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Abstract

The Collective Field method is used to investigate various matrix valued problems.

First the application to the single hermitian matrix is reviewed after which the

method is generalised to multiple hermitian matrices. Two different approaches

are considered, both of which return the expected Jacobian. The second approach

is then used to explore a system of complex matrices to determine if a Jacobian

including both radial and angular dynamics can be revealed. This turns out not to

be the case but the analysis is informative, and some avenues for further research

are suggested.
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Chapter 1

Introduction

The twentieth century was an eventful and tumultuous time for theoretical physics.

The discoveries of General Relativity and Quantum Mechanics led to a multitude

of new avenues of research, but also to significant hurdles that remain to this day.

One such hurdle is finding a consistent theory that includes all four fundamental

forces of nature. Presently String Theory is the most popular candidate for such

a theory [19], but it was not always this way. String Theory first emerged as an

attempt to describe strong interactions, but it was unsuccessful due to the fact

that it predicted a 2-spin particle and a tachyon.

With the discovery of Quantum Chromodynamics as a more viable tool to describe

strong interactions, String Theory was put aside until the 1980s when supersym-

metry was proposed. One of the features that prevented String Theory from being

a theory of strong interactions, the spin 2 particle, instead made it a candidate

for a theory of Quantum Gravity, as that is exactly the spin that a graviton is

predicted to have.

Although String Theory and Quantum Chromodynamics both hold significant

6



promise, one for developing a consistent unified theory and the other as a theory

of strong interactions, they both pose great difficulty for calculations in non-

perturbative regimes. It is only in the last two decades that a way around this

problem has begun to reveal itself in the Anti-de Sitter/Conformal Field Theory

(AdS/CFT) Correspondence, also known as the Gauge/Gravity Duality. The first

clue to the existence of the correspondence came in 1974 when Gerard ’t Hooft

published a paper investigating a Gauge Theory of colour group U(N) [1]. In it

he discovered a systematic 1
N

expansion indexed by the Euler characteristic of the

surface on which the Feynman diagrams could be drawn. Additionally he found

that when one takes the limit as N tends toward infinity, only Feynman diagrams

that can be drawn on a plane or a sphere contribute to the final calculation. This

was the first hint that the large N limit of gauge theories might contain strings.

’t Hooft’s realisation eventually lead to the formulation of the AdS/CFT corre-

spondence by Juan Maldacena in 1997 [4]. Maldacena showed that the large N

limit of certain conformal field theories included a sector equivalent to supergrav-

ity on various compact manifolds, such as spheres and Anti-de Sitter spacetimes.

In particular he showed that the large N limit of N = 4 Super Yang-Mills had

a description which contained strings. This was expanded upon by Gubser, Kle-

banov and Polyakov in 1998 [5] from the other direction, demonstrating that some

Green’s functions of N = 4 SYM could be found through the boundary of String

Theory in an AdS space.

Since the large N limit plays such a significant part in the AdS/CFT correspon-

dence it is important to be able to find this limit, which is not always a straightfor-

ward enterprise. One method that shows promise in this regard is the Collective

Field method, which was developed in 1980 by A. Jevicki and B. Sakita [6]. The
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premise of the method is that one reformulates a given gauge theory problem in

terms of a (usually overcomplete) set of commuting operators invariant under the

original symmetries of the system. Doing so brings the terms of leading order in N

to the forefront, and for this reason it is an attractive proposition for investigating

problems pertaining to the AdS/CFT correspondence, as this large N background

becomes the semi-classical approximation of the effective invariant theory.

The aim of this research is to investigate matrix valued quantum field systems and

their eigenvalue dynamics. Matrix models are of interest because many important

theories are defined in terms of matrix models. This includes QCD, N = 4 SYM,

String Theory in 2D [7] (one of the only non-trivial string theories with an exact

solution), and even a possible definition of M-Theory [20]. This paper investigates

matrix models in physical contexts which depend only on the eigenvalues of the

system. The eigenvalue dynamics are of significance because in the context of the

AdS/CFT correspondence it is expected that the AdS geometry emerges from the

eigenvalues [9].

This dissertation is structured as follows: in chapter 2 we review the AdS/CFT

correspondence, which constitutes the majority of the background information to

which this research pertains. In chapter 3 we first recap the dynamics of a system

based on a single hermitian matrix, and then give the derivation of the collective

field method. Next we review the application of the collective field method to the

single hermitian matrix problem, which is the one that Jevicki and Sakita solved

in their original paper [6]. In chapter 4 we apply the collective field method

to a system based on several hermitian matrices using two different approaches.

Finally in chapter 5 we investigate a set of complex matrices, reviewing the efforts

in [13] and [14], and then attempt to find a Jacobian that encapsulates both the
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radial and angular dynamics of the system.
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Chapter 2

AdS/CFT Correspondence

2.1 String Theory

String Theory is a broad and complex topic with multiple incarnations, but the

essence of it revolves around the idea that the fundamental components of nature

are “strings”, one dimensional objects that vibrate and propagate through space-

time [19]. These strings can either be “open”, meaning that their ends propagate

independently of each other, and the string resembles a line segment, or “closed”,

meaning that the ends of the string are attached, and the string resembles a loop.

Strings are quantum mechanical in nature, each bearing properties such as mass

and charge, and particles are manifest through the vibrational modes of these

strings.

String Theory was originally postulated as a theory of particle physics but it was

later realised that it also worked effectively as a theory of quantum gravity, since

the vibrational modes of closed strings align with the properties predicted for

gravitons. This was the first hint that something connecting gauge theories and

gravity theories might exist.
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Although String Theory is currently one of the foremost candidates for the unifi-

cation of Quantum Mechanics and General Relativity, it is often subject to sev-

eral criticisms. Firstly, String Theory is not well defined in the non-perturbative

regime, which means that strong-coupling problems are usually difficult or impos-

sible to solve. Secondly, String Theories generally must be formulated in higher

dimensions in order to be consistent, for example Bosonic String Theory which

requires twenty six dimensions or Superstring Theory which requires ten. This

clearly poses a problem given that the universe appears to be four dimensional.

Thirdly, physical predictions made by String Theory occur at very high energies

or very small scales and thus it is not currently possible to investigate them ex-

perimentally.

Not much progress has been made on getting around the third problem, and most

likely won’t be for some time, but there are ways in which the other problems with

String Theory can be dealt with. The issue of higher dimensions is explained ei-

ther by the idea of “compactification”, which suggests that the extra dimensions

are curved around themselves at such small scales as to appear invisible, or by

the idea of “brane cosmology”, which suggests that the perceived universe is the

edge of some higher dimensional space, and that observable particles come from

open strings attached to that edge.

The non-perturbative problem has also seen substantial progress in recent decades

through the AdS/CFT correspondence. The strongly coupled String Theory prob-

lems that were once so intractable now might be solved by their weakly coupled

gauge counterparts. This is precisely the reason that AdS/CFT is such a signifi-

cant and exciting field of research in modern theoretical physics.
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2.2 Large N Limit

An important part of the AdS/CFT correspondence is the large N limit. To

demonstrate this we follow the argument used by Maldacena in [2] based in U(N)

using a hermitian Matrix M as the field. For a more general explanation involving

non-hermitian matrices see [15] and for ’t Hooft’s original paper that gave rise to

this discovery see [1]. ’t Hooft’s original aim was to attempt to construct a field

theory of strong interactions in which the quarks form inseparable bound states

and thus the formulation is more complicated than necessary to demonstrate the

topological argument.

The initial Lagrangian will look something like

L =
1

g2
Tr[(∂M)2 +M2 +M3 + ...] =

1

g2
Tr[(∂M)2 + V (M)].

and the resulting Feynman diagrams will consist of double line propagators, so as

to keep track of the matrix indices, each contributing a factor of g2 and vertices

each contributing a factor of 1
g2 . All closed lines in the diagrams will contain sums

over the gauge indices and thus will contribute a factor of N . The total contribu-

tion for a diagram will then be proportional to (g2)#Propagators−#V erticesN#ClosedLines

If we were to draw these diagrams on a two dimensional surface and then imagine

each closed line as the face of a geometric object, then the contribution is

(g2)#Edges−#V erticesN#Faces

= (g2)#Edges−#V erticesN#Faces−#Edges+#V ertices+(#Edges−#V ertices)

= (g2N)#Edges−#V erticesN#Faces−#Edges+#V ertices

and by Euler’s relation this is simply equal to

= (g2N)#Edges−#V erticesN2−2h
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where h is the genus of the two dimensional surface upon which the diagram can

be drawn (0 for a plane or sphere, 1 for a torus etcetera). The total contribution

will be
∑∞

h=0 N
2−2hfh(g

2N), where fh encompasses the detailed evaluation of each

specific diagram.

The ’t Hooft limit is then

lim
N→∞

[
1

N2

∞∑
h=0

N2−2hfh(g
2N)]

with λ ≡ (g2N), referred to as the “’t Hooft Coupling”, fixed. It is clear that

only planar diagrams (h = 0) contribute in this limit. Additionally, as λ increases

the diagrams become dense on the sphere and resemble the worldsheet of a string

theory. Further clues to the existence of a correspondence between this and string

theory come from the fact that if one includes matter in the calculation one finds

diagrams with boundaries, which can be viewed as open strings with a quark and

anti-quark at their ends. Finally, this formulation includes Regge trajectories, i.e.

that the particle with the highest spin for a particular mass obeys the relation

α′m2 = J+const. This is something that is also characteristic of string behaviour.

2.3 AdS

Having observed all of these clues, Maldacena [4] decided to define the worldsheet

theory as the result of summing the planar diagrams. The question then is what

string theory is applicable? This is not trivial, as summing the diagrams is not

necessarily an easy matter. For a four dimensional gauge theory one would expect

the corresponding string theory to be four dimensional as well, but this turns out

to be incorrect. Weyl symmetry (gab → Ωgab) generates a non-trivial action quan-

tum mechanically. The way this is dealt with is effectively the same as adding
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another dimension [2].

We are interested in a space of one higher dimension than the one in which the

gauge theory resides. This space should have four dimensional Poincaré symmetry,

so the metric should resemble

ds2 = ω(z)2(dx2
1+3 + dz2)

where the coefficients of dz and dx are set equal through reparameterisation sym-

metry. In the case of a scale invariant gauge theory the following symmetry should

hold:

x→ λx.

But string theory is not scale invariant; its scale is determined by the string

tension. Therefore the only way that this symmetry can hold is if it is an isometry

of the metric. In order for this to be true it must be the case that z → λz and

ω(z) = R
z

. This yields

ds2 = R2dx
2 + dz2

z2
(2.1)

which is the metric of Anti-de-Sitter space. AdS is the most symmetric spacetime

with constant negative curvature and is analogous to a hyperbolic plane, which is

the most symmetric negatively curved space in Euclidean geometry.

AdS space can also be formulated as a surface in the higher dimensional space

R2,4:

−X2
−1 −X2

0 +X2
1 +X2

2 +X2
3 +X2

4 = −R2.

This space has two time dimensions but one of them is orthogonal to the surface,

which is still Lorentzian. The original metric (2.1) is obtained by substituting

X−1 + X4 = R
z
, Xµ = Rxµ

z
for µ = 0, ..., 3. This representation is referred to as
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“Poincaré coordinates” and only covers a portion of the AdS space. The surface

can also be parameterised in terms of “global coordinates”, which are defined by

setting X−1 = R cosh ρ cos τ,X0 = R cosh ρ sin τ,Xµ = R sinh ρΩµ for µ = 1, ..., 4,

and
∑

Ω2
µ = 1. This parameterisation covers the whole space and results in a

metric of the form:

ds2 = R2
(
− cosh2 ρdτ 2 + dρ2 + sinh2 ρdΩ2

)
. (2.2)

The Penrose diagram will be a solid cylinder whose boundary is S3 × R with R

corresponding to the time direction. The field theory is defined on the boundary of

the cylinder and the string theory is defined inside the cylinder. On the boundary

the isometries of AdS resemble the conformal group in four dimensions.

