
C h ap ter j

te classical g ie g o  thgory«-ti 

asym p totics  o ff  and  op  r

jut dn will denote a positive, finite Borel measure on r. <pn(z) -  

:n(c'n,z) will be the corresponding orthonormal polynomial with respect

to du.

M / >

If du is absolutely continuous we write y! — R e ( f ) and

will denote the real and imaginary parts o f a function / .  We de­

note by L°°(r) the space of essentially bounded functions with respect to 

on r and by Z/oc(d/i)(»') the same class with respect to dfi on r. We 

)t the aame convention for Lf [t) and L p (du)[r), 1 <  P  <  oo. Also

II IU «. II IILm(dfi)> II lit*-. II lll*(*») denote the corresponding norms 

on these spaces. By /  ~  E we mean that /  has a Fourier expansion E. 

C . ,C 3 . .  • will denote constants independent of n ,z  ( ,tv  and although num- 

<1 the same, they will differ from chapter to chapter. Finally, we explain 

jo  m e  terminology which will prove important in what fol

Let (C_) C C \(0) be a sequence and r ^  0. Then

(a) Hmn _ 00 ~  =  d ±  0 is called a Strong Asymptotic; 
rQ

(b) limn _ 00 =  r is called a Ratio Asymptotic;G_

(c) lim ,,.,^  Cn =  r is called a nth R iot Asymptotic.

note that it is straightforward to see that (a) implies (b) implies (c) 

but not conversely.



(d) By uniform convergence of a sequence of functions ( f n) to a function /
m m '

we mean convergence in the L°° or L°°{dfi) norms, and by mean or weak 

convergence of ( / n) to /  we mean convergence in || ||LJ. or ||

S ection  3A  : T he classical S zego T h eory

In this section we investigate l i m * “ »d give some mean asymp­

totics for <£}„ on r. under the assumption that logw € L'\0 , 2n\. From now 

on it w is a weight function such that log w 6  L'[0,2n\, then we will say that 

w satisfies Szego’s condition on r and the corresponding asymptotic will be 

called a Szego asymptotic. We note that we will give non Szego analogues 

to the above results in Chapter 5.

Lemma 2.2 

Let dn(tx$)

(2. 1)

i, w >  0 a.e.(meas). Then,

J i m , M * )  S  e x p f Q *°8 * V )d6)  •

Moreover,

( 2 . 2)
f  a*
I log w(O)d0 < oo. 

Jo

Proof:

Let Kn{x) a monic polynomial of degree r. Then using
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Jensen’s inequality with / ( i )  =  e* we get •

^  f  |ar„(*)|a4MW
* "  JO

= h l 0 
2\ f 0

0
/  » ; 2« j/t 1 f 2w \

= , { % L  h» i * " - * ^ + s /0 ioi!’“<,)'w/

2 / ( s /0 l0* “ (*)")

=exp(i/0
[where we used
1

r ^ W - r .  | « = ( 0, W S > .
7o 81 jl  I 2 *  log |*y|, |,,| >  1 . 

which is proved using the mean value theorem for -o- 'oicfunctionsj. Thus

we have,

h i
(2.3)

Thus using (1 .2 0 ) i ~7 > exp f * "  log w(9)d6Sj  which implies (2.1). To

get (2.2) apply (2.3) with irn =  I.

Remarks:

( Throughout this chapter when deriving results for asymptotics of (v>n)^L0 

we will require a Szego condition on w. The above inequality will be shown to 

be an equality. However we still include the case that JQ log w(6)d0 =  •• 0 0
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that is %  exists but may equal oo. It will be shown later that in fact

log w e  Z/[0 , 2j t ] iff limn _ 00 7 n =  7  <  oo and it is this result which will serve 

as a starting point for us to study Szegd Asymptotics of (^ n)^L0  on and off 

r. Later in studying non Szego Asymptotics we shall remove the condition 

log w 6  L'\0 , 2 x] and merely require the weaker Erdos Turan type condition 

w > 0  a.e. (meaa) or the weaker condition on the reflection coefficients 

!imn_ oo|$„(0 )| =  0 . We will also consider the alternative idea, again due to 

Paul Nevai, o f investigating not the measure directly but the coefficients in 
-

the three term recursion formula generating the orthogonal polynomials.

