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Abstract \
= . ) VoL
In this thesis the characteristics of discriminant analysis under the \ §

random eff'\ects mode? are investigated.

Assuming that the elements within any randomly selected population
are normally distributed with mean vector u and cowmon covariance matrix
T, and that aver diffevent populations y has a norml ﬂiséribuﬁun with
mean vector £ and covariance mafrix T, the distributions of the popula~-
tion~l;ased and sample-based Mahalanobis distances between two different
populations are derived. From these, expressions a\n‘d bounds are derived for
the expecvté;} probabitities of mis- and correct classification under
classical discriminant analysis, applied to two~ and k-population problems
raspectively, when using efther the population-based or sample-based
linear discriminant functions,

The distributions and expected probabilities mentioned above are
217 expressed in tesms of the ejgenvalues of Tr,'1, so the problems of hy-

pothes{s testing on, and more particularly, estimafion of these eigen-

values are fully discussed.
Using the Predictive Bayesian Approach to Discriminant Analysis, ' ;

expressions, for the predictive density of an observation, given that it c

has come from a particular population, are derived under the random ef-

facts model. Brief consideration is also given to the empirical Bayes Q

and semi-Bayes approachies to discriminant analysis under this model.

Finally, the results derived in this thesis are applied to a

stratigraphic problem in underground mining.
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@aﬁt;gl_[ Introduction

Suppose that Tps Tpeesesly dre k populations of p-component vectors.
tet x be ® vector known to have come from one of these populations.
Dp/scriminant analysis deals with the f:reb'lem of identifying the popu~
léﬁion from which X was drawn. ‘

The case covered most thoroughly in the literature is that fi1 which
the vectors from m; follow & myltivariate normal distribution with mean
vector u; and a common covarfance matrix £. (Anderson, 1958). Generaily,
it has been assumed that Tys TyaewasTy are fixed populations predeter-
mined by the problem faced,

' This thesis deals with the case where the ¥4 have beenr vandomly
selected from some population in advance of the experiment. Once the
k mean vectors have been selected we are then faced with a conventional
problem in discriminant analysis of classifying vectars into one of the
k (now f/’jxed) populations.

In different experiments, there are different sets of g, in general
with different numbers of elements k, all drawn independently from the
same parent population.

The aim of this research is to investigate the characteristics of
discriminant analysis under these circumstances. It will be assumed that
the population from which the uy are drawn is wultivariate normal with
mean vector £ and covariance matpix T,

This study was motivated by . «tratigraphic problem in miring,
(Hawkins and Rasml;ssen (1973), Hut :%. n, Skinner and Bowes (1976))

In the Witwatersrand gold fields the 014 bearing reef is one band (the
“pay band"} of a sedimentary successic. and is usually visually un-
recognisable. In badly faulted areas this pay band usually faults

away, and the miner wishes to know the position i the sedimentary suce




i

2,

cession of the blank band facing him, from which he can deduce the new
puéi tion of the pay band.

One method of ideptification is via trace element geochemistry of
the bands. 1t is reasonable to suppose that the geochemistry of each
band can be described by a {multivariate} statistical distribution.
The mean of the distribution refiects the average conditions at the
time of deposition of the band; while the spread reflects local varia-
tion in grade. Furthermore, the average conditions.at different times
and Yocalities of deposition of the bands are themselves statistically
varjable, being themselves drawn from some parent population. Thus
the bands intersected by any given cross-section will be fixed for the
1mm'ediate classification problem and yet will follow some random ef-
fects model as we move from one area in the mine to another.

Another example of a random effects model in discriminant anaiysis
occurs in ant ,)opo1ogy {de ¥illiers, 1973, 1976). Here the probiem is

to classify an ancient skull from a certain period as having come from

“ope of a number of tribes suspected to have Jived in the 1qca11ty in
A

which the skull was found. The classification is b‘R ' aious
measurements (lengths and angles) made on the ma‘f?fbh a0y n.’é/ndib'le,
and for any given tribe , sex and age-group #hese may be regarded as
having a joint distribution with fixed mean vector ard covariance ma-
trix. Different‘ +vibes will, in general, have different mean vectors,
and these may t{ selves be considered to have come from some multi-
variate distribution.

Another type of random effects moded in discriminant analysis is

“considered by Befsser (1973), in the context of mdtiple birth dis-

crimination. Supposing that a birth gives v i« to t Tike-sexed off~
spring, the prodlem is to decide whith of tovs offspring have come

from the same eggs and which ones have come :: - different eggs. Assume

¥




_ that each offspeing is characterised by a p-dimensional vandom variabje

X, Where X ~ Np(upzw). Offspring from the same egg {monozygotes)

d have the same g whereas offspring from different eggs (heterozygotes)

have differént uy. Different Wy are assumed to have been generated by

| a random effects modely

¥

By~ Np(u,tg), independently ¥i .

1

‘ ;
P Geisser considers the difference 2, = X, - X, befween the £ ang

the rth offspm‘,}g. If ¢ and r come from the same egg, then:
i

! ]
N
i

H 7.~ NP(O,Ztu) 4
and if they are from different eggs, then

- 2~ W(0,28 + 25g)

The Jjoint distribution of . and zg is also multivariate narmal with

Zw + EB if t,+ and s are all from different eggs,

Iy * 28y if and s are from the same egg but ! v

cov(zr,zs) = t {s from a different one, i

& g i
i

Iy otherwise

Given the jbint distribution of ZyaeeiZy g for each of the various
possible combinations of offspring and eggs, and the prior probabilities for [

each of these possible combinations, posterior probebilities can be cal-

culated for each case, and the case For which this is a maximum is th(Fn

!

chosay.




} 4

The situation discussed in this thesis is, however, entirely
different from that just describea. dere we assume that the iﬂ'
population {s characterised by a Np(“i L) distribution and that dif-
ferent 1y are independently distributed as Np(E,T), On the basis of
these astumptions the characteristics of classification in this en~
vironment-are then assessed. ‘

-8 Given an observation known to have come From one of k popula~
tions from the abovementioned random effects model, where the para-
meters of these populations are eithe\r known or estivated from train-
ing samples, how well are the c1assica} procedures of discriminant
amalysis for c1r\'ssw'fy1‘ng the observation into one of these populations
Tikely to perform?

vhen it comes to i%e Predieti¢e Bayw dan Approach to discriminant
analysis, the random ef?ects model agtuaﬂy Teads 10 3 new procedure,

for classifying the observation into ane of the k populations.

I,1 The Scope of the ressarch covered in this Thesis

As mentioned eariier, the aim of this thesis 7% to investigate

the characteristics of discriminant analysis under’the Random Effects
model,

It order to do so, and to provide a framework within which to con-'
duct the investigation, a summary of the theory of classica) and Predictive
Bayestan discrir.f;inant analysis 1s given in chapter 2. By the classical ap-

proach we mean that given by Andersen (1951,1958) and by the Predictive

Bayesian approach we mean that of Geisser (1954,1965),“ and Dunsmore (1986),

Chapters 3 to 5 cover the classical approach. In chapter 3 the
Random Effects model is set out in more detail, and fhen the distribu~
tions of the four quantities central to the classical approach are de-
rived under this model. Chapter 4 yses the distributions derived in

chapter 3 to e’valuat"e the performance of elassical discriminant analysis

-

o g
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under the random effects medel. Specifically, the probabilities of
correct and mi sc1assificaﬁon are ;onsidered, ;eparately for the

two-group and multiple~group problems and for the two situations where

the parameters are known and unknown.
A1l the results in chapters3 and 4 are expressed in terms of
ISR R N4 0, the r nonzere eigenvalues-uf T):—1 where T and £

are the covariance faf*ices of the mean vector @ and observation vector

X, respectively, so chapter 5 js devoted to the question of inference

on these para‘meters After a short revww of hypothesis testing on the

)"I’ the rest of the chapter addrssses the question of their estimation, i
on the busis of “training samples" taken from a number of rapdomly

selected popuTahon . ) j&

Whe 135" the treatment of the classical apprnach is confined to

an eva1uatmn of the standard theory within the framewerk of the random ef-

fects ‘modm »the application ofﬂn‘s mode) to the Predictive Bayesian approach

(esu]ts in a modification of the usval clussification rute. Chap-

té;“ﬁ deals with this appr(:’}ch and in it the predictive density of a o
new observation, given thé training samples and assuming that it comes .
from & specific group, is derived under the random effects model. A

brief treatment of the Empirical Bayes and Semi-Bayes approaches completes

this chapter,

. In chapter 7 the theory of the preceding chapters is applied to . i
some data obtained from underground mining, contrasting the results with ’ :
those obtained by applying the usual fixed effects theory.

The thesis is concﬁxded 4n chapter B with a discussion of various
avenues for future research and with some comments on the npplicixbﬂity
and Isefulness of the theory developed here to the solution of practical

problems in discn{iminant analysis,
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Chapter 2 A Summary of the Classical and Bayesian approaches to
Discriminant Analysis ’
In this chagter a brief summary is given of the theory of Discriminant
Analysis under the Normal distribution. :
N/%‘k ‘The Glassical approach, pioneered by Fisher (1936), Welch (1939),
: ’ ‘ Wald (1944} and others is described by Anderson (1958); Lachenbruch
(1975} and Girf (1977) so only a brief sketch of the basic theory will
be given in section 2.1. The coverage is not complete, and prime
emphasis will be given only to those aspects that will be of: direct
relevance to the freatment of the random effects model.
r c, The Predictive Bayesian spproach, pioneered by Geisser (1964),
{1966) and Dunsmore (1966) is describgc{ in section 2.2. Once again,
cnly a brief summary of the approach will be given, and only one mafn
result, useful For comparisen with the results derived in this thesis,
will be giver‘r\ A description of t;e approach 1s given in Press {1972).
A critical comparison of the Classical and Predictive Bayesian

approa:hés, as well as a concise description of them that highlights

) the point of departure between the two is given by Aitchison, Yabbema

Wl and Kay {1977). This paper’ comes out strongly in favour of the Bayesian
’ approach, at least within the framework of the "fixed effects" (Classical
approach) or "Diffuse prior" (Predictive Bayesian approach) model. ' It

would be interesting to compare the relative efficacies of these two

approaches within the random effects Framework.

2,1 glasgical Diseriminant Analysis

Suppose we have & p-dimpnsional observatian x known to have come

from one of k populations my,mysee.sm, .. Andersen (1958) proves that
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cation procedure, that assigns x to one of the pupyla-
- v'iay that the expested loss from misclassification is
Sminimised; {s, under mild reét(ictions, an admissible procedure and

) that the class of Bayes procedures is minimal complete.

Assuming that the costs of misclassification from all k populations
are equal, the Bayes procedure leads to the following simple classifica~
tion rule:

Assign x to population LA where,

gy F4(x) max W 53

- 2.1.1
3=t ¢ )

where 9 is the pr1or probability that x comes from i and fj(x) is the
probability {density) function of % assuming that it has come From .

The case considered most frequently in the Titerature and in prac-
tice is that in which observations from "y follow & mulbivariate normal

distribution with mean vector s and common covariance matrix £. In

this case,

ag £ = agtem 2 (317 e - Jx-ug) 57 e

Taking Togarithms and simplifying, rule (2.1.1} becomes:

Assign x to population LA where,

{x=ug)" 2'1(x-11.1)xw max
RS N

ar
¥,

Vgt g
x- %(w +g))" 5 ey - ug) > Tog ;3« §
e

)

4
Vishaoaks e {20.3)




In the case where the prior probabilities 9 are all equal, rules

(2.1.2) and (2.1.3) become, respectively: MR

Assign x to population s where,

[CREPE - w) =, _‘min (x - wy) £l - uy) (2.0.8)
J=hieees

Fne

{x - By * up))! 2 - K0 ¥ ERTnks d L (2.15)

From (2,1.4) it is clear that for equal prior probabilities the
Bayes?dn classification rule is also a minimum distance rule in that
o ' % is classified into that population 5 t.é which it 1s closest as

measured by the Mahalanobis distance from x to L

80 = (e= ) £ - wg)

i
§
1 The Case k = 2
1

In this case rule (2.1.3} becomes:

Assign x to L if:

- ! u,z(X)=(X*%(u1 )t 2 g ug>§\109 N (2.1.6) 1
X & !
and to , otherwise.

To obtain the probabilities of misclassification under vule {2.1.6)
note that if we let X be the random vector corresponding to the observed
X then, under the assumption that X 15 from s “12(X) has a univariate
,, ) novmal distribution with mean: 17
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: <
ELuy (0173 = 2ty = 1" £ g - 1)
120173 = 5y = 1 (ug =g “
1
=3 %%

“"variance:

s P1 = Pﬁlﬁschssify a random observation from v]] © §
4 i
= "P[uiz(x) < °|"13 . where % = Tog I_‘i §
: 2 H
€ -3 8 [ A
s g -_STZ.—]%] (2.1.9) [ ¢
¥
- i b
; g ¢

where 5%2 deiotes the Mahalanobis distance between y and Tys and H

Vartuy (X 1m 2 = ELG =) '5 () 0= ) 5y =3
=k(u’1‘ 1) 5" g =)

= 52
it .

S0, given that X is from s

. (X} ~ N3 8%, 1825 @217

Where Shp=luyw) B Muymwp)
Similarly, 1t can be shown that §f X is from Ty then

up(X) ~ N(= & 63, 28f,) (2.1.8) :

; i
I3 I 3
Therefore, . . . « 3
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] .
where @(+) denotes the standard normal d1str1t§"btion function, and . ) 2

P[Misclassify a random uhsérvatiun From '"2]

= P[u.‘z()f‘)/ ‘> cfmyl

* @
p B ! 2 " e
W co | S0 (2.3.10) v
o - 52
8 .
For equal prior probabilities G =9y = 3, ¢=0and (2.159) and |, @
{2.1.10) become: :
Py = Py = B(= } by5) o (211
:
k> 2 populations .
) -
Tnis case has not received nearly as much attention as the twe - *
popuTation problem. Although there is not much incredse in complexity at
2 conceptual Tevel when moving from the two-to the multiple population
¥ problem, the evaluation of misclassification probabilities becomes con-
‘ siderahly more complicated. To see this, note that if we use the
‘ notation: v
U0 = 1= 3y + ) 27 - gy (2.1.12) :
O :
then classification rule {2.1,3) becomes: : 5
P . Assign x to population L8 where, /} 3
. “
: i
() > tog 2.1.13) @
N s . 3
S ty5(x) > Tog 5 W :
¥ JeT, 00k Jei A
- \\ i . LR .
¥ .
! . -
3
“ ) L
N ! . ' FATIEFIN s
k 3 - I o d N E -
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; Letting X be the random vector correspanding to x, and assuming
1 .
i that X is from m; we have, as in the case k=2 populations:
!
H - 2
‘ ELu (03 = 4 63 i
i i 4
: Varﬁ/uij(x)[w‘] = sﬁj i
% . )
oo = - vyt [
; where 855 = (g~ wg)' 270y - ug) )
~ . _and it i easy to show that i
P
: covLuy4(X) ARl 1 = 8i4n
: -1
N i where 8.0 = (ug = 1)t T (g - W)
i
Y Using the notation: E
Il
! U5 = Uyl0)
H 4nd foting that the k-1 random variables Uiy J=1seeoks Jef are all
Tinear functions of the normally distributed random vector X fie have
: that, given Yemg: i
| i :
| 1
| { :
i Mg (et Upppoeeetiyd' :
i N ¢
i . ! i !
: has a {k=1) - dimensional Norwal distribution with mean veptor: 5 F
H L . s
; :h ‘l
& PR LA RRIL 5?1+1*""51k)'f :
: : i )
£ ) ' '
j ;  and covariance matrix: } b
B H | : :
T “ :‘ >
aln v i v ;
; i |
j ! ?
i P v ;
Y 5 v . )
- A B} z
A n I
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2,
8% (835) » Buteliiinks dutad (2.1.14)
where we have used the notation:
2
Sigg = iy
o
Remark 2.1.1 If k-1>p then 4 will have a singular normal distri-

butfon with its mass concentrated on a p-dimensional, subspace.

Therefnré, the probability of correct classification, given Xe1r,I

o o

k 1 K
PEN u, > coglm =I I fAL) T i, (2,715
[ﬁ 13> 65 :J ey ey 1 g Mg !
J=i J=i

vhere,
c =1oggig1ogq.—logq4
3t 95 4 i

and Fi (ﬁi) is the density function of the {k-1)-dimensional Normal dis-
tribution given in (2,3.14), )
Lachenbruch {1973} has evaluated the integral in (2.1.75) when
the prior probabiliites a5 ave a1l equal (so that the lower Timits of
integration are alT zero) for two particular configurations of the
mean vectars"u1. The two cnnﬁ;'uratiuns that he considers are:
{a) the »; are collinear, with equal spacing of § units between
-#djacent means,
and (b) the u; ave placed at the versices of a reqular (k-1)-diwension~
2l simplex ;ﬂth side of lenglh & units.
For configuration (a), with iy and Iy at the two extremes, {2.1.15)

& i
bdcomes
Y
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PCcorrect ¢lassification|m,] = @(-%)—d! (—%] for 1=2,...,k-1

= (3) for =1 and k

and for configurgtion (b} it becomes:

Prcorrect cl‘u-"ff‘ication|1ri] = r ') 82 23
ol |62

where ¢{+} {is the standard normal dansity Fun

For @ general configuraticn of mean vectors, however, tablas of

the (k-1)-dimensional normal distribution (or an algorithm'to. compute
‘them) are required to evaluate (2,1.15). ”

The following luw5r bounds on the minimum probability Po of gorrect
classification when thé prior probabilities LA are atl equal, tnat are

far easier to”compute than (2.1.15), have beexn given by Cacoullos {1973):

62
Pox & 4(7) (2.1.16)

and

Pzt (k1) & (- §) (2,137}
where,

Gv") is the distribution function of the chi-squared dis-

2

tribution on v degrees of freedom,

and §2 = y?n .dﬁj‘1s the mininum Mahalanobis distance between any
$J

two of the k poputations.
For ¥ = 3, {2.1,17), which is derived using Bonferroni's first
inequality, gives a stronger bound than (2.1.16), whereas the opposite
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1 . is generally true for k > 3.

2.1.1 Yoknown Parameters

Thus far it has beeﬁ assumed that all the parameters in the popula-
. tions L ( f,.,.,k , are known. In most practical situations, however,

N these are ot known, and have to be estimated from a "training sample®

14> d=Tseeoahy o known to have cone from :

w5 for each of the k populatiess w, , i=t,. .k, '

« ¢ . consisting of ng observations x;

+ [Inderson (1951) propased that the unknown parameters pp , =l.....k . >
and I in {2.1.3) be replaced by their maximum 7ikelihcod estimators, the
! sample means,
! n
1
i LKy =
i Loxg = ; jz_{ 44

and pooled sample covariance matrix, respectively

y kM
R R TR

k
vhere v = 121("1' = 1) This gives the sample-based classification rule:

Assign x to population g where,,

i ; P VPl - LT F
‘ : "l(?g 9 ,z(x x.,')s (€3 x.]A)j~ nax k{lug a3 'Z(* xj')s {x xJ.)}

=y rns

(2.1.18) ¢

or

. o
vifv”(x)qx--‘?(xi- oy NS ‘(x.,‘—xj') >0y "Tvl (2.1.19)

¥ 3=l .00k e

. ; , P 4
This procedure of “plugging in" the sample estimates of the i




{
i
i

< twa - population case, that the posterior mean of the population digscri-

“ assuming a noninformative prior distribution for IR and I,vs, for !

4 .;‘x .
T, e R

15. ' '

unknown parameters into the optimal Bayes classification rule (2.1.2)
or (2.1.3) is essentlally an Empirical Bayes procedure; see, for ex-
ample, Maritz (1970). Ajtchison, Habbema and Kay (1977} refer to it as
an "estimative" method, in contrast to the “predictive” method used in
the “pure" Bayesian approach of Geisser (1964) that will be described
in section 2.2,

Anderson {1958) justifies the use of the sample-based discriminant
function Vij defined in QZ;” \ﬁ) in the two-population case by pointing

out that 1t can be written aa: .
Voo = 1t STk = x );I(X x5 ) SN rym )
12 1.7 TV T e, LN

and that the first term ("Fisher's discriminant function") s the
linear function of x that has the greatest "betweea;; group” variance re-
lative to the "within group” variance. He also apLe§1s to the fact
that “it seems’ intuitively reasonable”. '

Geisser {1967) adds further jJustification by pointing out, in the
minant function up,, defined in (2.1.6), given the training sample and
Fixed %t
[

Bl 753 = Fp(ng! - 07') 4 vy, (2.1.20)

whare TS denotes the training sample {x“; g 121,23 .

Expression (2.1.20) derives from the fact that, under the above-

mentioned prior assumptions, the posterior mean of

80 = (x = ) 27 - )

s 4

R
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16.
is:
EL3(x)[x, TS1 = p ' + d8lx) {e.1.21)
where

RHORNIEERE s« x; )

This result is clearly not z;onfined to the two-population case, and
the bias in V” and d.‘@(x) evident from (2.1.20) and (2.1.21} respective-
" 1y, mey be incorporated into classification rules (2.31.18) and (2.1.19)

by substituting log L %- [ n? for log 90 Jul,..05ks in these two
rules.

i
Remark ;/.u In the situation where the training samples from the

different populations all have the same size,

ie. ngEn, 3510k

the ias —li p(n? - n'1.'1) in V” vanishes, and that in df{x) is a constant,
[ n"I, and therefore dgas not affact rule {2.1.18).

As a final justification for using sample-based rules {2.1.18) and
{2.1,19) Glick (1972} proves that, under very general conditions,
sample-based classification rules are asymptotically optimal in the
sense that they converge {almost surely) to their corresponding poputa-
t1an~<qased optimal rules (2.1.1}, :

% = 2 populations
This 15 the case that has received the most attention in the 1ites
rature. Tonditional on X1, %3, and Sycand Tetting X be the vandom

Y
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1.

vectar coKresponding 0 %, V= V]Z(X) has a normal distribution with

miean

ECY]%y Xz’ S5 Xemd = {u R RN 5’1(x1' %)

and variance

Var/[leh, Xy v S5 Xewd = (% =%y sTs 5'1(x1. =3)
Using rule {2.1.19) with k=2 and considering the case 9 =9 = %,
I ¢

1.dhs “Rssign x to m if

V>0

and to m, otherwise, (2,1.22)

and arguing in a way sinilar to that Teading to (2.1.11) we og’cain the
‘[\wfa’ﬂuwv‘ng expression for the conditional probability thit a randomly
chosen member of m; will be misclassified:

\f

P? ® P[m!sc1assif1‘cationix1 s % 5 S5 Kemyd

(0 gy, 4201 5y -8 )
/ {(XL .,le)' S"’vqs'—l(xh -xz_)}

i=1,2

(2.7.23)

John (1961), Hi1ls (1966), Lachenbruch and Mickey (1968),Dunn (1971)
Sorum (1972a}, Mctachlan (18742, by ¢, 1975, 1976a, b)
have studied the conditional error rates (2.1.23) (termed the “actual®
error rate by Hitisj, B

A simple estimator of Pf » 3=1,2, is obtained by replacing U3 and
I respectively by xi.and S in (2.1.23), This yields:

)
Iy

i




i

e d
o= =al-g) . (2.1.24)
~1
shere 0% =y =0, - %)' S0y, < )
Gl{ck{1972} proves that this "apparent error-rate" 4-(-%) convergss uni-
formly to the "optimum" error rate &{- %) given in {2.1.71) as the .sampTe
sizes ny and n, increase. '

However, for moderate sample sizes (2.1_262 may be badly biased

and give uuch toa favourable an ifpression of the probability of error.
Hi1s (1966) proves that:

£ro(- D1 < of- § < oSy

and Dunn’ and Varady (1966),‘Lachenbruch and Mickey {1368} and Dunn (1971)
shett empirically ‘;‘that tlﬁ‘s biss way indeed be substantial for moderste
sample sizes. f

McLachlan (‘l974c) gives the follawing estimator of PS, with bias

of order 3 with ‘}~sspec’c to (n‘ N n21, ) ‘) where v = wp kny - 22
REEEES %)m( ){—7{ R AR

(0, denotes the 'term of order 2 with respect to (“;], né], vy this
is given explicitly in Mclachlan (1975).)

Whilethe conditional error rates are of interest in assessingithe
performance of a particular discriminant function, tha unconditicné\ or
expected error rates, obiiined by considering #,» Ky, and § as tandom
variables, are more appropriate when considering the expected perfor-
matce of the sample discriminant function V when based on vandomty

thosen samples of sizes n and hy from L and my , respectively. 4

5, N e




Several authors, including Okamoto {1963, 1968} Hills (1966),
Lachenbruch (1967, 1968}, Lachenbruch and Mickey (1968}, Dunn {1871},
Sorum (19726) and Anderson (3973a, 1973h) have studied tho.expected error
rate when the sample-based classification rule (2.1.22) is used.

Okamoto (1963) obtained an asymptotic expansion for the distribu-
tion of the sample discriminant function V. Applying this to the classi-
Fication rule {2.1.22) and assuming equal—s-izaq_ﬁ training samples
ni = ny = 0, yields the following expression, to terms of order W2,
for the expected probability of misclassification for a randomly chosen

menber of

+§ +0(n"d)

{2.1.26}

P2 = prmisclassi i vtionlmyd = ¢ (- $)¢ ($) 3
{Okamoto also gives a [very complicated) expression for the terms of
order 2.}

Anderson (1873a, 1973b) derives an alternative asymptotic expansion for

V in the "studentized" form which, for no=n,En has the form:

veld
p[__’!_, < ylm} o) + 40 S[HEY - ooy ot
E (2.1.27)

,:‘Expregﬂon (2.1.27) is usefu) when one wishes to choose the cut-off
point for V for classifying % irto 7 50 as to achieve a givep probabi-
Jity of misclassification. (Anderson (1973b), McLSch\an(Wﬂ)’

" Lachenbruch and Mickey {1968} use a simuTat1on study to compare
the performances .of a number of estimators of Pg and Ff‘? inciuding
Okanoto's~ expansion with two different estimators for 8, and a distri-
hution-free method proposed by Lachenbruch (1967) based on a sample

reuse approach,
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k > 2 Populations

As in the case where the parameters are known, the multiple popula-
tion problem has received far Tess attention than the two-population i
problem.

McKay (1877) has considered the protTem of variable selaction with-
in the context of muTtiple population discriminant analysis, and
Michaelis {1973) has performed simulation experiments to assess the
error rate of the classification rule (2.1.19) based on the 1inear dis- :
cr}ipinant function V.”“ in some multiple population situations. Glié\
(1972) proves that the “apparent non-error rate", obtained by replacing
the parameters in {2.1.15) by sample-based (maximuﬁ\ Tikelihood) estima~
tors, converges unifurmly to the "ophimum” probability of correct
classification as the sample sizes increase.

Assuming equal prior prdﬁabﬂit(es 4; = 1k, i=1,... .k For the k -
populations, ctassification rule (2.1.18) becomes:

Assign K to LA where,

Goo = min G0
= (x - L
where d;(x) €3 xj') S x‘,’.) {2.1.28) E

if Kemy s Tetting X be the random variable corresponding to X and

*considering X4 and S as random variables, .

vyt 0 ~ (2.1.26) :
and §
I
-1 -1, ‘
VT ngtng B ~ fp gy 2L30)
i
a ’ 9

i




o

2]

where,

« vepai denotes the central, unnormed f-distribution with

[
p and v-p+1 degrees of freedom,

fp, v P+1()‘1.1') denotes the corresponding noncentral distribu-
tion with noncentrality parameter
i -1 52
)‘ij = "j‘“j + 1) :“
2 - - -
and 552 Ouy - wp)t 00 - )

{See, for example, Giri £1977) chapter 7).

So the probability of correct classification using rule (2.1.28)

and given xew; and be written:

Plecorrect classif’ication[xswil = Przi < j=1r,nf?.k sz (2.1.31)
Ji )
whare,
s v e (n H)"1 z, ~ f,
L] 17 P v-ped
LRSI LETEE SR (AR & ROWCTR L

and the zJ, J#1,...,k are not indepesdent random variables, due to the
fact that X and S occur in all the d§(X), 3=k .

To evaluate the probability on the right-hand side of (2.1.31)
requires the jolnt distridution of k correlated random variables, k-1
of which have noncentral f marginal distributions, the tast one having
a central f marginal distribution. This problem has received 1ittle,
1f any, attention to date,

Cacoutlos (1973) gives the following Tower bound on the min'lmum‘

probability P of correct clagsification using rule (2.1.28):

(z.vw.az)ii

k
Poz 1 Przgs (uepeling(m)7 6% -k
i<0
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where,
zy denotes a (normed) F ~ random variable with p and (v-p+1)
degrees of freedom,

82 = min ¢*

i3 ?
¥icy W

and ng =1 .

2.2 The Predictive Bayesian Approach

&ivsk:the training sample TS = L9 F=leoangy =Tk
from k populations L j=1,...:k and an observation x of unknown origin,
the Predictive Bayesian approach consists in evaluating the posterfor
probabitity, given TS and thé underlying model together with any known
parameters, that x belongs to T for v =1 to K, and then assigning x
to that population for which this probability is the greatest.

More specifically, suppose that each s 13 Ty..45k §s specified
by a probability density function f('ler"l”r)’ where 0 is the set of
unknown parameters aEd ¥ the set of known parameters (i‘f any). let
6= ;J] 8, and ¥ = rL:'! Y be the sets of distinct unknown and known
parameters, respectively, in the k populations. Denoting the joint
prior distribution of 0 given ¢ by g(0|¥), then the predictive density
of x given the training sample TS, y and assuming that x comes from T

iss

1|78, ¥, )= Jo f(xler, \l',.)P(OITS: $)do {2.2.1)

where P(&|TS, 9) is the posterioy density of 0 given the training
sample and @, and is given by:

P(aITS, W) « a(TS[8s ¥} ¢ (0]¥) (2.2.2)
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where (75|, ¥) is the joint 11kelihood of the training sample.
When the xij in ¥he training sample are random observations then
v 2(TSj0, ¥} becomes: "

n

i
x=1‘ f(xij]e,., L7 {2.2.3)

k
»TS|e, ¥} = 12] §

Finally, given the set q = (q.i, i=1,...,k} of prior probabilities that i
x belongs to Ty 1= Tses.sk, we obtain the posterior probability that x
belongs to Ty & :

PIX € wrlTS. ¢ Q1=gq, £x{T8, 4, LS| {2.2.4)

whare the constant of proportionality is obtained fram:

] ‘ ‘f PLx ¢ wr[TS, Yiql =1 (2.2.5)
| r=i

For the situation, considered in this thesis, where all the parame-
ters are unknown 2 priori, all references to ¥y and ¢ ave deleted from
formulae {2.2.1) to (2.2,5).

Gefsser (1964, 1966} gives formulae for the posterior probability
given by {2.2.4) for the case where the s 1= sk are each charac- i
terised by a univariate or multivariate normal distribution and assum-
ing a noninformative prior distribution for the unknown parammeters ,

Different formulae are given for each of the various possible assumptions

' abgut the”parameters of these distributions, such as whether they are
known or unknown and whether or not some of them are agual for all k po- ¢
i pulations. L

For the case of interest in this thesis, viz, unknownipnd different
weah vectors, and unknown but comton covariance matrix for the k popula~

. tions, Getsser derives the following formulae for the posterior probabi- b E

o




5

©

2

1ity that x belongs to Ty given the trainipg sample TS,
E

Foy the univariate case:

) RTLREY n(x, =X)2  y=p(N-ke1)
p i Py
PLX € 7,]TS,q1 =4 {——T] {1 Ll A (2.2.6)
75,014, Pt (n#1)(N-k)s? }
where,
s? iskthe pooled sample variance
and N = Ty
121 !
and for the multivariate (p-dimensional) case:
. -1 ~3(N-k#1)
n. yip n (%, ~x} 8 (x, X}
PLx <3,[TS q]«rq[ “] {n_r__r.-._______l:-_._}
[ g i+ (nrﬂ)(N-k)
’ (2.2.7)

where $ is the pooled sample covariance matrix.

Remark 2.2.1 Factors of proportionality that do not affectathe probabi-
Tities have been omitted from expressions (2.2.6) and (2.2.7) ., 4
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Chapter 3  Distribution Theory assogiated with Classical Discriminant
Analysis under the Random Effects Model
In this chapter we consider some of the distributions that arise when
applying the ran&om effects model to the classical theory of discrimi-
nant analysis.

As wentioned earlier, our concern is to fnvestigate the characte-
ristics of discriminant analysis under the random effects model. In
the classical approach this Invelves assessing the performance of the
classification rules derived from this approach, as described in
chapter 2, when apptied to problems whers the k populations have
epanated From a random effects model. Thus we are concerned with the
performance of futyre classification problems; once the populations
have been chosen the prob?eh brcomes a more conventional one of classi-
fying cbservations of unknown origin into one of k Fixed populations,

The assumption underlying the random effects model is that the k
populations in any pariicular application have, {nﬂ fact, been drawn
from the same parent population. If wa know the parameters of the
parent distribution then we should ba able to assess the expected per-
formance of any future classification problem invalving k populations
randomiy chosen from ft, {Glearly, k mmy vary from one application to
the next},

As mentioned in (‘c'\hap‘tev- T, we assume that observations from popu-
Tation i have a Np(u,,E) distribution and that different u; are inde~

Puodent realizations From a NP(E'T) distribution. Intuitively speak-

ing, 1¥ T 45 in some sense large compared {0 %, then we would expect
discriminant analysis to perform well, If not, then we cannot expect
very reliable clasgification.

Hove specifically, 1 T is Targe compared tc ¥, then we would
expect that the Mehalanobis distanca:
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8= tug - )" 37y - ) (3.1)

between any two randomly selected populations L and s would be large,
As pointed out by Das Gupta {1972), the probabilities of correct
clagsitication under a large class of classification rules {including
those considered here}, based €ither on known or estimated parameters,
are mnnt?nic increasing functions of the Gﬁj, and so we would expect
reliable classification under these circumstances.

‘This fact is also evident from the various expressions invelving
6% for the’vy probabilities of mis - and correct classification under
the classical approach, as given in chapter 2,

Under the randem effects model s;}d is a random 'vam‘alﬂe, and it
is clear from the preceding discussion that its distribution is of
central importance in understanding the characteristics of discrimi-
nant analysis under this model. The distribution of 5?5 15 therefore
considered in section 3.1.

Another distance measure appearing in the classification rules
described in chapter 2 is the Mahalanobis distance between a new

observation x and the ith population it
B0 = (kw2 k- (3.2)

As mentioned there, the Bayesian classification procedure, when the
parameters are known and prior probabilitiesgre squal, is eguivalent
to classifying x into that population ™y to wl‘\‘!ich it 18 closest in
terms of ai(x). Although di(x) does not appear 1r3 any of the formulae
for the probabilities of mis-and correct classification, its distribu~
tlon under the random effects model is of {nterest because of the

ingight it provides into the relationship between the parvameter values




and the 1ikelihood of correct classification, The distribution of
6?0(), where X 1s the random variable corresponding to x, is considered
in Section 3.2.

The sample equivalents of sgj and 83(x) are d_I%J and d?i(x), res-

pectively, where:

= (%, - %) s“‘(x‘. - %) (3.3

P = - x ) ST ) (3.4)

These two quantities are important in the classical approach to discri~

minant analysis when the paramefers I and '8 i=1,...,k are unknown and

s

are estimated from training samples. Specifically, dﬁj appears in some
.. of the expressions in chapter 2 For the probabiiity of misclassifica~

tion (conditional and unconditipnal) when the "plug-in" classification

ru]; are used. In turn, ﬁ\es(; “pTug~in" ruies, when the prior proba-

bilities are equal, are equivalent to a minimum distance classitication

PR rule in terms of the di(x).

) Under the randum effects model both H;J and d;(x) are random
PO varishles, firstly because of their sampling distributions, and second-
Ty because thé underlying papameters Bys 1=1,...,k 10 these sampling
distributions are themselves random variables., Their disteibutions are
considered in section 3,3..

3.1 The Distribution of 514‘1

¥e now investigate the distribution of &3 = fuy = up)' 7wy - uy)

i /,under the vandom effects model;
& 4
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i.e. where 1, and g are independent realizations from a NP(E, T)
distribution.

Because N and Ky are assumed to hive bee'\ “a};{ﬂomlv s\ﬂected From
all possible combinations represented by the patr of indi Ls (i/.l),
=l .00k 1=f, the distribution of s i v.{H not depend un the vaTues
of 1 and J. In this section, therefore, the subscript ij will be
omitted and the notation &% = 61?3 will be used. N

It will be assumed that @ is a symmetric positive definite matrix
and that T is a symmetiric positive definite or semidefinite matrix of
vank ¥ s p. The case where ¥ is not of Full vank wiil be given brief
consideration.

Tha main result of this section is given in Theorem 3.1.,7, in
which the distrjbution of 62 is expressed as a sum of weighted chi-
squared”iandom variables.” The remainder of the section will be devoted
ﬂ:o }‘ properties of this distribution, and in particular io obiafning

\\ex(!ressmns for tha density - and distribution functions of &%,

Theorem 3.1.1

Lot Ay 2 dy 202 2,2 0 be the r(sp) nonzeru eigenvalues of T!:'].
Then §2 §s distributed tike:

2 E
A
T
where the v, are independent x% random variables.

Remark 3.1.1  This thuorem is an'r‘ ladiate cohsequence of a vesult

, given by Box (1954}, a proof uf which is given in Johnson and Kotz {1970b),

pages 150-1,  See also Ruben (1%62). However, because of its importance

in this thesis, mnother proof, s1ightly different from those mentiened

i

L
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“(19767.Y In this case the sumation goes to ry where vy = vank{Tz"
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abave, is given here.

Provuf: Let X =u; - My - Then ¥ ~ Np(o,zr). Let T = ff.f,’ where Ty s
the (p % r) matrix whose columns are the r orthonormal eigenvectors

corresponding to the r nonzero eigenvaluos of T multiplied by the square

root of their respective eigenvalues, and let X = /2 T]Z .. 7
Then Z - N.{0,1,), and
gex ez 212
~1

where .V =Ty LI

We can express the (r x v) syametric matrix.V in the canonical form:
o
3

B /A
vaepab.

)

where A is the diagonal matl'rix vhose diagonal elements ‘ire the efgen~

values of ¥V, and P is the orthogonal matrix whose columns are the

corresponding orchonoymal eigenveciors of V.
- Hoting that: “

eigs 1 = etgs 17 ¥ 7)) = stgs 11yT) ©°0) = elgs (1 1)

we have: )
#a22'VI=21 PAP,'Z::ZV‘AV‘JZé] ,\iy;@
where:!
V2 (ypoeaayy)’ = PR~ NLO,T)
and {3 isl,.0.,1} are the v nonzero efgenvaiues of Ti.‘-1. The result
paw“‘w’ohows from the fact ihat vy = y: s 2154, .57 , are independently

and ident"{cany distributed Xlz randoft yariables,
- 7

Remark 3.1.2 The result still bolds if & is not of Tull vt aqr{ P

.
denates the Moore-Penrose unverse of £ . (See for exumple, Gra,ybia‘!

.,

Ay an immediate result of Theorem 3.1.1, we obtain the following
[

i
|
i




expressjon for the cumulants of &% : . v

r
Y2 PO s .
K¢ =2 (s'l)!ﬁg_l A s =1,2,..,

In particular, the mean and variance of §* are, respectively:
N . r - -1
E[8%) = Ky = 21& Ay = 2T T (3.1.2)
and
L -1
Var 821 =K, =8 121 A = aTr(TE 2 (3.1.3)

The distribution of the sum of weighted, independent chi-squared

..randon variables has received considerable attention in the literature,

and infinite serjes expansions for the density and distribution functions
have been obtained in the Following three forms

{1 as Pover series

(if) as Laguerré series
and {ii1) as mixtures of chi-squared distributions.

.. Good reviews of this work have been given by Kotz Johnson and
Boyd (T9S7a)(with derivations) and by Johnson and Kotz {1970b) chapter
29, In the special case whe™e Ehe eigenvalues are all of even muiti~
plicity, finite series expansions hava been obtained. (Rebbins (1948)
and Box (1954) ), A recent article on the power series expansion has
been written by Davis (1977), .

The simplest approximation to the distribution of the Sum of
welghted; independent chi-squared random variables {s the séaled chi-
squared approximation proposed by ‘Satterthwaite (Box, 1954), Other,
move accurate approximations have been considered by various authors,




7 tributions as reported later {n this section, these approy# :
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:
a recent article on the subject being by Sotomon and Stephens (1977).
Hidever, in view of the satisfactory computatibnal experience with the

evaluation of the exact distribution as a mixture of chi-squared dis-

not considered in this thesis. : ~

Robbins and Pitman (1949) derive - the distribution of thé.sum of I
weighted, independent chi-squared random variables as an infinite cf\i-

squared series, Letting
!
¥ o= o Vo sa, f AV, : {3.1.4)

vhere,

&y 2 a; 2z ..’)z-T “\" > Q,’
e s 1=, A=
ard Vg~ Xéi independently, i=1,...,r ,

2y = ayla

these authors show that the distribution function of Y can be exprasse&'

as: R

4 {
i

va“a.ci:o & pa) @)

where,

DV

g r
Gwzj(-) is the X\’;\sz distribution function, v = 15] v

and the constants csf are defined by the identity:

~b

=1 =dvg R v, @
Ja {1=(1 -2}z ’=jy Gz (3.1.6)

0

They also provide convenient recursion formutae whereby the

C P
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c"f may be computed.
§

< Ruben (1960), considering the case where vy = 1, d=),..r (the

case of interest here) derived the following generalization of {3.1.5):

Fyly) = 320 c5 By 53 09/8)

where 8 is an arbitravy positive constant and the constants Cj’ as in

{3.1. 6}, are defined by the identity:

4 i 4.5 o4
M (Bleg) (1-{1-B/ag)2) % = § 52
X wreta-a-siogat < 3 e
The following recursion formulae for the oy are also given:
X {8/ )t
c, = 1 o,
° 4 1]
ps
1 4 .
g Ly N o 330

¢ i
vhere iy = i£1 {1~ 8/ay)

(3.1.7)

(3.1.8)

{3.1.9)

Ruben {1960) proves that for any B > 0 the series (3.1.7} is unformiy

convergent in any bounded y-interval of y > 0, and uniformly convergent

for ¢11y » 0 if B is chosen so that  _max {180yl <1, He also

B N

suggests that the value:

8 = 2oy ul,/(a-l + "‘r} )

may be close to the optimal choice of @ as vegards the ﬂ{gte of conver-
" !

gence of the infinite series (3.1.7). . 4

(3.1,10)
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Remark 3.1.3 For (3.1.7) to be a true mixture distribution the ¢5

w

must be nonnegative and I 5= 1. Ruben (1960) shows khat, for
O<ps Fp these criteria are satisfied, so that (3.1. 5) 15 & mixture
distribution. {(Here g = “r)‘ Far the cheice of g in (3.1.10), {3.1.7) |
may -or may not be a m1xture distribution, depending on the actual values
of the age 17 8> 7 [, 2 2711 then (3.1.7) 1s ot a mixeure distri-
bution.

The density function of Y is,\\frorn {3.1.7):

fyly) = 67 o o Inago7®) AR

whera ngj(;') is the X;w-éj density function,
From Theorem 3,1.1 the distribution of &% has

oy = 2).‘. and vy =1, islur (3.1,12)

s0 its distribution and density functions may be expressed as (3.1,7)
(or as {3.1.5)) and (3.1.11), respectively.

A major simplification of the distribution of &% results when
Ap =4, dsl,r. For then, by the additivity property of the chi-

squared distribution: !

§2/2x ~ % (3.1.13)

for.
"\3 Smca 0‘1} = eigs {18 ]} a eigs {A'] T A } where £ = AA', and A TA -1

o4
is a honnegative definite symmetric matrix, this could on'ly oeolir whent

a1
APTH = )
or T o= AABA' 31




A, -

.

where B is a symmetric {dempotent matrix of rank r. (See, for example,
Graybill (1976}, Theorem 1.7.2),

For r =p (i.e. T is of full rank) condition (3.7.14) implies that:

T = MIA' =z

o i.e. that T is a sealar multiple of I,

As mentioned earlier, the probability of correct classification is
] ; a flonotonic increasing function of §2. Therefore, for reliable classi-
fication we vequire the value of §2 to be as large as possible, In
terms of the distribution of 62, this implies not only that the ex:pec-
tation of 6* should be large, but,,&so that the probability of low
values of &% be Tow. “ )

Therefore, using Chebychev's inequality, a criterion for establish-
o | ing whether ¢lassification is 1ikely to be reljable (in the sense that
; the probability of correct classification is large) could be based on

j the expactation and variance of §2; a high value of the former and a

f Tow value of the Tatter indfcating the most favourable situation.

i H From expressions (3.1.2) and {3.1.3) for tiie mean and variance of 8% ,
il i . r

¢ | respectively, it 15 clear that this situation is achieved when J A
i P ju

r
i i is large and, given ‘21 Aps ‘El A} 1s as small as possible,
] is i=

I -
] S0y given 1)21 Ap =TT 1 and v = r{t), the best situation is
| H

when the kg are 211 equal, the worst being when ane is very large and

the rast small, Furthermore, the greater the vank of T, the better.
R Y
i -

1]




=4
3

H

LN

3.1.1 Computing the Density and Distribution functions of Gﬁi

In order tohave an idea of the form of the distribution of &% = ng,

its density and distribution functions were computed using {3.1,7),
(3.1.17) and (3.1.72) for particular sets of eigenvalues {i;} of 1,
’ To do this, two Fortran subroutines were written:
CONSTS computes the constants cj using formulae (3.1.9),
and CHISER computes the chi~squared density and distribution functions,
using formulae (2.3.1) anﬂ (2.3.2) ir Johnson and Kotz (1970a} for
the latter, for degrees of freedom starting from v and going up in
steps of two for as many terms as necessary to chtain the density
. and distribution functions of 82 to the required level of accuracy.

