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Abstract

We will study the symmetry, invariance properties and conservation laws of partial dif-
ferential equations (pdes) that arise in a number of situations in mathematical physics.
These will be range from Image Processing and noise removal algorithms to Timoshenko
beam systems. Furthermore, we will study the invariance properties and approximate
conservation laws of some nonlinear Schrodinger equation with PT-symmetric potentials
with inhomogeneous nonlinearity and some nonlinear Schrédinger equation involving a

spatially extended system consisting of two coupled elements.
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Chapter 1

Introduction

Partial Defferential Equations (pdes) have been successfully studied using the methods
of invariance, conservation laws and a combination of these. A large number of classes of
pdes arise all the time in the literature of engineering, mathematical finance, mathematical
physics, relativity, to name a few. We will be studying, inter alia, the following classes of

pdes.

Noise removal algorithms and Schrodinger equations: a. PT-symmetric potentials, b.
Externally driven nonlinear cases, c. Anti cubic nonlinearity. We study the results from
the symmetries and conservation laws of pdes. Also the problem of how to find symmetries

and conservation laws for a given system of partial differential equations.

In the study of pdes, determining conserved quantities and constants of motion lead to
detecting integrability and linearizations, finding potentials and checking the accuracy
of numerical solution methods used from conservation laws. This thesis contais of four

published artical.

In chapter 2, we analyse the symmetry, invariance properties and conservation laws of
the pdes and minimization problems (variational functionals) that arise in the analyses

of some noise removal algorithms. This chapter has been published [1].



In chapter 3, we show that some classes of the Timoshenko system of pdes that model
the vibrations of a beam are rich in symmetry and conservation laws. In fact, it admits
an infinite hierarchy of conservation laws and higher order symmetries which have impli-

cations on, inter alia, the integrability of the system. This chapter has been published

[2].

In chapter 4, we construct and analyse the conservation laws (conserved densities) of a
model of a nonlinear Schrodinger equation with PT-symmetric potentials and inhomo-
geneity. Noether’s theorem is not applicable to this model as it is not variational and the
conserved forms are adapted in an ‘approximate’ and novel way due to the nature of the

system. This chapter has been published [3].

In chapter 5, we construct and analyse the conservation laws of a model of a nonlinear
Schrodinger equation involving a spatially extended system consisting of two coupled
elements. In the first of two cases, we study the space-time system and, separately, the
stationary model arising from a standard transformation. In the second case, we analyse
a ‘toy model PT-symmetric dimer’ involving a ‘gain-loss amplitude parameter’ for which
only approximate conserved forms exist. In this latter case, Noether’s theorem is not
applicable as it is not variational and the conserved forms are adapted in an ‘approximate’

and novel way due to the nature of the system. This chapter has been published [4].
We present some preliminaries that will be used in the analyses that follow.

2.1 Symmetries, multipliers and conservation laws. Consider an rth-order system of
partial differential equations pdes of n independent variables s = (s1,82,...,5,) and m

dependent variables u = (uy, ug, ..., Uy,) Viz.,
E(s,u,uqy, - ., um)) =0, u=1,...,m, (1.1)
where a locally analytic function f(s,w,us,...,ux) of a finite number of dependent vari-

ables u, uy, ..., u; denote the collections of all first , second ,. .., kth-order partial deriva-

tives and s is a multivariable, that is

us = D;(u®), u = D;D;(u%), ... (1.2)

)



respectively, with the total differentiation operator with respect to s’ given by,

0 o 0 :
aua—i—uija—u?—i-... i=1,...,m. (1.3)

Di -+ U?

" Osi
In order to determine conserved densities and fluxes, we resort to the invariance and
multiplier approach based on the well known result that the Euler-Lagrange operator
annihilates a total divergence. Firstly, if (7!, 72, ...) is a conserved vector corresponding

to a conservation law, then
DaT*' + DT +...=0 (1.4)

along the solutions of the differential equation E(s, u, uy, ..., uwy) = 0.

Moreover, if there exists a nontrivial differential function @), called a ‘multiplier’, such
that
Qs, u,uy ... ) E(s,u,uqy, ..., up)) = DT + DT + .. ., (1.5)

for some (conserved) vector (T*!, T2 ...), then

)
E[Q(g, w,uey - ) E (s, u,ugy, - uey)] =0, (1.6)
where % is the Euler operator. Hence, one may determine the multipliers, using (1.10)

and then construct the corresponding conserved vectors; several approaches for this exists

of which the better known one is the ‘homotopy’ approach.

When a nontrivial multiplier exists, the homotopy operator allows one to reduce the
computation of

® = Div H(Q(s, u, uy - - ) E (s, u, vy, - u)))

(see details in [5, 6]); the homotopy operator reduces the integration by parts to a single

variable integral.

Definition We define the homotopy operator in 2D (with variables (z,t)) through its two
components

! dA
Hien(@E) = [ X @B)MIT
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where, for e.g.,

- 1+Zz 1+'L
Dllet Z7 E
Z_OZO 1—|—Zz+zt (uJ U (QE)).

and (QF)[A\u| means replacing all u’s and their derivatives by Au, i.e., u, is replaced by

(Au),, etc. Also, similarly, for the ¢ case, Here, E(lzés) is the specific Euler operator.

Then, ® = (T*,T") is given by the following theorem.

Theorem If ® is a divergence, then

® = (T7,T") = Div ' (Q(s, u, uqry - .. ) E(8, u, uqy, -y u)) = (Hin (QE), Hiy ) (QE)).

Example [6] Suppose f = QF = u,v, — UyUy — UyVy + Ugy Uy, then

Irf =uB\) (f)+ Dx<uE<2"” V() + 3D, (B ()

( u(x U(w Y)

of _9p

<8uz xau _Dyau )+D (U’D

) + D y(uD, auzy)

T gy

= uvy + §uyvx — UgpVy + guvxy

and we can show that

ITf = uyv + vug,.
Hence,
tend = Jo TEFNw0)] + I f A, 0) )
= %uvy + }luva — %uxvy + }luvmy — %uyv + %Uu$y.
Similarly,
Hoopd = Sy TLFNw0)] + T FAw 0)]) S
= —luv, — tuvg, + Tugvs + uv — Svug,

and

J— X
o = (T*1Y)
— (1 1 _1 1 _1 1
= (2uvy + {UyVr — SULVy F+ TUVLy — SULU + 5VUy,

1

1 1 1 1
—5UVg — FUVzg + fULVz + 5UZV —

3VUzz).-

If the system of differential equations is derived from a variational principle, then the
conserved vector components are obtainable from Noether’s Theorem which requires,

firstly, the construction of variational symmetries (vector fields) X = & % + n“a% that
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leave the action integral invariant. It is well known that the vector fields that leave the
system of differential equations invariant (generators of Lie point symmetries) contain the

algebra of variational symmetries, if the latter exists [7, 8, 9].

Conservation laws may be expressed as conserved forms [10]. For example, if s = (¢, x),
the conserved form would be

w="T'dx — T*dt
(where (7", T7) is the conserved vector such that D, 7" + D,T* = 0 on the solutions of
the pde E(z,t,u,uq), ..., uw)) =0 ). Here, T"dx leads to the ‘conserved density’ if ¢ and

x are time and space, respectively.

