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Abstrad.

This research report serves as an introduction t;:l the concept of Operator

Spaces which has gained considerable momentum in its acknowledgement and

research interest in the last few decades. It will highlight a very important

breakthrough on the characterization of Operator spaces which occurred in

the !ast few years brought about by Z.J. Ruan. It investigates the relationship

of this space in relation to Banach space theory by looking at an extension

theorem for linear functionals,
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Operator r::pacesis a very dynamic mathematical concept which is blossoming

at an incredible rate. We discuss its nature set out in the following chapters

as follows:

Chapter one: We introduce masricially ordered spaces and operator sys-

tems. The main aim of this chapter is to obtalr ..Theorem 1.4 which relates

these two ideas aud is an important stepping stone in the development of

chapter three.

Chapter two: This introduces matrix normed and operator spaces but

more importantly it serves to show the abundance of such spaces. Importent

terminology is introduced to place this theory into sound footing such as

completely bounded maps which could be related to as bounded maps in

Banach space theory. Ruan's theorem is mentioned as a prelude to chapter

three.

Chapter three: A very important chapter motivated towards the establish-

ment of Theorem 3.7 which characterizes operator spaces.

Chapter four: The Haagerup norm is introduced and we discuss its ap-

o

plication in injectivity and extension theory of Maps. Ideas of 2-row and

column summing is introduced which turns out to be an intrinsic property

of operator spaces.
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Chapter 1 : Matrix Ordered Sp>.ices

111 this chapter we consider the concept of matrix ordered spaces and work

towards a relationship between these spaces and operator systems.

Terminology

Let V,W be any twa vector spaces. We I\~t L(V, W) be she vector space

of linear functions from V to W and Vd = L(V, lR), (L(V, C)) be the real

(complex) dual space,

Let V be a complex vector space. We let Mm (V) denote the linear space of

m x m matrices l\) =: [Vii}' vi'i E V, and let ~"fm = Mm(C) where Mm has

the canonical basis

E •• = [0 1.. 0].
J) \1o 0

If v E Mm(V), wE Mn(V) we use the notation

[
v 01

v €a w = 0 m J EMm+n (V).

If rp: V -4- W is linear, we define the linear map Pm: Mm (V) -4- Mm (W) by

A *-vector space V is a complex vector space with a conjugate linear .nap

u !-+ u" such that v** = v. We say v is hermitian if o" = v. Denote Vh to be

the real space of all such hermitian elements. In general

If V is a *-vector space, we define a * operation on .L\1m(V) by letting [viil* =

[vii]. If V and W have * operations and rp: V -4- 'W is linear, we define
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rp*: V -+- W by ~*(v) = <p( ••*)*. 'I'hia defines a it operation on L(V, W). If

W = C , V'" becomes a *-vector space. If rp: V .-+ Vl is hermitian, then it

follows that <Pm: .MmCV)--+- Mm(V) is hermitian.

We say a complex vector space Y is part:'ally ordevw, (or ordered) if it is a

*~vector space together ·th a cone (not necessarily proper) v+ ~ Vh, i.e,

a, b E V+ => a + b E V+, and a E V+, oX ? 0 =? oXa E V+. We writev 2: w

if v - w E V. If V is an ordered complex space, an element e E V+ is an

order unit for V if for each v E Vh there is at> 0 such that +te :::;;v S teo

The cone V+ is Archimedian if for each Vo E V+, (-t)vo:::;; v for all t > 0

implies v E V+. We say a linear map rp; V -+- W is positive if cp E L(V, W)h

and rp(V +) ~ W+. If rp is a linear isomorphism from V onto W, we say rp is

an order isomorphism if rp and cp-l are positive.

The' cone of' positive maps L~~\W)+ provides a partial ordering for L(V, W).

Letting C+ = [0,00), \t follows that Vd is partially ordered by the cone

(Vd)+.

Real or complex spaces V and VI are said to be in duality if there exists a

bilinear map (v, I) H- v.f from V X V1 to the scalars such that

(a) v=o iff v.f=O V/EV1

(b) I = 0 iff u.] = 0 \Iv E V.

If V and V1 are in duality we denote B.,.(V, W} as the space of weakly con-

tlnuous linear functions from V to W. Let V 6 = B tr (V,lR)(= B0' (V,C )) be

the real (complex] dual.

If V and Va are complex spaces In duality then AIm (V) and Mm (VO) are in
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duality under the bilinear function
\\

In particular if V = VB ~ C , this gives a duality of Mn with itself.

If V is a *-·vector space with dual VO, we say VO is a *-vector dual if Va is a

hermitian subspace of Vd i.e. f E VA .". j* E VS then VA will be a *-vector

space.
'\
I If V is an ordered complex space with *-vector duai VO we partially order

V'" by the dual cone (VO)+ = V,S n (Vd)+, i.e, f E (Vd)+ iff f(v) ;:::0 for all

vEV+.

Let H be a Hilbert space and B(H) = B(H,Il) denote the Von Neumann

algebra of bounded linear operators on H. We may identify Mm (B(H)) with

B(Hm) where H": = H EDH ED'" EBH (m copies] by using the identification

[aijJ(xl""'Xn) = (2::::aljXj'''',Lamjxj)'
An o[Jerator system R on a J.!Hbert space H is a linear subspace of B(H)

containing the identity operator I such that if r E R, then r" E R.

Let R, S be two operator systems. We say a mapping rp: II. --+ S is completely

positive if for all m, the mappings rpm: Mm(R) -+ 1\.fm(S) are positive" Also

a lineal' isomorphism rp: R -+ S is a complete order isomorphism if both rp

and rp-l are completely positive

o A complex vector space V is matrix ordered if

(1) V is a *-vector space (and so is Mm(V) for all m';::: 1.).

