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Abstract

The idea of skill composition has been gaining traction within reinforce-
ment learning research. This compositional approach promotes efficient
use of knowledge and represents a realistic, human-like style of learn-
ing. Existing work has demonstrated how simple skills can be composed
using Boolean operators to solve new, unseen tasks without the need for
further learning. However, this approach assumes that the learned value
functions for each atomic skill are optimal—an assumption that is vio-
lated in most practical cases. We thus propose a method that instead
learns operators for composition using evolutionary strategies. Our ap-
proach is empirically verified first in a tabular setting and then in a high-
dimensional function approximation environment. Results demonstrate
outperformance of existing composition methods when faced with learned,
suboptimal behaviours, while also promoting the development of ro-

bust agents and allowing for fluid transfer between domains.
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Chapter 1

Introduction

The development of versatile agents capable of adapting to new contexts and chal-
lenges is a critical goal across multiple fields of artificial intelligence. Agents that
are able to leverage their existing abilities into new forms are more robust and better
equipped to deal with novel, complex situations. If designing a robot for long-term
household assistance, it is not feasible to train the robot in every task it might face
during a period of months or years within a constantly evolving backdrop. Instead,
it could benefit from having a set of broadly useful skills and the ability to adapt or
combine these skills to deal with the specific situations it encounters. Notably, this
approach mimics the way in which humans actually learn—by gradually expand-
ing their knowledge base of elementary skills and combining them in endless ways,
instead of independently learning new abilities from scratch each time a novel prob-

lem arises.

These principles are especially relevant in the context of reinforcement learning (RL)—
a field of artificial intelligence in which agents are guided towards desired be-
haviour by receiving feedback in response to their chosen actions. Here, we con-
sider the idea of composition—the existing behaviours of an RL agent are combined
to produce novel ones, without additional learning [1]. One particular approach
is to combine skills according to the fundamental logical operations—disjunction
(OR), conjunction (AND), negation (NOT)—using a fixed set of composition oper-
ators that are proven to produce optimal behaviour for tasks composed according
to each of these operations. [2].

Although this approach is both interpretable [3] and results in the combinatorial



explosion of an agent’s abilities [4], it suffers from a fatal issue: successful compo-
sition is only guaranteed when an agent has optimal knowledge of the behaviours
being composed. This may be achievable in small synthetic environments, but if
we are ever to apply this framework to real-world problems, we must also be ca-
pable of composing non-optimal behaviours. We identify three scenarios (further
discussed in Section 3.1) in which this method of composition falters:

* RL algorithms often encode behaviours as value functions, but it is typically
infeasible to train these value functions to convergence, especially in the case
of large practical environments that may contain billions of states. An agent
might have learned a set of good quality value functions capable of solving
tasks in an environment, but which have not sufficiently converged to per-
form composition. It would be wasteful to discard these value functions, and
training further might exceed a pre-defined computational budget.

* The specification of tasks may be such that the composition of said tasks is not
semantically meaningful. For instance, we might have a reward function that
allows an agent to learn tasks in the environment, but when attempting their
composition incentivises the agent to travel in a loop and avoid the composed
goal state.

* Stochastic dynamics in an environment can result in suboptimal composition—
and catastrophic failures. Even when optimal value functions are used, this
randomness can result in an agent taking invalid actions and preventing it

from displaying logical behaviour.

Consider the case where a robot is trained in some environment to exhibit a set
of skills, before being sent away for external use. The new environment would
likely differ from the training environment to some extent, meaning that the orig-
inal skills may not represent optimal behaviour in the new task setting, and thus
preventing the successful use of Boolean composition. Furthermore, with the robot
being divorced from its original training setup, it is impractical for users to forego

composition altogether and learn the desired skills from scratch.

To this end, we propose that the agent learns how to compose behaviours, even



when these behaviours are suboptimal. We adapt the NEAT algorithm (Neuroevo-
lution of Augmenting Topologies) [5] to learn an alternative set of robust composi-
tion operators that outperform the fixed Boolean algebra approach [2] when faced
with the above-mentioned challenges that often manifest in practical RL environ-
ments. Essentially, this is done by initialising a population of neural networks and
mimicking principles of natural evolution to incentivise the generation of networks
that achieve the best performance when acting as operators for achieving the de-
sired composed tasks. Our approach is shown to be viable first in a tabular setting,
and then in an environment where function approximation is required. Most no-
tably, we are able to learn operators in the tabular setting that can then be applied
with positive results in the function approximation setting—despite these environ-
ments differing in scale and state space. This is particularly encouraging for the
goal of producing robust RL agents.

1.1 Report Overview

In this introductory chapter we have contextualised the research problem, before

providing a broad outline of our problem-solving approach.

Chapter 2 contains a more thorough grounding of the content underpinning the
study—including a high-level background of RL principles, an examination of the
current Boolean composition framework, and a discussion of the NEAT algorithm.
We also present a review of the task composition literature directly informing this
work, while touching on related forays into compositional RL.

Chapter 3 expands on this foundation and discusses the core areas in which the
existing approach to Boolean composition fails. We detail the methods, metrics,
and settings used to solve this problem. We also present pseudo-code illustrating

how the NEAT algorithm is adapted to produce flexible composition operators.

Next, we move on to a discussion of experiments and results. Chapter 4 considers
experiments conducted in the tabular setting. These experiments underline the ap-
plicability of learned operators in dealing with a number of practical RL scenarios.
Chapter 5 examines the viability of our method in a high-dimensional setting where



function approximation techniques are necessary. A central discussion in this chap-
ter focuses on the ability to learn operators within a tabular environment, and then
apply them to composition tasks in a larger function approximation environment—

either without modification or with minimal fine-tuning.

We conclude in chapter 6 by summarising our findings in the context of the orig-
inal problem motivating this report. This also includes a discussion of limitations
present in the work and how our approach could be refined in potential future ex-

pansions.



Chapter 2

Background and Related Work

2.1 Reinforcement Learning

Reinforcement learning (RL) is concerned with optimising an agent’s behaviour through
feedback from its environment. An agent observes its environment and on this ba-
sis makes decisions, which are then rewarded or penalised based on how effectively

they drive the agent towards its goals.

A task in an RL environment is modelled as a Markov decision process (MDP) [6],
given by a tuple of the form (S, A, p,r,y), where

* § is the state space containing all states in the environment.
e A is the action space containing all actions available to the agent.

* p: SXxAxS — [0,1] is the transition function giving the probability of an
agent moving from state s to state s’ via action a. We can express this function
asp(s,a,s') = Pr(Sy41 =" | St = s and A; = a), with t indexing time steps in
the MDP.

e r:SxAxS — Ris the reward function giving the reward received for an
agent being in state s, performing action a, and through this entering state s’.
r(s,a,s'") =E[Ry11| St =, A = a, 5141 = 5’|, where R; is the reward received

at time step t.

e v € [0,1] is the discount factor governing the degree to which the agent priori-

tises future vs. immediate rewards.



This framework is visualised in Figure 2.1.
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FIGURE 2.1: MDP Framework [6]. t € INj is the time index of the MDP.

In this setup, the agent transitions through states making up the environment. The
agent has a set of available actions it can take, and at each time-step ¢t it will be
present at some state Sy = s € S, from which it executes an action Ay = a € A. The
agent selects actions by following its policy, 7 : A x S — [0,1]. 7t gives the prob-
ability of taking action a from state s, and expressed more intuitively represents a
strategy followed by the agent to solve the MDP. In response to the agent’s action,
the environment sends the agent to a successor state S;;1 = s’ € S according to
the transition function p. The environment also emits a reward R; = r(s,a, s/ ) ac-
cording to the reward function, which the agent uses to guide its future behaviour.
Fundamental to this process is the agent’s value function, V' : & — IR, where
oo
VT(s) = Ex| ) Y% Ryyki1 | St = s|. This gives us the total expected reward for

k=0
an agent being in state S; = s and thereafter following its policy 7. This is a mea-

sure of the “goodness’ or utility of each state when using 7t to solve the MDP. Value
functions and policies are closely related, and given a value function an agent is

able infer an associated policy.

We also make use of the term episode. An episode consists of the agent follow-
ing a policy in the environment until some termination criteria is triggered—either
having exhausted a pre-defined step limit or having reached a goal. In this study,
episodes are finite but of varying length. An agent’s performance is often mea-

sured by tracking the cumulative reward over a length of time, referred to as its
n

return. Given an episode of length n € IN we can define the episodic return as ) _ Ry,
t=0



and if given N € IN episodes where each episode i is of length 7;, we can define the
N n;

total return as Z Z Ry
i=0t=0

2.2 Q-Learning

Q-Learning [7] is a widely used RL algorithm, most applicable to tabular environ-
ments where each state can be represented explicitly. The algorithm learns an action-

value function
Q":SxA—R,
defined as -
Q"(s,a) =Ex| Y YRiyxi1| St =sAr=a 2.1)
k=0

The expression defined in 2.1 gives the total expected reward for being in state s,
taking action 4, and thereafter following policy 7r. The term action-value function
is used interchangeably with the term Q-value function, and we refer to Q™ (s, a) as
the Q-value for state s and action a.

The aim of learning is to discover the optimal action-value function Q* such that
Q*(s,a) = max;Q"(s,a) foralls € S and a € A, from which we derive the
optimal policy 7* by using Q* to act greedily at every state. Q-learning is built
around a Bellman equation, which iteratively updates the Q-value for each state-
action pair as the agent gains more information about its environment. The update
equation takes the form Q™ (s,a) = (1 —a)-Q™(s,a) +a - (r+ - maaxQ”(s’,a)),
where a« € (0,1) is the learning rate parameter which governs convergence of the

algorithm.

