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Abstract

Turbulence remains a major challenge for applications that rely on laser beam transmis-

sion through the atmosphere. The properties of laser beams are susceptible to degrada-

tion due to variations in the refractive index structure mostly as a result of temperature

fluctuations. Spatial fluctuations in the refractive index induce phase distortions, which

subsequently modify the propagation of the laser beam through the atmosphere. The

modification can be ascribed to three detrimental effects; beam wander, spreading and

scintillation. Beam wander causes deflections in the beam’s centroid and can result in

the beam missing the target. It occurs primarily due to large-scale fluctuations such

as atmospheric tip-tilt aberrations. Beam spreading, on the other hand, results from

small-scale fluctuations, which causes the beam power to distribute over a large surface

area. This spread reduces the intensity and power that is received by optical systems.

Finally, scintillation causes temporal and spatial fluctuations in the beam’s intensity. It

is therefore imperative to constantly look for ways to optimize the performance of beams

as they traverse through inhomogeneous media.

In this work, we investigate the feasibility of using spatial modes of light as alterna-

tive optical beam sources for use in long distance laser propagation applications. We

exploit novel properties of various spatial mode sets such as Hermite-Gaussian, Laguerre-

Gaussian and Bessel-Gaussian modes to determine the robustness of each mode in im-

proving the performance of free-space laser propagation systems. We show that Hermite-

Gaussian modes are more resilient to lateral displacements such as tip/tilt aberrations

in optical systems when compared to modes carrying orbital angular momentum due

to their Cartesian symmetry. It is also shown that over a normal distribution of lat-

eral displacements, the Hermite-Gaussian modes experience less mode-crosstalk and less

mode-dependent losses.

We also study the self-healing behaviour of Bessel beams by propagating them through

aberrated obstacles and show that the self-healing is not guaranteed, but rather a func-

tion of the severity of the aberration. The modes are then passed through laboratory

simulated turbulence determined by combination of appropriately weighted Zernike aber-

rations to show that the modes are not resilient to such perturbations as previously

claimed. Finally, we develop a real-world turbulence link and propagate modified Bessel

beams which preserve the Bessel structure for much longer distance compared to the tra-

ditional Bessel beams. These modes show comparable performance to Gaussian modes

with the added benefit of self-healing associated with Bessel beams. From this research,

we can deduce that various properties of spatial modes can be meticulously tailored to

mitigate some of the detrimental effects associated with laser beam transmission through



iii

turbulence. This can pave way for efficient transmission to much longer distances which

remain challenging to this day such as ranging to satellites and the Moon.
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Chapter 1

Introduction

1.1 Background and Motivation

The last five decades has seen coherent propagation of light beams to remarkable dis-

tances ranging from a few kilometres to approximately 400 000 km to the surface of

the Moon. Although common in military applications, long range laser propagation has

found useful applications for civilian uses such as geodesy, remote sensing and optical

communications. In optical communications, free-space optics technology has gained

popularity due to its tremendous speed, high security and cost effectiveness when com-

pared to radio frequency and optical fibre technology [1–6]. This has seen a significant

increase in the much-needed data capacity and bandwidth in modern telecommunica-

tion systems. This is a line of sight technique used to transmit information from one

point to another using a narrow optical beam. Free-Space Optics (FSO) links, which

can range from inter-building to inter-satellite distances, can transmit data, voice and

video communications through air at rates of up to 2.5 Gbps [7]. A technique somewhat

similar to this is laser ranging, which measures the round-trip travel time of short pulses

sent from terrestrial telescopes to the retro-reflectors on satellites [8] or the surface of

the Moon [9] to accurately estimate distance within millimetre accuracy. The obtained

range data has provided insight towards a myriad of scientific research areas such as

gravitational and planetary physics [10–16], lunar science [17–19], geodynamics [20, 21],

terrestrial and celestial reference frames [22, 23] as well as astronomy [24].

The performance of these techniques is limited by atmospheric effects through which

the laser is transmitted. In optical communication links, absorption and scattering of

large weather particles such as clouds, rain and fog substantially attenuates the laser

beam thereby reducing the received signal power [25–32]. This effect is known as fading

and usually occurs when the optical signal falls below the sensitivity of the receiver.

1
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Studies have shown that weather related attenuation may be as high as 300 dB/km

[26]. Furthermore, FSO links are also severely affected by atmospheric turbulence [33].

Variations in the refractive index of air induce distortions in the transmitted signal in the

form of scintillation, beam wander and spreading. Scintillation results in fluctuations

in the beam’s intensity which reduce the bit error rate of the system while the beam

wander will result in a deflection of the optical beam from a straight-line trajectory,

thereby missing the receiver plane altogether. Beam spreading, on the other hand,

occurs when the optical beam spreads beyond vacuum diffraction, thereby losing focus

and reducing the transmitted power density. All these effects severely impair the quality

of the link resulting in the loss of information.

The effects of spreading are more severe for long-haul applications such as satellite

communication systems and laser ranging. Since the signal strength of the received

pulse depends on the inverse fourth power of the distance, Lunar laser ranging remains

the most challenging due to the overall signal loss as a result of the large distance

between the Earth and the Moon. As a result, only five stations in the world have

been successful in ranging to the Moon. These stations are located in Texas, USA [34],

Grasse, France [35], Hawaii, USA [36], Matera, Italy [37] and New Mexico, USA [38].

All the stations are located in the Northern Hemisphere leading to a weak geometry of

the network. The major limiting factor of LLR stems from poor detection rates, mostly

due to divergence on both the outgoing and return pulse. The outgoing pulse, even for

perfectly collimated systems, is limited by atmospheric turbulence which can cause beam

wandering and spreading of between one to few arcseconds at best. A divergence of 1

arcsecond or 5 µrad, for instance, translates to about 2 km on the surface of the Moon,

illuminating corner cubes retro-reflectors which have a diameter of about 3.8 cm. This

translates into a one-in-25-million chance of a photon launched from Earth hitting the

retro-reflectors. The return journey is even more challenging since the retro-reflectors

are not diffraction-limited and are subject to velocity aberrations caused by the relative

motion of the Earth with respect to the Earth [39]. This result in a divergence of

approximately 10 arcseconds, which translates to about 20 km on the surface of the

Earth, received by a collecting telescope of a few metres in diameter. This means that

a 1 m telescope on Earth can collect approximately 10−9 of the returning photons on

the reflector at a wavelength of 532 nm. In addition to this is the challenge of pointing

and steering the telescope, which is expected to acquire sub-arcsecond precision to the

Moon. All these factors together with the optical performance of the system and the

detector efficiencies affect the accuracy of the laser ranging technique.

To improve the performance of these systems, one would have to mitigate the effects

of turbulence. This can be done by increasing the laser shoot rate in the case of laser

ranging, using adaptive optics to compensate for turbulence effects or changing the laser
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wavelength to improve the quantum efficiency of the return detector. While the green

wavelength (λ = 532 nm has been used as the standard wavelength for atmospheric

transmission, recent experiments have demonstrated that there might be benefits in us-

ing infrared wavelength due to better transmission through atmospheric turbulence and

improved signal to noise ratio [40]. In addition, one study suggested that the use of

1550 nm wavelength is more beneficial for FSO communications than the 785 nm wave-

length under severe weather conditions [28]. It was also demonstrated in [41] that more

quality observations were taken using IR than green laser for ranging. IR laser sources

can improve the rate of detection especially during new and full Moon when temperature

gradients affect the refractive index of the corner cube retroreflectors, thereby leading

to wavefront distortions.

Most FSO links use Gaussian beams to transfer information by collecting light in ’buck-

ets’ with no spatial mode discrimination while other information is encoded through

modulation schemes such as on/off keying, phase modulation and so on. In contrast

to this, channel capacity can be further increased by exploiting different properties of

light such as polarisation [42–46], wavelength [47–50] and spatial phase [51–54]. These

properties serve as independent data channels through which information can be en-

coded, greatly increasing the capacity to up to terabit levels [55]. Polarisation and

wavelength are robust in air because the atmosphere in neither birefringent nor non-

linear and therefore cannot influence them directly. Spatial phase on the other hand is

directly affected by atmospheric turbulence which manifests optically as random phase

aberrations. Nevertheless, there has been significant progress and several impressive

demonstrations in using spatial modes of light for multiplexing [54, 56–61]. To date, the

fastest MDM demonstration has sustained a data rate of 1.036 Pbps over a lab-bench us-

ing 26 OAM modes together with wavelength and polarisation [62]. The farthest MDM

FSO communication demonstration in turbulence has been 80 Gbps over a mere 260 m

[59] - turbulence is clearly a significant challenge. A recent numerical study investigated

the application of these OAM modes for Ground to Satellite communications [63]. The

study demonstrated that it is quite feasible to employ spatial modes with OAM in such

long-distance applications under the conditions that the ground station is placed at a

high altitude to limit the effect of atmospheric seeing, choosing a suitable wavelength

and using adaptive optics techniques. These conditions will minimize the degradation of

the spatial mode due to atmospheric turbulence. In addition, it was demonstrated that

vortex modes can significantly increase the performance of obscurated optical receivers

by bypassing the central secondary mirror, thereby improving the total light received

by the telescope [64–66]. Recent literature has also started to explore the feasibility

of spatial modes carrying orbital angular momentum in Light Detection and Ranging

(LIDAR) applications (typically with of range less than 350 km) [64, 67–69]. While no



Chapter 1. Introduction 4

definite conclusions have been determined yet, it is suspected that these modes might

be able to improve the performance of LIDAR systems by spatially filtering background

light during the day and allow Rayleigh-Mie scattering to be uniquely distinguished from

multiple scattering from rough surfaces.

From the aforementioned studies, it is evident that long range laser applications can

benefit from the different properties that different spatial modes exhibit. Since different

sets of spatial modes have different characteristics and symmetries, it is reasonable

to question their respective basis dependent performances in turbulence. This work

explores various characteristics of different spatial modes of light and accessing their

resilience and therefore range for free-space propagation. We study their propagation

both in the laboratory setting and through real word turbulence. We not only compare

the spatial modes with the traditional Gaussian mode, but we also compare different

spatial modes in attempt to determine the one most suitable for certain conditions, such

as aperture size or turbulence strength. This PhD work provides a crucial first step

towards understanding of the dynamics of structured light as a possible alternative to

the fundamental Gaussian mode for purposes of laser ranging.

1.2 Outline

In the following chapters, we will introduce the theoretical background and experimental

tools that were used to study the impact of different disturbances on various spatial

modes. In Chapter 2 we provide the theory of these spatial modes along with their novel

properties. We also provide a theoretical framework of how to generate and measure the

modes using Spatial Light Modulators. The holograms are calculated by phase only and

complex amplitude modulation techniques. The measurement process works in reverse

by measuring coefficients of modes that make up an arbitrary optical field, a process

known as modal decomposition.

In Chapter 3, we provide the background of laser beam propagation through atmospheric

turbulence. Particularly, we outline the wavefront distortions such as beam wander,

beam spread and scintillation effect laser beam and their respective mathematical de-

scriptions based on the Kolomogorov turbulence theory. We also provide theoretical

and experimental tools on how to simulate turbulence in the laboratory using the power

spectrum and Zernike expansion approaches. Lastly, we explain how to characterise

turbulence in real world links from beam wandering effects.



Chapter 1. Introduction 5

In Chapter 4 we apply the tools developed in Chapter 2 to compare the resilience of

Hermite-Gaussian and Laguerre-Gaussian modes to displacements in different direc-

tions. By performing a modal decomposition after applying the displacements, we show

the Hermite-Gaussian modes experience less crosstalk and mode dependent losses com-

pared to the Laguerre-Gaussian modes when subjected to lateral displacements. It was

also shown, over a normal distribution of lateral displacements that Hermite-Gaussian

modes experience significantly less crosstalk and mode dependent losses than the Or-

bital Angular Momentum modes (OAM). This shows how the rectangular symmetry of

Hermite-Gaussian modes can be exploited to reduce modal power losses in free-space

optical communication systems.

In Chapter 5 we address the controversial issue of self-healing of Bessel-Gaussian modes

through phase disturbances. By disturbing Bessel-Gaussian modes through Zernike

aberrations, we show geometrically and experimentally that the modes do not com-

pletely self-heal as would be expected with an opaque obstructions. Contradictory, we

explain why strong aberrations may show self-healing while weak aberrations will not,

and highlight the parameters that influence this. Finally, we combine aberrations to

pass the Bessel beam through turbulence, and debunk the myth that Bessel beams are

resilient to such perturbations. This is based on the premise that all the conical waves

become discussed, therefore eliminating all chances of self-healing.

In Chapter 6 we explore the feasibility of shape-invariant Bessel modes for long-range

propagation. The modes, which counter the depth of focus limitation of traditional

Bessel modes, are propagated through a 150 m real-world outdoor free-space link to

study the effect of turbulence on modal crosstalk. The link was characterised using the

techniques discussed in Chapter 3. We demonstrate not only the successful generation

and measurement of these modes through the link but show that the modal crosstalk is

comparable to that of helical Orbital Angular Momentum modes. Finally, we conclude

by summarising the findings of our research and outline the potential applications in

free-space long range propagation in chapter 7.



Chapter 2

Spatial modes of light

2.1 Introduction

The Gaussian mode is the fundamental mode of most laser resonators, and has the high-

est possible mode quality factor (M2 = 1) compared to higher-order modes, optimising

the radiance or brightness of the laser beam. However, the Gaussian profile is not always

ideal for some applications which, for instance, require a uniform intensity profile. In

such cases, it becomes necessary to redistribute the Gaussian profile into different spatial

modes which might carry interesting properties. In this section, we discuss some of the

most common higher-order spatial modes and the methods used to generate them.

