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CHAPTER 1

STATBMBKT OF THE PROBLEM
Hater in a jointed rock mass causes pressures which are usually 

detrimental to tha stability of the rock mass. The determination of 
such water pressures is a complex task as rock is inherently anisto- 
tropic and heterogeneous.

Ic is therefore necessary to measure, aa far as possible, the 
existing water pressure in a rock mass and to extend these results by 
performing theoretical analyses, adjusting the parameters used in such 
analyses until calculated results correspond to measured states of 
pressure.

In order, however, to carry out analyses of the eater pressure 
distribution, simplified, models of the rock mass have to be postulated, 
and these should b& such that they are readily amenable to mathematical 
manipulation and analysis.

Furthermore it is necessary chat all the factors which influence 
both the flow of water in rock joints and the distribution of pressures 
in a rock mass be clearly understood. Only if a thorough background to 
the theoretical analysis is available can the method of determining 
field potential distributions by means of the measurement of field 
pressures and the fitting of analytical results be most efficiently 
utilised.

THE ATTEMPTED SOLUTION AS PRESENTED IN THIS THESIS

1. The Proposed Proceedure for determining practical pressure 
distributions

The ultimate objective of any hydraulic analysis of a jointed 
rock mass is a quantitative description of the water pressures in the 
joints and interstices of the rock mass. All analyses attempt to 
determine the water pressure situation in a practical jointed rock 
mass under certain conditions.

By means of piezometers it is however possible to measure the 
actual water pressures which exist in a jointed rock mass at any given 
tine. In fact if sufficient piezometers could be installed, there 
would be no need for any analytical solution of the as is water pressure



situation in the rock mass, for contours of equal potential could be 
drtwn and thus the exact flow net determined.

However, It is practically impossible to ever obtain sufficient 
piezometer readings to be able to draw complete flow nets. Moreover 
it is usually necessary to be able to predict what future water 
prt-isure situations will be under different boundary conditions, and 
not those which are extant at the time of taking the piezometer 
readings.

Thus a complete investigation of the hydraulic regime, both 
present and projected, of a jointed rock masu requires the use of 
both piezometers installed in the field and theoretical analyses e£ 
the pressure distributions. Taken alone, e set of piezometer readings 
are valuable and instructive but they do tot e’table predictions to 
be made of future situations. Likevise, any calculation not associated 
with practical states is instructive in that it can pinpoint areas 
where problems could be expected. However, taken in conjunction, that 
is the use of analytical proceedures tied closely and adjusted to 
actual measured states in the field, a very powerful and versatile 
method of investigation results.

This combination gives rise to the method called in this thesis - 
the method of adjuittng hydfiauZic panmetvu, to obtain coM&ipondence. 
btimw maiWL&d and oatiutaip.d pneawu. sLUt/uLutioni.

In essence this method entails the following proceedure - 
(See Lyell (1970))

1. Install piezometers in selected positions in 
the field and obtain the pare pressure at those 
points.
2. Estimate the value of the rock mass hydraulic 
parameters, such as the permeabilities of the 
rock moss, the inflow at the phreatir line or 
the value of the coefficients which appear in 
the flow lass describing the flow in individual

3. Using these estimated parameters, carry out 
an analysis of tta potential distribution in the 
rode mass, this analysis may be any one of the 
proceedvres discussed in this thesis.

L J ‘
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i. Check che analytical results o£ pore 
pressures against the actual values measured 
by the piezometers in the field.
5. 1£ the two sets of pressures do not
correspond, successively adjust the values 
of the parameters used in the analysis 
until the best possible fie is obtained 
between measured and calculated pressures.
6. Those parameters which produce the
best fit are accepted as the true rock
joint hydraulic parameters and are used 
in further analysis of the rock region 
under changed boundary conditions.

At present there are still theoretical difficulties attached 
to this method but they are being investigated, nevertheless, even
at the present time this is a powerful, workable approach.

In order to perform the theoretical analysis of the jointed 
rock mass, it is necessary to have a thorough understanding of

(a) All the physical factors which 
influence the flow of water in 
rock joints.

