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Abstract

The dissertation consists of symplectic reduction on a Frolicher space which is
locally diffeomorphic to an Euclidean Frolicher subspaces of R™ of constant di-
mension equal to n. Such a space is called a Frolicher pseudomanifold or simply a
pseudomanifold. The symplectic reduction under consideration in this work is an
extension of the Marsden-Weinstein quotient (the reduced space) well-known for
the finite-dimensional smooth manifold. Starting with a proper and free action of
a Frolicher-Lie-group on a finite constant dimensional pseudomanifold, we study
the smooth structure induced on a small subspace of the orbit space.

Aside the algebraic and geometric study of these new objects(pseudomanifolds),
the work contains their topological fundamentals and symplectic structures, as
well as an introduction to the geometric control theory.
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Chapter 1

Introduction

This dissertation contains a considerable amount of new mathematical concepts.
The background is based on topological, geometric and algebraic fundamentals,
so as to study the Marsden-Weinstein symplectic reduction process. This is a
classical problem that we would solve on a new class of geometric objects pro-
vided with an unusual smooth structure. These modeling spaces are the locally
Euclidean spaces which we call F-pseudomanifolds or simply pseudomanifolds if
there is no risk of confusion. [6]

To this end, we present the study through seven chapters. The first chapter is an
Introduction as usual. The second chapter is devoted to topological foundations
of the category of Frolicher spaces. It contains the following topics: a character-
ization of open and closed sets, smooth maps of Frolicher spaces, and the con-
struction of initial (final) objects and morphisms (smooth maps) of this category.
That is, the subspace, the product, the coproduct and quotient spaces. The third
chapter restates the whole of Chapter 2 in a subcategory of Frolicher spaces called
the category of pseudomanifolds. We present three classes of pseudomanifolds.
The fourth chapter aims at the concepts of tangent, double tangent. In the fifth
chapter we shall study the symplectic structure on linear and on more general non
linear pseudomanifolds. After a comprehensive exposition of the exterior algebra
in pseudomanifolds, we shall show that the cotangent bundle to a pseudomanifold
is endowed with a canonical symplectic structure. The main chapter in this work
is the sixth one. It goes from Lie-group, passes through integral curves, exponen-
tial maps, G-equivariance, adjoint and co-adjoint representation, moment map
(momentum map in [56, 57, 52]), and ends by the symplectic reduction process.
This is a first attempt in the category of F-pseudomanifolds. The seventh chapter
is a collection of basic concepts of geometric control theory.

Our investigation should specifically stands on four stages. First of all we shall
refer the reader to [6, 19, 31, 44] for this section. There are given the rela-
tionship between a class of Sikorski differential spaces and the induced class
of Frolicher spaces as in [6]. And also in the constant finite dimensional case,
the previous relationship induces another one between differential spaces locally
diffeomorphic to a subspace of a cartesian space and F-pseudomanifolds as in



[6, 49, 50, 73, 74]. At this point what can be worth of attention from these ref-
erences are the following results. A F-structure induces a differential structure in
the sense of Sikorski and if a given map is smooth map of differential spaces then
it is a smooth map of F-spaces. Secondly, we shall extend to quotient pseudo-
manifolds the natural construction of differential and symplectic geometry as in
6, 7, 19, 22, 18, 26, 34, 47, 62]. Thirdly, we shall deal with symplectic reduc-
tion algorithm on linear and on more general pseudomanifolds based on results
in [34, 47, 53]. Finally, we shall present an introduction to the geometric con-
trol theory. We shall restrict to the first class of three classes announced in the
abstract. This class gives the opportunity to extend concepts and notions from
smooth manifolds to pseudomanifolds in the natural way. The difference in defi-
nitions and properties reside only on the smoothness of objects and morphisms.
And also, the topology under consideration is generated by the sets f~1(0, 00),
forming its basis for all smooth functions, that is, the Frolicher topology. The
symplectic reduction process was studied during the passed decades. For basics on
this topic, we refer the reader to [24, 28, 4, 54, 16, 47, 15, 64, 65, 66, 52, 53].
The interest of the symplectic reduction can be withdrawn from the abundance
of examples in various domains of applications available in the literature above.
But, the interest is also purely geometric by constructing new nontrivial objects
of the category endowed with smooth additional properties. It is worth notic-
ing to quote P. Cherenack as in [19]:” In physics an object is often known by
various scalar fields( real valued functions ), such as temperature and pressure
defined on it”. And, so to conclude that many physical concepts or technical
phenomenon are curves (contours) or functions (scalar fields, or scalars for short).
In [80, 82, 83] are stated conditions for a category to be able to host a control
theory modeling. Our new category fulfills the late conditions: smooth exterior
algebra, smooth differentiation theory and smooth transversality theory( [7] for
an attempt to define the concept). The foundation of theoretical studies and

other potential applications of Frolicher spaces were launched in [44, 17, 31] and
[6, 62, 85, 18, 19, 8, 22].



Chapter 2

Topologies on [F-spaces

2.1 Frolicher spaces

Definition 2.1.1

Let M be an non-empty set. Let Cpy CM®:={c | c:R— M} andFy CRM :=
{f | f: M — R}. The pair (Cpr, Fur) is called a Frélicher structure on

if Car and Fyr are defined such that:

Cu={c:R—M|foce C®R,R), forall f e Fun} (1)
and
Fu={f:M—=R|foce C®R,R), forall c e Cy}, (2)

where C*(R):=C>(R,R).

The identities (1) and (2) define the compatibility condition for the structure
(Cary Far) on M. They read T'Fyy =Cy and ®Cpy = F)y in the literature. The
pair (Cyr, Far) satisfying the compatibility condition was originally called smooth
structure (see [31, 20]), then Frolicher structure (see [44, 21]). In this text we
state the basic concepts as follows.

Definition 2.1.2

Let M be an non-empty set. The pair (Cpr, Far) is a F-structure on M if it
satisfies the compatibility condition that is Coy =0 Fy and Fry=PChr. The triple
(M, Chr, Fur) is called a Frélicher space (or F-space, smooth space). While Cyy is
the set of structure curves and Fyy is the set of structure functions. Some times we
will say M s an F-space, inferring the triple above. M 1is called a linear F-space
if it is a linear space whose F-structure is compatible with the linear structure.
That is, structure functions and structure curves are linear, also addition and
scalar multiplication are smooth maps.



2.1 Frélicher spaces 4

Lemma 2.1.1
Let (M,Cur, Fur) be an F-space. Then c€Cyy if, and only if FprocCC®(R) and
f € Fuif, and only if foCy CC®(R). Also, FproCp CC®(R).

Example 2.1.1

(R,C*(R),C>*(R)) is an F-space, where C*(R) is the set of all differentiable
functions from R to R, in the usual sense. It is named the canonical F-space and
denoted by (R,C, F).

Example 2.1.2
(R™, C*(R,R™), C>*(R",R)) is the canonical F-space. This structure follows from
Boman’s theorem [8].

Example 2.1.3

Let M be a differentiable manifold. The pair (C*(R, M),C>(M,R)) consisting
of smooth curves into and smooth real-valued functions on M satisfies the com-
patibility condition. The set M together with this pair is therefore a Frolicher
space (an F-space).

An F-structure on a set M can be generated by either a subset Fy CRM of func-
tions or a subset Cy CRM of curves as from Definition 2.1.1 and Definition 2.1.2.
The properties given in Lemma 2.1.2 below are a straightforward consequence of
the F-structure generating process on M.

Lemma 2.1.2
Let Fo, F1 CRM and Cy,C; C MR, where M is a non-empty set. The following
hold.

[ffogfl thenF]:oQF]:l, fOQCI)FfO andFF(J:F(I)FfO (3)
[fCO Q Cl then (I)CO 2 (I)Cl, CO Q P(I)CQ and (I)CO = (I)F(I)CO (4)
Proof.

The proof of this Lemma is straightforward. U

Definition 2.1.3

Let M a non-empty set. Let a subset F, of RM be such that T'F, = Cy and
OI'F, = Fyr. The F-structure (I'F,, PI'F,) on M is said to be generated by F,
or by functions in F,. Also, let a subset C, of M® be such that ®C,= Fy; and
['®C,=Cy. The F-structure (I'PC,, ®C,) on M is said to be generated by C, or
by curves in C,.

Remark 2.1.1

We will state some consequences of Lemma 2.1.2 and Definition 2.1.3. First of
all, let P(RM), P(M®) be the power sets of RM and M®. The inclusion is an
ordering relation in P(RM) and P(M®). Thus, T' and ® are decreasing maps
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L:P(RM)—=P(M®) and ®: P(M*) — P(RM) such that a small set of functions
(curves) yields the largest set of curves (functions). That is,the smaller F, is, the
bigger U'F, 1s. Whereas, the smaller C, is, the bigger ®C, is. Hence, Cy; and Fyy
are generating sets of the F-structure (Cpr, Far) since ®UFy = OCpy = Far and
2.1.2 states that the structure functions (curves) set contains the generating func-

tions (curves) set. It can be seen through the following examples that the generated
F-structures (I'F,, PI'F,) and (I'®C,, PC,) are not the same on M.

Definition 2.1.4

Let F, and C, be respectively the generating functions set and the generating
curves set of an F-structure (Car, Far). The F-structure is finitely generated,
countably generated or infinitely generated if F, or C, are respectively finite set,
countable set or infinite set. The F-structure is linearly generated if F, or C, is
a set of linear functions or linear curves provided that M is a linear space.[31]

Example 2.1.4

Let M and M* be a linear space and its algebraic dual. The F-structure (I'’F,, PI'F,),
where F, C M* separates points in M. That is, for each two distinct elements
x,y€M there exists f€F,CPI'F, such that f(x)# f(y). Thus, this F-structure
18 linearly generated.

Example 2.1.5

Let M =R, F, = {idg} and C, = {idg}. We want to show in this special case
that (T'®C,, ®C,) = (I'F,, PI'F,). We could use the same technique for the char-
acterization of structure curves and structure functions as in Fxample 2.1.1,
that is, (R,C*(R),C>*(R)). On the one hand we have C = T'F, = {c : R —
R| foce C*(R), forall f=idge F,} ={c:R—=R|ce C®R)}=C>R). And
F=0I'F,={f:R—=R| foce C*(R), for all c€ C*(R)} since C=C>*(R) on
the other hand.  We need to characterize f € F. Assume that f ¢ C®(R)
but foce C®(R) for all c € C*(R). In particular, if ¢ =idg € C>*(R), then
foidg = f € C°(R). This yields a contradiction. Thus ®I'F, = C*(R). Fi-
nally, the F-structure generated by F,={idg} on R is (C*(R),C*(R)). Now, if
C,={idgr} we have F=®C,={f:R—R| foce C®(R), for all ceC,}=C>(R)
and C =T®C, = {¢ : R — R|foc € C®(R), for all f € C*[R)} since
F = C®(R). We need to characterize ¢ € C.  Assume that ¢ ¢ C*(R) but
foc e C®R) for all f € C*°(R). In particular, if f = idg € C*(R), then
idgoc=ce C®(R). This yields a contradiction. Thus T®C,=C>(R). Finally,
the F-structure generated by C,={idr} on R is (C*(R),C*(R)).

Example 2.1.6

Let F,={p; : R* > R|p; is the natural projection}, M =R?. The set of smooth
curves is C=TF,={c:R—R?| foce C*(R), for all f€F,}=Cre. Now, we need
to characterize C=I"F,=Cg2. The condition foce C>(R) becomes p;oc€ C*(R)



2.1 Frolicher spaces 6

since f is either py or pe. It requires that c=(cy,ca), with ¢;€ C*®(R) fori=1,2.
Thus, c€ C*(R,R?). One concludes that C=Cg2 1is the set of all smooth vector-
valued curves into R?. Thus, C={c:R—R? | ¢=(c1, c3) with ¢;,co€ C®(R)} =
C>®(R,R?)=Cg2. These curves form a Frolicher structure on R? together with
the set of functions satisfying the compatibility condition above. That is,

F = OIF,
= {f:R* > R|foce C®R), for allc € C*(R,R*)}
= {f:R* > R|fo(c,c) € C®R), forall c;,co € C®(R)}
= C*(R%*R)}

following Boman’s Theorem [8|. This result holds on R™.

Example 2.1.7
Let M=Q, Fo={1:Q—R|1=idg|g} ={¢}.

Co = IF,

{c:R—= Q| foceC>®R) foral f € F,}
{c:R—=Q|toc=idgoc=ce C*R)}
= {c:R—-Q|ce C>®MR) and ¢(R) C Q}
= Q¥*NC>*R,R)

We want now to characterize ¢ € Cg. Since ¢ € QX implies ¢ € R®. From the
intersection above ¢ €Cq reads c€ C* (R, R), that is, ¢ is continuous in the usual
sense. Now, suppose v, € R with v <r' and c(r) # c(r'). Assume without loss
of generality that c(r) <c(r'). It follows from the Intermediate Values Theorem
that for each s € [c(r),c(r")] C R, there exists t € [r,r'] such that s =c(t). That
is, ¢ takes all real values (rationals and irrationals) between c(r) and c(r’). By
definition of ¢, we have ¢(R) C Q that is t — c(t) € Q or equivalently, all c(t)
are rational numbers exclusively. This yields a contradiction with the conclusion
above. As a consequence c(r)=c(r'), for all r,r' €R with r#r'. That is to say, c
15 a constant curve. Finally, the generated curves in this structure are given by
Co={c:R—Q]|c constant } ={cp:R—Q|cx(t)=k, for allteR, k€Q,k fived}.
Thus, Fo=TF,=PCo={f:Q—R| foce C®(R), for all c€Cq}. therefore,
Fo={f:Q—R| foc, e C*°(R), such that c(t)=Fk, for all teR, keQ fixed }.
Hence, Fo={f:Q—R| fre C*(R), fi(t)=f(k), for all teR, keQ fized }.
We need to characterize Fo CRQ, that is, the set of real-valued functions on Q
such that foc, € C®(R). For any f € R, for any k € Q, f(k) determines a
constant function

fr:Q—=R such that fi,(t)=(foc)(t)=f(ck(t))=f(k). (5)

Thus, foc;, € C*(R). Hence f € Fy if, and only if Fo=RQ. Therefore, (Co, Fo) is
an F-structure on Q. That is, in the F-structure generated on Q by the inclusion
map, only constant curves are structure (smooth) curves. But all real-valued
functions on Q are structure (smooth) functions.
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Example 2.1.8
Let M=R, F,={f : R—R| f is constant }.

C = TI'F
= {c:R—>R|foceC®R), foralfeF,}
= {c:R—R|foce C®R), forall f constant }
= {c:R—=R|foce C®R) and f(c(t)) =k for all t and c(t) € R}
= {c:R—R|foce C®R) for all c € R¥}
= RR
= Cpr

),
)7
)
)

F=0I'F,={f:R—R| foce C*(R) for all ccR®}. We need a characterization
of elements in F. We borrow the technique from [39] to show that F = F,.
That s, all functions in F are constant. Let us assume f non constant on R.
That s, R contains an interval on which [ is not constant. We will tackle the
characterization in four steps as stated below.

1. To apply the Intermediate Values Theorem to f oc, where c is some partic-
ular curve into R and f € F,

2. to assume that f o c has rationals images only,
3. to assume that f o c has irrationals images only,

4. to assume that f o c has both rationals and irrationals images.

We need to show that each pairing of assumption (1) and another one among (2),
(3), and (4) yields a contradiction so as to conclude that such a non constant
function does not exist in the structure.

First assume f(r)=gq for some r,q€R. Then there exists a small interval B(r,€)
centered at r with radius € such that it does not contain any interval on which f
would be constant. That is, there exists ' € B(r,€) such that r<7v', f(r')=q' and
q#q . Now let, c:R—1R be a curve into R, defined by

t—ct)=1—-t)r+tr'=r+tl' —r). (6)
Thus, c¢:[0,1] = R maps [0,1] on [r,7]. It follows that c[0,1] C B(r,€) since
c(0)=r, c(1)=7r" and r < c(t) <r'. Recall the fact that foc e C>®(R) for all

c€RE, this also holds on the interval [0, 1] that is foc is continuous function on
[0, 1] onto [q,q']. For,

[0,1] = [r,7"] = [q,q] such that t — c(t) — s = f(c(t)),

where (foc)(0)=f(r)=q and (foc)(1)= f(r")=q¢'. By the Intermediate Values
Theorem it follows that for each s€[q,q'], there exists

t €10,1] such that s = (f o c)(t). (7)
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That is, f o c takes all real values (rationals and irrationals) between q and q'.
Secondly, assume (2) holds. That is [q,q'] C Q. Since Q is dense in R, there
1s always an irrational between two rationals. This leads to a contradiction with
Equation (7). Hence there does not exist such a function f that is f non constant
taking only rationals images.

Thirdly, assume (3) holds. That is, [q,q¢'] C R — Q. Since R — Q is dense in R,
there is always a rational between two irrationals. This is a contradiction with
Equation (7). Thus there does not exist such a function f that is f non constant
taking only irrationals images.

Fourthly, assume (4) holds. That is f o c takes ¢ € Q and ¢ € R — Q. This
yields a partition of the image of ¢ as follows. ANB =0 and AUB = [r,7'],
where A= {u € [r,7'] | fla(u) is a rational number in [q,q']} while B = {u €
[r,7'] | fip(w) is an irrational number in [q,q']}. Also Q and R — Q do not
contain [q,q'). From second and third steps above, such functions fia and fip do
not exist. Therefore, there does not exist such non constant function f. Finally,
feF=eI'F,=F, that is f must be constant.

The triple (R,R® F,) is an F-space. In conclusion, the smooth structure gener-
ated on R by constant functions has all real functions as smooth curves and only
constant functions are structure functions.

Example 2.1.9
Let M = [0,1] ¢ R, F, = {¢ : [0,1] — R|¢ is the inclusion map}. Then
([0,1],C, F) is an F-space. The generated curves for this structure are:

C = TF
{c:R—=10,1]| foce C®[R), forall f € F,}
{c:R—=[0,1]|toce C®(R)}
= {c:R—=1[0,1]|c € C®(R) such that ¢(R) C [0,1]}

Note that Cpy C C®°(R) since idg € C*°(R) but idg ¢ Cpr. The generated func-
tions for this structure are:

F = PCy
= {f:[0,1] = R|foce C®R), forallce Cy}
= {f:[0,1] = R|foceC®MR), forall cec C®R),cR)C]|0,1]}
= {f:[0,1] = R|f =g, € C*(R), where g € R¥}

Thus F D PC*(R). The former and latter inclusions confirm the order reversing
property of ® and T.

Definition 2.1.5

An F-structure (Cpr, Far) on an F-space M is discrete if Fy = RM | that is, all
real-valued functions on M are smooth. AnF-structure (C,F) on an F-space M is
finer than another (C', F') on the same underlying set if F' CF. An F-structure
(C,F) on an F-space M ‘s coarser than another (C',F') on the same underlying
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set if C' CC. A discrete F-structure is generated by an empty set of curves and
in which all functions are smooth. 0]

A discrete F-structure can be understood as one where C,=0, Fy;=®C,=RM
and C, C I'’Fy; =Cys. That is, the structure curves are all constant maps. While
Fru=0C,={f: M —R| foce C®(R), for all ce{ } = 0} =RM is the structure
functions set. This is a straightforward consequence of the fact that false implies
true in logic.

Example 2.1.10
(Q,Cq, Fg) in Example 2.1.7, the F-structure (Cg, Fo) is discrete since Fo = R<.

Example 2.1.11

From Example 2.1.8, we assume C,=F, since in R, curves and functions coincide.
Thus, F'=®C,=R® and C'=TPC,=TRE={c:R—R| foce C°(R), for all fe
RE} ={c:R —R|c is constant}. Therefore, (R,C',F') = (R,C',R®) yields the
F-structure (C',R®) that is discrete since Fgp = R®. Now we want to compare
the canonical F-structure on R that is (C, F)=(C*°(R),C>*(R)) and the discrete
F-structure (C', F')=(C',R®), where C' is a set of constant curves, as built above.
This yields the following conclusions. F C F', that is, (C',F') is finer than
(C,F) and C' C C, that is, (C,F) is coarser than (C',F'). The above inclusions
are consequences of the order reversing property of I' and ®, that is, being a
finer or a coarser structure are dual concepts. We generalize the results in the
following lemma.

Lemma 2.1.3

1. Let F, be a generating set of the F-structure (I'F,, ®T'F,) on a set M. Let
(Car, Far) be another F-structure on the same set M whose generating set
Fi contains F,. Then (I'F,, ®PT'F,) is coarser than (Cpr, Fpr).

2. Let C, be a generating set of the F-structure (I'®C,, PC,) on a set M. Let
(Car, Far) be another F-structure on the same set M whose generating set
Ci contains C,. Then (T®F,, ®C,) is finer than (Cpr, Far)-

Proof.

1. Fi D F, implies C)y = T'F; CT'F,.
2. C1 D C, implies Fy; = ®C; C ®C,. O

Lemma 2.1.4
Let A, B C M®, where M is a non-empty set. The following statements hold:

1. ®(A)N®(B) C B(A) U B(B)
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2. §(AUB) CP(ANB)
3. P(A)UP(B) CP(ANB)
4. P(AUB) =P(A)NP(B)
5 P(AUB) CP(A)NP(B) CP(A)UP(B) CP(ANDB)
6. P(ANB) =d(A)UP(B)
Proof.
1. True in set theory.

2.

3.

Since ANB C AUB and @ is order reversing, we have ®(AUB) C ®(ANB).

Since ANBCACAUBand ANB C B C AU B, the order reversing
property of ® yields: ®(AU B) C ®(A) C $(AN B) and P(AU B) C
®(B) C (AN B). Hence,

P(AUB) CP(A)UP(B) CP(ANB). (8)

The fore mentioned inclusion holds.

. The chain of inclusions in (3) of the proof above yields again

®(AUB) C ®(A)N®(B) C (AN B). (9)

To prove the converse inclusion that is $(AUB) D ®(A)N®(B), we need to
characterize the elements belonging to the set in both sides. By definition
of ® we have: ?(AUB)={f: M - R|foce C®R)forallcec AU B}
and P(ANB)={f: M — R|foce C®°R)forall c € An B}. Now,
assume f € ®(A) N P(B). It follows that f € ®(A) and f € &(B) that is
[foae C®(R) forall a € A] and [fob € C®(R) for all b € B]. Thus [foa
and fob e C®(R), for all a € A and for all b € B]. Otherwise, that is:
[foc e C®(R) for all c € AUB]J. Therefore f € ®(AUB) and consequently
®(AUB) D P(A)NP(B). Finally, (AU B) = ®(A) N P(B) from (9) and
the above inclusion.

Combining steps (4), (1) and (3) above yields the chain of inclusions in step
(5) by the transitivity of the inclusion relation.

From Relation (8) in step (3) we have ®(A) U ®(B) C (AN B). We need
to prove the converse inclusion. Let us take the following diagrams:
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ANB B(AUB) = 3(A) N O(B)

A/ \B B(A) — T o(B)

AUB O(ANB)=P(A)UP(B)

We can consider the two diagrams below as Categories of trellis and ® as a functor
transforming the sup into inf and vice-versa because of the the order reversing
property ®. Since sup(A, B) = AUB and inf(A, B) = ANB are unique in these
trellis, then it follows that ®(AUB) = ®(A)NP(B) and P(ANB) = G(A)UP(B).
O

Lemma 2.1.5
Let A, B C RM  where M is a non-empty set. The following statements hold:

1. T(A)NT(B) C T(A) UT(B)

(

2. T(AUB) CT(ANB)

3. T(A)UT'(B) CT(ANB)

4. T(AUB)=T(A)NT'(B)

5. T(AUB)CT(A)NI'(B) CT'(A)Uul(B) CTI'(AN B)

6. '(ANB)=T(A)UT'(B)
Proof.
The proof is straightforward as from Lemma 2.1.4, substituting ® by I', and M®
by RM, O
Remark 2.1.2

1. (A)NP(B) = ¢(A) U P(B) if, and only if P(A) = ®(B). Hence P(A) N
O(B) C ®(A)UD(B) is a strict inclusion in general.

2. The fore mentioned two lemmas can be represented by the diagram below,
where 0 = ® or 6 =T
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3. Lemma 2.1.4 and Lemma 2.1.5 are powerful tools in building F-structure
from a generating set.

Example 2.1.12

Let F,={idg} and Fy={idg}U{|-|}. Thus (I'F,, ®I'F,)=(C*(R), C*(R)) the
canonical F-structure on R. Also TF, =T ({idg}U{]| - |}) =T{idg} NT{| - |} =
CR){|-|}. Thus, TF CC>(R) and this inclusion involves curves. Hence the
canonical F-structure is coarser than (I'Fy, ®I'Fy) on R. Now ®I'F, O C*(R):
here we deal with functions therefore (I'Fy, ®T'Fy) is finer than the canonical TF-
structure. Finally, we have

BT F, =B(C*(R)ND| - |}) 2B(C=(R))UBL{| - [} > C=(R)

Remark 2.1.3

The structure functions set Fyr endowed with addition(+), multiplication(.) and
scalar multiplication(*) is a R-algebra. That is, let f,g € Fa, A € R, then
f+g, f-g, \xf € Fur Since the composition map, the evaluation map and insertion
map are smooth then (f+g), f-g and Axf are also smooth: (f+g)oc = foc+goc,
(f-g)oc=(foc)-(goc)and (Ax f)oc= Ax(foc) are smooth in the usual
sense, where ¢ € Cyy.

2.2 Topologies underlying an [F-space

Definition 2.2.1

Let (M, Cpr, Far) be an F-space, (C,F)=(C>®(R,R), (C*(R,R))) and g, re-
spectively, the canonical F-structure and the canonical topology on R. The topol-
ogy induced by Frr on M, where all structure functions are continuous, is denoted

by 77, =L (V) | V €, fordll f € Fu)}.

Definition 2.2.2
Let (M,Cyr, Far) be an F-space, (C,F)=(C*R,R),(C>*(R,R))) and g, re-
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spectively, the canonical F-structure and the canonical topology on R. The topol-
ogy induced by Cpr on M, where all structure curves are continuous, is denoted

by ¢, = {U | ¢ HU) € &, for all c € Cpr)}.

Definition 2.2.3 [17]

An F-space M, where Tr,, = 1¢,, is called a balanced space. M is Hausdorff if
Try, ond 1e,, are both Hausdorff. A compact Hausdorff balanced F-space is called
a base space.

It is known that the topology 7z, is Hausdorff if for any two distinct points
x,y € M, there is f € Fy; such that f(x) # f(y). Also, it is worth noticing
that each F-space can be associated to a Hausdorff space up to an equivalence
relation as in [60, 6]. Henceforth we will deal with F-spaces which are Hausdorff
by assumption. A topology containing a Hausdorff topology is itself Hausdorff. In
the sequel we only need to check whether 77, is Hausdorff and then conclude that
M is Hausdorff. The following lemma shows that 7z, is the weakest topology in
which structure curves and functions are continuous. We therefore shall refer to
it as the topology of a Frolicher spaces unless otherwise specified.

Lemma 2.2.1
The two natural topologies on an F-space satisfy the property 7, C Tc,,

Proof.

Let U € 77,,. That is, U = U f71(V), where V is an open set in R. Now, let
Fe€Fm

c€Cyr. Thus, c ' (U)=c"Y( U f1(v) = U (foc) ' (V)=W is an open set,
f€Fm Fe€Fm

as an union of open sets in R. Thus U is a 7¢,,-open set, and the conclusion

Try CTe,, follows. 0

We will see the worth of the construct we made in the following Lemma 2.2.2
in the proof of Proposition 2.2.1. The result was first stated by Dugmore [26],
where he constructed the function ¢ defined as follows:

1
et Lif t
o(t) _{ 0 ,if ¢
That is, ¢ is mapping (0, 4+00) onto (0,1) and (—o0,0] onto {0}. Thus ¢ is not
a bijection on the whole R in spite of being a bijection on (0, +oc) onto (0,1),

where ¢ : (0, +00) U (—00,0] — {0} U (0,1). We obtained here a good function
¢ that is smooth with smooth inverse in the usual sense.

0
0

IN V

Definition 2.2.4
Let (M,Cyr, Far) be a Frolicher and 7z, its topology. The set {f~1(0,1)}er,, s
a subbasis of Tr,, and each f~1(0,1) is a subbasic open set. [31, 20]
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Lemma 2.2.2
Let M be an F-space and R endowed with the canonical F-structure. Then:

1. The function ¢ : (0,+00) — R,t — @(t) = —t + 1+ and its inverse ¢p~' are
bijective and smooth in the usual sense.

2. For any g € Fy there exists a unique f: M — (0,4+00) such that f € Fy,
g=¢f and f = ¢~ g that is

\ g=9of R

Proof.

1. The function ¢ does a partition of domain and co-domain in the way below:

¢ :(0,+00) = (0,1) U[l,+0) — R =(0,+00)U (—o0,0]
t — ot)=—t+1
t— 0t — ¢(t) > +o0
0<t<l — 0<o(t) <40
t=1 — ¢(1)=0
l<t<4oo — —00<¢(t)<0
t— 400 — P(t) = —o0

¢ is continuous, and so are all its derivatives in the usual sense. It derivative
is ¢'(t) = —1— t% < 0 for any t € (0, +00). Thus, ¢ is monotonic decreasing
function. Its graph (curve) goes from +o0o to —oo for ¢ € (0,+00). All
derivatives of ¢ can be found out by the formula below:

&) _ (~1)!

pre T for n > 2.

o"(t)
For n = 2, dzngt) = % > 0forany ¢t € (0,+00). It follows that the curve
(graph) of ¢ is concave up. So the graph of ¢ is smooth (continuous without
kink). Now, for any t1,ts € (0,400), assume t; < ty then ¢(t1) > ¢(t2) ,
that is ¢; # ty implies ¢(t1) # ¢(t2). Thus, ¢ is injective. By horizontal
parallels; we can provide for any y € R, a unique ¢ € (0,+00) such that
y = ¢(t). Therefore ¢ is a bijection, which applies

(0,1) onto (0,+00) and [1,+00) onto (—o0,0]. (10)

The derivative of ¢~ : R — (0, +00) is defined such that t = ¢~'(y) if,
and only if y = ¢(t), that is ¢~ : y — t. Hence, the derivative is given by
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— —_ 2— f—
j—; = (E) if, and only if 2 W) — =(-1-%)'=(=H" 1+t2, which
is continuous on (0, +oo) It 1s clear that, by expressing ¢! in terms of v,

we will get ¢~ (y) = 3(—y + /y?> +4) whose the derivative with respect

to y is d%—z(y) =3(-1+ \/y—+) If we substitute y by =2 =+ in these two
- d’¢- ( ) 2
expressions we get the result computed before. Now, 5 = =
dy VP4
¢~ (y) 6y do(y) _ 24y’ 24 Po'(y) _ —120y° +6

Y

dyS \/mf) ’ dy4 \/m7 ) dyS \/m9
oo~ (y)  T20y" — 48y* — 1416

dy6 /—yz T 411
Although we are not able to give the general form of m¢+i(y) for n>2,
we can nevertheless draw the following features: the polynomial in the
numerator is of degree n — 2, the coefficient of his term of high degree is
(—1)"n! and the power of the denominator is 2n — 1. So its continuity is
straightforward in R. Therefore, ¢! is smooth in the usual sense as well.

g e

2. Let g€ Fu, ¢ as defined above. Then, there exits a unique f: M — (0, +00)
such that feFy, f=¢'g and g = ¢f. (11)

Furthermore, (10) and (11) yield qb(() 1)=(
Thus, g7'(0,400) =g~ "(4(0,1)) = f~"(¢7(
built a double leeCtIOIl Fu—Fu and {97!

0, +00) and ng 10, +00)=(0,1).
#(0,1)))=f"10,1). We have
(O’ )}QE-FM - {fil(oa 1)}f6.7:M

such that g«— f=¢"'g and ¢ '(0,+00) = f71(0,1). O (12)

Proposition 2.2.1
Let M be an F-space and R endowed with the canonical F-structure. The family
B ={g7%0,400)}ger,, is a basis for 7z, that is each g~*(0,400) is a Tx,,-basic

open set. Furthermore, f~1(0,1) is a 7x,,-basic open set while ﬂ f710,1) is a
i=1
Tr,, -basic open set.

Proof.

From Equations (10), (11) and (12) it follows that {g~'(0, +00) },ex,, is a subba-
sis of 7, that is it generates 77,,. With respect to the definition of a basis for
a topology, we need now to prove the closeness of the given family under finite
intersection. Without loss of generality, we assume n =2, and let g1, gs € Fyy.
Then U; = g; (0, +00) and Uy = g; *(0, +00) are arbitrary elements of B. Now,
from (11) and (12) there exist smooth maps fi, fo : M — (0,4+00) such that
g7 40, +00) = f71(0,1) and ¢, '(0,4+00) = f,1(0,1). Let € Uy NU. Tt fol-
lows that = € f;71(0,1) and z € f,(0,1) that is fi(z) € (0,1), fo(z) € (0,1).
From Remarks 2.1.3: there exists f3 = f1-fo : UyNUs — (0,1) such that
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0< fi(z) <1land 0 < fo(z) < 1. Hence 0 < fi(x)fo(x) < 1. Thus f3(x) € (0,1)
and f3: M — (0 +00) is smooth. Therefore, there exists g3 € F); such that
93 1(0,400) = f31(0,1). Tt follows that = € g3'(0,+00), that is, Uy NUy C

93 1(0,400). For any x € g3'(0,4+00) = f3(0,1), gs(x) € (0,+00). Again,
fi- fo(z) = fi(z) f2(x) € (0,1), where gi(z) € (0,+00) and ga2(x) € (0,+00). In
the sequel z € g; (0, +00) =U; and z € g, (0, +00) =Us. Equivalently x €U NUs.
It yields g5 ' (0, +00) CUNUy. We have proved that g; (0, +00)Ngy ' (0, +00) =
93 1(0,400). From then on, we can extend the process to a general n by in-
duction, and then conclude that B is a basis. That is, each ¢g~!(0,+00) is a
7r,,-basic open set. Now, with respect to Equation (12), it follows that f~1(0, 1)
is a 7,,-basic open set for each f€Fy;. As a basis is closed under finite intersec-

tion, it follows: () f;*(0,1) =[)g; (0, +00) = h~'(0,1) = k~*(0, +00), where
=1 =1
ﬂf 70,1) , () (0,+00)=k7(0, +00), with h, k € Fy satisfying

i=1

Equatlon (12). O

In what follows we recall the characterization of open sets in terms of basis and
subbasis in 7£,,. After that we give some examples of Frolicher topologies.

Lemma 2.2.3
Let B={f71(0,+00) | f€Fn}. B is a1, -basis if, and only if for each U €,
and each x €U, there is V € B such that x€V CU.

Proof.
"=" Let B = {f (0, +oo) | f € Fu} be a 7, -basis. For each U € 7x,,, let

xr €U. Then x € U f71(0,4+00). Hence there exists an f € Fy such that

f€EFMm
r€V=f"1(0,400). Since U= | J f7(0,+00), then z€V CU and V € B.
feFm
?«” This is obvious. 4

Corollary 2.2.1
U is a Tr,-open set if, and only if for each x €U, there is f~1(0,400), where
fE€Fu, such that x€ f~1(0, +o00) CU= U 710, +00).

feFum

Example 2.2.1

Let (R™,C,F) be the canonical F-space. The topology Ty, coincides with the
Euclidean topology, which is in turn equal to the Cartesian topology. Tr,, = Tc,,
since R™ is a differentiable manifold with the canonical F-structure. Thus M 1is
a balanced space. [19]

Example 2.2.2
Let (Q,Cq, Fqg) be as in Example 2.1.7, that is, where the generating set is the
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set of constant curves then Co={c:R—Q]|c is constant } and Fo=R2. Let c be
any structure curve. It follows that ¢ {(Q)=R, ¢ (@) =0 for S=Q and S=10
respectively. Now for any S €P(Q), such that 0&S&Q,

c1(S) = 0 : forallteRc(t)=a¢ S
“|R : forallteRc(t)=acS

since c(c1(S))=SNc(R)=SN{a}, where ¢(R)={a}. This intersection yields the

situation below:
o c(c71(9))=0 whenever a=c(t)& S that is c(t)=a€Q — S
o c(c7(S))={a} whenever a=c(t)€S.

It follows that ¢c'(a) = ¢™*(S) = R whenever a € S or ¢ '(a) = c 1 (Q — 9) =
R whenever a €Q — S. Thus R=c"1(Q) — ¢ }(S)=R — ¢ }(S). Since open sets
in 7¢, are those subsets S € P(Q) such that ¢=(S) is an open set in R for an
arbitrary c€Cq. But in this case ¢ '(S)=0e7r. One concludes that 7c,=P(Q),
that is, a discrete topology. Recalling the inclusion 75, C 1¢, = P(Q), where
Fo=RU. It follows that for each x in Q, there exists a unique structure curve c,
such that c,(t)=xz and (foc,)(t)=f(ca(t))=f(z) for all teR and f€Fgy. Thus
focy is also constant. For any S where 0 &S & Q, there exists f € Fo such that f
is constant on S and taking its unique value in (0,+00), but f applies Q — S into
(—00,0]. Thus, S=f~1(0,400) €Tx,. So, each subset of Q is Tx,-open set, since
0 and Q are open sets for any topology on Q. Hence 15, =P(Q)=1¢, that is Q
s a balanced space. Furthermore, Q is a base space with the given F-structure.

Example 2.2.3

Let (R,Cgr, Fr) be as in Example 2.1.11, that is, where the generating set is the
set of constant curves and Fr = R®. By a similar reasoning as in Ezample 2.2.2,
we are dealing here with a discrete topology, a balanced space and a base space.

Example 2.2.4 [4§]

In R? each open ball can be inscribed in an open regular polygon and conversely.
The family B of all open balls forms a basis for the usual topology on R?, say
T3 . But 75 = T, = Tc,. T hus, the basis B is equivalent to the basis
{f7Y0,4+00) | f € Fge} since the topologies they generate are equal. Let P be
the family of all open regular polygons of the same kind (that is equilateral tri-
angles, or squares, or pentagons, or hexagons, or ...). Thus P is a subbasis
generating a certain topology Tp. Hence, P is a basis for the topology 7p. Now,
by Lemma 2.2.3, each U € T is U is a union of some open balls. It follows that
for each x € U, there is V € P such that x € V C U that is x belongs also to an
open ball of center x, which contains the polygon V and is one of the factors of
the union which yields U. Therefore, Tg C Tp. From the first statement of this
example, we can say that Tp C 1. Therefore Tg = Tp = TFyy = TCya- Hence
P, B and {f71(0,400) | f € Fre} are equivalent bases. These concepts can be
generalized for any n, to R™, with open balls and open regular polytopes.
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Example 2.2.5 [4§]

Let S be a family of all open intervals (a,+o0), (—o0,b), where a,b € R and
a<b. We are interested in the finite intersections of these intervals. Let n be 2,
then (a,4+00)N(—00,b)=(a,b). But all open intervals form a basis for the usual
topology on R. Thus, each finite intersection of elements of S is a T-basic open.
That is, S is a subbasis for the usual topology on R.

2.3 Smooth maps between [F-spaces

Definition 2.3.1

Let (M,Cyr, Fuar), and (N,Cy, Fn) be two F-spaces. A map ¢ : M — N s called
a smooth map if Fy o C Fur that is go p € Fpy whenever g € Fn. The smooth
map @ is also called a map of F-spaces or an F-smooth map.

From generating set of [F-structure, the smoothness of ¢ reads F,y o C Fyy,
that is g o ¢ € F, ) whenever g € F,n, where F, and F,,; generate the [F-
structures on N and M respectively. Recall that an F-structure involves smooth
functions as well as smooth curves, we can state below the smoothness of ¢
in terms of smooth curves. We give these characterizations without proofs, for
details see [6]. We will denote by C*°(M,N) :={¢ : M — N | ¢ is F—smooth}
the set of all smooth maps of F-spaces M and N.

Lemma 2.3.1

The following statements are equivalent:

¢ 1s a smooth map of F-spaces (M,Cpr, Far)and (N,Cn, Fn).

pwoCy C Cy (or poCop C Con) that is ¢ o ¢ € Cy whenever ¢ € Cy (or
pocé€CC,n whenever c € C,yr, where C,n and C,pp generate the F-structures on
N and M respectively).

FnopoCy C C®(R,R) that is fopoc € C®(R,R) for each f € Fn and c € Cyy.

Corollary 2.3.1
Let M, N be two F-spaces. Let p € C°(M,N) and 0 € C*°(N,P). Then oy €
(M, P).

Proof.

¢ and 6 are smooth by assumption. That is, for every ¢ € Cp, ¢ 0c € Cy
and for every h € Fp, hof € Fy. Thus for every h € Fp and every ¢ € Cyy,
(hof)o(poc) € FyoCy, thatis ho (fop)oce C®°(R,R). Therefore 6 o ¢ is
F-smooth by Lemma 2.3.1. U

Corollary 2.3.2

Let M, N, P be F-spaces. Assume ¢ : M — N 1is a set map and 6 : N — P an
F-smooth map. Then ¢ is an F-smooth map if, and only if 8 o ¢ is an F-smooth
map.
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Proof.

"—" Assume ¢ F-smooth map. But 6 is F-smooth by assumption. Thus, by
Corollary 2.3.1, 6 o ¢ is F-smooth as a composition of F-smooth maps.

7«=" Assume that ¢ is not F-smooth, but # and 6 o ¢ are F-smooth maps.
It follows from Lemma 2.3.1 that there exists ¢ € Cy such that p o ¢ Cn
and from Definition 2.3.1 for every h € Fp, that ho 6§ € Fy. These yield
(hof)o(pocd) ¢ C*(R,R). But, for every ¢ € Cpy and h € Fp, (hof)o(poc) =
ho(fop)oce C®(R,R) since f o ¢ is F-smooth. That is a contradiction with
the particular ¢ € Cy;. Thus ¢ is F-smooth. 0

Lemma 2.3.2
Let M, N be F-spaces and ¢ : M — N a set map. The following properties are
equivalent.

1. ¢ is a smooth map of F-spaces
2. the inverse image by ¢ of each closed set in N is a closed set in M.

3. If geFn and g *(0,1) is 7x,-subbasic (Try-basic ) open set in N
then o Y(g7%(0,1)) is T, -subbasic ( Tx, -basic ) open set in M.

4. For each p € M and each open neighborhood W) of ¢(p) in N, there
exists an open neighborhood V,, of p in M such that p(V,) C W.

5. The inverse 1mage by ¢ of each Tr, -open set in N is a Tr,,-open set in M.

Proof.

(1) = (3) Assume ¢ F-smooth, that is, for every g € Fy, go ¢ € Fy. It
follows that there exists f € Fj such that go ¢ = f. Thus ¢ 1(¢71(0,1)) =
(go ) 1(0,1) = f71(0,1). We know that g~'(0,1) and f~1(0,1) are subbasic
open sets. Hence the inverse image of each subbasic open set by an F-smooth
map is a subbasic open set. The basic open set case can be proved in a similar
way.

(3) = (4) Assume (3) true. And let p be any element in M and W, any
neighborhood of ¢(p) in N. For some functions ¢;j running through Fy, gigl(O, 1)

n

are subbasic open sets so that W, = U[ﬂ[gigl(o, D). Now ¢ (W) =

il j=1
n

U[ﬂ[gpflg;(o, 1)]]. From (3) and Proposition 2.2.1, ¢~ (W,(,)) = V}, is a union
iel j=1

of basic open sets containing p and then it is an open neighborhood of p in M. The
existence of V}, is proved. In order to complete the proof we apply ¢ to both sides
and this yields ¢(V,) =pp ' (W) =Wep Ne(M). As required p(V,) CWep).

(4) = (2) Assume (4) true and let W, = U[ﬂ[gi—jl((), 1)]] for some g;; € Fu.

iel j=1
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It follows that N =W, = N—U[ﬂ [9;;'(0,1)]] is 77, -closed set in N. Therefore,

i€l j=1

TN = W) =7 (N) = ¢ (W) =M — I ﬂ ™95 (0, 1)]] =M — V, is

el j=1
closed set in M for 7,,. Hence the inverse image of each 7£,-closed set in N, by

@, is a 7x,,-closed set in M.

(2) = (5) Assume (2) true, that is, 7' (F) is a 75,,-closed set in M whenever
Fis a 7x,-closed set in N. It follows that &/ = N — F'is an open set in N. Thus,
e U)=¢ ' (N)—p Y (F)=M —¢ (F) is an open set in M as the complement
of a closed set o }(F).

(5) = (1) Assume (5) true that is ¢='(g7'(0,+00)) is an open set in M for
some g€ Fy. Then, there is an basic open set h=1(0, +00), for some h € Fy; such
that ¢~ 1(¢g7(0, +00)) Dh™1(0, +00). But a basis {f71(0, +00) | f € Far} is closed
under finite intersection, so there exists some k;, € Fy; such that h=1(0, +00) C

ki_ol(O, +00) and ¢~ 1(g71 ﬂ kit ). Therefore there exists f € Fy

such that ¢~1(g71(0, +00)) = f~1(0, +oo), that is gop = f. Equivalently gop € Fy,
that is, ¢ is smooth. O
The inverse image of a subbasic (basic) open set is not necessarily a subbasic

(basic) open set in the general topology. We need to know the topological nature
of the set formed by ¢~'(g71(0, +00)) for all g € Fy.

Corollary 2.3.3
Let o : M — N be a smooth map of F-spaces. Then

1. The family {¢1(g71(0,+00)) | g € Fn} is a basis for the topology
TFnop C Try-

2. If v is an F-diffeomorphism, then

e o induces an isomorphism of rings Fn — Fur such that
g—gop=¢(9).
o {7 Hg7H0,4+00)) | g € Fn} and {f1(0,+00) | f € Fu} are in bi-

jective correspondence.

