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The Quadratic Assignment Problem (QAP) is one of the fundamental Combi-
natorial Optimisation Problems (COP), solving many real-life scenarios. However,
the exponential increase in CPU time taken to deterministically solve the 𝒩𝒫-Hard
QAP, as the problem size scales, has resulted in a search for non-deterministic op-
timisation solution techniques to obtain solutions to the QAP efficiently. The work
presented extends and contributes to research into the QAP and using classical and
quantum methods to solve it. While previous work has focused on improving classi-
cal heuristics, a study has not compared the Variational Quantum Eigensolver (VQE)
algorithm and Quantum Approximate Optimisation Algorithm (QAOA) results from
the QAP. This paper presents a warm start technique for the VQE and QAOA, allow-
ing a comparison between both methods and the classical benchmark deterministic
and heuristic methods. The comparison of the methods uses metrics to measure so-
lution quality, introduced from previous work on this topic. The results show that
classical methods are more accurate and time-efficient than the VQE and the QAOA
on IBM Quantum systems and simulators. The results illustrate the evolution of the
processors and their effects on the VQE. For the QAOA, there is an investigation into
the impact of the 𝑝-value (a determination of circuit depth). Of the two quantum
hybrid heuristics, the VQE is more time-efficient, and the smaller circuit size means
solving more significant instances with this warm start method. The QAOA performs
better in solution quality over increased problem size than the VQE. This work in-
vestigates the comparison of the impact of a new set of basis gates on the quantum
optimisation techniques for the VQE; the results did not reflect any consistent rela-
tionship. The results show that the VQE has fewer operations than QAOA and that
increasing 𝑝-values have more complex circuits. Results of a quantum warm-start
method imply the QAOA may not maintain higher solution quality for instances
larger than size 4, but more results are required. These conclusions contribute to
those working to solve COP, particularly those using quantum computers.
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Chapter 1

Introduction

The Quadratic Assignment Problem (QAP) is a fundamental Combinatorial Optimi-
sation Problem (COP) with many real-world applications. However, as the problem
instances scale in size, the QAP becomes intractable using exact classical computing
as its complexity classification is NP-Hard. Quantum computing has specialised al-
gorithms that have the potential to overcome this limitation of the QAP [1], [2]. This
research compares the solution quality and computational time performance of pop-
ular classical algorithms and quantum algorithms in their abilities to solve instances
of the QAP. The quantum algorithms execute on Noisy Intermediate-Scale Quantum
(NISQ) devices available via the IBM Quantum Lab, where the technology is limited
as it is in its infancy.

This research describes quantum computing and its application to solving the
QAP using the IBM Quantum systems and simulators. The exploration depicts the
solution quality and computational time metrics as a measure of the performance of
quantum algorithms in solving the QAP. The research aims to explore the effects of
hardware and software on solutions of the QAP to investigate if quantum optimisation
can overcome the complexity constraint of the QAP. This research also explores and
attempts mitigation tools to overcome the limitations of NISQ devices.

1.1 Background

This section describes the QAP, the applications of classical computing methods,
critical quantum computing building blocks, and applied quantum algorithms used
to solve this COP.

1.1.1 Mathematical description of the QAP

In 1957 [3], Koopmans and Beckmann outlined the QAP as a linear programming
problem where facilities are allocated to locations such that a quadratic objective
function is minimised. The full original mathematical formulation [3], [4] is:

minimise
𝑛

∑
𝑖=1

𝑛
∑
𝑗=1

𝑏𝑖𝑗𝑐𝜋(𝑖),𝜋(𝑗) +
𝑛

∑
𝑖=0

𝑎𝑖,𝜋(𝑖), (1.1)
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where 𝑎, 𝑏, and 𝑐 are matrices of dimensions 𝑛 × 𝑛 representing weights for the
assignment cost, facilities, and locations. In this formulation, the vector 𝜋 represents
the allocation of facilities to locations and 𝑛 the number of facilities/locations (i.e.
the problem size). Note, in Figure 1.1, where 𝜋 = [3, 1, 2], facility 3 is assigned to
location 1, facility 1 is assigned to location 2 etc. In the 0-1 formulation of the QAP,
the assignment of facilities to locations is represented by a 𝑛 × 𝑛 permutation matrix,
𝑥. The formulation is:

minimise
𝑛

∑
𝑖⋅𝑗=1

𝑛
∑

𝑘⋅𝑝=1
𝑏𝑖𝑗𝑐𝑘𝑝𝑥𝑖𝑘𝑥𝑗𝑝

subject to
𝑛

∑
𝑖=1

𝑥𝑖𝑗 = 1 ∀ 𝑗,

𝑛
∑
𝑗=1

𝑥𝑖𝑗 = 1 ∀ 𝑖,

𝑥𝑖𝑗 ∈ {0, 1}.

The QAP allocation, detailed in Figure 1.1, shows where the locations and facili-
ties are allocated and combined to find the final cost. Block 1 is the three locations,
and block 2 is the three facilities. There are six possible permutations of facilities to
locations (𝑛! = 3! = 6). In Figure 1.1 the key shows how distance (𝑑𝑖𝑗) describes the
relationship between the locations 𝑖 and 𝑗. Similarly, the flow (a weight appropriate
for the specific problem studied) (𝑓𝑖𝑗) describes the relationship between the facili-
ties 𝑖 and 𝑗. The best permutation is the smallest objective function. The objective
function is the sum of the products of chosen distance-flow pairs. In the example in
Figure 1.1, permutation 𝜋 = [3, 1, 2] is optimal where facility 3 is allocated to loca-
tion 1, facility 1 to location 2 and facility 2 to location 3. The three distance-flow
products in block 3 combine to get the objective function value.

Both Mathematical formulations, the original formulation and the 0-1 formulation,
are popular representations in the literature. The classical algorithms use the original
formulation, solving for a vector with a permutation of integers (𝜋 in Equation (1.1)).
The quantum heuristics use the 0-1 formulation, solving a binary decision matrix (𝑥 in
Equation (1.2)). There exist many other formulations, some of which relax the QAP
to ensure convexity [5], [6]. Convexity is but a sufficient condition for optimality.
Therefore methods used do not require convexity to find feasible solutions [7].

1.1.2 QAP applications

The QAP is a fundamental benchmark COP. Many well-known problems are simpli-
fied formulations or special cases of the QAP - including Travelling Salesmen Problem
(TSP) [8], Maximum Clique [9], and Graph Partitioning [10]. The QAP is significant
as it aims to optimise relative cost. In real-life problems, relative cost (for example,
something might cost more in one location than it would if it were in another location)
is more prevalent and challenging to solve than direct cost [3]. It is classified as an
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LOCATIONS

1𝐿1

𝐿2 𝐿3

FACILITIES

2𝐹3

𝐹1 𝐹2

FINAL COST

3

𝑓31𝑑12 𝑓23𝑑31

𝑓12𝑑23

KEY

𝐿2𝐿1 𝑑12

𝑑12 is the distance
between locations

𝐹2𝐹1 𝑓12

𝑓12 is the flow
between facilities

∑𝑖 ∑𝑗 𝑓𝑖𝑗𝑑𝜋(𝑖),𝜋(𝑗)

eg: 𝜋 = [3, 1, 2]

Figure 1.1: This figure displays how the implementation of the QAP
with an example problem of size 3 (i.e. 𝑛 = 3). In this example,
facility 3 is at location 1, facility 2 at location 3, and facility 1 at
location 2; hence the permutation vector is [3,1,2]. The key shows the

relationship between location and distance and flow and facilities.

NP-Hard problem [11] (note Chapter 1.1.6). The characteristics of the QAP appear
in many real-life problems besides facility allocation, including backboard wiring [12],
typewriter keyboard design [13], hospital layout [14], campus building arrangement
[15] and energy systems [2].

1.1.3 Classical methods to solve the QAP

Many classical algorithms have solved the QAP. The two main classes of algorithms
are deterministic and heuristic methods. Deterministic methods are guaranteed to
reach the optimal solution of the QAP, but they become intractable for QAP instances
of considerable size (𝑛 > 30) [16]. Heuristic methods can find answers faster, but
they do not always find optimal results. In this research, the two classical algorithms
implemented compare the performance of the quantum algorithms.

The classical algorithms are Simulated Annealing (SA) and Branch and Bound
(BNB). BNB is popular in the literature as it searches the entire solution space
but uses strategic bounding to avoid explicitly calculating every feasible solution
[17]. This characteristic allows for the certainty of deterministic algorithms without
comparing every viable solution (a number that grows exponentially with problem
size). Therefore the BNB is less wasteful than an exhaustive search [18]. This benefit
is true in problems other than the QAP. SA is a good choice because it is a commonly
used heuristic in the literature [4]. SA also works well in solving other COP, getting
the best results on the QAP compared to other methods [19].
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Branch and Bound

BNB is a deterministic method that is more time-efficient than a brute force algorithm
[20]. The kind of BNB implemented is single-assignment branching [21] where each
assignment is branched. It is deterministic and starts with a depth-first search of
the first permutation (using the formulation in Equation (1.1)) and uses that total
to bound the calculation of future permutations [12]. BNB was developed in 1960
to solve discrete optimisation problems classified as NP-Hard (first used to solve the
TSP for British Petroleum) [22]. In QAPLIB [19], Branch and Bound has been the
most effective method in solving QAP instances built by E.D. Taillard in 1995 [23].
These Taillard instances were solved and proven most effective [24] using a clustering
model [25]. The Branch and Bound algorithm is custom designed for each problem
it solves, which leads to varying efficiency from problem to problem [17]. BNB is a
tree search method, so computation continues far down the tree for most branches
if the bounds are too loose. Therefore the algorithm does not bound often, and the
computation time is closer to an exhaustive search algorithm [26], [27].

Simulated Annealing

SA is a popular iterative heuristic method for solving non-convex, non-linear COP
[28]. SA comes from statistical physics, where annealing is the process where a solid
in a heat bath is slowly cooled to thermal equilibrium (the minimum energy point)
[12]. The physical annealing process slowly “calms” the chaos of the particles at
a high temperature so that they form a structured lattice when they reach their
ground state [29]. SA works because of the Metropolis Algorithm [30], [31] which
is moderated by a decreasing temperature parameter. This parameter starts high,
allowing for test solutions to go in multiple directions and makes SA more likely to find
the optimal [10], [32]. This temperature controls the randomness of the algorithm.
The temperature decreases slowly to avoid trial solutions remaining in local minima
but still converging on or near the global optimal [10]. Included is a Markov Chain,
which moderates the temperature [33]. This process ends at “the ground state” (the
lowest temperature value allowed), revealing the best solution found [34]. SA was first
used to solve the QAP by R.E. Burkard in 1984 [35]. SA was found the best-known
algorithm for solving QAPLIB [19] instances with large size (𝑛 = 50 and 𝑛 = 1000)
[34], [36].

1.1.4 Quantum Computing

Quantum computing has existed as a concept for many years but has only recently
become a viable form of computing [37]. Where classical computing uses binary
classifications of bits to perform computations, quantum computing uses many more
classifications of qubits [38].
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Quantum computing is possible because of quantum mechanics, where spin states
can be represented by vectors [39] as:

1 ∶ |0⟩ =
⎛⎜⎜⎜⎜
⎝

1

0

⎞⎟⎟⎟⎟
⎠

, 0 ∶ |1⟩ =
⎛⎜⎜⎜⎜
⎝

0

1

⎞⎟⎟⎟⎟
⎠

. (1.2)

The general state of a qubit, |𝜓⟩, is a linear combination of these basis vectors
such that:

|𝜓⟩ = 𝑐0 |0⟩ + 𝑐1 |1⟩ . (1.3)

The square of the magnitude of the coefficient of a certain basis vector, is the proba-
bility of finding such basis vector. Therefore, the sum of the squared magnitudes of
the coefficients of the linear combination of the basis vectors equals one, as shown by
Equation (1.4) [39].

|𝑐0|2 + |𝑐1|2 = 1 , 𝑐0, 𝑐1 ∈ C. (1.4)

One of the main ways to visualise the spin states, is with the Bloch sphere shown
Figure 1.2; the general qubit state from Equation (1.3) then is transformed to:

|𝜓⟩ = cos 𝜃
2

|0⟩ + 𝑒𝑖𝜙 sin 𝜃
2

|1⟩ . (1.5)

Therefore, for example, the values for Equation (1.5) are: 𝜃 = 𝜋
2 , 𝜓 = 𝜋

2 and the
radius is length 1 which produces Figure 1.2.

𝑦

𝑥

𝑧

𝜃

𝜙

|0⟩

|𝜓⟩

|1⟩

Figure 1.2: Bloch Sphere from Equation (1.5)
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A Hamiltonian is an important mathematical object in quantum computing de-
scribed in the time-independent form of the Schr ̈𝑜dinger equation (this is the one-
dimensional version):

− ℏ2

2𝑚
𝑑2𝜓
𝑑𝑥2 + 𝑉 (𝑥)𝜓 = 𝐸𝜓 (1.6)

where 𝑉 (𝑥) = 1
2𝑚𝜔2𝑥2 [40]. Hamiltonians represent a model - this can model an

optimisation problem or other mathematical problems. The mechanics of quantum
computing solves for the eigenstates used to interpret the solution to the model.

An important phenomenon in quantum computing is tunnelling. Tunnelling hap-
pens when a particle can move through a potential energy barrier without increasing
its energy to do so [41]. If one constructed a potential well in which a particle could
not tunnel out of, the Hamiltonian describing it would be: [39]:

𝐻𝑃 = −
𝑁

∑
𝑖=0

ℎ𝑖
̂𝑍𝑖 + ∑

⟨𝑖𝑗⟩∈E

𝐽𝑖𝑗
̂𝑍𝑖

̂𝑍𝑗, (1.7)

where 𝐽𝑖𝑗 is an example specific parameter, ℎ𝑖 is a bias and ̂𝑍 represents a Pauli
matrix [39].

Quantum gates are a structure that takes a set of binary inputs and returns a
single binary input. They are represented by matrices of which the most famous are
the Pauli matrices - 𝑋̂, ̂𝑌 and ̂𝑍 that equal [42]:

𝑋̂ =
⎛⎜⎜⎜⎜
⎝

0 1

1 0

⎞⎟⎟⎟⎟
⎠

, ̂𝑌 =
⎛⎜⎜⎜⎜
⎝

0 −𝑖

𝑖 0

⎞⎟⎟⎟⎟
⎠

, ̂𝑍 =
⎛⎜⎜⎜⎜
⎝

1 0

0 −1

⎞⎟⎟⎟⎟
⎠

. (1.8)

A system of gates forms the circuit that the quantum computer solves, and thus Pauli
matrices are crucial to solving problems.

The user must first build an Ising model to solve binary optimisation problems
with quantum computers. The Ising model, first outlined by Ernst Ising in 1925[43],
describes simple phase transitions of particles [44]. They model COP to find a Hamil-
tonian which quantum computers solve [1]. The Ising energy, 𝐸𝐼𝑠𝑖𝑛𝑔, is a sum of linear
and quadratic variables such that [39]:

𝐻𝑃 |𝑧1, 𝑧2, ..., 𝑧𝑁⟩ = 𝐸𝐼𝑠𝑖𝑛𝑔(𝑠1, 𝑠2, ..., 𝑠𝑁) |𝑧1, 𝑧2, ..., 𝑧𝑁⟩ 𝑤ℎ𝑒𝑟𝑒 𝑠𝑖 = 1 − 2𝑧𝑖 (1.9)

where 𝑠𝑖 refers to the spin.
The Hamiltonian is 𝐻𝑃 in Equations (1.7) and (1.9) for which the quantum com-

puter solves for the eigenstate and eigenenergy [45]. The eigenenergy and the eigen-
states which solve the specific cost function for 𝐸𝐼𝑠𝑖𝑛𝑔 from:

𝐸𝐼𝑠𝑖𝑛𝑔(𝑠1, ..., 𝑠𝑁) = −
𝑁

∑
𝑖=1

ℎ𝑖𝑠𝑖 + ∑
⟨𝑖𝑗⟩∈E

𝐽𝑖,𝑗𝑠𝑖𝑠𝑗, (1.10)
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where 𝑠 = ±1 [39].
The challenge in solving optimisation problems with quantum computers is en-

coding the binary form of the optimisation problem in a Hamiltonian solved by the
quantum computer [1]. This Hamiltonian dictates the depth and complexity of the
circuit (since it is a combination of gates) and is crucial in the computational time
and solution quality [46].

1.1.5 Quantum Optimisation Methods

The user must first map COP objective functions to a Hamiltonian form to solve
them using quantum devices. The Hamiltonian of Ising model formulation mappings
of the QAP, described in Chapter 1.1.4, are presented in this section.

The objective and constraints of the QAP can be described by:

𝑛
∑
𝑚=1

𝑛
∑
𝑢=1

𝑛
∑
𝑘=1

𝑛
∑
𝑙=1

𝑏𝑙𝑘𝑐𝑢𝑚𝑥𝑢𝑙𝑥𝑚𝑘

+ 𝐵 ∑
𝑙

(1 − ∑
𝑢

𝑥𝑢𝑙)
2

+ 𝐵 ∑
𝑢

(1 − ∑
𝑙

𝑥𝑢𝑙)
2

, (1.11)

by assigning
𝑥𝑢𝑙 → (1 − 𝑍𝑢𝑙)/2,

where 𝑍𝑢𝑙 is a Pauli operator that maps the QAP to a Hamiltonian [1], [2]. 𝐴 and 𝐵
are free parameters that satisfy the constraints, and 𝑏 and 𝑐 are matrices of dimensions
n ×n representing facilities and locations, respectively.