2.4 N = 4 SYM and Type IIB String Theory

N = 4 supersymmetric Yang-Mills theory is a theory that contains four supersym-

metries in four dimensions for a total of sixteen supercharges, which is doubled

by conformal symmetry for a grand total of thirty two supersymmetries. The the-

ory contains one vector field or gauge boson, six scalars and four fermions. The

scalars are related by the group SO(6) = SU(4), which is not commutative with

the supercharges and is thus referred to as an “R symmetry”. With this included,

the supergroup for N = 4 SYM is PSU(2, 2|4) [2].

Additionally this theory has an S-duality in which

τYM =
θ

2π
+ i

2π

g2
YM

is related to −1
τ

. Here gYM is the coupling constant and θ is a parameter of the

Lagrangian. From this we have all of the indicators necessary to suggest the cor-
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respondnce, but for a more detailed description of N = 4 SYM consult [23].

Now consider type IIB string theory. It is the case that the product of five

dimensional Anti-de-Sitter space and a five-sphere constitute a solution to the

supergravity equations of motion of this theory [2] in such a way that

R = (4πgsN)1/4ls

where R is the radius of the sphere and the AdS space (the R in equation (2.2)), gs

is the string coupling and 2πl2s is the inverse of the string tension. String theory

on this geometry has thirty two supersymmetries, the same number as N = 4

SYM, and has the overall symmetry group SO(2, 4)× SO(6) (the product of the

symmetry groups of AdS5 and S5), which is the bosonic subgroup of PSU(2, 2|4).

The couplings of the string theory and the Yang-Mills theory are related by

g2
YM = gs.

String theory is a good approximation to gravity in the regime in which R is

much larger than ls, so we can see from the above equation that this will be case

when the parameter g2
YMN is large. When this is not the case, it means that the

coupling of the gauge theory is small and the theory is easier to solve. So it is clear

from this that when N = 4 SYM is difficult to solve, its dual IIB string theory on

AdS5×S5 is easy to solve, and vice versa. This apparent strong/weak duality is

what makes the AdS/CFT correspondence a hopeful candidate for further insight.

2.5 AdS/CFT Dictionary

In the preceding sections we have seen the associations between the symmetries

of the two sides of the correspondence as well as their couplings, but we still do
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not have a clear means by which interesting quantities in one might be obtained

from their equivalents in the other. This is certainly not a simple matter, but

there are some important starting points.

Generally in field theories the quantities in which one is interested are the corre-

lation functions of a given operator, denoted by

< Ô(x1)Ô(x2)...Ô(xd) >

which are found by taking the derivatives of the so called “generating functional”

with respect to a particular source and then setting the source equal to zero. This

is represented symbolically as

∂

∂J(x1)

∂

∂J(x2)
...

∂

∂J(xd)
Z[J ]

∣∣∣∣
J=0

=
∂

∂J(x1)

∂

∂J(x2)
...

∂

∂J(xd)

〈
e
∫
JÔ
〉∣∣∣∣
J=0

.

On the string side there is also a partition function, which is dependent on the

boundary conditions of the AdS space in which the theory exists:

Zbulk[φ(x, z)|z=0 = φ0(x)]

where φ0(x) is an arbitrary function specifying the boundary value of φ, the field

in the bulk. The AdS/CFT dictionary dictates that this is equal to the generating

function of the field theory with the boundary condition φ0 as its source [5], i.e.

Zbulk[φ(x, z)|z=0 = φ0(x)] =
〈
e
∫

[dx]φ0(x)Ô(x)
〉
field theory

.

This suggests that changes in the boundary conditions of AdS relate to changes in

the Lagrangian of the field theory, and infinitesimal changes relate to the insertion
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of an operator [2].

More specific calculations involve a boundary condition of the form

φ(x, z)|z=ε = εα−φr0(x)

with the limit taken as ε → 0. α− is dependent on the specific calculation, and

the conformal dimension of the operator on the field theory side is

4− α− ≡ α+.

This φr0(x) is called the “renormalised” boundary condition and is associated with

the fact that the operator in the field theory needs to be renormalised.

Explicitly the AdS/CFT dictionary is encapsulated in the following relations

gs = g2
YM ,

R

ls

4

= 4πg2
YMN = 4πλ,

Zs[φ0] =
〈
e
∫
φ0Ô
〉
CFT

.

We have highlighted some of the foundations for performing calculations using

the AdS/CFT correspondence, but actually connecting all quantities in one side

with quantities in the other is a substantial problem and the subject of much

ongoing research. Nonetheless there have been succesful attempts to connect

certain subsets of the quantities in certain limits, one of which we will examine in

the next section.

2.6 BMN Limit

Berenstein, Maldacena and Nastase published a paper in 2002 [24] demonstrating

that a particular limit of the string theory on AdS5×S5 is equivalent to that on
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a plane wave background, and that the string spectrum of this resulting theory

could be arrived at from the large N limit of N = 4 SYM with some specific

restrictions. This has since become known as the BMN limit and is of interest

particulary because free string theory on the plane wave background is exactly

solvable. We will review the account of the BMN limit provided in [25].

Recall the AdS5 metric (2.2). Combining it with the metric for S5 yields

ds2

R2
= − cosh2 ρdτ 2 + dρ2 + sinh2 ρdΩ2

3 + cos2 θdψ2 + dθ2 + sin2 θdΩ′23 .

The limit in question then involves focusing on a particle in the “centre” of AdS5

(ρ = 0) traveling along the equator of S5 (measured by ψ for a specific θ). We

introduce the coordinates x̃± = 1
2
(τ±ψ) and then perform the following rescaling:

x+ = x̃+, x− = R2x̃−, r = Rρ, y = Rθ.

The limit of interest is then found by taking R →∞. This can be thought of as

the analogue to the N →∞ limit in the dual gauge theory.

Since the act of choosing an equator broke the SO(6) symmetry of S5, something

similar must happen on the gauge theory side. This can be done by taking some

U(1) subgroup of the R-symmetry group. There is a charge associated with this

subgroup referred to as the R-charge. The light cone energy and momentum,

denoted respectively by p− and p+, are found to be associated with quantities on

the gauge theory side in the following way:

2p− = ∆− J, 2p+ =
∆ + J

R2

where ∆ is the conformal dimension of an operator in the dual CFT, which corre-

sponds to the energy in global coordinates in AdS5, and J is the angular momen-

tum around the equator of S5, which corresponds to the R-charge of an operator
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in the CFT. The string theory is limited to states with finite p+ and p−, which

corresponds to limiting the gauge theory to operators with ∆ ≈ J ≈
√
N and

finite ∆− J .

In the light cone gauge the action of IIB string theory describes eight massive

bosons and eight massive fermions and is trivially solvable [26]. The bosonic

states are formulated in the following terms:

aI1n1
...aImnm|0; p+ >

with the Hamiltonian:

2p− =
∞∑

n=−∞

8∑
I=1

(aIn)†aIn

√
n2

(α′p+)2
.

The association between 2p− and ∆ − J suggests then that the ground state

|0; p+ > should correspond to an operator for which ∆ − J = 0. There is a

unique operator that obeys this condition: Tr(ZJ) which depends on the U(1)

subgroup associated with the breaking of SO(6) symmetry we mentioned earlier.

First excited states correspond with adding into the trace operators for which

∆ − J = 1, and higher excited states are found by adding more of these. States

for which n1, ..., nm = 0 correspond to BPS operators, i.e. those whose conformal

dimension does not dependent on the coupling. There are also higher states, which

have the requirement that

n1 + ...+ nm = 0.

This is the condition for states to be physical, and is also a condition for the trace

on the operator side not to be zero. More details on the exact association between

states and operators can be found in [24], but the important thing to note is that

this limit constitutes an example of a context in which states on the one side of

the AdS/CFT correspondence relate directly to operators on the other side.
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2.7 Emergent Geometry

In the previous sections we have outlined the arguments for the existence of the

AdS/CFT correspondence, examined some means by which it might be practi-

cally used and investigated a limit in which it is fairly well understood. In this

section we will explain why it is that the AdS/CFT is of relevance to the subject

of this dissertation, i.e. the eigenvalue dynamics of matrix valued systems. The

reason for this is that the eigenvalues are associated with an emergent geometry,

which corresponds to the geometry of a dual gravity theory. This was the insight

primarily of David Berenstein who has published multiple papers on the matter

[8], [9], [10], [11], the essence of which we will now review. An elaboration on

these ideas can be found in [12].

In [8] it was determined that the half BPS states of an N = 4 SYM theory

could be modelled by a collection of fermions. Such a system can be viewed as a

density of particles in a phase space and understood in terms of the statistics of

thermodynamics. There is a probability associated with any given configuration

of these particles, and quantum mechanically each configuration should be valid.

The aim is then to determine which configuration is most statistically likely to

occur. This can be done by finding the square of the holomorphic multi-particle

ground state wave function, which for a two dimensional phase space has been

argued to be [8]

ψF =
∏
i<j

(zi − zj)e−
∑ zz̄

2 .

The probability density is then

p(~xi) =
∏
i<j

|zi − zj|2e−
∑
zz̄ = e−

∑
zz̄+

∑
i<j 2 ln |zi−zj |.

This can be interpreted as an ensemble of N particles in two dimensions at po-

sitions xi, subject to a potential with pairwise repulsion. This is essentially the
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same as the classical canonical ensemble, so we will refer to the quantity inside

the exponent as βH.

If the configuration of the fermions has a continuous density profile ρ(~x) then the

sums can be approximated by integrals that depend on ρ:

βH =

∫
d2~xρ(~x)~x2 +

∫
d2~x

∫
d2~yρ(~x)ρ(~y) ln |~x− ~y|.

There is also a constraint on the number of particles:

N =

∫
d2~xρ(~x)

where N is assumed to be large enough that the statistical approach makes sense.

The configuration with the lowest energy will be represented by a peak in the

probability density, so it can be found by varying βH with respect to ρ. Introduc-

ing a Lagrange multiplier l to enforce the constraint on the number of particles,

and constraining the variation to regions in which ρ(x) is positive, yields

~x2 + l = 2

∫
d2~yρ(~y) ln |~x− ~y|.

This can be viewed as a Coulomb gas in an electric field produced by a constant

density charge. The particles arrange themselves in such a way as to cancel the

electric field locally, and rotational symmetry suggests that the configuration they

acquire is a circle. This does indeed turn out to be the minimum energy configu-

ration. Thus we have seen that a statistical model of a fermionic system in a two

dimensional phase space results in the appearance of a circle.

This illustrates the concept of emergent geometry, but the more interesting case

is that of 1/8 BPS states. In [9] Berenstein demonstrated that these states could

be modelled by a series of commuting N ×N hermitian matrices. It is important
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that the matrices commute because there is an association between commuting

matrices and the strong coupling limit of the Yang Mills quartic potential. This

can be seen by considering a potential of the form

g2 Tr[Xµ, Xν ]
2.

In the limit in which g → ∞ it will be necessary for the commutator to tend

towards zero in order for the path integral to make sense. The SU(N) symmetry

of the system means that each matrix can be diagonalised, reducing its respective

degrees of freedom from N2 to N , and the fact that the matrices commute means

that they can all be diagonalised simultaneously. The eigenvalues of the matrices

can be viewed as bosons and in a similar fashion to the example discussed above,

a repulsive potential emerges and the bosons arrange themselves in a particular

geometry. The geometry that emerges is none other than S5, the very same that

is of such interest in the AdS/CFT correspondence.

The purpose of this dissertation is to determine if there is a consistent large N

description of systems of matrices in potentials depending only on the eigenvalues

of the matrices, and in particular to investigate if methods of the collective field

theory can be adapted to the description of this sector. The previous paragraph

provides an example of a physical context that depends only on the eigenvalues,

and hence evidence that restricting our investigation in this way is physically

reasonable. In chapter 4 we will see that the collective field theory methods

can in fact be applied to these systems, and in chapter 5 we will investigate if

the methods developed in chapter 4 can also be used in the study of the angular

degrees of freedom of multi matrix systems described by matrix valued curvilinear

coordinates.
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Chapter 3

Hermitian Matrices

3.1 Single Matrix Dynamics

Here we review the results obtained from investigating the single hermitian matrix

Hamiltonian [7][16] without using the collective field method. In section 3.3 we

will review the collective field approach to this problem and see how the results

correlate.

