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SYROESIS

Beged on Fiteau's geologiesl propositions ths theary
of the i of the fluid isl distefbutlon in =
jolnted vock mass is built up. The jointed rock mass is modeiled
toth as & continuunt and as 2 & H The ice which
arises from these models is formilated snd those rock joint catagories
which the models best represent are indicnted. Vector snd Temsor
coetficients of rermeability for an auisotropic medium are defined
and their 1 are i Tt is show
that a regilarly jointed rock mass can be best characterised by a |
permaability temsor. The infleence of jointing irregularities on The
accuracy of the permeability temsor is discussed. Xt is shown that
provided there are sufficient fofnts in a Tegion considered; the

iutions €or the Fluid potential di from the varicus
anatytical methods converge.
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CHAPTER 1

SEATRMENT OF THE PROBLEM

Water in a joiuted rock mass causes pressures which are usually
detrimental to ths stability of the rock mass, The determination of
such water pressures is & complex task as Tock is inherently amisto~
tropic and heterogenecus.

It is therefore nacessary to medsure, as far as possitle, the
existing water pressure im a rock mass and to extend these tesults by

1 justing the used in such
snalyses uatil calculated results correspond to measuved states of

pressure.

Tn order, however, to carry out amalyses of the water pressure
@istribution, simplified models of the rock mass have to be postulared,
and these shouid be such that they are readily amemable to mathematical

manipulation and analysis,

Furthetmore it i6 necessary that all the factors which influence
both the flow of water im rock joints and the distribution of pressures
in a rock mass be clearly undevatood. Omly if a thorough background to
the theoretical smalysis is available can the method of datermining i a4

field potential distribucions by means of the messurement of field o a
pressures and the fitting of analytical results be most efficientiy
urilised. : . 2

ATTEMPTED SOLUTION AS FPRESENTED IN THIS THESIS . Ly

IHE  ATTEMPTED SOLUTION AS PRESEWIED 1IN IHIS WHweD

1. The Proposed for.
distributions

pressure

The ultimate sbjective of any hydraulic analysis of 2 jointed T =
zock mass is 2 quontitative description of the water preswures im the
{ joints and interstices of the zock mass. All analyses sttempr to

datermine the water preasure situatiom in a practical jointed rock

mass under certain condicions. ;
By means of piezometers it is however possible to measure the

actual water pressures which exist in & jointed Tock mess at suy given

time. In fact if sufficient piezomaters could be installed, there

sould be no need for any sxalytieal sclution of the as is water prassure




situation in the rock mass, for contours of equal potential could be
drwm a0d thus the exact flow net determined,

However, it is practically impossible to ever obtain sufficient
piezometer readings to be able to draw complete flow nets. Morevver
it is usually necessary to be able to predict what future watar
prossure situstions will be under roundary iti and
uot these which are extant at the time of taking the piezometer

readings.
Thus a complete invastigation of the hydraulic regime, both
inted rock mass requires the use of

presant and projected, of a j
boLhApiezometgts installed in the field and theoretical analyses of

the pressure distributions. Taken slone, 2 set of plezomater reatings
are valusble and ipstructive but they do not enable predictions to

be made of futuré sicuations. Likewise, any calculation not agsociated

with practical states is imstructive i that it can pinpoint areas
where problems could be expected. However, taken in conjunction, that
is the use of analytical proceedures tied »losely and adjusted to
actual measurad states in the £ield,. a very powerful and versatile
method of investigation results,

This combination gives rise to the method called in this thesis -~
the mathod of adfusting H o obtain
between measired and caleulated pressune distaibutions. N

In espence this method entails the following proceedure =
(See Lyell (1970))

1. Install piezomerers in selected positions in

the £ield and obtain the pare pressuve at those

points.

2. Estimate the value of the xock mass hydrauiie
purameters, such as the permeabilities of the
rock mess, the infiow at the phreatic line or
the value of the ccefficients whick appear in
the Elow laws describing the Flow in individual
joints,

3. Using these estimated paramaters, carry out
a0 analysis of thae potentisl distribstion in the
rock mass. This anelysis may be aoy ome of the
proceediras discussed in this thesis.




%. Check the anaiytieal resulrs of pore
pressures against the actual valwes measyad
by the piezometers in the fteld.

5. 1E the two sets of prassures do not
cerrespond, successively adjust the values
of the parameters used in the snalysis
uutil the best possible £it is obtained
between messured und csleulated pressores.
6. Those parameters which produce the
best Eit are accepted as the true rock
Joint bydraulic parameters and ave used

in further amalysis of the rock vegion
under shanged houndary conditions,

At present there are still theoretical difficalties sttached
to this method but they are being investigated. Nevertheless, even
at the presesr time this is a powerful, workable approach.

In order to perform the theoretical analysis of the jointed
rock masg, it is necessary to have a thorough undarstanding of

(a) ALl the physical factors which
influence the flow of water in
rock joints.

ALl the configurations of Tock
joints which affeck the para~
meters deseribing the hydraulic
response of the jointed rock

{8,

mass.

(c} AlL the available metnods of
snalysing potentisl distri~
butions in jointed rock masses.

‘The primary purpose of this thesis is to establish the basis
for such theoretical analyses as ave required in order to apply the
method as described abvve of fitting analytical results to field
pressure readfugs.




2. Ihe ieal Solution of Pressure Bi

In order to perform the theoretical analysis vhich {s requirad
in the method called sbove the “adjusting of hydraulic paremeters to
obtain ecovTespondence between measured and calculated pressure dis-

ions", it is to make 2 ical model of the
jointed vork mass.

Hence the problem of determining the £luid presswre distrivurion
in a jointed rock mess is one of decidivg on suitable models te repre~
s€at the zock and of deviding Wat factors both theoretical snd
practical affect the accuracy of any postulated models.

In order to do this the following proceedure has been adopted
in this thesis.

Three of Piteau's (1970) four geological propositions are
accepted as a basis for this thesis. Tha concepts involved in the

propositicns are extended to include their relevance ta the probles
of analysing the hydrsulic regime in a jointed rock mass. )

Accarding to Piteau's third geological proposition a model
of the juinting of a rock wass can be contructed, For purposes of an
Dbydeaulic anaiysis there are three ways of modelling a jointad rock
wass. One wodel views rhe rock mass as a continuum, The second views
the rock as a discostinuum while tha third combines the first two
wethods to enable complex geologizal discontimuities to be modelled.
Back of these approsches to the hydraulic modeliing of jointed rock
passes gives rise to distinet methematical tncories.

The continwum approach accepts rhat there are sufficlent §
in the roek for it to be deseribed as & porous medium. The permeabllity
of this porous mediuvn 2an be quantitised by vector or tensor permeshility

3 These coeffici are i into Laplace type
equations which are solved to yleld tie flvid potentinl ¢iseribution

ines

the rock.

The discontinuum approach assumes that the rock is couposed of
individual vock blocks and discrete flow paths which sre formed by the
joints which form a netwerk. If the flow characteristics in each joint
are known the total f£low network can be solved te yield the fluid
potencial distzibution within the rock mass,

|
i
i
[




The third model f5 essentially a conbination of certain sspects

of the first tuo approaches. It models the Tock mass 86 8 porous
' 4 by major geclogical di inuities which consti~
tute flow channels or plunar conductors and which are analysed as such.

o types of permesbility coefficients ave defined, namely the
wector and temsor permeability ccelficients.

The temsar method of describing permesbility is the more versatile.
Hence the permeability temsor for a regularly joiuted rock mass has been
derived and those Factors which infiuence its value and securacy have
been investigated particularly for the case vheve the jointleg fs irves
gular.

To determine the accuracy of the temsor method of wodelling the
joinzed racks and to i i the effect of 1 in the
joinving system, tesrs on electrical analogue models wers pexformeds
The analogr: wodels also showed that, if 2 sufficient* number of joints
exist in the rook mass then the solutious from the concinuum and the

discontinuwm methads converge.

A practical example of the drawdown of the phreatic iive in 3
slope composed of homogeneous rock is given to illustrats the use of
the wethods detailed in this thesis.

SOME _ RELATED BACKGROUND REMARKS

1. The of water in & rock slope

Numerous authors have pointed aut the fuportance of waten pressures
on the stability of rock masses. The pressures that arise in the zock
Jjoints and the materizl jntezstices as a result of a static or dynemic
state of the water in the rock mass have a controllinmg effect on the
svability of gech masses, Meny failures of slopss, dam foundatioms
and abutments can ba attributed to the effects of water pressure. As
a result of pressures caused by water flowisg in the slope, its cririesl
angle of stability can be reduced by a3 much as 50° (Jewuings 1970}

# Crigeria for the nuwher of joints vhich are sufficlent arve
discussed in Chapter 6.




Water flawing in a rock mass hss the following main @ffects.

(a) It creates an wplift force on the potential
failure plans which reduces the frictional
resistance both in the iatact voek and on
the joints which fornm a parc of the poten~
cial failure plane. In most instancas the
pressure acts in such a direceion that it
cuases a distutbing force on the potential
failore wedgs.

It contributes o the weathering of tte
intact materials thus reducing their

(b}

Z

strength and ineressing the possibilities
of failure. The strength of the intset
rock is also reduced by the presemce of
water.

Jeanings (1970) presents the results of caleulativns to deternine
the safety factor of various slopes both in the presence and the shaemce
of water His results the Iarze iaflvepso of ware

pressures in lowering the safety factor of a slope. Lence a thercegh
koowledge of the pressure distribution in the rock mass is vital te eny
snalysis of the atability of rock masses.

A veduction of the waler pressure ie necessary if the reability
of the rock mass is to be improved. Depending on the poresity san che
pazicability of the rock mass and the available supply of water ir woy
be necessary to remove either 2 little or a lot of water to achisve a
commensurate pressure reduction. ALl the analyses presented jn this
thesis are therefore oriemted to the determination of water pressures
in the rock mass rather than ths flow rates,

2. The 3 positions ing the theory of rhe
Iculation of the stability of slopes and their 3
to the i i of the pressure i i

Piteau presents four geological propositions each of \Ach rapre~
sents a particular concept or premise which is mecescary Pbafore the
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definition of the properties in a slope can be described iu o
numerical fovm". (Fiteau - 1970). The mathematical theory which

" is uged in caleulating the stability of a slope is founded on these
progositions. Only three of Piteau's propositicns ave relevant when
calonlating the porearial distribution in s rock mass. These propo-

R

sitiens arn 25 follows: .

.. 1. The irion that dai inuities e
ace detectable festures of 2 vock mass and can i e

be described quantitatively.
It is taken as a basic hypothesiu thet structurel discontimuities
in a rock mass ave detectahle and that the physical properties which
cantrol or influence the flow of watst in such discontfmsitles can be

described quantitatively.

The date iding the
phystcal properties which are required for the hydraulic andlysis of
a rock mass, fall into the following groups

aod their

(a) Factors describing the spatial position and
orientation of the joiuts such as the co=
ordinates sad the dip and strike of each
Joint.

(b) Factors describing the nature of the joiats

i i.e. their length, continuity, apertuves,

gouge £illing and surface properties, -

4 full, detailed kmowledge of the above listed rock joint properties
would ensble the values of parametors which 4re to be used in a theoretical
avalysis of the hydraulic etate in a Tock mass to be determined or

. predictea,

However, it is vexy seldom that sufficiently detailed informarion
is available to state with confidence correct values of the rock mass
hydraulic parametexs devived from rock joint proverties.

a more poserful technique is being develsped. This

v is the technique of measuring the oifects of artificiol or naturally
e E oceuring Elow situations and From the measured results predicting the

values of the rock joinc perameters which give rise to such reswits.




This technique is discussed in detail later fn this thesis.
However, it should always be remenbered that regardless of
which of the twa approaches is adopted as besie; that is the use
of rack joint properties to prediet hydraulic paramerers or the T
measurement and fitting to existing flow states, it is always

j necessary to hive a thorough and detsiled knawledge and under-
8 stending of the principles which underife and control the
phencmencn being studied. That is the purpose of this thesis,
E namely to ish the i to the under~
standing of the £low of water in joimcted rock masses in urder

that practical situations wey be studied with inereased under
standing.

2. The proposifion that regions exist in a reck mass.

In an extensively jeinted rock mass the jointing will be
heterogenecus, However, repions will exist within rhe rock mass
which will have similar jointing patterns, These regians are
1 defined as stractural regions. For purposes of hydranlic analysis
of & rock slope it is more convenient to consider hydraulie regions
uhich can be defined as areas of au extensive Tock mass withia which
the jointing is sufficiently homogensous For it to be amslysed either

as an homogenecus porous medium or as a region chataccerised by

regularly spaced joints. (See proposition No. 3)
To facilivace the derermination of hydraulic regious in-a ot
zock mass sufficient informstion is tequired to estimate the

folloving factors. S

@. The degres of homogeneity of the rock mass.
b. The degree of isotropy of the rocl ma.s. ;
. The position and nature of major geological discontinuities, . T
4. The position and magnitude of the boundary conditions. A Ty

Knowledge of the neture of the rock joint pettern of the joint S
* )
assenblages” will <14 in judging the degres of homoganeity and N

% See definitions in Appendix 1.




isatropy of the iointed tack miss. Moveover the rock jolnt petiern
will jufluence the choite of the type of model which is to be used
to similate the rock mass, Accordingly th: following four rock
joint catagories are proposed. A discussion of the models which
best reprasent each rock joint catagory is postponed until Chapter 3.

{a) Intact Rock Masses -~ characterised by an
absence of fissures or joints, Such a mass
can be homogeneous or heterogeneous and
also isotropic or anisetropic.

(6} Regular Jointing - indicates that the joints

in the rock ire, on the average, uniformly
orientated and evenly spaced.

(&) Irvegular Jointing - indicates that the cracks
and joints are non-unlformly orientated and
that their spacing is decidedly uneven.
However, on the average the joints display
a certaln tendency to le in preferred
directions. Such rock masses are ustally
aistinctly anisotropic and heterogeneous.

{d) ¥ajor Geglogicai Discontinuities - ave those

1 i which are 5
well-developed” for them to hove a major
fnfiuence on the hydraulic response of the

surrounding rock region.

3. The ition that a reliable model ing jointing

of a Tock masg can be congtructed.

Pefore auny systemstic actewpt to analyse the hydraulic regime
in 8 roek mass can be made, it is mecesssry to comstruct & medel or
a picwure of rhe rock mess on hand. Such » mddel should be 4 gaod
representation of the jointing patterns of the rock mass and be such
that on the average the pressures determined Irom analysis of the

% {.e. they are highly or very slightly permeable with respect to
khe surroundisg tock masses, or exe of jarge exter: yelavive

to




model correspond to the pressures that apply in the rock mass as
a whole,

The joint dssemblages that occur in mature in & rock mase
(see pruvious section) vary grearly from one another. Accordingly
it is necessary to postulate at least two basic models which can
be used Lo best represent varlous types of Tock juint assemblaes.

¥
¢
|
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Mugkat (1949) first propossd the idea of the twe basic
models when he stated with regard to fractured media

"When such fractures are of limlted exteat and
uniformiy distributed through the pay, they will give
a resultant effect equivaient to that of a porous wedium.
Bowever, when they are of extended length and limited .in
numbev, they may be considered separately as linear
chopnels."

Snow (1965) states that "fractured medis cen be
modelled adequately for two extreme cases seldom realised
in pature: 1) when individusl planax conductors, such as
joints in rock, are so independent and infrequent that
each may be analysed as a separate chamel or 2) when
aggregates of fractures as in fault brecaia so resemble
sedimentary pores that the medium is aswumed to be &
contimuu. "

Io this thesis these two basic models have been extended and
theix ical, formulation and lation has been explored.
It addition a third model, a combination of thes two basic wodels,
has been proposed and is described.

These three models ave called in this thesis -

(a) The Equivelent Contimuous Medium Medel.

(b) The Discrete Flow Chanmel Model,

{c) The Composite Medium Model. "

Chapter 2 details the mathematicsl formulation of the above
three wolels,

(Piteau's Fourth ical P irion is ot Applicabl o

to this thesis and is hence omitted hore)




CONCEUSTON

The pressures to which water gives rise in a slope are an
important factor in the stability of the slope. The devermination
f these pressures ia thus an important tack. The mest ratiomal
and practical approach to the determination of such water pressute
is to measure them in the field by means of piezometers. To yield
further, fuller i fon it is also y to calculate such
water Such caleul require a

and understanding of the phenomonon of water flow in jointed Tack
massss. Accepting Piteau's geological propositions, this thesis
aims to build up the necessary theoretical background but lasves
the dstailed exposition of the method of fitting calculated and
measured fiuid pressures to later publicarious.




GHAPTER 2

SUE ANALYTICAL DETIRMINATION OF THS POTENTIAL

DISTRTBUTION TN A JOINTED ROCK MASS

Piteau's third geological proposition stated that a reliable
model representing jointing of a rock mass can be constructed. It
has alreedy heea stated that for purposes of determining the water
pressare distribution a jointed rock mass can be modelled in one of
three ways, depending on the vock joint catagery into which the joiat
assemblage falls. The models were called

(1) The Bquivalent Continuum Model.

[£3] The Discrate Flow Channel Model,

(3)  The Composite Medium Model.

The essence of the first model is that the joints are sufficiently

dumetous for the jointed mess to be a6 an isotropl

or suisatropic, homogeneous or noa-homogeneous mediim within which the
potential distribution can be deseribed by means of an equation of the
Laplace form, which can then be solved by any of & nmber of methods, all
of which are detailed la the relevant section belew.

The Discrete Flow Channel Model takes each vock joint o certain
aelected combinations of Tock jolats to form individual paths which define
a pipe or al this as the model of the
physical reality the equivalent network may be solved by standard metwork

1 type metwork.

theories.

The third model considers the joints to Form discrete flow paths
that are bounded by media of ied, roeability to in-
fiuence the joiune flows sud hemce the regional flow psttern. The jointe

are usually major geological discontimiities. A sub division of class

3 oceurs where two dimensional continuum theories ave used to solve for
the potential distzibution on three dimewsional joints which them form
a class 2 type system.

]




crass 1 THE _EQUIVALENT CONTINUUM MODEL
The 2ssimptions regarding the field conditions that must be
made in the Equivalent Continuum Appreach are —
{a)  The inteusity, continuity and pattern of
the jointing is such that the rock region
can be adequately modelled by an equivalent

or
isotropic or anisotropic medium.

{¥)  The vock region to be analysed is not
traversed by sny major geological dis~
continuities of such a nature that they
will interfere with a continuous smooth
variation of the regional potential dis-
txibution,

()  The Boumdary Conditions do not have &
discrete and different influence on each
joint traversing the houndary.

The assumptions are only valid in o far as they are representative
of actual field conditions.

As corollaries to the above
can be mads -

the following

(1)  The potential gradient is not necessarily
parallel to any particular joint ot joing
set within the rock wass. The real joint
gradient is the projection of the Eield%
gradient onte the joiat per se, from which
the joint £low can be computed.

{2) The rock mass permeability coefficients
account for individual joint variatioms
in size, lvearion and direction, and

bydranlic losses at intersections.

* field - The word fs here used in 2 strictly mathematical sense.
Sec Appendix L for definition of all terms used.
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Background Theo
Accepting that the joisted rock mass can be modelled by &
continuour. medium, the field potertisl distributien can be found
by solving the following form of the Laplace equation (derived in
Chapter 4) which holds for slow steady, incempressible fluid Zlow:
2%
{2:1)

3 axay

vhers ¢ is the hydraulic potemtial.

kyj e the coefficicnts of o pevmeability
tensor describing the medium. .
are the designations of the orthopunal

L
axes dafining the system for which the

equetion is written.
This equation Teduces for isotropic wedis to the familjar form

of Laplace's equation
22 a2z 32
+ + = .
—&ax —‘iay, 54 ] 2.2

Note that only cases of incompressible fluid and media will be
considered in this thesis as rock by its incompressible wature seldom
gives rise to compressible flov situations.

The watex pressure at any point is theo obtained from the

(2.3)

equation
{9~ B} Yy

u =




whevs U is the water pressure
¥, tnit veight of watex
H  height of poink above datum
¢ s the potential fuaction

The following methods for solving squations (2.1) and
(2.2) exist :

{a} Direct intergration of tae aguations.
(5) Complex variable Techniques,

(&) The Finite Differesce Method.

@ The Finite Element Method.

{e} Graphical Hethods.

[£3] Asalogue Mathods.

Appligetion of these methods,
(a) Direct imtegration of the equations.
For simple cases of rectilinear flow in confined and unconfined

aquifers or for simple two di radial flow si i direct
analytical solutions to equation (2.2) may be obrained. Hovever, such
methods are i ical for anmi, ot isotropic si i of even

nildly complex geometry. As practical rock masses ave seldom if ever,
isotropic and the practicsl field situacions encomtered are mever simple,
these methods will not be pursued further heve. Verruljt (1969) deals
most adequately with the problems that can be solved by this wethod,
(b) Complex Varisble Techuiques,

This is another rigorous approzch to the polution of eguation
{2.2). The method is merely meotiomed here. Siace the subject is
long and involved, and the Tange of prablems which it cam solve are
limited, fairiy specialised and ot likely to be of any great imporcasce
in practical problems involving reck mssses.
{c) ‘The Finite Diffavence Method.

This method is used in the numerical solutions preseated in this

e

¥




thesis.

1t should be noted that the Finite Difference Mathod is mo
more thsn 8 particelar case of the more gemeral budy of Relaxation
Mathods developed by Southwell (1946).

Appendix 4 presents tae Finite Difference forms of all the
aquations used in this thesis as well as the extended Einite differemce
equations for anisotropic medis for a ncwber of speclalised cases. For
the present only the finite difference form of equation (2.2) will be
considered.

In the Fin“te Difference Method the continuous potestial dis-
tritution s replaced by a finite number of discrete values of the
potential. These discrete values gre normelly assumed to occur st
the node points of a rectacgular grid. The variation of rhe potemtial
frem one grid to another is taken to be linear. For transient conditioms
it is aseumed that the rate of chamge of potential at each node of the
grid iz lirear over small time intervals.

Consider the form of the relevant Finite Differenca equations for
& two dimsnsional icotropic field, The values of § at the paimts 1,2,
3 and 4 in the grid shown in £ig. 2.1 can be re'ated to the value of 15“
at the rentral point %y means of a Taylor series expansica.

a a
3
a
1 0 2
a
4

FIG. 2.1 THE GRID USED IN THE FINFTE DIFFERENCE FORM OF
THE _TAFIACE HQUATION
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Whers 'a' is the grid size, and ¢ 1,2,3 or 4 are the values of
the potential at the nedes indicated, Rearranging eqn. (Z.3} and
cambining yields, .

TEalty e, ca vamaa) o 2t 2y
ot 3 iz ekt oyt

(Z.4)

From equacion {2.2) the left hand side of (2.5) is zero and
provided 'a' is sufficieatly small, such that the iast term of {2.4)
vanishes compared to the first, the follewing rquation results.

1
St Lt e e (2.8

For amisotropic media extended equations of the form (2.5)
result. Thus, Tegardless of the nature of the fleld to be analysed,

i ixg each nodal in terms of the swrrounding
nodel potentials ean he derivel. Lyell G072 has demonstrated how
for the five classes of points thar arise in practival problems, a
number of equations equal to the number of umknown nodal potentials

£ o
P
o .

§ 8 s




can b2 devived, f.e. for the vater tuble, interior potnts, flowline
boundaries, seepage feces and equipotentisl boundaries.
Any of the numerous availsble numerical methods com be used

to solve the set of si Muear
of these methods are as follows.
{i)  Ralaxation.
i) Treraclon.
(ii)  Hatvix Taversion.

The problems solved im this thesis involved the solution of the
resulting equations by relaxatios using an I.B.M. 360/50 computer,
Average time of solution per field was 50 secs, HNumerous comvergente
techniques can be used to speed up these iterative proceedures, some
of which are described by Sharp (1970).

Mo general computer programs exist to handle general flov fields
The puver asd versatility of this

by means of Finzte
method is demonstrated by the program presented by Lyell (870}, His
progran bas been somewhat axtended and used in this thesis to study
the effects of anisotropy on & typical practical sitwation.