(See {3.1.7}) and {3.1.11}).

Finally, using these two subroutines, the density and distribution
functions of &% were computed in a main program for values of &2 going
up in equal steps from zero to an appropriate upper Timit. Subroutines
CONSTS and CHISER are given in Appendix 3.2.

Ustng r = 5, three differant sets of ejgenvalies, all with the
same trace, were used, namely {11, 1, 1, 1, 1}, {3, 3, 3, 3, 3} and

~ 18, 4, 3, 2, 1}, representing two extreme situations and one in the

middle, respectively. Table 3,1.1 below gives the expected valus and

standard deviatior of 5% for each of the three sets of eigenvaluus,

Table 3.1.1

case . mifewalues  Eeu  Nared

(@) 1,0, 111 30.0 e i
®  3,3,33 3 30,0 19.0

(6} 5,8 32,1 30.0 2.0

Figures 3,7.1 and 3.1.2 give the density and ’distribution functions
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of §2, respectively for each of the three cases (a), (b) and {c). From
them we clearly see that the remarks concerning the relative magnitudes
of the )‘i are borne out in practice.

For éxamp'le, considering the two - group clasiification problem, we
have from Chapter 2 in the case where the parameters s My and ¥ will

be known and the p\ﬂoy~ probabilities are equal, that:

Pomisclass! ficationd = o(- , »/6‘{) "[
Suppose now that we wish this probability to be less than .08, This
means that 3 /— must he greater than 1.64,

fiee: 82>z 4 1,64)% = 10.76

From Figure 3.1.2 we see that the probabilities of this occurring
in any flture classification probability areko‘,74, 0.88 and 0.86 res-
pectively, for cases (2}, {b} and (c).

3.2 The Distribution of a;(x)

Using the distribution of 61?3- obtatned in Section 3.1, we now obtain
the distribution of 6.‘?()() = (X—vi)‘ B'1(X—ui) under the assumptions
given the;’t section.

Clearly the distribution of 6?‘()() depends on which of the k popula~
tions X comes from, so we consider first the situation where X is from
7\'.‘;

Tt follows immediately from the properties of the muttivariate
normal distribution that in this case .sg(x) has the central chi-squared
distribution on p degrees of freedom.

fie, 800|Xen; ~ 3 (3.2.1)
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3
then X comes from s J=i then, conditional 0}1 62 = 5?‘1 =(uy -pj)‘

- i
b ](urpd) ’ 6%()() has a noncentral thi-squaved A(.jstribution‘ on p

dagrees of freedom, with noncentrality parameter 82,
2 o y2(82
f.e. 6;(X)|x”j, & xp(ﬁ ) {3,2.2)

Therefore, using the notation Z = a?(X), we have the following re-

presentation of the conditional density function of s’%)() as a mixtuce

of central chi-squared densitiest

hid s
2y o §2)7 482
fsﬁ(x)(leenj\,‘ 52) SEO%‘ g e (23
whers ngs.(z) is the density Ffunction of the Xf}ms distribution.

The unconditional distribution of z is now obtained by integrating
)(z[xc L0 62), as given in (3.2.3), over the distribution of &% .

1

This is done mast cq{"venienﬂy by using the fact that conditional on 8%
the distribution of z is a mixture of a central chi-square distributions
with p+ 25 degrees of freedam where the mixing is doe over the varia-
ble s which, as {s evident from (é'.z.a), has a Poisson distribution with
parameter 382 . ’

Since only the distribution of S depends on 62, its unconditional
distribution will first be obtained and this will then be substituted
into {3.2.3) to give the unconditiona) distribution o:F z,

50 PIS = 8] = I PLS = s{6?3 e(&*)d&‘ (3.2.4)
. 0 §

where,

295 L1g2
PESusl\Sz]n%—‘;—l e 48 B

1
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and £ 2(82) is the density function of 8.
5§ ;

Using expressions {3.1.11) and (3.1.12), fhz(sz) can be written in
&

i

the following form:

ARG B . (5
G RLEPRIENNCT) (3.2.5)
wherey

g is an arbitrary positive constant,

the ¢y are given by formulae {3.1.9} with oy = 2x1 N
=l

and gm-zj(') is the density function of the X§+25

distribution,

Substituting {3.2.5) inte (3.2.4) and interchanging the order of
summation and integration (this is justified by the uniform convergence
of the series (3.2.5) for all &2 > 0 when 8 is chosen appropriately -
see the comment following (3.1.9))yields:

o o grArH)

.- 5 ayb e gl 90
PLS =51 = rrssper s [ e A6’
déﬂ TG e T g b ¢ !

The integral 1s readily evaluated as 3 gamma function, giving:

!

. ofs wia
s 1@ 6y P{Eriss)
PLS = 89 s(TEB ) ({57 ._J_.{_..,,.. o)
. ST aent T ey

The inconditional density of z = 6?1'(X) is now obtained by replacing

(3.2.6)

the Poisson distribution by {3.2.6) as mixing distribution in (3.2.3),
yielding:

(G

fs%(x)(z'X”") * g % Spras®)

R




s v
oL ’ £ ¢
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. . W
E ‘ B, .
J where a = PCS = 1 as given in (3.2.6).

i § The mean and variance of 51()() are most easily ¢ xluated from expression 1 !
j: (3.2.1) when Xem;, and Fron (3,2.7) when X ey, J=i. For the first
A case we immediately get: :
i 1y . .
i : :
i EL83(X){Xem ] = ELx31 = p (3.2,8) R
i i 1 P Ls
P e *
b and . ’ ) ;
1 ‘ . b
i Vartsﬁ(X)tXewil = Var[x;] =2p +(3.2.9) :

. ‘ For Xems, §# 1. e use the following well-known results an conditional ’

B ty expettations:
oy i X § H ”
’ B e s = EELE(0 s S (32.10) !

f )
1 and
’ Varrs§{(X)J = E [Var(s}(X){s13 Varg[EL85(X) |51
oy (3.2.11)
S ‘ ,
: ol where E£.0+] and Var [+ darate the expectation and variance, respective~ ° !
- N N )
. ' ) 1y, of +, taken over the distribution of 5. Now, from (3.2.7), condi- - 3
) I tlonal on § = 5, 84(X) has & X;rzs distribu’\cian, whence : =
SLo3(x)}s = pe2s :
- i ! ¢ )
o and Varr.s%(x)ls:l = 2p A8, “ i
oy . ; i
o1
) Applying these to (3.2.70) and {3.2.11) we get:
i ! ) .
i :
. ! ELS3(X)) = EgLp+25] = p + ZE (5} B {3.2.12)
Y 1‘
o ! i
! E?
. . BN
4, . . » Q‘J
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and  Var(si(X)] = E[2p+4s1 + var Lp+ 243

k : = 24 ELsT + 4 vars) (3.2.13) ;

s

= . Furthermore, cond’ticnal on §* =&§j s § has & Foisson distribution with

T . with parameter §%/2, so using the above results-on conditional expecta-

; tions to find the mean end variance of S, we get ) n

a B i : [
4 d

. e 8oL, b
5] = € LErs]67) = ty[ﬂ =32 5y fron31.2) ,

v
4 . = A, 3.2,14
‘l pA (3.2.14)
and  Var[s]l = E (VarCs|823] + Var (E[s|4?]] i
'4. o, § 2 . ;
. 87 87 . . |
= E62[7}+ Va"saEl] o |
y r i r ‘ !
! 2§ oag kg8 A from (3.1.2) and {3.1.3)
921 251
‘ i Y 22
. - A+ 2 A2 \2.16
i [ I @219

H-atly, substituting (3.2.34) and (3.2.18) into {3.2.12) and (3.2.18)

aiyl simplifying, we get
i

L r o B
- 4 Ry ¥ H
EC8} (X)X emyd = p ’/p,z l;] Ay {3.2.16)

r r
Vartg} (1)K w gl = 29 + al EN W ean

£}'«v‘

Remark ‘3"0‘1_ At t!iough the uniform convergence of expression (3.2.7‘)
(or the dénsity of G%(X)]chj is difficult to establish directly, the [
! A i <

existance :,izf the (finite) expectation (3.2.16) implies it, by the b i
‘Labesgue] fomidated Convergenze Theorem. Tt is therefore permissible to i
o . . !

{
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integrate under the summation sign in {3.2.7), yielding the following

expression for the distribution function of 6§¢X)1Xswi :
PLS3(X) s zf¥cwgl = SZO 2 Gy ps(2) (3.2.18) %

where, K

Gp+25(z) is the x;”s distribution function and ag = PCS = 57 is
given in (3.2.6) .

%

'
Remfk 3.2.2 Comparing expressions (3,2.8) and (3.2.16) and vecalling
tha* x ¥s classified into that population iy for which ai(x) 1s a minimunty
cleaﬂj devrcnswutes the importance, for rehab}e classification, of
havmg [ A = T*(TE ) as large as possible. Furthermore, &S in the
i
shows that, fo~ given J %y 1 A} should be as small as possibile,

2=1 221

case with aiJ + expression (3,2.17) for the variance of 6%()(){‘,’-61(
r

i.e. the A; should alt be equal and v = r{T) should be ds large as

possible, for the most reliable classification,

3.2,1 Computing the Density and Digribution functions of 6}“ %)

As in Section 3.1, the density and distrisution functions of'sg(x)
were computed for particular sets of parameter values, using (3.2,7},
(3.2.7) and {2.2.18), The constants ags given in (8.2.7} and {3,2.6)
were computed using the Fortran subroutine CONSTY, given in Appendix 3.2,

and the chi~squared density and distribution functions were computed

, using the subroutine CHISER, described in Section 3.1 .

The same three sets of eigenvalues as used in Section 3.1 were
used for the distribution of § \X)]thi, and the distribution of

SQ(X)]XM,- was also computed. The expected value and standard devia-

tion of 6§(X) fop each of thess cages are given in Table 3.2.1 and the
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Figure 3.2.1 .
Density Function of §(X)
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]
density and distribution functions are given in Figures 3,2.1 and 3.2.2,

respectively. v

H Table 3.2.1

| E6301  Aarist ()

S ‘ Case Eigenvalues ;
(a) Xim "1, 35.0 33.6 :
R (b) Xkm; 3,3,3,3,3 3.0 22,1 ;
[CVARESA 5,4,3,2,1 35.0 23.9 g
! {d) Xem, 5.0 3.2 :

W As in the previous section, these Figures confirm the general re-

mavks, made under Remark 3.2.2, regarding the desirability of Klving the

A.i as close together as possible.

§ 3.3 The distribution of df*i’j and d3(X)

In this section we consider the distributions, under our random
effects mode), of the two statistics d'ij and d%(X) of interest in dis-
criminant analysis when thé paramgters Hys i=1,...;k and £ are unknown

and have to be estimated froi: a training sample.

-

Specifically, suppose we have the training sample:

L O N L R

B from the k populations L 4=1,...,k, wheré the Xgy are p-dimensionat i m
random vectors. g

|

! y
S, Under the assumptions’ enumerated earlier: I3
! i

LT Np(“'l’ 1) independently, ¥i,j.




7

[N
As usual, the maximum 1ikelihood estimators are, for us, i=1,..0.k
i [ R R . ‘
: I 321 Xy d=heeak (3.3.1) =«
Lo ) iy
and for:Z (corrected for bias): :
[ p gk )
oo fes= d ig] 521 (g % )05 = %)) (3:3.2) :
| i
! k .
i vhere v = J (n; « 1)
d » 1
) and from standard multivariate normal theory we know that:
b i
. , X, Np(“i’ "1’1 2} i=l,..0k  independently
‘ atd . (3.3.3)
:73 S NS~ wp(z, v) independently of the x;
| ,
i yiere wp(z, v} denotes the p-dimensional Wishert
Kl
b distribution with v degreas of freedom and
| ;
: parameter matrix & . i
e ) B
3 « The two statistics are defined as follows: = ’
i Gy e, = xS0y, <A Bk B (3.3.) {
and
. - it
s G = (K= kg ) STk ) Aslk (3.2.5) . !

where X i @ random ohservation from one of the L L5 FOUDIN I
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We will f'm’t consider the distribution of ct2 s+ From (3.3.3) it

follows ; unmediatel‘\ that:
i

ngdn,
. i3
# xi,-x.i.""lp(“'l'"J"(nl iy JZ)
"ty
and therefore that, :conditional on Wi My (i—-ﬁg} a2, follows & non-
bentv‘ 1 p~dimensional Hotelling‘s T2 distribution with v degrees of
fmec}gm. (See Anderson (1958), chapter 5 or @iri (1977}, chapter 7),

Therefore, conditional on o2,

N By e
. [311;,173—} L‘L—\l}gl)”dgj ~F{ps v - p ¥ 15 0?) (3.3.6)

and F(v1, Va3 .q“) denotes the noncentral F distribution with A and Vg

_ degrees of friadom and noncertrality parameter o?,

It will be more convenient in what follows fo work with the

unnormed noncentral f-distribution, f{v, Vo3 a?){see, for example

U.R. Rao {1968).. pp.175-6)s so if we Yot
ft 3
) 2 ={-—ii—-iLj o (3.3.7)

theri,. condltional on of,
\
k]

2~ f(py v=p # 15 u?} and therefore has density
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function:

= s
f(zle?) = SEO-[-%‘;—Z)- e

"
Gp+s, v-p+ 1 (3.3.8)

wherg i

. T{4(v+ 1) +5) L prs-1
925, ve-p+ 118 = TEEFOTEECEET RISt

(3.3.9)

1is the density flaction of the central unnormed f-distribution with
p+ 2 and v - p+ 1 deyrees of freedom, which we will denote by
Flp + 28, worp + 1), i

To abtain the unconditional distribution of z we now integrate

fz(zlul) over the distribution of

vhers the distﬂﬁgtﬁan oF @ = 83y s given in section 3.1 . As in
section 3.2, we note from (3.2,8) that the conditional distribution of
z i5 a mixture of unnormed f-distributions with p + 25 and v ~p + 1
degrees of fregdom. where the mixing variable S has a Poisson distribu-
tion with pav‘amater 3 w*. Noting that the density function of o? is,
fron (3 2 §):

fuz(u,’)=[w] 1 ot [ ] )

LEEN {7y

nyong 8 1 ® i ny B

(n“ nj] 20 PRI [n +nj]
(3,3.10)

= 4
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it is clear that the unconditional distribution off § is exactly the

: ne n. g
same as in Section 3.2 , with g replaced by Fiﬁ'%'.‘ « The unconditional
d
density. of z therefore becomes:
: *
fz(“z) = SEO ag g“Zs, \,_p”(z) {3.3.11)

where, . y

Opt2s, v-p+
distributit}n given in {3,3.9),
i

3 '

nyns 8 ~1J a e €, T(3 r+j+s)
Fenn ((se) ] g

£ "‘7] 30 (H—-——J—-"' :‘"j] NJP[QN-J’)

"i

(3.3.12)

and the ¢ are given by formulae (3.1.9) with ay = 2y R PN
Finally, transforming back to d§j using (3,3,7) we get- the foilow~

ing expression far its density function:

w pny 0

1 4.1
L2 % uzs, vopaillien ]“ 4y
5=0- i . )

(3:3.3)

The mean and vartance of d?xj are also most v*earli[]y found n the
" .
wanner of Sgction 3.2 , the detsils of which miy be found {n Appendix
3.1, yielding: ’

=

grdfya "\T—'Z‘?T [[5‘;%‘} pe2 é] xn]

and

-‘(z) is the density funcﬁ;‘;n of the f(p+2s, w=p+1)

(3.3.14) \\
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2v2 ﬂ,r!‘ﬂ- 2 B ni‘rnj] r
[EU s ETRS L g e i Ly Y PR e e VS IS Y
Hy? (v-p-1)*(v-p-3) [[ "1 "J] (e '("1 " ( )zér +
+4{§>\]1+4(\J-~1) fﬁ] (3.3.15)
=1t R -

The existence of the {Finite) mean of d%j permits integration under

the summation sign in (3.3.13) (see Remark 3.2.1) yielling éhe following

expresston for the distribution function of ;d_?j :

: T o IR IS
PLefyadn 8 Gpugg, vopet {(W}v z] 13.3.76)
4 a J
, where GP"'ZS: v—p-l(') is the f(p+2s, v-p+1) distribution fupction,

* Remark-3,3.1 For the balanced situation where the training sample con=

tains the same number n from each of the k populations, all the rele-
vant formulae of this section may be simplified by veplacing "i"j«“i*“j)
by % wherever 1t appears: For example, the mean and variance of d]?j
become, ¢

Etd?3 = gtdﬁdj " {3.3.7)

and

Lelip, 21§y
2=t

VarLd®] = Varcdl) =—-——§¥2——-——[
(vp=1)?{v-p-3)  n?

" 1

R4 2 ot
+‘I“§‘ Xl] Fom L Ai] ) (3.3.18)

Note ﬁurther”y‘hat for large viand n expressfons (3.3,17) ond (3.3.18)
tend tu the corvesponding expressions (3.1,2) and .(3.1.3) for the mean -
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and variance, respectively, of .5133 .
The distribution of d:(x) depends on which of the k populations X
comes from. -1f X belongs to L then it follows immediateiy from the
n
definition (3.3.5) of d;(x) that (K‘—";T]dﬁ(x) follows a central p-dimen-
sional Hotelling's Ti distribution with v degrees of freedom, Therefore:

.
{—ﬁ{-},] l‘%ﬂl dE(X)[Xcmy~ F(p, v-p+1) (3.3.19)

wheve F{p, v-p21) denotes the central {normed) F-distribution with p
and v-p+1 degrees of freedom,

I¥ X belongs to LD J=1, then from (3.’3‘4) and {3.3.5) it is clear
that the distribution of d%(x) is the same as that for d?j with ng equal
t0 1. Therefore, using expressions (3.3,13} and (3.3.16) we fmmediately
obtain the following expressions for the density and distribution func-
tions of d(X): ’

' ]vn] sgu % Opizs v-ptl {[,T:Tir]v'] dg(X)]

(3.3.20)

fd%(x)(d,%(xnxm,.)

o o n, N
ORI GMZS‘\,_N][(—"—;}T]v Ty (a2

where gst,v_p“(') and G“Es.v_p”( ) are defined fn (3.3.11)

and {3.3.16) respectively, and ag 18 defined in (3.3.12) with ny equal
4% g

1. v
The mean anl variance of dz‘(X) follow inmediately feom (3.3.18) for

the case where X ¢ my

ny+t 3
ELAZ(X) (X ¢ ;3 = [—*;,T] TR ()

N s v

¢
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i and
: ) Mtz yr(e-d
i € Varfdl(0){Xamygd = z[ } ¥ (3.3.29)
' T b v ey

and from {3.3.14) and (3.3,15) with = 1 when x & my

+ r !

N :
P 1 3 .3, 1

| i) ey = iy (Sl v 2 1) @iz

. 292 5 n1.+! r :

i Varfd2(X)IX & 5,0 = mmeemeie e ] (v 1 ) [ (-1 A,

i I e (O e gy

r 2 r :
: +q L A ) e sy P ) (3328 .

Remark 3,3.2 As in the case of d1 we note that for large v and "y the
meah and variance of dz(X) tend to the corvesponding expressions for
6‘ {X) given in Se tmh 3 2, both when X e\*‘rr,l and when Xdmy . Inview
r

of this, the remams concesning the magnitides of Z A, and 1 A

: 2=1 =1
as related to the reliability of classification when the parameters are
known, made in Sections3.1 and 3.2, also pertain to thg situation when

the classification rules are.based on estimated parametars, discussed

Wi this section, »

& Remark 3.3.3 The constants a} in the distributions of cl2 and
>
|Khr_I are the same as the constants a, in Section 3, 2, w1th the

i parameter 8 replaced by !n”n ]B (nj =1 1n the case of df (X))

Therefore -the subroutine CONSTY, u:.ed to conpute the ag may also be used
; for the ag. Soy s done in Sections 3.1 and 3.2, the density and dis-

: ) trlbutmn functions of 4% (X} may be computed using a subroutine that
computes sequances of density snd distribution function values for the

.
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® f{p+2s, v-p+1) distribution for values of s- yncreasing from zero
SR in steps of one, as done for the chi-squared distributior by thé sub- '
Yy routine CHISER,
By i -
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Appendix 3.1 Derivation of the Mean and Variance of dfw

From (3.3.8) we have that, it

. z:(.i__l] 1d1d

i and

i 2 N0 g
i o (n+n]‘s

then, conditional en o2, the distribution of z {is a mixture of unno%ed ’
f-distributions with p + 2Sand v = p + 1 degrees of freedom, where §
- has a Poisson diStribution with parameter 3 u®. Given S = s, therefore,
z has the following conditional mean and variance (See, for example,
Johnson and Kotz (1970b}):

4 Elzis) = ‘,_*%- = [LERRY

and

Vargzey < 2RSS 2 (p(v~1)#2(vp-1)stds?)
(\-pl) (v-p=3}  (v=p-1)*(v-p~3)

(A 3.1.2)

Using (3.2.74), (3.2.15) and the’relationship between o? and 613 given

above, we immediately get:




/‘ ’ “ “
i i g h v
] 53. ;
i
% (4 3..3) :
o4 !
i ;
5 and
& o
Yar(s] = {A 3.1.4) S
! ;]
LS Me now apply results (3.2.10§ and (3.2.11) to (A 3.1.1) and (A 3.1.2)
i to obtain the unconditional mean and variance of z.
. )
Efz] = E ECz|s2] = by + [ Ty ] Els3 4 ; ,
N 1 l\i n r ol
| [;_,_ﬂ(p +2 (7‘7‘%] L) o 3.185)]
! Varfz] = [s'l:VarI:zlsjj + Var LBL23s1]
: o sl (p(w-1)+2(vhp-1)ELSTH 4ECS? 1)
) (v=p=1)*{v-p-3)
[ S
i
W Using (A 3.1.3) and (A 3.1.4) and the Fact that £[s®) = Vars®3+(ELs3)? i
) :
i we get, after a 1ittle simplification,
|
Varez) = e {p(v-1) + 4[ ] (v-1) Z A :
twpe1)2(v-p-3) RR ' i
Ny Ny e r ’ i
_-J«] vl) 5 A3} i
wy) Ol i .
| |
. (A 3.1.8) o
‘ 0 yan
! > g‘t - N
i i
¢! W \
£ ©
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Finally, transfarming back to .d_?j we get: ,
s +n ns+n, r .
iz e v« ) () ) “
Efdul Ry Ty vEfz] T Ty p+2 JI.ZI A ;
i .
i and
i i Nt )
; Vartdt 3 = {—1—5-]2 V2 Var[z)
b d n, 0y
“ s B 2 Ny 0 nakns r
§ P e L e [R5 o T g,
(p=1)*{v-p-3) L 114 05 “ i % 251 ‘
“ +4ffx]z44 1)§A} A'3.1.8)
! ) B Lo REAIP AL S
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: )
;
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Appendix 3.2

" Distribution Functions of &, dnd 830%)

SUBROLTINE

ROUTINZ TQ

NG FORMULA {3 THE
EXGENVALUES; E

S = TH" MVALUES.

TOR OF EIGE CVEC
MA X, THAT WILL
STANTS COMPLTEDS

AMETE RS
Ta

NG- CF CONHETANTS

IMPLICIT REAL¥B (A-H,

REAL*8 EKGE(NDRD) * cvrcmsmp). HUING0}, PEWER(30),

; Fortran Subroutines used in computing the Density and

CONSTS( NORD JBETAJEIGS s CVEC, NSTUPs NT ERMS » ERROR )

CDMPLTE THE CUNSTANT" C(J)Aggﬂ THE DISTRISBUTION DF OELTA,
= PAFANETEREBE'IE’é IN FORMULA (3ole9)s

TOR OF TONSTANTS o
= ACTUAL NO:

HE CONPUTED NT ERMS
ERRCA = MINIMUM VALUE OF THE SMALLEST CONSTANT.

AVEC(30)

oa_y 1 » NORD

et h™ =88 e 1650y

PRSD = 1.

Do 21 = LN

BRNG = prdd % AvECtL)

POMERIY) = 1v

SYECUL) = DSERTIPROD)

SuMz ="cvEC{l)

od 3 J = 2.asT0P

NTERMS = J

Jiop = g -

SU =

od 4t ORD

POWERL SUER(L) * (e =~ AVEGLID}

SUM = POWER(1}

HITOP M i

SUML = ¢ 1

oI5 I = 1.JT0P

sUg; = SUM1 # H(J-I} * CVECII}

CYECLJ) = SULML/(2, 4JTD

SUMZ = SUMZ + CVEC(J)

mg‘u/\esmvscun +LTe BRRCR} GG TO 6

CONTINUZ .

WRITE(S,101) NSTOP, SARCR, NTERMS. BETA, EIGS ; .

PORMATCIOTAGLE OF cnmsnms-//v MAX OF_TERNSY (T304 17 ' CUTOEF

VALUE®, 130,012,571 "ND CF TERMS CCHPUTEDTWT30, 15/7 BETA' 30,D12:5/

« ETGENVALUEES /(T2 1100124 a5 . ;

wn\:ﬂs: 1007 SumMz . :

FORMAT(! SUM OF CONSTANTS,7304012.5) / ‘

WRIITE(5,102) (CVEC(T) +I1=1 sATERNS} i

PORMAT{ I CCOMSTANTS* 7{ T2,10012.8))

RE[rURN

EN| %
|

i
f




SUSROLTINE CONSTL{NORD +BETA+FACT »CVEC, DV EC, NF ERMS s NSTOP o NM AX > ERRDR

b
i 12 ERRORE) ]
A < i
b <
: € SUBRQUIINE TO COMBUTE THE CONSTANTS ALS) FOR THE DISTRIBUYION OF DELTACX}s
€ USING FORMULA {3.246), OR F HE DISTRIBUTION OF £ OR D(X) USING FORMULA
i C {3.3a. N PARAMETERS ARE.
. € NORD = NO. EIGENVALUES SETA = PARAMETER BETA IN THE FORMULAE,
& = 1o = s Bs6) AND = N{ ()7 (NCDY#N[JIT) FOR (3,3,12)s  CVE
] SE VECTOR OF CONSIANTS C(I) FROD SURRAUTIAE CONSTS. NTERMS = WO+ OF ELEWENT
¢ m C = » OF CONSTANTS THAT WILL BE COM
€ NMAX = ACTUAL NO. CF CONSIANTS COMPUTED.  ERROS = CUTOFF_VAl
%, & CALCULATING CONSTANTS,  ERRORL = MINIMUM VALUE OF SHALLEST EoNSTART
H 4
: Luey ICIT REALXE:A-H, 0= . ,
. ; EAL 4B cv=cmr:ims). DvE::(v-sT\ Y COEFFT(1002) .
; INTEGER N1 0003 4 i
¢ LT Fa e §
‘ = (1. +8ETS i
o+ 1./BET) §
; *HAND2 i

0o = Iy
h CD-FFT(J) = CX C( J) * TERWV
E (4}

i UM+ COEFEY I8
¢ 1 TEaM = TERM * Purxv
Y DVEC(1) = S %
Su4a = DVECT1) s
HE3Y = NTERMS i o
; START = BINPIL 1
i 00 2 1 = 24KSTOP §
NMAX = 1 §
H AL 2 Y i
! 1T0P = 1 - 1 :
1 SUG = 6. , i
CG 3 J = 1,NTERMS ! v
i NEI) = i '
At = g |
PROD = COEFFT(J) * START i {
' { D0 8 K = 1,1T0P
Y 3 PROD = PROD * (ANDZ + AJ + K = 2.)/K
SUM = SUM + PROD .
i TE(J «GTe 20 +AND. PROD oLT, ERFNR) GO TO &
] 3 CONTINUE
. & DVEC(1) = SUM * FACT ;
. SUMZ = SUMZ + DVEC{I) :
N [F,(DVECCD) sLT: ERRORL) 6C Ta 5 » :
! 2 LYART = START # BINGLI
N 5 WRITE(G,101) NMAX,(DVECII) 121, NMAX} u
H 101 FORMAT (9OCONSTANTS ~ FORMULA {3¢2.5)1//% ND, OF TERMS COMPUTED' P
i »  1T31,15/% CONSTANTS? /(7221000245 ) b ”
! WRITE(S,100) ERROR, ERAORL. SUMZ ’
| 160 FORMATE ‘OCUTORF VALUE IN SUM,TI0.D12.5/¢ CUTDEF VALWE IN CONSTS*, :
! 1T39,012.5/¢ SUM OF CONSTANTSY (730,01 KN
{ WRITE{8,102) CNUIY oI =1 JNNAXT i
102 FQRMAT ( *ONUs OF TERMS IN EACH CONSTANT'/(T2,10112))
RETURN ; b
END :
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Chaper 4  Evaluating the Performance of Classical Discriminant
Analysis under. the Random Effects Model - Probabilities

of Correct and Misclessification

In this chapter we apply the results of Chapter 3 to evaluate the
probabilities of correct- and misclassification under the random
effects model when the classicul rules of discriminant amalysis are
used.

f.e. MWe are interested in the expected performance ofﬂthesc
rules when applied to future classification problems where the &
poptlations T 1= 1,005k, will have arisen from the random effects
model, Using the classification rule based on the parameters of these
& populations, whether known at the time or estimated from a training
sample, we will classify an observation of unknown origin into one of
them. How well are we Tiitely to perform? O more specifically: What
are the expected probabilities of correct- ¢r misclassitication?

This chapter attempts to answer these quistions.

As in Chapter 2 we will first consider the situation where the
parameters in the disirfbutions of the k populaticns are known and the
classification rules aré expressed in terms of them, See Section 2.1.
Thereafter we will discuss the more common situation where the para-
meters are unknown and the parameters in the abovementioned classifi-
cation rules are replaced by their sample estimates,resulting in the
“plug~in* rules discussed in Section 2.2,

In each of the abovetwo situations separate consideration Will be
gf:len to the case where k = 2, since the results in this case are more
tr§ctab1e than those for general k. Moreover, as is clear from C‘ﬁapter
2, far more work has peén done on this case, and consequently auch moéa

is known abaui 1t.




_ eigenvaiues {a;, 1 = 1,...,k} of T2
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It is traditional in wost of the literature to talk of the nro-
pabilities of misclassification in the case where k = 2 but of the pro-
babilities of correct classification when k > 2. We will follow this
tradition here.

As in Chapter 3, the results will all be expressed in terms of the
'1, either directly or in terms of
quantities derived trom them. In Chapter § we will address the question

of estimating the Ay when they are unknown.

4.1 '~ Known Parameters

In“this situation thé\Bayes classificarion rule, when the prior
probabiTities of each of the k populations are all equal, may be ex-
pressed either in terms of the Mahalanobis distance:

i.e. assign the new observistion x to that population wy for which

8(x) = F]{nnk 800 ITARN
where 85(x) = (x—uj)'x'1(x-uj)

or in terms of the Tinear diseriminant function

i.e, assigh x to y if
“1§(x) >0 ¥i=T...k Jei (4.1.2)
- ~1
where a0 = (%= Cngtug )T ).

See Section 2.1,
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The distribution of 6§(x), ua}der the assumption that x either
l;elungs to, or does not he\‘lfmg to m was discussed in Saction 3.2,
giving 2 general insight into the expected probabilities of correct-
and misciassification when using {#.1.}) or (4.1.2), as‘vell as their
ret@tiunsh{p to the eigenvalues “‘i’ o= V500,50 of TE'Y. Expressions
for these probabilities will now ‘be derived for the specific case where
there are two populations. We will consider only the situstion where

the prior probabitities 94 are all equal.

4,11  The caze k = 2 Populatians
When the prior probabilities 9 i = 1,2 are egual, we have from
{2.1.71) the folTowing simple expression for the conditional probibility

of misclassification, given &%:

Pa?) = P[misclassiﬁcaﬁen&&’] = 9(-38) {#.1.3)

I i

where, 8= ‘S%g = (uruz)'t“’ (u,-i—!z) :
and #(+) is the Standard Normal Distribution Function.

The unconditional probability of misclassification is therefore:
P o= ELP(8%)] = EC&(-36)] (4.1.4)

where the expectatiofl is taken over th Jistribution of &, §

Now, from Sectian 3.1 we know truy thder the random effects dem
; r
8% is distributed as 2 § Agvg where Ay 2 % 202 A O are the nonzero

i
efgenvatues of g~ and the v; are indepeitdent XZI random variables,




and then taking expectations,

61.

An approximation to (4.1.4) may be obtained by approximating

‘n»(- %) by the first three terms of its Taylor éxpansion about £4%)

F(x) of a randon vari/alﬂe this appr}uximat'lon takes the form:
)

ECR(x)0¢ #(ECKD) + ZUEDXL)

where f"(-) denotes the second derivative of f(+).

So the approximation becomes:

For any twice- differentiable function

P 2 p(-3/E0027) + 30"{-3/EL87T)Vare2].

Now, from section 3.7 we have that

i
EL8%) = z{ Ay
. P

Var(s*] = 8 § A%,
[E

o r» = &z balam)

...d._( gz’lzae

w el
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Substituting (%4,1.8) and (4.1.7) into (4.1.6) yields the following ap-

" proximate expression for the probability of misclassification:

r r
-2 ) A/8 23 A
¥, a9 r 1 34
Hol-A T e 21 A 2y 4 3oL iz]xg

1+ iZ]
-@(ih)uw(éh) B (8.1.9)

Z )3/2
where ¢(+) is the standard normal density function,
An exaet {!xpressian for the prebability of misclassification may
be obtained by evaluating EL#(~35)3 in (4,1.4) directly. Yo do this
we need the density function of z = 8% which,“;from {3.1.17) may be ex-

p'rassed as:
fa @) =3 T s 0ay® (4.1.10)
82 B jop § Tre2d'E o

. where B is an arbitrary positive constant, 9r+2j(') is the XZMZJ density
function and the c;.are given by (3.1.9) and (3.112). Thus

;e } z ) Spyay B2

3 oy 2
1 .#ncJ'J; O(-3/7) 0y ()2 (8.1.31)
where the exchange of the summation and integration opevations is justified
by the uniform convergence of (4.1.10}. Note that
a{~yE) = PIX s ~}vVEL vhere X ~ N(0,1)
= PUK? 2 5
=100 - &) CARTH

0%
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where Gr(~) denotes the distribution fupction of the ,xi distribution,

Substituting this into {4.1,11) yields

P -1 r 2 i
p=} EJZD 5 0 Gl(w)gﬂ‘zj(g)dz (BB
where we hea assumed that (4.1.10) is a mixture distribution, so that
« )
ZD c‘j =1 (See Remark 3.1,3). ODanoting the integral in (4,1.13) by Ij

and making the transformation y = -é— gives:

1y = [ 6 s

Integrating by paris and simplifying vields:

- 1 =801 - ,‘?j: 9y} 93 (0.
> -
, Substituting I; back into (4.1.12) yields:
; -
p=f 3§u ¢ I:g](% Vg0 (8.1.14)
1
el { . The integral in (4.1.14) may be evaluated by using the following expres- ,
Py o i sions for szj(y), obtained by direct integration (See, for example,
- | Johnson and Kot' (1970a) page 173)
|
i iy BRI 4
i ) f1-eW 120 B forreven
& | k& [,‘.sz(y)u .
3 " Pal i +
B a1 - ] g
| i=0
PR ‘ for v odd, (4.1.15)
i | ' ¢
@
g»"f R Y‘.;‘\j
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Considering first the case where v is even, using {4.1.14), {4.2.15)

and the formula:

e y@y = ot W,
ve get
i”J T r i-3 3y (148/4)
1 yimh o mdy (148/4)y
éi‘/Egzojn) o 4 Y &
. Jl
-3y e 0+&y wae

3 s/fjgo X«H% Y- {£.1.16) ;
Consider now the case where r s odd. Using the same approach as above, \
we get, ' o

=1)+3-1 N H
p=_—j@w>y'* . !(M/EE My 1

=o (i) (146/4)
o ) (8717}

Denoting the first tern in {4.1.17) by I, we get after making the trans- =
formation x = V§:

- xz
I=2 J: o) g @ My, (3.1.18)

The above integral is a particular case of Hojo's integrals (see, for
exaple K‘end@!] and Stuart Volume 1 {1969) pages 326-7). F. Downton (1873)
gives the foliowing closely related resuls:




P
i p
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Given
‘ X~ N{:0%)
Y ~ N{0,1) independently,
then:
" 2
P sl = r a(t) i g{E 2% gy (4.1.19)
n Ve
By analogy with (4.1.19)%(4.1.18)can be expressed as:
I=2PY<XanX20J]
j
where
X ~ N{0,418)
¥~ N(C,1) independently
N
or, - . -
" I=2PX-Y20aX20). (4.1.20)

To evaluate the joint probability in {4.1.20), we nced the joint dis~
tribution of X-Y and X.

function of X and Y is:

;2
1 -3y 4 B )
¥, ) = @ L3N

x’v{(xy -

2m

‘Making tire transformation:

Taf-Y
=X

Now, by independence, the joint probability density

Cim
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noting that the Jacobian of the transformation is unity, we get the

“lansity of T andy as:

.1 -3 {u-2tustB4Bu?/4)
fT,u(t’”) E;__—_ 3

- o HUR (14874 -2turt?) . I
2n/87E N

So T and U have bivariate normal distribution with zero mean vector,
variances q% and a; and correlation coefficient p, where the latter three
parameters way be obtained from the following identities:

v]’. w;(l—p‘) =%

i1t = (14 B

o3(1-p%) = 1

This yields:
of =1+ %
3

g e

v B
and
p=(1+ 8y, (4.1.21)
Naw, applying the result given in Anderson {1958) page 43, problem 43, viz:
it B

PEXz00Y=20)=o

Ty

and \)21\ . o
) ~Neg)s (o
y) (o (pgxu-y
then
p = cqs(]-Zu)w
S
i »
o o o

!
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or
N LRSIV ,1—, cos™la,
we get, from (4.1.20) and (4.1,21) that:
T=pT20nb201=1-2cos((1+ By, (8.1.22

Substituting {4.1.22) back into (4.1.17) and simpiifying, yields the
following expression for the probabitity of misclassification when r is

odd;

-1 -1
P—w-—cosq((h;)'!’) i/gi (r i %]w (m

(4,1.23) /

4.1,2  Evaluating the Probabilities of Misclassification for k = 2

poputations

In order to evaN}ate formulze (441.16) and (4.1.23) for the probability
of miscTassification, the FOR]RAN“”\ ‘ytise PROBS, given in Appendix 4.3,
was written. This was used'to ; \{\ probabitity of misclassification
for the case r = 5 for the same *-‘in /'t/s of eigenvalues {};} that were
used in Chapter 3, as well as f(Br the corresponding three sets when the

k)

trage-is halved. -The results are given below in Table 4.1.1, together with

those obtajned from the approximate formula {4.1.9),

W
K}
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Table 4.1.1
Exact Proba- *

. ‘BiTity of Mis-
Case (e Trace' 'class%ﬁcatmn

R} —

(a8} 11.0.0.0,1.0.1.0,1.0 15.0 0392
(b) 3.0,3.0,3.0,3.0,3.0  15.0 0204
(e) "6.0,4.0,3.0,2.0,1.0  15.0 0233
It} 5.5,0.5,0.5,0.5,0.5 7.5 0827
(e) 1.6,1.5,1.6,1.5,1.5 7.5 0553
() 2.5,2.0,1.5,1.0,0.5 7.5 L0596

Aggmxi mate Proba~
2}

| BTy of WiS-
‘classification

0334
L0140
0154
.1044
L0543
.t606

From Tablé‘/lmj the relationship between the probability of mig-

classification and both the trace and relative sizes of the eigenvalues

- i
of T1 1, that was predicted in“thapter 3, is clearly evident, However,

the.approximate formula (4.1.

i ]
s which is far easier to compute than the !

exact Formulae and therefore useful for quick assessments of the proba-

bitity of misclassification, is nob very accurate.

[

¥
241,33 The case k > 2 populations
From classification rule (4.1.1) the probabiiity of correct classifi~

cation, given x ¢ g, becomes:

Preorrect classification|x ¢ w1 = PB3(x) < Min  84{x)xwml .
i P ek 3 !

sredsy

. MEDR]

Now, From Section 3.2 we have that, given x ¢ my:
2 ~ g2
Sfx) ~ g

and
sl ~ x;(gjj) conditionally on .

(4.1.24)

(4.1.25)

e o s s




< ag are given by (3.2.8), Moreover, the Bg(x) are clearly

69.

Unconditionally ag(x) has the density given in (3.2.7):
. @
fﬁg(x)(éj(xnx €mg) = sZO 2 Spupsle3in)- (4.1.26)

where g + Jenotes the X;JFZS density function and the coefficients

p+25(

not independent,
i ;

So, in order to evaluate {4.1.28) we need the joint di;tribution of
the minimum of k - 1 correlated, identically distributed raﬁdom variables
5§(x) whose marginal densities are given by {4.1.26) and the chi~squar;ed“
random variable 8¢(x} which is also correlated with the 83{x).

‘1t is clear, therefore, thet this approach to evaluating tfie probas
bility of correct classification is not a promising one, and will not be
pursued furthér here.

Another approach would be (:n use expression {2.1. 75) far the proba-~
bihty of correct c]asmﬁcation given x e mys coud1tiona1 on the values
of ”ijl = ("i"“j) 5 (“1"‘,&)' Ji2 = V,u05ks §u% % 11 and then to obtain
the unconditional probability by integrating it over the joint distribution
of the 6{ 38

Singe there is no analytic expression for (2.1.15), it would have to
be evaluated numerically or by table look-up over a multidimensional grid
of pomts deﬁned by the 8y, m and then integrated numemcaﬂy over their t
Joint distribution. - :

In addition to the complexity of the abovementioned operation, an ex- 0
. pression for the joint distribution of the 6”1 wou]d have to be found. As
in the previous approach, the margina? distmbutions of the bm‘ are known.
Viz: the ‘9” = 6”‘1 have the distributfon derived in Theorem 3.1.1
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and the sul‘ 3 = & can, in a manner very similar to Theorem 3.1., be
shown to be distributed as Z As(v -ws), where {).s} = Eigs{Tz"} and
the v, and wg are 1ndepende:t1x] random varfables. It can aiso be
shown that the correlation coefficient between 613 and 6’2, J=eis 3.

chaver, the Joint distribution of the :S is unknowri, $0 this
approach wﬂ1 Jalso not be pursued any further.

This Teaves only the lower bounds (2.1.16) and (2.1.17) on the pro-
bability of correct classification. However, these expressions give

Towér bounds on the minfmum probability of correct classification.

Stronger bounds than these may be obtained from Bonferroni's first in-
equafity by noting that {4.1.24} ¢an be written:
— k
Plcorrect classification|x ¢ LR P[Jg] Gz(x) < 8% (x |% e 53]
N Jei

k 2
“ jZ]PEG%(x) > 6J.(x)[x eml.

=t
Now PE&Z(x) > 82 (x )% e 5] 4s Just the probability of misclassification
with two popuiations LA and g and is therefore equal to @('l’sij)' S0

k
beeorrect classification|x ¢ w3 2 1 = _21 1»(16”). {4.1.27)
§a
=i
Under the random effects model s:d is a random variable, so {4.1.27) be-

« comes?t

g K
+ Preorrect classification|x ¢ mlzt- ):1 Eszd”(‘“ij”
=1 %
J=i
e (k-—l)Esng(-gdij)J (4.1.28)
1

since the Gij\fare identically distributed.

)




Note that (4.1.28) does not dapend on the particular population m g
from which x comes, so it is also the unconditional probability of correct
classification. Finally, using results (4.1.16) and (4.1.23) of the
pre\(-sous sub-section in (4.1.28), we get ! s

for r even:

Preorrect classificationlzi- —?—{1 V— ZD 5 0 ”".-.%;;-(H y ~(i+3)y

(4‘1 .29)
for r odd:
Picarrect classificationlal- —f(1~-cos"1((1%~‘} é)
L AT ;
- g/% j}-:O 4 .):0 rn 57) (4 Byl
= o
(4.1,30) : @
An upper bound on the probability of correct classification may also ! "
be ohtained by using the fact thet, .
Prmisclassificationl v 1:‘-&P[m-isc'lass‘if~icat11m to '"1"5 closest neighbourlxewij N
= 0(48;) ‘ '
whare 63 = min &%,.
P oygei W i
S0, .
: i
!P[cor‘recé”ﬂassificat'lon]X(‘c nls - w(-gai) . {4.1.31) i
i

Ynder the random effects model, this becowes: i
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Plcorrect classification}x ¢ m1s - E63[¢(-§si)] .
Al

To evaluate the expectation in (4.1.32) the distribution of
6? = min s?i is required. Unfortunately, although the Gﬁj have identi~
B
X cal marginal distributions given by Theorem 3.1.1, and the correlation

coe' ~ient between sﬁj and 6%2 s known, their joint distribution is un-

known, . 56 the distribution of 8 cannot be found.