(b) All the configurations of rock 
joints which affect the para­
meters describing the hydraulic 
response of the jointed reck

(c) All the available methods of 
analysing potential distri­
butions in jointed rock masses.

The primary purpose of this thesis is to establish the basis 
for such theoretical analyses as are required in order to apply the 
method as described above of fitting analytical results to field 
pressure readings.
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2* The Theoretical Solution of Pressure Distributions

In order to perform the theoretical analysis which is required 
in Che method called above the "adjusting of hydraulic parameters to 
obtain correspondence between measured end calculated pressure dis­
tributions'1, it is necessary to make a mathematical model of the 
jointed rock mass.

Hence the problem of determining the fluid pressure distribution 
in a jointed rock mass is one <-•£ deciding on suitable models to repre­
sent the rock and. of deciding %bnt factors both theoretical and 
practical affect the accuracy of any postulated models.

In order to do this the following proceedure has been adopted 
in this thesis.

Three of Piteau's (1970) four geological propositions are 
accepted as a basis for this thesis. The concepts involved in the 
propositions are extended to include their relevance to the problem 
of analysing the hydraulic regime in a jointed rock mass.

According to Piteau's third geological proposition a model 
of the jointing of a rock mass can be contracted. For purposes of an 
hydraulic analysis there are three ways of modelling a jointed rock 
mass. One model views the rock mass as a continuum. The second views 
the rock as a discontinuum while the third combines the first two 
methods to enable complex geological discontinuities to be modelled.
Each of these approaches to the hydraulic modelling of jointed rode 
masses gives rise to distinct mathematical tileries.

The continuum approach accepts that there are sufficient joints 
in the rock for it to be described as a porous medium. The permeability 
of this porous medium tan be quantitised by vector or tensor permeability 
coefficients. These coefficients are substituted into laplace type 
equations which are solved to yield the fluid potential distribution 
the rock.

The discontinuum approach assumes that the rock is composed of 
individual rock blocks and discrete flow paths which are formed by the 
joints which form a network. If the flow characteristics in each joint 
ate known the total flow network can be solved to yield the fluid 
potential distribution within the rock mass.

L



The third model is essentially a combination of certain aspects 
of the first too approaches. It models the rock mass as a porous 
continuum traversed by major geological discontinuities which consti­
tute flow channels or planar conductors and which are analysed as sncb.

Tefo types of permeability coefficients are defined, namely the 
vector and tensor permeability cceCficlants.

The tensor method of describing permeability is the mote versatile. 
Hence the permeability tensor for a regularly jointed rock mass has been 
derived and those factors which influence its value and accuracy have 
been investigated particularly for the case where the jointing is itre.-

To determine the accuracy of the tensor method of modelling the 
jointed rocks and to investigate the effect of irregularities in the 
jointing system, tests on electrical analogue models were performed.
The analogfi models also showed that, if a sufficient* number of joints 
exist in the rock mass then the solutions from the continuum and the

A practical example of the drawdown of the phrcatic line in a 
slope composed of homogeneous rock is given to illustrate the use of 
the methods detailed in this thesis.

SOME RELAXED BACKGROUND REMARKS

1. The importance of water in a rock slope
Numerous authors have pointed out the iatpottance of water pressures 

on the stability of rock masses. The pressures that arise in the rock 
joints and the material interstices as a result of a static or dynamic 
state of the water in the rock mass have a controlling effect on the 
stability of cuch masses. Many failures of slopes, dam foundations 
and abutments can be attributed to the effects of water pressure, A,s 
a result of pressures caused by water flowing in the slope, its critical 
angle of stability can be reduced by as much as 5t" (Jennings 19)0)

* Criteria for the number of joints which are sufficient are 
discussed in Chapter 6.

L
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Water flawing in a rock mass has the following main effects,
(a) It creates an uplift force on the potential 

failure plane which reduces the frictional 
resistance both in the intact rock and on 
the joints which fora a part of the poten­
tial failure jilana. In most instances the 
pressure acts in such a direction that it 
cuases a disturbing force on the potential 
failure wedge.

