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Abstract

Over the last decades much progress has been made in the investigation of
bornologies on metric spaces. In particular, Hu, Beer, Meroño, Garrido and
others have published many papers on metric bornologies. The bornology of
bounded sets in quasi-metric spaces was introduced by Piȩkosz and Wajch
in 2015. They extended the Hu’s metrization theorem to quasi-metric spaces
and applied it to bornologies of bitopological spaces. In 2019, Olela Otafudu
et al. used the asymmetric version of Hu’s theorem to quasi-metrize the
bornological universes on extended quasi-metric spaces. The principal aim of
this thesis is to investigate the existence of bornologies of totally bounded sets
and Bourbaki-bounded sets on asymmetric structures. In particular, we ex-
tend several results obtained by others on metric bornologies to quasi-metric
settings. We show that a quasi-metric space can be bounded but not totally
bounded and the bornology on a supseparable quasi-metric space agrees with
the bornology of totally bounded sets. For Bourbaki-boundedness, it turns
out that a set can be Bourbaki-bounded on a quasi-metric space but not on
the metric space. In addition, we prove that every real-valued semi-Lipschitz
in the small function is bounded if and only if the quasi-metric is Bourbaki-
bounded. Consequently, we use semi-Lipschitz functions to characterize those
bornologies on asymmetric normed spaces that can be realized as bornolo-
gies of Bourbaki-bounded sets. For example, we show that on quasi-metric
spaces, the bornology of Bourbaki-bounded sets sits between the bornology
of totally bounded sets and the bornology of bounded sets but on asymmetric
normed spaces, the bornology of Bourbaki-bounded sets coincides with the
bornology of bounded sets.
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Introduction

The systematic study of bornology in topological spaces started with the
paper of Sze-tsen Hu [34] in 1949. Hu’s results gave some necessary and
sufficient conditions for which a bornological universe is metrizable. For in-
stance, he showed that bornologies defined on metric spaces correspond to the
usual bornologies on nonempty sets. After the study of Hu, there has been
renewed interest in topology and bornologies stemming from the wide appli-
cations of Hausdorff metric convergences. For example, Lechicki et al. [35]
initiated a comprehensive study of bornological convergence for nets in met-
ric spaces. In addition, Meyer [29] provided the bornological and topological
approaches to many problems. For instance, he proved that the bornological
versions of Grothendiecks approximation property can be applied to convex
analysis, noncommutative geometry and optimization theory.
On the other hand, Borwein et al. in [12] used bounded sets to develop the
theory of differentions for functions on normed spaces. However, there have
been generalizations of boundedness from nonempty sets to metric spaces,
for instance, it is well known that a subset A of a metric space (X, d) is called
bounded if it is contained in some ball of X, totally bounded if there exists
a finite subset of X that covers it and finally Bourbaki-bounded if there is a
finite subset {x1, x2, . . . , xk} of X and some n ∈ N such that A is covered by
Dn
d (xj, ε) for 1 ≤ j ≤ k. The word “Bourbaki-bounded” comes from the book

of Bourbaki [13] where these subsets in uniform spaces were first studied.
In spite of the fact that there are several extensions of bounded sets, we real-
ize that all of them are stable under finite unions, are hereditary and contain
the singletons. A family with these three properties is called a bornology
and denoted by B (see Definition 1.2.1). If we have a nonempty set X

and a bornology B on X, then the pair (X,B ) is called a bornological
universe. On a metric space (X, d), we denote the bornology of bounded sets

by B d(X), the bornology of totally bounded sets by TB d(X) and the

bornology of Bourbaki-bounded sets by BB d(X).
Garrido and Meroño [17] studied and compared these bornologies in different
contexts. Other authors like Beer et al. [6] studied bornologies of bounded
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sets and totally bounded subsets on metric spaces and showed that a metric
space is separable if the metric bornology agrees with the bornology of to-
tally bounded sets. The study of metric bornologies and continuous functions
has been the area of study for quite some time. For instance, Munkres [33]
in the year 2000 proved that continuity is preserved under uniform conver-
gence on the bornology of relatively compact subsets and Cauchy continuity
is preserved under uniform convergence on the bornology of totally bounded
subsets.
The notion of total boundedness has also been defined in quasi-metric spaces.
In 2012, Olela Otafudu investigated total boundedness of the injective hull of
a totally bounded ultra-quasi-metric space. He proved that total bounded-
ness is preserved by the ultra-quasi-metrically injective hull of a quasi-metric
space (see e.g [49, Proposition 5.4.1]). In addition, Kemajou et al. [37]
showed that every quasi-metric space has a hyperconvex hull which is join-
compact provided that it is totally bounded.
On the other hand, the theory of Bourbaki-boundedness in metric spaces
was studied by Atsuji in [3] as the generalization of total boundedness. At-
suji proved that a metric space is Bourbaki-bounded if and only if every
real-valued uniformly continuous function on it is bounded. However, the
concept of Bourbaki-boundness got huge interest by many mathematicians
(see [9,17–19]). For instance, in [19] the authors introduced a new tool for the
completeness of metric spaces with respect to Bourbaki-boundedness ideas
which they called Bourbaki-completeness and cofinal Bourbaki-completeness.
In the past years, some authors have made some attempts to develop the
study of Bourbaki-boundedness in nonsymmetric spaces. For instance, Mur-
deshwar and Theckedath [32] studied Bourbaki-boundedness and observed
that if the set [0, 1] is equipped with the T0-quasi-metric

q(x, y) =

{
y − x if x ≤ y

1 x > y

and U is the quasi-uniformity generated by q on [0, 1] and U−1 is the con-
jugate quasi-uniformity of U on [0, 1], then ([0, 1],U) and ([0, 1],U−1) are
Bourbaki-bounded quasi-uniform spaces, but ([0, 1],U s) is the discrete uni-
form space which is not Bourbaki-bounded. They also noted that when a
quasi-uniformity is derived from a quasi-metric, it would be pertinent to com-
pare Bourbaki-boundedness of the quasi-uniformity with the boundedness of
the quasi-metric space.
In 1995, Künzi and Ryser [45] studied the properties of Bourbaki quasi-
uniformity defined on the collection of all nonempty sets of quasi-uniform
spaces. They actually generalized the well known Isbell-Burdick theorem
from uniform spaces to quasi-uniform spaces. The theory of bornology can
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also be studied using asymmetric structures like quasi-metric spaces and
asymmetric normed spaces. Recall that a structure is said to be asymmet-
ric if it does not respect the symmetry condition. The lack of symmetry
comes with difficulties in the classical concepts like completeness, compact-
ness, boundedness, duality and others. For example, it is shown in [52] that
on a quasi-metric space (X, q), being bounded on q or qt does not mean
bounded on qs. The bornology of bounded sets in quasi-metric spaces was
introduced by Piȩkosz and Wajch [53] in 2015. They first extended the Hu’s
metrization theorem of bornological universe to quasi-metric spaces and ap-
plied it to the bornologies of bitopological spaces.
In our work [52], we successfully extended the concept of bornology from
metric settings to the framework of extended quasi-metrics. We used the
asymmetric version of Hu’s theorem and proved that for an extended quasi-
metric q, the bornology B coincides with B q(X). Though many classi-
cal ideas about bornology could be generalized from metric to quasi-metric
spaces, these generalizations were not trivial and sometimes the nonsymmet-
ric versions required interesting new variations from the old ones. Naturally,
this has led to the speculation of how to extend the bornology of totally
bounded sets and the bornology of Bourbaki-bounded sets from the metric
point of view to quasi-metric settings. There is no doubt that uniformly
continuous functions and asymmetric normed spaces are important tools in
the characterization of Bourbaki-bounded sets on quasi-metric spaces.
The main purpose of this thesis is to investigate the existence of bornologies
of Bourbaki-bounded sets and totally bounded sets on asymmetric struc-
tures. We intend to generalize the classical bornological results on totally
bounded sets and Bourbaki-bounded sets from metric spaces to the category
of quasi-metric spaces. For instance, given a compatible quasi-metric, we
give some necessary and sufficient conditions for which the bornology of to-
tally bounded sets and the bornology of Bourbaki-bounded sets agree with
the quasi-metric bornology studied by Olela Otafudu et al. [52]. It actually
turns out that if a quasi-metric space is supseparable then the quasi-metric
bornology coincides with the bornology of totally bounded sets (see Theorem
4.2.4).
In order to have a better understanding of Bourbaki-boundedness in quasi-
metric spaces, we present equivalent characterizations of this boundedness.
It is interesting to note in Example 5.2.1 that if a set is Bourbaki-bounded on
the symmetrized quasi-pseudometric space, then it is also Bourbaki-bounded
on the quasi-pseudometric space, but the converse need not be true. Mor-
ever, we show how the studies of Beer and Garrido [9] on bornologies of
Bourbaki-bounded sets with Lipschitz functions can be modified in order to
obtain a theory that is appropriate for quasi-metric spaces.
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Furthermore, we characterize Bourbaki-boundedness under uniformily con-
tinuous functions and semi-Lipschitz functions. For instance, we show that
every real-valued semi-Lipschitz in the small function on a quasi-metric space
is bounded if and only if the quasi-metric is Bourbaki-bounded (see Theo-
rem 5.3.2). Moreover, we observe that for any two quasi-pseudometric spaces
(X, q) and (Y, p), if the function ϕ : (X, q)→ (Y, p) is uniformly continuous,
then ϕ : (X, qs) → (Y, ps) is also uniformly continuous, but the converse
is not true in general (see Example 5.1.1). All these are great motivations
for generalizing the results on bornologies from symmetric to nonsymmetric
settings.
In a metric space, it is proved by Garrido and Meroño [17] that the bornology
of Bourbaki-bounded sets sits between the bornology of totally bounded sets
and the bornology of bounded sets. In this thesis, we also study and compare
the bornologies of bounded sets with the bornologies of totally bounded sets
and the bornologies of Bourbaki-bounded sets. For example, we show in Re-
mark 5.3.2 that on quasi-metric spaces, the bornology of Bourbaki-bounded
sits between the bornology of totally bounded sets and the bornology of
bounded sets but for asymmetric normed spaces, the bornology of Bourbaki-
bounded sets coincides with the quasi-metric bornology. Finally, we use semi-
Lipschitz functions to characterize those bornologies on asymmetric normed
spaces that can be viewed as bornologies of Bourbaki-bounded sets.

Organization of the thesis

Chapter 1. In this first chapter, we recall some basic concepts and def-
initions to be used throughout this thesis. The first section defines quasi-
pseudometric spaces with their topological structures and later give some
interesting examples. In addition, we present some notions of bitopological
spaces and thereafter recall some concepts of convergence and bicomplete-
ness. The last section of this chapter discusses the bornologies on nonempty
sets. We also present some examples of bornologies (Examples 1.2.1 and
1.2.2) and study some results on the closed and open bases of the bornological
universe (see Corollary 1.2.1). Lastly, we review the concept of characteristic
function which Meroño and Garrido [18] also used in order to obtain their
metrization theorems for bornologies.

Chapter 2. In this chapter, we collect the fundamental results about aspects
of metric bornologies. We mainly give an overview of the terminology and
elementary results about different metric bornologies, most of which already
appear in the literatures [4,6,9], but to be generalized to asymmetric spaces
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throughout the thesis. We begin by summarizing the results on metrizability
of the bornological universe and the construction of the universal space of
a metric space (see Theorems 2.1.7 and 2.1.8). In the second section, we
present the concept of total boundedness on a metric space. It will be shown
in Theorem 2.2.2 that if a metric space is separable, then the metric bornol-
ogy becomes a bornology of totally bounded sets. Finally, in the last section
we recall some results on bornologies of Bourbaki-bounded sets with Lips-
chitz functions on metric spaces. For example, Theorem 2.3.1 presents the
results on bornologies of locally Lipschitz functions with relatively compact
subsets.

Chapter 3. In this chapter, we start our own investigations by revisiting my
MSc dissertation. In [52], we redefined and improved our own universal space
constructed during the MSc studies (compare [31, Definition 3.2.1] and Sec-
tion 3.1). The universal space was constructed on a set of (f, A) where f is
a real-valued continuous function on qs-closed set A. However, we show that
the universal space of an extended quasi-metric space is a bicomplete space
(Remark 3.1.2 and see also [52, Remark 3.1]). Furthermore, Propositions
3.1.1 and 3.1.2 provide the isometries between the extended quasi-metric
spaces and the universal spaces. In the second section, we revisit the com-
parisons of quasi-metric bornologies determined by q, qs and qt (see Lemma
3.2.1). We prove in Theorem 3.2.2 that for an extended quasi-metric q, the

bornological universe (X,B ) is quasi-metrizable by q and the bornology

B coincides with the quasi-metric bornology on X. We end this chapter
by proving in Theorem 3.2.3 that for a given bornology B on an extended
quasi-metric space (X, q), there exists an extended bona fide quasi-metric q1
on X, uniformly equivalent to q such that B q(X) = B q1(X). Note that
we have published most of the results in this chapter (see [52]).

Chapter 4. This chapter continues our investigations into the bornology
of totally bounded sets on a quasi-metric space (X, q). In the first section,
we study and compare q-boundedness, q-precompactness, joincompactness,
bicompleteness with q-total boundedness. We observe that for infinite di-
mension quasi-metric spaces, q-boundedness and q-total boundedness are two
different notions. For example, it will be proved in Example 4.1.2 that every
q-totally bounded quasi-pseudometric space (X, q) is q-bounded but the con-
verse is not always true. In ending this section, Theorem 4.1.2 proves that
a subset of the quasi-metric space (X, q) is joincompact if and only if it is
both bicomplete and q-totally bounded. In the second section, we present
our own results on bornologies of totally bounded sets. We prove in Theorem
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4.2.1 that the bornology of q-totally bounded sets agrees with the bornol-
ogy of τ(q)-relatively compact sets if and only if the quasi-metric space is
bicomplete. It also turns out that if a quasi-metric space (X, q) is supsepa-
rable, then the quasi-metric bornology studied by Olela Otafudu et al. [52]
coincides with the bornology of q-totally bounded sets (see Theorems 4.2.4
and 4.2.5). We use asymmetric version of Hu’s theorem (Theorem 3.2.1) to
prove that the bornology of q-totally bounded sets with one point extension
is quasi-metrizable and if the bornology has a countable base then it coin-
cides with quasi-metric bornology (see Theorem 4.2.5). Finally, we prove in
Theorem 4.2.7 that the family of nonempty sets of the quasi-metric space
(X, q) becomes the bornology of q-totally bounded sets if and only if there
exists a star-development on X.

Chapter 5 We continue with our investigations on quasi-metric bornolo-
gies of Bourbaki-bounded sets with semi-Lipschitz functions in this chapter.
In the first section, we study the concepts of uniform continuity and semi-
Lipschitz functions. In asymmetric structures, the concept of uniform con-
tinuity is not as direct as it is in symmetric ones. For instance, we show in
Example 5.1.1 and Lemma 5.1.1 that on a quasi-metric space (X, q), the uni-
form continuity of qs does not imply the uniform continuity of q. In the second
section, we study the equivalent characterizations of Bourbaki boundedness
on quasi-metric spaces. It is interesting to note that a set can be q-Bourbaki-
bounded but not qs-Bourbaki-bounded (see Example 5.2.1). After introduc-
ing the concept of δ-chain in Definition 5.2.4, we construct the relation �δ on
(X, q) and prove that it is actually an equivalence relation (Lemma 5.2.3). In
Section 5.3, we study and compare the bornology of q-totally bounded sets
with other quasi-metric bornologies. For instance, Remark 5.3.2 shows that
the bornology of q-Bourbaki-bounded contains the bornologies of q-totally
bounded sets. Morever, Proposition 5.2.3 proves that given an asymmet-
ric normed space, the bornology of q-Bourbaki-bounded sets coincides with
quasi-metric bornology. In Theorem 5.3.1, we use the τ(q)-compact subsets
with locally semi-Lipschitz functions on asymmetric normed space to come
up with a set on the quasi-metric bornology of real numbers. Theorem 5.3.2
concludes this chapter by proving that every real-valued semi-Lipschitz in
the small function on asymmetric normed spaces is bounded if and only if it
is Bourbaki-bounded.

Chapter 6 We conclude this work by reflecting on the main results of the
thesis and highlighting some connections of this work with other studies. Fur-
thermore, we mention some open problems to which one can constitute the
topics for further research. The study of bornology in asymmetric structures
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can lead to many open problems. For instance, Sebogodi [22], one of the
former PhD student of my supervisor, studied modular sets equipped with
T0-quasi-metric induced by modular quasi-pseudometrics. Indeed one can
investigate the introduction of bornologies on modular quasi-pseudometric
spaces. In additon, Murdeshwar and Theckedath studied boundedness and
quasi-uniform continuous functions. They proved in [32, Theorem 2.2] that
boundedness is preserved under quasi-uniform continuous functions. This
could lead us to another open problem, for instance one could also investi-
gate the bornology of Bourbaki-bounded sets using quasi-uniform continuous
functions.
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Chapter 1

Preliminaries

In this chapter, we begin by considering some basic definitions, properties,
notations and some results that will be useful in the thesis. Firstly, we present
the basic concepts about the theory of quasi-metric spaces. Secondly, we also
summarize facts about boundedness which are often called bornologies. For
further readings and recent results in the area of asymmetric topology and
bornologies on sets, the reader is advised to consult [4, 14,16,32,34,43,46].

1.1 Concepts of quasi-pseudometrics

In this section, we introduce the terminologies and notations for quasi-pseudometric
spaces that we will use throughout this thesis.

Definition 1.1.1. [48, Definition 2.1] Let X be a nonempty set and let
q : X ×X → [0,∞) be a function. Then q is called a quasi-pseudometric on
X if:

(i) q(x, x) = 0 for all x ∈ X;

(ii) q(x, y) ≤ q(x, z) + q(z, y) for all x, y, z ∈ X.

The pair (X, q) is called a quasi-pseudometric space. If in addition, for any
x, y ∈ X, q(x, y) = 0 = q(y, x) =⇒ x = y, then q is called a T0-quasi-metric
(or quasi-metric), and the pair (X, q) is called a T0-quasi-metric space. If
we replace the set [0,∞) by [0,∞] then we have the function q called T0-
extended quasi-metric and (X, q) is called T0-extended quasi-metric space.

If q is a quasi-pseudometric on a set X, then qt : X × X → [0,∞) defined
by qt(x, y) = q(y, x) for every x, y ∈ X, often called the conjugate quasi-
pseudometric space of q, is also a quasi-pseudometric on X. The quasi-
pseudometric on a set X such that q = qt is a pseudometric. Note that if
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(X, q) is a quasi-metric space, then qs = max{q, qt} = q ∨ qt is also a metric
on X.

