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Abstract

For a > 0 and nonnegative integers m and n the classes A7, , of entire functions are
introduced. An entire function w belongs to A7, , if w is real on the imaginary axis
and has the form (ip)" " w(u) = x1(n) cos pa + i x2() sin pwa + (), where
x1 is a polynomial of degree n + 1 with leading coefficient i”T!, x, is a polynomial
of degree at most n, and W is small with respect to the other terms. When m = 0,
these functions are sine type functions. The functions in A7, , have infinitely many
zeros with explicitly given asymptotic behaviour, for which the first n 4+ 1 terms
in the asymptotics are determined by the coefficients in the polynomials x; and x».
Conversely, any sequence of complex numbers with such an asymptotic representation
determines a unique function from a class A5, , whose zeros are this given sequence.
Some explicit formulas for the direct and the inverse problem are provided.

Keywords Sine type functions - Asymptotic distribution of zeros - Inverse problem -
Exponential type

Mathematics Subject Classification 30D15 - 30C15

1 Introduction

The direct spectral problem for an ordinary differential operator is the task to find a
representation of its spectrum. The inverse spectral problem consists of two questions.

e Uniqueness of the spectrum: Does the spectrum uniquely determine the spectral
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problem? Often more than one problem with different boundary conditions for the
same differential equation is needed.

e Existence of the differential operator: Given a sequence of complex numbers, is
this sequence the spectrum of a differential operator?

The earliest comprehensive solution for direct and inverse regular Sturm-Liouville
problems was given by Borg [4].

Often, the direct and inverse problem are split by the introduction of an intermediate
function which contains the necessary information. For quite general operators or
relations, singularities of the (analytic) Weyl function provide such information about
the spectrum, see e. g. [2] and references therein. In special cases another approach is
based on the spectral function as initiated by Gelfand and Levitan in [6].

However, this paper will focus on regular problems on a bounded interval. Then
the spectrum is infinite and discrete, and in this case, the spectrum can be found as
the zeros of the characteristic determinant of the differential operator, which is an
entire function. Consequently, the direct spectral problem can be split into two tasks:
firstly, to find the characteristic determinant, and secondly, to find the zeros of the
characteristic determinant.

The characteristic determinant is defined via a fundamental system of the differen-
tial equation, which is explicitly known only in the simplest cases. Similarly, the zeros
of entire functions are only explicitly found for the simplest entire functions. Given
an asymptotic representation of a fundamental system results in an asymptotic repre-
sentation of the characteristic determinant. Also, for some classes of entire functions,
asymptotic representations of their zeros can be found, and this extends to the case
that the entire function itself has an asymptotic representation.

Consequently, problems will be considered for classes © of differential operators.
For each such class ®, the question arises how to describe the class 2( of characteristic
determinants of ©. And then, for each such class 2 the class € of its zeros will be
identified.

For the easiest Sturm-Liouville problems, the characteristic determinants are of the
form sin(p), where p is linear in the square root of the eigenvalue parameter. For more
general problems, the characteristic determinant behaves asymptotically like sin(p).
Such a class, called sine type functions, was introduced by Levin [8]. He proved
properties of the zeros A, of such functions and that the functions et e N, form a
basis in Ly-spaces. This type of basis problems has been initiated by Payley and Wiener
in [15]. Another particular basis property of exponential functions was developed by
Beurling and Malliavin in [3]. Levin and Ostrovskii [9] gave a comprehensive account
of properties of sine type functions, whereas in [1] perturbations of sine type bases
were investigated.

It was realized that characteristic functions of Sturm-Liouville problems with
various boundary conditions are sine type functions or closely related to sine type
functions, see e. g. [5, 11, 12, 14, 16, 17]. Here the boundary conditions may contain
the eigenvalue parameter.

For differential operators, only in the simplest cases the eigenfunctions are sim-
ple exponential functions, but rather perturbations of exponential functions in more
general cases. Furthermore, when e. g. the differential equation contains a damping
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term or the boundary conditions depend on the eigenvalue parameter, the operator
may have to be considered with nonlinear dependence on the eigenvalue parameter.
In such cases, only multiple completeness of the eigenfunctions can be expected, see
[18]. Another feature when considering completeness or the basis property is that
there may be multiple roots of the characteristic determinant. In this case, bases of
the corresponding root spaces or even associated functions for multiple eigenvalues
would have to be taken into account.

The spectral problem was solved for particular classes © in [11]. In these classes,
the boundary conditions depend on the eigenvalue parameter and therefore the eigen-
values are no longer real in general. In this case there is enough information to recover
the differential operator from its spectrum for just one set of boundary conditions. In
particular, there is a suitable one-to-one correspondence between the class of differ-
ential operators under consideration in [11] and the class of entire functions which are
given by the characteristic determinants.

Since the completion of the thesis [11], the monograph [14] superseded some of
the techniques used in [11] and those techniques and results from [14] can now be
employed for larger classes ©, which in turn leads to larger classes 2( of entire func-
tions. However, these classes 2 and the classes € of their zeros can easily be modified
by introducing parameters in such a way that definitions, statements and proofs can
be presented simultaneously for all parameter values. Indeed, the leading term of the
characteristic determinant may contain a positive power of p, which motivates the
introduction of the classes A7, , of entire functions for nonnegative integers m and
n, where m is the exponent of the leading power and » indicates the depth of the
asymptotic representation. Although in the applications in mind only m = 2 will be
used, it is anticipated that more general differential operators may lead to characteris-
tic determinants which belong to different classes A¢, . Thus such spectral problems
may already be partly solved in the current paper.

In this paper representations of the classes Z, , of the sequences of the zeros
of functions in A7, , are established, and it is shown that such a sequence uniquely
determines the entire function. In a forthcoming publication the results of this paper
will be applied to a string problem where a part of the string has zero density and
where the remaining part of the string may be damped.

In Section 2 the classes A7, , of entire functions are introduced, and some of their
elementary properties are shown. It will also be briefly discussed how these classes
relate to sine type functions. In Section 3, the asymptotic representation of the zeros
of functions in Aj, , are stated and proved. Section 4 is devoted to the development of
an algorithm to find the coefficients in the asymptotic representation of the sequences
in Z;, , from the coefficients of the functions in A7, . The inverse problem of finding
a function in A, , whose zeros have a prescribed form will be solved in Section 5.
Section 6 is concerned with applications to Sturm-Liouville problems with possible
damping. In this case, the characteristic function is a polynomial combination of
fundamental solutions, which will be shown in the above mentioned forthcoming
publication. For the case that the damping is proportional to the potential, it is shown
in this paper that a transformation of the eigenvalue parameter results in a characteristic
function which belongs to some class A7, . Finally, in Section 7 some partial recovery
of the coeffients of the characteristic functions considered in Section 6 from their
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spectral asymptotics are obtained, which will be used for the inverse problem in the
above mentioned forthcoming publication.

2 The Class A7, ,

Throughout this paper, a is a positive real number and m and n are nonnegative integers.
First, some well-known notation, definitions and results will be recalled.

As usual, O (1) and o(}) indicate boundedness or convergence to 0 as |[A| — oo or
x| — 0. If not specified, it will be clear from the context if |A| — oo or |A| — 0 is
meant.

An entire function which is real on the real axis is called a real entire function. An
entire function of exponential type < a is said to belong to the Paley-Wiener class £¢
if its restriction to the real axis belongs to L, (R). Plancherel’s theorem states that an
entire function w belongs to £¢ if and only if it is of the form

w(L) =/a§(t)cosktdt~|—i/a§(t) sinatdt, A eC, @2.1)
0 0

where &€, ¢ € L2(0, a), see e.g. [19, Theorems 48 and 50] and [20, Vol II, Chapter
XVI, (7.2)]. Clearly, such functions w are real on the imaginary axis if & and ¢ are
real-valued functions. It is well-known and easy to see that the integrability condition
holds if and only if the function w is in Ly (iy 4+ R) for any and hence for all y € R.
In view of (2.1) it is clear that w € £ if and only if @ is an entire function for
which @(1) = O (e!™*%) as [A] — oo and o is square integrable on iy + R for
some y € R. Let L4 denote the class of functions f which are analytic in a region
containing the set {A € C : [A| > R} for some R > 0, which satisfy O (e!™*1¢) as
|[X] — oo and which are square integrable on iy 4+ (R \ (—R, R)) for some y € R.
The set of functions in £¢ which are entire functions or which are analytic on C \ {0}
with a pole at 0 is denoted by L. Clearly, £ is the set of all entire functions in £¢.

