniform manner
to the aceelerating cases, Due to the faet that in the impulsive eaze, the wappiug
from the physieal axial position to the dhnensdonless ordinite is constaut, the
eutranee flow i giveu by hovizontad lines in figure 1527 In the case of the
spadind ropresentation {figure 15,28), the carly parallel Bow developaunt ai the
respeetlve axlal stations is showit ag o ket of vertienl lines, In this cnse the Bow
at any ehosen physieal station renains ineariant onee temporal develophient g
eoased, and it is for this reason that 1he steady-stnte creve on this graph i shiown
ad o clotted lue, For the yemainbug accelorating Bows, the ow developnient
proceeds in the smne way as desenibed fn section 184 above, As the  alue
of the acecleration parameter inerenses, the enteance flow lines on the frupocal
reprosentation (Hgures 15,28, 15,41, 15,33, 15.35, 15.37, 15390 aud 15.41) inerease
in glope, In accordnnee with this, the lines of temporal development on the
wpatial duta (fgwees 16330, 15,42, 15,34, 1536, 15,38, 15.40 anel 15.12) meovoe
from o veetieal orientation and heeome ineveasingly curved as the acecleration
inevenses, These datn llow helow,
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physical axial measurement station, a continuons rauge of dimensionless axial
utations to he traversed. This s in strong contrast to lmpulsive ilow, whoere
the physicad and notinalised ardiuntes remain in fixed corvespondeace. Thus
exponential flows, if indeed passessing the predicted bohuviour, would be in
seening contradiction, a far hetter framework i which to study cconomleally
the steady-state developmont of a flow. In the chapter on the stability of these
flows, e further strong argument will be forwarded as to why these flows ate
niueh hetter (o study thay ostensibly simple steady fnpulsive ows,

It has been shown previously that the asymprotic spatial and temporal solu-
tions describe substantinlly the data, with only a small transition region not
conenrrent with either of these enrves, Figure 15.26 shows agnin the data of
figure 15.25, but here with the asymptotic curves superimposed.  The close
maukehing of the data at all points exeopt a sisl) teansition *Allet’ indeates that
the asymptotic curves alone enn be suecesslully used to give the varintion of
parnnetors iu almost all of the pipe entrance,
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Figuee 15.26: The actual variation, for §3 = 20, of displacemont thickness 8*/R
in & (as given in the previvus Apuve), compared to data according to the paeallel-
temporal and steady-state spatinl limits of the system; (1), (2), (3), pavatlel tem-
poral flow, coreesponding to & = 0.002. 3 = 0.01, aml # = 002 respectively;
{4}, steady-state entrance flow.

This section bas shown a means wherehy exporimentally weasured data from a
fxed physieal position in an exponentially aceelorating pipe How can be eom-
pared directly to the two asymptotic theoretival data - that for parallel tempo-
rally dovolopieg Bow, aund that for the stendy entrance systetn, The following
aoction gystematically presents the dats in this way for all the accelerstions
vonstdered,
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plhysical measuring station within the pipe, the time ordinate relates to the
dimensinnless axial ordinate # according to equetion (16.19), Thus the (£, 7, &)
data above can be ttansformed directly into the {F,F @) framework via this
relation. In this case, inctensing values of the time ordinate ¥ will enyrespoud
to deerensing valuew of the normalised axial ordinate & Since the [a-time
portions of Bgures 15,21, 15.22 and 15,23 were obtaiusd by tennsforming from the
invarinnt entrance solution in the Arst place, the reverse process - vin equation
(15.19) - will simply recover the invariant entrance selntion for this portion of the
fow. In this case, datn frown B rent (physical) axial positions in the pipe for the
far-time thinndng portion of the How will align exactly to the steady ontrance
solutlon, while the ecarly-time parallel data from each axinl position will he
unique, The best way to illustrate this prineiple is again to considor the varintion
of the displacement thicknoss 8* /R for the flow for { = 20, Figure 15.25 shows
the three curves of figure 15.24 reansiormed in this way, Also shown in this
figure is the steady-state pipe entrence variation of 4*/R in k.
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dipure 15.25: The simulated variation of experimentally “meazured’ displace-
ment thickness & /1 with normalised axial station & for §) = 20, correspanding
to three dimensionless physical positions; (1), # = 0.002; (2), & = 0.08; (3),
& =2 0,02; (1), stemly-state entrance flow,

Here, the hypotheticnl experimental data lne up exnctly with the invariaut
apatial solution for lawge times, while the short-time data - which U outo »
single Hne in the temporal framework - trace unlgque curves, one J -« b axdal
statfor, Notable Lere is that the direetion of inereasing ..oae on tui dgure is
from right to left,

Thus immediately there is o mochanizm for comparing oxperimoental datn directly
to the asymptotic vesults (parallel teanporal and steady-state spatial} in such a
way that alimost all of the experimental data, regardless of point of ovigin in the
pipe, will {if accurate) align to two unique lines. This Lrings to Lglit o subtle
point regarding expaneutially secelerated flaws, These flows allow, for a single
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tion, aud then later further downstream. The results for the specitic aceeleration
{2 = 20 have been used for illustration only, and the more general resalts (for
all the values of acceleration parameter used) are proseuted in a later seetion.
Before proceeding to the more general yesults, o diversion wilt he made in or-
der to oxplain anotier complimentary method of presenting the data, in a form
that will be useful for presentation of, and comparison with, the experimentally
measured How results in part TV,

15.6 Physical framework for comparison to experi-
ment

The most natural framework of presentation for the nunerieal data is the nor-
malised dimensionless co-ordinate srediig, where the solntions are fwvariant in
the for-time limit, with both their dJomain and racge remaining bounded, Exper-
imentalty ineasured data on the other iand is naturally neasnred fn the physieal
eo-ordinate systeny thus in erder to rompare theory to experbinent, oue of the
sote of results nmst be tennsformed into the system of the other, In the pre-
vioug section, the wamerical results in the norm  ed co-ordinate system wern
transformed inta the physienl framowork, snd tue resultant data vepresen od
the thearetically predicted variation of paraineters (displacement thickness, vo-
locity profiles) in time, at fixed physiend positions in the pipe. This seetion is
concerned with the reverse process; the transformation of the experimental data
towards Lhe normalised system,

Experimoentally measured duta were given in part IT of tlds work, s wore pre-
sonted ng a seriea of veloelty profiles developing in time at a fixed pliysienl axial
station. As such, the experimental data were presented as threcdimensional
aurface plots In the (£, 7, @) co-ordinate system, snd were similar in forn to the
nemerical data shown in figures 15.21, 15.22 and 15.23 above, The carly time,
parallel development of the abave three Hgures was klentienl at any nxinl sta-
tion; velocity profile parancters, suell ns the displacement thickuess or shape
parameter, followed a slugle curve for this portion of tho flow. Pigure 15.24
showed that this was so for the displacement thickuoss, The universpl curve way
deseribed exactly by the simplified paeatlel flow dovelopment me-lel as givon in
sectton 15,2, This universal alipmnent for carly thnes, i3 an ideal frowework
for verification of datn, However, ance the entyance cffects havo prssed, nud
the boundary layer thickness is decreasing in time, ench eurve [rom & disting,
axial station assumes its own identity in Agure 1524, Due to this, comparison
of theory to experient for the later portion of the flow requires that the ox-
pevitenial data from each axinl measuring station be compared to a separate
theoretical curve,

There is, howover, a method of teane® - ing the mersured data suel that the
far-time portion of the curves will align o a single curve, "That this i possible
is manifest in the axial co-ordingte tyansformation (15,14} itself. For any fired
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Steaightforwnard sabstitution of (16.5) into (16.2) and subseguent rearesegontent
of the terms rexults in the followlng von-sinpulsre egnation:

:-:-ﬁ,'-; [P = 93 4 ol 4 s"zcg] e (i - ) [Q - n‘**r”] oo [T 0 (16.6)

with the operators defined ax

P pqN e 0e D 4 aDE - (0D
(2 = D343y

:Iu i ‘.HD:‘! i~ ?'I): flli.ﬂ
o

Dhe to the fuet thut the cettrelius consteaiits are hupliet in (166, ouly the
wall vomditfons are relovant; these remain nschanged from (16.3) aud ave

d@l) = 0 {16.8)
de(1) = 0

Bynation (16.6}, the operators {16.7) aned the bomdary conditions (16.8) define
o non-sinpular, geneval elgenvalue problem for the st-bility of goneral veloeity
profilea in pipe dows this ix a genersl comples diffecentind eigenvalue systom of
the form

Flov ey ey =10, { 1.}

whoere Re is real awd positive, awld hoth o and ¢ are generally compleg,. As
suely, elther e or e enn be taken an the cigenenlue aud the other (aloug wiih
Be) ax o pruaneter, Fhe systom (16.9) cnnmot he solved genorally; one must
wmally pestrlet {8 use to o slmpler situation by respreetbeely sotting oither o
or e to i {peal) fixed value, s treating the other paruneter as the (complex)
charneteristiec value e eguation, What these restrietions mean physically
ave dlactsred dn the following soetion

16.3 Types of linear ingtability

The stubility equation (16.9) above can as mentioned be waed to Divestigato sep-
arately two differeat wedes of stahility, these modes enel giving the tomporal
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%‘tﬂ(m = ranst,
!
‘}:f;"f?{“) = etnst,
wll} = 0, (103}

de(l] =

whore the subseript indieates differentiation with respeet to ro Ihe two condie
tivne ab v == 0 ave racditionadly taken to he ere at this point, whereas they need
only be hountded at the eontre¥,

The ranse of the independent variable ix taken ax before ax Leing r ¢ [0,1]
{the radind co-ordinute sealod with respeet to the radins B), and nis the axial
velocity of the base flow, sealed with vespeet ta thie wmean crnsseseetional veloeily

{!l

The contreline hovudary couditions assert that the funeton aned it Gest deriva.
tive must approach zeru of o rnte greater than 1/rc What this implies tor the
Tunction {tself can be deduesd by the shaple application of L{Iopital's rvude to
these twn comtitions This reanlts in

oF} :
'}:i_l.lill'w;j" = () (16.4)
i 22 o,

Thix rhows thint hotl {0 awed {07 st L 2ovo, while dep(0) needs only boe
bounded s # =

The most styaiphtforwnrd way of ensuviog single-vabaednes i By atrocuctay
the new gpendont varinble

(e = o). {16.5)

The transformntion (16.5), when substitnted into the Hmits (LoD will auto.
mateally satisfy the boundrdness exiterion, and 1hnz will atmostically cusave
a ~xmuooth lnetiow at the centee pojut, The way fovward now is to seforimlate
{16.2) i tovins of @, thus producing o governiy; cguation that is siooth o all
ity derivatives evorywhore in 7

' "'l‘hlu “..'ln.llll'-l nwml h\' nlll—lwrn;f expevinentiation. Takivg the wall dotivatives to bo 2o,
fv eakingg {0} = @{0) 55 g () o UL everspectfied the prolilon ad collgeed the rate of
comverpenee to algebraie,
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sorios vopresentation of soe smrooth funetion S(2) in {=1. 1] can bo given as

el

fy = 3y (16.1)

| TN

where gip(@) =+ b 6 [mse] wee the Fourder fanctions orthogonal on the
vapge [«1,1) I the fetion f to be represewted is siooth, thea the B'th
cocllicient gy decays af a pste preator than any inverse power in ko Tlhus,
onree sufliviens coeflicionts are prosent to ropeesent the essontial fontares of the
fametiot, andy a few more noed bo retuined in orddor that the tancatod serjes be
an oxeeedingly acenvate approxbuation of the function,

I1, howover, the Dunetion coniaine o diseonthmity in the range, for instanee a
step deevense, then the Fonrier sordes (16,1} near this poine will not converge
ropidly at all, but rathor will suffer from the well-known Gibls phienonoson
whoereby the solution converges only alpebrateally in an oseillatory faxhion as
the discoutimons point i approached, It is due to this phenomenon that a
speciral sehieme will show poor securacy in suel oospstem, Cunato of af (1088)
containg n relevant disenssion of the Gibbs phenomenon,

The presence of ather typex of discontimmity will have a shflay effect, In the
present vystemy the contre point i a rogulae singularity, with the hnetion and
first chorivative being undelined here, Thus the Dunetion is nonunique at this
poitt. Unlgueness I8 enforeed iy the uposition of boundary canditions, hut
theiv appleation ix not “stroug’ euough to ensure smoothuess properly. Tt ix
for this voauon that the ewrent gystew needs to be enedyfically teausformed
aneh that this singolar point 13 entively absent feoam the analytic formalation, A
apeetral solution to the untransformed (siugalar) problem wondd be expoeeted to
couverge to the correet numswer, but ut an alpebraie ste; whevens o transformed
{non=-singular) problom would exhibit spectyal convergenee,

16.2.2 Removal of the singularity

The general npstendy stability equation s given by (10565, which, for couves
nienee i ropeoducod hotow:

ey gy g y
;-;,-5; (I.«nﬂ) +su.] ez (1o ) [1. cl--!]r,ﬁ-m[nef-}.f.. (16.2)

with the aperator L deftued ws Loz D2 = 10, 12z 8 Pho boundary conditions

of the eonteeline are glven ns (10.56), or
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then a transition study woull have to use ax initia] distiwebanee the altopether
more complicated non-parallel theory: i fet insueh a case it would prabahly be
wdvantageous to simulate the entive process diveetly,. Where non-parallel offoets
are absent, the linesr theory predicts exaetly the point at which sl distur-
Laneos will grow; tlns linear instability is o necessaey eondition for trausdtion
n suel eirewnstanees, The revent papor by Iorhoret (1988) zorves as i pomd
sumnary of the ewvvent gtete of thought coneerning sovondary justability and
the transition process.

16.2 Analytical formulation of the musteady Sexl
equation

T order that the stability helaviour of unsdeady plpo Qow be detormined, the
nnsteinly Sexl emation (10,65) neads to e Jorwnizted i o manmer that is
auenlie to solution using the operational-"Tan weibodology. Solution of dillor-
eutial eigenvalue probletny using tius method wid shown to be steaipht fovwand
in seetion 13.1; however, the preseat problem ix uot as simple madbhematically <«
tlie Orr-Sommerfeld relation, due to the presonce of o xingulirity in the solution
tomain at the origin. This seetion i logely concerned with the vewoval of this
singrularity, resulting in o munevieal lepmlation that allows aceurate sotution of
the wustendy Sexl problen.

16.2.1 A singularity as a hindrance to spectral accuracy

Simple finitealifference seliomes are wanally Drsetwitive (o analytic popertiog of
the solution spuee; for instance o finitealiiference schome can be sueeossully
wseid (o el shoek phesomoena, oven though in ferms of the mmthouatienl
deseription, o shoek inter. oo Iy o diseoatinnity, Glehbalanalytical moethods sueh
i the operntionalTan method on the other hand attempt to yepresent the
entlee solntion iu o spiuee where the Danetion and el jts dovivatives are siwooth,
Whoere the underlying fanetioy é smooth, sach wmoethods stiain ipdingte-ordoy
acciracy; rowever in the presenee of o stsgalur or diseontimens point i the
solttion domnin, convergence vates eollapme to algebrade, and the acenraey of
solutlon v o hetter (aud i omost eases Gie worse) thaw w eoguivident uite.
difference scheme, The mechanism for the collapse of the vonvergeuce rate 10

algebraic can bo ifllustrated by analogy to the Yourier system®, The Fourler

AAN of the speriral methods represent an naknown Qunetion 49 4 sorios expansion in .
suftubde orthogom) basis, The bohavlony of suele serios’ are analogs to the Fouder system
fu that ehe magnitade of the higheporder covfficionts deeaiy ot o eate groster thun wny power
of ovder {Carmtn ed al {1948)), awd direet eomparlsen van be degwen betwison o Fangder syitmn
und for instanee the Chelivshey oxpansion.
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has heen minde Lo incorporate nou-parael effects into the analysis of the pipe
entranee flow, Towever the squivalence of the flow near the jnlet to the Dat.
plate boundary layer allows the use of vesults obtained for that system ta be
applied to the pipe indet, In ke eontext of the Blasius bowdary laver, the
applicability of noneparadlel = :bidt s been controversial,  Cortain antlioes
[Bonthier (1972, 1973), Levilnuie & Solevyey (1970), Sarie & Navieh (1975)]
frave achioved resilts usiug now-paratiel approaches i agree sabstantially with
the nvailabde exporbmental dita of Selnbaner & Stramstad (1947) and Ross ef
af (1070) {and therefore show o lnege deviation from the results of pavallel the-
ary); however other anthors {Barey & Ross (I970), Guste, {1974)) pave resulls
where the inelnsion of uvon-paralie] efleets Jed o 2 1o a2 mall reduetion iu the
winfuwm critica] Reviolds tuber,

Fortunadely sowe tight hus lately been hronght to Twae on the subject, In a
recont papey hy Fasel & Konzelmann (1990), it was shown by direet nuneri-
eal siiulation in the eontext of a Jut-plate honmdary layer, that non-paraltle
effecty accaunt fov only a sl part of the difforence between the experimon-
tal resultx and e woliGed paralle! analysis, Notably these anthors vindieato
the conservative saulysin of Guster (1974), who by mewss of an asvnptotic
inethod achioved vesults revuckably elose to their data,  Farthennore, Fasol
& Tenzehnann diseredit 1he rosalts of asthors sueh ax Bonthior (1972, 1974).
Bouthier achirved remarkable agroement betwoon liis nonpavallel analysis of
the fint plate systenn aud the experimentally obseeved transition values: how-
evor Fasel & Konzelmann have showa this ageeemont to be fortuitos, heeanse
ol Bouthier's wse of physically inconsistent asswmptions when comparing his
theory lo experinent. Fawel & Kowzelmonin conelude that the diseeepaneies he-
tween theory aud experiment cainot e acconnted for by nop=piaraliel offects,
antd supgest that adverse pressure pradients, sonpeeedisturbanee coupling!, o
nonsliner efleets iy be the actual eulprits,

Iu seetion LLLG, wid i AbLot & Moss (29913, it war shown that the [low
vlose to the pipe inlet plane approachied the steaeturee of the e plate bowdlary
lyer, The paraliel eriterion fdefined i both the above mentioned seetion il
in Abbot & Moss (1904)) was used 10 demonstrate that the oo depres
of non-parilleluess ina pip - i found fowards the inlet, where the desree of
the non=parallel heluviour wax asviaptotie to (hat of e fotsplate homulary
lgver, Fhing by inforence it wax shown (8, towards the position i the pipe
af which the mintnnnn eritieal Reyuolds wunbor oceres, nonaparallel effeets aee
virtually alwent from the systoun The unhuportauee of uosisparallel effeets fu
the transition processt In pipe entvanee flow s an extremely important result,
fu that it allows {he theoretieal deseription of this process to proeeed directly
irom the Hoear seonario. Transition fo terbalonee inoan enviremnent where (e
loved of backprowsd disturbanes i sl is well deseriled fiestly hy the standad
Huear theoryy anet the by the resaltant interaction of the linear pertnrhations
vin nonslinear fnite ampli.wle effects. I nowspapaliel offects were importaut.

Thix offeet veers when the distarbanes souree (8 vibrating ribbon) is placed too close (o
Ui reggion of intorest, tivs discaptiog tie plieauosieaon th T aliserved.
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of 10 874, da Silve smrmised that his lower result indiented the correetnoss of
Lix data, as it was eloser to the experimental study of Sarpkaya (1975) [shown
superimposet o figuee 16,1], However the *gain’ in agreement i insignilicant,
esperially considering that the pature of the two data differs fundamentully®,
Tt i thus more important to fnd other mechanisms whereby pipe Qow ean he
dostabilived (and thus reconelled with Sarplaya's results), eather than try to
explain these experimental resanldés using the simple linear theory aloue,
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Figure 16,9 The axial varintion of the ceitical Reynolds saunber for axdsynunet-
vie disturbuuees fn stondy-state pipe entranece Gows x, G (1981} o, de Silva
(1000, Abbat & Moss (1994); o, minimum eritieal Reynolds nutber,

The Garg datn align alimost exactly with the prosont study at the noxe of the
stability enprves, but arve slightly higher than thie present datn hoth upstrenn atel
townstrenn of thiz reglon, This misaligiment 5, however, suall nd {8 Blised
townrds highier Reynolds numbers, The specltie deialls of Guyge's eadenlabiowus
are nnkuown, but this trened fndieates either o posmible Jack of convergenee, oy
iusunilivient order of disceetisntion in bix cipenvilue solutton, Both e above
camses would be manifeat ot higher Revnolds muubers, whore the wnuerieal
prellons reguires high precsion and nercased order o achiove acenrate remits,

A dotailed dixeusstor on the level of rop-preatled effects was givon in section LLLG,
In the context of the laulune pipe sutranee flow, and the fevel of this non-

paralielisu was quantilled for these Jows, The following seetion is concerned

apecifleally with the effeet of non=parallellian on the stabillty aualysds, Bome of
the proviously intraduesd avgusents are repeated teve for eladeys

A reservation may be eadsed abent the relevanee of o linoar paradled stability
analysin i a pipe cntrance, where there s o definbte sou-zero radial flow come
ponent, No cdireet attompt [oxcept for a praposed modeld Ty da Stlva (19901

She experimental datn exiend far downstreans while the linear theary cueve inerase
nbruptly hevond a preticulse axial station.



CHAPTER 16, STABILITY OQF STEADY ENTRANCE FLOW 380

It wiw beennse of the Limitations inherent in the above datn that da Silva {1900)
wilertook an aualysiz uubonnd to any approximate base low systen, Th obtain
an aeenrate sovies of pipe entrance profiles for high Reyonolds munbers he solved
tle axisymmnoetrie fncomprossible Naviep-Stokes equatlons in the high Reynalds
mumber (Re independens) limit ax a Anlteadifforence systenn The data from this
analysin wi fod divectly jnto Lis finitewdifforeuee tomporal stability analysis, Iis
mitlysiy th avolded auy pross approximations; for this rewson his resnlts counkd
be fnferred to be the most aceurate of the above. Althongh da Silva's Gnite
differenes fopemlation wax implomented with extreme eaye {Iigh order, o graded
mesl systenm and the e of a vorticity«ransport forttation?), reservation can
bo pleeod on & number of axperts of lds study:

(1) "The use of ashnple aud temporally explieit Dest-order Duite-dilference hase
Heyw model was funpproprinte for o stability analysis,

{il} Tlhoe use of the Auite-difference moethodology to kolve the badly sealod
fourth order Sexl stability equation was subject to the sawe epiticism as
in polut (1} above.

(i1} The eansality problvn with the boundury conditions inLeront in the vorticity-
teansport wethod, as fnthuated i chapter 10, comblned with the pliys-
feally invalid upwinding discretization, possbly introdueed o systematic
orvor futo hiv base flow model, thus juvalidathyg his stability sualysis,

I o verent paper on pipe flow stability, Abbot & Maoss (1004} used the speetval
hose fow model of chapter L to geuerate a highi acenrate set of velocity
profites for use in o stubility analysis, This stability ~nleclation was simply the
implomentation the algoritlm of seetion 16.4 on thess profiles, The cowprrison
of thest data to that of both da S'lvr and Gurg 19 shown in Agure 16,3 As ean
he weert, the presest dete ave higher than the da Silva data, but aligy ahnost
perfectty with the results of Garg, This vindientes the resulis of Garg, espeelally
Tils awe of the oenbeek approghnate voloeley profiles. Thix approxinate el i
thus necurate cuough to be wsed In s pipe entrance stability aunlysiz, The prite
euiprit in the deviation of the du Silva moedel from e present datn is theaght
te he the vortivity-transport formubation. His suporfleially logieal apgument,
that the benefit of avoiding soeond dertvatives was an advantage of the method,
 llawed 0 that the ervor inteoduced by thie explicit boundnry eonditions in
vortleity at the wall, swamp any gain by scenrney prodaced by the elimination of
seeond devivativen, Tt i quite possible that i Qs Stlva Bwad prodaeed data usiug
primitive variahle npproack, his results wonld have netually been more acetrate,
not less g0, It s interesting that the miniimw erltical Roynokls mumber of
11667 obtained in the presont study i snbstantially hlgher than da $ilva’s value

Mo of the vortleitesteansport lormutatlon fllows for the sotudden (o be determined ellroetly
na i oveloclty derlvative, avoiding any expliclt soeomd oxder differentiantlon in the Dase low
solution. While avaldiog suel operations Is buportant in a Guite-ditforence nppronek, it iy of
s consoquence fun spectral method, becase of the mfinito differentinbility of the speeteal
hois fanctions,
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profite occurs; Le. to the values of these parmneters at the uose of the nentral
utubility eurves in the n - Re plane,
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Figtwe 18.1: The axinl variation of the critical Reyuokds munbey for nxisvan-
wotrie distuchanees in steady-state pipe entrance flow, showing the results of
various Authors: o, Huaug & Chen (1974); x, Govg (1981); o, da Silva (1990);
+, Surpkayn (Fxperinental),

The early results of Tatsumi used & houndary layerdike approximation to the
Sex] equation. . mg with a set of aintost similer veloclty profilos, Althongl his
results show qualitatively the correet hehnvionr, they are generally believed to
be unrelfable, The study by Inang & Chen (1974) fuvestlgated the temporal
stability behavionr of the entranee, These authors used the Sparrow et af {1961)
base flow model to generate the velocity profiles musd o the stability aualysis,
While the nee of o simpliflad base Now model might at Brst seein sensible in
order to lossen the calendation burden?, the seusitivity of the stabilily resnlts to
the base flow profile as demonstrated by Gapta & Gueg (2981) places in question
any stability cnleulation based on an approxhnate mudel,

Gupta & Gayg [Gupta & Greg (1081), Garg (2081)) used an approximate bivse
flow solution - the Hornberk (1963) made]l = in order to hotier detormine the
stability respouse of the eny ance systen, This partieitlar model haw been <hown
by fnder alin Schmidt & Zeldin (1969), Crane & Burley (1976) sl Shiah {1976)
to be more voliable than the earieor Spatrow mwodel, One wondd thus oxpoeet the
Garg results to be closer to the acteal enrves than the carlier deta, However, Dy
virtue ol the Horabeck model Hself Deing only approxinetec, Garg’s results are
tlienmolves nrguably subjoct to the smne epitiviem lovellod at those of Taang &
Chen,

"'While the full axlsymmetele lamingr pipe entragee How system was solved In chiapter 14,
this seeursie and peonomieal solution was ondy possilie beeanse of e development of speetral
technigues o conjunction with powerful wmodoen comnputing leilities.  Sach tools were Bot
nvailuble until very reeentiy.



Chapter 16

The stability of steady pipe
entrance flows

Theory applicable to the determination of the stability of geserally neceloyatod
velovity profibes was developed in chapter 10, No nwmerenl solution of the
unsteady stability equation was attemptmh; howover, a shmilar equation « the
Orr-Sonunerfeld relation - was so'ved namerically in chapter 13, for the ease of
plane Dojsenilte flow,

In this chapter, the stalility equation (10.55) is cast in o forns wnenable to so-
lutinn using the operstioual-Tan appronch. Notably, the regular singular point
existing at the pipe origin for this equation i removed by o shaple teansfor-
mation, The resulting equation ix then formulated nmnevieadly usiug the tools
dovived in section 13,1, Although the general unsteady stability oquation is
diveretised here, only the seaubts for the stability of the zerc-aceeloration pipe
catranre Jow nre presented, in ovder that comparisous can he deawn to exdsting
stability rosults in the literature, The base v veloelty profiles used for the
stability aualysis in this chapter are those caleulated previously in chapter 14
The more general accelernting stability results ave thou preseuted e chaptor 17
that follows,

16.1 General overview

Some numerical study has been divoetod (ownrds determindng the pesponse of
pipe eutranee flow to luoar perturbations. Relevant investipations ave notahly
those by Tatswnd (2962), Hueng & Chen (21973, 1974), Gupta & Gaeg (1981),
Glarg {1981) aud da Silva & Moss [da Silea (1990), Moss & da Stha {1003),
da Silva & Moss (1094)). These data are shown plotted in fgare 16,1, The
snbweripts fevit] here and sabsequently refor to the conditions {those partienlar
values of e, Re} at which the lowest wnstalidle Reviolds sumher [or o particular

i1y



Chapter 16

The stability of steady pipe
entrance flows

Theory applicable to the determination of the stability of generadly aceelornted
veloelty profiles wie developed i chapter 10, No nmnerienl solution of the
wnsteady stabllity equation was attempted; however, a simdlne equation - the
Ore Sommerfeld re dntion - was solved nunerically in clinpter 13, for the case of
plane Polsenille flow,

In this chapter, the stability equation (10.55) ix east in a form mnenable to so-
lution. using the operational-Tan epproack. Notably, the cogulay sinpular point
vxisting at the pipe ovigin for this equation is rewoved by a slwple transfor
mation. The resulting equation is then formulated mumerieally using the tools
dorived in section 13,1, Although the peneral uusteady stability equation is
diseretized here, only the results for the stability of the zoro-aceeleration pipe
entratice flow ave pregented, in ovder that compurisons can be drawn to existing
sinbility results fn the literature, The hase How velocity profiies nsed for the
stability annlysis in this chapter are those ealealated previously in chapter © L
The more geaer: ! acceloratiug suability results are then presented in chagtor 17
that follows,

168.1 eneral overview

Some pamerieal studly has beon divected towards detorinining the response of
pipe entrance flow to linenr perturbations, Relevant investigations are nofably
those Ly Tatsumi (1952}, Huang & Chen (1973, 1874} Gupta & Garg (1981),
Garg (1981) and da Silva & Moss [da Sitva (1990), Moss & «da Silva {1993),
da Silva & Moss (1904)), These datn are skown plotted in figure 16,2, The
stbaeripts [erit] heve and subsequontly refer to the conditions {thuse partionlar
vilues of o, fe) at whieh the lowest unstable Reynolds uumler fir a particular

378
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to the entrance type of flow. This framewoerk of represeatation was de-
vised to allow direct comparlzon to, and verification of, the experimental
rosults, waivh is done later in pact IV,

With the base How comprelionsively quantified, the following two chapters are
cotteerned with the linear stability hehaviowr of these Hows,
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15.8 Summary

The various aspects of the behaviour of the Jaminar pipe sutrauce flow under
conditions of exponeutinl aceeloration wore investigated numerieally, In all rases
the flow was started inpalsively fo o ldgh Reynolds number; therealor it was
accelerated exponentially, Eight different accelorations were investipate.’, start-
Ing from the wero (steady) case, and inercasing the aceeloration paraoeter in
steps of 10 up to {8 = 70. A sumbor of jssues were considered:

(i) The far downstream, parallel, termporally developing flow was invostigated
beeause it ahuplified substantizlly the governing equations, Both thei
transiont aud HBmiting behaviour were atudied, and the parameters in-
troduced in previons chiapters (shape parameter, displacement thiclmess,
sealed displacement thickness) wers used suecessilly to characterise these
Hows,

(3t} The stendy-state {n the normalized co-ordinate systom) heluvionr of the
aceelorating pipe entrance wis inveatigated. The flow tewards the inlet
was shown to approacl, the Blasing Hmit, independent of the aceelorntion
parameter, Away [rotn the inlet, the volocity proflles approached the same
velueity profile limit as for ihie temporally developing paraliel profiles,

(ifi) The full temporal and spatial development of the eutive pipe flow, from the
fmpulsive start, to a state of fuvarlunee in the norualized busig, was shown
to e closely approximated by o combination of the steady eutrance nmuodel
nputreain, matehed to the simplified parallel model Mether downstreant.

(iv} The offect of the Reyuolds nutnber dopendent mapping on the dato wag
fuvestignted,  The shuplielty of the general solution in the normalized
basis (uuel ke steady hupulsve pipe How) was shown to yiekd complex
Liehaviowr when transformed Into the physiend dowain, To Hlusteate this
Lehaviour, sels of enrves wore genorated showing the temporal atul spatinl
(It the novmalised frameworl) variation of displucement thiclness froa
the porupoctive of the physieal co-ovdinnte system, Two wots of eupves
wore givews fimtly, the femporel variation of 6*/R from ditferent fixed
Physical posltions, aued secotdly, the variation ju & of 6* /10 for o set of
fixeel plysieal stations,

(v} The two representations diseussed shove in partleular allowed data ‘mens
suved' froms any fixed axinl position i the physieal co-ordinate systom
to he compared to both the simplor theoretien] models, Yor o particular
neeeleration, datn from the parallel, teuporally developing portion of the
fiow fell on the single parallel cueve in the £ - 3*/R Traanewords, while the
etrance part of the data alipned with the steady entestgee curve in the @
- &* /R systen, Oudy o sinall portion of the full data dicd not aligy with
elther curves - that portion associnted with the transition *om the parallel
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the critical peint of the aeateal stability curve is comtained in seetion 13,1, The
enrrent section is concorned abont the entive nottral enever its shape it ing
the nature of the fow systein Fign o 16,7 shows o series of nontral carves for
selocteed veloeity profiles between the fulet aand the point at wlich Hiear justa-
Isdlity eeases to oeonr, The seale s loparithmic in order to <how properly the fuil
Liehviour of these ditn, Furthier to this the wavenniber and Reyoolds manber
i this flgure ave Loth sealed with vespoet to the honndary laver parauneters; e
the eurve ix pepresnted in the age « Bepe planes Also shown in this ligage iy the
neatral curve for the Blasins bowwlary hwer, Tt s cleardy svident that this is
the lniting bebavionr of pipe catvanee fow tavard the nlet.
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Fignre 16,7 Nentral stabilby eveves in the o - e plie, for seleeted veloeity
proflles: (&), & == O (Blasius Boundaey tver Hmit)y (1), o - 0,000 107 (§i),
4oz W0 68 (Minlanu erdtieal poiut)s (v)s o o 0007 8385 (vioe = G008 LR,

The Lebaviour dowustreain s also potewertlys  Dowasteoaty of (he pofut of
aindnnan evitienl Be (nt @ 22 0,003 59, the cmrves contract  swards, with the
upper wed lower hranehes appranching each other until for e = 000818, they see
vivtually conenrrent, Thix wtrongly indicates that velocity profiles downstroun
of the latter point show we linver (nainbilily,

Browdly spealdng, these curves show twa types of bebaviour when moviug dowse
rtreamn frow the fulel plane, Clase to the indet, successive curves slow o ‘ro
tation® away from the Blasine cueve, This (rend cottivnes notil approxinadely
the point of winiun eritival Reviokls nuwbep, theveafter the cueves are snes
cessively contained by the ones upstreams, il ey waish altopother hoyond
F o 0008 IN,
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Fipmre 16.6: The axial variation of fhe prodet o gepjo e oy with wavemon
bt ey for axisymmetzie dsturbances 1 stendy-state pipe cutvanee flow,

offects must be Impoetant for the predominance of the pipe enteance, This
conelusion overturus the perspective el moeparallel offoets bave o paxt to
play in pipe stability. The above arguwment is reflected in the paper hy Abbot
& Mosa (1994).

16.5.6 Thoe point of maximum instability in a pipe

Diue to the wubounded bebaviour of thie critieal parnedors ag the indet plane
ik approached, it W seusible to entegorise the How hoeve by sealing the pacam-
otz according to the boundary loyer aimenslon, Towever, the phyaieal {low
fu a pipe at ony one Hine will poses o Bxed Reynolds number based on pipe
radivg everywhere, nwd ju gvder 10 determiine whics portion of the pipe entrance
beeoues unstable Hest i sowe chosen low, one seeds to reseousider tre erdtical
Reynokls wumber Reggg based on endius aned uean exoss-seetional veloeity.
The varintion of thiy parneter was plven n ligere 162 and these dats show a
winimum value for the eritieal Reynoklds uumber of 11 667 ot an axial position
of & == 0,003 59 Tuble €17 shows these wiuinmme evitieal values anderlfned.

16.5.6 Neuiral stability curves

The eritieal Revuolds innuher for 1 partiewdar pipe volocity peolile & obtidued
liw determining the point af mintnan Be of the o :2 0 enpve in the a = Be plune,
Iu et all the parametors prosontd previonsly concernmd the Haid guantitios
vovrespondiug to thix point, A detailed deseription of the wethod of finding,
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Crerit] voreespotds approximately to the velovity of the evitival lwver inn the pipe
bondary layer, Again, copsidering the boundary-layer Bke nature of the pipe
inlet, 1t is more appropriate to seale Cierity according to the boundary layer
paratnetees, The approprinte seuling gquantity heye o the ratio of the mean
velovity to that at the centreline. A new houndary layer colerity ean thus he
introduesd ns

tr
el (16.26)
e

-
1

The numerical value of frygy s b more statonney thart ey for e entire
axial dotnain consklered, decreasing only Slightly Gom ‘.'[t'l'it; v (L3406 G4 (the
Blaxiug limiting valuee) ot the falet to &4y = 0375 46 at the last station con-
sidered. The varlation of fierg) s tabulaed in table C17.

16.5.4 Behaviour with increasing «

While the behavlour for deeveasing r ehows that the system becontes houndary
layer-Hlte noar the fnlet, other perbaps mor interesting hwhaviour s wanifest
as J Increases, Tlere, b some finite value of & & 0,008 2, the valie of gy
apidly approaches sero, The counsequences of the wavenmumber uppmnvlhlug
vero somewhere 1 the domain are profonsd, the huplication helog that o
tlis polnt downstream, ne critleal Reynolds wanber would oxist for the flow
fAbLot & Moss (1904)].