Remark 1.1.1. [14] Let (X, q) be a quasi-pseudometric space. The open ball
of radius ε > 0 centred at x ∈ X is the set Dq(x, ε) = {y ∈ X : q(x, y) < ε}.
The collection of open balls yields a base for the topology τ(q) and it is called
the topology induced by q on X. Similarly, the closed ball of radius ε ≥ 0 cen-
tred at x ∈ X is the set Dq[x, ε] = {y ∈ X : q(x, y) ≤ ε}. If (X, q) is a quasi-
pseudometric space, then the pair {Dq[x, r];Dqt [x, s]} where x ∈ X and r, s ∈
[0,∞) is called a double ball. In general, {(Dq(xi, ri))i∈I ; (Dqt(xi, si))i∈I},
with xi ∈ X and ri, si ∈ [0,∞), is called the family of double balls. Note
that the set Dq(x, ε) = {y ∈ X : q(x, y) < ε} is a τ(qt)-closed set, but not
τ(q)-closed in general. The following inclusions holds:

Dqs(x, ε) ⊂ Dq(x, ε) and Dqs(x, ε) ⊂ Dqt(x, ε).

Example 1.1.1. [22, Example 1.1.2] Let R be the set of real numbers and
x, y ∈ R. The function u defined by

u(x, y) = (x− y)+ = x−̇y = max{x− y, 0}

is a T0-quasi-metric on R. Morever the function us(x, y) = |x − y| for all
x, y ∈ R is the usual metric on R.

Example 1.1.2. [14, Example 1.1.6] Let x and y be in R, and let us define
a quasi-metric q by q(x, y) = y − x, if x ≤ y and q(x, y) = 1, if x > y. A
basis of τ(q)- open neighbourhood of a point x ∈ R is formed by the family
[x, x + ε), 0 < ε < 1. The family of intervals (x− ε, x], 0 < ε < 1 forms the
basis of τ(qt)- open neighbourhood of a point x. If qs(x, y) = 1 for x 6= y then
τ(qs) is called a discrete topology on R.

Example 1.1.3. [42, Example 1] Let X = {− 1
n+1

, 1
n+1

: n ∈ N}. If for all
x and y in X we define q(x, y) = 1 for y < 0 < x and q(x, y) = |x − y|
otherwise, then q is a quasi-metric on X.

Suppose (X, q) is a quasi-pseudometric space, then for δ > 0, x ∈ X and
F ⊆ X, we define distq(x, F ) by distq(x, F ) = inf

f∈F
q(x, f). Moreover,

disttq(x, F ) = inf
f∈F

qt(x, f) and distsq(F, x) = max{distq(F, x), disttq(F, x)}.

Definition 1.1.2. Let (X, q) be a quasi-pseudometric space. A subset B of
X is q-bounded if there exists ε > 0 such that q(x, y) < ε, whenever x, y ∈ B.
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Let us recall some concepts about quasi-uniform spaces from [32,43,52].

Definition 1.1.3. Let X be a nonempty set. A quasi-uniformity on a set
X is a filter U on X ×X such that:

(i) for each U ∈ U , {(x, x) : x ∈ X} ⊆ U ;

(ii) for each U ∈ U there is V ∈ U such that V 2 ⊆ U . Here we have that
V 2 = V ◦ V = {(x, z) ∈ X × X : there is y ∈ X such that (x, y) ∈
V and (y, z) ∈ V }.

A quasi-uniform space is a pair (X,U) such that X is a set and U is a quasi-
uniformity on X.

Definition 1.1.4. Let (X,U) be a quasi-uniform space and A ⊆ X. The set
A is said to be bounded or Bourbaki-bounded if for any B ∈ U , there exists
a positive integer n and a finite set F ⊆ X such that A ⊆ Bn[F ], where

B[F ] =
⋃
f∈F

B(f) = {x ∈ X : there exists s ∈ F such that (s, x) is in B}.

It has been observed in [32] that if a set is bounded in the sense of the above
definition, then it is also bounded in the metric sense.

Definition 1.1.5. [2, Definition 3] A quasi-pseudometric space (X, q) is
q-precompact if for each ε > 0 there exists a finite set {f1, f2, f3, . . . fk} ⊂ X

such that X ⊆
k⋃
j=1

Dq(fj, ε).

A quasi-pseudometric space (X, q) is said to be q-totally bounded (or totally
bounded) provided the pseudometric (X, qs) is totally bounded.

Definition 1.1.6. An extended quasi-metric space (X, q) is said to be lo-
cally compact with respect to τ(q) if every point of X has a τ(q)-compact
neighbourhood.

Remark 1.1.2. As a space with two topologies τ1 and τ2, a quasi-metric
space can be viewed as a bitopological space in the sense of Kelly [36] and so,
all the results valid for bitopological spaces apply to a quasi-metric space. A
bitopological space is simply a set X endowed with two topologies τ1 and τ2.

Definition 1.1.7. A topological space (X, τ) is quasi-metrizable if there
exists a quasi metric q on X such that τ = τ(q).
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A bitopological space (X, τ1, τ2) is quasi-metrizable if there exists a quasi-
metric q on X such that τ1 = τ(q) and τ2 = τ(qt).

Here are some concepts about the convergence and bicompleteness in quasi-
metric spaces from Cobzas [14] and Salbany [23].

Definition 1.1.8. If (X, q) is a quasi-pseudometric space, then a sequence
(xn) ∈ X is said to be:

(i) τ(q)-convergent to x if for each ε > 0, there exists a positive N = N(ε)
such that q(xn, x) < ε for all n ≥ N ;

(ii) τ(qt)-convergent to x if for each ε > 0, there exists a positive N = N(ε)
such that q(x, xn) < ε for all n ≥ N.

Definition 1.1.9. Let (X, q) be a quasi-pseudometric space, a sequence (xn)
is called:

(i) q-Cauchy if for each ε > 0, there exists nε ∈ N such that q(xn, xm) < ε
for all m ≥ n ≥ nε;

(ii) qt-Cauchy if for each ε > 0 there exists nε ∈ N such that q(xm, xn) < ε
for all m ≥ n ≥ nε.

(iii) qs-Cauchy if it is both q-Cauchy and qt-Cauchy.

Note that (xn) is a qs-Cauchy sequence in (X, q) if and only if (xn) is a
Cauchy sequence in the pseudometric space (X, qs).

Proposition 1.1.1. [14, Proposition 1.1.2] Let (xn) be a sequence in the
quasi-metric space (X, q) :

(a) if (xn) is τ(q)-convergent to x and τ(qt)-convergent to y, then q(x, y) =
0;

(b) if (xn) is τ(q)-convergent to x, and q(y, x) = 0; then (xn) is also τ(q)-
convergent to y.

Proposition 1.1.2. [49, Proposition 0.1.1] A quasi-pseudometric space
(X, q) is bicomplete if and only if the metric space (X, qs) is complete.

A bicompletion of the quasi-metric space (X, q) is a bicomplete quasi-metric

space (X̃, q̃) in which (X, q) can be quasi-isometrically embedded as a τ(q̃s)-
dense subspace.
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Definition 1.1.10. [15, p. 146] Let (X, q) and (Y, p) be quasi-pseudometric
spaces. A function ϕ : (X, q) → (Y, p) is called quasi-uniformly continuous
(or uniformly continuous) if for any ε > 0 there exists δ > 0 such that
q(x, y) ≤ δ, then p(ϕ(x), ϕ(y)) < ε for all x, y ∈ X.

A subset B of a quasi-metric space (X, q) is said to be τ(q)-relatively compact
if B is τ(qs)-relatively compact.

Definition 1.1.11. [1, Definition 2.1] Let (X, q) be a T0-quasi-metric space
and A be a subset of X. We say that A is supseparable if A is τ(qs)-separable.

Let (X, q) be a quasi-pseudometric space. Then, for each set A in X, we
write clτ(q)(A) for its closure with respect to τ(q) and intτ(q)(A) for its inte-
rior with respect to τ(q).
Let (X, q) and (Y, p) be quasi-pseudometric spaces, then the mapping ϕ :
(X, q) −→ (Y, p) is an isometric mapping if for each x, y ∈ X we have
p(ϕ(x), ϕ(y)) = q(x, y). Two quasi metric spaces (X, q) and (Y, p) are called
isometric if there exists a bijective isometry between them.

We recall the concepts of asymmetric norms and semi-Lipschitz functions in
quasi-metric spaces.

Definition 1.1.12. [14] An asymmetric norm on a real vector space X is
a function ‖.|: X → [0,∞) satisfying the conditions:

(i) ‖x|= ‖−x|= 0 then x = 0;

(ii) ‖ax|= a‖x|;

(iii) ‖x+ y|≤ ‖x|+‖y|,

for all x, y ∈ X and a ≥ 0. Then the pair (X, ‖.|) is called an asymmetric
normed space.

The conjugate asymmetric norm |.‖ of ‖.| and the symmetrized norm ‖.‖ of
‖.| are defined respectively by

|x‖:= ‖−x| and ‖x‖:= max{|x‖, ‖x|} for anyx ∈ X.

An asymmetric norm ‖.| on X induces a quasi-metric q‖.| on X defined by

q‖.|(x, y) = ‖x− y| for anyx, y ∈ X.

If (X, ‖.‖) is a normed lattice space, then the function ‖x|:= ‖x+‖ with
x+ = max{x, 0} is an asymmetric norm on X.
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Definition 1.1.13. Let (X, q) be a quasi-metric space and (Y, ‖.|) be an
asymmetric normed space. Then a function ϕ : (X, q) → (Y, ‖.|) is called
k-semi-Lipschitz (or semi-Lipschitz) if there exists k ≥ 0 such that

‖ϕ(x)− ϕ(y)|≤ kq(x, y) for all x, y ∈ X. (1.1.1)

A number k satisfying inquality (1.1.1) is called semi-Lipschitz constant for
ϕ.

1.2 Concept of bornology on a set

The study of bornologies started with Sze-tsen Hu [34] in 1949. Hu stud-
ied the bornologies on a nonempty set which he called boundedness (see
[34]). This section is devoted to give some basic concepts of bornologies
on a nonempty set X. There is substantial number of publications about
bornologies in the major reviews of Hu [34] and Beer et al. [4, 6, 7, 9, 10].

Definition 1.2.1. [4, Definition 1.1] Let X be a nonempty set. A family

B of subsets of X is called a bornology on X provided the following
conditions are satisfied:

(i) B forms a cover of X, i.e., X =
⋃
B∈BB;

(ii) B is hereditary under inclusion, i.e., whenever B ∈B and A is a

subset of X contained in B, then A ∈B ;

(iii) B is stable under finite union, i.e., if B1, B2, ..., Bn ∈ B then we

get
n⋃
i=1

Bi ∈B .

Given a bornology B and the set X, a pair (X,B ) is called a bornological
universe.

Let us look at the following examples of bornologies.

Example 1.2.1. [9, p. 257 ] For a nonempty set X the collection B of
all subsets in X, is a bornology on X called the trivial bornology. Obviously
if we have a bornology B on X and X ∈B , i.e., X is bounded, then B
is a trivial Bornology.

Example 1.2.2. [6, p. 2] Let (X, τ) be a topological space and if B is

a collection of all compact subsets of a topological space X, then B is a
bornology called the compact bornology.
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Example 1.2.3. [7, Example 2 ] Let A be a family of subsets of a set X

such that it forms a cover of X and let B be a family of subsets of X which
consists of the totality of the subsets of the finite unions of the family A .
The family B is the bornology generated by the cover A .

We give the definition of the base for a bornology in the following remark.

Remark 1.2.1. [18, p. 286] Given a nonempty set X and bornology B
on X, a family C ⊆ B is said to be a base for B if for every B ∈ B
there is D ∈ C such that B ∈ D, i.e., every set in B is contained in some
set of C. For instance, the (countable) family C = {D(x0, n) : n ∈ N} of the
open balls of center x0 ∈ X and radius n ∈ N, is a base for the bornology
B d(X) of the bounded sets in the metric space (X, d).

Let (X,B ) be a bornological universe. The bornology B is said to have
a countable base if it possesses a base consisting of a sequence of bounded
sets and it is said to be second countable if its base is countable.

We recall the following definition and results about bornologies from Hu’s
paper [34].

Definition 1.2.2. Let (X, τ1, τ2) be a bitopological space. Then, a bornology

B in X is called proper if and only if for every A ∈B , there exists a
B ∈B such that clτ2(A) ⊆ intτ1(B).

Theorem 1.2.1. [34, Theorem 3.5] Let (X, τ) be a topological space. For

any given bornology B in a topological space X, the following conditions
are equivalent:

(i) B is closed;

(ii) B is generated by its subfamily of the bounded closed sets (it has a
closed base);

(iii) The closure of every bounded set is a bounded set.

Proof. ( see the proof of [34, Theorem 3.5]).

The proof of the following result is in [34] and gives us the base of a bornology.

Theorem 1.2.2. [34, Theorem 3.6] Let (X, τ) be a topological space. For

any given bornology B in a topological space X, the following conditions
are equivalent:

(i) B is open;
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(ii) B is generated by its subfamily of the bounded open sets (it has an
open base);

(iii) every bounded set is contained in the interior of some bounded set.

Corollary 1.2.1. Let (X, τ) be a topological space. For any given bornology

B in a topological space X, the following conditions are equivalent:

(i) B is proper;

(ii) B is generated by its subfamily of the bounded open sets and its family
of bounded closed sets (it has both open and closed base);

(iii) The closure of every bounded set is contained in the interior of some
bounded set.

Proof. It is a consequence of Theorem 1.2.1 and Theorem 1.2.2.

We end this chapter by recalling the notion of the characteristic function
that Meroño and Garrido [18] introduced in order to obtain their metrization
theorem for bornological universes.

Definition 1.2.3. [18, Definition 2.1] Let (X,B ) be a bornological uni-

verse. A characteristic function of (X,B ) is a real-valued non negative
continuous function χ : X −→ [0,∞) such that a subset E ⊂ X is bounded
if and only if χ(E) is bounded in [0,∞), that is,

B = {E ⊂ X : ∃k > 0, χ(E) ≤ k}.

Proposition 1.2.1. [18] Let (X, d) be a metric space and B be a bornology

on X. Then the bornological universe (X,B ) admits a continuous charac-

teristic function if and only if B has a countable base {Bn : n ∈ N} such
that for some δ > 0,

Bδ
n ⊂ Bn+1, for every n ∈ N.

Proof. The proof can be found in [18, Proposition 2.2].
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Chapter 2

Some bornologies in metric
spaces

It is hard to believe that bornology on metric spaces has already been in-
vestigated for more than fifty years. The concept of bornology on a set was
introduced by Hu [34] in 1949 and was investigated later by many authors
(see e.g [4, 9, 11]). In this chapter, we mainly give an overview of the ter-
minology and elementary results about different metric bornologies, most of
which already appear in the literature, but to be generalized to quasi-metric
spaces throughout the thesis. Except otherwise stated, most of the material
in this chapter can be found in [4, 6, 9, 18,56].

2.1 Metric boundedness in metric spaces

In this section, we summarize Beer’s results in [4] on the bornology of ex-
tended metrics spaces. We first present the construction of the universal
space, thereafter prove some results on metrizability of metric bornologies.

Definition 2.1.1. Let X be an extended metric space. For any x, y,∈ X,
we define a relation Ed on X by x Ed y provided d(x, y) <∞.

The proof of the following lemma will be provided in asymmetric settings in
the next chapter.

Lemma 2.1.1. If (X, d) is an extended metric space, then the relation Ed
is an equivalence relation on X.

If (X, d) be an extended metric space and x ∈ X then the equivalence class
of x on X denoted by mcd(x) is called metric component of X.
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Definition 2.1.2. [4, p. 6] Let ∆X = {(f, A) : f ∈ C(A)} and A ∈P0(X).
We equip the set ∆X with an extended metric ρX defined by

ρX((f, A), (g,B)) =


supa∈A|f(a)− g(a)|) if A=B

∞, if A 6= B.

The pair (∆X , ρX) is called the universal space for extended metric space
(X, d).
The following theorem shows that the universe space of a metric space is
complete. We have also presented its asymmetric version in Remark 3.1.2.

Theorem 2.1.1. [4, Proposition 3.1] Let X be a Hausdorff space. Then
(∆X , ρX) is a complete extended metric space.

Proof. We show that every Cauchy sequence in (∆X , ρX) converges. Let
(fn, An) be a Cauchy sequence in (∆X , ρX). There exists an ε > 0 and N ∈ N
such that for n, j ≥ N , ρX((fn, An), (fj, Aj)) < ε. Assuming An = Aj = Ai,
then for n = j 6= i ≥ N, we have,

ρX((fn, Ai), (fj, Ai)) = sup
a∈Ai
{|fn(a)− fj(a)|} < ε.

Thus, a sequence is Cauchy and it converges to some f ∈ C(A).

Theorem 2.1.2. [4, Proposition 3.3 ] Let (X, d) be an extended metric
space. Then for each compatible metric d on X, (P0(X), Hd) can be isomet-
rically embedded in (∆X , ρX).

Proof. The proof of this result can be found in [4, Proposition 3.3 ].

The next result illustrates an embedding from extended metric space to the
universal space.

Theorem 2.1.3. [4, Theorem 3.2] Let (X, d) be a metric space. Then, the
function π : (X, d) −→ (∆X , ρX) defined by π(x) = (d(x, ·)|mcd(x),mcd(x)),
for x ∈ X is an isometry.

Proof. [4, proof of Proposition 3.2 ]. This proof is also given in nonsymmetric
case (see Proposition 3.1.1).

The following theorem proves the existence of an isometry from one universal
space to another. Theorem 3.1.1 is the generalization of this theorem to
quasi-metric settings.
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Theorem 2.1.4. [4, Theorem 3.4] Let (X, d) and (Y, d1) be extended metric
spaces and suppose there exists a surjection map σ from X to Y . Then there
exists an isometry from (∆X , ρX) into (∆Y , ρY ).

Proof. For us to show that there exists an isometry from (∆X , ρX) into
(∆Y , ρY ). Let the mapping ψ : (∆X , ρX) −→ (∆Y , ρY ) be defined by:

ψ(f, A) = (foσ|σ−1(A), σ
−1(A)).

We need to show that ψ is an isometry. Let A1 6= A2 be closed subsets of Y ,
and since σ is a continuous surjective mapping, we have σ−1(A1) 6= σ−1(A2)
as nonempty closed subsets of X as well. Now, if f ∈ C(A1) and g ∈ C(A2)
then by the definition of ρX , we have

ρX(ψ(f, A1), ψ(g, A2)) = ρX(foσ|σ−1(A1), σ
−1(A1)), (goσ|σ−1(A2), σ

−1(A2)))

=∞
= ρY ((f, A1), (g, A2)).

Again, let A1 = A2 = A and f, g ∈ C(A), since σ is a continuous surjective
mapping, we compute the suprimum as follows:

ρX(ψ(f, A1), ψ(g, A2)) = sup
x∈σ−1(A)

|f(σ(x))− g(σ(x))|= ρY ((f, A1), (g, A2)).

In what follows, we study and present Beer [4]’s results on metrizability of
the bornological universes.

Definition 2.1.3. [4] Let (X, d) be an extended metric space. If X can be
partitioned into disjoint unions of sets {Xi : i ∈ I} and each Xi is metrizable,
then choosing an extended metric di for Xi, the function d on X defined by

d(x,w) =


di(x,w) if ∃i with {x,w} ⊆ Xi

∞ otherwise,

is an extended metric of X and has {Xi : i ∈ I} as metric components.

In the next theorem, we prove that the metric bornology Bd(X) is proper,
locally bounded and it has a countable base.

