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Abstract
There is a constant and continuous need to refine current numerical approaches
used to solve non-linear differential equations, which are employed to model real-
world problems that often do not have analytical solutions. Spectral-based tech-
niques have proven to be one of the most efficient numerical techniques for find-
ing solutions of differential equations. Numerous spectral-based linearization tech-
niques have been developed, such as the spectral relaxation (SRM), the spectral
local linearization (SLLM), the spectral quasilinearization (SQLM), and the paired
quasilinearization (PQLM) methods, among others. Previous research suggests that
the PQLM is an efficient approach for solving complex non-linear systems of ordi-
nary (ODEs) and partial differential equations (PDEs). However, it has been ob-
served that this method requires further enhancement when utilized for problems
described over a large domain, be it temporal or spatial. This research aims to
address this limitation by proposing a modified version of the PQLM called the
overlapping multi-domain paired quasilinearization method (OMD-PQLM), that
enhances the accuracy and convergence speed of the original approach. The new
approach entails solving a system by a technique that involves decoupling the sys-
tem into pairs of equations and partitioning the large domain into smaller overlap-
ping sub-domains. A comparison between the OMD-PQLM and the PQLM is con-
ducted by solving systems of ODEs and PDEs. The proposed numerical approach
is evaluated based on the norms of the residual and convergence errors, computa-
tional time, and the influence of the number of grid points and sub-domains on the
convergence speed of the iterative scheme and the accuracy of the solutions. The
findings demonstrate that the OMD-PQLM remarkably improves the accuracy of
the solution compared to the PQLM, suggesting that partitioning the problem do-
main into overlapping multiple-domains optimizes the performance of the PQLM.
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Chapter 1

Introduction

Real-world problems provide challenges that need to be addressed. A suitable ap-
proach is modelling such problems using mathematical equations. Mathematical
models have proven to be invaluable in a variety of fields, including financial mod-
elling, medical research, and engineering [1, 2, 3, 4], among others. The increasing
complexities of these problems often result in systems of highly non-linear differ-
ential equations that are, in most cases, impossible or tedious to solve analytically
[5]. Numerical methods transform continuous functions and their derivatives to
their corresponding discrete form [6, 7, 8]. For non-linear differential equations,
this might involve developing an iterative scheme [9]. Iterative methods work by
using a previous solution to obtain an updated solution, and the process continues
until a convergence or stopping condition is met [6].

The idea of numerical methods is not new. Numerical methods are almost as old as
human civilization [10]. Archimedes of Syracuse between 287 and 212 BC created
the method of estimating area, length, and volume for geometric figures, which
is known as the method of exhaustion [10]. Some ancient Greek mathematicians
made further advances in numerical approaches; in particular, Eudoxus of Cnidus
improved the method of exhaustion for estimating areas, lengths, and volumes of
geometric shapes [11]. This method of exhaustion is similar to modern numerical
integration when used to find approximations. Newton and Leibniz had a signifi-
cant impact on the formulation of calculus by developing numerical methods that
led to an accurate understanding of mathematical models for real-world problems,
beginning with physical sciences and progressing to engineering, medicine, busi-
ness, and other sciences [10, 11]. Newton invented several numerical approaches
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for solving a range of problems, and his name is still associated with various ex-
tensions and modifications of his original concept [12]. Many notable mathemati-
cians of the 18th and 19th centuries, such as Joseph-Louis Lagrange, Carl Friedrich
Gauss, and Leonhard Euler, contributed significantly to the development of nu-
merical methods [13, 14, 15]. In the year 1755, Euler [16] invented the difference
method for one-spatial dimensional problems, which was later extended to two-
dimensional problems by Runge in 1908 [17]. In the year 1928, Courant et al. [18]
used the finite difference approach to estimate solutions to a mathematical physics
problem. The discrete analogue of Dirichlet’s theory was used in the research to
apply a five-point approximation to discretize the Laplace equation [18]. The er-
ror of convergence was not computed in the study by Courant et al. [18] because
the study’s major goal was to prove the existence of numerical solutions. Marfurt
[19] approximated the solution of the wave equation using the finite difference ap-
proach. The significance of this study’s discoveries on the approximation of time-
dependent problems has had a tremendous impact on numerical techniques for par-
tial differential equations (PDEs). In the year 1930, the error bounds for difference
approximation for elliptic problems were derived for the first time by Gerschgorin
[20]. The study by Gerschgorin [20] was heavily based on a discrete counterpart of
the maximum principle for the Laplace equation. Gerschorin’s technique was used
by Wasow et al. [21] in 1957 to analyze several elliptic equations and their boundary
conditions.

After World War II, there was a huge improvement in time-dependent problems
because computers enabled a multitude of practical applications. Crank and Nicol-
son [22] developed the use of implicit methods for solving initial boundary value
problems in 1947. There was an increase in the development of finite difference
methods for broad initial value problems in the 1950s and 1960s. The theorem of
Lax equivalence was established during this period [23]. For hyperbolic functions,
the finite difference was also used, specifically for non-linear differential equations
[24]. Finite difference has continued to play an important role to date. Following
these, mathematicians like Birkhoff et al. [25] analyzed the finite difference methods
for piecewise polynomial functions and finite element methods for more compli-
cated problems. In fluid dynamic problems and on higher-order elliptic equations,
finite difference methods are useful and have been applied [26, 27, 28]. Using the



3

idea of finite difference, other methods were developed shortly after; among them,
the collocation method. Instead of an orthogonality condition, a collocation method
searches for an approximation function in a space of finite elements by solving the
differential equation at a finite number of collocation points [29]. For spectral meth-
ods, globally defined functions such as eigenvalue solutions of the Sturm–Liouville
problem are used instead of piecewise polynomial functions [30].

In the last two decades, spectral methods have advanced rapidly. In several dis-
ciplines such as quantum mechanics, fluid dynamics, heat transfer, among others,
these methods have been successfully applied [31, 32, 33, 34, 35]. Among numerical
methods, spectral-based methods stand out as some of the highly effective numer-
ical techniques for solving differential equations [36, 37]. In the year 1961, Steven
Orszag developed spectral methods in a long series of papers [37, 38]. The funda-
mental idea of spectral methods is to represent solutions to differential equations
as linear combinations of certain trial or basis functions. Spectral methods and fi-
nite difference methods are closely related, and they are both developed using a
similar idea [39, 40]. What distinguishes these methods is the utilization of basis
functions in spectral methods, which are non-zero global infinitely differentiable
functions on the whole domain, whereas finite difference methods use them on
small sub-domains [41, 42]. It is for this reason that spectral methods are called
global methods because they approximate a function on its entire domain instead
of in an infinitesimal domain. Spectral methods have been reported to have an
exponential rate of convergence and good error properties, especially for differ-
ential equations with smooth solutions [43]. Various differential equations, viz.,
ordinary, partial, fractional, and similar problems involving differential equations
have been solved through spectral methods [37, 38]. The hybridization of spec-
tral methods with relaxation or linearization techniques has led to the creation and
improvement of many numerical algorithms tailored for tackling highly non-linear
differential equations. These methods include the spectral-based relaxation method
(SRM), the spectral-based quasilinearization method (SQLM), the spectral-based lo-
cal linearization method (SLLM), and the paired quasilinearization (PQLM), among
others.
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Motsa [44] introduced the SRM; which is a Chebyshev pseudospectral-based tech-
nique. The technique is shown to be highly effective in solving non-linear boundary
layer flow problems [45, 46, 47]. The technique uses a concept akin to the Gauss-
Seidel method to separate the differential equations via relaxation, leading to a de-
coupled set of linearized equations. The SRM converts a system of coupled equa-
tions into a sequence of decoupled equations, simplifying the process of solving the
algebraic system. As a result, the SRM exhibits linear convergence and is compu-
tationally efficient [48]. The uncoupled system of linearized algebraic equations is
then discretized through the Chebyshev pseudospectral technique. The SRM has
been used for several problems [45, 49, 44]. Motsa et al. [48, 50] used the SRM for
the solutions of time-dependent boundary layer flow problems and hyperchaotic
systems. Compared to the SQLM and the Runge-Kutta-based MATLAB built-in
solver, the SRM was shown to be more accurate and efficient. Motsa [45] applied
the SRM to find a solution to a system of non-linear boundary layer flow equa-
tions and deduced that the technique is efficient, accurate, and straightforward to
implement for such problems. Subba et al. [51] applied the SRM to solve solar en-
ergy problems and found that the method is significantly robust and more accurate
than the Runge-Kutta method. Shateyi et al. [52] also found solutions to the ther-
mal transfer and entropy emergence in the magnetohydrodynamic flow of Maxwell
fluid, with the SRM, and verified that the method is accurate and converges rapidly.

The SQLM, as introduced by Motsa [48], is developed using the concept of Newton-
Raphson’s technique. The technique adopts the quasilinearization approach, pro-
posed by Bellman and Kalaba [53], to linearize systems of non-linear equations,
followed by numerical integration of the linearized equations through the Cheby-
shev spectral collocation approach. Magodoro et al. [54] employed the SQLM to
resolve the equations characterizing the flow of a hydromagnetic nanofluid past
a semi-infinite parallel plate and the technique was discovered to be accurate and
rapidly convergent. Oyelakin et al. [55] employed the method to investigate the
effect of non-linear thermal radiation in bioconvective Casson nanofluid flow. The
approach demonstrated high efficiency and yielded precise results for the purpose
of the study. The rate of convergence was improved by the successive overrelax-
ation method (SOR) [44]. The SLLM exhibits linear convergence as it transforms a
system of coupled equations into a sequence of decoupled equations [56, 57].
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There is a constant need for improving current numerical techniques. When seeking
solutions to non-linear systems of ODEs and PDEs, the aforementioned spectral-
based methods have proven to be effective and reliable. However, these methods
also have limitations. The SRM exhibits computational efficiency, but a high num-
ber of iterations is required for convergence, compared to the SQLM. However,
the SQLM converges quickly after a few iterations, although it is less computation-
ally efficient. In an attempt to overcome the limitations, while maintaining speedy
convergence and high accuracy, the paired quasilinearization method (PQLM) was
introduced [58, 59]. The PQLM combines the advantages of both the SRM and
the SQLM by transforming a coupled system into a decoupled paired sequence of
equations. Additionally, it uses quasilinearization, enabling it to achieve quadratic
convergence [59]. Using the PQLM, boundary layer flow problems, heat transfer
in Casson nanofluids with Hall effects, and magnetohydrodynamic flow were suc-
cessfully solved [59, 60]. The method gave more accurate results in some instances
compared to the other methods, while achieving quick convergence. Otegbeye and
Motsa [59] used the PQLM to solve a boundary layer problem, and the results were
found to be very close to the exact solution when compared to the solution found
using the SLLM. Otegbeye et al. [61, 62] applied the PQLM to double-diffusive con-
vection flow over a cone embedded in a porous medium in the presence of nanopar-
ticles. The PQLM has been proven to be effective, and capable of producing accu-
rate numerical results with a rapid rate of convergence. Otegbeye [63] implemented
the PQLM to approximate the solutions of ODEs and PDEs. The PQLM was found
to be more accurate than the SLLM.

Studies such as [59] have shown that solving systems of ODEs and PDEs for large
domains can be computationally demanding. In these situations, methods such as
the SLLM [57], PQLM [58], and SQLM [48] are known for their computational ex-
pense. Domain decomposition-based spectral methods were introduced to over-
come such challenges. Motsa and Animasun [58] developed the multi-domain
quasilinearization method, and the multi-domain bivariate pseudo-spectral quasi-
linearization method (MD-BSQLM) [64, 65]. Magagula et al. [66] used the MD-
BSQLM to solve non-linear PDEs, and the MD-BSQLM demonstrated the capability
to produce accurate results in a few seconds for problems defined in a large domain.
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Spectral collocation methods with overlapping grids are also applicable for solving
problems with large domains. Mutua and Motsa [67] introduced the idea of split-
ting the interval of integration using the overlapping approach. The idea was used
on the SQLM to determine the solution of the steady two-dimensional laminar flow
of an electrically conducting, viscous fluid with constant density and volume over a
continuously deformable sheet. The findings demonstrate the method’s high level
of accuracy and computational efficiency [67]. Mkhatshwa et al. [68] developed
a method called the overlapping multi-domain bivariate spectral quasilineariza-
tion method (OMD-BSQLM). The method applies the technique of multi-domain
in both time and space intervals. Mkhatshwa et al. [69] applied the OMD-BSQLM
to magnetohydrodynamic mixed convection slip flow and the method was found
to be accurate for this kind of boundary value problem. The OMD-BSQLM was
used to determine solutions for systems of non-linear PDEs in fluid mechanics,
demonstrating to be accurate and computationally efficient [70]. The utilization
of the overlapping approach has been determined to enhance the accuracy of exist-
ing spectral-based methods [71]. Augmenting the number of overlapping intervals
contributed to improved accuracy.

This dissertation aims to introduce the overlapping multidomain paired quasilin-
earization method (OMD-PQLM) for boundary value problems. The OMD-PQLM
uses the concept of the PQLM, however, the problem’s domain is subdivided into
superimposed subintervals. The performance of the OMD-PQLM is compared to
the PQLM. The objectives of this dissertation include

1. Formulating numerical schemes based on the OMD-PQLM for ODES.

2. Formulating numerical schemes based on the OMD-PQLM for PDEs that use
overlapping approach in both space and time.

3. Performing a comparison analysis of the PQLM and OMD-PQLM using the
infinity norm of the solution error and residual error to investigate their re-
spective convergence speeds and method accuracies.

4. Investigating the combination of equations that yields a more accurate and
quicker convergence speed for the solutions.
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5. Investigating how the number of collocation points and overlapping intervals
affects accuracy using the residual error’s infinity norm.

The rest of this chapter outlines the general procedures we used throughout this
dissertation. This chapter also describes the OMD-PQLM for a general system com-
prising M differential equations with M unknowns.

1.1 Taylor Series Expansion for Multivariable Functions

Consider a function g(ω1, ω2, . . . , ωN) that is infinitely differentiable within an open
neighborhood around the point (ω1, ω2, . . . , ωN) = (ā1, ā2, . . . , āN). In this context,
g is defined within the domain of real-valued functions in N dimensions. The Tay-
lor series expansion of g(ω1, ω2, . . . , ωN) centered at (ā1, ā2, . . . , āN) is the process
of representing g using a first-order polynomial approximation. The expression for
the Taylor series of g(ω1, ω2, ω3, . . . , ωN) is given by:

g(ω1, ω2, ω3, . . . , ωN) ≈ g(ā1, ā2, ā3, . . . , āN) +
∂g

∂ω1

∣∣∣∣
ā
(ω1 − ā1)

+
∂g

∂ω2

∣∣∣∣
ā
(ω2 − ā2) + · · ·+ ∂g

∂ωN

∣∣∣∣
ā
(ωN − āN)

= g|ā +
N

∑
i=0

∂g
∂ωi

∣∣∣∣
ā
(ωi − ai) ,

where ∂
∂ωi

represents the partial derivative in relation to ωi (i = 1, . . . , N).

1.2 Quasilinearization Method

The computational approach known as the quasilinearization method (QLM) inte-
grates procedural algorithms with linear approximation techniques. The QLM was
initially introduced by Bellman and Kalaba [72] as an advanced version of the tradi-
tional Newton-Raphson method. This method was developed to address non-linear
ODEs and PDEs, providing solutions to the challenges posed by the complexities of
non-linear models in physics [73]. One noticeable feature of the QLM is its second-
order convergence often in a predictable manner [74]. A noteworthy observation by
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Mandelzweig and Tabakin [73] is that the QLM starts by considering non-linearity
from the beginning of each iteration, achieved by adjusting the differential operator.

