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Vector modes are well-defined field distributions with spa-
tially varying polarization states, rendering them irreducible
to the product of a single spatial mode and a single
polarization state. Traditionally, the spatial degree of free-
dom of vector modes is constructed using two orthogonal
modes from the same family. Here, we introduce a novel
class of vector modes whose spatial degree of freedom is
encoded by combining modes from both the Hermite— and
Laguerre-Gaussian families, ensuring that the modes are
shape-invariant upon propagation. This superposition is not
arbitrary, and we provide a detailed explanation of the
methodology employed to achieve it. This new class of vector
modes, which we term hybrid Hermite-Laguerre—Gaussian
(HHLG) vector modes, gives rise to subsets of modes exhibit-
ing polarization dependence on propagation due to the
difference in mode orders between the constituent modes,
while remaining eigenmodes of free space. To the best of our
knowledge, this is the first demonstration of vector modes
composed of two scalar modes originating from different
families. © 2025 Optica Publishing Group. All rights, including for
text and data mining (TDM), Artificial Intelligence (Al) training, and
similar technologies, are reserved.
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The Helmholtz paraxial wave equation, when solved in various
coordinate systems, unveils shape-invariant families of optical
fields that propagate freely in space, unlike arbitrary beams,
which do not retain their intensity structure in propagation.
Specifically, the common scalar solutions with uniform polariza-
tion—Hermite—Gaussian (HG), Laguerre-Gaussian (LG), and
Ince—Gaussian (IG) modes—are derived from Cartesian, polar,
and elliptical coordinates, respectively. These modes collec-
tively form complete and orthonormal bases within an infinite
Hilbert space, enabling any paraxial optical field to be rep-
resented as a complex superposition of these scalar modes.
However, it is important to remark that a general solution
expressed as an arbitrary superposition of the aforementioned
paraxial modes does not evolve nicely upon propagation; i.e.,
it is not necessarily shape-invariant and may exhibit intricate
changes during propagation.
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The polarization of light, which occupies a two-dimensional
vector space, typically involves linear and circular polariza-
tions as its primary bases. Pure vector modes of light exhibit
varying polarization states across their transverse plane and
thus cannot be simply reduced to the product of a spatial
mode and a polarization vector. Such vector modes are crafted
through the superposition of two orthogonal optical fields (scalar
modes) with corresponding orthogonal polarization states [1].
Following this principle, Hermite— and Laguerre—Gaussian vec-
tor modes [2], as well as other innovative structures such as
vector Bessel beams [3], Airy vector beams [4], “classically
entangled” Ince—Gaussian modes [5], helical Mathieu—Gauss
vector modes [6], parabolic vector beams [7], parabolic accel-
erating vector waves [8], and the recent helico-conical vector
beams [9], have been developed. These vector beams show-
case distinctive properties that are leveraged in high-speed
kinematic sensing [10], holographic optical trapping [11], vis-
ible light communications [12], mode division multiplexing
[13], resilience against turbulence [14,15], and quantum optics
communications [16,17].

Typically, the scalar optical fields that constitute these vector
modes originate from the same family. However, this conven-
tional approach is not necessarily a strict requirement. In our
work, we introduce a novel class of optical vector modes, which
we have named hybrid Hermite-Laguerre-Gaussian (HHLG)
vector modes, by combining two scalar modes from distinct fam-
ilies. This superposition, incorporating orthogonal polarization
states from the circular polarization basis, exploits a well-
established expression that links HG and LG modes through their
completeness property to identify compatible pairs of scalar
modes [18-20]. This technique enables the creation of novel
spatial phase, intensity, and polarization structures with stable
propagation characteristics. Additionally, these structures can
be engineered to exhibit polarization dependence on propaga-
tion, due to differences in mode orders between the constituent
modes, with an example shown in Fig. 1.