However . 1T we assume that By is fixed, then it is possible to obtain

i the distribution of 5,? and hence to evaluate the upper bound (4,1,32) on

the probability of correct classification.

_In what follows, we will therefore first obtain the distribution of
a§, conditional on ;. Unfortunately it is not possible to obtain the
unconditional distribution from it. This distribution will then be used E
to-evaluate (4.1.32). Finally we shall §how that & very similar ex~ B
pression for the upper bound is cbtained if instead we fgnore the inter-
correlations betwcen the 523 and proceed as if they were independent.

Under these circumstances it is rot necessany to assume that uy 1s Fixed.

The distribution of 62 = min &2, conditicnal on 1
i Y=t i 1

We first consider the distribution of
8%y = g - u,-)'E'T(uj =)

conditional on yy, under the randon effects model,

(4.1.32)

Under this model, the Wy are independently end identically distributed -

Np(E,T) random variables. Therefore, conditionally on Hy»

vy my NP(E-M,-;T) independently, J = 1,0k § =9

(4.1.38) .
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Theﬁrem 4.1.1, given below, allows us to find the conditional dis-
s 2
tribution of 61j.

Theoren 4.1.1

Lo = X'E7N, where ¥ ~ N,(0uT). Then @2 is distributed as

121 7‘i"i where the Ai are the r {=p) nonzero eigenvalues of T):'1 and the

vy~ x%(m?), independently. The square root wy of the noncentrality para-

meter of vy is the ith element of P'n where P is the (rwr} orthogonal B ‘{\

matrix whose st column is the eigenvector ofT1’2'1T1 corresponding to ‘ )

)\1, T= T,T,: and T, is a p x v matrix of rank r = »{T), and n is the

solution to T]n = ). i
T}ge preof of this theorem, which is essentially a generalization of 5

Theoren 3.1.1, is given in Appendix 4.1, :
Applying Theorem 4.1.1 to (4.1.83) fmmediately yields the distribution

of qu‘ conditional on Hys in the following form:

r
&y~ SZI Ag¥g» independently, § = 1ok J i (4.1.34)

where,

g} = eigs(r”s

Ve xi(«x;) independently, 5 = 1,...51

(wl,mz,...,wr)‘ =Py,

P is the {mr} orthogonal matrix defined in Theorem 4.3.1, P

n is the solution fo Ti" =& -y H
and T 1s the {pxr) matrix defined in Theorem 4.1.1.

Clearly, if T Uis of full rank, i.e, r=p, thenn = T;j(e-ui).

S
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The mean and variance of vg are, respectively (See, for example
Jdohnson and Kotz (1970b) page 134):

ECvil =14 o}
Varlvg = 2(142u?)

and since the\.\j: \!e independent, we obtain the following expressions

for the conditiora) mean and variance of S'I?J:

e .
2 =
E[“ij‘“il SZ] xs(lmg) (4.1.35)
2 I3 2 z
' Varlejsfugd = ngr R (Tawl). (4.1.36)

A V:

E As in the case of the sum of weighted tentral chi-squared random
vamﬂes, the distribution of the sum of weighted noncentral chi-squared
vandom variables may also be axpanded as an infinite series of central
chi-squared distributions (See, for example, Ruben (1962), Press {1966},
Kotz, Johnson and Boyd (1967b}, Johnson and Kotz (1970b)). This pields
the following expressfon for the distribution- and density functions,
respectively, of 61‘1, conditional on By Lettmg z= 5”

gy ® y © )
and
fs; ‘u 2 e} Gy (B (4.1.37)

where g 1s an arbitrary positive constant, 8 Zj( } and 91~+23( ) are the
distribution~ and density functions, vespectively,of the XNZJ distmbfn’tion

and the constants CJ are given by! /

i

o
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The mean and variance of vg are, respectively {See, for example
Jdohnson and Kotz (1970b) page 134):

Ev I =1 awl
P ne
Var[vsJ = 2(1+Zns)
and since the A are tpgependent. we obtain the following expressions
1

for the conditionsl mean and variance of Sij:

‘Etégj]ui] = 521 xs(xmg) ) (4.1.35)
r .
C L Varisghwd = 2s)=j‘ 2 (Tv2l). . (4.1.36)

As in the case of the sum of weighted central chi-squared random
varfables, tha distribution of the sum of weighted noncentral chi-squared
pandom variables may also ba expari\b!\ed as an infinite series of central
chi=squared distributions (See, for’i\examp’a, Ruben (’]962), Press (1966),
Kotz, dohnson and Boyd (1967b), ‘Jehnm;n and Kotz (1970B)}. Th'ls y1e1ds
the following expression for the distribution- and density function§,
yespectivew, of 6 {1 conditional on Yye Letting z = szj-

° - z
Fe‘ﬁp tz) = ;Zo €5 Brzytg)
and )
-
CTRORE R LR A

Y

"

where 8 is an‘avb‘ltrary positive constant, szj(') and gsz(-) are the
distribution- and density functions, respectively,of the X;«-ZJ distribution

kanﬁ ‘the constants cé are given by:

Rt
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.
-3 21 :
< ch=e 1 T m (a/AS)é
Ao 5
gy Lot o §= T
\
!
4
where

- ¥ neang I et (a5
= 521. -B/AG) + 38 531( AN :ms)

Rubep {1962) shows that for 0 < 8 < LW (4‘1‘.32) is a mixture distribution
{1t may or may not be for other values of B) and that it converges uniformiy
it any bounded z-interv,a!'of z >0 for any B, and converges uniformly for
all z >0 if 8 is chosen so thaﬂt maxl'(‘ - %l <. .

Rémembering that, conditioﬁa’l‘ly on us the 62‘1, i= ),..,,!5; RN
are independently ¢istributed, all with distribution given by {4.1.37) we

| immediately get the d1str1’bu;1‘c{:}\ and density functions of 6% = ‘vr?iy} 5%1. in .
J o

the foﬂ{'pwing’ 'form {See, for example Gibbons (1971)),
» N

%

- k-1
Fs: M(z) =1 )]

\ - Fﬁgjlui(z)
3
))( Bl « B0 Py (2

{ ¥

where Fdz. 'l“ (z) and f&‘ |u.(

-2 1
fﬁjf“i(z) {4.1.28)

z) are given.in {4.1.37).

)

Using (4.1. 38), the upper bound (4.1.32) on the probability of’/correut
classification under the random effects model, given x ¢ Ty Can g eva]u-

sted conditionally on Uy Using the notation &

%)
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P, = Preorrect classification|x ¢ m, w1 U
g

we therefore have

o)

R, o1 [ s, e

=300+ EG‘(%)f“%‘“i(z)dZ} ’ o
.

" using result (4.1.12), where G;(-) is the X} disteibution function. In-

tegrating by parts yields,

-
P e Io 91@)%:\“1@):::

where g;(} is the x§ density function
z $ 2y k=1
2 - 1 5 -
FUES o KGO J_ZO o5 Gpypylgh)” ded

from (3.1,37) and {3.1,38)

“ e § [ ndon - B a0 an

making the transformation y = % .

Now, u$ing expressiens (4.1.15) for BHZJU) and considering the case

1
where r_is even, we get 5

(‘%‘.Y)“é ay)8r O Bred-T oy kel - k-1” g\{
possn e B[ B o8y L 14 (k=y/2gy -
kel *3 +7’J: v (jzo G L, @ Y

o

[ epea— e

]
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where we have assumed that (4.1.37) is a mixture distribution so that
«

_20 cJ'. = 1. From the identity:
i
o ant o q e
(B ikt = & ag (4.1.39)

where- the aj are obtained by equating coefficients of ‘yj on the left-
and right-hand sides {Seg Appendix 4.2 for their values) we obtain:
B Y -3 gmy(k-14B/4)/2

Pos {1 ay r »Yie d

¥ V2F A j);o 3o i

B where the interchange of summation and integration operations is justi-

ed by the usiform convergence of (4.7.37) and hence of (4.1.39).
. Evaluating the above integral as a gamma function finally yields after
\some simplification,

Py S 10 4/l z a3t ()5 (a.1.40)

where (a)mz afa+l).... . {avj~1),

Unfortunately, the case where r is odd is so compiicated that it is
»pot considered heve.

Remark 4.1,1 The drawback to exprassion (4.1.40) is that it refers to
the conditional probability of correct classification and requires g to
be given bafore it can be used
An approach that glves an uncond1t‘|q.ka1 but approximate upper bound
‘ is to ignore the intercorrelations between the 6’%5, MER I
and to proceed as if they were independent. Therefore, instead of using

the conditional distribution (4.1,37) 1n expression (4.1.38) for the
b

£
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distribution of &} = Jr{nin,s?j, we use the unconditional distribution
(4.1:1) ‘for.éﬁj that was derived in Chapter 3. Noting that (4.1.70)
and (4.1.37) differ only in respect of their constants (:j and c:'i’ re-
spectively, it is clear that the arguments go through exactly as for
the conditional case with C.'J' reptaced by €5¢ So expression (4.1.40)

can also be used as an approximate upper bound on the unconditional

probabitity of correct classification §f cs is replaced by o5 n defi-

nition {4.1.39) of the 2. . W
\ ! " Another 1ink~up between the upper bnuﬂt .on the conri'it‘lonai proba-

M bility of correct classificdtion and the approximate upper bound on
7

the unconditional probabil¥ty is achieved if ¥y is fixed at the valye
uy = & in the former. Fop then it is clear frou {4.1.34) that, condi-
tionally on ¥y = «

r
82, ~ AV
i s; s s . .

whera now the Vg are central x? random variables. Comparing this with — 4

thé unconditfonal distribution of ﬁéj derived in Theorem 3.1.1:

"
2w &
6‘.‘1 2521 Ay Vg !

uhere the Vg are also central x% vandom variables, we see that for a

{
# given set of eigenvalues {As}. the values of the upper bound (4.1.40)
!

. ) For the probability of correct classification conditional on ¥y =&s winl
be equal t) that of the corvesponding approximate bound on the uncondi= =
tional proi:abﬂ'lty for the case when the eigenvalues are all half as large.
. o This 1s intuitively reasonable, as one wcu'ldhexpect poorer classifi-
cation from popuiations sTtuated near the mean of their distribution.
iy i A
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4.1.4 Evaluating the bounds on the probabifities of cerrect

classification for k > 2 populations

Expreséions (4.1.29) and (4.1.30) for the Tower bound on the proba-
bility of cerrect classification have been derived directly from the two-
population case, and they are also computed by the subroutine PROBS given
in Appendix 4.3, Table 4.7.2 gives the values of the Tower bound for the
same three seté of eigenvalues (A‘.), all with a trace of 15, that were
used in earlier exsmples, and for k = & populations. Values for k = 5,

v = & and a similar three sets of {A;}, all with trace 10, are also given,
Tor comparison with the upper bounds discussed below.

Expression (4.1.40) forkthe upper bound on the conditional probability
of correct classification is not evaluated as easily because of the in-
creasing complexity of the formulae for the constants L ap?eaﬁng in it
for values of j greater than .E See Appendix 4.2.

However, for the specific case where the eigenvaTues {As} of 1) are
all equal, say Ay =2, 5 = 3,000, and g is Fixed at the value My =)
it is clear from Remark 4.1,1 above and from definition (3.1.9) for the <5
that if & = A then c(') =1 and c\% =0, ¥j > 0, and that if g = 2) then
6, =1 and ¢ =0, ¥§ > 0. (This is also an immediate consequence of the
fact that when the >‘s are all equal then 5;-3 is proportional to a xﬁ,
rand(j‘vvariable. See (3.1.1%)).

Under these circumstances (4.1.39) bacomes:

el . 8
: = s 4.1.41
(L, @' fott? (1.4

so that the sequence of nonzero “:l terminates after a finite number of

terms and they are readily computed, especially for Tow values of r.
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For example, for the case r = 4 and kK = 5 populations, (recall that
formulae {(4.1.38) and (4.1.40) are valid only or v even), using either g 5

(4.1.41) or the formulae derived in Appendix 4.2; we get the following
| values for the agt

; . "g 21 21
a°=1,a.'—2,az—z, R L Y

andaj=0, ¥j > 4. ’ . ‘ :
Using these values for the 24 the upper bound (4.1.40} on the cop-
dittonal probability of corvect classification with uy = £, as well as

the approximate upper bound on the unconditional probability (see Remark

4.1,2) were computed for the case where )\1 = >‘2 = As = A4 = 2.5, Fora
; given value of the trace of T):'], the case where the A are all equal gives
} 4 the best classification, so these upper bounds are also valid for the '{

other cases with r = 4 given in Table 4.1.2,

Tabie 4.1.2
Bounds on the probabilities of carrect classification for
k = 5 populations 3 |

i " Upper bound on candi- :
tional prob, evaluated Approxijate

Case Lower bound at A; = § Upper beund P '

: (@) 11,51, 8433 N - i

i (b), "3.3,3,3,3 ,9183 . .

: i (&) 5.4,3,2,1 9068 - - i

| [ AR N 7817 7970 8694 :

L (e)  2.5,2.5,2.5,2.5 .8220 7970 8694 ‘ i
{f) 4,3,2,1 L8063 7970 8694 i

As remarked at the end of the previous sub-section, classification

i
i

tends to be poorar when tﬁe new observation comes from a population whose

mean is situated at the centre of its distribution, than when it s situs




l 81, !
ated elsewhere. This is reflected by the low value of the upper bound
on the conditional probabitity evaluated at u."= g given in Table 4.1.2,
which {s in fact'lg_;@_r_ than the corresponding lower bound in two out

of the three cases (d) to {f). Thus it would appear that the upper : >
bound on the conditional probability 1s of Timited use in practice, and
that the approximate upper bound, obtained by assyming that the 5“.,

L 3= Tae.sky = i, are independent, is far more useful.

4.2 Unknown Parameters -

In this section we consider the probabiiities of correct- and mis- f
classification when the sample-based classification rule, with equal
prior grobabilities for each of the k populations, is used. viz: Assign

‘r‘ new observation x to that population L for which,

[ d%(x)=3=]:n.v.|,kd§(x) {4.2.1) B 14

M where i

Blxy = (x-xj_)'s'j(wxj.) , ; :

X 1s the mean of the training sample of size ny from population .,
and § 1s the pooled sample covariance matrix based on v degrees of freedom,
or equivalently, assign x to w; if i

!
d

Sy Y >0 M ek Jet L (622)
i

4 where

!I vh.(x) B (% - (x1.+xj.§)'s'1(xi’—xjA).
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As descriiled in Section 2.2, two types of misclassification pro-"
bability may be defined when the sample-based classification vule is
used. (Although we refer to the misclassification probability, the re-
marks hold equally well for the probability of cortect classification).
They are the conditional probability of misclassification, P? given a
particular training sample and that x e i and the expected probability
of misclassification Pi given x ¢ s when the classification rule is
based on training samples of size njs I =1,k

Both these probabilities may be expressed in terms of the population
means s (or functions of them) which, under the random effects model,
are random variables. Under this model, therefore, we are interested in
the expectations of P? and P? over the distribution of the My

Interpreted in a Bayesian sense, taking the expectation of Pg over
the distribution of the ¥y gives the posterior probability of misclassi-
fication, given the training sample. As shall be seen in the case of
k = 2 populations. this leads to results that are not very useful from a
practical point of view, so the greet majority of this section will be
devoted to obtaining expressions for the expected probabilities of correct-
and misclassification under the random:effects model when the classifica-
tion rules (4.2.1) und (4,2,2) are based on training samples of size Ny

3= ok

4.2.1 The case k = 2 populations

The conditidudl probabiiity of misclassification, using the classifi-
catior rules (4.2.13 or {4.2.2) based on training samples yielding %1, 0%,
and 5, 1s given in Section 2.3, equation (2.7.23). Thus,




\\‘
P

83.

Pg(ui) = PEmisdass’iﬁcationle,xz.,ﬁ.uisx L

i b 0 05 g )

U oy s 7 )

= (-1 (W-a)'bic) (4.2.3)
where,
a=dlxi)
) b5 - %)
and . = /AR,

Under the random effects model By N(E,T}, independently, so con-
sidering the case X ¢ m and‘taking expectations over the dis%r1bution

of Hy yields:

B = PImisclassificati ; i Sl
1= [misc)ass ficat1on)xi‘,x2~,s,x e “l] = Eu1[¢(‘ —te— ).
(u4-3)'b
Letting y = - 7 s We have that, under the random effects model,

RTCALEELY

06w [ p(my) —Lm g BN)*/0* 4
i J_N {-y}) ol y

§




b s =
Eosia ; 5
, 84. .
b i
{ where, B
g n = (&-a}'b/c
i and W
k o* = b'Th/c?,
? So,
5 e [ et Lo oot gy, ;
! B V2o )
This integral may be evaluated using the result in Downton (1973) re-
: " ferred to in expression (4.1.19) in Section 4.1. This immediately yields:
o !
o \ pé = 3 - =l
i 1 M )
i el A
: (& - 3lxq %, )17 (%) =%, )} i
o O e e 2o L e 20 | 4,29y ,
Axy =2 )'STHEAT)ST (g <%y ) ‘
f Simitarly,
: Pg = P[misc‘tassificatinnlﬁ‘,xz_,S;x o 1yl -
i
! 4 L
{ (8 = 3%y 4% )57 (%) =, ) ] ;
| - of L 2]' llv 2|, (4.2.5) ! “
M : M"L"‘z.)'s (24T)§ (XL"XE.)J
B . I :
i
i Remark 4,2.1  Although vesults (4.2.4) and (4.2.8) are wlegant mathema- i 9
! T .
;‘ ticallys thay are nol very useful from a practical point of view. This :
3 ‘ 1s highlighted by the fact that since the prior probabilities a and 9 3
‘ f of) L and Tgs respecti\fely, have be/en assumed equal, the average posterior :
« o 7§ probabitity of misclassifigation becomes, using (4.2.4) and (4.2.5): :
& P ¥ :
S P[mfsclass'ificationle‘sz,SJ =3Py 4 P5) = 3 {4.2.6) Ji 4
& @
- . TR
v L !
. . ,
‘D ©
MR o
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independently of the values of X %Xy and S.
The reason for this anomaly is that once x]‘ and x, are given,
the populations L and 7,, and hence ¥y and u, are no Tonger randomly

chosen but are fixed for the present problem. Therefore it is not

“ meaningful to take the expectation of the conditional probability of

misclassification, given the training sample, over the distribution of
B v

From Remark 4.2.) above it is clear that there is no further need
for considering the conditional probabitity of misclassification under
the random effects model.

The most useful result on the expected probability of misclassifica-
tion for the two- population problem is that of Ckamoto {1963), given in
expresr.iop {2.1.26) of Section 2.1 for the case of equai-sized training

samples f=hy =0 From LN and LA

P?(az) = PLmisclassification|n,v,8%5x « n;1
i

=9 e Lol « By v o'l {#.2.7)

where,

8 = 8%y = iy i) o

v §s the degrees of freedom of $ and ¢(-) s the standard nornal density
function, )

The expected probabiiity of mi§c\ assification undeyr the vandom ef-
fects mode] may therefore be ubtai;md by taking the expectation of (4.2.7)
over the distribution of &2, $ince there is no difference in (4.2.7)
for X ¢ 1wy or X ¢ oy {this is not the case if ny = ny) the subscript“\\'
will be dropped From PY(8%), So,




. ‘

P Prmisclassificazionjp,vl = EGzEPe(G"')J
= Egro(- §) + 4@+ Pir v o #.2.9)

As in the case whers the parameters are known, we may approximate

O {4.2.8) usihg the approximation {4.1.5}. The first term in {4,2.8) is

just the probability of misclassification when the parameters ave known, .

L and its appro. fmation is given in (4.1.9}, so we need Took only at the
. ] second term. As before, we need the second derivative of this term with

respect to &%, Some straightforward calculations yield, Teiting z = &2:

i & 1 i pel, pYE
! S oD+

5 2
EE fE By s Bz Bl e By, 29

— Bpplying (4.1.5), (.1.7), (4.1.9) and (4.2.9) to (4.2.8), we get: : e

a2 3

g
-
-3
-
&
[
Ty
- T
<
P
+
S
P .
Bt
>
=
)

| t2 ] 2% J
s |
L v ¥
5 E 1 ) P :
; + PIE] | P 25 A ;
Lo v ¢l/ & */] {“‘ (VAR
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F
i e . :
ie. P $¢(~éi§] Ad A;%‘,

e .
(9 M){lz 5 ;1.] é[,y] +8 izixi]

~5/2
+ 121 2_2; A,-] {zte-ny + ?%*J"Z)‘Z 3 - @5 : FL
L NEL N e ey lﬁho(z e

r

+%( 3 Ai)’}} . (4.2.70)

i=1 <
A more accurate expresshm for-p® may be obtained by evaluating (4.2.8)
exactly, using expressn m (4.1 10)for the density of &2, ,

N
Letting z = §% as Before, ‘U)'IS becomes:

r(¢(" —z) 1‘-— (7-)‘([) 1)z +%z§])- X c, gr+2:l Eydz + n(n 2y,
(3.2.71)

‘The First term in the above ir.'éeg'ﬁﬂ is just the probability of mis-
classification in the case where the parameters are known, and is given in
{4.1.16) and {4.1.23) for v even and odd, respectivg]y. The second term
may be evaluated, after intarchanging the summation and integration opera-
tions, in terms of gawma functions. After some simplification, ahis yields,

for r evens
® greg-1 -G . . PRI
“- 18 el o 40 - o grinen

* (?.L%:‘l * %ﬁm sop?). (e
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for r odd:

; : @ e g _
P = 300 - 2 oos” by - ;/gjzo oL, Hiler + 0
- Fv(%r+.1:§)(1 +%)—(ir+j-g)(2(§-1‘[ Ay :rj- )23 + 0(n"?).
(4,2.13)

4.2.2 Evaluating the Probabilities of Misclassification for k = 2

populations
FORTRAN subroutine PROBI, given in Appendix 4.3, evaluates formulae

{4.2.12) and {4.2,13) for the probability of misclassification when the
parameters are unknown. Table 4.2.1 gives the probabilities of misclassi-
fication for the case r = 5 far the sam“e three sets of eigenvalues [/\1.},
a1l with a trace of 15, that were used in the earlier examples, and two
values of v, tog;ther- with the corresponding appraximate probabilities ob~

tained from formula (4.2.10), .
Table 4.2.]

Probability of Approximiate Pro-

case 0} ¥ Misclassification bability of .

—_— correct to O(nﬂ Misclassificatio
() MILLIa Y 20 L0570 0585
(b) 3,3,3,3,3 20 L0318 0253
{c) 5,4,3,2,1 20 0354 0295
@ 11,1,1,13 40 0481 0460
(e} 3,3,3,3,8 40 0260 .0197
(f) 5,4,3,2,1 40 .0294 .0230

Camparing the prebabilities of misclassification for the cases v = 20
and v = 40 with each other and with the corresponding probabilities in

Table 4.1.1, which represent the case where v » «, clearly indicates the
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effect that sample size has on them. Moreover, as in: the case where the
I
parameters are known, the approximation to the probability provided by
formula (4.2.10) s enly correct to about two decimal places.
4.2.3  The case k > 2 populations s
Using classification rule (4.2.1'), the probability of corrsot classi-

Fication, given x ¢ wy becomes: Ty

Plcorrect classification{x ¢ 3 = 'Ff.d]?(x) <, 1l‘h’n kd;(x){x el
J=Tse0s
’.‘. *
(4.2.14)

Now, given that x ¢ LY the marginal distribution of d%(x) is proportional

t0 the central F{p,v-p+1} distribution, and is given by expression {3.3.19}.

On the other hand, the marginal distribution of dg.(x), J =i, is, condi~
tionally on 5%, proportional to the noncentral F{p,v-p+1) distribution

with noncentrality parameter proportional to 5%5' See (3.3.6)., Its un-
conditiopal distribution is given by (3.3.20) and {3.3.21). Vnpever, the
doint distribution of the dj(x),

sfon (4.2.14) cannot be evaluater”

1s..05k, 15 unknown, so that expres-
i
Using classification rule (4;2;&.’ the probabiltity of correct ¢lassi-

fication, given x ¢ Mis is:

IS
Pleorrect classification|x c‘/‘niJ = P[V”(X) >0, ¥i=hh ks § = iix e LN
(4.2.5)

As in the above case the marginal distribution of Vij(x). conditional on
6;]-, is known (Okamoto, 1963) and the unconditional distribution can, in
principle, be obtained by integrating over the distribution of a§j. How=
ever, the joint distribution of the v”(x) is again unknown, so that ex-

pression (4.2.15) can also not be evaluated.

—
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As in the case where the parameters are known, we therefore consider
bounds on the probability of correct classification. As before, Cacoullos'

lower bound {2.1.32) refers to the minimum probability of correct classi-

fication and we can improve on them by using Benferroni's first inequality.
Using the anatogous argument as that leading up to expression (4.1.28} in
the case where the parameters are known, and using Okamoto's (1963) ex~-
pression (4.2,7) for the probability of misclassificat{fon for two popula-
tions together with the assumption that the training samples from each of
the k populations are all the same size n, yields the following Yower
bound on the probability of correct classification under the random ef- s
fects model:

PLeorrect classificationd 2 1 - (k-1)Eg Lo(~855) + % 6(38;5)
i

ST .
x {J;_i;fh.rl‘ 33+ 0(n8). (4.2.16)
Finally, substituting expressions (4.2.12) and (4.2.13) for the expacta-
tion in (4.2.16),

for v gven:

yields,

r
o il X
Prcorrect classificationd 2 1 »%1(1 - é/,% j);‘ocjl_' 120 }‘ :: (1 %)-(wg)‘

. T . } ;

B, %%g%}%)ﬁ + B fars !2—(1—1 J(’.P"}'%Tﬂ)}} +0(n 2) (4.2.17) i

for r odd: o
-4l -2 | o - /8 3 e

Y = (dredng) .

+o(n2), (4.2,18)

P{correct classification] = 1

SIS )

e, (L“)

i
L

A A A e e
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ffe can also ebtain an upper bound on the probability of correct
classification in & manner sfmilar to that used when the parameters are
known. Using Okamoto's (1963) exprecs;izi\"(‘a.z\..7) and assuming training
samples of equal size h, yields the expression Q\n\\a]ogous to (4.1.32):

P[correct c‘lassiﬁca’monlx el s~ Eszm( 561)

1 - s ‘
MR i Y R TP

¢ where

o

&% = min &%

T e 13°
The first term inside the expectation was evaluated in the case where
%be parameters are known, conditionally on‘ui. The second term is, using
the distribution {4.1.38) of 5:., conditionally on e

1 1. T .
= o3 ol « By, Gy

(k~) 280l 0. § o
r AR LA

5 S G Z 15 Szl

) w Frad1
| (&1 ~8y/8, -1, P/ET o~ (k-2)y/2 &y oy
Lol (/oL e DR ] ] ey Y

for the case yhen b is even, whare the a's are defined 4 (4,1.39) with {k-1)
replaced by (k-2) and the cj are defined in (4.1.37). Interchanging the
shder of integration and evaluating the resulting ntegral yields:
7

/
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el Tt z LA T )

v 520"

I'“r(éw) f

2 (e

Substituting (4.2.20) and (4.1.40) into (4,2.19) and simplifying, gives

SIS s e (4.2.20)

the following upper bound on the conditional probability of correct classi~

fication, given Hys when I is even;

oo

Pleorrect classification]x ¢ miju 3 s H1 +/ Z a, (FWTT Yty

@ cir(resti-a)

' ;Nsﬂ ;p____
s % o gy T N

+ By

(4.2.21)

the a are dofined In (4.1.29) and evaluated in Appehdix-4.2,
the a; are similariy defined, but with (k~1) replaced by (k-£) and

the cj are defined in (4.1.37): .

Remark 4.2.2

mate upper bound on the unconditional probability of correct classification

As in the case where the parameters are known, an approxi-

with k populations may be obtained by ignoring the intercorrelations be-
tween the 6%&, J= Neiasks § = 4, and proceading as if they were indepen-
dent., Arguing in exactly the same way as in Remark 4.1.2, we conclude that

(4.2,21) is also an approximate upper bound on the unconditional probahﬂi»

1y 11-' the cJ are replaced by <5 {detined i (3.1.9}) 1n this expression

and 1n the dei’m'luon (4.1.39) of the 3y and ag. Furbhermﬂr‘e, for a
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given set of efgenvalues »U‘i} the upper bound on the condﬂitiona'l proba~

P

bil4ty of correct classification evaluated at u‘i = £ is exactly equal
4; to the approximate bound un the unconditional probability for the case v

where the eigenvalues are all halved.

4.2.4 Evaluating the bounds on the probabilities of correct

classification for'k > 2 populations
Expressions (4.2.17) and (4,2.18) for the lower bound on the proba~

// b-iﬁ/ty of correct classification are also computed by subroutine PROBT
J‘ . given in Appendix 4.3, Table 4.2.2 gives the values of this hound for
the same siX sets of efgenvalues that were used in Table 4.1.2.for the
case when the parameters are kncwn, and for k = 5 populations. The de~

grees of freedom v were taken to be 20.

Upper bound (4.2.21} on the conditiona) probability of correct classi- j

fication, given Wy =g vas computed for the special case where the ejgen-

ralues are squal, as was the corresponding approximate bound on the une
5 . conditional probability. See Sub~Section 4.1.4 for the details and for

the values of the aj when r = 4, The correspanding values for the a; arei
] , PO VRS TN ;
f 5/, ao’1ja1’*2“'aé'7("53"§ and a;=0,\‘s>3. : :

For the same reason given in Sub-Section 4.7.4, the upper bounds computed

for the case of equal eigenvalues are also valid for other sets of elgen- 3
i

vajues with the same trace.

G

i
4
.
i
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Table 4.2.2

Bounds on the probabilities of corréct ¢lassification for

k = 5 populations and degrees of freedom v = 20

Upper bound on

fase - Dyt bon vt athest  uober oo
(@) ILLLLI 778 P -
() 3,3,3,3,3 8739 PR .
(@ '5,4.3,2,1 8562 - -
(d;i] ZJ,I,] L6713 7416 " 8325
. {e) 2.5,2.5,2.5,2.5 7579 7416 8328
® 5,32, 7386 7416 .gsz5

As in the case where the parameters are known, the upper bound on the
conditional probability of corvect classi\fication, evaluated at wo= £,
tends, to be unrealistically Yow, and is in fact lower than the lower bound
in one case. For practical purposes : the approximate upper bound on the

unconditional probability is therefora generally more useful. |

I . . LA

J

.




Appendix 4.1

Proof of Thegrem 4.7.1

Since T is a nonnegative definite symmetric matrix of rank r, we
may as in Theorem 3,1.1 Tet T = T1 T.; ,['where T ig a p x r matrix of
rank v, Meking the transformation

X=T]Z

we immediately have that
. P Np(m Y]
where n is the solution %o Tyn=n.
Therefore d2 = ' 371 X = 2T} £ Ty Z = 2° Z, where V = Ty 571 Ty
is an {r x r) gositive definite symuetric matrix, Now V can be expressed

«fn the canonical form:
V=P AP

where A = diag{r;} and {3} = eigs{T] o Ty} = aigs{T 51 and @ s the
orthogonal matix whose 1t colum is the eigenvector of ¥V corresponding
to Aje

Therefore d* becomest

r
d*eZ' PAP Z=Y AY e ‘)j’ Ay vi
15
where ve (1) w o0 zmn o 1>v
S =7 B WlPI
S0 ¥§ ~xf(uf), independently, where wy is the ™ clenent of Pn .
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] Appendix 4.2 ¥
Evalugbing the coefficients 2y in 1dey(tity (4.1, 39) B
| § o A ket g Py
: ) 3 cj &'y I ay v . S
j =0
k Theorem A 8.2.1 :
. ol 1
5 e a, = =10 g NI TS FOPR S | [
125 :
L v Proof 'i'he left hand side of (4.1.39) may be written: -
¥
: © dpei-l ir-1
ot CAAPIIL L ST P A Y b
(A 12% ' (e m P
; regel
) +c1(1+-—%—r+“.+-—£—L—; by (Vo #o0t ’E“%’r—":"?)
i (&)t (Bre=1):
§ . ¢ ) L [
” - g AF o) ;‘
3 £ LR o * - e LN i
o 2"' =N D ,
) oo 351 gy gt e ;
(- T e 2 ;
! v 1 ARET 0
where we huve assumed that (4.1.37) {s a mixture distribution, so that ;
; w M
"‘ jzﬂ c‘% w1 3
s 4
| = (5 by @ h2.2) ’
N 540 |
- N Y where by a-g—L— for s =‘O.1,... 3r=1 3
2% s! )
b X . i
(1 - 3)-,‘1 e)/28 st for s = gredel; §e 1,2 |
] 145 4 . ’ H N \ ' ’
i y i
L\b | i i
i = d .
oL A N 4
‘ ,/‘/1 “ LI L i
R o 4
. o
0 3
" i u N W
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,Using the multinomial theorem to evaluate (A 4.2.2) and substituting

this into jdentity (4.1.39) immediately y1e’lds;

A 4.2.3)

where ihe summation js taken pver a1} partitions 10, JL],...Lj of k-1 for
» which:

i
1);1 iy - (A 4.2.8)

Subsituting the values of I’s given in (A 4.2.1) into (A 4.2.3) and using
(A 4,2.4) gives, for_J§ < ar-1:
18

I3
E_.,_LJ,L..,_., (& .zT)EZ... Gt (A 8.2.5)

as
J %t L],...

f The first few coefficients are,from (A 4.2,5):

is true for all j s { and all k, where { < ar-l N [
(]

1 , B! ;
i J . )
‘ L1t Y L kel f
5 = Hodtr oo} - )
3 : NIRRT (o T P
» ! % = L { ol 2 + Y o) i
| I
¥ o it
Jkel [ ke2) (k=12 i
T 21{TF§~}=2=»25 i
| c
i and so on, b
¢ i
The rest of the proof: follows by 1ndurt1on‘ Assume that the result \ .
i
i

[}
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Ly Nl
B L) e o (A 8.2.8)
D)t gy
and since (A 4.2.8) holds identically for all k §t inmediately follows .
% thatt .
7
(k1) {1y
8 = ~-  for a1l k A 4.2.9)
W ( o
O K
I L

%8,
i
i a:(‘.k"]) 2Ll o g a0, (A 4.2.6)
2¢ 5t o .

where the syperscript in agk'” indicates its dependence on ke¥,

Now,
k4 f-1 s Sy % 5\k-2 '
b = b
(s)'—:'D s ¥ (SZO b ¥ )(sZo s J
#
‘i :
Uoe © PR
fe) jzo affet) b= (3% ys)tjzo aft 2) 4y (A 8.2.7)

. Equating coefficients of ym on both sides of (A 4.2,7) yields:

J:J) = by ag:;z) +hy agk'z) +hy a(.'_"z) doavk by afk-2)

0
oo oeery , 1 (kely)
: ‘“gﬂ ! +'z?rr‘gﬁ%"

i -1
~(-—T7——--_ Foovk
1 2 1+1)
by assumption (A 4.2.6) .

Z‘xz' 2

Therefore,

k1) | (ko2 1 b o
{71 - ofl5H T sk (5 eee)?

o g e (2 W (key™)

A

S
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P i
Finally, as the theorem has atready been shown to be true for all j < 3,
it §s trua for all j s §r-1 by induction.
Remaric A4.2.1 The coefficients ad for § 2 pr are wost. readily. cateus
Iated from (A 4.2.1) with the heip of Theorem A 4. 2“. Unfortunately

no genera\ result s available for them, Writing (A 4.2.1} as:

N l“‘i" . el - w  g=dr i
;;Io 3 Zo AR (JZO F‘ T ngr(1zo kL 25 3

(A 4.2.10)

N .

SR ST PR
¢ e Eem ) Tk v @ #.2am)

‘h we ghtain the first‘few higher coefficients as follows:

(N i1 .
T e (‘)zﬁ"m) a”(w W) b

&H-'I ¢ {eh + e} [ - ’
(k=1) k=Ty o 170 1 0o (k-2
‘N](Qv‘-)»'l)' ( )j *+ TR ‘}

!
!

ey 2 anT
el
h)

7 i
{

irez g ebrelees) o4 dd .
1) &1 (N i A T §k 2
Egéﬂrw) B i P £

. (k2)t
JNZ_WM' 22x2} }

9

- ~‘~~ 1 W & 2
L Py Ty <(k nir 501 K2} (e ), 33 | (A 4.2.13) )




Fap pr= 2, 1.6, r = 4 (A 4.2.14) becomes, instead:

’
100 -
(k-1 , 1
jﬁ&(_ii‘é)"" L. &1+ (k2) (i) (42 (1))
S GO RRDamD) - cpr (B 4.2‘.‘1@
and so on.

Result (A 4.2.13) only holds for jr > 1 and (A 4.2.14) only for jr > 2,

8 = 2‘:;1 {01y - o0 + 4231 4 50-2)) = cf 3(k-2))

- c{14(k-2)) - 3} (A 4.2,15)
and for ir = 1, 4.6, r =2, (A 4,2,13) and (A 4.2.14) become, respectively:

e K et g (1 ko) (2= gy} - ol (A 4.2.16)

4.
2 gl

il " A ,
2 = }l‘ila- (AT 1+ 3(-2) 4 =1 eylk-2)-ey +c3d-1)

~e{1+3(k-2)) - o3} 4,217
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Apgendiy 4.3 FDRTRAN Subroutines for ccmguting probah{lities of correct-

and nisel assification

lg;ggg()l\’lNE PROBSINDRD s BETA» CVEC JNTHRNS ERR’\.‘E SNTERML 2PROELINEPS

§
CGgAM TO_COMPUTE PROBABILITIES CF MISCLASSIFICATIO

REL
= NQs QF EIGENVALUL Se BETA = THE PARANETEF HET
< THE VECTOR OF CONSTANTS C(J) NTERMS = LaNGTH OF VECTOR CV&C-
|C.R - MAXIMUM _\‘!AL.UE F THE LAST ERM IN THE !NFINITE SUM IN THE FURMUL/

M1 NO £ MMAT i

B2 = PRQHI\EXLITY OF NISCLASSIFICATICN WITH TWU
= NO« OF GROUP: Sv BCUND ON THE PRCRAEXLITY aF CQRFE"‘!
SIFICATXON I"XTH NGPS‘ GRCUP‘?»

SNILTEN PARAMETERE
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cf
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0P = NORG
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S$#BROUT INE PHOB1INDRD, NORDY o NDF 4BETA+CVECNTERME,ERRORNTERNL, Ty
1FROB24NGPS, PROBK) . . i

PRCGRAM TQ CCMFUTE PROBARILITIES OF M!SCLASS!FICATIUN.\ UNKNCWN PARAMETES
THE PARAMETERS ARE H
NORC = NO. OF EKGENVALUES- NORD 1 ¥

NDFE = DEGREES OF OM OF COVARIANCGE MATRIXs BETA = PARAMETER BETA,

Ny AL = THE DIMENSION DF THE PHOBLEM B
LVECL = THE VECTUR,OF CONSTANTS C{J}e * NTERMS = LEhGTH CF VECTOR CVECe J

EREOR = MAXINUN VALUE ‘OF 'THE LAST TESM IN THE INEINITE SUM IN THE PORMULAL
] £

FS QF JGROUY BR
CLA‘SIFICATIQN WITR *NGPSY GRQU

INPLICTY REALYS (A-Hy0-2)

ETPY = DSURTIPIY : £
CF = NDF

IF(MODINGRD .2} «&Ts 0 6O TO 10
1TOP = Ni

TERM = DSART(RETIN) * SatPL

ELM = TERM
IFl!TDP -iLE-Té) 60 Th 2

TEHN = YERM’*(AI—\-SX*BFTIN/(AI—'I-l g
= SUM + 1 !

Yinge
SUML = CVEC{1} #* {(SUM — TERM/DF¥(2.%(NORDI~14+) /BETA + NORD 1M
1(Al~e5} *BET!’N)
NTEAML
TEINTERMS aLEs 1} 60 T8 &
CO'S 4 = ZINIERNS

op ¥
sTERM#(AJﬁ}.S]*BETXN/(AJ*I-)

ERML = CVEC(J) * {SUM - TERM/DF#{2e #{NORO1-1s }/BETA + NIRD1¥ ,
X(AJ*.ﬁ)’lBETH i
FITERMI oLTe ERROR) GG TO ¢ !
TERM = i 3

SUM1 = SUML ¥ TERH B
G| »5¥ (1a~-5§0$0n7(85T51/80T=x*suMl)
1. NGP5=14 ) *PRO8 '

S,
ERN = é' aeTzN/surPI

ap H
TUF‘( -LE- l) (‘CI 'TO 12 iy v

ERM*;AI 1s JABETINACSI-u 5}

\)IEC(\) * (SUM ~ TERMYDBE (2. 4 (NORDL~1 } /BE
) I

D G T B P 2O
Mo —0 =

NY
IF(TM?Ml 3!70 FRRDN} G0 79 4

SUML = SUM) + TERM1

PAOBZ = 46 DARG[JS(DSQR‘HBE?IN))/FI - CSORT(BETA)/U&.*‘QTP!)*‘1:\)"1

PROBK = ‘o = (NGPS~1, ) *

CENTINUE
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OF TR

!
1
1
i
! o L
[ 5.1 *“Introduction
1 The results derived in chapter 3 and & are 411 expressed in terms
: ”of }\] E] )\2 2.2 )‘r > 0, the r nonzero eigenvalues of TE", either ex-
i plicitly as in the expressions of the means and varjances, or implicitly
through the constants £y appearing in all the density and distribution
functions as well as in the probabilities of correct- and misclassifica-
3 . tion, ’
,ﬁ i It is clear, therefore, that in any practical implementation of these
! results, sample-based estimates of these quantities will be required.

Since we are only concerned with the nonzero eigenvalues of TX",

the logical first step is to test the hypotheses that some of the smalier

eigenvg‘lues are in fact zero. (They cannot be negative).
" In this chapter, therefore, we will consider the two questions of
hypothesis testing on and estimation of these eigenvalues.

Section 5.2 will be devoted to the first of these two questions.

i
|
} None of the results given in this section are new, so only the formulae

; for the various tests will be given, together with a discussion on their

E applicability to our problem. P

\ In the remaining sections of this chaptér the less understood ques-
. tion of estimation of the e1gei:«a1ues. witl be considered. Various estima-
tors will ba proposed, and in Section 5.5 thay will be compared by means
of a simulation experiment.

5 As in Section 3,3, we will assume that we have a training sample
of random observations from each of k populations. Furthermore, because
of -the inherent problems associated with estimation in random effects

wodels when the samples are unbalanced (see, for example Johnson and Leone
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where, under our random effects model,

oy 104.
Vol Ii {1964} page 13) it will be assumed that .the sample sizes from ;

eaCh of the'k populations are the same.
\v Therefore, our sample will consist of p- d1mensiona1 random vec-

t,m“b, :

3odeho.m t=0000k C{B.LY)

TR Np(ugi) s independently

and 'ui'« Np(E,T) . independently. h
i
Lat
i 1 0 R "
g x']'“ijzl X4 T2 Tyeensk
and
wherd - !
N=kn i :
. Lo P
From the data we can construct the following MANOVA table: 5
Tahle §.1.1
Degrees Expected .
Sgurce of Sunis D‘F qunres of Mean Mean
Variation freedom Squares Squares
A
Bgtuzen grouss. Mxg =x, 3 vysked 51‘-‘!? Lent
i, A

Within groups (x4 M \12=N-k Sz“'\:‘: b

N
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Defining,

IpsiH nt {5.1.2)

we have, under the r@{ndom effects model:

By 7 o) .
and Ay~ Nv(vz,n), independently {5.1.3)

where wp(y,i) denotes the p-dimensional Wishart distribution with v
degrees of freadom and parameter matrix 2.

B.% Hypothesis testing on the X
) In this section we discuss the prohTem of testing whether some, or
alt of the eigenvalues 3 of ! are equal to zero.

Logt e First hypothesis to test is Wy : T = 0, for if it
were try -ds ¥4 which would imfﬂy that the k populations we ¥ ™

: \
identical and w..c it would be fruitless to contfnue with the discrimi. - °

analysis.