The QLM’s applicability is broad and versatile. It effectively addresses Lane-Emden
equations [73] and extends its applicability to tackle problems like the Duffing, Bla-
sius, and Thomas-Fermi equations [73]. Investigations in the field of quantum me-
chanics undertaken by Krivec and Mandelzweig [74] highlight the usefulness of
the QLM, especially in ensuring numerical convergence and stability. Addition-
ally, the QLM was used in solving multi-point boundary value problems [75], non-
linear differential equations of order two [76, 77, 78, 79], periodic boundary value
problems [80], convex functions [74], and non-linear optimal control problems [81],
showcasing its versatility across various fields.

1.3 Gauss-Seidel Method

One of the most widely used methods for solving systems of linear equations is the
Gauss-Seidel iterative numerical approach. It falls under the umbrella of iterative
methods for solving non-linear systems and is known for its simplicity and effi-
ciency, particularly when dealing with sparse matrices [82]. The method iteratively
refines an initial guess for the solution until a certain convergence criterion is met.
In each iteration, the Gauss-Seidel method updates each component of the solution
vector using the most recent values of the other components [83]. The general for-
mulation of the Gauss-Seidel method can be expressed as follows:

In the context of a system of linear equations represented as Mx = b, where M
is a square matrix, x denotes the solution vector, and b is the vector on the right-
hand side, the Gauss-Seidel iteration for updating the components of x is given by:

x(k+1)
i =

1
mii

(
bi −

i−1

∑
j=1

mijx
(k+1)
j −

n

∑
j=i+1

mijx
(k)
j

)
(1.1)

Here, x(k+1)
i represents the i − th element of the solution vector in the (k + 1)− th

iteration, mij represent the elements of matrix M, and n signifies size of the system
[84].
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1.4 Residual Error and Solution Error

Approximating solutions to differential equations results in an occurrence of resid-
ual errors [85]. We consider an equation given by,

Kv = l, (1.2)

with the approximate solution v̄. The residual error is defined as

res(v) = Kv̄ − l, (1.3)

given that v̄ is a sufficient approximation of Equation (1.2). For this study, the error
residual’s infinity norm is computed.

The solution error is obtained by measuring the discrepancy between consecutive
approximations. The norm of the solution error is computed as follows:

solution error = ∥v̄n − v̄n−1∥ , (1.4)

and for the purpose of this study, we take the infinity norm

solution error = ∥v̄n − v̄n−1∥∞ , (1.5)

where v̄n denotes the solution obtained in the current iteration, and v̄n−1 repre-
sents the solution obtained in the previous iteration. The double vertical bars || · ||
symbolize the norm, providing a scalar value that quantifies the magnitude of the
difference between the solutions. Using the infinity norm to measure solution error
effectively captures the error value with the largest absolute magnitude between
consecutive approximations, ensuring precise control over the largest error compo-
nent. This approach allows us to effectively investigate the convergence behavior of
the iterative process. When we compare the solution from the current iteration with
that of the previous iteration, we acquire valuable insights into the convergence of
the solution.
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1.5 Description of the OMD-PQLM

This segment outlines the implementation of the OMD-PQLM for a general system
comprising M equations with M unknowns. We note that the method description
caters to both PDEs and ODEs, though we exclude the time, µ, for the ODEs.

We consider a PDE given by the following:

g
[
v1(α, µ)

]
= 0, α ∈ [α0, α f ], µ ∈ [µ0, µ f ], (1.6)

where v1 is the set of the unknown function and its spatial and temporal domains
defined as

v1 =

{
v1,

∂v1

∂α
, . . . ,

∂h−1v1

∂αh−1 ,
∂hv1

∂αh ,
∂v1

∂µ
,

∂2v1

∂α∂µ

}
, (1.7)

with h being the highest derivative. In Equation (1.7), v1 is assumed to be a contin-
uously differentiable function.

Further consideration involves a system of M PDEs in M unknowns, given as

Gl

[
v1(α, µ), v2(α, µ), . . . , vM(α, µ)

]
= 0, l = 1, 2, . . . , M. (1.8)

Equation (1.8) signifies a coupled non-linear system of PDEs, where M is a non-
linear operator and Gl represents each equation for l = 1, · · · , M. {v1, v2, . . . , vM}
is a set that contains[{

v(0)1 , v(1)1 , . . . , v(h1)
1

}
, . . . ,

{
v(0)M , v(1)M , . . . , v(hM)

M

}]
.

1.5.1 Paired Quasilinearization Method

This segment shows the implementation of the PQLM to the general system (1.8).
Although random combinations can also be used for pairing, an ordered pairing
will be used to demonstrate how the PQLM is implemented. Assume that v1 and
v2 are the first pairing. In order to obtain a linearized pair, the QLM is applied to
Equations G1 (v1, v2, · · · , vM) and G2 (v1, v2, · · · , vM). Similarly, the process is ap-
plied for successive pairs, incorporating improved solutions from preceding pairs
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to iteratively update the succeeding pairs. Generally, the pairing assumes the fol-
lowing structure:

Gw [α, v1, · · · , vM] = 0, w =
{
{1, 2}, {3, 4}, . . . , {M − 1, M}

}
. (1.9)

In order to linearize the system, a first-order Taylor series expansion is truncated for
each pairing in the system using quasilinearization approach. This is achieved by
selecting approximating points (v1, v2, · · · , vN) and then performing the expansion
such that

Gw

[
(v1,r, . . . , vM,r) + ∆ (v1, . . . , vM)

]
≈ Gw [v1,r, . . . , vM,r]

+
hw,w

∑
p=0

∂(p)Gw [v1,r, . . . , vM,r]

∂v(p)
w

(
∆v(p)

w

)
,

(1.10)

w =
{
{1, 2}, {3, 4}, . . . , {M − 1, M}

}
, (1.11)

where ∆v(p)
w = v(p)

w,r+1 − v(p)
w,r and each pair

∂(p)Gw(vp,r)
∂v(p)

w
represent a 2× 2 Jacobian ma-

trix. The complete representation of the expansion in Equation (1.10) is articulated
in Equation (1.12) in the following manner:

Gw

[
(v1,r, . . . , vM,r) + ∆ (v1, . . . , vM)

]
≈

Gw [v1,r, . . . , vM,r] +
hw,w

∑
p=0

∂(p)Gw [v1,r, . . . , vM,r]

∂v(p)
w

(
v(p)

w,r+1

)
−

hw,w

∑
p=0

∂(p)Gw [v1,r, . . . , vM,r]

∂v(p)
w

(
v(p)

w,r

)
,

w =
{
{1, 2}, {3, 4}, . . . , {M − 1, M}

}
.

(1.12)
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The expansion given in Equation (1.12) is incorporated into the system (1.9), result-
ing in the derivation of

hw,w

∑
p=0

∂(p)Gw [v1,r, · · · · · · vM,r]

∂v(p)
w

(
vp

w,r+1

)
= Rw,r,

w =
{
{1, 2}, {3, 4}, . . . {M − 1, M}

} (1.13)

where

Rw,r =
hw,w

∑
p=0

∂(p)Gw [v1,r, . . . , vM,r]

∂v(p)
w

(
v(p)

w,r

)
− Gw [v1,r, . . . , vM,r] .

1.5.2 Overlapping Grids

The overlapping approach is applied to both spatial and temporal domains. The
spatial interval of integration [α0, α f ] is split into z overlapping sub-domains, each
of length Lα represented as

Iψ = [xψ
0 , xψ

Nα
] ψ = 1, 2, 3, . . . , z. (1.14)

Each of these intervals is then discretized into a set of Nα + 1 collocation points.
Similarly, the time interval of integration [µ0, µ f ] is divided into κ overlapping sub-
domains, each of length Lµ denoted by

Iu = [tu
0 , tu

Nµ
] u = 1, 2, 3, . . . , κ. (1.15)

Within the Iψ and Iu subintervals, the last two points overlap with the initial two
points of the subsequent Iψ+1 and Iu+1 subintervals. These subintervals’ lengths
are consistently defined as

Lα =
α f − α0

z + 1
2(1 − z)

(
1 − cos

(
π
Nα

)) , (1.16)

Lµ =
µ f − µ0

κ + 1
2(1 − κ)

(
1 − cos

(
π

Nµ

)) . (1.17)
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Nα + 1 and Nµ + 1 represent the collocation points used in each respective subin-
terval. We observe that the spatial domain’s total length is given by

α f − α0 = 2Lα − ρ + (2Lα − 2ρ)
( z

2
− 1
)
= 2Lα − ρ + (Lα − ρ) (z − 2). (1.18)

Equation (1.18) is used to derive the formula in Equation (1.16), where the parame-
ter ρ represents the overlapping distance.

Figure 1.1: Overlapping grid on the spatial domain

Figure 1.1 shows the overlapping grid on the spatial domain. Notably, a com-
parable configuration is used for the temporal domain. It is observed that ρ =

x0 − x1. Focusing on the initial interval I1, where α ∈
[
α0, x1

Nα

]
and the length

Lα = x1
Nα

− α0, the application of the linear transformation x = Lα
2 ζ +

α0+x1
Nα

2 fa-

cilitates the conversion of the interval
[
α0, x1

Nα

]
into the standardized form [−1, 1].

Consequently, using the Gauss-Lobatto collocation points ζm = cos
(

πm
Nα

)
, where

m = 0, 1, 2, 3, . . . , Nα, we derive

ρ = x0 − x1 =
Lα

2
(ζ0 − ζ1) =

Lα

2

(
1 − cos

(
π

Nα

))
. (1.19)

As a result, Equation (1.18) transforms to

α f − α0 = ρ(1 − z) + zLα =
Lα

2

(
1 − cos

(
π

Nα

))
(1 − z) + zLα. (1.20)

Upon rearrangement, with Lα as the subject, it yields Equation (1.16). A similar
approach is used to derive the expression representing the length of the temporal
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interval. Subsequently, in each sub-domain, we solve

hw,w

∑
p=0

∂(p)Gw

[
v(ψ,u)

1,r , . . . , v(ψ,u)
M,r

]
∂v(p)

w

(
v(p,ψ,u)

w,r+1

)
= Rw,r,

w =
{
{1, 2}, {3, 4}, . . . , {M − 1, M}

}
,

(1.21)

where

Rw,r =
hw,w

∑
p=0

∂(p)Gw

[
v(ψ,u)

1,r , . . . , v(ψ,u)
M,r

]
∂v(p)

w

(
v(p,ψ,u)

w,r

)
− Gw

[
v(ψ,u)

1,r , . . . , v(ψ,u)
M,r

]
. (1.22)

Prior to utilizing the spectral collocation technique within each distinct subinterval,
the intervals Iψ and Iu are converted to ζ ∈ [−1, 1] and ϵ ∈ [−1, 1] using

xψ
m =

xψ
Nα

− xψ
0

2
ζ +

xψ
Nα

+ xψ
0

2
, {ζm}Nα

m=0 = cos
(

πm
Nα

)
, (1.23)

tu
n =

tu
Nµ

− tu
0

2
ϵ +

tu
Nµ

+ tu
0

2
, {ϵn}

Nµ

n=0 = cos
(

πn
Nµ

)
. (1.24)

The overall number of collocation points across both the spatial and temporal do-
mains, respectively, as derived by Mutua and Motsa [67] are given by

M̃x = Nα + (Nα − 1) (z − 1),

M̃t = Nµ +
(

Nµ − 1
)
(κ − 1),

(1.25)

1.5.3 Spectral Collocation Method

This segment shows the implementation of the Chebyshev spectral collocation tech-
nique for addressing the system of Equations (1.21) in both spatial and temporal
domains. We have the overlapping intervals Iψ and Iu linearly transformed into
ζ ∈ [−1, 1] and ϵ ∈ [−1, 1], respectively. The process of determining solutions
v1,r(ζ, ϵ), . . . , vM,r(ζ, ϵ) for the system (1.21) involves utilizing bivariate Lagrange
interpolation polynomials in the following form
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v1(ζ, ϵ) ≈
Nα

∑
m=0

Nµ

∑
n=0

v1 (ζm, ϵn) Lm(ζ)Ln(ϵ),

v2(ζ, ϵ) ≈
Nα

∑
m=0

Nµ

∑
n=0

v2 (ζm, ϵn) Lm(ζ)Ln(ϵ),

...

vM(ζ, ϵ) ≈
Nα

∑
m=0

Nµ

∑
n=0

vM (ζm, ϵn) Lm(ζ)Ln(ϵ),

(1.26)

Lm and Ln signify the Lagrange cardinal functions given by

Lm(ζ) =
Nα

∏
m=0,m ̸=w

ζ − ζw

ζm − ζw
,

Ln(ϵ) =
Nµ

∏
n=0,n ̸=w

ϵ − ϵw

ϵn − ϵw
,

(1.27)

where

Lm (ζw) = δmw =

{
0 if m ̸= w
1 if m = w

,

Ln (ϵw) = δnw =

{
0 if n ̸= w
1 if n = w

.

(1.28)

The grid points used are Chebyshev-Gauss-Lobatto points, denoted by ζm and ϵn

as shown in Equations (1.29) and (1.30).

ζm = cos
πm
Nα

, m = 0, 1, . . . , Nα, (1.29)

ϵn = cos
πn
Nµ

, n = 0, 1, . . . , Nµ. (1.30)

The differentiation matrices D̄ and d̄, as per Trefethen [42] are transformed just as
the domains are transformed. The transformed differentiation matrices takes the
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form

D =
2
Lα

D̄, (1.31)

d =
2

Lµ
d̄. (1.32)

Using corresponding differentiation matrices, we approximate the derivatives of
the dependent variables in space and time, respectively, in the following manner:

∂v(p)
1

∂ζ(p)

∣∣∣∣∣
ζm,ϵn

= D(p)V1,m,
∂v1

∂ϵ

∣∣∣∣
ζm,ϵn

=
Nµ

∑
n=0

dmnV1,n,

∂v(p)
2

∂ζ(p)

∣∣∣∣∣
ζm,ϵn

= D(p)V2,m,
∂v2

∂ϵ

∣∣∣∣
ζm,ϵn

=
Nµ

∑
n=0

dmnV2,n,

∂v(p)
3

∂ζ(p)

∣∣∣∣∣
ζm,ϵn

= D(p)V3,m,
∂v3

∂ϵ

∣∣∣∣
ζm,ϵn

=
Nµ

∑
n=0

dmnV3,n,

...

∂v(p)
M

∂ζ(p)

∣∣∣∣∣
ζm,ϵn

= D(p)VM,m,
∂vM

∂ϵ

∣∣∣∣
ζm,ϵn

=
Nµ

∑
n=0

dmnVM,n,

(1.33)

where V1, V2, V3 . . . , VM are vectors of the form

V1 = [v1 (ζ0, ϵn) , v1 (ζ1, ϵn) , . . . , v1 (ζNα , ϵn)]
T ,

V2 = [v2 (ζ0, ϵn) , v2 (ζ1, ϵn) , . . . , v2 (ζNα , ϵn)]
T ,

V3 = [v3 (ζ0, ϵn) , v3 (ζ1, ϵn) , . . . , v3 (ζNα , ϵn)]
T ,

...