At the time of writing, there are two popular ways to perform quantum optimisa-
tion - gate-model quantum computers and quantum annealers [2], [47]. This research
explains variational methods and implements them on IBM’s gate-model quantum
computers. Qiskit is a software development kit - the package is in Python with
functions that execute on IBM Quantum systems. The two quantum hybrid algo-
rithms that are implemented in Qiskit and have success in COP are the Variational
Quantum Eigensolver (VQE) and Quantum Approximation Optimisation Algorithm
(QAOA) [48].

Variation Quantum Eigensolver

The VQE is used to solve classical optimisation problems and fermionic atomic prob-
lems by finding eigenstates and eigenenergies to given Hamiltonians (𝐻) [49]. To
demonstrate how the VQE works, this example objective function is the starting
point:

min
𝜃

⟨𝜓( ⃗𝜃)∣ 𝐻 ∣𝜓( ⃗𝜃)⟩ , (1.12)

where the trial states |𝜓(𝜃)⟩ on the quantum computer depend on 𝜃 (the classical
parameter) [46]. The expectation estimation subroutine within the VQE requires
O(1/𝜖) samples from circuits with depth O(1) [50].

https://qiskit.org
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The principle that allows the VQE to solve for eigenstates is the Rayleigh-Ritz
Variational Principle. The principle states that for any parametrised trial state |𝜓(𝜃)⟩:

⟨𝜓( ⃗𝜃)∣ 𝐻 ∣𝜓( ⃗𝜃)⟩ ≤ ⟨𝜓(𝜃0)| 𝐻 |𝜓(𝜃0)⟩ = 𝐸0 , (1.13)

where 𝐸0 is the ground state [40]. In the VQE, a series of trial states (parametrised
by a classical parameter 𝜃) are chosen such that an expectation value is calculated on
the quantum computer [51]. The expectation value helps to find the cost function of
the optimisation problem. Therefore, the goal is to get an optimal expectation value
to get eigenstates [45]. Because of the Variational Principle, selecting an arbitrary
trial state either improves or keeps the solution the same - enabling convergence.
A classical optimiser built into Qiskit optimises 𝜃 such that the VQE converges on
the eigenstate [52]. Therefore, the quantum computer sends expectation values to
the classical optimiser that sends better trial states to the quantum computer until
finding the eigenstate. This cycle makes the VQE an effective hybrid optimiser [51].

Quantum Approximation Optimisation Algorithm

The QAOA was designed in 2014 [53], proving that the QAOA improves with the
increasing problem size of the Maxcut problem. The QAOA is similar to the VQE
as it also based on the Variational Principle, but the trial state selection is unique.
Where the VQE chooses a generic trial function |𝜓(𝜃)⟩, the QAOA uses a Hamiltonian
to build the trial function [46], [54]. A Hamiltonian is used to described a cost function
𝐶(𝑥). The QAOA begins by finding a trial state ∣𝜓𝑝(𝛾, 𝛽)⟩ with real parameters 𝛾
and 𝛽 such that the expectation value of the Hamiltonian is satisfied,

min 𝐹𝑝(𝛾, 𝛽) = ⟨𝜓𝑝(𝛾, 𝛽)∣ 𝐻 ∣𝜓𝑝(𝛼, 𝛽)⟩ (1.14)

The trial state, which depends on the parameters 𝛾 and 𝛽, is prepared on a quantum
computer. The measurement of this trial state (in the computational basis) obtains a
bit string 𝑥𝑛. Continuous repetition of this process using the original value of 𝛾 and
𝛽 produces an optimal bit string 𝑥∗. The probability of minimising the cost function
𝐶(𝑥∗) increases with each repetition. The integer 𝑝 determines the circuit’s depth
level at the preparation of each trial state. The depth level of the circuit is defined
by 𝑝 ≥ 1, where the accuracy of the QAOA is said to improve as 𝑝 increases [55].

The QAOA has no initial variational form. A variational form is an initial circuit
used to find the expectation of the first trial state included in the VQE [42]. Therefore,
the QAOA is less configured and potentially more effective at converging. The QAOA
using quantum computers for finding the parameters means it uses more quantum
functions and exposes the results to more error [56].

The classical optimiser is key to optimising the trial state in the VQE and the
QAOA, so choosing an appropriate optimiser improves solution quality [42]. Opti-
misers use different approaches (gradient descent methods, line search methods and
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conjugate direction methods, to name a few) and have parameters that can be op-
timised [42], [46]. Simultaneous Perturbation Stochastic Approximation (SPSA) is
a suitable optimiser for large-scale population models, and simulation optimisation
[57], [58]. SPSA and other classical optimisers are available in Qiskit, whose successes
vary based on their parameters and the number of circuit layers [42].

Advantages and disadvantages

Quantum methods have unique benefits and limitations in solving COP. One of the
limitations is error mitigation. Unlike modern classical computing, a theoretical qubit
would not get the same result as a physical one [45], [46]. This noise comes from the
current limits of hardware and the fact that the qubits interact with the environment
[59]. Fortunately, these variational optimisation methods are robust to noise. Accord-
ing to the Variational Principle, solutions should not overshoot the minimum (i.e.,
infeasible). Secondly, while the ansatz of ⃗𝜃 includes the ground state, the minimum
is found [45]. However, these quantum methods are black-box heuristics - meaning
that finding the optimal solution is not guaranteed [51], [53]. Another disadvantage
that hinders quantum methods from optimally performing is barren plateaus [60].
Barren plateaus are a result of using gradient descent methods as classical optimisers
(like Analytic Quantum Gradient Descent (AQGD) and SPSA) where the gradient
decreases exponentially as a function of the number of qubits [61]. The depth of the
variational form increases as the number of qubits required for a problem increases.
The result is the parameters of a variational form exponentially increase with the
number of qubits that solve the QAP instance. Due to the limited number of qubits
currently available on NISQ devices, the size of problem instances is restricted [62].

1.1.6 Complexity Theory

The argument for using quantum computing methods to solve the QAP begins with
Computational Complexity Theory. The QAP is classified as an NP-Hard problem
[11] which means that as the problem size scales, it is intractable in polynomial time
for a classical computer to solve [4]. Figure 1.3 gives an overview on complexity
classes. The QAP falls into the shaded section (NP-Hard).

Computational Complexity Theory is the study of using standard measures to
quantify the difficulty of tasks and the efficiency required to solve them [63], [64].
Complexity theory describes the difficulty and solvability of problems (note that
quantum complexity is distinct from classical complexity) [38]. Non-convexity is
also a common characteristic of problems classified as NP-Hard [65]. There exist
problems too complex to solve with classical computing methods that quantum com-
puters can solve [66]. It is unknown how quantum complexity fits into the classical
model of complexity [67], but a classical probabilistic Turing machine and a Quantum
Turing Machine (QTM) can be compared [38], [68]. Between the two, a polynomial-
time QTM is more powerful [66], [68]. Search algorithms can compare performance
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NP-HardNP

P

NP-
complete

P-SPACE
Figure 1.3: The visualisation of the sets defined in Computational

Complexity Theory

between classical and quantum computers [69]. A basic search algorithm for optimi-
sation problems would be 𝒪(2𝑛) on a classical computer. There is a quantum search
algorithm for solving a problem classified as NP-Complete with 𝒪(

√
𝑁) showing that

quantum computing could be more efficient at optimisation than classical computers
[69]–[71].

Quantum Complexity Theory uses a family of circuits to class problems as repre-
senting polynomial-time quantum computations [67]. The complexity class Bounded-
error Quantum Polynomial-time (BQP) is crucial as it represents decision problems
solvable by quantum computers [67] (note Figure 1.4). Some problems (integer fac-
toring and discrete logarithm problems) are BQP problems [72]. The QAP has no
classification at the time of writing.

BQP

P

P-SPACE
Figure 1.4: Image representing Quantum Complexity Theory where
BQP is the shaded region - the region solvable by quantum computers
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Therefore, there is reason to believe there may be a speedup from quantum com-
puting for optimisation problems, and this approach is one way to investigate the
possibility.

1.1.7 Research Problem

The QAP has the complexity classified of NP-Hard, which means it takes polynomial
time to optimally solve the problem for larger sizes [4]. The QAP’s complexity means
the QAP instances larger than 20 locations cannot be solved deterministically using
classical methods [12]. The literature suggests that quantum computers cannot solve
problems classified as NP-Hard (like the QAP) deterministically [46]. Thus quantum
heuristics like the VQE [51], and the QAOA [53] are suitable to investigate on the
QAP [46]. Therefore, in this research, two benchmark classical algorithms’ compu-
tational performance is compared to quantum algorithms available in Qiskit by IBM
Quantum. This research investigates quantum algorithms to optimise computational
performance using the appropriate parameters and compare which quantum heuris-
tics have the best computational performance when solving QAP. This study also
examines the results of quantum approaches to the QAP (like parameters and tech-
niques within the algorithms). As a part of the computational review, this confirms
which algorithms work for different types and sizes of problems.

1.1.8 Current Research in the QAP and Quantum Computing

The most recent work on the QAP focuses on new and more impactful heuristics, es-
pecially in evolutionary algorithms and natural processes [4]. The Quantum-Inspired
Evolutionary Algorithm (QIEA), developed in [73], uses the Genetic Algorithm (GA)
but instead uses quantum-like operators to make mutation and crossover functions in
the algorithm while using classical computers.

The recent developments in quantum computing in optimisation focus on Quan-
tum Annealers like D-Wave over Gate-Model devices like IBM Quantum systems [2].
This focus on Quantum Annealers is because of greater accessibility to qubits and be-
cause they are designed specifically for solving COP [2], [74]. However, with a growing
number of qubits becoming available through Qiskit, the VQE and other hybrid al-
gorithms are becoming more viable for instances of the QAP with a small size[42].
The mapping of NP-Hard problems to Quantum Unconstrained Binary Optimisation
(QUBO) [39] and to Mixed Binary Optimisation is growing and developing with the
tools of encoding [46].

Most of the recent work in the VQE is solving chemistry problems, but there are
a few exciting papers in the VQE solving COP. There have been preliminary results
using NISQ technology to find solutions to the QAP [2]. There is literature on how
to find quality parameters and compare the performance of classical optimisers [75].
There is literature on optimising the measurement of the VQE [76]. The conclusion
in previous work [77] (note Appendix B) was that the VQE is less able to solve for
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the QAP and the TSP than SA and BNB in terms of computational time and success
rate. This research aims to expand on the metrics and results used in co-authored
previous work [77] and compare them to those of other algorithms.

There have been many recent developments of the QAOA [55]. A popular com-
putational review includes solving Max-Cut (an important COP classified as NP-
Complete) with the QAOA [54], [78]–[80]. The developments to improve the QAOA
focus on using graph theory to optimise how the Hamiltonian is solved [76]. The
𝑝-value is another critical way to improve how the QAOA is solved [81]. In previous
work, [82] (note Appendix B), results for the QAOA solving the QAP were limited
due to long computational times. This research aims to expand on QAOA results in
co-authored previous work [82] to provide a fair comparison between the VQE and
the QAOA.

1.2 Problem Statement

The research compares methods of solving the QAP using classical and quantum
computing. Classical methods act as a benchmark for quantum computing methods.
The metrics compared are computational time, success rate and other metrics of
solution quality. This research builds a mapping of the QAP to a form solvable by
a quantum computer. This technique ideally decreases the time taken to solve large
instances of the QAP and improves the solution quality of these solutions. However,
in quantum computing, the QAP requires one qubit for each discrete variable in the
0-1 representation, which is 𝑛2 [2]. This qubit requirement (a limit of 65 qubits)
means only instances of size 8 or smaller of the QAP are solvable (𝑛2 = 82 = 64)
[80], [83]. This research investigates the parameters and the setup of the quantum
methods on the quality of the solution.

1.3 Significance and Motivation

Optimisation in science and business is very important [46] and the QAP is a model
that replicates many real-life problems experienced in hospitals [14], wiring [4], and
typing [13]. Solving the complexity problem with the QAP is better for these real-
life problems because it will result in more accurate solutions, solved quicker. The
encoding process is unique to quantum computing and could open more ways to
understand COP and integer programming problems. Quantum methods even inspire
classical techniques like the QIEA [73]. There is a lot to discover in this new form
of computing and, more specifically, quantum optimisation. Quantum computing is
also growing in capabilities, increasing access to more qubits and better processors
soon [42].
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1.4 Research Aims and Objectives

The QAP is a COP used to solve allocation problems. This research aims to use NISQ
computers to solve instances of the QAP. The complexity of the QAP means that
as the instances increase in size, they cannot be solved within polynomial time by
classical computers. This research investigates whether NISQ devices can overcome
this complexity limitation by comparing the computational time and solution quality
as the problem size increases. These objectives facilitate the mentioned aims:

• outlining basic concepts underlying quantum computing.

• investigating the impact of different hardware architecture between IBM Quan-
tum systems.

• comparing computational time and solution quality performance between well-
known classical algorithms and a suite of quantum algorithms.

• describing the application of quantum computing on energy system optimisation
problems (focus on QAP)∗.

1.5 Research Questions

How do quantum algorithms (such as the VQE and the QAOA) perform on solution
quality and computational time metrics to solve the QAP compared to classical algo-
rithms (such as BNB and SA) when solving the maximum problem size possible on
NISQ devices and why?

1.6 Delineations, Limitations and Assumptions

This research documents the results of experiments conducted on QAP data. An “in-
stance” of the QAP refers to one set of data with a set “problem size”/“size” (num-
ber of locations/facilities and dimensions of the input matrices). In the literature,
QAP instances tested for computational performance ordinarily use the QAPLIB [19].
QAPLIB is unusable for the NISQ devices because the smallest instance available is
size 12. Therefore, the limitation is that the results found cannot be compared to the
literature on QAP that classical computers solved. Fortunately, these random QAP
instances are openly available on Github and the QAP instances used in previous
work [77].

Available IBM Quantum systems are used along with the Qiskit package in Python
[48]. There is a limit to the number of qubits available, limiting the size of the QAP
instances that this research can test. There are long queue times for IBM Quantum
systems, and the devices often go out of commission regularly. The IBM Quantum

∗This objective went unexplored as it is considered an extension of the work developed, and the
remainder of the research is not dependent on this aim. Exploring applications in real-life examples
is a place for future research.

https://github.com/MaxineKhumalo/Review-of-Quantum-OptimisationTechniques-for-the-QuadraticAssignment-Problem
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systems are called “quantum devices” or “NISQ devices” compared to IBM Quantum
simulators.

Quantum computers have a significant degree of error (unlike classical computers),
so the more noise from the quantum machines, the less reliable the result [37].

The metric of “computational time” described throughout the research refers to
the time taken executing the algorithm on its respective device. Therefore, com-
putational time excludes the performance of the grid search for suitable parameters
for the heuristics. Additionally, the quantum methods exclude the time taken for
the warm-start to find the initial point and time waiting in the queues for quantum
devices in the computational time.

This project made two assumptions. Firstly, the computational time tests for
the deterministic methods were conducted on the same computer, assuming no other
factors influenced their performance. Secondly, the project took that the selected
metrics sufficiently captured the accuracy of each method. It thoroughly discusses
the strengths and weaknesses of each metric to address any potential bias in the
metrics and enhance confidence in their effectiveness.

1.7 Outline

The research unpacks the history of the QAP and how the literature solves it - using
classical deterministic and heuristic methods and quantum computing (Chapter 1).
It discusses the techniques themselves, the selection of the data and algorithms, and
their implementation (Chapter 2). It outlines the preliminary results of all the meth-
ods and discusses how the methods perform in terms of computation time and solution
quality (Chapter 3). This dissertation argues for the research into the aims described
in Chapter 1.
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Chapter 2

Research Methodology

This chapter aims to describe all the methods used and specify the approach of each
algorithm. Next, this chapter explains how the techniques are implemented and tested
by detailing the equipment used and the rationale behind each metric. Discussed are
the instances of the Quadratic Assignment Problem (QAP) tested and the limitations
of the methodology chosen.

2.1 Algorithm Outline

This section outlines the process and implementation of the algorithms. The nota-
tion is consistent with the Nomenclature, and the pseudo-code is Zero-based as it
is in Python. The methods implemented are Branch and Bound (BNB), Simulated
Annealing (SA), the Variational Quantum Eigensolver (VQE) and the Quantum Ap-
proximation Optimisation Algorithm (QAOA). In previous work [77], these imple-
mentations of BNB and SA outperformed other classical algorithms. The reasons for
the selection of BNB and SA as classical benchmarks is given in Chapter 1.1.3.

2.1.1 Branch and Bound

BNB is a deterministic algorithm with a depth-first search using single-assignment
branching (comparing cost functions to the best running total where each assign-
ment is branched). There are many different ways to implement the BNB algorithm
(detailed in Chapter 1.1.3). Algorithm 1 shows the details of BNB.

