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SERCENTAGE DEFLECTION
Figure ¢ Load-cysiing technique 107 cancrete besm
Figure S Load-cycing techniqus 10 concrete cyinder
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PERTENTAGE DEFLECTION

TRa50n can be advanced ‘of the greater
hysteressin the cylinder when compared
with the beams. The convex-up initiat
postion of the foad cycles can probably
be attnbuted to tare-up friction in the
aial guage of the compressometer

Typicatioad-deftection curves for acon-
crate and a mortar beam are shown in
Figure 8 The curves represent the ioad
cycie on which the elastic and rupture
moduti were datermined. The imitial linea- .
ity of the curves is clearty shown, as
also is the greater degree of tinearity for
tha mortar beam when compared with
the concrete beam

The standard cylinder test for eiastic
MOGUIUS requUITes 8 maximum joad corres-
ponding to roughly one-third of the
cube strength to be applied to the speck
man This ensurse that the specimen
remains in the “eiastic” range. An ana-
1y3is of the limits of linearity for beams,
based on neasured load-deftection cur-
ves. has show~ that concrete bosms
depart from linearity at a load ratio of
about 0,56 while the corresponding value
for mortar beamsic 0.67 for the particuiar
matersaly tested ® Individual resuits with .
vatues tor load ratio as low as 0.4 were
obtained. For this reason, a maximum
i0ag curraspanding to one-third of the
eshmated or measured moduius of rup-
1ure has been recommendaed in the pre-
sent test, subject aiso to the proviso of
repeatability of deflections for two se-
quential load cycles. Therange of loading

Figure 6; Typical load-aetlection curcas for
concrete snd & mo:tar beam.

technique, togsther with the ona minute
period of cramp at the peak of the imtial
cycie, servas {0 slimingle non-tinearity
of the ivading curves.

- RN

In contrast, the percantage piot of thg
load-cycling of a concreie cytndar,
shown in Figure 5. reveals that a large
degree of hysterasis is presant in cyhin.
ders, and non-linmarity on the initial
ioading cycle is marked However the
second and subsequent cycles tottow n
the same loading path, and linearily of €

the loading portion of the curve is then l/
Ol

TOTAL LOAD

estadbiished. A greater degree of creep
orcurs in the cytinders at tha peak ot the

initial load cycie than in the beams, due 000 002 004 O
10 the greater comprassive stress levals
experienced in the cylinders. The same

Co wrete Beton Nr 27 1982 09

i i N i i
06 008 010 012 014 016 018 C20

BEAM CENTRAL DEFLECTION - mm

o~ Y D



required by the test :8 sutficient for a
reasonable estimate of the exural stastic
modulys to be obtained without deviating
from fingar behaviour.

instrumentst. .n

The beam test involves the measurement
of load and central deflection. both of
which are fairty simple to otitan, sac-
tronically or mechanicalty For the test
g y LA o
suting device reading to an accuracy of
1.8.10 7 mmisrequired. This imitrepre-
senty an oxtrame Hbre stran of abowt
210% which s consiaered alower-bound
incrament for obtaining the linear portion
of the load-detisction curve '™ Elactro-
Mz dovices lend ‘hemseives 10 auto-
graphic recording of daflections, while
mechanical gauges ate normatly simpis
0 instail and use. The innerant friction
of dial gauges operating at very small
deflections was a problem n an imital
series of tects.

All extraneous defiections. apant from
shear deflections. should be liminated
trom These
ions are by dat

tion of besm supports and loading bed,
crushing of the beam at support points,
otc.. and can e of the sama order of
magnitude as the bending deflections

The rasutts of an eariter series of teats on
mortar beams trom which unwanted de-
flactions were not sxcluded are shown
inFigure 7. The beams wers 102102 mm

419
sh mean value
cylinder
sb comeression
wiat number of sbsesvations < 12
2 at mean = 2% 41 GPa
C CV v 50a%
=
<
>
T
woogl
7]
o
2y L A . .
5 26 27 28 29 30 31 32 33 34 35 36 37
5 N mean value
@ beam bending
§ | total number of observations = 10
z 3 12 beams yreided untali oie
results. not shown here}
ar mesn = 3t 45 GPs
Cy @ 3.24%
s
o A )

P A LI I

ELASTIC MODULUS (GPa)

of 50x50 mm in cross sgction, tested on
a810mm span with third-point loading,
ar on 8 400 mm span with centre-noint
ioading. The span.depth ratios of the
beams variad from 4 1o 12, An estimate
of the “true” elsstic modulus for the

L W T,
31 32 33 34 35 3 37

Figure 8 Elastic modut 107 concrete, Seres C1

mortar was cbtained from cylinges tests.
anJ sirain measursmants on a number
of beams. As the flexibility of the beams.
was . 30 4 better

of the elastic modulus was obtained.

