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Abstract

The purpose of this study was to explore the examples that are used to present the topic of
probability in a commonly used Mathematical Literacy textbook (Platinum Mathematical
Literacy) in order to explore the affordances for learning for that are made available to users of
this textbook. In this research report, I combine two frameworks, namely the framework for
mathematics textbook analysis and the Variation Theory. The Dyadic framework for
comprehensive textbook analysis is a result of a combination of the two frameworks. This
framework was used to qualitatively analyse the chapter on probability in the Platinum
Mathematical Literacy Grade 12 textbook, a textbook commonly used in many South African
schools. The results of this study showed that the structure [general structure or example space]
should be set out with the intention of exposing the critical features of the object of learning. The
study further provided guidelines for textbook analysis to use to select a textbook that will afford

learners optimum opportunities to learn.
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CHAPTER 1: Introduction
1.1. Background to the Study

In my own teaching practice, | have found it challenging to teach learners in the absence of
textbooks. Even though in some instances, the textbook acquired by the school may not provide
the best support in all the topics that have to be covered, the presence of a textbook with relevant
content makes a difference in both the lesson preparation and delivery. For Taylor and Vinjevold
(1999), textbooks provide a ‘systematic learning programme’. The systematic programme
highlights the element of consistency of the content knowledge that is ‘made available’ or rather,

accessible in classes that have textbooks (Taylor & Vinjevold, 1999).

In the year 2015, when | started practising as a teacher, the head of the Mathematics department
at the school where | was working, allocated a Grade 10 Mathematical Literacy class to my
timetable. At the time, my area of specialisation was Mathematics and Life Sciences, and | had
no experience or exposure to Mathematical Literacy. Throughout that year, | relied on textbooks
and other materials to prepare for lessons. Textbooks were the most reliable guide since they
consisted of examples and explanatory texts that acted as guidelines to prepare for lessons. ‘Most
teachers in South African schools face the same problem since most universities do not offer
Mathematical Literacy as a subject of specialisation’ (Bansilal, Webb & James, 2015, p. 8).
Some teachers specialise in teaching Mathematics, however, when they are appointed in schools,
they need to also teach Mathematical Literacy.

Studying the nature of classroom practice remains necessary, especially within the changing
dynamics in education globally. Acknowledging the implications that the global pandemic has
had on teacher and learner interactions is essential to understanding the teaching and learning
issues that have emerged over this period. A textbook is an essential tool that facilitates the
learning process in and out of the classroom (Basar et al., 2021). It offers a widespread range of
information, different types of examples and activities that are represented in multiple formats
(O’Keeffe, 2012). Moreover, textbooks illustrate representations and explanations that are
pertinent to understanding mathematical topics (Ceretkova & Sedivy, 2008). In essence,
textbooks mediate the curriculum from the intended to the implemented and finally the attained

curriculum (Valverde et al., 2002).
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Using textbooks as a resource for learning is advantageous as they can be used in and outside of
classrooms. This is why continuous exploration of textbook quality is a significant and
imperative research concept. Peppin and Haggerty (2001, p.74) argue that ‘Concerns have been
expressed about the quality of the textbooks, the way they are written, and their persuasive
influence’. This statement justifies the significance of purposefully selecting textbooks to

improve the prospects of the learners to learn for understanding.

TIMSS also known as the Third International Mathematics and Science Study has provided a
framework that can be used for the analysis of Mathematics textbooks (Valverde et al., 2002).
The objective of the framework is to offer an analytical tool that is used to examine what
textbooks offer its users. This framework can be used to determine what constitutes the structure
of a textbook that gives the most support in the attainment of knowledge (O’Keeffe, 2012, p.4).
The findings of the study by Valverde et al. (2002) focus on the nature of the content and the
structure used to present the content. With particular reference to analysing the structure of
textbooks, Valverde et al. (2002) also consider aspects like the layout of the content through

definitions, examples, diagrams and explanatory texts.

Textbooks aim to translate the ideas and concepts of curriculum policy into guidelines and
information that can be accessible to teachers and learners (Valverde et al., 2002). The advantage
of having a textbook is their mobility if they are accessible in schools. In that, way learners and
teachers may use the textbooks in class or at home to engage with the content. This statement
does not imply that explanatory talk is not important, since it gives meaning to the concept
displayed by the textbook (Adler & Ronda, 2017). Instead, it emphasises the need to ensure that

textbooks are accessible in South African classrooms.

The presence of textbooks in South African schools is a significant indicator of developmental
progress; multiple events have occurred in South Africa that justify this statement. Leshota
(2015) refers to a particular political event that transpired in the year 2012, in the Limpopo
province. This feud arose because parents were frustrated by the lack of delivery of textbooks to
the provincial schools since the beginning of that academic year. Leshota (2015, p.3) proceeded
to argue that ‘Textbook delivery has since become a burning issue in South Africa, with

government called upon to account for this matter continuously’.
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1.1.1. Choosing Mathematical Literacy

In 2006, Mathematical Literacy was first introduced as an alternative subject for South African
learners who did not want to register for Mathematics in the Further Education and Training
(FET) phase, which is Grade 10 to 12 (Graven & Venkat, 2007). This introduction was due to
factors that were identified and could possibly be remediated by introducing this alternative
subject. According to Bansilal et al. (2015), Mathematical Literacy is a developing subject when
compared to other subjects in the country’s curriculum; hence, it remains imperative to

understand the subject’s purpose and contribution in the pedagogic and learning experience.

There are some similarities and differences between Mathematics and Mathematical Literacy in
their structures; the extent of integration between the subject and the real world is the main
difference (Gal, 2009). By level of integration, we refer to the context-embedded questions.
Therefore, Mathematical Literacy is regarded as having a greater integration than Mathematics
(Mbekwa & Jullie, 2009). The level of integration can be attributed to Mathematical Literacy

being aimed at teaching for practical relevance and applications (Graven & Venkat, 2007).

The number of learners who register for Mathematical Literacy has increased over the years,
compared to those who register for Mathematics at Grade 12 level (Department of Education
[DoE], 2018). This growth is attributed to concerns similar to those that resulted in the
introduction of Mathematical Literacy in South African schools (DoE, 2006). Some of these
concerns were the poor national results in Mathematics and second, the remains of the
Outcomes-Based Education (OBE) curriculum that came before the year 2005. At the time it
was not compulsory to register for Mathematics in the FET phase, thus only a few learners opted

to register for Mathematics (De Clercq, 2020).

Since 2006, it has become obligatory for learners in South African schools to register for either
Mathematical Literacy or Mathematics because basic calculating skills needed for the world of
work remain essential (Jojo, 2019). Mathematical Literacy can be regarded as a tool that can be
used to redress the past political differences that have existed in South Africa; this is done
through increasing the number of learners who obtain a matric qualification (Jojo, 2019). This is
done through reducing the number of subjects that learners are struggling with, such as

Mathematics, while still offering learners the necessary mathematical skills (Jojo, 2019).
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Mbekwa and Jullie (2009) have explored some of the research that has been conducted on
Mathematics textbooks. In the paper, they classify the research into the following categories:
representability, correctness of mathematical content, affordances of access to Mathematics and
textbooks-in-use, and learner performance (Mbekwa & Jullie, 2009). If this research was to be
classified according to Mbekwa and Jullie (2009) it would lie within the category of the
affordances of access to Mathematical Literacy. This is interesting since this kind of research

has not been conducted within Mathematical Literacy textbooks.

1.1.2. Selecting the topic probability

For this investigation, the purpose was to analyse the topic of probability within a Grade 12
Mathematical Literacy textbook. In the preceding section, | elaborate on this decision. Within
the national curriculum statement of South Africa, probability constitutes around 8.6 % of the
total workload that is to be taught in Grade 12 Mathematical Literacy (DoE, 2019). Although it
may seem as if it constitutes a small percentage of the overall annual teaching plan, it is a very
important section. The statement below cited from the DoE (2008, p.11) describes the learning

outcomes that probability is intended to inculcate:

...the learner is able to collect, summarise, display and analyse data and apply
knowledge of statistics and probability to communicate, justify, predict and critically
interrogate findings and draw conclusions.

Concurring with this, the study by Taylor (2011) asserts that studying the concept of probability
is essential as it helps with the development of mathematical reasoning for learners. It also allows
for an integration of mathematics with the real world (Brijlal, 2014). The findings of the study
stipulate that probability should be taught in schools from as early as in the Foundation Phase
(Taylor, 2011).

The topic of probability is essential because it allows learners to capture the concept of
randomness. To support this argument Taylor (2011) asserts that when children are younger,
they lack the ability to deduce patterns, and that inability makes not it easy for them to understand
what it means to have random events. The older children become, the more structurally

orientated their brains become, and are constantly looking for patterns to deduce from
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phenomena (Taylor, 2011). Through studying probability, learners attain reasoning techniques
and strategies that help them to make satisfactory decisions in situations that occur daily and in
professional circumstances where the likelihood of events can be identified (Batanero, et al.,
2016).

In South African schools, Grade 12 (matric) is the highest grade of basic schooling. This is the
last year before learners move to institutions of higher learning. Attesting to Taylor’s (2011)
argument stated in the previous paragraph, at Grade 12 level the expectation is that learners
would have learnt multiple procedures that may have developed their pattern deduction abilities.

This is why it is interesting to study the presentation of probability in a Grade 12 textbook.

The structure of Mathematical Literacy examinations is such that probability questions do not
have a specific section; they tend to be included as follow-up questions in any section. The
picture below displays the first question from a November NSC exam (Paper 1 of 2021). The
main theme of this question is finance. By reading through the questions, it is notable that
Question 1.1.5 in the picture (Figure 1) below is about probability within this context. The
benefit of this type of questioning is that it emphasises the idea of probability being present in

any context.
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1.1 TABLE 1 below shows the fuel price (in US dollars) in six African countries on
05/06/2019 and 01/03/2021 with the exchange rate per currency on 01/03/2021.
TABLE 1: FUEL PRICE (IN US DOLLARS) IN SIX AFRICAN COUNTRIES

COUNTRY FUEL PRICE CURRENT DOLLAR
IN USS EXCHANGE
05/06/2019 01/03/2021 RATE/CURRENCY
ON 01/03/2021
South Africa 1,04 1,061 ~_RI536
__Angola 0,47 0,254 626,41 Angolan kwanzas
Zimbabwe 0,80 1,258 == $1,258
Namibia 0.88 0,796 15,36 Namibian dollars
Swaziland 0,86 0,87 15,35 Swazi emalangeni
Botswana 0,84 0,732 11,14 Botswana pulas
[Adapted from www.globalpetrolprices.com)

Use TABLE 1 to answer the questions that follow.

1.1.1

1:1:2

Calculate the fuel price increase for Zimbabwe from 05/06/2019 to
01/03/2021.

Write down the current exchange rate of the Botswana pula to the
US dollar in the following format:

1 Botswanapula = ... US dollars

Identify the countries which showed a decrease in the fuel price from
05/06/2019 to 01/03/2021.

Arrange, in descending order, the fuel price in US$ for 01/03/21.

The probability of randomly selecting a country that is not South Africa
.5
i§'=.

6

Write this probability in decimal form rounded to THREE decimal places.

