
\ ,

f-gura 4 Lotd-cycbnq  fechmgu# tot c o rcrg it  6e*m 
P'guf# 5 Latd-cyeiing ttc h n u jM  toe c o n c w tt eyun ij*

r e a s o n  c an  b e  a d v a n c e d  ‘o r  th e  g re a te r  
h y s te res is  m  th e  cy linder w hen  c o m p ared  
w ith th e  b e a m s  T he c o n v ex -u p  initial 
po . tio n  of th e  lo a d  c y c le s  c an  p ro b a b ly  
ue  a ttr ib u te d  to  ta * e -u p  fric tio n  in th e  
d ial g u a g e  of th e  c o m p re s so m e te r

T yp ica l lo a d -d e f lec tio n  c u rv e s  for a c o n ­
c re te  a n d  a m o rta r  b e am  a re  s h o w n  m 
F ig u re  6 T he c u rv e s  r e p re se n t th e  toad  
c y c le  o n  w h ich  th e  e la s t ic  a n d  ru p tu re  
m oduli w ere  d e te rm in e d  The initial lin ea ­
rity  of th e  c u rv e s  is  c lea rly  show n , as 
a lso  is th e  g re a te r  d e g re e  of linearity  for 
th e  m o rta r  b e a m  w hen  c o m p a re d  w ith 
th e  c o n c /e te  b e am
T h e  s ta n d a r d  c y lin d e r  te s t  fo r e la s t ic  
m odu lus req u ires  a  m axim um  load  c o rre s ­
p o n d in g  to  ro u g h ly  o n e - th i rd  of th e  
c u b e  s tr e n g th  to  b e  a p p lie d  to  th e  s p e o  
m en  T h is  e n s u re s  th a t th e  sp e c im e n  
re m a in s  m  th e  " e la s tic "  r a n g e . A n a n a ­
ly sis  o f th e  lim its of linearity  for b e am s, 
b a s e d  on  m e a s u re d  lo a d -d e f le c tio n  c u r ­
ves. h a s  s h o w  th a t c o n c re te  b e a m s  
d e p a r t  from  lin e a rity  a t a  lo a d  ra tio  of 
a b o u t 0.56 w hile  th e  c o rre sp o n d in g  valup 
for m orta r b e a m s  li0 .6 7  to r th e  p a rticu la r  
m a te r ia ls  te s te d  ', l  ind iv idual re su l ts  with 
v a lu es fo r lo a d  ra tio  a s  low  a s  0 .4  w ere  
o b ta in e d . F o r th is  re a so n , a  m ax im um  
lo a d  c o rre s p o n d in g  to  o n e - th i rd  o f th e  
e s t im a te d  o r  m e a s u re d  m o d u lu s  of ru p ­
tu re  h a s  b e e n  r e c o m m e n d e d  in  th e  p re ­
se n t  le s t, s u b je c t a lso  to  th e  p ro v iso  of 
rep e a ta b ili ty  o f d e fle c t io n s  for tw o  s e ­
qu e n tia l load  c y cles . The ra n g e  of load ing

te c h n iq u e , to g e th e r  w ith  th e  o n e  m in u te  
p e rio d  of c re e p  a t th e  p e ak  of th e  initial 
c y cle , s e rv e s  to  e lim in a te  n o n - im e an ty  
of th e  lo a d in g  c u rv e s

In c o n tra s t,  th e  p e rc e n ta g e  p lo t of th e  
lo a d -c y c im g  of a c o n c r e te  c y lin d e r , 
s h o w n  in  F ig u re  5. r e v e a ls  th a t a  la rg e  
d e g re e  o f  h y s te re s is  n  p re s e n t  in  c y lin ­
d e rs . a n d  n o n - lin e a r ity  o n  th e  initial 
lo a d in g  c y c le  is m a rk e d  H ow ever, th e  
s e c o n d  a n d  s u b s e q u e n t  c y c le s  follow  
th e  s a m e  lo a d in g  p a th , a n d  Im ean iy  of 
th e  lo a d in g  p o r tio n  of th e  c u rv e  is th e n  
e s ta b l ish e d  A g re a te r  d e g re e  of c re e p  
o c c u r s  in  th e  c y lin d e rs  a t th e  pe ak  o f  th e  
In itial lo a d  c y c le  th a n  in th e  b e am s, d u e  
to  th e  g r e a te r  c o m p re s s iv e  s tr e s s  levels 
e x p e r ie n c e d  m th e  c y lin d e rs . The s a m e

o n c r e t e  b e a m

-n o n a r  b eam , s e r ie s  M l
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c y l in d e r

c o m p r e s s io n

II num ber Ql obSff'vll 
an - 29 -11 QPa

2 6  2 7  2 8  2 9  3 0  31 3 2  3 3  3 4  3 5  # 3 :

torai n u m b s ' o* obsefvai-on$ - 
'2  beam s yifM ed unreii: ai* 
resu lts no! Shown h#r#l

29 30 31 32 33 34 35 36 37

ELASTIC M ODULUS (G ?* |

f igu re  6 £t»$t>c monuu tor concfere. S c n ti  Cl

re q u ire d  6v Ih e  te s t is  suM icient lo r a 
re a so n * h ie  e s tim a te  o t th e  I!#*uf9l elastic  
m o d u lu s  to  be  o b ta in e d  w ithou t dev iating  
from  lin ear b e h av io u r

instrumental, -n
T he be a m  te s t involves th e  m ia su re m e n i 
o f lo a d  a n d  c e n tra l d e fle c t io n  b o th  o* 
w h ic h  a re  fairly  s im p le  to  ob ta in , i ie c -  
tro m c a lly  or m e ch a n ica lly  For th e  te st 
g e o m e try  su g g e s te d , a  defiQChon-m«>s- 
s u n n g  d e v ic e  re a d in g  to  an  a c c u ra c y  of 
1.6 10 1 m m  i i  re q u ire d  T h is  hrmi r e p re ­
s e n ts  a n  e x tre m e  fib re  s tra in  of a b o u t 
2  10 * w hich  is c o n s id e re d  a low er-bound  
in c re m e n t for ob ta in in g  th e  linear po rtion  
c?< th e  lo a d -d e f ie e tio n  c u rv e  E lectro- 
m :  d e v ic e s  le n d  ‘h e m se iv e s  io  a u to ­
g ra p h ic  re c o rd in g  of d e fle c t io n s , w hile 
m e c h a n ic s !  g a u g e s  a fe  no rm ally  s im p le  
to  in s ta ll a n d  u s e  T h e  in h e re n t friction  
Of d ia l g a u g e s  o p e ra tin g  a t very sm all 
d e f le c t io n s  w as  a p ro b le m  m an initial 
s e r ie s  o f  te s ts

All e x tra n e o u s  d e fle c t io n s , a p a r t from  
s h e a r  d e fle c t io n s , s h o u ld  b e  e lim in a ted  
from  th e  m e a su re m e n ts  T hese  un w an ted  
d e f le c t io n s  a re  in tro d u c e d  by d e fo rm a ­
tio n  of b e a m  su p p o r ts  a n d  lo a d in g  bed . 
c ru s h in g  o f  th e  be am  a t su p p o r t po in ts , 
e tc  , a n d  c a n  a e  o f th e  s a m a  o rd e r  of 
m a g n itu d e  a s  th e  b e n d in g  d e fle c t io n s

T h e  r e s u l ts  o f  a n  e a r lie r  s e n e s  o l te s ts  on  
m o rta r  b e a m s  from  w h ich  u n w a n te d  d e ­
f le c tio n s  w ere  n o t e x c lu d e d  a re  sh o w n  
m  F ig u re  7 T he b e a m s  w ere  102x102 mm

o r 50x50 m m  ,n c ro s s  sa c tio n , te s te d  on 
a 610  m m  sp a n  w ith th ird -p o in t load ing , 
O ' on  a  400  r im  sp a n  w ith  c e n tre -p m n t 
lo a d in g  T he sp an , d e p th  r a " o s  o f th e  
b e a m s  va rie d  from  4 to  >2 An e s tim a te  
of th e  t ru e  e la s t ic  m o d u lu s  fo r th e

m o rta r  w as  o b ta in e d  from  c y lin d e r  te s ts  
an  J  s tra in  m e a su re m e n ts  on  a  n u m b e r  
of b e a m s  A s th e  flexibility  o f th e  b e am s 
w as  in c re a s e d , so  a b e tte r  m e a su re m e n t 
of th e  e la s t ic  m o d u lu s  w a s  o b ta in e d  