2.2 Approximative conservation laws. Often, one encounters systems that involve one
or several parameters for which the system may be exactly conserved (closed) for all
values, some values or no values of the parameters. In the latter two cases, dependent
on the relative nature of the parameters, one may consider an alternative study of the
conservation of the system. In particular, if a parameter is relatively ‘small’, one may be
able to construct an ‘approximately closed system’ that, in the limit of the parameter, is

exact. To this end, consider a system dependent on a parameter of first order €, viz.,

E6(§,U,U(1),...,U(T),€):O(E), U = 1,...,Th. (1.7)

We say that the system is approximately conserved up to order € if there exists a vector

(T%',742,...) such that T% = T*(s, u, u(), - - ., U, €) and
DT + DT + ... = O(e) (1.8)

along the solutions of the differential equation E“(s,u,uq), ..., uw),€) = O(e). In this
case, the multiplier approach would entail the existence of a differential funtion () such
that

Q(s, u,uqy ... ) E(s,u, uqy, ..., ugy, €) = DT + DT + . ... (1.9)

In this case, then,
ElQ(s,u,uqy ... )E(s,u,uqy, . . ., ugr), €)] = O(€). (1.10)

5



In the above, the exactness is recovered in the limit, i.e., when € — 0.

Notes.

(i) If ¢ = u + dv, then ¢ = u 4 v, qx = Up + 1V, @ = Uy + 1V, Guz = Upy + Vs, €bC., and

§=U—10, @ = Uy — Wy, G = Ug — V¢, (po = Uze — 10z, €tc. so that, for e.g.,
09z — 4Gz = 21UV, — 200U,

and rearranging, we get

Wy — vty = 5;(7qe — q7x)
= 1(942)
Similarly,
Wag — Vllae = 5 (Ga — Q0ax)
= 1(q4qz)
and so on.
Also,
49z + 4Gz = 2uuy + 2vv,
so that
Wy + vty = 5(40 + qGx)
= R(qda)
and
Wz + Vlgy = 5(Gex + U0ax)
= R(qqa)

(ii) For systems with two complex functions ¢ and p, let ¢ = u+iw and p = v+iz. Then,

for e.g.,

qp = uv + tuz + 1w — wez, qp = uv — Uz — WY — Wz,
and

qp = uv — iz + 1w + wez, qp = uv + tuz — 1w + wez,
so that

qp — qp = —21uz + 2ivw, qp + qp = 2uz + 2wz



and, hence,

1 1,
—uz+ow=-(qp—gp),  wFwz=(qp+ap).

Furthermore, for e.g.,

1 . _

Note. We have not included the details relating to symmetries; these are will known and

appear in many of the works that are listed in the references.



Chapter 2

Image Processing and ‘noise removal
algorithms’ - the pdes and their
invariance properties & conservation

laws

2.1 Introduction

Amongst others, Rudin et al [11] and Esedoglu & Osher [12] have discussed and modelled,
in considerable detail, the notion of denoising that arises in images wherein the goal is ‘to
remove noise from a corrupted digital image without blurring object boundaries’. Other
detailed works in this regard by Osher are [13, 14, 15]. Essentially, they propose to denoise
images by minimizing the total variation norm of the estimated solution. To this end, they
‘derive a constrained minimization algorithm in which the constraints are determined by
the noise statistics’. In this chapter, we study a number of models that are developed and
discussed in [11]. We study the symmetry, invariance properties and conservation laws

of the differential equations and/or minimization problems (variational functionals) that



are presented therein.

A number of other works and alternative approaches in the area of ‘denoising’ are available

in [16, 17, 18, 19], inter alia. The result below are published in [1].

2.2 The pdes of the ‘denoising algorithm’

The cases studied below are the various nonlinear pdes that, in the first two cases, are
variational and are pdes in space variables only. The first of these variational pdes is a
parabolic type one that is independent of a ‘source term’ whilst the second contains a
linear source term in the dependent variable. When the latter of these two contains a time

variable as an evolution parameter, the resulting pde mimics a Klein-Gordon equation.

2.2.1 Parabolic ‘denoising pde’

Let u(z,y) denote the ‘clean image’ for (z,y) € R. Then, a constrained minimization

problem is given by minimizing [11] [ Lydazdy, where the Lagrangian, L, is given by

Ly = \Ju2 + ul (2.1)

subject to some constraints. The corresponding Euler or Euler-Lagrange operator on L

i = e
0 0 0 0
— =5~ Dig——Dy— 2.2
ou  Ou Ou, Y Ouy, (2.2)
0 0 0
o0 ou T u, T oy, (23)



In order to find the variational symmetries, we have the following operators.

derivative is given by

0 0 0 0

Dy = % + uy% + u“’&T + uwyaT
y T

Now the action of % on L, is given by

(5L1 8L1 8L1 aLl
= p =t p =
ou ou T Ouy yauy

0L, U, 2u,

21 p, D
ou 2\ uz +u y2,/u§+u§

which contains

2 2
0Ly Ugally — 2Uglylaylyyyy

2 213/2 ’
du (u2 + u2)3/
2 2
pAT _ Uay (uz + uy) — Ug (Usg Uy + UgyUly)
CES o 2 2 213/2
2 Uz, + Uy (ux + uy) /
2 2 2
B uy + Uy — Uy — Uy Uy
- U’:E:E

(22 R )

2 2
2u, - Uy (U + uy) — Uy (Uyy Uy + UgyUy)
Ty 2 2 2 2)3/2
2,/ux+uy (ux+uy) /
2 2 .2
u, + Uy — Uy — Uy Uy

Ty T g

The total

(2.5)

(2.6)

(2.7)

(2.8)

The variational symmetries (vector fields) that leave the functional f Lydxdy invariant

with the corresponding conserved forms w = T*dx + T%dy (where (1%, —T"Y) is the con-

served flow/vector)) are given by

10



(i). —20, — yd, + Ou:

—yuz® + uy + ugzu, Uy? — Uy — WYy
2 2)1/2 g 2 2\1/2
(us? + uy?) (us? + uy?)
(ii). O
2
T UgUy Uy
(ug? + uy2)1/2 dot (uz? + uy2)1/2 y
(iid). y:
us dx + Yoty d
x Y
(ug? + uy2)1/2 (ug? + qu)l/2

(iv). —y0, + x0,:

Uy (Up® + UyY) Uy (U + uyy)

(uz? + uy2)1/2 (us” + Uy2>1/2

Here, (ii) and (iii) represent the conservation of linear momentum in z and y, respectively,

and (iv) is the angular momentum.

If we consider the Euler-Lagrange equation corresponding to L

2 2
| Ugally” — 2 Up Uy Ugyy + Uy Uy

(ug? + uy2)3/2

=0, (2.9)

it turns out that its algebra of point symmetry generators include generalisations of the

vectors fields above. That is,

Frfaw)y+ fr(wy+2*fo(w) + fs (W) 2 + fo ()]0,
+afy (W)y +afs (u) + 5 fa(w) v + f5 (W) y + fo (0)]d, + fi(u)d,,

or
f10u fo(220, + xyd,)  fsxd,
f4(93y8z + y28y) fSyay fﬁay
f7yax foaz fga:c

(where the f;’s are arbitrary functions of u).

11



2.2.2 The ‘denoising pde’ with a linear source term

With a linear and nonlinear constraint, we have the Euler-Lagrange equation

2 2
Upg Uy — 2 Uy Uy Ugy + Uyy Uy

(uz? + uy2)3/2

A1+ Agu — =0 (2.10)

with Lagrangian given by

1
Lo = M\u+ §A2u2 + \/u 4 u? (2.11)

which lead to the following variational symmetries and corresponding conserved forms.