Lending from the above, 1t 3 Intorosting to investHgate the Lohavlor of the
product of critiond wavennmber and critical Reynolds nunber as epit] 0.
Thix produet strongly effects the strueture of the Sex] stability cquation (10.65);
il the value of tlds produet were to ineroase unbonndedly then the stabiliey at
that polut would sequive an fuviseld nature, however, i it were to approach
some findte valae (or zoro), then no sneh conclusion conld be drwi, Fyethior to
this, i the produet were to remain nowzero it this il then Regqy ab Uds
point wondd approneh infissity nt the eate 1/ gty The varintion of the produet
g ferit) I Caserity WIth ey 3 shown fu figure 16,6, Cleardy evident here i
the approach of the product to o fixed value of s 275 ax the wavemnber tesds
to zero. This indieates that the system indeed hux uo fnite evitien] Re at (hix
polut, Towever, heeause the produet o e g egiey does sot become fufiudte,
thie solution to the equation at this peint ix not Anply the faviseid simplification
eo the Soex] systom,

The yelntive proportion of thie entive entranee which exhibits a Gulee eritical
Reynolds munber §x pather smail, The lineny instalillity of the How can only
oeenr Tor O < & £ 0003, wherens the eutyanee length (see chiapter 14) = about
12215 thuw the miguilleation of tulinitesimal distuyhanees s only possible fu the
fist 3.8 poreent of the total pipe enteniee, This ahows that otte aupiitude
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the 7 nxis near thiv point. However, as with the eritica] Revoolds nnmber, the
dutie ig unbomuded towards the fulet wd thid the erve's behaviour for higher
values of & {9 obseuved by Tt high sumerieal value towared the inlet. Apain this
iv situply due to the heorveet cholee of reforonee Tenne,

If the wivenunboer Iz sealod oy

a‘
‘Aw D - L .,r
(e 5 (X {1630

then it shows bowded Delwviour townpds the jnlet. Figure 155 shows the
proseut data in this ennework, Shown also is Che dnlet asyinptotie Huiting value
Of tegorepiry & 0308 77 « tho Dlasiue houndaxy luyer valne for this paraneter,
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Plgure 16.5: The axial varjntion of the ceitienl wavemtimber sealed with vesport
to displacement thiclness, for axisymuetsie distnrbanees i1 stendy stake pipe
entrance low, », the Dlasius boundary kyer Hmit, ape o= 0,303 77,

When keal aecording to the houwndary lyer parameters, the vl towards
intersoction nk the dewnstream part of the ewrve beeowes mingked, This clear
lmiting temdeney here coincides with the vertieal asvinptolie behaviour ol the
eritieal Reynolis nvuher,

16.5.3 Coelerity

The celerity or phase speed of the ueatrally nnstable vigeavaine is desipnted as
Crerit)s i fucdieates ju broad terms the sature of the Jdistnehrues. In the cuerent
investigarion, the most ynstable wode ix oowall wode with value inereasinge feom
it & 0 at the fulet to == 0.5 at the kst nnstable statlon, The value of
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The Lehavionr of (he curves towards the dowastreant etied i notabile: both data
rarve sirongly upward here and appear to be asyiaptotie to o vertieal tine,
The current diakn however extewd di Silvi's resulis by more thim an onder of
wagnitude iu Reynolds mamber, the last point on the euerent datall possesss
g a critieal Revnolds number of Bepaeqey o ™ 716 compared to is valie of
approxiwately BG00. Gavy apain did not take his calealations e enmigh downe
slteam (o fncieate any elear lmiting beliaviour hore, This vertival asvmptotic
helswvionr prompted Diether fnvestipation of the svstom, The prosence of such
an asyugptate i ingaortand s oxistonee wonld imply thad the tominder of the
pipe downstream of this pohin wonld nat exbibit linear instability, Thix liting
Debavionr ix consfelered in seetion 165, 1 bar fiest the viadation of the evitiea
waventmher and celotily are proseatod,

16.5.2 Wavenumber

The evitical wavenumbar gy 36 the spatind freqreney of the mest wustuble
disturbanee in the pipe cutranee, In the ease of the temporal stalility analysts
wsed lieve, this paameter i yoplevalued, The vaziation of the aitieal wavenum.
Ter with o B wheon dn leure 16,0,

B I R O s = =min
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Fighre 16.: The axtal viarlation of (he eritieal wovenninbor, for axisynouetvie
disturiautees iy stody-state pipe onteanee tow,

The eritieal wivenwigher deereases rupddly from nfinity wt the pipe intet with a
derreasing slope, then mradually approscles zero. For vahies of « peeater than
(LUK, the curve agadn nerenses in slope, aed appears to itevsoel alsaptle with

Py finnd nnstable profile was olitained by interpolating between the volacity proflies ul
the adjodning Gavss-Tadsatto pointy, using i spocteal transorination.
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Figure 163 The axial vaviatlon of (e eritieal Reyvuolds mimbey based on
divplaenment thickues, for wedisywmetie distuebanees in steady-state pipe on-
tranee flow; o, da Bilva (1000% -, Abbot & Moss (105040 «, Blasing boundary
Inyer lhuit R"t'l“[t'l'il’.} = 11,06,

selution hewever, aceuriey was maintained o chis Hit by tevenstog the ovdor of
solotiog, This was possible becanse of the infinite-ovder convergones helinviouy
exhibited by the speeteal approacly,

The Blasdun boundary lyver stability it of Regopqqy = 519,00 I= shown on
the verticnl axis. Both date anproach this Umit closely; however that ol da
Silva actually dips Wlighety helow the valne of 520 belore 3 =2 0 s approached,
The carvent data inftinlly hewds toward o poing muel Wgher than this value,
curving down to 520 quite alruptly, ‘This abeupt belavionr ndieates thas the
ellocts of the welsrmunetry ave st prevalent oven when the oundary laver iy
vory thii Before the current data heeame available, it was thought that the da
Silva datn fis contrasted to the Garg (1981) results) was more seeurate towards
the indet phae, primardly due i apparent better and wote regular convergence
to the Mawing stability Uit here. The Garg pesults appeared to be hoaelug
to o Hiniting vilee mueds higher than the correet oue, This argiment was waed
Lv ela Silvn & Moss (1981) to infor the correcties: of their datn, The presont
data sliwws ju identioal trend to Gueg's resudts for intermedinte vnlues of », oo
mentioned dipping to interseet the axis at 520 guite abruptly, The ‘neorroet
tronel appavent i Garg™s duto deseribed by da Silva & Moass {1991 was thus
auly due to his not perforndng ealeulations close cnongh to the pipe inlet?®,

MEfe v possdbly unable o obtain eritical Revnolds anmbers any eloser to the inket due to
llndtations fn bik wutwerien spproeach.
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16.56.1 Displacement thickness Reynolds number

While the & ~ Regdyy co-ordinate system of figure 160.1 might well indicate the
disparitios hetwoeen tim different data, there 38 no weans of directly inforring
whieh data s more corveet in this framework. Tlis i primarily becanse both
towards the limit & — 0, and for inerepsing &, the critical Reybokds uamber of
the flow increases wlthon: bowwd, A far more mesningful way of viewlug the
hehnvtowr of the How elose to the dnlet in by transforming the wystem sueh thnt
all varlables are sealed aceording to propertios of the thin bowdary layer, ‘Thix
approach was adapted in the coutext of the laminay base How tu chapter 14,
atul was used fu the paper by da Silva, & Moss {1994), also in the context of the
pipe entrance flow, That the bowmdary tayer framowork iz valid in this eontext
ean be shown by shuple inference,  Consider o pipe entraner volocity profile
conslsting of o thin boundary layer matehed to n unifonm core flow, Suppose
also that this partieular veloeity profile possesses o ndnimun evitical Reynolds
utnber Regggy = Ujoptyy /11 Such o profile, as the hovudary layer thickness
approaches zora, will have o value for Repygy that inereases without honud,
slinply Lieeanse the stability behovionr uf We L o systemt o a bowdaey loger
phenomenow. I the Reynolls munber Be fs sealed aceording to the howwdary
layer displacontent Hidelmess 8* /R = k(1 - -ﬂ} ek the contreline veloeity v, ad

Rege == Ei;?-- {16.23)

thon the value of Regoeriyy sheould approach the boundary loyer stahility value of
approximately 520 ax the bonndary layor thickness 8* /1 = 0, 'This I heeause, o
this Hindt, the bonudary Javer loses knowledge of its pipe-like untare and becomes
more Bl o flat plat dow. Using the definition (16,28), o tranaformstion ents be
detined to calenlate the appropeiate value of Reg ey when given Regoge. This
Ix nx follows:

Hp

Rege o= R{ ik

(16.24)

Using equation (16.24), the data of figure 16,2 coan be transforned into o houndary-
layer like frameworlt, The vewult of applying $his equation to the data is shown
In figure 16.3. The dota of da Silve (1000} ia snperimposed for comparison,

Axin fignee 16,1, the twa setx of dota ghown in the Qgure ygeee fately woll, Their
deviation front one another ix greatest towards the pipe inlet, This would boe
oxpected for two reasons, Fistly, the nuuesieal system requives bighoer accuraey
towattls the honpdary laver limit and the faite-differeice seheme of da Silvs
thns shows ity defiefeucy kere, Seeotelly, the vevar due to the vorticity teansport
formlation wonld ulse he oxpocted to be higher in this Holt, mainly doe to
the ldgher spatial rale of change in the fow heee. For the enrrent spoctral
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16.4.3 Method of solution

Beunation (16,20 is simply an algebraie matrix cigeivalue problem and ix casity
solved using ~tandard muanevieal soltware, The curront problom wos solved as
before wsing Matlab standard routines. The relevant Matlah seripts used for
the solution arve to be found  appendix 1. Notably, Mattah provides the Q2
algoritha [Wilkinson (1979)] which allows one to obtain directly the cigenvalues
and cigenfunctions of the system for the varions luwe flow profiles investigatod,

Solution order wos taken ax N = 80 for most ot the solutions obtained, In-
vestigntion of the miting behaviour towards the inlet neeessitated the use of
inereased ordere of solution. Al solutions were of conrse unds rtakon on hase
Tlows solved in previous chapters, and for this reason the dimewsion of the hase
low cocfliclent veetor & was flxed, in most cases also at N == 80, The strong
advantage of the Tou method was apparent here in that no watehing of dimen-
sion was necessary hetween the hase flow and stability investigation, Tl it
was possible to solve any combination of base Row - siability order®,

Limiting hehaviour of tue system for early times aud short axdal displacenients
wits dletormined by obtaining stability resuds for the erxor fonction profile and
Blastus boundary layer solutions respectively, these betng the proper Emiting
Lehaviours of the system in these Mmits’, The recent papee by Abbot & Moss
(1994) juvestignted the stability of the stendy-state pipe inlet wud Tonnd that it
possossed | aitig stability bohavionr conunensurate wlth its bocoming Blasius.
like. Limiung stability behavionr of the Dow as £ — 0 has, with the exception
of the qualitative stwdy by Moss (1883}, not been investignted iu the Nicenture
and will thus be covered hiere fn some detail, What follows ix the presentation
of the stability data, fiestly for the steady-state {hupnlsively started) systems,
and later for the wore genern exponentind cases,

16.5 Comprehensive results

The alove seetion was primarily concerued with comparison of the present datn
with oxisting results. What follows ix the prosenration of tie varions parameters
concerning the stubility of the steady pipe entrance,

*II' the base flow 15 of a highor ardee than the stability system, then the extri eorffeions
of the base Rov will gimply be [gnoved by cruncation, I die seability is of & greater osder than
the Lase fBow then the solution will be for o bise Bow veetur with extra 2orom appoendid up
to the order of the slability system,

YThe Investigation of chaptep 15 showed that the base-low beluves like n Dinsiug av »
parsklel fat-plate boundiry layer in theso tmite respeetively.
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namely {16.8). These in the Tan system heconie
éB1, = cffip, (1615}

where i3 Is simply an N x 2 matvix of zevoes and By, s given by

T 0
1 2

_éf‘ﬂ Flpt fie - L 22 1 8 . (lﬁulﬂ)
[Pl -1} 1 18

[

A hefore, the application of these bonndary conditlons ave carrled out by menns
of o simple anginentation, If the equation (16.12) 3% represented in a more
eotupaet notetion ny

SDL(#) = edDps (16,17}

Dy = R-]:T‘tF [f’ + ({1 =210 + n-"ﬁ“]
- [Q - u"’ﬂ“] R + R (af), (16.18)

Dp= [Q - aaﬁ"] . (16.19)
then the full systom to be solved mumorfeatly is

MLy = ellp (16.20)
with

I, = [I};.Ez};,] \ (16.21)

My = [Bnif)ﬂ] , (1622
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16.4.1 DBasic equations

Consider agnin cquation (16.6), along with the operators (16.7) aud boundary
comlitions (16.8), All the torms in (3G.7) are, alter nultiplication through by £,
membots of the sot Q of operators with polyusmiat cocflicients (sco section 12,2
for a detadled discussion on this family of operators); they van therefore bhe
formulated diveetly in the Tan systenn, Using the theory of chaptor 12, the
aunlomies of the eqnation (16.6) and operators (16.7) in the Tan syatem (after
multiplication by #) are

?\;I-?E?a [f' + (52 - 2:;2) O+ ﬂ-iﬁ::] -

B [Q - o) (R = ef) - & [R (a1))]. (16.12)
Po= 100 40t 0% 4 30 - 37

Q = R+ 3l {16.13)
o= 48 it

The perturbation stremmfonction i the Taw system is defined as
$ = v {16.14)

whore :?;' ia & row voetor of unkaown cocllicjeuts onto the Chebyshev hagis voctor
7 The infinite matrices 4 and ji ave the differentiation and polyvomial slift
aperators respectively, Thoese wore deflued i seetlon 12,2, °R() is the polynomial
convelution operator, The matrix 7 is simply the kdeutity matrix; the remaining
terns earey their usund meanings,

The nntrices in the gestem (16.12), (16,18} are of course influite. A solution
is now sought iu the subspace Py..q of polvuomials with ovder less thau N by
truneating the assembled systeur at dimension N =N, ‘The series solution (16.14)
would be expected to converge unilornly everywhoere to the exact solution at
an order greater than any power of N, Before sueh coustruetion and solution
ean tiake place however, the relevaut boundary conditions nust he angmentod
to the infiuite numerdeal sestens (16.12) in order that the resultant solution be
nnigue,

16.4.2 Doundary conditions

The boundary conditiony ave anguented in an identical fashion to soetion 13,1,
howeer in the stesent systom there ave vusly wo conditious to be applied,
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relat us. If one was interested in the lnoar growth rate of the disturbanee,
then  he partieular nature of the schewne (femporal or spatial) would become
impor wt; however sueh » study wonld qulte probably use a direet simulation
audd no & linear prodiction anyway., Therelove the temporal study of linearised
cisturbe ees in the preseut context of identifying the inception of transition s
& reasoms e onge,

While the weakdown of veal flows is a complicated uon-linear process, the sime-
plo linear s bility analysis can be used as the leading approximation to a finite
amplitude ¢ hility analysis, Direct munerical simulation of transitiou by inter
alie Sandha v & Kleiser (1992) vimdicate linear stability theory as an eoen-
rate deseriph * of the initial stages of transition in an environment where he
background d. turbances ave snall’, They show authorltatively that the lnear
motles are tho » seleeted by the later Tolhimein-Sehlicliting waves that develop
on the way to 1w formation of A vortices in the flow, The seeondary stability
behaviour of th  fow hoeyowd the linenr domain iz well deseribed in this pas
per, while the w -k by Herbort {1988) affords an excellent simnary of recent
thinking in this v »jeet. The parallel linear theory used hore is thus divectly ap-
plicable a% o leadiy 1 tenn to a Bnite-nmplitude study of instability, The paralel
resulty are howoeve, not useful if non-parallel offoets ave dominant, and in this
case other nethods must be used {See {or instance Gaster (1974)), Howewe ., It
has been shown by Moss & da Silva (1993), and more tgorously in Abbot &
Moz (1994) that u wneparallel offects are wholly insignifieant in pipe entrance
stability, These twe studies are in agreement with the munerieal simulustion of
Fagel & Konzelman (1990} which shiows, in the context of (at-plate houwlavy
layers, that non-pr el effects have rocontly recelved wore prominence Lhan
they desorve, This aper zhows that the various noneparallel methods' agree-
meuit with theory [f justance Bouthior {1972), (1973)] was fortuitons,

In conclusion, the u e of paraliel temparal linear stability theory for & pipe
eatrance region &8 & v Hd approach to adopt, in order to doterudine the ineoption
of {nstabilities {n thin system in the absence of bypass offects, A subsoguont
seetlon discussea the ‘near stability of the impulsively sineted pipe enbranee,
Resnlts are presented 1 comparison to existing datn, in order that the careent
appronch be verified. 1 owever the operationnd-Tau formutation of the unatoady
Soxd equation must e “rst givon,

16.4 Numerica formulaticn

Numerieal formulation of a related eigenvalue problem - the Ove-Sommerfold
ogation - was given in seetion 13,1 of chapter 13, The waproach hore is equiv-
alent and velevaat Intevmedinte stages are given for completeness,

TTransition ln an obviranment where the backgromned perturbntions aee not sall is subjeet
to sueh oftects an dypasy transition {See Mockovin & Reshotkn (18809
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and spatin] stability choracteristies of the flow respectively. The temporal sta-
hility of the flow is determined if the wavenumber o of the distarbancee is taken
ns fixed and real, In this case the above eguation reduces to a linear differentinl
cigeavalue problem of the form

Ad = rligh (16.10)

with the celority ¢ the geucrally complex eigenvalue. IF however the spatial
stability of the ow is to be investigated, 1hew e is $aken az n fixed ceal parameter,
and the spatial behaviour of the flow s deterinined by a non-liuear eigenvalue
probleny of the form

3 At =0, (16.11)

By fnr the casier mode of stability to investigate iz the temporal one. e,
equation {16.10), independont of the type of munerical schome used, reduees to
a complex linear algebraie matrix-cigenvalue problom when formulated smieri-
enlly, As guch it enu be sobved Ly nuy one of o munber of algorithius suitable to
sueh problems, A standard approach woukl be to use the QZ algovithw (Wilkin-
son (1979)] as a ‘black-hax’ rontine i some high-levol mathematienl computer
language such as Matlab, Tlerative (shooting) technigues could also he cmployed
in such a case [hy reformulating (16.10) to resemble an initial-value prohlem),
but with the proliferation of modern direet technkpues, such an appronch is
hardly justified. The mubtifarlous approachoes for the solution of this system are
intoresting lrowm a historleal pegspoctive, and the reader Is roferred to da Silva
(1990) or Drazin & Reid {1981) for detailed information.

Numerically, the spatinl stability formulation (16.11) beeomes an algobraie rigon-
value problem with the cigenvalue o enteriig In a polynonlal nanner, and o
gimple means of solntion is not readily apparent. Iowever solntion methods have
heen proposed and sueeessfully implenented {oe this problem; Watson (1962],
Gaster {1965), and more recently Bridges & Morris {1984n, 198{b), Nutably ilio
labtor anthoes disevss solition to the spatinl stability of o simiter Bonndary layee
st & companion-matrix approuch. Their unmerical scheme uses n Chelyshev
method, bue the main complexity fu ol casos Ties i the treatinent of the nons
linearity ltsell, and thus the dilfeulty with the spatial preblom is independent
of the method used, OF course the relationship hetweou tetpornl ot spatinl
instability {s diseussed fu the well-known papor iy Gaster (1662},

The spatinl approach has been forwarded as being more represeatative when
uxed fun cotmparison to experimental resulis, wheee Jor instanee a vibbon vibrates
at o fixed point nud the disturbanee grows spatinlly therefrom, While this is a
valid viewpoint, the study of the incoption of Tsstability is unaltected by this
argument beeause it i inhoroutiy converned with peadral disturbances, at whicl
[-oint the tewporal wmd spatial reswlts ave equivalent Ty virtne of Gaster's (1062)
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given by the relntion

%
ey = L=, (17-5)

it

Fignre 174 shows the vatlation of thds parameter with time, for the full ranpe
of aeeelevation paramotors considered,
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Flgwee 1704 The tunporal variation of the eritieal displocoment thickness wive
nuwmbor fy parenilel, temporally developing flow, for diserote values of the secel-
eration parameter; (a), 82 = 0 (b), Q = 10; (). §2 7 20; (). §2 5 80 {0),
$2 = 405 (), §2 = 50; (i), §2 == 6ik (L), 2 = 70,

Ctpa

(n}

For time zevo, all the Jdata are elearly convergent on the evror Dietion limit of
age == 0240 1 As thue progresses, all the earves show a consfstond decrease
this paraweter towmds zepo as e progresses, For the non aceelornting ease,
the enrve bends strougly downwneds, This behaviour farthor strenpthons the
inferonee that the evitical Reynolds wnuber heeomes infinile st a cortzin Hnet,
For the higher aceeleration enses, the data doss uot show as stropg a deseenlt
to zere, but this is due to the lack of stability data for the Mirther downstrean
volovity profiles, Apnin the envves indleate that the Sual instability tize ooenes
onrlivr for ineronsing aeccleratious.

The stability data presented here are talmlated in appendiz C, 2 e Lables thove
show the variation of the reevant cvitiea] paraneters with time jor oach value
of the aceeleration investigated,

PR T

Qe the negument [:;i'smlll‘tl i the previows soethen, and that ontoined 1 A o & Mo
{1004) for further exphaation,
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Pipure 17,30 The temporal varintion of the eritieal disploeement thickness
Roevuolds number i parallel, temporally doveloping How, lor diserete valiies
of the aceeloration prennetors {a), §2 == 05 (b}, §2 = 10; (), §2 2 203 {d), §2 = 305
(0), §& == Al (£), 82 == 50; (@), §2 = 603 (N), §2 > T

The eritien] Reyuohds uumber baged on displacensent thickiness ineroases avy
from the ercor funetion Wit for /l valnes of §2. The impulsive curve initially
shiows o overy gradual increase then lator turns sharply upward. For incroasing
valies of the nereloration paramelor tie curves show o stronger inftial wpnweard
trend. All the enrves exhibit o slope that inerenses conthmally with thuey T
theruore, they to ned intersect cach other, 'Thin indientes that the flow corres
8] ading to oach curve exhibits no Huear instabitity beyoud o cortain tiue, it
that the valne of this thue doereases with an lnereasing aceeleration parametor,
For the impdsive case, the cwree 8 ahuost verticad at its downstronn ewdy in
faet no fnstability it (helow Re == 10%) could be found for the velovity pro-
file following that one covrespouding to the last point on thiz eurve, For Jlows
with inerenstag wiloes of the nceeleration pagameter, the slope of the eneves at
Re 22 107 way still too geadual to allow weeneate prodiction of thelr fiual potot
of fustalility”,

The wavennnber a deserihes the spatinl Troqueney of Be austable disturbauee,
Ax the Gstability % 0 bowmudary layer phenomenou, § i apt to consider the
wavenumber with respect to the bonndary tover displacomoent thicless, amd

SPhe nomerieal selieme for Reynolds numbees ahave 109 required ineeensed ondee of snlution
1o maintuin good seeneaey, For the bigher neesferating Bows, ke bigh Bevnolds nunber
{ 10%) at which thix limiting hehaviour i shown mide calenbitions nofousfhle.
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Figure 17.2; Thoe vaviation af the wininmim eritical Reytolds namber with aee
coleration parmneier in parallel, temporally devolopiug fow,

Aun interesting comparison can be drawn hetween the miniun eritical Reyuolds
nuaiber for impubave flow {2 = 0) and the spiivalent value of He erit) = 11 (67
obhtained for the stoady pipe eutrance flow in the previous seetion. "Lhe minimun
value for the impulsive paeallel flow I8 Repogip == 19 879, approximately twice the
magunitacde of the former, Thns, generally the Dhupulsively started downstroam
{low s [ar more stable than the entrance flow.

Ax in the case ol the pipe entrance lew, the erlticn] Reynolds sumber for de-
creasiug boundary layer thicktess {deereasing thue) beeomes nflnite. This ix
tdue to the Lonndary=layer ke nature of the fow in this Hmit. Tustability for wll
the arcelerations neenrs ondy when {he boundary layer is thing thus ax before it
ia approgrinte to seale tite eritical Roynolds umber gecording to the boundary
layor as

o He -
R :ﬁ:;l (lr.'l]

Repe <= Re
The sane dita as in Hgure 17.1 s vopresented sealed with vespeet to the honud-
nry laver fu figuye 17.3,

As tu the previous seetion coneerning the pipe entranee sysiom, the wse of this
ordinate imuediately removes the anboutded behaviour in the it towaeds
1 o=t Cloarly apparent ix that all the eurves show as an symptotie Bmit the
oprapsLunetion stability value (37.3), There ax befure the effect of the aeeeleration
Becones insdgnifieant vs * dimiudshes, with all carves showing (e same indtind
poiut.
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17.1.4 Critical Reynolds number and wavenumber

The varistion of the eritical Reynolds monber i time for cach aceoloration is
shown in figeee 17,1, The vertfeal axis 9 given using a logarithmic sealo, in
dop {o bettor show the large vaviation in the evitieal Reynokds munbor,
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Flgure 17.1: The tomporal varviation af the epition] Reynalds nuaihey in parallel,
tompevally developing fow, [or discrote values of the peceloration parameter;
() 32 <= 05 (B €2 e 205 (), €0 == 205 (), €23 305 (o), §2 == 4 (D), 42 == 50 ()
§3 == G0 (W), 2 = 70,

As time inerenses from yero, all the enrves show o eapld deererse to o minimane
point, This minimun point ocenes {or inereasing valaes o the acceleration pa-
rameter ob successivoly onzlier thones and Ligher Revnolds winboers. Bovoud the
poiut of minjnwn critical Reyuolds munnbor, nll eurves botd sharpty apwaids,
from which may he Inferped tliae thore exists nonaxingon thne for each aceclor-
ation hevod which the flow always romaius stable, The impulsive flow (§2 == )
shows the mowt shropt bebavlour, the rate of bepeave of the curves borou-
bz gentlor with inercasing aecolepntion, T6 appears a1 2"t the dota will show
vortien] asvanptotle behaviour, but at subsequently bigher Roeyuolds wtliors
for inevensing values of the weecleration parsweter, Unfortauntely mumerleal
Hwdtatlons provented the aceneate detevmbuntion of these Ymits for the higher
aceelerations,

The lowest polut on eack evrve represents the mininsan eritieal Revuolds oo
hog « thie Jowest Heynolds munber at whiels the Qow can hoeotes unstabie, This
ovetts ot o paeticalor thie Tor each value of §3, The minimum eritieal Rre -
ereasts eapldly with ineveasing aeecloration pavameter, The varlation of this
vitlne with acceleration paeanieter i shown in fijae 17,2,
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temporal variation for intertmedinie times is however unkuown, aid noeds to he
invest(gatod Darthoer,

There i strong similarity betweon the ewrrent flow ok the pipe entrance sys-
ten: fu the eutrance systom, the apatinl wavenoumher o i o steong funetion
of the axinl co-ordinate i, while in the temporal gystem, this purameter I8, as
mentioned, a strong fanction of tine, Thus the appheability of the Hrear anal
yuis to the temporal systom would seew to be gquiditied to the soue level as its
for the steady entranee system, As befope, the pesevvations expressed above are
uot concerned with the fow-eate chuppe in time at all. The renormalisation of
the base flow equatiows perforimed in chapter 10 places all the flows » those with
strong tempornl base-low variations amd those without ~ on an equal fnoting,

17.1.3 Solution procedure

Sets of highly acenrato velockty profiles were generated for the preallel developing
flow, fn order to extract relinble stability data. Those profilkes wore obtained
widng the algorithn deseribed in seetion 13,2, In order to ensuge necuracy, the
spatial order was lneveased to N 2 120, il the thoe-step roduesd Lo A =
1% 10°0, The inltial velocity profile was tuken ns *tap-hat* (i = 1 ovorywhore)
aud every tonth result wis stored, The solution was stopped when ¥ oxeeoded
0.1, Eight sets of datn were produced 1 total, eacht for o distinet value of the
aceeloration parameter » § ierensing in stops of tou in the range 0 < & < 70,

The stability properties of the resultant profiles wore oliained i aw flentivat
fashion to those for the entvanee profiles of the preceding seetion, The stabillty
rulutlons were mostly developed wk volution owder N = 80y [or the thin veloeity
profiles at enely times, solatlon orders of up to N = 100 were enaployed to ensure
aceneacy. As before, difference 1 selntion order between the base flow and the
stabillty analysis was ot problematie, The higher ordor coeflicients of the hase
flow velovity proliles wore simply fgnored by trunertion?,

The exitival Reynolds mumber for selected profiles was obtainod as bofore by
flncing the polut of lowest e on their respeetive wonteal stability eneves in the
tv = Re plane, Tor oach value of §, values of Reggqy wore obtained for profiles
inereasing fn time, continuing np to the point at vhich the Hdow exhibited no
Hnear nstability, The data for the varions accelerations are peesented on the
anuie sety of axes, both beeanse of thelr similerity sl for the sake of compaeison,
The ovder of presontation aso folows o pack cominon to the previous section,

The large nunber of teems (N == 120) were retained In the base Bow ealenlntions simply (o
ersure muxluay aecieaey. This way foasible beeause the solution procodure wa 5o Bist; ovon
at ik high otdles of selution, the Inll solution Jor el value of the necolpratlon paramotor wi
abitnined In abest Tkl un beower on a 50 MIT2 “B6 computer, For most of the profilox, all the
coodlicients whove N = 60 were no larger thin ke ronnd=off eeror of & 10 M.
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The tucorroet inforence of da Silva (31090). that the enteanee aml downstresn
veloelly profiles were ideutieal, ld him to conelude that his sutvmee stability
ealenlations were applicable far downstream in the parallel region of the pipe.
The cusrent study indieates that for impedsively started pipe fow, the down-
streant flow for enely tines §s in faet Tae more stalile than the ontvanee region,
This diserepaney between the stabillty of the Blasuls wid ervor hucsion prollles
promed the investigation of the stability of the parvailel impuisively stiated
flow far from the inlet. Resulis lor this system ave prosented in a following
section, Dt fivstly the applicability of the Hnvar stability analysis - thiat is, the
correcluesd of the pseudosstendy assanption in this case - will be diseussed,

17.1.2 Temporal variation of the velocity profile shape

The sultnbility of the linear stability analysi (0 the paealle] sestom is lused on
the asswmption of psevdo-steady How; Le. that the temporal vardatjou of the
Trase [ow is mmeh Jess than the temporal fegqueney of (e uportand eigemmodes,
The apphvability of the nonual ke approach bere s i, o manser aalo-
pous to the nou=paraliel How situation, quatified. It i not strietly tme that the
time seales of the vavintion of the base ow are orders of magnitnde loss than
the temporal frequeney of the disturbanee. Cortaiuly at early times the spatinl
waveimmber a s o strong Rinetion of thae,

Howoevor, one nst again considor the fow from the porspective of the boundary
Inyer. At oacly thoes, the displueoent thickuess of the hodndary Tuyor I plpoe
is vory small. For the proviousy considered pipe entrance low, the slape of
the homeury layer appronched (e Blasins solution, witl evitical displacement
thickness Reynolds manher attaining the vahte of Reyaegyy = 510060 here, In
# similar manyer for che peesent case, the thin boaudary Lver approaches the
orvor-lnnetion shope aa the beandary laver thickues deeronsos, Andopous to the
entrance Bow mentioned nhove, the parallel flow for dinindshing dsplacemont
thickuess #*/R hebaves less like o pipe systenn awd becontes more bomudary
Inyer-liked, The correctnes of the linear sualysis applied (o this systen for
early thres i thas depondont only on ¢+ terporal vwdidion of the boundary
layes shape Jiself, ot My change In dimensfon, The bowwluy layer redabis
# high degree of selfstmtlavity hore, and hecotes invarfunt in the limit of zoro
Lionndary-layer thickness, "This Infors that o shuple Hoear aundysis s appropreiste
in Ahix Hwit, Uhe applicability of the linew anndysis s however gualitied as
the bowndaey heeer thickness hocomes lavge: the pipe-dike untuee of the flow
boco-ae "mpvcaru snd he temporal varintion of the flow in (s cegion niy
nad he s ocmble The pate of chauge in veloeity profle in thue however slows
deanaticedly as the boundaey lyer thickeus: ju the far tme it when the
profiles beeote fnvardatt (possessing, paraboliec shape e te inpudsive case)
the Huenr anabysis sgain beenmes exiwet, The wmapnitide of the olfeet of the

he distanve from the edgge of the boumdiary Taver ta e pape centresfine for o thin prafile
in sl Ineper tlen the boandaey Juver dimension. i this it of venishing owadury Taver
thlekness, the stability belviour of the fow i o benmdary laver pheasenon,
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whore the lnlependent variable  is given Ly
} = '.;’\'%;'»; {17.2)

It wan straightforward to obtadn s Chelyshev series solutlon for the error
function (see seetion 13.2) for vardous dowain oxtonts [0 pper]. The stability
lintdt of these profiles wis thos casily determined wsing the ideatical stability
algorithm to that used for detorminiug the Blasius stability solution i see-
tion 13.3. As with the Blasius stability solution, hoth domin size gyer atel
solutlon owder N were vavied, in avder to detormine the proper stability so-
Intion, The resulting mindwwm evitieal Reyonolds munber of this profile wus
dotermined to be

Regaperiy) = 167479 (17.4)
vxact to G signifleant Gguees. Thiv result was obtained for a solutlon order of
N = 100 mul eovresponding boundayy-lnyer thicleness 8* e =2 0028 208,
The vatlation of eriticn]l Reynoldy number with dotain size aud order i given
fn table 17.1. This table {s anslogous ta 2able 1.9 which voncerns the Baslus
profilo,

Tuble 17.1: The value for the wminipnan eritical Reynolds wonber based on dis-
placeutent thickuess Rege for varions orders of solution awd dotsain tenneation,
fur the parnllel impulsively started boundary laver,
Minimuen evitiead Fegs

N | F =005 410 T = DI 0g | 8% = 0,018 G0

50 [ 163076217

60 [ 1671861 085

70| 1073137828 | 16RL631 380

80| 1678131357 | 167B.3T2LT0 | 167050 62

B0 | TGTISL305 | 1GTLRITONS | 1672106 N03
100 1674 TBE 10T | 1674515 170
110 174,799 440
120 1674792 651
140 . _LOTATHT i

The most returkalle property of ihe paenllel LBovndney loyer proflle s that
s stabillty Uit (17.3) s over theee tiues higher thay the Blasins bouudary
Joyver value of 5= 520, Thus the non-parpllel pature of the inlet dow has o
prefound olfeet on s stabllity belmvione, Tts inflaenee however, {8 to change
the Ouslamental shape of the voloeity profile vatber than (o madify severely the
Tineaw stability anadysis?

*Ax bhaw been disessed o some dedndl, The parafled Haear stalifity aoalysis is applicebi
throughout the pipe. The Invge disparity in stadility hetween the eatranee roglon and the fur
downsiteeum fow stems Fen the fact that two fandamenislly diferent velority profilen are
present I vach rogion, ad not doe 1o any noneparuliel indluence on the gtability aoadysis,



CHAPTER 17, STABILITY OF ACCELERATED FLOW 403

The stability respouse of generally aceelerating payallel Hows to infinitesimal
disturbanees has not been addressed in the Lterature, due to the lack of any
theorotionl basis for analysis, However, even the stability of the steady (81 == 0)
rarallel velocity profifes hag been neglocted, excopt for o brief analysis by da
Sitva (1980), where be obtained stability results for a sot of paralle] tomporally
tleveloping pipe velocity profiles generated by the simple momentum-integeal ap-
proach of Moss (1091}, e obtained eritieal Reynolds nmnbors for this system
that weree far highor than those for Lis steady entranee low system,  Unfor-
tunntely dn Silva had previously incoryeetly inforved that the steneture of the
entranee and pavallel houndary lnyers were ideatical, auel thuy summarily dis-
missed this layge diserepuney as being solely due to the shuplified nature of
Moss' bise flow model. It wis shown in chapter 14 that the boumlary layer
strueture of the parsllel dowpstream pipe flow was fundamentadly different fromm
that of the eutrance flow, In particalar the purallel moded had o bowwdary
layor that way more convex than nn equivalent entranee profile. This dffor-
ence inereased with dimisishing bowndary Inyer thickuess, the lmiting shopoes
being the Blaslus solution Jor the entrance flow, and an evror-funetion shapoe
for the papallel Jow, Resulting from this disparity, the stability helweiour of
the two types of flow wonld be expected to he hnudamentafly dilferent. The
stability of e Blagtus profile is woell Jnown {Drazin & Reil (1081), ulso see koes
tion 13.3]; the previous sectlon demoustrated that the Blasina eviticel Reynolds
number Regeppiy = 514060 wae inedeed the limiting value for the pipe entranee,
Howover, the stabHity of the errov funetlon ¥mit does not appear to have heen
stidied {n the literature,

The ervor-function Hmit was disenssed in some detall in section 13,1, and a
Tau solution to this problem was genernted; however mo stability analysis was
perforued theve, The seetion below coneerns suels a stability anbysis on these
profiles, and follows a similor approach to the Blasiug stability [nvestigation of
roction 13,3,

17,11 Stability of the limiting error function profile

The ervor funetion veloelty nroliles wore gonerated in section 13,2, uadug o simple
Tau appranch for the equation (18.63), "The aualytic derivation of this partieulay
oqquation war first earred out by Stokes (1851) [see Sellichting (1979, and dos
sepibos the flow near s flat plate, impulively stavtod feown rest nud wmoving in its
own plane, Alternntively, vin o simple Galilean reforence e trausformation,
it gives the solutton for the impmlsively started flow surrontdling a stationsey
flas plate, Equatton (13.63) has a simple analytic solution; the boundary layer
slinpe in self-similar aned = deseribed by the eeroslunetion solution

-r\:!—« = erf(y) {17.1)
Ly



Chapter 17

The stability of exponentially
accelerating pipe flows

In the previous chapter the general nnstendy Sext stability equation was disere-
tised using tho modiied operational Tan method, v orler Lo neenrately doter
wine the stability behaviour of the lnuiner velocity profilos generated in clap.
tor 15, However, only atability data for the steady (nov-acceleraling) tHow was
presented there, This chaptor prosents the more general stability results for the
expoucntinlly aceolernting base flows ealewlatod earlier. The stability behaviour
is investigated for the two different anymptotic limits of impulsively started aud
exponontinlly aceelorated pipe low: fivstly for the parailel temporally deveiap-
ing parallel downstreans fow, uud secondly for the steady-state inlet system?.
Results for all the acceloratlons are presented together in eaeh ense, to allow
compnrisons to he deawn betwoen the data, In the Gnul seetion the stability
of th+ parallel aud entrance flow stability results are compared diveetly to one
anothor,

17.1 The far-downstream temporally developing flow

A mnthemationd model to deseribo the tomporal developtent of fow in a pipe
far from the hndet plane wox developed in chapter 13, Veloeity profiles for the
goneral ease of inpulsively started ased exponentially wecelerated pipe Dows were
subrequently caleulated in chapter 15, these profiles developing in thne from o
*op-hat’ coudigurntion to w steady-state shape for luege tHmes, This xeetion s
converned with the linear stability beliwvioar of these Hows, Tor the choson rates
of aceelerntion preneter, namely §2 € {8, 10,20, 30, 14, 50, 60, 703,

1L xisould be remembeored that the exponentiually aceslernting cnteance Gows were stondy In
the transforgeed solution domain, and that the strong unsteadiness in the phvsicn] Bow systom
wiw preitwedly doe Lo o sireple referewce-frame trnnsfonmation. Unldess olherwise indieated, the
Lorin sirady will refor to flows which aee steady it this transforived domain,

4112
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All data given in the previews figures is tabulated for selected values of the axial
displacement F, in table .17, This table has ax its independent varinble the
axinl displacement ¥, Table C.18 contaius the correspodence of these axial
values with the other base Aow variablex sueh ns the displacemoent thicknes: 4*
and shape parameter S, While thig chapter hax beeu primatly coneerned with
the linear atability steady pipe entranee How, the following chaptor oxtends
the above analysls, and generates results for the wore general exponentially
accelerating cave,
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Rofeyring to the fgure, it is notable that, despite the large variation iu veloe-
ity profile shapes, the discrete eigenvalues remain mutually cobierent ad their
areangement chapges little through the entive axial range. The most distinet
feature ad & tnereases is the appearance of ‘extra’ diserete eigenvalues, from
5 in number at the inlet to 7 at the last unstable station - this phenomenon
is however commenxurate with the loerease in Reynolds number at the wost
dowustreatn station {Groseh & Salwen (1078)]. The continnous eigenvalue spoee-
triam s plotte’ pa a series of locl for the reason that ndividual members do
not retain a strong identity; rather the Hue defined by their group arvangeient
romning well stractured, migrating rom o vertieal orientation (Blasiusg) to an
angled placement. downatream,

16.6 Suminary

The above diseussion has contred on the steady-state pipe entranee low, pei-
marily because it is the ouly point of eomparison with the existing Htorature,
The study wxlertaken has elarlfied 1wy wneertain points about this Bow, most
Importautly showing that non-parallel effeets are insignificant in the description
of sueh Aows. The brond conclusions following from the above disenssion are a
follows:

(1) In a stencdy lnminae pipe entrance flow, the only vegion subject to desta-
bilisation by inlinlteshal distwrbanees is 4 £ F < 0.008 18, onty nhout
pereent of the pipe enivance length.

