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ARTICLE INFO ABSTRACT
Keywords: We consider the scenario of routing an agent called a thief through a weighted graph G = (V, E)
Thief orienteering problem from a start vertex s to an end vertex ¢. A set I of items each with weight w; and profit p; is

Knapsack problem
Dynamic programming
Approximation algorithm
Approximation scheme

distributed among V \ {s,7}. The thief, who has a knapsack of capacity W, must follow a simple
path from s to ¢ within a given time T while packing in the knapsack a set of items taken from the
vertices along the path of total weight at most W and maximum profit. The travel time across an
edge depends on the edge length and current knapsack load.

The thief orienteering problem (ThOP) is a generalization of the orienteering problem, the longest
path problem, and the 0-1 knapsack problem. We prove that there exists no approximation
algorithm for ThOP with constant approximation ratio unless P = NP, and we present a
polynomial-time approximation scheme (PTAS) for a relaxed version of ThOP when G is directed
and acyclic that produces solutions that use time at most 7'(1 + ¢) for any constant € > 0. We also
present a fully polynomial-time approximation scheme (FPTAS) for ThOP on arbitrary undirected
graphs where the travel time depends only on the lengths of the edges and T is the length of a
shortest path from s to 7 plus a constant K. Finally, we present a FPTAS for a restricted version
of the problem where the input graph is a clique.

1. Introduction

The thief orienteering problem (ThOP) is defined as follows. Let G = (V/, E) be a weighted graph with » vertices, where two vertices
s,t € V are designated the start and end vertices, and every edge e = (u,v) € E has alength d, , € Q*. In addition, let there be a set I
of items, where each item i; € I has a non-negative integer weight w; and profit p;. Each vertex u € V' \ {s,1} stores a subset S, C I
of items such that S, NS, =@ for all u # v and Uuev\ {s.} Su = 1. There is an agent called a thief that has a knapsack with capacity
W € Z* and the goal of the problem is for the thief to travel a simple path from s to ¢ within a given time T € Q% while collecting
items in the knapsack taken from the vertices along the path of total weight at most W and maximum total profit.

The amount of time needed to travel between two adjacent vertices u, v depends on the length of the edge connecting them and
on the weight of the items in the knapsack when the edge is traveled; specifically, the travel time between adjacent vertices u and
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Vuin)/W, w is the current weight of the items in the knapsack, and V,;, and V,,, are the

visd,,/V where V=V . —wV« —
minimum and maximum velocities of the thief.

ThOP is a generalization of the orienteering problem [9], the longest path problem, and the 0-1 knapsack problem, so it is NP-hard.
The problem was first formulated by Santos and Chagas [16] in 2018, and they provided the first two heuristics for ThOP: An iterated
local search algorithm and a biased random-key genetic algorithm. In 2020, Faéda and Santos [6] presented a genetic algorithm for
ThOP. Chagas and Wagner [4] designed a heuristic using an ant colony algorithm which they later further improved [5].

While ThOP is a relatively new problem, the closely related family of travelling problems, such as the travelling thief problem [3]
and some variants of orienteering [17], are well-studied and have applications in areas as diverse as route planning [7,8,12], circuit
design [3], and logistics [11], among others.

In 2017, Polyakovskiy and Neumann [14] introduced the packing while travelling problem (PWTP). This is a problem similar
to ThOP, but in PWTP the thief must follow a fixed path and the goal is to maximize the difference between the profit of the items
collected in the knapsack and the transportation cost. Polyakovskiy and Neumann provided two exact algorithms for PWTP, one based
on mixed-integer programming and another on branch-infer-and-bound. In 2019, Roostapour et al. [15] presented three evolutionary
algorithms on variations of PWTP. Most recently, Neumann et al. [13] presented an exact dynamic programming algorithm and a
fully polynomial-time approximation scheme (FPTAS) for PWTP. Their dynamic programming algorithm, unfortunately, cannot be
applied to ThOP because in ThOP we must bound both the total weight of the items and the travelling time of the thief.

To the best of our knowledge, study on ThOP to this date has focused on the design of heuristics and no previous work has
presented an approximation algorithm for it.

In this paper we show that ThOP cannot be approximated within a constant factor unless P = NP and we present a dynamic
programming-based polynomial-time approximation scheme (PTAS) for a relaxed version of ThOP when the input graphs are directed
acyclic graphs (DAGs) and the time used by the thief is at most 7(1 + ¢) for any constant € > 0.

There are several challenges involved in the design of a PTAS for ThOP on DAGs. To achieve polynomial running time the
parameters of the problem (weight, profit, and travelling time) need to be rounded to keep the size of the dynamic programming
table polynomial. Rounding weights needs to be done carefully because (1) rounding the weights of small weight items with high
profit can yield solutions with profit much smaller than the optimum one and (2) rounding the weights of items located far away
from the destination vertex can cause large errors in the travelling times.

We solve the first problem through enumeration by ensuring that a constant number of the items with largest profit in an optimum
solution belong also to the solution computed by our algorithm. We solve the second problem by using actual item weights and not
rounded item weights when computing travelling times, and by allowing the thief slightly more time to travel from s to 7.

Variations of our algorithm yield FPTAS on special versions of ThOP on arbitrary undirected graphs, like (i) the case when
Vimin = Ymax» €dge lengths are integer, and T is equal to the length L of a shortest path from s to ¢ plus a constant K, and (ii) the
case when V,;, = V..., edges have unit length, and the input graph is a clique. This latter case is a generalization of the knapsack
problem when the items are partitioned into groups and we must select items only from a certain number of these groups.

The rest of the paper is organized in the following way. We begin in Section 2 by proving the inaproximability of ThOP. In Section 3
we present an exact algorithm for ThOP on DAGs using dynamic programming and in Section 4, we transform this algorithm into a
PTAS that produces solutions that use time at most 7'(1 + ¢€). In Section 5 we show our algorithm can be converted to a FPTAS for a
restricted version of ThOP on undirected graphs. In Section 6 we present our FPTAS for ThOP on cliques. A preliminary version of
this paper appeared in [1], and this extended version includes the complete proofs for the lemmas and theorems that were omitted
in [1], including a correction to Lemma 2 and Theorem 3 as our algorithm needs time 7'(1 + ¢) and not time 7. We also include the
algorithm for the case when the input graph is a clique with unit length edges.

2. Inapproximability

We first show that even when the input graph is a clique, each vertex has at most one item, and edge lengths are only 1 or 2,
ThOP has no PTAS unless P = NP. To prove this we show that ThOP is a generalization of the rooted orienteering problem.

In the rooted orienteering problem (OP) we are given a weighted complete graph G = (V, E) with metric distances w : E — Z¥,
vertex profits 7 : V — Z, root vertex s’ € V, and a path length limit L € Z,. The goal in this problem is to compute a path starting
at s’ of total length at most L for which the sum of the profits of the vertices in the path is maximum.

Theorem 1. There is no PTAS for ThOP unless P = NP. This is true even when the input graph is a clique, every vertex has at most one item,
and edge lengths are only 1 or 2.

Proof. Blum et al. [2] proved that there is no PTAS for OP even if the input graph is a clique, edge lengths are 1 or 2, and the root
vertex has zero profit. Consider an instance of this restricted version of OP. We create an instance of ThOP on {1,2}-metrics, by
performing the following steps:

. Set s to be the root vertex and add an ending vertex ¢ to the input graph G = (V, E) of OP.

. Add an edge from every vertex of G to ¢ of length 1.

. Assign velocities v,,,, = v,,,, = 1, knapsack capacity W = |V|, and time limit T =L + 1.

. Finally, for each vertex v € V' where profit z(v) > 0, add an item i to I with weight w; =1 and profit p; = z(v), and place i as
the only item in the subset I, of items associated with vertex v.
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Fig. 1. An example of a DAG that has two possible paths from s to . In each vertex u there is a triplet (index, profit, weight) for each item in I,.