2.3 Deep Q-Learning

In Q-Learning, the action-value function is represented as a table containing val-
ues for each state-action pair. This structure is referred to as a Q-table. As the state

space S and the action space .A become larger, the Q-table grows exponentially in



size. In higher-dimensional function approximation environments, storing and up-
dating a Q-table uses a great deal of system memory. Additionally, it is extremely
time consuming for an agent to visit each state repeatedly and build up the requi-
site knowledge for the Q-table.

Deep Q-Learning [8] is an extension to Q-Learning, more suitable for large or com-
plex environments. The action-value function is now represented as a Deep Q-
Network (DQN)—a neural network which takes states in the environment as input
and outputs an action along with its associated value. A policy is determined on
the basis of these action-value pairs for a given state. Algorithm 1 illustrates how
the Deep Q-Learning process [8] is used to approximate the optimal action-value
function Q* with the DQN Q, where Q(s,a;0) ~ Q*(s,a) foralls € Sand a € A.
Note that Q is parameterised by the set of weights 6.

Training is performed using the loss function L;(6;) = (y; — Q(s, a;6;))?, defined for
each iteration i of the algorithm. The idea is to push our current estimate Q(s, a; ;)
closer to the target value y; = r 4+ ymax, Q(s’,a’;6;_1). Differentiating this loss
function with respect to 6 produces the gradient

Ve, Li(6:) = (r+ymaxQ(s’,a’;0; 1) — Q(s,4;6;)) Ve, Q(s, 2, 6;) (2.2)

A key concept in Deep Q-Learning is experience replay, the idea that an agent’s
choice of action during training is informed by a random selection of previous
action-reward experiences. Another important feature is the use of a target neu-
ral network in addition to the main Q-network being learned. The target network is
initialised with the same architecture and weights as the principal Q-network, but
these weights are updated at a delayed rate compared to the Q-network. Without
the target network, the agent’s predicted Q-values would be dependent on the same
set of parameters that are being optimised during the algorithm’s run—essentially
leading to the agent chasing a constantly moving target and with the potential
for drastic oscillations during training. The target network remedies this issue by
keeping the parameters for target prediction temporarily static, and allowing for a

smoother convergence without exceedingly volatile updates.



Algorithm 1 Deep Q-learning with Experience Replay [8]

1: Initialize:
replay memory D to capacity N
action-value function Q with a random set of weights 6

target action-value function Q with weights 6 = 6
2: for episode =1, M do

Initialize sequence s; = x; and preprocessed sequence ¢ = ¢(s1)
3: fort=1,T do
With probability € select a random action ay,
otherwise select a; = max, Q(¢(s¢),a;0)
Execute action 4; in emulator and observe reward r; and image x;41
Set s;.41 = St,a¢, Xp+1 and preprocess ¢y 1 = P(St41)
Store transition (¢, at, 11, py41) in D
Sample random minibatch of transitions (¢, a;, 7, ¢j41) from D

ri for terminal ¢; 4
Set y] = R
rj+ymaxy Q(¢jy1,4’;0')  for non-terminal ¢;
Perform gradient descent step on loss Lj = (y; — Q(¢j, 4;;6))? according to
equation 2.2
4: end for

5. end for

2.4 World Value Functions

Previously, we have introduced the role of state space S in the RL framework. We
now define the goal space G C S. This is the set of all goal states in an environ-
ment. If reaching a certain goal causes the episode to end, this state is referred to
as terminal. In some cases, there is a direct correspondence between the notions
of goals and tasks. Consider, for instance, the environment depicted in Figure 2.2,
containing three tasks: Red, Green, and Pink. Each task corresponds to the agent
having successfully reached the goal state of that colour—completing the task Red
means reaching the red cell in the top left corner of the grid. If we have learned an
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action-value function Qg,, for this task, acting greedily with respect to Qg.s pro-
duces the policy 7r.y. Following 7r.; allows the agent to reach the state Red and
simultaneously solve the task.

FIGURE 2.2: Gridworld with 3 goal states. The agent, illustrated by a
blue circle, can move in any of the cardinal directions and must navi-
gate to one of the coloured squares.

This process, however, is not as straightforward when we wish to perform com-
position over tasks made up of multiple sub-goals. At this point, it is important
to distinguish between two classes of tasks: base tasks, which are independently
learned through standard methods (e.g., Q-Learning), and composed tasks, which

are derived by combining or manipulating the base tasks.

Remaining in the same environment, say we now have two base tasks expressed
as (Red OR Green) and (Green OR Pink). Clearly, the intersection of these tasks is
Green. The action-value function for each task only provides knowledge of how to
reach the currently most desirable goal (based on the reward achieved by navigat-
ing there) from each state s € S. Hence, there may be states at which neither value
function provides knowledge of Green.

To overcome this, Nangue Tasse, Rosman, and James [9] introduce world value func-
tions, a family of goal-oriented value functions. Given state space S, goal space G,

and action space A, we can define the world value function as
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Q"(s,g,a,8") =7(s,ga,s") +7 ) p(s,as)V(s,g) (2.3)

s'eS
where

* 71is the extended reward function given by

_ , {fminelR g#sands e @
7(s,g,a,s) =

r(s,a,s") otherwise.

7 penalises the agent for achieving an undesired goal, thereby learning the
currently desired goal while also encoding knowledge of all other goals in the
environment. 7,;, € R is chosen to bound 7 from below. Formally, 7,,;, <
min{7yin, (*min — max) D}, where D is the MDP diameter [10]. In practice, we

can set 7,,,;;, to be any large negative number.

o V7 is an extended value function given by V(s,g) = E™[)_ 7(s;, g, a;)]. V™

assigns values to state-goal pairs. Knowledge of all goals_is stored and the

agent explicitly incorporates the current goal when choosing actions.

e T:S8xGxA — [01] is the associated world policy. This policy can be
followed to reach any goal in the environment.

These world value functions allow us to represent knowledge of all goals in the en-
vironment, not just the currently most desirable goal. A Q-Learning approach built
around Bellman’s equation is still used for learning world value functions, but with

added specification of the goal space.

Optimality is a topic of focus in RL. The optimal world value function is given
by Q*(s,g,a) = maxz Q7 (s, g,a), where T* is the associated optimal world policy.
Q* satisfies the Bellman optimality equation [4] given by

(ee]

(s,g,a) 2 o(s,a,s")(7(s,g,a) + V*(s',g)), where V*(s 2 st, 8, )]
s'eS

In practice we use algorithms, like Q-Learning, which converge towards optimal
value functions.
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2.5 Composition with Boolean Algebra over Tasks

One form of composition uses a Boolean task algebra framework defined over the
domain of RL tasks [2], in which we derive a composed task value function by ap-
plying a composition operator to the value functions of the base tasks. This method
develops its theoretical guarantees on the assumption that we have access to op-
timal world value functions, and violating this assumption can lead to unforeseen
problems when composing tasks. The same authors further discuss the precise con-
ditions for optimality and their consequences in subsequent work [11].

The Boolean algebra leads to provably optimal operators (again, given optimal
world value functions) for performing disjunction (OR), conjunction (AND), and
negation (NOT) over the domain of RL tasks. We also maintain the following as-
sumptions:

* The tasks have the same state and action spaces.

¢ The tasks have the same transition dynamics, and these transitions are deter-

ministic.

¢ The reward function differs between tasks only at the terminal goal states, and

is the same at all non-terminal states.

* The reward function for each task has only two possible outcomes at terminal
goal states, representing the reward for desired and undesired goals.

Now consider two tasks with optimal world value functions Qj and Qj. Let QF ..
be the optimal world value function in the case where all goals in the environment
are marked as undesirable, and Q. be the optimal world value function when all
goals are desirable. For (s,g,a) € S X G X A, tasks are composed according to the

three fundamental logical operations:
o disjunction: (Q; V Q3)(s,g,a) = max{Qj(s,g,a),Q%(s,g,a)}
o conjunction: (Qf A Q3)(s,g,a) = min{Qj (s, g, a), Q3(s,g,a)}

o negation: (=Q1)(s, & a) = (Qpin (5,8 ) + Quuax (s, 8,@)) — Qi (s, 8,4)
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Given optimal value functions for the base tasks, these operations will produce op-
timal value functions for the composed tasks. Note that the min and max functions
are used as in a standard Boolean algebra. If 1 represents True and 0 represents
False, then the conjunction and disjunction of two Boolean variables x, y will be re-
spectively min(x, y) and max(x,y). We can use a similar formulation in the case of
negation: The term Q7 . (s,¢,a) + Qjux (s, g, ) can be thought of as equivalent to 0
+ 1. Then for Boolean variable x, wehave0+1—x =0forx =1and0+4+1—x =1
for x = 0.

2.6 Genetic Algorithms

Reinforcement learning optimises behaviour by incentivising approaches that pro-
duce desired results and penalising those producing undesired results. This is rem-
iniscent of how humans actually learn. A similar optimisation process is present
in the genetic algorithm—also inspired by natural systems. Genetic algorithms use
principles of biological evolution to generate effective solutions to computational
problems. The process of optimising solutions is driven by a combination of natural
selection—where attributes of the most ’fit’ members in a population are combined
and passed down over time to subsequent generations, and mutation—where solu-
tions undergo random alterations to inject genetic diversity into the population and

avoid falling into local optima [13].