VM = [vM (ζ0, ϵn) , vM (ζ1, ϵn) , . . . , vM (ζNα , ϵn)]
T .

(1.34)

The system in Equation (1.21) is solved by implementing the Chebyshev spectral
collocation approach in the following manner:

hw,w

∑
p=0

diag

∂(p)Gw

(
v(ψ,u)

1,n,r , . . . , v(ψ,u)
M,n,r

)
∂v(p,ψ,u)

w,n

 (V
(p,ψ,u)
w,r+1

)
= Rw,r, (1.35)
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where

diag

[
∂(p)Gw

(
vψ,u

1,n,r′ ...,v
ψ,u
M,n,r

)
∂v(p)

w,n

]
is given by



∂(p)Gw

(
vψ,u

1,n,r(ζ0,ϵn),...,v
ψ,u
M,n,r(ζ0,ϵn)

)
∂v(p,ψ,u)

w,n
0 · · · 0

0
∂(p)Gw

(
vψ,u

1,n,r(ζ1,ϵn),...,v
ψ,u
M,n,r(ζ1,ϵn)

)
∂v(p,ψ,u)

w,n

. . . 0

... . . . ...

0 0 · · ·
∂(p)Gw

(
vψ,u

1,n,r(ζM,ϵn),...,v
ψ,u
M,n,r(ζM,ϵn)

)
∂v(p,ψ,u)

w,n


,

(1.36)
and

V
(p,ψ,u)
w,r+1 = Dpv(ψ,u)

w,r+1.

1.6 Structure of Dissertation

Chapter 2 investigates a system of ODEs representing mixed convection within a
nanoliquid film driven by gravity. This film contains both nanoparticles and gy-
rotactic microorganisms. The problem was solved using the OMD-PQLM and the
PQLM. We conducted an investigation to analyze the impact of using various sets
of the OMD-PQLM on accuracy and convergence. The investigation also looks at
the effects of an augmentation in the size of the domain. We further analyze the
impact of the number of overlapping intervals on the accuracy.

In Chapter 3, we expand the OMD-PQLM to address the solution of partial dif-
ferential equations (PDEs). The system of PDEs represents the dynamic behavior
of a micropolar fluid flowing across a stretching sheet in the presence of magnetic
fields. The equations are solved by applying the OMD-PQLM and the PQLM. We
analyze the impact of the overlapping grid approach on accuracy and convergence
compared to the standard PQLM. The investigation also looks at the effects of aug-
mentation in the size of the temporal domain.

Chapter 4 investigates a novel model of the MHD Williamson-nanofluid flow over
an exponentially stretched. The solution is obtained through the implementation
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of the OMD-PQLM. The results are evaluated by analyzing the accuracy and the
convergence rate. The influence of various parameters on the velocity, tempera-
ture, and concentration profiles is investigated using a set of equations that yields
solutions with a higher accuracy and a faster rate of convergence. The investigated
parameters include the Williamson, porosity, Hall, chemical reaction, and magnetic
parameters, among others.

Chapter 5 concludes and summarises the dissertation.
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Chapter 2

OMD-PQLM for a System of ODEs

This chapter introduces the application of the OMD-PQLM to solve a system of
ordinary differential equations (ODEs) modeling the gravity-driven flow of a nano-
liquid film. The chapter compares the performance of the OMD-PQLM with that
of the PQLM in terms of accuracy, convergence, and computational efficiency. The
analysis covers different solution pairings to determine their effects on the methods’
effectiveness. These findings are crucial for practical applications such as enhanced
oil recovery (EOR) [86] and heat transfer systems [87], demonstrating the method’s
potential in solving complex fluid dynamics problems.

2.1 Gravity-Driven Flow of a Liquid Film Immersed

with Nanoparticles and Gyrotactic Microorganisms

For the purpose of implementing the OMD-PQLM, consider a system of ODEs rep-
resenting mixed convection in a gravity-propelled nanoliquid infused with nanopar-
ticles and gyrotactic microorganisms. Raees et al. [88] originally investigated this
problem. The model used the Buongiorno’s model and considers two types of
boundary conditions namely, passive and active. The model has relevance to mass
and heat transfer equipment configurations such as evaporators, coolers, and trick-
ling filters [89, 87]. Furthermore, it has the potential applications of nanofluids in
enhancing heat transfer, particularly in enhanced oil recovery (EOR), a technology
used in the oil and gas industries to augment oil recovery [90, 86]. The inclusion of
gyrotactic microorganisms is tied to applications in microbial EOR [91].

Other notable authors have investigated problems related to film flow phenomena,
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nanofluids, and bioconvection. A study by Kuznetsov and Nield [92], among oth-
ers, have delved into various aspects of nanofluid flow, heat transfer, and biocon-
vection. According to Nield and Kuznetsov [92], it might be physically impossible
to actively control the volume fraction of nanoparticles at the boundary as Buon-
giorno [93] did for various natural and induced convection problems. In response
to this, Nield and Kuznetsov [94] updated the model by replacing the actively con-
trolled boundary condition with a passively controlled one. This modification aims
to enhance the model’s physical realism in certain scenarios.

The research by Raees et al. [88] compared nanofluid models that were actively
and passively controlled. The passively controlled model was found to be more
accurate and more in line with how the system works in reality. The passively con-
trolled nanofluid model is viewed as a more accurate representation of nanofluid
in practical terms. [95].

Otegbeye [59] studied the same problem by Raees et al. [88] using the PQLM and
the SLLM. The PQLM has proven to converge quicker than the SLLM yet conserv-
ing higher accuracy. The study also concluded that the PQLM could be a valuable
tool for solving comparable complex problems. In this segment, we implement the
newly introduced numerical technique, the OMD-PQLM for a comparative analysis
with the PQLM, assessing its efficacy based on accuracy, convergence, and compu-
tational cost. The model is represented by the following equations:

g′′′ +
2
3

(
1 − g′2

)
+ gg′′ + Grh − Nrθ + Rbϕ = 0, (2.1)

h′′ + Prgh′ + Nbh′θ′ + Nth′2 = 0, (2.2)

θ′′ +
Nt
Nb

h′′ + Legθ′ = 0, (2.3)

ϕ′′ + Scgϕ′ − Peϕ′θ′ − Peϕθ′′ = 0, (2.4)

with boundary conditions

h(∞) = ϕ(∞) = θ(∞) = 0, g′(∞) = 1,

h′(0)− γh(0) = −γ, ϕ(0) = 1, θ(0) = 1, g(0) = 0, g′(0) = 0,
(2.5)
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where g(ζ), h(ζ), θ(ζ) and ϕ(ζ) represent the unitless stream function, nanoparticle
volume fraction, temperature, and the microorganisms density respectively. The
following parameters describe the system: Pe and Rb are the Peclet and Rayleigh
numbers for bioconvection; Pr stands for Prandtl number; Le stands for Lewis num-
ber; Gr stands for Grashof number; Sc stands for Schmidt number; γ is a constant
parameter with no units; and Nt, Nb, together with Nr are the parameters for ther-
mophoresis, Brownian motion, and buoyancy, respectively.

2.2 Methods of Solution

There are three different ways to pair the system of Equations (2.1) to (2.4). These
combinations will be considered to determine how various pairing sets affect the
convergence and accuracy of the solution. The pairings are defined as follows:

i. case 1: involves the pairings ( {g, ϕ} and {h, θ}) corresponding to the Equa-
tions {2.1, 2.4} and {2.2, 2.3},

ii. case 2: involves the pairings ({g, h} and {θ, ϕ}) corresponding to the Equa-
tions {2.1, 2.2} and {2.3, 2.4}, and

iii. case 3: involves the pairings ({g, θ} and {h, ϕ}) corresponding to the Equa-
tions {2.1, 2.3} and {2.2, 2.4}.

2.2.1 Case 1: involves the pairings ( {g, ϕ} and {h, θ}) correspond-

ing to the Equations {2.1, 2.4} and {2.2, 2.3}

The linearization of the non-linear terms, g′2, gg′′ and gϕ′, involves making use of a
first-order Taylor series expansion, resulting in the linearized pair

g′′′r+1 +
2
3
− 4

3
g′rg′r+1 +

2
3

g′2r + grg′′r+1 + g′′r gr+1 − grg′′r + Grhr − Nrθr

+ Rbϕr+1 = 0,
(2.6)

ϕ′′
r+1 + Scgrϕ′

r+1 + Scϕ′
rgr+1 − Scϕ′

rgr − Peθ′rϕ′
r+1 − Peθ′′r ϕr+1 = 0. (2.7)
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The implementation of the Chebyshev spectral collocation method with an over-
lapping grid is implemented, as expressed by the following equations:

[
D3 + [gr]D2 −

[
4
3

g′r

]
D +

[
g′′r
]

I
]

Gr+1 +
[
[Rb]I

]
Φr+1 = −2

3
− 2

3
g′2r + grg′′r

− Grhr + Nrθr,

(2.8)[ [
Scϕ′

r
]

I
]
Gr+1 +

[
D2 +

[
Scgr − Peθ′r

]
D −

[
Peθ′′r

]
I
]

Φr+1 = Scgrϕ′
r, (2.9)

where I is the identity matrix of the same size as D.

The updated solutions of g and ϕ are incorporated into the next couple of equa-
tions. Non-linear terms, h′θ′ and h′2, in the subsequent pair are linearized thorough
a first-order Taylor series expansion. The Chebyshev spectral collocation and over-
lapping approaches are then applied in the following manner:

[
D2 +

[
Prgr+1 + Nbθ′r + 2Nth′r

]
D
]

Hr+1 +
[[

Nbh′r
]

D
]

Θr+1 = Nbh′rθ′r + Nth′2r ,

(2.10)[
Nt
Nb

D2
]

Hr+1 +
[
D2 + [Legr+1]D

]
Θr+1 = 0. (2.11)

2.2.2 Case 2: involves the pairings ({g, h} and {θ, ϕ}) correspond-

ing to the Equations {2.1, 2.2} and {2.3, 2.4}

The linearized pair is obtained by linearizing the non-linear components, g′2, gg′′, gh′

and h′2, by the use of the first-order Taylor series expansion, resulting in

g′′′r+1 −
4
3

g′rg′r+1 + grg′′r+1 + g′′r gr+1 + Grhr+1 = Nrθr − Rbϕr −
2
3
− 2

3
g′2r + grg′′r ,

(2.12)

h′′r+1 + Prgrh′r+1 + Prh′rgr+1 + Nbθ′rh′r+1 + 2Nth′rh′r+1 = Prgrhr + Nth′2r . (2.13)
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The Chebyshev spectral collocation method and the overlapping approach are ap-
plied in the following manner:[

D3 + [gr]D2 −
[

4
3

g′r

]
D +

[
g′′r
]

I
]

Gr+1 +
[
[Gr]I

]
Hr+1 =

− 2
3
− 2

3
g′2r + grg′′r + Nrθr − Rbϕr,

(2.14)

[ [
Prh′r

]
I
]
Gr+1 +

[
D2 +

[
Prgr + Nbθ′r + 2Nth′r

]
D
]

Hr+1 = Prgrh′r + Nth′2r .

(2.15)

The revised solutions of g and h from Equations (2.14) and (2.15) are incorporated
into the subsequent pair of Equations (2.16) and (2.17). The non-linear terms, ϕ′θ′

and ϕθ′′, within the second pair are linearized to get

θ′′r+1 + Legr+1θ′r+1 = − Nt
Nb

h′′r+1, (2.16)

ϕ′′
r+1 + Scgr+1ϕ′

r+1 − Peϕ′
rθ′r+1 − Peθ′rϕ′

r+1 − Peϕrθ′′r+1 − Peθ′′r ϕr+1 =

− Peϕ′
rθ′r − Peθ′′r ϕr.

(2.17)

We implement the Chebyshev spectral collocation technique with an overlapping
grid to integrate the pair of Equations (2.16) and (2.17) in the form[

D2 + [Legr+1]D
]

Θr+1 + [0]Φr+1 = − Nt
Nb

h′′r+1, (2.18)[
[−Peϕr]D2 −

[
Peϕ′

r
]

D
]

Θr+1 +
[
D2 +

[
Scgr+1 − Peθ′r

]
D −

[
Peθ′′r

]
I
]

Φr+1 =

− Peϕ′
rθ′r − Peθ′′r ϕr,

(2.19)

where 0 denotes a zero matrix of the same size as I and D.
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2.2.3 Case 3: involves the pairings ({g, θ} and {h, ϕ}) correspond-

ing to the Equations {2.1, 2.3} and {2.2, 2.4}

The linearized pair is obtained by linearizing the non-linear components, g′2, gg′′

and gθ′, through the Taylor series expansion of order one, resulting in expansion

g′′′r+1 −
4
3

g′rg′r+1 + grg′′r+1 + g′′r gr+1 − Nrθr+1 = −2
3
− 2

3
g′2r + grg′′r

− Grhr − Rbϕr,
(2.20)

θ′′r+1 + Legrθ′r+1 + Leθ′rgr+1 = Legrθ′r −
Nt
Nb

h′′r . (2.21)

The Chebyshev spectral collocation technique with an overlapping grid is imple-
mented to the pair of Equations (2.20) and (2.21) to obtain[

D3 + [gr]D2 −
[

4
3

gr

]
D +

[
g′′r
]

I
]

Gr+1 +
[
[−Nr]I

]
Θr+1 = −2

3
− 2

3
g′2r + grg′′r

− Grhr − Rbϕr,

(2.22)[ [
Leθ′r

]
I
]
Gr+1 +

[
D2 + [Legr]D

]
Θr+1 = − Nt

Nb
h′′r + Legrθ′r. (2.23)

The solutions for g and θ are updated based on the pair of Equations (2.22) and
(2.23), and these updated solutions are then used in the subsequent pair of equa-
tions. The non-linear term, h′2, within the second pair is linearized to get

h′′r+1 + Prgr+1h′r+1 + Nbθ′r+1h′r+1 + 2Nth′rh′r+1 = Nth′2r , (2.24)

ϕ′′
r+1 + Scgr+1ϕ′

r+1 − Peθ′r+1ϕ′
r+1 − Peθ′′r+1ϕr+1 = 0. (2.25)

We implement the Chebyshev spectral collocation technique with an overlapping
grid to integrate the pair of Equations (2.24) and (2.25) in the form[

D2 +
[
Prgr+1 + Nbθ′r+1 + 2Nth′r

]
D
]

Hr+1 + [0]Φr+1 = Nth′2r , (2.26)

[0]Hr+1 +
[
D2 +

[
Scgr+1 − Peθ′r+1

]
D −

[
Peθ′′r+1

]
I
]

Φr+1 = 0, (2.27)

where 0 denotes a zero matrix of the same size as I and D.
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2.3 Findings and Analysis

In this segment, we discuss the solution obtained by the application of the OMD-
PQLM and the PQLM. The most efficient case of the PQLM was used in the com-
parison, while all cases were considered for the OMD-PQLM. The convergence and
accuracy of the solutions are evaluated by carrying out solution and residual errors
analyses. Moreover, a comparison was conducted between the iterations required
to reach convergence.