W ithout ta k in g  c a re  to  e lim in a te  u n w a n t­
e d  d e flec tion - «iom th e  te st, th e  m e asu re d  
m oduli are is f a c lo r y  T h e  m ajority
o i th e e x t n  s d e fle c t io n s  w ere  g e n e ­
ra te d  m  th e  b e am  s u p p o r ts ,  s in c e  a 
n u m b e r  o f b e e  m s w ith b e a r in g  p la te s  
u n d e r  ’h e  su p p o r t p o in ts  g a v e  sim ilar 
r e su l ts  to  b e a m s  w ith o u t b e a r in g  p la te s  
For th is  rea so n , a  d e flec tion  rig su p p o r te d  
im m ed ia te ly  a b o v e  th e  b e a m  su p p o r ts  is 
r e q u ire d  ( s e e  F ig u re  2). T h e  d e fle c tio n  
o t th e  n g  d u e  to  ro ta t io n  of th e  b e am  at 
th e  su p p o r ts  w as c h e c k e d  by ca lc u la t io n  
a n d  fo u n d  to  b e  n e g lig ib le  O tt# '^  h a s  
u s e d  e  sim ila r rig  su c ce ss fu lly , a n d  c o n ­
c lu d e d  fro m  a  f ln ite -e le m en t an aly sis  
th a t r ig  d e fle c t io n s  w ere  n e g lig ib le  T he 
rig  s h o u ld  b e  s u p p o r te d  a t th re e  p o in ts  
u s in g  sm all s te e l  ba lls, a n d  h e ld  In p o s i­
tio n  by  sp h '.g - lo a d e d  a rm s 

T he te s t s lo a d -c o n tro lle d , a n d  a cc u ra cy  
of lo a d  m e a su re m e n t o l a b o u t  0.1 kN is 
a d e q u a te  fo r n o rm a l c o n c r e te s  a n d  m o r­
ta rs  L om d-deflection  c u rv e s  c a n  b e  re­
c o rd e d  a jto g ra p h ic a l ly ;  fo r m a n u a l re-

f fw r e  / fWect nf exfreneous oef/ecfions on m easured tia tiic  m M uiu$ o l mortar fteemi 

W 1 O r
e a c h  re su lt 'e o r e s e n ls  tn e  
a v e ra g e  of th re e

m
XL
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S u p p o r t  s p a n  -  4 0 0  m m

total num ber of obse rva tions -■ 

m ean  -  4 0 t MPa 
C V 5.82%

4 0  4 1 4 2 4 3 4 4 4 9  5 0  5 1 5 2

su p p o r t s p a n  -  610  mm

total n u m tx r  of ooserveho

4 .0  4.1 4 2  4 3  4 4  4 5  4 6  4 ? 4 8 4 9 5 0  5 1  5 2

M O D U LU S OF R U PTU R E (M Pa)

Figur*9 Moduli ol njptur* 'o '  co’tc t t* .  S a n ts  C l end C?

c o rd in g , tw o  p e o p le  a re  usu a lly  req u ire d  
to  d o  th e  te st
T he b e a m  te s t h a s  a d v a n ta g e s  ove r th e  
cy linder tea*, m  pa rticu la r th a t de flec tions 
a re  no rm ally  s im p le r  to  m e a su re  m a n  
• tr a in s  T h e  re su l ts  of th e  b e am  te s ts  
sh o w e d  th a t th e  c o rre la tio n  c o e ffic ie n ts  
lor Ihe  b e s t  HI l in e  to  th e  b e a m  d a fa  w ere  
b e tte r  th a n  for th e  c y lin d e r  d a ta . In the  
p re se n t te s ts ,  b e a m  d e fle c t io n s  w ere  
m o re  a cc u ra te ly  m e a su re d  th a n  c o rr e s ­
p o n d in g  s tr a in s  on  c y lin d e rs  C y linder 
s tr a in s  c a n  b e  m e a s u re d  u s in g  e lec tr ica l 
re s i s ta n c e  g a u g e s  b o n d e d  d irec tly  to 
th e  sp e c im e n , b u t th is  m e th o d  is ra th e r  
c u m b e rso m e  

Environmental effects 
O th e r  r e s e a rc h e rs  h av e  n o te d  th e  e ffec t 
o n  th e  e la s t ic  a n d  ru p tu re  m oduli ol 
d ry in g  of s p e c im e n s : in g e n e ra l, a c o m ­
p le te ly  dry sp e c im e n  h a s  a  low er e la s t ic i­

ty. a n d  a g rea te r  flexu ra l s t r e n g th  th a n  a 
w et sp e c im e n  To c o n tro l e n v iro n m en ta l 
e ffe c ts  in te s tin g , th e  sp e c im e n s  s h o u ld  
Be s a tu r a te d  a n d  s u r fa c e  w et a n d  th e  
te m p e ra tu re  s h o u ld  p re fe rab ly  b e  c o n ­
tro lled  T h e  partia l d ry in g  of s p e c im e n s  
m ;y  ‘•-v *  # sm all e ffec t o n  th e  e la s t ic  
m o d u lu s . l v .  'h e  e ffec t on  th e  s tr e n g th  
c an  b e  very m ark ed  b e a m s  lh a t w ere  
w et c u re d  lor 3"" 1 ys a n d  a llo w ed  to  dry 
lo r 5 d a y s  b e fo re  te s tin g  g av e  flexura l 
s t r e n g th s  a s  :ow a s  44%  of b e a m s  c o n ­
tin u o u s ly  wet till te s t  W here  s tra in s  a re  
m e a s u re d  by g a u g e s  b o n d e d  o n to  m e  
sp e c im e n  a fte r rem o v a l from  th e  w ater 
-md |u a t p rio r to  te a l, a  d e g re e  of d ry in g  
m ay  o c c u r  c au s in g  te n s ile  sh r in k a g e  
s tre s se *  m th e  sp e c im e n  it w as  n o te d  
d u n n g  p re lim ina ry  te s tin g  th a t allow ing  
a sp e c im e n  to  pa rtially  dry o f ten  re su l te d  
in a h ig h e r  1: be in g  m e a s u re d  re la tiv e  to  
a s a tu r a te d  sp e c im e n  This I sm  c o n tra s t

'o  re m a rk s  a b o v e  a n d  p re su m a b ly  re ­
su lts from  th e  add itiona l hy d ra tio n  o c c u r ­
ring  b e fo re  th e  sp e c im e n  d n e „  j |  w m ch 
c an  m o re  th a 'i  o ffse t th e  r e d u c tio n  m E 
d u e  to  lo s s  r ' • o is tu re  In c re a s e s  o l 20% 
w ere  n o te d  ir p e c tm e n s  a llo w ed  to  dry 
ou t m th is  w av The e ffec t is g re a te r  m  a 
tw g w  sp e c im e n  d u e  to  th e  lo n g e r  r e te n ­
tion o l m o is tu re  th u s a llow ing  c o n tin u in g  
h y d ra tio n

