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This research report serves as an introduction t» the concept of Operator
Spaces which has gained considerable momentum in its acknowledgement and
research inferest in the last few decades. It will hxghhght A very xmporta.n“
breakthrough on the characterization of Operator spaces which occurred in
the last few years brought about by Z.J. Rua.n It investigates the relationship
of this space in relation to Banach space thecry by looking al an extension

theorem, for linenr functionals.
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Preface

Operator spaces is a very dynamic mathematical concept which is blossoming
at an incredible rate. We discuss its nature set dut in thérrfollowing chapters

as follows;

Chapter one:  We introduce mairicially ordered spaces and operator sys-
tems. The main aim of this chapter is to obtair. Theorem 1.4 which relates
{hese two ideas aud is an important stepping stone in the development of

chapter three.

Chapier two:  This introduces matrix normed and operator spaces but
more importantly it serves to show the abundance of such spaces. Important
terminology is introduced to place this theory inio sound footing such as
completely bounded maps which could be related to as bounded maps in
Banach space theory. Ruan’s theorem ia me;ftioned as a prelude to chapter
three. )

Chapter three: A very important chapter motivated towards the establish-

ment of Theorem 3.7 which characterizes operator spaces.

Chapter four: The Haagerup norm is introduced and we discuss its ap-
plication in injectivity and extension theory of raaps. Ideas of 2-row and
column surnming ig introduced which turns out to be an intrinsic property

of operator spaces.
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Chapter 1 : Matrix Ordared Sﬁhces .o

In this chapier we é:onsidler the concept of matrix ordered spaces and work

towards a relationship between these spaces and operator systems.

Terminology

Let V,W be any twe vector spaces. We lot L{V,W) be the vector space
of Iinear functions from ¥ to W and V¥ = L(V,R), (L(V,C)) be the real

(complex) dual spaca.

Let V be a complex vector space. We let M, (V) denote the linear space of

m X m matrices v = [v;], v;; €V, and let .4, = M, (C) where M,, has

0 0
6."’- = 1".." .
0 0

Ifoe M, (V), we M, (V) we use the notation

the cancnical basis

v 0

1) mJ eMm+u(v)‘

u$w=[

L

KEep:V —Wis linear, we define the linear map w,,: M, (V) —+ M, (W) by
Pmlvsl = [e(vy)]

A *-vector space: V iz a complex vector space with a conjugate linear nap
v +» v* such that o™ = v. We say v is hermitian if v* = v. Denote V, to be

the real space of all such hermitian elements. In general

IfV is a “~vector space, we define a * operation on M,,,(V') by letting [v;;[* =

{vf;]. ¥V and W have * operations and p: V' — W is linear, we define
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w*: V — W by o*(v) = p{+*}*. Thix defines a * operation on L(V,W). If "'*:..

W = €, V" becomes a *-vector space. If p: V — W is hermitian, then it

follows that @,,: M,,(V)— M, (V) is hermitian.

We say a.. comvlex vector space V' is partially orderd (ur ordered) if it is a
*.vector space together » "th a cone (not necessa;rilér proper) V+ C ¥, ie.
abeVt=>a+beVhanda eV, A20=3 daeVF, Wewrit€v 2w
if v —w € V. If ¥V is an ordered complex space, an element e € V¥ is an
order unit for V if for each v € V}, there is a t > 0 such that —ie < v <te
The cone V* is Archimedian if for each vo eVt (—thyy,<vforallt>0
implies v € V. We say a linear map @: V — W is positive if ¢ € L(V, W),
and_tp(V"‘) CW+. If p is a linear isomorphism from V onto W, we say p is

an order isomorphism if  and @~ are positive.

Thai:__n_:one of positive maps LI7; W)+ provides a partial ordering for L(V, W).
Lettihg C+ = [0,00), it follows that V¢ is partially ordered by the cone
(vét.

Real or complex spaces V and V; are aa.id. to be in duality if there exists a

bilinear map (v, f) +» v.f from V x V; to the scalars such that

{e) v=0if v.f=0 VfeV,

) f=0if v.f=0 WweV.

" EV and V) are in duality we denote B_{V,W) as the space of weakly con-

tinuous linear funciions from V to W. Let V4 = B (V,R)(= B,(V,C)} be
the real (complex) dual.

IfV and V¢ are complex spaces in duality then A, (V) and M,, (V%) are in

2
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duality under ihe bilinear function
[”ij]'[f :‘j] = Zf ij (‘”i,')-
In particular if V = V¢ = €, this gives a duality of M,, with itself.

If V is a *—vector spa;ée with dual V¢, we say V? is a *~vector duul if V¥ is 2
hermitian subspace of V¥ Le. f € V% = f* € ¥ then V' will ne a *~vector

space.

If V is an ordered complex space with *~vector duai V*® we partially order
V% by the dual cone (Vé)* =Vin(vH+, e, f € (V)T iff f{v) > 0 for ail
veVT, | '

Let H be a Hilbert space and B{H) = B(H ,H) denote the Von Neumann
algebra of bounded linear operators on H. We may identify M, (B(H') ) with
B{H™) where H™ = H® H ®-++® H {m copies) by using the identification

[aij](z]_: wisy 3’,‘} = (Zaﬁzj, erey Z a;ftjzj)‘

AR operator system B on a Filbert space H is a linear subspace of B{H)
containing the identity operator I such that if r € R, then r* € R.

Let R, § be two operator systems. We say a mapping : R — § is completely
pasiiive if for all m, the mappings ©,, : M, (R) — M, (5) are positive.'.:Also
a linear isomorphism w: R —+ S iz a comp!eté order isomorphism if both ©

and p~! are completely positive.