Given an optimisation problem where we seek a solution that achieves the best
result for some fitness measure, we start with a randomly initialised population of
candidate solutions. Solutions are represented as genomes, and are evaluated ac-
cording to this fitness measure during each generation of the algorithm run. In this
discussion we are focused on providing a high-level overview, and so highlight
the traditional binary encoding genome representation—solutions are represented as
strings of 1s and Os where each bit corresponds to a particular solution attribute.
Note, however, that alternative formulations like value encoding and tree encoding
have become more popular within the modern GA landscape where representing

solutions as binary is not always feasible.

A selection of the best solutions is taken from the population and combined to
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FIGURE 2.3: Three crossover variants - uniform, one-point, and two-
point [12].
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produce child solutions which inherit important attributes from their parents. This
mating operation is performed using crossover of genome representations. Three
crossover variants are depicted in Figure 2.3. A mask is used to indicate which at-
tributes are taken from each parent, and from this a child solution is produced. In
uniform crossover this mask is randomly generated, while in one-point crossover and
two-point crossover we divide the mask into sections for each parent. A second child

is produced by inverting the first.

Before Mutation Before Mutation
mutation points T W\ T T mutation points T ?
After Mutation After Mutation
(A) Random mutation (B) Inorder mutation

FIGURE 2.4: Two mutation variants. a shows random mutation. All

bits in the string are candidates for inversion, and the arrows point

to those which have been selected. b shows inorder mutation. Bold

lines are used to demarcate a segment of the string, and the bits within

this segment are candidates for inversion. Arrows point to the selected
bits. [12]

In reality, children are not simply the sum of their parents. A mutation operation
is performed to diversify the number of potential solutions being explored and to
prevent the population from stagnating. Figure 2.4 illustrates random and inorder
mutation. In random mutation, a number of bits across the whole string are ran-
domly selected and then inverted. With inorder mutation, two mutation points are
randomly selected to create a segment of the original string. Then, a number of bits
within this segment are randomly selected for inversion—that is, random mutation

is applied not to the whole string but only a segment.
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The process of evaluating fitness, mating, and mutating is repeated either for a cho-
sen number of generations, until a satisfactory solution has been reached, or until

no further progress is being made.

2.7 NEAT

The NEAT algorithm, standing for Neuroevolution of Augmenting Topologies, was
introduced by Stanley and Mikkulainen [5]. NEAT uses genetic algorithm princi-
ples to evolve solutions which themselves are neural networks. Typically, neural
network training algorithms (e.g. backpropagation) optimise the weight configu-
rations for a pre-defined network architecture or topology. NEAT simultaneously
optimises network weights and the overall network topology. This allows us to ex-
plore a much larger space of candidate networks for a given problem. Importantly,
NEAT does not require gradient computations, and hence does not require that our
fitness function be differentiable with respect to the network parameters. This is
useful in RL applications—we might receive a discrete reward at each time step,
before outputting a final scalar return as our fitness. However, there is no mean-
ingful relationship between this return and the individual weights. NEAT is able
to handle this situation, and we can proceed without modifying our desired non-
differentiable fitness function.

A solution within a run of NEAT is represented as a genome containing two lists.
The first list identifies nodes in the network, allowing new nodes to be added and
existing nodes that are not inputs or outputs to be marked as inactive. The second
list identifies connections between nodes in the network. A connection is repre-
sented by its input and output nodes, as well as its weight value. Connections can
also be added or disabled in this representation. An individual characteristic of a
genome—Ilike a particular connection between two nodes—is referred to as a gene.

Figure 2.5 illustrates this genetic representation.

NEAT employs two mutation variants to add diversity to a population of solutions.
Structural mutation involves the addition of a node or connection to a candidate
network, while weight mutation alters the weight values along existing connections.

Mutation occurs randomly according to a chosen probability.
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Each gene in a NEAT solution contains an innovation number. This is a unique
marker used to keep track of new structural mutations entering the population.
Whenever a structural mutation occurs, e.g. introducing a connection between
two unconnected nodes, the algorithm checks whether this particular mutation had
been previously observed at any point during the run. If yes, it is marked with the
innovation number that was originally assigned upon the mutation’s first appear-
ance. Otherwise, it is assigned a new innovation number by incrementing the latest
number used. Innovation numbers are preserved and passed down through gen-
erations as the population evolves, acting as a record of the solution characteristics

that have been trialled on the way towards our optimisation goal.

Genome (Genotype)

NOde [Node 1 [Node2 |Node3 |Node4 |Nodes

GenegsSensor |Sensor |Sensor |Output |Hidden

Connect.|In1 In2 In3 In2 In5 In 1 In4

Geneq Out4 Out 4 Out 4 Out5 Out 4 Out5 Out 5

Tweight0.7 [ Weight-0.5 [Weight0.5 |Weight0.2 |Weight0.4 Weight 0.6 Weight 0.6

Enabled DISABLED | Enabled Enabled Enabled Enabled Enabled
Innov 1 Innov 2 Innov 3 Innov 4 Innov 5 nnov 6 Innov 11

Network (Phenotype) 4

FIGURE 2.5: NEAT solution representation, containing a list of nodes
for a given network and list of connection details between nodes [5].

Innovation numbers are also fundamental to NEAT’s mating process. When two
parent solutions are combined, their respective genes are aligned according to in-
novation number. If both parents share a gene (indicated by a common innovation
number), this is passed on to the child. Weights are randomly inherited from one
of the parents. Other genes, possessed by only one parent, are inherited along with
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relevant weights from the more fit parent. Using innovation numbers allows for
the smooth combination of structurally compatible networks. Mating in NEAT is
depicted in Figure 2.6

A key feature of NEAT is speciation. The population of networks is divided into
species based on similarity between them, and parent selection is done within a
species rather than across the whole population. This allows for the development
of evolutionary paths in which solutions might initially perform poorly, whereas
otherwise initial poor fitness might lead to these evolutions being discarded with-

out having the opportunity to produce fruitful results later on.

Parentl Parent2
1 2 S| 4 5 8 1 2 3 4 5 6 7 9 10
1->4| 2-—>4| 3—>4 | 2—>5 | 5—>4| 1->5 1->4| 2->4| 3->4| 2->5| 5—>4| 5->6| 6->4| 3—>5| 1->6
DISAB DISAB| DISAB]

disjoint

1 2 3 4 5 8
Parentl| 14| 2—>4| 3->4| 2—>5 | 5->4 1->5
DISAB
1 2 3 4 5 6 7 9 10
Parent2 1->4| 2—>4| 3—>4| 2—>5|5->4| 5->6| 6—>4] 3—>5| 1->6
DISAB| DISAB
disjointdisjoin excessexcess
- 1 2 3 4 5} 6 7 8 9 10
Offsprlng 1->4| 2->4 | 3—>4| 2-—>5|5->4| 5->6| 6—>4| 1->5| 3—->5| 1->6
DISAB

FIGURE 2.6: NEAT mating procedure [5].

Speciation is guided by genetic distance, a measure of similarity between networks
in the population. Let G; and G, be genomes, respectively made up of N; and
N genes. Then we have N := max{N;, N,}. Further, we let D be the number
of disjoint genes—exclusive to one genome but with a structural equivalent in the
other genome (for example, a connection to the left of a base node rather than to
its right). These differ from excess genes, which are exclusive to one genome but
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do not have structural equivalent in the other (for example, the introduction of
a new node which is directly connected to the output but not to any other part
of the architecture). All other genes are said to be matching, and W is the mean
weight difference between the matching genes. We use these quantities to define
the genetic distance § between G; and Gy, given by § = cl% + cz% + c3W, for
coefficients cq, ¢y, c3 > 0.

2.8 Related Work

We briefly examine some of the research into task composition directly underpin-
ning this study, as well as forays into different areas of compositional RL.

Todorov introduced the linearly-solvable MDP to compose value functions [14]. How-
ever, there is no correspondence in Todorov’s work between the ideas of logical
composition in sets and composition in the domain of RL tasks. Nangue Tasse,
James, and Rosman [2] bridge this gap with the Booolean task algebra over MDP-
modelled tasks (Section 2.5). The same authors extend this work to discounted
tasks, also proposing a method to determine whether a given task can be composed
from existing knowledge [4].

Cheng et al. [15] consider the composition of motion tasks for robots operating in
dynamic non-Euclidean spaces. These motion tasks are represented as Riemannian
motion policies (RMPs)—a robotics framework which combines different motion ob-
jectives using Riemannian geometry to generate natural and efficient movements.
The work introduces RMPflow, an algorithm for combining RMPs into a composi-
tional policy across the task space. This is expanded upon by Li et al. [16], who
propose a modified version of RMPflow called RMP?. This modification leads to

improved accessibility as well as gains in efficiency.

Qiu and Zhu [17] take a programmatic approach to composition. First, they propose
an interpretable RL framework built around program-based policy architectures.
They then show how these architectures can be integrated with a set of primitive
functions, built to represent basic skills with applicability across several contexts.
Composition is performed by leveraging these primitive functions according to an
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agent’s perception of its current environment.

Nam et al. [18] explore RL composition through the lens of meta-learning. Given
a large dataset storing agent skills, they meta-train an overarching policy for per-
forming skill composition. Here, emphasis is on the agent discovering transferable
skills and being able to adapt the learned policy to unseen tasks.

