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Abstract

The Collective Field method is used to investigate various matrix valued problems.
First the application to the single hermitian matrix is reviewed after which the
method is generalised to multiple hermitian matrices. Two different approaches
are considered, both of which return the expected Jacobian. The second approach
is then used to explore a system of complex matrices to determine if a Jacobian
including both radial and angular dynamics can be revealed. This turns out not to
be the case but the analysis is informative, and some avenues for further research

are suggested.



Acknowledgements

First and foremost I would like to thank my supervisor Professor Joao Rodrigues
for his guidance, insight and immense patience. His aid was essential and I would

have been lost without it.

Secondly I would like to thank my family and friends for their unending support

and encouragement.

Finally I would like to extend my heartfelt gratitude to the National Institute for
Theoretical Physics, the National Research Foundation and the University of the

Witwatersrand for providing the funding that made this research possible.



Contents

1 Introduction

2 AdS/CFT Correspondence

2.1 String Theory . . . . . . . . .
2.2 Large N Limit . . . . . . ... . ... ...
23 AdS ..o
2.4 N =4SYM and Type IIB String Theory . . . . . . . .. .. ...
2.5 AdS/CFT Dictionary . . . . . . ... ... ...
2.6 BMN Limit . . . ... . o
2.7 Emergent Geometry . . . . ... ..o o

3 Hermitian Matrices

3.1 Single Matrix Dynamics . . . . .. .. .. ... ... ...
3.2 Collective Field Method . . . . . ... .. ... ... ... ....
3.3 Collective Field for a Single Matrix . . . . ... ... ... ....

4 Multiple Hermitian Matrices

4.1 Jacobian . . . . ...
4.2 Collective Field for Multiple Matrices . . . . . . . ... ... ...
4.3 Multiple Matrices: Second Method . . . . . ... ... ... ...



5 Radial Sector
5.1 Overview . . . . . . ...
5.2 Single Complex Matrix . . . . . .. .. ... .. ... ...
5.3 Multiple Complex Matrices . . . . .. ... .. ... .. .....

5.4 Angular Considerations . . . . . . . . ... ... ...

6 Conclusion

A Initial Attempt at Multiple Hermitian Matrices

B Diagonalised Derivatives

50
50
ol
o4
26

63

65

69



Chapter 1

Introduction

The twentieth century was an eventful and tumultuous time for theoretical physics.
The discoveries of General Relativity and Quantum Mechanics led to a multitude
of new avenues of research, but also to significant hurdles that remain to this day.
One such hurdle is finding a consistent theory that includes all four fundamental
forces of nature. Presently String Theory is the most popular candidate for such
a theory [19], but it was not always this way. String Theory first emerged as an
attempt to describe strong interactions, but it was unsuccessful due to the fact

that it predicted a 2-spin particle and a tachyon.

With the discovery of Quantum Chromodynamics as a more viable tool to describe
strong interactions, String Theory was put aside until the 1980s when supersym-
metry was proposed. One of the features that prevented String Theory from being
a theory of strong interactions, the spin 2 particle, instead made it a candidate
for a theory of Quantum Gravity, as that is exactly the spin that a graviton is

predicted to have.

Although String Theory and Quantum Chromodynamics both hold significant



promise, one for developing a consistent unified theory and the other as a theory
of strong interactions, they both pose great difficulty for calculations in non-
perturbative regimes. It is only in the last two decades that a way around this
problem has begun to reveal itself in the Anti-de Sitter/Conformal Field Theory
(AdS/CFT) Correspondence, also known as the Gauge/Gravity Duality. The first
clue to the existence of the correspondence came in 1974 when Gerard 't Hooft
published a paper investigating a Gauge Theory of colour group U(N) [1]. In it
he discovered a systematic % expansion indexed by the Euler characteristic of the
surface on which the Feynman diagrams could be drawn. Additionally he found
that when one takes the limit as NV tends toward infinity, only Feynman diagrams
that can be drawn on a plane or a sphere contribute to the final calculation. This

was the first hint that the large N limit of gauge theories might contain strings.

't Hooft’s realisation eventually lead to the formulation of the AdS/CFT corre-
spondence by Juan Maldacena in 1997 [4]. Maldacena showed that the large N
limit of certain conformal field theories included a sector equivalent to supergrav-
ity on various compact manifolds, such as spheres and Anti-de Sitter spacetimes.
In particular he showed that the large N limit of N' = 4 Super Yang-Mills had
a description which contained strings. This was expanded upon by Gubser, Kle-
banov and Polyakov in 1998 [5] from the other direction, demonstrating that some
Green’s functions of N/ =4 SYM could be found through the boundary of String

Theory in an AdS space.

Since the large N limit plays such a significant part in the AdS/CFT correspon-
dence it is important to be able to find this limit, which is not always a straightfor-

ward enterprise. One method that shows promise in this regard is the Collective

Field method, which was developed in 1980 by A. Jevicki and B. Sakita [6]. The



premise of the method is that one reformulates a given gauge theory problem in
terms of a (usually overcomplete) set of commuting operators invariant under the
original symmetries of the system. Doing so brings the terms of leading order in N
to the forefront, and for this reason it is an attractive proposition for investigating
problems pertaining to the AdS/CFT correspondence, as this large N background

becomes the semi-classical approximation of the effective invariant theory.

The aim of this research is to investigate matrix valued quantum field systems and
their eigenvalue dynamics. Matrix models are of interest because many important
theories are defined in terms of matrix models. This includes QCD, N/ = 4 SYM,
String Theory in 2D [7] (one of the only non-trivial string theories with an exact
solution), and even a possible definition of M-Theory [20]. This paper investigates
matrix models in physical contexts which depend only on the eigenvalues of the
system. The eigenvalue dynamics are of significance because in the context of the
AdS/CFT correspondence it is expected that the AdS geometry emerges from the

eigenvalues [9].

This dissertation is structured as follows: in chapter 2 we review the AdS/CFT
correspondence, which constitutes the majority of the background information to
which this research pertains. In chapter 3 we first recap the dynamics of a system
based on a single hermitian matrix, and then give the derivation of the collective
field method. Next we review the application of the collective field method to the
single hermitian matrix problem, which is the one that Jevicki and Sakita solved
in their original paper [6]. In chapter 4 we apply the collective field method
to a system based on several hermitian matrices using two different approaches.
Finally in chapter 5 we investigate a set of complex matrices, reviewing the efforts

in [13] and [14], and then attempt to find a Jacobian that encapsulates both the



radial and angular dynamics of the system.



Chapter 2

AdS/CFT Correspondence

2.1 String Theory

String Theory is a broad and complex topic with multiple incarnations, but the
essence of it revolves around the idea that the fundamental components of nature
are “strings”, one dimensional objects that vibrate and propagate through space-
time [19]. These strings can either be “open”, meaning that their ends propagate
independently of each other, and the string resembles a line segment, or “closed”,
meaning that the ends of the string are attached, and the string resembles a loop.
Strings are quantum mechanical in nature, each bearing properties such as mass
and charge, and particles are manifest through the vibrational modes of these

strings.

String Theory was originally postulated as a theory of particle physics but it was
later realised that it also worked effectively as a theory of quantum gravity, since
the vibrational modes of closed strings align with the properties predicted for
gravitons. This was the first hint that something connecting gauge theories and

gravity theories might exist.
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Although String Theory is currently one of the foremost candidates for the unifi-
cation of Quantum Mechanics and General Relativity, it is often subject to sev-
eral criticisms. Firstly, String Theory is not well defined in the non-perturbative
regime, which means that strong-coupling problems are usually difficult or impos-
sible to solve. Secondly, String Theories generally must be formulated in higher
dimensions in order to be consistent, for example Bosonic String Theory which
requires twenty six dimensions or Superstring Theory which requires ten. This
clearly poses a problem given that the universe appears to be four dimensional.
Thirdly, physical predictions made by String Theory occur at very high energies
or very small scales and thus it is not currently possible to investigate them ex-

perimentally.

Not much progress has been made on getting around the third problem, and most
likely won’t be for some time, but there are ways in which the other problems with
String Theory can be dealt with. The issue of higher dimensions is explained ei-
ther by the idea of “compactification”, which suggests that the extra dimensions
are curved around themselves at such small scales as to appear invisible, or by
the idea of “brane cosmology”, which suggests that the perceived universe is the
edge of some higher dimensional space, and that observable particles come from

open strings attached to that edge.

The non-perturbative problem has also seen substantial progress in recent decades
through the AdS/CFT correspondence. The strongly coupled String Theory prob-
lems that were once so intractable now might be solved by their weakly coupled
gauge counterparts. This is precisely the reason that AdS/CFT is such a signifi-

cant and exciting field of research in modern theoretical physics.
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2.2 Large N Limit

An important part of the AdS/CFT correspondence is the large N limit. To
demonstrate this we follow the argument used by Maldacena in [2] based in U(N)
using a hermitian Matrix M as the field. For a more general explanation involving
non-hermitian matrices see [15] and for 't Hooft’s original paper that gave rise to
this discovery see [1]. 't Hooft’s original aim was to attempt to construct a field
theory of strong interactions in which the quarks form inseparable bound states
and thus the formulation is more complicated than necessary to demonstrate the

topological argument.