(if) In thiv unstable region, noeparaliel ellocts arve insiguiflonnt, copecially
towarda the puint of maxinmum instability,

(i1} The lowest Reynolds number based on radins at which the pipe entvanee
will first become unstable to small disturbances iy 11667, The corvespod-
ing axicl station at which (kis will ocear is = 0,008 59,

(iv) The behaviour of the flow towards the pipe inlet i howndary-layer like,
and the correet framework iy which to present stabillly chavactoristion of
the flow here is by using parmnetors sealod with respeet to the houndary
Inyer displacement thickness and pipe contreline veloeity,

(v} The struetire of the critiee? eigenvalue speetrn and nonteal eurves vary
suoollly and genduntly foo e those corvesponding to e Dlasinyg solutfon
uear the fulet plane, to the last obtainablo resalis ab b = 0008 18, This is
it contrast to the ~trong vardation fn velocity profile shape over 1he range.
Thix indicates that, lor most of the mnge, it is the botudary kiver sivuetare
that is wost important fu deterudaing the sinhility churneteristios of the
ilow,
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16.5.7 Rigenvalue spectrum

The nentral curves deseribe the belinvionr of the most unstable cigenvalue in
the system, While this behaviour might alone be sufficient for a shuple linear
analysis, & more general finite-smplitude model wonld veguice all the linear
eigeuvalueg as initinl perturbations on the syatemn. The [l spectruin is also
& clear incicator of the nature of the fow beohaviour'?, Fignre 16.8 shows the
variation of the eigenvelves in 7, all the speeira beiag for Re = Repyip. Shown
also are the eipenvalues for the Dlasbi solution, and those from the kst station
at which tability coukl be measured,
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Figure 16,8: Migration of the cigenvalues with axinl distance in the range
0 £ & £ 0,008 18 for the minhumn eritieal Roynrokls munber at ench posi-
tlog, Figonvalues are nuntbered aeeording to the seheme of Mack {1076). The
continuons spectra ave indicated as noseries of lnes, o, spectram at = 0 (Bla-
giug lmit); e, speetrum at & == Q.UM 18; iutermedinte specter emerespond to
®= 0,000 071 1, 0.000 634, 0.001 52, 0.002 72, 0.004 55, 0.005 &4, 0.007 06,

10 strueture of the eigenvalue speetrnn in the context of agen-Poiseulle fow
wias disoussod fn seetion 18,1, The efgeonvalies were elassified thore iuto wall,
median el centre modes respoctively, The centre and median modes together
correspond to the couthmous spectrum of the Blwius boumndery loyer, while the
wall modes form the dikerete kpeetrun fsee for iustance Autar & Bouek {1978},
Groxch & Sabwou (1978) for a diseussion of the continnous and diserste spectra
in the context of the Blasing houndary layer),

¢ the eigenvalue spoctram of o Gat-plate bonndary lover were uackedly different to oo for
plpe flow wear the dulet, then one could safely eonclude that the appeaanee of simlagity be-
tween Liewe llows was fortultous; however substantind agreetent of serietnre wonld steengtlon
dramatically the conctusion of similarity.
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fhe systen is represented ertetly by o hortzontal line woving upward on fig-
n '3, Thus in the exponential ease, instability of the pipe entranee will be
goverind procisely by the steady livear mechanism deseribed in this chapter?,
Thix i I comtras o the steady (son-secelopnting) systonn In this case, the
state-line does not move apwards on the figure; thus the trausients associnted
with the initisl hupulsive atart of the flow will oeenr at the leynolds numboer
of the final ow, Ax o resnlt, there is no gnarantee in the non-aceelopating caxe
that hstability will he due to the steady ieear tnechasism os given by the §2 = 0
curve in fgare 17,13, Cortaiuly, in order to alfempt to measure Enear ustabil-
ity in the stosdy ease, the iudtial developient wonld bave to ovenr at ¢ linvarly
mstable Reynolds number, while iy the expouentinliy aceelerating system, the
Initiul developrent ca be guaranteed ro be linearly stalile,

Thns, beennse of the movieg state-line b the exponential systens, these [ews
provide an wdque bagdy lor investigating plpe low stability. An exponentially
aceelorating eutrance flow will always nuderso Koear destabilisation nt some
time in its developmout, due to the faet that the state Hneawill adwass evontually
intersoet the relevant atability corve, Furthermore, staveing the fow at an initial
low Re will ousnpe o laminay inital development until steady-state = reached,

17.3 Comparison botween the spatial and tomporal
results

Due to the dilferent stability behavionr for the naratlel dow aned Ehe aatrance
sysiom, o comparison hotween the two systemss would be wielul iy quantilving
thole dispavity. To this eade 2 linited comparison wis given in ligare 17,10,
where the windmwn eritieal values of both fows were shows ax a fonetion of the
aeccleration parameter,

Comparison of the full stability enrve ja hunpered by the et that the pacal'e]
atability beluelonr is givers as o fanetion of time, whoress the spatial enrves are
givon with weapect to axial position. owever, in hoth types of How there s 5
striet eorpespondence hotween the tme {or axial position) and the displacenzent
thiekness, thus showing the vavintion of the adtical Reynolds wnabers with
displacoment thickuess {or both does is a denl way of comparing the two
sots of results, "To this end, the varlation of the critieal displacmnent. thicknoss
Revnolds number with displacanent thickness is shown i figure 17,14 for both
the partlel developing system aud the entranee How,

Thaat S ul conse, IF the level of haclground distnrhanee insadliciontly snwll, The entiee
thisenson iv voneersst with the lneay mechanism alone, ant (o lindd e-amglinde sileets are
ipnorel. Tlowever, exactly the wane arpn-ent will apply wei Baieaanplitude euviconment,
but in that cose, the tability” curves shiown in figures 17,12 and 7.1 wonlid e the tinites
snplitnde coubvalents of the Thwar earves.
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Fignre 17.13: The variation of the evitical Revoolds wneber i pipe optranee
fAow with respeet to the phydcal coeordinate systen, for disevete vadues of the
acceloration parmmoter; (a}, £ = 02 (b}, 83 = 10 (o). §2 - 3 (D, 82 .- 30¢
{e), §& o A0 {£), 82 = 5; (), 82 <= GO (B, §2 = 70y superimposed are Bues of
etptant normaksed axial position &« -eonst,

The stability belaviour of a particular expouentinlly aceelerating pipe {low ot
a pariieular time s o sbaple Interpretation in Loth figares 17102 and 1713
nunely fts state iy represented by a horkzontad e, Considering o Jow from o
physteal perapeetive, the most approprinte fgmre 1o deserilie (he low develop-
wient 8 figee 19,15, Devel panent of the onteanee region of an exponentinlly
aceelernting pipe entranes How would be deseribed by o hovizontal Jine wov-
fnp upwards i Hme, Tor fustanee, Hie stability of o flow aceclerating at o
rabe §2 <o 20 would be deserbed by o Dovizantal Hoe movhygy wpwsrd ab @ eate
e Regoxpddr), Tuitindly for fow Revialds nmnbers feardy tine), Uie states
Haie would not fntersoet the relovant stability corve - eneve (o) in fhis case. At
i dnter thue, intersection at approximately #/1 - 55 wonkl hdinee instability
o thiv polt, Toter, o8 the state=lige cantintes to move upward, Destalility
wattid e ficliieet bath fuethor upstrenin aned downstioats of the hitial poiut of
fustability.

The above disenssion highlip i« o very Bupartant distinetion between exponens
tinlly acevloatiug ows and the limiting noveneevlerating, cwser nnely that in
the lfter system the state=tne remados ixed at a e eular Reviobds imuber
whereas 1 alwavs moves apwiied i the fommer How, This fixed positfon of 1he
stitle-line i the steady How sestetn repreenls at dnnale presiom that mnkes
acenrate stabilily neastiements jn bnpabsively started Qows problenaatie. Tn
an wxpogenithe] systean the transiouts g the entoanee low disuppear while the
Roevaolby munbor is still low (asel 190 How is stalidod; theroatter the stability of
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That 4, trajectorios corrospouding to fixed physical axial stations F = p, are
lines given by (17.11) in Ogoee 17.8. To this end, ligure 17,12 gives the data of
the above montioned figure again, but with this gdd of constant & trajectories
superimposed,
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Figure 17,12 ‘The spatinl vaviation of the critical Reynolds mmuber in pipe
entrance flow, for discrete values of the acceleration pavnmcter; (), §2 12 5 (b),
§2 == 104 () 82 = 200 {d), §2 = 30; (o), €2 = 40: (D), §1 = 60; (g). §2 == GO (W),
§2 = T0; superimposed are lines of constaut physical axinl position F =const.

"To make interprotution easior, the data of this figure ean be fraosformed meh
thut the ordinate 1s the physieal dinensionless co-ordinate systom & Graph-
jrally, this b achioved simply by distorting the dala of lignre 17,12 sach that
the lines of constant & beeome vertieal. The data transfored in sueh o way
v givon in fignee 1713, Lines of constaut & {eorvesponding to vertien] lines in
figre 17.12) are also givou in this Beueo,

The shape of the stability enrves as soon fron the physical corordinate system
G are G anore extewsive than fn the novmalised basis, As the stability corves
hoemnue vertien] downsiream in the uormalised systom (e parthendar the zevo
aeeelorntion ourve showed marked behaviour in this tegard at o relatively low
Revnokds mumbor), thele representation in the physical sestemn is (o Jollow the
Tines of constant .z, now givon by equations of the fovm

Re = K {17.13)

whoere the constant i glven by K o 1,
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In & physical experimnent, measurenmients are most sually taken at fixed @ sta-
tious in the pipe. It was shown in chapter 15 thar a physical station n an
exponentially aceelorating flow vorresponds to i station of variuble r i the nor-
madised system, The varintion of 1he dimeusionless position (corresponcding to
0, fixed physical position) for a given aeceleration §2 is given iy the relation

Iz ...-J.‘-'-‘-._- v w34 rfin
£ Rﬂmtxp( L) {177}

where Rep v the Reviolds munber at tHiae £ 22 0, awd ry denotes o chosen
fixed axinl position in the physieal co-ordinare system. Thus, fixed physieal
stations correspond o uormalised axinl positions deercasing in thne aceording
to (17,7}, This oxponential mapping arises owt of the wore general Reyuookds
nmber depetudent wapping between the pliysicat and woemsli=ed agial systems,
The two are related by the shmple (ransformation

PP (17.8)

Timw &, for o fxed value of &y seales in fuverse powers of the Reynolds wwnber;
for the current study, the Reynolds munbey vazies in an exponential manner in
titre, henee the negative exponentinl behaviony of the & ovdinade in time, Unfor
tunately, equation (17.8) defines the mapping in terms of dimensionn] parame-
ters, An hinproved wepresentation cnn be jutrodsieed by defining o dimensionless
aeia] syntewn based shugly on the ratio of axial position to the pipe srdiug, given
hy

2 il (17.9)

Using (17.9), the varintion of o fixed physical station {fixed &, corresponding o
o fIxed o) in the ditnensionless basis e enn thms be defined aeeording 1o

¥ B Retty L {17.141)
Eynation (17.10) situply deseribos Hoes of (he form

Re= Ke ! (17.11)
in the He - w plaene, whers R s plvon by

. x
K-- “

“gs REAL))
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Pigure 17.11: The variation of the eritieal wavenumber based on displacement
thivkness with acecleration paramoeter in steady pipe enteanee flow; o, Blasiu
honudary Iayer Hindt, tpoepgg) = 0303 775 (), 825 05 (b), §222 20; (), 2 == 20
{cl), 32 == 30 (o), §2 == 40y (£}, §2 == B {g), {3 2= 6O (h), §2 = T0
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rectly analogons; lore the eurves approach zero wavennniber at dimindshing
axind stations for lnereasing valnes of §3, The asymptotie Bmitiug behavionr as
Cgaperity — O wan discussed in wome dotail both in the previons chapter (chnp-
toy 16}, and in Abbot & Masx (1994}, These wore both conerrned ouly with the
zoro aeeoleration systom, awd the downstrean fintt beyond which no justability
is possible was found to he @ 2 0.008 18, Asx wmentioued above, {6 B appavent
that such helawviour §x alko ovident in the stability daia prosented here, Unfor-
tunately, the exjtienl Reynolds womber at which this asymjtole oceurs hoeomes
successively higher with §2. Accurate detonaination of the limitiug poluts for
all the date was s not attempted, but eould be aehioved, certainly for the
lower aceelerations, However, the wmagoiiude of the Revuolds nmober at which
the stability enrves hegan to show such aspmptotie behaviowr (&> 108) wonld
Liwve placed a severe munerieal Hpitation on deteribing the arymptotes lor
the ighor values of the aceoleration prmeter,

17.2.2 The physical co-ordinate system

While the stability datn nee represented in nosimple and uniform maaier o che
nornmthised hasds, the obisepvation of an actanl aceelerating flow would be iy the
yhvaienl eo-ordinate kystetn, “The wapping botwoen the twvo spstems depends on
the Reynolds munbey, thus the variable nature of tis ransformatlion conloses
the siinplicity ol representation atainable in the novimalised wystem,
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Returning to gure 17.4, the vardation of the ntininnun eritical Reynolds monber
(the ‘nose’ of the stability curves in that figure) with aceoleration parametor §2
is givon by fpgure 17,10, The equivalent data for the parallel flow system, lest
shown in fgure 17,2, are superimnosed oun thiy fgare,
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Flgure 17.10: The variation of the wdnimum eritical Reynolds number with

geveleration paramoter In steacdy pipe eutrance fow, compured to the data for
the paralle] dowusteeam case: - |, ontranee; = = o=, downstrenn,

This fipnre shows that the mindimum evitieal Reynokds mmmber for the paraliel
dowasiream (ow, and the entranee systetn (iffe by an almost conatant ratio
an the acecloration parmneter inereases, This jndieates that the dserepancy
hetween the two low systems i essentinlly independent of the acceleration pne
“meter. A fuxther sipnifleant trend in the preseut datn s the Hattening off of

eneves with inerensing {2, Tulortunately no stability results for very high ac-
colorntiony wore obtained. From the present dala it ean not be lnlerrod whotlor
this trewd is asyinptotie to a horlzontal Hie or not,

The variation of the eritweal wavenunber hased on displaceisont thicknesy epe
with dimensionlesy nxfal positlon & ls shown in tiguee 17,11 'The displacement
thickness wavennmber wag deflued eurlier ju the chaptor, as eeuation (17.5),

In the bowndary byer Hiodt, na o = 0, the eneves for all tie aceelentions ap-
proach the Basiue boundary laver value of 1,303 77 (see clinpter 16), From this
point downstrean, the wavenumber for cacdl curve ditninishios and approachos
zoro with an fucrensing slope. Thix i In qualitative agreement with the hee
haviour of the pavallel eeitleal wavenmuber (I that enase the varintion was wath
respeet to tine) shown in fignre 174, where the eurves of gy appronched
the evrorlunetion Hinit ns § = 0, and tend to 2omo at suceessively smaller thnes
for inevensiug values of §2 The hohavionr of the present entranee datn s di-



CHAPTER 17, STABILITY OF ACCELERATED FLOW 416

Reynolds pumber, given by equation (17.4). The datn plotted according to this
ordinate are shown i figure 17.9,
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Flanre 17.9; The spatinl varlntion of the eritieal boundary layer displucemoent
thivknew Reyuolds number in pipe ewtrance flow, for diserete values of the
aveelocation pacamoter; o, Blesius honnedary lnyer limit, R"ﬁ*[t'rit-] = 518003
() =2 Oy (), €3 == 10; (), §2== 20; (d1), §2 = 30; (), §2 = 40 (£}, §2+= 60; (g),
§2 == GO; (h), §2=T0.

It is plaindy eloar heve that all curves are convergent on the Blasius limit of
Regaergty = G19.06 a5 & = 0. The eurves for alt accelorations show ierense
I Begopepyy with 4 with the slope of the curves also lucreasing with aceelera-
tion parnmioter, A clear contrast In shap I evidont hetweon these data and the
cepaivalens parallel resulis shown in figuee 17.3; while the carent dada deseead
sharply to the Blosuds stability Hmit, the prealie] envves (Ogure 17.3) show a
e lnnguid eonvergenee tn the higher opvor funeddon 1ot as the houwdary
Tavor thickness diminishes, The zoro aceeloration eurve increases rapidly femin
the Dlaatin linst, then assones & more gradual dope For intermediate values of
#y followed fiuelly by o reglon o> 0000 " widcl the evrve tapidly appronchies
& vertieal asymptote {see chapter 16). A accoloration Jueresses, the distinetion
betwoen Ul ‘pracdinal’ amd axvmptotie’ soetions of the dala veduces and for the
Llghest neeelovation of £ = 70 nvestlruod, the stablllty eurve s an almeost
uniform upward stope within the Reynolds unuboer eauge considered. The bee
liwvioue of all eurves with fneveasisg o ds to beeome aevmptotie to o vertieal
line. Furthermore, these asymplotes appoar to be ot reduelug values ol & for
incrensing vidnes of the accelerntion pasuneter, As belore, coneerais shont un-
merical acenracy Hmited the Roynaltls nuiaber ssge. The higher aceeloeation
eurves tonedod to become memptotie ad higher values of I iy wid neeurato
limiting behaviowr eoudd not he dedueed we the present onler of diserotisation,
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to the normalised co-ordinate ¥ s of groat importance. The variation of Repyg
with @ is given in agure 174, The hupulsive entrance data are again reprducec
hore for purposes of comyparigon,
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Figure 17.8: The spatinl vavintion of the eriticnl Roynolds number In pipe en-
trance flow, for diserete values of the acceleration parameter; {n), 2 = 0 (h),
2 = 10; {c), §¥ = 205 (1), € = 3 {e), £ = 40 (0), 0 = 50 {g), 2 = 6 (h),
1 70,

Ar rxpoeted, the data show similar strueture 1o the parallel flow of the provions
section. The curves deseend from infintly ut F = 0, attain a minimum value,
ad thon vapilly {nerease again, The miniewen point for juereasing values of
the aeeclerntlon parnneter orenrs ot suecessively ghier Reynolds ntmbors, and
correspoitdingly smaller valvwes of & Reforring back to the paratle] stability
enrves given iu Apare 17,7, there §s, however, » substantial quantitative difference
hetween the stability of the provions paeallel How, and the earent entranee
wysten, In the former ende, the stability curves geserably veeur atb fur higher
Roeynolds nunbers than in the latter, In keeping with thoe trend for the impalsive
pipe Bow, the wininnnn critical poiut of the earrent datn fov all the eccoleyations
nre aubstantlally lowoer than the sqaivalent parallel data,

Whereas the zevo aeecforation stalility eweve i volatively flat, the eneves [or
higher values of the seecloratdon prrnetor heeowse more wgnlae with a sharp’
minfimnm point. A simdne tresd was manifest in the temporal fow, As wonld be
expectedd, all the Jdate approneh eavh other an & - 0, Ax @ increases, the curves
devipie rapidly. The curves approach o comuon polst ab F == 0 beeanse the
velocdiy profiles du this Hmit approach the common Blashus profile siape, The
wyniptotic lhndt at & = 0§z ot apparent in fipaee 17.8 beewnse of the mbovnuded
Iokiavionr of the stability ciweves horer as bolore the coveeet context to view the
data i this ot is aceoeding te the houndary Javer displacement thickness
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Fignre 17.%1 The temporal varintion (\l'tﬂlt' initind eritieal Reynolds numbser
in parallel, temporally developing How, for ddserete valoes of the acceloration
prrameter; (a), 8 = 0; (Y, 3 =2 105 (¢), §2 = 2 (), €2 = 30 (o), §3 = A0y (),
§3 &= O (1), €1 == 603 (M), 4 = TO.

Regarding the steady nature of the expouentinlly accelerating pipe enfrance
flows, chapter 15 showed how suel fliwvs wore stepedy with vespeet to o referotice
frmane that stretehes exponentially with thoe in the axial divection. Both the
Liase low model and stabihty equation were developed in this norulised rane-
work. The entrance region for any chosen exponestial aceelerntion approached o
stewdy stake Bt m the dbnensionless cosordinaie system in a wanner diroctly
anclogous to the teuly stendy-state fow., Thus the conthally varviug uniure
of thie pliysical expouentinl entranee Dow wis shown to be due (o s eo-ordinnte
atretehing eoffeet alone, In thik seetion, the terminology ‘stoady® will be used
to refor to any llow which Is fnvaeiant in the normalised Teamewarls all the on.
trance wodely undergoing exponeutial acecloration genevated in chaprer 15 are
nvarlant n their far-tlme i, The unsteady Sext stability equation {10.55)
wi applied to the general entranee data genernted in chaptor 15, The solution
pracedure was ideutical to that wdopted i the peevieus seedon (excepting of
evourse the wse of the different base llow profiles), The resudts {for all the acenlor-
ations will ax belore Le presented together u the samo sets of axey 4o promole
easy eotparison,

17.2.1 Critical Roynolds number and wavenumber

As hefore, the primeey coneern s with the justability of the flow. To this end
the varintion of the critical Reynolds munber in the pipe eutvanee with rospect
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erve, ‘Trajectories missing the nose’ of the stability curve - for nstance the
lowost exponential path shown in the fipure - wonkd never intersect (he stability
curve, Farthermore, some slightly highor trajoctovios desceribe Tows that hecome
nnstalde for ouly a short while, yovertiug aain to & stable state for Inter thnes,
Thiy situntion wonld be different if the slopes of the exponential paths wore
groater than the fa-time side of the - Biliey eurve, In this case, any path that
eiremnvented Clie nose would events, .y juterseet the sontral stability cirve, the
resnlt heing {hat any fow would become nustable after a suitable period (auul
nt o suitably high Reyunoids munber). However, the current evidence presented
here for pavallel Qows hulicates ¢he opposite « that initially stable impulsively
sturted exponentinlly aceclerating Hows far o the inlet will remain stable.
Moreover, flows that beeompe wastable (the higher trajoctories 1 the Bgure)
will eventually resstubilise®, The data showa in figure 17,6 s for the Lighest
neceleration investipnted. It was used becanse 1t ropresented the most warked
dovintion nway from the impulsive case (figure 17.5).

Due to thiz trajectory dependenee, the superimposition of cirves for Jditforent
accolerntiou parametors - ad in figuee 17,1 - I8 conlnsing. Ao advautageons
methad of presentation wonlkd be one in whicls the curves for ali the nceelori-
tions possessed the same loel of interprotation. Thix s ensily achieved for Lhe
present cdatn, simply v repeesenting it in terms of the initiak impulsive Reynokls
number Reg. Practicaily, this means distorting the data in the Re - § plane (wee
iguire 17.6) such that the exponentinl paths hecome horizontal, In sueh a ease
the development of the flow in time for a partienlar starting Roynolds -
ber i ahways piven by traversing o hovlzountal Ine in the Rey - & plane, This
iransfommation can he simply ntéained vin appleation of the the relation (17.4),

Figure 17.7 shows the fall data plotied s the By - § plane, Ilere the nenteat
atability curves of Hgure 17.1 for the higher values of the neceleration parameters
are shown distorted downward in order that the trajoctories of interproiation
are horvizontal, Howewer, this distortion ean be seen to be winor; the goueral
shupe of thie ewrves remads simdlny te the eguivalent data in Agure 17.1

17.2 The far-tilme entrance flow

Stability rosstlts fov the generally aecolovating pipe entrance Sows wore obtained
fn an identieal manyer to the resalts of the preceding section, "The stability ve-
aults for the steady-state plpe entranee flow wore prosepted separatery in ehnp-
tor 16, "Fhe vesults prosonted heve ave for the eqgudvadonl ‘stondy-state’ entranee
flows with non-zero neeeloralion prrunoetey,

HOF coteses, 10 o Thow roionkos aastalide for s sulliclent tioe, finite amplitade tvnsitdon 1o
turbulonce will eonmienee, In 1lis eise, the lnesr argument witl be invalkdated, Tiowever the
primary convern at the monwad is witls the inception of instalitity; the re-stabillsation of the
ligghior Revnolds uumber Bows i cotsidered hoee for interest unty
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The 1hove argument becomes highly important when cousidering the stability
cury s of the flows with exponential geeelorations. In thix case, the fowreate
vari wion of particular lows nre given by exponential loci to the 7 § plane of
the forn

Re(#) = Regexp ($3) (17.6)

where Reg = Re(0) is the initial impulsively roalised Reyuokds somber of the
flow at f = 0. As with the impulsive case above, the stability curve lor o
particular £ is ondy valid if interpreted from a valid trajectory; in this case one
givon by the equation (17.6)7.

Thus for varying values of the initial impulsive Reynolds nmnher Reg, the ogqua-
tion (17.0} deseribes a funily of curves which vepresent valid traversals of the
particular stability cnrve. To Mustrate thix priveiple for the accelerating sys-
tom, figure 17.6 gives the stability curve for §2 == 70, superhnposed on which are
the relevant trajectoriea ax given by (17.6) for <ifloront vidues of Bey,
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Figure 17.6: The woutral atability enrve for §2 = 70, showing The trajectarios
for develaphig flows in parallel inpulsively stacted aceeloeating pipe fow, for
different values of fieg.

OF {nterest in this Ogare §s the presence of frajoctories that reanain stable for
all e, Thix i madnly doe (o the Hmited temporad extent of the stabllity

PP fmportant point here §¢ that the e foy ased for e stability naasksis s neenline
o the aceeleration parameter choson. Following o different (rajectory 1o that mplicit in the
base flow wedel immedintely implies & dilferont base How, nud thes o different stadility curee
I the first place.
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17.1.5 Physical interpretation of stability resnlts

Physically, the stability enrve for the parallel impulsive {§2 = 0) case hax a
siraightforward interpretation « it indicates the values of Reynolds monuber for
which the pipe will become unsinble for o particulay duration. In this ease the
stability Behaviour of a partienlar flow js reprosented by teaversing a hotfzontal
line n the Re - § plage. Figure 17.5 shows the impulsive porallel stalility
entve, with theee such ey indicated. The lowest line is for He = 10000, the
intermediate one for Re = 20 000, and the highest ropr sentz the development
for Re = 30000,

140 600

120 000

so 000 R PR e . . - PR
Re ' ’

6D D00 /

e L L LI L LY I -—-----(e)

A0 000~

s e

20000 = === = = =—— ===t

NSRS PP PRURI R SN —

0 0 0002 0004 0006 0008 001 0012

t

Figrwe 175 The trajectories for varlous developing Hows in pavallel impulkively
startod pipe flow. (a}, Re = H Q0% {b), Re = 20000; (¢), Jie = 31 Q00

For a Now impulsively started to a Reynolds numboer of 10 000 - line (a) « the
atability bohaviour in thme is represented by travers<ing the line frow left to
right, In this caxe, the flow never becowmes wamtable,  Stwply put, tne (a)
tlocs uot intercept the peuteal stability curve, For the interinediate fow with o
Reyuolds muuber of 20000 following Hne (1t) cloug from loft to right shows that
the syatem heeames unatable for o very short duration - as the lne teaversos the
unstalde vegion of the plane near the winhum eritical pohal, For the highest
Reyuolts mubor considerod (line (0), Re = 30 000], travossing the line shows
that the system beeowes nustable for o for Ionger duration, commenclng st the
tme correspondiug to point ¢, the fow restabilising at time . While the
above diverssion mey seen nbvious, it Lighlights an important point; thad the
npulsive seability enrve for the temporal care is ouly valid for ltows that are
impulsive, or nently so. ‘Uhat i the neunteal stability earve shown in ligaee 17.5
gives the correet belavienw if traversed horlontally in time, A trajectory at,
say A5 on the eneveut seade of nxes wonld vepresent w llow in which neeelorative
offoets wore Javge, validating the nse of the = 0 curve,
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18.2.2 TFlow development from a fixed plysical position

Numerieatly, the ful fow development was shown alove to consist of fmt the
paralel touporally developing flow, and then the stenv entriuee region, In
erdar to undestand the implicatious of the vaviable mappin, on the pereeption
of thix duta from the physienl co-ordinate uysteb, it s worthwhin to consider the
tetnporsl low developient from a fixed phgsicnl position in the pipe catrance,
The argmuent bolow is coneerned with the munevically prodicted How vaviation
in the pipe, aud wot with the oxperimental results,

Fov a chosen physieal axinl position 2 within the pipe, initially the Qow will he
strictly pavallel, and deserlbed by the simplified parallel Sow wedel. For this
region, stations located at differont physical axial positions will show ideutieal
houndary luyor dovelopment, «due to the parallel How not having any axial des
poudence, As the entranes Jow areived at snceessive statious, the paraliel wodel
will no Iosger bo valid, aud the Oow will then be deserbed by 1he stendy (in the
renorinallsed systern) entranee flow wodel, Theve is Jisvever o Reynolds ey
depondent mapping, glven by equation (18.1), botweon the physical and divions
sfonfoss axinl co-onlinate systotus, In the xpecifie case of an exponential flow,
& (Ixed physleal axiad position ry relates o a varfable normudised axial position
Flf) ns

() = = X[ ==§2). (18.6)

R R Rf‘(” = Wi Ht

Thur w fixed physieal gtation maps to o dimensionioss station that diminishes
with time i 2 negative exponentinl manner, The stepdy (in dimensiontess ens
ordinates) entranee solutlon varjes spatdally (i @ - the venormalised axial ovdls
uate) from o thiy bonudary layer profile av the inlet, to the Hirting dewnstrenn
proftle, Teaversing thin solution in the diveetion of deevensdng; dimonsionless axe
i position venulbts in o seriest of proftles whose tenporal development is lowards
a thiuner bonndary fayer, The vesult of olwerving the nouerieal development
from o fistedd plivsieal axial position i o fellows: Gest an initind ineroase fn the
houndarey loyer e, eusion Ja seow, o aecordance with the siimple parallel de-
volopment wodel; - absequently o deeroase i the onudary layer thickness i
ohsorved, ax the ilxutl physieal seetlon *trnverses” upsteenns fn the invardant pipe
eutrabee ook,

Tor any chosen station rg, equation (186} gives u relatjonship betweeu the thoe
f add the dimensdonless axial position w(#): thus the vidntion of a parneter
{for fustanee disphueeiaent thiekuess) i thoe at o fixed axial position ean be
given sepaivalently ny jts varintion fu dimeuslondoss aadad position. Dae to the
fact that the Hue ordinate relutes 1o the dinensionless axiat position in fuverse
propoxtion, low development s thue i Trow right 1o left for the dimeusionloss
nxind position. This preseuts two complementary menus ol yepreseuting datn,
mewsured at n lixed physieal weial posltion: the vdation of o parateter eun be
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By wse of this wapping, the simple wawerical solation o the (¢, 7.7} co-ordinate
systont could be trapsfortned into the phvsieal domain (e F), with o resaltant
recavery of the complex flow Dehaviour simdlar to that observed experimentadly.

18.2.1 Asymptotic approximations to the full numerical solu-
tion

The diseusslon of seetion 105 showed how the developient of iwpulsyely startod
al expoucntially aceelerated pipe enlrace ow coukl be predeainutly <de-
seribed by two stinplified asymptotic models: for eaely tHmes by the pavallel,
temporully developing flow deseribed in seetion 15.2, wad [or lnder times by the
stoady {in the dimensionless basis) entranee systony, given in section 153, The
witmerical sinnlation of the development of hapulsively started and expouens
tinlly recelerated pipe eutranee Bow, was shows it dhiapter 15 1o follow & well
defined pattern i the normalised cosordinute syrtem

(i) For carly (iues, the flow developed away P the indtial conditions o« -2 1
evervwhere, with the honndary layer growiug radinlly with ineveasing time,
The pipe inflow condition wax meanwhile maintnined an o constant < tun
homndary laver - velovlty prolile,

(11} Far downsrensn, the How remmlued pavallel, and the velocity profiios de-
velaped temporally fowards o steady state loniting shape. The laiting
prollies lor increasing accelerntion Lad suecessively lower contreline velues
itios, andd thaw reduced displacement thivkness, The time taken to reach
the steady limit redueed with incronsing acecloration parametoer,

(i) The fiow in the ontranee also appeoacled o steady state eondiguration, with
the velocily proliles varylng spatislly from the thin boundary Jneer fullow
eoudition at the inlet, to the paealled Hokting shape of profile, deserdied i
point (i) above, fuether dowistreans., The dimensionless length ovor which
thin developuient oecureed vedueed ¥ « fnerensing, values of the secelerntion
paraunbeter,

The oarly time, parallel developuient of the flow was deseribed by the sfpli-
fied parallel Gow wmdel, while the Tnter entranee low was given exaetly by the
stemdy (fn the normalised comordivate system) enttanee flow, The il nunerieat
sinmiation for the developing eatvanee How showed that Usere wan only o swall
traugitional reglon between the parallel and entrance How regimes thiet was not
deseribed by either of the two asymptotie models, Thik an aeeueate deseription
of the full Aew wed alforded nunaesically by Qrst consideriag e paradlol flow
model, aud therealter the stopdy ontranes dow svstont.
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¥ was constant (for a partienlar pipe geometyy and finid) and is given by

ot 4
=k tos o (18.3)

Pue to the comstant mwapping, the dilforenee fn the tenporal ordisate between
the experimontal data prosented o chapter ¥ and the numereal data given it
chiaptor 15 was simply n coustont sealing® by fo. The yelatlouslip between
the physieal sud dimensionless asinl systemns was wore complicated, due to the
Reyuolds nmunbor depeudence of the mappiog, wad this teansformation iz piven
lsy

ol 5 R Re (), (18.4)

oy -

ryli)

The cupront experimoental resuits wore mensured ot u Gxedt plivsieal wxial station,
Tor wu exponentinliy fuerensiug Reyuolds nmnber, the seding parameter wy{)
slinwed an expenential fneeease b vaine, s s, for a Giged plivsical position,
the dimensionless ordinate doereasod jn o negative exponentiol numnet, While
tlie eonrept of this varlable mappiug was extensively coversd i section 17 5,
it is fundamoental to the reconeilintion of thenry with experiment (presonted fn
seetion 18.3). Pl [or elndty, the varivs faeots of the dimensionless mumerical
solution aned ity mapping to the physical domain are vevidited below,

The maln problmn of reprosonting zeuerally wecelovnting plpe Dows Is the un-
bouaded belwvlour of the dependent vaciables In the coptoxt of exponentially
neeelerating Hows, the axinl velocity topmn sealew exponentindly, and the snie
{lotion in the voriation of the ldow field with thue are swanped by the grows
iutepral chutgos in the axial veloctty, From the poing of view ol the anelysis of
thexe fHows, the unhounded jutegral change in the low propestios meats thnt
there ix no ugiyue wuiversal e of reforenve in which to niodeb suck systems®,
necording to its woenn erosseseetional vidue, Tlis esulted in o dimensionles
veloelty that somained of ovder wdty, vegavdless of the chanpge i the Howente
over time, A conseguence of this renormnlisation process was that the axial®
sp=prdinatte 2 mapped to the dimensionless co-ordinake » in o Bevaolds nushey
dependent 1nuaer o

ez a2l Regh), (18.5)

“The oxperimental duts wors also offiet from zem tie, dne o an oxperbaental strteup
delop, Tt is assmed here that thix delay hax been semoved feam the measired dida.

My the case of steady Down, the varions low guantities (eelocity, pressare) ean be sealed
by s eonstant sueh thit their magnitude tonaing of vrder one, (o the exponeitial vase, sealiug,
tlw torms by n coustont will not eliminnte (he nnboundeiness.