Comparison of measured elestlc end 
rupture moduli

F ig u re  8 sh o w s th e  r e su l ts  lo r s e r ie s  C i. 
m o d u lu s  o f e lastic ity  T h e  b e a m  m oduli 
w ere  a b o u t 7% h ig h e r  th a n  th e  s ta n d a rd  
c y lin d e r  v a lu es T h e  s a m e  e ffec t w as 
n o tic e d  for s e n t s  M i, w h ere  th e  m e an  
m odu li fo r th e  th re e  b e a m s  a n d  th e  th re e  
c y lin d e rs  w ere  28 .52G F a  a n d  28 44GF>a 
resp e ctiv e ly  A s ign ifican tly  low er c o e ffi- . 
c ie n t of va ria tio n  o c c u i  red  for th e  b e am  
te s ts  (c v = Ci.24%1 a s  c o m p a re d  w ith th e  
cy lin d er te s t s  {cv  = 5.04% ). in d ic a tin g  
lh a ’ b e a m  te s ts  h a d  b e rte r  r e p e a ta b ility  
m a n  c y lin d e r  te s ts  T he d if fe ren c e  b e ­
tw e en  th e  m e a su re d  e la s t ic  m odu li for 
th e  b e a m s  a n d  c y lin d e rs  is th o u g h t to 
r e su l t from  sp e c im e n  siz e  e ffec ts , a n d  
has b e e n  d is c u s se d  e ls e w h e re 1"
For th e  b e a m s  o l S e r ie s  C l  a n d  G2. 
F ig u re  9 in d ic a te s  th a t  th e  lo n g e r  b e a m s  
genera l! ', g av e  low er va lue#  of ru p tu re  
m o d u lu s  th a n  th e  s ta n d a r d  b e a m s  A 
sta tis tica l te s t on  th e  m e a n  ru p tu re  va lues 
sn o w e d  th a t th e  va lu es  a re  s ig n i fic a n tly  
d iffe ren t a t th e  98%  s ig n ific a n c e  level 
T he lo n g e r  sp a n  b e a m s  h a d  a s in g le  very 
low  re su l t, b u t o th e rw is e  th e  s p r e a d  of 
v a lu es  fo r b o th  te s ts  w as  s im ilar 
The re d u c tio n  m flexura l s t r e n g th  a s  th e  
b e a m  s p e c im e n s  in c re a s e  in le n g th  c an  
be  e x p la in e d  m te rm s  of th e  WeibuM 
W ea k es t I  nk T h eo ry 1’*1; w m c h  p o s tu ­
la te s  lh a t th e  p ro b ab il ity  of lan .. • o l a 
te s t  sp e c im e n  is d e p e n d e n t  o n  th e  s tr e s s  
level m  th e  sp e c im en , a n d  th e  vo lu m e  of 
m a teria l u n d e r  s tr e s s  For tw o te s t p ie ce s , 
a like  m every  ’e s p e c t  e x c e p t th a t th e  o n e  
h a s  a  g re a te r  v o lum e  of m a te r ia l u n d e r  
m axim um  s tre ss  th a n  th e  o the r, th e  theo ry  
im p lies  th a t th e  la rg e r  te s t  p ie c e  will fail 
at a  low er s tr e s s  th a n  th e  sm a lle r  one . 
S in ce  c o n c r e te  fa ils  by th e  su c c e s s iv e  
p ro p a g a tio n  of c ritica l c ra c k s , la rg e r  
s p e c im e n s  w h ich  a re  m o re  like ly  to  c o n ­
ta in  se rio u s  flaw s will b e  m o re  likely to  
'a il a t a  low er s tr e s s  th a n  sm alle r  sp e c i­
m e n s  H e n c e  th e  6 1 0 m m  sp a n  b e a m s  
h a d  a m e a n  flexura l s t r e n g th  of a b o u t 
95%  of th e  s ta n d a rd s  b eam s.
T he ra tio s  q u o te d  a b o v e  b e tw e e n  th e  
m odu li for th e  d iffe ren t sp e c im e n  ty p e s
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s h o u ld  tie  r s q a t d e d  a« va lid  o« w  to i th e  
pa rticu la r  m a te r ia ls  lh a t w ere  te s te d , 
fu rth e r r e su l ts  lor o th e r  c o n c re te s  e n d  
m o r ta rs  w o u ld  b e  r e q u ire d  lo r a fuller 
descrip tion  of She re la tio n sh ip s N everthe­
le ss . th e  t r e n d  of in c re a s e d  e la s t ic  m o ­
duli a n d  d e c r e a s e d  ru p tu re  m odu li lor 
th e  p r o p o s e d  le s t  w h en  c o m p a r e d  w ith 
th e  s ta n d a r d  te s ts  s h o u ld  e x is t to r  o th e r  
n o rm al c o n c r e te  m a te r ia ls

C o n clu sion s
W ithin th e  s c o p e  of th e  e x p e r im e n ta l
p ro g ra m m e , th e  fo llow ing  c o n c lu s io n s
c an  b e  d raw n

1 T h e  p r o p o s e d  b e a m  te s t  for e lastic  
a n d  ru p tu re  m odu li p ro v id es  a u sefu l 
a lte rn a tiv e  lo  th e  e x is tin g  s ta n d a rd  
te s t s  a n d  h a s  th e  a d v a n ta g e  th a t a 
n u m b e r  of m a teria l p a ra m e te r s  c an  
b e  e v a lu a te d  in a s in g le  te s t

2  T h e  p r o p o s e d  te s t  sh o w s  b e tte r  re ­
p e a ta b ility  a n d  linearity  o f th e  load- 
d e fle c t io n  re la tio n sh ip  th a n  th e  e q u i­
v a len t c y lin d e r  te s t

3. F a ilu re  to  e lim in a te  u n w a n te d  d e fle c ­
t io n s  fro m  th e  r e su l ts  c a n  lead  to  
g r o s s  u n d e re s tim a tio n s  of th e  e la s t ic  
m o d u lu s

4 T h e  m e a n  e la s t ic  m o d u lu s  m e asu re d  
o n  a  p a rtic u la r  c o n c r e te  in  th e  b e am  
te s t  w as  a b o u t 7% h ig h e r  th a n  th e  
m o d u lu s  m e a su re d  m th e  s ta n d a rd  
e y l in f e r  te s t, w hile  th e  m e a n  ru p tu re  
m o d u lu s  w as  a b o u t 5% low er T hese  
v a ria tio n s  a re  th o u g h t to  b e  s t i r , ,  
b u ta o le  to  sp e c im e n  s iz e  e ffe c ts  a n d  
te s t g e o m e tr ie s
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Reader Contribution
Dr P W K eene, N 6  R I m akes » con trlh u llon  to lh«f d isc u ss io n  of A s im p le  ben d in g  lest lor e la stic  and  
rupture m oduli for plain con crete  and mortar' by M G A lexander, p u b lished  In C jn cre te /B e !o n  N o 27, 
S eptem ber 1982 pp 18*24
1 ' IE d e v e lo p m e n t o ' a  te s l for m o d u lu s  
of e la s t ic i ty  u s in g  sp e c im e n s  in b e n d in g  
is to  b e  w e 'c o m e d  *t w ou ld  now  b e  
p o s s ib le  lo  te s l  th e  s a m e  sp e c im e n  lor 
m o d u lu s o l e lasticity , m o d u lu s of rup tu re , 
a n d  c o m o re s s iv e  s tr e n g th  o n  e a c h  o! th e  
tw o  p o r tio n s  of th e  b ro k en  b e am  

S e v e ra l c o m m e n ts  sp r in g  lo  m ind  on  
re a d in g  th is  in te ie s tln g  p a p e r  The 
r e a s o n s  g iv e n  in th e  p a p e -  I r  r th e  h ig h e r  
te n s ile  S tre n g th  in b e n d in g  c o u ld  be 
e la b o r a te d  As th e  a u th o t  sa y s  m  (,) on 
p  18 th e  s t r e s f  b lo c k  a i f a i l u re  is 
apcrom m ately  parabolic  and  no t triangular 
a s  u n tu rn e d  ' Th«»is b e c a u s e  c o n c r e te  «s 
n o t a p e rfe c tly  lin ear e iM tic  m a ten a i. 
e v e n  in te n s io n  B u t th e re  n  a n o th e r  
r e a so n  w hy  th e  s tr e s s /s tr a m  re la tio n sh ip  
is  n o t linear, a n d  th a t is th e  S e e w a id  
e ffec t a s  a  re su l t o f th e  c o n fig u ra tio n  of 
th e  lo a d s  m  s ta n d a rd  ••-•"■rat te s t 

D e ta ils  of th e  Se*  * a ld  e ffec t a re  g iv e n  -n 
T im o sh e n k o '*  i h e o ry  of E lastic ity  It is 
th e  d e p a r tu r e  't o m  th e  s im p le  th e o ry  ol 
b e n d in g  w h e n  a m o m e n t i# a p p lied  to  a 
b e a m  by  m e a n s  of a c o n c e n tra te d  le a d  
T h e  e ffec t is i llu s tra te d  m  F ig u re  1 for a 
L earn lo a d e d  a lo n g  its  m id d le  lin e  In th e  
fa c e  o p p o s i te  to  th a t o n  w h ic h  th e  lo a d  
a c ts  th e  m ax im um  te n s ile  s tr e s s  ■$ le ss 
th a n  lh a t g iv e n  by th e  s im p le  th e o ry  of 
b e n d in g  W ithin a  sh o r t d is ta n c e  from  
th e  p la n e  of a p n iica tio n  of th e  lo a d  th e  
s t r e s s  b e g m s  to  in c re a s e  re la tive  lo  th a t 
g iv e n  b y  th e  s im p le  th e o ry  of b e n d in g  
T h e  d e v ia tio n  d e c r e a s e s  a s  d is ta n c e  
f ro m  th e  p la n e  of a p p iica tio  ' th e  load  
in c re a s e s ,  a n d  a t *  d is ta n c e  m o re  th a n  
th e  d e p th  of th e  b e am  th e  dev ia tion  is 
in sign ifican t

If th e  s p a n  is  sh o r t th e  su p p o r ts  a lso  
In flu en c e  th e  m ax im um  s tre s s , a n d  lor 
th ird  p o m t lo a d in g  th e  e ffec t o f b o th  
lo a d s  m u s t t e  ta k e n  in to  a c c o u n t w hen  
a p p ly in g  th e  F oew ald  c o rre c tio n  The 
m a x im u m  te n s ile  s tr e s s  w ith th ird  po in t 
lo a d in g  >s g r e a ts ;  th a n  th a t  g iv e n  by th e  
s im p le  th e o ry  of b e n d in g , a s  sh o w n  m 
F ig u re  2

