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Abstract

The motion of an incompressible fluid caused by the oscillation of a plane
flat plate of infinite length is termed Stokes’ second problem. We assume
zero velocity normal to the plate and thus simplified Navier-Stokes equations.
For the unsteady Stokes’ second problem, solutions may be obtained by
using Laplace transforms, perturbation techniques, homotopy, differential
transform method or Adomian decomposition method. Stokes’ second problem
is discussed for second-grade and Oldroyd-B non-Newtonian fluids. This

dissertation summarizes previously published work.
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Chapter 1

Introduction

1.1 Background Knowledge

Fluid mechanics deals with the study of all fluids under static and dynamic
situations. Fluid mechanics is a branch of continuum mechanics which deals
with a relationship between forces, motions, and statical conditions in a
continuous material. This study area deals with many and diversified problems
such as surface tension, fluid statics, flow in enclosed bodies, or flow round

bodies (solid or otherwise), flow stability, etc.

Fluid mechanics started with the need to obtain water supply. For example,
people realized that wells needed to be dug and crude pumping devices needed
to be constructed. Later, a large population created a solution to solve waste
(sewage) problems and some basic understanding was created. At some point,
people realized that water can be used to move things and provide power.
When cities increased to a larger size, aquaducts were constructed. These

aquaducts reached their greatest size and grandeur in the cities of Rome and
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China.

The fundamental principles of hydrostatics were given by Archimedes in his
work on floating bodies, around 250 B.C. Yet, almost all can be summarized as
applications of instincts, with Archimedes (250 B.C.) working on the principles
of buoyancy; for example, larger tunnels built for a larger water supply, etc.
There were no calculations even with the great need for water supply and
transportation. The first progress in fluid mechanics was made by Leonardo
Da Vinci (1452-1519) who built the first chambered canal lock near Milan.
He also made several attempts to study the flight (birds) and developed some
concepts on the origin of the forces. After his initial work, the knowledge of
fluid mechanics (hydraulic) increasingly gained impetus by the contributions
of Galileo, Torricelli, Euler, Newton, Bernoulli family, and D’Alembert. At
that stage theory and experiments had some discrepancy. This fact was
acknowledged by D’Alembert who stated that, ”The theory of fluids must

necessarily be based upon experiment”.

Fluid mechanics is concerned with the behaviour of materials which deform
without limit under the influence of shearing forces. Even a very small
shearing force will deform a fluid body, but the velocity of the deformation
will be correspondingly small. The study on the flow of a viscous fluid over
an oscillating plate is not only of fundamental theoretical interest but also
occurs in many applied problems. In the literature this motion is termed as
Stokes’ second problem [1]. The first problem of Stokes (1851) is also known
as Rayleigh’s problem. Stokes’ first and second problems have received much
attention due to their practicle applications. Stokes’ first problem refers to
the shear flow of a viscous fluid near a flat plate which is suddenly accelerated

from the rest and moves in its own plane with a constant velocity [2]. If the
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plate executes linear harmonic oscillations, parallel to itself, the problem is
referred to as Stokes’ second problem [3]. Rayleigh’s problem is one of the first
problems in which Navier-Stokes equations were solved. It admits an analytical
solution and the complete result of the problem is the sum of steady-state and
transient solutions. Numerical and analytical solutions for the steady-state
solutions due to the sinusoidal oscillation of the plate were studied in depth
by Sin and Wong [4]. Ali and Vafai [3] investigated Stokes’ second problem for
non-Newtonian fluids. Devakar and Iyengar [5] solved Stokes’ problem for an

incompressible couple stress fluid under isothermal conditions.

1.2 Preliminary

1.2.1 Constitutive Equations

The rheological properties of materials are generally specified by their so
called constitutive equations. Generally constitutive equations describe a
mathematical relationship model between two physical quantities (especially
how kinetic quantities are related) that are specific to a material or substance,
and approximate the response of that material to external forces. These
are combined with other equations governing physical laws to solve physical
problems, like the flow of a fluid in a pipe, or the response of a crystal to an

electric field.

The constitutive equations corresponding to different materials must satisfy
some general principle e.g. the symmetry principle, the objectivity principle
etc. The simplest constitutive equation in three dimensional form is a

Newtonian one
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T=-pI+S, S=uA,

where p is the hydrostatic pressure, T is the Cauchy stress tensor, I is the unit

tensor, S is the extra-stress tensor, p is the dynamic viscosity and
A=L+L"

is the first Rivlin-Ericksen tensor [6, 7, 8, 9, 10], the superscript T indicates
the transpose operation and L is the velocity gradient. In the following we

state the constitutive equations of some different fluids of rate type.

Maxwell fluids:

0S

where A is relaxation time,

]
ot

is the upper convective derivative defined by

S _§_1s_sLT
ot

and the superposed dot denotes the material time derivative.

Oldroyd-B fluids:

dS S
T — —pl A2
pl+ S, S+)\(5t w( —I-/\T(St)

where A and A,.(< \) are relaxation and retardation times and % indicates the

material time derivative [10]
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Now the constitutive equation of a second grade fluid

T=-pl+8S, S=pA;+a1A; + Ay,

where «; and s are measured material constants also called stress moduli.
They denote elasticity and cross viscosity respectively. A; and Ag are the

first and second Rivlin-Ericksen tensors, Ao being defined by

dA
A, = d_tl + Aj(grad v) + (grad v)T A4,

where v is the velocity field and:

A, = (grad v) + (grad v)¥, L =gradv.

Johnson-Segalman fluids:

Johnson-Segalman [11] proposed an integral model which can also be written
in the rate type form. With an appropriate choice of the kernel function and
the time constants the Cauchy stress ¢ in such a Johnson-Segalman fluid is

related to the fluid motion through:

o=—-pl+T,

where [12, 13]

T =2uD+ S,

ds
S + A(E +S(W —aD) + (W —aD)’S) = 21,D.
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D is the symmetric part of the velocity gradient, W is the skew symmetric

part of the velocity gradient

1 1
D= 5(L +L7), W= 5(L ~ L"), L=grad v.
n and p are the viscosities, A is the relaxation time and "a” is called the slip
parameter. A Johnson-Segalman fluid reduces to a Maxwell fluid when a = 1

and = 0. The model also reduces to classical Navier-Stokes fluid when A = 0.

1.2.2 Equations of Motion

We use mathematical equations based on how an object moves to predict its
future motion. Mathematical models of the behaviour of moving objects, such
as fluids, stars and planets, allow predictions to be made about their position

and speed at certain times.

Equations of motion are equations that describe the behaviour of a physical
system in terms of its motion as a function of time [14]. More specifically,
the equations of motion describe the behaviour of a physical system as a set
of mathematical functions in terms of dynamic variables: normally spatial
coordinates and time are used, but others are also possible, such as momentum
components and time. The most general choice are generalized coordinates

which can be any convenient variables characteristic of the physical system

[15].

The Navier-Stokes equations (general)

B
p(a—:+v-w> = Vp+ V. -T+f

where v is the flow velocity, p is the fluid density, p is the pressure, T is the
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(deviatoric) stress tensor, and f represents body forces (per unit volume) acting
on the fluid and V is the del operator. This is a statement of the conservation
of momentum in a fluid and it is an application of Newton’s second law to a
continuum; in fact this equation is applicable to any non-relativistic continuum

and is known as the Cauchy momentum equation.
Cartesian coordinates

Writing the vector equation explicitly,

0_u+u8_u+va_u+w@ __@_’_ 82u+82u+82u +
P\t "0z "8y TV0z) T Tax M\ o2 T a2 T 822) TP

P\ar " "oy TVez) T Tay T \a2 Taye T a2) TP

a—w—i—ua—w—irva—w—|—wa—w ——@+ 82w+82w+32w +
P\lar T%ar Ty T8z ) T "oz TH\ Gz T a2 T a2 ) TP

1.2.3 Some Integral Transforms
Laplace Transform

The Laplace transform is perhaps the mathematical signature of the electrical
engineer, having a long history of application to problems of electrical
engineering. Despite its Gallic name, the transform originates with the Swiss
mathematician, Leonhard Euler (1707-1783), who in 1744 wrote integrals that

look much like the modern version [16].
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Given f, a function of time, with value f(¢) at time ¢, the Laplace transform of
f is denoted f and it gives an average value of f taken over all positive values
of ¢ such that the value f (s) represents an average of f taken over all possible

time intervals of length s.

L] = f(s) = / e ' f(t)dt, for s > 0.

Inverse Laplace Transform

Given a function f, of ¢, we denote its Laplace transform by £[f] = f; the

inverse process is written:

A common situation occurs when f (s) is a polynomial in s, or more generally, a
combination of polynomials; then if possible we use partial fractions to simplify
the expressions. An expression for a Laplace transform of the form N/D where
numerator N and denominator D are both polynomials of s, possibly in the

form of factors, may be constant if we use partial fractions.

The Convolution Integral

If we identify a Laplace transform H(s) as the product of two other transforms
of two known functions F'(s) and G(s) that are the transforms of two known
functions f(¢) and g¢(t), then the ”generalized product” of f(t) and g(t) is
called convolution and H(s) would be the transform of the convolution of f

and g.
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Definition: Let f(¢) and g(t) be two piecewise continuous functions on [0, b]
and of order exponential with constant a. Convolution of the functions f and

g denoted by f x ¢ is defined by the integral

frg= /0 Fr)glt — )

and the integral is known as the convolution integral.

1.2.4 Power Law Fluid

A power law gives a relationship in which a relative change in one quantity is
directly proportional to other quantity, independent of the initial size of those
quantities. A power law fluid, or the Ostwald-de Waele relationship, is a type
of fluid generalized by Newtonian fluid for which the shear stress, 7, is given

by [17, 18, 19

T:k‘@

dy

where n is the flow behaviour index, k is a flow consistency index and g—;‘ is
the shear rate or velocity gradient. The index n plays an import rule when
differentiating a Newtonian fluid from a non-Newtonian fluid. When n = 1 the

shear stress is proportional to the shear rate and the behaviour is a Newtonian

fluid

The index n plays an important rule in different power law fluids. When

n = 1 the the fluid behaviour is Newtonian, when n > 1 the fluid is dilitant,
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or shear thickening. When n < 1 the fluid is pseudoplastic or shear thinning.
Examples of shear thickening fluids are cornstarch, water and those of shear

thinning fluids are glycerine, corn syrup.

1.3 Dissertation Organisation

The contents of this dissertation are as follows:

In chapter 2, we investigate a power law fluid occupying the domain y > 0.
An infinitely extended flat plate located at y = 0 is suddenly accelerated from
rest. The fluid is disturbed at time t = 0 and the flat plate begins to oscillate
in its plane with angular velocity €2. The velocity disturbance induced in the
fluid at ¢ > 0 and shear stress distributions are to be determined. This problem

is also known as the second problem of Stokes.

In chapter 3, we illustrate a model overview of numerical solutions to the
momentum equation using finite difference approximations. The forward
finite difference, the backward finite difference, the central finite difference
and Crank-Nicolson schemes are developed and applied to the governing

momentum equation for fluid flow. The numerical results are obtained using

MATLAB.

In chapter 4, we show the application of He’s homotopy perturbation method
(HPM) on solving the momentum equation. HPM reduces a complex problem
domain into a simple problem examination and depends on the choice of
initial condition, having a good guess for the initial condition, a few iterations
are enough to give a good approximate solution. The method generates a

convergent series solution.
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In chapter 5, the differential transform method (DTM) is applied to
the momentum equation for fluid flow. Differential transform method is a
numerical method based on Taylor series expansions and is capable of reducing
the challenge arising in the calculation of Adomian polynomials. The method
can be applied for solving linear and nonlinear partial differential equations.
The approximate solutions of the momentum equation are obtained in the form

of a polynomial series solution based on an iterative procedure.

In chapter 6, Adomain decomposition method (ADM) is applied to the
momentum equation to approximate analytical solutions. The ADM focuses on
avoiding simplifications and restrictions which change the nonlinear problem
to a mathematically tractable one, whose solution differs with the physical
solution. The approximate solutions are expressed in a series form with
easily computable components of the decomposition series. The ADM is
an efficient and powerful technique for determining approximate solutions of
the momentum equation. This method is directly applied to the momentum

equation and avoids linearisation or any assumptions.
In chapter 7, a summary of each chapter is presented.

Finally, Appendix A gives an overview of Laplace transform of compound
functions, whilst Appendix B provides and proves differential transform

method theorems.