Laser beams are electromagnetic fields that satisfy the Helmholtz equation [70]. In the

case of scalar fields with a uniform polarisation, we can treat the electric field as a scalar

field, U , a solution to the scalar Helmholtz equation:

[∇2 + n2k2]U(s, z) = 0, (2.1)

where s refers to the transverse coordinates which can be Cartesian where s , (x, y) or

cylindrical where s , (r, φ) and z refers to the propagation direction of the field. Here,

k = (2π)/λ is the wave number in vacuum and n is the refractive index of the medium in

which the field propagates, where n = 1 in a vacuum. The wavelength is given by λ and

for visible and near-infrared wavelengths (for example between 400 and 1600 nm) is on

the order of hundreds of terahertz. Solutions to the Helmholtz equation are referred to

as modes, and depend on the transverse coordinates on which U is solved, in conjunction

with specific boundary conditions. The various modes are described by their respective

mode indices and form a complete set of orthogonal basis which allow decomposition of

6
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arbitrary spatial modes into the fundamental mode sets. The following sections outlines

some special solutions in Cartesian and cylindrical coordinate systems.

2.2 Hermite-Gaussian modes

A solution to the Helmholtz equation in Cartesian coordinates results in Hermite-

Gaussian modes [71–73]. This is made possible by the separability of the Helmholtz

equation in x and y variables. The solution can be described mathematically as

U(x, y, z) = E0Hm

(√
2

x

w(z)

)
Hn

(√
2

y

w(z)

)
w0

w(z)
× exp [−iψmn(z)] exp

[
i

k

2q(z)
r2
]
.

(2.2)

Here Hm(·) denotes the Hermite polynomials of order m and n. E0 is a constant electric

field amplitude, w(z) is the beam size at propagation distance z, w0 is the beam size at

the beam waist, z0 = πw0
2/λ is the Rayleigh range, ψmn(z) = (m+ n+ 1) tan−1(z/z0)

is the Gouy phase shift and q(z) = z− iz0 is the complex beam parameter. The solution

reduces to the fundamental Gaussian beam when m = n = 0. Intensity patterns of

various Hermite-Gaussian modes of various orders are displayed in Fig. 2.1. The modes

exhibit a rectangular structure synonymous with rectangular resonators from which they

originate.

There are several methods of generating Hermite-Gaussian modes in the laboratory.

These include intra-cavity techniques utilising various excitation techniques [74–79],

astigmatic mode converters [80] and digital generation using Spatial Light Modulators

(SLM) [81] and Digital micro-mirror (DMD) devices [82–84]. Due to their unique phase

and amplitude structure, as well as their rectangular symmetry, these modes have found

useful applications in optical trapping [85–89] and optical communications [90–97].
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2.3 Laguerre-Gaussian modes

Another special case of spatial modes are the Laguerre-Gaussian modes, which are so-

lutions to the scalar Helmholtz equation in cylindrical coordinates. These modes can be

mathematically described as [73, 98]:

U(r, φ, z) = E0

(√
2
r

ω

)|`|
Lp

`

(
2
r2

ω2

)
w0

w(z)
exp [−iψp`(z)]× exp

[
i

k

2q(z)
r2
]

exp(i`φ),

(2.3)

where L`p(·) is the associated Laguerre polynomial characterised by indices ` and p which

denote the topological charge and the radial factor respectively. When ` = p = 0, the

solution also reduces to the well-known Gaussian beam. The factor exp(i`φ) describes

the helical phase front associated with the mode, which imparts Orbital Angular Mo-

mentum (OAM) of `h per photon [98]. Fig 2.1 displays examples of Laguerre-Gaussian

modes, LGp,` of various azimuthal (`) and radial orders (p). The orthogonality of the

modes have been seen to increase the channel capacity of optical communication chan-

nels [51, 52, 55, 99–104]. These modes can be generated by static diffractive optical

elements such as spiral phase plates [105–107] and versatile digital holograms encoded

on SLMs [108–113] and DMDs [113, 114].

2.4 Bessel-Gaussian modes

Bessel modes are another type of spatial modes which have been topical in the optics

community due to their self-healing and non-diffracting nature. These modes, first dis-

covered by Durnin, are exact solutions to the paraxial wave equation [115, 116]. These

modes have infinite energy and therefore cannot be realised physically in the labora-

tory. It is possible to create approximations of these modes by incorporating a Gaussian

envelope, which limits the transverse and longitudinal extent of the modes. These ap-

proximations, illustrated on the third row of Fig. 2.1 are called Bessel-Gaussian modes

which are solutions to the Helmholtz equation in cylindrical coordinates, characterised

by a transverse intensity profile based on the family of Bessel functions. They are

mathematical described as [117]:

U(r, φ, z) = E0
w

w(z)
exp[iψ(z)] exp

[
i

k

2q(z)
r2
]
×J`

(
βr

1 + iz/z0

)
exp

[
β2z/(2k)

1 + iz/z0

]
exp[i`φ],

(2.4)
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Figure 2.1: Intensity patterns with inset phase of Laguerre-Gaussian, Hermite-
Gaussian and Bessel-Gaussian modes of various orders. The first row depicts LG (`, p)

modes, the second row depicts HG (m,n) modes and the third row depicts BG (`).

where β relates to the wave vector of the plane waves which form the mode and J`

is the Bessel function of the `th order. Bessel-Gaussian modes exhibit non-diffracting

properties during propagation [118, 119]. This means they will maintain their size as they

propagate without any diffractive spreading. Another interesting property is their ability

to self-reconstruct their spatial profile after encountering small sized opaque obstructions

[120, 121].

The formation of Bessel modes can be thought of as a superposition of plane waves

propagating as a cone as illustrated in Fig. 2.2. These plane wave interfere at a defined

angle θ which determine the depth of focus zmax of the Bessel beam as well as the spacing

between the individual rings which form part of the Bessel structure. The beam only

exists within the depth of focus and upon further propagation evolving into an annular

ring. This translates to the angular spectrum or the diffraction pattern in the far field,

of the mode to take the form of an annular ring. It is within this region that Bessel

beams exhibit their non-diffracting and self-healing properties.
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Figure 2.2: The formation of Bessel beams by superposition of plane waves propa-
gating on a cone.

2.5 Creation and detection of spatial modes

The creation of customised light fields, also known as laser beam shaping, involves the

redistribution of the conventional Gaussian mode into any desired complex light pattern

with particular phase and intensity properties [122–125]. The earliest techniques used for

the generation of these modes include manipulation inside laser cavities and making use

of refractive and diffractive optical elements [125]. These techniques are not common in

most laboratories as they often require precise fabrication of the elements and configured

to generate specific modes. Here, we will discuss digital holographic methods which

provide an alternative to these methods by allowing versatile and on demand creation

of arbitrary complex fields. In addition, the envisaged optical fields do not need to

exist physically, which allows generation of idealized phase patterns. The most common

digital holographic devices are SLMs and DMDs, which tailor specific light modes by

modulating either the phase, amplitude or both. The theoretical techniques discussed

in this work are for SLMs but can easily to transferred to DMDs.

2.5.1 Digital holography

Conventional holography is based on the principle of interference between an object

beam and a reference beam to create a hologram recorded on a photographic film [126].
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When the hologram is illuminated with the initial reference beam, a holographic image

of the desired mode can be retrieved. In the case of digital holography, the object beam

does not need to physically exist but can be mathematically formulated and displayed

on holographic devices such spatial light modulators for digital implementation.

Spatial light modulators are birefringent wavefront shaping devices that can modulate

phase of incident light beams in order to create desired optical field patterns [127–132].

They consist of pixelated liquid crystal displays which are electrically controlled by a

circuit board connected to a computer. Mathematically computed grey-scale holograms

are programmed onto the SLM which alters the phase of the illuminated reference laser

light according to the shade of grey present at each pixel of the hologram image. The

hologram image consists of 256 grey levels which correspond to modulation in the range

[0,2π]. Black represent no modulation while white (or 2π) represent full phase modula-

tion. SLMs are however not 100% efficient. This means that not all the incident light

will be modulated. As a result, the light reflected from the liquid crystal display will

consist of a superposition of the modulated encoded beam and the unmodulated refer-

ence beam. To separate the modulated light from the unmodulated light, a diffraction

grating is added on to the computer generated hologram, deflecting the modulated light

to the first order and the unmodulated light to the zeroth order.

2.5.2 Hologram generation

Light manipulation requires full control of both its amplitude and phase in a spa-

tial manner. SLMs are phase-only devices, which means they allow direct control of

the phase while the amplitude control is achieved indirectly. Many advanced tech-

niques allows this to be done in multiple steps through a two element approach, where

one element controls the phase and the other controls the amplitude [125, 133, 134].

This approach can be mimicked using a SLMs using digital holograms that generate

the desired modes in a single step [135–153]. To generate a desired beam given by

Eout(x, y) = Aout(x, y) exp(iΦout(x, y)) using a phase-only hologram H = H(x, y) from

a reference beam given by Ein(x, y) = Ain(x, y) exp(iΦin(x, y)), the transformation func-

tion is needed in the form:

t =
Eout(x, y)

Ein(x, y)
=
Aout(x, y)

Ain(x, y)
exp[i(Φout(x, y)− Φin(x, y)]

= Arel exp[i(Φrel(x, y)]

(2.5)

A phase grating can be added in the hologram in the form:
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Φ(x, y) = mod (2πxGx, 2π), (2.6)

where Gx is the grating frequency or the inverse of the period along the x direction.

The simplest approach used to generate the holograms is simply by imparting the relative

phase:

H(x, y) = Φrel(x, y). (2.7)

The output mode will have the desired phase with the amplitude equal to that of the

input mode. This technique is sufficient when only the phase of the output mode is

needed. However, when the amplitude information is required, such as when generating

LGp` modes, the amplitude information has to included in the hologram. This technique,

referred to as complex amplitude modulation, seeks to find a scaling function f(A(x, y))

that relates the amplitude and phase variations in a form that is phase-only. The

hologram will take the form:

H(x, y) = f(A(x, y))Φrel(x, y). (2.8)

One way to do this is by representing the hologram as a Fourier series in the domain of

f . The hologram can then be expressed as [145]:

H(x, y) = f(Arel(x, y)) sin(Φrel(x, y)), (2.9)

where f(Arel(x, y)) is obtained through numerical inversion of:

J1[f(Arel(x, y))] = aArel(x, y), (2.10)

where a ranges from 0 to 0.5819, which is the maximum of the first order Bessel function

J1(x). This method is colloquially referred to as the ’cookie cutter’ method since the

spatial shape and phase of the desired mode are determined from an input plane wave.

Holograms for generating a few spatial modes are displayed in Fig 2.3.



Chapter 2. Spatial modes of light 13

Figure 2.3: Examples of holograms generated by a) phase-only and b) complex am-
plitude modulation. The first column generates HG2,2, second column LG2,2 and third

column BG2.

2.5.3 Mode characterisation by modal decomposition

Equally as important to the creation of spatial modes is their measurement process.

The ISO standard for measuring laser beams allows for a full modal decomposition to

be performed. Modal decomposition is a powerful tool used to characterise or unravel

optical fields according to its constituent modes [81, 154, 155]. This is based on the

premise than any unknown optical field can be expressed as a linear combination of

orthonormal basis functions. This can be mathematically represented as:

U(r) =
N∑
l=1

clΨl(r), (2.11)

where r = (x, y) are the spatial coordinates, cl = ρl exp i∆Φl are the complex expansion

coefficients, Ψl(r) is the lth basis mode with amplitude ρl, ∆Φl is the inter-modal phase

difference between the mode and some reference mode (usually the fundamental mode)

and N is the number of modes. The choice of the basis function Φl depends on the

geometry of the problem, which could be LG for circular symmetry orHG for rectangular

symmetry. In principle, any orthogonal set would work. All the physical parameters of

the unknown mode are contained in the complex valued coefficients. Measurement of

these weightings is the core of modal decomposition and is achieved by finding the inner

product of the unknown field and each basis element, i.e,.
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ρl
2 = |〈U |Ψl〉|2. (2.12)

The hologram used to perform this operation is called a match or correlation filter

because it measures the correlation signal between the unknown incoming mode and the

function encoded on the hologram. The inner product yields an intensity on the optical

axis at the Fourier plane that is proportional to the power content of each mode. To

extract the amplitude of each basis element, the conjugate complex of the respective

element is encoded as the transmission function [154, 156]:

Tl(r) = Ψl
∗(r), (2.13)

where the asterisk denotes complex conjugation. The inter-modal phase difference ∆Φl

is measured with respect to some reference mode Ψ0 using two transmission functions

which represent the interferometric superposition of the two modes [154]:

Tl
cos(r) =

Ψ0
∗(r) + Ψl

∗(r)√
2

. (2.14)

Tl
sin(r) =

Ψ0
∗(r) + iΨl

∗(r)√
2

. (2.15)

The inter-modal phase difference ∆Φl is then determined from:

∆Φl = − arctan

[
2Isinl − ρl2 − ρ02

2Icosl − ρl2 − ρ02

]
(2.16)

All these measurements can be done simultaneously from one diffraction pattern by

using spatially multiplexed holograms. In this case, each mode is assigned its own

carrier frequency to separate the modes at the Fourier plane. The transmission function

is expressed as [154]:

T (r) =

3N−2∑
n=1

Tn(r) exp(iKnr), (2.17)

where Kn is the grating frequency and N is the number of holograms.
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2.6 Conclusion

In this chapter, we provided theoretical background of some of the complex modes stud-

ied in the upcoming chapters, outlining their novel properties and methods of creation.

