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1 Introduction

The structure of the space of gauge invariant operators for the multi-matrix quantum
mechanics of d matrices, at finite N , was recently considered in [1]. For a single matrix,
this space is the ring generated by single traces containing no more than N matrices per
trace. One might have expected a similar structure for multi-matrix models, but this naive
expectation is incorrect. At finite N there is a complete set of generating invariants, which
fall into two distinct categories: primary and secondary invariants. Primary invariants are
algebraically independent and generate the ring freely, while secondary invariants satisfy
quadratic relations. The number of primary invariants grows as ∼ N2 which is much smaller
that the exponentially larger growth of the secondary invariants ∼ ecN2 with c an order 1
constant. Although all single-trace operators with ≤ N matrices appear among the generators,
the generating set also includes invariants involving traces of more than N matrices. There is
no sense in which traces of matrices with ≤ N matrices represents a complete set.

In constructing the space of gauge-invariant operators, the primary invariants act freely
and can appear with arbitrary multiplicity, naturally giving rise to a Fock space structure.
They are therefore best interpreted as perturbative degrees of freedom. In contrast, each
secondary invariant can appear only once and enters linearly, resembling a fixed background.
From this perspective, secondary invariants serve as non-perturbative backgrounds that can
be populated by perturbative excitations.1 These gauge invariant operators are the collective
fields in a collective field theory description [3, 4].

1As demonstrated explicitly in [1], most secondary invariants involve O(N2) fields. In the 1
2 -BPS sector of

N = 4 super Yang-Mills theory, it is well known that under the AdS/CFT duality such operators correspond
to new spacetime geometries [2]. There are however some secondary invariants which involve only O(N) fields.
These are best thought of as new states that need to be added to obtain a complete description of the Hilbert
space. There is again a complete Fock space built on each of them.
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The results in [1] were obtained by computing exact finite-N partition functions using
the Molien-Weyl formula. These partition functions take the form (x = e−β)

Z(x) = 1 +
∑

i cs
i xi∏

j(1 − xj)cm
j

, (1.1)

which is precisely the structure predicted by the Hironaka decomposition [5, 6]. In this
decomposition, the denominator captures the contribution of primary invariants, while the
numerator accounts for secondary invariants. Specifically, cm

j counts the number of primary
invariants constructed from j fields, and cs

i counts the number of secondary invariants built
from i fields. As N is increased, secondary invariants change their character and transition
to become primary invariants. In the N = ∞ limit all invariants are primary. This matches
the fact that at infinite N there are no trace relations and the ring of gauge invariant
operators is generated freely.

Finite-N effects have also played a central role in recent developments in black hole
microstate construction, particularly through the discovery of the fortuity mechanism [7–12].
These 1

16 -BPS microstates fall into two classes: monotone and fortuitous. Monotone states
preserve their BPS nature for all N , whereas fortuitous states cease to be BPS above a certain
critical value of N [13]. As a result, some states that appear as 1

16 -BPS microstates at a fixed
N no longer qualify as microstates when N is increased. This breakdown is directly linked
to trace relations, which play a crucial role in BPS saturation. Related discussions in the
context of the SYK model and the D1-D5 system can be found in [14, 15].

A striking observation in [1] is that the growth in the number of secondary invariants at
large N closely tracks the expected scaling of black hole entropy. This suggests a natural
interpretation: secondary invariants may correspond to black hole microstates. Moreover,
the promotion of secondary to primary invariants as N increases can be viewed as a purely
bosonic analog of the fortuity mechanism.

An interesting direction in which the results of [1] can be extended is the study of
coupled matrix-vector models. As we explain in section 2, such models admit new types of
gauge-invariant operator structures not present in purely matrix systems. In the context of
gauge-gravity duality, this distinction reflects the fact that matrix models are expected to be
dual to closed string theories, while coupled matrix-vector systems correspond to theories
involving both open and closed strings.

In this letter, we explore the structure of the space of gauge-invariant operators at finite
N in coupled matrix-vector systems. In section 2, we derive the Molien-Weyl formula for
the associated partition function. Section 3 examines a simple model with a single matrix
and a single vector at N = 2, where we show how trace relations allow the full space of
gauge-invariant operators to be reconstructed from the generating set. In section 4, we turn
to purely vector models. We demonstrate that the number of primary invariants is f2 when
f ≤ N , and N2 + 2N(f − N) when f > N . In the latter case, secondary invariants appear,
and we present evidence suggesting that their number grows asymptotically as e2 log 2 Nf for
large f . section 5 analyzes the high-temperature limit of vector models, yielding an entropy
S = f2 log T for f ≤ N , and S = const + (N2 + 2N(f − N)) log T when f > N . section 6
extends the analysis to matrix-vector models. Here, we show how trace relations imply that
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secondary invariants are quadratically reducible, and we begin to quantify the number of
primary and secondary invariants required to generate the complete ring of gauge-invariant
operators. Finally, section 7 presents a discussion of our results and outlines potential
directions for future research.