The initial Lagrangian will look something like
1 1
L= ;Tr[(E)M)Q +M* 4+ M3+ ] = g—zTr[(aM)2 + V(M)].

and the resulting Feynman diagrams will consist of double line propagators, so as
to keep track of the matrix indices, each contributing a factor of ¢ and vertices
each contributing a factor of g%. All closed lines in the diagrams will contain sums

over the gauge indices and thus will contribute a factor of N. The total contribu-

tion for a diagram will then be proportional to (g2)#Frepagators=ifVertices \j#ClosedLines

If we were to draw these diagrams on a two dimensional surface and then imagine

each closed line as the face of a geometric object, then the contribution is
(g?)#Bdges—#Vertices pr#Faces
— (g?)#Bdges—#Vertices N #Faces—#Edges+#Vertices+(# Edges—#Vertices)
— (g2 N)#Bdges—#Vertices N Faces—3# Bdges+#Vertices
and by Euler’s relation this is simply equal to

— <g2N)#Edges—#VerticesN2—2h

12



where h is the genus of the two dimensional surface upon which the diagram can
be drawn (0 for a plane or sphere, 1 for a torus etcetera). The total contribution
will be Y77 N2 f,,(¢> N ), where f), encompasses the detailed evaluation of each

specific diagram.

The 't Hooft limit is then

lim [% Z N*20 (6N

N—o0
h=0

with A = (¢°N), referred to as the “t Hooft Coupling”, fixed. It is clear that
only planar diagrams (h = 0) contribute in this limit. Additionally, as A increases
the diagrams become dense on the sphere and resemble the worldsheet of a string
theory. Further clues to the existence of a correspondence between this and string
theory come from the fact that if one includes matter in the calculation one finds
diagrams with boundaries, which can be viewed as open strings with a quark and
anti-quark at their ends. Finally, this formulation includes Regge trajectories, i.e.
that the particle with the highest spin for a particular mass obeys the relation

a'm? = J+const. This is something that is also characteristic of string behaviour.

2.3 AdS

Having observed all of these clues, Maldacena [4] decided to define the worldsheet
theory as the result of summing the planar diagrams. The question then is what
string theory is applicable? This is not trivial, as summing the diagrams is not
necessarily an easy matter. For a four dimensional gauge theory one would expect
the corresponding string theory to be four dimensional as well, but this turns out
to be incorrect. Weyl symmetry (g., — 2gap) generates a non-trivial action quan-

tum mechanically. The way this is dealt with is effectively the same as adding

13



another dimension [2].

We are interested in a space of one higher dimension than the one in which the
gauge theory resides. This space should have four dimensional Poincaré symmetry;,

so the metric should resemble
ds® = w(z)?*(da] 5 + d2°)

where the coefficients of dz and dz are set equal through reparameterisation sym-
metry. In the case of a scale invariant gauge theory the following symmetry should
hold:

T — A\T.

But string theory is not scale invariant; its scale is determined by the string
tension. Therefore the only way that this symmetry can hold is if it is an isometry
of the metric. In order for this to be true it must be the case that z — Az and

w(z) = &. This yields
dz* + dz?
2

ds* = R? (2.1)

which is the metric of Anti-de-Sitter space. AdS is the most symmetric spacetime
with constant negative curvature and is analogous to a hyperbolic plane, which is

the most symmetric negatively curved space in Euclidean geometry.

AdS space can also be formulated as a surface in the higher dimensional space
R>*:
~X?, - X0+ XA+ X+ X+ X = —R%

This space has two time dimensions but one of them is orthogonal to the surface,

which is still Lorentzian. The original metric (2.1) is obtained by substituting

X1+ Xy = %,XM = Rf“ for p = 0,...,3. This representation is referred to as

14



“Poincaré coordinates” and only covers a portion of the AdS space. The surface
can also be parameterised in terms of “global coordinates”, which are defined by
setting X_; = RcoshpcosT, Xg = Rcoshpsint, X, = RsinhpQ, for p =1, ..., 4,
and ) €2 = 1. This parameterisation covers the whole space and results in a

metric of the form:
ds* = R*(— cosh? pdr? + dp* + sinh? pdQ?). (2.2)

The Penrose diagram will be a solid cylinder whose boundary is S® x R with R
corresponding to the time direction. The field theory is defined on the boundary of
the cylinder and the string theory is defined inside the cylinder. On the boundary

the isometries of AdS resemble the conformal group in four dimensions.

2.4 N =4 SYM and Type IIB String Theory

N = 4 supersymmetric Yang-Mills theory is a theory that contains four supersym-
metries in four dimensions for a total of sixteen supercharges, which is doubled
by conformal symmetry for a grand total of thirty two supersymmetries. The the-
ory contains one vector field or gauge boson, six scalars and four fermions. The
scalars are related by the group SO(6) = SU(4), which is not commutative with
the supercharges and is thus referred to as an “R symmetry”. With this included,

the supergroup for N'=4 SYM is PSU(2,2|4) [2].

Additionally this theory has an S-duality in which

0 i 27
TYM = - T1
2 gi .y

-1

is related to —. Here gy, is the coupling constant and 6 is a parameter of the

Lagrangian. From this we have all of the indicators necessary to suggest the cor-
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respondnce, but for a more detailed description of AV =4 SYM consult [23].

Now consider type IIB string theory. It is the case that the product of five
dimensional Anti-de-Sitter space and a five-sphere constitute a solution to the

supergravity equations of motion of this theory [2] in such a way that
R = (4mwg N4,

where R is the radius of the sphere and the AdS space (the R in equation (2.2)), gs
is the string coupling and 27l? is the inverse of the string tension. String theory
on this geometry has thirty two supersymmetries, the same number as N = 4
SYM, and has the overall symmetry group SO(2,4) x SO(6) (the product of the

symmetry groups of AdSs and S°), which is the bosonic subgroup of PSU(2,2|4).

The couplings of the string theory and the Yang-Mills theory are related by

9yar = s

String theory is a good approximation to gravity in the regime in which R is
much larger than [, so we can see from the above equation that this will be case
when the parameter gi,,N is large. When this is not the case, it means that the
coupling of the gauge theory is small and the theory is easier to solve. So it is clear
from this that when A/ = 4 SYM is difficult to solve, its dual IIB string theory on
AdS;5xS® is easy to solve, and vice versa. This apparent strong/weak duality is

what makes the AdS/CFT correspondence a hopeful candidate for further insight.

2.5 AdS/CFT Dictionary

In the preceding sections we have seen the associations between the symmetries

of the two sides of the correspondence as well as their couplings, but we still do
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not have a clear means by which interesting quantities in one might be obtained
from their equivalents in the other. This is certainly not a simple matter, but

there are some important starting points.

Generally in field theories the quantities in which one is interested are the corre-

lation functions of a given operator, denoted by

~

< O(21)0(x3)...0(2q) >

which are found by taking the derivatives of the so called “generating functional”
with respect to a particular source and then setting the source equal to zero. This

is represented symbolically as

o 9 0
0J(x1) 0J(x2)  0J(xq) 211 J—0

9 0 o, o

T 90 (11) 0 (x2) 0 (xy) (%) Y

On the string side there is also a partition function, which is dependent on the

boundary conditions of the AdS space in which the theory exists:

Zbulk[¢(flf, Z)’z=o = ¢0($)]

where ¢g(x) is an arbitrary function specifying the boundary value of ¢, the field
in the bulk. The AdS/CFT dictionary dictates that this is equal to the generating

function of the field theory with the boundary condition ¢, as its source [5], i.e.

Zyarld(, 2)| =0 = ¢o(z)] = <€f[dx]¢°(x)o(x)>fiezdtheory‘

This suggests that changes in the boundary conditions of AdS relate to changes in

the Lagrangian of the field theory, and infinitesimal changes relate to the insertion

17



of an operator [2].

More specific calculations involve a boundary condition of the form

P(, 2)|=e = €~ P ()
with the limit taken as ¢ — 0. a_ is dependent on the specific calculation, and

the conformal dimension of the operator on the field theory side is
4—a_ =a;.

This ¢f(x) is called the “renormalised” boundary condition and is associated with

the fact that the operator in the field theory needs to be renormalised.

Explicitly the AdS/CFT dictionary is encapsulated in the following relations

gs = g}Q/Ma
R4
= 4rgi N = 4n),

Zs[¢o] = <ef¢OO>CFT'

We have highlighted some of the foundations for performing calculations using
the AdS/CFT correspondence, but actually connecting all quantities in one side
with quantities in the other is a substantial problem and the subject of much
ongoing research. Nonetheless there have been succesful attempts to connect
certain subsets of the quantities in certain limits, one of which we will examine in

the next section.

2.6 BMN Limit

Berenstein, Maldacena and Nastase published a paper in 2002 [24] demonstrating

that a particular limit of the string theory on AdS;xS® is equivalent to that on

18



a plane wave background, and that the string spectrum of this resulting theory
could be arrived at from the large N limit of ' = 4 SYM with some specific
restrictions. This has since become known as the BMN limit and is of interest
particulary because free string theory on the plane wave background is exactly

solvable. We will review the account of the BMN limit provided in [25].

Recall the AdS5 metric (2.2). Combining it with the metric for S° yields

d 2

% = — cosh? pdr? + dp? + sinh® pdQ2 + cos? Od? + df? + sin? 0dQ2.

The limit in question then involves focusing on a particle in the “centre” of AdSs
= 0) traveling along the equator of S° (measured b for a specific ). We

p g g Y

introduce the coordinates #+ = %(Tj:@/z) and then perform the following rescaling:

T =37, 27 =R, r = Rp, y = RY.

