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Charge ordering induced by strong short-range repulsion in itinerant fermion systems typically follows a two-
site alternation pattern. However, the covariance matrix spectrum of the one-dimensional, half-filled, spinless
t-V model reveals a post-Hartree-Fock picture at strong repulsion, with emergent four-site disruptions of the
underlying staggered mean-field state. These disruptions are captured in a thermodynamically extensive manner
by a compact four-fermion coupled cluster (doubles) state (CCS). Remarkably, all properties of this state may
be computed analytically by combinatorial means, and also derived from an exactly solvable correlated hopping
Hamiltonian. Furthermore, this coupled cluster state can be reexpressed as a low-rank matrix product state (MPS)
with bond dimension exactly four. In addition, we unveil a hidden connection between this coupled cluster ansatz
and a Rokhsar-Kivelson state (RKS), which is the ground state of a solvable parent quantum tetramer model. The
broad picture that we uncover here thus provides deep connections between several core concepts of correlated
fermions and quantum chemistry that have previously enjoyed limited synergy. In contrast to a recent perturbative
treatment on top of Hartree-Fock theory, our approach asymptotically captures the correct correlations in the 7-V
model at small #/V, and remains a qualitatively accurate approximation even outside the perturbative regime.
Our results make the case for further studies of the covariance matrix for correlated electron systems in which

ground states have nontrivial unit-cell structure.
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I. INTRODUCTION

. . _ T . .
The covariance matrix Q;; = (aja ) of an interacting

many-body system of fermions a; has a dual nature. As it
constitutes a one-body density matrix, it allows one to eval-
uate any single-particle observable [1]. At the same time, its
spectrum provides a basis-independent measure of many-body
correlations [2]. Indeed, by counting the number of eigenval-
ues significantly different from zero or one, one can learn how
far away the state under consideration is from a noninteracting
state. The single-particle basis that diagonalizes the Q-matrix
is called the natural orbital basis [3]. Of course, when the
ground state of a many-fermion system has the same trans-
lation symmetry as the underlying lattice, the natural orbitals
are momentum k Bloch waves [4], and the spectrum of Q is
nothing but the Bloch momentum occupation numbers ()
that characterize the properties of the emergent Fermi liquid
(or Luttinger liquid in one dimension [5]). However, in insu-
lating systems like Mott or charge insulators, the ground state
has lower translational symmetry than the underlying lattice
because of charge or spin ordering, and an interesting situation
arises. On the one hand, the symmetry-broken state is often
understood in terms of Hartree-Fock mean-field theory [4],
which yields an effective noninteracting system. Yet on the
other hand, it is by virtue of correlation-inducing interactions
that the insulating state is achieved. What can one learn from
the covariance matrix of such a system, whose natural orbitals
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are now not simply Bloch waves of the underlying lattice? Ex-
isting literature does not yet provide the answer. In this article,
we start to fill in the gap. Along the way we uncover several
emergent structures of correlated insulators that were deeply
hidden from previous analytical or numerical understanding.
Quantum chemists have long understood the value of nat-
ural orbitals, when the state under consideration is the ground
state of an interacting few-electron system [6]. More recently,
it has stimulated the interest of condensed matter physicists.
Studying the spectrum of the Q-matrix, it was realized that
dynamical quantum impurity problems such as the ground
state [7,8] and low-energy quasiparticle excitations [9] of the
Kondo model, which are paradigmatic in quantum many-body
theory, host only a handful of correlated natural orbitals,
the complement being either completely filled or empty [10]
for all practical purposes. When cast in the natural orbital
basis, these problems thus become few-body problems [11],
and this structure remains robust even under nonequilibrium
dynamics [12]. The perspectives provided by calculating O
are less well explored when it comes to bulk-interacting
systems, although the covariance matrix has been used as a
diagnostics tool for many-body localization [13] or in quench
protocols [14]. It was also pointed out recently that an entropy
characterizing many-body complexity can be defined based
on the covariance matrix spectrum [15]. Here, we complement
such general perspectives by focusing on correlated insulators.
We show that the spectrum of the covariance matrix of a
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bulk interacting system unveils essential information enabling
the construction of an accurate and tractable approximation
for the many-body ground state that becomes asymptotically
exact at strong interactions.

The framework for our study is the #-V model in one
dimension [16]. It comprises spinless electrons with nearest-
neighbor hopping ¢ and repulsion V. It is arguably the simplest
model to host a quantum phase transition from a Luttinger
liquid to a correlated insulator at finite repulsive interac-
tions. The 7-V model is Bethe ansatz solvable [17], and also
amenable to controlled numerical solutions via the density
matrix renormalization group (DMRG) [18,19]. Our primary
aim is to understand how features of the covariance matrix
translate into the microscopic structure of electronic corre-
lations, thereby revealing regimes of emergent simplicity,
which remained obscure in the representations of the state
employed in the Bethe ansatz or DMRG. While the reduced
density matrix (and the more general spin-spin correlation
functions) of the XXZ-model have been computed from in-
tegrability [20-23], fermionic counterparts in the -V model
defy analytical calculation because of the nonlocal nature of
the mapping between spins and fermions.

Recently Gebhard et al. [24] implemented a self-consistent
perturbative expansion for the #-V model on top of the
Hartree-Fock approximation, that remarkably captures the
quantum phase transition at finite repulsion, something that
Hartree-Fock theory on its own fails at. However, this treat-
ment yields inaccurate results for the covariance matrix
spectrum at large repulsion V > t. The question of the
asymptotically correct post-Hartree-Fock treatment in this
regime is therefore still open. We show that the solution
can essentially be read off from the perturbatively calculated
correlation matrix spectrum. The key is to employ Wannier-
ized natural orbitals to construct a state whose variational
energy agrees with strong-coupling perturbation theory in
next-to-next-to leading order, one order higher in (t/V)? than
Hartree-Fock theory. In the Wannierized natural orbital basis,
this correlated state consists of a superposition of terms in
which the Hartree-Fock state is decorated by an arbitrary num-
ber of identical length four disruptions of the mean-field order
(namely, the charge pattern is flipped along four consecutive
sites). The amplitude of each of the exponentially many terms
is exponentially small in the number of disruptions. As a
result, the post-Hartree-Fock ground state of the #-V model
is a particularly simple example of a class of states known in
quantum chemistry as coupled cluster states [25]. Connecting
the many-body states of correlated insulators, a general topic
of condensed matter, to one of the core concepts of quantum
chemistry is our first major result. It should be noted that
coupled cluster methods have already been brought to bear on
extended systems [26], including applications in condensed
matter [27-29]. In these studies, coupled cluster states are
invoked as part of a versatile but involved ab initio method, in
conjunction with application-specific approximations, similar
in spirit to diagrammatic Green’s function methods, to obtain
approximate results that are, however, not variational. This
stands in contrast to the simple and variational coupled cluster
picture that we uncover in the -V model at large V.

As a next decisive step, we explicitly construct a matrix
product state (MPS) representation [30] of the coupled clus-

ter state. The bond dimension of the matrix product state
is exactly four, and corresponds precisely to the size of the
individual disruptions in the coupled cluster state. As far as we
know, matrix product and coupled cluster states (CCS) have
enjoyed only limited synergy [31,32] prior to our work, and
the exact mapping between two instances of CCS and MPS
constitutes our second major result.

A third important result is provided by an explicit con-
nection between the coupled cluster state and the statistical
mechanics of a one-dimensional lattice gas of tetramers
(namely, rods of length four) [33]. Using a quantum-classical
mapping, we derive a novel connection between the strong
interaction regime of the 7-V model and solvable quantum
tetramer Hamiltonians of the Rokhsar-Kivelson form [34],
initially introduced for dimers in the context of resonating
valence bond states [35]. Our work clearly establishes several
previously hidden connections between different nonperturba-
tive methods for interacting fermions: coupled cluster states,
matrix product states, and Rokhsar-Kivelson states.

Both the connection to coupled cluster and Rokhsar-
Kivelson states allow us to derive parent Hamiltonians for
which the coupled cluster state that we identified is the exact
ground state. These two parent Hamiltonians are of interest in
their own right, and have not been previously investigated as
far as we know. (Note that a parent construction for the low-
rank matrix product state is also possible, but is already well
established [36,37], and will not be considered in detail.) The
existence of exact parent Hamiltonians invites the study of the
coupled cluster state at arbitrary correlation strengths, leading
us to investigate new physical regimes that are inaccessible
within the original #-V model. We obtain here an exact and
compact expression for the covariance matrix elements of
our coupled cluster state in the thermodynamic limit and at
arbitrary correlation strength.

The rest of this article is structured as follows. In Sec. II,
we introduce the one-dimensional -V model and set notation.
In Sec. 111, we briefly consider the critical point for the case of
attractive interactions. In this case, we calculate the covariance
matrix exactly, and provide a closed-form expression Eq. (5)
for its matrix elements at finite size, which we could not find
in the existing literature. When we consider large repulsive
interactions in subsequent sections, we will discover an in-
teresting parallel with the critical state considered here. In
Sec. IV, we examine the strong-coupling perturbation expan-
sion of the covariance matrix of the -V model, and notice a
striking feature that determines the correct post-Hartree-Fock
treatment in this regime. In Sec. V, we translate the insights
we gained in the previous section into a coupled cluster ansatz.
We show how the calculation of physical observables amounts
to a combinatorial problem in classical statistical physics. We
numerically demonstrate the accuracy of the coupled cluster
state by comparing to Bethe ansatz and DMRG results for
the ground-state energy and covariance matrix spectrum. In
Sec. VI, we analytically construct an exact matrix product
state representation for the coupled cluster state. In Sec. VII,
we derive two parent Hamiltonians for which the coupled
cluster state is the unique ground state. Viewing the coupled
cluster state as the ground state of either Hamiltonian gives us
license to consider arbitrary correlation strengths. In Sec. VIII
we present an elegant derivation of an exact expression for
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the nonzero matrix elements of the covariance matrix asso-
ciated with the coupled cluster state at arbitrary correlation
strength, before summarizing our conclusions and giving per-
spectives in Sec. IX. Various technical details can be found in
Appendices.

II. MODEL

We consider here the -V model of spinless fermions in one
dimension [16]

2N

H=—t Z(a;ajﬂ + aj.Haj)
j=1

2N
+V Y (dla;—1/2)(a}, a0 — 1/2). 1)
j=1

The #-V model is fully equivalent to the solvable one-
dimensional anisotropic Heisenberg (or XXZ) model [17] via
the Jordan-Wigner transformation [5]. Without loss of gen-
erality, we can take ¢ > 0. Periodic boundary conditions are
implied, i.e., aj = aj4on, unless noted otherwise (in partic-
ular for the construction of the MPS representation). The ¢-V
Hamiltonian is particle-hole symmetric, i.e., H = PHP where

N
P = [ @)1 —a};_ )@, +a3) @
j=1

is a Hermitian and unitary particle conjugation operator such
that Pa;P = (—1)/ a;. We will always work at half-filling. It is
known that the Hamiltonian Eq. (1) undergoes quantum phase
transitions at V. = £2¢. For V > 2t there are two macroscopi-
cally distinct gapped ground states, each of which represent a
correlated insulator, with charge order, associated with bro-
ken particle-hole conjugation, as well as broken symmetry
between the two sublattices of the original bipartite lattice.
Because our main focus is this correlated insulator phase,
we will work throughout with two-site unit cells (2j — 1, 2j)
and use folded Bloch momenta that are rescaled in the range
k € (—m, ], corresponding to the range (—m /2, /2] of the
unfolded first Brillouin zone in the original lattice.