Chapter 2

Second Problems of Stokes for

non-Newtonian fluids

2.1 Introduction

In this chapter we investigate a power law fluid occupying the domain y > 0.
An infinitely extended flat plate located at y = 0 is suddenly accelerated from
rest. The fluid is disturbed at time ¢ = 0 and the flat plate begins to oscillate
in its plane with angular velocity 2. The velocity disturbance induced in the
fluid at ¢ > 0 and shear stress distributions are to be determined. This problem

is also known as the second problem of Stokes shown in Figure 2.1.

L» X, u Uo

Uo

Figure 2.1: Schematic diagram of the problem.

12
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The exact solutions for the velocity field corresponding to the second problem
of Stokes describing the flow for small and large times, are established by
the Laplace transform method. These solutions, presented as a sum of the
steady-state and transient solutions, are in accordance with previous solutions
obtained by a different technique. The required time to reach the steady-state
is determined by graphical illustrations. This time decreases if the frequency
of the velocity increases. The effects of the material parameters on the decay

of the transients are also investigated by graphs.

The time required to reach the steady-state for cosine oscillations of the wall
is smaller than that for sine oscillations of the wall. Numerically computations
show that the steady-state solutions can be reduced to the classical forms
[20, 21], while the diagrams of the transient solutions, as illustrated graphically,
are in close proximity to those obtained in [22] by a different technique. This
steady-state for cosine oscillations decreases if the frequency of the velocity of

the boundary increases.

2.2 Governing Equations

Consider a Newtonian fluid at rest over an infinitely extended flat plate
perpendicular to the y-axis of a Cartesian coordinate system z, y and z. At
time ¢ = 07 the flat plate begins to oscillate in its plane with angular velocity 2.
Due to the shear, the fluid above the plate is gradually moved, and transmits

the motion into the fluid. The fluid velocity is of the form [1, 3]

V = V(y.t) = u(y, )i, (2.1)
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where 1 is the unit vector along the z-direction. For such flows the constraint
of incompressibility is automatically satisfied. In the absence of body forces

and a pressure gradient in the flow direction, the governing equation is [23, 24|

ou 0*u
E —Va—yQ, Yy, t>0, (22)

This governing equation is also referred to as the momentum equation [3].

u(y, t) is the velocity, v is the kinematic viscosity of the fluid and ¢ is the time.

The boundary and initial conditions corresponding to cosine oscillations of the

boundary are given by [7, 21, 24].

u(0,t) = Ucos(wt) for all ¢t >0, (2.3)

where w is the frequency of the velocity of the wall

and

u(y,0) =0 for all y > 0. (2.4)

Moreover, the natural condition must also satisfied. It ensures that the fluid

is quiescent far away from the plate [25].

u(y,t) — 0 as y — oo.

The boundary and initial conditions for sine oscillations are
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u(0,t) = Usin(wt) for all ¢t > 0,
u(y,0) =0 for all y >0,
u(y,t) = 0 as y — oo.

(2.5)

2.3 Solution of the Problem

In order to solve the partial differential equation (2.2), with the boundary and
initial conditions (2.3) - (2.5) describing the flow at small and large times after
the start of the boundary plane, we use the Laplace transform method. The
boundary condition given by Eq. (2.3) shows a discontinuity at y = 0, ¢t = 0.
The plate velocity is indeed initially at zero (rest). It is suddenly accelerated
from rest due to the oscillation of the plane wall. The boundary condition
given by Eq. (2.5) is continuous at y = 0, ¢t = 0 and is therefore more realistic,
however the boundary condition given by Eq. (2.3) is frequently used in the

literature.

The Laplace transform of u is defined by the relation

= / ue st dt.
0

N

Then Eq. (2.2) takes the form

"

u ——u=0, (2.6)

S
v

where the prime denotes differentiation with respect to y. The conditions (2.3)
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- (2.4) become

I~
Il
=

2w at y =0, (2.7)

u=0, at y — oo, (2.8)

and the boundary conditions (2.5) have the form

at y =0, (2.9)

u=0, at y = 0. (2.10)

The development will be made for both the cosine oscillations and the sine
oscillations, where the solutions of Eq. (2.6) subject to the boundary conditions
(2.7) - (2.8) and (2.9) - (2.10) will be considered. In the first case, the plate
at y = 0 oscillates as u = Ucos(wt) and in the second case the plate at y = 0

oscillates as u = Usin(wt).

The analytical solution of the differential equation Eq. (2.6) subject to the

boundary condition of (2.7) is found to be

_ 1 {ep(=v/By | ep(=v(y

U
Uu 2 S+ 1w s — W

i=+v—-1 iei®=—1. (2.11)

, where the complex number

Multiplying both sides by U, Eq. (2.11) reduces to
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U= ———exp (— (f)y> , y>0. (2.12)
v
u denotes the Laplace transform of u, thus @ = u(y, s) and u = u(y, t) results
in u(y,s) = u(y, ).

Regard the right hand side of Eq. (2.12) as a product of two functions, @(s)

and us(y, s)

where

u(s) = % (2.13)
us(y, s) = exp (— (;)y> . (2.14)

Then using the well known result from inverse Laplace transforms [26] we

obtain,

¢! {52 i < 1 — {cos(wt); sin(wi)}, (2.15)

Fu? s+ w?
2
-1 S Y Y
—/ (= = —— . 2.1
£ {exp ( <V>y>} i P ( 4575) (2.16)

Taking the inverse Laplace transforms of Eq. (2.11), we can write the velocity

u = u(y,t) as a convolution product,
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’g_l[al'f@(yv S)] = u(ya t)

= uy(t) * us(y,t)
:/0 uy (t — s)us(y, s) ds
_ /0 wn(s)ualy.t — ) ds. (2.17)

The convolution product of two functions is denoted by *; w;(.) and uy(y, .)

are given by the inverse Laplace transforms. Thus,

ui(t) = L7 {ui (s)} = {ue, us}
= {Ucos(wt), Usin(wt)} . (2.18)

In order to determine the function wusy(y,t), we use the inversion formula of

(A1) compound functions choosing F(y,q) and w(q) given by

Fly.q) = exp(—/(D)y and w(s) = — 5

Thus

2
Y Y

which is the inverse Laplace equation of us(y, s),

L™ sy, )} = ua(y, 1),

given by Eq. (2.16).
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Finally, using Eqs. (2.15), (2.17), (2.19) and appendix (A3) simplify to the

velocity field u(y, t)

w(y,t) = 23% 0 cos [L;Jf;g— 5)]eXp (—f—”) ds. (2.20)

Similarly the velocity generated by the sine oscillation, is
Uy ["sinw(t—s)]

u(y,t)zzﬁ : s P (—43/—58) ds. (2.21)

When decomposed, the integral form of Egs. (2.20) and (2.21) under the form

t [e’e) o0
. s)ds = . 8)ds — 't 5)ds, 2.99
/Cyf(y 5)ds / F(y,t,5)ds /tf(y 5)ds (2.22)

the solution Egs. (2.20) and (2.21) can written into an equivalent but more

suitable form

) =g [ (1,

Uy oocos[w(t—s)]ex N ;
N3 p< y )d. (2.23)

Similarly

DO Ly .l G} S <—y—2) ds

PN sy/s dvs
Uy [ sin|w(t — s)] y?
— —_— —— | ds. 2.24
2 J, sv/s P\ s )" (224)

The velocity field solutions u.(y,t) and us(y, t) given in Egs. (2.23) and (2.24)

describe fluid flow for small and large times.
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For the start time t = 0, Eqgs. (2.23) and (2.24) reduce to,

which satisfy the initial condition u(y,0) = 0.

For large times t — 0o, the second term of Eqs. (2.23) and (2.24) is respectively

Uy [ cos[w(t —s)] y?
2\ /v J, sv/s P\ s ds =0

and

Uy [ sin|w(t — s)] y?
2 /v J, sy/s P\ s ds =0

and shows that for large values of time (), the velocity field solution tends to

the steady-state solution, which is periodic in time for both sine and cosine

oscillations and does not depend on the initial conditions.

2.3.1 Non-Dimensionalisation

The equivalent forms of cosine and sine oscillations Eqgs. (??) and (?7?) under
the boundary conditions u = Ucos(wt) for all t > 0 on Eq. (2.3) and u =
Usin(wt) for all ¢t > 0 on Eq. (2.3) appear not to be satisfied. In order to
obtain this in a more suitable form, we introduce the non-dimensional quantity

defined by s

(2.25)

Q=
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In one-dimensional calculus we often use a change of variable to simplify an

integral. Making the change of variable in the first integrals from Eqs. (?7?)

and (??) and using the fact that

cos(z) = cosh(ix) and sin(x) = —isinh(ix),
and
% exp (—azs - —i)
/ ! e tds = \/—%e’ab,
0 2s 2a
we find that
u(y,t) =Ue V¥ ?cos (wt -y ;—V>
Uy [ cos|w(t—s)] >
_ il el SR 2 4
2 /v J, sv/s P\ s )
and

u(y,t) =Ue YV ?gin (wt —y i)

Uy [~ sinfw(t —s)] (—y—Q) ds.

N sy/s

(2.26)

(2.27)

(2.28)

(2.29)

2.3.2 Shear Stress and Velocity Profile at the Plate

Boundary

Since any real fluid (liquids and gases included) moving along a solid boundary

will incur a shear stress on that boundary, the corresponding shear stress is
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T(y,t) = (augz, t>>n . (2.30)

However, introducing Egs. (2.28) and (2.29) into Eq. (2.30), we find that

0 (Ue_y\/ “I2rsin (wt — y\/g)>
Ay

Uy [ sin|w(t—s)] N "
? <2\/ﬁ . sy/s P T aws ds>
_ 5 :

T(ya t) =H

using the difference derivative rule which states that, the derivative of a
difference of functions is the difference of the derivative of these functions.
If we let two function to be f(z) and g(z) and both differentiable at a point x

then,

——[f(x) —g(2)] = —[f(2)] = ——[g(x)]. (2.32)

Treating p as a constant we have that

0 [Ue_ymsin (wt —y %)]

T(y,t) = p 9
U 00 sinfw(t—s)] 2 "
s e (-5) ¢ (2.33)
u 5 , .

and using the product rule Eq. (2.33) simplifies to,



2.3. SOLUTION OF THE PROBLEM 23

) =t [ [ 22V s (w1 -0y [2)
+ e vV gin (wt - y\/§> (_ 2%)]
v {2\/5/ cos| t—s)]eXp (_£> N
4\/@/ cos | t—s)]eXp <—4y—:9) dsDn. (2.34)

After algebraic manipulation Eq. (2.34) simplifies to

_ (\/:e ymsm<wt— 21 )

> cos [w(t — s)] . s
X —
2\/7TV : sv/s P 41/5

+2“\/U7T_yy too o8 [ifjg_ N exp (f-ig) ds)n. (2.35)

Similarly,

T(y,t) = ( \/je UVl oo (wt _ \/QE_ f)

4
_2u\/_l7fryt sm[sij_—s eXp( >)

Uy [ sin [w (t —5)]
. 2.
+2\/7w ¢ sv/s <41/s ) (2.36)

Now letting t — oo in Eqgs (2.35) - (2.36), we obtain the classical steady-state

solutions
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T(y,t) = —p (U\/gey\/mcos <wt - y\/g - £)>" (2.38)

Egs. (2.28) and (2.29) reach the steady-state solutions:

u(y,t) = Ue ¥V cos (wt —yy/ Qw_y) , (2.39)

u(y,t) = Ue ¥V ?sin (wt -y i) : (2.40)

2v

The shear stresses are periodic in time and independent of the initial

conditions.

2.3.3 Shear Stress and Velocity Profile at the Plate Wall

We determine the shear stress at the wall from Eqgs. (2.35) and (2.36)

7(0,1) = p (U\/gsin <wt - %) - % too %\Zﬁﬂds)n (2.41)

for the cosine oscillations of the boundary, and

7(0,t) = uU (\/gcos (wt - %) - 2% too W@)n (2.42)

for the sine oscillations of the boundary.

The oscillations occur when a system is disturbed from a position of stable
equilibrium and are given in terms of the graphs of the wall shear stresses,

corresponding to the cosine and sine oscillations of the boundary. These are
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presented in section 2.4. For a better comparison the plots are presented
together as well as separately. The two oscillations have similar magnitude of
change in the oscillating variable with each oscillation and a phase shift that

persists for all times.

