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Abstract

This Ph.D. thesis is made of two major parts, the investigation of black hole solu-
tions in higher derivative gravity and the generalization of the attractor mechanism
to hot black holes in arbitrary dimensions. The investigation of black hole solutions
in higher derivative gravity was inspired by the possibility that the Schwarzschild
black hole may not be the unique spherically symmetric vacuum solution to gener-
alizations of general relativity. We consider black holes in pure fourth order higher
derivative gravity treated as an effective theory where the Lagrangian is truncated
to terms which are second order powers of the curvature. These higher order terms
are of interest to us because they arise in effective descriptions of gravity and pro-
posed theories of quantum gravity like string theory [I]. The solutions of this theory
are called non-Schwarzschild black hole solutions, and they have been studied be-
fore [1] but we have put earlier results on a firmer footing by finding a systematic
asymptotic expansion for the black holes and matching them with known numerical
solutions obtained by integrating out from the near horizon region. Such solutions
may be of interest in addressing the issue of higher derivative hair or during the
later stages of black hole evaporation. These asymptotic expansions can be cast in
the form of trans-series expansions which we conjecture will be a generic feature of
non-Schwarzschild higher derivative black holes. Although we find a new branch of
solutions, as found in earlier work [I], solutions only seem to exist for black holes
with large curvatures meaning that one should not generically neglect even higher
derivative corrections. This suggests that one effectively recovers the no-hair theo-
rems in this context. We also study these black hole solutions by looking at their
structure, and their properties such as their mass, temperature, and entropy.

In the second part of the thesis, we extend the previous work of [2] on hot black
hole attractors, by considering higher dimensions and the presence of a scalar po-
tential (which is relevant for asymptotically AdS spaces and gauged supergravity).
While, earlier work [2], 8] showed that the product of horizon areas is the geometric
mean of the extremal area — we find that in the presence of a scalar potential this
property no longer holds. When one complexifies the radial coordinate the non-
extremal black hole solutions result in other horizons in addition to the classical
event horizon of a black hole and the Cauchy horizons. In this work, we generalize
the attractor mechanism for extremal black holes by proving that the product of all
black hole horizon areas is independent of variations of the asymptotic moduli [4].
By adding the scalar potential we find that the product of horizon areas is not the
geometric mean of the extremal area, which typically is true in gauged supergravity.
Finally, we sketch the derivation of horizon invariants for stationary backgrounds.
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Chapter 1

Introduction

In this thesis, we investigate two phenomena, higher derivative theories of gravity
and the generalized attractor mechanism in the presence of a scalar potential.

In Einstein gravity, we know that Birkhoff’s theorem [5] [6, [7, 8] implies that the
unique spherically symmetric, asymptotically flat, vacuum solution of general rela-
tivity is the Schwarzschild black hole. Despite apparently having a large entropy, this
black hole is completely characterized by just one parameter, namely its mass. Es-
sentially taking R, = 0; together with spherical symmetry and asymptotic flatness;
gives

2M dr?
ds? = — <1 — r) dt® + (17% +1r2dh? + r? sin? 9d¢2 . (1.1)

T

Recently, it was shown in [I] that in fourth order gravity, the stronger assumption of
a static spherically asymptotically flat solution leads to a weaker restriction that the
Ricci scalar, R, but not the Ricci tensor, R, is zeroﬂ This, in turn, opens up the
exciting possibility that there are so-called non-Schwarzschild black holes that we
investigate. Such solutions are interesting since higher derivative terms generically
arise when one attempts to find a UV description of gravity. We use the variational
principle to derive the equations of motion from the action, and also use the fact
that the Gauss-Bonnet action is topologically invariant in 4 dimensional spacetime
[1]. It turns out that the equations of motion resulting from higher derivative gravity
theories are very complicated to solve analytically because they are a system of four
nonlinear, coupled differential equations with fourth order derivatives(which can be
simplified to two second order derivatives in our case) and consequently we have to
resort to numerical techniques.

For reasons, we will review later, the fourth order equations of motion are numer-
ically unstable (or “stiff”) and one can only integrate them for a while before they

Tt is not hard to see that in general relativity vacuum solutions necessarily have R = R, =0
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diverge. In [I] it was found that by tuning the initial conditions near the horizon
one can successively integrate out further and further approaching asymptotically
flat space. This is convincing evidence for the existence of such black hole solutions

-

The initial conditions are determined by using the shooting method and a polynomial
expansion as in [I], where we start integrating very close to the event horizon. We
also propose an asymptotic expansion of the solutions up to third order, then match
the resulting asymptotic expansion and the numerical solutions. While it was known
that these solutions were characterized by just two near horizon parameters, from
the asymptotic form of the solution, we explicitly see that in addition to the mass,
the solutions are characterized by the size of a massive Yukawa mode associated with
the higher derivative terms. Armed with the asymptotic form of the solution we were
also able to find a new branch of solutions that were previously missed.

We are interested in studying these solutions for two reasons. Firstly, the fact that
Birkhoff’s theorem is weakened once we add higher derivatives suggests the possi-
bility of higher derivative hair which could play a role in understanding black hole
entropy. Although one finds that these solutions are only characterized by one ad-
ditional parameter, it does suggest that even higher order terms in the Lagrangian
could lead to more hair. Secondly, as a Schwarzschild black hole shrinks by Hawk-
ing evaporation, treating gravity as an effective theory, one expects that at some
length scale, higher derivative terms may become important. This means that non-
Schwarzschild black holes may play some role in the late time evolution of black holes.

The laws of black hole thermodynamics|9) [10} [I1] generalize once one adds higher
derivative terms. In particular, the Bekenstein-Hawking entropy, given by

Spu = 34 , (1.2)

where A is the horizon area (in Plank units), is replaced by the Wald entropy which,
for a spherical solution, is given by [12]

0S
5R7"trt

SwWald = —87T/ dfdg vV =9ttGrr 5 (1.3)
Horizon

with § the relevant action. We take the non-Schwarzschild black hole’s entropy to
given by the Wald entropy. It is worth mentioning some features of the thermody-
namics of the non-Schwarzschild black holes. Unlike the Schwarzschild black hole,
the horizon radius decreases as these black holes get colder. At a fixed horizon size,
one has both a Schwarzschild and a non-Schwarzschild solution except for one critical
point where the solutions coincide. Below this critical size, the non-Schwarzschild
black hole is colder than the Schwarzschild solution, while above the critical size it
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is hotter than the Schwarzschild solution. We will call the two sets of solutions the
cold and hot branches respectivelyﬂ.

Like the Schwarzschild black hole, their entropy decreases as one increases the tem-
perature. However, on the cold branch, the black hole’s entropy seems to approach a
finite value as the temperature approaches zero. Bizarrely on the hot branch, as one
increases the temperature, the entropy reaches zero at some point and then becomes
negative as the temperature increases further [I]. We cannot see how this makes
any physical sense. Finally, it is interesting to note that, at a fixed temperature,
both branches have lower entropy than the Schwarzschild solution. Intriguingly, also
at a fixed temperature, the cold branch has lower free energy, while the hot branch
has higher free energy than the corresponding Schwarzschild solution. In addition
to troubling thermodynamics, both branches of the non-Schwarzschild solutions are
highly curved which would not generally be consistent with neglecting even higher
order curvature terms in the action. One could insist on truncating the theory
rather than treating it as an effective theory, but this will come at the cost of in-
troducing ghosts [13]. These nonphysical excitations could be responsible for some
of the strange thermodynamic features of the solutions. This suggests that the only
physically reasonable black hole one can take is the Schwarzschild eliminating the
prospect of higher derivative hair at the first non-trivial order.

On a technical note, the asymptotic expansion we find takes the form of trans-
series. We conjecture that this will be a generic feature and may prove to be a useful
tool for studying the asymptotic solutions of the higher derivative theories in general.

The second component of the thesis starts with a review of the black hole attractor
mechanism followed by new work on hot attractors with the addition of a scalar
potential and in higher dimensions. Although a variety of black holes exhibit the
attractor mechanism, in this second component of the thesis we limit our investiga-
tion of the attractor mechanism to spherically symmetric black holes. Black holes
in N/ = 2 supersymmetric theories including spherically symmetric and extremal
black holes with double-zero horizons are known to exhibit a phenomenon called the
attractor mechanism [I]. In these solutions, several moduli fields are drawn to fixed
values (completely determined by charges carried by the black hole charges) at the
horizon regardless of the values they have at asymptotic infinity. This section aims
to review the attractor mechanism for non-supersymmetric black hole solutions [14].
The investigation of the attractor mechanism for non-supersymmetric black holes
might help in furthering the study of these black holes and their entropy [4].

To obtain the attractor mechanism, the effective potential, V.rr, needs to satisfy

2Only the hot branch was found in [I]
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certain conditions. The function of the moduli fields Vs must have a critical point,
O0iVers(dio) = 0, and the matrix of second derivatives of the effective potential at
the critical point, 0;;Ves¢(¢i0), must have only positive eigenvalues, where the mod-
uli fields ¢;p are the critical values. The entropy of the black hole is proportional
to V(¢i0) and therefore, independent of the asymptotic values of the moduli fields.
At the critical point of the effective potential, it is possible for the scalars to be
constant throughout space-time leading to Reissner-Nordstrom like solutions. We
review a perturbative analysis of black hole attractors around the constant scalar
solution. This analysis gave rise to second order linear differential equations which
are not difficult to solve, and thus the attractor mechanism can be generalized for
any effective potential function as long as the attractor conditions are met.

The equations of the attractor are also solved numerically, with specific forms of
the effective potential, but this analysis goes beyond perturbative analysis. Special
cases were are also explored, where the equations of motion can be solved exactly,
by mapping them to a solvable Toda system. It was found that the attractor phe-
nomenon continues to hold in AdS and in higher dimensions.

Embedded in string theory is the generalized attractor mechanism in N = 2 su-
pergravity and which provides a bridge between extremal and non-extremal black
hole solutions due to the existence of a smooth zero temperature limit see |2, 3]. As
we explained previously the attractor mechanism shows that the horizon area and
thus the entropy is independent of background moduli, and the asymptotic fluctu-
ations due to scalar fields being attenuated by the existence of a AdSy throat near
the horizon which also fixes the background moduli to its attractor values at the
horizon. The attractor mechanism has to happen because as the moduli at infinity
can be varied continuously, the entropy (which is a function of quantized charges)
jumps discretely.

The on-shell values of the scalar fields at the horizon are fixed by black hole charges
by ensuring that the inner throat asymptotic region is decoupled. The attractor
mechanism only depends on extremality and not on supersymmetry [2] [4]. Unlike
extremal black holes, non-extremal black holes can have two or more horizons, the
inner horizon(which is the Cauchy horizon) and outer horizons(which is the event
horizon if there are only two horizons). In the case of only two horizons, in N = 2
supergravity the scalar field values at the horizons depend on background moduli at
infinity. The generalized attractor mechanism involves invariants constructed from
data on multiple horizons and averaging the equations of motion between horizons.
In the simplest cases one finds the geometric mean of the areas of the inner horizon
and the outer horizon is equal to the area of the extremal horizon:

AL A = A?

ext?

(1.4)
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which was initially observed phenomenologically [15], 16, [I7]. Since the right-hand
side is the area of an extremal black hole, then it only depends on quantized charges,
and thus there exists an underlying microscopic explanation of the moduli indepen-
dent of the horizon products [16]. By proving equation , the attractor mechanism
is established and consequently generalizes the extremal attractor mechanism to non-
extremal black holes. The quantities that vanish at the horizon on extremal black
holes due to the attractor mechanism, now vanish when they are integrated between
the inner and outer horizon (r_ — 7). This suggests that the inner horizon, which
is decoupled from infinity, may explicate the entropy for these non-extremal black-
holes [2]. It was shown in [I8] that using the Harrison transformation, then fixing the
scalar fields to their attractor values, non-extremal Reissner-Nordstrom black holes
can be lifted to BTZ black holes in AdSs x S2. If one takes a zero temperature limit,
a mass gap develops and the SL(2,R) symmetry in the moduli background of the
scalar fields near their attractor values becomes the AdS; symmetry in spacetime [4].

A summary of the rest of the thesis is outlined below.

In chapter 2] we derive the equations of motion of higher derivative gravity theories
using the variational principle, these equations of motion are conformally invariant
and contain a Bach tensor term which is trace-less and divergence-less. In chapter
we linearize the equations of motion around a flat background, to understand the
behavior of the black hole at large values of the radial coordinate r. Linearizing
the equations of motion demonstrates the presence of a massive spin-0 and a massive
spin-2 Yukawa modes in addition to an expected massless spin-2 mode corresponding
to the graviton [19]. In chapter {4 we numerically demonstrate the existence of two
families of non-Schwarzschild solutions, which we dub the hot and cold branches,
using MATHEMATICA. In chapter [f] we investigate the thermodynamics of these
black hole families. In chapter [f] we derive a trans-series asymptotic expansion, up to
third order, for the non-Schwarzschild solutions and show that as r increases, these
solutions approach the Schwarzschild black hole. In chapter [7] we discuss numer-
ically matching a near-horizon polynomial expansion with our large r asymptotic
solution. The results of the investigations on chapter are based on our paper
[20). In chapter |8 we review the hot attractor mechanism in non-supersymmetric
black hole solutions in four dimensions by summarizing the paper [14]. In chap-
ter [0] we generalize the hot attractor by extending it to non-extremal black holes
in arbitrary dimensions and with an addition of a scalar potential and the results
obtained are largely based on the paper [4]. As stated before, chapters form the
first component of the thesis on higher derivative black hole solutions, and chap-
ters [BH9] concludes the thesis with the investigation of the generalized hot attractor
mechanism.



Chapter 2

Equations of motion for
Weyl-Einstein gravity

2.1 Weyl-Einstein gravity equations of motion

The convention we use throughout the thesis is 1, = [—, 4+, +, +], and for now we
work in 4-dimensional spacetime, meaning, i and v run from 0, 1,2, 3. We start with
the Einstein-Weyl action [1],

— 1 4 — o nvpo 2
S = 6nGn /d v/ =g(R — aCppeC + BR?),
1
= 372 /d4x\/—g(R — L3aCupe CMP7 + L3 BR?) (2.1)
P

where 16rGy = 1, Lp is the Planck scale, a and § are constants with dimensions
[L?] to be fixed as we proceed. Without loss in generality, we take all constants to

be dimensionless,

1
C,uupa = R,uzxpo + §(g,uaR1/p =+ gupR,ucr - g,upRVU - gl/aR/,Lp)
1

+ g(gupgau - guagpu)Ra (2'2)

is the Weyl tensor in 4 dimensions, and R is the Ricci scalar. As shown in appendix
[A] the variation of the action with respect to the inverse metric gives the following

equations of motion,

1 1
R, — iRgW —4aB,, +26R(R,, — ZRg”V) +28(9wOR—-V,V,R) =0, (2.3)
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where we define 0 = V? as the Laplacian in 4-dimensions, and B,,, is the Bach
tensor given by,

o 1 o
B“l, = <va + §R,0 ) Cypl/o‘

1 o 1 1 1
= _Zg;w(Rp Rpa - gRQ) - EVNVVR + §|:|R/LV
1 2
- ngDR + Ry, R — ERR’W’ (2.4)

which is traceless " B, = 0, and divergence-less V#B,,, = 0 [21] (see appendix.
The first two terms of the equations of motion come from varying the Ricci scalar and
one can see that by setting o and 3 to zero, then we would have the Einstein-Hilbert
action that results in pure Einstein equations of motion in gravity. The second term
of the equation, which is the Bach tensor, can be obtained from varying the Weyl
squared term and the last two terms of the equations of motion come from varying

the Ricci squared term. This theory governs a system with a massive spin-2 mode

2 __ 1
2 7 2a0

[1], which will be shown in chapter [3] These massive modes are associated with

of mass m and a massive spin-0 mode with m% = é, and a massless graviton
the rising and falling Yukawa modes of the form e and le*™2" [I]. Taking
mg, moe > 0, then by taking the “positive” sign, as r increases, the solutions blow
up [19]. We are interested in stable and converging black hole solutions thus we are
going choose initial conditions that will stabilize these black hole solution. The aim
of this research is to study the non-Schwarzschild black hole solutions. In the first
component of the thesis, we follow [I] and focus only on spherically symmetric black
holes which satisfy the condition R = 0 [1I], and in this case, one sees from
that, with out loss of generality, one can set § = 0, leaving us with the equations of
motion,

1
R, — iRgW —4aBy, =0, (2.5)
1 1 1 1
— Ry, — §ng - 2a[—§g#V(RpURpg — gR?) — gvuVVR +0R,.,

—égm,DR + 2R, Rl — %RRW] =0. (2.6
These equations of motion are very complicated to solve analytically, since they are
nonlinear and, as there are double derivatives of the Ricci tensor, we have fourth order
derivatives of the metric. To understand the behavior of this theory we linearize
the equations of motion on a Schwarzschild-like spherical symmetric background
to understand its asymptotic behavior and hope to be able to obtain analytical
solutions. The linearization of gravity equations is very important to understand the
physics of spacetime close to a known background. For example, another important
application is the study of gravitational waves (ripples in spacetime) which were
detected experimentally by the LIGO experiment [21].



Chapter 3
Linearized Weyl-Einstein gravity

In this chapter, we investigate the physics of the system governed by the equation
of motion we obtained after varying the action. To do that we expand the metric
around the Minkowski background up to order 2 (O(2)) in the metric, then only keep
linear terms, using perturbation theory [22].

G = Nuw + Iy, (3.1)

where |hy,| << 1.

W =0 hay, B =00 Phag. (3.2)

Focusing only on spherically symmetric solutions, ggg, gse, and the off diagonal
components remain fixed and we only need to consider perturbations of g4 , and g,
depending on r, define,

git = —1 + W(T), (33)
grr =1+ V(T)a

we have defined hyy = W(r), and h,, = V(7). In order to rewrite the equations of
motion in linear form, we need to express the Ricci tensor and the Ricci scalar in
linear form. To do that we start with calculating the linearized Christoffel connec-
tion, the linearized Ricci tensor, and the linearized Ricci scalar by substituting
to their original definitions [22].
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Recall that the Christoffel connection, Ricci tensor, and Ricci scalar, are given by,

1
F;),\LV = §g>\p(au91/p + OvGpp — 8pg,uz/)7 (3.6)
Ry = VI8, =V, I%, —T0.T%, +T0,T%,, (3.7)
R = g'uVR;wa (3.8)

where V, is the covariant derivative in general relativity defined as, V,V? =
0aVP + Fg/\V)‘ for any spacetime vector [23].

To linearize (3.6)), , and (3.8), we use (3.1) and simplify keeping only terms

of first order in hy,,. Therefore, the linearized Christoffel connection is given by,

1
Pl);l’ - 59)\'0(8#9”/) + Ovgpp — OpGu)

1
- 5(3“@ + Oyhpy — hyw). (3.9)

To first order in the metric, the third and the fourth terms of the Ricci tensor ([3.7))
go to zero since they contain second order terms, thus the linearized Ricci tensor

becomes,
R, = (%I‘ij — &,an
1 1
= 8a(§(—8ah,w + 8,,hfj +0,hy))) — 8,,(5(—8°‘h,m + (9ahfj +0,hy))

_ %(_aaaahw + Oa0uhS + 8,0%h e — 8,,h). (3.10)

In this chapter, we can denote the flat-space Laplacian as,
0 = 0,0%, (3.11)

so that the linear Ricci tensor becomes,

Ry = %(_Dhuu + 0aOuhy + 0“0y hya — 9,0,h), (3.12)

and using the results of the linearized Ricci tensor (3.12)), the linearized Ricci scalar
is given by,
R=¢"R,, =n""R., + MR,
1
= (=0~ + 0,0,h™" —Oh + 0%0"hya)

2
= 0a0,h™ — Oh. (3.13)
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To obtain the solution A, we separate the calculation into two cases. The first case
we consider a (7),non-Ricci flat space(R # 0), and set a = 0 while keeping 5 # 0. To
solve this case we first take the trace of the equations of motion in order to further
simplify these equations, and then for the second case (ii), we consider Ricci-flat
space(R = 0) [I] and set 5 =0 ,a # 0. We will not consider the o # 8 # 0 because
we would have to resort to numerical solutions since the resulting equations are also
complicated, and we won’t be able to understand the analytical behaviour of the
solutions.

Case 1: a=0, R#0, 8 #0.
In this case,the equations of motion become,

Ry, — %Rg,w +28R(Ru — iRg,w) +28(9,0OR - V,V,R) =0, (3.14)
now taking the trace of , we get the following,

1 1
9" Ry = 5 RG"™ gy + 269" R(Ryuw — { Rguw) + 25 (9" 9 V*R — 9"V, V,R) = 0,
— R—2R+2BR(R - R) +2B(40R — OR) =0,
— (680 —1)R =0. (3.15)

Substituting (3.13) to (3.14), we get,

(680 — 1)(8*8” hy, — Oh) = 0, (3.16)
— (;Z + i; — mg)(0"9" by, — Oh) = 0, (3.17)
— (0"0"hy, —Oh) = R=C, e_:w + 2?50 en:)r, (3.18)
where we have defined,
mé = 651% = 61ﬁ, (3.19)

and C'1, Cy are dimensionless integration constants. Now going back to the equations
of motion to solve for h,, and only keep the first order terms of the metric.
Before we solve for , we first simplify it term by term, and use the results we
obtained for the Ricci scalar(COR = %R = m3R). The first term of 1) is R,
which we have linearized, see . The second term of 1) is —5Rgu, and
substituting it can be written as ,

1 1 1 1
*§Rguv = *iR(an + hul/) = *§R77W - QRth (3.20)

10
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note that —%Rhuy = —%(8“8”@“, — Oh)hy, — 0 because it contains second order
powers of h, and as stated at the begining of this chapter, we are only interested in
linear order solutions of h (|h,.| << 1). Therefore, (3.20)) becomes,

1 1
_iRg/'“/ = —iRnuu, (321)

Similarly the third term of | , 2B8R(Ry — %Rg,w) — 0, because we can see that
substituting (3.1]), (3.12f), and (3.13)) into :

1 1
R<Rp,v - Zng/) = RR;LV - ZRzgum (3'22)

will lead to only second and third orders in h. Finally, the term (¢, 0R—-V,V,R) —
(nwOR — 0,0, R), using the same arguments as above. Therefore, simplifying the
equations of motion (3.14]) using the results we just obtained, we get

1
R, — §Rnw +28(nwHR — 0,0,R) =0,

1 1
— R'u,y - §Rnl“/ + 2,8(77/“/@R - 8N8VR) — O,
1 1
— Ruy = ERTIMV + WaHaVR (323)

Now to fully solve equation (3.23)), we look at its components explicitly. Starting
with the ¢¢ component leads to

1
Rip= ¢, (3.24)
and substituting (3.12)-(3.13)) into (3.24) gives
02 20 1 e~ mor Cy e™mor
—hu+—=hy =< |C . 3.25
or? tt+r8r LAY +2m0 r ( )

Solving ([3.24)), we get the solution

Cy e~ mor Cy emor Cs
_ L0, 3.26
3mg + 6mg r r +la (3.26)

htt =

where similarly C1, Cy, Cs, Cy, are dimensionless integration constants. We note that,
four integration constants are expected given that we are looking at a 4-derivative
theory. We can set C4 = 0 since it just corresponds to a re-scaling to the time
coordinate. By examining the solutions at large r, we can identify that C5 = 2M,

2M Cp e ™mor Cy emor
htt = T + ! 2

3.27
3mg r Gmg r ( )

11
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since we do not want the solution to explode as r goes to infinity, we set Cy = 0, to

get,

2O e

+ (3.28)

gtt 3m(2) T

C4 can be chosen by using the boundary condition g (r = rg) = 0 at the horizon or
gtt('l" - Tlarge) = —1 at large r.

Now we look at the 7 component of the linear equations of motion ((3.23)),

1 1
R,, = -R+ —=0,0.R, 3.29
6 * 3mg ( )

substituting the rr component of the Ricci tensor:

1
Rey = 5 @iy = 0,0, (htt + b)), (3.30)
into equation (3.29)) and simplifying, we get
L (Oher = 0,0, (hit + b)) = R+ —— 0,0, R
2 T rUr{Ittt rr —6 3m3rr7
0 0 1 1

= —hy=—h —rR+ —=rd,.0-R. 3.31
or or tt+3r +3mgr ( )

Finally integrating both sides of (3.31]) with respect to r,

1 /7 1 "
h?‘r = htt + 3/ SR(S)dS + 32/ s@sﬁsR(s)ds,

my

1 C

=hu + 5 <—16_mor>
3 mo

1

(=Csmpe”"™") + (—5 — 1)R. (3.32)

+ -
3mg 3m(2)

In the calculation above we have used integration by parts on the last term and
substituted in the explicit form of R. Cjs is a dimensionless constant so it can be
absorbed into C and the result becomes,

oM [ 2 —rmor
By = o (T + 1) o g a— (3.33)
r 3my T

The rr component of the metric is then given by,

Grr = 1+ hrr
2M 2r e~ mor
9rr = 1+ T - <3m0 + 1> Cl r (3'34)

12
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we can solve for C; by using the boundary condition g,.(r = r9) = 0 at the hori-
zon Or Grp(r = Tigrge) = 1 at large r. This solution definitely approximates the
Schwarzschild metric at infinity. Note that the constants of integration obtained Cy
from the solutions of g and g, are related by a scaling factor. Thus C] is a free
parameter for both solutions.

Case 2: a#0, 8=0.

In this case, taking the trace of the equations of motion, we see that R = 0. This
theory gives a massive spin-2 mode as expected (see[I]). Using the condition R = 0,
to simplify the equations of motion ({2.3),

1
RMV — 2a(§gupra—Rpg' -+ DRMV + QRMPRIe) =0
1
= (0 -m3)Ru — 59 B Ry + 2Ry, R = 0, (3.35)

1
2a0°

where we have defined, m3 =
Linearizing equation ([3.35)), we obtain the following,

(O—m3)R,, =0,

e

—mar eTTLQT’
+ s ) Sy (3.36)

T T

o= (c

from the ¢t component of equation (3.36]) and using equation (3.12]) we get,

—mar

e
Rtt = Cl + 02 )
r r

e—mar emar
— UOhy = -2 <Cl . + Cy > R

9 —mar mor C
= hy=—— (Cle + 05 >—3+C’4,
ms r r r
2M 2 —mar
— = — =y (3.37)
r ms r
In this case set, Cy =1, Co =0, and C3 = 2M and get,
2M 2 e~ mar
gr=1-——-—70 (3.38)
T ms

13
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Now the rr component leads to,

(O m%)R#V =0,
— (D — m%)(QOPGMhp,, — 8Mayh - Dhul/) = Oa

—mar maorTr
e "2 e'?

= 20~ — arar(htt + hv“r) —0Ohyr = C4 r + Cs

2mar’

2 e—mgr emgr

= “01hyr = 2hy + C1 +Cy ,

r r 2mor

B = Oyt O3 (1+mor)Cre ™" N (=1 4 mor)Cy e™2"

" r m3 r 2m3 r’

2M 1 C e Mme2r
— hrr = — — ( i m;T) 1€ . (339)

r ms r

In this calculation we set C4y = 1, Cy = 0, and C'3 = 2M and thus the rr component
of the metric becomes,
2M (14 meor)Cy e ™"

97“7“:1—’_7_ 2
T ms r

(3.40)

In this chapter, we have analysed the linearized equation of motion in fourth order
gravity, finding two Yukawa modes: with mass m% = 6%, and m3 = 2% These
BLY aly

modes correspond to spin-0 and spin-2 excitations respectively [I], 22].

14



Chapter 4

Higher derivative black hole
numerical solutions

In this chapter we are going to solve the equations of motion (2.3]) numerically using
MATHEMATICA. We start by rewriting the action (2.1)) in the alternate form [20],

_ 1
SWL%

L3
/d4x =5 (R+L2p (5]%2 B aCO‘B”VCaﬂ#V> + O <L§> +> ,
C
(4.1)
with the following equations of motion.

By =0 = Ru —guR—4aL} (Vo9 + 1R Cpans
+28L% (R (Ruw + 29w R) + (9w V*Va — V. V)R) |, (4.2)

where a and S are dimensionless constantdl| Lp is the Planck scale and L¢ is some

length scale associated with the curvature scale of our solution_at the horizon — for

a Schwarzschild black hole Lo ~ M~!. Up to O (%) From 1’ we can get back
C

to (2.1) by scaling,

1
SWL%
B
SW%@

[0
. 4.3
5 @ (4.3)

— 1,

This is done in order to simplify some calculations and plots, as we will see later in
the chapter. In [22] and chapter [3] it was shown that when one studies linear fluc-
tuations of (2.3)) and (4.2 about flat space, in addition to the usual massless spin-2

!One can add a Gauss-Bonnet term which, in four dimensions, does not affect the equations of
motion, but can shift the Wald entropy.

15
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graviton mode, there is are massive spin-0 (with m3 = 1/(63L%) or m3 = 1/(63)
and spin-2 (with m3 = 1/(2aL%) or m3 = 1/(2a)) modes depending on the units
of our theory. The massive modes will introduce Yukawa like behavior, e /r, in
the asymptotic form of the metric. This means that to obtain asymptotically flat
solutions, one needs to finely tune conditions in the bulk of spacetime to avoid the
growing Yukawa mode. Furthermore, the growing mode makes the numerical in-
tegration of the equations tricky since rounding errors can inadvertently excite the
growing mode leading to so-called stiff equations which easily blow up. Such Yukawa
modes could also have implications for the stability of such solutions against per-
turbations which we do not consider at this stage. Also, notice that one needs to
take o and ( positive to avoid tachyon-like modes. In [I] it was shown that any
asymptotically flat black hole solution to (2.3) and must have R = 0 but not
necessarily R, = 0. As is well known [3, 6, [7, 8], spherical symmetry and R,, =0
implies that the only black hole solution is the Schwarzschild one. With the weaker
requirement that R = 0, there is the possibility of other solutions. Given the com-
plexity of and , it is challenging finding analytic solutions, but one can
resort to numerical and perturbative expansions. The matching of a near horizon
expansion with numerical integration was studied in [I] — we have further studied an

expansion about flat space which complements this earlier work.

Following on from the discussion in the previous paragraph, we will only be in-
terested in solutions with R = 0 from now on. This means that the value of g will
not affect the equation of motion so we will ignore it. Furthermore, once we neglect
the terms involving 3, it is not hard to see that the trace of the equations of motion

(2.3) and (4.2) leads to R = 0.

We now consider the near horizon form of the metric which give the boundary condi-
tions for numerical integration of the equations of motion. Given that we can neglect
the terms involving 3, the only length scale in 1} is Lo = v2alL . It is convenient

to scale out this dependence by defining a dimensionless radial coordinate

”
p=mar =7 (4.4)
«

To solve the equations of motion we assume the following ansatz
dr?

f(r)

2
= —h(p)dt* + Li;l(p) + L2 (d6? + sin® 0d¢?) , (4.5)
p

2We put in a factor of v/2 into the definition of L, for later convenience.

d’s = —h(r)dt® + —— + r?(d6* + sin® 0d¢?)