L e r o .m »  2-3

Let T(0) be a trigonometric polynomial o f degree m such that T(9) >  0, 0 G

[0 , 2 *]. Then there exists an algebraic polynomial nm of degree m such
.

that T[9) =  |»m(e*#)| , 9 €  |0,2irj and such that all the roots o f nm lie in 

{ z :  0  < |z| <  l }  or { z :  |z| >  l } .

grogf:

We can write, T(9) =  ^  +

R , cm jt 0 , dm ^  0 . Then letting t  =  «'*,

j 9)

T(9)

where

C («) =*

 

it

e d e d
with leading coefficient ■—  +  —  /  0  and constant coefficient — -----— 4. 0 .

2 2* 2 2»
Then for z =  e,#, s “ mC?(s) =  '/(• ) =  T{6) =  zmG ( ( i ) ~ l). Thus if * is a

zero of G, so is Next if 90 €  [0,2x] ir a zero of T{9), as T[9) >  0 , 9C
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haa even order t  say, so we can write t(0) =  (0 -  0o)eR(0) where R  is an? 

and non zero at 90. Set z0 =  t x9° . Then for * =  e‘ #,

, (  » - « .  V

H  analytic and non zero at *0. So we have that every zero of T  on [0,2x1 

is an even order zero corresponding to an ever order zero o f G. So we can 

write for some C  0, ife a non negative integer, G(*) -  C  n i« ,i< i(*  ~  */) 

(* — (2y)_1) n , ~  * j)7kj where there Ls a total of 2m factors. Then

T{»)  =  (* )“ mG(*)

=  C I ]  (* -* ,• ) (? .- ( * * / ) _ I ) J ]  (* - * , ) * ' ( !  - t sz - *)*'



Lemma 2.4
_

Lei dfi(el6) =  ijrfyc, $ € [0,2a] where T(0) is a trigonometric polynomial 

of degree m with all its zeros in \z\ >  1 such that r m(0 ) >  0  and T (0 ) — 

Km(«**)|2. 9 €  [ ° .2 ?r] as in Lemma 2.3. Then for n >  m,

(2.4)

/  i  f 2w / \
( 2 . 5 )  1 n ( M  = < x p ( " 4^  J o  l o 8 ( r ( * ) )  d 0 )  = * m ( ° ) -

Proof:

Now zn~n ir l̂(z) is a polynomial of degree n with all ita zeros in |«| <  1.
____  _____

Also for r -  «’ *, T(fi) =  |*m(*)| =  » m( # ) ' j ^ )  =  * m(z )xm( ( s ) - i )  =

irm(z )(z )~ mK̂ t(z). Thus if S(z)  is a polynomial of degree k <  n -  1 then, 

a*
i  /  [ * " - " * *  M l s R r f c M
* Jo

1 f 1* zn- mn*m(z )S f f i  Jat _  it. _  1 f  z * - k- ' S * { z ) ,  n
T W  —  - f c i / k . J . )

(by Cauchy’s integral theorem as K  +  1 <  n and » m(*) has all its roots in

M > *
Thu3 we have,

. 4 .
i n- m< ( * ) ] 5 ( ^ y ^ ( « )  =  o.