{d) The Finite Element Method.
As with the Finite Iifference Method the Finite Flemen: Yethod
Tequives that the continuous potential distributicn be replaced by
Aiscrete values of the potential at arbitrary noda points. Unlike
the Finite Diffsrence Hethods thece nodes may be quite arbitrarily
Plare with respect to each other in the Field of flow.
Originally developed as a method for computing stresses and straize
Element Hethod

in elastic continua (see refevences 27 and 28) the Pini.
has been extended by many workers in Tecent years i.e. Zienkiewiez,
Glough, Argyris and Chung. With the recognition of the fact that the
zesulting stress squatious oceuring in the Finite Element formiiatior
were omly specisl cases of the general mathematical theory of functional
mininisstion or varistional caleulus (i.e. the field potential energy
should be 2 winimum) it became possible to extend the Finite Element
Method to flow Fields.




Many fine, concise derivations of the finite element sguatiope
have been presented, e.g. Zidnkiewlcs (1960) and Verssije (170) use
the principles of minimisation of the field potential emergy or
general vairational principles. These methods are rigorous but tend
to obscure the inhexent simplicity of the finite elemeut method.
Actordingly the following simplified exposition of the ¢luite elemant
methed is presented. ‘It is in the nature of & practical imtuitive
oroof rather than a strict mathemetical derivation.

The derivation is for a two di
alemnt, but three dimengional a ' arbitrarily shaped olemenks can

e haudled by the same method.
The flow field is divided up iato a sexies of triangles. ¥or
purposes of this argument one triangte ijm as showa in fige (%.2)

is considered.
"

¥ie, 2.2 THE_BLEMENT USED N _THE FINITE ELEMENT DERIVATION
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The wodal potentisls ave 1 &3 LIS }
‘The potential of a point within the elemeut is =ssumed to wary
as a linear funetion of the coordinates of the point

fe. p= A+Bx+Cy (2.8)
Note thae A,B and € will necessarily be different for each
element.,

The triangle vertices, todal potentials are determined by

pubstituting their coordinates directly into equation (2.6)

45 % A+ Bxy + Cy;
ie. pj = A+ Bx], + Cyj

2.7
4g T A Brt Oy

In matrix forw equation (2.7) cam be written as

75 1% oy A
= 1 s
* Y ’ (2.8)
. 1o oy, c .
.. = XA
12.9)
Tt can be shows thar DET X or  [X} = 24 (2.10)

where A = the area of triamgle ijm.
Using equation (2.8) to zolve for 4,B, and € in terms of
nodal 1s and

the €oliowing resilt, by

application of siuple motrix Algebra.

»




T

LA B £ Y
A= 2 i, 35 B= 1 B
;: 3 xj El b7Y @j vj
l‘m I 4
n yﬁl
1 0% 4
o
c= i_A IR 4y €2.32)
Loxy by
If the following substitutions are made
ceooay =-<xjym-myj)/u
by = - lyg ey )y /2 2.1z

o =—(xm—xj)/u

And similarly for by eyelic pemmutation,

£,8,C can be written as

L

a8

m

(2.13)
Substituting these values back inte equation (2.6} ylelds W g i
¢ =A+Bx+Cy (‘L,' 3
Sl
=-(aifhix+ciy)¢i § ;» i
- ay + hax + (54 ) o (2,14 W W
- By ¢ me') *n
21 2
- SR, - 5
- - 4 A 5 &




The following law holds for the flow velocity im the field.*

o
- w (2.18)
kyx Ky 2
2
OR ’
g =K grad s (2,163

where Y  is the flow velocity veetor
K is the permeability teasor

grad ¢ the potentisl gradieat vector
It should be noted that K should Be in the global co-ordivate
axis system of the field as distinet from the locel element co-ordinate
axes system. Should Lt he necessary to trsmsform a known X in loeal
axes to the global axis this can be dome by the methods given in
Chapter 5.
Differentiating (2.4) with Tespect to x and y givea

= - By#; - Diss bty
28 = - oghy - ey - Ol

ot in mztrix notation f

P
g_i' hj bm i
o Gl 3 [N
2 T
3y i 3 n tn

* As derived in Chapter 4.

S




T

ox concisely, grads = - b 4% {238

This is the gemeral form that would hold trus irrespective of
the shape of the element or whether a two of three dimensional Field
vas being considered.

Substituting (2.18) inte (2.15)

H
E Vx kxx kxy % hl bj bm
N 2.19)
Vy kyx kyy a, cj ©p
"m
or in the genersl form
Y = Kbe® £2,20)

1t is necessary now to compute the total flow rate into and
out of the element. Flow will oecur aczoes the sides of the element,
but far computational purposes the flow through half of each side

of the triangle adjscent to cach node is assigned to that mode.

With reereace to fig. 2.3
the flow through segments 2
and £ are 2ssigmed to uode I,
through b and ¢ to node m and
through a and & to node §.

Fig 2.3
Note that strictly it is the flow rate at each node that is

being considered.

23




Noiw the flow rate through a per wnit time is

Yl -

and through £ is

3z - Vy(xm - xi)IZ

Vely; = yj)lz - Vy(xj -%;1/2

Thus the total flow at node i is

Q5 = Vykyp - ¥p)P2 = Yyl - x7)/2 (2,21

but note that from equation (2,12, (2,21) csn be wxittem as

Q

= - bV, - 1s<:ivy

Sinildely €or nodes § and m to give

9 byooeg
T G LB
& by oy

In the genersl form

e Q%= -mby
N

A

Substituting equacion 2.20) into (2.2% gives

9 = -2 B g D e®

This is the vector of element flous.

ez

vx
2,283

VY
(2.29)
€2.28)

Hawever, it is mecessaty

to writs a vector of modal fiows f.e. sum the contriburions to the
£low at each node fram the surrounding elemeuts,

£
;
;
|

%




¥or £ig. (2.4) the relevant form of equation (2.28 for

rimgle 1 ‘may be written

b, a,

9 (R O N
S T P N

k,
b e Ry Ryy

Sz no

{2,267}

Huleiplying cut the first three matrices on the right hand side

yields an equation of the form

%3 By
% Dy By
LS G Hy

A sinilar equation is valid for &

T Ay By
e dQu1 = P &

a,) 8 W
and

Q3 Ay By

st - b, E

Q3 G Hy

B

3

I”

(2,27}

€2.28)

L

(5,28

™~
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FI6 2.4

SECTION OF A FINITE ELEMENT FLON FIELD
AS USED T8 ILLUSTRATE THE ASSEMBLY OF
THE ASSEMBLED PERMEABILITY TENSOR




™

and similarly for each triangle in the field,
The veetor of element flows then may be written as foflows

U1 * gy * Q3

le + Qm2 T

Ayrhy  BytBy ity CpiCy
4y

Q, * 0 .| em,  H o IR, F
Qg * Qg ceeen
(2.30)
In matrix notation this 2an be wrikten <
_ +
£Q, =- I 48D )gban (2,31} S
where % Q is the nedal £low vector :
ad 5815 Kb ¢ e the assenbled notal
permeability matrix Ra.
Hriting this more simply as
Tt Ky t2.32) .
Note that cqn. (2,32 contains the equations describing the . "
nodal potensial - £law vate relationships for all nodes in the Flow .
field, As boundary conditions sre kuown it follams that at certain : .
nodes either the potuntial or the f£low quaatity ov both ave kdown. LA
o

5



Thus if

Q1 * kuown nadal ourflows
Q2 = unkuown nodal outflows

9,7 = unbtown nodal potentials
4z ™ known modal potentiale

it is possible to appropriately partition the matrices of
sqa. (2.29 e

Oy Kats Kn72‘ {‘”rﬂ
=- (2.3
On2 K21 ¥nze $n2

ox written in full

LT P N S P
{2.33)
%2 * " Faiz tn " Razz fme

ote that set (a} of eqn. (2.33) has one set of unknowns
fience this equation can be selved for ¢ which vhen substiputed
inta {6} will yield an + ¥rom ega. {2.19) nodsl Flow velocities
may be solved if so required. The problem is thus solvad.

The Pinite Element Method is most suited to computer solution,
in ghat general programs to handle arbitrary field geomatries amd
randon anisatropics may be written. The method cem be extended to
moving phreatic lines. 'The extension to three dimeunsions is a
nocessary task at present being underrsken by Dr. Wittke et al (1670},

It is important to note the use of a permeability tensor in this
method, a method which is likely to be more extensively used in the

future.




(the following tvo methods can only handle ilsotropic ceses.
A1} anisotropie Flow situatfons sust First be reduced to isatropic
fields by means of standard techniques.)

{e)} Craphical ¥ethods,
This s an approximate method of deternining the potential
tropic sitvation. 4 met of
orthogonsl lines iz sketched by trisl and ervor owto the flow fietd
such that it fits the noundary conditions and the condition that ¢he

distriburion in 2

intersection of any two lines must be orthogonal f.e. as far 8s possible
a1l "blocks® should be squate.

One set of the lines Forming the metyork are kuown as equipoten—
tisl lines, for at all points oo one of these limes the potential is
unchanged, The orthogonal set of lines are called flow limes, aud
at any point on @ flow line the vector of E£low of the fluid in the
field is tangemkial to the Flow line,

Mathematically flow Lines can bs described by @ fumetion §
defined a3 the stresm fumction. It can be showa, Verruiit (1970,
thet the stveam function obeys a Laplace equation of the form

By, 2% | (2.34)
ax? 3y?

whary the potential fmmciion & and the stream function are
related to each other by the equation

LI 2

28 an (2.38)

wheve & and u sre orthogonal directions,

{f) Analogue Methods,
The Laplace equatice describing the potentisl distxibetion in a
jointed rock mass whick can be considered bLoth isotropic and bomoge-

neous {or can be to the




situation) is the same equation which describes the potentisl in
an eisctrieal flafd, £low of heat in 3 body and mauy other
Making wsc of the analogy between the £luid potential and

the poteatfal fn on electyicsl field or nebwork it is possible to

satve cuptex Eleld situati in a i quick end i

winmer. The two most comvonly used methods are
{i)  Vse of electrieal tonductive paper.

The use of electricul conductive paper is &
simulation of the coativucus £ield, A thin, wniform
conducring sheet (marketed under the nawe Teledeltos
paper) is used, The Bield to be analysed is cut Erom
the paper to some suitsble scale. (RS the paper is
uniform any practical anisotropic field must first be

to an tropic £ield), Equi-

pobentiels, sources or sinks are created by applying
a svitable voltage along or at the relevant pasitions.

Tsing 2 special conductive probe attached o e
Wheatstons bridge the value of the potential at any
point can be med d,  Eor the d 3
fn this thesis 2 Servomex Field Plotter ( 28 ) was

used.
flence the $stribution is immedi

measured for an isotropic wedium or is obtaimed after

transforming back to original scales for an amisotropic

field.

(ii} Electrieal networks.

The faplece vquarion is solved by Iirstly re-
placing the continuous Field oy a grid such as is used
in the finite difference method. The grid is next
sipmlated by an electrieal network with resistancc
between the nede peints to vepresent the Tesistance

gl




to £low from one node point to another. The
nodal voltages are then analogous to the fieid
nodal patentials.

Anizotropy cam be fatroduced by varying
the values of the resistances used. Arhitrary
flow £ield geomelry is handied easily. A dis~
advsutage of the method is that the lines of the

mast be d along the i
axes of the medium being analysed.

This method has been used extensively to
solve problems of three dimensional unconfined
ground water £1ow by Herbert aud Rushton
and Sharp

cLass 2 . THE DISCRETE FLOW CHANNEL APPROAGR

The following assumptions which should be representative of
the actual field conditions must be wade in the discrete Flow chamnel
approach.

(2}  The intemsity, continuity and inter=

connection of the jointing is such thar
the rock region can be adequately modelled
By a metwork of individual flow channels,
which may be repredented as interconnected
pipes.

(B}  The flov chavacteristic of each joiat is
accurately known.

{c}  The boundary conditions are such that the
porential in each joint traversing the
boundaries can be described.

(03] Major discontinuities in e field suc* as
tabular zones of crushed rock of dykes can
be by ao 1
pive or channel.




As corollaries to the above assumptions the following state-
ments can be made.

(i)  The apertore, wall rouglmess, gouge £illing
and waveness of each individusl joint ix the
f£ield is known so that the flow characteristics
of the joint can be determined,
{ii) The lecation and dirvection of each joint in
the field is known.
Accepting that values are available for all the abovs mncloned
the flow tics in esch joint may be defided and

the total flow regime caleulated.
Louis (1969) and Sharp (1970) have studied the flow lavs governing
the flow in between Elat porallel plates considered to represent a
joint. Grmeraily they find that there exist three domains of flow:
a zone of linear laminar, 2 zone of transition and 2 zome of turbulent
fiow, They find that the linear laminar Elow in joints is restricted
to flov under small head gradients through jeints of relatively small
aperture, There is a transition zome from laminar to fully curbulent
£low.
The equatiens in table 2.1 are abstracted from Louis (1970) and
Sharp (1970} and glve the relationship between
q - the quantity of flow per unit width of a joint
and J - the potential gradient in the joint.
B - a coefficient which is differenc for each
joine and is a Function of the joint spevtexe,
the velocity of the flowing water, the joint
wall roughness, the joint gouge filling and
the type of flow occuring in the joint, i.e.
parallel laminar or turbulent or mem-parallel
taminar or turbulent.

Louis presents a co plei. list of formilae for values of B for
various cases. In addition he presests a table of equations giving the




TARBLE 2,1 FLOW LAWS FOR DIFFERENY TVPES OF FLOW

TYPE OF FLOW

EQUATION FOR

FLOW RATE g
Louls SHARP
P 984
=
= =
g | E
el -
= =
2 TRANSITIONAL q =8 39578
2 47
I I A
= sMooTH
o
2
S COMPLETELY q=B a0:5 q=B 9945
= ROUGH
M . .
g LAMLNAR §=84
S
o
g
= 0.5
E TURBULERT ge8 2%
S
=
:
%
g
2
* For an explaination of ron-paratlel flow
sae Louis® thesis (1969)
— .




coefficient which occurs in the joint Flow equation (2.36) for
different types of flow and joints:

2
¥ - 21X 2.36)
an B, 29

where V ds the joint flow velocity.
Dy is the joint hydraviic radiua.
Louis moreover presents the results of investigations into the
effects of varisble joint openings and macroscopic joint waviness on

the flow in the joint. Hence n sound quantitisation of ths flow
istics for diff; t joinrt tics exists and can

if necessary be consulted when considering practical cases of flow
in fissured Tock masses.

The difficulties of ining the practical field
tics of actual joints means that in most cases the equations discussed
sbove will be used wore as a guide to the understanding than as au
appreciation of what is actually vecuring in practice. Wevertheless
they constitute a valuable tool to assist the engineer in judging the
practical fisld problem.

The solution of the total flow regime requires & q-V and a J-V
relationship for each joint and the equations presented by Louis
provide the rigorous forms of these relationships for all joint
characteristic combimations. If the joint chavacteristies are wot
accurately koown estimates of the values of the parsmeters in the
relarionsyips should be made, based upun Louis’ equations,

Solution of the Total Flow Regime,

A two dlmensional joinced rock mass is £o be analysed and composed
of i jolat segments so arvanged that there exist n» joint intersection
points or nodes, m closed paths through rock joimts, and p open £low
paths aiong the boundaries. fonsideration of any simple network will
show that for such a system thers exists n+m+p ¥ ] disvinet

joint sections i.e, i=ntm4p4 g

3




Boundaries
L
Thus wHm+p A
equations are required to
solve for the unkuown
No. of joint poteatial gradiencs § in
doint Sections sections=13  each joint.
These equations srise from
Fig 2.5 Showing calculation consideration of the following
facta.
of number of equations eks
required to solve network eqps.
1,  From i ions of inuity at each i ion of two

or more joint segments the algebraic sum of the incoming aund ouegeing
£lows from the joines entering the node must be zera. i.e. The sign
of the incoming.and outgoing flovs in any one equation must be opposite.
As thore are n such intersection pointe 2 set of n equations of the
form of equation (2.37)ean be written

3
bl 4 = 0 rs
j=1
(2.3M)
where 9y is the flow rate im the. j  joint coming into
the r intersection point.
N,  is tha nusber of jolst sections coming into

the pth intersaction :

2. From considerations of conservation of emorgy it follows that
the sum of the flow losses in any arbitrary elosed flow path through
joint segmeuts in the system is zero. If the traverse direction arpund
the closed flow path is in the same direction as the low in the joint
the losses ara taken.as posirive, if the traverse direction is v the
sppasite direstion of the jolat flow tha flow losses are considered

negative.




This fact leads to a set of m equations of the form

N

e

i1 (Mg w0 w23
jrﬂ 3 an ¥

where | is the length of the §PN joint segment fn
the rth? closed parn fn the system
[ is the number of joint sections in the
closed path fn the system

(2 }; 1% the porencial grasient tn the *5oine
an of the closed path.

3. Paths along a boundary are no longer closed but are opems
Bence the sum of the flow losses along & path from ome point op the
‘boundary to gnother on the same boundary is equal to the diffexence
in potential at the beginning and end points on the boundiry of the
open path. Thus & set of
can be written

Ky
k14
z (= )y = b 9,
35 PR H s P (2,39
and ¢ are the potentials at the start and

here

end of the open path.
4. One addirional eguaticn to glve { equations can be gained by
velating two bouadary conditions for different boundaries. That is
aslong any path going from ome boundary to a Second {ndependeat boundary
the sum of the Flow losges is equal to the difference in potential

between the tvo points on the boundaries.

p equations of the form of equation (2.38)

H

Sl

@




where b
boundaries.

Thes §

ed b, dencte the firat md second

smantpel

equations can be written and

can be solved for to yigld 3¢ in each joint seguent.

Any of the mumerous solution techniques for solving laxge

an

numbexs of simulkaneous equations may be used.

The abave method is also applicable if the £low in any of

the joints becomes turbulent.

must be used to determine the correct flow law, and the equatione

involving 5%

nust be 13

(2.40)

If this occurs an iterative approach

using t

i

3

by Louis (1969) and Sharp {1$70).

In- some cases whete wany jatats must be considered it s

pessible ko replace a aumber of them by an equivalent substitute

joint.
set,

and esch joint has an aperture 3;

then if n

I£ all the joints to be replaced belong to the same joint

joints are

combined into one equivalent joint the equivalent joint aperture

-8, is glven by

"
b4

3
(ag)

(2.41)

Pirect extension of abave wethod to three dimensions is not

possidle.

Heowever, recently Wictke {1570) has presented n method,

based on the idea of coneidering the flow in each three diemsinmal

joint seperataly to solve the field Flow regime.

This method more

properly belongs in the Compasite Medium Approsch considersd in the

next sention.




CLASS 3 JHE COMPOSTER MEDTUM APPROACH

This section deals with the approach Lo those practical field
problems where nejcher of the above xwo approaches, i.e, the equiva=
lent continuous medium approach or the discrete £low channel approach
can be used in its pure form to adequately describe and model the

ical £ield 5 vt such practical Eield si scenr.

They are

(s}  Three dimensiona) joints of limited
extent vhich it is desived to consider
as individcal planar comductors.

(5)  Regions of jointed rock traversed by
hydraulically active major geological
dizeostinuivies of such a pature that
their presence discernably affects the
regional flow pattern.

i Consider in detail the methods empioyed For each of the ghove
cases.
(@) Three dimensional planar conductors.
The development of this method is due to Wittke (I870), It is

a powerful method for handling certain cases of three din-relonal
sparsely jolnted rock masses, for wiich the joint characteristics
afe known. The assumptions which ore vequired for this method are
| (i) The intemsity, continuity and inter-
connection of the joiuting are such
that the rock tegion can be adequately
modelled by a system of intersecting
| planar conductors.
18] Rach planar conductor can be represented

by a two dimensional porous wedium, for

which the flow characteristics are known.

The corellaries to the sbove assumptions are the ama ag for the
adiscrote Flow channel spproach.
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The potential distribution is solved for by imposing on eseh
joint section a finite element grid, the nodes at tha jolnt inter—
sections being taken to be common to the two or more joist sections
meeting at the intersection. Then, using the methods doscribed in
the subsection on finite elements, the total system of element nodal
potentials is found. Hence the potential gradients sud the joint
f£low characteristics can be solved. Wittke (1970) shows how thiz
method can be used to study transient field conditions.

{b) Major Geological Discontinuities.

The method presented in this section has besn evolved to desl
with those particular cases where a jointed rock mass is traversed
by bydraulically acrive major geological discontinuities and it is
desired to analyse the rock mass as an Equivalent Continuous Medfwm.
The method preseated will handle cases of highly imparmeable dykes,
highly permesble major Faults or joints and, a8 a specfal case, teasion
eracks with static waker in them,

The following assumptions are wade.

(55  The major geological discencinuity can

be adequately modeiled as 4 planar
conductor through the sides of which
water is percolating.

(if) The jointed rock surxounding the wajor

discontinuity con be adequately wodelled
as an Equivalent Contimuous Hedjum.

The corrolaries to the above assumptions are,

{i)  Some
can be estimated to describe the conduc~

hydraulic

tivity of the major geological disconrinuity.
(i1}  Al1 the essumptions and corcllaries given
for the Equivalent Continucus Mediww Approach
apply to the jointed rock mass surrovnding che
major gaological discontinuity.
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Fig. (2.6) illuseraras the type of veglon atsumed in the
following snalysis and a pessible practical field occwrence.

Large””

Cracks

OCCURENCE OF MAJOR CEOLOGICAL

Fi6. 2.6 DB _PRACTICAT,
DISCONTINUITIES

Consider first a. infinite joiat in which water is flowing and

through the sides of which water is percelating as illustrated in
The percolation per smit area of joint side is In

Fig, .73,

Solid rock

2.7 SECTION OF INPINETH JOINT

FIC.

0




Asseme that the "non-percolation” joint hydranlic characteris~
cics are known ond that the flow rate can be deseribed by an squation
of the form given ir tsble 2.1.

where @ 5 u coefficient depenfcat
& e e e me o
q, = B, 9 e T ERR

jeint fn zie n direction.

Figs 2.8 reproseuts an elemen .ut from the parallel joimt.

‘%H /w’/y

¢ —
Ve Vet ﬂx 8x
g 3x
A . »
2y vle

PIG. 2.8 EIEMENT FROM BETWERN TWO PBARALLSL PLATES

Assume that the rock mass on ome side of the joint is charac—

terised by a permeability teaser of the form

1
K Ky *sz .
K o= . N ) (2.42)
by Ky kyz
kax kzy K2z
e - _ 1. 2 A




ana rtae the rock mass on the other side is characterised by a
parmasoility temsor K? where the superscripts denote indexes
2nd not exponentation.

Total inflow into the element showa in :i‘g. {2.7) is

ag, 39
@ ot B e vl gt e

Total outflow is

3 3g
gy 55 16y (ay— Hox-Lysusy ~Lysxey

Bu
L 1 1
by = K g% * Ky %‘ * K % (2.53)
and
L, = k2, 3¢ + k% 36 +Kk% 3
2 % ‘a‘g‘ = 3y zz 5; €2.u%)

Hance fram continuity, considexring that no storage cccurs within
the element and by combining equarions

3% exey - Py sxéy oLy axey - Ly dxey = 0 (2.48)
£ ay
t.e.
L L
—?—i —1! + L1 #Ll; =0 (2,48}
3x 3y
¥rom the equation
2 &
G = B, (32) (2,57




This in irs vost peveral fora equation (2,46) can be written
thus
o « 1 2
3t B, (9,0} + Z_y( B, {9,)0%) & (K}, + K20 3,

+ kg # K3 0y 4 (kY $ k300, 20 (2.6

For the two dimenaional case of laminsr flow in a joint (2.48Y

reduces to

2 t z Lot 2 - .
By g% LR LT N A L A 4 €2,493

¥or static water in the joint the equation along the joiué {(2.48)
reduces to )

(k! 2450)

22t kg 4, = 0

(2,51)

since

For voses where the field potentizl ig to be fownd usiag Einite
difference mc*hods, the grid can be taken to run parallel to the dis~
cousinuity and the finire difference forn of equation ( 2.48 con be
written. The extended forms of the squations liskisg meighbosring
points can then be imcorporated in the solution routfue. :

1If the discontimuity does not lie paraltel to the grid directions
theni the grid specing In the vicinity of che joluts should be so altersd
as to ensure that 21l nodel points fall on the discontinuity, The re-
lationship Dotween nodes on and adjacent to the discontinuity resulting
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fror equation (2.48) can then e incorporated in the solution
routine.,

For tension eracks and joists containing static water, the
nodal pointa of the finite difference grid hava specified potentials,
the poteatials being the static potential in the joint whieh fs
usually known from boundary conditions, At all stages of the solution
procesdure this specified nodal potential is stipwlated ab the node
and the surrounding nodes are solved in terms of the specified nodal
potential,

J
CORCLUSTON

There are many different solution techniques which may be
utilised to ine the potentisl distribuci

and the Flow regime
EBach techuique involves a different way of
modelling the rock wass and heuce will lead to different answers.

in & jointed rock mass:

The accuracy of the antwer obtained will depend upon.the
correctness of the model vhich is used to represent the jointed rock
and of ths accuracy and extent of the geological data available to
use in ths analyais.

