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ABSTRACT Combining caching with source coding, a hybrid content delivery system further facilitates
the shift towards Information-Centric Networks. This is a promising technology heralded as the next
phase in network design. However, finding the optimal balance between the source coding gains and the
computational complexity is itself an NP-hard problem. By modelling the problem using a path-based
approach, this paper outlines iterative algorithms that can be tuned to provide control over this trade-
off. So too, a necessary condition of optimality is derived. This condition can be applied repeatedly to
improve the performance of the results from the iterative algorithms. The Ant Colony Optimisation family
of meta-heuristic algorithms is adapted to solve this problem, providing a benchmark that outperforms the
Genetic Algorithm presented in prior work. The iterative algorithms have a larger time complexity than
other solutions, but still converge in polynomial time. When combined with the optimality condition, they
outperform all of the currently proposed algorithms that solve this problem to date. More specifically, this
approach produces results that are found to fall in the 99.97th percentile on average.

INDEX TERMS Ant colony optimization, clustering algorithms, content distribution networks, heuristic
algorithms, Information-Centric Networking, information entropy, information theory, iterative algorithms,
mutual information, source coding.

I. INTRODUCTION
Latest-generation networks are struggling to keep up with
the exponential increase in users’ demands for content.
Accordingly, research in network structure is shifting towards
Information-Centric Networks (ICNs) [1]. This new regime
requires a focus on distributed technique, which demands a
high degree of flexibility in terms of routing structure [2], [3]
while maintaining a strong level of security [4], [5].
An integral component of ICNs is caching, allowing data

to be stored at the user end during hours when the network
usage is low [6]. In turn, this reduces the load on the network
infrastructure during peak hours, since the cached content can
be partially delivered using the local cache contents. As noted
in [1] however, scalability remains a current issue. If ICNs
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are to replace the IP model, where information is stored in
the network itself instead of clients directly communicating
with servers, it is necessary to implement flexible caching
methods that are efficient while keeping the complexity low.
This would allow ICNs to handle the flow of large amounts
of data currently supported by the IP model and allow it to
continue to grow with the increasing bandwidth demands.

In [7], a Slepian-Wolf Coded Caching (SW/CC) hybrid
system is presented as a means to combat this issue. The
CC method allows end users to store a compressed version
of the content locally [8]. SW coding further increases the
coding gains when compressing the information, if they are
correlated [9]. In that paper, an iterative and meta-heuristic
approach are developed to reduce the complexity of the
SW coding by clustering the files into compressed and
uncompressed sub-libraries. However, it was found that,
while less computationally complex, the iterative algorithm
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produced worse performing results as compared to the meta-
heuristic one.

As a result, this paper aims to improve on these results,
showing how better-performing clusters can be obtained,
albeit at the cost of increased time complexity, while still
running in polynomial time.

A. BACKGROUND
Caching is a fundamental tool to improve the efficiency
in networks. It aims to reduce the strain on networks by
storing partial information closer to the users, when the
demands on the networks are not as high. Then, when users
request information, the amount of data required to fulfil their
requests is reduced, as repeat requests by different users can
be achieved by sending the previously stored information
instead of fetching it from the origin server. Extensive
research has been done on the optimal methods for improved
placement of the information, as well as the methods
used to efficiently deliver the content when requested [10].
So too, emphasis is placed on distributed methods, in order
to maintain flexibility and scalability when implementing
caching and coding in real-world scenarios [11], [12].
Hassanzadeh et al. [13] first described a system that utilises

two different types of compression paradigms for content
delivery optimisation.

The first is Distributed Source Coding (DSC), which
enables correlated information to be compressed. Slepian and
Wolf, in their foundational paper [9], outline the feasibility of
this type of source coding. Significantly, this can be achieved
optimally without the need for communication between
the distributed nodes. As a result, this type of coding is
particularly well suited toWireless Sensor Networks (WSNs)
and is widely studied in literatures [14], [15], [16], and [17].
After SW compression, the second phase uses Coded

Caching to store files at the user end. The goal is to minimise
the amount of data sent when users request files during
peak hours. Since the demands of the users are unknown
when caching the files, it is necessary to intelligently
distribute the data, such that any demand can be fulfilled with
bounds on the rates. Maddah-Ali and Niesen first described
such a method, which codes the files with each other by
XOR’ing them together [8]. When requesting a specific
file, the server supplies the missing information, which can
be XOR’ed with the cached information to retrieve the
requested data. This technique has recently found application
in ICNs, proving useful in scenarios with both sparse [18]
and dense [6] user distributions. So too, it can be set up
in a centralised [19] or hierarchical [20] manner, allowing
for scalability if required. This is especially so, since it has
a low complexity (relying primarily on the XOR function)
and is well defined for multiple files. As a result, it would
be able to handle caching within a decentralised context,
which is well suited to ICNs. Additionally, it provides for
security and integrity of the cached information [21]. These
features make it highly compatible with ICN requirements.

More recently, this has been extended and analysed for
co-operative implementations such as Device to Device [22]
and vehicular [23] communications

When the two coding methods are combined, their effects
are complementary, since their approaches are independent.
However, there are limitations to this hybrid approach.
In particular, SW coding becomes prohibitively complex with
the increase in the number of files compressed at the same
time [24].

To this end, the authors in [7] show that the SW complexity
can be bounded by limiting the number of files compressed.
Thus, the library of files is divided into two categories.
The first is compressed using SW, while the other is left
uncompressed. Since the two stages are independent, the
subdivision can be performed without the knowledge of the
CC phase. As a result, the two sub-libraries can then be
combined before going through the CC phase, which treats
them as files of differing lengths using a method such as that
given in [25]. The resulting hybrid system is summarised in
Figure 1.
In that paper, it was further shown that finding the optimal

clustering is an NP-hard problem. Although clustering
algorithms have been devised for the SW case [24], [26],
[27], they rely on estimations and assumptions about the
correlation, which do not take into account real-world
scenarios.

Consequently, two sub-optimal algorithms are presented
in [7]. One is a novel iterative and greedy algorithm called
GISGEM, while the other is an adaptation of the Genetic
Algorithm (GA). It was found that, although less complex in
terms of time, the quality of the GISGEM results were not
as good as those found by the GA. Furthermore, there is no
method to test the potential optimality of a clustering solution.

B. CONTRIBUTIONS
As a result of the above, this paper has three main
contributions:

1) We present a novel path-based iterative approach
to solve the SW/CC clustering problem that allows
for a trade-off between the quality of results and
time complexity. The iterative nature of this approach
makes the performance more predictable and has fewer
parameters to tune than the meta-heuristic approaches,
while providing comparable performance.

