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5.2 Visualizing the Process of Finding the Convex Hull of a
Set of Points {n N-Dimensional Space.

The surface of a convex hull of a set of points in n-dimensional )
space can be thought of as the intersection of all the support
hyperplanes of this set. A support hyperplane is the hyperplane i
that contains at least one point of the set and is such that all f
the other points in the set lie either in or on one side of the

hyperplane. If the set of points is conveily independent, then

the support hyperplane can at most contain n points. Thus to

define a hyperplane in n-dimensional space one would need to

specify at least n points. The procedure to construct the hull

| numerically can be thought of as follows:

- Find an extreme point of the set, for example, the point with
the largest value of x; 1f the coordinates of the points are
(xl,xz,...,xn). This point is then one of the points defining >
the support hyperplane containing it.

~§ - Tilt the hyperplane " one finds another point such that the :$‘
; points of the set all . - one side of this plane. Repeat this

by tilting the plane in various directions until tle hyperplane
is specified, that is n points (or more if the set is convexly ‘ Py
dependent) 1lie in this plane. This is equivalent to finding the

‘flat’ surface upon whiclh the set of points could rest, as we did f

in three dimensiuns when placing the wire on the table. o

- To find how all the points defining the support hypeyvlane are

I

connected, one must in turn find the convex hull of thes. points.
(ﬁg The convex hull of the face contained in the supper: “iyperplane,
,é which is a surface of dimension (n-1), will in turn .¢ defined by

the intersection of the support hyperplanes of dimension (1.-2).
;vf These are the support hyperplanes to the convex hull above, that

is the one contained in  the surface of dimension (n-1). This
process 1is repeated into lower and lower dimensions until one

PR
bt

finds the 1ines (of dimension one) defining the edges of the

S gy wl
e

]
|
- j plunes (of dimension tws} as was done in the three dimensional
| convex hull program.
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- The next step would be to calculate the next suppurt hyperplane
of the set of points. The intersection of two support hyperplanes
of dimension (n-1) would be a hyperplane cf dimension (n-2). This
hyperplane would define the edge between the two support
hyperplanes. Thus in order to find the next support hyperplane
of the set of points, one would take an edge (of dimension
(n-2) ) of a known support hyperplane (of dimension (n-1) ). This
edge would also be contained in the new, adjacent support
hyperplane, and thus the (n-1) points (or more if the set is
convexly dependent) defining this edge would also be contained in
the adjoining support hyperplane: One would then tilt this
adjoining support hyperplane to find the other point (or points
if the set is convexly dependent) that defines it. Thus one could
determine the adjacent support hyperplane. One would then repeat
the previous step on this hyperplane, until all the straight
lines defining the edges of the two dimensional planes of the
surface where found.

This algorithm is described in more detail by Swart (1985).

Thus in principal the conve. il of a set of points in any
dimension could be found. We will assume in the subsequent
discussion that at most n points lie in a hyperplane, that is
that the set of points is convexly independent. This is not a
limitation, as if more than n points lay in a hyperplane, one
could find the convex hull of the points lying in the hyperplane
and modify “the algorithim accordingly as described above. Thus
for a convexly independeant set of points, at most n points will
lie in a support hyperplane. The edges of the face contained in
this support hyperplane will contain (n-1) points and the edges
of these 1in turn (n-2) points and so on. This idea will enable
us to predict what the convex hull of a convexly independent
curve will look. like.

In this problem, we are concerned with finding the convex hull of
curves in higher dimensions. In our case each point has a
reaction vector associated with 1it. Let us repeat the above
construction with this in mind. We find an extreme point. The
reaction: vector of this point would have to lie in the support
hyperplane if all the points of the curve are to lie on one side
of the plane. We wc.:'; next tilt the plane to find the another
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point that 1lay in that face. By a similar argument, both the
point as well as the reaction vector at the point (assuming the
point were mnet an end point) would both need to lie in the
hyperplane.

Thus for n even, (n/2) points and the associated (n/2) reaction

vectors could define the support hyperplane. However for n odd,

either (n-1)/2 points and (n-1)/2 reaction vectors and an end

point could define the support hyperplanes, or else a degeneracy

in the structure would be needed in order that (n+l)/2 points and

(n+l)/2 reaction vectors defined the surface. (Note that (n-.;,2

is an integer number for n odd, and (n+i)/2 in then the next

N integer number). This is equivalent to (n+l) points defining a
surface of dimension (n-1), and thus a degeneracy is needed in :
order for the extra point to be coplanar to the otlier n points.
Thus it 1is possible for there to be a large difference in the
properties of attainable .egions in even dimensions to that of
odd dimensions. This seems +ather surprising from a chemical RESULT 46
engineering view poiht, but is not that unexpected a result from
a mathematical view as it is found, for example, that the -
behaviour of solutions of certain types of differential equations

" depends on whether the dimension of the problem is even or odd.

The edges of the support hyperplane would be surfaces of f
dimension (n-2). These edges would be common to two support

hyperplanes. The edge would contain all but one of the points or
| reaction vectors of the adjacent support hyperplanes, in other
words, (n-1) points and reaction vectors would be common to two
intesecting support hyperplanes of the convex hull. One right
ask how many edges would a support hyperplane have. In two
dimensions each of the support lines had two neighboring support

et

increasing space time. C; is the neighbouring point of C.
& Sp =i-1 g g 21

1] lines; in three dimensions each support plane had three '
C’ﬁ neignhbouring support planes. By extension, an (n-1) dimensional ?i-
1 support plane would presumably have n eages and thus n ‘
@ neighbouring suppor¢ hyperplanes.
! ;
§ Let us loock at what the above discussion impliss when ;;  ﬁ
~(ji constructing the hull. We will inok at even and odd dimensions %’“sx
T separately. We will let G; be ‘a point on the curve. Then L
/} Ci41 1s the neighbouring point of C; in the directicn of ; .
j P
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on the other side, ie decieasing space time. In the limit, if
C;i and C;,q lay in a plane, this would imply that the point
C; and the reaction vector at that -point lay in the plane.
Furthermore C°  is an end pcint of the curve, and in particular,
g; is the feed point or the initial point of the curve, and

c

Co is the end or equilibrium point.

Let us firstly consider a support plane in four dimensional
space. Four ©points are thus needed to define a support
hyperplane. We will speculate as to what is the most likely
convex hull of a convex plug flow trajectory in the same manner
as was done in the three dimensional case. The trajectory of the
reactor will be regarded as a set of points {(C;}. We will try
to determine what the support hyperplane at some point C; on
the plug flow trajectory looks like. As the reactiomn vector as
well as the point on the curve must lie in the plane, if a point
lies on the plane, so to must the neighbouring point. Thus, the
minimum requirements (minimum in that no extra conditions which
require a degeneracy cf the curve) are as follows:

Case 1: ¢, Ci+1- gj and 9j+1 define the support
hyperplane. In other words, in the limit, the support hyperplane
is a structure between two unconnected points on the curve
containing the two points as well as the reaction vectors at the

points.

Case 2: G;.1, Ci»  Cis+1: and C° define the support
plane. In this case we are assuming that the fan structure that
was found in three dimensions will also exist in four dimensions.
Notice that 1if this is the case, at least three neighbouring
points on the curve are to lie in the support hyrerplane. In the
limit, this is equivalent t©o tne reaction vector and the
derivative of the reaction wvector 1lying in the support
hyperplane.

Case 3: Gy, Cis1- g; and g; lie in " the suppor

hyperplane. Thus, in the limit, the two end points of the curve
as well as a point on the curve and the associated reaction’
vectors lie in the support hyperplane.
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Now each of these is feasible as it satisfies the conditi-n that

the curve lies on cne side of the support hyperplane local;y\(aswc
the point as well as the reaction vector lies in the plane). 1o,

turther decide on which - of the three cases is the most likely
structure to occur in f¢ idimensions, one must now consider the
edges of these prcposed  suppert hyperplanes and determine the
neighbour;f’t support. hyperplanes. There are four edges of a
(three. diiransioral) support hyperplane. These edges are planes
(ie two dimensional surfaces), and three points afe needed to
define these. Obviocusly the adjoining support hyperplane to
these edges must be such that the reaction vector at a point in
the edge must 1lie in the both support hyperplanes. Using this
idea we will regard each of the three cases proposed above and
see which of these cases are feasible in light of this.