Lemma 2.1 For each f € Lf there is a polynomial py with py(0) = 0 such that
f — Py € L% where Py is defined by Pr(n) = pf(,u_l)cos wa. Furthermore,
fuye Mmula = o(1) as |u| — oo, and Py is even or odd, respectively, if f has this
property.

Proof If f is an entire function, let py = 0. Otherwise, also the function F defined
by Fu) = L2
cos jua
for some polynomial py with p(0) = 0. Therefore F(u) — py (") is an entire
function. Then clearly Py(u) = py(i)cos pa belongs to £j, and f — Py € L
follows. Clearly, the principal part of F' and hence Py are even or odd if f has this
property.
Since each function g € £¢ satisfies e "™ g (1) = o(1) as |u| — oo, see [10,
Lemma 1.3.1], and since obviously e"Im/””Pf(M) = o(l) as |u| — oo, also the
function f = (f — Py) + Py satisfies e”Imula £y = o(1) as || — oo. O

has a pole at 0, and the principal part of F at O equals p (™
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For an analytic function f, the conjugate function f is defined by f(1) = f (%)
when 2 is in the domain of f. Then also f is analytic. When writing f (1) etc. for a
function value with generic A, then A will be a complex number in the (natural) domain
of the function f unless otherwise specified.

Definition 2.2 An entire function w is said to belong to the class Ay, , if it is real on
the imaginary axis and if it has the representation

n n
o) = (i/l)m+ZAj(iM)m7j7] cos pua + i X:Bj(iu)m*j*1 sin a

Jj=0 Jj=0
v
P 22)
(l ’u)nfm+1
where Aj, B; € Cfor j =0,...,n, and where ¥ € Lg.
Remark 2.3 Multiplying (2.2) by (i )"+ gives the identity
()" "o () = x1(1) cos pa + i x2 () sin pa + W (w), (2.3)
where
n .
XG0 = )"+ A, 2.4)
j=0
n
xe(u) =) Bjiw)" /. 2.5)
=0

In order to emphasize particular values of n, the notations ,¥, , x1, » X2, may be used.

Proposition 2.4 Forw € A}, the numbers Ajand Bj, j =0, ..., n, in(2.2) are real
and uniquely determined by w, and the function V in (2.2) is real on the imaginary
axis and uniquely determined by w.

Proof Two representations (2.3) with corresponding functions Xl[p ], Xz[p Iand WP for
p = 1, 2 lead to the identity

Ot = xP o) cos pa + i b o) — X (w) sin pa = WP ) — W),
(2.6)

Since the left hand side of (2.6) is an entire function, sois ¥ = W2 — Wl From ¥ €
L4 it therefore follows that W € £7. Observing that W () = o(1)e! ™ #1@ as |11] — oo
by Lemma 2.1 and evaluating the above identity at 2kwra~! and (2k + %)na’l for
(nonzero) integers k, it follows that each of the two polynomials xl[” — Xl[2]’ [=1,2,
tends to zero on a sequence of points tending to infinity. Therefore both polynomials

must be the zero polymomials, which shows that x; and x» are uniquely determined by
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. Hence the complex numbers A; and B; for j =0, ..., n are uniquely determined
by w. Then also W is unique.

Since w is real on the imaginary axis, it follows for u € iR that w () = w(—p) =
o(—u) = w(—u), which shows by the identity theorem that w (1) = @(—u) for all
u € C. Hence the representation (2.2) leads to

n n
o) = Gw™+ X:A_j(i/x)’"_j_1 cos pua + i X:B_j(iu)’"_j_1 sin ja
j=0 j=0

W (—p)
(i M)n—m+1 :
Clearly, with W e Lf also v e L, and hence the uniqueness result implies that
A; = Aj and B; = B;, which means that they are real. Finally (1) = W(—p)

shows that W is real on the imaginary axis. O

Remark 2.5 1. For n > 0, dividing (2.3) by i u gives

()" o) = p—1x1(1) cos ua +in—1 x2(1) sin ua
+ (i)~ Ay cos pa + i (i) By sinpa + (i) W (w),

which shows that this is indeed a representation (2.3) for n — 1 with
n-1W () = (i)~ Ay cos pa + i)~ By sinpa + ()~ n W ().
Therefore

A CA, (m >0, n>D0). 2.7)

m,n—1

2. When n > m — 1, then the left hand side of (2.3) is an entire function. Thus the
same holds for ¥, and therefore ¥ € £ whenn > m — 1. However, this need not
be the case when n < m — 1, as the following simple example shows.

Example 2.6 Let

7
() = (1 — (ip)~")cos pa + %

where W is of the form (2.1) with ;' £(r)dt = 1 and ¢ = 0. Then ¥ € £ is an
even function which is real on the imaginary axis and satisfies W (0) = 1, showing
that @ € Af . Now define

o) = ((iw)?* + DB(W).
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Then w € A7 , has the representation

()

o) = (i)’ —(lu))cosua+( PEE

where
v = (@~ = (w2 cospa+ (1 + 0 72) T

belongs to £{j. But W has a simple pole at 0, so that ¥ ¢ £9.

Remark 2.7 1t is sometimes advantageous to give the function ¥ some more structure.
Indeed, writing

W () = i By (i)~ sin e + Wy () + (i)~ Wo(10) 2.8)

with B, 11 € C, W, W1 € Ly it follows that W € Lf. Of course, B,y =0, Yo =0
and W = W is a trivial such representation. Hence, the representation (2.2) of w €
A7, can be supplemented by

n+1
w(p) = (lﬂ)m+ZA ()"~ cospa + i ZB (i)™= sin pa
Jj=0 j=0

Wy () Wo ()
(il/v)n_m+l (iu)”_m"'z '

2.9)

Proposition 2.8 For w € Ay, the number By in (2.9) is real and uniquely deter-
mined by w if V1 is an odd function.

Proof With the obvious notation for two versions of (2.8), the right hand side of (2.6)
multiplied by u is

(B2, — B ysin pa + pwP o) — Wi (w) — i (w) — v (w).

Observing that each entire function can be uniquely written as a sum of an even and an
odd entire function, it follows for the odd summand that (an+]1 — B[1 1) sinpa = o(1)
for u € R. Therefore also B, is uniquely determined by w if \111 is odd. The fact

that B, is real follows as in the proof of Proposition 2.4. O

Due to Propositions 2.4 and 2.8 it is convenient to make the following assumption
whenever referring to (2.9).

Assumption2.9 B, € R.
Below is the definition of sine type functions as given in [9].

Definition 2.10 ([8, §1]) An entire function w of positive exponential type is said to
be a sine type function if
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(i) there is & > 0 such that all zeros of w lie in the strip {A € C : [Im A| < h},
(ii) there are h1 € R and positive numbers m < M such thatm < |w ()| < M holds
for A € CwithImA = hyq,
(iii) the exponential type of w in the lower half-plane coincides with the exponential
type of w in the upper half-plane.

Proposition 2.11 Each entire function of class .A(“)’n is a sine type function of expo-
nential type a.

Proof Let w € Aj . The representation (2.2) of w shows that

() = cos pua + O (|M|_1) impla
Observing
| cos pal” = cos”(Re ua) + sinh” (Im pa) (2.10)

it is clear that the function w inherits the properties (i), (ii) and (iii) in Definition 2.10
from the function cos ua. O

Proposition 2.12 Let w and w be two entire functions and let p be a monic polynomial
. / . . /
of degree m’ such that w = i"™ pw. Assume that two of the three functions w, @, i™ p

are real on the imaginary axis.

a a
L Ifo e A, theno e A} .
2. Ifwe A%  andm’ < m, thenw € A?

m—m',n"

Proof Since two of the three functions w, w, i m’ p are real on the imaginary axis, all
three are real on the imaginary axis. In particular, i p can be written as

/

" p(w) = ™ | 1+ Y Ciiw @.11)
j=1

with C; € R. Then there is R > 0 such that

=™ |1+ D~ (2.12)

" p(u) e

with D; € R for [u| > R.
1. A representation (2.2) of @ with remainder function U' € LG and (2.11)lead to a

representation of w of the form (2.2) with leading term (i u)m””/ cos pa and with
remainder term

W(p) = O ") cos pa + O ysinpa + 0¥ (w)

which is analytic on C \ {0}. Clearly, ¥ € L{, and therefore w € A%

;o
m—+m',n
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2. This part of the proof is analogous to part 1 if one observes that the remainder
function of @ is the difference of functions which are analytic on C \ {0}. O

For a nonzero entire function f with infinitely many zeros, let Z(f) denote the
sequence of zeros of f, with multiplicites taken into account. The index set as well
as the indexing are arbitrary, which means that Z(f) is an equivalence class, and
whenever convenient, such a class is identified with any of its representatives. Finally,
let

331,)1 ={Z(w):we ‘Afn,n}'

3 Asymptotic Representations of Sequencesin 37,

In this section it will be shown that the zeros of functions in the class A7, , have a
very particular representation.