For the purposes of our study, we specifically focus on digital holographic methods us-

ing SLM’s to generate and characterise the modes. We describe the techniques used to

calculate the holograms which are categorised as either phase-only or complex ampli-

tude modulation. We also describe how to detect these modes using modal decomposi-

tion, which represent an unknown optical field into weighted orthogonal modes. These

techniques will be applied in subsequent chapters to generation and measurement after

encountering various distortions to assess their resilience.



Chapter 3

Laser beam propagation through

atmospheric turbulence

This Chapter contains extracts from a publication by Cox, Mitchell A., Nokwazi Mphuthi,

Isaac Nape, Nikiwe P. Mashaba, Ling Cheng, and Andrew Forbes. ”Structured Light in

Turbulence.” arXiv:2005.14586 (2020).

3.1 Introduction

All laser systems which propagate through free-space are subjected to degradation due

to atmospheric turbulence and other weather related effects. While the latter effects

could easily be mitigated by transmission through ideal weather conditions, the effects

of turbulence are inevitable. Turbulence occurs mainly because of typical diurnal varia-

tions that occur as the temperature fluctuates throughout the day. These temperature

fluctuations in turn lead to spatial and temporal variations in the refractive index struc-

ture. We begin by discussing the most common effects of turbulence and the impact they

have on laser beams. We then provide a toolkit on how turbulence can be studied in the

laboratory environment. Lastly we detail the ways turbulence can be modelled in the

real-world and the instruments that can be used characterise the strength of turbulence.

3.2 Atmospheric effects of turbulence

The refractive index of the atmosphere is not uniform. It consists of a multitude of

eddies of different sizes, each with varying indices of refraction. As a laser beam propa-

gates through the atmosphere, its wavefront will be distorted by these variations. The

16
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variations are caused by the fluctuations of temperature which arise from the turbulent

mixing of various thermal layers. The average size of the turbulent eddies can be spec-

ified by an inner scale, l0, which is typically on the order of millimetres and an outer

scale, L0, which is on the order of meters [33]. The Kolmogorov model for turbulent

flow is the basis for many contemporary theories of turbulence and is able to relate

these temperature fluctuations to refractive index fluctuations. Kolmogorov turbulence

assumes that solar heating and wind shear provides energy on large scales (the outer

scale, L0) and it is dissipated as heat by viscous action of the air to the smaller eddies

(inner scale, l0) [157]. The power spectral density of the refractive index fluctuations

given by the Kolmogorov model is described by [157]

ΦK
n (κ) = 0.033C2

nκ
−11/3 for 1/L0�κ�1/l0, (3.1)

where κ = 2π(fx ·x̂+fy ·ŷ) is the angular spatial frequency vector and C2
n is the refractive

index structure parameter, which is a measure of the strength of the refractive index

fluctuations. Values of C2
n vary from 10−17 m−2/3 in “weak” turbulence and up to about

10−13 m−2/3 in “strong” turbulence [33].

3.2.1 Beam spreading

In the absence of turbulence, the spread of the laser beam will depend on the diameter

of the transmitting aperture D. For a diffraction-limited transmitter the angular spread

θ0 of the beam in the far-field is given by 2λ/πD, where λ is the wavelength of the beam.

Through turbulence, the spread becomes much larger than θ0 at the receiver plane due

to scattering by the moving turbulent eddies. The total spread of the beams is made

up of two effects; beam wander, which results from larger turbulent eddies (discussed in

the following section), and beam broadening which result from eddies smaller than the

transmitting aperture D. The latter, also referred to short-term beam spread depends

on a parameter referred to as the lateral coherence length or the Fried parameter r0.

It is a useful alternative to C2
n; for a plane wave (approximately a collimated Gaussian

beam) in Kolmogorov turbulence, given by

r0 = 1.68
(
C2
nLk

2
)−3/5

(3.2)

and for a plane wave in unspecified turbulence,

r0 =

(
0.423k2

∫ L

0
C2
n(z)dz

)−3/5
, (3.3)
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where k is the wavenumber and L is the propagation path length. If the beam diameter

D is much smaller than r0, the effect of turbulence on the beam is negligible and the

diameter of the spread will solely depend on θ0. However, if the transmitting diameter

is much larger than the coherence length, the diameter of the spread will depend on r0

in the form of θ0 = 2λL/πr0, where λ denotes the wavelength.

3.2.2 Beam wander

When the turbulent eddies are much larger than the diameter of the beam, the beam

will be randomly deflected along its path, resulting in beam wander, also known as long-

term beam spread. This effect leads to a displacement of the centroid which can cause

deep fading in applications such as free-space optical communication where the beam

misses the receiver aperture (in extreme cases) or the detector (focal spot beam wander

position). Beam wander at the receiver plane is statistically modelled by a Gaussian

distribution which is characterised by a long-term average radial variance, r2c , as well

as the size of the received beam without any averaging (the short-term beam), denoted

by ωST [33]. It is intuitive to think that a smaller short-term beam which wanders will

result in an average larger Gaussian shaped long-term beam, according to the central

limit theorem [158]. The size of the long-term beam, ωLT, is given by

ω2
LT = ω2

ST + r2c . (3.4)

Several analytical solutions for the beam wander radial variance exist. For infinite outer

scale Kolmogorov turbulence, the beam wander radial variance for a collimated beam is

given by [159]

r2c = 2.42C2
nL

3ω
−1/3
0 , (3.5)

where ω0 is the beam waist radius.

3.2.3 Scintillation

In addition to the fluctuations in beam size and position, atmospheric turbulence also

induces fluctuations in intensity. This effect is called scintillation and occurs when

the inhomogeneities are much smaller than the diameter of the beam. Small portions

of the beam undergo interference due to diffraction and refraction as a result of the

inhomogeneities. This causes the beam to alternate between light and dark patches in

space and time. For a plane a wave in weak Kolmogorov turbulence, scintillation can be

estimated from the Rytov variance given by [33]
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σ2R = 1.23C2
nk

7/6L11/6. (3.6)

The variance due to scintillation increases as turbulence increases or as the propaga-

tion length is increased. This in turn means that long distance propagation in weak

turbulence is as detrimental to the beam as short propagation in strong turbulence.

Scintillation can be reduced by aperture averaging, where the receiving aperture of the

beam is increased in order to statistically average the independent portions of the scin-

tillated beam [160].

3.3 Simulating turbulence in the laboratory

Here we outline two general approaches to simulating optical turbulence using SLMs

and DMDs for use in a lab environment. They have been utilised in a myriad of exper-

iments for studying the evolution of spatial modes through turbulence [161–163]. The

turbulence screens can also be used for computer simulations.

Various numerical methods have been developed to approximate the phase that is im-

parted on optical beams upon traversing turbulence. One such technique approximates

the phase screen as a random phase function with a variance of [164]

σ2(x, y) =

(
2π

N∆x

)2

Φ(kx, ky), (3.7)

for an N ×N grid over which the screen is generated. Here ∆x is the grid spacing, while

kx and ky are the spatial frequencies over the grid and Φ(kx, ky) is the phase spectrum

given by

Φ(kx, ky) = 2πk20LΦn(kx, ky). (3.8)

Here Φn(kx, ky) is the refractive index power spectrum, L is the distance over which the

screen is simulated for and k0 is the wave-number (in vacuum) of the optical beam to

be used. The desired phase screen can be computed from

φ(x, y) = Real
{
F−1( χ(kx, ky)σ(kx, ky) )

}
, (3.9)

where χ(kx, ky) is a complex matrix of size N ×N with random entries sampled from a

normal distribution with 0 mean and a variance of 1. F−1 denotes the inverse Fourier

transform, where the Fast Fourier Transform (FFT) may be used. Although here we

show that the screen is extracted from the real part, it can in principal also be extracted
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from the imaginary part. Furthermore, the phase spectrum must be set to zero at the

origin Φ(0, 0) = 0 to avoid a large piston component in the final screen.

Examples of generated phase screens are shown in Fig. 3.1 (a), in order of increasing

turbulence from left to right. The turbulence strength is given as the Strehl ratio (SR)

which is a common but less descriptive parameter to specify turbulence strength. It is

defined by the ratio of the average on-axis beam intensity with, 〈I(0)〉, and without,

I0(0), turbulence. The experimental technique to measure this is discussed further on

in the section.

The screens as generated do not accurately model atmospheric turbulence since they

cannot perfectly represent low-order spectral components and therefore produce statis-

tics that do not conform to the theoretical structure function. As a result, sub-harmonic

methods to include low order components have been developed [165]. Example phase

screens that include these lower order components are shown in Fig. 3.1 (b).

The second method generates phase screens, shown in Fig. 3.1 (c), as superpositions of

Zernike polynomials following the expansion

ψ(r, θ) =

J∑
j=0

ajZj(r, θ) (3.10)

where (r, θ) are polar coordinates, J is the last index of the used modes and Zj(r, θ) ≡
Zm,n(r, θ) denote the Zernike polynomials. Zernike polynomials are a sequence of poly-

nomials that are orthogonal over a unit circle and commonly used to represent wave-front

distortions in optical beams [166]. The modes can be written as

Zm,n(r, θ) =

{ √
2(n+ 1)Rmn (r)Gm(θ) m 6= 0

R0
n(r) m = 0

, (3.11)

where the index j can be mapped onto the double index, (m,n), for positive integers

m ≤ n following the Noll convention [167]. The functions Rmn (r) and Gm(θ) are the

radial and azimuthal factors given by

Rmn (r) =

(n−m)/2∑
s=0

−1s(n− s)!
s!
(
n+m
2 − s

)
!
(
n−m
2 − s

)
!
, (3.12)

and

Gm(θ) =

{
sin(mθ) j is odd

cos(mθ) j is even
(3.13)
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Figure 3.1: Random phase screens of varying turbulence strength represented by
Strehl ratio. Rows from top to bottom are for the inverse power spectrum approach
(a), the sub-harmonic method (b) and the Noll (Zernike) method (c). The last row
illustrates the individual Zernike phase screens which make up the Noll method with
indices ranging from j = 1 to j = 6 (d), although in reality up to 60 screens are required

for a physically accurate result.

Examples of the first few Zernike modes in the Noll convention are shown in Fig. 3.1 (d),

contributing in the construction of a phase screen. We list the first three indexes: j = 2

(or (m,n) = (1, 1)), j = 3 (or (m,n) = (0, 2)) and j = 4 (or (m,n) = (2, 2)), which

represent tilt, defocus and astigmatism respectively. Although the indexes j = 1 and

j = 2 share the same index pairs, (m,n), and therefore the same radial factor, they have

differing phase factors due to the phase function, G(θ); one is an even function while

the other is odd.

Further, for the Kolmogorov spectrum the coefficients, aj , can be sampled from a normal

distribution with zero mean and a variance of, σ2nm = Imn × (D/r0)
5/3, where Imn can

be determined from the diagonal terms of the Noll matrix [167]. The phase screens are

therefore generated by making random drawings from the normal distribution with the
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Figure 3.2: (a) Typical set-up for creating a mode and then aberrating it with tur-
bulence (FL: Fourier Lens; SLM: Spatial Light Modulator). (b) Holograms for strong
(top, SLM) and weak (bottom, DMD) turbulence with (right) and without (left) grat-
ings. (c) Phase (left) and intensity (right) of ` = 3 beams through the setup with the

turbulence to the left.

appropriate variance to find each coefficient and using these in the summation of Eq. 3.10

to build a phase function that is representative of turbulence. Each drawing from the

random distribution will produce new coefficients and therefore a new phase screen.

Running these phase screens one after the other then represents changing turbulence of

the same strength and following the same Kolmogorov statistics.

Imn =
0.15337(−1)n−m(n+ 1)Γ(14/3)Γ(n− 5/6)

Γ(17/6)2Γ(n+ 23/6)
. (3.14)

This produces phase screens with statistical properties consistent with the Kolmogorov

model for atmospheric turbulence.

Once the phase functions corresponding to the phase screens have been generated, the

next step is to produce holograms that can be used to imprint the desired perturbation

onto an optical beam. By way of example we will demonstrate this procedure for SLMs
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and DMD devices. Given the phase function, ψ(x, y), a hologram tailored for a phase-

only device, can be calculated from [168]

H(x, y) = mod{ψ(x, y) + koxx+ koyy, 2π} (3.15)

where the factors kox,oy are the grating frequencies in the x and y (Cartesian) directions,

respectively. In this way, a structured blazed grating, with a phase depth of [0, 2π] is

generated.

Some devices allow for a modulation of up to 8π, which enables the simulation of steeper

phase gradients with fewer pixels. The disadvantage of SLMs is their modulation speed

which is typically tens of Hertz. The time scale at which turbulence changes is given by

the Greenwood frequency, which for modest conditions is an order of magnitude higher.

For this reason DMDs are ideal: they have modulation speeds of kilohertz, allowing

accurate simulation of realistically fast changing turbulence. Unfortunately, DMDs use

an amplitude only hologram encoding which limits efficiency: the first diffraction order

of a DMD has < 10% of the initial input power. The desired hologram can be calculated

as [83]

H(x, y) =
1

2
+ sign

(
cos
[
koxx+ koyy + πp(x, y)

]
+ cos( πw(x, y) )

)
, (3.16)

where w(x, y) = (1/π)× arcsin(A(x, y)) and p(x, y) = (1/π)× ψ(x, y) corresponding to

the amplitude and phase terms, respectively. Again, ψ(x, y) plays the role of the phase

function mapping the desired turbulence phase fluctuations. Since we only consider the

phase variations, the amplitude term can simply be set to unity, i.e., A(x, y) = 1.