Theorem 2.1.5. [34, Theorem 10.1] (X, d) be an extended metric space.

Then, the metric bornology Bd(X) is proper, locally bounded and with count-
able base.
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Proof. Let B = B d(X) and A ∈B. For ε, δ > 0 and since diameter of

cl(A) is equal to diameter of diamd(A), we have cl(A) ∈B. However, the
ε-neighbourhood of A is an open set that is bounded with diameter less than
or equal to diameter of A+ 2ε, Hence, B is proper.
Let x ∈ B be an arbitrary point, then the ε-neigbourhood Ux ∈ B .
Therefore, B is locally bounded.
To show thatB has a countable base, let us choose a fixed point x0 ∈ X and
for n ∈ N let Gn denote the n-neighbourhoods of x0. We need to prove that
G = {G1, G2, . . . } form a basis for bornology B . Let M be an arbitrary

bounded set in B and we choose a point x ∈ M with ρ = d(x0, x1) and
δ =diamd(M). Thus, we have d(x0, x) ≤ ρ + δ for each x ∈ M . Hence M is
contained in Gn if n > ρ+ δ.

The following theorem is the well known Hu’s theorem.

Theorem 2.1.6. [34, Thorem 2] Let ((X, τ),B ) be a bornological uni-

verse. Then B is metrizable if and only if the following conditions are
satisfied:

(i) topological space X is metrizable;

(ii) the bornology B has a countable base, a closed base and an open base;

(iii) for each B1 ∈B there is a B2 ∈B with cl(B1) ⊆ int(B2).

Proof. [34, Proof of Theorem 2]. See also Theorem 3.2.1 where this proof
has been generalized to the category of quasi-metric spaces.

We state the following lemma and its asymmetric proof is provided in Lemma
3.2.3

Lemma 2.1.2. [4, Lemma 2.1] Let (X, d) be an extended metric space.
Then

(i) the family of all finite unions of open balls forms a base for Bd(X);

(ii) the metric bornology Bd(X) contains the bornology of relatively com-
pact subsets of X;

(iii) whenever (xn) is a Cauchy sequence in X, then {xn : n ∈ N} ∈Bd(X).

The next two theorems prove the metrizabiliy of the bornological universe of
the extended metrics.
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Theorem 2.1.7. [4, Theorem 4.1] Let (X, d) be an extended space and let

B be a bornology on X. Then B = Bd(X) if and only if there exists

A ⊂B such that ↓ (Σ(A)) = B and a partition {Ai : i ∈ I} of A with the
following properties:

(i) each partition Ai of A contains a nonempty subset of X;

(ii) for all A1 ∈ Ai, there exists A2 ∈ Ai with cl(A1) ⊆ int(A2) for each
i ∈ I;

(iii) whenever Ai ∈ Ai and Aj ∈ Aj for i 6= j, then Ai ∩ Aj = ∅;

(iv) each Ai has a countable subfamily which is cofinal in Ai with respect
to inclusion.

Proof. See [4, Theorem 4.1]. This proof has also been generalized to the
quasi-metric case in Theorem 3.2.2.

We now turn our attention to the uniform metrization of a bornology.

Theorem 2.1.8. [4, Theorem 4.3] Let (X, d) be an extended metric space.
The following conditions are equivalent:

(a) the set of metric components induced by d is countable;

(b) there exists an extended metric d1 such that Bd1(X) = Bd(X).

Proof. [4, Proof of Theorem 4.3]. See the asymmetric version of this result
in Theorem 3.2.3.

We next define the notion of the weakly bounded sets in metric spaces.

Definition 2.1.4. Let (X, d) be a Hausdorff space. We define a subset A
of X to be weakly bounded if its intersection with each metric component is
bounded.

Theorem 2.1.9. [4, Theorem 4.4] Let (X, d) be a Hausdorff space that is
a free union of {Xi : i ∈ I}. Then, the following conditions are equivalent:

(i) the set I is finite and X is locally compact and second countable;

(ii) there exists an extended metric d with metric components {Xi : i ∈ I}
such that each closed and weakly bounded subset is compact.
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2.2 Total boundedness in metric spaces

In this section, we summarize results of total boundedness and bornologies
of totally bounded sets on metric spaces studied by Beer and others in [6].
We will generalize these concepts to the framework of quasi-metrics later in
this thesis.

Definition 2.2.1. [56, Definition 3] A pseudometric space (X, d) is totally
bounded if for each ε > 0 there exists a finite subset {x1, x2, x3, . . . xk} of X
such that X ⊆ ∪kj=1Dd(xj, ε).

The following lemma compares totally boundedness and the usual metric
boundedness. Its proof is given in asymmetric version (see Lemma 4.1.1).

Lemma 2.2.1. Every totally bounded pseudometric space (X, d) is bounded.

The following example illustrates a converse of the above lemma and it is
generalized to quasi-metric spaces in Example 4.1.2.

Example 2.2.1. Let us equip the set of natural numbers N with discrete
metric

d(x, y) =

{
1 if x 6= y
0 x = y.

The metric space (N, d) is bounded but not totally bounded.

Proof. For all x, y ∈ N, we can find an ε > 0 such that d(x, y) ≤ ε. But any
finite set {x1, x2, x3, . . . xn} of N with the d, the set N 6⊆

⋃n
i=1Dd(xi, ε).

The next result proves the metrizability of the bornology of totally bounded
sets. We will present it in quasi-metric settings later in this thesis.

Theorem 2.2.1. [6, Theorem 3.1] Let (X, d) be a metric space and let
x0 ∈ X. The following conditions are equivalent:

(1) there exists an equivalent metric d′ such that Bd(X) = TBd′(X);

(2) the metric space (X, d) is separable;

(3) there is an embedding Φ from X into some metrizable space (Y, d′) such
that the family {clY (Φ(Dd[x0, n])) : n, s ∈ N} is cofinal in K0(Y );

(4) There exists an equivalent metric d′ with Bd(X) = TBd′(X) =

Bd′(X).

Proof. [6, Proof of Theorem 3.1]. Theorem 4.2.4 is the asymmetric version
of this result.
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Definition 2.2.2. [6] Let (X, d) be metric space. Given the point p /∈ X

and a metric bornology Bd(X) on X, we define the one-point extension of

X associated with Bd(X) by X ′ = X ∪ {p}.

If τ is the topology X, then the corresponding topology on X ′ is defined by

τ ∪
{
{p} ∪X\B : B = cl(B) ∈Bd(X)

}
.

The metric bornology associated with X ′ is denoted by Bd(X
′).

Remark 2.2.1. [6] If p /∈ X and B0 is a closed base of the bornology then
{{p} ∪X\B : B ∈ B0} forms a neighbourhood base at the point p.

The next result illustrates the concept of one point extension on a bornology
of totally bounded sets.

Theorem 2.2.2. [6, Theorem 3.4] Let (X, d) be a metric space The following
conditions are equivalent:

(a) the bornology TBd(X) has a base which is countable;

(b) there is an equivalent metric d′ such that TBd(X) = Bd′(X);

(c) the one-point extension of X associated with TBd(X) is metrizable;

(d) the one-point extension of X associated with TBd(X) has a neigh-
bourhood base at the ideal point.

Proof. (a) ⇒ (b): Since TBd(X) has a countable base by Hu’s theorem,

there exists an equivalent metric d′ such that TBd(X) = Bd′(X).

(b) ⇒ (c): By (2), TBd(X) = Bd′(X). Also from [5, Theorem 4.3] the

metric bornology Bd(X
′) is metrizable. Thus, TBd(X

′) is metrizable.

(c) ⇒ (d) Since TBd(X
′) is metrizable by Hu’s theorem it has a closed

base. Thus, by the Remark 2.2.1, TBd(X
′) has a neighbourhood base at

the ideal point.
(d) ⇒ (a): If the bornology TBd(X

′) has a neighbourhood base at each

point, then TBd(X) has a countable base.

The next result indicates when the metric bornology becomes a bornology of
totally bounded sets. We have generalized this result to quasi-metric spaces
in Theorem 4.2.6.
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Theorem 2.2.3. [6, Theorem 4.1] Let B be a family of nonempty subsets

of a metric space (X, d). Then B = TBd(X) if and only if there exists an

embedding Ψ : (X, d) −→ (X̃, d̃) with the following property:

B =

{
A ∈P0(X) : Ψ(A) is relatively compact in X̃

}
.

Proof. Let B = TBd(X) and Ψ : (X, d) −→ (X̃, d̃). If A ∈ TBd(X)

then Ψ(A) ∈ TBd(Ψ(A)) ⊆ TBd(X̃). The set cl[ψ(E)] ⊆ TBd(X̃) too,
thus it is totally bounded and complete implying that it is compact.
On the other hand, let Ψ : (X, d) −→ (X̃, d̃) and let E = cl[ψ(X)] ⊆ X̃.

Since E is a closed subspace of X̃, it is completely metrizable. Let d̃ be
a compatible complete metric for E and d be its trace on Ψ(X) × Ψ(X).

If A ∈ B, then clX̃(Ψ(A)) = clE(Ψ(A)) is compact and Ψ(A) is d̃-totally

bounded but since Ψ(A) ⊆ Ψ(X), we get Ψ(A) ∈ TBd(Ψ(X)). Conversely

if Ψ(A) ∈ TBd(Ψ(X)) then by completeness clX̃(Ψ(A)) = clE(Ψ(A)) is

compact. So A ∈B.

The next proposition proves that the bornology of nonempty separable sub-
sets of a metrizable space becomes a bornology of totally bounded sets.

Proposition 2.2.1. [6, Proposition 4.4]. Let S(X) be the bornology of

nonempty separable subsets of a metric space (X, d). Then S(X) = TBd(X)
if and only if X is separable.

Proof. See the proof of [6, Proposition 4.4]. This proof in quasi-metric frame-
work is given in Proposition 4.2.1.

Definition 2.2.3. [56, Definition 23.6] Let (X, d) be a metric space. A
star-development for a space X is a sequence D1,D2,D3 . . . of open covers
of X such that Dn refines Dn−1 and each x ∈ X, {st(x,Dn) : n ∈ N} is a
neighbourhood base.

If S is a subset of X then the star of S with respect to D is the union of all
the sets D ∈ D that intersects S, i.e., st(S,D) = ∪{D : D ∈ D, S ∩D 6= ∅}.

The proof of the following theorem can be found in [6, p. 12].

Theorem 2.2.4. Let B be a family of nonempty subsets of a metric space
(X, d). Then B = TBd(X) if and only if there exists a star-development
{Dn : n ∈ N} for X such that

B =

{
A ∈P0(X) : ∀n ∈ N, Dn has a finite subcover of A

}
.
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2.3 Bourbaki-boundedness in metric spaces

In this section, we present the Beer and Garrido’s results on metric bornolo-
gies of Bourbaki-bounded sets with locally Lipschtz functions (see [9]). We
will generalize these results to quasi-metric spaces in chapter 5.

In what follows, we define the concept of Lipschitz functions on metric spaces
and thereafter give some examples.

Definition 2.3.1. [20, p. 283] The function f : (X, d) −→ (Y, ρ) is said
to be Lipschitz if there exists k ≥ 0 such that ρ(f(x), f(y)) ≤ kd(x, y) for all
x, y ∈ X.

Definition 2.3.2. The function f : (X, d) −→ (Y, ρ) is said to be locally
Lipschitz if for every x ∈ X, there exists kx ≥ 0 and rx > 0 such that
ρ(f(x), f(y)) ≤ kxd(x, y), whenever d(x, y) < rx.

Definition 2.3.3. A locally Lipschitz function is said to be:

(i) uniformly locally Lipschitz if r in Definition 2.3.2 is chosen indepen-
dent of x;

(ii) Lipschitz in the small if k and r in Definition 2.3.2 are chosen inde-
pendent of x.

We present some examples of Lipschitz functions on metric spaces.

Example 2.3.1. [20, Example 1] Let X ⊂ R and X = ∪n∈N[2n, 2n + 1]
and f(x) = gn(x − 2n) for x ∈ [2n, 2n + 1] where (gn) is any sequence of
functions on [0, 1] uniformly converging to g(x) =

√
x. The function f is

uniformly locally Lipschitz.

Example 2.3.2. [20, Example 2] Let X = ([0,∞)× {0, 1}) ∪ ({0} × [0, 1])
with the usual metric on R2. The function defined by f(x, 0) = x, x ≥ 0 and
f(y, 0) = 0, y ∈ [0, 1] is Lipschitz in the small but not Lipschitz.

We recall the definition of an enlargement on a metric space.

Definition 2.3.4. [9] Let (X, d) be metric space, x ∈ X, ε > 0 and Dd(x, ε)
be an open ball of radius ε. For A ⊂ X, we define the ε- enlargement of A

as: Aε = Dd(A, ε) = {x ∈ X : inf{d(x, a) : a ∈ A} < ε} =
⋃
a∈A

Dd(a, ε).
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Let (X, d) be a metric space and x ∈ X. We define the sets Dn
d (x, δ) for n =

0, 1, 2, . . . recursively so thatD0
d(x, δ) = {x} andDn+1

d (x, ε) = Dd(D
n
d (x, ε), ε).

The proof of the next lemma is given in nonsymmetric version in Lemmas
5.2.1 and 5.2.2.

Lemma 2.3.1. [9, p. 258] Let (X, d) be a metric space and A be a subset of
X. If ε, δ > 0 then Dd(Dd(A, ε), δ) ⊂ Dd(A, ε+δ) and Dn

d (x, ε) ⊆ Dn+1
d (x, ε).

Definition 2.3.5. [3] Let (X, d) be a metric space. An ε-chain of length n
from x to y in X is a finite sequence {x0, x1, x2, x3, . . . xn} ⊂ X such that
x = x0; y = xn and for each i ∈ {1, 2, 3, . . . }, d(xi−1, xi) < δ.

Definition 2.3.6. [19, Definition 1] Let (X, d) be a metric space. We call
a subset A of X Bourbaki-bounded if for each ε > 0 there is a finite subset
F = {x1, x2, . . . , xk} of X and n ∈ N such that A ⊆ ∪kj=1D

n
d (xj, ε).

Note that if we put n = 1 in Definition 2.3.6 above, then we have the notion
of total boundedness presented in the previous section.

We give the following examples of Bourbaki-boundedness in metric spaces.

Example 2.3.3. [18, Example 5.1] Let (X,m||.||) be an infinite dimensional
normed space. For ε > 0, the ball Dm||.||(0, ε) is Bourbaki-bounded.

Example 2.3.4. [18, Example 5.2] Let X = R and m∗ = min{1,m} be a
metric where m is the usual metric. Then every subset in (X,m∗) is bounded
but not Bourbaki-bounded.

Lemma 2.3.2. Let (X, d) and (Y, ρ) be two metric spaces and the function f

from (X, d) to(Y, ρ). If B ∈Bd(X) and f is Lipschitz, then f(B) ∈Bρ(Y ).

Proof. Let B ∈Bd(X). Then there exists k ≥ 0 such that for all x, y ∈ B,
d(x, y) < k. But since f is Lipschitz, ρ(f(x), f(y)) ≤ kd(x, y) < k. Thus,

f(B) ∈Bρ(Y ).

The next result is about bornologies of locally Lipschitz functions with rel-
atively compact subsets. Theorem 5.3.1 is an asymmetric version of this
result.

Theorem 2.3.1. [9, Theorem 3.1] Let (X, d) be a metric space and let A
be a subset of X. The following conditions are equivalent:

(i) the subset A is relatively compact;
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(ii) if (Y, ρ) is a metric space and f : (X, d) −→ (Y, ρ) is continuous, then

f(A) ∈Bρ(Y );

(iii) if (Y, ρ) is another metric space and f : (X, d) −→ (Y, ρ) is locally

Lipschitz, then f(A) ∈Bρ(Y );

(iv) if f : (X, d) −→ (R, ρ) is locally Lipschitz, then f(A) ∈Bρ(R).

Proof. (i) ⇒ (ii) : Since A is relatively compact and f is continuous, f(B)
is a relatively compact. Thus, f(A) is bounded.
(ii) ⇒ (iii) : Let (Y, ρ) be a metric space and f be a locally Lipschitz func-

tion. Since f is locally Lipschitz and continuous by (ii) f(A) ∈Bρ(Y ).

(iii)⇒ (iv) : Letting Y = R in (iii), we get f(A) ∈Bρ(R).
(iv)⇒ (i): See the last implication of [9, Proof of Theorem 3.1].

Definition 2.3.7. Given a metric space (X, d), a subset A of X is said to
be uniformly discrete if there exists ε > 0 such that whenever x, y ∈ X and
x 6= y we have d(x, y) ≥ ε.

The following theorem is about bornologies of the uniformly locally Lipschitz
functions with totally bounded subsets of metric spaces.

Theorem 2.3.2. [9, Theorem 3.2] Let (X, d) be a metric space and let A
be a nonempty subset. The following conditions are equivalent:

(i) the subset A is totally bounded;

(ii) whenever (Y, ρ) is a metric space and f : (X, d) −→ (Y, ρ) maps Cauchy

sequences to Cauchy sequences, then f(A) ∈Bρ(Y );

(iii) whenever (Y, ρ) is a metric space and f : (X, d) −→ (Y, ρ) is uniformly

locally Lipschitz, then f(A) ∈Bρ(Y );

(iv) whenever f : (X, d) −→ (R, ρ) is uniformly locally Lipschitz, then

f(A) ∈Bρ(R).

Proof. (i)⇒ (ii) : Let f : (X, d) −→ (Y, ρ) be the function that maps Cauchy
sequences to Cauchy sequences. If (xn) is a Cauchy sequence in X then f(xn)
is Cauchy sequence in Y. By [21, p. 155], f(A) is a totally bounded subset
of Y.
(ii) ⇒ (iii) : Let (Y, ρ) be a metric space and f : (X, d) −→ (Y, ρ) be a
locally Lipschitz function. Since f is uniformly locally Lipschitz function it
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is uniformly continuous. Thus by (ii), f(A) ∈Bρ(Y ).

(iii)⇒ (iv) : Letting Y = R in (iii), we get f(A) ∈Bρ(R).

(iv)⇒ (i): See (4)⇒ (1) of [9, Proof of Theorem 3.2].

We next turn to bornologies of Lipschitz in the small functions with Bourbaki-
bounded subsets. The last part of this theorem is the modification of [3,
Theorem 2]. In Chapter 5, we have generalized this theorem to quasi-metric
spaces.

Theorem 2.3.3. [9, Theorem 3.3] Let (X, d) be a metric space and let A
be a nonempty subset. The following conditions are equivalent:

(i) the set A is Bourbaki-bounded;

(ii) let (Y, ρ) be a metric space and f : (X, d) −→ (Y, ρ) be uniformly

continuous, then, f(A) ∈Bρ(Y );

(iii) whenever (Y, ρ) is a metric space and f : (X, d) −→ (Y, ρ) is Lipschitz

in the small, then f(A) ∈Bρ(Y );

(iv) if f : (X, d) −→ (R, ρ) is Lipschitz in the small, then f(A) ∈Bρ(R).