2 Partition function

Consider the free quantum mechanics of f complex vector fields ϕi
α, ϕi†

α for i = 1, 2, . . . , f ,
and d Hermitian matrix fields ΦI

αβ for I = 1, 2, . . . , d, described by the action

S =
∫

dt
f∑

i=1

(
∂tϕ

i† · ∂tϕ
i − ϕi† · ϕi

)
+
∫

dt
d∑

I=1
Tr
(
∂tΦI∂tΦI − ΦIΦI

)
, (2.1)

where the “color” indices α, β run over 1, 2, . . . , N . The model has a global U(N) symmetry,
under which the fields transform as

ϕi
α → Uαβϕi

β , ϕi†
α → ϕi†

β U †
βα, ΦI

αβ → UαγΦI
γτ U †

τβ , (2.2)

i.e. ϕi is in the fundamental representation, ϕi† is in the anti-fundamental and ΦI is in the
adjoint representation of U(N).

We now promote this global U(N) symmetry to a gauge symmetry, such that physical
states are required to be gauge-invariant. This reduction to the singlet sector can be
implemented by coupling the theory to a gauge field A0, replacing ordinary derivatives
with covariant derivatives. In one dimension A0 is not dynamical and it simply imposes
the Gauss Law as a constraint. The net effect is that the physical Hilbert space consists
only of singlet states.

Gauge-invariant states are constructed from products of fields with all color indices fully
contracted. There are two basic types of gauge-invariant operators: single-trace operators of
the form Tr (W ), and bilinears of the form ϕi† · W · ϕj , where W is any word built using the
matrices ΦI as letters. More general gauge invariant operators are constructed as arbitrary
polynomials of these two basic types. Our goal is to determine the complete ring of such
gauge invariant operators at finite N and to understand its algebraic structure.

Towards this end, we would like to compute the partition function of these theories. To
keep track of the various fields of the theory, we introduce three sets of chemical potentials
µϕi , µϕi† and µΦI and we note that the oscillators defined by (2.1) all have unit energy
spacing. The partition function is written in terms of the variables

xi = e−βEϕi−µϕi yi = e
−βE

ϕi†−µ
ϕi† zI = e−βEΦI −µΦI (2.3)

Since we have a free theory the spectrum is additive and the exact partition function is2

Z(xi, yi, zI) =
j∏

i=1

d∏
I=1

∞∑
ni=0

∞∑
mi=0

∞∑
pI=0

(xi)ni(yi)mi(zI)pi × #({ni, mi, pI}) (2.4)

2Very helpful references are [16, 17] as well as [18].
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where #({ni, mi, pI}) is the number of singlets that can be constructed using ni ϕi fields,
mi ϕi† fields and pI ΦI fields. Using characters we can write the number of singlets as an
integral over U(N) to obtain

Z(xi, yi, zI) =
∫

U(N)
[DU ]

j∏
i=1

∞∑
ni=0

(xi)niχsymni (F )(U)
∞∑

mi=0
(yi)miχsymmi (F̄ )(U)

×
d∏

I=1

∞∑
pI=0

(zI)pI χsympI (adj)(U) (2.5)

F, F̄ stand for the fundamental and anti-fundamental representations, while adj stands for
the adjoint representation. The reason why the symmetric product of these representations
appears is that the fields we are using are all bosonic, so they must be symmetric under any
permutation of fields of the same species. After making use of the identity

∞∑
n=0

xnχsymn(R)(U) = exp
( ∞∑

m=1

xm

m
χR(Um)

)
(2.6)

the partition function becomes

Z(xi, yi, zI) =
∫

U(N)
[DU ] exp

 f∑
i=1

∞∑
m=1

(xi)m

m
χF (Um) +

f∑
i=1

∞∑
m=1

(yi)m

m
χF̄ (Um)


exp

(
d∑

I=1

∞∑
m=1

(zI)m

m
χadj(Um)

)
(2.7)

Notice the integrand above depends only on the eigenvalues εi of U . Recall that |εi| = 1 and
ε∗i = ε−1

i . Using the explicit expressions for the characters in terms of the eigenvalues

χF (Um) =
N∑

i=1
(εi)m χF̄ (Um) =

N∑
i=1

(εi)−m χadj(U †m) =
N∑

i,j=1
(εi)m(εj)−m

and the fact that for an integrand that depends only on the eigenvalues we can replace3

∫
U(N)

[DU ] → 1
N !(2πi)N

∮ N∏
j=1

dεj

εj
∆∆̄ (2.8)

where the Van der Monde determinants are given by

∆ =
∏
k<r

(εr − εk) =
∑

σ∈SN

sgn(σ)ε0
σ(1)ε

1
σ(2) · · · ε

N−1
σ(N) (2.9)

∆̄ =
∏
k<r

(ε−1
r − ε−1

k ) =
∑

τ∈SN

sgn(τ)ε0
τ(1)ε

−1
τ(2) · · · ε

−N+1
τ(N) (2.10)

3Separating the parameters of the unitary matrix U into eigenvalues and angles, we derive this replacement
by integrating over the angles, using the fact that the integrand depends only on the eigenvalues.
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Using the above results, the partition function becomes