By now letting w — 0 into Eqgs. (2.28) and (2.29) we obtain the velocity field

to be the classical solution

Uy [> 1 y?
H=U-—2L [ —ep(-L)\a
uly:1) 2y/mv J, S\/gexp( 4VS) °

vl at(~2)

2
Y

= Uerfe (-2 ).

erc( 4us)

(2.43)

By letting w — 0 in Eq. (2.34) we obtain the classical solution of the shear

stress

T(y, 1) = —\/N%eXp (—f—;) . (2.44)

2.4 Numerical Results and Conclusion

In this chapter we have studied the solutions corresponding to the second
problem of Stokes for Newtonian fluids. The solutions differ from those
obtained in [27]. We have introduced the Laplace transform method and

applied it directly. The solutions are presented as a sum of steady-state and
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transient solutions. The solutions obtained in Eqgs. (2.37) and (2.38) when
t — oo as the limiting case, are similar to the solution obtained in [28, 29|
using a different technique if we consider the index n = 1. The solution is the
same as those obtained in [1, 30, 31] using Laplace transforms. The velocity
fields correspond to the motions of non-Newtonian fluids due to the cosine and
sine oscillation are shown to agree with the solution obtained in [3]. Graphical
illustration of the transient solutions, as depicted in Figures 2.4, 2.5, 2.6 and
2.7 describe the motion of the fluid for small and large times. This graphical
solution for n = 2, 2.1 and 2.2 for sine wave oscillations are similar to the
solution obtain by Ali and Vafai [3]. It is observed that for large time the
fluid flow decays and the magnitude of oscillation is a minimum as shown in
Figures 2.2 and 2.3. The time is indirectly proportional to the frequency of
the velocity. Figures 2.8 and 2.9 show a smooth sine and cosine oscillation at

different time as the fluid flow oscillation approaches zero.

tauiy t)

200

100 +

tauly g)
[m)

00

_200 1 1 1 1 1 1 1 1 1

Figure 2.2: Wall shear stresses corresponding to the cosine, and sine wave
oscillation, for a relatively short time w = 1, U = 5, for time ¢; ¢ € [0, 10] and

t € [0,100] and v = 0.0011746.
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Figure 2.3: Long time profile wall shear stresses corresponding to the cosine,

and sine wave oscillation, for a relatively short time w = 1, U = 5, and

v = 0.0011746 for ¢ € [0, 300].
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Figure 2.4: Profile velocity u(y, t) corresponding to the cosine wave oscillation,

for different values of times t. w =1, U =1, and v = 1.
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Figure 2.5: Profile velocity u(y,t) corresponding to the sine wave oscillation,

for different values of times t. w =1, U =1, and v = 1.
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. , , A "
-10 -0.3 0.0 0.3 10
T {Y! t,

Figure 2.6: Profile of the transient shear stresses for corresponding to the cosine
oscillation, 7(y,t) at different times ¢, w = 1, U = 5, for index n = 2, 2.1,

n=22and v =0.0011746.
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a0 L L L
-10 -05 0.0 03 1.0

T fYJ t.:"
Figure 2.7: Profile of the transient shear stresses for corresponding to the cosine
oscillation, 7(y,t) at different times ¢, w = 1, U = 5, for index n = 2, 2.1,

n=2.2and v =0.0011746.
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Figure 2.8: Smooth sine oscillation.
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Figure 2.9: Smooth cosine oscilllation.



Chapter 3

Finite Different Approximations

of the Momentum Equation

3.1 Introduction

This chapter provides a model overview of numerical solutions to the momentum
equation [3] using finite difference approximations. The forward finite
difference, the backward finite difference, the central finite difference and
Crank-Nicolson schemes are developed and applied to the governing momentum

equation for fluid flow.

The numerical results are obtained using MATLAB. The results of running the
code on one dimensional meshes, and with smaller time steps are illustrated
graphically. The numerical approximation shows that the schemes realize
theoretical predictions of how their truncation errors depend on the spatial

mesh spacing and time step.

34
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3.2 Numerical differentiation

A finite difference is a mathematical expression of the form f(z+b)— f(x+a)
where f is either some explicitly known function or is given as a set of function
values at distinct ordinate values [32]. Linear approximation is crucial to many
known numerical techniques such as Euler’s method to approximate solutions
to ordinary differential equations. The idea of linear approximations rests in
the closeness of the tangent line to the graph of the function around a point.
Let g be in the domain of the function f(x). The equation of the tangent line

to the graph of f(z) at the point (¢, o), where yo = f(z0), is

y —yo = f'(w0)(x — x0)-

If 21 is close to xg, we will write 1 = x9 + Az, and we will approximate

(xo + Ax), y(xo + Az) by the point (x1,;) on the tangent line given by:

Y1 = Yo + Az f'(z)-

If we write Ay = y; — yo, we have

Ay = Axf'(x)-

When z is close to zy, we have

f(x) = f(xo) + f'(20)(x — 20) -
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3.2.1 Taylor’s Theorem

Taylor’s theorem

Let £ > 1 be an integer and let the function f : R — R be k times differentiable

at the point a € R. Then there exists a function h; : R — R such that

f"(a)
2!

f(@) = fla)+f'(a)(z—a)+

and lim hy(z) = 0.

r—a

The polynomial appearing in Taylor’s theorem is the k-th order Taylor

polynomial

an *®)(q
Pla) = f(a) + Fa)z —a) + L0 @ g+ LD e gy

of the function f at the point a. The Taylor polynomial is the unique
"asymptotic best fit” polynomial in the sense that if there exists a function Ay

: R — R and a k-th order polynomial p such that
f(x) = p(x) + hy(@)(z — )", lim hy(z) = 0
r—a

then p(z) = P,. Taylor’s theorem describes the asymptotic behaviour of the

remainder term
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which is the approximation error when approximating f with its Taylor
polynomial. Using the little-o notation the statement in Taylor’s theorem

reads as

Ri(z) = o(|z — a|*™), 2 —a.

Assuming the function whose derivatives are to be approximated is properly-

behaved, then by Taylor’s theorem,

f'(wo), [P (o) f™ (o)
1!0 T : h2+"'+TO

f(zo+h) = f(xo) + h" 4 Ry (),

where n! denotes the factorial of n. R,(z) is a remainder term denoting the
difference between the Taylor polynomial of degree n and the original function.

Using the first derivative of the function f as an example, by Taylor’s theorem,

f@o+h) = f(xo) + f'(xo)h + Ri(z).

Setting, 9 = a and (x — a) = h we have,

fla+h) = f(a)+ f'(a)h + Ry(x).

Dividing through by h gives:

flath) _ fla)
= + f'(a) +

Solving for f'(a):
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oy = Het =10 P

so that for Ry(x) sufficiently small,

I (2R (0]

Indeed, if f is differentiable at a, then f'(a) is

: . fla+h)—fla)
f'(a) = lim - :

h—0

To determine how close an approximation is to the true derivative, assume

f(z) is given by the Taylor expansion

f™(a)
k!

f//(a)
2!

f(@) = fla)+f(a)(x—a)+ (z—a)’+- -+ (z—a)*+hi(x)(z—a)".

Assume f(z) is twice differentiable at the point @ and examine its first order

Taylor expansion given by

flath) = f(@) + F@h+ 3 /"€

using Lagrange’s formula for the remaining terms [33] . We choose & such that
it is a point that lies between the point ¢ and a + h and depends on both a
and h. We find

f(CL+ h) B f(&) . f’(a) _ lf//(g)h
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The absolute error in a method’s solution is defined as the difference between
its approximation and the exact analytical solution. The two sources of error
in finite difference methods are round-off error, the loss of precision due to
computer rounding of decimal quantities, and truncation error or discretization
error, the difference between the exact solution of the finite difference equation

and the exact quantity assuming perfect arithmetic (that is, assuming no

round-off) [33].

Thus the truncation error is bounded by

fla+h) = fla)
h

— f'(a)| < EIn],

where E = Maxz|f”(£)| depends on the second derivative of the function f.

The big O notation also written as O(h) is used to describe the limiting
behaviour of a particular function according to its growth. More precisely
it refers to a term that is proportional to A whose absolute value is bounded
by a constant multiple of |h| as h — 0. Thus since the truncation error
is proportional to the first power of h, we conclude that the finite different

quotient is a first order approximation of f’'(z) . We write

f/((l) _ f(a’ + h})L — f(a’) + O(h)

Only three forms of finite difference are commonly considered namely forward,

backward, and central differences.
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3.2.2 Forward Difference Formula

Geometrically, the derivative of f at a measures the slope of the secant
line through the point f at (a, f(a)) and f at (a + h, f(a + h)). A good
approximation to the slope of the tangent line, f’(a) is given when h is chosen
to be small enough, as illustrated in the Figure (3.1). Throughout this chapter,
the step length A which may be either any real number, is assumed to be small

|h| << 1.

Q L

a—h a+h ¥

Figure 3.1: Forward difference.

A forward difference is an expression of the form

Anlfl(a) = fla+h) = f(a).

Depending on the application, the spacing h may be variable or constant.

3.2.3 Backward Difference Formula

From the Taylor series approximation in Section 3.2.1 we have
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f’(a) _ f(a + h}i B f(a) + O(h)

A backward difference uses the function values at a and a — h, instead of the

function values at a + h and a. Figure (3.2) shows a graphical illustration.

g L

a—h at+h ¥

Figure 3.2: Backward difference.

3.2.4 Central Difference

Finally, the central difference is given by

Anlfl(a) = fla+h) = fla—h).

Figure (3.3), shows a geometrical illustration of central difference.

To use a finite difference method to attempt to solve (or, more generally,
approximate the solution to) a problem, one must first discretize the problem

domain. This is usually done by dividing the domain into a uniform grid
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see Section 3.4.1 where forward differences, backward differences and central
differences are used to approximate the derivatives in ordinary or partial
differential equation(s). Note that this means that finite difference methods
produce sets of discrete numerical approximations to the derivative, often in
a "time-stepping” manner. i.e specifically, instead of solving for ¢(z,t) with x

and ¢ continuous, we solve for ¢; ; = ¢(x;,t;), where

yi=idy, i=0,1,2,3,

ty=j6t j=0,1,2,3,---

1

1

1

1

1

1

1

1

1

1

1

:
a

a—nh at+h ¥

Figure 3.3: Central difference.

3.3 Momentum Equation Approximation using

Finite Difference Method

Consider a non-Newtonian fluid at rest over an infinitely extended flat plate
perpendicular to the y-axis of a Cartesian coordinate system x, y and z. At

time ¢t = 07 the flat plate begins to oscillate in its plane with angular velocity .
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Due to the shear, the fluid above the plate is gradually moved, and transmits

the motion into the fluid. The fluid velocity is of the form [1, 3]

The one dimensional momentum equation is defined as

du 9, du

"ot = a,a,) v (3.1)

where u = u(y, t) is the dependent variable, u, ¢ and v are the velocity in the z

direction, time and the dynamic viscosity of the fluid, respectively and y > 0

is the space occupied by the fluid.

In practical computation, the solution is obtained only for a finite time, say
tmaz- Solution to Eq. (3.1) requires specification of boundary conditions at
y = 0 and y = L, and the initial conditions at ¢ = 0. Simple boundary and

initial conditions are

u(0,t) = ug, u(L,t) = ur,u(y,0) = fo(y). (3.2)

Other boundary conditions can be specified. To keep the presentation as simple
as possible, only the conditions in Eq. (3.2) are considered. The idea is to
replace the derivatives in the momentum equation by different quotients. We
consider the relationships between u at (y,t) and its neighbours a distance Ay

apart at a time At later.

3.4 Finite Difference Method

The finite difference method is one of several techniques for obtaining a

numerical approximation of Eq. (3.1). The partial differential equation is
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replaced with a discrete approximation.

3.4.1 The Discrete Mesh

The finite difference method obtains approximate solutions for u(y,t) at a
finite set of y and ¢. The grid points for this situation are (y;,t,,) where the

discrete y are uniformly spaced in the interval 0 < y < L such that

yi = ()Ay, i=1,2,3,---N

N is the total number of spatial nodes, which include also the points on the

boundary.

Given L and N, the spacing between the grid points y is computed with

Time is discretized in a similar manner on the mesh, the discrete ¢ are uniformly

spaced in 0 <t < t,,4z-

tm = (mM)At, m=1,2,3---M.

M is the maximum number of time steps and At is the change in the time

step.

t
At: max.
M

In order to affect the numerical approximation to the solution of the
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momentum equation, we maintain a uniform rectangular mesh spacing in both

directions of nodes given by (y;,t,,) € R?* with

O=to<ti <ty < -+ <tmar; O=wo <y <y <---<yny=»L.

We use the notation

Uim ~ u(Yi,tm) where t, = (m)At, y; = (1)Ay

to define the numerical approximation.

The mesh points are shown in Figure (3.4)

Figure 3.4: Mesh points.

