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Abstract

A discrete Q-switched laser that gives a side-lobed single pulse as a laser output was
implemented; followed by studying energy extraction efficiencies and pulse characterisation.
The aim was to help design a passively Q-switched laser that gives a smooth single pulse of
optimum energy as a laser output. The smoothness feature in a single pulse is important in
some applications such as range finding. The concepts are demonstrated both experimen-
tally and numerically; the latter using Fox-Li approach to modeling resonator modes with
the Fresnel’s integral for the system under study.

In the first two chapters, fundamentals of how a laser works and the spatial mode de-
velopment are studied. In chapter 1, the principles of a laser are discussed: absorption,
spontaneous and stimulated emission. Also, different types of pumping sources and resonator
configurations that can be used are discussed. In chapter 2, the focus is on developing spatial
modes of a laser. The fundamental and high order modes are discussed together with their
propagation laws. Then a numerical method is used to find the eigenmodes of an arbitrary
resonator configuration. This numerical method is used to simulate propagation of a funda-
mental mode and the simulation results are compared to analytical propagation laws. Then,
this numerical method is used to simulate a laser resonator. The eigenmode of the lowest
loss in the resonator was found.

In chapters 3 and 4, experimental work is done on a Q-switched laser where the focus is
on the overall laser performance. In chapter 3, Q-switched laser output energies are studied
for different combinations of Q-switch transmission values and output coupler reflectivities.
In addition, the influence of spatial modes on a Q-switched pulse shape and pulse width are
studied, taking into account beam divergence. In chapter 4, conclusions and future work are
presented. In future work, the knowledge of spatial mode influence on pulse shape, pulse
width and beam divergence from chapter 3 is exploited. Then particular resonator configura-
tion that gives optimised output results (Q-switched laser output energy, beam divergence,
pulse shape and pulse width) is chosen. On that particular resonator, different Q-switch
transmission values are studied, but now looking only at beam divergence and pulse width.
Also, some suggestions on further improving laser performance are given.
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Chapter 1

Introduction

1.1 Historical background and literature review

1.1.1 Background to the study

A laser is a device that emits coherent light after a process of optical amplification which
takes place inside a cavity [1],[2]. Lasers are different from other light sources since they can
emit light that is directional (spatial coherence) and monochromatic (temporal coherence),
and thus high radiance can be directed to a specific point. It is these features of a laser that
play a major role in material cutting, welding, shaping and for use as pointers. The laser
light monochromaticity feature is used extensively in measurement such as in interferometry
and high-resolution spectroscopy. Other interesting applications of lasers are optical disk
drives, laser printers, and barcode scanners, fiber-optics and construction; where they are
used as a leveling device.

In the year 1917, Albert Einstein described the theory of stimulated emission, which is
the primary principle of a laser [3],[4]. At first, a MASER (Microwave Amplification by
Stimulated Emission of Radiation) was built by C. Townes in 1954 which led to an idea of
a laser in the year 1958 by C. Townes and A. Schawlow [5]. The idea could not be tested
because they did not know what suitable gain medium to use until the first actual demon-
stration of a laser by T. Maiman in the year 1960 at Hughes Research Laboratories where
he used a pink ruby crystal as a gain medium [6]. This laser was flashlamp pumped and
gave out red light of 694 nm wavelength. From advancement of a ruby laser, other states
of gain medium such as gas and liquid were researched. In the year 1961, the helium-neon
(He-Ne) gas laser was demonstrated and this was the first laser to give a continuous light
as a laser output [7]. This first laser operated in the infrared regime of the spectrum at a
wavelength of 1.15 µm. In the year 1962, it was modified to operate at a visible regime of
632.8 nm wavelength, as a result, being the first laser to give a continuous laser output in
visible spectrum [7].

The ruby laser gave a pulse of irregular spikes as the laser output [8]. The inspiration
of wanting to concentrate these irregular spikes into a single pulse led to the discovery of
Q-switching by R.W. Hellwarth in 1961. Q-switching is a technique used to generate short
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pulses i.e. in the nanosecond regime, by modulating intracavity losses [8]. Initially, saturable
absorbers used for Q-switching were based upon organic dyes which were later replaced by
F−2 :LiF colour center crystal since organic dyes were more degradable due to their light sen-
sitivity property. Consequently, they needed replacement from time to time. In addition,
plastic materials’ low thermal limitation such as low melting point restricted the applications
of passive Q-switches. Currently Cr4+:YAG crystal is considered to be an ideal saturable
absorber, especially for the Nd-doped gain medium that gives high peak power [9]. This is
because Cr4+ ions provide a high absorption cross section of the laser wavelength, and YAG
crystal provides the required mechanical, chemical and thermal properties required for long
life [10].

The advent of a Q-switched laser opened doors to new applications, such as range find-
ing, which is particularly used in the military [8],[11]. In range finding, a pulse is sent to the
target and then gets reflected back. By knowledge of the entire flight time, to and from the
target, and the speed of light, the range of how far the target is from the laser can be cal-
culated. Depending on peak power, i.e pulse energy, and pulse width and beam divergence,
a particular range can be measured. For long ranges, high peak power, and small beam
divergence is required [12]. Small beam divergence enables precise selection of one target.

1.1.2 Focus of the study

In obtaining an ideal pulse for application in range finding, a smooth pulse of high peak
power is required [12]. Achieving high peak power means a pulse of high energy and narrow
pulse width (since power is a ratio of energy to pulse width), to obtain high energy, a large
volume of the gain medium should be utilised. This comes at a cost since it results in getting
a pulse(s) with side lobes and broader pulse width [13], which reduces peak power. In order
to get rid of the side lobes and obtain short pulses, an aperture is inserted inside a laser [2].
This reduces laser output energy significantly, and consequently, reduces peak power. So in
optimizing laser efficiency, this relationship of laser energy with pulse width should be kept
in mind. Here, we use a different approach to get rid of the side lobes while not compro-
mising laser output energy. We try out different resonator configurations to get short pulses
and use different combinations of Q-switch transmission values and mirror reflectivities to
get high output energies.

Also, eigenmodes of an arbitrary laser resonator are studied and this is done computation-
ally. There are two methods usually used to simulate solid state laser resonators, namely,
the Gaussian method approach and the Fox-Li method [14]. The former cannot predict
mode superposition and competition. The latter is the first method that was used for sim-
ulating laser modes, i.e. solutions to the wave equation, which took into account diffraction
effects and it was implemented by A.G. Fox and T. Li at the Bell Telephone Laboratories
in the early 1960s [15]. Fox-Li method is a numerical method based on iteratively applying
Collin’s integral between two mirrors, and thus, finding the lowest loss mode [15][16]. This
method was first used to calculate modes in a laser resonator which then was proposed to
be a Fabry-Perot interferometer [15].The Fox-Li method was further improved by incorpo-
rating the matrix method, and this reduced computation time significantly [17]. The matrix
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method exploits the constancy in the transformation function throughout the field propa-
gation to and from the mirrors for a symmetric resonator [17]. Here, we use the improved
version of the Fox-Li method to simulate the spatial modes of a laser which is passive. A
passive resonator is a resonator composed of only two mirrors and nothing between them
(free propagation), which is usually a finite diameter planar or finite diameter curved end
mirrors. For advanced resonators, such as ones having optical elements in the resonator,
an ABCD matrix in Collin’s integral can be used. Also, a more general Collin’s integral
even for misaligned optical elements which takes into account the tilt in the phase term of
electromagnetic waves is at our disposal[18].

1.1.3 Data used in study

When optimizing a Q-switched laser, several strategies such as pulse width minimization
and pulse energy maximization can be used, depending on the required laser performance
and/or laser specifications [19]. In general, extraction efficiency strategy is the preferred way
to optimize a Q-switched laser [19]. Also, it should be noted that there is a unique combi-
nation of output coupler reflectivity and Q-switch transmission that optimizes a passively
Q-switched laser for a particular initial population inversion [19].

1.1.4 Contribution of the study

Generating a very short pulse which is comparable to a shorter excited state relaxation time
of a gain medium results in intrinsically having two pulses as a laser output [20]. This is
because after the first pulse, the gain gets restored since there is still a population of atoms in
the upper state, which then results in secondary pulsing [20]. Alternatively, this secondary
pulsing may be attributed to the presence of saturation when the initial transmission of
output coupler was low enough [20]. In range finding when optimizing a Q-switched laser,
only a single pulse is adequate to measure range. Therefore, a minimum size of pulse width
so as to have only a single pulse should be taken into account. This is beneficial because
operating in a single pulse minimizes detection from an enemy. Generating a short energetic
pulse enables long ranges to be measured and allows a precise selection of the target. Since
here we look at the spatial modes and temporal modes, the analysis of both would help in
obtaining a short energetic pulse for range finding application.
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1.2 Fundamentals of lasers

1.2.1 Basic principles

Photon absorption and spontaneous emission

There are three processes responsible for atomic transitions between energy levels, namely,
photon absorption, spontaneous and stimulated photon emission [21]. A simplified non-
degenerate 2-level system of energy difference E2 − E1, where E2 and E1 are the energies of
an excited state and ground state respectively, shall be used to demonstrate the concepts.

In thermal equilibrium, the ground state is more occupied compared to the excited state(s)
[22]. In photon absorption, an incident photon on a ground state atom is required to excite
it to the excited state (Fig(1.1)). Since the molecules, atoms and ions have a set of specific
energy levels, a photon has to have a specific energy to excite the ground state atom [6].
That energy is given by

E = hν, (1.1)

where E = E2 − E1, h is Planck’s constant and ν is the frequency of the incident photon.

In spontaneous photon emission, no photon is required to initiate the process, an electron
that is already in the excited state has a finite probability to decay back to the ground state
(Fig.(1.1)) since E2 > E1. As a result, a photon that has energy E gets emitted and can
propagate in any direction. The decay process depends on the lifetime of the electron in that
excited state.

The finite probabilities mentioned above depend on the population in the energy levels
which are described by atomic rate equations [21]. Letting N1 be the population of electrons
per unit volume at time t at ground state and N2 the population at the excited state. There-
fore, for non-degenerate energy levels, Ntotal = N1 +N2. In an absorption process, when an
external signal of frequency ν passes between energy levels, the rate of population depletion
from the ground state is proportional to population in the ground state and the radiation
energy density, and it is given by [21]:

∂N1

∂t
= −B12ρ (υ)N1, (1.2)

where B12 is the Einstein’s coefficient for stimulated absorption with units cm3/s2J , and
ρ is the energy density per unit frequency of the incoming photons. The partial derivatives
are used since also ambient conditions, such as changing in background temperatures can
influence population change between energy levels.

In a spontaneous emission process, a rate of population depletion from an excited state
is proportional to that population, and thus

∂N2

∂t
= −A21N1, (1.3)
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where A21 is the coefficient of spontaneous emission with units s−1.

Since the decay process depends on the lifetime of the electron in that excited state. A
solution to Eq.(1.3) is

N2 (t) = N2 (0) e
− t
τ21 , (1.4)

where τ21
(
= A21

−1) is the lifetime for the spontaneous emission process to occur.

Stimulated Emission

In stimulated emission, an external signal (photon) stimulates an atom that is in an excited
state [3],[23]. That stimulated atom has a finite probability to transition to the ground
state. As an atom goes to the ground state, it emits a photon that has the same phase
as the incident photon and the two photons propagate in the same direction as shown in
Fig.(1.1)

Figure 1.1: Schematic showing fundamental principles of a laser in a 2-level energy system
[23]. Atom (red circle) excitation by a photon (sinusoidal wave) from the ground state (level
1) to the excited state (Level 2) during absorption process (diagram (a)). Decay of the atom
back to the ground state and emission of a photon by spontaneous emission process (diagram
(b)). Stimulation of the atom from the excited state back to the ground state by a photon
and thus emit another photon by stimulated emission process (diagram (c)).