Composition is also relevant in the space of hierarchical RL. Long-term problems
are divided into a hierarchy of sub-problems, and an agent learns policies for these
sub-problems which can then be reused [19]. A related idea is that of options, ex-
tended macro-actions made up of multiple low-level actions. Sutton et al. [20] define
an option as a tuple (Z, 7, B). Here, Z C S is an initiation set containing the states
that make up the option, f is the probability of termination, and 7t is a policy.

Stolle and Precup [21] illustrate how learning options can be used for more robust
solving of goal-reaching tasks in practical environments. However, options and
other hierarchical methods are best suited to single-goal tasks [4], not to the flexible
composition of multi-goal tasks considered here.

Peng et al. [22] propose multiplicative compositional policies (MCP) as an extension
to hierarchical RL. Behaviours are broken down into a set of primitive policies which
can be reused and composed together. This allows an agent to generate a large
number of novel behaviours by combining primitives. They demonstrate their re-
sults by simulating complex motion. Singh et al. [23] propose using generative
modelling techniques to learn behavioural prior distributions. An agent uses these
priors to streamline their exploration by attempting behaviours that have already

been shown as useful.

We also consider the related study of life-long learning, where agents are left to in-
teract with an environment that continues challenging them in new ways. Mendez
and Eaton [24] break down the agent’s goals under this framework: 1) success-
fully adapting to unseen tasks, 2) retaining the ability to perform previously learned
tasks, and 3) not depending on the permanent storage of large models or datasets.
Agents are pushed to harness reusable knowledge which can be manipulated into
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new forms depending on the current task. The idea of reusable knowledge is em-
ployed by Lee et al. [25], who, given a set of pre-trained skills, propose a method
for learning policies that transition between them.

2.9 Concluding Remarks

This study lies at the intersection of two areas—reinforcement learning and evolu-
tionary computation. The background chapter provides necessary context to each
of these areas. On the RL side, this comprises an overview of the field’s core prin-
ciples and the relevant algorithms deployed. We focus on the idea of composition
and detail the Boolean task algebra framework. While the Boolean algebra moti-
vates our study, we also discuss alternative approaches to compositional RL found
in the literature. The evolutionary angle is introduced through a discussion of ge-
netic algorithms, before segueing into NEAT and its method of evolving neural
network solutions. Based on this foundation, the following chapter presents a more

focused examination of our research problem and the techniques used to combat it.
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Chapter 3

Research Methodology

3.1 Research Problem

While prior work has demonstrated how to compose value functions with a fixed
set of Boolean operators, there are certain assumptions regarding the underlying
tasks and set of value functions that must be satisfied. When these assumptions are
violated, it is possible for such operations to result in undesirable behaviours. This
might involve an agent getting stuck in a certain position or travelling in a loop.
We identify three potential failure modes of this approach that are likely to occur in

practice.

Standard suboptimality: The composition operators defined in Section 2.5 are
guaranteed to hold only in the case of optimal value functions. This is problem-
atic for a number of reasons. It is typically infeasible to train value functions un-
til convergence. Instead, learning takes place until the behaviour demonstrated
by the agent from a set of start states is desirable. As a result, these value func-
tions will likely have incorrect estimates for states that are not along the optimal
trajectory. This can lead to errant agent behaviour, for instance getting stuck in
a loop between two states. Nevertheless, such value functions are useful as they
might allow an agent to achieve a given task. Furthermore, value functions—even
if suboptimal—are often time-consuming to obtain, and so it would be undesirable
simply to discard them.

Stochastic environments: Challenges can occur as a result of the environment’s

dynamics, or due to noisy sensors or actuators of the agent. Although an agent may
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act optimally under stochastic dynamics, unpredictability in the environment hin-
ders optimal composition, and existing theory shows that optimal value function

composition is only guaranteed to hold under deterministic transition dynamics

[1].

Non-viable reward functions: It is possible for the reward function of individual
tasks to be specified such that the individual tasks are correct and meaningful, but
their composition is not. For example, the reward may be such that an agent is
incentivised to travel in a loop so that it avoids both desired and undesired goals.
Consider the environment in Figure 3.1. There are two tasks: bottom (navigating
to the pink or green goals) and left (navigating to the red or green goals). The
intersection of these tasks is reaching the green goal. There is no discount factor,
and the reward function is such that desirable and undesirable goals carry a reward
of +1 and —1, respectively, while a reward of —0.7 is given for each step the agent
takes. If we denote the agent’s current state in the top right corner as s, we have
that:

maax Qbottom(S, green) = 5(—07) +1=-25

max Q1ett(s, green) =5(—0.7) +1 = —25

From here, we get the composed task value:

max Qpottonnlest (5, green) = min {mlgx Qootton(s, green), max Quet (5, green)} =-25

But we can also see that:

m;tx Q—bottom/\left (S/ red) = 2(—07) —1=-24

maax Q_bottom/\left (S/ plnk) = 2(—07) —1=-24

So:
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m&ax Q_bottom/\left (S; gl‘een) < m&ax Q_bottom/\left (S; red) = m;lx Q_bottom/\left (S/ plnk)

This means that the composed task does not maximise over possible return. As
such, the Boolean algebra framework is unable to produce an appropriate value
function that achieves the conjunction of our two base tasks. If we were to replace
the min conjunction operator with something like min{—2.5, —2.5} +1 = —1.5 then
this will achieve the desired conjunction. Adding +1 is an arbitrary choice for this
example—the larger point is the presence of scenarios that cannot be solved by fixed

Boolean operators yet which are amenable to some alternative operator.

FIGURE 3.1: Gridworld environment with bottom (green or pink) and

left (red or green) tasks. The agent, illustrated by a blue circle, can

move in any of the cardinal directions and must navigate to one of the
coloured squares.

Assuming that we work with a fixed set of value functions, the Boolean algebra
does not cope with these issues, and the option of further training may not be avail-
able to us. Alternatively, even when additional training is possible, it may be ex-
pensive or impractical—especially as all possible compositions would have to be
accounted for. Learning a new set of composition operators allows for flexible cir-
cumvention of challenges to optimality in the environment, without requiring us to
modify the underlying set of value functions.
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3.2 Using NEAT to Learn Robust Composition Opera-

tors

Recall the Boolean algebra defined in Section 2.5 for optimal world value functions
Q; and Q5. Now assume that instead we have suboptimal world value functions
01 and O,. We also let O,,i, and Q,uax be the minimum and maximum world value
functions. These are trained over the same number of episodes as O; and Q5. Our
goal is to produce alternative operators fy, fa, f~—each a neural network—which

outperform their Boolean algebra equivalents when given suboptimal input:

o (O1VD)(s,8a)~ fu(Qi(s, ga), Qs ga))

A

o (Q1AD)(s,8a) ~ fr(Qi(s,ga),Qa(s,8a))

A

° (ﬁQ1)(s,g, a) ~ f—' (Ql (S/g/a)r Qmin(srg/a)r Qmax(srg/ ﬂ))

We can further define the optimisation problem. Consider a set Q containing a
world value function for each base task in the environment. Let f? be a neural net-
work composition operator whose weights and architecture are collectively speci-
fied by the parameter 6. We can produce a new composed-task world value func-
tion Q% = f%(Qpuse) where Qpuee € Q. From this, we act greedily at each state to
derive the policy ¢ which is followed to achieve the composed task.

Now, assume we are evaluating operator performance over N € IN episodes. We
wish to discover the network specification 6 that maximises reward over this set

N
of episodes. That is, we want argmax [E, _y;(s) { ) V”e(so)} , where the notation
0 n=1

so ~ U(S) indicates that the agent’s initial state sy at each episode is uniformly
sampled from the state space S.

Neural network training algorithms tend to optimise the weight configurations
for a pre-defined network architecture. In this case, determining a suitable archi-
tecture is part of the optimisation problem. We thus turn to NEAT, which uses a
genetic algorithm to optimise network weights and the overall network topology

simultaneously—exploring a larger space of candidate networks and not requiring
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gradient computation. More on the workings of NEAT can be found in Section 2.7.
Of particular importance is the fitness function via which we compare solutions. As
in our formulation of the optimisation problem, we use total reward over a chosen
number of episodes as the default fitness measure.

Algorithm 2 shows how the underlying principles of NEAT are adapted to learn
robust neural network composition operators. Input is a set Q of base task world
value functions (1). Three hyperparameters are most influential in any run—the
initial population size, the number of generations before termination, and the num-
ber of episodes over which we evaluate fitness. More discussion on the role of
parameters in NEAT can be found in Section 3.3. Learning an operator for each
composition type (OR, AND, NOT) requires its own run, so the desired type is also
supplied. For a given composition type (e.g., AND), there are multiple skill com-
positions possible (e.g., task 1 AND task 2, task 2 AND task 3). At the start of an
evaluation episode, one such skill composition is randomly assigned (7). This pro-
duces operators capable of achieving all variations of a composition type.