Points Edges Neighbouring Support Hyperplane
Contains Edge &
Case 1:
';gi+1; Ej; Ej+i El 91+1'~J gj-l ! I
¢ ’Cl+1’~3+1 -C-:j+2 I
838538541 S 111
11783l ) w
Case 2
£4-13878145 £ €1:8443C" Ci42 I
CvCi% G 11
or 91-2 IIB
or Cs 1IC
413838 Si-2 It
Ei 1:¢ ;C. +1, ce | Not Feasible v

where Cy is the other end point.
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Points ; Edges ‘ Neighbouring Support Hyperplane
Contains Edge &

Case 3:
;38417 S5 S Ci:%1C¢ Si42 Ia
. | : or% ‘ gi'l 18
$178im3% Si42 . 1A
| or i1 I1B ‘
i e .0 ; T !
C;3CiCq S 111 L
! .C° .00
G178 8 it v
‘ Notice that for Case 2 that edge IV of ‘the fare dnes not havs an ‘ L)

adjoining support hyperplane. We thus propose that this type of
structure 1is mnot a feasible support hyperplane. The type of
structure as proposed in Case 3 has at least one adjoining

support hyperplane for each of the four edges. However some of
these adjoining support Thyperplanes (in particular those
containing edges IA or B and IIA or B) are structures as
; described for Case 2 and thus these adjoining faces weculd not ba
é feasible structures as follows from above. Thus it would seem
? that the structure of +he support hyperplanes as proposed for

Case 1 1is the only possible type of face. The resulting convex

i ' hull would be a structure between two non-neighbouring pairs of

% . E points on the curve, such that the reaction vector at the points !

z (@i and the two points defined the hyperplane. RESULT 47 |

E § ‘ é

§' i Further intormation would be needed in order to establish if |

i ! indeed the type of faces classified in Cases 2 and 3 cannot form

§ the convex hull  of a strictly convex curve. The principles !
e invelved in constructing a convex hull in four dimensions; and i

the extension thereof to higher, even dimensiors; can be seen.

A e TN

Also mnotice that every time the dimension cf the problem is [
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increased, so to are the vuwiber of constraints on the support

hyperplanes ie the face of the hull. Thus it does not beccme
easier for a genmer=l »:usctor to 1lie in the boundary of the
attainable region in h.gh:r dimensions. ‘ ‘ fo

We now consider the possible structure of a convex hull of a
convex; curve 1in odd dimensions, and as an example consider the
suppor#v plane through some point C; in a five dimensional

Thus' C;,1 would also need to lie in the plans. Notice
that we are free to choose three more points. Thus if we choose
anothar point (and che associated reqctlo1‘vsctor), this would
meanA_tuat ‘the remaining point could on!y be an end point.
Alternatively, we could choose three neighbouring points, and
then on another part of the curv: two neighbeuring points. The
support hvpe“p .ane ‘

:ud e a surface of dimension four, and
SR TER wou;d e “law wunss L a.pension three.

J

s 2 Followivy wwe cypes . of scructures az2 proposed:
‘Cage Se S35 C4i Syyq and G° defins the support
: By ok N =3 23l ! =

”hjpe;;li”-. in or“ar wn*ﬂﬂ;,iﬁ the {tnit, the supperst hyperplane

L3 8 @z s ‘Outdlnlhg tWO uwrconnected p01nts on the curve,
s sndpoint, L,

C: and 9j+1 define *h

thi

b, gontaling We uncuiccted points on

e propo»‘ support hyperplane is a

Fhﬁ‘.msoﬁlattd lFa atnn vestors 2nd the derivative of

the' *js»amtldin et s

o

X at one of oo pchu

i : ;
. B i i ;

i

b

Thus repeaﬁlng the tvpe of HASS hdeﬂt that tas used previously, we ;
can find ‘tbe edges fnr tie TwA cases _“t hhe adjacent surport !

hyperplanes. Kk‘ ] ‘EV
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Points Edges Neighbouring Suppo.t Hyperplane
Contains Edge &
e Case 1:
i)
[
r/ - t . . N odd
€5°C141785785438" G138y 8 £5-1 I
91‘§i+1;9j+1;9 - S 1
C.;C.;C, ‘¢, 111
~i'=jr=3 ;- ‘ ~i-1
¢ S:1,-§-ZL’~_] ~3+L - VA
or gi—l IVB

t or Ei+2 Ive

é or gj-l IVD

‘ or 42 IVE

1427857 8415¢ Siv2 v

? Case 2

i .

; 91-1’91'~1+1’Ej’a3+1 gi 1 ci -1+l EJ ~j-1 I
£1-1°%78141°%41  Sj42 I
£1:%41°%° %0 S 111A

or Si+2 IIIB
or C. . I11C
-—J-L
[ €;.1781383841 S w
;ﬂ é 91 1, l+1’CJ CJ 1 Not Feasible v
§ é where g is the other end paint.
P
Lo
P
}"(p% We again raject the Case 2 type of support hyperplane as edge V
Lo

| of this hyperplane is not contained in an adjoin‘ng sivoport
K ;j hyperplane. Thus if we accept that only suppor: hyperplanes of
. the type described in Case 1 are feasible in five dimensionzl
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space, then we find that we again have a type of fan structure
between an end point and the curve, which is a similar result to
that found in three dimensions. Note too that the support
hyperplane of edge IV would be of type A. If this type of
argument is extended to higher, odd dimensions, we can by
extension see that the ‘fan’ structure is likely to be a found in

the hulls of all convex curves.

‘gain it can be seen that the dimension of the problem is
increased, so to are the m'wer of constraints on the support
faces forming the bounday of the couvex hull.

5.3 Properties of the Attainable Region in Higher
Dimensions.

All the results derived in Chapter 2 hold in any dimensional
space. Thus among the more important results derived in this
chapter are:

- Result 1: Locally mno combination of mixing and reaction can
take us in a direction that does not lie between the mixing and
reaction vectors.

- Result 2: The change produced by any differential process of
mixing and reaction is confined to 1ie in the plane (of dimension

one) defined by the mixing and reaction vectors.
- Results 4 to 7 for the various idealized reactors.

- All the results for the necessary condition and multiple steady
states. Again the only reactors that may not be covered by the
necessary condition are those that exhibit branches that are not
related to the braunches of the C.S5.T.R. or recycle reactor
locus.

Some of the properties that were found to apply in three
dimensional space will also apply in aay number of dimensions.
Among these are:
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- Results 23 and 24: A convex function is one in which all the
points aloug the curve are extremal points and are thus vertices
of the convex hull of the function.

- Result 28: For a C.S.T.R., the wiing vector, which must point
into the iegion, is collinear «¢o the rzaction vector. Thus a
C.S.T.R. in the boundary of the attainable region will always
have plug flow reactors leaving it, or in other words, the
C.S.T.R. will form bridging points for plug flow trajectories.

- Result 29: By using a similar argument to that above, it can be
shown that a differential rcactor in the boundary of the region
will also form bridging points for plug flow trajectories.

- Results 30 to 33: These results describe the properties of the
mixing point of a differential reactor in the boundary of the
attainable region. Firstly, only one mixing point is needed for
any general differential reactor with only back mixing. This
point must lie in the boundary of the attainable region and must
be a neighbouring point, a finite distance away from the reactor
curve .

- Result 38: With all the above constraints .n the mixing point,
there can only be a finite number of differential reactors that
lie in the boundary of the region along the whole path of the
reactor.

- Result 41: For any reactor in the boundary of the region, both
the reaction vector and the tangent vector must lie in the
boundary of the region, ie they must both be tangential to the
surface of the region, along the entire length of the reactor in
the boundary of the region.

This last mentioned result is perhaps the most important of the
results derived in that it places severe limitations on any
reactor that 1lies in the boundary of the attainable region.
Furthermore, as the reaction vector along the curve is tangential
to the boundary, plug flow trajectories with feed points on this
curve will 1lie in the boundary of the attainable region in the
neighbourhood of the curve.
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However, for this to occur, the surface of the attainable region
containing this curve must be tangential to the family of plug
flow trajectories with feed points along the curve. This is an
extensicn of the idea that was derived in three dimensional space
where it was necessary that VVR was tangential to the surface
of the attainable region along the feed points of a family of
plug flow trajectories in the boundary of the regionm, ' as an
extension to any dimension it could be specu:iated as foil .oz

There are (n-1) vectors V;; i= 1,...,(n-1) (includiry the
reaction vector R) that define the surface ci{ the attainabie
region in mn-dimensional space. Thus in order ror the family of
plug flow trajectories to be tangential to the surface, we would
require that all V;VR lay in <¢h: surface of the region as
well. Thus there would be a further (n-1l) constraints on any
reactor other than a plug {low reactor that was to lie in the

boundary of the regicn.

Let us consider the implications of this for some differential
reactor that 1lies in the boundary of the attainable region. We
regard the even and odd dimemsicnal space separately.

Constraints on a differential reactor that lies in the boundary
of the attainable in even dimensions.

Let n be the dimension of the space and let n be even. Let G be
some point along the differential reactor curve and let R be the
reaction vector at C. The equation defining a differential
reactor is:

49
— =g (C"-C3 +R (4.8)
dr
where g* is the  mixing ©point.  Let {G;} and ({R;};
i=1,...(n-2)/2; be the other points and associated reaction

Vectors defining a support hyperplane of the attainable region at
C. The constraints on the differential reactor are as follows:

'
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2 i
hyperplane.