It is this type of coherent radiation that comes out of a laser. The rate of population
depletion from an excited state is proportional to the population of the excited state and
the radiation energy density, and it is given by

5



∂N2

∂t
= −B21ρ (υ)N2, (1.5)

where B21 is the Einstein coefficient for stimulated emission with units cm3/s2J , and ρ
is the energy density per unit frequency of the incoming photons.

Population inversion

In thermal equilibrium, the ground state is more populated than the excited state(s), which
makes it impossible to achieve stimulated emission since the external photon passing between
the energy levels would be absorbed. In having a situation where the stimulated emission
process occurs, more than half the population of atoms should be in an excited state(s)
compared to the population in the ground state. In order to achieve this, an external supply
of energy is required. This energy source is commonly known as a pump source, and the
condition of having more population of atoms in the excited state(s) than in the ground
state is called a population inversion. In order to sustain a population inversion, a specific
structure of energy levels is required, and thus, a 2-level energy system is not a good system
to use since it cannot sustain a population inversion [7]. Hence, 3-level and 4-level energy
systems are good systems to use.

In a 3-level system, initially at thermal equilibrium, the level 1 (ground) state is more
populated than the level 2 and 3 (excited) states. Energy would have to be pumped into the
system to excite more than half of the atoms to transition to higher energy state, which in
this case is level 3. This level is known as the pump band which in turn comprises of bands
in such a way that an excitation process occurs over a broad spectral range. From level 3,
atoms transition by fast radiationless decay to level 2 (metastable state), causing level 2 to
be more populated than level 3 and 1. As a result, population inversion is achieved. Fur-
thermore, atoms transition from level 2 to 1 by the slow spontaneous emission process and
release a photon of frequency known to be a laser transition frequency. The entire processes
of a 3-level system are shown in Fig.(1.2)
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Figure 1.2: Schematic showing atom transitions in a 3-level energy system. Atom excitation
from ground state (level 1) to the high excited state (level 3) [21]. Followed by radiationless
decay of the atom to the low excited state (level 2). Lastly, transition of the atom back to
the ground state and emit a photon.

In a 4-level system, a similar process occurs. Energy is pumped into a system which is
in thermal equilibrium, and more than half of the atoms transition from level 1 to 4. Then
atoms transition by a fast radiationless decay to level 3 (metastable state), causing level 3
to be more populated than 4 and 1. Thus, population inversion is achieved. Furthermore,
atoms transition from level 3 to 2 by the slow spontaneous emission process, and as a result,
release a photon of laser transition frequency. Lastly, atoms transition from level 2 to 1 by
a fast radiationless decay. The entire process is shown in Fig.(1.3)
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Figure 1.3: Schematic showing atom transitions in a 4-level energy system [21]. Atom excita-
tion from ground state (level 1) to the high excited state (level 4). Followed by radiationless
decay of the atom to the low excited state (level 3). Then atom transition to the lower
excited state(level2) and emit a photon. Lastly, radiationless decay of the atom back to the
ground state.

Comparing a 4-level system with a 3-level system, it can be seen from the above figures
that less energy is required for transition from level 3 to 2 for a 4-level system than for
transition from level 2 to 1 for a 3-level system. As a result, lower lasing threshold energy is
required for a 4-level system than for a 3-level system [21].

1.2.2 Gain

The above-mentioned fundamentals of a laser occur in a structure called a gain or active
medium. The gain medium can be in various forms, namely, gas, liquid, and solid. In a
gas medium, a gas is contained in a glass tube, and the excitation of atoms is caused by
a collision of electrons and/or atoms inside [2]. The first laser that was built of such gain
medium was the Helium-Neon (He-Ne) laser [7].

In a liquid gain medium, a solvent is mixed with a chemical substance, for example, an
organic dye like sodium fluorescein which would form a solution. Then molecules are ex-
cited to a state of being ready to emit stimulated radiation. Also, semiconductors (separate
class from solid state) such as GaAs (gallium arsenide) can be used as a gain medium in
which electrons from the valence band get excited to the conduction band. A solid-state
gain medium is used in this project because of strong mechanical and thermal strength. In a
solid-state medium, a solid crystal such as Nd:YAG or Ruby is used. In thermal equilibrium
there is more population in ground state than excited states; as a result, to achieve popu-
lation inversion, the gain medium has to be disturbed. This is done by applying external
energy to the gain medium. There are various means this external energy can be applied;
such as, electrical, optical, chemical etc. The mentioned fundamentals of a laser enable light
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amplification when these proccesses occur inside a containment, which is called a resonator.

1.2.3 Resonator

In a laser, the necessary structure for light oscillation is known as an optical resonator; which
is usually referred to as just a resonator. A resonator is comprised of two faced mirrors (M1

and M2) with or without a gain medium between and the latter is usually referred to as a
passive resonator (shown in Fig.(1.4)) and the former an active resonator [13]. One of the
mirrors is fully reflective whilst the other is partially reflective at a given wavelength. The
laser light exits through the partially reflective mirror. There are various configurations of
a resonator and this depends on the curvature of the mirrors (R1 and R2) and resonator
length (L) used [24]. For simplicity, a passive resonator would be used to explain resonator
mode parameters. The Gaussian mode, which would be explained in great detail in the next
chapter, is used since it is a fundamental mode and other higher modes scale from it [8].

Figure 1.4: A schematic diagram of a passive resonator with a Gaussian mode [25]. M1 and
M2 are the curved mirrors of radius of curvature R1 and R2, respectively. w0 is the beam
radius (marked by red dashed line) of the Gaussian mode (blue solid line). Z1 and Z2 are
the distances from the beam waist of mirror M1 and M2, respectively.

The beam radii of a Gaussian mode at mirror M1 and M2 are related to resonator mirror
geometry and resonator length by

w4
1 =

(
λR1

π

)2
R2 − L
R1 − L

(
L

R1 +R2 − L

)
, (1.6)

and

w4
2 =

(
λR2

π

)2
R1 − L
R2 − L

(
L

R1 +R2 − L

)
, (1.7)

where w1 and w2 are the beam radii at mirror M1 and M2, respectively, and λ is the laser
wavelength [8].
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The beam waist which can be in or outside the resonator is given by

w4
0 =

(
λ

π

)2
L (R1 − L) (R2 − L) (R1 +R2 − L)

(R1 +R2 − 2L)2
. (1.8)

These are the general equations governing Gaussian mode properties and resonator config-
uration. The following are the g-parameters relating mirror curvature and resonator length:

g1 = 1− L

R1

, (1.9)

and

g2 = 1− L

R2

, (1.10)

for mirror M1 and M2 respectively. These parameters differ for different resonator con-
figuration, as it will be shown in the next chapter. The g-parameters are usually represented
diagrammatically for better visualisation.

Figure 1.5: A diagram showing plots of g-parameters. Common resonator configuration
indicated (red plot). Stable resonator region (blue shaded) and symmetrical resonator con-
figuration (red dashed line) (as drawn by F. Dominec et al (November 2007)).

In Fig.(1.5) a stable region is the region where

0 < g1 × g2 < 1, (1.11)

otherwise the resonator is unstable [13]. In a stable resonator, the light radiation is
confined between the mirrors. The opposite is true for the unstable resonator. This would
further be explained by use of ray transfer matrix later on. Beam parameters of all resonators
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shown in Fig.(1.5) can be calculated using Eq.(1.6) and Eq.(1.7). For example, for a plano-
concave resonator, beam waist at mirror M1 (R1 =∞) and M2 (R2 > L)

w4
1 =

(
λR1

π

)2
 R2 − L

R1

(
1− L

R1

)
 L

R1

(
1 + R2

R1
− L

R1

)
 , (1.12)

Therefore simplifies to

w2
1 =

(
λ

π

)
[L (R2 − L)]1/2 , (1.13)

for mirror M2

w4
2 =

(
λR2

π

)2
R1

(
1− L

R1

)
R2 − L

( L

R1

)
, (1.14)

therefore simplifies to

w2
2 =

(
λ

π

)
R2

(
L

R2 − L

)1/2

. (1.15)

In a real laser, a resonator comprises of a gain medium, lens etc. between the mirrors.
Therefore, effects caused by these optics such as the lens should be taken into account when
analysing laser modes. This is done by using the ABCD matrix law, also known as a ray
transfer matrix.

In a ray transfer matrix, the type of rays that are used to study stability and/or losses
of resonators are paraxial rays [24]. These types of rays have a small angle (cos (x,) ≈ 1),
where x, is the angle between the ray and axial axis (a line perpendicular to parallel mirrors).
The propagation of paraxial rays are studied in linear optics such as lens etc. An example
of paraxial ray propagating through an optic is shown in Fig.(1.6).
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Figure 1.6: Paraxial ray propagating through a linear optic [24].

In Fig.(1.6), x1 and x2 are distances from the axial axis before and after propagation
of paraxial ray respectively, of which x,1 and x,2 are angles from the axial axis before and
after propagation of paraxial ray respectively. Relating the initial and final properties of a
paraxial ray after passing through the optic(

x2
x,2

)
=

[
A B
C D

](
x1
x,1

)
, (1.16)

where the square matrix is what is referred to as a ray transfer matrix and also called
the ABCD matrix law. This matrix is an optical transformation of paraxial rays through an
optic and it is an optical property of an optic. A few ray matrices for common optics are
listed in Table (1.1).
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Table 1.1: Ray transfer matrix of common optical systems

Table (1.1) represents common optical systems encounter by a ray along with their ray
transfer matrix [21]. The optical system no. 1 represents two planes, z1 and z2; with free
space between them that are separated by distance d. Optical system no. 2 is a plane where
a ray experiences a change of refractive index from n1 to n2. Optical system no. 3 represents
a thin lens of focal length f . The optical system no. 4 is a medium of thickness d and
refractive index n. Optical systems no. 5 and 6 represent flat and curved reflective planes of
radius of curvature at infinity and R, respectively. In an active resonator, the effects caused
by these optical systems needs to be taken into account.

13



1.2.4 Q-switching

A simple active resonator only comprises of a gain medium, two mirrors and an input pump
source. It can be made even more complicated than this by inserting other optical systems
such as a Q-switch to generate short pulses. The Q in a Q-switch stands for a quality factor,
which is basically described by a ratio of energy stored to energy losses (shown in Eq.(1.17)).
In a laser, the energy is stored in a gain medium and energy losses are mainly produced
by the mirrors and the Q-switch. A Q-switched pulse is a laser pulse of high peak power
in nanosecond regime, and is essentially generated by modulating intra-cavity losses. Two
techniques can be used to generate these types of pulses; active and passive Q-switching [8].

In active Q-switching, an active control element such as electro-optic and acousto-optic
modulators are used. Electro-optic modulator requires an external trigger that applies ex-
ternal field to the crystal, and as an effect, introduces birefringence in the crystal. On the
other hand, acousto-optic modulator makes use of ultrasound wave to modulate losses in the
resonator. In passive Q-switching, which is the technique under study, a saturable absorber
is used, and since this does not require external triggering, a compact, low cost and simple
laser design is achievable [8],[9],[26]. Furthermore, a passive Q-switch is efficient in spatial
and longitudinal modes selection [27].

Q =
2πEstored

Ed
, (1.17)

where Estored is the energy stored in the gain medium and Ed represent energy losses in
the resonator.

