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ABSTRACT ARTICLE HISTORY

The ability of motile microorganisms is used to design of biomedical nano- Received 20 February 2024
fluidic devices that utilize for targeted drug delivery, to influence heat  Revised 2 April 2024
transfer in nanofluids that are applied to the optimization of cooling sys-  Accepted 4 May 2024

tem, in biotechnological processes where precise control over fluid flow,
etc. However, based upon the several facts, the current investigation lead
to propose the heat transfer characteristic of motile microorganisms swim-
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ming in a flow of bio-convection nanofluid over a rotating circular disk. rotating circular disk;
The proposed study explores the impacts of dissipative heat generated by spectral quasi-linearization
the movement of microorganisms, thermal radiation, and chemical reac- method; thermal radiation

tions. The impact of cross-diffusive property organized by the implementa-
tion of Brownian motion and thermophorsis energies the flow phenomena
of bio-convection. The set of coupled nonlinear system of non-dimensional
equations is obtained by the implementation of similarity rules and further
quasi-linearization method is utilized for the solution of this system. The
characteristics of diversified parameters are presented through graphs with
the variation of the proposed factors within their certain limitations and
thee discuss briefly. Further, the important outcomes of the study are pre-
sented as; the fluid velocity decelerates due to the enhanced non-
Newtonian Casson parameter, whereas the radiating heat for the inclusion
of thermal radiation and coupling parameter, that is, Eckert number boosts
up the heat transport phenomena.