A solution for this instance of ThOP yields a solution of the same value for the corresponding instance of OP, as a solution for
ThOP includes all items stored at the vertices of the selected path. Hence, a PTAS for ThOP would be a PTAS for OP. []

To build to our main result in this section, we consider the optimization version of the classic longest path problem. In this problem,
we are given an arbitrary simple connected unweighted graph G = (V, E), and the goal is to compute a path P in G with a maximum
number of edges. The longest path problem has no approximation algorithm with constant approximation ratio, unless P = NP [10].
Furthermore, for any e > 0, there is no algorithm for the longest path problem with approximation ratio O(log! = 1), unless NP €
DTIME(200og' = m),

Theorem 2. There is no approximation algorithm for ThOP with constant approximation ratio, unless P = NP. Furthermore, for any e > 0,
there is no approximation algorithm for ThOP with approximation ratio 2000g' ") ypless NP C DTIME(ZO(l"gH ). These hardness results
hold even if the input graph has bounded degree, all edges have unit length, and each vertex stores only one item of unit weight and profit.

Proof. The longest path problem [10] is a special case of ThOP, where s and ¢ are the endpoints of a longest path in the input graph
G =(V, E), every edge has length 1, every vertex u € V' \ {s,7} stores one item of weight 1 and profit 1, the capacity of the knapsack
is W =|V| — 2, the bound on the time is T = |V'|-1, and V,;, = V.« Since there are O(|V|?) possible choices for the endpoints of

a longest path in G then the inapproximability properties of the longest path problem [10] apply also to ThOP. []
The fractional version of ThOP allows the thief to select a fraction of each item.
Corollary 1. The fractional version of ThOP cannot be approximated in polynomial time within any constant factor unless P = NP.

Proof. Consider the same reduction as in the proof of Theorem 2. Note than an optimal fractional solution must collect the whole
items stored in the vertices of an optimal path. []

3. Algorithm for thief orienteering on DAGs

To simplify the description of our algorithms, for each vertex u that does not store any items we add to I a new dummy item of
weight 0 and profit 0 and store it in u; hence, every vertex stores at least one item (see Fig. 1).

We can assume that the minimum and maximum velocities V,;, and V,,, are § and 1, respectively, where § € Q* and 6 < 1.
Then, the travel time from vertex u to vertex v when the knapsack’s total weight is w just prior to leaving vertex u is equal to d,, , /1,
wherep=1-— U=dw

Since DAGs have no cycles, every path from s to ¢ is a simple path. We index the vertices of the graph using a topological ordering.
We delete from G all vertices that are unreachable from s and all vertices that cannot reach ¢. For a vertex u, let u.index be the index
of the vertex as determined by the topological ordering.

Note that s and ¢ have the lowest and highest indices, respectively. Additionally, observe that the indices of the vertices encountered
along a simple path from s to any vertex u appear in increasing order. We index the items stored in the vertices so that item indices
are unique and items in vertex u have smaller indices than items in vertex v if u.index < v.index. Let the items stored in the vertices
of the input graph G be iy, iy, ... i .

We define the parents of a vertex u to be the vertices v such that (v,u) is a directed edge of G. Our algorithm for ThOP on DAGs
is shown in Algorithm 1.

3.1. Profit table

Let .S be a subset of items. In the sequel, we define the travel time of S to a vertex u as the minimum time needed by the thief to
collect all items in .S while travelling along a simple path p,, from s to u that includes all the vertices storing the items in S. Path
Dy, is called a fastest path of .S to u. Additionally, we define the total travel time of .S as the travel time of S to # and the total travel
time of .S through u as the travel time of S to 7 using a simple path that includes u.
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Algorithm 1 ThOPDAG(G = (V,E),W.T,s,t,1,6).

1: Input: DAG G, knapsack capacity W, time limit 7, start vertex s, end vertex f, vertex item assignments /, and minimum velocity 6.
: Output: An optimum solution for ThOP.
: Delete from G vertices unreachable from s and vertices that cannot reach 7.
: Compute a topological ordering for G.
: Index V by increasing topological ordering and index items as described above.
Let A be an empty profit table. Set A[1]=(0,0,0,—1).
for i = s.index to t.index do
Let u be the vertex with index i.
Call UpdateProfitTable(W ,T, 6, A, u).
10: end for
11: Return BuildKnapsack(A, ).

Definition 1. Let S, = {ij,...,i,;} forall z=1,...,|I|, and let vertex u hold item i,. A subset .S of S, is a feasible subset with respect
to u if it has weight wg =3, (¢ w; < W and total travel time through u at most T'.
J

Our algorithm builds a profit table A where each entry A[j], for j =1,...,|I|, corresponds to the item i; with index j, and A[/] is a
list of tuples (w, p, time, prev). Let u be the vertex that contains item i ja tuple (w, p,time, prev) in the list of A[j] indicates that there

is a subset S of S ) such that:

+ the weight of the items in S is w < W,

« the profit of the items in S is p,

« the travel time of S to u is time <T,

+ a fastest path of S to u includes a vertex storing i, Note that item i,,,,, does not need to be in S.

A tuple (w, p, time, prev) dominates a tuple (w', p’,time’, prev’) if p> p', w < w', and time < time’. We remove dominated tuples
from each list of A such that no tuple in the list of each entry A[j] dominates another tuple in the same list. Therefore, we can
assume each list A[;] has the following properties: (i) the tuples are sorted in non-decreasing order of their profits, (ii) there might
be multiple tuples with the same profit and these tuples are sorted in non-decreasing order of their weights, and (iii) if several tuples
in A[j] have the same profit p and weight w, only the tuple with the smallest value of time is kept in A[j].

3.2. UpdateProfitTable

Algorithm 2 shows how we update the profit table with the items stored in vertex u. The start vertex s € V' has no parents and
holds a single item i; of weight and profit 0; therefore, we initialize A[1] to store the tuple (0,0,0,—1).

Algorithm 2 UpdateProfitTable(W,T, 6, A, u).

1: Input: Knapsack capacity W, time limit 7', minimum velocity &, profit table A, and vertex u.
2: Output: The entries of the profit table A corresponding to u’s items are updated to represent the subsets of items found along all paths from s to u.

3: for each item i; of u do

4 Let w be the weight and p the profit of i;.
5 if i; is w’s first item then
6: Alj1=0.
7: for each parent v of u do
8 Let id, be the index of v’s last item.
9 for each (w', p/,time’, prev’) € Alid,] do
10: Let d, , be the distance from v to u.
11: Letp=1-(1-8w/W.
12: Let travel = dT .
13: if time’ + travel < T then
14: Append (W', p’,time’ + travel,id,) to A[j].
15: end if
16: end for
17: end for
18: else
19: Copy all tuples of A[j — 1] into A[/].
20: For each tuple (w', p/,time’, prev') in A[j], prev’ =j — 1.
21: end if
22: for each (w', p',time’, prev’) € A[j] do
23: if w+w <W then
24: Append (w+ w',p+p',time’, prev’) to A[j].
25: end if
26: end for
27: Remove dominated tuples from A[/].
28: end for
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When two (or more) different paths from s to # are routed through some intermediate vertex u, it is vital that subsets of items
corresponding to each of the paths are recorded correctly: The entries in the profit table A must represent the item subsets of each
path from s to u, but none of the tuples in A should contain information from items stored in vertices from disjoint sections of two
different paths.

Every item is stored in a unique vertex; therefore, by including in each tuple (w, p, time, prev) the value prev, which indicates that
the tuple was built using a tuple from the entry A[prev] corresponding to item i, the profit table stores the necessary information
to determine which of the parents of a vertex u were used to create the tuples at entries A[,] of the items i; stored in u.

Observe that travel times need to be computed when creating the tuples for the first item of a vertex u; however, this travel time
is the same for the tuples corresponding to the other items stored in u.