16
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using (4.5) In matrix form the metric given by,

—h(p) 0 0 0
L2
ﬁ 0 0
Guv = g 2 9
0 0 Lp 0
0 0 0 L2p%sin?0

By using (4.2)) with this ansatz (4.5]), the trace of the equations of motion, g"VE,,, = 0
gives

AR2(f = 1) +4ph (hf) + o (h (/1 +2fH") = f12) =0, (4.6)
where, /, denotes derivatives with respect to p, and the (pp) equation of motion,
E,, =0, gives

0 p—

16h* (1 — f2) + 32pf2h3h' + 4p*h* (2fh (2h (f" + 3) — f'W') — h* (f? +12) — f* (8hR" + R™?))
+4,03 (h3f/2h/ 4 4fh (hf,h/Q _ h2 ((f// _ 3) h 4 f/h//)) _ f2 (4h///h2 4 5h/3 _ 12hh/h”))
ot (thh’ <2h (f"B + 2f'h") — 3f’h’2) — B2f2R2 4 2 (7h/4 _12hK2R! 1 4R2 (2h’”h’ _ h//z))) .
(4.7)
Equations and are intractable to solve analytically thus we focus on nu-
merical solutions. We start with the assumption that there exists a black hole with
the horizon radius r = rg or p = pg, where the functions h, and f vanish. Then we
take the Taylor expansion of the functions h, and f such that near the horizon, and
get

ho = c[(p=po) +halp—po)* + ha(p—po)* +---] (4.8)
I = fl(P—po)+f2(p—p0)2+f3(p_p0)3+... .

Note that the constant ¢ can be shifted by a trivial rescaling of ¢ and consequently
does not enter into the equations of motion (although ¢ does need to be tuned if
one demands that h asymptote to 1 at the end). One can show that py = 1/f;
corresponds to the Schwarzschild solution so that the parameter,

5:f1P0_17

Systematically solving (4.8) and (4.9) for f; and h; at each order in (p — po)?, one
finds that there are two free parameters which can be taken to be § and pg. For
instance at second order one finds

1+ (3 30p)8 + 207 1+ (3+ 1p3)0 + 262

hy = — . 4.10
(1+62)pk ’ 2 (4.10)

f2= 1+ )73

3 As mentioned in the beginning of this section, the trace of the equations of motion, reduces to
R =0 in this case.
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¢ is a deflection parameter from the Schwarzschild solution, since we used pertur-
bation expansions in order to obtain non-Schwarzschild black hole solutions. After
obtaining these coefficients, we then use these near horizon solutions as initial condi-
tions in order to integrate the equations of motion for values of r > rg or p > pg using
the shooting method as stated in [1]. The non-trivial solutions(the non-Schwarzschild
black holes) can be obtained by setting the two parameters rg, f1 to correct values.
ro or pg is the event horizon of the black hole [I]. All the coefficients h;, f;’s depend
on these two parameters ro or pg, fi. In order to find the values of rg and d we fix
the value of r¢ and check for the corresponding value of ¢ that gives no singularity on
the solutions as we perform numerical integration. The numerical procedure to find
¢ was performed up to nine significant digits. If we chose the wrong value of § the
solutions rapidly become singular but the special value of § = 6* that does not give
any singularity of the solutions we see that the graphs of f(r), and h(r) approach

the value 1 if we integrate out to larger values of r. This behavior is expected since
etmar

we already observed it on the linear gravity case where the rising and falling “—;
Yukawa terms. We are only interested in the falling Yukawa terms which they be-
come stable and converge to 1 where the singularity is not observed. Without loss
of generality we set o = % After finding the §*’s, we obtain two (6 > 0 and § < 0)
families of non-Schwarzschild black hole solutions, which represents the “hot branch”
and the “cold branch” respectively. We also observe that there is a minimum horizon

radius [I] for the “the hot branch” of which turns out to be the maximum horizon

min pmaz
- 05>0 0s<0”
ro > 1g,., to larger r in the “the hot branch” and integrate towards ro < rg"** “the

cold branch”, there is a special 6 = §* > 0 for the the “the hot branch” of black
hole solutions and another special § = 6* < 0 for “the cold branch” of black hole
solutions.

radius for the “the cold branch” which is rqg = 7 As we integrate from

&

Figure 4.1: A plot of the parameter § as a function of rg . The red and blue lines
correspond to the hot and cold branches respectively.
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Figurerepresents the function of §(rg) for two families of non-Schwarzschild black
hole solutions, 6 > 0 which is the “hot” branch (the blue curve), and § < 0 which
is the “cold” branch (the red curve). Each dot in both curves when § # 0 is the
black hole solution obtained in our numerical computation. We also observe that
in the “cold” branch, § increases from § ~ —0.8 (where 19 ~ 0) to 6 = 0 (where
ro = rg,% ~ 0.876). Then in the “hot” branch, § increases from § = 0 (where
ro = 1oy ~ 0.876) to § ~ 0.9 [I]. The value ro ~ 0.876, is special, since it
is the horizon radius for the Schwarzschild black hole, and the non-Schwarzschild
black holes for both families, it is the point where these three black hole solutions
coincide. We also observe that for the “hot” branch, if you try to find a black

hole, with ry < 0.876, you obtain a § value that is very small and the solution is a
Schwarzschild black hole, similarly for the “cold” if one tries to find a black hole at

ro > 0.876, one also obtains a very small value of delta, which corresponds to the
Schwarzschild black hole.
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0.5

0.0

Figure 4.2: Numerical plot of f(p) (with p defined in po = 0.9) showing
the procedure for tuning § and extending how far one can integrate before
the solution diverges. The dotted plots correspond to 0.06584 < § < 0.6616.
The dashed plots show the next step with 0.066032 < ¢ < 0.66096 and the
solid plots show a further step with 0.0660704 < § < 0.0660832.
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Figure 4.3: Numerical plot of f(r), and h(r) (with 7o = 1), we get § =
0.3633022446966598, and the mass of the black hole is M = 0.281794 for
the first family /hot branch of black holes.
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In practice, we scan over a range of guesses for 9, successively tuning it so that the
integration can extend further and further —this process is shown in Figure and
It was claimed in [I], that they were able to extend the numerical integration
as far as p = 60. While this is good evidence for the existence of non-Schwarzschild
solutions, there is no guarantee that one will eventually hit some sort of barrier. We
found that one does not have to integrate too far before the asymptotic expansion,
which also involves only three parameters, M, (A or mg) and (ho or ¢), matches
very well with numerical integrationﬂ This gives even stronger evidence for the non-
Schwarzschild solutions.

We only plotted the first family (“the hot branch”) of solutions since the curves
for h(r), and f(r), look the same, for the second family("the cold branch") also.
The simulations were run up to r = 30, unlike on [I] where they ran them up to
r = 60, we ran them up to r = 30 because the computer we were using is not as
powerful, but still we got reasonable results, because our value for § is accurate up
to the 17th decimal, whereas at [I], is up to the 20th. The fact that we only did the
numerical integration up to the 17th decimal place does not compromise the accu-
racy of the value of mass of the black hole since we take its accuracy up to the 5th
decimal place, and since the mass value’s accuracy is not compromised then we can
be sure that the values of the thermodynamic properties of the black hole will be ac-
curate enough for our investigation. By doing these calculations we do observe that
definitely there exist a black hole with the special value of § such that the numerical
integrations become smoother as we integrate at larger values of . From Figure
we can see that the curve of f converges to 1 while the function h converges to 0.6
not one since we scaled the function h, with the scaling factor ¢ = 1, but we can
scale the function by choosing the constant value ¢ such that h(r) also converges to 1.

By using these solutions on the table on the appendix [C] and appendix [F] we can
see that the entropy of these black holes goes to zero and end up being negative and
therefore, the black holes become colder and colder as the area of the even horizon in-
creases. We plot the values of the black hole’s event horizons and their corresponding
black hole mass [I].

4We used a non-linear fit to match the numerical results with the asymptotic expansion.
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Figure 4.4: The non-Schwarzschild black hole mass against pg. The blue curve is for
the first family of solutions (6 > 0), and the red curve is for the second family of
solutions(d < 0)

Now, looking at Figure[4.4] which is a plot of mass as a function of pg, we start to see
some more peculiar features of these non-Schwarzschild solutions. The dashed line
corresponds is the Schwarzschild black hole with the hot and cold non-Schwarzschild
branches represented by solid red and blue lines respectively. In contrast to the
Schwarzschild solution, the mass of the non-Schwarzschild solutions increases as pg
decreases. On the cold branch, the mass seems to saturate at around 0.62L, as
the temperature approaches zero. On the hot branch, the mass actually becomes
negative at some point, continuing to become smaller as py increases without any
apparent lower bound. For Schwarzschild black holes, a negative mass is associated
with a naked singularity, but the negative mass non-Schwarzschild do not seem to
violate cosmic censorship [24]. In this plot, we used the fact that the mass of the
Schwarzschild black hole can be determined by % = % po- To obtain the mass of the
non-Schwarzschild black hole we took %gtt, as p — oo. This is how you determine
the mass of an asymptotic black hole. The “hot branch” solutions are valid at the

values of p}ﬁi"o ~ 0.876 < pg < 1.145, where M > 0, we also observe that M =0, at

max
Os<o

the mass of those black hole solutions do not become negative. This graph shows

po = 1.145, for the “cold” branch, the solutions are valid at values of pg < p, and

that if one takes values of § < 0 — d > 0, one obtains one curve starting from the
maximum number of mass at pg ~ 0 to zero at pg = 1.149.
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Chapter 5

Higher derivative black hole
thermodynamics

In this chapter, we are going to study the thermodynamics of the non-Schwarzschild
black hole solutions, such their mass, entropy, the temperature and also show that
these black hole solutions follow the first law of thermodynamics. For calculating
the black hole Entropy we are going to use the results of Wald formalism [12| 25, 20].
It can be shown from the appendix [D] that the entropy and temperature of the
non-Schwarzschild black holes in the case of = 0 are given by [12] 25]

S = mrd — 4rad* = Sy — (270*) L2 | (5.1)

where as usual the Bekenstein-Hawking entropy, Spp, is one quarter the horizon
area. It will turn out, for a given mass, the Schwarzschild and non-Schwarzschild
black holes have a different horizon area Figure [£.4] The temperature as seen in the

appendix [D] is given by,

T= % h'(ro) f'(ro) = i@: i o1 +9)

To

L Vehr (5.2)

- 2w L,

where ¢ is the scaling factor from the near horizon expansion function h(r). From
the equation of the entropy we must recall that one is free to add any constant which
is a multiple of the Gauss-Bonnet action. The Gauss-Bonnet term as we stated is
invariant to the action and therefore, does not affect the equations of motion[I]. This
form of the entropy expression was chosen such that the mass of the Schwarzschild
black hole vanishes if the entropy vanishes [I]. Now we look at the relationship
between the mass of the non-Schwarzschild black hole and it’s corresponding entropy.
We used a nonlinear fit using the data on the appendix [C|to show that the mass and
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temperature against entropy takes the form,

M (S) ~ —0.000145% — 0.00755% + 0.13S + 0.17, (5.3)
T(S) ~ —0.000435% — 0.015S + 0.13.

These results were obtained by plotting the data on the appendix [C] for the mass
against entropy and the temperature against entropy, then we fitted a cubic poly-
nomial for the Mass against entropy and a quadratic for the temperature against
entropy. The resulting polynomials are shown in equation , and .These
results for the first family of black hole solutions shows that these solutions indeed
obey the first law of Thermodynamics since T'(S) ~ %M (s) [I]. For the second
family of black hole solutions, we could not obtain a polynomial fit that obeys the
first law of Thermodynamics, and that was reserved for future investigations. This
shows that even though we integrated the equations of motion to r = 30, we still
obtained the correct mass values which in turn resulted in correct values for the
entropy and temperature of the non-Schwarzschild black holes.

0.00

ool

Figure 5.1: The non-Schwarzschild black hole Mass against Temperature, and
Schwarzschild Mass against Hawking Temperature. The blue curve is for the first
family of solutions and the red curve is for the second family of solutions.

Figure shows us that the mass of the Schwarzschild black hole asymptotically
goes to zero as the temperature is increased, meaning that it evaporates, while the
mass of the non-Schwarzschild black holes eventually becomes negative as the tem-
perature increases for the first family of solution (blue curve). The maximum value
of the mass that was observed can be determined from the minimum value of horizon
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radius rg, using the plot we observed that the maximum value the non-Schwarzschild
black hole (hot branch) can have is Mynqp = 375" ~ 0.435 [I]. For the second family
of solutions (red curve), the mass starts from maximum, then decrease to their min-
imum mass, of which we observe that is M:;Z%l = ML ~ 0.435 as the temperature
is increased. These results are interesting but not shocking, since we observed the
same behavior when we plotted § against ry, and the mass M against rg. This shows
that for § < 0 one obtains larger mass black holes, with lower temperatures and for
6 > 0, we obtain smaller mass values, with higher temperatures. And the critical
min max

mass is M7y = MU ~ 0.435, at this point the mass of the non-Schwarzschild
black holes coincide with the Schwarzschild black hole.

Figure 5.2: The non-Schwarzschild black hole entropy against mass. The blue curve
first family of black hole solutions and the red curve is the second family of black
hole solutions, the dashed curve is the Schwarzschild black hole.

For the Schwarzschild black hole, the mass and Hawking temperature and entropy,
are related by,

S
M=/, (5.5)
1 1
T=-
4+/7S

where S is the entropy of the black hole, M is the mass, and T is the temperature.

(5.6)

Figure [5.2 shows us that, as the mass of the first family of black holes increases, it’s
entropy also increases, but it is less than the entropy of the Schwarzschild black hole.
While the entropy of the second family of solutions is higher than the entropy of the
Schwarzschild black hole. The entropy of the first family converges to the entropy
of the Schwarzschild entropy [I] while the second family solutions entropy diverges
away. We also observe a similar behavior as before, that the maximum mass of the
first family of solutions is the same as the minimum mass of the second family of
solutions.
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Figure 5.3: Plot of temperature, T', (in units of 1/L,) against horizon radius, pg, for
the Schwarzschild and non-Schwarzschild black holes. The dashed line denotes the
Schwarzschild solutions whereas the red and blue solid lines denote the hot and cold
non-Schwarzschild branches respectively.

We also consider Figure which is a plot of temperature as a function of pg (recall
that pp corresponds to the length scale of the horizon in units of L,). The solid
line denotes the non-Schwarzschild solution while the dashed line corresponds to the
Schwarzschild one. As mentioned in the introduction, above a certain critical point
po ~ 0.876 (already found in [I] the non-Schwarzschild solution is hotter than the
Schwarzschild one whereas below it the non-Schwarzschild one is colder. We call
these two branches the hot (red line) and cold branches (blue line) respectively. No-
tice that, unlike the Schwarzschild case, the temperature of the non-Schwarzschild
decreases as pg decreases. Extrapolating the cold branch to smaller pg, it would ap-
pear as if one approaches a zero temperature solution — unfortunately, the numerical
ingratiation becomes increasingly unstable and we were not able to investigate this
limit.
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Figure 5.4: Plot of Wald entropy, S, (in units of L?) against temperature,

TL,
020 ¢

T, (in units of 1/L,), for the Schwarzschild and non-Schwarzschild black

holes. The dashed line denotes the Schwarzschild solutions whereas the red
and blue solid lines denote the hot and cold non-Schwarzschild branches
respectively.
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Figure 5.5: Plot of free energy, FF = M — T'S, against temperature, T, (in

units L, = 1), for the Schwarzschild and non-Schwarzschild black holes. The
dashed line denotes the Schwarzschild solutions whereas the red and blue

solid lines denote the hot and cold non-Schwarzschild branches respectively.
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While negative mass solutions may be a bit troubling, Figure which is a plot of
entropy as a function of temperature, shows a severe pathology of the hot branch.
Like the Schwarzschild solution, the entropy of the non-Schwarzschild solutions de-
creases as the temperature increases but there are important differences. The entropy
of the Schwarzschild black hole decreases as they become small and hot, with the en-
tropy approaching 0 as the temperature approaches infinity and the size approaches
zero. On the other hand, the entropy of the hot branch of the Schwarzschild solu-
tion continues to decrease below zero as the temperature and size of the black hole
increase. A negative entropy, which one would ultimately like to identify with the
logarithm of the number of microstates, does not make any sense. Bizarre features
aside, we note that on the cold branch, the entropy seems to approach a finite value
as we approach zero temperature and furthermore the non-Schwarzschild solutions
always seem to have lower entropy than the Schwarzschild ones.

Finally, in Figure[5.5] we plot the free energy, F' = M —T'S, of our solutions. Notably,
the free energy of the cold branch is lower than the corresponding Schwarzschild black
hole with the same temperature were as the hot branch has higher free energy than its
Schwarzschild counterpart. Like the Schwarzschild black hole, the free energy of the
cold branch increases as one decreases the temperature. Unlike the Schwarzschild
solution, it appears to tend to a finite value as one approaches zero temperature.
Unlike the Schwarzschild black hole, whose free energy decreases monotonically, the
hot branch’s free energy initial decreases but then starts increasing, with increasing
temperature.
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Chapter 6
Asymptotic Expansion

In this chapter we consider the asymptotic expansion of non-Schwarzschild black

holes. This work was also shown in [20)].

6.1 Derivation of the asymptotic expansion

To derive the asymptotic expansion we consider the following metric in 4 dimensions,
ds®* = —B(r)dt* + A(r)dr? + r2dQ2. (6.1)

We consider perturbative expansions of these functions up to second order so that
we can use the numerical solutions and try to match their analytical functions with
the numerical solutions we obtained in the previous sections. There are only two
parameters in these expansions, the mass M of the black hole, and the parameter 9.
These analytical perturbative solutions will also be determined by two parameters,
and if we can set those two parameters from the analytical solutions equal to the
parameters obtained from numerical solutions(d and M) then we can can show that
there is no need to do long numerical integrations if one can obtained perturbative
expansions of these black holes. We will be using MATHEMATICA in order to de-

termine such expansions since they are very complex expressions.

It turns out that the asymptotic expansion can be expanded to any order, we will
start with the first order expansion, then do the second order expansion, we then
try to match the parameters obtained in those solutions to the parameters of the
numerical solutions that were done previously and check if those two solutions agree.
In the case where we used the numerical methods to solve the differential equations,

we use the following ansatz [20],

1

2 _ r 2
ds? = —h(r)dt® + G

dr® 4 r2dQ2. (6.2)
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It turns out that for the asymptotic expansion to be computationally simple we have

to use the following ansatz,
ds* = —B(p)dt* + L2 A(p)dp® + L2 p* (d6* + sin® 0d¢?) | (6.3)

where we have defined a change in coordinate, p = maor. We can see that we can use
two metric ansatz, one that is scaled with the Planck length L., and another that
is not scaled. As we did in chapter [} we will derive results for one ansatz and show

results for the other. We consider an expansion around a flat background,

B(p) = 1+ ehqy(p) + €heay(p) + -+, (6.4)
A(p) =1+ €Ay (p) + €Ay (p) + -,

with the two linear combination of the equations of motion, that we obtained in
chapter

9", =6B0R — R =0, (6.6)

where I, is equations of motion (2.3), and p,v,€ {0,1,2,3}. Recall that in this
section we still work with 3 =0— R =0.

6.1.1 First order expansion

The first order expansion we work on is given by,

[\

A(p) =1+ eAny(p) + O (¢7),
B(p) =1+ ehy(p) + O (€%).

The equations of motion in matrix form can be written as,

Ex 0O 0 0
0 Ep, 0 0
0 0 Egpg O
0 0 0 Eg

B, = = 0.

To simplify the equations, we substitute (6.7)), into into the equations of motion E,,,
and we find that,
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o (200 240(p) Al (p) L An®) A’u)( AP0
" 3pt 3p? 3p? p? p 3p
4h(1)(3)(p) 1 4 2
b (HAwk) Al(P)  Ap)(p) . 2Ny (p) 2Ry (p) . () hwy® (p) 10
o 3p? 3p? p? 3p° 3p? p 3p ’
2A(1)(p) 1, A/(1)(p) 1 3) 9
Ego = <— 3,7 oF 1) (p) 30 BPA(I) (P)+ 5P hiy ()
1 1 hiy(p) 1 1
—~ (60211(1)(4)(/)) + 50l (p) - % + 5h(y () = 5ohyP(p) | e+ 0 (€),
P
2A(1)(p) 1 A/(1)(p) 1
Eyp= | — — ZpA! — ZpA® 2p in?(0
b ( 3,7 5PAW (p) + 3 cPAW T (p) + P (1y(p) | sin"(0)e
1 1 hiy(p) 1 1 ,
(—6/)2}1(1)(4)(p)+2ph’(1)( ) — (3) + 3hiy (0) = 50h) P (p) | sin*(0)e + O (¢2),
(6.9)
we set 0 = § — sin(f) = 1, then take the linear combination,
2 2
My mop 1 oL
Ay TR gy e =
2 2
ms m5 1
— 2 F 42 2Fp+ ——Ey =0, 6.10
Ap) e Pt gy B (610
substitute B, and A, to lm) and up to O (62) in €, we get,
— 2p Al (p) = 241y (p) + p* B3y (p) + 2phiyy(p) = 0,
20° A1) (p) + 207 Al (p) — 4p Al (p) + 4A (1) (0)
—3p" 1y (p) + 20" 11y (p) — 60° iy () + 80°h1y P (p) = 0. (6.11)

To decouple these equations of motion (6.11)), we perform the following substitution,

1 /
Y(l)(/)) = ; (PA(l)) )

Zi(e) = (1)) - (6.12)
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solving for Ay, and h(yy, with their derivatives from the substitution (6.12), we get,

pYy(p) — Aqy(p)

A/(l) (p) = P )
) —PAW (P) + A (p) + 9V, ()
(1) (p) = p2 ’
@y A )+ 2040 (0) — 240)(0) + Y ()
@ (p) = S ’
" oo Z1y(p) — 2phiy; (p)
SN p? ’
—2h{y)(p) — 4phiy)(p) + Z(1,(p)
h(l)(3) (p) = (1) p2(1) m\’ :
—6h"\(p) — Gph(l)( )( )+ Z(p)
hay @ (p) = — P E e

then substitute (6.13)) to (6.11)), then we get,

m3 (Z(1)(P) - 2/’Y(1)(P))
2
2m3 (Y (p) — Y/ (p)
2 ( mip W\P ) — 0 — Y(l)(P) _ Y(/{)(p) =0, (6.14)

=0 = Zqu(p) = 2pY(1)(p),

=

p
using back substitution (6.12)) to solve (6.14) solve for Ay and,

c ce P(—p—1 czef(p—1
A(l)(p):—l+ se P(—p )_|_ 3 (2,0 )
P P P

(6.15)

where c1, c2 and c3 are integration constants. Now we solve for h()(p), using the
substitution Z(1) = 2pY(1)(p), and it’s derivatives, to get,

hay(p) dp + cs,

/f ))dP+C4

T e (6.16)

As discussed in [1], we expect our solution to have 4 free parameters and indeed,
substituting back into the equations of motions shows that we must have ¢; =
c4. Furthermore, requiring that our solution asymptote to flat space means one must
eliminate the growing Yukawa mode and we set c3 = 0. The constant c5 corresponds
to a trivial rescaling of the time coordinate and requiring lim, _,~.h(r) = 1 sets c5 = 0.
So finally the first order solution for the metric components is
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s
A:1+6(01_02€<P+>)+... (6.17)
p p
—-p
h:1+e<—cl+2026) +... (6.18)
p p

which is a special case of results in [19]. Given the boundary conditions we have
imposed, at first order, there are two independent parameters in this expansion, ¢q
and co. The parameter cl is related to the mass, while ¢y is related to the strength
of the Yukawa mode e™™2" /r. Rescaling that, p = mar = r/L,, and letting

eLocr = A, (6.19)
¢Locs = 2M. (6.20)

The (6.19) and (6.20) shows the results after scaling with L,. We see that we can
consider an expansion in M and A of the form,

Blp)=1+ > MX""hia(p),
"oziz

— B(p) =1+ Z <Z>Z (L)\a>n—z hnsiy (p),

Alp) =1+ D X" Auq(p),

= A =1+ > <i”) (2) A (), (6.21)

with hy,i(p) and A, ;(p) dimensionless. To get a feel for the parameter A, we note
that the effective Newtonian potential seen by a particle far away from the black

hole is
M | de m/Ee

1
= = ~1——+ ——— . 6.22
éN = 3900 . + . (6.22)

In practice, since the equations are linear at each order of €, one can also use the
expansion ([6.21]) and easily read off powers of M and A from (6.16]). Notice that
near the horizon (at r = r¢) one might roughly expect

€cy 2M

S R | 6.23
r 0 ’ ( )
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even for small black holes. Similarly, for the other part of ggg,

—r/La —19/La —2M/Lg,
ecoe _ 2)\e N e ’ (6.24)
r 0 M

which is, a priori, difficult to estimate. Given that and are not neces-
sarily small near the horizon, one should not generically expect the expansion, (6.4)),
to be vaid there. On the other hand, if A, ;)(p) and A, ;)(p) fall off fast enough,the
expansion should become good some distance from the horizon as these terms be-
come small. In fact, we will find that as |A| increases, our expansion becomes worse
and worse very near the horizon but rapidly converges as one moves just a small
distance away from the horizon (measured in units of Ly).

Finally, we have a technical aside. We find it convenient to introduce a third param-
eter in the asymptotic expansion, ho, so that

h(r) = he |14+ Y (Z)i(s&)n_ih(n,i)(p) , (6.25)

n=1,2,...

0<i<n
As discussed earlier, one is free to scale h as long as one scales time to compensate.
We would like to work in units for ¢ which give hoo = 1, but one does not initially
know how the near horizon expression for h, , should be scaled to achieve this.
For convenience, when setting the boundary conditions for our numerical integration,
we fix ¢ = 1 in (4.8]). Fitting a value for ho to our numerical results then allows
us to determine how we should rescale t to ensure that goo|,—»o0 = —1. Scaling
t — t/v/heo, and using ¢ = 1, gives the modified form of we will be using

1 | h
T = -, 2
27Lo V heo (6.26)

6.1.2 Second order expansion

The second order expansion we work on is given by,

Alp) =1+ eA(l)(p) + EQA(Q)(,O) +0 (63) , (6.27)
B(p) =1+ ¢hq)(p) + ezh(z)(p) +0 (). (6.28)

In this expansion we use the same methods we have used before in order to simplify
and solve for the second coefficients of the solutions. The equations of motion up to
0] (63) excluding the first order terms, are given by,
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m2e—2p
12p6
— 462”p6h( )(4)( ) — 1662”p5h( )(3)( ) — T4c3pd — 25¢2pt — 2¢1c0eP p* 4+ 146303 + 14cycoePp?
+ 1202 20?2 4 9102p + 26¢1c0€”p? + 126C2p—|— 36c1c0e’p — 480 e 4 36¢1c9e” + 6362)6 + O( )
6_2
Eyp = 126
+ 4P (3,02 +2) 3h'( y(p) + 43¢ 201 4+ 82¢5p3 — 40ci cae” p® + 12¢3€P p* 4 29¢3p

— 68cicoe” p? — 4262 50 — 12c1c9€Pp + 16c2 20 _12¢1c9e” — 2102)6 +0 (e ) )

~15,1 (2 A 1B (p) +80° A2y (p) + (69° — 4p*) Aly)(p) — 6p° () (p) +20°hiz) ™ (p)
— 6p°higy(p) + 60°h2) P (p) — 4p*h{ly (p) + 4p3h'(2)( ) +43c3e 2P p° + 82c5e % pt

— 20c1c0e P pt + T0c3e 2P p3 — 5461026 Ppd +12¢3p? — 13c3e™ 2P p? — Tdeicoe P p?

