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Abstract

Bundles and morphisms between bundles are defined in the category of
Frölicher spaces (earlier known as the category of smooth spaces, see [2], [5],
[9], [6] and [7]). We show that the sections of Frölicher bundles are Frölicher
smooth maps and the fibers of Frölicher bundles have a Frölicher structure.
We prove in detail that the tangent and cotangent bundles of a n-dimensional
pseudomanifold are locally diffeomorphic to the even-dimensional Euclidian
canonical F-space R2n. We define a bilinear form on a finite-dimensional
pseudomanifold. We show that the symplectic structure on a cotangent bun-
dle in the category of Frölicher spaces exists and is (locally) obtained by the
pullback of the canonical symplectic structure of R2n. We define the notion
of symplectomorphism between two symplectic pseudomanifolds. We prove
that two cotangent bundles of two diffeomorphic finite-dimensional pseudo-
manifolds are symplectomorphic in the category of Frölicher spaces.
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3.1 Operational tangent vectors . . . . . . . . . . . . . . . . . . . 47

3.2 Kinematic tangent vectors . . . . . . . . . . . . . . . . . . . . 50

3.3 Tangent linear maps . . . . . . . . . . . . . . . . . . . . . . . 51

3.4 Tangent bundles . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.5 Cotangent bundles . . . . . . . . . . . . . . . . . . . . . . . . 60

3.6 Vector fields and forms . . . . . . . . . . . . . . . . . . . . . . 63

3.7 Lie bracket . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4 Symplectic structure on cotangent Frölicher bundles 73
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Introduction

This dissertation is aimed at extending the theory of bundles to the cate-
gory of Frölicher spaces and investigating the symplectic structure on such
bundles. Our work rests on the notions of Frölicher spaces as developed
in [2],[3],[5],[6],[7],[9],[14] and [17] which the category is denoted by FRL.
It was proved in [7] and [9] that the the category of differential spaces is
non-cartesian closed and that of Frölicher spaces is cartesian closed (see also
[14]). The advantages of the category FRL were detailed in the introductory
chapter of [2].

The first chapter of this dissertation presents the basic concepts of the cate-
gory of Frölicher spaces as defined in [2], [5] and [6]. We compare the topology
generated by the structure curves and that induced by the structure func-
tions on a Frölicher space. We review some properties of Frölicher structure
on a set and give some examples. We also review the characterization of
diffeomorphisms (in the sense of the category of Frölicher spaces) and the
category of pseudomanifolds. A pseudomanifold is a Frölicher space locally
diffeomorphic to a closed subspace of the n-dimensional Euclidian canonical
Frölicher space Rn [2]. We prove that the structure functions and the struc-
ture curves are smooth (in the sense of category of Frölicher spaces) and that
the set of all the structure functions of a given Frölicher space is an algebra.
A tangent vector will be defined on this algebra of structure functions. We
define some additional concepts and properties of linear Frölicher structure
on the set formed from the other Frölicher linear spaces because, the fibers
of a vector Frölicher bundle all have a linear Frölicher structure (see the fol-
lowing paragraph).

The second chapter deals with the theory of bundles in the category of
Frölicher spaces. The definition of a bundle in the category of Frölicher
spaces, first given in [2], is recalled. We follow the common theory of bun-
dles developed for other categories in [4],[10],[13] and [16]. We prove that a
fiber of a bundle in the category of Frölicher spaces has a Frölicher struc-
ture. We also prove that a section on a Frölicher bundle is smooth (in the
setting of Frölicher spaces) and we define a morphism between two Frölicher
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Introduction viii

bundles. The Frölicher bundles and the morphisms between them form the
category of Frölicher bundles. We then investigate some particular type of
bundles in category of Frölicher spaces, such as the fiber bundles, the vector
bundles and the principal bundles. We give particular attention to the vector
Frölicher bundles. Some examples follow each type of Frölicher bundle.

The third chapter reviews in detail the tangent structures on a Frölicher
space. The kinematic tangent structure is provided by the structure curves
and the operational tangent structure is defined by the structure functions
of the underlying Frölicher space, see [2], [6], [7] and [17]. In this work, we
are interested in the operational tangent structure on a Frölicher space. We
prove that a tangent space on a Frölicher space has a linear Frölicher struc-
ture. The linear tangent map between two operational tangent Frölicher
spaces, as defined in [2], is reviewed and greater detail given. We prove that
the linear tangent map between two tangent Frölicher spaces is linear and
smooth (in the sense of the category of Frölicher spaces). We define, as in
[2], [6] and [7], the notion of the tangent bundles on a Frölicher space. We
prove that the tangent and the cotangent bundles on a Frölicher space have
a Frölicher structure. We are interested in the tangent and the cotangent
Frölicher bundles on a finite-dimensional pseudomanifold. We prove that the
tangent and the cotangent Frölicher bundles on an n-dimensional pseudoman-
ifold are locally diffeomorphic to the even-dimensional Euclidian canonical
Frölicher space R2n. Then, the tangent and the cotangent Frölicher bun-
dles on a finite-dimensional pseudomanifold are examples of vector Frölicher
bundles. Detailed proofs of the tangent maps between two tangent Frölicher
bundles, as defined in [2] are given as well as properties of vector fields and
forms on a finite-dimensional pseudomanifold, viewed as the base space of a
tangent Frölicher bundle or the base space of a wedge product Frölicher bun-
dle. We investigate the correspondence between a form and exterior form
on a finite-dimensional pseudomanifold, as in [10] for the category of dif-
ferentiable manifolds. We conclude this chapter with a brief review of the
Lie-bracket on the set of vector fields on a finite-dimensional pseudomanifold.

In the fourth chapter, we investigate the existence of a symplectic structure
on a cotangent Frölicher bundle on a finite-dimensional pseudomanifold. We
mainly refer to [2] for the symplectic structure on Frölicher spaces of con-
stant dimension. The common theory on symplectic structure is found in
[1], [10] and [15] for other categories. We review in detail the basic con-
cepts of symplectic structures on linear (Frölicher) spaces. Some examples
of symplectic linear Frölicher spaces follow. The concept of symplectic struc-
tures on a vector Frölicher bundle and some examples are given. We define a
symplectic structure on a finite-dimensional pseudomanifold. The standard
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example of a symplectic pseudomanifold R2n is given with respect to the
canonical symplectic form and we show that there exists a symplectic struc-
ture on the cotangent Frölicher bundle of a finite-dimensional pseudomani-
fold by the pullback of the canonical symplectic form on R2n. The induced
symplectic form is defined on a fiber of the tangent Frölicher bundle on a
finite-dimensional pseudomanifold. Here, a finite-dimensional pseudomani-
fold is the state space of a cotangent Frölicher bundle on a finite-dimensional
pseudomanifold. This is a second example of a symplectic pseudomani-
fold. We give a definition of a symplectomorphism between two symplectic
pseudomanifolds and prove that the cotangent Frölicher bundles on two dif-
feomorphic finite-dimensional pseudomanifolds are symplectomorphic. We
expect that the canonical form of the symplectic structure over a cotangent
Frölicher bundle on an n-dimensional pseudomanifold might be induced from
the canonical symplectic form of R2n. Since an n-dimensional pseudomani-
fold is locally diffeomorphic to a closed Frölicher subspace of Rn of constant
maximal dimension and their cotangent Frölicher bundles are symplectic that
is, these symplectic cotangent Frölicher bundles are symplectomorphic. But,
we need some additional concept beyond this work to guaranty the induced
canonical symplectic structure. In our opinion, this is an open question for
a future work.



Chapter 1

Some concepts of Frölicher
spaces

In this first chapter, we present the basic and useful concepts on Frölicher
spaces.

1.1 Frölicher structures

In what follows M is a set, FM a collection of real-valued functions f from
M to R and CM a collection of curves c of R to M . We have the following
diagram:

-R Rf ◦ c�
�

�
��

c

M

f
@

@
@

@R

Definition 1.1.1 (See [2], [5],[6], [7], [14]) The triple (M, CM ,FM) is a
Frölicher space if the following properties, called compatibility condition,
are satisfied:

• ΦCM := {f : M → R | f ◦ c ∈ C∞(R,R) for all c ∈ CM} = FM ;

• ΓFM := {c : R →M | f ◦ c ∈ C∞(R,R) for all f ∈ FM} = CM .

1



1.1 Frölicher structures 2

The pair (CM ,FM) is called a Frölicher structure on M . The elements
of CM are called structure curves in M and those of FM are structure
functions on M .

In this work, when there is no confusion, we might mention (M, C,F) or
simply M as a Frölicher space instead of (M, CM ,FM) with subscript M . We
will write F-space for means of Frölicher space and F-structure for means of
Frölicher structure.

Remark 1.1.1 There are two natural topologies underlying an F-space
(M, C,F): the topology generated by the structure curves in M , denoted by
τC, and the topology induced by the structure functions on M , denoted by τF .

Proposition 1.1.1 The topology τC is finer than the topology τF , that is
τF ⊆ τC.

Proof. Let (M, C,F) be a F-space, τC the final topology induced by structure
curves in M and τF the initial topology generated by structure functions on
M . The topology τC is generated by subsets U of M such that c−1(U) are
open sets in R, where c ∈ C (see [9] and [14]). The topology τF is generated
by the basis {f−1 (0,+∞)}f∈F (see [2]). We need to show that for any subset

W of M , if W ∈ τF then W ∈ τC. That is, c−1(W ) is an open set in R. Given
W ⊆M such that W ∈ τF , the set can be written as

W =
⋃
{f−1 (0,+∞)}f∈F

=
⋃
f∈F

f−1 (0,+∞) .

For some c ∈ C, using the properties of reciprocal images, we have

c−1(W ) = c−1

( ⋃
f∈F

f−1 (0,+∞)

)
=

⋃
f∈F

c−1
(
f−1 (0,+∞)

)
=

⋃
f∈F

(
c−1 ◦ f−1

)
(0,+∞)

=
⋃
f∈F

(f ◦ c)−1 (0,+∞) .

Since c ∈ C and f ∈ F , the composite f ◦ c is a C∞-map from R into
R. Therefore, f ◦ c is a continuous map. And, since the set (0,+∞)
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is an open set in R, then (f ◦ c)−1 (0,+∞) is an open set in R. Hence

c−1(W ) =
⋃
f∈F

(f ◦ c)−1 (0,+∞) is an open set in the usual topology of R.

Thus, W ∈ τC. That is, τF ⊆ τC. �

If the two topologies τC and τF coincide then the space M is said balanced
[5]. Moreover, if the space M is balanced and compact Hausdorff then M
is called base space [2]. In our work, we will restrict ourselves to the base
spaces and it will be assumed that a set and its subsets are all endowed with
the same topological structure.

Definition 1.1.2 (See [2]) Let Fo be any subset of RM . The set Fo is called
the generating set of the F-structure (ΓFo,ΦΓFo) on M (generated by func-
tions), if

• ΓFo := {c : R →M | f ◦ c ∈ C∞(R,R) for all f ∈ Fo};

• ΦΓFo := {f : M → R | f ◦ c ∈ C∞(R,R) for all c ∈ ΓFo}.

Similarly, any subset Co of MR is called the generating set of the F- struc-
ture (ΓΦCo,ΦCo) on M (generated by curves), if

• ΦCo := {f : M → R | f ◦ c ∈ C∞(R,R) for all c ∈ Co};

• ΓΦFo := {c : R →M | f ◦ c ∈ C∞(R,R) for all f ∈ ΦCo}.

Now consider an F-structure (ΓFo,ΦΓFo) (or (ΓΦCo,ΦCo)) on a set M . In
what follows, we will show that Fo ⊆ ΦΓFo (or Co ⊆ ΓΦFo) and the unique-
ness of the F-structure.

Lemma 1.1.1 Let C1, C2 be subsets of MR and F1, F2 subsets of RM . We
have:

1. If C1 ⊆ C2 then ΦC2 ⊆ ΦC1

2. If F1 ⊆ F2 then ΓF2 ⊆ ΓF1.

Proof.

1. Let f ∈ ΦC2. We have, by Definition 1.1.1, f ◦ c ∈ C∞(R,R) for all
c ∈ C2. In particular, f ◦ c ∈ C∞(R,R) for all c ∈ C1 since C1 ⊆ C2.
Thus, f ∈ ΦC1.
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2. Let c ∈ ΓF2. Then, by Definition 1.1.1, f ◦c ∈ C∞(R,R) for all f ∈ F2.
Since F1 ⊆ F2, we have particulary f ◦ c ∈ C∞(R,R) for all f ∈ F1.
That is c ∈ ΓF1. �

Remark 1.1.2 One can observe from Lemma 1.1.1 that the functors Γ and Φ
are order reversing. As a consequence, a small set generates a richer F-
structure.

Proposition 1.1.2 Consider an F-space M , let Fo be a subset of RM and
Co a subset of MR. Then

1. Fo ⊆ ΦΓFo

2. Co ⊆ ΓΦCo

Proof.

1. Let Fo be a subset of RM and assume that f ∈ Fo but f /∈ ΦΓFo. It
follows, from Definition 1.1.1 and f ∈ Fo, that there exists c ∈ ΓFo
such that f ◦ c /∈ C∞(R,R). But c ∈ ΓFo means that g ◦ c ∈ C∞(R,R)
for all g ∈ Fo. In particular, g = f yields a contradiction. Thus, if
f ∈ Fo then f ∈ ΦΓFo. That is, Fo ⊆ ΦΓFo.

2. As above, let Co be a subset ofMR and assume that c ∈ Co but c /∈ ΓΦCo.
That is, according to Definition 1.1.1 and the fact that c ∈ Co, there ex-
ists f ∈ ΦCo such that f◦c /∈ C∞(R,R). From Definition 1.1.2, f ∈ ΦCo
implies f ◦ c̃ ∈ C∞(R,R) for all c̃ ∈ Co. In particular, f ◦ c̃ ∈ C∞(R,R)
for c̃ = c ∈ Co. This is a contradiction. Thus, if c ∈ Co then c ∈ ΓΦCo.
That is, Co ⊆ ΓΦCo. �

Proposition 1.1.3 The following identities hold for the functors Φ and Γ:

1. ΓΦΓ = Γ

2. ΦΓΦ = Φ

Proof.

1. Let Fo be a subset of RM . From Proposition 1.1.2(1), it yields Fo ⊆ ΦΓFo.
Applying Lemma 1.1.1(2) to Fo ⊆ ΦΓFo, we obtain ΓΦΓFo ⊆ ΓFo.
Since ΓFo is a subset of MR, Proposition 1.1.2(2) gives ΓFo ⊆ ΓΦΓFo.
From the two inclusions ΓΦΓFo ⊆ ΓFo and ΓFo ⊆ ΓΦΓFo, it follows
that ΓΦΓFo = ΓFo for any subset Fo of RM . Thus, ΓΦΓ = Γ.
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2. In a similar way, let Co a subset of MR. From Proposition 1.1.2(2), it
yields Co ⊆ ΓΦCo. By Lemma 1.1.1(1), it follows from Co ⊆ ΓΦCo that
ΦΓΦCo ⊆ ΦCo. By Definition 1.1.1, ΦCo is a subset of RM . Then Propo-
sition 1.1.2(1) gives ΦCo ⊆ ΦΓΦCo. The two inclusions ΦΓΦCo ⊆ ΦCo
and ΦCo ⊆ ΦΓΦCo imply that ΦΓΦCo = ΦCo for any subset Co of MR.
Thus, ΦΓΦ = Φ. �

Remark 1.1.3 As an interpretation of Proposition 1.1.3, we conclude that
one can obtain more than one F-structure on a set. But the F-structure
generated by a fixed set Fo or Co is unique.

Example 1

1. Let M = R be the real line and the set Co = {idR}, where idR is the
identity map on R. The structure functions are given by the set

ΦCo := {f : M → R | f ◦ c ∈ C∞(R,R) for all c ∈ Co}.

We have f ◦ c = f ◦ idR = f . Hence

ΦCo = {f : M → R | f ∈ C∞(R,R)} = C∞(R,R).

The structure curves are given by

ΓΦCo := {c : M → R | f ◦ c ∈ C∞(R,R) for all f ∈ ΦCo}.

For any f ∈ ΦCo = C∞(R,R), we want to show that f ◦ c ∈ C∞(R,R)
implies c ∈ C∞(R,R). If we assume that c /∈ C∞(R,R) then, on
taking f = idR ∈ C∞(R,R), it yields a contradiction

f ◦ c = idR ◦ c = c /∈ C∞(R,R).

Thus,

ΓΦCo = {c : R → R | f ◦ c ∈ C∞(R,R) for all f ∈ C∞(R,R)}
= C∞(R,R).

The F-structure (C∞(R,R), C∞(R,R)) obtained is called the canonical
F-structure on R, see [2].

2. Let M = R2 be the 2-dimensional Euclidian space and Co the set of
all smooth curves in R2. If a function f : R2 → R is such that
f ◦ c ∈ C∞(R,R) for all smooth curves c then, from Boman’s Theorem
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in [14] or in [6], all iterated partial derivatives of f exist and are
continuous i.e. f ∈ C∞(R2,R). Thus,

ΦCo := {f : R2 → R | f ◦ c ∈ C∞(R,R) for all c ∈ Co} = C∞(R2,R).

Therefore,

ΓΦCo := {c : R → R2 | f ◦ c ∈ C∞(R,R) for all f ∈ ΦCo}.

Sinc ΦCo = C∞(R2,R), it follows that

ΓΦCo := {c : R → R2 | f ◦ c ∈ C∞(R,R) for all f ∈ C∞(R2,R)}.

Since the set of smooth curves is a subset ΓΦCo, see Proposition 1.1.2(2),
it follows that some structure curves (if not all) in R2 are smooth.
Hence, (ΓΦCo,ΦCo) defines an F-structure on R2, where
ΓΦCo ∈ C∞(R,R2) and ΦCo ∈ C∞(R2,R).

3. Let M = Rn be the n-dimensional Euclidian space and Fo the set of
all smooth functions f : Rn → R . According to Boman’s result given
in [7], f ◦ c ∈ C∞(R,R) for each smooth curve c : R → Rn. Hence,

ΓFo := {c : R → Rn | f ◦ c ∈ C∞(R,R) for all f ∈ Fo} = C∞(R,Rn)

and

ΦΓFo := {f : Rn → R|f ◦c ∈ C∞(R,R) for all c ∈ ΓFo} = C∞(Rn,R).

Thus, (C∞(R,Rn), C∞(Rn,R)) is the canonical F-structure on Rn and
Rn is called the n-dimensional canonical Euclidian F-space [2].

4. Let M = R be the real line and the set Fo = {idR, |x| | x ∈ R}. The
structure curves are elements of the set

ΓFo := {c : R → R | f ◦ c ∈ C∞(R,R) for all f ∈ Fo}.

Since f(x) = |x| (x ∈ R), the compatibility condition requires that, for
t ∈ R,

(f ◦ c)(t) = f(c(t)) = c(t) ∈ C∞(R,R)

and
(f ◦ c)(t) = f(c(t)) = |c(t)| ∈ C∞(R,R).

We have then

ΓFo := {c : R → R | c(t) ∈ C∞(R,R) and |c(t)| ∈ C∞(R,R)}.
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Therefore ΦΓFo :=

{f : R → R|f ◦c ∈ C∞(R,R) for all c ∈ C∞(R,R) s.t |c| ∈ C∞(R,R)}.

Obviously, idR and |x| for x ∈ R are structure functions since we
have always Fo ⊆ ΦΓFo as proved in Proposition 1.1.2(1). Thus,
(ΓFo,ΦΓFo) is an F-structure on R.

Remark 1.1.4 It follows that:

1. Example 1 (1), (2), (3) above are particular examples of finite dimen-
sional smooth manifolds which are F-spaces. That means that if (M,F)
is a differential space then (M,ΓF ,ΦΓF) is the associated F-space, see
[2], [6], [7].

2. Example 1 (4) above does not hold at x = 0 in the category of differential
spaces.

1.2 Frölicher smooth maps

Definition 1.2.1 (See [2] and [14]) A map ϕ : (M, CM ,FM) → (N, CN ,FN)
between two F-spaces is Frölicher smooth map if one of the following
conditions holds :

1. For each c ∈ CM the composite ϕ ◦ c lies in CN ,

2. For each f ∈ FN the composite f ◦ ϕ lies in FM ,

3. For each c ∈ CM and for each f ∈ FN , f ◦ ϕ ◦ c lies in C∞(R,R).

-M N
ϕ�

�
�

��
R

f

@
@

@
@I

@
@

@
@I

�
�

�
��

R
c
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We shall use F-smooth in short or smooth if there is no risk of confusion
means Frölicher smooth or smooth in the setting of Frölicher spaces. The
Frölicher spaces and F-smooth maps between them form a category called
the category of Frölicher spaces and denoted by FRL [2], [6], [7].

Proposition 1.2.1 Let M be an F-space. The identity map idM on M is
an F-smooth map.

Proof. One can consider the fact that ϕ = idM and N = M in Definition
1.2.1 . Hence, the proposition holds. �

Proposition 1.2.2 The composite of two F-smooth maps is an F-smooth
map.

Proof. If M, N, and P are F-spaces and ϕ1 : M → N and ϕ2 : N → P are
F-smooth maps then for some f ∈ FP and for some c ∈ CM , the composite
f ◦ (ϕ2 ◦ ϕ1) ◦ c = (f ◦ ϕ2) ◦ (ϕ1 ◦ c) is in C∞(R,R) since (f ◦ ϕ2) ∈ FN and
(ϕ1 ◦ c) ∈ CN . That is, (ϕ2 ◦ ϕ1) : M → P is an F-smooth map. �

Some examples of F-smooth maps will be given in the next section after
introducing the notion of Frölicher subspaces.

Proposition 1.2.3 Let M be an F-space. The structure curves in M and
the structure functions on M are F-smooth.

Proof. Let us consider the canonical F-structure on R. Each structure curve
in M is a map c : R →M such that for all f ∈ FM , f ◦ c ∈ C∞(R,R) = FR.
And each structure function on M is a map f : M → R such that for all
c ∈ CM , f ◦ c ∈ C∞(R,R) = CR. Hence, according to Definition 1.2.1(1),(2),
the structure curve c and the structure function f are F-smooth. �

Remark 1.2.1 Given an F-space M , by Proposition 1.2.3, we may set
CM = C∞(R,M) and FM = C∞(M,R). The notation

(M,C∞(R,M), C∞(M,R))

is used, see [14].

Definition 1.2.2 (See [2]) A Frölicher diffeomorphism between two F-
spaces M and N is a bijective F-smooth map ϕ : M → N such that ϕ−1 is
F-smooth.
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For short, we shall say F-diffeomorphism or simply diffeomorphism if there
is no risk of confusion. We will also say M and N are F-diffeomorphic or
diffeomorphic.

Proposition 1.2.4 Let M be an F-space. The identity map idM on M is
an F-diffeomorphism.

Proof. According to Proposition 1.2.1, idM is F-smooth. But, idM is a
bijective map. We have also id−1

M = idM is F-smooth. Thus, by Definition
1.2.2, idM is an F-diffeomorphism. �

Proposition 1.2.5 If ϕ is an F-diffeomorphism. Then ϕ−1 is also an F-
diffeomorphism.

Proof. By assumption, ϕ is an F-diffeomorphism. That is, by Definition
1.2.2, ϕ is a bijective F-smooth map and ϕ−1 is F-smooth. But, the inverse
ϕ−1 of a bijective map ϕ is also a bijective map. Therefore, ϕ−1 is a bijec-
tive F-smooth map. We have that (ϕ−1)−1 ≡ ϕ is F-smooth. That is, by
Definition 1.2.2, ϕ−1 is an F-diffeomorphism. �

Proposition 1.2.6 The composite of two F-diffeomorphisms is an
F-diffeomorphism.