In Figure (3.4) the * indicates a vector location of known initial values. The
solid circles show the location of the known boundary domain solution values,
for y = 0 and y = L and the open circles show the location of the finite

difference approximations that are computed.
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3.4.2 Numerical Finite Difference Approach

Finite differences can be considered in more than one variable, using discrete

approximations such as

ou Uj41 — Uy

~ Ui 3.3
8u2 ~ Ujp1 — 2uz + Ui—1 . (34)
0y? Ay?

The right hand side quantities are defined on the finite difference mesh. The
differential equation approximations are obtained by replacing all continuous
derivatives by their discrete approximations. The numerical solution to the
PDE is an approximation to the exact solution and is obtained using a discrete
representation to the PDE at the grid points y; in the discrete spatial mesh at

every time level ¢,, . Let us denote this approximate as

w2 u(yi, t).

Thus, the numerical solution is a collection of finite values,

U = [Um, U, U

at each time level ¢,,. The boundary conditions determine the values of wu(’
and uf; for all m. The initial conditions determine the values of Uj at each

spatial grid point.

The relationship between the continuous (exact) solution and the discrete
approximation is shown in Figure (3.5). Numerical computation of «}" from the

finite different model is a very distinct step used on translating the continuous
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Continuous PDE Discrete Approximate solution
N . N
u(y,t) Equation ul™ to u(y,t)

Figure 3.5: Relationship between continuous and discrete problem.

problem domain to the discrete problem domain. Finite difference formulas
are first being modeled with the dependent variable u as a function of only one
independent variable, y, thus u = u(y). The resulting formulas are then used
to approximate derivatives with respect to either space or time. By initially
working with one independent variable u = u(y), the notation is simplified

without any loss of generality in the result.

3.4.3 Partial Derivative Approximations

This subsection aims to determine a numerical solution for the momentum
equation, with the idea of replacing the derivatives in the momentum equation

Eq. (3.1) by their finite difference approximations.

First Order Forward Difference Method

Considering a Taylor series of u(y) expanded around the point y;

ou

o2 0%u
u(y; + 0y) = u(y;) + 5ya—y Y

T orae

5y OBu

?8_343 + ... (3.5)

Yi

Yi Yi
If we consider the value of u at the next point after y;, i.e y;+1 on the mesh

line
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ou

Ay? 0%
u(yit-Ay) = ulyin) = () + Ay Y

2! Oy?

Ay3 A3
3l 0y3

4. (3.6)

Yi

Yi Yi

ou
Rearrange the equation and solving for — at y;

dy

ou

dul  u(yi+Ay) —u(y) Ay’ Pu
dy

Ay 2! 0y?

B Ay? Adu

3! 0y

(3.7)

Yi Yi Yi

Using the approximate solution w; & u(y;) and u; 11 =~ u(y; + Ay)

ou

U1 — U Ayl 0%u
oyl

Ay 2l Oy?

B Ay? Adu
3! Oy

Yi Yi Yi

Using the big O notation, the equation can be written as

ou
dy

Ui T Uy

Yi

First Order Backward Difference Method

Expanding u(y; — Ay) in a Taylor series we obtain

ou
U1 = u; — Ay —

dy

Ay O%u
2! Oy?

(Ay)* o?

TR (3.10)

Yi Yi

Yi

u
Solve for — at y;

dy

ou
dy

Ui —u; Ay d*u

_ u —u; Ay B Ay? Adu,
Ay 2! Oy?

3l 0y3

+ .. (3.11)

Yi

Yi Yi

Using the big O notation, the equation can be written as
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ou U; — Uj—1
| = —— +O(Ay). 3.12
By, = ay OBy (3.12)

Second Order Central Difference Method

Expanding u(y; + Ay) and u(y; — Ay) in a Taylor series we obtain

du Ay 0%y (Ay)? Bu
1= U + Ay — — — : 1
ul"rl ul + y ay v + 2' 8y2 " 3‘ 8y3 " (3 3)
and
ou Ay 0%u (Ay)? O3u
Uj—1 = Uy — Ay - — =5 — s . (314)
dyl, 2! 0y*|, 3t 0y? |,
Subtracting Eq. (3.14) from Eq. (3.13) we obtain
oA ou 2(Ay)3 OPu (3.15)
U; — Uj—1 = “_ a3 . .
Rearranging and solving
@ _ Uip1 — Ui—1 . (Ay)2 0 + . (316)
dyl,, 2Ay 3t oy,
Using the big O notation Eq. (3.16) becomes
@ e e O(A 2) (3.17)
Ay,  2Ay v '
0%u 2(Ay)* 0
_ ) 27" —
ui-i—l + Ui—1 = 2U’l + (Ay) ayQ . 4| ay4 " + .. (318)

2

o u
Solving for a—yz at y;
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Ui —2u; +ui | (Ay)? 0
= 1
Ay i (3.19)

2
ay Yi

Using the big O notation.

9%u
Oy?

C Ujpr — 2Ugy + Uy
Ay?

+ O(Ay?). (3.20)

Yi
Manipulating Eqgs. (3.13) and (3.14) yields higher order finite difference
)

imati du 2y
approximations for oy and R

3.5 Schemes for the Momentum Equation

The finite difference approximations developed in the preceding sections are
now assembled into a discrete approximation of Eq. (3.1). This approach
involves both the time and spatial derivatives to be replaced by finite
differences. The replacement requires specifications of both the time and

spatial locations of the u values in the finite difference formulas.

3.5.1 Forward Time, Centered Space

Approximate the time derivate in Eq. (3.1) with a forward difference

approximation

ou u"tt —
En =—Q% ° O(At), (3.21)

Yistm

and the spatial derivative by a central difference approximation
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2 m m m
0“u Couy = 2u

ay? Ay?

+ O(Ay?). (3.22)

Yistm
Substitute Eq. (3.21) into the left hand side of Eq. (3.1); substitute Eq. (3.22)

into the right hand side of Eq. (3.1); and collect the terms to obtain

i i u;)il_Qu;n—'—uﬁ-l 2
PRy =v A + O(At) + O(Ay?). (3.23)

The two error terms, temporal error and spatial error are not of the same

order. We can explicitly solve for u?“ in terms of the other values of u. Drop
the truncation error terms, cross multiply by At, rearrange Eq. (3.23) and

solve for u"*! to obtain

VAt
pAy?

"t = w4

(™ = 2u" +uiy ). (3.24)

Eq. (3.24) can be improved slightly in computational efficiency by rearrangement

and grouping like terms, to obtain

u M =ruly + (1= 2r)ul +ruly (3.25)
where
vAL
r—
pAY?

Using this recurrence relation and knowing the values at the boundaries, one
can obtain the approximate values at t,,,1, if we know the values at ¢,,. The

computational molecule stencil for the explicit method can be found in Figure

(3.6).
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The solution of the momentum equation Eq. (3.1) subject to the initial and
boundary conditions in Eq. (3.2) is bounded. The FTCS can produce unstable
solutions that oscillate and grow if At is too large. Stable solutions with FTCS

scheme are only obtained if [34]

v
where o = —.

N —

At <
r=oa——7
Ay? —

We note that Eq. (3.24) gives rise to an (N — 1) x (N — 1) matrix
for the unknown interior approximate solution values where we write the
approximation solution at time step m in a column vector as U™. The matrix
equation that moves the approximation forward in time can be expressed as a

matrix multiplication

1 0 0 0 0 0

r (1—2r) r 0 0 0

0 r (1—=2r) r 0 0
Am,n =

0 0 0

0 0 0 ro (1—2r) r

0 0 0 0 0 1

U™ is obtained iteratively from U™ by a simple matrix multiplication. U™*!
is the vector of u values at time step m + 1. The first and last rows of A are
adjusted so that the boundary values of u do not change when the matrix-

vector product is computed.
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3.5.2 Backward Time, Centered Space

In the derivation of Eq. (3.24), the forward difference was used to approximate
the time derivative on the left hand side of Eq. (3.1). The forward difference
approximation has a major drawback of instability in situations where the
time step is chosen of the same order as the spatial mesh/grid size. Choose
the backward difference approximation to obtain a more stable method,

ou ulm m—1

Yistm
Substitute Eq. (3.26) into the left hand side of Eq. (3.1); substitute Eq. (3.22)
into the right hand side of Eq. (3.1) and collect terms, then Eq. (3.1) simplifies
to

m m—1 m m m
ut —u; wt = 2w+ ugy g

7 7 _ 2
A7 =« T + O(At) + O(Ay?), (3.27)

where

The truncation error of Eq. (3.27) is of the same order of magnitude as that
of Eq. (3.23). Looking at Eqgs. (3.27) and (3.23) we see that both equations
have the parameters u!*,, u"; however Eq. (3.27), unlike Eq. (3.23), cannot
be rearranged to obtain a simple algebraic formula for computing u}* in terms
of its right neighbor uj}, and left neighbor u;"*,. The backward difference
method is an implicit method, while the forward difference method is explicit.
The computational molecule stencil for the implicit method can be found in

Figure (3.6). Thus, Eq. (3.27) is one equation in a system of unknowns for the

values of u at the internal nodes of the spatial mesh (i =1,2,3,4,5,...., N — 1)
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at time level t,,.

Dropping the error terms in Eq. (3.27) and rearranging the resulting equation

to obtain
o 1 200 m o |

The system of equations can be represented in matrix form. If we define the

coefficients of the interior nodes as

az_A_yQ’ :2,3, ...... ,N—l
b 1 2c
At Ay
-
Ci = A—yQa
1
dz’ - m—1
At
(3.29)
the matrix reduces to,
bl C1 0 0 0 0 U1l d1
a9 bg Co 0 0 0 U9 d2
0 0 0 u3 ds
0 0 0 an—1 bn—1 cnaa UN—_1 dn—1
0 0 0 0 an bN un dN

The Dirichlet boundary conditions on the interval [0, L] take the form:
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anN = 0, bN = O, dN = Uur, (330)

3.5.3 Crank-Nicolson Method

The momentum equation is approximated as follows. At ¢,,_; use the forward
difference approximation of u; and the central difference of u,,. At t,
use the backward difference approximation of u; and the central difference

approximation of u,,. Adding these two approximations we obtain

'~ o futy - 20 by o - 2u (3.31)

This is known as the Crank-Nicolson method [32, 33, 35] or the Crank-Nicolson
stencil. The computational molecule stencil for the Crank-Nicolson method
can be found in Figure (3.6). [ Thus we in effect have the central difference
at time ¢,, 1 and a second-order central difference for the space derivative at

position y;].

Rearrange the recurrence relationship, such that the values of u at time step
m appear on the left hand side and those at time step m — 1 are on the right

hand side.

a n 1 a m o
2Ay? 1 At Ay?) " 2Ay? ol
1 o'

Q m— Q m— m—
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Now make the substitution,

i=1,2,3--,N

where [u;] is a vector of unknown w-values at time level ¢,

o o o o o

o o o O

1
by

as

C2

bs

0 0 ]
0 0
C3 0
0

an—1 bn-1 en-1

0 an by |

Uy

U2

us

UN-1

un

(3.33)

di
da
ds

The scheme is always numerically stable and convergent but usually more

numerically intensive as it requires solving a system of equations on each time

step. The errors are quadratic over both the time and space step [33]:

Au = O(K?) + O(h?).

The Crank-Nicolson scheme is usually the most accurate scheme for small

time steps . The explicit scheme is the least accurate compared to the implicit
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scheme and can be unstable, but is also the easiest to implement on Matlab
and the least numerically intensive. The implicit scheme works the best for
large time steps. In section 3.6 we have compared the explicit and implicit
method to the exact solution. The plots shows a good comparison between

explicit and implicit schemes and the error terms.

k+1 E+1 E+1

k k k
1—1 l 1+1 -1 ? 1+ 1 1 —1 ) 1+ 1

Figure 3.6: Computational stencil.

3.6 Numerical Results and Conclusion

The explicit method (forward time, centered space), the implicit method
(backward time, centered space) and the Crank-Nicolson scheme have been
developed. The calculations obtained using MATLAB with finer mesh points
on each scheme have demonstrated the theoretical predictions of how their
truncation errors depend on time step size and mesh point spacing as shown in
Figure (3.7) and Figure (3.8). The FTCS and BTCS both have the truncation
error of O(At) + O(Ay?) and the Crank-Nicolson has a truncation error of
O(At?) + O(Ay?). The O is defined to be the rate an which the truncation
error approaches zero. Hence both the FTCS and BTCS schemes are first
order accurate in time spacing as the truncation error terms are proportional
to (At) and the Crank-Nicolson scheme has temporal truncation error terms

proportional to (At?) which is considerably smaller than the FTCS and BTCS.
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Running the analysis in MATLAB, the explicit method gives much better
accuracy than the implicit algorithm for small time steps. However the implicit
method is good for large time steps. In both the explicit and implicit methods
the mesh spacing is proportional to (Ay?). Hence a better accuracy can be
obtained when the interval is divided into a smaller mesh size see Figure (3.8).
The Crank- Nicolson method gives a better approximation when compared to
FTCS and BTCS. This is shown by Figures (3.9) and (3.10) for the sine and
the cosine oscillation. Figures (3.8) and (3.11) show the comparison for the
sine oscillation and the cosine oscillation. In the Crank-Nicolson scheme the
order of the truncation error is (At?) and (Ay?), so that it is recommended to
choose the time step size that has the same order of magnitude as the mesh

spacing, At &~ Ay .
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Figure 3.7: BTCS time step compared for the sine oscillation for a fixed
Ay = 0.0526.
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Figure 3.8: BTCS mesh step compared for
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Figure 3.9: FTCS, BTCS and CNCS for the sine oscillation for At = 0.1111
and At = 0.0526.
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Figure 3.11: FTCS, BTCS and CNCS for the cosine oscillation.