— 84cze™ % p — 24cicoe P p — 42c5e 7 — 24cicoe P + 32¢7)e” + O (€°),

e 2 Sin2(9) 20 5 (3) 2p 2 2p (9,2 3 A/ 2p B!
E4p = Tp4(—26 P A (p) —8e*p A(Q)(P) —2e (3P —2)p A(2)(p) +6e™p h(Q)(p)

(—4e*p’ A)® (p) — 4¢P pt Aly) (p) +4e? (3p? — 2) p? Az (p) + 4e* (3p” + 2) p° Aly) (p)

(—4e*p* Al (p) — 4% (3p% — 2) p* Az)(p) — 4™ pPhz)®) (p) — 8e? p4h’('2) (p)

Egg =

—26% pSh) Y (p) + 66 p° iy (p) — 66 p" )P (p) + 4™ p" iy (p) — 462'°p3h’(2) (p)
— 43c2p° — 82¢2p* + 20c1cpe”pt — T0E2p? + Bdercae? pd — 12¢2€2P p? + 13¢2p
+ Tdeicoe? p? + 84cap + 24cicaeP p — 32¢3 e + 24cicoe” + 42¢3)e? + O (6 ) )

(6.29)

Now using the linear combination (6.10]), we get the following equations to solve,

2,—2p
mae
- ; T (4€%Pp° Aly) (p) + 4€ p* A3 (p) — 2% p* iy (p) — 4€* p° By (p) + 2¢5p°
+ 160 — Tereae’ p? + 1202/) 9cicoe’p + 402 20— 9¢ieq9e” + 602) =0,
m%e_2p

67/)6(—462’3,0514(2)(3) (p) — 4€* p* Aly) (p) + 86 p* Al (p) — 8™ p* A () (p)
+6ep iy (p) — 4e* pShie) ™ (p) + 12* p°hiyy (p) — 16e* p°hz)®) (p) — 80c3p

— 73c3p + 19¢1c0e”pt — 22630 + 41 creae”p® + T3c3p* 4 B3cicae’ p? + 12662

+ 36¢1c0e”p — 48c2e? 4 36¢1c0e” + 63¢3) = 0. (6.30)

Using the same substitution method,

Zy(p) = (pPhy)) (6.31)

35



BLACK HOLE SOLUTIONS IN HIGHER-DERIVATIVE GRAVITY AND THE HOT
ATTRACTOR MECHANISM IN HIGHER DIMENSIONS
JAMES JUNIOR MASHIYANE

solving for Z(y), we get,
Z(2) = 2pY(2)(p) + F2(p), (6.32)

where,

2,—2 — 2
_ 3cze” 9ercge”” n 2c]

Froy — “1 8 2 —2p 2 —2p
(2) P2 2,° P2 + 8cge P 4+ che “Fp
e 9crcoeP
A —cicoe P — Jaer (6.33)
p 2 2p

Now using Z(9) and it’s derivatives to solve for Ay and hy), we get

Y5 (p) = Y2y (p) = J2(p)- (6.34)
where,
—2p
Ja(p) = F(—fi()c%p‘:’ — 51c3p* + degcrePpt — 706203
4 20coc1ePp® — Tlcsp? + 4cte® p? + 48cocie p? — Hacap
+ 84cociePp — 480%62” + 84cocief + 270%). (6.35)

Now solving (6.34)) for Y{9), we use the Green’s function shown in the appendix ,
and the solution of the second order expansion is given by,

PEi(— Ei(—2 ~PEi(— 15e720 =%
hay(p) = & <_ 69¢PEi(—3p) N 3Ei(—2p) N 69¢ PEi(—p) N 5e e )

32p 2 32p 16p2 4p
PEi(—2 P !
+ c1e9 <e i(=2p) _ L oe Og(p)) , (6.36)
2p p
2
c
A)(p) = p%‘f‘
1 .. ePEi(—2p) Te P 3e” 1 _ e "log(p)
ZePEI(—2p) — _ _ Ze Pl g2\
+ o1 <2€ i(—2p) 2% 12 % + 7€ og(p) + 2
69 , . 69¢PEi(—3p) 69 _ 69¢—"Ei(—p)
2 _ZePRi(—3 2 2 P Y e PRi(—p) — —— N P
+C?< 61 =30+ 61¢ "Ei=7) 64p
9¢=2  5e7%  2le?
2
37
+62<16p2+ 1 16p ) (6.37)
where Ei(-x) s the exponential integral defined by,
[e’e) 6—t e T
Ei(z) = —/ —dt ~ — (for large x). (6.38)
z U T

36



BLACK HOLE SOLUTIONS IN HIGHER-DERIVATIVE GRAVITY AND THE HOT
ATTRACTOR MECHANISM IN HIGHER DIMENSIONS
JAMES JUNIOR MASHIYANE

To get some intuition for the terms involving Ei appearing in (6.36)) and (6.37)), note

that for large x,
1
— €"Ei(—z) ~ ~+0 (z7?), (6.39)

whereas, for small x,
— €e"Ei(—x) ~ v+ log(z) + O (), (6.40)

where 7 is Euler’s constant. The integrations in produce two constants of
integration which we neglected.One of the constants can be absorbed into the mass
and the other corresponds to are scaling of the time coordinate so that no new
degrees of freedom are introduced at this order. For more details of the calculation
see appendix [E]

6.1.3 Higher order expansion

We now look at higher order expansions, and generalize the substitution up to order

n,

1 ’
Yoo (PAwm))

Dy = (th’(n)) , (6.41)

as we have seen from the first order and the second order expansions, we can also
generalize the following results as,

Zn) = 2pY(n) + Fny
Yiny) = Yoy = Jns (6.42)

n)

for some functions Fi,,y and J,). As at second order, we find solutions of the form,

ePp+1) [P e lp—p) [P  _
A(n):()/ dse J(n)(s)—()/ dse J(n)(s)

2p 2p
1 [P
- p/ dssJ(n)(s), (6.43)
2pA) + [ dpF,
Iy :/dp< ) . ( )> . (6.44)

We note that, as for the second order case, no new degrees of freedom are introduced
at each order. Unfortunately, in practice, the integrals become more and more diffi-
cult to evaluate because of nontrivial integrals involving Ei and Meijer-G functions,
although in principle, it seems one could evaluate up to arbitrary order using nu-
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merical integration. More details, including the third order solutions, are given in
appendix |[Ef or appendix A of [20].
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Chapter 7

Matching Numerical Solutions and
the Asymptotic Expansion

7.1 Features of the asymptotic expansion

We would like to investigate some features of the asymptotic expansion. When all
the dust has settled, we find that the expression for the metric components to second
order in M and X is

— Lq 20 (—
Bl 2Mmay N 2mo e P/™2 N <M2)\> o <26 PEi(=2p)  2log(p) 12>
P L, p p P
A2 69¢’Ei(—3 3Ei(—2 69ePEi(— 15e20 72
+<L2><_ 63;( P 1(2 p)  69ePEi(-p) T e >+
: p 32p 16p 4p
(7.1)
2M 4M3%*m3 A 1
A=1422M2 2m2_€_p<1+>
p p Lo p
MA ePEi(—2p) Te™” 3e 1 _ e "log(p)
- PE _ _ _ Ze P Z e\
69¢”Ei(—3p) 69 _ 69¢~PEi(—p)
———¢PE 3 —— —F " e PERi(— i — S A
< > < BI(=30) + 51, 61¢ Ei=r) 64p
A2 2” 56_2” 21e~2%
7.2
(3)(16;7 " 16p>+ (72)
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Notice that with A = 0, it is easy to check that we recover the Schwartzchild solution
(up to O(M?)):

2M
hschwartzchilda = 1 — Ta (73)
oM\ ! oM 4AM?  8M?
ASchwartzchild - <1 — T> =14+ T + TT + TT + ... (74)

At large r, we find the slightly simpler expressions

2Mmgy  2mgle P/M2la MA\ _,( 20 -
o= 1- e ; Iz )e o (-2 _ 2 4 0(p7))
A2N _
+(L2> 2 (—%—#JFO(/) 3)) S (7.5)
B 2Mmy  4M*mj AN L, 1
et el G K (1+;)

N (i{?) P (1Og(p) (1 + %) L -+ O(ﬂ*S))

A2 2 5 11 1 3
+<Lz>€p<4+4p+mp2+o(ﬂ ))
NI (7.6)

We note that the expansions and look like trans-series (see [26] for a
nice introduction to trans-series). Perhaps starting with an appropriate trans-series
ansatz would be an easier way to approach this problem which we hope to look at in
the future. Given the appearance of Yukawa modes at first order, it is perhaps not
surprising that we end up with a trans-series expansion & and we conjecture that
this feature will be a common characteristic of the asymptotical solutions of other
higher derivative black holes.
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Figure 7.1: Log plot of |Ap, )| for n = 1,2,3. In the expansion
(7-6), A(n o) is multiplied by a factor M(A/Lq)", i.e. |A(, )| are
the pieces of the metric which depend only on A and not M. The
solid line is [A(; )|, the dashed line is | A )| and the dotted line is

|A3,0)]-
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Figure 7.2: Log plot of the first order terms [A( ;| for i = 0,1.
In the expansion, , A, is multiplied by a factor M iN(1=d)
The solid line is [A(; )| and the dotted line is [A(;g)|. For the
Schwarzschild black hole, one only has the term A ;) at this order.
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Figure 7.3: Log plot of the second order terms |A ;| for i = 0,1,2.
In the expansion, , A(2,i) is multiplied by a factor M iN2-1) The
solid line is [A(29)], the dashed line is [A( ;)| and the dotted line
is |A(2,0)|- For the Schwarzschild black hole, one only has the term,
Apa) = /;%, at this order. The funny blip in |A( 1y| corresponds to
a sign change in Ay ).
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Figure 7.4: Log plot of the third order terms |As ;| for i = 0,1,2,3.
In the expansion, , A3,y is multiplied by a factor M i\B—1),
The solid line is [A(3 3)|, the dashed line is [A(3 2)|, the dash-dotted
line is [A(3 1)| and the dotted line is [A(3)|. For the Schwarzschild
black hole, one only has the term A3 = :%), at this order. The
funny blip in [A(3 ;)| corresponds to a sign change in A 1.
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To get a feel for expansion we have numerically plotted various terms in the expansion
of A ([7.6) or (3.19) of [20], in |[Figure 7.1HFigure 7.4, There are 3 notable features of
these plots we would like to emphasize.

1. is a log plot of A(; gy, A(2,0), and Az as a function of p = r/L,.
These are terms in or (3.19) of [20] with coefficients A, A% and A3 that do
not involve the mass M. It is clear from the plot that as p increases, successive
terms become exponentially smaller at higher orders in the expansion. There is
similar behavior when one compares other higher order terms in the expansion
to the lower order term which effectively act as sources for them. This is good
evidence that the expansion will converge at least at for sufficiently large p —
we leave a more rigorous examination of convergence for possible future work.

The plots in all approach straight lines indicating exponential fall
off on a log plot.

2. [Figure 7.2HFigure 7.4] are plots of different terms at the same order in the

asymptotic expansion. What is clear is that for p >> 1, the terms A, ),
which correspond to the pure Schwarzschild black hole, dominate for large p.
Far from the horizon, the non-Schwarzschild terms become negligible. The
non-Schwarzschild terms also become linear at large p once again indicating
exponential fall off.

3. From one see that for small p, higher order terms in the expansion
are larger than the lower order terms. This suggests that the expansion breaks
down at some point. We know that the expansion for the Schwarzschild black
hole only breaks down at the horizon in these coordinates (which would be
at p = 1). We calculate the asymptotic expansion up to third order and
our numerical investigations show that as A becomes large, the asymptotic
solution does not match well with the near horizon expansion. Consequently,
we will need numerical integration to match the near horizon solution with the
asymptotic expansion which is what we cover in the next section.

7.2 Matching Conditions

To match these solutions we will have to obtain matching conditions which are the
two parameters ¢c; — 2M, and ca — A. The nonlinear model fit is obtained using
MATHEMATICA, and it will help us obtain the mass M, and the Yukawa mode
mass meo. These results must somewhat agree with the mass up to some error with
the mass obtained in the numerical solutions. We start with the differential equations
in Chapter ] and the second order asymptotic solutions we obtained in chapter
written in terms of r, instead of p, we recall that p = mar = Ar.
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We start with a similar procedure to the one outlined in [I]. For a fixed pg, one uses
the near horizon expansion to set the boundary conditions for numerical integration
of the pp and the R = 0 equation, starting a little bit away from the horizon. One
then has to find § so that the positive Yukawa mode, which would cause the solution
to blow up, is not excited.

f(o)

1.5

Figure 7.5: Numerical plot of f(r) (with pp = 0.9) showing the procedure for tuning
6 and extending how far one can integrate before the solution diverges. The dotted
plots correspond to 0.06584 < § < 0.6616. The dashed plots show the next step with
0.066032 < 0 < 0.66096 and the solid plots show a further step with 0.0660704 <
0 < 0.0660832.

In practice, we scan over a range of guesses for J, successively tuning it so that the

integration can extend further and further — this process is shown in Figure [7.5] as
showed in chapter [
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7.2.1 Convergence and Asymptotic

We would like to discuss some investigations of the near horizon and asymptotic
expansions as well as our matching procedure.

In we show a numerical plot for pg = 1.02 and 6 ~ 0.4266. .., together
with the near-horizon expansion at various orders. It is clear from the plot that the
near horizon expansion breaks down pretty quickly, namely before 2pg, even at high
order. We see that one does not greatly extend the expansion’s domain of validity
each time one increases the order of the expansion. We found this behavior was
universal, overall values of pg investigated, with the near horizon expansion, even up
to O(18), not extending far.

Given the computing power at our disposal, we did not extend our numerical in-
tegration much beyond 40-50 pg. As mentioned, and as can be seen from
- terms in our asymptotic expansion involving A fall of exponentially fast.
This means that our solution is soon very well approximated by the Schwarzschild
making it relatively easy to find the mass, M, and h.. Using a non-linear fitting
procedure we extract the parameters by finding the best fit between our numerical
and asymptotic solutions (over some appropriately chosen range of p).

In [Figure 7.7 we superimpose our fit of the O(2) and O(3) asymptotic expansions
onto E We see that there is a good match even close to the horizon. Fur-

thermore, although it is not too easy to see on this graph, the O(3) plot looks like a
better fit. Unfortunately, we also found that the asymptotic expansion is generally
not good in the limited domain of validity of the near horizon expansion.

!The asymptotic expansions were fitted to the numerical results over the range 2.5p0 < p < 28p0.
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Figure 7.6: Plots of the near horizon expansion for f(p) com-
pared with results of the numerical integration with pg = 1.02 and
0 = 0.4266. .. . The numerical plot is shown as a solid line and the
dashed lines are plots of the near horizon expansion up to orders
9,12,15 and 18 as labelled. The O(18) expansion was used to define
boundary conditions for the numerical integration which started at
p = 1.12. The point at which we started the numerical integration
is denoted by a dashed grey vertical line in the plot.

f
1.0 ; —0(9)

po=1.02  6=0.426614...

08 —0O(15)

0.6
0.4

0.2

p

1.2 1.4 1.6 1.8

Figure 7.7: A repeat of [Figure 7.6| with the fit of the O(2) (blue
line with larger dashes) and O(3) (red dot-dashed line) asymptotic

expansions added.
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1.0}
0.8}
0.6-;

0.4}

po=0.64  6=-0.5521551177...

0.2k

o

2 4 6 8
Figure 7.8: Plot of the numerical integration of f(p) against fits of the second and
third order asymptotic expansion. The numerical integration is denoted by a solid
back line, the third order fit is a mustard dashed line and the second order fit is
a blue dotted line. A vertical dotted line denotes where we started the numerical
integration and the dash-dotted grey line is the near horizon expansion. The horizon
radius was pp = 0.64 and we found § = —0.552155.... The fitted values for A at
second and third order where, Apg) = 1.48... and Ap(3) = 0.42.. ., respectively. The
asymptotic expansions were fitted to the numerical results over the range p, = 4po
to py = 40pg.

This is evident in Figure where we’ve plotted numerical results for pg = 0.64
together with fits for the asymptotic expansions. We see that the O(3) expansion
diverges more from the near horizon solutions than the O(2) expansion but on the
other hand, the O(3) expansion converges more rapidly to the numerical results as p
increases. We find similar results for other values of py with the divergence between
the asymptotic and near horizon expansion increasing as |A| increases (where A is
obtained from our best fit procedure). This behavior is not too surprising if we look
back at Ai's figures, where terms which appear with a coefficient of A can be very
large for small p but fall off very fast. Putting this all together strongly suggests
that expansion or (3.19) of |20] becomes good for p sufficiently large. On the
other hand, this means that in general, to find the relationship between near horizon
and asymptotic data some numerical integration is required.

Lastly, we would like to note that while the values obtained for M and h, by fitting
the O(2) or O(3) asymptotic expansions to the numerical results only differ by 1%
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or less, the values obtained for A can have much larger variation. For example, for
the case shown in Figure , fitting the second order expansion gave Ap(2) ~ 1.48
while fitting the third expansion gave A\p(3) =~ 0.42. Once again, we can understand
this from the fact that terms involving A fall off very quickly leaving an essentially
Schwarzschild like solution. While we can see from near horizon perturbation fig-
ures, that the numerical and asymptotic results agree well beyond a few multiples of
po, to get a better feel for our results we now switch to log-log plots to make small
differences at large p more visible.
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Figure 7.9: Log-log plots of |Af|/f against p for the second (blue
dashed line) and third order (red dot-dashed line) asymptotic ex-

pansions (see ([7.7)-(7.8)) for the definition of |Af|/f). The fits
for A where, Ap2) = 0.79... and Ap3) = 0.71..., over the range
P+ = 2.5pg to py = 40pg.

N7

po=1.02  6=0.4266140408...

2 5 10

Figure 7.10: Log-log plots of |Af|/f against p for the third or-
der asymptotic expansion fitted over the range, p. to py = 40po,
for various values of p,. The fitted values for A where, \,,—25 =
0.79...(red dot-dashed line), A\,,—50 = 0.70...(pink dashed line)
and A\, ,—75 = 0.45.. .(orange dotted line).

49



BLACK HOLE SOLUTIONS IN HIGHER-DERIVATIVE GRAVITY AND THE HOT
ATTRACTOR MECHANISM IN HIGHER DIMENSIONS
JAMES JUNIOR MASHIYANE

The above figures are log-log plots of

|Af’ _ ’fN_ fAsymptotic

) (7.7)
f f
where
Fo Near horizon expansion for f(p) for py < p < po + 15 (7.8)
~ | Numerical integration of f (p) for p = po + % )

The plot in has the same § as but it makes the difference

between our fits and the numerical result more visible. The dotted vertical line in
the plot corresponds to the point at which we set the boundary conditions for the
numerical integration using the near horizon result. It is clear that the expansions
are good fits for the numerical data and that increasing the order of the expansion
improves the fit. In[Figure 7.10, we wanted to check the effect of changing the range
of p over which we fit the asymptotic expansion. We shifted the starting point, p,
for the fit, keeping the end point fixed. In this case, the best fit was obtained at
px = Dpg. The different values we took for p, had very little effect on the best fit
for M (and h) but A changed considerably. Ideally, one should try to optimise the
value of p, to obtain the best fit since a priori one does not know at what radius one
can really start to trust the asymptotic expansion. We did not bother doing that
since it had little effect on the mass extracted from the solution which is what we

were primarily interested in.

50



Chapter 8

Review of non-supersymmetric
attractors

In this chapter we review the attractor mechanism extended to non-supersymmetric
black hole solutions which largely rely on the work done by [14]. The attractor
mechanism was initially studied in black hole solutions in N' = 2 supersymmetric
gravity theories |27, 28| 29, [30], 31, 32, B33, B34} [35], 36l 37|, where it was found that,
for fixed charges, moduli fields assume fixed values at the horizon regardless of their
values at asymptotic infinity. Supergravity is a low-energy approximation of string
theory [38] [39]. Specifically compactifying the low energy action of type II string
theory on a 3 dimensional Calabi-Yau manifold one obtains a four dimensional N' = 2
supersymmetric gravity theory, also one can obtain N = 2 supergravity from M-
theory on a 7-dimensional manifold with SU(3) algebra. A/ = 2 supergravity is made
up of the gravity component( the metric and a vector field), the vector component
(which contains a vector field and a complex scalar), and a scalar component (four
real scalar fields) and it is a theory that admits superconformal symmetries and a
subgroup of the Poincaré algebra [40, 41]. The attractor is is a fixed point near
the horizon of a black hole, where the moduli fields only depend on the electric
and magnetic charges of the black hole irregardless of the moduli field values at
asymptotic infinity. For black hole solutions to exhibit the attractor mechanism they
must satisfy two conditions. These conditions relate to an effective potential, Vs
which governs the equations of motion. The first condition states that there exists a
set of scalar fields such that the effective potential V,zs is a minimum, 0;Vess(¢; =
¢i0) = 0. The second condition is that at the point ¢; = ¢i0, 0ijVers(¢i = dio) must
be positive definite. This effective potential is proportional to the energy density of
the electric and magnetic fields which depends on the charges of the black hole.
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8.1 Attractor in Four-Dimensional asymptotically Flat
Space

To demonstrate the attractor mechanism, in section 2 of [14] they considered Einstein-
Hilbert gravity theory in 4 dimensions coupled with U(1) gauge fields and scalar
fields. Since in gauged supergravity, the scalar fields have a potential [42], then we
consider the action is of the form,

§= % /d%@ (R —2(0¢;)* — fab(@)Fﬁ,,Fb“”)) , (8.1)

where we take to be dimensionless, k = 1, 7 is the index of the different scalar fields,
a,b are the indices of the different gauge fields and Fjj, is the fields strength of the
gauge field and f, is the gauge couplings. Varying the action with respect to the
metric, scalar fields, and gauge fields one obtains the equations of motion,

R — 20,0105 = 26 FEn I + 3G, (52)
OG0 ) = L0 Ll (53)
0u(V =G far () F™) = 0. (8.4)

for simplicity there is no lose in generality if we only consider the case where the gauge
fields have only magnetic charge. Since we are interested in spherically symmetric
and magnetically charged black hole solutions, the metric and gauge fields can then
be written as,

ds? = —a(r)2dt? + a(r)2dr? + b(r)2d02, (8.5)
F® = Q% sin0df A dg, (8.6)

simplifying (8.2)) we get,
a 1 a K
Ry = 20u0i006i = fab(1) (2F,M1~”£’A — S G FLF A) : (8.7)

From the equations of motion (8.2]), one can calculate the components of the Ricci
tensor, as shown in appendix [H] and obtain,

a2 r
Ry 64((70))Veff(¢i), (8 8)
1
Rgg = W%ff(¢i>v (8.9)
Rop = 200,00 = — 3 Veg (60), (5.10)
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where V,s1(¢i) = fap(6:)Q%QP%, is the effective potential. These results obtained
from substituting the ansatz to the equations of motion (8.2)), and assigned everything

that depended on the scalar fields and the gauge fields or charges as the effective
potential. After some algebraic manipulations, one obtains the equations of motion
in terms of the metric components.

(a0?)" =2, (8.11)
=00, (8.12)
e CEOE Ly o)+ a2 (8.13)
0, (a%6%0, ¢;) = ai;/;; f (8.14)

For a case where we have turned off the electric charge, we have obtained equations
of motion and the energy constraint, in term of the metric components and effective
potential. This is important to move forward in applying the attractor mechanism
conditions which depend on the analysis of the effective potential and deriving the
black hole solutions which satisfy such conditions, but before we describe that, we
also point out that even if one turns on both the electric and magnetic charges, we can
still obtain equations of motion in terms of metric components and the corresponding
effective potential. The theory considered was of the form,

$=a [ devG (R = 2(060)” = far( ) F F - ifabw»FsyF,;M") |

(8.15)
The equations of motion for the action (8.15) are given by,
1
Ry = 20u6i0u0i — 2ap(0i) Flig G Fy, — 5 G (R — 2(061)?
= Jan(¢4) (Gaa,GW gﬁFab’5'>
1 ad ! ! / !
— - ful®) (Fgﬁ Fb Gool G Govl oo 60/5/#0/))
fa,,( A FL GG GO €y o + F, F, G G GO ety
+ FaﬁFb G G G gy + FogFl, G GO GPP e gi,))
=0. (8.16)
Taking the trace of the equations of motion (8.16) we get,
R—2(06:) + funl00) FSs L GO G G G ey = 0. (8.17)

We notice that since we have turned on both electric and magnetic charges in our
theory, then the Ricci scalar depends on both the scalar fields and the charges, unlike
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in the previous theory where the Ricci scalar just depended on the scalar fields.

Similarly as we did in the previous theory we calculate the metric component of
the equations of motion and they are similar to equation (8.1148.14]). See details in
[14] and appendix , while the effective potential is given by,

Ver(60) = Jan(@0) Q@b+ (60) (Qea — FucQi) (Quv — aQl) - (8.18)

We have derived all the equations needed to understand the attractor mechanism and
the effective potential, which will be crucial and has significance in understanding
the entropy of these black hole solutions.

8.2 Conditions of an attratractor

As stated in [14], for the attractor mechanism to exist, the effective potential must
satisfy the two following conditions.
Condition 1:

9iVess(dio) = 0. (8.19)
Condition 2:
1
Mij = 50i0;Veys(¢i0) > 0. (8.20)

where ¢;g are the critical or attractor values for the scalar.
We noted that if we set the scalar fields to be constants, their attractor values, and
using equation (8.14]), the energy constraint (8.13)) gives the horizon radius as

b = Very(dio)- (8.21)

This is important because we know that from the Bekenstein-Hawking entropy, the
entropy of the black hole is given by,

1
Spn = ;A= b2 (8.22)

We see that the attractor conditions imply that the entropy depends only on the
effective potential evaluated at a minimum. Now we investigate which black hole
solutions obey such assumptions. Setting ¢; = ¢;o for all values of r one obtains an
extremal Reissner-Nordstrém black hole, which has a double-zero horizon. In this
solution the scalar fields are constant, thus 0,¢; = 0, and a, and b are given by,

ap(r) = (1 - T—H) ,  bo(r)=m, (8.23)

r
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where 7y is the horizon radius. From (8.23) we see that, a3, (a?)’ vanish at the
horizon, g, while, by, and b, are finite. If one substitutes a, and b to the equations
of motion and the energy constraint, one indeed gets the horizon radius given by,

ri; = by = Verr(dio)- (8.24)

In [14], by studying both, particular effective potentials where one can solve the
equations analytically, and perturbations around the constant scalar solutions, it
was found for extremal black holes with non-constant scalars, still holds, so
that the entropy is determined by the minimum of the effective potential.

8.3 Perturbation theory

In this section, we discuss a perturbative demonstration of the attractor mechanism.
Starting with the constant scalar solution, and introducing a small position depen-
dent scalar perturbation, one can systematically expand and solve the equations of
motion at higher and higher orders. In [14], it was found that, in this perturbative
approach, one can preserve the asymptotic structure of the metric. For supersym-
metric black holes, the attractor equations follow from first order equations, but in
[14] it was shown that the attractor mechanism arises from the second order equa-
tions of motion without having to invoke supersymmetry. We explain how this works
below.

8.3.1 First Order Solution

We start with the first order perturbation in the scalars,

0¢i = ¢i — dio = €in, (8.25)

where, € << 1, ¢; are chosen to be eigenvectors of the second derivative matrix.
substituting this transformation to equations of motion , , and ,
one can see that there are no first order corrections to the metric components, a,
and b(a; = by = 0). They start having corrections in second order. This tells us
that first order correction on the scalar, only leads to second order correction and
above in the metric components. Therefore, we can define the metric components as
follows, and we chose our black hole background is the extremal Reissner-Nordstréom

background (8.23)),

a = aop,
a? = a%,
b’ =13 (8.26)

55



BLACK HOLE SOLUTIONS IN HIGHER-DERIVATIVE GRAVITY AND THE HOT
ATTRACTOR MECHANISM IN HIGHER DIMENSIONS
JAMES JUNIOR MASHIYANE

The equations of motion for the scalars (8.14) become, and using the first attractor
condition, 0;Ver (i) =0,

B2
Or (G(Q)b%arﬁf)il) = éﬁf)il, (8.27)
the second condition of the attractor, requires that, 82 > 0, which holds. Now
we solve for the first order scalar solution ¢;1, on the extremal Reissner-Nordstrém
background and this leads to a second order differential equation in the first order

perturbation scalar,

o, ((r = 0n(6a)) = -2

2’

2.
bidn _ (8.28)

— (’I" — TH)23T2¢2'1 + 2(7” — T‘H)argf)il — 2

which has a solution, where we are only interested in well defined solutions, we take
the positive sign,

r—rg\ " 1 . 4p?
i1 = c1; < H) Y= 3 1+ S/ 1. (8.29)
r 2 TH

Now we analyse the behaviour of the solution near the horizon, and at asymptotic

infinity. In the vicinity of the horizon, r — rg

lim ¢1; = ¢1;(1 — 1) — 0. (8.30)
T—TH
Near the horizon, the first order scalar vanishes, which is good, because it means
that at the horizon, all the information that depends on the scalars in the black
hole will be purely defined by the attractor values(¢;o scalars) which are constant.
Asymptotically, r — oo,

r—rg\"
di1 = ci
,

~ L (1 - %;H)

= lim ¢;1 = constant. (8.31)
7—00

We see that the first order perturbative expansion is fixed at its attractor values, at
infinity and vanishes at the horizon. This shows that the attractor mechanism works
to first order in perturbation theory. Thus we can conclude that if one performs a
first order perturbation in the scalars which is a small deviation from the attractor
values, such values become constants as we increase r, and they do not contribute in
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changes in the system’s whole scalar fields.

8.3.2 Second Order Solution

We now look at the second order perturbation using similar methods. By defining
the second order expansion of the metric components and the scalars which lead to
i1, Pia, and a1 = b1 = 0 and as, bo, then substitute these to the equations of motion
-, -7 and , and use the first and second condition of the attractor
and see if they hold, then derive the solutions, as we stated that this analysis was
performed by [14], we can just state the solutions and describe their near horizon
and asymptotic behaviour. For second order perturbation, these are the solutions,

_9(1 —rH

as = M()Q, (8.32)

b(r)——z i r—ry 2%4_1474_’_1474 (8.33)
2 = 2,% — 1 r 1 2I'H, :

N 2% - 1 r '

where we have set the integration constants, A1 = A = 0. The near horizon analysis,
r — rg, (a2),ba, (a2), (b2)" — 0, and as it was shown in ¢;; — 0, and ¢;2 — 0, the
attractor mechanism works for this analysis since these functions all vanish near the
horizon, now, asymptotically, as r — oo,

274
_ Z hi lim (T TH K ~_ Z i "= 2virH
- 2(2v; — 1) r—o00 r 2(2; — 1 r
_ Z 2171 ’l“ _ 2rH'7i)

%

2(2y; — 1)
= by(r) - —c xr, (8.35)
now for as,
2
a2—>—2(1—T—H) exr

T T

2
2 (1 - rH) c

r

S 2xe (8.36)

In the vicinity of the horizon, r — rg, ba(r) — 0, and az(r) — 0. Thus the solution
is well defined close to the horizon, in fact bo, and as vanishes and it continues to be
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asymptotically flat at second order. Therefore, the second order solution continues
to be a double-zero horizon black hole with vanishing surface gravity. And as r — oo,
these terms continue to become constants, thus as we perturb the system to second
order, asymptotically the terms remain constant, which leads to the conclusion that
the attractor mechanism works up to second order. In the next subsection we inves-
tigate the expansion of the ansatz to all orders, and demonstrate that the attractor
mechanism still works.

8.3.3 An ansatz to all orders

Recall that the analysis being performed works for extremal black holes as explained
in [14], meaning at the horozon, the metric components should vanish, we start with,

a®b? = (r —rg)?, (8.37)

expanding the solutions b, ¢, and a in a power series in ¢,

b=1bo+ Y bn, (8.38)
n=1

=0+ Y €"én, (8.39)
n=1

a® = a2 + Z € ay. (8.40)
n=1

The ansatz that works to all orders is given by,

ulr) = o (511

r
ny
r—Trg
bn = dn )
) =dur (257
o ny+2
a, = e, (r TTH> : (8.41)

The analysis above agrees with the first order and the second order perturbation
analysis, we see that by = 0, and by also agrees with equation (8.33]), we also found
that a; = 0, and as is given by (8.32)). This tells us that we can be able to verify the

ansatz for all %I;(Tilers of n. We also notices that each term of order €” contains the

(r=rm)

term ( . Which makes it easier to calculate the constants, as it was shown

in the appendix [H how one can calculate ¢y from the higher order expansion. It was
1
2
infinity when v = %, where n is an integer. This shows that for all values of n > 1,

shown that by goes to infinity when v = 5, similarly it was shown that b,, goes to

the perturbation expansion does not work.
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To conclude this section, we have studied how to derive the equations of motion
— from the action in four dimensions with the Einstein-Hilbert ac-
tion, and a scalar and U (1) gauge fields, by first only turning the magnetic charges,
then also derived equations of motion by turning both the magnetic and electric
charges. After deriving the equations of motion, the attractor mechanism was de-
fined by its two conditions and found solutions such that the two conditions hold.
They solved simpler versions of the effective potential which leads to exact black
hole solutions and also solved for the metric components using perturbation theory.
These black holes solved using perturbation theory all have an extremal Reissner-
Nordstrom background. Thus the family of black hole solutions are extremal, but

they are non-supersymmetric.

In this chapter, we have introduced the concept of the attractor mechanism. We
note that the main goal of this second component of the thesis was to demonstrate
the attractor mechanism in arbitrary dimensions, with the addition of a potential
function. The last sections of [14] also attempts to derive the attractor mechanism in
higher dimensions but we will not describe it here since most of the calculations will
be shown in the next chapter. In this chapter we just analyzed it in four dimensions
and what remains in higher dimensions of [14] is an extension where they use the
extremal Reissner-Nordstrom black hole as a background and also use perturbation
theory to second order. These solutions also follow directly from the four dimen-
sional case. There is little to explain these phenomena in those sections since it is
are rigorously detailed in [4] which also forms part of our thesis. In the next chapter,
we will extend the notion of the attractor mechanism, to arbitrary dimensions and
the invariants that can be derived because of this phenomenon which can also be
found on [4].
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Chapter 9

(zeneralized Attractors

In this chapter, we review the attractor mechanism for non-extremal black holes in
four dimensions, as discussed in [2, [3]. We then consider these “hot attractors” in
higher dimensions and with the addition of a scalar potential, which was originally
presented in [4].

9.1 Review: Hot and cold attractors

In this section, we start by looking at a 4-dimensional gravity theory coupled to U(1)
gauge fields with the inclusion of a scalar potential.

S =z [ 0'0VG (R 205(000,60°61 — FuFisF™ L FaOF Ele™™ 20, )
(9.1)

where G, is the space-time metric, g;; is the metric in field space, and Vy(¢) is a
scalar potential. By taking choices of g;;, fap, fab, and Vj corresponds to the bossonic
part of an A/ = 2 gauged supergravity. This theory is similar to what was studied in
[14], except that last term in the action was zero. We assume the following ansatz,

ds® = —a(r)2dt* + a(r) =2 + b(r)2dQ3,
F* = f()(Qep — beC(¢)Q‘;n)bi2dt Adr + Q% sin 0dO A de,
¢’ = ¢'(r), (9.2)

which leads to the equations of motion,
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82 272 2
w(ab):2—4vg, (9.3)
192 d N\
O (220 \_1(10 9
81”( ¢> (bga(blveff"i‘ agzﬂVb) (9.5)

where the the effective potential, Vs¢, is given in (8.18). In addition to the second
order equations (9.3))-(9.5)), we have the first order hamiltonian constraint,

w 10, 5 0 v, o ,\?
~1+a®% 4 5o (a )8r(b2):—fbg(¢)—b2%+a2b22<&¢l> . (9.6)

i
Notice that, the only difference between the constraint and, the previous con-
straint, (8.13]), is the addition of a term involving the scalar potential V.