Proof. Let f and g be two F-diffeomorphisms. That is, by Definition 1.2.1,
f and g are bijective F-smooth maps, so are f−1 and g−1. According to
Proposition 1.2.2, f ◦ g and g−1 ◦ f−1 are then F-smooth . Since f and g are
bijective maps, the composite f ◦g is also a bijective map. We have obviously
(f ◦ g)−1 = g−1 ◦ f−1, which is F-smooth. Thus, by Definition 1.2.2, f ◦ g is
F-diffeomorphism. �

Some examples of F-diffeomorphisms will be given at Section 1.6.

1.3 Frölicher subspaces

Proposition 1.3.1 Let M be an F-space and A be a subset of M . The set A
can be endowed with F-structure induced from that of M making the canonical
injection F-smooth.

Proof. Assume that (M, CM ,FM) is an F-space and A a subset of M . Con-
sider the canonical injection ι : A ↪→M .
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Let FoA := {f ◦ ι|f ∈ FM}. We need to prove that FoA generates an F-
structure on A. Let c ∈ CM and f̃ ∈ FoA, that is, f̃ = f ◦ ι. Now, consider
the maps c̃ : R → A. We have c = ι ◦ c̃. Hence

f̃ ◦ c̃ = (f ◦ ι) ◦ c̃
= f ◦ (ι ◦ c̃)
= f ◦ c.

Since f ◦ c ∈ C∞(R,R), such is f̃ ◦ c̃. So, the structure curves in A are given
by

ΓFoA := {c̃ : R → A|f̃ ◦ c̃ ∈ C∞(R,R) for all f̃ ∈ FoA}.

It follows that the structure functions are given by

ΦΓFoA := {f̃ : A→ R|f̃ ◦ c̃ ∈ C∞(R,R) for all c̃ ∈ ΓFoA}.

Thus, (ΓFoA,ΦΓFoA) defines the induced F-structure on A ⊆ M . By con-
struction made above in the proof of Proposition 1.3.1, one has to take
f ◦ ι ∈ FA for f ∈ FM . According to Definition 1.2.1(2), ι is F-smooth.
�

We mean that a subset of an F-space is also an F-space, which is not always
true in the category of differentiable manifolds. Sometimes, a subspace of an
F-space will be called F-subspace.

Example 2 Let us consider Q the set of all rational numbers. Since Q ⊂ R
and R is a canonical F-space, one can conclude by Proposition 1.3.1 that Q
has an F-structure induced from R via canonical injection. Q is then called
discrete F-space, see [2], [6] and [7].
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1.4 Product Frölicher spaces

Proposition 1.4.1 Let M1 and M2 be two F-spaces. There exists an F-
structure on the product set M := M1 × M2 making the two projections
π1 : M →M1 and π2 : M →M2 F-smooth.

Proof. Consider two F-spaces (M1, C1,F1) and (M2, C2,F2) and the projec-
tions π1 : M →M1 and π2 : M →M2.

�
π1 -

π2

6
f

6

c

M1 M2M
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�
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c1 c2

By construction, the set

Fo := {f1 ◦ π1|f1 ∈ FM1} ∪ {f2 ◦ π2|f2 ∈ FM2}

generates the F-structure on M . Note that if f ∈ Fo then f = f1 ◦ π1 or
f = f2 ◦ π2, where fi ∈ FMi

(i = 1, 2). Therefore, c : R → M is given by
c(t) = (c1(t), c2(t)) with c1 ∈ CM1 and c2 ∈ CM2 . Hence

f ◦ c = (fi ◦ πi) ◦ c
= fi ◦ (πi ◦ c)
= fi ◦ ci.

Since fi ◦ ci ∈ C∞(R,R) for i = 1, 2, one concludes that f ◦ c ∈ C∞(R,R).
Therefore,

ΓFo := {c : R →M |f ◦ c ∈ C∞(R,R) for all f ∈ Fo},

where c(t) = (c1(t), c2(t)) with ci ∈ CMi
(i = 1, 2), is the set of structure

curves in M and

ΦΓFo := {f : M → R|f ◦ c ∈ C∞(R,R) for all c ∈ ΓFo}

is the set of structure functions on M .
Let show that π1 and π2 are F-smooth. Consider c ∈ CM and fi ∈ FMi

(i = 1, 2). Hence πi ◦ c = ci ∈ CMi
for i = 1, 2 and

fi ◦ πi ◦ c = fi ◦ (πi ◦ c)
= fi ◦ ci.
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Since fi ◦ ci ∈ C∞(R,R), we have fi ◦ πi ◦ c ∈ C∞(R,R) for i = 1, 2. Then
π1 and π2 are F-smooth by Definition 1.2.1(3).
Thus (ΓFo,ΦΓFo) is the F-structure generated by Fo on the product set M ,
making the natural projections of M on Mi (i = 1, 2) F-smooth. �

Proposition 1.4.1 above can be generalized as follows (see also [7]):

Proposition 1.4.2 Let {Mi, CMi
,FMi

}i∈I be a countable collection of F-spaces.

Let M =
∏
i∈I

Mi be the product of {Mi}i∈I and πi : M → Mi for i ∈ I de-

note the i-th projection map. There exists an F-structure on M making the
projections πi F-smooth.

Proof. Alike in the proof of Proposition 1.4.1, the F-structure onM =
∏
i∈I

Mi

is generated by the set

Fo :=
⋃
i∈I

{fi ◦ πi | fi ∈ FMi
}

making the projections πi F-smooth. �

Example 3 The n-dimensional Euclidian canonical F-space Rn is a product
F-space since Rn = R × · · · × R, where R is the one-dimensional Euclidian
canonical F-space.

1.5 Cartesian closedness

Definition 1.5.1 (See [9]) Let A and B be two categories. Let ρ and λ be
two functors: ρ : A → B and λ : B → A. Then ρ is called right adjoint to
λ (and λ left adjoint to ρ) if there are bijections between the following sets:

A(λA,B) ∼= B(B, ρA) for A ∈ A, B ∈ B

in such a way that they form a natural transformation between the functors

A(λ , ),B( , ρ ) : Bop ×A → Set,

where Bop is the category opposite to B, i.e. Bop(A,B) := B(B,A) for all
objects A, B and Set is the category of sets. This natural transformation is
called an adjunction between ρ and λ.

Definition 1.5.2 (See [9]) A category A is called cartesian closed if and
only if
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1. A has a terminal object T , i.e. an object such that for any object A
there exists exactly one morphism A→ T ;

2. For any pair of objects a product exists, i.e. the functor

A → A×A, A 7→ (A,A), f 7→ (f, f)

has a right adjoint Π : A×A → A;

3. For every object B the functor ΠB has a right adjoint.

Theorem 1.5.1 (See [9] and [14]) The category FRL is Cartesian closed
i.e. for any F-spaces M , N and P there is a natural isomorphism

C∞(M,C∞(N,P )) ∼= C∞(M ×N,P ),

which can be written as exponential law

PM×N ∼= (PN)M

if one uses the notation PN for C∞(N,P ).

Proof. The proof of this theorem requires some notions which are beyond
this work. The complete materials and proof are found in [7], [9] and [14].
Take C∞, × and the adjunction in such way that the underlying set of
C∞(M,N) is the set of (F-smooth) morphisms A(M,N) and that of the
underlying sets of M and N . The adjunction

C∞(M,C∞(N,P )) ∼= C∞(M ×N,P )

is given by the map

f 7→ f̆ , where f̆(x)(y) := f(x, y);

the inverse map is

g 7→ g̃, where g̃(x, y) := g(x)(y).

�

Corollary 1.5.1 (See [17]) Let M , N and P be F-spaces. Then the following
maps are smooth:

1. ev : C∞(M,N)×M → N, ev(f, x) = f(x).
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2. ins : M → C∞(N,M ×N), ins(x)(y) = (x, y).

3. comp : C∞(N,P )× C∞(M,N) → C∞(M,P ), comp(g, f) = g ◦ f.

Proof.

1. Let c1 : R → C∞(M,N) and c2 : R → M be curves into C∞(M,N)
and M respectively. Then one has

ev(c1, c2)(t) = ĉ1 ◦ (idR, c2)(t),

where ĉ1 : R×M → N is the smooth map associated by

C∞(R, C∞(N,P )) ∼= C∞(R×N,P )

to the map c1, see Theorem 1.5.1. Since ĉ1 ◦ (idR, c2) is smooth, it
follows that ev is smooth.

2. Let c : R → M be a structure curve in M and let y ∈ N . For t ∈ R,
one has

ins(c(t))(y) = (c× idN)(t, y).

But c × idN is smooth since c and idN are smooth. Then ins ◦ c is
smooth. Hence ins is smooth by

C∞(M,C∞(N,M ×N)) ∼= C∞(M ×N,M ×N),

see Theorem 1.5.1.

3. Let us consider two curves c1 : R → C∞(N,P ) and c2 : R → C∞(M,N),
and x ∈M . It follows that

(comp(c1, c2)(t))(x) = ev(id× ev)(c1 ◦ pr1, c2 × idM)(t, x),

where pr1 : R×M → R is the natural projection on the first component
and id is the identity map of the set of functions R×M → C∞(M,P ).
The right hand side of the equality above is smooth since ev, id, c1,
pr1, c2, and idM are smooth. Hence, the left hand side is also smooth.
Therefore , since c1(t) ∈ C∞(N,P ) and c2(t) ∈ C∞(M,N), comp is
smooth by Cartesian closedness, according to Theorem 1.5.1.

�

Proposition 1.5.1 Let M and N be F-spaces. The set C∞(M,N) has an
F-structure.
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Proof. Let CM,N be the set of all curves c : R → C∞(M,N) such that
ĉ : R×M → N given by ĉ(t, x) := c(t)(x) is smooth. Since FRL is Cartesian
closed, it turns out that curves into C∞(M,N) are smooth and C∞(M,N)
has then the F-structure generated by CM,N �

Corollary 1.5.2 Let M be an F-space. The sets CM and FM have an F-
structure.

Proof. Let M be an F-space. Let N := M and M := R into the set
C∞(M,N) in Proposition 1.5.1. Thus, CM = C∞(R,M) has an F-structure
since R and M are F-spaces. Similarly, one can substitute N by R into the set
C∞(M,N) in Proposition 1.5.1. Thus, FM = C∞(M,R) has an F-structure
since M and R are F-spaces. �

Corollary 1.5.3 Let E and F be two linear F-spaces. Let LIN(E,F ) de-
notes the space of all F-smooth linear maps from E to F . LIN(E,F ) has an
F-structure.

Proof. One can see that LIN(E,F ) ⊂ C∞(M,N). Thus, according to
Proposition 1.3.1, LIN(E,F ) can be equiped with an induced F-structure.
�

Remark 1.5.1 In general, if Ei with i = 1, 2, . . . , n and F are linear F-
spaces,

LIN(E1, E2, . . . , Ek, Ek+1, . . . , En;F ) ∼=
LIN(E1, E2, . . . , Ek, LIN(Ek+1, . . . , En;F )), [14].

Thus, LIN(E1, E2, . . . , En;F ) has an F-structure.

Proposition 1.5.2 Let (M, CM ,FM) be an F-space. The set FM is an alge-
bra.

Proof. According to Definition 1.1.1 and the fact that, for all x ∈ M , the
map θ : M → R given by θ(x) = 0 is in FM , we have FM 6= ∅ and FM ⊆ RM .
Since RM is an algebra, we have to show that FM is a closed space under
pointwise multiplication of functions. In effect, for any f ∈ FM and g ∈ FM ,
the map

ϕ : M → R2 defined by ϕ(x) = (f(x), g(x))

is smooth since ϕ(x) := ins(ev(g, x))(ev(f, x)), where ins and ev are smooth
functions (see Corollary 1.5.1). Then, the function

ω : R2 → R defined by ω(f(x), g(x)) = f(x).g(x)
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is a smooth real-valued function. That is, ω is infinitely differentiable. Thus,
since f and g are elements of FM and FM has the differential structure
associated with the F-structure (CM ,FM), we have that ω◦(f, g) is an element
of FM (see also [2] and [6]). We conclude that if f ∈ FM and g ∈ FM then
f.g ∈ FM . That is, FM is closed under pointwise multiplication. Hence, FM
is an algebra. �

1.6 More about Frölicher diffeomorphisms and

product Frölicher spaces

In the following, we review some results from [17] in detail.

Proposition 1.6.1 Let M be an F-space, and let N be a set, and let
S = {fi : M → N, i ∈ I} be a family of set maps. Define the set map

ϕ : M → N I by setting ϕ(x) = (fi(x))i∈I for all x ∈M,

where N I =
∏
I

N . If ϕ is bijective then M is F-diffeomorphic to the subspace

ϕ(M) of the F-space N I .

Proof. The family

Fo = {f : N → R |f ◦ fi ∈ FM for all i ∈ I}

generates an F-structure on N making the maps fi F-smooth. Hence, there
exists a product F-structure on N I induced from that on N according to
Proposition 1.4.2. Then, ϕ := (ins(ev(fi, x)))i∈I is F-smooth since ins and ev
are smooth (see Corollary 1.4.1). Now consider ϕ−1 : ϕ(M) →M . According
to Proposition 1.3.1, the subspace ϕ(M) of the F-space N I is an F-space.
Curves in ϕ(M) have the form

c(t) = ((fi ◦ c̃)(t))i∈I ,

where c̃ : R →M is a structure curve in M . It follows from the definition of
ϕ above that

ϕ−1((fi ◦ c̃)(t))i∈I = ϕ−1(fi(c̃(t)))i∈I = ϕ−1(ϕ(c̃(t))) = c̃(t).

That is, by Definition 1.2.1(1), ϕ−1 is F-smooth since (fi ◦ c̃)i∈I ∈ Cϕ(M) and
c̃ ∈ CM . �
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Corollary 1.6.1 Let M and P be F-spaces, and let N be a set, and let
S = {f1, . . . , fn : M → N} and S ′ = {g1, . . . , gm : P → N} be fam-
ilies of set maps. Suppose that ϕ := (f1, . . . , fn) and ψ := (g1, . . . , gm)
are bijective maps M → Nn and P → Nm respectively. Then, the map
α : M × P → Nn+m defined by

α = (f1 ◦ π1, . . . , fn ◦ π1, g1 ◦ π2, . . . , gn ◦ π2)

is one-to-one, and the product F-space M ×P is F-diffeomorphic to the sub-
space α(M × P ) of the F-space Nn+m.

Proof. Since M and P are F-spaces, according to Proposition 1.4.1, the
product M × P is an F-space. The map α : M × P → Nn+m, where

Nn+m =
n+m∏
i=1

N defined by

α(x) = (h1(x), . . . , hn(x), hn+1(x), . . . , hn+m(x)),

where hi = fi ◦ π1 if 1 ≤ i ≤ n and hi = gi ◦ π2 if n + 1 ≤ i ≤ n + m, is
bijective since hi are bijective. The F-structure on N is induced by the fam-
ily {h1, . . . , hn, hn+1, . . . , hn+m} (see the proof of Proposition 1.6.1). Thus,
according to Proposition 1.6.1, M × P is diffeomorphic to α(M × P ). �

Proposition 1.6.2 Let M be an F-space with a generating set Fo of struc-
ture functions containing a function that separates points of M . Then the
inclusion

ι : M → RFo ,

where R is a one-dimensional canonical Euclidian F-space, sending x to
(f(x))f∈Fo is F-smooth and identifies M with an F-subspace of RFo.

Proof. Let us show that ι : M → RFo is F-smooth. In effect, let c ∈ CM .
Then, by Cartesian closedness of FRL (see Theorem 1.5.1),

ι ◦ c : R → RFo

is F-smooth if only if the map

˜ι ◦ c : R× Fo → R, where ˜ι ◦ c(t, g) = ι(c(t))(g) = g(c(t)),

is F-smooth. But, ˜ι ◦ c is smooth since g(c(t)) = ev((idFo × c)(g, t)), where
ev is the evaluation map (see Corollary 1.5.1(2)) and idFo the identity map
of Fo. Thus, ι ◦ c is F-smooth. Then, by Definition 1.2.1(1), ι is F-smooth
since c is an F-smooth curve. On the other hand, we need to show that if
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c : R → ι(M) is a structure curve, where ι(M) is an F-subspace of RFo , then
ι−1 ◦ c is a structure curve in M . Let us assume that c is a structure curve
in ι(M). By Cartesian closedness of FRL , c : R → ι(M) is F-smooth if and
only if

c̃ : R× Fo → R defined by c̃(t, g) = c(t)(g)

is F-smooth. But

c(t)(g) = ((ι ◦ ι−1)(c(t)))(g) = ι(ι−1(c(t)))(g) = g(ι−1(c(t))) = (g ◦ ι−1 ◦ c)(t)

(see above). Since, for all g ∈ Fo, g ◦ ι−1 ◦ c is F-smooth then ι−1 ◦ c is also
F-smooth. Thus, according to Definition 1.2.1(1), ι−1 is F-smooth since c is
a structure curve in ι(M). �

Proposition 1.6.3 Let N be an F-space, and the pair (CM ,FM) the F-
structure induced on the set M via maps fi : M → N, i ∈ I. Assume
that the map

ϕ : M → N I , given by ϕ(x) = (fi(x))i∈I ,

is bijective. Then ϕ is an F-diffeomorphism of M onto the F-subspace ϕ(M)
of N I .

Proof. Let c ∈ CM . Then, by the definition of ϕ,

(ϕ ◦ c)(t) = ((fi ◦ c)(t))i∈I

for all t ∈ R. Since the F-structure on N I is generated by the family

{g ◦ πi | g ∈ FN and πi the ith projection of N I on N, i ∈ I},

so the structure curves in N I have the form (fi(c))i∈I . Let f ∈ Fϕ(M). It
follows by setting f := g◦πi ◦ ι, that the map ϕ◦c : R → ϕ(M) is a structure
curve in the F-subspace ϕ(M) of N I . Hence, according to Definition 1.2.1(1),
ϕ is F-smooth since c is a structure curve in M . Now, let (xi)i∈I ∈ ϕ(M)
and since fi = πi ◦ ϕ, we have by the definition of the bijective map ϕ and
the associativity of the composition of maps,

(g ◦ fi ◦ ϕ−1)((xi)i∈I) = (g ◦ (πi ◦ ϕ) ◦ ϕ−1)((xi)i∈I)
= (g ◦ πi ◦ (ϕ ◦ ϕ−1))((xi)i∈I)
= (g ◦ πi)((xi)i∈I).

It follows, according to Definition 1.2.1(2), that ϕ−1 is F-smooth since g ◦ fi
is a structure function on M and g ◦ πi is a structure function on ϕ(M).
Therefore, by Definition 1.2.2, ϕ is F-diffeomorphism. �
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Corollary 1.6.2 Let M be a set, and let f1, . . . , fn : M → R be real-valued
functions on M such that the map

ϕ : M → Rn, given by ϕ(x) = (f1(x), . . . , fn(x)),

is bijective. If (CM ,FM) is an F-structure generated by the family {f1, . . . , fn},
then ϕ is an F-diffeomorphism of M to the F-subspace ϕ(M) of Rn.

Proof. Let N = R, the one dimensional canonical Euclidian F-space. Ac-
cording to Proposition 1.4.2 and Example 3, if I = {1, . . . , n} then N I = Rn

is a product space of n copies of R and hence an F-space. Thus, by Propo-
sition 1.6.3, ϕ is an F-diffeomorphism of M to the F-subspace ϕ(M) of Rn.
�

Definition 1.6.1 An n-dimensional pseudomanifold is an F-space which
is locally F-diffeomorphic to a closed subset of the n-dimensional Euclidian
canonical F-space Rn of constant dimension and nonempty interior.

More details about pseudomanifolds can be found in [2]. A pseudomanifold
is a constant dimentional F-space. That is, the pointwise dimension is the
same everywhere on the F-space. We will sometimes restricts ouselves to this
category of pseudomanifolds, a subcategory of FRL, mostly when the notion
of finite dimensional F-space will be needed.

Example 4

1. Let M = (0, 2π) be a subspace of the one dimensional canonical Euclid-
ian F-space R, and let f1, f2 : M → R be maps given by f1(x) = cosx,
f2(x) = sinx, and let idR : R → R denote the identity map of R. Ob-
viously, according to Corollary 1.6.2, M = (0, 2π) is an F-space and if
ϕ := (f1, f2), we have that ϕ : M → R2 is a bijective map of M onto
S1 \ {(1, 0)}. Hence, by Corollary 1.6.1 and Proposition 1.6.2, the map
α : (0, 2π) × R → R3, defined by α = (f1 ◦ π1, f2 ◦ π1, idR ◦ π2), is a
bijective map and the strip (0, 2π) × R is F-diffeomorphismic to the
F-subspace

{(cosx, sinx, z) ∈ R3 | 0 ≤ x < 2π, −∞ < z < +∞}
of R

2. Let M be the n-closed unit ball Bn, and let ϕ : Bn → Rn+1, given by
ϕ(x1, . . . , xn) = (x1, . . . , xn,

√
1− ‖x‖2) for all x = (x1, . . . , xn) ∈ Bn.

The functions πi, z : Bn → R, defined by πi(x) = xi for 1 ≤ i ≤ n
and z(x) =

√
1− ‖x‖2, generate an F-structure on Bn and is bijective.

Thus, by Corollary 1.6.2, ϕ is an F-diffeomorphism of Bn onto the top
hemisphere z(x) =

√
1− ‖x‖2 viewed as an F-subspace of Rn+1.
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1.7 Frölicher Lie groups

Definition 1.7.1 (See [17]) Assume that G is a group. A triple (G, CG,FG)
is called a Frölicher Lie group if:

• (G, CG,FG) is an F-space

• the mapping σ : G×G→ G given by σ(x, y) = xy−1 is F-smooth.

We will say F-Lie Group for short and it will be denoted by G. So G should
mean the underlying set of elements of the structured space. And here the
structured space can be the group G or the Group G together with the F-
structure if there is no risk of confusion. According to Proposition 1.4.1, the
product set G×G has an F-structure since G is an F-space.

Proposition 1.7.1 If H is an arbitrary subgroup of the underlying group G
of an F-Lie group (G, CG,FG) and ι is the natural imbedding of H into G,
then (H,ΓΦ(ι(CG)),Φ(ι(CG))) is an F-Lie group.

Proof. Since H is a subspace of the F-space G, the F-structure on H can
be generated by the set

ι(CG) := {c : R → H | ι ◦ c ∈ CG},

making ι F-smooth. Hence, by Proposition 1.3.1, (H,ΓΦ(ι(CG)),Φ(ι(CG))) is
an F-space. According to Proposition 1.4.1, the product set H × H has an
F-structure since H has an F-structure. Now, let us show that the map

σH : H ×H → H, given by , σH(x, y) = xy−1

is F-smooth. Let c be a structure curve in H × H. Therefore, there exists
structure curves c1 and c2 in H such that c(t) = (c1(t), c2(t)) for all t ∈ R.
Since ι is F-smooth, the map

d : R → G×G, given by d(t) = ((ι ◦ c1)(t), (ι ◦ c2)(t))

is a structure curve in G × G. Since ι : H → G is a canonical inclusion of
groups, one has

ι ◦ σH ◦ c = σ ◦ d,

where σ is given in Definition 1.7.1. But, σ ◦ d : R → G is F-smooth, since
σ and d are F-smooth. Hence ι ◦ σH ◦ c is F-smooth. Since ι is F-smooth,
σH ◦c is also F-smooth. It follows, by Definition 1.2.1(1), that σH is F-smooth
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because c is F-smooth as a structure curve in H ×H. �

Example 5 Let M be an F-space, and let Diff(M) be the set of all F-
diffeomorphisms of M . Then, Diff(M) has an F-structure since Diff(M) is
a subspace of the F-space C∞(M,M). We have that Diff(M) 6= ∅ since
idM ∈ Diff(M) and Diff(M) is a subspace of the Lie-group GL(M). Thus,
according to Definition 1.2.2, Proposition 1.2.5 and Proposition 1.2.6, the
map

σ : Diff(M)×Diff(M) → Diff(M) defined by σ(f, g) = f ◦ g−1

is F-smooth. More details on the notion of F-Lie group can also be found in
[17].