® Tryop = TFy
Proof.

1. Any family of subsets of M generates a unique, smallest topology containing
it. So the family {p~(g7%(0,+00))| g€ Fy} is a subbasis for the topology
denoted by Tx,q, containing it. Since {g7(0,400) | g€ Fyn} forms an open
covering of N then a covering of M is given by {¢'(¢71(0,+0))|g €
Fn}. We need to show that this covering is closed under finite intersection.
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In order to avoid a cumbersome manipulation of indices, without loss of
generality, we restrict ourself to n = 2. So for any g1, go € Fu, there exists
gs € Fn such that o~ (g;(0, +00)) N~ (g5 1 (0, +00)) =~ (g7 (0, +00) N
g5 (0, +00)) =1 (g5 (0, +00)) since {g*(0, +00) | g€ Fn} is closed under
finite intersection. The general case on n follows the foregoing by induction
process. Hence {¢ ™ (g7(0,400)) | g€ Fn} is a basis for the topology Ty,
on M. The smoothness of ¢ implies that gop € Fj; and the forward
consequence is that (gog)~1(0,+00) = Uf (0, 400) for some f running
through Fy;. Thus (gog) 1(0,+00) D f71(0,+00), where f is a one of
the mentioned f € Fj); above. From the equivalence of bases, we obtain
Tqup C 7']:M .

2. Since gop = f and ¢ is an F-diffeomorphism, we have g= fop~!. Thus,

e g— ¢*(g) =gopand f— (o H*(f) = fop ! are inverse of each
other. Furthermore ¢*(g+h) = ¢*(g9)+¢*(h) and ¢*(gh) = ©*(9)¢*(h)
show that * is an isomorphism of rings, that is Fy =~ F.

e To each g corresponds a unique f and conversely. Hence, there is
a bijective correspondence between {¢~*(g7'(0,4+00)) | g € Fn} and
{f710,+00) | f € Fur}-

e It is easy to conclude that 7,0, = 77, U

Corollary 2.3.4
Let mg be the canonical topology on R. If ¢ is a smooth map of F-spaces then
is continuous in both 1¢,, and Tr,,.

Proof.

Recall that the topologies above are given by 7¢,, = {U C M | ¢ ' (U) € T, for
all ceCy}, and ¢y ={V C N | d}(V) € 1, for all d € Cy}. Note that 7 is
the standard topology of the real line. Assume that ¢ is an Fj/-smooth map,
that is, poc=d € Cy for all c € Cp;. Now, let V C N be such that V € 7¢,.
We have d™1(V) = (p o c)(V)=c (¢ *(V)) is an open set in R. Hence o~ (V)
is a 7¢,,-open set in M. Thus ¢ is a 7¢,,-7T¢,-continuous map. Also, assume
U C N be such that U € 7£,. It follows that ¢/ is an arbitrary union of a finite

intersection of subbasic open sets in 7£,. That is, U = U ﬂ gf1 0,1)], where
i€l j=1
gi; € Fn. Now we need to show that gp’ Y(U) is a T5,,-open Set in M since we have

p U Uﬂg‘101 Uﬂso (9;;)(0,1) Uﬂgmow (0,1) =

iel j=1 el j=1 iel j=1

U m fi;1(0,1), where f;; € Fyr. Hence o' (U) is a 7,,-open set in M. Thus ¢
i€l j=1
is a Tr,,-TFy-continuous map. U

This corollary was proved in [17] using functions of compact support. Here we
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use the natural setting of F-spaces. Note that the continuity of ¢ does not imply

its smoothness. For, let ¢ be continuous, that is, ! (U) is a 7x,,-open set in M

with U a 7£,-open set in N. For some functions g € Fy, U = U g (0, +0),
9€FN

thus ! U 0 g0, +00)) = U (go) (0, 400). Hence the existence

9geEFN geEFN
of f =goy € Fy is not granted.

Lemma 2.3.3
Let ¢ : M — N be a set map of F-spaces. If (U;)ier s a Tc,,-open covering of M
such that for any i, the restriction of p to U; is smooth then y is smooth.

Proof.
See in [17]. O

Definition 2.3.2

Let ¢ : M — N be a smooth map of F-spaces. ¢ is open map if o(U) is a Tx,-
open set in N whenever U is a Tx,,-open set in M. ¢ is closed map if o(F) is a
Try-closed set in N whenever F is a Tr,,-closed in M.

Lemma 2.3.4
Let o : M — N be a set map of F-spaces. Then the following are equivalent:

1. p is an open map.
2. For any f € Far o sends each f~1(0,4+00) to a 7r,-open set in N.
3. For any S C M o(Int(S)) C Int(e(9)).

4. If p e M and U, C M is an open neighborhood in M at p, then there exists
W € @Uy) such that Wy is an open neighborhood in N at ¢(p).

Proof.
(1) = (2) Let f71(0,+0c0) be a 7x,,-basic open set, then p(f~1(0,+00)) is an
open set in N since f~1(0,+00) is a 7x,,-open set in M and ¢ is an open map by
assumption.
(2) = (3) Let SC M be asubset of M. It follows that Int(S)= U 710, +00)
fEfM
since Int(S) is 7#,,-open set in M. Hence, p(Int(S U o(f 710, +00)) C
f€FMm
©(S) by applying ¢ to both sides of the latter equality yields. From (2) above,
©(Int(S)) is Txy-open set in N. But Int(e(S)) is the largest open set in ¢(.5).
Hence o(Int(S)) C Int(p(9)).
(3) = (4) Let pe M and U, C M be an open neighborhood in M at p. Assume
o(Int(U,)) C Int(pU,)) from (3). Furthermore Int(U,)=U, since U, is open set.
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It follows that ¢ (U,) C Int(p(U,)) in the one hand. But Int(¢(U,)) Cp(U,) in the
other hand, thus ¢(U,)=1Int(¢(U,)), by the definition of an interior. Therefore
Wgo(p) = Int@(“p) - @(up)

(4) = (1) ¢(U,)=Inte(U,) implies that p(U,) is an open set. And so ¢ is an
open map. ]

Example 2.3.1

Let S C R x R defined by S = {(z,y) |2y = 1} = {(z,y)|y = 1 and = # 0}
and m : R X R — R the first canonical projection. That is, m(z,y) = x with
x # 0. The subset {0} is a closed set in the canonical topology on R. Therefore
m(S) = {x|x # 0} =R — {0} is an open set. Hence, the map ¢ : R xR — R
such that (z,y) = xy is F-smooth with respect to the canonical structures on R?
and R. For, let ¢ € Cge then for allt € R, c(t) = (c1(t), ca(t)), where ¢; are smooth
functions on R and we have (poc)(t) = p(c1(t), ca(t)) = c1(t) - ca(t) = (c1-c)(2).
Thus poc € C*(R,R). Hence, o {1} = {(z,y) € R? | p(z,y) =1} = {(z,y) €
R?|zy = 1} = S. It follows that S is closed set, since {1} is closed set in R. One
can observes that the image of a closed set S by m is an open set R — {0}, that
18, ™ 1S not a closed map.

Corollary 2.3.5
If f: M — R is a structure function on an F-space M, then f~1(0) is a 7r,, -
closed set in M if and only if f~'({t|t # 0}) is a 7x,,-open set in M.

Proof.

Each structure function is continuous in 7z,,. This ends the proof. Because that
is a property satisfied by each real-valued continuous function on a topological
space. So f € Fy does. O

A map can be closed or open without being smooth or continuous.

2.4 Category of F-spaces

The Sections 2.1, 2.2, and 2.3 provided the material for the construction of the
category FRL of F-spaces, where the Objects are F -spaces and the Morphisms
are F-smooth maps. Its study was initiated by Alfred Frolicher [30] and pursued
by [31, 44] during the passed decades. It was enriched by the contribution of oth-
ers researchers, among them we can name [18, 19, 20, 21, 8, 22, 17, 62] . This
category is a full subcategory ( [18, 19, 22] ) of the category of differential spaces
in the sense of Sikorsky. The main properties brought out in the literature are the
following. The category is known to be Cartesian closed ( [30, 31, 44, 19, 22]
) in the sense that C'°(M, N) can be endowed in a canonical way with an F-
structure. Another important feature is that the category FRL is topological
over set ( [31, 18, 19, 20] ). That is, the forgetful functor U : FRL — SETS
is faithful and topological. Equivalently, this means that FRL behaves as the
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category of topological spaces. That is, objects are constructed in SE7S and
then are endowed with an F-structure. Therefore, FRL has all limits and col-
imits lifted from the category SETS of sets and set maps. A category having
limits and colimits is called complete and cocomplete ( [31, 44, 18, 6, 62] ).
The straightforward consequence is the existence of initial objects (with initial F-
structure: product, subspace, ...) and also the existence of final objects (with final
F-structure: co-product, quotient,...) in FRL ( [31, 18, 19, 8, 22, 6] ). In [19]
it is noticed the existence of coequalizer and in [20] the existence of the equalizer.
We will restrict ourself in this dissertation to the study of subobject, product,
coproduct and quotient in FRL because our work lies on these concepts. We
are going to recall briefly their constructions. For more about the construction
of final and initial objects in FRL we refer the reader to the detailed references
above. Our contribution concerns a topological study of these objects in Sections
2.5 through 2.8.

2.5 [F-Subspaces

In what follows an F-space is an initial object obtained by lifting process of
the subobject S of an object M in SETS to the category FRL. Let F,y be
the set that generates the F-structure (Cps, Fpr) on M. Let S € M. The F-
structure on Sgenerated by tg : S < M, the canonical inclusion. For this
purpose, let Fo5 = {fis|fis = fots, f € Fom} = Fomots = t5Fon = Fourys
be a set generating the F-structure on S. The structure curves set is given
below with respect to the compatibility condition. Cs =T'F, ={c':R — S| fiso
¢ € C*(R) for all fig € F,s} or eqgivalently Cg = {¢ : R — S| fo(tgoc) €
C>®(R) forall feFout={c:R— S|igod € Cy}. Also the following holds:
Cs ={cd:R—S|d(R)CS}. The compatibility condition yields the structure
functions set as follows. Fg = ®Cs = {f': S =R | ffod € C®(R) forall ¢ €
Cs} or equivalently Fg = {f' : S = R | f o € C*[R), d(R) C S}. Also
the following holds: Fg = {f' : S — R | f/(¢(R)) C f'(S)}. It follows that
Frots C Fg. Therefore, Fg is not the restriction of Fj; on S. That is the case
when S is open or closed set. Hence tg is smooth if, and only if 15 0 Cs C Cy; if,
and only if Fy; o1g C Fgs.

Definition 2.5.1

The F-space (S,I'F,s,PT'F,5) = (S5,Cs, Fs) is the F-subspace of (M,Chr, Far).
Also the pair (Cs, Fg) is called the initial F-structure on S induced by (Car, Far),
making Ls a smooth map.

Every subset S of an F-space M is canonically an F-subspace with respect to the
construction of the F-structure on S done above.

Definition 2.5.2
The topologies Tr, and Tc, induced on S respectively by smooth functions and
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curves are called F-topologies on S and S is an F-topological subspace of M or F-
subspace for short. That is the topologies, where all smooth functions and smooth
curves are continuous.

Definition 2.5.3
Let (M,Cyr, Far) be an F-space and SC M. The collections {g=(0,1) | g € Fs}
and {g7(0,+00) | g € Fs} are subbasis and basis for Try, respectively.

The family {¢'(0,1) | g € Fs} is basis for 7z, with respect the definition of
a subbasis. It is easy to show that 7r, C 7¢, holds on F-subspaces. In effect,
let g € Fs, I € 75, we have g7 '(I) € 7r,. Also, if U € 1, and d € Cg,
then d~'(U) € 1¢, = 77,. Now, d (g7 (1)) = (god) '(I) € 170, = T, since
(god) € Fr = Cgr. Therefore, g~*(I) € 7¢g4, Trs C Tcg as required. We want
to show S carries another topology as an F-subspace of M, that is, the trace
topology or the relative topology.

Definition 2.5.4

Let 75, (S)={S"U | U eTx,} and 1¢,,(S)={S"U | U1, } be the topologies
defined on S. They are called the trace topologies or relative topologies. That is,
the topologies on S for which an open (closed) set in S is the trace on S of any
open (closed) set in M for T, or 1c,, with respect to the context.

In what follows some results are standard and their proofs are in the literature
of general topology. However, we decided to redo them, but in Frolicher space
setting, and provide in a self-contained manner the concepts and main results of
point-set topology in the setting of Frolicher spaces. Hence, it will be easy to
introduce new smooth objects as products, coproducts, quotients, pseudoman-
ifolds and subpseudomanifolds. In the next lemma, we will confirm that the
usual results known from general topology hold true in the setting of F-spaces.
That is, the natural inclusion map is continuous, basis and subbasis are naturally
characterized with respect to the trace topology of 77, on S.

Lemma 2.5.1

Let M be a F-space, S C M a subset and f € Fur. Then SN f71(0,400) is
77, (S)-basic open set in S, SN f71(0,1) is 7£,,(S)-subbasis open set in S and
Ls is continuous in Tx,, (S).

Proof.
For the first assertion, consider the topology 7x,,(S) on S. Thus, an open set is of
the form SNV, where V is any 7z,,-open set in M that is V = U 710, 4+00).
f€Fm
It follows that SNV = Sn( | f7(0,400)) = |J SNf(0,+00). It re-
FEFMm feFum
mains to show that the family {SN f~1(0,400)|f € Fu} is closed under fi-

nite intersections. Let us index f &€ F); by a finite number of indexes such that
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the subset {f;(0,400)|1 < i < n} C Fuy} is a finite set of 7x,,-basic open
sets. Now, recall that the collection {f~1(0,+o00)|f € Fur} 1is closed under

finite intersections. Thus, we have ﬂfi_l((),—i-oo) =g (0, +00) with g € Fy.

i=1
Therefore, SN f;1(0,+00) is a member of the family {S N f~1(0,4+00)|f €
F. M} We can show that this famlly is also closed under finite intersections since

ﬂ(Sﬂf (0, =5Sn( ﬂf (0,4+00)) =5 N g (0, +oo) is also a member

=1
of {Sn f~Y0, —i—oo)\fe]—"M} Hence, {SNf71(0,4+00) | f € Far} is a basis for
77, (S). That is, SN f1(0,+00) is a 7, (S)-basic open set in S. For the sec-

ond assertion, let V € 7x,,. That is, V = U ﬂfigl((), 1), where f;; € Fy and

jeJi=1
SOV ez, (). It follows that SNV =S| J () £;'(0. D)= JI\(Snf;' (0, 1)].
jedi=1 jeJ i=1

Therefore, ﬂ(Sﬂf{l(O, 1)) is a 7z, (S)-basic open set. So SN f;(0,1) is a
i=1
77, (S)-subbasic open set. Below, we will prove the continuity of ¢ with respect
to basis and subbasis respectively. First of all, we recall that tg should be contin-
uous if, and only if for every U € 7£,,, 15" (U) € 7#,,(S) if, and only if the inverse
image of each member of a subbasis (basis) of 7x,, is a member of a subbasis
(basis) in S. Now, since tg is injective, thus we have 13'(U) = S NU, where
Uer,. So, ig'(U) € 75, (S). From the first characterization of the continuity
of 1g above, one can conclude that tg is continuous. Using the second character-
ization above we get 1" (f~1(0,4+00)) since ¢ is injective, and ' (f (0, +0))
are members of 7£,,(5). With respect to two first assertions above in this lemma
we have 15 (f71(0,4+00)) = SN f71(0, +oc) and 15 (f~1(0,1)) are 7£,,(S)-basic
open set and 7z, (S)-subbasic open sets respectively. Thus ¢g is continuous. [

Lemma 2.5.2 : Transitivity principle

Let P and N be F-subspaces of a F-space M such that P C N C M. If P and
N are endowed with the trace topologies Tx, (P)) inherited from N and 7x,,(N))
inherited from M, then P is also endowed with the trace topology Tx,,(P).

Proof.

Let W € £, (P). Thus W = PNV, where V € 7£,,(N), that is, V= NNU with
U e Tr,,. Therefore W= PNV = PN(NMU) = (PNN)U = Prid, since PC N. Hence
W € tg,, (P). This is a result of general topology: the subspace of a subspace is a
subspace of the entire space. O

We want to characterize open and closed sets in the trace topologie.

Lemma 2.5.3
Let 7x,,(S) be the trace topology on an F-subspace S of an F-space M. LetU C S
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with U a 7x,,(S)-open (closed) set. Then S is a Tx,-open (closed) set if, and
only if U is a Tx,,-open (closed) set.

Proof.

1. Open case:
"=" Let U be a 7,,(S5)-open set and S a 7z,,-open set. On the one hand,
this implies that U = U(Sﬁf{l(o, +oo)):Sﬂ(U(f[1(0, +00))) for some
i€l iel
functions f; € Fy, and S = U(g;l((), +00), g; € Fy on the other hand.
jeJ
Putting all these together yields U = [U(gj_l((), +oo))]ﬂ[U(fi_1(0, +00))] =
jeJ el

U [(g;1(0,400)) N (f;1(0, +00))]. It follows that U = U (0, +00)]
(Ji)eJxI keK
with K = Jx I and {f~'(0,+00)|f € Fu} is closed under finite inter-
sections. This yields (h;'(0,+00)) = (gj_l(O, +00)) N (f;1(0, 4+00)). Hence
Ucrtr,. That is, U is a 75,,-open set in M.
7<=" Let U be both a 7z, (5)-open set and a 7z,,-open set. We need
to show that S is a 7£,,-open set in M. We have U = U(gj_l(O, +00))

jed
and U(gj_l(O, +00)) CS. Thus, there is g; € Fy such that gj_l(O, +o0)CS.
jeJ

That is, S contains a 7x,,-basic open set. So from Corollary 2.2.1, S is a
Tr,,-open set in M.

2. Closed case:
"=" We have by assumption: U C S a 7z, (5)-closed set and S C M a
Try-closed set. This implies U = SN[M —J,; 7 '(0,400)] and S =

M~ Jg;(0,+00), with f;, g; € Fas. This yields U =[M—| | g;* (0, +o0)]N

jet jer
(M —U £,71(0,4+00)]. Equivalently, with respect to De Morgans Laws we
iel
obtain U:M—[(U gj_l( Uf (0,+00))]. Thus U is obviously
jeJ el

a closed set in 7z, as the complement of an open set in M.

7«<=" By assumptions the subspace S is a 7z, (S5)-closed set and U is
both 7£,,(5)-closed set and 7x,,-closed set. The deal is to show that S
is 7f,,-closed set. But, as a complement of an open set in 77, U = M —

U(fl-_l((), +00)) C S C M for some f; € Fy. Therefore, The ideal situation
il

we can expect is one where ¢/ = S and thus S should be closed in 7£,,.
Assume Z/I be a TfM (S)-closed set. Then there exists a closed set V =

M~U ) € T, that is, U = Sh(M«U 1(0, +00))). It follows

i€l el
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that U = (SNM)— SmU )] Also U =5-[Sn_J(£(0, +00)))].
’LEI el
Finally, U = S — U 0,4+00). Let 0 = U(fi—l(o, +0)) € 7£,. It
el el
follows thatd = S — () = S. Hence S is closed in 7z, since U is closed by
assumptions. O

Corollary 2.5.1 : Chain of open (closed) sets & C S C M.
If U is a7r,, (S)-open (closed) set and S is a Tx,,-open (closed) set then U is a
Tr, -open (closed) set.

Proof.

It is straightforward consequence of Lemma 2.5.3 in (1) open case and (2) closed
case for "=". g
Lemma 2.5.4

Let S C M, M an F-space, and T any topology on M making the inclusion map
Lg S — M continuous. Then s is an open (closed) map if, and only if S is an
open (closed) set in M for the given topology T.

Proof.
=" Since tg is smooth (so continuous) map from the subobject (S5, Cg, Fs) to
, thus it maps back a member of a basis of (M, Cys, Fpr) to a member of a basis

of (S, Cs,fs). That iS,
t5' (f7H(0, +00)) = (f 0 15) 71 (0, +00) = fi5'(0, +00).

But g is an open map by assumption, thus Ls(flgl (0,+00)) is an open set in 7x,,.
It follows that

L3 Y = |J 500, +00) (13)

fE€FNM) fEFM)

and also
' (M)=SNM=258 (14)

It follows from (13) and (14) that S= U f_1|s(0, +00). Hence, S € 7£,, C 7¢,,-
feF

7«<=" Let S be open set in M for 7,,. From Corollary 2.5.1, for any 7£,,(S)-open

setU in S, U is also 7,,-open set in M, that is, U = U [SWU fi:1(0,4+00))], where
teT el

(U f71(0,+00)) are T£-open sets in M. But, S = U h1(0,+00) for h; €

iel jeJ

Fu is a 7x,,-open set. Putting all together yields U = U[(U h; (0, 400))N

teT jeJ
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(U f:1(0, +00))] = U[ U (h;1(0,400) N fi1(0,400))]. It follows that U =
el teT (ju)edxI

U[ U 9;it (0, +00)]. Thus, U = U 9;it (0, +00). The result above fol-
teT (ju)eJxI (J,i,t)eJxXIXT

lows from set theoretical properties of | J, N and the closeness property of the
basis under finite intersection. So we have proved that, for an arbitrary ¢ that
is 7£,,(S)-open set in S, U is 7x,,-open as well. But U = 1g(U). Thus g is an
open map.

The proof of the closed case holds in the same way. O
We would like to compare F-subspace topologies and the trace topology.

Proposition 2.5.1
Let S be an F-subspace of an F-space M. Then 7,,(S) C T, C Tey and Tx,,(S)
is the smallest topology on S for which vs is continuous.

Proof.
For the first statement we let U € 7£,,(S). Thus U =5NV = U(Sﬂf{l(o, +00))
icl
with V' € 7,,. This lies on the definition of the trace topolog3€7 and with respect
to Lemma 2.5.1. Thus, U = U (ts' (F71(0, +00))) = U (fots) (0, 4+00) =
Je€Fm fe€Fm

U (f_l‘s((), +00)) € T£y. Since Firs C fis. Therefore, we have proved that
f€FM
Try (S) C Trg. But 7£, C 7¢, holds true for the Frolicher topologies. Thus,
Try (S) C Try C 7¢y. For the second statement we let V' € 7, (S5) and 7 is any
topology on S, where ¢ is continuous. These assumptions yield the following sit-
uation in S: V =SNU such that U € 7#,, by definition of 7£,,(S) and (5" (U) €T,
since vg is continuous for 7. So, by the injectivity of tg, 15" (U)=SU=V. Hence
Ver and 7, (S) C7 that is 7£,,(S5) is the smallest topology on S for which ¢g
is continuous. U

Proposition 2.5.2
Let (M,C,F) be an F-space and S C M such that s : S — M s injective. If
Sertg,, then e, =75, (S). Also, if Sec,,, then ¢, =1¢,,(S)

Proof.
First of all we assume U € 7, that is U = U (f-_1|s(0, +00)), where f; ' € Fa.

iel
Since S is open and then tg is an open map with respect to Lemma 2.5.4.
It follows that 77, C 7£,(S), as U = 15" 15(U) = Lgl[U Ls(f_lw((), +00))] =

)

Lgl[U £7H0, +00)] = U[Lgl( £740,400))]. Thus, U = U[S N £7H0, +00)] €

77y, (S). The required equality follows as the reverse inclusion 7x,,(S5) C 7, was
proved in Proposition 2.5.1. Secondly, assume U € 7¢,. That is, U € M such that
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d~Y(U)nre, =T, with d € Cs. The assumption S €7¢,, yields ¢~ !(S) € 7¢, = 77,
with ¢ € Cy;. Since tg is an F-smooth map, we may assume ¢ = tgod. Then,
using the injectivity and the smoothness of g and ts(Uf) =U we have what fol-
lows d=Y(U)=d (15" ots)(U)=(1s0d) 1s(U))=c"H(U) ETe, =T5,. Therefore,
UeETe,,. Thatis, UCSCM. NowU=1g"(1s(U))=Sus(U)=SUE¢,,(S) since
Uere,,. Therefore 7¢,,(S) D7c,. The latter inclusion, together with Proposition
2.5.1 yield ¢, =17¢,,(5). O

2.6 [F-Product

The F-product space in the category FRL is the initial object obtained by lifting
the product in the category SETS to FRL. Let M* = 1_[]\/[Z denotes the
product in SE7'S. The initial structure on M* in FRL is thez%—structure gener-
ated by the family (p; : M* — M,);es of the canonical projection maps in SE7S,
with the universality condition given by p; o ¢ = ¢;, where ¢ = (¢;)ier : R — M*.
The Frolicher structure is generated by a set F, of functions, that is, (Cas+, Far+)
such that F, = U {fiopi| forall f; € Fou,}, where F,p, generates the F-
iel

structure (Cpy,, Far,) on M; for all 4. It follows that the structure curves and
functions are given by Cyv = I'F, = {¢ : R — M*|c = (¢;)ier forall ¢; €
Cu;, for all ¢ € I} and Fps = ®Cppe = OTF, = {f : M* — R| fo (¢)ies €
C>®(R), ¢; € Cyy, for all i € I}.

Definition 2.6.1

The F-space (M*,Cyr+, Far+) is called the F-product of M; or a product of F-
spaces (M;, Cpy,, Fur,. Also, the pair (Cap+, Fag+) is the initial F-product structure
(product structure for short) such that all p; are smooth maps.

Definition 2.6.2

The topologies Tr,,. and 7¢,,. induced by smooth functions and curves on M* are
called F-topologies on M* or F-product topologies of M;. They are the topologies
where all smooth functions from M* and all smooth curves into M* are continu-
ous.

Definition 2.6.3

Let (M*,Cyr«, Far+) be the product of F-spaces. The families S={f1(0,1)| f €
Fare} and B={f71(0,+00) | f € Fu+} are respectively a subbasis and a basis for
TFpp -

Observe that S is a basis for 7. since it is a subbasis. For all f € Fy-, O€1x,,
[7HO) erg,,.. Also, for all U € 1¢,,., and for all c€ Cy+, ¢ (U) €Ty =T, Fi-
nally 7r,,. C7¢,,.. The product carries another topology as a topological product
space of (M;, 7x,). That is, the usual product topology.
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Definition 2.6.4

The product topology on M*, denoted by T is the usual product of F-topological
spaces M;. That is also to say, the topology induced by the topologies Tr,, of
factors, such that if U; € Tr,, and p; : M* — M; is the canonical projection then
p; (Uy) is a subbasic open set in Ty

It is important at this stage to understand the form of p; ' (U4;) which is a slab in
HMi‘ That is, each factor of H M; is M; with j # ¢ except the N which is
iel iel

U;. In other words, we may use the notation: p;l(ui) = U; X H M, for means

ki
of My X My X -+« X U; X -+, where i is fixed, k € I — {i},and U; is ranging over

all members of 7, . Therefore we may write, for different values of ¢:

io= Llipl'Uh) =t xMyx - x My x [] M
k#1,...n
io= 2:py'(U) =My XUy x My x - x Myx [ My
k#1,....n

i = n:p, (U,) =M X My x -+ x M, 1 XU, X H M,
k#1,...n
rl;he finite intersection takes the form below:

ﬂp;l(ui) =py (U) Npy Ue) N O pp (Un) = U X U X - X Uy, X H My,
i=1

The finite product yields the following
PIYUL) = Uy X My X My X -+ X My, py (Us) = My X Us X My % -+ X My, -+,
p, Y (U,) = My x My x M3 x --- x U, and the finite intersection becomes

ﬁpz‘_l(uz‘) =Uy XUy X -+ XUn:HL{i
=1 i=1

Lemma 2.6.1 .

The set B = {ﬂp}l(uj) \U; € UTRANAS J} is a basis of .

j=1
Proof.
m n mXxn
The set B is closed under finite intersections since ﬂ(ﬂ pj_il(l/{ji)) = ﬂ . (U
i=1 j=1 k=1
by associativity. Thus B is a basis for 7. U
Remark 2.6.1

Since the subbasis yields a unique and smallest topology that contains it, thus m s
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the smallest topology such that iy O {p; ' (U;) |U; ranging over M;, foralli € I}
and p; are continuous by definition. Therefore T C 7¢,,. C 7¢,,.. Note that from
the property of a subbasis in the topology 11, an arbitrary union of p; *(U;) is a

Tr-open set, and so is an arbitrary union of finite intersections ﬂp;l(ui). In
i=1

the finite product case, the basic open sets are all bozes HL{Z-, where U; € TF, -
i=1

Proposition 2.6.1

Let M* be a topological product of F-spaces M;, p; : M* — M; the jth projection

map and f;; € Fu,, J fived. Let fﬁl(O, 1) be a subbasic open set in TFar, » for

each i € I. Then pj_l(f];l(o, 1)) is also a subbasic open set in 1y for each i € I.

Proof.
Assume U; = f;'(0,1), where we denote by {f;;} a family of functions in Fyy,.

Thus ﬂ(fjgl(o, 1)) is a basic open set in M; with f;; € Fay,, j fixed. It follows

i=1
n

3:

from the inverse image properties, that pj_l[ﬂ(f];l(o, D) =(lp; " (f;:'(0,1))] =

i=1 i=1

n

ﬂ[(fjiopj)_l(o, 1)]= ﬂ f,71(0,1) which is a basic open set for 7; with respect to

i=1 i=1
Lemma 2.6.1. And fj;op, = fi, since p; is smooth, where f; € Fj/~ is a generator
of the structure on M* following the commutativity of the diagram below.

M b - M

fi= fjiop; i

R

Hence, (fjiop;)~(0,1)=(p;'o ];1)(0, 1) :pj_l(fﬂl(O, 1)) is a subbasic open set
in 71 This confirms the inclusion 711 C 7,,., that is to say that a subbasic open
set in 717 has the form of subbasic open set in 7£,,.. O

Corollary 2.6.1
The canonical projection pj : 1_[]\4Z — M is continuous, onto and open map for

i€l
TII-
Proof. .
-1 .
As from Proposition 2.6.1, we have ﬂp] 1(0,1)) = ﬂ(f (0,1)) is a ba-

=1
sic open set. Now, by definition, p; 1s continuous, onto map. It follows that
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w15 0.1)]) =pj(p;1[ﬁ[ff1(0 b)) = 0501 m £71(0,1). The

=1 =1 =1
result above follows from a set theoretic property of the surJectlve map p;. There-

fore, p; sends each basic open set, element of 71 in M™* to a basic open set, that
is an element of 7£,, in M;. Equivalently p; is an open map. O

Now, we want to make comparison of F-product topologies and 7.

Lemma 2.6.2 (Finite product case).
Let 1 be the product topology and 7r,,. the F-product topology generated by struc-
ture functions. Then T = Tr,,..

Proof. [71, 62, 20]

Observe that 71 C 7#,,. holds as from Remark 2.6.1. Now, assume that 77, is
Hausdorff topology on each M;. That is, there exists f € F),, that separates poilnts
in M;. Thus f is one-to-one. Hence, we have ¢; = (fu;,...fm,;): M; —R™ such
that ; is one-to-one and induces a diffeomorphism between M; and p;(M;) CR™:,
where Fon, = {fi1, -+ fm,} IS a generating set containing a separating points
function, [62]. As a diffeomorphism, ¢; is smooth, continuous, open and bijective
map. A summary of the context is given by the following diagram, where 7j; is
the projection map, Tilps gy © Pi = fji and the set {Wjilw(Mi) |j=1,...,m}
is the generating set of (Cy, (), Foy(ary)). However, (Cpy,, Fa,) is generated by
{fli""?fmi} = 902({71-]1 | J= 17"'7m} = {ﬂ-ji‘%(Mi) O @i | J= 17"'am}'

Pi boi(Ms)
oi(M) TV R™ =Rx - xR

M;

m; factors

Jii

The canonical Frolicher topology on R™: coincides with the natural product topol-
ogy on R™ =Rx---xR, m; factors. That is, 7z,,,, = Trm: and so 7x,,., (@i(M;)) =
rms (03 (M;)) is the trace topology of Trm; on o;(M;). Let {g; (0, 400) | gi € Frm: }
be the standard basis of 7gm,;. Thus, g; ' (0, +00) N (M;) = L;}(Mi)(g[l(o, +00)) is
Trm: (@i (M;))-basic open set in p;(M;), as the inverse image of the canonical injec-
tion (inclusion) map bpiiar,) - Since ; is a smooth map, it follows that the inverse
image of a basic open set is a basic open set. We have %‘_1 (gi_l(O, —l—oo)ﬂgpz-(Mi)) =
0 (g0, +00)) N M; = ¢; g7 ((0,+00)) = f7(0,+00) is a basic open set
in M;, where f; € Fy. From the latter identities, it follows that the push
forward function of ¢; is a bijection between the basis of 7z, and the basis
of T r,y 1L the following way. Consider the push forward map defined as

follows. 901* {f_ (07 +OO) ’ fleFMz}_){gz_l(()? +Oo)m901< )) ’gle"Tle} such
that @i (f; (0, +00)) = @i(f71(0, +00)) = (fir; )70, +00) = gip (s, (0, +00)
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= L;}(Mi)g;l(o, +00) = g; (0, 4+00) Ni(M;) and ¢, (g; (0, +00) Ny (M;)) =
©; '(g;1(0, +00)). Hence Try, = Trmi (9i(M;)). Let us point out that ¢;: M; —R™
is an open map ( see the proof of Lemma 2.6.2 ). It follows that F ;) =
{fijo(ry) | fi € Frmi } since ¢;(V;) is an open set in R™ and in particular ¢;(M;) is
an open set in R™. Now, we can deal with 7 ,. and 71 as shown below. Since
the product topology 71 is Hausdorff if, and only if each factor M; has a Haus-

dorff topology TFy,» We may construct ¢ = H w;: M*—R™, a F-diffeomorphism
i=1

M*~p(M*)CR™ in such a way as to send 1-open sets of M* to Tgm-open sets
in R™ irrespective to 7z, (p(M*)) =Tre(p(M*)) =7%,,,.,- From mgn =7z, the
trace topology of the product topology of R™ on ¢(M*) coincides with the F-
topology on ¢(M*). Thus, the trace topology is the smallest topology on ¢(M*)
in bijective correspondence to the smallest topology on M*. Hence,

o (p(M*)) 22 1 (15)
The diagram below, where k = 1,...,m, m = my + -+ + My, Tg|p+) = Tji ©
Tijp(m+) shows that ¢ @ M* — @(M*) reads

@Y = P X ... XX ..o X Py
(fha"'>fm1af127"-vfmga'-'aflia"'7fmi7"'af1na"'7fmn)
(flv"'7fk>"'7fm)'

By similar arguments as in the previous part of the proof we will construct bases
B* in 7f,. and B, in 7, ,,.,. They are related by the bijective map defined as
follows. .1 B*— B, (0, 400) = 1 (U) with U = g;7 (0, +-00) CR™, such
that f=gop. Thus. we can set ¢, (f (0, +00))=w(f (0, +00))=UNp(M*) and
with respect to an inverse image property ¢, (UN@(M*)) =~ {UNE(M*)) =
e M UNM* =~ (U)= (0, +00). Since Tz, (p(M*)) =1rm (p(M*)). We have

TFyre =T (P(M7)) = Ten (P (M) ) (16).
M~ i p(M) = H wi(M;) — R" = HRW

Tilp(M*)
Y

f R™

Hence, 7#,,, = T from (15) and (16). O

This confirms the fact that in the set of topologies on M* such that the natural
projections are smooth, the topology generated by a subbasis (basis) needs to
be the unique smallest one, containing the given subbasis (basis). Under an F-
smooth map, the inverse image sends a basic open set to a basic open set. The
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canonical projection sends a basic open set to a basic open set. Thus,
T = TFae © TCpps- (17)

Corollary 2.6.2

An F-space M; is finitely generated by m; real valued functions if, and only if
there exists a map ¢; : (M;,Cy,, Fagy) — (R™,C.F)  for each i such that
1<i<n and ¢ : Foym) — Fu 18 an isomorphism between rings, where
(C,F) is the canonical F-structure on R™:.

Proof.

First of all, let us point out that the concept of finitely generated is understood
as follows. In the one hand, as shown in [71], there exists a map ¢;: M; —R™
which is a diffeomorphism M; ~ p;(M;) if, and only if the generating set contains a
points separating function [62]. In the other hand, ¢ : F,(a,) — Fur, 9— 5 (g:i) =
giop;. We have to show that such a map ¢! is a bijective homomorphism of the
rings of functions F,,(ar,) and Fuy,. Let g;, by € Foar,) such that o7 (g:) = ¢f (hi).
This implies g;op; = h;op;. Applying ;' to both sides yields g; = h;. Thus ¢} is
injective. Let f; € Fu,, since ; and ;' are smooth, so is fiop; ' :p;(M;) —R.
Hence for any f; € Fuy,, there exists g; € Fo,(ar,) such that ¢} (g;) = f;. Therefore,
f is surjective. Now, we show that the bijective map ¢} is homomorphism
of rings. Let g;,h; € Fy,m,). It follows that ¢ (g; + hi) = (g: + hs) 0o ¢ =
giowithiop; = ¢*(g;)+¢*(hi) and also ¢;(gi-hi) = (gi-hi)op; = (giowi)-(hiow:) =
©*(g;) - ©*(hi). Therefore, p; and ¢! are bijective maps with inverses ;' and

*

@i~ 1 respectively. So,

(@i ') opi = (piogi )" =idr, ), @i o} = idr, - (18)

The identities (18) yield ¢i™' o pf = (¢;!)* o o} which, in turn, give (p;)~! =
(o; 1%, Conversely, if ¢! is an isomorphism of rings, then ¢; is a diffeomorphism

of M; onto ¢;(M;). O

Lemma 2.6.3 (Infinite product case)
Let 75,,. be the F-topology induced by structures functions on M* and 1y the
usual topological product space. Then 7r,,. = 7.

Proof.

Let V €7r,,.. Assume that V is 7, -basic open set and V = f~1(0, +00), where
f€Fu+. In order to show that V' is 7j-open set, we shall refer to Corollary
2.2.1 for characterization of open sets. For each x € V = f~1(0,+00) C M*,
x € f71(t), for some t € (0,400) such that f(x) = t and z = (z;)ses. It may
exist an open set U, such that x, € Uy C My with U, # My for k=1,....n

and U; = M; for j #1,...,n. That is, (z) EHUk and (x)za,.n € [T M;.
k=1
Thus, f = fiop; yields t = f(xi)icr = (fiopi)((zi)ier) = fi(w;). It follows that
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x=(2:)ic1 € f1(t)=p;, 'of; () and even better, z € f71(0, +00) :p,;lofk’l(o, +00)
for k=!,...,n. Therefore, there exists U € 7, where x €U = HL{k X H M;.

k=1 j#l,...n

From the definition of 7[-basic open set, U = ﬂ p H(Uy) and Uy, = f,71(0, +00)

k=1
since py is smooth, contmuous and open. We can break down the infinite case,
just by recalling that U = n 10, +oo):m(gk (0,4+00))C £ 10, +00) =V

k=1 k=1
since f is among the g;. Therefore, U C V', that is, V contains a basic open set

U of r1. Thus, V €y and 7£,,. C 177. Since 777 C 7,,. the proof is completed by
Ty =TI U

2.7 [F-Coproduct Space

The F-coproduct space in the category FRL is the final object obtained by lifting
the coproduct in the category SETS to FRL. Let M =I1,c;M; denotes the co-
product in SETS. The final structure on M in FRL is the F-structure generated
by the family (s;: M; — M );c;, where s; are the inclusion maps with the universal-
ity condition given by fos; = f;, where f=(f;)icz M —R. The Frolicher structure
is generated by a set C, of curves, that is, (Cy;, Fy;) such that CO:U {s10c1;, 590
iel

C2jy -3 8nOCnj, ... | j running over C,yy, with i fixed }, where C,py, generates the
F-structure (Cps,, Fas,) on M; for all i. It follows that the structure functions and
curves are given by Fyy =PCo={f: M =R | fia,=fi € Fu, and f=(f)ier,Vi € I}
and Cyj=TFy=T0C,={c:R—M | c=s;0¢;,¢;ECypy}.

Definition 2.7.1

The F-space (M, Cy;, Fir) is called an F-coproduct space of M; or an F-coproduct
of F-spaces M;. Also the pair (Cy, Fyr) is the final F-coproduct structure (co-
product structure for short) such that all s; are smooth maps.

Note that s; o Car, =Cs, () if, and only if Fyr o s;=Fur, ~ F, ) = Fzlsi(M;).
We want to study the topologies underlying an F-coproduct space.

Definition 2.7.2

The topologies Tx,, and 1c,, induced by smooth functions and smooth curves are
called F-topologies on M or F-coproduct topologies. That is, the topologies where
all smooth functions are continuous. The family S={f~*(0,1) | f € Fy} is a
subbasis for the topology T, and the family B={f"1(0,+00) | f€Fy;} is a basis
for the topology Tx, .

The coproduct carries another topology as a topological coproduct space of
(M, T]:Mi). That is the coproduct topology.
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Definition 2.7.3

The coproduct topology on M is the coproduct of the family (M;),e; in SETS,
endowed with the topology in which open sets are unions of s;(U;), i € I and,
where U is an arbitrary 7x,, -open set in M;. That is the topology on M denoted
by i1 and which s the copréduct topology of F-topological spaces M;.

Lemma 2.7.1
Let M be the coproduct of the family (M;);e; and 111 its coproduct topology. Then:

1. s; is a continuous map for T,
2. The family B = {s;(U;) | Ui €TF,, , for all i€} is a basis for .
3. s;(M;) is a basic open set in Ty for alli € I,

4. 8; 1S an open map for .
Proof.

1. Let U € 7y, that is, U :U s;(U;) with U; = U f]-_1(0,+oo). Assume 1
JjeJ Fi€Fm;
being fixed and j varying in the sequel. Because the M; form a partition
of M, it follows that:

stU) = s s )]

jeJ
= s U s(7(0,+0))]
jGijE}—Mj

= (U U 670510, 400)))]

jeJ fieFu,

= [ s67100,400)) UL (si7 s f571(0, +00)) ]
i j=i

= QU Usflsjfjfl(o, +00) ]
= | U £710, +00) ]eTfMi

Ji€Fm;

Since s; is injective thus the composite with its inverse is the identity map
on M; for i = j. Now, whenever ¢ # j we have what follows:

Si_l[ij;1<O, +OO)] = {$ < Mz ‘ Sl(l’) Gijjil(O, +
= ém € M;|s;(x)€s;(M;)Ns

Hence s; is a continuous map for 7.
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2. That is a straightforward consequence of the definition of the coproduct
topology above.

3. Since M; € 7z, then s;(M;) € B for all i € I by assumption. That is
si(M;) is a my-basic open set with respect to the result above.

4. Since f; (0, +00) is a Tr,,,-basic open set, where f; € Fy,, thus it is also
a 7, -open. Therefore s;(f;” (0, +00)) € B. Hence s; sends a basic open
of Tr,, 10 a basic open of 1. Thus each s;(U;), where U; € Ty, » 1S an open
set in 771. We conclude that s; is an open map.

Corollary 2.7.1 B
[iet s; be the canonical inclusion of M; into M. Then s;(M;) is a mi-closed set in
M for alliel.

Proof.

As M is partitioned by {s;(M;) | i € I}, it follows that M — s;(M;) = C;—;(Mi) =

U s;(M;) is both closed and open set, since it is a closed set as a complement of
J#i

an open set on the one hand and an open set as an arbitrary union of open sets
on the other hand. Therefore s;(M;) is both ri-closed set and 7y-open set in M

since s;( =M — U s;(M C’MU s;(M ﬂ C’SJ M) That is a complement
J# JF JF

of a closed set and an arbitrary intersection of closed sets. U

Lemma 2.7.2

LetU €. Then U is a Ti-open (closed) set in M if, and only if UNs;(M;) is a
Ti-open (closed) set in M for all 1€1.

Proof.
7=": We start with the open case. Let U € 7;. That is, U = U s;(U;) with
jeJ
U; €15, for some j. But from Lemma 2.7.1 and the definition B more than one
J —
factor of the union may be in s;(M;). We set i fixed and use partition on M as

follows. Let V =UNs;(M;). Thus, V:[U sj(uj)]ﬂsi(Mi):U[sj(uj)ﬁsi(]\/[i)]:

jeJ jeJ
JGsi @) nsi(M) UL si(ts) (M) Tt follows that V =0U(| ] s:(h)) =V,
J#i J=i J=1
where V; = U ) C M;. Hence, V is a my1-open set in M. Now, we prove the

j=i
closed case. Let U be r-closed in M. However, si(M;) is m-closed in M, thus
UNs;(M;) is mr-closed.

"< Let U N si(M;) be a m-open (closed) set in M. Since s;(M;) is an
open(closed) set in M, it follows that U Ns;(M;) C U is open (closed) set for
the trace topology of 71 on U. That is, 7i(U). Referring to Lemma 2.5.3, it
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follows from UNs;(M;) CUC M that UNs;(M;) is a T-open (closed) set in M by
assumption. Also UNs;(M;) is a m(U)-open (closed) set. Thus U €7y or U is a
m-closed set in M. O

Now, we would like to compare the F-coproduct topologies and standard coprod-
uct topology.

Lemma 2.7.3
The topology i1 s the finest one in which all canonical inclusions s;: M; — M are
continuous, and also we have Tr  C7e. CTir.

Proof.