- C; R; {CG4) and ({Ry) i=1,...,{n-2)/2 define the support
- 1f any of the (C;} is achieved by a reactor otber than a plug
flow reactor the tangent(s) of the curve(s) containing the 91
must also lie in the support hyperplane.

- the mixing point Q* must be in the boundary of the region and
directly comnected to (. Thus g* must be a convex combination
of (i1, Notice how in even dimensions the mixing point of a
differential reactor in the boundary of the region will not in
general be an end point.

- in order Zfor the support hyperplane to be tangent to the family
of plug f£flow reactors lzaving the curve, the change in the
reaction veztor inm any direction along the support hyperplane
must be tangential to the plane itself. Thus:

R;VR  and (G;-C)VR i=1,...,(n-2)/2

-

and

RVR must lie in the support hyperplane

Thus there are at least (2n-1) constraints on the (n-1)
dimensionil support hyperplane. In addition every G; that is
achieved by a reactor other than a plug flow reactor adds an
additional constraint to the hyperplane. Thus a fairly severe
degeneracy in the reaction vector would be needed in order for
these constraints to be met over a region in the space. RESULT 50

Constraints on a differential reactor that lies in the boundary
of the attainable in odd dimensions.

' Let n be the dimension of the space and let n be odd. ILet C be

(€

o some point along the differential reactor curve and let R be the
} reaction vector at C. C° 1is one of the feed or equilibrium

A ) points of the region and let this point be contained in a support
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hyperplane at C. Let (C;)} and {Ry}; i=1l,...(n-3)/2; be the
other points and associated reaction vectors defining the support
hyperplane of the attainable region at C. The constraints on the
differential reactor are as follows:

-C; Ry C% (G;) and (Ry) i=l,...,(n-3)/2 define the
support hyperplane.

- if any of the {Ci} is achieved by a reactor other than a plug
flow reactor the tangent(s) of the curve(s) containing the C;
must also lie in the support hyperplare.

- the mixing point g* must be in the boundary of the region and
directly connected to (. Thus Q* must be a convex combination
of (C;} and C°. Notice how in odd dimensions the mixing oint
of a differential reactor in the boundary of the region can be an
end peint,

- in order for the support hyperplane to be tangent to the family
of plug flow reactors 1leaving the «curve, the change in the
reaction veetor in any direccion along the support hyperplane
must be tané;ntial to the plane itself. Thus:

R,;VR  and (C,-C)VR i=1,...,(m-3)/2

and

RVR and (C°-C)VR must lie in the support hyperplane

Thus there are at least (2n-1) constraints on the (n-1)
dimensional support hyperplane. In addition every C; that is
achieved by a reactor other than a plug flow reactor adds an
additional constraint to the hyperplane. Thus a fairly severe
degeneracy in the reaction vecto’; would again be needed in order

for these constraints to be met over a region in the space.

Furthermore, the reaction vector and the change in the reaction
wvector are confined to lie in the support hyperplane at any point
on the differential reactor curve that lies in the boundary of
the attainable region. Thus this would seem to imply that the
reaction vector at. the mnext point along differential reactor

&
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curve would also 1lie in this support hyperplane. The reaction
vector does mnot as a consequence have a component that can move
it out of the hyperplane, and thus it would seem that the
differential reactor would be confined te¢ a sulspace of the
space, and in particular, it could only mcve in an (n-2) or lower
dimensional hyperplane.

If this is indeed the case, the reiction vectors would point
backwards along the surface of tha hyperplane, and thus the
points along the differential reactor could be reached by a
family of C.S.T.R.s starting on the edge of the face of the
attainable region that corresponded to this hyperplane. This is
an extension of the result that was found in three dimensions.
This conjecrure is strengthened 1if ore notes if a family of
C.5.T.R.'s each touched the boundary of the attainable region at
some point, the constraints on this system would be very similar
to those described above for the differential zeactor.

In higher dimensions it does not become any easier to fulfill all
the requirements for a reactor trajectory or locus to lie in the
boundary of the region, and thus it can be speculated that in
general only plug flow trajectories and C.S.T.R's would form the
boundary of the region.

Furthermore, consider a C.S.T.R. that did lie in the boundary of
the attainable region in even dimensions. Consider also that
there was only one feed point. Now in order for the C.S.T.R. to
lie in the boundary, it follows from Result 41 that the reaction
vector must be tangential to the surface of the attainable
region, and from Result 28 that this reaction vector must be

collinear with the mixing vector. Thus the reaction vector must

point back along the surface of the region to the feed point of
the C.S5.T.R., requiring that the feed point not only lie in the
boundary of the region, but also that it and the point on the
C.5.T.R. locus lie in (n-1) faces of the region. 1In even
dimensions, this would imply, that unless there is degeneracy in
the reaction wvector, that at most one point along the locus of
the C.S5.T.R. ceould lie in the boundary of the region. Otherwise,
one would require a region in which the G.S.T.R. lccus and the
feed point lay in an (n-2) or less dimensional subspace of the
space. ‘
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In odd dimersions, in comparison, it would be possiblie for a
C.5.T.R. 1locus to lie entirely ir the boundary of the attainable
region. This 1is because of the fan type of structure that can
exsist in odd dimensional space. Thus the reaction vector could
point backwards alcong the face of the attainable region towards
the feed point, which alsc be the point from which the fan
. s RESULT 56
structure was criginating.

5.4 Conclusions

Some properties of the attainable region have bean determined.
General properties of the surface are listed above. Furthermore,
some of the properties of any reactor that lies in the boundary
of the region were also deduced. These ideas clarifiy some of
the properties of optimal vreactors, and the importance of the
reaction vector and the tangent of the reactor curve in defining
an optimal rasactor.

; It has been shown how to construct the attainable region in two
and three dimensional space and in principal the region can be
constructed in any higher dimension. Convex hull routines do
exist, and as the properties of the attainable region are known,
a stepwise construction method may be used to find the surface of
the region. It can be noted that in general ~nly plug flow
reactors and C.S.T.R's will lie in che boundary of the regiom.

. The C.S.T.R's will be feed points to plug flow trajectories that
Y lie in the boundary of the regicn in the neighbourhood of the
C.5.T.R. locus.

- In general, it will only be possible for other types of reactors
5 to lie in the boundary of the region when _here are severe |

degeneracies in the reaction vector. These degeneracies are !

| needed in order tn allow all of the conditions for a reactor to !

e iy

¢ lie in the boundary of the attainable regicw to be met over a
region in the space. Among these conditons are:
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- the tangent vector to the reactor curve must lie in the
surface of the region.

- the reaction vectors along <&he reactor curve must also be
tangential to the surface of the region. Thus there will always
be plug flow trajecories with feed points along the reactor curve
that lie in the boundary of the region in the neighbourhood of
the curve.

- the surface in which the curve lies must be such that it is
tangential to the the family of plug flow trajectories leaving
this reactor curve.

The only conditions under which all these constraints are likely
to be net are when some of the components ol %he reaction vector
are lineariy dependent, as with the enthalpy or temperature
variable; when space time is one of the axes of the region with
the consequence that . 'e reaction wvector is constant in one
direction; and when the reaction vector only depends on the
compostion of a few species. It is also likely that under these
conditions, a family of C.S.T.R‘s starting on the boundary of the
region and each touching the boundary at a point could rather be
used to form the boundary.

Many questions have been raised in this thesis, and some new
fields have been indicated as potentially interesting areas of
research. Among these are:

- the number- of and relationship between the multiple steady
states of different types of reactors.

- the relationship between the mulciplicity behaviour of a single
recycle reactor relative to reactors with more complex recycles.

- the proposition that only plug flow reactors and C.S.T.R.’s lie
in the boundary of the attainable region. If this is true, it
has some far reaching consequences for general optimzation of
reactors as it reduces the possible optimal reactor structures
that need to be considered to only serial and parallel
combinations of plug flow and C.S.T.R.'s.
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- there should be a difference in the seolution of optimization
problems in even and odd dimensions when the objective function
is an open contour or surface. This is because of the fan
structure that is found in odd dimensions and not in even
~dimensions. This difference has not yet been found but should be
.easy to pick up with linear kinetics. Other useful features of
this geometric approach to finding the attainzble region are that
firscly, thé optimal reactor structure for an optimzation
objective function that depends only on the variables of the
attainable region comes directly out of the construction of the
region. Secondly, once the attainable region has been found, any
optimization which depends only on the variables of the region is
relatively straight forward.

The - geometric construction approach can also be used to find the
constrained attainable region, ie the region that can be achieved
using a specified number and type of reactors. The variables
that can be considered in the construction include enthalpy (and
thus temperature), space time (and this volume of reactor) and
the concentration of the wvarious species that react in the
system.