This research uses the formulation of the QAP in Equation (1.1) for BNB. The
permutation function 𝜋 describes the allocation of factories to locations (i.e. [2, 0, 1]
represents factory 2 in allocation 0, factory 0 in allocation 1 and factory 1 in allocation
2).
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Algorithm 1 Deterministic Branch and Bound (BNB)
Input:

1: 𝑓, 𝑑 ▷ 𝑓: flow matrix; 𝑑: distance matrix
Output:

2: 𝜋∗, 𝑧∗ ▷ 𝜋∗: optimal permutation vector; 𝑧∗: optimal cost value
3: initialisation;
4: 𝑛 ▷ number of facilities
5: 𝑝𝑒𝑟𝑚𝑠 ▷ list of all possible 𝜋 vectors
6: 𝑛𝑜_𝑝𝑒𝑟𝑚𝑠 ▷ length of 𝑝𝑒𝑟𝑚𝑠
7: 𝑐𝑜𝑠𝑡𝑠 = empty vector
8: 𝑏𝑒𝑡𝑡𝑒𝑟_𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 = infinity
9: 𝑘 = 0

10: while 𝑘 < 𝑛𝑜_𝑝𝑒𝑟𝑚𝑠 do
11: 𝜋 = 𝑝𝑒𝑟𝑚𝑠𝑘

12: 𝑧 = 0
13: 𝑖 = 0
14: while 𝑖 → 0 ∶ 𝑛 − 1 and 𝑏𝑒𝑡𝑡𝑒𝑟_𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 ≥ 𝑧 do ▷ Bounding
15: 𝑗 = 0
16: while 𝑗 → 0 ∶ 𝑛 − 1 and 𝑏𝑒𝑡𝑡𝑒𝑟_𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 ≥ 𝑧 do ▷ Bounding
17: if 𝑖 ≠ 𝑗 then
18: 𝑧 = 𝑧 +𝑓𝑖𝑗𝑑𝜋𝑖𝜋𝑗

▷ Cost calculation
19: end if
20: 𝑗 = 𝑗 + 1
21: end while
22: 𝑖 = 𝑖 + 1
23: end while
24: if 𝑖 ≤ 𝑛 − 2 then ▷ Branching
25: 𝑡𝑒𝑚𝑝 = 𝑘
26: 𝑡𝑒𝑚𝑝 = 𝑡𝑒𝑚𝑝 + 1
27: 𝑡𝑒𝑚𝑝_𝑝𝑒𝑟𝑚 = 𝜋[0 ∶ 𝑖]
28: while 𝑡𝑒𝑚𝑝 < 𝑛𝑜_𝑝𝑒𝑟𝑚𝑠 and 𝑝𝑒𝑟𝑚𝑠𝑡𝑒𝑚𝑝[0 ∶ 𝑖] == 𝑡𝑒𝑚𝑝_𝑝𝑒𝑟𝑚 do
29: 𝑡𝑒𝑚𝑝 = 𝑡𝑒𝑚𝑝 + 1
30: end while
31: 𝑘 = 𝑡𝑒𝑚𝑝 − 1
32: end if
33: if 𝑏𝑒𝑡𝑡𝑒𝑟_𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 > 𝑡𝑜𝑡𝑎𝑙 then
34: 𝑏𝑒𝑡𝑡𝑒𝑟_𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 = 𝑧
35: 𝑏𝑒𝑡𝑡𝑒𝑟_𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛_𝑖𝑛𝑑𝑒𝑥 = 𝑘
36: end if
37: 𝑘 = 𝑘 + 1
38: end while
39: 𝑧∗ = 𝑏𝑒𝑡𝑡𝑒𝑟_𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛
40: 𝑖𝑛𝑑𝑒𝑥 = 𝑏𝑒𝑡𝑡𝑒𝑟_𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛_𝑖𝑛𝑑𝑒𝑥
41: 𝜋∗ = 𝑝𝑒𝑟𝑚𝑠𝑖𝑛𝑑𝑒𝑥
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2.1.2 Simulated Annealing

SA is a heuristic algorithm based on the concept of physical annealing, a process
of slowly cooling metal to its ground state. This research uses the formulation of
the QAP in Equation (1.1) for SA in a similar way to R.E. Burkard in 1984 [35].
Firstly, the fitness function solved in SA is defined to solve the problem in question
(Algorithm 2 shows the QAP fitness function).

Algorithm 2 Fitness Function
Input:

1: 𝑓, 𝑑, 𝜋 ▷ 𝑓: flow matrix; 𝑑: distance matrix; 𝜋: permutation vector
Output:

2: 𝑐𝑜𝑠𝑡
3:

4: function Objective(𝑓, 𝑑,𝜋)
5: initialisation;
6: 𝑛 ▷ number of facilities
7: 𝑐𝑜𝑠𝑡 = 0
8: for 𝑖 → 0 ∶ 𝑛 − 1 do
9: for 𝑗 → 0 ∶ 𝑛 − 1 do

10: 𝑐𝑜𝑠𝑡 = 𝑐𝑜𝑠𝑡 +𝑓𝑖𝑗𝑑𝜋𝑖𝜋𝑗

11: end for
12: end for
13: return 𝑐𝑜𝑠𝑡
14: end function

In SA, a while loop represents a high-temperature value (𝑇) slowly cooling at
a constant rate (𝛼). The loop ends at a low stopping temperature (𝜖) that acts
like a tolerance value for the final solution [33]. A Markov chain (of length 𝐿) aids
convergence and, along with other parameter selection, is tailored to the specific
problem [31]. The Metropolis Algorithm (shown in Algorithm 3) is what models
the Boltzmann curve [30]. These components work together to form SA - shown in
Algorithm 4.
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Algorithm 3 Metropolis Algorithm
Input:

1: 𝑥, 𝑦, 𝑇, 𝐹𝑥, 𝐹𝑦 ▷ 𝑥 & 𝑦: permutations; 𝑇: starting temperature;
𝐹𝑥 & 𝐹𝑦: respective function values

Output:
2: 𝑥, 𝐹𝑥

3:

4: function MetropolisAlgorithm(𝑥, 𝑦, 𝑇, 𝐹𝑥, 𝐹𝑦)
5: initialisation;
6: 𝑡𝑒𝑚𝑝 = a random value between 0 and 1
7: if 𝐹𝑦 < 𝐹𝑥 then
8: 𝑥 = 𝑦
9: 𝐹𝑥 = 𝐹𝑦

10: else if 𝑡𝑒𝑚𝑝 < exp(−𝐹𝑦−𝐹𝑥
𝑇 ) then

11: 𝑥 = 𝑦
12: 𝐹𝑥 = 𝐹𝑦

13: end if
14: return 𝑥, 𝐹𝑥

15: end function
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Algorithm 4 Simulated Annealing (SA)
Input:

1: 𝑓, 𝑑, 𝑇, 𝜖, 𝐿, 𝛼 ▷ 𝑓: flow matrix; 𝑑: distance matrix; 𝑇:
starting temperature; 𝜖: final temperature; 𝐿: number of iterations; 𝛼:
controls the temperature decrease

Output:
2: 𝜋∗, 𝑐𝑜𝑠𝑡∗ ▷ 𝜋∗: optimal permutation vector; 𝑐𝑜𝑠𝑡∗: optimal cost value
3:

4: initialisation;
5: 𝑛 ▷ number of facilities
6: 𝑥 = a random permutation 𝜋
7: while 𝑇 > 𝜖 do
8: for 𝑖 → 0 ∶ 𝐿 − 1 do: ▷ Markov Chain
9: 𝑛𝑢𝑚1 = a random integer from 0 to 𝑛 − 1

10: 𝑛𝑢𝑚2 = a random integer from 0 to 𝑛 − 1
11: 𝐹𝑥 = Objective(𝑥, 𝑓, 𝑑)
12: 𝑦 = 𝑥
13: swap 𝑦[𝑛𝑢𝑚1] and 𝑦[𝑛𝑢𝑚2]
14: 𝐹𝑦 = Objective(y, 𝑓, 𝑑)
15: 𝑥, 𝐹𝑥 = MetropolisAlgorithm(𝑥, 𝑦, 𝑇, 𝐹𝑥, 𝐹𝑦)
16: end for
17: 𝑇 = 𝛼 × 𝑇
18: end while
19: 𝑐𝑜𝑠𝑡∗ = 𝐹𝑥

20: 𝜋∗ = 𝑥

2.1.3 Variational Quantum Eigensolver

The VQE is a quantum hybrid algorithm where the Hamiltonian is calculated on the
quantum computer, while the classical computer calculates the ansatz. The Qiskit
framework has a library called Qiskit Aqua∗ that supports the VQE. The parameters
associated with the VQE affect its overall performance when applied to Combinatorial
Optimisation Problems (COP). The VQE includes many sub-functions used to set up
and evaluate the algorithm with the appropriate parameters. This subsection explains
the pseudo-code in Algorithm 5 and justifies each step in the algorithm.

Using Discrete Optimisation CPLEX (DOcplex), the 0-1 formulation of the QAP
(Equation (1.2)) can be converted into a Quadratic Program using Qiskit
(𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟_𝑑𝑜𝑐𝑝𝑙𝑒𝑥). The functionality of DOcplex allows the choice of the circuit on
which the preset algorithm executes, the optimiser and an initial point to be the only
decisions the user makes.

∗The results in this research used this library. Qiskit continues to develop, and Aqua has since
been deprecated (although older versions of Qiskit are still available). To find the suite’s current
design, visit https://quantum-computing.ibm.com/docs/

https://quantum-computing.ibm.com/docs/
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The optimiser used is Simultaneous Perturbation Stochastic Approximation (SPSA),
as is the recommendation in Qiskit literature, because it is more precise than other
optimisers. The 𝑚𝑎𝑥_𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 parameter is adjustable to suit the problem - higher
𝑚𝑎𝑥_𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 means more computations.

The variational form is a defining parameter for the VQE. This parameter ap-
proximates a circuit that determines the ground state of a Hamiltonian system. The
TwoLocal and RealAmplitude circuits are the options used in this research for
the VQE.

A simulator with Matrix Product State (MPS) [84] finds an initial point that
results from a feasible trial of the VQE. That 𝑖𝑛𝑖𝑡𝑖𝑎𝑙_𝑝𝑜𝑖𝑛𝑡 is an input when the
VQE executes on actual quantum devices. The MPS method uses a compact form
to formulate two-qubit gate operations, implementing the VQE on simulators [42],
[85]. The initial point results in an estimation of solutions in the neighbourhood
of the optimal solution. A good quality initial point provides a high probability
of converging to the optimal solution - especially for the VQE [45]. This approach
is known as a warm-start. Classical simulators do not experience as much noise
compared to actual quantum devices. An initial point, found through the simulators,
improves the performance of noisy quantum devices.

Different backends are available - both classical simulators and quantum devices.
The Qiskit package offers a library named Aer, which has multiple classical simula-
tors. Each simulator has different specifications and uniquely simulated features to
solve quantum methods locally on classical computers. IBM Quantum systems are
accessible with an IBM Quantum account where the commands and results are acces-
sible through the IBM Quantum Lab. Access to IBM Quantum systems varies based
on the length of queues, whether a device is undergoing maintenance or if calibra-
tion occurs on the device. Each quantum device is unique - with a varied number of
qubits, maximum circuits or types of circuit formation.

The number of shots is a parameter available on simulated and quantum backends.
Shots represent the number of times the algorithm executes simultaneously on the
machine. The VQE function in Qiskit executes with the default number of shots -
1024 (note that the shots provide a distribution of the results).

This implementation of the VQE has a function (Run) that returns all the feasible
solution eigenstates and their accompanying probabilities. The VQE results in a
distribution of probabilities for a suite of solutions, so this function lists the returned
eigenstates that are feasible and their associated probability.

This last function is called FeasibleOutput in Algorithm 5. The following
function is a feasibility verifier where the permutation matrix 𝑥 is checked against the
constraints of the integer formulation of the QAP. The feasibility verifier ensures each
facility has one location assigned to it and vice versa. The VQE results have various
states, each with an associated probability. The most probable, feasible solution is
the final solution. Additionally, FeasibleOutput includes the fitness function using
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the 0-1 formulation of the QAP, therefore, providing the cost if a feasible output
exists.

Algorithm 5 Variational Quantum Eigensolver (VQE)
Input:

1: 𝑓, 𝑑, 𝑐𝑖𝑟𝑐𝑢𝑖𝑡, 𝑖𝑛𝑖𝑡𝑖𝑎𝑙_𝑝𝑜𝑖𝑛𝑡, 𝑚𝑎𝑥_𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 ▷
𝑓: flow matrix; 𝑑: distance matrix; 𝑐𝑖𝑟𝑐𝑢𝑖𝑡: variational form initial
circuit; 𝑚𝑎𝑥_𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠: maximum SPSA iterations

Output:
2: 𝑥∗, 𝑐𝑜𝑠𝑡∗ ▷ 𝑥∗: optimal permutation matrix; 𝑐𝑜𝑠𝑡∗: optimal cost value
3: initialisation;
4: 𝑖𝑛𝑖𝑡𝑖𝑎𝑙_𝑝𝑜𝑖𝑛𝑡 ▷ optimal point from the Aer Backend
5: 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟_𝑑𝑜𝑐𝑝𝑙𝑒𝑥 = BuildModel(𝑓, 𝑑) ▷ DOcplex creates operator
6: 𝑁 = number of qubits of 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟_𝑑𝑜𝑐𝑝𝑙𝑒𝑥
7: 𝑠𝑝𝑠𝑎 = SPSA(𝑚𝑎𝑥_𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠)
8: if 𝑐𝑖𝑟𝑐𝑢𝑖𝑡 = “RA” then ▷ Setup the initial circuit
9: 𝑣𝑎𝑟_𝑓𝑜𝑟𝑚 = RealAmplitudes(𝑁, entanglement=“linear”)

10: else if 𝑐𝑖𝑟𝑐𝑢𝑖𝑡 = “TL” then
11: 𝑣𝑎𝑟_𝑓𝑜𝑟𝑚 = TwoLocal(𝑁, entanglement=“linear”)
12: end if
13: 𝑣𝑞𝑒 = VQE(𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟_𝑑𝑜𝑐𝑝𝑙𝑒𝑥, 𝑣𝑎𝑟_𝑓𝑜𝑟𝑚, 𝑠𝑝𝑠𝑎, 𝑖𝑛𝑖𝑡𝑖𝑎𝑙_𝑝𝑜𝑖𝑛𝑡) ▷ VQE setup
14: 𝑞𝑢𝑎𝑛𝑡𝑢𝑚_𝑖𝑛𝑠𝑡𝑎𝑛𝑐𝑒 = selected backend and number of shots
15: 𝑟𝑒𝑠𝑢𝑙𝑡 = Run(𝑣𝑞𝑒, 𝑞𝑢𝑎𝑛𝑡𝑢𝑚_𝑖𝑛𝑠𝑡𝑎𝑛𝑐𝑒) ▷ dictionary of eigenenergies,

optimal point, eigenstates and other information about the result
16: 𝑥∗, 𝑐𝑜𝑠𝑡∗ = FeasibleOutput(𝑟𝑒𝑠𝑢𝑙𝑡[𝑒𝑖𝑔𝑒𝑛𝑠𝑡𝑎𝑡𝑒])

2.1.4 Quantum Approximation Optimisation Algorithm

There are many similarities between the two variational algorithms. Qiskit Aqua also
supports a built-in algorithm for the QAOA. The QAOA develops its variational form
- there is no user-configured variational form at the start like the VQE.

SPSA is the classical optimiser, like in the VQE. The formulation of the operator
is identical to the VQE. By keeping these methods as similar as the algorithms allow,
this research can make claims about their direct comparison.

The QAOA depends on a 𝑝-value, determining the parametrised circuit’s depth.
The 𝑝-value is varied to study its effect on solution quality and computational time.

The warm-start method (implementing the MPS method) is applied to both the
VQE and the QAOA to allow direct comparison. The number of shots is another
parameter that affects the VQE and the QAOA performance. The QAOA uses 8192
shots (the maximum shots available at the time of results). The QAOA uses more
shots than the VQE to counter the effects of the increased circuit size. Shots do not
affect computation time and, since the success rate and uncertainty are percentages,
have no mechanism to affect solution quality. However, with large circuits getting
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0%, feasibility is likely and more shots means that feasibility is more likely to be
non-zero. A valid initial point is salvageable as long as one shot is feasible.

The QAOA executes on the same backends (where available) as the VQE for ease
of comparison. Identical information captures the 𝑟𝑒𝑠𝑢𝑙𝑡 value for the QAOA as the
VQE, so the same metrics are applicable.

Algorithm 6 Quantum Alternating Optimisation Ansatz (QAOA)
Input:

1: 𝑓, 𝑑, 𝑖𝑛𝑖𝑡𝑖𝑎𝑙_𝑝𝑜𝑖𝑛𝑡, 𝑚𝑎𝑥_𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠, 𝑝 ▷ 𝑓: flow matrix; 𝑑: distance
matrix; 𝑚𝑎𝑥_𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠: maximum SPSA iterations; 𝑝: circuit depth

Output:
2: 𝑥∗, 𝑐𝑜𝑠𝑡∗ ▷ 𝑥∗: optimal permutation matrix; 𝑐𝑜𝑠𝑡∗: optimal cost value
3: initialisation;
4: 𝑖𝑛𝑖𝑡𝑖𝑎𝑙_𝑝𝑜𝑖𝑛𝑡 ▷ optimal point from the Aer Backend
5: 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟_𝑑𝑜𝑐𝑝𝑙𝑒𝑥 = BuildModel(𝑓, 𝑑) ▷ DOcplex creates operator
6: 𝑁 = number of qubits of 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟_𝑑𝑜𝑐𝑝𝑙𝑒𝑥
7: 𝑠𝑝𝑠𝑎 = SPSA(𝑚𝑎𝑥_𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠)
8: 𝑞𝑎𝑜𝑎 = QAOA(𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟_𝑑𝑜𝑐𝑝𝑙𝑒𝑥, 𝑠𝑝𝑠𝑎, 𝑖𝑛𝑖𝑡𝑖𝑎𝑙_𝑝𝑜𝑖𝑛𝑡, 𝑝) ▷ QAOA setup
9: 𝑞𝑢𝑎𝑛𝑡𝑢𝑚_𝑖𝑛𝑠𝑡𝑎𝑛𝑐𝑒 = selected backend and number of shots

10: 𝑟𝑒𝑠𝑢𝑙𝑡 = Run(𝑞𝑎𝑜𝑎, 𝑞𝑢𝑎𝑛𝑡𝑢𝑚_𝑖𝑛𝑠𝑡𝑎𝑛𝑐𝑒) ▷ dictionary of eigenenergies,
optimal point, eigenstates and other information about the result

11: 𝑥∗, 𝑐𝑜𝑠𝑡∗ = FeasibleOutput(𝑟𝑒𝑠𝑢𝑙𝑡[𝑒𝑖𝑔𝑒𝑛𝑠𝑡𝑎𝑡𝑒])

2.1.5 A quantum warm-start for QAOA

Classical simulators find the initial point for both the VQE and the QAOA because
simulators do not experience as much noise compared to actual quantum devices,
increasing the performance of the quantum algorithms when applied to quantum
devices. There are limitations to using simulators to generate an initial point for
solving the QAOA - the circuits get so large that classical computers cannot accurately
simulate them. Simulators cannot generate an initial point for instances of 𝑛 > 4 of
the QAP. However, quantum devices (seen in Table 2.1) have a better capacity to
solve the deep circuits than simulators (specifications in Table 2.2). Therefore, this
research also studies a quantum warm-start that uses “ibmq_toronto” to generate
the initial point. This device is suitable because it is reservable in advance, and long
queue times are less limited. The algorithms look identical to Algorithms 5 and 6
just the 𝑖𝑛𝑖𝑡𝑖𝑎𝑙_𝑝𝑜𝑖𝑛𝑡 input was different and generated from ibmq_toronto and not
on a simulator.