(i). 0, (linear momentum in x):

—Ug Uy d 12\/ux2+uy A+ ur? + w2 hou? + 2u, dy

— =Y __dr—
(ug? + uy2)1/2 2 (uz? + uy )1/2

(ii). 9, (linear momentum in y):

12\/% + uy? w4 y/ur? + w2 hou® + 2u,’ dz + Uy Uy d
X Y

(uy? + uy )1/2 (uz2+uy2)1/2

(iii). —y0, + 20, (angular momentum):

1 2z /ue?tuy 2 Arutay/u1?+uy 2 Xou +2mu12+2uyyuzd
5 X
2

(u12+u )1/2

1 2 Y/ Uz 2y 2 Ay utya /11 24 uy 2 Aou 42 yuy,? +2uzxuyd

2 (uz2+uy 2)1/2

The Euler equation (2.10) generates the symmetries

[~ B2 1 fo (w)y + f3 ()]0,
= fo (u) = ROV 4 £y ()]0, + fi(u)d,,

or

Ao Ao
_fl()\1+>\2u 10, + mya + Ou) Jo(y0r — y0y) f30; f10y

(where the f;’s are arbitrary functions of u).

12



The rotation symmetry —yd, + 0, lead to the reduced equation
)\1—|—)\2u—\/§/\/a:0, a=az*+7y°

so that

1. V2

u(z,y) = —[—— — A1) (2.12)

A2 /a2 + 32

A profile of the solution for some choices of the parameters of (2.12) is given in Figure 1,

ie.,

Figure 2.1: u(z,y) : =10 < z,y < 10

The translation symmetries do not produce nontrivial solutions.

2.2.3 The time evolution ‘denoising pde’

In the parabolic equation with ‘time’ as an evolution parameter, we obtain the evolution

equation
g g — Moty 2atlylay + Uyl (2.13)
! ! 2 (g2 + uy2)3/2 :
whose algebra of Lie symmetries is generated by
8t7 az, ay,
yax o xay’ €_A2t8u7 —m@x - yay + Al_;:\Quau?

e 20, — \que 2t0,

13



Here, the rotation symmetry lead to, again, a = x? + y? and u = v(t, ) so that
v+ M+ Av = V2/Va

which is a first order linear pde. By the method of invariants, it can be shown that

1 2
—[)\1 — —\/_ ]G_Azt.
Ao /22 + Y2

u(z,y,t) = — (2.14)

A projection of the solution in (u,x,t) (y = 0) system for (2.13) given by (2.14) has the

profile in Figure 2 below.

Figure 2.2: u(z,t): =3 <2 <3,0<t<10

The multiplier approach on (2.13) leads to a single multiplier Q = e~*?! with the corre-

14



sponding conserved 2-form

t2/\23(u121+uy2)3/2 [2 Uy tp® — dUuptyUyy + 2 Upptin® — 2 N1 /Up? 4+ uyPus® — 2Ny ug? + uylu,?
—2eM b u,2 — eIty u, + 202 g tuyu,? — 42\ tug g, + 2 e I\ P uu,u o
+4 e M g, + 2 /ug? + uy2us? + 20 Jug? 4+ uyu,? — e)‘Q’f)\QQtZUMuy2
—2eMyu,? — 20NN thg Vug? + ugu,? — 2\ thg /uu? + uytuy? + 222\ tug,u,?
+e 2\ 2007 /U2 + uyZu? + eI 2007 U 4 uy2uy? 4 ue 2N Su? + uy P,
Fue2 203 Su,? + u,2u,?|dzdy

— E e T 2 UyyUp? — A UpUyUsy + 2 Ugptin® — 2 N1 /Ug? + Uy2u,?

—2 A1 VU2 + uyPu,? — 22ty u,? — e P uy,u, + 2N\ tuy, u,

—4 ety tupty gy, + 22 N U uy o + 4N g, + 26N Vg2 + ugu,?

+2e*2 0\ \Sup? + u2uy,? — 2\ u,u,? — 20 uu,? — 2600 EAg Vg + ug?u,”
—2e0\; thy \/u,? + u?u,? + 22\ tug,u,”

+eM I\ 20072 + u,2u,? + e 2007 u,? + uyu, | dadt

+t3>\23(u£§+uyz)3/2 2 Uyytp® — dUgtytiyy + 2 Upptn® — 2 A1 /U? 4 uyPus® — 2Ny ug? + uyu,?
—2e by, u,? — 2PN\ 21,2 + 20 I\ tuy,u,? — 4e g tuguy, g,

+2 2 U uyuy o + 4 gy, + 2 I Va? + ug?u,? + 2220\ \/u? + uyu,?
—e? N g, — 202 uu,? — 272Nty VU ug?u,? — 220\ thg /U2 + w2y,
+2eM2 Ny gty 4+ 2PN 127 /U + uy2u,? + et 12007 Su,? + uy2uy, ] dydt

in which the term T*dxdy leads to the ‘conserved density’.

2.3 Conclusions

We have shown that the pdes that arise in the various models of noise removal algorithms
are abundant in symmetries that leave the systems invariant. These have applications in,

inter alia, the reduction of the systems.
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Chapter 3

Higher order conservation laws and
integrability of Timoshenko beam

systems

3.1 Introduction

The widely used Timoshenko beam model for the transverse vibration of a beam was
developed in 1921 [20]. With ‘shear deformation in the one-dimensional beam model,
yields a model with two degrees of freedom, which drastically increased the applicability
of the above beam model. The literature abounds with works on the Timoshenko model
in various physical applications and also various subjects to boundary conditions [21, 22,
23, 24] [25]. In particular, we study the model

1 1
Upp — Ugy + Uy = 0, —Vyp — =Vpy + UV — Uy, =0 (3.1)
a

B
developed in Roux at al [26] and Labuschagne et al [27]. It turns out that the differential

equations (3.1) and, indeed, many of the other versions that appear in the literature is rich
in symmetry properties and the physically important concept of conservation laws. Thus,

the methods and results here are applicable to the wide ranging Timoshenko models.

16



We, firstly, note that (3.1) is variational with the action integral | Ldaxdt where L is the
Lagrangian

1
L= 5[ui —u? + v — viuv, — vu, + 0. (3.2)

One may use Noether’s theorem [28] to construct conservation laws but we will show that
alternative approaches yield a series of the standard and ‘higher degree’ conservation laws

and symmetries.

The following statements on the wide ranging role of higher degree conservation laws
are due to the extensive work of Ian Anderson, see [29, 30],[10] inter alia. ‘Generalized
vector fields first appeared as generalized or higher order symmetries of the KdV equation.
For completely integrable equations like the KdV equation there are many schemes for
generating infinite sequences of non-trivial conservation laws and it is usually not too
difficult to show that (one may be able to construct) all possible classical conservation
laws... Higher degree conservation laws reflect properties of partial differential equations
pdes that cannot be detected by classical conservation laws alone. For example, it is well-
known that the sine-Gordon and Liouville equations both admit infinitely many classical
conservation laws. However, the Liouville equation is integrable by the method of Darboux
while the sine-Gordon equation is not. This is reflected at the level of higher degree
conservation laws by the fact that the sine-Gordon equation has no conserved forms of
degree 4 and higher whereas the Liouville equation has infinitely many conserved forms
of arbitrary degree. Higher degree conservation laws are also central to the theory of
Hamiltonian systems ... and ... higher degree conservation laws play a pivotal role in the

solution to the classical inverse problem of the calculus of variations’.