From a mathematical view, further research into the properties of
convex hulls of wvector functions in vector fialds would be
useful. This area has not yet been investigated by
mathematicians. Now that a use for this has been found, it could
possibly stimulate research in this area. ‘

An extension of these concepts to include s¢ : Jocesses
would be extemely useful for solving a wider .- chemical
engineering problems. The method of inclusion ¢f separation

processes 1is not straightforward as the new varizbles that are
introduced, such as quantities or flow rates of materisls, do not
obviously obey the mixing rule.
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In conclusion, it is ur sai& that one should never say
anything that is incorrc . in a thesis. I obvioucly hope that
all the conjecfri:es that have been made are true, but in this
type of work, where many of the cencepts and applications therenf
are new, it has been very difficult to make sure that all these
conjectures are correct. It is most likely that much of what has
been written will not be true for some cases with pathological
kinetics. Perhaps some of what has been conjectured will prove
tu be over simplifications. However, whatever I have conjectured
that 1is incorrect or not as general as I have implied, will
probably provide many, many papers by later researchers in this
field proving me wrong. I loock forward to these.
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VARIOUS THEOREMS ON THE MULTIPLICITY OF REACTORS

Many of the ideas in this Appendix arose from discussions with
Professor D. Glasser and Professor G.M. Crowe. Professor C.M.
Crowe also helped with setting these theorems ocut, particularly
Lemma Al.1l and Theorem Al.1l.

Lemma Al.l:

The following equation has only one solution, between v{ and
vy, for Q > 0 and vy > vy > O: ‘

dc

¥ =
R(C) + (€ -0 alv) = Q& (AL.1) 3
where - q(v) 1is a continuous non-negative function between vy %

and vy and is defined as q(v) = (dQ/dv).

- v 1is positive and non-decreasing, and represents the
volume of the reactor system.

- Q@ = M/p® from equation 4.8; represents the volumetric L
flow rate of material through the reactor, and Q(v;)>0. 4
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- R(C) is the reaction vector at (i and is thus a -
continuous bounded vector function.

) f - € is a concentration (vector) and is a non-negative
bounded function.

- g* is a fixed concentration.

| Proof

The proof will be handled in two steps. It will firstly be shown
that Q(v) has a wunique. positive solution, and secondly that

b‘ ! C(v) exists and is unique.
{ Step 1: I
i It will be shown that q(v)=dQ/dv has a wunique, positive
i contineous solution for v e (v,vy) with 0 = vy <vy < =, ;
g provided:
! - gq(v) is continuous for v>0
. - Q(v)>0
k Clearly <¢{w) satisfies the Lipschitz condition trivially since it
: ¢\\ does mnot depend on Q. Thus as q(v) 1is continuous and it
satisfies the Lipschitz condition, it implies that Q(v) exists ) : !
I and 1is wunique. Furthermore, Q(v) > 0 for v > v1, since g(v) > 0 i
f and Q(vy) > 0. Q(v) is also continuous. 0
: o Step 2: f
f ;
9 It will be shown that the solution of: 3
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* L
d¢  R(S) +(C -0)a(v) -
= . = £(C,v) - (A1.2) ‘ ]
av Qv i
exists and is unique provided that R(C) is a continuously
differentiable functioun: «i' £ for 0 < C< = over any closed
interval {[vi,v,] with vy < .
£(C,v) 1is continuous since R(C), q(v) and Q(v) are contiauous
and Q(v) > 0,
Also if C; 1is the ith component of (C, and Rj is the jth
component of R, thern:
df. dR, /dci
— e = for imj (Al.3a)
dc, Q(v) .
i
df,  dR,/dC.- q(V) -
ang — = (Al.3b)
{
dc, (V)
Thus the derivative exists and is continuous given the assumption
of R(Q).
af, | ar. /ac,|
| =< —L—=— <x>o0 (Al.3c)
¢y Y
provided dR,/dC; is bounded
Er{f?f
But, by the assumption, de /dC; is continuous over any closed '
interval anu therefore is bounded. Thus £ satisfies. the
Lipschitz condition. ; %
Therefore C(v) er¥ists and is unique over (vq,vy) for ‘ ““ g
g(vl)-_ql. The solution is also continuous.
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Theorem Al.1l:

Zwietering’s Maxiumum-Mixed Reactor Model (MMR) can only exhibic
muliziple steady states for systems where the residence time
distribution tends to infinity.

Proof:

From Lemma Al.1, if gq(v) 1is continuous over a section of the
reactor, then C(v) is continuous and unique over that section of
reactor and therefore no multiple solutions are introduced.

If;‘q(v) is piecewise continuous with a countable number of
discontinuities such that the left and right limits are bounded

at .each, then the existence and uniquness of lemma Al.1 can be
applied to each interval of continuity in turn with:

- +
UV = Qv
and g(v;) - g(v;) for v, a noint of disconﬁinuity (AL.4)
If there are step discontinuitues (finitely many) in Q(v) where

q(vi)-S(v-vi)SQi; then there is no reaction in an
infinitesimal volume §v but:

qgl, + 69,67 = (arsQ)C] (Al.5a)

v+AV

then the existence and uniquness can apply to the next interval
with:

Q ,pav= Qo+ 62 (AL.5b)
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*x
C. . +6Q.C
- 82:2...&:_ : (Al.5¢c)

Qe

¢ v+AY

At the inlet, a step discontinuity simply alters the value of Q
at the reactor intet. Note that the limits of Q and C(v) at the
right side of an interval with continuous q(v) are defined by
continuity of Q(v) and C(v). i

The one case that is not clearly treated is where q(v) is not
bounded, but Q(v) is bounded. No proof for this case has been
found, although it would seem that if the jump condition with a
step change in Q(v), as described above, does not exhibit
multiple sSlﬁtions, then it is even more unlikely that this case
will exhibit multiple solutions.

We thus are asserting that no multiple solutions appear along the
reactor, when v>0. Thus any multiple solutions that the reactor
does exhibit, must appear from the inital point, ie as v0.

Now consider firstly the case where the residence time
distribution of the MMR is finite. In this 2ase the MMR for the
reactor can be modelled with a finite amount (QO) of matevrial
entering at v=0, where the Zwietering volume is finits. The
material that enters the reactor first (ie spends the longest
time in the reactor) has the longest residence time of all the
material flowing through the reactor. The residence time of this
material is (Vreactor/Qo) which is finite, and this material
does not introduce any multiple solutions. Along the reactor, as
described above, no multiple solutions are introduced, and
conc-ntration has a unique value. Thus nowhere is multiplicity
intrcduced.

Consider next the case where the residence time distribution does
not have an upper limit but tends to infinity. The multiplicity
can in fact only arise from eitter the initial point or if C
does not tend to a limit as §v-0,

Assume firstly that C  does tend to a limit as v+0. If q in
finite at v=0, in the limit as §v+0, §Q will become infintesimal.
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The residence time of this first fluid is Vigzapep/6Q » = as év
(and 6Q) approach zero, The residence time distribution in this
situation will be unbounded.

Considering the mass balance in this situation gives:

¢*q(v=0)6v + R(C)6v = G q(v0)5v (AL.6a)
or R(C) §v = (G-C) q(w=0) §v = (G-C7) 6Q (AL.6b)
thus R(G) & = R(C) —— = (c-G) (A1.6c)

§Q T 7 q(w0)

Notice that this 1is is the equation describing a C.S.T.R. with
inlet concentration g*, outlet concentration C and residence
time (6v/8§Q). 1If we let 6v to approach 0 and §Q remains finite,
then C at v=0 will be equal to C~.

If on the other hand we find that as we let §v approach 0 that 6Q
also approaches O and that (§v/6Q) is finite and non-zero, then
the above equation describes a C.S.T.R. with feed g*. This
will introduce multiplicity when the C.S.T.R. exhibits multiple
steady states. This is thus thé only place in the model where
mulciplicity can be introduced and it can only occur if (dv/dQ)
is Ffi:ite and non-zero which in turn can only occur it the
residence time distribucion tends to infinity.

It is interesting to note that any MMR that exhibits multiplicity
will also exhibit a ‘jump’ condition at v«0, ie at v=0 the
concentration is not equal to g*.

The case where C does not tend to a limit as §v-+0 is discussed
by Glasser et al (1986). This behaviour is -:hibited by, for
example, a recvecle reactor where the concentration wvaries
periodically with remaining life. The periodic behaviour is ;
determined by the algebraic form of the equation describing the
reactor. This type of behaviour has not been thouroughly
investigated and not much is wunderstood as yet regarding
prediciting the periodicity and the resulting multiple steady
states that this behaviour gives rise to.

APPENDIX 1 PAGE 192




i

D HILDEBRANDT THESIS
Lemma Al.2:

Any process involving forward mixing and reaction only :annot
move outside a region that:

1. is convex

2. has no reaction vectcors pointing outwards along the boundary,
ie all reaction vectors on the boundary that are non-zero either
point inwards or are tangential to the boundary.