Also we have,

2w
I  [*n_m< ( * ) ] I * w- mir^(*)]dM(tf)

** J o

t / * -  i  [* ’  
2* h  T(e) 2* J0( 2 . 7 )

So by (2.6), (2.7) and uniqueness from Theorem 1.2 <pn(z) — z n~mK̂ n[z) 

provided 7rm(0 ) is normalised to be > 0. Next ** has all its zeros in
__ _______ "
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|a:| <  1 and has leading coefficient » m(0). Thus we may write *JJ,(*) =

*m (°) -  *;) say- AUo fey ( 2  4) » « ( ° )  =  i n M thaa we hav*

.. - -
d$~  f j  iog(r(*))-‘<M = i  J*’ ios|c(='')r:

■ ;  / 0 ” h l ' - ( ° ) l “  -  * / l " ] *  -  

[where we used the mean value theorem as in Lemma 2 .2  . Thus,

- i

and no

^  j f  lo * (T (* ) ) - ’  =  2 1 0 * 1̂ ( 0 )1  = 2 l o g ( - ,J - '

t»  =  « p ( - j ; / o i o . ( r ( * ) )

We can now achieve equality in Lemma 2.2 and prove the famous

Theorem 2.5 (Szego 1918 —  1920)
...

l et ) =  u;(0 )d0 , to >  0  a.e. (meas) 0  6  (0 , 2 *-] then

/  1 [ 2* \ 
(2  8 ) lim 7 n(dn) =  exp ( : /  !cgu/(tf)dtf) .

n~*°° \ yo /

Remarks:

(a) If logic; £ L'[0,2)r] we interpret the right-hand side as oo.

(b) We observe that by Lemma 1 .6  that not only do we know that 7  <  go  

but we know what it is, although not necessarily finite.

G

Proof:

Let 7  =  llm1l_ 0 0 7 n(<i/i), 7  <  oo and by (2.1) 7  <  exp ^  /J* logu/(0)d0J. 

Now if 7  =  co the proof is complete So we may assume without loss of gener- 

that 7  <  0 0 . By Lemma 2.3 choose T{9) a trigonometric polynomial of
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degree m > 0 in [0, 2jt] such that T(0) =  jjr ^ e ’ *))3, • G [0,2jt], Jrm(0) >  0.

Then by Lemma 1.6,

< 7 , 'm+l

=  mmdagM<

< - r-  2 jt  J o

" t o  Jo |JZ(0)|

(o)|3

T(#)u/(*)d*.

Thus

r2«r

‘r ^ J o  rtt,w"

So using (2 .1) we obtain,

( “  logu/(0 )d0 )  >  nf >  exp log (r (tf))_ 1d ^  x

( £ / > H
That is,

(2.9) >  . , p  ( - - L  j f  “  M i W ) - * )  ( £  j T  * ■ « * ) '

holds for all positive trigonometric polynomials. So by Weierstrass’ approxi- 

mat,ion theorem and dominated convergence we may extend (2.9) to hold for 

all T  continuous, positive and 2* periodic. Next as the continuous functions 

are L x\0,2*] dense in the simple functions (2.9) holds for all simple functions 

and using monotone convergence, for all positive Borel mensurable functions 

T. Finally since any non negative Borel measurable function T  is the limit
/ 1 \ oo

of the decreasing sequence [ T —1]  by monotone convergence (2.9) holds
V /  n=l



for T  non negative Borel measurable. Thus if log w c  I/[0 ,2x], let T — ^ 

in (2 .6 ) and the result holds, also if logw  ^ Z/[0 , 2 jr] let T  =  ~  +  £ in (2.9)

and use monotone convergence to achieve the result again.

We end this section by giving some mean asymptotics for <pn(z) on r where

w satisfies a Szego condition.

Theorem 2.6 (Mean Asymptotics for <pjz))  

Let dfi(ti9) =  w(0)d$,

»  • * n » ri

t, 9 €  [0,2s-], w >  0 a.e., logw €■ L x\0,2n), 'Then for

(2.10) K (z)  =  y m <p (̂z)ipi (0) is defined a.e. (dp), $ G [0 , 2 ir]; 
>«o

(2.11) K (0) =  ~  \K(z)\*dn(z) =  e x p ( - - ^  log«;(tf)dtf) <  oo;

(2.12) lim
n —»oo

«■(*) ,n 
— r i ^  -*>»W||

( m )
= 0;

(2.13) lim
n — »on ( m ) L’  (<«**)

=  0.