Z(xi, yi, zI) = 1
N !(2πi)N

∮ N∏
j=1

dεj

εj
∆∆̄

f∏
l=1

N∏
k=1

1
(1 − xlεk)(1 − ylε−1

k )

×
d∏

I=1

1
(1 − zI)N

∏
1≤k<r≤N

1(
1 − εr

εk
zI
) (

1 − εk
εr

zI
) (2.11)

We now simplify the integrand of the above formula. According to (2.9) and (2.10), the
product ∆∆̄ involves a sum over permutations σ and τ . For each distinct term in the sum
over σ, consider the distinct change of variables given by a permutation of the eigenvalues
εi → εσ(i). All factors in the integrand are invariant under this change except for the Van
der Monde determinants which are both either invariant or both pick up a minus sign.
Consequently the product ∆∆̄ is invariant. The net result of this change of variables is that
the sum over σ can be performed and we find

∆∆̄ → N !ε0
1ε1

2 · · · εN−1
N

∏
k<r

(ε−1
r − ε−1

k ) (2.12)

It is now useful to change variables to the new variables tj defined by εj = t1t2 · · · tj . A
straightforward computation proves that

N !ε0
1ε1

2 · · · εN−1
N

∏
k<r

(ε−1
r − ε−1

k ) = N !
∏

2≤k≤r≤N

(1 − tk,r) (2.13)

and ∏
1≤k<r≤N

(
1 − εr

εk
z

)(
1 − εk

εr
z

)
=

∏
2≤k≤r≤N

(1 − ztk,r)(1 − zt−1
k,r) (2.14)

where tk,r = tktk+1 · · · tr−1tr. The Jacobian of this transformation is

J = det ∂εi

∂tj
=

N∏
j=1

εj

tj
(2.15)

Thus, the partition function finally becomes

Z(xi, yi, zI) = 1
(2πi)N

∮ N∏
j=1

dtj

tj

f∏
i=1

N∏
l=1

1
(1 − xit1,l)

(
1 − yi

t1,l

)
×

∏
2≤k≤r≤N

1 − tk,r

fk,r

d∏
I=1

1
(1 − zI)N

(2.16)

where

fk,r =
d∏

I=1
(1 − zItk,r)(1 − zIt−1

k,r) (2.17)

After fixing a specific value of N in (2.16), the resulting expression is used to evaluate the
exact partition function. Each integral over the variables ti is performed along the unit circle
in the complex plane and can be evaluated using the residue theorem. As a consistency check,
setting xi = yi = 0 reproduces the results obtained in [1], providing a non-trivial validation
of our formula. Alternatively, by setting zI = 0, we recover the partition function for a model
that contains only vector fields and no matrix degrees of freedom.
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3 Warm up: one matrix, one vector and N = 2

A simple model which nicely illustrates the physics we wish to explore is given by setting
d = 1 = f and N = 2. The exact partition function is obtained by performing the
double integral

Z(x, y, z) = 1
(2πi)2

∮
dt1
t1

∮
dt2
t2

1 − t2

(1 − t1x)
(
1 − y

t1

)
(1 − t1t2x)

(
1 − y

t1t2

)
× 1

(1 − z)2
(
1 − z

t2

)
(1 − t2z)

(3.1)

For the integral over t1 pick up the residues at y and y
t2

, and for the subsequent integral
over t2 pick up the residue at xy and z. The result is

Z(x, y) = 1
(1 − xy)(1 − z)(1 − z2)(1 − xyz) (3.2)

There are four primary invariant and no non-trivial secondary invariants. The primary
invariants are ϕ† · ϕ, Tr (Φ), Tr (Φ2) and ϕ† · Φ · ϕ.

Following the arguments presented in [1], the result above implies that the full space of
gauge-invariant operators is freely generated by the four identified primary invariants. To
rigorously establish this claim, one must use the trace relations that arise at finite N . For this
purpose, it is useful to define the matrix Ψαβ = ϕαϕ†

β . The complete set of trace relations is
then obtained from the Cayley-Hamilton theorem, which, for N = 2, yields the identity

Tr (A)Tr (B)Tr (C) − Tr (AB)Tr (C) − Tr (AC)Tr (B) − Tr (A)Tr (BC)
+ Tr (ABC) + Tr (ACB) = 0, (3.3)

where A, B and C are arbitrary words formed from Φ and Ψ as letters. In our analysis, it
will suffice to consider trace relations involving only a single Ψ.