The parameters within the differential equations system were assigned specific val-
ues, unless explicitly stated otherwise. The Prandtl number (Pr), bioconvection
Rayleigh number (Rb), Schmidt number (Sc), Lewis number (Le), constant λ, and
reduced heat transfer parameter γ are all assigned a value of 1. The buoyancy ra-
tio parameter (Nr), the thermophoresis parameter (Nt), and the Brownian motion
parameter (Nb) are assigned values of 0.1, 0.3, and 0.1, respectively. Convergent
results were achieved using 30 grid points for the PQLM and 8 grid points for the
OMD-PQLM. The number of overlapping sub-intervals was set to 6, and the do-
main was defined as [0, 20]. The preliminary approximations complying with all
boundary constraints are

g0 = ζ − 1
λ

(
exp−λζ − exp−2λζ

)
, h0 = exp−λζ −

(
λ

γ + 2λ

)
exp−2λζ ,

ϕ0 = θ0 = exp−λζ .
(2.28)

The present study involves an investigation into the influence of different numbers
of overlapping grids on the accuracy of solutions, along with an evaluation of the
impact of expanding the domain truncation. In the context of the Spectral-based
methods, the concept of overlapping grids has exhibited enhanced accuracy [67].
The idea of overlapping is expected to optimize the PQLM similarly.
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Table 2.1: Achieving convergence using the PQLM and the
OMD-PQLM for localized fluid-surface friction, −g′′(0), along-
side the computational time taken for 40 iterations of the scheme

Iterations PQLM OMD-PQLM 1 OMD-PQLM 2 OMD-PQLM 3
1 1.83349 1.83349 1.87430 1.88681
2 1.83078 1.83078 1.82835 1.82191
3 1.83324 1.83324 1.83331 1.83606
4 1.83310 1.83310 1.83310 1.83244
5 1.83311 1.83311 1.83311 1.83325
6 1.83310 1.83310 1.83310 1.83307
7 1.83310 1.83310 1.83310 1.83311
8 1.83310 1.83310 1.83310 1.83310
9 1.83310 1.83310 1.83310 1.83311

10 1.83310 1.83310 1.83310 1.83310
11 1.83310 1.83310 1.83310 1.83310
...

...
...

...
...

40 1.83310 1.83310 1.83310 1.83310
Time (secs) 0.31817 0.13166 0.29775 0.21797

Table 2.2: Achieving convergence using the PQLM and the
OMD-PQLM for the local flux of motile microorganisms adja-
cent to the wall, -h′(0), and computational time required to com-

pute 40 iterations of the scheme

Iterations PQLM OMD-PQLM 1 OMD-PQLM 2 OMD-PQLM 3

1 0.3575368484 0.3575367812 0.3534512412 0.3599893987

2 0.3560754788 0.3560754834 0.3558119605 0.3556049868

3 0.3561932566 0.3561932564 0.3562091464 0.3563218573

4 0.3561859693 0.3561859694 0.3561855505 0.3561558052

5 0.3561864279 0.3561864280 0.3561864385 0.3561933085

6 0.3561863991 0.3561863991 0.3561863989 0.3561848380

7 0.3561864019 0.3561864010 0.3561864009 0.35618675396

8 0.3561864011 0.3561864008 0.3561864008 0.3561863209

9 0.3561864008 0.3561864008 0.3561864008 0.3561864188

10 0.3561864008 0.3561864008 0.3561864008 0.3561863967

11 0.3561864008 0.3561864008 0.3561864008 0.3561864008
...

...
...

...
...

40 0.3561864008 0.3561864008 0.3561864008 0.3561864008

Time (secs) 0.138625 0.0803180 0.222967 0.259167
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Table 2.3: Achieving convergence using the PQLM and the
OMD-PQLM for the local flux of motile microorganisms adja-
cent to the wall, −θ′(0), and computational time required to

compute 40 iterations of the scheme

Iteration PQLM OMD-PQLM 1 OMD-PQLM 2 OMD-PQLM 3

1 0.2528181611 0.2528179573 0.2767272338 0.3203705008

2 0.2477337923 0.2477337958 0.2480429023 0.2389700963
...

...
...

...
...

7 0.2478389418 0.2478389418 0.2478389417 0.2478437665

8 0.2478389417 0.2478389417 0.2478389417 0.2478378513

9 0.2478389417 0.2478389417 0.2478389417 0.2478391882

10 0.2478389417 0.2478389417 0.2478389417 0.2478388859

11 0.2478389417 0.2478389417 0.2478389417 0.2478389417
...

...
...

...
...

40 0.2478389417 0.2478389417 0.2478389417 0.2478389417

Time (secs) 0.270773 0.115535 0.253668 0.198569

Table 2.4: Achieving convergence using the PQLM and the
OMD-PQLM for the local flux of motile microorganisms adja-
cent to the wall, −ϕ′(0), and computational time required to

compute 40 iterations of the scheme

Iteration PQLM OMD-PQLM 1 OMD-PQLM 2 OMD-PQLM 3

1 1.4037974504 1.4037984019 0.8073354409 0.8528074166

2 0.7850167022 0.7850165384 0.7805901771 0.7726468801

3 0.7808984543 0.7808984555 0.7809594988 0.7826111816
...

...
...

...
...

8 0.7809399589 0.7809399589 0.7809399588 0.7809389496

9 0.7809399588 0.7809399588 0.7809399588 0.7809401870

10 0.7809399588 0.7809399588 0.7809399588 0.7809399073

11 0.7809399588 0.7809399588 0.7809399588 0.7809399705

15 0.7809399588 0.7809399588 0.7809399588 0.7809399588
...

...
...

...
...

40 0.7809399588 0.7809399588 0.7809399588 0.7809399588

Time (secs) 0.173668 0.109560 0.319594 0.249988
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Tables 2.1 to 2.4 show an analysis of the convergence together with the computa-
tional time taken to compute 40 iterations of cases 1 to 3 of the OMD-PQLM and
the PQLM case. The PQLM case used in this study is the most efficient case within
the PQLM cases. The findings according to Tables 2.1 to 2.4 show that cases 1 and 2
of the OMD-PQLM have faster convergence in comparison to the PQLM and case
3 of the OMD-PQLM. Moreover, the OMD-PQLM cases 2 and 3 have the slowest
convergence. Poor performance in cases 2 and 3 could be attributed to a lesser
application of the quasilinearization method, particularly in equations with fewer
non-linear terms. This limited use of quasilinearization might lead to slower con-
vergence and decreased accuracy compared to cases where the method is more ex-
tensively employed, in equations with higher non-linearity. However, it is worth
noting that all methods achieve convergence in a relatively short period of time,
with each method converging in less than 0.5 seconds.

Figures 2.1 to 2.4 show the error norm between consecutive iterations with an in-
crease in the iterations’ number. The error computation involves subtracting the re-
sults from the present iteration and the preceding iteration as the iteration number
increases. The OMD-PQLM case 1 shows the quickest convergence, as it achieves
the fastest convergence at the 14th iteration. Overall, OMD-PQLM cases 1 and 2
show quicker convergence in comparison to case 3 of the OMD-PQLM and the
PQLM case. Case 3 of the OMD-PQLM shows the slowest convergence compared
to the other cases under consideration.
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The residual error’s infinity norm is shown in Figures 2.5 to 2.8. The residual error
norm indicates the level of accuracy of the approximated solution. In order to cal-
culate the residual error, the estimated solution acquired from the numerical results
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is substituted into the initial system of equations. The residual error is expressed as

Res(g) = g′′′ +
2
3

(
1 − g′2

)
+ gg′′ + Grh − Nrθ+ Rbϕ,

Res(h) = h′′ + Prgh′ + Nbh′θ′ + Nth′2,

Res(θ) = θ′′ +
Nt
Nb

h′′ + Legθ′,

Res(ϕ) = ϕ′′ + Scgϕ′ − Peϕ′θ′ − Peϕθ′′,

(2.29)

The system of Equations in (2.29) consists of the approximated solutions acquired
from cases 1 to 3 of the OMD-PQLM and the PQLM case.

From Figures 2.5 to 2.8, it is observed that all cases of the OMD-PQLM show greater
accuracy as compared to the PQLM case. However, certain OMD-PQLM cases have
slower convergence compared to the PQLM. Overall, all methods reach a compara-
ble level of accuracy of 10−15 to 10−16.
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Figures 2.9 to 2.16 show the errors in the solution and residual when the domain is
expanded to [0, 50]. As per Otegbeye [63], while the PQLM demonstrates higher ac-
curacy within certain limits, as the domain expands, the method reaches a threshold
where it ceases to produce convergent and accurate results.
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It is observed from Figures 2.13 to 2.12 that expanding the domain leads the PQLM
to fail to produce convergent results. However, cases 1 to 3 of the OMD-PQLM
maintain a faster rate of convergence and highly accurate results, even with do-
main expansion.

From Figures 2.13 to 2.16, it is observed that expanding the domain does not im-
pact the accuracy of all cases of the OMD-PQLM. However, PQLM is impacted and
fails to yield convergent and accurate results.
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The number of collocation points is fixed at Nα = 8. Table 2.5 displays the impact
when changing the number of overlapping intervals while maintaining a consistent
number of collocation points in each sub-interval. The results indicate that the ac-
curacy of solutions is higher for a few overlapping intervals. Nevertheless, when
the quantity of overlapping sub-intervals increases, the method exhibits an ability
to converge in a fewer number of iterations.
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Table 2.5: Influence of overlapping sub-intervals on the iteration
of convergence and accuracy

z M̃x
No. of iterations

for f
Convergence

value for f
No. of iterations

for ϕ
Convergence
value for ϕ

No. of iterations
for h

Convergence
value for h

No. of iterations
for θ

Convergence
value for θ

4 13 18 3.8 × 10−14 19 4.0 × 10−16 10 1.29 × 10−16 1 3.19 × 10−16

5 21 18 8.1 × 10−13 18 5.0 × 10−16 10 3.7 × 10−16 1 3.05 × 10−16

10 41 12 7.1 × 10−13 18 9.2 × 10−16 8 4.3 × 10−16 1 4.1 × 10−16

...
...

...
...

...
...

...
...

...
...

20 81 10 3.06 × 10−12 12 5.9 × 10−14 6 1.39 × 10−14 1 2.4 × 10−14

25 101 10 8.4 × 10−12 10 7.61 × 10−13 6 1.26 × 10−14 1 1.7 × 10−14

2.4 Summary

The OMD-PQLM was used successfully in this chapter to solve a set of ODEs in
three distinct permutations. The results acquired from the various permutations of
the OMD-PQLM were compared to those obtained from the PQLM. It was noted
that two of the OMD-PQLM cases displayed faster convergence compared to the
PQLM and achieved higher accuracy. The investigation of the OMD-PQLM reveals
noteworthy observations across its three cases. Both cases 1 and 2 exhibit rapid
convergence and enhanced accuracy across all four equations when compared to
case 3. This improved performance is attributed to the presence of a higher num-
ber of nonlinear terms in cases 1 and 2, necessitating more frequent application of
the quasilinearization technique. Furthermore, computational efficiency analysis
demonstrates that all three cases achieve converged solutions in less than 1 sec-
ond. These findings underscore the ability of cases 1 to 3 of the OMD-PQLM cases
to enhance the accuracy of the PQLM while maintaining computational efficiency.
The OMD-PQLM requires fewer collocation points and overlapping intervals. The
PQLM fails to attain convergent and precise results in a larger domain, while all
OMD-PQLM cases produce convergent and accurate results even in a large domain.
The utilization of overlapping sub-intervals enhances the efficiency of the PQLM.
This chapter has presented a technique that improves the speed of convergence of
the PQLM while simultaneously enhancing its accuracy.
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Chapter 3

OMD-PQLM for a System of PDEs

This chapter introduces the iterative schemes of the OMD-PQLM and the PQLM
applied to a system of PDEs, which describes the spatio-temporal dynamics of mass
and thermal transfer in time-dependent MHD motion of a micropolar fluid across
a deformable sheet. The efficiency of the OMD-PQLM will be compared to that
of the PQLM in terms of accuracy against iteration, accuracy against the temporal
domain, and the speed of convergence against iteration.

3.1 Mass and Thermal Transfer in Time-Dependent MHD

Motion of a Micropolar Fluid Across a Deformable

Sheet

For the purpose of implementing the OMD-PQLM, consider a system of ODEs rep-
resenting a mathematical analysis of the combined impact of thermal and mass
flux in a time-dependent flow of a micropolar fluid over a dilating sheet. Hayat
and Qasim [96] have previously studied this model. Non-Newtonian fluids, in-
cluding micropolar fluids, exhibit complex and complicated behavior that cannot
be explained by a basic directly proportional relationship between stress and how
much the substance deforms [97]. The model of micropolar fluid applied in this
model has extra factors like microrotation and gyration, which helps explain how
fluids behave in different industrial and engineering situations [98]. The model in-
corporates the impact of thermal radiation and magnetic fields on fluid dynamics.
The model applies to various real-world scenarios involving non-Newtonian flu-
ids, specifically micropolar fluids. Examples include the flow of molten polymers,
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pulps, foods, fossil fuels, and naturally occurring fluids like animal blood. The re-
sults have implications for many industries, including extrusion, food processing,
electrical power generation, astrophysical flows, solar power technology, spacecraft
re-entry, and the movement of biological fluids [99, 100, 101, 102, 103, 104, 105, 106].
Previous research has addressed similar micropolar fluid flow problems using a va-
riety of numerical techniques. For instance, Takhar et al. [107] used finite element
solutions for axisymmetric flow between porous disks. Chang [108] performed nu-
merical analysis for mixed heat transfer flow alongside a vertical flat plate using the
finite difference with cubic spline collocation. Hayat and Qasim [96] used the ho-
motopy analysis method (HAM) proposed by Liao [109] for solving the non-linear
problems. The method is reported to be powerful and has been applied in various
studies [110, 111, 112, 113, 114]. Otegbeye [59] solved the same problem as Hayat
and Qasim [96] by applying PQLM and SLLM. The PQLM outperforms the SLLM
in terms of both accuracy and convergence. It was also observed that in the case of
the PQLM, cases including more non-linear terms result in faster convergence and
higher accuracy. The model is represented by the following equations:

(1 + K)g′′′ + (1 − ϵ)

(
ζ

2
g′′ − ϵ

∂g′

∂ϵ

)
+ ϵ

(
gg′′ −

(
g′
)2 − M2g′

)
+ Kh′ = 0 (3.1)(

1 +
K
2

)
h′′ + (1 − ϵ)

(
1
2

h +
ζ

2
h′ − ϵ

∂h
∂ϵ

)
+ ϵ

(
gh′ − g′h − 2Kh − Kg′′

)
= 0 (3.2)

(1 + NR)ω′′ + Pr(1 − ϵ)

(
ζ

2
ω′ − ϵ

∂ω

∂ϵ

)
+ Prϵgω′ = 0, (3.3)

θ′′ + Sc(1 − ϵ)

(
ζ

2
θ′ − ϵ

∂θ

∂ϵ

)
+ Scϵgθ′ − γScϵθ = 0, (3.4)

with associated conditions

g(ϵ, 0) = 0, g′(ϵ, 0) = ω(ϵ, 0) = θ(ϵ, 0) = 1, h(ϵ, 0) = −m0g′′(ϵ, 0),

g′(ϵ, ∞) = h(ϵ, ∞) = ω(ϵ, ∞) = θ(ϵ, ∞) = 0.
(3.5)

The following parameters describe the system: K is the material parameter, M is
the Hartman number, Pr is the Prandtl number, NR is the radiation parameter, Sc is
the Schmidt number, and γ is the chemical reaction parameter.
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3.2 Methods of Solution

There are three different ways to pair the systems of Equations (3.1) to (3.4). These
combinations will be considered to determine how the different sets of pairings
affect the convergence speed and accuracy of the solution. The pairings are defined
as follows:

i. case 1: involves the pairings ( {g, h} and {ω, θ}) corresponding to the Equa-
tions {3.1, 3.2} and {3.3, 3.4},

ii. case 2: involves the pairings ({g, ω} and {h, θ}) corresponding to the Equa-
tions {3.1, 3.3} and {3.2, 3.4}, and

iii. case 3: involves the pairings ({g, θ} and {h, ω}) corresponding to the Equa-
tions {3.1, 3.4} and {3.2, 3.3}.