Both extremal and non-extremal spherically symmetric solutions satisfy 7,
albeit with different boundary conditions at the horizon. Examining at large r
allows one to extract a relationship between the mass and the black hole charges using
the extremality condition. As in the previous section, we emphasize that supersym-
metric solutions are extremal, but extremal solutions are not necessarily supersym-
metric. Supersymmetric solutions are of course extremal, but non-supersymmetric
extremal solutions also exist and our discussion applies to them as well. In
when we set V; = 0, we can integrate with respect to the radial coordinate, and the
solution is a?b? = (r — r_)(r — r4), where r are integration constants, which also
represents the inner and outer horizon of the non-extremal balck hole solutions. The
warp factor b(r+) tells us the radius of the S? at the horizons, if the roots ry are
equal, then we have an extremal solution. For extremal solutions, because the pres-
ence of a double horizon leads to cancelation of terms in , then the Hamiltonian

constraint becomes

bz:ct = Veff,mim (9.7)

where we use the subscript “ext” to denote quantities evaluated at the double horizon
and the subscript “min” to denote quantities evaluated at a minimum of a potential.
In this case, since the near horizon geometry is AdSs x S2, the attractor mechanism
ensures the moduli fields at infinity fixes the values ¢} at the horizon of which is
consistent with the “no hair” theorem, are determined by the charges [43]. From (9.7),
the zero temperature solutions have an event horizon whose area is determined by the
effective potential evaluated on the attractor values of the moduli. For non-extremal
black holes, the scalars at the inner and the outer horizons vary with the asymptotic
values of the moduli. Nevertheless, in [2, 3] we show that from the existence of a
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smooth zero temperature limit that connects non-extremal black holes to extremal
solutions, there are invariants. In particular, the geometric mean of the areas of the
inner and outer horizons of the finite temperature black hole is the area of the event
horizon of the zero temperature black hole. Also, for non-extremal solutions

" 0iVerr(9)
/r_ dr%z@, (9.8)

/:+ dr (Vfbf;(@b) - 1) 0. (9.9)

For extremal solutions, the integrands of and are zero since the moduli
fields are fixed at the horizon to the attractor values at the minimum of the scalar
potential, whereas in non-extremal black hole solutions, the integrals vanish over
Region 2 [4]. If one averages over Region 2, one is able to obtain attractor equations
for extremal solutions.

We now consider the case of V; # 0. In this case the equation is much more
complicated to integrate, and needs to be solved numerically, but we can consider a
simpler case such as only restricting our analysis to solutions with constant scalars,
which were described in [44]. When we consider constant scalars, equation ((9.4)

becomes,
d2
~ b=
dr? 0,
f— b(’r) =T, (910)

and the right hand side of (9.5)) has different powers of r, while the left hand side is
zero. We are in interested in solutions such that,

OiVess =0, (9.11)
8V, = 0. (9.12)

In and , suppose there are n scalar fields, then we get 2n equations of
motion in n variables, so this is an over-determined system of equations. There can be
instances were the system is under-determined but we can still solve these equations.
Using the discussions in [14] and required minimum of the potential in and
, and substituting the solution of b(r) given in , we can integrate the
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equation and get,

-V .
2p? = (Vi) é’mm)r‘l +1r? — e+ e

_ (—V%mm)(r_m(r_r)(r—x)(r—b, (9.13)

a

where, ¢1, and co are integration constants, which can be solved by expanding the
right hand side of (9.13]) in orders of powers of r, and match the coefficients, we find
that,

1

o1 = (e +70) (34 (Vyman) (% +12)) = 26, (914)
1

¢ = grir (3 + (—Vgmin) (13 + 12— +72)) = Vs fmin, (9.15)

the constants also depend on the mass and the charges of the solution.
We can also solve for A\, and A, as

where,

12

E=(rp+r-)2+207 +17) + (9.17)

_Vg,min .
In equation (9.13)), requiring that gy be timelike at infinity, we need Vi iy to be
negative, this implies that the solution for (Vj # 0) and constant scalars are AdS
Reissner-Nordstrom black hole solutions. Since we are taking Vg i < 0, equation

(9.16) and (9.17) implies that A is required to be complex if we take r1 to be real.

In the case where V; # 0 an non-constant scalars, extremal black hole solutions, the
horizons r, are 7y = r_ = ry, meaning that a = a’ = 0 at the horizon, using these
constrains in the energy constrain equation we get,

0; Ve
. 114 ov,b2, =0, (9.18)
ext
= O0;Vess + 0;iVybly, =0, (9.19)
V. V.
b2 o= el ] ZiTelS 9.20

We are not aware of any solutions to gauged supergravity that solves the attrac-
tor equations through the relation in ((9.20). In this thesis we restrict ourselves to
solutions that satisfy (9.11)) and (9.12]) at the horizon. Now, evaluating the energy
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constraint at the horizon, we get,

Ve ffymin
b2

ext

+ bzxtv:%min =1, (9'21)

which implies that,

> _ V14 4Ves s min(—Vgmin) — 1
ext 2(_%7mm) ’

(9.22)

If the solutions are non-extremal, we can integrate between the inner and outer

horizon, then we can generalize to give,

"+ O;Ve
/T dr< b2ff +b26ivg> =0, (9.23)
T4 ‘/(-5 _
/T dr <b2ff + b2V, 1> =0, (9.24)

which once again averages the attractor equations (9.18]) and (9.21)) over Region 2.

9.2 Attractors in general dimensions

In the previous section we have already establised the attractor equations, now we
extend it to general dimensions. To do that we first consider the action of the form,

S =5 [ d'aV=G (R=200) - fuFiF"™ - 2V,()) . (029

For us to obtain spherically symmetric solutions, we only turn on magnetic charges,
where the field strengths F'* are (d — 2)-forms. Varying the action with respect to
to the metric leads to (see appendix ,

Ry = 29i5($)0a¢'0ad’ = 2fun(¢)G T FigF), — mGuvfab(@)ngFbap
+ 5 G Vgl9). (9.26)
Substituting the ansatz,
ds® = —a(r)?dt* + a(r)"2dr? + b(r)?dQ3%_,, (9.27)
F*=Q%in?30sin®*¢---ddNdOA -+, (9.28)
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to we get,
Rgo — M%ﬁ(@ + %G%Vg((p) =0, (9.29)
R~ 4= 25‘;@3’3;“(”2 Vegs(0) + o5 GuVy(6) =0 (9:30)
Roy = 20000 + (T G R R Vg (0 + T GrVi(0) =0, (0)
where Vs is given by,
Verr(9) = far($)Qr Q- (9-32)

Now taking the combination, %(RM — %Z:Rtt), gives,

AV (d — 2) azb
Z(¢ )? = 5% 92 (9.33)

%
and also using the relation Ry = (d — 3)‘;—;}299, we get,

(d—3)2(=1+a®b*) + v*(a”* + ad”) + aba't/ (3d — 8) + (d — 3)a?bb” = —2b*V,(¢),

(9.34)
finally if we vary the action, with respect to the scalars, we get,
9 ( 92\ _ (d=2)10iVess(¢) 1.4
= (a b2 ) - e + 56120V, (9). (9.35)

we can also use the R, in (9.31) component to obtain the energy constraint as,
A 2
—(d—2)[(d —3) — ab/(2a'b + (d + 3)ab)] =23 (qﬁl ) a2b?
i

(d—=2)Wers(9) o
- W —2b°Vy(4).  (9.36)
We notice that adding the scalar potential to the d dimensional theory in [14] and
following the analysis most of the equations derived also include an additional term
that depends on the scalar potential V,. These equations will help us build an

attractor mechanism in general dimensions which we show in the next section.

9.2.1 Change of coordinates

In order to write down the attractor equations we need to transform the equations
of motion to a form we have used before in the previous section. Using the transfor-
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mation,

Oy = (d—3)b419,, (9.37)

the units of p are given by, [L]?~3. In these new coordinates, in order to obtain the

equations of motion we invert the coordinate transformation (9.37)) to,

1 (d—
8/) == mb (d 4)87», (938)
then relation ((9.34) becomes,
_ 4b*
85(&262(d 3)) =2— HVQ, (939)

which is analogous to (9.3)). In order to obtain the energy constrain equation we
start by calculating the term,

9y (a*9,(b*(d — 3))) . (9.40)
Using the relation
9,(b*(d — 3)) = 26773V, (9.41)
we obtain the following,
0, (20,7 = i 2 g7 (0¥ 4 (d = 3)a%2 + o) (9.42)

using the energy constraint (9.36)) and the relation (9.42)), we can rewrite it as the
following,
(d—2)Ves ()

Ry —20°Vy(¢) = —(d — 2)(d — 3) + (d — 2) (2aba’t’ + (d — 3)a’V’* + a®bb")
d—3
2

- (A 2)d—3)+(d-2) ( ap<a2ap<62<“>>>) .

(9.43)

Finally using (9.42)) and (9.43) the energy constraint equation becomes,

(d—2)Vepf(9)
p2(d—-3)

— | 2
— %8p <a26p(b2(d—3))> =14 (d bizd‘_/egj)ff((b) + (d — 22)b(d — 3)‘/;](¢)

— 20°Vy(9),

50 2)(d = 3)2,(0,(P) = (4~ 2)(d —3) -

(9.44)
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Now we derive the equations of motion for scalars by first calculating the relation,
p—(d—4)

(d—3)

9,0' = =g, ¢ = o,¢", (9.45)

@-3"
then we use (9.37) and (9.35)) to obtain
: 1 :
9, (azbz(d—s)ap¢z> _ a5 p@-Dg. (a2bd—26T¢z)

1 d—2)10,V, 1,
= 3)21)—(‘1—4) <( 4)63_‘;”(@ + b 2)&-Vg> . (9.46)

therefore, the equation of motion for the scalars in the form of (9.35),

272(d—3 i\ _ (d—Q)! aiveff(@ 1 2
0, (2024 0,0') = =37 gy gt Ve (9.47)

Now we derive the equation analogous to (9.33)) using (9.37). Using, (9.45) and
(19.33), we have,

e 1 g (d—2)0%b
Z(apd) )2 == d— 3)26 (d 4)T, (9.48)

i

we can write the second derive of b in terms of the new coordinates as,

1
2;d—3 _ —(d—4) 5 pd—3
2b ap<(d_3)b d,b )

1

= mb*<d*4>83b, (9.49)

this allows us to finally write the equation of motion analogous to (9.33) as,

) . 82 bd—3
D (9,¢) = —2((dd _23)) "b(d_g ) (9.50)

)

It is straightforward to check that in 4 dimensions, we recover the equations of mo-
tion of the attractor mechanism as before.

For extremal horizon black hole solutions with a = a’ = 0, (9.35) at the horizon,
becomes,

—ay2(d=2)10iVepp(9) 1

be:ct ngtQ + iang(qS) = 07
d—2)10,V.r (b
( 222(d3)ff( ) + 02,01 Vy(¢) = 0 (9.51)

ext
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We only restrict ourselves to solutions of ((9.51)), which satisfy the attractor condition,
and the following,
OiVess(¢) =0,0;Vy = 0. (9.52)

At the horizon, while considering extremal solutions(a = o’ = 0), the energy con-

straint becomes,

(d—2)(d = 32T — (d = 2)Wop5(8) — 202DV (9) = 0,

ext ext
ngid_g) 2(d—3
= (= Wegsmin ~ (g a gy Vomin(@) 0 =0 (959)

Given Vgt min > 0 and Vj i, > 0 we can see that the polynomial in crosses
the b2, axis exactly once. Thus the solution is a unique real valued solution for bey
which solely a function, of the minimum values of Vet min, and Vg min. This is only
true for extremal solutions. In the case the solutions do not have extremal solutions,
we can integrate the energy constraint , and the equation of motion for scalars
between the double horizons p4, which corresponds to the zeros a, a’, and give
the average attractor equations.

/P+ dp <(d — 2)‘81‘/6ff<¢) + anz‘/g((b)) — O, (954)
p—

2pH2(d—3)

/ P <(d —2)10;Veyrr(@) n 2b?
o b2(d=3) (d—2)(d—3)

V() — 1) =0. (9.55)

These integrands vanish at zero temperature in d dimensions. These are the attractor
equations that we will be paying attention to, we note that if V; =0, and p1 = p_,
then we get back the attractor equations we obtained in the previous analysis. Next,
we are going to use these equations in different cases of Vj, and show the type of
black hole solutions we obtain.
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9.2.2 V, =0, and a Reissner-Nordstrom-like solution

Setting V, = 0, and integrating the equation of motion (9.39) we get,

a®b* ) = (p— py)(p— po), (9.56)

assuming the horizon area is non-zero, we obtain two zeros corresponding to the
double horizon, pi. If we also assume constant scalars that satisfy the attractor
conditions, we obtain a Reissner-Nordstrom-like solution. Substituting by = r to

(19.56)), and using the transformation (9.37)) , we get,

(p—p)p—p-) (43 —rd3)(rd=3 —p73)
CL(2) = +p2 — +r2(d73) ’ (957)

where, p+ and r1. Substituting (9.56)) to the energy constraint ((9.44)), and using the
fact that,

(p+ +p=) | p+p-
(ad) = e - s (9.58)

the energy constraint ((9.44)), becomes,

(p+ +p-) 2p+2p— Ly peteo) PL0= 1 (q- 4)!Veff§¢0)7
p p p p p
2

d—4) ~ (d—4)

This relation is in agreement to the area law, and the relation A; A_ follows imme-
diately from pyp_ = p?,;, which we just showed in the above equation. The near
horizon geometry of the extremal Reissner-Nordstrom solution is AdSs x S4~2 and
is also a string theory solution. For non-extremal solutions, the Harrison transfor-
mation [18] enables us to transform the flat space Reissner-Nordstrom solution to a
black hole with AdS, x S%2 asymptopia. This also provides a CFT interpretation
of the solutions which was explained in detail in [4].
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9.2.3 V, #0, constant scalars

Now we consider the case of on non-negative scalar potential. Using the equation of
motion for the scalars (9.50) and the transformation (9.37)), while assuming constant

scalars, we obtain,

o d—2 82(bd73) B
Z(aﬂd) ) - _2(d — 3) pbd*S — 07

1

277.d—3\ __
= 0,(b"") =0, (9.60)
this gives the solution for for the warp factor b, as,
b3 = c1p + . (9.61)

Choosing co = 0, and ¢; = 1, and using the fact that p has units of [L]d_S, we show
that the warp factor becomes,

b3 = p = a3, (9.62)

Substituting this relation to the equation of motion ((9.35)) setting the scalars
to their attractor values since we assumed constant scalars, we see that —
are satisfied. Now substituting the relation to the equation of motion ({9.39)
and integrating it twice while keeping the scalars constant we get,

4 2
97(a*p®) =2 — WPHVg,mz’m
4 1 1 2
— = d—2)2 2 {12 + 2pd‘3+1Vg7mm +cp+ e
d—3 d—3
2V mi
— @2p2(d=3) — ,2(d=3) _ RN 15;7(72}”‘_ 2)7«2(5172) + 13 4 ¢y, (9.63)

where Vy min = Vy(¢ = ¢o), with the attractor conditions being satisfied. Evaluating
(19.63) at the horizon, with b = by = r and taking ¢; = —c; without loss of generality,
we get,

2(_‘/g,min) 2

e +1-— clr_(d_g)

+ cor ™ Hd=3), (9.64)

It is easy to show that if we set co = 0, and d = 4, we get,

C1 V. ;
a% =1- = &mn,2

; 9.65
T 3 ( )

which is an AdS Schwarzschild solution, with Vg, = A <0, and ¢y = 2GN M, and
for larger r, one requires a to be negative as a metric component. Going back to
the solution (9.63)), we see that as we take r to larger values, the negativity of gy
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requires Vy min < 0. We also see that from [45],

167G qM
— _Omd? 9.66
Vomin = Negy, (9.67)

where wq_s is the (d —2) unit’s sphere volume, M is the ADM mass and Acsy is the
effective cosmological constant which remains negative. Substituting (9.62]) to (9.63))
we obtain the g component of the metric,

2(*‘/;],min)
(d—-1)(d-2)

and then substituting (9.65)) to (9.68)) and also ((9.62))), and (9.68) to the energy

constraint (9.36) and match with respect to the corresponding powers of r on both
sides, we can solve for co and obtain,

=1+ r? — e~ (473) o gpp2d=3) (9.68)

co = (d— 4)WVeyy. (9.69)
Thus (9.68) finally becomes,

a> =1+

from the second term of |} multiplied by b2(4=3) | we can see that with Vg,min <0,
and M > 0, when d > 3 has at most two real strictly positive roots. This can
be seen by taking small values of » and d > 3, the second term of dominates,
and due to the term having a negative coefficient, it means, the polynomial is de-
creasing. As r increases, the first two terms will dominate so that the the polynomial
will eventually curve upwards and keep increasing. We conclude that, depending on
the value of c¢s.
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9.2.4 Perturbation about the attractor point

In this subsection we consider a perturbation analysis at zero temperature, around
the Reissner-Nordstrém background, this is a solution with pi+ = pezt. The first
order expansion of the scalars,

¢ = ¢h + el (9.71)

Substituting the first order expansion to the equation of motion for the scalars ((9.47))
we get,

0,2-3) 5 i\ (d—2) FVeps(dh)  mi¢h
0, (a3 V0,01) = a3 e = e (9.72)
0
where,
o (d=2) 5

as before, we used the fact that, the first order expansion in the scalars does not
contribute to the correction of the metric components. As we saw in Section 8.3.1,
that the solution is of the form,

¢ =i (1 - 'Om>% (9.74)
1 — %1 p 9 .
with
1 4m?
%:2(i 1+p21—1>, (9.75)
exr

we only take the positive sign, due to convergence without blowing blowing up at
the horizon. Using the change in coordinates,

L Prlp—p-)+p-(p—p+) (9.76)

p(p+ — p-)

we obtain, the Klein-Gordon equation.

0. (o (2” — 1)0:01) = mi ¢, (9.77)
if scalars are taken as static with mass m; we get a AdSs solution with metric,

12dz?
pgact(z2 - 1) ’

this solution suggests the existance of an underlying SL(2,R) symmetry thus this

ds® = —p2,, (2% = 1)dt* + (9.78)

indirectly suggests an AdS/CFT description of the black hole’s entropy. We know
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that the first order expansion in the scalars, gives rise to the second order expansion
in the metric components [I4]. Thus we can write,

bd—3 —_ bg—?) + €2b2,

a? = a2 + ay, (9.79)

we can expand ([9.56) up to second order and obtain the expansion coefficients by
and as, as,

2624 4 (2a%bd’3b2 + bg(“’)@) &+ (agbg + 2a2b2bg—3) et asb2eS = (p— p)(p— po).

(9.80)
From (9.80) we can deduce that for O(e?), we get,
d—
a2 = (p— pi)(p — p-), (9.81)

which is the Reissner-Nordstrom-like solution we obtained in Section 8.3.1. For
O(€?), we can solve for as, and by using p+ = pest

20263y + bp " Vay = 0,

2 _ _

= ay = —- <1— (P +p-) +p+§ )bz, (9.82)
p p p
2 P 2

— ay=-—- (1 - e‘”) b. (9.83)
p p

To solve for by, we use the equation of motion ((9.50) and substitute (9.71)), and get,

i i\2 pd—: d—2 _
Z (ap(¢0 + 6¢1)) (bg 3 =+ €2b2) = _ma?,(bg 3 + 62()2)
N2y d— d—2 _ (d—2)
— ¢ Z(8p¢1)2bg 3 _ _maﬁbg 3 _ 62m6§b2. (984)
For O(€°), we get
d—2 943 _ 27d—3 _
2(d — 3)8pb0 =0—=09,bp " =0, (9.85)
which is valid, since by = r.
For O(€?), we get,
2(d—3 i\2rde
b2 = _((d—Q)) > (9,00)°05 7, (9.86)

2

integrating (9.86) twice to solve for be, we obtain,
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) 275
b= dip <1 - ”“t) , (9.87)

p

where,

L ()3
B @1 053

Thus the metric components are given by,

a? = a% + e2ay,

_lo=p)o=p) o2 () per N g (1 Pt ) 0.50
- bg(d_3) te P D Z 2P P ’ ( : )
0

in the vicinity of the horizon, a®> — 0, and by — >, dbp (1 — L{’j‘“‘“) — constant
and as we take p — 0o, we see that a — constant, and b — 0, which is in agreement

with the attractor equations.

9.2.5 Exact solution for a single scalar

In this section we consider a simple example of constructing an exact solution by
following [43, [14]. The simple case consists of a single scalar coupled to a pair of
gauge fields with V; = 0 and we consider a magnetically charged solution. This leads
to the potential of the form,

2
Verr() = e™?(Q%), (9.90)
a=1

for this special case in the appendix [I| or appendix A of [4] we shown that,

8(d — 3)
d—2

alz—azza:

(9.91)

using this relation, we show that the metric components and the equation for the

scalars are given by,

1
ea¢ — ea(z)oo (p + iaz)

(o= laz)’ (9.92)
2
2 _ (p=p1)p—p-)
a? = a3) : (9.93)
p2d=3) = 2 ioﬂZ?, (9.94)
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where o is the scalar charge from the equation,

by by
¢ =0t T3 +---=¢>oo+;+... (9.95)
if we write the expression of a? in an asymptotic exapantion form, we can read off
the mass,
M= #, (9.96)
we also show that the scalar charge depends on the mass term as follows,
aM ’ '
where,
_ 1
Q2 = e2%i%= Q2 | (9.98)
We can obtain the relationship between p, and r, by defining,
(p— 3a[3))
= —"—— 9.99
ol (9.99)

Substituting this relation to the warp factor equation, (9.94]) and the equation for
the scalars (9.92)), we get,

b= |aX|T3 (8( + 1))@ (9.100)
1 sign(X)
e®? = oo <1 + 9> : (9.101)

Now if we integrate the coordinate transformation (9.37)), we obtain the following
relationship,

eS| [ aas

r=-—— [ dov*~%(0), 9.102
i—3 ), () (9.102)

1
|aX| a3 (;+;) 1 1 1 1
=10V Y x| 5505t )
1(d-2) 2 2d-3)"2  2(d—3);§+ ggg Y
(9.103)

we take the initial condition of the integral as, b(r) = 0|,—. Taking the near extremal
limit(p+ — p2,;), we find that the scalar charge and the mass term becomes,
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Jon =V - an), (9.10)

= g ) (9.105)

9.2.6 Attractors in infinite dimensions

In d dimensional spacetime, we usually expect the Newtonian gravitational potential
of a single point source to fall like 773, this agrees with the two dimensional space
where the potential falls like 73~2 = r. If we take d to approach infinity, r3=¢ —
:—Z — 0. This feature extends to general relativity[46]. This means that if the
attractor mechanism is true as d — oo, then we would expect that the scalar fields
start approaching ¢ s(the attractor values) close to the horizon. This suggests that
away from the horizon, one expect scalars to not flow to their attractor values, by
maintaining asymptotic values but they suddenly jump to their attractor values at
the horizon. We confirmed this behavior by analyzing the exact extremal solutions
found in the previous section. We notice that given an asymptotic value, the flow
starts approaching a step function as the number of spatial dimensions increases.[4]
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9.2.7 Horizon Invariants

This subsection discusses the existence of the products of horizon areas that form
invariants in the attractor mechanism.

Higher dimensional area law

To simplify our analysis and discussion we set V;, = 0 and generalize the area law
[2] using the results we obtained in Appendix @ we know that temperature can be
calculated from computing the periodicity of the Euclidean time direction at two real
horizons, which gives
1, = (@) (9.106)
4’ )

where (£) represents the inner and outer horizons, from (9.37)) and (9.56|) we calculate
the derivative of the metric component (a?)’ in order to give different representations

of the temperature. We start with,

(a2) = &, <<p— pe)(p p)>

p2(d—3)

=(d =36~ (20— (py +p-) —2(d = 3)(p— py)(p— p-)b ') .

(9.107)
Evaluating the results of (9.107) at the horizon (+) we get,
—(d— 2(d - 3)A
(@) = @ =32 2py — (g +p) - 0) = 2023 (9.108)
+
Similarly at the (—) horizon,
2(d—3)A
(). = R (9.109)
Thus the temperature can be written as,
(a?), 2(d —3)A
T, = =+ A1
+ An bi,Q (9 O)

Where we have defined A = %(p+ — p—) as the non-extremality measure. We notice
from that the extremal case is when A = 0, therefore, as A — 0, the
solution approaches an extremal solution, we also notice that the extremality is
proportional to the temperature. The inner horizon has a negative temperature.
Thus as A increases, the area of the inner horizon becomes smaller. Interpreting the
area as entropy with respect to the black hole mechanics, it means the inner horizon
represents fewer degrees of freedom the more non-extremal the solution becomes.
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Using (9.106)) we can write,

2(d—3)A
(I S
T —2(d-3)A d—2"
(T
= Tyb 24+ 7072 =0, (9.111)

since in d dimensions, the area of the horizon is given by A — b4~2, therefore,
AT+ AT =0, (9.112)

and if the entropy scales with the area, we can deduce that,

0 S+T_|_ + S+T_ B

aar > +-len = =

51 0. (9.113)

If we have an extremal solution, the product of the entropies and the areas are mass
indipendent.

S.S_=8%, 5 A A = A?

ext ext*

(9.114)

When V; # 0, and taking d = 4 with constant scalars, we observe that from ((9.13)),
(9.14) and (9.15) the product of all the horizons is given by,

3‘/eff,min

ryr |\ = Vo)
g,min

(9.115)
We notice that this case is doesn’t include our assumption of only focusing on only
real positions of the horizons. Keeping V, # 0, leads to non real or complex horizon
positions. Now if we set b(r) = r, then from (9.22)) we can get,

T

2

1 4‘/23 min -V min -1

1 V1 + 4Ves g min(=Vgmin) | 0.116)
2(_Vg,min)

from this analysis one can see that unlike in the case of V; = 0, the geometric mean
of the two horizon areas is not equal to the extremal area.
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9.2.8 Only two real zeros

In this subsection we start with a simple case of calculating product of horizon
invariants, buy setting V, = 0, and setting d = 4. We first start by integrating
the equation of motion (9.3), and using a?(r+) = 0 (the Reissner-Nordstrom like

solution), we get
T4 T+
/ (a®b?)"dr = 2/ dr,
rT— T—

= (a®)V*|,=r_ s, + @20 |y =2(ry — 1)

Thus from (9.3) we can see that there exists [~ and [T, such that [T — [~ = 1(if we
choose, a = ﬁ(without loss of generality), which gives,

(a®)V?|p—r_ = al™,

(a®)0?|,=, = ad™. (9.118)

We have now calculated the constraint that the equations of motion must satisfy, we
now consider the one dimensional on-shell static spherically symmetric action with
a single scalar is given by,
v
Sg=1 = /dr <(a2b2)' — b (¢')? — efb];w)) + totalderivatwe) . (9.119)
We vary this action with respect to the degrees of freedom a2, b, and ¢, and impose

the following asymptotic boundary conditions,

?=a—- """ 4. (9.120)
T

b? = 1% + constant + - - - (9.121)
by

O(r) = oot o (9.122)

Varying this action gives the equations of motion we obtained before, — .
By performing the variation of the on-shell field configurations only, the volume term
about the extremum vanishes. Therefore, only the derivative of the surface terms
survive. If we let ® represent some degree of freedom for a general action its variation
is solved by the Lagrange equations of motion. Before we consider the general case,
to illustrate our method, we initially set V;, = 0 and work in four dimensions and
recover known results. Since the effective action satisfies the equations of
motion, then the solutions a(r), b(r), and ¢(r), also satisfy the energy constraint
. We also parametrize our solution space by (a?)’.. The variation we perform in
this example are only on-shell, thus we keep electric and magnetic charges constant
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through out. The solution of the action on-shell is given by the Euler-Lagrange

equations,

L d [ 6L
3 ((5(8@)) — 0. (9.123)

If we integrate this equation, the terms arising from the volum term vanishes about

the extremum, and the only term left with is the total derivative or the surface term.