Let 7 be a topology on M for which all s; are continuous, that is s; (i) = U;
is open set in M; for all € I and all & € 7. Applying s; to both sides yields
si(Us) = si(s; ' (U)) =UNs;(M;) € T1. Observe that the latter equality holds as
from a set theoretic property combining image and inverse image for a set map.
But s;(U4;) is a m-basic open set. Hence from Lemma 2.7.2, it follows that U is
a mr-open set. Thus 7 C 7yp. In Particular if 7 =77, or 7=7¢_, we have the

inclusion 7 C7¢,, C7ir. U

Lemma 2.7.4 B
Let 11 be the coproduct topology and 7x, the F-topology on M. Then 1 ="Tr,
and M s a balanced F-space.

Proof.

First of all, let us draw the diagram below:

This diagram commutes in all its components. It is worth noticing that M; and
M are endowed with their F-structures, whereas si(M;) is equipped with the F-
subspace structure of M. Moreover, the maps are related as follows. for=g;, g;o
S;= f;= fos; with f, g; and f; the structure functions, ¢, s;, 5; smooth and injective
maps such that §; is a diffcomorphism. Now let U € m1. So U = s;(U;) with
U; ETr,, for some i€ . It follows that ;= U fﬁl(O, +00) with f;; running over
=
Fur,. That is i runs over M; and j describes structures functions on M;. Therefore,
U:U si( U fjgl((),—i-oo)):U U (si f3;'(0,+00)). Now, the associativity
i€l fijEfIVIi i€l fijef]\/[i
of the union yields U = UU (5i(5 " ogy;'(0,400))) = U si 5 (g5 (0, +00)).

ieljed (4,9)eIxJ
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Thus, U = U (gj_il(O, +o0)Ns;(M;)) = U gj_il(O, +00) since gj_il(O, +o0) C
(i.j)EIX T (ij)EIXJ
si(M;) for each i€ . If we fixe :

U gj_il((), +00) ETE, ) and (19)

jedJ

U gj_il(()? +00) = U(fl o f;710, +00)) = U [£;71(0, +00) N s4(M;)]. Henceforth,

jeJ jeJ jeJ
L 9531 (0, +00) €77, (5:(M)). (20)
jeJ

Thus, Ug;il(O, +00) C s;(M;) C M and TF. ) = TFy (8i(M;)) with f; € Fyy such
J
that fjor=g;. That is, s;(M;) € 75, and Ugj_il((), +00) €7, Hence 11 C7r, .
J

It follows from Lemma 2.7.3 that Tu=7#,. So, 71=Tr, =7¢,, which means that

M is a balanced space. U
Although M; are not balanced, M is a balanced F-space. TFy, = Tiu=Tc,, allows
us to characterize open sets indistinctly being guided by the appropriate context
we will deal with. Note that s;(f; (0, +00))=s;(5; " 0g; }(0,4+00))=g; (0, +00)
, that is, s; sends basic open sets of TFy, 1O basic open sets of TFy (i We have
Fesi(My) :fM\si(Mi) since s;(M;) € 77,,. The isomorphism M; ~ s;(M;) induces an
isomorphism of rings of functions between F,(as,) and Fy, from Corollary 2.3.3.
And also there is a bijection between bases of TF, r) and 7£,, .

Corollary 2.7.2 )
Let 1 be the coproduct topology and 7x, the F -topology on M. Then, the
following equalities hold 7z, . =7z (s:i(M;))=T1u(s:(M;))

2.8 [F-Quotient Space

In what follows, an F-Quotient space is a final object whose structure is obtained
by the process of lifting from the category SE7S, to the category FRL.

Definition 2.8.1

Let f:M — N be a smooth map of F-spaces M into N. Consider an equivalence
relation on M, denoted by ~y¢ and defined by: for any x,y € M,z ~; y if, and
only if f(xz) = f(y). The relation ~ is said to be consistent with the map f. It
15 called the kernel equivalence of f.

Now, we can define an equivalence relation consistent with all f € C>(M, N) that
is for all smooth maps on M into N as follows.
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Definition 2.8.2

For any x,y € M,z ~y if, and only if for any f€C®(M,N) we have f(x)=f(y).
The set [z]:={yeM | y~z}={yeM | f(y)=f(z), forall f€C®(M,N)} is
called the equivalence class of x€ M.

The quotient of M by ~ denoted by M := M /~ iIn SET S is given the final structure
generated by 7: M — M, the canonical projection. Let C,= {moc | c€Copr}, where
Conr is the generates the F-structure (Cy;, Fj;) on M. Then the structure curves
and functions are given by F; =®C,={j: M —R | f=gor, f€ Fy}={§: M —
R|j=for ', feFy}and Cy =T®C,={¢:R— M | é=noc for all c€Cy}.
Thus Cy; = moCyy if, and only if 7 is a smooth map. The smoothness of 7
reads F;om C Fy if, and only if 7oCy C Cy;. Let ¢ € Cj;. It follows that
¢(t)=[z]=(moc,)(t), where ¢, : R— M is a constant curve such that ¢, (t) =z and
¢z €Cp. And also c=m o ¢, is in moCy;. So, we have the equality C;; =moCy as
stated above. We can say that the projection of a curve in Cy; by 7 is a curve in
Cy Finally, C; ={¢:R— M | é=mec, c€Cpy}, Fry=1G:M =R | gor=f, f € Fu}
and Fy;0C;=FnoCyy, that is, joé=gomoc= foce C*(R)

Definition 2.8.3

The F-space (M,CM,fM) is called an F-quotient space of the F-space M. The
pair (Cyp, Fyp) is the final F-quotient structure (quotient structure for short) in
which w is a smooth map.

The injectivity of g depends on the consistency of the relation ~ with the smooth
maps f € Fy: [z] # [y] implies f(z) # f(y) thus g([z]) # g([y]) or alternatively
3([]) =3([y]) reads t(x)=t(y). Thus, f~(f(x)) = (f(y)) yields {s€ M | f(s)=
flx)} ={te M| f(t)= f(y)}, that is, [x] = [y]. Without the consistency of
~ with f € Fj, the inclusions m o Cyy C Cy; and Fy; o m C Fyy have to be
strict. [z] € M if, and only if 7 ([z]) = {y € M | f(y) = f(z)} if, and only if
PN () ={f(2)} = {32} if, and only if for! =5,

Definition 2.8.4

The topologies Tx . and ¢ induced on M by smooth functions and curves are
called F-quotient topologies. That is, the topologies making all smooth functions
and smooth curves continuous the subbasis (respectively basis) of which are given

by S={f"10,1) | f € Fy} (respectively B ={f~1(0,+0) | f € Fyz}.)

As a topological quotient space of (M, 7x,,), the F-quotient space carries another
topology, that is, the standard quotient topology.

Definition 2.8.5

The quotient topology on M is the topology in which an open set in M is a set of

equivalence classes whose union of classes is an open set in M. Equivalently, we

can say that V is an open set in M if, and only if (V)= U [x] =U lies in
[z]eV
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Try s that is, when 7. denotes the quotient topology on M induced by Tr,,, with
.={VCM|nV)=UETg,} is the quotient topology of the F-topological
space M by the relation ~.

The quotient topology is also called the standard quotient topology or the identifi-
cation topology [27]. The identification topology is Hausdorff. For, let g€ Fy; and
let [z] # [y]. Thus, g([x])#g([y]) since g is injective. Hence § separates points in
M. Now, we recall some properties of the quotient topology 7.. Namely, G C M
is a 7.-closed set in M if, and only if 7~'(G) = F is a 7z, -closed set in M. For
U @) =a' (M = V)= (M) =7 (V)=M —U=F, where Ver.,UcTs,.
Also 7. ={n(U) C M | U € 75, }. For, V € 7., that is, 7-'(V) =Y. But, the
surjectivity of 7 implies V=mor (V) =n(U).

Lemma 2.8.1 )
The identification topology is the largest (finest) topology in M for which 7 is
continuous. So, Tr. CTn.

Proof.

Let 7 be another topology making 7 a continuous map on M. Let Ver. It
follows from the continuity of 7, that 7#=1(V) €7z, that is V €7.. Hence 1 C7..
And for T=7£_, we get 77 CT.. O

Lemma 2.8.2
Let m: M — M be the canonical projection. Then 7 is open (closed) map from
Try L0 Te.

Proof.
Assume 7 '7ld DU and U a Tx,,-open set in M, where U = U f;l(O, +00). It fol-
jeJ
lows that 7= (7lA) zwfl[U(ﬂofj_l(O, +00))] :W_I[U(fj_loﬂ_l)_l((), +00)]. Thus,
jEJ jeJ
these equalities become 7~ (7lf) = 7~ U g; (0, +00)] [U(gjw)_l(O,—i—oo)] =
JjeJ jedJ

U h 0,400) € 7£,,] with the formula fjom™' =g; and g;jom = h;. Therefore,

JjeJ
mU € 7. by definition. Therefore 7 is an open map with respect to 7,, and 7..

The proof is similar for a closed set. O

Lemma 2.8.3

Let m: M — M be the canonical projection. Let g€ Fy; such that gom = f € Fyy.
Then § is open (closed) map from 1. to Tx, if, and only if f(U) is open (closed)
set for each open (closed) set U=7"rnl. Let us say that U is m-satured.

Proof.
7=" Let ¢ be an open map with respect to 7. and 7x,, that is, (V') € 7g for any



2.8 F-Quotient Space 43

Ver.. Hence 77 1(V)=U is a 75,,-open set in M by definition of 7... Applying
to both sides yields naturally V' = (U) by a set theoretic property of the surjective
map 7. Thus Y =71 (V)=n"1ald. Tt follows that §(V)=gr(U)= f(U) is an
open set in 7z, such that U=n"'7l and f € Fy,.

"<=" Let f(U)ETr,. Thatis, f(U)=f(r"tnld)=(fr"1)(7U)=g(rU), with
U=7""'nU. Let V €71.. By the definition of 7. and the surjectivity of m, it
follows that 7= (V) =U € 7,, if, and only if V =m(U). Therefore, f(U)=g(V) is
a Tx,-open set, with V' any 7.-open set in M. Hence g is an open map. It is no
difficult to prove the closeness of . U

Corollary 2.8.1
Let 7r_ and 7r,, be defined as usual. Then B = {nU |U € 7F,,} is a basis for
7 and B={n(f~1(0,+00)) | f€Fun} is a basis for 75 .

Proof.

Let V e€7.. That is, V=7l with U € 7, by definition of 7. and Lemma 2.8.3.
Thus B=r. is the trivial basis. Hence, with respect to the formula for=!=g,
we have 7(f~(0,400))=(for )70, +00) = §7(0, +00). Therefore, B is the

standard basis of the F-space M. O
In what follows, we are going to compare F-topologies and 7~ on M. In Lemma

2.8.1 was proven Tz C7c C7~. Nevertheless we want to provide the proof in
F-space setting.

Proposition 2.8.1
Given the three topologies defined on M. Then TFo =T, =T

Proof.

Let V € 7. Hence V = Ug*l(o, +00) with g € Fy; since g~'(0,+00) are
basic open set for all g € Fy, Applying =1 to both sides yields 7~ 1(V) =
U 715710, +00) = U f! ) with f = gom. Thus, 7= 1(V) € 7£,.
EF Fe€Fm

Therefore V' € 7... So 77, C 7¢c . Now, let V € 7., that is, 7 V) € 15,

Thus, 7 1(V) = U f71(0,+00). The composition with 7 in both sides yields

feFum
V =V = U 7f 10, 4+00) = U (f7 1710, +00) = U gt

fEFM feFm 9E€F 3y
with respect to the surjectivity of = and the formula f7=!=g. Therefore V € TFy -
Eventually, 7. C77_ and the equality 77_=7¢_ =7~ holds. O

In the sequel, because the three topologies coincide, we will freely use one of the
three symbols 7~ or 77_ or 7¢_ indiscriminately. In the same way we may make
use of basis, or subbasis construction with respect of the topology chosen. It is
important to study the topologies on F-subspaces S of the F-quotient space M.
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Definition 2.8.6

Let S be a F-subspace of M, w: M — M be the canonical projection and L:S—M
be the natural inclusion. The trace topology on S is the smallest topology for
which the inclusion is continuous. It is defined by 7.(S)={UNS | U €T .} =
75, (S) =1c . (S). The identification topology on S is the one determined by the
surjection w:w 1 (S)— S. That is, the largest topology for which m is continuous.
It is defined by 7.s={V CS | 7 Y(V)eTr, (77(9))} =T, =Tcs-

Lemma 2.8.4 .
Let S be a F-subspace of M endowed with the two topologies defined above. Then
T7(S)CTus.

Proof.
Let V € 7.(5), that is, V = SNU C S whenever U € 7. = 75 = T(;M. But
U= U G710, +00) for some § € Fy;. Thus V = SN U gt

9€F 51 9€F 5
LJ [Sng (0, +00)]. It follows that 7 (V) = | J [v " (S)nx~'§7"(0, +00)] =
I€F ge}"M
U 8)nf1(0, +00)] = N[ J £7(0,+00)] with om = f. There-
f€FM f€FM

fore, we have 7= 1(V) €77, (771(9)) C TF 105> T (V)e TF, 1 and (V)=

Uh_l(O, +00), where h € Fr-1(g) such that hor=h and h=hor ! is injective.
Now, V = mn= (V) = | Jxh™(0,+00) = | J(hn™")71(0, +00) = | Jh (0, +o0)
with k€ Fr-1(g) and he Fg. Therefore Ver.s=Tr,=Tc,. Hence 7.(S)C7os.00

Lemma 2.8.5 )
Let m: M — M be the canonical projection and S an F-subspace of M such that
S is open (closed) set in M for T.=1r_=1c_. Then 7.(S)=7.5

Proof.

From Lemma 2.8.4, Proposition 2.8.1 and Definition 2.8.6 we have 7.(S) =
7r. () CTry=7us. Since S is a 7x_-open set in M, the inverse inclusion holds.
Thus, 7.(S) = 77, (S) = 755 = 7~ 5. It is worth noticing that the proof for the
closeness is to be done by analogy to the open case above by setting F=M — S,
where S is a T..-open set and F a 7.-closed set in M, or 7 is an open map with
respect to 77, and 7.. 4

It seems that the condition for S to be open set is redundant since 7 is always
an open map in our setting that is with respect to the consistency of ~ with the
F-structure. For a general equivalence relation ~, there are conditions for 7 to be
an open map. That is 7 is an open map with respect to 77, and 7. if, and only
if U and 77U belong to 7z, if, and only if 7 sends a standard 7,,-basic-open
set in M to a 7.-open set in M.



2.8 F-Quotient Space 45

Definition 2.8.7

Let m(S)C M and SCM be F-subspaces. Let ~ be an equivalence relation on
7 1(S) defined by x~y if, and only if x~y and [z].=|z]~ €S. The relation ~ on
71(S) is called the equivalence relation induced by ~.

Here is how we can understand the equivalence relation ~. S={[z|. | [z]. € M}
and M ={[z]. |z € M} m7}(S)={z € M| [z]. € S}C M S=7nr"(9) =
{lel~ |z € n=1(9)}

Lemma 2.8.6 )

Let m: M — M be the canonical projection and S C M be either open or closed
set. Then S is diffeomorphic to the space n='(S) :=n"*(S) /=, where ~ is the
relation given in Definition 2.8.7.

Proof.

Since S is an open set, we have Fg = Fy 5 and 771(S) is an open set in M
from the definition of 7., on M. Thus Fr-1(g) = Fitie-1(s)- Also 7.(5) = 7o
and 77, (17'(5)) = 77 _, . Thus, ~ and ~ on 77 '(S) are consistent with
g€ C®(m1(S),771(5)/=), and s = mpr—1(5) € C®°(771(S),S), respectively the
canonical projection and the canonical projection restricted to 7=!(S). Then
there exists a unique g:.5 R (S) such that g=gs. Also, there exists a unique
h: 7 1(S) — S such that s = hq. Recall that g and h are smooth injections.
Now z ~y if, and only if ¢(z) = q(y) if, and only if gs(x) = gs(y) if, and only if
glz]~ = gly]~ and v~y if, and only if s(x) = s(y) if, and only if hq(x) = Bg(y) if,
and only if h[z]< =g[y]~. Thus, §-'=(gs™")~' = s¢~' =h, that is, j and h=g "
are smooth bijections. Hence ¢ is a diffeomorphism and so S is diffeomorphic
to 7T*1~(S) =11(9)~. O



Chapter 3

Pseudomanifolds

3.1 [F-spaces locally diffeomorphic to R”

Definition 3.1.1
A Frolicher space M is called a pseudomanifold if M is locally diffeomorphic to R™
endowed with its canonical F-structure, that is, there is an open cover {Un }acr of

M such that for every x € M, there exist an Tx,,-open neighborhood U of x and an
F-diffeomorphism ¢ of U onto the F-subspace V:=p(U) CR™, p:USp(U), say.

In the definition above the subspace ¢(U) CR"™ can be either open or closed, or
neither open nor closed F-subspace of R”.

Example 3.1.1
R™ is a pseudomanifold.

1. (R™,C,F) is F-space, where (C,F) is the canonical F-structure given by all
C* real valued functions and curves. It follows from Boman’s theorem |8
that smooth functions in the smooth n-manifold R™ coincide with F-smooth
functions. In the sequel, smooth curves and smooth functions when R™ is
a smooth manifold coincide with smooth curves and smooth functions when
R™ s an F-space.

2. Let R also having the canonical F-structure. Let U C R™ be an open set
and (Cy, Fy) be the F-structure induced on U by maps f; :U — R, where
(i=1,...,n). Assume that the map o :U—R" is a one-to-one map, given by
o(z)=(f1(x), fo(x),. .., fu(x)). Hence, p=(f1,..., fn) is a diffeomorphism
onto the F-subspace (U) of R"™ such that For © ty = Fou and For
contains f separating points. Thus, f oy is a separating point function on
U. From [62,p.80, Corollary 1.2] the set {fi,..., fu} is a generating set for
(Cu, Fu) and ¢ is a diffeomorphism onto the F-subspace o(U) of R™, where
fi="iu, 0 Therefore, p:U — p(U) is an F-diffeomorphism. That is,
©(U) is a R™-open set.

46
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3. R™ is a pseudomanifold locally diffeomorphic to an open F-subspace of R™.
That is, ¢ : U — R", where p(U) =U and p = idgny,.

Example 3.1.2

©(U) neither open nor closed set.

Let fi=sin:(0,%5)=(0,1), f2:(0,5)—{0} andp=(f1, f2):(0,5)=(0,1) x {0} CR.
It is known that {(x,0) | 0 <z < 1} =[0,1] x {0} is closed in R?* as a product of
closed sets, whereas {(x,0) | 0 <z < 1} = (0,1) x {0} is neither closed nor open
set. Therefore, its complement in R? is computed by

C[(0,1) x {0}] = R2—(0,1) x {0}

(0,
= {(z,y) eR* |2 ¢ (0,1) ory #0}
= {(z,y) €R*| 2 € (—00,0]U[1,+00) ory € R*}
= {(z,y) eR? [z ¢ (0,1) ory e R}U{(2,y) | y #0, 2 € R}
= ((—00,0]U[L, +00)) x RUR x R*

This is a union of an open set R x R* = R? — {(x,y) | y = 0} and a closed set
[(~00,0] U[L, +00)] X .

Following these examples, we note that Frolicher pseudomanifolds can be classi-
fied in three types.

Definition 3.1.2

An F-pseudomanifold M is said to be of first kind if M is locally diffeomorphic
to open F-subspaces F; of R™, of the second kind if F; are closed and not all
of constant dimension n, of third kind if F; are closed and of constant mazximal
dimension with nonempty interior.

The rest of this work is devoted to F-pseudomanifolds of constant dimension and
of the first kind. From now on, we will restrict ourselves to pseudomanifolds of
the first kind. We will say fort short, ”pseudomanifolds of dimension n” or in-
discriminately ”n-pseudomanifold”, that is pseudomanifolds of constant maximal
dimension. The maximal dimension is related to subsets of R™ with non-empty
interior. In the context of n-pseudomanifold, the dimension is one of all minimal
submanifolds in R™, each of them containing an open neighborhood V' of ¢(p),
for each p € U C M, with U an open neighborhood and ¢ a local diffeomor-
phism from U to V. So the object of interest in practice should be ¢(U). The
first kind is new concept, while the third was first studied by T.A Batubenge
under the denomination of pseudomanifolds in [6]. There should exist a transfer
of local features from R" back to the F-space M by a local diffeomorphism. The
examples we shall deal with in the next Section lie in either finitely generated
structures or graphs of smooth maps, or minimal submanifolds, as stated above.
An n-pseudomanifold looks like R™ at two levels: F-structure and F-topology.

Lemma 3.1.1
FEach n-pseudomanifold is locally finitely generated by n functions.
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Proof.
The F-substructure on an open set U in an F-space M is the restriction of the
F-structure of M to Y. Then the lemma holds from [62, p.80, Corollary 1.2]. O

Example 3.1.3
(R™*, C*(R,R™),C>*(R",R)) is a natural model of pseudomanifolds of the first
kind.

Example 3.1.4
A n-dimensional smooth manifold is an example of n-pseudomanifold of the first
kind.

Example 3.1.5

Let M :=(0,2r). Withtd =(0,7), V =(%,%) and W = (m,27), it is clear that
UUV UW =(0,2r). Let f; :=cos: (0,2r) = R and fo :=exp: (0,21) — R.
Thus ¢ = (f1, f2) : (0,27) — R? is smooth and one-to-one since exp separates
points in (0,2m). It follows that p(z) = ¢(y) yields (cosx,e®) = (cosy,e¥). It
follows from x = +y + 2km and v = y that k must be 0 since M = (0,2x).
Also z,y > 0. Since x,y € M, so, p(0,27) = (—1,1) x (1,€*") is an open set
as finite product of open sets. Therefore, (0,2m) ~ (—1,1) x (1,€?"). Hence,
01 = Qu, Y2 = P, and o3 = Qw are local diffeomorphisms. In conclusion,
dim (0,2m)=dim (—1,1)x(1,e*)=2 for the F-structure generated by {f1, f2}.
But, dim (0,27)=1 in the canonical F-structure induced from R.

Example 3.1.6
Let N := (0,2m) and ¢ =(cos, sin) given by ¢(x)=(cosx,sinz) for all x€ N. It
follows from the definition of ¢ that

90<07 g] =U = [07 1) X (Ov 1] = [07 1] X [07 1] - {<170)}
90[%’71-] =U = [_170] X [0’ 1]

SO[Wv STW] =U; = [_170] X [_170]

90[37#727T) = u4 = [0> 1) X [_17 ) = [07 1] X [_170] - {(170)}'

Thus, Uy Ul UUs UUy = ST — {(1,0)} = (0, 27) is R?-open set since {(0,1)}
is R?-closed set. We want to define 1= pxidg, that is, ¥(z,y) = (p(x),idr(y))
such that
P :(0,2r) x R — ¢(0,2r) x R — R?
(z,y) —  (p(x)y) — (cosz,sinz,y)

or equivalently P (0,2m) x R — (ST — {(1,0)}) x R — R3. Thus,
p(0,2m) = (S'={(1,0)}) xR

= {(cosz,sinx,y) | 0<x<2m, yeR}—{(1,0,y) | y € R}
= {(cosz,sinx,y) | 0 <z <2m ye R}

Hence, (S'—{(1,0)}) xR=2S8"xR—{(1,0)} xR is an open set.
” —_—

N

-~
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product of open sets product of closed sets
We would like to retrace here the theoretical foundation of such a :

T1|(0,27) xR

(0, 2)
f% / COoSs

= f1(0,27) = {cosx | x € (0,27)},

027r

that is 71:1 = 7Tl|(0727r)><R

T1|(0,27) xR

(0, 27)
f% / sin

= f2(0,27) = {sinx | x € (0,27)},

(0, 27)

that s 7TA1 = T'1|(0,27) xR

T2|(0,27) xR

(0, 27)
ZWXR; /

that is Ty = Ta2mxr- Let ¥ = (f1 o 71, fo 0 T1,idg 0 T2) and 1 is one-to-one
since one of its component separates points, that is,

idg o 71 (21, y1) = tdr © T1 (22, Y2) = tdr(y1) = idr(y2) = y1 = y2.  Thus,

@Z)(f,y) = (flOﬂﬁl(l‘ay)v.fQOﬂcl(x7y)7idRoﬂ?2(xay))
= (fi(z), fo(z), idr(y))

= (cosz,sinx,y).

Making use of the parity and symmetries of cos and sin functions we would
say: if x4 # xy and are symmetric arcs with respect to x-axis (y-axis) then
COST1 = COS Ty (sinxy = sinxs) and sinxy (cosxy) is opposed to sinxy (cosxs).
Hence (x1,11) # (w2, y2) whenever x1 # xo. Therefore 1 is one-to-one and
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(0,27) x R ~ ((0,27) x R):
(0,27) x R ¥(0,27) x R

f1(0,27) x f2(0,27) x R

{(cosz,sinz) | x € (0,2m)} x R

{(s,t) eR* | *+t2 =1} —{(1,0)}] xR

STxR—-{(1,0)} xR

[T —{(L,0)}] xR

1 1R 1R

dim (0,27) x R = dim (S* — {(1,0)}) + dimR = 2

3.2 Graph of smooth maps

Lemma 3.2.1

Let f:M— N and g: M —G(f) such that x+— g(xz)=(z, f(z)) be set maps, where
M, N are F-spaces, and G(f)={(z, f(z)) | x € M} CM XN is an F-subspace of
M xN. Then f is smooth if, and only if g is diffeomorphism.

Proof.

"=" Let f be a smooth map. That is f smooth if, and only if Fyof C Fy; that
is to say fyof € Fy. But, the following diagrams tell us more about the sequel
of proof:

La(f)
M N M x N
DN © LG(f)|= PN|G(f) M;»N
Ju Ffnof PN %fN
R -~ I N> f(M

In fact f=pnoig(sog is smooth by assumption. And f=py g 09 With pyg(p)
smooth. Thus g is smooth with respect to Corollary 2.3.2. Now we have to show
that ¢ is a diffeomorphism.

M—2 . ap r e g(x) = (2, f(z))
PmGg(y) =|PM © LG(f)
» PM|G(f)
M (prog)(x) =x

Also, pug(y) 1s obviously a smooth bijective map from pas g 09 = idy and
gopmic(y =1da(s). Therefore g:pM‘_Gl(f) and ¢! =PM|c(y) are smooth bijective
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maps. Hence g is a diffeomorphism and M ~ G(f), such that the diagram below
is commutative.
PMic(s)

G(f) M (z, f(x)) Puiap (@, f(2) =2
idey) ! !
G(f) g(z) = (z, f(z))

7<=" Let g be a diffeomorphism. So g is smooth. Hence pyig 09 = [ is
smooth since it is a composition of smooth maps.

Corollary 3.2.1
Let f : R — R be a smooth map. Then g : R — G(f) C R x R defined as in
Lemma 3.2.1 is a diffeomorphism, that is R ~ G(f).

The series of examples below makes use of the diffeomorphism built on a graph
of a smooth map.

Example 3.2.1

Let f(z)=x and G(f)={(z,2?) | zeR}={(z,y) ER? | y=2?} CR? a parabola.
In this case R~G(f). At each open set G of G(f), we associate an open set U in
R such that G={(x,2?) | €U} andU~g(U)=G. Finally dim G(f)=dimR=1.
Furthermore G(f) is a 1-pseudomanifold of first kind.

Example 3.2.2

Let G(f) be the graph of the real function f =| |, that is, G(f)={(x,|z|) | z €
R} CRxR. Thus, G(f)={(z, f(x)) z€R, f(z)=|z|}=g(R). In F-spaces setting,
f=|:R—=R should be a smooth map for the F-structure generated by {| |}. It
is known that f is not smooth in the canonical F-structure. Now, assume G(f)
endowed with the F-structure generated by miqyy and Tagp). With respect to
Lemma 3.2.1, R~ G(f) and py gy are diffeomorphisms such that g:R —RxR

and g:plf(;l(f). The graph of f reveals two situations as shown on the figure below:

unt U G(f)

G G

PriG(f)

W R

On the branches of G(f) in (I) and (II) ,at each point py or py there exists an
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open neighborhood G or Gs such that G is mapped into Uy and Gy into Us;
Uy and Uy being an open sets in R . In the sequel dimG(f) = dimR, that
is, dim G(f) = 1 on the two branches. At the origin, the open neighborhood G
in G(f), 1s of dimension 2. Thus G(f) is not of constant dimension at each point.

Example 3.2.3
Let M=B"={x=(x1,...,2,) |||z|| <1}, that is, the n-closed unit ball. Let the
F-structure on M be generated by functions 7t;, f: M — R, where 7; are Testm'c-

tions of natural projections such that m;(x) =x;, f(x)=+/1—||z|]?=]1 — Za:

with 0 < f(z) <1, 1 <i < n. Now, we define g : M%MXRCRnXR by
g(x) = (z, f(x)), that is, g = (71,...,Tn, f) and then g(z) = (x1,...,x,, f(2)) =
(F1(2)s o Tu), F(@)) = (Fry - s £)(2). S0, g(M)={ (. f(2)) | 2 € M}=G(f).
By definition, G(f) is the closed hemisphere viewed as a closed F-subspace of
R We have M ~ G(f) C M xR C R" xR, from Lemma 3.2.1. And so
dim M = dim G(f) =n < dimR"*. Furthermore, if we take Ini(B™), with the
same generating functions m;, f, then Ini(B™) is an open F-subspace of R™"?
such that inclusion Inf(B") — R"™ is a smooth map of F-spaces. Therefore
Int(B™) is diffeomorphic to the open top hemisphere h(IntB"™)) = {(z, f(x)) | z €
Ini(B™)}, where h = gum(Bn It follows that h(IntB")) = gjrmypn(IntB")) =
{(z, f(x)) | 234+ -+ 22+ f(x)?<1 and 0< f(x) <1} and Inf B")~h(In{B")),
that is, Int(B™) is n-pseudomanifold of the first kind.

Example 3.2.4

Let f:R—R? defined by f(z)=(cosz,sinz), be a smooth map in the canonical
F-structures. Let g:R— G(f) such that g(z)=(z, f(x)) and G(f) CRxR?. We
have R ~ G(f) = {(z,cosz,sinz) | v € R} C R* =R xS" C R with respect to
Lemma 3.2.1. The graph G(f) is a helix drawn on a unit cylinder whose azis and
basis are respectively the x-axis and the unit circle S' in y-z-plane of R®. Now,
any open neighborhood at any point q in G(f) is mapped on an open neighborhood
at p1(q) in R, where q=(x, f(x))=g(z) and p;: G(f) — R the canonical projection
that is py(x, f(x))=xz. Hence G(f) is a 1-pseudomanifold of first kind.

Example 3.2.5
Let f: R — R be a bijective set map defined by

if v € (0,1)
1 ifxze(3,4)
-3 andzx € (—o0,0lU[1,3]U[4,+00)

In the sight of Lemma 3.2.1, if we take f as a generating function for the F-
structure on R, then f should be smooth. Therefore g R — G(f) CRxR
should, in turn, be a diffeomorphism, that is g = p1|G and g7! = = Dig(p) aTe
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smooth bijective maps. Therefore, the inverse image of open and closed sets of
G(f) = R xR by g are respectively open and closed sets in R. That is the
same for open and closed sets of f(R) = R. The diagram below summarize the
informations gained

R — G(f) =R x R
p1 o~
~| P2
JANS
R

that is, f =po0g and fopy =py since gopy =idrer. Thus, ps is a diffeomorphism as
composition of diffeomorphisms. We can conclude now, that dimG(f) = 1. We
would like to show what can be f~1(0,+00) for the given f. It follows from the
definition of f that z € f~1(0,+00)=(0,1)U(3,4)U[4,00)=(0,1)U(3,0) if, and
only if y€(0,2)U(3,1)U[L, +00)

z € (0,1) if, and only if y =
since f1(y) =< x € (3,4) if, and only if y = 1
x € [4,+00) if, and only ify =2 — 3

€(0,3)

N8 I8

3.3 Smooth maps between pseudomanifolds

Definition 3.3.1

Let M be an n-pseudomanifold. Then at each point p € M, there exists a pair
(U, ), where U is an open neighborhood of p and ¢ : U — pU) C R”, a
local diffeomorphism. The pair (U, ) is called a local chart (or a coordinate
neighborhood) at p € M, that is, at each point p € U correspond n coordinates
zH(p),....2"(p) of p(p) € p(U) C R", where p(p) = z'(p),...,2"(p) and n
is constant for every point in U. Each x'(p) is called the it" coordinate, where
' : U — R are smooth such that o = (x',...,2"). The open set U is called the
domain of the chart.

Definition 3.3.2

Let (U, ) be a chart at p and (V1)) be chart at q, where p,qe M, o= (zt, ..., 2")
and = (y',...,y") with 2%, y* the i smooth coordinate functions. Let UNV #0).
The maps between open sets of R™, op™t:pUNV)—ypUNV) and porp™:
Y(UNV)—oUNV) are called transition functions. The charts (U, @) and (V)
are called F-related (or F-compatible) if UNV # O and the transition function
o™t ahop™t are diffeomorphisms of the open sets o(UNV) and (UNV) in R™.

That is an equivalence relation among charts.
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Definition 3.3.3

Let M be an n-pseudomanifold and (U, ) a chart in M. A collection A of F-
related charts is called an F-atlas if the domain of charts in A form an open
covering for M. The chart (U, p) is F-compatible (F-related) with an atlas A if
(U, p) is F-related to each chart of the atlas A.

Definition 3.3.4

Let Ay, Ay be two F-atlases in a n-pseudomanifold M. A is equivalent to As
and denoted by Ay ~ Ay if AJUAy is again an F-atlas, that is each chart of one is
F-related to the other F-atlas. The union of all equivalent F-atlas is the mazximal
F-atlas that is the biggest F-atlas equivalent to all members of an equivalence class
of F-atlas. Each chart (U, ) in the mazimal F-atlas is called an admissible local
chart.

Actually ~ is an equivalence relation.

Definition 3.3.5

Let M, N be pseudomanifolds of dimensions m and n respectively. Let ¢ : M —
N be a set map. ¢ is said to be smooth map of pseudomanifolds if for every
p € M, there is some chart (U, pa) in M with p € U, and (Vs,vs) in N with
©(p) € Vs, a, B belonging to some set of indices for a covering of M, such that
Ygopop i paUaNe™t(Vs)]| = ¢sle(UaNV3s)] (or equivalently, such that p(Uy) C
Vs and Ygopopt:paUs) — Vs(Vs) ) is a smooth map of F-subspaces of R™
and R™ respectively.

Note that p(U,)NVs#0 since ¢(p) € p(Uas) and p(p) € V5. But, ¢(p) € Vs implies
p € (Vp), thus Us N~ (V) # 0. Also, pUa N~ (V5] C pUa) N o™ (V5) =
o(U)N[VsNe(M)] C o(U,)NVs as a consequence of a set theoretical property
combining image and inverse image of a set map. It can be shown that (U, )NVs
is an open set in p(U,) and U,Np~1(Vs) is an open set in ' (V3), both for F-
subspace topologies, since the given intersections are open sets for the respective
trace topologies. But the trace topology is contained in the F-subspace topology,
so the claim holds. Now, the following diagram of restricted maps makes sense:
2
Us N o™ (V5) = plUa NeTH(Vp)]

QOQ_ ! Pa W

@) @) —1
pallhs O g (V)] —PEOPO P to1,) NV

where ¢[U, N (V5)] = p(U,) N V5 with respect to Lemma a set theoretical
property combining image and inverse image of a set map and ¢, [U,Np ™! (V3)] =
0o Us)Nipal™(V5)] with respect to a characterization of injective set map.



3.3 Smooth maps between pseudomanifolds )

Lemma 3.3.1

Let M be a pseudomanifold. Let (Us, o) and (Vs,1g) be two charts atpe M. The
maps Yot and oyt in Definition 3.3.2 are smooth. They are inverse to each
other. If U, CVp then the transition functions become Yoot : oo (Us) — 1Vs(Us)
and goaowgl Ya(Us) — 0o Usy).

Proof.

First, since ¢ and ¢ are F-diffeomorphisms, thus ©op~! and pow~! are F-
diffeomorphisms and (o™ 1)t = oyt Now, let 3'(p) =h'(x'(p),...,2"(p)) and
2'(p)=g"(y*(p),...,y"(p)). Thus, h' and ¢’ are smooth functions as components
of o™t and ¢ o 1p~!. These imply,

Yo p(p) = 1/)(19)
= (W'®),. .. ())
= (hl(ml(p),--- :
= (hl[ "y 1(p), Y (p)),---7g”(y
h'g (v (p), - - 7y(p)),--.,g”(y1

-1

9

that is, y'(p) = M'[g'(y()).- - -, g"(y(p))] with y(p) = (y'(p).. .. ,y"( )) for i =
1,...,n. Therefore, by analogy to the previous equalities, ot~ (1)(p)) =

(& (p). - 2"(p)) yields 33 (p) = g7 (B (2(p)).. ... I (w(p))] with 2(p) = (2" ()., 2" (p))
for 5 = 1,...,n. Hence, the transition maps are dually invertible. Secondly,
let Us C Vg. Thus, UsNVs =U, and the charts (Ua, pa), Ua,¥py,, ) such as
Vg, = ot with v:Uy — Vg the canonical inclusion. This ends the proof. 4

Proposition 3.3.1
Let ¢ : M — N be a smooth map of pseudomanifolds, with dimM = m and
dimN =n. Then ¢ is F-smooth map.

Proof.

Assume that ¢ is a smooth map of pseudomanifolds. It follows from Definition
3.3.5 that for every pe M, there exists some chart (U,, p,) in M with pEMa and
some chart (Vs,15) in N with ¢(p) € Vs such that Ygopopt: pa[UaNe™ (Vs)] —
Yglp(Ua)NVg] is smooth function of F-subspaces of R™ and R" respectively. That
is, Y00 = (Ygopop,')op, is F-smooth as the composite of smooth maps as
shown in the diagram below:

Un 1o (Vi) o) NV — 2 () 1 V)
3 fo=fgogop 3 fsovs Vs
R

In the light of Corollary 2.3.2, ¢ is smooth on U,Ny ' (Vs). Now, we have to
show that the smoothness of ¢ does not depend on the choice of a chart. For,
let (U, ¢l) be another chart at p in M. It is clear that U, NU, is non-empty
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and we can define the transition maps p,00 ! 10! (U NU.) — 0o (U NU), and
ol ot 1 oo (UaNUL) — ¢l (U,NU.), which are F-diffeomorphisms. In the sequel
Ygopop to(paopi ) =1girepopl ! is a composition of F-diffeomorphisms with
Ygopo Ll UMY 1 (Vs)] = ¥slpa (U,)NV5]. Therefore, for any chart (Us, pa),
¢ is smooth on U, Ny, (Vs). Without loss of generality, we may choose U, and
Vs such that U, C 1 (Vg) and (Us, Pu)aca is open covering of M for 7, and
Te,, Since Tx,, C T¢,,. S0 ¢ is smooth on each U, member of a covering of M in
Tcy - We should conclude, by means of Lemma 2.3.3, that ¢ is smooth on the
whole set M. U

Proposition 3.3.2
Let M, N be pseudomanifolds with dim M =m and dim N=n. Let o:M — N be
an F-smooth map. Then ¢ is smooth map of pseudomanifolds.

Proof.

From Lemma 2.3.2 ¢ is F-smooth if, and only if for every p € M and each
neighborhood W, in NN, there exists a neighborhood V, containing p such that
©(V,) C Wyp). Assume U, =V, and Vg = W, with o(U,) C Vs. Thus U, C
0o oUs) Tt (Vg). Tt follows that U, N~ (V) =U, and p(U,)NVs = p(U,).
Hence vgop0p, ' o(Us) — 15(Vs) is smooth as the composite of smooth maps.
Furthermore ¢ is a smooth map of pseudomanifolds by Definition 3.3.5. The
diagram below is related to the situation

M L4 N
U, e, y,
0o Pa Vg wﬂ_l
g © P, © Vg
Qpa( oz) ¢B(Vﬂ)

Corollary 3.3.1
Let M, N be pseudomanifolds with dimM =m and dimN =n. Let p: M — N be
a set map. ¢ is F-smooth if, and only if ¢ is smooth map of pseudomanifolds.

Proof.
That is a straightforward consequence of Proposition 3.3.1 and Proposition 3.3.2. [J

Corollary 3.3.2

Let M be a n-pseudomanifold and f: M — R a function. Then f € F if,
and only if for every p € M there is some chart (Ua, o) at p in M so that
foo i oa(Us) =R is smooth, that is fop '€ Fyw), with go(Us) CR™
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Proof.

"—" Assume f € Fy. Then if N=R and ¢=f in Corollary 3.3.1, f is smooth
map of pseudomanifolds. Thus, with respect to Definition 3.3.5; for every pe M
there is some chart (Uy,¢,) at p and some chart (I,id;,) at f(p) such that
f(Ua) CIg and id;opop;:0a(Us) — I3 is a smooth map of F-subspaces, where
V=13 CR and yg=idy,. Therefore for every p€ M, there is some chart (Us, ¢q)
at p so that fop,':pa(Us) —R is smooth, that is fop '€ F, w.)-

7<=" Proposition 3.3.1 yields N=R, o= f. Thus f is smooth map of F-spaces,
that is foM |

Corollary 3.3.3

Let N be an n-pseudomanifold and ¢ :R — N be a curve. Then c € Cy if, and
only if for every t € R there exists some chart (Vg,1v3) at c(t) in N such that
Ygoc: ' (Vg) — 1p(Vg) is smooth, that is ihgoc € Cy,y) with ¢ (V) C R,
¥s(Vs) CR™.

Proof.

"—" Assume ¢ € Cy, M =R, ¢ = ¢ in Proposition 3.3.2. Thus ¢ is a smooth
map of pseudomanifolds. By Definition 3.3.5, one have, for every ¢t € R there
exists some chart (¢7'(Vg),idc-1(,)) at t and some chart (Vg,1)3) such that
c(c7'(Vs)) = VsNe(R) C Vg and ygocoiderpy,) : ¢ (V) — ¥3(Vs) is smooth
map of F-subspaces, where U, = ¢ *(V3) C R and ¢, = ide-1(py). 1t follows a
diagram of smooth maps:

R - N
(V) Ay,

- =1 .
chfl(vﬁ) ide1(vy) Vg

V5 0 Cle-1(yy) O dd "
B | (Vs) 1(V5) wﬁ(yﬁ) C R™

R>D Cil(V/@)

Therefore, since id_ ", V) =id.1(y,), for every t € R, there is some chart (Vs, 1)

at c(t) such that goc:c'(Vg) —1p3(Vs) is smooth, that is,ihgoc€Cyyvy).-
7<=" Proposition 3.3.1 yields M =R, ¢=c¢, p=t. Thus c is smooth map of
F-spaces, that is c€Cy. O

Corollary 3.3.4
Let M, N be pseudomanifolds and ¢ : M — N a set map. Let ¢ be any curve in
Cyn. The following conditions are equivalent.

1. ¢ is smooth.

2. poceCy.
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3. gopoc:c o (Vg)) —bs(Vs) is smooth, where t ER and (Vg,13) a chart
at c(t).

4. poc:c (o™t (V5)) — Vs is smooth.

Proof.

(1) = (2) Obvious from the definition of a smooth map.

(2) = (3) From Corollary 3.3.3, poc € Cy if, and only if for every ¢t € R there
exists (V3,13) a chart at (poc)(t) in N such that 1go(poc): (poc) ™t (Vs) = 1s(Vs)
is smooth.

(3) = (4) Assume gope:c (o1 (Vs)) — ¥5(V5) smooth. Note that poc smooth
implies ¢oc continuous for both 7¢,, and 7, that is, (poc) ™1 (Vs) is a R-open set.
Therefore ¢~ (o1 (V3)) is a R-open set. This yields ¢~ (Vg) € 7¢,. As composite
of 13 smooth and yoc, it follows from Corollary 2.3.2 that woc: ¢! (p~1(V5)) — Vs
is smooth.

(4) = (5) Assume ¢(R) C ¢~ (Vg). It follows that ¢! (¢(R)) C ¢t (Vg) and
R C (poc) ' (V5). Thus R=(poc)"'(Vs). So poc:R— N is smooth curve.

(5) = (1) Straightforward consequence of the definition of a smooth map. Hence
© is smooth. O

Corollary 3.3.5
Let v:R— N be a set map. Let N be a pseudomanifold. If for every t €R, there
exists c€Cy and 1, a R-open set, with t €1, such that v, =c|, then y€Cy.

Proof.

We may make use of Corollary 3.3.3. That is, c€Cy if, and only if for any t€R
there exists some chart (Vg,15) at ¢(t) in N so that ¥goc:c 1 (Vs) —g(Vg) is
smooth. One can assume [, =c¢ (V3), and so t € I, and (I,)aca is a T¢, = 75,
open covering of R. Also c¢: 1, — V3 is smooth. Now, one can make use of the
assumption vz, = cjz,. It follows that the set map v:R — N, has its restriction
smooth on each I, for any «, in the covering. With respect to Lemma 2.3.3 v is
smooth curve on the whole R for its structure of F-space or pseudomanifold. [J

3.4 Category of pseudomanifolds

From Sections 3.1 through 3.3, we may build a category formed by pseudoman-
ifolds as objects and F-smooth maps between them as morphisms. We denote
this category by PSF, the category of pseudomanifolds of the first kind. The
category PSF is a full subcategory of FRL since smooth maps of pseudomani-
folds are F-smooth maps of F-spaces. As shown later in Sections 3.5 through 3.8,
the category PSF has all limits and colimits inherited from FRL. Thus PSF
is complete and cocomplete. The existence of initial objects and final objects is
granted: M ={x} admits () and M as both 7z,,-open set and 7z,,-closed set, with
Try = Tey =10, M}. We have Fyy ={f,: M =R | fo(z)=a} and C ={p,} a
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singleton. There exists a bijective correspondence between Fj; and R. And so,
for any a € R

0 if a¢ (0,400)

{z} ifae(0,+00).