Proof

Now by Lemm*. 1 .6  and Theorem 2.5,

(2.14) £ k > ( 0 )|2 =  =V%V{ ~ h  JQ ,° 8 U,W ^ )
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; G

I

Now let St (z) =  5 l ! - o  ¥j v(*)v3. ( 0 ), I >  0. Then if m >  I

7,

= h  / > » '

= h  J I E  *v(*w°>! *•(*)

V '  1̂ , ( 0 ) I3 (by orthonormality) 
, « 2+I

< £  |v?,(0 )| a - * 0  as £,m —» oo. 
/-<+»

So (Sn ) ~ 0 is a Cauchy sequence in L7(dn) which is complete. So

oo

>=o

exists in I>3 (d/i) and hence a.e. [dn). Now define K [0 ) by (2.10) and then
. ..

(2.14) implies (2.11). Next 
....

R-( 0 )"/»

<  II^IL*MM) | ^ " ^ 1 7 3  “  ~ I  +  — WK  ~  5 nlUa((<M)

(by 1.19) —• 0  as n -»  oo by (2.14) and definition of K  and Sn. Thus we 

have (2.12), and (2.13) follows by taking the star transform of (2.12) with

1*1 =  l . l

Scctlon_2B

We begin with some results on conjugate functions and Poisson kernels which 

we will require for verifying properties of the Szegd function and for the 

later chapters. We then introduce the Szegd function and prove its intrinsic
. • ® ^  properties.



Remar k :

The following statements and results are well known and can be found in

f(28|, (4). (3])-

(a) /  G L3 [0,2jt] implies /  €  L*[0,2*\.

(b) /  ~  °ycos j# + * y sin i* implies /  ~  , - 6y e o s ;f  f a y sin
.

and both Fourier series are a.e.(meas) Abel Summable to /  and /  re­

spectively. That is

oo
r!i?_ (  V  +  Y i  ( ° i  co*J #0 +  hj •m:'9o) = / ( e ,9a )a e.(mea3)

'  $m i 7



then,
1 f 2"  I I

r S ? - 5 x J o

Proof:

It is well known that P (r ,« ) >  0, r 6  (0,1) and

(2.16)

Also by writing

one can deduce

(2.17)

1 / * '

7
1 — r 2

( l - r ) » + 4 r . i n > ( § )

given c €  (0 , w /2 )

{P (r ,« ) ,  3 €  [e ,* ]} - »  0  aa r -*■ 1 -

StefiJ:
■

We first prove the result for h : [0,2jt) —* R , 2 * periodic and continuous. Let 

w(h,6) denote the modulus of continuity of h that is,

■ » (M ) =  max |A(x,) -  *(x,)|, < > 0 .
1*1 — *a|S®

(See ([2 ] p.8 6 , (2 1 ] 75-79)). Now as h is uniformly continuous on [0 t2 jrJ given 

e >  0  there exists 6 >  0  such

(2.18)

Also using (2.17) there exists rQ su:h that if r e  (r0 , l )

(2.19) IW Il-| -U | ma3r{ / , lr*a) : * € [ * ,* ] }  < e/4.



Then for r > r 0 and 9 €  [0 , 2 jtJ,

| « [V r ,»| -M »)|

= l 'iWJ’M -»)<*»- f o P ( rJ -s )d s

= \£  I  'M-) -  h(l))P{r,» -  t)<u\

~ h !  , +2lr J»S |«-*|<«

+  2 x j [ :

< c/ 2  +  e/2 =  c

by (2.18) and (2.19). So

Step 2:

Next we show if h e  L l [0 2  it] then,

Sir

Well,

h i  W u i *

1 f 7*I i  /* »
=  s / o  I J j / o  ‘ M J ’ M - . ) *  

i  /,Jrr i  /*a,r
s S / .  Iu h

J

(by Fubini’s Theorem)

=  h  j [  lM « ) l*  (by (2 .1 6 )).

d.s



SteP-3:

Let Ce( X ) =  { / : / :  X  —» C continuous with compact support} and C (X ) =  

-+ C continuous}. Then it is immediate that if X  is compact 

Ce{X)  =  C (X ).  Further, the cioaure o f Ce{ X ) is Lp (dn) see ([24] pp.68-69). 