Theorem 3.1 Let w be an entire function of class A3, , and put k = I_%J + % Z=17
ifmisoddand Z = 7 \ {0} if m is even. Then there is a representatation ((y)rez of
Z(w) which has the following properties:

(i) there is a nonnegative integer ko such that [iy is pure imaginary for |k| < ko,
(ii) for k > ko it is true that Re uy > 0 and p—_p = —i;
(iii) as k — oo, the sequence has the asymptotic representation

7T ax, Q; Br
_ } :-j+1 J
He= (k=) = l k —k)  (k—r)rtl’ G.D

where Q; € R (j =1,...,n+2) and where (Bi);2, € b.

If ¢ € {0, 1} and i*Wy is real on the real axis for some representation (2.9) of w, then
(kRe(i" T BN, € L.

Proof If m = 0,leto(n) = po(p). Ifm=1,leto(n) = —iw(w).
In case m > 2 let I'y be the boundary of the rectangle with vertices +kwa~! +
ikma™', k e N. It easily follows from (2.10) that

| cos pa| > %e'lml"“, uweTly, keN.
In view of
o) — ()" cos pa = O (" Le! ™My a5 4 — 0o
there is k € N such that

lw () — (i)™ cos pa| < |(iw)™ cos pal for all u € Ty.
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By Rouché’s theorem, the function @ has the same number of zeros inside I’y as
1o (i ,u)m cos na, counted with multiplicity, that is, exactly m + 2k zeros. Let

1, ..., dm—1 be any m — 1 such zeros. Then an entire function @ is defined by
m—1
o) = (=" [Tew-Ep™"
j=1

By Proposition 2.12,2 and (2.7) it is true that i € A{, C A{ . Therefore, the
function @ has the representation

®(1) = 1 cos jua + Ag cos jua + By sin pa + ¥ (w),

where ;1\0, Eo € Cand I/ﬂ\ € L% By [14, Lemma 7.1.3.2] withe = 0 and 0 = 1, the
sequence (1) kez of the zeros of @, counted with multiplicity, can be indexed in such
a way that it has the asymptotic representation

o 1 01 B
= Zsenk(lkl— <)+ =L+ 2 3.2
Mk P sgn (| | 2) + 2 + X (3.2)

with Q| € C and (lgk)keZ\{O} €.

When m = 0, then ®(0) = 0 and it can be assumed that the sequence ({x)rez is
indexed in such a way that fip = 0. Form = Qorm = 1 and k € Z let ;i = [i.
Then (jix)kez is the sequence of the zeros of w.

Now letm > 2 and put k' = L%J For integers k > m let ;i = [tx_ . For these k,

- 1 0 B
Mk=z<k—/c/——)+ o1 + Pex

a 2 k—«'  k—«'
T
LA . (3.3)
k — k—«
with él = Ql and (Ek)]‘zim € . Clearly, also [y, ..., [l;y—1 can be written in this

way. For integers k < 0 if m is even or integers k < 0 if m is odd let gy = gy’
When m is even, then fi_; = 0,/—1 and [l = pm—w = My, and when m is odd, then
o = i and Wy, = Wp—’ = Hi11, SO that in any case the sequence (fix)kez is the
concatenation of the sequences (;’Zk)znz_ll and (1t )rez, that is, it is the sequence of the
zeros of w, counted with multiplicity. For k < —«’ it follows in view of (3.2) that

- m 1 01 | B
= ) = —— —k [ Y— = AL,
Mk = Wk-+i a( (k +«") 2)+k+;c/+k—/c’
é B
=——(—k 34
( k+«’ (34)

where (ﬁk)k —1 € l2. By (3.2), the representations (3.3) and (3.4) are also valid
form = Oandm =1.



The Direct and Inverse Problem... Page 110f37 103

In view of w(u) = @w(—w) the zeros of w are symmetric with respect to the
imaginary axis. Hence (3.3) and (3.4) show that ;i_; = —Jix for sufficiently large
positive integers k. Possibly reindexing finitely many terms of the sequence (iig)kez
gives a sequence (ug)kxez Which is the sequence of the zeros of w and which satisfies
properties (i) and (ii).

The proof of (iii) starts with the introduction of the auxiliary function f defined by

n
fw)y= 14> i7" 4w/t (1 +wz) /7! | sinza
j=0
n+l1
— X:i_ijwj“(l+wz)_j_1 cos za. (3.5)
j=0

Here any representation (2.9) of w is taken. The function f is analytic in both variables
near (0, 0) with f(z,0) = sinza. Hence f(-,0) has a simple zero at 0. Therefore,
there are positive numbers ¢ and § such that for all |w| < &, the function f(-, w) has
exactly one (simple) zero h(w) with |h(w)| < &, and the power series expansion

oo
h(w) = Zi-”lajwj (3.6)
j=1

holds, where the a; are complex numbers, see e.g. [14, Theorem 9.1.1]. Since the
numbers A; and B; are real by Proposition 2.4 and Assumption 2.9, it follows for
z, w € iR sufficiently close to O that also f(z, w) € iR, which shows that the zeros
of such f (-, w) must be symmetric with respect to the imaginary axis. But since the
zero h(w) of f(-, w) is unique, it must therefore lie on the imaginary axis. It follows
thata; € Rforall j € N.

Since

0
— f(0,0) =a,
0z
there is € (0, min{e, §}) such that
d .
af(z, w) —a = O0(|z| + [w]) if|z] <nand |w| <n.

1
For integers k > 1 let wy = a4 (k—k)""and let vp = ux — —. By definition
T W

of wy, wy = O(k~') as k — oo. Then by (3.3) and (3.6), also v; = ok
and h(wy) = Ok as k — oo. Observing that cos ura = (—1)F=*" sin vga and
sin uga = (— ¥ *+1 cos vga, it follows from (2.2) that

(_1)](,,(’,1 < Wy (k) Wo (1k)

(i pp)nt! (,‘Mk)n+2> = f(vk, wk) = [k, wi) — f(h(wk), wi)
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Vi 9
= f 8—f(C, wy) d¢
h(wg) 9%

Vi 9
= a(vx — h(wy)) +/ (8—f(C, wi) — a) d¢
h(wg) \0Z
= (v — h(wp)(a+ OK™"))

as k — oo. Therefore, there are k1 € N and a bounded sequence ((Sk),f‘;kl such that

_ k=1 (V) Wo (1) 1 &
M= R+ =D <(iuk>"+‘ * (iuk)"“) (a T > =k

This proves (iii) with

j
0j=a;(=) eR j=1...n+2, 3.7)
T

and

o0
+1, n+3 Sj+1 j—n=3
B = (k — )" wy E ' ajwy
j=n+3

k=1t [ Y1) Wo(w))(l 5_k)
e e ((iuk>"+1+<iuk>"+2 atx) ek

Here it is clear that the infinite sum including the factor in front of it satisfies O (k=2).
Since ¥ ji=W¥;— Py, € L9(j =1,2) by Lemma 2.1, their integral representations
(2.1) lead to (\le (,uk)),‘:ik1 € I, e.g. by applying [14, Lemma 12.2.1] separately for
even and odd k. Furthermore,

Py, () = O ") cos(ura) = O ) sin(wpa) = O (k). (3.8)

Altogether, (B1)p2, € b.
Finally, assume that i *W is real on the real axis and put
n+1

— _1 k—K/—l
Br,1 = (=1 2T

Wy (), k> k.
Then the previous reasoning shows that (k(8r — ﬁk’l)),‘(’ik1 € [,. Since

k
= = k(I + weop) ™ = Sk ke — k)7 (1 n O(k_z)) ,
Ik a

it remains to show that (k Imi[llll(uk)),fikl € Ip. Recall that puy = (k — K)% + v,
where v; = O(k~"). Applying [14, Lemma 12.2.1] separately for even and odd it



The Direct and Inverse Problem... Page 130f37 103

follows that
~ ~ b/ _
Vi) = T (k=07 )+ g0,
a

where (g(k))2 | € . With (3.8) it follows thatk Im i * Wy (ug) = Imi‘g(k)+ O (k™ 1),
and the proof is complete. O

Remark 3.2 The asymptotic expansion (3.1) has an ambiguity when Q, 7 # 0 since
the term i"13 0,12 (k —«) "% can be incorporated into Sy (k — k) —n=1 However, this
is not possible if additionally (k Re(i"t! Bi))ie, € [z isrequired. In this case, not only
Qo0, ..., Ont1 but also Q47 is uniquely determined by the asymptotic expansions
(3.1). Hence the additional statement in Theorem 3.1 is most useful in case £ = 1.