It is possible to build a local diffeomorphism ¢ : {x} — {0} = R® such that
o({z})={0} is a closed set in {0} =R°. Thus, M ={z} is a pseudomanifold of
dimension 0. Hence PSF admits terminal objects and products of two objects
exists.

fa (0, +oo>{

3.5 Subpseudomanifolds

Definition 3.5.1

Let f: M — N be a smooth mapping of pseudomanifolds, with dimM =m and
dimN = n. The rank of f at p € M is the rank at p(p) € (U) of the map
f=vofoo ™t :oU)— V), with (U, @) a chart at p in M and (V,1) a chart
at f(p) in N, that is the rank at p(p) of the Jacobian matriz

oty ... 9
Oxl o™
onf ... 9f
oxl o™

of the map f(x*,...,2™) = (Yofap™ ") (.. .,2™)=(fN(z',. ., a™),..., (', .., z™))
expressing f in the local coordinates.

The rank must be independent of the choice of coordinates since the smooth-

ness of f is independent of the choice of coordinates (charts). Let M SN
be a smooth map. Thus, we get the following: =z = (z!,...,2™) € R™, y =
(fi(=t, .o a™), . f(2h, ..., 2™)) € R™. The important case for our study will
be in which the rank is constant at each point pe M.

Example 3.5.1 [9,p.47],
Let f(x1,m9)= (2% + 23, 27125). Its Jacobian is given by

I(x3+x3)  O(xi+a3)
D.f(if X ) = 81:01 * éxz : = 2I1 2I2
1,42 02122 02x129 2[E2 2561

8271 aCEz
and detD f(xy, Ty) = 4% + 4x3. First, 423 +413=0 & 12 + 23=0 & 11 =15, =0.

Hence, = Df(0,0)= [8 8 , that is, rank f=0 at (0,0). Secondly, 4x3 + 4x5#0
as a sum of squares = x1#£0 or xo#0. Thus, rankf=2 at (x1,22)#(0,0).
Let f(xy,29)=((21)?, 2x122). Then Df(xq,x9)= | 5971 Ory | = .

0211 T2 0211 T2 23:2 21;1
Bml amg
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Thus, detD f(x1,x2) = 4x2. Then rankf=0 at (0,0) and rankf=2 at (z1,z2)#
(0,0).

The relationship between global diffeomorphisms and local diffeomorphisms on
pseudomanifolds setting is given by Definition 3.3.5 and Corollary 3.3.1.

Definition 3.5.2 Let f: M — N be a smooth map of pseudomanifolds with
dimM =m, dimN =n. The map [ is said to be:

1. a submersion if rank f=n at every point pe M, with n>m.
2. a immersion if rankf=m at every point pe M, with m <n.
3. a diffeomorphism if f maps M one-to-one onto N and f~1 is smooth.

4. a local diffeomorphism if dimM = dimN and f a submersion (or equiva-
lently, f is an immersion)

We will deal with the concepts of substructure in the pseudomanifold setting,
that is, in F-setting.

Definition 3.5.3

Let F': M — N be a smooth map of pseudomanifolds and dimM =m, dimN =n.
F(M) =(M, F) is an immersed subpseudomanifold of N if, and only if F is an
mjective 1mmersion.

Remark 3.5.1

1. Some authors, Frank W. Warner [86] among them, denote F(M):= (M, F')
to stress the fact that the structure lies on the nature of F'. And changing
F to G, , that is another map, should yield (M,G) # (M, F). Also sub-
pseudomanifold will mean immersed subpseudomanifold if no confusion is
expected.

2. In Definition 3.5.3, F(M) := (M, F) is endowed with topology and TF-
structure which makes F: M — F (M) an F-diffeomorphism.

3. We will be aware of this F-diffeomorphism: even when F is one-to-one
immersion, it is not necessary an F-diffeomorphism with F(M) as an F-
subspace of N since the structure on F(M) is generated by G, pary = {fo
Fl=g:F(M)—R|fe€Fuy}, that is, co-induced from that of M. The
smoothness of F yields (foFY)oF = f & Fy. But For(y = {ho LE(M) =
Plpaary | P EFn} = fN\F(M) generates the F-substructure on F(M), as show

in the following diagram:
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R

(F(M), TGy pary, LG pany) := (F(M), TG, p(ary, Griar))
(F(M),F:FOF(M), @FfoF(M)) = (F(M), FfoF(M)7FF(M))

4. Since F: M — F(M) C N is one-to-one and onto, we do understand
Definition 3.5.3 in the following way. By defining open set of F(M) to
be images of open sets of M and coordinate neighborhood (W,n) of F(M)
to be of the form W = F(U), n = poF~t, where (U, p) is a coordinate
netghborhood of M, we will carry over the topology and F-structure of M to
F(M) as shown below

M r - F(M)EOD |y
M. F()
F—l
g
f
R

The fact that F': M — N is continuous implies that, if V € 7x,, then F~1(V) €
7r, and also F(F~Y(V))=VNF(M) :L;%M)(V) since Ly @5 the canonical
inclusion. We recall that 1g,,, O Try(F(M)), that is, F-topology is finer
than the relative topology. Thus, there may be open sets of F(M) which are
not of the form YNF(M). Nothing can allow us to state that all open sets in
M are of the form F~Y(V), thus there exists U C M such that U+# F~1(V)

for any V open in N. Notice that VCN and not in F(M).

Definition 3.5.4

Let F: M — N be a smooth map of pseudomanifolds and dimM =m, dimN =n.
F(M):=(M,F) is an embedded subpseudomanifold of N if, and only if F' is an
injective immersion such that F: M — F(M) is an F-diffeomorphism with F (M)
an F -subspace, but the topology is the trace topology of 77, on F(M). Such a
smooth map F is called an embedding of M to N.

Remark 3.5.2

1. 77y (F(M)) is the smallest topology on F(M) for which tpry (the canonical
inclusion) is continuous.
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2. F:M— F(M) is an open map , that is F(U) is open in F(M) and is of the
form F(U)=VNF(M) with any V open in N for 7z, and U open in M.

3. An embedded subpseudomanifolds is a particular type of immersed subpseu-
domanifold.

4. We will denote 7, = 75, (F(M)), 71 = Tr,,,, the F-subspace topology on
F (M), and 1 the co-induced topology from M to F(M) as in Remark 3.5.1
(4). It is already known that 7 D7, and 7 D 71,. We need to know what is
it about T and 1. From their definitions Gy = PTGy poary and Frny =
OL'F, pary- That is, hovpr) :h|F(M) € F, p(ary with for all h€ Fy, hoF' =
f € Fu since F is smooth also F' = tpyyo F' by definition of F. Since
F: M=>F(M). Thus Moy = hotron = hotpyoFoF ' =hoFoF ' =
fO,F_1 € goF(M)- It yl@ldS foF(M) Q QOF(M), that iS, fF(M) = gF(M) Now
B = {h‘_Fl(M)(O, +00) |h € Fy} and B' = {g7'(0,40) | g € Grary}. Thus,
B C B'. That implies 7, C 17 C 1o since for all U € B, there exists V € B’
such that VCU.

Definition 3.5.5

Let N be an n-pseudomanifold. Let M C N be a F-subspace of N. M 1is said

to be a reqular m-subpseudomanifold of N with 0 < m <n if, and only if for

every point p € M, there is a chart (U, ) in N with p €U so that o(UNM) =

eU)NR™x{(0,...,0)}) and the topology on M is 7x,, = Tr,(M). The subset
~——

UNM s called a slice of U, ) and the chart (U, ) is said to be adapted to M.

Definition 3.5.6

A subset M of an n-pseudomanifold N is a regular m-subpseudomanifold of N
with 0 < m < n if, and only if for each point p € M, there exists a coordinate
neighborhood (U, p) on N with peU, with local coordinates z*, ... x™ such that

1. ¢(p)=(0,...,0)eR"™. That is, the coordinate system is centered at p.

2. o(U) = C™(0) = C*0) = {(z},...,2") € R*||z!| < € for all 1 < i < n}.
That is, the open cube with sides of length 2¢ and centered at the origin
(0,...,0)eR".

3. oUNM)={xeC™(0)|z" ! =-..=2"=0}

Definition 3.5.5 and Definition 3.5.6 are equivalent. See [69, 1.4 Submanifolds]
for details on regular point and regular subpseudomanifold. A coordinate system
(U, p) is called a cubic (cubical) coordinate system if o(U)=C"(0).

Example 3.5.2

The sphere S* = {x € R?|||z|| = 1} is a reqular subpseudomanifold of R. The
examples given in [9, 12] are natural examples of regular subpseudomanifolds,
where examples 4.9, 4.10 are not.
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Definition 3.5.7
Let N be an n-pseudomanifold and M C N a 7z, -closed. M is called a closed

reqular m-subpseudomanifold if, and only if for each p € M, there ezists (U, )
a chart at p in N with peU such that p(UNM)=p(U)N(R™x{(0,...,0)}). M

n—m

is also called properly (or reqularly) embedded subpseudomanifold of N .

Remark 3.5.3

1. If M is a reqular subpseudomanifold of N then tpr — N is a smooth map
of pseudomanifolds such that tpr : M — vy (M) is the identity map, that
is injective and immersion (Yoot =op ! a diffeomorphism, thus
rank vy =m), that is M and 1y (M) have the same F-subspace structure
and F-subspace topology. Hence vy is naturally an embedding. Therefore

M is an embedded subpseudomanifold of N .

2. If F: M — N is an embedding, then F(M) is an embedded subpseudo-
manifold and F : M — F(M) is a diffeomorphism and the family of pairs
(UNM, @pns ), where (U, @) ranges over the charts over any atlas for N, is
an atlas for M, where M is given the topology Tx,, =Try (M).

3. Here are some Observations.

(a) On F(M): 7,C 1 CTe as shown in Remark 3.5.2 (4).

(b) F(M) Embedded subpseudomanifold = Immersed (with 1) and T, =
Ty=T, = To DTINTI DT = T1 =To = Lpm): (F(M),7,) — (F(M), )
is an F-diffeomorphism = vpy) injective immersion such that such
that F(M) is an F-subspace and 7 =1, = F(M) is a reqular subpseu-
domanifold of N.

(¢c) F(M) regular subpseudomanifold of N —.

1.

1.

Le(ay 15 an embedding => F (M) is an embedded subpseudoman-
ifold of N.
Since Fpony CGry and 7,C T = 71 2 B={h' (0,+00)|hec

|F(an)
FntC{g1(0,40) |9 €Grin} =B €1 = for allUd € B there
exists V=U € B’ such that Y CU = 11 C 1o. Also, since F is
an F-diffeomorphism, any V=g"1(0,+occ)=(fo F~ )70, +00)=
Fof710,400) = F(f71(0,0)) is a m-basic open in F(M). But
F=upryoF and for all he Fn there fi € Fy such that hoF = fy
= fi'(0,4+00) = (tpan o F) Lo h™1(0,+00) = f71(0,+00) =
F~loh! )(O, +00) = (D1, 0F) (0, +00) basic open in M. Thus

Fevs
F(ffl((], —i—OO)) = FF_1<h*1 )(0, —i—oo) = h‘;l(M) (O, +oo) T1-basic

|7 ()
open and To-basic open in F(M). From closeness under finite
intersections f~1(0,+00) N f71(0,+00) = f51(0,+00), f2 € Fy
and F(f; (0, +00))=F f~1(0, +00)NF f; (0, +00) = g~1(0, +-00)N
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Mpan (0, +00) DV is a Ta-basic open and T1-basic open of F(M).
Hence for all V€ B’ there exists U=g~'(0, +00)Nhy,,, (0,+00) €
B such that U CV = 15 C 1. Therefore o=1, and 71 =7,, that
is =7, => F(M) immersed (with 7o) and 7, = F embedding
= F(M) embedded subpseudomanifold of N.

Example 3.5.3 Ezamples of open and closed subpseudomanifolds

1. U=GL(n,R)C M =p,(R), nxn matrices over R, which consists of all non-
singular nxn matrices U ={A € u,(R) | det A#0} since det A is a polynomial
function of its entries a;j, it is a continuous (smooth) function of its entries
and of A in the topology of identification with R". Thus U =GL(n,R) is
an open set-the complement of the closed set of those A such that det A # 0,
and we see that U =G L(n,R) is an open subpseudomanifold

2. 5% is a closed, reqular subpseudomanifold

One can make the construction of a pseudomanifold from a given one by means
of the following results borrowed from [9, 12].

Lemma 3.5.1 [9, Theorem 5.8

Let M be an m-subpseudomanifold, N an n-pseudomanifold and F: M — N a
smooth map. Suppose that F' has constant rank k on M and that g€ F(M). Then
F~Y(q) is closed, reqular (m — k)-subpseudomanifold on M.

Corollary 3.5.1 [9, Corollary 5.9]

If F:M — N is a smooth map of pseudomanifolds with dim N =n<dim M =m
and if rank F =n at every point of F~(q), with ¢ € M then F~'(q) is closed,
reqular subpseudomanifold of M.

3.6 Product of pseudomanifolds

Theorem 3.6.1
The finite product of pseudomanifolds is a pseudomanifold provided that each
factor is endowed with a mazimal atlas.

Proof.
Let (U, ¢;) be a local chart for (M;,Cyy,, Fur,), where M; are pseudomanifolds
of dimension m; and ¢ = 1,...,n. thus the basic open sets in M* have the

following form Uy x - - - xU,, = ﬂ D; 1(1/{1-), where U; are TFy,-OPen sets in M; and
i=1

M; DU; ~ s (U;) CR™: | with respect to the form of p; ' (U;) shown after Definition
2.6.4. In the sequel, each open in M* is an union of some basic open. Without
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loss of the generality we will restrict ourself here to n =2. The generality will
follow the same way. Therefore, since My, My are pseudomanifolds, we may make
the F-product M;x M; a pseudomanifold by the following construction of charts:
Given

Z/{l UQ Vl VZ
1 ©2 U (1)

©1(Uh) pa(Us) P1(V1) Pa(Va)

where (U;, ;) and (V;, ;) are charts with ¢ =1,2. These yield ¢ = (¢1 X ¢2) :
U XUy — p(Uy xUs) = @1 (Ur) X 2 (Us) and ¢ = (Y1 X 1h2) : Vi x Ve = (V1 x V) =
1 (V1) X9 (V) such that (U xUs, ) and (V1 xVs, 1) are charts and Uy xUs, Vi XV,
are basic open sets in My x M. Let U = (Uy xUs)U(Vy X Va) C (U UV, ) X (U UVy).
Because M;, M; satisfy to the maximality condition of atlas, that is, any union
of charts is a chart in the maximal atlas. So, Uy UV, =Wy, Us UV, =W5 are again
charts. The previous construction of product of charts allows us to let W7 x Wy
be a chart, this yields the following diagram:

L
My x MyDU - Wi x Wy

Q‘MIQOL 6:(91,62>

G(Wl X Wg) = Hl(Wl) X GQ(WQ)

where (W1, 6,), (Ws,60,) are charts. Thereby (U, 6),) is a chart. Among U, built
in this way, we may find out an open covering of M; x M, so that M; x Ms is
locally diffeomorphic to R™! x R™2 | that is M; x M, is a pseudomanifold.

Finally for a general n, M* = H M; is locally diffeomorphic to R™! x --- x R,
i=1

that is a pseudomanifold. O

Corollary 3.6.1
dim [[_, M; =mq + -+ +m,.

Example 3.6.1
R™.

Example 3.6.2
T" = n-torus
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3.7 Coproduct of pseudomanifolds

Lemma 3.7.1
Let (U;, ;) be a chart in M; at point p; € M; with M; an m;-pseudomanifold for
alli € I. Then:

1. (si(Us), ps 0 571) is a chart of s;(p;) in s;(M;) with p; € M.
2. s;(M;) is an m;-pseudomanifold.

Proof.

s; © M; — s;(M;) C M is a diffeomorphism of F-spaces, where the F-structure
on s;(M;) is one induced by s; , that is g € Fy, ) if, and only if fos; ' =g
with f € Fpy,. This structure coincides with one s;(M;) inherits from M as an
F-subspace. We can see from the diagram below:

S
M, D U; B ~ - Sz(uz) C SZ<M1)
-1
Si

V; = ;0551 if, and only if ; = 1; 0 s;.

R™: 5 QOl(ul)
that (1), (2) and (3) hold. O

Theorem 3.7.1
The finite coproduct of pseudomanifolds is a pseudomanifold.

Proof.

M is an F-space by Definition 2.7.1. Let &/ C M be an open neighborhood of
an arbitrary ¢ in M. Thus U = U si(U;) with U; C M;, open. Also there exists
a fixed j € I, such that ¢q € Sj(;/e[;), where U; C M;, open. Furthermore there
exists p € U; such that s;(p) = ¢ and U; is an open neighborhood at p, since each
s; : M; — M is a smooth map of F-spaces. Now, since {s;(M;),i € I} is forming
a partition of M, it follows U = H sk(Vk), where s,(Vy) is a union of all s;(U;)

keK
included in a particular sx(My). Afterwards, using 1y o s = ¢, from Lemma

3.7.1, one should build a local diffeomorphism by means of the diagram below:
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Ll = H Sk(vk)

keK
~ | = (Vr)rex
Sk
©r (Vi) H s1.(x(Vk))
where ¢|Sk(vk) =1oL =50, = 8 00 Sk Vi C Mk, se(Vi) C si(My),

or(Ve) C R™ U C R™ and 9 is a local diffeomorphism by construction. Thus,
(U, ) is a chart at ¢ in M with U = H sx(Vx). Finally, M is a pseudomanifold. [J

keK

Lemma 3.7.2 )
si(M;) is open, closed reqular subpseudomanifold of M such that dim s;(M;) =

Proof.

Since 7, = T£,, thus the trace topology on s;(1/;), induced from M, the F-
subspace topology, and the induced topology from M; coincide. Also s; : M; —
si(M;) is an F-diffeomorphism. (V;, ¢;), and (s;(V;), 1;) are charts respectively in
M; and s;(M;). Therefore, 1; o s; 0 @; : ©;(V;) — ;(s;(V;)) is a diffeomorphism
as a composite of diffeomorphisms. In the sequel rank s; = rank (v; o s; 0 ;) =

m,; and s; iIs an injective immersion. Hence s;(M;) is an open closed, regular
subpseudomanifold of M such that dim s;(M;) = dim M; = m,. O

Corollary 3.7.1

If U= HV" with V; C M; open then U is an open reqular subpseudomanifold
i€l

of M.

Example 3.7.1

Let My =R, My=R. Thus, MiLMy={z|x € M; or x€ My such that M"\My={}.
The open sets are O, My, My, My U My and U =U, UUs, where Uy, Uy are open
respectively in My and My such that Uy C My and Uy C My |, that is Uy NU;=1.

3.8 Quotient of a pseudomanifold

Theorem 3.8.1
The quotient of a pseudomanifold is a pseudomanifold.

Proof.
Let 7m: M — M be the canonical projection. Let U be an open neighborhood in
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M, thus h: 7 (U);~ —U is a diffeomorphism from Lemma 2.8.6 and 7~ (U) is
an open neighborhood in M. Assume (7~ !(U), ) be a local chart in M , that
is, p:m 1 (U) — p(m 1 (U)) CR". We can construct a commutative diagram of
smooth maps as follows with respect to Lemma 2.8.6:

h=g

M > 7= (U) UucM

R" D p(n~'(U))

It follows that (¢og~ ']/~ =g [yl =) vields (¢ [z] )= =¢ '{y] /=) since ¢ is a dif-
feomorphism. The surjectivity of ¢ yields (¢qq~'[z]/~= =qq¢ '[y]/~) implies [z]/~ =
[y]/=. Thus @o ¢! is injective smooth map. Also (pog~!)~t=gop~! is a surjective
smooth map. Then, @og~! is a bijective smooth map , that is, a diffeomorphism.
Now, in the sequel (poq~1)og is a diffeomorphism as a composition of diffeomor-

phisms. To summarize the situation, we give the following diagram

M > Y (U) .

R" D (7= U)) = UcM

g togoy™
Finally, M is a n-pseudomanifold. U




Chapter 4

Tangent structures on
pseudomanifolds

4.1 Tangent structures

There exist two kinds of tangent vector on an F-space. The first one is called
operational tangent vector ( as in [6] ) and is defined from structure functions.
Instead, the second kind is called the kinematic tangent vector ( as in [6] ) and is
defined from structure curves. We would like to provide, in the natural way, the
set of operational tangent vectors and the set of kinematic tangent vectors with
an F-structure. After that, the objects of interest will be the tangent bundles,
the double tangent bundles and others concepts as of vector fields, dimension,
tangent maps.

Definition 4.1.1

Let (M,Cyr, Far) be an n-pseudomanifold. An operational tangent vector v to M
at the point p€ M is a smooth derivation ( linear operator) of the algebra Fyr at
p. That is, v:=d, =evy,od: Fyy — R such that for all f,g€ Frn, a €R we have

o(f + ozg)(:v(f) —)l— av(g) and v(fg)= f(p)v(g) + g(p)v(g), the so-called Leibniz
condition (or rule).

We denote by Der(M):={d:Fy— Fu | d is a smooth derivation of Fp; on M}
the Fy-module containing all smooth derivations. The operational tangent vector
v is also called the contravariant tangent vector or the derivative.

Lemma 4.1.1 [(]

Let (M,Cy, Far) be an n-pseudomanifold and p € M. Let v:Fy — R be a

linear map. Then v is an operational tangent vector to M at p, if and only if v

satisfies the following conditions: v(f) =0 if f is constant, and V., =0, where
P

a2:={(f = f(P)(g—9) | f,9€Fu}-

69
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Definition 4.1.2
Let (M,Cyr, Fur) be an n-pseudomanifold and pe M. The set T,M CC>(Fy, R)

of all operational tangent vectors at p is called the operational tangent space at p
on M.

Lemma 4.1.2 [6, 85
Let (M,Cyr, Far) be an n-pseudomanifold and p € M. The operational tangent
space T, M at the point p of M is a linear Frolicher space of dimension n, a linear
n-pseudomanifold, say.

Remark 4.1.1

The set {%, o %} is a basis for T,M, where (x1,...,%,) is a standard local
coordinate system on M. The F-structure on T,M is generated by the set of
functions, Fo,={(df), | (df),: T,M =R, v— (df),(v) :=v(f)}, where de€ Der(M)
and f € Fy. Let U C M be an open neighborhood of p € M. Since M 1is an
n-pseudomanifold, thus there exists a local diffeomorphism ¢ :U — p(U) CR"
such that n=dimM = dimU = dimpU ) = dimR" = dimT ,,R" = dim T ;) p(U).

Definition 4.1.3

Let o: M — N be a smooth map of pseudomanifolds. Let pe M andveT,M. The
tangent map associated to ¢ at p is the map Q. =T, :T,M —T,,) N defined by
0up(V) :=0v(goy) for all ge Fy.

Lemma 4.1.3 [(]

Let ¢ : M — N be a smooth map of pseudomanifolds. Let p € M and v € T,M.
Then The tangent map py, = Typ : T,M — T, N defined above is linear and
F-smooth. The pair (v,¢) determines an operational tangent vector of Fn in a
neighborhood of ¢(p) defined by @.,v:Fn—R such that p.,v(g)=(girep).

Lemma 4.1.4 [6]
Let M be an n-pseudomanifold. The following conditions are equivalent:

1. n tangent vectors are linearly independent,

2. For all smooth functions f € Fyr, the map 0:= (vy,...,v,): Fy —R" is a
surjective map;

3. There exists n smooth functions f1,. .., fn € Fu such that v;(f;)=0;;, where
d;j 1s the Kronecker symbol;

4. There exists n smooth functions fi,..., f,€Fu such that det (v;(f;))#0.

Definition 4.1.4

Let M be an n-pseudomanifold and pe M. The algebraic dual of the operational
tangent space at p, T,M, denoted by Ty M = {0:T,M —R|0 is smooth linear} is
called the operational cotangent space at p€ M. The elements of Ty M are called
covariant tangent vectors or covectors for short.
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Note that Ty M is a linear F-space of dimension n, with respect to the Cartesian
closedness of FRL. Its basis is {dx,...,dx,} where {z1,...,2,} is a local co-

ordinate system of p € M. From linear algebra theory we have n = dimT,M =
dimTy M.

Definition 4.1.5

Let M be an n-pseudomanifold and p is running through M. Let the set denoted

by TM :=] [{p} xT,M = M x (] [ T,M) = {(p,v,) |IpE M, v, € T,M}. That is,
pEM peEM

TMCMxDer(M)C MxC®(Fy,R). Let T*M ={(p,0,) | pe M,0,€T;M} =

H{p}xT;M: MX(H TyM). Then TM is called the operational tangent bundle

peM peEM
on M, and T*M s called the operational cotangent bundle on M.

Remark 4.1.2

There exists natural projections defined as follows: ©:TM — M, (p,v,) — p and
7:T*M— M, (p,0,)— p. The family (s;)ic1 of inclusion maps in Sections 2.7, 3.7,
is here replaced by the families (1p)penm and (i,)penm of canonical inclusion maps
tp: TyM —TM and i, Ty M —T*M. At each point pe M, d:Fyr— Fur, induces
a map d,:Fyy— R such that, for all feFy, d,(f)=(df),=ev,(df)=(ev,od)(f)
with ev, the evaluation map at p. It follows that d, = ev,od is a smooth linear
map and a derivation. As (df), is defined for each p € M. Then it determines
globally a smooth map df : TM — R such that (df),, ,, = (df), = dp(f). Also,
7 p)={veTM|n(v)=p}=T,M is the fiber of TM at p and 7(p)=T; M
is the fiber of T*M at p. Let M be an n-pseudomanifold. Let (U,p) be local
chart. T,M and T;M are linear n-pseudomanifolds diffeomorphic to R™ with
respective basis {a%i} and {dx;}, where (x;) are local coordinates of p eU C M
such that o(p)=(x1,...,2,). (x,v)€TM is given in local coordinates by (x;, B%i)
whereas (z,0) € T*M is given by (z;,dx;). Thus TM and T*M are both 2n-
pseudomanifolds. The F-structure on T M is generated by the set of functions
Foz{df ‘ fEJTM}U{fOW | fGJTM}

™M —= M

df\fom | f

R
Thus, (TM,TF, ®TF,) := (TM,TCys, TFur).

Definition 4.1.6
Let ¢: M — N be a smooth map of pseudomanifolds and pe M.

1. ¢ 1s an immersion if for any p € M, dy,p = @ : TyM — T, N is a
monomorphism.
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2. ¢ is an embedding if @ is an injective immersion.

3. . : TM — TN defined by ¢.(p,vy) = (©(p), sp(vy)) is called the tangent
map to .

Lemma 4.1.5 [85]

Let p: M — N be a smooth map of pseudomanifolds. Then ¢,:TM —TN defined
by 0« (p,vp) = (©(D), Yup(vp)) is a smooth map. Moreover, it is one-to-one, onto
and diffeomorphism if ¢ s so.

Definition 4.1.7

Let M be an n-pseudomanifold and p € M. A map x : M — TM defined by
p— v, € T,M such that mox =idy is called a tangent vector field to M (or a
section of w). That is, x(p): Fu — R with f— x(p)(f) = (xf)(p) =v,(f) and
xf €ERM | for any f € Fur. x is a smooth tangent vector field if xf = x(f) € Fur.
That s, x:Fy— Fur 1S a smooth derivation.

Remark 4.1.3
Definition 4.1.7 gives both local and global interpretation of the concept of tangent
vector field. The evaluation of x at p can be understood as follows. ev,ox:Fy —

Fu — R, frx(f)— (evyox)(f) = x(p)(f) = x(f)(p). The set of all smooth
tangent vector fields on M is denoted by X(M).

Lemma 4.1.6 [6]

Let M be an n-pseudomanifold and f € Fyr. Let x be a tangent vector field on
M. Then x is smooth if, and only if (fom)ox € Far and df ox € Far. There exists
X*:T*M — R defined by x*(0)=0(x(7(0))), where € T*M and 7 is the canonical
projection 7:T*M — M.

Remark 4.1.4

Let M be an n-pseudomanifold. The cotangent bundle T*M on M has the natural
structure generated by the set of functions G,={x* | x € X(M)}J{ for | f€Fun}.
Let ¢o: M — N be a diffeomorphism of pseudomanifolds. The following diagrams
are commutative:

*\—1
()~ ©*

with T*p:= ((p) ™) = go*)_l and ¢*=(T*p)~! such that o*(0):=0op, =« if,
and only if (¢*) ' (a):=aop;1=4.
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Lemma 4.1.7
Let M be an n-pseudomanifold and 7:T M — M the canonical projection.

1. IfU is an open subset of M, then

(a) TU:=7""(U)CTMC M x (U T,M) is F-diffeomorphic to R" xR™.
peEM

(b) T U~T,M, that is, dim T,U=dimR"=n=dimT,M

2. The F-substructure on 7' (p)=T,M CTM coincides with the F-structure
generated by G,={d,(f) | f€Fmu.d€ Der(M)}

Proof.

The proof of the first part is given in [6]. Now, for the second part recall that
T,M open and closed in TM. Thus (df), ,, = (df),=d,(f) and fom, , :T,M —
M —{f(p) | f € Fu} CR is constant map, for every f € Fy,. Let F, be the
set of these constant functions. From Remark 4.1.2 we have F, i1y = Go,UF,
and T}—M\TPM = @FFO‘TPM = ®I'G,UPI'F, with respect to Lemmas 2.1.4 and
2.1.5. Note that each structure functions set contains constant functions. Thus,
F, C ®I'G,. It follows that ®I'F, C ®I'G, with respect to Lemma 2.1.2. Hence,
TFar,m=Pr'G,. O

Definition 4.1.8
Let M be an F-space. M is said to be of constant dimension n if either

1. dimTyM =dimT,M =n for any p,q€ M, with p#q and for all veT,M,
there exists x € X(M) such that x(p)=wv; or

2. for each pe M, there exists an open neighborhood U of p in M and a local
basis of vector fields over U making X(U) a free module on Fyy.

Definition 4.1.9

Let M be an n-pseudomanifold. Let CyF be the set of all structure curves c:R— M
such that c(a) = p, with a € R and p € M. That is, the set of curves passing
through p, with the foot point a. The kinematic tangent vector to the space M,
with foot point a, c € CyF and f € Fyr, is a derwation o : Fu — R defined
by Xealf) = $(Fo0)_. = (d)(c(@) = (AF)(p) = dy(f), where d, € TyM. The
tangent cone space at p € M, denoted by T,CM ={x.q | c€ Cy}'}, is the set of
all kinematic vectors at pe M. If T,C'M is linear then the cotangent cone space
at pe M, denoted by T;CM, 1is the algebraic dual of T,C'M.

T,CM can fail to be linear in a general F-space. In Proposition 4.1.1 we will
prove its linearity.
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Definition 4.1.10

Let M be an n-pseudomanifold and p € M. The disjoint union of tangent cone
spaces T,CM at each p € M 1is called the tangent cone bundle and denoted by
TCM. The algebraic dual of TCM, denoted by T*CM, is called the cotangent
cone bundle.

The straightforward consequence of the definition above is that T,CM C T,M
by Definition 4.1.9.

Lemma 4.1.8 [(]

Let (M,Cyr, Fur) be an n-pseudomanifold. Let {fi,..., f.} be a generating set
of F-structure on M such that the map given by ¥(p)=(f1(p),..., fu(p)) for all
p€ M is one-to-one. Then the associated tangent map .y, T,M — Ty (M) is
an isomorphism of linear spaces.

Lemma 4.1.9

Let M be an F-space and p € M and F,={f1,..., [n} CFu the generating set
of F-structure on M such that ¥ = (fi,..., fn) is one-to-one. Then the map
n:T,M — R defined by n(v) =), 18 an isomorphism of linear spaces.

Proof.
M ~¥ (M) C R". Thus dim M =dimy(M)=dim T,M = dim Ty, (M). It is
known that R"~R%e. It is known that R"~%T,M. Thus, the diagram below

TPMJ—’ R]:o

N 0 v
RTL
commutes. That is n = 0 1oy and n7! = p=tof. It follows that n is an
isomorphism of linear space as the composition of isomorphisms with n(v) =
971(90(”))' Since QD(U) = (vla e >vn) € Rn7 and U|J—'o = (U(fl)v e 7v<fn))a we set

O(v(f1), - ,v(fn))=(v1, - ,v.)=0p(v). Therefore, 071 (p(v))=0"(vy, -+ ,v,)=
((f1),- - v(fa)) =1, - Hence n(v)=(0""op)(v)=vy,. . O

Corollary 4.1.1
Let M be an n-pseudomanifold. Let U be an open neighborhood of p € M. Then
there exists n smooth functions fi,--- , f, € Far such that {(df1)p, -, (dfn),} is

M

a basis on Ty M corresponding to a basis {vy,--- ,v,} of T,M.

Proof.

Assume M an n-pseudomanifold. That implies dim M = dimT,M = n for all
p € M. From Lemma 4.1.4, there exists n tangent vectors vy,--- , v, linearly

independent and forming a basis on T, M. The dual basis {v'*,---  v™} on M
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is defined by v;(v'*) =d;;, where v/*:T,M — R and ¢;; is the Kronecker symbol.
That is, v/* = fjon. It is the same to say that for every f € F)s, the map
0:=(v1, -+ ,v,): Fayr — R™ defined by 0(f) := (v1(f), - ,vn(f)) is a surjective
map. Now, v;(v/*) =v;(fjom) =d,(fjom) =d(f;(p)) =vi(f;) = d;;. Equivalently,
there exists n functions fi,-- -, f, € Far such that {(df1),,-- -, (df.),} is a basis
on T M since v/* = (df;),. O

Definition 4.1.11

Let (M,Cpr, Far) be an n-pseudomanifold and p € M. Let {f1, -, fu} C Fu
generates the F-structure on M, such that o(p) := (fi(p), -, fu(p)) is an F-
diffeomorphism on a neighborhood of p onto an F-subspace of R™ endowed with

the canonical F-structure. Two curves ¢ and d in C3} are said to be tangent at p
and that is denoted by c~d, if d(poc), =d(pod)|,.

Clearly, ~ does not depend on the choice of generating sets. Also ~ is an equiv-
alent relation. The equivalence class of a curve ¢ is denoted by ¢. Therefore,

T,CM={¢| ceCyl}.

Proposition 4.1.1
Let M be an n-pseudomanifold and p € M. Let U be an open neighborhood of p
in M and ¢ the equivalence class of all structure curves at p. Then:

1. 0:R"—T,CM given by v—s0(v)=¢ is an isomorphism of linear spaces.
2. T,CM=T,M
3. dimTCM=dimTM=2n

Proof.

1. Since M is an n-pseudomanifold, then for every p& M, there exists ¢ an F-
diffeomorphism ¢ :U — 1»(U) CR™ onto an open F-subspace of R", where
Y(p) + tv eR™ for any teR and v €R™. We set ¢,(t) =¢ 1 (¢ (p) + tv)C M
is a smooth curve which passes through p € M. Let v,w € R*. We set
0(v) =60(w). That is, ¢, = ¢, by definition of 6 and ¢, is tangent to ¢, at
p- That means (d(¢oc,))o = (d(v o[y (¢ (p) + tv)])) = (d(¥(p) + tv))o =
do(Y(p)) +d,(tv) =0+ d,(tv) = % =), =v. It will similarly be proven that
(d(ypocy))o =w. It follows that 6 is injective. Let ¢ € T,C'M and c is its
representative. Let v=(d(ycire)), be a vector in R”. Then v=(d(¢oc,)),=
(d(1poc)),. This means that ¢, is tangent to ¢ at p. Thus, ¢ =¢, =0(v).
Therefore, for all ¢€T,CM, there exists v € R"™ such that ¢=6(v). Hence ¢
is surjective. Finally, 6 induces a linear structure on 7,CM the one of R"
by setting ¢+ td=0(v) + t(w):=6(v 4 tw). Tt follows that §(R™)=T,C'M
is a linear space isomorphic to R".

2. bop:T,,M — T,CM is an isomorphism of linear spaces. Also T,,C’M CT,M.
Thus T,M =T,C'M.
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3. From (2) TCM =TM. Thus dim TCM =dim T M =2n. O

4.2 Double tangent and cotangent structures.

In what follows we suppose the reader is familiar with the concept of bundle
and its pullback in differentiable manifolds [45, 43|, and in the differential spaces
[38, 37]. More on the concept of bundle in F-spaces can be found in [62, 85]. So
the notions of tangent F-bundle and cotangent F-bundle on an n-pseudomanifold
look like those of tangent and cotangent bundles on an n-dimensional smooth
manifold.

Definition 4.2.1

Let E, M be F-spaces and m : E — M a smooth surjective map. The F-bundle
(E, 7, M) is the bundle in the category FRL of F-spaces where E is called the
total space, M the base space and m the projection (or submersion) of the F-

bundle. Moreover, for any p € M, E,:=n"*(p) is called the fiber over p of the
F-bundle.

Example 4.2.1

(R™, 3, R) is an F-bundle where R™ is the total space, R the base space, m;:R" —R
the projection and 7= (x;):={x = (x1,..., 24, .., 1) ER" | m;(x) =1;} is the fiber
over x; ER of the F-bundle.

Example 4.2.2

Let M; be a finite dimensional pseudomanifolds with i = 1,....m. (M* m;, M;)
1s an F-bundle where the product M* is the total space, each M; the base space,
and m; : M* — M; the canonical projection. The fiber over x; € M; is given by
7N z) ={r= (21, .., Tiy. . ., 1) EM* | mi(x) =1, }.

Example 4.2.3

(M, , M) 15 an F-bundle where M s an n-pseudomanifold, M the quotient pseu-
domanifold and 7: M — M the canonical surjection. 7= ([p]):={x €M |z~p} is
the fiber over [p] €M of the F-bundle.

Example 4.2.4
Obviously, from Definition 4.1.5 and Remark 4.1.2, (T'M, 7, M) and (T*M, T, M)
are F-bundles.

Definition 4.2.2
Let (E, 7, M) be an F-bundle and E' C E, N C M are F-subspaces. The triple
(E',7,N) with T=m_, is called an F-subbundle of the F-bundle (E,m, M).
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Definition 4.2.3

Let (E,m, M) and (E',7,N) be F-bundles. Let H:E — E' and h: M — N two
F-smooth maps. The pair (H,h) is called an F-bundle morphism of (E, 7, M)
and (E',7,N) if roH=hor.

It is also said that H is an F-bundle morphism over h instead of the pair (H,h)
is F-bundle morphism. Finally, H(7*(p)) = 77 *(h(p)) where p € M, h(p) € N.

Example 4.2.5

If (E',7,N) is an F-subbundle of (E,m, M) then moJ=toT, where 3: E'— E and
t:N— M, two canonical injections. Thus (J,t) is an F-bundle morphism. That
18, J is F-bundle morphism over t.

Example 4.2.6
Let M, N be two F-spaces. Let o: M — N be an F-smooth map. The following
diagram shows the examples of F-morphisms over .

Ty

TM TN

M d - N
with myoT p=womyy,
* _ —17x*

T™m N

M L4 - N
with Ty oT*p=poTy if ¢ is an F-diffeomorphism.
* * —1

™N T™

-1

N Ld . M
2
with Taro(T*) P =@ Loty if ¢ is an F-diffeomorphism.
In what above we have made use of (T'p)~'. This is a straightforward application
of the facts that: Tp is an injective smooth map, a surjective smooth map or an
F-diffeomorphism if o is is an injective smooth map, a surjective smooth map or

an F-diffeomorphism.
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It is worth noticing that if H and h in Definition 4.2.3 are F-diffeomorphisms then
the F-bundle (E, 7, M) and (E’, 7, N) are said to be F-diffeomorphic. Moreover,
if M =N and h=1d); then H is an F-diffeomorphism and the F-bundles above are
said to be equivalent. The class of n-pseudomanifolds is closed to all constructions
made in Section 4.2. Also we can say that these constructions look like those
defined on the n-dimensional smooth manifolds.

Definition 4.2.4 [5, 23, 87, 59
Let M be an n-pseudomanifold. The set TM,={(p,y)€TM |pe M,yeT,M, y#0}
15 called a slit tangent bundle over M.

Since TyM, =T,M — {0} CT,M C TM and TM = |_|{p} xT,M, then TM is
peEM
a balanced space and the coproduct topology coincides with the underlying [F-
topologies with respect to Section 2.7. It follows that T,M, is an open set in
T,M. Thus, dimT,M,=mn, TM, = |_|{p} xT,M, is an open set in T'M, and
peEM

so dimTM, = 2n. That is T,M, and T'M, are respectively n-pseudomanifold
and 2n-pseudomanifold. We are able to construct the tangent and the cotangent
F-bundles of both TM and T*M denoted by T(TM), T*(TM), T(T*M) and
T(T*M).

Definition 4.2.5

T(TM) is the tangent F-bundle of TM called the second tangent bundle. T(T*M)
is the tangent F-bundle of T*M. T(TM) is the cotangent F-bundle of TM.
T*(T*M) is the cotangent F-bundle of T*M.

Definition 4.2.6

Let E', N, M be pseudomanifolds of finite constant dimensions. Let (E' 7T, N)
be an F-bundle and h: M — N a F-smooth map. Let EC M xE' be an F-subspace
defined by E={(p,x) € M x E'| h(p) =7(x)}, the projection w: E — M defined
by m(p,xz)=p and H: E — E' defined by H(p,x)=x. The F-bundle (E, 7, M) is
called the pullback F-bundle over M of the F-bundle (E',7,N) by h and denoted
by h*(E') or sometimes by h*(E',7,N). That is, (E,m, M)=(h*(E"),h*(T), M).

Definition 4.2.7

Let (z;,y;) be a standard local coordinate system in TM, where (x;) is a local
coordinate system in M and (y;) is a global system of components of y € T,M
such that y = Z%‘a% ory= yia%i by Finstein Convention. Naturally {Bim’ %
and {dzx;, dy;} are local coordinate systems for T(T M,) and T*(T M,) respectively.

Example 4.2.7 [32, 59, 23, 51]

1. The pullback of the F-bundles (T'M,m, M) and (T*M, 1, M) yield the pull-
back of the F-bundles (p*(TM),p*(n),TM,) and (p*(T*M),p*(7),TM,)
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over T'M,, respectively called the pullback tangent F-bundle and the pullback
cotangent F-bundle. The diagrams below describe objects and maps related
to the pullback concepts. Firstly,

2. We need to understand this diagram, where

T(TM,)

TM, p i

Let U an open set in M. Thus U — o(U) CR"™ such that g— (q1,...,qn)
is the coordinate system. T(TM,) C T(T'M) is the tangent F-bundle of
TM, and it is a subpseudomanifold of the pseudomanifold T(TM). p is
the restriction of m to TM,CTM such that 7= '(U) is an open set in TM
for the identification topology and p: (g, §;)— qi- pra, 1S the projection of
T(TM,) on TM,. That is the restriction of the projection pras of T(TM)
on TM such that ppy,p~t(U) = (T,)'a~Y(U) is an open set in T(TM).
Also pra - (¢, Gi), (dgi, dGy)) — (qiy Gi) and p*(TM) = Up_l(q) xT,M C
qeEM
TM,xTM. p*(m) is the restriction of the projection of TM,xTM on
TM, to p*(TM) such that p*(7) : (i, Gi, dgi) = (gi, G:) and (p*(m))~'p~'(U)
is an open set in p*(T'M). p*(mw) is the restriction of the projection of
TM,xTM on TM to p*(T'M) such that p*(7) : (gi, Gi, dg;) — (¢, dgi). T,
is the tangent map associated to p such that T, = pryr. H is an injection
given by (i, Gi, dg;) = (¢, G, 0,dgi). K : (¢, Gi» dgi, d4i) — (qis Gi, dgi)- is a
surjection. Let (q;) be a local coordinates system on U C M. Thus (q;, ;)
and (q;, Gi, dqi, dg;) are respectively the local coordinates system on w1 (U)
in T(M) and ppyp~(U) in T(TM).

3. For derivation of the form of elements in p*TM and p*T*M we need to
define the maps (p1,T,) and (11,m). By using the characterization of
elements in T(TM,) = TM, x U Ty (TM,) = {((z,y),V)]|(z,y) €

(z,y)€TM,
TM,,V €T y(TM,)}={(z,y,V) |z €M,yeT,M,,V €T, (TM,)}. Now
V €T wy)(TM,) if, and only if V : Fry, = R. The diagram reveals (p1,p.)
where py : T(TM,) — TM, is the projection and p, : T(TM,) — TM is
the tangent bundle map. It follows that the tangent map at (x,y) € TM,
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is given by p.(x,y) : Tz (TMy) — TpyyM =~ TuM such that pi(z,)
Fu — R and W = pyuyV € To,M.  Therefore, (p1,Dsay)(@,y),V) =
(pl((x7y>7V)7p*(x,y)((xvy>a V)):((:Evy)7W)GTMOXTxMCp*TM\(Iy) Since
(P1: Pu(ay)) i surjective p*T' M, —=im (p1, Pu(ay)), with "im” for image.