T h e  S e e w e id  c o rre c tio n  is  le s s  im p o rta n t 
a s  th e  s p a n /d e p th  ra tio  in c re a s e s  a s  
s h o w n  m  th e  T able  H th is  c o r 'o c t io n  >s 
a p p lie d  to  th e  r e su l ts  fo r sp a n /d e p th  
r a tio s  o f  4 a n d  0 sh o w n  m F ig u re  9 o f  th e  
p a p e r , th e  d if fe ren c e  b e tw e e n  th e  tw o 
s e t s  o< re s u l ts  w o u ld  b e  re d u c e d  s ligh tly , 
b y  e b o u l 0 ,03  MPa

A n o th e r  f a c to r  w h ich  w ou ld  e n d  to  
r e d u c e  th e  d if fe re n c e  m  MR is th e  e ffec t 
of Ihe  m a ss  of th e  b e a m s  th e m te tv e s  
W hen  th e  b e a m  is  la id  on  th e  s u p p o r ts  
b e fo re  b e in g  te s te d , flexu ra l s t r e s s  is 
In d u c e d  w  th e  b e am , w h ich , a t a  p a r ­
tic u la r p o m t. Is g r e a te r  th e  lo n g e r  th e

Pip
I natural $ tn $ t tc

1 Maximum !l0*urtl H

ipen/depfA  r»Uo Ol Hi 

• jpen/<j*ptfi rano o ' if

n centre pom t loading 

h ihirt) point loading

A L L

MAXIMUM srecss  
CAlCULAfEO @Y SIMPLE 
TMCORl or SENDING
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s p a n  a n d  th e  g re a te r  th e  d e p th  c '  the  
b e am  S u p e r im p o s e d  o n  th is  s t r e s s  >s 
th e s t r e s s  a p p lied  by th e  te s tin g  m a ch in e

T h e  a c tu a l fa ilu re  s t r e s s  is g re a te r  th a n  
th e  in d ic a te d  s tr e s s  by an  a m o u n t 
d e p e n d in g  o n  th e  sp a n  a n d  th e  d e p th  ol 
th e  b e a m  F o r ih e  e x a m p le  q u o te d  m 
F ig u re  9 o t :h e  p a p e r  ih e  d if fe ren c e  
co u ld  a lso  b e  J b o u t 0 .03 M Pa The 
p re c is e  va lu e  w ou ld  d o p - n a  on  m e  pom t 
a t w h ich  f ra c tu re  o c c u r re d

T h e s e  tw o  fa c to r s  by n o  m e an s  ex p la in  
all th e  d if fe re n c e  m  MR for th e  d ifferen t 
sp a n -d e p th  r a 'io s  b u t a t le as t tney  
e x p la in  s o m e  of it T h e  a u th o r  e x p re s se s  
th e  o p in io n  -hat ih e  low er MR of th e  
lo n g e r  s p e c im e n s  is b e c a u s e  a g re a te r  
Q uantity  of m a teria l is e x p o se d  lo 
m ax im um  s tr e s s  m  th e  lo n g er sp ecim en s, 
a n d  fa ilu re  c o n s e q u e n tly  o c c u rs  a t a 
low er s tr e s s  b e c a u s e  of th e  g re a te r  p ro b ­
ab ility  o f  a flaw  m th e  a re a  a t m axim um  
s tre s s  T h e  a u th o r  ais< q u o te s  th is  a s  nn 
e x p la n a tio n  for f lexura l s tr e n g th  be in g

n th e  s tr e n g th  undvf uniform

The w eakest link theory  rray  undoub ted ly  
h o ld  for so m e  m a te ria is . for »»tr/-m ety 
sm all s izes , bu i th e re  a -e  so m e  f -.d sons 
w hy ih e  th e o ry  s h o u ld  on ly  b e  invoked  
w ith th e  g ie a ie s t  h e s ita tio n . ,1 no t 
r e je c te d  a lto g e th e r , to r  c o n c re te  in s iz es  
no r.na liy  useC  ax te s t s p e c im e n s  T aking 
th e  e x a m p le  m th e  p a p e r  o t th e  MR ol 
b e am s s p a n n in g  4 a n u G h m e s  th e  de p th , 
w h en  th e  S e e w a id  c o rre c tio n  n  ap p lied  
m e re  a re  on ly  fwo lin e s  a t m am m urn  
te n s ile  s tre s s , or tw o na rro w  s tr ip s  c lo se  
to  m ax im um  te n c iie  s tr e s s .  >n e a c h  c a s e  
T h ere  c an  th e re fo re  b e  little  d ifferen c e  
if any . m  ih e  a re a  a t m ax im um  s tre s s  m

To ta k e  a n o th e r  e x am p le , m e re  is a vast 
d if le ie n c e  m vo lu m e  a t m ax im um  s tre s s  
b e tw e e n  th e  d irec t te n s ile  te s t a n d  m e  
c y lin d e r-sp lit tin g  te s t  In th e  la tte r  th e re  
is m fheo ry  on ly  a p la n e  su u ie c t to 
m ax im um  te n s ile  s tr e s s  Yet B ro o k s a n d  
N eville h av e  sh o w n  thm  m e re  is uttle

TAPi.E
M eilm um  s tre ss  o n  th e  underside o l  b eam s a s  a p ercen ta g e  o l that given  
by ih e  sim p le theory o l bending (N aschoid )
Span/depth

iding '0 9 SO 103.62 132.17 iC i 45 101.09 !00.87 100.58 100 4] i

im repoin t g200  M i e  M 5fl g 7 r9  9g22 M 8 5  9 g n

R e e d e rs  a re  r e g u e s fe d  fo  n - r :  an  im p o r ta n t  c h a n g e  m /<^# 5. s e c o n d  c o m m n .  p a g e  
m a te a a o t  re a d in g  fo u r ’ a t th 9 K ,n d o ttb 9 t! m 0. th e  w o r o n  th re e  T o reo e a t  ' "Ae 
b e a m  1 e  f / d ;  u  fh re e ' The a u th o r  a p o lo g is e s  tor any  in c o n v e n ie n c e  th is  error m av

diH prence  m in d ic a ted  te n s ile  s tre n g th  
m th e  tw o  c a s e s  At m e  low er e n d  ol th e  
ran g e  o l Sir -n g th  c o n s id e re d  12M Pai th e  
tw o te st*  g av e  :de-i*>cai re su l ts  At 
h ig h e r lev=ls of s tr e n g tn  (up  to  5 MPa) 
th e re  w as a te n d e n c y  for ih e  c y im d " '-  
sp h it in g  te s t  lo  give  a h ig h e r m d ic s ip  j 
S tre n g th  b u t 'I th e re  w ere  a n y  tru th  in 
m e  w ea k es t link 'h e o ry  w e shou ld  
e x p e c t th e  c y lin d e r-sp lit tin g  te s t *0 give 
a vastly g re a te r  in d ic a te d  s t r e a m  
th ro u g h o u t th e  w h o le  ran g e , m a sm i'^ h  
a s  a vo lu m e  is in fin itely  g re a te r  th a n  a

P robab ly  th e  m am  r e a so n  w hy the  
flexura l te s t g ives a h ig h e r  in d ic a ted  
te n s .le  s tr e n g th  th a n  o th e r  re s ts  n  the  
stra in  g ra d ie n t, w h ich  13 virtua lly  m e 
sa m e  a s  th e  b lo c k a g e  of c rack  p ro p a g a ­
tion m e n tio n e d  by th e  au th o r  B ut stra in  
g rad ie n t s h o u ld  b e  c i',a riy  d is t in g u ish e d  
from  a n y  s ta tis t ic a l or w eake-ii link 
e ffec t, w h ich , for th e re a s o n s  given  is, lo 
say  th e  least, of d o u b tfu l v a lid ly  a s  far as 
no rm al c o n c r e te  te s t sp e c im e n s  is 
c o n c e rn e d

R eferences
B'OOka. J J and Neviile AM A comparison Ot 
creep elasticity and r rength of concr**s m 
tension and m com pression Magazine of 
Corcre te  research n o '0 0  Septem ber ,977

Naschoid. G Die grosslen A andspannungen 
der gersden. rechieckigen 8aiken m " E.-;e: 
fasten (Maximu-n edge sires#es of straight 
rectangular beam s with concentraied loads! 
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Evaluating measured parameters
R eply by Ihe  au th o r  to  re a d e r  con tribu tion  by D r P  W K een e  NBRI, on  Ihe  p a p e r  A slm pi# 
b e n d in g  le st lo r e lastic  a n d  ru p tu re  m oduli lo r  p la in  c o n c re te  a n d  m orta r , p u b lish ed  in 
C o n c re te  R aton , Wo. 28 , D ec em b er  1983. O riginal p a p e r  p u b lis h e d  in C ancrere  B eton . No. 27, 
S e p te m b er , 1982. pp . 18-24