Chapter 4

Homotopy Pertubation Method
(HPM)

4.1 Introduction

In this chapter, homotopy pertubation method (HPM) will be applied to the
momentum equation for fluid flow. In the literature there are very few exact
solutions of the Navier-Stokes equations since the Navier-Stokes equations
are highly nonlinear. These solutions are exceptional when the constitutive
equations of non-Newtonian fluids are introduced. The homotopy pertubation
method was first proposed by He who used it to solve the diffusion equation.
Perturbation techniques [36, 37, 38] are applied for obtaining approximate
solutions to equations involving a small parameter €. These techniques are
very effective and sometimes the requirements of the small parameter ¢ is
artificially ignored to eliminate the limitations of the traditional pertubation
techniques [37]. Hashmi, Khan and Mahmood [39] used the HPM to determine

the asymptotic solution for thin film flow of a third grade fluid with partial slip.

62
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Vahidi, Azimzadeh and Didgar [40] used HPM to solve the Riccati equation.
Siddiqui, Ahmed and Ghori [41] used HPM to study Couette and Poiseuille

flows for non-Newtonian fluids.

The rest of this chapter is organized as follows: Section 4.2 illustrates the
idea of the homotopy technique on the momentum equation with boundary
conditions; Section 4.3 applies the traditional pertubation technique on the
momentum equation with boundary conditions to obtain the solution of the
problem. Section 4.4 develops an equation that shows how to calculate the
approximate error term compared to the exact solution. The conclusion is

given in Section 4.5.

4.2 Homotopy Pertubation Method (HPM)

To illustrate the basic idea of the homotopy pertubation technique on the
momentum equation (2.2), we first consider the nonlinear partial differential

equation [37].

with boundary conditions:

ou
B <u %) —0, rel. (4.2)

The operator A is a general differential operator, which can be divided into

two parts L and N. Therefore Eq. (4.1) can be rewritten as follows
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L)+ N(u) = f(r), reqQ, (4.3)

where B is a boundary operator, L is a linear operator, N is a nonlinear
operator, € is a bounded domain in R? T is the boundary of the domain £

and f(r) is a known analytic function.

He [37] constructed a homotopy

v(r,p): Q2 x[0,1] - R (4.4)

which satisfies

H(v,p) = (1=p)[L(v) = L(uo)| +p[L(v)+ N(u)— f(r)] =0, pe0,1], reQ
(4.5)

or

H(v,p) = L(v) — L(ug) + p(L(uo) + p[N(v) — f(r)] =0, pel0,1], reQ
(4.6)

where p € ) is an embedding parameter, ug is an initial approximation to the
solution u which satisfies the boundary conditions (4.5) and (4.6) of Eq. (4.3).
Obviously when p = 0 and p = 1, Egs. (4.5) and (4.6) reduce to Eqgs. (4.7)
and (4.8):

H(v,0) = L(v) — N(ug) =0, (4.7)

and



4.2. HOMOTOPY PERTUBATION METHOD (HPM) 65

H(v,1) = L(v) + N(up) — f(r) = 0. (4.8)

According to the HPM [42], the use of the embedding parameter p as a ”small
parameter” and a basic assumption is that the solution of Eq. (4.1) can be

written as a power series in p.

oo

i

v = E Uip
i=0

= Vo + plug + pPug + pPug + plug + . (4.9)

Setting p = 1, results in the approximate solutions of Eq. (4.9)

V=g + V] +V2+V3+Vg+ ... (410)

The series Eq. (4.10) is convergent [37].

By substituting Eq. (4.9) into Eq. (4.6) we have

<Z vlp> = —pL(up) + p ( ) . (4.11)

Comparing the coefficients of the terms with identical powers of p, leads to a

(5)

solution:

P’ L(v) = L(u)

(4.12)
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with condition v;(r,0) =0 for i = 0,1,2, ...

4.3 The HPM applied to the momentum equation

The HPM will be considered on

ou  O%u

with boundary condition for the cosine oscillation

u(0,t) = Ucos(wt) for all ¢t > 0,

and initial condition

u(y,0) =0 for all y > 0.

The other boundary and initial conditions for the sine oscillation are

u(0,t) = Usin(wt) for all ¢t > 0,
u(y,0) =0 for all y >0,

u(y,t) = 0 as y — oo.

We construct the following homotopy:

ov  Ouy [ Oug 0%
a5 (ae) e
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Suppose the solution of Eq. (4.13) is of a series form

v = Z v’ (4.15)
=0

= v+ p'vr + pPos + pPus + plug+ .

Substituting Eq.(4.15) into the homotopy perturbation of momentum equation
Eq.(4.14), and comparing coefficients of the terms with identical powers of p ,

leads to:

PO t(vo)e — (ug)y =0
p (V1) = (o) + p(vo)yy
Pt (v2)e = p(v1)yy

p” 1 (v3)r = p(v2)yy

with condition

vi(y,0) =0, i=1,23,..

We can easily obtain the components of series Eq. (4.15) as
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(vg)¢ = —Uwsin(wt)
(v1)r = —Uwsin(wt)
(Ug)t = 0

(’Ug)t =0

Thus, we have the solution given by

u(y,t) = up + ug + ug + uz + ...

This solution is the same solution given by Eq. (4.9) which is

u:ka:vo+v1+v2+vg+...
i=0

Hence, we have

u(y,t) = Ucos(wt) — 2Usin(wt).

With similar computation, for the sine wave oscillation we obtain

(vo): = Uwcos(wt)
(v1)r = Uwcos(wt)
(UQ)t =0

(Ug)t =0

(4.16)
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and by repeating this computational series we obtain, (v4); = (v5); = -+ =

0= (vp);-

Therefore, the approximate solution can be obtained as

o0

UZZUkZU0+U1+U2+Ug+...
i=0

and hence, we have

u(y,t) = Usin(wt) — 2Ucos(wt).

4.4 Numerical Approximation Error Terms

For the numerical computation Ghoreishi and Ismail [43] defined the expression

\I/m(y7t) = uk(y7t>

to denote the m-term approximation to u(y,t).

Let the absolute error be given by FE,,(y,t),

Em(yat) = |u(y,t) - \Ijm(yat”

The absolute error is the difference between the exact solution and the m-term

approximate solution W, (y,t).
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4.5 Numerical Results and Conclusion

In this chapter, we have shown the application of He’s HPM on solving the
momentum equation. The HPM reduces a complex problem domain into a
simple problem examination. The homotopy method depends on the choice
of initial condition. The method generates a convergent series solution. Thus
having a good guess for the initial condition, a few iterations are enough to
give a good approximate solution. The homotopy method can be used to solve
various other nonlinear problems without any difficulty. The method simplifies
the problem domain into an easy one and the accomplished results are
correct on the whole solution domain. The method does not use computation
discretized methods for solution of partial differential equations. The results

reveal that He’s HPM is very effective and simple to apply

2 4 B 8 10 12 14 16 18 20

Figure 4.1: Velocity profile field u(y, t) for flow induced by a cosine oscillation
at y=1U =0.01, p = 0.3 and time ¢, t € [0, 67] with At = 55
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Figure 4.2: Velocity profile field u(y,t) for flow induced by a sine oscillation
at y =1U =0.01, p = 0.3 and time ¢, ¢ € [0, 67] with At = 55



Chapter 5

Solving the Momentum

Equation using Differential

Transformation Method

5.1 Introduction

In this chapter, the differential transform method (DTM) will be applied to
the momentum equation for fluid flow. The DTM is a numerical method based
on Taylor series expansions. We first examine the application of DTM on one
dimensional problems and then we examine the application of DTM on two
dimensional problems. Some special cases of the momentum equation subject
to different initial and boundary conditions given by sine oscillations and cosine
oscillations are illustrated. Numerical results obtained by DTM are compared

with pdepe MATLAB solution. The results are very accurate.

72
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5.2 Basic of Differential Transformation Method

The DTM is frequently presented as a (relatively) new method for solving
differential equations [44, 45, 46]. This method is based on Taylor series
expansion, though different from the traditional Taylor series expansion. DTM

has systematically been used to solve differential equations.

5.2.1 One-dimensional Differential Transform

Definition 1. The one-dimensional differential transform

A k-th order differential transform of a function c¢(z) is defined as follows:

Ck) = % [dd—;c(x)} -~ (5.1)

where k belongs to the set of non-negative integers, denoted as the k-domain.
Definition 2. The function ¢(z) is expressed as a differential transform C(x).
The differential inverse transform of C'(k) is defined as follows:

c(k) =Y Ck)(x — x)". (5.2)

k=0

Combining Egs. (5.1) and (5.2) we obtain

o(z) = i:: (@ ;!‘750) { j:kc(x)} (5.3)

k=0

which is actually the Taylor series expansion for ¢(x) when x = .
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5.2.2 Two-dimensional Differential Transform

Considering a function of two variables u(x,y) analytic in the domain K and
let (z,y) = (20, yo) be the initial condition in this domain. The function u(z,y)
is then represented by a power series located at (zg,yo). The function u(z,y)

has a differential transform of the form

ak+h

Uk, h) = ﬁ {8xk—8yhu($’ ) (5.4)

1 (z0,%0)
where u(z,y) is the original function and U(k, h) is the transformed function.
The transform is a T-function and the lower case and upper case letters
represent the original and transformed functions respectively. The inverse

differential transform of U(k, h) is defined as:

ue,y) =Y > Uk h)(x —0)*(y — yo)" (5.5)

k=0 h=0

Combining Egs. (5.4) and (5.5) we can conclude:

(z — ﬂfo)k(i/ - yo)h- (5.6)

(z0,%0)

Taking Eq. (5.4) at the point (z¢,yo) = (0,0) results in Eq. (5.6) to be written

in a finite series form as:
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(
U(0,0)2%° + U(0,1)2y* + U(0,2)2? + - - - + U(0, N )2y +
U,0)z%° + U@, Datyt + U1, 2)z % + - - + U1, N)ztyN+
(©.9) U2,0)2%° + U2, Dyt + U(2,2)2%y* + - -- + U(2, N)z*yN +
u(z,y) =
U(3,0)23y° + U(3, 1) a3yt + U(3,2)a3y? +--- + U(3, N)a3yN +
| UM, 0)2™ + UM, 1)aMy + UM, 2)x™y* + - + U(M, N)aMy"

which can be written as

M
=> (UK, 0)2* + Uk, )a*y + Uk, 2)a*y® + +- - + Uk, N)a*y™) ,

k=0
(5.7)
=> ) Uk, h)ay"
(5.8)

The fundamental theorem proofs of the two-dimensional transform are found

in Appendix B.

5.3 Differential Transform Method for the

Momentum Equation

The application of the DTM will be discussed here to illustrate how to use the

two-dimensional differential transform to solve the momentum equation.

Consider a non-Newtonian fluid where the x coordinates is parallel to the

infinitely extended flat plate and the fluid occupies the space y > 0, with the
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y axis in the vertical direction. The plate is initially at rest. At a time ¢t = 0™,
the plate is disturbed from rest and subjected to a velocity u, = Uy cos wt in

it’s own plane, resulting in induced flow. The governing equation is given by

ou 0 Ju
PE = 8_y <'u8_y> ) (5.9)

where u,t and p are the velocity in the y- direction, time and the dynamic
viscosity of the fluid. For the momentum equation we consider the initial

condition given by,

u(y,0) = cosy (5.10)

and the boundary conditions

u(0,t) = Up cos(wt) fort >0

u(oo,t) =0, (5.11)

where w is the frequency of the oscillation and Uj is the representative velocity.