1. Introduction

Bioconvection in fluids can undergo considerable alteration due to the intricate interplay of
thermal transport, particularly affecting thermal transportation. Within a liquid medium, micro-
organisms or biological entities often aggregate in response to various chemical gradients like
light, temperature, or chemical concentrations, a phenomenon termed as bioconvection. This nat-
ural process finds extensive application in bioprocessing, where mobile microorganisms play a
pivotal role in generating valuable substances such as biofuels, medicines, and food additives. It is
important to analyze the swimming behavior of motile microorganisms in biological fluids, in the
design of micro-scale medical devices for targeted drug delivery, the ecological implications of
microorganism movement in aquatic environments, to the development of nanoscale technologies
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such as self-propelled nanorobots for environmental monitoring, improving models and simula-
tions used in various engineering disciplines, including aerospace and mechanical engineering,
etc. Their inherent motility facilitates unrestricted movement within the fluid, thereby enhancing
the mixing and dispersion of essential substrates such as nutrients without constraint. The pri-
mary objectives of the study of Yijie et al. [1] include conducting a thorough numerical analysis
of the current scenario, focusing on the combined effects of melting transportation and microbial
activity on an MHD non-Newtonian nanofluid model. Utilizing the shooting method, numerical
assessments of the expressions are executed by employing the MATLAB function bvp4c to facili-
tate the transformation process. Raut and Mishra [2] explored the varied effects of carbon nano-
tubes (CNTs) on the stream characteristics of a micro structured polar nanofluid flowing through
a permeable surface that expands/contracts, situated within a permeable medium and subject to
thermal radiation. Moreover, the standard equations are solved numerically implementing a
“fourth-order Runge—Kutta shooting method.” The findings indicate that the inclusion of CNTs
brings about notable changes in the momentum dynamics and thermal transmission features of
the micropolar nanofluid. Arterial diseases, resulting from stenosis, have serious implications. The
study by Sahazad et al. [3] deliberated the association of nanoparticles on blood stream character-
istics, particularly in treating diseases like carotid artery disease and PAD. Furthermore, their
work focuses on the flow of SWCNT-MWCNT nanoparticles in a multi-stenotic elliptical artery.
Various parameters affecting fluid flow properties are analyzed, along with entropy generation to
understand system disorder. Additionally, the temperature profile’s physical constraint is investi-
gated using LSA, considering uncertainty through fuzzy environment analysis. Waqas et al. [4]
introduced a mathematical model aimed at examining the interaction between magnetic fields
and the melting process during thermal transport in hybrid nanofluids composed of blood and
various nano-sized composites of aluminum alloys over a revolving channel. ODEs are numeric-
ally computed using the bvp4c solver, employing the shooting technique within the MATLAB
software. Finally, they observed that the radial velocity of fluid diminishes as the magnetic num-
ber upsurges, while it improves with the rotational parameter. Shao et al. [5] investigated the
optimization of thermal transmission rates in a squeezing channel featuring micropolar nanofluid
flow, employing advanced statistical concepts. Their study assessed the influence of diverse con-
straints on heat transfer performance through “Response Surface Methodology” (RSM).
Additionally, the introduction of dissipative heat resulted from the collaboration between an
applied magnetic field and linear radiation was examined in their work. Panda et al. [6] consid-
ered into the integration of significant conductivity models like the “Hamilton-Crosser and
Yamada-Ota models.” The resolution of governing equations involved a collaborative application
of the “Runge-Kutta-Fehlberg” (RKF) method and the shooting method. Panda et al. [7] presented
the Williamson fluid flowing through two inclined parallel sheets. Additionally, the significant
association of thermal radiation and Ohmic heating are discussed. Moreover, the “Homotopy per-
turbation method (HPM)” is implemented analytically to the finalized transformed equations.
Baithalu et al. [8], an investigation was carried out on the motion of a magneto polar hybridized
nanofluid over an elastic surface. The study emphasized the significance of both shear rate and
couple stresses in affecting the stream behavior. The nanoliquid, immersed with Ag and MoS4
nanocomposites in a host liquid of water, was examined to understand their impact on the overall
flow characteristics. Their work utilized the “Response Surface Methodology” along with “Analysis
of Variance” to optimize key factors, contributing to a comprehensive analysis of the fluid flow
dynamics. Tinker et al. [9] anticipated the transient fluid flow of a Casson nanofluid with com-
plete fractional behavior between two parallel plates, considering both slip and no-slip conditions,
which was affected by magnetohydrodynamic and Darcian effects. Moreover, a nondimensional
fully fractional model is obtained by fractionally transforming the Casson nanofluid model using
mixed similarity transformations. Baithalu et al. [10] examined the magneto-polar liquid along a
widening surface while incorporating chemical reactions and thermal radiation. However, the
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“differential transform method” (DTM) is implanted to solve the proposed model analytically.
Before that, similarity conversions are implemented to obtain the transformation to the ordinary
system. Baithalu et al. [11] investigated over the vertical plate the interaction of nanoparticle
shape on the polar hybridized nanofluid flow. Moreover, they utilized a statistical approach called
“Response Surface Methodology” (RSM) to optimize both skin friction and Nusselt number.
Additionally, the standard modeled equations were numerically handled via the “fourth-order
Runge-Kutta” technique based on a shooting method. Pattnaik et al. [12] investigate a compelling
study on the variation of Fe;O, nanoparticles’ shape and its impact on heat transfer, taking into
account the influential factor of thermal radiation. Also exploring the nuanced relationship
between nanoparticle morphology and thermal radiation’s effects. A study showed by Akolade
et al. [13] described the fluctuating transport characteristics impact the magnetized movement of
Casson-Williamson nanoliquids, considering nonlinear thermal radiation effects as they flowing
through a sensor plate. Using the “spectral quasi-linearization method” (SQLM), all relevant flow
parameters were taken into good account. Achraya [14] explored into the thermal behavior of
radiative induced nanoliquid stream through a curved, bended interface. The bended surface is
wrapped within a round segment with a radius R, supposed to be permeable and constraints of
slippery. Additionally, the article thoroughly discusses the permeability features of the interface.
Following this, the “spectral quasi-linearization method” (SQLM) is established to address the
principal nonlinear ODEs. Lawal et al. [15] investigated the simultaneous association of variant
viscosity, varying thermal conductivity on the transient stream of an Eyring-Powell nanoliquid
along an extended sheet. Subsequently, the “Spectral quasi-linearization method (SQLM)” was uti-
lized to numerically solve the resulting standard differential equations. Sahoo et al. [16] deliber-
ates the entropy generation in the hydrodynamic 2nd-order slip stream of Casson nanoliquid
over a horizontal elastic sheet with the mutual association of Hall current and nonlinear thermal
radiation. The resulting mathematical model is then solved numerically using the “spectral quasi-
linearization method.” Bellman and Kalaba [17] introduced “Haar wavelet-based methods” for
solving boundary value problems with the Haar collocation technique and the “Quasilinearization
method” for solving quadratic nonlinearity. Furthermore, a C++ program to implement the
wavelet solution approach and perform numerical experiments to validate its effectiveness. The
methodology introduced by Motsa [18] revolves around a novel approach that involves linearizing
and decoupling the governing equations of systems, subsequently transforming them into a series
of subsystems comprised of differential equations. Referred to as the “spectral local linearization
method,” the effectiveness of this method is examined through its application to established
boundary layer flow equations. Additionally, the accuracy and stability of the SLLM can be
enhanced by employing successive overrelaxation techniques. Acharya [19] examined the flow of
a hybrid nanofluid comprising MWCNT-Fe;0, particles dispersed in water through a micro-
wavy channel. Additionally, the governing equations were solved utilizing the Galerkin-finite-
element scheme. Moreover, numerical analysis indicates that altering the amplitude-based wavy
texture, whether increasing or decreasing it, enhances flow dynamics and promotes heat transfer
more effectively compared to surfaces with a uniform amplitude-based wavy texture. Acharya
[20] explored the impacts of the solid-liquid interfacial layer and nanoparticle diameter on the
unsteady ferrous-water nanoliquid flow over a spinning disk. However, “Spectral quasilineariza-
tion technique” along with the residual error profile is used for solving the governing equations.
Again, Acharya [21] presented the interaction between ferrofluid flow and a spinning disk under
the influence of a rapidly oscillating magnetic field. Furthermore, the equations generated have
been tackled employing a novel “spectral quasi-linearization technique”. Acharya [22] investigated
revolves around the flow of chemically reactive nanofluid over an inclined spinning disk.
Furthermore, the governing equations are solved using SQLM. The results confirm that the nor-
malized thickness parameter increases both radial velocity and nanoparticle concentration. Also,
it is clear to see that chemical reaction diminishes the concentration profile under the action of
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suction but enhances it under injection. Additionally, the fluid temperature decreases under the
influence of suction but rises under injection. Acharya [23] explored the hydrothermal dynamics
and cooling mechanisms involved in the application of hybrid nanofluid spray onto an inclined
revolving disk. After that, those dimensionless equations are solved using the “spectral quasi lin-
earization method (SQLM).” After that, hybrid nanofluid exhibits comparatively higher heat
transport as compared to usual nanofluid. The study of Shehzad et al. [24] investigates the effect
of a horizontal magnetic field on the flow behavior of slippery nanofluids incorporating the
Arrhenius activation energy model. Numerical simulations are performed to analyze the fluid
flow and heat transfer characteristics under varying magnetic field strengths. Regression analysis
techniques are employed to model the relationship between key parameters. Further, Rauf et al.
[25] presents a numerical investigation of micropolar nanofluid flow between two parallel perme-
able disks. They have employed thermophysical property variations and the Arrhenius activation
energy model. The analysis contributes to understanding the impacts in porous media on the
flow phenomena. Hani et al. [26] investigates the non-Newtonian Bodewadt nanofluid flow above
a stretchable stationary disk using Bayesian and numerical techniques. It explores the heat trans-
fer characteristics on the interplay between non-Newtonian behavior, nanoparticle suspension,
and disk flexibility, offering insights into various engineering applications. By employing
advanced computational methods, the study contributes to the development of accurate predictive
models for such fluid flow scenario. A study conducted by Hayat et al [27] on the magneto-
hydrodynamic flow of a nanofluid induced by a rotating disk. Furthermore, the analysis includes
the consideration of a uniform magnetic field and the application of a velocity slip condition.
Rehman et al. [28] investigated the flow characteristics of a Casson liquid. The Casson nanoliquid
is placed above a solid disk, subject to Navier’s slip condition. The resulting differential equations
describing the flow are solved using a computational approach. Ahmed et al. [29] studied the
Casson nanofluid movement over a revolving disk with the association of joule heating as well as
microorganism.

1.1. Focus of this research

The focus point of this proposed research work is to analyze the characteristic of diversified fac-
tors like dissipative heat, thermal radiation, and chemical reaction on the bio-convection flow of
nanofluid for the motile microorganism swimming over a rotating circular disk. This study aims
to utilize the spectral quasi-linearization method to analyze a complex nonlinear system under
proposed boundary conditions. Specifically, the article focuses on investigating the impact of
magnetization on the flow profile across the preamble surface.