In generating a Q-switched pulse, intra-cavity losses are modulated and as a consequence,
the quality factor of the laser is modulated. A Q-switch initially blocks laser radiation from
oscillating in the resonator i.e. low quality factor (high energy losses and low stored energy).
During this period, laser radiation is absorbed by the Q-switch which then results in exciting
atoms in the Q-switch from the ground state to the excited state (as shown in Fig.(1.7)).
Since the quality factor is low, more gain is stored i.e. stored energy, in the gain medium
to overcome the energy losses, thus, improving the quality factor (low energy losses and
high stored energy). Ultimately, the Q-switch saturates, this leads to a rapid build-up of a
laser action due to the higher gain in the rod compared to the same resonator but with no
Q-switch (long-pulsed operation).
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Figure 1.7: Schematic showing atom transitions between a 4-level energy active medium and
4-level saturable absorber [11]. Laser radiation from the active medium excites atoms in
the saturable absorber from the ground state (sa1) to the excited state sa2 by absorption
process. Followed by transitioning of the atom from the excited state sa2 to the lower excited
state sa3. Then excitation of the atom from the lower excited state sa3 to the higher excited
state sa4 by absorption process. Iteratively, transition of the atom from the higher excited
state sa4 back to the lower excited state sa3.

In Fig.(1.7), the Q-switch (saturable absorber) absorbs laser radiation from the gain
medium. For the 4-level energy system Q-switch, the ground state sa1 population gets
excited to the excited state sa2. Then atoms transition by a fast radiationless decay to level
sa3. At this point, population inversion is achieved in the Q-switch since more population
is at level sa3 than level sa2 and sa1. Then the Q-switch starts to saturate allowing laser
radiation oscillations (seen by building up of a laser pulse shown in Fig.(1.8)). However,
during laser radiation oscillations, there is still some additional losses due to excited state
absorption occurring between level sa3 and sa4. Transitions between level sa3 and sa4 do
not saturate because of fast relaxation of sa4 level [28],[8],[29].
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Figure 1.8: Schematic of temporal evolution of gain, resonator losses and a passively Q-
switched laser pulse [8]. Solid line (blue) showing how gain stored in the 4-level energy
system active medium is linearly growing during pumping until threshold condition is reached
(point (a)). Solid line (green) showing how resonator losses (Q-switch, mirror, diffraction
and/or scattering losses) change. solid line (red) showing building up of the passively Q-
switched laser starting at (i), reaching maximum at (ii) and end at (iii). Point (a), (b)
and (c) indicates initial population inversion, population at second threshold point and final
population, respectively.

A passive Q-switch has an initial T0 and maximum Tmax(bleached) transmissions. From
initial to maximum transmission, higher photon densities should be applied. The maximum
transmission does not necessarily reach 100% because of unsaturable excited state absorption
of a Q-switch. This maximum transmission is calculated according to

Tmax = exp (δ × ln (T0)) , (1.18)

where δ = σes
σgs

with σgs and σes being the absorption cross section of the ground and

excited state of the Q-switch, respectively [8].

As more laser radiation is applied to a Q-switch, after reaching its maximum transmis-
sion, a Q-switch bleaches, and thus, allows laser oscillation [30]. The Q-switching is rapid
(faster than long-pulsed operation), which then results in shorter laser output pulse(s).

16



At lasing threshold, initial population inversion ni of a passively Q-switched operation which
is obtained from the coupled rate equations is given by

ni =
ln
(

1
T 2
0

)
+ ln

(
1
R

)
+ L

2σl
, (1.19)

where R and L are the mirror reflection and round trip resonator losses (due to diffraction
or scattering of laser radiation with optics), respectively [31],[32],[10].

The population from the metastable state (am2 in Fig.(1.7)) then gets reduced as it transi-
tions to lower laser levels during laser pulse formation. When the pulse reaches a maximum,
the population left at metastable state is then given by

nt =
1

2σl
×
(

ln

(
1

R

)
+ L+ δ ln

(
1

T 2
0

))
, (1.20)

where σ and l are the stimulated cross section and geometrical length of the active
medium, respectively.

In calculating energy of a laser pulse generated, final population inversion nf left after laser
pulse is required, and that can be found from ni and nf relationship

ni − nf = nt × ln

(
ni
nf

)
+

(1− δ) ln (1/T 2
0 )

2σlα

[
1−

(
nf
ni

)α]
, (1.21)

where α = σgs
γσ

and γ is the degeneracy factor (γ = 2 or 1 for 3-level or 4-level energy

system of the active medium).

Using numerical methods, nf can be calculated. Then one can calculate the theoretical
output energy

Eout =
hνA

2σγ
ln

(
1

R

)
ln

(
ni
nf

)
, (1.22)

where A is a cross sectional area of the active medium. Also, energy stored in the gain
medium can be calculated from

Estored =
Alhνni
γ

(1.23)
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1.3 Outlook of dissertation

Here, a low cost passively Q-switched solid-state laser which is used in range finding is
designed. Considering this application, a smooth single high peak power pulse is required
for long ranges i.e high output energy and short laser pulse. The smoothness feature of the
laser pulse is critical in enabling single target detection. Since high energy is required as a
laser output, spatial modes for different resonator configurations of a laser will be studied
because of direct proportionality between the two. Also, numerical methods will be used to
simulate the spatial modes of laser resonators.

1.4 Summary

In this chapter, the primary focus was on laser principles and resonator configurations.
In consequence, achieving those principles required discussion on various pumping sources
and gain media. Any one of the available pumping sources and gain media can be chosen
depending on the performance requirements of a laser. Likewise, a particular resonator
configuration can be chosen depending on the required laser performance, as an example, a
plano-concave resonator was chosen to mathematically show how Gaussian beam parameters
change with resonator parameters.
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Chapter 2

Laser resonator

The focus here is to develop spatial modes of a laser. Firstly, fundamental and high order
modes are discussed together with their propagation laws. Then a numerical method is used
to find the eigenmodes of an arbitrary resonator configuration. This numerical method is
then used to simulate propagation of a fundamental mode and the simulation results are
compared to analytical propagation laws. Then, this numerical method is used to simulate
a laser resonator. The eigenmode of the lowest loss in the resonator is found.

2.1 Wave nature analysis of laser beams

2.1.1 Approximate solution of the wave equation

In the previous chapter, only the laser mode parameters such as beam size was studied inside
a resonator cavity. This only takes into consideration the geometrical properties of optics
in dictating laser mode parameters. However, in practical lasers, apertures that are used
are finite and thus, have to take into account diffraction effects when analysing laser modes.
This is done by looking at the wave nature of light . As a result, the time independent scalar
wave equation is used [24]. This is given as

O2E + k2E = 0, (2.1)

where E is the electric field and k = 2π
λ

is the propagation constant in the medium.

The laser beams behave like plane waves but with nonuniform field distribution, for instance,
light traveling in z direction, the field is given by

E = ψ(x, y, z)e−ikz, (2.2)

Where ψ(x, y, z) is a slowly varying complex function describing transverse properties of
light with propagation distance z.

Substituting E into Eq.(2.1) gives
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∂2ψ

∂x2
+
∂2ψ

∂y2
+
∂2ψ

∂z2
− 2ik

∂ψ

∂z
= 0, (2.3)

Applying the paraxial approximation∣∣∣∣∂2ψ∂z2
∣∣∣∣� 2k

∣∣∣∣∂ψ∂z
∣∣∣∣ (2.4)

and noting that ∣∣∣∣∂2ψ∂z2
∣∣∣∣� ∣∣∣∣∂2ψ∂x2

∣∣∣∣ , ∣∣∣∣∂2ψ∂y2
∣∣∣∣ (2.5)

Eq.(2.4) and Eq.(2.5) means that the variation of propagation is slow on the scale of a
wavelength and transverse scale, respectively. This is shown in Fig.(2.1)

Figure 2.1: Schematic showing a paraxial field amplitude and wavefront variation during
beam propagation [2].

Invoking the paraxial approximation, therefore Eq.(2.3) becomes

∂2ψ

∂x2
+
∂2ψ

∂y2
− 2ik

∂ψ

∂z
= 0, (2.6)

From the paraxial approximation, which implies that ∂ψ
∂z

is small, implying that ∂2ψ
∂z2

is
even smaller, and thus can be neglected. One of the solutions to wave equation (Eq.(2.6)) is
given by

ψ = exp

{
−i
(
P (z) +

k

2q(z)
r2
)}

, (2.7)
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this can be verified by substituting Eq.(2.7) into Eq.(2.6) and this solution is Gaussian
distribution of intensity distribution as shown in Fig.(2.2), where

r2 = x2 + y2, (2.8)

with P (z) representing a complex phase shift and assuming ∂P
∂z

= − i
q
, this assumption

would be justified later in this section. q represents a Gaussian variation of beam intensity
and curvature of spherical wavefront with propagation distance z.

Figure 2.2: Schematic showing a gaussian profile (blue solid line) and its image [21].

2.1.2 Fundamental and higher order modes

A mode is defined as a solution to the wave equation; it was previously shown that the
Gaussian beam (Eq.(2.7)) is one of the solutions. In a laser, there exists other modes such
as the Hermite-Gauss, Laguerre-Gauss modes depending on the symmetry of the resonator,
rectangular or circular symmetry, respectively. This is dictated by the limiting apertures
used [13].

Rectangular symmetric resonator

In a Cartesian coordinate system, there exists solutions given by Hermite-Gaussian polyno-
mials. These can be verified by substituting Hermite-Gaussian polynomials into the wave
equation(Eq.(2.6)). These solutions are given by [24]

ψ = g
( x
w

)
h
( y
w

)
exp

{
−i
(
P +

k

2q
r2
)}

, (2.9)

where w is a beam radius, g and h are Hermite polynomials. In order to satisfy Eq.(2.6),
it is required that
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g
( x
w

)
h
( y
w

)
= Hm

(√
2
x

w

)
Hn

(√
2
y

w

)
, (2.10)

where m and n are the number of modes in a laser beam. Hm/n are Hermite polynomials
given as: (to list a few)

H0 (x) = 1, (2.11)

H1 (x) = x, (2.12)

H2 (x) = 4x2 − 2, (2.13)

H3 (x) = 8x3 − 12x. (2.14)

In a laser scheme, these modes are usually represented as TEMm,n where TEM stands
for Transverse Electro-magnetic Modes. Therefore, for TEM00, we get

g
( x
w

)
h
( y
w

)
= H0

(√
2
x

w

)
H0

(√
2
y

w

)
= 1, (2.15)

then

ψ = exp

{
−i
(
P +

k

2q
r2
)}

, (2.16)

which is a Gaussian mode (Eq.(2.7)) and thus is represented as TEM00. For TEM10, we
get

g
( x
w

)
h
( y
w

)
= H0

(√
2
x

w

)
H0

(√
2
y

w

)
= x, (2.17)

then

ψ = x exp

{
−i
(
P +

k

2q
r2
)}

. (2.18)

The laser output images are shown in Fig.(2.3).
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Figure 2.3: An image showing Hermite-Gaussian modes [33].

In a real laser, these types of modes can be obtained by inserting crossed metal wires
inside a resonator [34].