(M It contributes to the weathering of the 
intact materials thus reducing their 
strength and increasing the possibilities 
of failure. The strength of the intact 
rock is also reduced by the presence rf

Jennings (1970) presents the results of calculations to determine 
the safety factor of various slopes both in the presence and the sbsencx. 
of water pressures. His results demonstrate the large iaflv.we of water 
pressures in lowering the safety factor of a slope. Hence a thorough 
knowledge of the pressure distribution in the rock mass is vital to any 
analysis of the stability of rock masses.

A. reduction of tlie water pressure is necessary if the stability 
of the rock mass is to be improved. Depending on the porosity sfto the 
permeability of the rock mass and the available supply of water it ray 
be necessary to remove either a little or a lot of water to achieve a 
coemensurate pressure reduction. All the analyses presented in this 
thesis are therefore oriented to the determination of water pressures 
in the rock mass rather than the flow rates.

2. The geological propositions underlying the theory of the
calculation of the stability of slopes and their application 
to the determination of the pressure distribution.

Piteau presents four geological propositions each of <4tUh repre­
sents a particular concept or premise which is necescary "before the
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definition of the properties in a slope can be described in a 
numerical form". (Piteau - 1970). Hie mathematical theory which 

' is used in calculating the stability of a slope is founded on these 
propositions. Only three of Piteau’s propositions are relevant when 
calculating the potential distribution in a rock mass. These propo­
sitions ar" es follows:

1. The proposition that structural discontinuities

It is taken as a basic hypotheeia that structural discontinuities 
in a rock mass are detectable and that the physical properties which 
control or influence the flow of eater in such discontinuities can be 
described quantitatively.

The data describing the structural discontinuities arid their 
physical properties which are required for the hydraulic analysis of 
a rock mass, fall into the following groups.

(a) Factors describing the spatial position and 
orientation of the joints such as the co­
ordinates and the dip and strike of each

(b) Factors describing the nature of the joints 
i.e. their length, continuity, apertures, 
gouge filling and surface properties,

A full, detailed knowledge of the above listed rock joint properties 
would enable the values of parameters which are to be used in a theoretical 
analysis of the hydraulic state in a rack iaass to be determined or 
predi.cteo.

However, it ia very seldom that sufficiently detailed information 
is available to state with confidence correct values of the rock aasa 
hydraulic parameters derived from rock joint properties.

Accordingly a more powerful technique is being developed. This 
is the technique of measuring the effects of artificial or naturally 
occuring flow situations and from Che measured results predicting the 
values of the rock joint parameters which give rise to such results.

are detectable features of a rock mass and can
be described quantitatively.
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This teclmigue is discussed in detail later in this thesis.
However, it should always be remembered that regardless of 

which of the two approaches is adopted as basic; that is the use 
q£ rock joint properties to predict hydraulic parameters or the 
measurement end fitting to existing flow states, it is always 
necessary to have a thorough and detailed knowledge and under­
standing of the principles which underlie and control the 
phenomenon being studied. That is the purpose of this thesis, 
namely to establish the theoretical background to the under­
standing of the flow of water in jointed rock masses in carder 
that practical situations may be studied with increased under­
standing.

2, The proposition that structural regions eaist in a reck mass.
In an extensively jointed rock mass the jointing will be 

heterogeneous. However, regions will exist within the rock mass 
which will have similar jointing patterns. These regions are 
defined as structural regions. For purposes of hydraulic analysis 
of a rock slope it is more convenient to consider hydraulic regions 
which can be defined as areas of an extensive rock mass within which 
the jointing is sufficiently homogeneous for it to be analysed either 
as an homogeneous porous medium or as a region characterised by 
regularly spaced joints. (See proposition Ho, 3)

To facilitate the determination of hydraulic regicnt. in a 
rock mass sufficient information is required to estimate the 
following factors.

a. The degree of homogeneity of the rock mass.
b. The degree of isotropy of the rocL oaf.
c. The position and nature of major geological discontinuities,
d. The position and magnitude of the boundary conditions.