3.2.1. Selecting a solution from the profit table

Recall that the vertex with the largest index is 7; therefore, 7 is visited last by Algorithm 1 and its last item i|;; corresponds to the
final entry in the profit table A. Therefore, after executing Algorithm 1 the last entry in A contains the list of all dominating tuples
whose weights are at most W and total travel times are at most 7. Within this list there exists a tuple (w*, p*,time*, prev*) with
maximum profit, and this tuple represents a feasible subset S of S| with respect to ¢ with maximum profit. Algorithm 3 shows how
to recover S from the information stored in the profit table.

Algorithm 3 BuildKnapsack(4, 7).

1: Input: Profit table A and vertex item assignments /.

2: Output: The subset of items along a simple path from s to ¢ with the most profit.

3: path =@, knapsack = .

4: Let j =|I|, the index of #’s last item, and let u =t¢.

5: Let (w, p, time, prev) be the tuple with maximum profit from A[/].

6: while j >0 do

7: Letn=1-(1-8w/W.

8: If u & path, prepend u to path.

9: Let w; be the weight of item i; with index j and p; be its profit.
10: if u is the vertex where the item with index j — 1 is located then
11: if a tuple (w, p,time, prev’) is in A[j — 1] then
12: (w, p, time, prev) = (w, p, time, prev').

13: else

14: Append the item i; with index j to knapsack.

15: (w, p,time, prev) = (w — wj,p—p/,Iime,preU’).

16: end if

17 j=j—-1

18 else

19: Let u, be the vertex where item prev is located.

20: Letd, , be the distance from u,, to u.

21: if a tuple (w, p,time’ = time — d‘T‘ ,prev') is in A[prev] then
22: Jj = prev.

23: (w, p, time, prev) = (w, p,time’, prev’).

24: else

25: Append the item i; with index j to knapsack.

26: Jj =prev.

27: (w, p,time, prev) = (w — W;,p=Dpjs time — %,preu’).
28: end if

29: end if

30: end while
31: return path.

Algorithm 3 considers one item at a time, starting with #’s last item #|; and determines whether i|;| belongs in the solution. The
next item considered by the algorithm is i ..« , and so on. Consider an item i; located at some vertex u. Let entry A[/] contain a tuple
T = (w, p,time, prev). If item ij_yis also located at u, then a tuple (w, p, time, prev’) in A[j — 1] indicates that i; is not in the (partial)
solution corresponding to tuple 7. If A[j — 1] corresponds to an item not located at u, then let the vertex u, store item i,,,,; then a

dua,u

tuple (w, p,time’, prev’) in A[prev] with time' = time — . indicates that i; was not used to create tuple 7.
If there is no tuple (w, p,time’, prev’) in A[j — 1] (or A[prev]) as described above then i ; belongs in the (partial) solution corre-

sponding to 7.
3.3. Algorithm analysis

Recall that the items are indexed such that for two items with indices 4 and j where & < j, item i, must belong to a vertex whose
index is less than or equal to the index of the vertex containing item /.

To prove that our algorithm is correct we must prove that each entry A[z] of the profit table is such that for every feasible
subset .S of S, with respect to the vertex holding item i, the entry A[z] contains either (i) a tuple (wg, pg,timeg, prev), where
wg = ZijES w;, ps = Zi,es p;» and timeg is the travel time of S to the vertex u storing i, or (ii) a tuple W', p',time’, prev’) that
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dominates (wg, pg,timeg, prev). This implies that A contains a tuple representing a simple path from s to r whose vertices store a
maximum profit set S* of items of weight at most W' and total travel time at most 7.

Lemma 1. Let 1 < z <|I| and let vertex u hold item i . For each feasible subset .S of .S, with respect to u there is a tuple (w, p,time, prev)
in the profit table A at entry A[z] such that w <wg = Z,.jes w; and p> pg = Zi,esl’j'

Proof. We use a proof by induction on the number of entries of the profit table A. The base case is trivial as there are only two
feasible subsets of .S; with respect to s, and so A[1] stores the tuple (0,0,0,—1).

Assume that the lemma holds true for every feasible subset .S of .S, with respect to the vertex holding item i, forallg=1,..,z— 1.
Let .S be a feasible subset of .S, with respect to the vertex holding item i_; we show that there is a tuple (w, p, time, prev) € A[z] such
that w <wg and p > pg. Let u be the vertex storing i,. We consider two cases:

- Casel:tem i, € S. Let ' =5 — {i,}.

- If i, is w’s first item, let u, be a parent of u, let i, be the last item at u,, and let time, be the travel time of .S’ from u, to
u. By the induction hypothesis, there is a tuple (w’,p’,time’, prev’) in Ala] such that w’ < wg and p’ > pgr. Lines 7 to 17
and 22 to 26 in Algorithm 2 consider all parents u, of u and add tuples (W' + w,, p’ + p,,time’ + time,, prev’) to A[z] where
wHw, <wg +w,=wg, p'+p,>pg +p, =pg, and time' +time, <T.

- If i, is not u’s first item, then item i,_, is also located at u. By the induction hypothesis, there is a tuple (w', p’,time’, prev') in
Alz — 1] such that w’ < wg and p > pg . Lines 19 to 26 in Algorithm 2 add the tuple (w’ + w,, p’ + p,,time’, prev’) to A[z].
Case 2: Item i, ¢ S. Since § is a feasible subset with respect to u, by the induction hypothesis, either (i) there is a tuple
(w, p,time, prev) in A[z — 1] such that w < wg and p > pg that Algorithm 2 would have copied to A[z] in lines 19-20 if i, is not
w’s first item, or (ii) there is a tuple (w, p, time, prev) in Ala] (where i, is the last item in some vertex u, as defined above) such

that w < wg and p > pg that Algorithm 2 would have copied to A[z] in lines 7-17 if i, is u’s first item. []

4. PTAS for thief orienteering on DAGs

Algorithm 1 might not run in polynomial time because the size of the profit table might become too large. We can convert
Algorithm 1 into a PTAS by carefully rounding down the profit and rounding up the weight and travel times associated with each
item.

Note that if we simply use rounded weights in the profit table described in Section 3.1, then we might introduce a very large error
to the travel times computed by Algorithm 2. To prevent this, we modify the profit table so that every entry A[;] holds a list of tuples
(w,, w,, p,time,, prev), where each tuple indicates that there is a subset S of .S; in which the sum of their rounded weights is w,, the
sum of their true weights is wy, the sum of their rounded profits is p, the rounded travel time of .S’ to the vertex u holding item i; is
time,, and the path of .S to u corresponding to this tuple includes the vertex which contains i,.,. Let P,,, be the maximum profit of
an item that can be transported within the allotted time T from the vertex that initially stored it to the destination vertex. Our PTAS
is described in Algorithm 4.

Algorithm 4 ThOPDAGPTAS(G = (V,E),W,T,s,t,1,6,¢).

1: Input: DAG G, knapsack capacity W, time limit 7, start vertex s, end vertex ¢, item assignments /, minimum velocity §, and constant € > 0.
2: Output: A solution for ThOP of profit at least (1 — 3¢)OPT that uses time at most T'(1 + €), where OPT is the value of an optimum solution.
3: Delete from G vertices unreachable from s and vertices that cannot reach r.

4: Compute a topological ordering for G.

5: Index V by increasing topological ordering and index items as described in Section 3.

6: Let K=1,
7
8
9
0.

: Let S be the set of all feasible subsets .S of S\ with respect to # such that |.S| < K.
: for each S €S do
: Let A be an empty profit table. Set A[1]=(0,0,0,0,-1).

10 LetW'=W -3, cw,.

11: Round down the profit of each item in I — .S to the nearest multiple of ‘TT
12: Round up the weight of each item in I — S to the nearest multiple of é”—ulﬂ .
13: for i = s.index to t.index do

14: Let u be the vertex with index i.

15: Call UpdateProfitTable*(W ,T, 6, A,u,.S).

16: end for

17: end for

18: Select the profit table A* storing the tuple with maximum profit.
19: Return BuildKnapsack(A*,I).