During each generation, we evaluate the fitness of population members (9). Af-
ter the final generation, we recover the set fy.; = {f% ... f%} of highest-fitness
networks found during the run (25). Since performance of all observed networks
is recorded, M € NN is arbitrarily chosen. Each f% € f,, acts as an operator for
performing the desired composition type. Note that each run produces operators

only for a single desired composition type. For example, if we are performing con-

. . 0 0
junction, then fp.st = fa,,., = {fA .- AV}
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Algorithm 2 Learning Composition Operators

1: Inputs:
Desired Composition type (OR/AND/NOT), set of base task
world value functions Q = {Q; ..., }, where
Qi:SxGxA—Rforalli=1...n.
Initial Population Size Num_Pop
Number of generations Num_Gen

Number of evaluation episodes Num_Euval
2: Initialize:

population of Num_Pop networks
3: for generation = 1 to Num_Gen do
4 for f € population do
5: fitness < 0
6 for evaluation episode = 1 to Num_Eval do
7 Randomly generate specific desired composition within type (eg RED

OR BLUE)

8: Fetch relevant value functions Qp,s, C O

9: while episode not terminated do
10: Qcomposed — f(Qbase)
11: Randomly generate starting state s for agent
12: Select action 4 = arg max,c 4 Qcomposed(s, Q,a)
13: Execute action a to collect reward r and reach state s’
14: fitness < fitness +r
15: end while
16: end for
17: Assign final fitness to f

18: end for
19: Arrange all f € population by fitness
20: Discard networks f € population with lowest fitness

21: Choose networks f € population with highest fitness to act as parents
22: Mate parents together to produce children which are added to population
23: Randomly mutate children to add variety to population

24: Update population going into next generation

25: end for

return f; = {f%...f%}, the M highest-fitness networks produced

across entire run
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3.3 NEAT Parameters

A run of NEAT is governed by a group of parameters. We highlight the most influ-
ential of these:

* The initial population size, number of generations before NEAT terminates, and
number of evaluation episodes to determine fitness of a given network. All de-

fined over IN.

* The potential activation functions considered during a run. Any number of cus-
tomisable functions are possible, however we typically restrict our search to
the following functions: sigmoid, relu, tanh, sin, softplus, as well as the identity
and absolute value functions.

* The respective probabilities of adding or removing nodes and connections,
and the mutation rates at which network weights, responses, and choice of
activation function are modified. All defined over [0, 1].

e Elitism: the number of highest-fitness networks in the population that are car-

ried over to the next generation without mutation, defined over IN.

* Compatibility threshold: the genomic distance at which two networks are grouped
in the same species, defined over R.

* Survival threshold: the proportion of highest-fitness population members en-
gaging in mating, defined over [0, 1].

* The number of stagnant generations without improvement before a species is

disregarded, defined over IN.

Code for the base NEAT implementation is found in the NEAT-Python library [26],
and its documentation contains a comprehensive survey of the tunable parameters
in a run of NEAT—within the section titled ‘Configuration file description’. Be-
cause there is a large number of parameters which take different forms—some real-
valued, some integer-valued, some qualitative—this task is not well suited to stan-
dard parameter-tuning. Instead, we test empirically to find a set of high-performing

parameters. In general, running for more generations with a greater population size
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should yield better results, but this must be weighed against increased time burden.

3.4 Network Structure

7 e — 7

\\\\
alele AER B |
A )

A / LA \
FIGURE 3.2: Complex Network with G x A input and output. This
network acts as a conjunction operator.

Fundamentally, networks produced by NEAT take in a set of base-task value func-
tions and provide a composed-task value function. However, there is some choice
in how we represent these inputs and outputs. Consider the case, in a tabular en-
vironment, where we have state space S, goal space G, and action space A. We
want to achieve the intersection between two tasks via their world value functions
Q; and Q3. The value functions are stored as arrays of size |S||G||.A|. If we know
that the agent is in state s € S, we can eliminate the state space dimension and
represent the world value function at s as an array of size |G||.A|. These two value
functions are combined into a vector of length 2|G||.A| that is fed to each network.
The output of these networks is then a vector of length |G||A|, representing the
single composed-task world value function Q% ,, at state s. If f is a conjunction
operator, we have the mapping f : G x A — G x A. We produce the complete
composed-task world value function by iterating over all states.

This setup, however, can lead to highly convoluted networks, which grow even
more complex as the size of the goal and action spaces increases. Figure 3.2 shows a
network where optimal base-task value functions are used in a tabular environment
containing 4 goals and 5 actions. Even in this relatively simple case, we produce
strongly connected networks which have exploded in size and possess an infeasi-

ble number of connections.
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AANDB

FIGURE 3.3: Simple neural network produced with NEAT. Acts as al-
ternative to min operator when performing conjunction. Node num-
bers are an identifying marker used to keep track of innovations.

In the initial approach, networks take a high level view by processing a multi-
dimensional slice of the input value functions. In contrast, fixed operators work on
a pointwise basis—e.g., we would apply Q7 ,, (s, g,a) = min{Q% (s, g,a), Q5(s,g,a)}
to every triplet (s,g,a) € S x G x A. To replicate this flow, we let the conjunction
operator f be a mapping f : R x R — . Forcing our networks to follow this
structure results in much simpler operators, as shown in Figure 3.3, and generally
superior performance. The algorithm uses the same information as previously, but
divided into smaller pieces. We note, however, that this change means networks
are given less context—which may not be suited to certain tasks. There are po-
tential middle-grounds between these two approaches—for example, partitioning
value functions into manageable chunks. Instead of feeding networks a vector of
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size 2|G||.A|, we can define them to accept vectors of size 2'%'“4' or 2'%‘“4' etc (de-
pending on the exact specification of G and .A). In this work we use the per-value
setup, as it most closely mimics the existing Boolean algebra structure from which

we draw.

3.5 Fitness

3.5.1 Fitness Measures

NEAT is underpinned by a fitness function, through which we compare solutions.
The aim is to generate solutions that achieve the best fitness. We want this fitness
function to model the interaction between the agent and its environment. A rea-
sonable approach is to use the total return achieved by the agent over a number of

evaluation episodes.

Alongside total return, success rate is a secondary fitness measure—we tally the
number of times the agent reaches a desired composed-task goal across all eval-
uation episodes. This approach is most effective when there is a disconnect be-
tween our reward function and the behaviour we desire from the agent—see Sec-
tion 3.1. However, there is a clear limitation. Successful networks are incentivised,
but "failed” networks are crudely grouped together and their positive attributes dis-
carded. We might have a network that causes the agent to act intelligently but sim-
ply gets stuck at one state, yet success rate does not sufficiently distinguish between
this and a network which causes the agent to act randomly. As such, we default to

return as our primary fitness measure.

3.5.2 Fitness Evaluation

We aim to learn operators that are effective over all possible instances of a desired
composition. Consider, for example, the case of learning a conjunction operator in
an environment containing four goals. If the goals are labelled G;, there are twelve
possible conjunctions between pairwise disjunctions: (G; OR G;) AND (G; OR Ggz),
(G1 OR Gp) AND (G, OR G3), etc. For each evaluation episode the agent is ran-
domly assigned a starting state and one of these possible compositions, giving the
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resultant operators a broader understanding of the problem domain rather than be-
ing tuned to any one composed-task. This also adds a degree of flexibility, allowing

for transition to unseen problem domains.

Given a desired composition, we fetch the relevant base-task value functions and
feed a representation of these to networks in the population. Using this input, each
network produces a representation of the composed-task value function. The agent
uses this new value function to determine a policy, and we record the total return
achieved by the agent when following this policy across all evaluation episodes.

This process is repeated for each generation.

There is of course a trade-off between performance and efficiency when choos-
ing the number of evaluation episodes. Without any limit on time or computing
power, we could use an arbitrarily large number of episodes—mitigating the im-
pact of randomness and boosting network performance. In practice, however, this
becomes computationally strenuous and time-consuming. Owing to these practical
concerns, but still wanting to provide our networks with sufficient information, we

default to a number of evaluation episodes in the region between 10 and 50.

3.6 Differentiable Approximations

While emphasis is on NEAT, we also consider a middle ground between these
learned functions and the Boolean set of fixed operators. The operators for opti-
mal disjunction and conjunction are respectively the max and min functions. It is
reasonable to hypothesise that, even when these operators are insufficient, a func-
tion of similar form might achieve superior results. To this end, we examine three

differentiable functions that approximate the min and max.

Consider an environment with state space S, goal space G C S, and action space
A. Let Q1 and Q, be world value functions in this environment. For a given triplet
(s,g,0) e S xGx A, letqy = Q1(s,g,a) and g2 = Qz(s,g,a). Then,

(/]1 . ew'[]l + qz . e“'[iz
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o LogSumExp(q1,q2) = %log (e"T 4 et12)

1 e m et 92
e MellowMax(q1,q2) = Elog( ) )

If approx signifies any of these functions, then min(qy,q2) < approx(q1,q2) < max(q1,42),

as well as 1_i>m approx(q1,q2) = min(qy,qz) and ah_l>n approx(q1,92) = max(q1,q2)
4 —o0 o0

A composed value function, Qcomposed, 18 built up by applying the chosen function
to every corresponding pair of values from Q7 and Q»:

Forall (s,g,a) € S X G X A,
Qcomposed (s, 8,a) = approx(Q1 (s, g, a), Qa2(s, g, a)) = approx(q1,92)

The single parameter « can be optimised with any chosen method—for example,
iterating over possible a values in the range [—20,20] was observed empirically to
provide satisfactory results. « values either side of these bounds produced out-
put that was indistinguishable from using the true min and max operations. The
intractable case where « = 0 can be handled by simply incrementing over the mod-
ified set [—20,20] \ {0}, or through an appropriate choice of step-size. Alternatively,
« can be optimised using a standard genetic algorithm. As with NEAT, the chief fit-
ness measure used is total return over a set of evaluation episodes. We aim to find

the parameter « which performs best across all combinations (s,g,4) € S x G x A.