1.2. Novelty of the study

The novelty of this study appears due to;

e The inclusion of a mathematical model representing the swimming behavior of motile micro-
organisms addresses a crucial aspect previously neglected in conventional studies.

e In the current scenario, it is more realistic to investigate the effects of dissipative heat, thermal
radiation, and chemical reactions through a rotating disk.

o The comprehensive analysis is obtained by adopting spectral quasi-linearization method with
the involved factors with their appropriate range.

e The real-life applications in bio-technology, environmental engineering, and transport system
showcasing in a broad sense for the todays research.
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2. Mathematical formulation

Let us analyze cylindrical coordinates (r, o, z), that is, indicates an axisymmetric orientation of
the object, with z=0. The differential components along the normal direction of flow vanishes
due to the flow is symmetric toward the axial direction and the angular velocity formed by the
rotational fluid is constant which is far away from the disk surface. Here, V (u, v, w) represents
the velocity components toward its usual direction of the coordinate axes respectively. A uniform
magnetization of constant strength B, is proposed along the normal direction of the flow.
Further, T represents fluid temperature, while T, is constant at the disk surface. The rotational
stream that is isolated from the wall the furthest maintains a constant temperature of T.,. Figure
1 illustrates the geometry of the actual model. The assumption of the rheological properties of
the non-Newtonian Casson fluid, that is, the stress tensor components are described as [29]:

P

2( g +—2=|ejm > 7
V2rn
P

2( pp +—2= ) ey > 7
V2T,

The shear stress is represented by 7, the product of the deformation components is shown by
7, the critical value of m = e;;, e; is represented by 7., and the deformation rate component is
represented by e;. Here p,, the yield stress and pg, the dynamics velocity relating to of the

(1)

‘L',‘j:

Casson nanofluid. Conservation laws yield the fundamental transport equations for thermal, solv-
ent energy, steady fluid flow, and bio-convection transports as [29]:

8,u+82w+%:0 (2)
2

1 1 1 B}
uO,u + wazw—v— =——0p+ v(l +—> <8ﬂu +—0wu + Oyu —%) e
r Pr B r r Pr
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1 * * )]
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w
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*%L _n(c -0)|
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Figure 1. Flow configuration.



3044 S. R. MISHRA ET AL.
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ud, T + wd, T = t, (a,,T +-0T + 622T> 41 [DB((?,CB,T +0,CO,T) + T—T ((0.1)* + (a,c)z)}

oo
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(0Cp); (Cp); o)
(6)
48,C + wd,C = Dy (a,rc + %a,c + azzc> + % <a,,T + %&T + 8ZZT> —k(C-Cy) @)
udn + wo,n + Cwb—icoo {% (nd,C) + % (n@,C)} =D, (&,n + %&n + 8zzn> (8)
This illustrates the liquid’s electric conductivity (o), thermal conductivity (ks), dynamic viscos-
ity (w), liquid density (pf), Casson parameter (f), and liquid density (v). Where a,, = (péfm/ repre-

sents the thermal diffusivity and v is the kinematic viscosity. The concentration of fluid is
denoted by C, while the temperature of the fluid is denoted by T. Dr represents the extent of
thermophoresis diffusion, W, signifies the maximum velocity achievable by a cell in swimming,
and D,, denotes the diffusion constant specific to microorganisms. Dg denotes the coefficient
related to Brownian diffusion. The following are the boundary conditions [29]:

u=w=0,v=rQ, —kd,T =h(T,-T), —kd,C=h(C,—-C), n=mn, atz=0 ©)
u=v=0T=T,,C=Cyx,n=n, at z— o0

Here, h; and h, represent the convective coefficients for heat and mass transfer, respectively.

Similarly, Ty, Toos> Cw» Coos Hiws Hoo denote the fluid temperature, nanoparticle concentration, and

microorganism concentration, respectively, at the surface and away from it. This is achieved by
introducing a transformation group [29]:

e= o= (@0 = (@ w = VA

(10)
_ T-Ty _ C-Cx _Po—P . N—hx
00 = T dl0) = g P& = L () =
while Egs. (8-14) take the forms
2(1 + ;)f"’ +2ff" = f* 4+ g = Mf' + A(0 — Nr¢) — Ncy) — Daf’ = 0, (11)
1
2<1+B)g”—2f'g+2fg’— (M + Da)g =0, (12)
1
(1+Rd)0" +Pr (Nb9’¢’ + Nt0’2> + 5 PrEcM (f’z +g2) + Prfd =0, (13)
" Nt /! / " —
¢" +—0" + PrLef¢’ — yp = 0, (14)

Nb



NUMERICAL HEAT TRANSFER, PART B: FUNDAMENTALS . 3045

7'+ Lbfy = Pe[¢"(x + 1) + 7' ¢'] =0, (15)
With boundary condition (BCs)

f'(0) =0,¢(0) = 1,f(0

>=09’<>=—v1<1—0<o>>, L
¢(0) = —n( > te=o
0

1-¢(0)),2(0) = (16)
f'(00) = 0,g(00) = 0,0(c0) — 0,¢(00) = 0,%(00) =0 as ¢ — o0
In the equations above, M = 7B s the magnetic parameter, Nr = /),*(pm_pf JCC)  hows the

o, F oy (=TT

buoyancy ratio parameter, Nc = % is for bio- convection Rayleigh number, A =

W is for mixed convection number, Nb = M (Brownian motion parameter),

Pr = - (Prandtl number) Nt = TDT(UT+_T°° (thermophoresis parameter), Le = ;‘)—'; is the Lewis par-

ameter Y= th 36 shows Biot number, y = k o Chemical reaction, Ec = C”ZT is Eckert number,
P

= - —Y v : _ v il .
Da = k;Q Darcy number, Y2 = F+/3q Biot number due to concentration, Lb = 5~ (Bio-convection

Lewis number), Pe = bD—M: (Peclet number),

01 = n—m(Microorganisms difference parameter)
Ny — oo
The dimensionless skin frictions (Cf, C,), Nusselt number (Nu), Sherwood number (Sh), are
defined as follows:

ReiCy = (1 + %)f”(O),Re%Cg = (1 + %)g’(O), (17)
Re’Nu = —(1 + Rd)0'(0), Re2Sh = —¢'(0), (18)
Re’Nn = —/(0). (19)

Here Re is the local Reynolds number.