3.2.1 Case 1: involves the pairings ( {g, h} and {ω, θ}) correspond-

ing to the Equations {3.1, 3.2}

The non-linear terms in Equations (3.1) and (3.2) undergo linearization through the
first-order Taylor series expansion, resulting in

[a1r] g′′′r+1 + [a2r] g′′r+1 + [a3r] g′r+1 + [a4r] gr+1 − ϵ(1 − ϵ)
∂g′r+1

∂ϵ
+ Kh′r+1 = a5r,

(3.6)

[b1r] g′′r+1 + [b2r] g′r+1 + [b3r] gr+1 + [b4r] h′′r+1 + [b5r] h′r+1 + [b6r] hr+1

− ϵ(1 − ϵ)
∂hr+1

∂ϵ
= b7r,

(3.7)
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where

a1r = 1 + K, a2r = (1 − ϵ)
ζ

2
+ ϵgr, a3r = −2ϵg′r − ϵM2, a4r = ϵg′′r ,

a5r = ϵgrg′′r − ϵg′2r , b1r = −ϵK, b2r = −ϵhr, b3r = ϵh′r, b4r = 1 +
K
2

,

b5r =
ζ

2
(1 − ϵ) + ϵgr, b6r =

1
2
(1 − ϵ)− ϵ

(
g′r + 2K

)
,

b7r = ϵ
(

grh′r − g′rhr
)

.

The latest updated solutions of g and h are used in the subsequent couple of equa-
tions. Equations (3.3) and (3.4) are linear, hence they may be represented as

[c1r]ω′′
r+1 + [c2r]ω′

r+1 − Prϵ(1 − ϵ)
∂ωr+1

∂ϵ
= 0, (3.8)

θ′′r+1 + [e1r] θ′r+1 − [e2r] θr+1 − Scϵ(1 − ϵ)
∂θr+1

∂ϵ
= 0, (3.9)

where

c1r = 1 + NR, c2r = Pr(1 − ϵ)
ζ

2
+ Prϵgr+1,

e1r = Sc(1 − ϵ)
ζ

2
+ Scϵgr+1, e2r = γScϵ.

The Chebyshev spectral collocation method and the overlapping approach are ap-
plied to linear pairs of Equations (3.8) and (3.9) in the following manner:

Am
1,1Gr+1,m − ϵm (1 − ϵm)

M̃t−1

∑
n=0

dmnDGr+1,n + Am
1,2Hr+1,m = R1,m, (3.10)

Am
2,1Gr+1,m + Am

2,2Hr+1,m − ϵm (1 − ϵm)
M̃t−1

∑
n=0

dmnHr+1,n = R2,m, (3.11)

where

Am
1,1 = [a1r]D3 + (a2r)D2 + [a3r]D + [a4r] I, Am

1,2 = KD,

Am
2,1 = [b1r]D2 + [b2r]D + [b3r] I, Am

2,2 = [b4r]D2 + [b5r]D + [b6r] I

R1,m = ϵ(1 − ϵ)dmM̃t
DGM̃t,r + a5r, R2,m = ϵ(1 − ϵ)dmM̃t

HM̃t,r + b7r,
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and

Em
1,1Ωr+1,m − Prϵm (1 − ϵm)

M̃t−1

∑
n=0

dmnΩr+1,n + Em
1,2 = R3,m, (3.12)

Em
2,1 + Em

2,2Θr+1,m − Scϵm (1 − ϵm)
M̃t−1

∑
n=0

dmnΘr+1,n = R4,m, (3.13)

where

Em
1,1 = [c1r]D2 + [c2r]D, Em

1,2 = 0, Em
2,1 = 0, Em

2,2 = D2 + [e1r]D − [e2r] I

R3,m = Prϵ(1 − ϵ)dmM̃t
ΩM̃t,r, R4,m = Scϵ(1 − ϵ)dmM̃t

ΘMt,r

Here, I represent an identity matrix of size
(

M̃x + 1
)
×
(

M̃x + 1
)
.

3.2.2 Case 2: involves the pairings ({g, ω} and {h, θ}) correspond-

ing to the Equations {3.1, 3.3} and {3.2, 3.4}

The non-linear terms in Equations (3.1) and (3.3) undergo linearization through the
first-order Taylor series expansion, resulting in

[a1r] g′′′r+1 + [a2r] g′′r+1 + [a3r] g′r+1 + [a4r] gr+1 − ϵ(1 − ϵ)
∂g′r+1

∂ϵ
= a5r, (3.14)

[b1r] gr+1 + [b2r]ω′′
r+1 + [b3r]ω′

r+1 − Prϵ(1 − ϵ)
∂ωr+1

∂ϵ
= b4r, (3.15)

where

a1r = 1 + K, a2r = (1 − ϵ)
ζ

2
+ ϵgr, a3r = −2ϵg′r − ϵM2,

a4r = ϵg′′r , a5r = ϵgrg′′r − ϵg′2r − Kh′r, b1r = Prϵω′
r,

b2r = 1 + NR, b3r = Pr
(
(1 − ϵ)

ζ

2
+ ϵgr

)
, b4r = Prϵgrω′

r.

The latest updated solutions of g and ω are used in the subsequent couple of equa-
tions. Equations (3.2) and (3.4) exhibit linearity. Applying the Chebyshev spectral
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collocation and overlapping approaches, we solve the decoupled linearized pairs
of equations in the following manner:

[
[a1r]D3 + [a2r]D2 + [a3r]D + [a4r] I

]
Gr+1,m − ϵm (1 − ϵm)

M̃t−1

∑
n=0

dmnDGr+1,n = R1,m,

(3.16)[
[b1r] I

]
Gr+1,m +

[
[b2r]D2 + [b3r]D

]
Ωr+1,m−Prϵm (1 − ϵm)

Mt−1

∑
n=0

dmnΩr+1,n = R2,m,

(3.17)

[
[c1r]D2 + [c2r]D + [c3r] I

]
Hr+1,m−ϵm (1 − ϵm)

M̃t−1

∑
n=0

dmnHr+1,n = R3,m, (3.18)

[
D2 + [e1r]D + [e2r] I

]
Θr+1,m−Scϵm (1 − ϵm)

M̃t−1

∑
n=0

dmnΘr+1,n = R4,m, (3.19)

where

c1r = 1 +
K
2

, c2r = (1 − ϵ)
ζ

2
+ ϵgr+1, c3r = (1 − ϵ)

1
2
− ϵg′r+1 − 2ϵK,

c4r = ϵKg′′r+1, e1r = Sc
(
(1 − ϵ)

ζ

2
+ ϵgr+1

)
, e2r = γScϵ,

and

R1,m = ϵm (1 − ϵm) dmM̃t
DGM̃t,r + a5r, (3.20)

R2,m = Prϵm (1 − ϵm) dmM̃t
ΩM̃t,r + b4r, (3.21)

R3,m = ϵm (1 − ϵm) dmM̃t
HM̃t,r + c4r, (3.22)

R4,m = Scϵm (1 − ϵm) dmM̃t
ΘM̃t,r. (3.23)
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3.2.3 Case 3: involves the pairings ({g, θ} and {h, ω}) correspond-

ing to the Equations {3.1, 3.4} and {3.2, 3.3}

The non-linear terms in Equations (3.1) and (3.4) undergo linearization through the
first-order Taylor series expansion, resulting in the expansion

[a1r] g′′′r+1 + [a2r] g′′r+1 + [a3r] g′r+1 + [a4r] gr+1 − ϵ(1 − ϵ)
∂g′r+1

∂ϵ
= a5r, (3.24)

[b1r] gr+1 + θ′′r+1 + [b2r] θ′r+1 + [b3r] θr+1 − Scϵ(1 − ϵ)
∂θr+1

∂ϵ
= b4r, (3.25)

where
a1r = 1 + K, a2r = (1 − ϵ)

ζ

2
+ ϵgr, a3r = −2ϵg′r − ϵM2,

a4r = ϵg′′r , a5r = ϵgrg′′r − ϵg′2r − Kh′r, b1r = Scϵθ′r,

b2r = Sc
(
(1 − ϵ)

ζ

2
+ ϵgr

)
, b3r = −γScϵ, b4r = Scϵgrθ′r.

The updated solutions of g and θ are incorporated into the next couple of equations.
Equations (3.2) and (3.3) exhibit linearity. The Chebyshev spectral collocation and
overlapping approaches are then applied to all pairs in the following manner:

[
[a1r]D3 + [a2r]D2 + [a3r]D + [a4r] I

]
Gr+1,m − ϵm (1 − ϵm)

M̃t−1

∑
n=0

dmnDGr+1,n = R1,m,

(3.26)[
[b1r] I

]
Gr+1,m +

[
D2 + [b2r]D + [b3r] I

]
Θr+1,m−Scϵm (1 − ϵm)

M̃t−1

∑
n=0

dmnΘr+1,n = R2,m,

(3.27)

and

[
[c1r]D2 + [c2r]D + [c3r] I

]
Hr+1,m − ϵm (1 − ϵm)

M̃t−1

∑
n=0

dmnHr+1,n = R3,m, (3.28)

[
[e1r]D2 + [e2r]D

]
Ωr+1,m−Prϵm (1 − ϵm)

M̃t−1

∑
n=0

dmnΩr+1,n = R4,m, (3.29)
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where

c1r = 1 +
K
2

, c2r = (1 − ϵ)
ζ

2
+ ϵgr+1, c3r = (1 − ϵ)

1
2
− ϵg′r+1 − 2ϵK,

c4r = ϵKg′′r+1, e1r = 1 + NR, e2r = Pr
(

ζ

2
(1 − ϵ) + ϵgr+1

)
,

(3.30)

R1,m = ϵm (1 − ϵm) dmM̃t
DGM̃t,r + a5r, (3.31)

R2,m = Scϵm (1 − ϵm) dmM̃t
ΘM̃t,r + b4r, (3.32)

R3,m = ϵm (1 − ϵm) dmM̃t
HM̃t,r + c4r, (3.33)

R4,m = Prϵm (1 − ϵm) dmM̃t
ΩM̃t,r. (3.34)

3.3 Results and Discussions

The numerical solutions of Equations (3.1) to (3.4), along with the boundary con-
ditions in Equation (3.5), is obtained using the OMD-PQLM and the PQLM. Both
the OMD-PQLM and the PQLM have three cases each. Unless stated otherwise, the
predefined numerical values for the parameters remain constant: Nr = 0.5, γ = 1,
M = 0.5, m0 = 0.5, Sc = 0.7, and Pr = 0.7. The OMD-PQLM used Nα = 6 and
Nµ = 4 grid points, with z = 5 and κ = 3 sub-intervals for spatial and temporal
domains, respectively. The PQLM used 30 and 10 spatial and temporal grid points,
respectively, to achieve convergence.

Solution errors obtained between two successive iterations are shown in Figures
3.1 to 3.4.
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OMD-PQLM cases 1 to 3 demonstrate faster convergence compared to the PQLM
cases 1 to 3. This distinction becomes evident when examining the slopes of OMD-
PQLM cases 1 to 3, which are more steep in comparison to their PQLM counter-
parts. Further analysis shows that among the OMD-PQLM cases, the first case
stands out for its quick convergence.

Figures 3.5 to 3.8 display the residual errors obtained using cases 1 to 3 of both
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the OMD-PQLM and the PQLM against the number of iterations. The residual er-
ror is used to evaluate accuracy by assessing the proximity of the estimated solution
to zero.
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Figure 3.5: The im-
pact of iterations on

∥Res(gr+1)∥∞
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Figure 3.8: The im-
pact of iterations on
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It can be noted that with an increasing number of iterations, there is an improve-
ment in accuracy. The accuracies of all OMD-PQLM cases 1 to 3 surpass those of the
PQLM cases 1 to 3. OMD-PQLM cases 1 to 3 demonstrate a comparable residual
error of 10−16.
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Figures 3.9 to 3.12 present the residual errors of cases 1 to 3 of the OMD-PQLM
and cases 1 to 3 of the PQLM against the temporal domain, [0, 1].
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ing accuracy within
the temporal domain
using the residual er-
ror’s norm with re-
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Notably, the residual errors consistently maintain a low level across the temporal
domain, suggesting a sustained accuracy of the methods throughout the considered
temporal domain. The OMD-PQLM cases 1 to 3 outperform all the PQLM cases in
terms of accuracy. The OMD-PQLM cases 1 to 3 demonstrate a remarkable level of
accuracy, as evidenced by a residual error of 10−16, which is comparable.

Figures 3.13 to 3.16 present the residual errors obtained in both the PQLM and the
OMD-PQLM over the time interval of [0, 2].
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Case 1 of the PQLM shows higher accuracy, whereas PQLM cases 2 and 3 fall
short in delivering accurate solutions. The OMD-PQLM consistently performs bet-
ter with higher accuracy in all three cases. The PQLM exhibits enhanced accu-
racy through the application of the overlapping technique, particularly in problems
characterized by large domains.

3.4 Summary

In this chapter, the implementation and comparative analysis of the OMD-PQLM
cases 1 to 3 and PQLM cases 1 to 3 for the system of PDEs are outlined. The OMD-
PQLM cases 1 to 3 display a faster rate of convergence while comparing all of them
to the PQLM cases 1 to 3. Among the OMD-PQLM cases, case 1 exhibits the fastest
rate of convergence. This may well be attributed to the existence of more non-
linear terms in their respective pairings, which allows for more implementation
of quasilinearization. In addition, OMD-PQLM cases 1 to 3 are more accurate as
compared to PQLM cases 1 to 3. It is worth mentioning that when using the OMD-
PQLM, while identifying the optimum cases, more importance must be given to
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a combination with more non-linear terms. Such a strategy would make the pro-
cess of quasilinearization more complete, leading to a more efficient combination
of equations, quick convergence, and also improvement in accuracy. The results
by Otegbeye [59] support the results in this chapter where it was found that in the
case of the PQLM, cases including more non-linear terms result in faster conver-
gence and higher accuracy. Based on the observation that OMD-PQLM cases 1 to 3
exhibit higher efficiency in comparison to PQLM cases 1 to 3, it can be concluded
that solving the system on overlapping partitioned domains effectively optimizes
the PQLM.
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Chapter 4

Overlapping Multi-Domain Paired
Quasilinearization Method for the
Solution of the MHD
Williamson-Nanofluid Flow over an
Exponentially Stretching Surface

4.1 Introduction

Williamson [115] developed the Williamson fluid model, a non-Newtonian fluid
exhibiting shear-thinning properties. The Williamson fluid model is applied in di-
verse biological and industrial settings, particularly in the production of emulsion
sheets such as photographic films, as well as in the study of plasma and blood flow
[116, 117, 118, 119]. Nadeem and Akbar [120] investigated the peristaltic trans-
port of Williamson fluid in an endoscope using the homotopy analysis method.
Their findings revealed that an increase in the non-Newtonian Williamson param-
eter resulted in a decrease in the velocity of the flow. Similarly, Nadeem and Hus-
sain [121] examined the impact of nanoparticles on the boundary layer flow of
Williamson fluid over a dilating surface using the homotopy analysis method. Their
study demonstrated that both the width of the boundary layer and the velocity
decrease as the Williamson parameter is increased. Gorla and Gireesha [122] nu-
merically investigated heat transfer characteristics on a linearly stretching surface
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in Williamson nanofluids. The analysis applied the Runge-Kutta–Felhberg fourth-
fifth order method along with the Shooting approach. The findings revealed that
higher values of the Williamson parameter corresponded to an increased thermal
boundary thickness.