In the Luttinger liquid phase, the unbroken sublattice
symmetry implies that the natural orbitals are simply the
single-particle momentum eigenbasis. All physical informa-
tion contained in the covariance matrix then resides in its
spectrum, which corresponds to their occupation numbers
g+ (k). The subscript & is necessary because of the folding
of the Brillouin zone, i.e., g_ (g4 ) refers to occupations of or-
bitals with momenta outside (inside) the interval (—m /2, 7 /2]
in the unfolded Brillouin zone. For V = 0, the ground state
is a degenerate Fermi gas with g_(k) = 0 and g, (k) = 1 for
all k. In the rest of the ungapped phase, namely for |V| <
2t, it is known [5] that g, (k) and ¢g_(k) touch at k = +m,
where particle-hole symmetry protects g4 (k) = 1/2, reflect-
ing the fact that arbitrarily weak interactions destroy Fermi
liquid behavior in one dimension. At V = +2¢, where lattice
translation symmetry is spontaneously broken, gaps start to
appear at k = £m. In Fig. 1, the behavior of the covariance
matrix spectrum in the correlated insulator phase is shown.
Since the ground state in the V — oo limit is an uncorrelated

q+(k)

FIG. 1. The behavior of the covariance matrix spectrum in the
rescaled and folded Brillouin zone. The dashed lines are numerical
DMRG data for the gapped correlated insulator phase V > 2¢, while
the dashed curve is the analytical formula Eq. (8) for the critical point
V = —2t associated to a uniform gapless state.

single Slater determinant, the eigenvalues of the covariance
matrix move closer to O or 1, as 7/V decreases towards zero.
The dashed lines are numerically exact DMRG data, obtained
using the C++ ITensor library [38] for long chains with
2N = 2000 sites, using up to 30 sweeps, a maximum bond
dimension D = 300, and a truncation threshold 10~!4. The
covariance matrix spectrum of the translationally invariant
system was obtained from a long chain with open bound-
aries (which helps convergence of DMRG) by computing the
Q-matrix Q;; = (a'j‘?a ;) for sites j, j/ near the center of the
chain, in a region where translation invariance was carefully
checked. In addition, the solid black curve in Fig. 1 indicates
the analytically obtained gapless spectrum at V = —2¢ (see
Sec. III below). It shows the touching points at k = £ that
are generic for the whole gapless phase.

III. THE CRITICAL POINT AT V = -2t

Before studying the correlated insulator phase, we briefly
focus on the gapless critical point at V = —2¢, which is ex-
actly solvable, and provides already some useful insights.
In subsequent sections, we uncover interesting parallels and
differences between this gapless ground state and the gapped
insulating state found at large positive V.

AtV = —2¢, the critical ground state is the equal weight
superposition of all arrangements of N particles among 2N
sites, see [39] or Appendix A, and thus reads

IN —1/2
— T o,T
IGS)y__ = (N ) > did, ...

yeC(2N,N)

al 10). (3

Here, each y = (y1, ¥2, ..., ¥n) consists of N lattice indices
chosen from the 2N sites of the chain, arranged such that y; <
¥2 < ... < Yy, and the sum runs over all possible choices. For
this state, we obtain analytically in Appendix B the matrix
elements of the covariance matrix in position representation,
Q;,j = 1/2, while form > 0,
DOy (Gl D P [ Gty
Q) jm = W - @

(v)
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This expression is easy to grasp. When aTaH_m is applied to
a term in the sum Eq. (3), it yields a nonzero result if site
1 is empty and site 1 4+ m is occupied. Each of these states
is mapped into another state in the sum, up to a sign, and

thus contributes j:(zlflv)_] to the overlap with the ground state.
The sign is determined by the number n of particles between
sites 1 and 1 + m. We count the number of terms with site
1 empty and site 1 + m occupied, that have n particles on

sites 2 to m as follows. There are (’”_1) ways to arrange the

n
n particles on sites 2 to m, and (2]’\\,’:;”:11) ways of arranging
the remaining N — n — 1 particles among the remaining 2N —
m — 1 sites. By translation invariance, Q; j1m = Q1,14m. The
sum in Eq. (4) can be evaluated analytically. It is zero for
m even. (This is guaranteed by particle-hole symmetry.) For
m=2r+1<N

22N-DP(r 4+ 1/2)D(N — r — 1/2)
(N — DIT(1/22 (%)

Qj jvors1 = (=1) (5)
(For m > N we have Q; j1m = Qjan+1-m thanks to inversion
symmetry.) It can be verified that Q; ;o4 decays like N™".
See Appendix B for details on the derivation. To the best
of our knowledge, the closed-form expression Eq. (5) does
not appear in the literature, although it is known that the
correlation length of the covariance matrix vanishes in the
thermodynamic limit at V = —2¢ [14]. The m <« N asymp-
totic behavior of Eq. (4), generalized to arbitrary filling, has
also been derived in [40]. The extremely rapid decay of off-
diagonal elements of the covariance matrix is a destructive
interference effect between the contribution by states with an
even or an odd number of fermions on sites j +1,...,j+
2r + 1. This fermionic sign effect was pointed out in [41]. In
the thermodynamic limit

Qjj = 5(28) 5+ 841 +8j115)- (6)

Choosing to work in the folded Brillouin zone, we diagonalize
Q by means of the unitary transform Q' = FQF" where

Fj_12-1
Fajoi-1

e—iki/2 1

i f—
Bjra) e 2 2
Fajo vN\ L i

AR
Q11 Qo 21/) (61 (k1) 0 )

’ T = , (D
<Q/21,2/'1 Qo1 b 0 q+(ky) (

for k; = 2m(1 — ¥1)/N, 1 =1,2,...,N, and the spectrum
of the covariance matrix is simply

g+ (k) = [1 % cos(k/2)]/2. ®)

Because of our choice of working in a folded Brillouin zone,
the Q-matrix spectrum comprises two bands. These bands
have 47 periodicity, owing to the full lattice symmetry of the
ground state, and touch at k = £, as expected in the gapless
regime. Let us now contrast these results with the spectrum
obtained for large electron-electron repulsion V/¢ > 1.

IV. LARGE V/t PERTURBATION THEORY

From here onwards, we focus on the correlated insulator
phase V > 2¢. Our starting point is to consider the spectrum
of the covariance matrix at strong repulsion. In the small #/V

limit, Rayleigh-Schrédinger perturbation theory around the
unperturbed ground state

|Wo) = aja; ...alyl0), )

yields the following result for the spectrum of the covariance
matrix, to fourth order in¢/V:

o= L[l seosao( L) 10
C]()i—z 5—( — 2CO0S )(5) . (10)

See Appendix C for the details. Remarkably, the spectrum has
k-periodicity m, even though the matrix Q(k) only has 27 k-
periodicity. What does this quartering of the period compared
to Eq. (8) tell us about the structure of the gapped ground
state?

The formal perturbative expansion of the ground-state
wave function only answers this question in an indirect way.
In the present context, this general statement can be elaborated
as follows. When the perturbation Hyj, = —t Z?Zl(a;a i1+

a; +14@;) acts on the unperturbed state Eq. (9), it moves a single
particle from the B-sublattice (even sites) to the A-sublattice.
Thus the expansion of the wave-function to nth order contains
at most n particles on the A sublattice. However, the true
ground state at any nonzero t/V hosts on average a finite
fraction of the total number of particles on the A-sublattice. In
the thermodynamic limit, the formal perturbation expansion
to finite order thus poorly approximates the true ground state.
A symptom of this state of affairs is that the perturbatively
calculated ground-state energy is not variational. In fact, if we
denote the ground-state wave function and energy, expanded
to nth order as respectively ™) and E.", then because of
the nonextensive nature of ground-state corrections

1 (W H[w™
1 (WWH[W™) 7O

RSl A 1
Noe N (WO Wy 0 (i

that is, in the thermodynamic limit, finite-order perturbation
theory is variationally no better than the unperturbed starting
point. To obtain the answer Eé") correct to order n instead

of E(()O), the above expression must be expanded to order n
before the limit N — oo is taken. An order-by-order cancel-
lation of certain terms between numerator and denominator
then occurs. In the diagrammatic Green’s function formalism,
this corresponds to the cancellation of disconnected diagrams,
leaving as the final result the sum of connected diagrams.
This allows us to calculate expectation values of simple ob-
servables. However, the unsatisfactory fact remains that one
cannot explicitly write a thermodynamically consistent pertur-
bative wave function, and ask simple questions, such as how
accurately can the perturbative ground state be approximated
for a given MPS bond dimension?

More direct insight than that offered by perturbation theory
of the ground-state wave function would be provided by a
state whose variational energy equals Eé") + 0@/ VY™*! for
some n. Standard mean-field theory solves this problem to
first nonvanishing order in the perturbation, namely at order
(t/V)*. Here we pursue the quest for a state that is accu-
rate to the next nonvanishing order, namely at order (¢/V)*.
This is the order necessary to shed light on the emergent
m-periodicity of the covariance matrix spectrum, since the
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correlation spectrum of the mean-field state is trivial (eigen-
values are either 0 or 1). Our main task is thus to construct
a state describing a finite density of quantum fluctuations of
the mean-field order parameter, with a variational energy that
agrees with the perturbative result

NV t\’ AN
Ey=—— 1+4<V> —4(;) + ..., 12)

to order (%)4. [The expansion Eq. (12) can be verified from
the exact Bethe ansatz expression Eq. (22) below.]

V. COUPLED CLUSTER DOUBLES ANSATZ

The Hartree-Fock mean-field theory of the correlated in-
sulator at small ¢/V is reviewed in Appendix D. It yields
a set of new fermion operators c¢;, j =1,...,2N, with the
following features. The Wannierized Hartree-Fock basis is
invariant under translations by two lattice sites, under which
action ¢; — c¢j42. The single-particle orbital associated with
c;j is peaked at site j, and has a more pronounced amplitude
on sites with the same parity as j, than on sites of opposite
parity.

In this basis of Wannierized Hartree-Fock orbitals, the
mean-field state reads

IMF) = clc} ... cly10). (13)

Of course, the same state could equivalently be obtained as
the usual Slater determinant in which all Bloch momenta of
the lower band of the mean field Hamiltonian are occupied,
but the Wannierized version is more amenable to constructing
a correlated state that is energetically favorable, since the
repulsive term is quasilocal in space, as we discuss now.

Our ansatz introduces order parameter fluctuations on top
of the state Eq. (13). These take the form of regions of oppo-
site order (even sites empty, odd sites filled) with respect to the
mean-field pattern [42,43]. Our key insight for reproducing
the m-periodicity of the spectrum of the covariance matrix is
that the fluctuations should be made of building blocks of size
two unit cells of the symmetry broken system, i.e., four sites
of the original lattice. We call four adjacent sites of which the
two even orbitals ¢;; and ¢4, are empty, while the two odd
orbitals ¢34 and ¢, 3 are filled, a disruption, depicted with
ared ellipse in Fig. 2. Sites with the same occupation pattern
as |MF)—odd sites empty, even ones filled—are said to be
of regular order. Again, we point out that the cj fermions on
“sites” j correspond to Wannierized orbitals centered around
the real space position j. The four-fermion operator

N
+ i + t
T = 2(02<i62j+lczj+202j+3 + ¢ 102654 102542),  (14)
j=l
creates one such a disruption at any of these possible loca-

tions (I — 3,1 —2,1 — 1, 1) of the lattice, in a translationally
invariant manner. The unnormalized state

|m) = iT”’IMF), (15)
m!

is a superposition of all possible ways to make m disruptions,
in which each unique term appears with weight equal to unity
(see Fig. 2). Note that the product of any two terms in 7' that

IMF)=0@0000000000000000000060

Im=3=000000800 0@ 0 0DO@O00D0e0e
+0000®00C000®e000J 00 ®e0®
+00 000000 ®00000000D000®
+@0000000@®00D000e@®00D0e
+000Q009P00Q 0090000 0@ 000D

+...