A complex vector space V is matriz ordered if

N
A

(1) V is & *-vector space (and so is M, (V) for all m > 1).

(2) M,,(V), for all m > 1 is partially ordered.

(3) X« =[v;,] is auy m x n matrix of complex numbers,

VM, (Vi € M, (V)™
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.Characterig_gtion of matrix ordereg‘_ \ gpaces

We now develop a discussion leading to the characterization of matrix ordered

spaces, In particular Theorem 1.4 is of interest.

Given a matrix ordered space V, and an element v € M,,(V) we define
S(v): M,, - V by
Ofv)(a) = ) | ayvy. (1)

Lemrma 1.1 | If V is a matrix ordered space, then the map
6: M, (v) = L(M,,, V)

is an order isomorphism (with respect to L{M,,,V)¥ i.e. the cone of com-
pletely positive mﬁps wnt M, (M) = M, (V) for all n}.

Proof: It can be clearly seen that © is a surjective linear isomorphism.

Choose r € M, (V} such that ©{r) is completely positive. It follows then
that |

O(r)pm: M, (M) "” M, (V)

is positive. Now choose ¢ = §*§ where

_ 1&g -0 g
=[5 ]

This implies that ¢ = [¢;;] € M,,(M,,,)*. Hence
r= [";‘5] = [9(") (fij)] = 8(r),(€) 2 0.

Conversely, suppose that r € M,,,(V)*. Given n > 1, we must show that if
o€ M, (M,)", then

a(r),.{o) 2 0.

4




The elements of M}, are of the form

[5 ﬂﬁ V] :2=1'

([1], sect 69). Hence using the map ©, every element of M, (M,,)* is a svm

& of the elements of the form
1r. m R
g= {ﬂi}m"‘q} i,j-:l] —

e where we have v, = 8,,(¢ — ) +J.

Thus we have

O(r), (o) = [9(*') [%ipq_fq]]- = [z 'Yip"iﬂjq] - Tr1 € M (R)T.

Lemma 1.2 IfV is a matrix ordered space with a *-vector dual space V?, -

then V¥ i3 a matrix ordered space.

Prooft Wa prove that property (3) follows: Let f € M,,(V9)* and ~ be

an m X n mairix aud let v € M, (V)" arbitrary. Then

-y
vy fry = [l [Z VipYiglis ] = Z VipViq(Vpg-Fi5)
5

= [Z "7€P”"5q”pq] Jfyl= (v vv).f
»q

| o where 4% is the transpose of 4*. Since V is an ordered matrix space and
property (3) follows we bave that 4*M,, (Vé)y C M, (Vi)t. =

.g

;

! o We will say that V¥ is the matrix ordered dual of V. Let V¢ and W be the

s

vector space duals of V and W, If p: V —» W is a weakly continuous map
we define the adjoint map ©%: W% — V¥ by v.p%¢ = pu.g.

B
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It turns ont that the map ¢ = »” dotermines a surjective linear isomorphism
5: B(V,W) - B, (W3, V%)

(see [2], Section 21.1). Als it is eas) %o note that ()% = (£%,) and that
if V and W are *-vector spaces with *~vector duals V%, W9, then (ép*}5 =
(©®)*. It follows that o: V' — W is completely positive iff ¢%: W® — V* is

completely positive.

Now assume thal; ¥ and V' are Jual ordered spaces. Let v € M,,(V) and
define A(v): V& — M, by A(v)(f‘( [£(v;)]. Then note that A(v}'= O(v}°
slncelffe"’aa.ndczEM' ' |

o)(a).f = - aa,f(v;,l = a[f(v)] = eh@)(1).

And thus we have the following commutative diagram:
B (M, ,V)=L(M,,V)
16
B,V M)

and since © iz an order momorphwm and 6 is an order momorphzsm with

9/'
M,.(V)
A\

relative complete arder cones, we can conclude the following lemma:

Lemmas Leti*" _gnd V¢ be dual matrix ordered spaces. Then the map
A1 M, (V) = B(VE,M,)

is an order isomorphism {with respect to B, {V?, M, )®).

Now we come to a very useful lemma pertaining to identity preserving maps:

6
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Lemma 1.3 Suppose that A C B(H) is an operator system, R a von—
Newmann algelra, and p: 4 — R is completely positive. .Letting (1) = b,
there exists a completely positive map ¥: A — R such that (1} = 1 and
Bla) = B/ 2p(a)b1/2.

Prooft Let z be a unit vector in H and e be the support projection for b.
Define a completely positive map %™: 4 — i by

¥*(a) = (b+ (1/n)) " o(a) b+ (:l../n,))"l‘(2 + (az.z){1 - ¢).

The sequence b'/2(h + (1/n)) ~Y2 increases with the least upperbound e
and thus converges strongly to ¢. If ¢ € A such that 0 € a £ 1, we have
0< té(a) < b implies that p(a)!/? = sb/? for some operator s € B({H)
[8]. Thus {a)/3(b + (ljn))""/ % is & bounded sequence that converges
strongly. By taking adjoints we have p(a)! - = 6%/3s* and it is also true for
b+ (1/n))"1” *0{a)V/3, Since A¥ is a bounded set and multiplication is
strongly continvous on a 'boundéd set, ¥"(a) converges strongly for each
ac AT, S‘ln(-':;.i € A, ea.t:h;‘,1 element @ € A is a linear combination of four
positive elements a.zid thus qﬁi“-{a} converges to some $(a) € B, It is easily

checked that ¥(a) hun the desired properties. m

Theorem 1.4 If V is a matrix ordered space, then V' is completely order
isomorphic to an operator system iff V't is a proper cone with an order unit

e, and each of the cones Mm(V)"‘ is Archimedian. If this is the case, the

- .izomorphism may be assumed to map ¢ to 1.