2.2 Research Design

This section introduces how this research assessed the performance of the classical
and quantum algorithms and the importance of the selected data.
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2.2.1 Computational Resources

This research investigates the methods of solving the QAP with multiple algorithms
and software. There is the classical computing approach which consists of deter-
ministic and metaheuristic models. Additionally, the quantum computing approach
includes different heuristics and optimisers.

An Intel® Core™ i5-6200U CPU @ 2.30GHz 4GB 64 bit Microsoft Windows 10
operating system obtained the classical results on Python 3.6.5. Quantum algorithms
are from the Aqua library on the open-source Python framework - Qiskit. The IBM
Quantum Lab hosted all quantum experiments across various IBM Quantum simu-
lators and quantum systems using the Qiskit version (0.26.3). All code for all the
experiments is available at Github. Note updates and deprecations often occur as
Qiskit upgrades and improves. Therefore, techniques and code structure may need
adaptation to more recent versions of Qiskit. At the time of writing, Qiskit Aqua is
deprecated with similar functions as part of the “qiskit-optimization” library [48].

The IBM Quantum systems have different processors with different functionali-
ties. The naming convention includes the Family (e.g. Hummingbird) that refers to
the capacity of the chip (largely based on the number of qubits) and the Revision
number that refers to changes over time [42]. IBM Quantum deprecated the Penguin
processors as they had a high connectivity [42]. Falcon and Hummingbird proces-
sors use a heavy-hexagonal lattice structure which decreases connectivity [86]. High
connectivity reduces device performance and gate fidelity [87], [88]. Hummingbird al-
lows for 65 qubits and above systems while Falcon is for 27 qubits or less [42]. Each
revision added new features to improve the device performance - thus improving av-
erage cnot error, average readout error and quantum volume. The quantum volume
is an all-encompassing metric that summarises the impact of connectivity, spectator
errors, the number of qubits and others to describe the performance of a quantum
device [86].

2.2.2 New Set of Basis Gate on IBM Quantum Systems

Quantum algorithms are often graphically represented as quantum circuits in the
literature [79]. Logic gates describe the computational operations that change a state
of a qubit in a quantum circuit [42], [89]. Some of the most common and basic
quantum gates are the Hadamard gate and the Controlled NOT (CX) gate. The
new set of basis gates on the IBM Quantum systems currently consists of the (CX,
ID, RZ, SX, X); these changed from (CX, ID, U1, U2, U3) the original set of basis
gates on [42]. IBM Quantum launched conditional reset in October 2020 in v0.22 of
Qiskit. The recent change to the IBM Quantum gates is a conditional reset. The
conditional reset feature initialises qubits in the |0⟩ state through measuring, followed
by a conditional NOT (CNOT) gate. Conditional reset allows faster circuit execution
by reducing the initialisation time between shots - i.e. a decrease in computation
time is the hypothesis. Conditional reset also allows qubit reuse for circuits requiring

https://qiskit.org/
https://github.com/MaxineKhumalo/Review-of-Quantum-OptimisationTechniques-for-the-QuadraticAssignment-Problem
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Table 2.1: Specifications of the IBM Quantum Systems

Quantum Device Version Available
Qubits

Quantum
Volume

Max
Shots

* Max
Circuits

* Processor Type
Average
Readout

Error

Average
CNOT
Error

† Online
Date

ibmq_guadalupe 1.3.6 16 32 8192 900 Falcon R4P 1.833e-2 1.041e-2 2021-01-08
ibmq_johannesburg 1.2.2 20 32 8192 900 Penguin R3 8.412e-2 - 2019-09-13
ibmq_boeblingen 1.2.9 20 16 8192 900 Penguin R4 5.258e-2 - 2019-07-03
ibmq_cambridge 1.2.0 27 8 8192 900 Falcon R1.1 12.682e-2 - 2019-11-08
ibmq_montreal 1.9.7 27 128 8192 900 Falcon R4 2.067e-2 1.010e-2 2020-06-03
ibmq_sydney 1.0.37 27 32 8192 900 Falcon R4 3.876e-2 1.291e-2 2020-09-02
ibmq_toronto 1.4.22 27 32 8192 900 Falcon R4 4.253e-2 1.157e-2 2020-06-03
ibmq_mumbai 1.4.5 27 128 8192 900 Falcon R5.1 3.887e-2 9.089e-3 2020-11-13

ibm_hanoi 1.0.0 27 64 8192 900 Falcon R5.11 1.467e-2 1.237e-2 2021-04-24
ibm_cairo 1.0.0 27 64 8192 900 Falcon R5.11 1.160e-2 1.039e-2 2021-05-20

ibmq_rochester 1.2.0 53 8 8192 75 Hummingbird R1 14.448e-2 - 2019-10-01
ibmq_manhattan 1.19.1 65 32 8192 900 Hummingbird R2 3.843e-2 1.541e-2 2020-07-24

* In November 2021 the number of shots and circuits increased.
Most measurements were taken with before this change.
To understand the importance of throughput in quantum computing applications,
read https://research.ibm.com/blog/circuit-layer-operations-per-second

† Omitted Average CNOT Error values of decommissioned IBM quantum devices.
Further details of these devices can be found:
https://github.com/Qiskit/qiskit-terra/tree/master/qiskit/test/mock/backends and
https://quantum-computing.ibm.com/services?services=systems.

Table 2.2: Specifications of the IBM Quantum Simulators

Quantum Simulator Version Available
Qubits

Noise
Modelling

Max
Shots

Max
Circuits Type

ibmq_qasm_simulator 0.1.547 32 Yes 8192 300 General, context-aware
simulator_statevector 0.1.547 32 Yes 8192 300 Schr ̈odinger’s wavefunction

simulator_mps 0.1.547 100 No 8192 300 Matrix Product State

Table 2.3: Description of the IBM Quantum Systems Basis Gates

Gates Description
Controlled NOT gate (CX) Creates entanglement if target qubit is in superposition

Identity gate (ID) No operation is performed on a qubit
RZ Rotation of qubit state around z axis

Square Root of X gate (SX) Creates superposition on qubit in downstate
X Changes state of qubit from down state to up state and vice versa

https://research.ibm.com/blog/circuit-layer-operations-per-second
https://github.com/Qiskit/qiskit-terra/tree/master/qiskit/test/mock/backends
https://quantum-computing.ibm.com/services?services=systems
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a source of “fresh ancillas”. Ancillas moderate the interaction of qubits in a quantum
register. Qubit reuse should make calculating circuits more efficient. IBM Quantum
implemented state-discrimination logic in control systems to decode qubit states from
received microwave pulses. Over 1 𝜇s, the control identifies the qubit states and
executes their reuse. Enabling hardware state discrimination negates the necessity
for discrimination calibration circuits (these were previously attached to each job).
Therefore, the prediction is that the conditional reset should improve the quality
of results on the metrics investigated. This research tests this hypothesis using the
VQE.

2.2.3 Data

Matrices symmetric over the leading diagonal (a defining descriptor of the problem)
and randomly generated make up the QAP instances studied. The matrices are of
size 3 until 8 with no basis in reality. Their small size makes them appropriate for
trivial testing and benchmarks across deterministic and heuristic methods.

The heuristics parameters (both classical and quantum) are optimised using a
grid search before using those optimal parameters for 30 experiments. From this, the
collected performance data allows a comparison between the abilities of the different
algorithms. The time tests performed on all methods execute on one machine to
compare them fairly. The trend for the time test results should show an increasing
𝑁𝑁 law because of the order of the permutation function in the deterministic cases.

The results are in CSV files that store the parameters, the computational time
and the different result indicators. For the VQE and the QAOA, the files include the
full eigenstate of all 30 trials. The eigenstate determines the frequency and feasibility
of all 1024 shots for each test. Examples of the files are in the GitHub repository
Github. The files names include their method and device. Initial points for the VQE
and the QAOA are in similar CSV files. These CSV files determine the values of the
metrics shown in Chapter 3.

2.2.4 Research Procedure

The research procedure varies among algorithms, and this section describes them all.
The data (instances of the QAP studied) are randomly generated matrices in

Python, with the matrices saved in pairs in CSV files. SA uses QAPLIB instances
for sizes 12 and above. These files can be read into Python as a data frame using
Pandas, and then it can be used as a NumPy array. The two NumPy arrays (matrix
of location distances and a matrix of factory flow value) are inputs in the respective
algorithms.

Classical Computing Methods

The deterministic method studied is BNB which is an algorithm coded from scratch.
This Python code calculates the computational time as the duration between the

https://github.com/MaxineKhumalo/Review-of-Quantum-OptimisationTechniques-for-the-QuadraticAssignment-Problem
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beginning and end of the algorithm. This computational time includes reading in the
matrix and the acquisition of the permutations for the problem size. The time to find
all the permutations increases with problem size as the number of permutations is
the factorial of the problem size by design. BNB has an advantage over a brute force
algorithm because it has fewer cost function calculations. Only the small matrices
(𝑛 < 12) are available for testing because the QAP is classified as an NP-Hard problem
and therefore is intractable as the size of the instances increases.

SA is the classical heuristic method tested for the QAP. A series of perfor-
mance metrics are comparable for investigating the performance of heuristic methods.
Firstly, a grid search finds the best combination of parameters for the algorithm for
each instance of the QAP. SA executes for 30 trials with the best parameters. Com-
putational time is the average over the 30 trials. Success rate describes the accuracy
of SA (described in Chapter 2.2.5). The prediction is that the success rate decreases
with problem size - especially for the instances in the large group (𝑛 > 20) - as this
is the phenomenon noted in the literature and from the QAPLIB data solutions.

Quantum Computing Methods

To encode the QAP into a form for quantum computing, DOcplex is one way to encode
the QAP. DOcplex is a library in Python that solves linear programming problems
[90]. DOcplex and Qiskit functions encode the Mixed Integer Linear Programming
version of the QAP into a Hamiltonian. These become more complex as the problem
size increases because there are many more variables with a slight increase in facilities.
The mathematical expression of the encoding is Equation (1.11).

The VQE and the QAOA are the quantum heuristics tested. First, a grid search
searches the parameters - 𝑐𝑖𝑟𝑐𝑢𝑖𝑡 and 𝑚𝑎𝑥_𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 for the VQE and 𝑚𝑎𝑥_𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠
for the QAOA. The grid search uses the MPS method on the “qasm_simulator” back-
end supported on Qiskit Aer using a random point and one shot for the VQE and
8192 shots for the QAOA. The QAOA uses the maximum number of shots to mit-
igate noise. MPS is a simulator method that uses a tensor product and two-qubit
gates to solve circuits more effectively. The grid search executes Algorithm 5 for dif-
ferent combinations of different values of the variables in question. The grid search
allows us to find the best circuit and SPSA iterations combination for the VQE and
the best SPSA iterations for the QAOA. The best parameters generate the best so-
lutions and thus the best optimal point. The best optimal point from the grid search
is the initial point for that instance of the QAP. The VQE (Algorithm 5) and the
QAOA (Algorithm 6) executes using the optimal circuit from the grid search, one
SPSA iteration and 1024 shots on a suite of IBM Quantum systems. This experiment
repeats 30 times to evaluate the quality of the solution.

This two-phase (or warm-start) method harnesses the effectiveness of MPS to find
the best parameters for the VQE and the QAOA. MPS requires one shot to be the
most effective, but this is unnecessary. The more iterations of SPSA, the more likely
SPSA finds the correct answer, but the longer the VQE and the QAOA computational
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time. By limiting the quantum devices to 1 SPSA iteration, the shortest amount of
time is taken to find the optimal solution. The warm-start technique used in this
research depends on the simulators to find an optimal point that acts as an initial
point on the quantum devices. This research also benchmarks simulators against
quantum devices. Simulators have a time limit of 10 000 seconds and have more size
restrictions than the largest qubit quantum device. The specifications are displayed
in Table 2.2.

The feasible solutions returned come with a probability for the quantum algo-
rithms, and the most probable, feasible solution is the final solution. The algorithm
executes with the best parameters for 30 experiments. Comparisons happen over
different performance metrics. Because of their overt limitations, only the smaller
matrices (3 ≤ 𝑛 ≤ 8) are solvable by quantum devices. This research compares clas-
sical and quantum according to their shared metrics: feasibility, computational time
and success rate.

2.2.5 Metrics

This section discusses the metrics used to compare the results. The BNB determin-
istic results execute once while calculating the computational time. All solutions are
feasible and optimal. The SA classical heuristic results include finding the success
rates and computational time - all solutions to SA are viable. The best parameters
result from a grid search for all heuristics. The quantum heuristics execute on the
smallest matrices due to device limitations. DOcplex is used to model the problem
as an Ising problem to get the Hamiltonian that is solved to find the solution. Dif-
ferent circuits and optimisers are available to discover which are the most effective.
Quantum heuristics results include feasible solutions and associated probabilities from
solving the quantum circuit. The final solution is the most probable, feasible solution.
Quantum heuristics are comparable on computational time, success rate, feasibility
and uncertainty percentage.

Parameters

The classical heuristic SA and the quantum heuristics first undergo a grid search
to find the optimal parameters for all problem sizes. With those parameters, the
heuristics execute 30 experiments for each instance of the QAP. Optimal parameters
find the optimal solution in the least amount of time. Therefore parameters are a
trade-off of solution quality over time, and the value of parameters can indicate the
complexity of a problem.

Computational time

Computational time measures the CPU’s time to solve the QAP instance - measured
in seconds. For BNB, the computational time is the only metric measured. Addi-
tionally, the measurement of computational time does not include the generation of
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the list of permutations used - it is from the first iteration to the last iteration of the
BNB.

All three heuristics (SA, VQE and QAOA) exclude the computational time to
find the best parameters (the grid search) is d in the computational time. For SA,
the computational time is from the first to the last iteration. The nature of heuristic
algorithms expands the number of performance measures beyond computational time.

IBM Quantum systems are subject to calibration where a device is taken offline
for performance testing. The CPU time for any experiment on a device occurring
during calibration is longer than other experiments. As a result, this research records
two types of CPU time performances - the average CPU time with outliers (AT)
and the average CPU time without outliers (MT). For the VQE and the QAOA, the
computational time measures while computation occurs - no queue times are included.

Success rate and feasibility

The success rate metric describes the percentage of the 30 trials within 95% and 99%
of the optimal global solution (found deterministically).

The feasibility percentage details the percentage of trials that generate a feasible
solution. Feasibility is only recorded for the quantum heuristics since all the SA results
are feasible by design. From Algorithm 4, by swapping values in the permutation 𝜋,
all results are feasible.

These metrics are referred to as “solution quality” since they describe the objective
function value found by the heuristic.

Uncertainty percentage

This research also looks into a metric specific to quantum results. By default, the
number of shots is 1024 for the VQE and the QAOA. The shots lead to a distri-
bution of all the results obtained for that QAP instance. The optimal solution for
a particular trial is the most probable feasible quantum eigenstate in that distribu-
tion. This research expands that idea introduced in previous work [77] by considering
a new metric called the uncertainty percentage. This uncertainty percentage tests
the quantum solution’s quality by looking at how likely it is to obtain that solution.
There is an uncertainty percentage for each feasible solution in 30 trials using the
frequency of the quantum eigenstate over the total shots. The uncertainty percent-
age analysis includes the average probability from all 30 trials, the maximum and
minimum probability rates, and the standard deviation (indicated in the headings in
Table A.8).

Figure 2.1 describes the uncertainty percentage by using two trials for comparison.
The labelled results are the feasible results (three results for Figure 2.1a and one for
Figure 2.1b). The other objective function values are infeasible. The value in bold
was the solution for that trial. From these two images, in Figure 2.1a the probability
of finding the optimal solution is larger since 28.8% of the shots found this result.
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The results in Figure 2.1a show the number of shots for each eigenstate at the QAP
objective function value. The answer for this trial of VQE is the bold value because
it has the highest peak of the three feasible eigenstates.
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Figure 2.1: The result of VQE showing the percentage of each value
of all eigenstates (1024 shots total).

2.3 Limitations

The first limitation is the computational time required to complete the algorithms.
Because the QAP is classified as an NP-Hard problem [11], as the size of the instances
grows, the algorithms take longer to find optimal or near-optimal solutions. This effect
is likely to be the most prominent in deterministic methods, but heuristics also are
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impacted by the computational complexity of the problem [91]. Algorithms are less
comparable in problem size because of the limited quantum results. The patterns
concluded by this research result from a more trivial subgroup of QAP instances.