3. Numerical simulations

The numerical solution of the ODEs demonstrated in Egs. (11-15) is obtained by implementing
the “Spectral Quasi-linearisation method (SQLM).” This method involves linearizing the standard
nonlinear equations by implementing the Newton-Raphson based “quasilinearisation method
(QLM),” which was originally developed by Bellman and Kalaba [17] in 1965. The linearized
equations are then resolved by implementing the Chebyshev spectral collocation method. The
SQLM is known for its computational accuracy and fast convergence. It utilizes the “Newton-
Raphson method” to linearize nonlinear ODEs or PDEs. The technique is developed by linearizing
the nonlinear components of the standard equations through Taylor series expansion, assuming a
small difference among the value of the unknown function at the present iteration level (m + 1)
and the value at the previous iteration level (m). For a more detailed explanation of the method,
please refer to Motsa [18]. Implanting the SQLM on the set of five nonlinear ODEs, involving
five unknown functions f(&),g(&),0(&), #(&), and y(&) as stated in Egs. (11-19), results in the
following form of equations:

" 1 ! A —
aO,mf m+1 + al,mf m+1 + aZ,mf m+1 + a3,mfm+l + a4,mgm+1 + aS,m0m+1 + aﬁ,m¢m+l + a7,m/fm+l - Hl
(20)

bo,mg//m+1 + bl,mg,m_._l + b, mgmt1 + b3,mf/m+1 + by, mfm1 = Hy (21)
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om0 mi1 + im0 mi1 + 2, mf i1 T Comfmir + CamEmir + csm® i1 = Hs (22)
dO,m¢/lm+1 + dl,md)’er] + d2,m(z)m+1 + d3,mfm+l + d4,m0//m+1 - H4 (23)
eO,mX//mH + el,mX/m+1 + e, milmy1 + e, mfms1 + e4,VH¢Nm+1 + e5,m¢,m+l = H;s (24)

The coefficients ay, m, by, m> Cr,m> dr,m>» and e, ,, (Where r=1,2,3,...) are already determined
from previous calculations and their values are provided by:

1
ao,m = 2<1 +E),a1,m = me’aZ,m = _2f/m — Da _M>a3,m = zf”m)aél,m = zgm)QS,m = A,

1
as,m = —ANT', a7,m = —ANC, b())m = 2<1 + E), bl,m = mea bZ,m = —Zf/m — Da — M, bg’m = —ng,

bym = 2¢ ,»Co,m = 1+ Rd, c1,,p = Pr(Nb@',, + 2Nt0',, + f), co,m = PrECMF' . c3,m = Pr0),
c4,m = PrEcMgy,, ¢5,,y = PINDO' 1 do y = 1,d1 m = Prlef,,dom = =), d3,m = PrLed’,,

Nt
dym = Np €om = Leum = Lbf, — Ped',,,es,m = —Ped” ., e3,m = Lby ., €4 m = —Pey,, — Pedy,
es,m = —Pey,,

(25)
The right-hand side of Eqs. (20-24) are given as:
Hy = agwmf",, + avmf" y + a2mf y + 3, mfm + A4, mm + a5,mOmi1 + a6, m Py + 47, m%m — Ry
Hy = bo,mg",, + b1,m& o + b2,m@m + b3, mf , + baymfn — Re»
Hs = com0" i + ctm0 m + coomf, + 3omfm + ca,mgm + cs,m®’,, — Ro,
Hy =don¢" + di,m®’ py + do,mPp + A3, mfn + da,m0” m — Ry,
Hs = eom)" s + €Lm¥ m + €mlm + €.mfm + €,m®" + €5.m®',, — Ry

where
1
R =2 (1 n B)f’”m C2f" — o2+ g~ MF, + A6y — Nrdhy, — Neg) — Daf,

1
Ry = 2(1 + E)g”m —2f . 8m + 2fng yy + 8o — (M + Da)g,

1
Ry = (1 +Rd)0", + Pr(Nb0 .0, + Nt0,.2) + 5 PrEcM (f’fn - gfn) + Prf 0,
Nt
R¢’ = ¢”m + m ¢//m + PrfM¢/m - y¢,m>
RX = X”m + Lbfmx/m — Pe [d)”m (Xm + 51)] + X,md)lm’
Equations (20-24) constitute the iterative scheme for the spectral quasi-linearisation method,
which is subsequently solved using the Chebyshev spectral collocation method. By employing
suitable initial approximations, the iteration schemes (20)-(24) are iteratively solved to obtain

Snt1> &t 15 Omt1> @py1> and y,,; when m = 1,2,3, ... The initial approximations chosen are given
as follows:

(26)

(O =080 =000 = L b () = 2o =t @)

To solve Eqs. (20)-(24), the “Chebyshev spectral collocation method” is employed to discretize
the equations. This method is applied on the interval [—1,1] for numerical computations. Prior to
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applying the spectral method, it is essential to convert the semi-infinite domain of the problem
into an approximate truncated domain [0, L] where L is a finite number chosen to be sufficiently
large. The transformation & = "; D is utilized to map the interval [0, L] onto [—1, 1]

In addition, a differentiation matrix D is introduced, which is used to evaluate the derivatives
of the unknown variables f(&),g(&),0(&), (&), and y(&) at the collocation points. This estima-

tion is achieved through a matrix-vector product given as:

dg Nx
ZP o Doaf () = DF, q=10,1,2,..N,, d—é: oo Drag (1) = DG, 4=0,1,2,..N,
Z o Dpg0(11,) = DO, q=0,1,2,..N,, Z o Do (1) = DD, 9 =0,1,2,..N,,
Z o Drax(ny) = DX, g =0,1,2,..N,

