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Quantum Walks with Classically Entangled Light

by Bereneice C. SEPHTON

At the quantum level, entities and systems often behave counter-intuitively which we have
come to describe with wave-particle duality. Accordingly, a particle that moves definitively from
one position to another in our classical experience does something completely different on the
quantum scale. The particle is not localized at any one position, but spreads out over all the
possibilities as it moves. Here the particle can interfere with itself with wave-like propagation
and generate, what is known as a Quantum Walk. This is the quantum mechanical analogue of
the already well-known and used Random Walk where the particle takes random steps across the
available positions, building up a series of random paths.

The mechanics behind the random walk has already proved largely useful in many fields, from
finance to simulation and computation. Analogously, the quantum walk promises even greater
potential for development. Here, with many of the algorithms already developed, it would allow
computations to outperform current classical methods on an unprecedented level. Additionally,
by implementing these mechanics on various levels, it is possible to simulate and understand var-
ious quantum mechanical systems and phenomenon. This phenomenon consequently represents a
significant advancement in several fields of study.

Although there has been considerable theoretical development of this phenomenon, its poten-
tial now lies in implementing these quantum walks physically. Here, a physical system is required
such that the quantum walk may be sustainably achieved, easily detected and dynamically altered
as needed. Many systems have been subsequently proposed and demonstrated, but the criteria for
a useful quantum walk leaves many such avenues lacking with the largest number of steps yet to
reach 100 to the best of our knowledge. As a result, we explored a classical take on the quantum
walk, utilizing the wave properties of light to achieve analogous mechanics with the advantage of
the increased degree of control and robustness. While such an approach is not new, we considered
a particular method where the quantum walk could be implemented in the spatial modes of light.
By exploiting the non-separability (classical entanglement) of polarization and orbital angular mo-
mentum, such a classical quantum walk could be realized with greater intuitive implications and
the potential for further study into the quantum mechanical nature of this phenomenon, over and
above that of the other schemes, by walking the quantum-classical divide.

The work presented here subsequently centres on experimentally achieving a quantum walk
with classically entangled light for further development and useful implementation. Moreover,
this work focused on demonstrating the sustainability, control and robustness necessary for this
scheme to be beneficial for future development.

In Chapter 1, an intuitive introduction is presented, highlighting the mechanics of this phe-
nomenon that make it different from the Random walk counterpart. We also explore why this
phenomenon is of such great importance with an overview of applications that physical imple-
mentation can result in. A more in-depth look into the dynamics and mathematical aspects of this
walk is found in Chapter 2. Here a detailed look into the mechanisms behind the walk is taken
with mathematical analysis. Furthermore, the subsequent differences and implications associated
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with utilizing classical light is explored, answering the question of what is quantum about the
quantum walk. As the focus of this chapter is largely cemented in establishing a solid theoretical
background, we also look into the physics behind classical light and develop the theoretical basis
in the direction of structured light, with an emphasis on establishing classically entangled beams.

Chapters 3 and 4 present the experimental work done throughout the course of this disserta-
tion. With Chapter 3 we establish and characterize the elements necessary for obtaining a quantum
walk in the spatial modes of light by utilizing waveplates as coins, q-plates as step operators and
entanglement generators as well as mode sorters in a detection system. We also look into the
characteristics of the modes that will be produced with these elements, allowing the propagation
properties of the beam to be experimentally accounted for. In Chapter 4, we examine the ex-
perimental considerations of how to achieve a realistic and sustainable quantum walk. Here, we
consider and implement the scheme proposed by Goyal et. al. [] where a light pulse follows a
looped path, allowing the physical resources to be constant throughout the walk. We also show the
experimental limitations of the equipment being utilized and the various steps needed to compen-
sate. Finally, we not only implement a quantum walk with classically entangled light for the first
time, but also demonstrate the flexibility of the system. Here, we achieve a maximum of 8 steps
and show 5 different types of walks with varying dynamics and symmetry.

The last chapter (Chapter 5) gives a summary of the dissertation in context of the goals and
achievements of this work. The outlook and implications of these results are discussed and future
steps outlined for extending this scheme into a highly competitive alternative for viable implemen-
tation of quantum walks for computing and simulation.
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Chapter 1

Introduction

1.1 Random Walking

1.1.1 Classical Random Walks

Random motion is ubiquitous in nature from the path of tiny dust particles as they float in still
air to the motion of molecules in the liquid state. It is an integral part of how the world operates
and facilitates many of the fundamental processes that maintain the earth, such as heat transport in
materials [1] and the transport of gasses like oxygen [2] which are crucial to survival. Furthermore,
it is also present in the foraging of wildlife [3] and may be extended to the financial sector [4] as
well.

The most famous discovery of random motion can be dated back to 1827 when botanist, Robert
Brown noted the stochastic movements of pollen floating on water [5]. He observed the motion
of these particulates as moving in many random stochastic directions, but eventually having no
real net displacement. This opened the door to the study of atoms and was eventually explained
as the result of the random motion of fast-moving molecules bombarding the pollen grains such
that different sides experienced slightly greater forces due to these random bombardments [5].
Subsequently the pollen motion exhibited a random motion of its own. Mathematical formulation
of this phenomenon, however, came from the work of Albert Einstein in 1905 [6] and found
experimental proof in 1908 through Jean Baptiste Perrin [7], consolidating random motion as a
foundation in many scientific studies today.

Understanding and being able to predict such motion lies in the ability to simulate it. However,
the basic feature of something that is random is that there is no definable pattern. How does one
then do this for something that should not be predictable? The answer lies in the concept of the
random walk [8].

Consider for a moment the idea of using the coin flip to make a decision such as deciding
which direction to move in: left or right. This concept is illustrated with Bob in Fig. 1.1.

2

N2 o
0,"/ R ‘ﬁ

v
[
1

>
<

FIGURE 1.1: Illustration of a one-dimensional random walk whereby (a) random
movement is generated by a coin flip. A succession of such movements then results
in (b) a random path which is known as the random walk.
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FIGURE 1.2: Graph of the probability distribution for a 1-dimensional random
walk after 100 successive random movements or steps whereby the most frequent
outcome remains at the same lateral position.

One accordingly assigns a side of the coin to a particular direction; for instance, heads to
left and tails to right. By flipping the coin and moving in that direction, a random movement
has resulted. Now by flipping the coin again and moving according to the outcome, another
random movement is carried out. Doing this repeatedly in fact results in the random motion or,
more specifically, a random walk as depicted by Fig. 1.1 (b). It follows that by assigning values
to the particular options of a system and then randomly generating those assigned values, the
‘randomness’ of the system can be simulated by acting upon the randomly generated values [9].
The outcomes of the system can thus be predicted. The output of such a simulation is consequently
a probability distribution such as that shown in Fig. 1.2 for 100 such steps.

The random walk probability distribution is that of a Gaussian where the most probable out-
come, and thus that which will most frequently occur, would be to remain at the same position
[9]. Consequently, it would be expected that no net displacement should occur on average for
forces with equal magnitudes acting on the pollen. This is exactly what Robert Brown noted for
the randomly moving pollen. The concept of random walks does not only apply to natural phe-
nomena where it is amongst the best known methods to model processes such as Brownian motion
[10; 11], deoxyribonucleic acid synapsis [12] and interface mobility in materials [13], but also ex-
tends to nearly all scientific fields. For instance, in computing it has great algorithmic utilization
which includes determination of differential equation solutions [14], fractal problems [15] and
even database basis search algorithms [16].

The rate at which a probability distribution spreads with the number of steps taken (coin flips)
is of particular interest when characterizing the operation of such an algorithm and is subsequently
a trademark identification for the classical random walk. This is a consequence of the relation to
time taken to find or detect a selected sate, known as the hitting time [17]. Accordingly, the
variance o is considered which may be shown to vary linearly with the number of steps (n) taken
in the characteristic random walk probability distribution [18; 19]:

o> xn (1.1)
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FIGURE 1.3: Illustration of Galton board mechanics for (a) n = 6 steps and (b)
the probability propagation for n = 4 steps which yields the Gaussian probability
distribution associated with random walks.

Due to the linearity, it is termed a diffusive spread.

Subsequent mechanics of a random walk may be generalized into a walker (Bob), a random
value generator (coin), a position space (road intersections) where the random values are assigned
to particular directions and a propagator which moves the walker in the randomly generated direc-
tion (walking). It follows that the previous one-dimensional random walk, and thus the concept
of random motion, can be extended to many more dimensions by adding additional directions and
extending the set of random values. This has in fact been done (see, among others, [20] for a
d-dimensional lattice and [21] where it has been generalized to a d-dimensional hypercube). The
scope of this dissertation lies within the one-dimensional realm however and therefore theory for
additional dimensions shall not be discussed.

Another conceptual introduction into the random walk involves the mechanics of the Galton
board or Galton quincunx [9; 22; 23]. This approach affords a more intuitive glance into the
physics behind the random walk. The board consists of a triangular array of pins with the point
located at the top as displayed in Fig. 1.3.

When a ball is positioned directly above the top pin and allowed to fall, it will randomly bounce
off the pin to either one of the pins in the level below and continue the cascade until reaching the
end of the pin array. The ball will then land in one of the bins at the bottom, indicating the eventual
position of the ball as dictated by a series of random events. In this case, the random ‘event’ is
each deflection of the ball to either the right or left when hitting the pin, dictating which of the
next round of pins will be hit.

Repeatedly sending or dropping balls into this Galton board will result in a collection of these
balls in the bins below with the number in each bin indicating the probability of the ball ending up
in a particular position as a result of the random motion; in other words, a probability distribution
results that is visually illustrated by the ‘binning’ of the balls sent through. Figure 1.3 (b) depicts
this for a succession of 4 rows of pins. Each horizontal row of pins represents a step taken in
the random walk as each successive pin that is hit moves the ball’s position with respect to the
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bins. This random walk can then be generalized into the same formulation discussed for that of
the coin case. Here the ball plays the role of the walker, the pin the role of the coin (random value
generator yielding either right or left), gravity the role of the propagator and the bins represent
position space.

Determination of the probability associated with each position or bin can be intuitively ob-
tained by propagating the probabilities after each step. This is indicated explicitly in Fig. 1.3
(b). Due to 50 percent probability of falling to either the right or left of the pin, the probabilities
associated with the adjacent successive pins are halved. Probabilities for positions where two pins
from the previous row may result in the ball falling on it (i.e. all the inner pins) are calculated by
adding the probabilities from each of the pins as they would occur independently from each other
(different balls with different paths at different times). As can be suspected by the random walk
discussion above, the resulting probability distribution occurring is that of a binomial distribution
or a Gaussian in the limit of an infinite number of balls being sent through an endless array of pins.

1.1.2 Quantum Random Walks

As the random walk has been largely successful in the realm of classically described phenomena,
the question arises as to the effect of such a method in the world of quantum mechanics i.e. what
can be accomplished if the mechanics of the random walk framework was extended to work under
the principles of the quantum regime? Here, Aharonov et. al. [24] explored such a possibility
in 1993, resulting in the introduction of the quantum random walk which has sparked a large
amount on interest and research. Over the 20+ years from Aharonov et. al., the mechanics have
been further refined to yield the quantum walk being investigated today. Interestingly, principals
behind this quantum walk, can be dated back much further where its basis is associated with the
Dirac equation. As discussed by Meyer (1996), the use of a ‘discrete space-time path integral’ to
produce a propagator for the one-dimensional Dirac equation in the continuum limit for Feynman’s
checkerboard employed the principals that Aharonov et. al. utilized [9; 25].

Two types of quantum walks have been developed and as such require distinction [17]. The
discrete time quantum walk (DTQW) is the focus of this study and as such shall be referred to as a
quantum walk (QW) only for brevity. Here, iterative implementation of the coin and propagation
is required to evolve the walk, similar to that described for the random walk above [9; 17; 26].
The continuous time quantum walk (CTQW) established by Farhi et. al.. in 1998 [27] only
requires temporal propagation of the initial state, however. This is due to incorporation of the coin
action into the mechanics as an auxiliary parameter where a coupling term in the position space
determines the probability of moving to adjacent positions as opposed to the coin operator. As
such, it takes place entirely in the position basis or space [9; 17; 26].

Implementation of quantum mechanical principals to the random walk lies in the phenomenon
of quantum superposition whereby an entity can exist as a linear superposition of more than one
basis state [28]. It follows that the coin in the random walk can no longer be either heads or tails
in the quantum equivalent, but is rather a superposition of heads and tails [9]; roughly speaking,
it is simultaneously in the state of landing on heads and tails as depicted by the cartoon in Fig.
1.4 (a). This is mathematically described in terms of complex probability amplitudes in Hilbert
space whereby how much each state is favoured is weighted by the relative value of the complex
probability [9; 23]. Accordingly, it can be noted that the coin may be weighted such that it is
more strongly ‘present’ in the heads state than the tails state or vice versa [26; 29]. (The result
of weighting the coin would affect the spread of the probability distribution. Associatively, in-
fluencing the respective phases contributes towards asymmetrical spreading in the position space
direction [26; 29]. This will be discussed in further detail later.) To gain a crude impression for
what is occurring, one can think of this as causing the movement of the walker or Bob to both the
right and left at the same time such that Bob is now in a superposition of occupying both positions
+1 and -1 simultaneously.
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FIGURE 1.4: llustration of a one-dimensional quantum random walk whereby (a)
the coin is in a superposition of all possible states/random values. A succession of
such movements then results in (b) the superposition of all possible random paths.

‘Flipping’ the coin again results in a superposition of heads and tails for Bob at each of the
+1 and —1 positions, resulting in Bob moving left and right again. An overlap in the states being
simultaneously occupied then occurs i.e. Bob at +1 moves to +2 and 0 while Bob also at —1
moves to —2 and O such that there are ‘two movements’ to 0. It follows that the position at O is
more strongly favoured than that of £2, resulting in constructive interference of the probabilities
associated with these states. Bob will thus be more likely to be found at O when looking for him
(taking a measurement). As these are complex probability amplitudes the interaction is more con-
voluted than described above and as such these ‘overlapping states’ may also result in destructive
interference [9]. Subsequently, a position may be less strongly favoured in such a case, resulting
in a reduced probability of finding Bob there. In some cases, this can entirely annihilate the prob-
ability of finding Bob at a certain position. It is this interference that forms a significant difference
between the random walk and quantum random walk and is illustrated in Fig. 1.4 (b). Here shades
of the arrows pointing to the intersections (positions) indicate constructive (dark orange) and de-
structive interference (white). For instance, the constructive interference described for position 0
at the second coin flip (step two) is shown through the two bright orange arrows pointing at the
corresponding intersection at the second set of horizontal vertices.

The shades of Bob spread out between the positions in the last step in Fig. 1.4 (b) depict a
destructive interference occurring at the center which seems counter-intuitive to what was seen
in the random walk. In fact, the greatest probability of finding Bob is close to the ends of the
distribution as shown by the dark orange shading at positions +2. This different distribution
characterizes the quantum random walk and is the source of interest for researchers as will be
discussed later. Figure 1.5 (a) gives the probability distribution for a one-dimensional quantum
random walk of 100 steps.

As can be seen, the probability distribution is distinctly different to that of the Gaussian or
binomial occurring in the classical case where the destructive interference plays a large role. Here
the probability of finding the walker is closest to the ends of the distribution while minimal proba-
bility occurs at the original position (position 0) [26]. In fact, the larger the number of steps taken,
the smaller this probability becomes. Several variations on the probability distributions can also
be made by changing the input state or the weighting of the coin such that greater favour is given
to the probabilities along one direction of the quantum walk [30]. This is illustrated in Fig. 1.5 (b)
whereby an asymmetrical input state biased the probability propagation towards the left.

While this distribution characterizes the quantum random walk, it is the hitting time of the
process which has resulted in the interest that has spurred its development. Here the spread or
variance has been shown as ballistic [19; 31].

0% x n? (1.2)
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FIGURE 1.5: Graph of the probability distribution for a 1-dimensional quantum
walk after 100 successive movements or steps for a (a) symmetrical and (b) asym-
metrical input state.

In other words, the probability distribution spreads out quadratically faster than that of the classical
case. This has several significant implications that are discussed in Section 1.2.2.

Curiously, despite the random nature of the classical random walk, the quantum random walk
is in fact not a random process, but is rather deterministic as was noted by [32]. Equivalent proba-
bility amplitudes - given the same initial state and coin weighting - occur regardless of repetition.
Now as this is the complete description of the quantum system due to the nature of the quantum
superposition phenomenon, there is no randomization in the outcome. Therefore, the quantum
random walk shall henceforth be referred to as only a quantum walk despite its initial presentation
as the former by Aharonov et. al..

In congruence to the random walk, there is an analogous Galton board that affords another
level of intuitive understanding for the QW concept. This hybrid or optical Galton board given in
Fig. 1.6 involves beam-splitters taking on the role of the pins while a photon replaces the ball [9;
33; 34]. As this scheme exploits the wave nature of photons, it yields a convincing demonstration
of the probability amplitude interference behind the mechanics of the QW. This scheme was first
investigated experimentally by Bouwmeester et. al. [35] without reference to its QW implications
which was later pointed out by Knight et. al.. [32].

It follows that a photon incident on a side of the beam-splitter as depicted by the wave packet
in Fig. 1.6 has a 50% chance of reflectance and a 50% chance of transmittance [33]. Due to the
nature of the particle on this scale, a quantum superposition is formed where it is both reflected
and transmitted. The photon then propagates to both beam-splitters (positions) in the level below.
Incidence upon these beam-splitters creates two other sets of reflectance and transmittance super-
positions [33]. This results in the middle beam-splitter on the third row now receiving two inputs,
one from both of the previous beam-splitters. The photon is now interfering with itself! Further
propagation through the beam-splitters cause the formation of more superpositions such that all
of the following intermediate beam-splitters experience a mixing or interference of the adjacent
previous amplitudes. Consequently, various degrees of constructive and destructive interference
occur as the photon travels along the levels (steps) of the optical Galton board to yield probability
distributions akin to that shown in Fig. 1.5.

To complete the relation of this Galton board to the coined QW, the photon can be identified
as the walker and the beam-splitter as the coin in a superposition of states where reflectance could
be related to tails and transmittance to heads or vice versa. It follows that incidence of the photon
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FIGURE 1.6: An optical Galton board can be used to generate QWs.

on each beam splitter in a row (step) is like ‘flipping’ the quantum coin for each simultaneously
occupied position. Velocity plays the role of the propagator and the detectors at the bottom of the
board form the bins/position space with a twist: each pair of adjacent detectors for adjacent beam
splitters form one bin for a position as indicated in Fig. 1.7 (a)-(c). This is due to the detectors
measuring the path of the photon as opposed to position propagated to (the next beam-splitter).

Probabilities associated with different positions in the QW can be intuitively calculated through
the use of “Feynman diagrams” as outlined by [34] for one-fold probability. Each diagram in-
dicates a possible path that the photon can take towards a chosen detector. Figure 1.7 (a)-(c)
illustrates this for the two detectors that contribute to the probability associated with position 0
after undergoing n = 4 steps. The purple path corresponds to the possibilities resulting from the
detector on the left firing while the green path for the detector on the right firing. Here the proba-
bility amplitude coefficients for reflectance (R) and transmittance (T) that accumulates upon each
interaction with a 50:50 beam-splitter is given by [33; 34]:

1

T = E (1.3)
1

R = ﬁ (1.4)

as a 90 degree phase difference (i) is introduced upon reflection of the photon and such that
|R|2+|T|?> = 1 (the photon must be somewhere). It follows that multiplication of the accumulated
coefficients yields the total probability amplitude for a path [34]. Let the paths in the diagrams
(a)-(c) be labelled A-C respectively for each detector. Now consider the probability amplitude of
the path leading to the detector on the left in Fig. 1.7 (a). For example, the photon is transmitted
by the first two beamsplitters before being reflected by the second-to-last one and then transmitted
into the detector. The probability amplitude for path A to the left detector is then given by:
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FIGURE 1.7: Feynman diagrams (a)-(c) used to determine probabilities associated

with a photon being detected by the left (right) detector. All possible paths for po-

sition O detectors are highlighted in purple (green) with the associated probability

amplitudes indicated next to the detector. The complete associated probability

distribution (as determined through the Feynman diagram method) in this 4-step
quantum walk is illustrated in (d).
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PATH A: 1 . 1 .
T2RT = (—)*(—=)(—=) = - 15
(5B =1 (15)
It then follows for paths B and C:
PATH B: 1 _ .
i i
TR = (—=)(—=)% = —— 1.6
(575 =7 (16)
PATH C: ) . .
1 1 ] 1

2 2

RTR= (P (5)(05) =
Now as each path is one of three possibilities, they can be considered to take place inde-
pendently from each other as they follow independant paths. The total probability amplitude is
then a summation of all the amplitudes for the left detector [34]: PathA + PathB + PathC =
i' — i — % = i'. Due to probability being the square of the modulus of the probability amplitude
[33], the actual probability associated with the photon ending up on the pathway indicated by the

left detector is then

1.7

) 1
|PathA + PathB + PathC|? = &P = — (1.8)
Similarly, for the detector to the right:

1 1 1 1
|PathA + PathB + PathC|> = |- — =~ — = 2

1.9

As the complete probability for position O is the probabilities of the two detectors combined it
follows that the probability is then 1/16 4+ 1/16 = 2/16. This is a vast contrast to that predicted
in the classical case as shown in Fig. 1.3 with 6/16. Figure 1.7 (d) shows the complete probability
distribution for each position as calculated by this method.

The distribution clearly differs from that of the classical case, with greatest probability being
along the left edge. The asymmetry of this distribution is due to the asymmetrical input state of the
photon as it enters through one side of the initial beam-splitter. A symmetrical distribution would
be achievable if one took 50% of the photon to enter through the left and the other 50% through the
right, yielding a symmetrical input state. The result of this may be intuitively determined. Here the
number of reflections and transmissions taken to reach the detectors would be inverted about the
central position (0) such that amplitude or weightings detected at position -3 becomes that which
is detected at position +3 and vice verse. It follows that adding 50% of this probability distribution
to 50% of the initial one would then yield the symmetrical case with maxima occurring at the +2
positions as was indicated for the coined QW.

1.2 Applications

As such a walk is indeed possible in the quantum mechanical regime; the question may be raised
as to what advantages may come from physically realizing this phenomenon. In other words, why
walk in the quantum world?

Studies into its application have shown numerous advantages which have spurred on research
in the recent period. Drawing on the analogous nature to the random walk, one such application
is in quantum algorithms which offer a large speedup over certain classical computations with up
to a quadratic increase in the time taken to achieve the answer [26; 36]. After the first created
algorithm was constructed for querying a ‘black box’ to obtain an abstract answer [37], much of
the initial algorithmic development lies in database searching. For instance, imagine searching
for a particular item in a catalogue based only on the picture of the item or looking for a certain
homepage on the world wide web. Finding either of these classically would require randomly
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choosing pages in the catalogue or randomly clicking on links. Shenvi et. al. [38] showed that
with the QW, a quadratic speedup can be achieved which would be the equivalent of checking only
V/N pages or links as opposed to N needed classically. This is possible as QW principals allow
a backwards approach whereby one starts with a superposition of all the database answers that
converges to the correct entry while a QW is propagated [39]. Further development by Potocek
et. al. [40] later improved the algorithm and other researchers have suggested ways of going the
other way (a forwards approach) as well with spatial searches [41]. Several other problems also
have ready algorithms such as element distinctness [18] whereby it may be determined if an entry
has multiple places in a database, claw-finding [42] which allows one to determine if a particular
function is equivalent for multiple distinct inputs and graph isomorphism [43] that determines if
several graphs may be mapped to one another.

Furthermore, by generalizing the QW operation, it is actually possible to achieve a universal
set of gates. Here Lovett et. al. [44] proved its viability as a universal gate set, extending the
power of this phenomenon to beyond implementation of only a few special tasks. It follows that
any quantum algorithm can then be implemented with a QW system, opening an alternate avenue
for the sought-after development of a feasible and sustainable quantum computer.

Recently, application of the walk into quantum cryptography with protocols designed to en-
crypt images [45] and implement quantum key distribution [46] have also been developed, al-
lowing the phenomenon to also be used to protect information being passed between different
communicating parties.

The usefulness may be further extended into the modeling and understanding of certain natu-
ral processes. For example, QWs have been proposed to study energy transport in photosynthetic
systems whereby excitons carry energy to the reaction centers with a previously confounding 99%
efficiency in certain systems [47]. This is converse to a high energy loss which is expected classi-
cally if it were to randomly choose any path to the reaction center. Mohseni et. al. [48], however,
theoretically found that when propagation of the excitons are modeled as QWs interacting with the
environment, the large increase in efficiency occurs, in agreement with what is observed. Quantum
walk analysis has also been extended to successfully simulate and study the transport of particles
and energy in disordered, or, generally complex, media [49]. Here the respective wave-packet is
found to localize as opposed to spreading across the medium. Termed Anderson localization, it
is a surprising feature in many systems including Bose-Einstein condensates [50], light traversing
semi-conductor powders [51] and three-dimensional elastic systems wherein ultrasound waves are
propagating [52]. Additionally, it has been shown that discrete-time QWs can be used to cre-
ate and study topological phases [53] which occur in many physical systems from high-energy
physics to condensed-matter and atomic physics. The dynamics of these phases characterizes the
properties of the subsequent materials or systems. This lead to the first direct confirmation of how
conduction occurs in conjugated organic polymers such as polyacetylene. It subsequently follows
that, among many other uses, QWs also offer an adaptable basis for simulating various complex
systems. It’s implementation excites avid study into realizing viable physical implementations of
this phenomenon.
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Chapter 2

Theory

2.1 The quantum walk framework

Following the conceptual introduction in sections 1.1 and 1.2, complete treatment of the quantum
walk now involves examination of the mathematical framework providing a description of this
phenomenon. Several different frameworks exist based on the different representations available.
These include graphs, matrices and Dirac notation. This work will follow the approach first taken
by Aharonov et. al. [24] and Kempe [26], amongst others, which focuses mainly on Dirac no-
tation with a matrix basis as it provides a clear and simple understanding in terms of ubiquitous
quantum physics notation. For completeness, a brief review on the relevant notation and principles
shall first be covered before presenting the QW framework. It can be noted that QW analysis in
terms of graphs is widely used when regarding its application in algorithms and computing. A
comprehensive review of QWs with this perspective may be found in [17].

2.1.1 The language of quantum walks

The well-known wavefunction, v, was introduced in 1926 by Schrédinger [54] ensuing the birth
of quantum mechanics. Here Born [55] contributed by interpreting it as the probability amplitude
and thus successfully denoting it as a complete description of the state of the system. This wave-
function is said to exist as a vector in a complex Hilbert space (#) that uniquely consists of all
possible states of the system whereby the space may be very generally described as a “complete
inner product space” [56].

Dirac notation, developed by Dirac in 1930, involves the use of vertical bars and angle brackets
to represent these quantum states [57]. More specifically, it involves two distinct notations labeled
bra and ket [58]. The wavefunction, for instance, is written in terms of a ket, |¢)) denoting it as a
state vector in Hilbert space [56]. It follows that if the wavefunction is thought of as a vector, it may
be described in terms of a linear combination of orthogonal basis states, |j), spanning the space. In
the case of the QW, the wavefunction would represent the state of a particle (the walker), existing
in a position Hilbert space () containing all the positions required for complete evolution of
the walk [9]. The bra notation in this case may be understood as shown by Eq. 4.1 where the
wavefunction is expressed as a column vector in the d-dimensional complex Hilbert space:

C

d
) =Y Crlz)=| : 2.1)
=1 Cd

Here C, denotes the complex coefficients comprising the probability amplitude of the wavefunc-
tion for each of the respective basis states, |z), spanning the space. The finite number of steps
in a QW permits exploitation of a finite-sized Hilbert space for conceptual ease, however nothing
prevents utilization of an infinite-dimensional Hilbert space. It may be noted that the description
of the wavefunction in the equation above exhibits the superposition principle described in the
introduction. Here the state of the particle or walker is expressed as a linear combination of basis




12 Chapter 2. Theory

states with the complex coefficients indicating the probability associated with each basis state, or
rather, how ‘strongly favoured’ each position is.

Conversely, bra is denoted by (¢| in the case of the wavefunction above and represents the
adjoint of the state [59]. Specifically,

d
=Y Cital=[cr ... Ci]l =) 2.2)

where ('} is the complex conjugate of the respective coefficients described for Eq. 4.1 and
denotes conjugate transpose of the superscripted state. The bra has certain importance when paired
to the left of the ket as shown for the case of complex vectors |u), |v):

U1
(uoy = [uf ... wi] | ] =uivi+ - +uwjg (2.3)

Ud
which forms an inner product between the two vectors [56]. This may subsequently be translated
as the equivalent of taking a position measurement of |z), with result, z, for instance, on the state

of a particle |¢). Collapse of the wavefunction to a value ensues, from which the probability of
such an occurrence may then be derived as indicated in Eq. 2.4.

P, = | (x|y) | _|Zc (z]2') |2 = |Cy (z|2) |* = |Cu|? (2.4)

Due to the orthonormality of the position basis, i.e. (z]2") = d(; /) where 0 is the Kronecker delta,
the complex amplitude coefficient associated with the chosen value is isolated. Consequently, P,
is the probability associated with obtaining the particle described by the wavefunction at position
x and is given by the absolute value of the amplitude squared [23]. The normalization condition,

() = ZZC*C (z|a") =) |C.f (2.5)

T

follows accordingly, indicating that the particle must exist somewhere in the space.

It follows that the outer product of two vectors is denoted by interchanging the order used for
the inner product and as such transforms between vectors [59]. For instance, the outer product
is denoted by |u) (v| for vector |u) spanning space U and |v) spanning space V' such that when

acting on vector [v) € V,
ju) (v] (Jv) = [u) (v|v') = o |u)

where o = (v|v') is a scalar and the vector is projected into U.

Progression of the QW lies in the application of linear operators. Consequently, the operation
is demonstrated here in terms of Dirac notation for a linear operator, D, associated with some
observable of a quantum system with wavefunction, 1/, yielding the eigenvalue, d i.e.

Dy = dy
Therefore, in terms of Dirac notation:

D) = d|y)

Additionally, in the case of acting on an inner product [56]:

D (z|y) = (z|Dy)
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One ubiquitous linear operator of particular note for the purposes of this work is the projection
operator (P) defined in Eq. 2.6 [56]. X
P = i)l (2.6)

As can be seen, it is based on the outer product discussed earlier whereby action on a vector results
in its projection onto the one-dimensional subspace spanned by |i). This is demonstrated for the
vector |v) such that: A

Plo) = i) (ilv) = cli)

where the scalar value ¢ = (i|v) isolates the component of |v) that ‘lies along’ |3).

When a system state is comprised of two or more independent states such that each composi-
tion state subsequently exists in separate spaces, representation of the system as a pure state lies
in tensor mathematics. Here, as a 1D example, the tensor for the two vectors |u) spanning U and
|v) spanning V described above may be illustrated as shown [59]

-ulvl-
U1 U1 U1vq
@)y =@ |=]|": 2.7
Uq Vd UqU1
_udvd_

such that the vector |u) ® |v) now span the space |U) ® |V') of the system state.

More specifically, consider for instance the QW where the walker exists and moves in po-
sition space H,, however the ‘coin’ indicating which direction the walker must move in exists
in a different coin space . [26]. Respectively spanned by the position vectors {|z)}o- __ and
|H),|T) = |e)’_,; where H indicates heads and T" indicates tails, the state of the QW is com-
prised of the position states of the walker as well as an internal coin state for each position state
[26]. It follows that these states are independent of each other and as such describe the states of
the QW in terms of a tensor product vector, |u) ® |v) = |z, c), spanning the QW Hilbert space

which is subsequently a tensor product of the position and coin spaces: H, ® H..

2.1.2 Coin, steps and walking a line

Development of the QW mathematical framework may be achieved by decomposing it into indi-
vidual, iterative operations. In particular, the QW may be evolved through periodic applications of
a coin and step operation on a chosen initial state, mimicking the repetitive coin flip and movement
of the walker. Execution of such operations relies upon the development of a coin, C and step, S
operator reflecting the nature of the desired QW [26]. It follows from the order of operations that
the coin state and operator shall first be considered.

Utilizing Dirac notion, the initial coin state may be expressed as [9]

) = alH) + B[T), (2.8)

where the quantum nature of the coin is evident through the superposition of its basis states. Here
« and [ are the respective state complex amplitudes where their squares yield the probability of
the coin being in each state (|a|? + | 3|2 = 1). ‘Flipping’ the coin however lies in the application
of a coin operator to the internal coin state of each position occupied by the walker [9]. After
application, each position then carries an internal superposition of coin states that correlates to
the coin type being employed. As previously indicated, the operator may take on many forms
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corresponding to different types of QWs with the sole restriction requiring the operation be unitary.
Accordingly, the operator for a 1D walk on a line may be described by

= Vil [H) + ¢ T g [T)] (| + [9/T—n|H) = 0 q DT (29)

such that the generality is preserved [9]. Here 7 is the coin bias or weighting and 0 < (®, ) < 27
describes the relative phase between the basis states. Consider as an example the application of
the coin operator to a coin state |H),

C|H) = [\ |H) +e*/T—q|T)] (H|H) + [e"\/T —n|H) — e"*® /i |T)] (T|H)

CIH) = [Vi|H) +¢*\/1—n|T)| (H[H) +0

C|H) = |H) + ¢®\/1—q|T) (2.10)
where the coin is clearly ‘flipped’ to yield a new superposition of the basis states. In the event of a

balanced coin as described for the RW case in Section 1.1, an equivalent superposition of the basis
states is expected. Setting the bias 7 = 1/2 and ¢, ® = 0, Eq. 2.10 becomes

1 1
—|H + |—
T+
which is in compliance with expectations. A similar outcome ensues from operation on the other
basis state. The coin resulting from these parameters is known as a Hadamard coin [26].

Converting to matrix representation, the coin basis states may be expressed as [23]

C|H) = IT) (2.11)

H) = H (2.122)
0
|T) = [J (2.12b)
with the general 1D coin operator taking on the form
5 | cosx e sin y
¢ = Liqﬁ siny —eT®cos X] 2.13)

where cos x and sin x respectively take on the roles of /7 and /1 — 7 for reasons soon to be
apparent.

Perspective on this general operator may be gained through consideration of a Bloch or Poincaré
sphere. Briefly, the Bloch sphere is a visual representation of all possible states between two or-
thogonal basis states (e.g. | H), |T')) positioned on opposite poles as indicated in Fig. 2.1 (a) [60].
A point on the surface of the sphere then represents a particular state for a unique combination of
the orthogonal basis states. Specification of angles x and ® locate the state where y determines
the latitude and @ the longitude. Consequently, a = cos ¥ and 3 = exp{i®} sin § in Eq. 2.8 as it
yields the weighting for each basis state in spherical coordinates with0 < ® < 27and 0 < x <7
such that [60]

o . cos X
lc) = cos% |H) + @ Slng |T) = Lw sir? é] (2.14)
An arbitrary state corresponding to this expression is illustrated in Fig. 2.1 where it may be seen
to isolate a particular point on the surface of the sphere. Alteration of the coin states occur through
a class of unitary operations which in this instance are the coin operators [9]. Upon application
of these operators, the weightings are changed through a modification of the angles specifying the
coin state according to the type of coin chosen. As an elementary example, consider Eq. 2.13 with
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FIGURE 2.1: Illustrations of (a) coin states represented on a Bloch sphere and (b)
a simplified ‘rotation’ of states about the z-axis in response to application of the
coin operator with y = 0 and ® = 0.

x =0, ® =0 and p = —¢, resulting in the operator:

L 1o
°=lo &

By applying this operator to the state represented in Fig. 2.1 (a) (Eq. 2.14), the state is altered to
that depicted in Fig. 2.1 (b) as seen by

N A |10 cos ¥
‘c> =Cle) = [0 e_w} [e@ sin %

N X |1 iv—p . X |1
:>‘c>—cos2[0]+e smz[o
=|d) = cos% |H) + e'®=% sin% |T)

where the angle specifying the longitudinal position is altered by —¢ specified by the operator.
In Fig. 2.1 (b), it appears as if the state vector is rotated about the z-axis to yield the new coin
state. As a result, application of these operators is often referred to as ‘rotating’ the states where
the vector is rotated about some arbitrary axis specified by the coin type (and thus coin operator)
[60].

The operator discussed (Eq. 2.9), however, is only effective for localized action on a chosen
position. The coin operator must act on every occupied position (i.e. ‘flipping’ the coin at each
position occupied by the walker) in order to propagate the quantum effects of the walk. Bearing
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in mind the position space of the QW,

dolw)=|:] (2.15)

114

this is achieved by specifying a matrix spanning the space such that the operator acts on the asso-
ciated coin states at each position individually as given in Eq. 2.16,

0 0 0 0 .0 0 0 O
0 C'-y 0 0 0 0 100 0
C'’=l0 0 Cy 0 0 =0 010 0|®C, (2.16)
0 0 0 C'4 0 0 001 0
o 0o o o ., [0 000 "]

where the C’_1 = C’y = C'; = C and the subscript denotes the position upon which the coin is
acting [9]. As the coin operator for each position is identical, it may be factored out, yielding the
d = (2n 4 1)-dimensional identity matrix (I). Here n refers to the number of steps taken by the
walker. Based on Eq. 2.7, the coin ‘flip’ for each step in the walk may then be represented by the
tensor product, C'=1C.

Commencement of a QW involves specification of the initial state of the walker |1)), stipu-
lating the initial position of the walker with an internal coin state [26]. This is exemplified in Eq.
2.17,

¥, = 10) @ |H), (2.17)

for a walker at position 0 with a coin state of |H) such that the probability of finding the walker
at the origin is 100% with a positive directional influence indicated by |H). The initial state of
the walker has a significant effect on the type of probability distribution obtained for the QW [26].
As will be portrayed further on, the symmetry of this state with respect to the coin operator is a
substantial factor influencing the symmetry of the QW.

After application of the coin operator, the step operator, S is required in order to move the
walker in the directions indicated by the internal coin states such that interference of the probabil-
ities occur resulting in the desired speed up in the spread of the probability distribution. Following
the coin operator introduction, the step operator may be defined utilizing similar principles from
the Dirac notation, producing the expression in Eq. 2.18 [26].

S= lle+1) (el H) (H| +[lz — 1) (z| @ |T) (T]] (2.18)

The tensor product of position and coin outer products ensures occupied positions with |H) ad-
vance in position space while those with |T") regress such that the indicated directional movement
takes place. For instance, consider application of the step operator directly to the initial state in
Eq. 2.17.

[y p=5W)o =D [le+1) (2| @ H) (H]I0)® |H) +[lz — 1) (| @ |T) (T]] |0) @ | H)

T
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Only the z = 0 terms survive as a result of the orthogonality of the basis vectors, thus

[¥)r = 10+1) (0@ |H) (H[]|0) @ [H) +[|0 = 1) (0] @ |T) (T]] |0) @ |H)
= [10+1)(0/0) ® |H) (H|H)] +[|0 — 1) (0[0) @ |T) (T'|H)]
=[1)®|H)
Here it is clear from the resultant state of the walker, |1)) ;, that the step operator has moved the
walker to the right (position 1) in accordance with the directional indication of the coin state. The

complete description of the QW operations is then given by pairing the step and coin operations
to form an expression as shown in Eq. 2.19 for a Hadamard coin.

[ 1 1
SC = Zm:[lx +1) (z[@ E(Iff) +[T)] (H| + %:HI - 1) (x| ® E(!m — DT (219

The matrix representation involves the definition of several operators, namely the coin projection
operators,

CH = |H)(H| = [(1) 8] (2.20a)
et ==y 4. 2200
and shift operators (over all x),
[0 0 0 1]
A 100 0
ST=Y e+l =l=1]g 1 ¢ o (2.21a)
r=—n .
001 ..
[0 1.0 0]
G 001 0
ST= D le=Nal=19 0 o 1| =6 (221b)
r=-—n .
1100 ],
where |n + 1) = |—n) and shifts the input vector up one position (Eq. 2.21 (a)) and down one

position (Eq. 2.21 (b)) [9]. Substituting these into the Eq. 2.18 then gives the relation,
S=[stecH+[s~ w07

such that
o ¢ o ¢cH
. cE o o o

T H
¢ 0 ¢ 2dx2d

preforms that same conditional translation operation as indicated by the Dirac notion [9].