FIG. 2. Schematic representation of the mean-field state |MF)
and the state |m = 3) built from three disruptions of length four
(red ellipses) on top of the mean-field state, for N = 11 fermions
in a chain of 2N = 22 sites. Filled/empty circles represent the cen-
ter of mass of filled/empty Wannierized Hartree-Fock orbitals (and
not localized sites of the original lattice). For |m = 3), five of the
484 configurations in the equal weight superposition Eq. (15) are
depicted here.

are associated with overlapping disruptions is zero. Disrup-
tions therefore correspond to hard-core rods of size four. The
norm of |m) is obtained by counting the number of nonzero
terms in 7. There are m disruptions and 2N — 4m sites of
regular order to arrange into a string. This gives a combina-
torial factor (*' ). This way of counting includes a factor
2N — 3m corresponding to the number of cyclic permutations
of the string, in which a disruption is never allowed to straddle
the “seam” where site 2N is glued to site 1. We must, however,
also include the arrangements where a disruption straddles the
2N—1 seam, and therefore must multiply by 2N/(2N — 3m),

ie.,
2N <2N — 3m>' (16)

(mlm) = —————
2N — 3m m

If we assume that the fluctuations caused by multiple dis-
ruptions are independent of each other and are each associated
with an amplitude «, then the resulting state is known as a
coupled cluster doubles state built from the operator T [25]. It
reads

N/2]
la) = exp(aT)|MF) = Z o™ m). (17)
m=0

(Note that |¢) is not normalized.) The exponential term
exp(aT) takes care of size extensivity by inducing a similarity
transform exp(oeT)c;n exp(—aT) on each creation operator in
Eq. (13). Each transformed operator has a finite amplitude
to create particle-hole excitations, and as a result the typical
number of total excitations is proportional to N [see Eqs. (41)
and (42) below].

Usually, the extensive nature of coupled cluster states
makes calculations for more than a handful of particles impos-
sible, because of the exponential number of involved terms.
We emphasize that this statement applies to calculations in-
volving the full coupled cluster wave function, and not to
the linearized treatment of coupled cluster equations, that
has an algebraic complexity, but is not variational. Remark-
ably, the simple structure of the disruptions in the variational
coupled cluster state that we consider avoids paying an expo-
nential price. Indeed, although the states |m) are many-body
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correlated states, for which Wick’s theorem does not apply,
operator matrix elements can nonetheless be calculated by
combinatorial means.

We now sketch how analytical computations of the varia-
tional energy and the Q-matrix can be done with the disrupted
states Eq. (15). When a single-particle additive operator cj.c J
acts on a term in |m) such as one of those depicted in Fig. 2, it
can only do one of the following things: (i) leave the term
unchanged (if and only if j = j’), (ii) annihilate the term,
(iii) move a sequence of head-to-toe disruptions by one site,
thereby producing another term in |m) (up to a sign), or (iv)
produce a state orthogonal to all |m). Since c;c_,-/ cannot create
or annihilate a full disruption, (m|c;cj«|m’) =0if m#m.
Expectation values of single-particle additive operators can be
calculated by solving counting problems similar to the one we
solved to compute the norm. For instance, c; co; counts terms
that have a site of regular order at site 2/ while c;l 11C2+1
counts terms with a disruption involving site 2/ + 1. This
straightforwardly yields

: 2N —3m—1
<m|6‘21C2/|m> = ,
m
2N —3m —1
(il cargrlm) = 4( o ) (18)

Process (iii) can occur when cJ{c1+41 moves [ head-to-toe
disruptions initially occupying sites 2, ..., 4l 4+ 1, one site to
the left. An example is illustrated below.

. 0ofot101] ... — ... [1010]J0 ...

A single four-site disruption is depicted for simplicity, al-
though we consider the general case of multiple head-to-toe
disruptions. Here [. . .] indicates the disruption that is being
moved. Moving the [ disruptions requires commuting cj44;
past 2/ — 1 ¢' operators, which is an odd number. If site 1
is initially empty, and sites 2, ..., 4/ 4+ 1 are occupied by /
disruptions, then we have 2N — 4m — 1 remaining sites of
regular order and m — [ disruptions to arrange in a string.
Hence,

(19)

2N —3m—1—1
(mlcleysarlm) = —( " )

m—1

for0 < I < m. For c;cz+41 essentially the same considerations
apply. The only difference is that moving / disruptions, e.g.,

...[0101]11... — . 1[1010]

now requires commuting c,44; past two ¢’ operators per dis-
ruption, and so no minus sign is generated. Including also
processes that straddle the link between sites 2N and 1 we
find

(mlcieayalm) = (mlccoy—arsalm)
= —(mlcjcrralm) = —(mlc]coy—ar411m). (20)

All nonzero cjc ; expectation values can be obtained from the
above by invariance under translation by two lattice sites, or
by Hermitian conjugation.

We note that every 4/’th diagonal (modulo 2N) above or
below the main diagonal of Q;; = (oelc;cj/|a)/(a|a) is non-

nonzero, and of order o, with all other diagonals above
or below the main diagonal equal to zero. This results in
the cos(2k) component of the covariance matrix spectrum
(coming from the 44’th diagonals) being of order >. The
covariance matrix spectrum expanded to order o, calculated
from Egs. (18) and (19), is given by g+ (k) =1/2 £[1/2 —
a?(4 — 2 cos 2k)]. We thus see that we have to choose

2
o= (é) , 1)

to ensure agreement with the desired covariance matrix
Eq. (10) for the ground state.

Apart from the processes already discussed, two-particle
additive operators c; c jch ¢j, produce further processes: (v)
two strings of head-to-toe disruptions can each be moved
independently, e.g.,

.0[0101]... o[0o1o01]...
— ...[1010]0...[1010]J0...;

(vi) three strings of head-to-toe disruptions (of which some
may be zero strings) can be fused into a single string contain-
ing one more disruption, e.g.,

. 0[0 10 1]1[1 0 1 0]JO[0 1 O 1]1...
—-...[1010101010101010]...;

(vii) and the reverse of process (vi) in which the number
of disruptions decreases by one. We work out the matrix
elements for two-particle additive operators, by solving the
appropriate counting problems in Appendix E.

In this way we obtain a variational estimate (H) =
(a|H o) /{e|or) with respect to the state |o = (t/V)?) of the
ground-state energy, that includes nontrivial correlation ef-
fects. See Appendix F for further details. To investigate the
quality of the correlated ansatz, we consider the correlation
energy En s — (H), where E¢ Eq. (D18) is the best estimate of
the ground-state energy that can be obtained from an uncorre-
lated (mean-field) trial state. The exact ground-state energy is
known via the Bethe ansatz [17],

E nd 1

0 _ 1 .|

N_t[cosh A — 2sinh A<1+4;—1+€2M):|,
(22)

where A = cosh(V/2¢). The main panel of Fig. 3 shows the
correlation energy (Eys — (H))/(Ems — Ep) relative to the ex-
act value, for increasing 7/V. At small ¢/V the ratio tends
to unity, implying that in this regime, the correlated ansatz
accounts for the full effect of correlations. The inset of Fig. 3
shows that the difference (H) — Ey grows like (t/V)° at small
t/V. This indicates that the correlated ansatz gives a varia-
tional energy accurate to fourth order ~(¢/V)*. In contrast,
Hartree-Fock mean-field theory gives a variational energy that
is only accurate to order ~(t/V)? (see Appendix D). The
correlated ansatz Eq. (17) thus achieves the goal of building
a size-extensive post-Hartree-Fock wavefunction, that we had
previously set in Sec. IV.
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FIG. 3. Difference in ground-state energy between mean-field
theory Eq. (D18) and the correlated ansatz Eq. (17) in units of the
exact correlation energy of the -V model. (Inset) The difference
between the variational energy per particle of the correlated ansatz
Eq. (17) and the true ground-state energy Eq. (22) in double-log
scale. The solid line corresponds to 19.5(t/V)°, and indicates that
the variational energy is correct to order (¢/V)*. Results are shown
for a system of N = 41 particles occupying 82 sites.

In Fig. 4, we plot the lower band of the covariance matrix
spectrum, calculated from the correlated ansatz Eq. (17) with
the help of Egs. (18) and (19), and compare to numerically
exact results obtained with DMRG (to our knowledge, the
correlation spectrum is not available from the Bethe ansatz),
as well as to the perturbative result Eq. (10). This computation
is done for ¢ /V = 0.1, and for this not-so-small value of ¢ /V,
agreement of the ansatz and DMRG with perturbation theory
is still good. Deviations between the ansatz and DMRG, be-
cause of higher order effects, are just becoming visible. From
this comparison, we conclude that the regime where four-site
disruptions of the mean-field order quantitatively accounts for
the correlation effects is #/V < 0.1. It may be noted that our
variational ansatz is very restrictive, containing no free pa-
rameters to be optimized (once o was set). In Appendix G, we

0.0006 sz
smug, R1L ]

on i ® 1

0.0005 | o = A e ]

ol o' e " ]

0.00041 o Yoo

‘ . “ :° “
& 0.0003; 3 . P \ ]
o« . 4 e

0.0002 fgf &

* DMRG (exact) ]

0.0001 | ]
Ansatz = ----- perturbation theory |

0.0000 L I I I I I ]
-3 -2 -1 0 1 2 3

FIG. 4. The lower band g,_ of the correlation matrix spectrum
of the -V model, at 1/V = 0.1, for a system of N = 41 particles
occupying 82 sites. The variational results for the coupled cluster
ansatz Eq. (17) are compared to numerically exact calculations ob-
tained with the density matrix renormalization group (DMRG), and
to the perturbative expression Eq. (10).

present numerical evidence that the coupled cluster doubles
form assumed here is indeed optimal for a more general ansatz
built out of the states |m).

Armed with a coupled cluster ansatz that is variationally
accurate in this regime, we now turn to investigate the approx-
imate matrix product state (MPS) structure of the ground state.
It turns out that an exact MPS representation of the coupled
cluster state o) can be constructed analytically, establishing a
bridge from ideas about one-dimensional correlated fermions
to concepts in quantum chemistry.

VI. EXACT MPS REPRESENTATION OF THE COUPLED
CLUSTER STATE

As is often the case in the context of MPS, we find it con-
venient to consider open boundary conditions. We consider a
system with L sites. Let D; be the operator that creates a 4-site
disruption ending on site j, i.e.,
cj_sci_,ci—jc; if jis odd,
D= i (23)
Cj_3¢j—2c;_yc; if jiseven.

We recall that the c; fermions on “sites” j are associ-
ated to Wannierized orbitals centered around the real-space
position ;.