(28)
Here N, is the number of collocation points, D = 22 and
E = [f(n)f(m) S ()]s G = [8(0)-&(M): ()] ">
© = [0010).0(m). - O1x)] > @ = [9(00)- B(m). - D(1x.)]
1= [£(M0)- 2(M1)s -+ 2(x,)] -
In matrix notation, the SQLM approach for Egs. (20)-(24) can be succinctly expressed as:
An An A Au Ags St H,
Ay An Ap Ay A 8m+1 H,
A1 An Az Ay Ass Omir | = | Hs |5 (29)
Ay Ap Ap Ay Ay i1 Hy
As; Asy  Asz Asy Ass Am+1 H;

where
Ay = ao,mD* + diag[ay, m|D* + diag|ay, m|D + diag[as ), A1z = diag|as, m], Az = as ml,
Ay = ag,ml, Ars = ag ml,
A21 = diag[b&m]D + diag[a4,m],A22 = b())sz + diag[blym]D + diag[a4,m], A23 =S 0,A24 =0,
Ay =0,
Az = diag[cy,m|D + diag[cs,m), Az = diag[cs,m), Az = co.mD? + diag[c1,m|D,
Asy = diag[cs,m|D, Ass = 0,A35 =0,
Aq = diag[ds ), Ay = 0,Ag3 = 0, Ayy = do, wD* + diag[dy, u|D + , da, mI, Ass = dy, mD?,
A51 = diag[€3)m],A52 = 0,A53 =0, A54 = didg[&;)m]Dz + diag[eim]D
Ass = ey, mD* + diagle, D + diag[es, m)-

In the above representation, the symbol “diag” represents a diagonal matrix with dimensions
(Nx+1) X (Ny+ 1), and I denotes an identity matrix of size (N, + 1) X (N, + 1), and D signi-
fies differentiation with respect to &.

4, Results and discussion

In this study, we have employed the Spectral quasi-linearisation method to solve the fluid model
under consideration. The obtained results were compared with previously published literature to
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validate the findings of our study. In order to exhibit the convergence of SQLM, we have consid-
ered the solution errors, which represent the disparities between the estimated function values at
successive iterations. To depict the convergence of SQLM, we have employed infinity norms,
which are characterized as follows:

Ef = max “fm+11 fm]Hoc’ Eg = max HgmHJ gm,jHoc’

0<j<N, 0<j<N;
E9 = 0I<1’]121X ||9m+1] ”’l)jHoc’ E = Oglg’;\(r H¢m+1] ¢m,j||oo’

E, = 02}2& ||Xm+1,j - Xm,jHoc’
To further validate the accuracy of the SQLM, we assess the infinity norm of the residual error
for each function. This verification process entails substituting the approximate solutions into the
differential equations (11)-(15). The norms are defined as follows:

[Res(f)llo = II2<1 ﬁ) m + 2fmfm = fn® + & = Mfm + A0 = Nrdh,,, = Ney,) = Dafpn|l
1
IRes(g)ll = 21+ )b g + 2 + €~ (4+ D
1
[Res(0)]l,, = [|(1 +Rd)O",, + Pr(NbO,, ), + Nt0',2) + 5prEcM(f’f,, +g,2,,) + Prf0 | o

Nt
||RCS(¢)||OC = ||¢”m + N_bd)”m + Prfm¢/m - y¢/m||oo’

IRes(0)lloc = 11 + Lbf ,m = Pe[ & + 1)) + X llco

The solution errors (Ef,Eg,E(;,E(/,, ) obtained using the SQLM at various iteration levels are
demonstrated in Table 1. It is worth observing that the error norms for each function consistently
diminishing as the number of iterations increases. This consistent decrease in error norms high-
lights the rapid convergence of the SQLM, as the errors progressively diminish with each iteration
step.

Table 2 depicts the relationship between the number of iterations and the variation in residual
errors. The data clearly indicates that as the number of iterations increases, the residual error
consistently decreases. This decline in the residual norm indicates an enhancement in the accur-
acy of the approximate solutions produced by the SQLM as more iteration are conducted. The
evident convergence, characterized by the decreasing residual norms, emphasizes the SQLM’s
effectiveness as a reliable and accurate numerical method for addressing nonlinear differential
equations.

Further, structural presentation for each of the pertinent factors involved in the flow phenom-
ena is depicted graphically. The computation is deployed in a statistical manner exhibiting these

Table 1. Convergence of f(&),g(¢),0(&), (&), and y(&).

Iterations Ey Eg Ey Eg E,

1 1.510x10(-2) 1.190x 10" 1.231x10(-" 8.730x 104 4.704x100"
2 8.689x10(~3) 1.302x10(-3) 8.800x10(~%) 6.594x10(~%) 3.297x10(-3)
3 1.788x10(=) 3.505x10(-®) 2.904x10(-%) 4.624x1007) 1.576x10(-%)
4 1.696x 109 2.002x10(-19) 7.953x10(~10) 3.870x10(-12) 7.487x10(-10)
5 5.866x10(~10) 1.534x10(-1) 9.349x10(-10) 1.062x10(-12) 1.294x10(-10)
6 1.469x 100710 5.601x10(-"") 2.071x10(-19) 8.250x10(""3) 4.176x101
7 4.650%x101) 6.242x 1001 1.736x 1019 1.108x10(-"3) 2.385x 101
8 4.819x10") 8.366x 10" 2.158x10(~10) 2.567x10(-13) 2.278x10-")
9 2.602x 101" 8.570x 101" 1.106x 1019 1.503x10(-13) 2.356x 101
10 3.493x10(-™") 4.178x10-"") 1.127x 1010 8.953x10(""3) 8.652x10(~10)
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Table 2. Residual error for Egs. (11)-(15).

Iterations [IRe s(F)lo lIRes(9)]lo [IRes(0)]l [IRes(¢) [IRe (1)l

1 1.462x10(-2) 5.469x 104 2.256x10(-3) 6.572x10(-9) 2.392x10(-3)
2 1.898x 10079 3.248x10(-9) 7.144x10(-®) 3.831x10(-7) 1.675x10(-%
3 3.232x10(-19) 8.577x10-") 3.162x10(-10) 2.258x10(-1") 6.097x10(-10)
4 1.421x10-10 4.822x10-"1) 2.227x10(-10) 5.447x10(-12) 2.757x10(-10)
5 2.347x10™ 6.328x 101 3.964x10(-10) 4.549%10-12) 2.509%10(-19)
6 1.084x 10" 3.812x100-™ 2.708x10(~10) 5.554x10(~12) 3.011x10(-19)
7 6.108x10(-"") 4.002x10-"") 2.655x10(-10) 5.531x10(-12) 3.584x10(-10)
8 3.250%x 10~ 4.494x10-1) 1.986x10(-10) 4.270x10-12) 4.084x10(-10)
9 3.131x10C™ 4.589% 101 2.700x10(-10) 4370x10-12) 2.625x10(-19)
10 3.310x 10" 3.868x 10~ 1.840%x 1019 4.936x10-12) 2.795%10-19)

Table 3. Comparison in limiting cases of the values of —6'(0) with previously published work of Ref. [27] and Ref. [28], for
different values of M, Le, Pr, Nb, Nt.