Without taking care 1o eliminats unwant-

ed from the test. th

. mocduli are tatactory. The majority
Figure 7. Effect of extraneaus detisctions on measured sissiic motulus of mortar beams Hme st s a."'c":;" ere 9‘"‘0‘
w9 rated in the beam supports, since a
i each resuit represents the E =z g number of beems with bearing plates
2 pogjdverage of three ? H - under the support points gave simiar
& Y®beams o 3 & %382 results to beams without bearing plates
Ll § & _2E = gg : For this reason. a deflection rig supported
o 08 (3 E EZ 8 SES e immadiatety above the beam supports iy
- fzo  Z2 3 required (ses Figurs 21 The deflection
w907t o %wc b1 r: of the rig due 1o rotation of the beam at
0o ol X g é the supports was checked by calculation
& 06k g‘z’ § g and tound 1o be negligibie. O1té'" nas
(% g ki 2E vsed g similar rig succeasfully, and con-
e g ciuded from & linite-slement analysis
‘5 051 S § that rig defiections werg negiigible The
s 5° § 1ig should be supported at three points
« 04} - using small steei balls. and heid in poer-

[+] ég i tton by sprivg-licaded arms,
Q o3 =00 Thetestis load-controtled. and accutacy
: m . N N N of losd measurmment of about 0.1 kN is
02 + 3 3 T 5 for noemat B Mot

SPAN/DEPTH RATIO

tars. Loed-deflection curves can be re-
corded sutagraphically; for manuai re-
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10 remurks ahove. and presumably te-
suits from the additionat hydration oceur-
rng betore the specimen drie, st wnich
can mare tha- fiset the redyction in €
duetoloss < - oisture Increases of 20%
were noted . pecimens aliowed 1o dry
aut i1 this wav The affect s greater in a
farger specimen due o the longer reten-
ton ol mosture, thus allowing cortinuing
hyatation

Comparison of measured wisstic snd
rupture modutl

Figure B shows the results lor series C+.
moduius of elasticity The beam moduti
were about 7% higher than the standarg
cylinder values. The same effact was
noticed for serics M1, where the mean
moduli for the thres beams and the three
cylinders were 28.52GFa and 26 $4GPa
rmgpactively. A significantly lower coetfi-
cient of variation occurred for the beam
tests (C.v. = 5.24%) as compared with the
cylinder testy (v = §04%), indicating
tha* beam tests had better repeatability
than cylinder tasts The difterence be-
tween the measured eiastic moduli for
the beams and cytinders is thought to
rasuit frond specimen size atiects, and
has been discussed eisewhare™

For the beams of Senes Ct ang C2,
Figure @ thatihe longer besms

3 mear value
support sp. = 400 mm
total number of observations = 12
2 mean = 4 81 MPa
TV = 5.82%
o
&
Q
- e
<
>
;4
w
7}
o
a0 L i . N
w 40 41 47 43 44 45 46 47 48 49 50 51 52
[}
T
W osF p—
= support span = 610 mm
2 ab
z el numbper of dbservationsy = 13
J.rmeu A RO MFy
CV = 312%
2r maean vaue
13
0 n " A i "
40 41 42 43 44 45 46 47 4B 49 50 5t 52

MODULUS OF RUPTURE (MPa)

Figuis 9 Modul 0f rupture ior concrate, Seres C1 and C2

cording, two pecpie dre usuaily required
10 do the tast

The beam test has advantages over the

ty. and a greater flexural strangth thena

generath, gave lower vaiues of rupture
modutus than the standard beams A
statistical test on the mean ruplure vaiues.
showed that the values are sigmiticantly
different st the 38% significance isvel
Thelonger span deams had a singie very
tow result. but otherwise the spread of
vaiues for both tests was similar.

The reduction in ftexural strength as the
beam specimens increase in length can
in terms of the Weibutl

Tocontrot
attecty in tesfing, the specimens shoutd
e and surface wet and the

cylinder test. in pi
are normaily simpter o measure than
etrains. The resuils of the beam tests
showesd that the correiation coeflicients
tor the best fitline to the veam data wers
better than for the cylindar data. in the
present teats, beam deflections were
more accuratmly measurad than corres-
ponding strains on cylinders. Cytinder
strains can be measured using etectrical
resistance gauges bonded dirsctly to
the specimen, but this method is rather
cumbersome.

Environmenist sifects

Other researchers have noted the eftect
on the elastic and rupture modul of
drying of specinmens in general, a com-
pistely dry specimen has a lower etasici-

Concreta Baton Nr 27 1982 09

tamperature shoutd preferably be con-

be

Weakast Link Theory'™: which postu-
Iates ihat the prabability of tan., » of &
tast spacimen .3 dependent ontha siress
level in the . anrd the volume ot

trolled The partial drying of
msy Svn a amait effect on the elastic
modulus. Lo: the atfect on the strength
can be very marked beams lhat wers
wet cured tor 37 'ys and altowed to dry
lar 5 days delurs testing gave flexural
strangths as iow as 44% of beams con-
tnuousty wel till test Whete strams ara
maasured by gauges bonded onto the
specimen after rermoval lrom the water
and just prior to test. a degree of drying
may occur causing tensie sbrinkage
stresses in the specimen |t was noted
dufing preliminary testing that alfowing
aspecimen 1o partiatly dry often resulted
n A higher £ baing moasured retative to
asaturated specimen Thisisin contrast

materist under strass For two test pisces,
atike in every respect exceplthat theone
has a greater volume of material under
maximum stress than the ather, the theory
umpties that the iarger test piece witl fast
3t 8 lower stress than the smaiter one.
Since concrete faiis by the successive
propagation of critical cracks. larger
apacimens which are more likety to con-
tamn sgrious Haws wii be moie likely to
a1 at a lower siress than smailer speci-
mens Hence the 810mm span beams
hod a mean flexural strength of about
95% of the standards beams,

The ratios quoted above butween the
meduli tor the different specimen types

23



|

4h0uld be regarded as valid anty tor ihe
particular matenals thal were tested.
turther resuits lor other concretes snd
mortars wouid be raquired tor a fuiier