Algorithm UpdateProfitTable* is a slight modification of Algorithm 2 that is described in Algorithm 5. Travel times are rounded up
to the nearest multiple of %

A tuple (w,, w,, p,time,, prev) dominates a tuple (w/,w;, p’,time!, prev') if p> p', w, < w/, time, <time!, and w, < wj. Therefore,
we can assume each list A[;] has the following properties: (i) the tuples are sorted in non-decreasing order of their rounded profits,
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(ii) there might be multiple tuples with the same rounded profit and these tuples are sorted in non-decreasing order of their rounded
weights, (iii) there might be multiple tuples with the same rounded weight and these tuples are sorted in non-decreasing order of
their rounded travel times, and (iv) if several tuples in A[;] have the same rounded values of profit, weight, and travel time, only the
tuple with the smallest true weight is kept in A[/].

Algorithm 5 UpdateProfitTable*(W,T,§, A, u, S).

1: Input: Knapsack capacity W, time limit 7', minimum velocity &, profit table A, vertex u, and item subset .S.

2: Output: The entries of the profit table A corresponding to u’s items are updated to represent the subsets of items found along all paths from s to u.
3: for each item i; of u do

4: Let w;, w,, and p, be the weight, rounded weight, and rounded profit of i, respectively. If i; € S, set w, = w, and p, = profit

of i;.

5: if i; is w’s first item then

6: Alj1=0.

7: for each parent v of u do

8: Let id,, be the index of v’s last item.

9: for each (w!,w], pl,time!, prev’) € Alid,] do
10: Let d, , be the distance from v to u.
11: Letn=1—(1- 8w /W.
12: Let travel = %2
13: if time! +travel <T(1 +¢) then
14: Append (w/,w),p|,t,id,) to A[j], where 7/ is the nearest multiple of % that is larger than or

equal to time! + travel.

15: end if
16: end for
17: end for
18: else
19: Copy all tuples of A[j — 1] into A[j].
20: For each (w/,w], pl,time!, prev’) in A[j], set prev’ =j — 1.
21: end if
22: for each (w/,w], pl,time!, prev’) € A[j] do
23: if w, + w; < W then
24: Append (w, + w/,w, + w), p, + pl,time., prev’) to A[j].
25: end if
26: end for
27: if ;€S then remove tuples that do not include i from A[j].
28: Remove dominated tuples from A[/].
29: end for

4.1. PTAS analysis

Since the weights of items are rounded up, the solution produced by Algorithm 4 might have unused space where the algorithm
could not fit any rounded items. However, an optimal solution would not leave empty space if there were items that could be placed
in the knapsack while still travelling from s to ¢ in at most 7' time, so we need to bound the maximum profit lost due to the rounding
of the weights and profits, and we also need to bound the increase in travel time caused by the rounding.

Lemma 2. For any constant € > 0, Algorithm 4 computes a feasible solution with profit at least (1 — 3¢)OPT that uses travel time at most
(14 2¢)T, where OPT is the profit of an optimum solution.

Proof. Let S,pr be the set of items in an optimum solution and let OPT = ) pj- If |Sppr| < K then Algorithm 4 computes an

i;€Sopr
optimum solution; hence, for the rest of the proof we assume that |S,p;| > K. Let Sk be the set of the K items with largest profit

from Sypy, where K = é, andlet W/ =W — Zi/ s, Wj- Let S, be the set of items in the solution selected by our algorithm, and let

SOL = ZijeSA pj-

In the sequel, we will use w;. and p;. to refer to the rounded weight and profit of item i}, and w; and p; to refer to the true
weight and profit of item i;. Given a set X of items let weight(X) = Zi,e x W;, weight' (X) = Zi/ ex w;, profit(X) = Zij ex Pj» and
profit' (X) = Zij ex p;.. We let profit’ (S ) = profit(Sk) and weight' (Sg) = weight(Sy).

For this proof a subset .S of S is feasible if weight'(S) < W and the total travel time of S using the real weights of the items in
S (not their rounded weights) is at most (1 + €)T'. Recall that our algorithm considers solutions that include every possible feasible
subset of at most K items in the knapsack. Therefore, our algorithm must have included Sy in the knapsack in one of the iterations
and filled the remainder of the knapsack using the profit table. Let .S} be the solution computed by our algorithm in the iteration
where it chose to include the items of Si in the knapsack, and let SOL* = Zije s+ P;- Since our algorithm returns the best solution

A
that it found over all iterations, then SOL > SOL*.

” !
To compare SOL* to OPT, we round up the weight of each item in S, p; — Sk to the nearest multiple of % ; note that the weights

and profits of the items in Sk are not rounded.
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Rounding up the weight of a single item increases the weight of that item by at most £ Iz , 50 weight' (Sppr) < weight(Sppr) + &—

|1

W+ eIV;/I as |Sopr| < |1|. Let Agpy be a subset of Sypr — Sx with weight’ (Agpr) < W' and maximum rounded profit.

Note that A,py U Sk is a feasible set of items. Let |, /5, ...,/ , be the set of items in A py U Sk listed in increasing order of index,
and let C ; be the set formed by the first j items of Agpy U Sk for all j=0,1,...,D. We show that in the entry of the profit table
corresponding to item { ; our algorithm must have included a tuple z* = (W}, w}, p*, time}, prev*) that corresponds to a feasible subset
such that w; < weight(Cf), wk < weight’(éj), P> prqﬁt’(C‘j), and time; is at most (1 + €)time; + GT%, where m; is the number of
vertices in the path selected by the optimum solution from s to the vertex u storing the tuple 7 and time; is the time needed by the
optimum solution to transport the items in C '; to u. To show that this tuple exists, we use a proof by induction on the number of items
inC -

The base case, when j =0, so |C‘0| =0, is trivial as our algorithm adds to the profit table the entry (0,0,0,0,—1). Assume then
that the claim is true for C‘j with j < D.In C‘j ol j+1 1s the item with largest index. By the induction hypothesis, there is an entry of
the profit table corresponding to 7 ; storing a tuple 7 = (w}, wy, p*, time}, prev*) as above.

Let u be the vertex storing { j» U be the vertex storing fj +1, and let d, , be the distance between u and v in the path P selected
by OPT from s to v. Our algorithm considers transporting the items corresponding to the tuple z* from u to v and that would
add a tuple (w/,w]’, p" time!!, prev') to the entry A[x(i;,,)] corresponding to item {,,, where by the induction hypothesis w]’ =
wy < weight(éj). Since our algorithm removes dominated tuples from the profit table, then entry A[”(fj+])] must store a tuple
™ = (W, wy, p~,time), prev™) such that w) < w”, wy <wy, p~ 2 p, and time < time!!. Since w; < w) < weight(é ), then the
time zime’ that the thief needs to carry weight w) from u to v following the path selected by OPT is at most the time time,, needed
in the optimum solution to carry the items in C‘j from vertex u to vertex v.

In line 14 of Algorithm 5 we round the traveling times, and since a path between « and v has muu < n vertices, then the number
of times that we round traveling times when computing the tuples needed to produce =~ from 7* is m; + m,, < n and so ttme <
timey +time,, + eTM. Hence, by the induction hypothesis, time,” < (1 + e)time; + time,,, + €T —— it C <1+ e)time;, | + €T ——— it
where time; | =time; + time,, is the time needed by the optimum solution to transport Cj 1 from s to v.

After adding item i, j+1 to the tuple 7~ and removing dupllcated tuples, the profit table must include a tuple (w# wf, o, timef, prev’)
such that w! < w?” +weight' (i, ;) < weight' (C; 1), p* > profit (C; ), time* < (1+e)time; | + T ——~ it —, and wh < weight(C;, ), as for
tuples with the same rounded weight, profit, and travel times the algorlthm selects that with smallest true welght

Hence, our algorithm will compute a tuple (w,,w;, p,time,, prev), where w, < weight (Agpr U Sk), w, < weight(Appr U Sk),
p = profit' (Aopr U Sk), and time, < (1 + €)timep, + eT% < (1+42¢e)T, where timep, <T is the time needed by the optimum solution to
transport the items in Agpr U Sk from s to .