The limit of interest is then found by taking R — oo. This can be thought of as

the analogue to the N — oo limit in the dual gauge theory.

Since the act of choosing an equator broke the SO(6) symmetry of S°, something
similar must happen on the gauge theory side. This can be done by taking some
U(1) subgroup of the R-symmetry group. There is a charge associated with this
subgroup referred to as the R-charge. The light cone energy and momentum,
denoted respectively by p~ and p*, are found to be associated with quantities on
the gauge theory side in the following way:

A+J

- =A—J 2p" = e

where A is the conformal dimension of an operator in the dual CF'T, which corre-
sponds to the energy in global coordinates in AdSs, and J is the angular momen-

tum around the equator of S°, which corresponds to the R-charge of an operator

19



in the CFT. The string theory is limited to states with finite p* and p~, which
corresponds to limiting the gauge theory to operators with A ~ J ~ /N and
finite A — J.

In the light cone gauge the action of IIB string theory describes eight massive
bosons and eight massive fermions and is trivially solvable [26]. The bosonic

states are formulated in the following terms:

I

Q-

.af;:j@]O;er >

with the Hamiltonian:

o) 8 2
- INt T n
2p” = Z Z(an) Un (a/p*)?

n=—oo I=1
The association between 2p~ and A — J suggests then that the ground state
|0; p* > should correspond to an operator for which A — J = 0. There is a
unique operator that obeys this condition: Tr(Z”) which depends on the U(1)
subgroup associated with the breaking of SO(6) symmetry we mentioned earlier.
First excited states correspond with adding into the trace operators for which
A — J =1, and higher excited states are found by adding more of these. States
for which ny, ..., n,, = 0 correspond to BPS operators, i.e. those whose conformal
dimension does not dependent on the coupling. There are also higher states, which
have the requirement that

n+...+n, =0.

This is the condition for states to be physical, and is also a condition for the trace
on the operator side not to be zero. More details on the exact association between
states and operators can be found in [24], but the important thing to note is that
this limit constitutes an example of a context in which states on the one side of

the AdS/CFT correspondence relate directly to operators on the other side.
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2.7 Emergent Geometry

In the previous sections we have outlined the arguments for the existence of the
AdS/CFT correspondence, examined some means by which it might be practi-
cally used and investigated a limit in which it is fairly well understood. In this
section we will explain why it is that the AdS/CFT is of relevance to the subject
of this dissertation, i.e. the eigenvalue dynamics of matrix valued systems. The
reason for this is that the eigenvalues are associated with an emergent geometry,
which corresponds to the geometry of a dual gravity theory. This was the insight
primarily of David Berenstein who has published multiple papers on the matter
(8], [9], [10], [11], the essence of which we will now review. An elaboration on

these ideas can be found in [12].

In [8] it was determined that the half BPS states of an NV = 4 SYM theory
could be modelled by a collection of fermions. Such a system can be viewed as a
density of particles in a phase space and understood in terms of the statistics of
thermodynamics. There is a probability associated with any given configuration
of these particles, and quantum mechanically each configuration should be valid.
The aim is then to determine which configuration is most statistically likely to
occur. This can be done by finding the square of the holomorphic multi-particle
ground state wave function, which for a two dimensional phase space has been

argued to be [§]
vr =z —2)e =7

1<J

The probability density is then

p(fz) = H |Zi — Zj|2€7222 = 67222+Zi<j21n|2i72j|.
1<J

This can be interpreted as an ensemble of N particles in two dimensions at po-

sitions x;, subject to a potential with pairwise repulsion. This is essentially the
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same as the classical canonical ensemble, so we will refer to the quantity inside

the exponent as SH.

If the configuration of the fermions has a continuous density profile p(Z) then the

sums can be approximated by integrals that depend on p:
s = [ @ap@) + [ &3 [ Egp@oenlz -
There is also a constraint on the number of particles:
N = / d*Zp(7)

where N is assumed to be large enough that the statistical approach makes sense.
The configuration with the lowest energy will be represented by a peak in the
probability density, so it can be found by varying S H with respect to p. Introduc-
ing a Lagrange multiplier [ to enforce the constraint on the number of particles,

and constraining the variation to regions in which p(z) is positive, yields
P +l= 2/d2gp(gj) In |Z — 7.

This can be viewed as a Coulomb gas in an electric field produced by a constant
density charge. The particles arrange themselves in such a way as to cancel the
electric field locally, and rotational symmetry suggests that the configuration they
acquire is a circle. This does indeed turn out to be the minimum energy configu-
ration. Thus we have seen that a statistical model of a fermionic system in a two

dimensional phase space results in the appearance of a circle.

This illustrates the concept of emergent geometry, but the more interesting case
is that of 1/8 BPS states. In [9] Berenstein demonstrated that these states could

be modelled by a series of commuting N x N hermitian matrices. It is important
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that the matrices commute because there is an association between commuting
matrices and the strong coupling limit of the Yang Mills quartic potential. This

can be seen by considering a potential of the form
92 TT[X/M XV]Q'

In the limit in which ¢ — oo it will be necessary for the commutator to tend
towards zero in order for the path integral to make sense. The SU(N) symmetry
of the system means that each matrix can be diagonalised, reducing its respective
degrees of freedom from N2 to N, and the fact that the matrices commute means
that they can all be diagonalised simultaneously. The eigenvalues of the matrices
can be viewed as bosons and in a similar fashion to the example discussed above,
a repulsive potential emerges and the bosons arrange themselves in a particular
geometry. The geometry that emerges is none other than Ss, the very same that

is of such interest in the AdS/CFT correspondence.

The purpose of this dissertation is to determine if there is a consistent large N
description of systems of matrices in potentials depending only on the eigenvalues
of the matrices, and in particular to investigate if methods of the collective field
theory can be adapted to the description of this sector. The previous paragraph
provides an example of a physical context that depends only on the eigenvalues,
and hence evidence that restricting our investigation in this way is physically
reasonable. In chapter 4 we will see that the collective field theory methods
can in fact be applied to these systems, and in chapter 5 we will investigate if
the methods developed in chapter 4 can also be used in the study of the angular
degrees of freedom of multi matrix systems described by matrix valued curvilinear

coordinates.
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Chapter 3

Hermitian Matrices

3.1 Single Matrix Dynamics

Here we review the results obtained from investigating the single hermitian matrix
Hamiltonian [7][16] without using the collective field method. In section 3.3 we
will review the collective field approach to this problem and see how the results

correlate.

We begin with a system in which the degrees of freedom are represented by a single
N x N hermitian matrix M, with a potential depending only on the eigenvalues

of the matrix. The Hamiltonian of such a system will be

1 0 9
H=_-= T .
sonr o, TV

Due to the SU(N) symmetry the matrix can be diagonalised into UTDU where
U is a unitary matrix and D = diag(\y, ..., A\y) is a diagonal matrix of the eigen-

values of M, denoted by A;.

We would like to know the Jacobian for this diagonalisation as well as the
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Hamiltonian in terms of the diagonalised variables, which requires the line ele-

ment dM. This can be written as
dM = dU'DU + U'dDU + U'DdU

= UNUdU'D + dD + DAUU"U
= U (—dUU'D + dD + DaUU)U
= U'(dD + DaUU' — dUUTD)U
=U'(dD + [D,dS))U
where we have introduced dS = dUUT with the property
dS = dUU" = ~UdU" = —dS".
This is true because
UUT =1

and thus

dUUT + UdUT = 0.

We also note that

dM' = U'(dD + [dST, D))U
= UY(dD — [dS, D))U
=UYdD + [D,dS))U = dM
In order to find the metric we need T'r(dM?) which is

Tr(dMdM") = Tr(U'(dD + [D,dS))UU'(dD + [D,dS))U)

= Tr(dD? + 2dD[D, dS] + [D, dS]?)

= Tr(dD* + [D,dS]?).
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The middle term disappears because of the following identity for traces involving

commutators of matrices:
Tr(|A, BIC) = Tr([B, C]A) = Tr([C, A] B)
and the fact that
[D,dD] = 0.

In component form we have

Tr(dM?) = (dM?);

7

= Tr(dD?) + Tr([D, dS)?)
=3 (@) - Z(dS)mdS)ji(Ai —\)?

7 %,]
Z dA?) +) (dS)i;(dS™)i (N — Aj)?

i#j

— Z (d\2) + Z (X — Aj)*(dS*)i;(dS)s; + ;Z(Ai — X;)2(dS);; (dS*);;

z;éj i#j
— Z (AA) + D (A = X)*(dS")ig(dS)i; + > (A = A))*(dS)i;(dS™ ).
1<j (2]

Next we use

Tr(dM?) = g,,dX"dX",
with p1,v = 0,1,2 and dX = (d\, dSj;,dS};), to find the metric tensor
1 0 0

(A — A)? 0
0 (i = A))?

Guv =

0
0
from which we can find the Jacobian:

J=/det g, = [J(Ni = ))* = A?

1<j
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where A is the Vandermonde determinant. Note that there is an association be-

tween a Jacobian of this form and the emergent geometry associated with inter-

eigenvalue repulsion [7].

The laplacian is obtained from

10 0
Ve ——_° /et g™
Jdet gy, X1V S ImT g5

1 0 0
V)Y A’ O\

1 0
A2
A29S;; ; (Ai = ;)2 0S5
1 0 1 0
— A2
ST P W

1 0 0 1 o 0
= A? —
A29)\, O\ ; (Ai — ;)2 0S;; 0S4

In a physical context in which the dynamics depend only on the eigenvalues, the

derivatives with respect to S will disappear and thus the eigenvalue problem will
look like

119 ,0
( IRy (V()\)))@:ECI).