If we integrate by parts on the term, %5(8@), we get,

oL
dr 5(0D), 9.124
/on—shell 5(8(1)) ( ) ( )

set, u = %, dv = §(0¢) = 0(d¢), then using integration by parts, we have,

oL oL oL
d 5(0D) = —2=_§()|7+ — dré®d——— (9.125
/on—shell T(g(@@) ( ) 5(8(1)) ( )7: /on—shell ' 6(8(1)) ( )
oL oL L
— 2 d 5(0D) = = _§(d)|1+ — drd [ —=—60 ) =0,
/on—shell r(s(a(p) ( ) 5(8(D) ( )T_ x/on—shell ' <5(8(I>) >
(9.126)
this tells that
™ o d oL oL
- [ (p = —_— (I) 7”+ = . 12
/T o (5(8@)5( )> s0) (DI =0 (9.127)

It is clear that the surface term ((9.127)) does not receive any contribution from the
potential term, g—é, and applying this to our metric components keeping the boundary

at the horizons, a®> = 0 and da? = 0, we can re write (9.127) as,

oL 0L 0L 0L .
—— 50"+ = [ ———da® + 6b% + 5 > i 9.128
som?® = (s * s * s ) - (9-128)
= bb'6a®[i+ + (a®)'80°|7 — 2a%0°(¢")'[17, (9.129)
= (a®)' 50?7+ = 0. (9.130)
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Now using the results obtained at (9.118) to rewrite (9.128)), we have,

(a®)'5b2(ry) — (a®) ob*(r_) = 0, (9.131)
Sb(ry) _Ob*(ro)

= alt b%:) —ol 55 =0 (9.132)

= o (IT6(log(b*(ry))) — 17 6(log(b?(r-)))) =0, (9.133)

— 1T5(log(b*(ry)) = 17 6(log(b*(r_)). (9.134)

As we stated before that the variation is performed in a space of on-shell solutions,
at fixed charges denoted by (), and every point is characterized by constant scalars
fixed at asymptotic values. These assumptions satisfy the analysis of the attractor
mechanism. We know that for extremal solutions, the scalar fields flow to the point
where the effective potential is minima. Preserving this behavior, we assume a
smooth zero temperature limit to recover this behavior. Now we consider a variation
around a point in some solution space * to another point in some solution space *x,
moving from * to *x is determined by by the infinitesimal transformation,

log b2, = log b2 4 & log b°. (9.135)

Therefore, the constraint (9.134)) can be rewritten as in forward and reverse direc-
tions,

15 6(log(b*(r+))) = I 0(log(b*(r-))), (9.136)
L (—8(log (b (r+)))) = L (=0(log(b*(r-)))) - (9.137)
If we take the ratio of and , we get,
[
=== = 9.138
oL (9.138)

This is true for any two points connected in the solution spaces with an infinitesimal
transformation. If we also assume that the solution space is connected and smooth,
then we can conclude that,

-
A= constant. (9.139)
This is true at any point in the space of solutions. Since we have identified the
constant, we can rewrite the constraint (9.134)) at any point in the space of solutions
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175 (log(b* (r+)) = 17 8(log(b*(r-)), (9.140)
— [T5(log(b%(ry)) = nl+5(log(b2( ), (9.141)
= 0(logb(r4)) — d(klogb(r_)) =0, (9.142)
=0 <log bll(( ))> =0, (9.143)
— log bf(r )) 3 (9.144)
= b(ry )b " (r_) = €~ (9.145)
== b(r+)b*li/l+(r_) = constant, (9.146)

where k, and Kk are constants. Recall that the variation was done on-shell, with
constant charges, using that assumption we can rewrite the right-hand side of ((9.146])
as a function of constant charges,

b(r )b (L) = F(Q). (9.147)

Now we determine the function F'(Q). To do this, we recall that in the solution space
there exist a point that is purely characterized by constant scalars, and we also recall
that, at this point, we obtained a Reissner-Nordstrém solution with the property,

ror_ = F(Q) =12, (9.148)

Using this analysis, we can see that [T = [, and thus, the invariant constraint is
given by,

b2 (r)b?(r_) = constant. (9.149)
Using this property we can see that we can directly derive the area law by multiplying

both sides with (472), which gives,

Ah?(r )Anb?(r_ ) = AL A_ = A2
+ +

ext:

(9.150)

Which is an invariant as we saw before.
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9.2.9 N complex zeros

In the previous subsection we found invariants, but we only focused on two real roots
of a(r). We generalize this technique where a(r) has N roots. Suppose that the roots
of a(r) lie on the complex plane C and are positioned at 7;, 1 <14 < N. This implies
that each r; is a boundary for variational problem. Following the procedure as in the
previous subsection, we start by considering the effective one dimensional action [4],

Sia = /dr((d —3)(d = 2)b" (1 + a®b?) + (d — 2)b" 3 (a?)'b’

— 2a%0%2(8,¢)2 — (dbd_f)!veﬁ - 2bd—2Vg) (9.151)
= [an((@=2) (1+ @407 + Jop(a)a, ()
2= 3)a (0 (0,0 ~ (s Ve ()
(9.152)

as a line integral along a contour C in the complex p-plane. This one dimensional
effective action is obtained from integrating out the gauge charges from the equations
of motion. Unless all of the roots lie along a line, we can always form a simple
polygon on the complex plane with the roots at the vertices. We define C as this
N-gon and order the vertices pi,- - -, py. Suppose we consider the variation of an
on-shell configuration. The variation remains on-shell along any real line. (This line
may connect, for example, the horizon to the asymptotic boundary.) Along the real
line the Euler-Lagrange equation for a degree of freedom & is

oL d [ oL
2= _ ) =0. 1
9 dp (a@,@) 0 (9.153)

Here, we wish to vary the configuration evaluated on the contour C in the complex
plane. On the i-th edge of the N-gon, the Euler-Lagrange equation becomes

oL ds; d oL

— — ——— | —— ] =0 9.154

0  dpdsi \ g <@8£) ’ ( )
dp 0s;

where p = p(s;) and s; is an affine parameter with C%,pi = constant. These Euler-
Lagrange equations are valid on the i — th edge of the N-gon. To make sure that the
configurations remain on-shell, we put
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p(si) = pi + (pit1 — pi)si, 0 < s < 1, (9.155)

to linearly interpolate between adjacent roots. For on-shell configurations along C,
following the arguments of the previous subsection, integrating along the i-th edge
gives

(a2)/5b2(d—3) ‘Pi+1 _ i i

i T D. ds: (a2)6b2(d_3) Z::-H =0, (9156)

with D; = j—” = pi+1 + pi. to obtain the constraint as before, we also apply (9.117)),

S -
by integrating the equation of motion to get,

Pi+1 4 Pi+1
2 (,22(d-3)) _ ) 2
/,, a0} (a90) = 2 = ) - /p Tl )
Dp(a® )P0 4 20, (0P N0 = 2(pigr — pi), (9.158)

recall that a?(p;11) = a®(p;) = 0, thus,

1 [d(a?) 3y 10
D; < ds; ) P = qilpis pis1)- (9.159)

As before, this tells us that we can find 2V real numbers, lz?t such that,

1 [d(a?) _
gt — = [ S% ) p2(d-3)) )
oyl D, ( ds, ) b |pi> (9.160)
~_ 1 (d@®)\ aa-
ol = g (G ) P (8-161)
with l;r —1;7 = 1. Using (9.160)-(9.161)) we can rewrite ((9.156|) as
1 (d(a®) 2(d—3)|Pi+1
— il — .162
-Di ( dSi >5b Pi O? (9 6 )
1 (d(a®)  9-3) L (d(a®)\ oa-3), _
— E < dsi ) b |Pi+1 — E ds,L- b |Pi = O, (9163)
which implies,
ili g, L Sl s (9.164)
p2(d—3) Pit1 T p2(d—3) pi = :
— o (I7010g ]\ — 17510g 5]V =0, (9.165)
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As we did in the “two zero only” case, we can conclude that il—; = constant and thus

substituting this constant to the previous equation we get,

2(d—3) (-
5 | log | b2, (l> = 0. (9.166)

Now combining all the edges in the N-gon, we have,

N 2(d—3)(1—%)
b /) =o, (9.167)

0 logH ;

=1

and integrating we get,

N b2(d—3) (1—%)

logH ; = Kk = constant, (9.168)
i=1
N 172
= H bl-( g ) = e = constant. (9.169)
i=1

Again, we emphasize that in obtaining this equation, we have considered variations
in the space of solutions for which the gauge charges are held fixed. Going into
this are the assumptions that the solution space is continuous and is characterized
by the temperatures at each of the horizons and the moduli at infinity. A special
point in the space of solutions is the extremal black hole spacetime. Here, the hot
attractor mechanism we are studying reduces to the usual attractor mechanism. The
temperature vanishes at the extremal horizon and the scalars flow from infinity to
attractor values. From our knowledge of what happens at the extremal point in
solution space, we may deduce the constant on the right hand side. Now to derive
this constant in the right hand side of , we consider a point in solution space
where we set the moduli at infinity to their attractor values, as we noticed in Section
9.2.1, a®>*“=3) is a 2(d — 2) degree polynomial in r. Thus using (9.63) and (9.63),
Vieta’s formula tell us that the product of the roots is

2(d—2)
T ri= Dt Vergmin (9.170)

The roots specify the locations of the horizons on the complex r-plane. From ,
the product of the positions of the horizons depends only on Vj i and Vg s min.
The potential V, for the scalars appears in the action as a cosmological term.
We recall from that Viss is a function of the scalars and the charges. The
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right hand side of ((9.170) is therefore determined completely by the charges and the
attractor values of the moduli. Let us hold the moduli fixed at the attractor values

and consider variations of the solution that change, for instance, the mass or the
temperature of the black hole. Under such variations, we have shown that

2(d—2) 2(d—2)
5| II ri) =6 IJ ¥ =0 (9.171)
=1 =1

where the first equality uses the identification of coordinates in (9.62)). Comparing
to (9.168|), we conclude from this that

-
ﬁ:i, (9.172)

~

J

for all 4 and j. Hence, analysis of the solution at the special point in moduli space
where the scalars assume the attractor values tells us that the general on-shell 2(d
2)-horizon solution space has an invariant defined by o (H?Ldl_m bi> and this invariant

is

(d—2)
(d—1)! Vegpmin
b = min_ (9.173)
Z.l;[l 2(d = 3) (—Vg,min)

The left hand side applies to any d dimensional spherically symmetric solution of
the equations of motion, in particular to a general non-extremal black hole with
horizons at complex radii. The right hand side is fully determined by the behavior
of the potential when the scalars are fixed to attractor values corresponding to the
extremal black hole. The former solution is related to the latter by taking the zero
temperature limit.

9.2.10 Invariants for stationary backgrounds

In this second component of the thesis, we have so far analyzed static spherically sym-
metric black hole backgrounds in arbitrary two derivative theories of Einstein-Hilbert
gravity coupled to matter in arbitrary dimensions. The analysis was dramatically
simplified by the existence of a universal ansatz for these black hole backgrounds
which enabled us to focus on a 1 + 1 dimensional effective non-linear sigma model
and identify the boundary terms that are required to be invariant under a perturba-
tion from one point to another in solution space. One observes empirically that for
known rotating solutions such as the Kerr-Newman solution, there exists a similar
invariant constraint on the solution space. In this case, however, we do not have
a universal ansatz for a stationary black hole background, and hence, in order to
explore the existence of an invariant in these backgrounds, we adopt a more abstract
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though generalized analysis. We sketch the argument below. In order to restrict to
a single angular momentum, we will specialize to the four dimensional case. As we
have seen in Iyer and Wald [II] showed that for any black hole backgrounds with
Killing vector x in a diffeomorphism invariant theory of gravity, under a perturba-
tion in solution space that keeps the Killing vector invariant, the contribution to the
change in the conserved quantity W = kS at each Killing horizon is given by

SW = K4S, (9.174)

Here, k = x - Vx evaluated at the Killing horizon, and S is a quantity defined in
terms of the local fields evaluated at the horizon and is obtained from variation of
the Lagrangian with respect to the Riemann tensor. At the Schwarzschild horizon,
S is the Wald entropy of the black hole background. The Wald formula can be used
to evaluate S at each of the other Killing horizons in the spacetime, except that it
no longer carries the interpretation of entropy. Therefore, given n Killing horizons,
we can define the boundary term at each horizon, which depends on the local values
of the fields at the i-th boundary and the norm of the gradient of the Killing vector
at that boundary as

Wi = /iiSZ‘ = Oéili(¢), (9.175)

where [;(¢) is a function of all the fields evaluated at the i-th Killing horizon. This
equation is analogous to (9.118)) and if we perform on-shell variations and making

sure that the boundary terms are zero, akin to the Iyer-Wald perturbation in solution
space that gave rise to (9.174)), we get the constraint,

ZdWZ = Z/MSSZ = Zaili(@d(log SZ) =0. (9.176)

This expression is analogous to what we did in going from ({9.128]) to (9.133)) using
(19.118]) or from (9.160}9.161)) to (9.164) using (9.156]). Notice that this is essentially
a generalization of the null variation of boundary terms at the Killing horizons for

on-shell variations for static black backgrounds, as we have explicated in subsection
9.2.7. It may, however, be useful to step back and examine the inputs that inform
. We have assumed the validity of the first law of black hole mechanics based
on the general assumptions of [I1]. We expect that there is a well defined, continuous
space of solutions that includes the extremal point and that the variational problem
makes sense on this geometry. To make contact with our discussion of Reissner-
Nordstrom-like hot attractors, we as well keep any gauge charges fixed when we vary
below from one solution to another. Motivated by the “no hair” theorem, we should
also keep angular momenta fixed. Depending on the circumstances under considera-
tion, these assumptions may not be the most general or may be too restrictive. For
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our purposes, these are minimal assumptions, and we will nevertheless proceed with
these caveats in mind. Now, in analogy to —, we consider an on-shell
variation between two in- finitesimally separated points in solution space, * and *x.
Under a variation from the former to the latter, we obtain the constraint,

Z aili +(¢)d(log S;) = 0, (9.177)

whereas a reverse variation from xx to * yields,

Z ili ()0 (log S;) = 0. (9.178)

The two variations (9.177) and (9.178) are compatible if and only if,

li,*(¢) _ lj,*(¢)
li,**((z)) lj,**((b) ’

(9.179)

where 1 < 7,5 < n. Hence, the [;(¢) are constant throughout the space of stationary
black hole backgrounds assuming that this solution space is connected. The on-shell

variational constraint then reduces to

S 6(0g 51 = 0. (9.180)

This implies that in theories of gravity in arbitrary dimensions, with smoothly con-
nected solution spaces, determining the /;(¢) at any given point fixes them through-
out the space. In particular, if this space contains a point corresponding to a constant
scalar field background that resembles the Kerr-Newman spacetime, then an empir-
ical observation of this solution shows that I(¢) = |l;(¢)| for each Killing horizon i.
We therefore arrive at the general result that under an on-shell variation of stationary
black hole backgrounds with n Killing horizons in two derivative theories of grav-
ity, in arbitrary dimensions, with smoothly connected solution-spaces, containing a
Kerr-Newman background, there exists a conserved quantity given by

H Si = f(Q), (9.181)

where f(Q) represents a function of all of the non-mass parameters (such as U(1)
charges and angular momenta) of the black hole background that are fixed under
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the on-shell variation. We note that the statement (9.181)), though a stronger state-
ment than (9.180)), can only be made in the context of two derivative theories where

empirical constant scalar black hole backgrounds can be explicitly written down,
while holds in greater generality. If a constant scalar Kerr-Newman-like so-
lution exists in a higher derivative theory, we can make the statement in
this context as well. We conclude this section by sketching a heuristic motivation
for the area law for ro- tating, charged black holes in four dimensional ungauged
supergravity, and make some contextual comments on the logic of our calculations.
Given an asymptotically flat black hole background with a specific set of charges
and angular momenta and with two hori- zons corresponding to two length scales, if
the extremal limit exists, then the non-extremal solution can be regarded as a non-
extremal excitation of the extremal background that is characterized by the warp
factor beye(r, 0) and the non-extremality parameter A. This is an uncontroversial ob-
servation about the near extremal solutions, but the statement applies more broadly
to any non-extremal black hole which admits a smooth zero temperature limit in
N = 2 supergravity. The claim is justified by the attractor mechanism. We note
that tells us that the product of the S; is an invariant. Each of the S; is
characterized by a length scale, b;. In the case where there are two Killing horizons,
we have by (r,0) and b_(r,0), which, respectively, corresponding to the event and
Cauchy horizons. On dimensional grounds, the two parameterizations are related by

bib =) enbl AP (9.182)

Here, we assume that a nice expansion exists for which ¢, are system constants; by
virtue of extremality, b.,; is mass independent. If the double extremal limit exists
as a Kerr- Newman solution, we see that ¢, = d,,2. This motivates the area law for
this specific set of black hole backgrounds.

Notice that both the above motivational argument for solutions in the Kerr-Newman
class as well as the rigorous discussions for solutions in the Reissner-Nordstrom class
are motivated by an exploration of the attractor mechanism for black holes. This
mechanism, originally discovered for extremal black hole backgrounds with neutral
scalar fields, fixes the scalars at the extremal horizon in terms of the charges of the
black hole, irrespective of their asymptotic values. The on-shell variation in the solu-
tion space is therefore naturally performed at fixed charges and with varying values
of asymptotic scalar moduli. The entropy of the black hole, which is essentially the
horizon length scale is therefore completely independent of all asymptotic data and
is purely a function of the charges and the angular momenta. This is the area law
for extremal black holes — a length scale defined purely by non-mass parameters of
the black hole. We identified a generalized version of the attractor mechanism under
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a similar variation for non-extremal charged black holes, and proved a corresponding
area law, a product of the horizon length scales which again proved to be defined
purely in terms of the non-mass parameters of the black hole. The on-shell variation
involves modulating the asymptotic data, which includes the scalar field asymptotia
at fixed charges and angular momenta. The ADM mass of the black hole, in the
event, that it is defined is purely a function of the scalar asymptotia at fixed charges
and angular momenta and its variation is fully specified by the variation in the scalar
field data. All the results in this paper are based on this variation, which is natural
to the attractor mechanism. Under a different variation in solution space, with say
varying charges, one might potentially find different invariants. However, that is an
open question at this point in time.
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Chapter 10

Discussion and Conclusions

In chapter [7] we observed that we were able to match the numerical solutions of the
non-Schwarzschild black holes and the asymptotic expansion solution, the matching
of these two solutions also give accurate results of the mass of the black hole up to
two decimal places. We also showed that as we increase the order of the asymptotic
expansion, higher order corrections rapidly decrease as the radial component of the
black hole increases. We observed that, instead of one using numerical methods for
integrating the equations of motion in order to find black holes, one can just use
the near horizon expansion, which can be expanded at any order greater than O(9),
then patch that near horizon expansion with the asymptotic expansion to obtain full
solutions. In this component of the thesis we used O(9), O(12), O(15), and O(18),
and the order of the near horizon expansion is increased the more accurate the so-
lution meaning the more it is valid for larger values of r away from the event horizon.

We found convincing further evidence for the existence of non-Schwarzschild black
holes as mathematical solutions to (??) and (?7). We showed that the numerical so-
lutions matched well will our asymptotic expansion and that the expansions seemed
to work well at large distances from the horizon. Unfortunately, this class of black
holes does not seem to be physically reasonable. The fact that only small (on the
length scale of L,) solutions seem to exislﬂ invalidates our original assumptions
about treating gravity as some effective theory and neglecting even higher order
corrections. Truncating at O (L% / L%), and quantizing, leads to ghosts [13].
Perhaps, these ghosts are responsible for some of the strange features, like negative
entropy and mass, of the hot branch of non-Schwarzschild black holes. It would
appear, that in the context of effective theory, that there is no higher derivative hair
at O (LQP / LQC), in asymptotically flat space — hence the title of our paper[20]. We
did try to search for other branches of non-Schwarzschild solutions with more phys-
ically reasonable solutions. Although we did not succeed, we may just have missed

LOne can construct large solutions with negative entropy but these are not, physical.
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them just as the cold branch was missed in [I] — further study would be required to
completely exclude this possibility.

Recently, neglecting the O (LQP / L2C) order terms and going to the next order, have
constructed black holes in pure gravity. These solutions seem to be more reasonable
than the ones discussed in this paper. We hope that generalizing our results to higher
dimensions and asymptotically AdS space-times will lead to new non-pathological so-
lutions without having to resort to the complexity of the next order. In particular,
adding a cosmological constant, and working in asymptotically AdS space, it was
shown in [I], that one necessarily has R = A everywhere. This means that one can
not neglect terms in the equations of motion involving 8 as we did in flat space,
this may lead to a richer solution space in AdS. In appendix [D] we have shown how
one derives the equations of motion and linearizing them and calculate the entropy
with the inclusion of the cosmological constant, but we decided not to pursue any
further investigations such as finding numerical solutions, asymptotic expansion and
matching conditions for such a theory, so we left it as an exercise in this thesis.

N = 2 supergravity supplies a powerful framework for studying black holes. In par-
ticular, in four and five dimensions, the attractor mechanism explains the dynamics
of moduli in extremal geometries. The presence of an AdS, throat fixes scalars at the
horizon. For non- extremal black holes, our previous work [2], [3] derives conserved
quantities associated to the product of the areas of the outer and inner horizon and
the extremal attractor equations integrated over the inter-horizon domain. Let us
review what we have done in this component of the thesis. A change of coordinates
(19.37) recasts the equations of motion into a form analogous to what we encounter
in four dimensions. This enables us to establish averaged attractor equations
and in higher dimensional settings. The d — oo limit of extremal solutions
from subsection 9.2.4 shows that the scalar flow follows a step function that inter-
polates between the asymptotic moduli and the attractor value at the horizon. We
consider fluctuations about the attractor point in subsection 9.2.2 and demonstrate
the existence of an AdSs in the space of solutions. Section 9.2.3 and [[| constructs
an exact non-extremal solution with a single scalar field that couples to a pair of
gauge fields in arbitrary dimension. In addition to ungauged supergravity, we can
introduce Fayet-Iliopoulos terms to perform an Abelian gauging. At the level of the
low energy effective action, the Fayet-Iliopoulos parameters introduce a potential
V() for the scalars that acts like a negative cosmological term . We write the
attractor equations in the presence of this term. Structurally, — are sim-
ilar to the equations in the four dimensional case. The solutions to these equations
that we study are the simplest ones: the scalars are fixed to their attractor values.
In subsection 9.2.1 we demonstrate that there are at most two real strictly positive
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roots where horizons are situated.

In subsection 9.2.5, we closely investigated the horizon invariants. In ungauged
supergravity, following [2], it is straightforward to extend the area law to higher
dimensions. With Vj(¢) # 0, for constant scalar solutions, the product of the posi-
tions of the horizons of a non-extremal black hole is an invariant expressed in terms
of the potentials, but the extremal horizon area is not the geometric mean of the
areas of the non-extremal horizons. We establish the form of the invariant in
arbitrary dimensions. This relation applies to the case of N horizons positioned at
complex values of the radial coordinate. The logic used in deriving this expression
generalizes to the case of rotating Kerr-Newman-like black holes.

In subsection 9.2.5, we sketch this argument in four dimensional ungauged super-
gravity. Promoting black hole thermodynamics to black hole statistical physics, we
expect that the entropy, which at leading order is computed by the area of the event
horizon in Planck units, counts the microstates of the black hole in quantum gravity.
For non-extremal black holes in four dimensions, there are three distinct regions in
the spacetime: Region 1 in which r € [r4,o0], Region 2 in which r € [r_,r], and
Region 3 in which r € [0,7_]. In each of the three regions, the time coordinate
t € (—o0,00), but as one crosses the horizons, the temporal and radial motion ex-
change roles in the spacetime metric. In [2] it was argued that the decoupling of
Region 2 from the asymptopia is in analogy to what happens when we take a near
horizon limit of the extremal solution. The AdSs factor actor that gets identified in
this limit explains how moduli are fixed by the attractor mechanism. It is telling that
the same quantities that vanish by virtue of the attractor equations in the extremal
case also vanish when averaged over Region 2 of non-extremal solutions. The area of
the event horizon is determined by r4 and fixes the entropy of the black hole. The
area of the Cauchy horizon is likewise determined by r_. Using Bekenstein-Hawking,
the area law gives,

SZ
S = S@f —8%,=5.5., (10.1)

Since the two are inversely proportional, as we become more and more non-extremal,
Sy grows and S correspondingly shrinks. Moreover, as the solution becomes increas-
ingly non-extremal, the reduction in S may suggest that there is a universality to
states enumerated by the inner horizon. If the entropy of the Cauchy horizon iso-
lates a particular subset of the states captured by S, it would be interesting to learn
which ones and what selection criteria to apply when restricting to these states. If
Region 2 and Region 3 in the interior of the black hole are decoupled, the additivity
of entropy suggests that the degrees of freedom in Region 2 are captured by the
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82 —52
+T‘°‘“. Note that any

association of thermodynamic quantities with the Cauchy horizon S in supergravity

difference in the entropies of the horizons: Sy = S, —S_ =

is na 1vely suspicious as states in the inter-horizon region cannot see the asymptotic
vacuum. We take our cue from the holographic picture of the black hole as follows.
Since scalar excitations in this region satisfy the Klein-Gordon equation in an AdSs
spacetime, which can be lifted up to a BTZ black hole, in the holographically dual
CFT, we associate the right movers to the extremal solution and assume without
loss of generality that 0 < T, < Tg. In this case, from

2
nry  w°L
Sy =—="T(cgTptec,T 10.2
+ 2G3 3 (CR R Cr, L)v ( )
2rry L2 1 1
It =t = | (10.3)
ri —r< TRj:T—L
we have
TA 2 2 T T
So= = = ZnLer Ty = —om?Lep | —12— 10.4
2T Gy 3 e T Em CL<T+—T_ ’ (104)

where we use the Brown-Henneaux formula to write the central charge ¢y = cgp =
%, where G3 is the gravitational constant in AdS scale. We may then associate
the modes of one set of oscillators — wiz., the ones at a lower temperature — to
the inter-horizon region. This is consistent with the idea that exciting the second
set of oscillators above the ground state is what takes us away from extremality.
While is suggestive, we note that macroscopically, Region 2 and Region 3 are
not decoupled. By this we mean that, we cannot find near horizon limits of each
horizon which are independently solutions of the equations of motion. Moreover,
in Region 2, an observer is forced to move radially — i.e., toward the inner hori-
zon — so it cannot be said that Region 2 and Region 3 are independent. Because
of entanglement, Hilbert spaces do not factorize across horizons. While we cannot
explain these tensions, perhaps they are artifacts of coarse graining microscopic so-
lutions. In any case, because the Cauchy horizon suffers a classical instability, how
seriously one should take the notion of the inner horizon’s entropy is unclear. Even
more mysteriously, one can apply the Bekenstein-Hawking formula to compute the
entropy of horizons at the roots of a(r) on the complex r-plane and write a first law
for these complex horizons. The interpretation of the complex areas in semiclassical
or quantum gravity of course remains elusive.

In addition to (9.170)), one can use Vieta’s formula to extract other interesting hori-
zon relationships from (?7?) for AdS Reissner-Nordstrom black holes. For instance,
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one finds,

>

1<41<ig<...<ig_1 <N

Tigoriy | =
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Appendix A

Derivation of the equations of

motion

A.1 Variation of the Einstein-Hilbert term

In this section we show a detailed calculation of varying the action with respect to

the inverse metric g"¥, we start with the Einstein-Hilbert action.
651 =6 / d*z/—gR
= / d*z6(v/—gR)
= / d*z(Ro\/—g +/—goR)
— [ a5V 5989") + V=500 By

1
= /d4x\/—g(—29WR59W + (R 9" + g"6R,.))

1
= /d4x\/—g(RW — ngR)ég’“’+/d4x\/—gg’””(5Rw,.

The Riemann tensor is given by,

p
R/,L)\l/

= O\, + FﬁGFgu -9, — I O
'/, are the Christoffel symbols, and if we replace

ry, — 1y, +dry,,
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where 01, is the difference between two tensors, thus it is also a tensor, thus if we

take it’s covariant derivative we get,

VA(8TY,) = DA(6T0,,) + 1%, 615, — I5,6T%, — IF,61%,. (A.4)

Now we vary the Riemann tensor

5RZ>\V = O\, + I“V’McSFf\U + rgaargu — OV(SI";\# —I7,0I3,

Kuél—‘lea + Fill(srgu - iuérlgu

= (akcsrzp/y, + Ff\gérgu - Ku(srga - g\—uérgu)

(,0T%, +T4,6T%,, — 3,075, —T%,6T%,)

= VA(6T%,) — Vo (8T%.,). (A.5)

Now if we put p = A, then we get the variation of the Ricci tensor as,

therefore,

5RQM =06R,, = vA(argu) — vy(arﬁu), (A.6)

g,LLV(;RMV = guyv)\(ri\u) - g'LWVV(F:\\,u,)
= VA(gMVFI)/\u) - vl/(gwjriy)
= V(TS — ¢haT,). (A7)

Finally the variation of the Einstein-Hilbert term is given by,

1
8681 = /d4:1c\/—g(RW — §gWR)5g‘“’ + /d4x\/—gva(g“”5ff,“# — g“aﬂ’iu). (A.8)

A.2 The Weyl Conformal gravity term

The Weyl tensor in 4 dimensions is given by

Capys = Rapys +

2

1
(gaéR'yB + QBWR(M - ga'yRé,B - gﬁéR'yoa) + é(ga'ygdﬁ - gcxégvﬂ)R'
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The Weyl squared term is then given by
1
Caﬁ,y(sca,é"y(? — (Raﬁ'yé + i(gadR'y,B + gﬁ'yR&x _ goz'yR(S,B _ gﬁéR'ya)
1
+5(979" = 9™°g7") R)

1
(Rapys + 5(90451%5 + 98y Rsa — gayRsp — 985 Rya)

1

+ g(gmgw = 9as9v8)RR). (A.9)

A.2.1 The first term of Weyl tensor squared

T1 =R Rop.s
+ %(RQW gy Rys + R g5 Rso — R g, Rsg — R g5 R0
+ é(Raﬁ " gargss — R gosgys) R
= R*"° Rapy

1
+ 7(_Ra66’yga6R'yﬂ - R'Baﬂy(sgﬁ’yRéoz - Raﬁ’ydgavRéﬁ + Rﬁaﬂy(sgﬁdR'ya)

[\

+
[N

(958 R*PY° R + gusg,s R R)

|
I~y

1
PV R s + 5(—Rﬁmﬁ7 —~ R*Ra5 — R*Rss — R Ry

—

+ = (955 R R + 9,5 R R)

(@)

1
= R Rop.5 — 2R*PRop + 5R2. (A.10)
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A.2.2 The second term of Weyl tensor squared

1
T2 = 5(gaéRwﬁ + gﬁvRéa _ gavRM _ g’B‘SRw)Rama—i—

i(goﬁRwﬁ + gﬁ'yR&x o goz'yR&B o gﬁ6R'ya)

X (Gor Ryp + 9pyRsa — Gar Rop — 9ps Rya)

1
+ 5 (0" R+ g R — g"TRY — g7 1) (g™ — g*g")R)

1
= 5(_ga6Ra6§7R7'B + gﬁ’yRBow&Réa - ga’yRaﬁyéRéﬁ + gﬁéRﬂaé'yR’ya)

+ %(4}275}@5 + 039 R" Ry — )R Rsp — 6§ R7°Ryq
+ 0T R Rg + 4R Rso — 0P R* Ry — 6] R R,
+6)RP Ryg — 03 RP Rso, + AR Ryg + 657 R’ Ry

— PR “Ry5 — 8O R Ryo + 600 R Rog + AR Ry

1

+ 15 (9ar 5 — Gasgy) R(g™ RV + g7 R — gV ROY — g% 1)
1

= 5 (=Rsy 7 + Ras B — Rgs R + Roy )

1
+ Z(4RWRW +4R"R 5 — AR R, 5 — 4R R 4
+ 4R%* R, + 4R°® Rso, — 4R Rso, — 4R°“ Ry,

— 4R%’ Rss — 4R%P Rsg + 4R%° Rsp + 4R°P Ry

— 4R R — AR Ry + 4R R + 4R R,y

1 . .
+ E(5§95ﬂ3375 + 08955 RR°® — 4953 RR%P — 49, RR"

—4R? — 4R? + 0793 RR"’ + 62 g,sRR"™)
=0. (A.11)
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A.2.3 The third term of Weyl tensor squared

1
T3 = —(9""¢"" — ¢*°¢"")RRups

6

+ %(ng(w — 9% 9" )R(gas Ryp + 981 Rsa — JarRos — 9as Rya)

+ %Rg(g‘”gw — 9°°9"°)(gar 958 — Gasrs)

= (R R

+ 1—12}%((53 9P Ry — 059" Rso — 4R — 4R — AR — 4R + 829" Rsp + 597" Rya)
+ %RQ(M — 6785 — 6762 + 16)

= %(432 +4R?* — 4R? — 4R? — 4R* 4+ 4R? — 4R? + 4R?)

=0. (A.12)

Thus the results are
CPC gy = T1+ T2 + T3, (A.13)

1
Ca6750a575 = RaﬁwéRagy(s — QROCBRO@ + §R2,
1
CMP7Crpe = RMP7 Ry py — 2RM™ Ry, + gR2, (A.14)
we have changed the dummy indices for consistency.