TABLE: Correction factors (Seew aid  c l'ec l)  for Young's moduli calculated  
from sim ple bending theory

S pan , d e p th  2 3  4 6  9 10 15 20 25

Third o om t 1 293 1 169 1 106 1 052 I 030 t 020 1 009 ! 005 1 003~
loading ______ __ _______ ________

C e iir e  p o m t 1551  '2 6 1  M 5 1  1 069 t 039 '0 2 5  1 011 1 008 1 004
loading

by M G Alexander

T he au th o r  w ishes to  thank  Dr K eene lor 
h is c o rrm e n ts . and . m pa rticu la r, ’or 
ra is ing  th e  q u e s tio n  of th e  e ffec t on  the  
m e asu re d  MA o l tn e  S eew aid  co rrec tion  
This e ffec t w as  no* ak en  in to  a c c o u n t <n 
th e  o ngm al p aper, and  th e  a u th o r  w ould 
like to  lake  th e  o p po rtun ity  to  further 
am plify th e  c o n  - tio n s th ^ t  are im plied-by  
th e  Seew a-d  e ffec t Or K eene has 
inc luded  a tab le  m  h is d is c u s s 'o n  w hich 
a d eq u a te ly  o u tlin es  I fc  in c re a s e s  or d e ­
c re a s e s  m  m ax im um  s tre ss  on  th e  u n d e r­
s id e  of b e a m s  d u e  to  the  e ffec t of pom i 
lo a d s  R efernng  to  Figure  9. th e  im plica­
tion  is  tha t th e  sh o r te r  b e a m s  (suppo rt 
sp a n  4 00m m ) sho u ld  have  a  m e an  MR = 
2 .17%  g re a te r  th a n  th a t show n , while the  
lo n g er b e a m s  (su p p o rt sp a n  = 6 t0 m m | 
sh o u ld  h av e  a m e an  MR MS®ti g rea te r 
th a n  m a t s h o w n  H ence  th e  m e a n  MR tor 
th e  sh o r te r  b e a m s  w ould b e  4 91 M Pa and  
th a t fo r th e  lo n g e r  b e a m s  4 67 MPa Th<* 
m e an s  th a t th e  d ifference  b e tw ee n  the  
tw o  se ts  of re su l ts  /n c fe ase  d u e  to  the  
Seew aid  e ffec t, by a b o u t 0 .04  MPa. and  
d o e s  no t red u c e , a s  s ta te d  by  Dr K eene 
T he e ffec t o l th e  se lf-w eight of th e  b e am s 
o n  th e  m e asu re d  MR is. h o w e v e r  to  
r e d u c e  the  d ifferen c e  b e tw e e n  .the  tw o 
s e ts  of resu lts , by  a b o u t 0 .03 M Pa m th is 
c a s e  The S eew a id  e ffec t a n d  th e  self- 
w eight e ffec t sh o u ld  stn'-My sp eak in g , be  
ta k en  in to  a c c o u n t w hen  ca lcu la ting  the  
MR of c o n c re te  b e am s 
T he S eew aid  e ffec t a lso  in flu e n ce s the  
d e fle c tio n s of a  po m iio ad e d  b e am , and

h e n c e  ih e  m e a su re d  E is in fluenced  if this 
is o b ta in ed  from  lo a d -d e t'ec tio n  m e a su re ­
m e n ts  This e ffec t w as  a lso  om itted  m  the  
c rg ina i p a p e r  U sing  the  e x p re ss io n s  
given  ,n  T im o sh e n k o s  T heory of E lasti­
c ity  we c a n  derive  m  e x p re ss io n  for the  
ex tra  d e fle c tio n  4 it  the  c en tre  of a 
be am  u n d e r  third . i  load ing  a s  bem g

r h e  true  E will tn u -  o e  h ig h e r th a n  th a t in ­
d ic a te d  by sim p ie  . e n d in g  f h e  tab le  b e ­
low sh o w s how  th e  c o rr e th o n  lor E a lso  
b e c o m e s  le ss  im p o rta n t a s  th e  sp a n  - 
d e p th  ratio  in c re a s e s  
The tab le  im plies th a t th e  m e a n  value  for 
th e  ben d in g  £ n Figure  5 sho u ld  Be in ­
c re a se d  by  3 2 S  to 33 .09G P a . w hich  e x ­
c e e d s  th e  cy lin d er c o m p re ss io n  E by

As c a n  o e  s e e n  from  th e  tab le, the  c o rre c ­
tio n s a re  very  sign ifican t a t the  typ ical 
spar . /d e p th  ra tio s  u se d  w  be am  te sting , 
a n d  sho u ld  b e  inc luded  m th e  c a lc u la ­
tio n s it sh o u ld  b e  m e n tio n e d  that, s ince

m e de flec tion  re a d in g s  a re  z e -o ed  a t the  
s ta rt o l th e  m e asu re m en ts , th e  se lf-w eigh t 
oi 'h e  beam  will n o t affec t th e  s lo p e  o l the  
m e asu re d  load-deflection c u rv e  
O ne  further po in t n e e d s  to  Ue m e n tio n e d  
The rep ress io n  for E given  m th e  orig inal 
p a p er (equa tion  2). in c lu d es a c o rrec tio n  
for sh e a r  d e fle c tio n s given  by  O tte . a.id 
derived  from  s tra m -e n erg y  p rin cip les  
U sing  th e  c lass ica l ila n k m o -G ra sh o f  
theory , the  sh e a r  d e fle c tio n s will b e  ever-  
e s 'im a te d  by a b o u t 25%  rela tive  to th e  
m ore  a cc u ra te  s tra in -e n e rg y  e x p re ss io n  
H ence, th e  f.nai e x p re ss io n  to r  E m 
bend ing  is b a w d  on  s im p ie  b e n d in g  
theo ry  c o rre c te d  for sh e a r  a n d  th e  See- 
wnid effect.
Ail th e  c o rre c tio n s  de alt with r e p re se n t re ­
finem en ts  w hich , m  th e  final analy sis, 
m ust b e  view ed ag a in s t th e  b a ck g ro u n d  
tha t c o n c re te  is a highly v a riab le  m ateria l 
w h o se  re sp o n se  to  s tre ss  is no n -lin e ar 
and  Whose m o d e  of aMure 18 essen tia lly  
ten sile  m  n a tu re  C o n se q u e n tly , th t  
m e asu re d  p a ra m ete rs  m u st b e  ev alu a ted  
relative to tn e  pa rticu la r p ro b lem  m h a n d

Beion Nr 10 I9AJ 6



A P P E N D I X  D 

L O A D - D E F L E C T I O N  D A T A  F O R  S E L E C T E D  F R A C T U R E  BE A M S

Table D1 gives the coordinates of the load-deflection records 
(F,6) for the nineteen "typical" fracture beams noted in 5.3.

It should be noted that the tables include the following points:-

1. The poi.it of initial departure from linearity, represented by
the first coordinated point after 0,0.

2. The point of maximum load and corresponding deflection C^max--
^Fmax^‘ point is indicated by being enclosed in a block.

3. The deflection at zero load, 5ffl, and the deflection at ultimate
fracture, 6^ (for series FJ only).

(Note - Experimental aata of all the beams is available if re­
quired) .
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Table D1 Coordinates of load-deflection records for selected "typical" 
beams

(a) Series t 1

F l / 2 F l / 4 F l / 6 F l / 8 F l / 1 4
( 5 0 0 / 0 , 2 ) ( 5 0 0 / 0 , 4 ) ( 3 0 0 / 0 , 2 ) ( 2 0 0 / 0 . 4 ) ( 1 0 0 / 0 , 4 )

F i F 6 F 5 F 5 F 5
(kN) (mm) (kN) (mm) (kX) (mm) (kN) (nmn) (kN) (mn)

0 0 0 0 0 0 0 0 0 0
9 ,2 4 0 ,0 5 2 6 .1 6 0 ,0 7 2 9 ,24 0 ,0 5 7 2 ,5 7 0 ,0 3 3 2 ,6 9 0 .0 2 5

1 3 ,3 4 0 , 0 8 0 9 , 2 4 0 ,1 1 9 13,3 4 0 ,0 9 2 3 ,5 9 0 ,0 5 5 3 ,59 0 , 0 4 0
1 6 ,42 0 ,1 1 5 10,26 0 ,1 4 2 14,37 0 ,1 0 9 3 ,9 8 0 , 0 7 8 4 ,1 1 0 ,0 5 4