We begin by proving that Tr (Φn+1) can be constructed from the four invariants, assuming
we can already construct all Tr (Φk) for k ≤ n. Since Tr (Φ) and Tr (Φ2) are among the
generators, this inductive step suffices to prove that Tr (Φn) can be constructed for all
n ≥ 3. The required recursion follows by setting A = Φn−1 and B = C = Φ in the trace
relation, yielding

Tr (Φn+1) = 1
2
(
2Tr (Φn)Tr (Φ) + Tr (Φn−1)Tr (Φ2) − Tr (Φn−1)Tr (Φ)2

)
. (3.4)

A completely analogous argument applies to the bilinear invariants ϕ† · Φn · ϕ. The
recursion relation needed follows by setting A = Φn, B = Ψ and C = Φ in the trace
relation, which gives

ϕ† · Φn+1 · ϕ = 1
2
(
ϕ† · Φn · ϕ Tr (Φ) + ϕ† · ϕ Tr (Φn+1)

+ ϕ† · Φ · ϕ Tr (Φn) − ϕ† · ϕ Tr (Φn)Tr (Φ)
)
. (3.5)

This completes the proof that all gauge-invariant operators can be generated from the four
primary invariants, confirming the result.
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4 Vector model fortuity

In this section, we focus on models containing only vector fields, i.e., we set d = 0. The
form of the partition function in these models exhibits a qualitative difference depending on
whether f ≤ N or f > N . When f ≤ N , the partition function takes the simple form

Z(xi, yi) =
f∏

i,j=1

1
1 − xiyj

, (4.1)

which corresponds to a freely generated ring of invariants. In this case, there are a total of
f2 primary invariants, with no non-trivial secondary invariants present.

Now consider the case where f > N . A simple illustrative example is given by N = 2
and f = 3. In such cases, the partition function graded by individual field species does
not admit a Hironaka decomposition.4 This signals that the generating invariants for the
space of gauge-invariant operators do not preserve the species grading [19]. Consequently,
we shift our focus to the blind partition function, which does not distinguish between vector
species. This is achieved by setting x1 = x2 = x3 = x and y1 = y2 = y3 = y. The resulting
partition function is

Z(x, y) = 1 + xy + x2y2

(1 − xy)8 . (4.2)

From this expression, we deduce that the space of gauge-invariant operators is generated by 8
primary invariants and 2 non-trivial secondary invariants. Notice further that the numerator
of this partition function is palindromic.

There are several important points to clarify. First, the change in behavior of the
partition function precisely coincides with the point at which trace relations begin to play a
role. In a theory with a U(N) gauge symmetry, non-trivial trace relations require at least
N + 1 independent indices that can be antisymmetrized. This condition translates into the
requirement f ≥ N + 1 for such relations to appear.

Explicit evaluation reveals that the partition function takes the general form

Z(x, y) = P (x, y)
(1 − xy)N2+2N(f−N) , (4.3)

implying that the number of primary invariants is always given by N2+2N(f−N). This result
can be understood through a simple counting argument. To make this concrete, consider the
case N = 4 and f = 6. Using the U(4) gauge symmetry, we can bring the vectors into the form

ϕ1 =


r1
0
0
0

 , ϕ2 =


c1
r2
0
0

 , ϕ3 =


c2
c3
r3
0

 , ϕ4 =


c4
c5
c6
r4

 , ϕ5 =


c7
c8
c9
c10

 , ϕ6 =


c11
c12
c13
c14

 . (4.4)

4The trace relations respect the finer grading by vector species, and moreover, one can construct a basis
for the full space of invariants that also preserves this grading. It is therefore initially surprising that the
Hironaka decomposition fails to respect the species grading. The reason is subtle: although the space of
invariants admits a species-graded basis, the generating set of primary and secondary invariants in a Hironaka
decomposition cannot, in general, be chosen to respect this finer grading.
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N = 2 N = 3 N = 4
f = 2 1 1 1
f = 3 3 1 1
f = 4 20 4 1
f = 5 175 50 5
f = 6 1764 980 105
f = 7 19404 24696 4116
f = 8 226512 731808 232848
f = 9 2760615 24293412 16818516

Table 1. Count of the number of secondary invariants for specified N and f with the identity included
in the count.

We begin by using U(4) to fix three components of ϕ1 to zero and make the remaining entry
real and positive. Then, the U(3) subgroup that preserves ϕ1 is used to fix two components of
ϕ2 and render one component real and positive. Similarly, the U(2) subgroup fixing both ϕ1

and ϕ2 is used to eliminate one component of ϕ3 and make another real and positive. Finally,
the U(1) subgroup preserving ϕ1, ϕ2, and ϕ3 is used to fix one component of ϕ4 to be real
and positive. This process fully fixes the U(4) gauge symmetry and leaves 32 independent
real parameters in the vector degrees of freedom. Carrying out this counting procedure for
general N and f leads to the expression N2 + 2N(f − N) for the number of independent
gauge-invariant degrees of freedom, which matches the exponent in the denominator of the
partition function and hence the number of primary invariants. This argument counts the
number of independent components of the vector fields that remain once the U(N) symmetry
is completely accounted for. This is not the same as counting the number of invariants.
Since it might not be manifestly obvious, we explain why these two counting problems are
identical in appendix A.