We define a disruption operator acting on sites 1 to /,

0 if ] <4, A
T =\ : (24)
Zj:4 D] if [ 2 4.
We also find it convenient to introduce the following notation
for states. Let (c])! = ¢] and (c])° = 1. An arbitrary single

Slater determinant in the Wannierized mean-field basis is then
denoted

lning ...ng) = (c)"™(ch)™ ... (c])™0), (25)
where n; € {0, 1}. Furthermore, let
|0 iflisodd, _J1 iflis odd,
= if j is even, |0 if jiseven.
(The notation r and d here denote “regular” and “disrupted”
sites.) In this notation, the mean-field state reads

|MF)=|7‘17‘2...I"L>, (27)

(26)

while
DjIMF)=|r1...rj,4dj,3...djrj+1...rL). (28)

Then the coupled cluster state that we considered previously
is

la) = exp(aTy)|riry...rL). 29)

At the heart of the MPS expansion is the task of relating
states of the same form on systems that differ in size by one
site. In view of this, we note that for [ > 4,

T, =T_1+D,. (30)

We further note that D; kills all terms in 7;_; that involve sites
[—3,...,1—1.Hence,

Dy(Ti—1)* = Di(T-4)". @31
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From this together with [D;, D;;] =0, and D} = 0 follows that
el = Tt 1 @Dy, (32)

The next step is to define a set of states that have a desired
form on sites left of site / + 1, and an arbitrary form on sites
[+ 1,...,L. Wedefine

T
11, maq...np) =Ny ...nmgy...nL),

Ti-
|2, njy1...np) = el ]|}’1 Ce rl—ldlnH—l . I’ZL),

)
13, myy...nL) = T2y cr—adi_ dingyy .. ong),
14, mppy .. .ong) = T3 ry L r_sdi_adi_dingy g .. ng).
(33)
State |j, n;4+ ...n.) is of the coupled cluster form on sites 1

to [ + 1 — j, and has arbitrary occupations on sites / + 1 to
L. For j > 1, it contains j — 1 disrupted sites situated from
site [ +2 — j to site [. For [ =0 we define |1,n;...n.) =
|ny ...n.). Employing Eq. (32), we find

T,
O"Irl...rln1+1...nL)

= |1,r;n1+1 I’lL> +Ol|4, d1n1+1 l’lL) (34)

[1,n41...n) =¢

Furthermore, we trivially have
ljomyr...np) =1j— 1, dmyr .. np), (35)

for j > 1. Thus we can write, with summation of repeated
indices (including o) implied,

onsr o) = ADGN s omr o), (36)
where for [ > 4, A(), o € {0, 1} is given by
1 0 0 O
0 0 0 O
() —
a0 =10 o o ol (37)
0 0 0 O
and
0 0 0 «
1 0 0 O
(d) —
ADT =10 1 0 o0 %)
0 0 1 O

For I < 4, the open boundary of the system at / = 1 is incor-
porated by taking A(1)) as the upper left (I + 1) x [ block
of the above defined matrices. We now apply this recursively,
starting from

loe) = A(L)P1j, o). (39)

J
Finally, we obtain the MPS expansion as

la) = [A(L) VAL — 1)V A1)V] |o10, ... 0op).
(40)

Thus, |o) has bond dimension 4. Even though it applies to the
ground state of the 7-V model at large V/, it is hard to imagine
being able to derive it from a perturbative expansion.

We now turn to another insightful question that cannot
easily be answered from perturbative approaches, namely how
to find effective parent Hamiltonians that have asymptotically
the same ground state as the -V model at large V. We provide
three complementary answers to this problem in the next
section.

VII. EXACT PARENT HAMILTONIANS

We have seen that |«) is a coupled cluster state; it admits a
simple MPS representation, and further that the calculation of
expectation values can be performed by solving combinatorial
problems of rods in classical statistical physics. It turns out
that each of these three properties of ) allows us to construct
a distinct parent Hamiltonian for which it is the exact ground
state. We review each construction in turn, which highlights
novel connections between seemingly distinct topics in many-
body physics.

A. Coupled cluster parent Hamiltonian

A first parent Hamiltonian containing only local terms,
such that |o) = exp(aT )|MF) is its unique ground state, can
be constructed by exploiting the coupled cluster property
of |a). We start the construction by noting that the mean-
field state |MF) is the unique state that is annihilated by

¢2j—1 and cgj, for all j =1,...,N. This means that |a) =
exp(aT )|MF) is the unique state annihilated by
Crj1 =T erjre = o1 +aQoja,

Gj = e“Tcgje_“T = Czj +aQsj, 41)

where
- ¥ ¥
Q2j—1 = C2j-4Cy;_3C2j2 = C3;_3C2j-2C2;
—i—c-c-cf —Crich . Cas
2j-202jC2,4 2j€2j41¢2j+2>
T ) T A il ¥
Q) = C3;_3€2j-2C;5; | = €2j-2C; 1€y 14
il il LT . il
T+ 16 41C2j42 — Cpjy1€2j+2C )43 (42)
Note here that C;;_; and C;; are local operators in the Wannier

basis associated with the ¢ operators. Note further that C;; and
C,j—1 are obtained by a similarity transformation that is not
unitary. Hence, {C,, CI,} # 8., 1.€., the transformed opera-
tors and their hermitian conjugates do not obey the canonical
fermion creation-annihilation operator algebra. Nonetheless,
the fact that |«) is uniquely determined by demanding that

Cyla)y =0,n=1,...,2N, means that |«) is the unique eigen-
state of
N
Hee =) CiCo, (43)
m=1

with eigenvalue zero. Since Hcc is semipositive definite, this
means that |«) is the unique ground state of Hcc. The fact
that |«) is simultaneously a zero-eigenstate of each local term
C/C,, puts H, into a class of Hamiltonians that are called
“frustration free”. Indeed, the strategy employed here, has pre-
viously been used in Ref. [44] in the context of spin chains, to
construct frustration free correlated models and their ground-
state manifolds from a simple frustration free starting point.
After some algebra, H, is finally cast into the form

N
Hee = Z(c;jilcgj,l +cjeh) —4a(T +T7)
j=1

N
+o? ) (0F; 1021 + 0F;00)). (44)

j=1
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Interestingly, the roles of single-particle and interaction
terms are reversed compared to the original -V Hamiltonian:
The one-body term in Eq. (44) yields a flat dispersion relation,
and all hopping terms are correlated. Flat dispersion and cor-
related hopping were previously encountered in an effective
description of fermions on a Creutz ladder [45]. Here, these
features emerge in another (simpler) one-dimensional setting.
At small &, relevant for understanding correlations in the insu-
lating phase at V > 2t of the -V model, there is a hierarchy,
with the «® term, which defines the mean-field configuration,
being dominant. For sufficiently small «, this guarantees that
Hcc is gapped.

From Hcc, we see that three-body interactions are suffi-
cient to stabilize the state |«) for all @. Here, it is interesting
to note a connection to n-pairing [46] generalized to spin-
less fermions [47,48]. The concept refers to towers of exact
scar eigenstates generated by a pairing operator schemati-
cally of the form Zc c! ;,- They were first noticed in the
Hubbard model. In Ref [47] they were found to describe
many-body scars in arbitrary dimensions, in models includ-
ing fine-tuned correlated hopping. In Ref. [48], such states
were stabilized in a one-dimensional spinless fermion model
by three-body interactions. Larger > cj.l cjz . cj multimers
were also stabilized using n-body interactions. Our construc-
tion can be viewed as a particle-hole transformed variant of
n =4 tetramers that conserve particle number and that are
stabilized as the ground state by three-body instead of four-
body interactions.

B. MPS parent Hamiltonian

It is known that any MPS can be associated with a parent
Hamiltonian involving local interactions [36,37]. However the
states of the local Hilbert space do not necessarily corre-
spond to sites of the underlying lattice, but may be blocks of
sites. The starting point is to consider 2" strings A% ...A"!
of the 4 x 4 matrices Eqgs. (37) and (38) that comprise the
MPS representation. In the general theory [37], the length
n must be chosen such that the 2" matrices that are gener-
ated by ranging over all possible choices of oy, ..., 0, span
the 16-dimensional space of 4 x 4 matrices. This means that
n > 4. Brute force evaluations show that for the two matrices
Egs. (37) and (38), n = 6. The resulting parent Hamiltonian
then contains terms describing interactions between adjacent
six-site blocks. Since these terms have twelve-site footprints,
the general MPS construction leads to a cumbersome parent
Hamiltonian, which we will not report explicitly here.

C. Rokshar-Kivelson parent Hamiltonian

We finally devise a mapping to generalized quantum dimer
models, usually of relevance for insulating RVB spin lig-
uids [49]. The precise connection can be built from quantum
Hamiltonians that admit a stochastic matrix decomposi-
tion [34] and are dual to stochastic models in classical
statistical physics. A preferred basis then exists for the quan-
tum model, in which the expansion coefficients of the ground
state are obtained by evaluating the partition function of the
classical model. Even in cases where the ground state has
a simple MPS structure, it may be very challenging to gain

insight into excited states [50]. It is therefore remarkable that
for systems with stochastic matrix decomposition, equilib-
rium dynamic correlators of the quantum model are dual to the
nonequilibrium stochastic Markovian dynamics of the clas-
sical model. Typically, the stochastic matrix decomposition
requires a fine-tuning between the diagonal and off-diagonal
matrix elements in the preferred basis. The fine-tuned Hamil-
tonian is then said to be at a Rokhsar-Kivelson point. The fact
that calculations we performed for the state |o) were equiva-
lent to classical statistical physics calculations for a lattice gas
of four-site rods (tetramers), which suggests that |«) may be
associated with a Rokhsar-Kivelson parent Hamiltonian. Here
we confirm this intuition.

We have to work in the Hilbert space accounting for all
possible ways that the mean-field order can be decorated with
four-site disruptions. Formally, we define the index set Z as
the set of all sets of indices {ji, ..., j.} with 0 < 2m < N,
such that 1 < j; < 2N for each index j;, and furthermore j; <
Ji+1 — 4. For J in Z, we define the state

7y =[] D;jIMF). (45)

jeJ

Periodic boundary conditions are handled by letting D; in
Eq. (23) wrap around past site 1 to sites 2N — 2, ..., 2N for
j =1,2,3. The set of states B = {|J)|J € Z} forms a basis for
the space D of all possible decorations of the mean-field order
by four-site disruptions.

Next, we define local diagonal operators that will eventu-
ally be associated with potential energy terms in the parent
Hamiltonian. The first projects out the component of a state in
the B basis for which the five sites j — 4, ..., j are of regular

order---ooo0o0o0---,
|ooooo){ocooool|; = ZHG} ({o}jl, (46)
{o};
where
Ho}j) =lo1...0j_5Fj—4...7j0j41...00). “7n

(We find it convenient here to denote sites of regular order
with open circles and disrupted sites with dots. Note that
this is different from the convention used in Fig. 2, where
open/filled circles indicated the occupation of orbitals.) The
second and third projects out components in the B basis in
which a string of head-to-toe four-site disruption starts on
site j — 3 or ends on site j — 1. Here and below “start” or
“end” refers to where the string is bordered on respectively
the left or right by a site of regular order ---ceeee--- or
- 0900000 -

|ooooo)(ooooo|j=Dj|ooooo)(ooooo|jD
leeeec)(eeeec| =D;_ 1|ooooo)(ooooo|D

j—1-

(48)

Finally, with the aid of Eq. (46) and D;, we define four off-
diagonal operators that will be associated with kinetic terms
in the parent Hamiltonian. They create or destroy a four-site
disruption starting at j — 3 when j — 4 is of regular order

-+00000--+<>---00eee--- orendingat j — 1 if jis
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of regularorder ---cocococo--- <> - 00000,
loeeee){ocoocoo|; =Djlooooo){oooool,
|ooooo)(ooooo|j=|ooooo)(ooooo|jD‘T,
eeeeo)(cooool;=Dj jlooooo){ocoooo|,

J J
|ooooo)(ooooo|j=|ooooo)(ooooo|jD;71.

(49)

Note that the operators Eq. (49) can be used to connect any
state in D to any other state in D: they allow one to add or
remove a four-site disruption from either end of a string or
head-to-toe disruptions. Combining two such operators allows
us to move any four-site disruption whenever it is bordered by
a site of regular order. We call this property “connectedness”.