Circular symmetric resonator

In a circular symmetric resonator, there exists Laguerre-Gaussian modes which are given by

ψ = g
( r
w

)
exp

{
−i
(
P +

k

2q
r2 + lφ

)}
, (2.19)

with

g
( r
w

)
=
(√

2
r

w

)l
Lp

l

(
2
r2

w2

)
. (2.20)

Where Lp
l is a generalized Laguerre polynomial, and p and l are the radial and angular

mode numbers [24]. Some of the few Laguerre polynomials are

L0
l (x) = 1, (2.21)

L1
l (x) = l + 1 + x, (2.22)

L2
l (x) =

1

2
(l + 1) (l + 2)− (l + 2)x+

1

2
x2. (2.23)

Similarly, these modes are represented as TEMl,p. Then a Gaussian mode is represented
as TEM0,0 (as shown in Fig.(2.4)).
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Figure 2.4: The image showing Laguerre-Gaussian modes (As coded by Ziofil (November
2012)).

2.2 Analytical propagation of laser beams

2.2.1 Fundamental mode propagation laws

As mentioned in the previous section, the fundamental mode is commonly used to explain
mode properties of a laser even for high-order modes. Here propagation laws of the funda-
mental mode are studied extensively and extended to high-order modes propagation laws.
Inserting the Gaussian solution (Eq.(2.7)) into Eq.(2.6) and then further simplifying the
result by replacing x2 + y2 with r2 gives

−2ik

q
ψ − k2r2

q2
ψ − 2k

(
P ′ (z)− 1

q2
q′ (z)

k

2
r2
)
ψ = 0, (2.24)

then grouping like terms after dividing throughout by ψ

k

(
−2i

q
− 2P ′ (z)

)
+ r2

(
1

q2
q′ (z) k2r2 − k2r2

q2

)
= 0, (2.25)

from this, we obtain the relation

P ′ = − i
q
, (2.26)

and

q′ = 1, (2.27)
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where the prime denotes differentiation with respect to z.

Integrating Eq.(2.27) gives

q2 = q1 + z, (2.28)

where q1 and q2 are the input and output plane beam parameters separated by distance
z, respectively.

Introducing real beam parameters related to q [24]

1

q
=

1

R(z)
− i λ

πw(z)2
, (2.29)

where R(z) and w(z) are the radius of curvature of the wavefront and beam radius with
propagation distance z, respectively.

The Gaussian beam contracts to a minimum beam waist where the phase wavefront is flat.
If one measures beam waist and radius of curvature of a wavefront with respect to distance
z, then Eq.(2.28) becomes

q = q0 + z, (2.30)

where

q0 = i
πw0

2

λ
, (2.31)

which was obtained by substituting R→∞ in Eq.(2.29) since the flatness of wavefront is
similar to having a radius of curvature at infinity. w0 denotes beam radius at the minimum
beam waist.

Then substituting Eq.(2.31) into Eq.(2.30) and the results into Eq.(2.29), we obtain

1

iπw0
2

λ
+ z

=
1

R
− i λ

πw2
, (2.32)

rationalising the denominator on the lefthand side,

1

iπw0
2

λ
+ z
×
z − iπw0

2

λ

z − iπw0
2

λ

=
1

R
− i λ

πw2
, (2.33)

which simplifies to

z − iπw0
2

λ

z2 +
(
πw0

2

λ

)2 =
1

R
− i λ

πw2
, (2.34)

then equating imaginary part, we obtain
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πw0
2

λ

z2 +
(
πw0

2

λ

)2 =
λ

πw2
, (2.35)

rearranged to

πw2

λ
=
z2 +

(
πw0

2

λ

)2
πw0

2

λ

, (2.36)

which then simplifies to propagation law

w2 (z) = w0
2

[
1 +

(
λz

πw0
2

)2
]
, (2.37)

equating the real part from equation (2.34),

z

z2 +
(
πw0

2

λ

)2 =
1

R
, (2.38)

rearranged

R =
z2 +

(
πw0

2

λ

)2
z

, (2.39)

which then simplifies to propagation law

R (z) = z

[
1 +

(
πw0

2

λz

)2
]
. (2.40)

Eq.(2.37) and Eq.(2.40) are important laws of Gaussian mode propagation [24],[35],[36].
They describe how Gaussian beam properties change during propagation in free space.
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Figure 2.5: Schematic showing how the amplitude and wavefront of the Gaussian mode
change with propagation. w0 is the beam waist and the wavefront is flat (radius of curvature
of the wavefront is at infinity) at that point (z = 0). θ is the half beam divergence.

From Eq.(2.37), when z is far from the waist, then

w (z) ' λz

πw0

, (2.41)

therefore, the half beam divergence (θ) of the fundamental mode is given by

θ =
λ

πw0

. (2.42)

To calculate the phase shift from the minimum beam waist, substitute Eq.(2.30) into
Eq.(2.26) to obtain

P ′ = − i

z + i
(
πw0

2

λ

) , (2.43)

multiplying throughout by i then multiplying on the right hand side by a form of 1(
−i

(
λ

πw0
2

)
−i

(
λ

πw0
2

)
)

iP ′ = 1

z + i
(
πw0

2

λ

) × −i
(

λ
πw0

2

)
−i
(

λ
πw0

2

) , (2.44)

after simplifying

iP ′ =
−i
(

λ
πw0

2

)
1− i

(
zλ
πw0

2

) . (2.45)

Then integrating Eq.(2.45) gives

iP = ln

(
1− i

(
zλ

πw0
2

))
, (2.46)
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= ln

√
1 + i

(
zλ

πw0
2

)2

− i arctan

(
zλ

πw0
2

)
, (2.47)

Therefore substituting Eq.(2.47), Eq.(2.29) and Eq.(2.7) into Eq.(2.2) and using Eq.(2.37)
to simplify, we obtain

E (r, z) =
w0

w
exp

{
−i (kz − φ)− r2

(
1

w2
+
ik

2R

)}
, (2.48)

where

φ = arctan

(
zλ

πw0
2

)
, (2.49)

This is the fundamental mode produced by a lot of lasers operating in single mode.

2.3 Numerical approaches

2.3.1 The Fresnel integral

Solutions mentioned in the previous sections are just approximate solutions describing field
distributions that are obtained from particular laser resonators. Thus far, no exact analyti-
cal solution that describes modes obtained from laser resonators exists except for a confocal
resonator [24]. However, numerical approaches such as the Fox-Li method can be used to
calculate eigensolutions for arbitrary laser resonators. This method makes use of the Fresnel
integral to calculate the mode with the lowest loss of a resonator. Essentially, the Fresnel
integral is iteratively applied until a steady-state mode is obtained, and that would be the
eigensolution to the Fresnel integral [15]. The steady-state mode is a type of mode that
reproduces itself after every round trip.

The Fresnel integral is basically based on Huygen’s principle. Huygen’s principle states
that for a given field distribution propagating from a surface into space, every point on that
distribution can be considered as a source of secondary wavelets. At point P after propagat-
ing a distance r, the field is the superposition of all waves from a source, and this is clearly
demonstrated in Fig.(2.6). where the starting plane is subdivided into equal intervals, few
points (A, B and C) are shown.
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Figure 2.6: Superposition of spherical waves at point P from propagation of electric field
distribution given on plane F [13].

The wave equation, Eq.(2.1), has infinite solutions and a spherical wave is one of these
solutions and is given by [13]

E = E0
λ

r
exp [i (wt− kr)] . (2.50)

And thus, a spherical wave from one point of the source plane to point P is given by

Ei (P ) = CE (xi, yi)
exp [i (wt− kri)]

ri
cos θi4x4y, (2.51)

where ri is the distance from (xi, yi), 4x and 4y are intervals in the x and y axis respec-
tively. θi is the angle between plane F and ray ri. C is the proportionality factor ensuring
the conservation of energy.

For N number of intervals, summing over the entire source plane for a monochromatic
source gives

E (P ) =
N∑
i=1

Ei (P ) = C exp (iwt)
N∑
i=1

E (xi, yi)
exp [i (−kri)]

ri
cos θi4x4y. (2.52)

The calculations become more accurate by increasing N . For N →∞, the summation is
replaced by an integral. Applying the integral and taking into account the paraxial approx-
imation (cos θ ≈ 1) results in obtaining a surface integral known as the Kirchhoff integral,
which is given by [13]

E (P ) =
i

λ
exp (iwt)

∫
s

E1
exp (−ikr)

r
dA. (2.53)
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Usually apertures used in laser resonators are rectangular or circular in shape. For a
rectangular aperture of width and height given by 2b and 2a respectively, dropping the time
dependence exponential, the Kirchoff integral (Eq.(2.53)) can be written as

E2 (x2, y2) =
i

λL

∫ b

−b

∫ a

−a
E1 (x1, y1) exp

[
−ikL

√
1 +

[
(x2 − x1)2 + (y2 − y1)2

]
/L2

]
dx1dy1,

(2.54)
where

r = L
√

1 +
[
(x2 − x1)2 + (y2 − y1)2

]
/L2. (2.55)

With E1 (x1, y1) being the electric field distribution at plane 1 propagated through free
space over distance L to plane 2; to give a field distribution E2 (x2, y2). Restricting to
distances much greater than the aperture size (L >> x1, y1) and assuming slow lateral
changes in electric field (x2/L, y2/L << 1), r can be written as a binomial expression

r = L

[
1 +

1

2

(
x2 − x1
L

)2

+
1

2

(
y2 − y1
L

)2

− 1

8

(
x2 − x1
L

)4

− 1

8

(
y2 − y1
L

)4

+ ....

]
.

(2.56)
In Eq.(2.56), some terms can be neglected depending on how far (L) from the aperture

the electric field is calculated. The Fresnel number (e.g N = a2

λL
) is used to determine the

limit at which the approximation is applicable. In laser beams simulations, usually one of
the Fresnel numbers is greater than one but less than 100 (1 < N < 100). In such cases, the
Fresnel approximation is used since when L > a, b, fourth term in Eq.(2.56) becomes even
smaller, and thus can be ignored. Then, r is approximated to be

r ≈ L

[
1 +

1

2

(
x2 − x1
L

)2

+
1

2

(
y2 − y1
L

)2
]
. (2.57)

Substituting Eq.(2.57) into Eq.(2.54), gives a Fresnel integral

E2 (x2, y2) = i exp [−ikL]
√
NxNy

∫ b

−b

∫ a

−a
E1 (x1, y1) exp

[
−iπNx (x1 + x2)

2 − iπNy (y1 + y2)
2] dx1dy1,

(2.58)
where Nx = a2

λL
and Ny = b2

λL
are Fresnel numbers in x and y axis, respectively. Eq.(2.58)

does not have analytical solutions, the field is computed numerically.
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2.3.2 The Fox-Li method

In the Fox-Li approach, the Fresnel integral (Eq.(2.58)) is iteratively applied between two
mirrors facing each other until the mode of lowest loss is obtained [2] and that would be the
steady-state mode. This is seen by comparing two successive fields [34]. The propagation
kernel or function to be used is dependent on the geometry of the mirrors [24]. The general
expression of the field transformation during propagation is given by

γ(1)E(1) (s1) =

∫
s2

K(2) (s1, s2)E
(2) (s2) dS2, (2.59)

γ(2)E(2) (s2) =

∫
s1

K(1) (s2, s1)E
(1) (s1) dS1, (2.60)

where γ(1) and/or γ(2) are eigenvalues (competition between modes) giving the phase
shift and attenuation of the field per trip from one mirror to the other. K(1) and/or K(2)

are the propagation kernels between the mirrors.