421
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Conclusions
Within the SCDDG af the expenmantat
. thy

cnn be duwn

Tne provosed beam test for eiastic
And rupture modyi provides a useful
aiternative 1o the existing standarg
teats and has the advantage that a
number of material parameters can
e evaluated in 3 single tast

[

The proposed test showe bettet re.
peatability and linearity of the ioad-
detiection relationship than tha squs-
valent cylinder test

=

Faiture to eiiminate unwanted definc-
tions from the resuits can lesd 1o
gross of the slast

modulus,

4. The mean siastic modulus measured
on a particutar concrete in the hesm
test was adout 7% higher than the
modutus measured in the standard
cylincer test, whiie the mean rupture
modulus was aboul 5% lower Thaye
variations are thought 1o be attri-
butabie 10 specimen size sffects and
test geometries.
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The elasticity of conerets ang mortar
S a838338d by means of cylinder and
prism comprassion tests. and beam
bending lests. A comparison betwaen
the siastic moduli measured i the
ditferant tasts shows that higher mo.
duit are m19asured i the smaitsr
beams and priams than i the larger
cylinders. A statistical ‘weskast link
1heory s used 1o #xpiain the resuits,
and it is proposed that specimen size
oIfects are criticaily important 1o stiff.

D18CuSSIon of the AbOVE paper 13 invited. A Synopsis of & further uaper, "Eiasticity
of pigin concrets Ind mortar spec:mens in liexure and campression™, foliowing
onthe sbove, is included setow lor interest. Readers may #pply 1o the Sociely for

ness measuremants. Seams show bet-
ter stress-strain lingarity ynder ioad
than do cylinders. A relationshp
derved for the flaxural tensila stresses
and straing in & pian beam. and
Shown 10 be 5iMig’ 10 previous reis-
tionships for compression. 1t appesrs
1hat tr3anaverse Strain gradients exer .
Ci88 & grester crack-stopping eftect
0n concrete « tension than in com.
pression,
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Reader Contribution

Or P W Keene, N B R | makes a contribution to the discussion of ‘A simple bending test for elastic and
rupture modull tor plain concrete and mortar’ by M G Alexander, published in Toncrete/Beton No 27,

September 1982 pp 18-24

1 {E davelopment of a test for modutus
of alasticity using specimens in bending
it to be welcomed it would now be
possibie 10 test the same specimen lor
mortutus of elasticity. moduius of rupture,
and compressive streagth onesch ol the
two portions of the broken beam.

Several commants spring to mind on
raading this intesesting paper The
reasons given in the pape- for the highar
tensiig strength in banding couid be
elaboratad. As the authos says in (1) on
p 18 'the stress block at tailure is
i ic and not triangs

asassumed’ Thisis bacause concreteis
not g pertactly linsar eiastic materiai,
even in tension. But there in another
reason why the stress/strain relationstup
is not linear. and that is \he Seewald
affact as & result of the configuration of
the ioads in standar? 7>~ st test

Details of the See vaid affact are given in
Timoshanko'» + heory of Elasticity’ it is
the gdepsrturs from the simple theory of
bending whan a moment is applied 1o &
Bbeamn by means of a concantrated icad
The eftect is ittustrated in Figure 1 for s
Leam loaded along its middie iine [n the
tace opposite 10 that on which the load
acts the maximum tensile stress is loas
than that given by the simpls theory of
bending. Within a short distance from
the piane of apnlication of the load the
Sireas beging 10 increase relauve 1o that
given by the simpie theory of bending
The deviation dacreases as distance
from the piane of appticatio  ‘the load
increases, and st & distance more than
the depth of the beam the deviation is
insignificant.

I the span 18 short the supports also
influence the maximum stress. and for
third point loading the sftect of doth
fouds must Le taken into account when
applying the Seewald correction The
maximum tenaiie siress with third point
losding (s graater 18an that given by the
simple theory of bending, as shown in
Figure 2.

The Sesweic correction isless important
88 the span/depth ratio increases as
shown in the Tadle ! this corraction ss
applied to the results for span/depth
ratios of 4 and Gshown in FigureGofthe
raper, the ditlerance between the twa
sels of resuits wouid be reduced stigntly,
by sbout 0,03 MPa

Another factor which woutd ond to
raduce the difference in MR is the sffect
of the masa of the beams themseives
Whan the besm is isid on the supporly
before being tested, flaxural slress s
induced in the besm. which, at & par-
ticular point, is greater the tonger the
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span and the greater the depth of the
beam Supenmposed on this strass g
the stress appiied by the testing machine.

The actual failure stress is greater than
the indicated stress by an amount
depending on the span and the depth of
the beam. For the example cuoted in
Figure g of ihe paper the dilterence
could aiso be obout 0.03 MPa The
precise vatue would dar*nd on the point
8t which fracture occurred

These two factors by no means explain
8l the difterence in MR for the difterent
span/depth ratios but at ieast they
exptain someofit The author eaxpreases
the opinion (hat the lower MR of the
tonger specimens is because a greater
quatity of materiai is sxposed to

.
S
.

qgreatec than the strangth und
tansion

umitorm

The weakastlink theory may undoubtediy
holag for some materats, for extrrmeiy
small sizes, but thers aie 50Me 12.450nS
why the theory shauld only be invoked
with the greatest hestation, i rnot
rejected altogethar, tor concrate in sizes
nornally usec as test specimans. Taking
the exampie in the paper of the MR of
beams spunning 4 and 6 imes the depth
when the Seewald correction 53 applied
there are oniy two tines at maximum
tensiie stress, or two narrow strips close
1o maximum t4nciia $trass. ineach case
Thara can therefore be bittle difarence
it any. in the area at maximum stress in
sach case