Proof. The proof can be found in [9, Theorem 3.3]. Also see Theorem 5.3.2
where we have provided its proof in the category of quasi-metric spaces.
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Chapter 3

Bornology of bounded sets on
quasi-pseudometric spaces

In this chapter, we start our own investigations by revisiting our previous
studies (see [31]). In [52], we redefined and improved our own universal space
constructed on an extended quasi-metric space (X, q) during my MSc disser-
tation (compare [31, Definition 3.2.1], [52, Section 3] and Definition 3.1.2).
In the first section, we present the universal space which was constructed on
a set of (f, A) where f is a real-valued continuous function on τ(qs)-closed set
A. In addition, we also prove that the universal space is a bicomplete space
(see also [52, Remark 3.1]). However, Propositions 3.1.1 and 3.1.2 provide
the isometries between the extended quasi-metric spaces and the universal
spaces. Morever, in [52] we improved the quasi-metrizability theorems of
the bornological universes. For instance, we present the improved versions
of quasi-metrizability theorems and show that the bornology of nonempty
sets coincides with the quasi-metric bornology (compare [31, Theorems 4.2.1
and 4.2.2] and Theorems 3.2.2 and 3.2.3). Note that most of the results we
present in this chapter are published in our paper [52].

3.1 Universal space of extended quasi-metric

spaces

This section presents the universal space of an extended T0-quasi-metric space
constructed in [31] and improved by us in [52].

Definition 3.1.1. Let (X, q) be an extended T0-quasi-metric space. Then for
any x, y,∈ X, we define a relation Rq on X by xRq y provided q(x, y) <∞
and q(y, x) <∞.
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The next lemma proves that the relation in Definition 3.1.1 is actually an
equivalence relation.

Lemma 3.1.1. If (X, q) is an extended T0-quasi-metric space, then the
relation Rq is an equivalence relation on X.

Proof. For x, y ∈ X, let q(x, y) <∞ and q(y, x) <∞ then q(x, x) = 0 <∞
and xRqx.
We know that xRqy if and only if q(x, y) < ∞ and yRqx if and only if
q(y, x) <∞.
For x, y, z ∈ X, if xRqy and yRqz then q(x, y) < ∞ and q(y, z) < ∞ re-
spectively. By the triangle inequality, xRqz. Therefore, Rq is an equivalence
relation on X.

Note that if q = qt then the relation Rq is exactly the equivalence relation
in Lemma 2.1.1.
Let x ∈ X. Then the equivalence class of x denoted by qmcq(x) will be called
the quasi-metric component of x.

Remark 3.1.1. For any extended T0-quasi-metric space (X, q), it is easy
to see that qmcqs(x) ⊆ qmcq(x) whenever x ∈ X. Here qmcqs(x) is a metric
component presented in Section 2.1.

Let (X, q) be an extended T0-quasi-pseudometric space and let x ∈ X. Ob-
viously qmcq(x) 6= ∅, since x ∈ qmcq(x). We equip qmcq(x) with the quasi-
metric qx defined by qx := q|qmcq(x). It follows that

τ(q) =
⋃
x∈X

τ(qx) and X =
⊕
x∈X

qmcq(x).

Moreover, if X can be partitioned into nonempty τ(q)-clopen sets {qmcq(x) :
x ∈ X} which are quasi-metrizable, then choosing a compatible quasi-metric
qx for qmcq(x) whenever x ∈ X, the extended T0-quasi-metric q can be
defined by

q(y, z) =

{
qx(y, z) if {y, z} ∈ qmcq(x) for some x ∈ X,
∞ otherwise.

Let (X, q) be a quasi-pseudometric space. In the sequel, we set

C(X, q) = {(f1, f2) : f1 and f2 are continuous real-valued functions on X}

and

Cb(X, q) = {(f1, f2) ∈ C(X, q) : f1 and f2 are bounded on (X, qs)}.
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We equip C(X, q) with the extended T0-quasi-metric space Qq defined by

Qq(f, g) = sup
x∈X

(f1(x)−̇g1(x)) ∨ sup
x∈X

(g2(x)−̇f2(x))

whenever f = (f1, f2), g = (g1, g2) ∈ C(X, q) (see [37]).

Obviously, (Cb(X, q), Q) is a T0-quasi-metric space, when Q = Qq|Cb(X,q).
Note that for a fixed a ∈ X and for any b ∈ X, we define the function pair
eX(b) = ((eX)1(b), (eX)2(b)), where

(eX)1(b) = q(b, x)− q(a, x) and (eX)2(b) = q(x, b)− q(x, a),

whenever x ∈ X. It is clear that (eX)1 and (eX)2 are bounded by qs(a, b).
The map eX : (X, q) −→ (Cb(X, q), Q) defined by b 7→ eX(b) yields an
isometric embedding. Indeed, for any b, b′ ∈ X, it follows that

sup
x∈X

[(q(b, x)− q(a, x))−̇(q(b′, x)− q(a, x))] = q(b, b′)

and
sup
x∈X

[(q(x, b′)− q(x, a))−̇(q(x, b)− q(x.a))] = q(b, b′).

Therefore Q(eX(b), eX(b′)) = q(b, b′).

We observe that Qs(f, g) = supx∈X |f1(x) − g1(x)|∨ supx∈X |g2(x) − f2(x)|
whenever f = (f1, f2), g = (g1, g2) ∈ Cb(X, q).

Let 4q(X, q) = {(f ;A) : f = (f1, f2) ∈ C(A, q) and A ∈C0(X, q
s)}. Here,

C0(X, q
s) is the set of nonempty subsets of X which are closed with respect

to τ(qs).

Definition 3.1.2. Let (X, q) be an extended T0-quasi-metric. We define an
extended T0-quasi-metric EX on 4q(X, q) by

EX((f ;A), (g;B)) =


∞ if A 6= B

supx∈A(f1(x)−̇g1(x)) ∨ supx∈A(g2(x)−̇f2(x)) if A = B.

The following remark can be compared to Theorem 2.1.1, it illustrates the
bicompleteness of the universal space on a quasi-metric space.

Remark 3.1.2. We observe that

(Es
X)((f ;A), (g;B)) =


∞ if A 6= B

supx∈A|(f1(x)− g1(x))|∨ supx∈A|(g2(x)− f2(x))| if A = B.
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Furthermore, (4q(X, q), E
s
X) is a complete extended metric space by Theorem

2.1.1. Therefore, by Preposition 1.1.2, the extended T0-quasi-metric space
(4q(X, q), EX) is bicomplete.

The next results are about isometries between the extended quasi-metric
spaces and the universal spaces.

Proposition 3.1.1. (compare Theorem 2.1.3) Let (X, q) be a T0-quasi-
metric space. Then the map θ : (X, q) −→ (4q(X, q), EX) given by θ(x) =
((θ1(x), θ2(x)); qmcq(x)), where θ1(x) = q(x, ·)|qmcq(x) and θ2(x) = q(·, x)|qmcq(x)

whenever x ∈ X is an isometry. Moreover, θ is injective.

Proof. Let x, y ∈ X such that x 6= y.
Case 1: If q(x, y) =∞ and q(y, x) =∞, then qmcq(x) 6= qmcq(y). We have
EX(θ(x), θ(y)) =∞ = q(x, y).

Case 2: If q(x, y) = ∞ and q(y, x) < ∞, then qmcq(x) 6= qmcq(y). So
EX(θ(x), θ(y)) =∞ = q(x, y).

Case 3: If q(x, y) <∞ and q(y, x) =∞, then case is similar to Case 2.

Case 4: If q(x, y) < ∞ and q(y, x) < ∞, then qmcq(x) = qmcq(y). One
sees that supa∈qmcq(x)

(q(x, a) − q(y, a)) = q(x, y) by letting y = a and by

the triangle inequality. Similarly, supa∈qmcq(x)
(q(a, y) − q(a, x)) = q(x, y).

Thus, EX(θ(x), θ(y)) = q(x, y). Hence, θ is an isometry map. Since (X, q)
is T0-quasi-metric space, it follows by [47, Lemma 4] that the map θ is an
injective.

Example 3.1.1. (compare [37, Remark 4]) Let (X, q) be a T0-quasi-metric
space and let P0(X) be the set of nonempty subsets of X. Then for any A ∈
P0(X), set (fA)1(x) := dist(A, x) and (fA)2(x) := dist(x,A) whenever x ∈ X.
Then for the function pair fA = ((fA)1, (fA)2), we have (fA)1 : (X, qt) −→
(R, u) is a nonexpansive map and (fA)2 : (X, q) −→ (R, u) is a nonexpansive
map. Furthermore, qH(A,B) = Qq(fA, fB) whenever A,B ∈ P0(X), where
qH(A,B) is the extended Hausdorff quasi-pseudometric on P0(X).

Proposition 3.1.2. If (X,m) is a quasi-metric space, then the map ρ(f) =
(f, f) defines an isometric embedding of (4m(X,m), ρX) into (4q(X,m), EX).

Proof. Suppose that (f ;A) ∈ 4m(X,m). Then ((f, f);A) ∈ 4q(X,m) as
(f, f) is a pair of continuous functions and A is a nonempty τ(m)-closed
subset of X.
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If A 6= B, then obviously we have

ρX((f ;A), (g;B)) =∞ = EX [((f, f);A), ((g, g);B)].

Theorem 3.1.1. (compare Theorem 2.1.4) Let (X, qX) and (Y, qY ) be quasi-
metric spaces. If ρ : (X, qX) → (Y, qY ) is a continuous surjective map, then
there exists an isometry ψ : (4q(Y, qY ), EY )→ (4q(X, qX), EX).

Proof. Suppose that A ⊆ Y and f = (f1, f2) ∈ C(A, qY ). Then we define ψ
by

ψ((f ;A)) = [((f1 ◦ ρ)|ρ−1(A), (f2 ◦ ρ)|ρ−1(A)); ρ
−1(A)].

We prove that ψ is an isometry.
Case 1: If A is τ(qsY )-closed subset of Y and we have functions given as
f = (f1, f2), g = (g1, g2) ∈ C(A, qY ), then ρ−1(A) is τ(qsX)-closed subset of
X. Since ρ is surjective, we have

EX(ψ((f ;A)), ψ((g;A)))

= sup
x∈ρ−1(A)

[(f1 ◦ h)(x)−̇(g1 ◦ h)(x)] ∨ sup
x∈ρ−1(A)

[(g2 ◦ h)(x)−̇(f2 ◦ h)(x)]

= sup
y∈A

(f1(y)−̇g1(y)) ∨ sup
y∈A

(g2(y)−̇f2(y))

=EY ((f ;A), (g;A)).

Case 2: Let A1 and A2 be two different τ(qsY )-closed subsets of Y . Then by
continuity and surjectiveness of ρ, we have the sets ρ−1(A1) and ρ−1(A2) as
the two different τ(qsX)-closed subsets of X. Therefore,

EX(ψ((f ;A1)), ψ((g;A2))) =∞ = EY ((f ;A1), (g;A2))

whenever f = (f1, f2) ∈ C(A1, qY ) and g = (g1, g2) ∈ C(A2, qY ).

3.2 Bornology of extended quasi-pseudometric

spaces

This section is as a result of the inspiration that we gave in [52] about q-
boundedness and qs-boundedness. It was proved that a nonempty subset
A of a quasi-metric space can be q-bounded but not qs-bounded (see Re-
mark 3.2.1). It is important to emphasise that the results about bornological
quasi-metrizability theorems in this section are the improvements of my MSc
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studies [31].

We begin this section with the following definition of boundedness using the
double ball in quasi-metric spaces.

Definition 3.2.1. [48, p. 4] Let (X, q) be a quasi-pseudometric space. An
arbitrary subset A of X is called q-bounded if and only if there exists x ∈ X,
r > 0 and s > 0 such that A ⊆ Dq(x, r) ∩Dqt(x, s).

We point out that Definition 3.2.1 is equivalent to Definition 1.1.2 but slightly
different with [53, Definition 1.5]. In [53], a subset A of X can be q-bounded
but not qt-bounded. In our context a subset A is q-bounded if and only if it
is qt-bounded.

Remark 3.2.1. It is proved in [52, Remark 4.2]) that if a set is qs-bounded,
then it is q-bounded but the converse is not true.

Moreover, if q is an extended quasi-pseudometric on X, then a subset B of
X can be included in Dq(x, ε) for some x ∈ X and its diameter is given by
diam(B) = {q(y, z) : y, z ∈ B} =∞ (see [55, p. 2022]).

Definition 3.2.2. Let (X, q) be a quasi-pseudometric space. Then Bq(X) is
the collection of all q-bounded subsets of X in the sense of Definition 3.2.1.

It has been observed in [52,53] that the collection Bq(X) forms a bornology

on X called quasi-metric bornology. Moreover, we observe that Bqs(X) is a
metric bornology presented in Section 2.1.

We recall that two bornologies on set are equivalent if they determine the
same collection of bounded sets (see [4, p. 3]).

From Remark 3.2.1, we have the following observation.

Lemma 3.2.1. Let (X, q) is a quasi-metric space. Then the following state-
ment is true:

Bqs(X) ⊆Bq(X) (3.2.1)

and the quasi-metric bornologies Bq(X) and Bqt(X) are equivalent.

Proof. Let A ∈Bqs(X), then A is qs-bounded. By Remark 1.1.1, A is q-

bounded too. Thus A ∈Bq(X). The equivalence of Bq(X) and Bqt(X)
comes from the fact that any subset A of X is q-bounded if and only if it is
qt-bounded.
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Let us recall that any quasi-pseudometric space (X, q) can be seen as a bitopo-
logical space (X, τ(q), τ(qt)). This motivates the following definition that we
translate from [53] to our context.

Definition 3.2.3. Let (X, q) be a quasi-pseudometric space and B be a

bornology on X. Then (X, q,B ) is a bornological bi-universe.

In the above definition if q = qt, then (X, q,B ) is bornological universe
studied in Section 2.1.

Definition 3.2.4. [52] Let (X, q) be a quasi-pseudometric space. A bornolog-

ical bi-universe (X, q,B ) is called quasi-metrizable if B = Bq(X).

Let (X, q) be a quasi-metric space. Then q is said to induce a bornological

bi-universe (X, q,B ) if B = Bq(X).

Remark 3.2.2. Let (X, q) be a quasi-metric space. Note that the bornolog-

ical bi-universe (X, q,B ) is quasi-metrizable if and only if the bornological

bi-universe (X, qt,B ) is quasi-metrizable.

Example 3.2.1. [53] Consider the real line R. We have the following
bornologies in R defined by:

UB(R) = {A ⊆ R : there exists r ∈ R such that A ⊆ (−∞, r)}

and

LB(R) = {A ⊆ R : there exists r ∈ R such that A ⊆ (r,+∞)}.

The topology u = {∅,R}∪{(−∞, a) : a ∈ R} in R is called the upper topology
and the topology l = {∅,R} ∪ {(a,+∞) : a ∈ R} in R is called the lower
topology.

Lemma 3.2.2. [52, Lemma 4.15] Let (X, q) be a quasi-metric space. If

the bornological bi-universe (X, q,B ) is quasi-metrizable, then there exists

q-characteristic function for the bornology B.

Definition 3.2.5. Let (X, q) be a quasi-metric space. A bornology B on

X will be called q-proper if for each A ∈B , there exists B ∈B such that
clτ(qt)(A) ⊆ intτ(q)(B).

Remark 3.2.3. From [53, Proposition 4.6], it follows that if (X, q,B )

is the bornological bi-universe such that B has a q-characteristic function,
then B is q-proper and second countable.
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The following result extends the well known Hu’s theorem (Theorem 2.1.6)
from metric point of view to quasi-metric settings.

Theorem 3.2.1. [52, Theorem 4.18] Let (X, q) be a quasi-metric space. If

B is a bornology on X, then the following conditions are equivalent:
(a) the bornological bi-universe with respect to B is quasi-metrizable;

(b) there exists a q-characteristic function for B;

(c) B is q-proper and it has countable base.

Let X be a set. If A ⊆ P(X), then ↓A and
∑
A are defined respec-

tively by

↓A := {B ∈ P(X) : B ⊆ A for some A ∈A }
and

∑
A :=

{ n⋃
i=1

Ai : Ai ∈A whenever i ∈ {1, · · · , n} with n ∈ N
}
.

If B is a bornology on X, then we say that a family B0 of subsets of X is
a base of B if ↓ (B0) = B.
Note that the family of τ(q)-relatively compact subsets of X is a natural
bornology on (X, q).

Before we present the results about metrizability of the bornological universe,
we state and prove the following important lemma.

Lemma 3.2.3. (comapre Lemma 2.1.2) Let (X, q) be a T0-extended quasi-
metric space. Then

(a) the family of all finite unions of double τ(q)-open balls forms a base for

quasi-metric bornology Bq(X);

(b) the quasi-metric bornology Bq(X) contains the bornology of τ(q)-relatively
compact subsets of X;

(c) if the sequence (xn) is τ(q)-convergent and τ(qt)-convergent on X, then

{xn : n ∈ N} is contained in a quasi-metric bornology Bq(X).

Proof. (a) Consider

FB =

{ n⋃
k=1

Dq(xk, rk)∩Dqt(xk, sk) : xk ∈ X and rk, sk ∈ (0,∞) for n ∈ N
}
.
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We show that ↓ (FB ) = Bq(X).

Let A ∈ FB. Then A =
⋃n
k=1Dq(xk, rk) ∩ Dqt(xk, sk). Therefore, A is in

Bq(X) as A is q-bounded. So ↓ (FB ) ⊆Bq(X).

Conversely, if B ∈Bq(X), then there exists x ∈ X and r, s > 0 such that

B ⊆ Dq(x, r) ∩ Dqt(x, s). Since Dq(x, r) ∩ Dqt(x, s) ∈ FB, it follows that

B ∈↓ (FB ).

(b) Let A be a τ(q)-relatively compact subset of X. Then A is τ(qs)-bounded.

Hence A ∈Bq(X) by Lemma 3.2.1.

(c) Suppose that the sequence (xn) is τ(q)-convergent to x ∈ X. Then, for
ε = 1, there exists N ′ ∈ N such that q(xn, x) < ε whenever n ≥ N ′.
If r = max{1, q(x0, x), q(x1, x), · · · , q(xN ′ , x)}, then q(xn, x) < r whenever
n ∈ N.
By similar arguments, if (xn) is τ(qt)-convergent to x ∈ X, then q(x, xn) < s
whenever n ∈ N. Therefore, (xn) ∈ Dq(x, r) ∩Dqt(x, s) whenever n ∈ N.

The next theorem is about metrizability of the bornological universe of a
quasi-metric space.

Theorem 3.2.2. (compare Theorem 2.1.7) Let (X, q) be a T0-extended

quasi-metric space and let B be a bornology on X. Then B = Bq(X)

if and only if there exists A ⊆ B such that ↓ (
∑

(A )) = B and a

partition

{
Ai : i ∈ I

}
of A with the following properties:

(1) Ai contains a nonempty subset of X whenever i ∈ I;

(2) for all A1 ∈ Ai , there exists A2 ∈ Ai with clτ(qt)(A1) ⊆ intτ(q)(A2)
whenever i ∈ I;

(3) whenever Ai ∈Ai and Aj ∈Aj for i 6= j, then Ai ∩ Aj = ∅;

(4) each Ai has a countable subfamily which is cofinal in Ai with respect
to inclusion.