2) Ant Colony Optimisation (ACO) is applied to this
problem as an additional benchmark. It is shown to find
better quality results than the GAmethod at the expense
of complexity.

3) A necessary (but not sufficient) condition is derived
for optimality. This is used to further improve the
performance of an existing solution obtained by other
optimisation methods by exchanging files. Combining
this method with the iterative approach listed above,
it is found to outperform previous solutions to this opti-
misation problem, finding close-to-optimal clusterings.
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FIGURE 1. An overview of the hybrid SW/CC system. The proposed improvements are summarised in the clustering algorithm list.

C. LAYOUT
The rest of this paper is structured as follows: Section II gives
the necessary background for the mathematical structure and
modelling, while Section III uses these models to improve the
greedy iterative algorithm and Section IV outlines the meta-
heuristic approach. The theoretical complexity of the two
approaches is given in Section V. In Section VI, the
newly proposed iterative algorithms are demonstrated using
a numerical example. Simulation results can be found in
Section VII, with further discussion and future research
directions in Section VIII. Finally, Section IX concludes this
paper.

II. PRELIMINARIES
Let N be a set of files, modelled as information sources
{X1,X2, . . . ,X|N|}. Without loss of generality, the sources
produce binary information that are i.i.d and ergodic. The
contents of each file are correlated with one another
according to some distribution p(x1, x2, . . . , x|N|).
As depicted in Figure 1, the main thrust of this paper is the

clustering algorithm used to split the files into two disjoint
sub-libraries. The first, denoted as Nc, will be compressed
using SW coding, while the other, Nu, will be left uncoded.
The sub-libraries are combined and passed into the CC
block, which ensures the information is cached optimally. Let
|Nu| = γ and |Nc| = |N| − γ . Consequently, it is required
that Nc,Nu ⊂ N and Nc ∩ Nu = ∅.
The main optimisation goal of the clustering algorithm

is to find the best partitioning of the library, such that the
coding gains are maximised for a fixed sub-library size. More
formally:

N∗u = argmax
Nu

H (N)− H (Nu) (1)

s.t. Nu ⊂ N, |Nu| = γ (2)

where H (N) and H (Nu) are the total entropies of the sources
in the sets N and Nu respectively. This is an NP-hard
problem, where the search space is

(
|N|
γ

)
and thus increases

exponentially [7]. The GISGEM and GA algorithms are two
close-to-optimal approaches, but the results can be improved.
In order to describe the improvements to the GISGEM

algorithm accurately, a new model of the search algorithm is
required. Consequently, the necessary mathematical prelimi-
naries are now defined and explained.
Let G = (V ,A, t) be a directed graph representing a t-ary

tree, where V is a set containing all of the vertices. The
vertices are indexed as vdi , where d is the depth of the vertex
in the tree, d ∈ {1, 2, . . . , γ } and i is the unique index of
the vertex within that depth. A special vertex v0 is created
at the root of the tree, which is used as a dummy variable to
connect the tree at its base. The tree is constrained by t , which
determines the maximum number of children that any vertex
can have. Thus, for any vertex vdi the index i is limited by the
depth of that vertex and t , such that i ∈ {1, 2, . . . , td }. In G,
A is a set of ordered pairs a = {vdi , v

d+1
j }, where each a is the

arc from parent vertex vdi to child vertex vd+1j . Necessarily,
for all a ∈ A, d ∈ {1, 2, . . . , γ }, i ∈ {1, 2, . . . , td },
j ∈ {t(i−1)+1, t(i−1)+2, . . . , ti}. In this paper, we denote
parent-child relationships as vdi ↪→ vd+1j . The kth parent of
vdi is given by vd−k

⌈i/tk⌉, where ⌈·⌉ is the ceiling function.

Let Cvdi
:= {vd+1j ∈ V |vdi ↪→ vd+1j } be an ordered set of

all the children of vertex vdi that exist in the graph. The set is
ordered by the indices of the vertices in ascending order. This
implies that if cl → vd+1j and cm→ vd+1k , cl, cm ∈ Cvdi

, then
l > m if j > k .

A path Pvdi is defined as an ordered set containing all parent
vertices from the vertex vdi up to, but not including, the root
vertex v0. Taking the above constraints into account, the path
is defined as Pvdi := {v

d
i , v

d−1
⌈i/t1⌉

, vd−2
⌈i/t2⌉

, . . . , v1
⌈i/td−1⌉

} and
|Pvdi | = d . Furthermore, let the path element pj ∈ Pvdi ,

j ∈ {1, 2, . . . , d} correspond to the vertex vd−j+1
⌈i/t j−1⌉

.

Each vertex vdi is associated with a single entropy source
Xk ∈ N . Let f X : vdi → Xk be a function that maps a vertex to
an entropy source. We require that, within a given path Pvdi ,
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TABLE 1. A summary of the terms used in this paper with their definitions.

TABLE 2. A summary of the notations used in this paper with
descriptions.

all path elements are mapped in a one-to-one fashion with
entropy sources, i.e. f X (pj) ̸= f X (pk ), ∀pj, pk ∈ Pvdi , pj ̸=
pk .

Using the above terminology, the entropy of path H (Pvdi )
can be calculated as follows:

H (Pvdi ) =
d∑
n=1

H (vn
⌈i/td−n⌉|v

n−1
⌈i/td−n+1⌉

, vn−2
⌈i/td−n+2⌉

,

. . . , v1
⌈i/td−1⌉) (3)

=

d∑
n=1

H (pn|pn−1, pn−2, . . . , p1) (4)

For brevity, H (vdi ) and H (p1) are equivalent to H (f X (vdi )).

III. PATH-BASED GREEDY ITERATIVE SELECTION
PROCEDURE
The general approach to improving the GISGEM algorithm
is to broaden the search range of the algorithm, which allows
it to overcome the greedy nature of the algorithm somewhat

and gives it a better chance at finding the optimal result. The
following subsections describe the main algorithm together
with its variants and considerations.