To take another example there is a vast

maximum stress in the longer
and faityre consequently occurs at a
ower stress becsuse of the greater prob-
ability of a ttaw in the area at maximum
stress. The author als. auotes this as an
axplanation (or flexural strength being

in voluma at stress
omwnen the direct tensile test and the
cylinder-spitting test in the tatter there
i3 in theory only a piane suuject to
maximiim tensiie stress. Yet Brooks andg
Neville have shown that there 5 nhitle

TAPLE

stress on the of beams as 8 percentage of that given
by the simple theory of bending (Naschold)
Span/depth
ratio H 1 4 8 8 0 15 20 25
Third point -
ioading 109.80 10382 10217 10145 10108 100.37 10058 10043 10035
ICO"“;::Q""'“‘ 9200 .18 9556 9704 9778 9822 9BH2 9911 9920

itference in indicated tensile strength
i1 the two ases At the iower end of the
range ol strength considared 1 ZMPa) the
two lests gave :dentical resuits At
higher leveis of strangtn (up to 5 MPa)
there was a tendency (or the cylinder.
3phiting test to give a higher indicate
strength. but if there were any truth in
the weakest lnk theory we should
expect the cylinder-sphtting test o gve
a vastly greater indicated strength
throughout the whaoie (ange, wmasemich
as & voluma 18 inbinilety greater than 3
plane

Probably the main reason why the
flaxural test gives a higher ndicated
tensde strength than other tests s the
strain gradient. which 18 virtually the
sama as the blockaga of crack propaga-
tion mentioned by the author. But strain
grachent should be cisarly dishinguished
from any statisbcal or weakest fink
effect. which, for the reasons given s, 1o
say the least, of doubtiul vaiidity as tar as
normal concrete test spacimens is
concerned
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by M G Aiexander

The author wishes to thank Dr Keene for
s comments, and. 0 particular, for
rasing the question of the effect on the
measured MR of the Seewald correction
This eftect was no* .aien into account in
the original paper. and the author would
like to take the opportunity to further
amplily the cor - chonsthat are unplied by
the Seewaid effect Dr Keene has
inctuded a tabie in ms discuss:on which
adequataly outines I increases or de-
creases i maximum streas on the under-
side of beams due o the effect of point
toads. Reterring to Figure 9. the implica-
tion is that the shorter heams (support
span 400 mm} shoutd have a mean MR =
2.17 % greater than ihat shown. while the
tonger beams (support span = §10mm)
hould nave a mean MR 1.45% greater
than that shown Hence. the mean MR tor
the shorter Deams would te 4 91 MPa and
that for the tonger beams 4 67 MPa Thie
means that the difference between the
two sets of results iicrease due 1o the
Seewald atfect, by about 0.04 MPa. and
does not reduce, as stated by Dr Keene
The effect of the seil-weight of the beams.
on the measursd MR i3 rowever to
reduce the difference betveen the two
sets of resyits. by about 0.03MPa in this
case The Seewald effect and the seif-
weight atfect should. str 1y speaking, be
taken 1t account whern calculating the
MR of concrete beams.

The Seswatld eftect aiso influences the
deflections of a powntioaded beamn, and

Conemtn Baton Ne 10 1983 6

Evaluating measured parameters

Repiy by the author to reader contribulion by Or P W Keene NBRI, on the paper ‘A simple
bending lest for etastic and rupture modull for plain concrete and mortar. published in
Concrefte Befon, No. 26, Dscember 1983. Original paper pubtished in Concrete. Betort, Ne. 27,

TABLE: Correction tactors (Seewald el'ect) for Young's moduli calculated
from simple bending theory

Spanigeptn 2 3 4 6 3. 10 15 20 25
Ratio o

Third-point 1293 1163 1108 1052 1030 1020 1009 1005 16GI3
loading

Centre-pont 1551 1261 1151 1089 1039 1025 101 1006 1004
oadng

hence the measured E s influenced If this
is obtaned trom load-defection measure-
mants This aftect was also omitted in the
crginal paper Using the expressions
gwven in Timoshenkos Theory of Elasi-
city . we can denve an exprassion for the
extra deflection =« st the centre of a
bearn under third . i ipading 23 baing

s B0y w*sv»-_‘.(a_y]
1206 € L1347 2\7
The true E will thu - oe tugher than thatin.
dicated by smple . ending The lable be-
low shows how the correcion tor € also
becomes less impontant as the span-

depth ratio increases.

The table impites that the mean vaiue for
the bending £ 'n Figure § shiud be in-
creased by 3.2% t0 33,09 GPa. which ex-
ceeds the cylinder compression £ by
12.5%.

As can oe seen {rom the tabie. the correc-
hons are very sigruticant at the typicai
spar depth ravos used in beam testing,
and should be nclyded in the calcula-
tions it shouitt be mentioned that, since

ine defiaction readings are zeroed at the
start of the measurements, the setf-weignt
o the beam will not stfect the slope of the
measured load-deflection curve.