We begin with a system in which the degrees of freedom are represented by a single

N ×N hermitian matrix M , with a potential depending only on the eigenvalues

of the matrix. The Hamiltonian of such a system will be

H = −1

2

∂

∂Mab

∂

∂Mba

+ TrV (λ).

Due to the SU(N) symmetry the matrix can be diagonalised into U †DU where

U is a unitary matrix and D = diag(λ1, ..., λN) is a diagonal matrix of the eigen-

values of M , denoted by λi.

We would like to know the Jacobian for this diagonalisation as well as the
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Hamiltonian in terms of the diagonalised variables, which requires the line ele-

ment dM . This can be written as

dM = dU †DU + U †dDU + U †DdU

= U †(UdU †D + dD +DdUU †)U

= U †(−dUU †D + dD +DdUU †)U

= U †(dD +DdUU † − dUU †D)U

= U †(dD + [D, dS])U

where we have introduced dS = dUU † with the property

dS = dUU † = −UdU † = −dS†.

This is true because

UU † = I

and thus

dUU † + UdU † = 0.

We also note that

dM † = U †(dD + [dS†, D])U

= U †(dD − [dS,D])U

= U †(dD + [D, dS])U = dM

In order to find the metric we need Tr(dM2) which is

Tr(dMdM †) = Tr(U †(dD + [D, dS])UU †(dD + [D, dS])U)

= Tr(dD2 + 2dD[D, dS] + [D, dS]2)

= Tr(dD2 + [D, dS]2).
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The middle term disappears because of the following identity for traces involving

commutators of matrices:

Tr([A,B]C) = Tr([B,C]A) = Tr([C,A]B)

and the fact that

[D, dD] = 0.

In component form we have

Tr(dM2) =
∑
i

(dM2)ii

= Tr(dD2) + Tr([D, dS]2)

=
∑
i

(dλ2
i )−

∑
i,j

(dS)ij(dS)ji(λi − λj)2

=
∑
i

(dλ2
i ) +

∑
i 6=j

(dS)ij(dS
∗)ij(λi − λj)2

=
∑
i

(dλ2
i ) +

1

2

∑
i 6=j

(λi − λj)2(dS∗)ij(dS)ij +
1

2

∑
i 6=j

(λi − λj)2(dS)ij(dS
∗)ij

=
∑
i

(dλ2
i ) +

∑
i<j

(λi − λj)2(dS∗)ij(dS)ij +
∑
i<j

(λi − λj)2(dS)ij(dS
∗)ij.

Next we use

Tr(dM2) = gµνdX
µdXν ,

with µ, ν = 0, 1, 2 and dX = (dλ, dSij, dS
∗
ij), to find the metric tensor

gµν =


1 0 0

0 (λi − λj)2 0

0 0 (λi − λj)2


from which we can find the Jacobian:

J =
√

det gµν =
∏
i<j

(λi − λj)2 = ∆2
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where ∆ is the Vandermonde determinant. Note that there is an association be-

tween a Jacobian of this form and the emergent geometry associated with inter-

eigenvalue repulsion [7].

The laplacian is obtained from

∇2 =
1√

det gµν

∂

∂Xµ

√
det gµνg

µν ∂

∂Xν

=
1

∆2

∂

∂λi
∆2 ∂

∂λi

+
1

∆2

∂

∂Sij
∆2
∑
i<j

1

(λi − λj)2

∂

∂S∗ij

+
1

∆2

∂

∂S∗ij
∆2
∑
i<j

1

(λi − λj)2

∂

∂Sij

=
1

∆2

∂

∂λi
∆2 ∂

∂λi
−
∑
i 6=j

1

(λi − λj)2

∂

∂Sij

∂

∂Sji

In a physical context in which the dynamics depend only on the eigenvalues, the

derivatives with respect to S will disappear and thus the eigenvalue problem will

look like (
− 1

2

1

∆2

∂

∂λi
∆2 ∂

∂λi
+ Tr(V (λ))

)
Φ = EΦ.

Let us examine the first term on the left hand side:

−1

2

1

∆2

∑
i

∂

∂λi
∆2 ∂

∂λi

= −1

2

1

∆2

∑
i

((
∂

∂λi
∆2

)
∂

∂λi
+ ∆2 ∂

2

∂λ2
i

)

= −1

2

1

∆2

∑
i

(
2∆

(
∂

∂λi
∆

)
∂

∂λi
+ ∆2 ∂

2

∂λ2
i

)

= −1

2

1

∆

∑
i

((
∂2

∂λ2
i

∆

)
+

(
∂

∂λi
∆

)
∂

∂λi
+

(
∂

∂λi
∆

)
∂

∂λi
+ ∆

∂2

∂λ2
i

)

27



= −1

2

1

∆

∑
i

∂

∂λi

((
∂

∂λi
∆

)
+ ∆

∂

∂λi

)

= −1

2

1

∆

∑
i

∂2

∂λ2
i

∆

where in the fourth line we can insert the second derivative of ∆ with respect to

λi since it is equal to zero when summed over. A proof of this can be found in

[21]. The eigenvalue problem is now

−1

2

1

∆

∑
i

∂2

∂λ2
i

∆Φ + Tr(V (M))Φ = EΦ

Rescaling the wave function to Ψ = ∆Φ this becomes

−1

2

1

∆

∑
i

∂2

∂λ2
i

Ψ + Tr(V (M))
Ψ

∆
= E

Ψ

∆

or ∑
i

hiΨ(λi) = EΨ(λi)

where

hi = −1

2

∑
i

∂2

∂λ2
i

+ Tr(V (λi)).

The Vandermonde determinant is antisymmetric under an exchange of the eigen-

values, and thus the rescaled wave function Ψ is also antisymmetric. This means

that the problem is reduced to that of a set of non-relativistic non-interacting

fermions.

3.2 Collective Field Method

The aim of the Collective Field Method [6] is to reformulate a given problem from

its original coordinates, denoted by q1, ..., qd, to a new set of coordinates generally

chosen to be invariant under the original symmetries of the system, denoted by

φk. This new set is almost always overcomplete.
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Beginning with a standard Hamiltonian:

H = −1

2

∑
i

∂2

∂q2
i

+ V (q1, ..., qd)

the kinetic term can be written in terms of the collective field coordinates with

the use of the chain rule as follows:

K = −1

2

∑
i

∂

∂qi

∂

∂qi

= −1

2

∑
i,a

∂

∂qi

(
∂φa
∂qi

∂

∂φa

)

= −1

2

∑
i,a

∂2φa
∂q2

i

∂

∂φa
− 1

2

∑
i,a,b

∂φa
∂qi

∂φb
∂qi

∂

∂φb

∂

∂φa

= −1

2

∑
a

ωa
∂

∂φa
− 1

2

∑
a,b

Ωa,b
∂

∂φb

∂

∂φa

where

ωa =
∑
i

∂2φa
∂q2

i

and

Ωa,b =
∑
i

∂φa
∂qi

∂φb
∂qi

are referred to as the “splitting operator” and the “joining operator” respectively.

This change of coordinates introduces a non-trivial Jacobian:∫
[dq]Φ∗1(q)Φ2(q) =

∫
[dφ]J(φ)Φ∗1(φ)Φ2(φ).

In order to have a simple scalar product we perform the similarity transformation:

Ψ(φ) = (J(φ))
1
2 Φ(φ).

∂

φk
→ (J(φ))

1
2
∂

φk
(J(φ))−

1
2 =

(
∂

∂φk
− 1

2

∂ ln J(φ)

∂φk

)
.
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The kinetic term in the Hamiltonian is then

−1

2
ωa

(
∂

∂φa
− 1

2

∂ ln J(φ)

∂φa

)
− 1

2
Ωa,b

(
∂

∂φa
− 1

2

∂ ln J(φ)

∂φa

)(
∂

∂φb
− 1

2

∂ ln J(φ)

∂φb

)

= −1

2
ωa

∂

∂φa
+

1

4
ωa
∂ ln J(φ)

∂φa
− 1

2
Ωa,b

∂

∂φa

∂

∂φb
+

1

4
Ωa,b

∂

∂φa

∂ ln J(φ)

∂φb

+
1

4
Ωa,b

∂ ln J(φ)

∂φa

∂

∂φb
− 1

8
Ωa,b

∂ ln J(φ)

∂φa

∂ ln J(φ)

∂φb

= −1

2
ωa

∂

∂φa
+

1

4
ωa
∂ ln J(φ)

∂φa
− 1

2
Ωa,b

∂

∂φa

∂

∂φb
+

1

4
Ωa,b

(
∂

∂φa

∂ ln J(φ)

∂φb

)
+

1

4
Ωa,b

∂ ln J(φ)

∂φb

∂

∂φa
+

1

4
Ωa,b

∂ ln J(φ)

∂φa

∂

∂φb
− 1

8
Ωa,b

∂ ln J(φ)

∂φa

∂ ln J(φ)

∂φb

= −1

2
ωa

∂

∂φa
+

1

4
ωa
∂ ln J(φ)

∂φa
− 1

2

∂

∂φb
Ωa,b

∂

∂φa
+

1

2

(
∂

∂φb
Ωa,b

)
∂

∂φa

+
1

4
Ωa,b

(
∂

∂φa

∂ ln J(φ)

∂φb

)
+

1

2
Ωa,b

∂ ln J(φ)

∂φb

∂

∂φa
− 1

8
Ωa,b

∂ ln J(φ)

∂φa

∂ ln J(φ)

∂φb

=

(
− 1

2
ωa +

1

2

(
∂

∂φb
Ωa,b

)
+

1

2
Ωa,b

∂ ln J(φ)

∂φb

)
∂

∂φa
+

1

4
ωa
∂ ln J(φ)

∂φa

−1

2

∂

∂φa
Ωa,b

∂

∂φb
+

1

2
Ωa,b

(
∂

∂φa

∂ ln J(φ)

∂φb

)
− 1

8
Ωa,b

∂ ln J(φ)

∂φa

∂ ln J(φ)

∂φb

In order for the Hamiltonian to remain hermitian the coefficient of the derivative

with respect to φa must be equal to zero:

−ωa +

(
∂

∂φb
Ωa,b

)
+ Ωa,b

∂ ln J(φ)

∂φb
= 0.

Rearranging this gives us an equation that makes the Jacobian considerably easier

to find than usual:

Ωa,b
∂ ln J(φ)

∂φb
= ωa −

(
∂

∂φc
Ωa,c

)
. (3.1)
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Combining the last three equations together gives us

1

4
ωaΩ

−1
a,bωb −

1

4
ωaΩ

−1
a,b

(
∂

∂φc
Ωb,c

)

−1

2

∂

∂φa
Ωa,b

∂

∂φb
+

1

2
Ωa,b

(
∂

∂φa

(
Ω−1
b,dωd − Ω−1

b,d

(
∂

∂φc
Ωd,c

)))
−1

8
Ωa,b

(
Ω−1
a,dωd − Ω−1

a,d

(
∂

∂φc
Ωd,c

))(
Ω−1
b,dωd − Ω−1

b,d

(
∂

∂φc
Ωd,c

))
.

In practice most of these terms represent corrections to the large N expansion,

and what we are really interested in is

K = −1

2

∂

∂φa
Ωa,b

∂

∂φb
+

1

8
ωaΩ

−1
a,bωb. (3.2)

The ground state energy in the large N limit of the system can then be found by

minimising the effective potential, which is the right hand term above combined

with the original potential.

3.3 Collective Field for a Single Matrix

Before applying the collective field method to a system of multiple hermitian ma-

trices it is informative to see how it proceeds in the context of one hermitian

matrix. This application was the one used by Jevicki and Sakita to illustrate the

applicability of the collective field method to problems in quantum field thoery in

general [6].