Although we have not been able to derive a formula for the number of secondary invariants,
we have studied several examples (summarized in table 1) that allow us to identify the counting
with some known integer sequences. The N = 2 column matches the sequence A000891 in
OEIS. From that entry, the analytic formula for the number of secondary invariants is

Nsecondary = (2f − 2N)!(2f − 2N + 1)!
((f − N)!(f − N + 1)!)2 . (4.5)

In the large f limit this behaves as

Nsecondary ≈ e4 log 2 f (4.6)

The N = 3 column matches the sequence A282136 in OEIS. From that entry, the analytic
formula for the number of secondary invariants is

Nsecondary = 4(2f − 2N)!((2f − 2N + 1)!)2

((f − N)!)3(f − N + 1)!((f − N + 2)!)2 (4.7)

In the large f limit this behaves as

Nsecondary ≈ e6 log 2 f (4.8)
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The N = 4 column does not match any of the sequences in OEIS. However, based on the
series above we have managed to obtain the following analytic formula for the number of
secondary invariants

Nsecondary = 24(2f − 2N)!((2f − 2N + 1)!)2(2f − 2N + 3)!
((f − N)!)3(f − N + 1)!((f − N + 2)!)2((f − N + 3)!)2 (4.9)

In the large f limit this behaves as

Nsecondary ≈ e8 log 2 f (4.10)

The formula that fits all of these examples is5

Nsecondary =
N∏

j=1

(2(f − N) + j − 1)!
(((f − N) + j − 1)!)2 (j − 1)! (4.11)

The growth for large f and fixed N is Nsecondary ≈ e2 log 2 Nf . Thus, if we hold N fixed and
take f → ∞ the number of secondary invariants grows as the exponential of f . Exactly the
same growth was observed for the number of states in a collective field theory treatment of
the singlet sector of the Sp(2N) sigma model [20]. The collective fields of this description are
bilocals, matching the form of the invariants counted by our partition function.

It is not obvious how one might analytically prove the formula (4.11). Secondary invariants
arise precisely because the module generated by the primary invariants fails to span the
full space of gauge-invariant operators. This observation naturally suggests an algorithmic
approach to constructing the complete set of secondary invariants. Suppose that a subset of
secondary invariants is already known — this includes the minimal case where only the trivial
secondary invariant (equal to 1) is included. One then computes a module Gröbner basis for
the submodule generated by the action of the primary invariants on this known set. From
the Molien-Weyl partition function, the degree of the missing secondary invariants is known,
allowing one to assemble a finite list of candidate invariants at each degree. By reducing
each candidate with respect to the Gröbner basis, one identifies genuine secondary invariants
as those with nonzero remainders. Iterating this procedure yields the full set of secondary
invariants. Beyond its constructive value, this method may offer structural insights into the
secondary invariants themselves and potentially pave the way for a general counting formula.

We also observe that all of the partition functions computed in this work are palindromic.
As an illustrative example, consider the case N = 3 and f = 7, for which the partition
function takes the form

Z(x, y) = PN=3,f=7(x, y)
(1 − xy)33 , (4.12)

where the numerator polynomial is given by

PN=3,f=7(x, y) = 1 + 16xy + 136x2y2 + 816x3y3 + 2651x4y4 + 5312x5y5 + 6832x6y6

+ 5312x7y7 + 2651x8y8 + 816x9y9 + 136x10y10 + 16x11y11 + x12y12.

(4.13)
5Although we do not quote the numbers, we have also tested this formula for N = 5, 6.
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The palindromic nature of these partition functions follows directly from the structure of
the Molien-Weyl formula [21]. Specifically, see Proposition 2.3 in [21], and also [22] for
related discussion. The key idea underlying this property is intuitive: under the substitution
x → 1/x, y → 1/y, the partition function transforms into itself up to an overall factor,
as a consequence of the fact that PN=3,f=7(x, y) is palindromic. This transformation law
can be seen directly from the Molien-Weyl integral by making the change of integration
variables ti → 1/ti. Since the integral is performed over unit circles in the complex plane,
this substitution exchanges the poles inside and outside the contour. By Cauchy’s residue
theorem, the total sum of residues vanishes, implying that the contributions from the residues
inside the contour equal (up to a sign) those from the outside.

The palindromic property of the partition function reflects a deeper symmetry of the
system: a T → −T invariance, as discussed in [23]. This symmetry provides a compelling
structural constraint on the spectrum of gauge-invariant operators and is expected on general
theoretical grounds. The fact that our partition functions are all palindromic is a nice
consistency check of our results.

As we have seen above as soon as f > N , secondary invariants appear among the
generators of the gauge-invariant operator ring. As N increases, the number of secondary
invariants gradually decreases, vanishing entirely once N = f . This behavior suggests that,
even in purely bosonic vector models, there exists an analogue of the fortuity mechanism:
secondary invariants, which are initially non-trivial, are promoted to primary status as the
rank of the gauge group increases.