So given h G L l [0,2*], choose g: [0,2*1 -*  F. crni nv.cus and 2ir periodic

such that

i / 2 '| M « ) - » ( « ) !< «  <«•

Then,

h L !«[*• '•»!
f* 2 IT

- ' h i  lc l * - S' r’ s | + - *(*>+ <»-*) ( ») !<<« 

i />•
+  2 * J0 ^  ~  <  3‘ as r —* 1 —

using Step 1 and Step 2 . ft

We can now prove Lemma 2.9 which will prove crucial in proving Theorem 

6.5 of Rakhmanov in Chapter 6 .

Lemma_2J>

Let w: [0 , 2 jt] (0 ,oo ), w >  0  a.e. (meas). Let dn =  u>(0)d0 and

* =  re'“ .

Then a.e.

(2 .2 0 ) » ( * )  =  -  i  f "  ' ^ y p - - p - h m ( ( , ) d l .  (  .  I,I .  X; 
w Jo K *1

(221) F „(«) =  (w (t)  +  «■ (» )) , |t| =  I.



It will be Bhown in Lemma 6.3 that F (z) exists a.e. (d/i), for |r[ =  1 and as 

w exists a.e. (meas), (2 .2 1 ) is understood to be true at those points where 

F (z) exists.

Remark

Proof:

Now,

Thus,

* ( ' , ( ■ » - h i

„  , e i9 +  M\ „  / I  +  j w ^ x  _  1 -  |a|a
W -  J 1 +  |*|a — 2 rcos(a  -  8) '

2w
H W )  /  '  P { r , * . a M ‘ “ ) -  » («• ')

** Jo

a.e. as r -*  1 — by Lemma 2.8. Also,

•3#

=  ~ h L

[as j{ -  *|J =  4 ®ir)1 ( ” T “ ) '  (  ~  ‘ ‘ *i * =  «*“ . =  a in (o -< !| .
\ t  /

Also

thus

.3 ,

/ m ( / y  *)) =  (w ( 0  -  «>(*)) c o t =  £ (« )  o.«. (meas)

r|*(2 .2 2 ) =  -  /
*  Jo ie -  *i

then we have FM(*) =  iu(«) + tu*(*).
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r
(meaa), lim 7 n =  7  <  oo. We now restrict ourselves to 7  <  0 0  and formulate 

the important result that this fact is equivalent to a Szego condition on u’ . 

Under these assumptions, we can define the Szego function which will be



with the full sequence converging to * (*).

Suppose (2.23) holds. Then we have using orthonormality and (1.5) that

> «xp

(by Jensen’s inequality)

=  “ P ( ^ / o  

(by the mean value theorem and v?*(0) =  7 n). So

(2.29) Tf * =  lim 1fn a > e x p f ~  f log rv[0)d$S) > 0  w“4°o Jq )

Now by (1.37) |^Ji(* )| 2 >  ( l  — |*|a)7o- Thus for |*| <  r <  1 the sequence

( < (* ) ) « =  0 is uniformly bounded from below so we may apply the Vitali- 

Montel theorem of analy tic functions to obtain a subsequence of polynomials 

(^>J^(*)) such that uniformly for |*| <  r < 1 ,

(2.30) limo V’ ^ ( * )  =  » (* )

where n[z) is analytic in |*| <  1 and be equal to oo. But since 

p * (z )  ±  0 , |z| < 1 (Lemma 1 .8 ), by Hurwiti’s theorem on the zeros of 

sequences of analytic functions ([71, p.205), » (* ) jt 0, |z| <  1 . Now as 

^ follows that (2.23) implies * (* ) ft oo which implies it is 

analytic and non zero in |*| < 1 . Finally, by Lemma 1.7 we have

I

y-o



Thus by (2.30) and (2.24) we have

=  (nr)~l =  »(* )
j'aO

uniformly for j*| <  r <  1 .