The general mathematical expression for a vector beam
U(r,, ) is as follows:

U(r,,z) = cos @ uy(ry,z)eg + e sinf uy(r.,z)e, (1)

where u,(r,,z) and u,(r,, z) are two orthogonal scalar optical
fields, ez and ¢, are the circular right- and left-handed unitary
polarization vectors, 6 is a weighting factor, « is the inter-modal
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Fig. 1. Graphic representation of a HHLG vector mode employ-
ing LG(Z) and HG,, modes, with 6 = 7/4 and a = 0. Green ellipses
illustrate right circular polarization, orange ellipses depict left
circular polarization, and white lines indicate linear polarization
states.

phase, z is the propagation coordinate, and r, = (x,y) = (p, ¢)
represents the transverse coordinate system. For the vector
modes that we propose, u,(r.,z) is an optical field from the
Laguerre—Gaussian basis, and u,(r,, z) is drawn from the Her-
mite—Gaussian basis, or vice versa. Thus, the mathematical
expression for the HHLG vector modes is given by the following:

H,’(r.,z) = cos6 LG, (p, $,2)ex + € sinf HG,,(x,y,2)2,,
(2)
where HG,, and LGﬁ are the orthogonal Hermite— and
Laguerre—Gaussian modes. We will describe how to find these
combinations later. In Cartesian coordinates, (x,y, z), the HG
modes are defined as follows [21]:

2 —(m+n)/2 1
HG,,,m(x,y, 2) :\/;2 (men)/ WH" [\/EX/W(Z)] X (3)
H, [ V2y/w(0)| ol v, 2) expliu(2)),

where m and n are the indices of the mode, H,,(-) is the Hermite
polynomial of order m, w(z) = woy/1 + (2/2.)%, 2z = °aw}/ A, and
wo is the beam waist at the plane z = 0. P4(2) is a propagation-
dependent phase shift (described later), and

us(x,y,z) = exp [ik(x2 + yz)/ZR(z)] X

1
V1 +(z/z.)?
exp [-( +y)/w'(2)]

represents a Gaussian term, with k = 27/ and R(z) = z + 7*/z.
Similarly, in polar cylindrical coordinates, (p, ¢, z), the LG
mode can be expressed as follows [21]:

1]
y _ 2p! V2p\ L ( 20°
£ 002 =\ i <100 (W) o (w2<z>) 5
ug(p. 6.2) explil) expli®, 2)].

where L),”C) is the Laguerre polynomial, p is the radial index,
and ¢ is known as the topological charge. The phase term
Y, (z) is a propagation-dependent phase shift, which will also
be described later.

To create the HHLG vector modes, we must select modes from
each family that are orthogonal. In order to identify orthogonal
pairs of modes from the different families, we begin our anal-
ysis by expressing Laguerre—-Gaussian (LGp”) modes as linear
combinations of Hermite-Gaussian (HG,,,,) modes [18-20]:

N

LG)(p,¢,2) = ) *b(n,m, JHGy (%, ,2),  (6)

k=0

obeying the index relations n = 2p + |€| + £)/2 and m = (2p +
|€] — €)/2. The coefficients b(n, m,k) of the superposition are
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Fig. 2. For LGf) and HG,,, modes with Ny, Ny < 4, there are
225 possible combinations. From these, 175 pairs of modes show
orthogonality (beige) and five of them have the same mode order
(orange).

given by the following:

[(N. ! 1
bln.m. k) =\ =T @

where N, = 2p + |£| and Ny = n + m is the mode order (gener-
ically N,). The beam propagation factor, which describes the
divergence of a beam, is simply M?> = N, + 1.

For different mode orders, orthogonality is guaranteed; how-
ever, there are cases where orthogonality occurs within the same
N.. For a given LG, mode, we first identify the equivalent com-
bination of HG,,, modes and then select the remaining modes
with the same order, i.e., where b = 0.

By way of example, we express the LG;® as a linear
combination of HG, ,, modes by using Egs. (6) and (7) as follows:

d*A -1+ )"
dt*

. (D)

=0

1 i i 1
LG = SHGyy + 5HGsy + 5HG3 ~ sHGos.  (8)

Thus, we can conclude that LG,’2 is not orthogonal to HG,,,
HG;,, HG,;, or HG,, because it is a linear combination of
these modes. However, the remaining N, = 4 mode, HG,,, must
be orthogonal to LG;? as it does not appear in Eq. (8).