Figure 1: Representations of probability in a context

Source: Mathematical Literacy November paper 1 (2021)

In Figure 1 above, Question 1.1.5 is about the representations of probability and rounding off.
The figure presents information that can be analysed through different lenses. However, what

resonates with this study is the need to teach learners probability so that they see it as applicable

within any context.

1.1.3. Exemplification

There are different types of examples used in Mathematical Literacy classrooms. These types of
examples are worked-out examples, planned examples and spontaneous examples. Worked-out
examples are usually found in textbooks and worksheets. The purpose of these examples is to
offer enough guidance to the Mathematical procedure, such that it allows learners to understand
the illustrated basic concept. Planned examples are those that teachers select when planning

lessons. They serve the purpose of demonstrating the concept to learners. The last type of
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examples are spontaneous examples that arise based on questions that learners raise during
lessons (Zhu & Simon, 2012).

Zodik and Zaslavsky (2008) argue that it is important to be intentional about the selection of
textbook examples, and the order in which these examples are presented to learners. This
purposeful selection will allow teachers to ensure that the examples presented are mathematically
accurate and not misleading. There are many intricacies at play when selecting appropriate
examples for lessons. In textbooks, accuracy is very important since teachers also use textbooks

as a source of examples.

1.2. The purpose of this study
The purpose of this study was to explore the examples that are made available on the topic of
probability in a commonly used Mathematical Literacy textbook (Platinum Mathematical

Literacy) to analyse and understand the affordances made available for users of this textbook.

The significant increase in the number of learners registered for Mathematical Literacy than
Mathematics in South African high schools exposes the high demand for research that looks into
ways of adequately teaching and learning Mathematical Literacy. This analysis was conducted
to examine the structure of a Mathematical Literacy textbook and what the affordances f learning
of probability. The results obtained from this study have been used to argue that it is important

to evaluate the holistic structure of Mathematical Literacy textbooks.

The analysis in this research was conducted using the combined framework that has been
deduced from the Theory of Variation (Lo, 2012), in conjunction with the framework for
mathematics textbooks. The framework presented by Valverde et al. (2002) was conducted by
TIMMS. It is important to note that the Platinum Mathematical Literacy Grade 12 textbook by
Frith et al. (2013) is not informed by the above-stated frameworks, rather, this study intended to
raise awareness of the purposeful selection of examples as proposed by the variation theory.
Moreover, the aim of this study was not to disregard the textbook but to make teachers and
learners aware of the possible learning strategies that may help to improve the understanding of
concepts.
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1.3. Research questions

The study was informed by the following research questions:

1. How is the topic of probability presented in a commonly used Mathematical Literacy
textbook?
2. Which patterns of variation can be identified in the examples and activities found in the

topic of probability?
3. What affordances for learning are made available through engaging with the textbooks?

The first research question seeks to analyse the structure of the chapter of probability as presented
in the textbook. The second research question looks at identifying the patterns of variation within
the examples and activities presented within each unit section of the analysed chapter. Lastly,
affordances for learning were analysed through observing the both the structure and the

presence/absence of the patterns of variation.

1.4. Conclusion

This concludes the introductory chapter of the research; where the background that informed the
study and the purpose of this study was outlined. The following section outlines what the reader
can expect to read when engaging with the chapters of this study.

1.5. Outline of research
Chapter 1: Introduction

This chapter outlined the main problem that the researcher identified as one that sparked
the interest in analysing a commonly used textbook. In addition, this chapter elaborated

on the background of the topic chosen for the study, its objectives and research questions.
Chapter 2: Theoretical framework and literature review

In the second chapter, the reader can expect the background of the study. This was mainly
to conduct research that is informed by knowledge. The section of the conceptual
framework expands on the theory that guided the study. This was done by explaining

what the theory is about.
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Chapter 3: Methodology

This chapter provided the details of how the study was conducted. The analytical
framework offered a flow diagram that shows how each aspect of the analysis is
connected to the others.

Chapter 4: Analysis of results

This chapter presented and interpreted the findings that were gathered and thus formed a

comprehensive analysis of the study’s results.
Chapter 5: Conclusion and recommendations

The concluding remarks address the implication of the information that has been derived
through analysis in the previous chapter. In addition, this chapter constructed a summary
of the analysis and presented the findings. The study’s limitations and recommendations

for future research were provided.
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CHAPTER 2: Theoretical framework and literature review

2.1. Introduction

The focus of this study was to analyse the chapter on probability in a Mathematical Literacy
textbook that is commonly used to teach Grade 12 in South African schools. This chapter
comprises an explanation of the theoretical underpinnings of this study to address the research
objectives. The theoretical underpinnings include the Variation theory (Lo & Chick, 2016) and
the framework for Mathematics Textbook Analysis (Valverde et al., 20002). After discussing
the two frameworks, the research provides justifications for the merger framework used in this
study. The merger framework informed the methodology in Chapter 3 and the analysis in
Chapter 4. These chapters are succeded by a review of the literature that supports the study. This
literature review includes research on the nature of probability, the use of textbooks in the
classroom, and exemplification and understanding Mathematical Literacy.

2.2. Theoretical framework
Two frameworks — the variation theory (Watson & Mason, 2006) and the framework for
Mathematics textbook analysis (Valverde et al., 2002), inform this study. In what follows, the
researcher engaged with both theories and thereafter, developed a justification for the need for a
combination of both frameworks.

2.2.1. Variation theory as a lens

Marton and Booth (1997) originally proposed the variation theory as a strategy intended to
support learners’ understanding of mathematics by exposing the critical features of the object of
learning to encourage their discernment of these features. Within a set of questions, variation
provides a lens to determine what changes/ varies or what remains the same/invariant (Watson
& Mason, 2006). The concept of variation allows teachers to purposefully draw learners towards

focusing on the idea that the teacher intends the learners to ‘master’ (Adler, 2007: Xii).

This theory has been applied globally to improve the understanding of mathematics. To support
this argument Haung and Li (2017) refer to Gu’s (1994) and Huang’s (2002) dissertation studies
conducted in China using the variation theory. The study intended to ‘increase student’s

mathematics achievement on a large scale’ (Huang & Li, 2017: 3).
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Variation can be observed during lesson delivery when examples are presented to the learners,
it can also be perceived in written texts, which can be used in and outside the class (Adler, 2007).
Procedural variation and conceptual variation are concepts that also emanate from the context in
which variation teaching occurs. They are dependent on the definitions that have been given by
theorists, such as Kilpatrick et al. (2001) in mathematics education. The object of learning will
determine the order in which questions are varied, whether is it about conceptual or procedural

understanding.

Every lesson must have an object of learning. It ‘... does not mean the same thing as “learning
objectives” which point to the end process of learning’ (Mhlolo, 2013, p.3). It rather refers to
the start of the process of learning; in this case, the focus is particularly on comprehending what
the object of learning is (Mhlolo, 2013). Discerning the object of learning is largely dependent
on how the teacher sets out the lesson to purposefully increase the learners’ opportunities to learn
(Lo, 2012).

An object has multiple features, and these features can be perceived in various ways (Essien,
2021). Focusing on particular features influences the perception of the object of learning (Essien,
2021). When planning to teach a particular object of learning, it is important to start by
identifying the critical features to facilitate teachers' understanding and to help deal with
learners’ differences (Lo, 2012). In that way, the examples selected are purposeful and ordered.
This purposeful selection leads to understanding the patterns of variation. “To discern the critical
features of novel situations, learners must experience for themselves certain patterns of variation
and invariance of these features’ (Lo, 2012). This statement explains the importance of the

patterns on variation in lessons.

Four patterns of variation have been proposed by the variation theory. These patterns are
contrast, similarity, generalisation and fusion (Marton & Booth, 1997). Each of the patterns is

explained below:
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Explanation of the patterns of variation

Similarity is the decision to keep certain things constant while varying others (Watson &
Mason, 2006). It can also be explained as refined contrast or the separation of the critical
features. This can be identified as the teacher selectively draws learners’ attention to the

sameness of the set of sequences (Lo, 2012).

An example of similarity in probability is keeping the numerator the same and varying the

11 1

denominator i.e. -; -; =. The increasing denominator shows an increase in the possible outcomes.

2’3’ 4

However, keeping the numerator constant allows learners to understand how the value of

probability is increased or reduced by the denominator.

Contrast allows learners to see the object by grounding this judgement on an observation
of what the object cannot be (Lueng, 2012). To discern contrast, the critical features of
one object must be compared with the critical features of other objects. An example is
comparing the minimum conditions for an object to be a square by looking at what is
necessary ‘critical” when comparing the features of a square in relation to the critical

features of a rectangle.

Fusion is the integration of critical features. In this pattern, there is more than one aspect
that varies at a particular time. Fusion ought to come after contrast or separation because
these two focus on individual features while fusion occurs when learners’ attention is on
more than one feature (Watson & Mason, 2006). Using a tree diagram is an example of
fusion in probability, through visually representing possible outcomes and using

numerical judgements to calculate probability and done simultaneously.

Generalisation is an activity of making a conjecture based on the pattern that has been
identified through multiple examples that may be done using any one of the above-
mentioned patterns of variation. In essence, it is a shift from the particular to the general
(Mhlolo, 2013).

Page 22 of 81



\)

Patterns of Variation

OBJECT OF LEARNING

Critical features — ] —p Contrast/Separation/
Intended/enacted/lived Generalisation/Fusion

A

Figure 2: The inter-connection between various concepts in the variation theory

Source: Essien (2021p. 4)

Figure 2 above represents the core tenets of the theory of variation (Essien, 2021). These tenets
include the object of learning at the centre, critical features on the left and the patterns of
variation on the right. The object of learning is placed at the centre because it is what the teacher
intends for the learners to understand. Essentially, it is the focus of the lesson. According to the
theory of variation, the teacher needs to identify the critical features of the subject matter, these
features should influence how the teacher may choose to vary the examples given (Lo & Chick,
2016). The patterns of variation are a description of how the critical features of this object of

learning are varied.

2.2.2. The framework for mathematics textbook analysis

The variation theory enables the analysis of how the object of learning can be exposed through
varying the critical features according to the different types of patterns of variation. What it does
not do is provide a framework that engages with the layout of mathematical content through a
general structure. The textbook analysis framework by Valverde et al. (2002) focuses on this

and is therefore brought in to complement variation theory in my study.

The purpose of using the framework for mathematics textbook analysis in this study is to bridge
the gap between what O’Keeffe (2012) refers to as intended and implemented curriculums. The
framework for mathematics textbook analysis considers the role of the textbooks in education

before expanding on how to analyse them. Figure 3 from Valverde et al, (2002) shows the
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relationship between the intended, potentially implemented, implemented, as well as the attained

curriculum.

e The intended curriculum comprises what is set by policy planners at the national level.
This includes the specific intentions and goals that are set, based on time and topic
sequence.

e The potentially implemented curriculum looks at the textbooks and other materials that
are used as support for the build-up of knowledge. They are regarded as potentially
implemented because not all people implement them in the same way. This is where we
locate textbooks.

e What is actually implemented is the strategies, activities and practices that are used in
the actual teaching of concepts in lessons.

o All these features lead to the knowledge that is finally attained by the learners, and the

ideas and principles that are attained through this process.