Generally, the propagation kernels are equal (K(1) (s2, s1)=K
(2) (s1, s2)) but not symmet-

ric (for example K(1) (s2, s1) 6= K(1) (s1, s2)) depending on the resonator setup [24]. For a
symmetric setup, the two-dimensional integral can be written as product of one-dimensional
equations, which for a rectangular symmetric system becomes

γ(1)x u(1) (x1) =

∫ a2

−a2
K (x1, x2)u

(2) (x2) dx2, (2.61)

γ(2)x u(2) (x2) =

∫ a2

−a2
K (x1, x2)u

(1) (x1) dx1, (2.62)

where K is given by

K (x1, x2) =

√
i

λL
exp

{
− ik

2L

(
g1x

2
1 + g2x

2
2 − 2x1x2

)}
, (2.63)

with g1 and g2 being the ratios relating the mirror geometry and resonator length which
are given by g1 = 1 − L

R1
and g2 = 1 − L

R2
, respectively. Therefore, simulating modes, for

example, of a plane-parallel resonator i.e R1 = R2 = ∞ and thus g1 = g2 = 1, of L and
2a resonator and mirror length, respectively, then the Fresnel integral for this particular
resonator is given as

u(1) (x1, L) =

√
i

λL

∫ a2

−a2
u(2) (x2) exp

(
− iπ
λL

(
x21 − 2x1x2 + x22

))
dx2. (2.64)

This is how the field distribution u(2) gets transformed into u(1) in free space. In general,
the electric field passes through different media such as lens etc. and each different medium
transforms the field differently. For the field passing through a lens for example, the field
gets transformed according to [37]

u(2) = t× u(1) (2.65)

31



where

t = A exp−
ikx2

2f (2.66)

is the transmission function in one dimension of a thin lens. u(1) and u(2) are the field
immediately before and after the lens, respectively. k = 2π

λ
, f is the focal length of the lens

and A is either equal to 1 or 0, where 1 is for the field passing through a lens and 0 otherwise.

2.3.3 The Matrix method

In general, the Fresnel integral such as the one given by Eq.(2.64) is computed over the
entire mirror surface, the downside of such computation is time taken to perform this nu-
merical calculations. In reducing computation time, the matrix method is introduced in the
algorithms. This method exploits the fact that only the integrand in Eq.(2.64) changes and
not the transformation function of the field during iterations. The principle of the matrix
method is essentially to divide the Fresnel integral applied over the entire mirror surface
into a sum of integrals applied over small mirror subdivisions [17]. To demonstrate this
mathematically

u(1) (x1, L) =

√
i

λL

∫ a2

−a2
u(2) (x2) exp

(
− iπ
λL

(
x21 − 2x1x2 + x22

))
dx2, (2.67)

=
M∑
i=0

u(2) (X2 − i4x)

∫ X2−(i+1)4x

X2−i4x

√
i

λL
exp

(
− iπ
λL

(
x21 − 2x1x2 + x22

))
dx2, (2.68)

where M is the total number of small divisions, 4x = 2X2

M
and X2 are small subdivision

and radius of the mirror, respectively.

In Eq.(2.68), it can be seen that the field is taken out of the integral. This is because
for each mirror subdivision, the field is approximated to be constant. Since only the field
changes during transit from one mirror to the other, expressing Eq.(2.68) in matrix form

~u(1) = T ~u(2), (2.69)

Where ~u(1) and ~u(2) are the column vectors describing the field at mirror 1 and 2, re-
spectively. T is a square matrix known as a transfer matrix. These are respectively given
as
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~u(1) =



u(1) (X1)
.
.
.

u(1) (X1 − n4x)
.
.
.

u(1) (−X1)


, (2.70)

T =


T11 . . . T1M
. . . . .
. . . . .
. . . . .

TM1 . . . TMM

 , (2.71)

~u(2) =



u(2) (X2)
.
.
.

u(2) (X2 − n4x)
.
.
.

u(2) (−X2)


, (2.72)

where Tµν =
∫ X2−(n+1)4x
X2−n4x

√
i
λL

exp
(
− iπ
λL

(
x21(µν) − 2x1(µν)x2 + x22

))
dx2 with µ, ν = 1, 2, 3, .......M

and x1(µν) is a row vector.

Incorporating the matrix method into the Fresnel integral reduces the computation time
to an equivalent of a single trip computation time [17]. In studying spatial modes of a laser,
Eq.(2.69) was used. Prior to that, the correctness of the transfer matrix (propagation kernel)
was tested and compared to theoretical results. This was done in the following sub-section
(2.4.1).

2.4 Simulation results

2.4.1 Comparison of numerical and analytical propagation of Gaus-
sian beams

The Gaussian beam of defined initial properties (beam radius and radius of curvature) was
used to test the propagation kernel given by Eq.(2.69). This was compared to theory by
using fundamental propagation laws (Eq.(2.37) and Eq.(2.40)) from the previous section.
The Gaussian beam in one dimension was propagated through free space, and changes in
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the beam radius (shown in Fig.(2.7)) and the radius of curvature of the wavefront (shown in
Fig.(2.8)) during propagation was measured.

Firstly, the mathematics was implemented into coding, then the simulations were done.
In the simulation, a Gaussian beam of 110 µm beam radius, 1064 nm wavelength and flat
wavefront were used as initial conditions to test the propagation kernel. As Gaussian beam
propagated through free space, measurements of the beam radius and the radius of curvature
were then taken at intervals of 10 mm starting from 0.

From the simulation results, measurements of the Gaussian beam parameters, beam size
and radius of curvature of the wavefront were done by fitting Gaussian and quadratic func-

tions, respectively. After the initial Gaussian beam given by exp
(
−x2

w

)
has propagated by

a particular distance, it should transform according to exp
{
−x2

(
1
w2 + ik

2R

)}
. In measuring

the beam size, the squared of the magnitude of the complex exponential i.e exp
(
−2x2

w

)
plots

of the simulation results were used. The Gaussian function was then fitted to the obtained
plots. From the fitted Gaussian function, the beam radius (w) was measured. In measur-
ing the radius of curvature of the wavefront, the argument of the complex exponential i.e
−x2

(
ik
2R

)
plots of the simulation results were used. The quadratic function was then fitted

to the obtained plots. The radius of curvature of the wavefront was measured from the
quadratic coefficient of the fitted quadratic function.

Figure 2.7: Simulation plots of Gaussian beam propagation compared to theory (Eq.(2.37)).
Simulation plots (red circle markers) of Gaussian beam of 1064 nm wavelength and 110 µm
initial beam radius propagating through free space and this compared to theory (blue solid
line).
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Figure 2.8: Simulation plots of Gaussian beam propagation compared to theory (Eq.(2.40)).
Simulation plots (red asterisk markers) of Gaussian beam of 1064 nm wavelength and radius
of curvature at infinity initially propagating through free space and this compared to theory
(blue solid line).

Discussion

In Fig.(2.7) and Fig.(2.8), the simulated fundamental mode properties that are beam radius
and radius of curvature of wavefront during propagation are compared to analytical theory.
The simulation plots for both properties are found to be fitting correctly with the theory, and
thus, proving that the propagation kernel used for the simulation is correct. For instance,
in Fig.(2.7) and Fig.(2.8), all simulation plots (red circle markers) are superimposed on the
blue solid line which is how the Gaussian beam radius and wavefront radius of curvature are
expected to change theoretically as the Gaussian beam propagates through free space.
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2.4.2 Multiple round trip of stable cavity with aperture (known
Gaussian beam)

From the previous section, it was found that the propagation kernel that was used is correct.
Therefore, simulation for an advanced resonator, namely, a passive resonator with an aper-
ture and a curved mirror was studied. The idea is to obtain a steady state mode and this is
studied by looking at the field distribution after a round trip. An arbitrary point is chosen
within a resonator, and one round trip is completed when that arbitrary point is reached
again after a field has circulated the resonator. A type of a resonator that was studied was
plano-concave in which a Gaussian mode can be obtained as opposed to a plane-parallel res-
onator, where there exists an infinite number of modes [13]. In a plano-concave resonator, a
Gaussian mode which is a fundamental mode as shown in Fig.(2.9) along with its lens guide
system version is obtained by using an aperture. The aperture diameter is reduced, and thus,
increasing energy losses to higher-order modes and ultimately selecting only a fundamental
mode. A lens guide system is based upon periodicity, so a round trip is completed after a
single period, which is from R1 through apertures and lens to the other R1 (Diagram (B) in
Fig.(2.9)).

Figure 2.9: Schematic of a stable cavity with an aperture along with its lens guide. Diagram
(A) shows a stable cavity of a plane mirror (R1) and curved mirror (R2) with aperture. This
shows how beam properties (W0 is the minimum beam waist and wavefront) of a steady-state
mode change with propagation distance (z). Diagram (B) is a lens guide representation of
the resonator in diagram (A) with a curved mirror being replaced by two lenses.

In the simulation, a resonator of 60 mm optical length (L) and a curved mirror of 200
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mm radius of curvature with an initial uniform field | ~u(2)| = 1 for a wavelength 1064 nm (λ)
was studied and the computation was still done in one dimension. These parameters were
then substituted in Eq.(1.15) to roughly estimate an aperture size of 320 µm radius. Using a
lens guide system as a proxy for a plano-concave resonator [38], the forward Fresnel integral
(Eq.(2.69)) was applied to the field from one mirror through free space to the aperture, then
through the lens using equation (2.65), and the same procedure was repeated iteratively. The
advantage of using a lens guide as a proxy is that only the forward Fresnel integral is sufficient
to simulate the laser output without any use of the backward integral. The mirror of 2 mm
radius (X1,2 = 2 mm) was divided into 600 subdivisions(M = 600). Then the computation
was performed and the results of steady-state mode evolution for this particular resonator
were plotted as shown in Fig.(2.10), where only particular intensity (obtained by squaring
the field) distributions are shown after a certain number of round trips.

Figure 2.10: Simulation results showing evolution of a steady-state mode for a stable cavity
with an aperture . The intensity distributions (blue solid line) after a particular number of
round trips (titled on each image) are plotted against the normalised radius (dividing the
mirror axis (X) throughout by the radius value(2 mm)).

In Fig.(2.10), looking at the distribution after 1 round trip, it can be seen from the side
lobes that the field is multimode, meaning that the field has not reached the steady state
for this particular resonator since the field is not Gaussian. On the other hand, after some
more round trips, in this case, 60 and 61 round trips, comparing the two results, by visual
inspection it is evident that there is no difference between the two intensity distributions.
In order to investigate quantitatively by when the field has reached the steady state, two
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successive field distributions as mentioned earlier needed to be compared. In doing this, an
arbitrary point was chosen to be at the center. The results were then plotted (Fig.(2.11)).

Figure 2.11: Simulation results showing relative amplitudes of modes with increasing number
of round trips.

In Fig.(2.11), as the number of round trips were increased, the fluctuation of modes
amplitude was found to decay to a constant. Between 0 and 30 round trips, it can be
seen from the oscillation of relative amplitude that there are many modes oscillating in the
resonator. Between 30 and 55 round trips, on average, the relative amplitude is constant
while from 55 round trips the relative amplitude converges to a constant. It can then be
concluded that the steady state has been reached. Then the measurements on the steady-
state mode were taken (shown in Fig.2.12).
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Figure 2.12: Simulation results of a stable cavity with an aperture. Steady-state mode which
is Gaussian (black circles) of 211 µm beam size (calculated at 1/e2 of maximum intensity)
at R2 mirror is obtained for an aperture size of 320 µm. The plots are fitted with a Gaussian
function (green solid line)

Discussion

In the simulation, the steady state was determined to have been reached after 55 round trips
and this was seen by comparing successive field distributions. From the results shown in
Fig.(2.12), the steady-state distribution is Gaussian as seen from fitting a Gaussian function.
From the fitted Gaussian function, the simulation beam radius was measured to be 211 µm.
Comparing the simulation results with the theoretical value of 211 µm which was calculated
using Eq.(1.15), it was found that the simulation results are in agreement with theory.
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2.4.3 Higher order mode

Furthermore, a higher order mode for the same setup as shown in Fig.(2.9) but with an
aperture replaced by a loss line (a row or column of zeros in a transfer matrix) of 7 µm
thickness was simulated and the result obtained is shown in Fig.(2.13). Similarly, the initial

condition is uniform field | ~u(2)| = 1 for a wavelength 1064 nm (λ). This was iterated till
the steady-state mode was reached which is TEM10. In producing this mode, a loss line was
introduced at the central axis(x = 0).