In other words, any LGP” is orthogonal to any HG,,,, that does
not appear in its Hermite—Gauss linear decomposition. Without
loss of generality, we have restricted our analysis to a subset
of modes where N, < 4, encompassing 15 HG,,,, modes and 15
LG{ modes. This leads to 225 possible combinations of modes
as shown in Fig. 2. Within these combinations, 175 satisfy the
orthogonality condition (beige color), including five pairs that
share the same mode order (orange color). These five combina-
tions, crucial to this new family of vector modes, are expected
to preserve their non-homogeneous polarization patterns dur-
ing propagation. Conversely, the polarization structure of the
remaining 170 vector modes is anticipated to evolve predictably
with propagation. The rate of this evolution will depend on the
mode order difference, as is detailed below.

One might ask why not stay within a single basis and just
use large superpositions? While conventional approaches such
as mapping the HHLG mode into multiple LG or HG superpo-
sitions remain valuable, our technique offers a complementary
perspective. By considering two distinct bases simultaneously,
our method provides an elegant and insightful solution, offering
an intuitive viewpoint.
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Fig. 3. Number of HG modes needed to obtain one single LG
mode as a function of the LG mode order. Each point represents
one LG mode and the horizontal axis is used to indicate the LG
mode order.

Figure 3 illustrates the number of HG modes required to
generate a single LG mode as a function of the LG mode order. In
this graph, each point represents an LG mode, and the horizontal
axis corresponds to its mode order. It is evident that as the mode
order increases, the number of HG modes needed to obtain a
single LG mode also rises.

An interesting interpretation of Fig. 3, based on Eq. (6), is that
to obtain an LG mode of order N, N + 1 HG modes are required.
However, some points in the graph, representing LG modes,
deviate from this expected behavior. This can be explained by
the fact that the coefficient b, calculated from Eq. (6), can be
zero. Each time b = 0, the number of HG modes required is
reduced by one.

For example, there are only three LG modes of order 2 (LG?,
LG}, and LG,?%), and according to Eq. (6), the superposition of
three HG modes should be needed to generate each of these LG
modes. However, upon examining Fig. 2, we see that for the LG?
mode, the mode HG,; is orthogonal to it and shares the same
mode order. This implies that only two modes are required to
generate this particular LG mode instead of three.

This reasoning can be generalized to interpret all the LG
modes in Fig. 3 that require fewer HG modes than their mode
order plus one. These are the LG modes for which one or more
orthogonal HG modes with the same mode order exist. Such
special cases can be used to create hybrid vector modes that
maintain their inhomogeneous polarization distribution during
propagation.

As stated before, LG and HG modes have phase terms
that depend on the propagation distance z, exp[i¥.(z)] and
exp[i¥y(z)], respectively, where [1]

¥.(2) = @p+ €] + Dtan™'(z/z,) = (N + Dtan™' (z/z,),  (9)

Wy(z) = (n+m+ 1)tan™'(z/z,) = (Ny + 1) tan"'(z/z,). (10)

Put simply, HHLG vector modes acquire a propagation-
dependent phase difference given by the following:

A¥(z/z,) = AN tan™'(z/z,), (11)

where AN = Ny — N;. For reference, Fig. 4 shows the phase
difference AW¥(z/z,) as a function of the normalized propagation
distance for different values of AN.

HHLG vector modes were experimentally generated through
the coherent superposition of two orthogonal scalar modes with
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Fig. 4. Propagation-dependant phase difference AW¥(z/z,) of the
hybrid Hermite—Laguerre—Gauss (HHLG) vector modes as a func-

tion of the normalized propagation distance z/z, for different mode
order differences AN.

orthogonal polarization states in the circular basis, employ-
ing the experimental setup described in [22]. This setup
utilizes a phase-only spatial light modulator (SLM) and a com-
mon path interferometer. While a detailed explanation of this
technique lies beyond the scope of this Letter, it is worth
mentioning that there are many other ways to generate them;
nonetheless, we believe this method provides one of the high-
est stability. Additionally, Stokes polarimetry, as outlined in
[23,24], was employed to measure the polarization distribu-
tion across the transverse plane of the vector modes at various
z-planes, aiming to characterize their propagation behavior.
To this end, we implemented the digital propagation method
described in [25], based on the angular spectrum approach.
This method allows for the calculation of the field distribu-
tion of a scalar mode at any arbitrary z-plane, U(r,,z), as
U(r.,2) = F7{F{U(r., 0)} exp(ik.(k.)z)}, where . {-} and
F.'{-} denote the two-dimensional Fourier transform and its
inverse, respectively; k.(k, ) represents the wave vector compo-
nent in the propagation direction. Experimentally, the required
phase adjustments were applied using the SLM, and the inverse
Fourier transform was performed using a biconvex lens with a
focal length f = 250 mm.