2.2.2.1. Textbooks and tripartite model

Textbooks are a relatively small feature within the broader education system. Although they
seem small, they have a very significant role in ensuring that the objectives of the education
department are made accessible to the learners in the classroom (O’Keeffe, 2012). According to
the tripartite model (Figure 3) textbooks have the potential to provide access to knowledge, ideas
and constructs and achieve the curriculum (Valvelde et al, 2002). This means that textbooks are
resources that need to be used by curriculum implementers (teachers) to ensure the thorough
delivery of the content.

The tripartite model in (Figure 3) below locates the implementation strategies that aid the
curriculum attainment. For the purposes of this research, the variation theory is identified as a
learning strategy that can aid the attainment of knowledge. Marton and Booth (1997) originally
proposed the importance of the discernment created by Variation. This discernment of the critical
features of the object of learning is an essential part to learning (Lo, 2012). It assists in the

navigation from intended toward the attained knowledge.
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This tripartite model helps us to locate this study in the greater scheme of the education context.
Since this study is on the analysis of textbooks through the lens of variation, the integration of

the frameworks used shows an interest in developing ways to critically analyse learning material.

Intended

Intentions Aims
and Goals

- Potentially

I
i Implemented !
N 1
1
1

organised Resource

| Materials
--------------- Implemented

1
1
1
1 Textbooks and other
1
1

Strategies, Practices &
Activities

Attained

Knowledge, Ideas,
Constructs, Schemes

Figure 3: Textbook and tripartite model

Source: Valverde et al. (2002: 13)

In Figure 3 above, the flow diagram represents the process through which the Department of
Education aims to ensure that learners have access to education. This diagram is not limited to
mathematics education but rather includes all subjects within the curricula of the country and
helps position textbooks and teaching resources. With particular reference to the context of the
curricula in South Africa, the intended goals are documented within the Curriculum Statement.
From this, annual teaching plans are provided that guide teachers according to indicated times.
Understanding the role of textbooks ensures that the analysis is envisioned to afford learners the

best opportunities to learn.
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2.2.2.2. Textbook analysis

Over the years, some researchers further refined the framework of the analysis of Mathematics
textbooks (O’Keeffe, 2011, p.5) which was to ‘allow for a finer grained analysis’. The focus

remains on these three main tenets, namely the structure, content and performance expectations:

e Structure: Is the sequence or the layout of the text. The order in which presentation
formats are arranged creates a pattern that informs how a person engages with the text.
The structure can be analysed by evaluating the general approach used within the
textbook (Ensor et al. 2002). Quasi-deductive and quasi-inductive are the two types of
approaches presented in the theory.

o Quasi-deductive approach occurs when the textbook or teacher uses examples
and definitions before giving the learners activities to engage in or apply the
information they have attained (Leshota, 2017).

o Quasi-inductive approach, on the other hand, is the direct opposite of quasi-
deductive. It occurs when learners work by investigative means to make a general

conjecture or discover the theory that has informed the activity (Leshota, 2017).

When analysing the structure, the focus is on presentation formats that have been purposefully
included in the text to make meaning. The types of formats found in mathematics textbooks are

pictures, graphs, tables, activities, information boxes and more.

GENERAL APPROACH
/QUASI-DEDUCTIVE\
EXPLANITORY TEXTS INVESTIGATIVE

FORMATS

Figure 4: The general approach used in textbooks
Source: Ensor et al. (2013)
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Figure 4 above represents the general approach used by textbooks. The black arrow describes
the pathway of the quasi-deductive approach. This emphasises that explanations and definitions
are the foundation of learning. The examples and exercises that follow are dependent on the
definitions that are initially provided. The yellow arrow describes the quasi-inductive approach.
In the deductive approach ‘Activities lead to definitions and from this point opportunities may

be provided for students to practice (Ensor et al., 2013, p.23):

e Content: is informed by the intended curriculum. In South Africa, the production and use
of textbooks are influenced by the approved National Curriculum Statement. Since the
year 2013, the CAPS has been utilised across the country and textbooks have since been
aligned with this statement. The National Statement gives clear directions as to the time
and the sequencing of the topics and their subtopics. In analysing the content within

textbooks, such information has to be considered.

e Performance expectation: ‘... are embedded throughout the textbook and will impact
significantly on how students choose to deal with the topics presented’ (O’Keeffe, 2012:
7). In dealing with the presentation formats, there is an intended goal that learners are

supposed to attain after engaging with the task (Valvelde et al., 2002, p.125).

This intended goal for learners essentially means that performance expectations are the
actions that learners will perform based on the presentation format. This is because these

actions lead to the attainment of particular skills.

2.2.3. A merger framework for a comprehensive analysis of textbooks

The comprehensive textbook analysis framework is an integration of two frameworks that focus
on important features of a textbook. In the variation theory, examples are the main feature that
outlines the content, while in the framework of mathematics textbook analysis; the broader
presentation formats are important which focus on the broader structure of the content. By
referring to this framework as a comprehensive merger, it is informed by the observation that
the two original frameworks focus on two important elements that are imperative in the analysis
of textbooks. These elements complement each other to ensure a thorough comprehensive

analysis of textbooks.
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The similarity between the two combined frameworks is that the object of learning in the
variation theory has similar attributes to that of the intended curriculum in the framework for
mathematics textbook analysis. According to the variation theory, the object of learning is the
knowledge that is to be taught to learners (Lo, 2012). These are the goals and aims as set by the
policies that assert the suitable content in relation to the grade or stage of learning (Ensor, 2013).
Textbooks are documents used to display the object of learning. Therefore, through integrating
the two frameworks, the object of learning and the intended curriculum have is common

attributes.

Object of Learning

Intended curriculum

General
Patterns of

Critical structure
variation _ features _ Presentation

formats

Affordances

Enacted & Lived

Figure 5: Dyadic framework for a comprehensive analysis of textbooks

The critical features are at the heart of the dyadic framework since they inform the general
structure of the textbook as well as the examples used. The affordances for learning can be
deduced from engaging with a particular structure; and discerning the critical features through

the example space used in the textbook.
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2.2.3.1. How the frameworks were used in this study

As indicated in Chapter 1, this study aimed to analyse the Platinum Mathematical Literacy
textbook to identify the learning opportunities that emerge when learners engage with the
textbook. The connection between the different components has been indicated with arrows

which can be interpreted either from the object of learning or from the affordances for learning.

The Platinum Mathematical Literacy textbook was initially designed and published in 2013. All
the contents of the textbook are purposefully included; therefore, it is more appropriate to analyse
the textbook from the angle of the object of learning. By this statement, the researcher implies
that in this study the framework is interpreted from the object of learning. This allows for an

interpretation that is not biased towards any particular objective.

When creating a new textbook or material that will be used for mathematical literacy this
framework can be used by starting with the affordances. This means that the structure of the
document will be informed by the end goal which is the affordances that will be made available

to the learners.

Each object of learning has features that separate it from other objects of learning (Essien, 2021).
These features are the important characteristics of the topic (Mhlolo, 2020). The variation theory
expresses that to perceive the object of learning, the perception will depend on the critical
features expressed (Lo, 2012). When analysing the textbook through the merger framework, the
critical features are identified in each of the units in the chapter on probability. Looking at these

features allows us to look at the objective behind the general structure of the textbook.

This general approach largely focuses on identifying the order in which the presentation formats
appear. This general approach can be used to conclude whether the textbook follows a quasi-
deductive or quasi-inductive structure (Leshota, 2015), with the mindfulness of how the critical
features of the object of learning inform the general structure. This means that the structure
should be intended for use in various ways to expose the dominant features of the textbook. The
textbook will be sectioned according to the presentation formats, which are explained in Chapter
3 when the recognition rule is identified. The two main categories of presentation formats are

either explanatory or investigative.
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When analysing the examples presented in the textbook, to determine the patterns of variation it
Is vital to first consider the extent to which the textbook attends to the critical features of the
object of learning. This is to deduce the patterns of variation that can be identified as per the
analysis structure. The purpose of this analysis is to see whether the critical features are presented

through their selection and the space allowed for the examples in the textbook.

The overall focus of this study was to identify the affordances for learning that can be made
available to learners by using the textbook. To identify the affordances the order of the
presentation formats and the example-space are important in that they give a comprehensive
analysis of the presentation of probability in the textbook. The results will be used to generalise

the framework to provide an analysis for other textbooks.

2.2.3.2. The link between the variation theory and the framework for mathematics textbook
analysis

The idea of how learning occurs, is the central link between the variation theory and the
framework for mathematics textbooks analysis. As defined in the previous sections, both these
frameworks seek to a identify key components that lead to learners understanding knowledge in
a more advanced approach. In the variation theory, this occurs through exposure to critical
features of the object of learning so that there is discernment that leads to learning. On the other
hand, the framework for mathematics textbooks analysis presupposes that engaging with a
format can encourage the development of certain skills.

The intersection between the variation theory and the framework for mathematics textbook
analysis begins where the variation theory is perceived as a principle of instructional design. The
learning object responds to the question asked: "What should be learned?’ by defining the subject
matter, educational objective, as well as critical features. According to Kullberg, Runesson and

Marton (2017), each learner might have a unique learning objective.

Mason (2017) defines variation-pedagogy to be pedagogic acts utilised to take advantage of
variation, implying that despite textbooks and materials built on variation ideals, suitable

pedagogical choices necessitate an awakening of educator awareness.

Research suggests that using systematic variation among mathematical tasks may enhance

educators’ comprehension, as well as involvement with the content (Kullberg et al., 2017; Metz
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et al., 2016). Teachers' interaction with mathematical content will become greater as they learn

how to use structured variation in tasks and examples.

Through the analysis of the textbook Platinum Mathematical Literacy, the researcher in this
study discovered that examples used in class can either be pre-planned or spontaneous. The
planned examples can also be guided by information from textbooks. According to Zodik and
Zaslavsky (2008), pre-planned examples tend to originate from resources which include
textbooks, while spontaneous examples frequently arise in reaction to enquiries from learners or

assertions.

The type of examples are, in addition, considered by the teachers when selecting or creating
examples. Such considerations occasionally expressed pedagogical content knowledge or had
been sensitive to their learners' needs, yet in every scenario, the selection heavily relies on solid

mathematical understanding regarding pertinent topics at hand.

The standard method when it comes to selecting examples from textbooks is to begin with an
easy or familiar scenario (Zodik & Zaslavsky, 2008) and then proceed to addressing obstacles or
common mistakes made by learners. Teachers also think of how they can draw attention to
pertinent features to minimise what Skemp (1987) in Zodik & Zaslavsky, 2008) alludes to as
‘noise’ which hinders the capacity to form concepts.

Professional educators use elements of variation, such as Marton's (2015) variation theory along
with Watson and Mason's (2006) structured variation, to guide their teaching, regardless of a

specific formula for selecting and generating examples (Zodik & Zaslavsky, 2008).

Teachers do not specifically express reflections regarding these challenges, according to Zodik
and Aslavsky (2008). They thus become more cognisant about their planning, as well as on-the-
spot actions by being asked to reminisce on their duties and consider what guidelines or rules of
common sense they had followed. This illustrates how teachers acquire knowledge and ideas
through experiences that are very similar to elements of systematic variation. It is possible to
contend that by teaching mathematical literacy, teachers make use of systematic variation when
teaching and encourage contemplation of their teaching practice. Teachers can not only improve

their use of deliberate examples in the classroom but also learn how to express their methods
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appropriately, then it can be submitted here that the textbook analysis framework interlinkage

with the variation theory remains relevant.