5 High temperature limit

For the vector model, we now have a good understanding of the structure of the partition
function as a function of N and f . Let us focus on the regime f > N , where the partition
function takes the form

Z(x, y) = P (x, y)
(1 − xy)N2+2N(f−N) , (5.1)

with P (x, y) a polynomial containing only positive terms. To analyze the high-temperature
behavior, we set the chemical potentials to zero so that x = y = e−β . The high temperature
limit β → 0 corresponds to x → 1. Since P (x, y) is a sum of positive terms, it approaches
a constant value in this limit: PN,f ≡ P (1, 1). To obtain this result, it is necessary that
T → ∞ rapidly enough that the highest-degree terms in P (x, y) also approach 1. Since the
highest degree of P (x, y) will generally scales with N , this implies that T must grow as a
power of N . Determining this scaling precisely is an open problem, but it will ultimately
dictate the precise high-temperature behavior.

Next, consider the leading behavior of the denominator in this limit:

(1 − xy)N2+2N(f−N) =
(
1 − e−2β

)N2+2N(f−N)
→ 2N2+2N(f−N)T−N2−2N(f−N), (5.2)

where we have used T = 1/β and the approximation 1 − e−2β ≈ 2β as β → 0. Thus, in the
high-temperature limit, the partition function simplifies to

Z(T ) ≈ PN,f

2N2+2N(f−N) T−N2−2N(f−N). (5.3)
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The corresponding free energy is

F = −T log Z(T ) = −T log
(

PN,f

2N2+2N(f−N)

)
−
(
N2 + 2N(f − N)

)
T log T, (5.4)

and the entropy S follows from the thermodynamic relation

S = −∂F

∂T
, (5.5)

yielding
S = log

(
PN,f

2N2+2N(f−N)

)
+
(
N2 + 2N(f − N)

)
log T. (5.6)

A similar analysis applies in the case f ≤ N . In that regime, the number of primary invariants
is simply f2, and the high-temperature behavior of the entropy reduces to

S = f2 log T. (5.7)

6 Matrix/vector systems

For models with a single matrix, it is well-known that there are N primary invariants and
no secondary invariants. The partition function in this case is given by

Z(z) =
N∏

a=1

1
1 − za

. (6.1)

In the case of a model with a single vector (f = 1) and a single matrix (d = 1), the
partition function takes the form

Z(xi, yi, z) =
N∏

a=1

1
1 − za

N−1∏
b=0

1
1 − xzby

. (6.2)

In this model, the number of primary invariants is 2N , and there are no non-trivial secondary
invariants.

For a model with f = 2 flavors, we encounter new structural features. Taking N = 2,
d = 1, and f = 2, the exact partition function is given by

Z(x, y, z) = 1 + xyz − x2y2z − x3y3z2

(1 − z)(1 − z2)(1 − xy)4(1 − xyz)3 , (6.3)

which is not of the Hironaka form due to the presence of both positive and negative terms in
the numerator. We have not found a way to rewrite this partition function to bring it into
Hironaka form while preserving the full vector/matrix grading. However, if we discard this
grading by substituting xy → z — which effectively treats a bilinear in the vector fields as
having the same weight as a single matrix — the partition function simplifies to

Z(z) = 1 + z + 2z2 + z3 + z4

(1 − z)4(1 − z2)4 , (6.4)

which is of the Hironaka form and it indicates that the space of gauge invariant operators
is generated by 8 primary invariants and 5 non-trivial secondary invariants. The failure
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of the original graded partition function to admit a Hironaka decomposition suggests that
at least one of the generators of the invariant ring must mix vector and matrix degrees of
freedom. In other words, some invariants cannot be classified as purely matrix or purely
vector but instead arise as nontrivial sums of both types.

When we include more than a single matrix, secondary invariants naturally emerge as they
are already present in the pure multi-matrix problem. For instance, when N = 2, including
two species of matrices and a single vector leads to the following form for the partition function

Z(z1, z2, x, y) = 1
(1 − z1)(1 − z2)(1 − (z1)2)(1 − (z2)2)(1 − z1z2)

× 1 + xz1z2y

(1 − xy)(1 − xz1y)(1 − xz2y) . (6.5)

In this case, there are 8 primary invariants. There are 5 single trace operators

m1 = Tr (Φ1) m2 = Tr (Φ2)
m3 = Tr (Φ1Φ1) m4 = Tr (Φ2Φ2) m5 = Tr (Φ1Φ2) (6.6)

as well as 3 mixed matrix/vector invariants

m6 = ϕ† · ϕ m7 = ϕ† · Φ1 · ϕ m8 = ϕ† · Φ2 · ϕ. (6.7)

There is also a single non-trivial secondary invariant given by

s = ϕ† · Φ1Φ2 · ϕ. (6.8)

Alternatively, one could also consider ϕ† · Φ2Φ1 · ϕ as the secondary invariant.
Using the trace relations, we can argue that this set of invariants generates the complete

space of gauge-invariant operators. For invariants that are traces of words constructed from
Φ1 and Φ2 as letters, this argument was previously established in [1]. For invariants of the
form ϕ† · W · ϕ, the argument is a straightforward extension of the discussion in section 3.