4. The second diagram s also worthy of explanations;

T(TM,) =TM, x| ) T(y(TM,) : Ty (TM,) — R

Y)ET M,

TM, p i

T*(T'M,)CT*(TM) is the cotangent F-bundle of TM, and it is a subpseu-
domanifold of the pseudomanifold T*(TM). p is as in (2). pra, is the pro-
jection of T*(T'M,) on T M,. That is the restriction of the projection pryr of
T*(TM) on TM. p*(T*M)= =Jp " (@)x7 " (¢) CTMXT*M.
M
p*(7T) is the restriction of the projection of’}eM XT*M onTM to p*(T*M).
T*(p) = 7TT*M 1s the restriction of the projection of TM,xT*M on T*M
to p*(T*M). w: ((x,y), (a,B)) — (z,a); (x,y) € TM,, (o, 3) : TM, — R.

vi((z, ), (v, )) ((z,9), (2, ). K:((z,y), (e, ) = ((, @), (y, B)). Thus
1=K~ and p*(T*M)~T*(TM,). Thirdly, the diagram above changes to:

T+ M
T = T M
prm, = p°(7) 0o K T
P M

5. The fibers at (x,y) € TM, are given by p*(TM), = = {((z,y),v)|v €
T.M} ~T,M and p*(T*M),, , ={((z,y),0) |a € TyM} ~T;M. Thus
these fibers are of dimension n.
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6. The dual relationship between p*(TM) and p*(T*M) is brought out by set-
ting, in the light of the identification in (4): (x,y,«) € p*(T*M) if, and
only if (z,y,a):p*(TM)—R with (x,y,a)(x,y,v) =a(v) such that (a,v) €
T*M x T, M.

7. The constructions done above lie on the following principles. Each (z,y) €
TM, provides a fiber of dimension n diffeomorphic to T, M. FElements of
the form (x, \y) € T M,, with \>0 and z fized, produce others fibers diffeo-
morphic to T, M.

Definition 4.2.8

Let M be an n-pseudomanifold. The subpseudomanifold of T(TM,) defined and
denoted by VI'M = span{a%i} is called Vertical tangent bundle of M. Whereas
the subpseudomanifold of T*(TM,) defined and denoted by HT*M := span{dx;}
is called Horizontal cotangent bundle of M.

Remark 4.2.1

Note that p*T*M can be identified with HI*M. That is, there are both dual
of p*T'M. The local coordinate system for p*T M can be denoted by {0;} with
8i::(x,yi8%i). So one has:

p*TM ((z,y),v) ((z,9),v)
pr(m)| |v p*(m) v
TM, (z,7) (z,y)

where p*(m)ov=idry,. Thus v is a vector field defined by v(z,y):=((x,y),y)=
Vey)- That is, v is a canonical section of p*(m) or a section on p*TM. Finally,
v=y;0;, for y:yia%i €T, M, is defined locally in x and globally in y. By analogy,
to FExample 4.2.7 we can yield the dual treatment for p*T* M.

Definition 4.2.9
Let (z,y),(Z,y) € TM,. We define a relation on TM, by (z,y) ~ (Z,7) if, and
only if there exists a real A\>0 such that x=2z and y=M\y.

Lemma 4.2.1
The relation ~ is an equivalence relation on T'M,

Proof.
The relation ~ is reflexive: let (z,y) € TM,. Thus x =x and y =1.y. It follows
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that A = 1, that is to say (z,y) ~ (z,y). The relation ~ is symmetric: let
(x,v),(Z,y) € TM,. Assume (z,y) ~ (Z,y), that is z =2 and y=\y. It follows
that x =2 and y =~y with y= % Thus (Z,y) ~ (x,y). Finally, the relation ~ is
transitive: let (z,v), (z,9), (Z,9) € TM,. Assume (z,y)~(z,y) and (Z,79)~ (Z,7),
that is (=2 and y=Ay) and (Z =2 and y=-g) with A\, >0. It follows that
r=1 and y=0y with §=Ay>0. Thus (z,y)~(Z,7). O

Definition 4.2.10

Let M be an n-pseudomanifold. The equivalence class of (x,y) € TM, is of the
form (z,[y]) == {(z,  \y) | A >0, (z,y) € TM,}, where [y] ={y=My|\>0}. It
is called a ray or a direction. The quotient pseudomanifold T'M,,., is called the
projective sphere bundle denoted by TM,,.:=SM ={(z, [y]) | (z,y) €T M,}.

Note that each T, M is partitioned by the equivalence classes. SM is a (2n — 1)-
subpseudomanifold of TM. The fibers at (z, [y]) € SM, denoted by S, M :=7"1(x)
and SiM:=T"!(z), where I : S*M — M is the canonical projection, are diffeo-
morphic to (n—1)-subpseudomanifolds in 7, M and T} M respectively. Thus, S, M
and S*M are diffeomorphic to S"~!. There are called projective spheres at z.
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Symplectic pseudomanifolds.

Under this title we would like to define symplectic structures on pseudomanifolds.
Firstly, on the linear and general pseudomanifolds. Secondly, on the cotangent
and the slit cotangent bundles. That is, the canonical symplectic structures.
Finally, on the tangent and the slit tangent bundles. It is known that the category
of smooth manifolds which we denote by MFD is a subcategory of the category
FRL of F-spaces as remarked in [19, 6]. Also in the category MFD there
exists a canonical symplectic structure on 7% M, but no such canonical symplectic
structure is known for 7'M [25]. It has been proved in [6] that for any F-spaces
M, its cotangent bundle T*M, as an F-space, is endowed with the canonical
symplectic structure w,, while the tangent bundle T'M , as an F-space, is endowed
with a symplectic structure w:=L*w, , where L* is the pullback of the Legendre
transform £:T' M — T* M. This leads to the same conclusion on the nonexistence
of a canonical symplectic structure on T'M considered as an F-space.

5.1 Exterior algebra of differential forms.

In this section we mainly use the material from [47] and [1]. Otherwise the source
will be mentioned.

Definition 5.1.1 [32]

Let V' be a real linear space of dimension n and V* its dual space. Let x €V,
a € V* and a linear subspace W C V. The map <,>:V xV* — R defined by
(a,z) —< a,xz >= a(x) is called the canonical bilinear form on V x V*,

that is, the evaluation of the form alpha at x. The linear subspace of V™,
We:={aeV* | a(x)=0, for allxeW} is called the annihilator of W.

Remark 5.1.1

Some authors denote W°: =W+ and call it the orthogonal of W, [32]. The dimen-
sion of W and W° are related by the identity: dim W + dim W+=dimV =n. The
dual of the quotient space V/W , that is, (V/W)* is defined such that (V/W)*~

33
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W, The form a €V*, that is a linear function a:V —R called a 1-form. And

by analogy, a€ LIN?(V,R) is called a bilinear form (or a 2-form for short) on V.

That is, 2 copies of V. Finally, continuing the process up to k copies of V' yields
k

LIN®(V,R) the set of k-linear forms. The set denoted by /\(V)::L]Nflt(\/, R) is

the linear space of skew symmetric k-linear forms (that is, k copies of V'), or al-
0

ternating k-linear forms or exterior k-forms on V. So, /\(V) :=LIN?,(V,R)=R,
1

/\(V) = LINY,(V,R)=V* and /\ .= LIN%,(V,R) = LINy(V,V,R). The
set /\(V) has the algebra structure and it is called the exterior algebra of V.
Definition 5.1.2

Let'V be a linear space and dimV =n<oo and n a nonzero exterior k-form on V.
Let x € V. The interior (inner)) product of n and x is the exterior (k — 1)-form

which satisfies the following relation: tyn(xy,...,xx_1) =n(x, 21, .., 28_1) for all

X1, .., Tk—1 €V. Some authors denote it by t,n=x 1 n and call it the left inner

product. The kernel Kern:= Kerf,, where Ker f, is the kernel of the linear map
k—1

fn:V —>/\(V*) defined by x+— f,(x) =1,n. The rank of f, is called the rank
of n, that is, rank(n):=rank(f,).

Remark 5.1.2

For an exterior 2-form denoted by w, the induced linear map f.,:=w’ is defined
by & (z)=tw=w(z,.), for any x€V. That is, W’ (x)(y) = (L,w)(y) =w(x,y), for
allyeV. The map wb 1s an isomorphism if, and only if w is non degenerate if,
and only if rank(w)=dimV*=n.

Lemma 5.1.1
Let " as defined above. The following hold:

1. If we set the kernel of w* by Kerw’:= N then the image of V, that is,
w’(V)=N° is the annihilator of N.

2. If Kerw® is nonzero, then there exists an isomorphism @°:V/N —=w" (V).

3. The 2-form @ defined on V/N by w([z], [y]) =w(z,y) for all z,y eV, is
non degenerate.

Proof.

1. It follows from the definition of the kernel that N = Kerw’={zcV |’ (z)=
tow=0}. Thus, z € N if, and only if w’(z)(y) = t,w(y) =0, for all y € V. Now,
from the definition of the annihilator of N, we have N°={aeV* | a(x)=0
for all z € N}. Hence, a € N° if, and only if 0 =a(z) = t,w(y) =w(z,y) =
—w(y,z)=w(—y,z)=t_,w(z) for all y€V, € N. Therefore, N°=w"(V).
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2. Let m:V —V/N be the canonical projection. Thus, a theorem of isomor-
phism of linear spaces asserts that: w’ "o and @ is onto if and only
if W :V —w’(V) is onto. Also, it is one-to-one if and only if Kerw’ = N.
Hence, it is an isomorphism under the given assumptions.

=w

3. The dual of the quotient space in Remark 5.1.1 and the isomorphism above
yield following consequences. First, the isomorphism @’ is constant on
each equivalence class, that is, for z,y € V : [z] = [y] if, and only if
r —y€ Kerw’=N if, and only if w’(z—y)=0 if, and only if «’(z)=w(y).
We can deduce a well defined 2-form @ on V/N given by @([z], [y]) =w(u,v),
where u, v are representatives of the equivalence classes. That is, @ is in-
dependent of the choice of representatives. So, @’ (V/N) = @ (7(V)) =
(@om)(V)=w’(V)~ N+~ (V/N)* confirms the latter. Finally, assume for
all [y] € V/N that 0=©([z], [y]). Hence, 0=u"([z])([y]) =w’(z)(y) for all
y€V. Thus, 0=w’(x). That is, € Kerw’=N =[0]=0€ V/N. Therefore,
w is a non degenerate 2-form on V/N.

5.2 Symplectic linear pseudomanifold.

It is worth noticing that in this section we will deal with the finite dimensional
linear pseudomanifolds, which are in the sight of Definition 2.1.2 and Example
2.1.4, both finite dimensional linear spaces, endowed with linear F-structures
compatible with the addition and scalar multiplication and the linear structure
functions are separating points. Hence, each finite dimensional F-space is natu-
rally a linear pseudomanifold since it is isomorphic globally ( also locally ) to R™.
The symplectic framework in the category FRL, was introduced in [6] and sym-
plectic structures on F-cotangent bundle and pseudomanifolds were investigated
n [85]. So, there are our main references for the purpose of symplectic proper-
ties. The reader will be often referred to them for details of proofs. The main
references on symplectic linear spaces and symplectic manifolds will be [1, 47].

Definition 5.2.1

Let M be a finite dimensional linear F-space and w an F-smooth 2-form on M.
The form w is called a symplectic form or a symplectic structure on M if it is
both, skew-symmetric and non degenerate. That is, w(z,y) + w(y,x)=0 for all
r,ye€M and for all ye M, w(x,y)=0 implies that x=0.

Definition 5.2.2
Let M be a finite dimensional linear F-space and w a symplectic form (or a
symplectic structure) on M. The pair (M,w) is called a symplectic linear F-space.

Remark 5.2.1
The non degeneracy of the symplectic form w is equivalent to the following state-
ments.



5.2 Symplectic linear pseudomanifold. 86

1. The linear map w’: M — M*, as defined in Remark 5.1.2, is a smooth
1somorphism of linear F-spaces.

2. The transpose w'=—w is non degenerate.

3. The dimension dim M = dim w’(M)=rank(w) = 2p, that is mazimal even
integer, where p is independent of the choice of a basis in M.

4. There is a basis {uy,. .., up, v1,...,v,} in M, such that w(u;, u;) =w(v;,v;) =
0 and w(u;,v;) = &, where i,j € {1,2,...,p} and 6;; is the Kronecker
symbol. This basis is called the canonical or symplectic basis.

5. Let (wij)1<ij<p be the matriz of w in any basis and (wj;)1<; j<p its transpose.
It follows that det(wij)i<ij<p # 0 and also det(w;)i<ij<p 7 0. Moreover
rank(wij)1<i,j<p:2p.

6. w AwA -+ ANw=w"(n copies of w) is the volume form, that is, nowhere
vanishing.

Lemma 5.2.1

Let (M,w) be a symplectic linear F-space of dimension 2n and M* its dual space.
The 2-form on M* denoted by A such that A(p,) = w(wip,wh)) defines a
symplectic structure on M*, such that A(w’(z),w’(y)) = w(z,y). Furthermore,
A =wt as smooth isomorphisms of M* onto M.

Definition 5.2.3

Let (M, w) be a symplectic linear F-space of dimension n. Let W and W " be two
linear subspaces of M. Two vectors x and y in M are called orthogonal with
respect to w ( or w-orthogonal ) if w(z,y)=0. The linear subspaces W and W'
are called w-orthogonal if every x €W is w-orthogonal to every ye W '. The set
{x € M | w(x,y) =0 for everyy € W}:=orth,W := W+ is called the w-
orthogonal of W and it is the mazximal element in the set of all linear subspaces
of M which are w-orthogonal to W.

Definition 5.2.4

Let (M,w) be a symplectic linear F-space of dimension n, F and F ' its linear
subspaces and p, v € M*. The forms ¢, ¥ are called orthogonal with respect
to A or in involution with respect to w if A(p, 1) = w(w(¢),w*()) =0, where
Wt M* — M is the inverse smooth isomorphism of w’. The linear subspaces
F and F ' are called orthogonal if every form ¢ € F is in involution (orthogonal)
with every form ¢ € F'. The orthogonal of F is the set {p € M* | A(p, ) =
w(wh (), k(1)) =0 for every € F}:=orth,F:=F*.

Remark 5.2.2
By dual viewpoint, we may transpose the properties of exteriors forms on a finite
dimensional linear F-space M. If we set N = M* then N*=M since M** ~ M.
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The exterior forms on N =M™ are p-vectors, that is, the elements of the exterior
p p

algebra N\ M. We have N=M* —>/\N*:/\M. In this case, the left inner
product and the pullback are replaced respectively by the right inner product and
the direct image [47). The smooth isomorphism W’ M — M* may be extended
to a smooth isomorphism from the exterior algebra N\ M of M onto the exterior
algebra N\ M* of M*. Thus, one has the following commutative diagram:

M - v M*
o
Jo o
p (Db p
Ant - N

where &F transforms a p-form into a p-vector.

Proposition 5.2.1 [/7]
Let (M,w) be a symplectic linear F-space of dimension 2n, W,V its linear sub-
spaces and W,V their respective annihilators. Then

1. orthy(orth,W)=W and orthy(orthy\W°)=W?e.

2. dim W+dim orth,W =dim M =2n and dim W°+dim (orth\W°=dim M* =
2n.

W (orth ,W)=W?° and (W)= (orth,W)°.
N W) =orth,W and A*(ortha\W°)=W.
(orth,W)°=orthy\W°

The inclusion W CV is equivalent to orth,W Dorth,V .

N S & S

orth,(WNV)=orth,W+orth,V and ortha(W°NV?)=orthsW°+orthyV°.

Corollary 5.2.1 [47]
Let (M,w) be a symplectic linear F-space of dimension 2n, W and V its linear
subspaces.

1. dimWnNV —dimorth,Wnorth,V=dimW + dimV — 2n

1
2. If W = orth,W then dimWnNV — dimorth,WnNorth,V = §(dimV —
dim orth,V').
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Definition 5.2.5

Let (M,w) be a symplectic linear F-space of dimension 2n and N its linear F-
subspace of dimension s. Let wy: N XN — R, be the restriction of w on N XN.
The kernel of wy is one of the restriction w’|y of the map W’ on N. That is,
Kerwy=Kerwy={reN | W’ (x)=1,w0=0}=NNN>. The rank of wy is called
the symplectic rank of N. It is equal to the co-dimension of Kerwy=NNN? in
N, where rank(wy) — rank(wys) = 2(s — n).

The kernel of wy is not necessarily equal to {0}. It rises a need of characterization
among linear F-subspaces of M with respect to wy.

Definition 5.2.6

Let (M,w) be a symplectic linear F-space of dimension 2n and N its linear F-
subspace of dimension s. The linear F-subspace N is called symplectic if wy is
a symplectic structure on N defined by wy := tyw, where vy s the canonical
inclusion of N into M. That is, if NNorth,N = {0}. The linear F-subspace
N s called isotropic if wy =0. That is, if N Corth,N. The linear F-subspace
N is called co-isotropic if woren,n =0. That is, if orth,N C N. The linear F-
subspace N is called Lagrangian if N is both isotropic and co-isotropic. That is,
N=orth,N.

Lemma 5.2.2 [47]

Let V- CW be two linear F-subspaces of M, a linear F-space of dimension m. If
W is isotropic then Vs isotropic. The vectors subspaces orth,(W North,W)=
orth,W + W and (WnNorth,W) are coisotropic and isotropic respectively.

Proposition 5.2.2

Let M be a linear F-space of dimension m and w any 2-form (skew symmetric)
on M with N = Kerw. The form w is the pullback W of a symplectic form w
on the linear F-space M /N, where 7 is the canonical projection of M onto the
quotient.

Proof.

The non degeneracy of w is a straightforward consequence of Lemma 5.1.1. It is
also skew symmetric. For, let [z],[y] € M/N. We have 7*0([z], [y]) :==w(x,y) =
—w(y,z)=—m"w0([y], [x]) from the definition of @w. Thus w([x], [y]) =—&([y], [z]))
since 7* is a one-to-one linear map. That is, w is skew symmetric. Therefore, w
is a symplectic form. U

Proposition 5.2.3 [47]

Let (M,w) be a symplectic linear F-space of dimension 2n and N its linear F-
subspace. The formula wy = tjyw = TyWy defines a symplectic form, on the
quotient linear F-space N=N/(NNorth,N), induced by w, where 7 is the canon-
ical projection of M onto the quotient and ty the canonical inclusion of N into

M.
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Proof.

From Definition 5.2.5, wy :=(jyw is the restriction of the symplectic form w to
N C M, with Kerwy=NnNorth,N) and where ¢y is the canonical inclusion of N
into M. It follows that wy is a skew symmetric 2-form since for all z, y € N we have
wn (y, 2) = tyw(y, ©) = wo (v, i )(y, #) = wlen(y), tn(2)) = —wlen (2), tv (y)) =
—yw(z,y)=—wn(z,y). Now, let % be the restriction of the canonical projection
of M onto the quotient N = N/(NNorth,N). Thus, from Lemma 5.1.1, there
exists a non degenerate 2-form @y on the quotient N = N/(NnNorth,N) such
that for all z,y € N we have wy(z,y) =wn([z], [y]) =©n(7Nn(z), 78 (y)) = DN o0
(mn, ) (2, y) = TN (2,y), where [2], [y] € N. Thus, wy = tyw =iwx. Hence,
from Proposition 5.2.2 Wy is a symplectic form on N =N/(NNorth,N) induced
by w. U

Definition 5.2.7
The symplectic linear F-space (N,wy) is called the reduced symplectic linear F-
space associated to N.

Propositions 5.2.2 and 5.2.3, are used in analytical mechanics to reduce the num-
ber of degrees of freedom of a Hamiltonian system by means of first integrals.

Proposition 5.2.4 [17]

Let (M,w) be a symplectic linear F-space of dimension 2n and N its linear F-
subspace of dimension s. If N is isotropic, that is, wy =0. Then, w induces a
canonical symplectic form Wy on N“/N.

Proof.

Let u,v € N¥ and [ul,[v] € N¥/N. Defines Wy ([u], [v]) = w(u,v). We will show
below that Wy is a well-defined symplectic form. Let v’ =u + z, vy =v + y,
with z,y € N. Thus, wy([v],[v]) = w/,v) = w(u + 2,0 + y) = w(u,v) +
wu,y) + w(z,v) + w(z,y) =w(u,v), since w(u,y)=w(x,v) =0 because u,v € N¥
with z,y € N. So, by isotropy of N, we have N C N“ = orth,N. That is,
w(z,y)=wn(z,y)=0. Hence, Wy is well-defined. Suppose u€ N and w(u,v)=0
for all ve N*. Tt follows that ue (N¥)* =N, that is, [u]=0. Thus, Wx([u], [v])=
w(u,v)=0 for all [v]€ N¥/N implies [u]=0. Hence, Wy is non degenerate. Thus,
since Wy ([u], [v]) =w(u,v) =—w(v,u)=—wn([v], [u]) for all [u],[v]€ N¥ /N, Wy is
skew-symmetric. Therefore, Wy is a canonical symplectic form. [

Definition 5.2.8

Let ¢ be a linear smooth map of symplectic linear F-spaces, from (M,w) to (N,n).
The map ¢ is called a symplectic F-smooth map if it preserves the symplectic
structures in the sense that p*n=w, that is, for allu,v€ M, one has: ¢*n(u,v)=
w(e(u), p(v)) = (wop)(u,v). A symplectic linear transformation of (M,w) is called
a linear symplectomorphism.

The set of all symplectomorphisms on the symplectic linear F-spaces (M, w) is
denoted by Sympl(M). From some results in [6, 62, 85], we note what fol-
lows. It was shown that the set Sympl(M) is a group for the composition of
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maps. Moreover, it is even an F-Lie group. We will come back to this con-
cept in the next chapter. Two symplectic linear F-spaces (M,w) and (N,n)
of the same dimension are symplectically isomorphic, that is, there exists an
F-smooth isomorphism ¢: M — N, such that p*n=w. All 2n-dimensional sym-
plectic linear F-spaces (M,w) are symplectically isomorphic to (R*",wy), where

wp is the canonical symplectic form defined by wy(x,y) = Z(aﬁlynﬂ — Tpaili)
i=1

for x = (z1,...,%2n), ¥ = (Y1,-..,y2n) € R*™. Let us choose the canonical basis
(w1, - - Up; Uy, . ,0,) o0 (M, w) such that w(u;, uj) =w(v;, v;) =0 and w(u;, v;) =0d;j,
where i, j€{12...,n} and ¢;; is the Kronecker symbol. It follows that there exists
a symplectic F-smooth isomorphism ¢ : R?" — M such that ¢*w = wy, that is,
wop=uwy. In the sequel, all symplectic linear F-spaces of the same dimension are
symplectically isomorphic. That is, they all look alike.

5.3 Symplectic pseudomanifold.

We had defined pullback and the differential in Chapter 4, k-forms in Section
5.1 and interior product in Section 5.2. Now we are going to define new smooth
operations as exterior product, exterior derivative, pullback, Lie bracket, interior
product and Lie derivative. Also, we will give some of their properties in the
setting of pseudomanifolds. The Lie derivative will be link to the flow of a vector
field in the next chapter. Smoothness of operators announced above can be proved
by the Cartesian closedness in the category of F-spaces and the characterization
of smooth maps in the category of F-spaces. It is assumed where not stated
in this section. The proofs of others properties are similar to those done in the
smooth manifold setting.

Definition 5.3.1
Let M be an n-pseudomanifold. A k-form on M or a k-form of degree k is a section

k k
of the F-bundle/\ T"M = |_| /\ T* M with base space M and fibers \* T*M. The

zeM

k
set of all k-forms on M is denoted by QF(M) = (M,/\ T*M). It is a module on
the algebra Fy;.

With respect to Definition 4.2.1, the fact that the coproduct of pseudomanifolds

Remark 4.1.4 and the cotangent bundle are pseudomanifolds, one can conclude
k

that /\T *M is a pseudomanifold as in [86, 85, 62]. Note that we are dealing
with smooth vector fields with respect to Definitions 4.1.7 and Lemma 4.1.6.

k
Moreover, the sections (k-forms) of the F-bundle /\T*M are smooth with re-
0

spect to Corollary 2.3.2. For k=0,1,2, we have: /\T;M:]R, QUM) = Fu,
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A T:M = T*M, and /\T;Ck M is the set of all 2-linear alternating functions

2
w:TyMxT,M —TR, with Q*(M):=(M, /\T*M) If X3, X, .., X}, are k smooth
vectors fields on M, then w(X7, Xo,..., Xi)(2) =w(z)(X1(2), Xo(x),. .., Xi(z)) =
we (X (x), Xo(x), ..., Xi(x)), where w(z) :=w, is a smooth function for all z € M.

That is, the k-form w on M is a collection of smoothly varying k-linear alternat-
k

ing maps w, € /\ T*M, [79]. In local coordinate any 1-form w and any vector field

Z on M are given by, w= Zh )dz' and Z = Zfl ——, where 2!, 22,. .. 2",

=1

hi, & €Fuy. Thus, < w, Z >—Z hi(x)&;(x) is a smooth function.

i=1

Definition 5.3.2 [68, 79, /1]

Let M be an n-dimensional pseudomanifold. The operator A:QF (M) — QFF(M),
called the exterior product (also wedge or Grassmann product), satisfies the fol-
lowing conditions.

1. The exterior product is an F-smooth multilinear and alternating map.

k+1
2. LetaE/\T*M andﬁe/\T*M The (k+1)-form o A (G- M—>/\T*M is

their exterior product.

3. Gwen k 1-forms wi,ws...wi then wi A ws A...Awy is a k-form defined, as
a determinant of order k, by < wy Awa A...Awy; Z1(x), Za(x),. .., Zp(z) >
=det(< wi, Z;(v) >)1<ij<k, where Z;(x) is any vector of T,M. This is, a
smooth real valued function on T,M XT,M x...x T, M, with k factors.

k
4. /\ T M is spanned by the basic k-forms dz':=dx™ Ndz®2 A - - - Ndx'™, with T
running over all strictly increasing multi-indexes 1 <11 < 19 <...<ip <dim M.

Thus, any k-formw on M has the local coordinate expression w:z hi(x)dx
i=1

where hy is a smooth function, dx’ a k-form as the exterior product of k

1-forms dz™,. . ., dx'.

For more on the exterior product the following references [68, 79] are useful.

Definition 5.3.3 [85, 79, 41|

Let M be an n-dimensional pseudomanifold. The operator d:QF (M) — QFF1(M),
k k+1

called the exterior derivative, satisfies the following. d:/\ T°M —>/\ T>M is a
linear map that takes each k-form to a (k+1)-form, such that df (Z) = Z(f) for
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0 1
fe/\ T:M, df E/\ TiM and Z € X(M). That is, the differential we encountered
in Chapter 4. If k>1 and weQ*(M), then for any Zy, Zs,. .., Zy, Zr1 € X(M),

where Z; and Z; are omitted, we call dw the exterior derivative(differential) of
the k-form w such that

k+1

dw(Z1, Zs, . . ., Zy, Z+1) = Z(—l)”lZi(w(Zl, Zoy o Ziy oo, D, Zg+1))

i=1

+ Z Zﬂw Zl,Z]Zl,Zg,...,Z\i,...,Z\j,...,Zk,ZkJrl).
1<i<j<k+1
For a a k-form and 3 a l-form, d(a A 8)=da A 3+ (1) a AdB and d(da) = 0.
a€Q(M) is called a closed form if da=0. In local coordinate if wzz hi(z)dx

I
for any k-form w then dwzz dhy A dx! = Z dhi,., Adx™ Ndx A A da'E
I

1< <ip

Example 5.3.1 [10, 85, 68, /1]

The exterior derivative satisfies the following properties. If w is a 1-form then dw
is a 2-form defined by dw(X,Y)=Xw(Y) — Yw(X) —w([X,Y]) for X,Y wvector
fields on M. If w is a 2-form then dw(X,Y,Z) =0 Zw(Y,Z)— O w([X,Y],2)
15 a 3-form, where © means the summation over cyclic permutations of X,Y, Z €

x(M).

Definition 5.3.4 [85, 10, 68, 79
Let o : M — N be an F-smooth map of finite dimensional pseudomanifolds.
The pullback ¢* : Q(N) — Q(M) is a smooth morphism of algebra which pulls

back /fforms on N to k-form on M, and satisfies three requirements as below.
k

o™ /\ o N — /\T M s the restriction of ©* above. For each f &€ Fy, that

is, for each 0-form one has ©*f = fop. For k>0, ¢*w = woy, is F-smooth
and induces a k-form on M, for each k-form on N, such that ¢*w(vy,vs,. .., vp) =

We(a) (e (V1) Pra(V2),. - o, @ua(Vr)) for vi,ve, ... v € T M.

Proposition 5.3.1 [10, 85, 79, 68}

Leth/\T* M anda,ﬁe/\ o)N- Let o2 M — N and ¢:P— M be
two F-smooth maps Then the pullbacks p* and * have the following properties.

1"+ P) = ¢"a+ ¢
2. o (a N B) = aAp*S.

3. o*(da) = d(¢*«), that is, ©* commutes with d.
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@ (df) = df o p. = d(f o ).
©*(fa) =" (fle*a = (fop)p*a.
(poy)*a = (Y* o p)a.

If ¢ is an F-diffeomorphism, then ©* is a an F-isomorphism of Q(N) onto
QM) and (") =(o7)".

S S

8. If v is the identity map of a finite dimensional pseudomanifold M then ¢*
is the identity of Q(M).

Definition 5.3.5

Let M be an n-dimensional pseudomanifold. Let [,]: X(M)xX(M)— X(M) be
an F-smooth map denoted by (X,Y) — [X,Y] and satisfying for any f € F and
for all XY, Z € X(M) the properties below:

1. Closure: [X,Y]:=XY —Y X € X(M).
2. Bilinearity: [X,Y + Z]=[X,Y]|+ [X,Z] and [X, fY]=(X.£/)Y + fIX,Y].

That s, the linearity in both two components.

3. Antisymmetry: [X,Y]=-1Y, X].

4. Derivation property, known as the Jacobi identity: [X,[Y, Z]|+[Y, [Z, X]] +
[Z,[X,Y]]=0.

The map [,] is called the commutator or the Lie-bracket. The Fy-module X(M)
together with the Lie-bracket is called a F-Lie algebra of vector fields on M.

Definition 5.3.6

Let w be a k-form and Z a vector field on a finite dimensional pseudomanifold
M. The interior product (inner product or contraction) of Z and w is a (k-1)-
form denoted by 1zw:=Z 1w, whose evaluation at every Zy, Zs, ..., Zr_1 €X(M)
15 quen by < Z 2w L1, hoy .. Ly >S=< w; L, L1, Loy ..., L1 >. The inner
product Z 1 w satisfies the following properties.

1. Z 4 f =0, for any 0-form f.
2. < Zyw>= 1zw =7 2w is a 0-form, for any 1-form w.

3. < wy Ly, Loy oy L1, L) >=Lp 3 L1 1...109 101 JW forall AR T
Zi_1, Zy, vector fields and w any k-form on M.

4. Z 3(Z sw)=(Z 2 Z) aw)=0 for any Z a vector field and w a k-form on M.

5 ZiaAB)=(Zia)AB+ (=1)*a A (Z18) for a a k-form, B I-forms and Z
a vector field on M.
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6.

Z 1Y Jw==Y 4 Z Jw for Z,Y wector fields and w a k-form on M.

Proposition 5.3.2 [79, 68, 10
Let U be an open neighborhood in M, Z, Y wvector fields, w a k-form and f a
0-form on M. Then, the interior product satisfies the following properties.

1.

ST

There exists 1: X(M)x QM) — Q(M) defined by (Z,w) > tzw where 1z :

OF — QF1 s an operator that is, R-linear map.
Lz s a local operator, that is, Lz Wi = LzWjy-
lzyy =Ltz +ty and 7z = fuz.

2

ty =tzotz =0.

In local coordinate, if w= Z iy (2)dx™ A dx™ A.. A dx'™, then

11 <o <ip
o dim M a
sz:. Z Z%hgy gy dx™ NN dxt AN datt with Z = Z 7 et
1 <..<ip =1
1<i<k

tz(P*w) = @*(Lp, zw), that is, 1z (¢*) = ©*(tp.z). In particular, If p.Z = Z,
that is, Z is invariant then 1z(¢*) = ¢*(1z).

Definition 5.3.7 [10, 68, 79|

The Lie derivative of a k-form w with respect to a vector field Z is given in terms
of Lz, the interior product and of d, the exterior derivative by the formula called
the Cartan identity, that is, Lzw=1z(dw) + d(1zw), such that the following hold.

1.

The operation £ : X(M) x Q¥(M) — QF(M) is compatible with the TF-
structure, that is, it 1s F-smooth R-bilinear map.

L7 =1z0d+doLy is obviously an F-smooth map, since vz and d are F-smooth
maps.

L2f=2Z(f) with £5(c) =0 for f a 1-form and f = ¢ a constant.
Lz, applying a k-form to a k-form, is a R-linear map and a local operator.

£Z<Y) = [Zv Y]

Proposition 5.3.3 [10, 68, 79
Let Z)Y e X(M), f, g two 0-forms, w a k-form ,and a € R. The Lie derivative
satisfies the following properties.

1. gz_f_y - EZ ‘I— gy.

2. ,Saz = a£Z.
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3. L7 4 f&s.
4. L7(f.9) = [L4+ 9L

Proof.

1. The property holds with respect to the linearity of the interior product.
2. The same argument yields the property.

3. Since £ is a derivation, it follows as a consequence of following computa-
tions. On the one hand side, £rzw =df A (1zw) + f(£zw). On the other
hand, £2(fw)=Lz(f)w+ f(Lzw)=(Z(f))w+ f(Lzw). Thus, the inequality
holds.

4. £4(f.9) = Z(f.9) = [Z(9) + 9Z(f) = f(£29) + g(£2f). O

Proposition 5.3.4 [68, 79, 10
The Lie derivative has the following properties.

1. Let « be a k-form, (8 a l-form and Z € X(M). Then, the Lie derivative of
aAfis given by Lz(aNp)=(Lza) NGB+ a A (Lz0).

2. Let o be any exterior form and Z any vector field. Then the operators d
and £z commute, that is, £7(da)=d(Lza).

3. (£2)¢*=¢"(Ly.2). In particular, (£7)p*=¢*(Lz) if p..Z=2Z, that is, Z is

moariant.
4. Lizyio = L2, Ly]a.
5 L£2(Y Ja)=£L£2Y Ja + Y 4 Lza.
6. tzy1=Lz0ty — tyoLy=[Lz,1y]
7. L2(¢" @) = ¢" (1o, 20).

Note that the non degeneracy and the skew-symmetry of the symplectic form
were both purely algebraic conditions. Now, we will restate these conditions in the
setting of pseudomanifold. The non degeneracy remains algebraic condition while
the skew symmetry gives rise to the closedness, which is a geometric condition,
as it is related to the smooth structure on the pseudomanifold.

Definition 5.3.8
Let M be a finite dimensional pseudomanifold and w € Q*(M). The 2-form

w s a symplectic structure on M if it is a non degenerate closed 2-form. That
is, weN (M) satisfies,
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1. it is closed if dw = 0.

2. it is non degenerate, that is, w(X,Y)=0 for all Y implies X =0, where
X, YeX(M).

We say that the pair (M,w) is a symplectic pseudomanifold.

Remark 5.3.1 [6, 47, 85

The non degeneracy of the 2-form w does equivalently say:

1. For all x € M and Y, € T,M, if w,(X,,Y:) =0, then X, = 0, where,
Wy i=w|rr 1S a skew-symmetric smooth bilinear form associated with the
exterior form w at the point x. That is, for all x€ M, the pair (T, M,w,) is
a symplectic linear F-space, and its dimension is even.

2. The F-smooth map «°: TM — T*M is a smooth isomorphism of vector
bundles, that is, w’ : T,M — T*M is a smooth isomorphism of linear
spaces such that w’(v) = t,w, for every €M and every vET,M. That is,
W’ (v) is the unique (I1-form) element of T*M such that for every u€ T, M

one has < W(v),u >=w,(v,u).

3. The F-smooth map W’ : X(M) — QY (M) is an isomorphism of Far-modules.
In the latter case, using analogy in notations with the linear spaces setting,
the inverse of W” will be denoted by w'. Hence, W’ (X)=w(X,.)=1xw=
a € QY (M) if, and only if w*(a) =X =X, €X(M) if, and only if Lyt (yw=av.
That is, the vector field X € X(M) and the 1-form ( Pfaffian form ) a €

QYM) are related in a bijective correspondence.

Definition 5.3.9

Let (M,w), (N,0) be two finite dimensional symplectic pseudomanifolds. An F-
map p: M — N is called symplectic if p*c=w. Moreover, if ¢ is a symplectic F-
diffeomorphism, it is called a symplectomorphism.

Proposition 5.3.5 [8)]

Let M be a finite dimensional pseudomanifold and (N,w) be a finite dimen-
sional symplectic pseudomanifold. Let ¢ : M — N be an F-map. If ¢ is an
F-diffeomorphism, then p*w is a symplectic form on M.

Lemma 5.3.1 [6, 8
Let (M, w) be a symplectic pseudomanifold of dimension 2n and N a subpseudo-
manifold of maximal constant dimension, that is, dim N =dim M =2n. Then

1. There exists on N a symplectic structure induced by w such that ty*w=wy,
where vy is the canonical inclusion of N into M. That is, Ly is a symplec-
tomorphism.
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2. For every x € M there exists an open neighborhood U of v € M and 2n
smooth functions q,...,q";p1,. .., Pn € Gz, the germ of the F-smooth func-

tions at x €U such that wly = Z dq' A dp;. This is the Darboux’s theorem
i=1
in F-spaces setting.

3. Every local basis of smooth vector fields {W1,...,Wa,} C X(M) induces a
local basis of smooth vector fields {Vi,...,Van} CX(N).

4. Let x € M and ¢ = (x',2%,...,2°") a coordinate system of M at x with
domain U. Then,

e cvery local basis over U induces a basis on the open subpseudomani-

fold o(U) ER?";

e moreover, the symplectic structure on U induces a symplectic structure
on @(U) with respect to the chart (U, p).

Definition 5.3.10 [/7]

Let (M,w) be a symplectic pseudomanifold. Let ¢ : N — M be a smooth
map from a pseudomanifold N into the symplectic pseudomanifold M. Let x €
M. Assume that the map ¢ is an immersion at x, that is, the tangent map
Top: TyN — Ty M is injective. Let T,y (T, N) be the linear subspace of the
symplectic linear space (T M, wy(z)). The map @ is isotropic, co-isotropic, La-
grangian or symplectic immersion at x, if (T,)0(T,N) is respectively isotropic,
co-isotropic, Lagrangian or symplectic in (Ty@)M,wym). Let ¢ be the canoni-
cal inclusion, then N is isotopic, co-isotropic, Lagrangian or symplectic at x, if
T, N is respectively isotopic, co-isotropic, Lagrangian or symplectic in (T, M,w,).
The map @ is isotropic, co-isotropic, Lagrangian or symplectic immersion on N,
if @ is isotropic, co-isotropic, Lagrangian or symplectic at every point x € N.
In particular, let N C M, N is isotropic, co-isotropic, Lagrangian or symplectic
subpseudomanifold of (M,w), if N possesses the property at every point x € N.

Lemma 5.3.2 [/7]
Let N be a pseudomanifold of dimension n in the symplectic pseudomanifold
(M, w) of dimension 2m. Let ty: N — M be its canonical inclusion. Then,

1. The 2-form wy=tn"w, induced by w on N, has its kernel at a point x of N
defined by Ker,wy =T,NNorth(T,N), where orth(T,N) is the orthogonal
of T, N in the symplectic linear space (T, M, w,).

2. The rank of wy at the point x € N is an even integer 2p(x), equal to the co-
dimension of Ker,wy such that it satisfies the inequalities sup(0,2(n —m))
<2p(x)< n.

These inequalities come from the fact that dim Ker,wy is positive and bounded
by dim T, N and dim orth(T,N). The rank of wy reaches its least possible value
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in the inequalities (that is, sup(0,2(n—m)) if, and only if the subpseudomanifold
N is either co-isotropic (that is, n>m), isotropic (that is, n <m) or Lagrangian
(that is, n =m) at z € N. The rank of wy reaches its greatest possible value
in the inequalities (that is, n) if, and only if the subpseudomanifold N is even-
dimensional and symplectic at x € N. Similar consequences can be drawn in the
case of an immersion of a subpseudomanifold N into a symplectic pseudomani-
fold (M, w).

5.4 Symplectic structures on 7*M and T'M.

Definition 5.4.1

Let M be an n-pseudomanifold and T* M its cotangent bundle considered as a 2n-
pseudomanifold. Let a« € T*M be a 1-form on M, that is, o : TM — R. Let 7:
T*M — M the canonical projection and Ty : To(T*M) — Troy = T, M its
tangent map with (o) =m. Given a 1-form 0 :T,T*M — R on T*M, defined
by O(«) :=71"(0), where O(a)(u) = a(Tya(w)) = (o T ) (u), for all uwe T, (T*M).
The form 0 is called the Liouville 1-form as in [6] or Poincaré 1-form as in [25].

This is a free coordinate expression of . The above definition says that the dia-
gram below is commutative:

T Mo TIT"M T.T*M
T
Y g ——I

where 7(a) =z and 0 : TT*M — R, with 0(a,u) = 0(a)(u), « € T*M and
ue T, T*M. Thus, § € T*T*M = C* (TT*M, R). With respect to the Carte-
sian closedness of the category FRL, we have C™ (T T*M, ]R) ~ (™ (T *M x

|_| TQT*M,R) ~ (™ (T*M, C’OO( |_| TaT*M,R)>. This identification means

aceT*M acT*M

what follows: 0:TT*M — R, (a,u)r—>0(a,u)’£T*M—>C’°O( I_l TaT*M,]R)>,
aceT*M

ar—0,=0(a)=0(a,.), where 6,: |_| T.T*"M — R, ur—0,(u)=60(a,u). The

aceT*M
result above is a particular case of the general one stated as follows. The fact

that the smoothness in the category PSF implies the smoothness in FRL with
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respect to Section 3.3, and that the inverse statement is true only if all the
objects are restricted to PSF. Thus the Cartesian closedness is satisfied in the
category PSF. Therefore, C*°(M, N) € PSF if, and only if M, N are both
pseudomanifolds.

Definition 5.4.2 [2)]

The Liowville 1-form 0 € QY(T*M) is deﬁned in local coordz’nates (2%, o) on T*M
by 0=—oudz’, where a=;da|; (), u=E 2|0 + B 52 [y and Tea(u) =& o)
with respect to Definition 5.4.1.

Let (2%, &;) be another local coordinates for T*M. Tt follows that a; = axz

dx'= d‘” 22477 and oydz' = gxz ay, . g;f; d7’ = a;dz*. Hence, 6 does not depend on the

ch01ce of coordinate system.

aka

Theorem-Definition 5.4.1

Let T*M be the cotangent bundle of an n-pseudomanifold M and 6:T*M — R
the Liouville 1-form. Then wy:= df is a symplectic form on T*M, called the
canonical symplectic structure on the cotangent bundle.

Proof.

The definition of wy, the defining properties of A, the linearity of d and the fact
that d? =0, yield wy = df = d(—;dx?) = d(—a;) A dz® + (—=1)%9%q; A d(dx?) =
—da; A dxt — o; A d*(2') = —da; A dx'. That is, wy = dz® A do; is a 2-form.
Since dwy=ddf =0, thus, wy is a closed form. Now, we Want to show that wy is
non degenerate. For, let X, Y € X(T*M), where X =da’ 8:2’ bl - s fixed and

for any Y = p’ a?ci + qi8 Recall that wo(am“ 8x2) = wo(aa  Dar ) =0. And, also

—wo(a%i,%):wo(a‘z“ o ) =dz® A daz( 327 Bor, ) dzt aydalaa —dxt @daiw =

1.1 — 0.0 = 1, where the minus comes from the signature of permutations o €
Sy = {(1 2) 2 1)) Thus, 0=wo(X,Y) = a'pwi(zs, o) + a'qd'wolzm, 52) +
bzp wo(Z, 2 +bigiwy (32, 22-) =a'q' —b'p'. It follows that a’q’ =b"p’ for all ¢* and

a;’ 6901 Oa;’ Doy
pt. Hence, a’=0'=0. Therefore, X = 0. That is, wy is non degenerate 2-form. We
have shown that wy is a symplectic form on 7% M. O
Lemma 5.4.1

Let L € C*(TM,R), where M is an n-pseudomanifold and L one-to-one. Let
c(t) =y + vt, where y,v € T, M, with y fixred and v any vector, that is, ¢ is a
smooth curve on T M, with foot point y, and Loce C*(R,R). Then there exist
F-diffeomorphisms, L:TM —T*M , H:T*"M —T**M, and Z:TM — T**M
such that HoL=ZI, L'=T 'oH, and H ' =LoT .

Proof.