Remark 3.3 In the applications in mind, with n > m — 1, a result on continuous
dependence of the eigenvalues on a parameter will be used. First it will be shown here
that a simple bound of the imaginary parts of the eigenvalues can be found in terms of
the coefficients and the remainder terms in (2.2). Recall that ¥ € £¢ by Remark 2.5,2.
In view of (2.1),

\IJ(/L):/ E(t)cos,utdt—i—i/ C(t)ysinputdt, neC,
0 0

with &, ¢ € L1(0, a). For w € A7, with the representation (2.2) define

Co =Y (A1 + B +aZ (€], + I¢IILy)- (3.9)
j=0

Proposition3.4 Letn > m — 1, w € A;, , and n € C such that || > 1. Then the
estimate |w(w) — (ip)" cos pal < |pu|™'C, cosh(Im ua) holds.

Proof The identity (2.10), the corresponding identity for sin na and Holder’s inequal-
ity for the representation of W show that

n
(1) — ()" cos pal < |ul"~" > (1A;] +1B;]) cosh(Im pa)
Jj=0

_ 1
+ ™! cosh(Im pa)a (1|, + 1€ 11L,)
= C,|p|" " cosh(Im pa).
O

Corollary3.5 Letn >m — 1, w € A5, and n € Csuch that |n| > 1. If Re pa = kx
with k € Z and |Repu| > Cy or if |Impu| > max{a~!coth™' 2,2C,}, then the
estimate |w () — (i)™ cos pal < |(in)™ cos pa| holds.
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Proof If the condition on Re p is satisfied, then Proposition 3.4 and (2.10) give
lw(p) — (in)™ cos pal < |u|™ cosh(Im pa) = [(ip)™ cos(ua)l.

If the condition on Im u is satisfied, then similarly

lw(p) — (i)™ cos ual
1
< §|,u|m| coth(Im pa)| | sinh(Im pa)| < |(iw)™|| sinh(Im pa)|

< ()" cos(ua)l. O

An immediate consequence of the above corollary is the following rather explicit
simple estimate of the imaginary parts of the zeros of functions in A7, , which may
be of independent interest. If desired, it could be improved.

Corollary 3.6 Letn >m — 1, w € A% and u € C such that || > 1 and | Im p| >

m,n

max{a~! coth™' 2,2C,}. Then w() # 0.

Theorem 3.7 Let n > m — 1. Let X be a connected topological space and let F -
X x € — C be continuous with F(x,-) € A}, for all x € X and such that
{Cr(,) : x € X} is a bounded set. Furthermore, assume that there are two disjoint
open subsets Q1 and 2y of C such that for all x € X all zeros of F(x, -) belong to
QLU For j =1,2and x € X let Nj(x) be the number of zeros of F(x, -) in Qj,
counted with multiplicity. Then N1 and N> are constant functions.

Proof Chooserealnumbersci > sup{Cr(x,) : x € X},c2 > max{a™! coth™1 2, 2ct},
and apositive integerk; > aw ~l¢y. Let Ry be the rectangle with vertices £kja™ Ttie),
for integers k > ki let R,j' be the rectangle with vertices ka~! & ic; and (k + 1)a~' +
icy, and R, the rectangle with vertices —ka= ' +icy and —(k + l)a_1 + icy. By
Corollary 3.5, the estimate |F(x, z)(i) — (i)™ cos pal| < |(iu)™ cos pal holds for
all x € X and all z on the boundaries of Ry and R,j', R, (k > kp). This estimate and
Corollary 3.6 imply that all zeros of all F(x, -) (x € X) lie in the interiors of Ry and
the R,j, R, , and by Rouché’s theorem, the numbers of the zeros inside each of these
rectangles, counted with multiplicity, is independent of x. Applying [13, Corollary 5]
to the restriction of F to the interior of each of these rectangles completes the proof.

O

Remark 3.8 The above theorem is of course only useful if one of the functions Nj or
N has a finite value. But it may be worthwhile to mention explicitly that the numbers
of zeros of F(x, -) inside the intersections of £2; with any of the rectangles occurring
in the proof of Theorem 3.7 is finite and independent of x.
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4 The Coefficients in the Asymptotics of the Sequences in 37, ,

Recall the following well-known formula. Let g be a positive integer and let 2?0:0 Cp.j»

p=1,...,q,be g absolutely convergent series of complex numbers. Then
q ) 00 q
1_[ Zcp,j =Z Z Hcpslp’
p=1 \j=0 J=07eNd p=1
[l|=j
where |l| =11 +---+ 1, forl =(l1,...,])) € Ng.

Writing (3.5) as
f(z,w) = (1 + ¢¥s(z, w)) sinza — Y. (z, w) cos za

it follows that

n

oo .
. . —i—1
Uszow) =Y i Aty j( ’k )wkzk
k=0

J=0

oo r—1 k—r
:Z Z ( . )ikrAr_k_lwrzk,

r=1 k=max{r—n—1,0}

and therefore

n+1r—1

Y (h(w), w)y =Y ">~ (" R r)ik—’Arklwf(Mw))k +OoW").

r=1 k=0

An application of (4.1) gives

o0 k o0
(h)* = [ D i ajw! | = i wlg,
j=1 j=k
where
k
8k,j = Z Halp when k > 0, goo =1, go,; =0 when j > 0.
[eNF p=1

ll1=j

Also observe that

g1,j =ajforj>1.

4.1

4.2)

(4.3)

4.4)
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Hence

n+1 r—1 min{j,r—j—1} k—r+j '
s (h(w), w) = Z Z Z ( B )(—1)k+fAr_,,_k_1gk,,,
- O(w"“).

In the same way one obtains

n+1 r—1 min{j,r—j—1} k—r+ ]
— c—r+1 - k+j
Ye(h(w), w) =Y i wa > ( B )(—1) By j-k-18k,
r=1 j=0 k=0
+0(wn+2)_
Furthermore,

i — .- _ k; 2k+1
sin(h(w)a) = ) (=D =g (hw)a)

k=0

Z k at ! i j+2k+1
=) (1) ——— i’ w! gok41,j

Y ,
2k + l) S

n+l | L 5 J 2k+1 5
_ Jj+ J - 0 n+

]2;1 " Z QT oW

and similarly
n+1 gk

cos(h(w)a) = Zz w’ Z sk Ow"*?).

Substituting these representations into (4.2) and observing that f(h(w), w) = 0 itis
seen that the coefficient of w® fors = 1, ..., n + 1 satisfies the identity

17 g2+
_ s+1
0= Z m82k+1 .8

r—1min{j,r—j—1} k—r+j
5 (50 D VI (VAR TR

Jj=

Lsfrfl |
ss—r+1 . a2k+1

X |1 o 82k+1,5—r
, :
— (2k+ 1)
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rlmm{]r]]}k F+j
—r+l B k+j
Dl e S S A 1

L%J 22k

x [ Z Gk |- 45)

Moving the term for k£ = 0 in the first sum on the right hand side to the left hand side,
dividing both sides by i*~!a and observing (4.4) gives

ﬁ
©

0 |

i

a2k
ag = — mgﬂcﬂ X

»
I
-

k—r—+j

r—1 min{j,r—j—1}
(7

—Z< 0 Z Z
1= a2k

E 82k+1,s—r
|
P 2k + 1)!

r—1 min{j,r—j—1} k—l’-l—j '
+Z< 1 Z Z ( . )(—1>’<+fBr_,~_k_1gk,,~ x

L7 ok
!
= (2k)!

)(—1>"+f Ar—jk—18kj |

82%k,s—r | - 4.6)

Note that by (4.3) the terms g ; depend on a, for exactly p < j — k + 1 when
k > 0. Hence the right hand side of (4.6) depends at most on the a, with p < s.
Consequently, the numbers Q; can be found as follows.