In the space D of all possible decorations of the mean-field
order by four-site disruptions, we define the Rokhsar Kivelson
parent Hamiltonian

2N

Hrk = Z[2a2|o ocooo){ooooof;
=1

t[oeees)cesee +|eeeec)(eeeeo
—a(loeeee){coocoo|;t+[coooo){ceessl;

+|eeee0){coooo];+|0coooo){eeeso];)]

2N

=Y (PLj+ P, (50)

j=1
where
Py j=(a—Dj)ooooo)fooooo|(e—D))
Pyj=(a—Dj )ooooo)ooooo|@—DI_). (51)

This provides a phenomenological model for fluctuations of
mean-field order generated by tetramers. There is a poten-
tial cost 1 associated with the ends ce e e e and e e e @ 0 Of
strings of head-to-toe disruptions, but no energy cost associ-
ated with the bulk of the string. The kinetic terms of order
a create new disruptions or grow/shrink the ends of existing
ones (by four sites at a time). The fine-tuning characteristic
of Rokhsar-Kivelson points amounts to a potential energy
cost 2o associated with not having disruptions in a region
o 0 o o o that could host them.

The connectedness property of the operators used to con-
struct it, implies that Hry is irreducible with respect to the
basis B: Every pair of elements in B has a nonzero matrix
element for some power of Hrk. Note further that for an
appropriate choice of A, all the matrix elements of /A — Hgrg
are non-negative. The Perron-Frobenius theorem [51] then
guarantees that Hrg has a nondegenerate ground state. Hggx
is the sum of semipositive-definite terms. As a result, its
ground-state energy is bounded from below by zero. It is
straightforward to show that the nondegenerate ground state
is |a) = ¢*T [MF) and that it has zero energy.

We start by writing |a) = (1 +aD;)|a, j). Note that
e, j) = €&* Lz Dy IMF) is formed without ever acting with
Dj. As aresult, none of the basis elements from 3 that make
up |, j) contains a string of head-to-toe disruptions ending

on site j or starting on site j — 3. Then,

|ooooo>(ooooo|j(a—D;)|a)
=alooooo){ooooolla, j)

—o(|ooooo)(ooooo|ij-Dj|a,j>

+(¥2|ooooo)(ooooo|ij|Ot,j)

2

—loocooo){ceeesla, ). (52)

3

When acting to the left D;Dj adds and then removes the
same disruption from the regular sites j — 3, ..., j in the part
marked (1), so that |ooooo){ocooo o|ij-Dj =] o0o0000)
(0o 0o ool;. The part marked (2) is zero because when act-
ing to the left, D; tries to remove a disruption from states
that don’t have any disruptions on sites j —3,..., j. The
part marked (3) is zero because | 0 0 0 0o)(o e e e e|; looks
for head-to-toe strings of disruptions that start on site j —
3 and |, j) has no such terms. Thus, P ;jla) = 0. When
lee) is written |o) = (1 + aDj)la, j), a similar argument ap-
plies for P, j,i|a). The choice of j was arbitrary and hence
HRK|Ol ) =0.

It is immediately apparent from Eq. (50) that Hgg is of the
stochastic matrix form {see Eqs. (15a) and (15b) in [34]}. The
classical model that Hgg is dual to is a lattice gas of tetramers
(four-site rods) in one dimension, with chemical potential
B = 21n«, but no kinetic energy. This is the physics relevant
for linear adsorbates [33]. Here, the system is endowed with
Markovian stochastic dynamics in the grand canonical ensem-
ble involving random transitions ---co0oc0o0o0--- <> ---0e e
o0 - and~--ooooo-~-<—>--~ooooo~--.

The parent Rokhsar-Kivelson Hamiltonian Hgk clearly dif-
fers from the parent coupled cluster Hamiltonian Hce of
Eq. (44). Local terms in Hcc have a footprint of up to
seven sites, as opposed five sites for Hrg. Furthermore, there
are terms at order o? in Hee that move disruptions around,
whereas in Hrg, moving a disruption is a second-order pro-
cess first encountered in (Hrk)>. The translation between
the different languages (coupled cluster state, matrix product
state, Rokhsar-Kivelson state) describing the post-Hartree-
Fock charge insulator is thus nontrivial.

VIII. NONPERTURBATIVE COUPLED CLUSTER STATE

Up to this point, we have viewed the coupled cluster state
|a) as an asymptotic description of the ground state of the
t-V model for small #/V, which meant that we were only
interested in the small « regime of the ansatz. However, as we
argued in the previous section, the parent Hamiltonians that
we identified there are of physical interest in their own right.
When viewed as the ground state of such a parent Hamilto-
nian, the restriction that o should be small can be lifted. We
set here the final goal to obtain the covariance matrix in the
c; basis at arbitrary « and in the thermodynamic limit. From
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Eq. (19), we have

[o¢] .
. IN — 4l —1 -3\ ,,
(alejerala) = —“2[Z< J J>a2j’

(53)
j=0

where we define (';) = 0 forn < 0 and we take [ > 0. We can
convert the sum into a contour integral,

o0 n
o n .
21 2
(or|ciciqarla) = —a E E (.)52N4113j,na /
n=0 j=0 J

2
— —062[/ " d_¢67(2N74171)¢
0 2

oo
x 3 (") (e"a?) () (54)
n=0 j=0 J
27 &
dé 4 ‘
_ 2 AP _oN-4-1) i$ 2 dign
o /0 2716 g(e + a“e™?)
_ _ay/z”d_(b o~ (N—41-1)
0 2w 1—ed— et
2w
dc 1
2
= - — , (55
* 7§ 2mi A g —alghy )

where the integral traverses the unit circle in the complex
plane in an anticlockwise sense. When applying the residue
theorem to this contour integral, we encounter two types of
poles. There is the high-order pole at ¢ = 0, which leads to a
residue

1 OIN—41—1 1
QN —4l—1)¢ 1—¢—a?t? c=0' (56)
It gives an O(N?) contribution in the thermodynamic limit,
owing to the factorial in the denominator. This contribution is
overwhelmed by the residue at roots of 1 — ¢ — a?¢* inside
the unit circle. In the thermodynamic limit and to exponential
accuracy in N then,

(22! R et

§02N (=1 —¢— ()l2§'4, (57

(alcleala) = —

where ¢ is the real root of 1 — ¢ — «?¢* inside the unit circle
that is closest to the origin. An explicit expression is provided
in Appendix H. The root ¢y(«) is a monotonically decreas-
ing function of «. In the small « regime, ¢ =1 —a® + ...
whereas at large «, £y >~ 1/4/c.

We can use the same method as above to obtain

1+ 30%¢; £ — %
= m . 58
o)== T e Y
This then gives in the thermodynamic limit
(lcfcipala) g™ (1 —20)'59 59)

(@la) 1432 40—+

From Eq. (18) follows that (a|c;cz|a)/(a|a) can be obtained
from Eq. (59) by multiplying by —1 and setting / = 0. Since
(alejerla)/{ala) =1 — (a|c;czla)/<a|a), we then find for
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0.050

0.010}
0.005

q-(k)

0.001}
5.x1074F = ==

004 l®) ]
0.03] ]
= 0.02] ]

0.01} .

0.00 Lo, ]
0.1 0.2 03 0.4 0.5

yv

FIG. 5. (Top) Comparison of the numerically exact DMRG re-
sults (dashed curves) for the lower band of the covariance matrix
spectrum of the 7-V model, to (the Fourier transform of) the result
Eq. (60) obtained for the nonperturbative coupled cluster state (solid
curves). The value of 1/V = /a for curves from bottom to top are
t/V =0.1, 0.2, 0.3, 0.4. (Bottom) The density n_ of quasiparticles
associated with the upper band of the mean-field Hamiltonian vs z/V .

all / in the thermodynamic limit

(1= 20"

(alclerparla) _
41—-20)+ ¢

(o] )

=40 (60)

The full covariance matrix Q;; = (c;c ) is deduced from the
two-site translation symmetry of the charge ordered state. It is
interesting to compare this exponential decay for the coupled
cluster state to the decay found for the critical system at V =
—2t. In both cases, an ordered state (|[MF) in the former and
the fermionic vacuum |0) in the latter case) is decorated with a
finite density of randomly placed disruptions. For the coupled
cluster state, the disruptions D; contain four adjacent fermion
operators, while for the critical state, the disruptions are sin-
gle fermions. Randomness on its own causes an exponential
decay of single-particle correlations with a finite-decay length
Eq. (60). The additional destructive interference caused by the
fermionic sign fluctuations when the disruptions are single
fermions, cause exponential decay with a vanishing decay
length 1/In N at large N, see Eq. (5).

While we have taken the view in this section that |«) with
a > 0.01 is an interesting state in its own right, we conclude
this section by pointing out that this state, although not quan-
titatively accurate, still captures reasonably well the extent of
correlations in the -V model at 7/V > 0.1. In the top panel
of Fig. 5 we compare the lower band of the covariance matrix
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spectrum at values of #/V between 0.1 and 0.4, obtained from
numerically exact DMRG calculations, to the result obtained
by Fourier transforming Eq. (60) with a = (t/V ). We see
that the average position and bandwidth agree rather well
between the two calculations, although the progressive change
in periodicity is of course not captured by the coupled cluster
state.

In the bottom panel of Fig. 5, we also compare results for
the average density of the quasiparticles associated with the
upper band of the mean-field Hamiltonian, i.e.,

n_=(cic)/2. (61)

(The factor 1/2 reflects the fact that the unit cell contains two
chain sites.) We see good agreement that is not automatically
guaranteed. For instance, the post-Hartree-Fock treatment
in [24] cannot reproduce this agreement (see Figs. 12 and 13
in that work). While the actual disruption structure at V 2 2t
becomes more complicated than the simple four-site pattern of
la = (t/V)?), the latter state nonetheless still contains roughly
the right amount of correlations, and constitutes a natural
physical picture of correlated insulators.

IX. CONCLUSIONS AND PERSPECTIVES

In this work, we have uncovered a simple coupled cluster
state, given by Eq. (17), that asymptotically describes the
correlated charge insulating ground state of the -V model in
one dimension at large V/¢. This emergent structure remains
hidden in usual exact treatments of one-dimensional models,
such as the Bethe ansatz or the density matrix renormaliza-
tion group. Our result was obtained by bootstrapping from
a perturbative calculation of the covariance matrix spectrum
Eq. (10) to a coupled cluster state that variationally reproduces
the ground-state energy to one order further than the Hartree-
Fock mean-field theory of the correlated charge insulator. This
enabled us to answer analytically questions that cannot be
addressed by perturbative means. We showed that the leading
order fluctuations beyond mean-field are the result of random
decorations of the ordered state by four-site disruptions of op-
posite orientation to the underlying mean-field charge pattern
(schematically illustrated in Fig. 2). We also showed that the
four-site disruptions state leads to a matrix product state with
bond dimension exactly four Eq. (40). While there is a general
construction [36] that relates matrix product states to parent
Hamiltonians with local terms only, that route does not seem
to yield a parent Hamiltonian of much practical use in this
case. We have instead derived two distinct parent Hamiltoni-
ans. One parent Hamiltonian, given by Eq. (50), constitutes a
phenomenological model for quantum fluctuations induced by
tetramers (length four rods), that connects the quantum system
to the classical stochastic dynamics of linear adsorbates [33]
when tuned to its Rokhsar-Kivelson point [34]. The other
parent Hamiltonian, given by Eq. (44), is a correlated hopping
Hamiltonian involving up to only three-body interactions. We
have also obtained exact results for the covariance matrix
Eq. (60) of the coupled cluster state in the thermodynamic
limit, and showed that the level of correlation is similar to that
of the #-V model even in a regime where there are quantitative
differences between the coupled cluster and exact ground
states.