M pressute, axial volocity and axinl coordingte were all subject to o Reynolds pumber
tlopoucdent mapping, bt the # e o aappiug was the aalv oue at coneerued an vy . nldral
vueiable.
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Figure 18.3: Thoe low varintion with thoe, for the *G° series of testy, Both the
Reyuolds wnnher and aceeleration parameter variation are shown: {a), GXDPA;
(), GXDPB; (0, GXPCy (), GNP = = —, expociod vdation; |, actual
varlation,

tadned w Salrly comtans wmean vatue, The decrease in §2 for the Jdghest tosts was
expeeted by the fact thnt ¢ constant wlue of neceleration prrsinetor plios an
exponentially inerciing d6/dt. Acenrate valve conteel was prolubiy limited af
o Jixed maxinum d62Ad, tins the higher aceelorations would not have been able
to ninintain constant §2 hevond the poiut of cllective coutrol,

The varintion of £ for the *G* seriex of tests is shown in Hpnee 183, These
tests hadd the kighest inftinl hnpulsive Revnolds munboer, and thwy showed the
most mirked atavt-up oflfeets, However Ly time § = 002, these U ansients Juud
as hefore died away, and all data showed simllae t1ewds to botly the ‘T and ‘I
LE1ER

18.2 DIimecensionless co-ordinato system

The experbuental base llow dats fn clapter ® wis prosented privieeily as the
vorintion of vaclons paramieters Glsplacomient thickuess, shape perinet oy, ote.)
versud Lhne fo sevonds, The analyady of part HT showed that the appropriate
Bupmework of compnvison otwees theory and espi tiioen s e nomaallsed vos
orttlnate system, This section is conevened with the deseription of the wapping
Letwoen those two sysioms,

I the nomeriea] anadysis (part I, the mapping hetween (e plysival vavinhles
and their dhmensionless countorparts way delined. In the e of the thae ordis
nate, the fsusforstion hetween the physical varduble ¢ awd dimensionless one
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Figttre 182 The How varintfon with time, for the *F* sovles of tosts, Both the
Reyuolds nninber and accelevation parameter v “onoave shiown: (), FXDA;
(13}, FXDB; (), FXPC (), EXPI) o= e oy oxpreted vaviations - -, actaal vatds
ation.

nnnely (2} and {d), show the most vegnlar and coustant belavlour, while the
ldgher earves, espoctnlly (e} nee vathier more freepular. The variubility ot biglioy
accelorntions wax due to the Bmited respouse of the fow control syatem,

The steoug vaviation nt the carly Hies was nnaveldable, and wis due o a
combitution of factors; the poor rexpouse of thie vulve at low Qowrntes, consbined
with the need to avoid valve overshont. Coneerning the lattee poiut, it wax zeon
n chapter & that o smpdl wwome of overshoot caused large strnetures 1o he
genorateed at the pipe Lslet, which subseguently conveeted downstream. For this
reison, the aveldance or reduction of the efleets eaused by overshioot was deened
more important than achieving o constant value of §2 for the ewely portion of
the text, Early variability in the aceoleration parameter was neeeptalide for two
main ropsous fivstly, the Luninar stmetiare of the flow at the staet of the dow
v Jose sousttive to the magnitud+ o the accvleration®; seeomlly, 1vansition to
turbuilence ovenrred nese the el of cael test, where the value of £ had roained
constant Tuy sowe thuw,

The ‘B serloy of lests, whose vavioton of Dowrate mul seevloration paramoter
fn piven in ligure 182, show very sarilare trouds o Lo T series, They show
a fur stronger jnitial variability of 0 than the *I15' tosts, due to (edr losd hand’
hupulsve xtart, As hefore, the stantup transionta lad died away by 2 =2 0,03,
For the lowet secelerations « (a) aued (<) in figure 18,2 - the value of §2 remandingd
eoustant to o high level of approxime vion, wherens the liigher 1wo aceelorations
ahoved waviness doe to the Tandted 1equonse of the control seston, The worst
enrve iy this pegnrd wns (o vorrespunding 1o the test FXPCY hore the aeeolor-
ation parametor showed a pradual reduetdon form o value of $ s 47 at ¢ o= 0,02,
to §1ss 01 at ¢ = 04, The next lowest eswve « curve (B) = wi wavy, it nnine

“IL win whown {heoretically In chaptor 16 that all 1ests, regardless of acceloration, npe
promwedd a lxed boutbuey Javer sepueiute i Ui limie of vaoishing boundary laver thickness,
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Table 18.1: The valiwes of the parameters Rey, § of the exporimental flowrate

vatintions for the separate tests,

| Test Reg | 82 ‘Tt Iteg | 82
EXDE [ 5018 | 19.6 | I'XPD | 4143 | 194
EXPE | 3018 1 92,5 || GXIPA | 6510 | 32.5
FEXP( | 3018 | 4655 || GXPDB | 6510 | 485
FXPA | 4143 | 26.0 || GXPC | 6510 | 26.0
FXDPB | 4143 | 325 [ GXDPD | 6510 | 19,6
FXPC | 4143 | 455 || EXPA | 205D 1 13.0

A more sensitive way of detormining the agrestsent of the flow vaviation with ox.
ponential, i hy exteaction of the pliysical varfution of the aeerleration paraneter
itself, Thds win done by fitting o 9th order loast squares polynomial to the fow
dafa, ad then anatytivally determining §2 using relation (18,13 ‘The Howrate
varled smoothiy, and tims the globad carve fit gave an aceurate hulication of the
aeinad Howrate varintion, The experimental varintion of the Revnolds munber
i shown in figures 18,1 to 183 that {ollow, alonp with the extracted aceelora-
tion parnmeter, The '13 sevies of tests (as before including the tesd TIXDA) wre
shown in figwre 18.1, while Gpuves 18,2 and 18,3 gmve the results for the *1° and
3 testy venpectively. The categorisation inte the 33 'F gl G groups ik, ax
before, according to the fupulsive start-up Reynolds munbers (teble 18.1),
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Figurs 181 The fow variation with thoe, for the *E* series ol tests, Botl the

Reyuolds mmmber wnd geeelosation pursonetor vindation are showwe (1), EXDPI;

(b}, BXPY (o) EXIM (), HNPA; = = -, oxpeeted varlationy | actual vod-

atlon,

As can b seen in figures 181 to 183, while the Reynolds smmnber vardntion
f5 close to expouentinl Do each tesd, the acecleration parameter vavten qulte
gtrougly In some casex. ‘The aceelorntion paramoeter 1l shows itsell (o he o
vory sensitive indiestor of the *exponentialits® ol the low. The varintion of 1he
aceeleration parmmneter for fie 12 series of tosts Is given by figure 18,1, For
all fon tests §2 is strongly variable in the ranpge 0 < f < 0.02; thersafter it
remadus relatively constant autil the completion of the test. The lower curves,
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18.1 Acceleration parameter

The quantifying panimeter for aceeleration frotn the aualysis was termed the
aceoleration parameter, This factor deseribes the offect of floweate acceleration,
aud s defined by

1 dl ""1

(as.1)

wlhiere I7,, is the mean cross-st +fional veloeity, This purameter iz itdentical to that
usedd by Shen (19613, Moss (1891), aned Lofelvro & White (1989, 1991), Shon
was cotteortied with the invlseld Hiniting atability bohaviour of sueh flows, Moss
deseribed the paratiol baniney Bow in o pipe asing o simple intereal approach,
while Lololvre & White used this term fo deseribe their constant-neceleration
experimental rosults, It arose nataeally frous the preseat analysis, thas revealing
itsel ax the correet parametyie gronp for chesifyving aceelorating Hows,

In the wmunerical model of the flow, the expouential aceeleration was consistent
with taking £ to be o constant, Light differont aceelerations were fnvestigatod
in totul, corresporting to the following walues of the aceelevation parameter;
{2 & {0, 10,20, 30,40, 30 40,70}, ‘Tl offect of inereusine the valne of the accels
evation pavameter in the anabysis wog to produce pipe entrance flows showing
progredsively shorter developinent tinoes and suppressod bowdary layer dovelop-
mont, Thoe thooretiea] model was Revnokis nnber independeni; thus the eight
difforent cases by oye'ieation entbeaced flows with arbiteary stavtenp Reynaobds
munboys,

Experimoentally, twolve different exposnential aceclorations were generated in to-
tal, compristng three sots of four tests, el sot having o diffepent initiad inpul-
give Reynolds munber, The aaticipated llow vaviation for eaeh test was given
liy

Re =2 Reg exp[4)], (18.2

where the vidue of the constants Reg, §2 are given in table 18,1, which is simply
table 7.0 repeated for convenicuce,

It was casy to simulate an exponential flow nnmerically; slmply by setting the
aceeleration parauneter to o conrtant value, However, exporimentally, the flow
Liad to he contyolled aeeseately to mateh the choson oxponestinl ineyesse s
ing o clasedsloop flow control syntewn. Although the resudtant expe npentally
penerated dowrate variations wore approximately exponentinl, there were no-
tleeable devintlous from those expected, wainly due to sou-linearities in thoe
control svstens, coupled with poor respouse at the low flow rates,

PThe acceleritlun eonstant & from the early mble bas been reploeed by the acevleration
parametee {1 For exponentially aceolerating How, the two are rebived aveanding (o 2 = kR o,
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Laminar base flow

Experimentally mewsnred veloeity profiles from the entrance region of hnpul-
gively ctarted and exponentinlly aceeleeated pipe flows were presented in ehap-
ter 8. These Hows showed nnusnal chreacteristics in their developient; notahiy
an initind peried of homdary kayer development, followed by a fow i whiel the
howdary layer thisned with e, Tu all cases trnisition to turbulenee subse-
quently oeevrred, the disetwsion of which i the subject of the next chapter, No
theovetiead explanation was nvailable for the observed flow Delinviouy, st this
motivated n general asalytival investigntion of the genernlly neeclerating pipe
entratiee ow,

To this end, an analysis was conducted from fest prineiples, utilising the gens
eral incompressible axisyiuetric Navier-Stokos relotions as a starting poiut (see
part II1), Use was made of o dimensionless co-oedinate systom to doseribe the
pipe flow, wherein the sealed axial veloeity remalued bounded nued of order unity
despite stroug varintinns in the physleal value of thiz purameter, The wapping
hetween thic system and che physion] co-opdinnte systom was depetadent, ou the
Reyuolds munber, and thus in an exponentially aeeelovating pipe Qow, this map-
piug vavied exponentially in time, While (e analytion] solutions woere straight-
forward tu the dimoeusionless co-ondisate systew, the varlable apping to the
physieal domain reanlted iy & complex flow which emslatod all the wnnenal al-
triltes of the exporimentally measured system, for instanee the bondary layer
thinning phenomenon. The effeet of the acceleration was eneapsulated in the
aceeleration paramoter, and steady pipe flows were showt to be deseribed Ly
waking its volue to be zovo, The prosent ehapter is concernsl with the roconeil-
Ing of (he numserieal mul wmensuved laninar ow datn, in ovder 1o discover the
lovel of quantitative ageoomoent hedween the iwa,
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Preamble

The synthesis represents the eulmination of the work earried out. Cowmparison ix
madle botween the theory and the exporimentnd data, and the latter f0 procossed
farther i the Hght of insights gadned from the former.

As before the laminar base flow and flow hreakdowat ave presented separately, to
allow proper disenssion of the aspeets unigque to cacll, Both chapters coucentrate
on high-level comparizons hetwe-n experiment and theory, and are sneceoded
Ly the conchusions and recommendations in iwo subsequent chaptors,
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differens to enure disparate stabllity hehaviour, In contrast, the temporal st
spatial curves for the remalning data [(b) to (h) inclusive] converge bofore be-
coming vertieally asymptotic. Thiz indieatos that the velocity profles feom cach
type of llow (for the sume value of §* that is) have Decomoe indistinguishable in
this limit,

17.4 Summary

In the present chapter, the stability of generally aceclerating pipe low ag bheon
investigatel, both in the far downsteenm, parallel Himit, and in the stoady en-
tranee ease. These two simple limits havs Deen studied for the main reason that
they boll embrace the majority of the developing pipe Bow, A Iarge dispurity
was found between the stalillty of the downatrenmn and entrance reghnes, the
former revepling itsclf as bedng twice as stable ay the latber. Iu both easos, the ve-
glon of instahility was shown to be restricted to nsmnll portion of the entive flow
« ity the temporal “nse to cavly times, amd for the enteance flow Lo a small region
near the inlet plane, Generally, arceleration has a stabilising offoet on the flow,
Howover, the fundamental behaviour of expouentially aceelorating plpe How hos
been shown to be similar to Ity Hmiting case; the hupulsively started pipe ou-
trance flow. All stability data presented here, for hoth the parallel downstrenn
audl the steady entrance flows, ave also tabulated in appendix C.

This chapter conclundes the presentation of the amalytical and sumerical data.
The following chapters arve concorned with the reconciliation ¢ £ the experimentnl
data - Loth base-flow and stability - with the theory developed liore,



CHAPTER 17. STABILITY OF ACCELERATED FLOW 423

(h{aMbeHd) () (b) (»

800

Reg,

2000
GR

e

012

/R

Figure 17.14: Thoe variation of the eritical displacesiont thickness Reynolds niin-
ber with displacement thickness, for diserete values of the aeceleration parnume-
ter; (1), parallel doveloping flow; (2), cuteance flow; (1), Ervor-function stability
limntt, R%-[(-mt] = 1675; (i), Blasuis stah "ty Hmlt, Re pelerit) = 519.06; (a),

= 0, (b), £ = 10; (e}, 2 = 20; (), §} = 30; (e}, {1 = 40y (D), §2 == 50; (m),
st = 60; (h), 3 = 70.

The framework of comparison for the stability data wae chosen to he the #* -
Rege plane, hecause of the hounded behaviour shown by both parameters ag
8* — 0. This fApwre reveals cloarly the distinctions and similaritios between
the two sots of datn. Ax the poundary layer thins, the stability eurves for cack
How rogime approach thelr respective limits; namely the Dinsios stability lhnit
for the entrance flow, and the erroe-function tmit for the paraliel, tenporally
developing system, As was seen with the hase-flow ropresentntion in the previons
chiaptor, the use of the displaceront thicknoss az the ordinate ix advantogeous
in that it emphasises the thin houndary layer hebaviour of the flow: thus the
couvergence of each data seb to thely respeerive limifs i cloly seen in this
figure.

The stability curves from each type of flow canverge to one nnother as the bouned-
ary layer thickens, for cach respective value of (he aeecleration parameter. Thin
belaviour would be expoected, due to the faet that the voloeity profiles from each
type of flow beeame snnilar as the boundary layer grows!¥, Simultnueous to the
convergent behaviour, the stabillty curves lrom each low show an asymptotic
increase in the critical Reynolds mmbor witl fucreasing values of 4%, For Lh-
non-aeeelerating flow (a), both the teuporal and spatial stability curves beeoin

vortically asymptotic before convermencee veenrs; thus the two respective limit-
ing velocity profiles ot which stability last orveurs, are In each case sufficiently

10T his hebnvlaur was diseursed in detait in ghe previons ehopter,
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test BXPE, eomprising the stations EEL, BE2, EES and EES, was shown, The
wiwked presence of (a) the inlet bump at the parnllel-entrance flow interface for
enelt station, combined with (b) variability of . prevented the thinuing portion
of the data from eacl station from coineidigg, The lage wavines o BXPE is
thur predominaitly due to the combination of these fonr data Ceach wirh its own
jnlet L) leom different axial positions, Further, the thinndng region of the
flow wax also prone 4o {0} a geseral slight lack of repeatability, dne 1o variable
inlet effeets other than the inlet bamp, The above Ietos [(a), (b) and (¢)] were
resputisible for the large seatter seen. Apurt from the etfects deserilied above.
there is 4 fuether eanse of systemetn dovivion of the experinental data from
the theoretival tronds, addressed in section 1835 panely the miswateh of thoe
simple theoreticn]l amd the experimental boundary couditions at the pipe inlet
plate. The consequences of this can be seen fn the data EXPEF in Gpwe 189,
where the experimenial points remain helow the theovetieal Hnes with reducing
&

2 linal, separate, point to be horr v winag when considering figure 188 is
the lack of a thue divection fu Hids Gaure, This is due to the faet (hat the
dimensionless axinl position of an experie sutel date poist s a haetion of both
the time ad Ehe physical axial station: eombination of data from dilferent
plivsien] slatfons of o test emdors woaningless the fndication of any temporal
developinent ou the Bgure,

Cousider r w o comparison between the data shown in fignre 189, For st
values of tae dimensionless axial position, the variability far eseends In wapghi-
tude the theoyetien] trends for inereasiug sceelowtion, I this remon of the e
(approxbuately for = < 0.005), no acecleration dopendest trowd can be infoered,
Hewevor, all four date (ellow in peueral the asymptotle theovetival varintion,
dicating strougly that, while the thinning region ix sulstnutialhy distaehod Dy
inlet offects, the mean How hebavionr is close to the simple theoretica) wodel',
For ditwonslonless axial positions preator than abont o = 1005, the julet -
ability hoeomes small relatlve to the difference hotween the theoretiond corves
{or difforent accelerations, mud the experimental ollects of wevtdorition eau this
e vosolvoel, The trened s shuilar to that shown fn the temporal comparison in
ligure 18.8; the lower twvo aceelerations « EXPT sl TIXPA - are In approxinud e
alighient with the low wecelorntion theorsiical rurves, somewlhiere i the rauge
0 < 51 < 30, whereas the hipher fwo curves « EXPEF and BXITU - alipn sone-
whoers in the range 3 < £ < T0 This i fu apreetnent with the theory, to the
level of wneertainty iu the data.

PRoeall thnt the experimens.t dato has been transformed o the dimetstanless eo-urdisate
systom vin o variable trsformation, amd thoero iv cousoqently no reason why the data shonld
substantinlly allgn with vach other or the theory; excepting that the theory deserdbey the
expoerimental kystemn avenrately.
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show distinet tromds, However, the experimental vaviation of the displacement
thickness shows the correct (ualitative holavionr with increasing acceleration
parmmeter for this vogion, consistent with the superimposed theoretical resualts,
The lowest aeeeloration test IIXPA (82 25 '3} Tllows approximately the §2 = 10
line: the test BXPE (82 2 20) varies somewhoere botwoon £ == 10 and 20, while
ihe remuadning two vueves « EXPE atd EXDPOG (82 82 33 aned =2 Ui eespocdivoly)
are positioned somewhere between £ < 50 and 70 theoretical enrves, Tl
although the data show the correct quatitative trends, those for the largest two
aceelorations seemn to be convergent to Ligher aceeleration parauetor curves
than wawdd be oxpected, Unforiunately, for the two higher sceoloration tests
(EXDPEF and BEXPA), weasuroments woere not Lok o sfficiontly fur dowustreans
to enpture extensive parallel developmont of the flow, with the result that the
{ull extent of these two diatn sets aee within the vegion of strong arceloration
parmueter vapiability. Referring to fgure TN 1, both of these tosti showed stightly
higher wnlues of the aceeleration paraoter for ety tiines, awd this possibiy
contriluted Lo their teemd towards 1he higher acesleration parameior theoretieal
vueves liere,

The discussion now retuens to the lower two accelozation paromedor fests, nunely
IINDPA and BXPE. For IIXPA, the ot n Gpnee 188 ave in close agreement
with the simple theory: the measureiments exteml ovly as far as = 0,035,
and lio Letween the §2 = @ amd §2 == 10 theovetienl curves, rppronching the
£ = 10 curve at # = 0025, This Ix consistent with the measured vaviation in
neeelerntion parmneter shown in figure 18,1, whivh fnveases frous below zero
al staptnp, to & value just above 10 [or lnter tmes. Considering EXDPE, the
acceloration pacnneter {(figure 18.1) approaches o constant valne of about 20 a8
oarly - # 230,01, Consistont with this the cxperimental data follow #he 2 = 20
theoretieal Bine elosely in the range 0.01 < ¢ < G025, Tlowever, for thmes gronter
thau 0,025, the data depart from the {2 == 20 lue and approack the 2 = 10
eaeve fnstead, This trond was soen eavlior in flgnre 1801, and wag aseribed in
section 18.3.1 to the presence of the julel hump i the data BE5!,

T iwaunier sinmdlar to the teporal comparison above, all fonr set:, of data fron
1he *E series of tosts were superimposed jn the spatial frinework, This is shown
in Hguee 184, Ad with the tensparal representation (where the honndary liyer
thinniug low was not shown), the data from the paraliel development region of
eaelt Leat liwve boon omitled for eludty in this instenee. Tu generad, the doviation
of the experfment from the theory shown in this Bauee i fae greater than in e
outtivalont parailel vopresontation; Rirthermare, the individual dats show a darge
depree of seattor. Bolore procecding with the data comparion, te roason lor
Ul steong vavlability will be explieitly addvessed,

The varinlility of {the thinning How can be understood by considesing the mamer
i wiidek Lhe detn of Henre 18,9 48 dovived, For the sake of llnstration, the test
SR will be disenssed, 1 figure 185, the spitind development of the single

Y Remember that sach data in Ggure I88 s o combinastion of dictie frotu oy tests e the
et of BXPE, b conshata of vidnen from BEL 8152, B3 and RS
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Pieure 1840 Tho variation of dimeusionless displacenont thiclkness with dimens
sionless axinl position, for the boundary laver thinnig portion of the B° sepies
of teats: o, EXDPE ({1} a2 20); o, EXPF (i1 2= 83); o, EXPG (12 = 45); x, IIXPA
(2 a0 18); , theoretial enrves,

In order of incrensing accelorntion pavamoter, the tests arer IIXPA, EXDE,
EBXPE, and BXPG (thelr variation of 2 in time was given in figoee 18,1), Due
Lo the fact that the aceelorption parmncter did wot remaly strictly constaut
in these teats it i not possible to give an exact reprosentative value of this
parameter. Towever, the anticlpated value!® of the acepleration parametor for
the varions tests was ghvoi tn table 18,1, amd {or the fove tests prosentod here
the values aves BXPE, 0 == 10.6; EXPF, 12 = 325 BXPG, §1 = 45.5; ITXPA,
§2== 18,0, Although the measured parameter was close to these values for Jutor
thues, {he fow at starenp showed a highly vaelable value of . The reader is
reforred to the earlior seetlon 18.1 for a desniled disenssion on the aeeeleration
paruneler for the various tosta,

The temporal development given by Seure IEE will be consitlerod lrest, As
F = 0, all the thesrotieal surven converge Lowards u singie lorus, Martliermore,
the mepured datn shows exeelicnt aligument with the theory here, which also
approaches a single necelepationindepessdent evrve ag £ 00 Ax thoe inerenses,
ihe data [ven the soparate tests foliow incveasingly lowor trajectories for ine
vreasing acecloration parametor,

Consieloration of ligure 18,1 shows that the valoe of £ for all four tests was highly
vielalde for £ < 0,02, Due to this varielility, the meowmred data would not he
vxpoctod to follow any one theoretieal Hue for sialt times, it ouly the genoral
trosud of Uie data, By abione £ <= (0,005 the points o the separato tosts bepin to

o value chat the o comtral systom attenpied to achiove,
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18.4 Flow development with increasing acceleration

The data preseuted in the previons section weee coneerned with the liow devel-
opient of o single tost: also of inlerest are the moere global trowds, espeeially
tHie offect of increusing aceoloration paruneter on he fHow field, The ‘' rorfes
of tosts was chiosen to illusteate ihe eflect of the aceeleration parameler ot the
oxporimental system, for the reason that it was the most extensive, combined
with the fact that it showed the closest to exponential hehavionr for early times,
The complemoentary tomporal mued spatial means of representing the data woere
thosen, hecanse ax before, it allknved o compret comparison with the shaple
thearotical results for both the early parallel flow, and for the latee howwlary
layer i inniug regime, The measured variations of & /8 with Both { and o« from
the tests EXPE, EXPF, EXPG amd HXPA (see figure A1) wre given lelow,

The variation of the dimensiontess digplacement thickness in tiue for the *I9
wories of tosta s given in ligure 18.8, while the complensentavy apatial develop-
mens is shown in fignee 18,9, In these two figures, no diserimduntion is made
hetwoen data from the different stations of & test, only betwoeey the different
tests, That is, the statious BIS1, BE2, ete. are all eombined 1o form the single
Adata set EXTE, The thinning portion of el data ix omitted Dam the teupos
1l developemt, while the varly time flow is lelt off the spatinl representation,
predominantly for clatity and to avold cluttering. Snperinposed on both Bgures
are the respeetive theoretieal development curves,

02

0.15

0.1

0.05

] 0.01 0.02 0.03 0.04 0.05
i
Pigure 188 The varintion of dineusionloss displacowent thickness with tine,
G e paralle] portlon of tie T3 sorios of tosts: o, BXDPE (5 & 20); o, KXDPY
(82 2= 33); o, BXIG (S 00) =, JINDA (82 = 131 . vheoretieal curves,
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the various engves shonld be considered when comparing the theory with
experiment,

(i) With reforom e tu o spatial flow developient shown in fipnee 187 ax
hefore, the des 8§ is not preseat on this seale of axes, The othey three
data show weeeptable alipmment xith the £ = 20 spatial doveopment
curve, As wonkd he expoeted, the data from the pacadlel developiag pact
of the flow - those points which alipned in figare 184 - here foun distine
lines,

(i) The inlet ), present at the weerfee hetwoen the pavallel and entrmer
regions, does not appear to have « siginlivant offeet on the shape para-
etor. In fact the only siguificant undeshoot? i the shape paeameder can
I oot it figure 18,7, for the data BIT at 22 0,003, This seens to fdi-
cate that the iulet effeet is assoeated more with the central core flow o
the pipe than with the bonadary laver. Tlds behavieur was slso noted in
the experimental datn presented saclier inseetion 8.6, where the entranee

- ptseotmed to hie vestricted to the onter edge of (he honadary iyer and
tie nelghbouring vore fow,

{iv} "The Adatn for the most apxtreain station 1 I fgnre 18,7 dovinte fairly
strongly o the theoretienl cwive as F — 0 Misimateh between oxporis
moental aud theovetival hehaviow was alse soen in the displacesent {hicks
1ews for thin station, As way explabied in the prior section coucerning the
displocoment thirkuess, diserepaicies al this station were guite possibly
predominantly due to an incousisteney hetweon the kimple theoretiva) in-
flow econditions ut the inlet {constant, thin boundary layer profile), and
the houndary eonditions existing nt the expevimentel inlet plae

Dospite minor diserepunedes, the experimental dats, v ndjneged by hoth the
shape paemneter and the displacomont thickness, s in exeollent agroement with
the simple theoretical resnlts, for the case of the test EXIE,

An avendiout was seen in the displnerment (ekoess whon the T pissad. An onsler-
slool wonki be expeeted i tie shape potameter for the same phenomeson,



CHAFTER 18, LAMINAR BASE FLOW 441

60
50
40 E . - . . . . -
. f neredaing f increasing
'_mhg
§ 30 /
20 -'_-;.,_.I,._.,n_\_'.,l'_'__g._.u_ v de e v | et e i
- " . M‘-ﬁ_-—_
1o filnerensing
0 . i . . N
0 0.008 0.0 0015 0.02
¥

Figure 187 The varintion of the houndoary layer shape pavame  with i
menslonlons axial position, for the tont BXDPE: o, BEL (/R == 13,24); o, FE2
(/0 = 30,95%; o, BIES (/R = 64.52); |, thooretien] eurve for Q == 30,

As witle the displacement thickuess, the shape parametor shows (ualitative
agreetnent with the predicted patterns, At carly times, the shape pavameter do-
ereased vapidly from iufinity, followbyy the parallel tmoporal developient enrves,
in this ease all the data follow approximately the enrve correspondiug to §2 <= 20,
The arrival of the entrance low sequentinlly at the virions axind stations canses
 hwdt in the tewaporal deerense of the shape parameter, and its el roverts to
o gracland inerense i tme, The Dvthermost wpsteriun stations jeave the paent-
lo] dovelopmoens eqrve firat, followed later by those at subseguent. downstrown
positions, The lnerease iy the shiape parunetor with time i connnensurate with
{hie boundary layer thinning bebaviour of the fow at lator times,

It was ehown in section 183,10, in the context of the displaeawest thickness, tht
tlie oundary luyer thimdng portion of the experimental data i hettor doserilerd
in the sputial fanework of enee 187, As can b goen in this gure, sots of
divta that wepe separnte in fgure 18,6, couverge substantially on oach olher
{ad fadl close to the theotetioal cupve) in the dhoenstouloss axind faunework,
Althengl all datn prodoaduantly follow the eorreet expeeted tremds, o unmber
of idlemynevasiox ave present which ave jnteresting:

(i) Consddering the daln of ligure I8.6; althongh the approgiuste valie of
the aeceleration paramwier lor these data was §2 s 20, the furthoruost
downmtreanm curve « KEFEA - i cotverpout to s slightly lower value, This
Ulserepaney s possilly due to the systematie uneertainty i the slupe
paratetor. Due to this errore uot muck certninty ean be placed on the
exaet vahie of the weasueed paemneter; rather e gualitative hebwiour of
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dotailed strieture of the inlet flow may have been diffevent from that of
the simple theory, Concorting the fivst puoist, o finite houmdary layoer
thickuess at the pipe inlet wonld eertainly hove producsl the alserved
effect, Extrapolation to o ‘virtual' inlet plane within the contraction wonkd
have necessitated adding some faetor to the physieal axial location, thus
bringing the data eloser into lue widh the theoretical curves, Tt was,
howover, unelear whethor this Tnetor was 1o be n constant vulue of & or .y
quite possibly neithor simple compensation wonld have eorrected the data
prapetly. For this reasoun it way decided not to adjust the data,

18.3.2 The velocity profile shape parameter

The expoerimental vaviation of 6* /R diseussod above was deterinined experimens
tally to o Lo groater aeenraey than was the shape parameter S0 Tt was shown
in soction 8.4.1 that the shape parsmeter was prone to o large systematic vrror,
due to the unknown position of the pipe wall rolative to the LDV measuring
voluue, However, consideration of the varlation of & with both f and &, and its
colmparison with the theory nre given below, ax the trends enboly useful fnfoy-
mation, The varintion of § with both £ and i is given in figured 18,6 and 187,
A Defore, only data from the test EXI'E is presented. Tu both Bgures the
oxperimental datu have been compared with the theovetical variation lor the
acceleration £} == 20, while the station EIS has been omitted from figure 18.5
Lieeanse 1t does not appear on the seale of axes of the theoretical enyves,
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Figuee 18.6: The vardation of the bowdary layer sbinpoe parameter with dimen-
siondess time, for the test BXDE: o, BEEL (0/ 0 5 12.24); o, BE3 {2/ R == 20.25);
&, B3 (/R = 6L52); x, BIA (/B = 33050} thesretiea] eueve for §3 o 20,
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trace scpatate curves in figure 18,5, In conteast, the boundary layer thinning
portions for eack of the three axial stations, whick are widely soparate from one
anothoer ju fipure 18.4, align substantially with the shple theovetieal steady (in
the dimensionloss system) entrance curvex, A number of important jssues ardse
here, witich require detatied discussions

(1)

(if)

()

{iv)

In goneral, all the data elosely follow the theoretical enrves for the later
boundary tayer thinning regime, The assertion that the houndary layer
thinuing belaviowr is cutirely aseribuble to the reference frame trasfor-
mation, i thus laegely teue, This is a remackadble rosalt, and justilies the
use of the simple stealdy ontrance Bow models to deserthe the unsteady
ontranee flow,

The tnlet effects seen {n the spatinl representation shown in figure 18,5 are
more noticeable than I the temporal system given by igure 18.4, All three
tents given here ovorshoot the £ == 20 theoretienl curve hefore couverging
on it, ‘The rogion of oversboot i judicated i figuee 18,5 as (o) for the
data BEL, (b) for EE2, awd {¢) {or BES. The dimensionless axial extent
of this effoct can bo seen to decronse with dimindshing dimensionless axind
position, A superfleial interpretation of this feet would make it appear
as il the structure was growing axially as it cosvected downstrean. Tow-
over, the overshoot ou the left-most dala actually ocewrs ab o later thne
than in the measnrements fvom farther downstream. In reality the straes

w0 18 offoctively o ‘humyp' conveeting downstream at Lhe parallelcutranee
fow intorfnee, nud its decrease in size with decreasing dimensionloss axial
posltion is due to the variable sealing of the axial ep-ordinate, A more
uicauinglil mensure of this strueture « its towporal extent < ean he in-
forvedd [rom the dati. For nil theee sotz of data, the temporval extent of
this nup s approximately constant, at abont A7 = 0 016,

Luta from difforent atations in feure 18,5 whick possess the same value
of & have differing times. This exploing why the voverlapping datn from
differont stadions should uot be expected to nlign peeloctly; due to the
variability of 2, the fiow will possess o diffoeent value of §2 at differont
thmes, Wher w the data in the towpural compurison of fgure 18,4 woull
b exported tooalign with one another, uo matter what the vaeiation in
£2, Tor spatial alignment of the thinuing How reglon It I necossaey that §
remain constant.

The datn for the most wpstream station EEL, does not allgn well withy the
theary. Although each of the othier theoretieal date converge to n single
line fn the Hmdt s o~ 0, the expoerimentad data of this pacticalar station
in olfset from all the others, amd fn faet les ontside thelr extent, There
are two possible rensons for this offset®: Gestly, the et plane was shiaply
tuken s the paint at which the contraction ended, Dut thiv was cortaluly
uot the polut of zero houndary Iayer thickness in the pioe serondly, the

M Tl same offert would apply with leey sensitivity (o the more downsteeas data,
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to explain the discrepancy from within the confines of the siuplified analysis
alone, In reality, the mismateh is largely due to differences hoetween the shuple
munerieal {nflow bowudary conditions and those existing at the pipe inlet ox-
perimentally; that s, factors wot included in the simple nunerical wodel, This
is corroborated by the fact that the maximmn deviation from the theory is in
all cages associnted with the measurements at the interface between the paral-
lo] development rogion and the thivning part of the flow. This portion of the
flow was shown in chapter 8 to he affected by inlet vavinbility; in particular by
thie inlet *hump’, an cifeet most cortainly not incorporated into the simplified
nmnericnd wodel, The oifect of the inlet banp is coveved lator in this soetion.

Temporal devalopment

First cousider the temporal flow developient shown in Ggare 184, The mean
value of acceleration pavaneter for this test was jost below == 20 (Jigure 18.1)
for mout of ity duration. lor the three most upstroan stations (EE1, EE2 and
EEZ), the tine poriod ovey which the experimental entrance Dow shows parallel
development s small, ¢onfined to the reglon 0 € 7 £ 042, Unfortunately,
this is alwo the perlod dwring which the aceeleyation parameter shows strong
varintion (figure 18,1}%; thus the development eurve of the experimontal data
iz not expeeted to align exactly with any oue theoretical value. ‘The vwrintion
wounld be oxpeetod to follow the theoreticnl trond ealy rouglily: in fact for this
vegion the data lies gomoewliere between the €2 == 0 and § = 30 curves, The
far downstresm station - EES - shows a longer peviod of tnitial developmont;
until about ¥ = 0,05 which i well into the rogion of constant €. As a vesult,
ane would expeet the experimental enrve to approach the € = 20 Hae, which it
does sppear to ot about ¥ e= 0,03, Howover, from this thue until the ovenrrence
of the inlet frous, 0,03 € ¥ < 0.0, the varintion of /R takes on o slightly
Inrger nunterical valne than wonld be expected, causing it to fall on the §i = 10
eurve ingtead, This rogion of increased houndary Inyer thickness near the point
ab witdely the thinuing How beglus was seen in othoy Lests, cspecially at the far
downstrenm measuring stations, T was associnted with in Inlet efToct: thiz was
& manifestation of the inlet *bumy’ prominent in some tests, and nssoriated witl
the detnlls of the impuisive flow start {see section 6.3),

Spatial development

Consider fignre 18.4, the boundary layer thiuniug region of Uhe flow js indieated
hy a deerease of displacement thickness with tiuie, with the datn in cach case
diverting from the puraliel development eveve, However, as discussed earlier,
this duotn in figure 1804 corresponds 1o the points aligned to the steady entranee
data fn figure 1835, For ench set of data shown, the points kom carly tinies
are tight-mont, and the temporal development proceeds from right 1o left on
the Agave, The parallel developing reglons that were concurrent in fgure 184
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Figure 13 5 The spatial development of 8* /R for the teat EXPE; - -, theoretical
vesults; ¢, BEL (a/R = 12.24); o, BE2 ‘v/R = 29.25); ¢, EE3 (x/B = 04.52);
(), (1), (e}, inlet ‘Lump'; AT, BY, ¢, ehosen points of Increasing time for EE3,

cated that the two representations given by fAgures 18.4 and 18.5 reapoctively
were sufficient to show the alighient of the experiinental data with the theory,
The thinning flow that cuts across the theoretical parallel development curves in
fipure 18,4 aligus with the theoretical entrance fow curves in Qgure 18,5, while
the converse is true for the carly pavalle]l experimental data, Thus in conjune-
tion, both Agures give complomoentary views of the datn, allowing verification of
most of the measured pogults. For fustauce, the line A-B-C in figure 18.4 corre-
sponds to AWDACY in figure 18,5, The segment A in the former figare aligna
with the theovetical eurves theve, wherens the correspouding segment A-I3 i
the lattor figure follows o unique trajectory. The converse i tone for the Lne
segment B-C', which follows a unique path In Agure 18.4, while B/-C/ alipng with
tho rumortcal entrance flow curves in Agure 18,5,

1L should be noted from the outset that in the comparisons which follow, there
are dicliotomons ways of viewing the corvelation hetween annlysis and experi-
meut, En the first instanee, the maxinmm devintion of the measured value of
displacement thickness from the theary in figures 18,4 ancd 18,5 1z only 10% -
for the data EES nt 7 = 0.05 in figare 184 - implving good correlation with
the simple theory. From another poiut of view, this small discropaney in the
data EED causes it te loave the € == 20 lne and makes it Jie on the = 10
eurve instead, Frow the latter poerspective, a unive lnterpretation wonld give n
Bnetor of two difference hetween the theory and measurod data - o substaniinl
lovel of disageeement. The flaw in the latter segmmnent midses from attempting
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avoid unnecessary cluttering, only representative resnlts ate shown, In this
regard the ‘E’ series of tests is deseribed in detail, for the reason that these lind
an initiat start-up in closest correspoudonee with the theory, and becanse they
reflected the full range of hehaviour of the flow®,

18.3.1 Displacement thickness

A typical picture of the tempora) s sputial development of the flow is given
by the test EXPE (see figuve 18,1}, The varintion of displacement thickness
& /R with dimeasionless tine ad dimensionless axial position are presented in
figures 18.4 and figure 18.5 respectively. In both figures, the ex; erfinental data
have been mapped to the dimensionless co-ordinate aystew, and superimposed
on the theoretical asymptotic data for the range of accelerations @ < {2 < 30,
The data EES have heen omitted from figure 18.5 heeanse they do not appeay
on the seale of axes of that figure’.
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Figure 18.4: The temporal dovelopment of 6* /R for the test EXPE: |, thooreti-
cal results; o, EEL (p/ 0 = 12,24); o, BE2 (/R = 20.28); o, EE3 {2/ = ¢4,52);
x, BES (u/It = 320.50); A, B, C, chasen poinga of inereasing time for EE3,

Lines of theorotical development for the thinning low ave not shown on fig-
ure 1844, while the Hues indicating the early temporal developmoent are omittod
in figure 18.5, to avoid cinttering. The diseussion of the previous section indi-

BThe other tests were directed more towards the detenninntlon of the fow Leenkdawn,
et thus were not ident for showing the tumdnnr Bow variation cleatly. In contoast, these
tests showed marked thickening and thinning reggions, und tjearly distinguishable patteruy of
behavioue at the different axial stationy.