From {3.1.2) this nult hypothesis becomes,

‘Hu H ):.l L4
v with alternative,
Hy s By ¥ {B,2.1)
Clearly Hy would fmply thet r(T) > 0.
The usua' MANOVA tests using the statistics A-‘ and Ay defined in

Table §.1.1 are based o e fixed effects model, See for exanple, de Waal

{1976). Under the null hypothesis, howaver, the distributions of these

two statisties are no’t affected 1f 1ns15ead the random effects model per-

o
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E { tains, so the sbovementioned tests are also appropriate for our situa-
{} tion. On the other hand, under the alternative hypothesis, A] has the
!
} noncentral Wishart distribution wp(vpn,,n) with noncentrality parame-
] ter Q when the fixed effects model pertains, as opposed to the dis-
! rsbution given in {5.1.3) for the random effects model. So the power
i functions of these tests will be different and will have different in-
"1 terpretations under the two models,

| A1l the invariant tests of hypotheses (5.2,1) are based on

g {9 2 0y 20ninn gp} = aigstA]A'Z'I}. (5.2.2)
Two frequently applied test statistics are:
i (i) The Tikeiihood ratio statistic {Wiik's criterion)

L Ty = Tog(lh, |/[AHA,1) = i§1 Tog(¥+g;) (5.2.3)
; {i1) Hotelling's Tg statistic:

o -1,k
Ty=vpTh = tr Ay ;]

b 9 L (6.2.8)
d v
< . Kemark 5,2.1 Two further test statistics due to Roy and Pillai respec-
tively, also appear frequently in the T{terature, but they won't be con-
sidared hey‘e.‘ The reason for mentioning Hoteu‘»ng's Ts statistic 15 that
it 45 considered again in Sub~Section 5.4.2 where its distribution undar
" the random effects mode] 1s discussed.

‘; Anderson (1958), vsing rasults from Box (1949), shows that the

asymptotic null distribution of Ty can be written: ‘
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Pm Ty s 23 = 6, (2) + e (6 ,(2) = 6 {2))
Em.‘ psa= P\"I(Z ;{2 pv1+4 3 p\)1(1)
+ #v,;(apvr,s(z) " Gy B = 36y 44(2) ° Gy (2 4 00376

(5.2.5)

wheve,

= vy + 3lvgepeT)
g = puy(pevi-5)/48

. p\} .
Tg = B + -y (BEMY) + 107%V] + B0l + 159)

dnd G(+) is the X", distribution function. As a rough vule, Anderson (1958)
suggests that accuracy to three decimal places may be achieved using the
First term only in the above expression if p? + v§ s m/3.
The asymptotit il distribution of T, 1s given by Fujikoshi (1977}
~in the following form:

poy{pvyet)
PLoly s 21 = Gp\,1(z) + _LWEL-' (6, (@)

gy 122) 4 By gl + o(m?) (5.2.6)

whera } ; 5

‘\‘m2=\12-p-1.

If HO is rejected, the next test of interest is whether any subset of
. the A; could all be zero. [f true, then the distribution of &%, the
¥ o
Mahabanobis distance between any two populations, under the Y‘andovg_ effects ,

o

"

" K . 5

B
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model could be expressed in terms of the remaining non-zero Ai's only.

See Theorem 3.1.1. The null hypothesis of this test is,

I R

where 0 < r<p,

Fujikoshi;{1977) discusses tests for dimensionality of the noncen-
trality paraﬁﬁéter o under the fixed effects MANOVA model. That these
tests are appropriate for testing HO] can be seen by the following ar-
gument,,

conditiona'[lx Oft Uys Hgse ooty WE have a fixed affects model, in

vhich case Ay has the noncentral Wishart ddstribution i (v1,2,n) with

(]
noncentrality parameter,

k
o=l § e g )" (5.2.7)
where W o= qu, under the random effects model,
ug Np(E,T) independently, ¥, (5.2.8)
)
s0 ‘that, e
' .
1:](ui-u_)(uru.) ~ Wy (0pT). (5.2.9)

Clearly, from {5.2,7), rig) = r(iy (upn Mug=u )'), and as long as

k > F(T), then fron (5.2.9), with probability 1, r{ 2 (p1 =5 Mugon ) der (T,

So, for k A (T)

r(@) = p(T) = b(re") : (5,208

<
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and therefore any test for dimensionality of € will also ba a test of

r(TZ'])A Fihally, since r(TZ']) is equal to the number of non-zero A
i

testing Hgy is equivalent to testing the hypothesis r{8) = r against

the alternative r(2) > r.

The two test statistics, corresponding to T] and TZ' far testing

Hm are:
Ty = Tog{l1+g,
n i=§+1 i

and

Tz =1=§+1 %

(5.2.14)

(5.2.12),

Fyjikoshi {1977) gives the following results on the asymptotic null dis-

teibutions of Tm and Tope

4
. L]
PLmyyTyq 8 20 = Ggla) + omﬁ)

vhere,
§ = (per){vy-r)
J

L.
and gy = vy + g_(u,*p*‘) + 1);} Ai] .

f(p+v1-2r+1)

PImy Ty & 2] = Gpl2) A e (8plz) = Zgypl2)

# By (D240 (3))

I3
= ¢ =1
wheremm-vz-pd-wa&])‘i.

l

(5.2.13)

{5.2.10)
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To apply these tests we‘;:leaﬂy need . to know A'] =100
appearing in iy and Wpye A& simple expedient 15 to veplace >\ " by &+

7~ " where )‘i is one of the estimators of A; discussed in the remainder
of this chapter.

5.3, Etimation of {3} = E1gs(TE'1}

From Table .5.1.1, expressions {5.1.2) and {5.1.3) and the usual
theory associated «iih the Multivariate Norma) distribution it 1s clear i
that §; = v']A] and §, = "?AZ are waxinum 1ikelinoed point estimators
fcorrected for biag) of Iy = £+ 07 and I, respectively.

Thus we have the following maximum er]ihm;:/i estimators for I and
T

ias,
and
T alis o5y ‘ (5.3.1)
ntS;=Sg7 3

sinee the {ransformation is one-to-one. (See, for example, Anderson (1958) .
page 48). .
Horeover, as Tong 85 the A are distinct, the eigenvalues of ‘?ﬁ"‘
will be the maximum 1ikel{hood estimators ofthe corresponding eigen~ i i
values of 71”1 {Ser, for example, Anderson [1958) pages 279-80). There:: i
fore, noting that:
1w dig-s,83!

21

Hssy - (5.3.2)
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where I is the fdentity matrix, we have the following maximum TikeTthood

’estmators of the )\1., 4s long as they are distihct:
A= a1 (5.3.3) 2
7o o )
where ) 2 fip2...2 %, are the eigenvalues of 51551. i

Remark 5.3.1 fNote that (1 } = Eigs{s 5211 e1gs€-—A Az b= (—- g1}

. Girshick (1939) proves that the- eigenvalues of a samp'ia covanance matrix

from a Normal sample are asymptotically indepandent, unbiased and nor-
mally distributed estimators of the corresponding population eigenva]ud
as long as they are distinct. Using the multivariate analogue of the

argument used to prove that the F-distribution tends to the chi-square

« distribution as the denominator degrees of freedom get large (see for

example Wilks (1962} page 191) it can be shown that the above asymptotic
result alse holds for the eigenvalues of 5185135 both numerator and
denominator degrees of freedom get large.

However, as will become clear from the results of the\‘%immation ex-
periment described in section 5.5, very large sample sizes are necessary
before these rusulfs ¢'n be as$imed to hold to any reasonable degree of
accuracy.

For moderate values of v and v, the situatjon is not so simple.
Khatri (1967) obtains the Joint density function of the eigenvalues

9y > gy >eu> 9% >0 of AiA;which can be expressed in the following forms

B gy, Bvgep-l) ~3(vyv,)
fopu g ooty e Ly P gy (tvgy) RACENL
% JFoldlopg)s v1 = 177, 6T ) (5.3.4) :




¢
|

12,

where,

Y 2Yy Ry >0 are the eiger-alues of l:,):'.l

¥ is an arbitrary nun-negative real number

P
1 denotes the nv-uaucy n 1
=< i=1j=i+]

= diag{yi} A v

& = diaglg;}
PLACH A8} denotes @ genera'lued hypergeometric function with matrix

arguments. (See, fa.: example, Johnson and Kotz (1872) equation {3.1.2})

and ¢ §5 a constant. '

&
.

! Remark . Since 7‘1 = £+ nT-u¢ ave the following re1at10n“ship be—([" \])

tween the ¥i and the }‘i"

frg} = eighlomn)E" ) = etgstinte™y = Oenahs

Therefore, estimators of the ¥4 would also praduce estimators of the

corresponding Ay

As it stands, fornuta (5.3.4) is not very useful for obtaining estima~
tors of the {and hence of the A, ) but Chang (197G) shows that when
9y + vy is large and Lhe v; are distinct then the foﬁowmg expressmn far

the Hmiting joint dens1ty of the g; may be derived from (5.3.4):

3(vy-p-1)
prove yPe g

o6 T et
1<le -Y’Jﬂ éi“ vl)

Foerengy B %

where vy > yp >..0250 é(" are the eigenvajues of 211:’1,




- . REEEN i
Ty "
J /

e J <

\ |
/‘/\\,"
i M .
{ ’ 13, 7
!
|
f . ( - _)m-w I (3{vy#9,) )
i T, TJE'g—)T(?—)‘ P
( \J-I‘WZ ) \J] ] \)2 ) }b o
! X
i - P
; and I‘p(gv) - pPlp-1)/4 I T{a(v-3+1)) is the multivariate gamma function,
! J=1 ¢ E
As & check on formula (5.3.5) we dvaluate it for the case p = I:
-t A +v2)
T(3vvy))  _q(ay oy !
y L) = ~ [_] 1egh (5.3.6)
} 1 piv)r(iy,) N | !
N ' so that g]/y1 has an (unnermed) f-distribution. Se Chahg's Timiting dis-
: s P
B . tribution (5.3.5) 15 exact in the one~dimensional case, with expected i &
i \wa}ue,
‘ ) el =
o
| - V2
Z Thus 2y = E} 9 has expected value (-\TZ:-Z) vy from which the foHowing
unbiased estimator of ¥} resuits: ;
; . -2 )
) = —ﬁ——] 4. (5.3.7)
; ’ 2
‘ . For higher-dimensions, however, the calculation of expected values : i
from {5.3.5) becomes intractable analytically.
{
v | . Remark §5.3.3 In a very recent paper, Khatri and Srivastava (1878) give K
H N ]
i the following asymptotic expansion for the joint denmsity function for ‘
: 9y > gy >0 95 0. when the vy are distinct; v
; |
N i |
’, + . i 1'[ - p«?AH], ¥
: fg seeesd (gi""’gp) ® e, (91’.""’9;1)-“ oy, ) 1 Y 'EL_T' K (
¢ 1 P 1 P i< . B
: } + 0((\;1+v2‘)' } {5.3.8) ‘ :

9]
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where,
f 1q.(97se009 ) is Chang's expression (5.3.5)
,.‘qu 3

M gggp) a1 gy

id
PP
and z denotes the double sum Z 1.
==l

For the situation where only the first q v4 are distinct and the
tast (p-q) are equal they give a simitar, but more complicated axpression
for the joint density of the 9

Unfortunately the abovementioned paper appeared in print after
the research in this chapter had been completed, sd\&that exprassion
(5.3.8) was not used to obtain ‘maximum Tikelihood estimatars of the Yy
However, since iyt E kn~1 and k nust be greater than v(T) (which
usually equsls p) to ensure that r(?) = r{T), where Tis given in 5.3,1,
Vit vy will tend to be Targe in most practical applications. Thus the
correction factor gn (5.3.8) will be small in practice.

Nevert.heTe&s, it would be a relatively straightforward but lengthy
matter to chtain unrestricted and restricted ﬁaximum marginal jikelihood
estimators of the ¥4 From (5.3.8) corresponding to those ubtafned 'mm
{5.3,5) described in the remainder of this section and in 'the et A
would then be interesting to compare these two additional es‘cimator‘s of
the Y4 with those proposed below, by repeating the s1mulafwn exper1ments
described in Sestion 6.5,

5,3,1  Maximum Marginai Likelihood Estimators of (y,} = Eigs{z.‘z"}

danes (1966), considering the eigenvalues of a'simple Wishart
watrix, argues that although the sample eigenvalues and eigenvectors are

Jotatly maximum Tikelihood estimators of their population counterparis,

[

S
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the sampie eigenvalues do not maximise the tikelihood function of their
marginal distribution. He then goes on to solve the maximum Tikelihood
equations obtained from the Timiting warginal distribution of the sample
eigenvalues to give estimators (to 0(\)'2)) of the population efgen~
values. It is interesting to note that Lawley (1956} obtains the iden-
tical estimators using a quite different approach. HWe now apply the
same approach as James (1966) to Chang's formula (5.3.5) for the 1imiting
density of {g;} = e1gs{A]AZ iy
Starting with the log Tikelihood c/)f the vi’
p p
c L= l.(;:lg)ﬂogﬁc{ + g(\-]-p—l)izﬂ Tog g; - vy iZl Tog v

p
i
- -p+1) § g1 + 0
. boproypi) L t0gll 450 + & Eigjloy {9;795)

(5.3.9)

v,
O P N B S (U
351 ‘fj'Yi) reeesP

. 5.3.40)
where ] denotes the'single sum from J =) to p excluding the term where
5= i.jﬂ
Tquating this to zero gives:

i

9. ¥
3 d
wyRpph) ek d
by Yi79 :]Z{ i

= $5 10 (5.3.1)
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Before attempting to solve equations (6.3.17) for the Yis let us

first check whether they do, in fact, give a méximum for the log 1ikeli~

hood (5.3.9). Taking second derivatives of L:

¢ ¥ g
i - (foprogptl) by [y ‘
! L T

X : -L (-v1 * {vptuymphl) e T +g’( I E
1
(= (v +v,-pt1) vy U (5.3.12)
: " ey try vg )z s ' a

\ v 27 i i
¢ at the statmnary pqmt givey "by (5.3.11). C7ear'{th— < O, for vy * vy
s

i sufficiently Targe. { ) oL :
' similarly, ‘ :
I N §
i i i 0 (5.3.13 . 2
W T T < 0. 5.3.13}

19 2y

Using the criterion {see, for example Brand (1960) page 188)

;? : Lo o) :

; W o o= - [ (5.3.14)

¢ 1,4 Py 2 ay-av] f
' by; ovi 1973 i

% we see that, for vy f vy sufficiently large H{“j > 0, ¥i,J, at the sta~ :
= ) tionary point, implying that {5.3.11) gives a maximum. :
Going back to equations {5.3.11) it is obviously no straightforward P

i . matter to solve these in terms of the Yy 1= 1,000p. However, solving :

@ them in terms of the 9 {which gives the modal value of their distribution)

|
yields: g o I
: Yy
o z 4
y i
) 2
v
H ! L v o
- . i
¢ P . o . . . 4
& . Vv !
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vy~ I
1LY o

g =y — ATl ie1,p (5.3.05)
P N

541 Y5
At this stage, it is convenient o return to the
{83 = eigsls;s;1} = elgsl2 AAT) = L2 g}
Wb = elgsis;S, sty Mg ) = G ogd-

The modal values of the 24 are, from {5.3.18):

veeape {5.3.16)

As a first check of the correctness of formuix (5.3.16), note that,
modal Ly Yy B8 Yy and v, get Targe.

Further checks on (5.3.16) can be made by noting thet, as vy o
the %; become the eigenvalues of the single (normed) Wishart Matrix SIE'I,
where v1s1z'1 -~ w(zzz”',v]). Formula (5.3.16) then reduces to:

Iy Yy
Ay ey (1= g ) ot 5.3.1
1ol - by (5.3.17)
which 1s equivalent to James' (1965) equation {8.1) for the limiting maxi-
mum marginal Tikelihood estimators of the population eigenvalues of a
Wishart matrix (he uses the notation o; = ﬁ]). Formala (5.3.17) 1s also
equivalent (to O(v;z)) to Lawley's (1956) expression for ECZ.* “btained

by using a perturbation argument. "
2

Y P
u

<
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5.3.2 . Approximate solution of the Maximum Likelihood Equations
« To obtain the maxmum Tiketihood estimators of the 4 from {5.3.11),
note that from (5 3.16) we have:,

. 1.1 9
: . o e % "2 =i Yj-'Yx
! LR W R R (5.3.18)
I3 { i~ l_ ¥ Y i
b W g T ;

i and,¢ for v, large this becomes:
i N 5 ioe
s “ s B
7
. . N 1 i ]

. PR Y R
i / v . i '"'1[ ¥ Jz'i 5

B

5 - 1. ‘.,
=450 5 I Yj-v oy ’

=z + 00N, (5.3.19)

"P'lugg;ing“ {5.3.19) into the right hand side of equation (5.3.18) yields
the following approximate formula for the asymptotic maximum marginal
Tikelihbod estimators for the yg:

PN .
~ vy 5
R SRR e o SRR T (5.3.20)

I{ fmay alse be noted in passing that the method of successive approxima-
tions (see, for example McCracken and Dorn (1964)) for selving (5.3.18), \

considered as the system of equations,




i .

‘ N ‘ s " i . s

19,

i
!
1

yields (5.3,20) in its first step 1f the initial values Yy = &y are

| used.
. ; As a check on formula (5.2.20), note again that; as v, + = we get
b 4
0
| =1 "
i ~ R 4
{ i 1 ] -
H by = 8|1 = o o + 0fv
g 1[ v E_"j-ki) 00y
A h
% =1+ T Yy o) (5 3 21)“‘ .
i d VY Y.j-E1 1 i . e £

which is the same as formula (8.2) of James (1966) for the maximum marQ
ginal 1ikelihood estimater, as well as Lawley's (1886} formula for the

;th

estimator with bias of order 0;2’ of the population eigenvalue of a 5

single Wishart matrix,

5.3.3  MNumerical Solution of the Maximum Likeiihood Equations

Since there is no exact analytic solution to the maximum 1ikelihood
eguations (5/13.1)), we now consider their numerical solution.
H From expression (5,3.9) it is evident that the 1imiting log:iikeli-
E ) hood function of (71; i = 1,.,.,p} tends to infinity whenaver any two
' of the 71"5 ape equal. However, since Chang's formula (5.3.5) is valid
only for distinct population eigenvalues, these singularities in the log
¢ Hkelihood oceur at dnadmissible values of the vy. Nevertheless these ¥
! *inadmissible singularities” could cause considerable difficulties when
' I ) . trying to solve the maximum Tikelihoo wquations (5.3.11) numerically.
i To get around this problem, we con -« « the following reparameterdsa- : g

tion of the probiem: i

i Let N
i
i Loaal
= WOt |
o ? and . ! 1
1 I;
4 !
i b
b ”u .
! o
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e’ 4Eg 1= 20p (5.3.22)

where the €59 1= 1o..0,p arvE preassigned small positive guantities.

The reasons for choosing this reparameteriqétion is as follows:

{a} it ensures that R ~f”p >0,

{b) the new parameters {67.; 1= 1,.4.,p} are unconstrained in value , and

{c) the Y¥; @ppear only in the forns %—1 and %‘ - %- » 3> 1, in the
density function (5.3.5) of the 9; (considered ag a Yikelihood func

tian) and both these forms can be expressed simply in tevms of the

new parameters.

values for the 4. In practice this presents no d".(fg\cult;

. rule s to et £ be some small fraction of l—m"é Tol’ for 1 = 24...5p and
A Yi o Yi,
Sof e for 4 =1, whorl & 73 are dnitial estlmtofs o the v,
woo A
In terms of the new paraxnstsrs'the Tog 1ikelthooy becomes: .
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e
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S ekl
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7
0

| 221,
i ‘ » AN
: L= L(g]gsg) = Tog © + 3(vy~p-1) 2 Tog gy

i i

O

i ‘ P I

k.
+ gy jz) Mg(k;l e k+ek) - é(\)};ﬂ)2~P+‘)jZ] 1og(1+gd(k)=:1 e tte )
g el 3 @

" i
I ! Tog{g,
[t +é_‘z1 jzm og{g;-9y) - QT,”ZM g( Z e +5k

Y : ¥ s
ey +5v1 }' Tog{ ): e kck) = B{vytopeptl) z 1og(1+gj(kz_l [ k«w:k))

i
¢
i

p-1 J

s .
k
1 5.3,28
aixl '-21-»1 cgﬁcz'i-ne at ( !

where f{g) is a function of the g; only. Differentiating L with respect
10 the §'s and simplifying yields the new maximum Tikelihood equations:

; s, P35 P i
! 3L 2, k, -1 {4 -1
; L te W‘jém‘kzi e Mg )" - (vT‘w?-PH)sz qj(ugj(kz] e vey))

. z-1 S . oo
& e tre) T=0 %m 2500p Yok
i 1=1 ol

and

=4 " P b 3
- aL 5 | - ol ] b 0 i
i = e {Vljz'l(kl] e Mgy )T - (Vyrvyepr )jz‘ 9;(1+gy & e e )) §

= 0. {5.3.25) i

PN R S
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A standard numerical technique Fo solving the maximum Jikelihood
equations for the maximum 1ikelihood ssiimator'g = (E'T""‘SP)‘ is

the Newton-Paphson iterative procedure. Def‘ining the (px1) vector of
1th
t
) h

etement is W and the (pxp)

element is —g——g— the Newton-

© First derivatives O5{L(8)). whose
Hessian matvix ng(ﬁg)), whose (&.m
Raphson itexaﬁ\’g method can be written (See, for examp‘(e, Silvey (1975)
or Cox and Hinkivy (1974)),

I R A N LY (5.3.26)

Given an inftial approximation ;%(0) to 8, successive approximations

:5:(]), 5(2),,‘.. are aptained from (5.3.26) which hopefully converge to 5

 As an initia) approsimation we may it ;:(EU =4 = (ﬂ,,...,z»)‘ and
N ~
thes obtain 80 from (5.3.22).

vizy .
i che[,e}m— "‘(’d’)" H.,:] i=2,....p
~(0) ¥4 i1
8% = (5.3.27}
1
Log [ - & ] i=t.
@ Yim 1

Another, possibly better, initial approximation way be obtained by using
the approximate maximum Tikelihood formula (5.3.20) for Y(O)
Differentiating (5.3.25) with respect to L yialds the elements of

the Hessian matriv:

b ;ed‘f’s’“[- 5
DA i
4 I g 2, Tun n
" 2(leg, (.3 & g )y
{(vy+opp )j=z'ow 9‘7( 93 kz'l Kk

pod
K, -2
e e
Ew(kz1 K
&
k,,. \~2
e Mg ) )}
7=1 3= OWS(HH'] o

Lom=2,00,p0 LAm (5.3.28)
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where. Top = min{2,m) - 1, Low = max(%,m). For £ =1 orm=1 the last
tabm in (5.3.28) is dropped.

2 a2l )
I EET ~ T T N {5.3.29)

362 LI S 2 \

22

For £ = 1, drop the Tast term in Sgbm- | in (5.3.29). ‘ |
% 4 m

n=g,
Fimally, as the transformation from § to y s one~to-one the maximum

Tikelihood estimator Y af Y may be obtained from by merely transforming
bark via {8.3.22). o &

5.3.4° Large Samp]e D1stmbution of the Maximum Marginal Likelihood ¢

Estimators w ¥

It is well known {see, for example Silvey (1975), or Cox and Hinkley
{1974)) that under gertain regularity conditions ‘that are usually satisfied
1n practice (and av;e"satisﬁ‘Ed here) the maxinum 1ikelihood estimatois
‘{ = (Y], ..,rp) are asymptotically efficient and approximately normally
distributed with mean vector y (Y,, ,.,yp) and, covariance matrix B ]

where By is Fisher's lnfnrmahon matrix given by:

BI = {byy) = - EEED;(L(Zlg))J ‘ {5.8.30)

L(y[g) is tha Tog 1ikelihood of Y given m (a.3 9) and D’(L(y[g)) is |
the Hessian matrix whose (i ,j)th e1emnt 1s v . The expectation tn

(5.3.30) is taken over the distribution of g S Ly

H
i
i




{

2
0¥

124,

Differentiating % given in (5.3.70) with respect to 5 yields:
Al

2% 1 :
i , Wi (5.3.31)
W55 alyeyy)?
and with respect to y;:
“ (= (Vo p+1)W+ZJL
SRy b 3 Gy

-..L[-u +(v W, PH ) proee L _IL.)
2{1 1 (4 Y’iwi 551 Y5705

1 Yi P
=———( -pElE #0,=pt1 ) 1)+ 1 {5.3.32)
o P (v 39,"p [ 1] v ji

i (YJ v;)?
I =

The off-diagonal elements of D‘:(L) given in (5.3.31) do not depend oh g,

st we have immediately, from (5.3.30)

A .

e, aeg (5.3.33)
2y

bij =

The diagonal elements by; are given by:

by = - .._[ ~pH#{optgpH) r[-T-.] 1-1)
7

2

, + N 5.3.34
ik (vj-wi)‘] R

Now
v \,\\‘ Kl
Egr[ d ] ek c(1 N )'21 . “#6.3.38)

As noted earljer, the evaluation of. the expected'vﬂues of the g;.l using

Chang's asymptotic expression {5.3.5) for their joint density is fntrac-
94w

table anaiytically for p > 1, and so, a fortiori, is that of (1 4+ TT) 2,
. i

©
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.. s7oF we make the transformation:

in {5.3.5), we get the limiting joint density of the u; as:

1uy-pt1)-1

YiUnd poouyg
f,(u ..A.,u)=Kn (rid :IJ\ i )
ut i<d (Y T2 7 T 2] (1+u1.)(v2+v1 FIIE

B3

(5.3.36)

P
where K = c.n‘ v and ¢ is defined in (5.3.5).
i

. Anderson (1?65) has shown that if £1,7' = 14...4p are the eigenvalues

of a single (normed) Wishart matrix, and Yi» i = 1,...5p are their

carresponding population values, then the "linkage factor'

tends to 1 with probability i as the sample size n » =,
Now, in our case, the "1inkage factor" 1%:
-1

i % -, 13
14739 ["1 [ )
LR T ﬂﬁ-}
<3 by ) ,‘/"2] i<d by v

where the {L }= e1gs{S 5

By the same argument used ) {her. as

W
vy + =, the &; become eigenvalues of a single (novmed) l'hs..uvt matrix,

and 50 by Anderson's result our "linkage factor® tends to 1 with proba-

bility T as vy and vy » .

Using the above result in (5.3.3?) it is clear that, for large vy

and Vs the u; are approximately independently distﬂbuﬂed as {unnorined}

" f-vandom variables on (\J7 pt1) and vy degrees of freedum Hence, trans-

Forming o' beta random variables:

>

&
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J L .
z %4 T i= 1.0
{ N we have:
)
-2
! ) -2 2
; i E[{l + ?;] 1= B ()21 = EC(T%)7)
$ 1 ! .
I } =1 - 2Ex1 + B
A
,3 \K where, for large vy and Vgs %3 has, approximately, a beta distribution
! - with parameters ny ot 3(vy~p+1) and ny = §v,. So
P e . 2 n ny{ny+1)
’ ; . [[ * 7;] 151~ z[n1+nz] * Th A, TR
e y{ny$2n,41)
- "1
N (\)1 -p+1) (\:11‘2\:15&9%3)
L =1 - A (5.8.37)
: e X
R ' £ R
: i . /s-\'
_p Substituting this result back into {5, _dhd {5.3.34) gives:
; (vy=prI) oya2u -ped) & 1
: by &t "‘T‘"“"‘?I—‘]vq»u-;frz‘r“"ﬁ“"““"? I (V»-v)‘]
: v} 172 i Jei MM
o ;
¢ i
B ! [ICT RO (5.3.38)
o 3
Finally, substituting (5.3.38) and (5.3,33) into (5.3.30) gives the approxi~
mate arge sample distribution of the maximum marginal 1ikelihood e&timatov:
o '; of ¥, K
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Example 5.3,1  To test how good this approximation is, the approximate

means, standard deviations and correlation coefficients of the ;1. vere
PR x . calculated from the sbove formulae for the case p = 3, using the two
{ sets of eigenvalues and three of the sample sizes; each represented hy
a pair of vah}es for vy and'v,, that were used in the simulation experi-
ments described 1n Section 5.5, In the Tirst set the eigenvalues are
equally spaced whereas in the second the spacing between vy and yg is
) mugh Targer than that between Ty and Y3 The three sawple sizes re~
y ' present roughly, /Imedium sized, "Targe" and "very Targe" samp'les; re-
spectively, The results are given in Table 5.3.1 below, together with
the corresponding va'iues obta-ined‘\\from the simulation experiments. (Be-
cause of the frequent failure, 'é';p‘%c’ial’ly in the smaller sample sizes,
of the‘maximum 1ikelihood estimytor described in Sub-section 5.3.3 to
pv‘uducg meaningful results, the results from the simulations on the ap-

‘proxw‘mate maximum Vikelihood estimators given in expression (5.3.20) are

) 1+ used,’ Admittedly {5.3.20) sometimes also produces meaningiess results,
but its aTternat{ve, the "hybrid" estimator described in Section 5.5
that always g*ves meaningful resuits, is not a maximum 1ikelihood esti-

mator. See Section 5.5 for a full discussion of these points,)




)
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Approximate Means, Standard Deviations and Correlation Coeffi-

cients of the Maximum Likelihood Bstimators of the {y:} for

p =3 dime ons

“Notation: (i) Denotes the values obtained from the formulae

{11} Denotes the values obtalned from the simuTation experi-
b

ments.

A. Degrees of Freedom vy = 15, vy = 64

Means Standard Deviations Pair Cnr@h\:‘ion Coefficients
Wooan W an Gy e
6 6.70 - 2.9 (12} - -8
4 1,12 - 2.4 (1,3 - -.008
2 1.85 - .86 {2,3) - ~.049
16 16.71 8.3 8.13 (1;2y  -.081 -,722
4 4.30 2.31 2.2} (1,3) ~-.008 ~.135
2 1.87 0.95 0.83 {2,3) -.25% 006

B. Degrees of Freedom vy = 0, vy = 124

Heans Standard Daviations Pair, Correlation Coefficients
41 fH) ) i) .0 4 (i)
" 6:09 286  1.71 (1,2) ~.484 =067
4 4,81 168 233 (1,3) .00 .00}
2 1.90 062 0.68 (2,3) 107 -.061
16 15.56 §.13 4.63 {1,8) -.023 085
4 4,33 1.32 1.%6 (1:8)  ~.006 009 i
¢ 1.98 0.61 0.81 (2,3) . =100 -.168
" Ay
’ 2 FR AT
- L a
; o . E SO e




129. a i

C. Degrees of Freedom vy = 60, vy = 244

Mean Standard Deviations Pair  Corri]ation Coefficients v

HU TN i)Y Qo Gy an S

§ 8,10 & 1.45 1.42 T2y -2 =154 '

4 4,33 0.82 1.08 {1,3) - =01 -.077

o) 2 2.00 0.42 0.45 (2,3) .048 013

] 16 16,26 3.43  3.83 {1,2) ~-.0%10 018
4 4,26 0.87 0.8 {1.3) -.003 -.088
2 2.01 . 0,42 0.46 (2,3) -.046  -.061

p The missing vatues in part A of Ta{ﬂe 5.3,1 indicate that formulae
H i5.3.30), (5.3.33) and {5.3.38) broke down in that they produced nega? ¥
tive variances. (This also oecurred in both cases when the formulae °

1 were applied to the "smaﬂ".sample size with vy = 6 and v, = 28.)

: Looking at means and standard deviations alone, the agreement be~

o tween the approximate and simulakion results in the case where the spg~ .

i . cings between fhe v, increase with their values is excellent, even fotl‘

the *medium sized" samples. 1In the casé where the spacings are equal,

the agreement between the standard deviations i5 not quite so goud for

the "large" samples but is again excellent for the "very large" samples. H
Locking at the correlation coefficients, the picture is not so vosy,

although there 1s veasonable agreement for the “yery large" samples. This,

howsver, could as much be a result of the occasional breakdown in the

simylation cxperiments of the approximate tormula (5.3.20) for the maxi-

i
1 mum 1ikelihood estimators, as of the poor performance of the approximate
]
i formuta For their covariance matrix. It is well known that even a small ¢
i
L fraction of outliers where the ordevings of the variables are pewiuted,
f canhave a drastic effect on the sample correlation coefficient. This

! fact is svidenced \by the very large diffarences between the correlation ],
< i i 4
| .
i
!
]
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coefficient in Table 5.3.1 and the corresponding coefficients ia
Table 5.5.5 where only "well-behaved" estimates have been included in
the sampT\l\a. .

In s\ummary; the formulae for the approximate mean vector and co-
variance mateix of the maximum marginal 1ikelihood estimators [;i) de-
rivéd in this sub-section would appear to be fairly good for large
sarn;ﬂés (as defined here and in Sectiop 5.5) and gets better {(and be-
comes applicable to smaller samples) as the differences between adjacent

eigenvalues increase.

5.4 Additional Information on {y;} = Eigs{zyi '}

The maximum 1ikelihood estimators of the i i=1,...,p obtained
in Section 5.3 ara based on Chang's expression (5.3.5) for the limiting

density of {g;} = Eigs(A#\E]}, where,

Ay~ wp(u1,>:1)
Ay~ wp(vz,n ) ‘independently.

In this sec‘.icn some exact results on the expected values of func-
tions of the gy are deMved."" These will then be used to abtaih moment
estimators for the means and variances of the four quantities: 6315,‘
53(;:),, d§j and d%(x) whose distributions under the random effects model
are discussed in Chapter 3, as well as for the approximate probabilities
of m'isc'lassiﬂcz:%'!nn derived in Chapter 4. In addition, some of these

. exact results will be used to improve the estimators of the Y3 obtained

q in Section 5.3. .
b A Specifically, in Sub-section 5.4.1, well-known results on the moments
\o‘ﬁ the generatised variance from a multivariate normal distribution wiil.

. R P
be used to obtain an exact moment estimator of 1!11 i+ In Sub-sections

b
i
i
i
/
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5.4.2 and 5.4.3 new results on the dvstmpbutvon of Tr(}}),lxz ) 'leapd to exact
expressions for the mean and varfance of1£19,~‘1n terms 02171.; andiz]yi. These
rdsults are used in Sub-section 5.4.4 to obtain woment estimators for
the means and“variances of the four quantities and for the approximate

probabiiiti. . misclassification mentioned above, Finally, the com-

bination of #.y various pleces of information to obtain improved estima-
i tors. of the yy, either exactly or by means of the technique of resticted
maximug Tikelihood estimation, is discussed 1n Sub-sections 5.4.5 and

5.4.6, : :

7o

5.4.1 Moments of the Generalised Variance

i The h*" monent. of {Al, where A ~ wp(u,s), for h an integer great;r
; than -}{w-p+1). is given by:

(3vh)

o ' ihotp T
; whlIAD = f2]"2 »{ﬁﬂ (5.4.1)
i where I’p(év) is the multivariate gamma Function defined in (5.3.5) {See,

for example Johnsen and Kotz (1972)). Therefore, since A; and Ay are

7R independent Wishart matrices,

BT = A Dl ™) = gD 1)

R AR

Cfor 3uppel) > h > -huy-pr)

iv‘-kh;;%vz-h) ) (5.0.2)

- iz, E-1lh
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P } P
n g, and 12,2 ‘]h = “1 yl;) and-sonsidering
. 1=

the case h = T, we obtai

TP B (e vyt
BN ogl= 1 Ymﬁ\_'l,),ﬂ(}_\’il
i=] =1 ! rp(;v1)rp(av2)

b P
io BN gd= Ty
’ = g

From (5.4.3) we immediately obtain the following moment estimator
P

N of + I T3°
i=] it
T 51 5.400
Ty xR gl } K
= gy T

In terms of the {2;} = Eigs(S]S;} this becomes:

’!;/\\ g (vj 1.} 2‘1'1) &
. y) S
1y U7 i T

L ~i~1 '
M) {f'ﬁ . 5.4.5
[:2] i21 4 VI ) . (845}

in a'simﬂar mannar, exact momant estimators of ‘1: 7}; my be obtained
from (8.4.2), for h = 2,3,..,,i(v2-p+1) - 1. = v

In Sub~-section 5.4,5 the exact moment estimator (5.4.4) of 121 Yy

will be uted as a constraint on the values of the estimators of the vy,

» in order to.obtain what will hopefully be Improvel estimators, through

the method of restricted maximum 1ikelihood estimation, A -second can-

straint on the ;7., based ot the expectation of Tr(A1A51) deﬁved in the-~
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nest two slib-sections, will also be used n the restricted maximum Jike- L

Tihood estimation of the y; in Sub-section §.4.5.

542 On theDistribution of Tr(AA;})

. [
In this sub-section the distribution of TT(A.IA;]) = _Z] 9 is in~
i=

£ vestigated, and an expression for it as a sum of weighted, correlated |

}

f-random variables i~ “el"iw-:d. This will be used in Sub-section 5,4.3

to derive the expectatioh and variance of Tr(AIA?) which will, in turn,

be used to obtain estimalors for the means and variances of the four
quantities G%J’ sﬁ(x), d?ij and d3(x) whose distributions are discussed

N in Chaper 3, as well as for the approximate probabilities of misclassi-

fication derived in Chapter 4. As mentioned earlier, the expectation
of Tr(AIAE.I) witl also be used in Sub~section 5.4.5 as a constraint in
the restricted maximm Tikelihood estimation’of the vy

i To ‘fecap,

? ) R ACEN

: Ay~ blp{\:z,t) Independently,
,1 ’ o gyt = Eigsiag)

and {Vi) = Eigs()‘,jz }

Remark 6.4.1 Clearly {see expression (5.2.4)) Tr(A1A;1) is a multiple
of Hotelling's Té statistic. For the central ()31 = L} ahd noncentral

cases (A1 - wp(v1 4,9} a considerable amount of work has been dote on
the distributlon of T2, See, for example, Johnson and Kotz (1972) and !
Fujikoshi (1977). However, we have not been able %o Find any publicatians

on the distribution of Ta under the situation of interest here, where A;




7

Ny

i 134, 4

and Ag-both have céntral Wishart distributions but with different para-
meter matrices £y and . ’
ﬂow. {see, for example Beliman (1870)). it is possible to reduce 2‘

end I to diagonal form simultanecusly, '/

i.e, There exists a nonsingular matrix V such that,
' VIV = 1
" and VEW' = & = diagly;d .

¥ Therefore, making the transformation,

* ,
=y
aid By = VALY

we inmediately have that,

*
Al ~ wp(v1 54} ¥
and Ay ~ Mp(vz,I) independently.

Furthermore ,

Tr(agay Ty = tr(vA (va )
-1
= Tr(dAs')
s0.1t §s clear that Tr(Aﬂ\?) is Invariant under this transformation.
We wil} therefore assume in the rest of this section that

w)
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I\-l ~ Wp(\l] SA) ) + ‘
and S
where A= dia’g{viﬂ\ . (5.4.6)

b
Remark 5.4,2. For-the case where some of the y; are zerc, we reduce

' the dimension p appropriately.

Tt 45 well known (see, for example, Anderson {1958), ThPOl‘Em '3.3. 2)

that Ay can be written as

RN .
1 §
= .21 Yoo ) (5.4.7)
ja1 i
where ! Yy~ NP(D,A) independently, 1 =1,...,v.
So, )
" Tr(aasty = Tl ‘2)1 Yoty
i 1 )= TPLE it
X "
. ot
121 Tr(YIAZY;)
LR
= L v i
" )
=%. 2 (5.4.8)
where
v ey sty
~ i 2 i
N 1
and Sy 5 [
<
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Clearly D; can be considered as a sample-based Mahabanobis distance
between Y1 and the origin with the difference thal'S, is a sanple co-
variance matrix corresponding to a popufation covariance matrix that
is different from that in the distribution of A '

We how consider the distribution of %—2- D? = Y,; A? Vi. Our argu-~
ment follows the same Tines as those used by A.H. Bowker in deriving
the distribution of Hotelling's 72 statistic, See, for example,
Andersan (1958) or Giri (1877). e

Deéine a {pxp) random orthogonal matrix Q; whose first row is
Y;(V;Vﬁ)‘! and whose remaining p-1 rows are defined arbitrarily, and
Tet

=y
and B'iﬂqi A 0p .

The Tirst element 24y of Zi is, from the definition of the first row
of 0y
- by, = (y2v.)%
2y = 1ygv by = vy

whereas the other elements of Z1 are all fdentically zero, by the or-

thogonality of Qi‘ Therafore
¢ LT T RN T
Vil Yy =208 2y = 2y by

where bp is the (\,'l)th element of B;i, Now

1 -1 A,
byt = {byyy < Byeny Bizz By = Bine

I




\ ) i
i ‘ i /)’ ’
/ P "
f ! H
| 137, :
1 ;
| ;
’ - I
: ? b B
b where Bi = . i
: big) Bi22
i
4
i > so we get ;
! g, . ;
i A ¥y = Wb g (5.0.9) ;
;
3|
I I

To obtain the distribution of bi)'l.Z‘ note that, conditionally on
¢ Qs Bi has a wp(uz,n distribution, Therefore, conditionally on q,
" C bnm as a w;(\:z—pfl,x) distribution (see, for example Giri (1977)
Theorem 6.4.1)

o v

t.e.

birr.2 ™ Kpeper

and since this distribution does not depend on 4. it is also the uncon-
"

ditional distribution of f’ﬂ].Z' Therefore, using the natation

w4 « “'1 = byyy,p We have that,
3 ~ YA =Y (5.4.10)

2
Vo ptl
To find the distribution of Yi¥,, make the trans formation

where 4, ~ % independently of VV

Ky = (Rgpoenagy) = 87

where b diag(y;i) P i
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Therefore, from (5.4.7}, X,‘ ~ NP(O,I), independently, so that,

‘ P »
Y = XY K 321 gy 321 v Y (5.4.17)

; whe:re'vij ~ x%. independently ¥1,j. Substituting (5.4.11) into (5.4.10)
i we get ’\‘ :
& 5

P 5
I Yy (5.4.12)

(5.4.13)

vhere
vig ~x}  independently, i = T,...93 3= Tseuip

~y? i a
and Uy sz-pﬂ independently of the VTJ' However, the uy are not
mutually independent for different i. (For p =1 it is easy to show that
the u; are all identical,)

Exprossion (5.4.13) can also be written ast

; P v

: 1 B
-1
. Tr(Ahy') = :IZ] s 12] iy (5.4.14)
.
‘(:\ where the fij have an unnormed £{1,v,-p+1) distribution, {ndependently:

for different j but not fu/r, different 1.
4
For the case where the (nonzero) eigenvalues ¥y are all equal, sdy

1=y Vj, expression (5.4.13) reduces to:

S B

2N

a
&
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M
Ay - y,1§1 5. (5.4.15)

where the f; are dependent f{p,v,-p+1) random variables.

Equation:: {5.4.15) Teads naturally to the scaled F-approximations
to the distribution of Hotelling's Ta statistic in the central case
{y=1), proposed by Pillai and Samson (1959}, Hughes and Saw (1972} and
McKeon (1’974). For the case where the v; are unequal (i.e. Iy is not
pgopurﬁonal +0 I} a scaled chi-squared approximation (Box, 1954) to
52] V5 Vqy in (5.4.13) leads to an approximate expression for the dis-
tribution of Tv‘(A,AE‘) in the form (5.4.15). So a scaled Fsapproxima-
tion such as any of those proposed by the abovementianed authors should

again be appropriate here.

5.4.3 The Mean'~and Variance of Tr(A]AEI)

He now use the distribution of Tr(AﬁE‘)obtafned in the previous
sup~section to find Yts mean- and variance.

Expression (5.4.14) immediately leads to the expected value

g boh
ELTR(AAp )1 = L] B0
St
p vy .
1
= 1y fperid
: ;iz1 s ik vpET
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Remark 5.4.3 The result {5.4.16) ¢an be confirmed by the follawing

direct derivation of the expectation:

EETr(AyAg' )3 = Tr{ECA,JECA'D)

s

(This step is justified hy the independence of A1 and A2 and because -
the

dce operatioly consists only of multiplications. and additions of
their elements)

= Tr(vig (va-p~l)'1z'])

from the properties of the Wishary and Inverse Wishary distributions
{See, for examp?e; Johnsor and Kotz, 1972).

- [ i }Tr():] ™

k
SEREY

The variance of Tr(A,AE’) does not follow in such a straightforward

manner, but is most readily cbtained from expression {5.4.8):

]
e, ) -zg,.z. 121 H

< 2 = -
where D} = ¥i Sy Yy Therefore,
¢

- V.
1
varCTr(ha, 1y = L 3 varndi e 2 CovDg 033 ). (5.4.17)
. v 1= i<
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Using (5.4.12) we obtain

N

p
% -1
ELDET = v, J_Z] 3 lZl:V_UZIE[u1 bl

where
o vig ~ ¥ tndependently ¥i = ],,Ig"),p
and
.yl .
Uy Xprpt? independentTy.
S0y °
P 1 P
23 = vpp1¥ ' = X
E0YT = vy L 1ylopp) [ } S

uging the fact that the rt moment of the x\z) distribution is
u;; =%ﬁ.’.}‘l‘l2‘” ¥r > -fv.
Stmilarly,

?
EL(D})%) = v%E[u;ZJ(jzj vj EvE + 2 J; ¥4 1y, ELY;IELY )
<5

bl

4
-1
= V3 {v,~p=1) {vyp-3)¥ (JZ1Y§ 342 sz 15 Y

(5.4.18)

. ™




Var(D31 = EC(D3)*1 - (ELD}1)*

4

Vi . 4 vE.. p
= 2 2 2 2
T (0553T (sz_l Yy ngg Y3y (vz_p_”z(jz_l ;)

2\)5 4 42 H >2
* TR (L P N R (5.49)

To obtain coviD},031 note that, from (5.4.8)

2 o =1
D3 —Y}! Sy ¥y

Vi~ Np(O,A) Independently, ¥1 = 1,...,p
Vg S~ y(op1)

and A = diagly,},
Using Theorem 3.1.1, with slight modification, it immediately

: follows that, cunditionally on SZ’

P
CHE 221 o vy 1y ¥l (5.4.20)

where

fag} = Egsiasy!)