(2) Mm(V\ 1 for all m;::: 1 is partially ordered.

(3) If 'Y = ["fjq] is auy m X n matrix of complex numbers,

3
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Characterization of matrix ol'gerer, spaces..

Wenow develop a discussion leading to the characterization ofmatrix ordered

spaces. In particular Theorem 1.4 is of interest.

Given a matrix ordered space V, and an element V E Mm(V) we define

3(v): Mm --).V by

(1)

Lemma 1.1 If V is a matrix ordered space, then the map

is an order isomorphism (with respect to L(Mm' V)$ i.e. the cone of com-

pletely positive maps ~n: Mn(Mm) -+ Mn(V) for an n).

Proof: It can be clearly seen that e is a surjective Hm~a" isomorphism.

Choose r E l\,fm(V) such that e(r) is completely positive. It follows then

that

is positive. Now choose € = 6*8 where

o
I
iO

o Conversely, suppose that r E Mm(V)+. Given n ;:::1, we must show that if

a E Mn(Mm)+) then
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The elements of M~~ are of the form

([1], sect 69). Hence using the map 0, every element of Mn(Mm)+ is a ~'lm

of the elements of the form

[
r_ 1m]no = .. ii~I'Y':qJ. "-1L" '.1- p,q=l

where we have "Yjg = f3m(q - '.) +j.
Thus we have

E>(r)n(U) = [0(r) [;YiJ.."Yjql]= [2:"Yiprij"Yjq] = "I*r"Y E .i\.fn(R)+.
ij

Lemma 1.2 If V ls a matrix ordered space with a *-vector dual space vo,

then VO' is a matrix ordered space.

E,?"f}of: We prove that property (3) follows: Let f E Mm(VS)+ and "" be

an m X n matrix aud let t' E Mn (V) + arbitrary. Then

v."Y*f"Y = [vpqJ. [~1iP"YjqJij] = 2:1ip"Yjq(Vpq.lij)
11

= [I:;YiP'ljqVpq] .[Iii] = ("It· v"Yt).J
pq

where "It" is the transpose of "Y*. Since V is an ordered matrix space and

property (3) follows we have that "/*Mm(VSh ~ Mr.(VO)+ .•

We will say that VO is the matrix ordered dual of V. Let VO and WO be the

vector space duals of V and W. If rp: 'V -4 W is a weakly continuous map

we define the adjoint map 'Po: #0 -4 VO by v.'P°g = cpv.g.
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It turns ~ut that the map cp H- rp ~ determines a surjective linear isomorphism

(see [2], Section 21.1). AIF.•..,it is eas~ ~o note that (CPm)S = (~~)and that

if Y and Ware *-vector spaces with *-vectol' duals Vli, W(\ then (cp*)S ==

(p0)*. It follows that cp: V -,I- VI' is completely positive iff cps ~ W5
-t VO is

completely positive.

j
i

I
I
I
I
I,
I
.1.~
'1

Now assume that V and VO are ·:~ualordered spaces. Let v E Mm(V) and

define A(v): VB -t Mm by A(v) (f) = (f(Vij)]' Then note that A(v}= 0(v)0

since if f E :,'0 and a E ,:'vIm,

And thus we have the following commutative diagram:

and since e is an order isomorphism and S is an order isomorphism with

relative complete order cones, we can conclude the following lemma:

Lemma: Let V and VS be dual matrix ordered spaces. Then the map .

(

Now we come to a very useful lemma pertaining to identity preserving maps;
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Lemma 1.3 Suppose that A ~ B(H) is art operator system, R a von-

Newmann algebra, and tp: ..4. -l- R is completely positive. Letting tp(l) == b,

there exists a completely positive map .,p: A -l- R such that 'if; (1) == 1 and

t/1(a) == b1/2'if;(a)b1/2•

Proof: Let x be a. unit vector in Hand e be the support projection for b.

Define a completely positive map 'if;n: A -l- R by

t,bn(a) = (b+ (l/n))-l/'lcp(a)(b+ (1/n»)-1/2 + (ax.x)(l- e).

The sequence b1/2(b + (1/nn-1/2 increases with the least upperbound e

and thus converges strongly to e. If a E A such that 0 ::; a ::; 1, we have

o ::; tp(a) :5 b implies that tp(a)1/2 = sb1/2 for some operator oS E B(H)

[3J. Thus .,p(a)1/2(b + (1/n))·-1/2 is a bounded sequence that converges

strongly. By taking adjoints we have tp(a}i . = b1/2s* and it is also true for

(b + (1/n»)-1/2tp(a)1/~. Since A+ is a bounded set and multiplication is

strongly contlnu-rua on a bounded set, ¢It(a) converges strongly for each

a E A+, Since.« E A, each. element a E A is a linear combination of four
\i

positive elements and thus 1j1)}(a) converges to some ¢(a) E R. It is easily

checked that ¢(a) h~ the deslred properties. _

_7'heorem J.4 If V is a matrix ordered space, then V is completely order

isomorphic to an operator system iff V+ is a proper cone with an order unit

e, and each of the cones Mm(V)+ is Archimedian. If this is the case, the

isomorphism may be assumed to map e to 1.

Proof: The necessity comes from. considering the case m = 1.

We now show that Mm(V)+ is Archimedian (m ~ 1). Let X E Afm(V)+,
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Then

since V+ is Arc Imedian and thus Y E .i\lm(V)+, Therefore Mm{V)+ is

Archimedian.