Figure 2.13: Simulation results of a stable cavity with a loss line. Steady-state mode which
is TEM10 at R2 mirror is obtained for a loss line at the central axis (x = 0) of the mirror.
The plots (black circles) are fitted with Hermite-Gaussian function for TEM10 mode (green
solid line) which is given by Eq.(2.18).

2.5 Summary

In this chapter, numerical methods were used to simulate spatial modes of a passive res-
onator. The numerical method used is the Fox-Li method which is based on an iterative
application of the Fresnel integral.The matrix method modification was principally to speed
up the computation process. Applying the matrix method is equivalent to essentially divid-
ing the mirror surface into subdivisions and then followed by applying the Fresnel integral
onto those subdivisions. This resulted in the reduction of computation time significantly.
The correctness of the free space propagation kernel used in the simulation was tested. This
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was done by propagating a Gaussian mode of known initial conditions, then measure beam
parameters i.e radius of curvature of a wavefront and beam size, during propagation. Sim-
ulation results were then compared to theory using fundamental mode propagation laws.
Using the correct propagation kernel, the plano-concave resonator simulations were done.
A uniform field was used as the initial condition and an aperture was inserted to select a
Gaussian mode as the laser output which is the steady-state field. The results (beam waist)
obtained were compared to theory by using equations obtained in chapter 1 for a plano-
concave resonator. In addition, higher order mode was simulated by introducing loss lines
into the resonator.
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Chapter 3

Experimental setup and results

Here a passively Q-switched laser is built and its performance is studied. Q-switched laser
output energies are studied for different combinations of Q-switch transmission values and
output coupler reflectivities. In addition, the influence of spatial modes on Q-switched pulse
shape and pulse width is studied, taking into account the far-field beam divergence of a laser.
These laser output features play an important role in range finding applications.

3.1 Flashlamp pumped solid-state laser assembly

3.1.1 Construction overview

From the previous section, it was found that mirror geometry plays an important role in
determining the beam waist i.e. gain medium volume utilised. As a consequence, it controls
considerably the amount of output energy from a laser. In optimising the laser performance,
a plane-parallel mirror resonator was selected which simply means that the whole volume of
the gain medium was used since the gain medium was side pumped. Furthermore, spatial
mode patterns and corresponding laser pulses were studied. There are two common pump
sources used to pump the gain medium, namely, the laser diode and a flashlamp. The former
is more efficient in pumping than the latter, this is because the radiation from a laser diode is
directional while a flash lamp gives a broad spectrum of radiation [39]. The downside about
the laser diodes is that they more expensive than the flash lamp. Since a low-cost laser is
designed, a flash lamp was selected as the pump source. Initially, a solid-state laser (long-
pulsed operation) is constructed. Then later on, a Q-switch is inserted (Q-switch operation).
A schematic diagram of a Q-switched solid-state laser is shown in Fig.(3.1).
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Figure 3.1: Schematic diagram of a passively Q-switched solid-state laser. The electric
circuit is used to power the pump source which then excites the gain medium. The Q-switch
generates short pulses in the nanosecond regime after saturation, then laser light leaves
through partially reflective mirror (R2).

3.1.2 Laser assembly components

Mirrors

Two Mirrors of unknown optical and geometrical properties were procured (shown in Fig.(3.2)).
In quantifying these properties, Lambda900 PerkinElmer spectrophotometer, and Xonox
PI500 laser interferometer were used. A range of wavelengths was sent through each mirror
ranging from 400-1700 nm by using two light sources, deuterium lamp (400-900 nm) and
Tungsten lamp (900-1700 nm). The transmission plots of the results are shown in Fig.(3.3).
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Figure 3.2: A photograph of two coated mirrors (R2 and R1) of unknown optical and geo-
metrical properties [40].

Figure 3.3: The measured transmission of optical wavelength spectra through mirror R1

(green solid line) and R2 (red dotted line). The diamond markers for 1064 nm wavelength.

Since the gain medium used was Nd:YAG, which operates in 1064 nm indicated by the
markers in Fig.(3.3), mirror R2 was found to be suitable as the output coupler of 53 %
transmission (47 % reflective) and mirror R1 being 0.13≈0 % transmissive (100 % reflective)
at that particular wavelength. Afterward, the mirrors were taken to the laser interferometer
for their geometrical properties to be measured.
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The laser interferometer that was used had a flat surface as a reference. Having knowl-
edge about interference pattern of light reflected from top surfaces of reference and tested
surfaces, in this case, flat surface and unknown surface respectively, the curvature of the
tested surface can be quantified. The theory behind these interferences was studied exten-
sively by Isaac Newton, and thus, the interference pattern from curved surfaces was named
Newton’s rings in his honour. The results obtained from the interferometer for mirror R1

and R2 are shown in Fig.(3.4).

Figure 3.4: The interference pattern and structure of mirrors R1 and R2 surface. A and
B are interference patterns with corresponding mirror structure indicated by blue traces of
mirror R1 and R2, respectively.

From Fig.(3.4), looking at the interference which is just parallel lines, it can be concluded
that the tested surfaces of mirrors R1 and R2 are flat or have a large radius of curvature,
hence their structures. The flatness of the mirrors is not perfect, hence the irregularities in
blue traces. Additionally, looking at the measured ratio of fringes to radius which are 0.3
and 0.2 for mirror R1 and R2 respectively. The radius of curvature of the mirrors can be
calculated from [41]

R =
r2

2t
, (3.1)

where r is the radius of the mirror and for constructive interference

t = N
λ

4
, (3.2)
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with N being the order (ratio of fringes to radius) of rings and λ being the interferometer
laser wavelength.

Therefore, from the measured ratios of fringes and radius, it is implied that N = 0.3 and
N = 0.2 for mirror R1 and R2 respectively. Substituting these and λ = 632.8 nm of the
laser in the interferometer to Eq.(3.2), then substituting the results and using r = 5mm to
Eq.(3.1), gives R1 = 263.4 ≈ 263m and R2 = 395.1 ≈ 395m.

Gain and Q-switch medium

In the laser setup, a type of gain medium that was used is a Nd:YAG (neodymium-doped
yttrium aluminium garnet) crystal (shown in Fig.(3.5)) where Nd is the dopant and YAG is
the host. This particular gain medium was chosen because of its favorable optical, thermal
and mechanical properties for solid state lasers [8]. The dimensions of the circular solid
Nd:YAG crystal rod used are 4 mm x 50 mm, diameter and length respectively. In generating
Q-switched pulses, Cr4+:YAG was used as a Q-switch. The optical properties of these media
are shwon in Table (3.1).

Figure 3.5: A photograph of Nd:YAG crystal used in constructing the laser.

Table 3.1: Optical properties of the Nd:YAG gain medium and Cr4+:YAG Q-switch for σgs
and σes mentioned in Eq.(1.18).

Media σgs (cm2) σes (cm2)
Nd:YAG 2.2× 10−19

Cr4+:YAG 7× 10−18 2× 10−18
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Pump source

The pump source used to excite the gain medium was the Xenon flashlamp. A Xenon
flashlamp was used since Xenon is most efficient at converting electrical energy to optical
energy and it is easy to trigger. This means it requires low voltages, and thus, is a cheaper
pump source. In addition to this, specific regions of the output spectrum of flashlamps can
be emphasized by controlling the current through it. This makes it a flexible pump source.
But the downside of using a flashlamp as a pumping source is that the best possible pumping
configuration in terms of pumping efficiency is side pumping and this configuration in general
is less efficient compared to end pumping [42],[39]. This is because side pumping radiation
is perpendicular to laser modes. On the other hand, end pumping radiation is parallel to
laser modes [39]. The dimensions of the Xenon flashlamp used is 40 and 25 mm body length
and arc length respectively and an outer bore diameter of 4 mm. Inductor and capacitor
(LC) circuit with a Silicon diode was used to power the flashlamp, the circuit is shown in
Fig.(3.6).

Figure 3.6: A schematic of the LC circuit used to power Xenon flashlamp. The capacitance
(C) of C= 20µF was used for the circuit. An in-house developed test transmitter (power
supply) unit was used to drive the LC circuit.

The current pulse that transfers energy from the capacitor to the flashlamp was then
measured (shown in Fig.(3.7)).
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Figure 3.7: An oscilloscope trace of the current pulse applied to the Xenon flashlamp.

From Fig.(3.7), it can be seen that energy from a capacitor is transferred to the flashlamp
in a critically damped pulse (fast decaying pulse without oscillation), and this was made
possible by the diode in the circuit. Since the diode only allows the current to move through
it in one direction, there is no reversal of current. As a consequence, energy is transferred
most efficiently from a capacitor to the lamp. A pump cavity encasing both flashlamp and
the gain medium (as shown in Fig.(3.8)) was used to further improve pumping efficiency
of Xenon flashlamp by internally reflecting light emitted by the flashlamp. The casing was
air cooled. The pump cavity used was rectangular and made up of white aluminum oxide
(Al2O3) of 46x12x17 mm3 volume dimensions and inner vertical oval hole of 46x6x9 mm3

volume of 5 mm radius of curvature at both ends.

Figure 3.8: A photograph of Xenon flash lamp (transparent) and one side of pump cavity
(white in colour).
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3.1.3 Complete laser assembly

Knowing the optical and geometrical properties of the optics that were used to build a laser
allows us to assemble and align all the optics as shown in Fig.(3.9). In assembling the optics,
the distance between the two mirrors was kept as short as possible (80 mm) while taking into
account the distance needed for fine adjustments on the mirrors. This was done to optimise
laser performance i.e high output energies and short pulses.

Figure 3.9: A photograph of an assembled Nd:YAG laser setup. The geometrical length of
cavity (length between two mirrors) of 80 mm

In building the Nd:YAG laser shown in Fig.(3.9) as part of the experiment, it was nec-
essary to first define an optical axis by using a visible laser light (e.g the red laser) passing
through the gain medium. Then the gain medium was orientated in such a way that the re-
flected light superimposes onto the incident laser light. The plane mirrors were then inserted
and also oriented to the optical axis in a similar fashion as the gain medium. Afterward, the
Nd:YAG solid-state laser was switched on, operating in 1 Hertz and the mirrors were further
fine-tuned to optimise the laser performance i.e symmetrical transverse mode pattern while
simultaneously obtaining high output energy. The entire setup of the laser and measuring
instruments used is shown in Fig.(3.10)
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Figure 3.10: A Photograph of the experimental setup to generate a Q-switched pulse from a
laser and capture transverse mode patterns at the far field with their corresponding generated
pulse and output energy. The laser light coming from a laser is split by the beam splitter
which is orientated at an angle where 99 % of the reflected light is directed to the energy
detector connected to the energy meter. The pulse detector is connected to the oscilloscope
alongside the beam splitter. The remaining 1 % of the laser light gets transmitted to a
flat mirror, then reflected to the collimator of 1542 mm focal length for far field projection.
The reflected light from the collimator is then captured by the CCD beam profiler which
connected to the computer and placed at the focal length of the collimator.