There are now well established works on the methods for constructing conservation laws,

in general. We refer the reader to [31, 32, 33] [34, 35], to list a few.

The result below are published in [2].
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3.2 Multipliers and conserved flows
We consider three cases of (3.1) based on the values of the physical, dimensionless param-
eters o and f3.

We will denote Q* = (f, g), i.e., (1.9) becomes

1 1

flz tiu, v, ug, ) (U —Uge +02) g2, E uy v, Uy, - .)(—Utt—va—l—v—ux) =D, T'+D,T*".
«
(3.3)

Then, for a nontrivial conserved flow (7", T%), the Euler operator annihilates
flz tou, v ug, ) (U — Uge + 02) + g, t 0,0, Uy, . .)(é’utt — %Um + v — uy).
(a)a=p8=1

Uy — Ugg + Uy = 0, Vg — Vgy + U — Uy = 0 (3.4)
(1) f = Uy — VUgg,§ = Ugg-
Tt = —1/20Ugy — 1/2uty + 1/2 0000 + 1/2 0Uppy + 1/2 0ty — 1/2 U040,

—T% = —=1/2v,uy — 1/20,% — uz® + 1/2uvy + upv + 1/20Ugs — 1/2 uvps + 1/2 uiy

(i). f= -2ty +aup — 2204 — 1/2Uu — vy + 21Uy, g = 20Uz — TV, — 1/20 4 21Uy + Uy

K = 1/2vtuzy + 1/2 020, — vty — 1/2 00050 + UZ0z + 1/2 0ty — 1/2 ugtvy

+1/2 vty + 1/2 Ugtvy, — 1/2wau, — 1/2 020, + 0ZUzp — VT Uz — 12 ugtv + tugvg,

—UTVpgy + 1/2uxUyy — 12005 — 1/2UlVgyy + 1/2 0ttty — 1/2 utv, — 1/2 utv,,

+1/2tu,? + 3/2vugs — 3/2 uvgs + ugu — tug® — 1/2 v, + 1/210,% + 1/2 usv,,

=T* = —=1/2vtv, + 1/20tuyy — 1/2vituy — 1/2utvy + 1/2 vtz + 1/2 uzuy
—1/2vzvy + Ugtvy + VUL — 1/2 00, — uTVLy + 1/2 Vttigy + TULVy — TV Uy
—1/2 Uty + 1/2utug — 1/2utvy — vptug — 3/2 tugu, + 2 2uv — 3/2 wu,?
+1/20U — 1/220% — 1/2 U0y + upt + vy — vu — uvy — 1/2 20,2

—]_/2 tutvm + 3/2 tutU + 1/2 tUtUtt
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(iil). f = ug, g = vy

T = —=1/2vv, — 1/2uuy + 1/2 00,4 + 1/2 utiy,
—T% = —1/2v,2 —1/2u,% + 1/2vvy + 1/202 + 1/2 uuy

(iv). f=—=1/2wx + 204 + tvg, + 1/20;, 9 = —zuy + 1200 — 1/2uy — tug, + vt

Tt = —=1/4xv® + 1/4uvy + 1/2uv,p — 1 /4202 + 1/20,0 — 1/4 20,2 — 1 /4 20,>
—1/4vuy — 1/20Uz + 1/2 0tz — 1/4 020U — 1/4 020U, + 1/2 utvgy
—1/4v,zuy + 1/4ux0ppy + 1/4uxvpgy + 1/4 0,005, — 1/2 utv,, — 1/2vit0,
—1/2u05 — 1/4Up@0pp + 1/20t05 + 1/4 2% + 1/2 0205 — 1/2 0t Uy
+1/2vxuy + 1/4 upzvy + 1/2 ugzv,

—T* = =1 2uztvy + 12 wau, — 1/2 upzvy — 1/4veuy — 1/2uve + 1/4uzv,qy
+1/4duzvy, — 1/20tugy + 1/2 020, + 1/20tvy — 1/4d vtz + 1/2 utvgy
—1/4vuy + 1/4ugv, + 1/2tu,? — 3/4vug + 3/4uvg + 1/2vv + 1/20% +1/2

VpZUgy — 1/ wzvy — 1/40TUgm — urtv + 1/4 v, + 1/4vmuy + 1/2 vptuy

(v). f=wsint —sintu, + v;cost,g = u; cost + v, sint:

T = —vpugcost — 1/2vw, sint — wgvsint + 1/2 ug sintu, + 1/2 v sin tvg,
+1/2vcostuy, — 1/2usintuyy + 1/2u cos tvg,,

—T% = —1/2us, cost — 1/2v,2sint — 3/2u,vsint + 1/2 sintu,? — 1/2vyu, cost
+1/2v cos tugys + v?sint + 1/2vv; cost + 1/2 v sin tvy

—1/2uu; cost — 1/2uv, sint — 1/2usintuy + 1/2u cos tvg

(vi). f =wvcost —sintv; — u, cost,g = v, cost — uy sint:

T = vyuysint — 1/2 v cos tv, — ug costv + 1/2uy costu, + 1/2v cos tuy,
—1/2vsintug, — 1/2u costuy — 1/2usintv,,,

—T% = 1/2usv, sint — 1/2 costv,? — 3/2u, costv + 1/2 cos tu,?

+1/2 v, sint — 1/2vsintug, + 1/2v costvy + costv? — 1/2vu;sint

—1/2ucostv; — 1/2usintv, — 1/2u costuy + 1/2uug sint
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(vii). f =u, 9=

T = —1/2v% = 1/2u® + 1/2uv — 1/20% + 1/2 0045 + 1/2 utiye — 1/2uv,,
—T% = =1/2vw, — 1/2uu, + 1/2005 + 1/2u0 + 1/2uuy — 1/2 uvy

(Viil). f = uy — Vg, g = Uy

Tt = —1/2 v + 1/4vu — 1/4 00, + 1/40,2 — 1/2u2 + 1/2 w00 — 1/4 ugvy
+1/4u,%2 — 1/4u,v + 1/4ugvee + 1/4 00z + 1/4 VUgey — 1/4 00,4

—1/4uvey + 1/4unuye — 1/4uv, — 1/4 uvyyy,

—T% = —=1/4vuy + 1/4vitg, — 1/4 v, — 1/20,u, + 1/4 uvy

—3/4upuy + 3/4usv — 1/ 4wy + 1/2 U0 + 1/4 0ty + 1/4 00y,

—1/4vvy + 14 uuy — 1/4duv, — 1/4uvgy — 1/4uvy

(b) g =1

Upp — Ugy + Uy = 0, — Vg — Vg + U — Uy = 0 (3.5)
«

(1) f = Uz, § = VUg:

Tt = i[_vtvw — UpUg O + VVUp + uuxta]v

_T* — i[—vﬁa — uan + VU + v2a + uuttoé]
(11) f = Ut, § = V¢!