Proof: The necessity comes from. considering the case m = 1.

We now show that M, (V)T is Archimedian {m > 1). Let X € M,,(V)*.

7
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()X =Y = (~t)zy] = [wy] = ()2 =pyy >y, €VF

since V+ js Arc. Imedian and thus ¥ € M, (V)*. Therefore M, (V)% is

Archirpedian.

We show that M, (V)" is proper (m > 1), Kv € M, (V)* n (=M, (V)*),
then from Lemma 1.1 ©(v) > 0 and ©(v) < 0. If « € M}, then 8(v){a) €

V*n(=V)* = {0} since V'* is proper. Therefore 8{v) = Gand v = 0.

e 0
€y =
0 e

is an order unit for M, (V). Firstly note that if v € V}, and ~te < v < e

J.f

Now we show that

then -

‘:i‘: :e] = % [i] [te + i1 1] +% [_}1] fte—vflt —1]>0.

Yor a general z, choose t with —te < Rev, Imv < ie, and note that
e v te Rev 1 01] te Imvl[1l O
[u* Zte] - [Rev te ] + [0 —:‘_l [Imv te ] [0 1'] 0.

Thus if v = [v;] € M, (V),, chnose ¢ such that —te < Rew;, Imuy; < e

for all 1, 7, and then we have

1 « | 2te v
i = - o 7 . s
Zmter +9 =337 [v," 2te]7‘*’ 20

where 4;; is the 2 X m matrix with 1 at the (1,4)th and (2, 5)th pesitions and
zero elsewhere. Similarly obtainable is that 2mte,, — v > 0, Hence e,, is an

order unit for M, (V).

If we let V® = V¢ we have M,, (V)* is weakly closed and thus V' and V¢ are

dual matrix ordered spaces,
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Let &,, be the set of completely positive maps {m > 1) such that ¥ € &,
we have p: V — M, and lo(e}|| < 1. Then ©ME with all ME = M, is a
C* algebra, We identify M, (®,M2) with ®,M, (M) by letting

[(agq)gaeﬁm] = ([aqu) pEdn"

If v € V, define a linear map J™: V — @M% by J™(v) = (o(v)) It

‘Peﬁm.
is 50 defined becanse whenever —ie < v < te we have

~t.1 < —tple) < pv) <tp(e) <41

and thus |p(v)]| < ¢t forall o €&,

We claim J™ is completely positive because if v € M, (V), then

(T™)a(v) = [T™(v,,)] = {p(vpe))] = (pulv)) 2 0.
We claim that
(ijm: Mm(V)+ —* epMm(Mm)p i
is an order isomorphism onto its image.

In order to prove this we must prove that (J™),, is one-to-one and that for
v € M, (v), (J™)u{v) = (O (”))rpe'b... > 0 implies that v > 0.

Note that the second statement implies the first since if (J™),,(v) = 0, then ;

v 2 0, and with v < 0 implies v = & because M,,,{V)* is a proper cone.

We know that M, (V)" is we :ly closed and aence it will be suiicient to

prove that if f = [f, | € M, (V4)", then f(v) 2 0.

Let ¢ = [e.;] € M,,,(M,,.}*. Then we have that
flv) = Zfij(”ij) = Z[qu(”ij)]meij = Ei(f Wviz)e;
1] i

= [A(f)(v;;)]e = A(f) u (0)e.

9
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But we know that A(f) is completely positive from lemma and may assume

that o, = A{f) € @,,. Then we have that

16) = (Polm(r)e 2 0

and thus we have that v > 0.

Set A = ®,(®,cp, ML), Define a linear map J: V — A by J(v) =
&J™(v). We have that J is completely positive and J is also a complete order
isomorphism since if v € M,,, (V) such that J,,(v) = 0, then (J™),.{(v) >0

and from above v > 0.

Assume that A is faithfully represented on a Hilbert space H. Let b= J{e)
and using Lemma 1.3 there exisis a complete order isomorphism J’ of ¥V into

B(HY} such that J'(e} = 1. Therefore J/'(V) is an operator system.

10
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Chapter 2 : Matrix Normed and Operator Spaces

This chapter will serve as an introduction to the ahovementioned spaces and

give a hint to the abundant existence of them.

Let X be a vectc. space over € and let M, ,,(X) denote the vector space

. of n by m matricss consisting of entries from X and we endow it with the

operator norm by considering it as a linear transformation from the Hilbert

spac: ™ to the Hilbert space € *,

Definition 2.1 X is called a maw ' r.ormed space if each M, ,.(X) is
given a norm |- I, ,,, such that foreach A€ M, ,,, Be M, (X), Ce M,
we Have '

JABClnm < ALl 1 Bllp,q €.

 Set M, (X} = M, ,(X). We assume that the norms Il - [| on each M, (X}

satisfy the following:
i} For esch B & M, (X), 0 € Mpn(X), B+ 0l = 1Bl

[if For each.B & M,(X), 4, C' & M, we have [[ABC||, < |l 4] [|B]l,, lIC}.

We assign norms to M, ,,(X) by embedding it in M;(X) such that k =
max{n,m} by a.djoi:ﬁng rows or colurans of zeros and take the nyrms on

M;,. For this reason we assign norms to M, (X).

If X is matrix normed, we set M, ,(X) = B, (X), M, (X} = C.(X),
R,(C) = R, and C,(C) = C,. Netice that, for example, by the identifi-
cation M, (R (X)) = M, ,(M, ;(X)) = M, (X), we have E, to be a

mairix normed space. Similarly, C,(X), R,, C, are matrix normed epaces.