Our results make the case for further studies of the covari-
ance matrix of systems in which ground states have nontrivial
unit-cell structure. We briefly speculate here regarding poten-
tial future developments. One interesting question is how to
break free from the four-site periodic structure of the coupled
cluster state based on four-site disruptions. This is not only
required to improve agreement at larger values of 7/V in the
correlated insulator phase, but also to understand which are
the new physical processes at play in this regime. Another
promising avenue is to use the coupled cluster state structure
that we uncovered as a starting point to build more intricate
many-body states in one dimension. A direct and interesting
extension of our work would be to consider one-dimensional
models of Mott insulators with spinful fermions, as well as
ladders, and to investigate the emergent structures in the pres-
ence of spin and charge degrees of freedom. In addition, since
the exact gapless critical state was found to show some sim-
ilarities to the gapped coupled cluster state, it is conceivable
that further extension of our work could lead to an explicit
construction of correlated wave functions for the Luttinger
liquid phase. Studies of correlated phases of charge insulators
beyond one dimension [52] could also be considered, using
the mapping to generalized quantum multimer models. An-
other avenue to be explored relates to topologically nontrivial
phases of interacting systems. For correlated systems with
nontrivial unit-cell structure, the covariance matrix in k-space
may play a similar role to a single-particle Hamiltonian, thus
allowing one to borrow from the theory of topological band
insulators [53]. In this context, there are possibly subtle but
interesting questions about if and how the bulk-edge corre-
spondence of the band insulator theory carries over to the
theory of the covariance matrix of a correlated insulator.
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APPENDIX A: EXACT GROUND STATE AT V = -2t

In the Appendix of [39], it was proven that Eq. (3) is the
ground state of the #-V model at V = —2¢. The proof was
performed in the fermionic language. Here, we sketch the
equivalent proof in the spin-chain language, which is related
to the fermion language by the Wigner-Jordan mapping to
spin-1/2 operators

Siv =8y +iSy; =€ T “Maj (A1)
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that commute if j # ;. In this representation the Hamiltonian
at V = —2t corresponds to the spin-isotropic, ferromagnetic
Heisenberg spin chain,

2N
t
H=—§;S,~SH1. (A2)

The total spin and its z component are good quantum num-
bers. The fully polarized ground state is the state |J =
N, J, = —N), which corresponds to the empty state |0) in the
fermionic language. The Hamiltonian commutes with S, =

Z?:V 1 Sj+, and thus the ground state with spin projection

J; = 0 is given exactly by

J=N,J.=0) < (S )VJ =N, J, = —N). (A3)
In the fermion language, this leads to the half-filled state
Eq. (3), as is easy to check using the mapping Eq. (A1).

APPENDIX B: COVARIANCE MATRIX AT V = -2t

Here, we perform the sum over combinatorial factors

2r+1 I\ (2N 22
S:nX:(;(_l) <n)(N—n—1> B1)

that produces the result Eq. (5). It is straightforward to see that
2r\ (2N —2r — 2
n N—-n—1

_ (212N —2r—2)! <N - 1) (N - 1>’ )
[(N — DI]2 n J\or—n

so that
_@OICN —2r=)IR N1\ (N -1
Y=o ?‘”( n )(Zr—n>'

(B3)

The part marked with an underbrace is easily identified as
the coefficient of the monomial x*" in the polynomial (1 —
OV 1 4+ x)V ! = (1 — x*)V~1. Thus, by the binomial theo-
rem

(2r)I2N —2r —2)!1 (N — 1
T NE ( )
212N —2r — 2)!
FIN —r — DIN — 1)
L2VSID(r 4 1/2)T(N — 1 — 1/2)
I(1/2)2(N — 1)! ’

r

= (=1

= (-1)

(B4)

which decays like N™" at large N, because of the r unbalanced
factors of order N in the denominator of (N —r — 3/2)(N —
r—>5/2)...(1/2)/(N — 1)(N = 2)...(1).

APPENDIX C: COVARIANCE MATRIX AT ORDER (t/V)?

In the main text we present the covariance matrix spectrum
of the #-V model at small ¢/V, to order (t/V)*. It is obtained
from the following expansion of the covariance matrix, to

order (t/V)* in k-space:
O(k)

1 t 1\’
= EUO+ |:(1+ cosk)v— (2+ 5cosk+3cos 2k)<v> :|0x

3
t 1t
+ |:sinkv + (sink — 3sin 2k)<‘7> :|ay
+ 1+2(1+ k) Al
- cos —
2 Vv

4
t
+(2_12008k_12C052k)<V) :|oz. (C1

As mentioned in the main text, the spectrum of Q(k) has
periodicity = whereas Q(k) itself only has periodicity 27.

APPENDIX D: MEAN-FIELD SOLUTION
OF THE t-V MODEL

We seek a single-particle basis
ON
bl =" fiaal, (D1)
j=1

such that for a particular sub-set F of N of these orbitals, the
state

(H bz,) 10), (D2)

aeF

minimizes the expectation value of the Hamiltonian Eq. (1),
within the manifold of single Slater determinants. Standard
Hartree-Fock theory leads to a mean-field Hamiltonian

2N
tafia = Y _ hitfia: (D3)
k=1
for the mean-field orbitals, where
hje = —(t + (@} ;)8 11 — (¢ + (ajai1))8; a1
+Vd]_jaj1) + (a, a8k (D4)

Periodic boundary conditions here imply 2N +1 =1 and
0 = 2N. We seek an inversion-symmetric solution that is in-
variant under translation by two lattice sites. We therefore take
(ajaj) = (a;_ﬂaﬁz), and (a;_Haj) = (a}_laj) for all j. We
further assume (a; 4+14;) to be real.

This results in two bands with N orbitals each. For the
lower band

Xa ik, Yo o ik,

fZ i—1,0,— — _el a]’ f2 o— = T _p¢ uJ’ (DS)
TETTUN TTUN

with k, = 27a/N, and o = —%, 1%, N being as-

sumed odd. The coefficients x, and y, form the negative-
energy eigenstate of the eigenvalue equation

Xe\ A —7(1 + e"*)\ [x,
“(5e) = (e () 0o
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where the mean-field parameters

A= V((a;jaz,') - (ll;j,lazj—ﬁ),

f=t+Vd a;.,a;j), (D7)
do not depend on j. From this we find
Ko
=,/ A2 4 472 cos? > (D8)
v = |1 < ik /2 (DY)
V2 22 4 cos® &
Ly < (D10)
Yo = —= ——
V2 22 4 cos® &

where z = A/27. The upper band is described by orbitals

*

Yo ik Xo ke
fjta+ = \/aﬁe’k‘”, Pias = ——%e*i (DI1)
To obtain self-consistency, we evaluate
N-1
: |
(a}jaa)) = {ab;_yaj) = (v — Ixall)
a=—N=1
NT—I
1 A
= — —, D12
N X o (D12)
Pt
' 1 <
(aéjQZj 1) ﬁ Z XaYa
a=—N-1
s 2k
1 1 cos” %
=5 2 =, (D13)
a=—N1 Ear
2
which are independent of j. We also see that
N—1
; 1< :
(“£j+1“2j> =N Z xze ey,
am-2t
N—1
2
ﬁ > XaYa = (aa1).  (D14)
= N=1
- 2

which confirms that it is consistent to take ( a;,,a ;) indepen-
dent of j and real. All the above leads to a transcendental
equation

N-1
t 1 2 sin” %2
A Z i R— (D15)
v et /22 + cos? &

which determines z. Without loss of generality, we pick the
z > 0 solution, which corresponds to a symmetry-broken state
in which the even sites are more likely to be occupied than the
odd ones.

The mean-field orbitals that we have found are Bloch states
of the reduced symmetry mean-field Hamiltonian Eq. (D4).

Since we are studying an insulating state, a description in
terms of localized orbitals is however more useful. To obtain
such a description, we note that unitary transforms that do not
mix orbitals from different bands, leave invariant the mean-
field state that is constructed by completely filling a single
band. We use this freedom to re-Wannierize the mean-field
orbitals within a given band. The new Wannier orbitals are
then given by

N-1
; 1 - ity ikej
E) =5 D xeeeld,
a=-131
N—1
. 1 - i, ke j
v =5 j{;4y
==
N-1
- 1 & o
E = D xuete™,
a=-13!
N-1
. 1 & ot i
Vi =5 D yeee, (D16)
a:_N;l

where the phases ¢ have not been fixed yet, and may be
adjusted to give optimal results in whatever scheme is em-
ployed on top of mean field theory. For our purposes, we used
¢F =0, which gave a lower post-Hartree-Fock variational
energy than other constant choices. We did not systematically
vary over momentum-dependent choices.

We use these orbitals to construct new fermion creation
operators ¢ ;- that are associated with Wannierized valence
(even j) and conduction (odd j) band orbitals of the mean-
field Hamiltonian. In the position basis they read

i = Xﬁu NSy + 9 — jaj],

ékl=§:ma—jmg, E( - (D17)

=1

J )azz

It is useful to note that in terms of the parameters defined
here, the expectation value of the Hamiltonian with respect to
the mean-field state is simply given by

2—12  A?
Epg = —2NV<— + —).

D18
v: 4 (D18)

In order to compare this result with perturbation theory, we
wish to expand it in powers of £ /V. As a first step, we expand
Az/V2 in 2f/A = 1/z. From Egs. (D7) and (D12) follows

2
A% I ke 3 ke
Wﬂv[za <1—WC°37+§C°SE+ )

=1 1+9+ ’
o 4722 6474

(D19)
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We can find 1/z in terms of ¢ /V with the help of Eq. (D15),

20 1 sin &
v - NZ o 1 + cos;%“
1 ke 1. o o
=V (12?—2—Zzsm2—00527+ )
—Lh-Lly (D20)
T2z 822
Solving the above for 1/z, we find
1 4 83
=4 D21
z vV + V3 D21)
Substituting these results into Eq. (D18), we find
NV 4> 8t
Emfz—T 1+W_W+“' . (D22)

Comparing to the expansion of the exact result Eq. (12), we
see that the fourth order term of the Hartree-Fock solution
is double what is should be. Correlations, included in the
coupled cluster state, are responsible for the proper value of
the fourth order term.

APPENDIX E: MATRIX ELEMENTS FOR TWO-BODY
ADDITIVE OPERATORS

Products of four ¢ operators, three of whose site indices
have one parity (even/odd) and one whose site index is of
opposite parity, necessarily change the number of sites of
regular order by one. Such operators thus map |m) onto a
state in the orthogonal complement to the space spanned by
the |m'y m' =0, 1, ..., [N/2] basis. We therefore only have
to consider operator products in which all four site indices
have the same parity, or where two have one parity while the
other two have the opposite parity.

1. Operator products that increase m by one

Let us consider a two-body operator that increases m by
one. It necessarily consists of two creation operators with odd
site indices and two annihilation operators with even indices.
They fuse three disruptions (some of which could be length
zero), that are separated by two single sites of regular order
into a single disruption, and grow the fused disruption by one
site at each end. Due to invariance of the state |m) under
translation by two lattice sites, we can restrict our attention
to products in which one of the creation operators has site
index 1. We use three labels /;, [, and /3, corresponding to the
number of atomic disruptions in each of the three disruptions
that are fused, to label these operator products. There are four
separate cases to consider, corresponding to how the fused dis-
ruption is positioned relative to the link between sites N and
1. Note that because N is odd, the initial Slater determinant on
which the operator product acts always hosts an odd number
of particles in the space between the ends of the eventual fused
disruption. .

(1) CJIfC‘UI+2C;1(Zl+12)+3C4(11+12+Z3+]): Suppose the fused dis-
ruption starts at site 1. The corresponding initial Slater
determinant contains a site of regular order at site 1 (i.e.,

unoccupied), followed by a disruption on sites 2 to 4/; + 1. A
site of regular order at site 4/; + 2 is occupied. Then follows
a disruption from site 4/; + 3 to site 4(/; + L) + 2. A site
of regular order at 4(/; + ;) + 3 is empty. Finally comes a
disruption from site 4(l; + 1) +4 to 4(l; + > + I3) + 3 and
an occupied site of regular order at site 4(/; + I + [3) + 3.

... of0 1 01]1[1 0 1 0JO[O 1 O 1]1...
— .../[[1010101010101010]...