We show that Mm{lr)+ is proper (m > 1). If v E Mm(V)+ n (-..i\-fm(V)+),

then from Lemma 1.1 9(v) ?: 0 and 8(v) S o. If a E M~, then 0(v)(a) E

V+ n (-V)+ ::.'= {O} since V+ is proper. Therefore 0(v) = 0 and v = o.

Now we show that

is all order unit for Mm(V), Firstly note that if v E Vh and -te S v :5 ie

then

For a general x, choose t with -te:5 Rev, Jmv::; te, and note that

[2te v] = [te Rev] + [1 O.lJ[te Jmv] [1 ~] > o.
'1)* 2te Rev te 0 -~ Jmv te 0,-

Thus if V = [Vii] E Mm(Vh, choose t such that -te::; Rev;'i' Jmvij S te

for all i.i, and then we have

'l 1 '\"' * [2te Vii] .. > 0...,mtem + V = '2 '-' "Iij v .. 2te "It]-
l'

where "Iii is the 2 X m matrix with 1 at the (1, i)th and (2, j)th positions and

zero elsewhere. Similarly obtainable is that 2mtem - V ? o. Hence em is an

order unit for Mm{V),

Ifwe let VB = Vd we have Mm{V)+ is weakly closed and thus V and Vd are

dual matrix ordered spaces.
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Let cPm be the set of completely positive maps (m ~ 1) such that VcpE cPm

we have o r V .~ _7vfm and 11'P(e)!! ~ 1. Then E9M~ with all M~ ::::Mm is a

C* algebra. We identify Mn(E99'M~) with E99'Mn(M~) by letting

If v E V~ define a linear map F'": V -+ E9M~ by Jm(l)) = ('P(v)) E"" • It
rp "''''

is 30 defined because whenever =te ~ V ~ te we have

-t,! ::;-tepee) ::;'P(v} ~ tsc(e) ~ t.!

and thus 11'P(v)1I ~ t for all II> E ~m'

We claim J'" is completely positive because if v E Mn(V), then

We claim that

is an order isomorphism onto its image.

In order to prove this we must prove that (Jm) m is one-to-one and that for

V E Mm(v) , (Jm)m(v) ::;::('Pm(v))tpE~m ~ 0 implies that V ~ o.

Note that the second statement implies the first since if (JrrI)m(v) = 0, then

V ~ 0, and with V ~ 0 implies V = (}because Mm (V) + is a. proper cone.

(I
We know that Mm(V)+ is we Jy closed and nence it will be suidcient to

prove that If I::;:: [/pqJ E M'm{VO)+ , then f(v) :2: o.

I(v) =-: "Lhj(Vi:i) = E[/pq(Vij)]pq€ij::-; LA(f)(Vij)€ij
i:i if

9



But we know that A(f) ;s completely positive from lemma and may assume

that <Po = A{f) E ~m' Then we have that I
I
t

Assume that A is faithfully represented on a Hilbert space H. Let b= J (e)

and using Lemma 1.3 there exists a complete order isomorphism J' of V into

and thus we have that 11 ~ o.

Set A = $m($IPE1>m.M~). Define a linear map J: V ~ A by J(v) =
$Jm (v). We have that J is completely positive and J is also a complete order

isomorphism since if v E Mm(V) such that Jm(v) ~ 0, then (Jm)m(v) ~ 0

and from above v ~ o.

.B(H) such that JI(e) = 1. Therefore JI(V) is an operator system.
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Chapter 2 : Matrix Normed and Operator Spaces

This chapter will serve as an introduction to the abovementioned spaces and

give a hint to the abundant existence of them.

Let X be a vectc ~ space over C and let Aln m (X) denote the vector space,
of n by m matrical) consisting of entries from X and we endow it with the

operator norm by considering it as a linear transformation from the Hilbert.

spac C m to the Hilbert space en.

;Pefinition 2.1 X is called a rna",'''' 'i.•armed space if each }..fn,m(X) is

given a norm 1I'lIn,m such that for each A EMn,p' B EM~,q(X), C EMq,m

we Have

Set M,J.Y") = Mn,n(X), We assume that the norms II ·11 on each Mn(X)

satisfy the following:

We assign norms to M~,m(X) by embedding it in ,l\{k(X) such that k =
max{~, m} by adjoining rows or columns of zeros and take the n orms on

Mk• For this reason we assign norms to Mn{X).

If X is matrix normed, we set Mn,l(X) ::;:Rn (X) , M1,n(X) = Cn(X),

Rn(C) = Rn and Cn(C) = Cn' Notice that, for example, by the identifi-

cation .i'l.fn,,,(Rn(X)) = l\,fn,,(Mn,l(X)) == Mn2,s(X), we have Rn to be a

matrix normed space, Similarly, Cn(X), Ryl.l Cn are matrix normed spaces,

Let X and Y be matrix normed spaces and rp: X -+ Y linear. Define

11
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tp(n): Mn(X) -+ Mn(Y) via tp(n.) ((Xii)) = (tp(Xij)). We set !Icpllcb ::;
sup IIrpnHand say that cp is completely bounded when licpllcb < 00. We say

that tp is completely contractive if IIcpilcb :5 1 and cp a complete ~'8ometry if

each cpn is an isometry. Two matrix normed spaces are completP.iy isomei-

rically isomorphic if there is a complete isometry of the first space onto the

second.

By the method of adjoining zeros we can see that Rn, and Cn are not com-

plete isometries even though Rn and Cn are isometrically isomorphic by the

natural' , rltificatiofl.