PPhe smerleal vesults were i this ease Bmlted (o the range 0 € ¢ < 0,00,
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given with respeet to time, or as a funection of the dimensionless axial position,
in the former ense, data frum various axial positions will coincide for the peraliel
doveloping poction of their flows, while the later thinuing behavienr will follow
vnique trajectories for the different axial positions. Conversely, in he dimoen-
sionless axinl frameworle, all the tlhhuning portions of the fow will colncide, while
the early temporn] developient will be unigue for difforing axinl positions,

The argunents presented above were givon In greater doetail previously ln see-
tion 15.0, of which the current disewssion serves as a sammary,  There the
nuwerieal results for the *test’ acceleration 2 = 20 were used to ilinstrate the
principles involved, and the reader is reforred to that seetion for further clarifi-
ration.

18.2.3 Basis of comparison with experimental data

The above argament wos concerned with dbmenslontess seallug in the coutost
of the mumerienl aystem, in order to deseribe the temporal development of the
flow nt a fixed physieal axial position. Tu comparing the experimenta) data with
the nunerical predictions, two options are available: the measnrements may be
reduced to the compact dimeusiondess form of the analysis, or the aualvsis may
he made dimensional aceorcding to the parnneters of the mepsnrements.

It was decided to use the dimoensionless bacts, for the veason that 14 was shown
to highlight propertios of the flow which couki not lave heeu abserved from
the porspeetive of the primdtive variables, It is central to establish whether the
cxporiment wimies the wniversnlity exbibited hy the analysie, Further, the im-
portant eoncepts of steady state flow with fts commensurate development time,
and entrance length only have meaning in the dwewsionless frnmework.

I sections 18,3 and 18,4 that [oliow, comparison iy made between the ghinple Lhe-
oretical data and the suitably teansformed nunerieal resulis, The mensnred data
for the test EXPE{{ » 20) 1y frst consiclered in iolation fn seetion 183, Moea-
aurements from the four axial stations BEL (r/R = 12,24), BE2 («/1 = 28.25),
EE3 (/R = 6152 and EE5 {&/R = 320,50} are compared to the theorstionl
curves in the ddnensiontess feameworls, both for the dixplacoment tiickness and
the velocity profile shape parameter, Thevealtor the elloct of {nerensing aceel
eration on the flow i domonsteated n soction 184, by comparing the full data
from the four separate ‘B tests [EXUE (2 = 20), EXPF (Q = 33), EXDG
(§2 =2 45), IIXPA (£2 2 13)] with each other and to the theory.

18.3 TFlow development in time and space

The experimental data of part 1T are re-presented below using the dimensionloss
framework, in order to allow compact comparizon with the numerieal data, To
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19.2 Comparizons

The results of the smefuee Gtting provedure deseribod abovwe are shown in fig-
ure 100, The individual experimentu] pointx are shown as open eleedos supoer-
hposed on the sueface plot.
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Figure 18.5: The three thimensional ftted surface to the experimental lneeption
data fn (i fi Re) spoes, showing the experimental poiuts supevimposed, "The
extent of the surface i incicated on the Hoor of the plot,

There ave two Duportant trends evident in the Ineeption mefuee shown here,
Figsily, the Reynolds number ineroases in value wmonotondeally with lnercasiug
aceeloration parameder for all values of 2 seeondl for any value of acveleration
paraster, the Rovnolds mamber inftinlly decrenses in value with axinl position,
reaches & minimnm, aud thereafter juereases downstreans. Both these trods re-
floet those seeu In the (theoretien] Bnear stability curves generated e chapter 17,
The theee-dimensions]l surliee representution of Ngure 105 & ouly qualitative
in nature, ard botfer guantitative compatisons ean be obtadned by extracting
enrver [rom distinet plaues of interseetlon with tho saelhee. Figure 10,10 shows
extracted ewcven for fxed vidnes of the aceeloration paraieter (82 2 10, §2 = 20,
{2 == 30, € == 40, £2 == 50). superimpored on which are the corresponding theo-
retical linenr stability curves for the pipe entranee repion.

Inunediately ovident ¥ that each enrve of the experbuental dota in fignee 1.0
Lins & lower mininnun evitieal valae tam e cotresponding theoretioal cure,
Ax the aeceleration puramoeter inereases, the disparily juereases, The varlation
of the minlmum eritical Reynolds nmnher with aceeleration parmneter ta shown
iu figure 19,7,



CHAPTER 19, STABILITY AND INCEPYTON 156

vorresponded t o mateix of coeflivients ' with size 5 x 3 - a quadratie variatio
tn 3 and forrth ordor varlation in £, he standard deviation of the data from
Uhie fittod smeface was 1,6587 % 10* jn Reynolds munber, The distribution of the
error wag elose to normal, ns evidenced by the histopram of figure 19,4,
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Pligarve 19,1: The dirteibution of the experimental data sbont the ftted marface,

The shape of the histogram seeaned to judieate that the surface B was an aveuws
rate represontation of the data fn the mewn, The standaed devintion shown by
the datn from the surface wis approximately 8% of the average surfaee Reynolds
wnher of & 20000, A move approprinte estimation of the aceuraey of fit in this
vase J8 not the standawd deviation, but rather the standard ervor of the mean,
riven by a5 =2 Re! /N where Re! fs the standard devintion in Reynolds numbor,
and N iz the number of data points, In the current ense, & o= 87, and thos the
standied orror in terms of Reynolds nnmiber is o, = 1773, For a comfidenee lovel
ot 057, the uncertalnty in the fttod surface wonlkd be oxpected to be &2 x oy,
which simouuts to an nueertninty in Reynoldy nunuber of Ke s 355, Combining
all the inception data to deflue o single suvkaee holds o mtmhor of advautages
over cougidering the stebility yesults from enel tost dividually:

(1) It nllows & globnd corvelation, in both # and {2, between all the meaxred
cata,

(1) Combining all the data plelds o stasistleally botter population of points
{14 tlogreos of freedom for 87 points) for interpoletion purposes, Churve
fittlug to the individual test data wonld give rubstautlolly poorer resulty,
due to the sparse dath distribution (= B dogrees of freedom for 8 polute
0N AVOTAZe )

(i} The resultant surfuee obtadned from the Bt allows corvointion of the dats
In any cliosen [opm within the ruge ol the (1, For jnstance, eneves of
coustaint Heynolds muauber can he extesetod with ense, aq enny e - 3
enrves it arbitrary valies of the aceelevution parnmeter,

(iv} A global revor exthmte conld be olituued Do observing the statistieal
tlevintion of the data Bom the surlace,
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where F ts a matrir of coofielents, and the veetors ¢l ry; are polynonial hasis

veetors in the independent variables » and 2 respectively. These bases were
chosen to 1o the Chebyshev polynonsialx of the socond kind, on the range [0,1].
This clice wan mude beeanse of the orthogonal propertios of these polynomi-
ald, and heeause substantial minnerieal wachinery existed for theu, developed
in the munerieal analysis of the provious chaptors, By temneating of at ovder
N, vy at M, and the coeflicient matrix at ¥ x M, the intorpolating surface
eould be restricted to order (N — 1) x (M ~ 1), A solntion was theu songht
in the formn of cquation (19.2) which interpolated the experimoental data in the
least-xuunees sense, Due o the anit range of the Chebyshev polynomials, the
experimental data was sealed to the unit seuare i the o « § plase, The full
zot of data was not uged; ouly those pointy near the inlot repion (data from the
region surrotding the miuiimam eritical points of the experimental data) woere
retained, The reasoning bohind this was siimplo, Fimstly, the data in the space
domain given by 41604 x 1007 < r < 38042 x 1074, 11442 < §2 < 19.065
showoed o uniforin distribution, wherea: polnts ontside this reglon were loeited
on ‘tencheile’y secomdly, Ehfs area cmtbraced the oxperimental minimmn erbical
poluts of all the data, Sinee o fairly low avder fit was doesiesd, the restrivtion of
the region was benoficla] ln this repared ns well, An explictt procedive wis not
usod, enthor & glohnl mindidsatioa itorative algorlilm was emplovesl. Lleal for
thiz purpose was the snppiicd Matlal function £fmine. This function nses o sin-
plex seavel algorithm, to minimise a function of several varinbles, Practically,
ihis algorithm minimises any foncetion represented by o Matlnh m-file, as loug
ay that functlon retnrns a sealar value to be mindmised, Sinee the problem was
to minhnise the least-squares rosidual of the pelynmninl sueface fit (19.2) to the
diseeete dota {4, $, fei), & Tanetion was defined of (he foym

e = 3 [Reg - Fegas 129 : (10.3)

where Zie(#, §3i) i defined by equation (19.2). An initial guess Tor the matriz
I wan supplicd, and the funetion fmine rotnraed the bost it coollfcfont matrix
for the partientar owder chosen. Holution was indtially obtained for tow orders
(Initially o Unear Bt), siul the order wns inereased i eacll of the ordlantes, shinply
by angenting zeroes to the vesulting watrices from the proviowa solution, The
vesulting matrix was then uaed an the fest ftorand for the nest solution, The
properties of the Chebyshey basiy aflowed thiy augmentation; the mngnitude of
the coellivients of exten tevins in a Chebyshey serios beeoame rapidly insdenifleant,
while {}efr presenee does not alleet greatly the value of the alrepdy detenuined
lower coellicients [see chapter 12, or Fox & Darker (1968), Rivlin (1090), for a
diseussion on the properties of the Chobyshov polynomials),

"The solatica procedure was terminate] ot an order where the fitted snelace
wa snontl and ragular, amd where the adddition of extea coellicient 1erns hd
ant inslguifi ant offect ou the solution, For the present duta, the solition bad
hecome invarinut to about 100 in Reyuokts numbor at an ovder of 4% 2 (this order
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Figure 19,3: The vardation of the experhnental erltical Reynolds munber with
dimensdionless axial position, for the test GXIMA (Reg = 6510, §t = 32.6),

flow; therefore comparisons will be made betwsen the meazured datn aid the
ntability resulia for the steady (dhueusionloss) pipe entrviee dow,

Surface ftting to tho experimoental data

Theovotieal linear stabillty choeneteristles were calenlated fov various constant
vidnes of the aceelerntion parameter. Mowever, [ the expecimental syateitn the
Teynolds number in the plpe was ondy approximately expoucntial, Consogrently
the value of the aceeleration parameter Gld not remndn constnnt duriug o test,
The varintion of the acceloration parnaneter with tie way sliown In Apueed 18,1
to 18.3. Due to the fact that the nstantaneons valae of the experiuenta) aceel-
eration parnmeter was known, the expecimentad inception memsrenents could
be given as points n &, €, Re spaee. Cousideration of all tie experimental
inception datn showed that they approxhnated a smooth surfaee I 5, 8, He
spaee, It was therefore decided to fit o surfece to the entive data set, ad to
oxtraet data trends therefvony, rather than by ftting copves to the wlividunl
tests, The achiovemont of a sorfaee G i wlwmntageous for the renson that it
allows a multi-dimensional correlation (in & aud §2) hotseen all the inception
resulty, negating the fdlosynerasion of the ndividual tests and yicldiog a global
‘Boat-At". In vontesst, individun] eurve Htding to the data from cach aceoleratlon
wonld necessitate o high oeder (1th order) Interpolution to w spuese (52 8 potnts)
aob of daten, Tt was chiosen to it a poneral two-dhnenstonat polynaninl surface
to the date, of the form

Be(# 1) = ol Fug, (192}
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Flenre 183 The varlation of the experhuental eritival Reynolds unnber with
ciinensiotdm axiad pesition, for the teat GXPA (Mg o G310, §2 — 32.5).

flows thevefore comparlsons will he minde betweey e measuted data and the
staliility pramlts for the steady {dimesionless) pipe eutvanee Do,

Surface fitting to the experimontal data

Theoretieal luear stability caeneterdstivs wore enlealnted for varions constant
calnes of the gecelerntion parmneter, However, in the exporhinental system the
Rexmdc wmbor iu the pipe wax only approximately exponentinl, Consequently
the v of the aceeleration parameter did net remain constant daring a test,
The vaelintion of the aceodortion parmnoter with thne was shown in fgures 18,1
to 183, Dne to the fnet that the hpoantanesus value of the e perimental aceels
evntion purameter was known, the experimental inceplion mewemroments conld
be given s poinds in ooy 32, fle spaee, Consideration of all the exporhimental
leeption datn showed that they approgizaled a smooth o fuee In e, 2, Re
apren, T6 wis (herofove deeldea oo fi4 o suefeee to the eutiee datw set, and to
extraet duta fronds thereleons, rather than by Bttug cteved to the individuel
teets, The arldovomd of a sarfnee fi0 s wdviotageomws for 1he reason Uit it
allows o milti-dimensiond covrelntion (in e oawd $2) between adl the fnception
resulls, negonting the idiosynerasion of the individual tosis ad yielding o plobal
Bostefit', Tu contrast, individual evrve fitting to the duta from each neeeleration
wonld ueesssitute o ldgh oeder (1 order) interpalition to a sparse (20 8 points)
sob of datas It wis chosen to Bt o general two-dimensional polynomial sueface
to the data, of the fem

Re(irdd) - ol B, (10.2
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1.1 Synthesis of measured data

Phe sdaraat foome 102 1 i ter- ol dineae wieal variables, Conarison with
tior theasetzal dfata pounze s o teappane by the wathead eocanlinate system.
T the o e e astal guvation: £ thas mapping b viven by

) [}
1B b
sohiere 1o the pipe odveg aned Be s thie Revoolds immber, Faely point (rom
s 12 pepte ept-aoes anligate it m e - e planes thas the dmension.
I cacnd e tione copte pronsditgg fo eaehy paing on this praph e e eadenlated
ahner e Hom eguation 1 ULLL Fioe 1903 hedow slows the ineeption data o
femge 120 vepae amted i tHe worisgicoed axial ordinate,

The feome - ows it Mere i no sastantiad qnaditative ditlorene belweon this
topbe e atisg andd e dagetedonal oue piven in ligaee 19.2 sarlier.  Tlowover,
the metmalisation of fae axial opdivate alows comparisons te be oade, both
Betasuneng Vi pee gt dor diffevent exponential aceelerations, smd divectly with the
wrtetival widels, T paet W Che stability chavacteristios of the two asyimptotie
sl wription o the gipe entranee flow were obtained: fivstly for the 1emporally
develnping, pavatiel Bow, wod secatudly for the steady o dinsesionles torms)
et tanee nadel, 1t wies stited cadior that adl the Bow breakdown aned subseguent
fhaasibion phenotena ocentred in the boundaey laver (hinsiug portion of the
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Figure 10.1: The schematie depiction of the transition to turbulence in the
entrance region of an exponentinlly aceelerating plpe flow: (o), lmnlnar flow;
(1), lacal houndary layer brealedown; (o}, transitional How couveeta downstrea,
local boundary layer breakdown porisis nowe the indet; {d), loeal breakdown
upstream, turbulent frout conveets downstyewy (0}, locad broakdown upatream,
pipe-wide turhulent Sow downrtrepny — « «, roglon of ineeption.

Measwements of the flow broakdown in the pipe enteance wore macde af various
axcinl positions, by placing the LIV measuring valume within the houndary lnyer
at varjous nxinl stations, The tadial positlon nt ench statlon was chosen Lo be
that point within the boundary layer that showed mnxinunn sensitivity to flow
Broakdown, Twelve runs were macde at each seation, s the vesults were stoved.
For each yun, the fivss identiliable Hine of Qow deviation from the lnndoar state
was measured, ane the mean value of the twelve 1imes was taken as the time of
How hreakdown at that axdal tation, The Revnolds nusber variation with tin
wa known (from the liowmeter data), and consoquently the eritieal Roynolds
nuniber aé each axial station conld Lo asesrtained., Figure 19,2 below repoats
the experitnental transition date for the test GXPA (e = 6510, Q = 32.5),
first given as Agure 9.9, awd embodying 17 axinl stations,

The two representations of the date in this figure ave equivalout; the epitiend
Reynolda sansher was simply detormined (o the thne of {ransition, by wsing
the flowmeter datn. Breakdown fivst oveurs at an nternedinte axial station, 1
this ease & m 0.6 . As thine progeesses {aicd the Reynalds pamber inereases),
healeown Is abserved both npstreamn aud downstrenn of the origlial minhnum
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Stability and inception

Tu this chagster, the basie experimental incoption data of ehiapter 9 is farthor pro-
cesned in the light of the theoretical frunework ewergout from the analysis, The
eavlier experimoutal incoption results, given in thut ehapter in ferns of the i-
menafonsl co-oulingte systonl, ate transferred into the normalised co-ordinates,
to wllow diveet comparison with the simple linear stability theory results from
chaptoer 17 of the analysis, The cupvent stady was concorned with the behaviour
of impulsively started aml exponentially nceelerated pipe entrance flows, From
Jie perspeetive of o fixed axinl position in the pipe. a elear pattern of helinviour
was shown in all of the fows measured in this work. Initially tlie Qow reinained
latinar, with breakdown and transition oceurring Inter, when the Reyuolkds
nunber was high, The carly laminar development cousisted of two phasess ind-
tinlly, boundary layer growth occurred at the mensuring statlon, thereaftor a
region of bowdn . layer thinning casned, The first phose of the Innisar de-
velopiwent was shown iu the provious chapter to be aceurately deseribed by o
shmple parallel hage fow madel, The ostenstbly complex helavionr of the see-
ond thinsing phase was shown to be glvon by a steady numerieal sotution in the
normalised co-ordinate gystem!,

In adl the fows weasured, tie breakdown of the Imuinar state was scen to seenr
dariug the later bonndary layer thinsing pertion of the flow, Flow brenkdown
boegan as A lambnar ‘waviness’ with's the houndary loyer in the plpe entranee,
wiiirh subsequently developed fnto t chulent flow heliavionr, Theso dist mrbances
were stubseqtiontly observed both upstreant and downstrenn of the initisl incep-
tion point. They also grew in extent raciaily in the dowestroam deoetion, md
pipe-wide turbulent flow was nated in the systen far dowostronm. Near the
iulet, wlidle the honudary layer was disturbed, the contrad 'core’ How always vo-
mained Tamivar. Fignee 19.1 below ilhisteatex the general sequoenee of (ransition
ovenda seen in the fow,

Mhe provious chapter rontained w dotailed deseription and sunmney of the cosandbuite
wystoms and the varlabie wapplng between them, mud they @il aot be disegssed firther here,

151
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Figure 18.12: The variation in thoe shape of the veloeity profile with nceeloration
parnmeter in the parallel developing region for the *E' sories of tests: o, station
EE2, T = 7,685 x 107, {} = 20; x, station EG3, ¢ = 1,261 x 10~%, {} & 45; the
iwo solid lines vepresent the equivalent nmuerieal velocity profiles for £t =20
and §2 = 50,

Here the trends shown by the experimental data are Doth qualitatively and
(uantitatively correet. The higher aceoloration profile EG3 has a highor value
of veloeity near the wall, and a correspondingly lower value near the edge of
the boundary layer. The difference between the two experimental profiles was
close to the discrepancy between the Lheoretical curves, Furthermore vach of the
theoreticrl profilos correlates substantinlly with its experlmental counterpart.
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funetion profiles were plotted agaitst one auother. In both eases, the entrance
profile is loss convex or curved near the wall than the equivalent parallel veloeity
profile. This results in the entrance profife Laving lower values of veloeity near
the houndary, and Ly woy of compensation, higher velocities towards the onfer
edge of the boundary layer.

Referring now to the experimental data, the weasired values for the parallel part
of the flow show o good mateh with the theoretical curve, The experimental
profile is even move convex than its theoretical counterpare. This is consistent
with the predictions of chapter 15 that increased acceloration eauses o mare
convex velocity profiler the stnrt-up value of acceleration parmnoeter was higher
than the nominal value (€2 = 20} for this tost (gure 18,1}, The entrance data
shows a lot of varinbility, due to the non-repeatable entranee coffeets in this
region of the flow, but in the menn the coreelation with the theory appoars to
Lo moderately good, Comparing the (wo experlmental results with eaclt other,
the anticipated trend is evident - the entyance profile has o lower velovlty near
the wall, nud a bigher velovity elsewhore. The observed diseiepaney is, however,
far too layge to be caused by the difference in flow regimes alone, a conelusion
supported by the tiiy difference betwoern the thearetienl curves, The obsorved
large exporimental diserepancy fa thus possibly due to the initial vaviation in the
aceoieration parameter, combined with the inuate uneertainty associnted with
the later entrance flow.

18.5.2 The effect of acceleration on the velocity profile

As mentionted, it was shown in chapter 15 that increasing the acecleration pa-
rentoter eansoed the veloeity profile ta adopt ru inereasingly cotvex shape, Unlike
the comparison of the previous section, the effeet of acceloration on the profile
becane more marked with inereastig displacement thickuess!®, Thus fn the
ense of dlscorning the elfeets of the aceelevation it was straightforward to find
apprepriate velocity profiles.

The value of displacement thickness chosen war the sane as I the previous
section (*/R = 0.001), Profiles wore taken from the parallel devoloping flow
nloue, In order to winimise experimental nueertaiuty, It was shown eaelier in
the ehapter ({or instance in fgure 184) that the parallel temporally doveloping
dow wag highly repentable and subjject to minimal variabitity, Two proliles wore
obtainad, each with the zame displocensont thickness, hut originating from Qows
possogsing different values of the aceoloration parameter. The first profile was
taken to he the parallel profile from lgure 1811 abwowve (BE2 $2 = 20 - axlal
positlon irrelevant due to parallel fow), and the second was extracted from
the data BG2 (2 s 15). These two profiles are shown jn lgnre 1812 below,
Superimposed are the equivalent theoretical profiles for § = 20 and 2 = 50
respeeti: ol

Wihls was ascertnlued Ty informa) numeriead experimentition,
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18.5.1 Paralle! developing and steady entrance velocity profiles

"t was shiown tlicoretically in chapter 14 that profiles from the paraliol developing
el bonude - (nyer thiuning reglons of the pipe fow had significautly different
v locity profile shapes for the sune value of any chiosen purmneter sich os the
A placement thickuess, In order to see i this wax so rxperimentally, it was
de ided to compare the theoretical profiles direetly to measvred ones, For this
pIL 3080 two profiles wore extracted from the data EE2 (#/R = 20.25, {2 & 20)
for */R = 0.001 - one from the early parallel developiug vegion and one from
the . oundary lnyer thinuing region (see figure 18,4}, The equivalent theoretical
profi. # for the same values of displacement thickuess and mean acecleration
paras oter were obtained from the numerieal analysis, These oxpor wental and
theore jeal dota are shown superimposed in ligure 18,11,
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Figure 18.1 : Experimental velocity profiles from the parallel and entrance ve-
gions of the ow, for the station EE2 (/R = 20,25, {1 =2 20): o. == 7.685x 103
(parallel de slopment}: x, F = 2.152 x 1072 {eutrauce flow); the two salid lines
represent th equivalent numerienl parallel aud entrabce flow profilos,

The choice ¢ displacement thickness to provide an approprinte comparison was
not eazy., A ideal choice would have been profiles with very thin bmpudary
Inyops, for thy veason that they would show the most marked differonce in regard
to structure. Unfortunately, this ched w ot possible for sovern] reasons:
firatly, the vo - early (parallel velocn twere Wt very rogular, mainly as
n result of poor placemens of radind me. > stations (station positioning was
optimised for the later profile developmeunt); secoudiy. in the bhowndary Iayer
thinuing (entrance) portion of the fow, Wie profiles wulerwent transition to
turlndence hefore attaining & very thiu boundary layer, Tt was for these reasons
that the profiles shown I Agure 1811 were chosen to luve a relatively thick
boundary lnyer. As can be seen, the expreted theoretieal discrepaney (hetwoeen
the solid lines) i very small indeed for these prohles, The theoretical trond is
the suue as that shown in figure LLT of chaptor 14, whore the Blasing and error-
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18.5 Velocity profiles

This chapter has been conceined up untit now with comparison between theory
and experfinental data using two partmeters - the displaceinent thicknoess and
the veloclty profiles shape paraweter. The parametrie nature of the displace-
ment thickness allowed direct and il superimpositiou of theory and experiment
using a pair of two-dimensional plots; versus £ for (e parallel flow and with re-
apect to E for the thinuing flow. Due to the fnet that a velocity profile vopreses

a radial varintion of the velocity, a full comparison befween the measured
theovetical profiles is only possible using two three-dimensional vepresentaty  »
embodying §i(#,F) for the temporally devoloping flow, and (7, F) for the bowd-
ary layer thinning region. However, due to the inherently qualitative nature of
a surface plot cotaparison®®, it was decided to eifeet only a comparison betwoon
indlividual selected veloeity profiles,

The primery aim of the veloeity profile comparison was to ageertain the agree-
mient between theory and exporiment. Furthermore, it wag important to olwerve
whether the munerieally predicted tromdy in veloeity profile structure - due to
acecleration and non-prrallel effects - were presest in the experinental datn!d,
As bofore, datn were talen from the ‘B’ sories of tosts, A fixed valwe of the dis-
placoment thiclness was chosew, and two phenomena were investigated: Hmtly
o comparisols was made between n paralier developing velocity profile and its
steady entranee conuterpart for a fixed value of the acceleration paramotoer (Rg-
ure 18.10a); socomdly, thoe effect of the acceleration parawmeier on the strueture
of the paralle] developing veloeity profiles was alserved (figure 18.10h), These
two comparisons ave given below,

(a) (b} -8,
proflle 2 prn{ilc ! - » [+
8%/R sl i
/f. ‘profite 2
i
b ih 4 i

Figure 18,10; A schematic ropresentation of the portions of the flow from where
veloeity profiles were ohtained: (o) profiles frow the paratlel and thinning Qow;
(1) profiles from the parallel How region - different acceleration parametees,

Bl widely dispreate surfeees ean be made 1o look Indistinguishable by Judiclous choles
of view polut, while identical aurface plate cun seem different dite Lo dilforlng display grids,

U1t was shiown in ehaptor 14 that the pacallel aud entrance fow voloelty proflies had funda-
mentally diflecont shapes, in the limit as the boundory tayer thickuess approachet z2era, The
stendy entrance flow was convergent to o Blasiud structure, whereas the parallet fow heeamp
nf an error function shape in thiz limit, In a similar manner, (e presonce of aceelorntion was
shown to produce more ‘vonvex' voloeity profiles, (hum for stewdy fow,
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14, Arising from point 13, it is elear that the volocity profile shepe parateter

1h

17

i

of Mass (1985) ix not a widgue uantiter of veloeity profiles for any elass
of nmsteady pipe entrance {lows, Tins reintes the conelusion of da Silva
(1900, that this parameter unigqued - ' 1 eterises veloeity profiles for the
impulsively started stondy fow rate ¢ o

The averall effect of inereasing the acceleration paraneter in the dimens
sionless mystows s to (8) merease the value of the veloeity profile shape
parameter thronghout the pipe; (b) corsespondingly lower the valoe of the
displacetent thicknoss everywhers; (¢ canse the system to attain stoady-
state i a shorter time; and () prodoee o more convex ghaped volocity
profile,

In genoral, the mumerical base flow wmadel voproduces all of the features of
the measured system. The observed honndary Javer thinning behaviowy
Is produesd by projeeting the sumerieal solution inta the plysicad space,
The only kubstantial laninat features not explained by theory are ‘hun’,
olworved at Lo Interfave betwern the entrauce sud paratie] flow regious,
anet thought to arise from oxporimenta] pipe inlet offocts at start-np,

The mindunn eritieal Reyvuolds nuniber for the elassies] zero-neceleratlon
pipe entranee Bow case was determined to be Re = 11 667, while eeitienl
Reynolds numbers in exeess of 500 000 were obtained at the last wwtable
downstronm station, an order of magnitwde greater thaw that achieved by
Provious rosoarehers. Stewdy pipe ontranee llows wore showat to ho linearly
nustable to svisymmetrie disturbances for only o small reglon of the pipe
entrance, nawely 0 < & < 0.081 9. The present stabllity results agree
silmtantially with those of Gavg (1981), and show the study of da Siiv
{1990) to be inpreurate, The orror I da Slivids analyus is thought to arise
from the wse of a temporally explicit fnitesdifferonce seheme, eombined
with thie physieally incorroet amd controversinl upwinding teehdgue used
to deserilye the diffusion tevms in his bage fow mocdel.

T tho ease of the zeeo-neceleration inpulstvely started plpe entrance llow,
the stability bebaviour of the two reglons deseribed fn point 13 are suh-
stantially diffepent, in aceordance with the diffeeences between thelr voloes
ity profiles. The minhunt eeftical Reynolds numboer of the paraticl fow
{Re o= 19 BAKY win shown to be approgimately twiee ax bigh as the equiv-
alent vabue for the entranee system (R = 11 607}, Faetheemore, ad the
hoswdary layer thickness recdwees, the prrallel kystetn approaches a cvitienl
displnecement tickness Roynolds nimber abowt three timoes lavger thau the
cquivnlent limit for the entrance system (fep = 16755 510 reapoetively),

The non-parnliel nature of the pipe extvanee fow bas an insigrilicant effors
on ity gtability belawiow, Nowpaeallel elfects, quantified 1y the parallel
Daratneler &, are muxinun at the inlet plane, where tlie velacity pro-
fles approach the Blasuis ot Downstream the nowspacallelne:  retuees
rapiclly, mand formally disappoars at F - 0,008 19, that axial station heyond
which no eritien]l Reynolds munbers exist,
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An opoerptioual mmneriead approach was developed, atlowiug the general
solation of the equations of indd mwechautes, for bath Laear and nou-linear
probloms, encowpassing both boundary value and sigenvalue syatoms, The
approach of Ortiz [Ortiz & Samara (1981, 1083)] wax extended by olim-
lnating the juversion of o lsully sealed transiormstion watrix, inhoront
to their method, Consequently this modifiod technique wis used to solve
Ligh order problems aeenvutely, The cotmmonnlity of the operatfonnl phi-
losophy with both colloration and simple {inite-dilference methods was
demunstrated, an was its equivaletiee to Queeng’s (1971a) Fan method,

Numerieal models were anceesafully developed, both for high Reyuolds
number aceelerating pipe entrance fows, and for their Jinear stability:
(n} In the case of the hase low model, the pressure tern was oliminated
analytically from the governing equations, and the resulting systen was
formuinted using the oporational Tan method radially, and eollocation iax-
jally. The nuusval fntegral and Umit terms avising from the ollnination
of the pressure wore treated nntformly with the other terms by the Tha
diseretination, The tomporal diseeotisation was lully implicit for the linear
term, ntwl explicit for the nonslinear ones,

(b} The nustoady stability equation wax an oxtonsion of the Sex] stalility
relotion, The singolavity present nt the origin was clinlnated ausbytieally
Ly transforning the radial ovdinate, in order to ensure speetral conver-
penee of the resultant operation Tau systent,

The veloeity proflle shupe paramoter of Moss (1985), in conjunction with
tho displacemoent thickuess, were hoth wed as sealwe pasunetrie ropseeseis
tations of the numerieal velocity profiles, The seated shape purametor was
introduend: in contrast to the volocity profile shape perameter this shows
bimed behaviowr as the boundnry layer thivkness appronches gero, al-
lowing the quantifivation of the veloedty profile struetare i this it

ot was sliown that the velovity Hekd fu the dimensionless co-ordinate gystemn
ix comprehemdvely described by two simple models: the et hefugg pural-
lel, teanpoeally develaping nnd Hoear, and the secowd spatindly developing,
sleady wnd non-Huear, At any ehosen tne there exiata a dimewsioniess
nxinl postion, downstrean and apstrean of whiel the formee and lattor
wedels ave valitl, respeetively, The apatinl extent of the interfare botween
the two regiouy was xhowi 1o be snall ok all times dneing the fow develops
mient. Townrds the phine of the pipe hilet, the spatially developing veloclty
profile approachos the Blaswds lanit in shape, white the downstream pare
allel veloeity profifes beeome ovvor hnetion-iike I sbape for sinall times,
These two agymplotie limits are independent of 1he aceeloration parnnes
toy,
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4, For each test, theye exisnted an axinl position near the inlet at which the

6

9

flow first deatabilived, denoted the iniman eritieal point. Ax tine pro.
gressed, Lhe llow was destabilised both upatrenm and downstream of this
point. The How breakdown In the region of this point wies charactevined Ly
the developiuient of laminar ‘wigples' within the bouudary layer, while the
{flow near the contrelite remnined luninay, Moving downstreaim, the radial
oxient of the nstability inereasod, wuntil fav dowsstrean, flow broakdown
oeetrred by weans of a conveeted tarbulent slug, Al the Hows wennred
wore proue to eveninal instability and nally teansition to turbulence,

The exponential flow I an fdeal systew in whick to messure exporhinental
ineeption behaviour, ax the flow hreakdown data for a single test traces
out an ontire experimental stabllity eneve in the o - Re plane, Tu contrast
a stendy pipe flow wonld have to he started to oy different Revuolds
mtmbers to oxtract the axial varintion of the evitienl Revaolds wmmber,

Flhe expertmentadly observed effoct of the expotientinl acecleration was to
stabilise the How; the mindmin eritical Reynolds mumber inepeased with
higher rates of acceeloration. ‘This is conxistent with the observations of,
mnongst others, Shen (1961) and da Silva (1980},

The hehavionr of pipe euteance fow mmder conditions of srbitrary accel-
oeation s governed by two parameters; the Reynolds number defined by
Re e 8L and the acecloration purametor () 2= =882, In the context of
exponentially secelerating Sows, the acceleration parameter remadng cone
stant.

The developeut of the generally unstoady pipe boundary layer squations
involved o ¢uasinateady assunptions, and contain the zeve-aceeleration
pipe flow squations as o special ease. A shngle tern ln the equations
gaverns the effeet of acccleration on the pipe flow,

The nualytie model doseriben the accelerating pipe entranee fow In nsek of
diwenstonloss co-oelinntes, The vatues of the dependent varinbles remaln
hotuded, dospite nubounded ehanges fn thobe physieal counterparts. A
Reynolds mumberepoudent mapping exists between the dhueasionlos
and physieal iyl positions, In couteast to the anbouded bolwyiour of
the physien] system, the sunerical model develops toward an varluu
state ax tlme Ineveases,
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Conclusions

A comprehensive study of exponentially accelerating pipe flows hias heen un.
tlertnken, embracing analytical, nmerleal and experimental components, A set
of dilferential equotions was doveloped to desecibe pipe llows varying pener-
ally with time; their munerieal solution yielded reaulis in substantiol agreeniont
with measureionts condueted oy a speelally developed test letlity, "The speelfic
conclusions that follow will show that the work has contributed to an enhaneed
understmuling of sueh systems,

1. Au iutegrated flow contyol and data acquisition system was gueeossfully

developed, for producing and measuring plpe flows underpoing achiteary
areclerations. ‘The apprratus was used to generate o funily of impulsively
ati b, exponentially acecloratod pipe flows. The laninar developnient
and subsegquent breakdown of twelve dilferent exponentindly varying {lows
was itnvestignted uslug o laser Doppler velocimeter,

Veloeity profiles were measared at diserete axial position i the pipe, from
whith valnea of displacement thickness and volocity profile shape param-
oter [Mosn (1985)) ronldl he swecessfully extracted, The shape parametor
was subjort to o systewndie ervor, due to the unkoown posltion of the pipe
wall relative to the LDV measeing volume, For iy renson displacoment
thickiess was chosen as the pritanry means of compurison between the
wensuremetts and the analysis, Flow hreakdown aceurrsd dn s copeatilo
and echerent fishion. This was determined by monitoring the fow at a
number of evenly spueed axinl positions, each at a single radial position
within the bonndary layer.

The weasured veloeity profiles wore sealed wivh respoet to the monn eross-
seetlonal veloeity obtatued from the lowmeter, The resudting nomnualised
profiles showee distinet behavlours wa indtial perind of houndary layor
prowth wis followed by o reglon of flow In whieh the bhowndary fnyoer
thinned with time, Tveutually flow broakdown took place within this
boundary layer thinntng portion of the flow.