Knowledge of the nature of the rock joint pattern of the joint 
assemblages will in judging the degreit of homogeneity and

* See definitions in Appendix 1.
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isotropy o£ the ioiated rock oass- Moieovet the xoc'<. ioint patte’.n 
will influence the choice of th& type of model which is to he used 
to simulate the rock mass. Accordingly th: following four rock 
joint categories are proposed. A discussion o£ the models which 
best represent each rock joint category is postponed until Chapter 3.

(a) Intact Rock Masses - characterised by an 
absence of fissures or joints. Such a mass 
can be. homogeneous cr heterogeneous and 
also isotropic or anisotropic.

(b) Regular Jointing - indicates that the joints 
in the rock ire, on the average, uniformly 
orientated and evenly spaced.

(c) Irregular Jointing - indicates that the cracks 
and joints are non-uniforraly orientated and 
that their spacing is decidedly uneven.
However, on the average the joints display
a certain tendency to lie in preferred 
diTe.ctions. Such rotit masses are usually 
distinctly anisotropic and heterogeneous.

(d) Major Geological Discontinuities - are those 
structural discontinuities which are sufficiently 
well-developed for them to have a major 
influence on the hydraulic response of the 
surrounding rock region.

3. The Proposition that a reliable model representing jointing
of a rock mass can be constructed.
Before any systematic attempt to analyse the hydraulic regitae 

in a rock mass can be made, it is necessary to construct e model or 
a picture of rhe rock mass on hand. Such t. njdel should be <i good 
representation of the jointing patterns of the rock oass and be such 
that on the average rhe pressures determined from analysis of the

* i.e. they are highly or very slightly permeable with respect to
the surrounding rock masses, or axe o£ large exter ; relative 
to neighbouring structural discontinuities.
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aodei correspond to the pressures tliat apply in the rock oass as 
a whole.

Ria joint assemblages Chat occur in nature in a rock mass 
(see provious section) vary greatly from one another. Accordingly 
it is necessary to postulate at least tuo basic models which can 
be used to best represent various types of rock joint assemblages.

Kuskat (1949) first proposed the idea of the two basic 
models when he stated with regard to fractured media

"When such fractures are of limited extent am? 
uniformly distributed through the pay, they will give 
a resultant effect equivalent to that of a porous medium. 
However, when they are of extended length and limited in 
auntfiet, they may be considered separately as linear 
channels."

Snow (1965) states that "fractured media can be 
modelled adequately for two extreme cases seldom realised 
in nature: 1) when individual planar conductors, such as
joints in rock, are so independent and infrequent that 
each may be analysed as s separate channel or 2) when 
aggregates of fractures as in fault breccia so resemble 
sedimentary pores that the medium is assumed to be a 
continuum."

In this thesis these two basic models have been extended and 
their mathematical formulation and manipulation has been explored. 
In addition a third model, a combination of tha two basic models, 
has been proposed and is described.

These three models are called in this thesis -
(a) The Equivalent Continuous Medium Hcdel.
(b) The Discrete Flow Channel Model.
(c) The Composite Medium Model.
Chapter 2 details the mathematical formulation of the above 

three models.
(Piteau’s Fourth Geological Proposition is not applicable 
to this thesis and is hence oomitted here)
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CONCLUSION
The pressures to which water gives rise in a slope are ait 

important factor in the stability of the slope. The determination 
of these pressures is thus an important task, The most rational 
and practical approach to the determination of such 'rater pressure 
is to measure them in the field by means of piezometers. To yield 
further, fuller information it is also necessary to calculate such 
water pressures. Such calculations require a theoretical background 
and understanding of the phenomenon of water flow in jointed rock 
masses. Accepting Eiteau's geological propositions, this thesis 
aims to build up the necessary theoretical background but leaves 
the detailed exposition of the method of fitting calculated and 
measured fluid pressures to later publications.
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GHAPTE1 Z

tlS AMAI.TTICAL SETSRHINATIOH 0? THS POTENTIAL 
DISTRIBmiOS D1 A JQIMTED ROCK MASS

Piteau's third geological proposition stated that a reliable 
model representing jointing of a rock mass can be constructed. It 
tias already 6eea seated that for purposes of determining the water
pressure distribution a jointed rock mass can be modelled in one o£
three ways, depending on the rock joint category into which the joint 
assemblage falls. The models were called