Corollary 2 .1 1

oo

log w(0 ) G £,*[0 , 2 »] iff lim ^ ( * )  =  ft )  1 £  y(0 )p y(s) =  * (*).
n -» o o  'j = 0

Use Theorem 2.S, Theorem 2.10 with (2.28).

Defi_n|tiQn_2J 2

Let w: [0,2ir] - »  (0,oo) satisfy w €  L x\0,2rj, log to € L l [0,2x] and let 

|«| < 1. Then the interior Szego funr on for w is defined as follows:

D(u>, *) =  exp [ h i l

Remark:

We end this
— mm

by proving and formulating the main properties of D ,
- -  • .■  -and then extending the definition of D  to |*| > 1 and even \z\ — 1 . A

sufficient for the existence of D  on |«| =  1 will also be given.i i

Lemma ? .j3  

D(w, t) is

(2.31)

of D  -  ( /) )

rtic and non Eero for |«| <  1 and

ar
D {w ,0 ) =  Jq log u>(0)d^;
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(2.32)

(2.33) D (w a ,z)  -  D (w ,z )a , a  €  C ;

(2.34) \D(w,ret9)\ = e x p ( ^ ~  f  logu>(0)P(r,0 -  i)dt
V J°

(where P(r,0 -  t) is the Poisson kernel of the unit disc).

Proof:

(2.31) and (2.32) follow from Definition 2.12 and |«| < 1. (2.33) follows by 

taking a suitable choice of branches and (2.34) follows using 

|e*| =  exp(J2e(*)).

Lemma 2.14 (Properties of D -  (II))

Let tv: [0,2?rj —» [0,oo) satisfy w €  L l [Q,2r] and logu/ €  £*[(), 2*]. By the 

analyticity of D  in |jrj <  1, write for |s| < 1 , D (w ,z)  =  JZTLodj**' Then

(J .st) lim i  / o |kx|C(w. re‘ #)|a -  lcgti;(0 )|d0  — 0 ;

2 oo 2
(2.36) =

2 37 0

If T  is a trigonometric polynomial of degree m and positive in [0 , 2 jt] and 

T(9 =  |*'„,(e,# )|2 with all the teros of nm in jx| >  1 and *m(0 ) >  0 then

D (T ,z)  =  D(\rm\ \ z ) = n m(z). 
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Let a l r . . ta ( >  0, =  r^et9j, >  1, tfy G [0,2jt], 1 <  j  <  I,

‘ - « ■ * . m  =  n ' - K  -  =  n * - .  i* -  * , i " -  T h « ,,
•’ - ' - ■ '■ I

I t-,; i  I t
(2.39) D (T,z)  =  d ( I I  I* -  =  “ p f - s E 1/ * / )  I l ( * -  xj ) a’ /2-

V - l  7 V ; - l  7  y - l

Proof;

By (2.34)

p2ir
log|l>(w,re,# )|3 =  £ -  f  log w (t )P (r ,t  ~ t )d t  =  Q[logti>,r,0]

so

± f  jlog|D(u>,re*# )| 2 — logu>(6 )|dO

** J0 I i

by Lemma 2.8. Next

2 *

' j * 0  ' ; » 0

E K I
2r2

So

(2 - 0) ~ J  \D(w,rei0\2d$ =  £  K
0 jmO

As D  was analytic in |z| <  1, the series in (2.40) is uniformly convergent for 

|*| <  R <  1. Also if



then d(i is a Borel measure on [—» ,  z] and

(by 2.16). So

\D(v>,reit)\* = e x p  /  logu>(f)<M*)
Jo

r7 w  , ,2 w

< J  explogw(«)dM(<) =  — J w(t)P[r,0 — t)dt

=  Q[w,rt$)

by Jensen’s inequality. Therefore

< - / o OI»,r,#| » ~ - j  wW

(by Lemma 2.8). Thus we have

» - o

=  S  h J 0" w W M  <  *•

Therefore we have, 

(2.41)