Another set of boundary conditions may be given by

u(0,t) = U sin( wt) fort >0

u(o0o,t) = 0. (5.12)

Now consider the governing momentum equation Eq. (5.9), with initial
condition (5.10) and boundary condition (5.11). We now show how to apply
the DTM to solve Egs. (5.9)-(5.12)



5.3. DIFFERENTIAL TRANSFORM METHOD FOR THE MOMENTUM
EQUATION 7

After taking the differential transform of both sides of Eq. (5.9), it reduces to

the following form

pU(k, h+1)) = [k + 1)k + 2)U(k +2,h)] (5.13)

(h+1)
Case 1: u(y,0) = cosy

The related initial condition should also be transformed as follows

1 k
U(k,0) = HCOS<§) k=0,1,2,..

U(0,0) = 1. (5.14)

From the boundary condition (5.11), we can write

hoop
U(k:,h):Uo%cos(%) k=012, h=01,2,..

U(co,h) =0, h=0,1,2,.., (5.15)

After taking the differential transform of both sides in Eq. (5.9), for

k=0,1,2,3---, we obtain the following

ol + )i (y) uaa—;vk@). (5.16)

By taking the differential transform of the initial and boundary conditions

(5.14) and (5.15) respectively, their reduced DTM version will be:
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Up(oo0) =0 (5.17)

where U;(y) is the reduced differential transform of u(y,t).

After expanding the reduced DTM recurrence equations with initial condition
(5.14) with the initial value Uy(y) = cosy, for k = 0,1,2,3,--- | N the terms

of Ux(y), are as follows;

1 [ N
=N <;) COSY. (5.18)

Therefore, the approximate solution of Eq. (5.9) in series form is

Uly,t) = Uoly) + Ur(y)t + Us(y)t* + Us(p)t* + Us(y)t* + -+ + Un(y)t"

AVIRNIANER NI L\™
= 1— (2= (E) 2= |(Z2) #r...0o0—(E A
Cosy{ (p) e (p) 3! (/3) T (p) }
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The approximate solution of Eq. (5.19) in closed form is:

Uly,t) = 67(%)tcosy. (5.20)

Case 2: u(y,0) = siny
The related initial condition should also be transformed as follows
1 k

Uk,0) = —sin(-2) k=0,1,2,..
Tk

U(0,0) = 1. (5.21)

From the boundary condition can write

g
Uk, h) :Uo%sin(%r) k=0,1,2,...., h=0,1,2,..,
U(co,h) =0, h=0,1,2,.., (5.22)

After taking the differential transform of both sides in Eq. (5.22), for

k=0,1,2,3---, we obtain the following

2

ok + 1)U (y) = uaa—yQUk@). (5.23)

Similarly by taking the differential transform of the initial and boundary

conditions (5.12) respectively, their reduced DTM version will be:

Ui(o0) =0 (5.24)



5.3. DIFFERENTIAL TRANSFORM METHOD FOR THE MOMENTUM
EQUATION 80

where U;(y) is the reduced differential transform of u(y,t) .

Similarly Uy(y) = siny , for k =0,1,2,3,4,--- , N the terms of Ug(y) are

1 N
= (%) siny. (5.25)

Therefore, the approximate solution of equation Eq. (5.9) in series form is

Uy, t) = Up(y) + Ur(y)t + Us(y)t* + Us(y)t® + Us(y)t* + - - - + Un(y)t"

Iz 1 () 1)’ 1\
o o ~ N N 3 I N
—Slny{l <p>t+2! (,o)t 3l <p) "+ +N! <p> t }

(5.26)

The approximation solution of Eq. (5.26) in closed form is:

Uy, t) = ef(%ﬁsiny. (5.27)
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5.4 Numerical Results and Conclusion

The DTM which depends on Taylor series expansion has been studied. The
approximate solution of the momentum equation has been obtained in the
form of a polynomial series solution based on an iterative procedure. The
DTM is capable of reducing the challenge arising in calculation of Adomian
polynomials. The method can easily be applied for solving linear and nonlinear
partial differential equations. The results obtained compared with exact
solutions acknowledge that the DTM is very effective and easy to apply. Tables
5.1 and 5.2 show a comparison of DTM solution Eq. (5.19) for the cosine
wave and Eq. (5.26) for the sine wave oscillation compared to the exact
solution, for N = 1 and N = 3. Tables 5.1 - 5.6 show a decrease in error
as we increase the approximate solution from N = 1 to N = 3 for u(y,t),
where t = 0.0075 p = 0.01, p = 0.05 and y ¢ [0,0.5] with a step size of
0.1. Figures 5.1 and 5.5 show a three dimensional surface plot and a two
dimensional comparison of DTM and pdepe MATLAB solution. Figures 5.2
and 5.6 compare DTM solution to pdepe MATLAB for different times; the
plot shows that as time ¢ — oo the amplitude of the cosine and the sine waves
decreases and the flows turn to a steady-state. The plots in Figures 5.3 and
5.7 show the behaviour of DTM compared to pdepe MATLAB solution. In
both solutions the approximation time has a direct effect. Figures 5.4 and
5.8 show that the term % plays an important rule on the DTM solution when
compared with the pdepe MATLAB solution. When % is small the DTM
solution has a bigger error when compared to the pdepe MATLAB solution.
In our investigation for both the cosine and sine wave the term % = 1 resulted
in lesser error. Careful consideration needs to be taken on the choice of the

term %. The computational results are motivated by the work of Malek Abazari



5.4. NUMERICAL RESULTS AND CONCLUSION

82

[47] when determining the solution of reaction diffusion problems by DTM.

time () method Y
0.1663 0.3307 0.4960 0.6614 0.8267 0.9921
0 pdepe MATLAB 0.1646 0.3247 0.4759 0.6142 0.7357 0.8372
DTM 0.1646 0.3247 0.4759 0.6142 0.7357 0.8372
01111 pdepe MATLAB 0.1474 0.2908 0.4263 0.5502 0.6590 0.7499
' DTM 0.1473 0.2906 0.4259 0.5496 0.6584 0.7491
0.9999 pdepe MATLAB 0.1320 0.2603 0.3816 0.4924 0.5899 0.6712
' DTM 0.1318 0.2600 0.3811 0.4918 0.5891 0.6704
03333 pdepe MATLAB 0.1181 0.2330 0.3415 0.4407 0.5279 0.6007
' DTM 0.1179 0.2327 0.3410 0.4401 0.5272 0.5999
0.4444 pdepe MATLAB 0.1057 0.2085 0.3056 0.3944 0.4724 0.5375
' DTM 0.1055 0.2082 0.3052 0.3938 0.4717 0.5368
05556 pdepe MATLAB 0.0946 0.1866 0.2735 0.3530 0.4228 0.4811
' DTM 0.0944 0.1863 0.2731 0.3524 0.4221 0.4803
0.6667 pdepe MATLAB 0.0847 0.1670 0.2448 0.3159 0.3784 0.4306
' DTM 0.0845 0.1667 0.2444 0.3153 0.3777 0.4298
0.7778 pdepe MATLAB 0.0758 0.1495 0.2191 0.2828 0.3387 0.3854
' DTM 0.0756 0.1492 0.2187 0.2822 0.3380 0.3846
0.8889 pdepe MATLAB 0.0678 0.1338 0.1961 0.2531 0.3032 0.3450
' DTM 0.0677 0.1335 0.1957 0.2525 0.3025 0.3442
10000 pdepe MATLAB 0.0607 0.1198 0.1756 0.2265 0.2714 0.3088
' DTM 0.0606 0.1195 0.1751 0.2260 0.2707 0.3080

Table 5.1: The approximate solutions for the sine oscillation obtained by the

DTM and pdepe MATLAB where y € [0,0.9921], ¢ € [0, 1].
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Matlab pdepe solution DTM solution

Time t Distance y Time t Distance y

Solutions att =1

—&— pdepe
—— DTM salution

L I I L
a 05 1 15 2 25 3 )
Distance y

Figure 5.1: Comparison of pdepe MATLAB with DTM solution, on intervals

0 <y <mwith Ay = %5 and 0 < ¢ < 1 with At = 0.1 for sine oscillation

where % =1.
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time () method y

1.1574 1.3228 1.4881 1.6535 1.8188 1.9842 2.1495

pdepe MATLAB 0.9158 0.9694 0.9966 0.9966 0.9694 0.9158 0.8372

0 DTM 0.9158 0.9694 0.9966 0.9966 0.9694 0.9158 0.8372

pdepe MATLAB 0.8203 0.8683 0.8927 0.8927 0.8683 0.8203 0.7499

0111 DTM 0.8195 0.8675 0.8918 0.8918 0.8675 0.8195 0.7491

5999 pdepe MATLAB 0.7342 0.7772 0.7990 0.7990 0.7772 0.7342 0.6712

0. DTM 0.7333 0.7762 0.7980 0.7980 0.7762 0.7333 0.6704

pdepe MATLAB 0.6571 0.6955 0.7150 0.7150 0.6955 0.6571 0.6007

0.3333 DTM 0.6562 0.6946 0.7141 0.7141 0.6946 0.6562 0.5999

Ll pdepe MATLAB 0.5880 0.6224 0.6399 0.6399 0.6224 0.5880 0.5375

0. DTM 0.5872 0.6216 0.6390 0.6390 0.6216 0.5872 0.5368

pdepe MATLAB 0.5262 0.5571 0.5727 0.5727 0.5571 0.5262 0.4811

0.5556 DTM 0.5254 0.5562 0.5718 0.5718 0.5562 0.5254 0.4803

pdepe MATLAB 0.4710 0.4986 0.5126 0.5126 0.4986 0.4710 0.4306

0.6667 DTM 0.4702 0.4977 0.5117 0.5117 0.4977 0.4702 0.4298

pdepe MATLAB 0.4216 0.4463 0.4588 0.4588 0.4463 0.4216 0.3854

0.7778 DTM 0.4207 0.4454 0.4579 0.4579 0.4454 0.4207 0.3846

pdepe MATLAB 0.3774 0.3995 0.4107 0.4107 0.3995 0.3774 0.3450

0.8889 DTM 0.3765 0.3985 0.4097 0.4097 0.3985 0.3765 0.3442

) pdepe MATLAB 0.3378 0.3576 0.3676 0.3676 0.3576 0.3378 0.3088

0000 DTM 0.3369 0.3566 0.3666 0.3666 0.3566 0.3369 0.3080

Table 5.2: The approximate solutions for the sine oscillation obtained by the

DTM and pdepe MATLAB where y € [1.1574,2.1495], ¢ € [0, 1].
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time (%) method
2.3149 2.4802 2.6456 2.8109 2.9762 3.1416
pdepe MATLAB 0.7357 0.6142 0.4759 0.3247 0.1646 0.0000
0 DTM 0.7357 0.6142 0.4759 0.3247 0.1646 0.0000
pdepe MATLAB 0.6590 0.5502 0.4263 0.2908 0.1474 0.0000
0-1111 DTM 0.6584 0.5496 0.4259 0.2906 0.1473 0.0000
5 pdepe MATLAB 0.5899 0.4924 0.3816 0.2603 0.1320 0
0.222 DTM 0.5891 0.4918 0.3811 0.2600 0.1318 0.0000
pdepe MATLAB 0.5279 0.4407 0.3415 0.2330 0.1181 0
0-3333 DTM 0.5272 0.4401 0.3410 0.2327 0.1179 0.0000
24dd pdepe MATLAB 0.4724 0.3944 0.3056 0.2085 0.1057 0
0444 DTM 0.4717 0.3938 0.3052 0.2082 0.1055 0.0000
pdepe MATLAB 0.4228 0.3530 0.2735 0.1866 0.0946 0
0-5556 DTM 0.4221 0.3524 0.2731 0.1863 0.0944 0.0000
pdepe MATLAB 0.3784 0.3159 0.2448 0.1670 0.0847 0
0-6667 DTM 0.3777 0.3153 0.2444 0.1667 0.0845 0.0000
pdepe MATLAB 0.3387 0.2828 0.2191 0.1495 0.0758 0
0.7778 DTM 0.3380 0.2822 0.2187 0.1492 0.0756 0.0000
pdepe MATLAB 0.3032 0.2531 0.1961 0.1338 0.0678 0
08889 DTM 0.3025 0.2525 0.1957 0.1335 0.0677 0.0000
pdepe MATLAB 0.2714 0.2265 0.1756 0.1198 0.0607 0
1.0000 DTM 0.2707 0.2260 0.1751 0.1195 0.0606 0.0000

Table 5.3: The approximate solutions for the sine oscillation obtained by the

DTM and pdepe MATLAB where y € [2.3149, 7|, t € [0, 1].
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time (%) method Y