Let us examine the first term on the left hand side:

11 0 20

2A2 £ N O\
11 o L\ 0 , 0
__§P2i:(<axf >8)\ A av)
__li
a 2A2 av

11 o o No (o No o
- _552 ((aAgA) T <8>\iA) o <8)\iA) o Aa_Ag)
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11 0 ([ D 9
T 2a2 a/\i<(8)\iA>+A8)\i>

where in the fourth line we can insert the second derivative of A with respect to
A; since it is equal to zero when summed over. A proof of this can be found in

[21]. The eigenvalue problem is now

11 0
N > a—)\%AQJ +Tr(V(M))® = Ed

i

Rescaling the wave function to ¥ = A® this becomes

11 0? \\J L
or
> h(\) = EU(N)
where

The Vandermonde determinant is antisymmetric under an exchange of the eigen-
values, and thus the rescaled wave function W is also antisymmetric. This means
that the problem is reduced to that of a set of non-relativistic non-interacting

fermions.

3.2 Collective Field Method

The aim of the Collective Field Method [6] is to reformulate a given problem from
its original coordinates, denoted by ¢y, ..., g4, to a new set of coordinates generally
chosen to be invariant under the original symmetries of the system, denoted by

¢x. This new set is almost always overcomplete.
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Beginning with a standard Hamiltonian:

1 0?
H:—§ 8_q§+V(Q1""’Qd)

i
the kinetic term can be written in terms of the collective field coordinates with

the use of the chain rule as follows:

-5 Z aql 8%
_ a¢a
=—= Z dq; ( dq; a¢a)
_ 0? ¢q O 4 9¢a 0Py O O
= —= Z an a(ba - 2 Z 8ql an 8¢b a(ba

::_‘53 amf“é; “b&ma¢a

where

and

are referred to as the “splitting operator” and the “joining operator” respectively.

This change of coordinates introduces a non-trivial Jacobian:

ﬂM®U%H /WM@@@%W-

In order to have a simple scalar product we perform the similarity transformation:

(0 10WJ(9)
MMQ_Qm_iam)‘
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The kinetic term in the Hamiltonian is then

1 ) lﬁan((é))_lQ (a _laan(qs))(a _lﬁan(qb))
_2““(a<z>a_2 Db 2\ 00y 2 0 gy 2 Oy

19 1 9@ 1, 9 0 1, 9 dlmJ(g)

T80, 1Y 90, 2 00,00, 4 06, O
1. OdlnJ(p) O 1Q Jln J(¢) 0ln J(¢)

T T e e 8 g,

onJ(g) 1, 0 9 1, (aamm@)
8¢a a¢b

1 0 1
=Y, T I 0g, 2 " 0g, 0y | 40
g OlnJ(g) & 1., 9lJ(p) & 1, 9lnJ(¢)dnJ(9)
40, 0, AT g, O, 8 Y 0¢. Oy

1 9 1 amJ@) 10 . 0 1[0 o
T2 00 T 00, 206 o, T2 (astQb) 06a
1 ( 9 9ln J(¢)> 1 0lmJ(@) & 1. 9lnJ(g)dnJ(e)

gmIe)y 1o 2mle) 9 1g
0p, Oy 2 oo, 0P, 8 0P, Oy,

+-4,
4,b

1 1/ 0
- (_ P 5(@7)1,9“”’) 3% 00, )os, T 1% g,
10 0 1 ( 0 81nJ(¢)) lQ dln J(¢)dIn J(9)
- g a,b

___Qa _+_ a
200, “0g, | 27 "\ 0. 0y 00a Oy

1 am(@)a 1 9lnJ(p)

In order for the Hamiltonian to remain hermitian the coefficient of the derivative

with respect to ¢, must be equal to zero:

B O1n J(6)
—Wq + . Qa + Qa - a7
¢ (3% ’b) 2 0y

Rearranging this gives us an equation that makes the Jacobian considerably easier

=0.

to find than usual:

dlnJ(p) 0
Qab 8¢b = Wg — (aqcha’C). (31)
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Combining the last three equations together gives us

1 _ 1 _ 0
ZwaQa,iwb - ZwﬂQa,é <87¢ch£)

10 o 1 o [ ., )
30z + 3 s (e 5k () ))

1 _ _ 0 a _ 0
() (- ()

In practice most of these terms represent corrections to the large N expansion,

and what we are really interested in is

10 o 1
_567%Qa7b87¢b + gwaQaybwb. (32)

K =
The ground state energy in the large N limit of the system can then be found by
minimising the effective potential, which is the right hand term above combined

with the original potential.

3.3 Collective Field for a Single Matrix

Before applying the collective field method to a system of multiple hermitian ma-
trices it is informative to see how it proceeds in the context of one hermitian
matrix. This application was the one used by Jevicki and Sakita to illustrate the
applicability of the collective field method to problems in quantum field thoery in

general [6].

We begin from the same point as in section 3.1 with a single N x N hermitian
matrix that can be diagonalised in terms of its eigenvalues \;. The Hamiltonian

of this system will be

1 0? 1 g
H=--T Tr( =M?+ ZM*
> T(GM2)+ ’”(2 N )
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where we are now using a specific potential, the same as [15]. Next is to change

variables from M to a set of invariants defined as

(bk — TreZkM — § :ezk)\i

i

as well as its fourier transform

o) = [ dbe = 3o - 1),

Using the identity

a i . ! o i(l—«
S (), = [ da(e) (e 53
we find that
Oy, — ik /1 da(eiakM) (ei(l—a)kM)
aMZ 0 ai ja
1
_ i(l—a)kM iak M
- Zk/o dOZ(@ )ja(e >ai
— ik /1 da(ei(l—a)k:M—H'oakM) -
0 I
e ikM
- zk(e )ji
and
82% J . ik M
zk:(e )ij

OM;OM; ~ OM,;
1
— (Zk)z/o da(euka)ii(ez(lfa)kM)jj
1
_ —kZ/ da(TreiakM) (T,r,ei(lfa)kM)
0
k !
— —k2 /O % (Treik’M) (T,r,ei(kfk/)M)

k
_— / 0K b e
0
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Therefore the joining and splitting operators are

0. _ 96 99
M OMy; OM;;

= Lk TT( ik M zk M)

— Lk Z i(k+k") N

i
and

w _ﬂ__k/kdk/(b b
T OMOM; )y S
k
=k e’ik)\j/ dk/eik/(/\ifx\j)
izj 0
wy [ K (\i—A;) kA
= k) ¢ j/ Ak W Rimh) g2 N gtk

i#j
=ik kA (i) k2 ik
iy ; — | -3
1#£] 7
cihXi _ ik, , .
=ik ; TR W k Z
1#£] %
—2ik Z e — k2 Z e,
i#] Ai— )\

In the coordinate representation these become

Qz,2") = /dk/dkle_ikze_ik'”C'Qkk,
= /dk/dk(—kk’)zeik@iw)eik’(xix/)
= 0,0, 25 2=\ — \)

= 0,0,0(x — 2') Z Sz —N)

= 0,0,0(x — 2')o(x)
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and

w(z) = /dkei’”wk

= 20, Z ) 4 Po(x)

i#j A

— 29 ][dy/dz =) 4 ) bly) + 026(x)

We can ignore the term on the right since it corresponds to a specific regularisa-

tion of the i = j contribution, and is not of leading order in N.

Now recall the restriction on the Jacobian from the derivation of the collective

field method:
Jln J(9)

0
ot (2 Oy ) + Qup P =0,
. ((%b ”’) v o,

which in the coordinate representation becomes

0z, ') / NI J(o(z') _
—w(z) + /d:v Do) + /dx Qz,x )W = 0. (3.4)

Substituting in the expressions for w and €2 we find that the second term assumes

the following form:

[ o' 5 h008( = o)
— 4, / 4! [0 6(z — 2)]6(z — 2)
= 9,6'(0).
If one considers the delta function as the limit of a Gaussian function as its width
tends towards zero and its height tends towards infinity, with its area held constant

at 1, then it is easy to see that the derivative of such a function will be zero at

the origin, therefore §'(0) = 0. Equation (3.4) will then be
1
/dx'@wézfé(x —2)o(x) 8 nJ = 28][ 9@)oly) ¢ y
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Integration by parts on the left yields

(9 1n J ][ ¢
the solution to which is

InJ = /d:c][ dyp(x)o(y) In |z — y|

—Z/dx][dyéx— My — Aj)In|z —y|

i#]
= In|x - A
i#j
= hl H()\,L — /\j>2
1<J

and thus

J=TIu =N

1<j

which is in precise agreement with what was found in section 3.1.

Now in order to find the large N behaviour of the system we need to minimise the
effective potential, which is the sum of the initial potential in the Hamiltonian

and the term obtained in section 3.2, which in the coordinate representation reads

é / dx / d'w(z)Q Nz, 2 )w(z') = é / dxw(x)g;?;) (3.5)
- %/dx (ax][ dy%%w) (][ dz¢(z)In |z — Z|)
_ %/d:cqb(m)( dyj(_yi)g — 7%2/dﬂc<b3(:€)

where in the last line we have used a known identity that can be found in [17].