G
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low about 1%, the linear theory is applicable for the predietion of the fustability,
The expeetedd trend in the data iy illusteated in figare 19,13 below, where the
data of Agure 19,12 are hypothetically extrapolated to zero distwrbanee gize,
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Figure 19.12: The reduetion in experinsental mintinm eritieal Reynolls number
with respect to the Huear theory, with disturbanee amplitude,
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Figure 10,13 Tlie expected reduetion in the minfimam eritical Reynolds numlber
witht respeet to the linear theory, ax the disturbanee atuplitde approachos zoro,
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Figure 18.11: The varintion of the RMS backgrovmnd disturbmiee magnitwde
swith secoloeation preameter, measieed ot conteeline near the pipe hilet,

Tlerlort (108K). For this range of amplitudes, nons-linear ofloets are dotinant,
but the disturbanes mognitude iy wtill too sanabl to nvoke Ly-pass meelisuisms,
Thix is congistont with the prosent resultst what was seen experiientally was a
gradual, flow breakdown within the thin boundory layer present within the pipe
optrance, indicating s ‘conventionnl' caseade of instabilities towards turhulenee,
rathor than o adden by-pass transitdon, Undorhinately the point neasirement
nature of the LDV procluded the determination of the global stueture of the
tlow breakdown woeehanian, aud for this reason it was decided rather to conduet
almple fuception mensuremonts, A cvwde you useful measare of the quantitative
effect of tho disturhayees W the pereentage reduetion in the minlmum eritieat
Reynokls number frelative (o the Huear theory) with fnereasing RMS amplitude,
The dserepaney between th oy aud experimont et be deflued s

R‘-’[rrll:]tlluury - Hr[l‘l‘it]_l‘ipl‘-
Reypititlicory

ﬁnt'lvﬂu 0 (19.6)

where Repegefiopyy teptesents the theoretical mivtuum ceitieal Reyuolds mun-
her, while Re :-riqt:xpt I the experhnentally obtaiued value, The vavintion of
r.\Ii‘r[,.r;n wit.f: RS distoehunes magnbtade & glven i figure 10,12 and rops
reseit - . oo wation ol datn from Heures 1007 aid 1911, The fiepense in
A“"wril-; wil jeeronsing disturbanee magnttsele i ahuost livene for the vange

W uiagnitudes 0,012 < ('ﬁ""f)i JU & 0017, the muxinmn reduetion fn the et
jend Ry s muuber helyg about 22% for the bish nmplitude perturbutions.
For values of the BMS amplitde helow abont 0,012, the enrve beglus ot
clownwacd, Dulicating that belew this anplitade the offect of the distobaoee slee
beeomes juerewsingly unimportaut. Thiv is consistont with other observations
[Kachunov {1987}, Herbert (1088)] whieh indicato thnt for distaehanee levels be-
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wavenumnbor of n = 1 [Huaug & Chen (1974)]°. Thoe use of the axisymmetrie
disturbanco was used for the sake of simplielty: ag the stalility of accolerating
flows was virtunlly wuknown, the most economical means of laventigating them
was by using the simplest approximation to their behaviour. A logical extension
to the eurrent analysls would be the dotepmination of the non-axisymmetric atas
billty behaviour of exponentially aceolorating flows. The stabllity eurve for the
no-axisyminetrie disturbanee in the case of the steady entrance fiow hat both
n slightly lowor eritical Roynolds munber, and o greater axial extent than the
nxisyinnetrie one, Use of o non~axisymmetric analysis ghould thus veduee the
current differences hetween the theoretical and ineasured results, However it i«
lighly unbikely that incorporation of this effect would contribute signifieantly
towards roducing the diserepaney,

A more Hkely cause of the major difference between the Buear theory and expoer-
iment s the presence of fintte-amplitode disturbances within the pipe entrasee
flow, Unfortunatoely, the theoretical finite-mnplitude reaponse of even the steady
pipe entrance flow i uuknown [xee Abbot & Mows (1904)), In the contest of the
Blasiug bountary layer, finttesmuplitude offe- 'a ave known to reduce sabstan-
tally the minjmmn critical Reynolds number [see Herbert (1988) for a relevant
ovorview of flnite-amplituce stability], and by inference this Ir almost ceriainly
tne in the presont ease ag welll Determination of the tevel of flnite amplitude
disturhances present in the experintont was wndertaken in ehapter 8, where the
RMS disturbance magnitude wes established at contreline near the pipe julet.
The magnitude of the disturbanee relative to the mean cross-seciionat veloe-
ity was shown to romain apprexinately constant within o test. Compariug the
different tosts, the value of the distirbance magnitude inereased witl acecler-
ation parameter from just above 1%, to a maximnn of 1L.7%. The BMS data
of figure 8,12 g re-presented below in figuee 19.11 with the average value of
the measured aceelerntion parmneter for each test heing used In place of the
accelovation constant & of the previous figiee®,

Bvident fn this Agnee s the elear inevepse in the level of Hnite nmplitude pey-
surhations with necoleration pavameter, Suelr nu inevomse in the hackground
cuvirowment would be expocted to canse au ineressing devintion between the
thearetical nud experimental mindrwm critieal Roynolds munbers, Exactly this
cffect wan seen in the date of fgure 107, Thue the diserepancy hotween the
thoory and experiment jr qualitatively neeounted for by the preseuee of these
finlte-amplitnde disturbanees, As meutloned in chupter & the perturbation mag-
nitwde u the prosent. caxe I8 within the reglon deseribod ns medinm emplitude Ly

ATl how heen foemally demonstented oaly for $he TagensDoixeudlo low. While Tnaug o
Clien showed that the n = 1 distarbanes s more unstable than the axisytumetoie cage in the
plpe entranes, it ix possible thial o dlsturbmger possessing an nainucchal wavenumber grentor
shun unity wdght Iw the most nnytable heeo.

“The aceclopntion paranseter had not yot boen defined in captec 8, and thug the experd-
moental exponential constant & wa nsed to geprosent the magaltude of the aceelovation Lhare,
fn the present contest, the meanteed aeceleration ponancter was inltiolly sirlable, thereafler
nottling down 16 o mote-drloss constant value, The avernge vakue taken for § way netunlly the
menn feows the atter, constant portion of the flow.
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Numerieal values of # and 2, were used to transform the oxperimental data, for
the reasou that ne measured vartations of the patameters were obtained at the
stations where the inception measurements were condueied?, Noevertheloss, the
comparisons of chiapter 18 suggested thar experimental and theoretical values
of displacoment thickness were enrrelated to witliin 34 of one another,

Of primary iuterest in figure 19,10 i the trewd for deeressing axial position,
Whereas the theoretienl etrves converge ou i single point in the limie as @ - 0,
the enrves obtained from the fitted surface remain approximately pavallel, This
trenct i probably due to the low order of fit, combined with the sparseness of
experimental data in the limit of decreasing # Considering all the experimoental
enrves togothor, their mean tretd is in the general divection of the Blasias it
all the oxperimental curves are convergent to values of Fep hotween 400 ad
900, The only mawier of vesolving the question of behavionr in the pipe inlot
Yimit is to conduet mere measwrements there,

Two distinet sources of dierepaney ave evidout letween the theory ad exper-
hwent, On the one hand, sparseness of wmeasueed points towards the pipe inlet
exacerbates uneertainty in the measured walie Yore. On the other hand, if the
meeriainty was hypothetically eliminated, a fuadamental dixagreement would
atill be expected for the full range of wxial positiong, due to fnulamental dif-
foroncees hotwoen the assnmptions of the auadysis and the conditions present in
the physieal system, The possible major causes of the latter disagrecment ave
vonsidered in the section that lollws,

19.3 Effects of non-axisyminetry and finitc-ampli-
tude disturbances '

It wos negued above tlist, apart frem uneertnintios In measurements, there -
maing o diserepaney between the theory and experitent due to differences bo-
tween the shuple analytical model and the physical system. I von-parallel of
foots are disregarded ab indtiol, there remain two major rensans Jor the inherent
cligagrooment that appears to exist hetwoeen theory amd experiment: nonely on-
ariaymmetrie offeeds and the presence of finite-emplitude disterinnees within the
experimoental syston,

Cunsidering nnpenxisyinmetzic effvets, the entiee discossion thus fae s cou-
corned e comparlson of the measueed inveption Jdata with nrispmaetrie lin
enr stability resalts, oven though in the contest of steudy pipe entrance Hows
the most dangorous disturbaness are nop-sxisvimmetie, with an azimuthial

Mensuremoents of the displaeement Dhickness wore toquired ut rach station wheee the in-
replion measarements were canducteil. Tn order 4o achieve this, iU wonld have been safficient
to meastre the vontreline velocity ot these positionn,  Unfortustely, this wis tot done, and
thus no experimental vardation of displacens Bickenesd was avaklsble.

“Thin effeet wan shown to be uné aportant fn the contest of pige Oews by Alhat & Muoss
(1901},
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carve 19 the wost shallow, and the uncertainty in Reynolds number of 6Re = 350
translates to au uncertainty in position of 43 & 0,002; while for the steeper curw
§1 = 50 the axinl uncertainty is 43 = 0.001.

Referring back Lo figure 19,6, both the thearetical and experimental curves in-
crease in mapnibude for reducing axiai position. While the theoretical data
increase rapidly towards infinity in the limit as & — O, the fitted data show a
more gradual increase, cspocinlly for the lower aceolorntion parnneter curves,
The use of the Reynokls nwubor to sticly the flow behaviour in this limnit js
not idea), due to ltg unbounded behaviowr, However, it was shown in chap-
ter 17 that the displacement thicknoss Reynolds suniber approached the value
Reg = 510.060 as F — 0. To cxplore this Hmiting behaviour the stability data
of dgure 19.6 were transformed into the 7 - Rege {rmnework according to

L]
Rege = Rrr%f';::-. (19,5}

the result of which is allown in figure 1%.10,
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Flgare 18.10: The varviation of eritieal displocement thickness Roynolds uunber
with axial position, for varfous values of the acceloration paraeter: {n), rurves
oxtracted from the fitted experimental surface; thin Hnes, theorotical stabllity
CNEVes,
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While the experimental curve would not. e expocted to follow the linear stability
variation exactly, the behaviour of each data with & might be oxpected to be
tualitatively similar, Thus the stationary behaviour of the experimental eurve
in figure 19.8 is possibly sparions, et velated to fnwdeguacios in the surfue fit,
Determination of devivative information is prone to a much higher inaccuracy
tlian the exteaction of the actual surface values, aud 1he steong vaciabillty in the
position of the minlmumu eritieal value can be inforred by o siple sensitivity
analysia, All the experimental eneves shown in fHgure 10,6 have single nunitun
points, and the uneertainty in the position of this point ix directly related to the
shallowness of the eurve nearby. Flgure 19.9 illustrates thiv principle.
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x
Figure 19.9: The velationship hetween the uucertainty by the position of a curve,
and the uncertninty in the position of ite wminimnm, point: (), ftted evrve; (),
possible valld variation of Re.

Hore eurve (n) reprosonts r section through the sueface 8t. The datted Huen
brackoting enrve (a) represent the error honids of the datn, positioned ot Re -+
8Rr and Re - dHe respectively. Any eneve remadning within these bownds,
for instance curye (b), represonts s valid vaviation of the Reynolds muuber
with axisl position, to the lovel of vertainty piven by these bounds, As evan
e secn, while eueve (B) remalus cutively within the bounding Bes, its tarning
point is far from thal of the Btted data (a). This sonsitivity can be quantified
Ly u shnple consideration of the figure. Any valid eneve must Mave o tarning
point pusitioned within the ervor bounds, under the horizontal dotted line?, An
wneertainty in Reyuold awnber dRe resulls In o connneusurato uncerlainty 5.¢
in the position of the minimmn value, The ratio 87 /6Re inrreused in proportion
to the shallowness of the enrve near the evitieal point, The axinl region of
unrerkainty can he stated in & compagt [orm as

A e [# | Re(d) € Reyggy + 2000 (19.4}

where Hey, Ik the wininmm eritleal valne, In the eurrent contegt the §) = 10

IAuy rurve with & turnbag point above thly lne would have to pass cutside of the errer
Lounds.
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By oxtrapolating the experimental curve to zero acceleration paratneter, the
experimental value of minimum eritical Reynolds number for steady enteanee
Aow can be estunated, shown as o dotted line in figare 19.7. Tu the present case
thix estimation ia significantly closer to the theoretieal linear stability mininmm
erltical Reynolds number of 11 G6T [Abbot & Moss (1994)] than that obtained
in any previous study [ef. Saupkaya (1978}, The convergent trend hetween the
two curves I consistent with the results of the finite-nmplitude measurements
of seetion 8.4, In that seetion, a reduction in the level of Huite-nnplitude distur-
bauee way seen with deczeasing acceleration paraueter, aud thus eonvergonece
hietweon the loear theory and experimental inception results wonld be expoectod
as disturbance mtensity reduces, This point is taken further in section 19,3,

The leeward (downstream) side of the experimental data shown in figure 19,8
remping lower in slope than the oguivalent portion of thie mumerical curves,
cspecinlly for the enrves possessing Lhigher values of the acceloration parumeier,
This is due to she fact that the measored data define the loci of disturbance
inception in the ow, while the theoretical duta represent the Lncer stability
respouse of the dow, The looward side of the cxperimental curves define that
region cdestabilised by finite amplitude disturbanees couveeted downstrean rom
near the critical point, This issue wos discussed previowsly in section 5.3,

In the theoretical enrves of lignre 19,6, the axial position of the minbmum erit-
ieal potnt migrates rapidly towards the inlet plave with increasing acecleration
paraineter, In the experimental duta, its position remains falely constant with
acceleration, The vavintion of the mindmum erltieal axial position with aceeler-
ation parameter I8 chown in igure 19.8,
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Figute 19.8: The vavintion of the nuuam eritleal axiad position with aceelo-
ation parametors {a), enrve exteacted from experimentat dats sucface At (L),
theoretical pipe satrsuce winbmum evitieal eneve,
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PFigure 19,8: The varlation of critienl Reynolds nurher with axinl position, for

various values of the acceloration parameter: (a), curves extracted from the
fittedd experimoental surface; thin lines, the theoretical stability curves.

35 000
IRITr 1) (R E— . SRR S }‘/
25 000 - JE— PO /.:...A“
Re ,/
| [{
20000 farese ] .,....,_,.4. /-':'_'I"—- n)‘
L
Ism - e '/... R R - -
10 000

Figure 1.7 The variation of the minimum evitical Reynolds munber with ace
celerntion parameters (a), eurve extracted from exporimental dete sueface fity
(1), theoretical pipe entranee mininun eritleal enrve; = = =, extrapolution to
zoro accelorntion,
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Figure A5 Numerieal velocity profile with svise of maguitude 1% addad: o,
noixy data; |, exact enrve,

Integration of the veloeity prafile yiclded an error in the wean fow e of
thr = 2,360 % 107 1, (A.10)

Different points to the previows ones were chosen lor the derivative and con-
treline fit, notably tore points were eegquired to achieve At acerate conteeline
detormination, bt the wmuber of wall points was ilentical, The cliosen points
were again indicated by menns of dotted rectaneles fu figure AL,

The ervor in the slinpe pruameter wax relotively wnnffeeted by the uolke; in faet
Its value decroased slightly, to

= dgix 1003 {A.11}

The contreliue detenniuation wis nuvkedly allected Ly the noise, ity orror e
ervensing drantically to

eh, w2 B % U, (A.12)

Tt the previous lughly acenrate walue was due to the almost oxact Haeasity o
the datn there « the eurrend value was more like the real weasureinonts,

In conchdon, thie mean flow detenministion wan least alfocted Ly uoise, the
errir Lieing 0.00%. for 1% novmal nolse. Both wall derivative and esutroline
nur

approsination were squivalently affected, their wuerrtainty heing abone DA%
for the snme wodse lovel Tn rewity, most of the measured prafilos were Jess notsy
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Fignre A4t Numerieal velovity profile, glenwing sanpled poiuts to e used for
the esthuation of the intepgration error,

Uking the sae veloeity profile as above, the procedure to establisly coutreline ve-
locity and the velocity derivative at the wall was applied. The dotted rectanglos
{n figure A4 contain the poiuts used to dotermine these two parameters,

The actual shape parameter of the volocity profile wax 5 = 18,990 118, Using
a secoud order inferpolation to the houmdary layer points within the dolted
rectangle, the error in the shape parametor was

g = T80 % 1078, {A.8)

Due to the Oatness of the evrvent profile, the estimation of the contreline velority
{actual valne . = L1BD 813) was extromely nccurate. A lnear interpolation
vegudted 0 the eevov being

G = 020 10 ¥, (AY)

A42  TTect of nolse

The proile integrated above wis not very realistic in that the velovity values
it the poluts were exact, Bata from an LDV i subjee! to sowme aneertainty,
typleally #t can resolve (o about 190 of the flow range. In order t measnre
the offects of random nolse ou the veloclty profiles, noise with o zeto tean and
ata” dard deviation of 1% of the wenn velurity wiss added fo the profile above,
The interpolations above were repeated ned vilaes eompared., Flgure A5 shows
the noisy profile superimpose:: on the exaet earve,
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which, with thie typleal values given ratlier was approximately
el’ = 6.3 x 1074

ur ahont 0,06%,

A.4 BEBrrors in experimental velocity profiles

There wore two major sonrees of error associated with the oxtraction of pa-
rameters from experimental veloelty profiless one concerning determination of
the menan eross-section velocity (hy integrention of the velority prodile), and one
relating to the extraction of the centroline and wall derivative parameters. The
syslematie error assoclatod with the wall derlvative wax diseased fn section A3
the current diseussion concerns the random error in the oxtraetion of this pae
rameter,

A.4.1 Velocity proflle integration error

This ereor wau diflicult to estimate, but concerned the mdsmateh between the
fitted enrve and the experimental datn definbuy, the veloeity procedure, ‘Chis
analysis v not coneerned will ervors itradueed by varinbility of the individual
volocity-time traces due to inlet effoets,

The Loest way of detormining thls evror was by estlinating the ean cross.
soetiounl veloelty of an wumerieal velovity profile: since the actunl properti « of
the pumerieal proflles were aceuraiely kuown, such a test would serve to high-
liglt orrors introduced by the curve Oitlng profile. The test profile that was
selected wa oue from the paraliel developing tlow, with au acceleration param-
etor §2 = 30 - au jntermedlnte acveleration - and with shape panuneter 5 = 20,
The datn was saanpled at radial futervals shailar to these used o the experd-
mentation, The pesitltant *experimental’ profile was then integrated using the
ewrve fitthne routine deseribed in section 7.6.3, Slnee the mean eross-seetivnal
How pate of the mumeriesl profile was unity, the measured mean veloeity would
repve aiveetly n the evvor estimate, Piguee A shows e seleetod profile, plus
thie diserots selocted points,

The hewulary layer [t shiown wus of fourth ovder, while the eonteeline it was

third order. The mean flow rate estimated by the boundaty layer fit was T, -
0,089 980, the interpalation procedure thus produced nu error of ualy

e = 1990 % 10 5, (AT)
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Thua for sinall exrors in positioning of the wall, the exror in the derivative at the
wall wiw sinply the quantity u,-%’}. The radial quantity »' was hard to cstimate;
to simplify matters equation {A.4) could be rearranged ax follows:

fip 5 1ty = (1) (%’7) . (A5)

Equation (A85) was it terms of the actugd slope and the quantities of and 62,
The error ju the estimation of the slope wau thus

cur = (37) (A6)

W

Typical uncertaintios in the wall position were around e 23 0.002; on average
the veloclty value o' was approximately 0.1, With the wall geadient Loing of
the order 10, the systemntle nueertaingy in veloelty dervakive at the wall was
approximately

€y, &2 2,

The velocity shape paraeter was defined ax =2 times the dimensionless veloeity
profile derivative ab the wall, Thur the variability in the shape paramoter was
about

F.‘fﬁdﬂ

Ar mentioned, this error wad systematie: all the pracionts measved Trom o set of
profiles fvom o particulne station wonld show the snne diserepansey, ‘This effect
wis i ueldition to normal errovs assoclated with the veloeity profiles, whicl ave
tliseussod in the followiug section,

A.3.1 Error in tho mass flow rate due to wall error

The satinntion of the area wnder the velocity profile was also subject to nuneer
taiuty in the wall position; however the discrepaney in this case was minute,
The *extra’ flow entniled by the wall woving s distoues 47 ontward was approx-
imately

(& 2«(-;-:8.5;‘)
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A.3 Systematic error in the profile wall slope due
to uncertainty in the wall position

Asne a gronp of theee velocity points frow the inner bouwdney layer of &
velority profile, plus o wall position that is swlroct to some sneertainty,. A
cquad atie loast-squares fit is made through ali four data and from the slope of
tltis encve at the intersection with the radial axis the velocity derivative at the
plpe wall is inferred, Figure A3 illustrates this process,

r = ""‘51"

Plguee A3 The effeet of wall varlability on the estimation of the veloeity devivie
tive at Lhe pipe wall,

Iere w' in the velority valne of the poing closest to the wall I8 I8 assumed that
the profile is normalised in rading and veloclty; thus the mean cross-sectional
velocity of the proftle is unity, The quantity # ropresonts the distance of the
innermost monsuring staddon e the wall, The manll temn dr f9 an uneoriainty
in the wall position,

Lot the slope of the salid Hue at the wall he #y = ﬁ};"

approximated by the ratio #, & ;5:- If the wall co-ondinate ahifts by theo amount
Ar, then the slope at the wall cai he approxhaated as

o ‘This slope cun hoe

W

P IEp— -

e b

which by a hluomdal expansion for 1 unndl beeomes

i <2 (102 7 o0). (Ad)
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Figure A.2: The distribution of the flowmeter data abont the menn, The hori-
zontnl seale is normalised with respect to the fuil rauge (in this case 4 /). A
mnode] Gaussing distribution is shown superimposed,

oye = 002402 I/
e = 3564 . rAu 2)

Thus at 5 Reynolds number of 20000, the poreoutage variation was 18%, while
at the maximum range of 60 000, this related to n variation of 0.6%,

The flowmeter woy measuring 8 smoobh varintion on the lowrate, thus the
nneertainty to which the flowente was nscertained lrom thie nolsy <data above
wi given ly the standard ereor of the mean [Brinkworth (1073)], given by

5Rr='q£r=
VN

where ¥ s the number of dada realisations, The average number of points for a
ingle fowweter trace » such ag that in fgare ALl - was 22 A000; thuy the error
to which the flow varlation was obtnined ot average, was about

e = 5 {A)

This error analysis coneerned only the seatter of the lowtneter data, not its
linearity. The enliteation of the flewmeter was diseussed in detadl fn seetion 7.05.3
on page 124,



APPENDIX A. ERROR AND SENSITIVITY ANALYSIE 475
A.2 Scatter in the lowmeter data

Datn was arquired from the flowmoter st o rate of 100 Iz, in the form of an
annlogue signal. Thiz signal was sampled using 12 bits precisfon at effectively
10 hit resolntion - see seetion A above. However, the analogue sigual was
actually derived Irom a digital signal - the serial communication link hetween
the flowmeter proper and the control head. While thix analogue sigusl was
steady to within the 10 bits being measured, the digital signad it encoded - as o
stepped-wave samplesand-holl type signal - wag for more noigy than this, The
analogue noise could thus he neglectod in compardson to the isuste nolse in the
gighal from the proprietary flowmeter unit,

The seatter inherent in the signal was as p ratio of the full-seale rauge of tha
unit: it thus becane relatively worse ot the lower fdowrates, Data for the
EXPE is showa in flgure AL,

2
Ll -
16 |-

1.4 [~ -
12 ot

N e s

0 20 40 60 80
¢ (8)

Figure A Unstoothed Jowmeoter doto fvom the test EXPE, showing the
innnte broadening in the data, The full mnge i 4 §fs

In tnedor to ascertain the seatter, o polynomial was fitted to the datn, and this
mean value was subtractod from the raw datn, ‘The vesubtant dita wos contred
around zova, wnd showoed 1o uerease in broadening with range - the seattor was
constant for the entire data. The distribution of the resultant dala about the
monn could thus be ascertained. This distributivn is given in figure A2,

The normnl distelbution e wlated using the mean and stondard deviation of
the data ix shown ruperimposed ns & solld curve, Tt Is inmodiately evidont that
the disteibusion Is Gousslag thus the simple mean ealewlatlon can he used, sud
the standurd deviation will give an indieation of the variabilley, The ordinate
i prosented lu 853 the error I pives as a eatio of the maxivmm [owrate : ud
thovefore has nnits,

The maxiomu flowrate theough the Dowmetor velated to w Reynolds unmber,
The equivalent standawd deviation could thas alse be given in ters of Reynolds
wanber, The staudard dovintions are as [ollows,
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Error and sensitivity analysis

A.l Analogue acquisition

Many data such as the flowmeter and tank pressure woere measured using an
auslogue-to-digital converter cavd wonuted n the PC, Farthermore the cleetro-
maguetic valves wate controlled by nnalogue outpat lines from the sane eprd,

Tlie card wied was o PCI0B analogue/digital eard, made by Eagle Electronics,
Cape Town, The input and output was to 12 bits preelsion on sowe lines, and
X bits on othors, A properly ahielded junction box rud eonxial cabies were used
to connoet the card to the controlled nud measured iteins,

Meusareinonta at the euds of thoe sldelded ealies showed that the 12 bit chnonels
gave yepeatable results to 10 bits precision, the inst Dit being noise, Thia wos
true of both input and output channols, The 8 bit chaunels were ropeatalile to
thoe full 8 bits.

Thus for the 12 hit chaunels, the inonate error was

WA
4086
D.{mxt}\'h (3\11)

The accnvney in the 8 bt channely was assnwed to he the resolution of those
channels, namely 0,30%.,
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of wall shear stress probes mounted throughout the length of the pipe;
alternatively o movable probe might be employed to reduce expense,

A higher data doensity ot stability mensurements in the §1+ & plane wo ud
have aliowed a inore detailed and acenrate suxfuce it to the experimental
inception data, Detailed measurements closer to the intet plane, impossl-
ble in the current rig due to restricted optical aecess, wonkl have further
clarified the experimental stability behaviour of the flow in this Hn.it.

A small ov ¢ sght of impe. ant consequence was negleeting to obtaln the
controline veloelty at tlie axial stutions where funception data was measured.
I3 was shown in soction 8.4 that kuowledpe of the dimensionless contre
lina veloeity 1s sufficient to determine the displacement thickness, This
omission resulted in the displacement thickness heing unknown for the in-
coption measurements, Loading from the above, an ecennomical method of
obtaining both the veloeity profile shape parameter and the displacement
thickness in o pipe flow wonld be to measure the centreline veloeity with
an LDV whilo simultancously capturing the wall shenr stress divectly with
a wall~-mounted prole.

The ebaorved bomulary layer flow hreakdown, although statistieally co-
horont in Lroad structure, wos random in detall. This, in combinntion
with the polnt measuremont nature of the LDV did vot allow the ine
stantanoous belaviowr of this phenomenou fo be captured throughout the
plpo. A more suiteble methed of eapturing sueh information would be via
global velocimetry approaches sucl as light-sheet tomography, or general
flow visualisation tochniques,

The stability hehaviour of the How was nvestigated numerically nsing o
simple linonr stability analysla, whereas {n veallty tho mechanism of flow
breakdown in the mensured syston [nvalved findte-amplitude effects. A
means of obtalning botter correlation hetween theory and the cwrent ex-
preimentntion would be to conduet & fnite amplitude analysls of the accel-
erating plpoe entrance flow. No detailed Anlbe-mupliiuclo stability analyais
existy, evon [or steady pipe entranca fJows, Possible methoeds to he om-
ployed in such en investigntion would bo rither o weakly non-linesr theory
[see Herbert (1988)] or a full numerienl simulation, Although the latter
approach is computationatly Intensive, the advent of faat wodern mackines
andl nconowical new nnmerical techniques would make sueh a gonl attaln-
nble.

Before attempting o eomplivated finfte-amplitude nualysis of the pipe flow,
it would first be worthwhile to conduet o shupke non-axlsymmetric lineay
gtability investigation, Tt is well known {see nang & Cheu (1074)] that the
nov-axlsynumetrie atabillty enrve (with an azinmthal wavewatmnber of one)
in slightly lower than {ts synunetrical connterpart, and more importantly
hns o prostor ariel extent, By inferouce tlie same beowds would apply to
the present stability datn, which might aecownt for at least some of the
elwerved diserepancies,
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Recommendations

The tnvestigation into the stalility and other behaviour of exponentinlly acecl-
crating pipe entrance fows was sueeessful In nehieving most of it set objectives,
The eurvent study did, howover, show some deficiencics and these aro deseribed
below, togother with possible future extensions.

1. There is o fundamental laek of viderstanding concerning tho behaviour of

2

3

pipe inlet contractiong in general, with most designs uitlising simple rules-
of-thunb combined with potential flow heory, Further, no litornture cxtiats
for 19 dealg of contractions in the context of unsteady flows. While the
present pipe inlet contraction has been wsed succesefully In other appli-
catlons, it led to a& numbor of undesivalidle offocts; (a) the observed inlet
‘huap’ a6 the interface between the paraliel and entrance flow regions; (b)
the slight variability of the entrance flow reglon; and (c) the level of finite-
amplitude disturbances in the flow feld, A rore cantrolled experiinentod
investigation Into unsteady pipe flows would thus fist zeguive the detailed
inventization (possibly a combination of numerical and experimental) of
indet contractiony under unsteady conditlons,

In the curront systont, the dynamie control of the Qow was optimal ouly
for the higher range o' Reynolds numbers, Defleioneies In the eontrol
systomn ot low Reynokls wunbers aggeavated the iulet effects degeribed in
puint 1, and eaused the wensared dow rate to deviate noticeably from the
expocted variation. The use of ndapiive control algorithus, combined with
a more aceurnto flowntodoy, would allevinte this problent, A more complete
solation would however algo vequlve the replagement of the exiating electro.
premmatie valve with o more sensltive aud respousive deviee, possibly o
tailored ball valve defven by o stepper or DC motar,

While the LDV proved jtsedf in most arons to he an optimum messure-
went tool, 1t had deficiencies, In partieular it was ouly able to achiove a
relatively poor esthmation of the wall shear stress, To overcome this, it
recommended that this prrametor be meawsured direetly, using a hattery
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20. The predicted minimun eritical Reynolds munber inereases with aceelor-

21

23

ation parnmeter, both for the parallel downstrean profiles, and for the
entranee flow. In the case of the entrance flow, the linear stability enrves
for juereasing acceloration are succossivoly contnined within their lower ue-
celoration conuterparts, and all enrves approach each other with reducing
houndary layer thickness, Farthey, the value of the critival dlsplacement
thicliess Reynolds muuber for each curve approaches the Blasuix stability
limit ag the bonndary layer thickness approaches zero, The axial extont of
the unstable region reduces with inereasing acceloration parameter, The
parallel downstrenn How shows nuelogous hebaviour to the eutrance sys-
tew, exeept that the critical displacement thickuess Reynolds namber ap-
prosches the error-function stability limil as the boundary layer reduces
in thivkness., The stability esrves for the parallel downstream fows are
generally nmelt higher than for the entrance fows possessing the sume
aceeleration paranmeter,

Al tho experimentally alsorved instability ocenrred in the enteanee region
of the pipe, corresponding to the steady nmnerieat eutrance model in the
cditensloniess co-ondingte systeay, This allowed the wepsmred inception
data to be compared diveetly to the stewdy entranee stability analysis,

A loagt-seuares surface was itted throuwgh all the measured inception data
in the & = {1 = Re space. The fitting procedure yielded good reaults for the
oxporimental minfmun eritical Reynolds muuber, and gave an indieation
of the experitnental pipe entranee stability bebavionr, However, the low
oxder of fit, combined with the relatively few expevimental inception points
for the smaller axinl posttions, gove o less acenrate fit towned the inlet.
This resnlted in both the position of the miniwmn critivdd point, amd
the asymptotie behaviony of the surfwee as & — 0, helng ivacenrately
vepresented.

The magnitude of the dimenslonloss free stream distuthasee {1/ ()70
meagured at contreline near the pipe lalet plane wis constant for the du-
ration of n test, while 1ts value inereased linearly with acceleration parains
etor, feom a value of about 1,1% at the lowest aeceleration, to alomp. 1.7%
for the bighest, Discrepancies Ledweon the wmensured minjumn eriticnd
Reyuolds simbers and the linear theory ineveased with neecleration pa-
raoter. The exporlinental minimam eritical Roynolds nunber was about
229% lower than the theory for the high disturbanee tosts, rodueing to a
dizevepuuey of 12% for the lowest distuebounee magnibide, The diiferences
betweon theory mimd expeciment are consistont with the prosouce of stall
fnite-mmplituee disturbanees, of insudlicient magnitude to cavme hy-pass
trausition. Nervertlieless, on the busls of minimam eritical Reynolds num-
ber the enryent work shows a substantially closer coreelution than provious
staetios hetwoen Hinear sinbility predietions and measured deviations from
laminar flow,
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Fignre 15.20: Velocity profiles for the test GOQG (¢/R = 11.20), ropresentod ax
a surfaee,
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Figuee B.30: Velocity profiles for Lo test GDEF (o/R = 67.01), ropresonted axs a
sarfaee,

FFlgure B.31: Velueity profilos for the test GG (/1 == 30,01}, ropreseuted aw
o sarfuee,



APPENDIY B. B4sk

FLOW DATY 192
1
1
%
‘7,
8 %
. 0
. (s
to ©
Figure 13,06, Velocity profiles fop e test 4By (e/R == 99.55), representod ax o
sirfaen,
; -
P
0.4
0 | 40
30
0.5

- . w X {8}
1o
Figure 13,97, Velocity Profiles fop the test QOR {x/R
surface,
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Flgure 1, 28 Veloeity Profiles fop g1, tewt C3CTp (e/R 2469, Tepresonted pg
Surfaen,
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the text (3131 (/R = 41,81), represented ay o
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Flguee B.20; Velocity profiles for the test FD2 (r/ R -2 TR54), reprosented ns o
surlace,

Fipure 3.21: Velocity profllos for the teat BIX e/ = 36,81 ) yoprosented ax a
splace,
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Figure .23 Volovity profiles for the test (GAG (o R = 11.51), representod as o
surflaee,
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Figure B.17 Volacity prowdes for the test VI35 (/R = 90.54), ropresented as o
aurface,

1.5
y /.

¥ 03
o _
H 40

Tigure 13.18: Voloeity profils for the test I'C3 (/1 w0 38.34), ropresonted as
srface,
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Fignee 13,19 Veloeity profifes for the gest BOL (ef/ R = 79.006), vopresented ag »,
surfnee,
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ﬂn’s ful
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Fipuee B.14 Veloelty profiles for the tost FA3 (/I8 o 67.84), reprosented as
suriace,

Pligure B.15: Veloelty profiles for the test FB3 (/R = 13.69), reproseuted a8 a
surface,

Fignre B.16: Veloeity prolles for the tost FRY (#/R = 4441}, reprosonted s o
surlace,
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Figure B.,11: Velocity profiles fov the test RG3 (@/R = 169.08), vepresentod as
a swfnee,
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Figure B.12: Veloeity profles for the teat FAQG (/R = 26.52), reprosented as &
surnee,

PFigure 13.13: Veloclty profiles fur the test FAL (/R = 13,07), represonted as a
anrfaro,



APPENDIX B. BASE FLOW DATA 480

1 S

Y

U

0.5
0 -
0 4

05 20

5 19 1{5)
1o

Figure B.8: Velocity profiles for the tewt BGO (w/R = 13.40), ropresouted as a
surfree,
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Filgure B.9; Velocity profiles for the test EGL (/R = 64.52), reprosented as n
surface,

n
tHs

Fignee B,10: Veloeity profiles for the test BG2 (/R == 106.06), represented ng
f syrince,
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Figure B.5: Velocity profilea for the test EF1 (/R = 03.69), represented as a
gurface,
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Figure 1B.0: Voloeity profiles for tho tost EF2 {(a/R = 40.01), represeuted as a
surface,
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Flgure B,7: Veloelty proflles for the toat BFS (/R = 13.48), ropresentod ag o
anrface,
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Figure B.2: Velocity profiles for the test RE2 (x/R = 20.25), ropresented as A
gurface,

Fignre B.3: Velocity profiles for the test BE3 (2/R = G4.52), reprosented as a
surface,

Figure B.4: Velocity profiles for the test EES v/ R = 320.50), represented as o
surface,
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Base flow data

This appondix containg all the experimental velocity profiie data, given as a
three dimenstonal surface plots. The data is nou~dimensionalised with roespeet
to racdivg, and normalised by its mean veloeity, 1 is ordered seguentindly. This
profile data represeuts o conrse satupling of the raw traees, points being taken
overy one or two seeonds,

LA
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TFigure B Veloelty profiles for the test EE1 (/R = 12,24}, represented as a
aurface,
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than the artificially generated one liere; thus the prosent error estimate is a
conservative one, However the variability due to inlet effects at thnes produced
much larger variability in the banudary layer than shown here, Ervors due
to these offects were extremely difficult to quantify: the distribusion of these
ayents was not normal (in mast traces they were absent, only appearing at some
stations).

The above analysis assumed 1o bias in the veloeity data. Biag wonld obviously
affect the mecan velodity profoundly:- if all she traces wore to show a systeinatic
1% crror in velocity, the mean velocity would also show the same error, Optimat
placing of the sampled points also maintained the level of accuracy. In some
profiles, traces were wissing or bacdly displaced, and this would have severe
consequenees on the error estimate.

A.4.3 VerHfication of the mean fiow acecuracy

The only menns of verifying the accuracy of the profile integration was using
the flowineter calibration, conducted in section 7.5.3 an page 124, Here mean
flow data obtained from integration of all the velocity profiles w.  compared to
measured flowmeter ' ‘o fizure 7,15 gave this caltbration data graphically.

Referring to the figure 7.15 on page 125, the lower part of the curve was obtained
Trom integration of velocity profiles fromn the parallel part of the flow, whereas the
upper portion was derdved from the entrance part of the fow - the fow aubject
to the laege varinbility, Consideration of the variability of the more recurate
parallel region wes undertaken to test the correctness of the error cstimates
contained above,

The variability of the ‘parallel’ data was 1.0%. However these data also dee
pended on the aceuracy of the flowmeter, whose variability was of the order of
one percent, Thus the only conclusion drawu from this comparison was that the
variability introduced by the integration was hetter than one percont,
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APPENDIX Q. TABULATED PROFILE & STABILITY DATA

Table (".9: Critical parameters at diserete times in the ur-lownstrean impu-
gively started pipe flow, for the case {2 = 40. The underlined data are the values
of the parmmeters at the mininmm critical Revaolds mamber,
£ Oy | Oeperitt | nierit) | ®seferit] | Cerit) | Fenity
(=107 (x10%) | (x10-3) ]
1153 17.560 | 281.45 124.06 1579, | 0.32530 | 0.31673
20 14026 | 22707 | 10431 17114 | 0.32001 | 0.31603
25 13,177 | 22633 | 96.205 1v12.8 | 0.32780 | 031463
30 11010 [ 22441 | 88359 1730.1 | 0.32887 | 0.31644
40 10,158 | 221,11 | 77287 17878 1 033081 [ 0.01641
60 B.O068G | 218,07 468.992 17sng | 0.33231 | 0.31615
a0 8.0023 | 215.21 G4.823 1RZ0.8 ] D.33358 | (,31584
70 74110 | 21248 | 60001 18642 [ 0.33464 | 1.31545
80 | 65601 | 20044 | 57975 1ene.d | 0.33553 | 031501
80 | 64028 { 207,20 { W5.GOR 1924.9 | .33030 | 0.31453
100 6.0145 | 204.80 63,700 15622 | 433606 | 0531402
125§ 5.2018 | 19882 | 50370 20981 | 0.33815 | 0.31255
150 [ -LGBO4 | 19008 1 48245 214889 | 083005 | 05114
200 | AS618 | IBLAT | AG.308 24180 § 033078 | 0.30770
250 32820 1 17117 46.492 2706.6 | 0.33900 | 0.30418
S0 [ 2R3GI | 160,41 | 47089 3060.6 [ 0.33875 | 0.30043
3u 24709 | 14953 | 80T 3495.5 | 033734 | 0.20651
400§ 2,1594 | 1342 | 5d.060 4041.0 | 0.33543 [ 1,20243
1566 18834 [ 126.91 Gn.p12 47438 | 033303 | 0.28815
500 | 1.6313 | 11486 | 069,315 5683.3 | 0.33006 { 0.28358
G50 | 1,3927 1 101.98 | 81.680 TO0T.6 | 0.92641 | 0.27861
G600 [ L1571 ) &v.v68 | 10142 0033.0 | 0.32185 | 0.27302
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Table C\8: The corvespomddence between ¢ and the other velocity profile parmu-

eters At diserote thnes i the pipe entrance, for the case {2 = 30).

