
(2) (Szego): Let w(x) be a weight function on the interval 1-1,1], 

iff such that to(cos0)|sin0| =  f (9)  where \f(9 +  6) -  /(£ )]

L\ log C| , L and \ are fixed positive numbers, 6 >  0 and f(ff) is 

ositive weight function on r. Let sign D{e'*) =  i ; : :T =  e<r*#\
I*'*** )|

Then uniformly on [—1, l] or 0 <  ff <  n, r. — cob 9,

(1 -  c3) l/* (w(x ) ) l/2pH{x) =  *cos(r«0 +  r(tf)) +  0 (Iog» )

■

In fact many weights on [-1 ,1 ] admit the asymptotic.

(3) pn(« /,c o s f  )w (ccs9) 1/ , |sin9\*/* =  ' cos(nJ r(#)) +  o (l), 

< € ( 0 , f ) u n - » o o  where r(0) depends on to.

(4) Let n(9) =  u>s cosf|sin#|, 9 €  |-*,ir], w,w 7 6  £ * [ -* ,  *■), tupp(w)  

having positive measure. Let w satisfy a Szego condition

-oo

then

liio f l .lw 1) * " "  =  p , ) - '/ * D - 't M ,0 )  

and uniformly in closed subsets of C \ [ - l ,  l],

(5) (Ncvai et al): Let (aB)*=0 and (6h)W!k0 be two sequences of real 

numbers such that Oq =  0, an >  0, n =  1 ,2 , . . . ,  limn_tooaB
J

lhn»^ o o 6« =  0 and «• < ' » . « »  =  i«»+ i -  « J  1 !&«+, -

6n|. Also let (pn)n^o be the system of polynomials generated by

the three term recursion formula

*P»(*) = an + lP »+ l(* )+ ^ P «(* )+ O n P w- l ( * ) ,  »  = » 0 ,i , . . .

where p _ i = 0 ,  P0 =  PQ >  0. Also let da be the unique positive 

measure on R  such that the polynomials pn are orthonormal with
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respect to da ([4] p.60).

Also da satisfies

[-1 ,1 ] C *upp(da) C [inf 6n - 2 s u p o n, sup bn +  2 sup u J ,
— «>» »*£1 J

supp(da)\[—1. 1] is at moct countable with no points of accumu­

lation other than x l ,  da absolutely continuous in ( - 1, 1) and a '

positive and continuous in ( -1 ,1 )  ((17) p.231).
! • i j V j j

Let J(x) — x  +  yjx1 — 1 >  1 if x >  1 and analytic in C \[—1,1]. 

Also define for x 6 ( -1 ,1 ) ,  Jyx) =  lim¥_o+ J(x  +  iy) so that 

j J{x) j — 1, 0 <  ary, J (z ) <  w. Also for a given x and n let

► 1 /  V « » + l L \ V
~ b m i -J

denote the xeroe of an+lt

is true.

a +  (6» -  x)t +  a*

•>/W »+i<

0 . Then the following
® v w l

Let [pn)nm0 be a system of orthonormal polynomials and let da be
I

the corresponding measure. Suppose lim,n— n -  and—  -  2
6„ =  0 and £ £ . „ « *  <  oo, ek =  -  ak\ +  |6fc+l -  hk\

where an and hn are the coefficients in t ie  three term recursion

formula satisfied by p_. Define

M  =  (P n (* ) “  ( H * ) )  ‘ P n - l ( * ) )  [ I  (* !* (* ) )  X ± l -
k - l

Then 9 considered as a function of a real variable is a non vanishing 

continuous function in (—1, 1) such that ** analyvic in

K, g(x) =  0 iff * G supp(da)\[-l, 1] and y '(*) exists and is different

from lero if g(x) =  0. If K  C ( - J ,  1) is a compact set then

> /a#(* )( l  -  * a) ‘ / apn(x) =  /  sin f }T a r g < u (*) + argp(x)^

H £ , - )



there exists 0 < 6 <  1 such that

p.(*)II(‘ i»W)
kml

- I w +  E •*
f ? 1

holds uniformly for n =  1,2 , . . . ,  x  €  K.
m

If K  C *upp(da)\|-l, 1] is a compact set then

».wn(‘«w r, = O T +0

holds uniformly for n =  1 ,2 , . . . ,  z  € k where

oo

E
- M

/ ( z) =  lim a(x) -  lim a(*).