T' = 5o [0 — wa + va up — Va4 00 Vg + UQ Ugy — U],

—T% = —=1/2vw, — 1/2uuy + 1/2004 + 1/2u0 + 1/2uuy — 1/2uvy

1 1
Upp — Ugy + Uy = 0, ~ U~ 3l +v—u, =0 (3.6)

8
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(1) .f:ua:agzvx:

1
T" = 5-[—040p — UplipQr + VUL + Ul

—T* = ﬁ[—vgfa — "B+ vB vy +viaf + uuyf o

(ii). f=uy,g =1

Tt — ﬁ[—vﬁﬁ —wta B+ vauyB — v?a B+ va v, + ua fug, — ua o,

—T* = %[—vtvx — Uy B+ VU + VU B 4 uB Uy — S vy]

It turns out that all the cases, including the general case (c) admit infinitely many
conservation laws which are generated by the infinitely evolutionary (generalised) vector
fields X = f0, + v0,. In case (a), these have been computed independently via the
multipliers that lead to the conserved flow. For e.g., in (a) (i), the evolutionary higher
order vector field is X = (u; — v44)0y + Uz0, With an associated higher order conserved
flow (7%, T%) given above. To show that X is a symmetry of (3.4), the required second

prolongation of X is
X[Q] - X _'_ (uxm - Umcm)auT + (uxt - Umxt)aut + uxmmavm _'_ uxmtavt + (uwxx - wawx)aurz
+(uaztt - Uxxtt)autt + ua::m’xavxx + uaca:ttavzt

which on (3.4)b leads to D,,(uy — uze + v,) and on (3.4)a iS Upy — Vpatr + Vewew =

_Dxx<vtt — Uzx + v — ux)

In (iii) and (vii) in case(a) and both listed in cases (b) and (c), the multipliers are not
higher order but correspond to point symmetries d, and J;. In general, the infinitely
many higher evolutionary vector fields can be obtained by a recursion process or utilising

recursion operators discussed at length in [31].
We look at some illustrative examples.

In (a), a fourth multiplier is (Dy(tz — Vzz)), Dytize S0 that a fourth order evolutionary

vector field of (3.4) is X = (upy — Vawtr)Ou + Usast Oy -

In case (c), corresponding to the multiplier with components f = ., ¢ = Vg With
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evolutionary vector field X = w410, + v42¢0,, we have the conserved vector/flow

Tt - @[—szvttﬁ + 2V Uz B

-2 Vg VX 5 + UzzQOé —Q 6 Uz Utt + « ﬁ uzzQ

—2a 6 UgzV1 — 3 vt”wrtﬁ + « ﬁ UIQ

U VUggg ¥ + 'vaccttﬁ -3 UtUg gt X ﬁ — U ¥ 6 Ugze

+uxa 5 Ugte + VUgga ﬁ + VUzgaa ™

+2 UU1,1,2,2B + uaﬁ Ugzer + 2 UOéB Ugztt — UOéB Umrz]a

z _ 1
T =GB

[Utvccaza:a - 3 Vgt U O /8

+4 vgvo B4 2uga fuy — 2 Ugi B gy + 3 Ui f U,

+Uta/6 Ugy — 2 Utaﬁ (% + U 5 Ugzx — Ut Buxtt

— U 6 VUpx — 2 U O B Uggt — Ug X /B Ut + VUggt Y ﬁ +ua ﬂ Ugzat + 2ua ﬂ Uttt

—UQ Vgt + 205008 — 2 Vg Uga O — VpUp S — 2 VU

— VUt B 4 VUpgat @ + 2 V0340 5]

If f = wpye —us, g = Vo — vy and vector field X = (ugye — 1) Oy + (Vg1 —v4) Oy, the conserved

flow is

Tt

B o

= —ﬁ[—Q Ut O B Uz + 2 Ugpr B Uy

+3 Ui B Uy + Vi fllyy — 3ua f v, + 3ua f g, + 3vu,a S
3028 — 3ula B+ 3vvga — 3v%a 8 — 3vguza S

+4 000 B 4 205048 — 2 Vi Vpp O 4 VpUpptt + 2 V4044 3

— VUit 3 — 2 VUit — VU108 — 2000 B0z — 2UQ B Ut
FUt B Ugre + 2Upx B Uzt — Ut BV + UgQ B Uggt — Upt B Uy
=2 VU0 B — U B Ugpyy + 2UQ B Vgay + VpUgrpt],

= —ﬁ[—utumta B+ Vit Vge @ — 3V U

—uy’a B+ 3vgva — Utt2ﬂ — ViUgqt

+020 B — 200 Vgtr + V03 + 3 Ve Vgt

— VU3 + O BUgaUpy + 3Up B Uzt — 22U B Ugqst

—3ua v+ 3ua By + 2uc S Uy — wer B U

+F3vusar B — 200 B gy — 3umpr B up + uper B gy + uper B sy

— Vg B — ugr B vy — 2vpva B+ vyugo B
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3.3 Discussion

We have shown that the Timoshenko system of pdes that model the vibrations of a beam is
rich in symmetry and conservation laws. In fact, it admits an infinite hierarchy of conser-
vation laws which has implications on, inter alia, the integrability of the system. Finally,

we note that the higher order symmetries may be obtained via ‘recursion operators’ - [31].
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Chapter 4

Invariance and ‘approximate’
conservation laws of some nonlinear
Schrodinger equation with
PT-symmetric potentials and

inhomogeneous nonlinearity

4.1 Introduction

In [36], Yan et al establish and discuss, in detail, a model of a nonlinear Scrodinger
equation with PT-symmetric (parity-time) potentials and inhomogeneity. The literature
describing PT models is vast, many of which are referred to in [36] and other works
are [37, 38, 39] but we would allude the reader to the article on conservation laws and
exact solution of certain PT-symmetric models in [40]. In short, the complexification
of Hamiltonians which keeps the spectra real are referred to as PT-symmetry. This is

a formalism of quantum mechanics which is often illustrated by the harmonic oscillator.
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Here, Hamiltonian itself is Hermitian and commutes with the parity. In the class of models
that satisfy a weaker condition the reality of the spectrum under certain circumstances
lead to a condition called PT-symmetry. In particular, Yan et al consider ‘how stable
nonlinear modes can be excited in systems where the linear PT symmetry is broken.
The idea is based on the possibility of switching on nonlinearity simultaneously with
gain and dissipation. Such a possibility can be implemented, in particular, when the
nonlinearity and gain-and-loss strength are characterized by a single parameter ¢ and
disappear when this parameter becomes zero, i.e., ¢ = 0. If at ¢ = 0 the system is
Hamiltonian (variational), it allows for stable propagation of the linear modes, and the
only stability issue which has to be verified is the stability of the solution branch e > 0,

bifurcating from ¢ = 0’.

The model developed and discussed in [36] (with u =€) is

. 1
1 + Suae — Ue(2)g — Gu(x)|q’q =0, (4.1)
where
Ud(x) = X2_oe”Vj(x) + ieW (z), G, = i*G(x). (4.2)

We will show, in fact, that for ¢ > 0, the model is not variational and, therefore, one
cannot appeal to Noether’s theorem to determine conservation laws. In fact, there are
no conservation laws for this case. Yet, the system does display non trivial symmetry
properties. This would lead us to a novel concept (and consequent procedure) of ‘approx-
imate/perturbed conservation laws’. That is, if a system is variational for a parameter
¢ = 0 and not variational for ¢ > 0 (the perturbed system) but shares the symmetry
properties that lead to conservation laws in the former case (via Noether’s theorem, for
example), then one may construct, for e close to zero, approximate conservation laws for
the perturbed system that are exact conservation laws in the limiting case ¢ — 0 for the
unperturbed case. The notions of approximate symmetries, approximate variational sym-
metries and associated conservation laws have been discussed in the past, for example,
[32, 34, 35]. The approach of ‘partial Lagrangians’ [41] may also be a route to determining

some sort of conservation laws. Here, however, the concepts and methodology are quite
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different and rely on the result that the Euler operator annihilates total divergences. For

our purposes, it would be almost zero, i.e., up to order e.