2.3. Literature review

2.3.1. The importance of probability

According to Batanero et al,. (2016), probability is embedded in human nature, as we are
constantly encountering chances of whether or not specific events may occur. The extent to
which probability is studied in core Mathematics and with Mathematical literacy varies,
however, what is common is the idea that probability affects learners’ daily experiences (Brijlall,
2014). Some of the specific experiences in which learners encounter probability are decision-

making, media and games.

The South African Department of Education has proposed these assessment standards across the
FET band for Mathematical Literacy.

» ‘Grade 12: Makes comparisons between predictions and actual occurrences of
independent events related to games of chance (e.g., lotto); '(DoE, 2018)

» ‘Grade 11: Calculates experimental and theoretical probability of outcomes of
independent events in terms of fractions and percentages; Makes and/or tests predictions
of outcomes in the context of games, real-life situations and the work place; Uses tree

diagrams to represent and work with a series of independent events.’ (DoE, 2018)

In schools, the main aim of teaching probability is to generate probabilistic reasoning among
learners (Batanero et al., 2016). This reasoning is not only about the mathematical procedures
but also about the ability to apply the knowledge in many contexts, such as the randomness of
events in nature, and the ability to deduce patterns from particular behaviour that leads to
generality for other situations (Gal, 2009). Probabilistic reasoning seeks to describe probability

in an in-depth manner that surpasses observation (Batanero et al., 2016; Gal, 2009).

Batanero et al. (2016) put forward some fundamental principles that are necessary when teaching

probability:

a) Randomness of events (experiment or random event): understanding how probability

works and how we can calculate the possibility of a random event sometimes creating
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b)

d)

€)

misconceptions. An example of tossing a coin or rolling a dice represents many
possibilities that may come in any order. This same reasoning is used in gambling,
understanding one’s chances of winning. The idea of the randomness of probability
becomes a hindrance in explaining how the likelihood is decreasing yet the event is
random.

Events and sample space: learners think in a deterministic manner, where they only
focus on one event. They need to consider the possible outcomes when more events are
occurring.

Combinatory: This idea is based on counting without naming the outcomes. Tools that
can be used in this form of calculating are tree diagrams since there is a numerical
understanding of how items are listed, and probability is calculated.

Independent and conditional probability: ‘The empirical estimates of probability via
frequency, since when repeating experiments, we require independence of trial.” In
compound events, some events are dependent on the other for their existence.
Probability distribution and expectation: this depends on the sample and data

distribution which influences the expectation of the possible results of experiments.

An awareness of these ideas is important in teaching learners to understand the concept of

probability holistically so that they are able not only to pass it as a subject but also able to apply

it where necessary.

2.3.2. Mathematical Literacy in South African classrooms

Scholars perceive Mathematical Literacy in different ways. Some of the views of what the

subject entails are listed below. Each scholar justifies their claims based on multiple factors. The

following statements are based on the arguments posed on what Mathematical literacy means:

>

>

>

‘An innovative response to the low levels of numeracy amongst adults’ (Bansilal, 2014,
p.1157).

An alternative subject for those who do not want to study core mathematics (Graven &
Venkat, 2007).

‘The Mathematical Literacy curriculum is premised on the idea that an essential goal of
the education of high-school graduates from all walks of life should be to prepare them
for adult life after graduation’ (Gal, 2009, p.51).
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» Mathematical Literacy is a political tool used to redress past injustices that have resulted
from the apartheid era (Sidiropoulos, 2008; Jojo, 2019).

» The Mathematical Literacy curriculum for the FET phase, is aimed at preparing students
to manage the mathematical demands of everyday life and professional application
(Department of Education, 2013b).

Many comparisons are done between Mathematical Literacy and Mathematics, mainly because
in the FET band the choice lies between these two subjects. The issue concerns access to further
studies that are created by studying Mathematics and the inability to access the same

opportunities through studying Mathematical literacy (Bansilal, 2014).

Mathematical Literacy is context-dependent. Material created to teach the subject uses many
common and uncommon contexts. The socio-cultural differences among the South African
population are a concerning matter since learners in South Africa are not exposed to the same
contexts (Bansilal, 2014). By creating a context that applies to the whole country is complex,
teachers also experience this difficulty when trying to deliver these ideas during lessons. Bansilal
(2014) conducted a study on the subject matter knowledge that is necessary to teach
Mathematical Literacy; the study outlined that there is still a need to re-evaluate the subject as it

is still developing (Bansilal, 2014).

2.3.3. Exemplification in Mathematics education

In essence, the use of examples serves the purpose of illustrating the characteristic nature of a
broad rule and explains an idea or phenomenon (Mason & Pimm, 1984). Exemplification in
mathematics education, therefore, from the onset involves a set of terminology of examples
which can be used in educational literature to encompass teaching content within a context of

textbooks, teacher narration, as well as learner explanations.

Compared to other knowledge disciplines or domains, research on mathematics education has
had to place more emphasis on the process of exemplification because of the critical role that
examples serve throughout the discipline's development and instruction (Watson & Mason,
2005). There have been various interpretations of the concept in tandem with the growing interest

of researchers in this matter.

Examples are described as a tool for demonstrating mathematical knowledge (Bills et al., 2006).

They are also a type of activity technique that enables theoretical communication between the
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teacher and the learner (Peled & Zaslavsky, 1997). A selected but most importantly unique
representation for a general principle of exploration or elaboration (Watson & Chick, 2011), in
addition to content that enables the general ideas to be perceived in the specific examples (Mason
& Pimm, 1984), are a few examples of the representations found within the literature regarding
mathematics education. When the traits that each of these elaborations, for example. Are
combined, it becomes clear that examples may serve a variety of purposes, including

clarification, affirmation, interpretation, as well as summarisation.

To comprehend the qualities of examples throughout mathematics education, several
classifications for examples were established. Examples were initially separated into two main
strands: 1) general examples (which attempted to clarify the subject itself); and, 2)
particular/specified examples (which were limited and applied to give meaning to more specific
scenarios) (Mason & Pim, 1984). The work of Watson and Mason (2005) offered a similar
viewpoint and recommended readings that highlight a concept's essential elements while

outlining boundary examples.

Moreover, Bills et al. (2006) created a classification scheme that is frequently used in
mathematics education studies, by dividing examples into three strands: 1) generic examples; 2)
non-examples; and 3) counter-examples. Non-examples may be used to define the parameters of
a concept, whereas contrary to that counter-examples serve the purpose of contesting a statement
or hypothesis (Bills et al., 2006).

According to Rowland (2008), who examined how teachers used examples under the headings
of representations, sequencing, variables, as well as learning objectives, inexperienced teachers
require particular support and guidance to recognise the various functions that examples play in

the teaching of mathematics.

Three additional special labels of example types, namely prototype, start-up, and proof, are also
observed independently by researchers during the teaching process and fall under these
categories of examples (Peled & Zaslavsky, 1997; Watson & Mason, 2005; Sevimli, 2016
Zaslavsky, 2019).

On the other hand, it is imperative to understand that some researchers, namely Yopp and Ely

(2016) built their categorisation on the use of examples throughout the processes of generalising
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and disproving, even though there has been an increase in studies in previous years regarding
the examples' usage as an augmentation or evidence tool (Rg & Arnesen, 2020).

The technique of teaching and presentation of mathematics tasks by teachers using examples is
a characteristic feature of categorisation (Bentley & Stylianides, 2017). For instance, there can
be an example that symbolises teacher-centred strategies, where the teacher becomes dominant
throughout the content-sharing process or examples may take the form of learner-generated
strategies, where learners are pro-actively involved in the process of interpreting, establishing,
and solving problems using examples (Bentley & Stylianides, 2017). In this case, it can also be
argued that the related literature has highlighted that it is pertinent for learners to establish or
generate examples with the ultimate goal of solving problems using such examples. This includes
a variety of examples that are presented in the classroom setting (Bentley & Stylianides, 2017;
Watson & Chick, 2011).

Current research on the process of exemplification in mathematics education focuses primarily
on two areas; 1) identifying the qualities of the type of examples that are used during learning
and teaching in the classroom setting (Sinclair et al., 2011; Bills et al., 2006; Watson & Chick,
2011); and 2) assessing the impact of the process of exemplification on reasoning and producing
evidence of mathematics reasoning (Peled & Zaslavsky, 1997; Bentley & Stylianides, 2017).
Numerous studies have addressed these issues.

Nevertheless, there are no prior studies in the literature on the types of modifications that have
taken place in the selection of examples in learning environments, particularly in the South
African public schooling system. This includes a lack of research regarding how the reflection
process on the knowledge ought to be taught/conferred (knowledge of textbook) to actual

knowledge taught/conferred (teacher practice) shapes teachers' selection of examples.

In other words, examples serve as essential reference materials for understanding the information
taught by instructors in the classroom and for determining the specific functions of various
sources during the didactic transposition concerning scholarly knowledge and pedagogy of
mathematics (Chevallard & Bosch, 2013).
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2.3.4. Variation as a learning theory focused on examples: The case for Mathematical
Literacy

It is crucial to understand that the difficulty lies in determining the essential elements of a given
learning object, that is, what needs to change and what needs to stay constant throughout the
experience of the learner. According to the variation theory, one way to bring about a change in
understanding is to focus on certain important facets of the object of learning and introduce

variation to them, while maintaining consistency in other aspects.

The teacher is instructed by the variation theory to concentrate on the crucial component of the
learning object (for example, a mathematical literacy concept), recognise varying conceptual
levels, and extract from each of these notions the essential components (core ideas) that will
change and those that are unlikely to. All such invariants are typically the concept's

characteristics in Mathematical Literacy.

The ability to decipher and understand mathematical problems defines Mathematical Literacy.
In the words of Lange (2006), Mathematical Literacy entails a broad understanding of
mathematics, in addition to the capacity to perform calculations. Furthermore, Stacey (2011)
suggests learners’ capacity to apply modelling in solving mathematical concepts defines
mathematical literacy. The capacity to formulate problems in terms of mathematics and interpret
and assess solutions is critical to improving one's ability to resolve mathematical scenarios in
real-world situations because the application of mathematical literacy has an impact on people’s

lives.

According to Bansilal et al. (2015), ideas about the objectives of Mathematical Literacy arguably
form the basis of teachers' priorities, the origin of the issue and the intended
curriculum(Kristayulita et al., 2018). Items from Mathematical Literacy tests may be used to
gauge learners’ aptitude for solving problems. Learners must be able to analyse, formulate and
effectively communicate ideas to complete test items that involve interpreting, defining and
resolving mathematical problems in a variety of contexts (Thomson, Hillman & Bortoli, 2013).
According to Masjaya and Wardono (2018), two factors determine learners' proficiency in
mathematics: internal and external. In addition to the non-cognitive components of interest and
enthusiasm, internal variables involve cognitive elements, verbal skills, as well as numerical
skills.
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To further elaborate on the significance of using examples at the Mathematical Literacy level,
Annisavitri et al. (2020) observed, analysed, and outlined the patterns of problem-solving of
learners during Mathematical Literacy activities/exercises. This was a further endeavour to
explain exemplification as an aspect of variation theory within mathematical literacy learning as

follows:

Learners carry out fundamental tasks with integers, decimals, fractions, and straightforward
graphics, including counting, choosing, and performing a basic arithmetic activity. In addition,
they recognise data and respond to enquiries on the assessment items. Further, learners address

issues using pertinent data (Annisavitri et al., 2020).