Incorporating the original potential we arrive at

2
Vers = /dfﬂ (%GﬁQ(fE) + %962 + %x‘*) ().
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Introducing a Lagrange multiplier [ in order to enforce the constraint:

/dx¢(x) =N (3.6)

and then minimising with respect to ¢(z) yields

2
1
%gﬁ(w) + §$2 + %x‘l —1=0,

the solution to which is then clearly

1 2
oo(z) = —\/2[ — 2 — ng“

T

where [ is determined by (3.6).

Equation (3.2) in this context will be

5 [ do [arm@n@) + 5 [do [ aru@o @)

where

The effective Hamiltonian is therefore

1 2 1
Hepp= = /dx@mﬁ(x)qﬁ(x)@yr(x) — /dm 7T—qbz(ac) + -2 + e o(x).
2 6 2 N
In order to make the N dependence explcit we will rescale as follows:

w%\/ﬁx;gﬁ%\/ﬁ(ﬁ

7r—>i7r-ax ! Oyl — NI.

) — =
N VN

The resulting Hamiltonian will be

1 1
T qubm N

/ davV'N ( N¢* + ;Nx + NN2x4) VNo.

Heff = /d!E\/—
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11
N22

/ A0, (2)6(2) 0 (x) + N2 / da (%2¢2(a:) + %ﬁ + %x‘*) 6(z)

and thus we can see that the large N background is determined by the effective

potential.
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Chapter 4

Multiple Hermitian Matrices

4.1 Jacobian

In this chapter we will investigate the extent to which the collective field method
can be used to describe a system of multiple matrices which depend only on their
eigenvalues. The system will consist of several N x N hermitian matrices denoted

by M4, A =1,...,d, each of which can be simultaneously diagonalised:
MA — (UA)TDAUA

where U is a unitary matrix and D? = diag(\, ..., \%) is a diagonal matrix of

the eigenvalues of M4 denoted by A

The advantage of the collective field theory is that it generally begins with in-
variants that contain only a single trace of the coordinates, but there are no such
invariants that can be used in this case. It is however quite easy to find the Ja-
cobian for this multiple matrix system, which hopefully will provide insight as to

what invariants will be practical to use. We know from the previous section that
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an integral in the single matrix case will take the form:
/de(M) = /d)\Jf(A) = /d)\ TTOw =207,
i<j

In the multiple matrix case we will have

/ / AMIAM? . dMe " (PO AT et o Ar?)

— (/dMle—égQ(Tr(Mly))(/dMge—égZ(Tr(M%?))m(/dee_éf(TT(Md)Q))

_ (/dAIH(A} - A;)Zeéf(zm}f)) </d/\2H(>\f - Aj?)?e%gQ(Zi(A?)Q))m

i<j 1<J

and thus the Jacobian is

T=TITI = A2 (4.1)

A i<y
=[] 2%
A
Where A4 is the Vandermonde determinant for the matrix M. Clearly this is a

straightforward generalisation of the single matrix case, so hopefully the invariants

can be generalised in a similar way.

4.2 Collective Field for Multiple Matrices

Since the Jacobian is just a product of single matrix Jacobians, one clear pos-
sibility is to define the collective field invariants as a product of single matrix

traces:

D D N
_ H TretkaM* _ H ZezkAAf
A=1 A=1 i=1

Taking the fourier transform yields

oy, ..oxp) = [ dk;... / dkpe~ 11 _e~kpTD gy
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=[ID o\ —2a) = [] ¢*(za)

A=1 i=1

Where each ¢* represents an eigenvalue density of the matrix M# and is subject

to the restriction:

/dl’ACbA(l“A) = N. (4.2)
Using the identity (3.3) to find the derivatives of the collective field coordinate
we find that
0 . i i
OMA Dhy..kp = Thale kAMA)ji H (Tre kBMB).
ij

B#A

This is similar to the previous section, but now because of the product there are

terms that don’t depend on M4 which remain as “observers”.

The joining operator is then

Z Obky . 1kp Ok k),
oM DM}

St T o) T et
A

Qi ke, k).

g kakly) ;6 (kathiy)A <Bl_[#l<;elk3>‘3>)<cl;£(;eik/c)‘?))

This is not really a “joining” operation at all. Generally this operator joins two
loops into one, but here we still have two loops. This is therefore a fairly non-
standard application of the collective field method, but it works nonetheless. Next

is to take the fourier transform:

Qxy, .y xp, 2],y ) =

_ _ i o WA
/ dky.. / dlp / di, . / dklpeHim1 T hDTD T o mHDTO e
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— _Z/dkA/dk;leikAerikkxk(kAk,;‘)Zei(kAJrka))\?
A
xH(Zé(Af—xB>H<Zé —xc>

B#£A i C+A ~ j

:ZA: Z(g Y —JJAH<Z5AB—$B>H<Z(5 —xc)

B#A i C#A 3§
Yo 25 ) xA—x’A)Bl;[/l(Zé(/\f—xB )};[A(Za —at,)
=" 00,00, (8(za — )¢ (@) ] 6% (xn) ] ¢°(at)
A B#A C#A

The splitting operator follows the same procedure as in the single matrix case,

and also includes an observer:

w _ Z 32¢k1...kp
o oMM

:?QWWMW%HWWW)

B£A

k
N Z kA/ ) dk/ATreik;‘MATrei(’“‘*k;‘)MA( H (TTe““BMB))
0

B+#A
~Yk, /O’CAdkAzezw ik (] (S ee))
A B#£A  p
:QX”W§QW)HNZWﬂ>
] B#A  p

Once again taking the fourier transform yields

w(Ty, .. x / dk; .. / dkpe~#1m1  eikpTDyy

_QZ&“‘Z—/\A<H (32005 —am))

i#] B#A p
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_22%Z/dy][dzéw—m)é(f_—zy)é(%f‘ (H (508 - am))

B#A P
=230, T f as TR (H (Z o0 =)
A TA— 2
B#A p
=2 0,0 (za) H ¢ (vp
A  BaA
The equation for the Jacobian (3.1) in coordinate representation is now
olnJ
/dxlldl'/DQ(fEl, ., Ip, ZL'&, ,l’b)m = W(.’L'l, ...,.’]3D).

Substituting in the operators gives

JlnJ
/daz’l...dx'DZ@anx/A (0(za — ay)p™ (xa) H 6" (v) H 0% (a ;xb)
a -

B#A C#A

=2 0,,0"(x4) H 0" (x5
A

Sy

The sum can be dropped and one of the observers cancels. Integrating by parts
with respect to 2’4 on the left in order to deal with the delta function, and then
cancelling the ¢(x4) results in

OlnJ ¢4 (=
/deBH¢C IA(%(—: 027

B#A C#A Zp) ta—=z

Recalling the restriction (4.2) to deal with the integrals and observers on the left

hand side, we end up with

ND-1g OlnJ _ (/ﬁA( )
“A0¢(x1, ..., D) Tp— 2

Since the ¢%s are taken to be independent, the derivative on the left hand side

can be written as

0 0
Op(x1) OPP (xp)

In J.
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Substituting in the Jacobian yields

0 0 lnl_[A?4
A

0! (1) " 09 (xp)

_ 0 9 2
— 3ol P (ap) ZA:lnAA

B 0 0 5
= g G0l (0] 80P () In A%.

Looking once again at restriction (4.2) we see that

1= %/dl’B(bB(Q?B)

so we can insert one of these for each derivative except for the one with index A:

) B ,
2 B3ty 3P A

- ; 8(}51(?:61)“' 5 d)lfzm) I1 (% / d$§9¢3(3339)) In A%,

B#A

For a given functional derivative we have

0
eMB—@,E;)/d:cﬂgch(mjg) = /dxjga(xgg —p) =

Therefore

Sty s L (4 i)

B£A

In A%.

= Y
- ND-1 A
N 1 9" (z4)
Going back to our original equation we now have

9 2 _ ¢ (2)
amAZB:@QSB(:UB)IHAB_ dz:vA—z'
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The 0., will pick out the term in the sum corresponding to A and thus we have
exactly the same equation as in the single matrix case, which we know to be cor-
rect. Therefore we have seen that taking the initial collective field coordinates to

be a product of traces corresponds to the correct Jacobian.

The contribution to the effective potential for the multiple matrix case is

1 _
g/dml,...,dxp/dxll,...,dx’D w(xy, ..., wp)V Ny, ..., xp, 2, ., o) w(T], .., o)

OlnJ
6¢($1, ...,xD)

1
g/dxl, vy drp w(zy, ..., Tp)

ool —

/dxl,...,de ; (mmqsf‘(m) dzzj—iz)z 11 ¢B(f63)>

oy
« ( N12>1 ][ d=6(2) In(z s — z))

Similarly to before the integrals that don’t involve the index A annihilate the

observers into a factor of NP~! which cancels, then integrating by parts with

respect to T4 gives us

3 [t (fo5i2)

which in the same way as the single matrix case becomes

52 [ analoten)’

Because of the In in the Jacobian equation we did also consider defining the
invariants in terms of a sum traces rather than a product, but this proved to be
incorrect. It did however come close enough to be of interest and thus has been

included in appendix A.
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4.3 Multiple Matrices: Second Method

We have seen that the collective field invariants for the multiple matrix case can
not be written as single traces of the original variables. There is however a way
in which the invariants may be written that is both more elegant and brings
out more clearly the eigenvalue dynamics of the system. Consider collective field

coordinates defined as follows:

N
¢k1,.., § elkl)\ ) 'LkD)\ E :elk-)\i
i=1

where k is a vector representing the indices and X; is a vector representing the
1th eigenvalues of the matrices. Another advantage of this formulation is that it

involves only one sum, as opposed to having a sum for each trace as we had before.