3. is attainable for some feed point C°.

By forward mixing, we exclude recyclis or backmixing, and we only
alle  mixing with points that can be achieved by mixing and
res 1 from points that have already been reached.

Proof:

Consider a point inside a region A that can satisifes the
conditions listed above.

Reaction of the material causes the concentration to change, but
the change, which is in the direction of the reaction vector, is
confined to region A (from condition 2 as no reaction vectors
peint out of the region).

Consider mixing the material at a point with material at another
point which 1lies inside the region (ie can be reached from the
feed point:. Again the resultant concentration, which must lie
on the vector joining the two points, must lie inside the region
A (as it is convex).

Now consider a reactor system that causes us te reach point A*
on the boundary of the region. Reaction of the material causes a
change in concentration in the direction of the reaction vector,
which points inwards or is tangential to the boundary, and the
resulting concentration must 1lie inside or on the boundary of
region A, We can mix with any other concentration/s inside the
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region and react the resulting mixture. Again mixing moves us in

the direction of the mixing vector which points in-3#

region. In fact by mixing or reaction of any point/. L& &¥.
region it is impossible to cross the boundary of the reg .

Now consider a system where reaction and mixing o'
simultaneously. The vector representing the resulting process is
the vector sum of the mixing and reaction vectors and therafore
must lie in the accute angle between these two vectors. As
explained above, neither the mixing or reaction vector point out
of the region, and thus the sum of the two vectotrs must point
into region A. Thus simultaneous reaction and mixing does not
allow us ‘to cross the boundary of region A either.

Thus reaction only, mixing only or simultaneous mixing and
reaction does mnot allow us to move outside a region that
satisfies the conditions listed above.
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Theorom Al.2

All reactors with feed C®, that can be described by a MMR that
does not exhibit periodic behaviour, must 1lie in a region B
that:

1. 1is convex

2. has no reaction vectors pointing outwards along the boundary,
ie all reaction vectors on the boundary that are non-zero either
point inwards or are cangential to the boundary.

3. 1is attainable for some feed point C°.

4. has no reaction vectors pointing back into the region (ie all
C.5.T.R. solutions are included in the region)

Proof

As follows from Theorem Al.l all points along the MMR:

- when the residence time distribution is bounded and

- excluding v=0 when the vresidence time discribution is
unbounded,

can be represented by reaction and forward mixing , ie mixing
with the feed and simultaneously reacting the resulting mixture.
Thus from Lemma Al.2, this process could not move us out of
region B as it satisfies the first three conditions above,

We next look at the point v=0 for the case when the residence
time distribution is unbounded. At this point the concentrations
are equal to that-of . a C.S.T.R. with feed of C°. However, by the
last condition, all’ of these points are included in region B.
Thus as we started in region B, and as the rest of the reactor
canniot move us out the region, the reactor is confined to
region B.

Thus it follows that all reactors that are described by a MMR,

and which do not; exhibit periodic behaviour, cannot move cutside
the region B if the feed to the reactor lies inside region B.
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As any process combining forward mixing and rezction cannot
cause us to eross the boundary of the region, a reactor with back
mixing to a point that lies outside the region must have had jump
conditions along the reactor, that 1is points where the back
mixing allowed us to reach a point ocutside the boundary of the
region. We next show that reactors that can be described by the
General Mixing Model (GMM), and this includes a very large class
of reactors, are alsc confined to lie in <region B of the
previous theorem.

Lemma Al.3

The multiple branches (ie steady states) of a reactor trajectory
that 1is described by the GMM and that does not exhibit periodic
variations in concentration with remaining Jlife, must arise from
fluid behaving as a C.S.T.R.

Proof

Consider a general element of volume along the reactor which has
a finite volumetric flowrate flowing through it. The GMM can be
visualized as 1little batches of fluid of varying ages but with
the same remaining life flowing through the reactor (and reacting
of course). We will consider the batches of fluid flowing into
our element of volume; as well as any feed material entering the
volume via a side stream . There are several different ways in
which the batches and side stream material can interact or
behave, and we will consider each of these in turn.

1. At tne volume we are considering some of the batches might
flow into the element and react without mixing with zuy other
batches. This portion of the fluid we will call (1).
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2. Some of the batches could mix together according to the
micromixing characteristics of the reactor. This material, called
(2), thus mixes together instantaneously and then reacts.

3. We might also add unreacted feed at a side stream. Some of
this feed may mix with batches flowing into the elerenc of
volume, forming a new batch of material, called (3).

4. The rest of the side stream may not mix but can be vizualized
as forming a new little batch(s) of fluid, called (4).

Multiple solutions cannot arise from the fluid (1) as this fluid
behaves as a batch reactor which does not exhibit multiplicity.
Fluid (2) is simply the instantaneous mixing of two streams and
then the reaction of the resulting mixture. Neither of these
can cause multiplicity. Fluid (3) cannot exibit
multiplicity as this fluid can be described by a mass balance as
given in equaton (Al.l1) and, as shown in Theorem Al.l, this
equation has only one solution for all finite flowrates.

processes

The only multipleity that can in fact arise is when a little o
element behaves as a C.S.T.R. By the nature of the model, this

could only arise from the side streams when an infinitely small

amount of material flows into an infinitely small elcment of
volume in such a way that the fluid has a finite residence time.
Notice the multiplicity that could arise from the fluid denoted
(4), although it introduces a new solution for the reactor, the
solution is a convex combination of the C.S.T.R. branches and
material that is uchieved by reacton and mixing. As explained
the multiplicity could only arise from an infintesimal volume
element with an infintesimal amount of feed. If the result of
this is mixed with a finite amount of fluid (as would be found at
some point along the reactor) this, bv the lever arm rule, could
not affect the concentration cf the stream.

Thus it is ouly in the initial section of the GMM, where the §
amourit of fluid in the reactor is infintesimal, that this type of i
multiplicity can introduce new branches. The multiplicity could
only arise from the side streams as an initial (ie at v=0) ’jump’

condition. At this'point (dQ/dv) may be finite (ie the fluiq‘in
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- N

the little wvolume has a finite residence time) and thus
multiplicity could arise. (This is explainad in Theorem Al.1l).

Theorom Al.3

L)
A reactor with feed Cf that can be modelled by the GMM, and
that does not exhibit periodic variations in concentration with
remaining life, is confined to lie inside a region that-

1. is convex

2. has no reaction vectors pointing outwards

3. bas no veaction vectors pointing backwards into the region (ie !
includes all C.S.T.R. solutions with feed points in the region) | B
4. is attainable for some feed noint g%.

Proof: ‘ S

As shown by lemma Al.2, proces: that invelve only forward mixing
and reaction, cannot move out of a region that satisfies the
above conditions. The only other processes in the GMM is fluid
that behaves as a C.S.T.R. However, as the feed to these
C.S.T.R.’s 1lies inside the region, and the sclutions of the
C.S.T.R.'s lie inside this region, these processes cannot take us
out of a region that satisifes the above necessary conditions.
Thus all the multiple solutions that a GMM (that does not exhibit
pericdic behaviour with remaining life) exhibits, are confined to ;
lie inside the vregion, and thus the GMM does not extend the
region.

 APPENDIX 1 PAGE 198




O

D HILDEBRANDT THESIS

APPENDIX 2

PROOF FOR GONJECTURE THAT FOR LINEAR KINETICS, THE PCINTS OF THE
PLUG FLOW TRAJECTORY ARE ALL EXTRIMAL POINTS.

By Professor C.M. Crove

The nomencliature used in this appendix is not included in the
main nomenclature. The new symbols are defined where introduced.

Required to show that there does not exist a real vaive of r such
that:

e =3 u.e (A2.1)

4
and such that g.>0 ; Zpu, =1; p =2
‘ i . i
I=1 7 .
with 0 < r. <r, < <r

1 2 v P

provided that:

"(a) A has at least 2 distinct non-zero eigenvalues

or

(b) A has one non-zero eigenvalue with index™ 22.

* The index of an eigenvalue is the size of its largest:

Jordan block or equivalently the degree of its factofa
(A-2y) in the minimal polynomial for A.
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Notes
1. If p=l,  equation (A2.1) holds as an equality with T=T1,
pp=l. )

2. For simplicity, we will assume A to be a semi-stability
matrix- i.e, all eigenvalues are nmnon-positive ‘aiu any zero
eigenvalue has index = 1. We may have an arbitrary number »f
zero eigenvalues.

3. 1+ there were only one (possibly multiple) non-zero
eigenvalue of index =1 , equation (A2.1) can hold as an #quality
by suitable choice of r.