. and

Vo ™ x"' independently, ¥a = 1,..,,p.‘
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Furthermore,

2n2y o 2 - 2
Cov(BED;] = ErDiDE.] ; ECDYIECD}D

= 22 . 2 'Erp?
ESZEE[DiDJISZH ESZEEED'i|52DESZLE[D;]|SZJ] (5.4.21)

where Eg [+] denotes the expection over the distribution of 5,. The

conditional expectations in {5.4.21) follow immediately from (5.4.20):
Zl 14 ; A
ELDS|Sed = o, ELV,.] = gy = Tr{ASy
i~z EZ] LIRS Y- ( é)

and

4 B
2 = . ,
ELD} D] $,1 = EELEI a4 v “JEtEL ag Vg5l @

by the independence of the Vi

P
~1
= (), ) = (s

{

Cov[D%DjJ

Zz(Tr(As;‘nh ~{Eg [Tr(a53)2)?
7

. VarSZ:Tr(Asg‘)J : (5.4:22)
vhere VarsZ[‘] denetes the varfance over the distribution of Sp. Now
Trias!) = Triabsy ey« optra i

where
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aEe diag{y;i}
and

Ay = vp5p ~ Hp(vz.l ).
Therefore,

At AZA-Q - wp(vz,A'ﬁm'a)

-1
~ -
r"‘p("z )

£
so that (87 A7) follous the ‘inverted Wishart distribution

w;‘(vz-rpﬂ,A) {&ee, for example Press, 1972). So,

o ' Tr{as;")= vyTe (i) (5.4.23)
where

We ) ~ W;](vz-rpH,A) .

4 Furthermore,

p

P

VargT =Yarl s ooWas
ar[Tr(¥)? = Var izi gl = i; varuggd + ziZj Cov[wn,wjatl

e These variances and covariances are given in Press (1972) on page 112,
so substituting them jnto the above and rem§nbering that 4 = diagly} ve
“ 4
s get, after some simplification, iy
. l‘\ /'.'
p 242 ‘( a
VarLTrl)l = § s S
. 121 {upp-1)2 {vpep-3) "
: v 20y Yy
| P Pt (5.4.24)
: <5 (9B} (vgmpeT)2 (vy=p-3)
P
R “1“1 3 : u\u . 5
K / oL b
&, o
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Substituting (5.4.24) and (5.4.23) into (5.4.22) yields,

22 ] ;
2 . .
Cov[DZ,D2] = s {(up) 42+ 28y, vy} .
[ R T T AT AR
(5.4.28) !
1
Finally, substituting (5.4.25) and (5.4.19) into (5.4.17) yields,
after some simpiification: [
i A R :
i it . I "
H -1 1vptvgpet) 5 l
: VarETr(A RS )] = et (] y )% (Vi) T2
' I vz (Vgpivpp-1)2(vp=p-3) =1 ¢ 2 A it
i e
29, (Vo tV=p~1) R §
12 we(z,s")? !

(V) (Vp=p~1) (vy=p-3)
* (opp )T ey (5.4.26) : N
i As a test for the correctness of farmulae (6.4.16) and (5.4.26) }

LY £ar the mean and variance, rfispectively, of Tr(A]A;) we consider the

4 case vhare }:.I = %, i.e. 1] 2l 4= T,...5p. The formuiae then reduce

|
b
|
(‘

|
i to:
!
i
i -1 v P ; i)
‘ E(Tr{AA; )] = VEET f
and o
H . 209, (V= T}V 40,1 @
i i, Varcte(agahya = o0 (5.4.27) ;
P [ 12 (v, wpe1)2 (Vpp-3) R
| | . 2+p) (Vpp-1)% (vyp , ;
,; which agree with those given by P{11af and Samson (1989) as we]‘,' as by
; Hughes and Saw (1972), (The formulae given by McKeon (1974) bc;i:h appear ‘
to require the factor vz(vz—p-1)§'1») ) I .
bl i B
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Using similar techniques to those used above it is clear that with

increasing amounts of algebra the higher moments of Tr(A A ) may be

ebtained. }

Formuilae (5 4.16) ang {5.4.26) will now be used to aﬁtam noment
Ll " estimators of 12] Ay and 1)'1 A3 where {1, ¥ = Eigs{Tz™ 'Y, which may in
turn be used to estimate the means and variances of the four distance

variables whose distributions were discussed in Chapter 3, as weil as 71

the approximate probabilities of misclassification derived in Chapter 4.

p
5.4.4  Moment Estimators for } A, and § A%
i

The formulae for the means and variances of the four distance
: variabies 621, sg(x), %5 and df(x} derived in Chapter 3, as well ay

those for the approximate probabitities (4.1.9) and (4.2.10) of misclassi-

N ficatian derived n Chapter 4, are all expressed in tenms of the twa

A quantities: :
; P )

o o ig] Ay = Tr(rET) ;
‘ ©and : N
, v p
' $oateTr(rrT'y2 .
; i=1

Jd In this sub~section, moment estimators for these two quantities will be

ebtained in terms of the expectation and variance of Tr(51551) =

A/ 3
| %‘% Tr(AjAg) dertved in the previous sub-section. These may then be sub-
1

stituted into the abovementioned”, “mulac to obtaiih estimators for the

means aM variances ofthe folr distance variab]es,‘/‘hnd fésf’ ‘the approximate El

probabitities of misclassification. L(\ £ i}
3 ) 4




-
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j Substituting the expression given in Remark 5.3.2-for the rela-
, o
1 W, tionship between the {A_l} and the {Yi]:
[
| ¥y by
.
i
i into expressions. (£.4.16) and {5.4.26) for the mean and variance of
] Tr(A]AET), transforming to Tr(s]sél) and simplifying, yields:
i . ECTr §;5; 1= < (5.4.28)
L K 2N R
s s and : =
[ . p P
| Var(Tr(syS,'}1 = C(n* (v,~p-1) j] A+ n’(.Z‘ A
i= i=
i v -
| + 2nfuy-1) 21 Ay + plvg=1)) (5.4.29)
i 4
o o4
]
i sz"(ulwz— -1) )
\ [ o T
i vy (vp=p vy p=1)? (vyp-3)
" l Su 1t follows immediately that the moment estimators for Z \ and
Z] :\‘" are respectively,
: RS
‘ PO
1 14 (\’z P
“ 1 )\ E[Tr(s 5 )3 - (5.4.30}
i i=1 ' 4
: 7
and : ¢ 4\
Vi
, } o
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N Z H -W {c Var‘[Tr(S.‘S2 3 - (1£1 7,1.) ;
. 3 .
- 2n(u2-1)i£] A = plvg1)) ' Y (5.4.31)

where E[Tr(slsé])tl and V;r[Tr(Slsy)] are sample-based estimators for
the mean and variance of Tr(sls;‘).

Now, the obvious estimator for E[Tr(sls;l):! from the training
sample is

Ertr(s;s;1 = Trs,55) (5.4.32)
but there is no corresponding simple estimator for Varl:'(r(s,s?)].

However, the Jackknife technigue, originally proposed by QT:enoui‘Ile

(/1956) provides an attractive, if computationally lengthy, method for

obtaining an estimator for the Tatter. L
The Jackknife Technique  Good descriptions of the technique are given by Gray

and Schucany, (1972) Miller (1974) and Bissel and Ferguson (1975}, so §
a braef sunmary here will suffice.

Givent an unknown parametes 8 * for which a (possibly) biased esti-
mator 5 is available from a random sample, suppose that the expectéd

value of 6 may be written,
~ =
E[0] = 6 + O(n"}) (5.4.33)

where n is the sample size. The Jackknife technique for reducing this
bias to O(n‘z) and at the same time producing an estimate of the variance
of 6 proceeds as follows. Divide the sample into r subgroups each of

size h’ {r=n and h=1 in most applications}. Removing zach subgroup from
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thé-sample in turn, and re-estimating g from the remainder of the sample

} % in each case, produces r “partial estimates" 5_'5, J = 1,...,r, cach

i Jbased on a sample of size h(r—1)‘. Now combine these partial estimates
with the whole-sample estimate to form r “pseudo-values” G*d:

i

i . G

S*j =18 - (M)S_J. 5% Tt T (5.3

1 The Jackknife estimator of 8 s the average of the 8*5‘

(5.4.35)

where <

and it can easily ba shown that 5* has a (possible) bias of order 02,

i BB =0 b0,
i Tt

QuenouiTle {1958) shows that, to order n'x, the '\’/ariance of Q* is the
T same as that of 5 for a wide clas“s; of ’gsﬂmators, and Tukey (1968) pro-

o
posed the following estimator for Vari81 or Vartg,ﬂ:

! PP N S J U

CI T * FETY i ( x5 = Ox
: [ S
i N A R I (5.4.36
j 7 321 Ly < 00 )
i

Tukey (1958) also suggested thal a confidence interval for. © may be ob-
tained by assuming that t, = (8*'9>/5T has, approximitdly, a t-distributton

<

on r-1 degrees of freedom.

D
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Going back to formula (5.4.16) we have:

Va.

ELTr(s;5;)3 = o2 ECTr(AA, )3

-1
= o~ Tr(g27")
1y -1 -
= (- BB e
2
= Tr(5r) + 0(v)) (5.4.37)
which is clearly of the form (5,4.33),50 it would appear that the Jack-

knife technique can provide an estimator for \Iar[Tr(STSET):[ via (5.4.36).

Jackknife Estimation of VarCTr(S]S?)], As mentioned earlier, a drawback

to the Jackknife technigue is the fact that the amount of computation re-
quired can become very lengthy, e;pecia11y when the training sample is

large and b = 1, as is usually recommended. However, the computation can
be reduced considerably in the case of Tr(SIS'Z'I) with h = T by using the

following theorem.

Theorem 5.4.1

Let A; and A, be the {pxp) “"SBetween groups" and "within groups" sum
o}’ syuares matrices based on k groups and n observations per group, as
defined in the MANOVA table 5.1.1. Let T-('i,J) denote the value of a
statistit T computed from the MASOVA sample with observation i3 reyoved

from the ith group. Thenm, usingithe notation of Section 6.1, R}

Tr(A]A?)_(‘.JJ) = Telyh) ¢ Te(agn;TE) + CH

9
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where,
‘ E = n{n-T)ea'sy ! (1-n(ne-T)esylet) -
F=I+g,
Y o= (N-n)FF' + (n1){e-F)(e-F)* - NFg' - g{(n-T)ess)"

L MgTe
¥-1

@and e = fi%;i;— s f > gE X - X The proof is given in
Appendix 5.1,

From Theorem 5.4.7 only a single matrix inversion, that of Ags s
reﬁuired for the computation of afl N partial estimates Tr(A]A51)_(i’j),
¥i,j,and since the other formylae are all of a simple nature the total
computation time on a wodern computer is very small, even for large
valtues of N and moderate values of p.

Note that, since S, = v;'A) and S, = v3'A,

-1 vy-l R
o015 )4,y = o O s g)- (5.4.38)

Therefore, using h = 1 and v = ¥ in (3.4.36) we obtain the following
estimator for Var[Tr(S‘Sgl)] from the jackknife method

~ kon - -
VartTr(s;s; 11 = 5L pApA OO WML K S I

{5.4.39)

Supstituting (5.4b39) and (5ﬁ4.32) into (5.4.30) and {5.4.31) yields
wonent éstimitors f?r ~§1 A and 121 A}, respectively, which can in turn
FR T H
be substituted into' the relevant formulae to obtain estimators for the

weans and variances of %ﬁj’ LHEE di, and d3(x) as well as for the approxi-
mate probabilities of misclassification under the random effects model,
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5.4.5 Restrictea Maximum Likelihood Estimators of the’ {yi} .

In this sub-section we investigate the usle of the exact results
on the moments of ]AlA'z'.‘| and Tr(A.IA'Z") obtained in sections 5.4.1 and
5.4.3 vespectively, to improve our maximum Tikelihood estimators of the
fy;d = Ev‘gs{):‘):']} based oh Chang's {1970} expression for the 1imiting
density of the {g;} = Eigs{All\;},

But firstly we investgate the special cases p= ) and p = 2.

pa3.  In this case Chang's (1970) formula, (A]AE‘( and Tr(A1AE]) alt B

Tead to the same result, viz:

9
[V}) ~ f {vysvp)

where f(v1,v2)denotes the unnormed f-distribution on vy and v, degrees of
freedom (See (5.3.6) and (5.4.13)). Therefore, using any one of expres- :
sions (5.3.7),(5.4.4)or (5.4.16), we obtain tie following unbiased moment

estimator of yy:

R e ;
T 6 R (5.4.40)

where (2} = Eigsis;S;'} or 4y = §/S, in thic case.
The maximum Tikelihood estimator is given by:

kg g (5.4.41)
MRl B v

which clearly has a s1ight bias.

# 2. In this case we can solve the moment estimators for R ]
and J y; obtained from the exact first moments oflAﬂlE]\ an;
Tr(A‘;?}, respactively, for vy and o, From (5.4.5) ve have: i
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N .
P . \»r" P vpmi=
i1="l Y- ‘\E ,iz‘i GT‘T‘T) By =3, say {5.4.42)
P 4
and from {5.4.30) and {5.4.32), remembering that ):] Yy=ptn I Ags
i i= i1
we have
FON '
PRl P (5.4.43)
Yy = Ry = say. 5.4.43
[T - T i

Letting the estimators ;1 and ';Z satisfy the relationships:
PPN
Y =Nt
and
~ - N
NV Yty {5.4.44)
(5.4.42) and {5.4.43) lead to the following solutions:

:}; = 3(b + hETR)

73 = 3b - BEE). (5.4.45)

For p » 2, we use the tachnique of Restricted Maxinum Likelihood
K]
Estingtion (see\, for example, Silvey, 1975} to incoporate the information

A - -
Trom the exact moments of 1A,A21] and Yr(A,Azx) as constraints into the

maxinun 1ikelihood equations obtained from Chang's (1970) formula (5.3.5)

for the limiting joint density function of the [
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Using the same reparameterisation as before to get around the

prﬁb!em of the "inadmissible singularities" 1n ‘the Vikelihood function

{see {5.3.22))and reformulating the constraint (5.4.42) o 0
Moy, =a
i=1

for algebraic convenience by taking Togarithms on both sides, we obtain

the following constrained maximization problem {see (5.3.24), (5.4.42)

i and (5.8.43)). . - . L

| Maximise:

i )

E * 14 M vSk

} L=f{g) - é(v‘wz«pﬂ)jzl 1og(1+gj(kz1 e f4ey)) )

! -l p ig,

: - 1o, e te

; h a=z1+1 9oder ©

i

: subfect to:

i P i

; i) =¥ 109§ e Me) = loga
s 100 ¢ e

: [

i Coand  (i1) (3 e izt (5.4.46)
351 kel kb

i

i
‘ ‘: where f*(g) is a function of the g‘i on'ly.j {Note that, bécause of the 3

; First constraint, the term: jug i} Yog( Z] A kmk) in the objective ;,
funetion of (5.4.46) is a constant and has therefore been incorporated [
into f*(g)).
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Remark 5.4.4  Although the estimated value of Z y > obtained from
the variance of Tr(A. Az ) could also have been l;rx])ught in as a constraint,
it was felt that it would be unrealistic to do sa, particularly in view
of the indirect method in which it s obtained. i

The constrained maximization problem (5.4.46} is a nonlinear pro-
gramming problem and {s therefore most readily solived using one of the :
standard algorithms (see, for example laish, 1975) for the restricted
maximum Jikelihood estimator :6:*. Finally, by transforming back via (5.3.22)

we obtain the restricted maximum 1ikelihood estimator ;;* of y.

5.4.8 Large Sample Distribution of the Restricted Maximum Likelihood

Estimators of the v

Silvey {1975) shows that for large sampie sizes the restricted maxi-

" mum ¥ikélihood estimator ;* §s approximately normally distributed with

mean vector y and covariance matrix I, where I is obtained by the following

matrix equatity:

H .
Y . [g' g) (5.4.47)
H 0

where BY is Fisher's Information Matrix given by (5.3.30), (5.3.33) and
(5,3.38) and R is the (px2) matrix of partia) derivatives:




o
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] ’ ;
3(§Lagy Tog &) a//(gv b}
=4 .- e 3
LR 3 L2 TS
o-
4 o P ! )
307 Togy, - Toga) A2 vi-b ~ 4
y; = log a) (I v;-8) R ,\
ik AR ;
o) “
= | [ (5.4.48,
-1
1A 1 ’
o
It follows from (5:4.47) that the elements of y* will tend to have n
smaller approximate variances than those of the "unrestricted” maximum
Hkelihood estimators ;. discussed in Section 5.3, For, as shown by Silvey 9
(1975}, Appendix A: - f
L
R S, BRI FA B
SR M MU o o (5.4.49)
The result now follows, since B;Ihis the approximate covariance matrix of
; and H(H‘B;IH)']H' s a positiVe semidefinite matris. 1
“ r N i 14
However, the above result could be rather misleading in our situation,
since formilae {5.4,47) snd {5.4.48) are based on the assumption that the
two constraints ) !
E .
fog vy = a b :
521 3 } ¢
and : \
!
¥y b
g1
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|

|

l are deterministic,whereas, in fact, they are stochastic since a and b

{ are random variahles.’ Thus result (5.4.49) will tend o give too opti~
1 mistic a p1cture of the large sample behaviour of the restricted maxi-
3 mun estimator y v -

} This point is illustrated in Table 5.4.7 below, which gives the

? apprax1mate ]arge sample standard deviations for the elements of Y and
: Y as well as thi correspond1wg standard deviations obtained from the

i s1ma1at1on experiments on y described in the sext section, for two of

the sets of parameter va]ues used earlier in Example 5.3.1,

Table 5.4.1

Standard Deviations

Degrees of

N e A
! Freedom Truey . Approx fory  Approx for y From simulated y*

! vy = 60

Y Vo = 244

1.45 0.59 1.06
0.92 0.79 0.52
0.42 0.20 0.33

o o o

vy =30 16 5.8 0.58 4,33
vy = 124 4 1.32 1.01 1.21 i
2 0.61 0.43 0.51

As is evident from Table 5.4,7 there is a marked reduction in the

} approxinate standard dev1at1uns when moving frnmﬂthp unrestricted to the
{ restricted maximum Jikelihood estimator for v, chn reduction heing by far
i the greatesy for the estimator of the 1argest eigenvalue vp. However, it
j is also clear that most of this reduction is not realised in practice.

j Nevertheless, the simulation experiments described in the next sec-

tion do suggest that with regard to both bias and standard deviation the

¢ § vestricted maximum 11ke11hood estimator y is a slight” “pruvemgnt over

its unrestricted counterpart Y- |
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J 5.5 Simulation Experiments on the Various Estimators of
i ) (vi} = Eigs{z]£71}
f In this section we describe some simulation experiments that were
: carried out to evaluate the performances of the various estimators of
i iyl = Eigs{s\z"‘} that have been praposed {u the earlier sections. i

addition, because of the probiems associated with some of these es;ﬁmatnrs
under various circumstances, another, "hybrid® estimator, defined betow,
was also congidered. Specifically, the following five estimators of

4 Y4 i= 'l,...“;;: were cor\s{dered:

(1} The md . % Tikelihood estimator ym Ly where {8} = E‘\gs(sls?}.

{2} The wpproximate maximum marginal jikelihood estimatar vg ), gliven

\\)/ by (5.3.20) obtained as an approximate solution to the maximum
" warginal 3 - ood equations (5.3.11) derived from Chang's limiting
" distribution of the 9y
-} (3)  The “hybrid® estimator {3}, defined below.
iﬁ ‘ {4) The "unrestricted” maximum marginal 1ikelihood estimator ;1(4) ob~
. w tained by solving equations (5.3.11) numerically, as described in
- Section 5.3,3.
3 {5} The "restricted” maximum marginal likelihood e.timator :;1(5) obtained
vw by solving tie constrained waximization problem (5.4.46).
In a sense that shall be made clear later, and excluding for the
; moment the "hybrid" evtiwatur:;(s) the "oo ness" of the estimators in-
crease 1n the aboye order, ,~ (1] betng worst and 'y( ) best. Howevar, the re-
‘ Tabllity of these estimatorn, defined as their ahﬂny to produtwe meaning-
. ' ful results over a wide range of parameter values, increases in the rew
. ; verse order, 1In fect, ;(5) and ;(4) generaily only produce meaningful re-
]

sults when the sample sizes are Jarge and the eigenvalues well separated,

whereas ;(1) 1s completely reliable. '
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can produce meaningless results in the following ways:

{i} the y( ) may not be monotonically decreasmg with i,

or (i1} some of the ;’QZ) may be negative,

ar (i{1) both (i) and (i) may occur.

However, in many cases when failure of any une{ bf the above three [
kinds occurs, the first few ~h{1§2> are well-behaved and the fajlure only
affects the estimates of the Tower-vaiued parameters.

' For this reason, and because:
! {1} the greatest iwprovement occurs betwsen estimators y(‘) and

g % (2) the incremental improvement between y(4%nd yﬁ”being re-

i letwely much smalier,

b ‘ ) 248) ga 3060

l{r (19 ¥ fails tess frequently than y\*/ and y$°), I
# N \\\ and (111} :1"(2) is far simpler to evaluate than :;(4) or ;‘5),

thy “hybrid: estimator :}(3) has been ‘defined as ;hat combination of ;(])
and ;‘2) th”(‘."mal&ses mnx;mal use of :(\(2), yet never produces meaning‘.:ss
. resu'{ts. Thus ;(3) is defined to b; equal to ;(2) whenever the latter -
 does wt fait; ntherwise it uses as muck of t;e "meaningful” part of
(2) as possible and uses y(” for the rest. This Teads to the following
foma] definition o v 73

'LLt 5 ‘qe one of the mtegers {0,1,...,p} such that, s - p if ;(2) does

T ot ‘.’ai]; otharwise s is the Thrgest integer foe which both N
' ‘,“\!\ {i} failure of y(z) occurs for the First time when i > s

iy v 30

Th?“ (3) = (7(3)’,,,, ;53)). is defined as:

k ;gs) = ;g?) s 1= T {unTess s = 0)
| (5.5.1) i
; Y§3)=v$” s i =84 1,00.,p (uless s = p). 4
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dustrial Research's CDC Cyher 174 computer, consisted in:

{a) ,‘seiecting the parameters PsVys vy and vs

{b) generating two random matrices A1 and ;’\'2 from Wishart distributions
with the selected values of the paramcters,

(e) computing the eigenvalues g} = eigs(AiAE]),,

{d} computing the fivi-estimators ;(1) to ;(5) and

ke) repeating steps (b).to {d) & h;ndred t;mas and computing summary

160.

The Experimental Setup

The experiments, performed on the Council for Scientific and In~

* ‘, . . statiétics, separately for each selection of parameter valiues.
‘ A1l the computer programs were written in FORTRAN IV making use of
¢ the University of the Witwatersrand's multivariate 'statistical Hbrary
developed targely by Prof. D.M. Hawkins, as well as of the ‘IvSL (1975) and
the NAG (1975) program libraries.
{a) Selecting the Parameters
As is often the case in simulation experiments, the computer pro-

grams vere developed and fested using a particular set of parameter values,
and many of the conclusions ¢ould be obtained from just this one set of

= i values. [t also became a;j;‘arent during the development stage that some

of the estimators broke down for particutar parameter values and‘this,

to a large extent, guided the choice of parametar values (in particular the
degrees of freedum v and \12) used in the experiments.
i (O]

5("medium") and 10("large"} were used.

The dimension p  Four values, 2 {see comment below), 3{“small"},

For values greater than 10 the
copputing time associated with estimators §(4) and ;(5) became too Targe
to &1low enough simuTation runs to be perF;;vmd formmeaningﬁﬂ conglusions

e to be drawn from them.

{5.4.,45),

The value p = 2 was included to test the estimator
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(i%) The degrees of freedom vy and v, Here again, four sets nf‘ )

values were: chosen, corresponding to "small®, *medium®, "targe" and "very

large” sized samples. Clearly, the "largeness" of the. samples depends

' very much on the dimsnsion p, 50 "small" samples were songideved to have

vy = 2p "mediun’ samples vy = Bp and "large" samples vy = 10p. The “very

large" categery ( = 20p} was included because of the tendency for the

estimators YM) and *{(5) to fail for the smaller sample sizes. This was par-

ticularly so for ‘he larger values of p and the "equal separations™
choice of eigenvalues {see (i11) below). vy has, by definition, to be
greater than vy and since the results were not very sensitive to varia-
tions i vy, almost al) the simulation runs reported hers were done as~
sﬁming that there were n = 5 observations per group, so that v, = 4(v]+'()
A few runs were deso performed with n = 10 observations per group.

{ifi) The Eigenvalues “"I) Stnce 3y .= LT, and T is a nonnegative di-

finjte matriz, the i cannot be less than 1. This is easily seen by noting

that the ¥ all satisfy the relationship:

-1
1857 - Tyl = 0
and since

2,87 = (SenT)iz” AL nTL

it
‘e have that
A A RS LI P I

4

Therefory, ~ince mz“’ is a nomnegative definite matrix

~,>1-1, 0, .e. ol

Furthermore, we may sosume that a1l the y; > 1, since y; =13

corresponds to Ay = 0y and in the nractical uituation we would have tested

for this {see Section 5.2) and if aceepted we would have no further use

Jor that eigenvalye.

vz

B R S
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Finally, bearing in mind the fact that the i sheuld all be
different from each other for Chang's expressi;m (5.3.5) for the limi~
ting joint density of the 9; to be valid, the following two sets of 13

¢ were selected for the simulation experiments:

{

){ Equal separations 20 18 16 4 12-10 8 6 4 2
3

[y Increasing separations 1024 512 256 128 64 32 16 8 4 2

For p < 10 the Tower p values were used.

(b) Generating the Random Wishart Matrices

As discussed in Section 5.4.2, there exists a nonsigular matrix

V that simultaneously diagonatizes I to the idem:ity.mafﬂx and EI to

a diagonal matrix & whose diagonal elements are the eigenvalues of

272". As the eigenvalues of A,A;, where Ay ~ wp(\)1 257) and

P Az ~ wp(\xz,x) independently, are invariant under this transformation,

. '
i we may assume that, for the purpose of the simulation,

S . R NCHY

’ x and LW Ay = Wy{vp,1)  Tnclependently
1; where A= diag{vi} .
{
. Given values for PV Vp and ('y,‘), two randon vnatri923' from th
wp(vi,l) and Np(vz,T) distributions, tespectively, were géﬁerated as

)th

described betow and then A1 was obtalned by equating its (1, elenent

to v/y1vj times the (x',j)th element of the First romdom matrix,¥i,J, and

AZ vas chtained by equating it to the second vandom matrix.
The most efficient procedure for geterating a random "D(""” matrix
fs  that of Odel? and Feiveson {1966), a pood:description of ‘which i

given by Johnson and Hegemann (1974). To apply their procedure,

& »
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p(p~1)/2 independent standard normal random variables {x.u., i<ji=1, .

25...5p} must be generated, as well as a sequeﬁce of independent chi-

square random variables (vJ., 3 = 1,...,p} where for each j, vj‘ﬁix;“_jﬂ.

p(\:,I) matrix ¥ < (‘”ij) is then gonstructed as follows: ;

The randon W

me -
= 2 = .
LT 1‘21 Xy i= 2,...:p

\v1j=xu/\’q J=2,0..,p

. i1
i 5 w”=x“./q+k£1 K K Tl = Zeeps 1< (5.6.2)

Subroutine RANDN, from the Witwatersrand Tibrary, an exceptionally

fast routine that generatey random samples from the standard normal dis-
tribution by transfarming a uniform {0,1) random variable by interpolation
in a table of the normal inverse probabiljty transformation (with exact

evajuation in the tails), was used to generate the iy

¢
!
i

The v; were generated by first generating k uniform (0,1) random
varizbles Uy, where k s the integer part of 3{v-j+1), and Tetting
i

. % )
-2 log, .111 u, for v-Jj+1 even (5.5.3)
jw .

. I
j 2,

ok
-2 Tog, 15}1 uy X% forva~J+1 odd

1
% | where X s a random variable from the stendard noymal distribution. The

J‘ u; vers generated by the CDC built=in mixed corgruential generator RANF.
| ]

Subroutine WSHRT was written to generate random Wishart matrices

as described above.
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/," Subrod;‘:ine CANON (Fatti and Hawkins (1976)) was used to find the

etbenvaltues {g.} of A A"‘:. This subroutine solvesthe eigen problem:
1 12

(B~ A)Z =0, (5.5.4)

;
{

|

| 1

} (¢} < Computing the Eigenvalues {951 of A]A'z' .
| :

i

|

{

i

i

4

|

‘where A is a pxp syn'metmc, positive definite matrix {generally an error
’ b Ycovarfance matrix) and B is a pxp symetric matrix (generally an hypothasis 5
covariance matrix) by first obtaining the Cholesky inverse square root

A'é, where A'é s 2 real, nonsingular Tower triangular matrix such that

AThad)y =1,

psg computed efficiently in the following manrer. Note.-ghpt

A o X = (x shgaacesX, )‘ 45 a random vector with observed cnvar'lan).», tr{x 4

A, then, for 1 = 2 %o p, the residual, y;, on its predictor based on the

Yeast-squares regression line of Xy Of Xy5Xgse iRy g is uncorrelated with
Ryakgse ! -x, 1+ So, if we standardize ¥y ‘to have unit variance by dividing :

it by the square root of the residual wean square of Xj O Xpu¥paen ity g : = ")

/ ; \

7 for 1 =2 to p, and let y, an//var(x'{L then y = (yy:¥pes-0a9,) " has cor \
\
i variance mairix 1, the p-dimensioral identity matrix. 24 k

Clearly Y is obtained from X by the transformation: 1
¥ = CX, ' i
where C is a Yower triangular matrix whose elements may be computed from . S

A by perfomﬂng successive pivatal sweeps on A \Mng ihe diagonal Elements . %

of A as pivots, as described in Beale, Kendall, ano\‘Mann (1967). j‘ .

W7
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Finally, we note that the covariance matrix of Y is
CAC' = T,
soC=ad, §
The eigen problem

(W) - AW =0 (5.5.5).
then 15 solved using the two subroutines TDIAG and LRVT {Sparks and Todd,
1573} and finally the matrix Z of eigenvectors of the original system (5.5.4)
is (tained by teansforming the W mabris:

= (]\"i)n"

4y e g five Estwmtors
¥ i LI FUURN Y eshmators v“) and. v(z) wera comm ”\

ina strmghtfmward manner from their definitmns,

Y Ve
SURTAS T

"2\71 W L x‘h'll:
Mt _..*._L 2 w )
iy P

1w e b
Y JZi "%""«1

LILTR PRRNN ]

and then v( ) vas computed from v( ) and y( ) according to definition
(5.8.1),
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.8) as given in equation .(5.3,25) and subroutine HESS was written to

166.

3(4) was computed by the Newton-Raphson iterative procedure as
described jn Section 5.3.3, '

Subroutine GRAD was written to compute the vector of first deri-
vatives- of the Jog likelihood function (in terms of the new parameters
:omputg the Hessian matrix whose elements are given in equations (5.3.28)
and {5.3,28), Finally, the Newton-Raphson. Tterative procedure was carried
out by subroutine UNREST, using as convergence criteria both the value of
the vector of first derivatives at the previous iteration and the ‘hange
in value of the Tog 1ikeTihood function (computed by subroutine FUNCT}
over the grevious iwo 1terations.

To compute the restricted maximm marginal 1ikelihond estimator
35) the NAG (1975) 1ibrary subroutine EOMHAF was used to solve the non-
Tinear programming problem (5.4.46). This subroutine uses a penalty
function technique (Lootsma, 1972) tosalve tonstrained minimization
problems, A full description of this subroutine is given in volume 1 of
the NAG manual (1975). Subroutines FURCY, GRAD and HESS were used to
compute the values of the function and its first~ and sacond derivatives,
respectively, at the various trial solutions, as required by EQ4HAF,

{e}  Repaating and Computing Summary Statistics

One hundred simulation runs were performed for each combinution
of parameter values given 4n (a). Because of the large amount of com-
putation required for each evaluation of i(,('), the even lavger amount
required For ;(5) and the fact that in meny of the simulation runs both
faited to proguce meaningful results, the following procedure was ’adopted

for each selecticn of parameter values:

o
&0
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(i) First perform 100 simutation runs, computing only ;“). ;‘2)

and ;(3), and compute supmary statistics on them. Becaus; of t;e effi-
c1en;y of subroutine WSHRT and CANON and the small amount of computation
requived to obtain these three estimators, the time required for this step
was fairly small.

{ii) Repeat the 100 simulation runs, this time computipg ;“), ;(2),
;(3) and ;(4) on each run, If ;(4‘) failed ofi any ‘run, then none of the
;stimator; from that run were included in the summary statistics. IF
;(4) produced meaningful results, then ;((5) was computed and if that too
;roduced meaningful results all five es:imators were included in the
swyrc'yiary statistics, Otherwise none of them were included.

In this way a considerable amount of computing time was saved,
since ;(5), which requires by far the greatest amount of computer time,
was nn:;y computed in those situations where 1t was likely to produce
meaningful results. (?‘5) very rarely produces meaningful results when
;(4) does net, whereas ;he reverse oceurs more Frequently.)

- The reason for performing steps (i) and (i1) above separately is
twofold, Firstly, step {i) gives a larger number of runs on which to
evaluate the first three estimators. (For some sets of parameter values,
especially for the larger values of p, ;(4) or ;(5) never preduced
meaningful results.,) Secondly, ;(47 a;d ;“’) ;ru far more likely to
produce meaningful resuits when t;e (43 =~E\'gs(s1sg]) are spéced widely
apart than when they are closer together, with the result that the esti-

mators in step (11) have a buily-in bias towards larger spacing betw . ~
the eigenvalyes. Therefore the results from step (ii) are only wseful
for evaluating the relative performances of the five estimators,
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The summary statistics for each of the estimators were computed
and printed using the Witwatersrand Library's COVUP (Hawkins, 1974) &nd
PRINT subroutines, producing mean vectors, standard devfations; covari-

ance and correlation matrices over the various sets of simulatfon runs,

5.5.2  Rasults

Summa;«y statistics in the form of mean vectors and vectors of
standard deviations for each of the five estimators are given in Tables
5.5.% 39 5.5.4, separately for each selection of parameter values. From
considerations of space and because the same conclusions seem to hold in
all cases, correlation matrices ave only given for the case of p = 3 di-
mensions and four combinations of the other parameter values in Table
5.5.5,

As mentfoned earlier, two sels of simulation runs were performed
for each selection of parameter values, only the first three estimators
being compﬁted in the first set which always consisted of a hundred runs,
and 2] Five being comptited in the second set, but only on those occa-
sions when y(” and Y(B) both produted meaningful results. The anly
exception occuwed in the case p = 10 when, because of converg: jce
problems in the nonlinear programming package EO4RAF, ";(5) was postly
not \ompuied at all, Because ?m never fails shen e?ther ;(4) or

< ) produce meaningful rehu!ts, ;( ) and v(a) were vdentzcal {see
deﬁnitinn (5,5.1)) for a1l of bheNsmu!at‘lon runs in the second set.
Therefore summary statistics for 1(3) are not included in Tables 5.5.1
to 5.5.5 for those simulation runs.

Failure of ;‘4) or $(5) to preduce meaningful results can be de-
tocted when any of~the Gi :ssumes a large nagative value. This is it
mediately clear from the definition of the &; given in expression (5.3,22)
since it implies that ';'1«1 and ;1‘ effectively differ only by the arbi-
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trary constant e:"1 or, for i = 1, that ;'I is effective1y equal o s{l.

As earlier experimentation had shown that the va'lues of V(A) and y

p are unaffe;ted by the choice of values of the e; over a fair'ly wude

i » range (for the actual simulation runs the € were chesen to be tan per

: cent of (1/7(3) - 1/7(3)), or for i =1, of 1/;%3); ?(3) was also used

as in!tia] value in the maximization algorithms) a Ia:ge negative value

of §; implies that the maximisation algorithm has found a "false” maxi- -
mum near one of the “inadmissible sirj.iarities”in Chang's formula {5.3.5).

Since, as is clear from Tables 5.5.1 to 5.6.4, failures of ‘,(4) . ; '

and y(5> accur far more frequently for smaller values of vy and v, and ’ 13
‘ for c'loser separations between the 95> 1t would appear that under these
circumstances the likelthood surface (5.3.24) may either:
il ‘ )] have no_maxima within the admissible region, or
(1) have extremely flat mexima within the admissible region, or
{{ii) have very localised maxima which may be missed by the maximization "
algoritis. '
lp‘\‘m‘d‘,er to try and establish which of the above three possibili~
ties perﬁain, the subroutine FUNCT was used to evaluaie the Tikelihood
function (5.3.24) over a two-dimensiongl grid for the case p = 2 dimen-
sions. A numbsr of cases wers tried, r'esu1h‘v\|yg in the following conclu-
sions:  For small enough values of vy and vy and sufficiently closely
spacéd g;, case (i) pertains, bui as the degrees of fremdom and/or the
spacings increase a single maximum (for the case p = 2, at least) ve-
velops, Case (§i1) never holds. i
‘ In the remainder of this sub-section some comments are made on
the resu’ds of the simulations as may be gleaned from nm]les B.5.1 to
5.5.5, under the heading‘s‘ of bias, standard deviaﬂcm and correlation.
Bias: i

In general, the top fow eigenvalues are over-estimated and the

7
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é bottom few under-estimated, although this bias is different for the

; : different estimators. This effect decreases as. the degrees of freedom
i ¥y and vy increase, but it is more efficient to increase them by in-

' cr“eas’ing the number (k) of groups than by increasing the number (n} of

‘ observations per group, where vy = k-1, vy = k{n-1).

T * Hore specifically:

{n ;/(” has the greatest bias, both in the upper and lower few
“gigenvalues. Roughly speaking, 1jhe proportional bias in the top
v and bottom ejgenvalues are the s;me.

A : (2) «7(2) has warkedly less bias than :}U), both in the upper and

Tcw:er eigenvalues. For Jow degre;s of freedom and equal separa-

tions of the Yi» there are some anomalous results in th middle

i values, reflecting the relatively frequent accurrence of meaning-

less Jresults amongst these values,
{3) (3) has sightly greater bias than y( ) in the upper and Jower
e\genvalues but there are no 1namaﬁes on the middle values. The
§ diffevence between y( ) and 7(2) virtually disappears for higher
,y . .~degrees of freedom and insreasing separations of the eigenvalues.
) As menticned earlier, in the cases where e1ther 7(4) or 7(5)
: pruduce meaningfuly rasults, y(z) and y(ﬂ) are fdenticah
3 k\ll) Y4 has stightly less bias than y(z) (or V(B)) in both the upper
: and lower eigenvalues. {Mhen 11: pmduces meaningful resuits).
i The Newton-Raphson procedure (with checks to prevent the 61. From
i getting twe large or too small) nearly always converges, but is
unlikely to produce meaningfu?! restits for equal separations of
| the eigenvalues ant low degrees of freedom, unless the dimensioy
:j is sma'l]’ (p=2 or 3). For p = 10 meaningful results were only pro-

duced for increasing separations of the eigenvalues,

jei
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{8}  The elements of :}(5) are a1l smaller than the corresponding
elements of y( Y, the proportional differences baing approxi-
mately constant. As a result, 7( ) has the lowest bias of all
in its top element but tends to have a stightly worse bias than
”( ) and 1(2) (or 7(3)) in .{cs bottom sne. For p = 10 the non-
"T\ﬁear programming package EMHAF had convergence problems, with
the result that values of y(5> could be computed §n one case
only. For p = 2, where v;;is given explicitly by (5.4 45), the
same conclusions as abov:; hold,  In this case meaningiass re~
sults are characterised ‘by imaginary so;‘/\:t‘ions to (5_4.45;. and

cas before, ‘the frequency of their occur"r‘énc«; dacreases as the de-

grees of freedom increase or when the separation between vy and -

¥y increases (relative to v,).

Standard Deviation

Q)] Whereas ;“) has the greatest bias, its standard deviations, apart
from tha; of its top e‘lemeqt, are generally the smallest. Using
Girshick's (1939) result (s\ee, for exampie Press, 1972), and the
conments following Remark 5.3.1, that the ;’(” = L3 are asympto-
wically &ndependent‘ unbiased, normally distributed estimators of
the corresponding y;, with standard deviations SD(YU)V mh-
as a referente, it is clear that for very 1arge vy and vy this
standard deviation is approximately correct Otherwise, the stan-
dard deviations of the top (few) ygn tend to be larger than
\/27'(\71‘:1')‘\{1 and those of the bottom (few) smaller. This tendency

15 more marked in the smaller sample sizes and when the ¥4 have

increasing separations.

R et S
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{2) The standard deviation the top element of: :((2) is usually ap-
proximately the szme as that of the corrres;onding element of
om but those of the other elements are always larger. For
:maﬂ sample sizes some of the liidd]e elements can lave extremely
targe standard deviat'ions‘. reflecting the frequency uf occurrence
of meaningless resulis amongst then\

{3) The standard deviation of yga) is sometimes slightly Tess than
that of y( ) whereas those of the other elements of 'y( ) are al-
ways shqhtly Targer than those of their \,oun‘nerparts in 7(1)

{4} The standard deviations of y( ) are slightly, but conwstenﬂy
larger than those of their ccunterparts “in Y(Z) (or 7(3)) but
that of v-(‘l‘) may stil) sometimes be smaher than that of y( H

(5) tre siandard deviations of Y(S) are cﬂways smaller than the

LI

coreugyding oner of Y amd sometimes even smaller than those

of ;“‘) {or y(a)). ,ES) cremuavy y has the smallest standard

deviation of~aﬂ the estimators ¢ vq. This confivins that
reduction in standard deviations (especially of the estimnt * of
the top eigenvalue) suggested in Sub-section 5.4.6 by expression

BN (5.4.49) and Table 5.4.1 for the case whore the constraints are
deterministic, is at Teast partially realised in our situation,
where the constraints are stochastic.' For the case p = 2,;%5)
2lways has the smailest standard deviation, and that of ;és) is
always larger than that of ;é” but swaller than those of the rest.

Sorrelation W
The correlation coefficients in Table 5.5.5 were computed only fram

54

L Anu therefore, because of the buil’c-m b'las towards Jarger spacings be-

*hose simuTation runs in which y and 7(5) produced meaningful results,

tween the efgenvalues resultir\g from this, these corteltations have to be

e
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treated with some caution.

dent: .

Nevertheless certain trends are clearly evi-

{1} For any estimator y(k) the correlation coeff1c1en¢ between y(k)
and ng), RN can be quite \arge. especially f‘or adjacent pairs,
but it tends to decrease as the degrees of freedom are increased.
Incri 1sing the separation between Y4 and 15 tends, however, to eli-

minate this correlation completely.

(1) The correlation coefficients are appreciably smaller for Q(Z) {or

g (3)) than for y(” and stightly smaller again for 7(4), aYthough

there is genera]'ly Titthe difference between those of 7(4) and
"(5)

5.6.3  Conclusions
Going back to the expression for the distribution of 6:.3. givenr in
Theorem 3.1.1
-
85~ ZSZ] Ag Vg
where
v~ x% , independently, s = ',...,r
= Ly - -
Ag = lyg~1) sty
Yo Ypy?er vy 2 1
and =r(T}

it is clear that LB being the Jargest, will have the greatest influence
on the distribution, and Yy the smallest,

:
R
J
)
i1
!
i
|
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From this point of view therefore, ;(5) is the best estimator,
since ;#5) has the lowest bias and often~i|as the lowest standard de-
viation amongst the five estimators. The drawback to this estimator
is that, apart from the case p = 2, it requires a nonlinear program-
ming algorithm for its evaluation and frequently produces meaningless
results. Moreover, fo;large values of p it my be difficult to obtain
convergence of the ronlinear program (although other algarithms may
gwe better performance than EO4HAF).

Next in line is v< ), its only advantages over y( ) being that
it occasionally produces meaningful results when the laffer does not,
and that {for dimensions up to 10, at Teast) it does not have conver-
gence problems, o

:}(3) is perhaps the mest practical &F all the estimators, being
simp'lz to compute and, by definition, never producing meaningless re-
sults. In terms of bias, it is a considerable improvelpent over "y\“”)
and not much worse than yM) or y< ). A regards spread, its sta;dard
deviations are not much ’Iarger than those of ;“) {the standard deviation
for y( ) can in fact, be smailer than that of y% )) whewas thcy are al-
ways shghtly smaller thanthose of y( )and are often even smaner than
those of -,(5)

As y(a) retains a1l of the good pb —\‘s of 7(2) and sircumvents the
problem of jts unreliabiltty, tkére is no reasun for preferring the
Tatter. Because of its Targe bias y(” shoutd not be uspd. I

I the programs are available ;nd computer time no ObjEz:t‘{,‘ the
foltowing practical procedure for estimating y is recommended: ’

(1) Compute {2} = Eigs{s;S,'} and hence 3@ grom formuta (5.3.20),
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{2) 1if :;<Z) does not give meaningful results use ;(3) as defined by
(5.;.‘1)‘ as estimator of y. R " )

{3) If ;(2) does give meanin;fm results, compute ;45) and use this as
est?mator if it gives meaningfu) results. If ?t does not, compute
;(4) and if that also does not give meaningful results, go back
1o 720,

Remark 5.5.1 It is interesting that, even when the Vikelihood function B

apparently has ho maximum outside the “inadmissible" regions, the approxi-

i
;
:
i
!
1
1
]
i
!
1
o

mate solution to the maximum marginal Tikelihood equations, ;(2), is a

<7 better estimator than ;(U, and 5¥ it does not produce meaningful resuits

: ‘then :;(3) is still usuéﬂy better than ;(”.