1.8 Quotient Frölicher spaces

Proposition 1.8.1 Let M be an F-space and ρ an equivalence relation in M .
There exists an F-structure on the quotient set M/ρ making the projection
map

q : M →M/ρ, a→ q(a) = [a],

F-smooth.

Proof. Let (M, CM ,FM) be an F-space.

-M M/ρ
q�

�
�

��
R

f̄f

@
@

@
@I

@
@

@
@I

�
�

�
��

R
c c̄

Let b ∈ M/ρ be an equivalence class, then there exists a ∈ M such that
q(a) = b. Now, consider f ∈ FM and f̄ : M/ρ→ R such that f = f̄ ◦ q. We
have

f̄(b) = f̄([a]) = f̄(q(a)) = (f̄ ◦ q)(a) = f(a).

Let
C̄o := {c̄ : R →M/ρ | c̄ = q ◦ c for all c ∈ CM}.
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We have to prove that C̄o generates an F-structure on M/ρ. Assume that
c̄ ∈ C̄o and f ∈ FM . Hence,

f̄ ◦ c̄ = f̄ ◦ (q ◦ c)
= (f̄ ◦ q) ◦ c
= f ◦ c.

Since f ◦ c ∈ C∞(R,R), then it is clear that f̄ ◦ c̄ ∈ C∞(R,R). So, the set
of structure functions is

ΦC̄o := {f̄ : M/ρ→ R | f̄ ◦ c̄ ∈ C∞(R,R) for all c̄ ∈ C̄o}.

It follows that structure curves are given by

ΓΦC̄o := {c̄ : R →M/ρ | f̄ ◦ c̄ ∈ C∞(R,R) for all f̄ ∈ ΦC̄o}.

Now, we may prove the F-smoothness of q as follows. For any structure
function f̄ on M/ρ and any structure curve c in M , we have

f̄ ◦ q ◦ c = (f̄ ◦ q) ◦ c
= f ◦ c.

Since f ◦c ∈ C∞(R,R) , we have f̄ ◦q◦c ∈ C∞(R,R). By Definition 1.2.1(3),
q is F-smooth. Thus, (ΦC̄o,ΓΦC̄o) is an F- structure on M/ρ making the map
q F-smooth. �

Example 6 Let G be an F-Lie group and H an F-Lie subgroup of G (see
Proposition 1.7.1). Let g ∈ G and g′ ∈ G. Define the relation ∼ by g ∼ g′ if
there exists h ∈ H such that g′ = gh. One can show that ∼ is an equivalence
relation in G. If we denote by G/H the quotient set then, according to
Proposition 1.8.1, there exists an F-structure on G/H making the quotient
map π : G→ G/H F-smooth.

1.9 Coproduct Frölicher space

Proposition 1.9.1 Let (Mi, Ci,Fi), i ∈ J, be a family of F-spaces and M̄ :=⊔
i∈J

Mi the coproduct. There exists an F-structure on M̄ making the injection

maps ji : Mi → M̄ F-smooth.

Proof. Given the injections maps ji of Mi into M̄ , and an F-structure
(Ci,Fi) on Mi for each i ∈ J . Let C̄o := ∪i∈J{ji ◦ ci | ci ∈ Ci}. In what
follows, we show that C̄o generates an F-structure on M .
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-Mi M̄
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Let c̄ ∈ C̄o. There exists i ∈ J and ci ∈ Ci such that c̄ = ji◦ci. Let us consider
f̄ : M̄ → R such that fi = f̄ ◦ ji with i ∈ J and fi ∈ Fi. Then, we have

f̄ ◦ c̄ = f̄ ◦ (ji ◦ ci)
= (f̄ ◦ ji) ◦ ci
= fi ◦ ci.

Since fi ◦ ci ∈ C∞(R,R), so is f̄ ◦ c̄. Then, the structure functions are given
by

ΦC̄o := {f̄ : M → R | f̄ ◦ c̄ ∈ C∞(R,R) for all c̄ ∈ C̄o}
and structure curves from the set

ΓΦC̄o := {c̄ : R →M | f̄ ◦ c̄ ∈ C∞(R,R) for all f̄ ∈ ΦC̄o}.

Now, we show that the injections jk, for k ∈ J , are F-smooth. For any
ck ∈ Ck with k ∈ J and for any f̄ ∈ FM̄ , we have

f̄ ◦ jk ◦ ck = (f̄ ◦ jk) ◦ ck
= fk ◦ ck.

By the compatibility condition given in Definition 1.1.1, we have
fk ◦ ck ∈ C∞(R,R). That is, f̄ ◦ jk ◦ ck ∈ C∞(R,R). Then, jk are F-
smooth according to Definition 1.2.1(3). Thus, C̄o generates an F-structure
(ΓΦC̄o,ΦC̄o) on M̄ making the injection maps ji of Mi into M̄ (i ∈ J) F-
smooth. �

Example 7 The discret F-space Q can be identified with a countable union
of points.

1.10 Construction of linear Frölicher spaces

Proposition 1.10.1 Given two linear F-spaces E and F . The direct sum
E ⊕ F has an F-structure.
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Proof. Recall that the direct sum of two linear spaces E and F is denoted by
E⊕F and is the cartesian product E×F obtained by defining the operations
componentwise:

• (e1, f1) + (e2, f2) = (e1 + e2, f1 + f2)

• r(e, f) = (re, rf) for e, e1, e2 ∈ E; f, f1, f2 ∈ F, and r ∈ R (in this
work).

The subspace E × 0 of E ⊕F is isomorphic to E and is often identified with
E; similarly for 0×F and F . With this identification, every element of E⊕F
can be written in one and only one way as the sum of an element of E and
an element of F . So, by Proposition 1.4.1, E ⊕ F has an F-structure. �

Proposition 1.10.2 Let E be a linear F-space. The algebraic dual E∗ of E
has an F-structure.

Proof. According to Corollary 1.5.3, E∗ := LIN(E,R) has an F-structure.
�

Proposition 1.10.3 Let E and F be two linear F-spaces. The tensor prod-
uct E ⊗ F has an F-structure.

Proof. We have that E ⊗ F ∼= LIN(E,F ; R) (see [14]). So, according to
Remark 1.5.1, E ⊗ F has an F-structure. �

Remark 1.10.1 In general, if E1, E2, . . . , En are linear F-spaces then
E1⊗E2⊗· · ·⊗En has also an F-structure. If E1 = E2 = · · · = En = E then

E1 ⊗ E2 ⊗ · · · ⊗ En is denoted by
n⊗
E [14].

Proposition 1.10.4 Let E be a linear F-space. The wedge product
n∧
E of

E has an F-structure.

Proof. Recall, see [14], that the wedge product is given as the image of the
alternator map

alt :
n⊗
E −→

n⊗
E, given by x1 ⊗ x2 ⊗ · · · ⊗ xn 7→ x1 ∧ x2 ∧ · · · ∧ xn

:= 1
n!

∑
σ∈Sn

sign(σ)xσ(1) ⊗ xσ(2) ⊗ · · · ⊗ xσ(n),
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where Sn is the set of permutations on {1, 2, . . . , n}. So,
n∧
E is the linear

subspace of all alternating tensors in
n⊗
E. According to Remark 1.10.1,

n⊗
E has an F-structure. Thus, according to Proposition 1.3.1,

n∧
E has

an induced F-structure. �

Definition 1.10.1 Let E be a finite-dimensional real linear F-space.
0∧

(E) = R,
1∧

(E) = E∗, and in general,
k∧

(E) = LINk
alt(E,R) is the

linear F-space of alternating tensors in
k⊗
E or skew (anti) symmetric

k multilinear forms or exterior k-forms on E.

We presented the fundamental concepts of F-spaces. We proved that the
topology generated on an F-space by the structure curves is finer than the
topology induced by the structure functions. We assumed that the two
topologies coincide. We also assumed that the F-spaces are compact Haus-
dorff. We obtained an F-structure on the following sets : the subset of an
F-space, the product set of F-spaces, the set of the smooth maps between two
F-spaces, the quotient set of an F-space and the coproduct set of F-spaces.
Finally, we proved that the linear space formed from the other linear F-spaces
has an F-structure.



Chapter 2

Bundles in the category of
Frölicher spaces

In this second chapter, we define and investigate the common notions of bun-
dles and the maps between them (as in [10], [13], [16] and [19]) restricted to
the category FRL. Such bundles are called Frölicher bundles or F-bundles
for short. We study some typical bundles such as the fiber Frölicher bun-
dles, the vector Frölicher bundles, the principal Frölicher bundles and the
associated Frölicher bundles.

2.1 Notion of Frölicher bundles

Definition 2.1.1 An F-bundle is a triple (E, π,M), where E and M are
F-spaces respectively called the total space and the base space of the bundle
and π : E → M is a surjective F-smooth map called the projection of the
bundle. For any x ∈ M , Fx := π−1(x) is called the fiber at (over) x (see
also [2]).

We will use sometimes λ, ξ, ζ, ..., like in [13], to denote an F-bundle. We
may denote the total space of λ by E(λ) and the base space of λ by M(λ).
Sometimes, we shall denote the bundle over M with total space E by the
map π : E →M .

Proposition 2.1.1 Let (E, π,M) be an F-bundle. The fiber Fx over x ∈M
is also an F-space.

Proof. Let (E, π,M) be an F-bundle. Since π is a surjective map, the set
Fx := π−1(x) is not empty and Fx ⊆ E. By Proposition 1.3.1, the fiber Fx

26
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over x ∈M is an F-space since E is an F-space. �

Let us mention that, in general, the proposition above is not true in the
category of differentiable manifolds.

Example 8

1. Let B and F be two F-spaces. According to Proposition 1.4.1, there
exists an F-structure on the Cartesian product B ×F making the pro-
jection π1 : B × F → B a surjective F-smooth map. Therefore, the
triple (B × F, π1, B) is an F-bundle and will be called the trivial F-
bundle over B.

2. The triple (S2, π,M) is an F-bundle, where the sphere

S2 := {u = (x, y, z) ∈ R3 | ‖u‖ = 1} ⊂ R3

is the total space and the segment

M := {(0, 0, z) | z ∈ [−1,+1]} ⊂ R

is the base space. According to Proposition 1.3.1, S2 and M are F-
spaces since R3 and R are the canonical F-spaces. The surjective F-
smooth map

π : (x, y, z) ∈ S2 7→ (0, 0, z) ∈M

is the projection of the F-bundle. The fiber

Fu := π−1(u) = {(x, y, z) ∈ R3 |x2 + y2 = 1− z2 and − 1 ≤ z ≤ +1}

over u = (0, 0, z) ∈ M is a circle on S2, in the plane through u and
parallel to the xy plane.

3. The triple (G, π,G/H) is an F-bundle, where G is an F-Lie group and
H a F-Lie subgroup of G. Therefore, the base space G/H is an F-space
in light of Example 6 of Section 1.8, making the (natural) projection
π : G→ G/H F-smooth.

Definition 2.1.2 An F-subbundle of the F-bundle (E, π,M) is an F-bundle
(E ′, π′,M ′), where E ′ is a subspace of E and M ′ a subspace of M , and
π′ = π|E′ the restriction of the surjective F-smooth map π to E ′.

Remark 2.1.1 In Definition 2.1.2, we need not to mention that E ′ and M ′

are F-spaces since a subset of an F-space is also an F-space (see Proposition
1.3.1).
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Proposition 2.1.2 Let (E, π,M) be an F-bundle and Eo a subspace of E.
The triple (Eo, π|Eo

, π(Eo)) is an F-subbundle of (E, π,M).

Proof. Let Eo ⊆ E. The direct image π(Eo) by a surjective map π is such
that π(Eo) ⊆ π(E) ⊆M . The restriction π|Eo

of the surjective F-smooth map
π of Eo is also a surjective F-smooth map from Eo onto π(Eo). Then, Eo and
π(Eo) are F-spaces and π|Eo

is a surjective F-smooth map. Thus, the triple
(Eo, π|Eo

, π(Eo)) is an F-bundle. By assumption, Eo ⊆ E and π(Eo) ⊆ M .
Then, (Eo, π|Eo

, π(Eo)) is an F-subbundle of (E, π,M). �

Proposition 2.1.3 Let (E, π,M) be an F-bundle and Mo a subspace of M .
The triple (π−1(Mo), π|π−1(Mo)

,Mo) is an F-subbundle of (E, π,M).

Proof. Let Mo ⊆ M . The inverse image π−1(Mo) by the surjective map
π is such that π−1(Mo) ⊆ π−1(M) ⊆ E. Hence, π−1(Mo) ⊂ E and the
map π|π−1(Mo)

is the restriction of the surjective F-smooth map π to π−1(Mo).

Thus, π|π−1(Mo)
is a surjective F-smooth map from π−1(Mo) onto Mo. The

triple (π−1(Mo), π|π−1(Mo)
, Eo) is indeed an F-subbundle of (E, π,M). �

Note that, in Proposition 2.1.3, if ξ denotes the F-bundle (E, π,M) then ξ|Mo

denotes his F-subbundle (π−1(Mo), π|π−1(Mo)
,Mo) [13].

Definition 2.1.3 An F-smooth cross-section or simply a section of an
F-bundle (E, π,M) is an F-smooth map s : M → E such that π ◦ s = idM .

One can see that s(x) is in the fiber at x ∈ M . For this definition to make
sense, we prove that such a map s : M → E exists and is F-smooth. Let us
consider the following proposition.

Proposition 2.1.4 Let (E, π,M) be an F-bundle. There exists an F-smooth
map s : M → E such that π ◦ s = idM .

Proof. Let (E, π,M) be an F-bundle. The map s : M → E such that
π ◦ s = idM exists in the category of topological spaces, differential spaces
and manifolds (see [19]). We need to show that s is an F-smooth map. Let
f ∈ FE and g ∈ FM such that f = g ◦ π. Let c ∈ CM . We have, by the
associativity of the composition of functions,

f ◦ s ◦ c = (g ◦ π) ◦ s ◦ c
= g ◦ (π ◦ s) ◦ c
= g ◦ idM ◦ c
= g ◦ c.
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But g ∈ FM and c ∈ CM , then g ◦ c ∈ C∞(R,R). It follows that
f ◦ s ◦ c ∈ C∞(R,R). That is, s is an F-smooth map by Definition 1.2.1(3).�

The set of all F-smooth cross-sections of an F-bundle (E, π,M) will be de-
noted by Γ(M,E) [16].

Example 9 (see [9]) Let (B × F, p1, B) be a trivial F-bundle. An F-smooth
cross-section of such a bundle has the form s(b) = (b, f(b)), where f : B → F
is an F-smooth map uniquely defined by s and b ∈ B. That is, by assumption,
s(b) = (b, f(b)) ∈ B × F since f(b) ∈ F . Then,

(p1 ◦ s)(b) = p1(s(b)) = p1(b, f(b)) = b

since the map p1 is the projection of B × F on the first factor. Thus,
(p1 ◦ s)(b) = b for every b ∈ B. That is, p1 ◦ s = idB. The map s is F-
smooth since s(b) := evb(idB, f), where evb is the point evaluation at b ∈ B
which is smooth, by Corollary 1.5.1.

2.2 Frölicher bundle morphisms

Definition 2.2.1 Let ξ := (E, π,M) and ξ′ := (E ′, π′,M ′) be F-bundles.
An F-bundle morphism of ξ into ξ′ is a pair (H, h) of F-smooth maps
H : E → E ′ and h : M → M ′ such that π′ ◦ H = h ◦ π, i.e. making the
following diagram commutative.

-E

?
M

H

π

-

E ′

?
M ′

h

π′

It means that H carries the fiber at x ∈M into the fiber at h(x) ∈M ′ deter-
mining completely the map h. Note that H will be also called the F-bundle
morphism over h [10], [13].

Example 10: Properties of F-bundle morphisms
In this example we refer the reader to the terminology used in [10].

1. The pair (idE, idM) is an F-bundle morphism called the identical mor-
phism of the F-bundle (E, π,M), where idE and idM are respectively
identity maps of E and M .
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2. Let (E ′, π′,M ′) be an F-subbundle of (E, π,M). Let ι : M ′ ↪→ M and
I : E ′ ↪→ E be inclusion maps, then (I, ι) is an F-bundle morphism
called the canonical morphism.

3. Let (H, h) be an F-bundle morphism of ξ into ξ′ and (K, k) be an F-
bundle morphism of ξ′ into ξ′′. The pair (K ◦H, k ◦ h) is an F-bundle
morphism of ξ into ξ′′ called the composite morphism.

4. Let (H, h) be an F-bundle morphism of ξ into ξ′, where H and h are
F-diffeomorphisms. Then the pair (H−1, h−1) is an F-bundle morphism
of ξ′ into ξ.

Definition 2.2.2 (see [13]) Let ξ := (E, π,M) and ξ′ := (E ′, π′,M) be two
F-bundles over M . An F-bundle morphism of ξ into ξ′ over M or simply M-
morphism is an F-smooth map H : E → E ′ such that π = π′ ◦ H making
the following diagram commutative.

-E E ′H

@
@

@
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M

π π′

The F-bundle morphism H over M is just the F-bundle morphism (H, idM),
where idM is the identity map of M , and we can simply write H : ξ → ξ′.

Definition 2.2.3 Let (H, h) be an F-bundle morphism of ξ into ξ′. The
two F-bundles ξ and ξ′ are said to be F-diffeomorphic if H and h are F-
diffeomorphisms. Two F-bundles ξ and ξ′ over M are said equivalent if H
is an F-diffeomorphism and h is the identity map in M [13].

The class of F-bundles together with F-morphisms form a category that we
shall call the F-bundles category, where F-bundles are objects and the
F-bundle morphisms are arrows.

2.3 Pullback and Whitney sum of Frölicher

bundles

Proposition 2.3.1 Let ξ′ := (E ′, π′,M ′) be an F-bundle and h be an F-
smooth map from an F-space M into M ′. If E is a subspace of M × E ′,
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which consists of points (b, x) such that h(b) = π′(x), and the maps

π : E →M defined by π(b, x) = b ; H : E → E ′ defined by H(b, x) = x,

then the triple ξ := (E, π,M) is an F-bundle and H is F-smooth such that
π′ ◦H = h ◦ π i.e. the following diagram commutes:

-E

?
M

H

π

-

E ′

?
M ′

h

π′

Proof. Note that the triple (M ′, CM ′ ,FM ′) is an F-space. Also the set

FoM := {f ◦ h| f ∈ FM ′}

generates an F-structure on M making F-smooth the map h. By Proposition
1.4.1, the product M ×E ′ is an F-space. Moreover, according to Proposition
1.3.1, the subset E ⊆M × E ′ has the induced F-structure. Now, the map

π : E →M defined by π(b, x) = b

is a projection of E on M . Then, according to Proposition 1.4.1, π is a
surjective F-smooth map. Thus, by Definition 2.1.1, (E, π,M) is an F-bundle.
The map H : E → E ′ defined by H(b, x) = x is F-smooth since it is a
projection of E on E ′. Let (b, x) ∈ E. Then,

(π′ ◦H)(b, x) = π′(H(b, x)) = π′(x) = h(b) = h(π(b, x)) = (h ◦ π)(b, x)

refering to the definitions of the set E and the maps H and π above. There-
fore, π′ ◦H = h ◦ π. �

Definition 2.3.1 The F-bundle ξ = (E, π,M) built in Proposition 2.3.1 is
called the pullback of ξ′ = (E ′, π′,M ′) by h and denoted by h∗(ξ′) [13].

Remark 2.3.1 By Proposition 2.3.1, one can see that the pullback of an
F-bundle is also an F-bundle and is called the pullback F-bundle.

Proposition 2.3.2 Let ξ := (E, π,M) be an F-bundle. Let N be a subspace
of M and ι : N ↪→M the inclusion map. Then the F-bundles
(π−1(N), π|π−1(N)

, N) and ι∗(ξ) are equivalent.
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Proof. From Proposition 2.1.3, it follows that the triple

ξ|N := (π−1(N), π|π−1(N)
, N)

is an F-subbundle of ξ since, by assumption, N ⊆ M and ξ is an F-bundle.
Now, combining Definition 2.3.1 and Remark 2.3.1, one can observe that ι∗(ξ)
is the pullback F-bundle of ξ, since the canonical injection ι is F-smooth. We
define a map

H : ξ|N → ι∗(ξ) by setting H(x) := (π(x), x),

where π(x) ∈ N for any x ∈ E and π is the projection of ξ. For each
x ∈ π−1(N) ⊆ E, we have π(x) ∈ N and x ∈ E. That is, the image of x ∈ N
by the map H is

(π(x), x) ∈ N × π−1(N) ⊆ N × E

in a unique way with π an F-smooth. Thus, H is a bijective F-smooth map.
Let us define an F-smooth map

H̃b : ι∗(N) → π−1(N) by H̃b(x) = x,

where π(b) = x. Therefore, H−1(b, x) := H̃b(x) and H−1 is F-smooth. Hence,
by Definition 1.2.2, H is an F-diffeomorphism. According to Definition 2.2.3,
the proof is done since ξ|N and ι∗(ξ) are both F-bundles over N . �

Proposition 2.3.3 Let ξ := (E, π,M) and ξ′ := (E ′, π′,M ′) be two F-
bundles. The triple ξ × ξ′ := (E × E ′, π × π′,M ×M ′) is also an F-bundle.

Proof. Let E, E ′, M and M ′ be F-spaces. It follows, from Proposition
1.4.1, that E×E ′ and M ×M ′ are F-spaces. We need to show that π× π′ is
a surjective F-smooth map. Consider the following natural projections p of
E×E ′ onto E, p′ of E×E ′ onto E ′, q of M ×M ′ onto M and q′ of M ×M ′

onto M ′.

�
p

-
p′

E

?

π

E ′

?

π′

E × E ′

?