As indicated previously, a step in the QW involves ‘tossing’ the coin followed by the condi-
tional movement of the walker. It follows that a single step of the walker is then achieved through
the concatenation of the coin and step operators [26]. Several steps thus lead to repetitive applica-
tion which may then be simplified by raising the initial concatenation of these matrices to the nth
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FIGURE 2.2: Different QW distributions resulting from differences in symmetry

with regards to the initial walker state and coins used. Distributions (a,b) result

from an asymmetrical initialization of the walker while (c-f) result from a sym-
metrical initialization of the walker.

power where n refers to the number of steps taken [23]
1), = [SC™ ), - (2.23)

Here [1)),, refers to the state of the walker after n steps and |¢) the initial state of the walker
such as that given in Eq. 2.17. It is possible to examine effects of symmetry on the type of
distributions utilizing Eq. 2.24 and 2.25 with regards the coin and initial state of the walker.
Figure 2.2 illustrates this for asymmetrical and symmetrical initial states with two common coins,
namely the Hadamard coin

A 1 (1 1
and balanced coin [26]
- 1 11 4
Cp = ﬁ [z 1] . (2.25)

The first column exhibits the effects of an asymmetrical initial state while the last two exhibits the
effects of symmetrical initial states. It is clear that the initial state symmetry has a significant effect
on the distribution of the walker where an asymmetrical initial state as given for Fig. 2.2 (a,b)
results in the distribution containing a ‘drift’ in the probability as it propagates. This generates
a larger peak in the direction of the asymmetry (to the right in the case of H). Replacement of
H with T"in (a) and (b) would subsequently cause a ‘drift’ towards the left (a mirror distribution
about the y-axis). Figures 2.2 (c-d) developed from a symmetrical initialization of the walker,
yielding symmetrical probability distributions in (c) and (f) for the Hadamard and balanced coins
respectively.

The asymmetric distributions in (e) and (d) are attributed to coin parameters. Insight into the
effect of coin parameters lies in how the probability amplitudes propagate upon their application.
More specifically, the symmetrical distribution, characterized by identical peaks away from the
initial walker position, requires the directional drift of H and T" from the initial state to occur in-
dependently such that no interference between the superpositions occur [26]. It is this interference
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that leads to the asymmetrical distribution as additional constructive (destructive) interference oc-
curs in the direction of (away from) the bias. The introduction of ¢ to one of the initial basis states
(i.e. T in Fig 2.2 (c)) gives rise to propagation of one initial coin state in imaginary space while
the other occurs in real space, causing them to evolve independently.

As the Hadamard coin (Eq. 2.24) does not insert any imaginary components, independence
of the amplitude evolution is maintained and as such yields the symmetrical distribution. The
lack of this separation by an imaginary component in Fig. 2.2 (e) then causes the two basis state
evolutions to interfere additionally to provide a drift in the distribution [26]. Additionally, one may
consider the imbalanced treatment of the initial states by the coin where application of the coin to
the T state results in the accumulation of a ¢™ = —1 relative phase between the basis states of the
‘flipped” component that does not occur for application to the T’ state:

G [H) > —=(1H) + |T)

Cu|T) = —=(|H) — |T)) (2.26)

1
V2
It follows that an asymmetric result may also then be intuitively expected where these initial states
are not separated from each other.

Conversely, the balanced coin does contain imaginary components and as such the application
of this operator to the initial state of Fig. 2.2 (d) will result in additional interference during
evolution of the initial basis state amplitudes. Likewise, multiplication of the imaginary terms
in the application of the coin to the 7 |7T") state results in an additional respective phase of —1
between the |H) “flipped’ states that does not occur for the |T') state. Subsequently, an imbalance
in how the coin treats each state occurs, causing asymmetry. Application of the balanced coin to
the initial state in Fig. 2.2 (f) then results in the separation of the initial basis states’ evolution as
no imbalance occurs in its application to either of the coin basis states (i.e. there is no difference
between the ‘flipped’ states for application of the coin to either of the basis states):

Cp(|H) +|T)) = (1+4) [H) + (1+4)|T))

It follows that symmetry of the distribution may be generalized to be a result of the relative phase
incurred between the “flipped’ states of the coin basis states (i.e. | H) and |T")) such that when there
is a difference in the ‘flipped’ states, asymmetry occurs. Considering the coin operator in Eq. 2.9,
it is clear that the phase parameters, ® and ¢, are responsible for the QW bias once the relative
phase in the initialized state is accounted for. Illustration of this effect is given in Fig. 2.3 where the
phase parameter, ¢ is changed from -60 to 60 degrees with |1)), = |0) ® %(\fﬂ +i|T)), 6 = 45°
and & = 0. A clear transition occurs from a symmetrical state when ¢ = 0 to asymmetrical
states when ¢ # 0 where the extent of asymmetry varies. The asymmetry is a consequence of
the amount of bias between the generated ‘flipped’ states of the coin basis states. As a result, ¢
modulates the degree of asymmetry where the amount of destructive interference to the left (right)
and constructive to the right (left) increases with the positive (negative) angle until 180 (-180)
degrees. The effect of ® on the asymmetry is insignificant, however, as its term globally modulates
both coin states. It may be noted that symmetrical variance in the probability distribution does not
influence the spread or width of the positions occupied in the distribution.

Conversely, the weighting parameter () has significant influence on how widespread the dis-
tribution is [29]. This is illustrated for both the symmetrical (Fig. 2.4 (a,b)) and asymmetrical case
Fig. 2.4 (c,d)) where the phase parameters are set to 0.

In particular, weighting the coin through alteration of y, from the balanced (%) output ob-
tained with x = 459, results in noticeable effects regarding the distribution variance. The sub-
sequent states vary from an extreme 50% probability split between outermost values at y = (°,
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FIGURE 2.3: Biasing effect illustration for the introduction of relative phase be-

tween the ‘flipped’ states generated upon application of the coin operator to the

coin basis states as dominated by the phase parameter, ¢. For clarity, only the
occupied (odd) positions where plotted.

to maintaining 100% probability occupying the initial position when x = 90° before spreading
out again. Accordingly, the QW variance alters periodically with every nm where n is an integer.
This is showcased in Fig. 2.4 (b) through the light blue ‘diagonals’ indicating inward movement
of the QW peaks and thus a decrease in the spread until 90° where the peaks spread out again
indicating an increase in the QW distribution spread. The same trend is seen in Fig. 2.4 (d), how-
ever there is only one light blue ‘diagonal as the asymmetry results in only one large peak near
the end of the distribution. It follows that the peak asymmetry switches after the 90° mark. The
superimposed transverse profiles with selected weighting distributions are given as Fig. 2.4 (a) for
the symmetrical distribution and Fig. 2.4 (c) for the asymmetrical distribution. Figure 2.4 (a,c)
highlight the two extremes of outermost positions and initial position occupation as well as the
switch in asymmetry for a weighting angle greater than 90°. These two extreme cases emphasize
the limits possible in the distribution spread. Consequently, they are products of the extreme in-
stances of probability amplitude interaction where at 0° the states are propagated away from the
other without any diffusion or interference while at 90° the states traverse across the other such
that they remain centered near the initial position [29]. Accordingly, intermediary x-values yield
intermediate degrees of interference and thus distribution spread.

Calculation of the n™ step quantum walk variance may be determined through application of
the population variance equation [61]:

N+1
o?(n) = Z P(z,n)(x — x0)* (2.27)
r=—N

where P(x,n) is the probability associated with occupying position x and z refers to the initial
position of the walk. Plots of the variance against the QW progression for choice parameters can
be found in Figure 2.5. Here the effects of x on the spread or variance of the walk are clearly
demonstrated with x = 0°,45° and 90°. Asymmetry in the QW was introduced through variance
of both the coin phase parameter as well as input state symmetry where all conditions yielded
the same variance as indicated by the cross points in Fig 2.5. Subsequently, indifference of the
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FIGURE 2.4: Coin weighting parameter effect on symmetrical distributions of 50

steps as shown by selected parameter values in a (a) 2D plot and more comprehen-

sively in a density plot (b); similarly, in the asymmetrical case with a (c) 2D and
(d) density plot.



22 Chapter 2. Theory

1000
z x =0, (Asym.)
900 x x =45, (Asym.)
800 x  x =90, (Asym.)
700 — x=0,(Sym.)
— x =45, (Sym))
& 600 — x =90, (Sym.)
S 500 — RW
o
& 400
300
200
100
0 X

0 10 20 30 40 50 60 70 80 90 100
Number of steps (n)

FIGURE 2.5: Graphs illustrating the change in variance with number of steps taken

(as determined from Eq. 2.27) for the classical random walk as well as symmetric

(Sym.) and asymmetric (Asym.) quantum walks, generated with the indicated
coin weighting parameter as well as the input state and coin phase parameter.

walk symmetry to the variance as shown by overlap between walks with identical weightings, but
different symmetry can be seen. A clear comparison between the variance expected for a random
walk and QW is also provided, where the remarkable quadratic speedup is seen in contrast to the
linear trend characteristic of the classical case.

It follows that the QW distribution and variance is significantly influenced through a combina-
tion of the initialization state and coin as respectively dictated by the relative phase and weighting.
It consequently yields a diverse array of distributions contingent upon modification of the quantum
interference that forms the foundation of this phenomenon.

2.1.3 Spreading into momentum space

Another approach that has been taken in the analysis of QWs is propagating them in momentum
space [62; 63]. This affords a different perspective as it enables the allowed energies of the walker
to be determined and subsequently the velocities by simply evaluating the dispersion relations
associated with the type of walk. It also affords extraction of additional information on the walk
dynamics such as the degree of entanglement generated between the coin and position states as
was explored in [64; 65]. Transformation of the walk dynamics from position space (H;) to
momentum space (Hy) may be achieved through Fourier transformation of the relevant operators
and states. More specifically, transformation is only required for the step operator and initial
state as the coin operator and states are position independent, implying that the action remains
unchanged in both spaces [23].
Conversion to the Fourier basis is achieved through the following relation [63]:

o

k)= > e " |x) (2.28)

r=—00
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where |k) is a basis vector in momentum space and |k) € [—m, 7|. Consequently, transformation
of the position basis states, |x), is a case of taking the inverse transform of Eq. 2.28.

z) = L / i e* |k dk (2.29)
k

21 Joe—n

It follows that a symmetric initial state in position space such as [)), , = [0) ® %(|H )+ 1T))
becomes
1 s
‘¢>O,:p B % k=—m

1 ™
= k)dk ® (|[H) +|T 2.30
s [ mdake(m+m) 2.30)
where the walker equivalently occupies all momentum space states, |k) € [—m, 7], resulting in an
undefined initial momentum for the walker. This is in agreement with the uncertainty principle:
AkAx > h as the initial position of the walker is fully defined to be 0. Considering the step
operator (Eq 2.18),

RO |1 dk: © j§<rH> +|T)

Part 1 Part 2

S= lle+1) (@l H) H|+[a - 1) (@ © T) (T]],

the transformation process may be divided into two as indicated by the square brackets. Due
to the state invariance to the transformation, the coin states will be excluded in the process and
reintroduced at the end.

Considering part 1:

oo

Si= Y llz+1) (el ® |H) (H]]

r=—00

Z L /ﬂ— —zk(z+1 ‘k‘) dk x i " e—ik’z ‘k,> Ak
2 k=—m 2 .
E Zk/ Z k k |k <k/‘ dkldk

However, 6(k — k') = 5- Z;ozfoo e~ @(k=F) where d(k — k') is the Dirac-delta function [66],
thus

~ 1 u . 0
= SH — — e’k/ 5(k — k') |k) (K'| dk'dk
27 k=—m /=—1

where integration over the delta function isolates & — k¥’ momentum states, yielding

~ 1 u .
= SH — o ) e® |k (k| dk (2.31)
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Similarly, for part 2:

53 = E [lz = 1) (=] @ [T) (T]
—zk(x 1) 1 " —zk’ / /
§ )|k di x — K'Y dk
o 27'(' 27T | ——
etk fm: (k—K")
4772/ //_7r ; ) k) (k| i’k
_ 1 e_““/ 5k — k') |k) (k| dk'dk
27T k=—m k'=—m
R
= — v 2.32
5 | Gkl (2.32)

It follows from Eq. 2.31 and 2.32 that the step operator in momentum space is given by

N 1 ™
Sp= —
g 27 k=—m

™
e |k) (k| dk © |H) (H| + 217T/k e~ ® |k (k| dk © |T) (T (2.33)
=—T
where e'* is the eigenvalue of 5’5 and e~* the eigenvalue of Sf{ . From Eq. 2.28, it can be seen
that propagation of the QW in the coin basis occurs through a phase shift of e** for a walker
with momentum %k moving to the right or left in position space, respectively [23]. This may be
exemplified through the application of the step operator onto the initial state in Eq. 2.30 where the
coin states are already in superposition.

™

. 1 ™ . .
Sk 1Yo s = [/ e k) dk ® |H) + / e kY dk @ |T)]
’ 271V2 Ji——r k=—m
Here the multiplicative factors in the exponential terms indicate that the position of the walker has
moved to £1 for the heads and tails states respectively, which may be clearly seen as the first step
when converted back into position space with Eq. 2.29.

A 1
S =—[H®|H)+|-1)®|T
kDo k ﬂ[l ) ® [H) +|-1) @ |T)]
Subsequent representation of the step operator in matrix format is given in Eq. 2.34:
L [SE 0] [e* o0
Sy = [0 S{;] = [0 ik (2.34)

in the coin basis where the previous |H) = [(1)] and |T) = [(1]] definitions stand. It follows

that the evolution of the walker in momentum space is generated by the concatenation of the coin
operator (Eq. 2.13) with the new step operator, yielding
~ A A et 0 cos Y e sin
0. = S$.C = =] 5® i
k k [ 0 e_““] [e“f’ siny —e¥*t®cos X}

[cos x]e* [¢% sin x]e*

N [[ew sin xJe™ ™% —[e"T?® cos X]eik} (2.35)
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As in Eq. 2.23, n steps of the quantum walk are simply obtained through application of Eq. 2.35,
raised to the n'" power, to the initialized walker state.

)y, = [SkC'" 1)k - (2.36)

It follows that the QW spatial distribution may be obtained by directly employing the evolution
operator, Uy, in the coin basis, giving the distribution as a summation of exponential k-terms.
The multiplicative factor in each exponential then indicates the spatial positions occupied and
the subsequent exponential term coefficients indicate the walker’s probability amplitude for each
position in each of the respective coin bases. This is illustrated for a Hadamard coin and the state
initialized in the heads basis ([¢), , = 5= [i__|k)dk ® |H) where n = 2:

[0)2 = [SKC1? [¥)o

12 L ’“] m

1 2xik + erzk 2><ik _ erik 1
5 [6 xik _ —2><zk erik+e—2><ik:| |:O:|
1 62><zl~<: +eO><zk
5 6 Oxik __ —2><zk

where,
P(z) = P () + PT(x) = [ (x|) |* (H| + | {x|y) > (T},

resulting in the expected probability distribution shown below

1 1
= Probability : |_f2|2 |—2)+(]=|?

Lo I .. 1 1 1
— —1“ 2 Probability : — |—2)+— —12).
35 ) 100+ =5 2[2) = Probability : § |-2)+ [0)+ 12

There is a distinct advantage with this method over the evolution in position space. Here n appli-
cations of the evolution operator, U}, does not change the 2 x 2 dimension of the resultant matrix
whereas the matrix dimension scales as (2n + 1) x (2n + 1) in position space [23]. Furthermore,
propagation of the states in this space allows additional dynamics to be easily extracted such as the
allowed energies and velocities of the walker through its dispersion relation, as mentioned earlier.
Here the analysis will be restricted to the case where only the weighted coin is considered, i.e.
¢ = ® = 0in Eq. 2.14, for convenience although it may be further extended to include these
factors. For this, however, the full set of eigenvectors must be considered. It is possible to obtain
these eigenvalues by diagonalizing the evolution matrix derived in Eq. 2.13, such that [23],

Ur = As [p(R)) (p+ (K)] + A= |p— (k) {p— (k)] (2.37)

where |p4(k)) are the evolution eigenvectors with the associated eigenvalues, A1. It follows that
to obtain the respective eigenvectors and eigenvalues, the determinant is taken where

cos ye'F — A sin ye'*

. ; ; =0.
sinye ™  —cosye -\

det(U, — I\) = det
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Letting IT = —2—

cosx’
= —cos? x(e® —II)(e™* + II) — sin y%e*e™* = 0
= —cos? x(e® — ) (e™* + 1) =1 — cos®> x =0

. . 1
= ’Lk’_H —ik M= — 1
(e =M 1) =
; 1
:>_1_|_H(e—zk_ezk)_|_ 2 _ . 1
cos? x
; 1
=S IP + (e —e*) - ——=0
cos? y
1 . . 1 . . 1
STy =——(e*F ey £ = —ik — eik) — 4(1)(———
b= le =) g e — ) — (1) (-
1 . , 1 ) , 4
= I, = - ik o—iky 4 — 2ik —2ik _ 9 .
* 2(6 e 2 (3% +e )+coszx

Now since 2 cos 2k = 2k 4 o2k

1

1
Il =isink 4+ /= 2k —1 _
+ = isin \/2 (cos )+ cos?

and since 2sin?k = 1 — cos 2k,

1
Iy = isink £/ —— —sin®k.
Cos” X

sink
a b

Letting a = L —_1 andz=
cos® x cos® x

the eigenvalues can be structured in the form

Iy = aly = aliz £ V1 — 2?)

= Ay =iz £ /1 — 22,

Utilizing the trigonometric identities, cossin™! (z) = v/1 — 22 and sinsin~! (z) = z, the eigen-
values may thus be written as

At = isinsin™! (z) & cossin™! ()
= Ay = ie:l:i sin™! (z) _ :Eeii sin~! (cos x sin k)
Taking the ansatz, A+ = e™+(¥) [23] subsequently results in the following spectrum

wy (k) = sin™! (cos x sin k) (2.38a)
w_ (k) =m —sin™! (cos x sin k) (2.38b)
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with Eq. 2.38 (b) ensuing from the relations: cos (m — X) = cos(X) and sin (7 — X) =
— sin (X). Determination of the eigenvectors are then obtained from (U — I\)p4 = 0 where

( cos xe'* sin ye'* A 0) p+1| _ |0
sin ye *  — cos ye ¥ 0 A |ps2] |0

ik _ _A o
cos x (e — ’COSX) sin e p+1] _ [0
sin ye~F —cosx(e”* + 2 )| |pio 0

cos X

—ik

= sinxe *py1 — cosx(e )pr2 =0

coS X

. i A
= sin xe *pi1 = (cos x + ——)pi2
oS X

= sin ye *p, 1 = (cos y cosk — i cos xsink + i cos y sin k + cosw, (k))pio

= sin ye *p,q = (cos x cos k + coswy (k))pia
Similarly, for (U, — I\)p_ = 0,
sin ye *p_; = (cos y cosk + cosw_(k))p_a

such that [67]
1 [cosxcosk + coswy (k)

lp+(k)) = Ny ik (2.39)

sin ye

Here N are the respective normalization factors where N = \/ P+1P%, + p+2ply, so that

N2 = [cos x cos k 4 cosw][cos x cos k + coswy ]| 4 [sin xe ™ *][sin xe'*]

= = [cos? x cos? k 4 2 cos x cos k cosw ] + sin? x

Now as cosw, = /1 — cos? y sin? k,

N2 = 2(cos? x cos? k 4 sin® x + cos y cos k‘\/l — cos? x sin? k) (2.40a)
Likewise,
NZ = 2(cos2 x cos? k 4 sin? xy — cos y cos k\/l — cos? y sin? k) (2.40b)

This spectrum (Eq. 2.37) may also be used to determine the evolution of the QW in momentum
space [23], however, in a more complicated manner to that shown in the example for Eq. 2.33.
Here the walk is evolved in the basis of the eigenvectors determined for the evolution operator.
Subsequently, for the same initialized state as in the previous example with a Hadmard coin (x =
45, o = ® = 0), the basis may be changed to obtain:

Wox =5z [ W dke i)
Yo = 5 ;_ )@ | () (o (R)H) + - () (o (KD 1)

1+f) (1+f)

Wox =35 | 0® o- () + - (1))
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Any following step in the walk is thus a case of applying the evolution operator in the same basis
as described in Eq. 2.37.

(V)i = [On]" [¥)o

1T (1++v2)A" (1+V2)A"
eyl A k) ® (T+ o (R)) + 7 lp-(k)))dk

This, however, is superfluous to the content already covered where the pertinent information re-
mains in examination of the pseudo-energies associated with the walker as given in Eq. 2.38 with
the above example illustrating the validity of the transformation method in achieving the QW. By
looking at how the energy of the walker is spread over momentum space, the dispersion relation
of the walker may be determined as is shown in Fig. 2.6 (a) and (c) for a selection of weighting
parameters for the range x = [0, 90] in (a) and x = [90, 180] in (c). Here these relations indicate
the bands of allowed pseudo-energies allowed for the walker. Taking the derivative of these energy
bands with respect to the momentum then yields the transverse group velocity of the walker [67],
giving

vy = Owy (k, x) . cos x cos k 2.41)
Ok V1= cos? ysin2 k

This gives the velocity of the QW distribution for the positive and negative directions in a 1D

line. The velocities associated with the dispersion relations in (a) and (c) are plotted alongside

them in Fig. 2.6 (b) and (d) respectively. These distributions allow for easy determination and

predictions of the QW dynamics. Here the inflection points in the dispersion relations reveal

the maximum velocities possible for the walker group packet for each of the positive (negative)

directions as indicated by the red (blue) curves. As wl = 0atk = 0, pi, ..., it may easily be

shown that the walker achieves maximum velocity of vpya.x+ = == cos Y, at these points. From this

one may determine the QW maximum distance achieved after n steps where n may be viewed as
discrete time steps in the dynamics

dmax+ = Umax+(X) X [time steps] = £n cos x (2.42)

where dpax+ refers to the maximum distance in either direction. It follows that the greater the
velocity of the walker, the further out the distribution can spread, resulting in a larger variance.
This is illustrated in Fig 2.6 (b) and (d) where a larger percentage of the walker propagates in the
high velocity regime that is shaded in grey. Here it is clear that the QW variance is much larger
for the walks with more of the group velocity lying within this region as seen with the variance
relations in Fig. 2.5.

Further examination and comparison between the energies and velocities of Fig. 2.6 yields
greater insight into how the weighting parameter affects the QW. Looking at Fig. 2.6 (a), it may
be seen that as the parameter increases between [0, 90], the range of allowed energies decreases
along with the curvature of the bands. This corresponds to a decrease in both the maximum
velocity of the walker and the range of allowed velocities as seen in Fig. 2.6 (b). Consequently,
one may expect a reduction in the variance of the distribution. Here the maximum velocities and
allowed energy range occurs for x = 0 in both directions as was indicated in the analysis with
Fig. 2.4 (a) and (b) where the states were propagated away from each other without interference.
This may be seen as a reflection of the linear nature of the energy curve where there is no energy
associated with interaction of the states. x = 90 shows the other extreme where the curvature
has been reduced to such a level that it appears as a straight line and reflects the case whereby
the walker has no velocity and the states simple traverse across each other causing the distribution
to remain at the starting position. It follows that the QWs between these two extremes follow
intermediary dynamics as illustrated with x = 45 for the common Hadamard walk.

The dynamics from y = [90, 180] in Fig. 2.6 (c) and (d) shown a reversal where the curvature
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FIGURE 2.6: Plots of dispersion relations show the bands of allowed pseudo-
energies for the walker and how this varies for a change in weighting parameters
from (a) x = [0,90] and (c) x = [90,180]. The associated transverse velocities
are illustrated in (b) and (d) respectively. Here the red (blue) curves represent the

walker dynamics for an initial positive (negative) direction.
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in the energy bands flip and increase along with the range of allowed energies as the parameter
increases again. Here this is subsequently accompanied by an increase in range of velocities taken
on by the walker and the maximum velocity for the walker, however, in the opposite direction.
Here the positive velocities take on the signs of what the negative velocities had for the initial
weighting parameter range. This reversal in the direction at which the walker moves is seen
clearly by the asymmetrical distributions plotted in Fig. (c) and (d) where the largest spike in the
QW probabilities is seen to occur on the other side of the position space in the same range for the
weighting parameter.

2.2 The ’quantum’ in quantum walking

It is well known that classical systems are described in terms of either a wave or a particle. With a
set of dynamics one can associate with each description such as waves diffracting around bound-
aries in comparison to particles being inhibited by the boundary. For instance, one may hear a
person on the other side of a wall, but a ball thrown towards a person, with a wall in between,
will not reach the person on the other side. On the quantum mechanical scale, however, the same
entity exhibits both of these properties such that a complete description of the system now re-
quires consideration of wave-particle duality [56]. This is a well-known result of several observed
phenomena such as in the Davisson-Germer experiment where electrons impacting nickel gave
rise to diffraction patterns described by Bragg’s law, indicating a wave nature [68]. However, it
was already established through J.J. Thomson’s experiment (and others) that electrons acted as
particles where deflection of electrons accelerated towards a phosphorescent screen in an evac-
uated cathode-ray tube resulted in ejection of photons in correspondence with particle behavior
[69]. Similar conclusions hold for the observation of rainbows (waves) and the photoelectric ef-
fect (particles) respectively when considering the nature of light.

In 1926 Erwin Schrodinger unified these conflicting descriptions with the famous Schrodinger
equation such that the dynamics of a quantum mechanical system is described in terms of a dif-
ferential wave equation, solidifying the theory of quantum mechanics [54]. Here the role of this
equation is comparable to that of Newton’s second law where any dynamical value of interest (i.e.
energy, velocity etc.) may be determined once the evolution of the particle’s position is known
[56]. Application of the second law then allows the path of the classical particle to be predicted
deterministically [70]. Similarly, the dynamics of a quantum system may be determined with the
Schrédinger equation, however, instead of a positional evolution, the entity (particle) is described
by a solution to Schrdédinger’s equation, given a set of initial conditions; in other words, the entity
is described by a wavefunction as introduced in Section 2.2.1 [56].

Accordingly, the wavefunction describes all the possibilities available to the entity in terms
of probability amplitudes such that it interferes with itself and other entities roughly according to
what we classically see as wave mechanics in some cases [71]. Here the probability amplitude
also evolves deterministically according to the equation [70]. For particles, it is not unusual to be
able to classically describe a system in terms of the probabilities of the possible outcomes — in
fact, this is generic statistics - however, in quantum mechanics the system is actually occupying
all the outcomes at exactly the same time as determined by the associated dynamical interactions,
only assuming one of them when a measurement is taken [71]. The particle nature is then revealed
when taking a measurement, or rather, collapsing the wavefunction to reveal a single outcome
such that the entity localizes (exhibits particle nature) in one of the possible states [56]. Suc-
cessive measurements on identical systems reveal that the frequency at which an allowed state is
assumed concurs with the square of the probability amplitude i.e. the Born-interpreted probability.
It is this localization of the quantum particle that yields the ‘randomness’ associated with quantum
mechanics in contrast to the probability amplitude evolution [70]. A good experimental observa-
tion of this is in Young’s double slit experiment with electrons [72]. Accelerating a single electron
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towards two slits reveals an interference pattern after integrating over many measurements for
identical repetitions, showing that the electron probability amplitude interferes with itself (wave).
However, for each measurement, only a single localized position is detected for the electron as is
expected for a particle.

Based on the wavefunction description of a quantum mechanical entity, such as the walker
in the QW, it follows that its interactions and characteristics may be somewhat associated with
classical waves and the measured outcome is an associated selection of the quantized possibilities
(corresponding to basis states) in the measurement basis. Consequently, the principal of superpo-
sition covered in Section 1.1 comes into play where the particle may, in some interpretations, be
thought of as simultaneously occupy basis states which seem intuitively incompatible such as two
different spatial positions (more than one position on the QW position space) or, as in the common
example of Schrodinger’s cat, be alive and dead at the same time. Measurement or observation of
the superposition then collapses the superposition [56]. Interestingly, observation of the QW after
every step actually reverts the QW back to the classical RW as the walker is then forced to assume
a particular position after every step such that the choices for the next step is again limited to right
or left from a specific position, just as in the RW [26]. Accordingly, observation of QW forces the
quantum mechanical dynamics to revert to classical dynamics as commonly seen in convergence
between quantum and classical mechanics. Additionally, interference as wave phenomenon in
quantum dynamical evolution also applies such that certain possibilities are reduced or increased
(e.g. the decrease in the probability at the center of the QW and increase in probability at the ends
of the QW distribution) compared to the expected classical outcomes for a particle.

Classical waves can also evolve with similar dynamics, for a few special cases, if there are
analogues that can exert the same type of influences experienced by the quantum particle. The
classical outcome, however, would then be an integration of many measurements of identical sys-
tems for the quantum mechanical case. For instance, classical waves can also occupy basis states
simultaneously. Consider the intersections and positions described for the QW. A classical wave
can fill the space to occupy any number of positions or intersections at the same time, accord-
ing to the boundary conditions supplied by the environment. However, measurement of the wave
does not eliminate any of the occupied states. Additionally, analogous interference of classical
waves would reveal the same distribution, yet, again, with a very distinct difference. Measure-
ment of the wave intensity (square of the amplitude) would yield the entire distribution whereas
measurement of the quantum mechanical system would yield a single basis state outcome with
a probability related to the relative intensity of the classical wave. Subsequently, many repeated
quantum mechanical measurements would be required to replicate the same distribution.

As these interference and superposition principals determining the QW are present in classical
wave analogues, the question follows: what if we did the QW with classical waves? How would a
classical implementation of this innately quantum mechanical developed phenomenon fair? Also,
how much more advantageous is such a classical experiment which is inherently more robust than
quantum mechanical ones? It should be stressed here that some evolution characteristics may be
shared in this quantum-classical pairing where the line may be blurred, but fundamentally, classical
and quantum mechanics operate under distinctly different principals such that many phenomena
exist for which classical waves cannot be used as a representative analogue.

An additional characteristic that has not yet been covered, but plays a large role in terms of the
QW evolution and associated dynamics, is entanglement. This refers to the occurrence of correla-
tions between subsystems, whereby a measurement revealing a particular state for one subsystem
results in a prediction about the state of another subsystem [71]. Here the states also form a non-
separable relation when considering the mathematical formalism shown further on. Schrodinger
described entanglement as not being able to describe two previously known systems, once tem-
porarily interacted, as before the interaction where each had their own individual representation
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[73]. Herein lies the ‘spookiness’, as Einstein termed it, of quantum mechanical interactions be-
tween systems. A common example of entanglement is a two spin-1/2 singlet state [74],

1
V2

for a composite system of two particles: particle 1 (J11)) and particle 2 (|1)2)), with basis states of
spin up and down, as indicated by the arrows in the equation. If a measurement on the spin of sub-
system 1 (particle 1) reveals a spin up (|1),) state, the state of subsystem 2 (particle 2) is definitely
known to be spin down (||),) and vice versa, regardless of the distance between the subsystems.
Observation of the entangled states above shows that the subsystem basis states cannot be factor-
ized into a product state of the individual subsystems. Mathematically, entanglement is described
as the non-separability of the composite states of a system [74—76]. Moreover, entanglement is not
just the non-separable pairing of different particles or entities, but also extends to any set of states
that form individual spaces or systems themselves [74]. Specifically, entanglement also refers to
a non-separable relation between different properties of a single entity, such as in the first step of
the Hadamard QW,

[¥) = 191) @ |vh2) = —= (1)1 W) + 12 1)) (2.43)

1
¥ = (1) )+ 1=1) 7)), (2.44)
where the tensor products have been omitted for convenience. Here non-separability of the internal
coin and position states exhibit entanglement between the walker’s subspaces for these properties
of the QW system. This type of non-separability is not actually confined to quantum mechanical
systems, but based on the mathematical definition. It also extends into the classical realm where
internal properties of a single classical system may also be ‘classically entangled’ [74—76] such as
between polarization and orbital angular momentum of classical light [76; 77] as will be discussed
in Section 2.3.4.

The classical analogue may only be extended so far, though. ‘Classical entanglement’ or non-
separability may only occur between the internal degrees of freedom of a single entity, implying
that non-locality is not possible between classically entangled subsystems [74]. Additionally, the
outcomes cannot be mutually exclusive as no collapse occurs from particle indivisibility when
taking a measurement. In fact, Luis [76] showed classical and quantum entanglement exhibits no
definite relation. Additionally, the term ‘classical entanglement’ has sparked some controversy
in the scientific community. Some contest the term, advocating that it should rather be termed
‘classical non-separability’, leaving entanglement for the quantum mechanical cases only [78].
For the purpose of this thesis, however, classical non-separability will be referred to as classical
entanglement due to the intuitive implications in a classical QW.

Is it not then possible to implement a QW classically within the properties of a light wave such
that the internal degrees of freedom are used to entangle and interfere the wave along superposi-
tions of its internal states for two different properties? Here, by taking a fixed amount of a classical
light wave, such as a pulse, can we not analogously play with the particle (pulse) and wave (clas-
sical wave dynamics) characteristics to formulate a QW? How far can these quantum-classical
boundaries be exploited?

2.3 Delving into the classical realm

Based on the questions raised in Section 2.2, it is necessary to look further into the characteristics
of light in the classical sense beginning with electromagnetism (EM). Due to the extensive nature
of EM theory, it will only be covered briefly for completeness. Here we look into how light
may be structured to from fundamental eigenmodes of free-space that serve as spatial basis states.
Additionally, it can be seen that certain modes carry orbital angular momentum, allowing for a
convenient space in which to play for a QW. When considering polarization as another state space
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in which to pair the spatial modes, the implications in terms of classical entanglement enables
another way to look at generating a QW in classical terms.

2.3.1 Electromagnetic wave theory

Before the formation of quantum mechanics where wave-particle duality lay at the crux, light was
periodically and controversially argued to be either a wave or a particle. The eventual consensus
aligned with the wave theory proposed by Christiaan Huygens in his 1690 treatise “Traité de la Lu-
miere” [79] as opposed to particle theory, first implied by Sir Isaac Newton’s in 1671 [80] and fur-
ther explored in his book “Opticks: A treatise of the reflections, refractions, inflexions and colours
of light” [81]. This classical description was later consolidated by the formulation of Maxwell’s
equations. Famous for unifying the theories of electricity and magnetism, these equations have
been developed to form a comprehensive description of classical phenomena and interactions in
these fields when paired with Lorentz’s force law and Newton’s second law of motion [82]. Ac-
cordingly, this applies in the case of light in the classical sense due to its oscillating electric and
magnetic field composition. The task associated with these equations lies in ‘unpacking’ them
due to their compact nature correlating with the extent of classical electromagnetic theory. These
renowned equations [83] are listed in their differential form as Eq. 2.45 for reasons that will soon
become clear.

0
V xE= —aB (2.452)
VxH= —;D +J (2.45b)
V-D=) (2.45¢)
V.-B=0 (2.45d)

Here bold formatting is used to denote vectors and V = 8%5( + 8%5' + %i denotes the del operator

for 3-dimensional Cartesian space spanned by the orthogonal unit vectors [X, ¥, z]. These equations
define the relationships between electric field strength E, magnetic flux density B, electric flux
density D, magnetic field strength H, current density J and volume charge density p. Additional
relations between field strength and flux density exist for the electric and magnetic cases when in
a vacuum. These are given in Eq. 2.46 respectively

D = ¢E (2.46a)
1

H=—B (2.46b)
Ho

where ¢y = 8.854 x 10~ '2 F/m (Farad per meter) and 119 = 47 x 10~7 H/m (Henry per meter) are
physical constants known as the permittivity and permeability of free space [82]. Permittivity is
the resistance associated with the formation of an electric field [83]. Analogously, permeability is
the resistance associated with the formation of a magnetic field [83]. It follows that these constants
take on different values and properties when the electric and magnetic fields are present in media.
The above equations are in fact a specialized case for the more general relations [84]:

D=¢E+P (2.47a)
1

H=—B-M (2.47b)
Ho

which are applicable to any medium. Here P is the polarization density which along with D
describes the dielectric properties of the medium. M is the magnetization density which along
with H similarly describes the magnetic properties of the medium.
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Properties of the medium affect the subsequent values of P and M, correlating to the descrip-
tion of said medium. In certain cases this results in the permittivity and permeability coefficients
taking on values related to the medium. One such medium of particular interest with regards to the
propagation of electromagnetic waves is known as a dielectric medium which exhibits linearity,
homogeneity, isotropy, is nondispersive, source-free and non-magnetic [84; 85]. More specifi-
cally, nondispersive refers to spatially and temporally localized reaction by the medium to field
strength, homogenous refers to the medium properties being spatially constant (i.e. permittivity
and permeability constants do not change throughout the medium), isotropy implies the medium
properties are directionally invariant for the propagation of the field vectors E, H and source-free
indicates no net current density and volume charge density (J = 0;p = 0) [85]. Furthermore,
linearity describes the effect of the medium as the same on a linear combination input fields as the
corresponding linear combination of output fields [85]. This results in the polarization density, P
being linearly related to the electric field, E [84]. Combination of these properties results in the
polarization density of the medium being described by [83]

P =¢xE (2.48)
where Y, in this case, is the electric susceptibility such that
D=¢(l+ x)E (2.49)

This yields the permittivity constant of the medium, € = e5(1 + x). Similar results also generate
a permeability constant of the medium p, however in the case of no magnetism: p = o and
the refractive index, n = /1 + x [83]. Mathematically, this results in a difference of replacing
the permittivity constant with that of the medium as given by the refractive index of the medium:
€0 — €eon? [83].

Materials exhibiting properties that vary from those given for the above defined dielectric
medium results in other interesting results such as non-linear optical effects, photonic crystals and
the magneto-optic effect [85]. Analysis of these different media is a substantial endeavor and not
directly related to this work. As such, it exceeds the theoretical scope of the dissertation and shall
only be noted here.

A fundamental finding for electromagnetic theory was the discovery that Maxwell’s equations
in the absence of sources and currents result in a wave equation with regards to both magnetic and
electric fields. The electric field derivation thereof follows for a vacuum [83]:

Consider the curl of Faraday’s law of induction (Eq. 2.45 (a)),

VX(VXE):VX(—%B)

This allows for the implementation of the identity V x (V x E) = V(V - E) — V2E, such that

Vx(VxE)=V(V-E)- VE=V x (—%B) (2.50)

However in a vacuum Eq. 2.45 (c) changes to
V-D=0=V-E=0

as there is no charge density (p = 0). It follows that Eq. 2.50 becomes

—V2E = gt(v x B) (2.51)
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Elimination of the magnetic field is achieved through exploitation of Eq. 2.45 (b) with the relations
in Eq. 2.46 and J = 0 (vacuum):

1 9 0
VxH=—VxB=--D+0=—¢—E
% e o> 10 ="y

0
V x B = —pugco 5 E (2.52)

Substituting 2.52 into 2.51 then yields:

2

0
VZE = pupeo

@E (2.53)

which is in fact the wave equation, relating the spatial change of a wave to its speed (v), when
compared to the well-known generic 1D case ubiquitous in undergraduate texts

0%y 1 0%y
— == 2.54
oxr? w2 ot? 2.54)
for the propagation of a sinusoidal wave, y along the z-direction.
Comparison of the generic case (Eq. 2.54) to that derived from Maxwell’s equations (Eq. 2.53)

indicates that the velocity of the electric wave is given by the relation

1
—_— = €
02 Ho€o

Rearrangement results in the derivation of the speed of light (c) as is expected for light propagating

in a vacuum.

1
Ho€o

= 2.998 x 10%m per s

In the case of the dielectric medium described previously, the speed is related to the refractive
index as shown below
1 1

v = = =

c
/2 upeg B n+/[o€o n

Wave structure in the spatial domain has application in many classical fields regarding structured
light with the different structures being termed modes [85]. Such modes are acquired by obtaining
solutions to wave equations. It follows that determination of these spatial solutions requires elimi-
nation of the temporal component. This time-independent wave equation is termed the Helmholtz
equation and is obtained through application of the separation of variables technique which as-
sumes a function may be separated into separate functions of the variables comprising it [86; 87].
Equation 2.55 demonstrates this technique for a wave function in the spatial and temporal domains
for an electric field, E(z,y, 2, t).

(2.55)

E(z,y,2,t) = U(z,y,2)T(t) (2.56)

Majority of the solutions widely used, including those applicable to this work, are associated with
the scalar Helmholtz wave equation. As such the derivation of the Helmholtz equation [86; 87]
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shall be limited to this case. Subsequently, substitution of Eq. 2.56 into Eq. 2.53 yields
18
2 ot2
TV (g, 2) = Uy, 2) LT (0)
) y7 - 02 ) y7 atQ

= ¥V2U( ) = ;8—2T(t)
Uz, y,z) DY = 2T(t) ot?

V32U (x,y,2)T(t) Ul(zx,y,z)T(t)

2.57)

such that the spatial and temporal functions are separated from each other. As both sets of variables
are independent of the other, changing the one side will not affect the other. Consequently, both
sides of the equation must equate to a constant to render Eq. 2.57 true. For reasons that will soon
become clear in the subsequent solution, let the chosen constant be —k?:

Ll &
2T(t) ot?