To enhance the thermal properties of the fluid, Choi [123] proposed the addition
of nanofluid, and this attracted many researchers. The concept proposed by Choi
[123] has been used to improve the heat transfer rate in liquids. Mkhatshwa et al.
[124] studied the MHD mixed convective nanofluid flow about a vertical slender
cylinder and reported that augmentation to the nanoparticle volume fraction also
enhances the skin friction. They used the OMD-BSQLM, and the method was ac-
curate and the authors were able to carry out the desired investigation on different
parameters. Shehzad et al. [125] investigated the stagnation point flow of nanofluid
over a heated shirking sheet using finite difference technique in consideration of
RKF45 method with a shooting technique and it was reported that mass transfer
improves with the augmentation of the thermophoresis parameter.

In astrophysical, geophysical, nanotechnological and engineering problems, mag-
netohydrodynamic (MHD) flows has become common in the recent years. Srini-
vasacharya [126] studied Hall and ion-slip current effects for flow in a pipe and re-
ported that Hall and ion-slip parameters increased in both flow velocity and micro-
rotation. A sinusoidally heated wavy cavity in porous medium nanofluid applying
inclined magnetic field studied by Sameh et al. [127] reported an increase in Hart-
mann number decreases the Nusselt numbers. For the improvement of heat trans-
fer through dispersion, Nawaz [128] investigated three-dimensional heat transfer in
the flow of micro-polar liquid subject to four types of nanoparticles, taking into ac-
count Hall and ion-slip effects using the finite difference method, the finite element
method, and the finite volume method, and reported that Hall current enhance-
ment influences the main flow.

No investigations have been conducted on the combined effect of Hall and Williamson
nanofluid on a stretching sheet, as per existing literature. The non-linear system of
equations that governs the flow is solved using the OMD-PQLM and individual
interest of parameters including the Williamson, porosity, Hall, chemical reaction,
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and magnetic parameters is studied.

4.2 Formulation and Mathematical Description of the

Dynamical System

We examine the steady mixed convective, laminar flow of an electrically conducting
nanoparticle-immersed Williamson fluid with constant density and volume past a
vertically linearly dilating sheet in a porous medium, influenced by a perpendicu-
larly applied magnetic field B0. Additionally, the dynamical accounts for the effects
of Hall current, assuming a small magnetic Reynolds number. The plate is exponen-
tially stretched along the horizontal axes of the three-coordinate system, while the z
axis remains perpendicular to the xy plane. The mass and momentum conservation
equations of the flow are as follows:

▽ ·V = 0, (4.1)

(V · ▽)V = ▽ · S + ρb. (4.2)

In this context, V denotes the velocity vector, ρ represents the fluid density, S stands
for the Cauchy stress tensor, and b is the specific body force vector. The definition
of the Cauchy stress tensor, S, is as follows:

S = −pI + τ, (4.3)

and τ is the Williamson fluid model defined as

τ =

[
µ∞ +

µ0 − µ∞

1 − Γγ̇

]
A1, (4.4)

where p I, τ, µ0, µ∞, Γ, A1 are pressure, identity vector, extra stress tensor, zero vis-
cosity, infinite shear rate viscosity, time constant, and the Rivlin-Erickson tensor,
respectively. γ̇ is given by

γ̇ =

√
1
2

π, where π = trace(A1)
2. (4.5)
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In this context, we considered the scenario for which µ∞ = 0 and Γγ̇ << 1. There-
fore, τ1 can be expressed as

τ =

(
µ0

1 − Γγ̇

)
A1. (4.6)

Through the application of binomial expansion, the expression yields

τ = µ0(1 + Γγ̇)A1. (4.7)

Under the assumptions above and following Nadeem [120], Srinivas [126], the con-
servation equations describing the thermal and mass flux in the flow are expressed
as:

∂u
∂x

+
∂v
∂y

+
∂w
∂z

= 0, (4.8)

u
∂u
∂x

+ v
∂u
∂y

+ w
∂u
∂z

= ν
∂2u
∂y2 +

√
2Γ

∂u
∂z

∂2u
∂z2 −

ν f

k
u −

σB2
0

1 + β2 (u + βv)

+ g∗[βT(T − T∞) + (C − C∞)],
(4.9)

u
∂v
∂x

+ v
∂v
∂y

+ w
∂v
∂z

= ν
∂2v
∂z2 +

√
2Γ

∂v
∂z

∂2v
∂z2 − ν

k
w −

σB2
0

1 + β2 (βu + v), (4.10)

u
∂T
∂x

+ v
∂T
∂y

+ w
∂T
∂z

= α
∂2T
∂z2 + Λ

(
DB

(
∂C
∂z

)(
∂T
∂z

)
+

DT

T∞

(
∂T
∂y

)2)
+ Q(T − T∞),

(4.11)

u
∂C
∂x

+ v
∂C
∂y

+ w
∂C
∂z

= DB
∂2C
∂z2 +

DT

T∞

∂2T
∂z2 − k1(C − C∞). (4.12)

The boundary conditions are

u = Uw, v = Vw, w = 0, T = Tw, C = Cw at z = 0,

u → 0, v → 0, T = T∞, C = C∞ as z → ∞. (4.13)

Here, u, v, w represent the velocity components, β is the Hall parameter, T is the
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temperature of the nanofluid, γ porosity parameter, C is the concentration of nanopar-
ticles, g∗ is the gravity, σ is electric conductivity of a fluid, DT and BD are the coef-
ficient of thermophoretic diffusion and Brownian diffusion, Λ =

(ρC)p
(ρC) f

is the ratio
between the effective heat capacity of the nanoparticles and base fluid, k1 is the
chemical reaction, T∞ and C∞ ambient temperature and concentration, Uw and Vw

are the surface stretching velocities, Tw and Cw are temperature and concentration,
and assumed the form
Uw = U0e

x+y
L , Vw = V0e

x+y
L , Tw = T∞ + T0e

A(x+y)
2L , Cw = C∞ + C0e

A(x+y)
2L ,

where U0, V0, T0, C0 are constants, and L is the reference length.
Applying the similarity transformation

u = U0e
x+y

L g′(η), v = V0e
x+y

L h′(η), w =

(
U0

2νL

)1/2

e
x+y
2L (g′ + ηg′ + h + ηh′),

T = T∞ + T0e
x+y
2L ω(η), C = C∞ + C0e

x+y
2L θ(η), η = z

√
U0

2νL
, (4.14)

and substituting Equation (4.14) into Equations (4.8) to (4.12), we get the following
non-dimensional equations

(1 + χg′′)g′′′ + (g + h)g′′ − 2(g′ + h)g′ + λ(ω + Nrθ)− γg′ − M
1 + β2 (g′ + βh′) = 0,

(4.15)

(1 + χh′)h′′′ + (g + h)h′′ − 2(g′ + h′)h′ − γh′ − M
1 + β2 (βg′ − h′) = 0, (4.16)

ω′′ + Pr[(g + h)ω′ − A(g′ + h′)ω + Nbω′θ′ + Ntω′2] + Qω = 0, (4.17)

θ′′ + PrLe[(g + h)θ′ − A(g′ + h′)θ] +
Nt

Nb
ω′′ − Kθ = 0, (4.18)

where χ = ΓU0

√
Uw
νL is the Williamson parameter, Gr =

h∗βT(Tw−T∞)x3

ν2 is the temper-

ature Grashof number, Rex = U0L
ν e

x+y
L is the Reynolds numbers, λ = Gr

Re2 is mixed

convection parameter, M =
2LσB2

0
Uwρ is the magnetic parameter, γ =

ν f
Ka is the poros-

ity parameter, the buoyancy ratio parameter Nr = βc(Cw−C∞)
βT(Tw−T∞)

, Nb = ΛDB(Cw−C∞)
ν f

is

the Brownian motion parameter, Nt = ΛDT(Tw−T∞)
T∞ν is the thermophoresis parame-

ter, Pr = ν
α is the Prandtl number, K = 2k1

Uw
is the chemical reaction parameter and

Le = α
DB

is the Lewis number.
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The boundary conditions now take the form

g = 0, g′ = 1, h = 0, h′ = S, ω = 1 θ = 1, at η = 0

g′ → 0, h′ → 0, ω → 0 θ → 0, as η → ∞, (4.19)

where S = V0
U0

is the stretching ratio.
The engineering parameters of interest are the Skin friction coefficients C f x and C f z,
the Sherwood number Shx, and the local Nusselt number Nux given by

C f x =
τux

ρU2
w

, C f z =
τwx

ρU2
w

, Nux =
xqw

k(Tw − T∞)
, Shx =

xqm

DB(Cw − C∞)
,

(4.20)
where

τux = µ

(
∂u
∂z

+
Γ√
2

(
∂u
∂z

)2)
z=0

, τwz = µ

(
∂w
∂y

+
Γ√
2

(
∂w
∂y

)2)
z=0

,

qw = −k
(

∂T
∂z

)
z=0

, qm = −DB

(
∂C
∂z

)
z=0

. (4.21)

The non-dimensional form is written as

Re1/2
x C f x = g′′(0) +

χ

2
g′′2(0), Re1/2

x C f z = h′′(0) +
χ

2
h′′2(0),

Re−1/2
x Nux = ω′(0), Re−1/2

x Shx = θ′(0) (4.22)

4.3 Numerical Discretization of the Fluid Flow System

This section describes the application of the OMD-PQLM as detailed in Chapter
1 to solve the system of non-linear Equations (4.15) to (4.18). There are three dif-
ferent ways to pair the systems of Equations (4.15) to (4.18). These combinations
will be considered to determine how the various sets of pairing affect the speed of
convergence and solutions. The pairings are defined as follows:

i. case 1: involves the pairings ( {g, h} and {ω, θ}) corresponding to the Equa-
tions {4.15, 4.16} and {4.17, 4.18},
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ii. case 2: involves the pairings ({g, ω} and {h, θ}) corresponding to the Equa-
tions {4.15, 4.17} and {4.16, 4.18}, and

iii. case 3: involves the pairings ({g, θ} and {h, ω}) corresponding to the Equa-
tions {4.15, 4.18} and {4.16, 4.17}.

4.3.1 Case 1: involves the pairing ( {g, h} and {ω, θ}) correspond-

ing to the Equations {4.15, 4.16} and {4.17, 4.18}

The non-linear components, χg′′g′′′, gg′′, hg′′,−2g′2,−2hg′, χh′h′′′, (g + h)h′′, and
−2 (g′ + h′) h′, undergo linearization through the first-order Taylor series expan-
sion. The Chebyshev spectral collocation and overlapping approaches are then ap-
plied to the linearized pair in the following manner:

[
[a0]D3 + [a1]D2 + [a2]D + [a3]I

]
Gr+1 +

[
[a4]D + [a5]I

]
Hr+1 = R1, (4.23)[

[b0]D + [b1]I
]
Gr+1 +

[
[b2]D3 + [b3]D2 + [b4]D + [b5]I

]
Hr+1 = R2. (4.24)

where

a0 = 1 + χg′′r , a1 = χg′′′r + gr + hr, a2 = −4g′r − 2h′r − γ − M
1 + β2 ,

a3 = g′′r , a4 = − Mβ

1 + β2 , a5 = g′′r − 2g′r, b0 = −2h′r −
Mβ

1 + β2 , b1 = h′′r ,

b2 = 1 + χh′r, b3 = gr + hr, b4 = χh′′′r − 2g′r − 4h′r − γ − M
1 + β2 , b5 = h′′r ,

R1 = χg′′r g′′′r + (gr + hr) g′′r − 2
(

g′r + h′r
)

g′r − λ (ωr + Nrθr) ,

R2 = χh′rh′′′r + (gr + hr) h′′r − 2
(

g′r + h′r
)

h′r.

The second set of equations integrates the revised solutions for g and h. The lin-
earized pair is obtained by linearizing the non-linear components, PrNbω′θ′ and
PrNtω′2, by the use of the first-order Taylor series expansion.
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ω′′
r+1 + Pr

(
(gr+1 + hr+1) + Nbθr + 2Ntω′

r

)
ω′

r+1 +
(

Pr
(
−A

(
g′r+1 + h′r+1

))
+ Q

)
· ωr+1 +

[
PrNbω′

r
]

θ′r+1 = PrNbω′
rθ′r + PrNtω′2

r ,

(4.25)(
Nt
Nb

)
ω′′

r+1 + θ′′r+1 +
(

PrLe (gr+1 + hr+1)
)

θ′r+1

+
(

PrLe
(
−A

(
g′r+1 + h′r+1

))
− K

)
θr+1 = 0.

(4.26)

The Chebyshev spectral collocation method and the overlapping approach are ap-
plied in the following manner:

[
D2 + [c0]D + [c1]I

]
Ωr+1 +

[
[c2]D

]
Θr+1 = R3, (4.27)[(

Nt

Nb

)
D2
]

Ωr+1 +
[
D2 + [e0]D + [e1] I

]
Θr+1 = R4, (4.28)

where

c0 = Pr
[
(gr+1 + hr+1) + Nbθ′r + 2Ntω′

r
]

, c1 = Pr
(
−A

(
g′r+1 + h′r+1

))
+ Q,

c2 = PrNbω′
r, e0 = PrLe (gr+1 + hr+1) , e1 = PrLe

(
−A

(
g′r+1 + h′r+1

))
− K

R3 = PrNbω′
rθ′r + PrNtω′2

r , R4 = 0.

4.3.2 Case 2: involves the pairings ({g, ω} and {h, θ}) correspond-

ing to the Equations {4.15, 4.17} and {4.16, 4.18}

The linearized pair is obtained by linearizing the non-linear components, χg′′g′′′, gg′′,
− 2g′2, and Pr(gω′ − Ag′ω′ − Ntω′2), by the use of the first-order Taylor series ex-
pansion. The Chebyshev spectral collocation and overlapping approaches are then
applied in the following manner:

[
[a0]D3 + [a1]D2 + [a2]D + [a3]I

]
Gr+1 +

[
[λ]I

]
Ωr+1 = R1, (4.29)[

[b0]D + [b1]I
]
Gr+1 +

[
D2 + [b2]D + [b3]I

]
Ωr+1 = R2, (4.30)
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where

a0 = 1 + χg′′r , a1 = χg′′′r + gr + hr, a2 = −4g′r − 2hr − γ − M
1 + β2

a0 = g′′r , b0 = −PrAωr, b1 = Prω′
r,

b2 = Pr(gr + hr + Nbθr + 2Ntω′
r), b3 = −PrA

(
g′r + h′r

)
+ Q,

R1 = χg′′r g′′′r + g′′r g′′r − 2g′2r − λNrθr −
Mβh′r
1 + β2 ,

R2 = Pr
(

grω′
r − Ag′rωr + Ntω′2

r

)
.