The trace relations also play a crucial role in demonstrating the necessity of introducing
a secondary invariant and confirming that it is quadratically reducible. As discussed in
section 3, the trace relations involving the vector fields can be constructed using the matrix
Ψ. Choosing A = Φ1, B = Φ2, and C = Ψ, we obtain the following trace relation:

ϕ† · Φ1Φ2 · ϕ + ϕ† · Φ2Φ1 · ϕ = Tr (Φ1)ϕ† · Φ2 · ϕ + Tr (Φ2)ϕ† · Φ1 · ϕ + ϕ† · ϕTr (Φ1Φ2)
− Tr (Φ1)Tr (Φ2)ϕ† · ϕ. (6.9)

To determine the complete set of invariants involving two matrices and the vectors, we require
a second relation to fix the difference ϕ† ·Φ1Φ2 ·ϕ−ϕ† ·Φ2Φ1 ·ϕ. There is no such relation so we
are forced to introduce either of these two terms as an invariant, explaining why the secondary
invariant is necessary. Further analysis with the trace relations allows us to derive the identity

s2 = −1
4m2

1m2
2m2

6 + 1
4m2

2m3m2
6 + 1

4m2
1m4m2

6 −
1
4m3m4m2

6 + 1
2m1m2

2m6m7 −
1
2m1m4m6m7

− 1
2m2

2m2
7 + 1

2m4m2
7 + 1

2m2
1m2m6m8 −

1
2m2m3m6m8 − m5m7m8 −

1
2m2

1m2
8 + 1

2m3m2
8

− m1m2m6s + m5m6s + m2m7s + m1m8s (6.10)
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N Primary Invariants Secondary Invariants Secondary Invariants for f = 0
2 12 14 1
3 21 2 208 2
4 32 1 684 212 64

Table 2. Growth in the number of primary and secondary invariants as N increases for models with
d = 2 and f = 2. For comparison, the final column lists the corresponding secondary invariant counts
from [1] for a purely matrix model with d = 2 and f = 0. The identity operator is included in the
count of secondary invariants.

which is easy to verify using explicit numerical values for Φ1, Φ2 and ϕ. This identity proves
that s2 can be replaced by a polynomial in the invariants with s appearing at most linearly.

As a final example, consider a model with d = 2, f = 2, and N = 2. The exact
partition function is

Z(x, y, z) = 1 + 4xyz − 2x2y2z + 4xyz2 − 4x3y3z2 + 2x2y2z3 − 4x3y3z3 − x4y4z4

(1 − xy)4(1 − z)2(1 − z2)3(1 − xyz)4 , (6.11)

which, again due to the presence of both positive and negative terms in the numerator, is
not of Hironaka form. However, upon switching to the pure matrix grading — by identifying
xy → z — the partition function becomes

Z(z) = 1 + 5z2 + 2z3 + 5z4 + z6

(1 − z)6(1 − z2)6 , (6.12)

which is of Hironaka form. This indicates that the ring of gauge-invariant operators is
generated by 12 primary invariants, together with 13 non-trivial secondary invariants. The
fact that the Hironaka structure is again recovered only after removing the vector/matrix
grading highlights a rich interplay between matrix and vector degrees of freedom. The full
structure of the invariant ring in mixed matrix/vector systems thus exhibits intricate features
that merit further investigation.

To conclude this section, we present explicit counts of primary and secondary invariants
for models with d = 2 = f , evaluated as a function of N . The results are summarized in
table 2 below. As in the previous examples, the partition function assumes the Hironaka form
only when the pure matrix grading is employed. Notably, the number of secondary invariants
grows extremely rapidly, in agreement with the behavior reported in [1]. This growth is
sufficiently fast to account for the scaling expected from black hole entropy. Understanding
the precise nature of this growth, especially its behavior for large values of N , remains an
important open problem.

7 Discussion

In this paper, we have studied the structure of the space of gauge-invariant operators at finite
N , in coupled matrix-vector systems. For purely vector models with a U(N) gauge symmetry
and f species of vectors, we find that when f ≤ N , the space of gauge-invariant operators
is freely generated by f2 primary invariants. In contrast, when f > N , the generating
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set includes N2 + 2N(f − N) primary invariants along with a nontrivial set of secondary
invariants. We have proposed closed-form analytic expressions for the number of secondary
invariants, for arbitrary f and N .

Our results have potential implications for higher-spin holography [24]. The free U(N)
vector model in d dimensions is believed to be dual [25] to a higher-spin gravity theory [26, 27]
on AdSd+1. Discretizing space onto a lattice with Nl points, the construction of the full
set of gauge-invariant operators maps directly onto the finite-dimensional problem we have
studied, with f = Nl vector species. Since any discretization of infinite space necessarily
yields f > N , it follows that secondary invariants will be present in the generating set. Those
secondary invariants with sufficiently high dimension are expected to correspond to new,
nontrivial background geometries, while the primary invariants generate a Fock space of
perturbative excitations propagating on these emergent backgrounds. From this point of
view, the count of the number of secondary operators we have obtained look very natural.
Indeed, we have log Nsecondary ≈ f(2N log 2). The factor of f , which is the number of lattice
sites, measures the volume of the system so that we have obtained an extensive entropy.
It would be interesting to make contact with thermal properties of vector models [28] that
depend on finite-N effects. In the case of O(N) vector models they become significant at
temperatures T ∼

√
N . The basic gauge-invariant operators — bilocals — cease to be

independent once their number exceeds N , necessitating a cutoff and leading to modified
entropy scaling S ∼ NT 2V .