Since

SOL* > p > profit' (Agpr U Sg) )
we need to bound profit’ (Agpr U Sk).

Let S, = Sopr — Sk — Agpr, this set includes the items in the optimum solution whose profit is not included in the right hand
side of (1). Note that if S, is empty, then Sg U Appr = Sppr and so SOL* > profi’ (SOPT) If S;pp s not empty, we show that
weight' (SOPT) <& II\ |1|
note that weight(Sg) + weight' (Appr) < W, but by the way in which A,p; was deﬁned the empty space that Sz U AOPT leave in the
knapsack is not large enough to fit the rounded weight of another item from S .. Therefore,

b w L where wy, is the largest weight of the items in S,

weight' (S ) = weight' (Sopr) — (weight(Sy ) + weight' (Appr))
ew’

W4+ — 7] -(W —wy) @
eW’

i
Now we bound profit' (S opr)- If Sopp consists of only one item i), then since the least profitable item in S has profit at most
%OPT and i ;isnotin Sk, then p ; < OPT which means that profit’ (Sopr) < ¢ OPT =€eOPT. If S, py consists of two or more items,

we can partition S, into the singleton {i; } consisting of the item with largest weight w; and the set i, of remaining items, which
by (2) has weight' (i,

+wp

I1I
Item i; is not in Sy, so it has profit p; < %OPT. As for i, we show that profit'(i,) < lKOPT:

!
s W' —weight (Appr) < S— I T %, as otherwise the items i, would have been included in Ap;, and so

weight' (Agpr) = Z w >W' - % > KK !

W', as |I|>1 3)

ij€Aopr
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* There is at least one item i,, in AOPT with w/ To see this, note that if all of the items in A,p; had weight strictly less

w = K|I|
/
than —— KUI , then Y, €Aopr Wi < Kll\ |A0PT| <= W as |Agpr| < 1], which contradicts (3).
+ By definition, A,p; includes items from SOPT Sk with weight’ (Appy) < W' and maximum profit, and since the items i, are
not in A,py then profit' (i,) < p;,, as otherwise the items i, would be in A,pr instead of i,,. Since item i, is not in S then

"3
’ 1 s 1
Py < ;OPT and so profit’ (i,) < EOPT.
Therefore, proﬁt’(SaPT) = profit' (i) + profit' (i,) < %OPT. Since Sppr = S U Agpr U S, then profit' (Appr) + profit' (Sg) =
profit (Sopr) — profit (S,,) = profit' (Sopr) — %OPT. By (1),
SOL* > profit' (Agpr) + profit’ (Sk)

> profit’ (Sppr) — 2 OPT

P 2
> 1(S, — 2\ Sppr| — =OPT
profit(Sopr) — Wi —— 1Soprl K
> OPT — €P,,,, — 2¢OPT > (1 — 3¢)OPT

Since SOL > SOL*, then SOL > (1 —3¢)OPT. []
Theorem 3. There is a PTAS for ThOP on DAGs that produces solutions with travel time at most T'(1 + €) for any constant ¢ > 0.

Proof. As shown by Lemma 2, Algorithm 4 computes solutions with profit at least (1 — 3¢)OPT. The profit table A has || entries,
and each entry A[j] can have at most O(P.W,T,) tuples, where P, is the number of different values for the rounded profit of any
subset of items, W, is the number of different values for the rounded weight of any subset of items of total weight at most W, and T,

2
is the maximum number of rounded travel times. Since profits are rounded down to the nearest multiple of SPM then P, is 0(&)

Since weights of items not in the selected feasible subsets .S are rounded up to the nearest multiple of <5 Iz s then W, is O(*— ”l ); T, is

o(%).

€

Algorithm 4 iterates through the list at each entry A[j] exactly once if i; is not the last item in a vertex u; if i; is the last item
in a vertex u, then our algorithm iterates through the list at entry A[;] once for each outgoing edge of u. Thus, for each feasible
subset .S with at most K items the algorithm loops through |7 | rows in the profit table, iterates over a particular row at most n = |V|

. I
times, and each row can have at most O(I |

2 1
O e). O

) tuples in it; since the number of feasible subsets .S is O(|| e) the running time is

Corollary 2. There is a PTAS for ThOP on DAGs when V,;, = V.« that produces solutions with travel time at most T.

Proof. Without loss of generality we can assume that V,;, = V..« = 1, so the travel time between vertices u and v is d,, ,. Therefore,
in Algorithms 4 and 5 we do not need to keep rounded travel times or real item weights in the tuples. Hence, a tuple (w,., p, time, prev)
dominates a tuple (w’, p/, time’, prev’) if p> p/, w, <w/, and time < time'. Since the algorithm now uses real travel times, the solution
produced by the algorithm uses total travel time at most 7. []

5. Thief orienteering on undirected graphs

In this section we consider the case when the input graph G = (V, E) is undirected and has integer edge lengths of at least 1 and
Viin = Vmax- Notice that if V,;, =V, .. the travel time for any edge is equal to the length of the edge and it is independent of the
weight of the items in the knapsack. First, we consider when T is equal to the length L of a shortest path from s to ¢.

Theorem 4. There is a FPTAS for ThOP where Vi, = Vy.ax and the time T is equal to the length L of a shortest path from s to t.

Proof. Delete from G every edge (u,v) that does not belong to a shortest path from s to 7. If the input graph G is undirected, direct
the remaining edges towards the endpoint closer to t. Note that G is now a DAG. We modify Algorithm 1 so that it rounds down the
profit of each item to the nearest multiple of < ’”r" and a tuple with profit p dominates a tuple with profit p’ if p > p’ and w < w/'.

Observe that since the paths from s to ¢ are shortest paths, the travel times for both of these tuples must be the same, and hence the
weights and travel times of the items do not need to be rounded up.

Furthermore, this modified Algorithm 1 does not need to consider all possible feasible subsets .S of at most K items because in
Section 4 we needed to consider all these subsets to bound the maximum profit loss due to the rounding of the weights. Hence, this
modified Algorithm 1 is a FPTAS. []
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Fig. 2. Let ¢ be the path from s to 7 that includes the edges (s,v,), (v, 03), (v3,05), (Us,V4), (V. 1). The edges ((s,v,), (v,,1)) belong to a shortest path (of length
s.dist =100) between s and ¢, the edges (v;,v,), (v4,1) belong to a shortest path (of length v;.dist = 50) between v; and ¢, and the edge (vs,?) belongs to a shortest
path (of length vs.dist = 60) between vs and t. The path ¢ decomposes into the unique list D = D, D, of detours where D, = {s,v,} and D, = {v;,05,04}.

In the rest of this section we show that Theorem 4 can be extended to the case when T'= L + K, where K > 0 is a integer constant.
In the sequel we assume that the input graph is undirected. It is not hard to see how our ideas can be extended to directed graphs.
Note that when T'= L + K we cannot simply transform G into a DAG using the same process as described in the proof of Theorem 4,
as in this version of the problem a feasible solution might include edges that do not belong to a shortest path between s and ¢.

Let u.dist be the shortest distance from vertex u to f, let o be a path from s to ¢ with length at most L + K, and let the vertices in
o be s=uy,uy,u3,....,u;5 =1. If o includes an edge (u;,u;) that does not belong to any shortest path from y; to t or, more formally,
if w.dist <uyy.dist+d,,,  ,then we say that (u;,u; ) is part of a detour.

Definition 2. A simple path ¢ from s to  decomposes into a unique list D = Dy, D, ..., D, of vertex disjoint detours, where D might
be empty. Each detour D; forms a longest subpath of ¢ where no edge (u,v) of D, belongs to a shortest path from u to ¢, for all
i=1,2,...np. All edges (4,v) in ¢ that do not belong to a shortest path from u to ¢ belong to exactly one detour; hence, the list D is
unique.