3.7 Concluding Remarks

Through the first part of this chapter, we sketch out limitations of the existing
Boolean algebra framework. In particular, we identify three scenarios where the
Boolean algebra is insufficient. These scenarios are maintained throughout the
study as motivating cases. Given this more detailed treatment of our research prob-

lem, we construct an optimisation scenario and describe how NEAT is adapted to



34

learn a new set of composition operators. We also delve into two important con-
siderations associated with usage of NEAT—the structure taken by resultant net-
works, and the fitness method used to compare performance of these networks. The
methodology concludes by presenting an alternative approach both to NEAT and
the original Boolean algebra—using differentiable functions which approximate the
min and max operators. In the following chapter, we evaluate these methods with a

series of experiments conducted in a tabular reinforcement learning domain.
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Chapter 4

Tabular Environments

In this chapter, we explore the performance of learned operators within the tabular
Four Rooms environment. Initial tests are conducted with standard suboptimal
value functions. From this base we expand to analyse operator performance in the
face of a larger state space, when subject to stochastic agent transitions, and when

dealing with a non-viable reward function.

41 Environment

(A) 9 x 9 Four Rooms with 4 goals (B) 13 x 13 Four Rooms with 12 goals.

FIGURE 4.1: Green squares indicate potential goals, while the agent is
represented by the blue circle.

We conduct experiments in the Four Rooms domain [20], with Figure 4.1 depicting

two variations. An agent can move in the four cardinal directions and has a fifth
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‘stay”’ action that allows it to remain in its current state. Attempting to enter a wall
also causes the agent to remain stationary. Goal states are terminal should the agent
choose to stay in one, and otherwise can be travelled through. Otherwise, termina-
tion of an episode is triggered by reaching a limit of 15 steps in the 9 x 9 case and 25
steps in the 13 x 13 case. In this setting, we run NEAT for 3000 generations, with 25
evaluation episodes and an initial population size of 300 members. These numbers
are reached empirically, and were observed to represent a balance between network

performance and the time taken for a NEAT run.

4.2 Learning Base Tasks
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FIGURE 4.2: Number of Training Episodes vs. Mean Return for Q-
Learning of a single base task. Environment considered is 9x9 4-Goal
Four Rooms with deterministic transitions.



37

Base tasks in the Four Rooms setting are pairwise disjunctions between goals. For
example, the base tasks (G; OR Gp) and (G2 OR Gz) canbe used to define the com-
posed task (G; OR Gj) AND (G OR G3) = Gy. Value functions for the base tasks are
obtained with Q-Learning [7].

We monitor convergence during training, allowing us to learn over a varying num-
ber of episodes and to generate value functions of a desired optimality level. Figure
4.2 shows how the number of episodes used to learn a value function relates to
the return generated by an agent using that value function. We see a steady as-
cent, before a prolonged plateau around the optimal return. Fully converged value
functions are treated as optimal. If reaching convergence takes N training episodes,

101(2]*71 %,

value functions trained over n < N episodes are estimated to be optimal.

4.3 Fitness Evolution

Figure 4.3 shows the evolution of fitness during a NEAT run in the 9 x 9 Four
Rooms setting with deterministic transitions. We initialise a population of 150 net-
works, and run NEAT over 1500 generations. Optimal value functions are used, as
this plot acts as a general showcase of NEAT’s evolutionary process. In order to
produce a versatile conjunction operator, we evaluate over all possible AND tasks
in the environment. The fitness metric employed is total return over a chosen num-
ber of evaluation episodes—in this case 15. More discussion on the role of fitness
can be found in Section 3.5.

The blue and red plots, respectively, show the mean and maximum fitness dur-
ing each generation. Initially, networks lack useful knowledge of the environment
and perform poorly, before being honed through the evolutionary process. Eventu-
ally a plateau is reached where the best networks stop showing large improvement.
From this point on, NEAT acts similarly to a standard search algorithm—combing
through different combinations in order to find good solutions. We see that even
after the best networks in each generation have stopped making jumps in perfor-
mance, the average population fitness still shows gradual improvement. Within a
run of NEAT, networks are evaluated over a small number of episodes and as such



38

the fitness of a single network is highly sensitive to randomness in initial condi-
tions of these episodes (the starting state where an agent spawns and the desired
composition it has been assigned). This means that fitness is not entirely repre-
sentative of a network’s ‘true’ performance when tested over a much larger set of
test episodes (typically 10 000). A population of higher average fitness indicates a
more stable evolutionary process and provides us with a larger set of suitable candi-
date networks for the testing phase. There is still the possibility of high-performing
networks manifesting from poorly performing populations, and we use observed
results to push NEAT hyperparameters towards a configuration that balances sta-

bility with exploration.

Population's average and best fitness
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FIGURE 4.3: Learning with NEAT. Fitness measure is total return. Best
performing networks after each generation are shown in red, while
blue depicts the population average.
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4.4 Evaluation of Results

Across the experiments presented in this report, we store the 10 highest-fitness op-
erators observed at any point during a run of NEAT. Additionally, we store the
highest-fitness population member at the end of the final generation. We then gen-
erate a list of random agent configurations (starting point and desired composi-
tion) over which we track performance when using each of the learned operators
to compose value functions. This performance is compared to use of the relevant
tixed operator. The performance metric corresponds to the fitness used to learn the
operators—predominantly total return over a set of test episodes, alternatively suc-
cess rate achieved over these test episodes.

95% confidence intervals are used to construct error bars. In the case of learned op-
erators, as far as possible, data points for these intervals will be the best-performing
network returned by a self-contained run of NEAT. This is our primary approach for
generating data and each experiment is accompanied by multiple full runs of NEAT.
We also supplement this data with additional networks returned by the same run,
or with networks returned by the same run but tested with a re-learned set of value
functions. The high degree of exploration in the learning process leads to variabil-
ity among the resultant operators. In the case of fixed operators, data points are
generated by new agent configurations and re-trained base-task value functions of

equivalent optimality.

These data-points are used to perform significance tests. First, for each set of data-
points, we run the Shapiro-Wilk test to evaluate its normality. A sample is consid-
ered sufficiently Gaussian if this test returns a p-value > 0.05. If both samples being
compared abide by this condition, we proceed to a 2-sample t-test. For each learned
operator and differentiable approximation, we set up the null hypothesis that per-
formance is equal to that of the Boolean operator, and the alternative hypothesis
that performance is superior. We use the convention that p-values < 0.05 indicate
varying degrees of significance, while p-values > 0.05 indicate that the result is not
statistically significant. If at least one of the compared samples is not sufficiently
normal according to the Shapiro-Wilk test, we use the Mann-Whitney U test as a
non-parametric alternative to the t-test. Hypotheses and p-value interpretations
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remain the same between both test methods.

4.5 Comparison to Known Functions

FIGURE 4.4: Plot of learned conjunction operator (blue) vs min (red)
for optimal value functions.

It is natural to consider the form taken by these operators. Can they be described in
terms of existing functions? Consider the case of optimal base-task value functions.
Figure 4.4 shows the output of a learned conjunction operator against that of the
min. There is overlap in parts of the space, but to gain more insight we use a genetic
programming approach to perform symbolic regression on the learned operator.
Code for the symbolic regression is implemented by the gplearn library [27]. With
a high degree of accuracy, the operator is fit to the following function: f(x,y) =
min(2.274y,2.771x — 0.565y). Clearly, there is a strong relationship between the
learned and fixed operators.



41

4.6 Composition of Suboptimal Value Functions
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FIGURE 4.5: AND performance for 3 operator-types and value func-
tions of increasing optimality. Results taken over 10 runs. Error bars
represent a 95% confidence interval. The dotted horizontal line rep-
resents theoretically optimal performance. A significance marker of *
indicates a p-value < 0.05, while ** shows a p-value < 0.01. ns in-
dicates the alternative operator does not have a significant advantage
over the fixed operator. Note that at 100% optimality, all operators
achieve equal performance.

The simplest setting we consider is a 4-goal 9 x 9 Four Rooms with determinis-
tic transitions. The reward function gives 44 for desired goals, —15 for undesired

goals, and —1 for each step.

Figure 4.5 shows returns across value functions of increasing optimality when per-
forming conjunction. We compare the fixed Boolean operator to the alternative
operators learned with NEAT and to the differentiable approximations discussed
in Section 3.6. Any of these approximations (Boltzmann, LogSumExp, MellowMax)
would take the place of the min function (AND). When evaluating disjunction tasks
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in the following experiments, we use the same approximations to replace the max
function (OR). The choice of parameter « controls the output of these functions, and
can be tuned to make them more suitable for approximating either the min or max.
In the case of negation, we simply compare the fixed Boolean operators to those
learned with NEAT—no equivalent to these approximations is used.

Learned operators have an advantage over their fixed equivalents when estimated
optimality is in the range of 45% to 90%. Intuitively, this covers value functions with
enough knowledge of the base tasks to produce intelligent behaviour, but which
still lack the information required for acting optimally. We also see that our method
matches fixed operator performance in the case of optimal value functions. Differ-
entiable approximations achieve superior performance to both alternatives in the

case of 15% and 30% optimality, while maintaining competitive results at subse-

1]

(A) Learned Operator (B) Fixed Operator (c) Optimal

quent levels.