A. CHAMPION SELECTION PROCEDURE (CSP)
The GISGEM algorithm in [7] selects a single node at each
iteration by maximising the conditional entropy gain at that
iteration. Using the definitions in Section II, this can be
viewed as an algorithm that generates a single path, with
t = 1. A major shortcoming of this approach is that it is
possible for a more optimal solution to exist that does not
contain nodes that fit these rigid criteria. As a result, the
general improvement is to allow for a greater number of paths
to be considered, increasing the value of t . However, this
would also mean that the number of paths would increase
exponentially, generating tγ paths. To limit this, we introduce
the champion condition, which limits the total number of
paths to a different value, denoted as m < t .
The general outline of the algorithm is as follows. In the

beginning, there is only the root node, which produces t
vertex children that are assigned sources sorted in descending
order according to their entropy. Of those, m will survive to
the next iteration and produce children. In the next iteration,
only m of those children which have the highest path entropy
will survive to the next iteration. At each stage, the new child
vertices and parent-child arc connections are added to the
graph G. This continues until a path of size γ is produced.
The algorithm is described more formally in Procedure 1 and
summarised in Algorithm 1.
Procedure 1 (Champion Selection Procedure - CSP):

Given a set of entropy sources N, with restrictions t and m,
let the best path of length γ be chosen as follows:

In the first iteration, t vertices are created with parent v0.
The vertices are assigned entropy sources such that:

H (v1i ) ≥ H (v1j ), ∀i, j ∈ {1, 2, . . . , t}, i > j (5)

Of these, only the m best vertices are selected. Let Mi be
the set of the m best performing paths in iteration i, with
|Mi| = m. In the subsequent iterations d ∈ {2, 3, . . . , γ },
all of the vertices inMd−1 produce t children. Thus, there are
tm children at each iteration d > 1. For each of the selected
vertices vd−1i ∈ Md−1, the children are assigned entropy
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sources such that:

H (vdj |Pvd−1i
) ≥ H (vdk |Pvd−1i

), ∀j, k ∈ {t(i− 1)

+ 1, t(i− 1)+ 2, . . . , ti}, j > k

(6)

In order to maintain the unique sources property for all
paths, let the potential sources to choose from for each parent
vertex vd−1i be limited to the set:

Svd−1i
:= N \ f X (Pvd−1i

) (7)

As defined above, Cvd−1i
contains the children of vd−1i . Let

C :=
⋃

Cvd−1i
, ∀vd−1i ∈ Md−1 be a set containing all of the

children vertices created in this step.
Next, the number of paths is restricted by m. The m best

performing paths are chosen by evaluating H (Pvdi ), ∀v
d
i ∈ C

and sorting them in descending order. These selected vertices
are stored in Md and will produce children in the next
iteration.

It is possible for there to be multiple valid possibilities
when assigning entropy sources according to (5) and (6), and
when selecting the best m performers. This can happen if the
entropies are equal, in which case the order of the sources
should be chosen arbitrarily.

The algorithm continues until d = γ , at which point the
best-performing path is chosen as the final solution.

Algorithm 1 Champion Selection Procedure (CSP)
Require: t ≤ |N|, m ≤ t
V ← {v0}
A← ∅
G← (V ,A, t)
C← {v11, v

1
2, . . . , v

1
t } s.t. H (v11) ≥ H (v12) ≥ · · · ≥ H (v1t )

V ← V ∪ C
M1← {v11, v

1
2, . . . , v

1
m}

for all v1i ∈ C do
A← A ∪ {v0, v

1
i }

end for
for d ∈ {2, 3, . . . , γ } do

for all vd−1i ∈Md−1 do
Cvd−1i

← t best Xj ∈ Svd−1i
, sorted according to (6)

V ← V ∪ Cvd−1i

for all vdj ∈ Cvd−1i
do

A← A ∪ {vd−1i , vdj }
end for

end for
C←

⋃
Cvd−1i

, ∀vd−1i ∈Md−1

sort C s.t. H (Pc1 ) ≥ H (Pc2 ), · · · ≥ H (Pc|C| )
Md ← {c1, c2, . . . , cm} ⊂ C

end for

B. CSP VARIATIONS
The CSP approach broadens the search range of the GISGEM
algorithm. Nevertheless, there a few issues that could arise

when using the algorithmwithout alterations. This subsection
looks at various improvements to the algorithm that attempt
to solve or minimise these issues.

One major limitation of the CSP method is that, for a given
iteration, it is possible that all t candidate vertex choices
for a given parent vertex vd−1i are not strong enough to
be selected. Thus, the entire potential path Pvd−1i

will be
discarded at this step, even though it is possible that the path
will produce a better result in a later iteration. This means
that it is possible for the CSP to find a worse result than the
standard GISGEM approach, if the first path is discarded.
To avoid this, a modified selection procedure is defined in
the following Lemma, in which a fixed number of starting
vertices are guaranteed to have at least one path up for
consideration in the final path selection.
Lemma 1 (Champion Selection Procedure with Ancestor

Guarantee - CSP-AG:) Let the children set C be created
according to Procedure 1. Then, when selecting the m
children that will produce children in the next iteration, first
include the best performing child from each path that contains
v1i , i ∈ {1, 2, . . . ,AG}. The remaining m − AG children
to include are chosen as in Procedure 1. If this updated
procedure is followed, then it will always produce a result
greater or equal to the GISGEM procedure.

Proof: If AG ≥ 1, then a path with vertex v11 will
always exist, as per the updated selection procedure. In the
first iteration, the first vertex is assigned an entropy source
such that v11 = maxXi∈N H (Xi), which is identical to the
choice of the GISGEM approach. In subsequent steps, the
best vertex that has v11 in its path will be vd1 , since this fulfils
the condition in (6). Consequently, this updated selection
procedure guarantees that the path Pvγ1 is considered in the
final step, which is identical to the path chosen by GISGEM.
As a result, this path will be selected, unless there is a better
performing path. □
Another problem that could arise with the plain CSP

approach is that the paths could converge with one another,
since, in subsequent steps, they could choose nodes that
causes the path to be permutations of one another. Since the
entropy function is order-agnostic, their total entropy will be
the same at this point. Thereafter, their paths will not diverge
again and will terminate with the same solution. This has the
effect of reducing the number of potential paths searched,
negating the purpose of increasing the breadth in the first
place. The next Lemma provides a means to prevent paths
from converging, but requires definitions of some further
terms.

Let Evdi ⊂ Cvd−1j
, vd−1j ↪→ vdi be a set of vertices

taken from the children set of the parent of vdi , such that
∀vdk ∈ Evdi , k ≤ i. In terms of the drawing procedure outlined
in Procedure 1, this means that the set contains vertices that
evaluate to the same or higher entropy than vdi .
Lemma 2 (Champion Selection Procedure with Conver-

gence Prevention - CSP-CP:) Let the general selection
procedure follow that outlined in Procedure 1. However, let
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the construction of Svd−1i
be updated as follows:

Svd−1i
:= N \ {

1⋃
n=d−1

f X (Evn
⌈i/td−1−n⌉

)} (8)

In essence, this means that for each vertex in the pathPvd−1i
,

the entropy source for that vertex and the other children with
a lower index are excluded from the pool used to select the
next generation’s sources. If this updated drawing procedure
is used, any two paths in G will be different by at least one
entropy source.