7 S [ &/ | O
{x10%) (x10%)

16 IR.H42 1 13,186 | 10271
20 80402 | 156326 | 105316
2h Te.43%8 | 17.150 | 1.0356
30 69,918 | 18.860 t 1,0392
40 G0.895 | 21.79G | 1.04506
50 Hd.821 | 24,353 | 1.0512
G0 00,382 | 26,0406 [ 1.OBOY
T 460,958 | 28,731 | L0610
B0 44,216 | 30.065 | 1.0403
3] 41.0059 | 324466 | L.oGH4
100 40,059 | 31.157 | 1.0733
125 36,2100 | 38004 | 10823
150 $4.600 | 41134 | L00RS
200 20,083 { 474068 [ ¥ HMY
250 27497 | 52,538 [ 1L.11T4
300 25,695 | 87.068 | 1.1284
35l 24320 1 61,141 | 1.1393
400 23.232 | 648562 | 1.1490
450 22,346 | 68,2064 | 11581
600 21,610 | 71,427 | 1.1667
60 | 20,087 | 74470 | 1.1747
G0 20,465 | 77,139 | L1824
G50 15,002 | 70,739 | 11807
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Talde C,7: Critleal pavaneters ot diserete thnes in the far-dewnstream hupul-
sively started nipe fow, for the ease £ = 30, The uuderlined data ave the vilues
of the parameters at the minlunun erdtical Revaolds muaber,

tb e | Saepenity | mentty | Baoperit) | erit) | Geriy
(% 10%) (x10%) | (10
15 | 17.589 | 28185 | 12407 ( 16081 | 05387 [ .71z
20 14.854 1 227.66 107,19 16947 | 0,32661 | 031661
25 13,200t 227.07 | 95.060 1602, | 0.42863 | (L3173
30 11944 | 225.26 8v.o02 17062 ] 0.32077 1 0.317343
40 10 108 | 322,27 T5.637 1733.7 ¢ 0.33204 § L.317567
5l 0.01532 | 210.50 68175 17463 | 033347 | D.31761
G0 R1413 | 216.92 62.799 1767 § 0.33047 | 08176
70 TAG36 | 214.46 5¥. 740 17008 [ 0.33G80 [ 0,317H0
80 G.9164 { 21200 05,060 18150 | 083810 | 0.317306
an GAR22 | 209,80 §3.002 N0, | 033921 [ 031718
G | G.OTeY | 0THT ALO05 18663 | 0.31021 | 0.31607
1236 | 58211 5 20222 47.100 19872 | (L39228G | 031024
160 | 47600 | 107.07 | 44488 2010.1 | 034404 | 0.31554
200 | 4.0482 | 1878 41.585 21Va.8 | 034655 | (L31300
RII] HAT8T 1 17761 40484 2876.7 nARIT | (L31164
00 | 2MI2 | MOT.NG 40,649 26122 | 034902 | 030827
3650 | 25860 | 15H.06 41,569 3R05.7 | 0.34952 | 0,30078
400 | 2.2820 ¢ 147.99 43,5158 242,06 | 0.30941 | O.30400
450 | 20053 | 137.67 | 4G.502 36763 | 0.34882 | 030119
§0 17729 | 126.64 50.811 12341 | 034760 | 0,29803
460 1.5:166 | 115.03 06,003 A079.6 | 034597 | 0.20450
GOn 14277 | 102.42 G141 G032.7 | 081348 | 0.20049
6h0 11002 | 88,200 B0.708 T666.7 | 0.34002 | 028679




APPENDIX €. TABULATED PROFILE & STABILITY DATA

502

Table C.6: The correspondence botween § and the other veloeity profile sarnmn-

cters at discrete times in the pipe entrance, for the case § = 20.

7 g EILTT U
(x10%) gy
15 | O8.708 | 13.102 1 1.0271 |
20 | 83.247 | 15.336 | 1.0316
25 | 76.264 { 17.203 | 1.0356
30 | 60.726 | 18.878 | 1.0302
40 | 60,673 | 20,823 | 1.0456
50 | 54.573 | 24302 | 1.0513
60 | 50,100 | 26.695 ; 1.0564
70 | 16661 | 2708 | 1.0611
30 | 45,902 | 30.742 | 1.0G55
00 | 41626 | 32557 | 10696
10 | 30.707 | 34,264 | 107306
150 | 33,267 | 41,630 | 1.0008
200 | 20480 | 47.69% | 11058
250 | 26,047 | 52,036 | 1.1181
300 | 25.096 | 57.582 | 1.1801
a50 [ 23.676 | 61778 | 1.1410
400 | 22,546 | 65.618 | 11511
450 | 21.622 | 60.165 | 1.1605
500 | 20.860 | 72406 1,169%
526 | 20500 | 74,086 11738
550 | 20.104 | 75.558 | 11740
560 | 20,074 | 76,153 | 11797
600 | 15,630 | 78.400 | 1.1861
650 | 1937 | 81215 | 1,1049
700 | 18704 | B3.823 | 1.2014
750 1 18.320 | BG.304 | 1.2086
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Thable €.5: Critical parnweters at diserete tines in the far-lownustream impul-
sively staxted pipe flow, for the case §2 == 20, The undertined data are the values
of the parmneters at fhe mininnun critical Reynolds mumnbor.
£ ] ety | e vty | ARgerit) [ Besoenity | Cenit) | ferity
(x10%) Foanh) | (103 N
15 17606 | 232,30 122,30 165671 | 0.32611 | 0,31751
20 14.883 | 228.25 105,07 1678.2 | 0.32722 | 0.31719
a5 13,242 | 2327.81 B3.8506 16721 | 0,32038 | 0.31805
30 11977 1 226,10 850067 CHR0.6 | 0.33067 | 0.31819
40 10,239 | 223.44 TLETS 1090.2 | 033327 | 0,31873
50 90680 | 220,94 | G609 020 | 033512 | 031906
G 8,1006 | 218.65 60844 17158 | 0,33735 | D.31934
70 75167 | 21640 56,607 1729.8 | 0.3390% | 0.31955
80 69731 | 214,97 33.204 17444 | 034065 | 0.31971
1] 6.5224 | 212,35 50,524 17506 | (,34210 | 0.31083
100 | G.1402 | 210,30 | 48.267 17756 | 0.34345 | 0.31092
| 48331 | 20120 | 41.042 1863.7 | 0.34903 | 0.31997
2. 4.0432 | 192,85 d7.038 1652.8 & 0.35381 | 0.32000
A | 3.4TH9 | 184.10 | 35277 2088.6 [ 0.35640 | 0,31903
o0 ] 30622 | 17570 34,284 2231.1 5 036963 | 031822
350 | 27006 | 16720 | 3aear | 23090 | oasiod | 031722
400 | 204047 | 1568.45 3452 2602.1 | (L36370 | 0.3160%
450 | 21697 | 14937 35.180 2847.9 ] 0.36519 | 0.31467
500 1.5304 | 139.80 37.187 31584 | 0.36613 | 0.31307
525 1.8228 | 134.95 38,360 3333.6 | 036042 | 0.31216
550 1.7187 | 120.86 19,764 3539.8 | 0.36657 | 0.31118
G500 1.0779 | 127.78 40.403 3620.6 | 0.366GG0D | 31070
GUo 1,518% | 119.13 43.497 40484 | 0.36613 | 0.30893
60 1.3224 | 107.40 48,855 47509 | 036561 | 030622
T00 112386 | 94,173 67.552 5706.8 1 036359 | 0.30280
ol | 0.9085 | T80T 72.608 TH02.06 | 0.30005 | 0.20804
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Table CA: ‘The cortespondence hotween # awd the other velocity prafile paramn-
eters at diserete times in the pipe eutrance, for the caxe §2 == 10),
f 5 /R UT
(% 10%) {%10%)
15 OH.676 | 13,198 1§ 10271
20 85,002 | 15,345 | 1.0410
24 f6.089 | 17.217 | 1.0356
30 69,534 | 18806 | 1.0493
40 G051 | 2L.850 | 10157
i) 54.324 | 24430 { 1.08514
60 49,836 | 26.7.05 | 1.0565
70 46.360 | 28801 | 1.0612
80 43,586 | 30819 | L.OGST
oo d1.290 | 32,649 | 1.069%
100 | 39,354 ) 34371 | 1.0738
115§ 30.008 | 36.784 | 1.OY9d
150 32.836 | 41.823 | 1.0813
200 28002 | 47992 | 11062
250 | 26.393 | 53.939 | L.1194
300 24.490 | 54.104 | 1.2315
350 | 23.024 | G2.427 | 1.1427
400 | 2L.851 | 66,4400 [ 1.1631
450 | 20,886 ¢ 70.085 | 1.1630
500 ] 20077 | 73.531 | 1.1724
o0 | 10,386 § Y0.772 [ 1.1814
G600 1 18786 | TO.434 | 1,1600
630 | 18,205 | 82,740 j 1.1083
TOO | 17.801 | #5504 | 1.2063
TO0 | 17388 ) #8152 [ 1.2140
8OO | 17007 | 90.085 | 1.2215
a50 | 16,683 | 83,115 | 1.234%
8BTS | 16527 | 04,205 | 12324
oog | 16378 | 95,453 | 1.23569
035 | 10.234 | 006.589 ; 1.2304
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Table C.3: Critical parnmeters at diserete thnes in the far-downstream impul-
sfvoly started pipe flow, for the case §2 = 10, The underlined data are the values
of the paruneters at the minhinum eritieal Roynolda anmber,

t Crerdt) | Yooerit] | HOnerle) | Hopeperit) | Corly | Fleriyy
{x10%) (x10) | {x10-%)
15 | 17.620 | 232.07 | 12143 | 1Gwc.1 | 0.32661 | 0.31790
20 | 14013 | 20884 | 10497 | 16618 | 0.32783 | 031777
25 | 13274 | 29854 | 02064 | 16522 | 0.33012 | 0.31876
30 | 12011 | 22606 | 84354 | 10565 | 0.33157 | 031904
40 | 10270 ] 22461 | 72646 | 1657.6 | 0.33440 | 0.31988
50 | 0032 | 22230 | 64604 | 16617 | 0.33697 | 0.32051
60 | 82403 | 22099 | 58.057 | 16650 | 0.33024 { 0.32109
70 | 75708 | 21849 | 54559 | 167L1 | 0.34120 | 0.32160
80 | 70804 | 21667 | 51053 | 10768 | 0.34321 | 0.32205
00 | G5832 | 21408 | 48181 | 16829 | 34500 | 0.32247
100 | 62043 | 21325 | 4577 | 1680.6 | 04668 | 0.32288
117 | A7337 | 21001 | 42777 | 16985 | 0.34011 | 0.32342
150 | 40118 | 20543 | 37884 | 17200 | 0.35402 | 0.32440
200 | 41280 | 108,15 | 83490 | 17783 | 036013 | 0.32556
950 | 3.5825 | 100,09 | 30.782 | 18379 | 030545 { 0.32647
300 | 31678 | 18406 | 20.080 | 10092 | 0.37019 { 0.32718
350 | 28345 | 17695 | 2v.082 | 19939 | 047447 | 0.32772
200 | 25552 | 160.67 | 27450 | 20048 | 0,37834 | 0.32810
450 | 23136 | 16208 | 27082 | 22156 | DARING | 0agsat
500 | 20001 | 15435 | 27.300 | 23613 | 0.38496 | 032835
550 | 1.0040 | 14618 | 27.007 | 25303 | 038770 | 0.32617
6ov | 17226 | 137.51 | 20057 | 27605 | 0.30003 | 0.32776
650 | L5504 | 12828 | 30.680 | 30427 | o018 | o.32704
700 | 19827 | 118.23 | 33.088 | 34130 | 030323 | 0.32008
760 | 1.2182 | 10712 | 86.676 | 39251 | 0.30380 | 0.32445
%00 | L0407 | 04377 | 42201 | {6848 | 30375 | 0.32234
860 | 0.84800 | TH.OT0 | 52.1d2 | 50063 | 0.30246 | 0.3103%
w75 | 0.78754 | 60.546 | GO.6H0 | 7DALL | 0.39125 | 0.31746
000 [ 0.60830 | 58072 | 74762 | 88200 | 0.38051 | 0.31515
025 | 0.44074 | 42.571 | 106,06 | 12697 | oasvod | 0.31207
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Table €!.2: The correspondence botween F and the other veloeity profile param-
ctors at diserete times in the pipe enfrance, {or the zero acecloration (81 = 0)
case,

t 5 IR | U0
{x10%) {x10%)

13 | 106.09 | 12,234 [ 1,0251
14 | 102.04 | 12,720 | 1.0261
15 | 98.442 | 13.204 | 1.0271
16 | 95.207 | 13.662 | 1.0281
17 | 92.281 | 14.105 | 1.0200
20 | 84,936 | 15.355 | 1.0317
25 | 76.017 | 17.223 | 1.0357
30 | 60.342 | 18.913 | 1,0393
40 | 60.228 | 21878 | 1.0457
50 | 54074 | 24.469 | L0514
60 | 49.563 | 26.796 | 1.0566
30 | 43.287 | 30.803 | 10650
100 | 39.000 | 44.479 | 1.0741
140 | 33.437 | 40.631 | 1.0885
200 | 28.401 | 48.268 | 1.1060
00 | 23.870 | 68,635 | 1.1328
400 | 21,146 | 67.19% | 1,1553
500 | 19.202 | 74.623 | 1.1764
600 | 17.080 | 81,242 | 1.1040
700 | 16.877 | 87.251 | 1.2114
800 ] 16.033 | 02.778 | 1.2278
000 | 15337 | 97.011 | 1.2436
050 ( 16.032 | 100.35 | 1.2511
870 | 14.018 { 101.80 | 1.2541
980 | 14.861 | 10178 | 12550
990 | 14.806 | 102.25 | 1.2567
1000 | 14,772 | 102,71 | 12585
1020 | 14.6.5 | 103.64 | 1.2615
1040 | 14,542 | 104.55 | 1.2644
1050 | 14402 { 105,01 | 1.2658
1060 | 14.442 | 106,46 | 1.2673
1070 | 14398 | 105.91 | 1.2687
1080 | 14.207 { 106.80 | 1.2702
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Table C.1; Critical parameters at diserete times in the far-downstream impnk-
sively started pipe fllow, for the zeve-aceclevation ese (2 = 0). The underlined
date ure the values of the parameters at the minjyum eritieal Reynolds nunber,

¢ Sorlt | Coetertt] | FOrierity | Besoferit) | Cority | Freriyy
{%105) (x109) | (x10~%)
13 20,023 | 244.75 128.07 1604.6 { 0.32765 | 0.01964
14 18.727 | 288.17 126,94 1656.7 5 0.32558 | 0.31730
16 17.643 | 232.78 124,56 1688.0 (| 0.32453 | 0.31506
16 10,805 | 220.44 120,78 1605.3 | 0.32458 | 0.31571
17 16,104 | 228,25 116.08 1683.7 | 0.32548 | 0.3163%
20 15,016 | 230.44 103,36 16364 1 0.32884 | 0.31875
P45 13,340 | 22075 02.187 16443 | (,33030 | 0.51802
30 12,004 | 22695 83,595 1648.5 { 0.33171 | 0L31917
40 10,334 | 226.02 T1.243 10295 | 0.333585 | 0.32088
50 9.1473 | 223.78 3,256 1627.1 § 0.38827 | 092171
G0 82921 1 22216 57272 16212 | 34006 | 0.32268
80 | 7.0880 | 210.00 | 49.050 | 1615.1 | 0.34561 | 0.32425
100 (.2699 | 216,18 43.498 1610.7 § 0,3497D | 0.32067
140 5.1925 | 2108 36,335 1606,9 | 0.35719 | 0.32817
200 4,2228 | 203.50 30,137 1610.7 | 0.36682 | 0.33140
g00 | 3.287¢ | 19275 | 24.681 | 1630.3 | 0.38067 | 0.33603
400 27016 | 181.53 21,800 1697.0 | (.30282 | 0.34002
500 22740 | 169.76 20,402 1780.5 | 0.40373 | 0.34347
a0 o3a0 | 1m7a1 | 1o88n | 19989 | 0.41862 | D.34sas
700 1.6410 | 14317 20.231 21383 | 0.42212 | 0.34846
800 13718 1 o19n.2v 21.G54 246G6.7 | 042932 | (.34966
200 1.1040 | 108,10 24.0939 3036.4 | 0.43488 | 034956
150 0.96088 | 06.424 27.986 30148 | 0,43643 | 0.34884
970 0.80872 | 90,718 20,715 3763,0 | 0.48691 3 0.34880
H80 0.80785 { 88.328 30,732 3927.2 | 0.43710 | 0.34813
890 0.83524 | 45401 41,880 40976 | 0.43723 [ 0,34782
1000 | 0.80137 | 82.312 33,187 42901 | 0.43734 | 034749
1020 | 0.Y2949 [ 76.605 36,439 47640 | 0.43739 | 0.34673
1040 | 0.64092 + 467.052 401,988 18,0 | D.43723 | 0,34580
1080 | 0.60617 | 63.653 44.046 58548 | 0.43706 | 0.31527
1060 | 0.55880 | 58,931 417,028 g400.6 | 0430682 | (134469
107 0.50667 | 54.6GO 53075 T131.7 | 043650 | 0.34404
......].'980 0.37937 | 40,515 T1.719 oves. T | 0,435657 § 0.34292
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Figure B.35: Velocity profiles for the teat HAZ (/R = 32.99), repreaented as a
surface,

TFigure B.30: Velocity profiles for the tost HAK {z/R = 11.41), reprosented ns
a surlnce.
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Figure B.32: Veloeity profiles for the test HAG (n/R = 113.57), represented as
a surfoce,

Figure B.33: Veloeity profiles for the tost HAI (x/5t = B1.62), represented as
A surfnce.

Figure B.34: Velocity profiles for the test TIAI (#/R == 54.58), represented as a
surfnee,
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Table C.21; Vaviables and parameters at disevete points in the pipe entrance,
for the ease £ = 20, The underlined data are the values of the paraeters at
thie ;mininnm eritieal Revaokds number,

F L voriy | Yasgerity | D nievity | Braverin | Cierity | Cjerdty
{(x10%) (x10%) | (%20 ) )
0 o 303.77 bV 51006 | 039684 1 0.39664

71070 | 16800 | 270,80 | 36.218 | 62408 | 0.40258 | 0.38017
12,625 | 13100 | 26744 | SL126 | 65780 | 0.40251 | 0.38610
19.703 | 10.880 | 260,60 | 27498 | 69290 | 0.40336 | 0.38301
28,331 | 04273 | 253.02 | 25060 | 79547 | 0.40343 | 0.58106
39405 | 78658 | 216.80 | 23.083 | TTLTY | 040457 [ 0.87916
50.180 | G201 | 230.18 | 21800 | 82021 [ 0.40463 | 0.37620
63,367 | 6.0241 | 23223 | 20421 | 86072 [ 0,40508 | 0.37380
78084 | 53560 | 22498 | 20080 | 02510 | odosis | 0.37115
94160 | 47987 | 20762 | 10570 | 08044 [ 040513 | 0.36839
111,72 | 43267 | 2104 | 104502 | 10834 | 040508 | 0.36570
13068 | 80077 | 20088 | InAan | 11980 | 040480 | 056288
151,02 | 35606 | 10535 | 10.600 | 12134 | 0.4044% | 0.36009
172.70 | 32426 { 18761 | 20016 | 13006 | 0.40308 | 0.35723
195,68 | 29573 | 170,60 | 20,519 | 14102 | 0.40339 | 0.35437
210,04 | 2.6078 | 17040 | 20226 | 15461 [ 0.40264 | 0.35144
o544 | 24570 | 16200 | 22369 | 16940 | 040177 | 0.34548
272,12 | 22340 | 16412 | 23397 | 18TL7 | 040072 | 004545
999.96 | 2.0245 | 11482 | 24991 | 20862 | 0.30040 | 0.34233
328,00 | 18236 | 13500 | 2v06R | 23521 | 0.39801 | 33008
368,01 | 1.G28D | 13452 | 20835 | 20024 | 039622 | 093504
48002 | 1.4368 | 113.21 | 33630 | 31453 1030401 | 0.93102
42391 | 1.2424 | 10071 | 30136 | S7R62 | 030121 | 0.82770
45481 | 10370 | xedoo | 4vai0 | 47700 | 088756 | 0.92302
AB8.56 | 0.80662 | Gw.sN0 | 64206 | 66120 | 0.38256 | 0.41722
52313 | 0,49863 | 48.173 | 11329 | 3000 | 0.97512 | 0.30051 |
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Table (1.20: The correspoudener botween o il the ather velocity profi'e pa-

viuneters ab discrete poinis i

1 the pipe enteanee, for the case £ = 10,

- S8R U
| (x10) (x10%)

i P 0 i
71070 | 72.372 | 16,675 | 10345
12.625 | 60.147 | 20,308 | L0123
10.703 | 51388 | 24050 | 1.0505
20,391 | 44.988 | 27.503 | 10580
38.495 | 40.141 | 31.520 | L0673
50.160 | 36,384 | 85.177 | 1.0757
G3.367 | 33.383 | 31761 | 1.0840
78,034 | 30,951 | 42266 | 1.0023
04,260 | 28,935 | 45.689 | 1.1006
11172 | 27,242 | 49.027 | 11087
130,68 | 25.801 | 52281 | 1.1168
151.00 | 24.564 | 55451 | 11247
172,70 | 23.487 | 58.540 | 1.1326
105.68 | 22,548 | 61547 | 1.2404
219,04 | 21,716 | 64475 | 1.1480
245.44 | 20.980 | 67.324 | 1.1556
272,12 | 20.321 | 70.008 | 1,1631
200.06 | 10.731 | 72.796 | L1704
328,90 | 10,167 | 75.422 | 1.1776
368,91 | 18.716 | 77.076 | 1.1848
389.92 | 18.276 | 80.461 | 11018
421,01 | 17.877 | H2.876 | 1.2087
454,81 | 17.510 | 85.226 | 12085
488,56 | 17,175 | 8T.510 | L2122
528.13 | 16,805 | 89,730 | L2187
558,45 | 16.560 | 01848 | 12252
59047 | 16,316 | 93681 | 12315
3114 | 10.073 | v6.021 | 12877
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Table C.19: Varinbles and parametess at discrete points fn the pipe euteance,
for the case §2 = 10, The niclerlined data are the values of the parameters at
the . winuon eritical Reynokds nuniber,

Il qerity | Yaegerity | Fmenity | Breejerit) | Cerity | Flerity
(x10%) (x10?) | (x10°%)
0 o | a03.47 o 510.06 | 0.50604 | 0.39664

7.1070 | 16829 | 280.62 | 45,774 617.11 | 140329 { 0.28084
12,626 | 13.203 4 269.35 | 30.424 64408 | 040401 | 038760
10,708 | 10,040 | 2832 | 20.656 67347 | 0.10526 | D.38GTT
28331 | 92171 | 256.26 | 23.998 T06.50 | 010632 | 038372
3405 | 70601 | 260.00 ( 21800 T334T | 0.10825 § 0.382562
A0 IB0 | G376 § 4404 | 20323 TEH.00 ] 800013 | 0.3N063
(3.367 | 63423 | 238,08 19.004 80251 | 0.42006 | TH0
TH.O34 | 5.4840 | 23183 IR177 839200 | 041243 | 0.37TH7
94.160 | 4.09380 | 225.61 17.470 BTRAS | D.AL3RL | 0.37580
111.72 | 44766 | 21047 16,916 919.40 | 041520 | 037457
130,68 | 40780 § 213.20 16.518 96:Latt | 041667 | 0.47310
16102 | 37316 | 20692 16.235 10135 | 041810 [ 047173
172,70 | 3.4240 ) 20049 16,06 10654 ] 0.12047 | 037080
105.68 | 41510 [ 193494 16.008 1123.6. | 042083 [ (LAGHOY
21094 | 25034 | 187,10 1G.064 11881 ] 0.42214 | D.3G771
24544 | 26770 | 18023 | 1621 12614 | 0.42341 | 036640
272,12 | 2.4681 | 173.1 16,484 13443 | 0.42462 | 0.36500
200.06 | 2.2732 | 16548 [ 1¢.901 1440.0 { 0.42573 | 0.36375
328.00 | 2.0898 | 157.62 | 17471 1561.7 1 0.42673 { 0.36234
3568.01 | 9150 | 149.32 18,230 1684.9 | 012758 | 0.36000
380,92 | 1.746v | 140.56 10.26C 18466 | 0.42623 | 0.95032
421,91 | 1.5828 | 13118 | 20.617 20481 | 042862 [ $.367HT
454.81 | 14208 [ 121.04 | 22.163 2507.8 | 0.42866 | 0.355HD
488.5¢ | 1.2606 | 10087 | 25003 08,6 | 042824 | 0.35320
523.13 § 10838 | 07253 | 2042 J164.9 | 042718 | 0.35052
558.45 | 0.8U6T6 | 82308 | 35484 083,56 { 0.42521 | 0.34706
504,47 | 060986 | 62,0566 | 48.T30 G640.6 | 012181 | 0.342053
431,34 | 0.30727 § 20604 | 113.04 13431 041587 | D.33601
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Table (W18 The corvespondente botweon & and the other veloelty profile pa-
rameters wb diserete points in the pipe entrance, for the ense of zero aceclevation
({1 = 0),

7 I3 AR | Ui
{x10%) (% 10%)
B o ] 1

70T [ 721066 | 16.693 [ L0315
12,625 | 50.800 | 20,341 | L0424
10,703 | 51,093 | 24103 | Los0d
38405 | 39.750 | 31638 | 10676
SLIBO § 35,060 | 35,380 | 10761
G3.367 ] 92.920 1 I8.074 | 1.0845
T8.034 | 0449 | 42,642 | 1.0U30
84,160 | 28.393 | 16.034 ¢ L.1004
130.08 | 25,186 3 52790 | 11180
151,02 | 38017 § 56,054 | 11263
196.68 | 21.835 { 42,300 | 1.1425
24644 | 20,200 | 68376 | 11684
272,13 119,616 | T1.270 | 11663
328.00 ] 18.8334 | TG.H81 | 11817
368,01 | 17,824 | 70.082 § 1.1803
340.92 | 17.358 | 82.218 | L1968
464,81 § 16.540 | 87.302 | 1.2115
4856 | 16,179 | 89,7561 | 1.2188
528.18 { 15.815 | 02,130 | 1.2280
50447 | 15,250 | 96.740 | 12390
63114 | 14984 | 98063 | 12467
06,15 | 14.508 | 103,21 [ 12601
726,27 | 14,345 | 10424 | 1.2634
703,70 { 14145 | 100,20 | 1.2689
TRS,A2 | 14.084 | 10726 | 1.2781
802,61 | 13,048 | 108,22 | 12762
#14.21 | 13,001 { 120 | 12781
818,10 | 13.912 | 105.00 | 1,278
N18.60 | 13.910 | 109.03 | 1.2788

bt curmpsim Svars
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C.2 The steady pipe entrance fow

Talde CUIT Varinbdes aued paraneters al diserete points in the pipe entranes,
for the zoro aceelepation ense (§2 < 0) ‘Che undoerived date are the values of
tle parametery at the mindanun eritical Revaolds wme e

e T e S ST

o Piyentyy | Gegentyy [ Bementyy | Begopentty vt ferit]
C(x10% | (x10%) | (=10 %) o o
) N 308,77 ~ 1006 | 0aueed [ 0.39661

TAOTY ] 16440 | 28126 | 35332 | 61000 | ododon | o305
12625 | 13388 [ 27125 | 20747 | 63074 | 040510 | 038809
19703 | ILOK | 26588 | 26M08 | G5LAO | 040726 | 08703
BRADS | ROGI6 | 2543 | 20610 | GTM1 | OJIISK | O.3H5N2
BOIND | T.0468 | 21001 | 18961 | TILO5 [ 015 | 0J8DN
63.367 | 6.2600 | 24300 | 17550 | PLO0 | 041677 | oasd2m
TRO3L | BGLI0 | 2IRAE | 16411 | 76323 | DJ1951 ] 0.3
OLIG0 | ROTTY | 29378 | 15N | TAROT | 042235 | 03833
1068 | 42991 | 2080 | 1082 |osna | oodmas | oodweos
16102 [ 20041 | 284 | 1odsd | 8GLE0 | 0449130 | 0.38200
19568 | 33475 | 20875 | 12698 | vooas | 043773 | 0wt
a4l | 20003 { 19831 | 12000 | 08506 | 0d44i1 | 0.3w363
272,12 | 27063 | 19290 | 11877 | owray | 044781 | 0.38397
32890 | 23615 | 18LA6 | ILGTS | 10607 | 45467 | 038470
annar [ 2.2062 | 1THAT 11,0467 nd.2 0.45800 LARGIN
gsu.02 | 2.0008 | 10035 | 11726 | 11587 | 040146 | 03558
15081 | LTS ] 19604 | 12075 | 12772 | 040708 | 0.38027
ABRS0 | 16684 | 14w8d | 12805 | w858 | 047106 | 0.38051
523,03 | L6026 | 24120 | 12841 | LIS05 | 047396 | 0.38062
AOLAT | LONGL | 12426 | 1280 | ITIDS | 047004 | 0.38630
G314 | 12560 | 11430 | 15453 | 10064 | 048108 | 0.38587
70015 | 08782 | 00.688 | 10741 | 25675 | 048363 | 0.38380
TIRAT | 07991 | MB208 | 20675 | 29515 | DdwdT1 | 038289
6350 | 0.6135 | 65100 | 26808 | GNBLE | 048337 | 0.380G5
763,02 | 0du | B17TG | 3551V | 4slen | o427 | 03702
N02.51 | 08344 | 96180 | 53333 | 7663 | 08160 | 0.3772N
$14.21 | 00700 { 1500 | B055G | iR | 0dw0sl | 097504
RISI0 | 00821 { 8u4965 | 56511 | 78766 | 048012 | 0.87516
| ~uwmen | 0 | 0 o | DARONT | m 087510

e
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Table C.16: The corvesponcence betwoon £ and the other velocity profilo pa-

rainetors ot diserete timos fu the pipe entrauce, for the case {2 .+ 70).

£ g /R | UJU
{»10%) 1 (x1h) ]
T8 [ 99,874 | 18.162 [ 1.0270
20 | 86,022 | 15.280 | 1.0315
25 | TT.184 | 17.187 | 1.0855
30 | 70,682 | 18,780 | 1.0390
40 | GL780 | 21,686 | 1.0453
50 | 55.812 | 24.201 | 1.0509
6h | 51.467 | 20445 | 10558
70| 48120 | 28.484 | 10604
80 | 46.407 | 30,361 | 1.0616
80 | 43.284 | 82,104 | 1.0686
100 | 41.454 | 38,787 | 1.0728
125 | 37.044 | 37.423 | 10209
150 | 35393 | 40,684 | 1,086
200 | 81.026 | 46.27% | 11020
250 | 20.652 | 50,907 | 1.1136
300 | 28,087 | 55000 [ 1,1238
350 126,820 | 58.704 | 1.1330
400 | 25.801 | 61939 | 11414
450 | 25.243 | 64.862 | 1.1491
500 | 24.534 | 67.528 | 1.1561
560 | 24,029 | 69.002 | 1.1627
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Table C.185: Critical parameters at diserete timen in the far-downstream impul-
sively started pipe flow, for the ease §2 = 70, The undetlined data are the values
of the parameters at the mininn eritical Rovuolds numboer,
t ) erity | faegerity | BCmerity | Boserity | Clerity | Clerit)
{»10%) (x10%) § (x10 %)
1b 17400 | 230.21 126.75 1713.3 0L32:108 | 0.31550
20 14.740 | 225.358 | 11LT70 17625 | 0.32410 | 0.31428
20 13.078 | 22411 | 100.10 17762 | 0.32564 | 0.31:449
30 11.810 | 221.91 03561 1807.1 0.92617 {1 0.31392
40 10,037 | 217.67 | 82270 18651 | 0.32710 | 0.31202
50 88360 | 21386 | T5.TG5 1926.9 { 0.32763 ; 0.31178
G0 79477 | 210,18 71,332 19091.7 | 092789 | 4.31060
70 7.2561 | 200.68 GB. 187 2U54.5 0.32756 | 0.30028
80 6.6958 | 203.290 | 65.921 2130.8 | 032784 | 0.30704
90 G.2294 § 19090 | G280 2W05.2 | 0.32760 | 030657
o0 | 58320 ] 10678 | G3.108 2283.1 | 0,82724 | 0.30510
126 | 50528 | 180,09 1 G1.68S u5.2 | 0.32588 | 0.30149
150 {44660 | 18160 | 6L60S | 27284 | n.2421 | 020783
00 ] 3.6230 @ 16706 { G64.413 32840 | 0.31988 ] 0.20027
260 1 3.0249 [ 15426 § TO.180 39858 | 0.31482 | 0.28271
300 §2.5035 | 141.23 | Ts.H02 J8THT | 0.30034 | 0.27526
350 [ 21872 12840 | 90.735 6035.1 | 0.30359 | 0.26795
400 | 18666 | 116,68 | 107.06 7069.8 ] 0.29764 | 0,26077
460 | 15836 | 102.71 | 12084 9677.0 | 0.20144 | (,25363
Goo | 1.8280 | 80.303 | 163.14 12736 | 0.28480 | 0.240639
660 ! L0742 75082 | 216.20 17392 | 0.2776G4 ; 0.23879
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Table C.14d: The correspondence between £ and the other velocity profile pa-

raeters ab discrete times In the pipe entrance, for the case 3 = 60,

z 5 8 JR | UsjU
{x10%) {x10%)

15 {90,241 | 13,168 | 1.0270
a0 | 85.868 | 15.208 | 1.0315
25 | 76.960 | 17.150 | 1.0355
30 | 70.492 | 18.807 | 1.0391
40 | 61.650 | 21.714 | 1.0454
50 | 55.565 | 24.239 | 1.0509
60 | 51.196 | 26.495 | 1.0559
70 | 47.837 | 28.54G | 1.0605
80 | 45.156 { 30.436 | 1.0648
00 42,054 | 32,194 | 1.068%
100 | 41.107 | 83.841 | 1.0728
195 | 37.538 | 37,567 | 1.0812
150 | 34.972 | 40.870 | 1.0800
200 | 31.445 | 16,556 | 1.1027
250 | 20,120 | 51,375 | 1.1145
300 | 27.460 | 55.578 | 1.1260
350 | 26.212 | 59.207 | 1.1345
400 | 25230 [ 62,645 | 1.1432
450 | 24,458 ¢ 66.684 | 11512
500 | 23.810 [ 68.463 [ 1.1586
560 | 23,287 ) 71021 } 11656
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Table C.13; Critical parameters at diserete times in the fur-downstream impul-
sively started pipe flow, for the case £2 = 60. The underlined data ave the values

of the parameters at the minhnum eritical Revuolds number.

t Cerit) | Coferit) | Borierit) | Bsoperity | Terdt] | Ferigy
{x10%) {(x10%} | (x10%)

16 [17.614 | 230.62 | 126.84 | 17010 | 0.32410 | 0.31595
20 | 14768 | 225,92 | 110,60 | 1745.3 { 0.32480 | 0.31486
2b 13.111 | 224.85 98.811 1754.8 | 0.32630 ; 0.31520
30 | 11843 | 22274 | 91139 | 17810 | 0.32707 | 0.31477
40 | 10.077 | 218.81 | 80.553 | 18985 | 0.32834 | 0.31408
50 | 8.8805 | 215.25 | 73786 | 1879.6 | 0.32019 | 0.31324
G0 T.9055 | 211.84 69.087 1932.8 10.32979 | 0.31232
T8 T.3071 | 208.50 (35.681 1988.5 | 0.33018 | 0.31134
80 | G7400 | 20544 | 63151 { 20467 | 0.33041 | 0.31030
90 | 6.2863 | 20238 | 61.241 | 21072 | 0.33050 ) 0.30822
100 5.8924 | 194,40 59,794 21704 ; 0.33047 | 030811
125 51176 | 192.25 B7.640 2341,6 § 0.32006 | 0.30516
150 | 45352 | 18836 | seqsl | 2s2re | o.aseis | nao2ss
200 3.6089 [ 172.21 57.702 2066.4 | 0.32641 | 0.29602
250 3.1053 | 159,53 G1.261 3607.7 | 032288 | 0.28970
300 2.0406 | 147.08 GG.98T 4188.1 | 0.31878 | 0.28335
350 22713 | 134.68 75.168 5056.9 | 0.31427 | 0.27700
4100 1.9507 | 122.20 BG.479 G103.4 | 0.30041 | 0.27065
450 1.6665 | 109.46 102.26 T731.8 | 0.30418 | 0.26422
500 1.4053 | 96.213 125.08 09226 | 0.295846 | 0.25759
550 1.1542 | 814960 160.74 13306 0.20204 | 0.26066
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Table C.12: The correspondenee hetween £ and the other velocity profile pa-

rameters at diserete times in the pipe entrance, for the case 2 = 50).