Tt will however be shown in this thesis that the answers obtaided
from an Equivalent Continuum Approach and a Biserete Flow Chanuel
Approach are for most practical field cases i itical snd that the
choice of one methad or the other will be influenced by the naturs of
the physical problem being investigated.
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CHAPTER 3

THE APPLICABILITY OF THE ROCE JOTNT MODELS TO_ THE VARIOUS

JOIN? CATHGORIHS.

It has been stated thet an essential part of the method of
justing flow until is obtained between
measured and fluid is the actusl caleulation of
wvalueg of the fluid pressures. In order to perform this step fC {¢
necessary to model the jointed Tock mass by means of ome of the wodels

discussed in the previous Chapter,

Hach of thesa models views the rock mass in 2 fundsmentally
different vay, As it is important thac the model chosen be ag good
& representation of the rock wess as pessible, it follows that the
model chosen to represent the rock mass will depexd on the actual
physical nature and configuration of the joints in the rock mass.
Four rock joint categories have been defined. The model which best
Tepresents each category and the computational difficulties imvolved
in each method ave discussed in this chaprer,

Benerally the choice of model ta Teptegent the rock mase wili,
depend on which model is the wost accurate and vealistic representatiod
of the jointing of the joint sssenblage, the different hydraulic regions,
their spatial relationships swd the boumdary conditions which apply to
the region and the whole reck maas, The extent to which the rock is
heterogeneous or anisotropic, plus the presence or absence of major
geolagical discontinuities aiso affects the choire of model.

1. INTACT ROGK, can be homogencous or heterogeneous amd alsy
isotropic or anisotfopic. When Such a rock mass is both homogeneous
and isotvopic the Equivalent Vediam Approach should he used, Laboratary
tests will yield the primacy perreabllity of the wetevial and this eam
be used in zny of the Hediwm

if a numerical computarion is desired the finite difference method
1is suitable provided the boundarias are simple sad regular. If the Tock

L]
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waterial is suisotvopic the application of numericsl procesdures
requires that the equations account for the snisotropy. Fox the
inite Difference Mathod this would mean a changed relationship

batween any pstricular node and its ing nodes. The relevant

Finite Diffecence Equation for any degree of anisotropy is tabulated
in Appendix 4. For the Finite Kiemeat Method the permesbility tensor
would then be & diagonal matrix oaly for the principal sxes of the
system and the diagonal tensor coeffiecients would not have the same
values.

£ the potential distribution for sn anisotropic homogensous
Tock material is to be dete:mined by graphical or analogue mechods
the field must first be tremsformed to the equivalent isotropic fiela,

The most practical method to adopt when the region ie mon-
homogeneous is to divide the region up into homogeneous subregions.
A matrix of permeabilities giving the permesbiiity charscteristies mt
eact. set of nodes or even each node can then be set up for use iw hoth
the Finite Difference and the Finite Element ¥ethed. Tha elements of
this matrix would in themselves be matrices.

Where the heteraseneity is completely Tandom & mesn value of the

statistical distribution can be used, *

2.  REGULAR JOINTS, Tests described in this thesis show that both ,
the Equivalent Continuut Approach and the Discrete Flaw Chamnel Approach
can be utilised to model a rolk mass composed of regular imtercomnected
sints, These tests aa described in Chapter & also indicate that the
potential distributions determined by these twp methods converge to a
common ansver as the number of joints in the region is increased.

The convergence of the snswers is due to the fact that it is
possible to derive & Tigorous formala and hence a correst value for the
permeability temsor for regular interconnected juints. This correct
permeability tensor ( s devived in Chapter 5) is used in the Bquivalent

Continuum Approach.

* this is discussed further in Chapter 9.




The Discrete Fluw Channel Approsch is a rigorously corzect
model. of the practical field situation and pravided that rhe joint
charasteristics are accurately known, any solution obrained will be
correct. Thus the convergence of the answers chtalned by the two
approache:

The decision s to uhich model to use will be based upon
(a)  The number of joints in the practical

field situstion to be analysed. -
(5)  The availsbilicy and esse of utilisation

of computer programs to solve the flow

regina,
(e} The degree of accuracy reguired in the

soclution.

fnother methed for handling continuous regular joints is presen-

ted by Sharp (1970). Bis method is to assume that the joints form
Tegular squares. ¥rom a of the istics

of the joints he writes equations limking the potemtials at each
3oint intersection node, The final form of the resulting set of
equations is exactly the same as the form of the finite differemce

equstions derived for & squars grid. In place of a prineiple axes
permeability coefficient ocsuring in the equations a coefficient
the hydrautic H of the joints appears. Thig -

method is only 2 special case of the general method of the Discrete
Flow Channel Approacht. It could alse be considered a variation of the
finite difference method of analysis.

3,  IRREGULAR JOINTS. Such rock joint systems are probably the
Most comnly eccuring of all practical fieid situations. The jofnts
while being 3 spaced and ori 4 and i incer=

connected, usually display a certain tendency to lie in certain prew
ferred divections.* Such rock masses are usually distinctly anisotropic
and heterogeneous,

® This preferred direction is referred to in chis thesis as the
“joint set central tendency”.
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Tt would thus appear desirable to alueys use the Discrete
Flow Channel Approach as this could rigorously sccount for all the
effects of xandom joint spacings, i and hydraulic
istics. However, this implies a complete knowledge of the practical
field geometry, which it is practically impossible to obtain. Certain
ifi i and i mast th £ be wade to rendex the

problem amenable to solution by the Discrete Flow Channel Approachs

This usvally involves assuming that all joint apertures ave the same v
and that the joints are uniformly orientated and spaced, N -
Should it however be desired to model the rock as a Continuous B e 5

Mediun the value of the persesbility temsor to be used has to ba
estimated. IE the irregularity of jointing is such that there exist 3
cortain eentral tendencies for the data desoribing oriestation, spacing
and Leogeth of joints in esch joint set, it is possible to use @ corrected
value of the permesbility temsor for an aquivalent reguler contimususly
jointed medium, Correction factors would have to be applied to the
coptriburion from each joint set to the joint assemblage permedbility

Such corrections would account for the deviation from the

tersor.
mean of the jeiut set characteristics. Chapter § discusses the theoresical
bacikground to this problem. Tescs described in Chapters 7 and B were B :
performed to study the sffects of irregular jointing on the potential e e *
disyriburion in such a mas:. . v i

E In deciding which of ‘he two main Approaches to use, consideration . \ g

will have to be raken i.° the following factors. .

(a) Ave the joir. spacings and lemgths large G
or small in velavics 'to the size of the .
region or subregions into whis¥ for a

3 purposes of computation the region is =

to be divided. ‘

(b that is the degree of interconmection
af the joints. . o \ K]
(o} What is the degree of regularity, i.e. . ’ .
" the variance from the central tendemcy RN :

of the joint spacings, orientations and

coatinuity. L ,,‘
A -4




(d) What is the extent and reliability of

the aveilable data describing the joint
patterns and the joint characteristics.
What degree of accuracy of solution is

(o)

required.

¥or cases where the joint spacing and lengths are suall
relative to the region and the subregions coasidered and where
there is 2 high degree of i fan the Bquf: i
Approach 1s the more suitable. Tor relatively few joints i the

practical field situation where the joints are long relative to the
region, the Discrete Flow Channel Approsch will provide the more

accurate answer.

4. MAJOR GEOLOGICAL DISCONTINUITIES. This is the particular case
for which an analytical methed vas given in Chapter 2 2s a subclass
of the Combined Medium Apnzoach.

The equazions preseated there can be used to describs the £low
in individual joimes surrounded by highly pervious vock blocks, as
by jointed

vell a6 fa major ical disvontinuities
rock.

A rerious attempt should always be made in asy practical field
favestigatisn to locate such geological discontinuities, which may
semetimes be no more then an indlvidual highly conduetive joint.

failure to locate such may well invali any
calculations that neglect this di inuity. Rigerous mai:
and checks on field pi will i 1y redace

the likelihond of such di

CONCLUSTON

The inherent difficulties involved in accurately modelling a
jointed rock wass in order to amalyse its hydraulic regime, slearly
underline the power of the “ethod of adjusting hydraulic paraneters.
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The field piezomoter readings give the correct values of the
o the
piezomsters ate situated, Provided that all precsutivns are taken

water pressures at the particular points in the field at

to ensure the corvect funchioning of the piezomsters, the results
from such piezomerers provide the value of the water pressure which
is a result of all the izregelarities of jointing and known and
unimown geological disconcinuities.

Therefore, provided care is taken in choosing the most suitsble
method of modelling the jojated rock mass, and correspondence can be
attained herween memsured and calculsted fluid pressures, the para-
meters which give the best correspondence can be used with confidence
in predicting changes in fluid pressures which would occur due to

altered boundary conditions.

However, at the heart of the whole process lies the fact rhat
ultimately to spply the method a mathematical model must be made of
the jointed rock mass, in order that a series of calculated fluid
pressures pay be obtained. The discussion contained in the presemt
Chapter shosld guide the chofce of the model which is to be used for
any particular joint assemblage.




‘A REVIEW Q¢ TuR WISTORIGAL YRVELOPMENT OF THE IOV

CHAPTER 4.

VECTOR AND TENSOR METHODS OF DESCRIBING THE PERMEABILIZY

OF AN ANISOTROPIC ROCK MASS WHICH IS MODELLRD AS AN

EQUIVALENT _CONTINURM.

4n snisotropic, but homogeneous, medium can be chavacterised i
by a set of vector or a set of tensor perweability coefficicats, It
has been stated that if a jointed rack msss is modelled accordiug to
the Equivalent i Hedivs A h, both the finite difference
end the finite element mechods involve the use of a permeability

tensor. Certain graphical and amalogue cechniques and in cortain

eircumstances the €inite difference wetknd {uvalve the vse of veetore

of permeability. It is thus instructive to compsre the methods and
to evolve the rclationships between the two types of permesbility
coefficients. iy 5\
Atrietly the usé of the terms Vector and Tensor ave anomalona, N
for what in this thesis 1s usually called a tensor is sctually a tensor
of rank two and a vectoz is a tensor of rank one.(see appendix Z)
Howaver, the terms Vector and Tensor msthod sppear to be acceped

and axe standard terminology amongst writers on the subject. Accordings

ly, they will be used in this thesis. .

TENSOR AND _VECTOR EERMEABILITIES. ;
Darey (1856) a5 a result of experiments performed in fnves- : §
tigating the public water supply for the Fremch city of Dijea, woted
the proportionality between the velocity of Elov in & porous wedium
and the hydravlic gradiszi applied to the wediwm, Thus Darcy's law
which defines the proportismality betwess a velosity vector and &
parallel potential pradient in an fsotropic medium arose.

VL S
Vom k3 s -k (4.1}
when v i the velocity weater of flow

K is the permeability coefficient of the medium

1., the potential gradient paraliel tu A
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The £irst recorded experimants to study anisotropy are
those by Duhammel who {n 1832 studied anisotropic condnerivity
by weasuring the elliptic shape of the meiting front around 2
small heat somrce ewbedded in crystale coated vith paraffin.
Versluys in 1915 wes the first to explain anisotrople
permesbility by modelling the as arbizraril-ovients
t bundies of tubes. He showed that any four arbitrary sets of

conductors may be zeplaced by three autually orthopenal sets with
conductivities Kx, Ky and Kz respectively.
are the principal axes permesbilities.

s these K coefficlents

] ) Tn 1248 Ferrandon derived the temsor form ot the permesbility
coefficients from a model consisting of a bund’e of tubes. In the

sawe year Jolnson and Hughes (1948) studied experimentally the

significance of directional permesbilities in oil bearing sand-

n stones by cutting swall horizontal pluge at varying directions and 2
: determining their permnability. N

Scheidegger (1954) analysed the data of Johnson aud Hughes
according to Fervandea's rheory, and also plotted their original
results as ellipses of permesbility. The test results, published
witheut physicas explanation, substantiated Pirrandon's theory
originally publishied without any test resulrs. Scheidegger published
two further definitions of vector permeability in the same year.(giren e}
on PageB3) “

Suow (1965) presenced a thovough investigation of the form of :
the permeability tensor for jointed rock masses and the effect of b : °
joint orientation Jispersion and aperture size distribution on the =
value of the tensor permeability coefficients.

The presentatiors in this chapter are similar to the or’pinal

by and The ioa for the ; c

permesbiiity tensor for jointed rocks was devived independently of N

| Snow #nd hence is different to that given by him. " g

B 5
. 1SOTROPIC FLOW :
" . @
Starting with Darcy's orig .al observation that there exists a
proportionality between the flow velocity and the head lost per amit -




distance of £low in a porous medium the Follawing can be written.

v oot €s.2)

where ¥  is the fluid $low velocity
44  is the chaope in head or potrential throush
a distance  AS measured in the direction
of €low.
K is defined as the isotropic permeability
coefficient ccording to the following
equation

va -k A £4.3)
As

% is a Function of the geometric properties of
the medium and of the properties of the fluid,

By definitio. as

45 tends to zera,

% .
?s

Tim

4

As+ @ As

(4.8)

Vhere 24 =i ave defined as the poteatisl
gradtent in the dizeciion s

Hency 34
s

Vo= kg =k dg

{4.5)
This equatfon implfas thzt the velocity is purallel to the
potential gradient,
The compousnts of the velecity relative to & co-prdinate sxis
system {x,y,2} tan thew . written
[N vy =k, ekl e
whare Jx, Jv, and Jz arve the compomenta of the potential gradient

along the (x,7,2) axes.

g
&

kJ,L
2
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The form of the Laplate eguation describing the potential
distribution it e isotropic medium is thus

R L7 T & S .7y
L ay? az?

ANISOTROPIC FLOW

The isotropic form of Darcy's Law implies that the velocity
vector is always parallel to the potential gradient. For amisotvopic
wedia in geweral this is not true. It will be showa that the welocity
is parallel to the gradient only along three mutuslly orthoguwal sxes
oA dofined as the principal awes of the medium.

1, IENSOR PERMEABILIYY.

Two derivstions of tha temscr Form of the permeability watrix

are given below; one au intuitive type derivation snd the other

's rigerous
(a) The Vintuitive" derivation of the Permeabiliry Temsor.

For purposes of this derivation it Ls nacessary to comsider
the anisotropic medium to be such that if a potential gradieat ie
inposed on i¢, flow takes place in such a mamner that the velomity
vector has three cowponeuts, ome parallel to the imposed gradient,
the other two af right angles to ft, *The proportionality coefficient
between the imposed potential gradient and the velocity of fluw
orthogonal to it is knoun as the cross pemdeability coefficiemt

) usuaily written kij where j is the gradiest direction and i i

to the It is to assume that the

N princlple of nuperposition is vaiid, i.e. the velocity vactor due to
ocne potential gradieat can be added directly to the velocity vectors
due to sgeond and thizd potertial gradjents. Thia is trve in particuiar
i€ the Elow velocities, voth individuslly and combined, are wifain the

E3 tange of lauinar fiow.

: If a potencisl pradient 3 s imposed on an euisotropic medis,
flow vestIts with a macroscopic veloeity vecuinr nob necessarily paraliel
* . o :x' The components of the veleaity vecter along the X,y,z axes arve
Ehes £rom the above definition of rhe cross permeshility ceefficient

% see footnote oV,




Thie can he most easily itlustrated by the following example.

If & iointed mass as shown in fig. (4.1) is coufined in between two

. and a di potential is applied at
appusite sides, (AB and CD) then the applied gradient is as shown.
Flo- will occur from face 4B to face CD if AB
potential.

is at the higher
However, because of the natute of the joints at no poiut
will flow be selely parallal to the imposed gradient. The Flow will
alvays be such that at emy poiut there is caz component of Elow

parallel to the applied gradient and one orthogonal to it.

Dirsction of

imposed gradient

ddoiuts

FIG 4.1 A JDINTED ROCK MASS INBETWEEN IMPERMEABLE
PLATES
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Vo 1 a
wow vk, B 5

£ o o
v 7 ke Iy vl e ok, 3, 6B
where che superserips ate Sndices. Remove the potsmtiel
gradient Ix and apply a potential grddient Jy. Hence agais the
componénts of the velocity veetor are
2 . 2 a o 1 2
o ey Iy Yyt Ry Yy kg Yy ey
Remove Jy and apply J2. Then the velotity components ave
3 g 2o 3= o
vy =k 9y vy © Ty 9, vz =k Y oy
Now simsltaneously apply Jx, dy and Ja.
From the ioa that the pri of is vatid
the velocity componenta are the sum of the velocity components
due to the separate applications of the grediemts Ix, Jy, Jz il.e.
¥y = “Ryx Uy mkyy Jy tkyg 9y
vy = "(yx Jx 'k_yy Jy ‘kyz ‘]z 113
v, = —kzx Jx -kyz Jy -k21 Jz
I matriz notation
«
Vx b  Kay o Bz I
2 SR LR Iy (4,12)
Vz b Koy Kaz 42
It cag be shown £rom energy considerations, that X is a
tenzor. ] i the aymuetvy
of K by rigorous mathematics,
or in vector notation ¥ = «K grad ¢ : (%,13

i

f e

v '
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53 s ion of the Permeebility Tensor,

Perrondon (1948} produced the following derivation of the
permeability temsor. At a poink K (£igh.2) in an arigotrapic
porous body a surface iy taken smuch that rhis surface s “has a wnit
vopsal veebor 7t { of g ytjend that there exists another
surface $ bounded by the solid angled dX which has unit normal
veetor B (& 8 Y ]

. If the potentisl gradient J is in the direction A'  , 1,08
is the ing area

to the unit area § ;
where N, is the factor that accounts for the occurreiice of the
solids forming the filtering mediom, and is function of y .

- The scalar product of the two wnit vectors n,p'is fhe cosine of

the argle betueen the vectors H and N and heace jy A.A dE

is the i ing area in the di i n . From

« this ft follows that the elementury quantity of flow across the uait

avea § is
= Roat
49, = x, w, RA Iz JTRTS)

where k" is the medium permeability in the direction n .

The total outflow through the unit urea 5% through the filter
medium is obtained by direct intérgration of dg through the portion |
of solid space (solid sngle 27 ) wiruated om the same side of the
atea S' as the +ve mormal n' .

Hovever

= -8 L q2 2 3
AR R T ERE RIS

However, k and y are functions of n (@ @ vy)  Cties the zesmlt
of the {mtegration pust remsin s definite forction of p (o 8§ )
which leads us to put

Aow 2Tk pgds B = 5§ uptaz ¢ = 2% uytds

(4.18)
DL kuasds E = 727 kuayds F o= 527 ugyds
and vo introduce the ripht symetric matrix
A FE .
X = {¥ 3D . Tk
EDC

ey




Thus (%> 1%)can be integrated and written In the fom

which iz the same 56 (4, 13)

Fig. 4.2

a4, = B (K grase ) (4.18)
4 unit aves s being congideved; so q. = ¥
n 5
i £ - =
R e e v, = - WK grade ) (14,193
LU : . 1y s weitten as | 'X] thea (1.19)
&0 " Yy
R . becomes v v, 3
X,
- Vi = - R grade (1, 20)
L ) o
.

THE SURFACES AND VECTORS CONSIDERED IN
FERRANDON'S DERIVATION OF THE PERNEABILITY
TEHSOR.

8y )




Some. of the Fact chat Purmesbilicy cap be weitten

as_a Tansor.

The fact that the permeability of an an’sotropic porous mediun

can be written as a symsetric second order temsor, leads imnmediately

to the following conclusions.

(a) In general the velocity vector ¥ and the
poteatial gradient J do not have the same
direction, -

There exist three mutually orthogonal axes

ia space along which the directions of the
velocity vector and the potential gradient

are parallel. These axes ars the primcipal
axes of the medium. Their direction is that
of the eigenvectors of the permeability tensor.,

{b;

{e) For any three-dimensicnal porous medium there

i meability coeffi

are six
For a two dimensiunal medium thnere are three
pexmeability coefficients.

(d) Tos fact that the velacity vector can be
written V=-Kgradélesds to the fact that
when values For { vy vy v, }are substi-
tuted into the centinvity equarion

By e Wy 4 W oL
X 7y 7%

The following equation describing the potential
gistribution in an anisotropic medivm results.

32,
1£x izx ki ﬂ%j =t

For two dimeusions this can by written

:
Koy =8 2
o TRy §dy 4 Ry B - 0

e e

{4,21)

{4,222

4.23)




If the value of the permeability tenscr
is known fov one set of axes it pan
reudily be obtained frr any other sat
of anas,

The Haai of the P bility Pensor.

Assumn thak the permesbility temsor is tmown for ome axis

system (xy z )

kxx kxy kXZ
iee ®= kyx Ky fwa . 28)
kzx kz)’ kll

If the equivalsot permeability remsor X with respect to the
axes (%72 ) is required, the following procesdure is to be

adopted.
Let L be the axes teansformatfon matrix  i.e.
i } N LN a, *
[ AR LS PR I (h.25)
z P‘: ¥, T, z
P8, Boe Lox (5.28)
Bither by weans of tensar trsosforms (see fppendix 2 2
or by reasoning from £irst principles it can be shown that
=Lkt .27
sisre LY s the trevspose of L
60
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IE ¥yis the velocity vector In the (x y =) axes system,
Vjis the velocity vector in the (X J Z) =xes system,
gradg; is tha gradient vecror in the (X y 5} axic system,
gradd, is the gradient veetor in the (X ¥ 3) axis system,

it is true thet ¥y = - K gradéy {4:28)
and Vp = - K gradg, {%,28)
but

Va=t iy 4.30)
= - L K grads (4.31)
Also :
oradg, = L gradg, (. 82)
therafore -
grads, = L1 gragg, (5.33)

but| is an orthogomal matrix i.e. "1 = .t

shere L' is the dnversa of L
Thus('t+ 3 Fpecomes
gradnj’, = Lt gradoz
Bubaticuting into (4.31) gives
ty = et RLE gragyy (. 383
Thus Erom
K o= Lkt 4.45)

Fquatien (4 gy is true in tvo and three dimensions. -This is
an importent result and is used particulsrly in the finite element
method to trangform a permeabiliry temsor in a local co~ordinate axis
system to the equivalent tensor in the global co-ordinate axis system.




If the two dimensional form of equation ( 4,33 1s expanded
the foliowing relationships amougst the permeability coefficients

in rhe two axes systems (s y x) and (% ¥ ) whose X axes are ar
au angle g to each other resule.

= z in?
kyy K 4G08% 8+ 2k, c058 sing+ kyys"‘ [ a
K, == - 25 .« 2
kxy { kyy kxx JcosBsing + kxy(c"s B~ sinfe '} b (2,38
H . 25 s iz S
kyy kyycos 8 kaycoses'me + kg sints o

From these relationships the direction of the Principal Axes of
Permeability can be derived. The axes (x ¥ 2) will be tha principal
=xes for the speciel case k. = 0 . Heace aquscing the right
hand side of equation(y.36b) to zera 2nd re-arranging givas

gl .y (.37)
(kyx = kyy)
Where @ is the gngle between the X axes and thek axis of the
Principal axes uystem, See fig. .3

FI6. 4.3 THE RELATIVE ORIENTATION OF THE TWQ L .
SETS NF AZES USED IN EQN.2.36 [

The practical situation which often arises is that eatimates :
have to be made of the valwes of the permeability tensor coefficients a
for a jointed rack. Certain estimates which at first might appeac :
reasensble often are inadmissable as they might lead to values of the b
diapgonal tensor terms for other aves which are negative, and this denotss




a pbysically impossible situation. However, it is possible for
negative values for the off-diagonal kerms of the parmesbility
teusor to exfst. This only {mplies t*st a potential gradieat in
the positive dizection of one of the axes causes flay such that
there is a compoment of velocity of the fiow in the megative direction
of the orthogonal sxis.