0 , 1 2 6 | 10 ,7 8 0 ,1 6 6  |114,46 0 , 1 3 6 | | 4 , 0 4 0 , 1 0 2 | | 4 , 3 1 0 , 0 6 8 |
14 ,91 0 , 1 7 8  1 10 ,8 8 0 . l 4 5 | 14 ,37 0,1 51 3 ,9 8 0 , 1 2 8 4 ,11 0 , 0 7 )
14,78 0 ,2 0 9 1 0 .7A 0 ,2 2 6 13,3 4 0 , 1 6 3 3 ,5 9 0 , 1 5 9 3 ,59 0 ,0 8 6
13 ,24 0 .2 6 9 10,26 0 ,2 6 9 11 ,2 9 0 ,1 8 6 2 ,9 5 0 ,1 9 3 2 ,8 2 0 ,1 0 9
11,29 0 ,2 8 4 9 ,2 4 0 ,3 2 2 8,21 0 ,2 4 5 2 ,0 5 0 , 2 8 5 2,31 0 , 1 :8

8 ,8 3 0 .2 9 2 6 ,1 6 0 ,4 7 3 5 ,1 3 0 ,3 6 7 1 , 2 8 0 , 4 3 2 1 ,80 0 ,1 6 1
5 .9 5 0 ,3 6 4 3 ,0 8 0 ,7 4 8 3,n8 0 ,5 0 5 0 , 9 0 0 , 5 5 7 1,28 0 ,2 1 6
3 ,7 0 0 .4 4 7 2 ,0 5 0 ,8 6 5 1,54 0 ,7 3 8 0 ,5 1 0 . 8 4 4 0 ,7 7 0 ,3 2 7
1,74 0 ,6 1 9 0,87 1,200 0 ,7 2 1 ,0 9 0 0,21 1,32 2 0 ,3 8 0 .5 5 7
0 , 8 2 0 ,0 5 9 0 ,5 4 1,295 0 1,465 0 1,93 4 0,22 0 .7 6 7
0 1,2 03 0 1,5 09 0 , 1 3 0 ,9 6 8

0 1,39 8

(b) Series F2

F 2 /1 F 2 /3 F2/7 F2 A O F2/25
( 8 0 0 / 0 , 2 ) ( 8 0 0 / 0 , 4 ) ( i u J / 0 , 2 5 ) ( 1 0 0 / 0 , 4 ) ( 1 0 0 / 0 , 5 )

F <5 F 6 f 6 F 6 F 5
(kN) (mm) '.kN) (mm) (kN) (mm) (kN) (mm) (kN) (mm)

0 0 0 0 0 0 0 0 0 0
18,48 0 ,2 4 1 5 ,65 0 , 0 8 3 2 ,9 5 0 ,0 1 9 2 ,4 4 0 ,0 2 9 0 ,6 9 0 ,0 7 7
2 0 ,94 0 ,2 7 5 8 ,7 2 0 , 1 3 3 5,00 0 ,0 4 1 3 ,0 8 o . o 4 : 0 , 8 7 0 ,1 3 2
26,69 0 ,3 5 5 10,78 0 , 1 7 6 0 , 0 6 0 | | 3 , 3 9 0 . 0 6 2 | | 0 , 9 0 0,1601

6, W | 11 .06 0 , 1 8 3 S,oo 0 ,0 7 5 3 .0 8 0 , 0 7 9 0 , 8 7 0 ,1 8 9
0 ,4 1 4 12,68 0 ,2 1 9 4 .2 3 0 ,0 8 6 2 .0 5 0 .1 5 0 0 , 5 1 0 ,3 6 1

22.58 0 ,4 1 2  113,64 0.23&I 3 ,0 8 0 ,1 2 6 1 .5 4 0 ,1 9 6 0,21 0 ,6 4 7
No further 12,11 CTTAT 1 ,92 0 ,2 0 8 0 , 9 0 0 ,2 9 4 0 , 0 4 1 ,1 34
record 11 ,2 9 0 ,2 8 2 1,21 0 ,3 0 1 0 , 3 8 0 , 6 3 7 0 1,5 56
spontaneous 8,21 0 ,2 9 1 0 , 9 0 0 ,4 1 5 0 ,1 8 1 ,1 1 9
crack growth 4,11 0 , 3 1 7 0 , 2 7 0 ,8 7 4 0 1 ,5 09

2 .0 5 0 ,3 4 5 0 1 ,8 04
0 .6 2 0 , 3 8 8
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T a b l e  Dl C o o r d i n a t e s  o f  l o a d - d e f l e c t i o n  r e c o r d s  f o r  s e l e c t e d  "t y p ic a l "  
b eams

(a) S e r i e s  FI

F l / 2  F l / 4
( 5 0 0 / 0 . 2 )  ( 5 0 n / 0 , 4 )

F l / 6
( 3 0 0 / 0 , 2 )

F l / 8  F l /1 4
( 2 0 0 / 0 , 4 )  ( 1 0 0 / 0 , 4 )

F 6 F 5 F F F 5
(kN) (mm) (kN) (mm) (kN) (mm) (kN) (mm) ( W ) (mm)

0 0 0 0 0 0 0 0 0 0
9 ,2 4 0 052 6,16 0 ,072 9 ,24 0 .057 2 ,5 7 0 ,033 2,69 0 .025

13 ,34 0 ,080 9 ,2 4 0 ,119 13 ,34 0 .092 3 ,5 9 0 ,055 3 ,59 0 ,040
16 ,42 0 .115 10 ,26 0 ,142 14,3 7 0 109 3 ,9 8 0 .078 4,11 0 .0 54

1 } * .78 0 »126] 10 0 , l o 6 ( 1 4 ,8 8 0 1 3 6 | | 6 , 0 4 0 ,ioTlK ,31 0 ,068  |
15 ,41 0 10 ,dd 0 . 1 9 5 | 1 6 ,3 ? 0 151 3 .98 0 ,128 4,11 0 ,075
1 4 ,7 8 0 209 10,78 0 ,226 13,34 0 163 3,59 0 ,159 3 ,59 0 .086
13 ,24 0 ,269 10 ,26 0 ,269 11,2 9 0 186 2 ,9 5 0 ,193 2,82 0
11 ,2 9 0 .284 9 0 ,322 8 ,2 1 0 245 2 ,0 5 0 ,285 2,31 0 , x. V
8 , 8 3 0 ,292 6,U 0 ,673 5 ,1 3 c 367 1 ,28 0 .432 1 ,80 0 .161
5 ,9 5 0 ,364 3,08 0 ,748 3 ,^3 505 0 , 9 0 0 ,557 1,28 0 .216
3 ,7 0 0 ,447 2,05 0 ,865 1,54 738 0,51 0 .844 0 ,77 0 .327
1,74 0 ,619 0,87 1. 2 0 0 0 ,7 2 090 0 ,2 1 1,322 0 .38 0 .5 57
0,82 0 ,859 0,54 1 295 0 465 0 1,934 0 ,22 0 .767
0 1 203 D 1 ,509 0 ,13 0 .9 68

0 1 ,3 9 8

(b) Series F2

F2/1
( 8 0 0 / 0 , 2 )

F2/3
( 8 0 0 / 0 , 4 )

F2/7
( 1 0 0 / 0 , 2 5 )

F2/10
( 1 0 0 / 0 , 4 )

F2/25
( 1 0 0 / 0 , 5 )

r 6 F 6 F 6 F 6 F 5
(kN) (mm) (kN) (mm) (kN) (ram) (kN) (mm) (kN) (mm)

0 0 0 0 0 0 0 0 0 0
18 ,4 8 0 ,2 4 1 5 ,6 5 0 ,0 8 3 2 .9 5 0 ,0 1 9 2 ,4 4 0 ,0 2 9 0 , 6 9 0 ,0 7 7
2 0 .9 4 0 ,2 7 5 8 ,7 2 0 .1 3 3 5 ,0 0 0 .0 4 1 3 .0 8 0 .0 4 2 0 . 8 7 0 ,1 3 2
2 6 ,6 9 0 ,3 5 5 10 ,7 8 0 ,1 7 6 15,58 o , 6 6 o | | 5 , 3 4 0 , 0 6 2 | | 0 , $ 0 o , l 6 o |

r m r o, WS| 1 1 ,0 6 0,183 5 ,0 0 0 ,0 7 5 3 ,0 8 0 ,0 7 9 0 ,8 7 0 ,1 8 9
6 6 ,6 9 0 ,4 1 4 12 ,6 8 0 ,2 1 9 4 .2 3 0 ,0 8 6 2 ,0 5 0 ,1 5 0 0 ,5 1 0 ,3 6 1
2 2 ,5 8 0 ,4 1 2 | i 3 . o 6 0 , 2 3 ) 1 3 ,0 8 0 ,1 2 6 1 ,5 4 0 ,1 9 6 0 ,2 1 0 ,6 4 7
No further m u o T % r 1,92 0 ,2 0 8 0 , 9 0 0 ,2 9 4 0 , 0 4 1 ,1 3 4
record 11 .2 9 0 , 2 8 2 1,21 0 ,3 0 1 0 , 3 8 0 ,6 3 7 0 1,55 6
spontaneous 8 ,21 0 , 2 9 1 0 , 9 0 0 ,4 1 5 0 ,1 8 1,1 19
crack growth 4.11 0 , 3 1 7 0 ,2 7 0 ,8 7 4 0 1,509