We begin from the same point as in section 3.1 with a single N × N hermitian

matrix that can be diagonalised in terms of its eigenvalues λi. The Hamiltonian

of this system will be

H = −1

2
Tr

(
∂2

∂M2

)
+ Tr

(
1

2
M2 +

g

N
M4

)
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where we are now using a specific potential, the same as [15]. Next is to change

variables from M to a set of invariants defined as

φk = TreikM =
∑
i

eikλi

as well as its fourier transform

φ(x) =

∫
dke−ikxφk =

∑
i

δ(x− λi).

Using the identity

∂

∂Mij

(
eikM

)
ab

= ik

∫ 1

0

dα
(
eiαkM

)
ai

(
ei(1−α)kM

)
jb

(3.3)

we find that

∂φk
∂Mij

= ik

∫ 1

0

dα
(
eiαkM

)
ai

(
ei(1−α)kM

)
ja

= ik

∫ 1

0

dα
(
ei(1−α)kM

)
ja

(
eiαkM

)
ai

= ik

∫ 1

0

dα
(
ei(1−α)kM+iαkM

)
ji

= ik
(
eikM

)
ji

and

∂2φk
∂Mij∂Mji

=
∂

∂Mij

ik
(
eikM

)
ij

= (ik)2

∫ 1

0

dα
(
eiαkM

)
ii

(
ei(1−α)kM

)
jj

= −k2

∫ 1

0

dα
(
TreiαkM

)(
Trei(1−α)kM

)
= −k2

∫ k

0

dk′

k

(
Treik

′M
)(
Trei(k−k

′)M
)

= −k
∫ k

0

dk′φk′φk−k′ .
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Therefore the joining and splitting operators are

Ωkk′ =
∂φk
∂Mij

∂φ′k
∂Mji

= −kk′Tr
(
eikMeik

′M
)

= −kk′
∑
i

ei(k+k′)λi

and

ωk =
∂2φk

∂Mij∂Mji

= −k
∫ k

0

dk′φk′φk−k′

= −k
∑
ij

eikλj
∫ k

0

dk′eik
′(λi−λj)

= −k
∑
i 6=j

eikλj
∫ k

0

dk′eik
′(λi−λj) − k2

∑
i

eikλi

= ik
∑
i 6=j

eikλj
[
eik
′(λi−λj)

λi − λj

]k
0

− k2
∑
i

eikλi

= ik
∑
i 6=j

eikλi − eikλj
λi − λj

− k2
∑
i

eikλi

= −2ik
∑
i 6=j

eikλi

λi − λj
− k2

∑
i

eikλi .

In the coordinate representation these become

Ω(x, x′) =

∫
dk

∫
dk′e−ikxe−ik

′x′Ωkk′

=

∫
dk

∫
dk(−kk′)

∑
i

eik(λi−x)eik
′(λi−x′)

= ∂x∂x′
∑
i

δ(x− λi)δ(x′ − λi)

= ∂x∂x′δ(x− x′)
∑
i

δ(x− λi)

= ∂x∂x′δ(x− x′)φ(x)
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and

ω(x) =

∫
dke−ikxωk

= 2∂x
∑
i 6=j

δ(λi − x)

λi − λj
+ ∂2

xφ(x)

= 2∂x−
∫
dy

∫
dz
δ(z − x)

z − y
φ(z)φ(y) + ∂2

xφ(x)

= 2∂x−
∫
dy
φ(x)φ(y)

x− y
+ ∂2

xφ(x).

We can ignore the term on the right since it corresponds to a specific regularisa-

tion of the i = j contribution, and is not of leading order in N .

Now recall the restriction on the Jacobian from the derivation of the collective

field method:

−ωa +

(
∂

∂φb
Ωa,b

)
+ Ωa,b

∂ ln J(φ)

∂φb
= 0.

which in the coordinate representation becomes

−ω(x) +

∫
dx′

∂Ω(x, x′)

∂φ(x′)
+

∫
dx′Ω(x, x′)

∂ ln J(φ(x′))

∂φ(x′)
= 0. (3.4)

Substituting in the expressions for ω and Ω we find that the second term assumes

the following form: ∫
dx′

∂

∂φ(x′)
∂x∂x′δ(x− x′)φ(x)

= ∂x

∫
dx′[∂x′δ(x− x′)]δ(x− x′)

= ∂xδ
′(0).

If one considers the delta function as the limit of a Gaussian function as its width

tends towards zero and its height tends towards infinity, with its area held constant

at 1, then it is easy to see that the derivative of such a function will be zero at

the origin, therefore δ′(0) = 0. Equation (3.4) will then be∫
dx′∂x∂x′δ(x− x′)φ(x)

∂ ln J

∂φ(x′)
= 2∂x−

∫
dy
φ(x)φ(y)

x− y
.
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Integration by parts on the left yields

∂x
∂ ln J

∂φ(x)
= 2−
∫
dy

φ(y)

x− y

the solution to which is

ln J =

∫
dx−
∫
dyφ(x)φ(y) ln |x− y|

=
∑
i 6=j

∫
dx−
∫
dyδ(x− λi)δ(y − λj) ln |x− y|

=
∑
i 6=j

ln |λi − λj|

= ln
∏
i<j

(λi − λj)2

and thus

J =
∏
i<j

(λi − λj)2

which is in precise agreement with what was found in section 3.1.

Now in order to find the large N behaviour of the system we need to minimise the

effective potential, which is the sum of the initial potential in the Hamiltonian

and the term obtained in section 3.2, which in the coordinate representation reads

1

8

∫
dx

∫
dx′ω(x)Ω−1(x, x′)ω(x′) =

1

8

∫
dxω(x)

∂ ln J

∂φ(x)
(3.5)

=
1

2

∫
dx

(
∂x−
∫
dy
φ(x)φ(y)

x− y

)(
−
∫
dzφ(z) ln |x− z|

)
=

1

2

∫
dxφ(x)

(
−
∫
dy

φ(y)

x− y

)2

=
π2

6

∫
dxφ3(x)

where in the last line we have used a known identity that can be found in [17].

Incorporating the original potential we arrive at

Veff =

∫
dx

(
π2

6
φ2(x) +

1

2
x2 +

g

N
x4

)
φ(x).
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Introducing a Lagrange multiplier l in order to enforce the constraint:∫
dxφ(x) = N (3.6)

and then minimising with respect to φ(x) yields

π2

2
φ2(x) +

1

2
x2 +

g

N
x4 − l = 0,

the solution to which is then clearly

φ0(x) =
1

π

√
2l − x2 − 2g

N
x4

where l is determined by (3.6).

Equation (3.2) in this context will be

1

2

∫
dx

∫
dx′π(x)Ω(x, x′)π(x′) +

1

8

∫
dx

∫
dx′ω(x)Ω−1(x, x′)ω(x′)

where

π(x) = −i ∂

∂φ(x)
.

The effective Hamiltonian is therefore

Heff =
1

2

∫
dx∂xπ(x)φ(x)∂xπ(x) +

∫
dx

(
π2

6
φ2(x) +

1

2
x2 +

g

N
x4

)
φ(x).

In order to make the N dependence explcit we will rescale as follows:

x→
√
Nx;φ→

√
Nφ

π → 1

N
π; ∂x →

1√
N
∂x; l→ Nl.

The resulting Hamiltonian will be

Heff =
1

2

∫
dx
√
N

1√
N
∂xπ

1

N

√
Nφ

1√
N
∂xπ

1

N

+

∫
dx
√
N

(
π2

6
Nφ2 +

1

2
Nx2 +

g

N
N2x4

)√
Nφ.
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=
1

N2

1

2

∫
dx∂xπ(x)φ(x)∂xπ(x) +N2

∫
dx

(
π2

6
φ2(x) +

1

2
x2 +

g

N
x4

)
φ(x)

and thus we can see that the large N background is determined by the effective

potential.
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Chapter 4

Multiple Hermitian Matrices

4.1 Jacobian

In this chapter we will investigate the extent to which the collective field method

can be used to describe a system of multiple matrices which depend only on their

eigenvalues. The system will consist of several N ×N hermitian matrices denoted

by MA, A = 1, ..., d, each of which can be simultaneously diagonalised:

MA = (UA)†DAUA

where U is a unitary matrix and DA = diag(λA1 , ..., λ
A
N) is a diagonal matrix of

the eigenvalues of MA denoted by λAi .

The advantage of the collective field theory is that it generally begins with in-

variants that contain only a single trace of the coordinates, but there are no such

invariants that can be used in this case. It is however quite easy to find the Ja-

cobian for this multiple matrix system, which hopefully will provide insight as to

what invariants will be practical to use. We know from the previous section that
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an integral in the single matrix case will take the form:∫
dMf(M) =

∫
dλJf(λ) =

∫
dλ
∏
i<j

(λi − λj)2f(λ).

In the multiple matrix case we will have∫
...

∫
dM1dM2...dMde−

1
2
g2
(
Tr(M1)2+Tr(M2)2+...+Tr(Md)2

)
=

(∫
dM1e−

1
2
g2
(
Tr(M1)2

))(∫
dM2e−

1
2
g2
(
Tr(M2)2

))
...

(∫
dMde−

1
2
g2
(
Tr(Md)2

))
=

(∫
dλ1

∏
i<j

(λ1
i − λ1

j)
2e−

1
2
g2
(∑

i(λ
1
i )

2
))(∫

dλ2
∏
i<j

(λ2
i − λ2

j)
2e−

1
2
g2
(∑

i(λ
2
i )

2
))
...

and thus the Jacobian is

J =
∏
A

∏
i<j

(λAi − λAj )2. (4.1)

=
∏
A

∆2
A.

Where ∆A is the Vandermonde determinant for the matrix MA. Clearly this is a

straightforward generalisation of the single matrix case, so hopefully the invariants

can be generalised in a similar way.

4.2 Collective Field for Multiple Matrices

Since the Jacobian is just a product of single matrix Jacobians, one clear pos-

sibility is to define the collective field invariants as a product of single matrix

traces:

φk1...kD = (Treik1M1

)(Treik2M2

)...(TreikDM
D

)

=
D∏
A=1

TreikAM
A

=
D∏
A=1

N∑
i=1

eikAλ
A
i

Taking the fourier transform yields

φ(x1, ..., xD) =

∫
dk1...

∫
dkDe

−ik1x1 ...e−ikDxDφk1...kD
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=
D∏
A=1

N∑
i=1

δ(λAi − xA) =
D∏
A=1

φA(xA)

Where each φA represents an eigenvalue density of the matrix MA and is subject

to the restriction: ∫
dxAφ

A(xA) = N. (4.2)

Using the identity (3.3) to find the derivatives of the collective field coordinate

we find that

∂

∂MA
ij

φk1...kD = ikA(eikAM
A

)ji
∏
B 6=A

(TreikBM
B

).

This is similar to the previous section, but now because of the product there are

terms that don’t depend on MA which remain as “observers”.

The joining operator is then

Ωk1...kD,k
′
1...k

′
D

=
∑
A

∂φk1...kD

∂MA
ij

∂φk′1...k′D
∂MA

ji

=
∑
A

(−kAk′A)Tr(eikAM
A

eik
′
AM

A

)
( ∏
B 6=A

(TreikBM
B

)
)( ∏

C 6=A

(Treik
′
CM

C

)
)

= −
∑
A

(kAk
′
A)
∑
p

ei(kA+k′A)λAp

( ∏
B 6=A

(∑
i

eikBλ
B
i

))( ∏
C 6=A

(∑
j

eik
′
Cλ

C
j

))
.

This is not really a “joining” operation at all. Generally this operator joins two

loops into one, but here we still have two loops. This is therefore a fairly non-

standard application of the collective field method, but it works nonetheless. Next

is to take the fourier transform:

Ω(x1, ..., xD, x
′
1, ..., x

′
D) =∫

dk1...

∫
dkD

∫
dk′1...