Taking the fourier transform results in

¢(Z’1,..., 25 Ty — (:ED _>\D)

which is just the definition of the vector delta function, so

Oz, ..., xp) = Za( — ) = (D).

In order to find the joining and splitting operators we need the derivatives in

terms of the eigenvalues. They are as follows:

UA( UA Up o
AfrrA )ivUsd
8MA ZU v) JaaAA+§zd: —A U

A proof of this can be found in appendix B. Since ¢y, .k, depends only on the
eigenvalues, the terms involving the derivative with respect to U# will disappear.

Therefore

0¢k1, -k ArTA zk )\1 zk )\D
“ona 2 U aawz e
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. 2 yA ' B
_ § § :UA UA ]a/[/k:AépankA)\p H esz)\p

B#A
ZUA UA Z-kAeikA)\g‘ H eikB,\f
ja
B#A
The joining operator is then
a¢k1, ,kD ik
Qs 5 1ok ZZ 6MA 6MA ’
. i A i i ikl AC
=S % (T kst Hewf)(z% Uhhikgeted TT e )
A ij a B#A C#A
= — Z kAk:A Z Z 5ab5ab€ kA+k )AA( H eikB/\E> ( H eiklc)\bo)
B#A C#A
_ Z kaky Z i(ka+k/ )AA H oikBAD SikipAE
B#A
= - Z kAk14¢k1+kll,...,kD+le
A
and its fourier transform is
Qx1,...;xp, L), oy ) = Za Dy Z(s (21=A)o (&, =AL)...6(xp—AD)s (2 —AD)

— Z O Z(S (1 — 28)6(xy — AD)..0(xp — 2'5)d(xp — AD)
Za 0w, 6(F — 1) ().

The splitting operator will require the use of second derivatives with respect to

the matrices. In the single matrix case this would look like

9
Py 8MZ] 8Mjl

D

This derivative can be written in terms of the eigenvalues and the “angular”
matrices U, but it turns out that when this acts on a function that depends only
on the eigenvalues of the matrix, all of the angular components disappear, and

what remains is
8)\2 Z Ao — /\17 (‘3)\

46



a proof of which can be found in appendix B. In our formulation each matrix is
taken to be independent and thus the derivative will act only on the element of
the product that corresponds to the same matrix, which itself is a function only

of the eigenvalues. Therefore the joining operator in this instance will be

o= (Z gt + T spsp o )?
ki,...kp — . 8)\£2 por )\aA—)\?(?)\g‘ k1,...kp

zkAA

Dy 3 O | R 5 ok | 2
A a

B#A A a#b Ad b B#A

The first term can be ignored for the same reasons as its equivalent in the previous

section. Taking the fourier transform then yields

w(zy, ..., xp _QZZ&“ )\A )\A H5mB_)\B)

A a#b B#A
TA— )\A ) — )\A
=230, 3 f g A2 UAZ N T i, )
A ab AT Ya B#A

_QZaxAgb Z][ fEA_yA)

A)...0yp — AP)

=2Zf9m¢(f)z][dy1-..dyn yl_; —
n b A— YA

_ o g0
=23 onoof ai

where in the fourth line we have used the fact that for any B we have

The Jacobian equation is

OlnJ
8¢(x{l7 M} IID)

= w(zq,...,xp)

/ / / /
/dxl...deQ(azl, ey Dy XY ey T)

or more compactly

= w (7). (4.4)




We will now check that the Jacobian (4.1) is indeed a solution to (4.4). This can

be done as follows:

mnJ=W][IIO =2 =Wm]]T]IN = A1=DD In|xt =%

A i< A i A iz
=3 [ doaf dua 8ea — A6~ AP foa
A ij
Using equation (4.3) we can freely insert integrals into the equation above, result-
ing in

ZZ/dxl...d:r;D][dy1...dypé(xl—)\%)...5(xD—)\ZD)5(y1—)\})...5(yD—)\f)ln|xA—yA]
A i

—Z/dx][dyqﬁ Pn|zs —yal.

We can now approach the derivative:

8an
9o 8¢52/dz][dy¢ ) In|za — ya

dz+4 dyé(Z Y)In|za —ya|+ | dZ4 dyo(Z 7)In |z4 — \)
E (/ ZJZ Y A~ YA /27[ Y o(y—7 ZA— YA
=2 7[ j (7= T)p(Y) In|z4 — ya
E /dZ dy 0(Z — Z)p(y) In|za — ya

= QZ/dzl...dzD][ dy §(z1 — x1)...0(z1 — 21)d(¥) In |24 — y 4]
A
23 f 7@ nfoa — .
A

Inserting this into the left hand side of equation (4.4) gives us

[ 3 00,0000 - #6@)2 Y [ g o ks — usl
A B

Integration by parts on z’, allows the derivative to pick out the A term from the

second sum:
—zza“/d*’é 20 f a7 0

Ya
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=2Y" 0,00 a7 20

TA—Ya
which is the same as w(Z). Thus we have shown that equation (4.4) is satisfied and
taking the collective field invariants in this way does indeed return the expected

Jacobian.
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Chapter 5

Radial Sector

5.1 Overview

The fact that the method used in the previous section resulted in the correct
Jacobian is encouraging, and in this chapter we will apply it to a system of
complex matrices in order to see what can be learned. Before that however we
will examine the current understanding of this context as illustrated in [14]. The
system under investigation is based on an even number of hermitian matrices M4,

A=1,....d =2m, complexified as follows:
Z4 = M7 4 iA,

Rather than considering the eigenvalues of each hermitian matrix individually, we

consider the eigenvalues of a sum over these complex matrices:

i(ZA)TZA.

This quantity is positive definite and its eigenvalues, denoted by p; or r?, i =

1,..., N, can be interpreted as the eigenvalues of a matrix valued radial coordinate.
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5.2 Single Complex Matrix
First we will examine the procedure for a single complex matrix
Z=M"+iM>.
The collective field coordinates we begin with are
b1, = T,rez'kZTZ _ Z eikpi
and

o(z) = /alke“”“"@C = Z Sz — p;).

Identity (3.3) now becomes

1
and
9 (i . ! i a
372}(6 kZTZ)ab = zk/o dOé(e kZTZ)m'ZJ'C(e (1 )szz)d).

From these we obtain

olo8 . ikztZ Pk _ ikZ1Z 7t
(‘37;[],_2]{:(26 )ji,aTij—lk‘(e Z)

Jji

and
2
T _ O (2 71),
0707, 07, i

1
_ (Zk)Q/O da(eiakZTZ)iizjc(ei(l—a)kZTZ)CqZ;[j +ik(€ikZTZ). 5ii6qj

79

k
= —k/ Ak’ (Treik’ZTZ) (TTZTzei(kfk’)ZTZ) + Z-k,N(T,reikZTZ).
0

We can now find the joining and splitting operators:

_ 99k O
(?ij 07Zj;

Qe = —kK'TrZ1 261712

o1



and
o
07,07

=—k Z Z /k dk’eik'/)ipjei(k—k')pj + kN Z oikpi
— — J i
:_kzp]/ Al etF i gilk=k)p; _ k2zpezkpz+lsz ikp;

zkpl _ ezkp]

—szp] — —kQZp ekal—l—szZ ikpi

i#] Pi

= -2 kz p] — Zk(N— 1)Zeikm _ kQZpieikl)i +ik‘NZeikPi

Z#J

= —2ik Z e — k2 Z pie™Pi 4 ik Z ethpi

%#J
as well as their coordinate representation counterparts:

Qz,2) = /dk/dk’eikxeik/x/Qkk/

= 0,0, (xd(x)d(x — 2'))

w(x) = /dke‘ikxwk

=0, (200t f ar 2+ ot0) - zoto))
oot (2f 72, - 57 ) ).

Substituting €2 and w into the equation for the Jacobian and ignoring terms not

k
Wy = —k / k' gy (Tr 21 2 EH212) ik N,
0

and

of leading order in N yields

olmJ o(y)
O a0 f o
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the solution to which is

J = H(Pi —pj)’

i<j
in agreement with what was found in [14] but for a prefactor pertaining to a

change of variables from p; to 7; = /p;.

The contribution to the potential (the second term in (3.2)) is given by
1 / -1 ! /
3 dr [ do'w(z)Q (z, 2" )w(x’)
1

OolnJ

-1 a2 )

_ % / d:m:qﬁ(:c)( dyj(_y)y)z.

This can be simplified by introducing a new density of eigenvalues ®(r) = 2ro(r?)

with the condition that ®(—r) = ®(r) and then changing the variables of integra-

tion:

z=r"y=¢"

dx = 2rdr, dy = 2qdq.

%/Ooodxx(b(x) <]£mdyj(_y)y>2
= % /O N dr2rr¢(r?) (]€ N dqzqrf(fqz;> 2
- %/OOO drr*®(r) <]€OO dqrfiqzﬂ)Q
_ %/OOO drd(r) (]{m dg®(q)— qz)Q
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~ e (f a2 )
[ o <][OO ) *][oo (o)~ q>)2

i [ (f )

Using the same identity as before we find then that the contribution is

w2 [

— D3 (r).
R _Oodr (r)

5.3 Multiple Complex Matrices

For the general case of m > 1 the collective field coordinates we begin with are

. m AVt 7 A . )
(bk — TreszA (Z1z4 § ezkp, ’
7

o) = [ dbe = 3o~ ).