Let X and Y be matrix normed spaces and ¢: X — ¥ linear. Define

11
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o™ M,(X) —» M,(Y) via 0™ ((zy)) = (p(z5). We set [lolly =
sup"tp“u and say that @ is completely bounded when [fpf],, < co. We say
that @ is completely coniractive if ||p||;; < 1 and v a complete isometry if
each " is an Isometry. Two matrix normed spaces are eompletél'y tsomet-
rically ssomorphic if there is a complete isometry of the first space onto the

second.

By the method of adjoining zeros we can see that B, and C,, are not com-
plete isb;qetries even though B, and €, are isometrically isomorphic by the

natural..  atification.

We now mention an important matrix normed space.

Let H be 2 Hilbert space and set H* =H & -0 H (n timé:a).. Let B(Hj =
B(H, H] denote the space of bounded linear operators on H. B(H) becomes
a matrix normed space if we identify M, (B(H)) with B{H™, H") through
the identification (L;;)(hy @ --- @ h,) = (E; Ly;(R;)} & --- 0 (; L;{L;))
and give this space the operator norm. [Using the fact that if 4 is any C*
algebra, then A is isomorphic to a subalgebra of B(H), it is interesting to

note that every C*-algebra is a matrix normed space.]

We now make a very important definition.

Definition 2.2 An operator space X is a matrix normed space which has

a completely isometric representation as a subspace of a C¥—zlgebra.

In Chapter 3, we discuss a very important characterization of operator spaces
given :by Ruan [4] as L™-matrix normed spaces. He defines a L®-matrix
normed space as & matrix normed space X such that if A € M, (X) and
B € M,,(X) then || 4® Bl n = max{|[dll, | Blln}. He proves that if X is

12
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an L% -normed space then there exists a completely isometric representation
of X as a subspace of a C*-algebra and conversely that every operator space

is a L%°~matrix normed space.

Let us now discover more matrix normed spaces,

Let X be a matrix normed space. Then X°P, the opposite space, where

given z.y € X ‘then y.z € X, is a matrjx normed space through the norm
1t )

Ha 72 = J{2;;)tl]. where ¢ represents the transpose map. A nice example

iV “s1/llnm 1{. 5 5

is R which is corapletely isometrically isomorphic to C,,.

In [5] it is shown that ff X is a matricially normed space, then the cala.ﬁonical
inclusion of X into the continuous functions on the unil ball of its dual aids
it to identify X with a subspace of a C*-algebra and thus endow X to he
an operator space. Bletcher and Paulsen in [6] denote this operator space by
MIN(X) and denote the norm by [[ - [, Since

el = sup{l s 171 < 1)
< sup{ ||z} ]| W72 lrll < 1}
< flz)|
we see that MIN(X) is the minimum of all possible matzix norms on X.
Let X be a matrix normed space with the norm ||{z;;} |7 = sup{ le(z }

where the supremum is taken over all Hilbert space H and over all contractive

linear maps @ from X to B(H). Bletcher denotes this space by MAX(X).

If X is a normed space, then define a norm on M, (X) = M, ® X and give it
the projective tensor norm. Bletcher and Paulsen denote this matrix normed
space as PROJ (X}, This norm turns out to be the largest of all matrix

norms on X that are crossnorms on M, @ X,

13
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Let X be a matrix normed space and let X be the dual 1 pace. X™* becomes
matrix normed space by the identification of M, (X*) and M, (X}* through
the duality '

(7))} = 3 Fislmis)s £ EX*, T, €X.
ij

This identification induces 2 norm on X*. Bletcher and Pa.ﬁii_-"ﬁn denote it a\
the Choi-Effros dual of X. Similarly, the left dual matrix ﬁ;:rmed space of
X, X, is obtained by the identification of M (X*} with B(C,(X),C,) with

Fidorseesm)t = (3 Fuflehen s o Fuile)) » fi5 € X7, ;€ X.
i i o

Similarly, the right dual matrix normed space of X, X, is obtained by the

‘identification M, (X)* with B(R,(X), R,) through

{2y5- :$n)(f;5) = (Z 701 C.7) PO me(-'ﬂ‘))

Let X and Y be matrix normed spaces and B{X,Y) denote the space of
bounded linear mape from X to Y. The left mairiz normed space B,(X,Y)
is obtained by identifying M, (B(X,Y)) with B(M,(X), M,(Y)) through

(L) zg) = (; Liy(2hy )» Ly € My (B(X,Y)).

Stmilarly the right matriz normed space B,{X,Y) is obtained by the identi-
fication of M, (B(X,Y)) with B(M,(X), M,(Y)) through

(2:) (L) = (; Ly (31‘!:)) .

14
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We now have an interesting proposition:

Proposition 2.8: Let X be a matrix normed space. Then X and B,(X,C)
is coﬁ}pletely isometric: isomorphic through the identification of X™* with
B(X,©). -

Proof M, (X;) = B(Cu(X),C,) and M, (B,(X, C)) = B(M,(X), M,).
We know that M, (X}) can be identified as M, {X,)* by {{f;;), ()} =
i Fiilzis)s f,-f € X*. Consider (Fi)(®gs- .. m,)" 28 () (2;;) and consider

the following norms

() mup{ S, figle): Nowse ozl < 1}
l : "(zt'.'r')"n < 1}'

We see that (1) is less than (2) since (2} has only the first column non-zero.

(2 3“1’{ (_S.:k ﬁk'(‘%'))

Notice that
“Z’; Foae(zry) “2 = Bup{z:lkz; f;ﬁ(%j)"‘jf’ EY L PR S W el 1}
X t 12

and setting =}, = 3 . z,:); and realising that "(9:’1,,:5:,)” < 1 we have
that (2) is less than (1). m )

Let X and ¥ be matrix normed spaces and CB(X,Y) be the space of com-
pletely bounded maps from X to ¥. Let the norm be

[Eidall, = m00{ |2tz . Nezsll

<l (Ls'j) € M,,_(CB{X, Y])! (-"’ke) € Mm(x)}'

~ This becomes a matrix normed space.