Remark §.5.2 It is clear from the results of the simulations that for N Y\‘
reliable estimation the number of populations, k, needs to be large, pre-
ferably at Jeast ten times the number of dimensions, p. If there is a

choice, it is generally better to increase’k than it is to increase n, -

the number of chservations per group (so tong #s n is at Teast equal to.2),
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Appendix 5.1 Preof of Theorem 5.1

We will consider the more general case with (possibly} different

sanpie sizes from each of the k groups. 1.2, our training sample is:

{xij; Jehangs i= Ty.e.5k}, Then, analegously to Table 5.1.1,

we define:

k
Mg Pif !

k0N ,
and Ry =i§ j§1 (%557%3) (%5 57%; )
o whev;\,i )
!
1 %
" 7 &
jél X3 TN 1;_-, 3%,
and
ne
L ngv
[
Therefore,
Pk, Ky

Hom(a) © TR
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\ % 177 ;
y . N
i .
ol Simitarly, :
H .
|
;
f
]
)
. =x - f
‘ Apptying the abovestwo results, we ohﬁain, :
y k }
. M) 7 o M P ) :
i :4
i - N -
z \ T gy T R ) T X0 ;
) ' = L malg K ey x e ,
f + {0ty -x AR (xg - +f-e)
| oy
| , ;
" sA +F ) ndx, % )+ Ny (%, =% JF' 4 {N~n ) FF* Ly
; " LZ,- (Al L n,gs AN Tt i ;
I
: S ag K Mrg X ) (-1 {F-e)(xy =x )
: .
2 + {n 1)k X YFe) # [n-1){fe)(ee)" :
) ,l = Ay = (X 3 ng(xy =X JF & (Neng)ep ) ' ‘1
| ! g
: = )Py =X 3o g T) kg ok JUPR) + (ng=)E-e) (f-2) .
'; L
i .
| .
i A
B J ’ .
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since

(ng=1)(F-e) = (x-x_ ) = =(N-n})f
and
k
2§l fyl%g,% ) =0

= Ay - B! - 9{fe(ng-l)e)’ + (N-ng )P + (ng-1){f-e){f-e}’

Furthermore
¥ My
Rae(ing) 7 g Bare g

i

kO ) L))
kony

= in 321 (g%, Hrgy=%y )

1,
ot rZJ (xgpay pe) (k0% )

= Ay = (xgymxy Mxggrxg )1 = elxggxg )0 = (xgymmg et

+ {ni-I)ee‘
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since
! u
rzl gy ) = 0

= Ay~ \ni—})’ee' = (ny=ee’ - (pi-I)ee' + (n1-1)ee'

= Ay - ni(ni—l)ee‘

which agrees with Lachenbruch's (1967) result.

Now, applying the Binamial inverse theorem (Press, 1272):
(auvy™? = a7t - Tyaqmiava sy Teva™!
which reduces to the following, for u and v column vectors and B = I:
) = 87 < e eea Ny
e 5 Wi .
to the above expression for Ae—(i,j)’ we get:
I = (A, (ng-1)ee’)™
2-{1,3) AR A
= &30 b mtng-1as e st (o, (=102 A5 V)
2 iV 2 2 it 4

1

-1 s
y o+ Ay'E.
So

-1 o=l -1 WIS
Moghgfags 1y = M AR+ el

3
)
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Whence o
] Tea, Ay = Tr(AASTY + TrAASTE) + TR(EASYE).
i V2 S-(1,]) 172 12 ]
| : ~
‘Remark  When, ny o=, Vi, we just remove the subscripts from all the
n_l's apipearing in the above formulae.
1
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Table 5.5.1

. Means and Standard Deviations of the five estimators of the

3 {Y,-}= Eigs{zﬂ:'1} from the simulation experiments for the case p = 2

A.  Degrees of Freedom vy =10, Vg = 44,

A1, Estimators §(1), :{(Z) and ;(3) From all 100 simuiations

| iMeans Standard Deviations

Truey A S T
; 4 6.76 5.0 6.07 421 470 4.05
g 2 1.20 -3.46 1.56 192 180,41 1.29
.8 1388 10,78 10.78 7.9 7.67 7.67
2 L4 2.3 1.85 1.26  2.74 1.40

A.2., Estimators ;(1)’ 0(2), $(4) Jand «;(5) from n simulations

Means Standard Deviations

n Iey 1 0z & 8 1 2 & 5
53 4 8,53 7.90 7.73 6.97 4,80 4.52 4.53 4,04
o 2 0.65 0.9 0.9 0.83 0.44 0.62 0.66 0,57
66 8 14.44 13.44  13.23 11.91 8,38 7,94 7.87 7.1
2 0.89 .24 1.30 1.2 0,57 0.8) 0.88 0.74

B.  Degrees of Freedom vy = 10, v, = 44

B.1. Estimators ?(1), 32 g ;(3) from a1l 100 s{muiations

Means - Standard Deviations
Truey Loz 3 Tz 3
5.24 4.83 4.85 .28 2.2 2.18
? 1.46 1.86 1.73 Q.82 1.28-  1.00
8 3.65 9.3 9.18 4.63  4.60 4,58
2 1.67  2.06 1.92 1.08 1,87 1.20
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Estimators '1(‘), 3-(2), Y(Q) and ;(5) from n simu1ations

Means :

Truey 3 2 4 8

5.05 5.4 5.22
126 L2 12

4 5.8
2 1.8

8 10,38 9.95 9.89 9.45
2 1.36 1.56 1.58 1.49

Degrees of Freedom vy = 20, Vg = 84

Standard Deviations

2 4 5

2.6 2.29 2.29 2.18
0.51 .60 0.64 0,58

4.67 4,55 4.56 4.34
0.74 0,87 0.89 0.83

£11) A ~
Estimahgr: ¥ *]), Y(Z), and 7(3) from a3} 100 sisuiations

Heans
True v 1 2 3
4 4,50 4.21 4.26
2 L7 o209 1.87
8 8,57 8,31 8.3
2 1.82 1.99 1.9

Estimators

Heans .

Tey 102 4 %
4 4.91 472 4.68 4,59
2 1,42 1.85  1.57  1.51

8.71 B8.47 844 B.24
173 1.86 1.87 1.8

(S

Standard Deviatio

1z 3
141 146 142
070 147 075

2.93 2,93 2.92
0.78 0.92 0.8

Y“), ;(2), ;(4) and ;(5) from n simulations

Standard Deviations
2 4 5

IRV IR W S WR
048 053 0.5 0,53

251 2,88 2.9 2.8
0.64 0.70

072 0.89




183.

D. Degrees of Freedom vy = 40, vy = 164

D.1.  Estimators ﬂ?.(”, ;(2’ and ~;<3) from a1l

i ; Maans

4 True y 1 2 3

J 4 235 4.00 4.00
| 2 1.88 201 2.00
! 8 8.06° 7.92 7.92
2 195 208 2.03
H

0.2, Estimators

Means
1 Truey 1 z 4 5 1
81 ¥ 433 420 437 404 0.93

2 1.78 1.87 1.89 1.8 0.47

w100 8 806 792 1.9 7.8 2.2
i 2 1.95 2,03 2.03 2.0 0.57

100 simulations .

Standard Deviations
1oz 2
0,96 0.98 0,98
0.53 0.60 0.59

2.02 201 2.0
0.56 0.60 0.60

;'(]), ‘;(2), ‘A{(M and-§(5) from n simulations.

Standard Deviations

2 4 3k
0.93 0.54 0.92
0.5) 0.5 0.5

2.0 2.02 .99
0.60 0.50 0.59

i
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| Table 5.5.2
i
i
) Means and Standard Deviations of the five.estimators of the
1 )= Eigs{z-l):']) from the sinulation experiments for p = 3
: dimensions !
r A. Degrees of Freedom vy = 8, vy ® 28
i o
\ A, Estimators ;(’), ;‘Z) and '1:(3) From a3l 100 simulations.
" Means Standard Deviations
| True y 1 23 L z 4
i [} 9.61 7.78 8.09 4.99 4.62 449
Y 4 3.13 4.68 3.59 1.67 6.7 1.97
; 2 0.78 2.04 1.07 : 0.57 3.80 0.76
" 16 20.63 17.98 1B.15 13.14 12,33 12
A 4 3.87 4.63 4.47 1,95 . 329 2,54
: 2 0.8 LA 1.2 0.63 "7.72 0.94
! 2. estimators YO0, $3), S0 ang T5) fron n sinatattons.
i ’
[ Means Standard Deviations
e 4 Imey 3 2z 4 3 1 2 & &
N \ 9 [} 18.06 16.01 15.60 14.50  2.91 2.55 2.49 2,31
1 4 3.07 3.62 3.6 3.36 091 1.i11 137 1,07 :
‘, o 2 0,40 0.63 0.65 0.5 0.13 0,21 0.23 0.20
! ks 34 16 28.33 25,36 24.81 23.09 13.45 12,38 12,50 11.45
§ ! 4 7381 445 45 4.3 1,56 1.8 1,94 174 Y
s 2 0.53 0.8 0.89 0.79 0,33 0.55 0.83 0.8 :
Il
M 1
. ] Vo
; Bt -
! )
H i
I
]
i

o - -
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c.1.

i

Degrees

185.

A =15, vy = Gi

Estimators ;(]), ;(2) and §(3) #rom all 100 simulations.

Heans

True ¥y 1 2
8 7.68 6.70
4 3.53 4.2

2 1.37 1.8
16 17.89 16.71
4 4,04 4.30
2 1.44 1.87

Estimators ;(1), $‘2), ;(47

Means
Troey 1 2 4
6 8.47 8.70 8.51
4 3.28 3.5 3.52 -
2 0.93 115 1.9
16 19.07 17.89 17.74

4 450 474 472
2 1,22 1.48 1.53

Degrees of Freedom vy = 30, vy = 124

3
6.83
3.7
1.62

16.74
4.21
1.76

Standard Deviations

1
2,98
1.29
0.53

8.28
1.58
0.56

Z
2.94
2.44
0.86

8.13

2.21
0.83

and 350 from n sinutations.

5
8.32
3.39
1.13

17.24
4.56
1.46

Estimaturs$(]), ;(2) and ;(a

Means

True v 1 2
[ 6.75 6.09
4 3.84  4.31
2 1.64  1.90
6 16.15 15.56
4 4.28 4.33
2 1.67 .84

3
2,89
1.5
0.70

8.09

1.84
Q.75

Standard Deviations

L
2.53
0.89
0.32

7.74
.4
0.52

z
2.%
101
0.41

7.45
1,83
0.66

4
2.39
1.09
0.44

7.48
1.56
0.69

) from all 100 simulations -

3
6.20
3.99

1.82

15.56
4,34
1.87

5
2.29
1.05
0.41

7.22

1.50
0.65

Standard Deviaét

1
1.65
.01
0.52

4.68
1.22
0.53

z 3
L7 163
2,13 L2
0.8 0.62
463 4,63
136 9.3
0.81 ; 0.62
F
%

B

P
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Estimahrs;'(”, ;'(2), §(4) and ;(5) from n simlations

Means

B Standard Deviations
I n Irgey 1 2 4 5 1 2 4 5
25 6 800 7.52 7.2 7.3 1,71 1.64 1.63 1.60
i : 4 370 3.83 3.8 3.7 0,86 0.92 095 0.93
! 2 147 1.65 .68 1.63  0.38 0.4 0.46 0.4
i
| ;
: )
[ 74 7 16 16.74 16,13 16.08 15.84 443 439 4,41 4.33
e, ¢ 4 460 471 470 A.62 132 1,20 1,23 L2}
! Pl ' 2 156 173 175 L2 0.45 0.51 0.52 0.51
‘: N i
H . Degrees of Freedom vy = 60, v, = 244 4
[ 7% PO Esc‘imators;m, ;(2) and :;(3) from a1l 100 simulations. ‘
o Means” Standard Deviations
B Jreey 1 Z 3 1 2 2
v 5 6.52 6.10 6.19 1.3 1.4z 133
4 407 432 438 0.76 1.05 0.83
2 1.86 2.00 1.96 0.3 0.45 0.40
; 1% 16.56 16.26 16.26 3.65 3.63 3.63
4 425 4.26 426 . 7 "4 0.89 0.88
: H 1.88 2,00 1.9 ! 0.6 0,43
{ . §
6.2, Estimatorsg(”, ;(2). ;(4) and :(\(5) from 5 smu(a"ﬁons‘
[
Means \r*»\‘standard Daviations
n Trvey 1 2 4 5 1 z 4 5 ;
‘ a4 6 . 7.2 7.4 7.0 7.06 3,07 1.06 1.07 .06
4 3,83 3.90 3,91 3.87  0.55 0.58 0.60 0.59
2 77 1.8 1.89 1.87 0,30 0.33 0.33 0.33
o
o 9 16 16,75 16.44 16.43 16.30 3,61 3.59 3.59 3.56
4 43¢ 437 436 AR 0.8 0.84 0.8 0.8
2 1.82 1.93 1.94 192 0.3 0.39 0.40 0.40
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Means_and Standard Deviations of the fiye estimators of

the iy} = Eigs{f.‘lx']} from the simulation experiments for
p=5 dimensions,

Degrees of Freedom v = 10, vz. = 4%

Estinators ;(1), §(2) and ;(3) from atl 100 simulations.

Means Standard Deviations

ey 1 2 3 12z 3
0 17.86 13,11 14,83 9.38 8.2 8.10
.8 873 7,91  8.52 3.3 15.65 .32
6 427 1388 4.60 171 695 212
4 1.88 809 2.29 0.81 49.28 1.2
H 072 .75 0.90 042 3.50 0.64

32 42.94 33,84 36.40  25.86 24.33 22.70
16 16,15 11,00 16.06 7.22 53.48 7.69
6.3  8.76  6.93 3.27 17,91 410
" 251 1.8 2.90 1.07 26,59 1.47
0.83  1.81 0.9 0.51" 4.77 0.64

~ B

Estimators ;D), ;(2)’ WG] and ;(5) from n simylations.

Fatlure of either :;(4) or ;(57 in all simulations.
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8.1, Estinators 707, $2) and 33} from a1t 100 sinutations.

B.2.

=

188.

Degrees of Freedom Yy = 25, Yy =‘]o4

True y 1
, 10 13.97
K 9.07
6 5.46
4 118
2 1.43
32 37.34
16 17.81
8 7.96
4 3.59
2 1.48

Estimators ;(1). ¥

For {;] = 110,8,6,4,2) either v or 38 ratied in avt

Heans
2
71,35
11.50
6.15
4.38
z.02

33.19
18.22
8.8y
4.32
1.96

T

3:
1

3
2.2l
8.91
5.64
3.48
1.62

3,60
1.76
8.47
4.02
1.78

Standard Deviations

(2), ;(4) and §(5) from n simulations,

simulations.
Heans
ey 1 & 4
32 M4,76 M2 0.7
16 16.97 16,76 16.63
8 7.5 8.14 8,11
4 317 370 3.71
2 1.06 1.34 1.36

5
0.2
16.28
7.93
3.67
1.32

1z 3
3.08 22 277
1.92 21,82 2.13
1.22 208 1.46
0.80 2.81 0.98 Q
0.43 195 0.59 ;
9.89  9.93 9.64
5.01 7.20 5.62
2,32 B.06  2.87
1,00 1.62 1.6 \
0.6 072 0.60 :
 Standard Deviations
1z & 5
3.87 3,53 3.4 8.50
3.07 3.26 3.40 3,32 ;
.18 130 128 .25
.00 27 lde 1.3 |
0.41 0.4 086 054 .
i i
it
i I
s
i
I
o ®

=
.
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c. Degrees of Freedom v = 50, vy = 204

- “ ~ .
c.1. Estimators y“), y(z) and 7(3) from all 100 simuTations.

Means Standard Deviations
Treey L 2 2 1 2 3

w0 12,98 T 11,38 2,66 2,94 2,59

) 8 8.28 8.4 BT 150 2.97 1,63
v [ 5.66 6.26 5.78 0.98 4.8 1.08
4 361 421 3.8 0.68 1.4 0.77

H 1.5 2.09  1.87 0.35  0.82 0.4

32 35.19 3321 83 9.25  9.29 9,23

16 16.44 16.39  15.42 3,47 3.8 3.74

8 7.99 838 8.2 1,73 225 2.04

4 3.94 430 4.22 0,86 1.18 1.01

2 198 2,08 2.00 0.3 0.50 0.43

c.2. Estimators ?”’, :('(2), ;(‘” and ;(5) from n simulations.
For fr;} = 110,8,6,8,2) either ¥(*) or (5} faited in ant

simulations.
Means Standard Deviations
n Truey 1 2 4 5 1 2 4 5

32 38.04 3611 35.89 35.60 9.87 .79 9.8 4,77
% 16,81 16.76 16,79 36,62 2.9 3.8 3.29 3.26
38 8 7,89 8.3 872 803 1.45 1,61 1.67 1.65
4 362 4.1 4,13 4.08 0,68 0,78 0.82 0.8
2 1.69 1.91 1,93 1.80  0.37 0,43 044 0.43
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Degrees of Freedom vy = 100, v, = 404

190.

Estimators ;(1), ;(2) and ;(3) From al71 100 simulations.

Means
True v 1 2 3
10 11.26  10.42 10,64
8 8.04 8.00 7.93
3 588 615 6.01
4 3.74- 402 3.8
2 1.90 2.08 2.00
32 33.64 32,56 3.7
16 15,92 16.54 15,84
8 8.2% 8,50 8.46
4 3.85 3.98 3.98
2 1.92 2.04

2.05

Standard Deviations

1
1.63
0.95
0.78
0.65
.27

6.83
2.40
1.34
0.68
0.27

2
1.8]
1
1.2
0.8€
0.30

.21
7.8t
1.85
0.78
0.30

3
1.64
1.05
0.8
0.69
0.30

5.82
2,56
1.45
0.78
0.30

Estimators ;(1), ;(2), §(4) and ;(5) from n simulations.

Treey 1

0 12.65
8 7.9
6 5.3
4 3.2
2 .86
32 33.87
16 16.97
8.14

4 3.9
z2 .90

Means

2 i
12,07 12.01
7.84 7.
5.50  5.52
3.40 3,40
2.00 2.01"
32.92  32.87
15.91 15,90
8.28 8,28
4.05 4.0
2.0z 2,03

5
11.98
7.78
5.49
3.37
2.00

32.73
15.82
8,24
4.03
2,02

Standard Beviations

1
1.8
0.55
0.37
0.4

0.26

5.32
1.96
1.28
0.69
.0.26

2

1.42
0.56
0.39
0.47
0.30

5,34
2.06
1.38
0.76
0.29

4
.04

0.55,

0.40
0.50
.31

5.36
2.08
1.4
6.78
0.30

3
1.43
0.55
0.40
0.49
0.30

5.33
2,07
1.40
0.77
0.29

Y
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53

Degrees of Freadom vy =80, v, = 459

True y

32
6

8
4
2

Standard Deviations

1
7.15
3.10
1.35
0.62
0.3

Estimators of ;(1), ;(2), 17(4) and ;(5) ~from n simulations.

2

7.18
3.37
1.50
4.7
0.48

7.21
3.49
1.55
0.72
0.46
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Table 5.5.4 .

Means and Standard Devlations of the five estimators of the

{71}‘= Eigs{z]t"} from the simulation experiments for p =10

| dimensions
! . AC Oegrees of Freedom vy = 20, v, = 84
1 ¢ A, Estimators ;(1), 3(2) and ;(3) from 211 100 simulations. ;
.o } Means Standard Deviations
o : Truey 12 3 1 2 3
! i 41,19 28.01 33.83 9.25 9,09 7.49
’ R 27.22 23,75 25.25 5,52 10.05 - 6.08
, 18 18.68 18.26 18.14 3.88 10,07 4.01
i 13,50 10.82 13.49 2.39 46.23 2.45
S 12 9.60 12.59 9.66 2.7 11.57 2.25
. : 10 6.70 10.08 6.74 1.47 20.27  1.49
: 8 T 450 6.8 4.2 1.00 l6.42  1.01
. i 6 - 279 446 2.81 0.82 9.13 0.83
: 4 1.63 3.83 1.65 0.57 4.56 0.60
; [ 0.75 1.66 0.76 0.3 2.24 o.M Y
i i
: 1024 1352, 1108, 1141, 427.5 396.2 376.0
812 564.2 368,8 527.7 188.5 1545, 199.3
i 256 246.3 260.3 247.0 73,97 143,37 84.20
128 1208 127.9 127.2 36.43 144.8 41.82 :
i 64 54,50 67.03 58,30 17.38 29,58 19.16 '
32 24,28 30.25 26.85 8.51 37,38 10.58
o % 1143 17,29 12.99 5.52 8.4 5.05
) ! « 8 4,94 6.88 5.63 1,77 110 2.3
L 4 2.25 537 2.54 0.61 9.63 1.09 .
o . 2 .. 0.88 234 1.00 0,38 2.9 0.49

A.2, Estimetors y“) (z) A(") and 7(5) from n simulations.

Failure of both y(”) or ym in all simulations.
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B. Degreed of Freedom vy

193.

= 50, Vg = 204"

B.1.  Estimtors v 1), ¥(2)

True y

20
18
16

1
29.90
22,10
16.88

1362
“10.59

8.25
6.19
4.45
2.90
1.87

1139,
547.0
256.7

+122,9

59,26
28.83
14 .30
6.95
3.30
1.64

and ;(3) from a1t 100 simulations.

Means Standard Deviations
z 3 1z 3
23,84 26.37 4,77 6.31 4.57
19.89 21.00 3.00 4.97 3.37
15.40 16,65 2.00 3.77 2.7
18.42-.13,61 1.89 29.14 1,97
Wy J0.60 1.35  8.75 1.36
9.72 ..p.27 1,18 71.75 1,18
8,04 §.21 0.87 3.63 0.8
6.27 446 0.7 3.27  0.78
3.81 2,90 0.59 1.81 0.59
2,19 1.58 0,38 0.71 0.38
1044 1048. 261.6 257.7 255.8
534,0 534.1 124,01 1441 133.1
e60,1  267.1 52.45 $5.23 57.01
127.5 126.5 25.14 31.28 28.68
6370 62.21 12,90 18.48 %14.96
31.92 30.66 6,16 8.65 6.78
16.24 15,58 3.20 4,47 3.97
8,18 7.73 1.3 2,01 N
4.02 3.73 0.78 1.27 0.87
2,16 1.96 0.39 0,61 0.58
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B.2 . Estimators §(”, ;(2), ;(4) and ;"(5) from n simulations,
For by} = (20,18,16,14,12,10,8,6,8,2), 1*) and 3®) aited

. in &1t simulations. ‘
. \‘:‘ Means Standard Dewiations
4 I Treey 1 Z 4 8 12 4

9 1024 1132, 1042, 1036,
512 553.6 537.3 5an7
256 260.0 260.2 . 260.5

i
202.5 193.7 195.6
78,07 80.61 83.19
27.48 29,47 30,62

hes s 130.0 10 14.13 15.83  16.51
64 58.37 61.87 61.89 ° 9.68 1.3 11.58
: 32 2743 29.71 29.60 T, 3.87 4,50  4.66

S ; 16 14.36 16,31 16.43
g S 8 6.5 7.61 7.48
s 4 3,18 3.83 3.8 0.31 0.3 040 -
2 157 202 2.04 0.3 0.86 0.48

hol c. Degraeé of Freedom vy = 160, vp = 404

1.3 1.8¢ 1,82
128 1.60  1.67

964aAU0D 03 paried WHItLoBLY

g ¢ Extimators ;“), ;(2) and ;(3) from all IUO' simulations.

0,
2 .79 2.01 2,00 0.29 0.3 0.3¢

X Means Standard Deviations
it Triey 1 3 3 1 2 3
o TR 2.6z 22,10 23.10 3.02 3,56 2.93
. 18 20.23 18.69 19,77 213 3.83 2,50
‘ 16 16,89 16,24 16.27 1.59 3,32 1.87
141369 1432 13.69 1.3 3,20 1,56
‘ W12 1,08 1178 11,13 1,08 246 1.26
: jo 883 9.62 8.8 0.93 2.3 0.93
Lo & 710 846 15 0.82 2.04 0.83
T L6 506 577 8,12 0.67 112 072
. 4 347 406 3.5 0.52  0.83 0,54
< 2 NI 2.0 L7 0,28 0.3 0.29
oA
7y 1024 " 1093, 1048, 1048, 175.3 175.2 175.2
b 512 536.0 528.9 5285 84,49 90.02 89.32
v 256 2664 264.4 2544 39.45 42,03 42.02
) 128 126.8 128.9 1289 18,12 19,75 19.75
i 4 60.97 62.72 6271 19,20 10,21 10.22
1 32 30.43 31.81  31.80 i 5.99 5.99
! 16 16,27 1618 * 16,19 2.24 2.5 2.55
1 8 7.28 7.81 7.8 11,28 T .44
W 4 4 3.58° 4.05  4.02 0.61 0.74 71
i
1
1

jon

oBuantod 03 paliey MyziJoBLY
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195.
Estimators ;(]), ;(2), ¥4 and ;(5) from n simulations.

For fy;} = 120,18,16,14,12,10,8,6.4,2) 78 2nd 7} fatled in

411 simulations.

Standard Deviations

Treey 1 2 501 z 4
3024 1109. 1088 Z wes 22 1734
512 -526.8 5i8.4 5187 S 80.72 83.94 85.6]
256 250.3 2601 0.2 F I .91 3.6
128 125.6 1226 1227 L 1791 19.32 19.64
6 BLA6 637 6329 = 890 877 9.95°
3 .24 3155 31.59 5 488 5.45 5.60
W 16 1.7 1ed 168 8 228 286 2.60
T 7 e 782 £ 06 T3 136
4 368 401 401 3 050 0.58 0.59
2 v 19 198 B o028 0.3z 0.3

Degrees of Fraedom vy = 200, v, = 804

Estimators ;“), 5(2) and ;(3) frum 411 100 s1'|s1u1at1'u}is.

Means Standard:Ceviations
Teey 1 2, 3 1oz
* 20 23.29° 21.23 21.78 2.05 2.57 2.08
18 13.02 18,08 18.42 1.44 2,06 167
16 16,21 16.21  16.02 1.08 2.96 1.23
14 13.62 14,83 13.64 1.00 293 1.1
1z 11,38 1173 N6 .87 1.64 0.9
0 . 9.3 9.95 9.44 20,77 1.96  0.86
8 7.47  8.05 7.56 .70 1,19 0,74
3 6.56 §.97 5.64 0.51 0.68 0.57
4 3.74 4.03 3.80 0.44 0,50 0,49
H 1.86 1.97 1.87 6.21 0.23 0.22
02 1070. 1048,  1048. 124.3 124.3 124.3
512 519.3 B515.1 515 57.61 6944 59.M4
256 256, 256.1 256.] 29,31 30.49 30.49
128 125.7 126.7 «126.7 13.98 14.82 14.82
64 62,27 63.14 63.14 7.18 7.8 7,58
32 31.21 31.88 31.88 3.33 © 3.54 3.54
16 15.45  15.80 15.89 1.65  1.76 1.76
8 7.7 7.98 7.98 0.79 0.85 0.8
4 3.84 4.0 4.0 0.47 0.5 0.5%
2 1.87 1.98 1.98 0.21 0.23 .23

e

abusauoy o3 pajiel wy3LiobLy
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D.2 Estimators ;(”, ;(2), :{\(4) and ;(5) from n simuTations.

For {y;} = {0,18,16,14,12,10,8,6,4,2} 7*) ‘and 75) faited in
211 simatiens. : L

| v Heans ‘-Standard Deviations !
‘ n Tuey 1z 4§ 1z & s ;
{out 512 567.2 563.3 563.3 561.9 47.88 50,53 50.87 50.74 !

of §) 256 267.0 267.3 267.3 266.6 33.56 39.83 39.96 39.85
128 1211 2t.8 1218 21.5 11.95 12.46 12,49 246
64 60.18 60,97 €0.97 60.82, 8,04 845  8.49 8.47
32 31.66 32.37 32,38 32.29 Te3.92 416 4.7 4.6

i, 5 Tz¢ 1121, 1007, 10%. 1094, 1434 1432 M35 143,
i
|
!

i S16 5T 15683 1853 1549 102 L 120 L2
§ ‘ 8 7.0 7.53 753 7.51 058 0.62  0.63  0.63
L 4 417 438 438 437 6.47 052 0.53  0.52
2 189 200 200 200 0.31 043 0.3 0.3

98 1024 1074, 1052, 1051,
513.8 5144 5145
256  256.7 256.7 286.7
128 - 126.2 1261 1260
64 62.37 63,26 63.26
© 3 31.27 31,95 31,95
16 15.43 15.87 16.87
7.716 7.97 7.97
3.85 4.02 4.02
1.8 .87 197

T22.3  t22.1 22
56.04 57.60 58.13
29.27 30,40 30.54
13.09 13.76 13.85

717 7.88  7.62
3.33 3.5 3.57
1.63 1.7 1.75
0.79 0.8 0.8
0.48  0.52  G.52
0.21 0.23  0.23

@
~
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Degrees -of Freedom v; .= 100, v, =909

Estimators of ;U), :;(2), ;”) and ;(5) Fron nsimutations.

True vy

1024
512
256
128

1106.
§23.4

Means

2

1077,
521.0
252.3
125.3

62.60
31.73
16.53
7.7%
4.04
1.99

1

1075,
521.0
252.8
125.3
62.65
31.73
16.54

4,04
2.00

fen

2BUSAU0S 03 POLLRY WYILIOBLY

Standard Deviations

1

155.6

83,32,

37.78
16.67
9.14
LN
2,31
1.08
0.54
0.29

A

185.4

87.34
40,53
18.05
10.10
4.92
2.63
1.21

0.63

0.33

1

156.2
88.51
41.50
18.34
10,32

5.00
2,67
1.22
6.64
0.34

=
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Table 5.5,5 i

Correlation matrices for the Tive estimators of the [y} = Eigs{£‘2'1}

from the simutation experiments for p = 3 dimansions. i

c. 'Degrees of Freedom vy = 0, v, = 124

C.1. True (v} = {6,4,2)

Correlation Coefficients i

Number of
. Sinulations Pair 1 2 4 5
y 2 (1,2) 802 758 714 L3
’ (1,3) .322 265 281 \e60
2,3) a0 .38 27 273 v
Feg2. True D) - (16,4,2)
Tud
Number of Correjation Coafficients
Simuiations fair 1 2 K3 5
4 {1.2) 093 043 .021 .025
(1,3) ~023 0 -0.41 -.046G -.040
(2,3} 308 248 .21 1210 :
B, Degrees of Freedum vy = &0, Vg ® 244
0. True {Yi} = {6,4,2}
Nunber of Correlation Coefficients -
Similations Pair 1 2 4 5 j
44 {1,2) 425 356 319 324 i
(1,3) Bil3 K] 081 070 ]
p (2,3) .38 314 ,283 .281 ;
D2, True {ys} = {6.4,2} l
H
Nurber of Correlation Coefficients
Simutations air 1 2 4 5 I
91 (1,2) -.034 ~.087 =060 «. 066" 7
(1,3) 042 033 032 033 i
{2,3) .289 235 210 211

v
ha
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Chapter 6  The Predictive Bayesian and other Approaches

Gur chief concern in this chapter is the Predicfive Bayesian approach
to discriminant analysis under the random etfects model,

As described in Section 2.2 this approach consists in evaluating the

. posterior probabilities, given the training samp1e‘and underlying medel

together with any known parameters, that the new observation X comes from
each of the ky pqpuIat‘lons in question, and assigning it fo that popula-
ti6n £or which this probability is the Targest. Tﬁerefo:*e, 4n contrasé
to Chapters 3 and 4 where lwe are concerned with the expected behaviour
of the standard classification rules of classical discriminant amalysis
under the random effects model, this chapter is concerned with the deve-
Topment of new classification formulae applicable to this model.

In conformity with the rest of this thesis, we will assume that the
prior probabilitids q'i ¢f the k populations Ty i=2T,.005k are all equal,
so that the posterior probability that x comes from T is proportional to
the predictive density of ¥, given the training sample and the assumption
that x comes from w,. See expression {2.2.4). (It is, however, a trivi-
al matter to adjust the theory for the case where the 9, are unequal.}

Therefore, in the next two sections we will derive the predictive
density of X ynder the random effects model given the training sample
and the assumption that X comes from Ty using a noninfarmative prior
distribution for the unknown parameters, firstly for the univarfate case
{Section 6.1) and then for the multivariate case {Section 6.2}, In
Section 6,3 the predictive density of x will be investigated under two
alternative prior distributions of the unknown parameters, namely,

{i) Box and Tiao's noninformative prior distribution for the random
effects model, and (§i) the natural conjugate prior disteibution.
F‘inal‘ly, in Section 6.4 +fwo other Baysian approaches to discriminant

analysis, the Empirical Bayes and "Semi-Bayes" approaches, respectively,
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Chapter 6 The Predictive Bayesian and other Approaches

Our chief concern in this chapter is the Predicfive Bayesian approach
to discriminant analysis under the random effects model.

As described in Section 2.2 this approach consists in evaluating the
posterior probabilities, given the training sample and underlying model
together with any known parameters, that the new observation x comes from
each of the k.‘ populations in question, and assigning it to that popula~
tion for which this probability is the largest. Therefore, in contrast
to Chaptars 3 and 4 where :ue are concerned with the expected behaviour
of the standard classification rules of classical discriminant amxlysis
undey the random effects mode), this chapter is concerned with the deve-~
lopment of new classification formulae appl"lycahTe to this model.

In conformity with the rest of this thesis, we will assume that the
prior probabilities qq of the k populations L 3 =105k are all equal,
so that the posterinr probability that x comes from T {s proportional to
the predictive density of X, given the training sample and the assumption
that x comes from n.. See expression (2.2.4). (It is, however, a trivi-
al matter to adjust the theory for the case where the q, are unequal.)

Therefore, in the next two sections we will darive the predictive
density of x under the random effects modet given the training sample
and the assumption that x comes from T using & noninformative prior
distribution for the unknown parameters, firstly for the univariate case
{Section €.1) and then for the wultivarfate case (Sestion 6.2). In
Section 6,3 the predictive density of x will be investign'qu undey two
alterngtive prior distributions of the unknown parametors,]nama]y.
(i) Box and Tiao's honinformative prior distribution for the random
effects model, and (11) the matural conjugate prior distrihut{onA
Finally, in Section 6.4 two other Baysian approaches o discriminant -
analysis, the Empirical Bayes and "Semi-Bayes® approaches, respectively,

© oy
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will be given brief consideration.’
Remark 6.1 In this chapter we have to make a distinction between the &k
populations used in the training sample and the k1(s k) populations from
which it is known that the new observation x derfves, Clearly these ky
populations must be repreéented in the training sampie, but they may
well have been sampled at a laler stage than the rest of the training
sample, possibly only at the time when the particular classification

problem in question arises,

6.1 The Univariate Case

For dimension p = 1 the discriminant analysis problem under the
"random effects model becomes:
Given a trajning sample,

EOTS e g indaaks §eTng?

| 3
4
where,
' x”~r|(ui,c’) {ndependently, v‘.)j
and vy~ NES ) independently, ¥

classify a new observation X of unknown origin inta one of the ky popu-
Yations Tys rnl,‘..,k] , where My is‘/cb\aracteMsed by a N(‘*r' o?) dis«
tribution. -

For the Predictive Baysian approach we need to wake an assumption
about the prior distribution of the unknown parameters o2, & and t®, and
in this section we assume that they have the following generat type of
roninformative joint prior density:

iy
oy . ; "




202.

v,
do? d de? (6.1.1)

9{c?, £, t2)de? df di* « oﬂv
Remark §,1,1 For reasons that will become clear later, we are consider-
ing a more general form of prior distrit;uﬁan than the usual diffuse oyf'
invariant (Jeffrays 1967) prior distribution which has vy = vy = 2, The
prior density {6.1.7) is also used in Geisser and Cornfield (1963) and?
in‘getsser (1964). ‘ :

Given the above assumptions, the predictive density of X, assuming
t

[
that x € 7, 153 i

FTS, vy, vy nr)=f ff(xh;. ) P (TS de (5.1.2)
cl I .

where, f

B= (g Mpeeen )’
1 i
Xl 0%y m) = exp { -p{—g— )%

Pl, o*|TS) « P(TS{p, o®)P(L, o*)

k ;
P{TS{u, 0%) = b 4“1 75“— exp (-4 2y :
e t- L § ?( " |
PN = exp{~ —— Xeq m
Ig” Tt T g ik gt T
k
kN

Pl 01 2P(e) [ [ Pl dPGctonee

k ok
L 1
P(ul:.r‘%il:l] o XL - a )} »——m( pars 130 expl-yer iE](ui-E)‘}

N
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and
%
Plo®}P(E, 72} = g(0%s &y 7?) 20 ¥ 6.1.3)

.

Substituting all this into eguation (6.7.2) and using the notation:

1 =0, ¥i=r
‘ [ N
R g B4 (6.1.4)
(4

ylglds, ignoring a1l constants of proportionality.

r P
Fx|TS, ¥y Vor 0 ) @ L) R R i S L
f ( l AR S 't[’;[\{’{ 207 151 451 1375

k bl 7
%k exp{—-l- ¥ (N §) o Vo 2 g det dyy do?
20* 4=7

i*
“(Navy 1) k™
=I Ia( T Vexp (- Lo PR
&y 20% =1 §=1

(K V. k
xIIT‘ ? il § (g - B dg et dy do*
Lt PRt

Considering the inner pair of integrals:

N

~(k+vy) y K
£'t exp{~ pars (g,l (uy ~ £ ) dg dr®

3

2

°J T.‘Mz)exp(-—l-z § g )] expte eateu 2HE A

72 LA ISR . Vi3 . s
: g

" ¢

(whefe 1 =-11g 12_ ¥

l o - T)

. &J () ikrYy exp(“i—z spyaet

b o

n b

29
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4 @ ‘ .
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; i
! T o
© here S% = (PR T L ; .
] RS T g :
!
l. Transforming to? :
. 2w ;
: TR L \’
| (
4 50 that
é P dr? =} u? % du i
‘ i ' i i
i : i
4 the integral becomes (ignoring constants of proportionality): 5
1 . ,/
. s
3
5 “i(l 4 v, = 3} o -3k £ v, - 3)-1
; (s2) ( 2 I v { 2 exp(-u) du :
: 3 o i
i -3k + v, - 3) ;
i . = (s7) 2 Y rak + vy - 3)) “ \‘
K So:
T . “3N+vy#T)  mdk4v, -3 i H N
Y @RS, vy vy 7, «[ [ o K )(s;) o= ;
i i !
| ex i 7 g0 .
| exp (-} Xeg - ui2EH RN :
§ 20° 121 §o1 (g = 01 40" (6.1.5) ; & !
¢ f \
; ; .
! Now, ;
i
k ) ;."7 ¥ E ;7 ¥ )2 & & * 12 :
i XggmHg)E = Xog X4 )2 Tond(i - % :
i b gh Cam T by G R U :
i J i
¢ N i
\ p {
i vhere x?_ - i x“
:’ ny 3=1
. 1
s X, $i=r .
’ ! , . 1. W i
i 7 i ; l k
1 Yo, PR il (G-Ui:?
1 L "
) ! . ¢
N s
o \ , N ;
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So {6.1.5) becomes

~3 (M ypkeel k
Ay ke )e'}xp A |

HX(TS, V0 Vpr T = L(a‘) b 51 3

J ~3(k+v, -3 '
xj(Sﬁ) 279

- . -
(@ K exp («-z—‘-”; 15] 0F (ieg - XK 12} oy do®
1

(6.1.7)

No\m apart from a constant of prepertionality, the inner integral in

“{6.1.7) can be thought of as the -3(k+v, -3)“‘ moment about 2ero of the un-
K 2

normed sample variance: Sg = bilyy - i )* where the ndividusl u; are
jndependently distributed according to the N(x’{. N c"/n.l’-*) distribution.

In order to be able to evaluate this expected value, ve have to make
the assumption that the n¥ are all equal, say,

=¥ (R (6.1.8)

EH

under this assumption sﬁ has o®/n* times a noncentral xﬁ.](l*) distribu-
tin, with noncentrality parameter,

k
ok -
Wl ) e )t (o) Ay (6.1.9)
o yel
vhere,
£ 21 % g
o =
Pl OB
and

e
LR

fow, although the cumulants of the noncentral chi-squaved distribu-
tion (and hence the First moments about zevo) may be expressed extremely

- simply, general expressions for the moments about zero are usually v o
y

o
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in terms of infinjte sums, (See, for example, Johnson and Xotz, 197‘0!:.)

The following expression for the pth

moment abm],t zero of the .x\z,(l) dis~
tribution, derived in Appendix 6.1, is convenient For the present pur-

pose:

- 3 rrigans
u o= 2" exp(- “)'3;0 -(%1.)— -;-g—\j{%;ll for >3y (5.3.10)

The {nner integral in{6.1.7) is therefore proportional to:

‘)“i(k""g“a)exp{_“*] af A% i r(g(z-v2)+j) for v, <‘é
oo 30 I rrG ) vy 2
i 4 .

. (6.1.11)

e . N Vo

The infinite series in (6.1.11) is proportional to the confluent hyper<
geometric function M{3{2~ vz); 3(k-1); 3a%) (see, for example,
Abramowitz and Stegun, )‘965) and therefore it converges for all vaiues of

the parameter § A%, SuSstituting {6.1.11) into (6.1.7) and interchanging

" the order of integration and summatioli yields, ignoring the constants of

proportionality: £,
R
f(x|TS,v1.V2.wr)«= § e

FOrpl-n wg)

J o
[

Ay '
x exp {~+>-} dg*
2y

.j-xf;)z (6.1.12)

Waking the transformation y = Ag/ZUZ, the above irl‘tegv'aI may be evaluat-

ed a5 a gamma function, yielding eventually:

e T(i(2=vp) #8) (3 A po, - d(ev v eage)
Elete e {0%)
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@ T((2-v,) +J)
TS, v Ve m) = 3 LA SR

N 23 -4
so Tauen vy I8 )

g g A

- §(N+v]+v2—4)”

= (A3) F(3(2-v,), d(N+vytv,-8);

k=105 (M7AS)) for v, <2 {6.1.13)

where,

L1 oLd1
Flos 85 3 x) = E ——fgj—— is the hypergeometric function,

and o7 = afe + 1) ufat d- 1) .

Since, by de‘r‘-in-ltion,[A*/A*] < 1, the hypergeomebric function in (6.1.13)

converges. See, for example, Abramowitz and Stegun (1965} or Johnson
and Kotz (1969).)

Remark 6.3.1 Assumption (6.1.8) effectively implies that

f, =% en ¥or=1,.k

and that when evaluating the predictive density {6.1.13) assuming that

X & m, 4 for each r e 1,,..k 1n tymn, one of the observations g is

chosen from {xm, 3 = 1yooasn} ind: fs refilaced by x 1n the sample.

Under trese circumstances, there}’;.s’re,tne effective size of the training
Sample becomes N - 1.

The two terms in (6.1.13)affected by the above are Af and A%, and it
is shown in Appendix 6.2 that, for xem, :




g
|
|
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Af = Al + 2<Xfx|“j)(xr‘~fx )+k_k“nl (x'xrj)z

and

k n R
Mo LT g = Ry - e,

where, [N

k .
A= Ly, - x)?
j=1

and

-3 1 2

= Xis = X

B T b R y ,
.