7 5 | &/R | U0
(x10%) (x10%)
15 06.108 | 13.174 | 1.0370
20 | 85713 | 15307 | 1.0316
25 | 76.786 | 17.163 | 1.0355
30 | 70.300 | 18.825 | 1.0301
40 | 61338 | 20741 | 1.0454
50 | 55317 | 24.277 | L0510
60 | 50.925 | 26.545 | 1.0561
70 | 47.345 | 28.609 | 1.0607
80 | 44.844 | 30.512 | 1.0650
00 | 42623 | 32.284 | 1.0690
100 | 40.759 | 33,946 | 1.0728
125 37.170 | 37.712 | 10816
150 | 34.540 | 41,058 | 10805
200 | 30.961 | 46.887 | 1,103
250 | 28.583 | GL757 | 11165
300 | 26.877 | 56.063 | 1.1263
350 | 25.588 | 50.001 | 1.1361
400 24.578 | 63,360 | 1.1451
450 | 23.764 | 66.524 | 11535
500 | 23.004 | 69.426 | 1.1612
550 | 22.534 | 72,100 | 1.1685




APPENDIX C. TABULATED PROFILE & STABILITY DATA

so7

Table C.11: Critieal pavameters at discrete tinies it the far-downstreaw impul-
sively started pipe flow, for the case £2 = §0. The underined data are the values

of the parameters st the minimnm evitical Reysolds number,

t Cerit) | Ceperity | enierity | Heseteriy | Cerie) | Ferity
{x10%) (x10%) | (x10%)
15 17.537 | 231,04 124,94 1690.5 | 0.32400 | 0.51634
20 14,796 | 226.40 109.45 1728.3 | 0.32540 | 0.31544
23 13.144 | 225,50 H7.544 1733.6 | 0,32714 | 0,31592
30 11.877 | 223.57 89.738 17558 | 0.39707 | 0.315063
40 10.117 | 210.96 TR.8TG 17928 | 0.3.157 | 0.31525
50 8.0244 | 216.66 71.8062 1433,6 | 0,33075 | 0,31470
GO B.U43T | 213.52 36.918 1875.0 | 0.33168 | 0.31408
70 7.3688 | 210,53 63.274 1920.0 | 0.33241 | 0.31339
80 G.8047 | 207.63 60.504 19661 | 0.33297 | 0.31265
00 6.3441 | 204,81 58,352 2013.9 | 0.33340 | 0.31188
100 | 5.08528 | 202.08 56,601 2063.6 | 0.34872 | 041106
126 | 6.1840 | 105,50 53,882 21977 | 0.33406 | 0.30885
150 | 4.0068 | 189.15 52.335 2341.0 1 0.33407 | 0.306064
a0n | 87788 | 17608 | BL7T3 | 26755 | 009308 | D.30186
260 | 3.1913 165,17 | 53.389 3082.3 | 0.33116 | 0.20687
300 | 27977 | 153.48 56,755 3583.7 | 0.32860 | 020176
360 | 2.3661 | 141.73 31,960 42126 | 0,32668 | 0,.2BG65
400 | 2.0484 | 129,80 69.175 60194 | 0.32205 | 0.28124
450 1,7666 | 117.52 70.337 {i087.8  0.31808 | 0.27570
600 | 1.5080 | 104,70 03.861 76671 | 0.31357 [ 0.27003
bB50 | 1.2610 ¢ 90,032 115,32 9750.0 | 0,30834 | 0.26387
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Tuble C.10: The correspondence between F and the other velocity profile pa-
rameters ab discrote (imes in the pipe entranee, for the cage Q = 40,
i y IR | U U
(x10%) {x10%)
15 08.975 | 13.180 | 1.0271
20 85.658 | 16.317 | 1.0316
25 76,612 | 17.177 | 1.0350
30 70,100 | 18.842 § 1.03N
40 61,117 | 20,708 | 1.0455
L) 56.070 [ 24.316 | 1.0511
G0 50,654 ; 26,604 | 1.0662
70 47.252 | 28.671 | 1.0608
80 44,530 | 30.588 | 1.0652
50 42,292 | 32,375 | 1.0692
100 | 40.410 | 34.051 | 1.0731
125 | 36,781 | 37.857 | L.081Y
160 | 34,124 | 41,247 | 1.0809
200 | 30,473 | 47121 | 1.1040
250 | 28.042 | 52,145 | 11164
300 | 26.280 [ 56,502 | 1.1275
350 24,958 | G0.515 | 1.1377
406 | 23.900 | 64,101 | 1.1470
450 23.060 ; 67.384 | 1.1558
500 | 22,358 | 70.414 | 1.1639
550 | 2L.767 § 73.227 | 1.1716
GO0 | 21.264 | 7H.850 | 1,17¢8




Appendix D

Matlab m-files

T'his appendiz eontadng listings of the basde Matlab mediles used n the soln-
tion of the poanerienl systews in this work, The liest section Usts the basie or
gonevie operntors, aml the subseguewt ones are conceraed with the wsfiles for
the solutlon of the partienlar wathematical problems,

D.1 The basic operators

The m-files contained fu this seetion cowprise (he basie Mutlah ‘loolbox® for
solving afl the momerieal problems in this work. They represent all the algo-
rithms ated operator mntrieey, ete. devoloped throughont this work,

D.1.1 muhat.m

%
% muhat conotructs the shift matrix in Chobyshev space of orxdor n
%
% function [mulomuhat{n);
%
function [m)=muhat(n);
m=zarooln,n’;
m(l,1}=2;
m(ia2)“2i
for ia2:n-1
r(i,i<1)el;
m(i.i}=2;
m(i.i+1)=15
ond
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Table C.32: The correvpoudence between & und the other veloeity profile pa-

rrnteters ot diserete

points in the pi

i 5| OJR | U0
{x107) (x10%) B
1] % ] 1
T.A070 | 78.600 | 16,508 | 10343
12,625 | 61644 | 20,117 | 1.041)
19.703 | 53,041 | 23,735 | L0498
2,331 § 46,996 | 27.826 | 10578
38405 | A2.300 | 30888 | 10657
50180 | 3860 | 31247 | L0795
63,367 § 30,008 | 87,540 | 14812
74,034 | 83.870 | 40711 | LO8KG
94,160 | 32,068 | 48,750 | 1.0050
11172 | 30578 | 46,682 | 11080
13068 | 20328 | 40,484 | 11008
151,02 § 38277 | 52,166 | 11165
172,70 | 27,977 | s4.702 | L1229
105.6% | 26,608 | B7.18G | 1.1201
21004 | 25.040 | 50.530 | 11352
24544 | 25.862 | 61370 | 11410
27212 1 24,855 | 63.900 | 1,1465

1 cutranee, for the case §2 = 70,
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Table (W31 Variables and parameters at diserete points in the pipe eatranee,
for the case §2 = 70. The waderlined data are the values of the parameters at
the minfmum evitieal Revaolds manber,

ey | Sasgerdty | Borpertty | Brapeedty | Certey | Fevig
(x10%) (x10%) | (x10°%

0 o SO8.77 w 510,06 | 0.30664 | 0.39064
71079 | 16.721 | 277056 | 4847 GGU.80 | 39917 | 038505
12,625 | 12,810 | 257.88 | 35003 TILE0 | 0.39466 | D.3TRTE
10,703 | 10.536 | 25008 | 32,159 a01a41 | D30308 | 037412
23431 | 86848 | T2 | 31467 H06.6R | DBRRIR | D.36TI5
38405 [ 78781 § 29758 | 80714 | I00hd | 0.48520 | 0.86144
50,180 | 6.3014 | 21580 | 31,827 1159.1 | 097962 | 0,35362
63,357 | 54471 | 20450 { 32840 1332.8  { 0.37390 { 0,345682
TRO34 [ 47201 | 103565 45178 1504.1 036709 § G337
94,160 § 43407 | 18119 | 3%.1d 18316 { 0.36006 | 0.32855
11172 | 3.6320 § 16058 | 42.333 41707 ] 0.35243 § (ha10n2
130,68 | 32088 | 15820 1 475 26111 3 034462 | 0.31001
151,02 | 3.8156 | 140.88 | 51260 31507 | 033665 | (L30153
172,70 | 2.4702 | 18660 | G2.6060 86l g 032878 | OLEBAT
19568 | 21757 | 12442 | T3.435 JRLE | 0.32001 | 0.28420
310,04 | LB02F | 113,27 | 87254 5800,3 ] 031324 | 027504
24544 | 1.6495 | 10L.BY | 100.6¢ 74454 | 030568 | 0.20792
272,12 | LAG | 90402 | 14077 95822 | 0.20815 | 0.26004
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Table C.30; The correspomdence betweon & amd the nther voelocity profile pas

rameters at diserete polnty in the pi

o
{x10°)

&

*/R
{x109)

it

]
71079
12,626
14.763
28.331
38.405
50.180
63.367
78.084
04,160
111,72
130,64
151.02
172,70
195.64
219.94
245.44
272,12
299.06

7]
73,390
61.496
52.851
46.664
42.020
38.461
35.049
33.400
31.657
30.036
28,766

7.077
24.760
26.956
25.263
24.662
24,132
23.067

0
16.586
20.148
23,786
27.404
30,948
34.307
37.736
40,969
14,065
47.052
10,4922
52,678
55.322
oT.H07
60.287
62.016
(id.846
66.981

1
1.6344
10420
1.0489
1.0580
1.06G0
1.0734
1.0816
1.0892
L0966
1.1639
1.1109
11178
11344
1.1300
1.1371
L1432
L1450
11547

w entranee, for the case £ = 60,
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Table C.20: Varialles and parmneters at «disevete points in the pipe entrance,
for the case £ = 60, The underlined duta ave the values of the parmmoters at
the minimion eritiep] Reyuokds nmnboer,

& | ey | pepertey | D0gerity | Bepepeniny | Cerit) | Cerity

(x10%) (x10%) § (x10-%) y
0 x| SURTT i S15.06° | 0.30601 | 0.30664

079 [ AGYIS | 27R.C2 1 OGROIN 65220 [ 0.39984 | 0.38658
12625 | 12.804 | 259.78 | 34.202 TINGG | 039628 | D881
10.703 | 10.606 | 262.28 | 31.150G TR0 | (L3U514 | 03763
28,331 | BTN | 24085 | 20.965 2GR | 0.0 036999
dRAl | TATIR | 23148 | %041 | 05478 | GARO2T | 006412
50,180 | 641040 | 220301 5 29.23% 10789 ] 038472 | 0.35825
G3.367 | 5.55681 [ 2004 | 20,007 1220.7 {1 0.38023 | 0361654
THO34 | 4.8405 | 19863 | 31308 13094 | 037480 | 034414
S4.160 | 4.2651 [ 187.04 | 33.372 16126 | 0.36913 | 0.33660
110,72 [ 47606 | 17694 | 36,171 187ET | 0.3G28T | 0.32872
130,68 | 3.8260 | 166.04 | 39.571 22057 | 036628 | (L3207
161,02 | 20427 | 16602 | 44871 6128 | 0.34040 | 0.31207
17270 ) 2.0028 | 143.00 | 50.203 31228 | 0.34254 | 0.80404
195.468 | 22064 | 13286 | &7V.508 S7ERS | 0.33560 | 0.20677
21994 | 20175 | 131,63 | 670 JG0L.G | Q286G | O0,2K808
246,41 | L7697 | 11008 | T9.624 B6NGLL ] 032165 | (0,28137
272,12 § 1.5181 ; OR480 { 06.0G0 T02.0 | 031457 § 0.2737F
200.96 | 1.2847 [ BG.048 | 1E21.15 0370.2 | 0.30730 | 0.260614
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Table ¢€\28: The correspondence between & and the other veloeity profile pa-

vaweters at diserote points in the pi

¥1]

W
(x10%)

5

/B
(x10%)

0

0
7.10790
12.625
19.703
28,331
38,495
50.180
63.367
78,034
94,100
L2
130.08
161.02
172,70
195.68
210.64
246.44
arz.12
2090.00
328,00

(]
73.102
G1.147
52.560
46.332
41.648
38.061
36.208
32.918
31.042
26.480
28,178
27.070
26.116
25,204
24.576
23,960
23.307
22,910
22,475

0
16,604
20,180
23.888
27,482
$1.060
34.549
37.938
41.212
44.377
47.420
50.471
Hd.203
55.928
58,549
61.069
G3.401
G5.817
68,062
70,107

1
1.0343
1.0421
10501
1.0582
10662
10742
l.0g21
1.0898

' 1.0074

11048
1.1120
1,1191
1.1254
1.132¢
11301
1,1455
1.1516
1157
1.1633

»e ontranen, for the ease § = 50,
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Table C.27: Variables and parameters at diserete points in the pipe entrance,
for the case §) = 50, The underlined data are the values of the parameters at

the mimdmum eritien] Reynolds nnnber,

B ) Neply) | Qgejerty | Mperiyy | Bsoperity | Cenity | Gy
{x108) {(x10%) | (x10-%)

0 0o 303.Y7 6 51006 | 0,39064 | 0.30664
7.1079 { 16,755 { 278.19 37.564 645,13 | 0.40052 | 038728
12.626 | 12,968 | 261.69 33.391 T02.17 | 039787 | 0.38181
19,703 | 10.675 | 254.47 30.190 TH5.70 ] 0.39719 § 0.37825
28,331 } 8.8585 | 243,15 28.6034 832,70 | 0.30449 | 0.37280
38,405 | 7.5763 7 235.32 27.208 904,05 | 0.39315 | 0,30873
50180 | 6.5002 | 224,80 | 27138 | 10070 ] 038078 | 0.36284
03,367 | 5.6719 1 215.16 27.260 1119.0 | 0.38655 | 0.46722
78.034 | 4.9737 | 204.07 28.007 125789 1 0,38268 | (.46305
94,160 | 1.3938 | 194.98 20,1492 14216 | 0.37823 | 0.34460
111.72 | 3.8045 | 184.71 30.923 1620.3 | (L.37844 | 0.33802
130.68 | 3.40628 t 17440 33.224 18610 | {L36826 | 0.33116
151.02 | 3.0821 | 163.98 30.167 2163.3 3 0.30289 | D.32428
172,70 { 2.7427 { 153.39 34,033 25147 | 0,35723 § 0.31727
195.68 | 2.4368 | 142.67 44,075 2062.6 | 0.35149 | 0.31033
219,94 [ 2.1563 [ 131.68 50.77E 3532,1 | (.34555 | 0.30335
245,44 | 1.8069 | 120.44 58.6460 420606.1 | (,33966 | 0.29645
372.12 | 1.6522 | 108,75 $9.261 63406 3 0.33335 | 0.28047
200,96 { 14183 | 90,518 $4.032 G619, 1 0,42801 | 0.28242
323.00 | 1.1865 | 83.287 106,30 8680.7 | 0.31093 | 0.27501
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Table €.26: The correspondence hotween & andd the other velocity profile pa-

raneters at diserete points i

1 the pi

pe eutrance, for the case ) = 40,

N
(%108)

s

IR
(%10%)

Ui

]
71079
12,625
10,703
28,331
38.495
50.180
63.367
78.034
94,160
111.72
130,88
151.02
172,70
105.68
219.94
245.44
272,12
] 209.96
328,90
358,91
389,02

00
72,087
60.898
52.269
45.008
41,274
37.688
4.753
32.433
30.522
28.986
27.504
26.465
25472
24.022
23.878
23.227
22.¢40
22.1u8
21.081
21.273
20.906

0
16.621
20.212
23.81
27,501
3L.173
34.703
38,137
41.468
44.605
47.815
50,831
53.742
46,653
59.264
G1.877
G4.307
G6.820
0,108
71.420
73.591
75,082

1
1.0344
L0421
1.0602
10533
1.06G5
1.0746
L0826
1.0004
1.0082
1.1057
1.1132
1.1204
1.1270
L1348
1,1412
11478
1.1543
1.1608
1.16606
11726
11784
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Table C.25: Variables and paramoters at diserete poiuts in the pipe eateance,
for the cage §} = 40. The underlined data are the valnes of the parameoeters at
the mininuun eritical Reynolds munber.

¥ Credt) | Coojorit) | 0r1enit) | Heaoperit) | Clenit) | Clerity
(x10%) (x10%) | (x10~%) _
0 oo 308.77 o0 B10416 | 0.30664 | 0396064

71070 | 16.360 | 27193 | 37.604 | 64653 | 0.30077 | 0.3864%
12,625 | 13.084 | 26445 | 32.651 | 68773 | 0.3094G | 0.38331
10,703 | 10736 | 25648 | 20381 | 737.16 | 0.39894 [ 037988
98,331 | 8.0374 | 246.33 | 27.535 | 803.16 | 0.39710 | 0.37521
38.405 | 7.6826 | 238.87 | 25964 | 86319 | 0.39651 § 0,37179
50180 | 66026 | 22018 | 25436 [ 048.56 | 0.30415 [ 0.36670
grag, | osgsse | 2o007d | 2dsro | 109ni | 0.30280 | 036284
78414 | 51000 | 21149 | 25.054 | 11329 | 0.9024 | 0.35787
04,160 | 4.5260 | 202.28 | 25,580 | 12855 | 0,38729 | 0.35267
111,72 | 4.0841 | 10280 | 26472 | 13906 { 0.38407 | 034734
130.68 | 3.6076 | 183.88 | 927761 | 1570.8 | 0.38045 | 0.34178
151.02 | 3.2333 | 17877 | 20450 | 17733 | oaree7 | 0.33619
172,70 | 2.8083 | 163.00 | 31.656 | 20186 | 0.37256 [ 033042
195.68 | 2.5063 | 153.86 | 34.438 | 23153 | 0.36832 | 0.32466
21004 | 2.3186 | 143.47 | 38.002 | 2683.6 | 0.363%2 | 0.31880
245.44 | 2.0618 | 132.77 | 42.554 | 31455 | 0.35019 | 0.31202
972,12 | 1.8196 | 12050 | 48.541 | 87442 | 0.35420 | 0.30604
209,06 | 15884 | 100.86 | 56.610 | 4544.0 | 0.34914 | 0.30084
326,00 | 1.3619 | 07.270 | 68118 | 5G7BT | 0.34353 | 0.20440
858,01 | 11330 | 83.448 | 85.831 | 74065 | 0.33727 | 0.28763
380,02 { 0,88842 | 67.237 | 117.64 [ 10401 | (.32982 | 8.27000
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Table ¢.24: The corresponclence hetween # and the other velocity profile pa-

pe entrance, for the case § = 30,

(xioﬁ)

]

/R
{x10%)

rameters ab diserete points in the pi

Ut

0
7.1079
12,6256
19,703
38.331
38.405
50,180
03,307
78,034
4,160
111.72
130.08
151.02
1721
195.68
210,94
245,44
27212
298.90
328,50
368,01
340.02
42101
404,81

00
72 782
60.043
51.976
45.063
40.898
37.222
$4.209
J1.043
20.907
28.377
27.003
25.833
24.819
23.941
23.169
22,491
21.887
21.361
20.870
20,489
20,049
10.497
19.376

0
16,640
20.244
23.043
27,641
31.287
34,860
38.342
41,730
45.019
48,210
51,302
54,206
57.195
60.000
$2.713
5,337
G7.874
70,326
72506
T4.086
77,108
70.335
81400

1
10844
1.0422
1.0503
10585
L0668
1.0749
1.0831
1.0011
1.0980
1.1067
1.1143
11218
1.1282
1.1364
1.1434
1.15038
1.1571
11687
1.1701
1.1764
1,1826
1.1886
1.1945
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Table C.23: Varinbles and parameters at disevete points in the pipe entrance,
for the case £2 = 30, The underlined data arve the values of the parameters at

the minimum critical Roynolds munber,

& Qerit] | Cejerit] | FCmierity | Resuiorit) | Cerlty | Ferity
{x10%) {(x10%) | (x10~%)

) 50 503.77 o 519.06 | 0.306u4 | 039601
7,0070 | 16790 | 270.38 | 36.664 | 63107 | 0.40189 | 0.38851
12,625 | 18117 | 265.53 | 31854 | 672.06 | 0.40009 | 0.38476
10.703 | 10,812 | 258.87 | 28.360 | 713.10 | 0.40125 | 0.358203
98.331 | 0.0872 | 249.80 | 26.184 | 766,12 | 0.40049 | D.37835
38.405 | 7.7600 | 243.10 | 24355 | 812,87 | 0.40083 | 0.37574
50180 | 6.7213 | 234.30 | 28.432 | s78.05 | 0.39074 | 0.37187
(3.367 | 5.0060 | 226.44 | 22740 | 94432 { 0.30807 | 0.36838
034 | 52276 | 21815 | 22460 | 10228 1§ 0.3977% | D3G45R
04,060 | 4.6611 | 200.84 | 92403 | 11113 | 0.39628 | 0.36060
111,72 | 44787 | 20045 | 22737 | 12121 | 0.39465 | 0.35660
130.68 | 3.7602 | 192,01 | 23.248 | 13201 | 0.39269 | 0.35240
151.02 | 3.3037 | 184.27 | 24028 | 14636 | 0.39001 | 0.34819
172.70 | 3.0660 | 175.36 | 25,116 | 16221 | 0.388%4 | 0.34383
195,68 | 2.7700 | 166825 | 26520 | 18086 | 0.38575 | 0.33040
210,04 | 2.5004 | 156.81 | 28.348 | 20327 | 0.38302 | 0,33498
245,44 | 2.2504 | 147.04 | 30.660 | 2305.0 | 0.38012 | 0.33045
272.12 | 2.0156 | 136.81 | 33.663 | 2643.7 | 0.37699 | 0.32681
209,96 | 1.7926 | 126,07 | 3v.582 | 3075.5 | 047360 | 032106
328,90 | 1.5769 | 114.63 | 42.872 | 36468 | 0.36985 | 0 31608
358,91 | 1.3641 | 10220 | 50.388 | 44423 | 0.36562 | 0.31079
389,02 | 1.1468 | 88.527 | 01788 | 5640.8 | 0.36067 | 0.30408
421,91 | 091247 | 72392 | 81816 | 77150 | 0.35456 | 0.29830
454,81 | 0.62472 | 50.852 | 1304 | 12658 | 034639 | 0.20000
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Table €.22: TlLe correspondence hetween . <ird the other veloeity profile po-

runetors at diserete polnts {b the pi

he eutrance, for the cnse §3 = 20,

N
{>10%)

8

8*7R
{x10%)

.0

]
7.1079
12.6256
10,703
28,331
38,195
50.18¢
63.367
78,034
94.160
111.72
130.68
151.02
172,70
195.68
210.94
245.44
are.12
200.56
328.00
358,01
380.92
421,91
154.81
488,50
523,13

o0
72.577
60.393
51.683
45,326
40.520
36.804
33.843
31.449
20,467
27.813
26.405
25.203
24.158
23,250
22,448
21.742
21,111
20.549
20,042
10.687
19.173
18,798
18,456
18,143
17.850

]
16.857
20.276
23.096

T.722
31.403
36,017
38.550
41,996
45,361
48,614
51.785
54.866
57.857
60.761
63.578
6G.312
G8.963
71.535
74.028
T6.446
78.789
#1.060
83,261
85.304
#7400

1
10345
1.0423
1.0504
1.0587
L0670
1.0753
1.0835
1.0m7
1.0097
LIOT?
1.11556
L1235
1.1309
1.1343
1.1457
1.1529
1.1600
11670
1.1738
1.1805
1387
1.1936
1.1998
1.2060
1.2120
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utomp(l,:)en;
utomp(?2, 1 )7u;
wtomp (3, )=}
tpointers=2;
M=(dt {dtmark,2) *xdt (dtmark,4) )} ALémubhot (1, 1in);
OP=muin) “2¢inv N;
1
»
% start the lvop ..
»
for t=i:tn,
if t==l,
Routemp(3, : )uM+K;
elae,
Reutemp(3,:)*H + (dv(dtmark,2)}»dt{demark,6)).*...
ntemp(2, 1) wL+K;
end;
utomp{4, : )=R+0P;
utomp{i:3,:)entomp(2:4,:};
% rotate tho data in the temporary buffer

4f mem(t,toove)e=0, Y% save the data into output orroy
diop(’caving data to output avray');
diap(t);
diap(chapo(utemp(4,:)));
disp{utemp(4,:)%chobvec{l,n));
w(tpointer, : yeutemp{d, 12
tpointoratpointortl;

% Draw tho thing
ur=roolpref (30,u)
mooh (ur, [34,401);
cloar ur
drawnow;

ond;

if (at{dtmark,i)<et & dtalzod>dimark),
digp(’changing diceratisntion’};
dtmarkedtmark+] ;
Kekmat (1,n, omegn, muhat) . *xdt {dtmark, 2} ;
Wo (mubat {1:n, I:n)-(dt (dtmark, 3)»dt {dbmaxk,2) ) *L) ;
NeNxmuln) “2;
N(:,1)ochaoveci{l,n);
N(:,2)ootahot(lin,1:n)*chabvoc(l,n);
[11, mu)sdlull);
inv_Nrinv{uu)xinv(ll);

Me{ds (demark, 2) »dt {dtmark,4)) .*L+mubat{lin,t:n);
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D.3 The onc-dimecusional base flow equation

This gectlon containg the one-dintensional base<low seript, for the nitinl valne
problem for aceelerating pipe llow far away from the inlot,

D.3.1 baseld.m

% bapaild.m
]
% thip oeript generatop the parallel bace flow modol
% using the premaure-intagral approach
%
% not parameters ...
%
n=100;
Yate [6i dt a0 al a2 ..,
dt= [100000 ie~5 1 0 0; ...
10000 1e-7 0.5 0.5 0);
[dtoizo,yl=size(dt);

dtmark=1i;

omoguul; % Accoloration paramotor
tn=4000, % Muoximum time atop
tonvex20; % cava overy taave timostep
%

% oot global matwices ...

h

Lotahnt ,muhat)=otomu{n+10}; % the global shift matricas.
fL)w)_oper{n,omoga,ctahat, muhat) ;
[KY=kmat (1 ,n,omoga, muhat) , #dt (demark, 2} ;

N={muhat {1:n,1:n)}=(dt {dtmarl, 2)wdt (dtmark,3)) . L)}
NeNsmu(n}"2; ¥ shifv tho matrix right 2 to augment BQ’s
N(:,1)=chebvoc{l,n)./n;
N(:,2)=otabat{l:n,1:n)*chobvoc(D,n)./n;
1L, auj=2ulli};
inv N=inv(uu)*inv{ll);
uafl 0 07/chobR(3}; %Uinit;
[x,y]=niza{n)
if y = n,
wenls,1in);
oloa,
ulx,n)=0;
end;
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LHS=LHI+beblag(n, etahat) ;

{LL,UU]=1u(LHS) ;
invLHS=inv (UM winv(LL);

FeRES#invLES;

D.2.3 g.off.m

%

% g.of_f.m calculates the value of the Blasuia equation
%

% Thizg function is used by blasiuc.m
%

% [Ql=g.of.f(n,z_ max,otohat,£);

%

function [Gleg_ of_f(n,z_max,otahat,f);
Pepolyr(n,f);

etahatmatahat(1in,in);
Geotahat*2¢(2vataliat + z_max™2 ,* P);
Gredn;

D.2.4 beblas.m

; beblaa.m cales the Bl's for Blasiua
g Uned by blagius.m

§ [Bl=heblas(n,otahat);

:unction [Bl=beblas(n,otahat)

etadatmptohat(lin,1in);
Buzoros(n,n);
vO=ghabves(0,n);
viwshebvee(l,n);
B(:,1)mvi;
B{:,2)matahatrvl;
B{:,3Ymptahatv0:
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delfadalf{l,1:n); delf(l,n)=0;
arvor=max{abe(dolf));

LHS=beblae(n,etahat)+eye(n)vshift;
RHS=(#+omegasdol?)«shift; RHS(I)=1;
£=RHS*inv(LUS);

f"f(i 1 1:!1) i f(i ln)go;

f_rdsrealprof (20,f(1in)setahat(iin,1:n));
f_r=roalpraf(20,£{1:n));
#_delf=realprof(20,delf);
plotix,f_r,x,frd, 'w? ,x,f delf); grid;
drawnow;

Aigp(terror is:7);

disploxrox);

disp(’change ia!’);

dispimax(oldf-£));

oldfuf;
end;
gave _.tamp;

D.2.2 frechat.m

§ Frochet.m calculates tho new guesstimate

% Thia function im used by blasiuna.m

32 (PImfrochet(n,z_max,omegn,otohat,f,chift};
Eunction (Fl=frachet (n,z_max,omoga, otahat, f,shift};

otahataotahas(im,1n);
LHSe2eotallat“3 ...

+ (otohat™2%polyr (s, £)) 2 max 2 ...
+ {polyr(n,(f+atahat™2)))wz _max"2;
RHSm~g_of_f(n,z_max,otahat,f};
LHS=LHSwohify;

RHS=RHSwohife;
RHS(1)=~f4chobvac(l,n);
RES(2)=~fwotahatechobvoc(i, n);

RHS (3)=~fuotahatwchebvoc (0, n)+1;

R
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D.2 The Blasius solution

This sevipt (and sulsidiary wefiles) ealeulate the Basing houndary layer solntion
wsing o highly accenrate now-linear iterative method

D.2.] bvlasiung.m

%

% blasius.m Thies is o seript thet returns Biagiue

h
R R A R R A e T e R R i h
% Pirat set up parameters ... ]

e T Al e R N A it
it (exist(in?) ==0),

n=20;
and} % The order
if Coxipt{'z_max?) ==},
2 maxwl00; % Axis stretching
end;
arrlimit=ia-13; % Convergonce critarion
omagas0,5; ¥ relaxation parameter

LYY A SR Y Y A YA YAV A AR TR YA AN A A T

% Calenlate the necensary matylcen %
FA AR AR AYIA VAR A A SRS NS AR AT AN AT YT A A S A AA A 4117
kwn+i0;

etahatemokeetahat (k)

AN A AN A VY R S A A AR N A b A SR AT A S AN A AN AN A YA YA
% Sat the initial guosns %
YA F Y R AN Y A AT S AN A F AN AN TN SN S AN AA AN Y b )
2(1,n)=0;

faf(d, 1)

A A R U A A T R N A A%
% Stort itexating! %
VA A AN A A AN AN N A AN Y Y Y YA S A S YA Y Y 7 hA A A
errorel; J Otherwise we €all through the while loop
ohift=muln)“3;

oldf=0;

x=(0:19)/18;

while (obe(orror)rerriimit),

{doLlflufrachot(n,=_max,omogs, obahat £, ahift);
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error(/row vs~+~+3 ploage.’);

ond;

M=A7wB;

MCL,1)=M(1,1).%2;

C(1,1)=pum(diag(M));

for i=2:iyatyb-1,
C(1,1)usmm(diag(M,1-1) ) +sum{diag(M, 1=} )+. ..

sum(diag(£liplr{M),yb-i));
ond;
C=0./2;

D.1.14 eta

%

% The function eta(n) roturns a square matrix which is the
% derivative operator for the oporatioenal tau approach

% in the canenical basin

% n is the order of tho matrix

function [a]=etaln)

awzaxon{n);

for j=lin-1

a(j+1,j)=3;

end

D15 mu

% The function mu(n} roturns a squore matrix that is the
% shift matrix operator representing promultipiixation hy
% % in the canonical basie. a ic the order of the matrix
function [alwmu{n)

amzoroo(n) |

for ju=ilin~1

a(j,j+)=1;

and

Particular functions

The above m-files comprised a geoerie namerien] Hoollox: e lolowing seetious
contain nifiles that calenlate specifie resualts contnived i His stuedy,
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% nead to call directly!l

%

% BBI1 Construct €, Cinv as {C,Cinvl=transops{3sn/2); !ii!
%

% [8]=coafipta(V,C,Cinv};

%

function {Bl=coef2pta(V,C,Cinv);

Ex,yleaizalV);

V{x, 3xy/2)=0;

S<V«linv;

D.1.12 transops

%
% trenseps maken thea arrays nocessary to evaluato the
% tronoforms from Chobyshev apaco to real space and back
%
% [C,Cinv]=trancepaln);
%
function [¢,Cinv]=tronscps{n);
for kelin,
for j=iin,
C(k, J)=2/ (a~1)*coa{pin{j-1)*(k=1)/{n=1));
Cinv(j,kK)mcop(pin{j=1)({k=1)/(n~1));
end;
and;
€(1,1)=0(:,1)/2;
C(:,n)=C(1,n)/2;
€1, )=0(1,:)/2;
Cla,:)=C(n,:)/2;

D.1.13 convcheb

%

% convcheb returnc the convolution in Chebyshuv foxm
]

% funetion [O]=convehob(A,B);

% A,B ore tho chobychov coofficient (row) vectors,
% Matrix roturned ig of order size(A)+size(B)-1;
]

Function [Cl=convchob(A,B);

[xa,yal=acizalA);

[xb,ybl=oiza(B);

if xa™=1 | xb™al,

36
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D.1.10 polyad

%
% poly2d pgenerates the product matrix of the conve-lution of
% u and v. If supplied with four arguments, it uses the
% peeudo-gpectral transform, if given 2 arguments, convelven
% directly,
% C, Cinv, if supplied, are respactively, tha Tau te Collocation
% projection operator, and its inverse, They are given by
% transops.m
%
% Q=poly2d(u,v{,C,Cinv});
function [Cl=poly2d(u,v,C,Cinv);
if (nargine=4), % transform then multiply
fm,nd=giza{u);
U=goef2pts(u,C,Clav};
Vacoef2ptalv,C,Cinv);
Wall %V
Cupta2coat (W,C,Cinv);
alseif (nargin==2), ¥ convelve dircctly
[m,n)=size(u);
¢ (m+1,n+1)=0;
vay(lim,1:n);
Qezaroa(m,2m~1);
for imi:im,
1# max(abse(v(i,:))) "= 0,
C{1, : yuconvehabluld, ) ,v{i, 1))
alsae,
{4, 1)=zaros(l, 2+n-1);
ond;
end;
elra,
error(:Wrong argumenta’);
end;

D.1.11 coef2pts

4

% coof2pta converts the discrote chebychov coefficientn
% to their space values at the Gaugs-Lobatto points,

% It projects to o grid 3/2 timom tho subspaca dimonoion
% (by ndding zero coofficients to the voefficient vectox)
% to aveld aliasing,

%

% Thio m~£ile io used exclusively by poly2d.m ~ no
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funetion [jl=intmat{n);

j=zeros{n,1);

J)=1;

for 4=3:2:n,
JCd=-1/C(i-2)% (1)),

end

D.1.8 lobgrid

%

% lebgrid returns the Gauss-Lobatte grid in x
% in the range [0,1]

%

% [L)=lobgrid(n);

%

function [L)=lobgrid{n};

i=(0:n=1) » (pi/(n-1));

Lm0, Su{cos(1)+1);

D.1.9 prodmat

%

533

% prodmat returns the p’th product matyix fox Chebyshev preducts

% of ordern*n
%
% [PYmprodmat(n,p);
%
function [P]mprodmat(n,p);
if round(p)-p =0,
exror{’p must be an integer >=01});
and;
if pe=i & pén,
Pediag(ones(n-p,1) ,p)+diaglones(n-p,13,-p} ...
+£1iplr{ding(onen{prl, 1) ,n-p-11};
Plp+i,1)=i;
P=p & (1/2);
aloelf p == 0,
Praya(n) ;
olgalf pr=n & p<2wn-1,
Pefliplr{diag(ones(24n-p=1,1), p+n-1));
PaP % (1/2);
elsa,
orror(’'P must bo »= § and <=2#n'});
ond;
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D.1.8 collder

h
% collder ig the collocation first derivative for the system
%o =Culx0) ,ulxi), ... ,ulxN})’.
% It utilises .0 Gauss-Lok-tto polnta
%
% LCl=eollder(n);
%
Function [(]mcolldar(m);
Cozaros(n,n)}
for l=iin,
xl=cos(pik(1~1)/(n~13);
if I==l { 1 == n,
cl=2;
elsea,
cl=1;
end;
foxr j=iin,
xjmcoa(pi*(j~1)/(n~1));
i jmuj_ ] jann'
cj=2;
elsa,
cj=1;
end;
A A IS
C(L, 3 =Ced/ejd*((~1) " (1+]-2} / (x1-x3) )}
alpaif 1 ==j k l==l,
C(1,j e(2x(n=1)"2+1)/6;}
algolf 1 =mj & l==n,
(L, §)==(2%(n-1)"2+1)/6;
alza
(L, §)m-xj/ (2% (1~x3"2))}
ond;
and;
end;
Ce2aGt)

D.L.7 intmat.m

%

% intmet returne the definite integral vector for a polynomial

% in Cheobyshey basis (2nd kind)
% function [31=intmat(n);
h

(=]

3]
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D.1.4 chebvec.m

%
% chebvec generates a n dim’ column vactor containinmg the
% values for T={TO,TL1,T2,T3,...)' at x=a
% for 0<x<l for second type Chebyshev
%
% funetion [T]=chebvec{a,n);
%
function [T]=chebvecia,n);
Tezoron{n,1);
T(1)=1;
T(2)=2%a-1;
for i=d:n
T(i)=2%(2xa~1 )T (1-L)~T{i-2)
and

D.1.6 c¢ol2cheb

%
% colZchou generates the transformation matrix for transforming
% the valuss at the Gauss-Lobatto peints to dimcreta Chebyshev
% coafficients
%
% [C)=col2chab(n);
%
function [Q]wcol2chab(n);
Cazoron(n,n);
for kel:in,
if kwmi | k==p,
ckw2,
alos,
chmis
ond;
for jol:m,
if jwal | jeen,
€j=2;
alsa,
cj=t;
and;}
CCk, 1)=(2/ ((n-1)*cI*ck} }ncon(pie(j-1)w(k=1)/(n-1));
and;
ond;
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D.1.2 etshat.m

%
% etahat construgtn the diff’ matrix in chebyshev space of
% order n
%
% function [etal=etahat{n);
%
function [m)=etahat(n);
nezeros(n,n);
for i=2:2:!n
m(i,1)=2%(i-1);
for j=3:2:3
md, jr=d(i-1);
end
end
for i=3:2:n
for J=2:12:1
m{i,j)=dw(i-1);
end
end

0.1.8 cheb2.m

%
% The functien cheb2{n) returns thu Chebyshev mapping V of ordex
% n, that transforms the polynominl vecter inte tha Chebyshov
% voctor of coefficlents.
% This io the transformation for Chebyshev polynomials of the
% socond kind, on the range O<x<i
%
% [Vl=cheb2(n);
%
function [V]mchob2{n}
Vezeren (1)
v(1,1)=1;
V(2: 1)3“1i
V(2,2)=2;
for j=d:in
V(j,1)=2av{j=1,1)-V{]-2,1);
for k=2:j
Vi, k)mawV(]~1,k-1}-20V{]=1,k)-V{j~2,k):
end
ond