Proposition 4.1 The numbers Qs, s = 1,...,n+ 2 in (3.1) can be evaluated recur-
sively by (3.7) and (4.6).

Remark 4.2 1t is easy to see that a; = —Boa~! and that, fors = 2,...,n + 2, the
A; and B; with the highest indices on the right hand side of (4.6) occur when r has
the largest possible value and j = k = 0 in the corresponding sums. This shows for
s =2,...,n+ 2 that

aas + (=1 aaiAs_y + (=1)* "' By,
only depends on a; with j < s — 1, A; with j < s —3 and B; with j < s — 2.

In particular, a» = (B; — AgBo)a~!. Also recall from Remark 3.2 that 0,1 is not
unique without an additional assumption on the sequence (,Bk),f‘;l.
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A tedious but straightforward calculation gives some more terms under the assump-
tion that Q> = 0. We summarize these results below.

Proposition 4.3 1. The numbers Q ; for j = 1,2 in Theorem 3.1 are

By a
Q1r=——, Q2= (B1—AoBo) .
T T

2.1f Q2 = 0, then the numbers Qj for j = 3,4, 5 are

a? I 5 a 5 a’
Q3=; Dl—gBo _FBO’ Q4=F(D2+AOD1),
a* a’ a’
Os = —5ds4+ 5953+ 5452,

where

Dy = A1By— By, Dy = B3 — A3 By,

1
G54 = —Ba+ AoDy + (A3 + B} — A1) Dy + A3Bo — S5,

4
gs,3 = 4BoDy — 538, qs2 = —233.

5 The Inverse Problem

Theorem 5.1 Let Z = Z or Z = 7\ {0}, let k' be a nonnegative integer and put

K =/</+%.Letm =2c"if Z=7\{0andletm =2k’ +1if Z = 7. Letn > m — 1

and let (k) kez be a sequence of complex numbers satisfying the following conditions:
(i) there is a nonnegative integer ko such that (i is pure imaginary for |k| < ko;
(ii) for k > ko it is true that Re uy > 0 and p—p = —pty;

(iii) as k — oo, the sequence admits the asymptotic representation

n+2

_z _ i+l Qj Bk
= (k x)+;z 7

— K)j (k _ K)n+l ’

5.1

wherea >0, Q; € Rfor j =1,...,n+ 2, and where (Br)72 | € l.
Then there is a unique entire function @ € Ay, such that (1)kez is a repre-
sentation of Z(w). Furthermore, there is a nonzero real number c such that

o) = e’ lim  T] (1 — i) , (5.2)
A/—>°°k . Mk
€Z, |k|<j
k70

where d is the number of occurrences of the value 0 in the sequence ((ix)kez-
If (k Im(i"ﬂk)),fil € Iy, then the function V1 in the representation (2.9) of o can
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be chosen in such a way that V1 is an odd function which is real on the imaginary
axis.

Proof Let ko = max{0, ko — «'}. For k € Z \ {0} set

~ Mk+k! if k > O,
MKk = .
Wi—er 1fk <O.

Then [i; is pure imaginary when 0 < [|k| < ko. When k > ko then Re fiy =
Re g4, > 0 and

Ak = fkmr’ = —Rkti’ = — k-

In the case k > 0,

x
=
[
I

=5 (- 3) N TR B
a 1\J 1\n+1
ot (k=3)" (k—=7)

T, 1\, it . B
=a<k—§>+2ﬁ+(—l) JEESg
j=1 (k= 3)

where clearly (Ek),fil € lp.

Defining the numbers a;, j = 1,...,n + 2, by (3.7), Remark 4.2 shows that there
arereal numbers A, j =0,...,nand Bj, j =0,...,n+ 1 such that (4.6) holds for
s = 1,...,n+ 2. Observe that these numbers are not unique. But if By, Ag, By, ...,
As_3, By are given and A _» is arbitrarily chosen, then (4.6) for s is satisfied for a
unique B;_1. Let

n n+1
Do) = | (" + > A" | cospa+i | D Bi(ipw)" | sinpa.
j=0 j=0

Clearly, @y is an entire function which is real on the imaginary axis. There are real
polynomials & and ¢ such that, fork =0, ...,n + 1,

a
ik / k(1) dt = —a (0) if k is even,
0
a
i* f ey dt = =03 (0) if k is odd.
0
Then

V() = /ug(t)cosutdt+i/a§(t) sin pt dt
0 0
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defines an entire function ¥ € £¢ which is real on the imaginary axis. Since

O () = /O ’ t*&(t) cos® purdt +i /0 ’ *¢ @) sin® pr dr
for k € N, it follows that
X0 +9P0) =0, k=0,....,n+1.
Let
o) = ()~ " @o(w) + ¥ (). (5.3)
Then @ is an entire function which belongs to Ag.n- By Theorem 3.1 with m = 0

the zeros fix, k € Z \ {0}, of ® have a representation like i with the same Q;,
j=1,...,n+2,since (4.6) is satisfied. Therefore

R - 1 n+2 ij+le ,B\k
Mk:;<k_§>+];m+k”+l fOI'k>O,

where (@c)/f(;] €.
Choosing k; > 0 such that Re iy > 0 and Re ity > O for k > k it follows that

Vk

W for k > k[ (54)

Wk = [k +

with (Y2, € 2. Dueto iy = —7lx and Ji_; = —Jiy for k > ki, (5.4) extends to

k < —kj, with (yk)k_il—oo € I,. In view of Proposition 2.11 the function @ is a sine
type function of exponential type a. Hence [14, Lemma 11.3.15 and Remark 11.3.16]
shows that there is a sine type function @ of exponential type a such that (ﬁ!& VkeZ\{0}
is a sequence of the zeros of @ and that there are complex numbers Ci, ..., C,+1 and
a function J € L% such that

) =04+ Ciu - 4 Copn " Hd(Ww) + T (™, we C\{0§5.5)

It is clear that with @ also @ has a representation of the form (2.2) with m = 0.
The function u — @(—7x) is a sine type function of exponential type a with the same
zeros as . But up to a constant factor, sine type functions are uniquely determined
by their zeros, see [14, Lemma 11.2.29]. From @ € A(“),n and from (5.5) one finds

lim @QrkaH=1= lim ®Qrka™ ),
k— =00 k— =00

which implies that this constant factor is 1, and hence @(u) = @(—u). Therefore @
is real on the imaginary axis, and it follows that & € Af .
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Let

Py = ] G —m)).

keZ
k<«

For k € Z with |k| < ko the number 4 is pure imaginary, and therefore each of the
factors i (u— g ) in P with |k| < ko, if any, is real for pure imaginary p. The remaining
factors, if any, in P occur in pairs with the indices k and —k for kg < k < «’. But for
these k and i € iR we have

i —ip—f =i +1i0, =in — 1.

Altogether it follows that P is real on the imaginary axis.
The function P is a polynomial of degree m, and

~

w:= Pw (5.6)

is an entire function whose zeros coincide with the sequence (1tx)rez. From@ € Ag’n,
(5.5) and (5.6) it follows that @ has the representation (2.2), and w is real on the
imaginary axis since P and @ have this property. Thus it has been shown thatw € Ay, .

Now let two € A% ,, be such that (px)kez is a representation of Z(wq). By Proposi-
tion 2.12, wp = %2 belongs to Aj , , which is a sine type function of exponential type
a by Proposition 2 11, and (uk)kez\{o} is the sequence of its zeros. Again, because
of the normalization, this function is uniquely determined by its zeros, and therefore
o = @, which leads to wg = w. Thus it has been shown that w is unique.

Since @ is a sine type function, it follows from [14, Lemma 11.2.29] that there is a
complex number ¢ such that

=’ tim ] (1—i), (5.7)

k' <|k|<j, uk#0 Mk

where d is the number of occurrences of the value 0 in the sequence (f4k)k|>«’- Then
(5.2) with a nonzero complex number ¢ follows from (5.6), (5.7), and the definitions
of P and Ji. From the fact that (ip)?, 1 — /L,uk_l for |k| < ko with ur # 0, (1 —
/L,bbk_l)(l — u,u:,i) for k > ko, and w () are real for pure imaginary u it follows that
c is real.