The main results below have appeared [3].

4.2 Conservation laws

In what follows below, we construct conservation laws for cases that are modelled and

listed in [36]. The significance of these cases are discussed therein.

4.2.1 Casel

For most of the cases in [36], it turns out that we may write U.(z) = a(x) 4 ieb(x). Then,

if ¢ = u + v, separation of the real and imaginary parts in (4.1) leads to the system

U+ 20 — b (2)u —a(z)v+2pPo e (u? +v?)v =0, (43)
— v+ S — a(@)u+eb(x)v+ 242007 (W2 4+ v2)u =0 |
The pde (4.1) and, therefore, the system (4.3) is not derivable from a variational principle
and the conservation laws, therefore, cannot be obtained via Noether’s theorem as is
the usually the case for Schrédinger type equations. It can be shown further that the
respective systems have no conservation laws. However, the decoupled equivalent system
(4.3) does admit two symmetry generators X; = 0; and Xy = ud, — vd, which are
usually associated with energy and charge conservation, respectively. The respective
characteristics Q1 = (v, u;) and Q2 = (u, —v) construed as multipliers do not satisfy

(1.10), i.c.,

5(3,1,) [Q}(ue + 2 vy —eb (@) u—a () v+ 2 p20 e (u? + v?)v)
+Q7 (—v + % Upe — a (T)u+eb(x) v+ 2 pc oo (u® + v?) u)]
#0
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If we regard € as a ‘small’ parameter, we may suppose (4.1) as a perturbation of some
system with € = 0 in (4.1). A number of situations may be pursued, as a result. For
example, the notions of approximate symmetries and approximate conservation laws (and
their possible associations) as expounded in [32] and [34] may be studied. However,
proceeding with the multiplier approach on constructing conservation laws, we revisit
(4.2.1). Below, we show that in fact the Euler operator equals ew which goes to zero as
€ goes to zero. Thus, we can construct conservation laws that are ‘approximate’ upto an

order of e. We enumerate, below, some of the cases (as in [36]) of (4.3).
(a). a(z) = 122, b(z) = x:
1. Energy

The Euler operator is

5(31,) [ve(ue + %U:px —eb(x)u—a(x)v+2pc e—az? (u? + %) v)
Fu(—vr + %um —a(z)u+teb(x)v+2u’o o—aa? (u? + v%) u)]

= (—2exvy, 2exuy)) -0 as e —0

and the corresponding ‘approximate’ conserved form is
w' = [1/5te zvu — 1/5te zuv — plo e " v2u? — 1/2 pPo e @yt
—1/2p20 e " ut — 1/4vu,,
+1/42%0? — 1/4uny, + 1/42%u?d (4.4)
+[=1/52%e viu + 1/5 2% ugv + 1/4v,v; + 1/4 uzuy

—1/4vvy — 1/4uuy,|dt

so that the the conserved density is

2. Charge

6(31)) [Ut(ut + %U:px - €b (I‘) u—a ($) v+ 2/“L20- e—al‘z (U2 + ’1}2) U)
(=0 4 Sty — a(2) u+ b (2) v+ 2 20 e (42 + v2) )]

= (—2exu, —2exv) -0 as €—0
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w? =[1/5texu®+1/5tezv* — 1/2u* — 1/2v*]dz (45)
+[—-1/5z%cu® — 1/5 2% v?* + 1/2uv, — 1/2vu,|dt

Thus, the conserved density in complex functional form is
1

1
o' = (gte — §)|Q|2-

(b). a(z) = 12% b(z) = — (a + 3) we~V/2 (D%,

In this case, we present only the conserved density as the complete conserved form is

cumbersome; this is in fact clear from even the density alone.
1. Energy

The Euler operator is

5(31}) [Ut(ut + %U:E:E —eb (37) u—a (Z‘) v+ 2#20' e—ax2 (’U,Q + UQ) 'U)
(v + gy — a (@) ut b () v+ 270 e (0 +0)w)

= (2ue we V2@ D7® (o 4 3) | Qe xe /2D (£ 3)) 50 as e— 0
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and the conserved density, 7" is given by

Tt — 7 [4p20 e piaty/a+ Lo + 4 o e ulzty/a + 1a

.
4z (at1

+2 120 e*ax2u4x4\/ma2

+18te /7 2erf (1/2 \/ﬁm\/a—ﬂ) veu + 4 2o e et/ a + 1

+12te wu/or + 1ade /2 (ot )a?

—36 te viun/a + Lre/2@12* _ 19t pun/a + Lade= /2 (a+1)e?

436 te wpvy/or + Loe™ /2 (@t1)z?

—18te \/m\/ 2erf (1/2 \/595\/04——1—1) wv + 2 pio e vtrt/a + 1a?

+2 p2o e o ytrt/a + 1

+2 %o e*a‘”2u4x4\/m + vugrtva + 1a?

+2 00,2 + La + uugx*vVa + 1a?

2wtV + La — 12 te voua Vo + Lawe~ V2 (@t)e?

—4tevuaya + lzde /2 (atl)a?

+4te usva®va + lade /22 4 16t wva /a + 1ade /2 (ethz?

+4 120 e 224 Ja + 1a?

+12te upvav/a + Loe V2@H02* 4 6o\ /ry/2erf (1/2V2zva +1) avu

—16 te vyua Vo + Lade /2 (atD)e?

+8 pi20 e % 2 2at /o + 1o — 6 te /my/ 2erf (1/2 \/55(;\/04——1—1) QU

—2%0%/a + 1 — 2%u?*Va + 1 — 25%0%Va + 1a? — 2250%Va + 1la

—25u%/a + 1a? — 2250V + la + voer*Va + 1+ uugrtyva + 1]

2. Charge
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Similarly, the conserved density, T is

Tt — W[Q e~ 1/2(at1)a? Va+ 1a2e tzdu?

49e-1/2 (aH)IQ\/a——HazetI%Q

+8 e~ /2D /o T Ty e tadu?

+8 e—1/2 (a+1)z? \/04—4-106 etrdv? + Ge /2 (a+1)x? \/a——i—le ta3u2
+6e1/2 (a+1)x2\/a—_|_1€ L2

—a2zt/a + 1u? — a2xtva + 1 + 6e V207 /o T o etou?
+6 e~ /2@t /T T e tav?

—3ety/m\/ 2erf (1/2 \/§x\/oz—+1) au?

—3ety/mV2erf (1/2V2zv/a+ 1) av? — 2a 2o + 1u?
—2az*Vo+ 1v?

+18 e 1/2(at1)2? Va+ letzu? + 18 1/2 (at1)e? Vo + letzv?
—9ety/m\/ 2erf (1/2 ﬂx\/a——I—l) u?

—9ety/m\/ 2erf (1/2 \/53:\/0[—_‘_1) v?