We now mention an important matrix normed space.

Let H be a Hilbert space and set H" = H $ ..•EDH (n times). Let B(H) =
B(H, H) denote the space of bounded linear operators on H. B(H) becomes

a matrix normed space if we identify Mn{B(H)) with B(Hn,Jln) through

the identification (Lij)(h1 (.1) ••• EDhn) = (2:; L1j(hj)}e··· $ (2:j Lnj(Lj))

and give this space the operator norm. [Using the fact that if A is any C*

algebra, then A is isomorphic to a subalgebra of B(H), it is interesting to

note that every C*-aIgebra is a matrix normed space.]

We now make a very important definition.

o Definition 2.2 An operator space X is a matrix normed space which has

a completely isometric representation as a subspace of a C*-algebra.

In Chapter 3, we discuss a very important characterization of operator spaces

given by Ruan [4] as L':Jo-matrix normed spaces, He defines a LOO-matrix

normed space as a matrix normed space X such that if A E Afn(X) and

BE .Mm(X) then IIA$Blln+m = max{IIAlln, IIBllm}. He proves that if X is

12
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an Loo -normed space then there exists a completely isometric representation

of X as a subspace of a C*-algebra and conversely that every operator space

is a £oo-matrix normed space.

Let us now discover more matrix normed spaces.

Let X be a matrix normed space. Then xop, the opposite space, where

given x.y E X then y.x E XOP, is a matri;x: normed space through the norm

1!(xij)II:P = Ii(xij)tHr.. whe~~ t represents the transpose map. A nice example

i.e: R~P which is completely isometrically isomorphic to C11.'

In [5] it is shown that if X is a matricially normed spacer then the canonical

inclusion of X into the continuous functions on the unit ball of its dual aids

it to identify X with a subspace of a C*-algebra and thus endow X to be

an operator space. Bletcher and Paulsen in [6] denote this operator space by

MIN(X) and denote the norm by Ii ·1I:in• Since
,",

II(Xii) II:in = sup{ II/(xij) II: III!! s 1}
s sup{II (Xii) II 11/11: 11/11 s 1}

s I!(Xii) II
we see that lvIIN(X) is the minimum of all possible matrix norms on X.

Let X be a matrix normed space with the norm II(Xi;) II:ax = SllP{ Ilcp(Xi;)II }
where the supremum is taken over all Hilbert space H and over all contractive

linear maps cp from X to B(H). Bletcher denotes this space by MAX(X).

If X is a normed space, then define a norm on Mn (X) = Mil. ® X and give it

the projective tensor norm. Bletcher and. Paulsen denote this matrix normed

space as PROJ(X). This norm turns out to be the largest of all matrix

norms on X that are crossnorms on A-fn ® X.

13
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Let X be a matrix normed space and let X* be the dual! pace. X* becomes a

matrix normed space by the identification of Mn(X*) and .L\{n(X)* through

the duality

(Ut:j),(Xij) = Lhj(Xij), Iii E X*, xii EX.
ij

This identification induces a norm on X", Bletcher and Paub, rn denote it as
the Choi-Effro8 dual of X. Similarly, the left dual matrix normed space of

X, XI. is obtained by the identification of Mn(X*) with B(On(X), en) with

(lij)(Z!, ..• , xn)t = C~:::11i(xi)~'" ,E11'11(Xj) r, Iii E x-, Xj E X.
j i

Similarly, the right dual matrix normed space oi.X, X; is obtained by the

identifica.tion Mn(J:)* with B(Rn(X),Rn) through

(X1,.··,xn)(fij) = (2:lil(xi), ... ,I.:fin(x~)).
i i

Let X and Y be matrix normed spaces and B(X, Y) denote the space of

bounded linear maps from X to Y. The. left matrix normed space Bt(X, Y)

is obtained by identifying Mn (B(X, Y)) with B (Mn (X), Mn(Y)) through

(L,j)(Xij) = (LLi1~(Xkj)' Lij EMn(B(X,y)).
Ie

SImilarly the right matrix normed space Br(X, Y) is obtained. by the identi-

fication of Mn(B(X,Y)) with B (Mn (X), Mn(Y)) through

o
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We now have an interesting proposition:

proposition 2.3: Let X be a matrix normed space. Then Xi and Be(X, C )

is conlpletely isometric isomorphic through the identification of X* with

B(X,C).

Prqof: Mn(Xl) = B(Cn(X),Gn) and Afn(Be(X,G)) = B(Mn(X),Mn).

We know that Mn(Xt) can be identified as Mn(Xe)* by ((Iii)' (Xii)) :::;:

Lij Iii (Xij)' Iii EX*. Consider (lij) (x l' .••,Xn) t as (Iii) (Xii) and consider

the following norma

(1) sup{ EilEj /;j(Xj)!2: II(x1"" ,xn)tlln,l s 1}.

(2) sup (Ii(r.:k lik("'kf) ) 11'= II("'if) II. :0; 1}.

We see that (1) is less than (2) since (2) has only the first column non-zero.

Notice that

and setting x~ = Lixk:iAj and realising that II(x~,... ,x~)11$ 1 we have

that (2) is less than (1) .•

/e-"
\0 Let X and Y be matrix normsd spaces and GB(X, Y) be the space of com-

pletely bounded maps from X to Y. Let the norm be

I
"I.\._;

ll(Lij)nlln =sup{II(Lij(Xke))ILn: Il(xke)lIm

$1, (Lij) EMn(CB{X,Y)), (xke) E Mm(X)}.