1 1  I I  I I
(6) Where Neva! considered recurrence relations, Lubinsky hss 

considered analogues involving exponential weights for [-1,11 and R. 

Let n(9) -  u/3(cos 0)|sin0|, # €= [ - » , » ] ,  w,w3 €  / / ‘ [ - i t . t ] ,  supp(w) 

having positive measure. Also define for 1 <  p < oo,
..

-  ' >(x))“ w IL ,,- ,.l
and let Tnp(w,x)  denote any monic polynomial of degree n satisfying 

| | ' r „ K * M * ) j  *  »nd Pnp(w,x)  »  to be the
*np\ )

Lp extremal polynomial with 0n(u>J) =  [J5„a(ii/)] and pB(ti/a, i )  -

Also let w(x) =  exp(—<J(x)) * €  ( -1 ,1 ) ,  Q even, convex in ( -1 ,1 )  and 

Q ( l - )  =  Q '( l - )  =  <?"(1~) =  oo. Arsoci&tsd with Q  is the Mhaskar- 

Saff number on defined as the positive root of

2 f l antQ'(ant)dt
n -  -  —■=====■— , n > 0.

x  Jo
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Further for 1 <  p <  oo, n >  1, 0 €  [—*»*] l«t

/V , ( * )  m w* (••‘ o*1)I»in#la/F

then for 1 <  p <  oo

Jttm W » ) ) - ) " )  ‘  =  C -o ,)-

uniformly in cloved subsets of C \|—1,1) and for 1 <  p < oo

where

( [ r ( } ) I' ( v ) r ( S  +  1) ' , ] ‘ / ' .  * < p < » .

u .

/ > 0 ,  lo g /  €

whenever defined.

A generalisation of a theorem of Sxego, Bernstein and Akiezer is 

the following Nevai conjecture:

Let W  =  exp(-|*|*), o  >  1. Let 0 < c <  ir/2. Then

« i /aP » (^ a.«n  co .# )W («n coe #)| ain tf!1/* 
V*

( » )  '  COB(n , +  r'*W )

aa n -* oo uniformly 0 €  [c, w — <], r depending on n and W . Various
_  ' - 

advances have been found including Hermite weights, differential 

equations and infinite-finite range inequalities. One such result is 

due to Lubinaky.



(7) Let W  =  e x p (-Q ), Q'.'R —* H  even, continuous, Q "  contii 

La (0 ,oo), Q{0) =  0, Q’ >  0 in (0,oo), a  -  1 <  <

x  e  (0 ,oo), and some C >  0; a >  3. Aiso let Q" exists for large z

and for some C x > 0,

i « y w i  -  c

Let 5  >  0 be fixed, but large enough and let

and for n >  1 let / n(tf) =■= u>3(<7n coo0)|sin0|, 6 €  ( - » , » ] .  Then 

there exists 6 >  0 such that for n large enough and uniformly for

* £  -  1 ~ 'l,

C ? r » ( W ' C „  CO. »)1V(C„ C O . «)|»in * ( '/»

= ( £ )  « « ( » *  +  r ( /» » 1) ) + ° ( » r ' ) -

| 1|
(8) Finally we note that recalling the Erdos Turan theorem (remarks 

after Theorem 2.18) and using E  =  [—1,1] it can be shown that 

Cap(E) =  \ and limn_ 00(/?n) I/ n =■ 2 which is much weaker than 

our considerations above.

We now give the p r c o f  o f  Theorem  7.10:

Proof:
:•

Using (7.10) and (7.11) we get for a fixed integer, k, n +  k >

Pn,w+>+i(*)
P n ,n + h i* )

(7 .21)

[* +  *2n,2i»+!Ifcl(°)]  ̂ E>lw,2»+2I>+2(W)

• u,[l +  *2f»,2n + 2 * + 2 (0 )]  * (P 7 n ,7 n + u [w ) .

1 +  ^2n,2n + 2fc-f * ( w ) /V2n,1n + 2k + l { w )

1 +  ¥>2»,2»+2fc(«")/v»Jf,,2n+2JkH
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w,n+fc+»(J) _

P n .n + k ^

(7.22)

3 n + 2 * W ]_ [* 2 n  ,3n+tk+iiw ) ]  1 

2w [l +  # 2n,3n+afc+a(0)] [*  2H^2n+J*T* )̂T j

* + *an,3w^ah+a^ul?/*..-..atn- :jn-a(,JJ 1

[  > +  * S . ,» .+ » ( » ) /* 5 .

x  =   ̂(w  +  —) .  Now the result follows using (7.21), (7.22), (3.6), (3.8) and2 \ w>
(3.10).