One further point needs to Le mentioned
The rxpresson for £ giveri in the onginal
paper (aquation 2. wncludes a corfaction
for shear deflections given by Ot8, ad
derved from  stramin-griergy  principles.
Using the classical Ranking-Graghot
heory. the shear deflections will be over-
estimated by about 25% relative to the
More acCurale SIEEN-energy expression
Hence, the foal expression for € in
bending is based on simpie bending
theory corrected for shear and the See-
waid effect,

Al the corrections dealt with tepresent ra-
finemants which. in the final analysis,
must be viewed against the background
that concrate is a highty vanable matenat
Whose response 17 SUess i nonsinear
and whose mode of ‘siure 13 essentially
tensile 1n nature  Consequently  the

p pa
refative 10 tne particutar problem in hand
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APPENDIX D

LOAD-DEFLECTION DATA FOR SELECTED FRACTURE BEAMS

Table D1 gives the coordinates of the load-deflection records

(F,8) for the nineteen "typical” fracture beams noted in 5.3,
It should be noted that the tables include the following points:-

1. The po.iat of initial departure from linearity, represented by

the first coordinated point after 0,0.

2. The point of maximum load and corresponding deflection (Fmax
éFmax)' This point is indicated by being enclosed in a block.
3. The deflection at zero load, Bm, and the deflection at ultimate

fracture, Bu (for series F3 only).

(Note - Experimental uata of all the beams is available if re-
quired).
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Table Dl Coordinates of load-deflection records for selected "typical”
beams

(a) Series rl

F1/2 Fl/4 F1/6 F1/8 r1/14
(500/0,2) (501/0,4) (300/0,2) (200/0,4) (100/0,4)
8 F § F s F § F s
&N (mm) &N (o) (kN () (KN () (KN) O (mm)
0 0 0 0 b 0 0 0 0 0
9,24 0,052 6,16 0,072 9,24 0,057 2,57 0,033 2,69 0,025
13,34 0,080 9,24 0,119 13,34 0,092 3,59 0,055 3,59 0,040
16,42 0,115 10,26 0,142 14,37 0,109 3,98 0,078 4,11 0,054
10,78 0,166 [14,88 0,136]{4,04 0,102)[4,31_9,068]
5,51 0,178 [10,98 0,193] 14,37 0,131 4,98 0,128 &,i1 0,073
14,78 0,209 10,78 0,226 13,34 0,163 3,59 0,159 3,59 0,086
13,24 0,269 10,26 0,269 11,29 0,186 2,95 0,193 2,82 0,109

11,29 0,284 9,24 0,322 8,21 0,245 2,05 0,285 2,31 0,128
8,83 0,292 6,16 0,473 5,13 0,367 1,28 0,432 1,80 0,161
5,95 0,364 3,08 0,748 3,08 0,505 0,90 0,557 1,28 0,216
3,70 0,447 2,05 0,865 1,54 0,738 0,51 0,844 0,77 0,327
1,74 0,619 0,87 1,200 0,72 1,090 0,21 1,322 0,38 0,557
0,82 0,859 0,54 1,295 0 1,465 O 1,934 0,22 0,767

0 1,203 0 1,509 0,13 0,968
o 1,398

(b) Series F2

F2/1 F2/3 F2/7 F2/10 F2/25
(800/0,2) (800/0,4) (100/0,25)  (100/0,4) (100/0,5)

F § F § ¥ § F § F 5
(kN)  (mm) ‘kN)  (mm) kN)  (mm)  (kN) (mm)  (kN)  (om)

[ 0 o] 0 o] 0 [ 0 o] 3]
18,48 0,241 5,65 0,083 2,95 0,019 2,44 0,029 0,69 0,077
20,94 0,275 8,72 0,133 5,00 0,041 3,08 0,042 0,87 0,132
26,69 0,355 10,78 0,176 [5,38 (,0601]3,39 0,062][0,90 0,160}

,i2 0, 9§] 11,06 0,183 5,00 0,075 3,08 0,079 0,87 0,189

R 0,414 12,68 0,219 4,23 0,086 2,05 0,130 0,51 0,361
22,58 0,412 ,06 0,235 3,08 0,126 1,54 0,196 0,21 0,647
Ne further B o, 1,92 0,208 0,90 0,294 0,04 1,134
record - 11,29 0,282 1,21 0,301 0,38 0,637 0O 1,556
spoutaneous 8,21 0,291 0,90 0,al5 0,18 1,119
crack growth 4,11 0,317 0,27 0,874 _0 1,509