This becomes a matrix normed space.

15
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By letting L: X -+ Mn{Y) given by L(x) == (Lij(X)), we can identify

2'.1n(CB(X, Y)) with CB(X,Mn(Y)) and IHLij) lin = IILlIcb' With these
.

identifications, we can study CB(X, Y) more:

Proposition 2.4: Let Y be an operater space. Then CB(X, Y) is an

operator space.

Proof: Let Y be an operator space. Then by Ruan's characterization,

mentioned on page 12, Y i~a LOO-matrix normed space i.e. if A E Mn (Y), B E

Mm(Y) then iI(A EEl B)lin+m = max{IIAlln, IIBllm}·
Now let A E .Mn(CB(X,Y)) = CB(X, Mn(Y)) and BE Mm(CB(X,y)) =
CB(X,Aim(Y»)' Then IIAEElBllm+n = IP'Wn(Y)EElMm(Y)11 = max{IIAll, liB!!}
since Y is an operator space. Thus CB(X, Y) is an LOO-matrix normed space

and thus an operator space. _

Remark:

When Y == C we can identify X* with CB(X, C) isometrically and isomer-

phically. This' allows X* to be an operator space. Bletcher and Paulsen [6J,

refer to it as the standard operator space dual of X denoted X*. They point

out the importance of this dual by pointing out a few facts: Let X and Y be

operator spaces.

(i) Let T: X -+ Y be completely bounded, then the adjoint map T*: Y* -~

X* is completely bounded and IIT*II'-':b = I!Tllcb'

(ii) If i: X .-+ Y is a completely isometric inclusion, then i**: X** -+ y**

is a completely isometric inclusion.

(iii) MIN(X)* = MAX(X*) and MAX(X)* = MIN(X*).

16

.I?4L au I. _154'1_ ...



An important point which shows a break,t'}fffrom Banach space theory is that

if X is a matrix normed space then the canonical embedding of X into X**
-

is not a complete isometry since X** is an operator space. However, we have

Theorem 2.5 Let X be an operator space. Then the canonciaI embedding

of X into X** is a complete isometry.

Proof: Since we assume X is an operator space we may assume that X

is subspace in B(H) for some H. Let l' be the family of finite dimensional

subspace F of H. For each F E J:, let 'PF be the compression map from

B (H) to B (F). If "': X -7 X** is the canonical embedding we see that for

[:tij] EMn(X) we have

II[Xijllln = sup {II [[£ijJ(ht)] II: [htJ E Ball (Mm(X*)) }

= sup {II [lkt(Xij)] II : [Ike] E Ball (Mn (X*)) }

= sup {IITn([Xi;nll : 7' E Ball (CB(X, Mm)) ]

s IHxiiJlln'
Since !PI' is a contractive map, then il[xi.iJIl = sup { (!PF)n([Xijl): FEY:} ::;

IIfXijllln' •

1,.
l

j

)
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Chapter :5 : Characterization of Operator Spaces

We now deal with an important characterization of operator spaces as LOO-

spaces which was done by Ruan [5]. We first go through some preliminaries.

Preliminaries

We have aL~;rdy defined the concept. of matricially normed spaces in Chapter

2. In addition we have.

Definition 3.1: A matricially norrned space E with norm II tin (noted

as (E,!I lin)) is a Loo-space if it satisfies:

We then have the following proposition:
11

I.

Proposition 3.1: Let (E, II II,Jbe a matricially normedspace. Then we

have that:

(1) lIa:x.Bllm ~ 1Ia:1I1I.Bi' IIxllnl a: E Afmn, .BE Mnm, x E Mn(E).

(2) IIXi;,lIl s IHxiiJlln ~ L~i=lllxiilll for all [Xii] E Mn(E).

Proof:

(I) Let a: E Mm,n,.B E J.\{n,m and x E Mn(E). Case 1: m > n: Consider

18
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[a, OJ,[~] E}VI m then we l!~e that

llaxPlIm = Ilra,o] [~ ~] [~] IL ~ il[u Illl [~ ~ m II[~] II
.:-;- 1< - '1; !Ifill IIxII n'

Cese 2: m < n: Consider [~] , [,8,0] E Mn, 'l'hen we have that

lIaxfilim = II[a~(j ~] IL s II [~] IllIxllnll[,8,oJII

= lIallll.B1I !lx1In•

Case 9: m = n: The result follows immediately from Definition 2.1 (ii):

(2) Let [xij] E My~(E) and {Eij}~j=l be the system of matrix units of Mn-

Then

Let A* = {Ai: n X It matrices such that 1st and ith rows is the unit

element In in Mw}

Then ...4* is the Ret of unitary matrices in Mr. and we also have that

Xij ® ;]ij == Ai(Xij e Eij)Aj, Then

Thus
71 n

lI[xii]lln s L Ilxii ® Eiilln = L IIxi;lh
i,i=l i,i=l

and so
n

IIXii II1s !l[Xijllln s L IIxiilh··
i,i=1

Remark: From (2) we see that E Is complete under II III iff Mn(E} is

complete under II IIn for every n E IN_

19
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Relationship betwef:!n Loo-spaces, and Operator Spaces

We will now work our way to prove a g about LN-spac~;::\ which HI state

that it is Isometric to an operator space.

Assume E to be an Loo-space. Let E = {x: x E E}. E is a vector space

under the operations z+y = x + y and A.X = Xx. Define the norm on }..fnCEJ)

by

and thus E is also an Loo rnatricially normed space.