The resulting screens are binary images having zeros and ones as entries. Fig. 3.2 illus-

trates examples of holograms generated by SLMs and DMDs, along with the resulting

beam phase and intensity. Fig. 3.2 (a) illustrates a typical experimental setup for gener-

ating and distorting the beam with turbulence. A collimated laser source is illuminated

onto the modulating device encoded with a fork hologram of desired topological charge

to create the vortex mode. The mode is then directed to another device imprinted

with the calculated phase screen. The effect of the turbulence is then observed at the

Fourier plane using a CCD detector. Examples of holograms for generating strong and

weak turbulence is depicted at the top (SLM) and bottom (DMD) rows of Fig. 3.2 (b)

respectively. The resultant beam phase and intensity is seen in Fig. 3.2 (c).

Now that we generated some phase screens and are able to produce holograms that can

be used to modulate optical beams, how do we know if they have imparted the desired

turbulence strength? The simplest way is to measure the Strehl Ratio which is given by
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Figure 3.3: Experimental measurement of Strehl Ratio using turbulence screens gen-
erated using the spectrum inversion (FT) and Zernike (Noll) methods showing a close

match to theory.

(for a plane wave in Kolmogorov turbulence)

SR =
〈I(0)〉
I0(0)

≈ 1

[1 + (D/r0)5/3]6/5
, (3.17)

where D is the aperture diameter. By using Eq. (3.17), it can be measured by comparing

the on-axis intensity of the obstructed and unobstructed beams. The SR parameter

produces a function scaling from 0 to 1, covering strong to weak turbulence, respectively.

It is instructive to exploit the relation between the normalised aperture size, D/r0, and

the SR in calibrating phase screens in the lab. Since we want to generate turbulence

strengths with a specific coherence length, r0, it is ideal to calibrate the system by

changing the aperture size argument, D, until the theoretical and experimental SR are

equivalent for various values of D/r0.

A schematic illustrating a typical setup for using this approach is shown in Fig. 3.2

(a) with examples of simulated and measured intensity patterns shown in Fig. 3.2 (b)

and (c), respectively. In the setup, a collimated laser beam is incident on an SLM and

imaged by a camera at the far-field of a Fourier lens for various turbulence strengths

parameterised by D/r0.

For each image, the on-axis intensity is recorded. The SR ratio can be calculated from

these intensities and then compared to the theory. Examples of the measured SR are

shown in Fig. 3.3 for a well calibrated system using the sub-harmonic spectrum inversion

and Zernike (Noll) methods.

3.4 Real-world turbulence

In a real-world experimental setup one of the challenges is to accurately measure the

turbulence parameters. In this section we move out of the laboratory and into the

real-world, discussing how to characterise atmospheric turbulence in real-time. Before

propagating a laser through terrestrial links, it is important to accurately characterise the
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strength of the turbulence in order to quantify the attenuation which can be expected.

This can be done by qualitative and/or quantitative means.

Qualitatively, the turbulence strength can be estimated from typical diurnal variations

[5, 169, 170]. The strength of turbulence within the boundary layer is mainly affected

by a diurnal cycle. The atmospheric boundary layer is the lowest part of the atmosphere

that is affected by interaction with Earth’s surface. During the day, solar radiation heats

up the surface of the Earth causing the air above it to be warmer. When this happens,

the cooler denser air will descend to displace it. The resulting vertical movement of air

together with flow disturbances causes significant variations in the temperature struc-

ture. The turbulence is strongest during midday where the temperatures are highest.

The air becomes more stable at night when surface cools down resulting in a tempera-

ture inversion. The cold and dense air limits density fluctuations resulting in minimal

variations in the refractive index structure. This translates to weak turbulence during

the night.

The turbulence strength can also be measured qualitatively through a number of tech-

niques, the simplest of which is by transmitting a Gaussian beam through a system and

measuring the turbulence strength from the beam wander effects, characterised statisti-

cally by the variance of the beam wander displacement given as [33]

〈r2c 〉 = 〈x2〉+ 〈y2〉, (3.18)

which denotes the mean square of the beam position on the detector. The optical

turbulence parameter, C2
n can then be deduced from the beam wander through the

relationship

C2
n = 0.328〈r2c 〉D

1
3L−3, (3.19)

where D is the diameter of the beam. To implement this experimentally, a Gaussian

beam was sufficiently expanded (approximating a plane wave) and was propagated across

the free-space link at different times of the day and the centroid position fluctuations

monitored with a high frame rate camera. From these fluctuations, the beam wander dis-

placement variance was calculated from Eq. 3.18 and the turbulence strength calculated

from Eq. 3.19.

Unfortunately, this technique is only valid in weak turbulence. If the technique is not

possible, or the turbulence regime is not weak, it is possible to accurately measure C2
n

using other weather parameters such as wind speed, temperature and pressure. One
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way of doing this is by using a three-dimensional wind vector instrument, called a sonic

anemometer [171, 172]. A sonic anemometer is a solid-state, ultrasonic instrument

which measures wind velocity in three orthogonal axes as well as the so-called sonic

temperature. Sonic anemometers are commonly used for accurate wind measurements,

but are sometimes used to measure near field turbulence around high towers, where

optical communication links are situated. A numerical transformation is then applied

to convert the resulting three wind vector components, together with temperature and

pressure measurements, into an instantaneous sonic temperature, Ts(t), from which the

time dependent temperature structure function constant, C2
T (t), can be inferred. Using

the Gladstone-Dale law it is trivial to convert this to the desired refractive index structure

function, C2
n. The advantage is that this device returns (by calculation) a time series of

C2
n values which can be measured over a 24 hour period.

3.5 Conclusion

In this chapter, we discussed the atmospheric effects of optical turbulence on laser beam

propagation. We outlined the process by which turbulence is formed and showed that

it results to three major effects on the spatial properties of the beam, which are beam

spreading, beam wander and scintillation. These effects induce variations in beam size,

position and intensity respectively. Each effect depends on the size of the turbulence

eddies distributed across the beam’s cross-section in relation to the width. Turbulence

eddies which are the same size of the beam width result in the beam spreading beyond

vacuum diffraction, thereby reducing the irradiance at the target/receiver plane. Eddies

much larger than the beam width will result in beam wandering effects where the beam

centroid is displaced from its intended target or receiver. Scintillation, which is the

fluctuations in beam’s intensity occurs when the turbulent eddies are much smaller than

the beam width.

We have also presented a toolkit on how to simulate turbulence in the laboratory envi-

ronment using SLMs and DMDs. We showed how to calculate thin phase screens with

desired turbulence statistics for encoding on these beam shaping devices. We discussed

two approaches commonly used for calculation of turbulence phase screens. The first is

a FFT based approach which utilizes a specific power spectral density to generate com-

plex independent Gaussian random numbers with zero mean and unit variance. Random

phase screens are then determined by taking the Fourier transform of the weighted power

spectrum. The main drawback of this method is that it does not accurately represent

low-order aberrations, which often make up a significant contribution in realistic turbu-

lence models. This can be mitigated by using the second approach, which is based on
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Zernike polynomials. The Zernike approach generates phase screens from a superposi-

tion of appropriately weighted orthogonal Zernike basis. The polynomial weightings are

calculated for different turbulence strengths based on the Noll covariance matrix. We

then experimentally demonstrated how the calculated phase screens can be encoded on

wavefront control devices to perturb the beam at various turbulence strengths at remark-

able modulation rates. Lastly, we discussed how to characterise atmospheric turbulence

for real-world experiments by quantitative means. Under weak turbulence conditions,

the strength of turbulence can be estimated from the statistical variance of the beam

wander. This simple technique only requires a camera or photodiode to implement.

Under strong turbulence conditions, one can make use of a sonic anemometer which

estimates the wind velocity of sound waves as it travels through the atmosphere. Since

the wind velocity depends on air density, it can be used to estimate temperature vari-

ations and therefore atmospheric turbulence. These techniques can serve as a valuable

resource to allow the transition of many laboratory demonstrations into the real-world,

a necessary step to push the limits in distance and information capacity. In the next

chapters, we apply some of these techniques to study turbulence in the laboratory and

real-world links.



Chapter 4

The resilience of orbital angular

momentum and

Hermite–Gaussian modes to

tip/tilt aberrations

This Chapter contains extracts from a publication by Bienvenu Ndagano, Nokwazi

Mphuthi, Giovanni Milione, and Andrew Forbes, ”Comparing mode-crosstalk and mode-

dependent loss of laterally displaced orbital angular momentum and Hermite–Gaussian

modes for free-space optical communication,” Opt. Lett. 42, 4175-4178 (2017).

4.1 Introduction

Free-space optical communication is the transmission of data over free-space with light

[173]. It is high-speed, free from licensing and, deployable where optical fibers are not. As

such, it underlies a number of burgeoning applications, such as, Facebook’s Internet.org

project which, aims to provide otherwise inaccessible and high-speed internet around

the world [174].

As data speed requirements unabatedly increase, there is interest in methods with which

to increase the data speed of free-space optical communication. Of particular interest is

the use of spatial modes of light, referred to as OAM modes, which carry a well-defined

OAM per photon [101]. OAM modes can be used as states with which to encode data,

or as channels with which to carry data [51, 55, 175]. OAM modes are a subset of

Laguerre-Gaussian modes (LG0,`); when propagating in the z-direction, OAM modes

28
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have an azimuthally varying phase given by exp(ı`φ) (Fig. 4.1(a)) where (r, φ, z) are

cylindrical coordinates, which results in a characteristic intensity null along the z-xis

(Fig. 4.1(b)).

Recent real-world experiments show that in practical free-space optical communication

links the use of OAM modes presents a number of challenges [54, 176, 177]. A preva-

lent challenge is the mitigation of mode-crosstalk and mode-dependent loss caused by

lateral displacement of the OAM modes at the data receiver. Mode-crosstalk and mode-

dependent loss are the transfer of energy between spatial modes, and the loss of power

of each spatial mode, respectively. Lateral displacement can be caused by motion of the

transmitter and receiver platforms as well as atmospheric turbulence. Note that lateral

displacement can occur simultaneously with angular error (tip-tilt), i.e., pointing error

[178].

However, OAM modes are not the only spatial modes that can be used for free space

optical communication [179–183]. The suitability of spatial modes may depend on their

symmetry with respect to the free space optical communication link. For example, if

rotation of the receiver was predominant then it may be suitable to use OAM modes

because they are rotationally symmetric, i.e., they experience less mode-crosstalk and

mode-dependent loss when rotated [184]. Yet, for links where lateral displacement is

predominant, it may be suitable to use other spatial modes which are more symmetric

with lateral displacement, i.e., they experience less mode-crosstalk and mode-dependent

loss when laterally displaced. Therefore, it may be of interest to compare the mode-

crosstalk and mode-dependent loss of laterally displaced OAM modes with that of other

spatial modes.

In this chapter, the mode-crosstalk and mode-dependent loss of laterally displaced OAM

modes (LG0,+1,LG0,−1) are experimentally compared with that of a Hermite-Gaussian

(HG) mode subset (HG0,1,HG1,0). It is shown that for an aperture larger than the

modes’ waist size, some of the HG modes can experience less mode-crosstalk and mode-

dependent loss when laterally displaced along a symmetry axis [93]. It is also shown

that over a normal distribution of lateral displacements whose standard deviation is 2×
the modes’ waist size, on average, the HG modes experience 66% less mode-crosstalk

and 17% less mode-dependent loss than the OAM modes.

4.2 Theoretical concept

The intensities (|HGm,n|2) and phase profiles (arg[HGm,n]) of LG0,+1, LG0,−1, HG0,1

and HG1,0 are shown in Fig. 4.1.
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Figure 4.1: Intensities (|HGm,n|2) and phase profiles (arg[HGm,n]) of (a) LG0,−2,
LG0,−1, LG0,+1, LG0,+2 (b) HG2,0, HG1,0, HG0,1 and HG0,2.

Consider HG modes that are generated and detected at a data transmitter (Tx) and

receiver (Rx), respectively, of a free space optical communication link. They are given

by HGin
minnin and HGoutmoutnout , respectively. When the HG modes are laterally displaced

at Rx the resulting mode-crosstalk and mode-dependent loss can be mathematically

described (without normalization) by an overlap integral:∫ +∞

−∞
dx

∫ +∞

−∞
dy HGinminnin(x, y)T̂ (∆~r)HGoutmoutnout(x, y) (4.1)

where, T̂ (∆~r)is a displacement operator given by, T̂ (∆~r) = exp(i∆~r · p̂/~) [185]. ∆~r =

∆xx̂ + ∆yŷ, p̂ = −i~((∂/∂x)x̂ + (∂/∂y)ŷ), and x̂ and ŷ are unit vectors in the x and

y directions, respectively. The displacement operator as applied in quantum mechanics

effects displacements in phase space by transversely shifting the position of the modes

from the optical axis of the receiver. The effect of the position displacement operation

can be described as

∫ +∞

−∞
dx

∫ +∞

−∞
dy HGinminnin(x, y)HGoutmoutnout(x+ ∆x, y + ∆y) (4.2)

Now, consider a subset of HG modes given by {HGm,0, HG0,n}. HG2,0, HG1,0, HG0,1

and HG0,2 of this subset are shown in Fig. 4.1(b). For this subset, the arguments

of the Hermite polynomials, arg[Hm,0(x)] and arg[H0,n(y)], i.e., the phase profiles of

the HG modes, are eigenfunctions of the displacement operators T̂ (∆xx̂) and T̂ (∆yŷ),
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Figure 4.2: (a) Schematic illustration of lateral displacement along x-direction of
phase profile of HG1,0 (b) Schematic illustration of lateral displacement along x-
direction of phase profile of LG0,+1 (c) Schematic illustration of emulation of lateral
displacement of reference frame of CGH at Rx. Lateral displacement along HG modes’

axes of symmetry modes are indicated by white arrows.

respectively. These displacement operators laterally displaced the corresponding HG

modes along directions corresponding to the HG modes’ axes of symmetry. In principle,

the phase profile of the modes is expected to change when laterally displaced along their

axes of symmetry. Mathematically, this is given by the equations:

T̂ (∆xx̂)arg[Hm0(x)] = arg[Hm0(x+ ∆x)], (4.3)

T̂ (∆yŷ)arg[H0n(y)] = arg[H0n(y + ∆y)]. (4.4)

Therefore, for this subset of HG modes, the overlap integral of Eq. 4.1 will be zero

for some HG modes when laterally displaced in some directions. As a result, when

laterally displaced, this subset of HG modes may experience less mode-crosstalk and

mode-dependent loss than OAM modes.