FIGURE 4.6: Policies for the conjunction task (G; OR G) AND (G, OR
Gy) = Gy. Arrows indicate direction of movement, while circles indi-
cate the agent chooses to stay in its current state. These actions are
derived by using the composed world value function to act greedily.
Colours are assigned according to the value at each state. a and b each
produce these policies for value functions which are approximately
60% optimal. ¢ shows the policy produced when value functions are
optimal

Figure 4.6 shows how a resultant policy may differ depending on the operator used.
We consider the specific conjunction task (G; OR Gy) AND (G OR Gg) = Gy, in the
bottom left corner of the grid. Value functions are estimated to have 60% optimality.
The first plot is produced with a learned conjunction operator. The agent gets stuck
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at 3 states in the bottom right. From all other states, it successfully reaches the
goal. In the next plot, produced with the fixed Boolean min operator, the agent
gets stuck at 12 different states. Evidently, we achieve tangible benefit when using
a learned composition operator. Finally, we visualise the policy produced when
value functions are optimal. The agent does not get stuck at any state and we see a

smoother distribution of values.
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FIGURE 4.7: NOT performance for 2 operator-types and value func-

tions of increasing optimality. Results taken over 5 runs. Error bars

represent 95% confidence interval. The dotted horizontal line repre-

sents theoretically optimal performance. A significance marker of * in-

dicates a p-value < 0.05, ** is a p-value < 0.01, *** is a p-value < 0.001,
and **** is a p-value < 0.0001

Figure 4.7 shows mean returns in the case of negation. We see greater advantages
across the spectrum of optimality. Both the Boolean negation operator and our
networks take in three inputs: from the relevant value function and from the global
min/max value functions—see section 3.2. Our method scales more effectively to
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the extra complexity induced by the ternary negation operation as compared to the

binary conjunction operation.
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FIGURE 4.8: OR performance for 3 operator-types and value functions

of increasing optimality. Results taken over 5 runs. Error bars rep-

resent 95% confidence interval. The dotted horizontal line represents
theoretically optimal performance

In Figure 4.8, we see that disjunction results differ from the other operations. Learned

operators only have an advantage over fixed operators for value functions of low
optimality, with both being outdone by the approximations. Given more optimal
value functions, performance is competitive with the max but does not exceed it.

None of these performance gaps are significant. A potential reason for the dif-

fering results is disjunction having a high margin of error in small environments.
For example, in this 4-goal setting, the composition (G; OR G;) OR (G3 OR Gy) is
achieved by merely staying in any goal state. Our learned neural network operators

are geared to provide adaptable behaviour in cases where we lack sufficient infor-

mation. The simple modifications made to the max operator by our differentiable

approximations prove more appropriate than learning neural networks.
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4.7 Composition in Larger Domains
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FIGURE 4.9: All 3 fundamental operations in the 13 x 13 Four Rooms

domain. Results taken over 10 runs. Error bars represent 95% confi-

dence interval. Value functions of approximately 50% optimality are

used. Horizontal lines represent theoretically optimal performance. A

significance marker of **** indicates a p-value < 0.0001, while ns indi-
cates the advantage is not significant.

Next, we investigate whether learning composition operators leads to superior re-
turns when the state and goal spaces of the environment are scaled up in size. Nat-
urally, this also increases the number of base tasks and possible compositions be-
tween them. We use the 13 x 13 Four Rooms with 12 goals, and the same reward
function as before. Value functions of approximately 50% optimality are used. This
marker was chosen to represent a set of suboptimal value functions with mediocre
knowledge of the environment, so focus can be placed on the impact of a larger

environment.
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Figure 4.9 shows the performance of learned operators and differentiable approxi-
mations against fixed operators in this setting. Previously, learned operators held a
clear advantage when performing conjunction and negation. This advantage holds
in the larger environment, while we now see learned disjunction operators outper-
forming the fixed max operator and achieving near identical performance to the
approximation. When we move from 4 goals to 12 goals, the number of base tasks
rises from 6 to 66 and the number of disjunction tasks rises from 13 to 1083. The
Boolean algebra is less equipped to handle this increase in difficulty when condi-
tions are suboptimal. In the case of conjunction, our learned operator is able to
achieve a significant advantage, while performance of our differentiable approxi-

mation is competitive with the fixed operator.

4.8 Composition with Stochastic Transitions
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FIGURE 4.10: AND performance for optimal value functions and in-
creasing levels of stochasticity in the 9 x 9 Four Rooms domain. Re-
sults taken over 10 runs. Error bars represent 95% confidence interval.
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In this experiment, we investigate the applicability of our method in environments
where agent transitions are stochastic. A stochasticity level of p € (0,1) means an
agent will move in its desired direction with probability 1 — p, and has equal prob-
ability p/3 of moving in each of the remaining directions. The ‘stay’ action is not
affected.

Base-task value functions are trained to convergence— although optimal, random-
ness in the environment leads to unpredictable agent behaviour. Figure 4.10 plots
conjunction returns for learned operators and differentiable approximations against
the fixed Boolean operators. Stochasticity levels are shown to increase from 5% to
25%. Past this threshold, behaviour deteriorates to the point where the performance
of any operator is not informative. Learned operators achieve the greatest returns

for all levels, with the approximations being competitive throughout.

4.9 Composition with Non-Viable Reward Functions

We move on to explore composition in the presence of a reward function which is
only suitable for learning base tasks—see Section 3.1. Previously, we had used re-
turn as our fitness measure. Agents would be driven to act intelligently across the
environment, and in the process would achieve composed tasks. However there
are faulty reward functions structured such that pursuing composed goals does
not maximise return, even with optimal base-task value functions. In this case, we
employ success rate as an alternative fitness function for directly promoting the
pursuit of composed goals. During each evaluation episode, reaching the correct
goal is regarded as a success and +1 is added to the fitness. Any other outcome—be
it reaching an incorrect goal or getting stuck—is a failure and adds 0 to the fitness.
NEAT is used to produce networks that achieve the greatest number of successful

compositions across the evaluation episodes.

We consider the following reward function: 0.1 is given for desirable goals, —0.1
is given for each step, and —0.15 is given for undesirable goals. This reward is suf-
ficient to learn each of the base tasks in our 9 x 9 Four Rooms. However, we cannot
reliably apply the Boolean conjunction and negation operators in this setup.
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Figure 4.11 compares our operators learned with NEAT both to the differentiable
approximations and to the fixed Boolean operators in terms of mean success rate.
In this experiment, optimal value functions are used. With disjunction, we see iden-
tical performance between all three operator-types—each having a perfect success
rate. Even with a problematic reward function, the relatively easy task of disjunc-
tion in a small few-goal environment is achievable without disruption by all sets of
operators. The impact of a non-viable reward is observed in the cases of conjunc-
tion and negation. Learned operators cope better with this obstacle, and having
been tuned directly with success rate are able to complete the composed tasks more
frequently. The differentiable approximation for conjunction also has an advantage
over the fixed operator, though does not match the learned operator.
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FIGURE 4.11: Mean success rate for all compositions, using optimal

value functions and non-viable reward in 4-goal 9 x 9 Four Rooms.

Horizontal line shows perfect success rate. Results taken over 5 runs.

Error bars represent 95% confidence interval. A significance marker of

** indicates a p-value < 0.01, *** indicates a p-value < 0.001, and ns
indicates not significant.
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410 Concluding Remarks

Previously we have introduced necessary context surrounding this study, and pro-
posed a technique to learn robust composition operators with NEAT. Here, we
demonstrate the viability of our method in the tabular setting. We startina 9 x 9
Four Rooms with standard reward function, where transition dynamics are fully
deterministic and we possess a suboptimal set of value functions. Modifications to
this set-up are made independently by a) enlarging the environment, b) incorpo-
rating stochastic transition dynamics, and c) using a reward function that inhibits
Boolean composition. Across these experiments, we observe that learned operators
possess an advantage over fixed Boolean operators when dealing with common
sources of uncertainty found in tabular reinforcement learning problems. To build
on these results, we use the following chapter to evaluate the case when our envi-

ronment requires function approximation techniques.
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Chapter 5

Function Approximation

Our experiments have shown the utility of learned composition operators in easily
representable tabular environments. However, much of the work being done in
RL concerns high dimensional state or action spaces that can only be practically
solved using function approximation techniques. We move on to evaluating the
performance of learned operators within this type of framework.

5.1 Environment

FIGURE 5.1: The Boxman function approximation environment [1]

Function approximation experiments are conducted in an environment called Box-
man [1], where the state space is described a higher-dimensional vector. An agent



51

traverses around obstacles to collect desired objects. There are six total objects—
beige circle, blue circle, purple circle, beige square, blue square, purple square.
Clearly each object is a colour-shape combination. Base tasks are of the form “col-
lect a blue object”, “collect a circular object”. Agents can move in the 4 cardinal
directions. Additionally, after reaching one of the objects they can choose to collect
it. Episodes terminate either when the agent has collected an object, or when it has

reached a limit of 12 steps. States are represented as 84 x 84 RGB images.

A reward of +2 is given for collecting the desired goal object, while the reward

for taking a step and collecting an undesired goal object is —0.1.

5.2 Learning Base Tasks

It is not feasible to apply Q-Learning in this high-dimensional environment. In-
stead, we use Deep Q-Learning [8] to generate value functions in the form of Deep
Q-Networks (DQNs). Experiments are conducted with a set of value functions esti-
mated to be 50% optimal. These were obtained by training base tasks to the point of
optimal performance, observing the number of episodes required for this, and then
re-training a set of value functions over half that number of episodes. 50% is chosen
to represent a generically suboptimal set of value functions, with the focus of ex-
periments being how our method scales up to this function approximation environ-
ment. Future work should assess the viability of our method across the spectrum
of optimality in this function approximation setting, as we had previously tested in
the tabular Four Rooms setting.