Now consider the vector space L =E e E $C. We identify an element of L

say x e y $ A with a 2 x 2 matrix I
[
A X·* [X Y]
1] A.I = z X •

for every x, y E E and A E C. L is a *-vectol' space under the involution J

defined by

with the matrix,
I,

o where a = [Aij} E Mnl :en= [Xij] E Mn{E) and Yr.. = [Yij] E Mn{Ej. For

each n E IN, Mn(L) is a *·-vector space with the involution In defined by

l()

'\j where

20



The self-adjoint part of Mn (L) is written as

We also define

to be positive if a ~ 0 in Mn and for any f > 0,

h 1 d -1/2 (+1/2'-1' M 1',u d (L)+were at; = a;- € n an at: = a, .~ in n' he enote Mn as

the set of all positive elements in Mn(Lh: Firstly, a lemma:

Lemma 3.3: FOl' every n E N, Mn(L)'Jr is a positive cone in Mn{Lh.

With this matrix order, (L,J,Mn(L)+) becomes a matrix ordered space.

P:t'oof: The zero element of Mn.{L) is inM·n{L)+.

Firstly, let A > 0 and

Then

o

A [x: X;] = [(A~:)*
such that >.a ~ 0 in Mn' Let € > O. Then

II(>.a);1/2(Ax,J(>.a);1/2IL = II (a>'-:lj~n)-1/2kCn( ~-:1~~n)-1/211
= Ila-1/2:c Ct.-i/2,·, < 1Ii n f -

21
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Secondly, let X EMnm and l
I
I

Then

X* [0: x] [X*O!X X*x Xj
x~ :: X = (X*XnX)* X*;'X EMm(Lh

such that X*aX 2 0 in Mm' Assume that X i= 0 and let € > O. Let

1:1 = rrx;xll > O. Then

II (X* aX); 1/2 (X* xnX) (X* aX);- 1/211n

= II(X* aX) -1/2 X* 01.1/2 (a-1/2x a-1/2)0!1/2X(X* aX) -1/211
I! I!l f1 n fl 1(1 f 1'1.

::::1I)I*(a-1/2x 01.-
1/2))111' such that )I:: 01.1/2 X(X*aX)-1/2 EM1!1 1'1. fl , £1 - e nmIn

:$II)I*1I110:~1/2xna~1/2"nll)lil by Proposition 3.1

s IP(*IIII)l1I since [x: ~] EMn(L)t and 1I0:~1/2xno:~1/2":$1

= II (X*ax);1/2 X*aC1 X(X*aX);1/211

s II (X*o:X);1/2 (X*o:X).:CX*o:X); 1/2 II :::: 1111'1.11 = 1.

Since

Thereforn

Thirdly, suppose tha~

Let

Q = [x: ~] e [~ ~] = [(,,:::'l* ("~:p.l]E M",.(L)q.

22

..

I



II (a ED,8);-1/2 (Xn EBYn)( a ED,8);1I2112n

= II (a;-1/2 ED,8;1/2)(xn $ Y,.)( a;I/2 Ef) ,8;1/2) 112n

= II(a-1/2x a-I/2) $ (,8;;1/2y ,8-1/211~ n e ~ n f! 12n

I
I

Th.~ (a EB,8) 2:: 0 in M2n. Let f. > O. Then

e. = [~ 0] E L+o 1

= max {lla;1/2Xna;1/2I1n' 1I,8;1/2Yn,8;l/21!n} $ 1

by the Loo-condition. Therefore Q EM2n{L)+.

Then

Thus Mn(L)+ is a positive cone in Mn(LhVn E 1N and (L,J,Mn(E)+)

becomes a matrix ordered space.

Lemma 3.4: Let

and c,£= e$ ...$ ,enE Mn (L) +. Then L+ is a proper cone in Lh with order

unit e for every n E 1N and Mn{L)+ is Archimedian with. order unit en'

to
I,
1

Proof: Assume

1\
I

Since ..\ 2::1,0 and;" $ 0 this implies that, A = O.

Let € > 0, then

which implies that IIxll = o.

23
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Therefore L+ n (- L +) = {o} and thus L+ is a proper cone.

Let

[~ x] E L .x x h

Choose t > 0 sufficiently large enough such that t ± oX ~ IIxll ;:::O. Then

te ± [; ~] = [t =; ,\ t ~ oX] ~ 0
,
I

[a xn]. EM (L)x* a n hn

in Lh and thus e is an order unit of L+.

Similarly en is an order unit of Mn(L) + for every n E IN. Suppose

such that

[x~ x;] + ten ~ 0 \;It> o.

Then a + tln ~ 0 for all t ~ 0 and this implies that a E M;t. Let € > O.

Then

[a Xn 1EM (L)+
x~ a J nl.

and Mn{L)+ is Archimedian for every n E IN. II

Thus

o
Corollary 3.5: There exists a complete order isomorphic injection

r ; L -+ B(H) for some Hilbert space H such that r(e) = lH'

Proof: From Theorem 1.41 we find that L is completely order isomorphic

to an operator system, i.e. there exists a map r such that r(e) = 1 where

r: L -+ 8 (H) for some Hilbert space and being a complete order isomorphic

injection. _

24
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Wehave basically shown that 7"(L) = LH ~ B(H) and thus LH is all operator

system. The other implication is that its matricial norm can be expressed in

terms of the matrix order of 8 ()f). Effros describes the norm as

Ruan defines a norm on Mn{L) by

for all

7" is an order isomorphism a.-,ld with this norm 7" is a complete isometry.

Lemma 3.6: There exists a complete isometry 17:E -+ L.