The derivatives are

8¢kT :ik<ZA€isz(ZB)TZB> ’ aQS]; :ik(eikZB(zB)TzB(ZA)T) .
8(ZA),-]~ Ji 8sz ji

The joining and splitting operators are

a¢k 0¢;€ / ANt 7 A _i(k+E) S 5(2B)1 zB
Qkk/:;m@:—kkTr<(Z )t Z4e 5 )
% ?

Qz,2') = / dk / dk'e* 7= R O = 0,0, (xd(2)d(z — o))

o4



and

02y, /’f o ,
Wi = — =k dk' e*' i ! E=Kps 4 il N ethpi
e 2

which, through a process similar to that in section 4.2, results in

w(z) = 0, (w¢(x) (2 dyj(_y)y L <mx_ 1))>.

The equation for the Jacobian is then

OlnJ oly)  N(m-—1)
ax&b(x) =2 Y- Yy * x

an—Z/dx][dygb ln|x—y|+/dxgb(x)N(m— 1)In |z
=2 In|p; — pj| + N(m — 1) Zln pi)

i#]

=] [(pi = p)* +- m ] J (o)=Y

i<j

thus the Jacobian for this case is

7= (Tt 02 ) (L),

1<j %

The contribution to the potential is

/dm( )8;HJ
_ é/dw@ <x¢( )( ‘b( ))( dzo(= ln\:v—zHN(m—l)lnm)
/M (f ey
7; dz 2¢%(z) + (’7;_1 /dw(a:)( dyj_yy>+N2(mQ_ 1)2/da:¢gc)

The second term seems ungainly but it turns out that it does not contribute when

one does the minimisation of the effective potential. This can be seen as follows:

(" [ (fo))
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_ w/dlﬂx_m (][ dyj(_y?y) 4 N(m2— 1) /dazcb(x) <][ dyégjy—:;/))

_ N(m-1) ][ S, V=1 / s 4y 2@ =)

2 -y xr—y

MY [, 90 N [ {00 2)
1

2 x! T

N(m —=1) oly) | N(m— ¢(x)
- 2 ][dyx/—y+ 2 ][da::c—x’
Mo [, 00 Neob [, )

2 x’—y_ 2

Therefore the effective contribution will be

2 2 2
m 3 N*(m —1) / O(r)
R dr®°(r) + 5 dr =

wherein the change from ¢(x) to ®(r) happens in the same way as in the previous

section. Note that there appears a %2 potential when m > 1 (d > 2).

5.4 Angular Considerations

We have examined the radial dynamics of the complex matrix formulation, which
is effectively a one dimensional formulation. In this section we will investigate a
two dimensional formulation, with both a radial and an angular component. This
is by no means a simple matter, but the method used in section 4.3 does present
an interesting approach that has not been used before for this purpose as far as
we know. We will use it to attempt to find a Jacobian that encapsulates both the

radial and angular dynamics.

We will write the complex matrix Z as RU, where R is a hermitian matrix rep-
resenting the radial dimension and U is a unitary matrix representing the angu-
lar dimension. This is analogous to normal complex numbers where z = re'.

Presently the only sectors that have been considered are those that depend only

o6



on the eigenvalues of R, but we will restrict our investigation to a sector that
depends only on the eigenvalues of R and U. These can be diagonalised such that

R =VirV and U = WqW where r and ¢ are diagonal matrices of the eigenvalues

0

of R and U respectively, and ¢; = e¢%. We need an expression for 57 in terms of

R and U that satisfies the condition

0
_ch = 5ci5d’-
82” J
This will be
0 1 0 0
i R! ,
57, = 3\Wngg, * a gr)
Therefore
0
0Zz ] ch

= %(U}a(sci(seaUed + R;'LIRCe(Sea(;dj)
= %(U}aécand + Ry Reabuy)
1
=3 (5dj50i + 5ci5dj)
= §Ci6dj.

Similarly for ZT = UTR we can write

0 1 0 0
T = 3 Uai— R‘il_ .
07}, 5 Ry ana)
This will result in
8T ZTd
aZij

= %(Uaineaeaddj + Rj_aléci(seaRed)

(UeiULdg + R;.0ciReq)

DN | —

1
=5 (5cz'5dj + 5dj50i)
= 0¢i04;-

o7



The derivatives can be written in terms of these new variables using the following

formulas obtained from appendix B:

0
=2 Vg ¥ 20y
p

pk bp

vpzvjbvbk

(rp — 1 Eﬂ/;k

sz W] b ka 0
qp - qb aka

9 0
ou; ;Wplepa ZZ

pk  b#p

0
W:ZW ija . ZZ

ij pk bp qb

sz W] b ka 0
W,

In practice these derivatives will act on terms that depend only on ¢ and r, so
the right hand terms can be ignored. Substituting these back into the previous
expressions yields

o
- Z%Zvaga— + R} ZW ijaq

1 0
= Z(ZW]lqlmfla pl apa Z ‘/Z’L jpa )
pl
and

aZT :Q (”Z pa Jpa +R]az apa

B 0
aZT = Z ZQZVVlz pa ]pa ZV i 1‘/1‘1 apa )

The collective field coordinate is chosen to be

N N
- ikr; om ikr; _imb;
= E e qu- = E ete ¢
i=1 =1

and the quantity of interest is

8¢k m a¢k/ m/
Qk,m,k’,m’ - : —.
; 0z, 0Z;

o8



This will consist of four terms which we will examine one at a time. In the
following each index other than k, &', m and m’' is summed over and we have

omitted the sums. We have also used the fact that

0 9
=@ = —; 0ij.
Iq; J

The first term is

1 . 1 ’
1 <leq,I/Vli%anLikempqgl) (Wilqzwnb‘/sj‘/éiik/elk g )

1 . .t ’
= Z_l (W;flqlfslnv;naikelkrpqglq;Wnbéps%];iklelk TSQZL)

1 -7 dkr, m % . ik'r, m’
=12 (Wllql%azke Mg, Wszbsz’e Fregr )

1 . / !
= —k‘k‘,Z (” ;rl Vpa W lbLbLGZUH_k )rpq;n-i-m )
1 g /
= —kklz (5(117‘/;7(1‘/;;61(164—]6 )TPQ;’H_m )

_ _kk/i (ei(k—l—k’)'rpqm—l-m/)

p

The second term is

1 . o /
1 (W,Ilqlmvpavj;ikemq@ (Vblr;lvanis;m’e““ g ‘1>

1

_ Z <WTZQZ5ls‘/pa(5npik€ikTp qgmvb‘;rglwsbm/eik/rs qgn/_l)

1 . I~ ’
=1 (Wilqz%aike““”’ng Vi W' e )" 1)

B 1ikm’

4 Tp

The third term is

(Wllvpavmbe““’"”qé”e““”‘ﬂm )
1 - ikry, m— * . ik'rs m'
4 <V;'J;Tl 1WaqPWpiWJqume g "y 1) (I/Vz'];LQanbVSij];Zk/e g °qs )

1

_ _Z (5lsrll waqpépnwqupmeikrp q;%flq;:wnb‘/biik/eik/rs q;n/)
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1 , o

=71 <” Viagp W ayme™ g g Wy Vilik! e gy )
1ik'm
4 T

(WaWJprb‘/ngeikrp qzzeik/rl qlm/>
The fourth term is

1

1 (Vfﬂ“f Viatp Wi Wy gyme™ " g _1> (VT o Vo WaWim'e g _1>

bn'n

1 ) 717 /
=—3 <5zn7“l_ Via@pOps Wi gyme® e gVl v A Wgm!e® 7 g ‘1>
1/ _ : _ B L .

= —Z(ﬁ Vit Whygyme™ ™ g Viiry ' Wopm' e ey 1)

1mm/ . ., ,
= Ti 2 (VZaWJp%Epre“”Pq;@elk g, )
l

Thus € is (after swapping the indices p and [ in terms 3 and 4)

1 . ’ /
_kklzl (ez(kJrk )rpq;ner )
T T /
_‘_i w (ikmleikrp qlr)nez‘k/rl qlm/ —@'k’meik” qlmeik;/rp q;n/ N Trjﬂ_meikn qlmeilg'rl qlm/)
P p

The fourier transform of the collective field coordinate is

N N
o(z,y) = /dk/dm e’ikxe’imyZeik”qzn = /dk/dm e”'kxe’imyzeik”eimei
=1 i=1
N
=D _ o —1)dly - 0.
i=1

Thus the fourier transform of the joining operator is

Q(x,y,x/,y/) :/dk:/dm e—ikme—imy/dk//dm/ e_ik/mle_im/y,th’k,’m/
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1 , / /
= Zlaxaxé(x - Tp)(S(y - Qp)é(x - Tp)é(y - ep)

LWV Vii Wy, (- , ,
S Halmlplts (Zaxay,a(x )8y — 0,)5(2' — )5 — 6)
p
—10y 0y (x — 17)0(y — 6,)0(x" — rp)d(y" — 6,)
8 0 /! / /
— Z;a L6(z— 1)y — 0)0(x’ —1)d(y — 9l)>-
p