2,05 0,345 0 1,804
0,62 0,388
] 0,558
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Table DL Coordinates of load-deflection records for selected "typical"
beams
(a) Suries F1
Fi/2 Fl/4 F1/6 F1/8 Fl/14
(500/0,2) (50N/0,4) (300/0,2 (200/0,4) (100/0,4)
F & F 8 F g F 8 F 8
(kN) (mm) (kN) (mm) (kN) (mm)  (kN) (nm)  {kN) (rmm)
0 o} 0 o} 8} 0 O o} v} 0
9,24 0,052 6,16 0,072 9,24 0,057 2,57 0,033 2,69 0,025
13,34 0,080 9,24 0,119 13,34 0,092 3,59 0,055 3,59 0,040
16,42 0,115 10,26 0,142 14,37 0,109 3,98 0,078 4,11 0,054
[;Z 78 0, ‘ﬁg] 10,78 0,106 [14,88 6,136][4,04 0,102][2,31 0,068] -
|1O 88 0,195) 14,37 6,151 3,98 0,128 4,11 0,075
14, 78 0,200 o, 2 13,34 0,163 3,59 0,159 3,59 0,086
13,24 0,269 10 26 o, 11,29 0,18 2,95 0,193 2,82 o,1~"
11,29 0.284 9.. O, 327 8,21 0,265 2,05 0,285 2,31 0,. .
8,83 0,292 6,1. 0,573 5,13 ©,367 1,28 0,432 1,80 0,161
5,95 0,364 3,08 0,748 3,78 (,505 0,90 0,557 1,28 0,216
3,70 0,447 2,05 0,863 1,54 0,738 0,51 0,844 0,77 0,327
1,74 0,619 0,87 1,200 0,72 1,090 0,21 1,322 0,38 0,557
0,82 0,859 0,54 1,295 0 1,465 0 1,934 0,22 0,767
0 1,203 0 1,509 0,13 0,968
0 1,398
(b) Series F2
F2/1 F2/3 F2/7 F2/10 F2/23
(800/0,2) (800/0,4) (100/0,25) (100/0,4) (100/0,5)
3 § F § F 8 F 8 F )
(kN) (o) (kN) (mm) (kN) (mm)  (kN) (mmn) (kM) (mm)
Q 0 0 0 0 0 0 0 o 0
18,48 0,241 5,65 0,083 2,95 0,019 2,44 0,029 0,69 0,077
20,94 0,275 8,72 0,133 5,00 0,041 3,08 0,042 0,87 0,132
26,69 0,355 10,78 0,176 [5,38 0,060([3,3% ©,067][0.90 0,T60]
[28,12" 0,398] 11,06 0,i83 5,00 0,075 3,08 0,079 0,87 0,189
6,69 0,414 12,68 0,219 4,23 0,086 2,05 0,150 0,51 0,361
22,58 0,412 13,0 0,23 3,08 0,126 1,54 0,196 0,21 0,647
No further 12, 0,76 1,92 0,208 0,90 0,294 O, 1,134
racord - 11,29 0,282 1,21 0,301 0,38 0,637 0O 1,556
spontaneous 8,21 0,291 0,90 0,415 0,18 1,119
_crack growth 4,11 0,317 0,27 0,874 0 1,509
2,05 0,345 0 1,804
0,62 0,388 ‘"
4] 0,558
- - ol




Table D1 (Continued)

{(c) Series F3
F3/2 F3/4 Fi/6 F3/8 F3/11
(500/0,2} (500/0,4) (300/0,2) (300/0,25)  (300/0,4)
F 3 F 3 F 3 F 8 F 8
(kN) (nm) (kN) (mm) (kN (mm)  (kN) (rm)  (kN) (mm)
0 0 o 0 0 0 3} 0 0 0
12,5 0,168 4,7 0,085 4,9 0,068 5,0 0,068 2,93 0,050
16,0 0,222 7,0 0,129 8,03 0,113 7,75 0,117 4,25 0,079
17,6 0,244 8,0 0,159 9,75 0,146 8,3 0,136 5,31 0,107
18,5 0,289 8,88 o 222 [Ta T?“ ©,164] 8,8 0,15 5,61 0, 129
[18,7% 0,308] [¥,03 0,251] 0,215 9,0 0,174 :
i7,9 0,340 8,0 o I 7,63 0,239 [3 87] 5,30 0,1 1 H
15,1 0,391 5,9 0,319 4,01 0,31 8% 0,705 4,84 0,193 [
9,55 0,429 4,7 0,367 3,21 0,416 6,8 0,240 3,63 0,251
4,4 0,544 3,93 0,433 2,58 0,518 5,4 0,282 2,33 0,382
1,43 0,856 1,38 0,705 2,06 0,629 3,55 0,372 1,81 0,492
0,5 1,133 0,33 1,125 0,97 0,877 2,9 0,513 1,19 0,587
i} 1,297 0 1,403 0 2,381 1,1 1,054 1,00 0,787
0 2,506 0 2,545 0 4,511 0 2,722 0,13 1,150 g
0 3,622 0O 2,763 i
0 3,759 :
(c) Series F3 (Continued)
F3/14 F3/15 F3/19 F3/26
(200/0,2) (200/0,4) (100/0,2) (100/0,4)
F s F § F 5 F 8
(kN) (mm}) (k) (mm) (kN) (mm)  (kN) (rm)
s 0 0 0 0 0 0
4,75 0,029 2,88 0,033 - 1,84 0,015 2,21 0,025
6,00 0,041 4,05 0,055 4,30 0,044 2,95 0,038
7,45 0,053 4,43 0,067 [ 0,066] 3,07 0,044
8,35 0,063 4,75 0,087 4,30 0,099 [3,17 0,052]
8,80 wu,07y [3,8% 0,102] 2,98 0,127 3, 0,072
(8,95 0, ¢} %75 0,122 2,15 0,167 2,37 0,136
& 0,114 4,55 0,138 1,84 0,201 1,64 0,206 !
6,8 0,131 3,81 0,190 1,17 0,281 0,93 0,379 !
5,5 0,155 2,83 0,302 1,07 0,290 0,30 0,883
4,4 0,212 2,05 0,416 0,46 0,726 0,07 2,268
3,38 0,315 1,13 0,801 0,15 1,470 0O 3,477
2,5 0,416 0,5 1,164 0 4,135 0 4,135
1,8 0,524 0,13 2,056 0 6,160 —
1,2 0,824 0 2,318 T T
0,5 1,433 0 3,527
0 2,512
0 2,759
- -
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APPENDIX E

DERIVATION OF THEORETICAL COMPLIANCE - NOTCH DEPTH
RELATIONSHIPS, AND EFFECTIVE SPAN/DEPTH RATIO FOR
VARIABLE SECTION BEAMS

E.1 CONSTANT SECTION BEAMS

Geometry:- Width constant at b = @, lm.
Span/depth ratio constant at §/d = 4.
Crack depth ¢

Loading:~ Mid-span point load F, producing mowent M

The compliance : is def ned as:-
e
F/b
where § = beam deflection under the load point.