Now assume that (k Im(i" ;)2 € l». There is a number k; > max{ko, '} 4 1
such that

n+2 jJt1 0, j—ntl Im(G" B
)
= —(k— , k>k,
( )+Z(k— (k—K)”'H =M
satisfies Re vy > 0 for k > ky. For k < —k; put vy = —V_, and for k € Z with

|k| < k1 put vy = ug. The sequence (vi)rez satisfies the assumptions (i)—(iii), with
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possibly larger ko and with n replaced by n -+ 1. But by what has already been shown,

it follows that there is x € Am 241 Whose sequence of zeros is (vk)kez. Putting

Bx.r :=Re("Br), k=ki,

it follows for k > k; that

F—n

i
M — Ve = wﬁk,R

(k

—n—1
= ey, Sk,

where

. Vi n+1
e =1 and §; = p— Br.R-

Since the polynomial P, defined above, is the same for w and yx, % can be written
as a quotient of two sine type functions. Clearly, (&dx) k>« € l2, and in the proof of
[14, Lemma 11.3.15, (11.3.32)] it was shown that, for some H > O and all u € C
withIm u > H,

n+1
log C;EM; =Y Ciliw T + q(wyipy !
j=1

for suitable branches of the logarithm, where

C]+1—11+1 hm Z/ t/dr, j=0,.

Ikl k1
l
Mk r"+1
g(w) =" lim Z/ dt
Tk e TTH

Here it has to be observed that w(iy)(x(iy))~! — 1 as |y| — oo, y € R, due to
the representations (2.2) for w and x and that n in [14, Lemma 11.3.15)] has to be
replaced by n + 1. Therefore

w(w) = Fw exp (a0 ™).

where

n+1
X(w = xwexp | =Y Ciiw™
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Since x € Aj, ., an expansion of the exponential function into a power series in
(i)~ " gives
n+1 n+1
Xy =G+ Z Aj(iu)m_f_1 cosua +i Z Bj(i,u)'”_/_1 sin pa
j=0 Jj=0
V(w)
(il,L)”_'"+2

with Zj, EJ- €eCand VU ¢ Lg.

In the proof of [14, Lemma 11.3.15, pp.342-343] the function ¢ was written as
q = q1 + q2, and the estimates there show that g5 is analytic and bounded on each set
C\AswithAs ={u € C:3k € Z |u— vi| < 8}. Also, the estimate [14, (11.3.34)]
holds for all u € C which have a uniformly positive distance from all line segments
from vi to wug, |k| > k1. Together with [14, (11.2.28)] one can conclude that for each
n > 0 there is R; > 0 such that g; is bounded on

Q; ={ueC:lul > Ryand | — vg| > n, k| = ki}.

In [14, p. 343] it was also shown that ¢ € L, (iy + R) for sufficiently large y > 0, say
¥y > Ry. The proof there easily extends to the case y < —R,,.
The properties of g stated above show that

exp (W™ ) = 14w ™" +qW o™, pe,

Therefore

n n
o) = | Gw™+ Z Xj )™ cos pa + i Z Ej(iu)m_j_l sin ua
j=0 j=0
()
(iM)n_m+1 ’

where

W (1) = Aps1 (i) 7" cos pa + i By (i) ™" sin pa
+ @07 F0 [400 + g 0™ H] + (0T T, e 2.

For any 0 < 1 < 7 the number R, can be chosen in such a way that the disks
{neC:ul <Ry}and {u € C: |u—v| < n}, vkl = Ry, are mutually disjoint
and that |v| + n < R, when || < Ry. Since U and U are analytic on C \ {0},
the third summand of W' has an analytic extension to C \ {0}. Due to ¥ € L§ and
the boundedness of ¢ on €2, it follows from the maximum principle that this third
summand satisfies the estimate O (e!/'™*l7) as |A| — oo. Furthermore, Lemma 2.1



103 Page 24 of 37 M. Moller

then shows that this third summand is also square integrable along any line iy + R
with y > Ry. Therefore Wi e £ Since 0 is a pole or a removable singularity of W7,
it follows that U' e L.

Clearly, 2k% € Q, for sufficiently large k € N, and therefore \PT(Zk%) — O as
k — o0. Using the corresponding notations XJT as in (2.4) and (2.5) and with the
representation (2.2) for w it follows as in the proof of Proposition 2.4 that x| (Zk%) —
Xf(Zk%) — 0 as k — oo and therefore Xik = x1. Repeating this procedure now with
a sufficiently small § > 0 for the points 2kZ 4 § shows that x{f sinda = xz sinéa.
As in the proof of Proposition 2.4 one can now conclude that A; = A; € Rand
BJT. =AjeRfor j=0,...,n,and therefore U=y,

Defining

Wi(u) :

1
z(‘l’(M) — V(=p)),

Yo (u) : %(‘I’(M) + W(—p)) — i By sin pa,

gives a formal representation (2.9) with Wy € L. Clearly, ¥ is an odd function which
is real on the imaginary axis.

To obtain the representation (2.9) for w it remains to be shown that Wy € £j. Note
that Proposition 2.8 then would give B, 11 € R and that B, 41 is uniquely determined.
Write

Wo() = Wo,1(n) + Wo2(u) + Wo3(n) +Woa(u), u €2,

where

1
Wo,1(n) = Ei“ cos pnalg(u) + g(—w)l,

1 -
Wo2(p) = E[UM)_mHX(M) — i cos ualg (i)

1 ~ .
- 5[(—!’#)""“ X(—1) + i cos palg(—pm),
Wos3(w) = Gu) "X (g o™ + ()™ x(—u)g (=)o (u™"),
1 ~ ~
Wo.4(0) = S 1P () = F(=p)].
Clearly, Wo4 € L& and Wo ; (1) = max{lg(w)l, lg(—w)[}O(e!™Hal) for j = 2,3

and p € Q.
It remains to investigate Wy 1. For |k| > k; and p € €, consider

Lk n+1
_ MUt
8/ dt = qi,1 + qr2(1),
Vk T— M
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where
Kk .
qk.1 = —E/ ",
Vk
Wk .L,n+2
qr2(pn) = 5/ dr.
w T M
Then

~ 1
Wo,1(p) = Ei[uq(u) — (—w)g(—p)]
I
1
= —~ lim [(gk,1 + gr2(w) — (g1 + gr,2(—))]

2 -0
|k|=k1

1 o0
=—5 ka: (92010 + gk 2 (1) — G2 (—1) — gk 2(—40)].
=K1

It is clear that n and R), can be chosen in such a way that [vy — Re v| < % when
[vk| = Ry. For k > ki and u € 2, one calculates

1 n+2
_ " (ke + (ke — vi))
= — dt
qr2(p) =& i — o) — 1t (ke = i)

1 n+2
_ VkSk/ (gk (1)) d.
0 Vkgk() —pu

where
gr(t) =1+ tsvk_”_28k.
Observe that
ge(t) =1+ 0Bk
for k > kq and uniformly in ¢ € [0, 1]. Furthermore,
Imv, = O(k™2), k> k.
The straightforward estimates

Sk (g ()" Rewedi(gr ()" O™ PR

vigk(t) — 1 Ve gk () — 1 Revp —p '
Re v 8y (gk (1)) 2 Re vk Ok Br.r

kg (t) — 1 vkgr() — . Revg—p
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Re vidk Re v ér _ Re vidx (Re v — vigr (1))
vegk(t) — e Rewvg —p (vegr(r) — pw)(Re v — )
_ 0k ™)Br.r
Revy —
show that
vk (e Rewde O HBir
wgk() —p  Revg—pu  Revg—p
With
= B, R _
Sk — Ok U=yl (UI?H - (Vk)nH)

(
Re vy n+l Im v n+l Im v n+l
(k—K) ﬁk’R((1+lRevk> _<1_lRevk>
n+1 n n

= (fi"ﬁ) Bk ((1 0w )" - (14 06 “)
= OBk

it finally follows that

RewyRedy  O®k™hH
k2 (1) = + Bk,r, k=ki, ne,
Revy — Revy —

For k > ky and u € ;) it follows due to v_; = —Vg and u_; = —fuk that

1 - T — 7))t 2
_ vk + t(k — vk)) _
i )=s/ O (fix — Vo) dt.
A-k2t 0 Vi + (e —vE) +

Therefore

q—k2(—1) = gk 2(1),
which gives

Ok _1)

Qe 2 () — g 2(—p) = R ﬁk R, k=>ki.
cv

Then Holder’s inequality shows that

W1 (wI*=00) Y

[k|=ky

IR sz”

k>kj
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where Re vy + © = —(Re v_; — ) has been used. In particular, @0, 1 is bounded on

;. But
/‘O" dx _/OO dx  m
—oo |ReVE — (x +iy)|? —oo X242yl

shows that
oo P
/ |‘I’0,1(X+iy)|2dx <00, y=>R,
—0o0

Since Wo 1(n) = cos(,ua)@o,l(,u), it follows that all four functions Wo ;, j =
1,...,4, satisfy the estimate O (e/™*aly on 2, and that they are square integrable
oniy + R for y > R,. Then also their sum Wy has this property. Furthermore, Wy is
either an entire function or is meromorphic with exactly one pole at 0. The maximum
principle then shows as above that Wy € L. O

The general statements of Theorems 3.1 and 5.1 can be considered as the main
result of this paper. By Theorem 3.1, Z(w) for v € A7, , has the properties (i)—(iii)
in Theorem 3.1. Conversely, Theorem 5.1 shows that any sequence (uy)rez With
these properties gives rise to a unique w € Aj, , such that Z(w) has a representation
(uk)kez- Hence the following result has been shown.