The second set of equations integrates the revised solutions for g and ω. The lin-
earized pair is obtained by linearizing the non-linear components, χh′h′′′, hh′′,
PrLe(hθ′ − Ah′θ), and h′2, by the use of the first-order Taylor series expansion. The
Chebyshev spectral collocation and overlapping approaches are then applied in the
following manner:

[
[c0]D3 + [c1]D2 + [c2]D + [h′′r ]I

]
Hr+1 +

[
[0]
]
Θr+1 = R3 (4.31)[

[e0]D + [e1]I
]
Hr+1 +

[
D2 + [e2]D + [e3]I

]
Θr+1 = R4 (4.32)

where

c0 = 1 + χh′r, c1 = gr+1 + hr, c2 = χh′′′r − 4h′r − 2g′r+1 − γ − M
1 + β2 ,

e0 = PrLe(−Aθr+1), e1 = PrLeθ′r, e2 = PrLe(gr+1 + hr),

e3 = PrLe(−A(g′r+1 + h′r))− K,

R3 = χh′rh′′′r + hrh′′r − 2h2
r +

Mβg′r+1
1 + β2 ,

R4 = PrLe
(
hrθ′r − Ah′rθr

)
− Nt

Nb
ω′′

r+1,

where 0 denotes a zero matrix of the same size as I and D.



58

4.3.3 Case 3: involves the pairings ({g, θ} and {h, ω}) correspond-

ing to the Equations {4.15, 4.18} and {4.16, 4.17}

The linearized pair is obtained by linearizing the non-linear components, χg′′g′′′, gg′′,
− 2g′2, and, PrLe(gθ′ − Ag′θ), by the use of the first-order Taylor series expansion.
The Chebyshev spectral collocation and overlapping approaches are then applied
in the following manner:

[
[a0]D3 + [a1]D2 + [a2]D + [g′′r ]I

]
Gr+1 +

[
[λNr]I

]
Θr+1 = R1, (4.33)[

[b0]D + [b1]I
]
Gr+1 +

[
D2 + [b2]D + [b3]I

]
Θr+1 = R2, (4.34)

where

a0 = 1 + χg′′r , a1 = χg′′′r + gr + hr, a2 = −4g′r − 2h′r − γ − M
1 + β2 ,

b0 = −PrLeAθr, b1 = PrLeθ′r, b2 = PrLe(gr + hr),

b3 = −PrLeA(g′r + h′r)− K,

R1 = χg′′r g′′′r + grg′′r − 2g′
2

r − λωr −
Mβh′r
1 + β2

R2 = PrLe
(

grθ′r − Ag′rθr
)
− Nt

Nb
ω′′

r .

The subsequent pair of equations make use of the improved solutions for g and θ.
The linearized pair is obtained by linearizing the non-linear components χh′h′′′, hh′′,
− 2h′2, Prhω′,−PrAh′ω, and PrNtω′2, by the use of the first-order Taylor series ex-
pansion. The Chebyshev spectral collocation and overlapping approaches are then
applied in the following manner:

[
[c0]D3 + [c1]D2 + [c2]D + [h′′r ]I

]
Hr+1 +

[
[0]
]
Ωr+1 = R3 (4.35)[

[e0]D + [e1]I
]
Hr+1 +

[
D2 + [e2]D + [e3]I

]
Ωr+1 = R4 (4.36)

where
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c0 = 1 + χh′r, c1 = gr+1 + hr, c2 = χh′′′r − 4h′r − 2g′r+1 − γ − M
1 + β2 ,

e0 = −PrAωr, e1 = Prω′
r, e2 = Pr(gr+1 + hr) + Nbθ′r+1 + 2Ntω′

r,

e3 = Pr(−A(g′r+1 − Ah′r) + Q),

R3 = χh′rh′′′r + hrh′′r − 2h′2r +
Mβg′r+1
1 + β2 ,

R4 = Pr
(

grω′
r − Ah′rωr + Ntω

′2
r

)
,

0 denotes a zero matrix of the same size as I and D.

4.4 Findings and Analysis

The numerical solution of Equations (4.15) to (4.18), along with the boundary condi-
tions in Equation (4.19), is obtained using the OMD-PQLM and the PQLM. Unless
stated otherwise, the predefined numeric values for the parameters remain con-
stant, χ = 0.3, λ = Nb = Nt = Q = Le = 0.5, Nr = γ = K = 1, M = 3, β = 2, and
Pr = A = 5.

The solution error analysis is undertaken to analyze the convergence. The solution
error is determined by computing the subtraction of consecutive iterations of the
approximate solutions.
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The errors in solutions for Equations (4.15) to (4.18) can be observed in Figures 4.1
to 4.4. It has been noted that as the number of iterations increases, the error between
two successive approximate solutions decreases until it reaches a point where fur-
ther improvement is not possible. Once the error has reached its minimum and
cannot be further decreased, it denotes that the method has converged. The OMD-
PQLM cases demonstrate the smallest error in solutions, whereas the PQLM cases
attain convergence more quickly than the OMD-PQLM cases. Case 1 of both the
PQLM and the OMD-PQLM exhibits rapid convergence, as evidenced by the steep
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incline of the slope. In both Case 1 of the PQLM and the OMD-PQLM, the solution
errors for g(η), h(η), ω(η), and θ(η) exhibit convergence between the 8th and 12th
iterations. The OMD-PQLM cases exhibit all desirable characteristics and demon-
strate rapid convergence to a greater level of accuracy in comparison to other cases.

The estimated solutions obtained through the OMD-PQLM are then substituted
into the transformed model equations to obtain the residual norm, in the following
manner:

Res(G) = (1 + χg′′)g′′′ + (g + h)g′′ − 2(g′ + h)g′ + λ(ω + Nrθ)

− γg′ +
M

1 + β2 (g
′ + βh′),

(4.37)

Res(H) = (1 + χh′)h′′′ + (g + h)h′′ − 2(g′ + h′)h′ − γh′ − M
1 + β2 (βg′ − h′),

(4.38)

Res(Ω) = ω′′ + Pr[(g + h)ω − A(g′ + h′)ω′ + Nbω′θ′ + Ntω′2] + Qω, (4.39)

Res(Θ) = θ′′ + PrLe[(g + h)θ′ − A(g′ + h′)θ] +
Nt

Nb
ω′′ − Kθ. (4.40)
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Figures 4.5 to 4.8 show the effect of the number of iterations on accuracy. As the
number of iterations increases, it is noteworthy that the accuracy for Figures 4.5
to 4.7 improves until it reaches its optimum level and cannot be further improved.
The OMD-PQLM cases exhibit higher accuracy compared to all the PQLM cases.
While the PQLM cases converge faster, they reach a lower accuracy compared to
the OMD-PQLM cases. Specifically, Case 1 of the PQLM demonstrates the fastest
convergence but achieves the lowest accuracy levels, with the residual error for h(η)
being the highest compared to the other cases. Conversely, OMD-PQLM Case 1 em-
bodies all desirable characteristics, demonstrating both higher accuracy and faster
convergence. The residual errors for the OMD-PQLM fall within the range of 10−13

to 10−14, indicating that the OMD-PQLM is highly effective in solving comparable
problems discussed in this study.

The OMD-PQLM case 1 was used to carry out the analysis of different parameters
of interest since it embodies both higher accuracy and faster convergence.

4.4.1 Combined Effects of the Williamson and Hall Parameters

Figures 4.9 to 4.12 show the combined effects of the Hall and Williamson parameters
on the flows’ velocities in the x and y direction, g′(η) and h′(η), the concentration,
θ(η), and the temperature distribution, ω(η).
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The Williamson parameter significantly influences the flows’ velocities, tempera-
ture distribution, and concentration. It is observed that both g′(η) and h′(η) in-
crease as the Hall parameter, β, increases, indicating heightened velocity compo-
nents in the x and y directions. When the Williamson parameter, χ, is set to 0.4,
g′(η) consistently remains below the case of a viscous fluid (χ = 0). For h′(η)
with χ = 0, the velocity in the y-direction consistently remains lower compared
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to χ = 0.4, implying that the shear-thinning effects enhance the speed in the y-
direction. As the Hall parameter, β, increases, the temperature distribution, ω′(η),
and concentration, θ′(η), both decrease, showing an inverse relationship. The ev-
idence suggests that a larger β value leads to a cooling impact and modifies the
behavior of nanoparticles within the nanofluid. In the absence of the Williamson
parameter, lower temperatures and concentrations are constantly observed, sug-
gesting that the shear-thinning features of the Williamson parameter lead to an in-
creased concentration and temperature.

4.4.2 Combined Effect of the Williamson and the Porosity Param-

eter

Figures 4.13 to 4.16 show the combined effect of the porosity and the Williamson
parameter on the velocity profiles, g′(η) and h′(η), the concentration, θ(η), and the
temperature distribution, ω(η).
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As the porosity parameter, γ, increases, g′(η) consistently decreases. This suggests
that the presence of the porosity parameter reduces the velocity component in the
x-direction. For χ = 0, the g′(η) profile remains consistently above that of χ = 0.4,
indicating that the shear-thinning properties introduced by the Williamson param-
eter, χ, have a diminishing effect on the velocity profile. The h′(η) profile exhibits
a more complex behavior with an initial decrease and subsequent increase as γ in-
creases. This suggests that the y-component velocity initially decreases with higher
γ and then increases. For χ = 0, the h′(η) profile is below that of χ = 0.4, in-
dicating that the shear-thinning properties enhance the y-direction velocity. The
concentration, θ′(η), and the temperature distribution, ω(η), increase with a rise
in the porosity parameter, γ. Higher values of γ imply an elevation in tempera-
ture and concentration profiles. For χ = 0, the temperature and the concentration
profiles are consistently below that of χ = 0.4, indicating that the presence of the
Williamson parameter contributes to a higher temperature and concentration. The
shear-thinning properties of the Williamson parameter, χ, consistently impact the
velocity profiles.



66

4.4.3 Combined Effects of the Williamson and Chemical Reaction

Parameters

Figures 4.17 to 4.20 show the combined effects on f ′(η), h′(η), θ(η), and ω(η), in-
duced by the Williamson parameter and the chemical reaction parameter.
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The velocity profile, g′(η), consistently decreases as the chemical reaction parame-
ter K increases, indicating that higher values of K result in a reduction of the veloc-
ity component in the x-direction. For χ = 0, the velocity profiles are consistently
above those for χ = 0.4. This suggests that the presence of the Williamson param-
eter contributes to a diminishing effect on the velocity profiles, especially with an
increasing K. The velocity profile, h′(η), increases as the chemical reaction param-
eter, K, increases. This implies that higher values of K lead to an enhancement of
the speed along the y-axis. For χ = 0, the velocity profiles are consistently below
those for χ = 0.4. This suggests that the shear-thinning properties introduced by
the Williamson parameter contribute to an increase in the speed along the y-axis,
especially with an increasing K. The temperature distribution, ω(η), increases with
an increase in the chemical reaction parameter K. This signifies that higher values
of K result in higher temperatures. For χ = 0, the temperature distributions are con-
sistently below those for χ = 0.4. This suggests that the presence of the Williamson
parameter contributes to a higher temperature. The concentration, θ(η), decreases
as the chemical reaction parameter, K, increases, indicating that higher values of K
lead to a reduction in concentration. For χ = 0, the concentration profiles are con-
sistently below those for χ = 0.4. This suggests that the shear-thinning properties
introduced by the Williamson parameter, χ, contribute to a lower concentration.

4.4.4 Effect of the Magnetic Parameter

Figures 4.21 to 4.24 display the impact of the magnetic parameter, M, on the veloc-
ity profiles, g′(η) and h′(η), temperature distribution, ω(η), and the concentration
profile, θ(η).
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A higher value of the magnetic parameter leads to a reduction in the velocity pro-
files, g′(η) and h′(η). The decrease in the velocity profiles implies that stronger
forces limit the movement of the fluid. The increased magnetic parameter can re-
sult in stronger forces that limit the velocity of fluid particles in both the x and y
directions. The increase of the magnetic parameter results in simultaneous rises
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in both the concentration, θ(η), and the temperature distribution, ω(η). The in-
creased magnetic force results in the generation of heat, which in turn raises the
temperature. Additionally, a strong magnetic force promotes the concentration of
nanoparticles.

4.5 Summary

This study investigates the analysis of magnetohydrodynamic (MHD) Williamson-
nanofluid flow across an exponentially stretched surface. The similarity transfor-
mation was applied to transform the governing equations into highly non-linear
ODEs. The OMD-PQLM is subsequently utilized to solve these non-linear differ-
ential equations. It is noteworthy to mention that the OMD-PQLM yields several
combinations. However, in this study, the most efficient combination of the OMD-
PQLM is chosen to generate results. The obtained results highlight the efficacy of
the method in resolving the MHD Williamson-nanofluid flow over an exponen-
tially stretched surface. The study expands its investigation to examine the impact
of several parameters on the system, such as the Hall parameter, chemical reaction
parameter, thermophoresis particle parameter, Brownian motion parameter, and
magnetic parameter, among others. Moreover, the study presents and thoroughly
discusses the impact of various parameters. The analysis of the fluid model reveals
that the Williamson parameter, χ, exerts a significant influence on various aspects
of the system, particularly in shaping velocity profiles, temperature distribution,
and concentration. The shear-thinning properties introduced by χ lead to a dis-
tinct decrease in the velocity component in the x-direction, and an increase in the
y-direction. Additionally, the presence of χ consistently contributes to higher tem-
perature distribution, ω(η), and concentration, θ(η), across different investigations
involving varying values of the Hall parameter, β, porosity parameter, γ, and the
chemical reaction parameter, K. This indicates that the shear-thinning effects of the
Williamson fluid play a crucial role in influencing the overall fluid dynamics and
thermal and mass transfer attributes of the system.
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Chapter 5

Conclusion

This study presented a novel technique called the overlapping multi-domain paired
quasilinearization method (OMD-PQLM) as an effective method for solving both
general ordinary differential equations (ODEs) and partial differential equations
(PDEs). The effectiveness of the method was proven by thorough evaluations,
showcasing its accuracy and capacity to converge. OMD-PQLM has been proven
to outperform the standard paired quasilinearization method (PQLM) in terms of
accuracy and convergence, as demonstrated by comparative analyses.

Chapter 2 illustrated the application of OMD-PQLM to a system of ODEs, show-
ing its notable accuracy and faster convergence in comparison to the PQLM. The
results of this comparative assessment confirm the efficiency of the OMD-PQLM in
solving systems of ODEs. It was observed that the combination of equations with
increased levels of non-linearity led to a faster convergence rate and improved accu-
racy. The observed effect can be attributed to the increased use of quasilinearization
in these specific combinations of equations. In a larger domain, the PQLM does not
achieve convergent and precise results. However, all the OMD-PQLM cases yield
convergent and accurate results, even in a large domain.

In Chapter 3, the application of the OMD-PQLM was expanded to include sys-
tems of PDEs. The OMD-PQLM demonstrated higher accuracy and convergence
characteristics compared to the PQLM, as evidenced by a thorough comparison.
A combination of equations exhibiting greater levels of nonlinearity was found to
yield a faster convergence rate and improved accuracy. In these particular combi-
nations of equations, the observed result can be attributed to the higher application
of quasilinearization. When the temporal domain is expanded, case 1 of the PQLM
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demonstrated high accuracy, while cases 2 and 3 of the PQLM show deficiencies in
providing accurate solutions. However, in all three cases, the OMD-PQLM consis-
tently demonstrated greater efficiency while exhibiting higher accuracy.