(1) The Equivalent Continuum Model.
(2) The Discrete Flow Channel Model.
(3) The Composite Medium Model.
The essence of the first model is that the joints are sufficiently 

numerous for the jointiid mass to he represented as an equivalent isotropic 
or anisotropic, homogeneous or noa-liomogsaeous medium within which the 
potential distribution can be described by means of an equation of the 
Laplace form, which can then be solved by any of a number of methods, all
of which are detailed in the relevant section below.

The Discrete Flow Channel Model takes each rock joint or certain 
selected combinations of rock joints to fora individual paths which define 
a pipe or electrical type network. Accepting this as the model of the. 
physical reality the equivalent network may be solved by standard network 
theories.

The third model considers the joints to form discrete flow paths 
that are bounded by permeable media of sufficient permeability to in­
fluence the joint flows and hence efoe regional flow pattern. The joints 
are usually major geological discontinuities. A sub division of class 
3 occurs where two dimensional continuum theories are used to solve for 
the potential distribution on three dimensional joints which then form 
a class 2 type system,
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CLASS I THE EQUIVALENT COHTmTOM MODEL

The assumptions regarding the field conditions that must be 
made in the Equivalent Continuum Approach are -

(a) The intensity, continuity and pattern of
the jointing is such that the rock region 
can be adequately modelled by an equivalent 
continuous homogeneous or non-homogeceous, 
isotropic or anisotropic medium.

(b) The rock region to be analysed is not
traversed by sny major geological dis­
continuities of such a nature that they 
will interfere with a continuous smooth 
variation of the regional potential dis-

(c) The Boundary Conditions do not have a
discrete and different influence on each 
joint traversing the boundary.

The assumptions are only valid in so far as they are representative 
of actual field conditions.

As corollaries to the above assumptions the following statement? 
can be madj -

(1) The potential gradient is not necessarily
parallel to any particular joint or joint 
set within the ro^k mass. The real joint 
gradient is the projection of the field* 
gradient onto the joint per se, from which 
the joint flow can be computed.

(2) The rock mass permeability coefficients 
account for individual joint variations 
in size, location and direction, and 
hydraulic losses at intersections.

* field - The word is here used in a strictly mathematical sense.
See Appendix 1 for definition of all terms used.
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Background theory

Accepting that Che joi-'te* rock mass can be modelled by e 
continuous, medium, the field pater,tial distribution can be found 
by solving the following fora of the Laplace equation (derived in 
Chapter 4) which holds for slow steady, incompressible fluid -low.

w

where cf is the hydraulic potential.
k^j are the coefficients of a permeability 

tensor describing the medium. 
x,y,z are the designations of the orthogonal 

axes defining the system for which the 
equation is written.

This equation reduces for isotropic media to the familiar form 
of Laplace's equation

Note that only cases of incompressible fluid and media will be 
considered in this thesis as rock by its incompressible nature seldom 
gives rise to compressible flow situations.

The water pressure at any point is then obtained from the 
equation

L
J.
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is Che water pressure 
unit weight of water 
height of point above datum 
is the potential function

The following methods for solving equations (2.1) and 
C2.2) exist

(a) Direct infcergration of toe equations.
(b) Complex variable Techniques.
(c) The Finite Difference Method.
(d) The Finite Element Method.
(e) Graphical Methods.
(f) Analogue Methods.
Application of these methods.

(a) Direct integration of the equations.
For simple cases of rectilinear flow in confined and unconfined 

aquifers or for simple two dimensional radial flow situations, direct 
analytical solutions Co equation (2.2) may be obtained. However, such 
methods are impractical for anisotropic or isotropic situations of even 
mildly complex geometry. As practical rock masses are seldom if ever, 
isotropic and the practical field situations encountered are never simple, 
these methods will not be pursued further here. Verruijt (1969) deals 
most adequately with the problems that can be solved by this method,
(b) Complex Variable Techniques.