0 0.2632 0.5263 0.7895 1.0526 1.3158 1.5789

pdepe MATLAB 0 0.9656 0.8647 0.7042 0.4953 0.2523 -0.0082

0 DTM 1.0000 0.9656 0.8647 0.7042 0.4953 0.2523 -0.0082

pdepe MATLAB 0 0.6217 0.7725 0.6719 0.4781 0.2439 -0.0079

0.0333 DTM 0.9640 0.9308 0.8335 0.6789 04775 0.2432 -0.0079

pdepe MATLAB 0 0.4547 0.6529 0.6174 0.4547 0.2345 -0.0079

0.0667 DTM 0.9293 0.8973 0.8035 0.6544 0.4603 0.2344 -0.0076

pdepe MATLAB 0 0.3567 0.5507 0.5538 0.4235 0.2221 -0.0087

0.1000 DTM 0.8958 0.8650 0.7746 0.6309 0.4437 0.2260 -0.0073

pdepe MATLAB 0 0.2913 0.4681 0.4909 0.3874 0.2062 -0.0112

0.1333 DTM 0.8636 0.8339 0.7467 0.6082 0.4277 0.2178 -0.0070

pdepe MATLAB 0 0.2436 0.4011 0.4328 0.3496 0.1875 -0.0156

0.1667 DTM 0.8325 0.8038 0.7198 0.5863 0.4123 0.2100 -0.0068

pdepe MATLAB 0 0.2069 0.3459 0.3804 0.3120 0.1670 -0.0217

0.2000 DTM 0.8187 0.7905 0.7079 0.5766 0.4055 0.2065 -0.0067

5 pdepe MATLAB 0 0.1775 0.2997 0.3336 0.2760 0.1457 -0.0293

0.2333 DTM 0.7919 0.7646 0.6847 0.5577 0.3922 0.1998 -0.0065

pdepe MATLAB 0 0.1532 0.2604 0.2920 0.2421 0.1243 -0.0379

0.2667 DTM 0.7659 0.7396 0.6623 0.5394 0.3794 0.1932 -0.0062

pdepe MATLAB 0 0.1328 0.2266 0.2550 0.2106 0.1032 -0.0472

0.3000 DTM 0.7408 0.7153 0.6406 0.5217 0.3669 0.1869 -0.0060

Table 5.4: The approximate solutions for the cosine oscillation obtained by

the DTM and pdepe MATLAB where y € [0,1.5789], t € [0,0.3].
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time (%) method y

1.8421 2.1053 2.3684 2.6316 2.8947 3.1579 3.4211

pdepe MATLAB -0.2680 -0.5094 -0.7157 -0.8727 -0.9697 -0.9999 -0.9612

0 DTM -0.0082 -0.2680 -0.5094 -0.7157 -0.8727 -0.9697 -0.9999

pdepe MATLAB -0.2593 -0.4928 -0.6924 -0.8443 -0.9381 -0.9673 -0.9299

0.0333 DTM -0.2592  -0.4927 -0.6922 -0.8441 -0.9379 -0.9671 -0.9297

pdepe MATLAB -0.2508 -0.4767 -0.6698 -0.8168 -0.9075 -0.9358 -0.8996

0.0667 DTM -0.2507 -0.4765 -0.6695 -0.8165 -0.9071 -0.9354 -0.8992

pdepe MATLAB -0.2429 -0.4612 -0.6480 -0.7901 -0.8779 -0.9053 -0.8706

0-1000 DTM -0.2425 -0.4609 -0.6476 -0.7897 -0.8774 -0.9047 -0.8697

pdepe MATLAB -0.2357 -0.4464 -0.6269 -0.7644 -0.8494 -0.8760 -0.8430

0.1333 DTM -0.2345 -0.4458 -0.6264 -0.7638 -0.8486 -0.8751 -0.8412

) pdepe MATLAB -0.2296 -0.4323 -0.6066 -0.7395 -0.8218 -0.8479 -0.8169

0.1667 DTM -0.2269 -0.4312 -0.6058 -0.7388 -0.820 -0.8464 -0.8136

pdepe MATLAB -0.2248 -0.4191 -0.5871 -0.7156 -0.7953 -0.8210 -0.7921

0.2000 DTM -0.2194 -0.4170 -0.5860 -0.7145 -0.7939 -0.8186 -0.7870

) pdepe MATLAB -0.2212 -0.4069 -0.5686 -0.6926 -0.7698 -0.7953 -0.7687

0.2333 DTM -0.2122 -0.4034 -0.5668 -0.6911 -0.7679 -0.7918 -0.7612

) pdepe MATLAB -0.2183 -0.3958 -0.5510 -0.6706 -0.7455 -0.7708 -0.7463

0.2667 DTM -0.2053 -0.3902 -0.5482 -0.6685 -0.7427 -0.7658 -0.7362

pdepe MATLAB -0.2174 -0.3858 -0.5344 -0.6496 -0.7221 -0.7474 -0.7250

0-3000 DTM -0.1985 -0.3774 -0.5302 -0.6465 -0.7184 -0.7407 -0.7121

Table 5.5: The approximate solutions for the cosine oscillation obtained by

the DTM and pdepe MATLAB where y € [1.8421, 3.4211], t € [0,0.3].
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time () method

3.6842 3.9474 4.2105 4.4737  4.7368 5.0000

pdepe MATLAB -0.8564 -0.6926 -0.4811 -0.2364 0.0245 0

0 DTM -0.8564 -0.6926 -0.4811 -0.2364 0.0245 0.2837

pdepe MATLAB -0.8285 -0.6703 -0.4680 -0.2469 -0.0650 0

0.0333 DTM -0.8283 -0.6698 -0.4653 -0.2287  0.0236 0.2744

pdepe MATLAB -0.8019 -0.6507 -0.4620 -0.2656 -0.1045 0

0.0667 DTM -0.8011 -0.6479 -0.4500 -0.2212 0.0229 0.2654

. pdepe MATLAB -0.7771 -0.6341 -0.4593 -0.2799 -0.1247 0

0-1000 DTM -0.7749  -0.6266 -0.4353 -0.2139  0.0221 0.2567

pdepe MATLAB -0.7542 -0.6197 -0.4570 -0.2891 -0.1358 0

0-1333 DTM -0.7495 -0.6061 -0.4210 -0.2069 0.0214 0.2483

pdepe MATLAB -0.7330 -0.6067 -0.4541 -0.2944 -0.1423 0

0.1667 DTM -0.7249 -0.5862 -0.4072 -0.2001 0.0207 0.2401

) pdepe MATLAB -0.7132 -0.5943 -0.4502 -0.2967 -0.1458 0

0.2000 DTM -0.7011  -0.5670 -0.3939 -0.1936  0.0200 0.2322

pdepe MATLAB -0.6945 -0.5823 -0.4452 -0.2970 -0.1475 0

0.2333 DTM -0.6781 -0.5484 -0.3809 -0.1872 0.0194 0.2246

) pdepe MATLAB -0.6766 -0.5704 -0.4394 -0.2957 -0.1479 0

02667 DTM -0.6559 -0.5304 -0.3685 -0.1811 0.0187 0.2173

pdepe MATLAB -0.6593 -0.5585 -0.4329 -0.2932 -0.1474 0

0-3000 DTM -0.6344 -0.5131 -0.3564 -0.1752 0.0181 0.2101

Table 5.6: The approximate solutions for the cosine oscillation obtained by

the DTM and pdepe MATLAB where y € [3.6842, 5], t € [0, 0.3].
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Figure 5.2: Comparison of pdepe MATLAB solutions and DTM solution at

™

different time, ¢ = 0.1,1,1.4,2 on the interval 0 < y < 27 with Ay = {5 and

At = 0.05 for sine oscillation where % =1.
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Figure 5.3: Comparison of pdepe MATLAB solution with DTM solution at
different time, ¢ = 0.5,0.7,0.9, 2 on the interval where 0 <y <5 with Ay =

for sine oscillation where % =1.
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Figure 5.4: Comparison of pdepe MATLAB solution with DTM solution at

different % = 0.1,0.7,0.9,1 on the interval 0 < y < 7 where Ay = {; and

At = 0.05 for sine oscillation.
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Figure 5.5: Comparison of pdepe MATLAB with DTM solution, on intervals
0<y<5with Ay =0.5and 0 <t < 0.3 with At = 0.015 for cosine oscillation

where % =1.
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Figure 5.6: Comparison of pdepe MATLAB solution with DTM solution at
different time, ¢t = 0.5,0.7,0.9, 2 on the interval where 0 <y < 5 with Ay = 0.5

for cosine oscillation where % =1.
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Figure 5.7: Comparison of pdepe MATLAB solutions and DTM solution at

different time, ¢ = 0.1,1,1.4,2 on the interval 0 < y < 27 with Ay = 0.5 and

At = 0.05 for cosine oscillation where % =1.
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Chapter 6

An Approximate Solution of
Momentum Equation using

Adomain Decomposition

6.1 Introduction

In this chapter, the Adomian decomposition method (ADM) will be applied
to the momentum equation for fluid flow. ADM is a semi-analytical method
for solving ordinary and partial nonlinear differential equations. The ADM
was first realized and developed by Adomian. A wide class of fluid dynamics
problems that appear in areas such as engineering, physics, applied maths and
the other science disciplines are modeled mathematically by partial differential
equations as linear and nonlinear differential equations, fractional differential
equations, stochastic differential equations etc [48, 49, 50]. Some of these
problems are solved by the ADM. Mohamed [51] used ADM to solve equation

governing the unsteady flow of a polytropic gas. Wazwaz [52] used DTM for

96
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the treatment of the Bratu-type equations.

The rest of the chapter is organized in this form, Section 6.2 formulates
the problem space, Section 6.3 gives an illustration Adomain decomposition
method of solution, where the solution space lies on a decomposed series form.
In section 6.4 the Adomians’ special polynomials are derived. Section 6.5 gives

conclusions and outlines Adomain numerical results.

6.2 Formulation of the Problem

We consider the problem as defined in Section 3.3 The governing equation in

one dimension has the following form:

ou 0 ou
— == |v= >0 6.1
Por ~ oy (”ay) Y (6.1)
where the first term is a linear term and the second term is the highest order

term. wu,t and v are the velocity in the x direction, time and the dynamic

viscosity of the fluid.

Eq. (6.1) can be written as
0 1,0 0?
ge_ gt vy, (6.2)
ot p Oy p \0y?

Introducing the new operators L;, B and L,, the new operators take the form

ou 0?u ou
Loy=— Lu=—-— Bu=1—. _
U v yU " u=v ” (6.3)

Using Eq. (6.3) in Eq. (6.1), Eq. (6.1) takes the form
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1
Ru=-Bu+ ZLu (6.4)
p p

where L = Lyu is the highest order term, Bu represents the nonlinear term

and Ru = L;u is the rate of diffusion in time.

We solve Eq. (6.4) subjected to the initial condition

u(y,0) =0 (6.5)

and the boundary conditions are defined as a sine oscillation

u(0,t) = Upsinwt  for ¢t >0

and u(oo,t) =0. (6.6)

6.3 Method of Solution

Solving Eq. (6.2) for L;u and L,u separately, we obtain

1
Liu=-Bu+ ZLyu
P P

p 1
L,u=~L,u— —Bu. 6.7
yU 1/ LU ” U (6.7)

The inverse operator L; ' and L, ' of Lyu and Lyu is given by

Lt_lz/(.)dt7 and

Ly—lz//(.)dydy. (6.8)
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Applying the inverse operator L;' and L, ! to both sides of Eq. (6.2)

respectively, we obtain

1
u(y,t) = uy, + L (EBU + %Lyu>

1
u(y,t) = uy, + L, (SLtu - ;Bu) : (6.9)

The required solution is a decomposition of the unknown function u(y,t) as a

sum of components defined in a series form, is known as the ADM [53].

u(y, t) =Y tn(y, t) (6.10)

or
u(y,t) = up(y,t) + un(y, t) n>1, (6.11)

and the terms wuy, us, us, ug, us, . . . are calculated recursively

Uy = u<y7 0)

u = L' [(A)],

us = L' [(A4)],

uz = Ly ' [(A2)],

ug = Ly ' [(43)],

Uni1 = L [(An)] (6.12)

where A,, are the Adomian polynomials for the nonlinear operator
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In Eq . (6.9) w, and u,, are solutions of the following equations

du
ot
0%u

o, =0 (6.13)

=0 and

Equations (6.9); and (6.9)y are solved subject to the initial conditions and

boundary conditions and we obtain

uy, = Upsinwt  and

(6.14)

Uy, = 0.