We show a few examples of detours in Fig. 2; note that we have omitted the items information. Next, we show that the number
of edges that belong to detours is at most the constant K. This fact will help us to reduce the running time of our algorithm, as it
enumerates all possible sets of detours.

Lemma 3. A simple path ¢ from s to t of length at most L + K has at most K edges (u, v) such that (u, v) is in a detour.

Proof. We use a proof by contradiction. Assume that path ¢ from s to ¢ of length at most L + K includes edges (u, v¢), (up, 0>), ..., (U,
v,) with a > K that do not belong to any shortest path from u; to t. Let £(u, v) be the length of the subpath of ¢ from u to v and
letu,, =t Thend, , + &, uy) +uy . dist>udist, forall i=1,2,....a. Since £(u;,u;, ) =d,, ,, + (0, u41) then £, u;y ) 2
u;.dist —u;,q.dist + 1 as all edges have length at least 1.
Therefore, £(s,t) = £(s,u;) + Xy £ pntiyy) 2 £(s,up) + Y (. dist — ;. dist + 1) = £(s,u;) + uy.dist + a > L + a. Since the
length £(s,1) of ¢ is at most L + K but a > K then we have reached a contradiction. []

Corollary 3. A simple path o from s to t of length at most L + K decomposes into a list D containing at most K detours.

Note that by the definition of a detour, for a simple path ¢ from s to ¢ the edges (u, v) that do not belong to any detours must
belong to a shortest path from u to 7. We show next how to decompose ¢ into alternating subpaths of detours and subpaths that are
shortest paths between their first and last vertices.

Corollary 4. A simple path ¢ from s to t of length at most L + K decomposes into subpaths ¢ = P;, D, P, D,,..., P, D,, P, | where r < K,
each D; is a detour, and each P; is a shortest path between its first and last vertices.

Proof. Let P, =u; ,u;),.. . Each edge (u ;. )isina shortest path from u; to ¢ as otherwise the edge would belong to a detour.

2
Hence, u; .dist =d, = Zj=1(u,~/_.d1st— 4 -dist) =

TIRRTS
41

+uy , -dist for each i= 1 ...,e— 1. Therefore, the length of P, is Zj_l w
- LAY
w;, dist —u; .dist and thus P, is a shortest path between u; and u; .

The remalmng subpaths in ¢ are the detours Dy, D, ..., D and by Corollary 3, np, < K. [

np

In the sequel we say that a path ¢ from s to ¢ decomposes into a list D of detours.

10
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5.1. Building the lists of detours

We define the profit of a path as the maximum profit achievable by collecting items of total weight at most W along that path.

Let o* be a simple path from s to t with maximum profit of length at most L + K. If ¢* is a shortest path from s to ¢, then
Theorem 4 provides an FPTAS for it. Hence, in the sequel we assume that ¢* is not a shortest path from s to 7, and so it must have at
least one detour. The path ¢* decomposes into a unique list D* = DT, D;,..., D:D* of np. detours, where n*b < K (by Corollary 3), D
has at most K edges (by Lemma 3), and the subpaths of ¢* that do not belong to any detours are shortest paths between their first
and last vertices (by Corollary 4).

Since we do not know how many detours are in D*, or which vertices are in each of them, our algorithm to compute a path ¢
from s to 7 of length at most L + K and near maximum profit will generate the set D of all possible valid lists of detours as shown in
Algorithm 6.

Definition 3. A list D of detours D,, D,,...,D
decomposes into D.

4, is valid if there exists a simple path ¢ from s to 7 of length at most L + K that

Algorithm 6 GenerateDetours(G = (V, E)).

1: Input: Graph G.

2: Output: The set D of all valid detours for paths from s to ¢ in G.
3: Let D=4.

4: for each subset S, of V such that 2 <|.S} | <2K do

5 for n,=1to K do
6: for each possible partitioning of S}, into a list D of n;, detours do
7: Compute a shortest path ¢ from s to 7 in G that decomposes into D.
8 if o has length at most L + K then
9: D=DuD.
10: end if
11: end for
12: end for
13: end for
14: Output D.

Note that D* must be included within the set D computed by Algorithm 6. For each list D € D we will create a DAG G, containing
all the paths from s to ¢ of length at most L + K that go through the detours in D. Algorithm 4 will then be used on these DAGs, and
the highest profit path found will be output.

5.2. Transforming the problem into a shortest paths problem

We transform the problem of finding in a given graph G a simple path with maximum profit from s to ¢ of length at most L + K
into the problem of finding in a collection of directed graphs shortest paths with maximum profit from s to t. We create a graph G,
from G with the following properties: (i) for each simple path ¢ in G from s to ¢ of length at most L + K that decomposes into a
valid list D of detours there is an equivalent shortest path in G, from s to ¢, and (ii) for every shortest path from s to t in G there
is an equivalent simple path ¢ in G of length at most L + K that decomposes into a valid list D of detours.

Definition 4. An undirected path ¢ from s to 7 in G and a directed path o, from s to t in G are equivalent if they include the same
vertices and edges.

To ensure that all paths in G from s to ¢ that travel through D are shortest paths in G, we will carefully reduce the lengths of
the edges in D (allowing some of them to have negative lengths) so that a shortest path in G, must travel through D. Algorithm 7
describes how to construct G . For any detour D; in D, an internal vertex of D; is any vertex that is not the first or last vertex of D;.

Corollary 5. Let D be a valid list of detours. For each simple path ¢ in G from s to t that decomposes into D, the graph G, output by
Algorithm 7 contains all the edges of o and hence ¢ is a path in G, from s to t.

Proof. Recall that a path ¢ in G from s to ¢ that decomposes into D has the form P, D, P,,D,,...,P,,D,, P, |, where each D, is a
detour in D and each P; is a shortest path between its first and last vertices for all i = 1,2, ...,r and j = 1,2,...,r + 1. Since initially
G was a copy of G and the only edges that are deleted from G, are edges not in detours incident on internal vertices of detours or
edges (u,v) not in D for which u.dist = v.dist, then all the edges of ¢ are also directed in Gp,. []

Let o be a simple path from s to 7 in G of length at most L + K that decomposes into the non-empty valid list D = Dy, D,,..., D, |
of detours and let G, be the graph output by Algorithm 7. By Corollary 5, ¢ is a path in G, from s to t. To avoid confusion, let o,
denote the directed version of path ¢ when referring to the graph Gp. For any two vertices u and v of o, let £(u, v) be the length of

11
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Algorithm 7 DetourToDAG(G = (V,E), D, s,t, I).

1: Input: Graph G, valid list of detours D, start vertex s, end vertex ¢, and item assignments I.

2: Output: A DAG G, containing paths from s to 7 equivalent to the paths from s to ¢ in G that travel through all of the detours in D.
3: Let G, be a copy of G, with the same item assignments /.

4: For each vertex u € G, compute u.dist.
5.
6

: for each internal vertex u; € D,, for all D, € D do
Delete from G, all edges incident on u; except for (v,_;,u;) and (u;,u;, ), where u;_, is the vertex preceding
u; in D; and u; is the vertex preceding u,,, in D,.
7: end for
8: Let o be a simple path from s to ¢ that decomposes into D.
9: for each D, € D do
10: Direct the edges in D; from its first to its last vertex according to the order in which the vertices appear in o.
11: end for
12: Index the directed edges Ej, = ¢, e,,...,e,, of the detours in D in the order they appear in o.
13: for directed edge e; with endpoints (u;,v,), foralli=1,2,...,m; do
14: d, ,, =u;.dist —v;.dist—1.
15: end for
16: Delete any edges (u,v) in G, that do not belong to any detours of D such that u.dist = v.dist.
17: Direct any remaining undirected edges in G, towards the endpoint closer to .
18: Output the DAG G .

the subpath in ¢ between u and v and let £ ;,(u, v) be the length of the subpath in o}, between u and v. Let d | be the length of edge
(u,v) in Gp. For a vertex u, let u.dist be the length of a shortest path in G from u to #; note that Algorlthm 7 does not change the
value u.dist, the algorithm only modifies the lengths of edges in G, and not those in G.