Now if we define

£ | d y | a <  OO. 
jm 0

D ( w , e i0 )  =  f ^ d ^ \  * 6 ( 0 , 2 * ]
jm 0

and form the partial sums

« . ( * )  =
jr= 0
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then for m >  n,

** Jo 1 1 ___ _

(by 2.41). Therefore ( ^ ( e ^ ) ) ^ ^  is a Cauchy sequence in L3 [0 ,i* j which is 

complete so it converges to D(w, el$) in L2 [0,2*] and thus exists a.e. (mens).
-« ■

Also

i -  /  ' I / » ( « , « " )  - % , « » )  I’ *
i *  Jo ' i

1 A3*! °° I3

m u L  r -

(2.42) —  I  |D(u/,e,#) -  D(u/,re‘#)| dB -*  0  as r —* 1 —

h  Jo

/ 0

■

X I(|D(u»,e<#)| +  |l?(ii>,re<#)|)|i#

<  / j  • / j ,  (by the Cauchy Schwarz inequality), 

[wh«r,

It:={h f0 ~ l£>(u,*re‘#)l|d0)
/  1 /^ 'i  .a \ */2l

' ■ - ( s / 0 | W * . O I  +  | i x - . ^ ) l | - # )  J



< / ,  • / « ,  (using \\a\ -  |6 j| <  |« -  6|, (x -f y)a < 2*a }- V ),

I where
!•

J0 _  Diw' r<!<#)la<w)
i/a

\ >/3l

=  's

A  =  ( ~  I  +  | D K r . » ) i * ) « » )  ]

r 1 */*

* ( £ w + 2> K i ,)|L , . o  , . o  j
—» 0  m r 1 —

by (2.42). So we have shown that

(2-43) ^  /  |l£ ,(w ’ e’ #) !a ”  \ D (w ,r e ^ ld O  - »  0  m 2 *  J0
r —* 1 — .

We shall show

|j3(to,e,# )|2 =  w(6) a.e. (meas) $ 6  [0 , 2 jt1, 

then (2.37) follows from (2.43). So let r G (0,1), e >  0 and define. 

C ,„  =  { « €  (0 , 2 *]: I H X - Z I I *  -  |0 ( » , r . ‘ #)|'| >  , }

« . . .  =  { «  6  [0 , 2 »|: |loi|D(«.,r«")|* -  lot w(*)| >  c j .

Then by (2.43) meas Gr t  -> 0  u  r  -*  1 — and by (2.35), meas Hr t —» 0 as 

r —» 1—. Choose c G (0,1). Then for tf G [0,2»]\tfr € | jG r t,

[w h « .

0

e +  u;(0 )|exp(log|.D(u>,re'* )| 2 -  logu>(0 ) )  -  

€ +  u/(0 )(expe — 1 ) <  c ( l  ew(fi))
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[as exp t — 1 < ee, e 6  (0,1)]. Now choose rn €  (0,1), n >  1 such that

Let oo oo*- n uKiUffr.(i)-
■ ■ . Mm= 1 n -m

Then for all m > 1

meas H < meas ( U  K . i U * , . , i ) )
\n=m  /

ftmm

So meas (H ) =  0. Also for 0 € [0,2*]\/T,

• 4  U  K . i l K . i ) .
n = m

some m, which implic

for all n > m. Thu* njplien |2?(u>,e‘*)|2 =  w (f), 9 $ H. So \D[w,et9)\7 =  

w{6) a.c.(meas) 9 G [0,2*]. Finally, (2.37) impli

-  ih/ ; -hi  ”<H

by (2.36). Then part of (2.36) follows and (2.40) implies the res* For the 

proofs of (2.38) and (2.30), see [4], p 2 l1. 1

Lemma 2.15 (Properties of D  -  [III))

(a) D(w, e'8) can be formally defined as follows

(2.44)

44

D(w,e“ ) =  rlim_ D(w, re‘#)



&

lich exists a.e. (meas).