Combining Egs. (6.9); and (6.9), and dividing by 2, we obtain

1 1 1
u(y,t) = 5 [(uto + ) + Ly (;Bu + %Lyu> + L;l (thu — ;Bu)} ,

1 1 1
= Qgsinwt + = |L;' | =Bu+ ZLyu + Lt ELtu ——Bu ||,
2 P Yo\v v

o
(6.15)
where we define ®, and ug as

oy = % and Uy = 2¢~UV/(3)

uy = Py sin wt. (6.16)

The parametric form of Eq. (6.15) is
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1 1 1
u=up(y,t)+ 73 {Ltl (;Bu + %Lyu) +L," <§Ltu — ;Bu)]

B 11, /1 ,0u 0%u (1 du ,0u
—uo(y,t)+72{Lt (p)(u8x+yﬁy2 + L, a5 )|

(6.17)

The decomposed parameterized form for u is

u= Zv”un, (6.18)
n=0

and the decomposed parameterized form for Bu

a o
Bu = u—z =34, (6.19)

The parameter v is used for grouping the terms. Thus terms of 4%, v, 72, ---
and A, are the Adomian’s special polynomials [44, 54, 55, 56], still to be
calculated. Substitution of Eqs. (6.17) and (6.18) into Eq. (6.15) results in

0 1 1 0 0> ( > ynun)
n — -1 n n=0
;:O YUy, = uo(y, t) + 75 L, (;) nE:O VA, 4 v o +

N (i 7nu") N
L' (;> p% = A | |- (6.20)
n=0

When comparing like terms we obtain
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ug = g sin wt

et (2) (oo o5 () ()

ot () o) o () (%)
oy [ () (e ) o (2) (- )
gt (2) (eso ) 0 (1) (2w
eyt () (o) o (2) (- 0).

6.4 Derivation of Adomian’s Special Polynomials

,0u , , , ou ou ou
Bu:ua—y:(uo+u17+u272+"')(ay0‘|‘ 8y1+ ay2+"'>' (6.22)

By grouping like terms with respect to the power of v Eq . (6.22) reduces to

8u0 8u1 8u0 8u2 (9u1 8%0

0 0 , 0
+ 43 (ug ;3 + ) ;2 + ;1 uh 8ZO>

ou ou Ous
+ 9 (an4+ 183+u23 —i—u3a +u 8y)+ . (6.23)

From Eq. (6.23) Adomian polynomials can be derived as follows
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8u0
Ag = u) 20
ou ou
Al = 6 a ! Ull—ayo,
A2 oy 8u2 , (3u1 , 3u0

A3:U08y+ 16 +U28—+U38—y,

(6.24)

and so on. The rest of the polynomials can be constructed in a similar manner.

Hence, by using Eq. (6.21); the polynomials Ay have the following form:

Ao = vy—— = 1) [P} sin wt + Py (sinwt)'] . (6.25)

Using Eq. (6.9) taking the case where n = 1, we suggest an approximate

solution u(y, t) for only two terms,

u(y,t) = up + us. (6.26)

Taking Ag from Eq. (6.24) and ug from Eq. (6.21) and substitute into the

expression of u; in Eq. (6.11) we have,

U= Uy + Uj. (6.27)

The general principle is known to enhance the approximation; more components
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in the decomposition series form are possible to be determined. In view of Eq.

(6.26), the solution u(y,t) is obtained in a series form hence

17 ., /1 0%u (1 ou
o =g |10 (5) (o) <15 (7) (o0 - 0)]

(6.28)
where
82’&0 2v 2w _ w
Aoy + Va—y2 = Usm(wt) (ey wsin(wt) + ve y\/zb)) (6.29)
and
Oug () 2v
P oy Ap = sin(wt) p\/— W3 — eV sigin(wt) | . (6.30)
Yy w

Equivalently u(y,t) is

w 1 2 " .
u(y, t) =e =V Esin(wt) + ~ (t + A) —Vsin(wt) [eyzﬁsin(wt) + Ve*y\/ﬁ)} -
P

% (%2 + B) sin(wt) [pﬂQ Jer V) — 2 QVSIH(wt)] (6.31)

W

where A and B are constants which we equate to zero. If p — oo and v — o0,

we obtain

u(y,t) = e’y\/i)sin(wt). (6.32)

Similarly, if the boundary conditions are defined as a cosine oscillation
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u(0,t) = Uy coswt  fort >0

u(oo,t) =0, (6.33)

then

u(y,t) = e_y\ﬂ%)cos(wt). (6.34)

6.5 Numerical Results and Conclusion

In this chapter, the ADM was applied to obtain an approximate analytical
solution to the momentum equation. The ADM focuses on avoiding simplifications
and restrictions which change the nonlinear problem to a mathematically
tractable one, whose solution differs with the physical solution. The approximate
solution is expressed in a series form with easily computable components of
the decomposition series. The ADM is an efficient and powerful technique for
determining approximate solutions of the momentum equation. This method
has been used directly avoiding linearisation or any assumptions. It can be
seen in Figure 6.1 that the velocity is an increasing function of time for both
the sine wave oscillation and the cosine wave oscillation. It is clear from Figure
6.1 that for large time the velocity profile is swiftest to reach a steady-state

solution and for small time it is the slowest.
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Figure 6.1: Velocity profile field u(y,t) for flow induced by a sine oscillation ,

for various values of time; t =2,t =8, w =1, y € [0,0.2] and v = 0.00746.



Chapter 7

Summary

In Chapter 1 we discussed background knowledge of fluid dynamics in which
mathematical modeling of fluids were briefly reviewed. The rheological
properties of Maxwell fluids, Oldroyd-B fluids and Johnson-Segalman fluids are
generally specified by their so called constitutive equations in three dimensional
form. Equations of motion that describe the behaviour of a physical system
in terms of its motion as a function of time were outlined with the Navier-
Stokes equations and power law fluid being introduced. Finally, some integral

transforms, namely Laplace and the convolution integral were introduced.

In Chapter 2 we investigated the effect of a power law fluid occupying the
domain y > 0. An infinitely extended flat plate located at y = 0 was suddenly
accelerated from rest. The fluid was disturbed at time ¢ = 0" and the flat plate
began to oscillate in its plane with angular velocity 2. The velocity disturbance
induced in the fluid at ¢ > 0 and shear stress distributions were determined
through the use of Laplace transforms. The wall was subjected to both sine
and cosine oscillations. The governing equations were non-dimensionalized and

mass-balance quantity s was introduced. The solution obtained was presented
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as a sum of steady-state and transient solutions. The effect of the dimensionless
parameter such as power index n, on the flow was analyzed. It was observed
that for large time the fluid flow decayed and the magnitude of oscillation was
a minimum as t — oo. The time was indirectly proportional to the frequency

of the velocity.

In Chapter 3 we introduced and developed the explicit method (forward time,
centered space), the implicit method (backward time, centered space) and
the Crank-Nicolson scheme for the momentum equation. The calculations
obtained using MATLAB with finer mesh points on each scheme demonstrated
the theoretical predictions of how their truncation errors depend on time step
size and mesh point spacing. The FTCS and BTCS both have truncation
error O(At) + O(Ay?) and the Crank-Nicolson has truncation error O(At?) +
O(Ay?*). We observed that the explicit method gave much better accuracy
than the implicit algorithm for small time steps. However the implicit method
was good for large time steps. In both the explicit and implicit methods the
mesh spacing was proportional to (Ay?). Hence a better accuracy was obtained
when the interval was divided into a smaller mesh size. The Crank- Nicolson
method gave a better approximation when compared to FTCS and BTCS. In
the Crank-Nicolson scheme it is recommended to choose the time step size that

has the same order of magnitude as the mesh spacing, At ~ Ay.

In Chapter 4 we discussed the application of He’s homotopy pertubation
method (HPM) for solving the momentum equation. The HPM reduces a
complex problem domain into a simple problem examination. The homotopy
method depends on the choice of initial condition. The method generates a
convergent series solution. By having a good guess for the initial condition,

a few iterations are enough to give a good approximate solution. HPM
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method does not use computation discretized methods for solution of partial
differential equations and this makes HPM to be one of the efficient methods

in determining approximate solutions for differential equation problems.

In Chapter 5 the DTM which depends on Taylor series expansion was studied.
The approximate solution of the momentum equation was obtained in the form
of a polynomial series solution based on an iterative procedure. The DTM
results obtained for cosine wave and sine wave oscillations were compared
with the exact solution. Tables 5.1 - 5.6 showed a decrease in error as we
increased the approximate solution from N = 1 to N = 3 for u(y,t), where
t = 0.0075 = 0.01, p = 0.05 and y ¢ [0,0.5] with a step size of 0.1. The
obtained results compared with exact solutions acknowledge that the DTM
was very effective and easy to apply. The plot shows that as time ¢t — oo the
amplitude of the cosine and the sine waves decreases and the flows turn to a

steady-state.

In Chapter 6 we applied ADM to obtain an approximate analytical solution
of the momentum equation. The approximate solution was expressed in a
series form with easily computable components of the decomposition series.
The ADM is an efficient and powerful technique for determining approximate
solutions of the momentum equation. Using the ADM the velocity profile for
large time was swiftest to reach a stead-state solution and for small time it

was the slowest for both the cosine wave and the sine wave oscillations.
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Appendix A

Al

The inverse Laplace transform of a compound function F'(w(q)), is defined as

e (Flu(g)} = / " Fluglu, t)du,

where
f(t) = {F(q)}
and
glu,t) = £ {eTuw(q)}.
A2
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A3

(Cx f)(t) = (f*C)(t) = f(t) for each continuous function f(.).



Appendix B

Theorem 1.

Proof. By Definition 1 we have

U ek 1 8k+h
( ) ) - m {axkath(x>y):| =040 9
1 ak—i—h
V(k,h) = V1Al [—ka ayhv(ac, y)] .
1 akJrh
W(k,h) = Tl {&r’f—é)yh [u(x,y) +v(z, y)]} w:O,y:07

usingU (k, h), V(k,h) and and W (k,h), we have

W(k,h)=U(k,h) £V (k,h).
Theorem 2.

Proof. By Definition 1 we have

U k h 1 ak—i—h
( ) )_ k'h' |:8mkayhu($’y):| x:07y:07
Wik, h 1 o A

(k,h) = Tl {%’f—@yh[ U(%y)]L:O’y:Oa

using U (k, h) and W (k, h) we have

W (k, h) = AU (k, h).
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Theorem 3.

Proof. By Definition 1 we have

1 ak+h 8U(l’,y)
Wik h) = {axkayh { Oz ”wovyo’

k 11 ak-i—h-}—l
Tkt 1A {axkﬂayh“(”ﬁ’y)] ’

z=0,y=0

then
W(k,h) = (k+1)U(k+1,h).

Theorem 4.

Proof. By Definition 1 we have

1 8k+h @U(xay)
Wik h) = 1 [(%ké’y" { Oz Hx—Oy—07

h+1 o Fhtl
BZICES] [8xk8yh+1u($’y)] ’

z=0,y=0

then
W(k,h) = (h+1)U(k,h+1).

Theorem 5.

Proof. By Definition 1 we have

1 [ 9% [or+su(z,y)
Wk.h) = [axkayh[ Dy Hx:o,y:o’

(k+1)(k+2)...(k+r)(h+1)(h+2)...(h+3s)
(k+7)(h+s)!

k+1 ok+htl

(k + 1) h! |:axk+1ayhu($a y):| s

z=0,y=0
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then

W(k,h)=(k+1)(k+2)(k+3)...(h+2)(h+3)...(h+s)U(k+r,h+s).
Theorem 6.

Proof. By Definition 1 we have

1 0
W(1,0) = 200! 9 [u(x7y)v(x7y)]x20,y=0

) () + ) )

z=0,y=0

— U(1,0)V(0,0) + U(0,0)V(0,0),

1 92
W(2,0) = 551 522 (0@ 1)o@ )]0 0

=U(2,0)V(0,0)+ U(1,0)V(1,0) + U(0,0)V(2,0),

)
W (0,1) = U(0,1)V(0,0) + U(0,0)V(0, 1),
)

W(1,1) = U(1,1)V(0,0) + U(1,0)V(0,1) + U(0, 1)V(1,0) + U(0,0)V (1, 1),

W(1,2) = U(1,2)V(0,0) + U(1,1)V(0,1) + U(1,0)V(0,2) + U(1,0)V (0, 2)

+U(1,2)V(0,0) + U(0,2)V(1,0) + U(0, 1)V (1, 1) + U(0,0)V(1,2),

ko h
:ZZUrh—s k—r,s).

r=0 s=0
Theorem 7.

Proof. Due to

[8w(m, y)’“*h} KR!, k=m, and h = n,
U P 0, k#morh#n

we have
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1 Ow(z,y)th

klh!  Oxkoyh L:M:O

W (k, h) = {

=d6(k—m,h —n)

=6(k—m)o(h —n)

where