A.2.4 Variation of the Weyl action

852 = —ad / A 1\ /=gCluype CHP7 (A.15)

from the previous calculation we know that we can simplify this expression to be
1
$2— —a / A7/~ (Ryupo B — 2Ry R + S 2). (A.16)

We can also simplify this action by using the Gauss-Bonnet theorem which states
that the action is topological invariant[47],

I= / d*/=g(Ruwpo R"?P° — AR, R" + R?), (A.17)

therefore, if we subtract this term called the Gauss-Bonnet term[47] from our action
we are still going to get the same results, and this method provides the simplification,

100



BLACK HOLE SOLUTIONS IN HIGHER-DERIVATIVE GRAVITY AND THE HOT
ATTRACTOR MECHANISM IN HIGHER DIMENSIONS
JAMES JUNIOR MASHIYANE

thus
52 = / d*xr/=g(Ruypo R*P° — 2R, R + %RQ)
— / d"V=g(Ryupo R""" — AR, R* + R?)
— 2/d4¢?g(R“”RMV — éRZ), (A.18)
therefore, the variation with respect to the metric becomes
682 =2 / d*z6(v/—g(R" Ry — %RQ))
= 2/d4x(;g“y\/jg(Rp0Rpg - %32)5%1/
+ Vg(RuWSR" + RMSR,, — %R&R)). (A.19)
Now let’s start by considering this term

R, 6R™ + R*G§R,, = Ru6(9”g"" Ros) + RGOSR,
= Ry (9”97 0 Rpo + Rpog” 6g™ + 9" Ry 09°")

+ RMOR,,
— RPU(SRpa + RMVRZ(SQP# + RMVR/;(SgUZ/ + RHV(SR;,LV
= 2R"™ SR, + 2R, RS . (A.20)

Then the variation of the Ricci tensor then becomes[47]

1
SR = vA(§gAp(vyagw +V,1u69up — Vp0Gu))
1
B Vy(gg’\ﬂ(vudq)\p + V0gup — Vpogau))
1
= §(vpvyag,m + VPV 18Gup — VPV p0Gu)

1
— i(vyvugkﬂém + V., VP8, — ViV g5,). (A.21)
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Substituting (A.21)) to (A.20)), we get,

2R SR, + 2R, RIS = (RM'NVPY 69, + RMNPN 416Gy, — RM'NPN )0g,)
— (R"™V,V 1978\, + R''N NV 8g,, — R''V,V5g,)
— 2R, REG 97 6gap
= (VPV,R™§8g,, + VPV R Sg,, — VPV ,R" 5g,,)
— (VY R g5y, + Y, VPR g, — VYV R 5gy,)
— 2RO RS gag
= (VV,R*5g,, + VYV R 59, — V2R 5g,,)
— (V,VARM g 8, + YV VY RS gy, — VaVY RS g,

— 2R{RM4g,,,
= (V'V,R?” — VZRM — V,VARMg" + V V" R*)6 g,
— 2R{RM4g,,,. (A.22)

Now we consider the variation of the Ricci scalar explicitly

5R = 8(9" Ry)
= gMV(sR,uV + le(sglﬂ/
1
= 5gﬂ”<vpv#5gy,, — V238G — VNV 19895, + Vi,V 8g5,) + Ry
1
= 5 (VIV" 890 — V2" g — V292595, + VEVASGAL) — Ruvg™ 9% 8 gas
1
= 5(V”V“éguy — 2V29“”5gw, + V'VH0g,,) — R 0gu.
= V'V g, — V29" 5g, — R* g, (A.23)
therefore, the last term of (A.19)) becomes,

— ngR = —%(V”WR — V2Rg" — RR"™)8g,u. (A.24)
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The variation of the Weyl term (A.15)) becomes,

692 = / d*z6(v/—g(R" Ry — %R?))

— [ dtaG VR R By — S F)0

+vV—9(Ru0R"™ + R" SR, — %RaR))

_ / d4:c(%g“”\/jg(Rp‘7RpU - %RQ)ch,w

+V=g(VIV,R" — V2R — NV ,V\RM g + V\V’R')8g,,

— 2R¥RM\/= g6 g, — %H(V”V“R — V2Rg" — RRM)Sg,u

= [ dev=atGe (B R, - 3R

+ V”%V“R + V”%V“R — V2RI — VZ%RgW

— 2RJRM + gRR‘“’ - %V”V“R + gVQQWR)di

= / d4ijg(%g“”(RpaRpg - %R2) + %V”V“R — VZRH

- éVQg“”R — 2RV RM + ;RR‘“’)égW, (A.25)
for simplification of the terms we used

1
VARM = SVIR. (A.26)

If we change the variation of (A.25)) from the variation with respect to the metric to
with respect to the inverse metric defined by,

5gaﬂ = _gaugﬂuégum (A.27)
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we get,
4 1 LV o 1 2 1 v 2 v
082=—[d x\/—g(ig‘ (R’ Rpy — §R )+ gV VHR — V°RH
12 uv V Dp 2 Hv af
1., o 1 1
= —/d4$\/—g(25agf3,,(Rp Ry)s — §R2) + 3
1 2
+ gv%;gﬁuR — 2R 5RE + gRRa[g)(Sgaﬁ

V5VaR — V2Ryp

1 1 1
= —/d4x\/—g(2ga5(RpaRpg - §R2) + gvﬁva}z ~ V%R,5
1 2
+ 6v2gaﬁz~z — 2R 5 R + gRRag)égaB
1 1 1
= —/d4x\/—g(2gﬂy(RWRpg - gR?) +3

1 2
+ 6VQgWR = 2Ry R + SRR )ig" (A.28)

V,V.R—V*R,,

Proof that 1s equivalent to the Bach tensor.
The Bach tensor is defined as (see [1])

Bay = (V997 4 L R¥)Coprs (A.29)
In this proof we use the contracted Bianchi identity given by,

V°Roprs = —VaRgy + VsRay, (A.30)
and the contracted Hessian of the Ricci tensor given by,

VOVaRsy = VaV°Rsy + Ras RS — RagysR™, (A.31)

1
V°Rgs = Vol (A.32)
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The first term of (A.29) becomes,
B 86 1
VPV Ca576 = V"V (RaB'yé + §(Qa§R7B + ngRéa - ga’yRéﬁ - QBERfya)

+ é(gmgw — 9as9y8)R)

= VPV Roprs + %(vﬁv%aamg + VPV g5, R

— VPV g Rss — VPVg35 R0)

+ %(Vﬁ V°9ar9s5 — VOV’ gasgys) R

= V?(~VaRg, + VsRa,)

+ %(vﬁvang + V,V°Rsa — 9o VPV Rsg — V2 R.,)
+ %(ngQR ~V,aR)

1 1 1
= V?Ra, — VPV Rs, + §vﬁvaRﬁ + §V7V‘5R5a - 5ga,yvﬁvéRw
1
6
1_, 1_g 1_ s
= §V Ry — §V VaRgy + §V7V Rso,
1
6
and the second term of (|A.29) becomes,

1 1
— 5VQRW + ~gayV?R — 5VaValt

1 1
— 5909V’ V° Rig + 90y V'R = 5V, VaR, (A.33)

L 55 L 55
§RB Cocﬁ’yé = §Rﬁ Ragys

1
+ 2 (R%gasRyp + R g5 Rso, — RP gory Rss — R g5 R

4
1

+ E(Rﬁ *9argsp R — B gasgysRR)
1 1

- 5(—V5VQRM + VoV Ry, + RosRY) + ZRwﬂRQ
1 s 1 s 1 1 s 1

+ ZR(SQR,Y — Ega'yR Rﬁg — ERfyaR + EgaryR — ER’YQR- (A34)
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Therefore, adding both terms (A.33) and (A.34) we get the following results

1 1
(VPV0 + 5R“)CQW ~V? Ry, — fv VaRgy + v VO Rso — 5ngﬁvéRw

+ ~gay V2R — v VoR

(=V°VaRsy + VaV°Rsy + RasR) + RVﬁRﬁ
1 1

1
+ ~Rso R} — gMR 'Rps — ZRmR + EngQ — Rl

1 1 1
= —ZVQVWR + 1 VaVaR + 5V Roy — 5vﬂvdgmﬁw

1
2
1
6
1
2
1
4

1 1
+ 8v{qu — gV VaR

1 1 1
+ Ros R — ZQMRMRBL; — 3RRy+ ﬁngﬁ

1 1 1 1
- §V2RM - 5VﬁV‘SgMRM + gvngR = VoVl
1 1 1
+ Ro R — Zgmzwzﬁé}zﬁ(; — gRRy + ﬁgMRQ, (A.35)

multiplying the (A.35) by 2 we get the equations of motion for the Weyl conformal

gravity term becomes,

1 1
gvngR + 3V, VaR

1 2 1
- 2R06R§/ + §ga'yRﬁ(sRﬁ§ + gRR’YQ - gngQ)
1 1 1
_(§ga'y(R66R55 — §R2) + 5 VyVaR — V2R

1 2
+ 6v2gowR — 2Ros R + 3 ). (A.36)

1
2(VAV + §R55)C’a575 = —(~=V?Ra, + VVga, Rss —

Finally the Weyl term (A.15)) is given by

652 = ad?2 / d*z/=gCups CHP7, (A.37)
1

= 4o / daz\/—g(VPV + iRP”)CWWég“”, (A.38)

= /d4$\/—g4aBW59W, (A.39)

where the Bach tensor B, is given by,
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11 . 1 1
B#V - 5[_59HV(RP Rpo - §R2) - gvuvl/R
1 2
+ DRMV - éguuDR + 2R”pR,€ — gRij] (A40)

Taking the trace of the Bach tensor (A.40)),

1 1 1 1 4 2
wB.,==|—-—=4(R“R,, — =R?) — ~OR+0OR — —0OR + 2R"R" — = R?
g 122 2 < 2 ( P 3 ) 3 + 6 + p-tv 3 )
1 1 2 2 2
== (-2(R”R,, — ~R*>)+ “0OR— “OR + 2R, , R — =R?
2 ( ( P73 )+ 3 g A 3 >
= 1 x 0
2
=0, (A.41)
and taking the divergence of the Bach tensor (A.40)),
VEB,, = %VZ,B =0, (A.42)

B = ¢g"B,, = 0, as we just showed. Therefore, we showed that the Bach tensor is
traceless and divergenceless.

A.2.5 Variation of the Ricci tensor squared

In this subsection we are going to use the results obtained from the previous subsec-
tions to obtain the variation of the Ricci squared tensor. varying the third term of

the action , we get,
683 = / d*z6(v/—gBR?)
_5 / d4x\/?g(%gWR25W +2ROR)
=5 / d4x\/jg(%g””R2 +2VYVFR — 2V2Rg" — 2RR" )5 g,
=3 / d*z\/—g(—2R(R"" — %Rg’“’) —2(g"™V?R — V'V*R))Sg,u

1
=8 / d*z/~g(2R(R,, — 1Rg,w) +2(gw ViR - V,V,R))5g" .  (A.43)
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A.2.6 Variation of the Christoffel connection

The Christoffel connection is given by,

1
F;);z/ = igAp(aung + al/gp;,t - 8pg,uu)- (A.44)

Now we define a three indices tensor as,

1
e = golp, = 5(61/9#& + OuYpo — Oaguw), (A.45)

thus the variation of the Christoffele connection ({A.44]) is given by,

6T, = 6(9T va)
=069 e + 90T v
= —0"6°69poT e + 90T
= _gpA(SngFZV + g)""dFWp

1
= —g"89,015, + g)‘pg(a,,égup + 9,091y — 0pdGum)
1
= igAp(avégup + 0udgup — 0pdgu — QPZuéng)v (A.46)

(A.46|) can be re-written as,

1

5Fi\w :§g>\p[(al/5-gﬂp - Ffwéggp - szégU#)
+ (0u0gvp — 17,0909 — I'7,0900)
— (0p0guw — szégw - ngégou)]

1
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Appendix B

Linearized Bach tensor

The only contributing terms of linear components of the Bach tensor are,
y
Buz;war RN Vﬂvacupyo’ (Bl)

and recall that the Weyl tensor is given by

1
Cupua = Ryupvo + 5(_R;wgpa + Ruogpr + Rpvgue — Rpag/u/)

1
+ 6R<guugpa - guogpu)y (BQ)

and the linear Riemann tensor is given by,

. 1
Rijnse” = =5 (0u0uhpo + 9p0ha = udshys — 00, by, (B.3)

therefore, using (B.2)) and (B.3)), we can re-write (B.1) as,

linear p a0 ( plinear
B — 0P0° (R 50

linear linear linear linear linear linear linear linear
+ *(—RW + le oo T pr — Rpa )

5 9o Guo Guv
+ éleea'r( Ligeargggbear o Lz'gLear i)i;bear))‘ (B4)

We substitute the linear definition of the Ricci tensor R, and Ricci scalar R to
(B.4) in chapter [3| anf [22], and simplify it by breaking it down term by term. From
now on we drop the superscript “linear” in the tensors. Now the first term of (B.4)
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is given by,
1
0P0" Rypve = —i(apaoauayh,w + 0°0° 0,05 hyy — 0°0° 0,050, — 0P0° 0,0, hys)
1 g [
= —5(8“01,8’%9 hpo + 00h,, — 0070, hy, — 000y hye). (B.5)

The second term of (B.4)) is given by,

1
5(_8'080Ruy77p0 + apaaRuaan + 8paaRpu77ua - 8paaRpU77uu)

1
= —5 (ORu + 0,0" Ryug + 040" Ry = 00’07 Rpo), (B.6)

simplifying , we get,

1
_DR/.LZ/ = _§D(8U8yhz + &ﬂ?uh‘; - 8“8,,h - Dhuy)
1
= — 500600 hop + o0t hipy — 0Dy — Ohy), (B.7)

the second and third term of are equal using symmetry of the Ricci tensor, and
are both given by,

8,0° Ry, = %aﬂaﬂ(agayhg + 850,hS — 8,0,h — Oh,y,)
= %(aﬂayaoaphg + 8,0,00 — 8,08,h — 8,000°h,,)
= %(aua,,agaﬂnﬁahﬁp + 8,0, h,, — 00,0,h — 0,0°h,,)
= %(auayaaaph(,p +08,0°h, — 00,0,h — 08,0°h,,)
= %auau(a"aﬂhap —Oh), (B.8)
and,
10”07 Rypo = —%nu,,aﬂag(aﬂaahg + 930,hE — 0,05h — Oh o)
= — 5 (0507 + C10307 hg — OO — 000 hy)
—%nwm(zaﬂaﬂhmm —Oh — 8% hpy)

1 o
= _§nuum(8pa hpa’ - Dh), (B.Q)
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thus combining the above, the second term of (B.4]) becomes,

1
B §(DRMV + 00" Ry + 00" Ry — 0y 0°0° Ryo )

1,1
= 5 (=306 01y + 00,0 iy = 00— Ty
+ 0,0,(070hyy, — Oh) — %nwm(apaffhpa — Oh)). (B.10)

The third term of (B.4) is given by,

_1
G

Finally combining (B.5]), (B.10)), and (B.11]), we get the linearized Bach tensor given
by,

1
iapa"(nw,npg — Nuopw) R (D1 — 0,0,)(0°0% hpe — Oh). (B.11)

1
By = 90 Chpuo = —5 (0,000 o + Oy, — Py, — 0070, )
+%(—%D(28P&,hw — 9,0 — Oh)
40,0 (870 — CIh) — %nwm(apaahpg _Oh))

1
+ 6 (O — 08,)(8°9 g — Oh). (B.12)

The linearized equations of motion of (2.5 then are then given by

Ry — %ng 4By, — %(—Dh,ﬂ, 00D uh® + 00yl — 0,0,1)
- %(@L&,h’“’ Ok
— 40~ 5 (00,00 Dy + D0y, — D0P Dy
0070, h)
+ %(—%D(%p&,hw — 9,0,h — Ohy)
+8,0,(0°9h,, — Oh) — %Wm(aﬂaahm —Oh))
+ (O~ 0,0,)(0°0 By — W), (B.13)
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simplifying these equations of motion (B.13) we get,

(5 — ) (20D — Db — T

1 2 1
5w — gac‘?,ﬁy + ~an,0) (870 hye — Oh) = 0. (B.14)

+(_2 3
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Appendix C

Numerical results

The following table gives data obtained for various black holes obtained by numeri-
cally solving the equations of motion (2.5)).

To 1) M T S
0.8 | 1.576219994076353~6 0.399981 | 0.0989096 | 2.01061
0.85 | 3.3870094642052238 76 | 0.425128 | 0.0945213 | 2.26978
0.87 0.0000126094 0.435274 | 0.0926755 | 2.37779
0.9 0.066077 0.411658 | 0.0969034 | 2.12952
0.92 0.122934 0.387555 0.100988 | 1.88663
0.95 0.210651 0.348439 0.107195 | 1.51173
0.97 0.270745 0.320309 0.111379 | 1.25478

1 0.363302 0.274902 0.117715 | 0.858897
1.05 0.523988 0.190219 0.128401 | 0.171293
1.1 0.692677 0.0935836 | 0.139189 | —0.55089
1.15 0.869345 —0.0157767 | 0.150012 | —1.3075
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To ) M S T

0.5 —0.783765 0.611191 | 5.70994 | 0.013509
0.55 —0.710342 0.607143 | 5.41354 | 0.0218717
0.6 —0.626343 0.610886 | 5.0664 | 0.0313805
0.64 —0.552158 0.615764 | 4.75611 | 0.0395127
0.72 —0.386417 0.553211 | 4.05653 | 0.0565589
0.76 —0.295212 0.528545 | 3.66946 | 0.0652869
0.8 —0.198607 0.500704 | 3.2585 | 0.0740715
0.82 —0.148305 0.48552 | 3.04423 | 0.0784725
0.84 —0.0966796 0.469456 | 2.82416 | 0.0828742
0.86 —0.0437403 0.452482 | 2.59835 | 0.0872736
0.87 —0.0167852 0.444501 | 2.48334 | 0.0894713
0.9 | —2.665895877240394(024125) x 1076 | 0.450001 | 2.5447 0.0839
0.95 | —6.116994197900739(369571) x 10~7 | 0.475 2.8353 0.0816
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Appendix D

Higher Derivative Black Hole
Entropy and Temperature

Deriving the entropy of the black hole we use the results obtained by [21I] from the

Wald formalism.

The action in [21] is
Saction = /dnSL‘\/—g(HoR + agR? + Bo Ry R*™ + Yo Ry po RMP7). (D.1)
The entropy is given by|[12]
f'(ro)  2k(n—2)(n—3)ap
+ 2

3k f!(ro)h" (o)
W)L (D.2)

1
S = ZA[HO — (n - 2)(4@0 + ﬂg)
1 "
= 4(2a0 + Bo +270)(f"(r0) +
n = 4 is the dimension we are working in, £ = 1, since we model the black hole as a
2 sphere[12]. We can match the constants of our action (2.1)) with the action in [21],

then use their results of their entropy to get the entropy that is valid for our theory.
To do that we we can rewrite (2.1)) in the form of (D.1)),

I= / d*zv/=g(YR — (Ryypo R*P° — 2R, R + %R2) + BR?),
- / d*2v/—g(YR — aRyuype R + 2R, R* — %RQ + BR?),
= / d*z\/—g(YR + (—@) Ruwpo R*77 + (B — %)R2 +2aR,, R*), (D.3)
for I = Sgction We see that,
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Ro=7=1, <D4)
Y = —a, (D.5)
Po=p5— %, (D.6)
thus the entropy becomes
5= 1Al - @)@ - §) 4 20 00 4 HADI 5
To L)
1 « " 3f/(T0)h//(T0)
- 1(2(5 - g) + 20— 20)(f"(ro) + W)]
= 2al - 248 - §) 20T

N

B-3) 1 2a
+ 7,7(2)3 — 128~ ?)(2]‘5 +

1 4 fr 48 4« 1 _g
_ZA[1—2(4B+04(2—§))%+%—5%—1(26 S)(2f2 +6/1h2)). (D7)

To further simplify the entropy (D.7)), lets look at the term

(1—2f1ro) 6(1—f17‘0)+6 (1—2f17"0)+6f1(1—f17"0)

2fa +6f1hy =2 —
fo Jiha r% 8afirg ! flror(z) 80zf127"0

(A =2firo) (1= firo) (1 =2firo) (1 — firo)
=2 2 -0 80éf17’0 + 6 7“(2) + 6 80éf17’0

(1 =2fro) (D.8)
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Using (D.g), (D.7) becomes,

_lap - _ANVA 4B _dae 1 ,p 2 (0= 2fim0)
§= AL 2048 +a(2 3))T0 + 23,2 1 (28— 30)@8 2 )]
1 4 81 4(1—2firo) 4(1—-2firg) 41 4f;
B 414[14_(7“(2) TQ 3 )ﬁ+(3 r 3rd 3T0)a]
= LA (51 2fim) — (- 2fir)8
o o
4(1-2firg) | 4(1+ firo)
TGty
1 41
= A0+ 5%(—3f17"0)04)
1. 5 dacfy
= 14777‘0(1— o )

= 7rg — dmafirg.

Since the entropy is defined up to a constant, then we can add the constant Gauss-

Bonnet term 47a to get the same entrpy as in [I]

S = 71'7“3 —4rafirg

= 7ré — dra — 4mo*

= 7rg — dmad*. (D.10)

D.1 Higher Derivative Black Hole Temperature

To calculate the temperature of the black hole, we use a similar method used in [25].

Recall that the metric is given by,

we first write the metric in Euclidean space, by using the time reversal 7 — —t.

1

2 _ r 2
ds® = —h(r)d t+ 50

Then the metric becomes|25],

1

2 — h(r)d2r
d*s = h(r)d +f(7“)
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d?r 4 r%(sin® @ + d*¢), (D.11)

d*r 4 r*(sin? 0 + d?¢), (D.12)
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since the functions f(r), and h(r), have these expansions,

h(r) = c((r — o) + ha(r — 10)? + ha(r — 170)> + ha(r — 170)* + ha(r — 10)*
+ hs(r —10)° + he(r — 10)° + hr(r —70)" + hs(r —10)® + ho(r — r0)? + -+ ),
(D.13)
f(T‘) = fl(T’ — T‘Q) + fz(T’ — T0)2 + f3(7“ — 7”0)3 + f4(?” — 7“0)4 + f4(?” — 7‘0)4
+ f5(r —10)° + fo(r —r0)® + fr(r —ro)" + fa(r — ro)® + fo(r —ro)” + -+

(D.14)

We can rewrite these functions as
h(r) = (r —mro)H(r), (D.15)
f(r) = (r=r0)F(r), (D.16)

and we can see that H(r), and F(r) are non singular as long as r > rg and rq is the
event horizon. We consider the behaviour of the metric close to the horizon as,

r—1ro = po’, (D.17)

with p as a constant to be determined, and

r—ro=po’, (D.18)
dr = 2podo, (D.19)
dr® = 4p*c*do’. (D.20)

The metric (D.12)) becomes|25]

ds® = (r — ro)H(r)dr? + dr® + r*(sin* 0 + d’¢)

(r —mr0)F(r)
= pO'QH(TO)de + m4p202d02 -+ <p0'2 + ro)(SinQ 0 -+ d2¢)

4p do® + (po? +1o)(sin? 0 + d?¢). (D.21)

= po?H(ro)dr”
po“H (rg)dr +F(r0)

Putting p = F(ZO) and substituting to 1’ we get,

F F
ds? = (ZIO)O'ZH(TQ)CZT2 + do?® + ((11“0)02 + 1r8)(sin 0 + d*@). (D.22)

Then close to the horizon, r — ¢ meaning o2 << 1,

o F'(r0)H (r0)

ds® ~
s o 1

dr? + do® + r2(sin® 6 + d?¢), (D.23)
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we can see that the metric has broken into M x 52, a flat two dimensional metric Mo,
o is the polar axis and 7 is the angular coordinate, and a two sphere with constant
radius rg, S?

F(ro)H(ro)
2

now we know that My is analytic if and only if

ds* ~ do® + o%d( )2 4 rd(sin 6 4 d?¢), (D.24)

F(ro)H(ro) F(ro)H (o)

5 T+ 2m, (D.25)

that is 4
709
T =T+ —F—m—=7+0, (D.26)
F(ro)H (ro)

and A is the 7-period that allows smooth metric on R?. Since the temperature is
given by if we assume the Hawking temperature,

1
T=-—, D.27
5 (D.27)
with kg = 1, and since
K
T=— D.2
us (D.28)
K is the surface gravity of the black hole.
K1 F(ro)H (ro)
ot B 4
F(ro)H
— k= w (D.29)
Thus the temperature is given by|[25],
7~ V(o) f'(ro)
a7
1
= in cfi
1 Je(l+46%)
= —y/—7". D.30
47 0 ( )
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Appendix E

Second and third order expansion

E.1 Solving second order asymptotic expansions using a
D operator

in this section we show how one can solve for A, and B, using the operator D. Using

, in terms of Ay, becomes,

DAy =0, (E.1)
where,
12 2 d 14 &

D=|-—-— -+l ———-— - —. E.2
(p pd) i <p2 " > dp  pdp* dp? (E2)

D can be inverted leading to

—P(—p—1 Plp—1

A(l) = ’Dilo = C—l + C2€ ( P ) + &€ (p ) . (E?))

p p 2p

Similar can be used to solve for the second, and third order expansions of A, and B.

E.1.1 Solving second and third order expansions using Green’s
Function

In order to solve (6.34), we first realize that it is a wave equation, that is non
homogeneous. We already have the solution for it’s homogeneous part,

the solution is given by,
Y(2)(p) = cae’ + c5e™”. (E.5)
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No we need to find the particular solution of (6.34). To do that we consider the
equation,

y"(p) —y(p) = J(p). (E.6)

In order to solve ([E.6) we first realize that it is a wave equation, that is non-
homogeneous. We already have the solution for it’s homogeneous part,

y"(p) —y(p) =0, (E.7)

the solution is given by, which is also the complementary solution of the in-homogeneous
solution
Ye(p) = cae? + cse™”. (E.8)

The second order differential equation (E.6) can be written as in Sturm-Liouvile
form|[9], 10}, [1T],
L(p)y(p) = J(p); (E.9)

L(p) = i 1. (E.10)

now we assume that the particular solution of (E.6|) can be written as,

b
up(p) = / dp'G(p. o) J (), (E11)

G(p,p') is the Green’s function. Substituting the particular solution (E.11)) on the
Sturm-Louiville form (E.9) we get,

b
/ dp'(L(p)G p )T () = T (p). (B.12)

a

From this equation (E.12|) we can see that,

L(p)G(p,p") = d(p—p'), (E.13)
d2

= G0 = Clp.p) = 3o — ). (E.14)

We first integrate (E.14) G(p,p’), with respect to p, around the neighbourhood, of

o
p'+e 2
d / /
/ —G(p.p) = G(p,p) | dp =1,
p—e dp

d e ]’ :
— 560+l =1 (E.15)
p p’—g
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If we take the limit as € — 0 on (E.15]), we have,

4 Gl =1, (E.16)

. d .
lim,_,o+ %G(pa Pl) — limg_o- dp

the equation (E.16]) is evaluated at p = p’+e. Now for p # p'. Recall that G(p, p’) also
satisfies the homogeneous equation (E.7)), with two linearly independent solutions.
gi1e” + gae~P Now we can choose,

G(p,p) = gie”, (E.17)

for p < p’, and
G(p,p') = gae™", (E.18)

for p > p’. Now we use the continuity of G(p, p’), and the discontinuity of G'(p, p’)
at p = p/. Continuity of G gives,

2€_p, — 1€p/ =0. E.19
g Y

And the discontinuity gives,

— 92€7pl — glep/ = 1 (EQO)

From these equations we need to solve for g1, and g2 using (E.19)) and (E.20]), and

get,

/ /
—gie” —gief =1,

= —2916/), =1

e gl = —56_'07 (E21)
then from (E.19)), we have,
9= g (E.22)
Therefore, G(p, p’) becomes,
1 (o — —(p—p'
Gp. o) =~ (@m0 — p) + e~ a(p— o)) (E.23)

Therefore, the particular solution (E.11)) is given by
Yp = / dp'G(p, p')J(p")

3 (e [Can (a) e [T (). @2y
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If we apply (E.24]) to the equation (E.6)), then J(p), is the right hand side.Thus the
first term of this equation becomes, using Mathematica to integrate,

I . 69 _ 1 , 27c3e™ %
2/ dp (e i J(p’)) = 6—40%6”]31(—3,0) — 56302€pE1(—2p) - 3;7104
21cgcoe™P 3703 450%6*2” Tcgeoe™ P i%
8p* 2p% 32p3 4p3 203
_ 149c3e=2r n dezcge”” ?(33672[) _ 113056_2"7 (E.25)
642 4p? 4 64p
and the right hand side is,
1 /pd ,( o g ,)) 69 , ~PRi(—p) + 27c3e™%  2lcscae™” n 3c3
—= e = ——c5e PEi(— — —
2 ) P 642 P 324 8ot 204
63cie 2P _ Tezcpe™” ﬁ 221c3e% ~ 3czepe””
32p3 203 2p3 642 P>
15 5 _ 339¢2e72  BegcgeP 1 _
+ che 20 Gflp Y + 5¢3cee Plog(p),
(E.26)
Then the particular solution is given by,
69 , 1 , 27c3e%
yp(r) = @cgepEl(—3p) - 563626”31(—2,0) — 3;7p4
21cgcoe™P 3c§ 450%6_2” Tcycoe™P cg
8p4 2p4 32p3 403 2p3
_ 149c3e~2° n Scacze”” §c%e_2p _ 113c3e=2°
642 4p? 4 64p
69 5 . 27cke™20  2lezeae™ 33
_ 2 PEi(— _ ]
61c2¢ "Bil=P) + =505 8pl 21
636%6_2p Tcycoe™ P cg 2210%6_2" 3czcoe™ P
32p3 203 203 642 P>
15 5 _ 339¢2e%"  Begege P 1 _
+ Zc%e 24 6421,0 Ry + 503c26 Plog(p). (E.27)
Recall that the complete solution is given by,
Y(2)(p) = cae” + cse™? + Ja(p), (E.28)
using,
d
PY2)(p) = %(PA(z) (P)s (E.29)
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then we can solve for Ay (p),

C;L(pA(Q) (0)) = pa(p),

69 69c2e’Ei(—3p) 69 , _
— A = — " 2ePRi(—=3 2o TN ) T 20 PR(—
@ (p) 612¢ i(=3p) + 64p 612¢ i(—p)
2e PEi(— 1 PEi(—2
_ 89czePEi(—p) L caeac?Ei(~2p) cscze’Ei(—~2p)

64p 2p
9c2e™2P  Tescge™ 2 H 21c2e 2P 3cscge™P
2 2 BBy 2 2
16p 4p p 4 16p 2p
1 czcae P lo
+ esce? log(p) + “2pg(”) (E.30)

Solving for, A and B by integrating using MATHEMATICA, and the substitution,
we get,

-p
Alp) =1+ <02 (—e™") — CQ(; + c;,) €

69 5 69c3ePEi(—3p) 69 o . 69cie PEi(—p)
- Ei(—3 —_—t - = PEi(—p) — ———
(g e Bi=80) + =27 < c3e Ei(—p) o

1 _ c3eePEi(—2p)  9c3e™P  Tescpe™ 3B 5
+ 50362€pE1(—2,0) — 2p + 16p2 — 4p2 + p72 + 1026 4

21cde ™ 3cgcpe”
16p 2p

c3cae™” 10%(/?))62 ) (63)

1
+ 50302(?” log(p) + 2%

(E.31)

in this solution we assigned, ¢4 — 0,¢5 — ¢2,¢6 — c¢3. Using the substitution for
he)(p), we can solve,

i () — /  (Z) (p)Y(;; )doter,

20 (—
__69ce Ei(—3p) n §C§Ei(—2p)

n 69c3e PEi(—p) n cgcoelEi(—2p)  15c3e~ %

32p 2
cgcoe P _ 636_2’)

N 2cq4€P N 2c5e™ P 7 cgeeePlog(p)
2p? 4p p p p p

+cg, (E.32)

then finally we have,

2 -P
B(p)=1+( r —C3>e

32p p 162

p P
N (_chgePEi(—3p) N §C%Ei (—20) + 69c3e=PEi(—p) N csc2ePEi(—2p) 15c§e;2p
32p 2 32p p 16p
cgcae™?  c3e”%  czcaePlog(p), 3
— - - E.
2 1 ; )er + O (6 ) , (E.33)
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in this solution we have assigned, cg — c7,cg — 0,c4 — 0, and ¢5 — co,c7 — c3.
Now we simplify the results and writing them in component form,

Aen = c§p12’ (E.34)
Ay = 0302(%epEi(—2P) - e”Ei2(p_2p) _ 7:{)—29 _ 3;: i %e,p log(p)
o
* ez(f(p))’ (E.35)
+ 9122;? + Ze*% + 211%?). (E.36)

E.2 Third order expansion

We now look at the third order expansion given by,

—128¢% A3 ¥ (p)p® — 128¢% Ay (p)p° + 128¢™ (p* + 2) Alg)(p)p"

+4992¢3p° — 2070e”c3Ei(—p)p® + 960e”ci c3 log(p)p® + 13354c3p°

— 4160ePc1c2p — 69e3P S Ei(—3p) p° — 138eP ¢ AEi(—3p)p° + 32e> 1 c3Ei(—2p)p°

+ 64e*PcleaBi(—2p)p° — 3519ePc3Ei(—p)p° + 138e* c1c3Ei(—p)p° 4 1632¢Pc1c3 log(p) p°

— 64e%P 2 ey log(p)p® + 18432¢3 p* — 11556€P ¢ cap® + 448e%°c3 cop®

+ 690e*” ¢ cAEi(—3p)p* — 320e*cicaEi(—2p)p* — 4830e”c3Ei(—p)p*

+ 690€%c1 AEi(—p)p* + 2240e” ¢ 3 log(p) p* — 320602 ¢5 log(p) p

+ 16690c3 p> — 20392ePc1c2p + 246402 ¢y p?