Learners work with integers, which are divided into fractions, decimals, as well as graphs as part
of a basic mathematical procedure. In addition, learners solve puzzles that call for
straightforward procedures and fundamental mathematics skills. supplying suitable justification.
The learners can apply their foundational mathematics skills in a variety of mathematical literacy
contexts by having the capacity to decipher and interpret data into tables or graphs. Integer,
decimal, fractional, per cent, straightforward measuring, spatial representation, estimations, and
basic data interpretation are among the procedures that are normally intricate in mathematics
problems. In addition, learners establish basic communication based on the deductions drawn

from analysis and deduction (Annisavitri et al., 2020).

Learners possess the ability to resolve issues of their understanding of geometry, spatial
visualisation, and event possibilities. Moreover, they solve mathematical puzzles by creating
patterns and proportions that can be stated verbally, in terms of numbers or both. Furthermore,
they apply their mathematical knowledge in the form of opinions based on various points of
view. Constructing and expressing answers based on logic and interpretations (Annisavitri et al.,
2020).

The learners can apply their understanding and perspectives to moderately complex issues and
circumstances. Applying the knowledge to resolve issues involving various numbers, as well as
operations. In the same sense, this level of complexity necessitates more complex modelling,
pertinent processes, and a variety of steps and approaches to problem solving. It is also
imperative to note that learners link symbol representation and relevant knowledge through the
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application of thinking that is more comprehensive and reasoning exercises (Annisavitri et al.,
2020).

Learners are more capable of reasoning and thinking mathematically; possessing the capacity to
solve linear equation problems, draw generalisations, and apply and clarify concepts and
information in a variety of contexts. applying their understanding of geometry and measurements
to the resolution of challenging issues. Also, learners create intricate illustrations, create
mathematical representations, and conduct critical evaluations. analyse the connections between
results, interpret, and have a viewpoint in light of the circumstances at hand (Annisavitri et al.,
2020).

To further elaborate on variation as a learning theory, the focus was on examples. In the case of
this study on Mathematical Literacy, the perspectives of certain researchers in constructing

variation theory’s meaning can be taken into account subsequently as follows:

Table 1: Further perspectives on the variation theory

Author/Researcher Explanation
Marton and Pang (2016)

Simply put, variation theory is an increasingly
logical, clear, and meticulous structure for

dealing with variation, as well as invariance.

Askew (2012)

Variation theory serves as a prerequisite for

discerning.

Akerlind (2015)
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Acquiring knowledge using the variation theory
is viewed as a growth in awareness, through
which learners evolve into cognisant minds
regarding essential components concerning a
disciplinary notion, ability, or practice of which

they were previously unaware of.
Kullberg et al. (2017)

Variation theory-based mathematics teaching
strategy that emphasises variation as a necessary
condition for learners to be able to discern new

aspects of an object of learning.

2.4. Conclusion

Chapter 2 commences with a review of the literature that informs the study. Furthermore, a
theoretical grounding is explained; learning the development of the dyadic framework for
comprehensive textbook analysis. This framework will inspire the methodology of the research.

This will be made applicable in the analysis and discussion stage.
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CHAPTER 3: METHODOLOGY

3.1. Introduction

A detailed description of the methodology used to collect the data for this study is explained in
this chapter. This is followed by a justification of the textbook selected and the chapter and units
analysed. The justification of the sample led to a discussion about the reliability and validity of
the study. Ethical considerations were mentioned together with limitations that have been
identified in this study. The section that follows is a description of how the limitations were
addressed. This chapter concludes with a summary and brief explanation of what to expect in

the next chapter.

3.2. Methodology and research design

To analyse the presentation of the topic of the Platinum Mathematical Literacy textbook, the
study did not require human participants, thus the focus was the interpretation of the textbook
based on the conceptual framework mentioned in Chapter 2. This research applied a qualitative
approach to address the research questions, where the focus was on interpreting and describing
data rather than giving a numerical representation of the data (Adler, 2017). Elements of a
quantitative study will be used in the analysis. This may comes from the research questions,
where there was a need to measure the number (the patterns of variation) within the chapter of

analysis.

The textbook is Platinum Mathematical Literacy (Frith et al., 2013). The analysis was completed
using a combined framework of the theory of variation (Zodik & Zaslavsky, 2008) and the
framework for analysing mathematics textbooks (Valverde et al., 2002) through which the core

tenets of these combined theories were observed.

3.2.1 Sampling

a) Choosing Platinum Mathematical Literacy

Many factors were considered to select the textbook that was analysed. First, few textbooks have
been published on the subject of Mathematical Literacy as it is a fairly new subject still being
developed (Bansilal et al., 2014). From 2006 to 2013 Mathematical Literacy was advanced
through the lens of the National Senior Certificate (the curriculum statement at the time). There

were further developments to the subject from 2013 to 2019 as informed by CAPS (the
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curriculum statement at the time). The changes that were implemented in 2019 have provided a

clear structure to assessments and topics.

Some of the most common authors/publishers in Mathematics only produced Mathematical
Literacy textbooks up to Grade 11 and not Grade 12. The other factor that makes some
Mathematical Literacy textbooks to be more common than others is the date when the textbook
was published. Textbooks that were published up to Grade 12 around 2006 to 2013 when
Mathematical Literacy was introduced, have a greater chance of being utilised in schools for
longer.

Once textbooks are procured in a public school, they may be issued to learners and retrieved at
the end of the year. They are then issued to learners in the same grade in the following year.
Unless the curriculum statement changes or the textbook is declared to be no longer useful,
schools are most likely to use these books for a long time. The wear and tear of textbooks reduces
the number of textbooks available in the school; schools may use their budget to augment the
textbook that already exists. These are some of the reasons why the Platinum Mathematical

Literacy textbook is still commonly used in many South African schools.

b) Choosing probability

Probability is one of the common topics that are studied in both Mathematics and Mathematical
Literacy (Gal, 2009). Mathematical Literacy is about the practical application of mathematical
ideas into real-life contexts (Ogbonnaya & Awuah, 2019). Through the topic of probability,
mathematical expressions of everyday life are expressed. This gives learners the ability to learn

formal school knowledge and apply it.

Probability is a common topic that is taught from Grade 8 to 12, this implies that all learners
engage with the topic at different levels. Questions in Mathematical Literacy are phrased with
words because Mathematical Literacy focuses on using language to explain mathematics. For
this study, probability was selected because of its features that would allow an analysis using

variation.

This topic is also multifaceted because learners apply the skills of calculating, drawing and
interpretation. In addition, they experience probability in many everyday situations like games,

sports and decision-making (Gal, 2009).
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¢) Unit analysis

In the Platinum Mathematical Literacy Grade 12 textbook (Frith et al., 2013), the section that
was analysed was separated into four units. The units are Unit 1: the expressions of probability,
Unit 2: prediction, Unit 3: determining possible outcomes, and Unit 4: expressions involving
probability. For this analysis, only Units 1, 3 and 4 were analysed. Unit 2: Prediction is excluded
from the analysis because the nature of the questions and examples are open-ended. With the

other units, the answers are controlled and allow us to cast a theoretical lens on the questions.

Based on the literature review in Chapter 2, it is evident that although it is important to rely on
the observation of probability at Grade 12 level, learners must be able to understand the meaning
of probability more deeply (Batanero et al., 2016). This justified the reason to exclude Unit 2:
prediction in the analysis since it still only focuses on determining probability through

experiments.

3.3. Data analysis

The data were analysed in two sections. Each section focused a component of the analytical
framework , which was guided by the research question. The initial research question was to
determine the presentation of how the topic of probability in the textbook was addressed by
analysing the general approach of the textbook. The second section of the analysis considered
the exemplification. In exemplification, the core tenets of the variation theory were used to
analyse the extent to which the exercises attend to the critical features identified. Once all the

data were collected, each phase had implications about the affordances for learning.

3.3.1. The general approach

The textbook was sectioned according to presentation formats. Table 2 below lists and describes
the presentation formats that are found in the Platinum textbook. The order of the
presentation formats was to be determined. This sequencing was used to determine the
general approach of the textbook that could either be quasi-deductive or quasi-inductive.

A Quasi-deductive textbook can be identified when the textbook starts by explaining the content,
thereafter an example is given to illustrate the explanation, and an exercise is given to the

learners to complete using the knowledge attained from the explanation (Leshota, 2015).
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A Quasi-inductive textbook can be identified if the approach is investigative. An activity is given
first for students to discover the content through exploration. Thereafter, summary notes and

information about the nature of the content are given (Leshota, 2015).

Table 2 illustrates some of the presentation formats that are found in the textbook. The diagram
also gives a detailed description that helps understand how it can be identified within the
textbook.

Table 2: Description of the presentation formats

Presentation format Description
Explanatory text This can be a statement or paragraph that explains
Probability
Note box Information in a box, usually on the side of the page, it has

information that is of importance to the example or exercise

Revision table A set of table/tables that summarises revision material,
relevant to the chapter that is supposed to have been

Probability number line A diagrammatic representation of the meaning of the
likelihood in probability.

Example Commonly worked examples are found before activities.
This is so as to paint out a picture of how learners need to
engage with the task at hand.

Exercise A set of exercises that afford learners an opportunity to
engage with the aspects being dealt with in the examples
and descriptive texts that the textbook has.

Summary table Provides a summary of the information that is important
within this chapter.

Check your skills/Revision A revision activity is a means to summarise all the
activity information that has been learnt throughout the chapter.
Key words Important and terminology that is used multiple times in the
chapter. Thus, these words are critical in understanding the
topic
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Each unit analysed has a broad topic. Instead of referring to the topic as the object of learning,
the topic was referred to as the core idea of the unit section analysed. Thereafter, the critical
features were identified in each unit section. These critical features were identified in the
introductory section of each unit. This section includes the definitions, narrative texts and
worked examples. Thereafter, the exercises were analysed to see the extent to which the exercises
attend to the critical features. Each object of learning or core idea identified in the textbook has
numerous critical features (Lo, 2012); these features can be identified by considering the

following key items:

a) A set of competencies that are required to comprehend the object of learning/core idea.

b) A concept that underpins the object of learning/ core idea.

3.3.3. Patterns of variation

The worked examples and exercises were analysed. Since Mathematical Literacy is very
descriptive, it was not easy to determine the patterns of variation by looking at the question
posed. What was done was to look at the solutions to the questions to see the patterns. Table 3
below shows the recognition rule used to analyse the solutions given in each of the sections

analysed.

Table 3: The Patterns of Variation

Pattern of variation | Recognition rule

Similarity These are questions with responses that have a similar structure

Contrast These are questions with more than one feature that is varied in a

comparative manner.

Fusion When two critical features can be discerned within one question,

then there is fusion.

Generalisation While observing the features that vary, generality is focused on the
invariant features; these allow learners to deduce certain patterns

about the nature of the data given.