∫
dk′De

−ik1x1 ...e−ikDxDe−ik
′
1x
′
1 ...e−ik

′
Dx
′
DΩk1...kD,k

′
1...k

′
D
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= −
∑
A

∫
dkA

∫
dk′Ae

−ikAxAe−ik
′
Ax
′
A(kAk

′
A)
∑
p

ei(kA+k′A)λAp

×
∏
B 6=A

(∑
i

δ(λBi − xB)
) ∏
C 6=A

(∑
j

δ(λCj − x′C)
)

=
∑
A

∂xA∂x′A

∑
p

δ(λAp−xA)δ(λAp−x′A)
∏
B 6=A

(∑
i

δ(λBi −xB)
) ∏
C 6=A

(∑
j

δ(λCj −x′C)
)

=
∑
A

∂xA∂x′A

∑
p

δ(λAp−xA)δ(xA−x′A)
∏
B 6=A

(∑
i

δ(λBi −xB)
) ∏
C 6=A

(∑
j

δ(λCj −x′C)
)

=
∑
A

∂xA∂x′A
(
δ(xA − x′A)φA(xA)

) ∏
B 6=A

φB(xB)
∏
C 6=A

φC(x′C)

The splitting operator follows the same procedure as in the single matrix case,

and also includes an observer:

ωk1...kD = −
∑
A

∂2φk1...kD

∂MA
ij∂M

A
ji

= −
∑
A

∂

∂MA
ij

(
ikA(eikAMA)ij

∏
B 6=A

(TreikBMB)
)

=
∑
A

kA

∫ kA

0

dk′ATre
ik′AMATrei(kA−k

′
A)MA

( ∏
B 6=A

(TreikBMB)
)

=
∑
A

kA

∫ kA

0

dk′A
∑
ij

eik
′
Aλ

A
i ei(kA−k

′
A)λAj

( ∏
B 6=A

(∑
p

eikBλ
B
p

))

=
∑
A

(
− 2ikA

∑
i 6=j

eikAλ
A
i

λAi − λAj

)( ∏
B 6=A

(∑
p

eikBλ
B
p

))

Once again taking the fourier transform yields

ω(x1, ..., xD) =

∫
dk1...

∫
dkDe

−ik1x1 ...eikDxDωk1...kD

= 2
∑
A

∂xA
∑
i 6=j

δ(λAi − xA)

λAi − λAj

( ∏
B 6=A

(∑
p

δ(λBp − xB)
))
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= 2
∑
A

∂xA
∑
i,j

∫
dy−
∫
dz
δ(y − xA)δ(λAi − y)δ(λAj − z)

y − z

( ∏
B 6=A

(∑
p

δ(λBp − xB)
))

= 2
∑
A

∂xA
∑
i,j

−
∫
dz
δ(λAi − xA)δ(λAj − z)

xA − z

( ∏
B 6=A

(∑
p

δ(λBp − xB)
))

= 2
∑
A

∂xAφ
A(xA)−

∫
dz

φA(z)

xA − z
∏
B 6=A

φB(xB)

The equation for the Jacobian (3.1) in coordinate representation is now∫
dx′1...dx

′
DΩ(x1, ..., xD, x

′
1, ..., x

′
D)

∂ ln J

∂φ(x′1, ..., x
′
D)

= ω(x1, ..., xD).

Substituting in the operators gives∫
dx′1...dx

′
D

∑
A

∂xA∂x′A
(
δ(xA − x′A)φA(xA)

) ∏
B 6=A

φB(xB)
∏
C 6=A

φC(x′C)
∂ ln J

∂φ(x′1, ..., x
′
D)

= 2
∑
A

∂xAφ
A(xA)−

∫
dz

φA(z)

xA − z
∏
B 6=A

φB(xB).

The sum can be dropped and one of the observers cancels. Integrating by parts

with respect to x′A on the left in order to deal with the delta function, and then

cancelling the φA(xA) results in∫ ∏
B 6=A

[dx′B]
∏
C 6=A

φC(x′C)∂xA
∂ ln J

∂φ(x1, ..., xD)
= 2−
∫
dz

φA(z)

xA − z
.

Recalling the restriction (4.2) to deal with the integrals and observers on the left

hand side, we end up with

ND−1∂xA
∂ ln J

∂φ(x1, ..., xD)
= 2−
∫
dz

φA(z)

xA − z
.

Since the φAs are taken to be independent, the derivative on the left hand side

can be written as

∂

∂φ1(x1)
...

∂

∂φD(xD)
ln J.
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Substituting in the Jacobian yields

∂

∂φ1(x1)
...

∂

∂φD(xD)
ln
∏
A

∆2
A

=
∂

∂φ1(x1)
...

∂

∂φD(xD)

∑
A

ln ∆2
A

=
∑
A

∂

∂φ1(x1)
...

∂

∂φD(xD)
ln ∆2

A.

Looking once again at restriction (4.2) we see that

1 =
1

N

∫
dxBφ

B(xB)

so we can insert one of these for each derivative except for the one with index A:

∑
A

∂

∂φ1(x1)
...

∂

∂φD(xD)
ln ∆2

A

=
∑
A

∂

∂φ1(x1)
...

∂

∂φD(xD)

∏
B 6=A

(
1

N

∫
dx′Bφ

B(x′B)

)
ln ∆2

A.

For a given functional derivative we have

∂

∂φB(xB)

∫
dx′Bφ

B(x′B) =

∫
dx′Bδ(x

′
B − xB) = 1.

Therefore

∑
A

∂

∂φ1(x1)
...

∂

∂φD(xD)

∏
B 6=A

(
1

N

∫
dx′Bφ

B(x′B)

)
ln ∆2

A

=
1

ND−1

∑
A

∂

∂φA(xA)
ln ∆2

A.

Going back to our original equation we now have

∂xA
∑
B

∂

∂φB(xB)
ln ∆2

B = 2−
∫
dz

φA(z)

xA − z
.
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The ∂xA will pick out the term in the sum corresponding to A and thus we have

exactly the same equation as in the single matrix case, which we know to be cor-

rect. Therefore we have seen that taking the initial collective field coordinates to

be a product of traces corresponds to the correct Jacobian.

The contribution to the effective potential for the multiple matrix case is

1

8

∫
dx1, ..., dxD

∫
dx′1, ..., dx

′
D ω(x1, ..., xD)Ω−1(x1, ..., xD, x

′
1, ..., x

′
D)ω(x′1, ..., x

′
D)

=
1

8

∫
dx1, ..., dxD ω(x1, ..., xD)

∂ ln J

∂φ(x1, ..., xD)

=
1

8

∫
dx1, ..., dxD

∑
A

(
2∂xAφ

A(xA)−
∫
dz

φA(z)

xA − z
∏
B 6=A

φB(xB)

)

×
(

2

ND−1
−
∫
dzφA(z) ln(xA − z)

)
Similarly to before the integrals that don’t involve the index A annihilate the

observers into a factor of ND−1 which cancels, then integrating by parts with

respect to xA gives us

1

2

∑
A

∫
dxAφ

A(xA)

(
−
∫
dz

φA(z)

xA − z

)2

which in the same way as the single matrix case becomes

π

6

∑
A

∫
dxA

(
φA(xA)

)3
.

Because of the ln in the Jacobian equation we did also consider defining the

invariants in terms of a sum traces rather than a product, but this proved to be

incorrect. It did however come close enough to be of interest and thus has been

included in appendix A.
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4.3 Multiple Matrices: Second Method

We have seen that the collective field invariants for the multiple matrix case can

not be written as single traces of the original variables. There is however a way

in which the invariants may be written that is both more elegant and brings

out more clearly the eigenvalue dynamics of the system. Consider collective field

coordinates defined as follows:

φk1,...,kD =
N∑
i=1

eik1λ1
i ...eikDλ

D
i =

N∑
i=1

ei
~k·~λi

where ~k is a vector representing the indices and ~λi is a vector representing the

ith eigenvalues of the matrices. Another advantage of this formulation is that it

involves only one sum, as opposed to having a sum for each trace as we had before.

Taking the fourier transform results in

φ(x1, ..., xD) =
N∑
i=1

δ(x1 − λ1
i )...δ(xD − λDi )

which is just the definition of the vector delta function, so

φ(x1, ..., xD) =
N∑
i=1

δ(~x− ~λi) ≡ φ(~x).

In order to find the joining and splitting operators we need the derivatives in

terms of the eigenvalues. They are as follows:

∂

∂MA
ij

=
∑
a

UA
ai(U

A)†ja
∂

∂λAa
+
∑
a6=b

∑
d

UA
ai(U

A)†jbU
A
bd

λAa − λAb
∂

∂UA
ad

.

A proof of this can be found in appendix B. Since φk1,...,kD depends only on the

eigenvalues, the terms involving the derivative with respect to UA will disappear.

Therefore

∂φk1,...,kD

∂MA
ij

=
∑
a

UA
ai(U

A)†ja
∂

∂λAa

∑
p

eik1λ1
p ...eikDλ

D
p
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=
∑
a

∑
p

UA
ai(U

A)†jaikAδpae
ikAλ

A
p

∏
B 6=A

eikBλ
B
p

=
∑
a

UA
ai(U

A)†jaikAe
ikAλ

A
a

∏
B 6=A

eikBλ
B
a

The joining operator is then

Ωk1,...,kD,k
′
1,...,k

′
D

=
∑
A

∑
ij

∂φk1,...,kD

∂MA
ij

∂φk′1,...,k′D
∂MA

ji

.

=
∑
A

∑
ij

(∑
a

UA
ai(U

A)†jaikAe
ikAλ

A
a

∏
B 6=A

eikBλ
B
a

)(∑
b

UA
bj(U

A)†ibik
′
Ae

ik′Aλ
A
b

∏
C 6=A

eik
′
Cλ

C
b

)

= −
∑
A

kAk
′
A

∑
a

∑
b

δabδabe
i(kA+k′A)λAa

( ∏
B 6=A

eikBλ
B
a

)( ∏
C 6=A

eik
′
Cλ

C
b

)
= −

∑
A

kAk
′
A

∑
a

ei(kA+k′A)λAa
∏
B 6=A

eikBλ
B
a eik

′
Bλ

B
a

= −
∑
A

kAk
′
Aφk1+k′1,...,kD+k′D

and its fourier transform is

Ω(x1, ..., xD, x
′
1, ..., x

′
D) =

∑
A

∂xA∂x′A

∑
a

δ(x1−λ1
a)δ(x

′
1−λ1

a)...δ(xD−λDa )δ(x′D−λDa )

=
∑
A

∂xA∂x′A

∑
a

δ(x1 − x′1)δ(x1 − λ1
a)...δ(xD − x′D)δ(xD − λDa )

=
∑
A

∂xA∂x′Aδ(~x− ~x
′)φ(~x).

The splitting operator will require the use of second derivatives with respect to

the matrices. In the single matrix case this would look like∑
ij

∂

∂Mij

∂

∂Mji

φk.

This derivative can be written in terms of the eigenvalues and the “angular”

matrices U , but it turns out that when this acts on a function that depends only

on the eigenvalues of the matrix, all of the angular components disappear, and

what remains is ∑
a

∂2

∂λ2
a

+
∑
a6=b

2

λa − λb
∂

∂λa
,
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a proof of which can be found in appendix B. In our formulation each matrix is

taken to be independent and thus the derivative will act only on the element of

the product that corresponds to the same matrix, which itself is a function only

of the eigenvalues. Therefore the joining operator in this instance will be

ωk1,...,kD =
∑
A

(∑
a

∂2

∂λAa
2 +

∑
a6=b

2

λAa − λAb
∂

∂λAa

)
φk1,...,kD

= −
∑
A

∑
a

k2
Ae

ikAλ
A
a

∏
B 6=A

eikBλ
B
a + ikA

∑
A

∑
a6=b

2eikAλ
A
a

λAa − λAb

∏
B 6=A

eikBλ
B
a .