Proof. Suppose q is a T0-extended quasi-metric on X and B = Bq(X).
If {Xi : i ∈ I} is the quasi-metric components of X then,

Ai = {Dq(y, r) ∩Dqt(y, s) : y ∈ Xi and s, r > 0}
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and A is the collection of double open balls in X. By Lemma 3.2.3 (a)∑(⋃
i∈I

Ai

)
=
∑(⋃

i∈I

{Dq(y, r) ∩Dqt(y, s) : y ∈ Xi and s, r > 0}
)

and

{
Ai : i ∈ I

}
is a partition of A . Thus, we have

Bq(X) = ↓
(∑(⋃

i∈I

Ai

))
= ↓

(∑(
A

))
.

If A ∈ Ai whenever i ∈ I, then A is double open ball. Therefore, A 6= ∅
and the property (1) holds.

Moreover, since Ai is a bornology on Xi whenever i ∈ I, then by Theorem
3.2.1 Ai is qi-proper and has a countable base. Therefore, properties (2),
(3) and (4) hold.

Conversely, suppose that there exists A with A ⊆ B such that ↓

(
∑

(A )) = B for some A with

{
Ai : i ∈ I

}
is a partition of A ,

where A satisfies properties (1), (2), (3) and (4).

Let Xi =
⋃
i∈I

Ai . Then Xi 6= ∅ since the family Ai contains a nonempty

subset of X whenever i ∈ I.
Furthermore, by property (2) we have that Xi is τ(q)-open whenever i ∈ I.
Moreover, from property (3) {Xi : i ∈ I} is a pairwise disjoint family. Then
we have that Xi is τ(qt)-closed and τ(q)-open whenever i ∈ I.

For each i ∈ I, we set Bi := ↓
(∑

(Ai )

)
. It follows that for each

i ∈ I, Bi is bornology on Xi since Ai is a cover of Xi. Any member of
Bi is a finite union of elements of Ai and since the τ(qt)-closure of a finite

union is the union of τ(qt)-closures, then family Bi satisfies the property (2)

whenever i ∈ I. Similarly, the family Bi satisfies the property (3) whenever
i ∈ I.
Finally, if Ci is a countable and cofinal family in Ai whenever i ∈ I,
then

∑
(Ci ) is countable and cofinal in Bi. That is whenever i ∈ I, the

family Bi satisfies the property (4). Then by Theorem 3.2.1, there exists a

quasi-metric qi on Xi such that Bi = Bqi(Xi).

Since ↓
(∑

(A )

)
is assumed to be a cover of X, we conclude that A

is a cover of X and so is {Xi : i ∈ I} a cover of X. So we can define
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q : X ×X → [0,∞] by

q(x, y) =

{
qi(x, y), there exists i ∈ I with {x, y} ⊆ Xi

∞, otherwise.

Therefore, we have

↓
(∑

(
⋃
i∈I

Ai )

)
= ↓

(∑
(A )

)
= B. (3.2.2)

Since any member of Bi is a finite union of elements of Ai , with q defined
above, we have

Bq(X) =
∑

(
⋃
i∈I

Bi ) = ↓
(∑

(
⋃
i∈I

Ai )

)
. (3.2.3)

Combining (3.2.2) and (3.2.3), we have Bq(X) = B.

We end this chapter by proving in Theorem 3.2.3 that for any bornology on
an extended quasi-metric space (X, q), there exists a uniformly equivalent
quasi-metric on X such that their bornologies coincide.

Theorem 3.2.3. (compare Theorem 2.1.8) Let (X, q) be a T0-extended
quasi-metric space. Then the set of quasi-metric components induced by q
is countable if and only if there exists a compatible quasi-metric q′ such that
Bq(X) = Bq′(X).

Proof. Let I be a countable set and (xi)i∈I be a family of points in X.
Suppose {qmcq(xi) : i ∈ I} is the set of distinct quasi-metric components
induced by q. Then

∑
({Dq(xi, n)∩Dqt(xi,m) : i ∈ I, n,m ∈ N}) is a count-

able base for Bq(X) and for each A ∈ Bq(X), there exists B ∈ Bq(X)
with clτ(qt)(A) ⊆ intτ(q)(B). Then by Theorem 3.2.1, there exists a compati-

ble quasi-metric q′ = min{1, q} such that Bq(X) = Bq′(X).

Conversely, suppose that there exists a compatible quasi-metric q′ such that
Bq(X) = Bq′(X). Then by Theorem 3.2.1, Bq(X) has a countable base
and hence

∑
({Dq(xi, n)∩Dqt(xi,m) : i ∈ I, n,m ∈ N}) contains a countable

cofinal family within Bq(X). It follows that I is countable as {{xi} : i ∈ I}
is a family of q-bounded sets.
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Chapter 4

Bornology of totally bounded
sets on quasi-pseudometric
spaces

In this chapter, we study totally bounded sets and generalize some well known
results from metric spaces to the framework of quasi-metric spaces. In the
first section, we present some comparisons of classic notions like bounded-
ness, completeness and compactness with total boundedness. For example,
it is proved in Theorem 4.2.1 that a subset of a quasi-metric space (X, q) is
joincompact if and only if it is both bicomplete and q-totally bounded. In
addition, we also show in Example 4.1.2 that a set can be q-bounded but not
q-totally bounded in general. In the second section, we study bornologies
of q-totally bounded sets. It turns out that if a quasi-metric space (X, q) is
supseparable then the quasi-metric bornology studied by Olela Otafudu et al.
[52] coincides with the bornology of totally bounded sets (see Theorems 4.2.4
and 4.2.5). We also use asymmetric version of Hu’s theorem (Theorem 3.2.1)
to study the bornology of totally bounded sets with one point extension.

4.1 Total boundedness in quasi-metric spaces

Many authors have defined total boundedness in quasi-pseudometric spaces
(e.g [1,2,14,49]) but little or nothing is done in comparing total boundedness
with other classic notions like boundedness, completeness, precompactness
and compactness. It is for this reason that we revisit total boundedness in
this section.
We first recall the following definitions from Section 1.1.

Definition 4.1.1. A quasi-pseudometric space (X, q) is said to be q-precompact
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if for each ε > 0 there is a set {f1, f2, f3, . . . fk} ⊂ X such that X ⊆
k⋃
j=1

Dq(fj, ε).

Definition 4.1.2. [26, Definition 5] A quasi-pseudometric space (X, q) is
called q-totally bounded if for each ε > 0 there is a set {x1, x2, x3, . . . xk} ⊂ X

such that X ⊆
k⋃
j=1

Dqs(xj, ε).

Example 4.1.1. If we equip the finite dimension space X = [0, 1] with
T0-quasi-metric q defined in Example 1.1.2, then the pair (X, q) is q-totally
bounded space.

Proof. If we pick A = {0, 1} ⊂ [0, 1] and ε = 1/2, then X = Dqs(0, 1/2) ∪
Dqs(1/2, 1). Thus X = [0, 1] is covered by Dqs(0, 1/2) and Dqs(1/2, 1).

Lemma 4.1.1. Every q-totally bounded quasi-pseudometric space (X, q) is
q-bounded.

Proof. Let (X, q) be a q-totally bounded subset of X. Then for ε > 0 there
exists a finite set F = {x0, x2, x3, . . . , xk} ⊂ X such that X ⊆ ∪kj=1Dqs(xj, ε).
Now fix x1 and put δ = max{qs(x1, xj) : j = 1, 2, 3, 4, . . . } + ε and we have
A ⊂ Dqs(x1, δ). By Lemma 3.2.1, X is q-bounded.

The following example illustrates the converse of Lemma 4.1.1. It shows that
for infinite dimension spaces, q-boundedness does not imply q-total bound-
edness.

Example 4.1.2. (compare Example 2.2.1) Let us equip the set of natural
numbers N with the T0-quasi-metric

q(x, y) =

{
0 if x ≤ y
1 otherwise.

The T0-quasi-metric space (N, q) is q-bounded but not q-totally bounded.

Proof. For all x, y ∈ N we can find k ≥ 0 such that q(x, y) ≤ k. But any
finite set {x1, x2, x3, . . . xn} ⊂ N with the discrete metric qs, the set N can
not be covered by Dqs(xi, ε) for 1 ≤ i ≤ n. Hence, (N, q) is not q-totally
bounded.

Theorem 4.1.1. (compare [2, Proposition 9 ]) Let (X, q) be a T0-quasi-
metric space. A subset B of X is q-precompact if and only if the clτ(qt)(B) is
q-precompact.
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Proof. If B is a q-precompact subset of X, then for ε > 0 there exists points
{x1, x2, x3, . . . , xn} in B with B ⊆

⋃n
i=1Dq(xi, ε/2) ⊆

⋃n
i=1 (Dq[xi, ε/2]).

clτ(qt)(B) ⊆ clτ(qt)∪ni=1 (Dq[xi, ε/2]) ⊆ ∪ni=1clτ(qt)(Dq[xi, ε/2]) ⊆ ∪ni=1Dq(xi, ε).

Conversely, if clτ(qt)(B) is q-precompact then there exists ε > 0 and finite
points {x1, x2, x3, . . . , xn} in clτ(qt)(B) such that clτ(qt)(B) ⊆

⋃n
i=1Dq(xi, ε/2).

Since B ⊆ clτ(qt)(B) then for a fixed i, there is some ai ∈ B such that
q−1(xi, ai) = q(ai, xi) < ε/2. Finally, we show that Dq(xi, ε/2) ⊆ Dq(ai, ε/2).
Let y ∈ Dq(xi, ε/2) then q(xi, y) < ε/2, using triangle inequality, q(ai, y) < ε.
Thus, y ∈ Dq(ai, ε/2) and Dq(xi, ε/2) ⊆ Dq(ai, ε/2).

We state the following corollary from Theorem 4.1.1 above.

Corollary 4.1.1. Let (X, q) be a T0-quasi-metric space. A subset B of X
is q-totally bounded if and only if clτ(q)(B) is q-totally bounded.

Proposition 4.1.1. (compare [40, Lemma 3.73.]) A quasi-pseudometric
space (X, q) is q-totally bounded if and only if every sequence in (X, qs) has
a Cauchy subsequence.

Proof. Suppose (xn) is a qs-sequence in a q-totally bounded X. Then there
exists a finite set F ⊆ X such that for n ∈ N, X =

⋃
x∈F Dqs(x,

1
n
).

Let N0 = N and construct inductively infinite sets as follow N0 ⊃ N1 ⊃ N2 ⊃
N3 . . . . For every n ∈ Nk−1 there exists p ∈ F such that qs(xn, p) < 1/k.
Since Nk−1 is infinite while F is finite, there exists p ∈ F such that the set
Nk := {n ∈ N : d(xn, p) < 1/k} is infinite.
Now define a qs-subsequence ank by letting nk be some element of Nk such
that nk > nk−1. For ε > 0 there exists M ∈ N such that 2/M < ε.
For j, k ≥ M we have nj, nk ∈ NM , hence there is p ∈ F such that
qs(ank , p) < 1/M and qs(anj , p) < 1/M and by triangle inequality, we get
qs(ank , anj) < 2/M.
We prove the other implication contrapositively. With fixed ε > 0 let us
choose x1 ∈ X and if X 6= Dqs(x1, ε) then we can choose x2 ∈ X\Dqs(x1, ε)
with qs(x1, x2) ≥ ε. Again if X 6= Dqs(x1, ε)

⋃
Dqs(x2, ε) then we can choose

x3 ∈ X\(Dqs(x1, ε)
⋃
Dqs(x2, ε)) with both qs(x1, x2) ≥ ε and qs(x1, x3) ≥ ε.

Continuing this process, we get a qs-sequence x1, x2, . . . xn such that qs(xi, xj) ≥
ε for all i, j. This qs-sequence has no qs-Cauchy subsequence.

Definition 4.1.3. [1, p. 85] Let (X, q) be a T0-quasi-metric space. Then
(X, q) is called joincompact provided that the metric space (X, qs) is compact.

A T0-quasi-metric space is said to be boundedly joincompact if every τ(qs)-
closed bounded subset is joincompact. We denote by K0(X) the family of
nonempty joincompact subsets of X.
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Theorem 4.1.2. (compare [40, Theorem 3.78]) Let (X, q) be a T0-quasi-
metric space. A set B ⊆ X is joincompact if and only if B is both bicomplete
and q-totally bounded.

Proof. Let B be joincompact and (xn) be a qs-Cauchy sequence in B, by
the joincompactness of B, the sequence (xn) has a subsequence that τ(qs)-
converges to x. Thus B is bicomplete. Since (xn) has a qs-Cauchy subse-
quence which τ(qs)-converges, by Proposition 4.1.1, B is q-totally bounded
set.
On the other hand, if B is both bicomplete and q-totally bounded then by
Proposition 4.1.1, there exists a qs-sequence (xn) in B that has a qs-Cauchy
subsequence that converges in B. Hence, the set B ⊆ X is joincompact.

We rephrase the above theorem in the following Corollary as proved by
Fletcher and Lindgreen in quasi-uniform spaces.

Corollary 4.1.2. (compare[16, Proposition 3.36 ]) Let (X, q) be a T0-quasi-

metric space. Then (X, q) is q-totally bounded if and only if (X̃, q̃) is join-
compact.

Definition 4.1.4. [14, Definition 1.44] Let (X, q) be a T0-quasi-metric
space. Then (X, q) is called supseparable provided that the metric space
(X, qs) is separable.

Let us recall that a set A is said to be subdense in a T0-quasi-metric space
(X, q) if it is dense in X with respect to τ(qs).

Just like in metric spaces, we also show in the next proposition that a q-
totally quasi-metric space is supseparable.

Proposition 4.1.2. (compare[40, Proposition 3.72]) A q-totally bounded
quasi-pseudometric space (X, q) is supseparable.

Proof. Suppose X is q-totally bounded, for any positive integer n, we can
find a finite set An ⊆ X such that for all x ∈ X, qs(x,An) < 1

n
. Now

let B = ∪n∈NAn. The set B is either finite or infinitely countable , thus
countable. To show the τ(qs)-density of B, let us pick x ∈ X. Then we have
qs(x,B) ≤ qs(x,An) < 1

n
implying that qs(x,B) = 0 and x ∈ clτ(qs)(B). This

proves that x is a qs-limit point of B and hence B is a supdense subset of X.
Thus, (X, q) is supseparable.
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4.2 Bornologies of totally bounded sets

In this section, we study and compare different bornologies with the bornolo-
gies of totally bounded sets on quasi-metric spaces. For instance, it is studied
in Theorem 4.2.1 that the bornology of q-totally bounded sets agrees with
the bornology of τ(q)-relatively compact sets if and only if the quasi-metric
space is bicomplete. In particular, we study those quasi-metric bornologies
that are bornologies of q-totally bounded sets.

Remark 4.2.1. Let (X, q) be a quasi-metric space. In the sequel, we denote

by TBq(X) the collection of all q-totally bounded subsets in (X, q). We

notice that TBq(X) satisfies the following conditions:

(i) whenever x ∈ X, then {x} ∈ TBq(X);

(ii) whenever F ∈ TBq(X) and G ⊆ F , then G ∈ TBq(X);

(iii) whenever F,G ∈ TBq(X), then F ∪G ∈ TBq(X).

Therefore, the collection TBq(X) forms a bornology on X that we call the
bornology of q-totally bounded sets in (X, q).

It is important to note that TBqs(X) is a bornology of qs-totally bounded
sets presented in Section 2.2.

The following note is a consequence of Definition 4.1.2.

Note 4.2.1. For a quasi-pseudometric space (X, q), the following hold:

TBq(X) = TBqs(X) = TBqt(X).

The converse of the following lemma is given in Example 4.1.2.

Lemma 4.2.1. Let (X, q) be a quasi-metric space. Then TBq(X) ⊆
Bq(X).

Proof. If B ∈ TBq(X), then for ε > 0 there exists a set {f1, f2, f3, . . . fk} in
B such that B ⊆ ∪kj=1Dqs(fj, ε). The set B is a finite family of qs-bounded

subsets thus it is qs-bounded. Hence, B ∈Bq(X) by Lemma 3.2.1.

Recall that a subset A of a quasi-metric space (X, q) is said to be τ(q)-
relatively compact if A is τ(qs)-relatively compact. It was observed in [52]
that the family of τ(q)-relatively compact subsets of X forms a bornology

denoted by RKq(X).
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Theorem 4.2.1. (compare [40, Corollary 3.84]) Let (X, q) be a T0-quasi-

metric space. Then X is bicomplete if and only if RKq(X) = TBq(X).

Proof. Let (X, q) be a bicomplete quasi-metric space and B be a q-totally
bounded subset of X. In order to prove that B is relatively compact, we
need to show that clτ(q)(B) is τ(qs)-compact. Let (xn) be a qs-sequence
in clτ(q)(B). Since clτ(q)(B) is q-totally bounded too (see Corollary 4.1.1)
by Proposition 4.1.1, (xn) in clτ(q)(B) has a qs-Cauchy subsequence. Again
clτ(q)(B) is a τ(qs)-closed subset of a bicomplete space X. It therefore means
any qs-subsequence of (xn) τ(qs)-converges in clτ(q)(B). Thus, τ(qs)-compact.

Conversely, let RKq(X) = TBq(X) and B ∈RKq(X). Since clτ(q)(B)
is τ(qs)-compact and q-totally bounded then by Proposition 4.1.1, every qs-
sequence in clτ(q)[B] has a qs-Cauchy subsequence that τ(qs)-converges in
clτ(q)[B] ⊆ X. Hence, (X, q) is bicomplete.

Definition 4.2.1. [30]Given a Hilbert cube H = [0, 1]N, the product topology
is defined in a usual way by a quasi-pseudometric

ρq(x, y) =
∞∑
n=1

u(xn, yn)

2n

where u(xn, yn) = max{xn − yn, 0}.

Theorem 4.2.2. [30, Theorem 3.10] Every supseparable quasi-metric space
is embeddable as subspace of the Hilbert cube H = [0, 1]N.

Theorem 4.2.3 ( Tychonoff’s Theorem ). The topological product of a
family of compact spaces is compact

Definition 4.2.2. [52] Let (X, q) be a T0-quasi-metric space. A T0-quasi-
metric q1 : X2 → [0,∞) defined by q1(x, y) = min{1, q(x, y)} is called a
bona-fide quasi-metric of q.

Note that the quasi-metric q1(x, y) = min{1, q(x, y)} is always q1-bounded
even if q(x, y) is not bounded.

The following theorem shows that if a quasi-metric space (X, q) is supsepara-
ble then the quasi-metric bornology studied by Otafudu et al. [52] coincides
with the bornology of q-totally bounded sets.

Theorem 4.2.4. (compare Theorem 2.2.1) Let (X, q) be a quasi-metric
space and let x0 ∈ X. The following conditions are equivalent:

(1) there exists an equivalent quasi-metric ρ such that Bq(X) = TBρ(X);
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(2) the quasi-metric space (X, q) is supseparable;

(3) there is an embedding Φ of (X, q) into some quasi-metrizable space
(Y, p) such that the family {clτ(ps)(Φ(Dq[x0, n] ∩Dqt [x0, s]) : n, s ∈ N)}
is cofinal in K0(Y );

(4) there exists an equivalent quasi-metric ρ with Bq(X) = TBρ(X) =

Bρ(X).