Theorem 5.2 For each a > 0 and all nonnegative integers m and n the sequences in
Z,, n are described by the properties (1)—(iii) in Theorem 3.1 or 5.1, respectively. The
map Z from A5, to Z,, , is bijective.

6 The Functions sg and s

Consider even real entire functions sg and s; which have representations

sin Aa Z sin® ra lﬁo()»)
nj

so(A) = Tt (6.1)
()
sinV Aa Y1 (D)
s1(A) = cos ha + ZK,- Ve T 6.2)

J=0

where the 7; and «; are real numbers and v and /| belong to £¢.
Since even real entire functions are also real on the imaginary axis, the functions
so and s are real on the imaginary axis. Then (6.1) and (6.2) show that

Yo(h)

)JH’Z

cRa diﬂl()
At

e Rfori € iR\ {0}. 6.3)

Let o € R. Putting T(A) = /A2 — 2ipA and observing that sy and s are even
functions, it follows that s; o T is a well-defined entire function for j = 0, 1. Letting
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W= A—ip gives

T(W) =T =/ + 0% (6.4)

With some abuse of notation, the number 7 (x) may be written as T when convenient.
For definiteness, take a branch of the square root for which t(x) > 0 when © > 0
and such that 7 is analytic on C \ i[—|p], |p|]. Consider the entire function

o) =¢0) = [ Y ;M) | si@)+ [ DB | so), (6.5

J=0 Jj=0

where the numbers «; and 8; are real numbers with o, = 1.

This function is similar to the function considered in [14, (7.3.10)]. However,
whereas the leading term of the function considered in [14, (7.3.10)] is a multiple
of w sin pa, the leading term of ¢ is a multiple of u” cos na. Therefore, nontrivial
modifications are needed.

Lemma 6.1 The function ¢ belongs to the class Ay, . If n is even, ¢ has a repre-
sentation of the form (2.9) with an odd function V1 which is real on the imaginary
axis.

Proof The function ¢ is real on the imaginary axis because s; and s, have this property.
Since asymptotic representations will be shown, the following representations of T and
L in terms of u when |u| > lo| will be used:

T
2\ 2 > /1 2j
4 4
T=M<1+—2> ='U“+Z<j'>—'—l’ (6.6)
1 ) Q2 -2 o _% QZj
For nonnegative integers j and for r € R one has

sin) 77 = sin/) utcos(t — pu)t + cos? ut sin(t — p)t. (6.8)

The expansion (6.6) of T shows that cos(t — p)a and sin(t — p)a have power series
expansions in terms of w~ ! for || > |o| with the constant terms in these power series
being 1 for cos(t — w)a and O for sin(t — p)a. From (6.1), (6.2), (6.5), (6.6), (6.7)
and (6.8) it follows for || > |o] that

o0 o0
() = | Gu)™ 4—2:Aj(i,u)’"*j*l cospa +i ZBj(iu)'"*j*1 sin ua
Jj=0 j=0
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U ()
(iﬂ)n_m+2
n ) n+1 )
= (iu)m—i—ZAj(i,u)m_]_l cos pua + i X:Bj(iu)m_f_1 sin pa
j=0 j=0
W(w) 6.9
Gy ©9
where Aj, Bj e Rfor j =0,1,...,
- Y1 (1) - Yo(7)
V() = ("2 | Y a0 | S+ G T Y BT ) a
j=0 j=0
and
o0 o
U =T+ | Y A" fcospa+i | D Byt | sinpa.
Jj=n+1 Jj=n+2
Forr =0, 1 let

Ur (1) = (W (2) — Y ().

Since s; is an even function for j = 0, 1, v, is an even function when n +r is even and
an odd function when n + r is odd. Therefore, because of i € L, the representation
(2.1) shows that there is & € L»(0, a) such that

V(7)) = /a £-(1) cos”") tr dt.
0

In view of (6.8) with j =n +r + 1,

Ur(p) = 1 f ’ £ (1) cos""*") ut (cos(t — pyt — 1) dt
0
— (T — ) / ’ t&,(1) sin™*") pr dr
0

—n / ’ £-(1) sin"*") ut (sin(r — )t — (t — w)t) dt. (6.10)
0

Since cos(t — w)t — 1 = O ([(x — w1t?) = O ((rt —w?) = 0 (u™?), sin(r —
wt —(t—wt =0 ([(x — wt*) = 0 (k%) and (r — p)u = O(1), it follows that
the first and the third term on the right hand side of (6.10) satisfy O (||~ elTm#1)
as || — oo, whereas the second term is the product of a bounded function and a
function in £¢. Hence 17fr e LA,
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When n + r is even, the functlon ¥y is an even function, so that u +— ¥, (7(w)) is
an entire function. Therefore also 1//, is an entire function, which shows that 1/fr e L?
when n + r is even.

If n + r 1s odd, let

Ur () = T () — i ().

In this case, © — T(w)¥,(t(w)) is an entire function, and therefore also {ﬁ\, is an
entire function. Furthermore,

V() = (W (1) — ¥ (W) + (T — ¥, ()
=t (1) + (T — WY ().

1

Since 1’;, € L% and Y, € L% and since T~ and T — p are bounded as || — oo, it

follows that ¥, € £9 when n + r is odd.
Clearly,

() = ()" P2 My (1) + 0y (v) + O (D)o (o).

If n is even, then

@ = )
_ M—n—Z [1 +0 (M_2>] (l“ﬂl () + {0\1 (/1«)) .

If n is odd, then
@) = w2140 (172) | (0 + T )
Putting
W) =" o), o () = B ) — ipW (),
it follows that Wy ; € £% and ¥ 1 € £a. Furthermore,
\IJ(M)—\TJ(M)z n+1cos,ua+0< )cos,ua—i—O( )sm,ua

Letting

1 1
Wia(n) = —iAnti <— COs pa — —— sin Ma> )
2 u=a

Wo o) = W(p) — B (p) —ipWy 2(p),
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it is true that W1 o € £% and W7 € £%. With
Wy =Wy 4 Wi € L9 W= Vo + Yo € L9,

the identity

W) Wi Wo ()
(iM);z—m+2 - (i,u)”_m'H (i/L)"_m+2

holds. Hence ¢ belongs to the class Aj, .

Clearly, W > is an odd function which is real on the imaginary axis. If n is even,
then /1 is an odd function and pure imaginary on the imaginary axis by (6.3). Hence
W 1 is an odd function which is real on the imaginary axis. Therefore the function W
is an odd function which is real on the imaginary axis if n is even. O

Corollary 6.2 Putk = L%J + % Z =Zifmisoddand Z = 7\ {0} if m is even. Then
the zeros of ¢ defined in (6.5), counted with multiplicity, can be written as a sequence
(M) kez with the following properties:

(i) there is a nonnegative integer ko such that ,y is pure imaginary for \k| < ko;
(ii) fork > ko it is true that Re A > 0 and A_j = —Aks
(iii) as k — oo, the sequence (Mx)kecz has the asymptotic representation

b4 A, Q; B
_ } : 41 J
Me = a (k=) j:()l k—k) — (k—x)rtl’ (6.11)

where Q; e R(j =0,...,n+2) with Qo = o0 and where (ﬂk),fil €.

If € € {0, 1} and i* Wy is real on the real axis for some representation (2.9) of ¢, then
(kRe(@" B, € L.