Here and below | separates site 2N and site 1 and. Because of
the initial presence of a particle on site 4/; + 2 the operators
Caly+h+h+1) and cz(ll +h)3 each has to be anticommuted past
an odd number of fermion operators while c4;, 4> must be
anticommuted past an even number. This results in an overall
sign of 1.

(2) €] Can—aty ++15)-2C3y 4ty 11s)1C2N—41,: Suppose  the
fused disruption wraps around and ends at site 1. Initially
sites 1 is empty while site 2N — 4(l; + b, + I3) — 2, just in
front of the first unfused disruption is occupied. Site 2N —
4(l, + I3) — 1 between the first and second unfused disruption
is empty.

[0... 1[1 0 1 0]J0[0 1 O 1]J1[1 0 1 O]|
—-11]1...[01 0101010101010 |

The odd number of particles hosted in sites 2 to 2N — 4(/; +
Iy 4+ I3) — 2 and the presence of a particle on site 2N — 4(/; +
[ + I3) — 2 means that 2¢coy—4(1,415)—1 and coy—4;, must each
be anticommuted past an even number of particles, while
CON—4(l,+h+1;)—2 1 commuted past an odd number of particles.
The overall sign that results is —1.

3) CTC411+2C£N7 4y +1;)—1€2N—41,: One of the three fused
disruptions fully wraps around past site 1 (so that site 1 is
one of the fusion sites). In the initial Slater, site 1, is therefore
empty. Site cq;, 42, just after the insertion that wrapped past 1,
is initially filled. Site 2N — 4(l, 4 [3) — 1, just in front of the
remaining two insertions is initially empty.

| of0 1 0 1]J1... 0[0 10 1J1[1 0 1 0]
—-1101010]...[1010101010 |

Anticommuting C;N_ Atly) 1 and coy—4;, past odd number of
particles in the space between the ends of the eventual fused
insertion, and the particle on site 4/; + 2 gives a sign of 1. An
even number of anticommutations puts c4;, 42 in place. Thus,
the overall sign is 1.

4) c'[cuﬁzcl(ll +1)+3€2N—41,> Two of the three fused dis-
ruptions fully wrap around past site 1. Site 1, in front of the
two insertions that wrap past 1 is initially empty. Site 4/; + 2
between the first and second wrapped insertion is initially
filled. Site 4(/; + I) + 3 just after the second wrapped inser-
tion is initially empty.

| of0 1 0 1]1[1 0 1 0JO... 1[1 0 1 07|

—-110101010101]...01010 |
(ED)

Anticommuting ¢,y —4;, past the odd number of particles in the
space between the ends of the eventual fused insertion, and
past the particle on site 4/; + 2, gives a sign of 1. Anticom-
muting CI(II +1,)+3 Past the particle on site 4/; + 2, gives a sign
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of —1. Getting c4;,+2 in place only requires anticommuting it
past the particles in one of the initial unfused disruptions, and
thus gives a sign 1. The overall sign is then —1.

In each of the above cases, the number of Slater determi-
nants in |m) that fit the bill can be counted as follow. The
three initially unfused insertions, together with the sites in

J

between, in front of, or behind them, leaves m — [} — [, — I3
atomic disruptions and 2N — 4m — 4 sites of regular order
to place in the space between the ends of the eventual fused
. . ON—Gm+1+h+13)—4 .
insertion. There are ( i ) ways to do this. Each
of these terms in |m) is mapped onto a distinct term in |m),
with prefactor 1 as determined above. Thus,

i T T i
(m =+ 1leycan2¢4g, 4y 3Cati+h+ih+nIm) = —(m 4 1) Con—a +h+1)-2Con 41, +15)—1C2N—415 1)
T ¥ 1122
= (m+ 1|CIC4ZI+202N_4(]2+13)_1CZN—413|m) =—(m+ 1|CIC411+2C4(11+12)+3CZN—4]3|m> = Cly ity (E2)

where

2N - (3 Lh+bh+15h)—4

122 _ Gm+hL+hL+15) E)
LR m — 11 — lz — l3

The restriction that the initial unfused disruptions do not over-

lap, and that there should be no more than m initial atomic
disruptions, lead to the restrictions

. (N—-1
I € 0,rn1n< —l,m)},
2
N -1
126 0,min< —l—ll,m—ll)},
. (N—-1
I; e 0,m1n< —l—ll—lz,m—ll—lz>}. (E4)

Note that zero lengths are allowed for the unfused initial in-
sertions. For instance, | = I, = I3 = 0 corresponds to a single
atomic disruptions being created on the four sites from 1 to 4,
if initially they are of regular order.

[0101 ... — ... [[1010]

Matrix elements of operators that reduce m by one are ob-
tained by taking the complex conjugates of the operators that
we calculated here.

2. A product in which all four site indices are distinct

Such an operator product changes each of the Slater de-
terminants [s) = ¢y, .. .cIN|O) that comprise |m), into another

Slater determinant |s') = cl . cl', |0), up to a sign. Calculat-
21 °N

ing the associated expectation value amounts to counting the
number of these new Slater determinants |s’) that are also part
of |m), or [m £ 1), and keeping track of signs.

In each case, two disruptions are moved. There are four
subclasses, determined by the directions in which the disrup-
tions are moved (lefl-left, right-right, left-right, and right-left).
We use three integer labels j, [;, and /, to enumerate the
different operator products that yield a nonzero expectation
value.

(1) Four odd site indices: Without loss of generality, we
can consider one creation operator to have site-index 1. All
other cases give the same answer, because of invariance of
the states under consideration by two lattice sites. These op-
erator products preserve the number of sites of regular order,
and thus only connect |m) to itself. The following mutually
exclusive classes have nonzero |m) expectation values.

(

(a) CTC4[1+1C§ 12144 Suppose a Slater determi-
nant contains a disruption starting on site 2 and extending
to site 4/; + 1 and another present at site 2 j 4+ 2 and ending
at site 2j + 41, + 1. The operator product moves the first
disruption one site to the left. This is achieved by anti-
commuting cy;,+1 past all but the last fermion in the first
disruption, thus accumulating a sign of —1. It also moves
the second disruption one site to the left by anticommuting
C2j+1+41, Past all but the rightmost fermion in the second
disruption, thus accumulating a sign —1.

.l of0101]... 0[0101]...
— ...1[1010]0...[1 01 0]0...

The total sign is thus 1.

(b) cIcz_,-+1_41,czjﬂcz;v_%“: Suppose a Slater deter-
minant contains a disruption present on site 2j + 1 — 4/,
and ending at site 2j and another present at site 2N +
41, 4+ 1 and ending at site 2N. The operator product moves
the first disruption one site to the right. This is achieved
by anticommuting c;j 41 past all the fermions in the first
disruption, thus accumulating a sign of 1. It also moves the
second disruption one site to the right, so that its end wraps
around to site 1. It does so by anticommuting coy—4s,+1 past
all the fermions that are not part of the right disruption.
Since N is odd, and disruptions contain an even number of
fermions, this produces a sign —1.

| 0...[1 01 0]0...[1 0101
—- | 1]... of0101]... 0[0 10 |

The total sign accumulated is then —1.

(c) CIC411+1521‘+IC;;‘+1+412: Suppose a Slater determi-
nant contains a disruption starting on site 2 and extending
to site 4/} + 1 and another present at site 2j + 1 and end-
ing at site 2j 4+ 4/,. The operator product moves the first
disruption one site to the left. This is achieved by anticom-
muting ca;,+1 past all but the right-most fermion in the first
disruption, thus accumulating a sign of —1. It moves the
second disruption one site to the right by anticommuting
c; 41441, Past all but the fermions in the second disruption,
thus accumulating a sign 1.

.l of0 1 01]...[1 01 0]O...
— ...|[1 01 0]0...0[0 10 1]...

The total sign is thus —1.
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(d) CTC‘;H_I_M]C2j+1C2N_4/2+1I Suppose a Slater deter-
minant contains a disruption starting on site 2j + 2 — 4/;
and extending to site 2j + 1 and another present at site
2N 441, + 1 and ending at site 2N. The operator prod-
uct moves the first disruption one site to the left. This is
achieved by anticommuting c¢;4; past all but the right-
most fermion in the first disruption, thus accumulating a
sign of —1. It also moves the second disruption one site to
the right, so that it end wraps around to site 1. It does so by
anticommuting cpy_4j,+1 past all the fermions that are not
part of the right disruption. This produces a sign —1.

| 0... of0101]...[1 01 0]l

— | 1]...[1 01 0]0... 0[O0 10 |

The total sign accumulated is then 1.

The number of Slater determinants in each subclass is the
same and can be computed as follows: the two disruptions
that are moved together contain /; 4 [, “atomic” (i.e., length=
four sites) disruptions. Two sites of regular order (into which
each disruption is moved) are also spoken for. This leaves
m — Iy — [ atomic disruptions and 2N — 2 — 4m sites of reg-
ular order. The number of Slater determinants in a subclass
equals the number of ways we can arrange these atomic dis-
ruptions and sites of regular order in the space around the two
moving disruptions. This space consists of two intervals, one
of length 2j — 4/; — 1 and one of length 2N —2j — 1 — 41,.
Let g be the number of atomic insertions we assign to the
latter interval. There are (**~*/~*7173¢) ways to do this. For

. 2j -4l —1—3(m—g—
each of these choices, there are (*/ Z,l,,, . fli"iq" l2)

arrange the remaining atomic disruptions within the interval
of length 2j — 41; — 1. The total number of ways is obtained
by summing over q.

) ways to

min{m—l—b, |35 —1—h ]}

2

g=max{0, [m—b—4+17)

1111 _
m,j b T

(2) A creation operator and an annihilation operator with
odd site indices, and a creation operator and an annihilation
operator with even site indices: Without loss of generality,
we can consider one creation operator to have site index 1.
All other cases give the same answer, because of invariance
of the states under consideration by two lattice sites. These
operator products preserve the number of sites of regular
order, and thus only connect |m) to itself. The counting of
Slater determinants proceeds in as in the case of four odd site
indices, with only minor modifications.

(3) Four even site indices: Without loss of generality, we
can consider one creation operator to have site index 2. All
other cases give the same answer, because of invariance of the
states under consideration by two lattice sites. These operator
products preserve the number of sites of regular order, and
thus only connect |m) to itself. The counting of Slater deter-
minants proceeds in as in the case of four odd site indices,
with only minor modifications.

The above considerations then lead to the following results.
For operator products with four odd site indices,

<m|CIC411+1C;j+1C2j+1+4lz |m)

_(m|CICZ_j+1—411C;j+1C2N—412+1 1)

- (m|CJ1rC411+102j+1C§j+1+412 |1m)

<m|CICL+|_4ll C2j41CIN—4l+11M)
11

= Com il (ES)
where
2N —2j—4l, —1 -3 2j—L1—1-3m—qg—1
( j—4b q)( j=h (m—gq 2))' (E6)
q m—h —lz—q

The fact that the two disruptions are each at least four sites long, don’t overlap, and jointly have length 4m: sites, restricts the

labels to the respective ranges

. . j—1 . N—j—1
jef{3,...,N—=3}, [ €41, min T,m—l , b e{l min —

(E7)

fo-s)

For an operator product with a creation operator and an annihilation operator with odd site indices, and a creation operator

and an annihilation operator with even site indices

¥ il
(mlcican102j42€55 544, M) =

=cC

where

min{m—l—b, | X4 b )

Z 2

g=max{0,[m—Il,— 5’ }

1212
m,j b T

<2N—2j—4lg—2—3q)(2j—ll—3(m—q—lz))

s

- (m|CIC;j+2_4ll C2j42CoN—dl+11m)
¥

—{m|cycap, 41 C;j+202j+2+412 |m)

(mlcteajaa, C§j+202/v—412+1 |m)

1212
m, j,l, b

(E8)

(E9)

q m—h—lz—(]
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Here,

jel2,...,N=3},

e[}
e[ ).