Proof:

Assume (A2.1) holds as an equality, Transform 4 to its Jordari
cancnical form by similarity transformation:

Q'l.A.Q =-J
which also transforms:

-1 Ar Jr
e

Q Q=e

Therefore (A2.1) becomes:

Jr p Jri

e =3 pu.e a2.2)
. i
i=]

The vth superdiagonal of eJT is composed unifornly of elemeuts:

Tu kkr
T e | ; (v = 0,1...,pk-1); where Py is index of Ak

within a Jordan block for eigenvalue A. Equality (A2.2)
requires =>0.
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Thus our task is to show that:

o t e = $ gz e (a2.3)
is impossible for any two Aj’ A, with X = A, ;

k j K

and for any Ak with Pz 2.

We use Theorem %6 of Hardy et al. (1934):‘

Theorem 96 Hardy et al

If ¥, x are continuous functions and are strictly monotonic
with x increasing then:

m¢ <m if & = x¢—1 iz strictly convex
unless all 7y are equal. Here:
P

m, = ¢'1 [ T opg ¥(ry) }

i=1

E Case (a): Aj < Ak <0
Y
’Ajr Akj
! Chcose Y(r) = -a i X(r) = -e
PO

Both ¥ and x are monotonic and x is an increasing function of r. ;
k i
Therefore ®(u) = - exp [ X In (-u) ] u=x<C v
i h| g
Ak/k.
. | o= w7
/
-/
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,I“ .
g
A A 3 A /N, -2 S
4 _.k _.15. { k J Co |
@(u) ax-[’\‘} [,\. lJ {-u) o H
J J g
> 0 and is thus strictly convex. : |
¥
Therefore m, < m b |
¥ x A
) |
e 1 P AT, (-
Therefore -r'*’ = — 1n [Z u.ed :’ :
A, T 2 i
i Li=] [ }
; I
1 oo A, 7.3 ;
- L 1% . :
< -r“() = ~— 1 z Hie k ‘| |
k Loiml
1 )
or r(‘c)< r(J’
Thus no single walue of - sutisfies equation {A2.3) for X and
o gt
Aj different. ,’
i
:
Case (b): One eigenvalue wich index pp = 2. 1|
We wish to show that aquation (A2.3) cannot hold for Ak and \ q
v=0,1; that is: 5
‘ !
! .
N \ E i
T P 1.7 5 ] |
e - 3 pett (A2.4) E
. i |
i=1 L %
iy
AT P ATy f‘a}]& A
and 1 e = 3 B.T.E (A2.5) e ‘
. i % it .
il o |
4' ;1 _I
N *
To show this, we make use of an inequaiity for twice A ‘i\
by .
differentiable convex furictions, I
BE
P
Suppose f(r) 1is a twice difi.ventiable function of 7 ¢ R and is i 1( |
strictly convex. "‘} P
i
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Then £"(r) > 0
and f£(r) =z £(¥) + (r-v) £'(1)

with equality only for ver, (See Rockafellar £1970);
Theorem 4.4).

Choose f(r) = = ', which is strictly convex.

-7 -v , -v
Therefore e =2 e + (r-v) (-e

)

1 ~- e V(1l-r4v)

Thus, if 7 % v

ve V<o T 4 (1--].)e.V

Set et (i=1,2,...,p); 0 = Tl< Toeeo <rp; and so some ri# T.

>
P TS -r D -7, ;?
Therefore & u.r.e <e + (r-1) = u.e :
. i'i . i
: Now if r is such “hat equation (A2.4) holds, with Ay -7y and
é Akr -+ -7 2
’ § p -T -T :

; 'L piTe <re |
TN i=1 ’ ;-
& Thus, no value of r can satisfy equations (A2.4) and (A2.5) j

g ” simultaneously, ﬁ

4 I
X h'
: 1
e B
« E
L i

| | |
; | o ' AFPENDIX 2 PAGE 203
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Remarks

In theory, matrix A4 could have irdices >1, Thus, for the

. kinetics:
A 5 B E c 5 D ‘
{ -k 0 0
5 "Matrix 4 = k -k O
, 0 k -k

exp (Jr) = | O e Te

B ——

M?ﬂl:m T
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APRENDIX 3

PFOOF FOR CONJECTURE THAT FOR LINEAR KINETICS, THE CONVEX HULL :
OF THE PLUG FLOW TRAJECTORY IS A FAN HULL

By Professor C.M. Crowe

The nomenclature used in this appendix is pot included in the
main nomenclature. The new symbols are defined where introduced.

" To show that for C e Ri (i.e., C is 3x1, > 0), o

: I£ 2’ G = ¢ 5 adg) =0

z and aTC = for C, » C ,

j ~ =2 ~2 - ;

i Then :

i i

| T |
R a 4G, = 0 ~ (a3.1) ,,
i% A 1is assumed to be a rate matrix (semi-stability matrix, ie. ;
i Qj with eigenvalues < 0). The properties of the eigenvalues of the fj
% rate matrix A are discussed at the end of this appendix. |
i o . |
| C; = exp (4ry) Cp 20 (1,2 |
] j
% o r2 > rl .
| 5
i 3 W
% [Note that the proof treats r; and 7, symmetrically so no loss ‘

A is incurred in assuming r,>r;.] §
z

|
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Provisos:The conclusion (A3.1) is trivially true for all C if:

(a) gTA = 0 since then grgi- ngz- gigj -{
‘and aTAC. = 0 for =211 C.
~ =i ~i
Thus assume gT Ax0 (A3.2)

(b) A g; = 0 since then

T T o T.o
a 91 = a~ exp (Ari) gf =-a Qf =-{

T T o
and a Agi = a~ exp (Ari) Agf- 2

Thus assume ACE = 0 (A3.3)

To handle the proof, we neced to consider three cases:

(i) A diagonable.

(ii) A has one eigenvalue with index 2 and one with index 1.

(iii) A has one eigenvalue with index 3.

We simplify notation by assuming that A has been transformed
to its Jordan nurmal form:

Q'lAQ =-J

Assume without loss of generality that ry=0 ard A 1is the
Jordan pormal form. Then we canmot assume that the elements of
C; arc non-negative since they are obtained from the true
concentrations by pre-multiplying by Q'l.

Fach of the tliree cases will be separately considered.
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Probf:
Al 0
Case (i) A= 0 A9
0 0 As
Given a' [ I - exp(4ry) ] €, = 0 (A3.4)
and a 4G, = 0
=~ 7=l
| T
. show a"4 exp (Arz) El = Q (a3.5
§ The proof will be by contradiction.
We will assume that ETA exp (A:Z) 91 = 0 (A3.6)
j and find a contradiction. -
E Expanding the equations:
i 3 ~ :
% ‘E a; [1 - exp (Airz) ] =20
S 3
4 p> a, (1172) -0 (A3.7;
o i=1 " :
f 3
¢ :E a, (Airz) exp( Aifz) = 0 f
,x\‘ i=1 }
% & Define Yy = -Aifz =20 i=1,,.3 ¥
j
i L
E {‘w‘:‘! {
| S
(e |
5 |
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Then the system of equations (A3.7) becomes:

-y -y va 1 [ o]
lre 1 1.e 2 loe 3 @y
yl yZ Y3 a2 - 9 (A3.8)
R4 Rf) RE!
yle y2e y3e 03

We need to show that no values of ¥i» ¥g» ¥4 can yield a singular
matrix. If the matrix is singular, rhen there are gl’ §2, g3 not

all zero such that:

Ré Yy
;1(1-e ) + §2yi + §3yie -0 (A3.9)

Without 108,] take 0 < V1< Yo < ¥4

If any ¥~ 0, or 7= yj(iﬁj) (i,j = 1,2,3)

then equation (43.8) has a non-trival solution since the matrix
has rank 2.

Thus for A diagonable, all 3  eigenvalues must be distinct
and non-zero

(1-e™) )
Consider f£(y) = gl — §2 + §3 eV
y
Thus to satisfy (A3.92) for y = y; , yp and y3 we must have at
least two zeroces for £’ (y).

) 1-eY - ye? -y
f(Y)-'gl[ 2 }'§3e

y
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£f'(y) =0 = §a 0, 7 C since otherwise either £’ (y) is

monotonic, or ;1 - 52 - §3 =0

Thus set §3 -1

Clearly ¢y < 0 in order that f£(y) not be monotonic.

-1 (1 -e7- ye )
£ () =02 — = -
£y ye?

= h(y)

If h(y) is monotonic, then for any given ¢ there is at most one
zero of f'(y) and thus at most twe solutions to £(y)~0.

, . Y1
h(y) - ERLLE) 2B gy 22

y

b! (y4w) -

h(0) =3 , h(y+w) +=

Now h’(y) > 0 iff the numerator > 0

Numerator: (y-2)(ey-l) + 2y =0 at y=0
Derivative is e’ (y-l+e™7) > 0 for vy > 0.