2 ,0 5 0 ,3 4 5 0 1,804
0 ,6 2 0 ,3 8 8



T a b l e  Dl  ( C o n t i n u e d )  

( c )  S e r i e s  F3

F3/2
(5 0 0 /0 2)

F3 /4
( 5 0 0 /0 , ♦ )

F3/6
( 3 0 0 /0 , 2 )

F 3 /8
(3 0 0 /0 25)

F3/11
( 3 0 0 / 0 , 4 )

F 6 F 5 F 6 5 F 5
(kN) (mm) (kN) (mm) (kN) (mm) (kN) (ion) (kN) (mm)

0 0 0 0 0 0 3 0 0 0
12 ,5 0 168 4 ,7 0 085 4 ,9 0 ,0 6 8 5 0 0 068 2 ,9 3 0 050
1 6 ,0 0 222 7 , 0 0 129 8 .0 3 0 ,1 1 3 7 75 0 117 4 .2 5 0 079
1 7 ,0 0 244 8 , 0 0 159 9 ,7 5 0 ,1 4 6 8 3 0 136 5 ,3 1 0 107
18 ,5 0 289 8 ,8 8 0 222 10,1 5 0 , 1 6 4 | 8 8 0 156 5 ,6 1 0 129

r n w 0 )0W| | » , 0 3 0 8 .9 5 6 .2 1 5 9 0 0 174 V i 0
'i?;* 0 3&0 8 , 6 0 286 7 ,63 0 ,2 3 9 |9 03 0 1871 s , S o 0 i n
15,1 0 391 5,9 0 319 4 ,01 0 ,3 41 8 4 0 209 4 ,8 4 0 193

9 ,5 5 0 429 4,7 0 367 3,21 0 ,4 1 6 6 8 0 240 0 251
4,4 0 544 3 ,9 3 0 433 2 ,5 8 0 ,5 1 8 5 4 0 282 2 .3 3 0 382
1,45 0 856 1 ,3 8 0 705 2 ,0 6 0 ,6 2 9 3 95 0 372 1 .81 0 492
0 , 5 1 133 0 , 3 3 1 125 0 ,9 7 0 .8 7 7 2 9 0 513 1 .1 9 0 687
0 1 297 0 1 403 0 2 ,3 8 1 1 L 1 054 1 ,0 0 0 787
0 2 506 0 2 945 0 4 ,511 0 2 722 0 . 1 3 1 150

0 3 622 0
0

2
3

/63
759

(c) Series F3 (Continued)

F 3 /1 4 F3/15 F3/19 F 3/26
( 2 0 0 / 0 , 2 ) ( 2 0 0 / 0 , 4 ) ( 1 0 0 / 0 ,2 ) ( 1 0 0 / 0 , 4 )

F 6 F 5 F 5 F 6
(kN) (mm) (kN) (mm) (kN) (mm) (kN) (mm)

0 0 0 0 0 0 0 0
4 .7 5 0 .0 2 9 2 ,8 8 0 , 0 3 3 1 ,84 0 ,0 1 5 2 ,2 1 0 ,0 2 5
6,00 0 ,0 4 1 4 .0 5 0 ,0 5 5 4 ,3 0 0,044 2 ,9 5 0 ,0 3 8
7 .45 0 .0 5 5 4 ,4 3 0 ,0 6 7 | M 2 -oToSCl 3 ,0 7 0 .0 4 4
8 .3 5 O.Of) , * ' 7 5

0,087 6 ,3 0 o,o4G 0 ,0 5 2 1
8 ,8 0 0 . 0 7 ) [ 4 . 8 4 0 . 1 6 2 | 2 ,9 8 0 ,1 2 7 3 . 1 ! 0 ,0 7 2
A .% o . : 4 ,7 5 6 ,1 2 2 2 ,1 5 0 ,1 6 7 2 ,3 7 0 ,1 3 6
V - 0 .1 1 4 4 ,5 5 0 ,1 3 8 1 .84 0 ,2 0 1 l ,64 0 ,2 0 6
6 , 8 0 .1 3 1 3 ,8 1 0 ,1 9 0 1 .17 0 ,2 8 1 0 ,9 3 0 ,3 7 9
5 .5 0 ,1 5 5 2 , * 3 0 ,3 0 2 1 .0 7 0 , 2 9 0 0 ,3 0 0 , 8 8 3
4,4 0 ,2 1 2 2 ,0 5 0 ,4 1 6 0 , 4 6 0 ,7 2 6 0 ,0 7 2 .2 6 8
3 ,38 0 ,3 1 5 1 .1 3 0 ,8 0 1 0,15 1 ,4 70 0 3 ,4 7 7
2,5 0 .4 1 4 0,5 1 ,1 64 0 4 ,135 0 4 ,1 3 5
1,8 0 .5 2 4 0,13 2 ,0 5 6 0 6 ,1 4 0
1.2 0 .8 2 4 0 2 ,3 1 8
0,5 1 ,4 3 3 0 3 ,527
0 9 ,51 2
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A P P E N D I X  E

D E R I V A T I O N  O F  T H E O R E T I C A L  C O M P L I A N C E  - N O T C H  D E P T H  

R E L A T I O N S H I P S ,  A N D  E F F E C T I V E  S P A N / D E P T H  R A T I O  F O R  

V A R I A B L E  S E C T I O N  B E A M S

E . 1  C O N S T A N T  S E C T I O N  B E A M S

Geometry:- Width constant at b = 0,1m.
Span/depth ratio constant at S/d * 4.
Crack depth c

Loading:- Mid-span point load F, producing moment M

The compliance X is def ned as:- 
X =  6  

F/b
where 6 = beam deflection under the load point.

The following three basic equations are used:-

The expression for K:- K * Y 6M/c (E.l)
bd2

where Y * AQ + (c/d) + (c/d)2 + A^ (c/d)3 + A^ (c/d)".

(Equations (3.2) and (3.3) in main text).



429

The expression for G in terms of the rate of change of compliance 
with crack length:-

G = /F )2 ^  (E.2)
2 \b / dc 

(Equation (3.22) in main text).

and the LEFM relationship between K and G:-
K2 » EG I E . 3)

(l-va)

(Equation (3.20) in main text).

The values of the coefficients A are given in table 3.1 in the main 
text.

The bending moment at the mid-span of the beam, M, for three-point 
bending is:-

M * FS (E.4)
4

From equation (E.2), 
dX * 2baG

_  — —

Substituting for G from equation (E.3) and then for K from equation 
(E.l):-

dX » 2b' (l-v*)
dc Fa E

Y 6M/c 
bd2

By substituting for M this reduces to
dX = 9(l-v2)Sa Y'c (E.5)
dc 2E d"

Integrating with respect to c:-
X = 9(1-v2 )S2 f V2 _c dc (E.6)

2Ed1 J d
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The integral fY2 c dc is a n  integral of a
J 7

polynomial function in the variable (’c/d).

L e t  T Y ' c d c  -  Z ( E . 7 )

J d

From elementary beam theory, an expression for E can be obtained 
for an unnotched beam in three-point bending:-

E =J_ F_£ (E . 8)
48 6 I

where (F/5) is the slope of the initial linear portion of the 
load-deflect ion curve, aid I is the second moment of area of the

F
E * 1 jL -I,1 * since I * bd1/12 this reduces to: -

4 8  1 , 1

2Ed’ (E.9)

2 X 0

From equations (E.6), (E.7) and (E.9) a relationship between com­
pliance ratio X/Xq ar.d crack depth ratio c/d, where c/d is included
in the integral Z, c«.n now be written down as follows:-

X - 9(1-y3)Sa Z

which finally reduces to

_X « 13(l-v2) Z (E.10)
x .  s

Equations (E.6) and (E.10) represent the required compliance-notch 
deoth relationships.