The quantity in the numerator can be written as (VWT),(WVT),,. VIWT is the
same thing that appears in the middle of RU when written in diagonalised terms:
RU = VirVW1tqW. The fact that this does not cancel means that this operator
does not close loops in a succinct manner, and thus the Jacobian cannot be found
as easily as was hoped. For the sake of completeness we will still investigate the
splitting operator, which is defined as
O Prm
For the Z derivative we can once again ignore the derivatives other than r and ¢,

but this is not the case for the ZT derivative. Its full form will be

o 1 %) VoV Vo 0
— = 5 | Wla WV Vi — + Wha W2
aZz'Tj 2 ( act g P ory, et (rp — 1) OVii

0
b1 P
+Viara ‘/;laWPth;[pa—q* + Vigra Vaa
p

W Wh Wy 0 )
(Q; —q;) OWp '

Thus the splitting operator will be

VodVAVir 0

(rp —15) OV

1 0
5 (W;[eQeWeiV VT — + WjeQeWei

pa”ip 87‘
p

)
Vs Vaa W Wi —— + Vi 'V

W Wi Wy 0
ap 9 q;; J

(q; —q;) OWpk

n

(WJ W Vo ViK' e 7o g + Vi r 2V W Wim/ e o /_1)
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which, after some manipulation, results in

1 L./ / s 1./ 4
—(— K2 qr — Wi ViV r 2 Wam! e® g + ik Wi ViVl r W/ e e g

2 bp' p ap " pabp" p
v,V B (% 7 ViV T
Po " bp ik'e ik rpq;n Po " bp ik'e ik’ rb WT pa " bp Tb_lwsbmlelk rsq;n
(rp —13) (rp —13) *(rp — 1)
WT ‘/pa‘/;; —1W ! _ik'rs m/ —l'k/ ik'rs om’ / —IV WT W VT 'k/ ik/'l’p m'—2
asmrp s € q, +r, ke qs T, VpaWapn Wb pplh € qp
g / W w,
_(m/ . 1)r7;2vnaWJpV;lebmlelk rpq;n _ T,;lvsa *ab bb q ‘/b‘L ]f/ ik’ rsqs
(qp qb)
W Wbb W Wbb /
+r_1V "ab’’ b q VT k’, ik’ rsq + —2V ab VT / zk rpq m/—1
s Sa(q; qb) P bs? s Tn na( * qb) b P
Wi,
-2 ab’Vbb m' zkr -1
g W )
mo (q; —q) "

Once again there is no obvious simplification to remove the matrix components.
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Chapter 6

Conclusion

In this dissertation we set out to determine if the methods of the collective field
theory could be applied to consistently describe a large N formulation of multi-
ple matrix models depending only on the eigenvalues of the matrices, and subse-
quently to see if the insights gained from doing so could be applied to a more

general system dependent on matrix-valued curvilinear coordinates.

In the case of multiple matrices we found that the collective field theory does in
fact prove an effective tool for investigating such systems, although its ease of use
is somewhat complicated by the need to find a suitable set of invariants. We have
shown that finding these invariants can be aided by understanding the Jacobian
of the system. Additionally we have shown that the invariants do not necessarily
have to be single trace operators in terms of the original variables for the method
to work, as the two approaches considered did reveal the Jacobian, both for a sin-
gle hermitian matrix and then generalised to multiple hermitian matrices. Finally,
we also noted that the repulsive potential associated with emergent geometry ap-

peared in our formulation.
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In the case of a more general system dependent on matrix-valued curvilinear co-
ordinates, we found that the set of starting invariant operators does not close
under joining, and thus the Jacobian cannot be found as easily as was hoped. For

completeness of the approach the splitting operator was also derived.

A more complete understanding of emergent geometry from multiple matrix sys-
tems would likely require both a radial and an angular dimension. This particular
attempt to investigate this did not fulfil that aim, but we would suggest that the
insight that collective field invariants need not necessarily be single trace opera-

tors could open up new avenues for approaching this problem in the future.
Finally, the hints of emergent geometry suggest that there might well be a gravity

theory with which these systems are associated, as per the AdS/CFT correspon-

dence, and that this could also be a direction for further investigation.
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Appendix A

Initial Attempt at Multiple

Hermitian Matrices

This appendix details the first method we attempted to apply the collective field
method to a system of Hermitian matrices wherein the invariants were defined
as a sum of traces rather than a product. Consider the following collective field
coordinate:

¢k — Z¢A — ZT,,,,eikMA
A A

and its fourier transform

oa) = [ dke 0 = 373" 0o = A = Y 6% (o)
A A
Using identity (3.3) we find that

o0 .,
oara = )
ij

82¢]C . k kdk/ A A
aMAaMA - 0 (bk‘/ k—k'-
ij Ji

Jiy

The joining and splitting operators are

ooy, 0¢;,
Qg =
2. ont oM
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- LK Z Tr(ez‘kMA eik/MA>

= — kK Z Z ik HROA
A i
and

0%¢ ko
=% i~ 2 [ oo
k
=—k ik / Ak e A8 =2
ZZG - awe
= _/{;Z Z Ro% / dE e O8N g2 Z Zeimf

A i)
zk)\A € ()\ 34) 2 zk:)\A

_kgA:; [AA AA} EY e

i#j
zk,\f‘_e' A )
kzz k2zzezk)\

A i#j

:—2zk22 A )\A_kZZZezk)\A

A i#]
In the coordinate representation they become
Qz,2') = / dk / di'e" =K' Q)
= 0,00 Y > 6(x = Ao =AY
A
0p0ud( — ') ) Y "6 — A
A

0006 (x — ') ()

w(z) = /dke_“mwk

= 20, ZZ + 20()

A i#j

and
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The term on the right is associated with an ¢ = j regularisation and is not of

leading order in N and can be ignored. Substituting into equation (3.4) gives us

o @0 W)
0oy 20 f

or

A

Now consider the following:

A olnJ
29" @550y

Substituting in the Jacobian we found earlier yields

(T otw)adrs - 23 fa 2w

(A.2)

de“ (%A <Z/dx][dy2(5:c—)\3 Zay M) In e — \)

=24 ) (Z/dx][dw

y)In |z’ — y!)

:zAj (/dx][dy(SBA(S:L’—:c)d)B()ln\x—y\

. / dx’][ 1o (omad(e ~ ) nle’ ]
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=> ¢*(2)0, (2][ dy¢™ (y) In |z — y\)

A
_ o (z)o" ()
=2 EA ][dy—x —

which is precisely what we have on the right hand side of equation (A.1).

So it seems to be the case that choosing the collective field coordinates in this way
only corresponds to the correct Jacobian if the left hand side of equation (A.1) is
the same as (A.2), or

JlnJ 1 OlnJ
(ZA: ¢A(x)>8xa¢(x) = EA:gb (x)@xm. (A.3)

If this equation is true then it suggests that the collective field invariants can be
either a sum or a product of traces. If that is the case then it might provide some

insight into applying the collective field method to other problems in the future.
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Appendix B

Diagonalised Derivatives

For a hermitian matrix M that can be diagonalised into UTAU, we are interested
in the quantity 8% in terms of A and U. Using the chain rule this can be written

in component form as

9 0N 9 ou,, 0
OMy; — = OMy; DX, OM,; OU,,

Pq

In order to find the coefficients we use the following:
dM;; = AU NUk; + U dNUs; + U \edUy;
k
We know from chapter three that
dM = U'(d\ + [\, dS))U
where dS = dUUT. Multiplying by U on the left and UT on the right yields
> UuidMiUl, = (dX + [\, dS])a
ij
= dAap + AapdSpp — dSagAgp

= 0apdNa + (Ao — Xo)dSap
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since A and d\ are diagonal.

We now have two equations to work with, one for which @ = b and one for which

a # b. For the case where a = b we have
> UudM;Uf, = dX,
]

and therefore

O

_ T
= U UL,

For the case where a # b we have

> UadMiUl, = (Ao — \y)dSa
7]
and therefore
88(1() . Uai U]J'rb
OM;: Ao — Mo

Now all that remains to be found is g—g which can be obtained from the definition

of dS
dSa, = dU,;U},.

Multiplying by U on the right yields
dUac = dSabch = 5addebch

from which we can see that

U,
% = 0,qUse.
89Sy "
The quantity we need is
oU,, AU, DSy, UaiU},
OM;;  O0Sq OM,; Aa — Np
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We can now see that the original derivative becomes

ULl 8
1 ai% jp
8sz =2 Ul 8)\ 22 by g

P pq a#b

UaUl,

0
:ZUszjpa/\ —i—ZZ bq/\ _AbWaq

It is also important to see what happens when we have the trace of the second
derivative acting on a function that depends only on the eigenvalues, i.e.

0
Py aM,] aMﬂ (/\)

We can immediately drop the OU term in the first application of the derivative
since the function only depends on the eigenvalues and thus we will have

UuiUlyUsq

%:(ZUP’UjpaA ZZ e — M) aan>ZU‘” FON,

9 0
1 T
=2 UnU,UkU FON, O

tjkp

U ULU 0
ai ]b bq
+ Z T oy dradiall g3

z]qka;ﬁb

S UaiUl,Usg

0
R My Ut Ut
ijqkab (Ao = Ap)

ia~ gk a/\k

There is another term but it has a OU on the right and so will disappear when
acting on a function of only the eigenvalues. Dealing with all the Us and U's that

cancel we end up with

o 0
- Z(Sp’“‘s’“’m e
kp
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