1 2 _ _ 1.2
> T V@) = T(t) = —k

Replacing the right side of the equation in Eq. 2.57 with the constant then eliminates the temporal
dependence. Rearrangement then produces the Helmholtz equation as given in Eq. 2.58 (b)

1 2 2
- -k
U($’ y’ Z)v U(x’ y? Z)
= VU (z,y,2) = —k*U(z,y, 2) (2.58a)
= (V2 + kU (z,y,2) =0 (2.58b)

where £ is the wave-number due to the spatial derivative of a wave function yielding a product
of the wavenumber with the wave function as seen for Eq. 2.58 (a). k is consequently defined as

k=% = 27“ where w is angular frequency and A wavelength.

2.3.2 Solutions to the Helmholtz equation

As mentioned earlier, solutions to the Helmholtz equations constitute modes which are essential
to many applications regarding the structuring of light. In particular, when observing the equation
closely, it can be seen that these solutions are in fact eigenmodes of the wave equation for a certain
system — free space for example [88]. This indicates that the solution satisfies the requirements
for existence in that system and thus its structure is preserved as it propagates. Furthermore, the
solutions form a set related to the respective scenario solved for. Elements of the derived set differ
through variation of internal parameters associated with the scenario. These different elements
are termed the modes of that set which have an additional property of orthogonality resulting in
the set forming a complete orthogonal basis for the system [85]. Consequently, any arbitrary field
existing in the system may be completely described through a linear combination of these basis
modes [85].

The plane wave

The most fundamental of such cases is derived [83] through the application of the separation of
variables technique, utilized earlier, in the Cartesian coordinate system. Subsequently, let the
electric field U(x, y, z) satisfying the wave equation be expressed in terms of functions for each
coordinate F'(x), G(y) and H(z) as illustrated in Eq. 2.59.

U(z,y,z) = F(x)G(y)H(2) (2.59)
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Substituting Eq 2.59 into the Helmholtz equation (Eq. 2.58) results in

(V24 k) F(z)G(y)H(z) =0

0?F () 0?G(y) 0?H (z)
= GWH () 5 + F@HE ™ D@6 T = —FP@)Gu)H(:)
Dividing both sides by U(x, y, z) then yields
2 2 2
1 0°F(x) 1 0°G(y) N 1 0°H(z) _ 2 (2.60)

F(z) 022 +G(y) 0y? H(z) 022

such that the variables are separated between the terms. Similar logic to the other case regarding
independent variables leads to the requirement that each term must be equal to a constant for
which the sum equates to —k? on the right hand side of Eq. 2.60. The constants are chosen to be
—k2, —kZand — k2, for each term as indicated in Eq. 2.61.

1 9°F(z) 2 0?F(x)

— _— = — 2
Flz) 022 * 7 a2 ko F () (2-612)
1 82G(y) 2 32G(y) 2
- k2= = _ 2.61b
1 0°H(z) ,  O0%H(z) 5
- _ = _ 2.61
H(z) 0y? kz = 022 k2H(z) (2.61¢)

Again, the choice of constant is due to convenience regarding the final solution such that
ki 4k + k2 =k (2.62)

when substituted into Eq. 2.60. Equation 2.62 indicates that each of the constants are the x-
,y-and z-components of the wave vector. It follows that choice of a negative value for any of
these constant would result in the component being imaginary which leads to the phenomenon
of evanescent waves. The simplest, however, is to keep all constants positive which is the route
taken. Each of the Equations 2.61 (a-c) may be solved separately to form a composite solution for
this scenario. It follows that the differential equation solutions in complex form are

F(z) = e *® GQ(y) = e ™Y and H(z) = e k=2

The negative exponent was chosen to indicate a positive direction of propagation with regards to
the wave vector. Substituting the separate solutions into Eq. 2.59 then yields the final result,

U(z,y,z) = e FeTe huvemihez — =ik, (2.63)

where k = k;X 4 kyy + k.Z and r = 2X + yy + 2z. To recover the time-dependence of the field,
the equation may be multiplied by the factor e’ such that the full expression becomes

Ulz,y, z) = /@kn), (2.64)
which is in fact a plane wave propagating to the right in the direction determined by the wave
vector.

The paraxial limit of the Helmholtz equation

Another well-known example of a solution to the wave equation are Bessel beams which are gen-
erated by considering the Helmholtz equation in cylindrical coordinates [85]. This, however is



38 Chapter 2. Theory

not used here and is only noted as evidence of the other solutions present for the wave equa-
tion determined due to altering system conditions. The solutions of relevance, conversely, result
from an approximation made with the Helmholtz equation known as the paraxial approximation.
Derivation of the equation in the paraxial regime follows.

The paraxial approximation results from considering waves in the paraxial regime where the
direction of propagation for the waves constituting a beam remains close to the beam axis [85].
Another way to conceptualize the approximation would be to think of the wave front normals as
approximately parallel [84]. In agreement with this approximation, the complex form of the scalar
electric field forming the beam takes on the form given in Eq. 2.65 [84].

Ulx,y,2) = alz,y, z)e (2.65)
Here a(x,y, ) the complex amplitude of the wave that varies with position and e~*** represents
a plane wane travelling in the z-direction (as indicated by Eq. 2.63). It follows that Eq. 2.65
represents a complex-amplitude modulated wave propagating along the z-axis. Additionally, for
the parallel approximation to be valid, variation of the complex amplitude, or rather the modulation
should be minor in comparison to the wavelength [84].
Substituting Eq. 2.65 into the Helmholtz equation (Eq. 2.58) permits derivation of the paraxial
form of this time-independent wave equation.

(V2 4+ B)ale,y, 2)e ™ =0

0? 0? 0? ik —iks
j(@""ay ag) a(x,y, z)e k +k2a($,y,z)e kz _ o
62 62 —ikz 82 —ikz 2 —ikz
(@ + ﬁ) a(z,y, z)e + @a(x,y, z)e + k%a(x,y, 2)e =0
0> 0? . ,
= (5t aT/Q)a(fU,y, 2)e ™ 4+ [X] + kKa(z,y, 2)e ** =0 (2.66)
where
5 02 0 J _; 0% .
_ —tkz Y e 7 —ikz —ikz
X=c¢ aZQCL(x, Y, 2) + 2aza(a:,y, z)aze +a(z,y,z )6226
_ —tkz A ( )—I—Q'k‘ —ikzg ( )_ k‘2 —ikz ( )
=e 9.2 a(x,y, z ike 8za T e a(x,y, z
2
— ei’“(g 5+ 2zk88 — kHa(z,y, 2) (2.67)
Substituting 2.67 into 2.66 and dividing by e ~**%:
0? 0? 02 0 9 9
[ — —_— 2 —_— p—
(522 * g2 (@9, + (55 +2ik g = K)a(e,y, 2] + Fa(e,y,2) = 0
0? 0? 0? 0
= (W_‘_W) (xvya ) [(a 2 (.’13 Y, )]+2zk£a(:c,y,z) =0

Considering this equation, the condition for paraxial approximation given earlier regarding the
complex amplitude translates to the mathematical statement [89; 90]:

2 o,y 2)] << 1 Zao,y, ) 2.68)
a 2 x y? aza’ x’y’ .

as k = 27” Equation 2.68 accordingly states that the amplitude variation along the direction of
propagation is slight in contrast to the wavelength of the beam. Hence, the bracketed central term



2.3. Delving into the classical realm 39

may be neglected, yielding the paraxial Helmholtz wave equation (Eq. 2.69) [85].

:>(8—2+8—2)a(x Z)+2ik‘ﬁa(x 2)=0 (2.69)
022 " gy Y e .

Gaussian beams

Following the derivation of the paraxial equation, consideration may now be given to the solu-
tions relevant to this work. The Gaussian mode is the most fundamental solution and generic in
real-world applications as it usually forms the basis mode for manipulation of light due its sim-
plicity and uncomplicated generation. It is also the initial mode utilized in the laboratory for the
experiments preformed. Moreover, it provides a good platform on which to introduce the different
characteristics associated higher-order Gaussian modes such as Hermite-Gaussian or Laguerre-
Gaussian beams. The complex-amplitude expression resulting in a Gaussian beam is given by
[84]

wy 2 —ikr2
a(r,z) = goe 2e2r e W (2.70)

in polar coordinates where 7 = \/x2 + y?2 is the transverse radial coordinate. Properties charac-
terizing the structure of the beam as well as how it evolves upon propagation may be related to
several of the variables expressed above. A depiction of the evolution of this beam as it propagates
the z-axis is illustrated in Fig 2.7 with a longitudinal cross-section through the center. The vertical
curves inside the beam are depicting the wavefronts of the compositional waves.

One characterizing quality of the beam is the beam width, denoted by w. This may be thought
of as the radius of the beam [88]. As may be initially seen in Fig. 2.7, the beam converges (before
z = 0) before diverging (after z = 0) as it propagates. Subsequently, the beam possesses a
minimal beam width known as the beam waist, wg, which is located at z = 0 in the diagram [84].
Considering how the beam width must then change with propagation, a ratio relating the degree
of change in beam width with the distance traveled may be defined. This ratio is labeled as the
Raleigh range (zr) [88] and is the distance at which the beam width becomes a factor of /2 larger
than the beam waist. Analytically, the Raleigh range is defined by the function given in Equation

2.71,

2

— 2.71
ZR 3 (2.71)

where it is directly proportional to the smallest transverse cross-sectional area and inversely pro-
portional to the wavelength. This value consequently serves as a measure of the rate of beam
divergence with respect to distance whereby a small value indicates fast divergence while a large
value indicates slow divergence. Following the Raleigh range definition, it is then possible to

w(z)
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FIGURE 2.7: Longitudinal cross-section through the center of a Gaussian beam
indicating its characteristics and evolution upon propagation.
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quantify how the beam width changes in terms of the beam waist [89].

w=wo. 1+ i (2.72)

As the beam diverges (or converges), the wavefront associated with the beam must additionally
change as the individual rays change direction. More specifically, the divergence or convergence
results from the ‘bending’ of the wavefront. The change in wavefront is subsequently characterized
through its radius of curvature, R as given by Eq. 2.73 [89].

R= 21+ (%R)?] 2.73)

Furthermore, there is also a phase shift that occurs with propagation of the beam along the z-axis.
This shift is termed the Gouy Phase or the Gouy effect. It is defined as [84]

9 = tan~! (=) (2.74)
ZR
for the ¥ in Eq. 2.70 and thus ranges asymptotically between —3 for z = —oo and 7 for z = oo.

The effect of this term can be seen when combining the complex phase amplitude with the z-
propagating plane wave as in Eq. 2.65 and looking at the propagation axis (r = 0). The total
phase of the beam is then given by

0 =kz—19 (2.75)

which indicates a retardation in the wavefront in comparison to that of the plane wave (kz) [84].
Accordingly, a collective retardation of 7 is incurred over a propagation distance spanning from
negative to positive infinity.

The optical intensity distribution, I(r, z) for the solution may also be obtained from the com-
plex amplitude (Eq. 2.65) through the standard relation, I(r,2) = |a(r, 2)|> [91] where the in-
tensity is subsequently functions of the propagation position (z) as well as the transverse radial
coordinate (7). Application of the relation to the Gaussian beam yields the intensity distribution
in Eq. 2.76 [91].

2 2 .
I(r,z) = |@e e e%e_“ﬂz
w
w *7"2 77Lk'r2 ikr2

= (ew)2(e72r e ) (e2m )
w

2
= (20y2enr (2.76)
w

Figure 2.8 depicts the Gaussian beam intensity as determined by Eq. 2.76. It can be seen that the
intensity distribution has a distinctly Gaussian profile which may be attributed to the exponential
term in the equation. As such, a Gaussian profile will always result for any axial distance, eluci-
dating the given appellation as Gaussian. It follows that peak intensity occurs at the center of the
beam I(0,0) before decreasing monotonically with outwards radial direction (r — o0). This is
clearly depicted in Fig. 2.8 (a) with the 3D plot and indicated in the transverse density plot (Fig.
2.8 (b)) through the variation in color from light (at the center) to dark (radially outward). Figure
2.8 (b) is a customary plot used to illustrate intensity distributions of structured light and as such
is included for comparison and familiarity.
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FIGURE 2.8: A (a) 3D plot and (b) transverse density profile of a Gaussian beam
intensity distribution at the beam waist (z = 0).
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Laguerre-Gaussian beams

When converting and solving for the paraxial Helmholtz equation in cylindrical coordinates (7, ¢, z)
through the separation of variables, another set of solutions are obtained, denoted Laguerre-
Gaussian (LG) beams [92]. These beams form a significant part of experimentation carried out in
this work and as such require exploration. The resulting complex amplitude is [92]

Tf 1 l 27" =2 il —ikr? _iv
a(r,¢,z) = (p+|l|) ( )H y( Yew e e "5R .l (2.77)

where r retains the previous definition, ¢ is the azimuthal angle and LLZ | (z) = (=1 ‘;—T) (%)p (zltHre—2)
is the generalized Laguerre polynomial of orders p > 0 € Z,! € Z. Comparison with the Gaus-

sian solution (Eq. 2.70) reveals common terms such as the beam width, w and radius of curvature,

R which retain their definitions (Eq. 2.71 to 2.73). A modification to the Gouy phase 1J,,; occurs,
however, for LG solutions where an additional dependence arises on the indices [, p as given by

[92]

9= (2p+1+1)tan™t (i) 2.78)

Motivation for the previous description as higher order Gaussian modes may be found for the
primary order (p = 0 = [) where the Laguerre polynomial equates to one and the expression sim-
plifies to the Gaussian mode (Eq. 2.70). The subsequent appellation Laguerre-Gaussian derives
from the combination of Gaussian terms and the Laguerre polynomial.

Optical intensities related to these modes were obtained through the same method outlined for
the Gaussian case and is

2p! Tf 272 —2r2

10r.2) = i ) (2.79)

Analysis of the different intensity distributions associated with the indices [, p allows selected in-
terpretation in terms of their effects. Consequently, a series of 3D profiles with transverse density
plot insets are illustrated in Fig 2.9. Based on the coordinate space and cylindrical variable de-
pendency, these beams possess circular symmetry as may be observed in the series of plots in Fig.
2.9. The p-index defines the number of radial nulls in intensity, resulting in p + 1 concentric rings
occurring in the distribution [93]. For example, in the case of [I, p] = [0, 2] (top right), two dark
rings are present inside the intensity distribution, indicating intensity nulls; hence, three intensity
rings result corresponding to the p + 1 = 3. As a result this is often referred to as the radial
index. When [I, p] = [0, 0], it is clearly evident from the uppermost plot that the distribution re-
duces to the Gaussian case as previously noted. This indicates that the [, p indices are responsible
for modulating a Gaussian intensity distribution and as such LG beams are defined in terms of
these indices. Considering the [-index, a non-zero value can be observed to result in a central
null (» = 0) in intensity. This null may be linked to the (%)2” | term in Equation 2.79 where
the [-value is modulating the Gaussian intensity distribution (Laguerre polynomial is one when
p=0).

Further observation of the size of these modes upon modulation by these indices, indicates a
clear deviation from that of the Gaussian case where introduction of non-zero | and p values cause
the beam size to increase with an increase in either of these values. Analysis of this effect was
carried out by R. Phillips and L. Andrews in their 1983 [94] paper, resulting in the derivation of
an equation allowing the beam size to be related to that of the Gaussian case and thus calculated
from it. This relation was given as

wre = [V2p+ 1+ Hw (2.80)
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FIGURE 2.9: 3D intensity distributions of selected LG ;, beams for [ = [0, 2] and
p = [0, 2] (indicated in bold white) at the beam waist (z = 0). Transverse density
plot insets to the upper right corner are included for comparison.
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where w refers to the Gaussian beam width in Eq. 2.72.

b

'y

FIGURE 2.10: Illustration of the 3D wavefront (top row), transverse phase vari-
ation (middle row) and intensity distribution (bottom row) for [ = [—3, 3] from
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Returning to the LG complex amplitude, an additional term, ¢?? has not been reviewed which
carries significant influence in the beam physics. This term introduces an azimuthal dependence
to the phase as it propagates which is influenced by [. It results in an azimuthal rotation of the
wavefront where the number of rotations per wavelength or wavefront spirals is related to the
absolute value of the index [93]. This is often referred to as a helical twisting along the direction
of propagation, resembling that of a corkscrew. The index sign impacts the handedness where a
positive [ is associated with clockwise rotation and negative [ with anti-clockwise. Figure 2.10
illustrates the phase variation across the wavefront (middle) along with a 3D rendering along the
propagation axis (top) and the associated transverse intensity profile (bottom).

This spiral form of the wavefront is linked to well-defined orbital angular momentum (OAM)
carried by the beam in the paraxial regime such that it contains an OAM of [k per photon [95].
Discussion of this interpretation as OAM is deferred to the next section (2.3.3), however. It may
additionally be seen from the images that the azimuthal phase variation results in a phase singu-
larity at the central axis (r = 0) which is then expressed as null intensity.

2.3.3 Orbital Angular Momentum

Following the discovery that light was composed of oscillating electromagnetic fields, came the
deduction that it must indeed transport energy, which is of little surprise when considering the
effects of standing in the sun too long. Analytical evidence of this was derived by Poynting in the
form of the Poynting vector [83],

S— L (ExB) 2.81)

Ho

Here S may be also considered the energy flux density and yields the energy per unit time per area
[82]. The important aspect of this vector is that it indicates the direction of energy flow. It fol-
lows that light exerts pressure and thus carries a linear momentum whereby the linear momentum
density (L) is related to the Poynting vector through [83]

L — /108 (2.82)
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Interpretation of the momentum of light with a helical wavefront as described by the azimuthal
phase term (¢??) referred to in the previous section lies in the determination of the angular mo-
mentum along the propagation axis (z). This quantity is established by the relation for angular
momentum density [83; 85],

jz = (I‘ X L¢) = €or X (E X B)¢ (283)

where the cross product is taken between the radial vector and the azimuthal component of linear
momentum (Eq. 2.82).

Mathematical evaluation of this in terms of paraxial beams may be simplified through applica-
tion of the Lorentz Gauge as indicated in the original derivation by Allen et. al. [95] and followed
by others [85; 87; 96] where

0
V- A= —_ 2.84
EOMO 8tV ( a)
2 0
= VA = eotto 554 (2.84b)

in free space with V' being the electric potential [83]. Similarly, elimination of the spin angu-
lar momentum component (linear polarization) affords further simplicity such that the associated
vector potential may be represented as [87]

A = u(z,y, 2)e' Py (2.85)

such that u(z, y, z) = w is the complex amplitude satisfying the paraxial wave equation for a field
linearly polarized in the z-direction. Utilizing the relation, B = V x A, and applying the paraxial
condition 2 35 — 0 as > << ku results in the magnetic field

B = ik[uy — i@i]ei(’“—wt) (2.86)

Further manipulation of the relation in Eq. 2.52 as detailed below allows a relation between the
electric and magnetic field to be established

1 OE
B- -
VX c? Ot

:>V></B8t /dE

1 du A
= E = %ikV x [uy — ——z] tkz / e "“dt

ik Oy
1
=c zk‘ V X [uy — kgz z)e'kz=wt)
2
_y«B (2.87)
w

Substitution of Eq. 2.86 into 2.87 and application of the paraxial condition whereby second deriva-
tives, first product derivatives as well as 8 are taken to be zero [95], then yields the electric field
expression,

E = iw[ux — zlkgz z]el(ka=wt) (2.88)

Due to the fast oscillation of EM waves, interest lies in the real time-averaged aspect of the
Poynting vector, (S)zr where the associated electric and magnetic fields may be expressed as
(E)g = 3(E+ E*) and (B)g = 5(B + B*) respectively [87] where * denotes the complex
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conjugate such that
1
(S)r = —[(E x B*) + (E* x B)] (2.89)
240
Substitution of Eq. 2.86 and 2.88 into 2.89, then yields

1 i, 0u 7 Ou* i ou* i, 0u
_ i, Ou, i . ok 4 (L . i 0u, 0wl
(S)» —QMO[( LU —8xx+ e oy y + utuz)w +(ku 5 X LU —ayy+u uz)wk]
w ou* ou* ou ou
_ * ou . SNk N N 2]{ 24
2 G 25 e G Oy) + ahful
= L [uVu* — itV + 2k|ul?%] (2.90)
2410

where the dell operator is confined to two-dimensions i.e. V = a%f( + B%SI.I'[ follows that the
general expression for the subsequent linear momentum density is given by

L = ¢uo(S)r = %[iuVu* — iu*Vu + 2k|ul?2] (2.91)
from which the angular momentum may be calculated for a chosen linearly polarized field con-
forming to the paraxial approximation. Subsequently, in the case of beams with azimuthal phase

variations such as the Laguerre-Gaussian beams, one may assume a general field of the form
u(r, ¢, 2) = ug(r, 2)e"? (2.92)

for a complex amplitude obeying the paraxial approximation. One may then convert Eq. 2.91
to cylindrical coordinates (V = %f‘ + %%qf)) for convenience. The resultant linear momentum
density components by substituting Eq. 2.92 into 2.91 may easily be shown as

L, = OF (2.93a)

L. = eqwk]|ug(r, 2)|*2 (2.93b)

Lo = “yug(r, 2)2 (2930
T

It may be noted that the radial term (Eq. 2.93 (a) indicates the beam divergence during propagation
and is zero here as a result of the analysis in terms of a non-diffracting beam. A diffracting beam
however, elicits a non-zero value which may be found in several references including [95; 96] for
interest. The z-term yields the linear momentum in the direction of propagation which leaves the
azimuthal term for determination of the angular momentum.

Considering angular momentum density in Eq. 2.83 for the beam axis, Eq. 2.93 (c) must be
substituted in to yield

~ €qwl

Jz = (Tf X (b)

lug(r, 2)|* = eowl|uo(r, 2) |2 (2.94)

along the propagation axis. Due to the linear polarization condition, no spin angular momentum is
present, implying Eq. 2.94 reflects the orbital angular momentum (OAM) density. The derivation
may be extended to where spin angular momentum is included as in reference [97]. This simply
results in an additional term appearing for this component, accounting for the additional angular
momentum.

Continuing with OAM, interpretation of [ lies in taking the ratio of the beam energy density
(¢ = cxL, = eqw?|ug(r, 2)|?) to that of the OAM density (Eq. 2.94) and integrating over all
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space, resulting in the relation [85]

j=  [f eowllug(r, z)Prdrdd  eqwl [[ |uo(r, 2)|*rdrdy 1 (2.95)

e [[eow?|uo(r, 2)|2rdrde — eow? [[|uo(r, z)[2rdrd¢ — w '
Equation 2.95 represents the angular momentum to energy ration per unit length. Now taking the
ratio of angular to linear momentum yields

angular  wl A
—=— = — 2.96

linear wk 27w (2.96)
This indicates possession of OAM proportional to [ per photon for the beam, which upon full
evaluation yields a total OAM of [h per photon [85]. Therefore, the integer [ describes a well-
defined OAM carried by the paraxial beam which is proportional to its value and features the
azimuthal phase dependence as the source of the OAM contained by the beam.

2.3.4 Polarization and vector beams

Polarization has been established and thoroughly researched for many decades, but has regained
popularity in view of its angular momentum interpretation along with the discovery that light with
helical wavefronts carry OAM. More specifically, Poynting [98] predicted that the polarization of
light can be associated with spin angular momentum (SAM). This was secured experimentally in
1936 by Beth [99] where circularly polarized light transferred SAM to a quarter-wave plate. It has
subsequently been well known that paraxial beams with circular polarization carry spin angular
momentum of 47 (as alluded to in the previous section) where the handedness of the circular
polarization determines the sign.

The new interest regarding polarization lies in the establishment of vector beams whereby the
OAM and SAM are paired and combined in a non-separable manner. Due to certain aspects of
these beams, like smaller beam sizes when focused, they offer applications in particle manipulation
[100], particle acceleration [101], microscopy [102] and quantum information [103], amongst
others, which offers promising advances in many research avenues.

Polarization

Polarization refers to the directionality of the electric field oscillation as light propagates [84].
Consequently, in the paraxial regime, it is mathematically described by the transverse electric
field vectors of a wave in some orthogonal basis such as Cartesian coordinates [84; 93]. Extension
of the wave expression introduced in Eq. 2.65 yields a complex form of the electric field vectors
that results in the light beams being utilized. This is given in Eq. 2.97 for a plane wave propagating
in the z-direction.

E(z,y,2,t) = («E(x,y, z)zei‘p“”f( + BE(z,y, z)yewyy)ei(wt_kz) 2.97)

Here E(z,y, z), is the complex amplitude associated with the electric field oscillating in the x-
direction with weighting o and E'(x, y, z), the complex amplitude associated with the electric field
oscillating in the y-direction with weighting 8 = 1 — . The respective phases, ¢, and ¢,, of each
component affect the oscillation direction of the net electric field vector and as such determine the
polarization state of the beam along with the amplitudes. It follows that it is the relative phase
which determines the net electric field vector and as such the equation may be modified to the
following form

E(z,y,2,t) = (aB(z,y, 2).X + BE(z,y, 2),e9§)e @+ (2.98)
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TABLE 2.1: Principal polarization states with associated parameters illustrating
different types of polarization states.

Polarization | Amplitude | Phase (@) Polarization

Horizontal E,=0 0

Vertical E,=0 0

Diagonal E, =E, 0

Antidiagonal | Ey =E,, i

Right Ellipse Ex=E,

Left Ellipse E,=E, —E

Right Circular | Ex = E),

A

Left Circular | E, =E, -

NS

pebipHHH

where ¢ = ¢, — ¢, and e« is taken out as an unimportant global phase. Polarization states
may be classified into to the categories of linear, elliptical and circular polarizations [84]. Linear
polarization occurs when the oscillation of the electric field is confined to a specific plane along
the axis of propagation where the angle of the plane from the x-axis denotes the polarization [84].
Elliptical and circular polarization refers to a rotation of the electric field oscillation about the
propagation axis. In the case of elliptical polarization, the rotation follows an elliptical pattern
determined by amplitude ratio and phase, while a circular pattern is followed for circular polariza-
tions [84]. Illustration of principal polarization states with the associated parameters are given in
Table. 2.1 where 8 = «. Further consideration of the states will be confined to the case of § = «
for clarity until noted otherwise in the next section.

As may be seen, linear polarization is achieved when the relative phases are the same (i.e. the
orthogonal components are in phase) or directly out of phase (a phase difference of 7). Circular
polarization, however, requires a phase difference of 7 /2 for right circular and —7 /2 for left
circular polarization. Elliptical polarization results from any other variation across the range in
which right-handed ellipticity applies to a positive phase difference and left-handed ellipticity to a
negative phase difference [93].

Jones matrices and the Poincaré sphere

Equation 2.97 can be awkward to work with when considering polarization transformations through
modification of the parameters by elements such as waveplates. In 1941, R.C. Jones simplified this
issue with the development of a new formalism, known as Jones Matrices or Jones Calculus [104].
As suggested by the name, Jones utilized matrices to express the orthogonal components of the
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TABLE 2.2: Jones matrices for the polarization states discussed in Table 2.1.

Jones Normalized

Polarization Matrix Matrix Polarization
. E. 1
Horizontal [ 0] [0] A“"_
. 0 0
Vertical [Ey] [1] 4¢__
Diagonal [E’x] 1 [1}
(45°) E, V211
Antidiagonal Ey ] L[ 1 ]
(-45°) E.e'™ VZ1-1
: . Ex 111
Right Ellipse [Exem/‘t] E [eiﬁ/4] ﬁ
: Ex I 1
Left Ellipse [Exe_i”/4] NG [E—EHM] f%

. . E, 1
Right Circular [Exei’r/ZI _[}

. E, 1r1
Left Circular [Exe_i”fz] _[—i]

electric field in a format that is easy to manipulate. This is shown in Eq. 2.99 for Eq. 2.98,

_ E(xay7 Z)Cﬂ
E(z,y,z) = [E(x,y,z)yew} , (2.99)

such that a vector matrix yields the polarization state of the beam. Jones matrices are commonly
normalized for simplicity which result in the well-known matrices given in Table 2.2 for the po-
larization states listed in Table 2.1.

Operation of elements that alter the polarization state of the beam is then easily achieved
through a matrix multiplication of the element Jones matrix with the Jones polarization state vector
[84]. The output then reveals the new state vector. The Jones matrices of these optical elements
subsequently constitute a 4x4 matrix describing the action of the element on all possible input
polarization states. Investigation into such matrices and the physics of operation shall be deferred
to Chapter 3 however, where it may be explored in greater detail.

Revisiting the various polarization states, it is possible to utilize the Bloch sphere introduced
in Section 2.1 to visually represent every possible polarization state. This polarization sphere is
known as a Poincaré sphere in honour of Poincaré’s suggestion to do so in 1892 [105]. Equiv-
alently, each point on the sphere surface represents a unique polarization state and all the points
collectively form all possible coherent polarization states. Furthermore, it is possible to use the
sphere to represent partially polarized states by considering points inside [106], but this shall not
form part of the reviewed theory here. Specification of each state additionally occurs from the use
of the familiar polar, x and azimuthal, ® angles as illustrated in Figure 2.11 (a). Here the sphere
has been rotated to favor the circular polarization states for reasons that will become clear further
on. The amplitude weightings consequently play a large role here where the weightings may be
determined by the functions @ = cosy and § = siny. It follows that the Jones state vector
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10y

FIGURE 2.11: Illustration of (a) the Poincaré sphere and (b) the associated ellip-
tical parameters that specify the polarization states on the sphere.

described by the angles is

L coS X
Polarization = [ei(ﬂﬁm)

(2.100)

sin X] ’

as was determined by the relation specified in Eq. 2.15, with the bases rotated, where —7/2 <
20 < 37/2 and 0 < 2y < 7. The Poincaré sphere in Fig. 2.11 (a) depicts the six cardinal states
used to demonstrate the different forms of polarization with the associated Jones vectors. Here
circular polarization is situated on the north and south poles with linear polarizations occurring
along the equator. It follows that varying degrees of elliptical polarization are represented by
the surfaces between the poles and equator. Clarification on how polarization transitions across
the sphere may be achieved through consideration of the elliptical parameters associated with
polarization, as depicted in Fig. 2.11 (b), along with how the associated angles correlate to Eq.
2.100. Angle  represents the orientation of the ellipse semi-major axis (as illustrated by the blue
line); /4 — @ then represents the ellipticity (purple line) which is the ratio of the semi-major (a)
and -minor (b) axes as indicated in Eq. 2.101 [93].

Ellipticity = b = tan (w/4 — ®) (2.101)
a

It may subsequently be shown that the amplitude and phase difference between the xz- and y-
components of the electric field relate to the Poincaré sphere representation through Eqs. 2.102
and 2.103 [84].

tan (2x) = cos (p) (2.102)

1— 12
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FIGURE 2.12: Evolution of polarization states across the Poincaré sphere surface.
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sin () (2.103)

with r = % . Substituting in the range of angles describing points in the Poincaré sphere into the
associated Jones matrix (Eq. 2.100), yields the evolution of these states across the surface. This is
presented in Fig. 2.12.

Accordingly, it can be seen that all the antipodal states on the sphere are orthogonally orien-
tated which may be confirmed through inspection of any two states w-apart in Fig. 2.12. The major
states outlined in Fig. 2.11 (a) form the axes of the sphere and as such enlighten the analysis of
this polarization state representation by considering the evolution across respective hemispheres
for these orthogonal axial pairs. For example, the diagonal and anti-diagonal polarizations form
an orthogonal axial pair with their respective hemispheres being centered on the state. The circle
outlined by all the other axial states then form the hemispherical boundary where the effects of
the hemispherical opposing states are equally weighted. Additionally, the rows in Fig. 2.12 indi-
cate longitudinal trends across the sphere due to x remaining constant while the columns reveal
latitudinal trends as a result of ® being constant.

It follows that the ellipsoid semi-major axis (or linear polarization orientation) changes di-
rectionality as you traverse the longitudinal lines across the sphere with a horizontal to vertical
evolution as indicated by the axial polarizations and along the columns in Fig 2.12. A +45-degree
orientation then results for all states along the line bounding the respective hemispheres with ex-
ception to the two polar states. The slope of the semi-major axis is determined by the position
with respect to the diagonal and anti-diagonal hemispheres where a positive slope occurs in the
diagonal hemisphere and a negative slope in the anti-diagonal hemisphere. The boundary states
then naturally maintain either a horizontal or vertical extreme based on which respective hemi-
sphere the states occur. The trend across the circular polarization hemispheres are related to the
ellipticity of the state. Here the ellipticity decreases from the poles to the equator. As such, the
ellipticity changes from 1 at both the left and right circular poles (b = a) before decreasing to 0
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(b = 0) along the bounding equator where the effects of the two states equate resulting in linear
polarizations.

Due to orthogonality of the antipodal states, it is possible to express polarization in terms of
other bases such as circular polarization where the following mapping relation applies [92]:

1

|H) = —=[IL) +[R)] (2.104)

S

2

V2

where |H) , |V') respectively represent horizontal and vertical polarization in Dirac notation. Like-
wise, |R) , |L) respectively describe the right and left circular polarizations. Consequently, with
minor modifications to the Poincaré sphere configuration angles, a new general Jones state vector
may be derived with the change in basis [93]. For the above Poincaré sphere configuration, it is
simply the case of changing the angle definitions where ® now becomes the polar angle and  the
azimuthal angle such that 0 < 2® > 7 and 0 < 2y > 27. Subsequently, the Jones state vector
for the Poincaré sphere in terms of left and right circular polarization is given by Eq. 2.106. Here
the top index refers to right circular polarization basis and the bottom to left circular polarization
basis.

V) I1L) = |R)] (2.105)

(2.106)
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Polarization = [

Vector beams

The beams described and categorized on the Poincaré sphere in the previous section are known as
scalar beams where the complex amplitudes, E(z, y, z), and E(z, y, z), were either equivalent or
one was null. As the spatial distribution of the beams are determined by the complex amplitudes in
the expression (Eq. 2.79), it follows that the spatial and polarization distributions are independent
of the other and thus result in beams with a polarization distribution that is homogeneous across
the associated spatial distribution [92; 107]. Mathematically, this is correlated to being able to
factor the complex amplitude out. For example, consider the Laguerre-Gaussian beams (Eq. 2.77)
introduced in Section 2.3.2, denoted LG, ; here, as the complex amplitude in the equation (with
the time dependence removed) where £, = E,:

1 . . .
E(z,y,2z) = —=(LGo1R + €Y LGy 1L
(z,y,2) Jﬂ 0,1 01L)
1 . .
= E(z,y,2) = LGo1—=(R + ¢*L) (2.107)

V2

Here the basis has been changed, however, from transverse to circular (with right, R and left, L
circular polarization) for convenience due to the circular symmetry associated with LG beams. It
can thus be seen from Eq. 2.107’ that the amplitude and polarization are separable, resulting in
the above equation falling under the solutions of the scalar Helmholtz equation and ensuing the
appellation scalar beams [85].

Conversely, considering the vector Helmholtz equation [107],

VXxVXE—-—KE=0

where the symbols have the usual meanings, it is possible to derive more intricate solutions. Cer-
tain solutions belong to the extended category of beams that has generated much interest recently,
known as vector beams. They are characterized by a spatially inhomogeneous polarization distri-
bution across the beam cross-section [85; 93]. One such example are Bessel-Gauss beams, derived
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with the paraxial approximation under the condition of azimuthal polarization symmetry [85]:

IBT 72'521

BG(T, Z) = AJl(m)@Qk(l-Hz/zR) CL(T, Z) (2108)

with the electric field orientated in the azimuthal direction i.e. E(r,z,t) = BG(r, z)ei(“t*kz)é.
A is a normalization term, a(r, z) the Gaussian amplitude (Eq. 2.70), J; is the 1st order Bessel
function, 8 a constant scale factor and the other symbols have the usual meanings. Considering
the beam waist where [ is minute, the Bessel-Gauss beam becomes approximately [85]: approxi-
mation under the condition of azimuthal polarization symmetry [85]:

—7‘2 A~
E = Arew? ¢ (2.109)

which can be viewed as a combination of the LG 1 and LG —; at the waist whereby the azimuthal
phase term (or OAM) is negated [108].

It follows that the solution illustrated above can then be related to the notation of Eq. 2.107
whereby the complex amplitudes are unrelated (i.e. not equivalent or multiples of the other) and
neither is null. This is exemplified below for the same case described in Eq. 2.107, but an addi-
tional LG mode being associated with the other polarization basis state.

E(x,y,z) = \}i(LGO’IR_ LG07_1L) (2.110)
Here it is clear that the amplitude can no longer be factored out, thus making the spatial and po-
larization components inseparable. It follows that the orientation of each electric field oscillation
across the beam depends on the location of observation (i.e. the point along the beam wavefront)
[108]. Based on the discussion of entanglement in Section 2.2, a parallel may be drawn for vec-
tor beams due to their non-separability and as such these beams possess the same implications of
entanglement. More specifically, they fall under the category of ‘classical entanglement’ with the
associated properties applying [77].

Ilustrations of these spatial and polarization relations are depicted in Fig. 2.7.

b

FIGURE 2.13: Examples of a (a) scalar (Eq. 2.107) and (b) azimuthal vector
(Eq. 2.110) beam with uniform and non-uniform polarizations respectively. The
black boxes with white arrows indicate vertical and horizontal linear polarizers
which project the beam into the respective polarization bases, yielding the intensity
distributions to the right of them (far right of each beam).

Here Fig. 2.13 (a) depicts the scalar LG 1 (ﬁ+zﬂ) beam given in Eq. 2.107 with ¢ taken to be
7/2 (i.e. diagonal polarization). The arrows indicate the direction of the electric field oscillations
across the beam profile. It follows that by placing a linear polarizer in front of the beam, it
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can be projected into the horizontal and vertical bases by assuming the associated orientations.
The black squares with arrows to the immediate right of the scalar beam represent the polarizer
orientations being imposed upon the beam, resulting in the spatial distributions displayed to the
right of them. As may be seen, the spatial distribution remains unchanged from that of the original
beam (excepting a variation in the overall intensity in the projected bases), indicating both the
separability of the properties as well as implied uniformity of the polarization distribution. It may
be noted that the instantaneous opposing directions are a result of inhomogeneous phase along the
beam cross-section [85].

Conversely, Fig. 2.13 (b) displays the vector beam, %(LGOJIA{ — ewLG(L_lI;), given in Eq.
2.110 (with o = ). It can already be seen that the polarization arrows indicate a clear variation
in polarization as the spatial distribution is traversed. This is made clearer through the projections
into the horizontal and vertical bases resulting in a different spatial distribution than that of the
original beam in addition to variation of the spatial distributions of each basis.

It may be noted that although polarization is confined to two orthogonal polarization basis
states (2 dimensional), the spatial mode orthogonal basis extends over an infinite range. Accord-
ingly, vector beams may be classified into different orders based on the spatial distribution mode
order [92]. Here the number of spatial bases increases with the mode order. However, as the spa-
tial modes are paired with the polarization states, the state of any vector beam is confined to a 2D
combination in its simplest form [92].

Furthermore, the type of vector beams created depends on the spatial-to-polarization basis
combination where clarification may be obtained by considering implications on the orbital (/)
and spin (circular polarization) angular momentum carried by the subsequent beams. First order
beams refer to the vector beams occurring from the combination of spatial modes up to [ = +1,
e.g. LGo and LGy, 1 exemplified earlier, and LG . It follows that this vector beam order is
the simplest as there are only three spatial basis states to consider, however, for convenience only
[ = +£1 will be used to further demonstrate types of vector beams. Figure 2.14 illustrates the types
of vector beams possible in view of different OAM-to-SAM combinations.

Vortex vector beam Antivortex vector beam Mixed vector beam

" olldo

OFMRQ

1
N

1 1

V2 V2

(LGo1, R+ LGy_4,1) (LGy_1, R — LGoy, L) (LGoy, D — LGy_y,A)

FIGURE 2.14: Illustration of a (a) vortex vector beam, (b) antivortex vector beam

and (c) mixed vector beam created due to various OAM-to-SAM combinations as

indicated by the equations listed below the beam cross-section. Arrows indicate
the polarization type and direction.

When the OAM and SAM handedness match i.e. right-handed (left-handed) OAM with right-
handed (left-handed) SAM, vortex vector beams are created whereby the polarization distribution
follows a spiral trend along with the azimuthal angle as indicated in Fig 2.14 (a) [92]. Conversely,
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when the paired OAM and SAM handedness is reversed (left with right and right with left), an-
tivortex beams are created as seen in Fig. 2.14 (b) [92; 109]. Here the polarization rotates counter
to that of the spiral trend along the azimuthal angle [92].