No variation These are a group of questions that do address similar critical

feature/s
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Table 3 above is used to determine the patterns of variation. The critical features of the object of
learning needed to be identified because the patterns of variation can be seen if the critical

features are varied.
3.4. Validity and reliability

To reduce any risk associated with this research | considered the validity and reliability of this

research concept | drew on Maxwell’s (1992) thinking of the trustworthiness of the research.
3.4.1. Validity of data collection

This qualitative study was a textbook analysis. It is vital to mention that the theoretical
framework that underpins this study has not been used in this particular context. To advocate for
the legitimacy of the data collection method, Maxwell (1992) put forward different types of
validity and the purpose of ‘justifying’ the data collection method. The argument is informed by

the objective nature of a qualitative study which can be analysed in various ways.

The framework for comprehensive textbook analysis has been established to analyse the
textbook to collect data and interpret it. Maxwell (1992) refers to this type of validity as factual
data collection. The textbook was analysed using a framework, therefore, the results obtained
are authentic to the lens of the framework used. The results obtained in this study are not intended
to discredit the textbook. They are rather intended to identify techniques which can improve the
teaching and learning of Mathematica Literacy.

3.4.2. Validity of data analysis

A recognition rule is established based on the two frameworks that inform the study. These
recognition rules are explained for clarity. To safeguard the interpretive validity of the data
collected | ensured that the results were interpreted based on the framework and not on my
opinion (Maxwell, 1992).
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3.5. Limitation of the study

There were no human participants in this study which was a limitation as this study only focused
on the exploration of the structure of the textbook. In the theoretical framework section, research
shows that textbooks are a tool used to improve learning. Therefore, it is a limited suggestion to
make judgements about the affordances that the textbook may or may not offer if there is no
consideration of how it is utilised in a classroom setting. If teachers were to be made aware of
this study, it would raise an awareness of the sequencing of examples in lesson preparation and
lesson delivery. Teachers may bring a different understanding that may enhance learners’

understanding of what is taught.

Since this study was a textbook analysis, it would have been interesting to find out how this
study would have resulted if it were conducted in a classroom setup. This would have allowed
us to see more about the application framework that has been developed. It would have also
allowed us to see how teachers are currently using these textbooks to teach the topic of

probability.

3.6. Ethical considerations

Since there were no human participants, it reduced the risk of disclosure of information
(Protection Of Personal Information Act). Furthermore, there was an acknowledgement by the
researcher that ethical considerations go beyond having human participants in the study.
Applications for permission to make observations and recommendations on published material
were made. The ethics waiver was applied for and permission was granted to proceed with the

research concept.

The results of the ethical clearance application showed there was a limited risk with the results
of the study. Additionally, permission was requested from Maskew and Miller the publishers of
the Platinum Mathematical Literacy Grade 12 textbook. The permission granted the use of all

the written material excluding images of people and objects.

The textbook is not a variation-informed textbook. Analysing the textbook through the lens of
variation does not imply that the textbook is not theory-informed. The intention is to rather show

how variation would offer an alternative view of the delivery of content.

Page 47 of 81



3.7. Conclusion
With the use of the conceptual framework, this chapter has expounded on the methodology that
was used to gather data. The following chapter explores the actual data that was collected

showing how to source results from the analysis conducted.
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CHAPTER 4: Analysis

4.1. Introduction
This chapter aims to provide an in-depth analysis of the topic of probability in a Grade 12
Mathematical Literacy textbook (Platinum Mathematical Literacy) to delineate the affordances

that this textbook makes available to learners:
To reiterate, this investigation is informed by the following research questions:

1. How is probability as a topic presented in the commonly used Grade 12 Platinum

Mathematical Literacy textbook?
2. How are the examples structured in the textbook available to learners?
3. What affordances do these examples offer to learners for the learning of probability?

The dyadic framework for a comprehensive analysis of textbooks as mentioned in Chapter 2,
informs the structure of the analysis. This framework is a combination of the two prominent
theories that inform the study, the framework for Mathematics textbook analysis and the

variation theory. The analysis is set out in the following order:

» The general approach: This section will analyse the order in which the presentation
formats appear to deduce the general structure of the textbook

» Exemplification: This section identifies the core ideas and the critical features on which
to focus and the extent to which the exercise examples attend to the core ideas and their

critical features.

The initial section of the analysis responds to the first research question on determining the
general structure of the Mathematical Literacy textbook; by analysing the general approach of
the textbook this structure is made explicit. Thereafter, the analysis drew on two important tenets
of the variation theory, the first being the critical features presented in each of the units of the

chapter, and the second tenet is the nature and order of examples presented.

The objective of this research was to determine the affordances /competencies that are made
available to the learners when they engage with the textbook. These affordances can be identified

Page 49 of 81



in each of the sections of the analysis. In all of the sections of analysing the textbook, there is an
anticipation of identifying affordances and some possible areas for improvement.

4.2. The general approach

This phase of analysis focuses on determining the general approach of the textbook. As explained
in Chapters 2 and 3, the approach can be quasi-deductive which is regarded as a narrative
approach or quasi-inductive regarded as an investigative approach (Valverde et al., 2002). To
determine the general approach, some extracts from the textbook are labelled below. The labels
on the right-hand side identify some of the presentation formats as they appear in the Platinum
textbook. To illustrate the order in which the presentation formats appear, the figure below is
from Unit 3 of the chapter on probability. A tabular explanation of the unit comes after the
pictorial analysis.

The following figures show the presentation formats identified in Unit 3.
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Figure 6: Determining possible outcomes from multiple events

Source: Reproduced with permission from Maskew Miller Learning
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Figure 7: Determining possible outcomes continued

Source: Reproduced with permission from Maskew Miller Learning

The first presentation format is a narrative format to introduce the concept. This is followed by
an investigative format of a worked example that exposes learners to questions and answers on
the topic. A keyword box on the side defines the keywords that learners will see in this section.
A second worked example precedes the exercise that learners must complete to check their
understanding of the topic. By observing the pattern above, one can deduce that the textbook is
largely quasi-deductive. The narrative presentation formats precede the investigative formats.
When engaging with the textbook it is evident that there is a narrative introduction of the content.

The application is required once a foundation is presented.

Table 4 below shows the order in which the presentation formats appear in the chapter of

probability. The three tables below are set up to explain the presentation formats in each unit

section that was analysed. Table 4 describes presentation format found in Unit 1.
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Table 4: Expressions of probability; Order of presentation formats

Table 4 Expressions of probability: Order of presentation formats

Presentation format

Explanation

1. Introductory text

Explanation of the concept of probability.

2. Keyword box

Highlighting the most important words that learners may

expect to see within the chapter.

3. Worked example

Example of the representation of probability.

4. Picture of multiple choice

Visual representation of an assessment technique where

there are multiple possibilities.

5. Information text

A text showing and explaining the different

representations of probability.

6. Probability number line

An indication of the likelihood of events occurring based

on the chance because of the probability.

7. Worked example

A worked example of the probability number line

8. Exercise

This activity allows learners to apply the knowledge they

have acquired in the other presentation formats.

The quasi-deductive approach is evident in Unit 1: The expressions of probability. The narrative
presentation formats do not only precede the investigative presentation formats, but they also
inform the type of questions found in the investigative formats. If one refers to Table 4.1 above
one will notice that the worked examples and exercises are informed by what is presented in the
introductory text or information text. For the learners to engage with the last presentation format

Number 8 (exercise) in Table 4, they must have engaged with the presentation formats that come

before the exercise.
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Table 5 below shows the order of the presentation formats in unit 3: Determining possible
outcomes. This table identifies and explains the presentation formats as they appear in the unit.

Table 5: Determining possible outcomes: Order of presentation formats

Table 5 Determining possible outcomes: Order of presentation formats

Presentation format Explanation

1. Introductory text Explanation of the diagrams used to represent the

probability of multiple events.

2. Keyword box Explanation of the term, a tree diagram, and the term, a

two-way table.

3. Worked example [lustration of a tree diagram drawn using a spinning
wheel.
4. Information text A description of the conditions that are necessary to draw

either the probability number line or the two-way table.

5. Worked example Worked example showing different ways of drawing a

two-way table.

6. Exercise This activity allows learners to apply the knowledge they

have attained from the other presentation formats.

This unit 1 is also largely quasi-deductive. Similar to Table 4, Table 5 also identifies and explains
the presentation formats as they appear in the unit of determining possible outcomes. A deduction
can be made; this is to say that the investigative formats in this unit are informed by the

information that is explained in the narrative formats.

Table 6 below illustrates and explains the presentation formats as they appear in Unit 4 of the

chapter on probability. The title of the chapter is evaluating expressions involving probability.
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Table 6: Evaluating expressions involving probability; Order of presentation formats

Table 6 Evaluating expressions involving probability: Order of presentation formats

Presentation format

Explanation

1. Introductory text

An explanation of gambling and the National Lottery.

2. Keyword box

A description of the keyword used in the unit.

3. Worked example

An illustration of how to respond to questions that ask

about the context of gambling.

4. Fun fact (did you know)

These are important facts that learners need to be aware

of about gambling.

5. Information text

A description of the context of a scratch card.

6. Exercise

This activity allows learners to apply the knowledge they

have attained from the other presentation formats.

What is common in all three units is that the narrative presentation of the formats constitutes the
introduction of the core idea presented in the chapter. The units analysed have uncovered that
they all conclude with an exercise that is intended to evaluate the learners’ ability to apply the
knowledge that they have acquired through engaging with the text. This analysis is about the

broader structure of the chapter. An example-specific explanation follows in the exemplification

section. This will expound on the extent to which the investigative formats are informed by the

narrative presentation formats.

Mathematical Literacy is a context-imbedded subject that requires a substantive amount of
narrative presentation formats; this is to allow learners from different parts of South Africa to

understand the various contexts. This may not necessarily expose the learners to all the
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mathematical literacy contexts, but it should give learners exposure to the cognitive abilities that

will be required to assess different contexts.

Every approach has its benefits and limitations. The benefit of using the quasi-deductive
approach is that it allows for scaffolding. This means that the content pieces have been sectioned
into simpler smaller narrative formats before engaging with investigation. The limitation of using
this approach is that the end goal is for the textbook users to complete the exercise, thereafter
there is rarely an explanation. The advantage of a quasi-inductive approach is that new
information is learnt through deduction. It requires higher-order thinking. This approach aims

for learning by drawing conclusions.

Throughout the chapter, it can be noted that there are no summary texts for learners after they
engage with the investigative presentation formats, there is no reinforcement of what they could
have learnt through engaging with the textbook. This conclusion is predisposed since there are
few cases where there is an explanatory text after an exercise, it seems that the purpose is to

prepare the learners for the next exercise.

4.3. Exemplification

This section of the analysis intends to use the theory of variation as a theoretical lens to analyse
exemplification within the Platinum Mathematical Literacy Grade 12 textbook. According to
Valverde et al. (2002), textbooks are designed to provide opportunities to learn. This statement
addresses the purpose of this study, which is to analyse the affordances for learning that may be
inferred through engaging with the Platinum Mathematical Literacy textbook. Throughout the
exemplification section, the core ideas in each unit are lifted to determine the extent to which the

textbook attends to the critical features.