If time is a priority, heuristics may be preferred to solve a problem. The improved
speed is at the expense of solution quality, and therefore solutions to QAP instances
of large size are less accurate. Therefore, solution quality is a limitation for both
classical and quantum heuristics.

The VQE demonstrates limitations linked to the drawbacks of quantum comput-
ing. Quantum computers are affected by the environment and are vulnerable to noise
and error. Since IBM Quantum systems are accessed remotely and publicly avail-
able, queues and internet disturbances can affect the time to complete experiments.
The quantum devices demand a minimum number of qubits to solve instances of the
QAP that are a problem size. At the time of writing, the number of qubits available
is limited. Therefore, the size of solvable QAP instances is limited.

2.4 Conclusion

This chapter outlines all the algorithms with pseudo-code for both classical and quan-
tum methods. Details of these algorithms are available in their entirety on GitHub.
This chapter describes the hardware on which the algorithms are executed and lists
the hardware’s limitations. The QAP instances are randomly generated and sourced
from various papers, allowing one to discover the best way to solve certain instances.
This chapter details the procedure of executing the algorithms and the metrics used
to compare them.
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Chapter 3

Results and discussion

This chapter presents the outcomes obtained from applying various approaches to
solving the Quadratic Assignment Problem (QAP). The methods employed include
classical deterministic techniques, classical heuristics, and quantum-hybrid heuristics.
Furthermore, these results are evaluated, considering factors such as success rate,
parameters, and computational time. Plots in this chapter are used to compare these
metrics between methods, quantum devices and gate architectures.

3.1 Classical Computing

Classical computers have two ways of solving Combinatorial Optimisation Problems
(COP) - deterministically and non-deterministically. Deterministic methods are guar-
anteed to find the optimal solution, while heuristic methods are not guaranteed.
These methods were selected as they are commonly used for the Quadratic Assign-
ment Problem (QAP) and can serve as a benchmark compared to quantum computing
methods.

3.1.1 Branch and Bound Results

Deterministic Branch and Bound (BNB) is a depth-first search algorithm. The most
computationally expensive part is generating all the permutations as lists (it scales
as an order of 𝑛𝑛 where 𝑛 is problem size). BNB has a shorter computational time
than a brute force method because not all permutations have their cost function
measured (note Chapter 2.1.1). Figure 3.1 shows the relationship between problem
size and computational time for the BNB on a semilog scale. The number of branching
and bounding procedures is dependent on the magnitude of the coefficients in the
matrices. From Figure 3.1 it is evident that the relationship is between problem size
and computational time is exponential for the QAP. Therefore, the size of the matrix
and the matrices’ values impact the time taken to solve the QAP with BNB. From
Table 3.1, BNB executes for more than 10000 seconds for instances greater than size
10 (making it intractable as the size of the QAP instance scales).

As shown in Figures 3.3 and 3.9, when comparing the computational time taken
to solve the QAP using BNB, it is found that the BNB method is faster than the
quantum methods for all the QAP instances investigated. Thus, BNB is best for small
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Table 3.1: BNB: computational time results over problem size (𝑛)

𝑛 Time (s)
3 0.000 064
4 0.001 726
5 0.012 494
6 0.037 495
7 0.277 208
8 4.305 403
9 96.247 979

10 2485.746 120
11 72 015.224 627
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Figure 3.1: This is a semi-log plot of BNB time results that shows
how the QAP is intractable as the problem size increases.
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solutions when prioritising solution quality (success rate). The classical heuristic is
more time-efficient than BNB as the problem size increases (note QAP instance of
size 7 in Figure 3.3).

3.1.2 Simulated Annealing

The heuristics’ results are evaluated based on their success rate. The success rate
is the percentage of the total trials, in this case, 30 trials, within 99% (SR99) and
95% (SR95) of the known optimal solutions recorded in the literature. The classical
heuristic method implemented is Simulated Annealing (SA).

Analogous to physical annealing, SA aims to take an initial state with the min-
imum energy using the Metropolis-Hastings algorithm and a Markov chain, so the
algorithm converges to the solution. Figure 3.2 shows the success rate of this re-
search’s implementation of the SA algorithm. Although the algorithm performs worse
when applied to certain problem instances, there is a slight decrease in success with
increased size. Table A.2 tabulates the corresponding ground state temperature pa-
rameters used for each of the instance sizes and the corresponding success rate results
obtained from applying SA to the QAP instances. The ground state temperature pa-
rameters in Table A.2 are the final temperature, (𝜖), length of Markov chain (𝐿),
cooling coefficient (𝛼) and starting temperature (𝑇). A grid search selects the com-
bination of parameters with the highest success rates in the shortest time. These
parameters become less time-efficient as the size of the QAP instances increases (i.e.
higher starting temperatures and smaller cooling coefficients). SA can solve the QAP
instances of size 12 or larger within 95% of the solution. As mentioned in Chap-
ter 1.1.3, SA has been successful in solving the QAP (instance of size 100) in [34].
The results obtained, tabulated in Table A.2, are consistent with the literature.
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Figure 3.2: This plot shows the solution quality of SA for the QAP with a stacked bar graph. Since the SR95 is a relaxation of SR99
(i.e. SR95≤SR99), 100% SR99 is also 100% SR95. This plot shows that SA obtains high SR95 as the problem size increases while SR99

is 0% for the three largest instances.
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Computational times are comparable to the other methods using Figures 3.3 and
3.9. SA is faster than the quantum methods for all QAP instances investigated,
proving that SA (and potentially other classical heuristics similar to it) are best for
solutions where solution quality (success rate) and time is a priority. The largest
instances of the QAP (𝑛 = 40 and 𝑛 = 80) have an SR95 of 100% for SA. This
high success is higher than most quantum results for much smaller instances of sizes
3 and 4. Therefore, the performance of classical heuristics like SA is significant
because it means that the Noisy Intermediate-Scale Quantum (NISQ) devices have
not outperformed classical benchmarks for solving the QAP. SA performs especially
well as the size of the instances increases, overcoming the challenges of the QAP’s
classification as an NP-Hard problem. The classical heuristic has a larger computation
time than BNB for the small instances (𝑛 < 7), but SA is more time-efficient than
BNB as the problem size increases (note an instance of size 7 in Figure 3.3).

3.2 Quantum Computing

COP are solved with quantum computers using quantum heuristics. The variational
quantum heuristics in this research are hybrid algorithms where classical comput-
ers optimise parameters used by quantum computers to solve Hamiltonians. The
eigensolutions of these Hamiltonians are optimal solutions to optimisation problems.
Hybrid quantum heuristics are the Variational Quantum Eigensolver (VQE) and the
Quantum Approximation Optimisation Algorithm (QAOA).

This research obtained the results between 2019 and 2022, over which IBM Quan-
tum updated software and hardware designs on their systems. Quantum computing,
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specifically solving COP using gate model NISQ devices like in this research, is a very
dynamic field. The structure of the results aims to show the change and discuss its
impact on the results. One of the fundamental changes involved the introduction of
conditional reset, which used a different set of basis gates. All quantum table head-
ings (Tables A.3 - A.10) and graph captions (Figure 3.3 - 3.12 and 3.14) distinguish
between the basis gates concerned. Further analysis of conditional reset and basis
gates is in Chapter 2.2.2.

This research includes implementations and applications of the VQE and the
QAOA to the QAP. The details of these methods and the pseudo-code are in Chap-
ter 2. A grid search performed on the quantum heuristics and executed on the quan-
tum simulators (Aer backends run locally) finds the best parameters (listed in Ta-
ble A.11). This grid search, in turn, generates an optimal point of the quantum
algorithm - a key parameter for the warm-start. The quantum heuristic is executed
a second time on quantum devices with 1 SPSA maximum iteration, and the opti-
mal point found previously as an initial point (note Algorithms 5 and 6). When the
quantum heuristic provides a result, it is a series of eigenstates with associated prob-
abilities. The solution is the most probable feasible eigenstate from the 1024 shots at
each trial. The number of qubits on a device limits the size of solvable QAP instances
(note Table 2.1).

This research evaluates the QAOA and the VQE on many of the same metrics
detailed in Chapter 2.2.5. Similar to SA, the success rate is the metric of solution
quality (SR99 and SR95) and, similar to BNB, the computational time is a metric
of efficiency. There are two computational time measurements in unit seconds - AT
is the average time over all 30 trials, and MT is the mean computational time with
outliers removed. The plots use the MT value as the outliers distort the data and
make it more challenging to compare devices. Unlike the classical heuristic, not all
trials are feasible, so the feasibility percentage is a metric. Uncertainty percentage is
a test of solution quality that describes the distribution of the eigenvalues over the
1024 shots. The mean uncertainty percentage (in the plots) represents the average of
the peaks in the distributions between the 30 trials. The parameter in Table A.11 -
number of SPSA maximum iterations - describes the classical optimiser where more
maximum iterations require more computational time.

3.2.1 Variational Quantum Eigensolver

The VQE is a hybrid quantum-classical heuristic algorithm where a classical computer
calculates an ansatz to minimise the eigenvalue of the Hamiltonian solved with a
quantum computer. Results for the VQE are in Tables A.3 and A.4. An additional
parameter is an initial circuit (“RA” is Real Amplitudes and “TL” is Two Local). It
is unique to the VQE because the user designs the initial variational form.

Comparing the computational time taken to obtain a solution using classical al-
gorithms to that of the VQE algorithm shows the applied classical algorithms had



Chapter 3. Results and discussion 37

a faster computational time. Figure 3.3 illustrates that the performance of the vari-
ous employed quantum devices is consistent in terms of computational time, with the
simulators performing better on the whole. There is no distinct correlation between
problem size and computational time for quantum devices. However, this claim con-
siders a limited number of QAP instances. There is no CPU time benefit from new
basis gates from Figure 3.3

IBM Quantum’s NISQ devices have different processors to innovate and improve
quantum computers’ results. Over time, new devices have more qubits, larger quan-
tum volume and different designs of processors - details explained in Chapter 2.2.1
and Table 2.1. How developments in processors may be effecting the metrics for the
VQE are displayed in Figures 3.4, 3.5 and 3.6. Note the processors were developed
in the order in Table 2.1 with Penguin as the smallest number of qubits, then Fal-
con and lastly, Hummingbird. In Figure 3.4, the data is the same as Figure 3.3 but
reorganised according to processors. It is evident that Hummingbird devices have
the capacity for solving instances with larger problem sizes, and for ibmq_manhat-
tan specifically, the computational time increases exponentially with problem size.
There seem to be two groups of time values for the Falcon devices - times between
200 and 600 seconds and between 1000 and 2000 seconds. This bimodal behaviour
may identify flaws in the process of removing outliers or the process of recording time
taken.

From Figure 3.5, feasibility decreases with problem size. 100% feasibility for all
problems of size 3 is a good result for using the VQE to solve small instances of
COP. However, since the devices with more qubits have a low feasibility percentage
as the size of the QAP instance scales, devices in the future with more qubits might
show the same trend. If this trend persists beyond NISQ devices, the VQE will not
suit the QAP. For QAP instance of size 4 - only ibmq_johannesburg, ibmq_mum-
bai and ibmq_montreal have the feasibility of above 50%, and ibmq_mumbai and
ibmq_montreal have the highest quantum volume of 128 (Table 2.1). This obser-
vation might be a positive indicator for the future of quantum computing solving
the QAP. If quantum volume keeps increasing, it may overcome decreasing feasibility
with time.

From Figure 3.6, success rate - like feasibility - decreases with increased problem
size. Additionally, the success rate is near or at zero for 𝑛 > 3 instances of the QAP.
The gap between feasibility and success rate are the trials that got a result larger than
95% of the optimal - perhaps a local minimum or some other sub-optimal result. From
Figures 3.6 and 3.2, success rates in SA are higher than or equal to success rates in
the VQE for all instances of the QAP, indicating that the SA obtains better solution
quality than the VQE. Examples of sizes 6 and 7 perform the worst - with the most
operations and most minor time-efficient parameters (note Table A.11).

Simulators of quantum devices are essential tools since NISQ devices experience
noise, environmental impact and limited computational power. Although broadly
limiting in problem size, simulators can be a window into the future of NISQ devices.
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Figure 3.3: These plots show the CPU times without outliers (s) for
the VQE (Log scale) solving the QAP over problem size (𝑛) before and
with conditional reset. Both plots show that classical methods solve
the QAP in a shorter computational time than the VQE on all devices.
Additionally, no individual device outperforms the others with no clear

difference before and with conditional reset.



Chapter 3. Results and discussion 39

3 4

200

400

600

800

Problem size (𝑛)

M
T

(s
)

Penguin

ibmq_johannesburg
ibmq_boeblingen

3 4 5
0

500

1,000

1,500

Problem size (𝑛)

M
T

(s
)

Falcon R1-4

ibmq_cambridge ibmq_guadalupe ibmq_montreal
ibmq_sydney ibmq_toronto

3 4 5

200

400

600

800

1,000

1,200

Problem size (𝑛)

M
T

(s
)

Falcon R5

ibmq_mumbai ibm_hanoi
ibm_cairo

3 4 5 6 7

0

2,000

4,000

6,000

8,000

Problem size (𝑛)

M
T

(s
)

Hummingbird

ibmq_manhattan
ibmq_rochester

Figure 3.4: These plots illustrate the MT (CPU time without outliers
in seconds) results for the VQE solving the QAP for different IBM
Quantum processors with conditional reset. This figure demonstrates
no clear relationship between processor type and computational time.
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Figure 3.5: These plots illustrate the feasibility (as a percentage
of the 30 trials) of the VQE results solving the QAP for different
IBM Quantum processors with conditional reset. This figure shows
that feasibility decreases with increasing problem size (𝑛). Feasibility
results are similar between processors for the instances of the same

problem size.
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Figure 3.6: These plots illustrate the SR95 for the VQE solving the
QAP for different IBM Quantum processors with conditional reset.
They show, with some exceptions, that the success rate decreases with

increased problem size (𝑛) across all processors.
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The simulators shown in Figure 3.7 are accessed through the IBM Quantum Lab
and not locally on the CPU like the Aer backends used for generating the initial
point - note Table 2.2 for details on each simulator. The success rate is bimodal -
above 95% for size 3 at SR99 and SR95 and 4 at SR95 and 0% for all the larger
instances (𝑛 = 5, 6, 7). The simulators’ success rate results are better than all the
quantum devices except ibmq_toronto, which had 3.33% at SR95 and SR99 for size
5. The bimodal success rates and almost unanimous feasibility might suggest that
the initial point may be instructive of the results from simulators. The initial points
were optimal points for a feasible result but not necessarily a point within 99% or
95% of the optimal. If this phenomenon is evident in the future of quantum devices,
feasibility is close to guaranteed with this approach, but improvements in success rate
are not. MT increases with problem size (it appears exponential for simulator_mps).

Figure 3.8 and Tables A.5 and A.6 show the uncertainty percentage metric -
details are explained in Chapter 2.2.5. Uncertainty percentage describes the quality
of the feasible trials obtained using quantum heuristics. Quantum circuits do not
return a single answer but a series of eigenstates with corresponding frequencies.
The corresponding percentage describes the likelihood of the most probable feasible
solution resulting from a given trial. This percentage is unique to the success rate, as it
measures the uncertainty of the current trial and not the probability of success for the
heuristic. The uncertainty percentage is less than or equal to 1% across all the QAP
instances for quantum devices except ibmq_cambridge and ibmq_manhattan for size
3. A low uncertainty percentage indicates that most of the returned eigenstates are
infeasible. All the simulators have an uncertainty percentage above 90% (except
for simulator_mps at 𝑛 = 7). Therefore, the trend in the results highlights the
detriment of noise to solution quality and accentuates the gap in performance between
simulators (and the ideal solutions from theoretical quantum computers) and the
applied algorithms’ performance on NISQ devices. The larger the problem size of
a QAP instance, the lower the uncertainty percentage in the results from the VQE.
Uncertainty percentage is an average of all feasible trials, so QAP instances without
feasible results have no uncertainty percentage. The larger the mean uncertainty
percentages appear to have large standard deviations. This phenomenon results from
clear peaks at optimal or feasible results instead of the flat distribution where every
shot has a different eigenstate (note Chapter 2.2.5).

3.2.2 Quantum Approximation Optimisation Algorithm

The QAOA is a hybrid quantum-classical heuristic algorithm similar to the VQE,
but the quantum computer also evaluates the ansatz used by the quantum computer.
Chapter 1.1.5 details how QAOA works. QAOA results are tabulated in Tables A.7
and A.8. An important parameter is the 𝑝-value - an integer value that dictates circuit
depth and is unique to the QAOA. The hypothesis is that the higher the 𝑝-value, the
higher the solution quality while increasing computational time (note Chapter 1.1.4).
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Figure 3.7: These plots illustrate the SR95, SR99, feasibility and
MT results for the VQE solving the QAP for different IBM Quan-
tum simulators. Results between simulators are very similar except
that ibmq_qasm_simulator has a later computational time with con-

ditional reset than before it was introduced.
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Figure 3.8: These plots show the mean uncertainty percentage for
the VQE solving the QAP (Log scale). Simulators outperform the
quantum devices over problem size (𝑛). If no trials are feasible, there
is no uncertainty percentage so some omitted values depict infeasibility.
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Classical algorithms’ computational time to obtain a solution is faster than the
QAOA. Figure 3.9 illustrates that the performance of the various employed quantum
devices is consistent in terms of computational time. In contrast to the VQE, the
simulators (essentially) perform similarly to the quantum devices in terms of com-
putational time. Simulators have to simulate an additional quantum process (the
quantum ansatz) for the QAOA, which explains why the simulators have a longer
computational time solving the QAOA than the VQE. The VQE uses the classical
computer for this process, making it easier to simulate and explaining why the VQE
performs better on the simulators than the QAOA. There is no evidence of a rela-
tionship between problem size and computational time over the limited number of
tested problem sizes. Most QAP instances increase in CPU time from size 3 to 4. The
VQE is faster than the QAOA on average; the VQE CPU times are predominantly
between 102 and 104 seconds, while the QAOA CPU times are between 104 and 105

seconds (depicted in Figure 3.3, Figure 3.9, Table A.3 and Table A.7). There is no
apparent increase in computational time with increased 𝑝-value - this contradicts the
hypothesis that CPU time is strongly dependent on circuit size.