« are the between groups and within groups ‘Sums of sguares, respective‘:‘y,
as defined in Table 5.1.1 for the case p=1. Finally, A% is obtainkd
by summing A% and A%, ~

i.e i

(6.1.16)

WA
Formulae (6.1.14) and (6.]."1’6) v;ﬂT be useful when evaluating the pre-
dictive density (6.1.13) successively for all r = 1,.,.,k « )
Note alse ‘t:fat ;ﬂj‘nder these circumstances N should be repl;\ced by
N-1in (6.1.18). ' :

Remark 6.1.2 The fact that vy MusT be Jess than'2 in (6.1.13) implies
that, for the predictive density to exist, 12 cannot have the usual o,
diffuse prior distribution with v, = 2 .
It is interestingto compare this with problems encountered by other
authors studying related problems through the Bayestan approach. Lindley
) , A 1

ksl . P ' N
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and Smith (1972) and Smith (1973) studying the probTem of estimation
under a Bayesjan feneral Linear Model, both start off with their analysis
by assuming all variances and covaridnces known, When passing to the

situation where the variances and covariances are unknown and have prior

distributjons, they come up against in;ractab!e mathematical problems
in evaluating the posterior distributions and means for the parameters
of interest, To overcome this problem they use instead the mode of the

Joint posterior distribution of the parameters of interest and the N
nuisance parameters {the variances and covariances) and use these modal

values as Bayesian estimates of the parameters. In practice, the modal~ !
values usually have to be obtained by iterative procedures, In their
examples they use natural conj_ﬁgate prior distributions for the vari-:

ances and covarfances; in Section 6.3 we will investigate this class .,

of prior distributions for our problem,
Box and Tiao (1973) use a different type of diffuse prior distribu-
tion when considering the random effects model, in order to get around
their analytical problems, This prior distribution will alsu be consi~
dered in Section 6.3.
It is rather romarkable that it is the prior distribution of the
second stage "hyperparameter” 12 fn our random effects mode! that gives
the problem, while that of the corresponding first stage parameter o2 i
presents no problem at all, at least within the framework of the diffuse
prior distributions (6,1.1).
Therefore, in (6.1,12), ve mey essign the value vy = 2, giving o a

noninformative prior distribution relative to the 1ikelihood function

of the normal distribution; both in the sense that 1% produces a poste~ ‘ﬂ{

rior distribution that is "data translated" as defined by Box and Tiao ‘
{1973) and in the sense that prohabi]jﬁty statements on o® based on its

posterior distribution are invarianh{igmder parameter transformations.

Y

<
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B For v, we may assign the value v, = T so that.c* has a prior distribu-
tion that, while it is not .“:cm'nfqrmat-lve, is as close as it may be to

onie without jeopardising the existéiige of the predictive density (6.1.73).
Under these parameter values (6.1.13;:becomes (remembering that ¥ s

replaced by N - 1}:

. ) N
‘; f(xlTS. ,,r),(Ag)-MN-?) ‘I wﬂ (A*/A !
=0

aeemH g :

A
= (i) 22 £y, on-2); !(k-l);%) (6.1.17) .

Remapk 6.1,3 An alternative, asymptotic expression for the predictivedensity

of x may be obtained by interchanging the order of integration in (6.1.5).
This yields,

) “3(N+vy=1) ¢ 3k +vy~3)
FXITS, o vr 1) = (A8) T sy Y2

)3

TS AP AU

This integral is proportional te Ighe -3(k+v2- 3)“' moment of the
{unnorm¢d) sample variance S; = 1{] (ug - u.)" where the nyy 1= 1,000k
Jointly have a multivariate t-distribution with common denominator (see,

for example, Johnson and Kotz (1972)). Assuming that nf = n, ¥; and

N 3 that the total sample size N is large enough for' the multivarfate

-

/{ t-distribution to be approximated by that of k independent norma! ran-

i\\ = dom varisbles with different means but common variance, the jntegral may

be evaluated approximately using the -1(k+vz-3)th moment of the non- }
ce({htm xﬁ_.‘ distribution, This yiplds, after some algebra: ' v
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-ﬁ(N+k+v1‘+\(2-4)

FXTS, Vs Voo m & (A8) exp {- 1A%}

x M(i(&uvz); 3lk-1); .g)‘f‘) for v2<2

(6.1.18)
where,
)\_'{‘ = (N~ k) Af/l-\é
and s
RS-
M{as B x) = § S5 3 is the confluent hypergedmetric
o0 gt gt

function.

It is interesting to note that again the parameter Yo in the prior density
of 12 can not take the value 2 corresponding to the usual noninformative
prior distributionﬁ,k" Assighing the values vy = 2and vy'= T as before,
and replacing N b'_(”' H =1 (see Remark 6.1.1}, (6.1.18) becomes

TS, md & (AR g o s fenBI  (6.0.19)

Example €.1,7  To illustrate the use of the above formulac, the foilow-
ing hypothetical exawple was considered. Given the training samples of
size n = 3 from each of k < & populations in Table 6.1.1 and

an observation X = 7 of unknown origin, classify x into one of these §
populations, assuming that they are generated by the random effects

mode’ .

Table 6.1.2 gives the quantities A¥, Af and A% for each of the Five -
R9aulations, a$ well as the ratios (Af/Ag) and (EA?'/A;) required. {n for~
te;u‘lae (6.%?7()&3()({ {6.1.19) for the exact and approximate predictive den-
sities, assuming that vorl and vys2. FORTRAN subroutine BYPGFN, given in
Appendix 6.5, was weitten to compug.e the hypergeomeiric and confluent

hypergeonetric finctions required in
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{ .
; the above formulae. The posterior probabilities for the fivg populations,
P ! computed ysing both. the exact and approximate formulae and assuming
’ equal prior probabilities, ave also given in Table 6.1.2, As recommended
f in Sub-section 6.3.3 below, the cbservation closest to the mean of the
) { ' training sample from m, was replaced by x when computing the predictive
]1 density given X ¢ Ty
. ﬁ Table 6.1.1
) ]E The Hypothetical Training Sample
PopuTations 1 2 3 4 5 .
' Ty s 79
. } Obgervations 2 4 7 B 10
] B 3 § 8 9 "
. ; Observation x of unknown origins 7
] Table 6.1.2
1 Lomputing the Posterior Probabilities
g
7 Populations: o 2 3 4 5
! A‘f 87.07 111.60 122,40 119.07 102,00 :
3 5 .67 16.00  10.00  10.67 16,00
! LS 118,73 127.60 132.40 129,73 118,00 i
N A?‘/ A3 0,7656 0.8746 0.9245 0.9178 0,8644 :
K AN F{N)AY /A 16.33 34,88 61,20 55,81 3,88
! ° ' Exact Probs. 0.0065 0.,0583 0.4981 0.3766 0.0635

Approximate Probs.. 0.0006 0.0198 0.5822 0.3744 0.0228
. Fixed Effect Probs. 0.0017  0.0327  0.5680  0.374%  0.0827
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The last row of Table 6.1.2 gives the posterior probabilities for
each of the five populations computed from formula {2.2.6) for the case
where the population means p; are given a diffuse prior d1§tributiun -
voughly speaking, this corresponds to a fixed effects model {See Box
and Tiao (1973) pages 379-80 for a discussion of this point). Comparing
these probabilities with their counterparts under the random effects
nodel, computed from the exact formula (6.1.17), it is clear that in the
Tatter case the pesterior probabilities are slightly more conservative,
in the sense that the h1gh'es¢; probability (that of population 3) is
somewhat lower, and those of the other populations correspondingly higher,
then their counterparts under the fixed effects model. Intuitively
speaking this s reasonable, as one would expect classification to be
better in the situation where, a priori, the populations tend to be
further apart, as is the case with the diffuse priu~ relative to the
normal prior. (See Cox and Hinkley (1973) page 379 fﬁr a related dis«
cussion.)

Finally, the probabilities given by the approximate formuia (6.1.19)

are clearly too optimistic (fn a sense complementary to comservative)

. glving values that differ even more from the exact probabilities than do

the corresponding prebabilities under the fixed effects model.

6.2 The multivariate case

Analogously to the univariate case discussed in %he previous section,
our discriminant analysis problem becomes; '

Given a training sample from k populations,

15 = {x”; FIET PYPP 121,004k
where,
g~ Np(u,. g} independently ¥1i,J

and
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‘ by~ NP(E, T)  independently ¥, ,
‘classify a new abservation x of unknown origin ints one of the ky popu~

lations: 3

,w,.:Np(ur. %) re ok ;
where kysk £

N We assume that the unknown parameters I, £ and T have the diffuse prior
distribution with joint density:
i 4

\ R LI Y
i 9(z, &, T)dz de dT = |z} 11 4 dg dT {6.2.1)

b Remark 6.2.1  As in the univariate case, and for the same reason, we

are considering the more general form of diffuse prior distribution,

used by Geisser, and Cornfield (1963) and Gejsser{1954), than the usual
one for which vy = v, sp+ 1. \
Given the above assumptions, the predictive density of X, given the

hypothesis x e LA becomes:

+
'
1

; TS0y v ) = [ [ e 5 7 P02 e e (5.2.2)
: A

where,
it 15 the p x k matrix (g Mpue oot}

fixho 2 1) = (207 (2 exp - pix - ) T - )

i
! Pt 2| TS)# P(TS|e, EIPGs 3)

B
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kT edp e -
Pl 3) = & 321 (23)’ 1? S CTRUTE R ORI
i
L

| K oM
o o oy i L ¢ LA
. = (m)HP gk opii b 321 (g5 up)' 27 gy g

X
whare N= iz1 g
Pl 5) = P(z) l] Pluls, T) PLE, THE AT
[
L T a1
Pleft, T -5 (a8 1 epte g - 5y T g - 0

" k _
= (o) B g g g Lo T Y~ 021

o

and
P P T = ol 6Ty = [z g2 (6:2.3)

Subs{:ﬂuting(sﬁ.a) into(6.3.2) and using the potation:

! -
o} =0y Yizr
o, :
ngea, + 1
: "xm‘; 2 x (6.2.4)
gives: y
,-i(Nw]H) X n; ]
. f(xlTs,v,.vz.wr)a:'”ft! . exp{-4 -]E]’JE](X'HI-”{)‘ 1 ey
7 u
’ <3k, k R
x “)T] Fewte § -0 100 - eeeer de ar
{ @
: {6.2.5)
/!
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The inner two integrals in (6.2,5) are evaluated using the multivariate
aralogues of the techniques used in the univariate case, the details of

which are given in Appendix 6.3, yielding:

u [Tliﬁ(sz)exp(-g i‘il(ui~s)* T - £y T « (A I Bk vy~ p-2)
(6.2.6)
Lk
where Alt = 121(111 YU My -u)!
1k
and w o 15] Wy

Substituting (6.2.6) into (6.2.5) gives:
N4y, + 1) kv, - p~2)
BX[TS, vy vy ) = 1 JIL] 1 IAMI 2
n¥

k il
i ik,
xexpi-} ‘_21 J.Z](x.ij—u’.) (% gy ) bt

Naw
oo 3 A 1
iy il g w) - 5 f T R TR
1
+ gl - )
k o1
Age L mR )T G < ) (6.2.)
wheke,
KM
RAR AP AUTRL RIUTEL R
¢
L
i v
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corresponds to the Within Groups Sum of Squares Ay in Table

N 5.1.1, with x 1hcﬁuded in the sample from the rth population,
‘! o % Vier

! PN 1 - :

‘ and x¥, -?‘szl T xex,

i Xp, * ey r

i v

! Therefore, v

{ i

E ~3{Mvy-ked) i ~{ktvy=p-2) - _

) T e g e & uyju\pf 2 gk

FIITS:vVgem,) *J!El
x it

k
x exp {3 12] Gy = %§ ) 2'1(u1 - xf Yhe dn

S . (6.2.8) W F

th ;

i k[icw the inner integral in {6.2.8) is proportional to the -;(k+v2-p-2
e ﬁoment of the generalized variance of a random samp]e Hys Hgeeensly, vhere

4 rhe y are independently distributed as N( x1 » }‘) i

. In order to be able to evaluate -ais expected value, we have, as in

the univariate case, to make the assumpiion that the nf are all egual,

W say,

i ) nf = ¥ Vi (6.2.9)

% Ursler this assumpcion, A}L = X (u- u )(u1 - n, }' can be congider~
H ed to have a p-d1menqianal noncentrai Wishart distribution with [k~ 1)

degrees of freedom, pavameter matrix WL- & and noncentrality matrix:

| o \
ok = o z“‘iz‘(x*;. SO0 - (6.2.0) !
v where LT ‘)i x :
s TR g i
i ) ” !
i H k ¢ ¢
e ¢ l v




218.

dee, for example, Constantine (1963).

Yv
i
1 3 t
. So the inner integral in (6.2.8) is proportional to the -§(k+v2~p—2)
j . . moment of the generilized variance corresponding to the wp(k—h %;z ,nj*)
* I 5 distribution. -
\i éonstantine (1963) studies the moments of the gensral%zed variancé ;
j‘ corresponding to the Np(v; 35 Q) distribution, giving/the follawing as : ‘{3
’ ":’ one of the expressions for the tth moment: i
. : <
' 5 ué=53%;‘;)rlzz|t expl-trahyFy(ivet 52v;0) .
! for £ »-3(v-prl) and v > pel (6.2.11)
il B
N 2

9
vhere rp(gv) is the multivariate gamma function defined iy (5.3.5)

o ¥ and 1F1 (a3 b3 0) 1s the confluent hynergeometric function with matrix

areument defined by James (1954). Thus the inner integral in (6.2.8) is

equal to (6.2.71). with t replaced by “h(ktvy-p=2), vby k = T, Z by
. -ﬁ&- I, and @ by o*. Shbs‘tituﬂng this into (6.2.8) and simplifying,
Hyteraee

EN
e

v, -p-2), (#{pH1- =3I v
(2] TSavy0¥pm ) = (4 n*)é plicvy=p )%flgl HWHpv,y-p=T)
. P H

% ol -3t A5 P APV e 1 Ao

e

for v, < 2 and R>p (6.2.12)

k
T et L Og 0 - )

corresponds to the Between Groups Sum of Squires Ai in Tabla'

h

5.1.1, with x included in the sample From the ™ populatian, oo,
Y i

nd A% = MY + A‘é is the corresponding Total Sum of Squares.
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In order to avaluate the integral ip (6.2.12) note that, by cefinition,

o \,-i(x(d)} .
Fyv15 v B) = 3-C o (0/4 5.2.13
Fas v = LT 3 an x93 &2 8

where, “

x(3) is a partition of the integer § of weight p, of the form

Ly 52,..',jp} where J; = 0 and 1 dy=d,

‘CX(J')(Q) s the zonal pnlymomial in the eigervaluesof @ correspond-

ing to pertition x(i), S ‘
. p Lisd

AR e

e
LT = b1y, . (bi-1)

and ):( denofes the sum over all possible partitions ¥{J} of J ,
PiC) I R
“ee, for example, Constantine (1963) or Johnson and Kotz (1972).
Substituting (6.2.13] into (6.2.72) and interchanging the order of

summation and $ntegration {For Jjustification; see Constantine (1963))
yields:

Pl Glrivg)) = (a(pnee)) RO
ToHkD) 550 x(3) (a(k-1)) XI5

1“()(|TS,\'.l ,vz.xr) o (3 n*)

=3{N+v v, -p-1} - R
xl VR ety M) o (107 s (6.2.14)

for vy« 2 and k> p

The integral in (6,2.14) may now be evaluated using Constantine's (1963)
fundamental integral tdentity:
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Jexp( tr Rsp[s(FT R & )(Sr)ds

srl xR 62

()

5

" where Tyt = Ty 0N

In order to use (6.2.15) to svaluate the integral in (6.2.14) we need

to make the transformation:

with corresponding Jacchian (Sea, for exampla Press (1972)):
ios) - sy (1) .

This yields after some simplification, and fgnoring 11 constants of

proportionality:

F(x]TS ) ‘A*I‘h(mv]wz»zp 2ye (3epl- Vz)){x(a)]
2 Vi sVys «

(% 1Yoy 3 sho o (*(W
x(&_(N+v1+v2-2p-a)){x(J’)J ¢ (J)U\* 1 s

*|~§(N+v)+v2~2p—2) " P . e Tae
- lay A1 ((prI=vp), M{Nbvyav,-2p-2)5 J(k-1); A 'AT)

(6.2.18)
for vy ¥4 and k>p

where ZF](a], 35 b.); f) is the hypergeometric function with matrix
argunent dafined by James (1954).
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Remark 6.2.1 Constantine (1963} states that the hypergeometric function

of matrix argument ZFT(aI' ap3 h];‘ @) converges for 0l < 1, where iod
denctes the maxinum of the absolute values of the eigenvalues of 9.
That !!qu Ay 1 <1 9s easily shown by the following argument:

For k > p, Af is positive definite with probabiiity 1 (See, for
example Giri (1977) pages 74-6), so that under this condition Aﬁ'.l exists.
ﬁlence:

-1 -1y
ATOAY (A £ AR Y
= (e ayay
flov, the zigenvalues of (1 + Ag’q l\;)'1 are the reciprocals of the eigen-
values of (I+AT'7 A’é‘) and the eigenvalues {24}of (I+A{"1 A;) are the roots
of the determinantal equation:
Ayt g arf -0

te AT ap-(ent] =0

For k > pand n* > 1, Azﬁ'] A fs positive definite, so that

(=100 ¥

i.e, >0 ¥i . !

The result row follows, since eigs { A;’;'T x:]‘} = { 7& } . Hence, expression
(6.2.76) for the predictive density of x converges as lang as k > p, n¥>1,

Retark 6,2.2 o confim that (6.2.16) corresponds to (6.1.13) for the

case p = 1, note that in this case:




" &
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x(3) =3
2
cx(.i)‘"’) Y
ReTEIL N b}
o abd3 LT g0

chiaye [ 2
and 2Fi(a]. az,b.m) i Py 3T

So (6.2.16) becomes:

“HWvgrvma) = (32w vy, -yt

FX[TS, v aVam ) @ A% Jolebnt S AR A T (A*/A*)j
\ e =0 BT b
for vp <2

which s exactly expression {6.1.13),

Remark’s.2.3 As in the univariate case, assumption (6.,2.9) effectivaly

implies that:

ny = nt=n, isT000k

and that vhen evaluating the posterior pmhabiliﬁfy that x belongs to L
" one of the xr;; chosen from {XN, J = 1yu00,} s replaced by x in the
i sample. Under these circumstani s therefore, the effective size of the i
training sample becomes N - 3.
Analogously to results (6.1.14) and (6.1.15) for the univariate

» case we have that:

A? = Ayt (x—xrj)(xr,:x”}' + (xr‘-x”)(x-xrj)' * Bk:nl (x-xrj)(x—x,,j)‘

(6.2.17)
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and

i

P (5 =l e )0 O, Yty ) Gy Y0, )
i

e.2

(6.2.18)

where, ‘
R g e ey )
| .

R R RICTRERE s

@ " are the between group and within groups sums of squares, respectively,

M .
as defined in Table 5,1.1 , Fisally, I‘.g is obtained from:
Ay = At B (6.2.19)

' I
; ) Formulae (6.2.17) and (5.2.18) will be useful when evaluating th;e(pr,(g- ) J/

dictivé density (6.2.16) far all groups T £ = Taovskys Theft, Lr.s

are the exast multivarfate analogues of those givep in Appendix 6.3 3¢

the case p = 1 and will therefore be omitted,

o~

I(\"r\hou]d also be noted that under these circumstances K should he
7 veplaced by N - 1 in (6.2.16)

H Remark 6.2.4 As in the univdriete case, the parameter vy May assume 1y

the value ¢ + 1, giving £ the usual noninformative prior distribution,

whereds v, has to assume a valus less than 2 to ensure that. the pre-

e dictive density s proparly defined, If therefore, analogously to the

D univariate case, we assign the values:

’ w4l ' ’ !

. vp = 1

. )\\} © . - s N P
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. giving T a noninformative prior distribution relative to the 1ikelihood
furiction of the multivariate normal distribution, and T a prior distri-
butfon that is only very approximately s0, then the predictive density
becomes {remenbering that N is rep)a'ced by N-1):

i
FiTs, ) = (agl PN G gy a7 A (22200
. L\, ‘ far k> p

- Remark 6.2.5 The alternate, asymptotic expression far F(x|TS, vy vz,r‘,)
coryesponding to that in the univariate case is obtained by reversing !
the arder OF intagration in (6.2.8). This yields:

-3 {kpvype2) ~h(Nvy-p)
2 L

LSIEATRNEN] xg‘( inl [A3 4K RGeXR) |
3

! where  X* is the{p x KImatrix: (%5 2% soeoxt ) Lo

and A = df«m{n’i*; T2 Yk} 0

\
i .,

The secoin. 4n the integrand is proportional to the density fu;\"« -

i \ v :
{ . tion of a {p x %) matrix T-distribution centered at X’: {See, for examh, :
Dickay, 1967) so the ifitegrai is proportional to the —‘k(k+v2-;1~2){"h

noment of ihe (wnnormed) sample covariance matrix

k
i ; A= f}’](u,--u_)mi-ul)‘
o i where the uys 3 = Y.,k jointly have ‘the abovementioned distribution. §
Assuming that ny = ¥, ¥9 and that N is large enough for the )
/ : matriy T-distribution to be appraximated by the joint distribution ot k
independent (since A is a diagonal matrix}, p-variate normal random 1

variables with different mean vectors x§ , 1 = Y,u.c,k but conmon cova-

riance matrix, the above integral may be avaluated approximately using '

A
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the = j{k+vy~p- Z)Ch moment: of the generalized variance of the noncen-
tral Wishart distribution W (k-1; T 555 %)
where: '

L (asstming N = = kn)

- -]
and Q*-QS’Q A‘f

‘Theis yields, after some algebra:

-Q(N+k+v1+v2-2pw2)

FX| T8,y Vgm,) & |45 expl-tr %) Fq (3(p-vy+) s (k-1)30%)

(6.2.21)
for vy < 2 and k>P .

Once again, the parame}:er vy has to assume a value less than 2 so thas T
cannot have the usuval noninformative:prior distribution. Assigning the
vatues vy=Dp +.1 and vy = 1 as before and veplacing N by N-1 (see Remark
6.2.3), (6.2,21) becdmes:

~3{Nekp=T)

F(x|TS,m,) & A3 expl= tri*) Fq(d ps B{k-1) %) (6.2.72)

6.2.1 Gn Evaluating the Predictive Densities in the Multivariate case

The exact and approximate formulae {6.2.20) andb(ﬁ.z.‘zz) For the
predictive dénsity of x given that it comes from LS are“expressed in
terms of the hypergeéometric function of matr’& argument ‘ZFI(Q Py a{M-p-1)3
3k=133 A§'7 A;) and the comfulent hypergeotiet¥ic function of matrix
argument lF‘I(& pi ${k-T); 0%} vespectively. In order to- try and eveluate
these functions, the suite of FORTRAN programs of van der Mest&iyizen and
Nagel (1979) for computing the zonal polynomials in the eigen‘;'a;i‘ues of’g
matrix 9, corresponding to all the partitions of an integer J, were Used.
This suite consists of a number of programs that generate tables of all

o
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thg partition vectors, symetric functions, elementary synmetric Function
weights and Chi-coefficients (-Jamés, 1961, 1968) ccrrespénding o alt
the partitions of the intggers of interest, and 'then store them on files
in the computer. The zonal polynomials corresponding to these integers
are then computed by the last program in the suiie, using these tables
and the eigenvalues of the watrix in question, .
Although the actual computation of the zonal polynomials is quite
rapid once the files containing the abovementioned tables exist, the
generation of these tables is very heavy on computer time, particularly
for large integers, where the mumber of possible partitions becomes very
large. As an {ndication of this, it took about 20 hours on the Univer-
sity ‘of Sauth Africa’s Burroughs B680D computer to generate the tables
corresponding to all the partitions of all the integers up to 18.
Unforturately in al} the exampies consideced, the number of terms
required for either of the two abovementioned hypergeametric functiahs
to converge was far in excess of what could reasonably be computed with-
out incurring prohibitive computing costs., An attempt was made to get
an {ndication of the values, or relative values, of the hypergeometric
functions in the predictive densities corrasponding to diffepent popula~
tions by studying the sucressive sums of the individual terms in the
hypergeongtric series for integers j = 1 to 18, However. the graphs of
nejther the values of these successive sums against J nor of thg ratios
of these sums corresponding to diffarent populations against §, provided
any insight, éxcept that the values and relative values of the hypew-

' geometric functions would be very different from the values and relativ,

vaiues of the sums of the Tirst eighteen terms in the corresponding
hypergeometric series.
Therefore, the unhappy conclusion is that although the pragrams o-F‘
van der Wasthuizen and Nageg (1979} are very usefu'l\\ for computing the
B

i
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the partition vec@ors, symmetric functions, elementary symmej:r‘ic Ffunction
weights and Chi-coefficients (Jamés, 1961, 1968} corresponding to'a'l!
the partitions of the integers of interest, and ;chen store them on files
in tha computer. The zonal polynomials corresponding to these integers
are then computed by the Jast program in the suite, using these tables
, and the eigenvalues of the matrix in question.
} Although the actual computation of the zenal polynomials is quite
! rapid once the files containipg the abovementioned tables exist, the
. generatjnn of these tables is very heavy on computer time, particularly.
w for large integers, where the number of possible partitions becomes very
\ Targe., As an indication of this, it tock about 20 hours on the Univer-

-sity of South Africa's Burroughs 36800 iumputer‘ g generate the tables

corresponding to all the partitions 6f all the integers up to 18,

Unfortunately in all the examples considered, the number of terms
required for either of the two abovementioned hypergeometric functions

to converge was Far in excess of what could reasonably be computed with-

out {ncurring prohibitive computing costs., An attempt was made tn gel
an indication of the values, or relative values, of the m/pergé&netric
functions in the predictive densities correspohding to different‘,n\opma-
tions by studying the successive sums of the individual terms in the

o
i hypergeometric series for integers j = 1 to 18, However, the graphs of

— H - neither the values of these successive sums agatnst J nor of the ratios

of these sums corresponding %o different populations against j, provided
| any insight, except that the values and relative valuss of the hyper-
geometric functions would be very different from the values and relative

valuss of the sums of the first eighteen temms in the corresponding

hypergepmetri ¢ series,

Therefore, the ushappy conclusion is"that although the programs of

<

van der Mesthuizen anu Nagel (1979) are very useful for computing the




i 227,

k values of individual zonal polynomials, they are unforiunately not of
much practical use, given the computers presently available, for.evaluat~
ing the hypergeometric functions of matrix arguneni appearifg in the pre-

A dictive densities under the random effects model,

6.3 The Predictive Bayesian Approach using different prior
Distiibutions i

In this section we investigate the use of two different priovr
distributions in the evaluation of the predictive density of a new ob-
. servation x of unknown origin; given the training sample TS = {xij’

B j=‘i,.‘.,n1; i=1,...,k} and the hypothesis that x « Ty one of the k
popuiatiens in the training sample.
N The reasun for doing this is twofeld:

Firstly, other authors have considered different prior distribu-
tions for thsj parameters in Bayesian analyses assocciated with the normal
distribution, and it is interesting to investigate their use in the

i pﬁsent context.

0

P

7
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Secondly, in the 1ight of the problems encountered with the para-

T and {T|'§) when using the noninformative

neter v, (the exponent of [

prior distribution in evaluating the predictive demsity of x; it 15 in-

teresting to see whether simitar problems occur when different prior
assumptions are used. ‘

The following twe cases will therefore be jnvestigated in Sub-
sections 6.3.1 and 6.3.2, respectively:

{1} wusing the distribution that Box and Tiao {1973) use as reference
prior when congidering the randem effects model in the context of
one-way analysiz of variance, and

{2} . using the natural conjugate prior dlstm‘but‘fun for the parameters
o*{or £}, £ and =2 (or T).

Because of the fact that the results for the Univariate and multi~
variate situations are, apart from algebraic complexity, essentially the
Same, the above ‘two cases will be investigated only for the univariate
situation. In the first case the result obtained will, however, also
be given for the corresponding multivariate situation.

Finally, some genaral comments about the Predictive Bayesian ap~

proach under the random effect model will be made in Sub-section 6.3,3.

Box and Tiao {1073}, Chapter 5, make the point that bnder the random
effects nodel with equal sample sizes From each group, tho sampliing theory

astimator ;2 for the variance ©* of the population means Hys given by:

where 57 and S, are the hetween groups and within groups mean squares, re-

spectively, as.defined in Table 5.1.7 for p = 1 dimension, may be negative.

k! 82
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In order to avoid this possibility within the Bayesian framework,
they propose the following noninformative joint prior density for the

pareraters o, £ and %%
(0% E,1? ) dodgde? = (02)) (cf+nrz)'1da‘dgdr“ . 5, (6.3.1)
; i

Remark 6,3.1 This prior distribution can be criticised because of the
fact that the within-groups sample size n appears in expréssion {6.3.1)
for its density. Thus the prior distribution is in'this sense dependent

on the actual Tikelihood function of the sample itself, and not only or)“.
: i

the form of the likelihood funition, as is usually the case.

As before, we will generalise expression (5.2.1) for the prior den-

sity sTightly by using the following form:

- )
¢{o?,Est2)do?dEde® = (o) ~ *{oP4nt?) * “do’dEde® . {6.3.2)

‘The form used by Box and Tiao is therefore given by (6.3,3) with
CREZEER
Substituting (6.2.2) inte (6.1.2) and (6.1.3) of Section 6.7 and

using the same notation os in 16.7.4) gives:

. - kon
FIX[TS, v v 1) ¢I f I I (a2} N axp{~ -2—3;2- 1'21‘1 jg] (Xid””i)” R
ety tE

k -3v. ~3v.
x t"Kexpt- 517-121 T
1

(6.3.3)

where,"as before, it has been. assumed that n} = n, Vi, so that the 5t
obsgrvation Kpj from m, has been replaced by x, % has been re-Tabelled
Kpg and N hag been replaced by N-1.

i

it
1
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As shown in appendix 6.4, this eventually yields: ‘
~3(Vytk-3Y -3 {Mhv,-k~2)
* t4 AR i .
TS, v ) « (AT) wh ) A?z(é(vzﬂ-s‘))-l
B ;
) ‘. (6.3.4) T
\
§$§V where,
2 (X* _Xh )2
i=1
o kon -
. and By = Z Z] {xg5-%5 ) .

are the betwesn group and within group sums of squares, respective['iy,,;

vnth x replacing one ¢f ¥hs winrvations, x4, from the r th group,
Y

and x* and x* are the correspunding adjusted { th groug-ond overall

teans .
y ) .
ry(m) = j L . &

0

s the incomplete gamma function, and the expectation is taken over the dis-
tribution of z, where 2 has 2 gamma distribution with parameter Q(N«‘vrk—z).
Therefore, far vy =y = 2, the predictive density of x, given the train-

ing sample, Box and Tiao's prior distribution and the hypothesis that, i
o X e, s 1s,from (6.3.4) ’

! (TS} = (@R R [T ey (6.3.6)
e

where z has a gamma distribution with parameter (N-k}.

¢
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Te evaluate expression (6.3,5), the easiest approach is to use
Pearson’s (1922) formula for the incomplete gamma function (the formuia

given by Pearson is for the incomplete gamma function ratio l‘y(m)/!‘(m)):
ry(m = wtexpl-y} .Za Y7yt {6.3.6)
J=0-

Applying (6.3.6) to (5.3.5} and interchanging the order of integration

and sunmation (justified by the uniform convérgence of {6.3.6) for all y),
i ’ ,

yields:

© (A*/A )i(k‘])ﬂ

#x(Ts.m b (a7 D nymh-k) ) 727
ARG o T

fexp{ (A*/A )z}zé(k 1)45,3 Nk} 1exp(~z}dz

g -
A (é(km%ﬂ r AN bt magiata

where A% = A% + A%

The integral may be evaluated as a gamma function, and after some
si\mpliﬁca’clon this eventually yields the following expression for the
predictive density:

FAITS ) o (A BT /A%
TS m,) = (Ag)" Jgo 0 m))u > g
<) MR 05 (k1) A (6.3.7)

whete F(a,B3vsx) 1s the hypergeometric function defined in {6.1.13),




1 Remark 6.4.2 . It is interesting to note the close similarity between

i expressions (6.3.7) and (6.1.17), the former based on Box and Tiao's

E‘ noninformative prior distribution (6.3.1) for the random effects model,

: and the T;Attar on the noninformative prior distribution (6.1.1), -with

£ Vp=2andv, = 1. In order to establish just how similar these two ex-

! pressions are, (6.3.7) was appiied to the data of Example 6.1.1, yield-

; ing the following posterior probabilities for each of the five populations,

assuming equal prior probabilities:

Population L 2 3 4 §
Posterfor prob,.  .0072 0565 .492) .3766 .0676

.
These probabilities agree,to two decimal places, with those obtained using

(6.1.17), confirming that the choice of noninformative prior distri\hution

has Tittle effect on the predictive densities.

’ a Finally, it is interesting to note that we do not experience any
problems with the parameters vy and V, in the Box and Tiao prior distri-
‘ bution, in cuntras'; to the case with the more usual naninfum!aigive prior. .
i Remark 6,3.3 In the multivariate case, Box and Tiao's prior distribution c .“
i for the Random Effects mode) is: . 3
|

\

P(g.TE) = o] "HOH) i 0eT) AB.3.8) -

i

and the predictive density of x becomes, in an analogous manner to (6.3.7):

o bl e gl R ey dies d01)s 5T M) (6.3.9) Lo

i ¥ i . 3
4. . v ‘y %
where AY and Af are déFined in Sectien 6.2 and SFrlags 351 bys 8) ds the ; vw

-
[

i
i
i
!
N i hypergeometric function of matrix argument defined in (6.2.16).
o
| -
|
|
|
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6.3.2  Natural Conjugate Prior Distributions

The joint natural conjugate prior distribution for the case p = 1
for the mean and variance of the normal distribution is the Normal-in-
vertad x? distribution (see, for examp'le; Press (1972)) with density

function:

3V ot 2 2

e « o) 2 et D) +LT‘;)) (6.3.10)
where V, b,c-and djare constants and YV, > 2. The natural conjugate
pr%or distribution for o® is the inverted x* distribution, with density
function {see, for sxample, Box and Tiao (1973)):

-3V,
9(a*) = {a?) ™ exp{-§ —a;} {6.3.11}
o

where v, and a are constants and v > 2, and it would seem reasonable to

‘assume that ¢® is independent of (§,1%).

Substituting {6.3.10) and (6.3.71) into (6.1.2) and (6.1.3) yields the
foliawing expression far the predictive density of x, where we have

i

assumed that n, = n, \l_i and that x has replaced soma x”. in the training
sample fronm LX :

‘

n
L (44~ 1)%
5 =N

ke
byc,dy vy « H agp gl

f(g]‘rs,a, $8yls Vys V) M U; o™ exp { pwvi iy‘

x 1 axp gL lf( 0% ) e =32

PO -

={vytl .
w2 gy (e + Lyaederayert
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5 ‘ -(Nrvg) [ |3 vz\ 1
: "'U' ° exP{.Ez(a L'izx j:l(x1.j i
R

- (kevgel) 1k Ebyx, g
J N exp = (] (uo5)2+ (R ) dgurtdydo? (6.3.72)
L 202 401 <

The inner pair of integrals I in {6.3.12) are evaluated in a manner

]
> ; analogous to that used to evaluate the corresponding integrals in Section
[ 6.1, yielding
]
) ~3(k+v,-2)
R 1y = (alu)) 2 (6.3.13)

k %
where oy} = s )Y A e (f = b)2 4 42
. W 1Zi(u’ 2 T+a?k f.=0)
Therefora,

] 1 a2
f(x[TS.a,b,c,d,v1,v2) « I (Ci)] exp {--—-—; (a% + AB)}
o* 2 .

i

~b(k4,~2)
['(g(n)) Hivy )UN

K
axp (-~ T (ni-x¥ J?hdydo? 6.4.14
B ™ 121(‘ 1.0 ¢ !

ko »n
where A= ¥ Ryt )2
4 1.)51 jz'i( 13 1,)

The {mer {ntegral in (6.3,74) can be considered as the expected vaTue
of

[ )
(ot 7 ?

2
tributed N(x’i“, % ) random variables.

where the Bys 1= 1,,.0,ky are independently dis-
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A way of evaluating this expected value is to assume that €2 <€k,

} so that
ke
c2k+l
and
&
) ) oly) ¢ 'EI(H" “b)2d?
; : i=

Remark 6.3.4 The assumption ¢® < k implies that, a priori, £ has a dis- |

tribution that is narrowly concentrated around the value £ = b and that

' the information From this prior distribution far outwdighs the informa-
tion contained in the training sanmpie,
Under this assumption it is clear that g{u) is distributed as:

*3
o) ~§ KON + &

where xﬁ(x*) represents’« noncentral chi-squared rardom variable with k

degrees of freedom and noncentrality parameter:

k
¥oa o §(xr - b)?
o 4=} 0t

So the inner integral in {6.3.14) can be considered to be proportional
l to the --é(k-kv,,—z)th moment of ~“; times a xﬁ(a*) distribution that has -
= o

2
been shifted an amount 1‘:— to *the right. From Appendix 6.1 we know that 5

5 L3
this moment will exist only if

-é(k+v2~2)>-% ‘ ‘ ' o

i.e. only if Va2 ‘
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However, this condition violates the cond’tioun vy > 2 that is necessary

for the natural conjugate prior to be a proper distribution. §

On the surface it would therefore appear that when the parameters
o?, & and T2 follow their natural conjugate prior distributions, then the
predictive density of X does not exist. However, this contradicts the fact
that since the joint distribution of X, y, ¢*, & and 1* is proper, the
marginal distribution, and therefore the predictive density, of x must
ex‘is\‘.’. The reasé. for this contradiction clearly lies in the approxina-
ting assumption on gl{u) which has apparently been so powerful as to have
rendered improper the predictive distribution of x.

"“As it does not appear to be possible to evaluate the integral (6.3.14)
ana']ym'caﬂy without this approximating assumption on g(u), we will not
pursue the matter any further. It is nevertheless interssting to com-
pare the situation found here with that when o2, £ and t* follow diffuse
prior distributions. Under those circumstances the predictive demsity of
X does not exist when the parameter v, in the prior density of 12 is given

the value 2, required for it to be noninformative in the usual sense.

6.3.3 Final Remarks
From the resutts of the previous two sub-sections we therefore know That:

1)  the posterior probabilities of the ky populations from which the ob-
servation x could have come are not materially affected by the form of
noninformative prior distribution used for the parameters o (or 5),
£ and 2 (or T}, be it the more usual (Jeffreys, 1961) invariant prior
distribution (with modification to the parameter v,) or Box and Tiae's
{1973) prior distribution for the random effects models;

2} if the abovementioned parameters folluw their natural conjugate prior
distributions then the corresponding predictive densities cannot be
svaluated,

)
The formulae for the predictive densities derived in this section and
in the previous two are all expressed compactly in ferms of hyper-
geonetric functions, which are veadily evaluated on a compyter or
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even a modern programmable pocket calculator for the case p=t. For
higher dimensions however, ih spite of the existence of the programs of
van der Westhuizen and Nagel (1979) for computing zonal polynpmials,
described in sub~section §.2.1, the com’putation of the hypergeometrick
fungtions of matrix argument, and hence)’\ the predictive deiﬁsities and pos-
tefiipr prol{abi’lit‘ies, 1s not yet 4 practical propesition.

The only ambiguity in a1l the abovementioned formulae derives from
the fact that x can replace any one of the h observations xrj’ J=Teeeeant
in the training sample from T when computing the quantities A%, LH] and
Ag Appearing in them,

. A sensible rule for getting around this ambiguity would be to replace
that observation xrj* that is closest to the sample mean from the rth po-
pulation, as measured by the Mahalanobis distance. i.e. Choose er* such
that

o ) = g ng ) S-X(er'xr.’
is minimised when J = j,.
This rule would avoid the possibility of anomalous results due to, for

example, an extreme observation from T being raplaced by x.

6.4 Other Bayesian Type Approaches

In this section two further approaches to discriminant analysis, the
Empirical Bayes and Semi-Bayes approaches, are discussed in the context
of the random effects wodel, In yeac'n ix.z the discussion is confined to
a brief description of the approach, its application to the present pro-
blem, the derivation of preliminary resul. . and recommendations for fur-

thet research,
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%.4.1 The Empirical Bayes Approach
waod descriptions of the Empirical Bayes ‘appr‘uach to statistical

inf- ~ce may be found in many texts (see, for example, Maritz (19705,
Ca% \én‘d Hinkley (1874} and van Niekerk (1878 and therefore a brief
sketeh hers will suffice, ‘

Suppose we have an observation x vpade on a random variahle X whose
distribution function F(X[A) depends on an unknown (vector) parameter{ A ¢
In both the “pure” Bayes and Empirical Bayes methods the parameter A is i
: assumed to have a prior distribution, the paint of departure between the
} two being the way 1n which this prior distribution 1s‘treated. As we
:‘ have seess, the "pure” Bayes approach assumes that the prior distribution
of A is either completely specified or that any unknown parameters in
it themselves have prior distributions that are completely specified.

In conprast, the Empirical Bayes (EB) approach gives the prior distribu-
tion of A a frequency interpretation whose parameters may be estimated
from previous data by classfcal techniques. Therefore the E.B. approach

uses the mathembeical techniques and results of the "pure” Bayes approach,

but-avoids the problem in this approach of having to specify. the prior )
distribution compietely, L

: For example, it is well known (see, for exampie, (&S}. L 45‘) that

‘, the Bayes point estimator of A given x is, using a quaa?gtig:.hss func-

; tion: B o

i i
b 3

E{xiA) dG{) i ' Y
e \ (6.4.1) ‘ A

2 where,
G(A) 1s the prior distribution function of A wnd the integration

is performed with vespuct o &(n).

f The E.B. estimator of A is now obtafned from (6,7 . by replacing G(A)

—

¥ T o
s &
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hy,:é()\), the sample-based estimator of the prior distribution function

of & . )
we may apply formula (6.4.1) to our random effects model as follows.

Assume that

Xl = Nofus 8) (5.8.2)

where, & priori, %
(6.8.3)

W (E T

Given an gbservation x of X, our Bayesian po{nt\‘f‘ésﬁmator of the corres-

ponding 1 is:

~ooy o dET(x dy
W0 = Fh i

where F(xju} and g{u} are the density functions of the distribu-

(6.4.4)

tions {6.4.2) and (6.4.3) respectively.
This yields, after some algebra {see, for example, Maritz (1870) for the
univariate case):

B e x- 55+ (x-8) (6.8.5)

The E.8. estimator of w is now obtained by replacing the unknown parame-
ters 2, § and T in (6.4.8) by their sample~based estimatars 2‘, ;‘ and 'T’.
respactively.

In practice, particularly in discriminant analysis, we will géeneral-
1y have more than one pbservaion x on which to base our estimator of u ,

In the situatjom considered in this thesis, where we have a training

Syor S




1
¢
i

240.

sample {xﬁ, 3= Lawosni of size n from each of ¢ populations m;,
4= Tyeeask, as described in Section 5.1, then our E.B. estimator of
the mean g of L will be based on the sample mean X, - Remembering
that

xr g (g g

and using tie notation of Vable 5.1.1, the E.B. estimator of “1" is,
from {6.4.5):

1 “

T -

353

fiem) =x, -3 3G

ST L N (6.4.6)
where Sy and S, are the between group and within group mean square
matrices, vespectively.

Coming now to our discriminant analysis problem, the Bayesian clas-
sification rule that minimises the expected loss from misciassification
{assuming equal costs of misclassification) is to ¢lassify the observa-
tion x of unknown origin inte that population LA for which:

(x-i(u1+ud))‘2-1(ui—uj)>1ugg—‘:~ Vielioki dui (64.7)

where a3 is the prior probability that x comes From L (See (%.1.3)

in Chapter 2}, i
As mentioned in Sub-sectjpn 2.1.1, Anderson’s (1951) “plug-in* rule
(2.1.19) obtained by replacing the unknown paremeters u;, ug and £ in
{6.4,7) by thelr maximum 1ikelihood estimators Ay xd_ and 52, respec~
tively, is an E.B. procedure under the fixed effects model, Under the
random effects model tﬁe E.B, procedure is to replace W and ¥y by ﬁ,fEB)




q
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and QJ.(EB) vespectively, given in (6.4.6), and T by 52. This yields the
following E.B. classification rule: '

Classify x into that population LA for which

R U B -4
(x-3(1-5, 5] ;(x1.+xj.)+szs]]x._) Sp (15,8 )y x5 ) > 109?;

v

seeoks §xi 0 (6.4.8)

Therefore under the random effects model, the classification rule corres-
pondiﬁg to Anderson's (1951) rule for the Fixed effects case is givén
by (6.4.8),

+ The properties and behaviour of lassification rule (6.4.8) have

not yet been studied, and this indicates a promising area for future

research,

It is interesting to note that the E.B. estimator (6.4.6) for Yy
vhich may also be written as: ) o

H5(EB) = (R, + A(x ) (6.4.9)
e ol
where A= 52 5

is the muttivariate analogue of the James - Stein (1961) .“shr'inkagef‘ .
estimator (stightly modified) of ¥;. See, for example, fox and Hinkley
{1974). It also corresponds to the approximate Targe sampie posterior
mean of yy under tha random effects model, given by Box and Tiao (1973)

when their prior distribution, discussed in Sub-section 6.3.1, is Used.

|
i
)
%
|

g
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6.4.2 The Semi-Bayes Approach

Geisser (1957) coins the tern “Semi-Bayes" to describe the Bayesian
« analysis of the properties of the c1ass1:ca1 approach to discriminant
analysis based on the Linear Discriminant Function (or the Quadratic
Discriminant Function in the case of unequal within-group covariance
matrices). Considering the two population problem, he investipates both
situatijons where the parameters are known and the classific:tion rule

{given in (2.1.6}) is based on the population discriminant function:

Uyfx) = (- Blug 1) 57 (g ) (6.2.10)

and where they are unknown, and the classification rule {given in (2.1, 19))

is based on the sample discriminant functiont
Viglsd = (k- 30xy 4 00 S %y =% ) L (s

Given training samples of size n and By {denoted colTectively by
T3} from the two populations my and L respectively, and assuming a
diftuse prior distribution for the parameters Wby and x'], the joint
posterior density of these parameters hecomes:
3(v-pel} -1

Flogs wpe £1TS) @ 57 exp {3 Tr 2" [vs

+ “I(XL ~up (g, Sugd R nglxg mup)(Kg, mup)'0Y  (6.4412)

vhere the notation is the same as that used in earlier sections.
Using (6.4.12) as his starting point, Geisser (1967) firsk investigates
the pasterior distribution of Um(x) and hence obtains expressions for
the posterioy limits on the j‘true" probabilities of misclassification

when classification rule (2.1.6), based on UIZ(X)’ is used, It turns
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oyt that theg:c u.y be obtained directly from the posterior dis-
tribytion of ey (Mg =k E_‘I(M-I - ¥,), for which the following expres-
'sion for its density function is derived:

@
fga(x) = jzo Wy 9p+2j(x) (6.4.13)

where,

the wj are the individual terms of a negative binomial density
and gF*Zi(') is the density function of the X;.;.zj distribution.
Remark 6,4.1 It is interesting to note the similarity between (6.4.13)
and expressions (3.1.11) and (3,1.12) for the density function of &%
under the randots effects model,

Secondly, Geisser {1967) obtains posterior limits on the conditional
or "index" probabilitiss of misclassification vhen using classification
rule (2.1.19) based on the sample discriminant function V,z{x). Becausa
of the complicated distribution theory invoived, asymptotic theory is
used to ohtain approximate 1imits in werms of the standard novmal integral
which he shows should be reasonably accurate even for moderate sample
sizes. Finally, he abtains expressions, in terms of the t-distribution
function, for the unconditional (or posterior predictive) probabilities
of misclassification when the, sample-based clissification rute is used.