The first term can be ignored for the same reasons as its equivalent in the previous

section. Taking the fourier transform then yields

ω(x1, ..., xD) = 2
∑
A

∑
a6=b

∂xA
δ(xA − λAa )

λAa − λAb

∏
B 6=A

δ(xB − λBa )

= 2
∑
A

∂xA
∑
ab

−
∫
dyA

δ(xA − λAa )δ(yA − λAb )

xA − yA

∏
B 6=A

δ(xB − λBa )

= 2
∑
A

∂xAφ(~x)
∑
b

−
∫
dyA

δ(yA − λAb )

xA − yA

= 2
∑
A

∂xAφ(~x)
∑
b

−
∫
dy1...dyD

δ(y1 − λ1
b)...δ(yD − λDb )

xA − yA

= 2
∑
A

∂xAφ(~x)−
∫
d~y

φ(~y)

xA − yA
where in the fourth line we have used the fact that for any B we have∫

dxB δ(xB − λBi ) = 1. (4.3)

The Jacobian equation is∫
dx′1...dx

′
DΩ(x1, ..., xD, x

′
1, ..., x

′
D)

∂ ln J

∂φ(x′1, ..., x
′
D)

= ω(x1, ..., xD)

or more compactly ∫
d~x ′ Ω(~x, ~x ′)

∂ ln J

∂φ(~x ′)
= ω(~x). (4.4)

47



We will now check that the Jacobian (4.1) is indeed a solution to (4.4). This can

be done as follows:

ln J = ln
∏
A

∏
i<j

(λAi − λAj )2 = ln
∏
A

∏
i 6=j

|λAi − λAj | =
∑
A

∑
i 6=j

ln |λAi − λAj |

=
∑
A

∑
ij

∫
dxA−
∫
dyA δ(xA − λAi )δ(yA − λAj ) ln |xA − yA|.

Using equation (4.3) we can freely insert integrals into the equation above, result-

ing in∑
A

∑
ij

∫
dx1...dxD−

∫
dy1...dyDδ(x1−λ1

i )...δ(xD−λDi )δ(y1−λ1
j)...δ(yD−λDj ) ln |xA−yA|

=
∑
A

∫
d~x−
∫
d~y φ(~x)φ(~y) ln |xA − yA|.

We can now approach the derivative:

∂ ln J

∂φ(~x)
=

∂

∂φ(~x)

∑
A

∫
d~z−
∫
d~y φ(~z)φ(~y) ln |zA − yA|

=
∑
A

(∫
d~z−
∫
d~y δ(~z− ~x)φ(~y) ln |zA− yA|+

∫
d~z−
∫
d~y φ(~z)δ(~y− ~x) ln |zA− yA|

)
= 2

∑
A

∫
d~z−
∫
d~y δ(~z − ~x)φ(~y) ln |zA − yA|

= 2
∑
A

∫
dz1...dzD−

∫
d~y δ(z1 − x1)...δ(z1 − x1)φ(~y) ln |zA − yA|

= 2
∑
A

−
∫
d~y φ(~y) ln |xA − yA|.

Inserting this into the left hand side of equation (4.4) gives us∫
d~x ′

∑
A

(
∂xA∂x′Aδ(~x− ~x

′)φ(~x)
)
2
∑
B

−
∫
d~y φ(~y) ln |x′B − yB|.

Integration by parts on x′A allows the derivative to pick out the A term from the

second sum:

= 2
∑
A

∂xA

∫
d~x ′ δ(~x− ~x ′)φ(~x)−

∫
d~y

φ(~y)

x′A − yA
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= 2
∑
A

∂xAφ(~x)−
∫
d~y

φ(~y)

xA − yA

which is the same as ω(~x). Thus we have shown that equation (4.4) is satisfied and

taking the collective field invariants in this way does indeed return the expected

Jacobian.
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Chapter 5

Radial Sector

5.1 Overview

The fact that the method used in the previous section resulted in the correct

Jacobian is encouraging, and in this chapter we will apply it to a system of

complex matrices in order to see what can be learned. Before that however we

will examine the current understanding of this context as illustrated in [14]. The

system under investigation is based on an even number of hermitian matrices MA,

A = 1, ..., d = 2m, complexified as follows:

ZA = M2A−1 + iM2A.

Rather than considering the eigenvalues of each hermitian matrix individually, we

consider the eigenvalues of a sum over these complex matrices:

m∑
A

(ZA)†ZA.

This quantity is positive definite and its eigenvalues, denoted by ρi or r2
i , i =

1, ..., N , can be interpreted as the eigenvalues of a matrix valued radial coordinate.
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5.2 Single Complex Matrix

First we will examine the procedure for a single complex matrix

Z = M1 + iM2.

The collective field coordinates we begin with are

φk = TreikZ
†Z =

∑
i

eikρi

and

φ(x) =

∫
dke−ikxφk =

∑
i

δ(x− ρi).

Identity (3.3) now becomes

∂

∂Zij

(
eikZ

†Z
)
ab

= ik

∫ 1

0

dαZ†ai
(
eiαkZ

†Z
)
jc

(
ei(1−α)kZ†Z

)
cb

and

∂

∂Z†ij

(
eikZ

†Z
)
ab

= ik

∫ 1

0

dα
(
eiαkZ

†Z
)
ai
Zjc
(
ei(1−α)kZ†Z

)
cb
.

From these we obtain

∂φk

∂Z†ij
= ik

(
ZeikZ

†Z
)
ji
,
∂φk
∂Zij

= ik
(
eikZ

†ZZ†
)
ji

and

∂2φk

∂Z†ij∂Zji
=

∂

∂Z†ij
ik
(
eikZ

†ZZ†
)
ij

= (ik)2

∫ 1

0

dα
(
eiαkZ

†Z
)
ii
Zjc
(
ei(1−α)kZ†Z

)
cq
Z†qj + ik

(
eikZ

†Z
)
jq
δiiδqj

= −k
∫ k

0

dk′
(
Treik

′Z†Z
)(
TrZ†Zei(k−k

′)Z†Z
)

+ ikN
(
TreikZ

†Z
)
.

We can now find the joining and splitting operators:

Ωkk′ =
∂φk

∂Z†ij

∂φk′

∂Zji
= −kk′TrZ†Zei(k+k′)Z†Z ,
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and

ωk =
∂2φk

∂Z†ij∂Zji
= −k

∫ k

0

dk′φk′
(
TrZ†Zei(k−k

′)Z†Z
)

+ ikNφk

= −k
∑
i

∑
j

∫ k

0

dk′eik
′ρiρje

i(k−k′)ρj + ikN
∑
i

eikρi

= −k
∑
i 6=j

ρj

∫ k

0

dk′eik
′ρiei(k−k

′)ρj − k2
∑
i

ρie
ikρi + ikN

∑
i

eikρi

= ik
∑
i 6=j

ρj
eikρi − eikρj
ρi − ρj

− k2
∑
i

ρie
ikρi + ikN

∑
i

eikρi

= −2ik
∑
i 6=j

ρje
ikρj

ρi − ρj
− ik(N − 1)

∑
i

eikρi − k2
∑
i

ρie
ikρi + ikN

∑
i

eikρi

= −2ik
∑
i 6=j

ρje
ikρj

ρi − ρj
− k2

∑
i

ρie
ikρi + ik

∑
i

eikρi

as well as their coordinate representation counterparts:

Ω(x, x′) =

∫
dk

∫
dk′e−ikxe−ik

′x′Ωkk′

= ∂x∂x′(xφ(x)δ(x− x′))

and

ω(x) =

∫
dke−ikxωk

= ∂x

(
2xφ(x)−

∫
dy

φ(y)

x− y
+ φ(x)− ∂x(xφ(x))

)
= ∂x

(
xφ(x)

(
2−
∫
dy

φ(y)

x− y
− ∂xφ(x)

φ(x)

))
.

Substituting Ω and ω into the equation for the Jacobian and ignoring terms not

of leading order in N yields

∂x
∂ ln J

∂φ(x)
= 2−
∫
dy

φ(y)

x− y
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the solution to which is

J =
∏
i<j

(ρi − ρj)2

in agreement with what was found in [14] but for a prefactor pertaining to a

change of variables from ρi to ri =
√
ρi.

The contribution to the potential (the second term in (3.2)) is given by

1

8

∫
dx

∫
dx′ω(x)Ω−1(x, x′)ω(x′)

=
1

8

∫
dxω(x)

∂ ln J

∂φ(x)

=
1

2

∫
dx∂x

(
xφ(x)

(
−
∫
dy

φ(y)

x− y

))(
−
∫
dzφ(z) ln |x− z|

)
=

1

2

∫
dxxφ(x)

(
−
∫
dy

φ(y)

x− y

)2

.

This can be simplified by introducing a new density of eigenvalues Φ(r) = 2rφ(r2)

with the condition that Φ(−r) = Φ(r) and then changing the variables of integra-

tion:

x = r2, y = q2

dx = 2rdr, dy = 2qdq.

Now

1

2

∫ ∞
0

dxxφ(x)

(
−
∫ ∞

0

dy
φ(y)

x− y

)2

=
1

2

∫ ∞
0

dr2rr2φ(r2)

(
−
∫ ∞

0

dq2q
φ(q2)

r2 − q2

)2

=
1

2

∫ ∞
0

drr2Φ(r)

(
−
∫ ∞

0

dq
Φ(q)

r2 − q2

)2

=
1

2

∫ ∞
0

drΦ(r)

(
−
∫ ∞

0

dqΦ(q)
r

r2 − q2

)2
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=
1

8

∫ ∞
0

drΦ(r)

(
−
∫ ∞

0

dqΦ(q)
2r + q − q

(r − q)(r + q)

)2

=
1

8

∫ ∞
0

drΦ(r)

(
−
∫ ∞

0

dqΦ(q)
1

(r − q)
+−
∫ ∞

0

dqΦ(q)
1

(r + q)

)2

=
1

8

∫ ∞
0

drΦ(r)

(
−
∫ ∞

0

dqΦ(q)
1

(r − q)
+−
∫ 0

−∞
dqΦ(q)

1

(r − q)

)2

=
1

16

∫ ∞
−∞

drΦ(r)

(
−
∫ ∞
−∞

dq
Φ(q)

(r − q)

)2

.

Using the same identity as before we find then that the contribution is

π2

48

∫ ∞
−∞

drΦ3(r).

5.3 Multiple Complex Matrices

For the general case of m > 1 the collective field coordinates we begin with are

φk = Treik
∑m
A (ZA)†ZA =

∑
i

eikρi ,

φ(x) =

∫
dke−ikxφk =

∑
i

δ(x− ρi).

The derivatives are

∂φk

∂(ZA)†ij
= ik

(
ZAeik

∑
B(ZB)†ZB

)
ji
,
∂φk
∂ZA

ij

= ik
(
eik

∑
B(ZB)†ZB(ZA)†

)
ji
.

The joining and splitting operators are

Ωkk′ =
∑
A

∂φk

∂(ZA)†ij

∂φ′k
∂ZA

ji

= −kk′Tr
(

(ZA)†ZAei(k+k′)
∑
B(ZB)†ZB

)
,

Ω(x, x′) =

∫
dk

∫
dk′e−ikxe−ik

′x′Ωkk′ = ∂x∂x′(xφ(x)δ(x− x′))
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and

ωk =
∑
A

∂2φk

∂(ZA)†ij∂Z
A
ji

= −k
∑
ij

∫ k

0

dk′eik
′ρiei(k−k

′)ρj + ikmN
∑
i

eikρi

which, through a process similar to that in section 4.2, results in

ω(x) = ∂x

(
xφ(x)

(
2−
∫
dy

φ(y)

x− y
+
N(m− 1)

x

))
.

The equation for the Jacobian is then

∂x
∂ ln J

∂φ(x)
= 2−
∫
dy

φ(y)

x− y
+
N(m− 1)

x

ln J = 2

∫
dx−
∫
dyφ(x)φ(y) ln |x− y|+

∫
dxφ(x)N(m− 1) ln |x|

= 2
∑
i 6=j

ln |ρi − ρj|+N(m− 1)
∑
i

ln(ρi)

= ln
∏
i<j

(ρi − ρj)2 + ln
∏
i

(ρi)
N(M−1)

thus the Jacobian for this case is

J =

(∏
i<j

(ρi − ρj)2

)(∏
i

(ρi)
N(M−1)

)
.