The presentation formats as explained in previous sections are grouped into two categories.
These are either narrative or investigative. In this part of the analysis, the gist is to thoroughly
analyse the exercises, which is a type of investigative presentation format. The narrative formats
are used to determine the core idea and its critical features. Thereafter, the exercises are
considered to firstly analyse the extent to which the critical features are made explicit to the
learners and secondly, consider how a variation-informed approach would improve the

understanding of the topic.
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4.3.1. Expressions of probability: Analysis of Unit 1

Expressions of probability is the core idea presented in the first unit. The textbook defines
probability as the likelihood or chance that an event will occur (Frith et al.2013, p.238-251). This
Is expressed as a formula that is used as a mathematical representation.

favourable outcomes

Probability =
robabriity total possible outcomes

The critical features of the expressions of probability are inferred from the above-mentioned
formula. These features are the ability to express probability in three ways, a fraction, a decimal
and a percentage. The contextual meaning of the value of probability is the second critical feature
which represents the likelihood of an event occurring. To illustrate this Figure 8 below is an
extract from the textbook to illustrate likelihood through a probability number line. The number
line uses probability terminologies that express the chances of an event occurring. Where 0% is

impossible and 100% is certain.

25% ~— 75% \

Impossible Unlikely Even chance (50-50) Likely Certain
0% | | 50% | 1 100%
1-in-6 chance 1-in-3 chance 2-in-3 chance 9-in-10 chance

Figure 8: Probability number line

Source: Reproduced with permission from Maskew Miller Learning

The table below represents a summary of the critical features of the core idea of expressions of
probability. To evaluate the extent to which the critical features attend to the core idea, the critical

features must be clearly outlined.
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Table 7: The critical features of expressions of probability

Core Idea Expressions of probability

Critical features e The representation of probability as a
fraction, decimal or percentage.

e The representation of likelihood on a
probability number line.

e Probability increases from 0 to 1.

The critical features of probability are centred on the formula stated above. This table indicates
that the fraction can be simplified to a decimal or percentage that represents the same value.
From the fraction, decimal or percentage the value of the probability can be interpreted to explain

the chances of the event happening.

In the next section, | engage with how the examples and the sequencing of examples attend to

this critical feature(s).

a) Micro analysis: using Variation as a lens Exercise 1

Nhat is the probability of it niging;gbj
; %: are running late for school and

from the drawer. If you have one school sock in

~ eight different socks in the drawer, what is the pr.
correct sock at random? =i

Figure 9: Questions and answers of Exercise 1

Source: Reproduced with permission from Maskew Miller Learning

Mathematical Literacy questions are written in long sentences that require answers in the form
of mathematical expressions. To cast variation as a lens, the answers to the questions are
provided in the grey box. It is evident that throughout Question 1 the requirement is to express
the probability of events occurring. The requirement is to express probability as a fraction,

decimal or percentage.
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The observation is that the numerator of all the simplified answers is one but the denominators
vary according to the total possible outcomes. This leads us to reflect on the critical features of
expressions of probability. First, probability can be expressed in three different ways, as a
fraction, decimal or a percentage. The other feature is that the larger the denominator, the lower

the probability and that decreases the likelihood of an event occurring.

From the answers in the grey textbox, we can deduce that there is no particular pattern used to
order the questions. The example space does not show an increase or decrease in probability
through the order in which the denominators vary. The example space created does not seem
intentional. A variation-informed textbook would have reordered the questions such that there is
a gradual increase of the dominator to show the decrease in probability. In that way, the focus is
not only on expressing probability in three ways, but it is also on the meaning that is drawn from
intentionally ordering questions. If the questions can be reordered from 1.3 to 1.2 then 1.1 and
1.4, this change would allow learners the opportunity to discern the decrease in the likelihood of
an event occurring. A variation-informed textbook would order the questions such that all the

critical features are attended to.

Exercise 1 continued

I Write down each of the following events on a probability number line where A Likel
you think it should go. Y
A You win a prize in the raffle after buying 85 of the 100 tickets. — » ¢ B. Likely
B You will get accurate results on a drug test that claims it is 70% accurate.
€ Because of overfishing, there will be no fish left in the sea in 3 years’ time. C. impossible
D You win the lottery after buying 10 lottery tickets.
| S5 D. Unlikely
Unit 1

Figure 10: Question and answers continued

Source: Reproduced with permission from Maskew Miller Learning

This is an extract from Question 2 of Exercise 1, which is a continuation of Exercise 1. This
means that the critical features explained in Unit 1, expressions of probability still inform the
requirements of this question. This question requires learners to draw a probability number line
to place the events in relation to each other. The questions can be answered by placing the
question number (alphabet) on the number line to represent the likelihood of events happening.
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The first two answers, A and B, will be positioned towards the far right and the last two answers

will be positioned towards the far left. These questions in all likelihood allow learners to discern

the difference.

4.3.2. Determining possible outcomes: Analysis of Unit 3

In this unit, the core idea is determining possible outcomes of compound events (in mathematical

literacy compound events are two or more events occurring simultaneously or consecutively).

The critical features of this core idea are based on drawing a two-way table and a tree diagram.

These are visual representations showing how to determine the possible outcomes. See Figure
11 below:

ossible outcomes

=== Unit 3 Determining i will be cither a boy

outcome 4
¢ that the sious. For example, £
baby, they k< are niot as bVIoU el e
1fa couple has 2 D209 [ ocomes aTE 8 L are mot as clear. s
i or CASESH

it
inle 0 vo-way table o sce
ren, tHe PO giagram or (WO way 1o see all
g2

il
sent the data usin

WORKED EXAMPLE :

1 Use a tree diagrant to hel{sny;:

list all the possible outco!

of a slot machine that h;s i

the first two spinning whe

as shown in the diagram

E side: ;
2 g:';iu think you are zqua:lrje

o likely to get bvo 7sas ynu

! {0 get two cherries? Gived

reason for your answer-

b 2 Althoughtwo7s and two cherrie
‘ are both outcomes, the possibi
spinning two 75 is less likely
there is onlya 1 in 8 ch
7 occurs on each wheel.
thalya
eTfhicr wheel.

We use tree diagrams and two-way tables to express the outcomes of ever 1(()\\'='\¥ll
i S Vi gatrt

you can only use a two-way table if there are only two events, whereas you can ts a

diagram when there are two or more events, for example, flipping a coin three times

WORKED EXAMPLE

| Use a two-way table to list all the possible outcomes of a recent questionnai®
l given to a sample of people waiting at a taxi rank, The first question asked

{1 the respondents their gender. The second question asked whether they wet¢ .
‘ ’} employed orunemployed (giving the options in the table below for the el
unemployed answer).

Critical Features

Figure 11: Critical features of determining possible outcomes

Source: Reproduced with permission from Maskew Miller Learning

Figure 11 identifies the critical features of Unit 3. These features are listed in Table 8 below.
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Table 8: The Critical features determining possible outcomes

Core idea

Determining possible outcomes

Critical features

1.
2.

Representing the probabil

Determining the total possible outcomes of

multiple events.

Determining the possible

The two-way table can only represent the

possible outcomes of two

diagram can represent more than two events.

The principles of drawing a tree diagram and a

two-way table.

ity of multiple events.

outcomes.

events whereas a tree

In the next section, | engage in how the exercises attend to the critical features of the core idea.

Analysing Exercise 6

 e—————— |

__—
SOLUTION

from the
ftie posIolc uieomes e questions yre

v e liste e
A A
responses. e represents all the possible

fmployed | Employed | Geamm— T — —
/mmn nmeJ :«s::ﬂ"yT""m'P’Bved Unemplayed
I &n

o s and looking | and ot

forwork (UL | Jooking for
—— | | ek N
2| Made UL | Male,UNL

@, FT | Male,pT | —
Female, FT [ Femalc, bT | sulla
jemtlen] Femele, 7| Fomole, VT | Femsle, 0 [ e i

you could have also designed your tabie Jike this:

e eyl

Female, \.wj -

probabiltybut you Wil have

s t
the passible outcomes of #n

Frpopedfull e FH_
apluyed part time (PT)

[ Femate 7
FT, female (-]
e PT, femnale
e nale O, female
[Unetaployed and looking for work (UT) + T

SO UD Sl i UL, female
pnemployed and not Tooking for work (GNG_ | UNL m
n these examples, the order of the events does not matter, However in some ¢ases,
the order of the events may be important. For example, if you want to know the
‘possible putcomes of having two children, the order does not matter, But, if the

| eldest child must be a boy, then the order of the outcomes Is Important.

'EXERCISE 6

Mot car insusance companies evaluate your driving history la determinie how
rmuch money you have (0 pay for car insurance. They check two (ings: if you
have any specding fines with categorics 0 ckets, 1 tickel, 2 rickets, § tickets,

4 tickets ar 5= tickets, and if you have had any accidents (yes o1 na).

11 Create a two-way table listing all the possible utcomes that the insutance
company looks at. N s

12 What do you think the category 5+ (epresents?

= i ¢isa (o1 517,
3 Why do you think there is a category 357, b

: i mch ozlmme do you think would have the cheapest insuraniee? Give:a
reason for your answer

2 Consider the diagram alongside: esalb

! spresent the pussivilitics
21 Draw a tree diagram to Tepresen!

« and flipping a coin.

Sinai spinnes
O e oicomes do you have ford

22 How many possible out

| your tree diagram?
What is the probal

Hipping heads? :
24 wfgu xf the probability of fippIng fails?

ity of spioning red and

~
w

Critical Feature

{k

Questions about the
tree diagram

Unit 3 Determining possible outcomes. @

Questions about the
two-way table

Figure 12: Analysing Exercise 6

Source: Reproduced with permission from Maskew Miller Learning
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An analysis of exercise 6

1. The first question is about drawing a two-way table and interpreting the table. The
context of the question is about car insurance. All the questions thereafter are about
insurance rather than a mathematical interpretation of the information. There is a
misalignment of the critical features emphasised. Question 1.4 is more about

understanding the context of car insurance than it is about probability.

2. The second question is about drawing a tree diagram based on the spinner given along
the questions. The questions thereafter are about the possible outcomes. Throughout all
the questions in Unit 3, this is the first account that attends to the critical features of
determining possible outcomes. The last two questions add the context of a coin about
the already given context of a spinner. The inclusion of the context of the coin is not
clear. See Questions 2.3 and 2.4. It only states ‘flipping heads’ and ‘flipping tails’, it does

not say on a coin.

Perhaps if the main question had included the spinner and the coin to show compound
events, it would have firstly attended to the created features and secondly, it would have

cleared the confusion that is currently in the question.
4.3.3 Expressions involving probability: Analysis of Unit 4

In this section, the core idea is ‘probability in everyday life’. This section is an application of the
other core ideas that have been discussed in the previous units. These core ideas are the
expression of probability and determining possible outcomes. The everyday life expressions are

set out to expose the critical features of odds in insurance and gambling.
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Figure 13: The critical features of expressions involving probability

Source: Reproduced with permission from Maskew Miller Learning

Figure 13 above shows probability in the context of gambling. This is one of the critical features

of this unit section. The critical features of this core idea are listed below.

Table 9: The Critical features of expressions involving probability

Core Idea

Expressions involving probability

Critical features

e Probability in everyday life contexts
(Gambling and insurance).
e (Odds versus the likelihood of an

event occurring.

Page 62 of 81




The following section shows how Exercise 7 attends to the core ideas and its critical features of
this unit.