(to, z) ia determined by the following conditions (not necessarily unique):

(w,z) € HJt D(z) ^ 0 , \z\ < 1

and D(0) is real and positive.

(c) Deline wn =  (K n(ztz) )~ l . Then,

_
(2.48) \im^wr (dn,z) =  ( l  -  |*|J)|l?(u/,*)|

holds uniformly for |x| < r <  1.

(d) If /  its analytic in j*| < 1 +  c, some c > 0, then writing f($)  =  f [ e ie) we 

have

ttz
mn /c D < 1zi =

z — a.

where |C,| =  1 and a runs over the zerua of /  with |«r| < 1 and 

< 1 for Ixl <  X.z -  a

(e) There are many criteria for the coexistence of D[w, t i9). One such cri- 

erion is the following. Let w : [0,2ir] -•* [0, oo) and suppose that

exists.

(2.48)

Then

2* f0 “  M,(#) l| c o t (^ ~ )

lim D(u>,r**#) = /.>(u/,e*#).

We remark that other criteria weaker than (e) can be found In ([28, p.90,



Proof;

(2.44) follows immediately from Lemma 2.14. For the proof of (b) see ([4] 

pp.212-213; [27] pp.274-275), To see (c) note that we will prove in Theorem
' 1 ' __________ .

2.17 that

¥?»(*)" * " ( £ ( “>. (* )-1 0; '*>»(*) - + n ~  («".«)

uniformly for |*| < r < 1 as n - »  oo, where D  is defined with respect to w. 

Also from the definition of K n (Lemma 1.7) we have,

(2.60) IrtW I*  =  (> -

Hence uniformly for |*| < r < 1 using (2.49) and (2.50)

jv - l .
J S 5 . — C1 —1*1*) |0(w.*)l

which implies (2.46). We also note that a proof of (e) can be found in ([27] 

pp.278-279). Finally, the proof of (d) follows from the fact that /  belongs to 

Nevalinna's class N of analytic functions which will be explained as a remark 

after the proof. ■

Remarks: (Nevalinna’s Class N)
■

The following definitions and resuits can be found in ([3] pp.16-17, [3?]

p.277).

(a ) A function f(e) analytic in |«| < 1 is said to be in Nevalinna’s Class N

or just f  e  N if

(2.51)

where

lim f  log+ |/(re'*|dtf < co
' - ‘ -Jo

V ' 1 0, 0 < * < 1.



(b) Given /  analytic in |*| < 1. Then

f € N  iff f  =  g - ( h ) - \  

where g and !* are bounded analytic functions in |*| < 1.

(c) If /  € N  then,

(2.53) / (* )  =  £ (* ) exp

where A(t) is a real valued function of bounded variation and B(z) is the 

Blaschke product of /  with zeros £n such that 0 < |£n| < 1, 5J(l—|fnj) <

oo.

(d) Returning to (d) of Lemma 2.15, we can be assured that /  is bounded 

in |*| < 1 + e/2 say. Thus

lim_ f  |log+ f { r t x$)\d9 < C3 
Jo
m Msay. Thus /  6 N  and (2.54) applies with =  S.

We end this section with:

Definition 2.16

Let w: [0,2jt| -♦ [0,oo] satisfy w € L ! [0 2ir], log 10 € L1 [0,2*1 then,

(a) The interior Szego function is defined by
r

(2.54) =  f  “ P ( - / » ' ( ^ ) )  W < 1 .
I D(w,rz), 1*1 =  1-

(b) The exterior Szego function is defined by
M

I Umr_ l+ D(w,rz),

logti/(0)<W, |*| > 1,(2.55) D(w,z,tx)
W - 1 .

where the limit for |*| = 1 is understood to exLt a.e. (meas).
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