Vortex and antivortex vector beams are the result of pure angular momentum state combina-
tions. Combinations are also possible, however, where a pure OAM state may be paired with a
mixed SAM state or vice versa, depending on the basis set used to express the state [92]. In the
expression below Fig 2.14 (c), diagonal, D and antidiagonal, A polarization bases are used as they
represent mixed SAM states (linear combinations of RCP and LCP) since they consist of linear
combinations of right (+A SAM) and left (—h SAM) circular polarizations. Note that if the beam
were expressed in terms of the circular polarization basis, the paired OAM would be expressed as
+OAM mixed states. These hybrid or mixed vector beams have the property of a variation in the
polarization ellipticity along with the oscillation direction along the beam cross-section [92]. This
is illustrated in Fig. 2.14 (c) where the polarization changes from linear to circular and back as
the azimuthal angle increases through to 90°. A corresponding change in handedness additionally
occurs each 90°-cycle.

The higher order Poincaré sphere

As the vector beam state is confined to a dimensionality of 2 (polarization has only two orthogonal
basis states), it follows that a Poincaré sphere may thus be used to describe all the possible vector
beams within a particular spatial mode to polarization basis combination. This extension of the
Poincaré sphere concept was established by Milione et. al. [110], allowing greater insight into
vector beams in a similar fashion to that of the polarization states discussed previously. These
visual representations of vector beams were termed higher-order Poincaré spheres (HOPSs). The
Poincaré sphere illustrated in Fig. 2.15 is an example of such a HOPS for a £/ vortex vector beam
pairing. The states are expressed in Dirac notation with OAM used to indicate the LG spatial mode
so as to emphasize the changes and conservation of angular momentum as the sphere is traversed.

Here Eq. 2.106 applies to the description of AM change (and thus change in the vector beam)
across the sphere with the top index referring to the paired basis state |1, R) and the bottom to the
paired basis state |—1, L).

Accordingly, ® indicates the relative weighting of the OAM while y indicates the relative
phase between the beams. As the opposing OAM states are of the same order (just opposite
handedness), the total spatial distribution remains constant for all the possible modes. It may be
noted that in cases where the modulus OAM is not the same (or there are unequal radial modes),
the overall spatial distribution will exhibit changes related to the weighting of the contributing
spatial bases due to the effects indicated by Eq. 2.99 [92].

The beams or modes at the poles contain only one basis pair and as such represent the con-
tributing scalar beams that form the vector beams. This is illustrated by the uniform circular po-
larization distributions along the beam cross-sections at the poles of the sphere. Every other state
along the sphere is non-factorizable and as such are vector beams. These two states accordingly
have maximal OAM and SAM as there are no negating influences from the opposing state.

It follows from the equal weighting of opposite circular polarizations that the polarization
distribution state across the beams located at the equator are linear. Direction of the instantaneous
polarization across the beam varies azimuthally with a spiral trend as indicated for vortex vector
beams. Here, x specifies the angle of the linear polarization orientation from the normal of the
circumference of a circle with a center corresponding to that of the beam center. This is illustrated
in the inset (b). The vector beams along the equator are well-known as a subset labeled cylindrical
vector (CV) beams due to their axial symmetry in both phase and amplitude [108]. These beams
in Fig. 2.15 (a) subsequently carry no net AM as the equal weighing of opposite respective AMs
result in a net AM of null for each type.
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FIGURE 2.15: Diagram of a (a) higher order Poincaré sphere for £/, including an
illustration of a (b) generalized first-order vector beam.

Moving longitudinally, variation in ® results in a variation in the circular polarization causing
polarization states of varying ellipticity. The handedness and ellipticity and directionality then fol-
lows the same logic as that of the Poincaré sphere in Fig. 2.11 with an azimuthally dependent axis
as depicted for Fig. 2.15 (b). Latitudinally, x then rotates the polarization semi-major axis direc-
tion from the azimuthal normal. The generalized case for these vector beams is then exemplified
by Fig. 2.15 (b).

It should be noted that the respective weightings of either of the OAM and SAM coupling ex-
tremes at the poles indicate the degree of classical entanglement between the ‘basis/pole’ modes
or, otherwise stated, the degree of separation varies [77]. It follows that maximum entanglement
occurs at the equator where equal amounts of each state are present. McLaren ef. al. [77] and
Ndagano et. al. [111] developed a corresponding measure for the separability of beams by leaning
on existing quantum mechanical tools for quantizing entanglement. When revisiting the origi-
nal mathematical definition of vector beams given previously, it follows that this entanglement
approach in fact measures the beam vector property. Consequently, this was denoted the beam
‘vectorness’, allowing one to determine the quality of the vector nature of the beam quantitatively.
As a result, modes along the equator or CV beams with maximum non-separability have a vector-
ness of 1 that decreases on either side of the equator until a O value is reached at the respective
poles, indicating no separability and thus a scalar beam [111].
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Chapter 3

A Toolbox for a QW in the spatial
modes of light

3.1 Quantum walking

Due to the extensive possibilities attached to realising the QW, many avenues and systems have
been explored for achieving its physical implementation, each with its own advantages and disad-
vantages. This consequently solicits the question: what is required to physically realize a QW?
Choosing a system to engineer a QW may be broken down into several properties or criteria. Here
the walker must contain or be contained in a sufficiently extensive orthogonal space which may
serve as the position space for the walker. The walker must then be able to form a superposition
over any and all of these position states. Additionally, the walker must have a property with di-
mensions correlated to that of the position space which can form a coin subspace. For instance,
in a 1D QW, a 2D coin subspace is needed. As the coin is a property of the walker, it is evident
that it can exist as a subspace to each position state. There must then exist a mechanism whereby
the coin states may be rotated into various superpositions and whereby the coin subspace may be
used as a consistent control for movement of the walker in the position space. Using the action
of these mechanisms to manipulate the intrinsic properties of the walker in its position space, one
may then build a physical QW.

Numerous subsequent proposals and implementations of physically achieving this QW have
since been developed where walks have been demonstrated. Here different QWs are briefly men-
tioned for context, illustrating the extensive variety and importance of this subject. A good re-
view of schemes, both implemented and proposed, may be found in a book written by Wang and
Manouchehri [9]. Some of the many systems include the use of NMR [112], electrons [113],
atoms [114], ions [115; 116], photons [117; 118], Bose-Einstein condensate [119], optical fiber
time loops [120; 121], and photonic waveguide arrays [122; 123] in the quantum regime. Here the
steps achievable was limited to below 63 [121] to the best of the authors knowledge at this time. A
major contributing factor to this limit, and thus the practicality, involves the fragility of quantum
systems to environmental factors in addition to the difficulty of maintaining precise control of the
walker as required for carrying out a QW.

An alternative implementation involves exploitation of the interference and superposition na-
ture of this phenomenon. Here light is an advantageous tool due to the wave nature causing inter-
ference, thus allowing one to play with the amplitude which leads to quantum simulation. Knight
et. al. [32] noted the viability of implementing QWs with classical light due to the analogous
dynamical principals. This spurred additional schemes and implementations utilizing optical cav-
ities [35], photonic crystal chips [124], and optical fiber time loops [125], increasing the number
of achievable steps. These schemes, however, have not, to the author’s knowledge, reached steps
greater than 75 [125] (where a compensating amplifier was employed). It follows that by utilizing
the classical QW approach, not only is control of the walker easier, but a more robust response
to environmental influence may be expected. This limit in the number of steps also suggests that



58 Chapter 3. A Toolbox for a QW in the spatial modes of light

additional schemes, implementations and improvements are required to further the usefulness and
practicality of this phenomenon.

One interesting approach with classical light involves the exploitation of the OAM and polar-
ization degrees of freedom [126] that were covered in Chapter 2. As will be discussed near the end
of this chapter, these properties fulfill the requirements listed earlier. Here, an additional analo-
gous relation may be considered in the application of QWs with classical light. More specifically,
classical entanglement occurs between OAM and polarization. As entanglement is a quintessential
property associated with QWs whereby the coin and position degrees-of-freedom (DoF) exhibit
non-separable correlations after several steps are taken [65], it follows then that these dynamics
may be additionally exploited in a way that has been largely unconsidered in the other classical
implementations. More specifically, QWs act as entanglement generators [127] which may be
easily seen in the OAM and polarization DoF of classical light with classical non-separability.

In fact, analogous implementation of quantum mechanical phenomenon utilizing this special
case of shared dynamical properties have already been shown for quantum communication links
[128], superdense coding [129], teleportation [130], game strategies [131], polarization metrology
[132] and Fourier transforms [133]. Furthermore, the strength of this analogue can be seen where
where the OAM and polarization scheme has been demonstrated in both the quantum and classical
regime by generating photon pairs as well as attenuating bright light, respectively. This quantum
implementation was carried out by Cardano et. al. in 2015 [117] and 2016 [118] as well as recently
in the attenuated light regime [134] with the same fundamentals of the scheme published by Ref.
[126] and generalized in [135].

In this work we explore this classical realization of a QW in the spatial modes of light. Here
OAM and polarization of the light are exploited according to the scheme in Ref. [126] in order
to demonstrate a practical system that may be utilized for furthering the exploitation of QWs,
however with additional advantages over that undertaken by Ref. [134].

To physically actualize such a walk, the tools required for manipulating light in both the spatial
and polarization degrees of freedom requires some exploration. Here we characterize the operation
of various optical elements, beginning with polarization control from waveplates and extending the
toolbox to include g-plates for OAM generation as well as efficient detection of these OAM modes
with mode sorters. The types of OAM modes generated by g-plates are also considered with the
corresponding implications for higher-order modes. Utilizing this toolbox, it can then be seen how
one may exploit polarization as a control for OAM and thus actualize a physical QW with classical
light in the polarization and spatial degrees of freedom.

3.2 Waveplates

As the polarization of light is determined by the orientation of the electric field oscillation, it is
possible to alter the polarization of a wave by introducing phase shifts between the orthogonal
components of the transverse electric field vector [84; 136]. This consequently causes a new
orientation in which the electric field will be confined to oscillate within (a different polarization
state). Common elements used to achieve this are known as waveplates for which the physics
behind this will be briefly covered. The Jones matrix formalism introduced in Chapter 2 are used
as the mathematical basis to describe the operation of these elements.

3.2.1 Working principles

Waveplates are made from birefringent materials such as quartz and mica which possess different
indices of refraction for the orthogonal orientations and thus orthogonal polarization states [136].
More specifically, when light traverses the waveplate, one polarization component ‘sees’ one in-
dex of refraction known as the ordinary refractive index (n,) along the ordinary (slow) axis of
the material while the orthogonal component ‘sees’ a different index of refraction known as the
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FIGURE 3.1: : Illustration of an electric field incident on a waveplate of thickness,
t with the fast axis (a) aligned with the global x-axis and (b) rotated some angle,
0, from the x-axis.

extraordinary refractive index (n.) along the principal (fast) axis of the crystal [136]. Now from
Eq. 2.55 of Chapter 2,

v=—,
n

it is clear that the refractive index dictates the speed at which the electric field traverses the ma-
terial. By altering the speed of a wave, the overall phase of the wave is thus shifted according to
the total retardance experienced. This is illustrated in Fig. 3.1 (a) where the horizontally polar-
ized electric field (E,) coincides with the fast axis while the vertical component experiences the
ordinary index of refraction.

Traversal of the waveplate then gives rise to dynamical phase, which is described by Eq. 3.1

[136],
2mnt

Pa=—1— (3.D

where ¢ is the thickness of the medium possessing the refractive index, n for light of the wave-
length, A. Accordingly, if the orthogonal components of the electric field experience different
refractive indices, they will incur different phase shifts according to the axis traversed and as such
a relative phase difference may be created between the components as described by [136]

27 (ne — ny)t

6¢d = ¢de - ¢do = 2

3.2)

In a simplified case where the vertical and horizontal polarization states are orientated along the
ordinary and principal axes respectively, such as in Fig. 3.1 (a), the relative phase incurred is then,

2T (Ne — Mot
MZ%—wZ(A). (3.3)

based on Eq. 2.99. The output state then becomes the generalized Jones matrix expression where

dp =
E
£= | g
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as was covered in Chapter 2. Here it may thus be seen that alteration of the polarization can be
achieved with the correct thickness, t. For example, choosing t such that ¢ = 7/2 when E, = E,
results in diagonal polarization converting into right circular polarization according to Table 2.2.
Similarly, ¢ = 7 generates anti-diagonal polarization and ¢ = 7 /4 an ellipse.

In terms of Jones matrix notation, the operation of an optical element assumes a 2x2 matrix
such that multiplication of an input state vector results in the appropriate output vector. Here this

relation is given by [84]
|:Eout,x:| _ |:W11 W12:| |:Em,m:| (3 4)
Eout,y W21 W22 Ein,y ’

where Ej, refers to the input state of the wave, E,,; refers to the resultant state and W;; are the
elements of the optical element matrix acting on the input state when the wave traverses it. In
the case where the horizontal and vertical components are aligned with the relative axes, as for
Eq. 3.4, the following matrix describes the action of the waveplate based on the wave notation,
ei(wtsz) [136],

- 27t
—i%tn, e 1 0
€ gt]:fﬂ%[ ot ] (3.5)
0 Hhno

. : 1 .
Here it may clearly be seen that the horizontal component, H = [ O} , experiences the phase retar-
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; . . . . 0 .
"3 e as determined by the fast axis while the vertical component, H = [ 1] , experiences

dance e™

27t

"X "o a5 determined by the slow axis. The expression may then be simplified to

the retardance e~

WPzB(ﬁJ (3.6)

by extracting the extraordinary component as a global phase.

Equation 3.6, however, is a simplified case with the waveplate axes placed at a specific posi-
tion. This may be generalized to consider the action of a waveplate when the axes are rotated at
an angle theta from the x-axis [85], which is illustrated in Fig 3.1 (b). By applying the rotation
matrix [84],

roy= [ )
to the waveplate as [84]
WP(0) = R(—6)[W P]R(0) (3.8)

the rotation of the waveplate optical axis may be described. Action of these rotation matrices may
be thought of as rotating the input wave from the laboratory frame of reference to the waveplate
axis by R(6) and then returning it to the laboratory frame of reference by R(—6). The change
of polarization exacted by the waveplate axes orientated at the angle 6 is then determined. Multi-
plying out Equation 3.8 yields the general matrix for a waveplate with the fast axis rotated at the
angle 6 from the x-axis of the laboratory frame of reference:

cos? (0) + e ¥sin? (0) (1 — e~ %) sin () cos (0)

WEVO) = (1~ e sin (8) cos (9) % cos? (6) + sin? (0)

(3.9
Here Eq. 3.9 describes the action of the waveplate in the corresponding horizontal and vertical
(HV) basis. A similar expression may be obtained in the circular polarization (CP) basis with the
appropriate conversion matrix Equation 3.10 gives the corresponding analytical expression in this
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basis as was described in Chapter 2 [137].

cos(£)  ie ™ sin (g)} (3.10)

Wrep(0) = [iewe sin (£) cos ()
where all the symbols retain their meaning.
A common type of waveplate imperative to achieving polarization control for the quantum
walk is the quarter-waveplate (QWP) with a phase retardance of ¢ = 7/2. The corresponding
expressions are then [84; 136]

~ [cos?(0) +isin? () (1 +4)sin (@) cos (0)
QW Pry (0) = [(1+i) sin (0) cos (6) —icos? (0) + sin? (0 )] @11
and [137] N
171 —i
QW Pop(6) = NG [iem 161 } (3.12)

in the HV and CP bases respectively.

Denoted due on its retardance of a quarter wave between orthogonal polarization components,
this waveplate allows conversion between linear and circular polarization states as will be seen in
the following section.

Similarly ubiquitous, the half-waveplate (HWP) also bears importance in the toolbox of polar-
ization state manipulation. Here the phase retardance is equal to a half a wavelength with ¢ = 7,
resulting in the corresponding matrices [84; 136],

_ |cos(20)  sin(20)
HW Prv (6) = [sin (20) —cos (20)} (.13)

and [137] 1 I
HWPop(0) = Lem . ] (3.14)

after substitution into Eq. 3.9 and Eq. 3.10 with further simplification.

3.2.2 Demonstration and experimental considerations

As the HWP and QWP are fundamental to flexible manipulation of the polarization degree of
freedom, these common waveplate operations were experimentally tested with the setups shown
in Fig. 3.2 for projection into the CP polarization basis with Fig 3.2 (a) and the HV basis with Fig
3.2 (b).

A 633 nm HeNe laser, producing horizontally polarized light, was directed through a WP in
a rotational mount when looking at the WP action on linear polarization. An additional QWP at
45° (QW F;) was placed before the WP, resulting in generation of RCP, when looking at the WP
action on CP. For testing the CP output of the waveplates, the modified beam was passed through
a polarization grating (PG) which spatially separates the CP polarization components into 1st and
2nd diffraction orders. The output polarization could thus be projected into the CP basis allowing
LCP and RCP state weightings and spatial components to then be detected through observation of
the modes on a Spiricon SPU620 camera as illustrated in Fig. 3.2(a). Testing the waveplate output
in the linear polarization basis was achieved by replacing the polarization grating with a polarizing
beam splitter (PBS) and a mirror. This allowed the camera to simultaneously detect the vertically
polarized component to the left and horizontally polarized component to the right, as illustrated in
the Fig 3.2(b).

Starting with the QWP, the setup in Fig. 3.2(a) was used with WP as a QWP and without
QW P;. Here the linear input state was chosen to be horizontal based on convenience, although
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FIGURE 3.2: Experimental setups used to demonstrate waveplate (WP) operations
in (a) the circular and (b) and linear (horizontal and vertical) polarization bases. A
QWP at 45° (QW P;) was included when demonstrating the operations on CP.
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any arbitrary linear state may have been used. Effect of the QWP on the horizontally polarized
beam (|H)) in the HV and CP bases may be determined by taking the product of the matrix for
horizontally polarized light (Table 2.1) and the respective QWP matrices. The QWP action as a
function of the fast axis rotation then yields the following polarization outputs:

1 1 e 1 [1 1+ je120
QW FPcp(0) |[H) = NG [iem zel ] NG [1] = [1 _i_ZZveez'ze} (3.15)

and

~ [cos?(0) +isin®(0) (1+1i)sin(0 )cos )] 1
QW Py (9) |H) = [(1 + 1) sin () cos (8) —i cos? () + sin? (0 )} {O]
_ [ cos? (#) + isin? () }

(1+4)sin (0) cos (6) (3.16)

Analysis of the WP action by projecting into the HV and CP basis as described in the experimental
setup, was achieved by observing the intensities of the output mode in the corresponding states.
Analytic determination of the respective outputs corresponds to taking the square of the modulus
of each term in the rows for each output vector. For instance, the RCP output would be taken from
the top row of Eq. 3.15 while LCP would be that of the bottom row:

Ig] 1 [|1+ie ™%2] 1 [1+ sin(20)
[IL] [[14—26’29]2 T4 |1 —sin(26) 3-17)

Plotting these values as a function of 6 resulted in the expected operation of the QWP in the CP
basis described in Fig. 3.3 (a) and (b). Here the red (blue) lines indicate the right (left) CP output
with the crosses yielding the experimental projection measurements. Insets above each plot show
the polarization projections for choice angles as observed on the CCD with a false colour map.
Operation of the QWP on this linear polarization shows the intensities of the RCP and LCP light
fall between the periodic extremes as described by the sinusoidal functions in Eq. 3.17. Similarly,
for the projection into the HV basis, the following relation is found:

[Ig] 1 [|cos?(0) —icos® (0)]>] 1 [3+ cos(40)
QW Py (0) |H) = [15] T4 [|(1 + 1) cos () sin (9)|2] T4 [1 — cos (49)] (3.18)

where the periodicity remains between [0.5,1] for horizontal polarization and between [0,0.5] for
vertical polarization. Here analogous representation stands in Fig 3.3(c) and (d) with horizontal
(vertical) calculated and measured values are given in red (blue).

In greater detail, 0° results in no change in the input polarization with equal intensities between
the CP states as indicated in the mapping from Chapter 2:

|H) = [IL> + |R)]

%\

i
7 [1L) = [R)]
This is further observed with the projection in the HV basis where approximately no intensity is
detected in the vertical polarization bin.
Further increase in the fast axis angle results in an increase (decrease) in the weighting for RCP
(LCP) until an extreme of 1 (0) for RCP (LCP) is reached as 45°. This corresponds to a decrease
(increase) in the horizontal (vertical) polarization state until reaching an equal superposition at 45°

V)=
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FIGURE 3.3: Experimental test of the QWP with a linear (horizontal) input state

in the (a,b) circular and (c,d) linear polarization bases for incidence upon the (a,c)

front and (b,d) back of the optical element.Insets above the graphs show the LCP

and RCP modes detected on the CCD for the extreme cases of an equal superposi-
tion as well as only LCP and RCP states.
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as may be expected from a reverse mapping of the basis states:

_ b
V2

Afterwards, the RCP (LCP) begins to decrease (increase) until another equal superposition is
reached whereby the output returns to H-polarization at 90°. Increasing the rotation angle contin-
ues the decrease (increase) in RCP (LCP) until 130° whereby only LCP results, corresponding to
another equal superposition of H and V polarization:

|R) [[H) +i|V)] (3.19)

i

V2

with a phase difference between the linear bases of e . Continued rotation to 180 returns the
CP to an equal superposition equal to the linear polarization of the initial state. The trend is then
repeated in the full 360° rotation.

In summary, it may be observed that alteration in the linear polarization projected has a 90°
periodicity, while CP alteration carries a 180° periodicity with the QWP. Intuitively, as the QWP
induces a quarter-wave shift in between the orthogonal linear polarizations, when only one com-
ponent is incident at 90° angles from the x-axis, the wave only sees a global phase and as such the
linear states remains the same. When the fast axis is rotated, the effective magnitude of orthogo-
nal polarization components seen by the waveplate is altered, causing an associated quarter wave
change between these components and resulting in rotation of the polarization. However, as the
magnitudes in each component are altered, so is the rotational path. This generates elliptical po-
larization states which are related to the relative magnitudes seen by the fast axes. Consequently,
when equal magnitude is seen at 45° with the horizontal polarization (relative diagonal orienta-
tion), right circular rotation of the electric field occurs. Incidence with the same equal magnitude,
but with the components reversed about the x-axis, as at 135° (anti-diagonal relative orientation),
CP again results from the retardation. Conversely, the resulting rotation occurs in the opposite
(left) direction. It follows that with the fast axis moving between these extremes in Fig 3.3 (a), the
relative CP weighting ratios vary between 0.5, 0 and 1 with the corresponding HV magnitudes as
seen by the waveplate fast axis. It may be additionally noted that the elliptical states obtainable
remain within the A-H-V hemisphere of the Poincare sphere as the input mode is horizontally
polarized, which is reflected in the intensity ranges for the HV components. Reversal of this re-
lationship and elliptical state space will thus occur if the incident polarization was changed to
vertical.

The waveplate operation was also tested to determine directional sensitivity. More specifically,
it was assumed that a wave travelling back through a WP would encounter the fast axis as if it
were in the opposite orientation. This corresponds to making the WP angle negative and which
results in Fig. 3.2(b). A reserve action on the LCP (blue) and RCP (red) transformation results,
such that the curves are switched between the two WP orientations (Fig 3.1(a) and (b)) in the CP
basis. For the linear basis, however, the orientation appears to an insensitivity in the magnitude
of the projected states, however, this does not hold for phase as is shown in the switch with the
CP projection. Experimentally, the results are in excellent agreement, showing that the QWP is
directionally sensitive and care should be taken.

Analysis of QWP action on the CP is shown in Fig. 3.4 where QWPi was inserted with the fast
axis at 45°. As the incoming polarization already possesses a quarter-wave difference in phase, it
is expected that the effect of the QWP would be to increment that further such that the difference is
that of a half wave. As a result CP should be returned to a linear state. This is confirmed where the
RCP and LCP magnitudes remain constant with an equal ratio in Fig 3.4 (a) while the linear state
magnitudes undergo changes as the fast axis is rotated. It follows that the relative phases between
the CP states are altered with theta corresponding to the HV bases states experiencing alteration.

L) [[H) —i[V)] (3.20)

—im/2
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and RCP modes detected on the CCD for choice cases indicating variations in the
projected states.
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A similar trend may be observed in the linear basis as was seen for the CP basis discussed for the
previous case. At 0° an equal superposition (diagonal) may be seen:

(1—-19)
2V2
with a relative phase difference of €™/ = i between the CP states. After which, the vertical

polarization increases to 1 at 45° before beginning to decrease to form another equal superposition
(anti-diagonal) at 90°:

D) =

[|R) +i|L)] (3.21)

(i+1)
2v2

where a phase difference of e —1 is incurred between the CP states.

Further increase in the fast axis angle causes additional decrease in the vertical polarization
component until the output state is purely horizontally polarized at 135°. The vertical polarization
component then increases again to from another (diagonal) superposition at 180°. Repetition of
the relation then occurs for the next 180°. Again, the QWP displays sensitivity to orientation with
a trend reversal for Fig. 3.4(d). It follows that for CP input, the QWP action may be visualized
as traversing the equator of the poincare sphere where the fast axis angle, § = 2x on the sphere.
Excellent agreement may be seen in Fig 3.4 (c) and (d) between the calculated and measured
values. A larger deviation is evident for Fig 3.4 (a) and (b) however, where a small oscillation
between [0.45,0.55] is observed about the expected 0.5 position. The correlation, however, is
large enough for the WP action to be concluded to follow the calculated trend. Here the deviation
may be attributed to a combination of systematic errors from slight inefficiencies in the waveplate
conversions.

The same setups as shown in Fig 3.2 were used for testing the HWP with WP = HWP. Anal-
ysis of the HWP for incident linear polarization, as shown in Fig. 3.5, was similarly done with
horizontal polarization where QWPi was not present. Accordingly, Fig 3.4(a) and (b) display the
calculated and measured data for in the CP and HV polarization bases respectively. Calculation of
the intensities in either basis follows on from the QWP example as shown:

D) =

—im/2

|R) —i|L)] (3.22)

0 e 7 1 [1] —i26
HWPcp(9)|H) = Leize 160 } E L_ = \L@ [jei%] (3.23)
" (20) (20) 1T (26)
cos (2 sin (2 1 i Tcos (2
HW Pyy(0) |H) = [sin (20) —cos (29)] V2 _0} - 2 Lin (29)} (3.24)
where . . ‘29|2 1
R| _ e’ B 1
[IL] T2 [ |¢ei29\2] ) M (3.25)
and 1 | ( 9)|2 1 2( 9)
Ig] 1 []cos(2 1 [eos? (2
[I\J T2 [\sin (20)]2] 9 [Sin2 (29)} (3.26)

As the HWP imparts half a wave phase difference between the two orthogonal components, it
follows that a linear input polarization should remain so, resulting in a variation of the orthogonal
component magnitudes. Additionally, a constant equal superposition in the CP bases may also
be expected as was described for the QWP case when incident with CP. Both the calculated and
measured values show similar trends to that seen in Fig 3.4 (a) and (c), indicating intuitive agree-
ment. Here the LCP and RCP remain constant with 0.5 intensity weightings which may also be
seen directly from Eq. 3.26. Furthermore, Fig. 3.5 (c) shows complimentary oscillations between
[0,1] for the H and V-polarization basis.

There are two distinct differences, however. Rotation of the HWP fast axis corresponds to
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double the rotation resulting from the terms in the matrix, as seen in Eq. 3.24. As a result, the fast
axis rotation also corresponds to double of that seen for the QWP. The periodic repetition for the
linear states in Fig. 3.5 (c) subsequently occurs every 90° as opposed to the 180° seen in the QWP.
It follows that for a linear input polarization, action of the HWP may be visualized as traversing

the equator of the Poincare sphere, however for the HWP, 0 = 4.
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FIGURE 3.5: Experimental test of the HWP with a linear (horizontal) input state

in the (a,b) circular and (c,d) linear polarization bases for incidence upon the (a,c)

front and (b,d) back of the optical element. Insets above the graphs show the LCP

and RCP modes detected on the CCD for choice cases, indicating variations in the
projected states.

The second variation from the QWP case is that of the initial state at 0°. Here, similar logic
is applied to that of linear polarization incident on the QWP. The linear state remains the same
with some global phase factor when incident along either of the ordinary or extraordinary axes
(i.e. integer multiples of 90°). Placement of the fast axis at 45° (or integer multiples of 90° added
to it) flips the polarization to the orthogonal component, such that H-polarization is converted to
V-polarization. Equal superpositions occur at 45° intervals from 22.5° with diagonal polarization
at 22.5° and antidiagonal polarization at 67.5°. In both projection cases, the HWP appears to be
invariant to the incident direction, however, it should be noted that closer observation the diagonal
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and anti-diagonal bases will show a flipping such that at 22.5° in Fig. 3.5(d) the polarization is
antidiagonal while 67.5° it is diagonal. As such, directional care should also be taken for the HWP
with linear polarization inputs.

Excellent agreement between the measured and calculated values are again seen in the HV
polarization basis with Fig. 3.5 (c) and (d). Similarly, systematic errors are also evident with
small oscillations between [0.42,0.57] in the CP basis in Fig. 3.5 (a) and (b), however, correlation
is still apparent between the calculated and measured cases.
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FIGURE 3.6: Experimental test of the HWP with a circular (RCP) input state in the

(a,b) circular and (c,d) linear polarization bases for incidence upon the (a,c) front

and (b,d) back of the optical element. Insets above the graphs show the LCP and

RCP modes detected on the CCD for the extreme cases of an equal superposition
as well as only LCP or RCP states.

Placing the QW P; with the fast axis at 45° in the experimental setups of Fig 3.2 generated
RCP, allowing the WP = HWP to be analyzed when incident with CP. Due to the 7-phase retar-
dance, incidence with CP results in a particularly different result from the previous cases as may
be seen in Fig. 3.6 (a-d). Here, as shown by Fig. 3.6(a), RCP is flipped to the orthogonal state,
LCP, which then remains invariant to rotation of the fast axis. This invariance is also seen in Fig
3.6(c) with the HV polarization basis where polarization maintains a constant equal superposition
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between the basis states with fast axis rotation, in keeping with Eq. 3.17. Furthermore, the state
remains invariant to directional incidence of the CP as indicated in Fig 3.6 (b) and (d). It follows
that this is a special case whereby directionality CP incident on the HWP is not an issue. The result
of changing the fast axis angle will be discussed in further detail in Section 3.2.2 with regards to
operation of the QP.

Experimental values follow the calculated outcome closely in Fig. 3.6(a) and (b), indicating
good agreement and repeatability with the HWP. Figures 3.6 (c) and (d) exhibit the periodic fluc-
tuations about the calculated value, as seen in the other cases where a 0.5 constant superposition
between the bases was expected. Here the fluctuation is slightly higher, falling within the inter-
val [0.4,0.6], which may be explained through compounded systematic errors due inefficiencies
in two WPs along with the PBS. Nevertheless, Fig. 3.6 (c¢) and (d) show an acceptable degree
of correspondence, indicating a fairly constant outcome. It may also be seen that the deviation is
higher in both linear and CP input cases of the HWP in comparison to the QWP, indicating slightly
better efficiency from the QWP than the HWP.

It follows that the QWP is useful for manipulating CP states as was seen with conversion of
linear states to CP and back in addition to being able to generate various elliptical states. Con-
sequently, the QWP may be used to engineer various states with varying weightings of SAM.
Additionally, when incident with CP, the QWP may be used to traverse all the possible linear po-
larization states as represented by the equator of the Poincaré sphere. The HWP may also traverse
the linear polarization states through alteration of the relative phases between the LCP and RCP
bases, however this is achievable when incident with linear polarization. Here no alteration of
the incident beam SAM is possible. Additionally, a unique invariance occurs when operating on
CP. The HWP flips the CP, and as such the SAM of the incoming beam, but maintains a constant
output state with rotation of the fast axis. Subsequently, sufficient control of polarization of the
SAM states of a beam is achievable through engineered combinations of these waveplates.

3.3 The g-plate

Since development of the g-plate (QP) in 2006 [138], it has become a common element employed
to generate beams containing OAM. The working principles behind OAM generation with the
g-plate has offered several applications with simplistic generation of vector beams such as radial
or azimuthal vector vortex beams used for optical trapping [139; 140] and surface microstructure
processing [141], among others. Based on the method by which the g-plate generates OAM, it
additionally opens the possibility of physically realizing a QW in OAM space [126]. Design of
the QP dictates the OAM value generated and the polarization of the incoming beam controls the
handedness of the OAM generated. It follows that polarization may thus be used as a control
for the laddering of OAM to higher or lower values in either handedness (positive or negative
OAM). Here we consider the physical principles behind how the QP achieves this transformation
and experimentally characterize its operation in view of using the operation rules as a means to
physically implement such a QW.

3.3.1 Working principles

In Section 3.2.1, dynamic phase could be utilized as a property to retard directional electric fields,
allowing the polarization of a wave to be changed. Dynamic phase, however, is not the only mech-
anism by which phase changes in light may be brought about. Another type of phase introduced by
altering parameters adiabatically in a closed loop fashion is geometric phase [142]. This additional
phase is acquired by a state or property of a system (such as the phase of a light wave) when the
parameters (polarization), on which the state/property depends, undergoes alterations that bring
the parameters back to the initial values [142]. Essentially, these alterations may be viewed as a
mapping out a closed loop path in the parameter space as illustrated in Fig. 3.2(b). Berry [143]
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and Pancharatnum [144; 145] showed that the acquired phase is equivalent to half the solid area
bounded by the transformations in the parameters space, denoted 2 is the figure. This effect is
known generally as anholonomy in physics whereby a parameter-dependent property does not re-
turn to the same value when the parameters return to the original value after undergoing a closed
path adiabatic evolution [142]. Anholonomy is also not confined to physics, but is also known as
parallelism or, contradictorily, ‘holonomy’ in mathematics [142].

This specific case of geometric phase concerning light waves was described by Pancharat-
num in 1996 [144] where he observed that an evolution of polarization that returned to the initial
state resulted in an additional phase being gained by the light. Berry later studied the effect in
quantum mechanics where a non-relativistic quantum system adiabatically traversing a circuit in
parameter space incurred an additional circuit-dependent ‘geometrical’ phase [143], generalizing
the phenomenon.

FIGURE 3.7: (a) Illustration of a diagonally polarized light beam traversing a
series of waveplates that take the states through a closed loop transformation which
is (b) depicted in the polarization parameter space with a Poincaré sphere.

For the purpose of this dissertation, however, it is the polarization related geometric phase,
often called the Parachatnum-Berry phase that requires exploration. This effect may easily be
seen by considering the evolution of polarization by the action of a series of waveplates. Consider
Figure 3.7(a). Here diagonal polarization is passed through a HWP with the fast axis orientated
at 22.5°, converting it to horizontally polarized light. On the Poincare sphere (Fig. 3.2(b)), this is
seen by the change in position from A to B. Passing the light through a QWP at 45° then alters
the state to right circular polarization (RCP) or C in Fig 3.7(b). By including the action of another
QWP at 90°, the RCP is changed back to diagonal polarization and a closed loop has been formed
on the Poincare sphere. The light at this stage is not just diagonally polarized, however, but also
has a supplementary phase of ¢¥/2 where ) is the area enclosed by the evolution.

This effect is exploited with the g-plate operating mechanism in a slightly more conceptually
complicated regime: the spatial domain [138]. Where in the previous example the change in
polarization occurred sequentially and thus evolved in the time domain, Bomzon et al. [146]
showed that if a change in polarization occurs at points across the transverse spatial plane of the
incoming beam, an associated spatially-varying geometric phase is also generated.
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FIGURE 3.8: Depiction of an element with spatially varying optical indices of

refraction which may be considered as a series of HWPs with varying optical axes.

(b) Nlustration of associated paths taken by different rays of a light beam traversing
an element with four arbitrary HWPs with varying fast axis rotational angles.

To achieve this spatial variance of polarization of along the incoming beam cross-section, the
element requires spatially varying optical indices of refraction [138; 147]. This may be thought
of as small waveplates patterned across the element with the each of the optical axes varying in
orientation. Figure 3.8 (a) illustrates this in polar coordinates. Here, for a specific coordinate on the
element, (r, ¢), the optical axis (n, and n.) has a specified direction different to the surrounding
points so the polarization change in the wave incident at this point is different from that of the
surrounding waves. Traditionally the QP achieves this spatially dependent polarization alteration
with liquid crystals (LCs) as they have anisotropic inhomogeneous properties when interacting
with light [138]. Consequently, the LC contains extraordinary and ordinary indices of refraction
which alter the polarization of the interacting light wave [84; 136]. By fashioning the LCs in
specific spatially varying orientations the polarization may likewise be manipulated. Lately, this
has also been exploited with metamaterials [148].

Figure 3.8 (b) shows how geometric phase may be mapped between the waves incident for
four different points on the element, arbitrarily denoted ag(r, ¢) to as(r, ¢). Here the incident
beam is RCP and the ‘waveplates’ are taken to induce a 7 phase shift between the electric field
vectors (i.e. a HWP) for reasons soon to become clear. Each arrow indicates a HWP action on
the wave at that point where the optical axis of said waveplate is orientated at the angle 6. Based
the discussion in Section 3.2.1, each angle of the HWP, 8, corresponds to a 4 rotation around the
linear axis on Poincaré sphere.

With the polarization change occurring spatially, the ‘closed path’ is formed by the difference
in path between the other elements, resulting in the geometric phase being both relative and spa-
tially varying [146; 149]. For example, the path between oy (7, ¢) and (7, @) results in a1 (7, ¢)
acquiring the geometric phase, relative to ag(r, ¢), that is equal to half the striped area to the left
(€21). Similarly, cp(r, ¢) picks up the geometric phase indicated by the clear area in the mid-
dle relative to element (7, @) (e2(92=01)) " The geometric phase acquired by as(r, @) relative
to ag(r, ¢), however, is the sum of the clear and striped parts (¢’2%?). One may therefore engi-
neer the relative optical axis orientations (#) to generate any number of variable geometric phase
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acquisitions that may be used to manipulate the spatial mode of the overall beam.

The QP exploits this by patterning the optical axis orientation, such that the relative phase
changes azimuthally and thus creates an azimuthal phase across the entire beam [138]. The waves
subsequently twist alongside each other in a helical fashion, resulting in OAM generation. This
patterning of the optical axis is described by Eq. 3.27 [138].

a(r,¢) = qp + a, (3.27)

Here the QP is taken to be in the xy-plane, «, is the angle formed by the optical axis from the
x-axis, ¢ is a constant defining the number of times the optical axis rotates in a path as it traverses
once around the plate center and «, is the permanent offset of the optical axis from the element’s x-
axis. A discontinuity occurring at = 0 is evident with the special occurrence of the discontinuity
not forming a line in the plate when ¢ is a semi-integer or integer.

Easy description of the subsequent QP action can be done in terms of a Jones matrix [147]:

—cos (P = 1o — cos (2a(r,¢))  sin(2a(r, ¢))
QP = cos(5) [O J+ (2)[sin(2a(r,¢>)) —cos (20(r. 6) (3.28)

Here ¢ refers the efficiency of QP which is tied into the retardance of the slow and fast axes in
element. The cosine term alongside the identity matrix indicates that this portion of the incident
beam remains unaffected where no polarization or phase changes occur. The second matrix term
refers to the action of the QP whereby an azimuthally-varying geometric phase is imparted as
described by Eq. 3.27. It may thus be seen that when ¢ = m (HWP retardance), the QP is 100%
efficient, with the fist matrix term falling away [147; 150]. Q-plates meeting this condition are
referred to as ‘tuned’. The subsequent matrix of a tuned QP with o, set to O is thus given as

~ |cos(2g¢)  sin(2¢9)
QP = [sin (2q¢) —cos (2(1¢)] o2

in the linear basis. When converting to the CP basis (Eq. 3.26) [150], additional intuitive under-
standing of the action is afforded.

0  ie 240
QP = Leﬂqqﬁ 0 ] (3.30)

Incident RCP, |R) = [1

0], then gains the phase, €24%, resulting in an OAM of | = 2¢h per

photon and the polarization is flipped to LCP. Similarly, LCP, |L) = E}

e~7249 resulting in negative OAM of | = —2¢h. The i-value multiplying the phase terms is global
and thus may be ignored. It follows that the QP operation may be condensed into the following
selection rules:

], acquires the phase

QPIl,R) = |l +2q,L) (3.31a)
QP|l,L) = |l — 2¢, R) (3.31b)

Using Fig. 3.9, it is possible to intuitively follow how the QP achieves the azimuthal phase change
with ¢ = 0.5 as an example. Figure 3.9 (a) is a diagram, often used to describe the patterning of
the QP optical axis [151]. The black lines correspondingly refer to the optical axis orientations,
spatially distributed across the element. A red semi-transparent circle with an arbitrary distance,
r, has been superimposed on the diagram so as to help follow the azimuthal variation of the optical
axes around the central point of the element.
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FIGURE 3.9: (a) Diagram of a ¢ = 0.5 QP where the optical axis spatial variance

is depicted. An arbitrary region about the center is highlighted in red. (b) Con-

ceptual depiction of the optical axis variation (adapted from ref [152]) within the

highlighted region of the QP diagram, showing the geometric phase incurred from
the optical axis orientations shown.