This is another rigorous approach to the solution of equation 
(2.2). The method is merely mentioned here. Since the subject is 
long and involved, and the range of problems which it can solve ate 
limited, fairly specialised and not likely to be of any great importance 
in practical problems involving rock masses.
(c) The Finite Difference Method.

This method is used in the numerical solutions presented in this

15
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thesis.
It should be noted that the Finite Difference Method is no 

more tiisn a particular case of the more general body of Relaxation 
Methods developed by Southwell (1946).

Appendix 4 presents trie Finite Difference forms of all the 
equations used in this thesis as well as the extended finite difference 
equations for anisotropic media for a ar-aber of specialised cases. For 
the present only the finite difference fora of equation (2.2) will be 
considered.

In the Fin-te Difference Method the continuous potential dis­
tribution is replaced by a finite number of discrete values of the 
potential. These discrete values are normally assumed to occur at 
the node points of a rectangular grid. The variation of rhe potential 
from one grid to another is taken to be linear. For transient conditions 
it is assumed that the rate of change of potential at each node of the 
grid is linear over small time intervals.

Consider the fora of the relevant Finite Difference equations for 
a two dimensional isotropic field. The values of /p at the points 1,2,
3 and 4 in the grid shown in fig. 2.1 can be re.'ated to the value of 6 
at the central point by means of a Taylor series expansion.

FIG. 2.1 THE GRID USED IS THE FINITE DIFFERENCE FORM OF
THE LAE1ACB KQPATIOH
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Where 'a' is the grid size, and 4 1,2,3 or 4 are the values at 
the potential at the nodes indicated. Rearranging eqn. (2.3) and 
combining yields.

: S  ’S  ) - < V ‘ 4 *.) t si ( t iii)

From equation (2.2) the left band side of (2.4) is zero and 
provided 'a' is sufficiently small, such that the last term of (2.4) 
vanishes compared to the first, the follcvinf equation results.

+ ifl2 + ) (2-5)

Sot anisotropic media extended equations of the fora (2.5) 
result. $hus, regardless of the nature of the field to be analysed, 
equations describing each nodal potential in terms of the surrounding 
nodal potentials can he derive.!. Lyell (5,5?dl has demonstrated how 
for Che five classes of points fhat arise in practical problems, a 
number o£ equations equal to the number of unknown nodal potentials

L
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can be derived, i.e. for the uacer cable, interior points, flowline 
boundaries, seepage feces and equipotential boundaries.

Any of the numerous available numerical methods can b? used 
to solve the resulting set of simultaneous linear equations. Some 
of these methods are as follows.

(i) Relaxation.
(ii) Iteration.
(iii) Matrix Inversion,

The problems solved in this thesis involved the solution of the 
resulting equations by relaxation using an I.B.M. 360/50 computer.
Average time of solution per field was 50 secs. Numerous convergence 
techniques can be used to speed up these iterative proceedures, some 
of which are described by Sharp (1970),.

No general computer programs exist to handle general flow fields 
by means of Finite Differences. The power eiti versatility of this 
method is demonstrated by the program presented by Lyell (1370). His 
program has been somewhat extended and used in this thesis to study 
the effects of anisotropy on a typical practical situation.

(d) The Finite Element Method.
As with the Finite Difference Method the Finite Rlemen: Method 

requires that the continuous potential distribution be replaced by 
discrete values of the potential at arbitrary node points. Unlike 
the Finite Difference Methods these nodes may be quite arbitrarily 
Pla-e with respect to each other in the field of flow.

Originally developed as a method for computing stresses and straira 
in elastic continue (see references 27 and 28) the Fini.2 Element Method 
has been extended by many workers in recent ye&is i.e. Zienkiewiez, 
Clough, Argyris and Chung. With the recognition of the fact that the 
resulting stress equations occuring in the Finite Element formulation 
were only spec' al cases of the general mathematical theory if functional 
minimisation or variational calculus (i.e. the field potential energy 
should be a minimum) it became possible to extend the Finite Element 
Method to flow fields.