A schematic illustration of this for HG1,0 is shown in Fig. 4.2(a). As can be seen,

arg[HG1,0] changes when HG1,0 is laterally displaced along the x-direction. How-

ever, conversely, while not shown, if HG0,1 is laterally displaced along the x-direction,

arg[HG0,1] does not change. As shown in Fig. 4.2(b), this contrasts the lateral displace-

ment of, for example, LG0,+1 along any direction. This is of course within the physical
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bounds of the detection aperture; as a result of beam divergence, apertures smaller than

the spatial modes’ waist sizes cause power loss in the spatial mode measured [186]. Here,

it is assumed that the aperture is much larger than the spatial modes’ waist sizes. The

dashed circles in Fig. 4.2(a) and (b) schematically represent the sizes of the generated

modes.

4.3 Experimental implementation

4.3.1 Experimental setup

The experimental setup to demonstrate the concept is shown in Fig. 4.3. The funda-

mental mode of a laser (λ ∼ 532 nm) was expanded, collimated and, made to illuminate

one half of a phase only (0-2π) liquid crystal on silicon spatial light modulator (SLM)

which, served as Tx. HG and OAM modes were generated using complex amplitude

modulation [81], i.e., computer generated holograms (CGHs) comprising the amplitude

and phase profiles of the HG and OAM modes were displayed on that half of the SLM.

Then, using a 4f imaging system comprising two lenses (L1 and L2), the generated spa-

tial modes were imaged onto the other half of the SLM which, served as Rx. Using a lens

(L3) and a camera, the HG and OAM modes were detected using modal decomposition

[81], i.e., CGHs comprising only the phase profiles of the HG and OAM modes were

displayed on that half of the SLM. Note that for the subset of HG modes, the CGHs are

phase-only filters being, binary approximations to the Hermite polynomials. To emulate

lateral displacement of the spatial modes at Rx, the reference frame of the CGH at Rx

was laterally displaced as schematically shown in Fig. 4.2(c).

4.3.2 Results and discussion

Using the experimental setup described above, the mode-crosstalk between and, the

mode-dependent loss of HG10 and HG01 and, that of LG0,−1 and LG0,+1 were measured

as a function of lateral displacement in the x-direction. The results are shown in Fig. 4.4.

Mode-crosstalk and mode-dependent loss are given, respectively, by the equations:

Ci = 1− Si∑
j Sj

, (4.5)

Li = 1− Si
S0
, (4.6)

where, Si is the power measured in mode i,
∑

j Sj is the power measured in all modes

j when transmitting mode i and, S0 is the power measured in mode i for no lateral
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Figure 4.3: Experimental setup as described in the text. A collimated green laser
source was expanded and illuminated on half of the SLM (Tx) to generate the HG and
LG modes. A 4 f imaging system is then used to image the generated modes to the

other half of the SLM (Rx) to allow detection measurements.

displacement. Comparison of HG10 and HG01 with LG0,−1 and LG0,+1 is ‘fair’ because,

they have the same beam propagation factors (M2).

As shown in Fig. 4.4(a), as lateral displacement increases, HG01 experiences a mode-

dependent loss that is independent of lateral displacement and, less than that of HG10,

LG0,−1 and LG0,+1. This is in accordance with Eqs. 4.1 and 4.4. In principle, one

would expect the mode-dependent loss to be zero. The small fluctuations observed are

attributed to variation in background noise levels.

With regards to mode-crosstalk, the expectation was that HG10 and HG01 would not

experience mode-crosstalk while, LG0,−1 and LG0,+1 would. As shown in Fig. 4.4(b),

there is no mode-crosstalk from HG01 to HG10 while, the reverse statement is not true.

However, this does not contradict Eqs. 4.1 and 4.4. It is believed that the non-zero

mode-crosstalk is due to background noise. For a system with relatively good signal-to-

noise ratio, for zero lateral displacement,
∑

j Sj ≈ Si. However, as lateral displacement

increases, mode-dependent loss increases and, in turn, the signal becomes comparable

to the noise, i.e.,
∑

j 6=i Sj ∼ Si. As a consequence, the ratio on the right-hand side of

Eq. 4.5 decreases, resulting in C increasing.

In recent real-world experiments of practical free-space optical communication links, it
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Figure 4.4: (a) Experimentally measured mode-dependent loss of HG10 and HG01

and, LG0,−1 and LG0,+1 as a function of lateral displacement along the x-direction (X-
offset) in units of waist size (ω) (b) Experimentally measured mode-crosstalk between
HG10 and HG01 and, between LG0,−1 and LG0,+1 as a function of lateral displacement

along the x-direction (X-offset) in units of waist size (ω).
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Figure 4.5: (a) Random lateral displacements of OAM and HG modes as denoted by
blue points. Sizes of OAM and HG modes denoted by green circle (b) Experimentally
measured mode-dependent loss (c) Experimentally measured mode-crosstalk averaged
over 50 random lateral displacements for each pair of spatial modes as a function of σ.

was shown that OAM modes can experience random lateral displacements in all direc-

tions over time [54, 112]. To compare the influence of random lateral displacements on

the mode-crosstalk between and, the mode-dependent loss of HG10 and HG01 and, that

of LG0,−1 and LG0,+1, random lateral displacements that had a normal distribution of

mean zero and, a standard deviation, given by σ, were emulated. For a given σ, a set of

50 random lateral displacements, given by X, were emulated, such that, X ∼ N (0, σ2)

(Fig. 4.5(b) and (c). For each pair of spatial modes, for a given σ, mode-crosstalk and

mode-dependent loss were averaged over the 50 random lateral displacements. For each

pair of spatial modes, the resulting average mode-crosstalk and mode-dependent loss

as a function of σ are plotted in Fig. 4.5(a). As can be seen, HG10 and HG01 can

experience 66% less mode-crosstalk and 17% less mode-dependent loss than LG0,−1 and

LG0,+1 when σ = 2w.

Interestingly, note that despite significant mode-dependent loss (> 70%), the highest

average mode-crosstalk is less than 20% for either pair of spatial modes. That is because

mode-crosstalk is normalized with respect to the the powers of the pair. However, there

may be mode-crosstalk to spatial modes other than the pair. This is shown in the insets

in Figs. 4.5(a) and 4.5(b) for mode-crosstalk between OAM modes from ` = −5 and

` = +5, excluding ` = 0, when receiving a laterally displaced LG0,+1. As can be seen, as

expected, for σ = 0, there is no mode-crosstalk. However, for σ ≈ 1.3ω, there is mode-

crosstalk to OAM modes other than LG0,+1 and LG0,−1. The fractional power difference
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between LG0,−1 and LG0,+1 is relatively high. Hence, the low average crosstalk value

of ∼ 8%.

4.4 Conclusion

In conclusion, the mode-crosstalk and mode-dependent loss of laterally displaced OAM

modes (LG0,+1,LG0,−1) were experimentally compared with that of a Hermite-Gaussian

(HG) mode subset (HG0,1,HG1,0). It was shown, for an aperture larger than the

modes’ waist sizes, some of the HG modes can experience less mode-crosstalk and mode-

dependent loss when laterally displaced along a symmetry axis. It was also shown, over a

normal distribution of lateral displacements whose standard deviation is 2× the modes’

waist sizes, on average, the HG modes experienced 66% less mode-crosstalk and 17%

less mode-dependent loss.

Note that the results do not contradict those of Restuccia et al. [187], who demonstrated

that for an aperture that is smaller than the waist sizes, LG modes may have higher

information capacity compared to HG modes. Here, it is assumed that the aperture is

much larger than the modes’ waist sizes.
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Investigating the self-healing of

Bessel beams through aberrations

and turbulence

This Chapter contains extracts from a publication by Mphuthi, Nokwazi, Roelf Botha,

and Andrew Forbes. ”Are Bessel beams resilient to aberrations and turbulence?.” JOSA

A 35, no. 6 (2018): 1021-1027.

5.1 Introduction

Since the seminal theoretical and experimental work on Bessel beams [115, 116], such

beams have been extensively studied to date [118, 119, 121, 188–192], having found a

myriad of applications from optical trapping [193–196], communication [197–206], quan-

tum studies [207–212], intereferometry [213], microscopy [214, 215] and have even been

produced as matter waves [216, 217]. A particular property that has been exploited is

the self-healing ability of such beams [120, 218–221]. While it has been known for a long

time that this property is not unique to Bessel beams [222–227], they have nevertheless

become the defacto test bed for this optical phenomenon.

Traditionally the self-healing ability of such beams has been studied with opaque objects,

and the reconstruction has been explained as the interference of unobstructed conical

waves [228, 229], as depicted in Fig. 5.1. In this scenario the conical waves by-pass the

obstruction, which in turn produces a shadow region. After the shadow region the conical

waves again overlap, and by interference reproduce the original Bessel beam, albeit it

with less power and over a limited range in both the transverse and propagation planes.

37
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This reconstruction is possible only because the unobstructed conical waves are (for the

most part) not influenced by the obstruction, that is, apart from some small diffraction

effects, they appear to bypass the obstruction. When the obstruction is transparent, say

in the form of an aberrated screen, then clearly this argument does not hold. Despite

this, many studies have suggested that Bessel beams are resilient to all obstructions

[230], while the literature has mixed conclusions (mostly theoretical) on the resilience of

Bessel beams to turbulence [231–236].

In this chapter, we consider this hypothesis both theoretically and experimentally, show-

ing that Bessel beams do not always self-heal from transparent obstructions, and never

self-heal from turbulence where the entire beam is affected [237]. Using digital holo-

grams written to a spatial light modulator (SLM), we programme controlled aberrations

and study the influence on the self-healing. We find that the scattering always affects

the Bessel beams but to a degree that varies with the severity of the aberration. Rather

counter-intuitively we show that the effect can be minimised even for strong aberrations.

Finally, by combining aberrations to form a simulation of atmospheric turbulence, we

show that when the entire beam passes through the screen, as it would in the real-world,

that the beam is always perturbed in a manner that is concomitant with the strength

of the turbulence. Our results debunk the myth that Bessel beams always self-heal and

provide a systematic approach to future studies in this field.

5.2 Theory

The detailed theory in this section was introduced in previous chapters but will be briefly

mentioned here for the benefit of the reader. We start by outlining basic literature on

the creation and detection of Bessel beams before applying them in the study, We also

briefly revisit the technique of creating phase screens using aberrations to perturb the

Bessel beams.

5.2.1 Self-healing property of Bessel beams

The ideal Bessel beam is an exact, propagation invariant solution to the Helmholtz

equation containing an infinite amount of power. This cannot be realized physically

so often approximations of these beams, known as Bessel-Gaussian beams [117], are

generated in the laboratory through techniques such annular slits [121, 238, 239], axicons

[240–242], holograms [190, 191, 201, 243–246], interferometers [247] and inside laser

resonators [248–258]. They are also easily detected using holograms and custom optics
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Figure 5.1: Self-healing principle of Bessel-Gaussian (BG) beams. Plane waves inci-
dent on an axicon of apex angle α are refracted to form conical waves which interfere to
form a BG beam in the region zmax. An opaque obstruction placed at 1

2zmax blocks
the waves while allowing unblocked waves to interfere at a short distance behind the
obstruction, i.e., after zmin. The inset depicts the theoretical profiles (a-e) of the beam
at different distances before and after the obstruction together with corresponding ex-
perimental images (d-h). The images a and e illustrates the beam just after formation
while images b and f illustrates the beam at the obstruction region. The region im-
mediately after the obstruction is illustrated by images c and g while the self-healing
region is illustrated by images e and f. The plane z0 is the region where the beam is

expected to self-heal completely.
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[191, 201, 259]. At a propagation distance of z = 0 the complex amplitude of the

Bessel-Gaussian beam can be simplified to take the form:

U(r, φ, z = 0) = Jl(krr) exp

(
r2

w2
0

)
exp(ilφ) (5.1)

where Jl denotes the l-th order Bessel function of the first kind, kr is the radial compo-

nent of the wavevector with wavenumber k = 2π
λ and w0 being the waist of the Gaussian

beam. The radial and longitudinal wave vectors are related by k2 = k2r + k2z . As previ-

ously stated, BG beams are geometrically formed by a superposition of coherent plane

waves lying on a cone. The principle behind the self-healing property is illustrated in

Fig. 5.1, where the conical plane waves are seen to be blocked by an opaque obstruction

placed at 1
2zmax. The shadow region, zmin depends on the obstruction size. The self-

healing occurs behind zmin, where the unobstructed plane waves are seen to interfere.

We can analytically determine the amplitude of the field transmitted at a particular

distance z in free-space by using the known solutions to the wave equation for this func-

tion [117], and from the obstruction by using the angular spectrum method or by using

suitable geometric approximations [228, 229]. Here, we apply the angular spectrum ap-

proach to our numerical simulations. An example of this is shown in the insets of Fig. 5.1

where we show a comparison of the experimental and theoretical self-healing.

5.3 Experimental implementation

5.3.1 Experimental setup

To study the self-healing of BG beams after encountering a transparent obstruction we

used the experimental setup outlined in Fig. 5.2. An Argon-ion laser operating at a

wavelength of 514 nm was collimated to produce a Gaussian beam of radius w0 = 0.6

mm, which was directed to the SLM (Holoeye PLUTO-2-VIS-056, with 1920 ×1080

pixels of pitch 8 µm). The SLM screen was equally divided into two parts, one for the

generation of the desired beam and the other for digitally implementing the perturbation

(obstruction).