π × π′

�
q

-
q′

M
�

�
��

M ′M ×M ′

R

@
@@I

@
@@R

g h

f

Let us mention that g ∈ FM and g′ ∈ F ′
M . The set

FE×E′ := {f ◦ p | f ∈ FE} ∪ {f ′ ◦ p′ | f ′ ∈ FE′}
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and the set

FM×M ′ := {g ◦ q | g ∈ FM} ∪ {g′ ◦ q′ | g′ ∈ FM ′}

respectively generate F-structures on E × E ′ and M × M ′ (see the proof
of Propositon 1.4.1). For any h ∈ FM×M ′ that is h = g ◦ q and any
v := (x, x′) ∈ E × E ′, we have

(h ◦ (π × π′))(v) = h((π × π′)(x, x′))
= h(π × π′(p(v), p′(v))
= h(π(p(v)), π′(p′(v)))
= (g ◦ q)(π(p(v)), π′(p′(v)))
= g(q(π(p(v)), π′(p′(v))))
= g(π(p(v)))
= ((g ◦ π) ◦ p)(v),

where q is the projection of M ×M ′ on M . Then, h ◦ (π × π′) = (g ◦ π) ◦ p.
Since g ◦ π ∈ FE, as from the proof of Proposition 1.4.1, one concludes that
(g ◦ π) ◦ p ∈ FE×E′ . That is, h ◦ (π × π′) ∈ FE×E′ . Thus, by Definition
1.2.1(2), π × π′ is an F-smooth map. By assumption, the map π × π′ is
a surjective map since π and π′ are surjective. The map π × π′ is then a
surjective F-smooth map of E×E ′ onto M ×M ′. Hence, by Definition 2.1.1,
ξ × ξ′ is an F-bundle. �

Definition 2.3.2 The product of two F-bundles ξ and ξ′ is the F-bundle
ξ × ξ′ as built in Proposition 2.3.3.

Remark 2.3.2 From Proposition 2.3.3, one has:

1. The category of F-bundles is closed under the product of F-bundles. So
the product of F-bundles will be called the product F-bundle.

2. The operation of product as a functor in the category of F-bundles is
defined in the same way as for the usual structured spaces.

3. The fiber of ξ × ξ′ over a point (x, x′) ∈M ×M ′ is exactly the product
of the fibers π−1(x) and π′−1(x′) respectively over x ∈ M and over
x′ ∈M ′.

Definition 2.3.3 (See [13]) Let ξ := (E, π,M) and ξ′ := (E ′, π′,M) be F-
bundles over M . The Whitney sum of ξ and ξ′, denoted by ξ ⊕ ξ′, is the
pullback of ξ × ξ′ by the diagonal map

h : M →M ×M defined by h(b) = (b, b).

The fiber of ξ ⊕ ξ′ at b is the product set π−1(b)× π′−1(b) ⊂ E × E ′.
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Remark 2.3.3 From Definition 2.3.3, we have:

1. The Whitney sum of F-bundles is an F-bundle. We call it the Whitney
sum F-bundle.

2. The category of F-bundles is closed under taking Whitney sum of F-
bundles.

3. The Whitney sum is a functor on the subcategory of F-bundles over a
set.

Proposition 2.3.4 The F-smooth cross sections of the F-bundle ξ ⊕ ξ′ are
of the form (s(b), s′(b)), where s and s′ are respectively the F-smooth cross
sections of the F-bundles ξ and ξ′ over M and b ∈M .

Proof. See [13]. The map defined by (s× s′)(b) := (s(b), s′(b)) with b ∈ M
is a cross section of ξ ⊕ ξ′. Now, let us show that s × s′ is F-smooth. Since
s and s′ are F-smooth maps, s × s′ is an F-smooth map (see the proof of
Proposition 2.3.3). Thus, the map s × s′ is an F-smooth cross section of
ξ ⊕ ξ′. �

2.4 Fiber Frölicher bundles

It must be recalled that our F-spaces are balanced. That is, the two un-
derlying topologies respectively induced by structure curves and structure
functions coincide. Moreover, these F-spaces are compact Hausdorff as men-
tioned in the first chapter. They are endowed with the same topological
structure with their subspaces.

Definition 2.4.1 The quadruple ξ := (E, π,M, F ) is a fiber F-bundle if
E, M , F are F-spaces and π : E →M a surjective F-smooth map satisfying
the following properties: for every x ∈ M , π−1(x) is F-diffeomorphic to F
and for every b ∈ M there exists an open neighborhood U ⊆ M of b and an
F-diffeomorphism

φ : π−1(U) → U × F such that p1 ◦ φ = π,

where p1 is the projection of U × F on U making the following diagram
commutative:
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-π−1(U) U × F
φ

@
@

@
@R

�
�

�
�	

U

π p1

As mentioned at Definition 2.1.1, E is called the total space of ξ, M the
base space or the basis of ξ, π the projection of ξ and F the standard
fiber or the typical fiber of ξ. The pair (U, φ) above is called a chart of ξ
(see [10],[13] and [16]).

Proposition 2.4.1 Let ξ := (E, π,M, F ) be a fiber F-bundle and (U, φ) a
chart of ξ. The F-bundles (π−1(U), π|π−1(U)

, U) and (U × F, π1, U) are equiv-

alent.

Proof. Since ξ is an F-bundle and U a subset of M , according to Propo-
sition 2.1.3, (π−1(U), π|π−1(U)

, U) is an F-subbundle of ξ. Moreover, U and

F are F-spaces and π1 is a surjective F-smooth map as a natural projection
of U × F onto U . Thus, (U × F, π1, U) is a trivial F-bundle (see Exam-
ple 8(1)). By Definition 2.4.1, there exists an F-diffeomorphism φ over U
such that p1 ◦ φ = π. That is, according to Definition 2.2.3, the F-bundles
(π−1(U), π|π−1(U)

, U) and (U × F, π1, U) are equivalent. �

Remark 2.4.1 According to Definition 2.4.1 and Proposition 2.4.1, one can
consider the following results:

1. Every fiber F-bundle ξ := (E, π,M, F ) is locally trivial and is also called
a locally trivial F-bundle and the map φ a local trivialization of
ξ since it identifies π−1(U) ⊆ E with U × F (see [13]).

2. If (U, φ) and (V, ψ) are two charts of ξ such that U ∩ V 6= ∅, we can
write

(ψ ◦ φ−1)(b, f) = (b, g(b)(f)),

with (b, f) ∈ (U ∩ V ) × F , where g is an F-smooth map from U ∩ V
to the group G of F-diffeomorphisms of F . The map g is called a
transition function and the group G the structural group [10],
[16]. One can observe that g is an F-diffeomorphism as a composite of
two F-diffeomorphisms φ and ψ.
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Remark 2.4.2 Let us mention that the notion of F-smooth cross section of
a fiber F-bundle is similar to that of F-bundle.

1. A special case of an F-smooth cross section is given by the trivial (fiber)
F-bundle (B × F, π1, B) in Example 9.

2. When the fiber F-bundle ξ := (E, π,M, F ) is not trivial, it will help to
think of F-smooth cross section as a sort of twisted map from M to F .

3. If φ : π−1(U) → U × F is a local trivialization of ξ, then we obtain the
following diagram:

-π−1(U) U × F
φ

@
@

@
@I

�
�

�
��

U

s φ ◦ s = sU

And, like in the case of (fiber) trivial F-bundle, the local description of
the F-smooth cross section is a map U → F (see [4]). We may then
speak of a local F-smooth cross section or local section if there is
no risk of confusion. A local section is defined only over an open set
U ⊂ M . Then, the set of local F-smooth cross sections is denoted by
Γ(U, F ) [16].

Remark 2.4.3 Let ξ := (E, π,M, F ) and ξ′ := (E ′, π′,M ′, F ′) be two fiber
F-bundles. The morphism (H, h) between ξ and ξ′ are defined in Definition
2.2.1. Let now (U, φ) and (U ′, φ′) be the charts of ξ and ξ′. If h(U)∩U ′ 6= ∅,
we can write

φ′Hφ−1(b, f) = (h(b), g(b)(f)), with (b, f) ∈ (U ∩ h−1(U ′))× F,

where g is an F-smooth map of U ∩h−1(U ′) into the set of F-diffeomorphisms
of F onto F ′. One can observe that g is an F-smooth map because of the F-
smoothness of φ′, H and φ−1.

Example 11

1. The trivial F-bundle ξ = (B×F, π1, B) defined at Example 9 is a fiber
F-bundle with the base space B, the typical fiber F and the projection
π1. For example, (S1 × [−1,+1], π1, S

1) is a fiber F-bundle with a
typical fiber F = [−1,+1].
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2. Let D be the F-bundle R× [0,+1] ⊂ R2 and E the quotient space of D
under the identification of (x, y) ∈ D with (x+1, 1−y). Let denote by
w the projection of D onto E. According to Proposition 1.3.1, D ⊂ R2

is an F-space. Then, according to Proposition 1.8.1, there exists an
F-structure on E making w F-smooth. Let us show that the triple
ξ = (E, p, S1) is a fiber F-bundle with

p : (x, y) ∈ E 7→ e2πix ∈ S1,

S1 the standard circle and [0,+1] the typical fiber. Let b ∈ S1. There
exists u ∈ R such that b = e2πiu. Observe that U := S1 \ {−b} is an
open neighborhood of b and W := (u − 1

2
, u + 1

2
) × [0,+1] is an open

set in D. The map
φ : w(u, v) 7→ (e2πiu, v)

is an F-diffeomorphism from p−1(U) := w(W ) into U × [0,+1]. The
inverse of φ on U × [0,+1] is given by

(x, y) 7→ w(a ln x, y)

where a = 1
2
πi.

-p−1(U) ⊂ EW ⊂ D -w
U × [0,+1]

φ

@
@

@
@R

�
�

�
�	

U

p π1

The pair (U, φ) then gives a chart in the neighborhood of b. Let
(u, v) ∈ W . We have

(π1 ◦ φ)(w(u, v)) = (π1(φ(w(u, v))))
= (π1(e

2πiu, v))
= e2πiu

= p(w(u, v)),

by the definition of p. That is, π1 ◦ φ = p. Thus, ξ is a fiber F-bundle
called Möbius strip [10], [16].

3. Let S3 be the standard 3-sphere described by,

S3 = {(z1, z2) ∈ C2 ∼= R4 : |z1|2 + |z2|2 = 1},
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S2 the standard 2-sphere and the complex projective space CP 1, the
set of all equivalence classes [z1, z2] of (z1, z2) ∈ C2−{(0, 0)} under the
equivalence relation

(z1, z2) ∼ (w1, w2) if (z1, z2) = λ(w1, w2)

for some nonzero λ ∈ C. There is a smooth identification of S2 with
CP 1 using stereographic projection as follows. From the north pole
N ∈ S2, identify pN : S2 − {N} → R2 ≈ C and also to identify
CP 1 − {[0, 1]} with C via the map ϕ : [z1, z2] 7→ z2

z1
. So, the map that

we want is obtained through the following diagram

-S2 − {N} R2 ≈ CpN

@
@

@
@I

�
�

�
��

CP 1 − {[0, 1]}

f ϕ

where f := p−1
N ◦ ϕ. That is

f : [z1, z2] 7−→

{
p−1
N ( z2

z1
) if z1 6= 0

N if z1 = 0.

Define a map
π : S3 → S2 by (z1, z2) 7→ [z1, z2].

According to Proposition 1.3.1, the spheres S3 and S2 are F-spaces
since they are respectively subspaces of F-spaces R4 and R3. Also,
according to Proposition 1.8.1, the map π is a well defined F-smooth
surjection. Thus the triple (S3, π, S2) is an F-bundle called the Hopf
map or Hopf bundle [4], [16]. The fiber over any point of S2 is

π−1([z1, z2]) = {λ(z1, z2) / for all λ ∈ C with |λ| = 1}.

In particular

π−1([1, 0]) = {λ(1, 0) / for all λ ∈ C with |λ| = 1},

which is F-diffeomorphic to S1, the circle of unit radius. Thus
π−1([z1, z2]) ∼= S1. Let define now the local trivializations. Observe
that

Ui = {[z0, z1] / zi 6= 0} , (i = 0, 1) ,
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which is an open set of S2 since U0 can be identified to S2 − {N} and
U1 can be identified to S2−{S} by the F-smooth map f defined above.
Then π−1(Ui) is F-diffeomorphic to Ui × S1 via

(z0, z1) 7−→
(

[z0, z1],
zi
|zi|

)
=

{
([1, z1

z0
], z0|z0|) over U0

([ z0
z1
, 1], z1|z1|) over U1.

The inverse map on U0 × S1 is given by

([1, z], λ) 7−→

(
λ√

1 + |z|2
,

λz√
1 + |z|2

)
,

where z = z1
z0

and λ = z0
|z0| . And the inverse map on U1 × S1 is given

by

([z, 1], λ) 7−→

(
λz√

1 + |z|2
,

λ√
1 + |z|2

)
,

where z = z0
z1

and λ = z1
|z1| . The local trivializations are well defined on

each chart above. The triple (S3, π, S2) is then a fiber F-bundle, the
typical fiber of which is S1 .

4. Consider the F-bundle (G, π,G/H) defined at Example 8(3), where H
is a closed F-Lie subgroup of the F-Lie group G and π the projection
of

G into G/H defined by g 7→ [g] = {gh / h ∈ H}.

For any [g] ∈ G/H, with g ∈ G, the fiber over [g] can be constructed
as

π−1([g]) = {ga / a ∈ H}

since H acts transitively on G. Then, if we consider the unit element
e of G, π−1([e]) = H. To define the local trivializations, we need to
consider a map fi : Ui → H, where each Ui is an open set of G/H.
Let si be a local F-smooth cross-section over Ui and g ∈ π−1([g]).
There exists a unique element hg ∈ H such that g = si([g])hg. Let us
define fi(g) = (si([g]))

−1g. This is a well defined F-diffeomorphism on
Ui since fi(g) := hg ∈ H for g ∈ π−1(Ui). Then we define the local
trivializations

φi : π−1(Ui) → Ui ×H by φi(g) = ([g], fi(g)).

Thus (G, π,G/H) is fiber F-bundle with H the typical fiber.
One can consider a useful particular example, given in [4], the Homoge-
neous bundle (O(n), π, O(n)/O(n− 1)), where the homogeneous space
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O(n)/O(n− 1) is F-diffeomorphic to the standard (n− 1)-sphere Sn−1

by the map

[A] 7→ A.e1 with e1 =


1
0
...
0

 ,
where O(n− 1) (the isotropy subgroup of e1) is the typical fiber and

π : O(n) → O(n)/O(n− 1)

the projection of the bundle.

Remark 2.4.4 Let ξ = (E, π,M, F ) be a fiber F-bundle and h : N → M a
given F-smooth map. The pullback h∗(ξ) of ξ by h is defined at Definition
2.3.1. The fiber Fx of h∗(ξ) over x ∈M is just a copy of the fiber Fh(x) of ξ.

In what follows, we show that the pullback of a fiber F-bundle is also a fiber
F-bundle.

Proposition 2.4.2 The pullback h∗(ξ) of the fiber F-bundle ξ = (E, π,M, F )
is a fiber F-bundle.

Proof. According to Proposition 2.3.1, h∗(ξ) is an F-bundle. Then, let
us show that h∗(ξ) is locally trivial. Let x be an element of N , and let
(U, φ) be a chart of ξ with φ(u) = (h(x), f), where u ∈ π−1(U) such that
π(u) = h(x) ∈ U and f an F-diffeomorphism of π−1(U) onto F . Obviously,
h−1(U) is an open set ofN because h : N →M is an F-smooth map. Let π′ be
the projection of h∗(ξ). The map ψ : (x, u) 7→ (x, f) is an F-diffeomorphism
of π′−1(h−1(U)) into h−1(U)×F since ψ is a composition of F-smooth maps
ev, ins and comp (see Corollary 1.5.1) and for the same reason its inverse
ψ−1 : (x, f) 7→ (x, φ−1(h(x), f)) is F-smooth. Thus, h∗(ξ) is a fiber F-bundle
with the typical fiber F . �

2.5 Vector Frölicher bundles

Definition 2.5.1 A vector F-bundle ξ = (E, π,M, F ) is a fiber F-bundle
ξ whose typical fiber F is a linear F-space [16].
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Example 12 The trivial F-bundle E = M × F , where M is an F-space and
F a linear F-space, is a vector F-bundle.

Some additional examples of vector bundles such as tangent and cotangent
bundles on a finite-dimensional pseudomanifold will be given in the next
chapter.

Proposition 2.5.1 Let π : E → M be a surjective map of a set E to an
F-space M . If there exists a linear F-space F such that, for every b ∈ M ,
there exists an open neighborhood U ⊆ M containing b and a bijective map
ϕ : π−1(U) → U × F then there exists on E an F-structure of vector bundle
with basis M , the typical fiber is F and the projection is π.

Proof. In effect, the set
{f ◦ π | f ∈ FM}

generates an F-structure on E making π F-smooth. Also, for every U ⊆ M ,
π−1(U) ⊆ E. Then, according to Proposition 1.3.1, we have that U and
π−1(U) have an F-structure. According to Proposition 1.4.1, we have also
that the product U × F has an F-structure. Thus, π−1(U) and U × F are
F-spaces.

-π−1(U) ⊆ E U × F
ϕ

@
@

@
@R

�
�

�
�	

U⊆M
π p1

Now, we need to show that ϕ is an F-diffeomorphism. For any g ∈ FU×F , we
have g = g̃◦ι◦p1, where g̃ ∈ FM , ι the canonical injection of U into M and p1

the natural projection on the first factor of U×F . Thus, by the associativity
of the composition of maps and the commutativity of the diagram above, we
have

g ◦ ϕ = (g̃ ◦ ι ◦ p1) ◦ ϕ
= g̃ ◦ (ι ◦ p1 ◦ ϕ)
= g̃ ◦ π|π−1(U)

.

Since g̃ ∈ FM and π|π−1(U)
is the restriction of π to π−1(U) ⊆ E, then

g̃◦π|π−1(U)
is an element of the generating set of structure functions on π−1(U).

That is, g̃◦π|π−1(U)
∈ Fπ−1(U). According to Definition 1.2.1(2), ϕ is F-smooth.

Similary, for any h ∈ Fπ−1(U), we have h = f ◦ π ◦ j, where f ∈ FM and j is
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the canonical injection of π−1(U) into E. Thus, as above, we have

h ◦ ϕ−1 = (f ◦ π ◦ j) ◦ ϕ−1

= f ◦ (π ◦ j ◦ ϕ−1)
= f ◦ (ι ◦ p1)
= (f ◦ ι) ◦ p1

= f|U ◦ p1,

where ι is the canonical injection of U into M , p1 the natural projection of
U × F on the first factor and f|U is the restriction of f to U ⊆ M . Since
f|U ∈ FU , then f|U ◦ p1 is an element of the generating set of structure
functions on U ×F . Thus, h ◦ϕ−1 ∈ FU×F . That is, according to Definition
1.2.1(2), ϕ−1 is F-smooth. Briefly, ϕ is bijective such that ϕ and ϕ−1 are
F-smooth. Hence, according to Definition 1.2.2, ϕ is an F-diffeomorphism.
And we can carry the linear structure of F to each fiber Fx = π−1(x) over
x ∈ M . Finally, the surjective F-smooth map π : E → M is locally given
by π = p1 ◦ ϕ. Hence, according to Definition 2.5.1, (E, π,M, F ) is a vector
F-bundle. �

Definition 2.5.2 Let ξ = (E, π,M, F ) be a vector F-bundle. Sections of ξ
always exist and are also called C∞-sections. They are similar to those of
fiber F-bundle [4]. Each fiber Fx := π−1(x) (x ∈M) is a linear F-space. The
F-smooth map θ : M → E given by θ(x) = 0 ∈ Fx for all x ∈ M (0 is the
null vector) is called the zero section or the null section [14], [16].

Obviously θ ∈ Γ(M,E). The vector addition and the scalar multiplication
in Γ(M,E) are pointwise. They are defined as follows

• (s+ s′)(x) = s(x) + s′(x)

• (f.s)(x) = f(x).s(x),

where x ∈ M and f ∈ FM ( see [16]). Notice that there is no risk of
confusion using the common notations for the vector addition and the scalar
multiplication in Γ(M,E) and for those (fiberwise) in E.

Remark 2.5.1 From Definition 2.5.2 and Proposition 2.5.1, we have that:

1. The set Γ(M,E) takes on the structure of a module over FM .

2. Let ξ = (E, π,M, F ) and ξ′ = (E ′, π′,M ′, F ′) be two vector F-bundles.
The morphism (H, h) between ξ and ξ′ is defined as at Definition 2.2.1
[16]. Obviously, since Fx = π−1(x) and F ′

h(x) = π′−1(h(x)) are linear
F-spaces, the restriction to H on each fiber Fx is a linear F-smooth map
Fx → F ′

h(x) [4].
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Definition 2.5.3 (See [16]) Let ξ = (E, π,M, F ) and ξ′ = (E ′, π′,M ′, F ′)
be two vector F-bundles. The product F-bundle

ξ × ξ′ = (E × E ′, π × π′,M ×M ′)

of ξ and ξ′ is a fiber F-bundle whose typical fiber is F ⊕ F ′.

If π(u) = p and π′(u′) = p′, the image of (u, u′) ∈ E × E ′ by the projection
π × π′ is given by (π × π′)(u, u′) = (p, p′). The fiber at (p, p′) ∈ M ×M ′ is
Fp ⊕ F ′

p′ . See again [16].

Proposition 2.5.2 The product F-bundle of two vector F-bundles is a vector
F-bundle.

Proof. Let ξ and ξ′ be two vector F-bundles, the typical fibers of which
are F and F ′ respectively. By Definition 2.5.3 above, the product F-bundle
ξ× ξ′ is a fiber F-bundle with typical fiber F ⊕F ′. Since F and F ′ are linear
F-spaces, F ⊕ F ′ is also a linear F-space. Therefore, according to Definition
2.5.1, ξ × ξ′ is a vector F-bundle. �

Remark 2.5.2 We have:

1. If ξi = (Ei, πi,Mi, Fi), i = 1, 2, . . . , n, are vector F-bundles, then
ξ1× ξ2× · · · × ξn is a vector F-bundle with E1×E2× · · · ×En the total
space, p1×p2×· · ·×pn the projection and F1⊕F2⊕· · ·⊕Fn the typical
fiber.

2. If ξ is a vector F-bundle, then ξn is the product F-bundle of n equivalent
vector F-bundles.

3. The pullback F-bundle is defined like in Definition 2.3.1.

Definition 2.5.4 (See [16]) Let ξ = (E, π,M, F ) and ξ′ = (E ′, π′,M ′, F ′)
be two vector F-bundles. The Whitney Sum ξ⊕ ξ′ of ξ and ξ′ is a pullback
F-bundle of ξ × ξ′ by the diagonal map

h : M →M ×M defined by h(b) = (b, b).

-E ⊕ E ′

?
M

H

(π × π′)∗

-

E × E ′

?
M ×M

h

π × π′

Let us recall that E ⊕ E ′ = {(b, u, u′) ∈ M × E × E ′ |π(u) = π′(u′) = b}. It
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can be seen that E ⊕ E ′ is F-diffeomorphic to the set
{(u, u′) ∈ E × E ′ | (π × π′)(u, u′) = (b, b)}.

Proposition 2.5.3 Let ξ and ξ′ be two vector F-bundles. The Whitney Sum
ξ ⊕ ξ′ is a vector F-bundle.

Proof. By Definition 2.5.3, ξ× ξ′ is a fiber F-bundle whose the typical fiber
is F ⊕ F ′. But, we have that F ⊕ F ′ is a linear F-space since F and F ′ are
F-spaces, by assumption. We have also that ξ ⊕ ξ′ := h∗(ξ × ξ′). The map

h : M →M ×M given by h(b) = (b, b)

is F-smooth since h(b) = ins(ev(idM , b), ev(idM , b)) and M is an F-space (see
Corollary 1.5.1). Thus, according to Proposition 2.4.2 and Definition 2.5.4,
ξ ⊕ ξ′ is a vector F-bundle whose the typical fiber is F ⊕ F ′. �

Definition 2.5.5 (See [16]) Let ξ = (E, π,M) and ξ′ = (E ′, π′,M) be two
vector F-bundles over M , where E, E ′ and M are all n- dimensional pseudo-
manifolds with Fp and F ′

p respectively their fibers at p ∈ M . The tensor
product F-bundle E⊗E ′ is obtained by assigning the tensor product Fp⊗F ′

p

at each point p ∈M (see Proposition 1.10.3). In the same way, we have the

wedge product F-bundle
k∧
E by assigning

k∧
Fp at each p ∈ M (see

Proposition 1.10.4).