Proof In view of Lemma 6.1, the function ¢ satisfies the assumptions of Theorem 3.1.
With px from Theorem 3.1 it follows that A = . + i has the stated properties. O

Remark 6.3 Replacing (3.1) with (6.11), Remark 3.2 also applies to Corollary 6.2
accordingly.

Corollary 6.4 Let Z = Z or Z = 7\ {0}, let k' be a nonnegative integer and put

K =K’+%.Letm =2"ifZ=7Z\{0}andletm =2k’ +1if Z =7Z. Letn > m — 1

and let (M) kez be a sequence of complex numbers satisfying the following conditions:
(i) there is a nonnegative integer ko such that hy is pure imaginary for \k| < ko;
(ii) for k > ko it is true that Re .y > 0 and A—y = —Ak

(iii) as k — oo, the sequence admits the asymptotic representation

n+2 i+l
= —(k_K)+Z (k_Qj (k _ﬂ,f)n+1 ’ (6.12)

where (Bi);2, € b,a > 0,and Q; e Rfor j =0,...,n+2.
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Then there is a unique entire function ¢ € Ay, such that (A)kez is a sequence of
the zeros of the function ¢ defined by ¢ (L) = (A — i Qo). Furthermore, there is a
nonzero real number c such that

A
) =cin? lim ] (1 - ,\_>’ (6.13)
I ez, k<) k
a0

where d is the number of occurrences of the value 0 in the sequence (A )kez.
If (k Im(i”,Bk)),fil € Iy, then the function V1 in the representation (2.9) of ¢ can be
chosen in such a way that W1 is an odd function which is real on the imaginary axis.

Proof Putting iy = Ax—i Qo fork € Z,itfollows that the assumptions of Theorem 5.1
are satisfied for the sequence (ux)rez. Taking ¢ = w from Theorem 5.1 completes
the proof. For the representation (6.13) just observe that

Ak

o k= (A —iQo) A A — A ﬁ(l k)
Mk Mk Mk Ak Mk

when A # 0 and py # 0, that, for |k| > ko,

T b . . c e 2
_"_"=<1+@><1_@>=1+1Q0(M ﬂ‘)—FQO:H—O(k_Z)
M M—k M M Mok ek

A
is real, and that for Qg # 0, iA = — Qo (1 + L) andip = Qo (1 — —) O
iQo i Qo

7 Determining Coefficients for Functions of the Form (6.5)

In order to find functions of the form (6.5) whose zeros are as given in Corollary 6.4,
numbers «; and B; as well as functions sg and s have to be found. Determining s and
s1 is beyond the scope of this paper. Hence it will be assumed that 5o and s are given,
and the aim is to explore relations between the coefficients o, . . ., @u—1, B0, - - - » Bm
in (6.5) and the coefficients Qy, ..., Q42 in the asymptotic representation (6.12) of
the zeros of (6.5). From Corollary 6.2 it is known that 0 = Qy, that is, 7 is determined

by Qo.

Remark 7.1 A comparison of the right hand sides of (2.2) and (5.2) for u,, = 2j +
%)% with r € N, ¢ € {0, 1}, allows to find the values ¢, Ag, ..., A,, Bo,..., B,. A
corresponding procedure holds when comparing (6.5) and (6.13).

For example, with 0 = Qo,

~1
c=pman i [T (1)

keZ, k|<j
Ax 70
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N |
. d nt+io
=o(p - lim ] (1 - )
j—oo . Ak
keZ, |k|<j
A #0

Assuming that the A, and (i, ¢ + {0 are mutually distinct it is true that

. -1
S —d 1 +1
¢ = lim (iuro0—o0)" 4 lim 1_[ (1 - M) .
r—00 j—o00 . )\.k
keZ, |k|<j
*x#0

However, this approach using (6.13) would require the knowledge of all eigenvalues.
Hence, alternatively the coefficients of the eigenvalue asymptotics will be used to find
the values of the A;’s and the B;’s in cases which are particularly interesting for
applications.

7.1 TheCasen =2m

Here 2m + 1 real numbers Q1, ..., Qu+1 in (6.12) relate to 2m + 1 real numbers

a0, -5 Om—1, ﬂ()’ ] IBm in (65)'
It is best to express (6.5) in terms of w. To this end write

Do) | = @aw’ | [ dogian | =Y oBiGw .
Jj=0 Jj=0 j=0 j=0

The functions s and s; are even functions. Defining () = s;(r), j = 0, 1, and
observing (6.6) and (6.8) it follows that 5y and 5] are even functions with the repre-
sentations

- sin pua cos pa sin pua 1//0(;0
so(n) = Z’h/ ()2 +i 2’75 J(M)zj+1 + w2’

cos /w sin pua wl ()
f )2 Z Ks.j g+ T
() i)/ u

$1(p) = cos pa + Z;CJ
j=1

with real numbers 7., j, 7, j, K¢, j, Ks, j. Observing that by Propositions 2.4 and 2.8
and Lemma 6.1 the coefficients A; for j =0, ...,2mand Bj for j =0, ...,2m + 1
in (6.9) are uniquely determined by ¢, comparing (6.9) and (6.5) and observing (7.1)
gives for 0 < p < m — 1 that

125 ] 125
Ap = am—p—l + Z am—p—l-i-Zj’/\gc,j + Z Em—p—H—Zjﬁc,j (7.2)
j=1 j=1
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and for 0 < p < m that

L5 L5)

Bp = IBm—p + Z ﬂm—p+2jﬁs,j + Z&m—p—ﬂj?s,js (7.3)
j=1 j=0
where@,, = 1.Hence,if Ay forp =0,...,m—1and B, forp =0, ..., mareknown,
then the coefficients By, @m—1, Bm—1, - - - » Ao, Bo can be recovered recursively.

However, Remark 4.2 shows that these numbers A, and B, are not uniquely deter-
mined by the O ;. Hence more identities are needed. Indeed, form < p < 2m itis
true that

prl prl
L 2 ] L 2 ]
Ap = Z &m—p—l+2jzc,j + Z ﬁm—p—l+2jﬁc,j (7.4)
.__rp—m+l . rp—m+l
J=l—1 J=l=—=1

andform + 1 < p <2m + 1 that

L 5]
Bp = Z ﬁm—p+2jﬁs,j + Z &Jm—p—&-ij’Zs,jo (7~5)
j=

5)
25 J=12

7.2 TheCasem=2,n=4

In this subsection &y, o1, Eo, E 1 and EZ will be recovered without the knowledge of
50 and 57 in case m = 2 and n = 4. First write down (7.2)—(7.5) explicitly:

Ao =1, Al =PBTe1 +G0+Re1, Ar=Bilen +dEiRe 1, (7.6)
A3 = Bolie,1 + Boliep + GoRet +Ren, A = Bilien + FiRe2, (1.7
Bo =B +7%s0, Bi =Ko+ B1, Bo=PBalls1 +GoRs0+Po+Rs1, (7.8)
By = Biiis, 1 +G1%s1. Ba = Bolis,1 + Bolis 2 + GoRy,1 + s 2, (7.9)
Bs = Bi7s.2 + @1k 2. (7.10)

Next find relations between the numbers BZj, E 7, Aj and B; which do not depend on
the coefficients in 5y and 57. One of these is clearly

Ao = a1, (7.11)
which gives @1. Another one is

By — AgBo = B1 — @1 fa. (7.12)
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The next identities depend on the coefficients of 5y and 57, but in a very particular
way:

AoA1 — Ay = ot — (Br — @1B2)Tie,1. (7.13)
B+ B3 — AgBy = (1 —ap)a1(Bo — B2) + B1 — @1 o + (B1 — &1 82)75,1.(7.14)

If B1 — & B> = 0, then also (7.13) and (7.14) are independent of 5 and 57, and (7.14)
can be written as

By + B3 — AgBa = Gof1 — @1 o + (1 — Go)d1 By
=app1 —ai1Bo + (1 —ap)Bi.
Hence
&B1 + By — AgBy = &1 — @1 fo. (7.15)

Under the additional assumption that Ag # 0 one finds & from (7.13).~ ~
In the application in mind one has 77.,; = K0, and this together with 8; —&; 82 = 0
will now be assumed. Then

Ay + Ay — AgAsz = (@B — @1 o) (Bo — B2) + (1 — &) Aa. (7.16)

Substituting &'O,El —o EO from (7.15) into (7.16) and assuming 52051 — &'150 # 0, one
gets a unique solution for B,. Then also 81 = @, is known, and finally one finds By
from (7.15). The details will be provided in the forthcoming paper mentioned above.
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