Proof. 1 ⇒ 2: If there exists an equivalent quasi-metric space ρ such that
Bq(X) = TBρ(X), then X =

⋃n
i=1Bi where Bi are ρ-totally bounded

subsets. This means that X is a countable union of ρ-totally bounded sets,
thus it is ρ-totally bounded and by Proposition 4.1.2, the quasi-metric space
(X, q) is supseparable.
2 ⇒ 3: First case: If (X, q) is q-bounded, then by Theorem 4.2.2, we can
find an embedding Φ : (X, q) −→ ([0, 1]N, ρq). Let Y = clτ(ρsq)(Φ(X)) and

choose n, s ∈ N so that Y = clτ(ρsq)(Φ(Dq[x0, n] ∩Dqt [x0, s])). Since [0, 1]N is
joincompact with respect to product topology, its subset Y is joincompact
and confinal in K0(Y ).
Second case: If (X, q) is q-unbounded, then we can define the bounded
quasi-metric q1(x, y) = min{1, q(x, y)} and use the same embedding Φ :
(X, q1) −→ ([0, 1]N, ρq) as in the first case.

3 ⇒ 4: If ρ is a quasi-metric equivalent to q, then Bq(X) = Bρ(X) by

Hu’s theorem (see Theorem 3.2.1). To prove that Bq(X) = TBρ(X), let

B ∈ TBρ(X) and (Y, ρ̃) be a bicompletion of ρ. Since ρ̃ is bicomplete by
Theorem 4.2.1, the set clτ(ρ̃s)(B) is τ(ρ̃s)-compact. Given the cofinality of

K0(Y ), let us choose n ∈ N with clτ(ρ̃s)(B) ⊆ clτ(ρ̃s)(Dq[x0, n] ∩ Dqt [x0, s]).
But this means that

B ⊆ clτ(qs)(B) ⊆ clτ(qs)(Dq[x0, n] ∩Dqt [x0, s]) = Dq[x0, n] ∩Dqt [x0, s].

Thus B ∈Bq(X) and it follows that TBρ(X) ⊆Bq(X). For the reverse

inclusion, if B ∈Bq(X), we can choose n ∈ N with B ⊆ Dq[x0, n]∩Dqt [x0, s].
By Theorem 4.2.1, B ⊆ clτ(ρ̃s)(Dq[x0, n]∩Dqt [x0, s]) is compact and ρ̃-totally

bounded. Therefore, B ∈ TBρ(X). The equivalence 4 ⇒ 1 follows from
Hu’s theorem (Theorem 3.2.1).

Definition 4.2.3. [44, Definition 2] Let (X, q) be a T0-quasi-metric space
and p /∈ X. We say that X has one point-extension property if for any
A ⊂ X, the set A′ = A ∪ {p} is a one point extension quasi-metric space of
A.
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Definition 4.2.4. Let (X, q) be a T0-quasi-metric space. Given the point

p /∈ X and a quasi-metric bornology Bq(X) on X. We define the one-point

extension of X associated with Bq(X) by X ′ = X ∪ {p}.

If τ(q) is the topology on X, then the corresponding topology on X ′ is defined
by

τ(q) ∪
{
{p} ∪X\B : B = clτ(q)(B) ∈Bq(X)

}
.

The quasi-metric bornology associated with X ′ is denoted by Bq(X
′).

Remark 4.2.2. If p /∈ X and B0 is a τ(q)-closed base of the bornology then
{{p} ∪X\B : B ∈ B0} forms a τ(q)-neighbourhood base at the point p.

Lemma 4.2.2. Let (X, q) be a T0-quasi-metric space. If the bornology

Bq(X) is quasi-metrizable then the associated bornolgy Bq(X
′) on X ′ is

quasi-metrizable.

In what follows, we prove that the bornology of q-totally bounded sets with
one point extension and a countable base coincides with quasi-metric bornol-
ogy.

Theorem 4.2.5. (compare Theorem 2.2.2) Let (X, q) be a quasi-metric
space. The following conditions are equivalent:

(1) the bornology TBq(X) has a countable base;

(2) there exists an equivalent quasi-metric q′ such that TBq(X) = Bq′(X);

(3) the one-point extension X ′ of X associated with TBq(X) is quasi-
metrizable;

(4) the one-point extension X ′ of X associated with TBq(X) has a τ(q)-
neighbourhood base at the ideal point.

Proof. (1) ⇒ (2): Since TBq(X) has a countable base by Hu’s theo-
rem (Theorem 3.2.1) there exists an equivalent quasi-metric q′ such that

TBq(X) = Bq′(X);

(2)⇒ (3): By (2), TBq(X) = Bq′(X). From Lemma 4.2.2 Bq(X
′) on X ′

is quasi-metrizable, thus TBq(X
′) is quasi-metrizable;

(3)⇒ (4) By Corollary 4.1.1 TBq(X
′) has a τ(qs)-closed base, thus by the

Remark 4.2.2 TBq(X
′) has a τ(qs)-neighbourhood base at the ideal point;

(4) ⇒ (1): If the bornology TBq(X
′) has a τ(qs)-neighbourhood base at

each point, then TBq(X) has a countable base.
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The next result proves that the bornology on a quasi-metrizable space agrees
with a bornology of q-totally bounded sets with respect to some compatible
quasi-metric.

Theorem 4.2.6. (compare Theorem 2.2.3) Let B be a family of nonempty

subsets of a quasi-metric space (X, q). Then B = TBq(X) if and only if

there exists an embedding ψ : (X, q) −→ (X̃, p) with the following property:

B =

{
B ∈P0(X) : ϕ(B) is relatively compact in X̃

}
.

Proof. Let B = TBq(X) and ϕ; (X, q) −→ (X̃, q̃). If B ∈ TBq(X) then

ϕ(B) ∈ TBq(ϕ(B)) ⊆ TBq(X̃). The set clτ(qs)[ϕ(B)] is q-totally bounded
and bicomplete thus compact by Theorem 4.1.2.
On the other hand, let ϕ : (X, q) −→ (X̃, p) and A = clτ(ps)[ψ(X)]. Since

A is a τ(ps)-closed subspace of X̃ it is also a bicomplete space. Let q̃ be a
compatible bicomplete quasi-metric for A and q be its trace on ψ(X)×ϕ(X).

If B ∈B, then ϕ(B) is relatively compact. By Theorem 4.2.1 ϕ(B) is q̃-

totally bounded and since ϕ(B) ⊆ ψ(X), ψ(B) ∈ TBq(ϕ(X)). Also if

ψ(B) ∈ TBq(ϕ(X)) then by bicompleteness of X̃ and Theorem 4.2.1 again

ϕ(B) is relatively compact. Thus, B = TBq(X).

Recall that a quasi-metric space (X, q) is supseparable if the metric space
(X, qs) is separable.

Proposition 4.2.1. (compare Proposition 2.2.1 ) Let S(X) be the bornol-
ogy of nonempty supseparable subsets of a quasi-metric space (X, q). Then

S(X) = TBq(X) if and only if X supseparable.

Proof. If (X, q) is supseparable, then S(X) = P0(X), so that if q is a com-

patible q-totally bounded quasi-metric, then we have TBq(X) = S(X).

Conversely, suppose TBq(X) = S(X) and (X, q) is not supseparable. Let
Y and ϕ be as guaranteed by Theorem 4.2.6 with respect to the family
S(X). Since X is not supseparable, clτ(q̃s)[ψ(X)] is not τ(qs)-compact. Thus,
there exists a qs-sequence (yn) in clτ(q̃s)[ψ(X)] without a qs-limt point. Let
(yn) ∈ ψ(X), choosing for each n ∈ N, (xn) ∈ X with ϕ((xn)) = (yn) we
obtain a supseparable subset {xn : n ∈ N} mapped by ϕ to a relatively
compact set. Hence, we have a contradiction. Thus, X is supseparable.

Definition 4.2.5. (compare Definition 2.2.3) A star-development for a
quasi-metirc space (X, q) is a sequence D1,D2,D3 . . . of τ(q)-open covers of
X such that Dn refines Dn−1 and for each x ∈ X, {st(x,Dn) : n ∈ N} is a
τ(q)-neighbourhood base of X.
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Definition 4.2.6. (compare [56, Definition 21.6]) Let (X, q) be a quasi-
metric space. The τ(q)-covering D in X is said to be a refinement of D′ if
every D ∈ D is contained in D′ ∈ D′.

If S is a subset of X, then the star of S with respect to D is the union of all
sets D ∈ D that intersect S.
The covering D is said to be a star-refinement of D′ if for every D ∈ D,
st(D,D) is contained in some D′ ∈ D′.

In Theorem 4.2.7, we show that the family of nonempty sets of the quasi-
metric space (X, q) becomes the bornology of q-totally bounded sets if and
only if there exists a star-development on X.

Theorem 4.2.7. (compare Theorem 2.2.4 ) Let B be a family of nonempty

subsets of a quasi-metric space (X, q). Then B = TBq(X) if and only if
there exists a star-development {Dn : n ∈ Z+} for X such that

B =

{
C ∈P0(X) : ∀n ∈ Z+, Dn admits a finite subcover of C

}
. (4.2.1)

Proof. Suppose B = TBq(X) and let the star-development of X be Dn =

{Dqs(x,
1
3n

) : x ∈ X} for all n ∈ Z+. If C ∈B then for each n, the set C
can be covered by finitely many τ(qs)-open balls of radius 1

3n
, i.e., for each

n ∈ Z+, C can be covered by a subfamily of Dn. Thus, we get Equation 4.2.1.
Conversely, suppose there exists a star development Dn, then we can find a
quasi-metric q such that for all n ≥ 2 :

(i) Dn refines {Dqs(x,
1

2n−1 ) : x ∈ X};

(ii) {Dqs(x,
1
2n

) : x ∈ X} refines Dn−1.

Now suppose B satisfies Equation 4.2.1. Let us fix C ∈ B and for
an abitrary ε > 0 choose 21−n < ε so that ε > 1

2n−1 . By Equation 4.2.1,
we can choose {D1,D2,D3, . . . ,Dnk} ⊆ Dn with C ⊆ ∪nkj=1Dj. Using (i)

we can choose for all j ≤ kn, xj with Dj ⊆ Dqs(xj,
1

2n−1 ). This yields

C ⊆ ∪knj=1Dqs(xj, ε) so that C ∈ TBq(X). Now If C ∈ TBq(X) then
for n ∈ Z+ there exists a finite subset F = {x1, x2, x3, . . . , xk} of X with

C ⊆ ∪kj=1Dqs(xj,
1

2n−1 ). Using (ii), we yield C ∈B.

48



Chapter 5

Bourbaki-boundedness on
quasi-pseudometric spaces

In the previous chapter, we proved for instance that for a supseparable quasi-
pseudometric space, the quasi-metric bornology becomes the bornology of
q-totally bounded sets. In this chapter, we continue with our investiga-
tions by showing how the studies of Beer and Garrido [9] on bornologies
of Bourbaki-bounded sets with Lipschitz functions can be modified in or-
der to obtain a theory for quasi-metric spaces. For us to have a better
understanding of Bourbaki-boundedness in quasi-metric spaces, equivalent
characterizations are studied in section 5.2. It is interesting to note that a
set on a quasi-metric space (X, q) can be q-Bourbaki-bounded but not qs-
bourbaki bounded (see Example 5.2.1). In addition, we prove that given
an asymmetric normed space, the q-Bourbaki-boundedness coincides with q-
boundedness (see Proposition 5.2.3). In Section 5.3, we compare the bornol-
ogy of q-Bourbaki-bounded sets with other quasi-metric bornologies (see Re-
mark 5.3.2). We also prove that every real-valued semi-Lipschitz in the small
function on a quasi-metric space is bounded if and only if the quasi-metric
is Bourbaki-bounded (Theorem 5.3.2).

5.1 Uniformly continuous and semi-Lipschitz

functions

In asymmetric spaces, the concepts of uniform continuity and Lipschitz func-
tions are not as direct as they are in symmetric spaces. This section is devoted
to generalize the notions of uniformly continuous and semi-Lipschitz func-
tions from metric spaces to quasi-metric settings.
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We start this section with the following lemma about uniformly continuous.

Lemma 5.1.1. Let (X, q) and (Y, p) be quasi-pseudometric spaces. If the
function ϕ : (X, q) → (Y, p) is uniformly continuous, then the function ϕ :
(X, qs)→ (Y, ps) is uniformly continuous.

Proof. Let ε > 0. If the function ϕ : (X, q)→ (Y, p) is uniformly continuous,
then for all x, y ∈ X, there exists δ > 0 such that if q(x, y) < δ then
p(ϕ(x), ϕ(y)) ≤ ε. Furthermore, qs(x, y) < δ implies that

q(x, y) ≤ qs(x, y) < δ for p(ϕ(x), ϕ(y)) ≤ ε (5.1.1)

and
q(y, x) ≤ qs(x, y) < δ for p(ϕ(y), ϕ(x)) ≤ ε. (5.1.2)

For all x, y ∈ X we have ps(ϕ(x), ϕ(y)) < ε from (5.1.1) and (5.1.2). There-
fore, the function ϕ : (X, qs)→ (Y, ps) is uniformly continuous.

We give the following example to show that the converse of the Lemma
5.1.1 does not hold in general, i.e., the uniform continuity of the function
ϕ : (X, qs) → (Y, ps) does not imply the uniform continuity of the function
ϕ : (X, q)→ (Y, p).

Example 5.1.1. We equip X = R+ = [0,∞) with the quasi-metric q defined
by q(x, y) = (y − x)+ for any x, y ∈ [0,∞) and Y = R is equipped with the
T0-quasi-metric p defined by p(x, y) = (y − x)+ for any x, y ∈ R. Then

(i) the function f(x) = −
√
x whenever x ∈ R+ is uniformly continuous

from (R+, |.|) into (R, |.|).

(ii) the function f(x) = −
√
x whenever x ∈ R+ is not uniformly continuous

from (R+, q) into (R, p).

Proof. (i) Let ε > 0 be given. The function f is continuous and hence
uniformly continuous on [0, 1]. Thus, there exists δ′ > 0 such that

|y − x|< δ′ ⇒ |f(y)− f(z)|< ε, (5.1.3)

for all x, y ∈ [0, 1]. Put
δ := min{δ′, ε}, (5.1.4)

and let x, y ∈ R+ with
0 < |y − x|< δ. (5.1.5)
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If x, y ∈ [0, 1], then, by (5.1.3) and (5.1.4), |f(y) − f(x)|< ε. If x > 1 and
y > 1, then

|f(x)− f(y)|= |y − x|√
x+
√
y
< |y − x|< ε (by (5.1.4) and (5.1.5)).

This proves the uniform continuity of f from (R+, |.|) into (R, |.|).

(ii) To show that f is not uniformly continuous, let ε = 1 and δ > 0 be chosen
arbitrary. Then, for any x > 0, q(x, 0) = (0− x)+ = 0 < δ, but for all x > 1.

p(f(x), f(0)) = (f(0)− f(x))+ = (
√
x)+ =

√
x > 1 = ε.

Given an asymmetric normed space (Y, ‖.|), we equip X with its specializa-
tion order ≤q given by x ≤q y ⇔ q(x, y) = 0 ⇔ x ∈ {y}. The function
ϕ : (X, q)→ (R, u) satisfies

ϕ(x)− ϕ(y) ≤ q(x, y) for all x, y ∈ X. (5.1.6)

If u(t) = max{t, 0}, t ∈ R, then (5.1.6) is the same as u(ϕ(x)−ϕ(y)) ≤ q(x, y)
for all x, y ∈ X, that is, ϕ is semi-Lipschitz from (X, q) and (R, u).
Any semi-Lipschitz function is monotone with respect to the specialization
order, i.e., x ≤q y ⇒ ϕ(x) ≤ ϕ(y). In addition, ϕ is semi-Lipschitz if and
only if:

(i) ϕ is ≤q-monotone;

(ii) ‖ϕ|:= sup

{
ϕ(x)− ϕ(y)

q(x, y)
: q(x, y) > 0

}
for any function ϕ mapping

from (X, q) to (R, u).

Definition 5.1.1. (compare Definitions 2.3.2 and 2.3.3 ) Let (X, q) be a
quasi-metric space and (Y, ‖.|) be an asymmetric normed space. Then:

(a) A function ϕ : (X, q)→ (Y, ‖.|) is called locally semi-Lipschitz provided
that for all x ∈ X, there exists δ(x) > 0 such that ϕ|Dq(x,δ(x)) is semi-
Lipschitz;

(b) A function ϕ : (X, q)→ (Y, ‖.|) is called uniformly locally semi-Lipschitz
provided that for all x ∈ X, there exists δ > 0 (δ does not depend to x)
such that ϕ|Dq(x,δ) is semi-Lipschitz.
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Lemma 5.1.2. Let (X, q) be a quasi-metric space and (Y, ‖.|) be an asym-
metric normed space. If function ϕ : (X, q) → (Y, ‖.|) is locally semi-
Lipschitz, then ϕ : (X, qs)→ (Y, ‖.‖) is locally semi-Lipschitz.

Proof. Let ϕ : (X, q) → (Y, ‖.|) be locally semi-Lipschitz. If x ∈ X, then
there exists δ(x) > 0 and k ≥ 0 such that for any y, z ∈ Dq(x, δ(x)), we have

‖ϕ(y)− ϕ(z)|≤ kq(y, z) ≤ kqs(y, z) (5.1.7)

and
‖ϕ(z)− ϕ(y)|≤ kq(z, y) ≤ kqs(y, z). (5.1.8)

Combining (5.1.7) and (5.1.8) we get ‖ϕ(y) − ϕ(z)‖≤ kq(y, z) ≤ kqs(y, z)
whenever y, z ∈ Dq(x, δ(x)). Thus, the function ϕ : (X, qs) → (Y, ‖.‖) is
locally semi-Lipschitz.

The following lemma follows directly from the definitions of semi-Lipschitz
in the small function and uniformly continuous.

Lemma 5.1.3. Let (X, q) be a quasi-metric space and (Y, ‖.|) be an asym-
metric normed space. If a function ϕ : (X, q)→ (Y, ‖.|) is semi-Lipschitz in
the small, then ϕ : (X, q)→ (Y, ‖.|) is uniformly continuous

Remark 5.1.1. Let (X, q) be a quasi-metric space and (Y, ‖.|) be an asym-
metric normed space:

(1) If a function ϕ : (X, q)→ (Y, ‖.|) is locally semi-Lipschitz, then ϕ|Dq(x,δx)
is continuous whenever x ∈ X and for some δx > 0;

(2) Let F ⊆ X. If ϕi : (X, q)→ (R, u) is semi-Lipchitz restricted to F for
i = {1, 2, · · · , n}, then max{ϕ1, ϕ2, · · · , ϕn} is semi- Lipschitz restricted
to F .

5.2 Bourbaki-boundedness in quasi-metric spaces

In this section, we study equivalent characterizations of Bourbaki-boundedness
on quasi-pseudometrics spaces.