Recall that C*(T'M,T*M) = C*(TM,C*(TM,R)) ~ C>(TM x TM,R), by
Cartesian closedness. We have C*(T, M, T M)~C>(T, M x T, M,R), on spaces
of linear maps, for a particular x € M. For Le C>®(T, M xT,M,R), such that for
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all y,veT, M, the formula E(y, V)= %(Loc)]tzo, with respect to Definition 4.1.9
and Proposition 4.1.1, defines an F-smooth linear function. There exists a unique
associated smooth map £e€ C®(T M, T*M) such that L(y)(v):=L(y,v) viewed as
the evaluation of L(y) at v, with y—— L(y). But y is not a function of t. Thus, by
the chain rule we have £(y,v)= W(L(y—i—vt))]t —0 y“’t Aytot) |, = y( y).v=L(v),
since the restriction L|p s is linear. Now, assume L'(y)(u) = L(y)(v). This
implies u = v since L is one-to-one. Thus L(y) is one-to-one. Moreover, L is
one-to-one since Loc is one-to-one. It can be proven that £ is linear map since
L is linear. Assume L(y)=L(z), for all y,ze€ T, M. It yields L(y)(v)=L(z)(v)
for all v € T,M. Thus, (y,v) = (z,v) since L is one-to-one. Hence,y =z and it
follows that the restriction of £ to T, M, denoted also by L:T,M — T M, is
an isomorphism of n-dimensional linear spaces. Recall that T'M and T*M are
disjoint unions of linear spaces T, M and Ty M, respectively. Therefore, the global
L:TM — T*M, is an F-diffeomorphism. It would be worth noticing that, if
we Substltute T, M for Ty M and T;M for T7*M in all above, we will obtain H
and H, such that H(c, 8) =M () (), with H: TFM — T* M, an injective linear
map between two n-dimensional linear spaces. That is, H is an isomorphism of
linear spaces. Also, assume that {72}, {dz’ } and {A;} are bases respectively for
T, M, T:M and T;* M, with{dz’ } dual of {32 Z} and {A;} dual of {dz'}. Thus, it

follows from linear algebra that, -2 B s dat r—>AZ-, gives £i »—>Ai, the canonical

isomorphism ( identification ) of T,,M onto T*M, such that HoL=Z. Finally,
Il =L"toH ! yields LoZ'=H ', T-toH=L"". O

This Legendre transform comes from an arbitrary smooth function L on T'M.
The function L is called hyperregular if £ is an F-diffeomorphism. [6]

Corollary 5.4.1

Let L be the Legendre transform constructed in Lemma 5.4.1. Then the follow-
ing hold: The pullback of wg under L, is a symplectic structure on T'M, that is,
w=Lwy. The restriction wo|rrry of wo is the canonical symplectic structure to
the open symplectic subpseudomanifold T* My of T*M. The restriction w|ra, of
w 1s the non canonical symplectic structure to the open symplectic subpseudoman-
ifold TMy of TM.

Proof.

Let u,veTM, thus, wo(L(u), L(v))=(wooL)(u,v)= (L *wy)(u,v)=w(u,v). It fol-
lows that w=L*wy is a 2-form on T'M. It is non degenerate since the Legendre
transform is a diffeomorphism. It is closed since dw = L*dwy = 0. Hence, w is a
symplectic structure. The others two statements come from the restriction of a
smooth map on an open subset. U

The structure functions on the open subpseudomanifolds T* M, and T'M, are
respectively the restrictions of Fr«p; and Frps to that sets. The pullback of
the Legendre transform is an F-diffeomorphism. Thus, the following properties
hold. For any L € C*°(TM,R), there exists a unique H € C*°(T*M,R) such that
HoL=L. Moreover, let ¢ be a curve into T'M. Thus, d=Loc is a structure curve
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into T*M and LoceC>®(R,R). So, Hod=Loc. If 7 and 7 are the canonical
projections of T*My and T'M on M respectively then 7o £L=7 since the £ maps
T, M to T;M for x € M. It can be observed that for any tangent vector field X
on T'M there exists a unique vector field X* on T*M such that £, o0 X=X"0o L,
that is, they are L-related. The main ingredient in the proof being the equation
w = L*wy, the non degeneracy of symplectic form and H o £ = L as above. In
mechanical setting, L€ C*(T'M,R) is a Lagrangian and H € C*°(T*M,R) is the
Hamiltonian, both defined by X 4 w =dL and X* 4 wg=dH. Thus, we set
X =X and X*:=Xj,.



Chapter 6

Symplectic reduction on
pseudomanifolds.

6.1 Basic concepts of group actions

Definition 6.1.1 [62]

Let G be an F-space and a group with identity element e. The Triple (G,Cq, Fa)
15 called a Frolicher-Lie group or F-Lie group for short if the multiplication map
0:GXxG— G given by (g, h)=gh is F -smooth and, the map 0:G — G given
by 0(g)=g~ " is F-smooth. Equivalently, that is, the map ¢:GxG — G given by
s(g,h)=gh™" is F-smooth.

Let H C GG. The subset H is called an F-Lie subgroup of the group G if H is
a subgroup of G which is a subpseudomanifold. The unit element of G will be
denoted by e.

Definition 6.1.2
Let G, H be two F-Lie groups, that is, G and H are finite dimensional pseudo-
manifolds and groups also. The map ¢:G— H s an F-Lie group map if it is a
smooth map of pseudomanifolds on the one hand and a homomorphism of groups
on the other hand.

Definition 6.1.3

Let M be an n-pseudomanifold and G an F-Lie group. Assume that for each g€ G
the maps defined by o:GxM — M, (g,x)—0o(g,x):=g.x and 6: M xG— M,
(x,9)—0(x,g):=x.9 are smooths maps of pseudomanifolds such that the induced
maps og: M — M, v—o0,(x):=0(g,z) and §;: M — M, x+—0,(x):=0(g,x) are
diffeomorphisms of the pseudomanifold M. The map o is called a left action of
G on M if (c400p)(x)=(04n)(x) and o.=idy, for all g, h€ G, € M. The map
d is called a right action of G on M if (0,00,)(x)=(d4n)(x) and 6.=idps, for all
g, heG, xeM.

102
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Remark 6.1.1

The equation ogp(x)=(0,004)(x) reads o(gh, x)=0,((0on)(z))=0(g,0(h,x)), that
is, (gh).x=g.(h.x), for all g, h€ G, x€ M. Likewise, (d4)(x)= (0 0 dy)(x) reads
d(x, gh) = 6,((0,)(x)) = 0(h,d(g,x)), that is, x.(gh) = (x.g).h, for all g,h € G,
x € M. It follows that oy, =0400h, Ogn=0,00, and o, =0.=1dyr. In what follows,
we will say actions for means of left group actions. Whenever the right actions
will be concerned the distinction will be stated. The set of all diffeomorphisms of
the pseudomanifold M is denoted by Diff(M) and it is a group for the composition
of maps. It is called "group of diffeomorphisms of M ”.

Lemma 6.1.1
Let M and G be pseudomanifolds, where G is an F-Lie group. Let 0:GXM — M
a left action of G on M.

1. The set GM :={o, | g€ G} is an F-Lie group of transformations of G on
M and GM C Dif§(M).

2. The map p:G—Diff(M), g— pg:=0, is an F-smooth map, an injective
homomorphism of abstract groups and p(G)=GM.

Proof.

1. Let o be a left action. That is, (o,00)(x) = (04)(z) and o, =1idy,, for all
g,heG, xeM. Let oy(x)=0,4(y) for any x,y€ M. Since o -1 exists, then
og-1((0g)(x))=04-1((04)(y)). So, x=y, since (o4-100,)=(04-1,) =0 =1idn.
Therefore, o, is injective for any g € G. Now, for each y € M there
exists * = g~y such that (o,)(z) =y and g 'y = 0,-1(y) € M since
0g(97"y) = 04((04-1)(y)) = (04005-1)(y) = (0441 (y)) = 0e(y) = idui (y) = y.
Hence, o, is onto. Therefore, o, is a bijective map. Finally, we need to
show the smoothness of o, and (c,)"'. But, o is a smooth map of pseudo-
manifolds, then an F-smooth map in all (g,2) € GxM. It follows that o,
is a smooth map in all x € M, for all g € G. This is true in particular for

h = g~'. Hence, o -1 is F-smooth. We need to show that (c,)™' = o,-1.

For, (o,) too,=idy = 0.=0,-1, = 04-100,. Thus, we have (c,)"' = 0,1
which is an F-smooth map. Therefore, o, is a diffeomorphism of M. That

is, GM C Diff(M).

2. Let g,h€G. Thus p(gh)=04=0,00,=p(g)op(h). Hence, p is a homomor-
phism of abstract groups. To prove the injectivity of p, we set p(g)=p(h).
That is, o, = 0. So, idy = 0400,1 =0op00,1 and o.=0p,-1. It follows
that e = hg~!. This implies g="h. Therefore, p is injective. Now, from the
Cartesian closedness of the Category FRL, we have o € C*°(G x M, M) if,
and only if pe C*(G,C>(M, M)). Hence, p is smooth. O

Remark 6.1.2
Let M be an n-pseudomanifold and G an F-Lie group. The map p as given in
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Lemma 6.1.1 is called a realization of G. The realization p:G — GM = Aut(M)
is a a representation of G when transformations o,: M — M are linear trans-
formations of the linear space M. It follows that a realization of G defines a left
action of G on M and vice-versa.

Definition 6.1.4

Let M be an n-pseudomanifold and G an F-Lie group. Let x € M be a fized
element and 0: GX M — M a left action of G on M. The image of the map
0.:G— M, g 0,(g9) :=0(g,2), denoted by G.x :=0,(G) C M, is called the
orbit (of ) through x for the action o. That is, G.x={0.(9)=g.x | g€G.}. The
subset of G given by G,:={g€G | g.x=x} is called the stabilizer (or the isotropy
group) of x € M.

Let M be an n-pseudomanifold. A set map ¢: M — M is called a transformation
of M if ¢ is an F-diffeomorphism.

Definition 6.1.5

Let M be an n-pseudomanifold and cRx M — M an F-smooth map.

The map o is a one-parameter group of transformations of M if it has the fol-
lowing properties:

1. For each teR, o,: M — M, is an F-diffeomorphism (a transformation) of
M such that oy(x)=0(t,z), for allz€ M.

2. For each xe M, o,:R— M is an F-smooth curve on M going through x
such that o,(t)=0(t,x), for allteR and 0,(0)=0(0,2)=x.

3. Forallt,seR, o, s=0,00%.

Lemma 6.1.2
Let M be an n-pseudomanifold and o : Rx M — M a one-parameter group of
transformations of M. Then, there exists X € X(M) such that X = (v, Xy)zem

and X, (f) = L(f 0 05)(t)],_y for some feFu.

Proof.

The right-hand side is a limit, which exists since f and o, are smooth by assump-
tion. Combining (1) and (2) in Definition 6.1.5 yields a tangent vector at each
x. A vector field is therefore induced globally. It is the so-called infinitesimal
generator of the one-parameter group of transformation o on M. U

Definition 6.1.6

Let M be an n-pseudomanifold. A local one-parameter group of local transforma-
tions of M 1is defined by the following conditions: for all x € M, there exists an
open neighborhood U containing x, e €R, with €¢>0, and ¢:(—€,€)xU — M
such that
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1. For each t€(—¢,¢€), ¢ is an F-diffeomorphism of U onto ¢y(U).

2. For each yelU, ¢,:(—¢€,€)—U is an F-smooth curve on U, going through
y such that ¢,(t)=¢(t,y) for all te(—e, €) and ¢,(0)=¢(0,y)=y.

3. We have the image ¢,(U) C U, for all t,s € (—e,€) such that one has
t +s€(—e ¢€), that is equivalently |t + s| <e.

Corollary 6.1.1

Let M be an n-pseudomanifold and X € X(M) a vector field. Then the vector
field X induces a local one-parameter group of local transformations of M. In
turn the latter induces a vector fields where the local one-parameter group of
transformations has been induced.

Definition 6.1.7

Let G be an F-Lie group. A one-parameter subgroup of G is a smooth curve
v:R— G, g—~(t) satisfying the following conditions: ~y(t + s) =~(t)v(s), for
allt,seR and v(0)=e, where e is the unit element of G.

Remark 6.1.3

The above properties in Lemma 6.1.2 and Corollary 6.1.1 related the 1-dimensional
group of transformations {o, | t ER} to the vector field that generates it. We can
derive similar properties to those of {oy | t R} for the group of transformations
{0y | t € R}, where y(R) = {~(t) | t € R} is a one-parameter subgroup of G.
Let v:R— G be a curve on G, and 0:GxM — M, a left action of G on M.
Then v(R)x M — M yields a transformations group, for t eR, oyqy: M — M.
Thus, we can discuss about the infinitesimal generator which generates the group
of transformations {0, | tER}. The following transformations of G onto itself
play a central role in the theory of F-Lie groups.

Definition 6.1.8

Let G be an F-Lie group and g € G, a fized element. Let h € G, be any element.
The transformation L,:G— G, defined by L,(h):=gh is called the left transla-
tion, that is, a left multiplication by g. The transformation Ry,:G — G, defined
by Ry(h) := hg is called the right translation, that is, a right multiplication by
g. The transformation R,”" : G — G, defined by R;'(h) := Ry-1(h) = hg™"
is called the inverse right translation, that is, a right multiplication by g~'.
The transformation LyR™', : G — G, called the inner automorphism or the
conjugation, is defined by LyR™',(h) := ghg™!, that is the composition map

(LQOR_19)<h') :Lg(R_lg(h)) :Lg<hg_1) :g(hg_l) = ghg™".
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Remark 6.1.4
It can be easily shown that:

1.

6.

Ly, R,, Ry, and LyR™, are F-diffeomorphisms. Since L:GxG — G,
such that L(g, h) = gh is the group multiplication on G and 0:G — G
i1s the inversion map, both being F-smooth maps by the Definition 6.1.1.
Thus, Ly, Ry, R™',, L,R™', are F-smooth maps. It is obvious that they
are bijective and as well as their inverse maps. For, let h,k € G be any
elements, assume Ly(h)=Ly(k). It follows gh = gk. The left multiplication
by g~ in both sides yields h = k. So, L, is an injection. By similar ar-
gument, R,, R™', are injections. Hence, LyR™, is also an injective map.
Now, for each k € G, k=ek=gg 'k =g(g7'k) = L,(g7'k). Hence, L, is
surjective. So, Ry, R™',, and LyR™', are surjective maps. Therefore, we
are dealing with F-diffeomorphisms.

R,(h)=Ly(g) by definition of L, and L.

dLy(h): TG —TyuG. Since Ly:G— G, h— Ly(h), thendL,: TG —TG,
(h,vn) = (Lg(h),vr,m)) = (gh,vgn). It follows that dLy(h) = dLg|1,c, such
that dLg(h) ZThG—>TLghG:TghG.

dRy(h):ThG — Tr, G =Th,G. By similar argument as in part (38.) above.

Ly, Ry, Ry, and LyR™', are actions of G on G satisfying the following.
LyoLy =Ly, and L, =1dg, for all g,h € G. RyoR, = Ry, and R, =1dg,
forall g,h€G. Ry10Ry1=Rp-1,-1 and R.-»=R.=1idq, for all g,heG.
(LgRg-10 Ly Ry-1)(k) = g(Ln Ry (k) g~ = (gh)k(h™'g™") = (gh)k(gh) " =
(LgnRgny-1)(k) and L.R.=idgoidg=1idq, for all g,h,keG.

LyR™y=L,R,_1=ghg™! is the conjugation action of G on G.

Definition 6.1.9

Let L be a real linear space. Let [,]: LXL — L be an F-smooth map denoted
by (X,Y)— [X,Y] and satisfying for all X,Y,Z € L and a,b€R the properties
below:

1. Closure: [X,Y] € L.

2.

Bilinearity: [X,aY +bZ] = a[X,Y]+b[X, Z]. That is, the linearity in both
two components.

Antisymmetry: [X,Y] = —[Y, X].

. Derivation property, known as the Jacobi identity: [X,[Y, Z]] + Y, [Z, X]] +

Z,[X, Y]] =0.

The map |,] is called the commutator or the Lie-bracket. The linear space L en-
dowed with the Lie-bracket is called a real F-Lie algebra.
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It is worth noticing that [ X, Y]|=—[Y, X] if, and only if [ X, X] = 0. Setting Y =X
in [X,Y]=—[Y, X] yields [X, X]=—[X, X] = 0. Conversely, assume [X, X]=0.
It follows that 0=[X + Y, X +Y]. Thus, 0=[X, X|+ [ X, Y]+ [V, X] + [V, Y]=
[X, Y]+ [Y, X] by the bilinear condition. Thus, [X,Y]=-[Y, X]. [15]

6.2 Integral curve and Exponential map

Definition 6.2.1

Let M be an n-pseudomanifold. Let X € X(M) and c:R— M a smooth curve.
The curve c is the integral curve of the vector field X if co(%|_,)=dc(L|,_,)=
X(c(r)) =X :=X,, where teR, c(r)=z€M and (L|,_,)=X(c(r)) a vector.
That is, mo X =idy; and the following diagram is commutative

X
M . M
T
c Xoc:%::c’
R

Definition 6.2.2
Let G be an F-Lie group and X € X(G) a vector field on G. The vector field X is
called left invariant if dLy(X (h))=X(Ly)(h)=X(gh), for all g,heG.

Proposition 6.2.1

Let G be an F-Lie group and e € G its unit element. LetT.G be the set of tangent
vectors to G at e. Let G be the set of left invariant vector fields on G. Then, we
have,

1. X €G if and only if dL,(X(e)) = X(g).
2. G is a real linear space.

3. The map o:G—T,G, defined by a(X) =X (e), is a linear F-diffeomorphism
of n-pseudomanifolds. Thus, dim G=dimT.G=dimG.

4. G is an F-Lie algebra under the Lie bracket operation on vector fields.
Proof.
1. 7 =" Let X€G. Thus, dL,(X(h)) = X(Ly)(h) = X(gh), for all g,heG,

from Definition 6.2.2. It follows that for h =e, the relation above becomes
dLy(X(e))=X(Ly)(e)=X(ge)=X(g).
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7 <=7 Conversely, let X € X(G). Assume dL,(X(e)) = X(g). We have
X (gh) = X(Ly)(1) = dLyn(X(e)) = d(L,o Ly)(X(e)) for all h € G by the
definition of left translation. The action of d on the composite yields

X(gh)=(dLgodLy)(X(e))=dLy(dLn(X(e)))=dLy(X(h)).

2. G is a real linear subspace of X(G). In fact, for all X, Y €G, for all a,beR,
and for all g € G we have:X(g) = dL,(X(e)) and Y (g) =dL,(Y(e)). So
(aX +0Y)(g9)=aX(g9)+bY (9)=adLy(X(e)) +bdL,(Y (e))=d(Ls(aX(e) +
bY (e)) =dL,((aX + bY)(e)). Therefore, aX +bY € G. Hence G is a real
linear space.

3. From Part 1. in this proof, namely X(g) =dL,(X(e)), there is a bijective
correspondence «: G — T,G, defined by a(X) = X (e), since X (e) is unique
and for any element £ € T, G, there exists a unique X € G such that X (e)=¢.
Now, a(aX + bY) = (aX + bY)(e) = aX(e) + bY (e) = aa(X) + ba(Y) for
all X,Y € G, and for all a,b € R. This proves the linearity of o. Finally,
we need to prove the smoothness of « in the F-setting. By combining the
assumption and the definition of «, we obtain:

X(g)=dLy(X(e)) =dLy(a(X))=(dLsoa)(X).

Thus, « is F-smooth with respect to Corollary 2.3.2 since the compos-
ite dL, oav and dL, are F-smooth maps. Otherwise: the following diagram
depicts the situation.

~{e}

Toa =k,

It reads: for any X € G, we have (moa)(X) = n(a(X)) = 7(e, X) = e.
Thus, Toa = k. is a smooth map since k. is a constant map. So, from
Corollary 2.3.2, « is a smooth map. Now, the following maps are natu-
rally smooth, m=k,oa™t or dL,= (dL,oa)oa~t. Hence, a~! is a smooth
map with respect to the same reference above. Therefore, « is a linear F-
diffeomorphism. Consequently, dimG=dim7T.G=dim G.

4. Let X,Y €G and [X,Y]=XY — Y X, their Lie-bracket. Since G C X(G)
we only need to show that [X,Y]€G. In order to do that, we will first use
Definition 6.2.2 for general purpose and secondly by setting h=e, we will
deal with the characterization stated in Part 1. of this proposition. The
commutative diagram below will play a central role in the proof:
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G X . TG
L, dL,
G X . TG

This reads, XoL,=dLj,0X and refers to related vector fields in Chapter 4.
Now, let g, heG. The left invariance of X and Y yields:

(XY =YX)(gh) = XiTWW 3WX@M)

(
= X(dLy(Y(h))) — Y (dLy(X(R)))
— ;XQdL oY) (h)) — «dL o X)(h))
_ X )(h)) Y (X 0 dLy)(h))

(Y odL,)
(XY)(Lg(h)) = (Y X)(Ly(h))
(XY —YX)(L ( )
(XY =Y X)oLy)(h
(dLyo (XY =Y X))(

)
h).
Therefore, XY — Y X=[X,Y]eg for all X,Y €g. O

But, by setting h=e¢ in all the computations above, we will rewrite a proof which
lies on the characterization stated in Part 1. of this Proposition. It follows that
(XY —YX)(9) =dLy((XY —YX)(e)) for all g € G. That is, [X,Y] is left
invariant vector field if X and Y are.

Definition 6.2.3

Let G be an n-F-Lie group. The F-Lie algebra G of left invariant vector fields on
G is called the n-IF-Lie algebra of the n-F-Lie group, such that every X € G is
characterized by X =X, with £€=X(e). That is, the vector fields X¢ is invariant
under left translation by any element of G.

Definition 6.2.4
Let G be an n-F-Lie group, G the F-Lie algebra of G and X €G. Let the commu-
tative diagram

R 7 e t - (1)

L X

Ve = Va0l

R? TG X(1(1))

, where o(t) = (t,0), v(t 4+ s) =~(t)y(s) and v«(s) =X (y(s)) for all t,s €R, with
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v a curve on M and v, its tangent. The curve ¥(R) is called the one-parameter
subgroup of G corresponding to X or generated by X. This curve is the integral
curve of X which passes through e.

Definition 6.2.5
Let G be an F-Lie group, G the F-Lie algebra of G and X € G. Let vx :R—G
be the curve integral of X starting at the identity, that is, %Vx(t”t:o = X(e).
The map exp:G = T.G — G defined by X —— exp(X) = vx(1) is called the
exponential map.

Remark 6.2.1

1. One can derive exp(X) = vx(1) as follows. Consider the smooth maps
Ax R— G, A:G— G and exp: G — G such that t — Ax(t) =tX,
X — A(X) =tX and tX — exp(tX) = vx(t). They are related by
(expo Ay)(X)=(expoAx)(t). Therefore, one has a new map, vx:R— G,
defined by t — exp(tX) = vyx(t). In particular, t = 0 and t = 1 yield
exp(0)=7x(0)=¢ and exp(X)=7x(1).

2. Since X:G—TG, then the curve vx satisfies yx =X oyx.

3. At this stage,we can summarize this discussion as follows. yx(1)=exp(X),
e=7x(0) and X(e)=X(yx(0))=7x(0).

4. It is worth noticing that the linear map vx:R—T.G=G is a curve passing
through 0 in the linear space G. In the contrary, the homomorphism of
groups vx : R — G is a curve passing through e in G, where G is not
necessarily a linear space but a smooth space.

5. We are going to state some properties of the exponential map.[68, pp.154 — 157]

o cap(tX)exp(sX)=exp((t + s)(X)). Then exp(0) =vx(0) =e. Since
exp(0) =exp(0 + 0) =exp(0)exp(0). Here is the reason which justifies
the word ”exponential” map.

o cxp(—tX)=(exp(tX))™L, if s=—t in the exponential relation above.

o cxp(s(tX)) = s exp(tX).

o cxp(tX)exp(tY) # exp(t(X +Y)) in general. The equality holds if
[X,Y]=0, that is, the algebra X(M) is commutative.

o Let h:G— H be a smooth map of Lie groups. The following equality,
that is, h o expg = expy o dh holds. This result is readable from the
diagram below:
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lg lH
dyx

TG TH

e One has (h o exp)(X) = h(exp(X)) = h(yx(1)) = (hoyx)(1), for all
he€ Fg. Then hoexp=1NY is a smooth map since hoyx € C*°(R). It
implies that exp is a smooth map with respect to Corollary 2.3.2.

6. Every left invariant vector field on G is complete , that is, the flow o asso-
ciated to X has RxG as domain. This is not the case for general X € X(G)
which yields a local one parameter group of local transformations. [15]

Definition 6.2.6

A wector field X € X(G) is right invariant vector field on an F-Lie group G if
X =X¢ and £=X(e), where e is the unit element and £ a tangent vector to G
at e. The invariance of X 1is taken with respect to the right translation by any
element of G. The set of such vector fields will be denoted by G°PP, to say the
opposite algebra of G.

Remark 6.2.2

1. The Lie-bracket [,] on G is the first derivation of the Lie-group multiplica-
tion. [15,p.21]

2. As for right and left actions, there is a way to go from G°PP to G. For details
see [68,pp.148,149]. We state and comment this reversible process.

o Let Xe€G or XeG andY be the vector field defined by Y :G— TG,
with g — Y (g) = d(inv)(X(¢g71)), where inv: G — G; g — g~
Then, it follows that dLyX + dR,1Y =0 and dLyY + dR,-1X =0,
where dL,: TG—TG and dL,(h):T,G—T,,G.

e The invariance of X and 'Y may be read as follows. If X € G, then
dL,X(e) + dR,~1Y (e) =0 and dL,Y (e) + dR;~1X(e) =0. Therefore,
X(g9)=—dR,~ and Y (97)=d(inv)(X(g))=—X(g). Hence, we have
Y(g)=X(e) +dR,1Y(e)=0 and dL,Y (e) + dR,~1X(e)=0. Thus,
X € G implies Y € GPP. In particular, Y(g~') = —X(g) becomes
Y(e)=—X(e) for g=e. This yields Y (e) + X (e) =0, where X (e)=¢.
Thus, Y (e)=—¢&. The same arguments yield X € GPP implies Y €G.
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3. Since inv : G — G is a bijective map, then d(inv) is an isomorphism.
The Lie-bracket [,] on G induces a related Lie-bracket on GPP, defined
by [XoPP Y oPPIPP = —[X Y] for all XPP Y PP € GPP and X,Y € G with
XPP(g)=d(inv)(X (g7 1)) and YPP(g)=d(inv)(Y(g™')). Actually, there is
an anti-homomorphism of Lie-algebras between G and GPP. [68]

Definition 6.2.7 [15,p.19]

Let G be an F-Lie group and G, its F-Lie algebra. Let £ € G. The flow of the
left invariant vector field X on G is denoted by ®:RxG — G, and defined by
(t,9)— Pe(t, g) =gexp(t). The flow of the right invariant vector field X¢ on G
is denoted by V:GxR— G, and defined by (g,t)— Ve(g,t) =exp(tf)g.

The reason of these notations can be explained by the following diagram:

L
G Rg 2G The diagram reads:
g
R, o
N Lo L) = Ly(eaplt€) = gerp(te)
R Ry(7e)(t) = Ry(exp(tS)) = exp(t)g

Definition 6.2.8

Let G be an F-Lie group and M an m-pseudomanifold. Suppose G acts smoothly
on M by the action map o : GxM — M such that (g, m)—o(g, m)=o4(m)=g.m.
Let G=T.G be the set of all left invariant vector fields on G. Let A:GxM — T M
be the map defined by (X, m) — A(X,m)=A(X)(m)=Ax(m) =X, € T,,M,
where X,, := (%e:vp(tX)\t:o).m with exp(tX) € G, the one-parameter group gen-
erated by X, and %exp(tX)|;—o€G. The map A is called the infinitesimal action
of G on M associated to the action o of G on M.

Remark 6.2.3
As for o:Gx M — M, we can define the infinitesimal analogous of o, and oy, .

1. The map Ax : M — TM, m+— X,, € T,,M, for all m € M, is defined
in such a way that Ax(M)={X,, € T,M | me M} = (m, X;,)menm- It
follows that every X € G determines a vector field on M denoted by Xyy.
Therefore, Xy := (m, Xon)mem : M — TM, is a smooth map defined by
m— Xy (m)=(m, X,,) = (m, (Lexp(tX)|eo).m). Thus, Xy =Ax €X(M).
Hence, for aeR, X, Y €3G, the map a: G — X(M), X +— Xy =Ax, is
an anti-homomorphism of F-Lie algebras. That is, X + Y +— (X +Y)y=
XM +YM, CLXI—)(CLX)M:CLXM, [X,Y]H[X,Y]MI—[XM,YM]

2. The map Ap,:G—TM, X+— X, €T,,M, for all X €@ is the orbit map
at m under the infinitesimal action A of G on M. That is, the orbit set of
Ay, is given by its image A, (G)={ An(X)=X,, | X€G and m is fived }.
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3. The group multiplication on G transforms in the group addition in G. So,
let inv:G— G, g— g~ be the inversion map. It follows that, its tangent
map inv, =d(inv):G—G is defined such that X — —X.

4. It is known that to each flow o:Rx M — M 1is associated a vector field on
M which is its generator. This correspondence applies to a general group
left action o:G x M — M in the following way: For each £ € G, there is
a flow on M, denoted by V¢ := V7, such that Vi(t,m) = exp(t§).m € M,
where {exp(t§) € G | t e R} C Gand m € M. The associated vector field
on M will be denoted by Y. This yields the map § — Y. That is,
X=Xer——Y7. Since each X €G is characterized by X (e)=¢. This is the
map a:G— X(M), X =X¢r— Xy =Y, defined in Part 1. above. We
can look now at the properties of this map .

Proposition 6.2.2 [16,Section 18.7 and Exercice], [15], [33, pp.167,177],

Let M be a pseudomanifold and G the Lie algebra of the Lie group G acting on M.
The map a:G— X(M) defined by a(X)= Xy =Ax is an anti-homomorphism
of F-Lie algebras.

Proof. [15,p.44, Proposition 1]

From Definition 6.2.3, for every X € G, X = X with £ = X(e) € G. Let Y be
the right invariant vector field on G, that is, Y( ) =¢. From Definition 6.2.7,
the flows of Yy and X¢ on G are \Ifg(t,g) Ue(t)(g) = exp(té)g =R (e:t:p(té))
and D¢(t, g) = Pe(t)(g) = gexp(tf) = Lg(exp(tf)), respectively. Now, consider
the inverse map inv : G — G, g +— g~ '. It follows that (gexp(tf))™ =
exp(t€)tg~! = exp(—t&)g~'. That is equivalent to (Pe(t,g)) ™' = U_¢(t, g7,
where ®¢(f) : RxG — G and V_ : GXR =R x G — G, are the left and
right actions of the flows ®¢(t) = exp(t) and V_¢(t) = exp(—t£). That is,
inv(P¢(t, g)) = W_¢(t,g7") or symmetrically ®_¢(¢,g7") = inv(¥e(t,g)). There-
fore, to the infinitesimal level these relations can be combined to Remark 6.2.1
(2), mainly, X _¢=—X¢+——Ye and X¢— Y. =—Y;. They yield, with respect to
Definition 6.2.5 and Remark 6.2.1 (2) and (3), the following:

inv (D_e()(g™))) = We(t)(g)
ino, (<X£ o (D)g ) = (Yg o %(ﬂ) (9)

i (X-e(@-elt.7) = Vel
i (X elinnllt,9)) ) = VeWe(t.0)
inv,oX_¢oinv = Y with X_e€ G, Y:e g
(inv, o X_¢oinv)(e) = Ye(e)
(inv(X-¢)(e)) = Ye(e)
inv (=€) = & thus
inv(§) = —=¢ with invx : X(G) — X(G).
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The Lie bracket of Y¢, Y, € GP is computed as below:

[Ye, V] = [inv.o X_¢oinv,inv, o X_, o inv]
= inv, o [X_¢, X_,]. oinv.
Thus, [Ye, Yyl(e) = (inv. o [X_¢, X_,] 0inv)(e)
= (inv. o [Xog, X ])(e)

_ ino, ((—f)(—n) . (—n)(—é))
= inu, [57 7]]

Therefore, [Ye, Y] = [inv, o Xy 0 inv
= Y for all &, neg.

We need to extend Ye and We to GXM by the formula W (g, m) := (exp(tf) g, m).
The following diagrams can help in the understanding of the given formula:

e

Gx M ~GxM  (g,m) ~(exp(t€) g, m)
g g
oo _

(exp(t€)).(g.m)
This diagram is commutative in the sight of Remark 6.2.3, (4). It follows that
oW, = \I!goa. At the infinitesimal level it yields: 0,00, = \I!g*oa*. We need a defin-
ing relation between Y and Y. First of all, we have to show that 7 and 7 are
o-related. That is, cor =7oo,. Now, for all (g,m) € Gx M, wvg,m)€ET ymGx M
we have what follows: oo7((g,m),vg,m)) = o(g,m) = o(g,m) = g.m. It can
be shown that the identity o o 7=m o o, holds, because moo.((g,m),vg, m)) =

m (o—* ((g,m), v, m>)> =7 (0((97 m), oxg, m)(V(g, m)))> =(g.1m; Ou(g, m)(V(g, m))) =

1 1

g-m. So, Too, =0 ‘om. Also, since the vector fields Y and Y are smooth
sections then we have 7roY§" =idy and 7oY; =idy,. This follows for any
fixed g € G that, 0, 0Y; 00 'oooror, ! =idry. Then, o,0Yeoro0, ' oY 00 =Yoo,
—_——
Note that TOO'*_10}/§JOO':O'_10 7ToY,§f’oa:0_1oidMo<7:U_1oa:idM. That is, Yg"oa
is a section for the surjective map 7oo,~!. Finally, for any fixed g € G, we will
have Yg’oag = 04.0Ye. Therefore, o,.(¢) = Yé" =04 0Y; oa;l. Below is given a
commutative diagram for the infinitesimal part of the proof.
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M_Ye M s TM_ Ve TM
Ye
o Oy O, ! O g« 0;,} O g«
us
M M TM TM
V¢ Yy Ve,

We would like to compute o, ([{,n]) as shown below:

YoV = (00 Ye0 0, 000 V00, )
ogu 0 [Ye, Yyl 00!
g 0 (=Yg ) 00yt
— _Y¢

[&:m]
= —0g([&7))
Hence, 04.([¢,n])=—[Y¢,Y;]. Recall that, with respect to Remark 6.2.3, (1) (4) ,

where 0,4, = o, we have: 0,.(§,n) =Y, =Y + Y7 and 04.(af) =Y,7 = aY?.
Therefore, we have proved that og.:G— X(M), {r—Y7 =&y is actually an
anti-homomorphism of Lie algebras. U

Remark 6.2.4

1. Note that Y7 (m) = & (m) = (m, §ar(m)) = . This yields a smooth map
m—— o, (m) =g .mr—Ye(o, ' (m)) =0, (Y7 (m)) as a composition of
smooth maps.

2. From [83,pp.167,177], and [15,p.53], we can define an action of G on
C*(M) by pullback. Let o:GxM — M be a group action of an F-Lie
group G on a pseudomanifold M. The map o given by g+ o(g) = o,
ensures the rules below: gh v (ogn)* = (04004)" = opo0;, o;(f +h) =
(f + Moo, =a3(F) + o3(h). 73(af) = (af)ousy(f) and ple) 207, with c€ G
the unit element. We can conclude that o is an injective anti-morphism of
groups. Finally, o is an anti-representation since the map o, € Aut(C>(M))
s linear map. From the diagram below we can get interesting conclusions:

* Uk
Tg = Teap(te)

G Aut(C=(M)) = exp(t€) = exp(tém)

X | |exp Y exp
T, (Aut(C=(M))) & =X " 0e(6) = &
PR P

where X and Y are smooth vector fields, with X, = X (g) =dLy(X(e)) =
dL,(&)€T,G for X €G. The linearity of p. yields the following: 0..(sX¢)=
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§(Xe)m =50we(Xe) and oue(Xe + X)) = 0ue(Xetn) = (Xewn)m = Xepm + Xyjm =
0se(Xe) + 04e(X;). Now, our concern will be the action of o.. on the Lie
Bracket, that is, for every [X,, X = [Xe, X, € G — 0.e([Xe, X)) €
15 (Aut(C>*(M))), for all g, h€G and X €G. Thus,

Q*e({XéﬂXn]) = Q*e(_X[ﬁm])
—0se(Xiem))
—(Xigm)m
_[X§|Tan77|m]
—([Xe; Xo)m

= _[Q*e(Xé)ag*e(Xn>]

Hence, we have proved that 9..:G— X(M) is an anti-homomorphism of
Lie algebras. U

3. The arguments used above lie on the diagrams below, which are an adapta-
tion of Remark 6.2.1:

G GmcM
Om
’75 61‘]95 el’pgm
Ag .G Omx , T.M CTM
Ve(t) = expe(t§)  expe,, (t€).m
Om
e expe eTPe,,
A{ Omx — (4
t s v & = (geap(ts)]i=o).-m

4. Note that if A: Gx M — TM is the infinitesimal action of G on M,
then for all X, Y € G, me M and X,,, Y,, € T,,M one has the follow-
ing: AX+Y,m=Ax.y(m)=(X+Y),=X,, + Yi,=Ax(m) + Ay (m).
Thus, A(X +Y,m)=(Ax + Ay)(m). Let 0 €G be defined by 0:G—TG
such that 6(g) = (g,0,) = (9,0,), that is, 8 is the nil vector field, with 0,
the zero vector of T,G. It follows that 8(G) is the zero section. Therefore,
A0, m)=(Ag(m)=0,, = (m,0) €T,,,M. Hence, Ag(m)=(e,0¢)y,.m=m,
since 0 is determined by its value at e.

5. If we set M =G, then the infinitesimal action A:GxG — TG is determined
by (X,9)— (9,X,)=X(g9) = Ax(g). It follows the commutativity of the
diagram below:
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Ag

T,GcTG X (g9, X,)

g

Now, let c€Cqg. Then c(t)=X €G with X(g)=dL,X(e). From Proposition

6.2.2, the isomorphism o« : G — T,G C TG 1is clearly equal to A.. This

yields the following diagram:
oa=A,

M1

T.G C TG {e} C G

c y=aoc df form | f

df oaoc=df oy 3

R fomoaoc= fomoy "R

As from the characterization of smooth maps, « is a smooth map if, and
only if y=aoc is a smooth curve. Also, it follows from Corollary 2.3.2 that
7 is smooth if, and only if df oy, fomoyeC®(R).

6. The map A:R xG — G defined by A(t,X) = tX s an action of
R on G.

7. From [28] the infinitesimal action of X € G on M with value in X(M) yields
the following (o, o expg o A)(X) = (expr,,pmr © Oms © A)(X) with respect to
Part (3) and the action above, that is, o, (expe(tX))=expr, p(Tm«(tX)).
Hence, expr,, v (t X)) =expa(tX).m at me M. Therefore, for allme M we
have (expr,, p(t(Xnr(m)))menm = (expg(tX).m)menr. Finally, it follows that
we can globally define expry (tX ) :=expa(tX).M.

8. The rule transforming left invariant to right invariant vector fields is the
following: a left action o relates a right invariant vector field Ye €GP to

a vector field o.(§)€X(M) with £€G.
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6.3 G-equivariance, Adjoint and Co-adjoint rep-
resentations

Definition 6.3.1 [16, 15, 5]

Let (M,w) be a symplectic pseudomanifold, G an F-Lie group acting on M by
an action o. Let Sympl(M) be the group of symplectomorphisms on M. The
symplectic form w is invariant under the action o of G on M if G acts by sym-
plectomorphisms. That is, the map p: G — Sympl(M) such that for each g€ G,
p(g) == 0,: M — M is a symplectomorphism on M. In other words, oW iI=w.
Such an action o of G on M is called a symplectic action.

Remark 6.3.1

As from the definition of o}, for all X, Y € X(M) we have the following defin-
ing equalities o,w(X,Y) = w(doy(X),doy(Y)) = w(X o0, Yoo, = w(X,Y),
since X (o4(M)) = X(M). Note that do, = o,, is the tangent map associated
to 04. Also, the infinitesimal action of G =T.G on M is A: GxM — TM,
(& m)— &n="A(&)(m)=(Lexp(t&)|i—o).m T, M. If we set G =R in the Defi-
nition 6.3.1 then this yields a smooth map p:R — Sympl(M) such that for each
teR, p(t):=p;: M — M is a symplectomorphism. Let (M,w) be a symplectic
pseudomanifold, G an F-Lie group acting on M by symplectomorphisms, G the
F-Lie algebra of G and G* the dual of G. The action of G on M induces a map
a:G—X(M), such that p,(m)=exp(tX).m=-yx(t).m, where p; is the flow of
a(X)=Xy.

Definition 6.3.2 [10]

Let (M,w) be a symplectic pseudomanifold. Let X be a vector field on M pre-
serving w, that is, £xw=0. Such a vector field is called symplectic vector field.
The space of symplectic vector fields on M is denoted by Sp(w).

Lemma 6.3.1
Let (M,w) be a symplectic pseudomanifold, o an action of G, an F-Lie group
acting by symplectomorphisms, on M. The symplectic form w on M is invariant

under the action of G if, and only if the one-form 1xw=X 1 w is closed for all
X =Xy €X(M) with respect to Remark 6.3.1.

Proof.

Recall the definition of a symplectomorphism: o, € Sympl(M) if 0w =w, with the
map w: X(M)xX(M)— Rsuch that X Jojw=X Jwand d(X Jojw)=d(X Jw).
7 =7 Let o,w=w for all g€ G by assumption. Then the flow associated to the
vector field X =X, € X(M) is pr: M — M, m+—— p(m) =exp(t).m=exp(tX,,),
with respect to Remark 6.2.4 (7). Thus, p; € G are symplectomorphisms for all
teR. That is, pjw=w. [16, Section 18.1.]. As from the definition of the flow one
has pi(m) = Geup(i) (M) 1= exp(tX,n). Hence, pjw =07, ow = exp”(tX)w, with
respect to [15, 28, 68, 16]. This yields, £yw = &L pjw|,—o = £ (exp*(sX))]s=o-
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From the assumption and Remark 6.3.1, for all t R, the curve tHaZmp(tX)w:w
is constant. That is, it takes the same value for all t R as for ¢t = 0, It follows that
U:Ip(t X)£ XWw= %w:(). Therefore, £xw=0 since O':xp(tX) is a linear isomorphism.
From Cartan identity we draw d(txw)=0, that is, txw is closed.

7 <= " Assume txw is closed. Thus, from Cartan identity, we draw £xw =0
which means the vector field X preserves w. That is, pjw = w. This equality
can be extended to a general g € G with respect to Remark 6.2.3. Therefore, w is

invariant under the action of G. O

Definition 6.3.3

Let (M,w) be a symplectic pseudomanifold, and H: M — R any structure func-
tion. A wvector field on M denoted by Xy and defined by tx,w = dH is called
the Hamiltonian vector field associated to H and H is called the Hamiltonian
function.

The set of all Hamiltonian vector fields on M is denoted by h(w). In other words
the 1-form ¢y, is an exact 1-form and H is the primitive of ¢x,, with respect to w
defined from X(M)xX(M) into C°°(M). The symplectic and Hamiltonian vector
fields are both related to 1-forms. We want to explain below these relationships.

Lemma 6.3.2

Let (M,w) be a symplectic pseudomanifold and * : X(M) — QY (M) a map
defined such that X " :=ixw=a=w(X,.). The map W’ is an isomorphism
of C*(M)-modules.

Proof.

The map «’ is linear. Indeed, for all X, Y € X(M) and f € C>(M) the following
holds: W(X +Y) =ixyyw=(X+Y)sw=X Jw+Y Jw=u(X)+u(Y),
W(fX) = 1pxw = (fX) sw = f(X 2w) = f(w(X)). After the linearity has
been proven, we need now to show that w” one-to-one and onto. Recall that w is
non-degenerate. Now, let X, Y € X(M). If w(X,Y)=0 for all Y, then we have
WX, Y)=w(X)(Y)=(txw)(Y) = 0. That is, X =0 and Kerw’ = {0}. It follows
that the linear map «” is one-to-one since. But, w’ can be equivalently considered
as a map of T'M into T M, which have the same dimension. Then from the rank
theorem, if Kerw” = {0}, then ’ is an isomorphism. O

It follows that w”: T M — T*M is a bijection and also a smooth map since it is
smooth into all its component w’ . Since to each 1-form a on M corresponds a
unique vector field X on M such that w’(X)=a, we can define the inverse map
(W) ti=wh: QY (M) — X (M), such that w¥(a)=X with 1xw = a.

Corollary 6.3.1
Let we Q?(M). The map «° is an isomorphism of C™(M)-modules if, and only
if w is non-degenerate.
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Definition 6.3.4

Let (M, w) be a symplectic pseudomanifold. Let o, 3€ Q' and p; be the flow of X,
such that X, is uniquely associated to o by Xo,—w’ i =1x, w=a=w(X,,.)=dHjs.
One calls Poisson bracket of a and 3 the one-form {«, B} :=—1x, x,w on M with

1
[Xo, X =1im=(Xs — dpyo Hy).

Corollary 6.3.2 [15],[16, Section 9.3],

Let ZY(M) be the C°°(M)-submodule of Q'(M) containing closed 1-forms on M
and BY(M) the C=(M)-submodule of Z'(M) containing exact 1-forms on M,
that is, BY(M)=d(C>(M)). Then,

1. Sp(w) = wH(Z'(M)), that is, w*(Sp(w)) = Z'(M).
2. h(w) = wH(BY(M)), that is, *(h(w)) = B'(M).

3. ToaSympl(M) ~ {a € QY(M) | da = 0} = Z1(M).
4. TyHam(M)~{a=h | he C*(M)}=B'(M).

5. [Sp(w), Sp(w)]Ch(w).

Proof.

The proof of the first four identity is straightforward of definitions. For the last
identity, we refer the reader to [15,p.90, Proposition 4]. For X,Y € Sp(w), we
have [X,Y]=X,(xy), where w(X,Y)ecC>®(M). Thus, [X,Y]eSp(w). In partic-
ular, since the Poisson bracket of f, ge C*(M) is defined by {f, ¢} =w(Xy, X,),
it follows that { X, X,} = X{; ¢, with respect to Definition 6.3.4. O

A symplectic vector field is of the form X =w#(a), with a€ Q'(M) and da=0,
that is, w”(X)=a. A Hamiltonian vector field is of the form Xy =X =w*(dH)
with H € C*°(M), dH € Q'(M), that is, w’(Xg) =dH. It follows that h(w)
is an ideal of the Lie subalgebra Sp(w) of X(M) with respect to the inclusion
[Sp(w),Sp(w)] C h(w). Thus, we have the following chain of inclusions of Lie
algebras: h(w) CSp(w) CX(M). The 1-forms counterpart of the inclusions above
is: BY(M) c ZY(M) c QY(M). The set diffeomorphism counter part of these
inclusions is: Ham(M) C Sympl(M) C Diff(M).