—u?zt/a+ 1 —v?2*Va + 1]

—
o
N—
IS
o
&
~—
I
N[ =
&
o
S
—~
&
N—
I

—2 (2 (a4 3) 22 — a — 15) ze~ /2 (a+1)a?,

We only show here that the Euler operator is approximately zero so that one could obtain

the approximate conservation law as above.

1. Energy
(s(%ﬂ;)[u(ut + S0 —eb(z)u—a(x)v+2pi0 e % (u? + v2)v)
—0(—v + gy —a (@) u+ b (@) v+ 202070 (W + v2) u)]
= (dev, (22 + 622 — a — 15) we~ /2 (@t)2?
—deuy (202 + 622 — a — 15) we~ /2 (@t )2?)
—-0 as e—=0

2. Charge
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%[u(ut + %Um —eb(x)u—a(z)v+2u%c o—aa? (u? + 02)v)
—0(—vp + 2y —a (@) u+eb(z)v+2p20 e (u? +v?) u)]
= (4e (Qaa®+ 622 — a — 15) ze /2 (atD)z?y,

de (2022 + 622 — o — 15) we~ /2 (@D

—0 as e—0

4.2.2 Case 2

In the case of a double-well potential with PT-symmetry phases of the linear problem,
we choose a(z,g) = 1/22% — 1/2¢% % — 20 g'e @)% and b(z) = —3/2xe ™ so that

the Euler operator on the the following cases again yield vectors that go to zero.

1. Energy

22

2
,—3uexe ™) >0 as €—0

[...] = (=3veze”

T = (8 e 120 utat 4+ 16 e 2o uo?xt
+8e7% 20 izt 4 16 u2o ghe (@t pd
+16 020 gle(@tD=* 14 4 442g2e " 24 + 402g2e " 2t
—12e e tzduv, + 12e e taduw
—4ulx® — 40225 + 9ety/merf (z) viu — 9 ety/merf (x) ugw
—18 e %%¢ truvy + 18 e ¢ txusv
H Ut + 40V,

T = 5[-12 e exduv, +12e e pPuv 4+ 9 e /merf (z) v
—9e/merf (z) uw

a2 2
—18veze ™ u + 18 wexe ™ v — dugur® + 4uuga?

—4vgvrd + 4 v,

2. Charge
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] =@Beze ™ u,3exe ™ v) 50 as €—0

d(u,v)
Tt = [12eetadu? + 12 eta®?
+18e “etzu® + 18e " etav® — 9ety/merf () u?
—9ety/merf (x)v? — 8ulxt — 8viad,
T = —1i5[-12 e erdu? — 12e e 2

+9 /merf (z) eu? + 9 /merf (z) € v?

_p2 2
—18exe ™ u? — 18 exe ™ v? + 8v,ux® — 8u, vz’

The conserved density in complex function form is ®* = —1;[12 e etad + 18e ety —

162
9ety/merf (z) — 82%]|q|?.

4.3 Conclusion

We have shown that even though the class of Schrédinger equation with PT-symmetric
potentials and inhomogeneity do not display variational properties and are not conserved,
one could construct quantities that are approximately conserved up to specified order of

the ‘perturbation’.
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Chapter 5

‘Approximate’ conservation laws of
some nonlinear Schrodinger equation
involving a spatially extended system

consisting of two coupled elements

5.1 Introduction

In [42], Barashenkov et al establish and discuss, in detail, a model of a nonlinear Scrodinger
equation involving a spatially extended system consisting of two coupled elements, where
the energy is gained in the first element and dissipated in the second one. The literature
describing aspects of these and equivalent models are vast, many of which are referred
to in [42] and some other works are [43, 44]. In a somewhat alternative approach, we
would allude the reader to the article on conservation laws, invariance and exact solution

of certain Scrodinger type systems [3, 40].
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We will consider two types of systems studied in the above literature, in particular in [42].

In the first instance, the system under study

iQ + Qoo — Q(x)q + glgl’g =0 (5.1)

in which Q(z) = A(z) +iB(x), the PT-symmetric potential, ¢ is a ’dimensionless ampli-
tude of the electric field’ [42] displays conservation laws based on the form of B(z). Tt

turns out that the conservation of the corresponding stationary case

—Tee + Q)1 — g|r|*r = —K2r (5.2)

depends on similar forms of B(x), where ¢ = r(z)e™™.

In the second case, we study the conserved forms of the ‘toy model PT-symmetric dimer’

involving the ‘gain-loss amplitude parameter’ 9, viz.,

iq + p + glq|*q = idq, (53)

ipe + ¢ + glp|*p = —idp,
where ¢ and p are ‘complex amplitudes of the active and lossy modes’ [42]. We will show,
in fact, that for 6 > 0, the model is not variational and, therefore, one cannot appeal
to Noether’s theorem to determine conservation laws. In fact, there are no conserva-
tion laws for this case using the methods and approach of [32]. Yet, the system does
display non trivial symmetry properties suggesting some sort of energy, momentum and
charge conservation. This would lead us to a novel concept (and consequent procedure)
of ‘approximate/perturbed conservation laws’. That is, if a system is variational for a
parameter § = 0 and not variational for § > 0 (the perturbed system) but shares the sym-
metry properties that lead to conservation laws in the former case (via Noether’s theorem,
for example), then one may construct, for ¢ close to zero, approximate conservation laws
for the perturbed system that are exact conservation laws in the limiting case § — 0 for
the unperturbed case. The notions of approximate symmetries, approximate variational
symmetries and associated conservation laws have been discussed in the past, for example,
[32, 34, 35]. The approach of ‘partial Lagrangians’ [41] may also be a route to determining

some sort of conservation laws. Here, however, the concepts and methodology are quite
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different and rely on the result that the Euler operator annihilates total divergences. For

our purposes, it would be ‘almost* zero, i.e., up to order 4.

Often, one encounters systems that involve one or several parameters for which the sys-
tem may be exactly conserved (closed) for all value/s, some value/s or no values of the
parameters. In the latter two cases, dependent on the relative nature of the parameters,
one may consider an alternative study of the conservation of the system. In particular, if
a parameter is relatively ‘small’, one may be able to construct an ‘approximately closed
system’ that, in the limit of the parameter, is exact. To this end, consider a system

dependent on a parameter of first order e, viz.,

E€(§,U,U(1),...,U(T),€):O(E), u:1,...,ﬁ”&. (5.4)

We say that the system is approximately conserved up to order e if there exists a vector

(T%',7%%,...) such that T% = T*(s, u, u(), - - ., Uy, €) and
DaT*' + DT 4 ... = O(e) (5.5)

along the solutions of the differential equation E(s,w,u), ..., U@y, €) = O(e). In this
case, the multiplier approach would entail the existence of a differential funtion () such
that

Qs,u,ugy ... ) E(s,u, uqy, . .., UGy, €) = D T + DT + .. .. (5.6)

In this case, then,
G[Q(g, U, U - - - )Ee(g, Uy U(1)y -« -5 U(r), 6)] = O(G) (5.7)

In the above, the exactness is recovered in the limit, i.e., when € — 0.

5.2 Conservation laws

In what follows below, we construct conservation laws for cases that are modelled and

listed in [42]. The significance of these cases are discussed therein. For purposes of
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calculations and software usage, the conserved vectors are determined by splitting the
respective equation/s into the real and imaginary parts and reconstructed into the complex

form.