In order to proceed smoothly with this section, there is need to recall the
following definition.
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Definition 5.2.1. (compare Definition 2.3.4) Let (X, q) be a quasi-pseudometric
space. For any δ > 0 and ∅ 6= F ⊂ X, we define the δ- enlargement Dq(F, δ)
of F by

Dq(F, δ) := {x ∈ X : dist(F, x) < δ} =
⋃
f∈F

Dq(f, x)

and
Dqt(F, δ) := {x ∈ X : distt(F, x) < δ} =

⋃
f∈F

Dqt(f, x).

Furthermore,

Dqs(F, δ) := max

{
Dq(F, δ), Dqt(F, δ)

}
=
⋃
f∈F

Dqs(f, x).

The following lemma is the generalization of Lemma 2.3.1 the first part.

Lemma 5.2.1. Let (X, q) be a quasi-pseudometric space. For ε, δ > 0, we
have Dq(Dq(F, ε), δ) ⊂ Dq(F, ε+ δ).

Proof. Let y ∈ Dq(Dq(F, ε), δ) =
⋃

v∈Dq(F,ε)

Dq(v, δ). Then there exists a point

v ∈ Dq(F, ε) such that y ∈ Dq(v, δ). It follows that there exists f ∈ F such
that q(f, v) < ε and q(v, y) < δ. Moreover, q(f, y) ≤ q(f, v) + d(v, y) < ε+ δ.
Hence, y ∈ Dq(f, ε+ δ).

Definition 5.2.2. Let (X, q) be a quasi-pseudometric space and δ > 0. If
x ∈ X and n = 0, 1, 2, · · ·, we define the sets Dn

q (x, δ) by D0
q(x, δ) = {x} and

Dn+1
q (x, δ) = Dq(D

n
q (x, δ)).

The next lemma follows by induction.

Lemma 5.2.2. (compare Lemma 2.3.1) Let (X, q) be a quasi-pseudometric
space and δ > 0. For any x ∈ X and n = 0, 1, 2, · · ·, we have Dn

q (x, δ) ⊆
Dn+1
q (x, δ).

Definition 5.2.3. (compare Definition 2.3.5) Suppose that we have a quasi-
pseudometric space (X, q). For any given x, y ∈ X and δ > 0. A δ-chain
of length n from x to y in (X, q) is a finite sequence of points x0, x1, · · · , xn
such that x = x0, xn = y and q(xi−1, xi) < δ for any i with 1 ≤ i ≤ n.

Proposition 5.2.1. Let (X, q) be a quasi-pseudometric space and δ > 0. If
there exists a δ-chain of length n from x to y in (X, q), then there exists a
δ-chain of length n from y to x in (X, qt) whenever x, y ∈ X.
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Proof. If (xi)
n
i=0 is a δ-chain of length n from x to y on (X, q). Then x0 = x

and xn = y and for any i with 1 ≤ i ≤ n, we have

q(xi−1, xi) < δ. (5.2.1)

We set yj := xn−j for j = {0, 1, 2, · · ·}. We claim that (yj)
n
j=0 is a δ-chain

from y to x on (X, qt).
Indeed, we have y0 = xn−0 = y and yn = xn−n = x0 = x. Moreover, for
any j with 1 ≤ j ≤ n we have

qt(yj−1, yj) = qt(xn−j+1, xn−j) = q(xn−j, xn−j+1) < δ from (5.2.1).

Hence (yj)
n
j=0 is a δ-chain from y to x in (X, qt).

Corollary 5.2.1. Let (X, q) be a quasi-pseudometric space and δ > 0. If
there exists a δ-chain of length n from x to y in (X, qt), then there exists a
δ-chain of length n from y to x in (X, q) whenever x, y ∈ X.

The following remark is a consequence of Proposition 5.2.1, Corollary 5.2.1
and the definition of Dn

qt(y, δ).

Remark 5.2.1. Let δ > 0 and x and y be any two points in a quasi-
pseudometric space (X, q). It is easy to check that there exists a δ-chain of
length n from x to y if and only if y ∈ Dn

q (x, δ) if and only if x ∈ Dn
qt(y, δ).

Definition 5.2.4. Let (X, q) be a quasi-pseudometric space and δ > 0. For
x, y ∈ X, we define the relation �δ on X by x �δ y if there exists a δ-chain
of some length from x to y.

The next lemma proves that the relation in Definition 5.2.4 is an equivalence
relation.

Lemma 5.2.3. For any quasi-pseudometric space (x, q) and δ > 0, the
relation �δ is an equivalence relation.

Proof. Let x, y and z ∈ X. From Remark 5.2.1, we have x �δ x since
x ∈ D0

q(x, δ).
Furthermore, if x �δ y then y �δ x from Proposition 5.2.1.
Suppose that x �δ y and y �δ z. Since x �δ y, there exists a δ-chain (xi)

n
i=0

of length n from x to y such that x0 = x, xn = y and

q(xi−1, xi) < ε for any i with 1 ≤ i ≤ n. (5.2.2)

Moreover, from y �δ z, there exists a δ-chain (yj)
m
j=1 of length m from y to

z such that y0 = y, ym = z and

q(yj−1, yj) < ε for any j with 1 ≤ j ≤ m. (5.2.3)
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By a concatenation of the δ-chains (xi)
n
i=0 and (yj)

m
j=1, we obtain a δ-chain

(zk)
n+m
k=0 with z0 = x0 = x, zn = xn = y0 = y, and zn+m = ym = z.

Furthermore, from (5.2.2) and (5.2.3) we have

q(zk−1, zk) < δ for any k with 1 ≤ k ≤ n+m.

Hence (zk)
n+m
k=0 is a δ-chain of length n+m from x to z. Therefore, x �δ z.

Let x�δ be the equivalence class of x on (X, q), then

x�δ := {y ∈ X : y �δ x} = {y ∈ X : y ∈ Dn
q (x, δ)} =

∞⋃
n=0

Dn
q (x, δ).

Remark 5.2.2. Let (X, q) be a quasi-pseudometric space. For any δ > 0
and x, y ∈ X, it is easy to see that if (xi)

n
i=0 is a δ-chain in (X, qs) of length

n from x to y, then (xi)
n
i=0 is also a δ-chain in (X, q) and in (X, qt) of length

n from x to y. However, with regard to Remarks 1.1.1 and 5.2.1, one has:

Dn
qs(x, δ) ⊆ Dn

q (x, δ) and Dn
qs(x, δ) ⊆ Dn

qt(x, δ). (5.2.4)

The following example shows that the inclusions (5.2.4) in Remark 5.2.2
cannot be reversed.

Example 5.2.1. Consider the four points set X = {1, 2, 3, 4}. Let us equip
X with T0-quasi-metric q defined by the distance matrix

Q =


0 1 2 1
1 0 1 2
2 1 0 1
2 1 1 0


that is, q(i, j) = qi,j whenever i, j ∈ X. Note that the symmetrized metric qs

of q is induced by the matrix

Qs =


0 1 2 2
1 0 1 2
2 1 0 1
2 2 1 0


Let δ = 1, 5 > 0. If we consider the sequecnce (fi)

2
i=0 := (4, 2, 1). Then we

have
q(f0, f1) = q(4, 2) = 1 = q(f1, f2) = q(2, 1) < δ.

Hence the sequence (fi)
2
i=0 := (4, 2, 1) is a δ-chain in (X, q) of length 2 from

4 to 1. But the same sequence (fi)
2
i=0 := (4, 2, 1) is not a δ-chain in (X, qs)

of length 2 from 4 to 1 because qs(f0, f1) = qs(4, 2) = 2 > δ.
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Let us present the next definiton about Bourbaki-boundedness on quasi-
pseudometric spaces.

Definition 5.2.5. (compare Definition 2.3.6) Let (X, q) be a quasi-pseudometric
space and F ⊆ X. We say that F is q-Bourbaki-bounded, if for any δ > 0
there exists a finite subset {f1, f2, · · · , fk} of X and for some n ∈ N such that

F ⊆
k⋃
i=1

Dn
q (fi, δ).

If n = 1 and q = qs in Definition 5.2.5, then we have the concept of q-total
boundedness defined in the previous chapter.

The converse of the next lemma does not hold (see Example 5.2.1).

Lemma 5.2.4. Let (X, q) be a quasi-pseudometric space and F ⊆ X. If F
is qs-Bourbaki-bounded, then F is q-Bourbaki-bounded.

Proof. Let δ > 0. If F is qs-Bourbaki-bounded, then there exists a finite set

{f1, f2, · · · , fk} ⊂ X such that F ⊆
k⋃
i=1

Dn
qs(fi, δ) for some positive integer n.

By the first inclusion of (5.2.4), we have F ⊆
k⋃
i=1

Dn
q (fi, δ) for some positive

integer n. Hence, F is q-Bourbaki-bounded.

Analogously, one shows that qs-Bourbaki-boundedness implies qt-Bourbaki-
boundedness by using the second inequality of (5.2.4).

We state the following lemma that we will use in our next proposition.

Lemma 5.2.5. Let (X, q) be a quasi-pseudometric space. For some positive
integer n, δ > 0 and x ∈ X, we have

k⋃
i=1

Dn
q (xi, δ) ⊆

k⋃
i=1

Dq(xi, nδ).

Proof. Let y ∈
k⋃
i=1

Dn
q (xi, δ), then for some j with 1 ≤ j ≤ k, y ∈ Dn

q (xj, δ).

Moreover, for some j with 1 ≤ j ≤ k, there exists {f0, f1, · · · , fn} a δ-chain
of length n from xj to y such that f0 = xj, fn = y and q(fi−1, fi) < δ for all
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i with 1 ≤ i ≤ n. Furthermore, we have

q(xj, y) = q(f0, fn) ≤ q(f0, f1) + q(f1, f2) + · · ·+ q(fn−1, fn)

< δ + δ + · · ·+ δ

< nδ.

Thus, for some j with 1 ≤ j ≤ k, y ∈ Dq(xj, nδ). Hence, y ∈
k⋃
i=i

Dq(xi, nδ).

Proposition 5.2.2. Given a quasi-pseudometric space (X, q). If F is a
subset of X and δ > 0, then we have the following conditions:

(a) if F is q-totally bounded, then F is q-Bourbaki-bounded;

(b) if F is q-Bourbaki bounded, then F is q-bounded;

(c) if F is q-Bourbaki bounded, then clτ(q)[F ] is also q-Bourbaki-bounded.

Proof. (a) Let δ > 0. Suppose F is q-totally bounded, then there exists a set
{f1, f2, · · · , fk} ⊆ X such that

F ⊆
k⋃
i=1

Dqs(fi, δ) =
k⋃
i=1

D1
qs(fi, δ) ⊆

k⋃
i=1

D1
q(fi, δ)

for some positive integer n = 1. Therefore, F is q-Bourbaki-bounded.
(b) Since F is q-Bourbaki-bounded, there exists a set {x1, x2, · · · , xk} ⊆ X

and some positive integer n such that for δ > 0 we have F ⊆
k⋃
i=1

Dn
q (xi, δ).

By Lemma 5.2.5, F ⊆
k⋃
i=1

Dn
q (xi, δ) ⊆

k⋃
i=1

Dq(xi, nδ). Hence, F is q-bounded.

(c) Follows, since F is included in the union of τ(q)-open balls.

Remark 5.2.3. Note that the statement (a) of Proposition 5.2.2 can be ob-
tained by the fact that if F is q-totally bounded, then F is qs-totally bounded.
It also follows from [9, 41] that if F is qs-Bourbaki-bounded, then F is q-
Bourbaki-bounded (see also Lemma 5.2.4).

Corollary 5.2.2. For a given quasi-pseudometric (X, q) let F be a subset
of X and δ > 0. The following conditions hold:
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(a) if F is qt-totally bounded on (X, q), then F is qt-Bourbaki-bounded;

(b) if F is qt-Bourbaki-bounded, then F is qt-bounded;

(c) if F is qt-Bourbaki-bounded, then clτ(qt)F is also qt-Bourbaki-bounded.

Proposition 5.2.3. Let (X, ‖.|) be an asymmetric normed space and F be a
subset of X. Then F is q‖.|-bounded if and only if F is q‖.|-Bourbaki-bounded.

Proof. The sufficiant condition (⇐) follows from Proposition 5.2.2 (b).
The other condition (⇒) suppose that F is q‖.|-bounded then F ⊆ Dq‖.|(x0, ε)
for some x0 ∈ X and ε > 0. For any δ > 0, there exists n ∈ N such that
ε

n
< δ.

Let f ∈ F . We define zi := x0 +
i

n
(f − x0) whenever i with 1 ≤ i ≤ n and

z0 = x0. Then

‖q‖.|(zi−1, zi)| = ‖zi−1 − zi|

=

∥∥∥∥[x0 +
i− 1

n
(f − x0)

]
−
[
x0 +

i

n
(f − x0)

]∣∣∣∣
=

∥∥∥∥x0n − f

n

∣∣∣∣ =

∥∥∥∥ 1

n
(x0 − f)

∣∣∣∣
<

ε

n
< δ.

Thus, for any f ∈ F we have obtained a δ-chain of length n on (X, q‖.|) from
z0 to f . Therefore, f ∈

⋃n
k=0D

1
q‖.|

(zk, δ).

5.3 Bornologies and semi-Lipschitz functions

We end this chapter with the study of bornology of Bourbaki-bounded sets
with semi-Lipschitz functions on quasi-metric spaces and asymmetric normed
spaces. We compare the bornology of Bourbaki-bounded sets with other
quasi-metric bornologies. In addition, we prove for instance in Theorem
5.3.2 that every real-valued semi-Lipschitz in the small function on a quasi-
metric space is bounded if and only if the quasi-metric is Bourbaki-bounded.

Remark 5.3.1. Let (X, q) be a quasi-metric space. In the sequel, we denote

by BBq(X) the collection of all q-Bourbaki-bounded subsets in (X, q). We

observe that BBq(X) satisfies the following conditions:
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(i) whenever x ∈ X, then {x} ∈BBq(X);

(ii) whenever F ∈BBq(X) and G ⊆ F , then G ∈BBq(X);

(iii) whenever F,G ∈BBq(X), then F ∪G ∈BBq(X).

Therefore, the collection BBq(X) forms a bornology on X that we call the
bornology of q-Bourbaki-bounded sets in (X, q).

Note 5.3.1. From Proposition 5.2.1, Corollary 5.2.1 and Remark 5.2.1, it
can be observed that the bornologies BBq(X) and BBqt(X) are equiva-
lent.

In light of the inclusion 3.2.1 on bornologies Bq(X) and Bqs(X). One

would ask for the connections between BBq(X), TBq(X) and Bq(X).

Let us provide the connections between these bornologies in the following
remark.

Remark 5.3.2. If (X, q) is a quasi-pseudometric space, then we have the
following inlusions:

TBq(X) ⊆BBqs(X) ⊆BBq(X) ⊆Bq(X) (5.3.1)

TBq(X) ⊆BBqs(X) ⊆BBqt(X) ⊆Bqt(X). (5.3.2)

But if (X, ‖.|) is an asymmetric normed space, then in the light of Proposition
5.2.3 we have

BBq‖.|(X) = Bq‖.|(X). (5.3.3)

The first two inclusions of (5.3.1) and (5.3.2) can be found in [4,18] and the
last inclusions of (5.3.1) and (5.3.2) are consequences of Proposition 5.2.2
and Corollary 5.2.2 respectively.

The next definition is important in proving our next result. Hence, there is
need to recall it.

Definition 5.3.1. Let (X, q) be a quasi-metric space and (Y, ‖.|) be an
asymmetric normed space. A function ϕ : (X, q) → (Y, ‖.|) is called locally
semi-Lipschitz provided that for all x ∈ X, there exists δ(x) > 0 such that
ϕ|Dq(x,δ(x)) is semi-Lipschitz.

The next result is about bornologies of locally semi-Lipschitz functions with
τ(q)-compact sets on an asymmetric normed space.
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Theorem 5.3.1. (compare Theorem 2.3.1) Let (X, q) be a quasi-metric
space and ∅ 6= F ⊆ X. Then the following conditions are equivalent:

(1) clτ(q)(F ) is τ(q)-compact;

(2) if (Y, ‖.|) is an asymmetric normed space and ϕ : (X, q) → (Y, ‖.|) is

continuous, then ϕ(F ) ∈Bq‖.|(Y );

(3) if (Y, ‖.|) is an asymmetric normed space and ϕ : (X, q) → (Y, ‖.|) is

locally semi-Lipschitz, then ϕ(F ) ∈Bq‖.|(Y );

(4) if ϕ : (X, q) → (R, u) is locally semi-Lipschitz, then ϕ(F ) is a u-
bounded set of real numbers.

Proof. (1) ⇒ (2) If clτ(q)(F ) is τ(q)-compact and ϕ : (X, q) → (Y, ‖.|) is
continuous. Then clτ(q)(F ) is τ(qs)-compact and ϕ : (X, qs) → (Y, ‖.‖) is
continuous too. It follows that ϕ(clτ(q)(F )) is τ(qs)-compact and ϕ(F ) is

q‖.‖-bounded. Hence, ϕ(F ) ∈Bq‖.|(Y ).
(2)⇒ (3) Follows from Remark 5.1.1, i.e., the locally semi-Lipschitz function
is always continuous.
(3)⇒ (4) Follows directly.
(4) ⇒ (1) Suppose that clτ(q)(F ) is not τ(q)-compact. Then we can find a
sequence (fn) in F with fj 6= fi for i 6= j and the sequence (fn) in F does
not converge with respect to τ(q). For any n ∈ N, let µn := q(fn, {fj : j 6=

n}) > 0 and εn :=

{
1

n
,
µn
3

}
.

It follows that the family {Dq(fn, εn) : n ∈ N} is such that whenever i 6= k we
have Dq(fi, εi) 6= Dq(fk, εk) and εi+εk < max{µi, µk}. For any n ∈ N, let φn :
(X, q)→ (R, u) be a function defined by φn(x) := n− n

εn
q(fn, x) for any x ∈

X. Then for any x, y ∈ X, we have

u(φn(x), φn(y)) = φn(x)− φn(y) =

[
n− n

εn
q(fn, x)

]
−
[
n− n

εn
q(fn, y)

]
=

n

εn

[
q(fn, y)− q(fn, x)

]
≤ n

εn

[
q(fn, x) + q(x, y)− q(fn, x)

]
=

n

εn
q(x, y).

Hence φn : (X, q)→ (R, u) is k-semi-Lipschitz function with k =
n

εn
. Observe

that φn(x) > 0 if and only if q(fn, x) < εn for n ∈ N. Let ϕ : (X, q)→ (R, u)
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be the function defined by

ϕ(x) =

{
φn(x) if x ∈ Dq(fn, εn)
0 otherwise.