Lemma JJ.1

( 7 -23 ) P « ,m (* )  =  \ [ l  +  * 2 n ,3 m (0 )]  “ I /3 ^ « [ * " n ^ 2 « ,2 m (* ) ]  . ( *  =  « " ) •
*

Let (a, (w2n) f2k) be admissible on [—1,1). Then

(7.24)

?»,»+*(*) ~  \ oZ ^e [*n fĉ 2»,2»H-2*(*)] + °(!v32n,ai»+2*(*)|)» * =  «*#.V /

where o is uniform in 0 as n —* oo.

Proof:

Consider (7.11). Then if w =  c'* we have that

M  X l . W  +  , „ ( ( ! ! ! ) - ' )

«  («')“ "V ,a».amH +  »"V*,»,2m M

So (7.23) holds. Next by admissability (n ,(W3„),2ik) is admissible on [0,2*].

So (3.6) is valid and we obtain

(7.25) 

and

(7.26)

[I + o(X)J 1 ^ • [W “ " “ *1P2i.l2 » + » W ]

( z )  -  ,2 n + 2 * ( z ) | )
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where O is uniform in 0 by Theorem 3.8. So by (7.25) and (7.26) the result 

holds. ■

We can now give the p r o o f  o f  T h eorem  7.12:

Since (a ,(u ;3n),2Jfc -  2) is admissible on [-1 ,1 ], we must have

(a, (u>3n),2Jk-f 2) is admissible on [-  1, lj, as the zeros of w3>1 lie in C \ [ - l ,  1). 

By Lemma 7.11, we have that

P n ,» + * + lW  P » ,« + 4 - lW
-----

** V S r M *  n k " ‘ ^ ^ f c + i w W  +  * " W“ *+1^ a » >2„ +a * - r W ]  +

(7.27) +  o ( |<Psn, (*) |)  +  °(|lPan,a»+ak-a(*)|)-

Also (a , (w3n),2 c ) is admissible on [-1 ,1 ]. So by (3.8) for k and k — 1 we 

get

(7 .9 ? ) 'P a .,a i» + a *± a (*) *■ J ± V » n ,3 i» + a * ( * )  +  0 ( l ' 0 s .,3«+afc (, ) l ) -  

Now put (7.28) into (7.27) to vield that
r -

Pn.n + * + l(* )+ P n ,r ,+ fc - l (* )  = 2 x \ / ^ e [ * - " - V an,an+a*(*)] +V JT

(7.29) +  °(|<Pan,3n+a*(*)|) =  2xpnn+fc(x) +  o(|^2n,an»-aik(*)|)- 
■ p p f  '
Also recall that we have,

. , « ( * ) < * « » (* )  =  Pn,m(co fl* ) rfM3n(* )* 9

( / o K . ( C O .

aa,r. ,2 w  r 2*, l3 \
| P n ,m (« " * ) l  4 M s » (* )J  ^  |*>3n,3,.+ak(*)! d»iJ9))

2 ( / V .» < * > | J<'‘>.<*>) ( / 0 k a » ,a n -fa -(* )r^ a n W )



So we get that ■ %*. «>5-

(7.31) ( [  jp*,m (cos 0)v2nin+3k(x) |dMa* (* ))  < 4 * .

°
So multiplying (7.28) by (7.30) and using (7.31) yields

t \
(7.32) - /  (pw,n+jk+1(*) + P nirl(-*+l (*))pn,m (*)d«n (*) +  ° (1)- 

J - l

Thus we have

(7.33) 2 a * *  =  f  (pn>n+*+ i ( l )  +  Pn,n+fc-l(*))Pn,m(*)*,«n (* ) +  ° ( l )  
J - l

where m =  n +  k +  »'.
g j ■ 1

Hence for n > N  using (7.33) and o
i i i i i

obtain 2an k 0 =  0 if t =  0, if • =  ±1 , m =  n +  k ± l , so 2o„ k ±1 =  1 +  o (l). ■ 

We give the p ro o f o f  T h eorem  7.13:

if » =  0, m =  n +  k we

We first show that (7.17) and (7.18) are equivalent. To see this we must show 

as in the proof of Theorem 3.10 that

(7.34) Jim f  f { x) ^ A Z] ^ ^L±.4 Xl d a t (x ) =  0,
n -*°° J—l ** «(* )

L
To see this notice that by the Schwarz inequality it is sufficient to show

l7.35) 1 / (* )p ’n,n+*(*)
n~»oo

r  f w p
J - i  tv

lim I — — n,n^*' dat {x) -  0.