Starting from the x-axis, variation of the optical axis orientations on the circle are mapped
out in Fig 3.9 (b) as it is traversed in a counter-clockwise direction. From the HWP action of
the QP, incident RCP light is converted into LCP with E,, being retarded by 7 as shown by the
flipping of the green arrow about the fast axis. This in turn reverses the handedness of the CP and,
correspondingly, the red arrow. The second and third rows (from the bottom) show the orientation
of the markers in Fig. 3.9 (a) alongside the associated waveplate orientations with the fast axis
(ne) colored in red and the slow axis (n,) in black. As the angle of optical axis increases, the phase
shift can be seen diagrammatically in the 4th row and numerically in the top row where ¢(g) = 26.
Here the geometric phase picked up by the wave is shown relative to the first case where the fast
axis (blue arrow) is also orientated in the z-direction. Following the azimuth of the circle in Fig
3.9 (a), the optical axis spatially rotates by 0.5z27 (half the circle), which corresponds to the
charge (q) describing the QP. A total phase change of 2qx27 = 27 is then experienced, causing
the waves to twist and generating the 2¢ OAM value.

This effective twisting of the light beam produced by geometric phase has additional impli-
cations in the physical interpretation whereby the CP polarization may also be seen in terms of
SAM. Here when RCP is incident on the QP, OAM of 2qh per photon is generated, and the flip in
CP corresponds to a flip in SAM from 14 per photon to —1A. It is well known that transference of
SAM and OAM can occur between light and certain matter [150]. Here, SAM interaction occurs
in optically anisotropic media such as birefringent material and OAM in transparent inhomoge-
neous, isotropic media [138]. The combination of a thin birefringent (liquid crystal) plate with
an inhomogeneous optical axis in the QP subsequently results in the element coupling these two
forms of angular momentum such that flipping in the SAM may be seen to generate OAM, making
the QP a spin-to-orbital angular momentum converter (STOC) where the symmetry of the optical
axis patterning effects the conversion values [150].

3.3.2 Spin angular momentum conversion

Experimental analysis was undertaken on a ¢ = 0.5 QP to analyse the performance as an STOC
as well as any possible experimental considerations required in view of implementing it as a prop-
agation operator in a physical realization of the QW. Figure 3.10 illustrates the experimental setup
used to achieve this. A horizontally polarized HeNe laser (633 nm) was shone through a QWP
before being incident on the QP. A polarization grating (PG) was placed before a Spiricon SPU620
camera which acted to spatially separate the left and right CP of the QP generated beam.
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FIGURE 3.10: (a) Schematic of the experimental setup used to examine the SAM
conversion and mode generation of a ¢ = 0.5 QP.

Variation of the incoming SAM or CP onto the QP was obtained by rotating the QWP fast axis
as was demonstrated in the previous section with Fig. 3.3 (a). It follows that superpositions of
SAM with various weightings were incident onto the QP based on the QWP angle. These input
weightings are shown in Fig 3.11 (a) through projection into RCP and LCP states as taken from
Fig 3.3 (a). The expected action of the QP is then to inverse the circular polarization (CP) states
and add OAM of 2¢ = 1 to the RCP beam while adding OAM of 2¢ = —1 to the LCP beam, as
evident from the selection rules in Eq. 3.31 It follows that the action of the QP on light propagating
through it in both forward and reverse directions is anticipated to be:

QP|0,R) = |+1,L) (3.32a)
QP0,L) = |-1,R) (3.32b)

The calculated and measured outcome of passing these SAM or CP superpositions (as indicated
in Fig 3.11 (a)) through the QP is given in Fig. 3.11 (b) where the output was also projected into
the CP basis. Comparison of these two figures show that the LCP and RCP input weightings are
inverted after passing through the QP. For instance, at 45°, RCP generated by the QWP is detected
as LCP after passing through the QP. Similarly, at 135°, the generated LCP is converted to RCP
after the QP. At 105°, the CP state with majority weighting is changed from LCP after the QWP
to RCP after the QP. It follows that the QP acts to invert the SAM of the incident beam.

Further observation of the spatial modes of the beams can be seen from the insets. Here the
Gaussian profile of the input beam is evident in Fig. 3.11 (a) with the false colour map. The
spatial profile of the beam after the QP shows the doughnut distribution with a central intensity
null, characteristic of OAM carrying beams as was seen in Chapter 2. These modes consequently,
indicate OAM is generated by the QP for both incoming LCP and RCP as well as superpositions
thereof. Further analysis of the OAM beam charge as well as the handedness requires another
technique which will be covered further on.

As the QP works through acting on CP with a HWP retardance, it is expected that the same
directional invariance seen in Fig. 3.6 is maintained with the QP operation. As such, the order
of OAM assignment with regards to the state of polarization when the direction of propagation
is reversed is presumed to remain the same. The experimental outcome is given in Fig. 3.11 (c)
where the QP side of incidence was reversed in the setup, causing the incoming beam to traverse
through the back of the element. Comparison of Fig. 3.11 (b) and (c) shows the experimentally
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FIGURE 3.11: Spin angular momentum transformations by the QP for varying

incident superpositions as shown in (a) with left and right CPs. Here (b) are the

corresponding output modes when incident upon the front side of the QP as well
as (c) the back side of the QP.
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measured projections are identical with the QP reversed, enacting the same SAM inversion on
the incoming beam. Therefore, it may be concluded that the QP operation follows the directional
invariance that was seen for the HWP. Analysis as to whether the OAM imparted to the respective
CPs retain the handedness with reversal of the input direction of the QP will be additionally tested
in the following section along with the OAM values mentioned previously. Slight off-sets in the
intensity nulls of the vortex beams may be seen between the LCP and RCP insets at 180°. This
may be due to a small variation in the QP singularity with respect to the polarization as a result
of aberrations in the device as well as a slight inefficiency in the polarization grating polarization
separation. The general vortex form, however, may be notably identified.

3.3.3 OAM characterization and modal decomposition

An important technique, essential for analysing the generated beams in terms of established modes,
is modal decomposition. This technique is often used for characterizing beams, whereby any
optical field may be expressed as a linear combination of basis modes [153—155]:

U(r) =Y _cjgi(r) (3.33)
J

Here r = (z,y) is the spatial coordinate in the transverse plane and ¢;(r) represents the basis
mode. The complex correlation coefficient, c; = pje"‘s%' weights the contribution of each of
the basis modes where p; is the corresponding mode amplitude and d¢; the intermodal phase
difference between the jth mode and a selected reference mode. It thus follows that the beam
generated by the QP may easily be expressed in terms of the LG modes (LG),;(r)) described in
Chapter 2:
U'(r,¢) = > ¢ LGpa(r). (3.34)
P
Accordingly, any arbitrary input field, U(r), may be described by a weighted superposition
of these modes. Orthonormality of the LG elements can be exploited to ascertain the weighting
coefficients (c, ;) by taking an inner product between the input field and desired LG mode [154;
155]:

oy = (U(r)|LGypyr)) = /722 U(T)LG;l(r)er (3.35)

where integration is over all space and LG;J is the complex conjugate of Eq. 2.77. The complex
conjugate of a basis mode is often referred to as a match filter [156; 157]. Determination of the
coefficient in terms of the field product (U (r)LG;‘J’ 1) is possible by taking the Fourier transform of
Eq. 3.35 to yield:

Upi(kz, ky) = // U(:U,y)LG;l(a:,y)efi(k”+kyy)dxdy (3.36)

where k,, k, are wave vectors. The on-axis point (k;, k) = (0, 0), produces an expression
equivalent to Eq. 3.35:

0,,(0,0) = / /72 UL ()P = ¢y, (337)

It follows that the intensity at the field center, 7(0,0), will then yield the power weighting (i.e.
square of the weighting coefficient)

12(0,0) = |Up1(0,0)* = [epf? (3.38)
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FIGURE 3.12: Simplified schematic of the experimental setup utilized to generate
and decompose a beam so as to experimentally verify the accuracy of the system
before decomposition of the QP was attempted.

It is additionally possible to extend this technique to determine the intermodal phase between
the basis modes by interfering with a reference mode. Characterization of this QP generated
beam, however, only extends to intensity correlations and not intermodal phase decomposition.
Therefore, for the scope of this dissertation, decomposition was restricted to determining only the
amplitude terms as described above.

Experimentally, this characterization technique may be implemented with the use of a spatial
light modulator (SLM). Here the SLM works by applying specified voltages over a transverse
array of LC molecules to change their orientation [158]. This results in a change in the refractive
index according to the voltage applied [85]. As was seen with Eq. 3.1 for the waveplates, a
dynamical phase may thus be imparted to the wave interacting with each orientated molecule due
to the refractive index change. By applying different voltages to each molecule, the phase across
an impinging beam may be changed as desired to manipulate the phase profile across the beam
cross-section.

Manipulation of the voltage applied to each molecule may be achieved through the patterning
of what is known as a hologram. A hologram in this case refers to a gray-scale image with
dimensions corresponding to the SLM LC array, or liquid crystal display [159]. Here the gray-
scale has color levels which are made to correspond to the intensity of the voltage being applied
to the LCs [159]. By choosing the grey-scale values across the image and displaying it on the LC
display, one is essentially choosing the voltage and thus the phase imparted to the beam interacting
with the LCD at each point. These images may be digitally generated as was shown by Ref. [158].
Additionally, one may fashion the hologram to manipulate the amplitude as well as the phase of
the interacting beam [159]. There are several methods for encoding these holograms to achieve
the correct outcome from an impinging beam. This is summarized in a good review article by Ref.
[160].

It follows that by patterning the SLM, OAM beams may be generated through modulating
the phase. By including amplitude modulation, LG basis modes may be generated as well. Tak-
ing the product of an arbitrary beam, such as that generated by the QP, and the LG basis mode
(U(r)LG,,,(r) in Eq. 3.35) is then a case of interacting the generated beam with the SLM display-
ing the match filter of the basis mode being considered. Taking the Fourier transform may also be
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FIGURE 3.13: Modal decomposition for a series of LG),; modes for OAM(!)
ranging between [—4, 4].

achieved optically by placing a lens focal length away from the desired plane and then looking in
the focal plane of that lens.

Experimental demonstration of this technique was accomplished with the setup shown in Fig.
3.12. Here the modes were both generated and decomposed using amplitude and phase modulation
on SLMs (SLM; and SLM; respectively).

To generate these LG beams, a horizontally polarized HeNe laser of wavelength 633 nm was
expanded through a 10X objective lens and collimated by L; (f1 = 400mm), before being di-
rected onto a reflective PLUTO-VIS HoloEye spatial light modulator (8 pum, 1920 x 1080 pixels,
calibrated at a 27 phase shift for 633 nm) marked as SLM;. SLM; was programmed with the
desired LG mode phase and amplitude profile, resulting in the 1st diffraction order possessing the
required structure. Consequently, experimental amplitude decomposition was obtained through
an optical inner product measurement (Eq. 3.35) between the experimental field, U (r), generated
by SLM; and the match filter, LGp,l(r)* on S LM, with a thin lens performing the Fourier trans-
formation. First, isolation and imaging of the 1st diffraction order onto the match filter (SLM>)
was achieved through a 4 f imaging system (lenses L2 (f2 = 300 mm) and L3 (f3 = 300 mm))
with an aperture placed in the Fourier plane. The Fourier transform of the resultant field after
SLM, (U(r)LG, (1)) was achieved with lens Ly (f4 =200 mm). The on-axis intensity at the
Fourier plane (i.e. at the CCD plane) provided a physical measurement of the inner-product given
in Eq. 3.37. An aperture placed before the camera (PointGrey Flea3) isolated the 1st diffraction
order, allowing the optical inner-product to be recorded where an on-axis signal accordingly dic-
tated a correlation between the generated mode and match-filter, while an on-axis null indicated a
mismatch.

This demonstration served as a system test, indicating the expected accuracy for any results
obtained from the system before characterizing the OAM generated by the QP. Figure 3.13 shows
the results obtained for this system test. Here, a series of LG modes with [ = [—4,4] were
generated on SLM; along with a corresponding match filter series for the same modal range on
S LMs. The decomposition was subsequently completed for LG modes where the radial value was
kept at zero (p = 0) with the same beam waist used in the match filter as the generated beam.
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FIGURE 3.14: Simplified schematic of the experimental setup utilized to generate
polarization dependant modes from a ¢ = 0.5 QP and subsequently decompose
them into the LG OAM mode basis.

The clear red diagonal in the density plot indicates detection of OAM modes that correspond
to that which was generated on S LM . Negligible cross-talk from system aberrations may be seen
a few negligibly lighter shaded blue bins off the red diagonal, which is within acceptable bounds
(<5%). Subsequently, it may be concluded that the modal decompositions for OAM modes in the
system will yield acceptably accurate results.

Modal decomposition of the QP OAM modes for an input Gaussian beam was attained through
modification of the setup in Fig. 3.12. Figure 3.14 illustrates this modified setup where a QWP
and the ¢ = 0.5 QP was inserted before and in the Fourier plane respectively. S LM; was encoded
with a Gaussian beam and the corresponding horizontal polarization was converted to LCP and
RCP states by rotating the QWP optical axis to +45° respectively. Afterwards the modified beam
was made to traverse the QP before being directed onto the match filters displayed on SLMs.
Modal decomposition of the QP of the OAM values imparted by the QP was then completed as
was described for Fig. 3.12 in the LG (p = 0) basis.

This decomposition was repeated for the QP positioned in the reverse orientation, correspond-
ing to the ‘front’ and ‘back’ labels given in Fig. 3.15. From the QP selection rules, it follows that
the RCP input beam is theoretically expected have a OAM of +1 and the LCP input is expected to
have an OAM of —1. Additionally, as was discussed with the polarization results, the same out-
come is anticipated for a reversal of the QP orientation. Slight variations of the QP detected OAM
weightings may be explained due to the experimental cross-talk detected in the decomposition.
Figure 3.15 contains the modal decomposition results in (b) along with the simulated plot in (a)
for comparison.

Good correlation between expectations (Eq. ?? and Fig. 3.15 (a)) and the experimental re-
sults (Fig. 3.15 (b)) may be seen whereby a 0 OAM RCP beam traversing the QP, resulted in a
detection of 41 OAM in accordance to the simulated outcome. Similarly, a LCP input beam of 0
OAM incurred —1 OAM. Furthermore, the same trend is observed for the reversal of QP orienta-
tion (as denoted by Side 1 and Side 2 in the figure). This is clear in the density plot with the high
intensity values of relevant beam [-values (red blocks) and minimal intensities for the surround-
ing OAM states. Minimal cross-talk is observed in Fig. 3.15 (b) (lighter blue) with below 5%
weighting spread out over the other OAM coefficients. This corresponds to the error found for the



3.3. The g-plate 81

a b
., Lep . Lep
2 3
f RCP = RCP
- LCP . LCP
g g
& RCP = RCP
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
Detected OAM Modes Detected OAM Modes

FIGURE 3.15: (a) Theoretical and (b) experimental modal decomposition results
for QP generated modes from CP inputs onto the front and back of the QP in the
LG (p = 0) basis.

demonstrated modal decomposition in Fig. 3.13. Subsequently, it can be concluded with sufficient
accuracy that the QP generates OAM with a handedness related to the incident CP in accordance
to the analytical expression (Eq. 3.29). Additionally, the operation retains the assumed directional
invariance with regards to the SAM and OAM handedness pairing.

3.3.4 A classical entanglement generator

Now that the operation of the QP has been characterized, the type of modes generated may be
considered in its entirety. In other words, if the polarization and OAM DoFs are paired with STOC
and exist in superposition, what kind of beams are generated and how may the QP be viewed in
terms of this? This may be explored by considering a specific case. If incident on the QP with a
superposition of CP states, such as with vertically polarized light,

V2

the STOC action affords another feature of the element whereby it becomes a classical entan-
glement generator. This may be intuitively seen with this QP by applying selection rules (Eq. ??)
to the CP superposition (Eq. 3.19):

V) [1L) = |R)];

i i
V2 V2

From the expected states formed, the spatial mode described by OAM = —1 is paired to RCP
while OAM = 1 is paired to LCP. As a result, these OAM and polarization degrees of freedom in
the beam form a non-separable relation such that neither can be factored out as was seen in Section
2.3.4. Experimentally, the generated mode is shown as the rightmost upper beam in Fig. 3.16 with
a doughnut spatial distribution. Separation of this mode into the CP basis yielded the modes to
the left of the image where the respective CPs are superimposed on the images. Retention of
the doughnut spatial distribution in these bases demonstrates the OAM pairing determined in the
modal decomposition and as was discussed for Fig. 3.11.

Further analysis of the mode is shown in the bottom row of the figure. This constituted fur-
ther projective polarization measurements into the linear polarization basis. It was achieved by
replacing the PG shown in the experimental setup of Fig 3.10 with a linear polarizer in a rotational
mount. Here, the non-separability of the spatial mode can be seen more intuitively whereby lobes
may be seen with orientations that rotate with the polarizer. Specifically, from the leftmost pro-
jected distribution, vertical orientation of the lobes coincides with the vertical orientation of the
polarizer. Rotating the polarizer though to anti-diagonal, horizontal and diagonal orientations as

QAP |07H> = QAP[|07L> - ’07R>] = H_17R> - |17L>] (3.39)
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FIGURE 3.16: Example of the QP classically entangling polarization and spatial
degrees of freedom with the generation of an azimuthally polarized anti-vortex
vector beam from a vertically polarized Gaussian input (scalar beam).

depicted by the arrows above these images shows the lobes assuming the same directionality. It
follows that the projective measurements yield the polarization distribution overlaid on the image
of the generated beam. The opposite pairing of the OAM and SAM modes results in an azimuthal
anti-vortex vector beam being generated. Comparison of both the mathematics and spatial distri-
butions in Fig 3.16 and Fig 2.14, emphasise the QP as a useful element which may be used as
an entanglement generator such that orthogonal modes may be both paired and laddered with this
element.

3.3.5 Revealing the radial modes in vortex beams

An interesting physical consequence presents when generating OAM beams with QPs. As will
be seen, this generation method directly affects the spatial distribution of these types of beams.
Here the QP generates a well-defined azimuthal profile across the beam, but neglects the spatial
profile associated with the incoming beam. Due to this type of modulation, the energy of the
beam begins spreading outwards with the excitation of additional radial modes as the OAM being
carried by the beam increases. Based on the popular use of QPs, being aware and compensating
for this effect is important and is of particular relevance to this work in light of propagating of a
QW in OAM space based on the generation of these modes. Here this effect is explored in detail,
demonstrated experimentally. Alternative solutions are also presented on how to overcome this
problem by including complex amplitude modulation.

Theory

A vortex beam may be written as an azimuthal phase variation with a Gaussian envelope in the
generation (waist) plane:

PH(r, ¢) = G(r)e " (3.40)

where G (r)e"/ o is the Gaussian envelope (Eq. 2.70, section 2.3.2), r is the radial coordinate,
wo the Gaussian beam waist, e ~*/¢ the azimuthal phase variation with associated OAM of I/ per
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photon, where [ is a non-zero integer. It has been noted that vortex beams may also be expressed
as a special case of Hypergeometric-Gaussian modes [78].

This vortex field, however is not a solution to the free-space wave equation and as such vortex
beams are not eigenmodes of free-space, resulting in the excitation of supplementary fields [85]
and spatial polarization variance with propagation [161].

OAM-carrying beam structures fulfilling the conditions of the free-space paraxial wave equa-
tion include Bessel [162; 163] and Laguerre-Gaussian (LG) modes [85; 95; 164] with which these
general vortex beams may subsequently be compared. Analysis could be generalized to either of
the mode types, but this paper will focus on the LG modes whereby the amplitude at the beam
waist (Eq. 2.77, Section 2.3.2) is given by [84]:

2p!
w?n(p+ 1)

rvV2 o2 2
() ) e e (3.41)

CL(T, ®, Z) =

amplitude term

Accordingly, LILZ | is the Laguerre polynomial of orders p, [ where the radial index, indicating the
number radial nodes, is p < 0.

It can be seen that for pure LG vortex modes (p = 0), there is an additional amplitude term,
(TT\/E)‘”, that ensures the invariance associated with the eigenmodes as they propagate. Similar
terms with the same effect are also present in Bessel-Gaussian and other beams that are eigen-
modes of free- space. It is often unappreciated that it is this radial amplitude term, which is
dependent on the azimuthal index (|!|), and not the azimuthal phase term itself (|{|¢), which is
responsible for the characteristic beam core intensity null associated with vortex beams. The
observation of a null in vortex beams without this amplitude term is instead due to high spatial
frequencies induced by the helicity of the phase together with their attenuation due to the finite
apertures in the optical system [165].

It is well-known that an optical field may be expressed as a linear combination of basis modes,
as was shown with Eq. 3.33 in Section 3.3.3:

Ulr) = eidy(r)

J

where the symbols retain the same meanings (r = (x,y), 1j(r) represented the basis mode,c; =
pjei5¢i, p; is the corresponding mode amplitude and d¢; is the intermodal phase difference).
It additionally follows that the vortex beam (of a particular azimuthal index, [) may easily be
expressed in terms of LG modes of the same azimuthal index,

Here |cp|2 yields the power weighting of the vortex beam among the LG modes and can be
expressed as [166]:

e+ Hrdy 1 .
' pb e+ i+
where I'(x) is the gamma function. It is clear that the vortex beam is the sum of many radial modes
in the LG basis, i.e., the same azimuthal index as the vortex beam but with several radial indices.
The implication is that the power in the desired p = 0 mode can be very small, approaching zero
as the azimuthal index increases.

Ensuing evaluation of the modes indicate a significant spread of the power distribution to the
outer spatial distributions, increasing concomitantly with the input OAM content. In other words,
rings around the central beam appear due to additional radial indices when analyzed in terms of LG
modes. This is illustrated in Fig. 3.17 where the power content of each mode, radial and azimuthal,
in the LG basis is shown for a given input azimuthal mode. For example, an input vortex mode of [
=1 has only 78% of its energy in the LG'o,; mode, with the rest spread across higher radial modes.
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FIGURE 3.17: Theoretical density plot, determined from Eq. 3.42, illustrating the
spread of power into radial modes for vortex beams generated through phase-only
transformations and thus lacking the amplitude term highlighted in Eq. 3.41.

It can be seen from Fig. 3.17 that there is a clear increase in the modal spreading as the input
OAM of the vortex beam is increased: an input vortex mode of [ = 10 has only 0.4% of its energy
in the LGy 10 mode. Consequently, a direct result of the missing amplitude term is an increase
in the power distribution as the OAM content of the vortex beam increases. This is seen by the
increased spread of blue over the p-values at higher OAM values. Observation of the low intensity
also indicates a low power content in any one of the radial modes with higher OAM. Furthermore,
there is a movement of power concentration to higher radial modes with OAM as evidenced by
the lower intensity (black) for p = [0, 2] of | = [7, 10]. In fact, beyond [ = 4 the power content of
the zeroth radial mode, the desired mode, is close to zero.

Characterization

Characterization of these phase-only modulated modes was carried out with the experimental setup
discussed for the QP modal decomposition in Fig. 3.13. Seeing as detection of radial modes
were of importance, further test of the system into the radial degree of freedom was also done by
generating a range of LG modes where p = [0, 7] and decomposing into the radial basis. Figure
3.18 shows the outcome of this test.

A strong main diagonal concurs with the accuracy seen in the OAM degree of freedom. Cross-
talk along the main diagonal here, however, is slightly stronger as the decomposition is more
sensitive to the size of the modes and alignment of the optics. This error (<10%) , though, is
within acceptable bounds and thus implies the decomposition achieved by the system would be
accurate.

Utilizing the same system, SLM; was then programmed with an azimuthally varying phase
profile (no amplitude modulation). Accordingly, the vortex beams of interest were generated in
the 1st diffraction order, allowing them to be studied.

An [ =1 vortex structure (without the amplitude term) was generated by encoding SLM1 as
described. Decomposition of the beam was performed for radial modes, p = [0, 7] which yielded
values for the power coefficients described by Eq. 3.42. Figure 3.19 displays these experimental
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FIGURE 3.18: Modal decomposition for a series of LG), o modes for p ranging
between [0, 7].

values in terms of percentages together with the theoretical values (blue curve) calculated from
Eq. 3.42 for comparison.

Majority of the power (78.5%) is still retained within the fundamental radial order, with max-
imal distribution of the remaining power between immediate adjacent radial modes. Summation
over the theoretical power coefficients indicates that 95% of the total power falls within the p < 4
radial range. The experimental values are in excellent agreement with the expected theoretical
values as seen by close positioning of the respective data points and the maximum deviation of
2% occurring within the system error at p = 0.

Similarly, encoding SLM; with a vortex structure of | = 10 (Eq. 3.40) generated a vortex
mode of high OAM for radial decomposition and analysis. Decomposition of the field was per-
formed for LG radial modes, p = [0, 18]. A plot of results similar to that of Fig. 3.19 is presented
in Fig. 3.20 with theoretical (blue curve) and experimental comparison (red data points).

A significant shift and redistribution of power can be seen across the radial modes in com-
parison to | = 1 (Fig. 3.19) as a result of the higher OAM content. The power maximum being
centered at p = [7, 8] and a drop of 78.1% power in the fundamental mode (as only 0.4% remains
in this mode for Fig. 3.20) clearly illustrates this. Additionally, the maximum power carried in
a single radial mode decreased by 76.3% as seen in the power difference between p = 0 (Fig.
3.19) and p = 7 (Fig. 3.20), indicating that 76.3% more of the power is distributed amongst other
modes than for a mode with OAM of an order of magnitude less. Furthermore, summation over
the first 50 theoretical power coefficients only yields 64% of the total beam power and 95% can
be seen to be spread over the first 500 radial modes.

Further experimentation including the addition of a QWP and QP as depicted in Fig. 3.14,
allowed for a special case of vector vortex modes to be tested. Such g-plates are now routinely
used in laboratories to create scalar and vector vortex beams by imparting an azimuthal-only
phase to the input beam, as was done with the SLM, but by geometric phase control [138] rather
than dynamic phase control. Identical results for the q-plate as reported here for the SLM was
found. This is illustrated in Fig. 3.21 where the detected radial modes were removed foran [ = 1
beam generated by the QP by passing a beam with the amplitude term pre-encoded such that the
azimuthal term supplied by the QP creates an eigenmode of free space. It follows that 100% power
is expected in the fundamental mode.
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FIGURE 3.19: Experimental and theoretical comparison of power weighting

across radial modes p = [0, 7] for a vortex mode of [ = 1. The blue line (the-
oretical) is included to guide the eye. Error bars for p > 0 are too small to be
observed.

It can be seen that maximal intensity exists in the fundamental radial mode, confirming that it
is the phase variation itself (the vortex) and not the manner in which it is implemented that matters.
Aberrations present in the QP are detected as an additional radial mode (p = 2), causing the slight
mismatch. It may thus be concluded that minimal aberrations were present in the QP and as such,
poor beam quality would be due to the unmodulated azimuthal induced phase and not the quality
of the QP itself.

Clear dissipation of vortex beam power over an increasing number of radial modes can subse-
quently be seen with beams of higher OAM content which should inspire caution in their utiliza-
tion and generation for high OAM experiments.

Images of the beams with (LG) and without (azimuthal-only vortex) the amplitude term of
different OAM values (I = 5, 10) were taken in the far field for visual illustration of the amplitude
term effect. This is presented in Fig. 3.21. The values shown on the bottom-right corners give
the corresponding theoretical and experimental percentage power contained in the desired p = 0
mode.

Figure 3.22 (a) and (b) display LG5 and LG, 10 beams in the far-field where the power is
seen to be confined to the fundamental radial mode as expected. Comparison with the respective
beams with missing amplitude terms (c) and (d) clearly show further radial power distribution by
the supplementary rings. An increase in the shift of power to farther rings with an increase in
OAM is also evident. Additionally, modes (c) and (d) are larger than that of the modes containing
the amplitude term, demonstrating the distribution of maximal power to further radial modes as
the diameter of the radial mode with the peak power is then larger than the fundamental mode.

This is supported by the power values given in the bottom corners, where a very high percent-
age of the beam power is seen to be contained in the fundamental radial mode for beams (a) and
(b) that contain the amplitude term and much poorer percentages for beams (c) and (d) without
the term. Furthermore, the percentage power in the p = 0 mode may be appraised as beam purity
where the amplitude-containing beams can be seen to have a high beam purity as opposed to the
deteriorating purity apparent in the beams without this vital term.

Reconsidering the LG equation (Eq. 3.41) it follows that one could expect the Laguerre term
to be solely responsible for the radial power distribution as it controls the radial degree of freedom
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FIGURE 3.20: Experimental and theoretical comparison of power weighting
across radial modes = [0, 18] for a vortex mode of 1 = 10. The blue line (theo-
retical) is included to guide the eye.

(p)- In the case where p = 0, however, this polynomial term reduces to 1 and subsequently has no
effect on the radial distribution. Examining the OAM modulated amplitude term, it could also be
naively expected that it does not contribute to radial distribution, but on comparison of Eq. 3.40
and 3.41, itis clear that for p = 0, this is the only non-constant term missing and thus is responsible
for the difference observed between these azimuthal-only vortex beams and the LG beams which
are eigenmodes of free-space. It follows that exclusion of this term removes the OAM dependent
amplitude modulation and forces nature to correct for it by introducing radial distributed fields
that may be interpreted as additional radial modes in the LG basis. Outspreading of the beam
power is subsequently a direct consequence of forcing nature to exact OAM modulation of the
amplitude whereby this unintended effect is rapidly enhanced with increased OAM content in the
vortex beam.

Implications of this phenomenon can be deleterious for experimental work where beam power
and mode purity is a concern, particularly when beams of higher OAM are required. Generation of
these missing-amplitude beams in such experiments could result in many issues such as detection
thresholds, increased measurement uncertainties as well as the number of optical components it
will be possible to use in the experimental design. Due to this drastic power loss with OAM,
utilization of these beams could additionally cause beam power to become an issue in experiments
where it would ordinarily not be a consideration.

In establishing amplitude modulation to prevent this, however, there will be initial overall
transmissive and/or diffractive power losses induced by the methods currently available including
spatial light modulators where there is perceptible loss in beam power. Subsequently, considera-
tion of experimental parameters is an important factor. Beams that are not of small OAM result in
radial power distributions to such a degree that the nature-inspired power loss far outweighs the
loss induced by the technique required for introducing OAM amplitude modulation.

It follows that results demonstrated a rapid increase in radial power divergence with OAM
content along with a shift in the power maximum to farther radial positions. Corresponding de-
terioration of mode purity was subsequently inferred. Further inspection between the modes led
to the deduction that this phenomenon was the natural response to the absence of amplitude mod-
ulation by OAM. Subsequently, presence of this amplitude term correlates to a counter-intuitive
control of radial power distribution. Awareness of this dissipation of beam power from the zeroth
order is important for many experiments that require high levels of beam power in these radial
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FIGURE 3.21: Experimental and theoretical comparison of power weighting

across radial modes p = [0, 7] for a QP-generated vortex mode of [ = 1 with

the radial modes removed. The blue line (theoretical) is included to guide the eye.
Error bars for p > 0 are too small to be observed.
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FIGURE 3.22: Experimental far-field images of vortex beams (a) 1 =15, (b) 1 = 10
containing the amplitude term and (c) [ = 5, (b) | = 10 without the amplitude
term, illustrating its effect on the retention of beam power within the lower order
radial modes as well as encoded beam structure. Measured (Me.) and theoretical
(Th.) values for the percentage power occurring in the p = 0 mode of the beam
are displayed in the bottom-right corner. Intensities are normalized to the high-
est value for the individual images and thus are not indications of relative power
differences between the beams.
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modes as well as the solution to this problem by amplitude modulation.

More specifically, when carrying out a QW in OAM space, the OAM charge carried by the
beams increase with the number of steps. This large spread in power subsequently results in a
greater divergence in the overall beam being worked with than was suggested in Eq. 2.80. As
utilizing the QP is essential for OAM laddering by polarization control, the alternative OAM gen-
eration methods cannot be utilized. Working with the spread in power is consequently unavoidable
and as such this effect may be mitigated by incorporated larger elements and smaller beam sizes
into the setup designed for the implementation. Imaging the beam waist plane along the propa-
gation path may also be considered so as to confine the increase in beam size to these factors by
eliminating the opportunity for the beam to diverge in the desired planes.

3.4 Detection: unravelling the twist

Using the QP to ladder OAM modes in correspondence to QW propagation rules offers a promis-
ing avenue for implementing such a walk, however, tracking or detecting the walk requires de-
termination of both what OAM is present (i.e. "what position the walker occupies") as well as
how much of that mode is present in the beam (i.e. "how much of the walker is occupying each
position"). There are several options for detecting the OAM modes and weighting of a generated
beam. One such option is the modal decomposition technique discussed earlier. This, however,
has deterring consequences, namely, large loss of power in diffraction orders as well as restrictions
on how many modes may be analyzed, based on the number of match filters that may be multi-
plexed. Mode sorting offers a promising alternative method that is energy efficient and convenient
for detecting these parameters. How this technique works as well as the experimental limitations
and accuracy are explored here.

3.4.1 Working principles

Application of geometric transformation concepts such as coordinate transformations to light
through the use of optical systems can exact a desired transformation to light [167]. OAM mode
sorting relies on the application of such a coordinate transformation. More specifically, the tech-
nique takes advantage of the circular geometry associated with OAM so that a geometrical map-
ping translates circular to rectangular geometry [168] as illustrated in Fig. 3.23 (a). The resultant
phase distribution ‘unwrapping’ causes OAM to be transformed into transverse momentum with a
linear phase gradient [169] as demonstrated by in the (u, v) coordinate space of the figure.

"]

FIGURE 3.23: The (a) illustration of a conformal mapping which ‘unwraps’ an
OAM =2 mode to a transverse phase gradient and the phase distributions preform-
ing the (a) mapping transformation and (b) correction due path length differences.
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Physically, this (z,y) — (u,v) transformation is achievable through application of a phase
distribution, described in Eq. 3.43.

d Vo )
o1(z,y) = /\—f[y tan_l(%) — mln(ﬂcb—i_y) + z] (3.43)

Visualization of this distribution is generated in Fig. 3.23 (b). Here d is the fixed unwrapped
beam length, b affects the location in the (u, v) plane, X is the wavelength and f the transforming
lens focal length. Associated phase distortions in the ‘unwrapped’ beam from optical path length
variation requires correction by a second phase distribution, described in Eq. 3.44 [168; 170] and
Fig 3.23 (c).

db —2ru 2
o (u,v) = VeQT cos<;w) (3.44)
The resultant phase distribution ‘unwrapping’ causes an OAM to transverse momentum with a
transverse phase gradient of ¢ tan~ (%) — ¢i*F" across the beam length [61-63]. The unwrapped

beam in the Fourier plane (FP) of a lens forms a diffraction-limited elongated spot [169]. As the
‘unwrapped’ mode contains a phase gradient limited to the length, d, all OAM modes result in a
transverse phase gradient that are integer-multiples of each other (shown in Fig. 3.24 (a)).
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FIGURE 3.24: Colour map illustration of the phase gradient resulting from the

OAM geometric transformation for (a) I =-1, (b) { = 1 and (c) [ = 2. (d) Depiction

of the sorting action performed by a Fourier transforming lens after the phase
correction element.

The lens then forms the spot at a phase gradient related position at the focal plane due to its
Fourier transforming action. It follows that the spot position (¢) is then OAM-dependent (Eq. 3.41)

[168].
_ ML

t
d

(3.45)
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Moreover, intensity of the spot indicates the ‘amount’ of any OAM-mode present. The mode
sorter technique employed with refractive elements allows for efficient detection of a large range
of OAM modes and the associated weightings, enabling detection of low intensity sources and in
comparison to other techniques such as the SLM modal decomposition mentioned earlier.

A distinct disadvantage occurs with this technique, however, when considering cross-talk be-
tween adjacent modes. Due to the finite unwrapped beam size, the width of the spot created in
the FP is diffraction-limited, resulting in a constant overlap between modes [168; 169]. It was
subsequently demonstrated that a maximum of 80% may be achieved in the required position with
good alignment, while the other 20% spreads into the adjacent mode positions [170]. Increasing
the unwrapped beam size may appear to remedy the situation as it would increase the separation
distance between the spots. This, however, also decreases the phase gradient, resulting in the
spot width to spacing ratio remaining similar [169]. Consequently, the overlap between modes is
an intrinsic property of the system. A solution was suggested by Berkhout et al. [168], though,
whereby the unwrapped beam length may be increased through simply copying the unwrapped
modes and placing them next to each other.

As the linear gradient ranges in periods of 0 to 27 for every OAM value, placing copies along-
side the the initial unwrapped beam does not disrupt the configuration, allowing this technique to
decrease the spot width without altering the spacing [169; 171]. The copied beams then add an
extra [N, rotations to this 0 to 27 periodic gradient.

Further investigation and subsequent implementation was then carried out by including two
additional phase transformations on SLMs after the mode sorter optics [169; 171]. Here the first
transformation copied the phase-correction unwrapped beam according to the phase term:

3w Y sin (P52 )ma + o)

S T 03((32)ma + an)

which resulted in N. = 2N 4 1 copies placed alongside each other based on the angular
separation, w, in the x-direction, causing the element to be labeled a fan-out element (FOE) [169].
¥m and o, serve as phase and intensity parameters, respectively, for the different orders (m). The
second transformation subsequently served as a correction for this fan-out operation.

Ruffato et al. [172] recently combined the log-polar coordinate and fan-out functions as well
as the respective phase corrections to condense the operations into two diffractive elements. There
the copying element was combined with the unwrapper so that the beam could be simultaneously
copied N, times and unwrapped alongside each other before encountering the second element.
Subsequently, the correction terms for the path length difference from the unwrapper is combined
with the corrections for joining the copied beams such that a dual and once-off correction is carried
out on the beam. It follows that more accuracy should be expected with this method in addition
to the convenience of utilizing a more compact system, where the alignment for the system is
restricted to half the elements given in the scheme implemented by Mirhosseini et al. [169].

These mode sorters offer a convenient method in which to extensively detect the OAM modes
and weightings present in a spatial mode. The degree to which this method is advantageous, in
addition to its accuracy, is consequently of interest for its use as a detection mechanism for the QW.
As a result, both the refractive and diffractive elements were examined in the following section.

vrop(x) = tan_l[ ] (3.46)

3.4.2 Experimental test configuration

Testing the performance, limitations and accuracy of these elements was determined using the
experimental configuration shown in 3.25.

Here a 633 nm HeNe laser was expanded with a 10x objective lens and collimated onto an
PlutoVis SLM, encoded with holograms, patterning the amplitude and phase profile of the incident
beam. Light reflected off the SLM was then directed through a 4 — f system with an aperture in
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FIGURE 3.25: Schematic of the experimental configuration used to characterize
the mode sorter.

TABLE 3.1: Comparison of design parameters for the refractive and diffractive

sorters

Design Parameters Refractive Sorter | Diffractive Sorter
Element diameter 12.7mm 0.800 mm
Recommended incident beam radius on MS 2-10mm 0.500-0.800 mm
Design wavelength 633 nm 632.8 nm
Recommended wavelength range (1) 400-1000 nm 532-732 nm
Separation distance between elements 300.5 mm 8.500 mm

1.12 mm (1lcopy)
Unwrapped beam length (d) 10.5 mm 0.500 mm (3copy)

the FP, spatially filtering and imaging the 1st order with the encoded structure onto the mode
sorter system. The 1st element preformed the required geometrical transformation, unravelling
the azimuthal phase, with the 2nd element carrying out the required phase corrections. A lens
placed in an f — f configuration after the 2nd element served to sort the encoded modes onto a
Spiricon SP260U CCD placed in the FP as indicated in Fig 3.25.

Both refractive and diffractive sorters were characterized with this configuration where mi-
nor adjustments were applied to accommodate the different parameters. These parameters are
summarized in Table 3.1.