Chapter 4 of the study investigated the impact of physical parameters on the flow of
MHD Williamson-nanofluid across a model of an exponentially extending surface.
The OMD-PQLM was utilized to produce results to analyze the influence of differ-
ent parameters on the flow patterns. Based on the evidence and results obtained,
we can fairly conclude that the method is highly effective in solving equations that
characterize flow properties.

The findings obtained in this study suggest that the computational schemes pre-
sented are easy to apply and produce higher accuracy and faster convergence. They
demonstrate efficiency by requiring a smaller number of collocations and overlap-
ping grids to produce accurate results. The OMD-PQLM’s efficiency was evident
in its requirement for fewer collocation points compared to the PQLM. Moreover,
as the size of the problem domain increased, the OMD-PQLM adapted effectively,
converging within shorter computational times, thus offering a scalable solution for
complex problems. These findings hold significant implications for practical appli-
cations, especially in fields where accurate solutions across large parameter spaces
are crucial. The OMD-PQLM’s ability to maintain high accuracy and speedy con-
vergence in large domains makes it a valuable tool for engineers, scientists, and
researchers tackling real-world problems with complex dynamics. In conclusion,
the research establishes the OMD-PQLM as a superior alternative to traditional
methods, showcasing its ability to achieve fast convergence, and high accuracy,
in large problem domains. By offering efficient and scalable solutions, the OMD-
PQLM emerges as a promising approach for addressing complex computational
challenges across various domains of science and engineering. The computational
simplicity of this method is particularly remarkable because it eliminates the need
for a large dense matrix to attain accuracy. Furthermore, the method’s adaptability
can further its investigation in solving complex problems that are modelled using
elliptic equations, and fractional differential equations, among others.



72

Bibliography

[1] B.V. Norkin. “Mathematical models for insurance business optimization”.
Cybernetics and Systems Analysis 47.1 (2011), pp. 117–133. DOI: https://doi.
org/10.1007/s10559-011-9295-5.

[2] A. Quarteroni. “Mathematical models in science and engineering”. Notices of
the American Meteorological Society 56.1 (2009), pp. 10–19. DOI: https://doi.
org/10.1007/978-3-030-96166-4.

[3] J.T. Ottesen, M.S. Olufsen, and J.K. Larsen. Applied mathematical models in
human physiology. Society for Industrial and Applied Mathematics, Philadel-
phia, (2004). DOI: https://doi.org/10.1137/1.9780898718287.

[4] C. Molina-París and G. Lythe. Mathematical models and immune cell biology.
Springer Science & Business Media, New york, (2011). DOI: https://doi.
org/10.1007/978-1-4419-7725-0.

[5] M. Roger and S. Moreau. “Extensions and limitations of analytical airfoil
broadband noise models”. International Journal of Aeroacoustics 9.3 (2010),
pp. 273–305. DOI: https://doi.org/10.1260/1475-472x.9.3.273.

[6] R. Raghavan, J.D.T. Scorer, and F.G. Miller. “An investigation by numerical
methods of the effect of pressure-dependent rock and fluid properties on
well flow tests”. Society of Petroleum Engineers Journal 12.03 (1972), pp. 267–
275. DOI: https://doi.org/10.2118/2617-pa.

[7] E. Isaacson and H.B. Keller. Analysis of numerical methods. Courier Corpora-
tion, New York, (1994). DOI: https://doi.org/10.2307/2003280.

[8] B.C. Brookes. “Numerical methods of bibliographic analysis”. Graduate School
of Library and Information Science. University of Illinois (1973). DOI: https://
doi.org/10.2307/40321804.

https://doi.org/https://doi.org/10.1007/s10559-011-9295-5
https://doi.org/https://doi.org/10.1007/s10559-011-9295-5
https://doi.org/https://doi.org/10.1007/978-3-030-96166-4
https://doi.org/https://doi.org/10.1007/978-3-030-96166-4
https://doi.org/https://doi.org/10.1137/1.9780898718287
https://doi.org/https://doi.org/10.1007/978-1-4419-7725-0
https://doi.org/https://doi.org/10.1007/978-1-4419-7725-0
https://doi.org/https://doi.org/10.1260/1475-472x.9.3.273
https://doi.org/https://doi.org/10.2118/2617-pa
https://doi.org/https://doi.org/10.2307/2003280
https://doi.org/https://doi.org/10.2307/40321804
https://doi.org/https://doi.org/10.2307/40321804


73

[9] C. Paniconi, A.A. Aldama, and E.F. Wood. “Numerical evaluation of iter-
ative and noniterative methods for the solution of the nonlinear Richards
equation”. Water Resources Research 27.6 (1991), pp. 1147–1163. DOI: https:
//doi.org/10.1029/91wr00334.

[10] H.H. Goldstine. A History of Numerical Analysis from the 16th through the 19th
Century. Springer Science & Business Media, New York, (2012). DOI: https:
//doi.org/10.1007/978-1-4684-9472-3.

[11] M. Benzi. “Key moments in the history of numerical analysis”. Numerical
Mathematics 5 (2009). DOI: https://doi.org/10.1002/nla.815.

[12] I. Todhunter. A History of the Mathematical Theories of Attraction and the Figure
of the Earth from the Time of Newton to that of Laplace. Vol. 1. Macmillan and
Company, Macmillan, (1873). DOI: https://doi.org/10.2307/2003799.

[13] W. Gautschi. “Leonhard Euler: his life, the man, and his works”. SIAM review
50.1 (2008), pp. 3–33. DOI: https://doi.org/10.1137/070702710.

[14] H. Pulte. “Joseph Louis Lagrange, Méchanique analitique, (1788)”. In: Land-
mark Writings in Western Mathematics 1640-1940. Elsevier, (2005), pp. 208–224.
DOI: https://doi.org/10.1016/b978-044450871-3/50097-8.

[15] T. Molale. “Mathematical Foundation of Public Key Cryptosystems”. Cite-
seer (2005). DOI: https://doi.org/10.1142/9789811208058_0007.

[16] R.S. Calinger. Leonhard Euler: Mathematical genius in the enlightenment. Prince-
ton University Press, New Jersey, (2015). DOI: https://doi.org/10.1515/
9781400866632-fm.

[17] V. Thomée. “From finite differences to finite elements A short history of nu-
merical analysis of partial differential equations”. In: Numerical Analysis: His-
torical Developments in the 20th Century. Elsevier, (2001), pp. 361–414. DOI:
https://doi.org/10.1016/b978-0-444-50617-7.50016-1.

[18] R. Courant, K. Friedrichs, and H. Lewy. “On the partial difference equa-
tions of mathematical physics”. IBM journal of Research and Development 11.2
(1967), pp. 215–234. DOI: https://doi.org/10.1147/rd.112.0215.

[19] K.J. Marfurt. “Accuracy of finite-difference and finite-element modeling of
the scalar and elastic wave equations”. Geophysics 49.5 (1984), pp. 533–549.
DOI: https://doi.org/10.1190/1.1441689.

https://doi.org/https://doi.org/10.1029/91wr00334
https://doi.org/https://doi.org/10.1029/91wr00334
https://doi.org/https://doi.org/10.1007/978-1-4684-9472-3
https://doi.org/https://doi.org/10.1007/978-1-4684-9472-3
https://doi.org/https://doi.org/10.1002/nla.815
https://doi.org/https://doi.org/10.2307/2003799
https://doi.org/https://doi.org/10.1137/070702710
https://doi.org/https://doi.org/10.1016/b978-044450871-3/50097-8
https://doi.org/https://doi.org/10.1142/9789811208058_0007
https://doi.org/https://doi.org/10.1515/9781400866632-fm
https://doi.org/https://doi.org/10.1515/9781400866632-fm
https://doi.org/https://doi.org/10.1016/b978-0-444-50617-7.50016-1
https://doi.org/https://doi.org/10.1147/rd.112.0215
https://doi.org/https://doi.org/10.1190/1.1441689


74

[20] G. Birkhoff. “Solving elliptic problems: 1930–1980”. In: Elliptic problem solvers.
Elsevier, (1981), pp. 17–38. DOI: https://doi.org/10.1016/b978-0-12-
632620-8.50007-3.

[21] W.R. Wasow. “The accuracy of difference approximations to plane Dirich-
let problems with piecewise analytic boundary values”. Quarterly of Applied
Mathematics 15.1 (1957), pp. 53–63. DOI: https://doi.org/10.1090/qam/
88800.

[22] J. Crank and P. Nicolson. “A practical method for numerical evaluation of
solutions of partial differential equations of the heat-conduction type”. In:
Mathematical proceedings of the Cambridge philosophical society. 43.1. Cambridge
University Press. Cambridgeshire, (1947), pp. 50–67. DOI: https://doi.org/
10.1007/bf02127704.

[23] P.L. Butzer and R. Weis. “On the Lax equivalence theorem equipped with
orders”. Journal of Approximation Theory 19.3 (1977), pp. 239–252. DOI: https:
//doi.org/10.1016/0021-9045(77)90055-7.

[24] P. Jamet. “A finite difference scheme and an existence theorem for a nonlin-
ear hyperbolic system of differential equations”. Society for Industrial and Ap-
plied Mathematics Journal on Numerical Analysis 8.3 (1971), pp. 524–535. DOI:
https://doi.org/10.1137/0708050.

[25] G. Birkhoff. “Piecewise analytic interpolation and approximation in triangu-
lated polygons”. In: The Mathematical Foundations of the Finite Element Method
with Applications to Partial Differential Equations. Elsevier, (1972), pp. 363–385.
DOI: https://doi.org/10.1016/b978-0-12-068650-6.50018-6.

[26] A. Boada, C. Paolini, and J.E. Castillo. “High-order mimetic finite differences
for anisotropic elliptic equations”. Computers Fluids 213 (2020). DOI: https:
//doi.org/10.1016/j.compfluid.2020.104746.

[27] J.C. Strikwerda. Finite difference schemes and partial differential equations. Soci-
ety for Industrial and Applied Mathematics, Philadelphia, (2004). DOI: https:
//doi.org/10.1137/1.9780898717938.

https://doi.org/https://doi.org/10.1016/b978-0-12-632620-8.50007-3
https://doi.org/https://doi.org/10.1016/b978-0-12-632620-8.50007-3
https://doi.org/https://doi.org/10.1090/qam/88800
https://doi.org/https://doi.org/10.1090/qam/88800
https://doi.org/https://doi.org/10.1007/bf02127704
https://doi.org/https://doi.org/10.1007/bf02127704
https://doi.org/https://doi.org/10.1016/0021-9045(77)90055-7
https://doi.org/https://doi.org/10.1016/0021-9045(77)90055-7
https://doi.org/https://doi.org/10.1137/0708050
https://doi.org/https://doi.org/10.1016/b978-0-12-068650-6.50018-6
https://doi.org/https://doi.org/10.1016/j.compfluid.2020.104746
https://doi.org/https://doi.org/10.1016/j.compfluid.2020.104746
https://doi.org/https://doi.org/10.1137/1.9780898717938
https://doi.org/https://doi.org/10.1137/1.9780898717938


75

[28] P.K. Pandey and S.S.A. Jaboob. “A finite difference method for a numerical
solution of elliptic boundary value problems”. Applied Mathematics and Non-
linear Sciences 3.1 (2018), pp. 311–320. DOI: https://doi.org/10.21042/
amns.2018.1.00024.

[29] R.D. Russell and L.F. Shampine. “A collocation method for boundary value
problems”. Numerische Mathematik 19.1 (1972), pp. 1–28. DOI: https://doi.
org/10.1007/bf01395926.

[30] B. Guo. Spectral methods and their applications. World Scientific, Shanghai,
(1998). DOI: https://doi.org/10.47340/mjellt.v1i2.2.2020.

[31] M.Y. Hussaini and T.A. Zang. “Spectral methods in fluid dynamics”. Annual
Review of Fluid Mechanics 19.1 (1987), pp. 339–367. DOI: https://doi.org/
10.1007/978-3-642-84108-8.

[32] B. Shizgal. “Spectral methods in chemistry and physics”. Scientific Computa-
tion, Springer (2015). DOI: https://doi.org/10.1007/978-94-017-9454-1.

[33] L He. “Spectral Heat Transfer Coefficient for convection”. International Jour-
nal of Heat and Mass Transfer 216 (2023). DOI: https://doi.org/10.1016/j.
ijheatmasstransfer.2023.124557.

[34] Y. Sun, J. Ma, and B. Li. “Chebyshev collocation spectral method for three-
dimensional transient coupled radiative–conductive heat transfer”. AMSE
journal of Heat and Mass Transfer (2012). DOI: https://doi.org/10.1115/1.
4006596.

[35] M.E. Elyashberg, Y.Z. Karasev, E.R. Martirosian, H. Thiele, and H. Somberg.
“Expert systems as a tool for the molecular structure elucidation by spec-
tral methods. Strategies of solution to the problems”. Analytica Chimica Acta
348.1-3 (1997), pp. 443–463. DOI: https : / / doi . org / 10 . 1016 / s0003 -
2670(97)00229-8.

[36] H. Schamel and K. Elsässer. “The application of the spectral method to non-
linear wave propagation”. Journal of Computational Physics 22.4 (1976), pp. 501–
516. DOI: https://doi.org/10.1016/0021-9991(76)90046-2.

[37] C.E. Larsen and T. Irvine. “A review of spectral methods for variable am-
plitude fatigue prediction and new results”. Procedia Engineering 101 (2015),
pp. 243–250. DOI: https://doi.org/10.1016/j.proeng.2015.02.034.

https://doi.org/https://doi.org/10.21042/amns.2018.1.00024
https://doi.org/https://doi.org/10.21042/amns.2018.1.00024
https://doi.org/https://doi.org/10.1007/bf01395926
https://doi.org/https://doi.org/10.1007/bf01395926
https://doi.org/https://doi.org/10.47340/mjellt.v1i2.2.2020
https://doi.org/https://doi.org/10.1007/978-3-642-84108-8
https://doi.org/https://doi.org/10.1007/978-3-642-84108-8
https://doi.org/https://doi.org/10.1007/978-94-017-9454-1
https://doi.org/https://doi.org/10.1016/j.ijheatmasstransfer.2023.124557
https://doi.org/https://doi.org/10.1016/j.ijheatmasstransfer.2023.124557
https://doi.org/https://doi.org/10.1115/1.4006596
https://doi.org/https://doi.org/10.1115/1.4006596
https://doi.org/https://doi.org/10.1016/s0003-2670(97)00229-8
https://doi.org/https://doi.org/10.1016/s0003-2670(97)00229-8
https://doi.org/https://doi.org/10.1016/0021-9991(76)90046-2
https://doi.org/https://doi.org/10.1016/j.proeng.2015.02.034


76

[38] I.M. Park, E.W Archer, N. Priebe, and J.W. Pillow. “Spectral methods for neu-
ral characterization using generalized quadratic models”. Advances in Neural
Information Processing Systems 26 (2013).

[39] L.N. Trefethen. Finite difference and spectral methods for ordinary and partial dif-
ferential equations. Mathematics, Cornell University, New York, (1996).

[40] S.M. Schmalholz, Y.Y. Podladchikov, and D.W. Schmid. “A spectral/finite
difference method for simulating large deformations of heterogeneous, vis-
coelastic materials”. Geophysical Journal International 145.1 (2001), pp. 199–
208. DOI: https://doi.org/10.1046/j.0956-540x.2000.01371.x.
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