M Le Pr Nb Nt Ref. [27] Ref. [28] Present
0.0 0.8 1.0 0.3 0.2 0.30494 0.30500 0.3049
0.7 0.24421 0.2443 0.2442
1.4 0.17566 0.1757 0.1757
0.3 0.8 1.0 0.3 0.2 0.32655 0.3266 0.3265
0.30360 0.3036 0.3036

0.28715 0.2872 0.2871

0.3 0.5 1.0 0.3 0.2 0.29633 0.2964 0.2963
1.0 0.28954 0.2896 0.2895

1.5 0.28395 0.2839 0.2839

0.3 0.8 0.5 0.3 0.2 0.24989 0.2499 0.2499
1.0 0.29211 0.2922 0.2921

1.5 0.32286 0.3229 0.3229

0.3 0.8 1.0 0.5 0.2 0.26341 0.2635 0.2634
0.7 0.23677 0.2368 0.2367

1.0 0.20056 0.2006 0.2006

0.3 0.8 1.0 0.3 0.5 0.25913 0.2591 0.2591
0.7 0.23865 0.2387 0.2386

1.0 0.21010 0.2102 0.2101

Table 4. Comparison in limiting cases of the values of —¢/ (0), with previously published work of Ref. [27] and Ref. [28], for
different values of M, Le, Pr, Nb, Nt.

M Le Pr Nb Nt Ref. [27] Ref. [28] Present
0.0 0.8 1.0 0.3 0.2 0.27000 0.2701 0.2700
0.7 0.25387 0.2539 0.2539
14 0.23722 0.2373 0.2372
0.3 0.8 1.0 0.3 0.2 0.27583 0.2759 0.2758
0.26933 0.2694 0.2693

0.26493 0.2649 0.2649

0.3 0.5 1.0 0.3 0.2 0.21373 0.2138 0.2137
1.0 0.30132 0.3014 0.3013

1.5 0.38690 0.3869 0.3869

0.3 0.8 0.5 0.3 0.2 0.22934 0.2294 0.2293
1.0 0.26624 0.2663 0.2662

1.5 0.31262 0.3127 0.3127

0.3 0.8 1.0 0.5 0.2 0.30338 0.3034 0.3034
0.7 0.31875 0.3188 0.3187

1.0 0.32959 0.3297 0.3296

0.3 0.8 1.0 0.3 0.5 0.22206 0.2221 0.2221
0.7 0.22539 0.2256 0.2254

1.0 0.22855 0.2228 0.2286

factors considering within the particular range. The important fact is that the numerical results
are utilized for the validation of the current outcomes with that of the novel work of Hayat et al.
[27] and Rehman et al. [28] for the various values of the parameters. These results for the heat
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transfer rate —(6'(0)) are depicted in Table 3 which coincides with the earlier result in a good
tolerance limit by considering a few significant digits. These unique results are also validating the
fact from the computation of the residual error. Moreover, the results of Sherwood number for
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Figure 2. (a) Graphical illustration of M on f(&). (b) Graphical illustration of M on g(&). (c) Graphical illustration of M on 0(&).
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the diversified factors are exhibited in Table 4 and compared with the outcomes of Hayat et al.
[27] and Rehman et al. [28]. It is seen that, the current outcomes validate with these earlier stud-
ies in a good correlation representing the convergence analysis of the proposed methodology.

4.1. Variation of magnetic parameter

The flow phenomenon of bio-convection Casson nanofluid flowing on a rotating disk is imposed
with transverse magnetic field along the normal direction shows the impact of magnetization.
The parametric analysis for the magnetic effect is depicted for the consideration of the numerical
values of M within the range of 0.3 < M < 1. Figure 2a portrays the analysis of the strength of
the magnetic constraint on the momentum distribution. The introduction of a magnetized field
into the flow induces a resistive force, generating the “Lorentz force” which opposes fluid motion.
Consequently, it is noteworthy that increasing magnetization slows down the flow profile across
the entire flow domain. One of the interesting facts rendered is that, near to the surface a sudden
hike in the profile is exhibited and afterward the fall is also sharp to meet adequate boundary
conditions. The deceleration in the surface thickness is manifesting its utility in various produc-
tion processes in industries to avoid maximum damages. Figure 2b depicts the transverse momen-
tum profile for the diversified values of the magnetic parameter. The result reveals that for the
lower values of the magnetic strength the fluid velocity exhibits its maximum strength within the
domain at all points however, increasing magnetization attenuates the profile asymptotically.
Further, Figure 2c contributes the role of magnetic properties on the fluid temperature profile for
the bio-convective Casson nanofluid. The magnetic field strength diminishes the fluid velocity
due to the density of solute particles within the fluid. It becomes apparent that particles deposited
on the surface accumulate energy, subsequently leading to their growth and consequent enhance-
ment of the fluid’s temperature profile. This hike in the profile is useful in cooling of the base/
surface.

4.2. Behavior of Casson parameter

The bio-convection nanofluid shows its non-Newtonian characteristic due to the introduction of
the non-Newtonian Casson parameter. Figures 3a, b shows the behavior of Casson parameter
which plays a crucial role on the axial and transverse velocity profile of bio-convection Casson
nanofluid. To present is behavior, the numerical value of the Casson parameter f is restricted to
the range of 0.5 < f§ <2. However, the higher value of the parameter [ leads to the case of
Newtonian fluid. This model describes non-Newtonian fluids with yield stress and its impact on
the flow phenomena. In mathematical terms, as the Casson parameter increases, the prominence
of the yield stress intensifies. Furthermore, a higher Casson parameter value correlates with an
increase in flow resistance, consequently reducing the axial velocity. In a broader sense, there
exists a threshold for the initiation of fluid movement due to yield stress, with higher Casson par-
ameter values imposing greater restrictions on fluid flow. Further, enhanced Cason parameter
also favors in retarding the transverse momentum profile significantly.