The following three basic equations are used:-

The expression for K:= K = Y sMvc (E.1)
bd?
2 H .
where Y = A0 + A1 (¢/d) + Az (c/d)* + A3 (c/d)? + Aa {c/d)*.

(Equations (3.2) and (3.3) in wain text).
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The expression for 6 in terms of the rate of change of compliance

with crack length:-
G =1 (F)’ dx

2 ib

de

(Eguation (3.22) in main text).

and the LEFM relationship between K and G:-
K? = EG

(1-v?*)

(Equation (3.20) in main text).

(E.2)

(E.3)

The values of the coefficients A are given in table 3.1 in the main

text.

The bending moment at the mid-span of the beam, M, for three-point

bending is: -
M = FS§
4

From equation (E.2),

d\ = 2b%G
dc F?

(E.4&)

Substituting for G from equatjon (E.3) and then for K from equation

(E.1):~
dh = 2b% (1-w?) | Y éM/e |?
dc F* E bd?

By substituting for M this reduces to
dh = 9(1-v*)s? yic
de 2E d*

Integrating with respect to c:=
A= §(1-v?)s? [ ¥? ¢ de

[+
2Ed’ J d

(E.5)

(E.86)
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The integral IY’ ¢ dc is an integral of a

d

polynomial function in the variable (c/d).

Let [ Y¥ ¢ de = (E.7)
J d

From elementary beam theory, an expraession for E can be obtained
for an unnotched beam in three-point bending:-

E=1FS§’ (E.8)
48 8 1

where (F/8) is the slope of the

initial linear portion of the
load-deflection curve,

aand I is the second moment of area of the

section. Writing the uniotched compliance XO as:-
xo = § b, equation (E.8) can be re-written as follows:-
F
E= 1 b 8, and since I = bd’/12 this reduces to:-
8 Xo 1
2Ed? = §? (E.9)
2)0

From equations (E.68), (E.7) and (E.9) a relationship between com-

pliance ratio X/Xo ard crack depth ratio ¢/d, whera ¢/d is included
in the integral Z, cen now be written down as follows:-

A= 9(1-v3)s? 2
H
$'/2x,

which finslly reduces to

A= 13(1-v?*) 2 (E.10)
0 s

Equations (E.6) and (E.10) represent the required compliance-notch
deoth relationships.




The integral Z depends on the specimen dimensions, including the
crack depth ratio c¢/d, and on the type of bending in the specimen.
It also includes a constant which can be evaluated from boundary
conditions. It is preferable to express 2 entirely in terms of

geometrical ratios, in which case equation (E.10) reduces to:-

A o= 18(1-v?) 2' (E.11)
g s/d

where
z' = [ vkdk (E.12)
and k = ¢/d

For the particular test geometry:- S5/d = 4. Using this, values of
2' as functions of c/d and v obtained from integrating the ex-
pression in equatiox (E.12) and inserting the boundary conditions,

appear in table El. N

With the values of Z' evaluated, it is now possible to evalucie the
compliance - rotch depth relationship (E.11). The val s of X/XO
versus c¢/d for different v values are given in table E2, and also

graphically in the main text in figure 6.2.

E.2 VARIABLE SECTION BEAMS

Geometry:- Width constant at b = 0,1m

Beam section variable.

fauivalent spau/depth ratio taken as 5,45 (see later).
The first step is to derive a load-deflection relationship for an
unnorched beam, taking the varying cross-section into account.
Refer to figure 4.1, and consider the beam to be acted on by a
centrally applied point lond F. Using the Moment-Area Theorer it
is possible to derive the F-§ relationship by considering the values
of M/EI at the points of abrupt change of cross-section. The

Moment-Area Theorem states that the deflection at a given point




o~

relative to the tangent at another point equals the moment about
the first point of the ares ~f the M/EI diagram between the two
points. On this basis, it i{s possib.e to plot an M/EI diagram
taking the support and mid-span as the two points. The woment of
the area of the M/EIl diagram can then be numerically assessed. This

results in the following dimensionless expression:-

bES = 40,495 (E.13)

he compliance - notch depth relatijonship may now be derive. by
following the identical approach given for rectangular Leams up to

equations (E.6) and (E.7).

The expression for E for the particular geometry can be obtained
by re-writing equation (E.13) as

E = 40,495 (F/b)
[

and since XO = § this can further be written as
A, = 40,495 (E.14)
Substituting equation (E.14) in (E.6) we can write:~

9(1-v?)8* 2
2 d? 40,495

A=
x0

9 (1-v*)s* 2 (E.15)

A=
XO

80,99 d?

Equation (E.15) is the required compliance ~ notch depth relation~
ship.




The integral Z can be evaluated similarly to the case for constant
section beams given previously. In particular, defining 2' in terms
of geometrical ratios only, we get:=-

2 = f Ylkdk where k = (E.16)

4
d

Values of Z' are given in table E3. The compliance - notch depth
relationship is given in table E4, an. also graphically in the main

text in figure 6.2.