The following inequality cam thus be used as a criterion for
the validity of the tensar coefficients. This imequality can be
derived from the fact thet k= =ud kyy must always be greater
than zero.

XX * kyy)

kiy <
£4.38)

Similar equations could be derived for thres dimemsfonal systems.

The ktensor form of writing the permeability of an anisotropic medium

is particularly useful in that manipulation of the temsor is simpla
and the equations to which it gives rise in both the

ite difference
and the finite element methods are convenient to use.

2. VHECIOR PERMBABILITY, LY PR
In general in an anisotrcpic, homogeneous body the direction of B

the velocity vector and the potential gradient are not parallel, Tius

there exist two ways im which a vector coefficient of permeabiliry can E3

be defined. (Scheidegger 19541

i The Vector Permeabiiity Coefficient ' is
defined a8 the ratio of the Flow veloeity to
the component of the potential gr-¥-nt in
the direction of the flow.

The Vector Permesbility Coefficient k" is

3 defined as the ratio of the component of the
veloeity vector in the direcrion of the
potential gradievt to the porential gradient.

k! and kS are scalars.




These definitions result in rhe different values of §° and
K" The difference between the two is n fonction of the aniso-
tropy of the matexial sud of the directicus of flow and the potential
gradient velative to the principal axes of the system.
The following physical tepresentation of these two types of
permeability coefficients is usually givem, . : =

Cut from the anistropic medium, a long thin pemeil shaped
specimen, the specimen being encased along the sides. In such a

5 case the seepage velocity mist obviously be along the peacil's axis,
whereas the direction of the equipotentials is unknown, for generally
the equipatentials will be oblique to the axis of the pencil i.¢. noa-
orthogonzl to the flaw velocity. This situation is a representation
of the sott of test that would yield a value For k' . o

Cut 4 pancake like siice from the porous medfum, and impose
congtant potent’als on the broad surfaces. Thus the gradient ls fixed
and known whiie ths velosity is gemerslly oblique to the equipotentials

and inclined to the principal axes of permeability. This reprevents the'
situacion from which K® can be derived. $ h

1t foliows thar for each direction in the medium there sidsts a L o ‘
different valve of k' amd k". The vatistion of &' and K" with
direction in the madium is as detailed in the following section. ¢

The Variation of k' and k" with DJ i

The anisotropy of a porous mediom is described by the two priacipal :
permeabilities Ky and k., where kx is larger than K . These EN e
quentities should mot be confused with the double subscripted varisbles
used in the previous section, although if the axes X and y ave the ;! <

principal axes it follows that kxthx and ky‘kyy N o R

The fiow conditions at each point sve defined by the magnitude . B
#nd direction of the velocity V  and the magnitude and direction of v Wl

the potential gredient Jy= 3¢ (see Eip.W.4)
an

From £ig. (4.3) the compoments of the velecity in the direction

B -of the axes are

“ky 9, cose vy -ky 3, sina (4,393
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The potential gradfent at any arbitrary angle B can be
expressed as

dp = 4 cosfe - ) (440)
iE ks is defined as the ratio "E”e by tesolving Y,  and

Vy to the divection B it follows

k,.cose cosg + &k, sina sing

kg = y .42

cosa cosB + sife sing

with the of the ial gradient in ¢he

dizection of the axes kg can be derived in a similar fasbion to give ’

cess cosp + sind sing

[ — (.33
" coss cosg + ging sing E
Ky 5

If the arbitrary angle R coincides with the angle o
equation (%.41) reduces to

ke = kycosta *ky sin?e {8,483

ky 5 thus the permeability coefFicient in the direction of
the potential gradient as a ratio of the compouent of the velociry
in that direction.

Prom the definition of k" it follows

ke = K ’ [ERTON

i.ec
- 1 2, {4, 45)
k* k, cosfa + ky sinta i




Simitarly

3 kg

if

1 =

50528

by

p coincides with the angle

sing

ky

{3.46)

E Thes kg in equation (4.48) is the permdability coafficiest el S
| in the direction of the veloeity as a ratio of the component of the
potential gradient in that direction.

From the definition of k'
N therefore

(an?)

i,

(4. 483

o study tha relastionship between k' and k*

congider what :
occurs where ©=8 , Take the ratio K /kg

k, 2 :
(- ;JL ) - sia*s cos’a (B4
X

g P
Since =8 the ratio kn/k § shoutd squat 1 B

Therefore the term R " o E
2

3
2 sin®a cos?a

k.
(1--4)
= ky

X

is the difforence bafween ku

md kg .




Haxcus (1962) has presented graphs plotting the percentags
difference hetween kyand kg a8 a funceion of the rutie ky/ky. For
Kyt ky-‘ 0.5 the percentage difference between ¥,  and k s ie
10% and this difference increases rapidly to 80% for ky [ky = 0.2
and to greatexr tham 400% for kxl ke 6.1, Thus the use of 2 vectot
approach for the analysis of practical field problems should be
avoided, 0T at worst vsed with extzeme care. As the analyrical
mathods are tailored to the tensor permeability spproach the short-
comings of the vector approach are of little practiesl importance.
The ve.tor approach and the anomalies it induces are likely Lo
be of significance only in the swall-scale laboratory testing of

anisotropic soils.

45 Ky was assumed the maximm and ¥y the minimm permeability
an ellipse of permeability can be drawn giving values of k' and K"
for sny angle Erom the primcipal axes. The ellipse has major sod
minor axes of k72 and k1/2 in the case of eguation (u.uf)and
k;”z and (=172 in the Gase of equation (4. g} the zalius of

the s etiipsds being (172 ox o1 2respoctivaly.
o

IHE_FELATIONSHIP BETWEEN TENSOR AND
VECTOR PERMPABTLTTY COBFFICIENTS .

The permesbility of a medium is an intrinsic property of the
material, hece the values of permeability cacfficients se derived
by different mathemaricsl approsches are related,

Consider briefly the salicnt differe ces batween che vector
and temsor methods before ing their i ints
ships. .

The tensor sppsoach is based on the fact that the velocity
components along the system axes are sxpressed as functions of the
mutually orthogonal poreurial gradienrs aleo along the system axes
The vector approsch hovever, expreszes the velocity vector as a
function of the component of the potential gradient in the direction
of the velotity or the velozity component in the direstion of the
potential gradient 28 a function of the patential gradient.

|
1
i




Define t as the uait vector in the direction of K+ and g* .

Prom Perrandon's derivation of the permesbility temsor, the
following equation resulted.

vy =-n { K grade }, %.50)

For a two dimensional system where

I,kxx kay

o= ( cosg sing )

R
gradd = {X}
J.‘/

when muiltiplied out equation (4,50) ylelds

k)’x kyy

v, = { k, cos8 ¥ kxy sing } 3, + ( kxy casg + kyy sing ) Jy

XX
(4513

From equation  (4.50)

adg = - v, K ar

gr N

whexe K™'is the inverse of K

n' is the transpose of Nt

1£ a tube is cut from an mniso.-opic medimm, the Eilter
velocity y is parallel to the axis of the tube i.e. V= Yp -
If the ratio of the length of the sample to the croas-section is
large ¢  the potential dxop across the emds of the tuba is alsc

pazallel to  p i 3 cen . v, ad b e
therefore parallel. From the definition of k' . herefore
N/
] (4.523
en




Hovever, it has been shown that in general the equipotentials

in such a tuba are oblique to the axes of the tube and the following
£anc must be utilised.

9y = nogradg €4.03)
Thus £rom equation (%.52)
g = -nklavy
n (€825}
Substituting into (%.52) gives

(4,55}

which supresses the relarionship betweea the value of k' in
the direction with unit direction vector n and the permeability
tensor.

For & two dimensional system, if the principal axes of the
system are chosen as the 3

frawe wich
Pparmeabiiity coefficients kxX and vy equation {§,55) reduceq
to
. "
1. esh, ———-9-51" (4.58)
k kXX Yy

which chacks with equatton (4.48

If o flat pancake is cut from the porous anisotropie medinm
instead then &  is again parailel to n

Prom equation (L, 53)

grad = n' [ (4.37)

By definition

krom (5.586)
on




In this u\ft&nce vy = 0K gradp h.59)
Subseituting (¥.59) and (4.57) sato {#.33) yfalds

k" = nKn' | w80y

For a two dimensional system,” T &t an angle € to the
axes {37 )

k" =k cos 28 ekxy ces sind + kw sin 2 (4.82)
For kxy a 0  i.e. {x,y) the priuvcipal axes (.§1) reduces
to (4.u5) . K¢ .5 equal to the K., tensor coefficienk in the
(%7 ) axes system sitvated at 8 to the { x v') axes, equaticm s
(%.36¢k. This illustrates well the pover end advantages of the tensor
method over the vector method.
Cousider the velocity compoment v, .

From the vector method 2nd for the definition of k" .
Vo= - k"4 [CN 1

X

For this equation to be valid ¥ mast lie along the X axes,
otherwise the definition of k"  is not satisfied. 5
%

From the tensor method

5% x t kg %y 453y
In this casedz=d and Jz= 0

vy =k

If § is dsplaced such that it does not Iz along the X axis
then equation {4,52) is no longer valid. The new valuo of k; eny
in the new dircction of J most be found to apply equation (¥#.83).
However, £or equation (4,63 the cowponents of J in its new posirion
i.e, “i and J-y- are mezely found ke substituted fare (4.53), the




valyes of  kzs and kg; temalaing uncheanged.

For the practical fisld problems encountered in Civil Zngineering
end in Rock Mecksnics in parclewlar,the tensor approzch to parmeability
sppesrs to be the mote versatile and powerful. It is easier to manipu-
late, easy to use §n analytical methods and velues of the fensor co~

efficients can be calculated

from joint
and orientation data. Wance the temsor approach will be used in this
thasis and methods will be presented in the mext Chapter for detsrmining
the value of the temsor permeability coefficients.




CHAPTER 5

THE DETERMINATION OF TEE PERMEABILITY TENSOR FOR
A_REGULARLY JOINTED ROCK MASS.

If a jointed rock mass is to be modelled sccording to the
Bquivalent Continusm Approsca it is necessary to hive values of

for use in &

the tensot sbilicy
analysis, which may by carried out by the finite differsnce or
the fipite element mechcd. The present chapter comsidets the
value of these coefficients for a jointed rock mass traversed by
continuous joints, waiformly spaced, all the joiuts in any oue
partieylar joint set having the same orientation,

The ¥iow of Water in an Indivi Joint
Assume that water is flowing inbetween two parallel plates
a distasce e spaxt, Fig.5.1,which in practice would be the sides
of rock blocks. It is necessary thab the rock materisl be agsumed
impervidus, so thet the €low from the tock waterial into the joint
nay be neglecred.

Velocity Distributfon

. .4_444.(_%444 ;
1%

5

._:,.]4.. - X

Fig 5.7 FLUID FLOW IHBETWEEN THO PARALLEL

IMPERVIOUS PLATES

=




& standara squation from classical fluid mechanics giving
the velocity ¢is:wibutinn inbetueen two platas is

2 4 3 ' .13

v, is the fluid flov velocity at 2 distance
y  Erom the origin ( see £ig. 5.1 )
p»  is the viscosiry of the water
e is the joint aperture
%1 is the potential gradient in the x direection
X

From this equation the average velocity in the joint may be

caleulated to give

ave Tou ax (5.2}

The Permesbility of Jointed Masses
Consider fig, 5,7 which shows a system of parallel jolnts in -
a jointed rock,

Let = the joint spacing
= the joint apertures

= the average joint £low veloeity from equatlon { 5.1)

o <0 a

« the total cutflow from a fissure as shown in fig. (5,2 )
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4y =V, e ¥

tissures shown is

The total outflow in the X direction from the system of

T q avelYH
[N
where ¥ is the number of joints in the height

z
i §

face abcd eguation { §,5) can be writren

Vos-x 2

is token as the apparent velocity of outflow from the

(5.5}

15.4)

(8.8}
This equation implies that there is no veriation of ¢ im
the 7 direction or that the average value of 3¢  is useds
3X
E v.e YR v, e N
e . 1 . I = X (5.6
x z vz z
However (¥-1T)d= I
1= oY 5
tut 3f M is lorge then Néd = Z  and {id=Z  can bp used L5
without significant ervor, .
Substitnting equation (5,1 ) dute (5,6) ylalds
3 s
e
Yy =T 2 8
x k .
Zud ™




By comparison with (5,5 )
o3
K =

(5.8)
2ud
Thus it cem be seen that for the rock joint pattern fliustrated

in fig. (5.3} the following equation describus the macroscopic

velocity vactor

e g g
@
b

Such joint systems do mot usually veeur aud since it is necessary
to be able to handle various ioints at arbitrary angles te the axee, the
following general derivation for & three dimensional case is given,

The Permesbility Yenger for g Three Dimeusional Jointed *
Rock System

Assume a jointed rock wmass, characterised by one regulsr continuous

set, with the following properties.
& the joint apertuves
d  the joint spacing

B the wnit vector in tha direction of the true }
dip of the jolzut ser
the form facter for the jolnt set.




The definition of & joint set dip as used in this paper is

wot the wams definition as commonly employed by geologist. Dip ss

defined in thie thesis is the direction of the joint oriemtation
weasured with Yespect to & right handed co~ordinate axes system,
the Z asis polnting verticelly ugward,

Impose a potential gradient J  on the jeinted veck mass, such

that the perential gradient vector is 3
Thus the potential gradient in the g dirmction is

From equation (5.7 )

Vo el

Frow equation {5.10

Vo = =22}
The velocity vector ¥ of the velocity of fkow Vg
¥ o=ty
hence Ar

"Eng

X =-n
vhere p' is the transposs of

However by definition of the permeability tensor

IR Y

therefore

K =n"én

If there are N Jjeint sets in the rock msss esch with form

and unit dip vectors n the total permeability

factor 3 N

matrix is

& -
K = Io{n e ")
vl

£5.10¥

{5.11)

{5.123

is
(5,13)

(5.2}

(5,18}

(5.18)

(8.17%




The Permeability Temsor for a Two

Jointed

Rock System

Asgume a two dimensional jointed rock system ds showm in

£ig.(5.4)

Fig 5.4 THO DINERSIOHAL

ROCK JOINT SYSTEM.

For this system n o= ( cost sine

3

e v
P v - {3
iz d ¥
Thus £rom

(5.10)

4
Jg + {cose sing ){J"} = 3, cose ¥, SN0 (5.18)

¥

From equation (5,12}

)

Vo = - ea( Jx cos8 + Jy sing }

v cose €ose "
' AL ( ) ¥, = _( ) - s sine
- v sing/ ° singl 8 ( cosd sTng } 5, f 510

¥
Multiplylng the veetors out yisld

.~ cos?s
L= i
cosé sing sin%s

i.e.

cos?s

cosg 5ing

cosa sing dy

(8,20}
JY
cosh sing
(5,21
sin?p
—_)

3




This is K for ome wet of joints. For two or more sets the
valus of K would be the sum of the individual contributiens for
each joint ser, each of which would have the same form s equation (5.17}

Snow (1965) has proved that for two or more joint sets the valte
of the permmability teusor is ot altered by the interference to flow
by ue joit set upon the other.

Some Rules for the of Principal Axes

9f Permeability for & Jointed Rock Mass
For any jointed rock mass with amy wumbsr of joint sers, the
value of K can be calculated or estimated by mesns of equation
(5.17). It has been shown that the eigenvectsr of the permeability
tensor gives the direction of the principal axes of the jointed rock

wass. Equation (.37 gives the direction of the principsl axes
for a two dimensional aystem, and similarly by finding the sxes for
which the three dimensional form of the permeability tensor is
diagonalised the principal axes oy the system are determined.
Examination of equation (5.17)allows the following rules for
estimating the direction of the principal sxes to be postnlated.

1. For a rock mass characteriged by two egual
orthogonal joint sets there ewists one wnique
principsl axis of pevmeability. This axis is
parallel to the line of intersection of the
two joint sets. The plane perpendicular to
“his unique principal axis is isotropic. The
permeability normal to the plave of isotropy
is twice the value of the isotropic permeability.

2. For two aifferent orthogonal joimt sets there is
one axis of principal permeability psrallel to




Two equal
orthogeral joint

sets

L~

Prireipal axis of
permeability

Fig 5.5 DIAG. TO EXPLAIN RULE 1

Plape of
fsotropy

FOR ESTIMATING

DIRECTIONS OF PRINCIPAL AXES OF PERMEABILITY

Mejor Axis

Intermediate
Axes

Fig 6.6 OIAG. TO EXPLAIN RULE 3 FOR

OF PRINCIPAL AXES

ESTIMATING DIRECTIONS




S

ability of that joint set to conduct watet,

the central tendency of each joint set.
The major exis of permesbility ia parallel
to the line of intevsection of the joint
sets.

For two equal non-orthogonal jeint sete
the major axis of permeability is paralilel
ta the line of intersection of the joints,
the intermediate axis bisecting the scute
angle gnd the minor axis bisecting the
obtuse sngle between joint central
tendencies,

Two unequal orthogoual sets have the major
axis patallel to the joint intersections,
the intermediate parallel to the central
tendency of the stromger* joint set and the
winor parallel to the central tendeéncy of
the weaket# joint set.

Too unequal non-orthogonal joint sets, the
same as for 3 above except the minor axis
shifts closer to the weaker joint set
central tendency,

Three equsl orthogensl joint sats are
isotropic,

Three urthogonal joint sets with two equal
joint sets will have a plane of isotvopy
defined by the normals to the two equal
joint sets. If the third set s weaker
thar the other tyc then the axis parellel

Strength when used with s sference to a joint set means the

Thus the styemgth of a

joint set is proportional to the product of the cube of the joint
spertures and the number of joints per wit length perpendicular to

the direction of the joiats.
fore condwct equal awownts of water,

stronger and weaker joint gets.

Two joint sets of equal strength theve~
Correspondingly one may spesic of

82
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to the line of intersection of the two
equal joint sets is the major axis of
B permesbility and if the third set is
stronger thew the axis parallel to the
equal joint sets intersection lime is
the minor axis.

¥

8. TFor rhree unequal orthogonal joint sets
the principal axes are parallel to the
normals to the joints, rhe major axis
‘being parallel to the mormal of the
weskest joint set and the minor axis
being parallel to the mormal of the

strongest joint set.

9. For three sets of joints with one set
not orthogonal to the other two, edual
sets, the major axis lies clasest co o
the greatest number of intersectioms.
The winor axis lies closest to the least

; nurber of intersections.

10, ¥or three or more wnequal, non-orthogonal
joine sets use will have to be made of
equation (§.17 and then it will have to
be di ised to yield the directl ¢
of the principal awes.

Using these rules, it is possible to make an estimate if not
caleulate exactly the direction of the principal axes for & jointed
rack mass, Values may be calculated for the coefficients of the
permeability tensar for regularly joiuted rock masses, by mesns of
the equations derived in this chaprer.




CHAPTER 6

THE NATURE AND EFFECT OF VARIOUS FACTORS WHICH ~INFLUENCE
THE ACCURACY OF THE PRRMBARDLITY TEWSOR FOR IRRECULARLY
JOINTED ROCK MASSES

The main parameter used in the snalysis be means of the
Equivalent Continuous Medium Approach of the hydraulic regime in
a jointed rock mass is the permeability temsar. (See Chapter 4
for definition) In the previous Chapter the expression for the
permeability tensor for regularly jolnted rarks was devived. Such
rock masses ave howaver very rare in nature and normally the vack
mass is irregularly jointed. Thus methods are required for deter~
mining theoretically the value of the permeability temsor for ir-
regularly jointed rock masses, and, if this iz not possible, of at
least detailing and discussing those factors which inflvence its
value.

At present it is not possible to write axact expressicns for
the permeability tensor for irregularly jointed rock masses which
account for all the irregularities of joiating. This is parsialiy
due to the fact that there is no way of quantitising the various
£actors that cavse total joint assemblage patterns to be irregular,
and partially due to the fact that the exect influence of the ir-
regularities of jointing on the permeability temsor is unknown.
Accordingly in this present Chapter an attempt is msde to definé
those factors which contribute to the irregularities of a jointing
pattern, to offer some expressions quantitising these factors and
to relate them to the expression for the permeabiliey temsor, In wost
cases it is only pessible to seave that there is come form of functional
relationship batween the permeability tensor and the parameters des~
cribing the joimting frregularity.

1 Porm of the Genersl Permeabilivy Tensor for
Irregularly Jointed Rock Magses
In order to study the Form of the permeability temsor for
irregulariy jointed Tock masses the following typss of permeability

The

N




tensors are defined,

Ko is the EQUIVALENT PRRMEABILITY TENSOR for

one joint set i.e. the permeability tensor for the
joint set which is ohtained when it is assumed that

all the joints are continucus, have an aperture equal
to the joint set mean aperture and are evenly spaced
at Gy , the mesn spacing between juints of the joiat
set.

K, 1is the actual value of the permeability temsor for
a joint set that results whem all irregularitles of
jointing ave considered,

Ke is the permeability temsor for two or more ir-
regular joint sets. -

In practice K,  is normally essy to determing, for information

about the mean spacing is usually availsble and as estimate of the
joint set mean aperture can be made, even if only relative spertures
for the various joint sets in a joint group ave used, The actual
value of the permeability temser, for an irzegular joint set,

is wore difficult to d In fact it's ination is the
central difficulty in all hydvaulic analyses of irrcgrlarly jointed

rock masses.

It is apperent that Ka is related to Ke sud approaches it
in valve f.e. K +K, a8 the joioting hecomes more regulsr.
Thus if a coefficient is defined such that

Ky = bk, .12 ;

it appears that U is a function of the irregularity of
jointing. Moreover it iz a function not only of the variation from




complete regularity of the joint set to which it applies but is

also a function of the total Field geometry. i .
£

‘Thug it parvemeters § and. 1 are defined as £ollows
5 - the jeint et Statisticsl Spresd. A precise

definition of this paramerer is not possible

‘but 1t is teken to represent or to be a

measure of the divergence From cowplate {

regularity of the joints in mny one joint

set. It will be a funetion of the joInt

aparture distribution, the variation im

" gonge £i1ling and the ather parameters
which describe the mature of the joint
surfaces,

T - the intercomnection of the joints in the

joint group. This ie a measure of the extent

to which esch joint set {nterconnects with

the other joint sets ia the joint group sad

is hence hydreulically active.

This relationship ov dependence cen be formally stated as

ey & ECS 5, 1) £6.2)

That is that ; for thei'™ foint set fs a function of the
spread of the juint parameters and the toral intercomescion of sil
the joiut sets in the joink group. si and I in themselves ave
dependent on 2 number of d- »Yerent factors as discussed later.

If there is more than one jnint set in a joint group Kf wust
be the sum of all the K 's i.e. fs the sum of the individusl concri~
butions from the individual joint sets.

Stated formally

N
Ke = &
oy (ka )y (6.3)
3 [ (8.4}
= z 14 -
=N e




Kp i the permeability temsor which ideally should be used
in tha analysis when the irregularly jointed rock mess is modelied
a5 &u Equivalent Contivuum. Thus {t appears that the basic problem
resolves to one of determining the value of ¢ for sach joint set,
as K, is readily’determined.

The Factors which Contribute to the Irregularity of Jointing
The jointing pattern of a Tock mass is irregular because of
the foliowing factors which are nat uniform from joint to juint,

{a) The joint apertura.

(8) The joint oriemtations.

(¢} The joint length.

(4) The spacing hetween joints of 2 joiot set.

The variation of aperture, orientation and length of the joints
can normally be des

ibed by some statistical distriburion fumctioa.