Since ϕ(fn) = φn(fn) = n − n

εn
q(fn, fn) = n, it follows that ϕ(F ) is u-

unbounded. To complete the proof, we need to show that ϕ is locally semi-
Lipschitz. Let us consider an arbitrary point x0 ∈ X. Since εn <

1
n

for any
n ∈ N and the sequence (fn) does not τ(q)- converge to x0. There exists
δ > 0 such that Dq(x0, δ) ∩ Dq(fn, εn) = ∅ or Dq(x0, δ) ∩ Dq(fn, εn) 6= ∅
atmost finitely n. Let us say n1, n2, · · · , nk and consider the following cases:

Case 1: If Dq(x0, δ) ∩Dq(fn, εn) = ∅. Then ϕ|Dq(x0,δ)= 0.

Case 2: Since φn : (X, q)→ (R, u) is semi-Lipschitz. From the second part
of Remark 5.1.1 and if Dq(x0, δ)∩Dq(fn, εn) 6= ∅ then whenever q(x0, x) < δ,

ϕ(x) = max{0, φn1(x), φn2(x), · · · , φnk(x)} is semi-Lipschitz.

Either way, ϕ|Dq(x0,δ) is semi-Lipschitz.

In the previous theorem, we have proved that every real-valued locally semi-
Lipschitz on a quasi-metric space is τ(q)-compact if and only if the quasi-
metric is Bourbaki-bounded. Now a similar question arises for the semi-
Lipschitz in the small functions. Before answering this question in Theorem
5.3.2, we first state the following definition.

Definition 5.3.2. Let (X, q) be a quasi-metric space and (Y, ‖.|) be an
asymmetric normed space. A function ϕ : (X, q) → (Y, ‖.|) is called semi-
Lipschitz in the small if there exists δ > 0 and k ≥ 0 such that if q(x, y) < δ
then ‖ϕ(x)− ϕ(y)|≤ kq(x, y).

Theorem 5.3.2. (compare Theorem 2.3.3) Let (X, q) be a quasi-metric
space and ∅ 6= F ⊆ X. Then the following conditions are equivalent:

(1) the subset F is q-Bourbaki-bounded;

(2) if (Y, ‖.|) is an asymmetric normed space and ϕ : (X, q) → (Y, ‖.|) is

uniformly continuous, then ϕ(F ) ∈Bq‖.|(Y );

(3) if (Y, ‖.|) is an asymmetric normed space and ϕ : (X, q) → (Y, ‖.|) is

semi-Lipschitz in the small function, then ϕ(F ) ∈Bq‖.|(Y );
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(4) if ϕ : (X, q)→ (R, u) is semi-Lipschitz in the small function, then ϕ(F )
is a u-bounded set of real numbers.

Proof. (1) ⇒ (2) If ϕ : (X, q) → (Y, ‖.|) is uniformly continuous then there
exists δ > 0 such that whenever x, y ∈ X with q(x, y) < δ, we have

q‖.|(ϕ(x), ϕ(y)) = ‖ϕ(x)− ϕ(y)|< 1. (5.3.4)

By the q-Bourbaki-boundedness of F , there exists A := {a1, a2, · · · , am} ⊆ X
such that

F ⊆
m⋃
i=1

Dn
q (ai, δ)

for some positive integer n. If we take f artbitrary in F , then there exists k
with 1 ≤ k ≤ m such that f ∈ Dn

q (ak, δ). Then for some k with 1 ≤ k ≤ m,
there exists a δ-chain {f0, f1, · · · , fn} with f0 = ak, fn = f and

q(fi−1, fi) < δ whenever i with 1 ≤ i ≤ m. (5.3.5)

It follows from the uniform continuity of ϕ and inequality (5.3.4) that

q‖.|(ϕ(fi−1), ϕ(fi)) < 1 whenever i with 1 ≤ i ≤ m. (5.3.6)

Hence, for some k with 1 ≤ k ≤ m, we have

q‖.|(ϕ(ak), ϕ(f)) = q‖.|(f0, fn) ≤ q‖.|(f0, f1) + q‖.|(f1, f2) + · · ·+ q‖.|(fn−1, fn)

< n.

Thus, ϕ(f) ∈
m⋃
i=1

Dq‖.|(ϕ(ai), n) for any f ∈ F and ϕ(F ) ⊆ Dq(ϕ(A), n).

Therefore, ϕ(F ) is q‖.|-bounded.

(2)⇒ (3) Follows from Lemma 5.1.3.

(3)⇒ (4) Follows directly by replacing (Y, ‖.|) with (R, u) in (3).

(4) ⇒ (1). Suppose that F is not q-Bourbaki-bounded. Then there exists
a δ > 0 such that if {f1, f2, · · · , fk} ⊆ X and a positive integer n, we have

F 6⊆
k⋃
i=1

Dn
q (fi, δ). We have two cases on the structure of F .

Case 1: If f ∈ F , then there exists a positive integer n such that for all
j ∈ N

F ∩Dn
q (f, δ) = F ∩ f�δ .
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Let f1 be an arbitrary point of F . We choose a positive integer n1 such that

F ∩Dn1
q (f1, δ) = F ∩ f1�δ .

Since F is not q-Bourbaki-bounded, there exists f2 ∈ F such that f2 /∈
Dn1
q (f1, δ). It follows that f1�δ 6= f2�δ by the choice of n1.

One chooses another n2 ∈ Z+ such that n2 > n1 and F∩Dn2
q (f2, δ) = F∩f2�δ .

Moreover, since F 6⊆
2⋃
j=1

Dn2
q (fj, δ), we can find f3 ∈ F \ (f3�δ ∪ f2�δ).

Continuing this procedure by induction, we can find a sequence (fj) with
distinct terms in F such that for any i 6= j we have fi�δ 6= fj�δ . Therefore,
we define a function ϕ : (X, q)→ (R, u) by

ϕ(x) =

{
j if x �δ fj for some j
0 otherwise.

It follows that the function ϕ is constant on Dq(x, δ) and it is unbounded on
F since ϕ(fj) = j. Therefore, the function ϕ is semi-Lipschitz in the small
function.
Case 2: If there exists f ∈ F and for all positive integer n, there exists
j ∈ N such that

F ∩Dn
q (f, δ) ⊂ F ∩Dn+j

q (f, δ).

For x �δ f , let n(x) be the smallest positive integer n such that

x ∈ F ∩Dn
q (f, δ). (5.3.7)

We then define the function ϕ : (X, q)→ (R, u) by

ϕ(x) =

{
(n(x)− 1)δ + distq(x,D

n(x)−1
q (f, δ)) if x 6= f and x �δ f

0 otherwise.

By definition, the function ϕ is unbounded on F . We now have to show that
if x 6= y and q(x, y) < δ, then for k = 2,

u(ϕ(x), ϕ(y)) ≤ kq(x, y).

If either x or y is not related to f with respect to �δ, then since x 6= y, both
x and y are not related to f with respect to �δ and

u(ϕ(x), ϕ(y)) = 0 < 2q(x, y).

If x �δ f and y �δ f , then we have some cases on n(x) and n(y):
If n(x) > n(y). Suppose that n(y) = 0 then y = f and 0 < q(x, y) < δ which
implies that y ∈ Dq(x, δ) hence n(x) = 1.
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Furthermore,

u(ϕ(x), ϕ(y)) = u[(1− 1)δ + distq(x,D
0
q(f, δ)), 0]

= distq(x, {y})
= q(x, y) < 2q(x, y).

If n(y) ≥ 1 and n(x) = n(y), then

u(ϕ(x), ϕ(y)) = max{[distq(x,D
n(x)−1
q (f, δ))− distq(y,D

n(x)−1
q (f, δ))], 0}

≤ q(x, y) < 2q(x, y).

If n(y) ≥ 1 and n(x) > n(y) (i.e., n(x) = n(y) + 1) with ϕ(x) ≤ ϕ(y), then
there is nothing to prove since u(ϕ(x), ϕ(y)) = 0 < 2q(x, y).

If ϕ(x) > ϕ(y), then
u(ϕ(x), ϕ(y)) = ϕ(x)− ϕ(y)

= [(n(x)−1)δ+distq(x,D
n(x)−1
q (f, δ))]− [(n(y)−1)δ+distq(y,D

n(y)−1
q (f, δ))]

= [(n(y) + 1− 1)δ− [(n(y)− 1)δ]− [distq(x,D
n(y)+1−1
q (f, δ))]− [(n(y)− 1)δ−

distq(y,D
n(y)−1
q (f, δ))].

Furthermore,

u(ϕ(x), ϕ(y)) = δ + [distq(x,D
n(y)
q (f, δ))]− [(n(y)− 1)δ − distq(y,D

n(y)−1
q (f, δ))]

≤ δ + q(x, y) + distq(y,D
n(y)
q (f, δ))− distq(y,D

n(y)−1
q (f, δ)).

Since n(w) is the smallest n such that y ∈ F ∩Dn
q (f, δ), it therefore means

distq(y,D
n(y)
q (f, δ)) = 0.

Thus, we have

u(ϕ(x), ϕ(y)) ≤ δ + q(x, y)− distq(y,D
n(y)−1
q (f, δ)). (5.3.8)

We claim that,
δ − q(x, y) ≤ distq(y,D

n(y)−1
q (f, δ)). (5.3.9)

Suppose otherwise, i.e., distq(y,D
n(y)−1
q (f, δ)) < δ − q(x, y), then

distq(x,D
n(y)−1
q (f, δ)) ≤ q(x, y) + distq(y,D

n(y)−1
q (f, δ))

< q(x, y) + δ − q(x,w)

< δ.

So x ∈ D
n(y)−1
q (f, δ) which implies that n(x) ≤ n(y) − 1 + 1 but this is a

contradiction since n(x) > n(y).
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Combining (5.3.8) and (5.3.9) we have

u(ϕ(x), ϕ(y)) ≤ δ + q(x, y)− δ + q(x, y) ≤ 2q(x, y).

Therefore, the proof is complete.

65



Chapter 6

Conclusion

6.1 Summary of the achieved work

In this thesis, many aspects of metric bornologies that do not satisfy the
symmetry condition have been investigated. In this chapter, we discuss the
conclusion of our investigations and point out some open problems encoun-
tered throughout this present work. These open problems may comprise the
topics of future research.
In the first part of our investigations, we started by revisiting my MSc disser-
tation [31] in which we introduced the concept of bornology on an extended
quasi-metric space (X, q).We redefined and improved our own universal space
constructed during our previous studies (compare [31, Definition 3.2.1] and
[52, Section 3], see also Definition 3.1.2). The universal space was constructed
on the set (f, A) where f is a real-valued continuous function on τ(qs)-closed
set A.
In addition, we showed that the universal space is a bicomplete extended
quasi-metric space and Propositions 3.1.1 and 3.1.2 proved that there are al-
ways isometries between the extended quasi-metric spaces and the universal
spaces. In the same chapter, it is shown (see also [52]) that on a quasi-metric
space (X, q), being bounded on q or qt does not mean bounded on qs. We
proved also that given an extended quasi-metric space (X, q), the bornolog-

ical universe (X,B ) is quasi-metrizable by q and the bornology B coin-

cides with the quasi-metric bornologyB q(X). We concluded this chapter by

proving in Theorem 3.2.3 that for the quasi-metric bornology B q(X) on an
extended quasi-metric space (X, q), there exists an extended bone fide quasi-

metric q1 on X, uniformly equivalent to q such that B q(X) = B q1(X).

In the second part of this work, we continued with our own investigations
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into the bornology of q-totally bounded sets on quasi-metric spaces. Before
proving the results on quasi-metric bornologies, we presented some compar-
isons of q-total boundedness with other notions. For example, we showed in
Lemma 4.1.1 that every q-totally bounded quasi-pseudometric space (X, q)
is q-bounded but the converse is not always true (see Example 4.1.2). In ad-
dition, we proved that a subset of a quasi-metric space (X, q) is joincompact
if and only if it is both bicomplete and q-totally bounded (Theorem 4.1.2).
Morever, we studied the bornologies of q-totally bounded sets on a quasi-
metric space (X, q). It was interesting to note in Theorem 4.2.1 that the
bornology of q-totally bounded set agrees with the bornology of τ(q)- rela-
tively compact sets if and only if the quasi-metric space (X, q) is bicomplete.
It also turned out that if a quasi-metric space (X, q) is supseparable then
the quasi-metric bornology studied by Otafudu et al. [52] coincides with the
bornology of q-totally bounded sets (see Theorems 4.2.4 and 4.2.5). In addi-
tion, we used asymmetric version of Hu’s theorem (Theorem 3.2.1) to prove
that the bornology of q-totally bounded sets with one point extension and
a countable base coincides with quasi-metric bornology in [52] (see Theorem
4.2.5). Lastly, we proved in Theorem 4.2.7 that the family of nonempty sets
of the quasi-metric space (X, q) becomes the bornology of q-totally bounded
sets if and only if there exists a star-development on X.

In the last part of this work, we investigated the bornologies of Bourbaki-
bounded sets with semi-Lipschitz functions on asymmetric normed spaces.
In the first section, we studied the concepts of uniform-continuity and semi-
Lipschitz functions. For instance, we illustrated in Example 5.1.1 and Lemma
5.1.1 that on the quasi-metric space (X, q) the uniform continuity of qs does
not imply the uniform continuity of q. However, we also studied the equivalent
characterizations of Bourbaki-boundedness on quasi-metric spaces. It was
noted that on a quasi-metric space (X, q), a set can be q-Bourbaki-bounded
and qt-Bourbaki-bounded but not qs-Bourbaki-bounded (see Example 5.2.1).
After introducing the concept of δ-chain in Definition 5.2.4, we constructed
the relation �δ and proved in Lemma 5.2.3 that it is actually an equivalence
relation.
In Section 5.3, we characterized those bornologies on asymmetric normed
spaces that can be realized as bornologies of Bourbaki-bounded sets. We
studied and compared the bornology of q-Bourbaki-bounded sets with other
bornologies. For instance, Remark 5.3.2 proved that on quasi-metric spaces,
the bornology of q-Bourbaki-bounded sits between the bornology of q-totally
bounded sets and the bornology of bounded sets but for asymmetric normed
spaces, the bornology of q-Bourbaki-bounded sets coincides with the quasi-
metric bornology in [52]. Finally, we proved that every real-valued semi-
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Lipschitz in the small function on a quasi-metric space is bounded if and
only if the quasi-metric is Bourbaki-bounded (see Theorem 5.3.2).

6.2 Research areas for future work

Our conclusion leads us to list some open problems that we came across
throughout our investigations. We would like to study these problems in
future work.

6.2.1 Bornology of bourbaki-bounded sets in quasi-
uniform spaces.

In 2009, Vroegrijk [55] studied the bornology of Bourbaki-bounded sets and
the bornology of totally bounded on uniform spaces. He extended the Hu’s re-
sults to uniform spaces by giving a characterization of uniformizable bornolog-
ical universes. He also proved that for a locally convex topological vector
space, the classical notion of boundedness coincides with Bourbaki-boundedness
with respect to the canonical uniformity. In 2012, Garrido and Meroño [18]
have characterized bornologies on a nonempty set X and obtained neces-
sary and sufficient conditions for a bornology to be uniformly metrizable.
More precisely, they considered the compact bornology, the totally bounded
bornology and the bornology of the Bourbaki-bounded sets.

Definition 6.2.1. [55, Definition 2.2 ] A subset A of uniform space (X,U)
is called Bourbaki-bounded if for any entourage B ∈ U , there exists a nutural
number n and a finite set F ⊆ X such that A ⊆ Bn[F ], where

B[F ] =
⋃
f∈F

B(f) = {y ∈ X : ∃ f ∈ F such that (f, y) ∈ B}.

A subset B of a uniform space (X,U) is totally bounded if for each entourage
U there is a finite partition (Bi)

n
i=1 of B such that Bi×Bi ⊆ U for each i ∈ I.

Lemma 6.2.1. [55, Lemma 2.6 ] For a set C of real valued mappings on a
nonempty set X, the following are equivalent:

(i) f(B) is bounded for all f ∈ C;

(ii) B is totally bounded in (X, C);

(iii) B is Bourbaki-bounded in (X, C).
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One can still ask about how to extend the bornological results of Vroegrijk
and Garrido-Meroño in [18, 45] to bornological universe of quasi-uniform
spaces. In short, how does one approach the following problems?

Problem 6.2.1. What is the relationship between the bornology of Bourbaki-
bounded sets on the quasi-uniform spaces (X,U) and (X,U t)?
Problem 6.2.2. Is it posible to use asymmetric version of Hu’s metriza-
tion theorem to quasi-metrize the Vroegrijk’s bornological universe on quasi-
uniform spaces?

6.2.2 Bornology of modular quasi-pseudometric spaces

Chistyakov in 2008 introduced the concept of a modular metric space induced
by F-modulars. In his PhD thesis, Sabogodi [22] introduced the concept of
modular quasi-pseudometric on a nonempty set, a concept that generalizes
modular pseudometrics to the framework of quasi-metric spaces. He also
investigated the topological aspects of a set equipped with a modular quasi-
pseudometric.

Definition 6.2.2. [22, Definition 3.1.1 ] Consider a nonempty set X. A
function w : (0,∞)×X ×X → [0,∞] is said to be modular quasi-metric on
X if it satisfies the following conditions:

(i) w(λ, x, x) = 0 whenever x ∈ X and λ ∈ (0,∞);

(ii) w(λ+ µ, x, y) = w(λ, x, z) +w(µ, z, y) whenever x, y, z ∈ X and λ, µ ∈
(0,∞);

(iii) w(λ, x, y) = 0 and w(λ, y, x) = 0 implies that x = y.

Theorem 6.2.1. [22, Theorem 3.1.2 ] Consider a nonempty set X and a
modular quasi-metric on X. Then the function qw on X defined by

qw(x, y) = inf{λ > 0 : w(λ, x, y) ≤ λ}
whenever x, y ∈ X is an extended T0-quasi-metric on X.

In our future work, we want to answer these questions in the framework of
modular quasi-pseudometric spaces.

Problem 6.2.3. How can one define the bornology of bounded sets of modular
quasi-pseudometric spaces?

Problem 6.2.4. What are the connections between the bornologies induced
by modular quasi-pseudometrics w and qw?

Problem 6.2.5. How do we study the bornology of qw-totally bounded sets
induced by a modular quasi-pseudometric qw?
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6.2.3 Bourbaki-completeness and cofinal Bourbaki com-
pleteness in quasi-metric spaces

In the year 2004, Lechicki and others [35] initiated a study of bornologi-
cal convergence for nets in metric spaces. They proved that convergences
are pretopologies and their families are essentially bornologies on X. In
addition, Beer and Levi [8] found another necessary and sufficient condi-
tions through the novel notion of strong uniform convergence on bornolo-
gies. Munkres [33] added by proving that Cauchy continuity is preserved
under uniform convergence on the bornology of totally bounded subsets but
uniform continuity is not preserved under uniform convergence on bounded
subsets. In [19], the authors introduced a new tool for the completeness of
metric spaces with respect to Bourbaki-boundedness ideas, that they called
Bourbaki-completeness and cofinal Bourbaki completeness. They also men-
tioned that the concept of Bourbaki-completeness is important to the devel-
opment of mathematical tools for bornologies. The above explaination lead
us into the following questions:

Problem 6.2.6. How do we introduce completeness of quasi-metric spaces
with respect to q-Bourbaki-boundedness ideas?

Problem 6.2.7. How do we study quasi-uniform convergence on the bornol-
ogy of Bourbaki-bounded sets?
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