+ 1173e* SEi(—3p) p> — 1656e* c13Ei(—3p) p® — 544e3Pci 3Ei(—2p)p?

+ 768e* 2 cyEi(—2p) p® — 4899eP 3 Ei(—p)p? + 1656€% ¢ caEi(—p)p?

+ 2272ePc1c3 log(p)p® — T68e* ciea log(p)p® 4 128€> (,02 - 2) A(3)(p)p3 + 256€> 3 p?

+ 8650c3p® — 24876 c1cap? + 8128€* 2 eyp? 4 2898eP ¢ 3Ei(—3p) p?

— 1344e* o Bi(—2p) p* — 3726eP 3 Ei(—p) p® + 2898 c1c3Ei(—p)p® + 1728¢Pc1c3 log(p) p*
— 1344e% 2 ¢y log(p) p? + 84c3p — 14696€ c1cap + 118726 cieyp + 186333 Ei(—3p)p

— 2898¢"c1c3Ei(—3p)p — 86430 ¢ cAEi(—2p)p + 1344e? o Bi(—2p)p — 1863 cSEi(—p)p
+ 2898¢Pc1 c2Ei(—p)p + 864€Pcica log(p)p — 1344€* 3 ey log(p)p — 5120373

— 800c3 — 6400e”c; c3 + 12160e* cicy

=0, (E.37)
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the differential equation can be written as,

9 1 2 Ay (p)
<p3 - p> A (p) + (_,02 - 1> Als)(p) + ([)) + AP 0) =Tz, (B38)

the right hand side can be broken into powers of c¢1, and ca,
Ji3y = J30) T J31) T J62); (E.39)

and,

J3.0) = ¢ 12807 (e” (—69p° + 1173p” + 1863p) Ei(—3p) + 84e~ % p — 800e ™2

+ e " (—2070p° — 3519p° — 4830p" — 4899p° — 3726p” — 1863p) Ei(—p)

+ 49922 p5 + 13354727 p° + 18432¢ =% p* 4 16690627 p® + 8650e 2 p?),
(E.40)

1 5 Ape e Qe
201W(138p Ei(—p) + 690p Ei(—p) + 1656p°Ei(—p) + 2898p~Ei(—p)

+ e (32p° — 544p” — 864p) Ei(—2p) + €* (—138p° + 690p" — 1656p° + 2898p° — 2898))
x Ei(—3p) + 2898pEi(—p)

— 4160e™"p° — 11556e P pt — 20392e " p® — 24876e " p* — 14696e " p — 6400e "

+ (960e 7 p% + 1632e*p° + 2240e P p* + 2272 Pp® + 1728e*p? + 864ep) log(p)),

J(371) = 62

(E.41)
2 1 P 5 3 :
J3.2) = CQQW(@ (—=p° +17p° + 27p) Ei(—p)
+ % (64p° — 288" + 896p° — 1824p” + 1824p) Ei(—2p)
+e P (=30p° — 51p° — T0p* — T1p* — 54p? — 27p) Ei(p)
+ 30p° + 496p" + 23580 + 9070p? + 16728p + 20640
+ (—64p° — 288p* — 896 — 1824p” — 1824p) log(p)). (E.42)

F(3), is given by,
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9cactelPEi(—2p)  621c3c1ePEi(—3p)  3caciEi(—2p)  621c3cie PEi(—p)

Flay =2(= 402 1282 2 1282
B 207%1;3;2—3;)) N 207(;363—22;51(_,)) B 2026%6% (—20) + 9ch%61?)1(—2,))
- 6210361162;;&(_'0) - %c%Ei(—3p) + BCge_ppEi(—Qp) + 673036_2’)&(—,0)
n g—gc%e_QppEi(—p) n 2070%612';Ei(—p) 4;? B 430421;%36[) 80%0;;2p
B 11c3e3° B T3cacie™  ATlckcie 2P B 57cse™  9cacie P log(p)
16p° 8p2 32p2 162 4p2
_ 303016_:; log(p) 29024656_p +10c3c1e % + 17112%4216_% - %036*3,0
— 3c3e™30p — 6153632_3p + 1020%6_’) log(p) + 9620%6;;1(%('0) — 8c3c1e % log(p)
- e plogp) ~ R (643

These sources need to be plugged into (6.43) and (6.44) and integrated. Given the
fact that J3) and F(3) are quite large, we found it more managable to use the linearity

of (6.43)-(6.44)), and calculate the pieces, A(3;) and h(s;), independently. For the

first term (which is what one would have for the Schwarzschild black hole) one finds

8M3
=5

h(373) - O, (E44)

as expected. For the other parts of the metric, we were unable to express all the inte-
grals in terms of known special functions. In fact we found in easier to just calculate
hl(g) rather than just hsg - fortunately this is sufficient for matching the numerical
data and asymptotic expressions. In fact, since h (as opposed to its derivatives) does
not appear in the equations of motion, —, one could even proceed to the
next order without calculating h. For completeness,we present the rest of our results
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at third order order below:

5 138897eP X135 138897eP X 13(p) | 4761e P X 13 (p)

A =
(30) = (5 1024p * 2048
4761e P X 13(p)  1863X1H2(p) N 621e=2’Ei(—p) 621Ei(—3p)
2048p 16p 512p2 512p2
14697¢~PEi(—p)?  14697¢ PEi(—p)?> 34
_ 14697e"PEi(—p)®  14697e”"Ei(—p) +375672PE1(—/))
4096 4096 128
273033¢’Ei(—3p)Ei(—p)  273033e’Ei(—3p)Ei(—p)
2048 2048p
1863Ei(—2p)Ei(— 23391e~2’Ei(— 101581
_ 1863Ei(—2p)Ei(—p) 23391e i(—p) 10158 ePEi(—4p)
16p 512p 256
101581e”Ei(—4 4899Ei(— Ei(— 1
01581e”Ei(—4p)  4899Ei(—3p) = 69Ei(-3p) 693367PE1(—2/))
256 16p 128 512
16933e PEi(—2 5e730  147e73F  13e73"  60633e73
B (=2p) | - - _ ), (E.45)
512p 32p 128p 8 512p

69 g 0,0 621 g
A = 13 (———e PG ’ — PGy
(3,1) = c165( 123° Gy's <P‘ 111 ) + 198° Gys | 3p

0,0
—1,-1,-1

_ %e—ﬂGZ’jQ (p 071(’)710 > - %emg:g <3p 0,16,10 )

~ T X ) - W

+ %e” (Ei(—2p)Ei(—p) — X 2(p)) — 69¢” (Ei(—Qp)f;é;p) — X12(p))
_ %eﬂxl,z(f)) - 6921);13 + 2—36*9)(71,2@) B W

P o e
483¢/Ei(—3p) | OEi(=2p) 483¢VEi(=p) 675 ,p o

2562 16p? 2562 256
PEI(— —PRi(—
_ 1089¢”Ei(—-3p) lEi(—Qp) N 2256_'0Ei(—,0) _ 189e7PEi(—p)
256p 4 256 256p

_ 69ePEI(=3p)0g(p) \ 69 —ppi v 10g(p)

69
27 ePERi(—
+ 61° Ei(—3p) log(p)

64p 64
69¢~PEi(—p)log(p) = 5He 2 n 239¢=2  9e=?Plog(p) n 609¢2°
64p 4p3 642 162 128p
5 _9p 21e~ 2P log(p)
- = 1 - E.46
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0,0 1 a0 1,1
Y - pG, 2 Y
1,-1,-1 ) RN ( P10,0,0 )

Aoy = 020%(*6’)673:2 <2P

~1,0
69¢"Gys | p ’
’ —-1,—-1,-1 1 ~1.0
+ + e PGy | 2p ’
1024 2 2,3 -1,-1,-1
1
69e*pGg’§ p 0,
) 0,0,0 A
e PGy
+ 1024 6 23 0, 0 0
69¢ef 69e” 9Ei
+ (o — o ) 26, -1p) - )
2048p 2048 512p

9 21 5
—2p 2 VEi
e <512p2 52, T 128> i)

19 2483 (1 1 1523
PEi(—2p) [ ——— =~ =) log(p) — =2
e Ei(=2p) ( 1602 ' 1536p < 4p 4) o(p) 1536)

69¢’Ei(—p)*>  69¢Ei(—p)> g (_69Ei(p) B 69Ei(p)> Ei(_p)
4096 4096p 2048p 2048
15Ei(—p) = Ei(—p) 129e¢7
128p T 32p3
95e¢P 19¢=?  5e™* 1681e~" e P e’
T ea2 ( 16,2 8p )h)g(p)_ 1536p <_8_8p) log*(p)).
(E.47)

Using the substitution (6.12), we recognize that, hs) is much more complicated to
solve, but we can at least solve for its derivative, which is given by,

;o 2pAp) + [ dpkiz)

(3 = > (E.48)
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,(3,0) (p) =

)

1)(0) =

4761e P X 13(p)  1863X12(p) 138897 X13(p)

1024p? 8p? 512p2
4761e P X ~13(p) N 138897, X 13(p)  2691e~2PEi(—p)
1024p 512p 2563
2691Ei(—3p)  14697¢ PEi(—p)?  273033e’Ei(—3p)Ei(—p)
256p3 20482 10242
1863Ei(—2p)Ei(—p)  28083e~2’Ei(—p) N 101581e”Ei(—4p)
8p? 2562 128p2
39123Ei(—3p)  18469e PEi(—2p)  14697¢ PEi(—p)?
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3.0 621 , 30 0,0
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64p 32p B 64p 12803
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642 1282 32p2
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32p? 128p 2p
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64p 128p 32p
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642 8p? 2p
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1,1 50 0,0
’ 27 G0 [ 2 ’
9 9 9 > el ( Pl Z1,-1,41 )

~2,-1 _ ~1,0
+2e7 PGy <2p oy o >+e PGy <2p 1 )

n 11ePEi(—2p)  5ePEi(—2p) n ePEi(—2p)log(p)  TePEi(—2p)

M) (p) = —4e" Gy <QP

4p3 62 2p? 6p
ePEi(—2p) log(p) n Ge " n 25e7”  1le Plog(p) 19e~"
2p pt 8p? 4p3 12p?
e’ log;(p) 2 lsg(p) B e’plogz(p), (E51)
4p p 4p

where

mn [ @15-0p
Gp,q (blw-wbq

’)

is the Meijer G-function (see [20]) and the function X is short hand for the only
integral we could not easily evaluate:

p auR;
X0 (p) :/1 B0 s, (E.52)

U

where X" are integration constants. Comparing the form of 1’ with the terms
multiplying X in the expression of A3 and hs, we see that the constants X%? can
be absorbed into the constants arising at first order, namely ¢y, co and c3. This

effectively means that the constants X*® can be chosen so that X%*(p) — 0 as
p — oo - we numerically calculated the required constants

a|b XLb

1 | 3] -0.00086087
-1 ]3] -0.0102323
1 | 2] -0.00400426
-1 2] -0.0574777
-2 | 3] -0.0410508

Table E.1: Summary of first family of non-Schwarzchild black holes obtain by nu-
merically matching near horizon data with asymptotic parameters.
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Appendix F

Numerical results of the matching
conditions
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M/Lo | po B MLa | hee |S/(Lo)?| TLy
0.619 | 0.448 | —0.8485292670 | 0.294 | 52.200 | 5.960 | 0.006
0.619 | 0.450 | —0.8456315816 | 0.178 | 47.400 | 5.950 | 0.007
0.616 | 0.470 | —0.8209536967 | 2.370 | 26.500 | 5.850 | 0.010
0.615 | 0.490 | —0.7966829072 | 2.390 | 17.900 | 5.760 | 0.012
0.614 | 0.500 | —0.7835746355 | 2.330 | 14.900 | 5.710 | 0.014
0.609 | 0.550 | —0.7103444309 | 1.720 | 6.980 | 5.410 | 0.022
0.601 | 0.600 | —0.6263338362 | 1.600 | 4.010 | 5.070 | 0.031
0.591 | 0.640 | —0.5521551177 | 1.480 | 2.840 | 4.760 | 0.040
0.577 | 0.680 | —0.4721128117 | 1.280 | 2.140 | 4.420 | 0.048
0.559 | 0.720 | —0.3864156113 | 1.090 | 1.690 | 4.060 | 0.057
0.536 | 0.760 | —0.2952111978 | 0.838 | 1.380 | 3.670 | 0.065
0.508 | 0.800 | —0.1986058208 | 0.553 | 1.160 | 3.260 | 0.074
0.491 | 0.820 | —0.1483029212 | 0.448 | 1.070 | 3.040 | 0.078
0.474 | 0.840 | —0.0966772370 | 0.254 | 0.992 | 2.820 | 0.083
0.455 | 0.860 | —0.0437354265 | 0.094 | 0.924 | 2.600 | 0.087
0.445 | 0.870 | —0.0167728192 | 0.042 | 0.894 | 2.480 | 0.089
0.434 | 0.880 | 0.0105358503 | —0.022 | 0.865 | 2.370 | 0.092
0.412 | 0.900 | 0.0660769651 | —0.135 | 0.813 | 2.130 | 0.096
0.388 | 0.920 | 0.1229337407 | —0.248 | 0.766 | 1.890 | 0.100
0.349 | 0.950 | 0.2106509922 | —0.416 | 0.705 | 1.510 | 0.107
0.321 | 0.970 | 0.2707449680 | —0.527 | 0.669 | 1.250 | 0.111
0.276 | 1.000 | 0.3633022447 | —0.689 | 0.622 | 0.859 | 0.118
0.243 | 1.020 | 0.4266143280 | —0.794 | 0.594 | 0.588 | 0.122
0.191 | 1.050 | 0.5239879218 | —0.949 | 0.556 | 0.171 | 0.129
0.094 | 1.100 | 0.6926768791 | —1.200 | 0.502 | —0.551 | 0.139
—0.015 | 1.150 | 0.8693454710 | —1.440 | 0.458 | —1.310 | 0.150
—0.138 | 1.200 | 1.0539754470 | —1.690 | 0.421 | —2.100 | 0.160

Table F.1: Summary of non-Schwarzschild black holes obtain by numerically match-
ing near horizon data with asymptotic parameters.
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Appendix G

Higher Derivative Black hole
solutions with cosmological
constant

In this chapter we demonstrate how to derive equations of motion for the higher
derivative theory including the cosmological constant. We do not fully solve
these equations, but we linearize them and obtain massive and massless modes which
also depend on the cosmological constant. This part of the appendix does not con-
tribute to the entire thesis, but we realized that it can be a good exercise to see how
these equations look, and differe from .

G.1 Equations of motion
We start with the following action
I = /\ﬁ—gdzlx (R —2A + aR"™R,, + BR?), (G.1)

where, A is the cosmological constant, the equations of motions are given by,

G,u‘l/ + E'uy = 07 (G.2)

1
= Guw =Ry — iRg,w + Agu, (G.3)
1 1
EW = —2a <RP#VURW + 4RpaRpcrgW> + 28R <R;w - 4RQW>

1
+a (DRW + 5 ORg — vuv,,R> +28(gw0OR—V,V,R). (GA4)
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These equations of motion as expected are similar to (2.3), but include a cosmological
constant term on the left hand side.

G.2 Linearized Equations of Motion using an AdS back-
ground

Our interest is on Holography, so we consider excitations around AdSy and expand
the metric around an AdS bachbround,

Guv — g,u,y + 5gp,u = g,ul/ + hp,Va (G5)

under AdS background, we have

N A
uvpo = g(gupgua - guO'ng)v
R,Lw = Ag;wa
R =4A. (G.6)

We now vary up to second order expansion.
g = g" — B + O(h?), (G.7)
we start with the Chistoffel connection,
0Ty, =T, + 6017,

1
= *g/\p(v,ugup + Vigou — vpg,uz/)

2
1, . _ _ _
- §(g>\p — 1) (V ol Gup + Pup) + Vol Gou + hipp) = Vo (G + hyur))
~ 1
= F;\w + §§Ap(vuhl/p + Vohou = Vphy) + O(h?), (G.8)

where mf‘ﬁy is the first order correction of the Chistoffel connection, therefore

1
5(1)Fﬁu = Eg)\p(vuhup + Vyhp, — vph,u,y)- (G.9)

The Ricci tensor
SRy = VoIS, — VI, + O(h?)
o o 1 o o 1 o
= Va([S, +I1%) - v, (09, +1 T%,)
= Val'9, — V, 1%, + VT, — vibTe (G.10)

pow
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the last two terms of (G.10)are the ones contributing to the linear Ricci tensor,
therefore the linear Ricci tensor becomes,

1_, 1,
R(}) =V, <Qgp (Vuhop + Vihp, — V,)hm,)> -V, (29 P(V ihap + Vahpu — v,,w))
1 1 1 1
= S (V'Y hup + VOV by = Ohyw) = 5 VoGV hap = 5 V0V hop + 5 V0V by
1
= 5 (V"Vuhuy + VPVl = Oy =V, Vih) (G.11)

The Ricci scalar is given by,

R =g" Ry, = (5" — W") (R, + R,(},,))
= g'ul/R,uV + g'w/RSy) - hw’Ruu + O(h2)
-1 1 1 1
= R+ 5V + VNV hyy = 500 = S 0h = W Ag, + O(h?)
= R+ V*V”h,, — Oh — Ah. (G.12)

Thus the linear Ricci scalar is given by,

RW = v*V¥h,, — Oh — Ah. (G.13)
The Einstein tensor is given by,

Gu =R — %Rgm/ + Aguw, (G.14)
and it’s variation is given by,

- 1 -
0Gru = Ry + R = 5 (R BY) G + ) + MG + )

- 1 -~ 1 1~ 1
Ry = 5 R + Mg + RY — §R<1>hw — 5B §R<1>g,w + A,

(G.15)
therefore, the linear Einstein tensor is given by,
1 -

GELIV) = R,(}y) - iR(l)g,uz/ - Ahw/- (G.16)

Now we vary the terms of the equations of motion (G.4]) containing the covariant
derivative. Starting with LR, we get,

(ORu) = 6(VOVaRy)
= 6(V*(OaRuw — ThuRaw — Ta, Ryn)), (G.17)
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to simplify, let
Ta,uzz = aaR,uV - F(/}WR)\V - FéyRu)n <G18)

then substituting to R, and expanding it we get,
ORy = ¢V Toum
= gof (aﬁTaw — DT — T3, T — Fg,,TW)
= gaﬂ(aﬁ <8aR;w - FZ\WRAV - FéuRﬂ)\)
~T), (éARW ~T%, Ry PQVRW)
- Féu (OQR,\V - F/o)U\R/w - FQVRAP)
— T3, (OaRur — T4, Roxn — TP, Ryp)). (G.19)

The variation of the first term of (G.19) and using the results of (G.17)), we get,

5 (aﬁ (8aRW —TX Ry, — FQVRM,\))

= 05(0a(Ryw + RY) — (B, + TW) ) (Ry, + R))

— ([, + TOL) (Run + RY))

= 03(Oa B — T, Fony — T Ry + 0a R — T3, RY)
~ D) RE TN Ry, —TWA, Ry

= 8/3 (6&-&“1/ + @QRE}V) — (F(l)é‘ué)\y + F(I)QVRM)\))
_ 5 A
= 05 <VQRW +VaRG) - 5 Vallyw + h,,u)> , (G.20)
variation of the second term of (G.19)),

0 (F)\a (8/\Ruv - FiuRPV - FﬁuRup»
= T30 (02 (R + L))
— (0%, + T ) (R + RG)) = (1%, + TWE))(Ry + RE)))
= (f‘ga + F(l)ga) <@)\R#V + @)‘R/(ﬁll/) - (F(l)iuépv + F(l)guéup»
3 . 5 A -
= ([, +TX) <V,\RW + VAR() — 5 Valhyw + hw)) : (G.21)
Variation of the third term of (G.19),
5 (rgu (OaRay — 7\ R,y — rgVRAp))

5 _ _ A
= (©,+ T (Faftns + Faltl) — 5 Tl + ). (G22)
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Variation of the fourth term of (G.19)),
4 (Téy (8aRu/\ - Fmep/\ - FZARPN))

- L. - A -
= ([}, +TM3) (VQRM,\ +VaRY — 5 Vallun + h,\u)> . (G.23)

Finally, combining (G.20)),(G.21), (G.22), and (G.23), (G.17) becomes,

$(ORw) = (5 — h) D5V + VoY) — 2Tl + i)
— (T3 VaRuw + T3, Vala, + T3, VaR,)
— (D3, VARY + I, Va R +T3,VaRY)
+ AT}, Vahu + AT3,Vaha, + AT, Vah,)
= (5% = 1) (VsVa Ry + VsVall) = AVsVahy)
= 0R,, +0OR() — AQhyy, — h*VVa Ry
= 0R(}) — AOhy,. (G.24)

Similarly,

§(V,V,R) =V,V,RY,
§(OR) = ORW. (G.25)

To vary other terms of (G.4]), we calculate,

- 1 - - - -
R, R = 5 (ViVohay + Vi Vohay =V Vol G

A s _ . 5

=3 (—(V”V#hm, VOV hye) + YV Voh + th)
1

= —ARY). (G.26)

Now we vary the term R,,,,/t"° we have,
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5(I%puap}%pa) ::]%puougpangQQJ%QIQQ

— Rpua,u(gpal _ hp&l)(gooa? _ haa2)(Ra1a2 + R((Xll)oﬁ)
::}%pyau(gpalgaa2 _,gpalhaaQ___hpalgoa)(j%alag +_J%g?a2)
::}%pyop(gpalgaa2j%ala2 __gpalhaan%a1a2__ hpalgoan%a1a2

+_gpa1~aa2}%() )

ala2

= Rpvou(37 57°* Rata — NG * h7*%Garaz — B §7? Ajatas
F
= (Rpvoy + RSy, ) (RP7 = AR7P — AhP7 4+ gl g7o2 R )
- - A2 A2
= Rpvop R — 3 (GpoGvn — Gopgvo )D7 — 3 (poGvn — GpuGve )"
/;(gpagm Tondve) 3572 R,
= Rovon R — 23AQ<gWh ) + g(g,wgm RU)y — Guad®* Ry)
+RG), R
= Rt — 2 G~ )+ > @ (B + AB) — BLY)
+RG), R
—RWW@”—%f@Wh ) + 5 (G (R -+ AB) — RID) + ARLY
gAR(I) + %g,wfﬂ )+ %Ahf}l} - jggu,,h
gAR(l) + gg,m ) + %Ah,{},}, (G.27)

and the term R R,50,u,

5(}%p”]{paguu) = gpal“'hpal)(goa2“'haaQ)(j%a1a2 +RSI)OQ)

Rpo + RO (G + hyav)

(
X
(~ algaa? __gpa1h0a2__ hpa1~aa2)
= (R

(
% (Rataz Rpo + Rataaifs) + RotsFipo) G + )
?9 Rpo + 2R RS — 2A%h) (G + b))

= 20§, (R + AR) — 2A%,,h + 470Ny,

= 20§, RY +4A%h,,, (G.28)
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then varying the term, 289 (R (Rw/ — %ng,)) we get

1 ~
- 1 -
x (RW + R - iR RW) (G + h,w))
=28(R+ RW)
- 1 - -
X (RW +R() — 7 (B + Rhyy + RW g,w)
_ 1~
= 26R (R —  Rijw)
- 1 -
+ 28R (Rf}) = 5 (Bhyu + RW gu,,)>
- 1~
+ 23R <RW — 4Rg,w>

(Rh,,, + RWY gw)) , (G.29)

= 28R <R§}V> - i

and finally using the results obtained above we can vary the term, 236 (¢, 00R — V,V, R)
and get,

266 (g, OR — V,V,R) = 23 ((g,w + h)O(R + RW) = v,V (R + RV ))

+28 (3w ORM -V, V,RM). (G30)

Now if we vary the higher derivative part of the equations of motion (G.4)) up to first
order we get,
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1 1
5(EW) = 2« <5(RMWURPU) + 46(RPJRPUQ,LW)> + 286 <R (Rw - 4R9W>>

1
+ad <DRW + 5 ORgw — VMV,,R) + 206 (¢,wOR — V,V,R)

2 pmy Al oy A 1 (1) | 4p2
=2« —2(§AR v + gT'#VR + ?huy) — 1(2Ag”l’R + 4A huy)
_ 1
+2B8R(RW — Rhw — ZR(” )
- 1~ -
+a(ORY) — ADhy, + D (G + ) — 5 ViV RW

(
A 4A\?

(1) (1) _ (1) _ 4A7
+2<2R +3AR ng/R 3 h,uu)
428 ((gw, + By )ORW — VNVRU)))
=2A(a+ 4ﬂ) + ol <(D ?)GW — ?R gW>
+ (a+28) (—W@V + g0+ Ag,“,> RW. (@.31)

Therefore, we have shown that if you expand the equations of motion with an AdS
background, up to first order, we get

Gl = R) - R(”N — Ay, (G.32)
R = (vpv hup + VPl — Ol — v,ﬁyh) , (G.33)
RW = VAVYh,, — Oh — Ah, (G.34)
- 2A
(G -+ B = -+ 200+ 49) 6+ a (O - 30t - R0, )
+ (@ +28) (=Y, + GO+ Agy ) R, (G.35)

Now we need to solve these equations of motion for hy,, there are different
gauge conditions that can be used to simplified these equations to solve them analyt-
ically, and one can also use numerical methods to solve for the full set of equations
of motion. In the first case we consider choosing parameters such that the massive
scalar mode can be eliminated, and such that the massive spin-2 mode becomes
massless. Which is a theory studied in [I]. We choose the gauge condition,

V*hy, = V,h. (G.36)

Using this gauge condition ((G.36)), and dropping the tilde on the derivative of the
tensors we find that, (G.32)), (G.33)), (G.34), and (G.35)) becomes,
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RY = Oh —0Oh — AR

= —Ah, (G.37)
R(}) = % 2V, V,h — Ohy, — V,V,h)

- %(Vuvyh — Ohy), (G.38)
Gf}u) = %(vuvvh — Ohyw) — %(‘Ah)guv = Ay

= —%th + %v#vyh + ghw + égwh. (G.39)

Taking the trace of the equations of motion above and simplifying, we get,

v

g (Gf}) + E}j}) = A(h—2(a + 38)0h) = 0 (G.40)

We notice that h describes a propagating massive scalar mode. and from the equa-

tion above, we can have two cases.

Case 1: we set, « = —30, then we see that it implies, h = 0. Then,

R =0, (G.A1)
1 A
GE}V) = —iljhlw + ghuy, (G42)
1 A
G+ Eu) = (142 (a+4p)) <—Qth T 3h;w>

2A 1 A
ta ((D - ?) (_2|:|h,uz/ + 3h,u1/)>

= <(1 +2A(a +4p)) + a(0 - 2?)) (—;th + ghw>

1 2A
=-3 (1+4A5 —3p50) (D — 3) Py
35 2A 4A 1
2 (0-%) (05 g @
In this case we note that h,, is in a transverse trace-less gauge, thus we can write,
2A
(O - ?)h,w =0. (G.44)
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Where h,, is a massless graviton, and

4A 1

describes a massive spin-2 field. In order to have stable spin-2 modes satisfying
(D - % — M2) hu, = 0 in the AdS; background requires that M? > 0, we have
taken A < 0, we must have

1
> ——. A
0<p> oA (G.46)
For the critical theory [19], such that the massive spin-2 modes becomes massless,
we set 0 = —i. Then the equations of motion become,
3 1 2A 4N 1 1
|- (O0-—)|0O-——=-=——=] | hu =
2<2A>< 3>< 3 3<2A)>“ 0
2A 4\ 1
O-— ) ({0——+ — ) h,=0. G.47
= (0-F) T @

This equation can be solved analytically and the it’s in the form of,
hyy = Ae” " + Be™?", (G.48)

where mcy, and mcs depend on the cosmological constant.

Case: 2 a # —34, is much more complicated to solve analytically so we do not
comment on it, as we have obtained a massless graviton and massive spin-2 field in
the previous case.