A digital axicon was encoded on the first half of the SLM for the creation of the BG

beam while the obstruction side was encoded with aberration masks of a desired radius,

or finally the turbulence phase mask. The obstruction in the shape of disk was placed at

an effective distance of 1
2zmax (by imaging the created beam to this plane) to ensure that

the obstruction was at the centre of the Bessel region. The diameter of the obstruction

was chosen to be 2
3w0, corresponding to the chosen Zernike unit circle. This was to
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Figure 5.2: (a) Schematic of the experimental setup used to study the self-healing
of BG beams after encountering a phase-changing obstruction. A collimated Argon-
ion laser source is used to generate a BG from an axicon encoded on one half of the
SLM screen (labelled as 1) while the second half (labelled as 2) was encoded with the
obstruction. The distance between SLM1 and SLM2 was 1

2zmax, thereby placing the
obstruction in the middle of zmax. (b) A conceptual illustration of the core optical

planes, showing the position of the two phase screens of the SLM.
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ensure that the polynomials remain valid over the definition radius. Aperture A1 was

placed at the focal plane of L2 (f = 200 mm) to ensure that only the desired first order

was imaged onto second part of the SLM. The resulting beam was allowed to propagate

and the self-healing observed at different propagation distances after the obstruction by

detection on a CCD camera (PointGrey), with most measurements to be reported at

the distance z = z0 as shown in Fig. 5.2. A blazed grating was applied to all masks in

order to separate the desired first diffraction order from the others, which were filtered

by Lenses L3 and L4 (f = 250 mm) together with an aperture.

Figure 5.3: Theoretical and experimental images depicting the evolution of the BG
beam after encountering different aberrations.The columns (a-g) represent different ob-
structions while the rows represent different observation planes within zmax. Column
(a) depicts the reference case of an opaque disk obstruction, while columns (b,c,d,e,f
and g) depict tilt, defocus, astigmatism, coma, trefoil and spherical aberrations with a
magnitude coefficient of unity (an,m = 1) respectively. Rows 1 (theoretical) and 2 (ex-
perimental) illustrates the influence of the obstruction at the shadow region(zmin),while
row 3 (theoretical) and 4 (experimental) illustrates how the beam has evolved at the

self-healing region(z0).

5.3.2 Aberration results

Fig 5.3 depicts some examples of the evolution of the beam after encountering various

primary aberrations, where the first two rows display the beam at the shadow region

and the last two rows display the self-healing region, along with their corresponding

theoretical predictions. Measurements were first taken for the reference case of an opaque

obstruction and shown in column 1. As expected, the beam is seen to self-heal at z0,

where the beam regenerates a certain portion of its initial intensity profile. This is in
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agreement with previous analytical predictions which have stated that the beam will not

reconstruct to its initial size [225].

To investigate phase perturbations, aberrations were encoded inside the obstruction and

the effect on the resulting self-healing observed at both the zmin and z0 planes and

shown in Fig. 5.3. In this case, the disturbance of the beam due to the aberrations is

more evident at the shadow region for all aberrations types. For the case of tilt (Z1−1),

the beam centroid is seen to be laterally displaced in the vertical direction and is still

evident at the self-healing region. Not surprisingly, we find that the aberration type

influences the manner of the self-healing and visually it appears that the asymmetric

aberrations have a more pronounced affect on the ability to self-heal. For example, the

triangular pattern due to trefoil (Z33) remains distinctive even at z0.

To investigate how the strength of a given aberration influences the self-healing property,

we performed a correlation of the perturbed and unperturbed intensity profiles at the

self-healing plane (z = z0) as a function of the aberration strength, with the results shown

in Fig. 5.4 for astigmatism, trefoil and spherical aberrations. The aberration strength is

quantified as the variance or the coefficient of the aberrations. These aberrations were

chosen as representations of even, odd and radial aberrations, respectively.

Figure 5.4: Correlation of the perturbed beam against a reference unperturbed beam
at the plane z = z0, plotted as a function of aberration strength, for odd and even

aberrations as well as aberrations with no azimuthal dependence(ie m=0).
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Figure 5.5: Relationship between beam energy and aberration strength. The mea-
surements are shown for astigmatism, trefoil and spherical aberrations for the same
aberration strengths as Figure. 5.4. It is clear that energy decreases with an increase
in aberration strength for all the displayed aberrations. The dotted lines are estimated

based on a least-squared fit on the measurements.

Intensity correlations serve as a measure of beam quality with values between 0 and 1,

denoting poor and high beam quality respectively. In this case, a high quality beam

is expected for an undisturbed beam while poor quality will characterise a beam so

greatly disturbed that it no longer resembles the reference beam. Initially, with no

aberrations programmed, the beam is unperturbed. As aberrations are introduced, the

beam quality begins to deteriorate as demonstrated by the declining correlation values

in Fig. 5.4. This decline is a result of the aberration distorting the conical waves, thereby

prohibiting full reconstruction. Intriguingly, after aberration strengths of 1 and above

(by coefficient value), an improvement in the self-healing is noted, where the beam

quality starts to increase and thereafter converging for higher coefficients. One can

understand this result by observing Fig. 5.5, which illustrates the relationship between

peak energy and aberration strength at the plane z = z0. From this it can be seen

that the peak energy decreases as the aberration strength increases. This decrease in

energy can be attributed to diffraction spreading that occurs as the aberration strength

is increased, similar to scattering. Diffraction redistributes the energy outwardly away

from the beam centroid where conical reconstruction occurs. This effect is graphically

illustrated in Fig. 5.6, where diffraction effects are seen to increase with trefoil aberration

strength.
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Figure 5.6: Theoretical and experimental(insets) images of Bessel beams at the self-
healing plane after encountering trefoil of magnitude, a3,3, of (a) 1, (b) 5, (c) 10 and
(d) 20. The circles indicate the region of the beam visible to the detector. self-healing
is seen to improve with increasing aberration strength around the centre of the beam.

The diffraction effects outside the circles increase with aberration strength but the qual-

ity of the beam inside the circle is seen to improve. It is therefore evident that the

greater the distortion, the more the beam seems to be diffracted. This is because large

aberrations will cause significant deviations from a spherical wavefront, thereby causing

the beam to spread, consequently weakening the detectable overlap with the original

unperturbed conical waves. The result is the illusion of a weak aberration acting on the

beam.
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5.3.3 Turbulence results

The turbulence phase screens were created by summing the weighted aberrations as

described in section 3.3. Rather than disturbing a small part of the beam, the turbulence

was encoded to disturb the entire beam as would be the case in a real atmospheric

propagation. The strength of the turbulence is denoted as the normalised coefficient

D/r0, with large values indicating strong turbulence. In Fig. 5.7 we show the results

of the beam initially and at the self-healing plane for D/r0 values of 3, 10 and 20,

representing weak, moderate and strong turbulence, respectively. In all these cases one

finds that the beam is seen to deteriorate with propagation distance concomitant with

the strength of the turbulence, i.e., no self-healing at all, which can be understood

from the fact that all conical waves are disturbed and so there is no by-passing of the

“obstacle”.

Figure 5.7: Experimental images of the BG beams after encountering turbulence.
(a) - (c) shows the BG beam immediately behind the turbulence screen while (d) - (f)
shows the BG beam at z = z0. In all plots the turbulence increases from left to right

with D/r0 values of 3, 10 and 20.

5.4 Discussion

It is undeniable that Bessel beams present certain advantages over other beam types

used in free-space optical communications, in terms of power delivery [233, 235] and
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individual channel efficiency [236]. However, in order to claim resilience through phase

perturbations, the Bessel beam has to self-heal after encountering random phase errors.

The self-healing aspect can be demonstrated in the form of intensity similarity checks

between the beam before and after a disturbance has occurred. It is visually evident from

Figure 5.3 that obstructions in the form aberrations do not lead to absolute self-healing

as remnants of the disturbance are seen at the self -healing region. This result clearly

contradicts [230] which claim that Bessel beams are able to self-heal after encountering

phase disruptions. The discrepancies can be attributed to the form and size of the

obstruction used. In [230] the obstruction is a combination an amplitude and a phase

obstacle of minute size (d = 4.8/kr). In this case, the conical waves blocked by the

amplitude part of the obstacle do not get to interact with the phase-changing obstacle.

Instead, what is seen behind the obstacle is a hollow centre as a result of the opaque

disk with no influence from the phase perturbation. The influence of the phase object

only becomes noticeable after further propagation where there is interference of the

undisturbed plane waves with the phase obstacle. The self-healing therefore occurs as

a result of the amplitude perturbation introduced before the phase object. However, in

our study, where the size of the obstacle is significantly larger and the disturbance is

only phase-changing, we see that self-healing of the BG beam is not always guaranteed.

The self-healing process has always been based on the intuition that undisturbed conical

waves will interfere to reform the BG beam. This has previously been demonstrated for

opaque obstructions of finite size, but here we show that this is not in general true for

arbitrary phase obstructions. As a caveat we note that the influence of an aberration

on the resulting beam is an interplay between the aberration strength and the distance

at which the observation takes place, where under some conditions it is possible for

the self-healing to again improve with an increase in the aberration. We have also

shown that it is impossible for the beam to self-heal when the disturbance covers the

entire beam, as is the case with turbulence. Here the beam is seen to deteriorate with

propagation distance. It is important to note that this does not necessarily contradict

previous work in [232] and [234] which have demonstrated the resilience of partially

coherent and Hankel- Bessel beams. The concept of resilience in those cases, refers to

the rate at which the beam quality factor degrades as well as the beam’s ability to

focus in turbulence channels. The aforementioned merits do not extend to the self-

healing aspect when the beam is subjected to phase errors. Despite this realization,

obstructed Bessel beams can still be efficiently utilised for optical communication and

imaging applications as the lost information can be recovered, even after significant

distortions. This was demonstrated for obstructed pulsed Bessel beams , using adapted

image-processing procedures to restore losses in contrast and spatial frequencies [260].
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5.5 Conclusion

In this chapter, we have shown that the notion of Bessel beam self-healing under phase

perturbations does not always hold true. This has been demonstrated by disturbing a

BG beam with transparent obstructions in the form of Zernike aberrations. We have

shown that in such a case, the influence of the perturbation is noticeable both in the

shadow and self-healing regions, therefore we cannot affirm complete self-healing as in

the case with opaque obstructions. On the other hand, we can reduce the effects of the

aberrations by scattering the aberrated energy to the outskirts of the beam in order to

minimize its influence on the beam seen by the detector. Moreover, when the entire

beam is disturbed, as in real life atmospheric turbulence, no self-healing can occur.

All impinging conical waves become disturbed, diminishing any chance of self-healing.

Therefore, contrary to some suggestions, Bessel beams are not resilient to atmospheric

turbulence. In addition to spatial self-reconstruction, this study can be extended to

investigate spatio-temporal self-reconstruction of pulsed Bessel beams obstructed by

dispersive obstacles to illustrate the same concept.
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Propagation of shape-invariant

Bessel beams through real world

turbulence

This Chapter contains extracts from a publication by Mphuthi, Nokwazi, Lucas Gailele,

Igor Litvin, Angela Dudley, Roelf Botha, and Andrew Forbes. ”Free-space optical com-

munication link with shape-invariant orbital angular momentum Bessel beams.” Applied

Optics 58, no. 16 (2019): 4258-4264.

6.1 Introduction

The transmission of data through multiple independent channels has gone a long way

into alleviating the ever-increasing data traffic in modern telecommunication networks

[261, 262]. By utilizing independent properties of light, such as wavelength, polarisation

and spatial profile as carriers of information, we are able to improve data bandwidth and

channel capacity in free-space optical communication systems. While it is established

that OAM modes are not the only spatial modes which can be utilized for free-space

optical communication, they however remain the mode of choice for many Mode Division

Multiplexing (MDM) links, reaching up to terabit capacity in the last decade [55, 175,

263, 264]. Now OAM needs a carrier radial mode, a fact often ignored in the creation of

OAM beams (traditionally created by modulating a Gaussian mode with a helical phase).

Radial mode control of OAM modes can be accomplished with the full Laguerre-Gaussian

mode set or the Bessel-Gaussian mode set. The properties of Bessel beams makes them

a interesting mode of choice for free-space optical communication applications [183, 198–

200, 236, 265, 266]. The limitation of these beams mainly lies in the fact that they are

49
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diffraction-free for a limited propagation distance, thereafter becoming an annular ring.

The lack of shape-invariance, changing from a Bessel structure to an annular ring, is a

major drawback for long-range applications such as free-space optical communications.

This can be overcome by using long range Bessel beams that are shape invariant during

propagation [267]. These beams have longitudinally dependent cone angles which allow

the Bessel-like shape to be preserved as the beam propagates, can easily be created in a

single hologram and posses self-healing abilities as usual Bessel beams [268].

Here we experimentally create these beams with Spatial Light Modulators, imbue them

with OAM, and then apply them to an optical communication link in free-space. We

investigate the effects of atmospheric turbulence on modal cross-talk under a variety of

real-world conditions across our 150 m link. In the presence of turbulence, the OAM

spectrum is known to spread [53, 269–273], which we study here with Bessel-like OAM

beams. We characterize the link performance and in particular the turbulence strength

under different weather conditions and various times of day. Our results show successful

generation and detection of shape-invariant Bessel beams across a free-space link with

turbulence-induced cross-talk.