Consequently, for characterization of the refractive sorter, the 4 — f system comprised two 300
mm focal length lenses for a 1:1 magnification of the encoded mode. A 500 mm focal length was
then used for the sorting lens. In contrast, a 2:1 demagnification was achieved with 400 mm and
200 mm focal length lenses in the 4 — f system respectively for the diffractive sorter. This was
required so as to contain the encoded beam within the sorter dimensions without sacrificing the
effectiveness of the SLM due to its resolution. A 100 mm focal length sorting lens was utilized
due to a greater divergence of the unravelled beam in the diffractive case.
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3.4.3 Mode sorter performance

Along with the refractive sorter, two different diffractive sorters were characterized, both with the
same parameters as shown in Table 3.1. These diffractive sorters varied in the number of copies
that were created where 1 and 3 copies were generated respectively. As the 1-copy and refractive
sorter both generated a single unwrapped beam, the expected difference in performance between
the sorters is limited to the range of OAM modes that can be accurately sorted. This is namely
due to the refractive sorter being able to receive beams of lager radii, thus compensating for the
increased deviation of the angle of incidence for the beam rays directed to the sorter as the OAM
increases. This should then result in a higher range of the sorted OAM values being viably accurate
[173]. As aresult, evaluation of the refractive sorter was restricted to the comparative OAM ranges
while the 1- and 3-copy sorters were further characterized, allowing a more accurate comparison
due to the parameter similarities.

Experimentally sorting modes

Figure 3.26 experimentally illustrates the transformation performed by the mode sorter on LG
modes ranging from -3 to 3 OAM. Here the top row shows the modes generated by the SLM and
directed through the sorter with the OAM per photon written above the respective spatial modes.
In the row below, the elongated spots formed in the FP of the sorting lens are shown. Cross-hairs
in the images mark the position of the 0 OAM mode. Consequently, the OAM dependent sorting
power of the elements may be clearly seen where the negative OAM spots are formed to the left
of the cross-hairs and the positive OAM spots to the right. Additionally, the position can clearly
be seen to move incrementally in the OAM handedness direction, based on the OAM value.

—— ] e !

FIGURE 3.26: Illustration of the sorting action of a MS (bottom row) for a range
of encoded OAM values (top row) between [-3,3].

Spot positions

As this incremental movement in position is theoretically governed by Eq. 3.45, performance of
the mode sorters may be evaluated by experimentally measuring the position of the spots formed
for different OAM values. Due to these positions conveying the detection of which OAM modes
are present when evaluating an arbitrary beam, comparison of these values allow for the anticipa-
tion of both the accuracy and consistency which may be expected for the modes detected by this
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FIGURE 3.27: A comparison of measured (red) sorted spot positions against that
which was theoretically expected (blue) based on the designed unraveled beam
length, d for the (a) refractive, (b) 1-copy and (c) 3-copy mode sorter.

technique. This was carried out for the refractive and both diffractive sorters. Accordingly, the
expected function of the distance between sorted modes relative to the OAM (1) is expected to be

AL (633 nm) (500 mm)

t, [ =(30.11
d (10.5mm) (30-11 pim)
for the refractive sorter,
Afl (633 nm)(100 mm)
r = — = l = . l
d (1.12mm) (59-61 jum)

for 1-copy diffractive sorter and

_ Afl _ (633 nm) (100 mm)

tr
d (0.5mm)

[ = (126.6] pm)

for the 3-copy diffractive sorter.

The corresponding results are given in Fig. 3.27 where the positions detected for the range of
OAM values directed through the sorter are plotted alongside the calculated functions determined

above.

Accordingly, these positions were made relative to the [ = 0 mode. Based on the OAM range
logic discussed previously, the OAM range for which the positions were measured was greater for
the refractive sorter with OAM = [-30,30], while the diffractive sorter range was evaluated for the
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range OAM = [-15, 15].

Considering Fig. 3.27 (a), the experimental shift in spacing agrees well with the calculated
value obtained from the design parameters with a difference of 30.1um — 29.6um = 0.5um. Ad-
ditionally, the positions form a straight line as evidenced with the high R?-value of 0.9995. This
indicates a consistent positional shift which should lead to defined boundaries between the exper-
imentally formed OAM spots. As a result, the detected intensities at those positions should be an
accurate reflection of the modes and weightings in the beams being sorted.

Based on the spacing calculations, the expected separation distance for the 1-copy mode sorter
was 59.6pm compared to the average experimental value of 62.5um in Fig. 3.27 (b). This devi-
ation is notable with a 62.5um — 59.6pm = 2.9um difference as it accumulates with the number
of increased modes as evidenced by in Fig 3.27 (b) for the higher OAM modes. A straight line,
however, is still formed by the experimental shift in position with OAM. This may be explained
by the length of the unwrapped beam where it may have been slightly shorter in the experimen-
tal implementation than the parameter quoted. The performance of the 1-copy sorter shall thus
be evaluated with the experimental positional shift where adequate performance may be expected
with a similarly high R2-value of 0.9994 compared to the refractive sorter. Accordingly, adequate
performance of the sorter may be expected. It may be noted that the refractive sorter has a simi-
lar regression coefficient to the 1-copy diffractive sorter as the range is larger, leading to slightly
larger deviation from a straight linear fit as a result of the skew angle increasing.

For the 3-copy mode sorter, comparison of the calculated and measured values yield a 126.9um
— 126.6pum = 0.3um difference, indicating excellent agreement. Additionally, the R?-value of 1
gives rise to good expectations in terms of detecting the correct OAM values.

Alignment range and cross-talk

It follows that by generating bins along the direction of the spot movement, the intensity may
be integrated over to determine both the presence and weighting of the different OAM modes.
Here the bin positions were determined by Eq. 3.45 with a slight adjustment in the 1-copy case.
Accordingly, determination of the viable range of OAM modes for which the MS may be used was
achieved by binning for a range of OAM modes across the captured CCD image for each mode
generated. OAM modes from -30 to 30 for the refractive sorter and -15 to 15 for the diffractive
sorters were then sent separately through the MS and the detected modes then read out. The results
are given in Fig. 3.28 for the different sorters.

Here the presence of cross-talk is indicated by the off-diagonal elements. It may be seen
that the minimum cross-talk achievable was 25% for the most aligned spot detected (as shown
by the range of the color map) for both the refractive and 1-copy sorters in Fig 3.28 (a) and (b)
respectively. It may also be observed that near 0 OAM, the refractive sorter generates a larger
amount of cross-talk than in the diffractive mode sorter elements for the best alignments that were
achievable. Figure 3.28 (c) yields the characteristic density plot for analysing the 3-copy mode
sorter. Here the minimum cross-talk achievable may be seen as substantially reduced with only
10% being detected in the incorrect modes.

Alteration of the strongest detected modes away from the diagonal indicates the OAM mode
detected is no longer correct. As a result, the viable sorting range may be established by observing
the number of modes where the maximum intensity remains within the diagonal. It follows from
the discussion on the effect of the skew angle of the incident beam, that deviation in detected
modes is expected to occur as the OAM-value increases. This should occur later in the refractive
sorter case, however. The deviation may be observed as a decrease in intensity of the diagonal
values in as well as a spreading in the off-diagonal terms as the generated OAM values digress
from the central 0 OAM value

In Fig. 3.28 (a), the range of modes for which correct OAM modes are detected may be seen
as [-20,20] with the refractive sorter. From Fig. 3.28 (b), with the 1-copy sorter, about 15 modes
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FIGURE 3.28: A density plot showing the sorting power and the associated cross-
talk that may be expected with acceptable alignment for the (a) refractive, (b)
1-copy mode sorter and (c) 3-copy mode sorter.
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fall within a range of acceptable accuracy where the intensity that is detected in the correct mode
remains above 60% (30% results in falsely detected modes). A greater range may be used for the
mode sorter, though, provided correction terms are used for the non-existent modes being detected
as well as loss of weighting in the correctly detected modes. This, however, is also limited as
past 20 modes, the defining spot disintegrates into a fringe array for which the positions are not
indicative of the modes present.

The range of viable modes with intensity greater than 60% remaining in the correct element
is increased to 23 in the 3-copy case. Additionally, the spread of the cross-talk between mode is
reduced as expected due to the additional number of unwrapped beams. A stronger along-side
diagonal may be seen, however, in comparison to Figure 3.28 (b). This may be attributed to the
greater misalignment between the elements as the sensitivity of the element increased with the
number of the beams copied. Subsequently, additional fringes were caused directly adjacent the
spot, yielding a stronger presence of erroneous detection of adjacent OAM modes.

It follows that greater accuracy of the detected modes is found with the diffractive sorters,
however, the range of OAM modes is diminished by the small radius of the element. As a result,
the refractive sorter remained consistent over almost twice the range of the diffractive ones, illus-
trating this point for a beam size of 6 mm. Increasing the incoming beam size will subsequently
also increase the sorting range.

Spot resolution

It is possible to evaluate the resolution of the spots produced when sorting adjacent OAM modes
by superimposing sets of alternating OAM spots. This was done for the 1-copy sorter in Fig. 3.29
(a). Here superpositions of even and odd OAM modes in the interval [-7,7] were separately sent
through the sorter and imaged. Superimposing these modes allows for clear depiction of how the
modes overlap as is evident from the 2D profiles below the spots in the Figure. A clear overlap
may consequently be seen which will lead to additional cross-talk for the detection of OAM modes
not present.

|

“‘ Il |

LR

]
“ U |
Ad bW WWHNWW

FIGURE 3.29: Images showing resolution for adjacent OAM modes when sorted

with (a) a 1-copy mode sorter with the alternating odd and even modes between [-

7,7] superimposed along with their 2D profiles, (b) adjacent OAM modes between

[-1,-8] sorted by the 1-copy mode sorter and (c) adjacent OAM modes between
[-7,7] sorted by the 3-copy mode sorter.

Additionally, a set of OAM (I) = [-1,-8] adjacent modes were sent through the mode sorter
to observe the actual effects of the interference between the different spots. This is illustrated in
Fig. 3.29 (b). The convolution results in distortion in the intensity spectrum associated with the
OAM present as well as eliminating the ability to distinguish a spot’s position. The latter may be
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FIGURE 3.30: Relative weightings evaluated for multiplexed OAM modes sent
through the mode sorter for the (a) 1-copy and (b) 3-copy mode sorters with re-
spective similarities of S =0.791 and S= 0.968

evidenced through the appearance of 6 spot ‘tails’ at the bottom of the convolution when in fact
there are 8 OAM modes present.

As expected, the 3-copy mode sorter effectively separates and defines the spots for adjected
OAM modes as is illustrated for Fig. 3.29 (c). Here a superposition of adjacent OAM modes [-7,7]
was generated the corresponding detected spots shown in the figure. A 2D profile is shown below
the spots, clearly illustrating the reduction in overlap and increased spot resolution.

Weighted detection

It follows that detection of the correct weighting for OAM modes being sorted is of importance
for the correct characterization of a spatial mode. This was evaluated for the sorters in Fig. 3.30
(a) and (b) for 1- and 3-copy sorters respectively where a distinct superposition of OAM modes
were multiplexed by the SLM and sent through the sorters.

The comparative accuracy of the multiplexed and detected OAM modes was determined through
its similarity as given by,

o _ [V Wen QW (1)
X Weap() 35 WinD)

where Wy, (1) is the theoretical or multiplexed weighting associated with the OAM mode 1 and
Wezp(1) is the detected equivalent of the mode. Observation of the Fig. 3.30 (a) and (b) indicate
that the multiplexed and detected weightings resemble each other, showing that either of the sorters
would be suitable for detection, however, a significant increase in the accuracy of modal detection
occurs as the copy numbers increase. More specifically, the similarity of 79.1% for the 1-copy is
increased by 22% when adding 2-copies.

It follows that both the refractive and diffractive sorters have advantages and disadvantages
associated with their implementation. Specifically, the refractive mode sorter is more robust, al-
lowing a greater range of beam sizes to be easily sorted as well as maintaining a larger range of
OAM values when generating larger input beam sizes. The accuracy associated with measuring
the weightings associated with a 1-copy sorter, such as the refractive one, however, is adversely
affected with a 79.1% accuracy which may be expected if reasonable alignment is achieved. Here,
utilizing the 3-copy diffractive sorter becomes an advantage with a large increase of 22% which
may be expected with fair alignment. In addition, the cross-talk measured is substantially smaller
with a reduction in the power erroneously detected for other OAM values. The trade-off with
the implementation of this sorter is then a higher sensitivity to misalignment, resulting in a more

(3.47)
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sensitive detection system as well as a significant restriction to the size of the beam that can be
sorted. Furthermore, the variation of beam sizes that may be sorted is minute with a deviation as
small as 0.300 mm possible in comparison to the 8 mm range achievable in the refractive sorter
case. Subsequently, for more robust requirements, the refractive sorter is favorable at the expense
of the system accuracy; conversely, greater accuracy may be achieved with the 3-copy diffractive
sorter at the expense of the range and durability of the system.
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Chapter 4

Walking with spatial modes of light

Extending the QW criteria into OAM and polarization properties of light leads to an interesting
analogue in the entanglement aspect of the dynamics that has not yet been previously considered
in the other classical implementations. Accordingly, this forms an interesting method that allows
further intuitive understanding of the QW by walking the quantum-classical divide. Now that
the tools required for such a QW have been reviewed and characterized, a formal framework for
physically generating such a walk may be covered. Based on the order of the system required, the
most optimal experimental configuration may then be determined and discussed in view of, not
only creating a physical implementation of the phenomenon, but also looking towards exploitation
of the system as a computational and general simulation basis.

4.1 How to do a quantum walk with twisted classical light

As a system considered for implementing a QW requires a large discrete state space for the posi-
tion space of the walker as well as a subspace of coin states where paired selectable superpositions
may be generated, the OAM and polarization properties of light offer a unique case for such a
walk using light as the walker. Due to each OAM mode forming non-separable superpositions
with polarization, the QP entangles these modes such that the non-separability of these properties
results in the possession of many OAM states with directionality that results in this unique inter-
ference and spread that is characteristic of a QW. Orthogonality of the modes causes the OAM
superpositions to remain despite containing opposite values. Formalizing the actions on the OAM
and polarization states of light is simply determined through Jones matrix algebra. As the QW al-
ready evolves in momentum space, applying the Jones matrix formalism allows the framework to
be developed in the momentum space approach that was covered in Chapter 2 where the evolution
took place in the coin space (i.e. in polarization space here).

4.1.1 Polarization flipping and momentum steps

With polarization forming the coin states, it follows that waveplates act as coin operators whereby
traversing a WP corresponds to flipping the coin for the walker. This then creates a change in these
directional states according to the waveplate parameters (type of coin). For example, consider
the QWP characterized in Section 3.2.1. Placing the fast axis at 45°, or even multiples thereof,
resulted in an equal superposition of the bases states which may be equated to a coin flip resulting
in an equal weighted superposition of both heads and tails, like the Hadamard or balanced coins
discussed in Chapter 2. It is thus possible to use the WPs to implement some common coins, as
will be discussed later. Nevertheless, one additional effect must first be considered.

The tuned QP provides a unique opportunity for coupling polarization to OAM in order to
cause light to propagate in OAM values. This may be clearly seen in the selection rules determined
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earlier:

QP R) = |l +2¢,L)
QP|l,L) = |l - 24, R) (4.1)

Accordingly, when sending through LCP (RCP), light moves to the left (right) with a ladder-
ing down (up) of OAM by a discrete factor of 2g. As CP is required by the QP to create this
conditional propagation, it follows that the heads and tails states are fabricated from RCP and
LCP respectively. Nonetheless, an additional operation is carried out by the QP over that which
is required for a propagation operator. This is the flipping of CP or coin states after the OAM
translation from the HWP action inherent in the QP coupling process. Due to this action causing
the polarization state to be altered, it may then be viewed as an intrinsic coin operation that can be
incorporated into the QW design. Pairing the flipping action with any additional waveplate actions
to generate the desired QW evolution will achieve this. Mathematically this is accomplished by
decoupling the HWP and azimuthal generation processes by rewriting the QP matrix as shown in

Eq. 3.45 in the CP basis [126].
0 e 29 0 i [ide?2a® 0
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QP’ then becomes the shift operator
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in Dirac notation, equivalent to the shift operator in Eq. 2.18.
Returning to the QWP example, the coin may be generated by concatenation of the HW Pyp
and QW P matrices:

~ 1 :—120 0 3 T4 —120 1
C(Q)QWP = [QWP] [HWPQP] = |:,L'ei29 e 1 :| |:’L é:| =1 |:Z€1 iei20:| (44)

Placing the QWP axis at 45° then generates the Hadamard coin [126],

C(45)qwp = i [ 11 _11} (4.5)
yielding the Hadamard coin operator,
A 1
C45)qwp = ﬁmm +10)) (Bl + (IR) — |L)) (L] (4.6)

in Dirac notation where ¢ was extracted as a global phase. Subsequently, it is trivial to show that
the concatenation of a QP and QWP results in the following operator [126] relating to Eq. 2.19.

. . — 1 — 1
[C(45)qw P][QP'] = go:o[ll + 2q) <l|®\ﬁ(|R>+|L)] <R!+Z§O[Il —2q) <l|®\ﬁ(|R>—|L)] (L]
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Therefore, it may clearly be seen that concatenating the QWP and QP results in a QW in the
polarization and spatial degrees of freedom with classical light as the walker. The type of walk
may be altered by changing the input state or the waveplate parameters.

Bringing the concept back to the Feynman diagrams from Chapter 1, one may intuitively
observe this with an OAM Galton board (Fig. 3.31).
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FIGURE 4.1: Diagram of an optical OAM Galton board illustrating a walk within
the degrees of freedom of light.

Here, each beamsplitter is replaced with the QP(white)-QWP(blue) concatenation indicated in
Eq. 3.47. Interacting with a ¢ = 0.5 QP generates a twist with handedness related to the incident
CP, resulting in the incident beam OAM being laddered in the positive and negative directions. The
walker (light beam) then moves in the OAM ‘position’ space accordingly, forming non-separable
superpositions with the polarization states. This is shown as moving to the left or right on the
Galton board as related to the number of twists in the beam. After the OAM shift, the beam
traverses a waveplate, such as the QWP set at 45 degrees. This consequently flips the polarization
coin, forming a superposition of CP states before reaching the next QP. In accordance with the
optical Galton board of Chapter 1, the beam ‘meets itself” at the different OAM positions, resulting
in interference of the amplitudes. Capturing the intensity of the beam associated with each OAM
value is then equivalent to taking a measurement on the classical system where the characteristic
QW distribution may be seen whereby a distinct increase in the variance over the RW should
become prominent. One practical advantage of walking in OAM space that may be emphasized
here is the physical size of the position space. For example, in the beam-splitter method, an array
of beamsplitters are required which branches out as O(n?) with the number of steps, (n), required.
For an OAM position space, all the twists and thus positions are superimposed in the same beam
such that a theoretically infinite space for moving the walker exists in a single beam of light.

Working with the Jones matrices of these elements affords an ease and simplicity in simulating
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these walks, however, as the OAM QW then takes place in the polarization degree of freedom or,
rather, the coin basis (as was described in Section 2.1.3). Furthermore, determination of the QW
distribution of the nth step is simply the case of raising the concatenation to the nth power:

[}, = [[C(45)qw ] [QP])"

where |1) refers to the overall state of the light walker. Taking the Hadamard example further, the
nth step of the QW is given by:

e | K P

where the [a; b] matrix represents a general input mode polarization. Looking at the 5th step with
a diagonal input polarization,

R N A

the following distribution is calculated in the HV basis (to exhibit a more complex case):
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Here each exponential term represents the OAM state with the ¢ coefficient expressing which
OAM position, as was described for Eq. 2.34 in Chapter 2. The weightings for each of the phase
or exponential terms (i.e. OAM positions) are then the amplitude terms for each associated mode
of that step in the quantum walk. Taking the modulus squared of the amplitudes then represent the
intensities to be measured and thus the associated QW distribution.

1 : . ,
=l -1+ i2e7P 4 (| =1 — i 4+ | — 4+ 2i)e 3 + (| — 20> + | — 2i|?)e™
+ (120 + |26®)e™ + (|14 — 202 4 [i + 112)eB? + |1 — i|%e™?]

It should be noted that the moduli for the amplitudes of the same OAM are taken separately for
each basis (i.e. the top and bottom matrix indices) as they are orthogonal and thus should be
determined independently from the other. Their summation then yields the results as shown in the
table inset of Fig. 4.2. Here the simulated values of the experimental design are compared to the
general simulation method, following the mathematics described in Chapter 2 for this step of the
walk. The corresponding experimental and theoretical simulation MATLAB scripts are attached
in the Appendices. The correlation of these outputs further illustrates the validity of this scheme
in implementing the QW. The walker is expected to interfere over the OAM values according
to the polarization states, yielding a QW with classical light where the QP acts as a classical
entanglement generator between these degrees of freedom.

4.1.2 Configuration

In the brief QW implementation review (Section 3.1), the practicality and different methods avail-
able for physically realizing this QW was discussed, however, there are several criteria that was
not looked at in terms of creating a QW system that is maximally beneficial to exploiting this
phenomenon. More specifically, when one considers the implications of using this as either a
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FIGURE 4.2: Distribution of a symmetrical Hadamard QW for step 5 where the
experimental simulation of the spatial mode quantum walk is observed in compar-
ison to the simulation of an equivalent generic QW determined by Eq. 2.21 and
2.22. Table inset: Corresponding summary of the in-text calculated probabilities.

computational tool or an avenue for simulating quantum systems, simply generating a QW distri-
bution falls substantially short of what is needed. Generating a physical QW setup to achieve this,
in fact, requires a robust, sustainable scheme with flexibility, a high degree of coherence and large
position space [23]

For instance, real world QWs often have complex propagation characteristics that occur over
large position spaces. Here, excitons traversing a light harvesting complex in photosynthesis or
particle transport in disordered media are two such examples. Both these properties also apply
computationally speaking. Universal quantum computation with 1D QWs requires a substantially
large position space [44; 174]. Experimentally, as was seen in Section 3.1, this equates to all
positions requiring distinct states in which the walker can exist. This can necessitate a considerable
number of physical resources, which may be seen with the number of beamsplitters in the optical
Galton board or the number of QP-QWP concatenations in the OAM equivalent. Consequently,
scalability of the resources is imperative.

While several computational implementations and simulations are possible with 1D QWs, such
as with universal computation and looking at movement on single molecule chains, significant
advantages also hold for extending the dimensionality. Faster speedup is generally possible in 2D
with algorithms as well as simulations where more convoluted walks can take place. The search
algorithm designed by Shenvi et. al. [38] is one such case where implementation in 1D possesses
no benefit over the classical alternatives [175], but in higher dimensions, the characteristic speedup
is afforded. In fact, computation is much faster in higher dimensions as the number of steps scale
down substantially to cover the desired number of positions [176]. It may be noted that a multi-
dimensional QW is also possible with classical light according to the scheme outlined in Ref.
[135].

Control over the position space characteristics and coin operations for the walker at different
positions corresponds to effective control of the underlying position space as well as the charac-
teristics of how the walker traverses the position space. In terms of implementing the algorithms,
effective alteration of the position space and conditional translations at each of these nodes cor-
responds to different operations on the walker such that certain algorithmic steps may be exacted
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through engineering the overall operations of these controls. In other words, by adjusting the coin
operations at different time steps and positional nodes, it is possible to enact quantum logic on the
walker state so as to achieve the desired computation for the output state [23]. This specified level
of control corresponds to flexibility in the QW implementation system.

Accordingly, a QW system should have a high degree of flexibility in order to accommodate
both the algorithms required for the desired computation as well as changing between different
algorithms to achieve a complete system for universal computation. This criterion also extends into
the simulation aspect of QWs. As may be intuitively construed, different positions in the walking
space demands specific conditions. This is consequently determined by the conditional operations
on the walker that correlates to alter both how the walker behaves as well as the properties of the
underlying position space. Experimentally, this corresponds to control of the initial state of the
walker and the coin operations for each position. Alteration of the coin operations at each step
also affords dynamical control which offers temporal influence on the algorithmic and simulation
applications.

Scalability, flexibility and a large position space are not the only properties necessary for a
useful QW scheme, however. The QW evolution also needs to remain coherent, both in the posi-
tional spread as well as over the number of required steps. Due to the basic evolution of the walker
relying on interference mechanics, any variation in the phase, not due to the operations imposed,
alters the interference and the outcome and produces erroneous results. Therefore, implementation
of the QW should be robust such that the coherence of the walker and repeatability of the outcome
is preserved over the positional states and temporal steps.

A last consideration in a successful physical implementation is the detection scheme and the
extent thereof. Preforming measurements for each position is another non-trivial undertaking.
Moreover, doing so for different steps within the propagation is beneficial for monitoring the
dynamics and mechanisms of the walk; this is particularly essential when considering the phe-
nomenon in terms of simulations. It follows that tracking and reconstruction of both the spatial
(position) and temporal (steps) evolution of the walk is fundamental to completely harnessing
QWs as a resource.

The scheme proposed by Goyal et. al. [126] in 2013 incorporates much of these criteria with
the QP and QWP, as was described in the previous section. Here the walker is formed by a single
pulse of classical light which is directed into a loop configuration, as illustrated in Fig. 4.3. The
pulse is admitted into this external resonator by a beamsplitter (BS) and reflected with 3 mirrors
such that the pulse is returned to the beamsplitter. A percentage of the pulse is then transmitted
out of the loop while the rest is reflected for another round trip (RT). By placing a QP and QWP
inside the resonator, each RT corresponds to a step in a Hadamard QW according to Eq. 4.5. Each
partial pulse transmission out of the resonator may then be directed through a mode sorter and
sorting lens. Placing a CCD in the focal plane of the sorting lens then captures the OAM mode
distribution and weightings contained within the pulse. The use of a 4 — f imaging system within
the resonator mitigates the divergence of the modes propagating inside.

It follows that the QW evolves temporally with each step occurring at multiples of the RT
time. Consequently, as each RT pulse is partially transmitted by the BS, the whole probability
distribution for each position may be simply retrieved; also, by restricting the CCD exposure
time, the OAM distribution of the pulse (walker) for a single step may be isolated. The setup
thus allows each step to be easily monitored. Moreover, the setup is maximally scalable where
the physical resources do not change with the number of steps, but everything rather remains
constant where only one QP-QWP set is required for an entire walk. As the WP acts as the coin
operator, changing the coin state is easily achievable, making the system simple to modify so as to
impose different operations on the pulse. Here, control of initial state is additionally afforded by
a WP before the resonator, as indicated by the HWP. This provides a fair degree of flexibility for
extended applications of the QW. Additionally, by utilizing a QP with ¢ = 0.5, a shift of 1 OAM
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FIGURE 4.3: Conceptual design (as follows from [126]) of a physical system that
will result in the implementation of a QW in the spatial modes of light.

in either direction is generated, allowing the range of the mode sorter detection scheme to be fully
exploited.

4.2 Walking twisted light

The objective of this work is to implement a QW, in the classical regime, with spatial modes of
light for the first time. Furthermore, experimentally achieving such a walk in a scalable and robust
manner, forms a vital component for realistic impact in the future. As indicated in the configu-
ration detailed in the previous section, the method proposed [126] forms a promising candidate.
Actualization of the setup is explored in the following section, showing that such a walk is in-
deed possible, giving rise to promising implications. We additionally extend the experimental
implementation of the scheme to include additional coins, showing the initial flexibility of the
system without any significant modification. In the following chapter we conceptually expand this
scheme to include more of the criteria discussed where the dimensionality and sustainability may
be extended, furthering the applicability and practicality of this method for future implementation.

4.2.1 Experimental considerations and alignment

Physical implementation of QWs is a decidedly challenging task as evidenced by the extensive
number of schemes mentioned in the beginning of the chapter. Accordingly, realization of the
QW suggested requires several experimental considerations to the conceptual scheme introduced.
Here the actual experimental setup used to implement the walks is examined along with the ac-
companying variables associated with the equipment utilized. Subsequently, the pulse width and
spatial properties of the laser beam are considered along with synchronization of the generation
and detection systems with reference to the boundaries of the constructed setup. Furthermore, the
task of aligning such a resonator is detailed such that the walker maintains the same path around
the loop with each iteration.

Experimental configuration

The experimental setup designed to realize the classical QW is shown in Fig. 4.4. Here a pulsed
Spectraphysics Quanta-Ray DCR-11 g-switched laser generated a single input light pulse with 0
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FIGURE 4.4: Schematic of the actual setup constricted for physical implementa-
tion of the QW.
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OAM (initial position of the walker) at 1064 nm. A second harmonic generator (SHG) converted
the wavelength to 532 nm through frequency doubling to remain within the ICCD detection range.
Structuring a Gaussian intensity distribution of appropriate beam size was accomplished through
a spatial filter as detailed further on. Following from Fig 4.3, propagation of the pulse through
a HWP served to prepare the input polarization state symmetry (e.g. diagonal polarization for a
symmetrical Hadamard QW), after which, it was injected into a rectangular loop resonator (3m
perimeter) by a 50 : 50 non-polarizing BS. Placement of the ¢ = 0.5 QP and WP concatenation
initialized the QW and advanced it by one step with each consecutive round trip. Scalability of
the walk is thus realized where the total possible number of steps is only intensity dependent. The
output pulse from the BS was subsequently imaged from the QP plane to the mode sorter.

Alignment of the mode sorter was attained by constructing an adjoining OAM mode generation
setup as emphasized in the dark blue section of Fig. 4.4. Here a 532 nm diode laser was expanded
with a 102 objective lens and collimated through an f=300 mm lens onto an SLM where phase and
amplitude modulation was utilized to generate superpositions of LG beams. A 4 — f system was
built to isolate and image the 1st order onto the mode sorter. The SLM generated mode was then
combined and aligned with the output mode from the resonator with a 50 : 50 BS. By passing test
OAM superpositions from the SLM through the MS, optimal alignment of the elements was then
achieved. It is evident that the QW modes from the resonator were consequently aligned to the MS
by proxy of the alignment to the SLM generated modes. Due to space constraints, the sorting or
Fourier plane of the MS configuration was directed and imaged onto the ICCD plane with another
4 — f system. Choice placement of a popup mirror before the MS and within the FP imaging
system allowed the QP plane image to be re-imaged onto the ICCD with a lens placed between
the pop-up mirrors. The second lens in the MS imaging system then served a dual purpose as the
second imaging lens in the 4 — f re-imaging system of the QP plane. This allowed the output
beam structure for each pulse to be individually captured for each RT, simplifying the alignment
process.

Subsequent capture of each RT pulse was achieved through utilization of an iStar AndOR
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ICCD camera with a temporal resolution on the 10 nano-second scale. Synchronization between
the initial laser pulse and recording window of the camera was attained with a Stanford delay gen-
eration working in combination with the iStar on-board digital delay generator which is covered
in greater detail further on.

Pulse overlap and adjusting the prediction

As implementation of this resonator-type setup results in each round trip advancing the QW, it
follows that each successive output pulse corresponds to a step in the walk with a constant time
gap between each pulse that is related to the time taken for the pulse to circulate back to the output
BS. The time gap (t) is consequently related to the length of the resonator (L) through the relation,
t = L/c where crefers to the speed of light in air and ¢ the time. Here, the resonator must be longer
or equal to the temporal pulse width to avoid overlap of the circulating pulse and thus an overlap
in the QW steps. As a result, for the temporal pulse width of 10ns as estimated for the Spectra-
physics laser, a resonator length of 3 m or larger is required where a 3 m resonator would output a
QW step every 10 ns with an equivalent pulse width. With consideration of stability and alignment
of the resonator, the resonator was designed in a 0.3 m x 1.7m rectangular configuration, yielding
a 3 m path length for the pulse to traverse.

The temporal pulse width was consequently measured experimentally so as to allow for ad-
justments to the theoretical prediction and thus account for any OAM mode overlap in the results
due to a larger pulse size. This was carried out by placing a Thorlabs DET210-a photodiode be-
fore the ICCD and measuring the average of 10 intensity pulses on a Tektronix TDS2024B 1GHz
oscilloscope. The corresponding temporal parameters were then estimated by fitting the pulse to
a Gaussian function of the form:

G(z) = ae~ =0/ 4k (4.8)

Where a determines the height of the pulse function, x refers to the xz-axis position which is then
adjusted by b. c indicates the width of the pulse and % adjusts the position along the y-axis. The
corresponding parameters extracted from fitting Eq. 4.8 are summarized in Table 4.1 A SSE (sum

TABLE 4.1: Parameters for Gaussian fit to average pulse length measured from
the Spectraphysics laser.

Parameter Fitted value
a 0.06045
b 0.106 x 107
c 6.107 x 107
k 0.0040

of the squares of the error) of 0.002573 and R-squared value of 0.974 determined from the fitting
both indicate that the function as well as the parameters are adequate reflections of the measured
pulse for the walker.

Here the parameters may subsequently be used to yield both the mathematical description of
the pulse as well as indicate the full-width half maximum (FWHM) and the full-width at one-tenth
maximum (FWTM) values for the pulse length.

The FWHM is then given by

FWHM =2+/21n(2) x ¢ = 14.3ns
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FIGURE 4.5: Illustration of pulse overlap and intensity effects for each pulse emit-
ted from the resonator or step in the quantum walk.

with the FWTM also determined by
FWTM = 24/21In(10) x ¢ = 26.6ns

As the parameter b, indicates the position of the peak relative to a position, b = 0 allows the
function to be centred at the origin, making it easier to work with. Additionally, k indicates the
y-position which is also irrelevant, hence £ = 0. It follows that the intensity distribution of the
pulse may be characterized by the Gaussian function, G(t):

G(t) = 0.0605¢ 1"/ (2(6:107n5)%) 4.9)

It follows that the FWHM is close to the estimated value of 10 ns with 14.3 ns. Comprehensive
prediction of the mode spectrum may be determined by considering the FWTM value, however,
which is almost 3 times larger than the 10 ns expected for the resonator design, indicating a
significant overlap. Modelling of the OAM mode spectrum overlap is therefore important for
analysis of the measured distribution.

Two factors should be considered for experimental simulation of the distribution expected
at each time step. These factors are (1) how the pulses overlap and (2) the intensity decrease
occurring each RT due to the partial transmission through the BS. More specifically, witha FWTM
of 30 ns and a resonator length corresponding to 10 ns, it follows that the pulse maximum for each
RT output will have a contribution from the previous pulse as well as the next pulse as indicated
in Fig. 4.5.

This is due to the 1st pulse being still initially reflected while the 1st resonator output occurs
after the first 10 ns. It follows that at 10 ns, the 2nd section of the initial input is still being
outwardly reflected, but is then combined by the 1st resonator 10 ns partial transmission. The Oth
and 1st steps are then overlapping. The 10 ns output is also then partially reflected back into the
resonator to then join the last 10 ns of the initial pulse entering the resonator. It follows that an
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n= Output pulse intensity
1 T2

2 TR

3 T2R?

4 T?R?

TABLE 4.2: Illustration of the intensity scaling with each RT for a given beam-
splitter.

overlap occurs between the initial pulse state (0 OAM) and the present step (=1 OAM) such that
when the 3rd 10 ns output occurs, the 0 OAM converts to =1 OAM (which is the present step)
while the reflected bit becomes the future step (2 and 0 OAM) that overlaps for the last 10 ns.
The resulting overlaps may be simplified into the diagram above.

Now as the measurements will be taken every 10 ns for the respective step, the overlap may
be minimized to influences from the previous and future steps only as indicated by the blue dotted
box. As mentioned, an additional factor needing consideration is the decrease in the internal
resonator intensity which leads to a difference in the intensities of the overlapping components.
Again, this is illustrated in Fig 4.5. Subsequently, the correction factor for the ‘previous’ pulse
overlap contribution is larger than that of the ‘future pulse’. Derivation of a general formula for a
transmission percentage of the pulse 7" and subsequent reflection, R = (1 — T'):

(1) For a R : T BS, T% is initially transmitted into the resonator, while R% is reflected,
forming the first pulse and the 0th step of the QW. = Relative intensity for n = 0 is R with T’
intensity inside the resonator.

(2) The next pulse output (1st step of the QW) of the resonator is 7% of the initial T'%
transmitted into the resonator. = The relative intensity for n = 1is T(T") = T? with T’ x (1 —T)
or T'R intensity left within the resonator.

(3) The third pulse output/transmitted (2nd step of the QW) is T'% of the intensity left in the
resonator, i.e. for n = 2, the output pulse intensity is given by 72 R while T2 R? is left.

It follows that the change in output pulse intensity follows the mathematical trend illustrated
in Table 4.2,which implies that the general expression for the output pulse intensity and thus the
relative weighting with regards to each step is then

R ifn=0

T T R ifn 40 (4.10)

w(n)

The temporal shape of the pulse also plays a role as it dictates the intensity distribution and
thus the overlap between the pulses. This may be approximated by the best fit curve for the average
temporal pulse as determined in Eq. 4.9. These intensity and temporal width factors may thus be
used to augment the expectations such that the measured distribution may indicate both if a QW
is indeed happening and what kind of QW is being achieved.

An adjusted diagram of the pulse overlap is presented as Fig. 4.6 (a) and (b) below. Figure
4.6 (a) indicates the extent of the pulse overlap while (b) illustrates the effects of the different
weightings for a 50 : 50 BS.

The dotted lines indicate the section of the pulse to be gated by the AndOR camera for the nth
pulse in the QW series. The ‘middle’ section of the pulse may be determined by the formula:

_ PW - GW

5 4.11)

a
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FIGURE 4.6: Adjusted diagram illustrating the pulse overlap for a 3 m = 10 ns
resonator configuration where (a) the overlap is emphasized and (b) the weighting
effects associated with loss in intensity incorporated.

where PW is the complete pulse width (which is assumed to be 40 ns based off the modelled pulse)
and GW is the gate width (i.e. the time section of pulse to be captured). Here a is then an arbitrary
parameter used to relate the overlapping sections to the middle of the pulse. It follows that the
section of the nth step pulse will then be captured from

—-PW 40 — 10

- _ 9 -
5 ta 0+ ( 5 ) 5
to
rPw 40 - 10
p— :2 —_ pu—
5 a=20—( 5 )=5

It follows that the expected QW probability distribution for the 1st pulse (n = 0) where the central
distribution is captured will be given by:

n=_0:
o E g
[QWe (o) [\, G + [@Wpe) [0 Gl
—2’;W+a—10 2
[QWe@pu [, G
Similarly, for n = 1 and 2:
n=1:
¥7a+10 %*a
[QWe (o) [, G+ [QWeUlu() [ Gt
Q_ZW—H}L _22W+a—10
[QWe@pu [, G+ (W) [, G
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FIGURE 4.7: Step 5 of the OAM QW with (Corr. QW) and without (Calc. QW)
the experimental corrections. Inset table: Comparison between the corrected and
uncorrected experimental quantum walk distribution for step, n = 5 and detected
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It follows that with the exception of pulses 1 and 2, the following generalization applies:

n:

EW _a+20
[QWp(n = w(n—2) [ "~ G()d]
—-—a+10
EW _a+10
+QWr(n—Dlwm—1) [~ G
PW _ ’ 71;W+a
[QWrmutn) [ Gty + [QWr(n+ Dlwtn+1) [ * " Gl
- +a —5—+a—10
= 2W +a—10
+QWp(n + Dw(n +2) / O
—5—+a—20

Where QWp(n) is the QW probability distribution of the nth step. For comparison, Fig. 4.7
below shows the normalized expected Hadamard probability distribution for the associated 6th
pulse (n = 5) to be detected by the AndOR camera with an inset table yielding the specific
values. The corrected distribution displayed is for the case of a 50 : 50 beam-splitter acting as the
resonator output window.
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Comparing the calculated distribution to that of the corrected one, the same diverging trend
is still apparent. The maxima here still appear near the edges of the distribution with the highest
weightings occurring at the same positions. It follows that the expected difference occurring from
the overlapping modes within the cavity is a broadening of the peaks as well as the presence of
probabilities in the adjacent positions. Consequently, the generated QW should still retain the
characteristic qualities associated with the pure QWs.

Beam profile and spatial filtering

FIGURE 4.8: False color map images of the nearfield pulsed laser output beam (a)
before spatial filtering and (b) after spatial filtering. The spatially filtered beam is
smaller than the original as it was de-magnified in the spatial filtering process.

Preparation of the input beam for the appropriate evolution of the beam modes is necessary by
elimination of any aberrations and unwanted modes contained in the initial laser generated beam.
Figure 4.8 (a) yields the transverse output profile generated by the Spectraphysics DCR-11 laser
necessary for pulses on the nanosecond timescale. From the transverse distribution, the presence
of aberrations and additional modes are evident in addition to a large beam width of 3 mm which
is averse to maintaining an appropriate beam size at larger steps due to high OAM values. To
prepare the necessary Gaussian mode, a spatial filter as illustrated in Fig. 4.8 was applied to the
beam where a 50 vm pinhole was placed in the Fourier plane of the 4 — f system with lenses of
focal lengths, f1 = 750 mm and f2 = 200 mm respectively functioning as a demagnification
telescope. Here the pinhole was three times larger than the calculated Gaussian beam width in the
FP, resulting in the extraneous modes being filtered out spatially. The focal length ratio (f2/f1)
between the lenses additionally formed a demagnification telescope to reduce the beam size to 2
mm.