4.3. Beavior of porosity parameter

The bio-convection stream of Casson nanofluid is also affected by the inclusion of porosity on
the fluid medium. Figures 4a, b presents the description of the permeability parameter on the
axial as well as transverse velocity distribution. The physical description is obtain for the variation
of the parameter Da within the standard numerical value as 0 < Da < 1.5. The assigned Da = 0
indicates the flow through nonporous medium and further the no-zero values deal with the vari-
ation of the parameter where the fluid past a porous medium. The observation reveals that the
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Figure 3. (a) Graphical illustration of 8 on f (¢). (b) Graphical illustration of 8 on g(&).

increasing porosity put a greater strength for which the fluid velocity supposed to reduce its
strength drastically. This is because porosity act as a resistance to the axial motion of the fluid
leading to retard the axial velocity. Further, the transverse velocity distribution also affected by
the increasing porosity and therefore, the fluid velocity in the transverse direction asymptotically.

4.4. Behavior of thermal Biot number

The proposed boundary condition of the temperature profile depends upon the convective condi-
tion due to heat transfer which produces the influence of thermal Biot number. Figures 5a, b
depicts the impact of thermal Biot number and its characteristic on the transverse velocity distri-
bution and the temperature distribution, respectively. The variation presented within the numer-
ical range of 0.1 <y, <0.7. The dimensionless parameter 7y, is described as the ratio of
resistance due to heat transmission inside the solid body to the resistance at the fluid-surface



NUMERICAL HEAT TRANSFER, PART B: FUNDAMENTALS . 3053

Da= 0
---:Da=05
025 ——=-Da= 1 |]
Da=15
0.2 _
P
:*‘_w, 0.15 g
S
0.1 1
0.05 J
0
15
1 . : . : : ‘
Da= 0
0.9 - =-=--Da=05|
e Da= 1
08 A Da=15]1
Y
3
071 A\ _
%\
1
0.6 BN 1
A
X 05 1) 1
& W
B o
0.4 )
‘\\
0.3 R |
Na
Ne\
02 N q
. \t\
S
0.1 TR J
0 , ‘ ‘ , S
0 1 2 3 4 5 6 7 8 9
(®)

Figure 4. (a) Graphical illustration of Da on f(g”). (b) Graphical illustration of Da on g(&).

interface. As the Biot number increases, it signifies slower heat conduction at the solid surface
interface for which it lead to absorbed more energy toward the interface layer. Therefore, the
fluid temperature reduces significantly with increasing Biot number. Further, a more significant
influence of the solid phase occurs with increasing thermal Biot number for which the overall
temperature increases significantly within the Casson nanofluid. Moreover, the elevated 7, lead to

rapid establishment of the thermal equilibrium between the solid and fluid phases influence the
temperature distribution.

4.5. Variation of bio-convection Rayleigh number

The bio-convection Rayleigh number has important aspects for the influence of velocity distribu-
tion which is obtained due to the interaction of buoyancy-driven forces on the velocity distribu-
tion. Figures 6a, b demonstrates the variation of bio-convection Rayleigh number on the axial as
well as transverse velocity distribution respectively. The description is presented for the variation
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Figure 5. (a) Graphical illustration of y, on g(&). (b) Graphical illustration of y, on 6(¢).

of the parameter Nc¢, within the range 0.1 < Nc < 0.7. A rise in the bio-convection Rayleigh
number exerts greater influence than buoyancy force, leading to a notable deceleration in the
axial velocity distribution. Moreover, higher Rayleigh numbers notably amplify the secondary vel-
ocity, resulting in the expansion of the transverse velocity distribution of the Casson fluid.

4.6. Variation of Brownian motion

Brownian motion denotes to the random motion of the particle due to their collisions with the
surrounding fluid molecules. The appearance of the Brownian motion is because of the cross-dif-
fusion among the solutal and heat fluxes. Figures 7a, b corresponds to the variation of the
Brownian motion on the concentration vis-a-vis the temperature distribution of the nanofluid.
The description is presented briefly for the numeric range of Nb as 0.1 < Nb < 0.9. The increas-
ing dispersion and mixing of the nanoparticle in the nanofluid are due to the Brownian motion.
These phenomena lead to decelerate the concentration profile significantly. Brownian motion
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Figure 6. (a) Graphical illustration of Nc on f'(é). (b) Graphical illustration of Nc on g(&).

induces temperature fluctuations because of the random motion of nanoparticles. These fluctua-
tions contribute to local variations in temperature within the fluid, impacting the thermal profile
of the bio-convection Casson nanofluid. This enhancement influences the temperature distribu-
tion, potentially leading to improved heat transfer characteristics.

4.7. Behavior of mixed convection parameter

The important role of mixed convection parameter is characterizing the relative strengths of both
the free and forced convection. It refers to the combined influence of natural and force convec-
tion. In general, the natural convection is driven by the buoyancy force and the forced convection
is induced by an external source. Figures 84, b illustrates the significance of the mixed convection
parameter on the profiles of axial and transverse velocity distribution. The flow pattern of the
axial velocity is affected by the interaction between buoyancy and inertial force. To present the
description of the concerned parameter the range of this factor is restricted to 0.5-1.1. The
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Figure 7. (a) Graphical illustration of Nb on ¢(&). (b) Graphical illustration of Nb on 0(&).

enhanced mixed convection surprisingly augments the axial velocity distribution. The fact is, for
the higher mixed convection, forced convection dominate over the natural convection, resulting a
more uniform velocity profile. Further, the transverse velocity profile deployed a reverse effect to
suppress the development of boundary layer for the higher mixed convection parameter.

4.8. Effect of thermophoresis parameter

Figure 9 portrays the characteristic of the thermophoresis factor on the temperature distribution
of the Casson nanofluid. The description of the proposed factor on the temperature profile
depends upon several key factors. The nondimensional parameter refers to the motion of the par-
ticles in response to the temperature gradient. It represents the strength of this effect and it influ-
ences the nanoparticles move in a fluid subjected to a temperature difference. It is a phenomenon
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where the motion of fluid is biological factors i.e. the presence of microorganism. Further, the
Casson fluid is a non-Newtonian fluid model that accounts for the yield stress of certain materi-
als. A higher thermophoresis parameter leads to enhance the motion of nanoparticles with respect
to temperature gradient. The yield stress produces due to the Casson fluid model that means the
fluid will not start until a certain stress is applied. The thermophoresis parameter will influence
the yield stress.