15




By letting L: X — M_,{Y) given by L(a:]. = (Ly(z)), we can identify
M,(CB(X,Y)) with CB(X,M,(Y)) and |(Z;)]. = [Zfls- With these
identifications, we can stt;.dy CB(X,Y) more:

Proposition 2.4: Let ¥ be an operatur space. Then CB(X,Y) is an

operator space.

Proof: Le; Y be an operator space. Then by Ruan’s characterization,

mentioned on page 12, Y iz a L°°-matrix normed spacei.e. if 4 € M, (V), B €

Mm(Y) then "(A & B) [!n+m = m{"A"m ”B"m}‘

Now let A € M, {CB(X,Y)) =CB{X,M,(Y)) and B€ M, (CBR(X,Y)) =

CB(X, My (¥)). Then | 40B | nsp, = | M, (V@M (V)] = max{ 4], I B])}
o since Y is an operator space. Thus CB(X,Y) is an L™-matrix normed space

and thus an operator space. W

-~ Remark:

When ¥ = € we can identify X* with CB(X,C) isometrically and isomar-
phically. This allows X™ to be an operator space. Bletcher and Paulsen [6),
refer {0 it as the standard eperator space dual of X denoted X*. They point
out the importance of this dual by poiuting out a few facts: Let X and Y be

operator spaces.

(i} Let T': X’ — Y be completely bounded, then the adjoint map I'*: ¥* —
X* is completely bounded and 7|l ; = [|T||,;-

_5 (i) Ifi: X — Y is a completely isometric inclusion, then **: X** — Y™**

o is a cornpletely isometric inclusion,
[y (i) MIN(X)* = MAX(X*) and MAX{X)* = MIN{X*).
16
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An important point which shows a breakoff from Banach space theory is that
if X is a matrix normed gpace then the canonical embedding of X into X™**

is not a complete isometry since X is an operator space. However, we have

Theorem 2.5 Let X be an operator space. Then the canoncial embedding

of X into X** is a complete isomet?y.

Prooft Since we assume X iz an operator space we may assume that X

is subspace in..B(H ) for some H. Let ¥ be the fa.mnly of finite dimensional
subspact; F of H. For each F € #, let oz be the compression map from
B(H) to B(F). If ~: X’ —+ X** is the canonical embedding we see that for
[#;;] € M, (X) we have

€510, = e {[F151 | s € Batt (34, (x*)) }
= sup { " [Fxel=s;)] ” t [fue] € Ball(M,(X* ))}
= sup {"T,,([zi,]) [| :T € Ball(CB(X, M,,))]
< [zl

Since ¢ is & contractive map, then || [”if]” = sup{ (PF)"([“’;‘jD tFe¥ } <

iz,

17




Chapter & : Characterization of Operator Spaces

We now deal with an important characterization of operafor spaces as L*-

spaces which was done by Ruan [5]. We first go through some preliminaries.

Preliminaries

.We have al~ =dy defined the concept of matricially normed spaces in Chapter |

%. In addition we have.. :

Definition 8.1: A matricially normed space F with norm || [f,, (noted

as (B, [I,.) is a L®-space if it satisfies:

12 ® Yllnsm = sup{lizll,, folln} forall ze M, (B), y € M, (E).

ii

We then have the following propositi(‘m:

Proposition 3.i: Let (E,| [,) be a matricially normed space. Then we
have that:

(1) lezBlly <ol 18 Izl & € My, B € M,,, =€ M,(E).

(2) ||-’”£j||1 < H[xf;']"n < Z?,j-_-z "3:3"1 for all [‘%‘] € M, (E).

Proof:

(1) Letax e M, ., € M, ,, and & € M, (E). Case 1: m > n: Consider |

18
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(2)

[e, 01, [’g] € M, then we I";ve that

el (0t LI
=g el --

Cese £: m < n: Consider [4] ; 18,0] € M,,. Then we have that

bt1-- | 5 ol <[] vetatissoil
= llad 81 =,

Case 9: m = n: The xesult follows immediately from Definition 2.1 (ii):

"

Let [z;] E’_M,‘(E) and {E;;}} ;= be the system of matrix units of M,,. o
Then | ' “

Hzeslly = [|Bodless 1Bl 5‘"[%5]"“‘

Let 4* = {A‘° : n X % matrices such that 1st and ith rows iz the unit

element 1, in M,.}

1

Then 4* is the set of unitary matrices in M, and we also have that
18‘-3' @Eij = .4'- (3?53- @ E,'J') AJ . Then

lzi ® Byl = il2 ® Bufl, = oyl

Thus
L n
Mzl < D2 N=s @ Eigll, = D Mgl
5=t ig=t
and so

ol < sl € 3 Bl m

i,7=1

Remark: From (2) we see that E is domplite under || ||, iff M, (E) is

complete under [| |l for every n € N.
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- khelationship between [°°—gpaces and Operator Spaces

We will now work our way to prove a g about L"?--spacea which il state

that it is isometric to an operator space.

Assume E to be an L™-space. Let E = {#:z € E}. F is a vetor space
under the operations 2+§ =z + y and AT = iz. Define the norm on M,(E)
by

lzghil, = lisalll,

and thus  is also an L matricially normed space.