In the experiment, an in-house developed test transmitter unit was used to drive the
pump head for the time interval of 3 minutes between flashlamp pumping. Electrical input
energy into a flashlamp was varied by changing the voltage from 405 V to 705 V through
increments of 20 V. The energy stored in the capacitor is given by E = 1

2
CV 2 [8], where the

capacitance of C = 20µF was chosen for flashlamp circuit. A Fluke 175 digital multimeter
was used to measure the voltage. The corresponding laser output energies were then detected
by PE50BF-DIF-V2 P/N 7Z02888 pyroelectric detector connected to the Ophir P/N 7Z01600
laser star energy meter.

50



3.2 Output performance

3.2.1 Output energy

Long-pulsed operation results

Long-pulsed (no Q-switch in the resonator) energy measurements read from the energy meter
were recorded and the results were plotted as shown in Fig.(3.11) for the output coupler of
47 % reflectivity.

Figure 3.11: Experimental plots of an Nd:YAG laser in long-pulsed operation and solid line
of best fit.

In long-pulsed operation, threshold energy, slope, pumping and extraction efficiencies
were calculated.

From the equation of the line of best fit, threshold energy and slope efficiency were de-
termined to be 1592 mJ and 1.79 %, respectively. Using long-pulsed ni calculated from
Eq.(1.19), where in long-pulsed operation T0 ≡100% since there is no Q-switch, stored en-
ergy was calculated from Eq.(1.23) to be 42.65 mJ. Then, pumping efficiency (ratio of stored
energy to threshold energy) was determined to be 2.68 %. Using the ratio of pumping ef-
ficiency to slope efficiency, extraction efficiency was calculated to be 1.50 %. A different
reflectivity of output coupler was used to determine the effect on the threshold and slope
efficiency of the laser.

In extensively studying the effect of reflectivity, output couplers of lower and higher re-
flectivity than 47 % were chosen. Output couplers of 40 and 70 % reflectivity were used, and
the results were plotted as shown in Fig.(3.12).
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Figure 3.12: Experimental plots of an Nd:YAG laser in long-pulsed operation for different
reflectivity output couplers and their respective solid lines of best fit. Plots for the reflectivity
of 40, 47 and 70 % indicated by green stars, blue circles, and red squares markers, respectively.
Together with their lines of best fit of corresponding colours to their markers.

From the equations of a line of best fit for output coupler of 40 and 70% reflectivity,
threshold energy and slope efficiency were determined. The threshold energies were calcu-
lated to be 1724 mJ and 833 mJ, and slope efficiencies were determined to be 1.73% and
1.70% for the reflectivity of 40 and 70%, respectively.

Discussion

From the plot in Fig.(3.11), it can be seen that there is a linear relationship between electri-
cal input energy and laser output energy, which correlates to the theoretical prediction [8].
The experimentally obtained slope efficiency of 1.79 % was found to be within a reasonable
range since the literature value of a similar pump cavity has a slope efficiency of 2 % for
Krypton lamp [8]. The difference of 0.21 % can be attributed to the fact that Krypton lamp
acts as a better match to the absorption spectra of Nd:YAG crystal than the Xenon lamp
[8], [43]. This slope efficiency is essentially the product of all the efficiencies in the resonator,
pump efficiency, transfer efficiency, absorption efficiency, upper state efficiency, beam over-
lap efficiency and extraction efficiency. In theory, each efficiency can be calculated. The use
of a flashlamp as a pump source increases the difficulty in evaluating each efficiency in an
experiment since a flashlamp output spectrum is broadband. Long-pulse slope measurement
is crucial since it is used together with threshold energy to give a relation between electrical
input energy and stored energy i.e. pumping efficiency, in the laser rod. This can be used
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in Q-switch operation since the pumping efficiency of the laser rod is constant. Also, in
long-pulse mode, extraction efficiency can be determined by using pumping efficiency and
slope efficiency.

In Fig.(3.12), it was seen that the mirror reflectivity has no effect on the slope efficiency
of a laser since for reflectivity of 40,47 and 70 %, slope efficiencies of 1.73, 1.79 and 1.70
% respectively, were obtained. On the other hand, as the mirror reflectivity was increased,
low threshold energy was required to initiate lasing and vice-versa. For example, from the
reflectivity of 47 to 70 % resulted in threshold energy of 833 mJ from threshold energy of
1592 mJ. The results are reasonable since slope efficiency is a ratio of stored and pumping
energy, and by changing mirror reflectivity, only different losses are introduced, therefore
different threshold conditions but same slope of stored and pumping energy.

Q-switch operation results

In Q-switch operation, three Q-switches of different transmission values were used to evaluate
the effect of a Q-switch transmission on the threshold and output energy of the laser. These
Q-switch initial transmission values are 40,53 and 65 % and were used on the selected three
output coupler reflectivity, 40, 47 and 70 %. Initially, the selected Q-switch transmissions
values were used for an arbitrary reflectivity mirror of 47 %. This was chosen since 40 and
70 % reflectivity mirrors would result in no lasing and multiple pulses for some Q-switches,
respectively. After selecting the 47 %, then passive Q-switch behaviour with respect to
electrical input energy was studied even beyond threshold energy (as shown in Fig.(3.13)).
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Figure 3.13: Experimental plots of a Q-switched Nd:YAG laser using different Q-switch
transmission values and step dashed lines were drawn to fit the plots. Q-switch transmission
values of 40, 53 and 65 % were used and their plots are indicated by purple circles, red
circles, and green square markers, respectively.

From Fig.(3.13), it was noticed that a passively Q-switched laser gives, on average, con-
stant output energy even when electrical input energy is beyond threshold energy. This
behaviour is due to the nature of a passive Q-switch. The passive Q-switch is a saturable
absorber, and thus, saturates only at particular intensity of light. Furthermore, this was
also observed for the Q-switch of 65 % transmission where a second threshold (2nd pulse)
was reached, as seen from doubling of the output energy; below the saturation condition,
it results in constant output energy. Therefore, from now onwards, only the threshold en-
ergy was used for the plots. The results for all selected reflectivities were then plotted in
Fig.(3.14).
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Figure 3.14: Experimental plots of a Q-switched Nd:YAG laser using different Q-switch
transmission values per mirror reflectivity and step lines drawn to fit the plots. Q-switch
transmission values of 40, 53 and 65 % were used and these are indicated by green squares,
red circles and purple circles, respectively. Mirror reflectivity of 40, 47 and 70 % indicated
by solid line, dashed line and dotted line, respectively.

The results were then compared to theoretically calculated values using Eq.(1.22). The
experimental and theoretical values are tabulated in Table (3.2). In the calculations, the
optical properties of the Nd:YAG and Cr4+:YAG media given in Table (3.1) and resonator
losses of L = 1.7% were used. This value was obtained from summing reflection losses per
round trip which are due to laser radiation interaction with gain medium(0.8 % per round
trip), Q-switch (0.8 % per round trip) and highly reflective mirror (0.13 %). The γ = 2 was
chosen since short pulse which is comparable to the lower excited state relaxation time (30
ns) of the gain medium was generated [19],[31].
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Table 3.2: Comparison of experimental and theoretical output energy using different Q-
switch transmission values ( Cr4+:YAG properties given in Table (3.1)) per mirror reflectivity.

Reflectivity (%) Q-switches (%) Experimental Eout (mJ) Theoretical Eout (mJ)

40
40
53 31 26
65 20 20

47
40 35 30
53 30 24
65 19 19

70
40 21 20
53 20 17
65 17 14

The discrepancy between the experimental and theoretical results in Table (3.2) was
observed, and this is discussed under discussion section. As a result, different optical prop-
erties of the Q-switch were used. The guessed (iteratively changed variable to find a better
agreement with theory) variables are σgs = 5 × 10−18 cm2 and σes = 1 × 10−18 cm2 for the
Cr4+:YAG Q-switch at 1064 nm wavelength, and the results are shown in Table (3.3).

Table 3.3: Comparison of experimental and theoretical output energy using different Q-
switch transmission values (guessed properties) per mirror reflectivity.

Reflectivity (%) Q-switches (%) Experimental Eout (mJ) Theoretical Eout (mJ)

40
40
53 31 31
65 20 23

47
40 35 36
53 30 29
65 19 22

70
40 21 25
53 20 21
65 17 17

Discussion

In Fig.(3.13), the reflectivity of the mirror was kept constant (47 % reflectivity) and only the
Q-switch transmission values were changed. The results obtained show that for the Q-switch
of lower transmission, high threshold energies were required and vice-versa. For example,
Q-switch transmission of 53 and 65 % required threshold energies of 3848 mJ and 2809 mJ,
respectively. On the output energies, Q-switch of lower transmission was found to give high
output energy. Comparing energies in a single pulse, a Q-switch of 53 and 65 % gave output
energies of 30 mJ and 19 mJ, respectively. In Fig.(3.14), looking only at the output energies
for a single pulse, combinations of Q-switch transmission of 53 % and 40 % for mirror reflec-
tivity of 47 % give high output energy results compared to other combinations. Furthermore,
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the difference between output energies of Q-switch 53 and 40 % transmission is not too large,
namely, 30 and 35 mJ compared to their threshold energy difference of 1052 mJ (from 3848
and 4900 mJ), respectively. Therefore, a combination of 53 % Q-switch transmission and
mirror reflectivity of 47 % give an optimised laser performance considering both, threshold
energy and output energy.

In Table (3.2), properties used for the Q-switch are from literature [8]. For some results
in Table (3.2) there is a significant discrepancy between experimental results and theory, for
example, for mirror reflectivity of 40 % and Q-switch transmission of 53 %, the results of
the output energy from the experiment and theory are 31 and 26 mJ and therefore have a
discrepancy of 5 mJ. This discrepancy may be due to an incorrect assumption on proper-
ties of the Q-switch used in the experiment. Literature properties were assumed to be the
correct properties of the Q-switch used in the experiment. It is also mentioned from articles
that properties of the Q-switch are somewhat controversial in a sense that different sources
give different values[44], [27]. As a result, it gave us the freedom to use Q-switch properties
instead of active medium to guess appropriate σgs and σes that would match the experiment.
In Table (3.3), the properties of the Q-switch were guessed using a trial-and-error method,
and the theoretical results were found to be in good agreement with the experiment.

3.2.2 Spatial mode results

In studying spatial mode, a plano-concave resonator was used. This is done by replacing
a flat output coupler with a curved output coupler of 5 m radius of curvature and 62 %
reflectivity at 1064 nm wavelength. Initially, a plano-concave resonator with no aperture
inserted was studied. Later on, the aperture was then inserted to study the influence of
modes to a Q-switch pulse and this was done by capturing spatial modes corresponding to
Q-switch pulses.

long-pulsed operation

Table 3.4: Captured far field Nd:YAG laser spatial mode pattern with varying aperture size
and corresponding full beam divergence.

Properties measured No aperture 1 mm diameter aperture
spatial mode

Full beam divergence (mrad) 18.50 6.05
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Q-switched operation

Table 3.5: Captured far field Q-switched Nd:YAG laser spatial mode pattern with varying
aperture size and corresponding full beam divergence.