Proposition 6.3.1
Let (M,w) be a symplectic pseudomanifold and {a, B} the Poisson bracket of
one-forms as given in Definition 6.3.4.

1. (94, {,}) is a Lie algebra on R.

2. {a, B} = —L£x,(8) + £x,(a) +d(ix, o tx,w).

3. If a and 3 are closed one-forms, then {«, 5} is an exact form.
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4. If a and (B are exact one-forms, then {«, 5} is an exact form.

5. The w’ is a smooth bijective antimorphism of Lie algebras.
Proof.

1. The definition links Lie bracket and interior product to Poisson bracket.
Thus, The Poisson bracket satisfies the same properties than the Lie bracket.

2. Another mixed property involving the Lie derivative, the interior product
and the Poisson bracket is given by the formula ¢x, x,=[£x.,tx,]. Com-
bining the formula above with the Cartan magic identity, we break out with
the proof by using the closedness of the symplectic form.

3. That is the straightforward consequence of previous item.

4. We are done, if we use the definition of an exact form for a and  and the
previous item.

5. Let ’(X)=a and w’(Y)=73. By the definition of the Poisson bracket we
have {w? (), (V)} = {a, B} =~ =~ (X, Y1),

Definition 6.3.5
Let o : M — N be a smooth map of pseudomanifolds, G an F-Lie group acting
on M and N on the left. Let o and & be these actions respectively on M and N.
The map ¢ is called G-equivariant if o(g.m)=g e p(m) for allmeM and g€ G,
where o(g,m)=g.m and §(g, p(m)) =g e p(m). In other words, we say that ¢
preserves the actions o and 9, or the diagram below is commutative:

o oy

Gx M - M m - g.m
idg X ¢ @ @ '
G x N 0 N o(m) % (poag)(m) =
(64 0 ) (m)

It will be worth noticing that oo, and d;op are not equal in general.

Definition 6.3.6

Let M be a pseudomanifold. Let G be an F-Lie group acting on the left and o:
G XM — M the action map. An element mg € M is a fixed point for o if
o4(mg)=my for each g€ G, where o, is a transformation on M.

Lemma 6.3.3
Let M be a pseudomanifold and G an F-Lie group acting on M on the left by
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0:GXM — M the action map. Assume that mg€ M is a fized point for o. Then
the map ¥ :G — Aut(Tynr) defined by 1(g) i=dog|,, 15 0 Tepresentation of G
in the linear space Aut(T,,,M).

Proof.
Let p be as defined in Lemma 6.1.1 and mg is a fixed point for .  Then

U(g) :dag|Tm0M :dp(g)leoM :dp(g)|TUg(m0)M :dp(g)|Tp(g)(m0)M. We need to show

that 1 is an F-smooth injective linear map. Let + be any structure curve on G.
Thus, for all t € R we have T}, M = Tgw(t)(mo)M = T(v(t))(mo)M. From Definition
6.2.4 and X €G we have (pov)(t) :dUW(t)\TMOM =dp(~(t) |Tm0M) =d(povy)(t) |Tm0M.
Now, (¥o7)(t) = (dpody)(t)|r,,m = (dpo X ov)(t)|r,,,m- from the action of the op-
erator d on the composite. Hence, ((t) := (¢,0) and dyo: := dy. Recall that
GM:={o,: M — M | g€ G} with respect to Lemma 6.1.1 (1). It follows that
T(GM)=Diff(T'M), with respect to Corollary 6.3.2. So, T, (GM ) = Aut(T;,,M).
The arguments above lie on the commutative diagram below:

rR2__ D rq 9P TG

L T X II Y

G

Thus, 1oy =dpXoy and finally 1) =dpoX. Therefore, 1 is an injective smooth map
since dp and X are so. Now, from the equality T, (GM)= Aut(T,,, M) it follows
at the infinitesimal level the following: dp(g)oX s =doy0X = Xpoo,=Xpop(g).
The diagram below is commutative, say.

TN dog = dp(9) _TM X (mo) - Xar(mo)

T Xu T Xm

mo ag(mo) = my

where Xyr(mo) € TingM = T (me)M since mg is a fixed point for . But,
p: G — GM and o : M — M are F-diffecomorphisms. Thus their tan-
gent maps dp = p, and do, = o0, are linear F-diffeomorphisms too. It fol-
lows that p., = dplr,c : TG — Tpe)(GM) = T,,(GM) and p(9),,,0 = Tgum, :
TongM —T5 (o) M =T,y M are F-smooth isomorphisms of linear spaces. Hence,
¥(9) =dog| T, i =0g,,,, € Aut(Tn, M). Therefore, ¢ is a representation of G with
respect to Definition 6.1.2. U

Definition 6.3.7
Let G' be an F-lie group acting on itself by inner automorphisms, that is, LyR,-1:
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G — G such that ay(h) :== LyR,-1(h) = ghg™'. This conjugation action on G
induces a map p: G — Aut(G) C Diff(M) defined by p(g)(h) = a,(h) for any
heG and a fixed element g€ G.

Definition 6.3.8

Let G be an F-lie group acting on itself by inner automorphisms, that is, by ay.
Let Lin(G,G) be the space of linear maps from G to G. Let the map denoted
by Ad : G—Aut(G) C Lin(G,G), such that g——Ad(g) = day|r.¢ = agwe with
T.G~G. The equality Ad(g)(X)=gXg™! defines the action of G on G. The
map Ad is called the adjoint representation of G into Aut(G), or the adjoint
representation of G on G following the action of G on G.

Notice that, the unit element e € GG is a fixed point for the conjugation action.
That is, a.(h) = h for each h € G. The adjoint representation Ad:G——Aut(G)
is actually ¢ : G — Aut(T,,, M), where Aut(T,,,M)= Aut(T.G)= Aut(G) when
M =G and my=e. Usually in the literature Ad(g):=Ad,. The differential d(Ad)
of Ad is denoted by ad, that is, ad:=d(Ad). Now the map ad(X):=ady is the
associated tangent map to Ad, with X € G when g€G.

Definition 6.3.9

Let G be an F-lie group acting on itself by conjugation action a, : G — G.
Let G and G* be the F-Lie algebra of invariant vector fields and its dual. Let
Ad : G — Aut(G) be the adjoint representation of G. The action of G on
G* denoted by Ad* and given by < Ad*(g9)¢, X >=< ¢, Ad(g7')(X) > for all
ge€G, C€G* and X €G is called the co-adjoint action (co-adjoint representation).
The corresponding infinitesimal action of G on G* denoted by ad* is given by

<ad*(X)(,Y >=< (,—[X,Y] > for all X, Y €G and (€G*.

Remark 6.3.2

The inverse of g in the definition of Ad*C is taken in order to deal with a group ho-
momorphism (left representation), instead of a group anti-homomorphism (right
representation). Note that Ad* : G* — G* is not the pullback, which we would
denote by (Ad)", of Ad:G—G. But the defining condition of Ad* may state:
(Ad*(9))(X)=(C(Ad(g~")))(X), for all ge G, C€G* and X €G. It follows that

(Ad*(9))(©)=(Ad(g™")")(¢) and Ad*(g)=(Ad(g~"))"=((Ad(g))™") = ((Ad(9))") ",

so that Ad*(g) will not be confused with the pullback of Ad(g), that is (Ad(g))*.
We would like to understand how the definition of Ad* is derived. Firstly, we have:
Ad*(g) : G* — G*, (— Ad*(9)¢ and Ad*(g)(:G — R, X — (Ad*(9)¢)(X).
Secondly, we have:

g Adlg™)=(Adg)" ¢ ¢ R

X Ad(g~")(X) ((Ad(g™))
And finally, we set (Ad*(9)¢)(X)=((Ad(g7))(X), forallgeG, (€G* and X €G.
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Proposition 6.3.2
Let adx be the associated tangent map to Ad, with X € G and g € G. Then
adxY =—[X,Y].

Proof.
The proof is a straightforward consequence of Definition 6.3.9. U

6.4 Moment map

From the definition of the anti-homomorphism o, : G — X(M) of Lie-algebras
it follows that 0.(X) € Sp(w) and 0.[X,Y] = —[0.(X),0.(Y)] with X, Y € G
if the left action of G on M, 0 : G X M — M is symplectic. The inclu-
sion [Sp(w), Sp(w)] C h(w) implies that 0,[X,Y]=—[0.(X),0.(Y)] €h(w) for all
X,Y eg. It follows that 0,[G, G] Ch(w). [16, Theorem 18.3].

Definition 6.4.1
A symplectic action o:Gx M — M s called Hamiltonian if 0.(G) Ch(w). That

is, each left invariant vector field & is associated to a Hamiltonian vector field X
on M such that X¢(m)= Xy (m)=(Lexp(t)|i=0).m, where X €G and X (e)=¢.

By the characterization of Hamiltonian vector fields, it follows that X, = X,
such that X,, o w = dug, where e € C*°(M). Hence, we can define a map
G — C°(M), which will be an anti-homomorphism of Lie-algebras (G, [,])
and (C*°(M),{,}), such thatp*(X)=px and p*[X,Y]=—{p*(X),n*(Y)}. The

map p* is called the comoment map of the action o of G on M.

Definition 6.4.2

Let (M,w) be a symplectic pseudomanifold, G an F-Lie group acting on M by a
symplectic action o, G its Lie algebra and G* the dual of G. The moment map
for the action o of G on M is the map p: M — G* defined by the following
property: for all £ € G we have < pu(m),§ >= pe(m) and due = X,, o w, where
<, > 1is the duality pairing (bracket) on G*xG. That is the evaluation of u(m)

at & u(m)(§)=pie(m), with p(m) €G*, pe € C=(M).

Definition 6.4.3

The moment map p : M — G* is G-equivariant if we have (p o o,)(m
(Ad*(g)op)(m) for every (g,m) € Gx M. That is, with Ad* = (Ad( -1
shown in Remark 6.3.2 and for X €G, ((pooy)(m))(X)=((Ad*(g)op)(m )

((Ad(g™1)") (1(m))) (X) = (p(m)(Ad(g~*)))(X).

*\_/

)
VA

Lemma 6.4.1
The moment map is G-equivariant if, and only if pxoo,=pg,-1x, for every g€ G
and X €G.
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Proof.

The proof is a straightforward consequence of the second statement of Defini-
tion 6.4.3. Let g € G, X € G and m € M. We have, ((uo o,)(m))(X) =
(1(m)(Ad(g~")))(X) if, and only if px(og4)(m)) = paqg-1)x(m) if, and only if
ooy = g1 x4. Recall that Ad(g)X =gXg~ ', with gXg~'€G. Also poo,: M —R
and jg-1x4: M —R. ]

In [33,p.15, Definition 1.1], px is defined by the following property: for every
tangent vector 1 we have nuy = w(Xy,n), where 1 is taken as a derivation on
the smooth function pux € C*°(M).

Definition 6.4.4 [16, Definition 22.1]

Let G be an F-Lie group acting on a symplectic pseudomanifold (M,w) and leav-
ing w tnvariant, that is, acting by symplectomorphisms. The action is called
Hamiltonian if there is a G-equivariant moment map of the action.

Remark 6.4.1

1. Definitions 6.4.1 and 6.4.4 are equivalent. Since the later (second one) says:
there exists a map p: M — G*, such that

e For each X € G, pux € C*(M), defined by px(m) =< p(m), X > is
the component of p along X .

o The Hamiltonian vector field Xy on M, generated by the one-parameter
subgroup {exp(tX) | t € R} C Ham(M) C G, is equal to X,, and
dpux =X, 2 w. That is, px is a Hamiltonian function for Xy;.

e For each g€G, we have ooy, = Adjop.

2. The G-equivariance of the moment map p: M — G* means that it inter-
twines the action of G on M and the co-adjoint action of G on G*. [28,p.29].

3. At the infinitesimal level, the moment map intertwines the infinitesimal
action of G on M with the infinitesimal co-adjoint action of G on G*. That
is, ad*(X):G* — G*, <ad*x(,Y >=<(,—[X,Y]>, for (€G*, X, Y €g,
such that Y —adx(Y)=—[X,Y]. It follows ad* xju=—Lx,, .

4. Let us take E€G. By differentiating peAd(g~") =0 e, the co-adjoint equiv-
ariance will be equivalent to pe[X,Y] = {pe(X), ue(Y)}, for any X,Yeg.
That is, a Lie algebra homomorphism of G into C*°(M) [57,p.195]. In co-
moment setting, we have p*[ X, Y]={p*(X), u*(Y)]} and the proof is similar
to the one provided in [35,p.4]. The relation dpue=§£ 3 w and the point 3.
above can be taken into account.

5. We need to know the nature of du,,. We recall that the moment map
is defined by p: M — G*, m —— pu(m) = p, with u(m) : G — R, and
Xr—pu(m)(X) = um(X). Thus, for allme M, the differential of 1 at m
i85 (dpe)m = poam : TynM — Ty, G*. While for allX € G, the differential of
fm at X is (dpm)x :TxG —R.
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6. The diagram below is commutative,

G a - TG X a a(X)
exp dexp exp dexp
G P76 empiix— T Blenp(tX)) =

(dexp)(a(X)

Where a(X) € TxG and B(exp(tX)) = (dexp)(a(X)) € Teapux)G, with o
and 3 being vector fields on G and G respectively.

7. We will consider the case where the existence of a G-equivariant moment
map s granted. There exist in the literature some results concerning this
purpose. But there are using cohomological arguments see for example
[56, 57] for details. That topics are beyond those considered in this dis-
sertation.

Lemma 6.4.2

Let (M,w) be a symplectic pseudomanifold, G an F-Lie group acting on M by
symplectomorphisms. The flow of a symplectic vector field is a one-parameter
subgroup of Sympl(M) in G. The flow of a Hamiltonian vector field is a one-
parameter subgroup of Ham(M) in Sympl(M).

Definition 6.4.5

Let G be the Lie algebra of a Lie group G acting on a pseudomanifold M. Let
meM, £€G and A:GxM — T M be the infinitesimal action of G on M such that
A(€)= eap(t€)|i—o: M —TM, A(E)(m) = (ZLexp(te)|i—o).m=(Leap(t€).m) .
The Lie subalgebra of G defined by G, = {£€G | A&)(m)=A(§,m)=0} =
{€€G | X5,(m)=0} is called the isotropy (symmetry) subalgebra of m.

Definition 6.4.6 [15, 16

Let o be the Lie group action of G on a pseudomanifold M. The action o is
called free if g # e implies that g.m #m, for all me M. That is, G,, = {e}, for
every m € M. FEquivalently, all stabilizers are equal to the trivial subgroup {e}.
The action o is called locally free if G,, = {0}, for every m € M. That is, all
stabilizers are discrete.

Definition 6.4.7 [49, 64, 60]

Let o be the Lie group action of G on a pseudomanifold M. The action o is called
proper action if for every two convergent sequence {my}nen and {gn.my}tnen in
M, there exists a convergent subsequence {gnk} 0f {gn}nen in G such that
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or equivalently, as in [4],

The action o is called proper action if the map ® : GXx M — M x M defined
by (g, m)+— (m, g.m), where g.m=oc(g,m)=o0,(m)=0,(9), is a proper map.
That 1is, the pre-image of any compact set is a compact set with respect to Tr,, .,
and Tz, ,,, Where M XM and GxM are finite products of pseudomanifolds, thus
they are also pseudomanifolds.

Lemma 6.4.3
The properness of an action implies the compactness of G, and the closeness of
® defined above.

Proof.

First of all, we claim that ® is a smooth map with respect to Lemma 3.2.1, since
o, is smooth if, and only if &, : M — G(o,) C M x M is a diffeomorphism
into the graph of o,. Hence, ® is smooth since it is so in its all G-components
®,. We could also say, since & =10(0, xidy), where v : M x M — M x M
is given by (o4(m),m) = (m,0,(m)). Thus, ® is smooth as the composite of
smooth maps and in the sequel a continuous map. Now, we need to derive
O~ (m,m)} =21 ({m} x{m}). For, the following equalities hold:

o' ({(m,m)}) = {(g,m) € G x{m} | ®(g,m)= (m,m)}
= {(g,m) € G x {m} | (m,g.m) = (m,m)}
= {(g,m) € G x {m} | gm =m}
= {(g;m) € G x{m} | g. € Gy}
= Gy X {m}.

From the diffeomorphism ®,: M — G(o,) C M x M, it follows that for each
g€ Gy, we have ®y(m)=(m, g.m)=(m,m). Hence, ®(G,,x{m})={(m,m)}. We
should note that {(m, m)}=({m}x{m}) is compact, since from general topology,
we draw the following results. In any topological space, all finite subsets and () are
compact subsets. [27,p.222, Example 2]. The product of a family of topological
spaces is compact if, and only if each factor of the product is a compact set. It
follows from the properness of @ that G,, x {m} C G x M is compact as the
pre-image of a compact set. Therefore, G,, is a compact set as a factor of a
product of compact sets. It will be noted that the continuous image of a compact
set is compact. This confirms the compactness of (,, shown above. Since the
canonical projection 7:G x M — G is smooth, thus continuous, it follows that
7(Gm x{m}) = G,, is a compact set in G. [27,p.224, Theorem 1.4]. Finally, a
compact set in a Hausdorff space is closed and the Cartesian product of closed
sets is always a closed set. It follows that {m}, {(m,m)}, G,, are closed set,
with m € M and G,,. From the definition of a proper action, one can see that ®
is a closed map. O

Remark 6.4.2
Let ¢ : M — N be a smooth map of pseudomanifolds with dim M = m and
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dim N =n. If ¢ has constant rank k on N and y=p(x), where ye€ N and x € M.
Then,

1. The set ¢~ (y) is a closed, reqular subpseudomanifold of N of dimension
m — k, that is, of codimension k.

2. For any point x € M, we have T,(¢™(y)) = Ker(d,).

3. For any point x € M, for any U,., a sufficiently small neighborhood of x, the
image p(U,) is a k-dimensional subpseudomanifold in N.

4. For any point x€ M, we have T ) p(U,) =Im(d,p).
5. If o(M) is a subpseudomanifold of N then dim p(M)=k.

Lemma 6.4.4
Let o be an action of an F-Lie group G on a pseudomanifold M. Then,

1. The orbit map o, : G — M, where 0,,(g9) = g.m, is a smooth map of
pseudomanifolds. Its rank is constant, that is, for any g € G, rank(o,,) =
rank(dyom,)=k.

2. T.(Gm)=Ker(d.oy,).

3. The stabilizer G,, is a closed Lie subgroup of G such that dim G, =dim G —
rank(c,,)=dim G — k.

4. For any sufficiently small neighborhood U, of the unit element of G, the
subset 0, (Us) =Ue.m is a subpseudomanifold of dimension k in M.

5. Tn(Uem)=imd.o,,.
6. If the orbit G.m s a subpseudomanifold in M then dim G.m=k.

Proof.
The proof is done with respect to following references: [63, pp.6, 17], [12], [15, p.41]
and [9,p.79 Theorem 5.8, p.82 Theorem 6.6].

1. If one gives a glance to the following commutative diagrams, the constant
rank of o,, followed:

G Ly e h Lo 1) =gh
Om Om Om Om
M i e M o(h) = hm —— 2 o4(om(h)) =

Tm(Lg(h))
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Indeed, o,(0m(h)) = o4(h.m) = og(m) = op(gh) = om(Lyg(h)). This

yields:
TG g - TG
dhO'm dgho-m
dgm(h)a
TommM T, ) M = T, gty M
Thus, for h=e:
T.G=¢ deLy e
deOr, = A dyom
dmoy
T, M ~ - Ty mM

Note that both d.L, and d,p, are isomorphisms of linear spaces, where
dgomod.Ly = dpyog0deoy,. It follows that dyo,, = dpnogodeomo(deLy)™
Hence,

Kerdyo, = (dgom) '(0)
= (dnoy 0 deoy o (deLy)™) ™ (0)
(deLy o (deo,) o (dmag)fl)(O)
= d.L ((d Om) 1(0)), since d,,,0, is a linear isomorphism.

We need to investigate the nature of (deo,,) " (0) for a fixed m € M:

(d.0,) " (0) = Kerd.oy,
— {X eg | deo'm(X) = 0}, but A(m) =deop
_ ({;X €G | A(m)(X) = A(X)(m) = X, = 0}

It follows that Kerdyo, = deLg(Kerdeam) =
X € G, corresponds to A(m)(X) = deo(X)
constant map for some h € G.

This means that h.m = 0,,(h) = o,(m) = m. That is equivalent to saying
that h € G,,. and T.G,,. Now, considering GG,, and G as linear spaces,
we have:

d (gm) Therefore,
= That is, o, is a

dimG = dim Kerd.o,, + dimimd.o,,
= dimG,, + rank(d.o,,)
= dimd.L,G
= dimT,G
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Hence, for all g € G, we have rank(dyo,,) = rank(d.o,,). That is, the
rank of (d,o,,) is constant for all g € G. Therefore, ¢, has a constant
rank, rank(o,,) = k, say.

2. From Part 1. in the proof, T.G,, = G,, = Kerd.o,,.

3. Since G, ={9 € G | on(g) =m} =0, — 1(m) and {m} is a closed set in
the Hausdorff space M, thus, G,, is closed set in G by the smoothness of
Om. Let g,h € G,,. Then (gh).m = g.(h.m)=g.m =m, that is, gh € G,,.
Also, g.m = m implies m = g~ '.m, that is, ¢! € G,,. Hence, G,, is a
closed subgroup of G. From Remark 6.4.2, (1), G,, is a closed, regular
subpseudomanifold of G. Therefore, GG, is a Lie subgroup of G. From
Part (2) above in the proof we have,

dimG,, = dimT.G,,
= dim Kerd.op,
= dimG —rank(o,)
= dimG — k.

4. Since U, is an open set in G then T U, = T,G for all g € U, with respect
to Lemma 4.1.7. It follows that o,,(U.) =U..m is a subpseudomanifold of
dimension k with respect to Lemma 6.4.4, (4) and the computation of dim G
in Part (1) of the proof above.

5. We have T,,0,,,(U.) =T,,(U..m) = im d.0,, from Part (1) above in the proof.
6. Recall that the orbit G.m = 0,,(G) and T,,0,,(G) = im d.o,,. Therefore,
dim G.m=dimimd.o,, =rank(o,)=k. O

Remark 6.4.3

1. We would like to link the quotient M/G={G.m | me M} to the construc-
tion made in Sections 2.8 and 3.8.

2. It is obvious that the action of a compact group on a pseudomanifold is
naturally proper.

3. If the action is proper the the orbit map o, : G — M is proper for each
meM. [33,p.174, Lemma B.3].

4. Note that if o : GtimesM — M, (g,m) —— g.m is a proper map then
O:GXM— MxDM is a proper map. That is, the action o is proper.

5. The reciprocal statement is not true in general. [33,p.174, Remark B.4].

6. From Part (6) in the proof of Lemma 6.4.4, one concludes that the tangent
space G.m at m is T,,(G.m) = span(im A,,) = span({A,,(X) | X € G}) =
span({X,, | X €G}), with T,,,(G.m) CT,, M.
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Lemma 6.4.5
For each feC>®(M) and for each g€ G, there exists a unique h€ C*(M) , such
that:

1. f=hooy.
2. Too, =T .

3. The quotient structure is compatible with the F-structure.

Proof.
The diagram below shows the position of the problem.
o T -
M M ~ M = M/G
f h h
R

1. Since the pullback o} : C°(M) — C>°(M) is one-to-one and onto, then h
exists and is unique. And h= foo,-1 is a smooth function as the composite
of smooth maps.

2. The equivalence relation induced by the action o of G on M is defined
by: Given z,y € M, x ~y if, and only if y € G.x or G.x = G.y or there
exists g € G, such that y = g.x = 0,(v) = 0,(9) = 0(g,x). It follows that
Gy=G.(g.x)=(Gg).x=G.x if, and only if 7(y)=7(g.z) =n(z) if, and only
if mooy(z)=m(x) if, and only if o} 7 =moo, =7 if, and only if 7 is invariant
under the action o of G on M. Note that Gg=R,(G)={hg | he G} =G
since Ry:G'— G is a diffeomorphism.

3. Now, we want to show the compatibility of the relation above with the
structure functions as in Sections 2.8 and 3.8. From the definition, one has
x ~y if, and only if y=g.x for some g€ G. We get h(G.y)=h(G.z) if and
only if, h(w(y))=h(r(z)) if, and only if h(y)=h(x) since h = how, which
is equivalently the formula h = ho ™!, where h one-to-one. It follows that
h is constant on each orbit the equivalence class. That is, h o o, = h if,
and only if h is invariant under the action of o of G on M if, and only if
heC®(M )G, the spaces of smooth invariant functions on M. Linking this
to Part 1. above, we draw the following consequence, f = h oo, = h, that
is, C=(M)% C C>(M). Therefore, the is compatibility with invariant
smooth functions. O

Remark 6.4.4
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1. The equality C(M) = C>(M) would be a consequence of the definition
of the equivalence relation compatible with the F-structure functions. That
1s a strong condition providing the quotient with a Hausdorff topology. We
may build the quotient, by assuming it to be Hausdorff space, with respect
to one function. Thus, by extension to invariant smooth functions. In this
case, we get a strict inclusion C°°(M) C C>(M), where also, the constant
functions are invariant under the action.

2. The construction of quotient pseudomanifold in the sight of Sections 2.8 and
3.8 yields the fact that the orbit set M/G={G.x | x € M} is the quotient
pseudomanifold of M by the relation ~ induced from the action o of G on
M.

3. It seems that in pseudomanifold setting, there is no need for o to be proper
for M/G being a pseudomanifold since we do not use this assumption in
the construction of the quotient pseudomanifold.

4. But, we will need the properness of o to get the compactness of G, and
consequently its closeness. Thus, the restriction of the action to G, will be
proper.

5. Ifye G.x then G,=gG,g™ ", for all g€ G. [15,p.39]. The stabilizers G, and
Gy are defined by: G,={h€G | hax=x} and Gy,={ke€G | kx=x}. But,
y=g.x, if g€ G. Thus, Gy, ={keG | k(g.x)=ga}={keG | (kg).x=
g.(h.x) for all he G, g fized in G}. It follows kg=gh for all ke G, and
for all h€ G,. Thus, k=ghg™'. Hence, Gy, =gG.g*. That is, if y is in
the orbit of x, then G, and G, are conjugate subgroups of G.

6. Otherwise stated: A conjugate gG,g*

lizer.

of the stabilizer G, is also a stabi-

7. Recall that the canonical projection w: M — M /G is a smooth map then a
continuous map. Thus, the continuous image of a compact is compact and
closed too, since M /G is Hausdorff topological space.

8. Ifhe C®(M)% then X, is G-invariant, that is, TogXy(m)=X,(c,(m)). [24]

Lemma 6.4.6 [33,p.174, Lemma B.3].

If the action is proper, its restriction to any closed subgroup H S G is proper
H-action on M, and its restriction to any invariant subset S of M is a proper
G-action on S.

Lemma 6.4.7 [15,pp.39 — 42, Theorem 1|, [33,p.175, Proposition B.§].
If the action is proper, every orbit is closed subset of M and a subpseudomanifold
with  dim G.m=rank(oy,).
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Proof.

Let 0., : G — M be the orbit map. From Lemma 6.4.4 and Remark 6.4.3 (3),
the orbit map is proper. Hence a closed map. Therefore, ¢,,(G)=G.m C M is
a closed subset of M since GG is a closed set. Now, le o, be considered into
its image 0,,(G) = G.m. That is, 0,, '(m)={g€ G | 0,n(9) = g.m =m}, where
O : G — G.m is onto. Tt follows that g and h belong to o,,"*(m) if, and only
if 0,,(9) = o(h) = m if, and only if g.m = h.m if, and only if h=tgm = m if,
and only if h=lg € G,, if, and only if there exists k € G,, such that h=lg=k if,
and only if g = hk if, and only if gk~! = h if, and only if h € ¢G,, if, and only
if g~ h, (where ~ is the orbit relation) if, and only if the fibers of o, are left
G -cosets in G. Thus, there exists a bijection denoted by &,,:G/G,, — G.m,
with ¢G,,,—— g.m such that, if ¢ is the canonical inclusion of G.m into M then
the following diagram is commutative:

G/G
Om LOOm,
e e Gm M
l | fiem
R

That is,0, = opom, | = fi,,.00m and | = fj, oopom, with f € C*(M),
I € C*(G), and f,, € C*(G.m) = C*(M),,., by the closeness of G.m
in M. But, In~'=f|, 06, is smooth from the construction of the quotient
pseudomanifold G/G,,. From Corollary 2.3.2, it follows that &,, is a diffeomor-
phism of pseudomanifolds. Thus, G.m is a closed regular subpseudomanifold of
M with respect to Section 3.5. From Lemma 6.4.4 (6), one can conclude that
dim G.m=rank(o,,). d

Remark 6.4.5

The map v:G.m— M is a one-to-one smooth immersion such that the composite
map 100Gy, : G/G — M is a one-to-one smooth immersion. The orbit map
Om: G —> G.m s a surjective smooth submersion. The orbit G.m s open and
closed set since the orbits form a partition of M. The map tod,,:G/Gp — M
15 an open and closed map.

Lemma 6.4.8 [64],[15,p.41].
Let G be the Lie algebra of a Lie group acting on a pseudomanifold M. If the Lie
algebra action is given by the infinitesimal generators, then

1. The algebra G,, is a closed Lie subalgebra of G as the Lie algebra of G,,.
Thus, dim G,,=dim G,,.
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2. If G,,={e}, that is, the action is free, then the orbit map o,,:G — M is
a one-to-one 1Mmmersion.

Proof.

1. From Lemma 6.4.4, (2), the set G,, is a linear subspace of G as the kernel
of the linear map d.o,, and dimG,, =dimT,G,, =dim G,,. The fact that
Gm = (deo,)~1(0) implies that G, is a closed subpseudomanifold in G. Now,
let X,Y €G,,. Thus, [X,Y],,=—[Xnm, Ym]=—[0,0]=0. One concludes that
[X,Y] € G, with respect to Remark 6.2.2, (1),(2). It follows that G, is a
closed Lie subalgebra of G with its dimension given by dim G,,=dim G,,.

2. Let us assume that G,, ={e}. It follows from the diagram drown in the
proof of Lemma 6.4.7 that the diffecomorphism a,,:G/G,, — G.m changes
to 0m = o 1 G/{e} — G.m. Therefore, 0, : G — M is a one-to-one
immersion. 4

Remark 6.4.6

The Part 2. in Lemma 6.4.8 is a characterization of a free action. In what follows
we will be dealing with reqular elements in the pseudomanifold setting by borrowing
the definitions from subcartesian context as in [50,p.4] and from the reqularity in
smooth manifolds. We will show that these two definitions are equivalent.

Definition 6.4.8 [3)]

Let M be a pseudomanifold, :M — G* a moment map associated to a Hamilto-
nian action of G on M. An element mée€ M is called a regular point(element) of
the moment map 1 if the tangent map of p, that is, iy : Ty M — T)ym)G* =G~
is onto. An element 0 € G* is called a regular value of the moment map p if all
elements in the inverse image () are regular elements of .

Definition 6.4.9 [50]
Let M be a pseudomanifold, p: M — G* a moment map associated to a Hamil-
tonian action of G on M. An element m € M s called a regular point of the

moment map p if there exists an open neighborhood U of m in M such that
dim T, M =dimT,M for allpel.

Lemma 6.4.9
Definitions 6.4.5 and 6.4.6 are equivalent.

Proof.

Let U and V be open neighborhoods of m € M and of pu(m) € G*. Then
T, U~T, M and G* = Tu(m)g* ~ T)m)V with respect to Lemma 4.1.7. In the
sequel the following diagram is commutative:
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U K Y,

X|u le

Hosemn,
Tmu = TmM ‘Tﬂ(m)v = Tﬂ(m)g*

Now, from T,,,U ~T,,M one yields T,V ~T,M, where pc U and WV is an open
neighborhood of pe M. Hence, T,,,M =T,M. Recall that M is assumed to be a
constant dimensional pseudomanifold. Finally, p.,, is onto means that for every
¢ € G*, there exists v, € T, M ~T,M such that ., (vm) =& = ftum(w,), where
the isomorphism ~ maps v,, onto w,. That is, dim T,,, M =dim T, M. If we work
backwards the arguments above, then we are done with the equivalence we were
seeking for. O

6.5 Symplectic reduction on pseudomanifolds

Theorem 6.5.1

Let (M,w) be a symplectic pseudomanifold and p: M — G* a moment map
associated to a Hamiltonian G-action on M, with dim G =n, dim M = q and
q>n. Let 0 €G* such that p=(0) is nonempty and 0 a reqular value of p. Let
tg: 1 (0) — M be the canonical inclusion. Then the subset p=1(0) is a closed
embedded subpseudomanifold of M and its dimension is given by dim u=*(0) =
dim M — dimG=q — n.

Proof.

From Remark 6.4.2, 1~!(0) is a closed embedded (regular) subpseudomanifold
with dim p=(0)=dim M — rank,, p, where m € M such that p(m)=0, since the
inclusion ¢ is an injective immersion because of the closeness of pu71(6). As a
consequence of the regularity of 6, it follows that p.,, is a surjective map (or p is
a submersion ). Thus, rank p=dim G*=n. Therefore, dim u=(0)=q — n. O

Definition 6.5.1

Let G be the Lie algebra of a Lie group G and 8 € G*. The subgroup of G denoted
by Go={g € G | Ad;0) =0} is called the isotropy subgroup of 6 with respect to
the co-adjoint action of G on G*. The set G.0 ={Ad;0 | g€ G} CG* is the
orbit of the co-adjoint action of G on G*. The Lie algebra of Gy, denoted by
Go=1{£€G | ad*(§)0=0}, is the isotropy subalgebra of 0.

Lemma 6.5.1

Let G be the Lie algebra of an F-Lie group G and 0 € G*, a reqular value of a
moment map p: M — G* associated to a Hamiltonian G-action on a symplectic
pseudomanifold (M,w). Assume the G-action free and proper. Then
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1. The subgroup Gy is a compact (thus, closed) set in G, acting smoothly on
-1
p= ().

2. G, CGy for all mepu=1(9).
3. u1(0) is invariant under the restricted action of Gy.

4. Bvery a€G.0={Ad;0 | g€ G} CG" is a regular value of the moment map
L.

5. Gg acts freely and properly on the subpseudomanifold u=1(0). [47].

Proof.

1. The subgroup Gy is compact and so closed following Lemma 6.4.3. It re-
stricts the G-action. Thus, it acts on the entire M smoothly. It does the
same on ().

2. Let g € G,,,. That is, o(m) = m. Thus, pu(m) = pu(o(m)). But, p is
equivariant, m € p~1(0) and 0 € G* is a regular value of pu, it follows that
0=p(m)=p(c(m))=Ad;u(m)=Ad;0. Hence, g€ Gy. Therefore, G,,, CGy.

3. From Part 2. above, we have 6 = Ad;0 for all g € Gy if, and only if
p(m) = Ad}p(m) for all g€ Gy, for all me p="(0) if, and only if o4(m)=m
for all g€ Gy, for all me p~1(0) if, and only if Gy preserves ().

4. This is again a consequence of the equivariance of pu. Let a € G.0, that
is, there exists g € G, such that g.0 = a or Ady0 = . Hence, for all
m € p~'(0), we have o = Ad}0 = Ad}u(m) = p(og(m)) = p(g.m). Thus,
pH0) =0, (n (Ad;0)) =0, (1 (), since the moment map is defined
by p=(Ad;)"'opoa,. But, o '~ (0) — p~'(a) is a diffeomorphism of
pseudomanifolds. Hence, we are done.

5. This is an obvious consequence of Parts 2. ,3. and 4. above. U

Lemma 6.5.2

Let (M,w) be a symplectic pseudomanifold and G an F-Lie group. Assume that
the G-action on M is Hamiltonian. Let u: M — G* be its moment map.
For every £ € G, every g € G and every m € M the following equality holds:

Tonp(€ar(m)) =Eg-(p1(m))

Proof.
Since the G-action is Hamiltonian, then the moment map p is co-adjoint equiv-
ariant. That is, poo, = Adyu or the diagrams below are commutative:
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104

M d - M T, M ! - T M
It 7 Tt T
Ad T, .
G* s LG G* 9. g

~

The arguments above are true if we restrict the action to the one-parameter group
Teap(te) > SO, one gets [(Tegpie)(Mm)) = Ad* (aerp t¢))(1t(m)). The infinitesimal ver-

sion reads Tynfu(§ar (M) = Geap(t) limo= GAd (Teapire)) (1(m))|i=o = &g+ (11(m)), as
required. O

Lemma 6.5.3 [16, 15, 24]

Let G be an F-Lie group. Let p: M — G* be the moment map associated to a
Hamiltonian G-action on a symplectic pseudomanifold (M,w). If the G-action is
free then KerTpu="T,u (0) and im Tu=G° =G, where me u=1(0), 6€G*,
15 a reqular value of the moment map p and G2, =G¥m is the annihilator of the
Lie algebra G, of the stabilizer of m, with respect to w.

Proof.

In the sight of Remark 6.4.2, one has, dim M =q, dim G*=n, and the moment
map p: M — G* is smooth. Also, since 0 is a regular value of u then me pu=1(9)
is a regular element of p. That is, T,,u is surjective at each m € u~1(). That
is, rank (T,u) = rank (u) = k. Thus, T,,u~'(0) = KerT,,u. But, we know from
Linear Algebra that dim T,,M = dim KerT,,ju + dimim T,,ju (the rank theorem
for a linear map). From Definition 5.1.1 and Remark 5.1.1, (1), and (2), we
had dimV = dimW + dim W+ and (V/W)" = W*m = W+, Now, we can set
W = KerTy,u. Then, KerTp,u“™ = (T,,M/KerT,u)* ~ (imTpu)* =~ im Tp,pu.
Recall that the tangent map T,,pu: T, M — G*, v+—T,,u(v) =, for veT,,M
and o€ G* since T},(,,)G* ~G* from Linear Algebbra. From Lemma 6.4.8 the map
Ay G— T, M, £ — &y (m) is one-to-one, since the action is free. That is,
G.m C T,,M and the following holds: G ~im A, = A,,(G) = T,,(G.m) = G.m.
Since A,, is a linear map, it follows that KerA,,={£€G | &u(m)=0}=G,, CG.

By the same arguments as above we can write:
im A" =(T,,M/im A,,)" ~(KerA,)* ~KerA,=G,,.
We claim that im A,,,“™ = KerT,,;u C T,,M. For,

KerTop = {veT,M | Thu(v) =a=0, a=ie,mwn, forall e qg}
{fveT, M | T, u(v)(§) =a(§) =0,a=t¢,,(m)ywm, forall £€G}
{veT, M| <Tnu),& >=dnue(v) =0, for all £ € G}
{veT,M | wn(&nu(m),v) =0, for all £ € G}
{fveT,M|v L &yu(m), for all £ € G}

{fveT,M|v L imA,)}

{veT,M|v €imA,“"}

= imA,"“m.
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From Definition 5.2.5 and the duality between the kernel and the range of a linear
map, we have:

KerT,,u=imA,“" ~KerA,,=G,, and im A,,=KerT,u“™ ~im'T,, .

It follows that KerTl,,u“™ ~KerA,,“™=G?° . Therefore, imT,,u=G?2,. O

Lemma 6.5.4
Let G be the Lie algebra of a Lie group acting on a pseudomanifold M by infinitesi-

mal generators. Then The range im A, =im d.o, is spanned by {{p(m) | E€GY.
Furthermore, if the G-action is free then G.m="T,,(G.m)={{u(m) | £€G}~G.

Proof.
We know from linear Algebra that im A, =span{&y(m) | £€G}. So, the first
statement is a straightforward consequence of the linearity of A,,. The second

one follows from the characterization of a free group action stated in Remark
6.4.6. 0

Corollary 6.5.1
We have with respect to the assumptions of Lemma 6.5.3 and Lemma 6.5.4 both

Wm,

G.m="T,,(G.m)=KerTpu*™=T,u ' (0)

and
G.m“m =T (G.m)“™ = KerTpp=Tyu " (0).

Remark 6.5.1

1. The set G.m="T,,(G.m) is the tangent space at m to the orbit G.m. While
G.m®™ s the symplectic orthogonal complement space to G.m in the sym-
plectic linear space (T,, M, w,,). The relation KerT,,j=G.m*"=T,,(G.m)“"
15 called the bifurcation Lemma since it establishes a link between the sym-
metry of a point and the rank of the moment map at that point. [64].

2. Ker(TnpoAn)={S€G | (TnpoAn)(§)=0}={S€G | Trnu(An(§))=0}=
{£eg | A& € KerT,,u} since Tr,p and A, are linear maps. This
implies that v € im A, if, and only if An(§) =v for some £ € G if, and
only if En(m) =0 for some £ € G if, and only if < Tppv,& >= dype(v) =
wm(&Enr(m),v) =0 for some £€G if, and only if T,pv€ = 0 for some € € G.

3. imTopp = Top(T M) = {Tppu(v) = a € G* | v e T,,M}. Equivalently,
< Tonpv, & >= tywi (Epr(m)) =a(§), for all E€G

4' gm = mgm and gS@ = ngmj_
5. Kertywn, = Kerw, = KerTpu = T,u ' (0)
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Lemma 6.5.5 [15, 53

Let G be an F-Lie group acting on a symplectic pseudomanifold (M,w) by a
Hamiltonian action o. Let 0 € G* be a reqular value of p: M — G*, the moment
map of the action. For all me p='(0), we have:

1. Ty (Gom) = T (Gom) N TrpH(0).
2. T(Geg.m) = KerT,,u*™ N KerT,,u.

3. Ggom=Gm N G.m“m.

Proof.

1. Let mep~'(), and the G-action free. Thus, G ~G.m from Lemma 6.4.8.
It follows that Gy~ Gyg.m and Gy =T.Gp ~ Gy.m ="T,,(Gy.m). The proper-
ness and freeness of the G-action induce a free and proper action of Gy
on pu~1(0), as from Lemma 6.5.1, (5). The co-adjoint-equivariance of the
moment map p : M — G* implies poo, = Adyp for all m € w(0).
Thus, from Lemma 6.5.1, (3) pu(g.m) = Adi# = 6 for all m € p="(6), for
all g € Gy. In the sequel we have, mepu ' (0)NG.m=Gy.m . It follows
that T, (= (0)NG.m) =T,,(Gg.m) C Ty (0)NT,,(G.m). Now, for the re-
verse inclusion we let v€T,,u " (0)NT;,(G.m). That is, v € Tp,u~'(6) and
veT,,(G.m). Thus, v=E,y(m) and ve€ KerT,,u="T,,u*(0), for some £ €3,
since the moment map p is G-equivariant and 6 is its regular value. So,

0="T(v) =Ton(Enr(m)) =& (1(m)) = ((Adg)  (€)) ((m)) = ((Ady) (£)) (6)

, in light of Lemma 6.5.2. The definition of Gy gives £ € Gy. Thus, we are
done with the reverse inclusion since v = A¢(m) € T,,,(Go.m) = Gg.m. We
conclude that T, (Go.m) =T, (0)NT,,(G.m). [15, 24, 53]

2. Since T,,,(G.m) = KerT,,u*™ and T,,u"*(0) = KerT,,uu the conclusion in
(1) above becomes T,,(Gg.m)=KerT,uNKerT,u“".

3. Naturally, Gg.m=G.mNG.m*™, as a consequence of the equalities below:
Go-m="T,,(Gg.m), G.m=T,,(G.m) and Gg.m“™ =T,,(Gy.m)*™ = KerT,, .
O

Lemma 6.5.6 [24, 47, [15,p.123]

Let (M,w) be a symplectic pseudomanifold and p: M — G* | the moment map
of a Hamiltonian G-action on M, with dim G =n and dim M = q. Let § € G*
be a regular value of u such that p='(0) is nonempty. If 1g: = () — M is the
canonical inclusion, then the induced 2-form w19 = (tyw) has a constant rank.

Proof.
The 2-form wy := tjw = w,-1(9) was constructed in Theorem 6.5.1, (2). Now, we
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have Kerwy,-1(9) = Tnp ()N Tnp " (0)°" = T (0)NT (G-m) = T,,(Go.m)
with respect to Lemma 5.3.1, where N := p~'(0), z:=m € p~*(f). As in
[47, chapterIIl. Remark 2.3], we can state: the rank of wy,-1() at the point m is
an even integer k = 2p(m) equals to the co-dimension of Kerpw,-1() such
that it satisfies the inequalities sup(0,2(n — ¢)) < 2p(m) < n. Recall that
dim Kery,w,-1(p is both non negative and bounded by the dimensions of T,, .~ (6),
where Ty, i1 (0) =kerT,,p and im Ty, i =T, (G.m) =T, n = (0)" = Ker T, pum. Tt
follows that K erp,w,-1() is of (maximal) constant dimension, since G.m, T,,,(G.m)
and KerT,,u are of constant dimensions. Hence, w,-1(9) has constant rank on

w (). O

Corollary 6.5.2

Under the assumptions of Lemma 6.5.6 and let m € p=*(0); we have: T, (0)
and T,,(G.m) are orthogonal complement in the symplectic linear space (T, M, wy,).
T, (G.m) is an isotropic linear subspace of the symplectic linear space (T, M, wy,).
That is, T,,(G.m) C T, (G.m)* = Kerdp, =Tnu ' (0). Kerpwy—19)=Tm(Go.m)
is an isotropic linear subspace of Ty, t(6).