This research uses the same warm-start method on both the VQE and the QAOA.
The warm-start approach means a good quality initial point, found using the classical
simulators, is an input when executing the QAOA on the quantum devices. Simulators
cannot implement the warm-start for instances of a size larger than 4 because the
size of the circuits generated by the QAOA exceeds their capacity (note Table A.11).
Therefore results are limited instances of sizes 3 and 4. Additionally, the QAOA’s
computational time is 10 − 100 times larger than the VQE’s. This computational
lag of the QAOA, paired with the rapid development and sudden decommissioning
of IBM Quantum systems, means that not all the QAP instances have results for all
the 𝑝-values for the QAOA. Therefore two devices (one simulator and one quantum
device) are plotted over the critical metrics to aid in the discussion of trends in the
results in the tables in Appendix A. Shown in Figure 3.10 is ibmq_toronto - the only
device with more than nine qubits that could be reserved. Therefore, this device is
most accessible because there is no time spent waiting in queues like the other devices.
Figure 3.11 displays ibmq_qasm_simulator, which was the first simulator on IBM
Quantum Lab, allowing for the most available run time.

For Figure 3.10a, there is no clear relationship between success rate, 𝑝-value and
problem size. Table A.7 shows no 𝑝-value has the highest success rate over the
other devices. The results for 𝑝 = 1 are the best of all the other 𝑝-values for this
subplot. The assumption that a deeper circuit would provide a higher success rate
in quantum devices is invalid from Figure 3.10a. For QAP instance size 4, all the
QAOA results performed better than the VQE. This trend, shown in ibmq_toronto
in Figure 3.10a, continues with other quantum devices shown in Tables A.3, A.4 and
A.7. The higher success rates for instances of size 4 may suggest that the QAOA does
not have decreasing success rate with the increasing problem size that the VQE has
(note with only 2 data points). Therefore, the QAOA may be a better performing
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Figure 3.9: These plots illustrate the CPU times without outliers
(MT measured in log scale seconds) for the QAOA at varying 𝑝-values
solving for the QAP with conditional reset. These plots show that the
QAP is solved with a shorter computational time by classical methods
than the QAOA. There are no clear relationships between 𝑝-value,

problem size and computational time from this Figure.
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algorithm than the VQE to overcome the challenge of the QAP complexity limiting
results as the QAP instance scales. When NISQ devices have a capacity for larger
circuits, the hypothesis may show true, but it will be unclear until circuit capacity
increases.

For Figure 3.10b, as the problem size increases from size 3 to 4, feasibility de-
creases. This decrease is evident for all the quantum devices, for all 𝑝-values and
continues with larger problem sizes for the VQE. However, the QAOA has close to
100% feasibility for many devices for instances of size 4. The results for the QAOA
where 𝑝 = 3 had lower feasibility for instances of size 4 than 𝑝 = 1 and 𝑝 = 2. From
Figure 3.10b, the QAOA performs better than the VQE for instances of size 4 in terms
of feasibility for ibmq_toronto. Tables A.3, A.4 and A.7 show this phenomenon fol-
lows for the other quantum devices and may show that the VQE is preferable over
the QAOA for maximising feasibility. Note that the QAOA - executed on ideal quan-
tum devices - would return only feasible solutions under the variational principle
(note Chapter 1.1.4). Therefore the results of 90 − 100% feasibility show the power
of NISQ devices in solving small instances of the QAP using the QAOA (𝑛 = 3 and
𝑛 = 4).

For Figure 3.10c, uncertainty percentage decreases with increasing problem size
from size 3 to 4 for all 𝑝-values of the QAOA for ibmq_toronto. From Tables A.5,
A.6 and A.8, there is no pattern between 𝑝-values for ibmq_toronto or any other
quantum device. The mean uncertainty percentage results across all the QAOA and
the VQE results are low. Notably, the QAOA has larger uncertainty percentage
values than the VQE for most quantum devices over both sizes. If the QAOA has
better uncertainty percentages for the QAP than the VQE, the QAOA has a higher
peak in its distribution of eigenstates (see Figure 2.1). Uncertainty percentage may
be related to feasibility, and the improvement in the QAOA may be a result of this,
but this hypothesis would be difficult to prove.

Figure 3.10d shows the values from Figures 3.9 and 3.3 in one plot for ibmq_toronto.
Figure 3.10d shows the drawback of working with the QAOA - the computation times
are an order of magnitude or higher than the VQE. Given the potential benefits to
the other three metrics, they come at the cost of large average computational times.
The MT for ibmq_toronto 𝑝 = 3 is an outlier in Figure 3.10d and an outlier in Ta-
ble A.7. Improvements in NISQ devices might minimise these trade-offs further, but
(at the time of writing) these large CPU times make the QAOA the least time-efficient
method studied in this research.

For Figure 3.11a, there is no clear relationship between success rate, 𝑝-value and
problem size for the QAOA results for ibmq_qasm_simulator. Table A.7 shows no
𝑝-value presents the best success rate for all three simulators. Similarly to quantum
devices, simulators have no clear relationship between circuit depth and success rate.
For the QAP instance of size 4, all the QAOA results performed worse than the VQE.
This trend, shown in ibmq_qasm_simulator in Figure 3.11a, continues with other two
simulators shown in Tables A.3, A.4 and A.7. The QAOA may be more difficult to
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Figure 3.10: These plots are comparison of the VQE and the
QAOA on SR95, feasibility, uncertainty percentage solving the QAP
on ibmq_toronto (with conditional reset) as an example. The QAOA
has a much larger computational time than the VQE (especially 𝑝 = 1
and 𝑝 = 2). The QAOA has a higher feasibility and SR95 for 𝑛 = 4.
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simulate because a Hamiltonian calculates the ansatz used to find the eigenstates.
However, with only two data points, this is not conclusive. Therefore the VQE may
be a more suitable algorithm for simulators in terms of success rate.

For Figure 3.11b, as the problem size increases from size 3 to 4, feasibility de-
creases of all three 𝑝-values for ibmq_qasm_simulator. For all the simulators, fea-
sibility decreases or stays the same from problem size 3 to 4 for all 𝑝-values. Ta-
bles A.3, A.4 and A.7 show feasibility is 90 − 100% for all simulators for both methods
(ibmq_qasm_simulator 𝑝 = 3 size 4 is an outlier). These high feasibility percentages
are similar to the results for the QAOA for quantum devices on size 3 and 4 devices.
Therefore the QAOA and the VQE have the results of 90 − 100% feasibility showing
the power of simulators in solving small instances of the QAP.

For Figure 3.11c, uncertainty percentage decreases with increasing problem size
from size 3 to 4 for all 𝑝-values of the QAOA for ibmq_qasm_simulator. From
Tables A.5, A.6 and A.8, there is no pattern between 𝑝-values for any of the simulators.
The uncertainty percentage results for the simulators across all the QAOA are low,
while the VQE results are 90 − 100%. This gap is similar to the success rate where
the simulators perform better for the VQE than the QAOA. Notably, the QAOA has
larger uncertainty percentages for the simulator than the quantum devices in many
cases, but they are all within the same range of 0 − 5%. The QAOA simulators and
devices have similar results, while the VQE results diverge between simulators and
devices.

Figure 3.11d shows the same values from Figures 3.9 and 3.3 in one plot for
ibmq_qasm_simulator. Figure 3.11d reinforces the analysis made earlier - that the
QAOA is less time-efficient than the VQE. Tables A.5, A.6 and A.8 reinforce the
idea that the QAOA results are similar between the devices and simulators. The MT
values for ibmq_qasm_simulator are smaller overall than the other two simulators
for the QAOA, making this difference even more pronounced in those devices than in
Figure 3.11d. Note a simulator gives a time-efficient way to get results for the VQE
- with simulators getting high-quality results in the other three metrics. However,
the QAOA has the same CPU time with lower quality success rates and uncertainty
percentages when executed on the simulators. Therefore, a warm-start using the
simulators is appropriate for the VQE but not necessarily for the QAOA.

3.2.3 Quantum Hardware Limitations

Table 2.1 describes each IBM Quantum system, including the date of release. From
Table 2.1, it is evident that developments in quantum computing are very rapid,
with IBM Quantum releasing a new quantum processor every year with more qubits
and a larger quantum volume. Similarly, the software continues to be updated and
restructured. The VQE and the QAOA execute on Qiskit version 0.26.3, but the
research used deprecated libraries and software packages to keep consistency with
older results. As many new developments continue in quantum computing, it is also
notable that the time of writing is the era of the NISQ devices. As a result, it is
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Figure 3.11: These plots are a comparison of the VQE and the
QAOA on SR95, feasibility, uncertainty percentage and computational
time results solving the QAP on ibmq_qasm_simulator (with condi-
tional reset) as an example. The VQE performs best on all four metrics
when this simulator executes the QAP. There is no clear relationship

between 𝑝-values for the QAOA results.
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currently impossible to solve extensive circuits or problems requiring hundreds of
qubits. This section describes how certain limitations identified affected our results
and suggested solutions.

One of the fundamental changes to the software is the conditional reset. A limi-
tation of NISQ devices - circuit size - is also discussed in this section. And lastly, the
limit of the simulators may suggest the value of a quantum warm-start whose results
this research investigates on the same metrics as the simulator warm-start.

Conditional reset

IBM Quantum has introduced the conditional reset feature to make quantum device
calculations more efficient. These gates are described in Table 2.3 and Chapter 2.2.2.
All the QAOA results and the VQE results in Tables A.4 and A.6 use the gates (CX,
ID, RZ, SX, X) available with the conditional reset. The VQE results in Tables A.3
and A.5 use (CX, ID, U1, U2, U3). Figure 3.12 compares conditional reset’s impact
on time and average times AT and MT on both devices. Figure 3.12 shows no
clear improvement to computational time between results with or without conditional
reset. When comparing the success rates in Table A.4 to those on the same devices
without conditional reset in Table A.3, there is no improvement in success rate or
feasibility. Therefore, the implementation of conditional reset did not impact the
results obtained.
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Figure 3.12: These plots aim to illustrate the impact on CPU time
the new set of basis gates (CX, ID, RZ, SX, X) have on ibmq_sydney

and ibmq_toronto for both methods solved with the VQE.

Circuit size as problem size increases

Figure 3.13 shows how the number of operations and depth of circuits depends on
problem size. The VQE appears to have a direct exponential relationship between
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problem size and circuit size. The QAOA is larger than the VQE for all 𝑝-values,
with higher 𝑝-values having increasing circuit size. Regarding the number of circuit
operations, the QAOA values increase more than the VQE in Figure 3.13. For the
circuit depth, all 𝑝 = 2 and 𝑝 = 3 QAOA circuits are deeper than size 8 for the VQE
in Figure 3.13. This phenomenon limits experiments to small QAP instances (hence
the QAOA was executed until size instance 4). Therefore, obtaining an initial point
from a simulator for instances of size greater than size 4 is intractable.

The rapid increase in circuit size with problem size is one of many factors that
likely inform the increase in computation time with problem size. Since the QAOA
generates larger circuits than the VQE, it may inform why the QAOA has a longer
computation time. The relationship shown in Figure 3.13 suggests that exponential
growth in circuit capacity on devices is needed to allow the QAOA to become more
time-efficient like the VQE. Table A.11 shows the values for Figure 3.13 along with
qubits and parameters. Besides improving devices, optimising circuits is an alterna-
tive way to improve results. Circuit size is independent of SPSA iterations and the
type of variational form chosen for the VQE. However, the larger the number of SPSA
iterations, the larger the computational time.

At the time of writing, the NISQ devices are limited, by their specifications,
from solving the QAP instances considered non-trivial (problem sizes larger than 12).
Table 2.1 shows the limited access to qubits that prevents instances of size 8 and
larger from being tested. The other specifications in Table 2.1 impact error in the
results and the computational time. Quantum volume may show benefits in some
results, but this relationship is difficult to measure since quantum volume changes
with other parameters. Table A.11 shows how the value of the parameters grow with
problem size.
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Figure 3.13: These plots shows the circuit size for quantum heuristics
solving the QAP. Evidently, operations and depth grow exponentially
with problem size (𝑛). The VQE has smaller circuits than the QAOA
and increasing 𝑝-values correlate to larger circuit size for the QAOA

solutions to the QAP.
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Quantum warm-start

The VQE and the QAOA use a simulator warm-start where an initial point is gen-
erated from a simulator locally on the classical computer. Simulating quantum com-
puting on a classical computer can be difficult as the size of the QAP instance scales
and the circuits grow. Hence, an attempt to overcome this limitation was to use a
quantum computer to generate the initial point.

Quantum warm-start (QWS in Figure 3.14) is a method that executes the quan-
tum algorithm once on a quantum device with a random initial point to generate an
optimal point. That optimal point is the initial point for 30 trials on each quantum
device and simulator (method detailed in Chapter 2.1.5).

Using a quantum computer to generate an initial point has the limitation that
computation time increases, and the user may wait in queues to access the quantum
device. The device ibmq_toronto found the initial point because it has reservation
privileges, preventing wait times for access for a limited time each month. The limi-
tation of using ibmq_toronto is limited to 𝑛 < 6 because of its number of qubits.

The benefit of a quantum warm-start approach is that the circuit size limitations
have less impact than the simulator warm-start approach. Therefore the quantum
warm-start can execute instances with size 5 (where simulator warm-start cannot).
Notably, the computational time is considerably more significant than the CPU time
for size 4.

Figure 3.14 and Tables A.9 and A.10 display a brief investigation of a quantum
warm-start. Firstly, the large computation times limit the number of data points
collected. Therefore the number of experiments is only 10 trials instead of 30 trials for
each device (quantum devices and simulators). The limit makes it difficult to make
conclusions on this approach. Figure 3.14 shows results for simulator_statevector
for both simulator warm-start and the quantum warm-start for comparison of this
simulator as an example.

Comparing quantum and simulator warm-start for the VQE in Figure 3.14a shows
that the success rates for instances of size 3 are similar but diverge at instance 4. This
phenomenon is valid for the other two simulators (no devices have results for size 4 of
the VQE because of time constraints mentioned at the start of this section). Feasibil-
ity in Figure 3.14b is similar, but the phenomenon is not present for simulator_mps
from Table A.10. Figures 3.14c and 3.14d show the uncertainty percentage is much
lower for both sizes (𝑛 = 3 and 𝑛 = 4), and the time is more considerable for both
sizes for the VQE. This decreased performance of the VQE in uncertainty percent-
age and CPU time continues with the other two simulators. The limited number
of quantum devices that implemented the VQE quantum warm-start achieved simi-
lar results on the tested metrics as the simulator warm-start. Therefore, a quantum
warm-start has little impact on the VQE when executed on quantum devices. How-
ever, a quantum warm-start performs worse than a simulator warm-start on the VQE
when executed on a simulator.
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Comparing quantum and simulator warm-start for the QAOA in Figure 3.14 shows
that most of the results are very similar. The feasibility is the same between methods
for both 𝑝-values. The success rate, uncertainty and computational time are similar
and show no pattern. This pattern for simulator_statevector is true for all quantum
devices and simulators in Tables A.9 and A.10. Since there is no change in key
metrics, a quantum warm-start could be suitable for the QAOA since the results are
the same and can solve QAP instances larger than size 4. However, since the time
taken to find the initial point and queue time is unrecorded, these limitations still
exist as disadvantages for a quantum warm-start.

A benefit of the quantum warm-start is that it helps find initial points for instances
larger than size 4 for the QAOA. It is difficult to predict from the limited data on the
size 5 results; however, solution quality generally decreases with increased problem
size for the QAOA. No results are feasible, and therefore there is no uncertainty
percentage, and the success rate is 0% on the simulators. The feasibility is higher
than zero on most quantum devices and shows that results for size 5 are worse than
results for size 4 for the quantum warm-start of the QAOA. The computational times
are also more significant. Therefore, solution quality may still be an issue when
quantum capacity allows for QAP instances larger than size 4 to be solved by the
QAOA. Similarly, the quality of the initial point as the size of the QAP scales may be
a concern. Computation time remains a barrier to solving the QAP with the QAOA,
and the quantum warm-start does not overcome these limitations.