Let Ep =ey,e,,....,e,, be the list of all edges in D in the order in which they appear when o, is traversed from s to 1. We will
prove in the next lemma that for edge e, with endpoints (u,,v,), £p(s,v,) =s.dist —v,.dist — z,forall z=1,2,...,mp,.

Lemma 4. Let ¢ be a simple path from s to t in G of length at most L + K that decomposes into the non-empty valid list D of detours, let G,
be the graph output by Algorithm 7, and let o, denote the directed version of path o when referring to the graph Gp. Let Ep = ey, 5, ....e,,
be the list of all edges in D in the order in which they appear when o, is traversed from s to t. For edge e, with endpoints (uz, v,),
Cp(s,v,)=s.dist—v,.dist—z, forallz=1,2,...m

Proof. We use a proof by induction on the edges in E,. For the base case we consider the first edge e, with endpoints (4, v;). In line
14 of Algorithm 7 edge (u;,v,) is assigned length d/ o =1 dist — v;.dist — 1 (note that in G|, we allow negative lengths but only
for the edges in the detours). By Corollary 4, £(s,u 1) = s.dist —uy.dist (as the subpath of ¢ from s to u; is a shortest path between s
and u,) and since all edges in the subpath of ¢, from s to u; have the same lengths as the corresponding edges in o, then £ (s, u;) =
s.dist —uy.dist, and since £ (s, v)) = p(s,uy) + du oo then Zp(s,v) = s.dist —uy.dist +uy.dist —v.dist — 1 = s.dist —v;.dist — 1.
Assume now that the claim holds true for every edge e, in Ep, with endpoints (ug, Uq), forallg=1,2, ...,j — 1, so that £ (s, Uq) =
s.dist —v,.dist — q. We show for the edge e; in Ej, with endpoints (u;,v;) that £ (s,v;) = s.dist — v;.dist —
Edge ¢; with endpoints (u;,v;) is aSSIgned length d’ =u;.dist —v;.dist — 1 in hne 14 of Algorlthm 7. Let e; be part of detour
D;. We need to consider two cases:

+ Case 1: Edge e, is the first edge of D;. Since £ (s, v;) = £ p(s,0;_1)+€ p(v;_,u;)+d,
s.dist —v;_y.dist — (j — 1). By Corollary 4 £(v;_,u;) =v;_;.dist —u;.dist (as the subpath of o from v;_; to u; is a shortest path
between these vertices) and all edges in the subpath of o, from v;_; to u; have the same lengths as the corresponding edges in o,
then fD(uj 1s4;)=v;_y.dist—u;.dist. Since d;j,v, =u;.dist—v;.dist—1, then £ p(s,v;) =s.dist — vy dist—=(—1D+v;_.dist—
uj.dist+u;.dist —v;.dist — 1 = s.dist —v;.dist — j

. Case 2: Edge e; is not the first edge of D;. Smce Cp(s,v;) =Cp(s,u;) + du o and by the induction hypothesis £ (s,u;) =
s.dist —u;.dist —(j— 1), then p(s,v;) =s. dist—u;.dist = (j — 1) +u;.dist —v;.dist — 1 =s.dist —v;.dist — j. []

by the induction hypothesis £ (s, v;_;) =

uj,v;’

Corollary 6. Let ¢ be a simple path from s to t in G of length at most L + K that decomposes into the non-empty valid list D= D, D,, ..., D,
of detours and let G, be the graph output by Algorithm 7. The path o in G, has length L — my,, where my, is the number of edges in D.

D

Proof. Let Epp =ej,e;,....e, be the list of all edges in D in the order in which they appear when o), is traversed from s to
t. By Lemma 4 for edge e, with endpoints (u,,v,), £p(s,v,) = s.dist — v,.dist — z, for all z=1,2,...,mp. Then, since £p(s,1) =
Cp(s,Upp,) + &y, 1), where e, = (u,, v, ) and by Corollary 4 £(v,, .t) = v, .dist (as the subpath of ¢ from v,,  to 7 contains
no edges that belong to a detour) and since the edges in the subpath of ¢, from v,, = to ¢ have the same lengths as the corresponding
edgesino, thenZp(v, . 1) = v, .dist; therefore, o, haslength £ (s, 1) =€ (s, v,, )+ € p(vy, ), 1) = s.dist—v,, .dist—mp+uv,, .dist=
sdist—mp=L—-—mp. []

mp

By Lemma 4 and Corollary 6, we can see that the length of a shortest path in G, from s to ¢ is less than the length of a shortest
path in G from s to ¢. This is important, because we do not want the shortest paths in G from s to t which do not decompose into D

12
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to also be shortest paths in G, from s to . We show that all the shortest paths in G, from s to r must decompose into D as this is
critical to our algorithm.

Lemma 5. Let o be a simple path from s to t in G of length at most L + K that decomposes into the non-empty valid list D= Dy, D,, ..., D, |
of detours and let G, be the graph output by Algorithm 7. The path oy, is a shortest path in G, from s to t and every shortest path in G,
from s to t decomposes into D.

Proof. By Corollary 6, the path ¢, in G, from s to ¢ that corresponds to the path ¢ has length L — mp,, where L is the length of a
shortest path in G and my, is the number of edges in D.

Assume, for the sake of contradiction, that there exists a path a;) in Gp from s to ¢t with length smaller than L — my,. Since there
are only mp edges that belong to detours, and the edges in a’D that belong to detours are the only edges whose lengths were changed
with respect to the lengths of the edges in the corresponding path ¢’ in G, then it must be the case that for some detour edge (u, v)
the algorithm set its length to a value smaller than u.dist — v.dist — 1. However, this is not possible because line 14 of Algorithm 7
sets the length of each detour edge (u,v) to u.dist — v.dist — 1, and so o, is a shortest path from s to t in Gp.

Additionally, assume for the sake of contradiction, that there exists a shortest path 63) in Gp from s to ¢ that does not include all
the edges in D. Since only m, edges belong to detours, and the edges in G, that belong to detours are the only edges whose lengths
were changed with respect to the lengths of the corresponding edges in G, then it must be the case that for some detour edge (u, v)
the algorithm set its length to a value smaller than u.dist — v.dist — 1. However, this is not possible because line 14 of Algorithm 7
sets the length of each detour edge (u,v) to u.dist — v.dist — 1, and so every shortest path in G, from s to t decomposes into D. []

Corollary 7. Let D be a valid list of detours in G. For the graph G, output by Algorithm 7 corresponding to D (i) for every path ¢’ from s
to t in G of length A < L + K that decomposes into D, G, has an equivalent shortest path a;) from s to t that decomposes into D and (ii)
for every shortest path ab from s to t in G, there is an equivalent path ¢’ from s to t in G of length A < L + K that decomposes into D.

Proof. (i) Let ¢’ be a path from s to 7 in G of length A < L + K that decomposes into D. By Corollary 5 ¢’ is also a path of G, from
s to ¢ that decomposes into D, and by Lemma 5 ¢’ is a shortest path in G, from s to 7. Since G, has the same vertices, edges, and
item assignments as G then the two paths ¢’ in G and G, are equivalent.

(ii) By Lemma 5, a;) decomposes into D. Since Algorithm 7 initially creates G, by copying G and it does not add any extra edges
to Gp, then a’D is also a path in G from s to ¢ that decomposes into D. Since D is a valid list of detours, then the length of the path

o-b in Gisatmost L+ K. []

Algorithm 8 ThOPLengthLPlusK(G = (V,E), W,T,K,s,t,1,¢).

1: Input: Graph G, knapsack capacity W, time limit T < L + K, constant K, start vertex s, end vertex t, item assignments /, and constant ¢ > 0, where L is the
length of a shortest path from s to 7.

2: Output: A path with length at most T' from s to ¢ with profit at least (1 — ¢) times the maximum possible profit.
3: Let bestPath be an empty path.