The spatial filter output beam is given in Fig. 4.8 (b) where a Gaussian intensity distribution
can be seen along with the appropriate demagnification. It follows that this beam may then be
successfully propagated through the setup such that any modes generated are due to the QW. In
addition, the feasible beam size with regards to optical component dimensions at higher OAM
modes or greater steps allows for a more sustainable walk.

Pulse synchronization and gating

Attaining the OAM spectrum of a specific QW step requires a camera capture time (gating time)
equal to or smaller than the output pulse temporal width. This is possible on the nanosecond (ns)
scale with an AndOR iStar ICCD camera (734 series) through a photocathode optical shutter that
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FIGURE 4.9: Schematic illustrating the procedure necessary to correctly capture
an output pulse for a single step or round trip in the quantum walk.

allows the intensity to reach the ICCD and thus be captured for a specified gate width. It is possible
to determine the opening and closing of the photocathode by monitoring the electronic signals sent
to enact the operation with an oscilloscope. As indicated in Fig. 4.9, the opening is determined
with a negative pulse and closing with a positive pulse.

As mentioned, location of the desired output pulse (step) additionally requires synchronization
between the camera and laser pulse emission through a digital delay generator. It follows that a
specific time delay must be placed between the pulse emission and opening of the photocathode
which is equivalent to the time taken for the electronic signals to travel to the respective com-
ponents as well as the time for the pulse to reach the resonator, circulate the resonator a desired
number of times, travel through the sorter and reach the camera. This delay may be experimen-
tally achieved by placing a photodiode at the same distance from the output as the camera and
triggering oscilloscope. The AndOR trigger may then be monitored in conjunction with the time
it takes for the pulse to reach the photodiode. Adjustment of the calculated time delay adjusts the
first detected pulse (step 0) temporal position as depicted in Fig. 4.10. After determination of the
initial pulse delay, isolation of the desired step or pulse output is achieved by adding an additional
delay of Nt that is related to the resonator circulation time, ¢ and number of steps, V.

Determination of the appropriate delay required for synchronization of the camera and laser
pulse is demonstrated in Fig. 4.10. The graphs along the lower row of the figure are signals
recorded by a oscilloscope monitoring the photocathode triggering signals as well as the arrival
of the emitted laser pulse due to a trigger pulse from the digital delay generator for the same
nanosecond time scale (z-axis). The y-axis then represents the associated voltages. It follows
that the blue profile is the laser pulse detected by the photodiode, placed the same distance as the
camera from the output pulse and the red profile is the trigger signals operating the opening (first
large dip) and closing (first large spike) of the photocathode. Transparent green overlays on the
respective graphs emphasize the period for which the camera is recording the pulse intensity and
thus the section of the pulse captured. As indicated, the gate width (capturing time) was set to 10
ns.

Images above each of the oscilloscope graphs are the transverse intensity distributions captured
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FIGURE 4.10: Experimental illustration of synchronization required between the
AndOR camera and pulsed laser for accurate output pulse capture from the QW
resonator. Delay time settings were decreased from (a-d).

in the respective 10 ns gated windows where the delay between the photocathode and laser triggers
from the digital delay generator was systematically decreased from (a) through to (b) for a three-
lobe spatial profile. It can thus be seen from (a)-(b) how the pulse moves into the capturing
window of the camera before the maximum pulse intensity is captured in (c) and then moving
past the range again in (d). The variation in intensity of the captured modes clearly show the
synchronization effects of the time delay parameter and the desired position for ideal analysis of
an output pulse with (c).

Application of the appropriate synchronization time delay was determined with the method
illustrated in Fig. 4.10. The first pulse in the resonator setup is crucial in capturing the desired
QW step or output pulse. Subsequent addition of a step-related time delay constant, Nt, to the
initial delay allows for the capture of the intensity distribution related to that step (/) or output
pulse (as explained in the methods). This is illustrated in Fig. 4.11 for the experimental setup.
Here successive output pulse intensity distributions from N = [0, 4] were captured with a 10 ns
gate width in the mode sorter Fourier plane. A clear evolution in the distribution may be seen
across the steps, indicating a spread in the intensity distribution and thus the successful capture
of additional output pulses according to the associated delay settings. It follows that this method
would be effective in attaining the OAM spectra of each QW step, allowing real-time observation
of the walk.

Aligning the loop

Precise alignment of the resonator is of significant importance such that the beam (walker) is both
retained within the walk and is correctly modulated by the QP. Subsequently, the pulse must be
reflected back onto exactly the same path as was initially traversed at every interaction with the
beam-splitter (BS). Several steps were construed in order to obtain such an alignment. Initially,
the laser was set to run in continuous mode where the pulses were emitted at a frequency of 10
Hz, forming a semi-continuous beam and thus allowing the path to be easily recognized. The BS,
transmitting light into the resonator, was then aligned such that both the reflected and transmitted
components followed marked straight paths at 90 degrees from the other. Afterwards, a rectangular
path was mapped out with the use of two apertures placed after one another to form the subsequent
perimeters. The beam was then made to reflect off the centre of each of the resonator mirrors and
traverse the path marked out until reaching the BS again. This resulted in an initial crude alignment
of the system. Further iterative steps were then taken to refine the alignment by adjusting the tip
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10ns

FIGURE 4.11: Example evolution of output intensity distributions as captured
every consecutive 10ns from the first output pulse, marking each round trip made
by the circulating light beam for the QW resonator.

and tilt degrees of freedom for the resonator mirrors such that the pulse transmitted out of the
resonator followed the path of the initial beam reflected from the BS.

From the initial alignment, the reflected beam was aligned on a straight path marked out
by two apertures placed 1m away from the other after reflection off the mirror shown in Fig.
4.12. Through adjustment of mirrors M2 and M3, the resonator output beam was then iteratively
‘walked’ through the nearest (A1) and furtherest (A2) apertures respectively. It follows that by
aligning the resonator outputs to the initial beam, the component reflected back into the resonator
retains the same path within the resonator.

Placement of a Spiricon camera (CCD) near the furtherest aperture allowed the positions of
the respective beams to be better identified. By observing the beams here, alignment to the re-
flected beam could be further improved. Here, iterative adjustments of M1 and M3 allowed the
momentum and spatial position of the output beam to correspond that of the reflected one. This is
illustrated in Fig 4.12 where the 1st and 2nd RT outputs may be easily identified alongside the re-
flected beam. It should be noted that the beams were separated substantially for better illustration
of the method in Fig 4.13 (a).

Following Fig. 4.13 indices, M1 was adjusted to place the 1st output beam in the centre of the
reflected beam. M3 was then adjusted to combine the 1st and 2nd output beams which is initially
off-centre. M1 was then readjusted to move the 1st output back to the centre of the reflected beam.
Readjustment of M3 to recombine the output beams result should have them positioned slightly
closer to the centre of the reflected beam. Iteration of these adjustments then yield the 1st and 2nd
output beams combined at the centre of the reflected beam as seen in Fig. 4.13 (h).

Verifying the alignment and any further adjustments were achieved by temporally observing
the beams on the AndOR camera. For this, the laser was set to single pulse mode such that
synchronization with the camera allowed different RT output pulses to be examined. Here the
imaging system outlined in Fig 4.4 was employed with the pop-up mirrors flipped upright such that
the position of the reflected beam was marked on the camera and compared to the beam positions in
the subsequent time steps (other RT pulse outputs). If further adjustments were required, M1 and
M2 were then iteratively adjusted along the temporal time scale. Here M1 was used to adjust the
position of the 2nd output pulse and M3 the position of the 7th output pulse. Iterative adjustments
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FIGURE 4.12: Selective schematic of Fig. 4.4 indicating the mirrors used for the
alignment as well as aperture and camera positions.

then further aligned the resonator to an acceptable standard for reasonable results to be expected
from the MS.

4.2.2 Experimental demonstration

Demonstration of the QW was attempted with implementation of both the refractive and 3-copy
diffractive sorters for the reasons outlined in the mode sorter analysis section. Subsequently, initial
implementation of the conventional Hadamard QW was carried out with the refractive sorter in
view of achieving the largest number of steps. This was achieved by placing the QWP with the
fast axis at 45 after the QP, as outlined in Fig. 4.4 and Eq. 4.7. By adjusting the fast axis angle of
the HWP before the resonator, the coin state for the walker was initialized as desired. The results
obtained are shown in Fig. 4.14 alongside the distributions expected from the simulation outlined
in Section 3.3.1.

For a diagonal input, the HWP was rotated to 67.5°, resulting in a symmetrical initial coin state
as shown in Chapter 2. The results are given as Fig 4.14 (a-c) for steps 1, 2 and 8 respectively. A
Gaussian-like distribution may be seen in the first two steps with Fig. 4.14 (a) and (b), as expected
for the classical case and the initial QW. Good correlation with the first step in (a) is shown where
a similarity of 87.1% is seen. A small divergence in Fig. 4.14 (b) may be observed where the
intensity near the center of the distribution dips, giving a reduction in the similarity where S =
84.3%. This deviation may be attributed to a distortion from the overlapping of the 1-copy sorter,
as was seen in Fig 3.29, coupled with slight misalignment of the mode sorter elements. However,
as the walker is taken through further steps, a clear divergence in the OAM weightings from the
center position is evident from the distribution shown in Fig 3.4.14 (c). In step 8, a fair correlation
between the simulated and measured distribution is seen with a similarity of 87.3% alongside a
distinct divergence of the OAM weightings detected away from the central position (OAM = 0)
and towards the outer edges, yielding the characteristic QW distribution.
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FIGURE 4.13: Images illustrating the resonator alignment procedure where (a)
indicates the beams visible in an appropriate plane of choice outside the resonator.
The reflected beam is larger than the output beams as the lens system inside the
resonator operates as a demagnification telescope to counteract the increase in
beam size caused by higher OAM modes. Iterative alignment with M1 and then
M2 is shown for the successive images (b)-(g) before achieving the aligned output
indicating alignment of the resonator and subsequent modes (h).
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By placing the HWP at 45, the coin state of the pulse was changed to horizontal polarization,
reflecting an asymmetrical input state with respect to the Hadamard coin operator. Accordingly,
from Chapter 2, the QW distribution expected should exhibit asymmetry where the OAM weight-
ing towards one of the outer edges is significantly stronger than the other. Figure 4.14 (d)-(f) show
the measured results for steps 1, 2 and 5 for these initialized conditions. Here, again, fair agree-
ment between the detected and simulated modes may be seen with the detected modes following
the characteristic trend expected for a QW. More specifically, the initial OAM distribution begins
centered around the origin with step 1 and exhibiting a similarity of S = 0.843. After step 2, the
weightings already form a slight divergence to the left with a high degree of correlation seen with
respect to the simulated values as evidenced by a similarity of over 90%. Continuing the QW to
step 5, this asymmetrical divergence may be clearly seen in Fig 4.14(f) where the experimental
measurements show a similarity of 89.9%. Here the asymmetrical nature of the walk is evident
with the weightings detected for the OAM values towards the left being 3 times greater than that
of the right, alongside a distinct reduction in weightings at the central OAM value.

Here the largest number of steps that were achieved with the refractive sorter and 50:50 beam-
splitter, used to couple light out of the resonator, is shown in Fig 4.14 (c) with 8 steps. Additionally,
the similarity values observed are well within the bounds expected for the 1-copy mode sorter for
all the distributions measured. This is evidenced as lowest value of 84% for the QW compares
favourably to the 79.1% seen in the mode sorter analysis.

As was mentioned in the framework outlined for this spatial mode QW, the waveplates form
coins based on their polarization flipping attributes. Accordingly, the QWP set to 45 is a specific
case, resulting in the customary Hadamard coin. In fact, a plethora of different coins may be con-
structed by adjusting and construing different waveplate combinations and angles. Consequently,
a large degree of flexibility is afforded to adjust the environment experienced by the walker by
proxy of the coin operator. This is subsequently demonstrated through a few different variations
as shown further on. For this case, the focus was towards the change in distribution rather than the
sorting range. Consequently, the 3-copy diffractive mode sorter was utilized in place of the refrac-
tive sorter. A 90:10 (reflection: transmission) beam-splitter was then also implemented as a result
of experimental constraints as well as to preserve the light circulating within the resonator and
thus compensate for the additional energy lost to the Oth order of the diffractive optic. It follows
that the simulated distributions were then also altered accordingly.

More specifically, rotation of the QWP fast axis to 90° results in another well-known coin that
was also analyzed in Chapter 2. This forms the balanced coin as may be seen by substituting the
angle into Eq. 4.4, as shown by

X C im . .
C(90)qwp =i {wl Z.elm] = [ 1’ _11} = [21 ﬂ (4.12)

From Chapter 2, a distinct effect of this coin is seen as a result of the symmetry given by the
imaginary numbers in the operator. Subsequently, the asymmetrical distribution formed by the
asymmetrical initialized coin state, such as the horizontal polarization state from Fig 4.14 (d)-(f),
results in a symmetric or balanced distribution with this coin. This effect may be seen in Fig.
4.15 for step 4 of the QW with a horizontal initial coin state. Here the QWP set at 45° yielded
the distribution seen in Fig. 4.15 (a). Rotating the QWP to form the balanced coin then resulted
in the distribution measured in Fig. 4.15 (b). It follows that the symmetry of the distribution
is restored despite the asymmetrical input state where equal weighting may be observed for the
intensity peaks at OAM = £2.

A stronger similarity may be observed between the simulated and measured distributions than
was seen for the refractive sorter with 95.4% in both cases. This correlates well with the expecta-
tions formed from the mode-sorter analysis where a 96.8% similarity was achieved.

The built-in coin resulting from the polarization flipping action of the QP also forms one of
the extreme variations of the QW spectrum. The subsequent operator is thus,
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FIGURE 4.14: Experimental results for a Hadamard QW for a (a-c) symmetrical

input polarization state and (d-f) asymmetrical input polarization state. (a,d) Step

1 with S =0.871 and S = 0.843, (b,e) Step 2 with S =0.843 and S =0.921, (c) Step
8 with S = 0.873, (f) Step 5 with S = 0.899.
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FIGURE 4.15: Experimental results illustrating the transition from the (a)
Hadamard coin with S = 0.945 to (a) balanced coin with S = 0.954 for step 4
in the QW for an initialized horizontal coin state.

C(QO)QWP =1 |:$ (1):| (4.13)

This coin actually forms the equivalent of a NOT-operation [23], causing the walker to com-
pletely exchange polarization states and as such alternate directionalities of the steps. The walker
then oscillates about the origin, perpetually propagating from OAM = 0 to 1 depending on the
step. With the overlapping pulses from the experimental implementation, this corresponds to a
distribution about the origin whereby the weightings between these OAM values fluctuate with
the step number.

Results from this coin are shown in Fig. 4.16 (a)-(c) for steps 1, 4 and 5 respectively. Here
the distinct confinement of the distribution to the origin or initial position of the walker is evident
throughout the steps. Step 4, in particular, bares significant contrast to the same step distributions
shown for Fig 4.15 where the maximum weighted OAM state is 0 as opposed to the 12 states with

a characteristic dip at the O state.
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FIGURE 4.16: Experimental results for (a) Step 1 with S =0.844, (b) Step 4 with
S =0.911 and (c) Step 5 with S = 0.854 of a NOT-coin QW for an initial diagonal
coin state.

The similarities associated with the modes detected in this case has a notable decrease in
correlation compared to the high values expected from the mode sorter analysis. This may be
explained due to the increased sensitivity of the sorter to the changes in both the beam size and
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alignment as opposed to the refractive sorter. In the previous case, the mode sorter was aligned to
a specific step, demonstrating the change in distribution for a specific output pulse. In this case,
however, the mode sorter was aligned to accept a range of modes which decreased the accuracy
associated with the detected modes. Consequently, an increase in cross-talk may be observed
in the higher-step distributions with small detections of outlying modes are seen, such as at +2,
where such modes are not expected. These similarities, however, still show fair agreement between
the simulated and measured values, illustrating the action of the NOT-coin generating an extreme
QW where the walker is confined about the origin and oscillating between the fundamental first
positions.

Another extreme QW may be generated by considering the effect of an additional HWP at 0°.
The corresponding coin operator is determined by,

C(0)awp = [HWP(0)|[HW Pgp| = [(3 é} {? E’J = [ S ﬂ 4.14)

Equation 4.14 is in fact the identity coin with the extraneous global phase factor of -1 being
disregarded. It follows that the operation of this coin is to continually ladder each state in the same
direction, causing no interference between the states in comparison to the NOT-coin which yielded
maximal interference within the walker. As a result, this coin generates states at the extremes of the
distribution for each step, such that maximal variance is seen for the QW. Due to the experimental
overlap, this extreme laddering is still evident, however, with a slight broadening of OAM states
about that extreme value.

Measurement of the QW is shown in Fig 4.17 (a)-(c) where step 0, 3 and 4 are shown. Here a
clear profile of walker evolution can be observed with the walker beginning at the origin in Fig 4.17
(a) and centring at the most extreme positions for each step. This is seen as positions +3 at step 3
in Fig. 4.17 (b) and +4 at step 4 in Fig. 4.17 (c¢). The increase in positional spread is substantially
noticeable in comparison of step 4 here with that of the NOT-coin (Fig. 4.13 (b)) as well as the
Hadamard and balanced coins (Fig. 4.15). Here with the NOT-coin, the two distributions appear
the inverse of the each other. In between these extremes, the Hadamard and balanced coins centre
about £2.
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FIGURE 4.17: Experimental results for (a) Step O with S =0.943, (b) Step 3 with
S =0.869 and (c) Step 4 with S = 0.871 of the extreme QW with an identity coin
for an initial diagonal coin state.

The similarities seen for these distributions again show a fair correspondence with expectations
and are within similar bounds that was seen in the NOT-coin case for identical reasons. The
asymmetry in steps 3 and 5 may be attributed to slight misalignment of the output pulses to the
mode sorter system which was exacerbated by the increased sensitivity of the diffractive sorters.
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4.2.3 Challenges and limitations

In the previous section, we demonstrated a scalable, robust system with a high degree of flexibility
from the significant degree of control that was afforded with both the initial walker state and the
coin the walker may experience. Although these factors show great promise for furthering the
development of a successful system based on this phenomenon, the questions still arise as why the
maximum number of steps was limited to 8 as well as how feasible the accuracy and precision of
the results can be for further steps in the QW. Accordingly, we review the practical challenges and
limitations experienced with this implementation for a spatial mode QW.

Walker generation, step synchronization and intensity retention

The initial challenges encountered with the system may be conferred with the laser system imple-
mented. As was shown in section 4.2.1, the spatial profile of the beam was neither single mode
nor of a symmetrical profile. This was corrected with the implementation of a spatial filter where
a pinhole placed in the FP of a 4 — f system filtered out the additional radial modes and generated
a Gaussian spatial profile. Two distinct disadvantages were intrinsic to this technique. Firstly, as
the pinhole was filtering out the extraneous modes, it was also decreasing the amount of initial
intensity that could be coupled into the resonator. One approach that may be considered would be
to increase the intensity of the beam being spatially filtered and thus increase the percentage of the
light being passed through the filter. Secondly, this is limited to the damage threshold of the pin-
hole, setting an upper boundary on this value; now as the beam is focused into a diffraction-limited
spot in the FP, the energy density experienced by the pinhole is high which severely decreases this
upper-bound. As a result, the maximum amount of energy which could be passed though the
pinhole was 1 mW.

Phase matching drift over time from the SHG employed was also seen. This caused the shape
of the spatial distribution in the filtering plane to alter which then caused the pinhole position to be
slightly off-center. As a result, a further reduction in the percentage of light let through was seen.
This would then have to be corrected through small adjustments of the phase matching alignment.

Another issue discussed in detail previously was the temporal width of the pulse in comparison
to a realistic and stable resonator length. Here the pulse was estimated to be 30ns long. We solved
this issue by incorporating the overlapping pulses into the simulation and evaluating the results in
terms of the modified distribution. This, however, is not an ideal solution which comes with further
issues. Specifically, the simulation depends on capturing a specific portion of the pulse from each
round trip where the weightings from each pulse could be quantified. However, as the step is
determined by the temporal gating time based off the initial pulse, the jitter in the synchronization
system of about 2-3 ns resulted in this weighted influence being more of an approximation. As
a result, several measurements of the same step would be required to mitigate the effect and the
average taken to be a good resemblance of the approximation.

Further challenges encountered resulted from the synchronization limitations between the
camera and laser system. Here the AndOR camera formed the limiting factor in terms of how
many pulses could be evaluated and thus was utilized as the triggering mechanism. For alignment,
time and stability purposes the AndOR camera could be run in a continuous mode which captured
frames at a steady rate. Here a fire signal was sent to the laser at a constant frequency, allowing
measurements and checks to be carried out with a small delay between frames. Due to the opera-
tion mechanisms of the camera, this frequency had a maximum value of 2 Hz which was far less
than the recommended 10 Hz operating frequency of the laser. Consequently, several problems
resulted in terms of the long-term operation of the system. Namely, a slow drift occurred in terms
of the pulse synchronization where the RT pulse selected by setting the delay would drift out of the
time frame such that the next pulse was actually being captured after a 30 min running window.
Resetting the system would then return the system to a reliable state for another 30 min. This
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additionally had an effect on the accuracy of the RT measured against the simulated distributions.
Furthermore, a slow decrease in the intensity of the pulse being generated by the laser accom-
panied the pulse drift observed, resulting in a restriction on the maximal number of steps which
could be comfortably captured.

Another hindering factor with regards to the efficient capture of different time steps from the
resonator was the amount of light being coupled out of the resonator as a result of losses in each
round trip. Subsequently, the pulse intensity decreased for every additional step captured, as such,
in addition to altering the gain of the camera, an adjustment of neutral density filters placed before
the camera was required for transitions between the different steps.

Detecting the walk: expected accuracy and precision

As this mode sorter was already extensively evaluated, this will only briefly be covered here in
view of furthering the QW steps. As was observed previously, two choices of mode sorters were
available with a traditional refractive sorter in comparison to a diffractive 3-copy sorter. Here,
a trade-off between using these sorters was seen for the range of sorted OAM modes, the range
of allowed input beam sizes, and the accuracy of the detected mode weightings along with the
associated cross-talk. Evaluation of the results seen in the previous section showed that only a fair
accuracy may be expected for the refractive sorter due to the overlapping modes. This allowed the
distribution to be comparable to that which was simulated, but could also be notably improved.
Precise alignment of the diffractive sorter for the QWP symmetrical coin case showed that this is
indeed possible. On the other hand, due the number of round trips required by the QW, a change
in beam size as well as any variation in the alignment resulted in a significant decrease in the
accuracy such that the similarity range became comparable to that of the refractive sorter for the
QWs with the HWP coins.

It follows that the refractive sorter holds the most promise for detecting a large number of
steps with more practicality as both the beam size and OAM increases with the number of steps.
Accordingly, only small adjustments to the alignment of the elements would be required for ac-
ceptable detection of the distributions. Implementation of the diffractive sorter in this case would
require a significant number of attempts to demagnify the beam as the QW steps increase, in addi-
tion, the re-alignment would also require adjustment of the sorter every 20 modes for the accuracy
to hold.

Coin preservation

Another impact on the QW was the effect of dielectric mirrors on the polarization state of the
pulse. Thorlabs E03 dielectric mirrors were used in the cavity were the expected percentage of
horizontal and vertical light reflected was over 98%. While the dielectric mirrors preserve these
states of polarization, they also induce a variable phase difference between the components that
is wavelength and angle of incidence dependent. As the QW depends on the phase difference
between these components being constant due to the circular polarization dependence of the QP,
these mirrors act as additional QWP coins with each reflection. This effect may then be mitigated
by placing another WP in the cavity for the correction of the un-wanted phase alteration by the
elements. For the QW implemented here, the totality of the mirror phase adjustments was that
of the HWP of Eq. 4.13. Therefore, by incorporation of this effect, the QWs were measured in
Section 3.4.2.

Improvement

A significant amount of improvements may be expected for the implementation of a laser source
which generates an initial Gaussian beam with a FWTM pulse width of 1 ns at wavelength not
requiring an SHG. With the same 10 ns cavity, the reflected pulses would not overlap inside the
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cavity, resulting in a distinct separation between the pulses coupled out of the resonator. This
would allow for easier selection of the correct step in the QW with the synchronization system.
Additionally, the QW distribution would result in the OAM modes for each round trip being alter-
natively even and odd, causing the overlap issue with the refractive sorter to be mitigated as there
would be no adjacent OAM modes. Without the spatial filter, the energy of the initial pulse put
into the resonator could also be increased, allowing the number of detectable RTs to be signifi-
cantly increased. Here the upper bound on the intensity would be that of the WP or QP inside the
resonator. The lack of an SHG would also result in the beam profile remaining constant, removing
much of the uncertainty associated with the walk.

With regards to adjustments to the intensities incident on the ICCD, a motorized filter wheel
could be implemented in place of the manual system. Accordingly, a set change in the filters
before the ICCD could be automated with the synchronization such that an optimal amount of light
is detected. The practicality of capturing a large number of steps is then improved significantly
with the time between captured steps being set by the adjustment time for the filter wheel which
could be a matter of 1-2 seconds.

4.2.4 Conclusion

In conclusion, we have established the framework set out by Goyal et. al. [126] for a classical
QW in the spatial modes of light and extended the flexibility of the system for variations in the
coin and initialization steps of the walk. The various experimental considerations were explained
and discussed in detail as well as the technique developed for alignment of a 4-mirror resonator.
The expected QW distribution was also adjusted to include the experimental limitations of the
resonator length and pulse width.

Altogether, several QWs were successfully demonstrated with classical light in the OAM and
spatial DoF despite the challenges and limitations discussed. Moreover, the QW was also demon-
strated utilizing two different detection systems with varying degrees of accuracy. While the corre-
lation between the simulated and measured distributions was not optimal, fair agreement was seen
with the similarity of the experimental data not falling below 84%. Additionally, some distribution
similarities were found to be higher than 90% with implementation diffractive sorter and as high
as 95% with the most optimal alignment.

Here the scalability of the system is evident with 8 steps achieved from only 1 set of coin and
conditional step operators (QP and WP). The high degree of control available for the initialization
is clearly demonstrated through alteration of the Hadamard QW symmetries through adjustment
of the initial polarization state of the walker. Furthermore, a high degree of flexibility was also
shown for choice cases of coins, yielding QWs of differing symmetry as well as the extreme cases
where maximal and minimal interference was seen within the walker.

It follows that with improvements to the system, successful demonstration of practical QWs
for a large number of steps is within reach. Consequently, the concept and implementation of this
scheme has been explored in detail, laying the foundation for further implementation and uses.
In the following chapter, the impact of this is explored along with additional adjustments which
could further the practicality of this scheme for effective implementation in the future.
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Chapter 5

Outlook and future work

5.1 Summary and outlook

Over the course of this dissertation, the quantum walk phenomenon was examined in detail with an
in-depth look at the principles and properties associated with QWs. Chapter 1 gave a broad, intu-
itive overview of the QW concept. In here, the versatility of this phenomenon was discussed with
promising applications ranging anywhere from quantum computing to simulating systems such as
energy transport in photosynthesis and Anderson localization in Bose-Einstein condensates. Here
the mathematical framework was reviewed in Chapter 2, using Dirac and matrix notation. From
this we looked at the dynamics associated with the walk as well as the implications of the types of
coins employed, laying the foundation for physical and intuitive understanding. It was seen that
due to the particle-wave nature of the quantum properties of particles undergoing this mechanism,
the walker interfered with itself and spread over the space in which it was walking. Accordingly,
the wave nature of this phenomenon could be seen to relate to the mechanics associated with clas-
sical waves. Exploiting this, light as a wave was then discussed as a possible classical alternative
for the QW.

In view of implementing light as a walker, the basic physics was briefly reviewed, highlighting
two distinct properties associated with coherent, paraxial light. More specifically, natural solutions
to the wave equation for transverse electric field distributions were considered. Here, emphasis
was placed on the solution in cylindrical coordinates with Laguerre-Gaussian spatial modes due to
their popularity in the optics field and subsequent role in this work. From here the two properties
explored in detail were OAM and different polarization states of light. These properties were seen
to form two degrees of freedom for classical light which could be manipulated to generate beams
with both spatially varying phase and polarization, yielding vector vortex beams. Such modes
were then shown to have an interesting analogue in terms of the well-known quantum principle
of entanglement. Utilizing the orthogonality of these spatial and polarization degrees of freedom,
it was shown that a non-separable relation could be generated in the same entity, resulting in
classical entanglement. Here, particular importance could then be drawn for the QW as these
modes of light contain an additional well-researched analogue for the classical implementation of
this quantum phenomenon which was not seen as clearly for other such classical implementations
that were carried out. It followed that with these degrees of freedom, a closer walk along the
quantum-classical divide could be made.

Accordingly, the question was then raised as to how this classical version differed, with so
many similarities, to the quantum case. Subsequently, the implications and differences associated
with attaining these different QWs was discussed, highlighting the ‘quantum’ of the QW. Here
it was seen that the main differences separating the classical and quantum forms of the QW was
the non-locality property unique to quantum mechanics as well as the measurement process where
quantum particle probability functions were collapsed to a single state with each measurement.
Meanwhile, in the classical case, the intensity of the wave for all the positions could be measured
in a single snap-shot. Subsequently, the quantum case both contained an essence of randomness
and required several rounds of measurements to build up the probability distribution.
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The different properties and difficulties associated with making a QW ‘come to life’ was then
discussed in detail with Chapter 3. Here reference was made to some of the numerous systems
where such walks were attempted, both quantum mechanically and classically. From these imple-
mentations, an upper limit to the number of steps were seen, with all walks being limited to below
100 steps in both the quantum and classical case, which indicated the requirement for significant
further development to this field for a more sustainable QW. Here the advantages of utilizing clas-
sical light was made evident with its robust properties as well as the improved degree of control
afforded to manipulate the properties of light. The scheme utilizing the polarization and orbital
angular momentum degrees of freedom, proposed by Goyal et. al. [126] in their physics review
paper, was then highlighted as a particularly promising option in terms of these properties as well
as the additional analogue associated with the ability to classically entangle them. Here OAM was
suggested as a position space with a theoretically limitless number of states and polarization as the
coin space, forming intrinsic sub-states for every OAM position state.

Such a realization, however, required the use of particular elements to form a QW ‘toolbox’. It
followed that this toolbox was assembled with the various elements being characterized such that
a good understanding was established for their performance, the physics behind their operation
and the practical aspects of their experimental implementation. The toolbox was subsequently
comprised waveplates, QPs, and mode sorters. Here waveplates were shown to manipulate the
polarization states, converting between different basis states as well as forming assorted super-
positions. Accordingly, this formed the coin operator, flipping polarization as desired. The QP
was shown to ladder OAM states according to the polarization of the incident light with spin-to-
orbital angular momentum conversion ruling the laddering process. Overall observation of the QP
generation process showed the element to be a classical entanglement generator in specific cases,
pairing the polarization states with OAM in a non-separable manner to form vector vortex beams
and entangle the walker along its journey. The QP then formed the conditional step operator in
the quantum toolbox. Consequently, concatenation of the QP and waveplate resulted in the QW
evolution operator, causing the propagation of a classical quantum walk in the spatial modes of
light.

Further evaluation of the modes being generated by the g-plate yielded interesting results.
Here the modulation of light, by considering only the phase, was seen to result in OAM. Here
the amplitude was disregarded, however, with consequence. Playing with only one aspect of the
spatial profile was consequently seen to generate beams which were not solutions to the wave-
equation and thus not preserved naturally. As a result, it was shown that nature then alters the
disregarded amplitude factor itself upon propagation with the formation of radial modes. Power
was shifted from the desired Oth order of the spatial distribution to diverge outwards. Moreover,
this was seen to drastically increase in severity with the OAM magnitude. Care and experimental
consideration was then noted for this vortex beam generation method where for higher OAM
beams, additional considerations would be required. In terms of the QW, this required a smaller
initial beam size, an imaging system between steps to mitigate divergence of the beams and the
use of larger optical elements so as to contain the spatial spread of the modes.

The effectiveness of realizing a QW lies as much in the walking as detecting the walker. Con-
sequently, the last elements in the toolbox involved unravelling the twisted light, or OAM, to
uncover where the walker was and ‘how much’ of the walker was at each position. Performance
and accuracy of the mode sorter, in lieu of this, was of particular importance where any inaccu-
racies would directly affect the precision and reliability of the generated walk. Subsequently, two
types of sorters (refractive and diffractive) were evaluated for appropriate application. The sorting
action of the mode sorter was first illustrated experimentally with each OAM mode transformed
into spatially separated elongated spots, comparatively yielding ‘how much’ of the walker was in
each mode. Accordingly, the OAM-dependent spot position, spot resolution, viable range of ade-
quately sorted OAM modes, cross-talk, resolution of adjacent spots and detection of multiplexed
OAM mode weightings were evaluated for the sorters. Here, an overall trade-off was seen between
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the refractive (1-copy) and 3-copy diffractive sorter performance. The refractive sorter was found
to be more suited for larger OAM detection ranges and variable incident beam sizes at the cost of
accuracy and a notable degree of cross-talk into adjacent modes. On the other hand, the 3-copy
diffractive sorter was seen to yield more accurate and precise results with significantly less cross-
talk at the cost of OAM mode range, increased sensitivity and large restrictions on the incident
beam size variability. It followed that for quantum walks aimed at achieving as many steps as pos-
sible, the refractive sorter was more suitable. Likewise, for quantum walks where the distribution
at a few, select steps was of interest, the 3-copy diffractive sorter was the optimal choice.

With the toolbox completed for a QW in the spatial modes of light, we addressed how one
could implement such a walk in further detail. Here, in Chapter 4, the walk was developed in the
convenient coin space by implementing Jones matrices. Experimental implementation of a largely
practical QW was then considered so as to realize a system that could be largely effective. Such a
system was seen to require high degrees of coherence, control, flexibility and scalability such that
many steps, finite resources and arbitrary operations could be easily carried out. Following this,
the experimental scheme proposed by Ref. [126] was seen to be highly optimal where an external
resonator could continuously circulate a pulse of light (the walker) through the QW elements. This
liberated the amount of QW optics from the number of steps taken.

Details on actualizing the experimental scheme were then discussed where the consequential
restrictions and limitations imposed for a robust system were explored. Here the experimental
setup constructed was examined along with the subsequent considerations. More specifically,
the walker was shown to overlap in the resonator, resulting in a convolution of the round-trip
modes. Simulation of this effect lead to an adjustment of the traditional QW distribution where
it was shown to broaden out the distribution into adjacent OAM modes, but maintained the same
diverging trend. Here, the laser mode was also seen to require demagnification and spatial filtering.
As the steps evolved over time, the isolation of each step was explored through synchronization
of the laser and camera. A procedure for fine alignment of the resonator was then developed for
optimal results.

Utilizing this setup, we demonstrated, for the first time, a QW with classical spatial modes of
light. Here OAM and polarization were consequently shown to be an interesting base for a QW
which was significantly more robust and easier to manipulate than on the quantum mechanical
level, with a twist.

By employing the refractive sorter, the customary Hadamard walk was obtained where the
system was pushed to yield a maximum number of steps within the practical limitations of the
equipment available. Accordingly, the largest number of steps achieved for this configuration was
8, forming a proof of principal in terms of the viability of this scheme where only a single set of
propagation and coin elements were used. This doubled the number of steps that were acquired in
the quantum counterpart of this experiment [117] where only 4 steps were achieved with a linear
scaling of the QWP-QP elements. Additionally, observation of successive steps in the quantum
walk distribution required the addition and removal of QWP-QP sets, in the quantum case, result-
ing in the system requiring new alignment for each step. Conversely, imaging the different steps
only required alteration of the delay set in the synchronization system in this implementation.

A significant degree of flexibility and control was shown where the symmetry of the Hadamard
QW was altered by changing the initial state of the walker by simply rotating a half-wave plate
before the resonator. Three additional types of QWs were also achieved through alteration of
the coin by employing different waveplates and rotation of the fast axis. Here the different coins
changed the dynamics of the quantum walk, highlighting the interference property of the QW.
Subsequently, a range of different degrees of interference was achieved, resulting in adjustments
in the variance of the walk. By employing a NOT-coin, maximal interference lead to oscillation of
the walker about the initial position, without either a spreading of the walker along the positions,
as would be expected with the classical random walk, or a divergence of the walker from the
initial position as traditionally expected for a quantum walk. The Hadamard coin, previously,
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showed intermediary interference with equally weighted superpositions yielding maximal classical
entanglement of the coin states with each position. Here, by simply altering the phase between
the coin basis states with a balanced coin, the symmetry of the QW distribution was also shown
to change. Pursuing the other extreme of the QW, an identity coin lead to the greatest variance
possible with the walker occupying only the outer positions of the distribution with no interference
occurring as it propagated. Achieving these different variations in the same system showed the
flexibility and repeatability desired for practical implementations of a QW system.

Here, an additional advantage was obtained where classical entanglement afforded an addi-
tional analogue to the quantum of the quantum walk. With this property of non-separability al-
ready being well studied [71; 74-76; 177], and used in similar analogous capacities [77; 111; 128;
132; 178], possibility for further insight is evident. Here one could employ some of the analysis
tools such as the Bell inequality [179] and entropy measures [180], already being exploited from
the quantum regime, to study additional aspects of the quantum simulations that was not obvious
in the other classical implementation methods. Here the main limit experienced is the non-locality
properties found for the quantum case. However, there are additional convenient restrictions that
do not apply here which may also work towards favoring this method, such as the non-cloning
theorem [180-182] which implies that you cannot copy the quantum state or information. Classi-
cally, this is not an issue which may lead to amplification advantages which are discussed in the
next section as a possible improvement to the implementation exhibited here.

The question of how this implementation and method compares to the ideal characteristics
of an optimal quantum walk may now be addressed. Here a significant degree of flexibility was
shown possible with control over the initial walker state and coins easily demonstrated. However,
what about using the quantum walk for dynamical environments or operations that require the
coin operation change for every step? While this was not demonstrated here, it is possible through
simple modifications with an electro-optical phase modulator as discussed in the next section.
Ultimate flexibility where environmental or coin control at the positional level is consequently
the next step. For this scheme, this remains an open question as this would require an element
that was biased to every OAM value, which would cause polarization adjustments based on the
twist or phase of the beam while leaving this property relatively changed. Perhaps a solution for
consideration is to implement a coin that also altered the underlying architecture of the position
space i.e. altered and marked the OAM based on the polarization in a variable and controllable
manner.

Considering the dimensionality criteria, the quantum walk here was confined to 1D and as such
the computational and simulation limitations associated with it. This may, nonetheless, also be
further explored with simple adjustments to the scheme and forms an additional avenue for future
work as detailed in future work. As this work formed a proof of principal experimental realization
of this quantum walk, the scalability of the system was shown where the resource that scaled with
the number of steps was simply time. Accordingly, the physical resources could remain constant,
allowing the limitation to the number of steps to be confined to the loss of intensity in each round
trip as well as the initial intensity of the walker. Here the scheme was consequently limited to
only 8 steps due to the available equipment. Subsequently, with an adjustment in the quality
of the initial state from the walker, greater intensity as well as a much larger number of viable
steps could be reasonably expected. Here, another amplification technique discussed later also
opens the possibility for hundreds of steps. Detection of the quantum walk in this implementation
falls within the ideal criteria which is an important aspect when both evaluating an algorithm
and understanding a quantum process by using the QW as a simulation. This was achieved with
real-time measurement and step selection where the only consideration here was the mode sorter
alignment. Here, the QW distribution at each step was achieved with a single snap-shot in time.

Altogether, a first-time implementation of a quantum walk with classical spatial modes of light
was demonstrated. We discussed and showed the viability of the scheme used to become a versatile
platform for practical, easy computations and simulations. The experiments afforded insight into
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the operations of the elements used to exact the required transformations in the polarization and
spatial degrees of freedom. Furthermore, we walked the quantum-classical divide to obtain the
robust scalability desired. The door to another analogue was consequently opened in this gray area
which may be exploited to further the understanding of quantum mechanical phenomenon based
on classical entanglement properties in this regime. It follows that the great potential associated
with quantum walks in spatial modes, a plethora of benefits and versatile uses are possible.