The contribution to the potential is

1

8

∫
dxω(x)

∂ ln J

∂φ(x)

=
1

8

∫
dx∂x

(
xφ(x)

(
2−
∫
dy

φ(y)

x− y
+
N(m− 1)

x

))(
2−
∫
dzφ(z) ln |x−z|+N(m−1) ln |x|

)
=

1

2

∫
dx xφ(x)

(
−
∫
dy

φ(y)

x− y
+
N(m− 1)

x

)2

=
π2

12

∫
dx xφ3(x) +

N(m− 1)

2

∫
dxφ(x)

(
−
∫
dy

φ(y)

x− y

)
+
N2(m− 1)2

2

∫
dx
φ(x)

x

The second term seems ungainly but it turns out that it does not contribute when

one does the minimisation of the effective potential. This can be seen as follows:

∂

∂φ(x′)

(
N(m− 1)

2

∫
dxφ(x)

(
−
∫
dy

φ(y)

x− y

))
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=
N(m− 1)

2

∫
dxδ(x−x′)

(
−
∫
dy

φ(y)

x− y

)
+
N(m− 1)

2

∫
dxφ(x)

(
−
∫
dy
δ(y − x′)
x− y

)
=
N(m− 1)

2
−
∫
dy

φ(y)

x′ − y
+
N(m− 1)

2

∫
dx−
∫
dy
φ(x)δ(y − x′)

x− y

=
N(m− 1)

2
−
∫
dy

φ(y)

x′ − y
+
N(m− 1)

2

∫
dy−
∫
dx
φ(x)δ(y − x′)

x− y

=
N(m− 1)

2
−
∫
dy

φ(y)

x′ − y
+
N(m− 1)

2
−
∫
dx

φ(x)

x− x′

=
N(m− 1)

2
−
∫
dy

φ(y)

x′ − y
− N(m− 1)

2
−
∫
dx

φ(x)

x′ − x
= 0.

Therefore the effective contribution will be

π2
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∫
drΦ3(r) +

N2(m− 1)2

2

∫
dr

Φ(r)

r2

wherein the change from φ(x) to Φ(r) happens in the same way as in the previous

section. Note that there appears a 1
r2 potential when m > 1 (d > 2).

5.4 Angular Considerations

We have examined the radial dynamics of the complex matrix formulation, which

is effectively a one dimensional formulation. In this section we will investigate a

two dimensional formulation, with both a radial and an angular component. This

is by no means a simple matter, but the method used in section 4.3 does present

an interesting approach that has not been used before for this purpose as far as

we know. We will use it to attempt to find a Jacobian that encapsulates both the

radial and angular dynamics.

We will write the complex matrix Z as RU , where R is a hermitian matrix rep-

resenting the radial dimension and U is a unitary matrix representing the angu-

lar dimension. This is analogous to normal complex numbers where z = reiθ.

Presently the only sectors that have been considered are those that depend only
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on the eigenvalues of R, but we will restrict our investigation to a sector that

depends only on the eigenvalues of R and U . These can be diagonalised such that

R = V †rV and U = W †qW where r and q are diagonal matrices of the eigenvalues

of R and U respectively, and qi = eiθi . We need an expression for ∂
∂Z

in terms of

R and U that satisfies the condition

∂

∂Zij
Zcd = δciδdj.

This will be

∂

∂Zij
=

1

2

(
U †ja

∂

∂Ria

+R−1
ai

∂

∂Uaj

)
.

Therefore

∂

∂Zij
Zcd

=
1

2

(
U †jaδciδeaUed +R−1

ai Rceδeaδdj
)

=
1

2

(
U †jaδciUad +R−1

ai Rcaδdj
)

=
1

2

(
δdjδci + δciδdj

)
= δciδdj.

Similarly for Z† = U †R we can write

∂

∂Z†ij
=

1

2

(
Uai

∂

∂Raj

+R−1
ja

∂

∂U †ia

)
.

This will result in

∂

∂Z†ij
Z†cd

=
1

2

(
UaiU

†
ceδeaδdj +R−1

ja δciδeaRed

)
=

1

2

(
UeiU

†
ceδdj +R−1

je δciRed

)
=

1

2

(
δciδdj + δdjδci

)
= δciδdj.
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The derivatives can be written in terms of these new variables using the following

formulas obtained from appendix B:

∂

∂Rij

=
∑
p

VpiV
†
jp

∂

∂rp
+
∑
pk

∑
b 6=p

VpiV
†
jbVbk

(rp − rb)
∂

∂Vpk

∂

∂Uij
=
∑
p

WpiW
†
jp

∂

∂qp
+
∑
pk

∑
b6=p

WpiW
†
jbWbk

(qp − qb)
∂

∂Wpk

∂

∂U †ij
=
∑
p

WpiW
†
jp

∂

∂q∗p
+
∑
pk

∑
b 6=p

WpiW
†
jbWbk

(q∗p − q∗b )
∂

∂Wpk

In practice these derivatives will act on terms that depend only on q and r, so

the right hand terms can be ignored. Substituting these back into the previous

expressions yields

∂

∂Zij
=

1

2

(
U †ja
∑
p

VpiV
†
ap

∂

∂rp
+R−1

ai

∑
p

WpaW
†
jp

∂

∂qp

)
=

1

2

(∑
pl

W †
jlq
∗
lWlaVpiV

†
ap

∂

∂rp
+
∑
pl

V †alr
−1
l VliWpaW

†
jp

∂

∂qp

)
and

∂

∂Z†ij
=

1

2

(
Uai
∑
p

VpaV
†
jp

∂

∂rp
+R−1

ja

∑
p

WpiW
†
ap

∂

∂q∗p

)
∂

∂Z†ij
=

1

2

(∑
pl

W †
alqlWliVpaV

†
jp

∂

∂rp
+
∑
pl

V †jlr
−1
l VlaWpiW

†
ap

∂

∂q∗p

)

The collective field coordinate is chosen to be

φk,m =
N∑
i=1

eikriqmi =
N∑
i=1

eikrieimθi

and the quantity of interest is

Ωk,m,k′,m′ =
∑
ij

∂φk,m

∂Z†ij

∂φk′,m′

∂Zji
.
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This will consist of four terms which we will examine one at a time. In the

following each index other than k, k′, m and m′ is summed over and we have

omitted the sums. We have also used the fact that

∂

∂q∗j
qi = −q2

i δij.

The first term is

1

4

(
W †
alqlWliVpaV

†
jpike

ikrpqmp

)(
W †
inq
∗
nWnbVsjV

†
bsik

′eik
′rsqm

′

s

)

=
1

4

(
W †
alqlδlnVpaike

ikrpqmp q
∗
nWnbδpsV

†
bsik

′eik
′rsqm

′

s

)
=

1

4

(
W †
alqlVpaike

ikrpqmp q
∗
lWlbV

†
bpik

′eik
′rpqm

′

p

)
= −kk′1

4

(
W †
alVpaWlbV

†
bpe

i(k+k′)rpqm+m′

p

)
= −kk′1

4

(
δabVpaV

†
bpe

i(k+k′)rpqm+m′

p

)
= −kk′1

4

(
ei(k+k′)rpqm+m′

p

)
The second term is

1

4

(
W †
alqlWliVpaV

†
jpike

ikrpqmp

)(
V †bnr

−1
n VnjWsbW

†
ism

′eik
′rsqm

′−1
s

)

=
1

4

(
W †
alqlδlsVpaδnpike

ikrpqmp V
†
bnr
−1
n Wsbm

′eik
′rsqm

′−1
s

)
=

1

4

(
W †
alqlVpaike

ikrpqmp V
†
bpr
−1
p Wlbm

′eik
′rlqm

′−1
l

)
=

1

4

ikm′

rp

(
W †
alVpaV

†
bpWlbe

ikrpqmp e
ik′rlqm

′

l

)
The third term is

−1

4

(
V †jlr

−1
l VlaqpWpiW

†
apqpme

ikrpqm−1
p

)(
W †
inq
∗
nWnbVsjV

†
bsik

′eik
′rsqm

′

s

)

= −1

4

(
δlsr

−1
l VlaqpδpnW

†
apqpme

ikrpqm−1
p q∗nWnbV

†
bsik

′eik
′rsqm

′

s

)
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= −1

4

(
r−1
l VlaqpW

†
apqpme

ikrpqm−1
p q∗pWpbV

†
blik

′eik
′rlqm

′

l

)
= −1

4

ik′m

rl

(
VlaW

†
apWpbV

†
ble

ikrpqmp e
ik′rlqm

′

l

)
The fourth term is

−1

4

(
V †jlr

−1
l VlaqpWpiW

†
apqpme

ikrpqm−1
p

)(
V †bnr

−1
n VnjWsbW

†
ism

′eik
′rsqm

′−1
s

)

= −1

4

(
δlnr

−1
l VlaqpδpsW

†
apqpme

ikrpqm−1
p V †bnr

−1
n Wsbm

′eik
′rsqm

′−1
s

)
= −1

4

(
r−1
l VlaqpW

†
apqpme

ikrpqm−1
p V †blr

−1
l Wpbm

′eik
′rpqm

′−1
p

)
= −1

4

mm′

r2
l

(
VlaW

†
apV

†
blWpbe

ikrpqmp e
ik′rpqm

′

p

)

Thus Ω is (after swapping the indices p and l in terms 3 and 4)

−kk′1
4

(
ei(k+k′)rpqm+m′

p

)

+
1

4

W †
alVpaV

†
bpWlb

rp

(
ikm′eikrpqmp e

ik′rlqm
′

l −ik′meikrlqml eik
′rpqm

′

p −
mm′

rp
eikrlqml e

ik′rlqm
′

l

)
The fourier transform of the collective field coordinate is

φ(x, y) =

∫
dk

∫
dm e−ikxe−imy

N∑
i=1

eikriqmi =

∫
dk

∫
dm e−ikxe−imy

N∑
i=1

eikrieimθi

=
N∑
i=1

δ(x− ri)δ(y − θi).

Thus the fourier transform of the joining operator is

Ω(x, y, x′, y′) =

∫
dk

∫
dm e−ikxe−imy

∫
dk′
∫
dm′ e−ik

′x′e−im
′y′Ωk,m,k′,m′
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=
1

4
∂x∂

′
xδ(x− rp)δ(y − θp)δ(x′ − rp)δ(y′ − θp)

−1

4

W †
alVpaV

†
bpWlb

rp

(
i∂x∂y′δ(x− rp)δ(y − θp)δ(x′ − rl)δ(y′ − θl)

−i∂x′∂yδ(x− rl)δ(y − θl)δ(x′ − rp)δ(y′ − θp)

−∂y∂y
′

rp
δ(x− rl)δ(y − θl)δ(x′ − rl)δ(y′ − θl)

)
.

The quantity in the numerator can be written as (VW †)pl(WV †)lp. VW
† is the

same thing that appears in the middle of RU when written in diagonalised terms:

RU = V †rV W †qW . The fact that this does not cancel means that this operator

does not close loops in a succinct manner, and thus the Jacobian cannot be found

as easily as was hoped. For the sake of completeness we will still investigate the

splitting operator, which is defined as

ωk,m =
∑
ij

∂2φkm

∂Z†ij∂Zji
.

For the Z derivative we can once again ignore the derivatives other than r and q,

but this is not the case for the Z† derivative. Its full form will be

∂

∂Z†ij
=

1

2

(
W †
aeqeWeiVpaV

†
jp

∂

∂rp
+W †

aeqeWei

VpaV
†
jbVbk

(rp − rb)
∂

∂Vpk

+V †jdr
−1
d VdaWpiW

†
ap

∂

∂q∗p
+ V †jdr

−1
d Vda

WpiW
†
abWbk

(q∗p − q∗b )
∂

∂Wpk

)
.