Proof: Two paths Pvdi and Pvdj are said to have converged

if f X (Pvdi ) = f X (Pvdj ). Before the next iteration in the
selection procedure, the most similar paths are ones where
the two vertices share a parent, i.e. vd−1k ↪→ vdi , v

d−1
k ↪→ vdj .

At this point, the difference between the two paths f X (Pvdi )
and f X (Pvdj ) is {f

X (vdi ), f
X (vdj )}, since they share a common

ancestor. Without loss of generality, assume i > j. According
to Lemma 2, vertex vdj will not include f X (vdi ) as part of
its entropy source pool in subsequent iterations. Thus, the
continuations of the paths stemming from these nodes will
always differ by at least f X (vdi ). Since the graph is connected,
it will always be possible to find a common ancestor for any
two paths and the paths will differ by at least one of the
children of that ancestor. □

C. BRANCH AND BOUND CONSIDERATIONS
The branch and bound method involves terminating a branch
of the graph prematurely if certain conditions (usually a
lower or upper bound) are determined to be impossible to
satisfy if this branch continues to be used. In [7], a stopping
condition was given, which can be used in the CSP approach
as well. In addition, it is possible to use a pre-existing path’s
performance and find the difference between it and a given
path to determine the entropy gap. For example, the GISGEM
approach can be used to find a single path. Then, when
evaluating the other paths, the following stopping condition
can be used:
Lemma 3: Let Pvref be a path of length γ with known

entropy Href. If the following condition is not satisfied for
a given path Pvdi , then the path cannot be optimal:

Href − H (Pvdi ) > (γ − d)H (vdi |Pvdi \ v
d
i ) (9)

Proof: Since conditioning reduces entropy, any vlj ,
a descendant of vdi (d > l, j ≥ i) will have:

H (vlj |Pvlj \ v
l
j) ≤ H (vdi |Pvdi \ v

d
i ) (10)

As there are only γ − d nodes left to choose from at iteration
d , the most gain in entropy is if H (vlj |Pvlj \ v

l
j) = H (vdi |Pvdi \

vdi ) for all subsequent descendants. If this is less than the
difference between Href and the current entropy of the path,
then it will be impossible for this path to exceed the reference
entropy and thus cannot be optimal. □

If GISGEM is used to determine Pvref , then this is
equivalent to Pvγ1 .

There is a further optimisation for the CSP-CP. Since the
selection pool is limited, this means that it can prematurely
terminate a path if not enough nodes remain for it to complete
it.
Lemma 4: If, while using the CSP-CP algorithm at

iteration d , a parent vd−1i has a node pool that satisfies the
following condition:

|Svd−1i
| < γ − d (11)

then there are not enough nodes remaining for path Pvd−1i
to

grow to size γ .
Proof: The selection pool Svd−1i

⊂ N determines which
nodes can be chosen from. This selection pool decreases by
at least one element at each iteration, since the selected child
is removed from Svd−1i

in the subsequent step. At iteration d ,
there are γ − d nodes left to choose for that path. Thus, if the
selection pool is smaller than this, it will be impossible for
the path length to reach γ . □

D. OPTIMALITY TEST
Despite the modifications to the GISGEM selection proce-
dure outlined in Section III-A, as well as the variations in
Section III-B, it is still possible that the most optimal result is
not obtained. In the following Lemma, a necessary condition
for optimality is derived.
Lemma 5 (optimality condition): A necessary condition

of optimality for a given path Pvdi is that each pj ∈ Pvdi is
the solution to the optimisation condition:

p∗k = argmax
pk

H (pk |Pvdi \ pk ) (12)

where pk ∈ N \ {Pvdi \ pk}.
Proof:A path is a set of vertices, ordered by the iteration

it was chosen in. The CSP procedure makes the optimal
choice for a single iteration, since it finds the node that
provides the greatest increase in entropy. However, the order
of calculating the entropy of a path in (4) does not depend
on order. Thus, for a path to be optimal, any node removed
from the path should be the solution to the CSP selection
requirement, if that node were to be one up for selection in
the final iteration. □
Lemma 6: The optimality test in Lemma 5 is not a

sufficient condition of optimality.
Proof: LetN be composed of two independent and disjoint

sets N1 and N2. As a result:

H (Xi|Xj) = H (Xj|Xi) = 0 ∀Xi ∈ N1,Xj ∈ N2 (13)

Furthermore, let the optimal combination of nodes be
contained in N2. Consequently, any path Pvγi ⊂ N1 will be
sub-optimal. If Pvγi is tested using the optimality condition
in Lemma 5, sources from N2 will never be suggested, since
their conditional entropy will always be 0 as shown in (13).□
Corollary 1 (Iterative Optimality Improvement - IOI): In

the optimality test described in Lemma 5, if any pk ∈
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Pvdi is not the solution to optimisation condition (12), then
continuously replacing pk with the actual solution p∗k will
only improve the overall result. Let P∗

vdi
be the path obtained

using this approach. Then it is guaranteed that:

H (P∗
vdi
) > H (Pvdi ) (14)

Proof: The entropy term given in (12) is the last term in
the total entropy calculation in (3) and (4). Although, in those
equations, the ordering is important, nevertheless, the actual
entropy function is order-agnostic. As a result, let pk be the
last source in Pvdi , implying that k = d .
It is clear from (4) that the last source does not appear in

any of the conditional terms for the other sources, since for
any term in the summation in (4) for path element pi, the
conditional term indices are in the set I = {i−1, i−2, . . . , 1}
and if k ≥ i, k /∈ I. Thus, replacing pk will only change
the value of the final term in the calculation. As a result,
if H (p∗k |Pvdi \ pk ) > H (pk |Pvdi \ pk ), then replacing pk with
p∗k will increase the value of the total entropy. □
Consequently, Corollary 1 shows that the optimality test

in Lemma 5 can repeatedly be used to improve any grouping
result. However, Lemma 6 shows that it is possible for this
approach to find a solution that is a local maximum instead
of a global one.

In the next result, we extend Lemma 5 to include checking
the optimality of a path with multiple nodes.
Corollary 2 (extension of the optimality test): Let P(c)

vdi
⊂

Pvdi be a set of all combinations of nodes with length c. Thus,

|pj| = c, ∀pj ∈ P(c)
vdi

and |P(c)
vdi
| =

(d
c

)
. A necessary condition

of optimality for the path Pvdi is that each pj ∈ P(c)
vdi

satisfies
the following optimisation condition:

p∗k = argmax
pk

H (pk |Pvdi \ pk ) (15)

where pk ⊂ N \ {Pvdi \ pk}.
Proof: The proof follows a similar line to the proof of

Lemma 5, replacing a single source with a set of sources.
Instead of setting the final source in Pvdi , the final c sources
in Pvdi are set to pk . □

IV. PATH-BASED META-HEURISTIC APPROACH
Encouraged by the modifications made to the iterative
search algorithm in [7] using a path-based mathematical
model, the meta-heuristic approach is also updated using this
outlook. The Ant Colony Optimisation (ACO) is a family
of meta-heuristic algorithms whose efficacy in path-finding
problems is well known [28], [29], [30]. The algorithms are
carried out by agents called ants, and each finds a potentially
optimal path based on their starting node and a combination
of heuristic and deterministic approaches.