4.9. Effect of thermal radiation and Eckert number

Figures 10 and 11 exhibit the effect of radiating heat effect for the nitration of thermal radiation
and the Eckert number on the Casson fluid temperature distribution. The factor thermal radiation
is described as the emission of electromagnetic waves because of the temperature of the object.
The inclusion of the thermal radiation significantly affects the temperature profile. However, the
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Figure 10. Graphical illustration of Rd on 0(&).

increased thermal radiation enhances heat transfer within the fluid. Radiative heat transfer sup-
posed to more pronounce at higher temperature enriches the temperature profile. The dimension-
less parameter Eckert number described as the ratio of the kinetic energy with respect to its
enthalpy. In a bio-convection Casson nanofluid, Ec exhibits the balance between the kinetic
energy and enthalpy. Changes in Ec also affect the temperature profile by influencing the heat
absorbed during fluid flow. The efficient heat transfer is obtained that enhances the temperature
distribution is due to the dominance of the enthalpy over the kinetic energy.

4.10. Behavior of the buoyancy ratio parameter

The factor buoyancy ratio is obtained due to the relationship between the solutal and thermal
buoyancy parameter exhibiting their ratio. Figure 12 projects the limitations of the buoyancy ratio
parameter on the fluid temperature of the non-Newtonian fluid. The characteristic of the
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Figure 12. Graphical illustration of Nr on f (&).

proposed factor is exhibited within the standard range of 0.1 < Nr < 0.7. It has a crucial role in
retarding the temperature profile due to the heating of the surface. The buoyancy forces associ-
ated to the density differences among the fluid layers, while the viscous force is related to the
resistance of the fluid to shear deformation. However, an increase in the buoyancy ration due to
the heating of the surface significantly attenuates the temperature of the fluid. This leads to
retards the heat transmission characteristics as the fluid experiences a decreased circulation. One
of the interesting facts is that the interaction between the bio-convection and Casson fluid com-
bined with buoyancy ratio resulting a nonlinear behavior which favors in retardation in the fluid
temperature.

4.11. Effect of chemical reaction parameter

Figure 13 exhibits the significant characteristic of the chemical reaction parameter on the profile
of fluid concentration. The factor, reaction rate is the rate at which the chemical reaction occurs
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provides significant contribution on the profiles. Higher concentration lead to faster depletion
produces less concentration within the distribution. Here, the type of species involved will deter-
mine the nature of the concentration. The change in concentration is also affected by the
Brownian as well as the thermophoresis parameter. Therefore, the higher concentration obtained
due to increasing chemical reaction attenuates the solutal bounding surface thickness throughout.

4.12. Effect of solutal biot number and microorganism difference parameter

The convective concentration boundary condition leads to show the existence of the solutal Biot
number in the transformed form. Figures 14 and 15 show the experience of the solutal Biot num-
ber along with microorganisms’ difference parameter on the fluid concentration profile. The ratio
between the solute diffusion rate and the rate bio-convection is depicted the role of solutal Biot
number. The numerical values considered for the description describes the behavior of the solute
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diffusion rate to the bio-convection rate. For the high solutal Biot number, the solute diffusion
rate is faster than that of bio-convection rate. Therefore, the concentration profile of the solute is
pronounced highly within the nanofluid, as diffusion dominates the transport processes.
However, microorganism difference reflects the difference in the characteristics of the microor-
ganisms in the fluid, including the factors such as swimming sped, chemotactic sensitivity, etc.
microorganism with different characteristics induce complex fluid motion which retards the pro-
file for its higher values.

4.13. Effect of Lewis numbers

The flow of bio-convection Casson fluid characterized by Lewis number (Le) and bio-convection
Lewis number (Le) due to the occurrence of the solutal diffusion and bio-convection diffusions.
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Figures 16 and 17 illustrates the role of (Le) on the concentration profile and (Lb) on the bio-
convection profiles respectively. The relationship between the thermal and solutal diffusion in a
fluid describes the dimensionless number, Le. However, the variation presents that, higher Lewis
number implies, thermal diffusion is greater dominant than solutal diffusion. This lead to a sig-
nificant deceleration in the fluid concentration distribution. Further, the behavior for the less
Lewis number is accordingly varies within the flow domain. In the case of biological convection,
the parameter (Lb) arises. A higher (Lb) indicates that the biological activity has a stronger
retardation on the ass transport phenomenon compared to others and this significantly reduces
the bio-concoction profile.

4.14. Effect of Peclet number

Figure 18 displays the impact of Peclet number on the bio-convection microorganism profiles.
The relative importance of the convection to diffusion is presented by the nondimensional
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parameter by Pe. In the case of bio-convection Casson nanofluid, the Peclet number influences

the

dominance of nanofluid which retards the profile significantly.

5. Conclusions

The bioconvective nanofluid flow with motile microorganisms over a rotating disk is analyzed in

the

present article. The impact of dissipative heat combined with Brownian motion and thermo-

phoresis energies the flow properties. However, Numerical simulation for the various flow profiles
is obtained employing the traditional Runge kutta fourth-order technique. The characteristics of
pertinent parameters involved in the flow phenomena are obtained and described briefly. Further,

the

outstanding outcomes are deployed below:

The simulated values of the heat and solutal transfer rate conforms a good correlation with
the earlier study that leads to validation as well as convergence criteria of the proposed
methodology.

The resistivity offered by the implementation of magnetic property along with porosity attenu-
ates the axial and transverse velocity, however the impact is reversed in case of fluid
temperature.

The non-Newtonian factor, Casson parameter also favors in reducing the velocity profile
significantly.

The mixed convection due to the interaction of both the buoyant forces retards the axial vel-
ocity but it augments the transverse velocity further the bio convection parameter shows
opposite impact.

The coupling constant for the impact of dissipation and radiating heat due to thermal radi-
ation boots up the fluid temperature.
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