Factors (a), (b) and {c) influence the value of §. and
factors (c) and (d) together vith ather factors Iisted below influence
the value of I,

The, of the Variation in the Joint

Apertures and Orientstions
fo study the influence of the joint aperture distribution and

the joint ovientation distribution ou the value of the parmeability
tensor, Snow (1965) asstmed a mumber of joints with an orientation
distribution dercribed %y @ Fieher error distribution. He set up a

Next he paived a random

aperture size
aperture from his aperture distribution graph with a random oriemtation.
Thls paired set of an spertura and an orieutation was assigned to 2

jofnt, For this juint 2 permesbility tensor was caleulated. fThis

L ’

=L,




process was repeated twenty five times and the resulting temsors
vere meaned, e correctios factor applied to account for the jolat
spacings and then the final tensor was disgonalised. Fourty nine

of such ability tensors were obtained

end plotted on a stereagraphic projection. Also a Ereguency plot
of the principel permeabilitfes was produced. Ho Found that the

mean of the

permeabilities the da-

the mean of

finite sample size value after
to hundred conductors,

The Influence of the Joint Lengthy and the Joint
‘Spacings .

Yor a joint to be hydraulically active it wust be hydraulically
connected to neighbosring joints, If all joints in the joint assem
blage were continuous, all the joints would be completely interconmected
i.e. they would all be hydraclically sctive. However, most joints are
non-continuous. Moreover often the mean spacing between the joints of
one joint set is of such 2 magmitude that it is wot possible for il
the joints of a second joint set to intersect at least two joints of
the first joint set. Thus compleke hydriaiic intexconnaction of twa
joint sets does not always occur. Thus the manger im vhich two of more
joint sets intercommect can materielly affect the extent to which the
joints of any vme set contribute to the permeability of the vock mass.
This is most easily vievalised by imagining two jolat ssts. Both joimt
sets are such that the joints of that ser do not commect to each othef.
{Eack joint ser has 2 finite value of Ke but a Ks that is effectively
zero. i.e. C for each joimt set is zero,) (See figs. §.1 ands.2 )

If the two joint sats are superimposed with thelr centxal tendencies
parallel, their combined permeability would be very swali, if mot zero.
Again their € values would effectively be yero. However, if theiz
central tendencies were perpendiculsr then their resultunt permeability
is likely to be very much greater thaa rhe sum of the individual permea~
bilities,
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Thin s only pessible ¥ the values of C incvease.

From this illustravion ic can ba secn that the lenpth and the
mean joist cot spacings faflouence the interconmection but that In
add¢ivion the foilowing Eactors have an influence on the joint set
interseszions.

(a) The wean jciu spacings of each joint
set relavive to the mean lengths of
the other joint sets.

{8} The relative orientation of the joimt
sets' central tendencies.

(¢) The intensity of joirting.

The direct effect of each of these factors o the intercommection
of the joint groups is met keown but it is possible to parcially quanti-
tise their effects as follous.

1.  The relative mean spacings and lengths of'joigts,

All other things beieg equal, and considering only fwo joiur
sets, it is apparent that the iterconnection of the two sets will
‘e influenced by the moan length of the joints of the o set, say,
relative to the mean spacing of the § set of joints, and correspon—
dingly the mean length of the 8 Joints relative to the o joints
set mean cpacing. This can be quantitised by defining the dimensionless
numbex .

4y
T r
tho, P
for the T Joint set
where d 1is the joint seti meen spacing

Tq ie the mean length of the joints.
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Tor a joint group consisting of N joint sets a cowposite
dimensionless musber can bs dufined by the followlng equation
N
] 5t ;L"' e
= p=
m {6.8)

N

If tvo joint sets ave congidered the value of D i piven: *
by equaticn (5.6 )

A
af (6.8}
]S 1,

But da/‘B"‘ddB/‘a are measures of the effect of the mean
spacing of one joiat aet relative to the wesn joint length of the
other set. This is thea a meagure of the joint group intercomnection,
far the pmaller the mean spacing of avy joink set relztive to the mean
Iengths of the joints of another sat the grester the imterconnecrion of
the two joint sets is iikely to be.

Hence assuming that the statistical scatter on the values of

dy and dB are smali the following guidelines can be
draun. (see fig.5.3)

d, 4
@ 8 then I+ 0
{a) For 1; > 1 or 7: > 1

4

L@ ey 2L e then I 1
s

) For ig <3 or y then I 1
[N P

9z

b
|
t
|

b ety it e
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. ¢
15 i x K
) : K Thus it is possible to see that I is a functiom of D . E
|
Lo
! feen I = t{0) 6.7) : DU
* 5 B N
- . ] 2. The relstive oriegtatjons of the joiut mets’ ceotral i ) . .
‘ Yt has been stated that the velative oriemtation of the central tenden- - N ,
; X cies of the joint sets influences the iatercomeetion of the joint aroups i RS,
. The angle betwsen the central tendencies of suy two neighbouring joint A4
: sets con be taken as the measute of their Telavive orientatiom. ! .
- > If two joint sets g and B are at an angle § to each N
- : other end the meen joint spacings ere 4, wd d, Tespectively then | At :

for any joint of the o  joint set to convect two joimts of the

joint set epaced dy epart the # joimt must bLave s lengeh g y . - T
i '\ such that 'laisine is at least greater Chan dd . “ T Teg

b Thus T B/ sinpoe® B8 considered the equivalent leagth of the joint .
orthogomal to the o  joint set central tendency. Thus define the
parameter (dimensionless)

- 4 d, d 4
- (T?““%a (‘TE)(%)“"SBV (T:;')'”'"

d, N E
s\'nen“(-rl'i) €6.8) SR P

where there are u joint sets in the joint group. b - R

Thux -
T =f(0) (5.9
5 - :
- Ty
Note that D is a composike factor in that it includes the ®
g - pavemcter proviously defined as § P




3. Zhe intensity of jointing, which may he defined as the number
of jointa pex unit avea. Thus £f 1 i defined as the jofnt get
intensity, then the joint group intensity facter for N joint sets
can be defined as

A
Lo e 16.10)

The value of 1, for the rf" joint set will take fnto sccount

the mean spacing as well as the mean separation of the joints, where
spacing can be considered the distence betwsen joints orrhogomal to
the joint set central tendency and the separation is the distance
batween joints parallel to the joint set central tendemcy.

Thus § accounts for the total effect of these factoxs for
all the joint groups joint sets, The grester the value of i the
higher will be the intercomnection of the joints being considered,

Moreover as will become apparent from consideration nf the results of

" tests described in the mext Chapter, the greater the value of i the

greater the sccuracy of the potentisl distribution cbrained when an

irregularly jointed rock mass is choracterised by the equivalent

permeability tensor.
Prom &

of the above it is clear that

I isa function of §

e

I o= f (i) (6.11)

However I is also a functiom of D

theref - N
eresore s f(p.i) (6.12)
but since
Cy= F(5;,1) (5,13)
it follows that
o= TS ,0,.1) (6. 34)
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and from equation (§.y ) if follows that K¢  is dependent
on 5, , D sd i .

‘The inherent

of i all these
parameters and hence of datermining the sorrect value forKg to nse
in any pattictlar instance means that there will always be a degree
or error involved in amy potential distribution determined using an
estimated or representative value of K, .

The value of the permeability temsor reflects both the matuze
of the rock joints and their relative orientations and irregularities,
It is in fact the only t fara i wedivm
approach solutions which reflects directly the mature of the rock mass
being modelled. Thus it follows that the better the permesbility temsor
Tepresents such jointing patterns the move accurate the potential

distribution determined using it will be.

However, the degree to which the permeability temsor is a good
representstion of the jointed rock mass is mot the only factor which
influences the accuracy of the calculated poteatial distribution. Other
£actors have as great 4n influence as the accuracy of the permesbility
tensor. They are

The nature of the flow ia the joints
Louis (1969) and Sharp (1970) have demonstrared the
occurence of turbulent flow in joints at low potential

gradients.
However, im most practicel cases laminar £lov can
be assumed and the ing potential distribution

calculated, Louis has sade 2 comparison of the aqui-
potentials obtained assuming first laminar and then
turbulent flov in the joints. From his vesults he con~
cludes that

VA consideration of turbulence does mot

catse a change worth mentioning in the

potential distriburion’.

Sharp details metfiods of solving for the potential
distribution ia rock regions vhere laminer flow is oceuring.

- : ™

H
!
§
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% & criterion stated by Lyell (1970) tbat there be at least four
joints per element was tested as described in the following Chaprer
and found to be valid for certain practical cases.

sufficiency.

Wls method sesontislly involves a fimite Aifferenca

approsch and the use of “linearising" coefficients

to actownt for the non-laminar flov inm the joints.

2. The nunber of joints per element snd the nymber
of elements io the field being analysed

If a2 jeinted rock mass is ta be modelled and
analysed as a ¢ontinuum both the finite element and
the finite difference mechods require that tha mase
to be analysed be divided into a number of elements.
One of the main factors that will influence the size
of such elements is the number of joints that will be
countained in each element. It has alteady been shown
that the jointing intensity influences the accuracy
of the permeability tensor. Therefore if om the
average each element contains a large number of joints
the permeabiliry temsor will represent both each ele-
ment and the total rock mass well.

The more ixregular the jointing the grester the
mumber of joints that will be required per element.
1f the joimting is perfectly regular ome or two joimt
segementsk per element are quite sufficient for the
medivz to be by a permeability
tensor, Tha approach adopted by Sharp (1970) is an

instance where only one joint segement per element is
used and the equations he detives from a Discrete Flow
Chemmel Approach are the same a5 result from & Continuaus
ediom Approach. )

geometry.

However, it would
really be necassary to make a judgement decision in each case, con-

cerning the number of joints in esch element that will be requized fov
This would be based vn @ knowledge of the complete field




If a sufficiently large pumber of elements are
used to model the rock mass then it is possible to
Teduce the pumber of joints per element. This cecurs
because the local discontinuities and inaccuracies
that will be {atroduced if certain elements in them-
selves have an inadequacy of joints will not materially
affect the regiomal potential distribution obtained.
The Laplace equation desciibing a field potential

a1 is a square thus the effect

of any locsl error in dany value of ¢ dies out as
1x® where © is the distance fxom the point st
which the srtor occurs, The effect of locsl rendom
variations of the value of the permeability tensor
ou the potential distribution in a rock mass is

considered in further detail in Chapter 3,

™




CEAPTER 7

DESCRIPTION OF THE TESTS PERFORMED

& series of tests was performed to invastigate a) the correct-
nees of the extended Laplace equation describing the potential dfs-
sribution in an anisotropic mass, b) the validity of the expression
giving the permeability temsor for a jointed tock mass and ¢} the
effect of random jofat sets on the accuracy of the permeability

tensor and the resulting potential distribution in a mass i

by joint sets of random joints.

In Chapter 4 the extended Laplace equation was derived as
followss

N ] 2
b H K B g
dax isx LR EPYPY 7.1)

which in two dimensions reduces to

2% 2% g
fxx owe T2y ey TRy e .2

The permeability temsor K for a jointed vock miss was derived
in Chapter 5 a8

£7.3)

To prove the validity of both of these equatians the folloving
teat proceedure was adopted.

1. A physical model was postulated.

2. Joint sers were cut £rom electrical
conducting paper and the potential
distribution which resulted in them
was determined.

3.

The permesbility tessor for the
assumed rock joint system was




substituted into equation (7.2 )
which vas solved by finite differences.
4. An equivalent homogeneous field vas cut
" Erom electrical conducting paper and the
potential distribution measured,
3. The various potential distriburions were
visually oud statistically coupared.

S The vesults for all the tests performed will he found in
, Appendix 5. An extended discussion of the results obtained is

given o Chapter 8.

THE__MODEL
following, simple situation was past-.ated, and used as

the standatd siodel on which all the ttheories presented in rhis thesis

were tested,

& square of a anisotropic meditm was sssumed. The primcipsl
] axes of permesbility X,y were arbitrarily orientated with respect to
9 (see fig. 7.1}

the X and Y axes at an angle of

] o
Equipotential
2t 100 ¥ Equipotential
e at 0
X
B c
Fig 7.1 THE MODEL USED IN AtL TESTS PERFORMED

@
4




i the £inal potentisl discribution. Thus differcat sized squaras

sere used in @ifferent tests, the size used heing that wiich was

smost: for the partieular test being . ! e B
Further it was assumed that the opposite sides of the squave

AD and BC were inpermsable snd hence constituted Flow Liues, The .

PO N other two sides were tuken as equipotentiate. In all tests the value :

i~ of the left hand eguipotential vas token as 10C and the right hand B e
equipotential as zero. FE @

!
. o . R i

b The size of the square is immarariel for ir does not affect 3 ok
i

THE TESTS PERFORMED -
For each of the joint assembilages tested either all ox ac least
two of the following tests were performed.

1. The finite difference form of equation ( 7.2)
; was written. This is

% k
4 p 6 =
L L P I YR TYS s SEy FiR g
IO R T
d_k 7 v 7.4y
o el 15 44 }
- “ 2kgthy ) 2"
- | 4 81 pue cquare was divided inte 100 square elements vith
! : 121 nodal pofacs. Using an Ltecapian procesdyroe the finire , .
aiference equation { 7.%) was solved for the modal poten- .k
o tials. Computer program ANKFF * was used to solve the £ S
J equations. In ali three humived iterations weve Tequirad [ S : 2

to ensure complete convergence. % Computer rvn time per

% See Appendix 3,

## Convergence of the solution was taken 2s being the stage at which |
the sum of skew symetric potentials totalled one hundred. This arises . Tk
from the skew symmetric mature of the model being tested, for if the . | o
potentials are xeversed j.e. the eguipotential with a value of ame
hundred is pur to zevo and vhe zeto potential is put to a value of
one Tundred mo change in the shape or position of the equipotentials




solution was approximaraly 50 seconds. 4u attempt
wes made to nse the over relaxzation proceedures

. describee by sharp (1970) but ws coefficient could
be found which caused s speedier convergence.

2. The square anizotrapic element was transformed

to the equi isotropic element by

or expansion of all distances ajope the owémni-t

axes, in the proportion of the syuare Toot of the
principal pereabilities. transformed equive~
Zent element was then oy  .om electrical conductive

puper {marketed wader the tzade name TELEDELTOS
TPAPEP®  ©jlver paint was used to c¢reate the equi-
potentials along the left und rpight hand sides. Use
was made of a GERVOMEX FIELD PLOTTER which is
basically a Wheatstone bridge, fo measure the poteatial
at any point on the conuucting paper. Normally the
position of the eguipotentials 90, 80, 70, ve-vens 10
were determined and the potentials at the node points
of a 100 element grid were measured.

The Servomex Field Plotter is rated 0.1% accurate.
The Teledeltos paper however is not absolutely homa-
geneous, and in some tests. wnich had to be repeated,

#% (cont.) will accur. The value of the equipotential will become
one hundred minus its former value. This is equivalent to rotating
the model through 180°. Hence the eriterda FYor convergence of the
numerical solution e thet it should DULFill the condition that it
can .2 rotated and have pitentials which are one hundred minus
their former value, j.e. that the values of the potential at skew
symerric nodes should equal one hundred.




d3stinct Tegions of greater snd lesser conductiviries
«han the average were moted, To eliminate as for zs
possible the errors resulting from such randem betsro

genefty, for each test the potentials were reversed,

k| thus giving st each point two nodal potentials, which
should, 1€ the paper wexe coupletely homogeneows, total
g 100. (See footuote on previous page with zegard to

convergence) This seldom occured. Rowever, by neili-
sing the fact that the two nodal pocentisis should
total 100, and also the test of skew symmatry of the
" field, it was possible to adjest the measured potea~

tials to yield average resulto.

3. A Terresertatica or model of each pastulated
joint group was cut from the Teledeltos paper, The
potentials at the node points of the 10 x 10 ¢rid
wete medsvred Wherever a joint crossed or ocewred at
'ode. This 3id not happen for each node so the
yisition of the equipotentials 90, 80, 70, ..... 18
Y were determined by seeking points on the joiats at

T AL

which these potentials oecuved.

The sise of the models cut were 400mm x 400mm and the joiats
- were cut approximately 5mu thick spaced at approximstely 15ma.

TEE JOINT GROUPS TESTED
Three geries of tests were performed using different types

of jeint growps.
Series A tosted groups of comtinuous, regularly spaced
uniform joint scts. .
Series B investigated the effects of nom-continuity aud non-
regularity of the joints and the effecta of changing the joint inten-
o sity of the joint groups.
g t;/ Seties € srteupted to study the effects of chaaging the wean




e

length of the joint sets on the permeability tensor and the Final
potential distribution.

Series A, Contimious, Reguler Joint Sets.
The folloving thres joint groups were tested.

I. Two joint sets at right angles to each other,
the strengeh” of the o joint set being double the
strangth of the. 8 joint set. (see £ig7.2) The

@ joint set was orlentated at +45° to the X axis,

and this the B joint set was at ~45” to the X axias,

X/\u Jeint set

8 Joint set

45°

Fig 7.2 THE JOINT GROUP AS FOKk TEST A2

joints were made equal.

The apertures of the « snd 8
Joints.

Thus the spacing of the g joints is haif that of the §
TFor this case ¥ with respect to the X Y azes system is

K i3 1
1 3

(¥ote that throughout only relative values of the coefficieats
of X are used, as the sbsolute volues do not alter the potential
distritution, aithough they would affect the £low rates and velocitfes)

* Ses Page 82
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Equipotentipls
e n
A £ l
Fig 7.3 THE RELATIVE DIMENSIONS OF THE
TRANSFORMED ANALORHE




g

The principal axss are oxientated at 45% to the
X Y axes system, The value of the principal axes
permeability tensor is

- 2 i}
K =
a 1

Using the values of K the trausformed equivaient
isotropic element with relative dimensions as shown in
fig, {7.3Was obtained, cut from Teledeltos paper and

tested.

2. 'wo orthogonal joint sets, the strength of the o
joint ser being four timas that of the g joint set.
The « Jjoint set was ovientated at 45° to the X
axis. The © and B joints were taken to have

ual apertures. Thus the ¢ joint spacing is a
quarter of the g joint spacing.

The value of K with respect to the XY axis

system is

and the principal axes permeability tensor is
- 4 0
K =
g 1
The jointing for this test was s sparse that it
was not possible ta messure nodsl potentials on the
Joint snalogue st sufficient points to perform any type
of sratistieal analysis.




Fig 7.5

THE JOINT ANALOGYE FOR TESY A.2

TRE JOINT ANALOGUE AS FOR TEST A.3
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3. Two orthogonal joint sers, with tha &  joimts
baving twice “%: strength of the £ joiot set. The
Jjoint apertures of both sets were egual. The o joint

R set is orientated at 30° to the X axis.

a The value of K with respect to the X ¥ axes
. syaren is
el 75 26
K =
2% 105

i - The principal axes permeability tensor is

. . 2 ¢
0 1
4 Sexies 8 Irregular, Nov-continuous Jolats.

Three groups of irregular, non-continwoys joint sets

. vere tested.

1. A superposition of three random joint sets.
¥ig. 7.5 shows a photograph of the joint analogue
i tested.

From the analogus the following relative

spocings and orientations wera estimatad.

N For the a4 joint ser =8 8y = 22°
. g e 12 6, = -12°
wo =8 6, = 90°
L ¥
oy ;




i Fig 7.6 THE ANALOGUE AS FOR TEST B.1

B .~ a. UNIT ELEMENT . b. UNIT ELEMENT REPEATED
- - FOUR TIMES

Fig‘ 7.7  THE JOINY ANALD;< 1S FOR TEST B.2

je8
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Fig 7.8

. UNIT ELEMENT CUT b. CUT REPEATED ELEMERT

JOINT ANALOGUES AS FOR TEST B.2
AS ¢UT

199
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Assuming that the joints sve continvous and
uniformly spaced at the mean spacings given, the
folloving values for the permeability tensor were
caleulated.

SCI
K =
8 1%
and
_ w0
X =
0o 13

at 24,5° to the % axis

2. Teo mon-continuous ivregular foint sets wich
the strength of the one joint set being twice that
of the orthogonal joint set. This smalogue was
repeated four times as shown in £igl.7band tested.
Next certain of the joints were cut as shows
in figs. 7.Raand 7.8b and again the joints were
tested. The vesults were compared to the modal

potentials reselting from o permeability tensor
with the followlng value




AT v it R < i
| ; y
,ﬂ ) 'lm = 20 i= 200
it FIg 7.9 JOINT ANALOGUES FOR
TEST SERIES ©




Sevies G Varying mean Joint Lengths.
The aim of this series of tests vas to study the effect of
& vaviation fu the mean length of the joints iz a joint set on the

valus of the permeability temsoz. It was hoped to gquantitise the

effect by studying the relationship between ]m of one joint set

and £ as fxom equation (7.5 )

K = Y
fa © Cates 7.5
Thus two orthbogonal joint sets were chosea. The § joiat
st was assumed continuous, and regularly spaced with a sgicing of
20 (again only relative spacings and lengths are given) Thus
Cg = 1

It was assumed that the &  joint set had a mese spacing of

5, and that the joint length distribution was given by the equation
presented by Robezescn {1970}
ox (7.6)

cumulative percentage Erequency of joints
uith length greater than x

vhere ¥

u=,/1m where 1, is the mean joine Longth.

Three mean lengths for the « joint set were chosen I.e, 20,
40, and B0, baing one, two and four tlmes the spacing of the orthogosal

B joint set.
Use was made of computer program RNJSG to genevate the random

Joint set.
For each of the three mean lemgths » joint set was generated
and then plotted on 5 plece of graph paper 20" x 20", For the case
1, * 80 one hundred joints were plotted. & 1 = 40 two hundred

™~
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joints weve plotted and for 1, = 20 two hundred joints., %hus
for purposes of comparison the {ollowing paramerer is defined as

. fd
F = LA

where

i

is the joint intensity

then the velstive values of F are

Fgo = 1/8
Fag * 12
Fao = 1

The central 15" x 15" portion of the graph paper was taken
and the random joints were superimposed on the 8  jofst set.

The resulting joint assemblages were cut feom Teledeitos
paper, see £ig.7.9,7.1

By visual juspection of the equipateatials which resulted
when the joint anzlogue was tested it appeared rhat for L) 80 - d
50 a poteptial distribution given by » permeability tensor 3 si
would give a reasonzble Eit with the measured equipotentials,

For the case 1, = 20 it seeasd that a pewmeability tensor

15 9] woute give a Teasousble £it between celeilated and moasured
squipotentials.
Accordingly the measured nodal potentials were compared with
the celculated potentials for the cases suspected- Table A.5.17 in

Appendix  § i i on the di

gives the

in the nodal potentials.
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CHAPIRR 8

A DISCUSSYON OF THE TEST KESULTS

The results of the series of tests described in the previows,
Chapter ave discussed here.

The Genmeral Atewracy of the Test Result

1. The finite difference solution of the anisotropic fled -

In all cases convergence wags 2ssumed when skew symmetric points
gave ypotestials toralling 100. This norvally oetured afger three
hundred iterations. One of the colutioos was taken to five hundred
iterations and the nodal potentials compared to thuse obtained for
thtee hundred iterations. The mean differsuce was 0,002,

2. The Electrical Anslogue. The Scrvomex Fisld Plotrer vas
rated at 0,1%Z accurate. However, as bas been poted, the Teledeltos
paper was wot homogmneous. A measure of the error introduced by
£his heterogeneivy is provided by consideration of the value of the
nodal porential at the mid-peint of the field. From considerations
of ymmatry this should be 50. For the test A.L this wid-peint had
2 potential of 51,2. For tast A.2 the value was 50,1 when using
unadjusted nodal yotentials and was 49,95 for rdjusted nodal potentials.
Test A.3 pave a valve of 50,28,

3. The Cut Joint Sets, It was not possible to measure the nodal
potential st each node. It was not considered measingful te imter-
palete Tesults Erom jofnts meas buf mot on the nodes, therafore, onlg
at certain vodes ave potentials available. B

ke sccuracy of the Joint Set Yermeability Temsor
Test sexies 4 wus a test of the accuracy of the axtended
laplace equation and the expressics for the parmeability tensar for
Joiared rocks.
*This test seriss provided moreover the oppoTtunity of studaing
tha representation of the jointed ruck mass by means of the Discrete
Flaw Channel Approach, The joint analogwes cut wers a model of the

% As explained fn the intzoduction to fhapter 7.
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network forned by 4 jolrx anroublrge and the determination of

the potential distribution in the joints was an anslogue solution

of the equations reswlting from the Discrete Flow Channel Approachy
CGonstderations of the plots of the equipotentials ohtained

and the staristi sson of the

in woda}

for the vorious cases shows that in &l% tests the correlation betwges
caleulated and measured results was good. The smallest mean diffevsnce
of nodal potentials was 0,19, This was obtained for teat A.3 for the'
lculated and the analogue rest lts. ¥he
greatest difference was 1,36, also obtained for test A.3. This oucured

when comparing the joint anslogue und the talculated potentials. Test
A for the save case gave » value of 1,13.