To apply this Semi—uéyesian approach to our random effects modet, we
need first to obtain the joint posté;‘;dor distribution of the param; /.
in this model corresponding to expression (6,4.12) in the fixed effects
case. In what follows, therefore, we will derive this distribution

using a diffuse prior on the parameters E'?, & and T'7

. As shall be seen\.

however, applying this distribution to the diseriminant amalysis problem
o

i a manner analogous to Geisser (1967) does not promise to be a-straight-

forward matter. H
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Considering first the two-group case, the joint posterior density
of the parameters i, yy, E'], £ and T, given the training sarﬁpIe
Ts "{xij; d=hiang 121,23 5 may be written:

Plugangen T TSIy ger PG lET T PETLET) 5.004)

£
¢

where,

a
° i A T g
boorsien, 2y = a0 (e B e (ks )5 (g )
; P {TSliavpem )= 1 jd(»n)y\ 157012 expl =3 (xy g2 (g gg)
; i 2 i
i U ettt =1n](21r)‘4”hr“|a expl-dlugE) T B0}
] B
‘and 4
o ety @ (RN )
|
u After some simplification, and assuming that n =By =y this bacomes:
Pl st 5T Ns)e {2 VPR g g e sl 8y
Lo ! ! . h
i ] 2 . ; T
N * e b § (g m) '8y, gnan v
4 = §
oo J (6.4.15)
" where, N ¢ o
§ ) Naon 5
s 23 C
. ! and Ay 5 121 j):h(xij - Mg )
We may stmplify the ekpcnent in {6.4.15) by using the following identity
B @

given‘by Box and Tiag {1973) in their appendix A7.1:

, (%+2)" A(x-a)+{x-b)" B(x-b)u(x-c)’ (A4B) (x-c}Ha-b)' (A" +B1) T {a-b) )
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where, i ' .
.i%, @ and b are p-dimensiona) vectors, A and B are {p % p}
_ symmetric nondingular matrices
and ¢ = (A+B)" (Aa+Bh)

" This Finally yields the following expression for the joint posterior
density of By Mps ):'1, Eand 770

P vgs £ 8 Ty o HPD) (oD
PRV D TR N ey
p{-3Trrs Ay +(nE" +T )_zlm i)y ci)
=
<1 ., 2 23
HnreT) (_);‘(xi;xA,)(xi_—xnu‘ﬁ«ﬁ(x,_~5)(x“-€)‘)1}
’ . 18.4.76)

) AL T P -t
where ¢, = (nz * + T77) (nZ X +T R 1=0,2
For the genera‘ibk-gmup case (6.4.16) becomes, assuming ny=n, ¥i=a1,.,k
Plagsreostipe 70,8 770 o [ 200y heepty
- -1, -1 .
% exp (= TrlE Ay+(ne™ ¢ 7 )‘Z‘(u,--ci)(urq)
i
«(nTzen) T (a +h(x -E)x ~E)')D (6.4,17)
whepa,
cy 15 the same as in (6.4,16)
Ay Bty mx e ox )
RV R NN A
an = Xoso Ry YR R
27 gk g 1S N
e

1 0
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Expressions (6.&.15) or (6.4.17_) should therefore be used instead
of (6.4.1é) as starting point for the Semi-Bayesian analysis under the
random effects model. '

Comparing these expressions, it is apparent that the Semi-Bayesian
analysis under the randor ‘Frects modeT will be considerably more diffi-
eult them under the fixed effects modet, and we will therefare not pro-
ceed any further with it §s this thesis.

Nevertheless, this promises to be an jnteresting direction for
research, especially if it is applied to the classification rule based
on the modified discriminant function (6.4. 8) derived in Sub-section
6.4.1 using the Empirical Bayes approach. s

Finally it is interesting Lo note that the approach of Chapter 3
and 4 1s the classical analogue, under the random effects model, of
Geisser's Semi-Bayesian approach to the analysis of the properties ¢f the

classical rules of discriminant aralysis.
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Appendix 6,1 Derivation of the #* noment of the X\Z,(A) distribution

The density function of X ~ XG(A) can be written in the following form
{see, for example CR. Rao, 1965):

ey .
Pylx) = expl-iad & Si})r- S129 () (88,111
where ngj(x) is the density of the central x\’,ﬂj distribution. Therefore,
L 2 ! r
X - el 3 B s )7 (A6.1.2)

by the uniform convergence of the infinite series in (A6.1.1). HNow, it
is well known that

2 Py o ot D{AVEIHY
B (050" = 2 T&\%ﬂ—l (86.1.3)

“

for p > ~3(v+2j) and {s not defined otherwise. Substituting (A6.1.3) into
{A6.1.2) yieldss

w 3 .
T o ol aynla! )Y P{putjtr
= et 3 L Hhvsger) {h6.1.4)
where X ~ x\’,(x).

Appendix 6.2

Derivation of the computational formulae for
El

" k n N
AZ(M.) = 1'21 jZ] (xijf"i.)(r,x) (A6.2,1)
and.
% k -
Mergy =g Gk (A6.2.2)
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where the subscript (r,12) denotes that observation X, from the ot
population has been replaced by x. The computational formulae derive
immediately from the following two general results:

Let X be repiaced by x in the sagple {xf, i = 1.0} Thens

XXy

0 x4 =%, +—ii . (A6.2.3)
(x~x,)*

(1) 88(5) =55 - (xgx ) (%= )2 = —des (A6.2.4)
where

.1 h

L PR

and

and the subscript {j) has the same meaning as above.

Proof:
I $%,
U)X gy =L %oyt = x v
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n
() S8y = (L Oy ))® = xR ()" ¥ G )?

: X=X x=%.]* x=x:)?
{*1"“." ‘E“QJZ‘ [*3**.' 'i‘él + [‘““.' ‘ﬁ"g)

B

[t

i

(x-x4)*
n

oy )2
%) g (k)2 %(xj-x‘)(x—xj) b :J)

®
[l

i=l
2 (5=x,)?
+{xx ) - F{xx ){xxy) +.__H.Z.J__

(x-25)*
n

=88 - (kPP ¥ xen ) - %(x-xj)(x—x_~xj+x.)

(x-x3)

= §§ - (x\j--x‘)z + {xex ) - Q.E.D.

Applying {AG.23) and (A6.24) to A‘Z'(r,k.) yieldss

e k n ) Fil )
Bagrag) = By by G L G ey
jer

k n n
" j§1 R R 321 Oty = (gt v re )
iy
(x-x,0)?
- A

k n
| 1
* 1.21 j?;](xij'xi‘)z' Ry, 32 4 Gty )® = o)

(A6.2.5)
K}

Considering A:(r,l)‘ note that, from (A6,2.3),

XX,
= 15
’f,r.(r..e.) = R, =
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oAy " “
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i
1
i Therefore, applying(A6.2.4) to (A6.2.2}, with n replaced by k, Xy .
B X=X }
; by xg X byx %5 by x, and x by x, + nm gives:
° ? ; § ok XX
k] ra 1. % . i
% @ ﬁAl(rsl) o 1&(;(1.'-,(“)2 - (xr...x”)i + (xr." . YR X“)z
N 1[*%pg)?
i . TR
i . :
B : k 2
! = B0 T O e G Bl D)
4
i T oigex 1% - drgey 32
‘ + n—z(x Xy ) In—{(x Kpg,)
; & z Lk
: C Lo eyt on ) Koo
+ . "
: (A6.2.6) i
t
i .
! Evaluating: :
3 {ktv,) K R
: 1= “ o e @l-h 1 (1yo8)'T Yu-pdear  (46.3.1) ;
= |
I 4
) ;
PR where, .
" T is a (pxp) symmetric matrix
i
and E 15 a px1 vector. f:
e Note that: ' }
b : O
i
:
o , o k
- : L
. o Ay . ,
] " “ > °
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k 1 k -1 1
X\(urﬁ’T [ERA ,Z](u{-u‘)'T {wmm )+ K{E=n )T (8w )
i= i= .

=TI # kg )T (6w ) (45.3.2)

where

Y

s

-

t
and :

" .
A= 12] [CITR IR A

Substituting (A6.3.2) into {A6.3.1} yields:

~1(‘§+v -3 R . N
1= £ 17 2 )expf'-éTr(T 1 AK)}L 171 2exn-gk(g-n 3T Yg-wpdzar

b

(A6.3.3)

Since the integrand of the inner integral in (A6.3.3) is proportional
to the muitivariate normal density function, we have that:
=3kt vyeT} R
raf 71 2 axpt-gyr(r M e (A6.3.4)
The integrand in (A6,3.4) is proportional to the density function
of the Inverted Wishart Distribution {see, for example Press, 1972),
the constant of proportichality baing
Hlokvy=p-2) , dp{ke¥p-p-2)
e=la)t PR

rp(g(sz«p-z) (A6.3.5)
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x: . 252. ) ;
% where rp(m is the multivariate gamma function defined in (5.3.5). :
. Hj R Hence,
4
Ay -3 (ke Vmp-2
] {ect oy D) (46.3.5)
i i
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J i 'l ° i The exponent in the integrand in (A6.4.1)can be written:
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1f we now make the transformation:
y=d
z = o + mt

with Jacobfan ¥ =% , we gati

s

-3y, -k} [ S Y L S
Ie J:y T ean (-2 yl} f‘,z 2 giptg glhdzdy. (A6.4.4)
Sy ly .

Denating the inner integral in {A6.4.4) by L and making -the transfor-

mation:

w= éA'{/z

with Jacobian d = Ql\’.l'/wz s Iy becomes:
il
3(04k-3) f&“ 1(vyrke3)-1
w
0

1 = explow)dy

~3{V k3]
Ce g T2 l~;$ {3{u,t4-3)) (A6.4.5)
w

where I'y(n) denotes the incomplete gamma furction.

Hence,

Sy(Vtke3) o ~4 (N k) As
ey [om(é(vfk-f’))y et By,
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Finally, making the transformationt §
A*
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with Jacobian J =

e (A))

= (87

~$(vytk-3)
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{A;/zz, we get:

H(vgrke3) RN ke2)
A,
) j:

*
A2

(é(V +k-3)

x expi-z}dz

3NV k-2)
I;'Z

Vy+k-3)

. B vy-k-2)-1

(A6.4.7)

where z has a gamma distribution with parameter g(N+v]—k—2).

Appendix 6.5

Lonfluent Hypergeometric Functions.
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with Jacobian J = QA;/Z‘, we get:

Le (8]

¢ « (A

“3(vyke3) (e -ke2) . BV, k-2)-1
) ) X g 2z
S T4

x exp{-2}dz
-;(vz+k—3) ¥ -Q(N+v]-k-2)

;) (A,) | A? L(B(vyrk-3) (A *.7)

+
ha

where z has a gamma distribution with parameter g(N+v‘-k—2).

Appendix 6.5 FORTRAN Subroutine for computing the Hypergeometric and
Confluent Hygergeumetric‘Functions.
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Chapter 7 A Practical Application
In this chapter the theory developed in the the'sis is applied to the
stratigraphic problem in gold mining mentioned in Chapter 1. Given a
training sample from each of fifteen strata, we will first evalvate the expec-
ted performance of classical discriminant analysis applied to this s%tua-
tion and then we will use the classical and Predictive Bayesian approaches
to classify two observations of unknown origin into one of the strata,

After First transforming the data in the training sample to re-
move an unwanted dilution effect, the data is tested for miltivariate
normality and homoscedasticity. Using the methods described in Chapter 5,
tests are performed to establish whether any of the eigenvalues (Ai) of
75 are zero, and then estimates of the A; are obtained. These estimates

are used to estimate the distribution of &ﬁj and sg(x) given in Chapter 3,

.-as well as to evaluate the expected probabilities of correct- and mis-

classification under classical discriminant analysis, given in Chapter 4,
Finally, using the Predictive Bayesian approach, two observations

of unknown origin are each classified into one of a subset of the strata

in the training sample. In this case it is possible to make direct com-

parisons with the results when using the Predictive Bayesian approach

under the fixed effents mor -1, 25 well as with {hose when using the classi-

cal approach. This illustrates the effect that the differences in the

assumptions underlying these models have on the performance of discrimi-

nant analysis ir practice.

7.1 A Problem in Stratigraphy
As mentioned 1n Chapter 1, this study arose out of the problem of

fitting a particular band of rock encountered in a gold mine into the
1,

_sedimentary succession of the area. As the trace element geochemistry

of each rock band cap reasonably be described by a random effects model,
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it seems an appropriate area for application of the theory developed in
this thesis.

The concentration of trace elements in rock sampies were measured
by means of Instrumental Neutron Activation Analysis, a technigue that

" allous accurate chemical analyses to be made down t very low concentra-
tions. A pilot study was undertaken to assess the feasibility in geperal
,;“\‘e,“,'“% qf using geschemical data to relocate the pay ‘band. Five samples were
-taken from each of 16 bands, and 12 trace elements weve measured on eath
sample. For the reasons given in Hawkins and Rasmussen {1973), a Jog
transformation was applied to the data.

A complicating factor in the analysis is the presence of unknown
bl’lt varying amounts of silica in the sampies which tends to give a pro-
portional decrease in the concentrations of the trace elements, This
gives rise to an additive "dilution effect”or *growth affect” correspon-
ding to each sample when #sing the transformed data.

The problem of staiistical nference, with parkicular reference to
canonical variate analysis, on wultivariate data in the presence of

additive growth effects has been studfed by Gower {1976}, and an interss-

2 ting application to a problem in Palacontology has been given by Reyment

and Banfield {1976). Gower (1976) considers the case where a p-dimen-
sional observation x 1s contaminated by w (<p) additive growth effects,
each of which may be represshted by a {px1) growth vector whose elements
are the relative responses of the corresponding elements of x to the un-
observable growth effect, Gower (1978) uses the fact that iF K is the
(pxm) matrix whose columns are these growth vectors,then the symmeiric

jdempotent matrix

Q= 1-kEK) K (7.1.1)

o
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projects X on to the space orthogonal to.K so that the projected value

is free from these growth effects. Therefore, if

y=0 {7.1.2}
then y is free from growth effects. Furthermore, if the sample space H
of x has rank v (zp) then y occupies a sample space of rank r-r{K}.
In the context of the present example, it is clear that the growth
effect in the rock samples due te dilution by unknown quantities of H
silica §s the same for all of the Tog trace element concentrations, so ;

that. it can be represented by the single p-dimensional vector

K= (Bhe)'s (7.1.3)

Therefore, in the present situation

G=1-1¢ (7.1.4)

where E 15 tia pxp matrix whose elements are al) unity, so that the trans-

formed variable becomes

sqs(1-1
y= 0= (1 pE)x

i.e. yi=x"%
EE TR I SN (7.1.5) ;

vhere %y and ¥y are the 1‘“‘

elements of X and y, vespectively. So, ta

rgmave the dilution effect from each observation we nake the {intuitively
reasonable}. transformation of subtracting the average of &1l p log trace
element concentration values in the sample’ from each tiﬁase p valuesin i
turn. This will clearly reduce the dimensionality of the sample space :

to pi {assuming that the oripinal data are of full rank)and tha easiest ‘
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way to handle this is to drop one or mpre Variables from the analysis.

Bacause of the finding in Chapter 5 that the number of popula~

tions in the traimxhg sanib'le should be as large as possible, relative

to the dimension p of the data vectors, for relfable estimation of the

eigenvalues {A.i) of TE'1, itsias decided to base the discriminant anatys

sis on a subset oF four of the twelve trace elements. The following

trace elements were chosen, primarily because of the fact that, out of

the twelve, their marginal distributions most closely fitted the normal:

1.

Cobalt (Co)
Iron ({Fe)
Hafpium (Hf)
Gold  {Au)

The data on thess four elements {after log transformation and re~

movaf of dilution effect) are given in Table 7.7.1 below, and in Tables

and befween groups covariance matrices are given.

- 7.1.2, 7.1.3 and 7.1.4, respectively, their mean vectors, within groups

5

¢ Table 7.1.1
The Trace Element Data (after Tog transtormation and removal of

Aitution effect,)

Population to Fe Au
1 ©0,3858 0.0534 ~1.1539
0.5065 0.3371 -0.3335
0,408} 0.7967 ~0.3231
0.3210 . -0.5441
~0.2393 ~0.1483 ~0.9580

f
. 0.428! 0,3744 0.0657
: 0.4002 0.3604 0.0455
0.4735 0.2852 0.2523
~0.3862 0.2177 1.0496
0,0569 0.2096 ~0.0990

o




Table 7.1.1 continued

Population

'

0.6285

0.2866
0.3784
0.2984

260.

fe
0.1619

0.3204

01368
6,498

L
0.0889
-0.0110
00843
0.0874
0.0262

0.1452
01975

~0.7813

«0.3323

-0.9191
-0.7925

-0.0125
0.8449
0.5807
0.4129
0.8994

~0,6933

5
'
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j Table 7,1.1 continued
]; ‘Population co Fe HE Ay ‘
! 1 0.4872 0.6136 -0.5951 0.2322 i
iy -0.0089 0.5342 -0.4469 1.2533 :
i 0.5218 0.6603 -0.,4632 0.3363 ;
i -0.0708 02994 -0,7964 0.8250
] 0.0478 02138 -0.1079 -6.1087
i@ 12 0.1739 0.0751 0.1398 0,347 i
; 0.0322 -0.1939 . 0.1968 -0.4244 - .
\ -0.5402 ~0.5064 0.1750 -0.3985 o
-0.4637 ~0.4050 0.1644 -0.5228
; 0.4625 0.2718 0.0311 0.0873
P 13 -0.3224  0.0070 0.0641 -1.0816 ;
; " -0.5506 -0.1525 0.0243 10777 :
‘ -0.5330 -0.3666 0.0121 -0.1080 i
-0.3700 -0.2176 0.1564 -1l0220 :
0,311 -0.3801 0.0350 -0.4336 :
i «0.1766 -0.2141 0.1481 "-1.0812 i
-0.4704 20,3250 -0.1079 08878
-0.4110 -0.2990 00718 06778 .
~0.5865 -0.2368 0.0851 -0,9229
: -0.3710 ~0,3077 00623 -0.3984
3 18 0.2866 ~0.0016 0,3386 -0.2626
! 0.3875 0.1105 0.2587 -0.356
: 0.3904 0.1987 0.3219 -1.0482
i 0.3823 01331 0.3753 -1.0876
; 01169 0.6 -0.5389
| Table 7:1.2

Mean Vectors

N,
< Overall 0.1464 0.1286 ~0.2194 -0.1424

i
J Population fo A i Ay ,
i 1 0.2764 0.1089 -0.3787 206625
! 2 0.7941 0.2395 ~0.2831 0.2630
] 3 0.0598 0.2338 00523 -0.2639
4 0.3802 0.30%6 -.3839 0.3153
. 5 0.4402 0.0023 -4,6815 0.0419
| ) 6 0.3908 0,1193 ~0i6965 -0.3203
: 7 0.5051 0,5872 -0.47b5 0.5457
: v 8 -0.1210  ~0.0468 0.1132 -0.5183
! i3 0.0754 0,0389 -0.19)6 ~0.4u25
! 1o 0.3304 242 ~0.5792, 0.3255
i 1w 0,1954 0.4639 -0.4819 0.5076
o 12 -0.0671 -0.1619 0.1414 -0.4011
: 3o -0.4175  -0.2078 0,0584 00,7406
i A «0.3951 ~D.2765 0.0513 ~0.1674
| 15 0.3491 0.0608 0.3886 -0.6585
{
.
1
|
4

o
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Tabte 7.1.3
Within Groups Covariance Matrix (Degrees gf Freedom 60)

Lo C B i Au
Co 0.0584 0.0281 ~0,0061" 0.0122
Fe 0.0281 0.0257 -0.0016 0.0086
B -0,0061  ~0.0016 0.0759 -0.0384
Au 0.0122 0.0086 - -0.0384 0.1866

Table 7:1.4

o
Between Groups tovariance Matrix (Degrees of Freedom 14)

& Fe HE A

Lo 0.4167 0.2654 ~0.2990 *0.3089
Fe 0.2654 0.3177 -0.2296 0.4297
Hf ~0.2990 ~0.2296 0.5614 ~0.4433
Au 0.3089 0.4297 ~0,4433 0.9784

The data was tested for multivariate normality and homescedasticity

using the test of Hawkins (1978) based on the N = 12] Ny sample-based

Mahalanobis distances of each gbservation from its group mean:

@ di(xy) » (x”-x’-.)'s"](x”-x") 3o Vs Sk (16
whare 5 is the pooled covariance matrix computed from all k ghups.

Hawkins {1978) shows that under the n11 hypothesis the statistic

_ (N-k—pgnidi(x‘.j)
B Bl 1 k) enged g 1

follows an F-distribution with p and N-k-p degrees of freedom, so that {f
i, %

{

Aij = PrlF > FﬁJ g

f
denotes the tail area of F” under this distribution then Aij is distri-
buted exactly as a uniform variate over the range (0,1), Departures from

either nbrmality or humoscedastitity will cause departures of the A“
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from the uniform distribution, and Hawkins therefore uses the Anderson-
Darling test-statistic LA computed from the n; ;.‘,rdek‘%ﬂtatistjn"cs of the

A, in group 1 to test for either of these types"'uf departur\ﬂ in the

1
iti1 population, for 3=1 to k. Furtnermore, splitting the W, “dto com:
ponents allows for heteroscedasticity and non-normality to be tested
Finally, Hawkins uses a simulation experiment to show that,
although asymptotic results are used at a few points in his theory, his
tekt may nevertheless be used for sample sizes ny as small 8s 5, as long
as N is sufficiently targe.

Applying the abovementioned test to the data in this example reveals
modarate departures from homoscedasticity in populations 4,5,6 and 8
{5 and 6 having larger, and the other two smalier covariance matrices than
the average) and ‘a1so that population 4 has a slightly lighter-tailed
distribution than theé normal. However, because these departures are
fairly minors and %5 a8 not to reduce the nutber of populations in the
training sample, it wag decided not to vemove these populations from the
example,

As mentfoned in Chapter §, the first step in applying this data to
the random effects model in discriminant analysis is to test the hypothesis

Hy ¢ T = 0y for if it-is accepted then there is no point in continying

“with the analysis, Using the subroutine CANOW described earlier; the

efgenvalues {g;} of 1\11\51 were computed. These are given in Table 7.1.5,
together with the two test statistics Ty and Ty defined in {8.2.3) and

(5.2.4), respectively.

v
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Table 7.1.5
The eigenvalues of A]l\é1

) 9 92 93 9y
74.2183 35,5174 13.0757 7.1869

T = 121 Tog(1rg) = 12,6614

4 .
Tp= 19 = 129.9673
i 1
From {5.2.5) we havn that under the mull hypothesis m]T] has appraxi-
mately a XP\’1 d1str1but1on «:here Wy =V + g(\:‘ p-1) and vy and v, are
the between groups and within groups degrees of freedom, respectivzely.
Since m1T.l = 815,7 and wy = 56, HO is rejééted resoundingly.
N
In order to test whether any of the 4)\1} = eigs Tz’1 are zero, we
first consider the sub-hypothesis: ”01 Ry 0. Our two test-statis-
i .

tics for testing Hm are:

TT'I = Log('l+g4) = 2,0987
and Tz] =g =>741559
(See (5.2.11) and {5,2.12)).
i
Using Ty1x we have from {5,2.13) that under Hm,mnTH has approximatety
a x"% distribution
“ where £ 003 = 1 :
-1
and myy = 60 + 3(14-5} + -i§1 Ay e
i // \\
i
Using the estimators of the A; given below in the ex;ﬁession for myy
yields value myg = 65.01, whence m”T” = 136.4 which again §s highly
signifjcant. So we conclude that /@‘[} the Ai are greater than zero.

i
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Our-next step is to estimate the Ay Using the techniques déj
scribed in Chapter 5, the five estimators ;(” to ;(5) of the eigen~
values Ly} of 27.‘):'1 = (E+nT)Z“] were cumpxted. U;furtzfnatelyA the
N "unrestricted” and "restricted” maximum warginal Tikelihood estimators
d . “7'4? and :}(5) both failed to give meaningful results, so the approximate .
4 ;ax'x%um m;rginﬂ Tikelihood estimator Q(Z) (;(3) was identical to i(z))

~
was used to compute A Prom the relationship

%= 3 P e
1 These estimates are given in Table 7.1.6. The estimation procedure was '
‘ then repeated with variable 3 (Hafnium) dropped from the sample, re-
; ducing the wumber of variables to 3. 1In this case all five estimators
gave meaningful results, so that ?_ could be obtained from i(s)A These
\ : 5 estimates are alse given in Table 7,1.6. "

Table 7.1.6

Estimates of ¢ and )

i ' p =4 varisbles  (Ch, Fe, HF, Au) [
1

~ 1 2 3 4
1" 1.3176 8284 3050 1.6697
1B gases o seeso nssz 2.5
“, ! > o .

o : 1(4) and y(s) failed to give meaningful results

. A n"‘z
4 3 (brem 112)) 2.7573  1.8390  0.4720  0.3086 i

H 4
[ =
i -
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p = 3 variables (Co, Fe, Au)

Hm 16,2545 6.2701 .
1) and 33 ra7ie 6.7801
) 34 14.2456 5.9484 ;
38 13.9191 a.es18 0 p.zeh.,
& (rron 203 25838 1.1304 02xgs2

Using the Xi given in Table 7.1,6, the estimated distribution of
the Mahabanobis distance i

: 8%y = (ui-uj)‘ﬁﬂ(uruj)

betsfen two randomly selected populations, derived in Chapter 3, and
that of the Mahaban;;bis distance

&) = ()5 o)

of a random observation x ¢ 1rJ- freoe, 12§, were computed using the N
e ;

t subroutines given in Chapter 3.0 ¢4 *.glﬂe 7.1.7 values of the distribution

functions of 6%5 and 6".,()() are givdn ab) selected points, separately for
the four- and three variable cases. In addition, distribution function

y T values for 6%()0, when xCyrg ./are given at the same points for comparispn.
! i

i
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Table 7.1.7

i

Estimated Distribution Functions of 82,62 (x)|x ¢ my and
5§(x)]x ety ’

p = 4 variables  (Co, Fe, Hf, Au)

Distribution Function Values
Value. of. the

random varisble ﬁi 83(x)]x « s S?E(XZIX oy

1 .031 012 046
2 098 043 144
3 a7 .085 264
§ .335 189 496
7 470 .298 677
106 626 450 845
15 789 646 960
20 776 990
25 95 858 998
30 960 910 1.000
40 .986 963 1,000
50 995 985

p = 3 variables  (Co, Fe, Au)

Distribution Function Values
Valye of the

random variable 8§(x)!x <y ﬁ_zl(x)]x €

1 044 119
2 g1 279
3 184 428
5 326 657
7 2449 .802
10 596 917
15 \ 760 .98)
29 . 856 .996
bt 913 999
30 w947 1.000
40 4979 1.000
50 992 1.000

The expected probabilities of misclassification indicate, how well
classical discrimivant analysis is Vikely to perform when applied to
the problem of fitting a particular rack band iffto ‘the sedimentary
succession of the area, on the basis the cuncen“\&v‘at'inns of the four

i
{or three) trace elements in a rock sample from that band., These were
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computed from the formulae derived in Chapter 4, using the subroutine
PROBS for the "optimum® probabilities, whev;e 'the' \r\xarameters in the linear
diseriminant function are assumed to be known and ‘@assiﬂcation ryle %
{2.1.3) is used, and subroutine FROBST for the cuse where the sample~
Based clasgification rule (2.1,19) is used, Table 7.1.B gives tue two-
population probabilities of misclassification as well as the lower and
approximate upper bounds for the probabilities of correct classification
for the 5- population case, for both situations where the population-
based and sample-based classification vules are used.

In the s{tuation whare it is possible to make wmore than one cbserva-
tion on the unknown popuiation (as in the case in our stratigraphic pro-
blem) it is well known that arbitrarily good classification may be
achieved by increasing the number of independent oliservations from the
unknown population and basing the classification on their meen. It 1s
a trivial matter to show that the situation where the wean of m chserva~
tions is u;ed for classifying the anknown population is exactly equiva-
lent, under the fandom effects model, to that when the eigenvalues {Ai}
are all muitiplied by m and a single observation Ts used for classifica-
tion, As an {7lustration of this,the expected probabilities corrdsponding
to the situation where the classification 1s based on m = 2 ohservations

from the unknown population are alse given in Table 7,1.8.




p = 4 variables {Co, Fa, Hf; Au)

. 3
Probability of Lower bound to Probability 1
Mzsclasiiﬁcation of correct classification
w;th e popula- with k=5 populations
T o
Known Parameters — T
One observation 1429 L4282 4 e
5 from unknown pop. '
Two observations .0860 .6561
from unknown poap.
Unknown Parameters (Degrees of freadom = 60} . ¥ .
One obsgrvation § s
from unknown pop. .1518 .3929 5 ;
Two observations i
from unknown pop. 0915 6341 ”‘
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Table'7:1.8

Expected Probabilities of Carrect~ and Misclassification

Probability of mis~ Probability of correct classifi-
classification with cation with k=5 populations

Known Parameters wo populations

‘Lower Bound  Approx. upper Bound:
One observation 1069 BT *-31}87————*

from unknown pop. . i

Two observations 0855 7780 .8930
from unknéwn pop.

Unknoyin_ Parameters {degrees of freedom = 60)

One observation 173 5307 8039
from unknown pop.

Two observations 0616 7534 .8808 ;
fram unknoun pop. o

p = 3 variables {Co, Fe, Au}

Note that, since p is odd, the upper bound to the probabiiity of corvect

classification cannot be computed, i
¢

® . ‘

& i 4

—
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We vow tusn to the Predictive Bayesnn‘ approach. Betause of our
{nabitity, at present, tiie compute the predictive densities under the
random effects model in the multjvariate case (seé sub~ssction 6.2.1)
we will consider classifying two observations of unknown origin using
only the trace element Cobalt (Co). The concentration of Cobalt in
each of the two unknowns, after Jug transformation and removal of dilu- i

tion gifect, are given below:

Untknowmn 1 = 0.2864 !
Unknown 2 ¢ ~0.4075

The predictive densities under‘the random effects model, given by
{6.1.17), were computed using the subroutine HYPGFN and are given in
Table 7.1.9 for each of the fifteen populations and both unknowns. For
comparison, the correspording pradictive densities under the fixed effects‘

moGa1, given by (2.2,6), as well as the sample-based Mahalanobis distances

“between each of the two ynknowns and each of the fifteen populations, are

also given in Table 7.1.9.

s




2n
Table 7.1.9 ;

Predictive densities of the two unk under fhe random effects )

and fixed effects models, as well as the corresponding Mahalangbis::

distances, using one variable {Co) only.

Unkriown )
; Predictive Densities
‘ Random Effects Fixed Effects Mahalanobis
ki Population Model Mode1 Distances :
| 1 - 0844 0955 0.0017
H .0947 .0899 0.1451
0598 0660 0.8800
4 L0810 0897 0.7506
) o .0806 0.4045
s 0793 0834 0,1863
! 7 0681 0677 0.8187
' 8 0371 0294 2.8428
i 9 0883 L0693 0.7630
H 10 0822 .0943 0.033
| 1 0978 L0500 0,1219
! 12 0388 0391 2.1401
: 0068 .0032 8,4861
i ) 0093 0038 7.9550
: 15 .0849 .0029 0.0673
§ Unknown 2
! 1 0161 L0109 8,0108
i 2 L0232 .0219 1979
5 3 0648 0580 3.7388
ki 4 .0068 0041 10.6259
i 5 0058 .0022 12.3063
i 0 6 L0056 .0037 10,9124
! 7 .0025 L0013 14,2623
i g8 1294 1506 1.4059
i g L0522 .0524 3,9921
i 10 0090 L0066 9,3248
i 1 0282 0217 6.2250 |
12 1190 1185 1,9847
: 13 .2623 L2715 0.0017 :
1 14 2709 274 0.0026
] 15 0094 L0055 9.8043

T The posterior probabilities of each of the populations are compited i
‘ . i -l
from the predictive densities in Table 7.1.9 by muttiplying them by ¢ k\

their respective prior probabilities. For example, suppose that unknown
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is equally Vikeiy to have come from one of the first five populations

and from none of the others. Using the classical approach ona would

r unhesitatingly classify it inte population 1. On the other hand, al~

1 though poputation 1 has marginally the ?ﬁghest posterior probability
under the fixed effect model, population 2 has marginally the highest
probability under the random effects model, In practice, using the Pre-
dictive Bayesian approach under either of the fixe;i effects or random

1 effects models, one would consider Unknown 1 to be unclassifiable. The
divergence between the classical and predictive Bayesian approaches ob-
served bere s in Tine with the findings of Af{tchison, Habbewa and Kay
i (1977) whose ganeral conclusion is that the classical (or "estimative")
! approach tend; to give too gptimistic a picture of the reliability of
s sample-based discrimination procedures.

) The picture is far clearer with Unknown 2. Assuming that it is

(equaﬂy 1ikely to have come fron one of the last five popuiations,all

three classification rules come out stringly in favour of efther of popu-
b . lations 13 or 14, the predictive approach under the random effects model
giving sTight preference to population 14 wheress the other two marginally
% Favour the former,

‘g The reasan for the improved reliability of classification in the
Tatter case 1s quite evident under the vandom effects model .  Since
[ ‘nbser‘vaticn 2 is much further than observation 1 from the estimated nean

£ of the individual population meansu, one would expect better classifi-
cation with it as populations would tend to be much less clustered n its

vicinity than they would be nearer to &,
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Chapter 8 Review and Conclusions

In this, the final chapter, the theory de‘;‘velopevd in this thesis is
reviewed, and the areas still requiring further work,as well as the
varfous possible wenues for future research are pointed out. Finally,
some conclusions are dvawn regarding the applicability and usefu]n;ss uf
this theory to the solution of practical problems in discriminant analysis.

Before starting the review, some comments on the practical situation
where this theory might be applicable, are in order. It i~ envisaged
that the investigator will, in general, have two (possibly overlapping)
trafning samples at his disposal. The First, more properly calied an
“estimation samp]ef will consist of random samples from each of a number’
of popu'lat'iohs‘,‘ each of them in turn being & random observation from a
“super-population" under the random effects model. This sample will be
used to estimate the parameters “‘1‘} in the manner described in Chapter
5, wnich will {'n turn be used to estimate the distributiotis of any of
the four difétance variables discussed in Chapter 3, as well as the expect-
ed probabilities of correct - and misclassification under the classical
approach, derived in Chapter 4, The second training sample, which may
only become available at-a later date, will consist of random samples
from each of k1 populations {with possible overlap betwesn:it and the
estimation sample ~ together they make k independant samples from the
"super-population") and one or more gbservations x known to have coma
from one of these k] populations. The objective of the investigator is
to assign x to one of these k] populations in the second sample.

Clearly, the information from the second training sample can be
combined with that of the first to produce improved estimates of the
{l1} and of the distributions and expected probabilities of correct »
and misclassification mentioned above, Under the Predictive Bayesian

approach too, no distinction need be made between these two samples,
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i except when 1jt comes to the choice of populations ihto which the unknown

\’ may be classified, The device used in Chapter 7 of assighing zero prior

;A? pt‘"’obabilitiesbto all those populations not involved in any particutar

7 classificakion probflgm, is a convenient way of making the abovementioned
distinction withoutv‘fomally having to distinguish between the two

il samples. ’ ¢

8.1 Review
Starting the review at Chapter 3, it {s clear that while only the
: distrﬁbution of 6?5 is of direct relevance to the evaluation of correct-
and misclassification probabilities under the random effects model, the
a. : distributfons of the other three quantities 83(x}, d‘?j and di{x) are of
{ntevest in that they provide further insight into the 1ikely performance
! of c1ass$ca1\ ‘discriminant analysis under this model, As has been seen,
‘ the evaluation of the density and distribution functions of all four of
these distance variables is a relatively straightforward matter on a
. computer, so that approximating them by means of, say/;‘Pearson curves, is
] not considered to be worth while,
i
Coming now to the svaluation of the probabilities of correct - and
m1sé]assjficétion considered in Chapter 4, the two - population case 4
j; ' where thx\e parageters are known has clearly been solved satisfactorily
: and the probability of misclassification under the vandom eFfects model : JJ
: is readily evaluated using a colmuter.‘i‘,‘w‘;The t~population case is slight-
31 Ty Jess satisfactory in that onty 1nwer”and {conditional and approximate)
upper bounds to the probability of correct classification have been
? fourd, although it is evident from the examples considered that these
two bourds can be fairly dlose. An exact expression for this probabi- '
: Tity w11 howaver only be found once the corresponding exact expression : P

, (4.1.24) for the conditional probabiiity of . prect classification,

- ] i
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i :
] given 6;3 ,» is available in a more tr-table form. Two further pro- >
it 3 . s
[ l({lems vequiring solution are firstly, tie evaluation of the upper

botind on the probability of correct classification for the case where
the number v of nonzero ).1. is odd, and secondly, the deriv‘,ah'\on of
convenient computational formulae,when the A‘ are not all equal, for the
e . coafficients a5 defined in {4.1.39), appesring in furmu}a {4.1.40} for
the upper bound uhen r is_even, '

} ‘In the situation where the sample-based :lassification rafe is .

usedi 317 the results derived ave based on Okamato's{1963) asymptotic B
§ 1 ;

. i . expuzion (2,1.26) to terms of order n”', Therefove, more accurate re-

I sults could be qbta‘ined, at, the cost of considerable incraase in

[ complexir«.by including a1) the terms of order w2 in Okanoto's expan-

- usion.' ‘\the k-poputation case exantly the same remarks hold zs in

, the situakion where the parameters are knowit.
An impértant piece of research that is still outstanding in chapten”
i ) § is to obtain unrestricted and rastricted maximum marginal 1ikeiihood
‘ estimators of {y.,} = Eigs {zlz'l) based on Khatri and Srivastava's {1978}
asymptotic expansion {5.3.8) for the joint density of {511} = Eigs{p A;}

rather than on Chang’s (7970) Tess accurate expression {6.3.5). Shnula-

tion experiments on these two estimators, correspanding to those done

in Chapter 5, will give an indication of how much an improvement they

are over those probosed in this whapter. A further avea for vesearch

arising as a cide issue out of the resuits of Chapter 5, is the deriva-
tion of a scaled F-approximation to tha distribution uf HotelTing's Tg
N for the case where the numerator and denominator matrices have indepen- 1
g ‘ . dent Wishart distribytions but with different parameter matrices P atd
£, Sew the comments at the end of Sub-section 5.4.2. }

o : 0
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The treatment of the Predictive Bayesian Approach under the

‘ . random effects modal s fairly complete, at Teagt for the case where
coon ‘the parameters I, £ and T Have diffuse prior disteibutions. A great
deficiency in this approach s, however, our inakility to compute the
1 | predictive densities in the myltivariate cese. Passibw)\"appmaches
B ; towards rectifying this arve, firstly, o try and evaluate the hyper~

N gaometric functions of matrix argument, appearing in the predictive
densitites by using the programs of van der Westhuizen and Nagel (1979)
on & very much faster computer than the University of South Africa's

Burv;\oughs B6800  computer. Secondly, the efficiency of these programs
N < .

. "f ' could possibly be improved, although a reduction in computing time by
A Y at least a few orders of magnitude would be required to ensure that a

o ot N ﬁ‘;suff\t;ient number of terms can be compuled for the hypergeometric func-

tions to converyl. Two promising directions for research do, however.
. \\gome out of the last section in Chapter 6. Firstly there is the Empiri-
c‘é] Ba"es!/approacb to discriminant anvlysis under the random effects
model;  an interesting s‘chy would be to nvestigate the properties
of the proposed classification rule {6.4.8). Secondly, an investigation
W tha semi-Bayes spproach under the vandom effects modejl, using the‘«
17‘5te;‘i‘ar density (6.4.17) as st;\vting point would also n\\ake an interes-

|
g, if complicated, study.




8.2 Conclusions .

In this thesis, discriminant analysis under the random effects )
mode] has heen treated from two viewpnints., With the zlassical approach,‘
the properties of the classification rules have been investigated under

this medel, whereas with the Predictive Bayesian approach new expressions

for the predictive densities appropriate for this model have been derived.
Considering first the clasi<cal approach, the assumption of the ran-
dom effects model has aliowed expressions for fhe expected probabilities
91" correct - and misclassification to be derived that depend only on the
efgenvalues {3} of Tz:']. These may be estimated with arbitrary preci~
sion as long as training samples can be drawn from a suffivient number
.of populations. On the other hand, under the fixed effects model,:
whather Uatng Okomoto‘s (1963) expression (2.1.26) or Anderson's {1973a,
b} expression {2,1.27) for the expacted probability of misclassifica-
tion with che sample-based classification rule, the value of the Maha-
lanobis distance 6?2 petween the two populations is required. This has
. to be estimated using the means of the training samples from only the
| ii two populations concerned, althoyth % may be estimated using training
’ sampTes from other populations usvweﬂ. (See Lachanbruch and Mickey
{1968} for an estimator of 5?‘2 that partially corrects for the bias n

7 : ’ :
dy0)
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Therefore it would appear that as Tong as there are a sufficient
number of populations in the training sample (rg‘lative to the 'number of
variables ~ see Section 5.5) more reliable estimates of the probabili~
ties of correct - and misclassification will be obtained wdel the ran-
dom effects model than under the fixed-effects model. On the other hand,
the requirement that there should be a large number of populations
{relative to the number of variables) in the training sample for relia- H
ble estimation under the random effects model, can also be considered
“ o to be a drawback to this model, particularly in sitwations where samples
‘ from many populations are hard i:o come by.

A topic that has not been discussed in this thesis is variable
* selection, Since ynder the random effects model the probabilities of
} corvect - and miscla~sification are functions only of the eigenvalues

{As} of Tz:'], we would want & procedure that selects variables on the
; basis of the values of the Xy. MNow, it is clear from (5.2.3) that the
TikeTihiood ratio statistic T-l Far testing Ho : T=0, is 'z mnotonic tn~

treasing function of the eigenvalues 9 of ATAE‘ and hence of the
Vs

;3= —\,-z- g3+ Since the %; are maxinum 1ikclihou ! estimators of the
1

Yy = 1+ n).1 , W& would expect that variable sclection based on T vould

be appropriate for our situation. Hawkins {1976) proposes a stepwise

! procedure basud on Ty for selecting variables in Multivariate nwalysis
‘L of Varience. Although he applies the procedure to a problem in multiple

. : © discriminant anclysis using the fixed effects model, it is,from the

. above remark.s, also applicable tu the random effects model.

Coming now to the Predicvtive Bayesian appruuch, an immediate con-

c'lusion'that may be drawn from the uxamples considered is that the pre-
dictive densities (anH hence posterior probabisities) are generaliy more
, conservative under the random effects model than they are under the i

[ fixed sffects model. Therefore, 1f the predictive densities for the

<
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fixed effecps model, given by (ZTZ‘,G) and (2,2.7), are computgd ina
situation where the randem effects model holds, then they will tend to
give posterior probabilities that are tco optimistic. On the other
hand, if the random effects model 1s applied to data where the fixed -
effects mode] is more appropriate, it will give results that are too
Veanservative,
| Finally, a comment on the applicability of the random effects

. model to discriminant analysis with unequal covariance matrices in i
different populations, is in order. Although it is possible, from a

purely mathematical viewpoint, to perform similar analyses in thase

given in this thesis for the heteroscedastic situation, it is our
opinjop that the results would have little application in practice.

The reason for this is that if different populations have different

covarjance matrices then it is highly unlikely, in any practical situ-

ation, that their mean vectors would come from the same distributien, -

A more likely situation would be that for any particular population the
i covariance matrix of tswiean vector u would be some function of the

covariance matrix within that population.
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