Different variants of the approach have been proposed
in Literature [31]. In this paper, we select the Ant Colony
System (ACS) variant, since it performs well in the travelling
salesman optimisation problem and is an improvement to the

original Ant System (AS) algorithm [32]. A summary of the
algorithm is now given, together with the modifications that
are made to tailor the algorithm to the considerations of this
paper.

The algorithm is initialised by calculating the distances
between all nodes in N. In our adaptation, the distance
between node Xi and Xj is calculated as the conditional
entropy ηij = H (Xj|Xi). This format is chosen, since it
represents the increase in entropy when including Xj in the
solution. However, this is not totally accurate, since the
entropy should also take into account the other nodes that
exist in the path at that point. Nevertheless, it was decided
to use this metric, since determining the distance is an
expensive operation and would have to be done for every
unique combination of nodes. So too, this value would change
depending on how many nodes had previously been chosen
in the path. In contrast to this, the distance values can be
calculated once at the beginning of the algorithm and used
throughout its duration.

The pheromone values between the nodes are also
calculated at this stage. The suggested method of determining
the starting pheromone values is 1/|N|Cnn, where Cnn is the
performance of a path selected using the Nearest Neighbour
algorithm [31]. Instead, the inverse of that given in Literature
is used, since the objective is to maximise the distance. Thus,
the starting values are given by |N|Cnn in the adapted version.
The next phase of the algorithm involves finding the best

paths using the ant agents and updating the pheromone
values. This phase is looped until a stopping condition is
met, which could be a predetermined maximum number of
iterations or dependent on the change in the global best
result between iterations. Each ant constructs its path of
length γ iteratively, with the starting node chosen randomly.
At each subsequent iteration, the ant first constructs a set
of attractiveness for the neighbouring nodes that have not
already been selected. The attractiveness set is calculated as:

pkij(t) =
[τij(t)]α[ηij]β∑
l∈Nki

[τil(t)]α[ηij]β
(16)

where pkij(t) is the attractiveness of moving from node Xi to Xj
for ant k at iteration t and τij(t) is the pheromone strength of
this arc. The value is normalised over the attractiveness of all
possible moves available to ant k , the set of which is denoted
asNk

i . The two constants, α and β control the influence of the
two metrics.

Next, the ant chooses whether to use a deterministic or
probabilistic method to choose the next node tomove to.With
probability q0, the ant will choose the arc that maximises (16).
Conversely, with probability 1−q0, ant k will randomly select
the arc, but the chance of choosing an arc is directly related
to its attractiveness as calculated using (16).
Immediately after an ant selects an arc, it will reduce

the amount of pheromone that is deposited there in order
to prevent the other ants from selecting similar paths. The
pheromone reduction is performed according to the following
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calculation:

τij(t) = (1− ξ )τij(t)+ ξτ0 (17)

where ξ and τ0 are predetermined constants. This procedure
is followed for all ants until they have chosen their respective
paths. The paths are evaluated as their joint entropy and are
ranked. The algorithm first checks if a new global best has
been found and updates it accordingly. Then, only the arcs
that are in the global best path have their pheromone levels
updated according to the following formula:

τij(t + 1) = (1− ρ)τij(t)+ ρ1τ
gb
ij (t) (18)

where all ij are arcs in the global best path, ρ is a constant
that determines the pheromone evaporation and1τ

gb
ij (t) is the

joint entropy of the global best path.
The algorithm has two stopping conditions: the Maximum

Number of Iterations (MNI) and number of iterations in
which a new best path is not found, also known as the number
of Stall Generations (SG). If either of these two conditions are
met, the algorithm will terminate and the global best path is
returned. The algorithm is summarised in Algorithm 2.

Algorithm 2 Ant Colony System Optimisation Approach
Initialise the distance and pheromone states:
for all ηij ∈ D do ▷ Create distance matrix

ηij← H (Xj|Xi)
end for
for all τij ∈ P do ▷ Create pheromone matrix

τij← |N|Cnn ▷ Nearest Neighbour path performance
end for
while Stopping conditions have not been met do

while Path length < γ do
for each ant k do

Construct attractiveness set according to (16)
With probability q0:
NextNode← maxj∈Nki (p

k
ij(t))

Otherwise:
NextNode← random biased choice using (16)
Pk ← Pk∪ NextNode ▷ Update path of ant k
τij(t)← (1− ξ )τij(t)+ ξτ0 ▷ Update arc’s

pheromone
end for

end while
Evaluate performance of chosen paths
Update global best
for all arc ij ∈ global best path do

τij← (1− ρ)τij + ρ1τ
gb
ij

end for
end while

V. COMPLEXITY
In [7], it is shown that the GISGEM algorithm needs to
perform the entropy calculation (the most computer intensive
operation) γ |N| times, giving a complexity of O(|N|). The

CSP is an extension of the GISGEM algorithm, that allows
for a maximum ofm different GISGEM paths to be traversed.
However, the first step in the CSP and GISGEM approaches
are identical and the CSP algorithm is m times more complex
for subsequent steps. As a result, CSP approach performs the
entropy calculation |N|(1 + m(γ − 1)) times and thus also
has a complexity of orderO(|N|). Although the -CP variant is
able to terminate paths prematurely if it is not able complete
a path, nevertheless, it does not have a significant effect on
the order of the time complexity.

It is interesting to note that the value of t does not
significantly affect the complexity, since its role is to include
more paths in the selection stage. As previously discussed
in [7], the complexity of calculating the entropy of the paths is
significantly more than the ranking complexity. Furthermore,
the GISGEM approach requires all potential nodes’ entropies
to be calculated in any event. The only role of t is how many
of those nodes that are not the maximum are included for
potential selection in the next step.

The optimality test proposed in Lemma 5 requires that
each node in the path be removed and tested again as
if it were the selection stage of the GISGEM algorithm.
As a result, the complexity of running the optimality test
is the same as creating a path of the same length. Thus,
it requires γ |N| entropy calculations as well, with order
O(|N|). However, the extension of the optimality test requires
testing all combinations of nodes in the path. This has the
effect of increasing the complexity exponentially.