3.3 Conclusion

The results show the impact of these classical and quantum methods on the QAP.
When solution quality is more important than computational time, deterministic
methods like BNB are the fastest. BNB is only appropriate for QAP instances that
are smaller than size 11. With limited time, SA is a better option than BNB. SA
(used with the best parameters) provides a significant speed-up with a reduced loss
of solution quality. The Quantum Computing approach in the preliminary results is
slower than all methods tested, and the success rate is lower than that of classical
heuristics. Comparing the success rate and feasibility between devices shows that no
NISQ device has overall superior performance. The QAOA performs better than the
VQE in feasibility, success rate and uncertainty percentage on the quantum devices,
but with two data points, this is not conclusive. The VQE performs better than
the QAOA on the simulators and is more time-efficient on quantum devices and
simulators. Using a simulator warm-start method, the VQE has small circuits to
solve for QAP instances of larger problem sizes. The conditional reset and quantum
warm-start do not show substantial differences in results. Still, more research might
be needed to overcome the limitations of increasing circuit size with problem size.
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(a) Success rate is similar between the
QAOA and QAOA (QWS) values

(b) Feasibility is similar between the
QAOA and QAOA (QWS) values

(c) Mean uncertainty is highest for the
VQE and lowest for the QAOA and all

QWS results

(d) Computational time is similar be-
tween the QAOA and QAOA (QWS)
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Figure 3.14: These plots are a comparison of the VQE and the
QAOA on SR95, feasibility, uncertainty percentage and computational
time results for the QAP on simulator_statevector (with conditional
reset) as an example. The quantum warm-start (QWS) has little dif-
ference to the QAOA results but the VQE results are poorer on all 4
metrics. The 𝑛 = 5 results show the highest computational time and

0 % feasibility and success rate.
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Chapter 4

Conclusion

The results show two classical methods and two hybrid quantum algorithms - a De-
terministic Branch and Bound (BNB), Simulated Annealing (SA), the Variational
Quantum Eigensolver (VQE) and the Quantum Approximation Optimisation Algo-
rithm (QAOA) - solving the Quadratic Assignment Assignment Problem (QAP).
Each problem instance studied performed best with specific methods. When solution
quality (success rate) is more critical than time, BNB is the fastest. BNB is only ap-
propriate for QAP instances that are smaller than size 20. With limited time, SA is
more efficient in computational time with a slight loss of solution quality with op-
timal parameters. The Quantum Computing approach is slower than both classical
methods on the limited cases solvable by Noisy Intermediate-Scale Quantum (NISQ)
devices (𝑛 = 3, 4, 5, 6, 7).

In comparison, the QAOA takes a longer computational time on the quantum
devices than the VQE due to increased operations and depth. The success rate, fea-
sibility and uncertainty percentage of the QAOA are comparable to that of the VQE
for size 3, but the QAOA outperforms the VQE on instances of size 4. Working with
NISQ devices has limitations like solving large circuits. Implementing new basis gates
with conditional reset showed no change in results. A quantum warm-start, imple-
mented to overcome the limitations of simulators, showed no difference in results and
that instances of size 5 of the QAOA perform worse than size 4. It is difficult to make
inferences on the QAOA because of the large size of the circuits and the limitations of
the simulators and quantum systems. Therefore it is unanswered whether quantum
methods can overcome the limits of the QAP’s classification as an NP-Hard problem.

4.1 Research Objectives

This research describes quantum computing and its application to solving the QAP
using the IBM Quantum systems and simulators. The QAP instances are encoded
using Discrete Optimisation CPLEX (DOcplex). DOcplex represents the binary in-
teger programming model of the QAP, which makes a Hamiltonian using tools in the
Qiskit library (note Chapter 2.2 for the full method). The quantum heuristics solve
for the eigensolution of the Hamiltonian, which is the decision vector of the QAP.
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The evolution of the quantum processors shows no apparent difference in perfor-
mance on the chosen metrics in studying the VQE. Similarly, conditional reset shows
no evident improvement in computational time from the VQE.

The experimental results show that classical optimisation algorithms outperform
quantum optimisation algorithms in success rate, feasibility and computational time
in finding solutions to the QAP. The VQE exceeds the QAOA on quantum systems
and simulators in computational time. In contrast, the feasibility and uncertainty
percentage of the QAOA exceeds the VQE on quantum devices. The VQE outper-
forms the QAOA in all the metrics on the simulators. The success rate on the devices
has no clear relationship between the VQE and the QAOA.

In answering the research question, when solving the maximum problem size possi-
ble on NISQ devices, classical algorithms like BNB and SA may currently outperform
quantum algorithms like the VQE and QAOA regarding both solution quality and
computational time. However, it’s important to note that quantum technologies are
still in the early stages of development, and future advancements in hardware and
algorithms may lead to improved performance for quantum approaches. While quan-
tum algorithms hold promise for optimization problems like the QAP, their practical
applicability and performance on NISQ devices require more exploration, and classi-
cal algorithms remain competitive for large-scale instances.

4.2 Recommendations

In terms of future work, IBM Quantum plan to release more quantum devices with
more qubits and different specifications. IBM Quantum launched a new 128 qubit
device in December 2021 and plans to release more in 2022. Access to more qubits and
new devices provides an opportunity to solve more instances of the QAP using the
VQE and the QAOA. This opportunity could provide conclusions on the performance
of the quantum methods as the instances of the QAP increase with problem size.
Access to quantum systems with many qubits would also make a quantum warm
start feasible for instances where 𝑛 > 7 is an alternative to using limited simulators.
Access to more qubits can also enable the study of real-life applications, like the
energy systems described in Chapter 1, which have a larger problem size.

Future work can investigate the warm-start approach further. Measuring the
quality of the initial point could provide insight into the current results and improve
the solution quality and computation time in future. Optimising the initial point
with multiple passes in the quantum heuristic is an alternative to the warm-start.
Optimising other parameters is another possible approach to improve results.

Qiskit Runtime is a framework designed to optimise computations with many
operations where IBM Quantum reports a 120 times computational speed up [92].
Specific Qiskit Runtime programs are intended for the VQE and the QAOA, reducing
computation times. Studying this program and measuring its effect on the QAP
would compare the new and old approaches. Measuring the improvement in quantum
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computing solution for Combinatorial Optimisation Problems (COP) using the QAP
as an example would be a meaningful contribution.

Lastly, future work could include examining the formulation of the QAP. This
research uses two formulations that are not convex, and convexity may affect the
performance of the QAP on the chosen metrics. There also exist methods that re-
duce the number of qubits a Quantum Unconstrained Binary Optimisation (QUBO)
problem uses. Therefore adjusting the formulation of the QAP could improve perfor-
mance on NISQ devices or allow for larger instances (𝑛 > 7) to be solved. Different
instances of the QAP have different typologies, and understanding their impact on
the results could also extend this research. For example, this research only uses sym-
metrical input matrices, and perhaps asymmetrical instances of the QAP will garner
different results.

The study of solving COP with quantum algorithms on NISQ devices is rapidly
changing and evolving, and the developments in hardware and software will determine
future work.
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Appendix A

Data tables

A.1 Description of selected QAPLIB datasets

Table A.1: Table of Data

Name 𝑛 Best known solution IG (%)

tai12a 12 224416 (8,1,6,2,11,10,3,5,9,7,12,4)
tai40a 40 3139370 ∗ 9.43
tai60a 60 7205962 ∗ 12.21
tai80a 80 13499184 ∗ 13.65
tai256c 256 44759294 ∗ 1.48
nug14 14 1014 (9,8,13,2,1,11,7,14,3,4,12,5,6,10)
nug15 15 1150 (1,2,13,8,9,4,3,14,7,11,10,15,6,5,12)
nug16a 16 1610 (9,14,2,15,16,3,10,12,8,11,6,5,7,1,4,13)
nug17 17 1732 (16,15,2,14,9,11,8,12,10,3,4,1,7,6,13,17,5)
nug20 20 2570(18,14,10,3,9,4,2,12,11,16,19,15,20,8,13,17,5,7,1,6)
nug21 21 2438 (4,21,3,9,13,2,5,14,18,11,16,10,6,15,20,19,8,7,1,12,17)
bur26a 26 5426670 (26, 15, 11, 7, 4, 12, 13, 2, 6, 18, 1, 5, 9, 21, 8, 14, 3, 20, 19, 25, 17, 10, 16, 24, 23, 22)
chr15c 15 9504 (13,2,5,7,8,1,14,6,4,3,15,9,12,11,10)
chr18a 18 11098 (3,13,6,4,18,12,10,5,1,11,8,7,17,14,9,16,15,2)
chr20a 20 2192 (3,20,7,18,9,12,19,4,10,11,1,6,15,8,2,5,14,16,13,17)
chr22a 22 6156 (15,2,21,8,16,1,7,18,14,13,5,17,6,11,3,4,20,19,9,22,10,12)

A.2 Results

Key points from the results below can be found in their respective subsections in
the form of plots. The methods used are Branch and Bound (BNB), Simulated An-
nealing (SA), Variational Quantum Eigensolver (VQE) and Quantum Approximation
Optimisation Algorithm (QAOA).

∗The optimal permutation was omitted for ease of reading
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Table A.2: SA: parameters and success rates over problem size (𝑛)

Parameters
𝑛 SR95 SR99 𝜖* 𝐿† 𝛼‡ 𝑇§

3 100.0 100.0 1.0 20 0.90 20
4 100.0 100.0 1.0 20 0.90 20
5 100.0 100.0 1.0 20 0.90 20
6 96.67 60.0 1.0 20 0.90 20
7 93.33 93.33 1.0 20 0.90 740
8 80.0 26.67 1.0 20 0.90 1460
9 100.0 53.33 1.0 20 0.92 2540

10 60.0 3.33 1.0 20 0.90 420
11 93.33 40.0 1.0 28 0.97 11 820
12 100.0 63.33 0.1 22 0.99 14 660
14 100.0 30.0 1.0 20 0.92 19 060
15 100.0 80.0 1.0 20 0.99 19 700
16 100.0 56.67 1.0 20 0.92 820
17 100.0 43.33 1.0 20 0.97 220
20 100.0 10.0 1.0 20 0.90 920
21 100.0 43.33 1.0 22 0.97 23 420
26 100.0 100.0 0.1 24 0.97 420
40 100.0 0.0 0.01 26 0.99 6020
60 100.0 0.0 0.0001 26 0.99 4020
80 100.0 0.0 0.001 26 0.95 4020

Find the parameters in Algorithm 4 and their explanation in Chapter 2.1.2
* 𝜖: final temperature
† 𝐿: Markov chain length
‡ 𝛼: cool-down factor
§ 𝑇: starting temperature
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Table A.3: The VQE: parameters, solution quality and computa-
tional time results over problem size (𝑛) (before conditional reset)

𝑛 Parameters* SR99 SR95 Feas.† AT(s)‡ MT(s)§ Devices

3 [1000, “TL”]

100.0 100.0 100.0 45.65 45.65 ibmq_qasm_simulator
86.67 86.67 100.0 1486.68 151.78 ibmq_johannesburg
43.33 43.33 100.0 479.18 415.05 ibmq_montreal
96.67 96.67 100.0 414.38 520.24 ibmq_cambridge
53.33 53.33 100.0 987.22 548.20 ibmq_rochester
0.0 0.0 100.0 852.69 268.71 ibmq_boeblingen

93.33 93.33 100.0 3994.88 1360.91 ibmq_sydney
73.33 73.33 100.0 8586.37 1692.50 ibmq_toronto
96.67 96.67 100.0 3722.58 557.68 ibmq_manhattan

4 [3000, “TL”]

0.0 100.0 100.0 45.64 45.64 ibmq_qasm_simulator
3.33 16.67 56.67 495.1 342.20 ibmq_johannesburg
3.33 6.67 56.67 827.51 369.81 ibmq_montreal
6.67 13.33 43.33 562.17 367.47 ibmq_cambridge
6.66 13.33 43.33 4803.45 3260.97 ibmq_rochester
0.0 10.0 46.67 1397.01 873.04 ibmq_boeblingen
0.0 3.33 36.67 801.31 491.77 ibmq_sydney
0.0 6.67 40.0 6133.34 337.68 ibmq_toronto
0.0 10.0 40.0 298.94 267.96 ibmq_manhattan

5 [5000, “TL”]

0.0 0.0 96.67 64.05 64.05 ibmq_qasm_simulator
0.0 0.0 0.0 9986.32 872.01 ibmq_montreal
0.0 0.0 0.0 565.01 565.01 ibmq_cambridge
0.0 0.0 3.33 2116.71 1801.51 ibmq_rochester
0.0 0.0 3.33 845.03 476.22 ibmq_sydney
3.33 3.33 6.67 917.79 566.01 ibmq_toronto
0.0 0.0 3.33 3020.28 1318.44 ibmq_manhattan

6 [6000, “TL”] 0.0 0.0 0.0 5017.53 2265.98 ibmq_rochester
0.0 0.0 0.0 24 373.16 2967.89 ibmq_manhattan

7 [12000, “TL”] 0.0 0.0 0.0 18 429.26 7928.29 ibmq_manhattan

Find the parameters in Algorithm 5 and the metrics and explanation in Chapter 2.2.5
* Parameters: [number of SPSA iterations, variational form]
† Feas.: percentage of trials found feasible
‡ AT: average CPU time with outliers
§ MT: average CPU time without outliers
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Table A.4: The VQE: parameters, solution quality and computa-
tional time results over problem size (𝑛) (with conditional reset)

𝑛 Parameters* SR99 SR95 Feas.† AT(s)‡ MT(s)§ Devices

3 [1000, “TL”]

100.0 100.0 100.0 33.41 33.41 simulator_mps
96.67 96.67 100.0 33.17 32.59 simulator_statevector
96.67 96.67 100.0 193.49 193.49 ibmq_qasm_simulator
23.33 23.33 100.0 155.46 150.18 ibmq_guadalupe
86.67 86.67 100.0 652.57 652.57 ibmq_sydney
30.0 30.0 100.0 655.30 586.91 ibmq_toronto
83.33 83.33 100.0 6455.18 266.34 ibmq_mumbai
10.0 10.0 100.0 415.08 248.95 ibm_cairo
46.67 46.67 100.0 1441.64 1235.92 ibm_hanoi

100.0 100.0 100.0 604.24 604.24 ibmq_manhattan

4 [3000, “TL”]

0.0 96.67 96.67 36.09 35.62 simulator_mps
0.0 100.0 100.0 37.73 37.73 simulator_statevector
0.0 96.67 96.67 184.27 184.27 ibmq_qasm_simulator
0.0 3.33 33.33 494.41 494.41 ibmq_guadalupe
3.33 6.67 36.67 768.95 510.72 ibmq_sydney
0.0 3.33 30.0 720.66 582.44 ibmq_toronto
3.33 3.33 56.67 2393.14 266.71 ibmq_mumbai
3.33 10.0 30.0 1160.29 1160.29 ibm_cairo
3.33 3.33 36.67 210.36 210.36 ibm_hanoi
0.0 10.0 36.67 553.22 497.06 ibmq_manhattan

5 [5000, “TL”]

0.0 0.0 96.67 321.44 316.78 simulator_mps
0.0 0.0 96.67 58.24 57.61 simulator_statevector
0.0 0.0 100.0 212.39 212.39 ibmq_qasm_simulator
0.0 0.0 0.0 5659.09 2636.32 ibmq_sydney
0.0 0.0 3.33 1014.09 1014.09 ibmq_toronto
0.0 0.0 0.0 626.4 326.84 ibmq_mumbai
0.0 0.0 0.0 1113.64 1113.64 ibm_cairo
0.0 0.0 3.33 280.9 276.63 ibm_hanoi

6 [6000, “TL”] 0.0 0.0 100.0 835.59 835.59 simulator_mps
7 [12000, “TL”] 0.0 0.0 96.67 1625.68 1603.99 simulator_mps

Find the parameters in Algorithm 5 and the metrics and explanation in Chapter 2.2.5
* Parameters: [number of SPSA iterations, variational form]
† Feas.: percentage of trials found feasible
‡ AT: average CPU time with outliers
§ MT: average CPU time without outliers
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Table A.5: The VQE: uncertainty percentage results over problem
size (𝑛) (before conditional reset)

𝑛 # feas.* mean (%) max (%) min (%) std (%) Devices

3

30 95.65 98.93 0.68 17.64 ibmq_qasm_simulator
30 0.57 1.07 0.20 0.22 ibmq_johannesburg
30 0.41 0.78 0.20 0.13 ibmq_montreal
30 2.79 4.69 0.59 1.22 ibmq_cambridge
30 0.55 1.07 0.20 0.21 ibmq_rochester
30 0.64 0.98 0.39 0.18 ibmq_boeblingen
30 1.04 2.54 0.20 0.48 ibmq_sydney
30 0.59 0.98 0.20 0.21 ibmq_toronto
30 28.62 35.25 0.29 5.96 ibmq_manhattan

4

30 96.68 98.34 48.63 8.92 ibmq_qasm_simulator
17 0.10 0.20 0.10 0.02 ibmq_johannesburg
17 0.10 0.10 0.10 0.00 ibmq_montreal
13 0.10 0.10 0.10 0.00 ibmq_cambridge
19 0.10 0.20 0.10 0.02 ibmq_rochester
14 0.10 0.10 0.10 0.00 ibmq_boeblingen
11 0.10 0.10 0.10 0.00 ibmq_sydney
12 0.10 0.10 0.10 0.00 ibmq_toronto
12 0.10 0.10 0.10 0.00 ibmq_manhattan

5

29 94.24 94.24 94.24 0.00 ibmq_qasm_simulator
0 - - - - ibmq_montreal
0 - - - - ibmq_cambridge
0 - - - - ibmq_rochester
0 - - - - ibmq_sydney
2 0.10 0.10 0.10 0.0 ibmq_toronto
1 0.10 0.10 0.10 0.0 ibmq_manhattan

6 1 0.10 0.10 0.10 0.00 ibmq_rochester
0 - - - - ibmq_manhattan

7 0 - - - - ibmq_manhattan

If 0 trials are feasible then there is no metric to measure - find more on this metric in Chapter 2.2.5
* # feas. number of the 30 trials that are feasible
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Table A.6: The VQE: uncertainty percentage results over problem
size (𝑛) (with conditional reset)

𝑛 # feas.* mean (%) max (%) min (%) std (%) Devices

3

30 95.80 98.93 5.27 16.81 simulator_mps
30 95.64 98.93 0.39 17.69 simulator_statevector
30 95.64 98.93 0.29 17.71 ibmq_qasm_simulator
30 0.44 0.88 0.20 0.14 ibmq_guadalupe
30 0.77 2.05 0.20 0.43 ibmq_sydney
30 0.49 0.88 0.20 0.16 ibmq_toronto
30 0.51 0.98 0.2 0.19 ibmq_mumbai
30 0.45 0.68 0.29 0.13 ibm_cairo
30 0.42 0.78 0.20 0.14 ibm_hanoi