6.2 Shape-invariant Bessel beams

Here we briefly outline the concept and theory of shape-invariant Bessel-like beams for

the benefit of the reader before applying it to our case study. Classical propagating

Bessel-Gaussian modes can be described by Eq. 2.4. At a propagation distance z = 0,

this solution reduces to take the form:

U(r, φ, z = 0) = Jl(βr) exp

(
r2

w2
0

)
exp(ilφ), (6.1)

The β factor is given by β = k sin θ, where θ is the angle at which the plane waves

interfere as illustrated in Fig. 2.2. By engineering the cone angle to decrease with

propagation distance, the depth of focus can be enlarged and the shape of the Bessel

beam preserved. Such shape-invariant Bessel beams can be generated by a phase-only

approach with a transmission function given by [267]

Φ(r) = exp[ik(arn + brm)], (6.2)

where a, b, n and m are the design parameters of the phase element. By employing the

stationary phase approximation we can calculate the cone angles such that the angle
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n = 1, m = 2 n = 2, m = 3 n = 1, m = 3

αc(z) = r1a
az−r1 αc(z) = r1

12az2
(1 + 10az + F (a, z)) αc(z) = r1

6az2
(r1 + 4az +G(a,w, z))

F (a, z) =
√

1 + 20az + 4a2z2 G(a,w, z) =
√
r21 + 8ar1z + 4a2z2

Table 6.1: Solutions for calculating particular cone angles for given n and m values.
The cone angles are dependent on the propagation distance z and element parameters

a and r1.

of arrival of the conical waves at any transverse plane is identical and decreases with

distance. Mapping rays from a source plane r0 to some screen plane rs at some z distance

results in an eikonal equation of the form

anrn−10 + bmrm−10 +
r0
z
− rs
z

= 0. (6.3)

If the aperture of the optic is denoted as r1, then the phase element parameters required

to generate a Bessel-like beam must satisfy

b = −a
( n
m

)
rn−m1 . (6.4)

The general solution to finding the unknown cone angles, αc, is therefore found from

αc + an(r1)
n−m(zαc)

m−1

+ an(−r1)n−m(−r1 + 2zαc)
m−1 + (−r1 + 2zαc)

n−1

− an(zαc)
n−1 = 0.

(6.5)

Table 6.1 lists cone angle solutions to the most common optical elements with n = 1,

m = 2 (an axicon-lens doublet), n = 2, m = 3 (aberrated lens) and n = 1, m = 3

(aberrated axicon). The powers n and m values are arbitrarily chosen and present no

significant relevance other than simplicity in the implementation process.

When the aforementioned design procedure is followed the result is a shape-invariant

Bessel structure from the near to the far field as demonstrated in Fig. 6.1. This is

advantageous for optical communication as the far-field signal near the origin of the

beam (where the detector is found) can be made larger than would be the case for a

conventional Bessel beam that transforms into an annular ring. However, the drawback is

that the Bessel structure is no longer non-diffracting, instead diverging with propagation

distance. Upon imparting orbital angular momentum to the beam, we can represent the

beam as
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U(r, φ, z) = Jl(kαc(z)r) exp

(
r2

w2
0

)
exp(ilφ). (6.6)

𝒍 = 𝟎 

𝒍 = 𝟓 

Near field Far field Hologram 

Figure 6.1: Holograms for generating zero and high-order shape-invariant Bessel
beams with their respective intensity profiles at the near and far-field planes.

Examples of holograms used to generate Bessel-like beams of any order with their result-

ing intensity profiles are shown in Fig. 6.1. The holograms should be calculated to have

grey-scale values ranging from 0 to 2π to allow phase shift modulation by the Spatial

Light Modulator (SLM).

6.3 Experimental implementation

6.3.1 Experimental setup

To investigate the feasibility of using shape-invariant Bessel beams for free-space optical

communication, we generated and propagated the beam through a real-world 150 m

link with atmospheric turbulence, as illustrated in Fig. 6.2. A Gaussian beam of radius

w0 = 0.8 mm from a Helium-Neon laser, operating at a wavelength of 632.8 nm, was

expanded using lenses L1 (f = 50 mm) and L2 (f = 150 mm) and incident on a Spatial

light Modulator (Holoeye PLUTO, with 1920 ×1080 pixels of pitch 8 µm). The SLM

was encoded with the phase function given by Eq. 6.2, with parameters chosen as a
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= 0.58 µm, n = 1, m = 2 and r1 = 5 mm. The choice of parameters determines the

radial spacing of the rings, otherwise known as the kr factor in traditional Bessel beams,

as well the distance which the beam can propagate. Using lenses L3 and L4, both

having a focal length of 100 mm, we filtered the desired first order using an aperture

A positioned at the focal length of L3. In order to minimize divergence, a 5× Galilean

beam expander was used to increase the beam further to a radius of w0 ≈ 15 mm before

propagating 75 m in an outdoor link to a retro-reflector located at about 75 m from the

lab. The beam was reflected back on the same path to make up a total link distance

of L = 150 m. A 200 mm concave mirror was used to focus the beam upon its return.

The beam was then directed towards a second SLM for detection measurements. The

second SLM served as a correlation filter where modal decomposition measurements were

performed to measure the modal crosstalk [81]. Modal decomposition allows unravelling

of an unknown field into its constitution parts. For higher-order Bessel beams, this

means unpacking information contained in both the OAM l and the radial kr index

[190, 191]. The field can be expanded into the basis of angular harmonics, which are

orthonormal over the azimuthal plane. The coefficients will determine the amplitude

and the intermodal phase of the unknown field relative to other modes. This is done

experimentally by programming the conjugate of the mode as the correlation filter. The

inner product (on-axis intensity) of the unknown field and the correlation filter, observed

at the Fourier plane, reveals the power content of each mode.

6.3.2 Link Characterisation

In any communication link, a link budget analysis is crucial in order to characterise the

link under operating conditions. Characterisation is done by quantifying the beam’s

attenuation as a result of atmospheric, optical and geometric losses. As the beam prop-

agates through the atmosphere, it will incur losses due to atmospheric absorption and

scattering, different weather conditions (such as rain) and optical turbulence as a re-

sult of beam wandering and scintillation. Absorption and scattering of molecules and

aerosols will result in wavelength dependent energy losses, thereby affecting the beam’s

transmission through the atmosphere. These losses can be calculated from the Kruse

model, which takes into account the meteorological visibility parameter V to give a

rough estimate of the losses. The Kruse model is given by [274]

Latm[dB/km] =
17

V

(0.55

λ

)q
, (6.7)

where q is given by
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Figure 6.2: Experimental setup of the 150 m free-space link used to generate and
measure shape-invariant Bessel beams. a) An expanded HeNe laser source illuminates
an SLM encoded with a phase-only element to generate the beam. The beam is propa-
gated through real turbulence, reflected off a retro-reflector back to a measuring SLM
encoded with de-multiplexing holograms. The intensity profile of the beam before it

leaves and when it returns are depicted in b) and c) respectively.

q =


1.6 if V > 50km

1.3 if 6 < V < 50

0.585V
1
3 if V < 6

and λ is the wavelength in nm

The site location where the experiment was conducted often sees rainy weather condi-

tions. Rain induces losses independent of wavelength in optical communication systems.

The modelling of rain attenuation is mainly done by empirical methods. The model is

given by [275]

Lrain[dB/km] = k1R
k2 , (6.8)

where R is the rainfall rate measured in mm/hr and k1 and k2 are constants that

depend on the size of the rain drops and the rain temperature. The rain constants were
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obtained from the South African Weather Service for the location where the experiment

was conducted. Rain losses can often be compensated by using high powered lasers.

Optical turbulence losses are inevitable in any free-space link and are mostly due to the

effects of beam wander and scintillation. From the Rytov’s analysis, we can determine

a relationship between the variance and the optical turbulence parameter [276]. The

attenuation due to turbulence is given by [277]

Lturb[dB] = 2

√
23.17C2

nk
7
6L

11
6 , (6.9)

where C2
n is the optical turbulence parameter which represents the strength of turbulence

and L is the propagation path length. The turbulence strength, was deducted from beam

wandering effects as shown in section 3.4. The minimum measured value for the optical

turbulence parameter (measured at night) was 3.21× 10−14 m−2/3 where the humidity

was at its peak at 50%, the temperature was 289 K and the wind speed was 1.2 m/s.

The maximum value for the optical turbulence parameter (measured during the day)

was 1.35× 10−13 m−2/3 with 22% humidity, 27.3 ◦ C and a wind speed of 2.3 m/s. The

standard deviation for the optical turbulence parameter is 9.46 × 10−14 m−2/3 which

is close to 1 × 10−13 m−2/3. General guidelines suggest strong turbulence at values of

C2
n ≈ 10−13 or more, weak turbulence from C2

n ≈ 10−17 and less, with moderate in

between [33]. From the measured turbulence parameters, we calculated the Strehl ratio

of the beam at different times of the day. The results are displayed in Fig. 6.3. The

best quality was observed during the day when the turbulence is weakest. The results

confirm typical diurnal variations during different times of the day.

Geometric losses make up the biggest contribution in all free-space optical communi-

cation systems under clear weather conditions. Geometric losses can be calculated by

[278]

Lgeo = −10 log(
DRx

DTx + θL
)2, (6.10)

where DRx is the diameter of the receiver, DTx is the diameter of the transmitter and

θ, measured in mrad, is the divergence of the transmitted beam. Since the geometric

losses largely depend on the divergence angle, the transmit beam size was enlarged to

minimize diffraction effects as the beam propagates. From the calculated losses, the link

budget analysis can then be calculated as

PRx[W ] =
PTxGTxGRx( λ

4πz )2

Lsys, Lturb, Latm, Lrain, Lgeo
, (6.11)
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Figure 6.3: Strehl ratio at different times of the day. The turbulence strength is
strongest at midday, and this is where the image quality is mostly deteriorated. Rainy
weather conditions further degrade the image quality when compared to non-rainy

weather.

where PTx is the total power transmitted through the system after the all the losses from

each optical component has been eliminated. GTx and GRx denote the antenna gain for

the transmitter and receiver respectively, while Lsys are system-dependent losses which

include losses due to link misalignment, telescope losses etc. The total power received

at the detector of any free space communication system is therefore given by

PRx = PTx − Lsys − Lturb − Latm − Lrain − Lgeo. (6.12)

Table 6.2 lists the parameters used to perform the link budget analysis. The system was

set up such that both the Gaussian and Bessel-like beams had equivalent divergences

and comparable transmission and receiver losses. Further, as both where expanded to

have a Rayleigh length well beyond the link distance (zr ≈ 10L), the beams appeared

collimated and thus “plane-wave-like”. As such, the atmospheric components of the link

budget, which are not beam specific, could be calculated assuming simpler plane wave

formulations. The losses incurred in the communication link were measured at -24 dB,

with geometric losses making up the biggest contribution to this value. The received
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Parameters Value

Transmitter aperture diameter 50.8 mm

Receiver aperture diameter 152.4 mm

Wavelength 632.8 nm

Link range 150 m

Height above ground 9 m

Laser power 17 dBm

Number of lenses 8

Number of mirrors 11

Camera sensitivity -40 dBm

Receiver focal length 1.5 m

Transmitter power 13.6 dBm

Table 6.2: Free-space link parameters.

power was measured to be 12.5 dBm. This ultimately places the strength of the received

signal above the sensitivity of the detector, which is -40 dBm.

6.3.3 Crosstalk Results

The conventional method of performing crosstalk measurements is through multiplexing

and de-multiplexing. This refers to a process of propagating multiple orthogonal l modes

along the same beam axis and spatially separating them at the receiver end by assigning

a different carrier frequency to each mode. The crosstalk matrix therefore illustrates

the transfer of power between the spatial modes before and after propagation through

atmospheric turbulence as depicted in Fig. 6.4. The modes chosen for the demonstration

range from l = −5 to l = 5. The Bessel beam results were compared with helical Gaus-

sian beam results of the same OAM values. Column a) and b) represent the crosstalk

measurements for shape-invariant Bessel beams and Gaussian beams respectively, while

column c) depicts the normalized power spectrum of mode l = 2, for both the Bessel

and Gaussian modes. The rows distinguish the different turbulence conditions on which

the measurements were taken. The power spectrum was normalized to unity for all the

cases.

Before turbulence, negligible inter-modal crosstalk is observed for both the Bessel-like

and Gaussian cases as seen on the first row in Fig. 6.4. The normalized power spectrum

for the chosen single mode shows most of the energy going into the generated mode and

a negligible amount going to other modes as expected. When the beams are propagated

through turbulence, we can observe a transfer of power between the modes depending

on the turbulence strength. Although the power going into the measured mode has

decreased by approximately half under weak turbulence, the weight of the power going

into this mode is higher, thereby making it easy to distinguish the mode that was
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Figure 6.4: Experimental results showing inter-modal crosstalk. Shape-invariant BB
modes (a) are compared with Gaussian modes (b) under difference turbulence condi-
tions(depicted as rows). (c) illustrates the normalized power spectrum for mode l = 2.
The turbulence strength during the day and night was estimated to be 3.21 × 10−14

m−2/3 and 1.35× 10−13 m−2/3 respectively.

sent. This is particularly true for lower order modes compared to their higher order

counterparts. This is not the case for high turbulence, where all the modes are seen

to lose their orthogonality and it becomes difficult to identify the sent mode. There

is no significant difference between the behaviour of shape-invariant Bessel beams and

Gaussian beams under the different turbulence conditions.

In addition to using OAM as a information carrier, one might question the plausibility of

using radial modes as an independent channel to transmit information. It is important

to recall that shape-invariant Bessel beams have longitudinally dependent cone angles,

which vary with distance. This means that if we take the power spectrum of beams

with different cone angles, we can expect a peak at the cone angle value coinciding with

the measuring distance and a somewhat normal distribution around neighbouring cone

angles (Fig. 6.5). Since the receiver plane is always at a fixed distance, this limits the

carrier to a single channel.
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Figure 6.5: Power spectrum for radial modes of different cone angles. The mode at
the centre of the spectrum represents the mode with a cone angle corresponding to a

measurement distance of z = 210 cm.