Proof.

1. Since they are symplectic orthogonal to each other, then the conclusion
follows.

2. From Definition 5.2.6 of isotropic linear subspace, it is enough to show that
WG .m) = 0. For, let m € p~1(0) and &, n € G be any left invari-
ant vector fields. It follows that T,,u~'(0) = kerTpu ~ im A,“™ and
T(G . m)=im A,, ~im T,,pu. from the proof of Lemma 6.5.3. Therefore,
Tope(§pr(m)) = Trup(nar(m)) = 0 and &y (m) L nmar(m).  Equivalently,
Wi (Enr(m), nar(m)) = 0. Hence, wir,, (@ . m)=0.

3. We have Ker,w),-1(9)=Tm(Go.m), and wy,-1(9), = (15w),,, With respect to
Lemma 6.5.6 . It follows that ((¢jw), ) *(0) =T,,(Ge.m). It follows that
(tpw), (T (Gg.m)) = {0}, that is, (tyw), (u,v) =0, for all u,v e T,,(Go.m).
But T,,(Gop.m) = T (0)NTyp(0)", hence it is an isotropic linear
subspace of Ty,u~1(0). O

Lemma 6.5.7
Let G be an F-Lie group and p: M — G*, the moment map associated to a

Hamiltonian G-action on a symplectic pseudomanifold (M,w). Then, there ezists
an induced F-smooth map i:M/G— G*/G.

Proof. [15,pp.121 — 123]

The existence of 11 is a consequence of the G-equivariance of the moment map
p. For, we have mg- 0 Ad}o p = mg-opooy. We set fi([m]) := mg-([u(m)]) by
definition. Thus, romy = mg«op. Let n € [m], that is n = o,(m). It follows
that (g[n] = (wom)(n) = (Homproo,)(m) = (momp(m) = f[m]. Therefore, 7 is
well-defined and smooth map. O
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Lemma 6.5.8 [24,p.15, Section 2.2]

If the Hamiltonian G-action on a symplectic pseudomanifold (M,w) is free and
proper, then, every 0 € G* is a reqular value of the moment map pu: M — G*
associated to the G-action.

Remark 6.5.2
T (71(0)/Go.m) = T (0) /T, Gog.m

Theorem 6.5.2 [33, 53, 24, 6/]

Let p: M — G* the moment map associated to a Hamiltonian, free and proper
G-action on a symplectic pseudomanifold (M,w). Let 6 be a reqular value of .
Let m: M — M /G be the canonical projection and mg=m|,-19) the restriction of
the canonical projection to p=(0). Let tg=1t|,-1(9): ' (0) — M be the canonical
inclusion of p='(6) to M and wy=w|,-1(p) the restriction of w to ().

1. The reduced space My=m(u~"(0)) = p~"(0)/Gy is a symplectic subpseudo-
manifold of M= M/G with the symplectic form Wy defined by myws=tjw.

2. Let h € C®(M)% be a G-invariant Hamiltonian. Then, the flow o, of
the Hamiltonian vector field X}, leaves the connected component of u=*(6)
invariant and commutes with the G-action, so it induces a flow ¢¢ on M,
defined by 7r904,0t0L9:<,0,?07r9.

3. The vector field generated by the flow ©? on (Mg, wy) is Hamiltonian with
its associated Hamiltonian function hy € C*°(Mpy) defined by hyomg=houy.
Moreover, the vector field X, and Xp, are mg-related.

4. Let k € C®°(M)Y be another G-invariant function. Then {h,k} is also
G -invariant and {h,k}o = {he, ko}r,, where {.,.}p, denotes the Poisson
bracket associated to the symplectic form wy on M.

Proof.

Theorem 6.5.1, Lemma 6.5.5 together with Propositions 5.2.2,5.2.3 and 5.2.4
allow the construction of wy defined by mjwy = tjw. It is well-defined, non-
degenerate. Also, it can be shown to be a closed 2-form. For, let Kernm*={a¢€
Q(Mg) ’ 7T*(Oé) = OQ(M_I(Q))}7 where 7% : Q(Mg) — Q(u_l((g)) and QOTy = OQ(N—I(Q)).
Since the tangent map of m at m € () is surjective, one has aom.or, * =0q,~1(p)
at each m € p~1(0). It follows that a = 0. Hence, the pullback of 7 is a one-to-
one map. Therefore, m*diwg=dr*g=diyw=13dw = 0. So, dwy=0. That is, Wy is
closed. Obviously, the remaining statements are consequent of the first one. [

The introduction of basic concepts of geometric control theory is based on Sus-
mann’s claim concerning a general differential structure susceptible to host a
control theory model formulation depending on the existence of three criteria:
smooth exterior algebra, smooth differentiation theory and smooth transversality
theory as in [80, 81, 82, 83, 84].



Chapter 7

Introduction to geometric
optimal control on
pseudomanifolds

7.1 A historical viewpoint of control theory.

(3, 80, 84]

This section aims to show, by a review of the literature [3, 80, 84|, that the
evolution of the concept of control theory through several centuries can be sub-
divided in five stages as follows.

The first period starts back at Aristotle’s times, as witnessed in [3]. So Aristo-
tle (384-322, BC), in his book ”Politics”, had written: ... if every instrument
could accomplish its own work, obeying or anticipating the will of others ..., if the
shuttle weaved and the pick touched the lyre without a hand to guide them, Chief
workman would not need servants, nor masters slaves. That is, simply Aristotle
said, whether he was in our times, the purpose of control theory is to automatize
processes in such a way to get workmen left free while processes execute the job
for which they were built. This period is characterized in [3] as the primacy of
existence, or the primacy of the laws.

The second period concerns the Calculus of Variations of variation as the summum
of a metamorphosis process from the first attempt of mathematization of science
by Fibonacci (1170-1250) in his Liber abaci. And so, three centuries after, came
the launch of the transformation of the foundations of science under the influence
of works due to some renowned scientists. The cornerstones and their discoveries
are listed below. The mathematical models involving differential equations as a
synthesis of the Method by Réné Descartes (1596-1650), and the Calculus by Sir
Isaac Newton (1642-1727) and Baron Gottfried Leibniz (1646-1716). The physical
experiments by Galileo Galilei (1564-1642). That is a mutation to the primacy
of mathematics in science. This concept is still in use today. We want to borrow
some historical facts from [80] and [84] as related(stated) inside to describe the

142
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second period.

e Queen Dido needed to build the prestigious Carthage along the sea. She
determined the land by enclosing it between a thread long of more than
two-and-a-half miles and the sea. By doing so, she was facing the so-called
isopermetric (isoperimetrical) problem. Mathematically, the thread can be
thought of as a curve (trajectory). She had faced a fixed-endpoint minimum-
time optimal control problem in modern statement. Because “given the
area, to minimize the length of the boundary of the region” is equivalent to
"given the length of the boundary, to maximize the area of the region”.

e The reflection of the light obeys to the shortest path principle. While the
rays of propagation of the light in the medium are the minimum-time paths.
The first principle assumes the motion along shortest paths. The second one

considers the travel time along the curve. Thus, This is a time minimizing
problem by Fermat (1601-1665).

e The solid of revolution of least resistance, presented by Newton in 1686,
aimed to find a function y:=y(u) minimizing the integral:

[:/a Try@™ =

where a, b, y(a) =y, and y(b) =y, are given such that a < b.

That is, y := y(z) is a curve.

e The brachystochrone problem, presented in 1696 by Johann Bernoulli (1667-
1748), concerns a family of curves linking a point A to a point B in a
vertical plane. Assume a particle is failing along that curves under the
resultant action of the gravitational force and a virtual force, keeping the
particle on the path. Then one needs to determine the curve where the
particle will reach B from A in a minimum time. This problem belongs to
Optimal control theory. Within 1696-1697, six answers were given to the
problem by Leibniz, Newton, I’Hopital, Tschirnhaus, Jako Bernoulli, and
John Bernoulli. The solution was a curve named cycloid.

e The Calculus of Variations deals with methods of minimizing problem of
the form :

b
[ / L(x(t), #(t))dt constrained to 2(a) = o and z(b) = g (7.2)
with L called the Lagrangian. That is, the calculus of variations.

This problem has marked the launch of this topic, named so by Euler (1707-
1783) in 1755. But the method was proposed by Lagrange (1736-1813). This
method gives rise to four important concepts in mathematics.
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1. The Euler-Lagrange equation:

d oL . oL :
G g (0, (0) = 5 (t). (1) (7.3)

such that  : [a,b] — R",t — x(t), is the necessary

condition for a curve x to be a solution of variations problem.

where x:[a,b] — R™, t — xz(t). That is the necessary condition for a
curve x to be a solution of a Calculus of Variations problem.

2. The invariance of the above equation under arbitrary nonlinear changes
of coordinates as established by Lagrange.

3. The geometrization of physics and the birth of differential geometry.

4. The transformation of the second-order Euler-Lagrange equation into
first-order Hamiltonian equations. In 1833-1834 and 1835, W.R. Hamil-
ton (1805-1865) established the way for doing it and proved that
this transformation conserves the invariance property under nonlin-
ear changes of coordinates.

e Differential geometry growths from the work of B. Riemann(1826-1866),
whose ideas stands for the foundation of this discipline. he called the line
segment a geodesic. The length of an arbitrary curve is measured by the
use of the arc-length element. the former is defined by a tensor called the
Riemann metric. The tensor, the vector and the covector are the so-called
covariant quantities whose nonlinear changes obey to a specific transforma-
tion law. That is the birth of Riemann geometry. The concept of differen-
tiable manifold as a phase space in mechanic was introduced by Poincaré.
This even dimensional manifold is called a symplectic manifold since it is
endowed with a symplectic structure together with a Hamiltonian vector
field. This vector field is induces a system of first-order differential equa-
tions that preserves the symplectic structure. The growth of the discipline
gives rise to others type of new geometries such as pseudo-Riemannian ge-
ometry, Minkowski geometry, and Finsler geometry named so after Paul
Finsler (1894-1970 ). And the consequence of this intensive scientific activ-
ity is the reciprocal influence which took place between calculus of variations
and differential geometry.

The third period, covering the 1950’s and 1960’s, is characterized by the fact
that the control theory has acquired its independence from the Calculus of Vari-
ations, and so, it is today a separate branch of mathematics. It covers the topics
such as Controllability, Reachability, Optimality, Observability and Stabilizability
of linear and nonlinear systems. The important tools of its study are the maz-
imum principle given in 1962 by Lev Pontriagin (1908-1988) and the equation
of Richard Bellman (1920-1984) when one needs to solve a minimizing problem.
Both of them are necessary conditions for optimality and the later is the analytic
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relation derived from the Dynamic Programming and tends sometimes to suffi-
cient conditions for optimality. Together they have established the foundations of
the modern control theory which contains the Calculus of Variations as a special
case.

The fourth period comes from the use of computer in physical experiments. Here
we want to analyze the influence of Computer Science and Informatics in the
progress of control theory. Since a computer is a digital device the numerical
experiments of mathematical models yield the discretization of continuous sys-
tems. And then comes into the scene the birth of Computer (digital) Control,
where one has to convert position and velocity to digital form or sampled data
for calculating the necessary controls. In turn, the calculations are computed
by a program. The transformation of mathematical models in algorithms, the
implementation of algorithms in computing programs constitutes the definition
(purpose) of Informatics. There is a mutual enrichment between control theory
and others Sciences, say, Biology, Economy, ..., and also the rest of Mathematics.

The fifth period, which took place after 1960, has been devoted to geometric con-
trol theory initiated by an idea of Roger Brockett concerning the use in control
theory of concepts and tools from differential geometry [13]. The main result in
optimal control is for considering a control system as a family of vector fields.
And then the geometric approach consists in carrying the algebra structure on the
set of vector fields by the means of Lie bracket. With this geometric approach,
by means of either Poisson brackets or connections along curves, the finite di-
mensional Maximum Principle has been reformulated in terms of Reachability of
separable sets and also as the invariance under arbitrary changes of coordinates.
For this purpose, when dealing with nonlinear systems, one needs vector fields,
differential forms, Lie bracket, exterior multiplication, exterior differentiation and
geodesics. The relevant consequence should be of expressing the coordinates in-
variant properties, the maximum principle and the time-optimal trajectories in
terms of Lie brackets.

Actually, after this travel towards the past, as claimed in [67], while the mid-
seventies the geometrical control theory has emphasized the crucial role of Lie
group theory, differential geometry and global analysis. Hence, the engineering
problem solving theories have to borrow tools from the mixing methods of geom-
etry, topology and global analysis. For completing this review, one can says that
the optimal control theory is an interdisciplinary branch of research where are
synthesized the Geometric Theory of Differential Equation Systems, the Maxi-
mum Principle and the Dynamic Programming Equation, both of them viewed
as necessary conditions of optimality enriched by Symplectic Geometry.

At this stage , what we can know is that a control system is a system under con-
trol or a controlled system which achieves a given task. It can be anything around
us such as an automobile, a underwater vehicle, an airplane autopilots, Watt’s
stream engine governor, a CD-player, a microprocessor controller, an alarm sys-
tem, a robot, a biological system, or a financial system. A planet, the solar
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system, the weather system are among them. Furthermore, to control a system
means to influence or observe its behavior while it is achieving the assigned task.
In this work we will focus on the geometric optimal control theory as especially
on hybrid systems. Our ultimate aim is to establish a link between hybrid sys-
tems and the geometrical setting of a special class of Frolicher spaces, named
pseudomanifolds. The hybrid systems are evolving on them instead of differen-
tiable manifolds. The branch of hybrid systems is brought into scene recently
in the decade 1991-2000 as stated in [42]. At its origin the hybrid system was
an interface between control theory, electrical engineering and computer science.
But now, it is extending its influence to all others domains of sciences where op-
timal control problems are studied. It becomes an interdisciplinary science both
in theoretical approach and application-oriented studies.

In general, a hybrid system is a mixture of continuous and discrete systems, both
considered as embed special systems. This mixture involves both computer sci-
ence topics and ones of control theory. The topics in the first case are formal
methods, digital control and discrete methods (for example: difference equation).
While the second case consists of optimal control, continuous dynamical system,
geometric properties of differential equations. The transformation of data from a
continuous system to a discrete one , and vice-versa, is one of the important things
sustaining any approach for solving a hybrid system problem. It will be worth
noticing that the hybrid system concept comes to fill the lack in standard meth-
ods known before where the continuous system models and the discrete system
models tended to ignore each other. However, the exclusive use of the aforemen-
tioned models is not appropriate to handle optimal control laws in some systems
where the inputs, outputs or dynamics are continuous and discrete.

Several authors in the literature on the subject and specially in [11] show that
we are always facing hybrid systems everywhere around us. The given real-world
examples below are for convincing us about the natural existence of hybrid sys-
tems:

e on the ground: vehicle, automated highway robot systems, vehicle power
trains, others motion controllers;

e under water: underwater vehicle;
e in the sky: flight control and management systems, satellite;

e in the office: computer drive disk, Internet network management, data
transmission protocol;

e in the house: control thermostat to compare actual to desired room tem-
perature;

e in factories: enterprise control system, stepper motors constrained robotic
systems, power distribution;
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e in biology: nervous system, DNA, ..., are the biological systems with more
networks than single dynamical systems to be modeled monolithically as
stated in [58].

7.2 Basic concepts of control theory.
[72, 40, 46, 2]

Definition 7.2.1 [72]

Let M be an n-pseudomanifold and U CR™ with m>0. Let f: MxU—TM be a
smooth map of pseudomanifolds where x € M, wel, and T M the tangent bundle
of M. A control system is an ordinary differential equation (ODE in short) of
the form:

,_dx

o= = f(z,u). (7.4)

M is called the state space and x the state of the system;

U, = {u €U | uis related to a fized z by & = f(x,u)} is called the state
dependent input set and w€U, is called a control (input);

U= U U, 1s called the control bundle;

zeM

f is called a system map.

Definition 7.2.2 [72]

Let T €[0,+00) and t€[0,T]. Consider u:[0,T]—U and z:[0,T]— M be some
(piecewise) continuous or smooth functions. The functions x are called curves in
the state space. The functions u are called admissible (measurable) control func-
tions and their set is denoted by U:={u:[0,T]—U | u is admissible control}.

Remark 7.2.1
If M is a linear n-pseudomanifold, suppose M =R"™, f a linear function in x
and w. That is, f is bilinear form. Then the control system in 7.4 becomes

= Axr + Z biu; = Ax + Bu, (7.5)

=1

where A is a real nxn matrix, and B a real nxm matrix with by,...,b, € R"
forming its columns. Thus the equation (7.5) is called linear control system. But,
if M is a nonlinear n-pseudomanifold then we need a linearization of M wusing
T, M, the tangent space to M at x, and T M, the tangent bundle of M.
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Definition 7.2.3 [72, /6]
A nonlinear (affine) control system is a differential equation of the following type

i = Xo(x) + Z w; X (), (7.6)

where T €[0,4+00), x:[0,T] — M is a curve into the state space, and X,..., X,
are smooth vector fields on M. Xq s called the drift vector field. It describes
the dynamics of the control-free system. Xy,..., X,, are called the control vector
fields (input vector fields). That is to say, the controlled vector fields. A nonlinear
system where Xo=0 is called drift-free.

Definition 7.2.4 [4(]

Let M be an n-pseudomanifold, x :[0,T] — M a curve into the state space M,
where T €[0, +00), and X;,. .., X,, are smooth vector fields on M. The curve x is
called a control trajectory if there exists u €U such that for all t€[0,T], u(t) EU,,

() = Xo(x(t)) + Z ui(t) Xi(x(t)). (7.7)

Remark 7.2.2 [4(]

The existence and the uniqueness of solution for ODE with initial condition
yield a unique x:[0,T|—M for u € U and x(0) = p, where p € M. At this
point, we are not assuming Xi,. .., X, linearly independent. But, U is still some
subset of R™. We will notice that the particular U’s, U = R™, U = [-1,1]™
and U ={u € R™ | ||u|| =1}, play an important role in control theory. In this
section and in all others that follow M is an n-pseudomanifold even no explic-
itly stated. Also all maps are smooth maps of pseudomanifolds unless otherwise
stated. We want to emphasize the fact that any nonlinear control system is char-
acterized by three object as given in the definition below.

Definition 7.2.5

A nonlinear control system on an n-pseudomanifold M is a triple >, := (M, x,U),
where , x:={Xo, X1,. .., X;n} is a finite family of smooth vector fields on M and
U is a control set. The pair (x,u) as defined in Definition 7.2.4 is called a control
trajectory pair.

Definition 7.2.6
Let M be an n-pseudomanifold and p,q€ M. Let (x,u) be a control trajectory
starting at  x(0) =p to x(T)=q. The point q is called reachable or accessible
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from p.  The set of all points accessible from p is denoted by

R(p,T) = {x(T) | (xz,u) is a control trajectory and x(0) = p}. (7.8)
And we can denote the following sets:
R(p,t) = {x(t) | (z,u) is a control trajectory and x(0) = p}, (7.9)
Rp.t. T) = |J R(p.1), (7.10)
t€[0,T)]
U R (7.11)
t€[0,4-00)

Definition 7.2.7 [72, /6

Let Y := (M, x,U) be a nonlinear control system and p € M. Let Tx,, be the
F-topology on M. > is locally accessible from (at) p if the interior of R(p) with
respect to Tx,, is nonempty. . is locally accessible in M if it is locally accessible
from (at) each p. > is strongly accessible from (at) p if the interior of R(p,T)
with respect to Tx,, is nonempty for each T >0. Y is locally controllable from
(at) p if x belongs to the interior of R(p). Y. is small-time locally controllable
from (at) p if there exists T > 0 so that = belongs to the interior of R(p,t,T)
for each t €10, T, with respect to Tx,,. > is globally controllable from (at) p if
R(p)=M for some (and therefore all) p.

7.3 Accessibility or Reachability conditions.

The accessibility conditions constitute the first stage for defining the control-
lability conditions. The geometric approach in nonlinear control leads to the
use of vector fields, differential forms, Lie bracket, Lie derivative, interior prod-
uct, exterior product and exterior differentiation. That is, the differential ge-
ometry in Frolicher setting. Here accessibility will be studied by means of Lie
bracket. For this purpose, we need to remember the more general differentiation
theory as stated in Chapters 4 and 5. The integral curve and the exponen-
tial map, in Chapter 6 and in [73, 74] will play a crucial role. We recall that
X(M) denotes the set of smooth vector fields on M, an n-pseudomanifold. That
is, X(M)={X:M—TM | X(p)eT,M}. Let VC X(M) be an arbitrary family
of smooth vector fields on M. Let x:[0, 7] — M be an integral curve for a vector
field X €V, that is, @(t) =X (x(t)) for all t€[0,7]. Let expx :Rx M — M be the
flow of X €V, under the assumption that all X are complete, such that

x(t) = expx(t,p) == X (p), (7.12)
where z is the integral curve for X satisfying x(0)=p.
Definition 7.3.1 [/6]
Let >~ :=(M, x,U) be a given nonlinear control system. The family

=1
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is called the associated family of vector fields to , where x is given in Definition
7.2.5.

Definition 7.3.2 [/6]
Let Diff(M) be the group of diffeomorphisms on M.

Diff(V) := span{e™ o .. o (p) | t1,... ,tr ER; X1, ..., X € V;

keNandpe M} (7.14)
is a subgroup of the group Diff(M).
Diff,(V) < Diff(V) (7.15)

k
such that Zti = 0 is a normal subgroup of Diff(V).

i=1
Diffr (V) < Diffe(V), (7.16)
such that ¢ o ™ € Diff;(V), where ¢ € Diff,(V)

k
and Zti = T, is the coset of e € Diff,(V).

=1

Definition 7.3.3 [40]

Let Diff(M) be the group of diffeomorphisms on M.
Difft (V) C Diff(V), (7.17)
such that ty,...,t, > 0, is a semi — group of Diff(V)

for positive times.
Diff+ (V) C Difft(V), (7.18)

k
such that Zti = T > 0, is a semi — group of Diff* (V).
i=1

Definition 7.3.4 [40]
Let Diff(M) be the group of diffeomorphisms on M and p € M.

Op, V) :=={o) | ¢ € Diff(V)} (7.19)
is the V — orbit through p, that is, the orbit of the family V

of vector fields on M.

Or(p,V) :==A{¢(p) | ¢ € Difjr(V)} (7.20)
is the (V,T) — orbit through p.

O™ (p,V) :={d(p) | ¢ € Diff (V)} and (7.21)
O7(p.V) = {d(p) | ¢ € Diffr(V)} (7.22)

are subsets of O(p,V) restricted to positive times.

Definitions 7.3.1 trough 7.3.4 will serve as characterizations to the concept of
attainability of the family V, of vectors fields associated to a nonlinear control
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system ) := (M, x,U). In what follows, V represents indistinctly V, or an arbi-
trary family of vector fields on an n-pseudomanifold M. Furthermore, only other-
wise stated, the topology considered is 7£,,, the F-topology induced by structure
functions on M.

Definition 7.3.5 [40]

V is attainable from p if the interior of OF(p,V) is nonempty. V is strongly
attainable from p if the interior of O (p,V) is nonempty for each T >0.

Definition 7.3.6

L(V) = span(V) (7.23)
isthe smallest Lie subalgebraof X(M) that contains V.
LYV), ={X({p) | X € LV)} (7.24)
s a subspaceof T,M.

Remark 7.3.1

£(V)p describes the set of directions along which the system can evolve. Thus, the

evolution of the whole given system Y := (M, x,U) is described by a collection of

E(V)p for allpe M. Now, we will study the nature and the role of this collection

LYV) = U L(V), in the accessibility property of the given system ) . Also,
peEM

we will show how the Lie bracket on L(V) is more relevant for the study of the

controllability of a given system under some assumptions.

Definition 7.3.7

Let Y~ := (M, x,U) be a nonlinear control system. L(V) is called a control dis-
tribution of the given system Y. That is, an assignment of the linear subspace
£(V)p to each tangent space T, M.

Definition 7.3.8

Let M be an n-pseudomanifold and N an immersed m-pseudomanifold with m <n.
N is an integral pseudomanifold for L(V) if T,N C L(V), for each peN. N
is the mazimal integral pseudomanifold for L(V) through p if it is an integral
pseudomanifold containing p € M such that it contains any other integral pseudo-
manifold containing p.

Proposition 7.3.1 [/6, Theorem 2.1]

Let M be an n-pseudomanifold and pe M. LetV be a family of complete smooth
vector fields on M. Then the following statements hold. O(p,V) is an immersed
subpseudomanifold of M. Ty(O(p,V)) D L(V), for each g€ O(p,V). The family
{O(p,V) | peM} forms a partition on M.
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Remark 7.3.2

In [40] the proof for Proposition 7.3.1 is based on linear algebraic arguments and
does not need any change for our setting. This is also applicable to a list of
results given below without proof. However, in each case the reference is provided
for the proof. The equality T,(O(p,V)) = L(V),, is valid in the case of analytic
vector fields. This concept is beyond the scope of our study, where only the real
setting is considered. It should be an appealing subject for further researches. By
convention, we will write dimV :=maxpepdim O(p, V). dim O(p, V) <dimV in
general. If M is connected, the set {pe M | dim O(p,V)=dimV} is an open set
under assumptions of Proposition 7.3.1.

Proposition 7.3.2 [/6, Theorem 2.4]

Let M be an n-pseudomanifold and p e M. LetV be a family of smooth vector
fields on M. Then the following implication holds. L(V),=T,M =V is
attainable from pe M.

The inverse implication is valid in the case of analytic vector fields. The Re-
mark 7.3.2 is applicable here too. Now, we can look at the strong attainability
(strongly attainable) condition. For this purpose we proceed as follows. First of
all, we recall a characterization of what is called a derived algebra G’ of a given
algebra G. Thus,

Definition 7.3.9 [/6]

Let G be a given Lie algebra and L(V) a control distribution of the given nonlinear
control system > := (M, x,U). The set G is the Lie subalgebra ( called the derived
algebra ) of G generated by vector fields of the form bellow:

X X0, X5, X, (X5, Xl ], ooy (7.25)

Vor={D_ NX; | > N=0, X;€V} (7.26)
=1 =1

L'(V) is the derived subalgebra of L(V). (7.27)

SV)={X=Y+Z|YeW,ZcLl(V)} isan ideal of L(V). (7.28)

V), ={X(z) | X e I(V)}. (7.29)

Remark 7.3.3 [/6]

IfV ={Xy,...,Xn} is a finite set then each vector field of L(V) is a R-linear
combination of vector fields of the form in Equation 7.25. In [40], it is indicated
that (V) is the contribution of [85], whereas in [61] it is pointed out the fact that
(V) should possess a maximal pseudomanifold at any point p, and the tangent
space of this integral pseudomanifold at any point p is S(V),. The later result is
a generalization of the Frobenius Theorem given in 7.4.1 with the advantage that

it holds even in the non constant dimension case. (V) is related to Op(p,V) as

LV to O(p,V).
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Definition 7.3.10

Let D be a distribution on M. D is said involutive if for every X, Y € D the
Lie-bracket [ X,Y]€D with X (p),Y (p) €D, for allpe M. The distributions L(V)
and (V) are involutive.

Definition 7.3.11

Let D be a distribution on M. D is said integrable if the maximal integral pseu-
domanifold N through p € M is such that Dy ="T,;N for each g€ N. D is said
Lie-bracket generating if the iterated lie-brackets in FEquation 7.25 span the tan-
gent space of M at every point.

Proposition 7.3.3 [/6, Theorem 2.5]

Let M be an n-pseudomanifold and pe M. Let V be a family of complete smooth
vector fields on M. Then the following statements hold. Op(p,V) is an immersed
subpseudomanifold of M. Ty(Or(p,V)) DS(V), for each g€ Or(p, V). The family
{Or(p,V) | pe M} forms a partition on M.

The equality T,(O(p,V)) = S(V), is valid in the case of analytic vector fields.
The Remark 7.3.2 is applicable here too.

Proposition 7.3.4 [/6, Theorem 2.6]

Let M be an n-pseudomanifold and p e M. LetV be a family of smooth vector
fields on M. Then the following implication holds. I(V),=T,M =V is
attainable from pe M.

The inverse implication is valid in the case of analytic vector fields. The Remark
7.3.2 is applicable here too. We need to establish the link between attainability
and accessibility. Namely, to find out how to relate x := {Xy Xy,..., X} to

V, = {XO+Z w; X; | u; €U} for a given nonlinear control system Y := (M, x,U).

=1

And subsequently, which relationship links £(V,) to L(x).

Definition 7.3.12
Let V' be a R-linear space, SCV a subset and U CV a subspace.

o S is conver inV if (1 —t)x+ty € S forallt € [0,1], and for all z,y € S.
o Letx;€S withie[l, k] C N. A convex combinations of vectors x; is a linear
k k
combination Z Aix;, where \; > 0 and Z ANi=1. That is, S is convex if,
and only if étizgintains all convex combm;:t%ons of its elements.

o A convex hull of S, denoted by conv(S), is the smallest convex set containing
S. That is, conv(S) is the union of all conver combinations of elements of

S.
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o An affine subspace of V, is a shifted subspace. That is, a subset of the form
{r+u|ueU}.

o An affine hull of S, denoted aff(S), is the smallest affine subspace of V
contammg S. That is, aff( ) is the set whose elements are of the form

Z)le, where \; ER, Z)\—l and i€ (1, k] CN.

=1 =1

The following results are proved in [46] using only linear algebra properties and
with respect to concepts in Definition 7.3.12. We are going to state them without
proofs.

Lemma 7.3.1 [/6, Theorem 2.7]

Let M be an n-pseudomanifold and > = (M, x,U) a nonlinear control system.
If 0¢€ convUd) and aff(U) = R™ then spang(x) = spang(Vy) which yields
Lx)=L(Vy).

Definition 7.3.13

Let M be an n-pseudomanifold and > = (M, x,U) a nonlinear control system.
U is called almost proper in R™ if 0 € conv(U) and af f(U)=R™. U is called
proper in R™ if 0€ Int(conv(U)) and af f(U)=R™

Proposition 7.3.5 [/6, Theorem 2.§]
Let M be an n-pseudomanifold and p € M. Let Y := (M, x,U) be a nonlinear
control system and U almost proper in R™. If L(x),=T,M then ) is accessible

from p.

Here again the converse implication is not in general true since it depends on the
analyticity of vector fields. The Remark 7.3.2 is still applicable. However, there
exist accessible systems with L(x), ST, M.

Lemma 7.3.2 [/6, Lemma 2.9]

Let M be an n-pseudomanifold and > = (M, x,U) a nonlinear control system.
Let Lo(x) be the smallest subalgebra of X(M) containing {X1,..., X,n} and which
is invariant under Xy, that is, [Xo, X| € Lo(x) for each X € Lo(x). The following
statements hold.

Lo(x) is generated as a R vector space by vectors of the form below.
[Xila [Xi27 s [Xik?—la Xz]a s 7]]7 (730)
where il,... ik—1€{0,1,...,m} and i € {1,...,m}.

If U is almost proper then Lo(x) = S(Vy).

Proposition 7.3.6 [/6, Theorem 2.10]
Let M be an n-pseudomanifold and p € M. Let > := (M, x,U) be a nonlin-

ear control system with U almost proper in R™. The following statement holds.
Lo(x),={X(p) | X€Lo()}=T,M = > is strongly accessible from p.
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The Remark 7.3.2 is still valid here. The inverse implication depends on the
analyticity of vector fields.

Remark 7.3.4 [8§]

o We may say that the reachability condition is the geometric analogue of the
optimality condition. That is, the object of interest in an optimal problem is
a control u. So, given two states a and b. Two situations arise in optimality
questions.

— If [0,T] is known, then one is looking for a control u which minimizes
the integral fOT 9(%2)dt, where g is a given function of %= f(x(t), u(t)).

— If fOTx g(%)dt is given and Tx depends on x, then one is looking for
a control u which does the transfer from a to b in a minimal time T.

o A control system equation % = f(x(t),u(t)) contains more qualitative in-
formations when one changes the object of interest in the study as shown

below:

— Initial condition or endpoint a for Observability;

Solution x(t) and its functions for Realization;

A particular control trajectory (Z,a) for stabilizability;

Terminal condition or endpoint b for Controllability.

o The next section will be devoted to the controllability. For other topics
above, the reader may see in the literature.

7.4 Controllability conditions.

It is a general notice from the literature on controllability that many people
worked on problem of local controllability. It is indicated in [46] a non exhaustive
list of researchers who had tackled the problem. Now, about a test of non control-
lability, it is shown in [72] that if £(x) is integrable then ) := (M, x,U) is non
controllable. The following results on controllability are given in the reference

above by means of linear algebra properties and concepts stated in Definition
7.3.12.

Theorem 7.4.1 ( Frobenius ) [72, Theorem 2.4]
If L(x) is involutive and has a constant dimension k then L(x) is integrable.

Remark 7.4.1
Equivalently Theorem 7.4.1 says:
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o Through every point pe M there passes a k-dimensional immersed subpseu-
domanifold O(p,V) of M which is everywhere tangent to L(x). Also as
consequence of the discussion in Section 7.3 the x -orbit form a partition
on M.

e Buvery point lies in a local chart such that L(x),=span{ei,...,e;} with 1

in the it spot,
0

o
S
I
—_

0

o If L(x) is the control distribution of a nonlinear drift-free (see Definition
7.2.3) control system, then the set of reachable points coincides with L(x).

Theorem 7.4.2 ( Chow - Rashevskii ) |72, Theorem 2.6]

If L(x) is Lie-bracket generating then every two points can be connected by a
path which is almost everywhere tangent to L(x). Furthermore, the path can
be chosen to be piecewise smooth curves, consisting of arcs of integral curves of
Xl,. . XmEX

Corollary 7.4.1 [72, Corollary 2.7]
If L(x) is Lie-bracket generating then the system > := (M, x,U) is controllable.

Remark 7.4.2

This corollary is a test of controllability for non linear control systems. The
straightforward consequence from Theorems 7.4.1 and 7.4.2, and the Corollary
7.4.1 1s the chains of implications given below.

L(x) is involutive and with constant dimension .

4
L(x) is integrable .

U
Z = (M, x,U) 1is non controllable .

4
L(x) is non Lie-bracket generating.
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And the dual chain obtained by logical transposition:

L(x) is non involutive or with non constant dimension .

fr
L(x) is non integrable .

T
Z = (M, x,U) is controllable .

fr
L(x) is Lie-bracket generating.

In [46] is given a review of some known conditions for the controllability of
small-time locally controllable system for k'*-order Lie-bracket iteration where
ke{o,1,2}. In [36] the controllability and observability of nonlinear systems are
studied. It is shown that the Lie-bracket is related to the controllability, whereas
the Lie-derivative is to the observability. Some examples of controllability are
given there. Both [72, 46, 36| give the necessary condition for local controlla-
bility. But [14] give a sufficient condition for local controllability of nonlinear
systems along closed orbits. The definition of Lie-bracket generating distribution
can be geometrically interpreted as an opportunity to get more directions for the
evolution of the system than what we have at our disposal through the given
distribution by sufficiently many Lie-brackets in span{Xj,..., X,,}. Lie-bracket
generating is independent of the choice of generators of the distribution.

7.5 Open and closed loops - feedback.

There are generally two types of control functions. An open loop control and a
closed loop control whose definitions are given below.

Definition 7.5.1 [88, 87

Let M be a n-pseudomanifold and & =% = f(z(t),u(t)) a control system equa-
tion with respect to Definition 7.2.4. An open loop control is a control function
u:[0,400) =U CR™ such that the control system equation has a determined so-

lution x for the initial condition x(0)=x.

Definition 7.5.2 [88, 87

Let M be a n-pseudomanifold and i = Z—f = f(z(t),u(t)) a control system equa-
tion with respect to Definition 7.2.4. An closed loop control is a control function
w: M —UCR™ such that the control system equation has a determined solution x
fortel0,+00) and the initial condition x(0)=x¢. The control function w: M —U
1s called static state feedback or feedback for short by opposition to dynamic feed-
back.
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Remark 7.5.1 [88, 87

An open loop control refers to a control function as an action of a human oper-
ator. An closed loop refers to a control function as an automatic process which
s predetermined off-line. In a closed loop control, the control system equation
=2 = f(z(t),u(t)) is an autonomous system of equations. A local study using

dt
an open set B C M instead of the whole M, can be done.

Definition 7.5.3 [87]

Let M be an n-pseudomanifold. Let B, D C M be two open sets and U, VW CR™.
A feedback transform is a local diffeomorphism ® : B x U —— D x W such
that (z,u) — (y,w), where ¢ : B—-D defined by y = ¢(x) is a state spaces
diffeomorphism and 1p: BXxU — W defined by ¥ (x,u)=w, that is,

®(z,u) = (0(x), ¥(z,u) = (y, w). (7.31)

This definition yields the following commutative diagram

B. B Bxu

0| o7 LN

Pp D xW P

(7.32)

where Pg, Pp and Py are natural projection maps.

Definition 7.5.4 [87]
Let @ be the feedback transform defined in 7.31 and

v = g(y,w). (7.33)

a control system on D x W. The control system & = f(xz(t),u(t)) is a feedback
equivalent of y:= g(y,w) if every control trajectory (x,u) maps to a control tra-

jectory (y,w).

Now, let us consider the pull-back bundle diagram,

~

pTB___ P TB
T €0 (e XO
Bxu__P

(7.34)

where objects are defined as follows: B with respect to Definition 7.5.3; Pg:=p
with respect to the diagram in Equation 7.32; p:= 7*(p) and 7 = p*(7) with
respect to Definition 4.2.6 and Definition 4.2.7; eq is a section of 7 defined by
Toeg=1idpyy; Xo is a section of 7w defined by moXq=1idg and v = poeg= X, o p.
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Definition 7.5.5 [87]
Let 0; be the unique local coordinate frame of p*T, B and a?ci the global coordinate
frame of T,.B with respect to Remarks 4.1.1 and 4.2.1.

0

= 0
— k .
) = 3P 730
with f = (f*)1<ken, (7ov)(z,u) =p(z,u), and imv C TB.
eol,u) =Yz, u)dy. (7.37)
k=1

For each x € B, v,:U—"T,B is defined byv,(u):=v(x,u) €T, B. That is under
the assumption that rank(v,) =m and v,(U) is a regular m-subpseudomanifold

of T,B.

Remark 7.5.2 [87]

If rankv, =m then all of the control are essential. Definitions and results below
use only the algebraic side of tangent spaces and 1-forms on B x U. Therefore, we
will state the results without proofs since the reader is referred to [87] for details.

Definition 7.5.6 [87]
For each (x,u) € B xU, we assume f(x,u) #0. A Pfaffian system on BxU
associated to the control system on BXxU is the set

The dimension of Ijz) is n—1 and it is constant at each point (z,u).
The affine translate of 5.,y C p*T"B is defined by

J@w =p{p €T;B | f(z,u) 2 ¢ =1} (7.39)

Proposition 7.5.1 [87, Proposition 2.4]

If v(t) = (z(t),u(t)) is a smooth curve in BxU then ~(t) is an integral curve
of the control system & = f(x(t),u(t)) if, and only if for every ¢ € Jyyu we
have ~(t) o p=1.

Corollary 7.5.1 [87, Corollary 2.5]|

If v(t) = (x(t),u(t)) is an integral of &= f(x(t),u(t)) then ~(t)= (x(t),u(t))

is also an integral curve of I = U Li@uy- Moreover, if y(t) = (x(t), u(t))
(z,u)eBxU

does not annihilate J, then it can be reparametrized to be an integral curve of

&= f(a(t), ult)).
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Remark 7.5.3 [87]

Note from Corollary 7.5.1 that an integral curve of the control system 1is com-
pletely determined by its corresponding affine system I= U Ii(zu)- The set

(z,w)EBXU

{n',...,n"7 '}, formed by (n—1) 1-forms, which are sections of I, is a basis of
Lo CP*T*B.  Whereas, the set {p,n*,...,n" '} is a basis of Jjzu), formed
by n 1-forms, with ¢ a section of Jyau. Its dual {eg,e1,...,en—1} is a basis of
p*T,.B. The immediate consequence is that p*T, B is isomorphic to J(zu)-

In the control setting, the affine space is J = ¢+ I, where ¢ is well defined (mod
I). We have a time-optimal control problem obtained by Proposition 7.5.1. If ~(t)
is an integral curve then v*p = dt so int,p =1, —ty. That is, the time taken
to cover the trajectory from initial time tog to ti. To every control system we do
assoctate a natural time optimal control problem.



Conclusion

The symplectic reduction process in its essence is a customer of mathematical
concepts in different fields as it might be seen along this study. In spite of that,
it holds its intrinsic interest in many applications. In chapter 2 we have com-
pared the initial and final topologies to Frolicher topologies on initial and final
objects of the category of Frolicher spaces, using a characterization of open sets
in Frolicher topologies. We emphasize here that the Frolicher topologies are not
taken a priori, but they are induced by the F -structure functions or curves. It is
fortunately proved in Corollary 2.3.4 of this work that these F-smooth maps are
continuous irrespective to the underlying topologies. We have given in chapters 2
and 3 several worked examples of Frolicher spaces, pseudomanifolds and we have
constructed the initial (final) objects and structures. That is, subpseudomanifold,
product, co-product and quotient in the category of pseudomanifolds. In chap-
ter 2, we have proved that the intersection (union) of two generating functions
sets yields the union (intersection) of two smooth structure curves sets, while the
union (intersection) of two generating curves sets yields in turn the intersection
(union) of two smooth structure functions sets. In chapter 3 we have defined three
different classes of pseudomanifolds. Note that our work is completely devoted
to the first class of pseudomanifolds.

The chapter 4 is devoted to tangent structures in the pseudomanifold category,
that is the tangent map, tangent and cotangent bundles, the pullback of bundle
over a given pseudomanifold, the double tangent and cotangent bundles. We
have induced the canonical symplectic structure on the cotangent bundle and
constructed a non canonical structure on the tangent bundle in chapter 5 as in
[6, 25, 5, 59].  Finally, a Legendre transform was built for symplectic struc-
tures on the aforementioned bundles as in [5, 6, 25, 32]. It appears that the
symplectic reduction process on a pseudomanifold is similar to the one on a
smooth manifold. It will be possible to do reduction on any set (not smooth
in general) endowed with a generated F-structure and locally diffeomorphic to
R™ of constant dimension equal to n. In the sequel, the first examples of
symplectic reduction can be borrowed from the smooth manifolds setting as in
[35, Remark 1.21, 1.22, Theorem 1.23] and [15,p.124]. From section 23.3 and
section 24.4 in [16] and [15,p.127] the reduction at a general regular value 0 € G
can be related to a reduction at 0 € G. This is what is called the shifting trick
in the literature. That is, there exists a natural identification (a symplectomor-
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phism) of the two reduced spaces.

Recall that all concepts, objects, algorithms were similar to ones on smooth man-
ifolds. But, the difference resides on the smoothness of objects and morphisms,
with an advantage here we were able to construct the differential structure using
any curves or any functions set on the underlying modeling set. The character-
ization of the topology of structure curves, 7¢,,, is not yet issued, at our own
knowledge. By the strength of Cherenack’s observation on the nature of prob-
lems in practice being either functions, curves or their differential, we are able to
construct appropriate differential structure even when the function or the curve is
not smooth in the usual setting. As other problems in practice refer to a smooth
differentiation theory, it will be possible to make extension of any process modeled
on smooth manifolds to pseudomanifolds. We can take advantage by building a
topology compatible with the generated differential structure.

There still are exiting questions we did not study in this work and among them
we have for instance: the smooth structure and topologies on the group of dif-
feomorphisms of an F-pseudomanifold, the cohomology side in this category as
the De Rham theorem and connections; the algebraic topology in this category;
the reduction by stages and analytic vector fields. By the strength of materials
available up to now, it shall be possible to construct a Finsler geometry on [F-
pseudomanifolds as in [25, 59, 23, 5, 70]. Following [59, 5, 25|, canonical sym-
plectic structures induced from a Finsler structure can be constructed on the slit
tangent bundle (that is, tangent bundle without zero-section) and the slit cotan-
gent bundle of a given F-pseudomanifold. A Legendre transform can be defined
such that it will be possible to pullback a co-Finsler to a Finsler structure and
the induced symplectic structure on the slit cotangent bundle to the slit tangent
bundle. It can be proven that the metric topology induced from a Finsler struc-
ture coincides with the F-topology induced by the structure functions as in [5].

The field of potential applications may cover various domains, namely, Hamilto-
nian differential equations, geodesics, spray vector fields, Hamiltonian mechanic,
Radon transform and its applications to seismology and imagery. Cherenack’s
contribution can be cited for application to cosmology as in [18, 19, 22|, and the
construction of Riemannian and pseudo-Riemannian metrics as in [6]. So far we
have dealt with only the mathematical concepts on pseudomanifolds. Just giving
a glance to potential applications areas, it is obviously clear that there is a real
need for the future to know some physical and technical features of these concepts.
The practical side of further researches should concern a detailed exposition of
each potential applications identified above, more particularly, the following: a
detailed solution of Hamiltonian differential equations by Lie techniques; a sym-
plectic approach of geometric control theory [2, 75, 80, 84, 40]; hybrid systems
with Finsler dynamic and discretization in pseudomanifolds category [42, 11, 14]
and [76, 77, 78]; the Radon transform and its applications as scanner, radar, seis-
mology; plasma physics and cosmology as stated in [6, 18, 19, 22].
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