Figure 14: Analysing Exercise 7

Source: Reproduced with permission from Maskew Miller Learning

This exercise is based on gambling using scratch cards. Out of a total of 2 million cards that can
be purchased. there is a table provided that shows the number of prizes available according to
the amount that can be won. These prizes range from 3 prizes worth R10 000 to R294 846 prizes
worth R10. This table expresses the limited odds of winning R10 000 and the high chances of
winning R10.

The context is very important in analysing Mathematical Literacy questions. Some of the
questions that asked focus on the particular context used. The learners need to engage with
determining the probability of winning based on the possible tickets that can be bought. However

the focus of this question is only on the value of tickets bought.

4.4. The patterns of variation

In the preceding section, the paper engaged with how the examples and the sequencing of

examples attend to this critical feature(s). This section further expands on the component of
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variation by identifying the patterns of variation in the three units that have been analysed.
Platinum Mathematical Literacy is not a variation-informed textbook, thus identifying the
patterns is more about explaining how the examples are ordered to enhance understanding. As
explained in Chapter 2, the patterns of variation are a description of the order in which examples

are ordered. This section will consider both worked examples and exercise examples.
Worked example 1

There is no variation because there is only one question.

Worked example 2

In this example, the four questions show probability as a fraction, decimal or percentage. These
values are then interpreted in terms of the likelihood/ chance of occurrence. This allows learners

to contrast two critical features. This example shows the pattern of contrast.
Worked example 3

This example shows a pattern of similarity because there is a comparison of the same critical
feature which is the total possible outcomes. The learners are not allowed to contrast this feature

with other features.
Worked example 4

This example also shows similarity. The central critical feature that is addressed in the example
is determining the total possible outcomes. This critical feature is the same throughout the

example given.
Worked example 5

This example compares more than one critical feature. The first question is about determining
the likelihood of an event occurring. The second question is about representing probability as a
fraction and as a percentage. The third question is about interpreting the table in the given

context. The last question is also about expressing the probability.
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Worked example 6

The critical feature of this unit section is about the application of probability in everyday life
contexts. This example does not address any of the critical features that have been identified in
the entire chapter. This example is about interpreting the monetary value.

4.4. SUMMARY': The patterns of variation

Understanding that the textbook was not informed by the theory of variations is important to
observe what the results tell us about our framework. The results of the analysis above show
that few examples show variation. Table 10 below illustrates the possible affordances that may

be a result of considering variation in a textbook.

The dyadic framework for comprehensive textbook analysis considered the general approach
and the extent to which the textbook attended to the critical features of the object of learning.
Table 10 below is a deduction that can be used to generalise the possible affordances that may
be attained if engaging with a theory-informed textbook.

A theory informed textbook

General approach | Deductive Inductive
Variation
Variation informed a) Deductive +Variation b) Inductive + Variation
Non-variation informed ¢) Non-variation informed d) Non-Variation
+ Deductive informed Inductive

Table 10: General approach +patterns of variation

a) A textbook that is quasi-deductive and variation-informed
The affordances of a deductive textbook are that the examples give learners information that is
necessary to understand the topic before they engage with questions that require them to apply
their knowledge. The affordances of a variation-informed textbook are that it allows learners to
discern the critical features of the object of learning. Therefore, a textbook that is quasi-deductive

and variation-informed is intentional about all the information presented whether it is a narrative

Page 65 of 81



or investigative presentation format. Therefore, the narrative texts and examples are sequenced

through the patterns of variation to create discernment of the critical features.

b) A textbook that is quasi-inductive and variation-informed
An inductive textbook is more investigative which requires thoroughness from the learners. The
inductive and variation-informed textbook should have well-structured questions that build to
generality. The questions should allow learners to discern the critical features of the object of
learning as they engage with them. This will encourage in-depth reasoning that is structured

towards the attainment of the new information.

c) A textbook that is quasi-deductive and not informed by variation
A textbook that is deductive and not informed by variation is a narrative textbook that may be
informed by other theories. The focus of this textbook is to give foregrounding information that
is necessary for the learners to understand the object of learning. If examples are varied, they are
not intentionally structured to bring out the different critical features. The Platinum

Mathematical Literacy textbook is quasi-deductive and not informed by variation.

d) A textbook that is quasi-inductive and not informed by variation
A textbook that is investigative and not informed by variation may not necessarily be structured
to bring out the critical features but the textbook will encourage higher-order thinking from the
learners. The difficulty with this textbook is how the critical features may be exposed by the

investigative questions if they are not structured.
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CHAPTER 5: Conclusion and recommendations

5.1. Introduction

The desire to conduct this research emanated from challenges that | have faced as a Mathematics
teacher having to teach Mathematical Literacy without having acquired training in pedagogical
content knowledge required to teach the subject. As it is the case for many other teachers in
South Africa, my concern was to find ways to deliver the content accurately to the learners. By
having to refer to textbooks and online material |1 was exposed to several resources. | felt the
need to find a framework that can be used to assist with carefully selecting a textbook that will
accurately convey the mathematical literacy content to the learners. Thus, the objective of the
study was to investigate the affordances for learning probability that are made available by

engaging with the Platinum Mathematical Literacy Grade 12 textbook.
Three research questions that informed the study have been unpacked in various ways:

1. How is the topic of probability presented in a commonly used Mathematical
Literacy textbook?
The presentation of the topic of probability was analysed by investigating the general approach
of the textbook. This general approach explains the overall structure of the textbook based on
the order of presentation formats identified in the analysed chapter. From the findings, the
textbook leans towards using a quasi-deductive approach to present the topic of probability.

2. Which patterns of variation can be identified within the examples found in the
chapter on probability?

The theory of variation has three core tenets. Before identifying the patterns of variation, it is

important to understand that the object of learning in this paper is referred to as the core ideas of

probability. Once that was established, the critical features were identified; this was to establish

the extent to which the exercises attend to the critical features identified. Identifying the patterns

of variation within the examples is not an independent activity, it is dependent on the variation

of the same critical features that were identified.

3. What affordances for learning are made available through engaging with the
textbooks?
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In each of the phases/sections of the analysis of the textbook, affordances have been identified.
Drawing on literature a description of the affordances that would occur in a variation-informed

textbook has also been stipulated.

5.2. Findings and recommendations

The findings of this study are based on the order in which the research was conducted. The
dyadic framework for comprehensive textbook analysis informed this order of research. The
three main findings are based on the following ideas; the general approach, developing an
understanding of the critical features, and lastly understanding how the example space created

helps to create discernment.

It is important to consider the general approach of a textbook to encourage a particular type of
reasoning. If there is a need to encourage investigative thinking, one should consider a textbook
that is quasi-inductive. However, if you want to encourage deductive reasoning a teacher should
consider using a quasi-deductive textbook. For the purpose of this research, the Platinum

textbook was identified as a quasi-deductive textbook.

The quasi-deductive approach is relevant to the structure of schooling in South Africa, where
learners are allowed to change from Mathematics to Mathematical Literacy until Grade 11. A
deductive textbook is effective in encouraging a narrative explanation of the content, this helps

to bridge the gap between the knowledge that learners should have learnt in Grades 10 and 11.

An understanding of critical features should be encouraged to create better opportunities to learn.
For learners to discern the critical features of an object, the features must first be exposed. This
would mean that effective learning material must expose its critical features. The Platinum
textbook does expose the critical features. However, the only concern is that the exercises are
not intended to allow learners to engage with all the critical features and secondly, there are very

few patterns of variation.

When analyzing the patterns of variation, a lens is cast on the order in which the critical features
vary. Therefore, an awareness of the critical features is an important aspect to consider when
selecting a textbook. Second, when choosing examples for teaching, intentionally sequencing

examples is vital to expose the critical feature to encourage discernment of these features.
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5.3. Limitations to the study

Language issues in mathematics education is a growing field of study. Some studies have
interrogated the use of language in mathematics, as to how that limits the access learners have
to the content since they may grapple with the language before they understand the meaning in
the context of mathematics. This study does not consider the issue of the language used with the
topic analysed. There remains a need to consider the linguistic implications of analysing a

mathematical literacy textbook that uses more English to put across its ideas.

The second limitation of the study is that there are no human participants in this study. This
would have added a layer of benefit to the research. By allowing learners and teachers to engage
with the textbook, the idea of theory in practice would have been unpacked. This limitation is
valid, but before analysing the textbook in the classroom context, it is important to analyse the

affordances that the textbook offers.

Hence, that may be regarded as a possible future research topic.

5.4. How the research has influenced my practice

Researching textbooks has made me more aware of the nature of the textbook used. As a teacher,
I have now become more purposeful in my lesson planning and delivery so that it is not just
about giving learners a lot of questions, it is about how these questions will expose the critical

features of the object of learning.

Before my understanding of the variation theory, | would just use the questions as they appear
in the textbook. | was not exposed to a framework that explains the need to be intentional with
the work that I give my learners. Second, | always used the deductive method of teaching in my
class. This creates a sense of dependency of the learners. It reduces the learners’ opportunity to

independently draw conclusions.

5.5. What does this imply for the Platinum Mathematical Literacy Grade 12
textbook?

A textbook is said to be deductive when the author carefully explains ideas, presents fresh ideas,
provides definitions, and then sets exercises. In adopting a deductive strategy, researchers will
begin with a strong hypothesis and use evidence to examine its implications (Harel & Weber,

2020). Expressed differently, going from broader to more specific areas. In light of this, the
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deductive reasoning of the textbook: Platinum Mathematical Literacy is most commonly linked
to scientific research. It presents information about what other people have done, examines
accepted theories about the subject matter under analysis, and assesses concept-derived
assumptions in a manner that makes its questions clear. As clearly stated at the beginning, the

Platinum Mathematical Literacy textbook is not informed by the variation theory.
5.6. What opportunities ‘Affordances’ does it allow the learners?

In the context of teaching mathematics, the affordances a textbook's deductive approach offers
learners are that, by definition, deductive inference remains a conclusion derived from premises
from which there are reasonable grounds to conclude that the conclusion is required (Stylianides,
Stylianides & Weber, 2017). In other words, the conclusion cannot be untrue when the premises
are true. Most significantly, the textbook's rational foundations for Mathematical literacy
indicate that new knowledge is obtained from a set of premises through a series of logical

conclusions.

5.7. What would it mean if the textbook was inductive?

Should an inductive method be presented, it implies that the writer applies an interpretation
towards the solution to a problem (Bichovsky, 2010). A new problem arises that is further
defined; the author addresses the difficulties without providing the reader with any space;
formulae are derived and so on. Validating the hypothesis or via return deduction, is the final
step in this inductive process (Biehovsky, 2010). It is obvious that the inductive approach takes
a lot longer and is more challenging for educators and learners than the conventional approach.
However, it also includes valuable and significant learner activities that focus on empowering
learners to take an active role in their education. These activities include research, formulation

and solution of issues, observation or creation and verification of assumptions.

5.9. Final remarks

The dyadic framework for comprehensive textbook analysis was successful in helping to analyse
the Platinum Mathematical Literacy textbook. The results obtained from this study do not only
inform readers about the trend of the book but also allow for refining the theoretical lens for
analysing textbooks. The limitations of the study create an eagerness to conduct a follow up

Page 70 of 81



study in the classroom context. This research has not only informed me about the findings of the
structure of probability but also influenced my own practice as a Mathematical Literacy teacher.
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