Now consider the vector space I = E ® F @ € . We identify an element of L

say t O F & A with a 2 x 2 matrix

s 3]

for every z,y € E and A € €. L is a *-vector space under the involution J

‘defined by

We can identify
[[;:: :;]] in M, (L) =M,(E)e M. (E)oM,
with the matrix
& %)
y, «
where & = [A;] € M,,, z, = [z,;] € M,(E) and 7, = [7] € M, (). For
each n € N, M, (L) is a *-vector space with the involution J,, defined by

e =z, )" _Ter w*
¥ a] |z af
where
Zp = [F5] and Ty =[y;].

20
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The gelf-adjoint part of M, (L) is written as

M, (L), = {[ o z;} : ¢ is self-ajoint in M, =z, =[z;] € Mn{EJ} .

Zn

We also define
a .1
= %] emamn

to be positive if « > 0 in M, and for any ¢ > 0,

los*2z.e 13, <1

where @, = a4 ¢l, and a2 = [a;H/ 2{!_\"1 in M,. We denote M_(L)* as

the set of all positive elements in M, (L) h:' Firstly, a lezoma:

Lemma 3.3: For every n» € N, M, (L)* is a positive cone in M, (L),.

With this matrix order, {L,J, M, (L)‘*') becomes a matrix ordered space.

Proof; The zero element of M, (L) is in M, (L)*.

Firstly, let A > 0 and

[ o« @z,
A
zy «

Al ® ®=lo] de Az,
zm e |(Az,) Ae

such that Ax > 0 in M,,. Let ¢ > 0. Then

] € M, (L),

- Then

n(a\d):lfﬂ(;\zu)(ka);-lfzi]“ =

= |l /2 zne 2] < 1

and thus

1

© r . +
AL;: | M)

21
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Secondly, let X € M,,,,, and

o
&= ]eMu(L)+
- n
Then :
a =z XaX X'z X
els e[ £ T oo
such that X*aX > 0in M,,. Assume that X 5 0 and let ¢ > 0. Let
£ = Irx'f‘jm- > 0. Then
R

- ”(Xﬁax)-—lfﬂxialfﬁ(a—d/2 —Ifz)ag{zX(X*aX)‘”’”

= W ¥* (e 2z, a:llfﬂ)j(ll such that ¥ = az}.]{z)!L’(.}f{"'ﬂzX'):1*"2 EM,,,

< {134 o232 a;:”.' 3L N1¥) by Proposition 3.1

< P %) since [;; ®n ]GM (L)} and |a;Y%, a7Vl <1
"

" X*amj“lfz}f*a X(X*QX)“1/2||
< | Orax) 73 ) (X eX) V3 = 1,0 = 1.

- Since
£
X* G X =X (a—f— IIX*XI) X< X aX +¢l,,

Therefora

x* [;‘, ""ﬂ] X €M, (L),

n

Thirdly, suppose thas

a = By +

& ][4 Y]eme

Let




The: {2 @ f) > 0 in M,,,. Let € > 0. Then

“(a ®8)1 (5 @ v} ® )7 ”’"2,,

= ” (a‘;ﬂ? 65;-1}2)(3“ ® y“)(a:'lm eﬁ;-l/g)"zu
= “ (a2, ol g (ﬂ;xfﬁyn ﬁ:uz”nu ‘

el )
Ly the L°-condition. Therefore Q € M, (L)*.

Then

[:* ?] * [ﬁ :}'5‘] = e 2alQ [i"] € My, (I)*.

Yn B!

Thus M, (L)* is a positive cone in M, (L),Vx € N and (L, J, M, (E)F)

hecomes a matrix ordered space.

L_ermna 3.4: Let

R +
e—[ﬁ 1]GL

and e, = e®--De, € M, (L}*. Then L i3 a proper cone in L; with order

unit ¢ for every n € N and M, (L)% is Archimedian with order unit &

Proof: Assume

Az .
1\\’}. [ 7 J‘] e Lt n(-L*).
)

Since X 2120 and A < O this implies thag A = 0,

Let € > 0, then

O b e L

which implies that ||z|| = 0.

23




Therefore L+ N {-—L*) = {0} and thus L'* is 2 proper cone,
Let
A
 en
Choose ¢ > 0 sufficiently large enough such that £ A > |[z]] > 0. Then

A =z tE A z
““"[z A]"[ z til}zo

in L; and thus e is an order unit of LY.

Similarly e, iz an order unit of M, (L)* for every n € IN. Suppose

& %emmn

such that

a z, >
[z’,; a]+ten__.0Vt>O.

Then « + ¢1,, > 0 for all £ > 0 and this implies that & € M. Let ¢ > 0.
Then
1/3
”a"”zz o 1"2" :-:” a+-—) ,,(:c+—)--——--" <L
Thus
[ o ”;] € M,(L)*

W
xﬂ-

and M, (L)* is Archimediap for every n € IN. m

Corollary 3.5: There exists & complete order isomorphic injection
r: L — B(H) for some Hilbert space H sucl that (e} = 14.

Proof:t From Theorern 1.4, we find that L is completely order isomorphic
to an operator sysiem, i.e. there exisis a map 7 such that r{e) = 1 where
r: L — B(H) for sorne Hilbert space and being a complete order isomorphic

injection. m
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We have basically shown that r(L} = Ly C B(H) and thus Ly is a.n."op.erator
system. The other implication is that its matricial norm can be expressed in

terms of the matrix order of B(¥). Effros describes the norm as

]|[:c;:.1||ﬂ=inf{a\>0: [['\zt:] [fii]] 20y, in Mzu(B(H])} f

for every [z;;] € M, (E).

Ruan defines & norm on M, (L) by

. [de, 4 )
lull,, = inf {A >0; |0 Ae,,] > 0,, in M,“(L)}
for all
= g‘ :] € M, (L)

where z,, = [2;;], 9, = [f;] € M,(E) and a = [\;] € M,.