Tables A5.3 and A3.7 show that the distribution of the values
of the nodal differences of porantial was randou. (Note in 21l cases
only the absolute value of the difference is given) Table A5.7 shows
only a slight vundency for the values closer to the edge of tha.lodel
to havi a greater difference. This is due probably to edge effzcts.

¥ig. A5.2 (test A2) indfcates that closer to the adges the
pasition of the equipotentisls is indeterminate. This is becanss it
was impossible to messure the potential as ome approached the edge.
Tig, 7.4 showing a phovograph of the analogue revesls that thare
were insufficient joints mear the edges for meaningful readings to be
taken, No modal potentials were measured in test A.2 again because of
the paucity of joints.

The among the as they vera deter~

mined by the differsmt methods indieate the correctness of both the
extended Laplace equation and the expressicn for the permeskility
rensor for jointed rocks.

The of the Joint Set Intensity, and Non-Regular

Joiat Sets on the Poteatial Di,

The joint set tested in test B.1 was intensely jointed, although
the joints were neithe: regular nor contimsous. The statistical dis-
tribution of the differences in the nodal potemtisls ahould be considered

)
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in the Yight of the resuits presented in Chapter 8. A mean
diffevence of 1,67 was recorded, the standerd deviation being
1,26. Resules tabulated in Chaptet § imdicate that for 4 randem
distripution of the vaiues of the principsl axes permeability
coetficlents the major permeability varivg uniforamly by 25% va
either side of its median value, the mosn dir¥ference in nodal
potentials wag 2,55, Fig. 7.6 showing the analogue tested in
test B.1 indicates that such a randow veriation in the prineipal
axes permesbility coefficient is quite conceivable. Thus the
results obtained zre good. They indicats moveover that a random
Joint set cun be well represeuted by permeability temsors fur
equivalent joint sets.

Test B.2 attempted to stwdy the influence of joint invensity
ort the accuracy of the equivalent permesbility tensor and tbe Einal
potent?sl distribution. The joint group tested (as shown ia fig.
7.7a) was arbitrarily drave. It was repeatsd four times to yleld
the analogue of fig. 7.7, which gave a mean diffexence of nodal
potentials of 2,3 with standard deviation of 2,3 whereas the
corresponding £igures for the joint analogue of 7.7a were 3,13 and
3.4D. Tmmediately it is apparent that greater accuracy has beem
achieved by using more joints. A2 has been shown for @ random
joint zet a mean 6i of 2,3 is not 3 id
of teswlt § of table 9.1 will show that sven & wesu differeuce of
3,13 denotes u fairly good representation of the field. Simmltaneohs
random variation of 25% on Ko and of 50% on kyy is well vhat is
securing in fig. 7.7a.

In cutting the joiuts of the above two andlogues a joint was
cut {n such a way that as far as possible the joints lemgths were
halved and the intensity doubled. If this were dome exactly the
joint sssemblage should result in one of two equal, orthogonal jedut
sets. For this situation the mediwm is fsotropic. Accordiagly the
Tesults from the apalogues as in fige. 7.8z and 7.8b were compared
to the isotzopic solution of the potentisl distriburion. Pig. 7.82

LN




yielded @ mean difference of 6,0 with a standard deviation of
3,8, Fig. 7.8% gave & mesn difference of 2,26 sad & standard
deviation of %,3. It was considersd that a mesn difference of
6,0 was excassively high so the messured nodsl potentisls for
sath cage wzs comparsd o an anisosropic medivn chavacterised
by & prineipsl ases permeabllity temsor of [é ’ﬂ at 45° po the
slement sides. Pig. 7.82 gave a mean aod & standard devasion
of 4,88 and 4,07 respsctively aud Fig. 7.8b gave values of
4,04 and 3,18 for the same paramsters. Thess vesalts indicate
5o improvensnt in the aceuracy of the amalogue of £ig. 7.8a and
a deterioration of the accuracy of the anslogue of £ig. 7.8h.
The error distribucion for £ig. 7.88 is completely candom
for both cases where vompariscns were ade. Hemce ir is con-
sidered that the jointing is coo sparse and irvegular for the
tenial distribution to e tned by a mediun
approsch. The analogue of £ig. 7.8a appeats to contaln suffi~

cient jelnts for it fo be apalysed as a continuous medivm, al~
though & diserete flow chanuel analysis would yield move seewcate
results,

The spalogues tested in test 3.2 can be viewved in two ways.
Firstly the analogues tested c2n be considered to each constitute
one element of the flow field, or they can be considered to be
composed of a number of elements, For purposes of this discussion
it is convenient to regard the fig. 7.7a analogue as & basic element
and the £ig, 7.7b snalogue as being composed of four such elements,

The analogue of £ig. 7.7a obeys Lyell's criterion thar at
least four joints must be imcluded in any elemenr for it to be &
valid element in a contimuous medium approsch. It has buen seen
that this is valid for both £ig. 7.7a and 7.76 enalogues.

When the joints become smaller however, the criterion breaks
down 2 in the instance of fig. 7.8s. Hovever, whe four such
elements are included in the flow £ield, the eriterion appesrs to
be adequate. ‘




It shoutd be vecalled that for certain cases one joint per
element is sufficient to vepresent the medium.*

Thus to state a blasket .riterion for the sufficiency of
joints pox element i fntile, The sufficiency im a Function of
the pumbex of jeint: per element included in the field, tha
regularity of the jointing pattern and the continuity of the
joinks, Each case should be julged on its particular merits.

The Effect of Vsring e Joint Set mean Length

Test series G provided au opportunity for studying the
effect on the permeability teusor of a variaticn in the mean langth
of ona of the joint sets of the zesemblage. This was dome by keeping
all other factors constant and varying only the o joint set mean
length aud ictensity,

From the correspondence obtained hetween the measured modal
potentials and the calculated poteatials {see table A5.15) and the
value of the permeability temsor used te determine the ealculated
potentials the value of {  can be celolated ro yield values as
f£ollows ...

TaBE 8.1 Yajyes or (o FOR DIFFERENT T, VALUES

Do X & K& R
tof o LT I 1
20 lv 1‘ lo 1! ]o OI
49 !4 1l ,0 ol |4 o|
1 12z
9 1 0 1 [0 1]
4 0 6 0 LR
80
,u 1] Io 1' lu of 7 4

% See Sharp (L970) and discussion cn page

— + . [y




Thus plotting ¥ vs. C fig. 8.1 is obtained.

1,0

T 7.5 7.5 TS5 g
Fig 8.1 GRAPH OF C“ Vs. F FOR TEST SZRIES C

As 1 > = for any joint set C+ 1 and as 1y gets
sualler and emaller C, > 0 . This is reflected in £ig. 8.1,
The first two poiuts for which 1, was 80 and 40 respectively give
values of € chat for all practical purposes ste equal to 1. The
mean spacing of the 8 joint set was 20, thos joluvs séts having
meen lengths of 40 and 80 which vere respectively 2 and 4 times
the orthogonal joint set’s mean spacing found most of their joints
crossing orthogonal joints and being hydranlically sctive,

Equation { 7.6 } i of such a form thar there is a wide
scatter of joint lengths. Hence in those cases where the mean
length is greater than rhe cther joint set mean spacing che in-
creasad length of the joiuts longer than the mean Length compénsated
for the joints which sve shorter than the mean length. However, the
joints are long enough for almest all the joints to be hydraulically
active. Where the mean joint length was equal to the jofnt spacing
then Iess than half of the joints were hydraulically ective.

As can be seen from rhe rest results about a quarter were
fydraulically active., For a joint to ba hydrawlically active it hos
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to cut at least tws of the orthogonal joint set joints, If the
Joint lepgth is only just equai to or slightly greater than the
orthogonal joint set mean spaciog then it can only oceupy 2 very
‘timiced nusber of positiona te be hydraslically active. Wtds
iae of reasoming accourts for the yapid change of value of ©
in the region where 1, i3 spyroaching, equsl to and just les
then & § . Thus fig, 8.1 con be taken to give tha general
shape of the curve relating €& aW Fg . The position of
rapid dectesse of € will depend on the ratio of la / &g .
Fig. 8.1 is to be taken as more of a qualitisation than a quenti~
tisation of the functional relationship cetween C, i, 2, and 4.
From the results the following msthematicsl velatinmship appears
to hold

+ F{i}

where A& is some empirical constant.

CONGLUSION

The tests conducted have proved the validity of the extended
Laplace equation and the expression for the permeability temse. for
jointed rock masses. The resyits bave indicated that Lhe use of
the 3 bility temsor for i jointed rocks is
2 good ppraxination provided the mumber of joints per element and
the number of elemeots used is large. The difficulry of ohtaiming
the correct tuschiewal celationship between the parameters affecting
and the actual value of the peruesbiliry tengor hac betu demonstrated
although test series C provided 2 partial solution to the prablem.

The single most important conclusion which can be drave from
the series of teste is that it fs both logleal and for all practical
purposes sufficiently accurate to medel a jointed ruck mass as an

Equivalent Sontinuous Medium,




GHAPTER, 9

IHE ZFRECTS OF RANNOM VARTATIONS OF THE VALUE OF THE

PERMEABILITY TENSOR ON CALCULATED AND ACTUAL POTENTIAL

DISTRIBUTIONS

According to Piteau's second geclogical praposition struetural
regions exist in a Tock mass. In this thesis this proposition bas
heea extended to faclude the fact thar hydraulic regions exist within
# jolnted rock mass. A hydraulic region has been accepted to be an
ates of a jointed rock mass in which the jointing patterns are
sufficiently similar for that region to be treated as a bomogeneous
zegion.

However, it is vecognized that im practice any hydraulic vegiom
will not be entirely homogeneous. There is alvays a tendency for soms
areas to be characcerised by a concentrarion of joints while other
areas will be sparsely jointed. Thus there exista & random distribution
£rom point to point of the value of the permeability temser for a
jointed rock mass. Consideration of the figures in Chapter 7 showing
the random joint set analogues tested will immediately reveal that at
any node of the grid placed on the element the permeability can vary
‘between wide 1imits, for at certain nodws there is a eoncentration of
joints, at others, no joint at all.

This is a situation that will occur o alwost sil practical
field situations, Thus it is appaent that some wndarstanding of the
wffect of such random distributions of the value of the permeabilicy
tengor on the final field potential distribution is

FACIORS WHICE CAUSE RANDOM VARTATYONS IN THE VALUE
OF THE PERMEABILITY TENSCk
Bn estimate of the value of the permeability tensor is likely

to ba made by considering the joint set data collected from exploratory
tunnels and bore holes. Such date is inherently vsriable sod hemce a
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rauge of values for the permeability temsor will restits. Thus it
will be possible to predict the nature and values of the rz;m{om
permeability varietions but will be nearly impossible to predict
or determine the spatial Jistriburion of such variations. The
geological data will present an indication of the magnitude of
the following factore which will cause the permeability of the rock
mass to vary from position to position.
(a} The tendescy for joints to cluster in certain
R pozition.
{b) The variation of the joint apertures from
position to position.
(e} The presence or sbsence of gouge from
position to position.
{d) The scatter of the joint lengths about their
mean length.
{2) The variarion about a central teudency vf the
joint orientarione,

A11 these factors scting together but varying fndependently will
cause the permeability tensor to vary in value in a random fashion.

Previous igations of the Problem

Warren and Price (1961) presented a comprehensive paper
studying rhe affect of randoa heterogeneity on the flow regime in
a porous medium.* 1In their study they postulered two hypotherical
models. The Eirst was a three dimensional rectangular parallelopiped
and the gecond a three dimensional block with a wvell centrally
situated, A thres dimensional rectangular grid was placed over

the model, with the grid spacing being uniform in each direction.
Ta each element so furmed there vas assigaed & random sev of
permeability cosfficients. The grid axes were taken ta be parallel

* This ia an fmportant paper ubich appears in a jowrnal not commonly
available. Wence a brief summary of their paper is given here.




to the principal axes of the mediem which for each elemest were
tdken to be the same, Thus in effect a finite difference grid
was set up. The potential distribution was then solved for.
These two authors tested t.s sffect on the potential
4fstribution of various statistical distributions of the values

of the permeability Efici The distribuci i
3 the of of various values of the
permeability coefficients which they studied were Log-Normal,
Exponential, Skewed log mormal and Lineax, WNo signifiecantly
differsnt effects were observed for these various staristicsl

distriputions.
The general conclusiens to which these authors were able

to come were.

1. The most probable behaviour of a hetero-
geneous system spproaches that of a
Homoganeous system baving 2 permesbilicy
equal to the geometric mean of the individual
permeabilities, B
2. The affects of flow geometry and auisctropy
on the most probable value for the effective
permeability of 2 heterog-neous medium ave
fimite but not significent.
3. Qualitative measuves of the degree and the
scala of the heterogeneity and its spatial
configuration are cbtainable if core
analysis and pressure build up data are
available,
Tests Performed for this Thesis
The approach adopted by the present author Jiffars somewhat
from that of Warren and Price, in that the value of the nodal
permeability tensor for each mode in the hypothetical model ls




determined from the modsl prineipal axes permeability temsor. !
The noda} principal axis permeability tensor is made to take i
random values within specified limits. This is done by allowing ]
either the amgle at vhich the axes are orientated to the global
axes to vary, or the values of the principal axes permeability
to vary. In certain cases both the axes and the values of the
prineipal pormeabilities vere variea simrltaneously but inde-
pendently, :

Having thes established & random value of the principsl i
axes permesbility temsor, the corresponding permeabitity tensor 4
for the giobal axes vas calculated,

“The hypothetical model used vas the save as the model con~
sidered and used in all the tests described in Chaprer 7, i.2. a
square with two opposite sides being flow lines aud the other two
belng equipotentials, the principal axes of permeabiliry being

arbitrarily orlentated with respect to the sides of the square.
Having set up a matrix (vhose elements in themselves are

matricas) of random nodal permeabilities the potential distribution

Then the nodal

were compared to the nodal patentials obtained by solving for the

poteatial distribution, assuming that the field was homogeneous with

in the 1 model was calcul

permeability coefficients equal to the meap values of the rapdem

values.

Computer program DIWARL was writtep to do the sbove calcula~
Table 9.1 shows the fstical distri of the

in noda? potential and the

which rasult when various compoments of the principel axes permeability

tions.

between the wodel

tensor were caused to vary. The bomogeneous sitmation investigated was
tha case of
40 .
a = at 45° to the XY axis °
01




axes giving

From Tabla 9.1 £t becomes apparent that the Einal porentizl
i is ively insensitive to variations of the

of the principal mxes of permeability, whereas variations in the value
of the grincipal axes pormeability coefficionts heve a marked effect
on the final poteatial distribution.

The case which produced the most marked effect was that where
kyywas allowed to vary 50% on either side of its mesn value. Causing
kyxto vary to a lesser degres simultaneously*appesrs to have 2 com-

pensating effect of the finel potential diseribution.

CONCLUSTON

The sresults of the tests described in this chapter indicare that
the effect of vandom heterogencity is not of such a magnitude as to
seriously change the potentisl distribucion from that of a bowogenecns
medium, Eveu fairly large variations in the velues of cesraln pavepeters
dascribing permeability tensors ac each point (i.e. oriestation of -
principle ares, value of the principal permesbility etc.) cinse only
small differences in the nodal potentials £rom wodal potentialn for
heupgeneous regions.

The practical significance of this is that although wust Yook
magses are heterogensous they can be asswned to be homsgeneous withoat
introducing serious exrors into results besed on tids assumptions

* as vhe anmgle of orientation of che principal ar~s,
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TABLE 9.1
- B OF HOMO»AND NODAL
‘ 4
3 h RANCE, | RANGE | RANGE [MEAN N.P,} MEAN | STANDARD
N 0 VARIANCE,
Taox Kyy eG.| DIFF. |DRVIATION DEVIATION
a 4 1 |aa®-46° o.076 | 0.074 oo | o.104
3 4 1 l42%-48°] o.188 | 0.159 !a.es5 | 0.235
e 35 1 45° 2.55 1.99 5.8 2.4
2} 3545 1 45° | 0952 | 0,738 | G794 | ©.891
i e 4 lo.5 1.5 45° 4.12 3.66 22.8 4.78
€| 3.5 4.5(0.5 1.5] 45° 3.73 2.96 | 13.26 3.64
b R g 4 1 [2°-52°| o.382 0.313 | 0.144 0,37
13 4 [0.5 1.5|38%-52%)  4.48 4,08 | 27.8 5.27




CRAPTER 10

CORCLUSTINS

The determination of the potential distribution in a jointed
rock mase is & vital task in many practical engimeering situatioms
#.g, the analysis of the stability of a slope or the foundations
and sburments of & dam.

Juinted Tock masses are usually anisotropic and often hetero-
geneous, thus the method evolved to analyse their hydraulic regimes
should be such that they can cope with such conditions. This thesis
has presented thres models which may be postularad to renresent a
jointed rock mass. The mathematics which describes these models has
been developed and some of the complexities involved im madelling an
irregularly jointed rock mass heve been discussed.

Experiments veve performed to test the carrectness and accuracy
of a formla for the permeability tensor for a regularly joiuted rock
wass and also an extended form of the Laplace equarion describing
the potential distribution in an anisotropic mass.

The conclusions which result from this thesis aret

(2) A jointed rock mass can be modelled inr purposes

of hydraulic analysis as an Bquivalent Continuum

or a Diserete Flow Chanzel Network. .
(b} The permeability tensor is the more versatile of

the two methods of describing an anisotropic

sedium.

(c} An exact expression for the parmeability temcor
For & regularly jointed zock mass can be written.

An ixregularly jointed rock mass can be sdequately
represented, for most practical purposes, by an

@

Equivalent Permeability Tensor.

Soze guideliues have been given for estimeving the wwber of
joints per ciement required to adequately model a jointed mass as




a continuem.  Random variations in the valus of the permeability
tensor about & wems have been shown to have a findite but mot
significant affect on a potentiel distribution.

Basieally the vhole purpose of this thesis has heen diveered
to studying and idacing the ing the theors—
tical determinabion of the potential distrifution in & rock mass.
However, in practice a purely thevrevical amsver for the porantisl
aistribution is of little valve unless it is crossed checked with

.and covresponds to Field measured fluld pressures. Hiddes geologieal

or and 1 data descriviog the
Joint paramatere can, and do, introduce large errors into caleulated
potential distrifucions. The field pressure readings, provided they
come from veliable plezometers account for all khe irregulaxities
which occur in nature, Thus it is recommemded that the second approach
to the d i wock mass be adopted
whenever possibla. This is the approsch of Fitring caleulated potentisls
to field water pressure readings.

This approach still involves the theoretical ealeulation of

ion of potentials in a

using esti ook Joint
thus the analyst requires a sound knowledge of theoretical procseduress
Tt is this knowledge which this thesis has attempted to extend.
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APPENDIX 1

THE DEFINITION OF CBRTATN TERMS AS USED IN THIS

THESIS

The terms which appear below are used in this thesis
and ave defined as follows:

A Terms relating to the rock mags .

ROCK MASS The rock mass is defined as ah aggregrate of
blocks of solid rock material totally or pavtially sepavated
from each other by structural features which copstitute

the mechanical discontinuities. The rock mass refers to any
in situ vock with all ilie inkevent geo-mechanical
anisotropies (Piteau 1870 )

ROCK MATERTAL OR INTACT ROCK This ig the consolidsted
aggregrate of mineral particles forming the solid matepial

in between structural discontinuities. ( Piteau 1970 )

ROCK REGION That is the particular section of the practical
field problem which is to be analyse as a whole or in parts. '

B Texme relating to the joints

FISSURES Thase are any clefts or mechanical discontinuities
between blocks of solid rock material,

JOINTS A fracture or a fissure that itraverses a rock mase.




MAJOR GEOLOGICAL DISCONTINUITIES Dykes , sills , faults
or major joints of such a magnitude or nature that they
dominate the flow pattern in their enviroment either by
virtue of their greater ility or i iility.

For ease of refevence in this thesis , In
most caszs the collective name - joints - will be used
to denote the aggrejate of &1l types of fissures, joints
faults and major geological discontinuities that oceour in
a rock mass.

JOINT SET This is a group of nearlly parallel joints with
approximately equal hydraulic properties.

JOINT GROUPS OR ASSEMBLAGES Both terms are taken to denote &

combination of two or more intsrsecting joint sets.

JOINT SYSTEM OR PATTERN . The specific nature of the
intersection of two or more joint sets.

JOINT REGION A body of jointed rock with recognisable
boundaries within whicha the nature of the flow of the Fluid
is nearly wmiform dve to the uniformity of the pattern

of the joint grours within the extent of the rock regicm.

JOINT SET CENTRAL TENDENCY Irregularly spaced an!
orientated joints of a joint set usually display a certain
tendency to lie in certain preferred directions. This
preferved direction is referred to as the “joint set
central tendency"

™~




relating to the actugl flo situation being
investizated

HYDROGEOLOGY This is taken t¢ mean the total state of the

fluid in the rock mass including all static and dynamic, H
mechanical and chemical effects of the fluid. I8
H

HYDRAULIC ds the term which gescribes that which pertains

to the flow of fluid subject to a potential gradient in the
fissured rock mass.

FLOW REGIME This is the term which refers to the nature of X
the flow in the joints, i.e. its velocity, type ete. , and
to the potential distribution in the jointed rock mass.

FIELD When used alone the term "field" is used in the msthematical
sense to denote the extent and the nature of the hypothetiocal
mathematical model being analysed.

PRACTICAL FIELD Wren used in conjuction with the tevm .
practical , the word "fiald" is taken to mean the actual .
situation which is cccuring in practice.

CONDUCTIVITY The proporticnality factor between the flow
velocity and the potential gradient in a specified joint.

e B, B4 where B, is the conductivity
38 Vg is the joint flow
veloeity’

3¢ ;5 the joiut
9 potential gradient

PERMEASELITY This is the same as conductivity except it
refers to the total aggregate of the joinmted rock region
viewed as & continuum.




STORAGE CAPACITY is the ability of a rock mass to retain fluid »
in storage. -

y PORE { PERMEABILITY } These are the properties which :
STORAGE CAPACITY result from the flow .md storage -
of £luid in the interstices or . L :
voids of the rock material. )

JOINT ( PERMEABILITY } Thece are the properties which
iSTORAGE CAPACITY, result from the flow aud storage
of fluid in secondavy vock
structures such as joints, faults
ete.

D Terms describing the joimt pattern

CONTINUITY OF JOINTS The continuity of joints , from the
- hydraulic point of view , is the extent of the hydraulically
. active part of the joint with resrect to the dimepsions of the

rock regicn being studied.




APPENDIX 2

THE FORMAL DEFINITION AND MANIPULATION OF TENSORS

Suppose € x1,x% ..... ¥ ) and { x},x% ....X")
are coordinates of a point in an ¥ dimensional space ia

twe frames of reference. The superscripts ave indices

and do not denote iation. This is tensor

usage.