€.3 EFFECTIVE SPAN/DEPTH RATIO OF VARIABLE SECTION
FRACTURE BEAMS

The effective span/depth ratio of the varirble section beams is
found by using an effective depth which is equal to the depth of a
constant section beam which would exhibit the identical
load~cdeflection behaviour as the variable section beams (for
unnotched beams). The procedure is therefore to use simple elastic
deflection theory to match the de’lection response of the two types

of beam under identical loading.

From expression (E.13), the derived load-deflection relationship

for the unnotched variable section beams is:~

bES = 40,495
F

For a constant section beam with span/depth = 4 and a mid-span point
load F, we can use elastic deflection theory to derive an expression

for the mid-span deflection GD as follows:-
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5. = FS* Since I = bd?, cthis can be written as:-

D == —

8EI 12
s/d)? (E..7)

D ¥
b

Comparing (E.17) with (E.13) we get:-
(8/d}? = 40,495 from which the effective S/d is:-
&

(s) = 3/5.40,595
\d eff
= 5,45

Note also that the ratic of the maximum depth of a variable section

beam to the depth of an equivalent constant section beam is:-

(s) (s -1 = 5,45/4
deff var.sec.
= 1,36
- P - . .
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Table E1 Values of 2' for constant section beams

Values of 2’

c/d V=, 1 w=0,15 v, 2
0,0 0,2245 C,2273 0,2315
0,1 0,2405 0,2433 0,2475
0,2 0,2854 0,2882 0,2924
0,3 0,3653 0,3681 0,3723
0,4 0,4995 0,5024 0,5065
0,5 06,7338 0,7367 0,7408
0,6 71,1824 1,18533 1,18%94
0,7 2,1417 2,1446 2,1487
0,8 4,3786 4,3815 4,3856

Table E2 Complian:e - notch depth relationship for constant section

» beans
Values of M/X
o
cfd v=Q, 1 V0,5 u=(,2
0,0 1,0 1,0 1,0
0,1 1,0Mm 1,070 1,069
0,2 1,20 . 1,268 1,263
0,3 1,627 1,619 1,608
0,4 2,225 2,210 2,188
0,5 3,269 3,241 3,200
0,6 5,268 5,214 5,138
0,7 9,541 9,433 9,283
0,8 19,507 19,273 18,946




Table E3 Values of 2' for variable beams

Values of Z'

e/d =0, 1 v=0,15 v=0,2

0,2 0,5681 0,5754 0,5859
0,1 0,5841 0,5914 0,6019
0,2 0,6290 0,6363 0,6468
0,3 00,7089 0,7162 0,7267
0,4 0,8432 0,8505 0,8610
0,5 1,0775 1,0848 1,0953
0,6 1,5260 1,5333 1,2438
0,7 2,4853 2,4926 2,5031
0,8 4,7220 4,7292 4,7397

Table E4 Compliance - notch depth relationship for variable section

beams

Values of A/X
o

c/d v=0,1 vaC,5 v=0,2
0,0 1,00 1,00 1,00

0,1 1,028 1,028 1,027
0,2 1,107 1,106 1,104
0,3 1,248 1,245 1,240
0,4 1,484 1,478 1,470
0,5 1,897 1,885 1,870
0,6 2,686 2,665 2,635
0,7 4,374 4,332 4,273
0,8 8,3105 8,2190 8,0896




APPENDIX F

CALCULATION OF MEAN COEFFICIENT OF FRICTION FOR FIXED
ROLLER BEAMS OF SERIES F3

An estimate of the mean coefficient of friction W for the fixed
roller 100mm beams of series F3 can be obtained by considering the
influence on applied moment of the frictional forces acting at the
supports. Consider figure 5.10 and assume a vertical mid-span load
i35 applied resulting in horizontal friction forces acting at the
supports. Designate the applied load as F' to indicate that the
load to produce any given mid-span mowent is greater than the load
that would be required for the same moment if friction were absent.
Note that the frictional forces Ff = yF'. Taking moments of the
frictional force about beam neutral axis, an approximate expression

for the total mid-span moment M' is:-

M' = F'S - pF'(d~d")
4 2

= F'[5-u(d-d") ' (F.1)
2 L2

where d' is the depth of the neutral axis below the upper face,
and the cther symbols are defined in figure 5.10.

Now, for the same mid~span moment M in the absence of friction, we

have: -~

M =F§ (F.2)
b




where F is the applied load in the absence of friction.

Equating moments, we have from equations (F.1) and (F.2):-

F'|S-u(é-d')| = s from which:- ﬂ
2 2 &4 3
Fo= s/2 (F.3) ,,
F §/2-u{d-d") :

The ratio F'/F will be equal on average to the ratio of ¥' values
for fixed and free roller beams. Taking such a ratio for the 100mm

beams of series F1/F2, and series F3, we have:-

Mean ¥' for series F3 = 112,7N/m

Mean ¥' for series F1/F2 = 88,9N/m

Ratio of ¥' values = 112,7/88,9
= 1,27

Solving equation (F.3) using & value of F'/F = 1,27 gives U * 0,5
for typical values of (d-d'). This value represents the average §
coefficient of friction during the fracture process. $ince u will ;
vary from zero at tiie start of the test to a value approaching unity

in the the final stages of fracture (see 5.5), the average value

of 0,5 appears reasonable.
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