Thus the splitting operator will be

1

2

(
W †
aeqeWeiVpaV

†
jp

∂

∂rp
+W †

aeqeWei

VpaV
†
jbVbk

(rp − rb)
∂

∂Vpk

+V †jdr
−1
d VdaWpiW

†
ap

∂

∂q∗p
+ V †jdr

−1
d Vda

WpiW
†
abWbk

(q∗p − q∗b )
∂

∂Wpk

)
(
W †
inq
∗
nWnbVsjV

†
bsik

′eik
′rsqm

′

s + V †bnr
−1
n VnjWsbW

†
ism

′eik
′rsqm

′−1
s

)
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which, after some manipulation, results in

1

2

(
− k′2eik′rpqm′p −W †

asVpaV
†
bpr
−2
p Wsbm

′eik
′rsqm

′

s + ik′W †
apVpaV

†
bpr
−1
p Wpbm

′eik
′rpqm

′

p

VpbV
†
bp

(rp − rb)
ik′eik

′rpqm
′

p −
VpbV

†
bp

(rp − rb)
ik′eik

′rbqm
′

b −W †
as

VpaV
†
bp

(rp − rb)
r−1
b Wsbm

′eik
′rsqm

′

s

+W †
as

VpaV
†
bp

(rp − rb)
r−1
p Wsbm

′eik
′rsqm

′

s +r−1
s ik′eik

′rsqm
′

s +m′r−1
p VpaW

†
apWpbV

†
bpik

′eik
′rpqm

′−2
p

−(m′ − 1)r−2
n VnaW

†
apV

†
bnWpbm

′eik
′rpqm

′

p − r−1
s Vsa

W †
abWbb

(q∗p − q∗b )
q∗bV

†
bsik

′eik
′rsqm

′

s

+r−1
s Vsa

W †
abWbb

(q∗p − q∗b )
q∗pV

†
bsik

′eik
′rsqm

′

s + r−2
n Vna

W †
abWbb

(q∗p − q∗b )
V †bnm

′eik
′rpqm

′−1
p

−r−2
n Vna

W †
abWbb

(q∗p − q∗b )
V †bnm

′eik
′rbqm

′−1
b

)
.

Once again there is no obvious simplification to remove the matrix components.
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Chapter 6

Conclusion

In this dissertation we set out to determine if the methods of the collective field

theory could be applied to consistently describe a large N formulation of multi-

ple matrix models depending only on the eigenvalues of the matrices, and subse-

quently to see if the insights gained from doing so could be applied to a more

general system dependent on matrix-valued curvilinear coordinates.

In the case of multiple matrices we found that the collective field theory does in

fact prove an effective tool for investigating such systems, although its ease of use

is somewhat complicated by the need to find a suitable set of invariants. We have

shown that finding these invariants can be aided by understanding the Jacobian

of the system. Additionally we have shown that the invariants do not necessarily

have to be single trace operators in terms of the original variables for the method

to work, as the two approaches considered did reveal the Jacobian, both for a sin-

gle hermitian matrix and then generalised to multiple hermitian matrices. Finally,

we also noted that the repulsive potential associated with emergent geometry ap-

peared in our formulation.
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In the case of a more general system dependent on matrix-valued curvilinear co-

ordinates, we found that the set of starting invariant operators does not close

under joining, and thus the Jacobian cannot be found as easily as was hoped. For

completeness of the approach the splitting operator was also derived.

A more complete understanding of emergent geometry from multiple matrix sys-

tems would likely require both a radial and an angular dimension. This particular

attempt to investigate this did not fulfil that aim, but we would suggest that the

insight that collective field invariants need not necessarily be single trace opera-

tors could open up new avenues for approaching this problem in the future.

Finally, the hints of emergent geometry suggest that there might well be a gravity

theory with which these systems are associated, as per the AdS/CFT correspon-

dence, and that this could also be a direction for further investigation.
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Appendix A

Initial Attempt at Multiple

Hermitian Matrices

This appendix details the first method we attempted to apply the collective field

method to a system of Hermitian matrices wherein the invariants were defined

as a sum of traces rather than a product. Consider the following collective field

coordinate:

φk =
∑
A

φAk =
∑
A

TreikM
A

and its fourier transform

φ(x) =

∫
dke−ikxφk =

∑
A

∑
i

δ(x− λAi ) =
∑
A

φA(x).

Using identity (3.3) we find that

∂φk
∂MA

ij

= ik(eikM
A

)ji,

∂2φk
∂MA

ij∂M
A
ji

= −k
∫ k

0

dk′φAk′φ
A
k−k′ .

The joining and splitting operators are

Ωkk′ =
∑
A

∂φk
∂MA

ij

∂φ′k
∂MA

ji
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= −kk′
∑
A

Tr(eikM
A

eik
′MA

)

= −kk′
∑
A

∑
i

ei(k+k′)λAi ,

and

ωk =
∑
A

∂2φk
∂MA

ij∂M
A
ji

= −
∑
A

k

∫ k

0

dk′φAk′φ
A
k−k′

= −k
∑
A

∑
ij

eikλ
A
j

∫ k

0

dk′eik
′(λAi −λAj )

= −k
∑
A

∑
i 6=j

eikλ
A
j

∫ k

0

dk′eik
′(λAi −λAj ) − k2

∑
A

∑
i

eikλ
A
i

= ik
∑
A

∑
i 6=j

eikλ
A
j

[
eik
′(λAi −λAj )

λAi − λAj

]k
0

− k2
∑
A

∑
i

eikλ
A
i

= ik
∑
A

∑
i 6=j

eikλ
A
i − eikλAj
λAi − λAj

− k2
∑
A

∑
i

eikλ
A
i

= −2ik
∑
A

∑
i 6=j

eikλ
A
i

λAi − λAj
− k2

∑
A

∑
i

eikλ
A
i .

In the coordinate representation they become

Ω(x, x′) =

∫
dk

∫
dk′e−ikxe−ik

′x′Ωkk′

= ∂x∂x′
∑
A

∑
i

δ(x− λAi )δ(x′ − λAi )

∂x∂x′δ(x− x′)
∑
A

∑
i

δ(x− λAi )

∂x∂x′δ(x− x′)φ(x)

and

ω(x) =

∫
dke−ikxωk

= 2∂x
∑
A

∑
i 6=j

δ(x− λAi )

λi − λj
+ ∂2

xφ(x)
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= 2∂x
∑
A

∑
i 6=j

δ(x− xAi )

xAi − xAj
+ ∂2

xφ(x)

= 2∂x
∑
A

∑
ij

∫
dy−
∫
dz
δ(x− y)δ(y − xAi )δ(z − xAj )

y − z
+ ∂2

xφ(x)

= 2∂x
∑
A

∑
ij

−
∫
dz
δ(x− xAi )δ(z − xAj )

x− z
+ ∂2

xφ(x)

= 2∂x
∑
A

−
∫
dz
φA(x)φA(z)

x− z
+ ∂2

xφ(x).

The term on the right is associated with an i = j regularisation and is not of

leading order in N and can be ignored. Substituting into equation (3.4) gives us

φ(x)∂x
∂ ln J

∂φ(x)
= 2

∑
A

−
∫
dy
φA(x)φA(y)

x− y

or (∑
A

φA(x)

)
∂x
∂ ln J

∂φ(x)
= 2

∑
A

−
∫
dy
φA(x)φA(y)

x− y
. (A.1)

Now consider the following:

∑
A

φA(x)∂x
∂ ln J

∂φA(x)
. (A.2)

Substituting in the Jacobian we found earlier yields

∑
A

φA(x)∂x
∂

∂φA(x)

(∑
B

∫
dx′−
∫
dy
∑
i

δ(x′ − λBi )
∑
j

δ(y − λBj ) ln |x′ − y|
)

=
∑
A

φA(x)∂x
∂

∂φA(x)

(∑
B

∫
dx′−
∫
dyφB(x′)φB(y) ln |x′ − y|

)

=
∑
A

φA(x)∂x
∑
B

(∫
dx′−
∫
dyδBAδ(x− x′)φB(y) ln |x′ − y|

+

∫
dx′−
∫
dyφB(x′)δBAδ(x− y) ln |x′ − y|

)
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=
∑
A

φA(x)∂x

(
2−
∫
dyφA(y) ln |x− y|

)

= 2
∑
A

−
∫
dy
φA(x)φA(y)

x− y

which is precisely what we have on the right hand side of equation (A.1).

So it seems to be the case that choosing the collective field coordinates in this way

only corresponds to the correct Jacobian if the left hand side of equation (A.1) is

the same as (A.2), or(∑
A

φA(x)

)
∂x
∂ ln J

∂φ(x)
=
∑
A

φA(x)∂x
∂ ln J

∂φA(x)
. (A.3)

If this equation is true then it suggests that the collective field invariants can be

either a sum or a product of traces. If that is the case then it might provide some

insight into applying the collective field method to other problems in the future.
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Appendix B

Diagonalised Derivatives

For a hermitian matrix M that can be diagonalised into U †λU , we are interested

in the quantity ∂
∂M

in terms of λ and U . Using the chain rule this can be written

in component form as

∂

∂Mij

=
∑
p

∂λp
∂Mij

∂

∂λp
+
∑
pq

∂Upq
∂Mij

∂

∂Upq
.

In order to find the coefficients we use the following:

dMij =
∑
k

dU †ikλkUkj + U †ikdλkUkj + U †ikλkdUkj

We know from chapter three that

dM = U †(dλ+ [λ, dS])U

where dS = dUU †. Multiplying by U on the left and U † on the right yields

∑
ij

UaidMijU
†
jb = (dλ+ [λ, dS])ab

= dλab + λapdSpb − dSaqλqb

= δabdλa + (λa − λb)dSab
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since λ and dλ are diagonal.

We now have two equations to work with, one for which a = b and one for which

a 6= b. For the case where a = b we have

∑
ij

UaidMijU
†
ja = dλa

and therefore

∂λa
∂Mij

= UaiU
†
ja.

For the case where a 6= b we have

∑
ij

UaidMijU
†
jb = (λa − λb)dSab

and therefore

∂Sab
∂Mij

=
UaiU

†
jb

λa − λb
.

Now all that remains to be found is ∂U
∂S

which can be obtained from the definition

of dS

dSab = dUajU
†
jb.

Multiplying by U on the right yields

dUac = dSabUbc = δaddSdbUbc

from which we can see that

∂Uac
∂Sdb

= δadUbc.

The quantity we need is

∂Upq
∂Mij

=
∂Upq
∂Sab

∂Sab
∂Mij

= δpaUbq
UaiU

†
jb

λa − λb
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We can now see that the original derivative becomes

∂

∂Mij

=
∑
p

UpiU
†
jp

∂

∂λp
+
∑
pq

∑
a6=b

δpaUbq
UaiU

†
jb

λa − λb
∂

∂Upq
.

=
∑
p

UpiU
†
jp

∂

∂λp
+
∑
q

∑
a6=b

Ubq
UaiU

†
jb

λa − λb
∂

∂Uaq

It is also important to see what happens when we have the trace of the second

derivative acting on a function that depends only on the eigenvalues, i.e.∑
ij

∂

∂Mij

∂

∂Mji

f(λ).

We can immediately drop the ∂U term in the first application of the derivative

since the function only depends on the eigenvalues and thus we will have∑
ij

(∑
p

UpiU
†
jp

∂

∂λp
+
∑
q

∑
a6=b

UaiU
†
jbUbq

(λa − λb)
∂

∂Uaq

)∑
k

UkjU
†
ik

∂

∂λk

=
∑
ijkp

UpiU
†
jpUkjU

†
ik

∂

∂λp

∂

∂λk

+
∑

ijqka 6=b

UaiU
†
jbUbq

(λa − λb)
δkaδjqU

†
ik

∂

∂λk

−
∑

ijqka 6=b

UaiU
†
jbUbq

(λa − λb)
UkjU

†
iaU

†
qk

∂

∂λk
.

There is another term but it has a ∂U on the right and so will disappear when

acting on a function of only the eigenvalues. Dealing with all the Us and U †s that

cancel we end up with

=
∑
kp

δpkδkp
∂

∂λp

∂

∂λk
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+
∑
b 6=k

1

(λk − λb)
∂

∂λk

−
∑
k 6=a

1

(λa − λk)
∂

∂λk
.

=
∑
k

∂2

∂λ2
k

+
∑
k 6=a

2

(λk − λa)
∂

∂λk
.
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