Suppose that there exist N independent relations

between the coordinates of the two systems having the

form
or oxl (w2 xd e B Y
x2 = x2 Cxl %2 %3, ceiinens Pl
: (A2.1)
e o Cal x 1, el )

which is usually written or indicated by
£ = gk Cxd o2 %3, eeveneend®)

KTL, 2,3 ceenes B (A2,2)

Conversely for each set of coordinates




Cxb 22 ,2% s oree B ) there exists a corresponding
unique set of coordinates (x} ,x2 ,x* , ... 20 )
givea by

.x")

FoodF o,

It is wsval to adopt the summation convention

when viorking with tensors. This convention is that

an index is rep in a given term it denotes

that summation be performed over the index from 1 to ¥.
Thus the expression

axlt apxts agalt agxt.eoe g
can be written as aij by the summation convemtion.

Likewise AP =g ad

D =1,2,3 cen B

can be written by the summation convention as

P
o = a8
3%
Thus if N quantities A s Ay s awneeen By in a

coopdinate system (x} ,x2 ,x® , .... x ) ave

related to N other quantities &) » A; ..... 4, in

another coordinate system ( x! ,x2 (x%.... =¥ ) by

the transformation

axd

the camponents are called the components of &

contravarient tensor.




Suth tensors arise when the relationship
between two quantities invoives one being a Funotion of

the differential of the other.

If N guantities Ay ’AZ FEETETER An are related

to N other quantities &) , &) 5 +r-ov A by the
transformation
o ax%
oo A
=2 axP 9

they are called components of a

covarient tensor of the fivst rank.

Such temsors cccur when no differentials are
invelved in the relationship between the quantitiss in

the field considereg.

This is the formal definition of a tenzor. &
tensor or a temsor field is all possible sets of
components of its field under any tramsformation of

i whepe the according

to the relationshipa

[ 9xP ax” ax™ 2" axt stz
R . PR, LGB aaste.
A3k oxd 258 ont o o o) axk oot

Thus _Agg‘m' '} are components of a mixed tensor

of vank ( n + k ) comtravavient of ovder n and covarient

of order k.
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A By elementary substitution it can be shown that

. 3 E & Vector is a covarient tensor of pank one. Likewise what

in this thesis has been called a Tensor can be shown to

be a covarient tensor of rank two.

AYl the rules relating tensor or vectop
permeability coefficients as derived previously by
L simple axes transformations methods can be derived by

i means of the relationships given in this Appendiz.




1 PROGRAM ANBFF (ANisotropie Element Flow Field )

APPENDIX 3

COMPUTER PROGRAMS USED IN THIS THESES

This short program solves by iteration
the potential distribution in the anisotropic element
used as the standard model in the tests described in chapters
8 and 9.

Read in conjunction with the list of terms

used the program is self explainatory.

Ligt of terms used in the progpam

XXX

Kxy The elements of the two dimensional permeability
KY¥ tensor.

RXY SxX

RYY SXY Dummy variables used to avoid vepetitive

RYY SYY calculations.
5 ; s+ th
H(L,d) The potential at the i,J node point.
NuM The nwrber of iterations to be perfoymed.
Use of the program !
The valuas of the coefficients of the ility

tenscp and the number of iterations that it is considered

will be sufficient for convergence should be fed in

4




according to the formats given in format statements

number 2 and 3.

Ihe prograw ANEFE

DIMENSION H(30,30)
REAL XXX,KKY,KYY,IT

READ(5,2) XXX, KXY, KYY
2 FORMAT(3F5.0)
READ(S 33N
3 FCRUAT(I3)
TI=KXX+KYY

RAK=KXN/ (2, #11)
RXY=KXY/{}4,#II)
RYY=KYY/(2,%II)
SXX=R¥X
SYY=KYY/II
SXY=KXY/(2.#I1)
c SPECIFY ALL BOUNDARY CONDITIONS
DO 6 I=1,21
H(1,172100.0
] H(I,21)20.0
c INITIAL INTERNAL POINT ESTTMATES .
D0 7 352,20
RI=G-1
DO 7 I=1,21
7 HUI,d)=5.0%(Z1-R])
c START OF RELAXATION PROCESS
DO 8 K=1,NUM )
¢ TOP LINE
D0 9 J=2,20 .
[ BCT,J)=5XK% (HCL, 0~0)+H(L,J42 )} SYYAHI2, ) 45RY*
CH(Z,J-1)-H{2,3+1))
c INTERIOR POINTS
Da 10 I=2,2¢
DO 10 J=2,20
HOT,T)=RXK#CHL, J+1) ¥HCT, =10 ) $RRYACH(I-1, 3¢1)




s R
: 3
~R(T-1,9-1)-BET4L, 41 )48( T4, 3-1)) Lo
0 H(T,J) =BT, JJ+RYYHCHCL-1, 39 4HCT+L,0)) ! i
c BOTTGM LINE ! Y X
LY 11 J22,20 R K
1 HE21,0)=SRU#CH( 21, 3-1) #H 21, T+1)) +SYRRHE20, ) : :
~SXY*(B20,d-1)-H(20,541))
8 CONTINUE
k WRITECT,72) .
L | 72 FORMAT(! FINITE DIFFERENCE SOLUTION OF ANISOTROPRIC
FLOW FIELDS.')
WRITE(?,73)NUM
73 FORMAT(/,' NUMBER OF ITERATIONS PERFGRMED  *,13)
WRITE(7,77) .
77 FORMAT(/,' VALUES OF TENSOR PERMEABILITY COEFEICIENTS.')
WRITEC?,61)KKR, KRY, XYY
61 FORMAT(/,' KXX=',F5.1,3X, KXY, ,FP§.1,3%, 'K¥¥="',¥5,1)
DO 1z I=31,21 -
12 WRITECT,21) (H(T,d),d=1,21) B ,4“ - .
21 FPORMAT(//,2%,21F5.1) | EU e !
END . e
4
2 PROGRAM ENJSG (RaNdom Joint Set Geserator)
The foliowing program calculates from mean joint
spacing and the mean joint length the number of jointe
that would occcure in a square 100xL00 units. (Thess units o
will be the same as those in which the mean length and ew
spacing ave given) v
g An IBM standard subroutine to generate uniformly i
X dintributed numbers betwsen 0 and 1 has heen inserted intg e
P y WO
13 . H




‘the program to provide the required random numbers. For
each joint four random numbers are generated.The first =
+two give the coordinates of the midpoint of the joint. :
The third is inserted into the equatiom
y= e

to yield a random joint length,
which is distributed according to a well established
distribution, given by Robertson (1870). Tt shouid be
noted that = is taken a 1/(mean joint length) .

The fourth pandom number is used to generate a
random orientation for the joint such that the orientation
lies betwee previously specified maximum and minimum
orientations.

Finally the program calculates the comtribution
to the total permeability tensoy of each joint set gemerated.
This ceatribution is calculated assuming that all joints
are continuous , spaced uniformly at the mean joint spacing, -
and that no correction is made to account for the joint :
assemblage interconnections. The contributions from each
joint set ape assumed to yield the total permeability
‘tensor,

Use of the progrem

The data wequired by the program is initially
the number of joint sets for which random joint
distributions are required. Next for each joint set
the joint mean length, mean spacing and the maximum
and minimum angles of orientation of the joints must
be specified. Finally a random interger number of up to
nine digits must be specified to act as a stavting value
for the generation of random numbers.
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i

The formats for the input of this data are given
in statements numbered 1,2 and 12 of this progvam.

List of terms used in the program

WD
(I
{AGHAX(I)

AGMTN(I).

NJS
RX(D)
RY(3)
RL(I)
ROCTS
ALPH(I)
Ix

Y

IFL

RN(K)

POW }
APY

IpPX

ey

}

The ™ joint set mean length.
The i™ jaint set mean spacing.
o {maximm

minimom

angle of the spread of the

h

joints in the i™® set

The number of joint sets for which random joint
distribution are required.
The x coordinate of the 30 joint midposnt

"y " W omw " "
w length " v =® w o,
4 orientation wo "

The value ot « for the i'™® joint set.

A random integer number fed in to provide
a starting value for the gemeration of
random numbers. R

A dummy variable in the gemervation of random
numbers.

The generated random mumber uniformly distributed
between 0 and L.

The k™ randomly generated number between 0
and 100

Dummy variables used in the progrem.

The coefficients of the total permeability
‘tensors




The progpam RNJSG

integer rx(3),ry(3),ri(3),ro(3)
dimension 1m(4),md(t),alpha(h) ,agmin(y),agmax(),

nits),en(a2)

dimension kxx(4),kxy(4);kyy (%)

read(s,1)njs
format(iz)
do 3 i=1,nis

read(5,2)im{i),md(i),agmin(i),agmax{i}

do 9981 i=1,njs
alph(i)=1./Im(i)
format(2i3,2£5.0)
read(5,12)ix
format(is)

calculate the number of joints per joint set

do 14 i=I,njs
inj=20000/(md(1)*1m(i))
inj=ini/3

inj=inj*3

njliy=ing

do B6 i=1,njs

print all headings for each joint set

weite(7,76)4

format(///,2x,"JOINT SET NUMBER ',il,'DATA®)
write(7,75)1n(1) ,ma(i),alph(i) ,agnin(i) ,agmax{i),ng i)

format(//,2x," length',i3,"

mean spacing!,i3,

' alpha',£7.3,' min ang',i5,' max ang’,if,

' no joints',is)

write(7,74)
formatl//,' X Y
LEN ORN - X

generate random numbers
nnenjli)/e

do 7 j=1,nn

do 48 k=1,12
iy=Ex*65538
if(iy)s1,61,61

LEN ORN X Y

Y LEN -ORN')
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do 87 kkk=1,njs
ipx=ipxtixe(i)
ipe=ipevkay(i)

67 ipy=ipy+hyy (i)
write(7,68)

88 format{//,2x, "TOTAL PERMEABILITY TENSOR.')
write(7,69)4px,ipe,ipy

69 format(//,2%, SKXK=" 38, 4x, 'SKY=" i3, bx, 'S¥¥=" 13}
end

w

PROGRAM PSTCOM {(Potential STatistical COMparison)

The following reads previously computed and
measured values of the nodal potentials for the
standard element used in this thesis and computes the
difference at each node batwsen the values of the computed
and the measured potentials. The statistical mean,mean
deviation , standard deviation and variance of the
differences in nodal potentials is computed.

Use of the program

The dimensions of the 7 1trix of nodal potentials
is fed in first. Next the ma rix of calculated nodal
potentials is fed in ,then the matrix of measured ,
adjusted potentials is fed in all according to the relevant
formats as given in the program.

List of terms used in the progrem

dev The difference between the values of difm and

4if(i,}) for the 1,5 point

devin The mean deviation of the difference in nodal potentials
dif(i, 3>

The absolute vzlue of sub for the i,j°" point
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pIEM The mean value of DIF(I,) RPN

r2 Dummy variable used in the program AR
{ ‘“I"”} The {"‘e”““d 3 vaive of the nodal potenmtial £
PI, caloulated jl( N
) B i N
"} The ¢imensions of the matrices of nodel potestisls | 17 i
| N | .
zﬁi" g Dummy variables used in the program e :
” sTD The standard deviation of DIF(I,I) .
b suB The difference between the measured and caloulated "~
nodal potentials it A
suM The sum of the values of DIF(I,J) .
4 VAR The variance of DIF(I,d) ST 4 o
o
The progrsm  PSTCOM T
dimension h(21,21),p(21,21) ,dif(21,21} e
< read in all data for computation . .
. read(s,1)m,n .
1 format(213) [T
do 2 i=1,n Lltene s
2 readls,3)(h(i,i),3=1,m) : e
3 format(20£6.2) : ) T
do 4 izl,n i | s
4 read(5,3883) (pli,§),3=3,m¥ .
3333 format(21£6.2) P
- sum=0.0
e calculation of nodal potential differences
do 18 © o
) do 15 -
’ sub=h(i,1)-p(i,3)
dif(i,})=abs(sub) . 4
1§ sunssumpdif(i,i) :
| e statistical analyiis of nodal potential differences
148 ] 8
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51
61

89
88
48

Aysiy+214TU836741

£1%.4656615e-9

Y

1£(y£1)99,$8,98

yEls-yElL

coqtinue

PR(k)=y£1#200

caleoulate coordinates etc for each point

do 77 kk=1,3

vrkk)=rn(kk#4-3}

Py (kK)=rr(kikhu.2)

powsrn(kk} /100,

apx=-alog(pow)

T1(KK)zapx/a-ph(i)

ro({kk)=agmin{i)+{agmax(i}-agmin(i) ) *rn(kk#4) /100,

continue

write(7,Drx(1),ry(1),ri(1),rol{l),rx(2) 2y(2),21(2),
ro(2),rx(3),ry(3),rl(3),ro(3)

format(2x, 435 ,4%,415,4%,418)

eontinue

ang={agmin(i)+agmax(i)}/(2.%57.292)

rxx={cos(ang) }#{cos(ang) } /md{i)

kxx{1}=1008. *rxx

centributions to permeability tensor

rxy=(-1.)#(cos(ang) ) *(sinlang) ) /mdli)

Xaxy(1)=1000. *rxy ’

ryy+{sin{ang))#(sinlang)) /ma(i)

kyy{i)=1000. fnyy

write(7,81)

format(//,2%, CONTRIBUTIONS TO PERMEABILITY TENSOR'Y

write(?,82)kxx{i) kxy (1), kyy(i) -

Format(//,2x, kxx=",i.3,2%, Tkxy="13,2x, ‘kyy=',i2}

continue

ipx=0

ipes

ipy=0




1s

17

Eu3

13
13

difm=sum/ {m*n)
sdev=0,0
$£220.0 !

do 16 ixl,n

do 12 j=i,m

dev=difm-dif(i,§)

dev=abs{dev}

f2=devedev

sdev=sdevidev -

SE2+aE24£2

devmzgdev/(mén)

varzs£2] (m#n)

stdzsqrt{var)

print out all pesults

write(7,17)

format(2x, 'COMPARISON OF CALCULATED AND MEASURED
POTENTIALS')

write(7,10)

farmat(lnl,//,2x,' CALCULATED NODAL POTENTIALS')

do 18 §=1,n .

write(7,113) Ch(d,3),3=1,m)

format(//,2x,26£6.2)

write(7,212)

format(//,2x, '"MEASURED NODAL POTENTIALS')

do 213 i=lyn

write(7,110)(p(i,3),3=2,m) o

write(7,314)

format(1hl,2x, 'NODAL POTENTIAL DIFFERENCES?)

do 315 f=1,m

write(?,316) (dif(,3),3=1,m)

format(//,2%,21£6.2)

write(7,21)

format{//,dx, 'STATISTICAL PARAMETER VALUES')

write(7,215)difm,devm,var, std

format(//,2x, ‘HEAN DIFFERENCE',f8.4,7/,7x,
TMEAN DEVIATION',£9.%,//,2%, 'VARIANCE,£8.4,//,

2%, 'STD DEV. "£8.4)

i




APPENDYE %

5 ZHE USE AND FORM OF THE EQUATIONS )NVOLVING THE ; .

TENSOR PERMEABILIYY COEFFEICIENTS

‘he eguations which describe the potential

s disteibution in an anisotropic mass using the permesbility
- i tensor arve given.Equatisns for most of the particular

3 cases which occur in practine ave given. The Finite

Difference form of all equations iz given.

Some further id: rion ing the finite differsnce
method

The basic formulation of the finite difference method
has been presented in Chapter 2. The following points
regarding the method should be ohserved.

1. The finite differcrce grid can be two dimensional
or three dimensional with differenc spacings in all directions.
The grid spacing depends on the nature of the field
situation,

- 2. The only limitation on the number of nodal points
used is the availability and capacity of the computer

* k! ipstallation on hand for the solution of the vresulting
finite difference expressions.




SNOLLYODT

UOSNIL IONFYILITC FLINIL TYNCISNIWIC

3TWHL FHL NI G380 QI8 3HL

5t

at

19ty DI




Aow  TReBlp  fTellp . TReBly , STeSL g Ry

3q

a1 k34 zt el
obly fTTeBly o Tetly L Telly ) T 0t 0ty L S By Lty B L e Ly T

Fa - .

.
R L T R R T

2®

-
b
SQTII4 N0 MOSNIL I0NFIATQ
FLINIS TYNQISNIWICQ FIVHL d04 NOISSR¥IXI TYHINZD IHL TTEV 914
2 2 2 e
e 2 S 2o
: P e T T e Ty G p Xy B TG L
qe




s1/2 sre- | 92 2i- | 9i/e 8/e ot/ | oen- 9t/L- [
v/1 ° o o 0 g i a ° 5
z 9L/t si/e- | mn ore- Vstze Jae | oo | s | oen- L .
=
ES 0 0 0 0 [ [ 9 [ 0 €
=
=
= wi- | oen- 2L ¥/1- 0 0 2/t 2/t a 2
N
5
o
= z/t 2/ | 2 - ol - | et 2 2/1- L
s
ES
2 T, fies 9T, T, 7T, o T, i, T,
o
g3
3 = 8/¢ 9L/t~ 0 /g t v/e L 1 /g 9
S o !
-4
& o o 0 v/ /1 o o /1 /1 0 s
S 3
w B
H o 2/t ] /e v/e 2/ L 1 2/l ¥
= 0 0 2 7 v/L 0 2/ o/ ] ¢
3
w o z/- 2/ k248 2/ [ 1 /L 2/ 2
&
-
= i/t 21 /L 1 1 i 1 L 1 N
ESE




279y 914 W04 NOILVADI NI 03SN 39 0L SINZIDIAA30D WL

CRRSE A0 A4 1:) F SN

T I S LN A A L PV 0 9
0 By Py My 0 s
Co= 0 Py e My an gzl v
0 2/**y ¢
0 0 2
a o . 1
A b4 sv0

{




. . 3. The finite difference grid is nommally taken

o o &s being an orthogonal network , but the axes of the

. kR network do not have to coincide with the principal axes

: . of the region being analysed, In fact in all the succesding

: work the assumption is made that the grid axes and the
axes of principal permeability are not coincident. Simplifications
to the equations result if

a) The axes system in which the partial

differential equations are written are coineident witn.
the principal axes of permeability.

b} The finite difference grid axes are coincident

with the principal axes of permeability. : z

In both cases the permeabiiity tensor is
diagonalised.

4. Two methods have been used to derive the finite
difference expressione presented. They are

a) By writing direetly the finite difference
form of the differential equations involved. !
) By considering conservation of fluid within - N
4 an element formed by the nodal points. . S
The latter method is the preferred method for g i

special cases and boundary nodes. In this case it has been T
taken that the veloeity in a certain direction Yy say k¢
is given directly by the equation §y = ~ K gradgand that i .
b ‘the orthogonali potential gradients ave those operative , 2
on the faces of the slement through which fiow is taking ‘ S
place. In all cases flow is assumed to be taking place in 1
the positive direction of the coordinate axes system ¢ 3 ]

o The Three Di i ), Tensox

R The equation describing the potential B
+jsteibution in a three dimensional flow field Is o

= 0 €8, %.1)




if both the flowing fiuid and the medium are incompressible.

The finite diffevence form of equation (A.4.1)
has been written for interior nodes and for nodes at
vavious types of boundaries, Fig A.4.1 shows the grid system
and numbering required to relate the poteantial at a point
45 to the values of the surpounding potentials ) to ¢4
¥ig A.4,2 gives the gensral form of the eguation
ipto whick crefficients for the various cases , taken from
table A.%.1 ave to be inserted.

For the two dimensional form of the equation (A.4.1)
and the equation given in fig A.4.2 , put all the
coefficients involving the nonexistant direction to zero.

Yhe ieal ipti of the Water Table Movement

using Tensor Coefficients

The assumptions made in ovder to obtain a
mathematical description of the water table movement with
time ave:

1. Capillary effects ave neglected.

2. Below the phreatic line the rock joints are

filled with water.

Taking Zf as the height above datum of the water
table , the vertical movement of the water table with respect
to time is 3%, . Considering three ¢imensional Flow
the rate of change of storage of the element at <¢he water
table is ( see fig A.4.3)

B s
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where 5 denotes the specific yield of the rock msss as
defined by Lyell (1968) *

Taking flow into the elament as positive and flow
out as negative and assuming flow in the positive direction
of the coordinate axes system , the following equations
result,

Quantity of flow in the X direction

Q= vx(cysz +8, 8 tang, +1/28 yﬂytansy)
V. (A4, 2a)
=+ DxMa, 8y 172 858 tansy)
»
Quantity of flow in the Y direction
Q= VyLo 8, v8 8 taney + 1/2 5,8, tane,}
v, {A.%.2b)
“Uy ¥ Y a8, v 142 b8 ane )
sy
Quantity of flow in the 2 direction
B +
O = Valyby * W tA.4.20)
Hence from congervation of mass
= 2, 8,
LA Ak.3)
it
Substituting and neglecting third order terms, gives
W4+ U tans ¢ V tana +V_ = %R ., 5
% x ¥y y z —_— y (Ateatt)
3t
158

%
{
i




which in matrix notation can be written.

*tang. i)
W M azf i i
OV Yy By ) Ataneyf < Ee 8 Gan . -
1 ; W

Note however that ( Vx V. Vz ) is the transpose of the

¥
velocity matrix from the equatiom.
Y = - K grads

Hence
too Ttk
gt = —gragst . ¥

Thus equation(A.4.5) can be written

tane, . I
€t . @ o .
¥ - grady . K tangy = £ Sy (A 4.6) - B
1 at R

This is then the equation which deseribes the drawdown
with time of the phreatic line.

In order to derive the finite difference form

Zgy.g denote height

4
2 A gy
1 B
\35%_% of water ‘tabfe above
¢
xa

> datum. 1-5 are ncde
Mo ,
/; e n:mbers.
Ll
6 4 3 X
3
: x
FIG A.4.3 THE THREE DIMENSTIONAL
ket

ELEMENT USED IN CORSIDERING-THE
MOVEMENT OF THE WATER TABLE




. The vesulting equation is

oY)
2a
B bty ¥)z.,-z Y
s 4 Zeples g
'y 2a sy 2a 2t "
1
; TR

The Finite Difference form of the Equation for Imtewiow
Nodes Immediately below the Water Table

The two following equations are used in the
program given in APPENDIX & to study the drawdown rate
and the final position of the phreaticilime in & two
dimensional anisotropic slope. They are not derived , but

are merely given.

Special Case which usually occures.

. 5 $o = kxx'“'(a*“)("f‘z’ + z.kyy‘a(cou*-a{:a)
+ (atedk, 8. ST e
LR o' ARt (a&-oz)(¢7+¢0)..(a+c1)(4a~¢5)} s e

ate)late,) .

20 kg lacere?) ¢ (a? + a0l }

< { [ 3} ~
v e ] ‘2 o
G TR T ) :
o 7 T 1 S
e : FIG A.4.4 WATER TABLE POSITION AND NODE NUMBERS . .-
' . FOR SPECIAL CASE 5 )
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APPENDTX  §&

THE RESULTS OF TESTS DESCRIBED IN CHAPTER 7

The results of tests described in Chapter 7 are
presented in two forms. N

a) A plok of the equipe* “ials.

b) The mmerical value of the potentialg at
the nades of a hunured element square grid.

Hence it is possible to compare the accuracy
of the vesults in two ways. Tris can be done fivstly
by making a purely visual comparison of the equipotentials
which result from the various methods of determining
the potential distribution , and secondly by computing
the numerical diffevences.in the values of the potemtisls
at the nodal points. These differances * were then
analysed statistically to yield the mean nodal potential .
differences and the vapiance a'3 the standard deviation
of the values of the diffevencus in the nedal potentials.

In those particular cases where it was not
possible to measure the nodal potential i.e. wheve no
joint coincided with the nede , the vesults have been plotted
on a grid with the figures in the bloc’. y»ferring to

2 In a’. results reporied only the absolute difference in
nodal potentials is used in computing the parameters
describing the spread of the values of the differences

in nodal potentials.
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the node at the upper right of the block. In all cases

the upper figure is the value of the nodal potential as
measured or the joint analogue and the lower £izure ds

‘the nodal potential as calculated by computer. The third
figure in the block is the difference betwsen the above two .
potentials.