For operator products with four even site indices,

(E10)

— (m|Cgczj—4zl+2C;_]-+262N—412+2|m>

= (m|C;C411+2C;j+202j+412+2 )

= <mlc§c§j,41,+262j+zCz,-7412+2|m>

t t
—(mleycan+202j42€5 ;4 41,2 1M)

_ 2222
= “m,j L

(E11)

where ¢2222 | = ¢l e  the combinatorial factor in the
m, j.li,b m, Iyl

last line of the above equation is the same as for the case of
four odd site indices.) The fact that the two disruptions are
each at least four sites long, do not overlap, and jointly have
length 4m sites, restricts the labels to the respective ranges

je{3,...,N=3},

(5]
el (1 o)

3. A product in which one of the annihilation operators
have the same site index as one of the creation operators

(E12)

In this case the two remaining operators must have site
indices of the same parity, so that the only nonzero elements
are between states with the same m. Owing to invariance under
translation by two lattice sites, we can focus on the cases
where the repeated site index is either 1 or 2, and choose to
consider (mlclclf ...|m) and (m|c;c, ... |m). These operator
products check that site 1 or site 2 are of regular order, and
further moves one disruption to the left or right by one site.
The counting arguments are very similar to the case of four
distinct site indices. We obtain

(mlcicicajuiCy)ygpyglm) = —(m|C1CTC;j+1czj+4l+1|m>
1
= Cp 0,05 (E13)

with the restrictions on j and / being

jell,...,N =3},

N—j—1
I € {1mquJJm>} (E14)
Furthermore,
(m|C1CTC§j+2Czj+4z+2|m)
= —(mleic]cajpach s gy inlm)
= oo (E15)

with
jef0,...,N—3},
C(IN—-j—1
[ € {1, min — ,m)¢. (E16)
Lastly,
<m|C§C2C;j+2C2j+4l+2|m>
= —(m|c;czczj+zc;j+4l+2|m)
= Cpjo.r (E17)
with
jefl,...,N =3}
N—j—1
I e {1mmq+Jm)} (E18)

4. A product with two pairs of creation and annihilation
operators, where the members of each pair
has the same site index

Invariance under translation by two lattice sites allows us
to focus on three classes,

(m|C]CJerzj+lC;j+1 |m) = Crlnliloo (E19)
forje{l,...,N—1}.

(m|c1cfc;,- 2C2j2lm) = Crlnzizoo (E20)
forje{0,...,N —1}.

(m|C;C2€;j+2C2j+2|m> = c'znzj',zo,o (E21)
forje{l,...,N—1}

APPENDIX F: HAMILTONIAN MATRIX ELEMENTS

All the ingredients necessary have now been collected and
we can assemble them to express matrix elements of the
Hamiltonian between |m) states in terms of the Wannier wave
functions ¥ (1), £(1), ¥ (1), and £(1).

The kinetic energy does not connect states with different
m,

2N
(ml =1 ) (djaj1 +al,,a))m)
J=1

_ Nt 2N 2N — 3m Xl
- 2N — 3m m 0

“ 2N —3m—1—1
_ (x;,1+x22,2)< " 1 >]+c.c., (F1)
m—
=0

where

N
X!'=Y W EC - HHEOTA+1— I,
=1
N
XP =YD YA - H+v@EU+1- )] (F2)

=1
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The interaction term is more involved. It connects states |m) to itself and to |m £ 1),

2N
(ml Y alajal, apelm) = N(T,"" + 1,72 4+ 1,72). (F3)
j=1
and
2N
(m+1|Zaj'.aja}+1aj+1|m) =NTn:122' (F4)
j=1
Here,
Tr:l71l72f73l74 — S(()T,lr(;26304 + Sti]rt;zﬂzm + Si]n?mm' (FS)

The Sp contributions originate form four fermion operators that all have distinct Wannier orbital indices. For o =
1111, 1212, 2222,
Sem =Y i o [=WO G 420, 201, j) + WG + 2L, j. 20) + WO, j + 26, 2L) — WO (). 211, j +2D)
=W, =2b, j = 20) + WO(j, j — 2L, =2L) + WO (j — 211, j, =2b) — W*(j — 211, =2b, J)]. (F6)

Foro = 1122,
1122
Som2 =)' P I=W"2QU + )+ 1,200 + b+ L)+ 1,20+ W2 QU+ h) + 1,20, 2(h + L+ 1) + 1)

+WHR(2(L+ 1) — 1, =2l — 1, =2(l; + b+ 15) —2) = W' (=2(L, + 13) — 1, =2(Ly + b+ 13) — 2, =215 — 1)
—W22(2(l + 13) — 1, =213 — 1,20)) + WH2(=2(l, + 13) — 1,21}, =213 — 1)
+WHRQU + b))+ 1, =20 — 1,21) — W2 Q1 + b) + 1,21, =21 — 1] (F7)

The summations are

Il
1M
M

_ Z 3 (E8)
j L=1

and

1122 min{®2—1m} min{2 —1—1,m—1} min{%2L —1-1—b,m—1—b}

> = 12:% > > ~ (F9)

L=0 =0
If the upper bound of a sum is lower than the lower bound, then the result is zero. The W*’s read

N
WGt o ja) = D I EA = j)EA — j)d = j3) + EO T A+ 1= jO' g+ 1= jEd = j3)l,

=1

N
W23, o j3) = YA+ DA — j)* + ED A+ 1= j) T+ 1= )yl — j3) +E = e+ 1 — ja)]
=1

WO YA = ) +EOEA— jO I — v — j3) + 51— jEA — ).

N
WH2(j1, jo, j3) = Y WO EA+ 1= j)EA+ 1= i)y — j3) +EO YA — ) v — p)EA = ja)).

=1

N
W2 o j3) = Y W EA = )W — p)EU — j3) +EW U+ 1= ji)Ed + 1= ) d — j3)l. (F10)

=1
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The S; terms contain two Fermion c-operators with the same index. The 1122 contribution is zero,

N—3 min{[ Y7t —1].m)

m—1

2N —3m—1-1
Sll’lnlllzz Z [V””(j,j+21)+V””(j+21,j)][c,1n]q}-"0’1—( m )]’
=1 =1

N—3 min{{ YL —1 | m}

ST =3" > WVERGL 2+ VPRG 2L e (F1D)
j=1 I=1
where
VEG, j2) = WG 2, 0) = W31, 0, j2) + W (—=Jj1, —j1s ja — J1) = W(=Jj1, 2 — i, —Jj1)- (F12)
N—3 min{l"F—4].m}
2N —3m—1-1
St = {[W””(j, o,j+2z)+W‘2‘2(j+21,o,j)]( " l )
j=0 I=1 m-=
— W0, j +20) + W2(j + 21,0, j)
+WPR(—j—1,20, —j - D)+ W (—j =20 —1, =21, —j — 2] — 1)]6,1,[2,}’20',}. (F13)
The S, terms contain two pairs of Fermion c-operators with the same index. Again the 1122 contribution is zero,
N-1
2N 2N —3m 2N —1—3m
gl _ WG 0y — w0, _ il
W ;[ (. j. 0) GO o . +enhoo
N-1
o /2N —-1-3m
S =Y w0, J)[( " ) - Cm,j,o,O]’
Jj=0
N-1
S = IWH2(j, j, 0) — W22(j, 0, eyt o- (F14)

j=1

APPENDIX G: A MORE GENERAL VARIATIONAL
CALCULATION

In the main text, we showed that the exponential coupled
cluster state |o) = exp(aT)|MF) with o = (t/V)2 yields a
variational energy that is accurate to order (¢/V)*. In this
Appendix we investigate a more general state built from states
|m) = (T')"|MF)/m!. We namely consider the ansatz

LN/2]

W) =) Wy, lm). (G1)
m=0

The simplest variational scheme is to treat the Wannierized
single-particle basis obtained in mean-field theory as cast in
stone, and to vary only the amplitudes W,, in Eq. (17). How-
ever, one may hope to obtain better results by also adjusting
the single-particle basis as well. We have implemented the
simplest version of this optimization by varying the param-
eter z, that defines the c; orbitals through Egs. (D9), (D10),
and (D16), along with the W,,, rather than fixing it by solving
the mean-field Eq. (D15).

In Fig. 6, we again plot the ratio between the correlation en-
ergy as estimated by the more general ansatz Eq. (G1), to the
true correlation energy, as well as the difference in energy per
particle between the more general ansatz and the exact result.
This should be compared to Fig. 3 in the main text. We see that

(

the error in energy per particle goes like 10(¢/V)° at small
t/V, as compared to 19.5(¢/V)° for the simpler exponential

s
2 09f
5 T
2 08L S
i~
2070
< 0.7
 0.6f
05 o ]
0.1 0.2 0.3 0.4 0.5
0

FIG. 6. The difference in ground-state energy between mean-
field theory Eq. (D18) and the correlated ansatz Eq. (G1) in units
of the exact correlation energy. (Inset) The difference between the
variational energy per particle of the correlated ansatz Eq. (G1) and
the true ground-state energy Eq. (22) in double log scale. The solid
line corresponds to 10(t/V)°. Results are shown for a system of
N = 41 particles occupying 82 sites.
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FIG. 7. (Inset) The optimal variational amplitudes ¥,, Eq. (G1)
versus number of disruptions m, plotted in logarithmic scale on
the vertical axis. Results for three values of 7/V are shown. Solid
lines represent fits to the coupled cluster formula ¥,, = No™. The
extracted cluster strength « versus ¢/V plotted in double log scale.
The solid line corresponds to o = (¢/V)?. Results are shown for a
system of N = 41 particles occupying 82 sites.

ansatz of the main text, giving a small improvement. At larger
t/V, the more general ansatz more qualitatively capture the
physics, as it can account for about 50% of the correlation
energy even close to the phase transition at#/V = 0.5.

In the inset of Fig. 7, we plot the state amplitudes W, of
the optimal correlated states for various ¢/V, including ones
outside the regime where the correlated ansatz is quantita-
tively accurate. In all cases, we see that the amplitudes are
very well approximated by a function that is exponential in m.
Thus, the improved accuracy of more general ansatz Eq. (G1)
does not come from abandoning the coupled cluster doubles
form. Rather it is caused by a renormalization of o away from

(t/V)? when this parameters becomes large, and to the mod-
ification of the mean-field parameter z. At small #/V where
the correlated ansatz is intended to be quantitatively accurate,
we find that varying z makes little difference. For instance, at
t/V = 0.1 the optimal z is 2.40 while the mean-field solution
is 2.45. At larger ¢ /V, there is a more significant renormaliza-
tion of z (around 20% close to the critical point), which leads
to improved correlation energy estimates. It should however
be kept in mind that in this regime, the correlated ansatz
provides at best a qualitative description anyway, because the
periodicity of the covariance matrix spectrum is not correctly
obtained. In the main panel of Fig. 7, we plot the o values
versus t/V that we extracted from our improved variational
calculation. In the regime r < 0.1V, where the ansatz is quan-
titatively accurate, we still find that o >~ (¢/ V)2, but at larger
t/V itis suppressed below this quadratic growth.

APPENDIX H: EXPLICIT EXPRESSION FOR ¢)(a)

In Sec. VII, we expressed the covariance matrix associated
with the state |} in terms of the real root &y of 1 — ¢ — a?¢*
that is closest to the origin. Using Ferrari’s method to solve
this depressed quartic equation we obtain

1 2 5
Sola) = a2 M —u(a)* —u(a) |, (H1)

where u(«) takes the value
1/3 1/3

J1+ a2 +1 1+ 38a2 -1

2 - 2

. (H2)
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