The complexity of the ACS is dependent on the number
of iterations and ants that are in the system. In order to
calculate the distances in the beginning, it is necessary to
compute the conditional entropy for all

(N
2

)
= |N|(|N| −

1)/2 combinations. So too, it is necessary to evaluate the
path of the Nearest Neighbour algorithm once to calculate
the initial value for the pheromones. Thereafter, building the
paths requires comparatively less complexity, as well as the
pheromone calculations. However, all k paths need to be
evaluated at the end of each iteration in order to determine
the global best path, which requires more complexity. If the
number of iterations required is I , then the number of times
this algorithm calculates the entropy is approximately

(N
2

)
+

kI , giving a complexity of O(|N|2).

VI. NUMERICAL EXAMPLE
To demonstrate how the CSP algorithm and its variants
function, the algorithm is applied to an example. Consider
a system |N| = 5, γ = 3, where the correlations
between nodes {X1,X2, . . . ,X5} are represented as Mutual
Information Areas (MIAs) as given in Table 6. The CSP
algorithm is applied to the above example, with t = 3 and
m = 2. Two variants are also applied, the CSP-CP and CSP-
CP-AG=2 (i.e. 2 guaranteed ancestors). The results are shown
in Figures 2-4.
The first step, which is the same for all algorithms includ-

ing the GISGEM algorithm, involves calculating H (Xi), i ∈
{1, 2, . . . , 5}. For example, the value of H (X1) = 169 bits
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FIGURE 2. The resulting graph after applying the CSP algorithm to the
numerical example.

FIGURE 3. The resulting graph after applying the CSP-CP algorithm to the
numerical example.

is determined by summing the MIA values that have a
binary representation 1XXXX, while H (X1,X2) = 250 bits
is obtained by summing MIA values with binary matching
11XXX, 10XXX and 01XXX (where the value of X can be
a 0 or 1). Since m = 2, instead of only X5 being chosen
in the regular GISGEM approach, X1 is also selected by all
the algorithms. The second iteration is where the algorithms
start to diverge from one another. First, as opposed to the
standard GISGEM procedure, two different calculations are
carried out: H (Xi|X5) and H (Xj|X1). In the standard CSP
approach, Xi ∈ {X1,X2,X3,X4} and Xj ∈ {X2,X3,X4,X5}.
However, the -CP variant reduces the choices in the second
entropy calculation to preventX5 from being chosen,meaning

FIGURE 4. The resulting graph after applying the CSP-CP algorithm to the
numerical example with 2 guaranteed ancestors.

that Xj ∈ {X2,X3,X4}. In the plain CSP version, vertices
v21 and v24 are chosen. However, it is clear that Pv21 and Pv24
are identical, only the order is different. Although the -CP
variant does not have this issue, it chooses vertices v21 and
v22, which means that the paths stemming from v12 are lost
in subsequent iterations. To remedy this issue, the -AG=2
addition guarantees that the two initial ancestors (v11 and v

1
2)

both have paths in the final iteration. Since the -CP variant
restricts the number of nodes available for selection, only two
vertices are available to choose from the children of v22, since
X5,X3 are already selected and X1 is excluded based on the
-CP rule. So too, based on the branch and bound conditions
described in Section III-C, v26 is automatically pruned from
the tree without considering it since, from the initial set N,
X1 was chosen in the previous iteration and {X5,X2,X3} are
excluded from the set based on the -CP rule. Thus, after
selecting X4 for v26, there are no more nodes available to
choose from. So too, if v13 was chosen in the first iteration,
it would automatically terminate to the path {X3,X2,X4}.

After the algorithms are applied, the CSP algorithm
recommends the path f X (Pv31 ) = {X5,X1,X3}, the CSP-CP

algorithm yields f X (Pv34 ) = {X5,X3,X4} and the CSP-CP-
AG=2 gives the same result as the CSP algorithm. If these
combinations are evaluated,H (Pv31 ) = 304 bits andH (Pv34 ) =
312 bits, meaning that the CSP-CP algorithm found a better
result in this example. It should be noted that the GISGEM
algorithm also suggests the set {X5,X1,X3}. However, it did
not consider as many options as the other algorithms. So too,
although the CSP and CSP-CP-AG=2 algorithms produced
the same result, the CSP algorithm only produced 3 unique
paths in the final selection, whereas the CSP-CP-AG=2
algorithm has 5. As proved in Lemma 1, the CSP-CP-AG=2
version guarantees that it will find a combination at least as
good as the GISGEM approach. In contrast to this, although
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the CSP-CP algorithm found a better result in this example,
it is not always guaranteed to do so. The reason for this is
that, since two ancestors’ paths were guaranteed, and only
two paths are chosen at each step, the breadth of the search
space was constrained for the CSP-CP-AG=2 variant and it
was not able to find a better result than the plain CSP.

To show how the optimality of a result is tested, the result
of the CSP algorithm is used. Obviously, node X3 maximises
H (Xi|X5,X1), since it was chosen last in the path Pv31 and
the algorithm is always optimal in a single iteration. So too,
X5 is found to maximise H (Xi|X1,X3). However, when
determining the maximum for H (Xi|X5,X3), X4 is suggested.
Swapping X1 and X4 gives the same result as the CSP-CP
variant. This was determined to be optimal for this example
through an exhaustive search. In fact, for this example, the
set {X3,X4,X5} is the only set that passes the optimality test,
meaning that the iterative optimality test will always move
towards the optimal result regardless of the initial set given to
it. However, this is not always the case for larger |N|, since a
local maximum could be found instead.

VII. SIMULATION RESULTS
This section outlines the practical experiments performed
on the different approaches. First, the new algorithms are
tested to find the optimal configurations of the different
input variables. Then, the tuned algorithms are compared
to one another and the benchmark algorithms from [7]. All
experiments were performed usingMatlab on aMacBook Air
(2013model) with 1.3GHzDual-Core Intel Core i5 processor
and 4 GB of 1600 MHz DDR3 RAM.

A. VARIABLE TUNING
The different approaches have various variables that affect the
quality of the results produced as well as the time complexity.
The algorithms were implemented and tested in Matlab
and were configured with all combinations of the tuning
variables within certain ranges. To ensure consistency in the
results, five unique MIA configurations were tested for each
combination of parameter. The results were then averaged to
determine their individual effect on the performance and time
complexity of the algorithms.