The integral Z depends on the specimen dimensions, including the 
crack depth ratio c/d, and on the type of bending in the specimen. 
It also includes a constant which can be evaluated from boundary 
conditions. It is preferable to express Z entirely in terms of
geometrical ratios, in which case equation (E.10) reduces to:-

Z' ( E . l l )

^  S/d

Z' -  T Y'kdk ( E .1 2 )

and c / d

For the particular test geometry:- S/d * 4. Using this, values of 
Z' as functions of c/d and v obtained from integrating the ex­
pression in equation (E.12) and inserting the boundary conditions, 
appear in table El.

With the values of Z* evaluated, it is now possible to evalutve the
compliance - notch depth relationship (E.ll). The vab s of X/X^
versus c/d for different v values are given in table E2, and also
graphically in the main text in figure 6.2.

E . 2  V A R I A B L E  S E C T I O N  BE A M S

Geometry:- Width constant at b = 0,1m
Beam section variable.
Equivalent span,-depth ratio taken as 5,45 (see later). 

The first step is to derive a load-deflection relationship for an 
unnotched beam, taking the varying cross-section into account. 
Refer to figure 4.1, and consider the beam to be acted on by a 
centrally applied point loid F. Using the Moment-Area Theore*- it 
is possible to derive the F-6 relationship by considering the values 
of M/EI at the points of abrupt change of cross-section. The 
Moment-Area Theorem states that the deflection at a given point



relative to the tangent at another point equals the moment about 
the first point of the area ^f the M/EI diagram between the two 
points. On this basis, it is possible to plot an M/EI diagram 
taking the support and mid-span as the two points. The moment of 
thi$ area of the M/EI diagram can then be numerically assessed. This 
results in the following dimensionless expression:-

"he compliance - notch depth relationship may now be derive, by 
following the identical approach given for rectangular beams up to 
equations (E.6) and (E.7).

The expression for E for the particular geometry can be obtained 
by re-writing equation (E.13) as

bE5 = 40,495 
F

( E .1 3 )

E = 40,495 (F/b) 
6

and since = 6 this can further be written as
F/b

Xq * 40,495
E

Substituting equation (E.14) in (E.6) wo can write:-

X » 9(l-va)Sa Z
XQ 2 d1 40,495

X ■ 9 (l-v*)S* Z
X0 80,99 d1

(E.15)

Equation (E.15) is the required compliance - notch depth relation-
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The integral Z can be evaluated similarly to t h e  case for constant 
section beams given previously. In particular, defining Z' in terms 
of geometrical ratios only, we get:-

2 '  ~  I  Y2kdk w h e r e  k ~ c ( E .16)
d

Values of Z' are given in table E3. The compliance - notch depth 
relationship is given in table E4, an also graphically in the main 
text in figura 6.2.

E . 3  E F F E C T I V E  S P A N / D E P T H  R A T I O  O F  V A R I A B L E  S E C T I O N  

F R A C T U R E  B E A M S

The effective span/depth ratio of the variable section beams is 
found by using an effective depth which is equal to the depth of a 
constant section beam which would exhibit the identical 
load-deflection behaviour as the variable section beams (for 
unnotched beams). The procedure is therefore to use simple elastic 
deflection theory to match the de'lection response of the two types 
of beam under identical loading.

From expression (E.13), the derived load-deflection relationship 
for the unnotched variable section beams is:-

bE5 • 40,495 
F

For a constant section beam with span/depth * 4 and a mid-span point 
load F, we can use elastic deflection theory to derive an expression 
for the mid-span deflection 6^ as follows:-
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= FS1 Since I = bd3, chis can be written as:-
48EI 12

5d = _L (E-i7)

Comparing (E.17) with (E.13) get:-
(S/d)3 - 40,495 from which the effective S/d is:- 
4

I  S )  = 3/4.40,495 

= 5,45

Note also that the ratio of the maximum depth of a variable section 
beam to the depth of an equivalent constant section beam is:*

5 , 4 5 / 6

1,36



435

Table El Values of Z * for constant section beams

V a l u e s  o f  Z '

c / d v - 0 ,1 , - 0 , 1 5 v - 0 , 2

0 . 0 0 ,2 2 4 5 0 ,2 2 7 3 0 ,2 31 5
0 , 1 0 ,2 4 0 5 0 ,2 4 3 3 0 ,2 47 5
0 . 2 0 , 2 8 ) 4 0 ,2 8 8 2 0 ,2 9 2 4
0 , 3 0 ,3 6 5 3 0 ,3 6 8 1 0 ,3 7 2 3
0 , 4 0 ,4 9 9 5 0 ,5 0 2 4 0 ,5 0 6 5
0 , 5 0 ,7 3 3 8 0 ,7 3 6 7 0 ,7 4 0 8
0 . 6 1,1824 1,1853 1,1894
0 , 7 2 ,1417 2 ,1 4 4 6 2 ,1487
0 . 8 4 ,37 8 6 4 ,3 8 1 5 4 ,38 5 6

Table E2 Comp limn - notch depth relationship for constant section
beams

V a l u a *  of X/Xg
c/d v0,l -:- 0 , 5 v-0,2

0.0 1 , 0 1 , 0 1 , 0
0 , 1 1,071 1,070 1,069
0,2 1.271 1,268 1,263
0.3 1,627 1.619 1,608
0.4 2,225 2,210 2,188
0,5 3 , 2 6 9 3.241 3.200
0.6 5.268 5.214 5.138
0 , 7 9 , 5 4 1 9.433 9.283
0.8 19,507 19.273 18.946
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T a b l e  E3 V a l u e s  o f f o r  v a r i a b l e  be a ms

Values o f  2 '

c/d ', = 0 ,  I v-0,15 v-0,2

0,3 0,5681 0.5754 0,5859
0 , 1 0 , 5 8 4 1 0,5914 0.6019
0 , 2 0,6290 0,6363 0.6468
0.3 0,7089 0,7162 0.7267
0.4 0,8432 0,8505 0,8610
0.5 1,0775 1,0848 1,0953
0.6 1,5260 1,5333 1,!438
0 , 7 2.4853 2,4926 2,5031
0.8 4,7220 4,7292 4,7397

Table E4 C o m p l i a n c e  -  n o t c h d e p t h  r e l a t i o n s h i p for v a r i a b l e  s e c t i o r
b e a ms

c / d v-O.I -0,5 .-0,2

0 , 0 1,00 1,00 1 , 0 0
0 , 1 1,028 1.028 1.027
0 , 2 1.107 i , 1 0 6 1.104
0 , 3 1.248 1.245 1.240
0 , 4 1.484 1.478 1.470
0.5 1.897 1.885 1.870
0.6 2,686 2.665 2.635
0 , 7 4.374 4.332 4.273
0.8 8.3105 8.2190 8.0896
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A P P E N D I X  F 

C A L C U L A T I O N  O F  ME AN C O E F F I C I E N T  O F  F R I C T I O N  F O R  F I X E D  

R O L L E R  B E A M S  O F  S E R I E S  F3

An estimate of the mean coefficient of friction y for the fixed 
roller 100mm beams of series F3 can be obtained by considering the 
influence on applied moment of the frictional forces acting at the 
supports. Consider figure 5.10 and assume a vertical mid-span load 
i'i applied resulting in horizontal friction forces acting at the 
iupports. Designate the applied load as F* to indicate that the 
load to produce any given mid-span rnoc-ent is greater than the load 
that would be required for the same moment if friction were absent. 
Note that the frictional forces F^ = yF* . Taking moments of the 
frictional force about beam neutral axis, an approximate expression 
for the total mid-span moment M' is:-

M' » F1S - uF'(d-d')
4 2

S-y(d-d ) 
2

( F . l )

where d' is the depth of the neutral axis below the upper face, 
and the ether symbols are defined in figure 5.10.

Now, for the same mid-span moment M in the absence of friction, we 
have:-

M * FS (F.2)
4



where F is the applied load in the absence of friction.

Equating moments, we have from equations (F.l) and (F.2):

S-y(d-d') = FS
2 4

from which:-

F' = S/2 ( F . 3 )

F S/2-u(d-d *)

The ratio F'/F will be equal on average to the ratio of Y' values 
for fixed and free roller beams. Taking such a ratio for the 100mm 
beams of series F1/F2, and series F3, we have:-

Solving equation (F.3) using a value of F'/F * 1,27 gives IT * 0,5 
for typical values of (d-d'). This value represents the average 
coefficient of friction during the fracture process. Since y will 
vary from zero at the start of the test to a value approaching unity 
in the the final stages of fracture (see 5.5), the average value 
of 0,5 appears reasonable.

Mean Jf' for series F3 
Mean i* for series F1/F2

11 2 , 7N/ »

88 ,9N/m

Ratio of values * 112,7/88,9
* 1,27
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