7 is an order isomorphism zad with this norm 7 is a complete isometry.
i Lemma 3.8: There exists a complete isometry n: £ — L.

Proof: Let n: F — L be a map defined such that

=[5 o

Let %, € M, (E) such that ||z, ||, = 1. Then we have that

M (2s) = [UO ”;,"]

o

with 0 and O,, as zero elements in M,, and M, (E) respectively.

By the definition of matricial normed spaces we have that

0, =z, z, 0,

25
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Let € > 0. Then

Il(l:a.m)“1 & ﬂ(12n)e 1/2" = Il(l2 )72 [ ‘“as] (1zh);-1f2i
e &l g, .
1+e 1+e¢

Also using the mairicial norm mentioned before we see that

sy Y= )20 n

"

where :
0 =
We also see that ||y, (z,)fl, <1.

Now let r = ||4h,, (2, )}]|3n- Then note that

[r1§,, :z:d] [ re, ¢n(=u)]202u in M, (L).

g ri,,

!bﬂ(mll) reﬂ-
Let ¢ > 0. Then

e P [T P
n 2n
and we also have
[o: 5]

\-1/2{0, = ~1/2 o LY Yn]llan
(r12n)a [0: 0:] (ﬂ'ﬂu)s_ on r+¢
= lzalla

rie

Therefore,

1= [lzalln < 7 = ()]l < L.

n

Thus |4, (# )5, = llz,]l, which implies 1, is & complete isometry. m

We have finally come to the main theorem:
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Theorem 3.7: Let (E,|| |} be a matricially normed space. Ther E is

an L™ matricially normed space iff £ is completely isomeiric to an operator

space.

Prooft <= I F is corapletely isometric to an operator space then E can be
considered as a linear gubspace of B(H) where H is a Hilbert spa.ce: Using
.the operator norzﬁ, il conditions are satisfied to make E a L™ matricially
normed space.

= Assume F is an L° matricially normed space and consider the map

¢ =ron: E - B(H) which gives a complete isometry, »
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Chapter 4 : The Haagerup Norm

In this chapter, we involve in a discussion to motivate the existence of Habkn—
Banach analogoues of completely bounded maps in operator space theory. To
do this we introduce the Haagerup norm and aiso show that it iz completely

injective.

Definition 4.3: Let A= [z4] & M,, ,(X) and B = {y;;] € M, ,,,(Y). The
operation A ® B is an element of M, .. (X ® Y} given by the definition

k
AGB= (in,.@yfj) .

ra=1

Remark: This operation was firstly introduced by Effros.

Definition 4.2: Let X and ¥ be matrix normed spaces. Then the Haagerup
matrix norm on X @ Y is defined by ’

UMy = inf {E Il IBell: U= 40 Bk}
k=3 k=1

where the infimum is taken over al! such representations of U/.

Definition 4.3: A matrix normed space X is called 2-row summsng if
T = (Zyye0e58;) € B{X), ¥ = (Bpp014038545) € B;(X) implies that

2= (Zy500 0y Tpy;) € By ;(X) sntisfies
ll2li* < Ylzll? + luli®.

Similarly we can define 2-celumn summing analogously. X is said to be

2-summing if it is both 2-row and 2-column summing.
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The above definition is very useful since it gives a different perception on the

calculation of the Haagerup norm as seen in the following norm:

Lemma 4.4: I X is 2-row summ_i:ng and Y is 2-column summing, then
foruinX@®Y,
el = mt{ 4] |1B]: v = 40 B},

Proof: Hu= Ef___l A@® B such that 4; € M ,,.(X), B; € M, ((Y) then
u = A® I where

"'\"'-. I-,-1 A 1
N ) fg-A 1 X'Ir
Tk i -1 =1
A= I- :\\H __E M;'n(X) and B = [fl Bl,...,rk Bk] € Mn’l(Y)-
kakJ

with the condition that n = ny + -+ + n; and r; > 0. Now, using the
hypothesis of 2 row and 2 coluron summing of X and ¥ respectively we have

that

k k '
l4l*Bl* < (Z r?IlA;II’) (Z r;"HB.—H”) -

f==1 i=1
Let ry = ||B;[|/]|4;[|. Then

k
4l 181l < 3 lAll I1B;f] and we obtain [lu],. w

g=1

To discuss the injectivity, we firstly do some preliminaries on tansors:

Ku EE&"@Y and u = ), z; @y, let us set E = span{z,,...,z,}, F=
span{yy,...,¥,}- We choose a basis in F say {yy,..:,¥;}. Then we can
wite u = Y r_, z} @ y; after reexpressing Ypg17+ -2 Yy I0 terms of the basic
elements. Similarly, by choosin__g basis elements z},...,z}, for the span of

12, ®yl. We can continue this process

{z},...,z}} we can write u =
until we express u = > 15,8 forsomet € N,
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Lemma 4.5 Letu € X®Y suchthat u'ss E:‘;I 2, Qy; =
{zl,....,:cn}, {91520} {210-. 205} {@y5-.. ;) are linearly indepen-
dent, Then span{z,,...;5,} = span{v,,...,v,} and spen{y,,...,y,} =

spanfwy,..., W} k P

Proof: Let f;: X — C be linear functionals such that f;(z;} = §;;. Then
for f;@1: X @Y —» Y, it follows that y; = (f; ® 1)(u) = Y i, f;{t Jw, =

Y ey fi{vp)wy which implies that y; € span{w,,...,w,}. The rest is

proved similarly.

Theorem 4.6: Let X and ¥V be matrix normed spaces such than X is
2-row summing and ¥ column 2-summing, Let X; € X and ¥; C Y be

subspacés. Then the inclusion of X, @, ¥y intc X ®, Y is an isometry.