1) CSP RESULTS
In the CSP approach, m and t control the breadth of the
search algorithm, the -AG variant prevents the algorithm
from diversifying too much and the -CP variant controls how
many unique results are compared. To test the effect of each
of these parameters, |N| and γ were chosen to be 16 and
8 respectively, as this provides the greatest number of possible
combinations (

(16
8

)
= 12870). The values of m and t were in

the range of 1 to 10, while the number of guaranteed ancestors
was varied between 0 and min(10,m). The reason for this is
that the number of guaranteed ancestors reserves some the
available m paths. Thus, it cannot be greater than m.
The results for the performance are shown in Figure 5while

the time complexity results are shown in Figure 6. For both

FIGURE 5. A comparison of the different variables and variants for the
CSP algorithm and their effect on performance. |N| = 16, γ = 8.

FIGURE 6. A comparison of the different variables and variants for the
CSP algorithm and their effect on time complexity. |N| = 16, γ = 8.

figures, the GISGEM performance is shown as a benchmark.
In terms of performance, it is clear that the CSP-CP variant
performed worse than the non -CP variant across the different
tuning variables. This is a somewhat surprising result, since
the -CP variant is supposed to prevent paths from converging.
It may be argued that, by restricting the pool of nodes to
choose for the other paths, those paths are not able to find
a better solution and are not able to survive long enough to
improve their position. At the same time, the -CP variant
is better overall in terms of time complexity. This is owing
to the ability for the -CP variant to terminate paths early
based on the branch and bound considerations discussed in
Section III-C.

Another notable result is that all variants performed equal
to or better than theGISGEMalgorithm,with the exception of
the -CP variant when the number of guaranteed ancestors is 0.
As mentioned in Section III-B, the -AG variant is specifically
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introduced to ensure that the algorithm will perform at least
as well as the GISGEM algorithm. This result confirms the
hypothesis. So too, on average, the improved algorithms have
a greater time complexity than the GISGEM approach as
expected.

Comparing the trade-off between quality of results and
time complexity, it is clear to see that an increase in m has
a positive effect on the performance but a negative effect
on time complexity. So too, the increase in m improves the
result dramatically for the non -CP variant until m = 3, after
which the improvements are not as marked. Nonetheless, the
effect of m on the time complexity is linear. Interestingly,
changing the size of t has a negative effect on performance,
especially for the -CP variant. At the same time, the effect
on time complexity is negligible. A possible reason for this
is that increasing the value of t favours a single path that
is performing well until this point. At the selection phase,
a path that performed well in the previous iteration is more
likely to have its children perform better than the other paths.
Thus, increasing t means that the algorithm favours a single
path instead of diversifying. Finally, increasing the number
of guaranteed ancestors has a significant effect on the quality
of results. For the non -CP variant, increasing the number of
guaranteed ancestors produced the best results performance-
wise. So too, although it had a negative effect on the time
complexity, it did not have as much of an effect as m.
In Figure 7, the results are broken down in terms of

different combinations of AG and m. For readability, the
minimum value (at {AG,m} = {0, 2}) is subtracted from the
rest of the results. As expected, higher values of AG and m
perform better. However, it is interesting to note that setting
AG = m made the average performance go down. This is
because, by reserving all of the available paths using AG, the
diversity of the search algorithm is limited and so it is not able
to find a good result. The best performance is obtained when
the value of AG is in the general range of m/2 < AG < m,
although there are some outliers (such as AG = 1 for all
values of m).
To summarise, increasing AG is the best way to balance

performance and time complexity, as long as some of the
paths are not reserved. So too, increasing m is favourable for
the quality of results, but it should not be increased too much
to keep the time complexity low. The value of t should be kept
small to avoid providing too much diversity, while the -CP
variant performs worse but has a guarantee on the diversity
of the results.

2) ACO RESULTS
In the ACO approach, there are a number of variables that
could be tuned. For our experiments, this list was limited to
the number of ant agents (k), the values of α, β, q0, ρ and SG.
The MNI, τ0 and ξ were fixed at 200, 10 and 0.1 respectively,
as it was experimentally determined to not have a major
influence on the results. Owing to the large number of tuning
variables that were selected for tuning, as well as the time
complexity of the ACO approach, it was decided to limit the

FIGURE 7. A combination-wise comparison of AG and m on the
performance of the CSP algorithm.

TABLE 3. The range of values tested for the tuning variables in the ACO
approach and their effect on performance and time complexity.

experiment values to |N| = 14 and γ = 7, giving a total of
3432 possible combinations.

The results of the performance and time complexity are
depicted in Figures 8 and 9 respectively. The ranges of
the tested variables and a description of their effect on
performance and time complexity are shown in Table 3.
Since the ranges are vastly different, the performance and
time complexity effects are shown in a box-and-whisker plot.
It was found that the values of k and SG have a linear
and proportional effect on performance and time, meaning
a higher value resulted in better performance and increased
time. The other variables did not exhibit a specific trend,
but rather had value combinations that performed better
than others. The results support the complexity predicted
in Section V, since increasing k negatively affects the time
complexity. The SG does not linearly affect the complexity,
since it only controls how many iterations the algorithm
should wait for if the result is not improved. Accordingly,
increasing this value has more of an effect on the time
complexity.

In terms of the most optimal values for the different
parameters, it was experimentally determined that q0 =
0.1 and ρ = 0.2 consistently produced the best
results. However, the values of α and β did not show
specific trends. Nevertheless, the combination {α, β} =

{1, 0.6} featured most regularly in the best performing
configurations.
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FIGURE 8. A comparison of the different variables for the ACO approach
and their effect on performance. |N| = 14, γ = 7.

FIGURE 9. A comparison of the different variables for the ACO approach
and their effect on time complexity. |N| = 14, γ = 7.

B. ALGORITHM COMPARISON RESULTS
The different algorithms are compared with one another
using the best values determined in Section VII-A. In this
experiment, |N| = 18 and γ = {1, 2, . . . , 17}. The GA
approach from [7] was used as the benchmark and 10 different
MIA configurations were used. The datasets were set up to
be distinct from one another by randomising the values of the
MIAs and changing the percentage of MIAs that are set to
0. This allows the datasets to mimic real-world correlation
scenarios. Table 4 lists the algorithms tested as well as the
variable values used for each one.

Figure 10 shows the performance of each of the algorithms
with respect to the GA results. For γ > 10, the
differences between the algorithms becomes less significant.
Surprisingly, the CSP-CP algorithm performs stronger than
expected, with much higher performance for the clusters that
it found as compared to the other algorithms.

TABLE 4. The algorithms used in the algorithm comparison test, together
with their associated tuned variables.

FIGURE 10. Performance results for each of the algorithms, as compared
to the GA.