5.2.1 Casel

In the case of the scalar equations time dependent (5.1) and time independent (5.2), we

let and have the following conserved flows which follow from the multipliers.

(a). For (5.1), we the real and imaginary system is

Us + Vpp — A(x)v — B(2)u + g (u? + v*) v = 0,

(5.8)
— V4 + Uy — A(x)u+ B(x)v + g (u? +v*)u =0
(i) For B = 0, we obtain multipliers ) corresponding to conserved flows (T, T%).
e ) = (vt,u;) - Energy
T = —lgv2u® — Lgv* — Lgut — Lo, + LA (2) 02 — Juuy, + LA () u? (5.9
T = —[30.0 + SUU — SV — 5 U]
The conserved density, in complex form, is
1 1 1.
Pl = ——|g|* +=A e v )-
slal” + 5A@)lal” = 7 R(4as)
e () = (u,—v) - Charge
T = I(u?+?
o ) (5.10)
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The conserved density is

1
o = §|Q|2~

(if) When B = 0

Pyt we get an additional conservation law with components
—Alx

T :Z—m[%vxvt—i—%uxut—%vvxt—%uuxt—A(x)UQ—vux k— A(x)
+02k + u?k — A (z) u? + uvg\/k — A (2)]

e _ 1 [ o 9 [T o 4 [T B,

T = 4\/m[ 2gvi\/k — A(z)u® — gv*\/k — A(z) — gu*\/k — A(x)
—duvgk +4v,A(x)u — 20,2\ /k — A(x) — du,A(z)v — 2u’\/k — A(x) + 4ouyk
+2 A(x)vi\/k — A(z) — 20k — A(z)us + 2 A(2) u?/k — A(x) + 2uvi\/k — A (z)]

(5.11)
The conserved density is
(b) For the stationary system (5.2), we get the split system
Vpe + AV + Bu — g (u? + v?)v — k*0 =0,
(5.12)
Upy + Au— Bv — g (v + v?)u — k*u =0
(i) For B = 0, we obtain multipliers @) corresponding to conserved flows (flux) 7*.
o ) = (u(uv, —vu,), —v(uv, — vu,))
T = iuPv,? — vyuvu, + 0u,? (5.13)
The conserved flux is
e () = (u, —v) - Charge
T% = uv, — vy (5.14)

The conserved flux is
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(ii) When B = #ﬂ(), we get an additional conservation law

T = — k_lA(x) [—v,uk + v, A(x)u — %v:f\/k — A(x) + upvk — u A (z)v
—Lu 2k = A@) + LA (x) v?/k — A(z) — Ix20?/k— A(x) (5.15)
LA (@) u? k- A(z) — 22k — A(z) — Lgv'\/k — A(x)

vt R A — bt B A

The conserved flux is

5.2.2 Case 2

In this section we consider the complex system (5.3), in which we let ¢ = u + iw and

p = v + iz, leading to system of four real pdes

us + 2 + g(u? + w)w = du,

w + v+ g(u? + wu = —dw, (5.16)

v+ w+ g(v: + 2%z = —dv,

— 2z +u+ g+ 22)z =0z
which is not variational. However, if we regard ¢ as a ‘small’ parameter, we may suppose
(5.16) as a perturbation of some system with § = 0 in (5.3). Below, we show that in fact
the Euler operator is zero in the limit, i.e., it goes to zero as d goes to zero. Thus, we can

construct conservation laws that are ‘approximate’ upto an order of §. In this case, we

present the conserved flows as one forms w’.

e Energy - Q = (ug, wy, vy, 21)
The Euler operator E' is

d(—2wy, 2uy, 224, —2v,)) -0 as 6 —0 (5.17)
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and the corresponding ‘approximate’ conserved form is

wl = [ité wyu — %té Ugw — Allt5 Zv + }lté VeZ — }lmz4 — %mw2u2
—%mw4 — %mz%z — %mv4 — }lmu4 — zw — vuldx (5.18)

+[—26 (uwy — wuy — vz + 2vy)|dt

so that the the conserved density is
e ‘Charge’ - Q = (u, —w,v, —2)
The Euler operator is

O(—2u, —2w,2v,2z) -0 as J—0 (5.19)
so that the approximate conserved ‘charge’ is

w? = [tou? — Jto v + qt0w? — §t6 22 — 527 — Jw? — $u® — fu?]de (5.20)
—[326 (u? —v® +w? — 2?)]dt

Thus, the conserved density in complex functional form is

1
P = _155”“‘1'2 — |p?).

e Momentum - () = (u:uw:m Vg, Zx)

The operator E is

O(—2wy, 2uy, —22,,2v,) — 0 as Jd—0 (5.21)

and the approximate conserved density is

wd = [it& 20, + %té UW, — }Lt(s VZp — it& Wy + %zvx + %wux — %vzm — %uwx]dx

+[—326 20, — Lrduw, + trd vz,
+}Lx5 WU, + %mz%z + lemz4 + %mwzu2 + imw‘l + imv‘l

—I—}lmu4 + %zvt + zw — luwt - %

5 vz + %wut + vu|dt

(5.22)

Thus, the conserved density in complex functional form is
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5.3 Results and discussion

We constructed conservation laws of a model of a nonlinear Schrodinger equation involv-
ing a spatially extended system consisting of two coupled elements. Firstly, we studied the
space-time system and, separately, the stationary model arising from a standard trans-
formation. Secondly and independently, we analyse a ‘toy model PT-symmetric dimer’
involving a ‘gain-loss amplitude parameter’ for which only approximate conserved forms
exist. Here, we have shown that even though the class of Scrodinger equation do not
display variational properties and are not conserved, one could construct quantities that

are approximately conserved up to a specified order of the ‘perturbation’.

The result above appeared [4].
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Chapter 6

Conclusion

We analyse the symmetry, invariance properties and conservation laws of the partial

differential equations.

In chapter 2, we have shown that the pdes that arise in the different models of noise

removal algorithms are abundant in symmetries that leave the systems invariant.

In chapter 3, we have shown that model the vibrations of a beam is rich in symmetry and

conservation laws in Timoshenko system of pdes.

In chapter 4, we construct and analyse the conservation laws of a model of a nonlinear

Schrodinger equation with PT-symmetric potentials and inhomogeneity.

In chapter 5, we constructed conservation laws of a model of a nonlinear Schrodinger

equation involving a spatially extended system consisting of two coupled elements.

The construction of symmetries and conservation laws is now well established via a number
of methods and the main method adopted here was the multiplier approach which subse-
quently resorted to the homotopy operator. This sequence can be utilised for a number of
pdes that arise in mathematical physics and engineering that requires a straightforward

and elegant method for constructing conservation laws especially if one wants to avoid the
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Lagrangian and Noether’s theorem approach for whatever reasons. We had gone further
to adapt the method to pdes that contain a small parameter in what we called approx-
imate conservation laws. The approach had not discussed an ‘approximate Homotopy’
operator but rather used the standard operator to finally construct the conserved vectors
for such pdes. A future and interesting project would be to develop the notion an ‘approx-
imate Homotopy’ operator and construct conserved flows following such an operator. The
question would be ‘how such a conserved flow would differ from what was obtained here’.
Furthermore, how would such conservation laws be related to the established notions of
‘approximate Lie symmetries’. In the future, we will attempt applications of our methods

to problems and models in condensed matter, cosmology and high-energy physics.
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