Therefore h(y) is strictly montonic
Therefore £’'(y) = 0 at most once

Therefore £(y) = 0 has at most two solutions

o o »
O >
> O O
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; i AT A, T ]
1-e 12 -7, 12 0
2
M7
I-exp (Arz) - | C 1l-e 0
ALT
| 0 o] l-e 22 ]
. } :
AT A, T ;
12 12 '
Ale (1+A1r2)e 0 ‘
\
Ar. AT
e 2 a 0 re 2 0
ANT
2°2
i 0 0 Aze ]
Therefore equations (4) to (6) become
AT AT ALT "
12 12 \ 2°2 e
E ay Al e + a, (1+A1r2 ) e + a3A2 e = 0
A7 PR 4 A,T
a; (1-e 12y . a,r,e 12 + ay(l-e 224y .9
alkl + a, + a3k2 = 0

With ¥y = -Airz, the above equations can be written as: 3

)

'yl '}’2

a,y,e - @7y (l-yl) e + agy, e =0 .
ay (l-e ) - a,Toe + aq (l-e y=20
¥, - a,Ty + a3y, = 0

-

Again, a solution is obtained if ylsO, oruy2=0 or y1= ¥,-

iy iy i e P e i ety B o i
L8
]
«
Sl ms .—l
]
<
-
1
<
N

—
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Defining f(y)

I
w
’-—l
—
'—i
1]
o
]
—
+
“y
N
+
vy
w
(o]
[}
~

We have f(yl) =

[
™
—~
]
—
~
4
(@]

£(y,) = 0
Again gl < 0, §‘3 =1

But, as before, we can have only one minimum or maximum for f£(y)
for a given §q.

At f'(y) =0
l-e'y-ye-y- iiyze_y -y
f"(y)=2§l[ 3 } + e
y
y2eY
with ¢, - - _
l-e y-ye y
y-2(1~e-y)~l~ye-y ‘
£1(y) = e [ e ]
y(l-eY-ye™)
£(0)y = 1/3
Numerator = 0 at y=0

Derivative is (l-e”Y -ye™¥) = 0 for y=0

Denominator > 0 |
' Therefore £"(y) > U \
}i { So that £'(y)=0 gives a minimum ‘ ’
; 3
[ Thus there cannot he two y;'s such that £(y;)=0, £'(y4)=0 and L\
£(yp) =0
v :
g i |
‘ﬂ,? .
| !
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A1 0 [ R krz Ar] B
Cage (iij): A = \‘0 A1 eAr - 0 eAr reAr
|
Lo 0 a o o e
2 (1ar) T n2earyre”
e 4| o rer” (1+ar)e’”
, 0 AeAf j
i Therefore:
Ar AT , 2 Ar
ay (l-¢") - a,re - ag ¥r-e 0
all + a2 = 0
alkexr + a2(1+Ar)eAr + aé (1+kAr)reAf - 0

Eliminating a, =-a.A ; a, = a krz and setting y = -Ar

2 1 3 3
ve 7y . y -
1(1 e "-ye 7) ae 0 _
2 (2 0
aly - aqf -y) -

Determinant = yze-y - (1-e7 - ye Yy (2-v)

-y - 2(1-e 7y +ye Y

which can be shown to be > 0 for y>0.

f b Thus for all three cases, the matrices multiplying the {a;} are < L
1 Y structurally non-singular. This implies aj=ap=ag=0. Thus . ?
é there is no non-zero vector a vhich can satisfy the equations:
Ar «
a’ (1-e % gm0 (a3.10)
G |
T -

! a Acl 0 B ’ (A3.11)
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i ‘ AT
and a'de ° G =0 _ (43.12)

Ar,

Therefore ETAe ‘g

1™ 0 when (A3.10) and (A3.11) hold

Remark: This implies that (A3.10), (A3.11) and (A3.12) can
hold simultaneously Lor A at least (4x4) since non-singularity
implies solutions for a set of non-homogeneous linear equations.

We have excluded the cases of:

(a) a'4=0
o]
(b) 4gg = 0

(c) More than one Jordan block with the same eigenvalue.

It has been tacitly assumed in the above proof that eigenvalues
of matrix A are real. The original proofs of Jost (13%47) and
Wei and Prater (1962) assumed that no element of the kinetic
matrix K was =zero. The general case was treated by Prater et
al (1967), who indeed showed that the matrix K is similar to a
symmetric matrix and thus that the eigenvalues are all real. They
are in fact non-positive since the Gershgorin circles for the
columns are c2ntered on the negative real axis and pass through
the origin.

One minor question which remains is what is the relationship
between the eilgenvalues of the matrix A obtained from the '
kinewic matrix K by eliminating one species? One can state
that the mnon-zero eigenvalues of A are identical to the
non-z ro eigenvalues of K. 1f the matrix K has several zero
eigemalues, this statement still holds. The rank of A is the
same as that of K. A proof of th’s is given below.

Given a kinetic matrix K which is singular, the eigenvalues of
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the matrix A, obtained by elimiﬁJting one variable, are

identical to those of K excluding omne zero eigenvalue.

Thus. suppose: .

T (nxn) singular

and that ETK -0 ' i

i
i
i

‘Then the elimination of C, from C in:

dc

& -

can be achieved Ly noting that QTE - ETQ; -

Then, assuming QT- [ 1] and ST- [ CT C_1]

a
~n-1 ~n-1 n

(o]

T
Gy =f-a,18% 01

dgn-l

Therefore = P C +9q¢C

. ~n-1 n
ur

T
= -g 2n-1 1 n-1 taf¢

Now eigenvector z of K and eigenvalue A are given by Kz=iz

since gTK -0, éTE = ( for A = 0.

Therefore P 2z 1 - gzn - Az

~n- ~n-1
or Pz - q\aT z - AZ
~n-1 = ~n-1=n-1 ~ n-1
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z
~n-1

"
n

‘ T
Therefore [P - a4 ]

- AZ

~n-1
T

go X is also an eigenvalue of 4 = [P 'gérl‘]

If A still contains sipgularities, this process

until a non-singular tgquare matrix is obtained.

can be repeated

.

o
i
[N
by
i}
Vo
Ii -
Lo
1
L

T STNEE ST et T S

PSS o




D HILDEBRANDT THESIS

Achenie, L.E.K. and Biegler, L.T. (1986a) Aigorithmic synthesis
of chemical reactor networks: using mathematical programming,
Ind. Eng. Chem. Fundam., vol.25, pp.621-627.

Achenie, L.K.E. and Biegler, L.T. (1986b) An algorithmic method
for reactor network synthesis, Presented at Annual AIChE
Meeting, Miami, Florida, Ncvember.

Avriel, M. (1988) Generalized Concavity, New  York: Plenum
Press.

Burghardt, A. and Patzek, T, (1978) Constrained optimization of
cold-shot converters, Chem. Eng. J., vol.1l6, pp.153-164.

Caha, J., Hlavacek, V., Kubicek, M. and Marek, M. (1973) Study of
the optimization of chemical engineering equipment. Numerical
solution of the optimization of an adiabatic reactor, Int.
Chem. Eng., vol.1l3, no.3, pp.466-473,

Chauhan, S.P., Bell, J.P. and Adler, R.J. (1972) On optimum
mixing in continuous homogeneous reactors, Chem. Eng. Sci.,

vol.27, pp.585-591,

Chitra, S.P. and Govind, R. (1981) Yield optimization for complex
reactor systems, Chem. £Eng. Sci., vol.36, pp.l1219-1225.

Chitra, S.P. and Govind, R. (1985a) Synthesis of optimal serial

reactor structures for homogeneous reactions, Part I: Isothermal

reactors, AIChE J., vol.sl, no.2, pp.177-184.

REFERENCES PAGE 216

25

R e A T D S,

an



Eiééaﬁﬁﬁj

D HILDEBRANDT THESIS

Chitra, S.P. and Govind, R. (1985b) Synthesis of optimal serial
reactor  structures for homogeneous reactions, Part 1II:
Nonisothermal reactors, AIChE J., vol.31l, ne.2, pp.185-194.

Danckwerts, P.V. (1953) Continuous flow systems, Chem. Eng.
Seci., vol.2, no.l, pp.1-13.

Danckwerts, P.V. (1958) The effect of incomplete mixing on
homogeneous reactions, Chem. Eng. Sci., vol.8, pp.%3-102.

Denbigti, K.G. (1958) Optimum temperature sequences in reactors,
Chem. Eng. Seci., vol.8, pp.125-132.

Denbigh, K.G. (1961) Instantaneous and overall reaction yields,
Chem. Eng. Sci., vol,l4, pp.25-38.

DeVera, A.L. and Varma, A. (1979) Yield optimization for the Van
de Vusse reaction, Chem. Eng. J., vol.l7, pp.163-167.