Figure 11 reveals that the new algorithms come with an
associated increase in time complexity. The ACO approach is
1.8 times slower on average than the GA, while the CSP and
CSP-CP are 1.55 and 1.22 times slower on average. When
comparing the times of the CSP and GISGEM approaches,
it is found that the CSP is 4.17 times slower than GISGEM on
average. According to Section V, OCSP/OGISGEM = 4.19 on
average, for the same range of γ (when considering the
total number of iterations). This confirms that the complexity
prediction is correct.

For the range γ < 9, in which the difference between
the algorithms’ results are significant, the CSP and CSP-CP
algorithms are 2.5 times faster than the ACO approach
on average and 1.5 times faster than the GA approach.
One interesting result is that the CSP-CP algorithm’s time
complexity decreases for γ > 13, since it is able to use
the branch and bound condition in Lemma 4 to terminate the
search paths prematurely. Consequently, it has a better time
complexity than the plain CSP. For γ ≤ 13 however, its time
performance is comparable.

VIII. DISCUSSION AND FUTURE WORK
All of the algorithms are found to converge, based on the
empirical evidence. The two meta-heuristic approaches have
a Stall Generations variable, which determines how many
iterations to wait, in which the result does not change, before
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FIGURE 11. Time complexity for each of the algorithms.

terminating. This value was tuned so that the algorithms
converge in a reasonable time, as shown in Figure 11. The
iterative algorithms are guaranteed to converge, since there
are a predetermined number of steps to perform, based
directly on the value of γ . The same applies to the IOI
approach, which is shown to converge based on (14) in
Corollary 1. To further compare the performance of the
different algorithms, an exhaustive search was performed for
all values of γ and the 10 different datasets to obtain the
performance of every possible combination of clustering. The
performance of each cluster found by the algorithms was
then compared to this list, allowing for each algorithm to be
ranked according to the percentile in which it fell. In addition,
three applications of the IOI approach are included in
this experiment. In the first, a random cluster is chosen,
which is iteratively improved by the IOI algorithm until it
converges. The other two approaches involve improving the
clusters found using the CSP and CSP-CP algorithms with
IOI respectively. These results are summarised in Table 5,
together with the average time and the average of the
performance values from Figure 10.

The worst performing algorithm is the GISGEM approach
from [7], which still produces clusters that perform higher
than the 98th percentile. However, it is clear that the new
approaches discussed in this paper outperform the GISGEM
approach, with a greater time complexity. It is interesting
to note that, although the CSP-CP approach had a higher
average bit performance than the GA, the average percentile
that its results fell in were lower. On closer inspection,
it is discovered that this is due to strong performance for
lower values of γ , which are offset by comparatively worse
performance for higher values. This is directly affected by the
-CP rule, which removes nodes from selection, potentially
stymieing the algorithm from finding better results. Addi-
tionally, the bit difference between clusters arises from the
difference in entropy, which is linked to the values in the

MIAs for the nodes selected. It is possible therefore that
a single change of node could result in a more substantial
change in entropy if the MIAs associated with the exchanged
nodes have a large differential. This shows the limitations
of using the average bit values alone when determining
relative performance. However, with larger values of N, the
exhaustive search becomes prohibitively complex, requiring
a greater reliance on relative bit performance to determine the
performance of a clustering algorithm.

The ACO meta-heuristic performs strongly, producing the
best performing clusters on average than all of the algorithms
tested without the addition of IOI. It is almost twice as slow
as the GA meta-heuristic, yet it appears to be more suited to
this optimisation problem than the GA in terms of quality of
results.

The -CP limited version in particular is able to reduce its
complexity to close to the GA, yet the quality of its results
are only slightly worse.

In addition, the CSP approach and its variants provide
various parameters that are able to tune the trade-off
between complexity and quality in a more controlled and
predictable way than the meta-heuristic approaches. Thus,
although the performance is comparable or slightly worse
than the meta-heuristic approaches, the advantages listed
above make themmore attractive when solving this particular
optimisation problem. Furthermore, from the more specific
results discussed in Section VII-B, the algorithms have
specific regimes in which they perform better than others.

Applying the IOI approach to a random genome produced
slightly better performance than the GA (the small difference
in average bit performance does result in a small difference in
percentile averages, but they are within rounding distance for
the given precision in Table 5) with approximately the same
time complexity. However, this negates the predictable nature
of the iterative approaches, since the performance is governed
by the initial random selection of a cluster.

Significantly, applying the IOI to CSP and CSP-CP pro-
vides a considerable improvement to the results, yielding the
best performance of all of the tested algorithms. In particular,
when IOI is applied to CSP-CP, the resulting clusters are very
close to optimal. This comes with a commensurate increase
in time complexity of 9.48 and 10.66 seconds respectively.
Nevertheless, the time complexity remains close to that of the
ACO, with much improved results. The IOI can be applied to
any result, which makes it an effective way to further refine
and improve the results from any method used. It appears
from the results that the CSP-CP approach finds clusters
that are more amenable to improvement using the IOI as
compared to the plain CSP approach. With the improved time
complexity, this means that the CSP-CP with IOI approach is
a very suitable method for solving the clustering optimisation
problem in a hybrid SW/CC system.

At present, the CSP chooses from a larger pool than
GISGEM and so is able to find better results, but it is not
able to go back a step. It would be interesting to see how
the optimality condition could be used to add ‘regret’ to the
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TABLE 5. A summary of the performance of the different algorithms
(newly proposed algorithms in bold).

TABLE 6. An Example of mutual information area values for five entropy
sources.

current algorithms. This is expected to further improve the
quality of the results produced and may positively affect the
convergence rate.

The CSP and ACO approaches still only look at partition-
ing the library into two sub-libraries. However, this work
should be extended to multiple sub-libraries. Each one could
be compressed using SW, such that the overall complexity
is kept low while maximising the compression gains. More
work needs to be done to quantify the size of the search space,
update the objective functions and determine the approach to
implementing the CSP in this new scenario.

IX. CONCLUSION
Two new algorithms are presented in this paper, that increase
the quality of the results when partitioning a library of files to

be used in a hybrid, SW/CC content delivery system. This is
achieved by taking a tree-based model and path-based view
of finding solutions in the search space. In particular, the
CSP approach enables a trade-off between quality and time
complexity, giving more flexibility than previous iterative
and meta-heuristic algorithms used to solve this problem.
Additionally, a necessary but not sufficient condition is
derived for the optimality of a given result. This is used
to further refine and improve the quality of the results
from any of the different approaches. These algorithms
perform well when compared to benchmark meta-heuristic
approaches. This paper builds and improves on previous
work, but more research is required to extend and expand the
algorithms to multiple groupings in order to further improve
the performance of the SW/CC system.

APPENDIX
MUTUAL INFORMATION AREAS USED IN THE
NUMERICAL EXAMPLE
See Table 6.
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