G.3 Entropy of higher derivative AdS black holes

In this section we demostrate how one can use the Wald’s formalism [9] to calculate
the black hole’s entropy. To do this we first define [9],

QM = —2LMP7N Ly 4 - - -. (G.49)

where Q¥ is an anti-symmetric tensor, and the terms denoted by ellipses vanish for
stationary horizons, and where [, is the horizon normal defined below (G.51)). In our
case,

oL
HYpo
c - (G.50)
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for a stationary black hole, the entropy is given by,

1
S=_ / Q" dX,,, (G.51)
H

T
where T is the horizon temperature,  is the horizon, and ¥ is the horizon normal.
We first demonstrate how to calculate entropy Einstein gravity, then move on to
higher derivative gravity. Now for Einstein gravity, the Lagrangian is given by,

_ 1
2k2

V=g(R —2A), (G-52)

where k2 = 877G, where G is the Newton constant. To calculate the Lagrangian

density (G.50)), we vary the Lagrangian ((G.52|) with respect to the Riemann tensor
we get,

oL /=g OR

SRuvpe 262 SRuupe

_ V=99%9""0Rapea
262 ORuupo

_ V=g 9°°g"® §(Repad — Rbaca)
22 2 Rpo

_V _ggacgbd (665b5a6d o 5b5a505d)

Ar2 povCpCr — Yulr

-9 ac c a ac a sc
= Y (g g™ otan0n — g7 g8L016507)

V4 vo o v
:W(gupg —g"7g""). (G.53)

Substituting (G.53)) to (G.49)) we get,

ﬁ

Q" = —27'4;29 (99" — 9" ") Vplg + - = — 2;29 (VA = V¥ir),

since Q¥ is antisymmetric, we have,

20" = =L (VA = VI = VI 4 V1)

= VI, (G.54)
K
Thus the entropy (G.51)) is given by,

Ap

el (G.55)

1 v
SEinstein = ﬁ /H V=g (V l“dZW) =

with Ay, the horizon area, using [, VVI#* = kI, where kj, = 2nT is the surface gravity
of the horizon.
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Calculating the entropy for the Higher derivative gravity theory we know that the
Lagrangian contains the Ricci scalar and Ricci tensor squared terms R?, and RFR,,.
So we start with calculating the variation of these terms with respect to the Riemann
tensor. The calculations and results are showed below,

6R2 ROR 5(gacgbdRabcd)
=2 =2R—————= =2R(g"¢°" — g"? ¢""), (G.56)
OR 0 p0 OR 1 p0 ORp0
S(R*™R,.) (5(R“”R“b)
5 = Gap9bv ) (G-57)
SRyuwpo M S Ryupo
) RabRcd 5Rab 5Rcd
( ) _ ped 4 R , (G.58)
IR po ORuwpo ORuwpo
— 0 G.59
(SRqua- g g 5R'L“jpo- 9 ( )
0Rgs _ g 6(Rgagy — Rappp) _ 1 0 o
=9 == (g7o8%50 — ghos 5/3> G.60
SRuvpe 2 S Rype 2 <9 woo =900 ) (G.60)
6Rab gaegbﬂ vo g 1 a vo av _av ag
Ry~ 2 (778088 — g7 6057) = (079" 9" — g™ g™ g7, (G.61)
SR 1
_ = cp dp vo _ _cv dp ,ua) G.62
T 2(999 9" g 9" ), (G.62)
§ (R®R) 1 1
((SR ) _ 5]%cd(gapgbpgua o gaugaugua) + 5J;{ab <gcpgdpgua o gcugdpgua> 7
v po
(G.63)
using the abover results, we can calculate the term %ﬁf’),
§(R™R,,) §(R® Red)
TSR = gacgde
uvpo uvpo
1 C a, vo av g
= 5 9acgraR (g Pg¥ g’ — g™ g gt )
1 a C, vo cV o
+ 5 Jacha R (g PglgT — g% g™ g )
1
= 5 (Btozstg™™ — Re5L009"7)
1
+ 5 (Bonot g — Rot3Lo)g )
= (RPFg"7 — R"PgH?). (G.64)
Recall that the Lagrangian of (G.1]) is of the form,
1 14
=53V (R —2A + aR"™R,,, + BR?) (G.65)
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and using the results above, the variation of (G.65) with respect to the Riemann
tensor is given by,

oL oL 6(R* R, 1 SR?
_ E + i\/—ig ( 1 )

5Bmps  ORmpy | 252 Fmpe 22"V ISR

= VI (grogre _ grogrey 4 VI (gengro _ Rregre)

4K2 2K2

+ %R(g“pg"” —g"7g"?), (G.66)

Therefore, substituting (G.66|) to (G.49), we get,

\% g vo g UV
QY= 4kK2 (g"°9" —g"%g p)vpla
_20‘2\/ L (RPMG"T — RV gHONY

- QL ' ; R(g"g" — g"g"")V ls

- J(vrr — v

_av— (Rp“g“Vpl” — RVPVPIM)
I€

_b F R(VMY — V1. (G.67)

For the AdS bachground, the Ricci tensor is given by, R,, = Ag,., and thus (G.67)
simplifies to,

Q= ~ Y5 (g )

2K2

— 2000 EN i

- 8,BAF(V“Z” \a !

(1+ 2aA + 88A)Q" (G.68)

Emstem7

then finally the the entropy of higher derivative black holes with cosmological con-
stant is given by,

Ay,
S = (1—|—2aA+86A)4G

We note that is similar to , if we set § = 0. This gives us an indication
that if we follow the same process we followed in chapter [4] of solving the equations
of motion and numerically and find the "0*" for these black holes, one
can be able to determine higher derivative non-Schwarzschild AdS black holes, and

(G.69)
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their entropy would be of the form,
S = 7112 + 2aA — dmaf(A)6*, (G.70)

where f(A) can be determined numerically. As mentioned before, that in this thesis
we decided not to continue with this investigation. It is left for future research.
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Appendix H

Review of the non-supersymmetric

attractors

H.1 Derivation of the equation of motion

Varying the action with the metric we get equations of motion ,
1
S =5 [ V=G (R 20000 - fuléi) ™).
1
— 05 = b [ d'ev=G (R 20000 - fulé) FLF"™)).
1 1
— (SS = ? /d4$ <2\/ GGMVL) 5G’U‘V
1 4 « aa a b
+ / diz (53  20000:0%; — fup()8G lGﬁﬁlFaﬂFalﬁl)
1 1
== / d'z (—\/—GGWL> sGM
K 2
1
+ KQ/d‘*x\/G(RW + V() = 20GP 0y ;050
— fab(9)0G M Gy Fy 5,
1 1
== / d'z (—\/—GGWL> sGM
K 2
1
b [ dal(B 4V DECH — 530,0:050,
— fab(9:) (0551 GPPV P FY

pv aifi

1 1
== / d*zv/~G=G,, L6G"
K 2

+ GO G Fg o)

+ ;/d4xm(RﬂV - 28u¢iau¢i - 2fab(¢i)FS)\F5)\)(5G“V =0.
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The trace of the resulting equations of motion (8.2)) is given by,

G"™ Ry — 2G" 0,010y ¢i = 2fap(0:)G* FLFL + %G‘“’GWL,

= R —2(0¢:)* = 2fu(¢:iFp, F" + 2L,
— R—2(d¢;)* = 2R — 4(0¢;)?,
— R —2(d¢;)* = 0. (H.2)

Now we vary the action ({8.1]) with the scalar fields ¢;’s,

1 ) )
0S = I@/d‘lx\/j(o — 260,¢;0" i — 8ifab(¢i)Fw,Fb” ) =0,
= 0,0V i = ~0ifur (1) i F™M
1

1
— ﬁaﬂ(\/—cau@) =0 Fan(i) F L, T, (H.3)

The tt, 86, and rr components of the equations of motion are given by,
Ru = fun(6) <2GWF5F§}3 - 3G :w*’“)
~ ful00) (5 CuF )
= —%fab(qm)Gtt (Fg P00 + Fgg )
= 4 Ful60)Cu (255, )
= —fab(¢i)GttFél¢G%G¢¢Fg¢
- 16 Q5,2

(12 T
= b4((r§Veff(¢i)’ (H.4)

1
Roo = fan(b3) <2G/\5F5’AF£5 - ZGeeF,?AFbM>

= fab(d)i) <2G¢¢FGCL¢F91)¢ - ;GQG%QZ@Q%>
o fab((bi) a b a b
- bQ(T) (2QQO - QQO)
1
= W%ff(¢i)v (H.5)

149



BLACK HOLE SOLUTIONS IN HIGHER-DERIVATIVE GRAVITY AND THE HOT

ATTRACTOR MECHANISM IN HIGHER DIMENSIONS
JAMES JUNIOR MASHIYANE

1
Rer — 20,6i0,65 = fur(5) (o Lo, anA)

1 2
= _§fab(¢i)GrrﬁanQ?n
Grr
=~ Vers(91)
1
= R, — 2(87"¢z)2 = _a2b4 V:?ff((ﬁl) (H6)

From the metric (8.5)), the Ricci components are given by,

1/
Ry = a* <a’2 + # + aa”) ) (H.7)
Ry = 3 (b(a” + ad”) + 2a(a't' + ab")) , (H.8)
Rog = 1 — 2aba’t' — (b + bb"). (H.9)

The relation Ry — ‘g—jRgg gives the equation of motion li

a? 2aa’'b

2
Rt — 5 Rop = a? (a'2 +— aa”) - 2—2 (1 —2aba’t’ — a®(b” + bb")),
= a”b? + 2aba't’ + b’ad” + 2aba’t’ + a® (b + bb") = 1,

— 20?4 8abd'V' + 2b%aa” + 2a* (b + bb") = 2,

— (a??)" =2. (H.10)
The relation R, — g—iRtt and also using the metric components gives the equation
of motion (8.12)),
G" 2 1 1
R, — GT’TR = 2(6r¢1) - W‘/eff(d)l) + W‘/eff(qbz)a
= 2(9,¢1)°,
-2 2 2) /b/
— 200)? = L f ( A >
a b
~ (b(a'2 + ad”) + 2a(a't’ + ab")),

— 2a%b(0,¢;)? = a’*b + 2ad'V/ + aba” — b(a”? + ad”) — 2a(a't + ab”),
— —2a%" = 2a%b(0,¢;)?,
b//

= = —(0r)>. (H.11)
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The R,, component itself gives the energy constraint (8.13)),

1
Rpr = 20,61)* = =7 Vers(0)

— L (b(a”? + aa”) + 2a(d'V + ab")) — 2(0r¢;)* = —ale4Veff(¢z‘)

a?b
2/ 12 " 1! " 2727 4/\2 1
= b°(a” + aad”) + 2ab(a’t’ + ab”) = —2a°b*(¢;)* + bﬁ‘éff((ﬁi),
(H.12)
from (8.11)), we know that,
a*b* + aa”"b? + daba’t’ + a*V? + a*bb =1, (H.13)

and subtracting (H.12|) from (H.13|) and using the fact that w = 2aba’l’ and
also eliminating b” using (8.12)), we get,

1

2aba’t! + a?b'? — a%bb" =1 + 2a2b2(¢;)2 - bﬁveff(@)
N2 b/ 2 , ’ 1
— OO a2 a22(67)? = 14 202267 — Vigs(6)
(@Pw? _ 1 /
— —1+ad%?+ = g Vers () £ a’v*(¢;)?, (H.14)

Vesr(i) represents the "effective potential" for the scalar field including both elec-
tric and magnetic charges.

Now We consider a theory of the form (8.15)).
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Varying the action (8.15) with respect to the metric we get,

1
08 = — / d*zV=G(6R — 26(0¢:)* — far(¢i)S(FigF"*P)
1 -~
- ifabfs( o )
1 4 1
+ /d /-G (—2GWL>
1
= / AoV =G(OR = 200660° 61 — funl1)0 (GG Y, )
1 ad / / / /
_ ifabfs (FaaﬂFggGaa Gﬁﬁ Grr Ge° Ga’ﬂ’P'U/))
1 4 1
1
=3 /d‘%\/j(RW + boundaryterms — 2fab(¢i)FﬁBG57Fl%
1 ad / / / / / / / !
-5 Fan(Fa5FL, 058" GOP G G €11,y 0 + FE5FL, GO 55 GPP' GO €1 3110
+ FSFY GO GPP 500 GO e 1y o0 + FEF, GO GO GPP' 59 €1 1,00))
1 1
— ?\/ _G§GWL
1
=5 /d‘%\/j(RW — 20,00, ¢; + boundaryterms — 2 fo,(¢;) SﬂGmF%
1~ a b ~BB Hpp Hoo’ a b ~ad ~pp' oo’
- ifab( S F GG G eypyor + By F e G G GO eqrypor
+ FgﬁFgaGaa/G’Bﬁ/GUU/Ga/ﬁ/Va/ + FgﬂFguGaa/Gﬁﬁ/G’D’DIEO/ﬂ/p/V))
1 4 1
= 0. (H.15)
Let’s start by looking at the Lagrangian,
puvt po
= R 2(06:)" — far(6:) (G G FisFlyy )

1 i / ! / /
- ifab(gf)i) (FgﬁFﬁgGaa Gﬂﬁ Gpp GUU €a/5/p/gl> . (H16)

L= R 2(06:)" — fa(@0) Ff F — 2 fanl60)Ely Fbye?”

Therefore, the equations of motion for the metric are given by
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a 1
Ry = 20,6:0061 — 2fan (9i) Flis GV, = S G L

- % fan(FisFL GPP GPP' GO €51 o + FL FL GO GPP G ey
+ FagFp GO GO G e rgr + FagFp, GO G G €1 yrr))

= Ry — 20,6001 — 2an( ) s GO FL, — LGB~ 206:)°

— fan(®i) <Gaa/G5ﬁ/F§5Fab/5/)

- %f;b(@-) (FeaFp G G G G ey ))

1 ad / / ’ / / !
- §fab( SﬁFggGﬁﬁ Gpp GUU Gyﬁlp/a-/ —|— Fgqul)UGaa Gpp GUU falyplo./
+ FgﬁFﬁoGaa/GﬁB/Gaglﬁalﬁlyal + FgﬁFg”Gaa/GB’B/Gpplea/B/p/V))

=0. (H.17)
Taking the trace of the equations of motion (H.17)),

R —2(06:)* + fan(0i) FagFpoe G GP7 G G°7 ey = 0. (H.18)

Commenting on the trace,

we notice that since we have turned on both electric and magnetic charges in our
theory, then the Ricci scalar depends on both the scalar fields and the charges, unlike
in the first theory where the Ricci scalar just depended on the scalar fields.

To caclulate the equations of motion in the form of metric components, we do what
we did for the theory (8.2)), calculate the t — ¢, r — r, and # — # components of the
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equations of motion (8.16|).

1
Rut — 200000 — 2fa(0) FisG7F, = S Gu(R = 2(09:)*
—_ fab(¢i) (G(XCY/GBB/FS/BFS/IB/)
S Fanl60) (FEa TG G G2 G 00
- fab(@)(F“ Fb . GPP' GPF GO 11 o + FO, PG G GO €y

+ FaBFb Gaa Gﬂﬁ GUU ea’ﬂ’tg’ —|— F /BFb Gaa Gﬁﬂ/Gpp € /ﬁ’ ’t))
= Ry — 2fan(¢s) F{3GVVFY,

— G200 — fu(6)FL LG G G G ey — 2(061)?
~ald) (GG FigFlug)

5 Fanl60) (FEaFla G G G2 G 00
- ffab(@)(F“ Fp,GP7 GP G ey yor + FiyFpp GO G G e
+ FaBFb G G G ey grigr + FLgFL, GO GPP GPP e g rt))
= Ru+ ful i) (~2G7 FLF), + G FLFY, + GGG F, F, )

= Ruu + ful 1) (GuG™G* Fi, Ff, — G Fiu Y, )

= Ru+ fun(6) ( 2 i 200, QuE i — 7 F00) (Qun — i) 17(00) (Qre - f;dczfn)>
= Ry + fu(0) ( () Qi Qe — jfw (er ~ foe@5) 1(00) (Quy - f;dczfn)>
_ (H.19)
Therefore, we see that,
Ru = SVess (60, (1.20)

where,

Vers(66) = Jan(@) Q@b + 1(00) Qe — foeQ5n ) (Qpe — fea @) - (H21)

Similarly one can calculate the other components of the Ricci tensor. And all the
components come out as befor with the effective potential being given by the above
equation.
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H.2 Second Order Perturbation Solution

In second order perturbation theory we define,

b= by + e*by
a® = a% + €%as
b? = bj + 2€°baby, (H.22)

substituting (H.22)) to the equation of motion for scalars (8.14)) we get,

o;V
212 _ UiVeff
8r(a b 87~81¢)Z) = 2b2 ,
= + + 0; Ve
87” ((a(2) 620,2)(1)8 262b2b0)a7“(¢i0 + €¢i1 + €2¢122)) 2b2ff,
= + 0; Ve
(8 + 26bab0)0, (aBb30, s + a0, ae?) =~ 2L,

— b0, (a2b30,¢i1 )€ + 2bobo0y (a2b20, i1 )€ + b0, (adbE0, i) €

0 (Vers(dio + €din + €20%))
= 2 )

0i (Vess(oi i1+ €63
— bgar(a%b%)ar¢zl)€ + bgar(agbgar¢i2)62 = ( ff(¢ 0 +2€¢ Lte 12)) . (HQS)

the right hand side of (H.23|) can be simplifies to,

0 (Vepp(io + €pir + €0%)) = 0; (Verp(dio + €dir) + 0;Veyp(dio + €din )€ din))
= 0iVipp(dio + €din) + 0:0;Vest(io + €i1 )€ hia
= 0; (Vess(dio) + €O Vers(dio)din + €05 Vers(dio) o)
+ 005 (Ve (i) + €0gVepp(i0)pir + €00 Ve p(i0)931) Eio
= 0+ €0;0kVerf(di0)dir + €005 Ver(dio)din
+ 3¢3j%ff(¢io)€2¢i2 + 0(63), (H.24)

the left hand side of (H.23) can be simplified to,

1
b30r (adbiOrdi1 )€ + b0y (agbiOrdin)e” = i(eaiakveff((bio)ﬁbil
+ (0i0f Ver s (dio) b5

+ 0i0;Vep £ (di0)Pi2) ), (H.25)
for O(e) we get,
J i
bo0r (agbgdrdin) = szgf . (H.26)
0
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and for O(€?) we get,

O, (apb30r diz) = Fioi +B—JZ¢- (H.27)
r\doPoUr®i2) — b% b% 72 .

We previously solved for ¢;1, now we substitute that solution and solve for ¢;s.
Looking at the equations of motion (8.11)),

(a2b2)” -9
(a®b?) = 2r +d;
a’b? = (r—ry)? + dir + do, (H.28)
where d1, d2, are the integration constants. In this case we are interested in extremal

black hole solutions with vanishing surface gravity. At the horizon, b is finite and
a?, and (a?) has a double zero. Substituting (H.22)), to (H.28), we get,

(ad + €2) (b3 + 26%baby) = (1 — 1g)* + +dir + da,
— aZbp + (2b2ad + agb?)e® = (r —rg)? + +dir + do (H.29)

now set, dy = dy = 0, near the horizon,

aghy = (r —ry)?, (H.30)
(H.30) implies,
2b2a3 + agbl = 0, (H.31)
2a3bob
— gy = — %20 2
bO
2ag
=-—="p
by
—92(1 -
_ 2=, (H.32)
.

To solve for by, substitute (H.22|) to (8.12]),
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b// B ‘ 9
? - _(ar¢z)

— V' = —(0,4:)%
= —(0r(¢io + €di1 + €¢2))?
= —€%(0rpi1 + €0rpin)*(bo + 2€%bo)
= —(0,i1 + €D, 0i2)” (bo€®)
= — ((0r¢11)* + 20,0110, dize + €2(0r pi2)?) boe?,
— 2by = —(Dri1)2boe?, (H.33)

for O(e?)

, o [T —rH 2(yi—1) i
—c2 . — (H.34)

solving (H.34) for b, we get

02'7, r—ry 2vi
bo(r) = — L Ayr+ A H.
=S gty () A )
setting A1 = Ay = 0.
ba(r) ==Y T AN (H.36)
2T 22y —1) \ r ' ‘

H.3 Derivation of ¢, in all orders

Starting with a single scalar, and the equations of motion, we derive ¢y, directly from
Section 2.44 of [14]

bb" = —(9:9), (H.37)
a®b? = (r —ry)? (H.38)
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using the equation of motion of the scalars (8.14)) and considering a single scalar
field,

OiVery

212 _
Or(a“b°0r ) = 52 (H.39)
using the simple example for the effective potential [14],
Vepy = e“9Q7 (H.40)

we start by considering the left hand side of (H.39)),

2020, ((r — r1)*0r9) = 2 (b3 + 2¢°babo) 8, ((r — 71)*0(¢0 + €1 + ¢2))
= 2 (B3 + 2€%b2bo) Oy ((r — r1)?(€0r 1 + €20r2))
=2 (bg + 262b2b0) €Oy ((r — rH)Z&«qh +(r— rH)Qearqﬁg)
= 2050, ((r — 7#)0rp1)€ + 2650, ((r — 71)0r ) €7
= ea“bQ?ai, (H.41)

and the right hand side of (H.39)),

Q7 = % ePilcdr+e62) QF i

. . 2
— €a1¢06a15¢1 €a7,€ d)ZQ'LQO[Z

. 1
s i (1 + aiha€® + aidre + fa?qb%e%eQ + ) Q%ai

1
~s %0 (1 + aigre + (g2 + 04?04%)62> QF i, (H.42)

the O(€?) terms of (H.41)) and (H.42) gives the following,

2050, ((r —71)20,¢2) = €% (ayho + %afgﬁ)cﬁai. (H.43)
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we substitute ¢o and it’s derivatives to (H.43|) give,

p2(r) = 2 (T — TH>2V

1 r—rHg 2
— Or2 = 27c2 < ) ( >
r—rg) T

— 4B (r — 1)y = rrm)”
o(r —TH)0rp2 = 8ycoryr

2y 2
5, r—rTH (27—1)7’1{_77}1
87"¢2_2762< r ) <(TTH)27’2 (r—rm) 2>

_ 2y
= 405 (r — re)*10 g = dyea(1 + 29)rF (T TTH> , (H.44)

<

again, the right hand side of (H.43) simplifies to,

r—ryg S| rT—TH 2y
e (g + > a26)Qay = e “2< ) T3 %< ) :
r 2 r
(H.45)

Finally the equation of motion for the scalars (8.14) can be written as,

_ 2y 1
(T rrH> ( 4P Q202¢y — dyeo(1 + 29)r% + 26“’¢°Q2a cl> =0. (H.46)

Now we can finally solve for ¢y [14] gives,

L 201 + ap) 0D (H.47)

275 By+1)
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Appendix 1

Exact solutions

I.1 Equations of motion in general dimensions

Varying the action with respect to the metric we get the following equations of

motion,
R = 3G Bt G (0)0a610°09 — 245(6)0,6/0,
() (267 F P~ SO F) + GuVyfe) =0, (1)
we can write the equations of motion as,
e (1.2)

where,

T;w = 2gij(¢)au¢iau¢j - Guugij(¢)aa¢iaoz¢j

1
+ fab(4) (2G5TF,75F£’T - 2G,WE‘:,)FZ"’P) — G Vy(9), (1.3)
the trace of the equations of motion gives us,

T (2 (00,0000 + (157 ) Ful0)EFP - Vo). (1)
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and

_ZR=T
R 2R ,
2—d
2 "R=T
2 k '
= R= LT (L)
S 2-d’ ‘
the Ricci scalar is given by,
i y a pbop 2d
R = 203(0)0a0'0ut? + 5 [P, — 220 Vi (9) (16)
The trace reversal equation of motion , gives,
. ) 1
Ry = 203(#)0a¢'0a¢’ = 2fab(¢>>GﬂTF“ Fpr = = G fan (60) Fy 7
TG Vy(9)- (L.7)

d 2

I.1.1 Derivation of ((9.34))

Using the relation Ry = (d — S)Z—jRgg, we derive ( as,

(d—3) ((T)) Rag — 12 25%33)!@(”2 Vers(9)
+Kd_;Z§gG%%WO=Q
— Ry~ (d—3) Zf((r)) Rop + (5 G — 02 ‘;f((:)) Gao)Vy() = 0,
— R~ (-3 R = 200 L D),

d—2 /b/ 2
— a? <a’2 -+ (d = 2)aa’t’ + aa ) (d—3)~ 3 ((d = 3) — 2aba’¥’ — a*((d — 3)b" + bb"))

b
= —2a%Vy(9),
— (d—3)% 4+ 2(d — 3)aba't/ + a®*v?(d — 3)%* 4+ a"*b? + (d — 2)abad’V’ + ab?a”
= —20"Vy(9),
— (d —3)%(—1 + a®b?) + b*(a? + aa”) + aba't' (3d — 8) + (d — 3)a*bb" = —2b*V,(¢).

(L8)
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1.2 Exact solution of a single scalar

up = ¢,uz = loga,v = log ab®3,
We define,
=0, = GQUOP,
so that,
dp 1 P — P+
T = = lo )
/ Q20243 —p B,

Solving for p in terms of 7, we get,

p+ — 6('D+_p7)7—p7
1 — elpr—p)7

p:

(L11)

(1.12)

Now we want to derive the equation of motion (9.47) in terms of the new variables.

From , we ge we have the relation,
62”8pq§ = Oruq,
using the relation we can write the left hand side of as,
9, (a%?(d*?’)apqs) =, (Oru1) = =20, (Druy).
Now the right hand side of becomes,

2 2
(d B 2)' a2 agp/Ma 2 _ —2v (d B 2)' 2u9 Qqul a \2
A(d g e 2 0o Q) = Gt D auet (@)%

and combining ([.14]) and ([.15]) we get,

d—2) &
4((d — 3))2 > age™Eteen (@)%,

a=1

2
a.,.ul =

Using the change in coordinates, we can get the following relation,

p2(d—3)

eQ(v—uz)’
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which implies that,
a29,(0*43)) = 20, (v — uy). (1.18)
Thus the left hand side of , becomes,
—lap (aQBP(bQ(d_?’))) = —e % (020 — 02us) , (1.19)
2
and the right hand side of , is,

V;sz(ﬁb) 2v 2 agqul+2u a \2
—L4(d =gy = 14 (d - 9le D eoante(Qr 2, (1.20)

a=1

combining the left hand side ([.19)) and the right hand side ([.20)), we finally get,

2
—0%0 + O2ug = —€” 4 (d — 4)1 Y e tRu(Qr )2, (1.21)

a=1

which implies that,

2v=e*=(p—pi)(p—p-), (1.22)
and )
O2ug = (d— 4 et (Qr )2, (1.23)
a=1

we can also show that, (9.39) leads to

v = e*, (1.24)
Finally to derive (9.50]), we can show that the left hand side, is given by,
(90)" = e *(Dru)?, (1.25)

and the right hand side, is given by,

8/2)(bd73)

pd—3 = 6741) (_(8TU)2 + (37—’(1,2)2 + 872_7) — 872_11,2) , (126)

combining the left hand side and the right hand side, we get,
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_2(<dd—_23))(37u1)2 = —(0:v)? + (Oruz)* + 02v — O2us. (1.27)

Using (I.16)), the expression of v in ([.22)) ells us that the left hand side of ([.27))

independent of 7:

(007 20 = (o —p )P = €. (1.28)
Now, defining
Xo = (ngun +mg logl(an — a2)(@0,)°)), (1.29)
b
where,
4(d_3)2 &2 B | .
n—l _ <( i?;f%')z (i4)!>  Mah = M (8 + “aaab> , (130)
T (d-2)! (d_*14)! A(a1 — az) d—3

we find that ([.16)) and ([.23) may be rewritten as
X, = emavXo | (1.31)

subject to the constraint ([.27))

a1 — Qg

(d—4)!

1. . X
5 Xamap Xy — Za:e b X — £ (1.32)

The 7-evolution of v given in ([.22]) decouples from the equations of motion for the
X,. In order to decouple the equations ([.31)) for X,, we take

d—2
8
+d—3

109 = 0. (1.33)
Without loss of generality, assume that «; > 0 > agﬂ This implies that
d—2)! .
Mah = 4((d_3))2d1ag(a1, —g). (1.34)

The differential equation ([.31]) has a general solution

! 2c4 (d—2)!
Xa = 1 . K= 1.35
aale © || rsinh(ca(T — dg)) ) A(d— 3)2 (1.35)

where the ¢, and d, are integration constants.

Now, the scalar field and the warp factors that appear in the metric are written

'Plugging in to 1) this is the case v = 1.
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in terms of the charges and the coordinate 7(p) as

plar—az)s _ (@ j:;i wY,00Xa (1.36)
exp (2= X1+X2)) 10, (1.37)
pela-) 2 ”+) (L.38)
where,
0 = (o1 — 02)(Qh) T2 (@) 3. (1.39)

Thus, in particular, (I.36]) tells us that

: 2
e(al_a2)¢ _ _QQC%(Q%’L)Q Slnh (CQ(T - d2)) ) (140)

a163(QL)2 sinh?(c (7 — dy))

Because 7 — —oo0 as p — pg, finiteness of the solution at the horizon implies
c] = cg =: c¢. Using and the scaling in the vicinity of the outer horizon, we
also see that

b2(d—3) ~ P _2p+ ~ e(p+—p_)T—20T. (1_41)

a

We then discover that ¢ = $(p4 — p_) in order for the horizon area to be finite. This
is A, the non-extremality parameter. It serves to define our solution. Similarly, the
flat space asymptotic boundary conditions tell us that

O =ex [— a2 lo ( —apc? > + il lo ( arc” >]
P a1 — a2 8 (d — 4)! sinh?(cdy) a1 — a2 & (d — 4)!'sinh?(cdy) /|’
(L42)

2\2 & 2
elea—oa)ge — _02(Qm)” sinh {cdy) (1.43)
a1(QL,)? sinh*(cdy)

The first equality arises from the condition a? — 1 as p — oo (or 7 — 0). We may
thus solve for the unknown parameters d, in terms of the charges and the asymptotic
value of the scalar, ¢o.

For definiteness, let us restrict to the special case a3 = —ag = a = 8%:23). For
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this solution

sinh cdy = ;_, (1.44)
V2(d -4 Qy,
sinh cdy = ;,, (1.45)
V2(d = )1Q3,
where we recall that Q%, was defined in (9.98)). Thus,
— 1
Q2. sinh <10g e~ oz (L2 5)
€% = %o _ L (1.46)
QL sinh <log e—cdi (Z:Zf) 2)
Using the identity sinhlog X = X;)E L and ([.44)), we obtain
ad _ Ao p— f2
e =ce _— 1.47
p—h (1.47)
where p ;
e“ep —e Cepy
- , 1.48
J 2sinh(cd,,) (148)
Also,
B = a2 (p—py)(p— p-)

D=

_ 2@%@2@*4)! sinh <10g e—Cdz (P—P+)

p—p-
= (p—f1)lp— fa)

Assuming that we are working in an asymptotically flat space, b — r at spatial

infinity, so from (9.37), p — 9= and from (9.56))

o (17— p )P —p)

P+t p-
a = 12(d—3) -

rd—3

~1

o (1.50)

We are now able to read off the mass parameter from the metric obtaining
Asymptotically, we also have

dr — p?0, . (1.51)
Examining M, this yields

M =al|;—o , (1.52)
and likewise,

Y= —¢lr—o . (I.53)

Using these definitions, ([[.27)) tells us that,

1a2%% + M? — (d—4)! ((Qh)* + (Q2)?) = 2. (1.54)
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Taking the 7 derivative of (.46) and the expression for a? from (1.49)), we find

1 _
50&2 =

M =

c¢(coth(edg) — coth(cdy)) (1.55)
c¢(coth(eds) 4 coth(cedy)) . (1.56)

(NI T

Combining and , we then have

aM¥ = 1c* (esch?(eda) — esch?(edy)) = (d — 4)1((Q)* — (Qr,)?) - (1.57)
Since

fi=3(ps+p- — (pr — p—)coth(cdr)) = M — ccoth(ed;) = a2, (1.58)

and similarly fo = —%aZ, we get ((9.92)).

Substituting the expressions for f, in ([.49), we recast the warp factor in the
metric as (9.94).

1.3 Extremal limit

To find the extermal solution, one takes the limit ¢ — 0, and from ([.40), with

o« = a1 = —ag, one finds
2
€a¢ _ |Qm’ T = d2

= . 1.59
QL 7 (1.59)
Taking the ¢ — 0 limit of ([.44)) one gets,
1 1
dy = _ dy = __ 1.60
Y2010, - 0Qe, (1.60)

so that

00 — paboo V 2(d =)@ |T -1 (1.61)
V20d—=D)NQL |T—1 '

Note, that with ¢ =0, p; = p— = M, so from ([.11)) we obtain

1

T (1.62)
€a¢ _ eaqjoo Vv 2(d — 4)"@%@‘ + (P — M) (1.63)

V2(d =)L+ (p— M)
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Taking the ¢ — 0 limit of ([.55) and (I.56)

(d—4)!
2
(d—4)!
2

5a¥ = §((d) —(d)7h) = (@ —Qn) (L.64)

M = J((d2)t+(d)H) = (Q% +QL) . (1.65)

and we see that in fact ([.63]) is the same as (9.92)). As a check, we note that taking
the ¢ — 0 limit of ([.49)) gives,

B8 = 2Q),QF(d— 4)(r — dy)(r — da)(p — M)? (1.66)
= (p— M —/2(d—DQ2N(p— M —/2(d - )Q},) (167)
= p*—(3a%)? (1.68)
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