5.2 Future work

The scheme proposed by Goyal et. al. [126] and explored in this work offers a diverse platform
to carry out many different implementations of the QW. Where previously we showed the feasi-
bility of obtaining such a QW with classical light and demonstrated the flexibility of the system,
here we extend the system to show how it may be diversified. It may consequently be used to
carry out interesting forms of the QW which allow it to be a substantial basis for which different
computations and simulations can be easily achieved for future work in this area.

5.2.1 Two-coin steps and dynamical walks

One particularly simple augmentation to the QW is the addition of another QP-WP set where the
WPs form different coins. This concept is illustrated in Fig. 5.1 (a). It follows that for every odd
and even step, the walker will experience the equivalent of a different environment or operation.
Subsequently, the walker undergoes a periodic alteration with the number of steps, such as a
particle in a periodic potential. This may then also be further extended to include more intricate
periodic operations as required.

Another simple augmentation may result from the addition of an electro-optic phase modulator
(EOM) to the resonator after a QWP. Here the EOM works on a temporal scale where a variable
phase difference may be induced between the horizontal and vertical components of light based
on the voltage placed over the crystal. The EOM subsequently has a coin operation similar to [23],
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where v is the voltage placed over the crystal, ¢z (v) is the voltage-dependent phase imparted
to the horizontal polarization component and , ¢y (v) is the voltage-dependant phase imparted to
the vertical polarization component. It follows that the voltage over the EOM may be switched
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FIGURE 5.1: Schematics for (a) a two-coin and (b) a dynamical QW for the
scheme explored in this work.
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FIGURE 5.2: Illustration the schematic for a QW within a QW and a demonstra-
tion of the walker movement in a pseudo-2D space for 2 steps of the walk.

temporally such that at every RT the pulse experiences a different coin configuration. This opens
the possibility to achieving a dynamical QW where full control of the environment for every step
can be achieved, resulting in a greater degree of flexibility in the system. Accordingly, the walker
may experience a plethora of dynamical environments or operations as needed for simulation
or for different algorithms by simply programming a desired time-dependent voltage which is
synchronised with the QW system.

5.2.2 A quantum walk within a quantum walk

The dimension of the QW may also be extended into 2D by implementing a quantum walk within
a first, initial one. This type of 2D walk follows a similar idea which was implemented in a time
QW by Schreiber et. al. [183]. In this context, it works by considering a pseudo-OAM subspace
in a larger OAM subspace by choosing a QP with a larger charge, such as the ¢ = 5 in Fig.5.2.
Multiples of this OAM value (i.e. nx10) forms the larger OAM space and represents the walker
in one dimension. A WP following this QP is then the coin for this dimension. By placing a
secondary QP-WP concatenation after this with a smaller charge (e.g. ¢ = 0.5), the secondary
pseudo-subspace is formed. It follows that the walker takes one large step, such as the 10 in
Fig. 5.2 and smaller steps about each of these nodes to +9 and +11 respectively. The intensity
of the light (probability of the walker) is then measured in a large bin between the multiples of
the large charge (the colored squares in Fig. 5.2 and for each of the specific OAM values (dotted
squares). The larger bins yield the probability of the walker for the equivalent positions in the one
dimension (x — direction) while the smaller (dotted) bins yield the probability of the walk in the
other dimension (y — direction). Further steps then propagate both the large and small QW such
that a 2D QW takes place for every RT.

The number of positions here then scales much larger than in the 1D walk for each step such
that a much larger walk may be implemented in a far shorter number of RTs. For instance, taking
10 RTs results in 21 x 21 = 441 possible positions as opposed to only 21 taken in the equivalent
1D case. It follows that far less complications are required here to implement a simulation or
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computation than for the 1D case. The question here then becomes, how far can we push the
dimensions of the pseudo spaces with appropriate g-plate charges?

Different WPs may also be used such that the walker experiences different environments in
each direction that it spreads. Implementation of the two EOMs for each dimension may also
yield a significant degree of flexibility and numerous options for different environments to be
simulated or possible algorithms to be implemented. Moreover, this nested quantum walk does
not necessarily need to be confined to 2D. Accordingly, with sufficiently large spaces, how many
quantum walks within quantum walks can be made?

5.2.3 Amplifying away losses

As indicated previously, there is no restriction on copying states in the classical realm. Subse-
quently, it is possible to amplify the spatial modes of the walker, where it is not so in the quantum
case. Based on the results by Sroor et. al. [184], by utilizing an Nd:Yag crystal in the system,
the spatial modes may be amplified for a QW implemented with a 1064 nm wavelength such that
the weightings and modes are preserved. Consequently, a lossless classical QW may be generated
where a theoretically limitless number of steps may be achieved. Accordingly, a maximally sus-
tainable QW is possible with this scheme. The question here then becomes: “where is limitless in
the laboratory?”

5.2.4 Conclusion

The concepts suggested here are only a few examples of the possibilities based on the principals
of a QW with spatial modes and classical light in conjunction with the resonator scheme as a
platform. Here, a significant contribution to the usefulness of a classical QW may be seen with
these implementations. One last degree of freedom, that is yet to be considered, is a method for
obtaining dynamical control of the coin state at each OAM position in every step. The closest
scheme for adapting this setup was proposed by Ref. [185] where a Dove prism is incorporated,
generating an ’electric’ QW. Here, an OAM-dependent phase is imparted to each OAM mode,
allowing an OAM-related phase to be ’seen’ by the walker. However, full independent control for
the environment at each position is still elusive. An additional avenue, where merging quantum
and classical computing may also be explored. Here, by combining machine learning with the QW
system may also serve to further and enhance the performance of QWs in future executions. As
such, the development and implementation of a maximally optimal system still requires notable
development. This scheme, however, in light of the requirements for an ideal QW system, holds
substantial promise.
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MATLAB simulation codes for the QW

A.1 QW theoretical simulation

n=60; $number of steps
%% Defining the conditional translation operator

S_plus = diag(ones (1, (2xn+1)-1),-1);
S_plus (1, (2xn+1))=1; %$shift operator - shifts position up by one

S_minus = S_plus.’;%shift operator - shifts position down by one

C_plus = [1 0;0 0]; %coin projection operator - isolates the heads

state (positive direction)

C_minus = [0 0;0 1]; %coin projection operator - isolates the tails
state (negative direction)

T_plus = kron(S_plus,C_plus); %heads conditional translation operator
T_minus = kron(S_minus,C_minus); %tails conditional translation operator
T = T_plus + T_minus; %total conditional translation operator

%% Defining the coin operator

theta = 1.xpi()/4;
phi = 0.xpi()/4;

fi = 0; %$Hadmard coin values
%coin = [cos(theta), exp(i.xphi).*xsin(theta); exp(i.*~fi) .xsin(theta),
—exp (i.* (phi+fi)) .*cos(theta)]; %local coin operator
% coin = (1/sqgrt(2)).*[1 1; 1 -1]; %Hadmard Coin
coin = (1/sqgrt(2)).~[1 1i; 1i 1]; %Balanced Coin
)

C = kron(eye (2xn+l),coin); %complete coin operator

%% Defining initial state

Head = [1;0]; %heads - positive direction indicator
Tail = [0;1]; %tails - negative direction indicator
symm_coin_ini = (1/sqrt(2)) .= (Head+ (1li.»Tail));
asymm_coin_ini = (1/sqrt(2)) .* (Head-Tail);
Horiz_OAM_ini = (1/sqgrt(2)) .* (Head+Tail);

begin = zeros(2*n+1,1);

begin ((2%n)/2+1,1)=1;
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Phi = kron(begin,Horiz_ OAM_ini); %this is always even e.g. n=1 imples
size 2, n=2 implies size 4, n=3 implies size 6

%% Taking n steps

n_step = (TxC)"n; %operator yielding the nth step probability once
acting upon initial state

Phi_n = n_stepxPhi;

Probs = abs (Phi_n) ."2;

Prob_H = Probs(l:2:end); %All the probabilities associated with Heads
internal state - over all spanned positions

Prob_T = Probs(2:2:end); %All the probabilities associated with Tails
internal state - over all spanned positions

Prob = Prob_H + Prob_T;

P = [(-n:1:n)."”, Probl];

%% Plotting the QW

Y = P(1l:2:end,2); %choose all the positions occupied with probabilities
X =P(l:2:end,1l); %Positions occupied with probabilities

QW = area(X,Y);

xlabel ("Position (x)’)

ylabel (' Probability’)

QW.EdgeColor = [0,0.7,07;

QW.FaceColor = [0,0.90,01;

QW2 = area(P(:,1),P(:,2)); %Plotting all points
xlabel (Position (x)’)

ylabel (" Probability’)

QW2 .EdgeColor = [0,0.7,0];

QW2 .FaceColor [0,0.90,0]1;

o o° o° o oo

%% wvariance of the QW

va = P(:,2).x(P(:,1)—-zeros(2«n+1,1)).%2; %variance for the individual
positions
var = sum(va) % total varaince for a walk of n steps



A.2. OAM QW simulation 137

A.2 OAM QW simulation

Appendix A

%%% Optical Elements (Jones Matricies) %%%
clear, clc;

syms phi

g = 0.5;

QP = [cos(2xg*phi) sin(2xgxphi); sin(2+xg*phi) -cos (2xgxphi)];
FQP = [0 exp(—lix2*gxphi); exp(lix2xgxphi) 0];

owp_fwd = [1 1i; 1i 17;

QWP = (1/sgrt(2)).x[1 1i; 11 1];

QWP_bkwd = (1/sqgrt(2)).*[1 -11i; -11 17;

Mirror = [1 0; 0 -1]; %modify later for setup when looking at curved
mirrors

H=[1;1]; VvV = [0;1];

R = (1/sgrt(2)).*[1;11]1; L = (1/sqrt(2)).»[1;-14i];

%1% Initial Step
Operators_1 = simplify (rewrite (QWP_fwd*QP,’ exp’));

%$3% nth Measurement

for n = 5

% n = input (' How many round trips? ’) ; %n+l steps are taken...
Step_n = (simplify (rewrite (QWP_fwd*QP, exp’)))"n;
Full_trip = Step_n=*Operators_1;
Meas_n = simplify (expand(simplify (rewrite (Full_trip«*H, " exp’))))
$pretty (Meas_n)
[Probl, Terml] = coeffs(Meas_n(l,1)); %Horizontal pol = Probs_H

[Prob2, Term?2] coeffs (Meas_n(2,1)); %Vertical pol = Probs_V
Probl = abs (Probl) ."2;

Prob2 = abs (Prob2)."2;
if mod(n,2) == 0
P = [Probl(l:n) + Prob2(l:n),Prob2(l,n+1l),Probl(l,n+1)]; SEVEN

Posl = ones(l, (0.5xn+1)) .x(n+1)-[n:-2:0]; $%EVEN n %creates
positive positions in the patterns coeffs catagroizes them

Pos2 = Posl.*-1; %same, but for the negative positions
res = reshape ([Pos2(:)’,Posl(:)"], size(Pos2,2),2)’; %uses
"flattening’ of the matrix to reorder the positions and combine
favorably
Position = res(:)’; %EVEN
else
P = [Probl(l:n-1) + Prob2(l:n-1),Prob2(l,n),Probl(l,n),Prob2(1l,n+1)+
Probl (1,n+1)]; %ODD
Posl = ones (1, (n+1l)/2).%x(n+l)-[n-1:-2:0]; %ODD n %creates positive
positions in the patterns coeffs catagroizes them
Pos2 = Posl.*x-1; %same, but for the negative positions
res = reshape ([Pos2(:)’,Posl(:)"], size(Pos2,2),2)’; %uses

"flattening’” of the matrix to reorder the positions and combine favorably



138 Appendix A. MATLAB simulation codes for the QW

Position = [res(:)’,0]; %0ODD %adds the 0 position and reflattens
to complete the interlace between the positions
end
Proba = P./sum(P); %$normalize values

Probability = double (Proba); %Converts symbolic numbers into real,
workable ones

Prob_Dis = [Position;Probability]’; %Combines position and probability
of distribution
Dist = sortrows (Prob_Dis,1l) %sorts the matrix in ascending order

based on the 2nd argument (so its sorting the positions while maintaining
the associated probabilities)

%plot (Dist (:,1),Dist (:,2))

x1lswrite (' C:\Users\Bereneice\Desktop\QW_Prediction.xlsx’,Dist, (n+1))%
% writes each step onto the associated excel page number

end
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A.3 Experimental OAM QW correction

T = 0.50; %transmission fraction of beamsplitter output

R = 0.50; %reflection fraction value of beamsplitter output

PW = 30; %pulse width in ns

GW = 10; %gate width in ns (the time period for which the pulse is
captured with the AndOR camera

a = (PW-GW)/2; %the time sections for pulse overlap within the capture
window

for n=0:100 %note sheetn = step #n in the xlsread (step #0 is not
there as it is trivial)

step_0_dist = [[-(n+2):(n+t2)]1’, [zeros(nt+2,1);1;zeros(n+2,1)]1];
n_1 = xlsread(’C:\Users\Bereneice\Desktop\QW_Prediction.xlsx’, ...

sprintf (! Sheet%d’, (nt+l)),sprintf ('Al:B%d’, (2« (n+2))));
ne_1l = [[kron(n_1(l:end-1,:), [1;01)1;n_1(end,:)];

A4 = [ne_1(1,1)+1:2:ne_1(end,1)]1’;

nex_1 = [kron ([A4, zeros(size(A4))]1,[0;11);1[0,011;

next_1 = [zeros(l,2);[ne_1 + nex 1];zeros(1l,2)];

n_2 = xlsread(’'C:\Users\Bereneice\Desktop\QW_Prediction.xlsx’, ...

sprintf (’ Sheet%d’, (nt2)),sprintf ("Al:B%d’, (2% (nt2))));
ne_2 = [[kron(n_2(l:end-1,:), [1;01)1;n_2(end, :)];

Ad = [ne_2(1,1)+1:2:ne_2(end,1)]’;

nex_2 = [kron([A4, zeros(size(A4))]1,10;11);10,011;
next_2 = [ne_2 + nex_2];

if n == 0

Corr_Dist = (step_0_dist(:,2).xw(0,T,R).*x...

integral (@G, - (PW/2)+a, (PW/2)-a))+ (next_1(:,2) .»w(l,T,R) .*...
integral (@G, - (PW/2)+a-10,-(PW/2)+a))+ (next_2(:,2) .*w(2,T,R) .*x...
integral (@G, - (PW/2)+a—-20, - (PW/2)+a-10))

QWC_distribution = [next_2(:,1) Corr_Dist]

elseif n == 1

n_d = xlsread(’'C:\Users\Bereneice\Desktop\QW_Prediction.xlsx’, ...

sprintf (! Sheet%d’, (n)),sprintf ("Al:B%d’, (2x (n+2))));
n_di = [[kron(n_d(l:end-1,:), [1;01)];n_d(end,:)];

A3 = [n_di(l,1)+1:2:n_di(end,1)]1’;
n_dis = [kron ([A3, zeros(size (A3))1,1[0;11);1[0,011;
n_dist = [zeros(2,2);[n_di + n_dis];zeros(2,2)];

Corr_Dist = (step_0_dist(:,2).*xw(0,T,R) .*x...
integral (@G, (PW/2)-a, (PW/2)- a+10))+ (n_dist(:,2) . w(1l,T,R).*...
integral (@G, - (PW/2) +a, (PW/2)-a) )+ (next_1(:,2) .+ w(2,T,R) .*...
integral (@G, - (PW/2)+a-10, - (PW/2)+a))+(next_2(:,2) .*w(3,T,R) .*x...
integral (RG, - (PW/2)+a-20, - (PW/2)+a-10))

QWC_distribution = [next_2(:,1) Corr_Dist]
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elseif n ==
n_d = xlsread(’C:\Users\Bereneice\Desktop\QW_Prediction.xlsx’, ...
sprintf ( Sheet%d’, (n)),sprintf ('Al:B%d’, (2x (n+2))));
n_di = [[kron(n_d(l:end-1,:), [1;01)];n_d(end, :)];

A3 = [n_di(l,1)+1:2:n_di(end,1)]1’;

n_dis = [kron ([A3, zeros(size (A3))1,10;11);I10,011;

n_dist = [zeros(2,2);[n_di + n_dis];zeros(2,2)];

p_1 = xlsread(’C:\Users\Bereneice\Desktop\QW_Prediction.xlsx’, ...

sprintf (’ Sheet%d’, (n-1)),sprintf ("Al:B%d’, (2« (nt2))));
pr_1 = [[kron(p_1(l:end-1,:), [1;0])];p_1(end, :)];

A2 = [pr_1(1,1)+1:2:pr_1(end,1)1’;
pre_1 = [kron([A2,zeros(size(A2))],[0;11);I[0,011;
prev_1 = [zeros(3,2); [pr_1 + pre_1];zeros(3,2)];

Corr_Dist = (step_0_dist (:,2).xw((0),T,R).*x...

@G, (PW/2)-a+10, (PW/2)- prev_1(:,2).»w((n=-1),T,R) .*...
@G, (PW/2)-a, (PW/2)—-a+10))+(n_dist (:,2) .»w(n,T,R) .*...
integral (@G, - (PW/2) +a, (PW/2)-a))+(next_1(:,2) .*w((n+l),T,R) .*x...
integral (@G, - (PW/2)+a-10,—- PW/2)+a))+ (next_2(:,2) .*w((n+2),T,R).
integral (@G, - (PW/2)+a—20, - (PW/2)+a-10))
QWC_distribution = [next_2(:,1) Corr_Dist]

integral
integral

o~ o~ o~ —~

else

n_d = xlsread(’C:\Users\Bereneice\Desktop\QW_Prediction.xlsx’, ...

sprintf (! Sheet%d’, (n)),sprintf ("Al:B%d’, (2x(n+2))));
n_di = [[kron(n_d(l:end-1,:), [1;0]1)];n_d(end, :)];
A3 = [n_di(l,1)+1:2:n_di(end,1)]1’;

n_dis = [kron([A3, zeros(size (A3))],1[0;11);1[0,011;
n_dist = [zeros(2,2);[n_di + n_dis];zeros(2,2)];

p_1l = xlsread(’C:\Users\Bereneice\Desktop\QW_Prediction.xlsx’, ...

sprintf (! Sheet%d’, (n-1)),sprintf ("Al:B%d’, (2% (n+2))));
pr_1 = [[kron(p_1l(l:end-1,:), [1;0])];p_l(end,:)];

A2 = [pr_1(1,1)+1:2:pr_1(end,1)1";

pre_1 = [kron([A2,zeros(size(A2))],[0;1]1);[0,0]11;
prev_1l = [zeros(3,2); [pr_1 + pre_11;zeros(3,2)];

p_2 = xlsread(’C:\Users\Bereneice\Desktop\QW_Prediction.xlsx’, ...

sprintf (' Sheet%d’, (n-2)),sprintf ("Al:B%d’, (2« (n+2))));

pr_2 = [[kron(p_2(l:end-1,:), [1;0])];p_2(end,:)];

Al = [pr_2(1,1)+1:2:pr_2(end,1)]’;

pre_2 = [kron([Al,zeros(size(Al))],[0;11);I[0,011;

prev_2 = [zeros(4,2); [pr_2 + pre_2];zeros(4,2)]; S%Smatrix
with all...

%$positions and associated prob (added the missing 0 ones)
and of...

% the same dimension of the largest input

Corr_Dist = (prev_2(:,2).*xw((n-2),T,R).*...
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end

integral

integral
integral
integral

end
xlswrite (' C:\Users\Bereneice\Desktop\QW_correction_code\...
QW_Correction.xlsx’,QWC_distribution, (n+l))%
writes each pulse onto the associated excel page number such
that e.g.

)
°

o)
)
%

sheet 1

—~ o~~~

@G, (PW/2)-a+10, (PW/2)—- a+20))+(prev_1(:,2) .+»w((n-1),T,R)
@G, (PW/2)-a, (PW/2)—-a+10) )+ (n_dist(:,2) .*w(n,T,R) .*...
@

G, - (PW/2) +a,

step 0O;
step 1;

(
= [next_2(:,1)

output pulse 1
output pulse 2

(PW/2)-a))+ (next_1(:,2)
@G, - (PW/2)+a-10, - (PW/2)+a) )+ (next_2(:,2) .*w((n+2),T,R) . *...
integral (@G, - (PW/2)+a-20, -
QWC_distribution

PW/2)+a-10))

Corr_Dist]

AW ((n+l),T,R) .x...

S SN
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Revealing the radial modes in vortex beams
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Light beams that carry orbital angular momentum are often approximated by modulating an initial beam, usually

Gaussian, with an azimuthal phase variation to create a vortex beam.

Such vortex beams are well defined

azimuthally, but the radial profile is neglected in this generation approach. Here we show that a consequence of
this is that vortex beams carry very little energy in the desired zeroth radial order, as little as only a few percent of
the incident power. We demonstrate this experimentally and illustrate how to overcome the problem by complex

amplitude modulation of the incident field.

OCIS codes: (080.0080) Geometric optics; (080.4865) Optical vortices (230.0230); Optical devices; (230.3720) Liquid-crystal devices

1. Introduction

For beams of the form E,(r)e ¢, Allen et. al. associated the
index, [, with orbital angular momentum (OAM) carried by light
where ¢ is the azimuthal angle and r the radial coordinate [1].
Beams with the azimuthal mode (e~“%) that adhere to the
paraxial approximation are consequently known to contain a
well-defined OAM of [ per photon[1,2]. These azimuthal
modes are also known as vortex beams in light of the
associated helical twisting of the wave front along the
propagation axis [1,3,4]. Vortex beams have since found many
important applications (most of which are highlighted in Refs 4
and 2) such as optical tweezing[5], laser material surface
processing  [6,7], quantum entanglement[8,9], optical
communication [10-12], image processing [13]and quantum
metrology [14]. Subsequent creation of these beams is of great
interest and a surfeit of techniques have been developed for
their creation, including spiral phase plates[15],
holograms [16], spatial light modulators [17], spiral Fresnel
lenses [18], cylindrical lenses [16, 17], g-plates[19-21]and
directly inside the source [22].In the utilization of these vortex
beams, the radial structure is often disregarded as the
fundamental radial mode (p = 0) is a ubiquitous choice in OAM
experiments with few exceptions seen in the implementation
and characterization of optical fibers [23] and recently a
quantum random walk [24].

Here the effect of the missing radial component is
investigated and shown to have a deleterious effect on the
spatial power distribution of the desired OAM modes. Standard
approaches to creating such beams are revealed to manifest
unwanted radial modes that can contain the majority of the

energy. Furthermore, we show how to rectify this problem
through complex amplitude modulation.

2. Vortex Beams

A vortex beam may be written as an azimuthal phase variation
with a Gaussian envelope in the generation (waist) plane:

Pi(r,¢) = G(r)e )

where G(r) = e~/ wo)%js the Gaussian envelope, r is the
radial coordinate, w, the Gaussian beam waist, e % the
azimuthal phase variation with associated OAM of lh per
photon [1, 2], where I is a non-zero integer. It has been noted
that vortex beams may also be expressed as a special case of
Hypergeometric-Gaussian modes [25].

This vortex field, however is not a solution to the free-space
wave equation and as such vortex beams are not eigenmodes
of free-space, resulting in the excitation of supplementary
fields[26] and spatial polarization variance  with
propagation [27].

OAM-carrying beam structures fulfilling the conditions of the
free-space paraxial wave equation include Bessel [28,29] and
Laguerre-Gaussian (LG) modes [1,4,26] with which these
general vortex beams may subsequently be compared.
Analysis could be generalized to either of the mode types, but
this paper will focus on the LG modes whereby the amplitude
at the beam waist is given by [30]:

. I ()
16y1= [t () W ()¢ ™ e @
;Y—J

amplitude term
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Here Llé‘ (x) is the Laguerre polynomial of orders p, [ where
the radial index, indicating the number radial nodes,isp = 0
It can be seen that for pure LG vortex modes (p = 0), there is

an additional amplitude term, (r\/E /wo)lll, that ensures the
invariance associated with the eigenmodes as they propagate.
Similar terms with the same effect are also present in Bessel-
Gaussian and other beams that are eigenmodes of free- space.
It is often unappreciated that it is this radial amplitude term,
which is dependent on the azimuthal index (|/|), and not the
azimuthal phase term itself (|/|¢p), which is responsible for the
characteristic beam core intensity null associated with vortex
beams. The observation of a null in vortex beams without this
amplitude term is instead due to high spatial frequencies
induced by the helicity of the phase together with their
attenuation due to the finite apertures in the optical
system [31].

It is well-known that an optical field may be expressed as a
linear combination of basis modes [32-34]:

U(r) = 3jcip;(r) 4)

where r = (x, y) is the spatial coordinate in the transverse
plane and j(r) represents the basis mode. The complex
correlation coefficient, ¢; = p jem“’f weights the contribution
of each of the basis modes where p; is the corresponding mode
amplitude and Ag; the intermodal phase difference between
the jth mode and a selected reference mode. It thus follows
that the vortex beam (of a particular azimuthal index, [) may
easily be expressed in terms of LG modes of the same
azimuthal index

Ul(r: ¢) = chpl‘ap,l(r) (5)

Here |cp|2yields the power weighting of the vortex beam
among the LG modes and can be expressed as [25]:

LNl
1) T(p+3)T GG +1)
cp — (p+|l ] m 2 2 (6)
\I Pl TEOI(p+IU+1)

where I'(x) is the gamma function. It is clear that the vortex
beam is the sum of many radial modes in the LG basis, i.e, the
same azimuthal index as the vortex beam but with several
radial indices. The implication is that the power in the desired
p = 0 mode can be very small, approaching zero as the
azimuthal index increases.

Ensuing evaluation of the modes indicate a significant
spread of the power distribution to the outer spatial
distributions, increasing concomitantly with the input OAM
content. In other words, rings around the central beam appear
due to additional radial indices when analyzed in terms of LG
modes. This is illustrated in Fig. 1 where the power content of
each mode, radial and azimuthal, in the LG basis is shown for a
given input azimuthal mode.
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Fig 1. Theoretical density plot, determined from Eq. 6, illustrating the
spread of power into radial modes for vortex beams generated
through phase-only transformations and thus lacking the amplitude
term highlighted in Eq. 2.

For example, an input vortex mode of / = 1 has only 78% of its
energy in the LGo1 mode, with the rest spread across higher
radial modes. It can be seen from Fig. 1 that there is a clear
increase in the modal spreading as the input OAM of the vortex
beam is increased: an input vortex mode of [ = 10 has only
0.4% of its energy in the LGo1o mode. Consequently, a direct
result of the missing amplitude term is an increase in the
power distribution as the OAM content of the vortex beam
increases. This is seen by the increased spread of blue over the
p-values at higher OAM values. Observation of the low intensity
also indicates a low power content in any one of the radial
modes with higher OAM. Furthermore, there is a movement of
power concentration to higher radial modes with OAM as
evidenced by the lower intensity (black) for p = [0, 2] of [ = [7,
10]. In fact, beyond I = 4 the power content of the zeroth radial
mode, the desired mode, is close to zero.

3. Experimental Methodology and Results

A. Methodology

Figure 2 displays the experimental set-up for generation and
analysis of a vortex beam in terms of LG radial modes. Two
steps were required for the experiment: generation of the
vortex beams and subsequent decomposition into LG radial
modes with the same azimuthal index.
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Fig. 2. Image of the experimental setup used to decompose the vortex
beams into LG basis modes and measure the power distribution
between radial modes. Obj. Lens, objective lens (10X); M, mirror; P-M,
pop-up mirror; L, lens; SLM, spatial light modulator; A, aperture; QWP,
quarter-wave plate; QP, g-plate (q = 0.5); CCD, camera.

1. Beam Generation

To generate vortex beams, a horizontally polarized HeNe laser
of wavelength ~633 nm was expanded through a 10X
objective lens and collimated by L1 (f: = 400mm), before being
directed onto a reflective PLUTO-VIS HoloEye spatial light
modulator (8 pm, 1920 x 1080 pixels, calibrated at a 2m phase
shift for ~633 nm) marked as SLM;. SLM; was programmed
with an azimuthally varying phase profile, resulting in the
1stdiffraction order possessing the required structure as given
by Eqg. 1. Addition of the quarter-wave plate (QWP) and g-plate
(QP) seen in Fig. 2 allowed for the creation of vector vortex
beams, which will be discussed later.

2. Modal Decomposition

An important technique, essential for analyzing the generated
beams in terms of LG modes is modal decomposition. This
technique is often used for characterizing beams, whereby any
optical field may be expressed as a linear combination of basis
modes as described in Eq. 4. Here we let the basis set be the
chosen LG modes (Eq. 2) allowing an arbitrary input field,
U(r), to be described by a weighted superposition of these
modes. Orthonormality of the LG elements can be exploited to
ascertain the weighting coefficients (c,,;) by taking an inner
product between the input field and desired LG mode [33,34]:

p1 = (UMILGp, (1) = [[io UEILGy () d*r (7)

where integration is over all space and LG,;(r)* is the
complex conjugate of Eq. 2. The complex conjugate of a basis
mode is often referred to as a match filter[35,36].
Determination of the coefficient in terms of the field reflected
off of SLM; (U(r)LG,,(r)") is possible by taking the Fourier
transform of Eq. 7 to yield:

Upi(ke ky) = [ UG YILGy (x, )" e &) dxdy

(8)

where k,, k, are wave vectors. The on-axis intensity at the

Fourier plane (i.e. at the plane of CCD;) provides a physical

measurement of the inner-product given in Eq. (7). The on-axis

point (k,, k,) = (0,0), produces an expression equivalent to Eq.
7:

Upi(0,0) = [, UGILG,, (1) d?r = ¢, 9

It follows that the intensity at the field center, /(0,0), will then
yield the power weighting (ie. square of the weighting
coefficient)

1°(0,0) = |U,,0,0)[* = |c, " (10)

Characterization of the vortex beam only extends to
intensity  correlations and not intermodal phase
decomposition. Therefore, for the scope of this paper,
decomposition was restricted to determining only the
amplitude terms as described above.

Experimentally the amplitude decomposition was obtained
through an optical inner product measurement (Eq. 7)
between the experimental field, U(r), generated by SLM; and
the match filter, LGp(r)* on SLM; with a thin lens performing
the Fourier transformation. First, isolation and imaging of the
1stdiffraction order onto the match filter (SLMz) was achieved
through a 4f imaging system (lenses L; (f2 = 300 mm) and Lz (f3
=300 mm) with an aperture placed in the Fourier plane. The
Fourier transform of the resultant field after SLM;
(U(r)LGpi(r)*) was achieved with lens L4 (f2 = 200 mm). An
aperture placed before CCD; (PointGrey) isolated the 1st
diffraction order allowing the optical inner-product to be
recorded where an on-axis signal dictated a correlation
between the generated mode and match-filter, while an on-axis
null indicated a mismatch. A pop-up mirror (P-M), placed
equidistant between SLM; and CCD+ (Spiricon, LBA-FW-SCOR-
7350115), was used to image the generated nearfield to
facilitate alignment of the optical elements.

B. System Verification

Testing of the system alignment and subsequent confirmation
of the associated technique was achieved by performing a
modal decomposition on LGy,0 and LGoy beams where p = [0, 7]
and [ = [-4, 4]. Intensities were detected at the origin of the
Fourier plane by CCD. positioned in this plane, after the
Fourier transformation was carried out by Ls. The intensity
detected by a single pixel at the origin yielded the power
measurement. It follows that direct correlation is expected
whereby maximal intensity is detected at the origin of the
Fourier plane for conjugate modes generated by SLM; and
SLMp, while null intensity is detected at the origin for all other
modal combinations.

Figure 3 displays the system test results in the form of
density plots. Here the main red diagonals illustrate strong
detection of the corresponding modes as expected with
negligible detected intensities for the non-correlating LG
modes.



Appendix B. Publications

147

o7 o 4

S L 08
£5 £2 0.6
=4 T 0 '
o3 24 0.4
g2 8-2

o1 0.3 0.2
Qg 04 0

01234567
Generated p-mode

432101234
Generated |-mode

Fig. 3. Modal decomposition density plots for decomposition of radial
(a) and OAM (b) LG modes of p = [0, 7] and I = [-4, 4] respectively into
the LG basis for determination of experimental system accuracy and
reliability. The false colors indicate the fractional detected power with
summation of intensities in each row yielding unity.

Cross-talk evidenced by off-axis intensities greater than 0
(light blue) seen in Fig. 3 is due to system misalignment and
aberrations in the optical elements. This, however, is minimal
indicating good system alignment as well as minimal adverse
aberrational effects. Consequently, a good degree of accuracy
and reliability can be expected for modes detected by the
system.

C. Vortex Radial Fields

An I = 1 vortex structure (without the amplitude term) was
generated by encoding SLM: as described earlier.
Decomposition of the beam was performed for radial modes, p
= [0, 7] which yielded values for the power coefficients
described by Eq. 6. Figure 4 displays these experimental values
in terms of percentages together with the theoretical values
(blue curve) calculated from Eq. 6 for comparison.
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Fig. 4. Experimental and theoretical comparison of power weighting
across radial modes p = [0, 7] for a vortex mode of / = 1. The blue line
(theoretical) is included to guide the eye. Error bars for p> 0 are too
small to be observed.

The experimental values are in excellent agreement with the
expected theoretical values as seen by close positioning of the
respective data points and the maximum deviation of ~2%
occurring within the system error at p = 0.

Similarly, encoding SLM: with a vortex structure of / = 10
(Eq. 1) generated a vortex mode of high OAM for radial
decomposition and analysis. Decomposition of the field was
performed for LG radial modes, p = [0, 18]. A plot of results
similar to that of Fig. 4 is presented in Fig. 5 with theoretical
(blue curve) and experimental comparison (red data points).
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Fig. 5. Experimental and theoretical comparison of power weighting
across radial modes = [0, 18] for a vortex mode of / = 10. The blue line
(theoretical) is included to guide the eye.

Majority of the power (78.5%) is still retained within the
fundamental radial order, with maximal distribution of the
remaining power between immediate adjacent radial modes.
Summation over the theoretical power coefficients indicates
that 95% of the total power falls within the p < 4 radial range.

Good agreement between theoretical and experimental values
are again evident with all experimental values (red) falling
within acceptable range of theoretical predictions (blue) as
indicated by the error bars.

A significant shift and redistribution of power can be seen
across the radial modes in comparison to [ = 1 (Fig. 4) as a
result of the higher OAM content. The power maximum being
centered at p = [7, 8] and a drop of ~78.1% power in the
fundamental mode (as only 0.4% remains in this mode for Fig.
5) clearly illustrates this. Additionally, the maximum power
carried in a single radial mode decreased by ~76.3% as seen in
the power difference between p = 0 (Fig. 4) and p = 7 (Fig. 5),
indicating that ~76.3% more of the power is distributed
amongst other modes than for a mode with OAM of an order of
magnitude less. Furthermore, summation over the first 50
theoretical power coefficients only yields 64% of the total
beam power and 95% can be seen to be spread over the first
500 radial modes.

Further experimentation including the addition of a QWP
and QP as depicted in Fig. 2, allowed for a special case of vector
vortex modes to be tested. Such g-plates are now routinely
used in laboratories to create scalar and vector vortex beams
by imparting an azimuthal-only phase to the input beam, as
was done with the SLM, but by geometric phase control [21]
rather than dynamic phase control. We find identical results for
the g-plate as reported here for the SLM. This is illustrated in
Fig. 6 where the detected radial modes were removed for an /=
1 beam generated by the QP by passing a beam with the
amplitude term pre-encoded such that the azimuthal term
supplied by the QP creates an eigenmode of free space. It
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follows that 100% power is expected in the fundamental
mode.
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Fig. 6. Experimental and theoretical comparison of power weighting
across radial modes p = [0, 7] for a QP-generated vortex mode of [ = 1
with the radial modes removed. The blue line (theoretical) is included
to guide the eye. Error bars for p > 0 are too small to be observed.

Fig. 7. Experimental far-field images of vortex beams (a) /=5, (b) /= 10
containing the amplitude term and (c) / = 5, (b) / = 10 without the
amplitude term, illustrating its effect on the retention of beam power
within the lower order radial modes as well as encoded beam
structure. Measured (Me.) and theoretical (Th.) values for the
percentage power occurring in the p = 0 mode of the beam are
displayed in the bottom-right corner. Intensities are normalized to the
highest value for the individual images and thus are not indications of
relative power differences between the beams.

It can be seen that maximal intensity exists in the
fundamental radial mode, confirming that it is the phase
variation itself (the vortex) and not the manner in which it is
implemented that matters. Aberrations present in the QP are
detected as an additional radial mode (p = 2), causing the slight
mismatch. It may thus be concluded that minimal aberrations
were present in the QP and as such, poor beam quality would
be due to the unmodulated azimuthal induced phase and not
the quality of the QP itself.

Clear dissipation of vortex beam power over an increasing
number of radial modes can subsequently be seen with beams
of higher OAM content which should inspire caution in their
utilization and generation for high OAM experiments.

Images of the beams with (LG) and without (azimuthal-only
vortex) the amplitude term of different OAM values (I = 5, 10)
were taken in the far field for visual illustration of the
amplitude term effect. This is presented in Fig. 7. The values
shown on the bottom-right corners give the corresponding
theoretical and experimental percentage power contained in
the desired p = 0 mode.

Th. 100%
Me. 9715%

Th. 100%
Me. 9615%

Th.9.2%
Me. 9.810.5%

h. 0.40%
Me. 0.39+0.02%

Figure 7(a) and (b) display LGos and LGo10 beams in the far-
field where the power is seen to be confined to the
fundamental radial mode as expected. Comparison with the
respective beams with missing amplitude terms (c) and (d)
clearly show further radial power distribution by the
supplementary rings. An increase in the shift of power to
farther rings with an increase in OAM is also evident
Additionally, modes (c) and (d) are larger than that of the
modes containing the amplitude term, demonstrating the
distribution of maximal power to further radial modes as the
diameter of the radial mode with the peak power is then larger
than the fundamental mode.

This is supported by the power values given in the bottom
corners, where a very high percentage of the beam power is
seen to be contained in the fundamental radial mode for beams
(a) and (b) that contain the amplitude term and much poorer
percentages for beams (c) and (d) without the term.
Furthermore, the percentage power in the p = 0 mode may be
appraised as beam purity where the amplitude-containing
beams can be seen to have a high beam purity as opposed to
the deteriorating purity apparent in the beams without this
vital term.

Reconsidering the LG equation (Eq. 2) it follows that one
could expect the Laguerre term to be solely responsible for the
radial power distribution as it controls the radial degree of
freedom (p). In the case where p = 0, however, this polynomial
term reduces to 1 and subsequently has no effect on the radial
distribution. Examining the OAM modulated amplitude term, it
could also be naively expected that it does not contribute to
radial distribution, but on comparison of Eq. 1 and 2, it is clear
that for p = 0, this is the only non-constant term missing and
thus is responsible for the difference observed between these
azimuthal-only vortex beams and the LG beams which are
eigenmodes of free-space. It follows that exclusion of this term
removes the OAM dependent amplitude modulation and forces
nature to correct for it by introducing radial distributed fields
that may be interpreted as additional radial modes in the LG
basis. Outspreading of the beam power is subsequently a direct
consequence of forcing nature to exact OAM modulation of the
amplitude whereby this unintended effect is rapidly enhanced
with increased OAM content in the vortex beam.

Implications of this phenomenon can be deleterious for
experimental work where beam power and mode purity is a
concern, particularly when beams of higher OAM are required.
Generation of these missing-amplitude beams in such
experiments could result in many issues such as detection
thresholds, increased measurement uncertainties as well as
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the number of optical components it will be possible to use in
the experimental design. Due to this drastic power loss with
OAM, utilization of these beams could additionally cause beam
power to become an issue in experiments where it would
ordinarily not be a consideration.

In establishing amplitude modulation to prevent this,
however, there will be initial overall transmissive and/or
diffractive power losses induced by the methods currently
available including spatial light modulators where there is
perceptible loss in beam power. Subsequently, consideration of
experimental parameters is an important factor. Beams that
are not of small OAM result in radial power distributions to
such a degree that the nature-inspired power loss far
outweighs the loss induced by the technique required for
introducing OAM amplitude modulation.

6. Conclusion

In conclusion, we have analyzed the radial distribution of
azimuthal-only vortex beams through decomposition into
radial LG basis modes and compared them to the mathematical
structure of these eigenmodes. Results demonstrated a rapid
increase in radial power divergence with OAM content along
with a shift in the power maximum to farther radial positions.
Corresponding deterioration of mode purity was subsequently
inferred. Further inspection between the modes led to the
deduction that this phenomenon was the natural response to
the absence of amplitude modulation by OAM. Subsequently,
presence of this amplitude term correlates to a counter-
intuitive control of radial power distribution. Awareness of this
dissipation of beam power from the zeroth order is important
for many experiments that require high levels of beam power
in these radial modes as well as the solution to this problem by
amplitude modulation.
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