Proof: Let ||lul|, denote the norm of % in X1®,Y; and let ||lu)] = inf{|jA]l | B] :
v=A@B}, A€ M, ,(X), B M,,(Y) be the norm of u in X 8, Y.
Then, [[uf] < ||uff,. |

Set u=AQ@B, A= (5,...,8,) € My ,(X), B=(y1,-..,4,) € M, 1(Y)
and assume that y,,...,y; are linearly independent. We write B = L{b,,...,b.)*
where L i3 an n X k matrix of scalars. If we let & = UP be the polar form
of L, then U is an n X k isometry and P is u &k X k invertible matrix. Let
B' = {b},...,5) = P(by,...,b;) and so u = A®(UB') = (AU} © B'. Note
that

FAN 18] = |4l |[UBY = |4} 1B > | AU} &)}

Thus, we have written v = A’ @ B' such that {|A'|| | B'|| < {|All ||B]] and

with the entries of B’ linearly independent.

Since v € X ® Y, by Lemma 4.5 we see that the entries of A” and of B”
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belong to X, and Y, respectively. Hence {ju,]] < |A”{| |B"]} < JjA]l i B]]
and since A and B are arbitrary, [ju, || < |jul].

Proposition 4.7: Let X and ¥ be mairix normed spaces, Then the map
®:C,(X) @, B (Y) & M, (X®,Y) given by $(A® B} = A@Bisa

completely isometric isomorphism.

Proof: Let U = Y.b  A; ® B; = (A,...,4A) ® (Byy..., By}, then
o(U) = 5F_ A, © B;. T we perceive V = (4,,...,4,) as an element of
M,, ,(X) with columns A;, and W = (By, ..., B})* as au element of M} ,(Y)
with rows B; then (U} =V o W.

Since [[(Ay,...,4)]] in M, ,(Cp(X)) is the same as |V in M, x(X) and
[(By.+s By)tl] in My, (R,(Y)) is the sime as [W]| in M, (), it follows
that Ul = |o(0}]| p» 20d so @ is an isometry. The proof for complete

isometry is identical.
Before we.proceed we must realise a very important point.
Lemras 4.8: All operator spaces are 2-summing,

Proof: By Ruan's theorem we know that operator space X is a L%-space.
Let {2y;...,%,) =V € R,(X) and (y,111...,9;) = W € RB;(X). Let Z =
(513 ++1ZnaBgs-++235)- Then flafl = [V @ W} = max{ V'], 7]} = |1}
say, without loss of generality. Therefore ||2]|2 = W[ < [W]? + [|[V'}? and
thus X is row—2-summing. Similarly, it can be provel that X is column—2-

sumrning.
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Theorem 4.9: Let X and Y be operator space, X, C X, ¥, C Y sub- |

spaces. Then the inclusion of X, ®; ¥ into X ®, Y is a complete isometry.

Proof: C,(X)and R, (Y) are cperator spaces and thus 2-summing. There~
fore C, (X,) ®, B, (Y;) is isometrically embedded into C, (X) ®;, R, ({Y) by
Theorem 4.6 and by Proposition 1.7, X; ®, Y into X ®; Y is completely
isometric. -, ' o

~ [

P

We note the following with the defined maps. Let X, Y andi)! :-.‘;{;natrix
normed spaces and let p: X R Y - Z be completeljr bounded and define
L,: X — By(Y,Z) and R,: ¥ -+ B,(X,2) by L(a){s) = p{z ®y) and
B)e) =olz®y). -
A€M, (X)and Be Mk.;,_(Y) we have tha:.]t ©"(A® B) = (L%(A)(B))=
R%(B)(A) and thue we have that

”'p"cb == ”Lp"cb = iiRgo"cb'

i !
v,

With these identifications we have that:

Proposition 4.10: Let X,¥,Z be matrix normed spaces. Then using
the maps ¢ ~+ L, and ¢ — R, we have the isometries from the space

CBlX ®, Y,Z) onto C‘B(X,EI’: "IZ)) and onto C'B[Y, B,(X,Z)) respec-
tively.

We now have the Hahn-Banach extension theorem anuiogune:
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Theorem 4.11: Let X be an operator space, and let ¥ C X be a subspace.
Then every completely bounded '.'ﬁa.p p: Y — M, can be extended to a
~ completely bounded map $: X — M,, with '

=l \";

el = I8l

Proof: R, ard X are operator spaces and by Theorem 4.9 we have that
R, ®,7 is completaly isometrically embedded in F, ®, X. Therefore, every
bounded linear functional on R, @ » Y extends to 3 bounded Linear functional
on R, @, X. Using thé isometries C?B(R:@h Y,C) = CB(Y, B,{:RMC )]
and CB(R, 8, X,C) & CB(X,B,{R,,C)) we see that every eompletelyl
bnund;d linear map from ¥ to B, (R,,€) extends to a mep frem X to
B,{(R,,C) preserving the ¢b-norm. Since B,(R,,C) is isomorphic to C,,,
we have an extension theorem for ma.p.s into C,,. In [7}, Paulsen and Smith
have shown that the Haagerup tenzdr product of operntor spaces is again
an operator space, Now consider the operator spaces ¥ @, C, & X @, C,..
By a similar argurent as above every map in CB(Y ®,C,,0C,) extends to
a map in CB(X ®, C,,C,). However. we know that CB(Y ®, C,,C,) =
CB(Y, B(C,,C,)) and CB(X®,C,,C,} & CB(X, B,(C,,C,)). Therefore
we have an extension theorem for maps from ¥ into B,{C,,C,). To comnplete
the proof, we must realise that B,(C,,C, )} = M,, through the identification

of & matiix with a linezr transformation, =
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