6.4 Discussion and Conclusion

Shape-invariant Bessel beams were generated and propagated for 150 m through real

turbulence. The performance of the link was evaluated by performing a link budget

analysis, which included characterisation of the turbulence strength at different times

of the day. It was seen that the refractive index structure C2
n followed typical diurnal

variations at different times of the day, where the strongest turbulence was measured

during day and the weakest measured at night. The beam was generated using a phase-

only element encoded on a Spatial Light Modulator. Parameters of the generating phase

element were carefully chosen to allow the beam to retain its Bessel-like structure across

the link. Eleven holograms containing OAM beams ranging from l = −5 to +5 were co-

propagated across the link and measured at the receiver plane. The effects of turbulence

on the beam were studied by observing any crosstalk between the modes. It was seen

from Fig. 6.4 that shape-invariant beams carrying OAM form an orthogonal basis, as

there was no transfer of power between the modes when there is no atmospheric turbu-

lence. However, since free-space links are always synonymous with turbulence effects, it

was imperative to study the effects this will pose on the channels at different times of the

day as turbulence changes. Atmospheric turbulence compromises the orthogonality of
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the modes and power is redistributed to neighbouring modes. Power loss and redistribu-

tion is higher during the day when fluctuations in index of refraction are higher. In such

cases, it becomes arduous to discriminate the modes from each other. This has been the

major challenge in all free-space links and adaptive optics often have to be employed

to compensate for the effects of atmospheric turbulence. Adaptive solutions are feasible

and effective in weak to moderate turbulence where phase-only distortions are dominant,

but less effective in strong turbulence where scintillation becomes problematic [279].

From discernment of the beam structure as it returns to the receiver shown in Fig. 6.2

(inset c), it is logical for one to question the significance of the shape-invariant beam

over LG beams of the same radial index. The answer to this is two-fold. Firstly, previ-

ous literature has demonstrated the advantages of Bessel beams over other OAM modes

for free-space optical communications, with respect to channel capacity and power effi-

ciency [233, 235]. Secondly, shape-invariant Bessel beams can provide an added benefit

in that they allow much longer reconstruction distances compared to the traditional

Bessel beams [268]. While one might expect the Bessel-like beam to outperform the

Gaussian beam, the performance between the two beams in this case can be seen to

be comparable. This is because both beams are equally adversely affected by phase

distortions when using OAM as the information carrier, confirming that the self-healing

property does not translate into phase correction, confirming previous laboratory sim-

ulations using Bessel beams [237]. However, in the presence of physical obstacles, the

Bessel beam would surely outperform the Gaussian as self-healing would be possible for

perturbations smaller than the beam size. Further, the additional radial index allows

another coding dimension (as we have shown), and so have found additional benefits in

free-space communication systems [233, 235]. Thus our study indicates that as OAM

carriers the two beams are more or less equivalent, but since Bessel-like beams have

additional benefits they would have scope to excel beyond their simpler Gaussian coun-

terparts.

In summary, we have demonstrated the applicability of shape-invariant beams in free-

space optical communications by studying their inter-modal crosstalk when propagated

through turbulence. It was shown that there is power transfer when the modes are

propagated through turbulence, and the power distribution depends on the strength of

atmospheric turbulence. These beams therefore can be appended to the list of OAM

beams which can be used to transmit information through multiple channels. Future

work can be focused on a study of the self-healing behaviour of these beams for long

transmission links and engineering low divergence beams for more efficient transmission.
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Conclusion

The propagation of laser beams through free-space remains a topical research area.

While the study of spatial modes through turbulence is not new, there are various facets

which remain unexplored. It is therefore important to relate the findings in this thesis

to current research in an effort to fill knowledge gaps which might exist. In Chapter

1, we provided a brief literature on the use of spatial modes for free-space propagation

applications. We outlined the challenges associated with such applications and the key

role of spatial modes in this regard. The limitation of each application strongly depends

on the range of propagation. Long-haul applications are mostly affected by turbulence

induced divergence which ultimately reduces the power delivered to a target. In free-

space optical communication systems, turbulence induces effects such as deep fading,

power transfer from one mode to another and overall signal attenuation.

In Chapter 2, we provided a theoretical background of the spatial modes studied in

subsequent chapters. We also described the methods used for generation and measure-

ment of these modes. While we acknowledge the existence of other techniques, we only

discussed techniques most common in laboratories. We made use of Spatial Light Mod-

ulators for the creation and characterisation of the modes due to their versatility and

can be re-configurable to allow creation of any mode desired. We also described how to

calculate interference holograms for generation of the modes. The techniques allow arbi-

trary control of either phase or both the amplitude and the phase. We lastly described

how to characterise the modes using the modal decomposition technique. This technique

allows unpacking of a unknown mode into appropriately weighted modes. Measurement

of these modal weights is the core of the modal decomposition technique.

Chapter 3 discussed the effects of atmospheric turbulence of laser beams. We discussed

the most prevalent wavefront distortions resulting from the variation of the refractive

index structure of air. The type of distortions depend on the size of the turbulent eddies

61
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present in the atmosphere with respect to the beam size. Large turbulent eddies result

in the deflection of the centroid position at the receiver. On the other hand, eddies

smaller than the beam size cause the beam to broaden beyond vacuum diffraction as

it propagates. The third effect, known as scintillation, occurs when the eddies are the

same size as the beam and results in intensity fluctuations of the beam at the receiver

plane. All these effects have a detrimental effect on the free-space propagation of laser

beams thereby compromising the optical performance of such systems. We also provided

a toolkit on how to simulate and characterise turbulence in the laboratory environment

and real world turbulence links respectively. To simulate the turbulence phase screens,

we detailed two approaches, one based on Fast Fourier Transform and the other based

on Zernike basis functions. The former approach estimates the turbulence phase from

the theoretical power spectrum while the latter represents the phase as a weighted sum

of Zernike aberrations. The former approach often leads to large errors due to under-

sampling of low frequency components such as tip and tilt. Lastly, we described how

to characterise atmospheric turbulence in real world terrestrial links. The refractive

index parameter can be estimated from beam wandering measurements or by using a

wind velocity instrument known as an anenometer. We use the former technique to

characterise a free space-link which we use to study shape-invariant Bessel modes in

Chapter 6.

Beam wandering effects often lead to tip and tilt errors, which manifests itself as pointing

errors in optical systems. The distortions due to beam wander are often so substantial

than adaptive optics are required to compensate for their effect. In Chapter 4, we

studied the effect of these errors on Hermite-Gaussian and Laguerre-Gaussian modes

by comparing the mode crosstalk and mode dependent losses between the two types of

modes. We used the modal decomposition technique to measure the modes after being

subjected to lateral and randomly distributed displacements. We observed theoretically

and experimentally that Hermite-Gaussian modes experience less modal crosstalk and

mode dependent losses when laterally displaced along the optical axis of the receiver with

aperture size larger than the modes waist sizes. This remains true when the displace-

ments are randomly distributed in all directions. This is attributed to the rectangular

symmetry of the Hermite-Gaussian modes which coincide with the lateral displacement

direction.

In Chapter 5, we superseded the theory which suggest that Bessel-Gaussian modes

are resilient to all forms of obstructions, including phase-changing obstructions such as

aberrations and atmospheric turbulence. This was done by studying the self-healing

behaviour of digitally generated Bessel-Gaussian modes after being obstructed by aber-

rations and turbulence of different strengths. It was observed that complete self-healing

did occur after encountering Zernike aberrations of minute size in comparison to the
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beam size. The spatial characteristics of the aberrations remained noticeable at regions

where the beam was expected to have reconstructed. Counter-intuitively, it was noticed

that as the turbulence strength was increased, the mode quality improved, giving the

illusion of a self-healing effect. Increasing the turbulence strength resulted in diffrac-

tion spreading which allows energy to be redistributed outwardly away from the beam

centroid where self-healing was observed. However, when all the conical waves were

disturbed by turbulence, no self-healing was observed. In fact, the mode was seen to

deteriorate with propagation distance. The findings in this study demonstrated that

the benefits of Bessel-Gaussian modes in free-space propagation applications does not

extend to self-healing, where the Bessel structure gets destroyed by phase distortions.

In Chapter 6, we moved out of the laboratory and into the outside world where we stud-

ied modified Bessel-Gaussian beams and their applicability in free-space optics. These

modes differ from traditional Bessel-Gaussian beam in that they can maintain their

Bessel structure as they propagate without evolving into an annular ring. The modes

were propagated through a characterised free-space link to study the effects of atmo-

spheric turbulence on the mode crosstalk. This was done by sending multiplexed modes

across the link and measured by modal decomposition upon their return. It was seen that

the turbulence-induced crosstalk of the shape-invariant modes was comparable to that

of Gaussian modes carrying the same topological charge. This is because both beams

are equally adversely affected by turbulence. The Bessel structure of the modes does

however provide an advantage over their Gaussian counterparts due to the self-healing

property they possess. Therefore, these modes show great potential in optical communi-

cation systems, which often suffer from physical obstructions such as flying birds, trees

and tall buildings which often temporarily block the light of sight transmission.

It is clear that the unique properties of spatial modes provide great potential in improv-

ing the optical performance of free-space optical systems. Our findings offer solutions

to some of the challenges encountered in free-space propagation optical systems which

range from obstructions internal and external to the optical systems, pointing and steer-

ing errors due to turbulence as well as wavefront distortions that reduce the overall

performance of the system. While our studies make use of optical communication as

a way of example due to the ease of laboratory implementation, the tools developed

in this thesis can be transferred to other long-range applications which share similar

optical qualities such as laser ranging. In fact, the optical communication systems can

be successfully collocated with laser ranging systems with a few minor modifications in

the transmit laser [280–282].
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[118] Zdeněk Bouchal. Nondiffracting optical beams: physical properties, experiments,

and applications. Czechoslovak Journal of Physics, 53(7):537–578, 2003.

[119] David McGloin and Kishan Dholakia. Bessel beams: diffraction in a new light.

Contemporary Physics, 46(1):15–28, 2005.

[120] Zdenek Bouchal, J Wagner, and M Chlup. Self-reconstruction of a distorted non-

diffracting beam. Optics Communications, 151(4-6):207–211, 1998.

[121] CA McQueen, J Arlt, and K Dholakia. An experiment to study a “nondiffracting”

light beam. American Journal of Physics, 67(10):912–915, 1999.

[122] David L Shealy and Fred M Dickey. Laser beam shaping. Optical Engineering, 42

(11):3077–3079, 2003.

[123] David L Andrews. Structured light and its applications: An introduction to phase-

structured beams and nanoscale optical forces. Academic press, 2011.

[124] Andrew Forbes. Laser beam propagation: generation and propagation of cus-

tomized light. CRC Press, 2014.

[125] Fred M Dickey. Laser beam shaping: theory and techniques. CRC press, 2018.

[126] Parameswaran Hariharan. Basics of holography. Cambridge University Press,

2002.



Bibliography 76

[127] Uzi Efron. Spatial light modulator technology: materials, devices, and applications,

volume 47. CRC press, 1994.

[128] Christian Kohler, Xavier Schwab, and Wolfgang Osten. Optimally tuned spatial

light modulators for digital holography. Applied Optics, 45(5):960–967, 2006.

[129] Tobias Haist and Wolfgang Osten. Holography using pixelated spatial light mod-

ulators—part 1: theory and basic considerations. Journal of Micro/Nanolithogra-

phy, MEMS, and MOEMS, 14(4):041310, 2015.

[130] BR Boruah. Dynamic manipulation of a laser beam using a liquid crystal spatial

light modulator. American Journal of Physics, 77(4):331–336, 2009.
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[209] Héctor Cruz-Ramı́rez, Roberto Ramı́rez-Alarcón, Francisco J Morelos, Pedro A

Quinto-Su, Julio C Gutiérrez-Vega, and Alfred B U’Ren. Observation of non-

diffracting behavior at the single-photon level. Optics Express, 20(28):29761–

29768, 2012.

[210] M. McLaren, M. Agnew, J. Leach, F.S. Roux, M.J. Padgett, R.W. Boyd, and

A. Forbes. Entangled Bessel-Gaussian beams. Optics Express, 20(21):23589–23597,

2012.

[211] V. Pyragaite, A. Piskarskas, K. Regelskis, V. Smilgevicius, A. Stabinis, and

S. Mikalauskas. Parametric down-conversion of higher-order Bessel optical beams

in quadratic nonlinear medium. Optics Commununications, 240(1):191–200, 2004.

[212] Melanie McLaren, Jacquiline Romero, Miles J Padgett, Filippus S. Roux, and

Andrew Forbes. Two-photon optics of Bessel-Gaussian modes. Physical Review

A, 88:033818, 2013.
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resonator. Optics Communications, 190(1-6):117–122, 2001.

[253] Igor A Litvin, Nikolai A Khilo, Andrew Forbes, and Vladimir N Belyi. Intra–

cavity generation of Bessel–like beams with longitudinally dependent cone angles.

Optics Express, 18(5):4701–4708, 2010.

[254] AJ Cox and Dean C Dibble. Nondiffracting beam from a spatially filtered Fabry–

Perot resonator. Journal of the Optical Society of America A, 9(2):282–286, 1992.

[255] SM Dutra and PL Knight. On the generation of Bessel beams by spontaneous emis-

sion in a planar micro-cavity. Optics Communications, 117(3-4):256–261, 1995.



Bibliography 87

[256] Julio C Gutiérrez-Vega, Rodolfo Rodrıguez-Masegosa, and Sabino Chávez-Cerda.
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