Our results suggest some interesting mathematical results that could be proved: one
should prove that the ring of U(N) invariants constructed from f complex vectors, that are
each N dimensional, has Krull dimension equal to N2 + 2N(f − N). This should also be
equal to the depth of the ring. It would also be interesting to compute the Krull dimension
of the ring of invariants constructed from f complex vectors and d Hermitian matrices. For
f = 1 = d our results predict the Krull dimension is 2N .

Although we have focused on free models, we expect our results to extend naturally
to interacting theories. This is because trace relations are purely kinematical constraints
on gauge-invariant quantities and remain valid, unchanged, in the presence of interactions.
The trace relations are the sole input needed to settle key structural questions including
whether a given set of invariants generates the full space of gauge-invariant operators, whether
an invariant is quadratically reducible and what constraints exist among the invariants.
Consequently, much of the structure of the gauge-invariant operator space at finite N is
largely insensitive to interactions.

Collective field theory provides a systematic framework for reformulating a field theory
in terms of new dynamical degrees of freedom. In the infinite-N limit, it operates without
imposing trace relations, treating the full set of single-trace operators as independent variables.
To construct the finite-N version, trace relations must be imposed, thereby reducing the
space of independent degrees of freedom. Within this finite-N setting, collective field theory
enables a change of variables from the original matrix fields to the primary invariants. This
change would allow one to confirm that the primary invariants serve as the true perturbative
degrees of freedom. Moreover, solving the full set of trace relations reveals that the secondary
invariants, while present in the dynamics, appear in a constrained manner — typically at
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most quadratically. In this way, collective field theory offers a promising avenue for rigorously
testing the proposed interpretation of primary and secondary invariants.

Finally, as noted above, the invariants that generate the space of gauge-invariant operators
may be interpreted as the collective fields in a collective field theory description. Establishing
a precise connection between the results obtained in this work and the collective field theory
formulation of matrix/vector models developed in [29–31] is an interesting direction for
future research.
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A Bilinear invariants and gauge-fixed degrees of freedom

In this appendix, we consider a vector model with f > N species of complex vectors. As
discussed in section 4, gauge fixing allows us to express the f complex vector fields in terms
of N2 + 2N(f − N) independent real components. We now show that these independent
components can be fully reconstructed from a set of N2 + 2N(f −N) bilinear gauge-invariant
combinations. Thus, counting the independent components of the gauge-fixed vectors is
equivalent to counting the number of independent bilinear invariants.

To make this argument concrete, we revisit the example from equation (4.4). We proceed
step by step to show how each component of the gauge-fixed vectors can be recovered from
suitable bilinear expressions.

We begin by noting that r1 is uniquely determined by the invariant ϕ1† · ϕ1 = r2
1, using

the fact that r1 > 0. Once r1 is known, the bilinears ϕ1† · ϕ2 = r1c1 and ϕ2† · ϕ1 = r1c∗1
allow us to determine both the real and imaginary parts of c1. Applying the same logic, c2
is determined by ϕ1† · ϕ3 and ϕ3† · ϕ1, c4 by ϕ1† · ϕ4 and ϕ4† · ϕ1, c7 by ϕ1† · ϕ5 and ϕ5† · ϕ1,
c11 by ϕ1† · ϕ6 and ϕ6† · ϕ1.

Next, since c1 and c∗1 are known, we can determine r2 from the invariant

ϕ2† · ϕ2 = |c1|2 + r2
2. (A.1)

As above, c3 is fixed by ϕ2† · ϕ3 and ϕ3† · ϕ2, c5 by ϕ2† · ϕ4 and ϕ4† · ϕ2, c8 by ϕ2† · ϕ5 and
ϕ5† · ϕ2, c12 by ϕ2† · ϕ6 and ϕ6† · ϕ2.

Proceeding similarly

ϕ3† · ϕ3 = |c2|2 + |c3|2 + r2
3 (A.2)

determines r3, and we find c6 from ϕ3† · ϕ4 and ϕ4† · ϕ3, c9 from ϕ3† · ϕ5 and ϕ5† · ϕ3, c13
from ϕ3† · ϕ6 and ϕ6† · ϕ3.

Finally, since c4, c5, and c6 are all known, we use:

ϕ4† · ϕ4 = |c4|2 + |c5|2 + |c6|2 + r2
4 (A.3)
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to determine r4. The remaining components: c10 and c14 are obtained from ϕ4† · ϕ5, ϕ5† · ϕ4,
ϕ4† · ϕ6, and ϕ6† · ϕ4.

Altogether, we have shown that the 32 real parameters remaining after gauge fixing can
be reconstructed entirely from 32 independent bilinear gauge-invariant combinations. The
generalization of this argument to arbitrary N and f follows immediately.
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