We generated two examples of HHLG vector modes experi-
mentally and measured their polarization distributions at various
z-planes. The first, created through the superposition of HG,,
and LG} with equal weights (6 = n/4 and @ = 0) in Eq. (2),
showed no change in polarization distribution upon propagation,
as evidenced in Fig. 5. Here, numerical simulations are pre-
sented in the left column and experimental results on the right.
The beam’s size increase due to diffraction is also visible. We
computed the concurrence (sometimes called the vector qual-
ity factor) [26-28] to quantify the vector quality of the modes,
finding excellent agreement between the simulations and exper-
imental results. The second example involved the superposition
of HGy; and LG} with 6 = /4 and @ = 0 in Eq. (2). The cho-
sen spatial modes resulted in AN = 4, a scenario not depicted
in Fig. 2. We anticipated that this vector mode would acquire a
phase difference between the constituent modes upon propaga-
tion, as described by Eq. (11), corresponding to the red dotted
curve in Fig. 4. The overlaid polarization distribution and trans-
verse intensity profile, shown in Fig. 6, reveal how the linear
polarization states rotate from horizontal at z = 0 to vertical at
z = z, through propagation.

Vector modes of light are becoming increasingly impor-
tant due to their diverse applications and unique fundamental
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Fig. 5. HHLG vector modes for wy = 0.6 mm, A = 633 nm, and
mode parameters [ =2, p =1, n =2, m = 2 that result in AN =0
at different propagation distances: (a) z/z, = 0, (b) z/z, = 0.41, (c)
z/z, = 1.00, and (d) z/z, = 2.41.
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Fig. 6. HHLG vector modes for wy = 0.6 mm, A = 633 nm, and
mode parameters [ = 1, p =1, n =0, m = 7 that result in AN =4
at different propagation distances: (a) z/z, = 0, (b) z/z, = 0.41, (c)
z/z, = 1.00, and (d) z/z, = 2.41.

properties. In this study, we aim to contribute to the ongo-
ing research on structured light by introducing a new type of
vector mode. We do this with a novel and intuitive way of
thinking about complex vector modes that are also eigenmodes
of free space. “Complex” vector modes that propagate would
normally require large superpositions from a single basis. We
demonstrate that by carefully combining the spatial degrees of
freedom from two different mode families into a single vec-
tor mode, we can create complexity while maintaining intuitive
simplicity. Hybrid Hermite—Laguerre—Gaussian vector modes
show interesting and configurable polarization behaviors dur-
ing propagation, potentially forming “knots” or “bubbles” of
polarization. We anticipate that other modal bases will pro-
duce equally fascinating results. While studies on scalar HHLG
beams, such as their orbital angular momentum control using
the radial index and their representation on the orbital Poincaré
sphere [29], focus on scalar fields, these insights may provide a
basis for exploring analogous behaviors here. Some speculative
applications include a better understanding of modal diversity
[20], where, for instance, one might wonder if the diversity
gain emerges because of the modes themselves or the coherence
between them, the concurrence of vector modes in turbulence
and their use for FSO communications [15], where the addi-
tion of mode diversity in vector form might further improve the
scheme leading to longer range and higher throughput wireless
optical communications, novel optimized nonlinear frequency
conversion through tailored pump modes [30], where “brute
forcing” a particular spatial phase and intensity might be unnec-
essarily computationally intensive, and secure communications
[31], where vector modes from different bases may add complex-
ity and make it more challenging to intercept communications;
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potential beam shifts and surface interactions [32]; and perhaps
new optical trapping capabilities [33].
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