4: Let D be the set of all possible valid lists of detours as described in Section 5.1.

5: for each D € D do
6
7
8

Gy = DetourToDAG(G, D, 5,1,1).
Let D have m, edges and let T" = L — my,.
3 path = ThROPDAGPTAS*(Gp, W, T',s,1,1,1,€).
9: if profit of path > profit of best Path then

10: bestPath = path.
11: end if
12: end for

13: Return best Path.

Our algorithm for ThOP where V, ., =V, .. and the time T is equal to the length L of a shortest path from s to ¢ plus a constant K
is described in Algorithm 8. Since some edges in G, might have negative lengths algorithm ThOPDAGPTAS* uses a slightly modified
UpdateProfitTable algorithm that discards the condition time’ + travel < T on line 13 of Algorithm 2. Therefore, the profit tables
produced by Algorithm ThOPDAGPTAS* might contain infeasible solutions whose total travel time is greater than T', but this is not a
problem since we select the best solution that does not exceed the time limit 7'.

=Y,

Theorem 5. There is a FPTAS for ThOP where V, nax and the time T is equal to the length L of a shortest path from s to t plus a

min
constant K.

Proof. Let o™ be a path from s to t with length A < L + K with maximum profit, and let D* be the list of detours that ¢* decomposes
into. The list D* is valid; therefore, since Algorithm 8 considers all possible valid lists of detours, then Algorithm 8 considers the list
of detours D* in one of its iterations.

By Corollary 4 and Corollary 7 the problem of finding a path in G from s to ¢ that decomposes into the list D of detours, has
length at most L + K, and has maximum profit is equivalent to finding a shortest path in G, from s to t with maximum profit. For
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every valid list of detours, and in particular, for the list D*, Algorithm 8 finds a path in G from s to ¢ that decomposes into D*, has
length at most L + K, and has profit at least (1 — €)OPT, where OPT is the value of an optimum solution.

Note that when the profit tables produced by Algorithm ThOPDAGPTAS* contain multiple tuples with the same profit, only the
tuple with the smallest weight is kept in the profit table, as V;, = V,,,, and paths from s to ¢ are shortest paths and so the travel time
times for these tuples must be the same, and hence the weights and travel times of the items do not need to be rounded up; therefore,
each profit table produced by Algorithm ThOPDAGPTAS* has at most O(P,) tuples, where P, is the number of different values for the
rounded profit of any subset of items. Moreover, since the item weights are not rounded then Algorithm ThOPDAGPTAS* does not
need to iterate over all possible subsets using at most K items. Hence, Algorithm ThOPDAGPTAS* has time complexity O(n|I]?).

Furthermore, the number of possible lists of detours is polynomial with respect to the constant K and verifying whether a list of
detours is valid requires computing a constant number of shortest paths, so Algorithm 8 is a FPTAS. []

6. Thief orienteering on cliques

In this section we study a version of ThOP where the graph is a clique, every edge has length 1, and V,;, = V.« S0 the travel
time of an edge does not depend on the current load in the backpack. A clique is a graph where every pair of vertices is connected
by an edge. Observe that solving ThOP on a clique is equivalent to finding the 7' — 1 vertices that a path ¢ from s to ¢ in G should
include for the thief to collect items of maximum value and total weight at most W'.

Note that since all edges have length 1 and V,;, = V,,..«, the order in which a path ¢ traverses the vertices does not matter when
computing the best path. Therefore, we index the vertices in V' from 1 to |V'| assigning to s index 1 and ¢ index |V'|. We index
the items stored in the vertices so that item indices are unique and items in vertex u have smaller indices than items in vertex v if
u.index < v.index. Let the items stored in the vertices of the input graph G be i, i,, ..., i

6.1. Clique profit table

Definition 5. Let S, = {i},...,i,} forall z=1,...,|I|, and let vertex u hold item i,. A subset .S of .S, is a feasible subset (for ThOP on
cliques) if it has weight wg = 3 w; < W and the items in S belong to a most T — 1 different vertices.

Our algorithm builds a clique profit table where each entry A[/], for j = 1,...,|I|, corresponds to the item i; with index j, and A[/]

is a list of tuples (w, p, v). A tuple (w, p,v) in the list of A[/] indicates that there is a subset S of .S; such that:

« the items in S are stored in the vertices in v, where |v| <T -1,
+ the weight of the items in .S is w < W, and
« the profit of the items in S is p.

A tuple (w, p,v) dominates a tuple (w’,p’,V') if p>p', w < w', and |v| < |V/|. We remove dominated tuples from each list of A
such that no tuple in the list of each entry A[j] dominates another tuple in the same list. Therefore, we can assume each list A[/]
has the following properties: (i) the tuples are sorted in non-decreasing order of their profits, (ii) there might be multiple tuples with
the same profit and these tuples are sorted in non-decreasing order of their weights, and (iii) if several tuples in A[j] have the same
profit p and weight w, only the tuple with the smallest value of |v| is kept in A[/].

6.2. Computing the clique profit table

Algorithm 9 shows how we update the clique profit table with the items stored in vertex u. The start vertex s holds a single item
i; of weight and profit 0; therefore, we initialize A[1] to store the tuple (0,0, #).

Algorithm 9 UpdateCliqueProfitTables(W, T, A, u).

1: Input: Knapsack capacity W, time T', clique profit table A, and vertex u.

2: Output: The entries of the clique profit table are updated to represent the subsets of items taken from at most 7 — 1 vertices along a path from s to 7 that routes
through u.

3: for each item i; of u do

4 Let w be the weight and p the profit of i;.

5: Copy all tuples of A[j — 1] into A[/].

6

7

8

for each tuple (w',p’,V') € A[j] do
if weV)OR (ugVv' AND |V'|<T — 1) then
: if w+w <W then
9: Append (w + w',p+p',vV Uu) to A[j].

10: end if

11: end if

12: end for

13: Remove dominated tuples from A[j].
14: end for

14
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6.3. Algorithm analysis

Our algorithm for ThOP on cliques is shown below. The algorithm computes a path ¢ from s to 7 and a set .S of items such that the
sum of profits of the items is maximum, the sum of weights of the items is at most W, ¢ contains at most 7' + 1 vertices (including
s and 1), and the items from .S are located at the vertices in o. Algorithm BuildKnapsack recovers the set of items from the selected
path with maximum profit by using a similar approach as in Algorithm 3.

Algorithm 10 ThOPClique(G = (V,E), W, T,s,t,1).

1: Input: Clique graph G, knapsack capacity W, time limit T, start vertex s, end vertex ¢, and item assignments /.
2: Output: An optimum solution for ThOP.

3: Index vertices and items as described in Section 3.

4: Let A be an empty clique profit table. Set A[1]= (0,0, ).

5: fori=2to |V|—-1do

6: Let u be the vertex with index i.

7

8

9

Call UpdateCliqueProfitTables( W ,T, A,u).
: end for
: Return Build Knapsack(A,I).

A similar inductive proof as to the proof of Lemma 1 shows that for each feasible subset .S of S, the clique profit table contains
a tuple (wg, pg,vs) (or a dominating tuple (wg,pg,, vg)) at entry A[z], where wg = ZijeS w;, ps = ZijeS pj» lvs| <T -1, and vy is

the set of vertices that stores the items in .S.
Theorem 6. There is a FPTAS for ThOP when the graph G is a clique, every edge has length 1, and V;, = Viax-

Proof. We modify Algorithm 10 so that it rounds down the profit of each item to the nearest multiple of %. Note that each entry
of the clique profit table contains at most 7" tuples with the same profit (one for each value of |v|), and the weights of the items do
not need to be rounded up; therefore, each entry in the clique profit table has at most O(P,T) tuples, where P, is the number of
different values for the rounded profit of any subset of items and T < # is the time limit. Hence, this modified Algorithm 10 has time

complexity O(%nz) and so it is a FPTAS. []
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