2.6 Principal Frölicher bundles

Let us define the notion of an action on an F-Lie group of an F-space before
introducing those of principal and associated bundles in the category FRL.
The notion of F-Lie group can be found at Section 1.6 of this work.

Definition 2.6.1 A right action of an F-Lie group G on an F-space E is
an F-smooth map

σ : E ×G→ E, defined by (x, g) 7→ σ(x, g) := x.g,

satisfying the conditions:

1. σ(x, e) = x for any x ∈ E, where e is the unit element of G

2. σ(σ(x, g1), g2) = σ(x, g1 ◦ g2) for x ∈ E and g1, g2 ∈ G, where ◦ is the
composition of maps.
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The quotient F-space E by G is called the right G-space, see [13], and we
will call it Frölicher G-space or for short FG-space (see [2]).

One can define similarly the notion of a left action by setting G×E instead
of E × G. Since there exists a bijective correspondence between left and
right G-structures (see [13] and [16]), we will restrict ourselves to the case of
a right action.

Now, refering to [4] and [16], let us define the notion of a principal bundle in
the category FRL.

Definition 2.6.2 Let (E, π,M,G) be a vector F-bundle. Let G be an F-Lie
group which has a right action on E such that

1. The action is free (that is, x.e = x if and only if e is the identity
element of G)

2. The action preserves the fibers of E.

We then call (E, π,M,G) a principal Frölicher bundle or for short pF G-
bundle [17].

Example 13 The Hopf bundle, defined at Example 11(3), is an example of a
pF S1-bundle and the homogeneous bundle bundle O(n) → O(n)/O(n− 1),
given at Example 11(4), is a pF O(n− 1)-bundle.

In order to introduce the notion of an associated bundle in the category FRL,
we refer to [14] and [16].

Definition 2.6.3 Let ξ = (E, π,M,G) be a vector pF G-bundle, and let G
act on an F-space on the left. We consider the right action

τ : (E × P )×G→ E × P, given by τ((x, y), g) = (x.g, g−1.y).

Then, the associate Frölicher bundle or for short associate F-bundle
of ξ is (E × P/G, π̃,M,G), where E × P/G is the set of equivalence classes
in which two elements (x, y) and (x.g, g−1.y) are identified and

π̃ : E × P/G→M

is the projection defined by π̃([(x, y)]) = π(x).
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-E × P

?
E

q

π1

-

E × P/G

?
M

π

π̃

Remark 2.6.1 We have the following:

1. The space E × P/G carries an F-structure making the quotient map

q : E × P → E × P/G

F-smooth, according to Proposition 1.4.1 and Proposition 1.8.1.

2. The projection
π̃ : E × P/G→M,

is well defined since π(x) = π(x.g) implies

π̃([(x.g, g−1.y)]) = π(x.g) = π(x) = π̃([(x, y)]).

3. The quadruple (E × P, q, E × P/G,G) is a pF G-bundle with the right
action τ .

We defined the notion of bundles and morphism between bundles in the cat-
egory of Frölicher spaces following the common approach in other categories.
We proved that a fiber of a Frölicher bundle has a Frölicher structure. We
noticed that a section of a Frölicher bundle is a smooth map. We reviewed
some types Frölicher bundles. Some detailed examples are given. We will
be interested in the vector Frölicher bundles (in the next part of this work).
We proved as a first example that the product of any Frölicher space with
a linear Frölicher space is a vector Frölicher bundle (called the trivial vec-
tor Frölicher bundle). In the next chapter, we study two more examples
of vector Frölicher bundles: the tangent and the cotangent bundles on a
finite-dimensional pseudomanifold.



Chapter 3

Tangent structures on Frölicher
spaces

Before embarking on the familiar examples of vector bundles in the category
FRL, the tangent and cotangent bundles, we shall define some basic notions
related to the tangent structures on an F-space as developped in [2], [6] and
[7]. There exists two kinds of tangent vector on an F-space: the one from the
structure functions called the operational tangent vector and the other from
the structure curves called the kinematic tangent vector.

3.1 Operational tangent vectors

The following lemma will ensure us that the set of structure functions on
an F-space is closed under pointwise multiplication. We define the notion of
a smooth derivation on the algebra of structure functions (see Proposition
1.5.2).

Definition 3.1.1 Let (M, CM ,FM) be an F-space. The operational tan-
gent vector at x ∈ M is a linear map vx : FM → R satisfying the Leibniz
rule on FM at the point x ∈M :

vx(f.g) = g(x)vx(f) + f(x)vx(g).

The map vx is also called a smooth derivation at x ∈ M . The set of all
operational tangent vectors to M at x ∈M is denoted by TxM and is called
the operational tangent space to M at x ∈ M [2], [6], [7] and [17]. We will
denote by DM (see [6] and [7]) the set of operational tangent vectors at the
points of M .

47
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Remark 3.1.1 According to Definition 3.1.1 and the note above, one has
TxM ⊆ C∞(FM ,R) for x ∈M and DM ⊆ C∞(FM ,R).

Proposition 3.1.1 Let (M, CM ,FM) be an F-space and x ∈ M . The set
TxM is a linear F-space.

Proof. From Remark 3.1.1, Proposition 1.5.1 and Corollary 1.5.2, we have
C∞(FM ,R) has an F-structure and TxM ⊆ C∞(FM ,R) since M is an F-
space. Hence, according to Proposition 1.3.1, there exists an F-structure on
TxM . At every element of M , the map

θ : FM → R given by θ(f) = 0

satisfies the Leibniz rule. So, at x ∈ M , we have that θ ∈ TxM . That is,
TxM 6= ∅. Let us show that the addition of operational tangent vectors and
the scalar multiplication of operational tangent vectors by a real number at
a point x ∈ M are internal operations. Let vx, v

′
x ∈ TxM and f, g ∈ FM . In

effect, by Definition 3.1.1 and the properties of the addition and the multi-
plication of real numbers, we have

(vx + v′x)(f.g) = vx(f.g) + v′x(f.g)
= (g(x)vx(f) + f(x)vx(g)) + (g(x)v′x(f) + f(x)v′x(g))
= g(x)vx(f) + f(x)vx(g) + g(x)v′x(f) + f(x)v′x(g)
= g(x)vx(f) + g(x)v′x(f) + f(x)vx(g) + f(x)v′x(g)
= g(x)(vx(f) + v′x(f)) + f(x)(vx(g) + v′x(g))
= g(x)(vx + v′x)(f) + f(x)(vx + v′x)(g).

Thus, the sum vx+ v′x satisfies the Leibniz rule for all vx, v
′
x ∈ TxM . That is,

by Definition 3.1.1, vx+v′x ∈ TxM . Let vx ∈ TxM and λ ∈ R. Let f, g ∈ FM .
By Definition 3.1.1 and the properties of the multiplication of real numbers,
we have

(λ.vx)(f.g) = λ.vx(f.g)
= λ(g(x)vx(f) + f(x)vx(g))
= λg(x)vx(f) + λf(x)vx(g)
= g(x)λvx(f) + f(x)λvx(g)
= g(x)(λ.vx)(f) + f(x)(λ.vx)(g).

Hence, λ.vx satisfies the Leibniz rule. That is, by Definition 3.1.1, λ.vx ∈ TxM
for all λ ∈ R and vx ∈ TxM . �

Proposition 3.1.2 Let (M, CM ,FM) be an F-space and x ∈ M . The set
DM has an F-structure.
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Proof. Again from Remark 3.1.1, Proposition 1.5.1 and Corollary 1.5.2,
C∞(FM ,R) has an F-structure and DM ⊆ C∞(FM ,R). Hence, according to
Proposition 1.3.1, there exists an F-structure on DM . �

Example 14

1. The set Q of rational numbers has an F-structure as it is a subspace of
the canonical Euclidian F-space R. Let q ∈ Q. The function

f(x) =

{
1 , if x = q

0 , if x 6= q

belongs to FQ, since f and the curves in Q are constant. One has
f 2(x) = (f(x))2 = f(x) for x = q or x 6= q. That is, f 2 = f . Let
vq ∈ TqQ. Then,

vq(f
2) = vq(f.f)

= f(q)vq(f) + f(q)vq(f)
= 2f(q)vq(f)
= 2vq(f)

since vq satisfies Leibniz rule and f(q) = 1. From vq(f
2) = vq(f)

(since f 2 = f) and vq(f
2) = 2vq(f), we have vq(f) = 2vq(f). That is,

vq(f) = 0. Let g ∈ FQ and g̃ = g.f ∈ FQ. Then,

vq(g̃) = f(q)vq(g) + g(q)vq(f) = vq(g),

since vq(f) = 0 = θ(f) and f(q) = 1. Thus, we have TqQ = {θ} since
f ∈ FQ and vq(f) = 0.

2. Let D := {(x, y) ∈ R2 |xy = 0}. The set D has an F-structure as a sub-
space of the F-space R2, see Proposition 1.3.1. Note that D = D1 ∪D2,
where D1 = {(x, 0) |x ∈ R} and D2 = {(0, y) | y ∈ R}. We have
FD = {f : D → R | f := g|D ; g ∈ FR2}, where

f(x, y) =

{
f1(x, 0) along D1

f2(0, y) along D2

for f1 and f2 are F-smooth real functions that intersect at the origin
(0, 0). An operational tangent vector on D is a linear derivation along
D1 or along D2. That is, V = ∂f

∂x
= df1

dx
or V = ∂f

∂y
= df2

dy
. We can find a

non-zero vector in the direction D1, which generates a one-dimensional
tangent space at a point p1 = (x, 0), where x 6= 0. Similarly, we have
a one-dimensional tangent space at a point p2 = (0, y), where y 6= 0.
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Thus, for p 6= (0, 0), dimTpD = 1. But at the origin (0, 0), one can
obtain two linearly independent operational tangent vectors given by

∂f

∂x
|(0,0) and

∂f

∂y
|(0,0), for all f ∈ FR2 .

Thus, T(0,0)D is isomorphic R2 and dimT(0,0)D = 2.

Definition 3.1.2 Let M be an F-space. The operational cotangent space
at p ∈M , denoted T ∗

pM , is the algebraic dual of TpM . The elements of T ∗
pM

are called covariant vectors or covectors [2].

Remark 3.1.2 Let M be an F-space.

1. According to Propostion 1.10.2, the operational cotangent space T ∗
pM

at p ∈M has an F-structure.

2. T ∗
pM is a linear F-space if TpM is a finite dimensional F-space and

then dimTpM = dimT ∗
pM , see [2].

3.2 Kinematic tangent vectors

Definition 3.2.1 Let M be an F-space. Let us denote by Ca,x
M the set of all

structure curves
c : R →M such that c(a) = x,

that is, the curves passing through x ∈ M , with the footpoint a ∈ R. One
calls kinematic tangent vector to the space M with footpoint a ∈ R a
derivation defined by

f 7−→ d(f ◦ c)(t)
dt

|t=a,

where c ∈ Ca,x
M and f ∈ FM . The set of all kinematic tangent vectors at

x ∈ M is denoted TxCM and called the tangent cone space to M at
x ∈M , see [2], [6] and [7].

Example 15

1. Let us consider the kinematic tangent vector to the set Q of rationals.
The set CQ consists of the constant maps of R to Q and FQ consists of
functions of Q to R. Let q ∈ Q such that c(a) = q.

d(f(c(t)))

dt
|t=a = 0,
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since curves in Q are constant maps. Hence, similar to Example 14(1),
TqCM = {θ}.

2. Let us consider again the F-space D := {(x, y) ∈ R2 |xy = 0}. For
every c ∈ CD and t ∈ R, we have (f◦c)(t) = f(x, 0) or (f ◦ c)(t) = f(0, y).
Thus,

d(f ◦ c)(t)
dt

|t=a =
∂f

∂x

dc(t)

dt
|t=a a long the x− axis,

and
d(f ◦ c)(t)

dt
|t=a =

∂f

∂y

dc(t)

dt
|t=a a long the y − axis.

It turns out that, for p 6= (0, 0), the derivation does not vanish in both
cases. Like for the operational tangent space, it follows that TpCD is
a straight line on the x-axis or on the y-axis. But for p = (0, 0), TpCD
lies either on the x-axis or on the y-axis which is in fact D.

3.3 Tangent linear maps

Proposition 3.3.1 Let ϕ : (M, CM ,FM) → (N, CN ,FN) be an F-smooth
map and vp ∈ TpM . The pair (vp, ϕ) induces on N an operational tangent
vector in the neighborhood of ϕ(p) ∈ N .

Proof. According to Definition 1.2.1(2), for all g ∈ FN , the composite g ◦ϕ
is a structure function on M since ϕ is F-smooth. In the neighborhood of
ϕ(p) ∈ N , for vp ∈ TpM , define the map ϕ∗p(vp) : FN → R by

ϕ∗p(vp)(g) = vp(g ◦ ϕ).

Let us show that ϕ∗p(vp) is a linear map satisfying the Leibniz rule. Let
λ ∈ R and g ∈ FN . By the definition of ϕ∗p(vp) and since vp is a linear map,
we have

ϕ∗p(vp)(λ · g) = vp((λ · g) ◦ ϕ)
= vp(λ · (g ◦ ϕ))
= λvp(g ◦ ϕ)
= λϕ∗p(vp)(g).

For the same reasons, if f ∈ FN and g ∈ FN , we obtain

ϕ∗p(vp)(f + g) = vp((f + g) ◦ ϕ)
= vp((f ◦ ϕ) + (g ◦ ϕ))
= vp(f ◦ ϕ) + vp(g ◦ ϕ)
= ϕ∗p(vp)(f) + ϕ∗p(vp)(g).
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Now let f ∈ FN , g ∈ FN and q := ϕ(p) ∈ N . By the definition of ϕ∗p(vp)
and since vp satifies the Leibniz rule on FM , it follows that

ϕ∗p(vp)(f · g) = vp((f · g) ◦ ϕ)
= vp((f ◦ ϕ) · (g ◦ ϕ))
= (g ◦ ϕ)(p)vp(f ◦ ϕ) + (f ◦ ϕ)(p)vp(g ◦ ϕ)
= g(ϕ(p))ϕ∗p(vp)(f) + f(ϕ(p))ϕ∗p(vp)(g)
= g(q)ϕ∗p(vp)(f) + f(q)ϕ∗p(vp)(g).

Hence, ϕ∗p(vp) is an induced operational tangent vector onN at q = ϕ(p) ∈ N .
�

Definition 3.3.1 (see [2] and [14]) Let ϕ : M → N be an F-smooth map.
Let p ∈M and vp ∈ TpM . The F-smooth linear map

ϕ∗p : TpM → Tϕ(p)N defined by ϕ∗p(vp)(g) = vp(g ◦ ϕ)

is called the tangent linear map associated with ϕ at p ∈M .

Let us recall that, in some sense, the tangent linear map ϕ∗p is the best linear
approximation of ϕ near p.

The tangent linear map associated with ϕ at p ∈M is also called, by various
authors, the push forward, or total derivative, or simply derivative, or
again differential of ϕ at p ∈M and is frequently expressed using a variety
of other notations such as Tpϕ, dϕp, Dϕp, ϕ

′(p) or Dpϕ (see [14]).

Proposition 3.3.2 Given any two F-smooth maps ϕ : M → N and
ψ : N → P between F-spaces, for any p ∈M , we have (the chain rule)

(ψ ◦ ϕ)∗p = ψ∗ϕ(p) ◦ ϕ∗p

Proof. Since ϕ and ψ are F-smooth, according to Proposition 1.2.2, the
composite ψ ◦ ϕ is F-smooth. Let p ∈ M and vp ∈ TpM . By Proposition
3.3.1, the pair (vp, ψ ◦ ϕ) induces on P an operational tangent vector in the
neighborhood of (ψ ◦ ϕ)(p) ∈ P . Let h ∈ FP . By Definition 3.3.1 and the
associativity of the composition of maps, we have

(ψ ◦ ϕ)∗p(vp)(h) = vp(h ◦ (ψ ◦ ϕ))
= vp((h ◦ ψ) ◦ ϕ)
= ϕ∗p(vp)(h ◦ ψ)
= ψ∗ϕ(p)(ϕ∗p(vp))(h),

where ϕ∗p(vp) ∈ Tϕ(p)N and ψ∗ϕ(p)(ϕ∗p(vp)) ∈ Tψ◦ϕ(p)P . Hence,

(ψ ◦ ϕ)∗p(vp) = ψ∗ϕ(p)(ϕ∗p(vp))
= (ψ∗ϕ(p) ◦ ϕ∗p)(vp),

for every vp ∈ TpM . Thus, (ψ ◦ ϕ)∗p = ψ∗ϕ(p) ◦ ϕ∗p. �
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3.4 Tangent bundles

In the following, we will be interested in the operational tangent bundles, or
tangent bundles for short. We will investigate the notion of tangent bundles
in the category FRL. Let M be an F-space and let x ∈ M , TxM and DM

are defined at Definition 3.1.1.

Proposition 3.4.1 Let M be an F-space. Then M ×DM is an F-space.

Proof. By assumption, M is an F-space. From Proposition 3.1.2, DM has an
F-structure. Hence, according to Proposition 1.4.1, the product set M ×DM

is an F-space. �

Definition 3.4.1 (See [2], [6] and [7]) The tangent bundle TM on an
F-space M is a subspace of M × DM consisting of all (p, vp) such that vp is
an operational tangent vector at p ∈ M . The projection map π : TM → M
is the F-smooth map sending (p, vp) to p and π−1(p) := TpM is the fiber over
p ∈M .

Remark 3.4.1 According to Proposition 1.3.1 and Proposition 3.4.1,
TM ⊆ M × DM has an induced F-structure. We will call TM the tangent
F-bundle. In the following, (TM, π,M) or TM for short will be called the
tangent F-bundle on M .

Proposition 3.4.2 Let M be the n-dimensional Euclidian canonical F-space
Rn. The tangent F-bundle TM is F-diffeomorphic to Rn × Rn.

Proof. An element of TM is specified by a point p ∈ M = Rn and an
operational tangent vector

vp =
n∑
i=1

vi,p
∂

∂xi
|p

at p, where vi,p ∈ R and ( ∂
∂x1
|p, . . . , ∂

∂xn
|p) is the natural basis of TpM . Then,

there exists a bijection

δ : TM → Rn × Rn, defined by δ(p, vp) = (p, (vi,p)).

Now we have to show that δ and δ−1 are F-smooth. Consider a structure
curve

ζ : R → TM, given by ζ(t) = (c(t),
n∑
i=1

vi,c(t)
∂

∂xi
|c(t)),
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on TM , with c : R →M = Rn a structure curve in M . Since

TM ⊆M ×DM ⊆M × C∞(FM ,R),

by Definition 3.4.1 and Remark 3.1.1,

ι : TM →M × C∞(FM ,R)

is an inclusion map such that

ι ◦ ζ : R →M × C∞(FM ,R)

is a structure curve in M × C∞(FM ,R). Thus, ζ is F-smooth if and only if

c : R →M and p2 ◦ ι ◦ ζ : R → C∞(FM ,R)

are F-smooth, where p2 is the projection on the second factor. But, p2 ◦ ι ◦ ζ
is F-smooth if and only if the map

µ : R×FM → R given by (t, f) 7→
n∑
i=1

vi,c(t)
∂f

∂xi
(c(t))

is F-smooth. Since f ∈ FM and M = Rn, f : Rn → R is F-smooth. One can
take f = xi and obtain

µ(t, xi) = vi,c(t), i = 1, . . . , n, for every t ∈ R.

In other words,

(vi ◦ c)( ) = µ( , xi) for each i = 1, . . . , n.

Since µ and xi are F-smooth and by the Cartesian closedness of FRL, i.e.

C∞(R×FM ,R) ∼= C∞(R, C∞(FM ,R)),

it follows that each vi,p is F-smooth. Briefly, ζ is F-smooth since c(t) and
vi,c(t), i = 1, . . . , n , are F-smooth. That is,

δ(c(t), vp) = (c(t), (vi,c(t)))

is F-smooth. Hence,
δ ◦ ζ : R → Rn × Rn

is a structure curve in Rn × Rn. Thus, according to Definition 1.2.1(1), δ is
F-smooth. Obviously,

δ−1 : Rn × Rn → TM
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the inverse of δ and
δ ◦ ζ : R → Rn × Rn

the structure curve in Rn × Rn are such that

δ−1 ◦ (δ ◦ ζ) = (δ−1 ◦ δ) ◦ ζ = idTM ◦ ζ = ζ,

where idTM is the identity on TM . But ζ is F-smooth. That is,

δ−1 ◦ (δ ◦ ζ) : R → TM

is a structure curve in TM . Thus, δ−1 is F-smooth and the conclusion sought
follows by Definition 1.2.2. �

Proposition 3.4.3 Let M be an n-dimensional pseudomanifold and π :
TM → M be its tangent F-bundle. If U is an open subset of M , then
π−1(U) is F-diffeomorphic to Rn × Rn of constant dimension and nonempty
interior.

Proof. Note that, according to Definition 1.6.1, U is F-diffeomorphic to a
closed subset ϕ(U) of Rn by an F-diffeomorphism ϕ. Thus, an element of
TU := π−1(U) is given by x = ϕ(p) ∈ Rn, where p ∈ U , and an operational
tangent vector

vp =
n∑
i=1

vi,pϕ
−1
∗p (

∂

∂xi
|ϕ(p)),

where ϕ∗p is an isomorphism (the tangent linear map associated with ϕ at
p) of TpU to Tϕ(p)ϕ(U). Then, there exists a bijection

δ : TU → Rn × Rn defined by δ(p, vp) = (ϕ(p), (vi,p)).

One can prove, as at Proposition 3.4.2, δ and δ−1 are F-smooth. �

Remark 3.4.2 From Proposition 3.4.2 and Proposition 3.4.3, we have:

1. The notion of tangent F-bundle on pseudomanifold is like that of tan-
gent bundle on manifold. That is, the tangent F-bundle TM on a
pseudomanifold M is a disjoint union of all the tangent spaces:

TM :=
⊔
p∈M

TpM

(see Proposition 1.9.1) or again

TM :=
⋃

{p} × TpM ⊂M ×DM

(see [2] and [16]).
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2. The tangent F-bundle TM on a n-dimensional pseudomanifold M is
a vector F-bundle over M , since it is locally F-diffeomorphic to the
trivial F-bundle Rn × Rn and Rn is a linear F-space (see Definition
2.4.1, Definition 2.5.1 and Example 12). Thus, dim TM = 2n.

Proposition 3.4.4 If ϕ : M → N is an F-smooth map, the map

ϕ∗ : TM → TN defined by ϕ∗(p, vp) = (ϕ(p), ϕ∗p(vp))

is F-smooth.

Proof.

-ϕ∗
TN

?

πN

TM

?

πM

-
ϕ NM

R

ζM ζN

cM cN

���
���*

HH
HHH
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��������������:

XXXXXXXXXXXXXXz

Let the map

ζM : R → TM given by ζM(t) = (cM(t), vcM (t))

be a structure curve in TM , where cM : R → M is a structure curve in M .
Therefore, by the diagram and the definition of ϕ∗ above, we have

(ϕ∗ ◦ ζM)(t) = ϕ∗(ζM(t))
= ϕ∗(cM(t), vcM (t))
= (ϕ(cM(t)), ϕ∗ cM (t)(vcM (t)))
= ((ϕ ◦ cM)(t), ϕ∗ cM (t)(vcM (t))).