;Proof: Let 17:E -+ L be a map defined such that

Let xn E Mn(E) such that IIxnlln = 1. Then we have that

with 0 and On as zero elements in Mn and M,.,,(E) respectively.

By the definition of matricia! normed spaces we have that

25
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Let € > O. Then
f

o

lI(r12n);1/2 [~:

= IIxnlln
r+€

Xn] (r1 )-1/211 =m: ~:]II..o 2" ~ r + €n ~n

11(12n);-1/2Xn(12rJ;1/2112n = II{12n);1/2 [~ Xc)] (12n);1/2112n

= II [~: ~: ]11,,, = IIz.II._ < 1.
1+€ 1+e -

Also using the matricial norm mentioned before we see that

where

=« = [~: ~:] EM2,,{E).

We also see that IItPl~(xnHl:~n~ 1.

Let € > O. Then

and we also have

Therefore,

1
'~,,Thus lI¢n(xn)1I2n = lIxnlln which implies ¢n is a. complete isometry. _

o

We have finally come to the main theorem:
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Theorem 3.'1: Let (E, II II,Jbe a matricially normed space. Then E is

an Loo matricially normed space iff E is completely isometric to an operator

space.

Proof: -<= If E is completely isometric to an operator space then E can be

considered as a. linear subspace of 8 (H) where If is a Hilbert space. Using

the operator norm, ",II conditions are satisfied to make E a LOO matricially

normed space.

=> Assume E is an LOO matricially normed space and consider the map

e = T 0 '1]: E --+ B(H) which gives a complete isometry. _

1
1

1
I
I
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Chapter 4 : The Haagerup Norm

In this chapter, we involve in a discussion to motivate the existence of Hahn-

Banach analogoues of completely bounded maps in operator space theory. To

do th1s we introduce the Haagerup norm and also show that it is completely

injective.

Definition 4.1: Let A = {Xij] t::; Mn,k(X) and B = [Yij] EMk,m(Y)' The

operation A 0 B is an dement of Mn,m(X ® Y) given by the definition

Remark: This operation was firstly introduced by Effros.

Definition 4.2: Let X and Y be matrix normed spaces. Then tho;Haagerup

matrix norm on X ® Y is defined by

where the infimum is taken over all such representations of rr.

Definition 4.3: A matrix normed space X is called JJ -rosu summing if

x = (xl'"'' X~;) E Rk(X), Y = (XkHI'" 'Xk+i) E Ri(X) implies that

Z = (xl"" ,Xk+i) E Rk+i(X) satisfies

Similarly we can define 2-column summinq analogously. X is said to be

2·~summing if it is both 2-row and 2-column summing.

28
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~emma 4.4: If X is 2-row summing and Y is 2-column summing, then

for u in X® V,

I
f

I
The above definition is very useful since it gives a different perception on the

calculation of the Haagerup norm as seen in the following norm:

lIulih = inr{IIAIIIIBII: u = A 0 B}.

Proof: If u = E~=lA0B such that Ai E M1,n;(X), Bi E Mn;,lCY) then

u = A 0 B where

hypothesis of 2 row and 2 column summing of X and Y respectively we have

that

IIA11211B1I2:S (t.rlllA'1I2) (t."'IIB'!12) .

Let fi = IIBili/IIAd!. Then

k

BAli liE II sL IIAillllBil1 and we obtain IIullh·.
i=l

o

To discuss the injectivity, we firstly do some preliminaries on tensors:

If u E X ® Y and u = 2:i=lXi ® Vi' let us set E = span{x1, •.• ,xn}, F =
span{Yl""'Yn}' We choose a basis in F say {YI"" 'Yk}' Then we can

wzite u = E~==lx~ ® Yi after reexpressing Yk+l" •. 'Yn in terms of the basic

elements. Similarly, by choosing basis elements xi, ... ,x~ for the span of

{xi, ... ,xD we can write u = E~l x~® Y~. We can continue this process

until we express u = E~=l Xi ® iIi for some t E IN.

o
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J,emma 4.5 Let u E X®Y such that u :·:.. 1;7=1 Xi®Yi = 2::]=1 v/iiWj and

{x1,. .. ,xn}, {YI""'Yn}, {Vl,,,,,VA;}, {w1, .. ·,w.I;} are linearly indepen-

dent. Then span{x1, ... ,~xn} = span{vt,· .. , vftJ and span{Yll'" ,Yn} =

Proof: Let h: X -+ C be linear functionals such that li(Xj) = 8£j' Then

for Ii ® 1~X ® Y -+ Y, it follows that Yi = (Ii ® l)(u) == .Er=l li(t DWk =

E~=lli(v,i:)wk which implies that Yi E span{w1, ... , wm}. The rest is

proved similarly.

Theorem 4.6: Let X and Y be matrix normed spaces such than: X is

2-row summing and Y column 2-summing. Let Xl ~ X and Y1 ~ Y be

subspaces. Then the inclusion of Xl ®h Y1 into X ® 11Y is an isometry.

Proof: Let !lull! denotethtlnormof1LinX1®hYl and let !lull = inf{IIAIIIIBII:

u = A 0 B}, A E M1,n(X), B E Mn,l(Y) be the norm of u in X ®h. Y.

Then, !lull s lIullI.