Properties measured No aperture 1 mm diameter aperture
spatial mode

Full beam divergence (mrad) 17.18 5.29

Discussion

Looking at Table (3.4) and Table (3.5) for both long-pulsed and Q-switched operation, as
beam diameter was decreased by inserting an aperture, the beam divergence also decreased.
Also, the number of modes as the laser output got reduced as seen from the reduction of
the beam quality (the product of full beam divergence and beam diameter). In comparing
Q-switched operation results with long-pulsed operation results, it was observed that a Q-
switched laser gives fewer modes as the output than in long pulsed operation for the same
resonator setup. This can be observed from obtaining smaller beam divergence in Q-switched
operation for a given beam diameter. For example (from table 3.4 and 3.5) for a beam of 1
mm diameter aperture, beam divergence in long-pulsed and Q-switched operation are given
by 6.05 and 5.29 mrad, respectively. This is reasonable since in Q-switch operation, due
to rapid Q-switching (faster than in long-pulsed operation), some modes do not get enough
time to reach the threshold point. Comparing spatial modes in a long-pulsed and Q-switched
operation when there is no aperture, shows that in a Q-switched laser, the spatial mode is
not as uniform as in long-pulsed. This can be attributed to the poor surface quality of the
Q-switch, such as surface roughness, and this may result in obtaining fewer modes as a laser
output since areas of poor quality on a Q-switch introduce additional losses. This means
that more gain is required to reach threshold.
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3.2.3 Q-switched temporal mode results

Table 3.6: Detected Q-switched pulse with varying aperture size fitted with Gaussian profile
and the corresponding pulse width.
Properties measured No aperture 1 mm diameter aperture

Temporal mode

Pulse width (ns) 50 6

Discussion

The results in Table (3.6) are the corresponding pulses to the spatial modes in Table (3.5).
In Table (3.6), when there is no aperture an irregular pulse compared to a Gaussian fit curve
of 50 ns pulse width was obtained. After inserting an aperture of 1 mm diameter, a smoother
pulse of 6 ns pulse width along with a small second pulse often referred to as a satellite pulse
was obtained. As discussed from the previous section, a reduction in the beam diameter
resulted in the number of modes being reduced. The changes in pulse shape and pulse width
are also attributed to spatial modes. In the case when there is no aperture, the pulse width
is large due to different modes reaching their threshold point at different times [45], and
thus, for fewer modes (when the aperture is inserted), a short pulse is obtained. There are,
however, drawbacks in producing this short pulse in a stable resonator. A significant loss
of output energy due to losses introduced by aperture and production of a satellite pulse
is experienced. A satellite pulse is produced from gain recovery after producing the main
pulse.

3.3 Summary

In this chapter; the spatial modes’ influence on pulse width, pulse shape and beam di-
vergence were studied; and optimisation of laser output energies. In optimisation of laser
output energies, different combinations of Q-switch transmission values and output coupler
reflectivities were used and the results were compared to theory. For each output coupler
reflectivity tested, effects of the Q-switch transmission value on output and threshold energy
was studied. Then, looking at both output and threshold energy, a particular combination
of Q-switch transmission value and output coupler was selected. In studying the influence of
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the spatial modes on pulse shape, pulse width and beam divergence, an aperture was used
to reduce the number of spatial modes by introducing energy losses.
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Chapter 4

Conclusions and Future work

4.1 Conclusions

The first chapter focused on laser principles and resonator configurations discussion; achiev-
ing those principles: absorption, spontaneous and stimulated emission required thorough
discussion on various pumping sources and gain media. Any one of the available pumping
sources and gain media can be chosen depending on the performance requirements of a laser.
Likewise, a particular resonator configuration can be chosen depending on the required laser
performance, as an example, a plano-concave resonator was chosen to mathematically show
how Gaussian beam parameters change with resonator parameters.

In the second chapter, numerical methods were used to simulate spatial modes of a passive
resonator. The numerical method used is the Fox-Li method which is based on an itera-
tive application of the Fresnel integral.The matrix method was incorporated to modify this
method. Applying the matrix method is equivalent to essentially dividing the mirror surface
into subdivisions and then followed by applying the Fresnel integral onto those subdivisions.
The correctness of the free-space propagation kernel used in the simulation was tested. This
was done by propagating a Gaussian mode of known initial conditions, then measure beam
parameters i.e. radius of curvature of a wavefront and beam size, during propagation. Sim-
ulation results were then compared to theory using fundamental mode propagation laws.
Using the correct propagation kernel, the plano-concave resonator simulations were done.
A uniform field was used as the initial condition and an aperture was inserted to select a
Gaussian mode as the laser output which is the steady-state field. The results (beam waist)
obtained were compared to theory by using equations obtained in chapter 1 for a plano-
concave resonator. In addition, higher order mode was simulated by introducing a loss line
into the resonator. From the simulation results obtained, it can be concluded that the Fox-Li
method was successfully able to develop spatial modes that are obtained in laser resonators
by taking into account diffraction effects caused by the optics. This method was only applied
in a passive resonator in one dimension. For advanced resonators taking into account optics
inside the resonator, the general form of Fresnel’s integral which is Collin’s integral, can be
used.

61



In the final experimental chapter, Q-switched laser output energies and the spatial modes
influence on pulse width, pulse shape and beam divergence were studied. In the study of
Q-switched laser output energies, different combinations of Q-switch transmission values and
output coupler reflectivities were used and the results obtained were compared to theory.
For each output coupler reflectivity tested, the effects of the Q-switch transmission value on
output and threshold energies were studied. Then, looking at both output and threshold
energies, a particular combination of Q-switch transmission value and output coupler was
selected. In studying the influence of the spatial modes on pulse shape, pulse width and
beam divergence, an aperture was used to reduce the number of spatial modes by intro-
ducing energy losses. From the results obtained, it can be concluded that a plane-parallel
resonator is better in terms of laser output energies. The spatial modes of a laser were found
to dictate both pulse shape and pulse width. This influence of spatial modes on a laser pulse
was also observed in other articles of a similar laser setup.

The initial plan was to try out different combinations of Q-switch transmission and out-
put coupler reflectivity to find the optimum combination which would then be used to build
a monolithic version to further reduce the cost. But due to time delay caused by the unreli-
ability of Q-switch properties when trying to match theoretical and experimental results, we
could not realise our plan. But, despite that, the results obtained here can still be used as
a guide to pursue a monolithic design version of a passively Q-switched laser. The first step
towards building a monolithic design by using the analysis obtained in the previous chapter
has been presented in the next section.

In comparing the results obtained here with other current designs of similar setup, it was
found challenging as there is some differences regarding parameters used such as pump
sources and pumping configurations. In other designs, they use laser diodes as their pump-
ing sources and also pump the crystal from its end (end pumping).

4.2 Future work

Here, the analysis obtained from the previous chapter regarding laser output energy and
spatial modes influence on pulse shape and pulse width was considered. As a result, for an
optimum laser output, a plane-parallel resonator i.e high laser output energies, was chosen.
But now focusing on the pulse shape, pulse width and their corresponding beam divergence
since these are important parameters in range finding application. The preliminary results
obtained are discussed in the next sub-section. Later on, the laser design was improved by
using a samarium flow tube.

4.2.1 General modal analysis (time and space)

In previous sections, it was found that to achieve a short smooth pulse in a plano-concave
resonator, sacrifices in output energies had to be made. On the other hand, a plane-parallel
resonator gave optimised output energies, in particular, for a mirror of 47 % reflectivity in
Q-switch operation. As a result, here a plane-parallel resonator without an aperture was
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chosen so to study the Q-switch spatial modes together with their corresponding pulses. All
three Q-switch transmissions, namely, 40,53 and 65 % were studied for the mirror of 47 %
reflectivity. The results are tabulated in Table (4.1).

Results

Table 4.1: Captured far field Q-switched spatial mode pattern with corresponding pulse
generated and measured full beam divergence and pulse width for different Q-switch trans-
mission values.

Beam properties
Q-switch transmissions (%)

40 53 65
Spatial modes

Full beam divergence
(mrad)

3.40 3.15 3.16

Temporal mode

Pulse width (ns) 8 10 14

Discussion

In Table (4.1), spatial modes with their corresponding pulses are shown. In the plane-
parallel resonator, it was found that short pulses, for example, of 8 ns pulse width were
generated without the aid of inserting an aperture. In addition, a laser beam of small beam
divergence of approximately 3 mrad was produced despite non-uniformity of spatial mode.
The non-uniformity of a spatial mode is attributed to Q-switch surface quality as seen from
table 4.1 that for different Q-switches for the same resonator setup, a different spatial mode
distribution is obtained. Also, as discussed in previous sections, spatial modes dictate pulse
shape and pulse width. This is also noticed in table 4.1 when looking at the pulse shape and
pulse width of the corresponding pulses produced.

4.2.2 Improvements to laser design

In a Q-switched laser, before Q-switching, there are losses caused by Amplified Spontaneous
Emission (ASE) and fluorescence which depopulate the inversion population on the upper

63



excited state in the laser medium. So to reduce those losses, we use a Samarium-doped
glass flow tube around the Nd:YAG laser rod. The Samarium-doped glass flow tube absorbs
the spontaneously emitted 1.064 µ photons from the ASE process, and thus, prevents the
depopulation of the upper state stored energy.

Then we check the effect of the Samarium-doped glass flow tube on laser threshold en-
ergy i.e. effect of amplified spontaneous emission. In checking the Samarium flow tube effect
surrounding the laser rod on the laser output energy, a setup of an experiment is prepared in
which there is no flow tube and then the same setup is repeated but now with a flow tube in
the setup. For this setup, a new pump cavity that enables a samarium flow tube to fit was
used. In both set-ups, threshold energy measurements are taken and then are compared, the
results are shown in Fig.(4.1).

Figure 4.1: Experimental plots of a Q-switched Nd:YAG laser for a setup with and without
a Samarium flow tube for different Q-switch transmission values, and step lines fitted to
the plots. Dashed lines and solid lines presenting a setup with and without a Samarium
flow tube, respectively. Q-switch transmission values of 40, 53 and 65 % indicated by green
squares, red circles and purple circles markers, respectively.

Discussion

From Fig.(4.1), it was observed that when Samarium flow tube was inserted, lower threshold
energies were required to initiate lasing. For an example, a Q-switch of 53 % transmission
value without a Samarium flow tube required energy of 4230 mJ, but with a Samarium flow
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tube inserted, a threshold energy of 4100 mJ was required to initiate lasing. Therefore, 3
% less energy was used to initiate lasing. Therefore, the effect of a Samarium flow tube
on amplified spontaneous emission was demonstrated. Furthermore, for the 40 % Q-switch
transmission which could not lase without a Samarium flow tube, when a Samarium flow
tube was inserted, it did lase, hence a green dashed line in Fig.(4.1).

Suggestions on further improving laser performance

Looking at the experimental spatial mode distributions captured by the CCD beam profiler
in Q-switch operation, it was observed that the spatial mode distributions are not uniform.
As discussed in previous sections, it is because of the surface quality of the Q-switch. There-
fore, a laser performance can be further improved by using a Q-switch having a good surface
quality. This means that less threshold energies would be required to initiate lasing.

Also, numerical methods originally discussed by Degnan to optimise a Q-switched laser
can be used in selecting a good combination of Q-switch transmission value and a mirror
reflectivity that can give an optimised laser performance by using energy extraction effi-
ciency strategy [19]. The optimisation is based upon looking at laser output energy then
applying Lagrange multipliers to solve the obtained equation [46]. But it should be noted
that in Degnan’s paper, losses due to excited state absorption of a Q-switch are not taken
into account. Therefore, for Cr4+:YAG, these losses need to be taken into account. It is thus
advantageous to use a modified version of Degnan’s equation. These are given in Liu’s paper
[31].

Ultimately, building a monolithic version of the Q-switched laser (the Q-switch and laser rod
fused together into a single unit) of optimum combination of Q-switch transmission value
and mirror reflectivity would greatly improve the design. This reduces costs and makes the
design to be much simpler to handle since no alignments would be required everytime a laser
needs to be used [47]. This would be ensured by polishing the mirror at the ends of the
Q-switch and laser rod.
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