4

29 98.34 98.34 98.34 0.00 simulator_mps
30 95.99 98.34 27.93 12.64 simulator_statevector
29 98.34 98.34 98.34 0.0 ibmq_qasm_simulator
10 0.10 0.10 0.10 0.00 ibmq_guadalupe
11 0.11 0.20 0.10 0.03 ibmq_sydney
9 0.10 0.10 0.10 0.00 ibmq_toronto

17 0.10 0.10 0.10 0.00 ibmq_mumbai
9 0.11 0.20 0.10 0.03 ibm_cairo

11 0.10 0.10 0.10 0.00 ibm_hanoi

5

29 94.24 94.34 94.24 0.02 simulator_mps
29 94.24 94.24 94.24 0.00 simulator_statevector
30 93.91 94.24 84.38 1.77 ibmq_qasm_simulator
0 - - - - ibmq_sydney
1 0.10 0.10 0.10 0.00 ibmq_toronto
0 - - - - ibmq_mumbai
0 - - - - ibm_cairo
1 0.10 0.10 0.10 0.00 ibm_hanoi

6 30 84.41 84.47 82.62 0.33 simulator_mps
7 29 1.07 1.07 1.07 0.00 simulator_mps

If 0 trials are feasible then there is no metric to measure - find more on this metric in Chapter 2.2.5
* # feas. number of the 30 trials that are feasible
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Table A.7: The QAOA: parameters, solution quality and computa-
tional time results over problem size (𝑛) for each 𝑝-value (with condi-

tional reset)

𝑝 𝑛 Par.* SR99 SR95 Feas.† AT(s)‡ MT(s)§ Devices

1

3 1

23.33 23.33 100.0 453.34 445.47 ibmq_qasm_simulator
16.67 16.67 100.0 1768.80 1768.80 simulator_statevector
10.0 10.0 100.0 1956.79 1956.79 simulator_mps
16.67 16.67 100.0 5176.16 2383.20 ibmq_guadalupe
30.0 30.0 100.0 12 697.07 6595.37 ibmq_toronto
60.0 60.0 100.0 12 288.01 2342.49 ibmq_montreal
6.67 6.67 100.0 13 778.79 2863.72 ibm_hanoi

10.0 10.0 100.0 18 589.98 5904.43 ibm_cairo
16.67 16.67 100.0 22 811.06 12 141.47 ibmq_manhattan

4 1

0.0 3.33 96.67 4924.15 4729.84 ibmq_qasm_simulator
16.67 33.33 100.0 5278.72 5278.72 simulator_statevector
10.0 30.0 96.67 7862.57 7768.21 simulator_mps
6.67 20.0 100.0 19 596.96 7983.68 ibmq_guadalupe

10.0 20.0 90.0 19 877.39 6626.54 ibmq_toronto
20.0 43.33 100.0 34 163.30 28 407.03 ibmq_montreal
10.0 23.33 96.67 9743.14 8224.30 ibm_hanoi
20.0 30.0 96.67 61 429.97 9342.21 ibm_cairo

2

3 1

20.0 20.0 100.0 2579.95 2579.95 ibmq_qasm_simulator
36.67 36.67 100.0 1833.80 1833.80 simulator_mps
13.33 13.33 100.0 1885.27 1885.27 simulator_statevector
0.0 0.0 100.0 58 853.24 58 853.24 ibmq_toronto

40.0 40.0 100.0 31 754.84 10 608.88 ibm_hanoi
6.67 6.67 100.0 31 795.21 27 097.91 ibmq_guadalupe

4 1

3.33 10.0 86.67 6658.05 6441.94 ibmq_qasm_simulator
3.33 16.67 90.0 9512.24 9290.07 simulator_mps
3.33 20.0 96.67 5961.19 5788.60 simulator_statevector

10.0 20.0 100.0 28 250.70 28 250.70 ibm_hanoi
3.33 16.67 100.0 32 319.71 27 322.74 ibmq_guadalupe
3.33 13.33 96.67 41 250.59 29 899.28 ibmq_toronto

3

3 100

26.67 26.67 100.0 221.89 221.89 ibmq_qasm_simulator
16.67 16.67 100.0 1990.63 1990.63 simulator_mps
16.67 16.67 100.0 2430.14 2160.71 simulator_statevector
20.0 20.0 100.0 86 327.60 46 532.08 ibmq_sydney
0.0 0.0 100.0 552.26 453.37 ibmq_toronto
3.33 3.33 100.0 14 588.49 10 835.97 ibmq_guadalupe

4 50

3.33 3.33 26.67 320.58 320.58 ibmq_qasm_simulator
0.0 13.33 96.67 11 700.57 11 483.13 simulator_mps

13.33 26.67 93.33 6528.40 6221.85 simulator_statevector
6.67 16.67 60.0 47 035.14 8325.71 ibmq_sydney
0.0 6.67 36.67 6979.90 1446.55 ibmq_toronto
3.33 30.0 96.67 12 145.58 8347.45 ibmq_guadalupe

Find the parameters in Algorithm 6 and the metrics and explanation in Chapter 2.2.5
* Par.: number of SPSA iterations (parameter)
† Feas.: percentage of trials found feasible
‡ AT: average CPU time with outliers
§ MT: average CPU time without outliers
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Table A.8: The QAOA: uncertainty percentage results over problem
size (𝑛) for each 𝑝-value (with conditional reset)

𝑝 𝑛 # feas.† mean (%) max (%) min (%) std (%) Devices

1

3

30 4.12 12.21 1.56 2.92 ibmq_qasm_simulator
30 3.46 12.21 1.56 2.57 simulator_statevector
30 3.87 7.32 1.46 1.87 simulator_mps
30 2.71 4.69 1.86 0.58 ibmq_toronto
30 2.62 3.32 2.15 0.32 ibmq_guadalupe
30 2.36 3.42 1.76 0.40 ibmq_montreal
30 3.65 6.05 3.12 0.65 ibm_hanoi
30 2.51 3.81 1.76 0.47 ibm_cairo
30 2.89 4.00 1.56 0.68 ibm_manhattan

4

29 1.91 3.81 0.10 1.18 ibmq_qasm_simulator
30 0.17 0.59 0.10 0.14 simulator_statevector
29 0.12 0.20 0.10 0.04 simulator_mps
30 0.21 0.39 0.10 0.07 ibmq_guadalupe
27 0.17 0.29 0.10 0.06 ibmq_toronto
30 0.18 0.29 0.10 0.07 ibmq_montreal
29 0.17 0.29 0.10 0.07 ibm_hanoi
29 0.17 0.39 0.10 0.07 ibm_cairo

2

3

30 3.61 11.52 1.27 2.35 ibmq_qasm_simulator
30 3.41 6.15 0.29 1.49 simulator_mps
30 3.71 9.18 0.29 2.25 simulator_statevector
30 3.45 5.96 1.66 1.02 ibmq_toronto
30 2.71 3.52 2.25 0.36 ibm_hanoi
30 2.78 3.52 2.25 0.33 ibmq_guadalupe

4

26 0.21 0.78 0.10 0.16 ibmq_qasm_simulator
27 0.21 0.78 0.10 0.19 simulator_mps
29 0.18 1.17 0.10 0.20 simulator_statevector
29 0.22 0.49 0.10 0.10 ibmq_toronto
30 0.15 0.29 0.10 0.07 ibm_hanoi
30 0.24 0.39 0.10 0.08 ibmq_guadalupe

3

3

30 0.47 0.98 0.1 0.22 ibmq_qasm_simulator
30 3.97 9.38 1.46 2.02 simulator_mps
30 3.82 10.16 1.27 1.85 simulator_statevector
30 0.41 0.78 0.20 0.15 ibmq_sydney
30 0.39 0.68 0.20 0.13 ibmq_toronto
30 2.2 3.52 1.56 0.46 ibmq_guadalupe

4

8 0.10 0.10 0.10 0.0 ibmq_qasm_simulator
29 0.12 0.29 0.1 0.06 simulator_mps
28 0.12 0.2 0.10 0.04 simulator_statevector
18 0.10 0.20 0.10 0.02 ibmq_sydney
11 0.10 0.10 0.10 0.00 ibmq_toronto
29 0.20 0.39 0.10 0.09 ibmq_guadalupe

Find the explanation of this metric in Chapter 2.2.5
* # feas. number of the 30 trials that are feasible
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Table A.9: Quantum warm-start: the VQE and the QAOA parame-
ters, solution quality and computational time results over problem size

(𝑛) (with conditional reset)

𝑛 𝑝 Par.* SR99 SR95 Feas.† AT(s)‡ MT(s)§ Devices Method

3

1 1
0.0 0.0 100.0 1686.9 1610.1 ibmq_qasm_simulator

QAOA

10.0 10.0 100.0 2095.3 2095.3 simulator_statevector
40.0 40.0 100.0 5837.6 4509.0 ibm_cairo

2 1

20.0 20.0 100.0 2070.0 2070.0 simulator_mps
10.0 10.0 100.0 2311.5 2311.5 simulator_statevector
10.0 10.0 100.0 21 044.7 3373.5 ibm_cairo
10.0 10.0 100.0 17 869.7 17 869.7 ibm_hanoi

- [1,“TL”]

100.0 100.0 100.0 179.8 153.9 ibmq_qasm_simulator

VQE
90.0 90.0 100.0 147.6 147.6 simulator_statevector
90.0 90.0 100.0 243.8 243.8 simulator_mps
70.0 70.0 100.0 30 890.2 3889.9 ibmq_guadalupe
40.0 40.0 100.0 1267.7 734.8 ibmq_sydney

4

1 1
10.0 20.0 100.0 5394.7 5394.7 ibmq_qasm_simulator

QAOA

20.0 30.0 100.0 6180.4 6180.4 simulator_statevector
0.0 20.0 100.0 29 356.5 5989.0 ibm_cairo

2 1

10.0 30.0 100.0 8266.4 8266.4 simulator_mps
0.0 20.0 100.0 5461.0 5371.5 simulator_statevector

30.0 60.0 100.0 10 594.6 6857.3 ibm_cairo
10.0 30.0 100.0 18 568.7 18 568.7 ibm_hanoi

- [1,“TL”]
0.0 0.0 0.0 238.6 238.6 ibmq_qasm_simulator

VQE0.0 0.0 0.0 320.0 320.0 simulator_statevector
0.0 0.0 90.0 296.2 273.7 simulator_mps

5

1 5

0.0 0.0 0.0 13 411.6 13 411.6 ibmq_qasm_simulator

QAOA

0.0 0.0 0.0 11 862.3 11 862.3 simulator_statevector
0.0 0.0 10.0 121 376.2 58 487.8 ibm_cairo
0.0 0.0 0.0 54 655.9 54 655.9 ibmq_mumbai

2 1
0.0 0.0 0.0 12 177.8 12 177.8 simulator_statevector
0.0 0.0 40.0 26 373.9 17 670.8 ibm_cairo
0.0 0.0 10.0 45 564.3 45 564.3 ibm_hanoi

The quantum warm-start uses 10 trials and not 30 - find the explanation in Chapter 2.1.5
Find the parameters in Algorithms 5 and 6, the metrics in Chapter 2.2.5

* Par.: (parameter) number of SPSA iterations for the QAOA
* Par.: (parameters) [number of SPSA iterations, variational form] for the VQE
† Feas.: percentage of trials found feasible
‡ AT: average CPU time with outliers
§ MT: average CPU time without outliers
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Table A.10: Quantum warm-start: the VQE and the QAOA uncer-
tainty percentage results over problem size (𝑛) (with conditional reset)

𝑛 𝑝 # feas.* mean (%) max (%) min (%) std (%) Devices Methods

3

1
10 7.85 13.87 3.22 3.72 ibmq_qasm_simulator

QAOA

10 2.45 4.88 1.17 1.09 simulator_statevector
10 2.17 2.93 1.46 0.44 ibm_cairo

2

10 4.52 9.18 2.05 2.43 simulator_mps
10 4.69 9.18 2.05 2.46 simulator_statevector
10 2.23 2.44 1.95 0.17 ibm_cairo
10 2.10 2.34 1.76 0.19 ibm_hanoi

-

10 1.16 1.27 0.2 0.32 ibmq_qasm_simulator

VQE
10 1.29 1.46 1.27 0.06 simulator_statevector
10 1.62 1.76 0.39 0.41 simulator_mps
10 0.42 0.78 0.29 0.14 ibmq_guadalupe
10 0.39 0.78 0.20 0.15 ibmq_sydney

4

1
10 0.15 0.2 0.1 0.05 ibmq_qasm_simulator

QAOA

10 0.14 0.20 0.10 0.05 simulator_statevector
10 0.14 0.20 0.10 0.05 ibm_cairo

2

10 0.12 0.20 0.10 0.04 simulator_mps
10 0.16 0.20 0.10 0.05 simulator_statevector
10 0.13 0.20 0.10 0.04 ibm_cairo
10 0.11 0.20 0.10 0.03 ibm_hanoi

-
0 - - - - ibmq_qasm_simulator

VQE0 - - - - simulator_statevector
9 0.10 0.10 0.10 0.00 simulator_mps

5

1

0 - - - - ibmq_qasm_simulator

QAOA

0 - - - - simulator_statevector
0 - - - - ibmq_mumbai
1 0.10 0.10 0.10 0.00 ibm_cairo

2
0 - - - - simulator_statevector
4 0.10 0.10 0.10 0.00 ibm_cairo
1 0.10 0.10 0.10 0.00 ibm_hanoi

If 0 trials are feasible then there is no metric to measure - find more on this metric in Chapter 2.2.5
* # feas. number of the 10 trials that are feasible
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Table A.11: Specifications of the circuits before transpiling on the
quantum devices

𝑛 Qubits 𝑝 Parameters* Operations Depth Method

3 9

- [1000, “TL”] 103 23 VQE
1 [1] 144 51

QAOA2 [1] 270 100
3 [100] 396 149

4 16

- [3000, “TL”] 187 30 VQE
1 [1] 352 78

QAOA2 [1] 672 148
3 [50] 992 218

5 25

- [5000, “TL”] 295 39 VQE
1 - 640 83

QAOA2 - 1230 155
3 - 1820 227

6 36

- [6000, “TL”] 427 50 VQE
1 - 1224 119

QAOA2 - 2376 220
3 - 3528 312

7 49

- [12000, “TL”] 583 63 VQE
1 - 2338 192

QAOA2 - 4578 366
3 - 6818 540

8 64

- - 763 78 VQE
1 - 3448 264

QAOA2 - 6768 496
3 - 10088 728

† Parameters: [number of SPSA iterations, variational form] for the VQE
Parameter: [number of SPSA iterations] for the QAOA
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Appendix B

Published work

B.1 Conference publication

The conference paper featured this research on the Quadratic Assignment Problem
with another Combinatorial Optimisation Problem (COP) - the Travelling Salesmen
Problem (TSP) in a conference paper in the 2020 7th International Conference on
Soft Computing & Machine Intelligence (ISCMI) [77]. This conference paper shows
many of the Variational Quantum Eigensolver (VQE) results garnered before intro-
ducing the conditional reset used in this research. Additionally, it establishes Branch
and Bound (BNB) and Simulated Annealing (SA) as classical benchmark methods
for comparison to the VQE, which this research continues. The conference paper con-
cludes that Noisy Intermediate-Scale Quantum (NISQ) devices perform better on all
metrics than the quantum methods - this conclusion is shared with this research.

B.1.1 Abstract

The prevalence of NP-Hard COP requires a continuous search for powerful heuristic
techniques to efficiently solve problems of this nature due to the exponentially grow-
ing CPU times faced by deterministic methods. This paper focuses on two COP,
namely the TSP and the QAP. In particular, the computational performance of clas-
sical optimisation techniques, BNB and SA, are compared to the VQE algorithm.
These algorithms are executed respectively on classical and Noisy Intermediate-Scale
Quantum (NISQ) computers, in this case, a host of IBM quantum devices. The ex-
perimental results resemble and extend on previously reported results found in the
literature. Furthermore, this research critically analyses, compares and comments on
the performance of quantum computing techniques to that of classical techniques.
The results highlight the current shortcomings of NISQ devices, as classical optimi-
sation techniques significantly outperform the VQE algorithm when run on state of
the art IBM Quantum devices.

B.2 Preprint journal paper

This preprint [82] is an extension of the conference publication that remains under
review. It includes new metrics - namely feasibility and uncertainty percentage (both
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examined in this research). The preprint paper has conclusions on the basis gates
included in the results of this research. A few of the Quantum Approximate Opti-
misation Algorithm (QAOA) results in this research (where 𝑝 = 3) are also in the
preprint. The conclusion on the QAOA are more detailed and vary somewhat from
the findings in the preprint.

B.2.1 Abstract

The exponential increase in CPU time taken to deterministically solve NP-Hard COP,
as the problem size scales, has resulted in a search for non-deterministic optimisation
solution techniques to obtain solutions to COP efficiently. This paper juxtaposes
classical and quantum optimisation algorithms’ performance to solve two common
COP, the TSP and QAP. The two classical optimisation techniques applied are BNB
and SA, and the two quantum optimisation methods used are the VQE algorithm
and QAOA. These algorithms are respectively executed on classical and IBM’s suite
of NISQ computers. Our experimental results resemble and extend on previously
reported results in the literature. Extensions include critically analysing, comparing
and commenting on the performance of quantum optimisation computing techniques
to classical techniques, with respect to computational time and additional metrics
used to measure solution quality. Furthermore, a comparison of the impact of a
new set of basis gates on the quantum optimisation techniques was investigated;
the results did not reflect any consistent impact on results. The VQE algorithm
and QAOA executed on state of the art IBM quantum devices are outperformed by
classical optimisation techniques, highlighting the shortcomings of NISQ devices.
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