Since ϕ : M → N is F-smooth, we have that cN := ϕ ◦ cM is a structure
curve in N (see Definition 1.2.1(1)). Let g ∈ FN . In fact, by Definition 3.3.1,
it turns out that

ϕ∗ cM (t)(vcM (t))(g) = vcM (t)(g ◦ ϕ) = v(ϕ◦cM )(t)(g) = vcN (t)(g).

That is, ϕ∗ cM (t)(vcM (t)) is an operational tangent vector on N at
cN(t) := ϕ(cM(t)). Thus,

ζN := ϕ∗ ◦ ζM : R → TN

is a structure curve in TN . Hence, according to Definition 1.2.1(1), ϕ∗ is
F-smooth. �
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Definition 3.4.2 Let ϕ : M → N be an F-smooth map. The F-smooth map

ϕ∗ : TM → TN defined by ϕ∗(p, vp) = (ϕ(p), ϕ∗p(vp))

is called the tangent map to ϕ [2], [14].

The tangent map ϕ∗ is sometimes denoted by Dϕ or again by Tϕ [10],[14].

Proposition 3.4.5 Let ϕ : M → N be an F-smooth map. The tangent map
ϕ∗ : TM → TN is an F-bundle morphism over ϕ.

Proof. By Definition 3.4.1, (TM, πM ,M) and (TN, πN , N) are F-bundles.

-TM

?
M

ϕ∗

πM

-

TN

?
N

ϕ

πN

By assumption, ϕ is F-smooth. According to Proposition 3.4.4, the map ϕ∗
is F-smooth. For any (p, vp) ∈ TM ,

(ϕ ◦ πM)(p, vp) = ϕ(πM(p, vp)) = ϕ(p)

and

(πN ◦ ϕ∗)(p, vp) = πN(ϕ∗(p, vp)) = πN(ϕ(p), ϕ∗p(vp)) = ϕ(p).

Thus, by the definition of ϕ∗,

(ϕ ◦ πM)(p, vp) = (πN ◦ ϕ∗)(p, vp)

for all (p, vp) ∈ TM . Hence, ϕ◦πM = πN ◦ϕ∗. According to Definition 2.2.1,
ϕ∗ is an F-bundle morphism over ϕ. �

Proposition 3.4.6 If ϕ is the identity map on an F-space M , then ϕ∗ is
the identical morphism of TM .

Proof. According to Definition 2.2.1, Example 10(1) and Proposition 3.4.5,
one has for the identity map ϕ on M and the F-bundle (TM, πM ,M) that

ϕ ◦ πM = πM ◦ ϕ∗ implies πM = πM ◦ ϕ∗.

Therefore, obviously ϕ∗ is the identity map on TM . Otherwise, according
Definition 3.4.2, ϕ is not an identity map. �
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Proposition 3.4.7 If ϕ : M → N and ψ : N → P are F-smooth then

(ψ ◦ ϕ)∗ = ψ∗ ◦ ϕ∗

Proof. According to Proposition 1.2.2, ψ ◦ ϕ is F-smooth. For any
(p, vp) ∈ TM , by Definition 3.4.2 and Proposition 3.3.2, we have

(ψ ◦ ϕ)∗(p, vp) = ((ψ ◦ ϕ)(p), (ψ ◦ ϕ)∗p(vp))
= (ψ(ϕ(p)), (ψ∗ϕ(p) ◦ ϕ∗p)(vp))
= (ψ(ϕ(p)), ψ∗ϕ(p)(ϕ∗p(vp)))
= ψ∗(ϕ(p), ϕ∗p(vp))
= ψ∗(ϕ∗(p, vp))
= (ψ∗ ◦ ϕ∗)(p, vp).

Thus, (ψ ◦ ϕ)∗ = ψ∗ ◦ ϕ∗. �

Proposition 3.4.8 If ϕ is an F-diffeomorphism of M to N then ϕ∗ is an
F-diffeomorphism of TM to TN and (ϕ−1)∗ = ϕ−1

∗ .

Proof. According to Definition 1.2.2, if ϕ is an F-diffeomorphism then ϕ−1

is F-smooth. We have

ϕ ◦ ϕ−1 = idN and ϕ−1 ◦ ϕ = idM .

Therefore
(ϕ ◦ ϕ−1)∗ = idTN and (ϕ−1 ◦ ϕ)∗ = idTM .

But
(ϕ ◦ ϕ−1)∗ = ϕ∗ ◦ (ϕ−1)∗ and (ϕ−1 ◦ ϕ)∗ = (ϕ−1)∗ ◦ ϕ∗ , (∆)

in accordance with Proposition 3.4.7 above. Hence

ϕ∗ ◦ (ϕ−1)∗ = idTN and (ϕ−1)∗ ◦ ϕ∗ = idTM implies that (ϕ−1)∗ = ϕ−1
∗ .

Now we have shown that ϕ−1 exists and is smooth, that ϕ−1
∗ is a bijective

map by (∆), and an F-smooth map according to Proposition 3.4.4. Thus, ϕ∗
is an F-diffeomorphism of TM onto TN . �

Remark 3.4.3 From Proposition 3.4.2 and Definition 3.4.2, we have:

1. If c : R → M is a structure curve in an F-space M , the tangent map
c∗ : TR = R×R → TM ; c∗(t, vt) := c′(t) is a kinematic tangent vector
on M at c(t) as defined in Definition 3.2.1.
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2. Let M be an F-space. If f is a structure function on M , one has
f∗ : TM → TR = R× R.

Definition 3.4.3 Let M be an F-space and f ∈ FM . The second component
of f∗, that is df : TM → R defined by

df(x, vx) = vx(f)

is called the differential of f (see [10]).

Remark 3.4.4 One has the following diagram, for any F-space (M, CM ,FM)
with c ∈ CM and f ∈ FM ,

-R
6

TR = R× R

f ◦ c

πR TM

M
6

πM

�
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R
6

TR = R× R
f∗ ◦ c∗

πR

Proposition 3.4.9 If ϕ : M → N is an F-smooth map between two F-spaces
and f ∈ FN then

d(f ◦ ϕ) = (df) ◦ ϕ∗.

Proof. For any (x, vx) ∈ TM , by Remark 3.4.3(2) and Definition 3.3.1, on
the one hand we have

d(f ◦ ϕ)(x, vx) = vx(f ◦ ϕ) = ϕ∗x(vx)(f)

and in the other hand

(df) ◦ ϕ∗(x, vx) = (df)(ϕ(x), ϕ∗x(vx)) = ϕ∗x(vx)(f).

That is, for any (x, vx) ∈ TM ,

d(f ◦ ϕ)(x, vx) = ϕ∗x(vx)(f) = (df) ◦ ϕ∗(x, vx).

So, d(f ◦ ϕ) = (df) ◦ ϕ∗. �
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3.5 Cotangent bundles

Let π : TM → M be a tangent F-bundle. For every p ∈ M , π−1(p) := TpM
is a linear F-space (see Proposition 3.1.1). We denote by LIN(TM,R) the
F-subspace of C∞(TM,R) consisting of all linear F-smooth maps restricted
to TpM (see [6] and [7]). Let us define a relation ' in

LIN := M × LIN(TM,R)

by setting (p, f) ' (q, g) if and only if p = q and, for some neighborhood U
of p, f|π−1(U)

= g|π−1(U)
.

Lemma 3.5.1 The relation ' is an equivalence relation in LIN .

Proof. Clearly, the reflexivity and the symmetry of ' hold. Let us show
the transivity property of ' in LIN . Assume

(x, f) ' (y, g) and (y, g) ' (z, h)

in LIN . By definition of ', on the one hand x = y and there is a neighbor-
hood U of x such that f|π−1(U)

= g|π−1(U)
. Also, on the other hand y = z and

there is a neighborhood V of y such that g|π−1(V )
= h|π−1(V )

. From x = y and

y = z, we obtain x = z. And W := U ∩ V is a neighborhood of x and y.
Thus,

f|π−1(W )
= g|π−1(W )

and g|π−1(W )
= h|π−1(W )

since W ⊆ U and W ⊆ V . Then, we obtain f|π−1(W )
= h|π−1(W )

. Therefore,

x = z and W is a neighborhood of x such that f|π−1(W )
= h|π−1(W )

. That

is, (x, f) ' (z, h). The transitivity is done. Hence, the relation ' is an
equivalence relation in LIN . �

Corollary 3.5.1 The quotient space LIN/ ' has an F-structure.

Proof. By the definition of LIN above,

LIN = M × LIN(TM,R),

where M and LIN(TM,R) are F-spaces (see Proposition 1.5.2). Thus, LIN
has an F-structure, according to Proposition 1.4.1. It follows from Lemma
3.5.1 that the relation ' is an equivalence relation in LIN . Therefore, by
Proposition 1.8.1, LIN/ ' has an F-structure. �
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Definition 3.5.1 The cotangent bundle T ∗M to an F-space M is the
quotient F-space LIN/ '. The projection map τ : T ∗M → M is the F-
smooth map induced from the projection of LIN onto its first factor and
τ−1(p) := T ∗

pM is the fiber over p ∈M [2], [6], [7].

In the following, (T ∗M, τ,M) or T ∗M will be called the cotangent F-bundle
on M .

Proposition 3.5.1 Let M = Rn, the n-dimensional Euclidian canonical F-
space. The cotangent F-bundle T ∗M to M = Rn is F-diffeomorphic to Rn ×
Rn.

Proof. Let M = Rn and q : LIN → T ∗M be the quotient map. According
to Proposition 1.8.1, the map q is F-smooth. Take [(p, f)] ∈ T ∗M , where
p ∈M = Rn and f ∈ LIN(TM,R). We have that

f|π−1(p)
=

n∑
i=1

ai,pdx
i|p,

where π−1(p) = TpM , ai,p ∈ R and (dxi|p) the basis of T ∗
pM , the dual of the

basis ( ∂
∂xi
|p) of TpM . Then, there is a bijection

ϕ : T ∗M → Rn × Rn, given by ϕ([(p, f)]) = (p, (ai,p)).

We need show that ϕ is an F-diffeomorphism. Let c : R → T ∗M be a
structure curve in T ∗M and denote by

ϕ(t) := (ϕ ◦ c)(t) = (pt, (ai,pt)).

One can see that the F-smooth map τ : T ∗M →M is such that π∗ ◦ q is the
projection onto the first factor of LIN . Since (τ ◦ q)(pt, ft) = pt is F-smooth
on t and τ = p1 ◦ ϕ, where p1 is the projection of Rn × Rn onto the first
factor, ϕ is F-smooth in its first coordinate. Let us define

θi : LIN → R by setting θi(p, f) = ai,p.

Again, there is a structure function ρi : T ∗M → R such that ρi ◦ q = θi.
First, we wish to show that θi is F-smooth. Let d : R → LIN be a structure
curve in LIN and d(t) = (pt, ft). Then, ft is F-smooth in t if and only if the
associated map

f̂ : R× TM → R defined by f̂(t, V ) = ft(V )

is F-smooth. Identifying TM with Rn × Rn (see Proposition 3.4.2), one can
write f̂(t, p, ω) = A(t, p) · ω, where A(t, p) is a matrix with entries which are
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F-smooth functions of t and p ∈ M = Rn, ω ∈ M = Rn is written as a
column vector and · is the matrix multiplication. Let ω = ∂

∂xi
. Then, with

ω viewed as a column vector,

ai,pt(t) = (θi ◦ d)(t) = A(t, pt) · ω ∈ C∞(R,R).

Hence, according to Definition 1.2.1(1), θi is F-smooth as a structure function
on LIN . We also have that the ρi are F-smooth (see the proof of Proposition
1.8.1). Since ρi = pn+i ◦ ϕ and pn+i is the projection on the (n + i)-th
coordinate of Rn × Rn then ϕ must be F-smooth, according to Definition
1.3.1(2). Conversely, let us suppose that the ai,pt for i = 1, 2, . . . , n and pt
are F-smooth functions. Let

β : R → LIN such that β(t) = (pt,
n∑
i=1

ai,ptdx
i|pt).

The second component of β is F-smooth since the induced map sending
(t, (pt, bi)) to

∑
ai,ptbi is F-smooth, by the Cartesian closedness of FRL and

the identification of TM with Rn × Rn (see Proposition 3.4.2). Since β is
F-smooth, so is q ◦ β. Hence, by Definition 1.2.2, ϕ−1 is F-smooth and the
conclusion sought follows. �

Proposition 3.5.2 Let M be an n-dimensional pseudomanifold and
τ : T ∗M → M its cotangent F-bundle. If U is an open subset of M then
(τ−1)(U) := T ∗U is F-diffeomorphic to Rn × Rn.

Proof. Let U ⊆M . By Definition 1.6.1, we have that U is F-diffeomorphic
to a closed subset ϕ(U) ⊆ Rn of constant dimension and nonempty interior,
where ϕ is an F-diffeomorphism, since M is an n-dimensional pseudomani-
fold. Let [(p, f)] ∈ T ∗U, with p ∈ U and f ∈ LIN(TU,R). We have

f|(π−1)(p)
=

n∑
i=1

ai,pϕ̄
−1
p (dxi|ϕ(p)),

where π is the projection of TM onto M (see Proposition 3.4.3), the map
ϕ̄p is an isomorphism of T ∗

pU to T ∗
ϕ(p)ϕ(U) and ai,p ∈ R, with ai ∈ FU for

i = 1, 2, . . . , n. The map ϕ̄p induces the bijection

ψ : T ∗U → Rn × Rn, [(p, f)] 7→ (ϕ(p), (ai,p)).

Like at Proposition 3.5.1, we prove that ψ and ψ−1 are F-smooth. The proof
is then completed. �

Remark 3.5.1 From Proposition 3.5.1 and Proposition 3.5.2, we have:
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1. The notion the cotangent F-bundle on a pseudomanifold is similar to
that of the cotangent bundle on a manifold. So, if M is a pseudoman-
ifold then

T ∗M :=
⊔
p∈M

T ∗
pM

(see Proposition 1.9.1) or

T ∗M :=
⋃

{p} × T ∗
pM ⊂ LIN.

2. The cotangent F-bundle T ∗M on a n-dimensional pseudomanifold M
is a vector F-bundle over M since it is locally F-diffeomorphic to the
trivial F-bundle Rn×Rn and Rn is linear F-space (see Definition 2.4.1,
Definition 2.5.1 and Example 12). Thus, dim T ∗M = 2n.

3.6 Vector fields and forms

Definition 3.6.1 Let M be an n-dimensional pseudomanifold. A (tangent)
vector field on M is a section of the tangent F- bundle (TM, π,M) [2], [6],
[7], [16].

Remark 3.6.1 The set X(M) := Γ(M,TM) of all tangent vector fields over
M is a module over the algebra FM (see Remark 2.5.1(1)).

Proposition 3.6.1 Let M and N be two pseudomanifolds of finite dimen-
sions, and let ϕ : M → N be an F-diffeomorphism. If X is a vector field on
M then Y := ϕ∗ ◦X ◦ ϕ−1 is a vector field on N .

Proof. Let ϕ : M → N be an F-diffeomorphism between two finite-
dimensional pseudomanifolds. Let X be a vector field on M . We have the
following commutative diagram:

-TM

?

6

M

ϕ∗

πMX

-

TN

?
N

ϕ

πN

In effect, according to Proposition 1.2.6, Y := ϕ∗ ◦ X ◦ ϕ−1 is F-smooth as
a composite of F-smooth maps. Thus, by the properties of the composition
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of maps, by the commutativity of the the diagram above and by the fact
that ϕ is F-diffeomorphism, Y is an F-smooth map of N to TN satifying the
following equalities for all y ∈ N :

(πN ◦ Y )(y) = [πN ◦ (ϕ∗ ◦X ◦ ϕ−1)](y)
= [(πN ◦ ϕ∗) ◦X ◦ ϕ−1](y)
= [(ϕ ◦ πM) ◦X ◦ ϕ−1](y)
= [ϕ ◦ (πM ◦X) ◦ ϕ−1](y)
= (ϕ ◦ idM ◦ ϕ−1)(y)
= (ϕ ◦ ϕ−1)(y)
= idN(y),

where idM and idN are the identities maps on M and N respectively. That
is, πN ◦Y = idN . Thus, according to Definition 2.1.3 and Definition 3.6.1, Y
is a vector field on N . �

Proposition 3.6.2 Let X be a vector field on a finite-dimensional pseudo-
manifold M . For all structure functions f ∈ FM , the map

X.f : M → R defined by x 7→ df(X(x))

is F-smooth.

Proof. Let X be a vector field on a finite-dimensional pseudomanifold
M . By Definition 3.6.1, X is an F-smooth map such that if x ∈ M then
X(x) ∈ TM . According to Definition 3.4.3, we have

X.f(x) = df(X(x)) = (df ◦X)(x).

Hence, according to Proposition 1.2.2, the map X.f is F-smooth since df and
X are F-smooth (see Definition 3.4.3 and Definition 3.6.1). �

Definition 3.6.2 The F-smooth map X.f is called the derivative of f with
respect to X [10].

Remark 3.6.2 The derivative X.f satisfies the same properties as the dif-
ferential df .

Definition 3.6.3 Let M be a finite-dimensional pseudomanifold. A deriva-
tion of the algebra FM is an F-smooth map D : FM → FM satisfying the
following properties:

1. D(f + g) = D(f) +D(g);
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2. D(f.g) = D(f)g + fD(g);

3. D(f) = 0, if f is a constant on M ;

4. D(af) = aD(f), a ∈ R.

Remark 3.6.3 From Definition 3.6.3 and Remark 3.6.1, we have:

1. The set Der(M) of derivations of the algebra FM is a module on FM .

2. A vector field X on M induces a derivation f 7→ X.f of FM since
f ∈ FM implies X.f ∈ FM .

3. In the following, we shall identify X(M) with the module Der(M).

Definition 3.6.4 Let M be a finite-dimensional pseudomanifold. A 1-form
or a Pfaffian form on M is a section of the cotangent F-bundle (T ∗M,π∗,M)
[2], [6], [7], [10], [16].

The set of all 1-forms on M is denoted by Ω1(M) := Γ(M,T ∗M) [2], [16].

Definition 3.6.5 Let M be a n-dimensional pseudomanifold. A k-form on
M or a form of degree k is a section of the F-bundle

k∧
(T ∗M) =

⊔
p∈M

k∧
(T ∗

pM)

of base space M and of fibers
k∧

(T ∗
pM).

The set of all k-forms on M is denoted by Ωk(M) := Γ(M,

k∧
(T ∗M)) [2],

[16].

Remark 3.6.4 We have the following:

1. According to Proposition 1.8.1 and Proposition 1.9.4, the bundle
k∧

(T ∗M)

over the finite-dimensional pseudomanifold M has an F-structure since
T ∗
pM is a linear F-space.
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2. According to Definition 2.1.3 and Proposition 2.1.4, a section of an
F-bundle is F-smooth. So, a vector field, a 1-form and a k-form are
F-smooth.

3. From Definition 3.6.3,

0∧
(T ∗

pM) = R, Ω0(M) = FM and
1∧

(T ∗
pM) = T ∗

pM.

4. The set Ωk(M) of k-forms on M is a module on the algebra FM .

Proposition 3.6.3 Let M be a finite-dimensional pseudomanifold, and let
ξk = (Dk, π,M) be the Whitney sum of k copies of the tangent F-bundle
TM . The module Ωk(M) of k-forms on M is isomorphic to the module
of F-smooth functions σ : Dk → R, the restriction of which to each fiber
(TxM)k over x ∈M is an exterior k-form on TxM .

Proof. Let M be a finite-dimensional pseudomanifold. A k-form ω ∈ Ωk(M)

is an F-smooth map ω : M →
k∧

(T ∗M) such that

ωx := s1(x) ∧ s2(x) ∧ · · · ∧ sk(x),

where si(x) ∈ T ∗
xM for each i = 1, 2, . . . , k. Let us define a function σ of

(TxM)k to R by

σ(v1, v2, . . . , vk) := ωx(v1, v2, . . . , vk).

By Corollary 1.5.1(1) and Remark 1.5.1, the function σ is F-smooth since
ωx is F-smooth. Since ωx is an exterior k-form on TxM , so is the map σ.
Conversely, if we define

ω : M →
k∧

(T ∗
xM) by ωx := alt ◦ σ,

where σ is an F-smooth function of Dk into R such that the restriction to
(TxM)k is an exterior k-form and alt the alternator map (see the proof of
Proposition 1.10.4). Then, ω is F-smooth since σ is F-smooth. Let us consider

the projection τ of the F-bundle
k∧

(T ∗M) onto M . For x ∈M ,

(τ ◦ ω)(x) = τ(ωx) = τ(alt ◦ σ) = τ(alt(σ)) = x

since x is the footpoint of alt(σ). Thus, according to Definition 3.6.5, ω is a
k-form on M . �
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Remark 3.6.5 In the following, we shall identify a k-form on a finite-
dimensional pseudomanifold M with the corresponding F-smooth function
on Dk.

Corollary 3.6.1 Let M be a finite-dimensional pseudomanifold. The differ-
ential df of an F-smooth function f ∈ FM is a Pfaffian form on M .

Proof. Let M be a finite-dimensional pseudomanifold. In effect, by Proposi-
tion 3.6.3 for k = 1, we identify the module Ω1(M) to the module of F-smooth
function of TM to R,the restriction of which to each fiber TxM over x ∈M
is linear. So, we identify df (see Definition 3.4.3) with a 1-form on M (see
Definition 3.6.4). �

Corollary 3.6.2 Let ω be a k-form on a finite-dimensional pseudomanifold
M . Let x ∈ M . If X1, X2, . . . , Xk are k vector fields on M , the function
ω(X1, X2, . . . , Xk) : M → R defined by

ω(X1, X2, . . . , Xk)(x) := ωx(X1(x), X2(x), . . . , Xk(x)),

where ωx := ω(x) for x ∈M , is F-smooth on M .

Proof. Let Xi for i = 1, 2, . . . , k be the vector fields on a finite-dimensional
pseudomanifold M . If x ∈ M then, by Definition 3.6.1, Xi(x) ∈ TM , more
precisely it lies in TxM . So, according to Proposition 3.6.3, ω(X1, X2, . . . , Xk)
is an F-smooth function on M since ω is a k-form. �

Remark 3.6.6 See [10].

1. A k-form ω on a finite-dimensional pseudomanifold M induces an ex-
terior k-form on the FM -module X(M) (see Corollary 3.6.2).

2. In the following, we shall identify Ωk(M) with a module of exterior
k-forms on X(M); and the algebra

Ω(M) :=
∞⊕
k=0

Ωk(M)

of forms on M to the algebra of exterior forms on X(M).

Corollary 3.6.3 Let ϕ : M → N be an an F-smooth map between two
finite-dimensional pseudomanifolds and let ω be a k-form on N (k > 0). The
function ϕ∗ω : Dk → R given by

ϕ∗ω(v1, v2, . . . , vk) = ωϕ(x)(ϕ∗x(v1), ϕ∗x(v2), . . . , ϕ∗x(vk)),
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where x ∈Mand Dk the Whitney sum of k copies of TM , induces a k-form
on M .