5.3 Learned Composition with Function Approximation

Running NEAT in this higher-dimensional setting is significantly more compute-
intensive than in the previous tabular setting. Thus, for feasibility, we scale down
the run parameters. A run is set to last for 800 generations, with an initial popula-
tion size of 80. Fitness is determined from a set of 15 evaluation episodes. These
numbers were reached empirically, based on observing the time taken to complete

a run. Increasing either the population size or number of generations far beyond
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this point would lead to prohibitive training lengths—several days or even weeks
when running on a 14-core Intel Core i9 processor, a 24GB NVIDIA RTX 3090 GPU,

and 128GB of RAM.
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FIGURE 5.2: All three fundamental compositions in Boxman domain.

Intermediate value functions trained for 1 million steps are used. Re-

sults aggregated over 10 operators produced over three NEAT runs.

Error bars represent 95% confidence interval. A significance marker

of *** indicates a p-value < 0.0001, while ns indicates the gap is not
statistically significant.

Figure 5.2 shows performance in Boxman under this configuration, for all three
logical operations. In each case, we see learned operators with an advantage. The
greatest gap occurs for conjunction. We again emphasise that these results are sub-
ject to the practical restrictions imposed on the experiment. With either the addition

of greater extensive computational resources or the subtraction of time concerns, a
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full-scale NEAT run should produce more sophisticated operators equipped to nav-
igating in this environment. Current results thus serve to support the viability of

our method in large function approximation settings.

5.4 Transfer Between Domains

We have shown separately that learned composition operators can achieve posi-
tive performance in both smaller tabular settings and in more complex function ap-
proximation settings. Ideally, however, we want flexible operators able to transfer
between domains of different state spaces. In particular, we want to learn opera-
tors in a tabular setting and apply them in a function approximation setting. Recall
from Section 3.4 that operators learned with NEAT are pointwise mappings over
R x R — R. This means they are independent of state space specification, and can

be applied across environments.

Harnessing existing knowledge in new and more complex domains is an important
step for the generalising skills of an RL agent, while also allowing for more efficient
resource usage. We consider two cases: i) learning operators in the source domain
before zero-shot transferring to the target domain, and ii) learning operators in the
source domain before fine-tuning them in the target domain. In this study, Four
Rooms acts as our smaller source domain and Boxman is the more complex target

domain.

Figure 5.3 compares four approaches when testing conjunction (AND) in the Box-

man domain:
1. Learn AND operator fully in Four Room:s.
2. Learn AND operator fully in Boxman.

3. Learn AND operator in Four Rooms, then fine-tune it in Boxman with a scaled-
down NEAT run (fewer generations/population members/evaluation episodes).

4. Use the min function as AND operator, as defined in the optimal Boolean al-

gebra framework.
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The number of Boxman environment samples observed during each case acts as an
efficiency measure. The Boolean algebra and zero-shot transfer of a tabular opera-

tor require 0 Boxman samples.

All uses of NEAT outperform the min conjunction operator. There are two im-
portant conclusions that can be drawn from this. Firstly, the zero-shot transfer of
operators learned in a tabular domain with differing state space leads to signifi-
cantly greater returns than the Boolean operator framework. Secondly, minimal
fine-tuning of these operators produces roughly equal return to a NEAT run under-
taken solely in Boxman, while requiring around % as many environment samples.

5.5 Concluding Remarks

The focus of this chapter is the transition from our tabular Four Rooms setting to

the higher-dimensional Boxman environment. This means adapting how we learn
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our base tasks (now with Deep Q-Learning), but also leads to computationally ex-
pensive NEAT runs and requires agents to handle more complex information. We
see that our method is viable in this function approximation setting, with learned
operators able to achieve competitive performance even subject to computational
restrictions on our NEAT runs. However, the most promising result here lies in the
ability to learn networks in our previous tabular setting before applying them to the
Boxman environment—either by taking these networks as is, or by fine-tuning them
in Boxman. Not only does this ease the computational burden of running NEAT in
a function approximation environment, it presents an interesting direction in the

broader pursuit of fluid knowledge transfer to new domains.
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Chapter 6

Conclusion

6.1 Limitations

The chief obstacle to our method comes from sample inefficiency. In fact, sample
inefficiency is a known drawback of evolutionary methods when compared to stan-
dard RL—resulting in part from the highly sparse nature of evolutionary fitness as
a feedback mechanism. Even when optimal Boolean composition does not work
as desired, the most efficient solution might be to forego composition altogether
and learn the desired tasks individually. In the case of value functions which have
not converged, one could just train them for longer. While this point is valid, it
does not undermine this work. We may lack access to the original training context
or value functions—perhaps we inherited this from an external party. Even with
access, modifying these value functions might produce new complications—for ex-
ample, catastrophic forgetting. There is also the issue of scaling. For a small number
of possible compositions, it may be preferable to learn individual value functions.
However, as the number of compositions increases, this is not necessarily feasible
and having the ability to adapt to imperfect information holds greater importance.
Similarly, we point to the flexibility of learned operators—efficiency might suffer
for a single problem, but we regain some of this ground by transferring between
problems or even across distinct domains. NEAT also holds the implementation
advantage of being better equipped than value-based RL methods to evaluate so-
lutions in parallel, helping us gain back some of the ground we lose in terms of
sample inefficiency over a single evaluation.

Despite the capacity for superior performance, learned operators carry a degree
of volatility. The strong theoretical grounding of the Boolean algebra means that
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tixed operators achieve a stable performance baseline across many scenarios, even
if we can improve on that baseline. With NEAT, however, the worst performing
networks sometimes fail to be competitive.

Operators learned with NEAT are also less intuitive than the well-defined and eas-
ily explainable set of fixed operators—recall Section 4.5, where we use genetic pro-

gramming to express NEAT-produced networks in terms of fixed operators.

As mentioned throughout the report, a run of NEAT is governed by a large set
of hyperparameters. Choice of hyperparameters was guided by a combination of
empirical observation and intuition—for example, it is clear that a greater popula-
tion size allows us to explore a greater set of potential composition operators. How-
ever, we did not develop a clear correspondence between network performance and
NEAT hyperparameters—in part because of the computational strain that would be
induced repeated runs of NEAT. Results could be refined by selecting hyperparam-
eters using a method such as F-Race [28] —where we trial various hyperparameter
configurations and discard those that are found to cause statistically inferior per-
formance when compared with at least one other candidate configuration, until we

converge to the choice that produces the best expected performance.

Another point worth noting is the restrictive nature of the point-wise operators we
learn. These perform well for clearly defined tasks—like the composition of stan-
dard value functions we consider in this work. However, handling more complex
or adversarial scenarios might require us to learn a set of operators whose output

carry broader context than a single action-value.

6.2 Final Remarks and Future Work

Composition of learned behaviours represents a growing area within reinforcement
learning. It is desirable to manipulate knowledge already possessed by an agent
in such a way that the agent gains new capabilities, without having to start the
learning process from scratch. This not only aids computational and data efficiency
but promotes the development of robust adaptable agents that bring us closer to
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representing the way in which humans learn. Optimal Boolean composition op-
erators (conjunction, disjunction, and negation) have been determined given that
certain criteria are met—most importantly, we require optimal value functions for
the tasks being composed. However, these criteria are not always met, and apply-
ing the optimal operators in such a case can lead to faulty results—such as an agent
taking invalid actions or getting stuck in a loop. It is thus instructive to learn alter-
native operators which produce better results in cases where we do not have ideal
conditions. We approach this problem primarily through adaptation of the NEAT
algorithm.

Results support the viability of our method. We conduct a series of experiments
in tabular settings, showing how learned operators are resilient to different sources
of suboptimality within an agent’s conditions and knowledge-base. Next we con-
sider a larger function approximation environment. Our method is viable in this
new setting, and, beyond this, we have the ability to transfer operators between
the two domains. This brings us closer to a class of versatile agents that can use
learned behaviours and adapt them to solve a variety of new tasks without addi-
tional learning.

However, that goal is great in both scope and ambition. There is potential to strengthen
the ideas considered here, and to expand into related problems. We hope that fu-
ture work can address sample efficiency concerns—relevant to cases where safety is

a concern and the agent cannot repeatedly traverse its environment without higher
stakes.

We also note that the environments considered here are similar in dynamics and
agent behaviour. Though Four Rooms contains a tabular state representation and
Boxman requires function approximation, both are simple 2D grid-based environ-
ments that the agent navigates to reach a desirable grid location. A natural next
step would be to investigate the success of our method across a wider range of
environments, including the more realistic domains that serve as benchmarks for
testing novel RL methods. Such an investigation would also have implications for
our experiment regarding transfer of operators between domains, and we would

be able to gain a clearer understanding of the generalising abilities possessed by
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learned composition operators if we test them across environments which differ in

fundamental dynamics as well as state representation.

There is room for further investigation on the evolutionary side of our work. NEAT
has lead to a number extensions on top of its core methodology. The most promi-
nent of these is HyperNEAT [29]. Instead of directly evolving each node and con-
nection between nodes, as NEAT does, HyperNEAT evolves an alternative Com-
positional Pattern Producing Network (CPPN). The CPPN is then queried for the
weight of a specific connection. This compact representation allows for more effi-
cient learning of large, logically structured networks. HyperNEAT is particularly
applicable to geometric problems that require a sense of spatial awareness, as is the
case with the grid-based domains considered in this work. NEAT has served as a
strong baseline to exhibit the viability of neuroevolution for learning RL composi-
tion operators, but we can potentially boost performance by trialling other evolu-
tionary techniques.
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