Set u = A0B, A == (Xl, ... ,:tn) E M1,n(X), .B = (Yl,. .. ,yn)t E M:'1.,l(Y)

and assume that Yl" •• 'Yk are linearly independent. We write B = L(b1, ••• , b,i:)t

where L is an n X k matrix of scalars. If we let .L~ = UP be the polar form

of L, then U is an n X k isometry and P is 0; k x k invertible matrix. Let

B' = (b~" .. , b~)t = P(bl,. •• ,b,Jt and so u= A0 (UB') = (AU) 0B', Note

that

!lAII IIBII = IIAli IIUB'II = IIAIIIIB'II ~ IIAUI! HE'll,

Thus, we have written u = A' 0 B' such that !lA'11 IIB'II ::; IIAII IIBli and

with the entries of .8' linearly independent.

Since u E X ® Y, by Lemma 4.5 we see that the entries of A" and of BII

30
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belong to Xl and YJ, respectively. Hence liuIIl :$ IIA" II IIB"II s !lAII flBII
and since A and B are arbitrary, !lUll! :$ !lull.

Proposition 4.1: Let X and Y be matrix normed spaces. Then the map

completely isometric isomorphism.

Proof: Let U = E;=lAiQ$)Bi = (AI, ... ,Ak)0 (BIl ... ,Bk)t, then

~(U) = 2::=1 Ai 0 Bi. If we perceive V = (AI"" ,Ak) as an element of

Mn,k(X) with columns Ai' and W = (B1, ••• ,B"Jt as all element of Mk,n(Y)

with rows Bi then cp(U) = V 0W.

Since H(A1l ... ,Ak)1I in M1,k(Cn(X)) is the same as IIVI1 in Mn,k(X) and

II(B1, ••• , Bk)tll in J.\fk,l (Rn(Y)) is the same as IIWI! in Mk.n(Y)} it follows

that HUI! = ll<I>(U)lIh' and so <I> is an isometry. The proof for complete

isometry is identical.

Before we proceed we must realise a very important point.

Lemma 4.8: All operator spaces are '2-summing.

\)

thus X is row-z-summlng. Similarly, it can be prove-I that X is column-2-

proof.;. By Ruan's theorem we know that operator space X is a Loo-space.

Let (x1, ... ,xn) = V E Rn,(X) and (lIn+l'''''Y.i) =W E Rj(X). Let Z =
(X11""Xn'Yn+ll' •• 'Yj)' Then Hzlj = !IVearl! = ma.x{IIVII.IIWII} = I!WI!
say, without loss of generality. Therefore IIz112 = IIWil2 :$IlWIl2 + 11V1I2 and

summing .•
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isometric .• "c

Theorem 4.9: Let X and Y be operator spac=, x, ~X, Y1 ~ Y sub-

spaces. Then the inclusion of Xl ®Jz. Y into X ®Jz. Y is a complete isometry.

Proof: Gn(X) and Rn (Y) are cperator spaces and thus 2-summing. There--

fore Cn(X1) ®Jz. Rn(Y1} is isometrically embedded into Gn(X) ®Jz. Rn(Y) by

Theorem 4.6 and by Proposition 1,7, Xl ®Jz. Y into X ®Jz. Y is completely

I "
We note the following with the defined maps. Let X, Y and 2J"I_ <matrix

normed spaces and let tp: X ~h Y -t Z be completely bounded ai1,ddefine

LI(J: X -t Bt(Y, Z) and RI(J: Y --I- Br(X, Z) by LI(J(x)(y) ;;: tp(x ~ y) and

RI(J(Y)(x) = tp(x ® y).
'1.1

IfA E Mn,k(X) and BE Mk,n(Y) we have thalt tpn(A0B) = (L~(A)(B))=

R;{B)(A) and thus we have that

We now have the Hahn-Banach extension theor-em analogue:

With these identiflcations we have that:

f
~
I
10

I
f,
!

Propositinn 4.10: Let X, Y, Z be matrix normed spaces. Then using

the maps tp --)0 LI(J and tp -t RI(J we have the isometries from the space

CB( X ®Jz. Y, Z) onto CB (X, B, 't1\ Z)) and onto as (Y,s,(X, Z)) respec-

tively"
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Theorem 4,11: Let X be an operator space, and let Y £; X be a subspace,

Then every completely bounded map 'P: Y -I- Mn can be extended to a

completely hounded map if;: X --+ Mn with

II " - il~1!'Phcb - 'PileD'

"

I t-.~
t
!
i
i
l•

I
l

I

;Proof: Rn ar:d X are operator spaces and by Theorem 4.9 we have that

Rn ®h, Y is completely Isometrically embedded in Rn ®h, X. Therefore, every

bounded linear functional on Rn ®h Y extends to 3. boun.ded linear functional

on s; ®h X. Using the isometries GB(Ru ®ll. Y,C) ~ CB(Y,Br(Rn,C))

and CB(R;?; ®h X, C) ::: CB(X, Br(Rn, C)) we see that every completely

bounded linear map from Y to Br(Rrr.,C) extends to a map from X to

B; (R",,C) preserving the cO-norm. Since B; (R",,C) is isomorphic to en'
we have an extension theorem for maps into Cn• In [71, Paulsen and Smith

have shown that the Haagerup tensor product of operator spaces is again

an operator space. Now consider the operator spaces Y 011. Cn ~ X 011. en'
By a similar argument as above every map in CB(Y ®h Cn, en) extends to

a map in CB{X ®h en, en)' However. we know that CB(Y ®ll. c; Cn) ~

CB{Y,Bt(G"" Cn)) and CB(X~h c.,C,J 9~ CB(X, Bt(Cn, Cn)). Therefore

we have an. extension theorem for maps from Y into Bt(Cn, Cn)' To complete

the proof, we must, realise that Bt(Cn,Cn) ::::Mn through the identification

of a matrix with a linear transformation, _

(I
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