Proof. Let ϕ : M → N be an an F-smooth map between two finite-
dimensional pseudomanifolds and let ω be a k-form on N (k > 0). The
restriction of ϕ∗ to each fiber TxM over x ∈ M gives us the tangent vectors
ϕ∗x(vi) ∈ Tϕ(x)N for i = 1, 2, . . . , k (see Proposition 3.3.1). Then, according
to Proposition 3.6.3, the function ϕ∗ω : Dk → R defined by

ϕ∗ω(v1, v2, . . . , vk) = ωϕ(x)(ϕ∗x(v1), ϕ∗x(v2), . . . , ϕ∗x(vk)),

restricted to (TxM)k, is F-smooth and induces a k-form on M since ω is a
k-form on N . �

Definition 3.6.6 Let ϕ : M → N be an an F-smooth map between two
finite-dimensional pseudomanifolds and let ω be a k-form on N (k > 0). The
F-smooth function ϕ∗ω (see Corollary 3.6.3) is called the reciprocal image
form by ϕ [10].

Remark 3.6.7 Let ϕ : M → N be an an F-smooth map between two finite-
dimensional pseudomanifolds and let ω be a k-form on N (k > 0).

1. We will denote the reciprocal image form ϕ∗ω by ω ◦ ϕ∗ (see Corollary
3.6.3).

2. For a form of degree zero that is f ∈ FN , we have

ϕ∗f = f ◦ ϕ.

Proposition 3.6.4 Let ϕ : M → N be an an F-smooth map between two
finite-dimensional pseudomanifolds and f ∈ FN . We have

ϕ∗(df) = d(ϕ∗f).

Proof. Let f ∈ FN . Using Definition 3.4.3, Proposition 3.4.9 and Corollary
3.6.3, we have

ϕ∗(df) = df ◦ ϕ∗ = d(f ◦ ϕ) = d(ϕ∗f).

�

Proposition 3.6.5 Let ϕ : M → N be an an F-smooth map between two
finite-dimensional pseudomanifolds. The map ϕ∗ : Ω(N) → Ω(M) is a mor-
phism of algebras.
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Proof. Let ω1, ω2 ∈ Ω(N). We have, by Definition 3.6.6,

ϕ∗(ω1 · ω2) = (ω1 · ω2) ◦ ϕ∗ = (ω1 ◦ ϕ∗) · (ω2 ◦ ϕ∗) = (ϕ∗ω1) · (ϕ∗ω2).

�

Corollary 3.6.4 If ϕ is the identity map of a finite-dimensional pseudo-
manifold M then ϕ∗ is the identity of Ω(M).

Proof. Let ω ∈ Ω(M) and ϕ := idM be the identity map of M . According
to Proposition 1.2.4, idM is an F-diffeomorphism of M . By Definition 3.6.6
and Proposition 3.4.6, we have

ϕ∗ω = ω ◦ ϕ∗ = ω ◦ (idM)∗ = ω ◦ idTM = ω,

where idTM is the identity map of TM . Thus, ϕ∗ := idΩ(M) is the identity
morphism of Ω(M). �

Corollary 3.6.5 If ϕ : M → N and ψ : N → P are F-smooth maps of
finite-dimensional pseudomanifolds.

(ψ ◦ ϕ)∗ = ϕ∗ ◦ ψ∗.

Proof. According to Proposition 1.2.2, the composite ψ◦ϕ is F-smooth since
ψ and ϕ are F-smooth. For all ω ∈ Ω(M), by Definition 3.6.6, Proposition
3.4.7 and the properties of the composition of maps, we have

(ψ ◦ ϕ)∗(ω) = ω ◦ (ψ ◦ ϕ)∗
= ω ◦ (ψ∗ ◦ ϕ∗)
= (ω ◦ ψ∗) ◦ ϕ∗
= ϕ∗(ω ◦ ψ∗)
= ϕ∗(ψ∗ω)
= (ϕ∗ ◦ ψ∗)(ω).

Hence, (ψ ◦ ϕ)∗ = ϕ∗ ◦ ψ∗. �

Corollary 3.6.6 Let M and N be two finite-dimensional pseudomanifolds.
If ϕ is an F-diffeomorphism of M to N then ϕ∗ is an isomorphism of Ω(N)
to Ω(M) and (ϕ−1)∗ = (ϕ∗)−1.

Proof. Let M and N be two finite-dimensional pseudomanifolds and
ϕ : M → N an F-diffeomorphism. By Definition 1.2.2, ϕ is a bijective F-
smooth map and ϕ−1 is F-smooth. By Definition 3.6.6, Proposition 3.4.8 and
Corollary 3.6.5, if ψ := ϕ−1, we have that

(ψ ◦ ϕ)∗ = ϕ∗ ◦ ψ∗ implies (ϕ−1 ◦ ϕ)∗ = ϕ∗ ◦ ψ∗.
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That is,
idΩ(M) = (idM)∗ = ϕ∗ ◦ ψ∗,

where idΩ(M) is the identity isomorphism of Ω(M) and idM is the identity
map of M . We have also that,

(ϕ ◦ ψ)∗ = ψ∗ ◦ ϕ∗ implies (ϕ ◦ ϕ−1)∗ = ψ∗ ◦ ϕ∗.

That is,
idΩ(N) = (idN)∗ = ψ∗ ◦ ϕ∗,

where idΩ(N) is the identity isomorphism of Ω(N) and idN is the identity
map of N . Hence, ψ∗ := (ϕ∗)−1 and ϕ∗ is an isomorphism of Ω(N) to Ω(M).
�

3.7 Lie bracket

Definition 3.7.1 Let M be an F-space. The operator

[ , ] : X(M)× X(M) → X(M), defined by [X,Y ] := XY − Y X,

is an F-smooth derivation called the Lie bracket of X and Y [2].

Proposition 3.7.1 Let X, Y and Z be the tangent vector fields on an F-
space M . The Lie bracket has the following properties:

1. [X, Y + Z] = [X, Y ] + [X,Z]

2. [X, fY ] = (X.f)Y + f [X, Y ] for f ∈ FM

3. [X,Y ] = −[Y,X]

4. [X, [Y, Z]] + [Y, [Z,X]] + [Z, [X, Y ]] = 0

Proof.

1. Let X, Y and Z be the tangent vector fields on an F-space M . Since
X(M) is an FM -module, if Y ∈ X(M) and Z ∈ X(M) then Y + Z ∈
X(M). So, by Definition 3.7.1 and since X(M) is a FM -module,

[X, Y + Z] = X(Y + Z)− (Y + Z)X
= (XY +XZ)− (Y X + ZX)
= XY +XZ − Y X − ZX
= XY + (XZ − Y X)− ZX
= XY + (−Y X +XZ)− ZX
= (XY − Y X) + (XZ − ZX)
= [X, Y ] + [X,Z].
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Thus, [X,Y + Z] = [X, Y ] + [X,Z].

2. Let X and Y be the tangent vector fields on an F-space M . Since
X(M) is a FM -module, if f ∈ FM and Y ∈ X(M) then fY ∈ X(M).
Let g ∈ FM . Therefore, by Definition 3.7.1 and Remark 3.6.3(2), we
have

[X, fY ].g = (X(fY )− (fY )X).g
= X(fY ).g − ((fY )X).g
= X.(f.(Y.g))− (fY ).(X.g)
= ((X.f).(Y.g) + fX.(Y.g))− (fY )(X.g)
= (X.f).(Y.g) + (fX.(Y.g)− (fY )(X.g))
= ((X.f)Y ).g + f(XY − Y X).g
= ((X.f)Y ).g + f [X, Y ].g
= ((X.f)Y + f [X, Y ]).g

Thus, [X, fY ] = (X.f)Y + f [X,Y ].

3. Let X and Y be the tangent vector fields on an F-space M . From
Definition 3.7.1 and since X(M) is a FM -module,

[X, Y ] = XY − Y X
= −Y X +XY
= −(Y X −XY )
= −[Y,X].

Hence, [X, Y ] = −[Y,X].

4. Let X, Y and Z be the tangent vector fields on an F-space M . By
Definition 3.7.1 and the properties of the FM -module X(M), we have

[X, [Y, Z]] = X[Y, Z]− [Y, Z]X
= X(Y Z − ZY )− (Y Z − ZY )X
= (XY Z −XZY )− (Y ZX − ZY X)
= XY Z −XZY − Y ZX + ZY X;

[Y, [Z,X]] = Y [Z,X]− [Z,X]Y
= Y (ZX −XZ)− (ZX −XZ)Y
= (Y ZX − Y XZ)− (ZXY −XZY )
= Y ZX − Y XZ − ZXY +XZY ;

[Z, [X, Y ]] = Z[X, Y ]− [X, Y ]Z
= Z(XY − Y X)− (XY − Y X)Z
= (ZXY − ZY X)− (XY Z − Y XZ)
= ZXY − ZY X −XY Z + Y XZ.

Thus, [X, [Y, Z]] + [Y, [Z,X]] + [Z, [X, Y ]] = 0.
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�

Remark 3.7.1 From Proposition 3.7.1, the Lie bracket is a bilinear form
(1) and (2), the Lie bracket is skew-symmetric and the Lie bracket satisfies
the Jacobi identities (4). Therefore, we have that, X(M) together with the
Lie bracket [ , ] forms an algebra called the Lie algebra of vector fields on
M [10].

We proved that the (operational) tangent space of an F-space has a linear
F-structure. We defined a tangent linear map between two tangent F-spaces.
We proved that a tangent linear map between two tangent F-spaces is F-
smooth. We investigated and proved with details some properties of the
tangent linear maps.

We proved that the tangent and the cotangent bundles of a n-dimensional
pseudomanifold have an F-structure and are locally F-diffeomorphic to the
even-dimensional Euclidian canonical F-space R2n. We noticed that those
tangent and cotangent F-bundles are vector F-bundles.

We also defined the tangent map between two tangent F-bundles. We proved
that a tangent map between two tangent F-bundles is F-smooth. We inves-
tigated and proved with details some properties of the tangent maps. We
defined the differential of a structure function on any F-space.

We defined the notions of vector fields and forms in the category of F-spaces.
Those vector fields and forms are respectively sections of the tangent and
the wedge product F-bundles (particularly the cotangent F-bundle) over a
finite-dimensional pseudomanifold. Some properties and detailed proofs have
followed. We proved that the differential of a structure function is a one form.
We investigated the correspondence between the forms of an F-bundle and
the exterior form on its base F-space. We defined the reciprocal image form
or the pullback form by an F-smooth map between two F-spaces and result-
ing properties.

We concluded the present chapter with a brief review of the Lie bracket in the
category of F-spaces. These are some tools that will enable us introducing
the symplectic geometry on these spaces in the following chapter.



Chapter 4

Symplectic structure on
cotangent Frölicher bundles

In this chapter, we investigate an introductive notion of symplectic structure
on a cotangent F-bundle. All sections exist and are F-smooth, according to
Proposition 2.1.4. Before going through, we start by reviewing some basic
concepts of symplectic structure on a linear F-space. Our main references
will be [2] for the the notion of symplectic F-spaces and [1], [10], [14], [15]
for the common approach developped in the other categories.

4.1 Basic concepts

Definition 4.1.1 Let E be a linear F-space of dimension n and ω a bilinear
form on E.

• the form ω is skew-symmetric on E if, for all e1, e2 ∈ E,

ω(e1, e2) = −ω(e2, e1);

• the form ω is nondegenerate on E if,

ω(e1, e2) = 0, for all e2 ∈ E, implies e1 = 0.

It is also said that ω is a symplectic form on E or that ω defines a sym-
plectic structure on E. In this case, the pair (E, ω) is a symplectic
linear F-space.

73
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Lemma 4.1.1 ([1],[15],[18]) Let E be a linear space of dimension n and E∗

its dual. Let
2∧

(E∗) denote the space of antisymmetric covariant tensors on

E. For any ω ∈
2∧

(E∗) there exists a basis {f 1∗, . . . , fn∗} of E∗ such that

ω = f 1∗ ∧ fn∗ + · · ·+ f (2p−1)∗ ∧ f 2p∗.

The integer p depends only on ω. That is, p is independent of the choice of
the basis.

Proof. ([1],[11],[18]) Let {e1, . . . , en} be a basis of E and {e1∗, . . . , en∗} the
corresponding dual basis. Then ω can be in terms of the dual basis as

ω =
∑
i<j

aije
i∗ ∧ ej∗,

where aij ∈ R. If ω 6= 0 then we may rearrange the basis such that a12 6= 0.
That is,

ω = (e1∗ − a23

a12

e3∗ − · · · − a2n

a12

en∗) ∧ (a12e
2∗ + a13e

3∗ + · · ·+ a1ne
n∗) + ω1,

where ω1 does not contain any expression involving e1∗ or e2∗. Now, we set

f 1∗ = e1∗ − a23

a12

e3∗ − · · · − a2n

a12

en∗

and
f 2∗ = a12e

2∗ + a13e
3∗ + · · ·+ a1ne

n∗.

Then, f 1∗, f2∗, e3∗, . . . , en∗ are linearly independant and

ω = f 1∗ ∧ f 2∗ + ω1.

If ω1 = 0, the proof is complete and we shall write ω in the form

ω = f 1∗ ∧ f 2∗.

If ω1 6= 0, we resume the process and we shall stop when we get the desired
normal form. Now we show that the integer p depends only on ω. Note that
ω induces a linear map

ω[ : E → E∗

sending v ∈ E to ω[(v) := ω(v, ·) which is a linear form on E. If {g1, g2, . . . , gn}
is any basis of E, then the linear forms

ω[(g1), ω
[(g2), . . . , ω

[(gn) span ω[(E) ⊂ E∗.
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In particular if {f1, f2, . . . , fn} is a basis of E with dual basis {f 1∗, f2∗, . . . , fn∗}
in E∗ as constructed above, then is clear that

ω[(f1) = f 2∗, ω[(f2) = −f 1∗, . . . , ω[(f2p−1) = f 2p∗, ω[(f2p) = −f (2p−1)∗

while ω[(fk) = 0 for k > 2p. Thus, f 1∗, f2∗, . . . , f 2p∗ form a basis for the
subspace ω[(E) and 2p = dim ω[(E); which shows that p is only defined in
terms of ω and does not depend on any choice of basis. �

Note that the expression of ω defined at Lemma 4.1.1 is called the canonical
form of ω or the Darboux form of ω or again the normal form of ω. The
integer 2p := dim ω[(E) (see the Proof of Lemma 4.1.1) is called the rank of
ω. See [10].

Remark 4.1.1 ([1]) The nondegeneracy of ω, as defined at Definition 4.1.1,
is equivalent to what follows:

1. ω ∧ ω ∧ · · · ∧ ω (n copies of ω), called the volume form, is nowhere
zero;

2. det(ωIJ) 6= 0 or det(ωtIJ) 6= 0, where ωIJ (ωtIJ its transpose) is the
matrix of ω called the symplectic matrix of ω;

3. The rank of ω is maximal;

4. The linear map ω[ : E → E∗ defined by ω[(e)(e′) := ω(e, e′) is an
isomorphism;

5. There is a basis
{u1, u2, . . . , up, v1, v2, . . . , vp}

of E, called the symplectic basis or the canonical basis of E, such
that

ω(ui, uj) = ω(vi, vj) = 0 and ω(ui, vj) = δij,

where i, j ∈ {1, 2, . . . , p} and δij is the Kronecker symbol.

Corollary 4.1.1 The bilinear form ω is a symplectic form on a finite-
dimensional real linear space E if and only if the space E is even dimensional.

Proof. Suppose that ω is nondegenerate. Let us choose a basis of E such
that

ω =

p∑
i=1

αi ∧ αi+p,
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as defined at Lemma 4.1.1. By Remark 4.1.1(3), the rank of ω is the dimen-
sion of E. Hence, we have dim E = 2p. The converse holds similarly. �

Example 16

1. Consider the bilinear form ωo on the canonical Euclidian linear F-space
R2n given by

ωo : R2n × R2n → R; ωo(x̄, ȳ) =
n∑
i=1

(xi+nyi − xiyi+n),

where
x̄ := (x1, x2, . . . , xn, xn+1, . . . , x2n)

and
ȳ := (y1, y2, . . . , yn, yn+1, . . . , y2n)

are elements of R2n. Let us show that ωo is skew-symmetric. In effect,
for x̄ ∈ R2n and ȳ ∈ R2n, by the definition of ω0 and the properties of
the addition and the multiplication of real numbers,

ωo(x̄, ȳ) =
n∑
i=1

(xi+nyi − xiyi+n)

=
n∑
i=1

(−xiyi+n + xi+nyi)

= −
n∑
i=1

(xiyi+n − xi+nyi)

= −
n∑
i=1

(yi+nxi − yixi+n)

= −ωo(ȳ, x̄).

Now, we will show that ωo is nondegenerate. In fact, the matrix form
of ωo(x̄, ȳ) is expressed as

x̄



0 0 · · · 0 −1 0 · · · 0
0 0 · · · 0 0 −1 · · · 0
...

...
. . .

...
...

...
. . .

...
0 0 · · · 0 0 0 · · · −1
1 0 · · · 0 0 0 · · · 0
0 1 · · · 0 0 0 · · · 0
...

...
. . .

...
...

...
. . .

...
0 0 · · · 1 0 0 · · · 0


︸ ︷︷ ︸

ωoIJ

ȳt
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It follows that det(ωoIJ
) = 1. That is, the matrix ωoIJ

of ωo is nonsingu-
lar. Hence, by Definition 4.1.1 and Remark 4.1.1(2), ωo is a symplectic
form on R2n and (R2n, ωo) is a symplectic linear F-space.

2. Let E be a linear F-space of dimension n and W := E × E∗. If we set

ω((x1, α
1); (x2, α

2)) = α2(x1)− α1(x2),

where x1, x2 ∈ E and α1, α2 ∈ E∗, then we show that ω is a symplectic
on W .
First, the bilinear form ω is skew-symmetric on W . For, if (x1, α

1) ∈ W
and (X2, α

2) ∈ W , then by the definition of ω and the properties the
addition of reals numbers, we have

ω((x1, α
1); (x2, α

2)) = α2(x1)− α1(x2)
= −α1(x2) + α2(x1)
= −(α1(x2)− α2(x1))
= −ω((x2, α

2); (x1, α
1)).

Now we show that ω is nondegenerate. Let (x1, α
1) ∈ W and

(X2, α
2) ∈ W . That is, x1 ∈ E, x2 ∈ E,α1 ∈ E∗ and α2 ∈ E∗. If

{e1, e2, . . . , en} is a basis of E and {e∗1, e∗2, . . . , e∗n} its basis of E∗, then

xk =
n∑
i=1

xki ei and αl =
n∑
j=1

αlje
∗
j ,

where xki , α
l
j ∈ R for k, l ∈ {1, 2}. Since α1 and α2 are linear maps, we

have

ω((x1, α
1); (x2, α

2)) = α2(x1)− α1(x2)

= α2(
n∑
i=1

x1
i ei)− α1(

n∑
i=1

x2
i ei)

=
n∑
i=1

x1
iα

2(ei)−
n∑
i=1

x2
iα

1(ei)

=
n∑
i=1

[x1
iα

2(ei)− x2
iα

1(ei)]

=
n∑
i=1

[x1
i

n∑
j=1

α2
je

∗
j(ei)− x2

i

n∑
j=1

α1
je

∗
j(ei)]

=
n∑
i=1

(x1
i

n∑
j=1

α2
jδij − x2

i

n∑
j=1

α1
jδij)

=
n∑
i=1

n∑
j=1

(x1
iα

2
j − x2

iα
1
j )δij

=
n∑
i=1

(x1
iα

2
i − x2

iα
1
i )
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where δij is the Krönecker symbol. Thus,

ω((x1, α
1); (x2, α

2)) =
n∑
i=1

(x1
iα

2
i − x2

iα
1
i ).

So, the matrix form of ω((x1, α
1); (x2, α

2)) is written as follows

(x1, α
1)



0 0 · · · 0 1 0 · · · 0
0 0 · · · 0 0 1 · · · 0
...

...
. . .

...
...

...
. . .

...
0 0 · · · 0 0 0 · · · 1
−1 0 · · · 0 0 0 · · · 0
0 −1 · · · 0 0 0 · · · 0
...

...
. . .

...
...

...
. . .

...
0 0 · · · −1 0 0 · · · 0


︸ ︷︷ ︸

ωIJ

(x2, α
2)t

where
(x1, α

1) := (x1
1, x

1
2, . . . , x

1
n, α

1
1, α

1
2, . . . , α

1
n)

and
(x2, α

2) := (x2
1, x

2
2, . . . , x

2
n, α

2
1, α

2
2, . . . , α

2
n).

Therefore, det(ωIJ) = 1. That is, ωIJ is the symplectic matrix of ω.
Hence, according to Definition 4.1.1 and Remark 4.1.1(2), (W,ω) is a
symplectic linear F-space.

Definition 4.1.2 (See [2]) A linear map ϕ : (E, ω) → (E ′, ω′) between two
symplectic linear F-spaces is called symplectic F-smooth map if

ϕ∗ω′ = ω or ω(x, y) = ω′(ϕ(x), ϕ(y))

for all x, y ∈ E. A symplectic F-smooth isomorphism on a symplectic linear
F-space E is called a symplectic F-smooth transformation or simply a
symplectic transformation or again symplectomorphism.

The set of all F-smooth transformations on a symplectic linear F-space (E, ω)
is denoted by Sp(E, ω).

Proposition 4.1.1 Let (E, ω) be a symplectic linear F-space of finite dimen-
sion. Sp(E, ω) is an F-Lie group under the composition of maps.
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Proof. Let (E, ω) be a symplectic linear F-space of finite dimension. It
follows that E is a linear F-space. According to Example 5, Diff(E) is an
F-Lie group. We have

Sp(E, ω) ⊂ Diff(E) and Sp(E, ω) 6= ∅

since idE ∈ Sp(E, ω) and also by the definition of Diff(E). We only need to
show that if ϕ ∈ Sp(E, ω) and ψ ∈ Sp(E, ω) then ϕ ◦ ψ ∈ Sp(E, ω) and
ϕ−1 ∈ Sp(E, ω). Let ϕ ∈ Sp(E, ω) and ψ ∈ Sp(E, ω). That is, by Definition
4.1.2, Definition 1.2.2, Proposition 1.2.2 and Proposition 1.2.5, ϕ◦ψ and ϕ−1

are F-smooth. In effect, by Corollary 3.6.5 and Definition 4.1.2,

(ϕ ◦ ψ)∗ω = (ψ∗ ◦ ϕ∗)ω = ψ∗(ϕ∗ω) = ψ∗ω = ω.

Thus, by Definition 4.1.2, ϕ◦ψ ∈ Sp(E, ω). We have also, by Corollary 3.6.6
and Definition 4.1.2,

(ϕ−1)∗ω = (ϕ∗)−1ω = (ϕ∗)−1ϕ∗ω = idΩ(E)ω = ω

since ϕ ∈ Sp(E, ω) and ϕ∗ is an F-diffeomorphism, where idΩ(E) is the iden-
tity isomorphism of Ω(E). Thus, by Definition 4.1.2, ϕ−1 ∈ Sp(E, ω). Hence,
according to Definition 1.7.1, Sp(E, ω) is an F-Lie group. �

Definition 4.1.3 The F-Lie group Sp(E, ω) is called the symplectic F-Lie
group of E (see [12] and [20]).

Proposition 4.1.2 If (E, ω) and (E ′, ω′) are two symplectic linear F-spaces
of the same dimension, then there exists an F-smooth isomorphism ϕ : E → E ′

satisfying ϕ∗ω′ = ω.