Feinberg, M. (1980) Chemical oscillations, multiple equilibria
and reactor metwork structure, In: Dynamics and Modzlling of
Reactive Systems, editors: Stewart, W., Ray, W.H. and Conley,
C., Academic Press: New York, pp.59-130,

Feinberg, M. (1987) Chemical reactior: network structure and the
stability of complex isothermal reactors- I. The deficiency zero
and deficiency one theorems, Chem. Eng. Sci., vol.42, no.10,
PP.2229-2268.

Gillespie, E.M. and Carberry, J.J. (1566) Reactor yield at
intermediate mixing levels - an extension of Van de Vusse's
analysis, Chem. Eng. Sci  vol.21, pp.472-475.

Glasser, D. and Horm, F.J.M. (1980) The response of linear
cascades to variations of holding times, Chem. Eng. Sci., vol.
35, pp.2281-2285.

Glasser, D., Horn, F.J.M. and Meidan, R. (1980) ¥Yroperties of
¢ertain zero column-sum matrices with applications  to the

<dptimization of chemical reactors, J. Math. Anal. Appl.,
‘vol.73, no.2, pp.315-337.

REFERENCES PAGE 217




D RILDEBRANDT THESIS

Glasser, D. and Jackson, R. (1984) A generalized residence time
distribution model for a chemical reactor, In: 8th International
Symposium on Chemical Reaction Engineering; IChE 3ymposium
Series; Pergammon: London, vo0l.87, pp.535-542.

;- ! J Glasser, D., Crowe, C.M. and Jackson, R. (1986) Zwietering's
maximum-mixed vreactor model and the existence of multipie steady
states, Chem. Eng. Commun., vol.40, pp.41-48.

Glasser, D., Hildebrandt, D. and Crowe, C. (1987) A geometric
approach to =steady flow reactors: The ottainable region and
optimization in concentration space, Ind. Eng. Chem. Res.,

vol.26, no.9, pp.1803-1810,.

Hardy, G.H., Littlewood, J.E. and Polya, G. (1934) Inequalities,
Cambridge University  Press, pp.77.

Hildebrandt, D., Glasser, D. and Crowe, C.M. (Accepted for
publication) The geometry of the attainable region generated by
reaction and mixing; with and without constraints.

Horn, F. (1961) Zur berechnung von adiabatischen
abschittsreaktoren. 1, Elektrochemie., vol.65, pp.295-303.

Horn, F. (1964) Attainable and non-attainable regions in chemical
reaction  technique, Third CLCuropean Symposium on ‘Chemical
weaction Engineering’, pp.1-10.

Horn, F.J.M. and Parish, T.D. (1967) The influence of mixing on
.Ax\‘ tubulay reactor  performance, Chen. Eng. Sci., wol.22,
pPP.1549-1560.

o Horn, F.J.M. and Tsai, M.J. (1967) The use of <the adjoint
variables in the development of improvement c¢ritzria for chemical
reactors, J. Opt. Theory and 4ppl., vol.l, mno.2, pp.131-145.

Jackson, R. (1968) Optimization of chemical reactors with respect
O to flow configuration, J. Opt. Theory and :ppl., vel.2, no.&,
PP.240-259, ’

XEFERENCES PAGE 218

Gt B T A IO T

By
X



B

i

R

D HILDEBRANDT THESIS

- Jackson, R. and Glasser, D. (1986) A general mixing model for

steady flow chemical reactors, Chemn. Eng. Commun., vol.42,
pp.17-35. h

Johansen, G.H. and Gram, C. (1983) A simplea algorithm for
building the 3-D convex hull, BIT, vol.23, pp.l46-160.

Jost, Z. (1947) Naturforsch, vol.2a, pp.1l59.

Konoki, K. (1957) Theory on the operation and design of the most
effective multistage reactor, Chem. Eng. (Japan), vol.21l, mno.7,
pp.408-412,

Konoki, K. (1960) Control ‘of reactor temperature by means of cold
bypass, Chem. Eng. (Japan), vol.24, no.8, pp.568-571,

Kramers, H. and Westerterp, K.R. (196!  Elements of Chemica’
Reactor Design and. Operation, New York: Academic Press,
pp.193-195.

Lee, H.H. (1977) Tubular reactor with recycle from an
intermediate point: yield of Van de Vusse’s reactions, Chem.
Eng. Sci,, vol.32, pp.562-563.

Levenspiel, 0. (1962) Chemical Reaction Engineering, 2nd ed,
New York: Wiley, pp.163-200.

r

Malangé, J.P. and Vincent, L.M. (1972) Optimal design of a
sequence of adiabatic reactors with cold-shot cooling, Ind. Eng.
Chem. Process. Des. Develop., vol.ll, no.4, pp.465-468.

Nauman, E.B. (1981; Residence time distributions and micromiuzing,
Chem. Eng. Commun., vol.8, pp.53-131.

Parulekar, S.J., Waghmare, R.S. and Lim, H.C. (19%88, Yield
optimization for mu’ .'le reactions, Chem. Eng. Sci., vol.43,

no.1l, pp.3077-3091.:

Paynter, J.D. and Haskins,D.E. (1970) Determination of coptimal
reactor type, Chem. Eng. Sci., vol.25, pp.1l415-14:22,

REFERENCES PAGE 219

. i - e o - . R\ A .
T T e N |
A e o ’\‘u v - . i . .
I 0 s i e - L

1+

T

&

S

el S ST e

X

i



A

.D HILDEBRANDT THESIS

Prater, C.D., Silvester, A.J. and Wei, J. (1967) Chem. Eng.
Sei., vol.22, pp.1587-1606.

Ravimohan, A.L. (1971) Optimization of chemical reactor networks
with respect to flow configuration, J. Opt. Theory and Appl.,
vol.8, no.3, pp.204-211.

Rockafellar, R.T. (1970) Complex Analysis, Princeton University
Press.

Shirnar, R., Glasser, D. and Katz, S. (1973) First order kinetics

in continuous reactors, Chem. Eng. Sci., vol.28, pp.617-621.

Shinnar, R. (1983) Thermodynamic ' comstraints in reactor design,
Ann. N.Y. Acad. Sci., vo0l.404, pp.432-452,

Shirnar, R. and Feng, C.A. (1985) Structure of complex catalytic
reactions: thermodynamic constraints in kinetic medelling and

catalyst ev;luation, Ind. Eng. <Chem. Fundam., vol.24, no. 2,
ppP.153-170. )
Shinnar, R. (1986) Use of residence- and contact-time

distributions in reactor design, In: Chemical Reaction and
Reactor Engineering,  aditors: Carberry, J.J. and Varma, ...,
Marcel Dekker, Inc, New York, pp. 63-150.

Shinnar, R. (1v¥88) Thermodynamic Analysis in Chemical Process and
Reactor Design, Chem. Eng. Sci., vol.43, no.8, pp.2303-2318,

Simonnard, M. (1966) Linear Programming, Translated by W.S.
Jewel, Prentice Hall, New York.

Swart, G. (1985) Finding the convex hull facet by facet, Jo:rnal
of Algorithms, vol.6, pp.17-48.

Trambouze., P.J. and Piret, E.L. (1559) Continuous stirred tank

reactors: Designs for maximum conversion of raw material to

desired product. Homsgeneous reactions, AIChE J., vol.5, no.3,
pp384-390. |

REL ..ENCES PAGE 220




R,

Vi iy T $east B

b
P

D HILDEBRANDT THESIS

Van De Vusse, J.G. (1964) Plug-flow  type veactor versus tank
reactor, Chem. Eng. Sci., vol.1l9, pp.994-997.

Vei, J. and Prater, C.D. (1962), Adv. Catal., vol. 13, 7p.204.
Yaglom, I.M. and  Boltyanskii, V.G. (1961) Convex = Figures,
Translated by Kelly, P.J. and Walton, L.F., Holt, Rinehart and

Winston: New York.

Zwietetring, TH.N. (1959) The degree of mixing in continuous flow
systems, Chem. Eng. Seci., vcl.1ll, no.l, pp.1-15.

Zwietering, TH.N. (1984) A backmixing model describing

micromixing in single-phase continuous-flow systems, Chem. Eng.
Sei., vol.39, 1o.12, pp.1765-1778.

REFERENCES PAGE 221

O

{ a

.‘}'!w\ar

i






Author Hildebrandt Diane
Name of thesis The Attainable Region Generated By Reaction And Mixing. 1989

PUBLISHER:
University of the Witwatersrand, Johannesburg
©2013

LEGAL NOTICES:

Copyright Notice: All materials on the University of the Witwatersrand, Johannesburg Library website
are protected by South African copyright law and may not be distributed, transmitted, displayed, or otherwise
published in any format, without the prior written permission of the copyright owner.

Disclaimer and Terms of Use: Provided that you maintain all copyright and other notices contained therein, you
may download material (one machine readable copy and one print copy per page) for your personal and/or
educational non-commercial use only.

The University of the Witwatersrand, Johannesburg, is not responsible for any errors or omissions and excludes any
and all liability for any errors in or omissions from the information on the Library website.