RESULTS OF TEST Al




FI8:-A.5.1.
LEGEND.  a.
. b.
c.

ot

SUPERPOSITION OF EQUIPQTENTIALS
FOR TEST A.1

Computer program ANEFF

Teledeltos equivalent joint analogue e

Transformed scale equivalent
isotropic element




100,00
100:00
100.00
100.00
100.00
100.00
100,00
100.00
100.00
100.00
100.00

fTABLE

1060.00
100.00
100.00
100.00
100,00
100.00
100.00
150,00
100.00
100.00
100.00

94.90
83.48
92.47
91.72
91,08
80.53
83.98
88.33
88.47
B7.01
84,20

A5

95,30
93.80
92.70
92.30
91.50
90.80
40.10
89.60
89.00
86.50
84,00

TABLE A5.2

87.97
86,85
84,22
82,90
81.76
80,72
78.65
78.43
76.84
74,87
71.21

NODAL

88,90
86.70
84,90
83.60
82.30
8%.10
79,90
78,50
76,80
74,80
71.7¢
HODAL

79,91
77.38
75.31
73.57
72.0%
70.52
63.67
87.53
65,51
62,90
59.54

POTENTIALS AS EALCULATED BY -COMPUTER

71.03
§8.21
65.84
63,81
62.02
£0.62
58.88
56.80
5%.€0
51.93
%8.70

B3..48
58.43
56,85
53.87
51.78
50.00
48,24
146,33
LLSTS
#1.58
3B.52

PROGRA¥ AMEFF

81.00
78.00
76,80
Th.50
73.30
71,80
59.80
§7.80
£5.80
62.50
59.10

POTENTIALS AS MEASURED ON EQUIVALENT

72.80
70.30
67.60
65,30
53.60
61.80
59.60
§7.80
55.30
51.80
48,860

83.60
60.60
58,00
55.60
53.30
51.20
U9, 30
47,10
44,50
k2,10
38,60

51.30
48.07
45.40
43.20
31,33
3y.64
37.97
36,18
34.16
31.78
28.96

§53.20
50.30
17.50
44,90
%2.80
40,50
38.80
36.50
3u.80
32.00
29.20

ISOTROPIC ARALOGHE

40,46
37.10
34,49
32.47
30.83
29,37
27.95
26,52
24.68
22,82
20.08

52.70
28,50
36,50
34.10
32.20
30,30
28.70
27.00
25.00.
22.50
20,00

28,79 15,79 0.0
25.43 12.95 0,0
23,16 11.53 0,0
21.57 10.66 0,0
20.36 10.02 0.0
19.28 9.46 0.0
18.24 9,90 0.0
17.10 8.28 0.0
15.78 7.53 0.0
1%.15 6.54 0.0
12.03  5.10 0.0

30.%0 17.50 0.0
7.26°1k.30 0.0
24.60 12.36 0.0
22.80 11.30 0.0
21.40 11.50 0.0
20.20 10.00 0.0
18.80 8.30 C.0
17.40 8.50 0.0
15.8¢ 7,30 0.0
15.40 6.10 0.0
11.20 4.50 0.0

16b




0.00
0.00
0.00
0.00
0.00
0.00
0.00
.00
0.00
0.00
Q.00

Staf

Ll .93 1.08 1.87 2.12 1.90 2.24
+ 34 +85 1.82 2.09 2,17 2.28 2,40
»23 .68 1.48 1.76 2,15 2.10 2.01
-1 .70 «92 1.u49 1.93 1.70 1.63
W4l W54 1.256 3.58 1.5% 1.7 1.37
.27 .38 +98 1.86 1.20 .86 " .97
212 .25 .13 .9%  1.06 .63 £75
.27 .07 .27 1.00 .77 «31 .58
.53 .08 229 70 V38 T .32
«B1 .23 +50 .03 -1 .22 .12

.20 -] LY .10 .08 214 .08

tistical Parsmeter Values: Mean Diffevence
Mean Deviation
Variance

std. Deviation

TABLE A5.3

1.61 1.71 G.00
1.77 - 1.35 0.00
1.4 .77 0.00
1.28 .74 Q.00
1.05 1.48 0.00
.82 LBF 0.0C
.56 <80 0.00
.30 .22 0.00
.18 ;23 0.00
W75 0 L4b 0,00
.83 .60 0.00

0.732
0.572
0. 164
0.681

DIFFERENGES IN NODAL POTENTIALS

AND STATISTICAL PARAMETERS DESCRIBING
SUCH




JAREED.

TABLE A5.4 COMPARISON OF NODAL POTENTIALS
FOR JOINT ANALOGUE
+ +75 1+ +‘59 —hn.a‘{—ew + +11 B-I_
7.4 oHo48.1 37.7 12.8
2.3 1.0 0.7, O. .
b Fert T
45,4 23.2
0.7 0.3
SO.E—}- 4—716-}_ +55-2+ —’_32‘5-{_ +10.;’-
82.5 75.2 55.9 L33 1.5
1.7 4.3 0.
+ _j—vo.v sa‘_s‘_ _I_uz u-l_ +zo u+ +
72:.1 62.0 %1.3 20.%
P 1.8 . 1.1 +O .0
+ 4+ A +
50.0 29.4
l 1.4 ¢.8
69.7+ —‘—Eﬂ.s-t-ﬁg.;r -I-SS.O+ t7 9‘+ +
89.3 67.5 56.0 RN 17.0
0.4 1.0 3.1 2.9 0.9
+ + —r ~hw.n.-lh +26.1+ +‘7.9+
46.3 26.4 ', .
1.3 Q.
BB.O+ + +55 .S_L -I—;7.5—|— -I_IG 0+ +
88.5 54.6 34,2 15 8
0.5 Q.9 3.u
+ .“—63.3-"_ t?.ﬂ-}_ .};2 + + +
52,9 H1.6 22.6 B.5
0.4 0.7 0.1 0.5
Statistical Parameter Values:
Mean Difference 1,13 _ Mean Deviation 0,72
Variance 0.97 Std, Deviation 0,98
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FIG. A.5.2 SYPERPOSITION OF EQUIPOTENTIALS FOR
TEST A2

LEGEND. a: Gonputer program ANEFF
b, Teledeltos equivalent joint analogye. swe— wromm o= -

4

e

]

oy
v
i
&
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o \
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100.00
100.00
109.00
100.00
100.00
100.00
100.00
100.00
100.00
100,00
10¢.00

TABLE

100.00
100,00
100,00
100.08
100.00
1ug.00
100. 00
100.00
100.00
100.00
160,00

TABLE

98,10 9%.08 88.35

81.05 72.3%

62,26

50,73

96.55
95.2%
94,085
92.97
91.9%
90,90
89.70
88,02
85.07
78.87

A5.3

28.22
96.50
95.15
23.97
$3.10
92.02
21.02
80.02
88.35
85.07
79.63

A58

$1.387

84.62 76.45 66.92

BB.S4y 81.23 72.21

86,75 78.11 64.3%

Bh. 87
82.88
30.60
78,18
74,85
66.91
82.60

75,21 64,78

72.3%
&9, 4%
86,04
8L.7%
56.17
48,27

61.38
57.88
63,97
%9.38
43,83
37.73

61,48
57,88
53.88
50,00
16,34
%2.42
38.02
33.08
27.85

56.07 43.83
50.82 38.26
48.03 33.9%

k232
38.52
35,21
31.6%
27.78
23.55
18.9%

30,55
27,61
24,79
2L.88
18.77
15.38
11.87

NODAL POTENTIALS AS CALCULATED 8Y
’ PROGRAN  ANEFF

93.80
91,00
88,65
86.47
8. 57
82.L7
80.60
78,30
T4.95
59.77
62,10

87.85 80.63
84,22 76,10
81.18 71,85
80,07 §8.18
74.80 64,32
72.37 62,20
§9.52 57,95
§6.27 53,47
61.80 49,20
59.17 46,60
49.27 37,70

72,45
67.17
81.80
57.55
§2.22
48.85
57.77
42.%8
38.10
32.82
27.85

62.30
83.u0
50.80
48,02
42.05
38.80
35.68
31.8%
28.15
23.90
15,37

§0.72
41.82
38.20
33.72
30.47
27.63
25.20
19,92
18.82
1s.78
12.15

37.39
30.08
25.15
21.8%
19.88
17.32
15.33
12.27
11.08

8.63

$.92

2:.33

1%.93
11.97
10,30
9.10
8.06
7.03
8.9%
%.76
.44
1.90

COMPYTER

37.80
30.22
25,05
21.70
19.50
17.52
15.63
13.53
11.35

9.00

£.20

20.38
.83
11.65
.98
8.98
7.88
6.50
5.03
%.85
8.50
1.7

RODAL POTENTIALS AS MEASURED ON EQUIVALEAT
T30TROPIC ANALOGUE

Q.0
0.0
0.0
0.0

0.0 : '

0,0
9.0
0.0
0.0
.0

Q.0

0.0
6.0 -
0.0 .
9.0
6.0
0.0
0.0 >
0.0 ]
9.6

0.0
0.0




.00 W12 .28 W48 S42 W11 SO «0L .51 .95 .00

Q.00 <06 ~37 W50 .35 +25 2,67 2.01 W13 .00 .00 o s
0.00 .08 .29 .08 .38 .08 .18 -06 «10 .32 <00
0,00 .08 .28 1.98 .20 .03 J0L -2 +14 .32 00 K i
0.00 .13 .30 WH1 47 L.uh <07 .08 .01 .12 .80

0.00 208 .21 .02 .18 .05 .18 .02 .20 -08 .00 - ‘ 5
0.00 «12 .00 .08 207 1.%3 87 RL3Y +30 .13 »00 ;

0.06 .32 .14 .23 .00 .03 .20 1.96 .26 .08 ' .00
0.00 .33 .30 .06 .38 © .08 .37 .05 .29 .08 .00 R
0.00 .00 .18 2.00 2.67 .26 .35 40 .37 .06 .00 ; wE
0.00 .96 ,50 .00 .03 .10 .42 .48 .28 .12 .0

Statistical Parameter Values: Mean Difference 0,288
Mean Deviation 0,292
Variance 0,256

Std. Deviation 9,506 b o

= TABLE AS.7  DIFFERENCES IN NODAL POTENTIALS
AND STATYSTICAL PARAMETERS DESCRIBING i §olan
4 SUCH
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RESUTS OF TEST A.3
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Fig A.5.3 SUPERPOSITION OF EQUIPOTENTIALS FOR
. TEST A.3

LEGEND a. Computer program AHEF’F bttt
b. Teledeltos equivalent joint analogie =~ wmv— =—— | ¢

e e e R e

L

e — 1 i o

I~

b
Wk
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. ! ’u»ﬁ
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100 %

100.00
100.00
100.00
100,00
100.00
100.60
100.00
100,00
100.00
100.00

TRBLE

100.G0
100,00
100.00
100,00
190.00
160.00
100,00
100,00
100.00
100.00
100.00

TARLE

i

4. 28
93.07
92.21
21.55
20.89
90.47
88,9y
89.33
88,54
87.33
85.1%

As.8

4. 55
93.07
92,25
9%.55
90.88
40.25
89,97
89.40
88.37
87.10
84.78

£5.9

86.81
85.09
83.73
82,59
81.87
80.61
79.61
78.48
77.10
75.26
7274

78,33
76.34
.6y
73.18
71.81
70.52
$9.18
87.71
66.00
§3.92
51,51

£9.17
66.93
85,07
63.36
61.80
60.29
58.76
57.11
55.27
53 18

50.72

58.46
57.1%
35.09
§3.25
51.58
50.00
48,51
u6. 74
45,83
%2.86

40.53

43,27
46.8%
44,73
4z.88
k.24
38.71
38.20
36.83
34,92
32.01

38.59 27.28 14.86
36.08 24.74 12.67
3%.00 22,30 11.46
32,28 21.51 10.67
30.81 20.38 10.06

a.0
0.0
0.0
0.0

c.0

29.u8 18.32
28.18 18.43
26.83 17.41
25.35 16.27

23.6€

1%.91

30.83 21.87 13,18

8.53
9.00
8.45
7.79
6.93
5.72

NODAL PGTENTIALS AS CALCULAYED BY COMPUTER
PROGRAM  ANEFF

87.05
85.35
84,08
82.982
81.7%
80.90
79.47
78.45
77.08
7§.07
72.42

78.60
76.77
T4.88
73.70
72.27
70.80
69.42
§7.82
65.87
83.80
51.27

69.63
7,43
$5.80
63.85
61.95
E0.55
58.88
$7.07
55 .80
52.97
5§0.38

59.80
57.27
55.47
53.80
51.87
50.28
48.42
45,40
44,52
52.72

40.20

49.63
47.02
4. 20
%2.92
41.313
39,45
38.05
36.35
34.40
32.587
30.38

38.72
36.20
ELPS &)
32.18
30.57
29.20
27.72
28.30
25.07
23.22
21.40

27.87
2%.92
22.98
21.88
20.52
18.10
18.25
17.18
13.95
14.8%
12.98

‘15,28

12.80
11.63
10.60
10.08
8,75
9.13
8.48
1,78
698
5.48

NODAL POTENTIALS AS MFASURED ON EQUIYALENT
ISGYROPIL ANALOGUE

0.0
0.0
6.0
0.0

4.0
0.0

¢.0
0.0
0.0
0.0
0.0
o.0
a0
0.0
0.0
0.0
8.0




0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.0
0.0
0.00

Statistical Parameter Values:

.27
.09

<24
.26
432
.23
.18
.28
-1
+04
.05
.19

TABLE A5.10

.27
W43
+ 34
L 5%
.46
.28
' 25
.01
.13
W12
S14

46
Rt
53
£28
+15

<12
01
.53
.18
L

W13
.38
«35
+01
.28
W01

.38
-4
.33

.36
.17
.53
.04
1
.26
.15
.28
.52
Ly

+18
212
+13
210
2%
26
48
«53
+38
Sl

Mean Differew ¢

Mean Deviation

Variance

Std. Deviation

<18
.08
.04
L
.28
.18
~23
.82
.28
.28

0:180
0,137
0,026
0,160

DIFFERENCES IN NODAL POTENTIALS

SUCH

+89
.23
217
.07
«03
«22
32
00
.04
«00.
<27

AKD STATISTICAL PARAMETERS DESCRIBING

£ Q0

v o
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i = f\" TABLE Ad.T1 COMPARISON OF RODAL POTENTIALS
N FOR JOINT ANALOGUE

93’.I‘|’ + + +5u.o4* + 32-5+‘2?.2+' +

i 83,1 57.1 36.0° 24.7
Y a.0, 3.1 3.7, 2.5
t’f.l‘i-ﬂh;,— + + + + T +
T 83.7 .8
0 s 0 3
ISPl s S S S S S S
21.5 73.2
+“+ + +
—t— + —!-39-5 +9.2—
41.2 10.0
Q.14 0.8
-‘_ + 509+ ‘t—-l_zsz-}_ +
80.§ 0.3 29.5
0,8 0.6 L 1.3
80. 'I-I-Bl f;-!- + + + 26 o +B.5+
29.9 79.8 28.2 5.0
1.y 2.2 0.5
d—ﬁﬂj— -{-45.—7{— ‘1_ + + +
T4.5 87 7 46.7
s 4.5 1.
| S P s S S S U S S o
| 77,1
El
} it +H A+ o+t
. 87,3
9 2.1
-y ;
g Statistical Parameter Values:
J Mean Difference 1,36 Mean Deviation 0,87
. 1: Variance 1,27 Std. Deviation 1,13
3
w
L




RESULYS OF TEST B.1
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FIG. A.5.4
LEGEND. a.
b.

SUPERPUSITION OF EQUIPOTENTIALS FOR
. TEST B.1

Computer solution
doint analegue
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TABLE p5.12

COMPARISON OF NODAL POTENTIALS FOR
RANDGN JOINT TiST BT

87.1
87 8

58.8
BL.5

93. j’ 86.0 +78 31—56 ;I_SE 7—*-'5& ;“37 ’l.{‘ +12 8

93.5 85.8 77.
0.5 O.

2. 9
92.5 75,

°+
93.5 8'&3
82.9

LT2.

+81 ;}-71

80.7 70.

o T,

78.7

2.9
91.5—%. _i_67

89.3 67.
0.

2.2
BZ‘O—J-;S.Q &4,

88.% 76.8 BS5.

87.7
87.0 2.

0.7 2.

Y 68.2

3 B5.8

RV

3.8

8 62
1620

1.7
1.8 1.4 1.3
Oj‘ +72+1—!.
1.1

8 +52-9+ "

6

8.7

5
5

B
5 54.8

36+ +09+0‘6+|i5+

+8  Bh.Y4
3 §1.9
g 2.5

+ 3Jrqa.zto.o+ )
D_!- 1;1_ 1. 9_+

58.4% '081 37.1 28.% 12.%

7 0 1 8.3
+73 +5‘r 5—"55 ‘*7 7 +22 ;{- +

55.9 45.4 38.5 23,2

i o S

21.8

55.3 37.
53.7 u3.2 32.5

-3, 5.0
-iTQZ -i- h2 lha G+

431.3 20.% 10.0

fochad +

29.% 9.3

1v, 1.9
+§o.o+ +1o.c+
28.0 8.9

)
e
.3 861 7.1
T 6.7, 0.7
A4‘;7.7—}l3.§1‘ —4—
2.7 15.8

o

50.0

¥ 2

au.
31.
2.

PR
o
=
P

4.3
71.2
3.1

Statistical Parvameters Values:

53.7
u8.7
5.0

Mean Beviation 1,01

42,1
38.5
3.8
Mean Diffevence
Vardance 1,59 Std. Dev

1,67
1,26
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YABLE AS5.13

COMPARISON OF MEASURED AND' CALCBLATED
NODAL POTENTIALS FOR ANALDGUE AS IN FIG 7.7a

66.9
LT

8¢.9
4

o

82.5 8%.2 75.3 65,8 &F.9

3
91.7 82. 53.6
Q.4 1,7 .

f de
B 71.9+ L 53

72,1 51.7

@

+

B4.6
80,14

7.1 75.6 ° 53.8
2.7 89.7 58.7

+ 4 +

B7.3

47.8
L3

3.7
+

91.7-‘!&77.2
88.5  76.8
3.2 1.4 0.8
+77.1+52-5+
74,8 82.9
2.5 0.3

£8.3
65.5

B1.6
2.0

+95.;T + u‘q‘ + +38.1+

S U e S &
o+
+ +1'9+35.;+6'°4;
S P S U S

¥ 5.8 5.1 0.0
+’Il-5+ —‘— + _l—za.7+

37.1

19.6
21.6
+ 2.0
24.9
30.9

B.2
19.3
1.1

38.7

37.9
37.9

15.8
18.2
2.2

28.4

S B R i Y

.
PP PP o U

31.8 P2.6. 1%.2
6.3 0.4 0.0

+oat

1z.9

38.0 aa:g‘*“/s.o—l‘ea‘&so.j +L°+ —{—27-}-
+, 4+

+.+

X

e

R

o__lvw:n:v_fw;n;d_i_b'm-'a__*_::n;_f_;do

oo

+,

+

' @

Heo oo

Fha.
&.5
3.5

Statistical Parameter Values:
Mean Difference 3,13
Variance 11,5

Hean deviation
Std, Daviation

2,8




e

TABLE A.5.14 STATISTICAL PARAMETER VALUES
DESCRIBING THE DIFFERENCES OF NODAL POTENTIALS
FOR THO RANDOM JOINT SETS AS IN FIG 7.7b

MEAN DIFFERENCE
MEAN DEVIATION
VARTANCE

STANDARD DEVIATION

2,3
1.5
5.4
2,3




TABLE A5.15

X" S e, -

COMPARISON OF MEASURED AND CALCULATED
NODAL POTENTIALS FOR INALOGUE SHOWN ik FI§ 7.8a

81.3
87.9

8.8,
SBJ.f.BS.d_ 63.9

83.5 85.9 7.4 58.% 25.%
$.8 7.9 + N
50.0 —f—ﬂl _’—_71 5-}_60 0_1-56 S—l_liZ .{— + +
92.5 84%.2 75,3 65.8 55.8 u46.0 34.5 11,5
2.5 2.8 3.9 5.8 0.4 2.4 H.7 ) 6. 5_“
92.5—‘_52.—8-!— _{_58.‘4_!-52.;{—#3.;&‘ +18.
81.7 82.9 €3.8 53.7 h3.2 21.6
0.6 0.1 B .8 3.5
35.0_“_ -1_ -1_!_52 + .hw E_i_ .9—*‘ +
91.1 72.1 62.0 %1.3 10.
. L 3. 8.7
" +81 D_f- -+o _I— + 5-}_ + .+ -l_
80.7 7.6 29.4% 18.3
0.8 0.3 0.5+ 0.4
S0 4 b Y 4
79.7

4.6
80, l:i— TSQ.

ot s

F Fad +

89 58.3 17.1
i 1.1 1.8 2.5
P kst 4
Tes.% o +
65.5 R z zxe 7
2.9
) + __!_
4.0 fea. _1‘60 4 30 8.0 " 18.2
87.0 62.3 51.9 3L.8 15.2 6.5
3.0 6.5 8.1 8.5 3.8 217
Statisticsl Pavameter Values: ]
lean Difference 4,1 Mean Deviation 2,7

Std. Deviation

:;,,“ A S e e

2,1

% ‘\t:/ ﬂ
P
W:‘
o
i o
SR S



TABLE  A5.Y6 COMPARISON OF MEASURED AND CALLUL.

11.3
7 ‘ho Q '(“.7-1-55‘7-‘_ JFZZ ‘-‘—i“ 7+—

TH.6 62.9 6l.9 ul.6 22.6 14.1

0.1 2.9 7.2 1wl 0.0 0.8

28.8 -
0.1 ]
-t_ _i_ez 2 + -‘- _l-au;}' +3.5
774 37.0 12:9
2.3 .
_1_7%.‘:!_7’ J’.—i— h"“?-;!— + + + ’ “+
.2 75.3 55.8
TR T 4 ot 4
g91.7 82.9 53.9 23.6
] 9 w3
+ _l— ‘I_ hs ] tsu‘f’ h&o’lﬂ
72.0 51.8 30.8 10.0
7. 2.0 7.4 8.0 |
_i_ —1— .ta 0+ + _l_ ths.s—l-ls.f‘-
60. u 12.3 9.5
7.2
hﬁ 6—1-—73 Etl + + 18. ‘j—— +
78.7 69.7 5B.7 18.2
3. 9 2.5 0.2
-{- 0. O—’_ + 29 9 +19 §+
B7.3 5.0 26.4 C
7.3 12,0 EX 10.7
AT A
76.8 15.8

AIED

HODAL POTENTIALS FOR ANALOGUE SHOWS i% ¥78 7 8b
L AN

Statistical Parameter Values;
Mean Difference 4,8
Variance 15,6

Mean Deviation
Std. Deviation




STATISTICAL DISTRIBUTTION OF DIFFEREHCES
IH HODAL. POTENTIALS FOR THREE RANDOM
JOINT SETS AS TESTED IN TEST SERIES .

LENGTH

MEAN DIFFERENCE
HEAN DEVIATION
VARIANCE

STANDARD DEVIATION

TABLE A.5.17

[1}
29
1,7
0,9
1,4
.1

80

3,2
1,9
6,1
2,4
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A PRACTICAL APPLICATION OF THE USE OF TENSOR PERMEABILITY

Lyell's (1870} original program has been
extended to enable cases of anisotropic media to be
handled. The extended forms of the eguations used are
given in Appendix 4. The extended program is included
in this Appendix.

The use and flowchart of this program are
nearly identical to that given by Lyell (1970} and
will thus not be given heme. All that has to be suppiled
to the program are the absclute values of the woefficients
of the permeability tensor,

Four cases have been tested and graphs showing
the dpawdown of the phreatic line with time for these
cases are included in this Appendix. N

The four casea tested are:

Q

1

3 1 = 2 o
103 0 1

at 45° to the XY axis system.

1. Isctropie K = lé
K =

2. Anisotropic

(see fig A.6.1)

3. Anisotropic K = |7° 28 K:[2 "i
26 1056 o1

at 60% to the XY axis system.




%. Anisotropic K = {° zi x=i* O
3§ ¢ 1
at 45° to the XY axis

system
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L
R 1
\ 1
-1
CASE 1 2 CASE 2
M 45°
ﬂ\ /;\ .
GASE 3 CASE 4

DIRECTIONS AND RELATIVE WAGNITUDES

OF THE PRINCIPAL AXES FOR THE THREE

CASES TESTED
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