But

(7.36) dn,{9) =  da(x) 
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: t .
i Sand (7.23) with # 2n(2r„(0) - + O u B - * o o w e  have that there exists C, 

that

Pn,»+k(*)l — l^2i»,3i»+3*(*) l» an n oo.

Now using (7.36), (7.37) and (3.14) we have (7.35) and hence (7.34).

■

We now proceed to prove 7.18. We firat show th&t the result holds when /  

is a polynomial. Fix I €  N  and apply (7.12) I times. We obtdn

1 r

!•*

(7.38)

x *Pn,n+k(x ) ~  ( ° n ,M i ' °n,*+li, +*»+• *«_

><(Pn 4--- *()■

Now consider the integral of the lefthand side of (7.38) with respect to dan(x) 

For n > N  ve notice .hat by the orthonormality relations, the value of the
■ h m M m r  . . . .

integral on the lefthand side is a number which only dependji on the limit 

of the coefficients on the righthand side. But by Theorem 7.12, these Ura-
.

its do not depend on the particular choice of (o , (w3n)) that is, as long as 

(a, (w2n),2k  -  21) is sdmueibie on (-1 ,1 ], the result ho*ds. So to calculate 

the limit, let da =  (1 — x 7)~ l/2dx and u/3n s  1, n €  N . Now using the 

uniqueness principle Theo^m  1.2 and knowing that the Chabyshev polyno- 

mials have the weight function (1 -  i J) _ l / 2 it follows that p . . . t  are the
’ +

Chebyshev polynomials defined in the statement of Theorem 7.13. Thus

=  ( « » * ) * ;  « * ( "  +  k)9cot[n +  k +  m)(0)
*

(co s t )* -  |cosmB +  cos(2n +  2k +  m)0j

 ̂ j  *  Pn,n+kiz )Pn ,n+k+m (x ) _  jpSJI/a

1 t i  r i 
=  -  /  (cosfl)* cosrnJ + cos(2n + 2k + m )(5 )\d0

; 7  1 J
— — I (cos0)*cosmtf<i0 if 2n +  2k +  m > t .

*  J -1

so

1
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_ t  -  2k -  m  ,So if n > -------„ ------- we have that2
f l t P».n+ki*)Pn.n+k+m {*W (* )**  _  1 [ '  * **

L ' ~  m , L m™ i ? = w

So i'7.18) hold* for /  a polynomial. Now let /  be a bounded Borel mea­

surable function. Then /  can be approximated uniformly in L l by simple 

functions and these simple functions can be approximated uniformly in Lx 

by continuous functions. These continuous functions can be approximated 

by Jackson pclynomiald with remainder g say where the difference is small 

in the L l sense. Thus assume |/| <  Ca/ 3 some C2. Let e >  0 and write 

/  — p +  <7, p a  polynomial, g a remainder such that we have |ffi <  C2 and

(7.39)

thus we have that

(7.40)

\L ̂ M T m{z){\ -  x2) l/2dx <  c » r m a x { | r tri( x ) | :  - l < x < l } < « r
v /

by definition of Tn. Abo by the Schwarz inequality, (7.37), (7.30) and or- 

thonormality we have that
a

.»(*) »  >  N.
/*

(7.41) < C »  9>(coal)|ean ,2n+2* (j*)!3
J - t

Now the limit as n - »  oo on the righth^nd side uf (7.41) is by (3.14) equal to 

f 2w f l
I g2(coa$)<to =  C4 I 02(x )(l — x7) ~x̂ d x  <  Ct C l 
Jo J- 1

by (7.39) as |f|3 <  Ct \g\. Thus,

lim sup j /  ff(*)pniB+*(*)pnin+*+rn(x)dan(x) 
n~. 00 \J~\

M H p i r
Now c > 0 is arbitrary, so using (7.40) together with the fact that the result 

is true for p =  /  — g yields the result in general.
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by (7.44) and Theorem 7 10. Finally we note that the uniform convergence 

follows by the Vitsli-Montel theorem for analytic functions as was seen in
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