Proof. By Remark 4.1.1(5), since (E, ω) and (E ′, ω′) are symplectic linear
F-spaces of the same dimension, we can choose a symplectic basis

u1, u2, . . . , up, v1, v2, . . . , vp

of E and a symplectic basis

ũ1, ũ2, . . . , ũp, ṽ1, ṽ2, . . . , ṽp

of E ′ such that

ω(ui, uj) = ω(vi, vj) = ω′(ũi, ũj) = ω(ṽi, ṽj) = 0

and
ω(ui, vj) = ω′(ũi, ṽj) = δij,
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where 1 ≤ i, j ≤ p and δij is the symbol of Krönecker. Let us define an an
F-smooth isomorphism

ϕ : E → E ′ by ϕ(ui) = ũi and ϕ(vi) = ṽi.

Let x ∈ E and y ∈ E. Let ui = ei, vi = ei+1, ũi = ẽi and ṽi = ẽi+1, for
i = 1, 2, . . . , p. That is,

x =

2p∑
i=1

xiei and y =

2p∑
j=1

yjej,

where xi, yj ∈ R. We have, by the fact that ω and ω′ are bilinear and ϕ is
linear,

ϕ∗ω′(x, y) = ω′(ϕ(x), ϕ(y))

= ω′(ϕ(

2p∑
i=1

xiei), ϕ(

2p∑
j=1

yjej))

= ω′(

2p∑
i=1

xiϕ(ei),

2p∑
j=1

yjϕ(ej))

= ω′(

2p∑
i=1

xiẽi,

2p∑
j=1

yj ẽj)

=

2p∑
i=1

2p∑
j=1

xiyjω
′(ẽi, ẽj)

=

2p∑
i=1

2p∑
j=1

xiyjω(ei, ej)

= ω(

2p∑
i=1

xiei,

2p∑
j=1

yjej)

= ω(x, y).

That is, ϕ∗ω′ = ω. �

Remark 4.1.2 All symplectic linear F-spaces of the same dimension are
isomorphic. That is, they are symplectically indistinguishable. They ”look
like”. See [12].

Definition 4.1.4 (See [2]) The exterior differentiation on a finite-
dimensional pseudomanifold M is an operator d : Ωk(M) → Ωk+1(M) satis-
fying the following formulas:

1. If α ∈ Ω0(M) then (dα)(X) = X(α), for any X ∈ X(M).
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2. If k ≥ 1 and ω ∈ Ωk(M) then

dω(X1, X2, . . . , Xk+1) = V +W,

where

V :=
k+1∑
i=1

(−1)i+1Xi(ω(X1, X2, . . . , X̃i, . . . , Xk+1))

and
W :=

∑
i<j

(−1)i+jω([Xi, Xj], X1, X2, . . . , X̃i, . . . , X̃j, . . . , Xk+1))

for any X1, X2, . . . , Xk+1 ∈ X(M), where X̃i and X̃j are omitted.

We say that dω is the exterior differential of the form ω.

Proposition 4.1.3 If ω is a Pfaffian form then

dω(X, Y ) = Xω(Y )− Y ω(X)− ω([X, Y ]).

Proof. A Pfaffian form is a 1-form. Let k = 1, X1 = X and X2 = Y and we
use Definition 4.1.3. Clearly the proposition holds. �

Corollary 4.1.2 Let M be a finite-dimensional pseudomanifold and f ∈ FM .

d(df) = 0 (i.e. a form of zero degree).

Proof. Let M be a finite-dimensional pseudomanifold and f ∈ FM . Accord-
ing to Corollary 3.6.1, df is a Pfaffian form. Let X ∈ X(M) and Y ∈ X(M).
We have, by Definition 3.7.1, [X, Y ] ∈ X(M). By Proposition 4.1.3, Defini-
tion 3.4.3 and Definition 3.7.1, we obtain

d(df)(X, Y ) = X(df)(Y )− Y (df)(X)− (df)([X, Y ])
= X(df(Y ))− Y (df(X))− (df([X, Y ]))
= X(Y.f)− Y (X.f)− [X, Y ].f
= X(Y.f)− Y (X.f)− (XY − Y X).f
= X(Y.f)− Y (X.f)−X(Y.f) + Y (X.f)
= (XY − Y X −XY + Y X).f
= ([X, Y ]− [X,Y ]).f
= 0.f
= 0

�

Definition 4.1.5 Let M be a finite-dimensional pseudomanifold. An F-form
ω ∈ Ω(M)is said closed if dω = 0 [10].
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4.2 Symplectic vector Frölicher bundles

Definition 4.2.1 (See [15]) Let (E, π,M) be a vector F-bundle. A sym-

plectic structure on E is defined by a section ω of the F-bundle
2∧

(E∗)

the such that, for every x ∈M , the bilinear form ωx := ω(x) is a symplectic
form on the fiber Ex over x. A vector F-bundle (E, π,M) endowed with a
symplectic structure ω is called a symplectic vector F-bundle, it is de-
noted by (E, π,M, ω) or, more briefly, by (E, ω) when there is no risk of
confusion.

Example 17

1. Let M be an arbitrary finite-dimensional pseudomanifold and (E, ω)
symplectic vector F-space. The trivial vector F-bundle M × E over
M (see Example 12) is a symplectic vector F-bundle. Indeed, for any

x ∈M , ωx ∈
2∧

(E∗) is a symplectic form on E. So, the form

α ∈
2∧

((M × E)∗) such that α((x, v1); (x, v2)) := ωx(v1, v2),

where v1, v2 ∈ Ex, defines a symplectic structure on the fiber Ex over
x ∈M .

2. Let E be a vector F-bundle with base M and E∗ be its dual vector
F-bundle. The Whitney sum W := E ⊕ E∗ possesses a structure of
symplectic vector F-bundle since the corresponding form ω is defined
by

ωx((u1, α1); (u2, α2)) = α2(u1)− α1(u2)

on the fiber Ex ⊕ E∗
x.

Definition 4.2.2 (See [15]) Let M be a finite-dimensional pseudomanifold.
A symplectic structure on M is defined by the choice of a 2-form ω ∈
Ω2(M) satisfying the following properties:

1. for every x ∈M , the bilinear form ωx is nondegenerate;

2. the 2-form ω is closed (dω = 0).

We will say that the pair (M,ω) is a symplectic pseudomanifold, and ω
is a symplectic form on M .
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Remark 4.2.1 Refering to [2], the nondegeneracy of the 2-form ω ∈ Ω2(M)
is equivalent to one the following statements:

1. ω(X,Y ) = 0 for all Y ∈ X(M) implies that X = 0.

2. For all x ∈M , if ωx(Xx, Yx) = 0 for all Yx ∈ TxM then Xx = 0.

3. The F-smooth map ω[ : TM → T ∗M is an isomorphism of vector
F-bundles.

4. The F-smooth map ω[ : X(M) → Ω1(M) is an isomorphism of FM -
modules.

Proposition 4.2.1 Let (M,ω) be a symplectic pseudomanifold of dimension
n. Then for all x ∈M , (TxM,ωx) is a symplectic linear F-space and n is an
even positive integer.

Proof. Let M be a pseudomanifold of dimension n and x ∈ M . We have
that dim TxM = n. Let ω define a symplectic structure on M . It follows
that ωx defines a symplectic structure on TxM since ω ∈ Ω2(M) is symplectic
and for x ∈ M implies ωx ∈

∧2(T ∗
xM) (a canonical symplectic form). So,

(TxM,ωx) is a symplectic linear F-space. Then, according to Lemma 4.1.1,
dim TxM = 2p, where p is a positive integer depending only on ωx. Hence,
n = dim TxM = 2p. Thus, dim M = 2p. �

Theorem 4.2.1 (See [2]). Let (M,ω) be a symplectic pseudomanifold of
dimension 2n. For every x ∈ M there exists an open neighborhood U of x
and q1, q2, . . . , qn, p1, p2, . . . , pn ∈ Gx(U), the germ of F-smooth functions at
x in U such that

ω|U =
n∑
i=1

dqi ∧ dpi

(called Darboux form).

Proof. Let M be a symplectic pseudomanifold of dimension 2n and x ∈M .
It turns out (see [2] and Proof of Lemma 4.1.1) that there exists an open
neighborhood U of x such that

W1,W2, . . . ,Wn, V1, V2, . . . , Vn ∈ X(U)

form a local basis over U and F-smooth functions

e1, e2, . . . , en, en+1, . . . , e2n ∈ Gx(U)
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such that

Wx,i(e
j) = δij, Wx,i(e

n+j) = 0, Vx,i(e
j) = 0 and Vx,i(e

n+j) = δij,

where δij is the Krönecker symbol. By Definition 3.4.3,

dej(Wx,i) = δij, de
n+j(Wx,i) = 0, dej(Vx,i) = 0 and den+j(Vx,i) = δij.

Thus,
de1, de2, . . . , den, den+1, . . . , de2n

form the dual basis of

W1,W2, . . . ,Wn, V1, V2, . . . , Vn.

According to Lemma 4.1.1, we can choose the 2n F-smooth functions

q1, q2, . . . , qn, p1, p2, . . . , pn ∈ Gx(U)

such that
dq1, dq2, . . . , dqn, dp1, dp2, . . . , dpn

form the basis in which ω|U has the normal form

n∑
i=1

dqi ∧ dpi.

�

Corollary 4.2.1 If U is an open subset of a symplectic pseumanifold (E, ω)
of dimension 2n then (U, ω|U ) is a symplectic pseumanifold.

Proof. Let an open U ⊆M and a symplectic pseumanifold (E, ω) of dimen-
sion 2n. According to Proposition 1.3.1, U is a finite-dimensional pseudo-
manifold. By Theorem 4.2.1, we can define a symplectic form on U by

ω|U =
n∑
i=1

dqi ∧ dpi.

Thus, (U, ω|U ) is a symplectic pseudomanifold. �

Example 18 The 2n-dimensional Euclidian canonical F-space R2n is a sym-
plectic pseudomanifold with respect to the canonical symplectic form

ωo =
n∑
i=1

dxi ∧ dyi,
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where (x1, x2, . . . , xn, y1, y2, . . . , yn) ∈ R2n.

In the following, we will investigate a symplectic structure on the cotangent F-
bundle as second example of a symplectic pseudomanifold. Let (T ∗M, τ,M)
be the cotangent F-bundle on a pseudomanifold M of dimension n. Let
x ∈ M and α ∈ T ∗M . According to Definition 3.3.1, there exists a tangent
linear map τ∗α defined from Tα(T

∗M) into TxM since τ : T ∗M → M is
F-smooth. One can define a linear map from Tα(T

∗M) to R by the formula

α(τ∗α(u)) = (τ ∗(α))(u), for u ∈ Tα(T ∗M).

We prove in the category FRL the following theorem as mentioned in [10]
for the category of differentiable manifolds.

Theorem 4.2.2 Let M be a finite-dimensional pseudomanifold. The corre-
spondance α 7→ τ ∗(α) defines a 1-form on T ∗M .

Proof. Let M be a finite-dimensional pseudomanifold and α ∈ T ∗M . Ac-
cording to Proposition 3.6.3, α is a 1-form on M . Hence, by Corollary 3.6.3,
the map τ ∗(α) induces a 1-form on T ∗M since τ : T ∗M → M is F-smooth.
�

Definition 4.2.3 Let (T ∗M, τ,M) be a cotangent F-bundle to a finite-
dimensional pseudomanifold M . The 1-form λ such that λ(α) := τ ∗(α) is
called the Liouville form on T ∗M [10].

Lemma 4.2.1 Let M be a finite-dimensional pseudomanifold and (N,ω) be
a symplectic pseudomanifold. If ϕ : M → N is an F-diffeomorphism then
ϕ∗ω is a symplectic form on M .

Proof. Let M be a finite-dimensional pseudomanifold and (N,ω) be a sym-
plectic pseudomanifold. Let ϕ : M → N be an F-diffeomorphism. According
to Corollary 3.6.3, ϕ∗ω is a bilinear form on M since ω is a bilinear form on
N and ϕ is F-smooth. Let X, Y ∈ X(M) and X̃ := ϕ∗(X), Ỹ := ϕ∗(Y ), X̃
and Ỹ lie in X(N).
Let us show that ϕ∗ω is skew-symmetric. In effect, by Definition 3.6.6 and
by skew-symmetry of ω, we have

ϕ∗ω(X,Y ) = ω(ϕ∗(X), ϕ∗(Y ))

= ω(X̃, Ỹ )

= −ω(Ỹ , X̃)
= −ω(ϕ∗(Y ), ϕ∗(X))
= −ϕ∗ω(Y,X).
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Thus, ϕ∗ω(X, Y ) = −ϕ∗ω(Y,X). Hence, the skew-symmetry of ϕ∗ω holds
on M . Now, let us show that ϕ∗ω is nondegenerate. In effect, by Definition
3.6.4, we have that

ϕ∗ω(X, Y ) = 0 for all Y ∈ X(M) implies ω(ϕ∗(X), ϕ∗(Y )) = 0

for all Y ∈ X(M).Or again,

ϕ∗ω(X̃, Ỹ ) = 0 for all Ỹ ∈ X(N)

since ϕ∗ is an F-diffeomorphism (see Proposition 3.4.8). By nondegeneracy
of ω, it implies that X̃ = 0. That is, ϕ∗(X) = 0. It yields X = 0 since ϕ∗ is
an F-diffeomorphism. Thus,

ϕ∗ω(X, Y ) = 0 for all Y ∈ X(M) implies X = 0.

Hence, the nondegeneracy of ϕ∗ω holds on M .
Finally, let us show that ϕ∗ω is a closed form. In effect, by Definition 3.6.6
and by closedness of ω, we have for X, Y, Z ∈ X(M) such that X̃ := ϕ∗(X),
Ỹ := ϕ∗(Y ), Z̃ := ϕ∗(Z) ∈ X(N) the following sequence of equalities:

dϕ∗ω(X, Y, Z) = dω(ϕ∗(X), ϕ∗(Y ), ϕ∗(Z)) = dω(X̃, Ỹ , Z̃) = 0.

Thus, ϕ∗ω is closed on M . According to Definition 4.2.2, the bilinear form
ϕ∗ω is a symplectic form on M . �

In the following corollary, we use the Lemma 4.2.1 to show that if M is finite-
dimensional pseudomanifold then T ∗M is a symplectic pseudomanifold.

Corollary 4.2.2 Let M be a finite-dimensional pseudomanifold. The exte-
rior differential ω := dλ of the Liouville form λ on T ∗M defines a symplectic
structure.

Proof. Let M be a finite-dimensional pseudomanifold. By Definition 4.1.3,
ω := dλ is a 2-form on T ∗M since λ is a 1-form on T ∗M . According to Propo-
sition 3.5.2, the cotangent F-bundle T ∗M is locally F-diffeomorphic to the
standard symplectic pseudomanifold R2n. Thus, according to Lemma 4.2.1,
the pullback of the canonical symplectic form on R2n is a symplectic form
on T ∗M . Let ω be that symplectic form. Hence, (T ∗M,ω) is a symplectic
pseudomanifold. �

So, according to Corollary 4.2.2, the cotangent F-bundle to any finite-dimensional
pseudomanifold is a second example of symplectic pseudomanifold following
that of the standard symplectic pseudomanifold given at Example 19.
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Definition 4.2.4 (See [20]) Let (M,ω) and (N,ω′) be two symplectic pseudo-
manifolds of finite-dimension. An F-smooth map ϕ : M → N is symplectic
if

ϕ∗ω′ = ω.

A symplectic F-diffeomorphism is called a symplectomorphism.

Theorem 4.2.3 (See [1]) Let M be a finite-dimensional pseudomanifold and
ϕ : M →M an F-diffeomorphism; define the lift of ϕ by

ϕ̄ : T ∗M → T ∗M ; ϕ̄(αq)(v) = αq(ϕ∗(v)),

where q ∈M , αq ∈ T ∗M and v ∈ Tϕ−1(q)M . Then, ϕ̄ is a symplectomorphism
and in fact ϕ̄∗θo = θo, where θo is the canonical 1-form.

Proof. LetM be a finite-dimensional pseudomanifold and ϕ an F-diffeomorphism
of M . Consider the following commutative diagrams:

�T ∗M

?
M

ϕ̄

τ

-

T ∗M

?
M

ϕ

τ

-Tαq(T
∗M)

?
T ∗M

ϕ̄∗

-

Tαq(T
∗M)

?
T ∗M

ϕ̄

-Tαq(T
∗M)

?
T ∗M

τ∗

-

TqM

?
M

τ

Let θo be a 1-form on T ∗M . For u ∈ Tαq(T
∗M), by Definition 3.6.6 and by



4.2 Symplectic vector Frölicher bundles 88

the definition of ϕ̄, we have

ϕ̄∗θo(u) = θo(ϕ̄∗(u))
= ϕ̄(αq)τ∗(ϕ̄∗(u))
= ϕ̄(αq)(τ∗(ϕ̄∗(u)))
= ϕ̄(αq)((τ ◦ ϕ̄)∗(u))
= αq(ϕ∗((τ ◦ ϕ̄)∗(u)))
= αq((ϕ ◦ τ ◦ ϕ̄)∗(u))
= αq(τ∗(u))
= θo(u).

Thus, for all u ∈ Tαq(T
∗M), ϕ̄∗θo(u) = θo(u). That is, ϕ̄∗θo = θo. By

Definition 4.2.4, ϕ̄ is symplectic. For αq ∈ T ∗M and v ∈ Tϕ−1(q)M , by the
definition of ϕ̄, we have

ϕ̄(αq)v = αq(ϕ∗(v)) = ϕ∗(αq)v.

So, ᾱ can be identified with ϕ∗. Hence, ᾱ is an F-diffeomorphism since ϕ∗

is an F-diffeomorphism (see Corollary 3.6.6). By Definition 4.2.4, ϕ̄ is a
symplectomorphism of T ∗M . �

Theorem 4.2.4 (See [1] and [20]) Let ϕ : M1 →M2 be an F-diffeomorphism
between finite-dimensional pseudomanifolds M1 and M2 and its lift defined
by

ϕ̄ : T ∗M2 → T ∗M1; ϕ̄(αq1)(v1) = αq2(ϕ∗(v1)),

where q2 ∈ M , αq2 ∈ T ∗M2 and v1 ∈ Tϕ−1(q2)M1. Then, ϕ̄ is a symplecto-
morphism and in fact ϕ̄∗ω1 = ω2, where ω1 and ω2 are respectively 1-form
on T ∗M1 and T ∗M2.

Proof. Let ϕ : M1 →M2 be an F-diffeomorphism between finite-dimensional
pseudomanifolds M1 and M2. Notice the following commutative diagrams:

�T ∗M1

?
M1

ϕ̄

τ1

-

T ∗M2

?
M2

ϕ

τ2
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-Tαq2
(T ∗M2)

?
T ∗M2

ϕ̄∗

-

Tαq1
(T ∗M1)

?
T ∗M1

ϕ̄

-Tαq1
(T ∗M1)

?
T ∗M1

τ1∗

-

Tq1M1

?
M1

τ1

-Tαq2
(T ∗M2)

?
T ∗M2

τ2∗

-

Tq2M2

?
M2

τ2

Let ω1 be a 1-form on T ∗M1. For u ∈ Tαq2
(T ∗M2), by Definition 3.6.4, by

the definition of ϕ̄, by the properties of compositions of maps and the fact
that ϕ is an F-diffeomorphism, we have

ϕ̄∗ω1(u) = ω1(ϕ̄∗(u))
= ϕ̄(αq2)τ1∗(ϕ̄∗(u))
= ϕ̄(αq2)((τ1∗ ◦ ϕ̄∗)(u))
= ϕ̄(αq2)((τ1 ◦ ϕ̄)∗(u))
= αq2(ϕ∗((τ1 ◦ ϕ̄)∗(u)))
= αq2(ϕ∗(ϕ

−1 ◦ τ2)∗(u))
= αq2((ϕ ◦ ϕ−1 ◦ τ2)∗(u))
= αq2((idM2 ◦ τ2)∗(u))
= αq2(τ2∗(u))
= ω2(u),

where idM2 is the identity map of M2. Thus, for all u ∈ Tαq(T
∗M),

ϕ̄∗ω1(u) = ω2(u). That is, ϕ̄∗ω1 = ω2. By Definition 4.2.4, ϕ̄ is symplectic.
For αq2 ∈ T ∗M2 and v1 ∈ Tϕ−1(q1)M1, by the definition of ϕ̄, one has

ϕ̄(αq2)v1 = αq2(ϕ∗(v1)) = ϕ∗(αq2)v1.
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That is, ϕ̄ can be identified with ϕ∗. Hence, ϕ̄ is an F-diffeomorphism since
ϕ∗ is an F-diffeomorphism (see Corollary 3.6.6). By Definition 4.2.4, ϕ̄ is a
symplectomorphism of T ∗M2 to T ∗M1. �

We defined the notion of symplectic structure on a vector F-bundle. We
gave two examples of a symplectic vector F-bundle. We also defined the
notion of symplectic structure on a finite-dimensional pseudomanifold. We
reviewed the standard example of a symplectic pseudomanifold or the sym-
plectic trivial vector F-bundle R2n. We defined a 2-form on a fiber of a
cotangent F-bundle. Then, we proved the existence of a (local) symplectic
structure on a cotangent F-bundle on an n-dimensional pseudomanifold by
the pullback of the canonical symplectic form of R2n. We proved that the
cotangent F-bundles of two F-diffeomorphic finite-dimensional pseudomani-
folds are symplectomorphic.



Conclusion

We showed that on a Frölicher space the topology induced by structure curves
is included into the topology generated by structure functions. In order to
simplify our structure, we supposed that those two topologies coincide and
are compact Hausdorff. We proved that structure curves and structure func-
tions are smooth in the category of Frölicher spaces. We reviewed, with
details and examples, the concepts and the properties of Frölicher structure
on the set induced from the other Frölicher spaces.

We proved that the fibers of Frölicher bundles have a Frölicher structure as
well. We also proved that the sections of Frölicher bundles are smooth maps
in the category of Frölicher spaces. We noticed that the set of all sections of
vector Frölicher bundles over a Frölicher space, endowed with the addition
and the multiplication by a structure function, is a module over the set of
structure functions of the Frölicher space. Those F-bundles and F-morphisms
between F-bundles form the category of Frölicher bundles.

The concepts of tangent structures on a Frölicher space and linear tangent
map between two tangent Frölicher spaces are reviewed with a deep atten-
tion and more detailed proofs. We proved that the tangent and the cotangent
Frölicher bundles of a finite-dimensional pseudomanifold are locally diffeo-
morphic to the even-dimensional Euclidian canonical Frölicher space. More
properties of tangent maps between tangent Frölicher bundles are given and
proved. The differential of a real-valued function on a Frölicher space is that
of the structure function. We defined the notions of vector fields and forms
of the Frölicher bundles over a finite-dimensional pseudomanifold. We have
observed that those vector fields and forms are smooth in the category of
Frölicher spaces.

We achieved the investigation of the symplectic structure on a vector Frölicher
bundle and some examples are given. The same is done for the symplectic
structure on a finite-dimensional pseudomanifold. The standard example of
symplectic pseudomanifolds has been given. The existence of a symplectic
structure on a cotangent Frölicher bundle has also been given as a second

91
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example of a symplectic pseudomanifold. This work ended with the the
concept of symplectomorphism between two finite- dimensional pseudoman-
ifolds. We proved that the cotangent Frölicher bundles of two diffeomorphic
finite-dimensional pseudomanifolds are symplectomorphic in the category of
Frölicher spaces. Those notions can be useful to find out the canonical form
(the equivalent of Darboux form) of the symplectic form on a cotangent
Frölicher bundle. In our opinion, it could constitue an interesting subject of
a future work.
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