Many fine, concise derivations of tba finite element equation® 
have been presented, e.g. Zieokiewics (1960) and Verruije (1970) use 
the principles of minimisation of the field potential energy or 
general vairational principles. These methods are rigorous but tend 
to obscure the inherent simplicity of the finite element- method. 
Accordingly the following simplified exposition of cbe finite elesent 
method is presented. It is in the nature of s practical intuitive 
proof rather than a strict mathematical derivation.

The derivation is presented for o two dimensional triangular 
eleiKAt' hut three dimensional a ' arbitrarily shaped elements can 
be handled by the same method.

The flow field is divided up into a series of triangles. For 
purposes of this argument one triangle ijm as show in fig. (2.2) 
is considered.

SIC. 2.2 THE ELEMENT USED M  THE FINITE ELEMENT DERIVATION
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The nodal potentials ate i *j
The potential of a point within the element is 
linear function of the coordinates of the point

C will necessarily be different for each

The triangle vertices, nodal potentials 
substituting their coordinates directly into e

where 6 =* the area of triangle ijo.
Using equation (2.8) to solve for 4,B, and C in terms of 

nodal potentials and coordinates the following equations result, by 
application of simple matrix algebra.
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The following law holds for the flow velocity in the field.*

kxx kxy

kyx kyy

I S^ad *

L

3 the flow velocity vector 

i the permeability tensor

grad $ the potential gradient vector 
It should be noted that K should be in the global co-ordinate 

axis system of the field as distinct from the local element co-ordinate 
axes system. Should it he necessary to transform a known K in local 
axes to the global axis this can be done by the methods given in 
Chapter 5.

Differentiating (2. b) with respect to x and y gives

i matrix notation

As derived in Chapter 4.

L L J
_\X_ X
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or concisely, grad* = - b $e (2,18)

This is the general form that would hold true Irrespective of 
the shape of the element or whether a two or three dimensional field 
was being considered.

Substituting(2.16) into (2.15)

or in the general form

X . « . * »

It is necessary now to compute the total flow rate into and 
out of the element. Flow will occur across the aides of the element,
but for computational purposes the flow through half of each side
of the triangle adjacent to each node is assigned to that node.

With reference to fig. 2.3 
the flow through segments a 
and f are assigned to node i,
through b and c to node n and
through a and e to node j.

Fig 2.3
Note that strictly it is the flow rate at each node that is 

being considered.
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Mow the flow rate through a per unit time is

V ' .  - *i> «  " ry (*„ - *t>" 

and through £ is

V yi - yj>/2 ' vy,x3

Thus the total floti at node i is

ll = * *,<«,

but note that from equation (2.13, (2.21) can be written a

* yQi = - AbjV3 

Similarly for nodes j and m to give

£
In the general fora

i*e- Qe = - x (2.21

Substituting equation (2.2CD into (2.2U> gives

|j« . -1 b1 $ 1, *» (2.25

This is the vector of element flows. However, it is necessary 
to write a vector of nodal flows i.e. sum the contributions to the 
flow at each node from the surrounding elements.

L L J
* rx. ^
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E’er fig. <2.4) the relevant form of equation (2.29 for 
triangle 1 may be written

Multiplying out che first three matrices on the right Hand side 
yields an equation of the form

A similar equation is valid for triangles 2 and 3
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4 SECTION OF A FINITE ELEMENT FLOW FIELD 
AS USED TO ILLU S T R AT E THE AS5£H8LY OF 

THE ASSEMBLED PERMEABILITY TENSOR
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and similarly for each triangle in the field. 
The vector of element flows then nay be

permeability matrix Ra.

Note that eqn. (2,32) contains 
nodal potential - flow

equations describing the 
relationships for all nodes in the flc

the flow quantity

L L J
rx
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Qn| ■" known nodal outflows
Qn2 = unknown nodal outflows
l#n'j “ unknown nodal potentials
$b2 * known nodal potentials

it is possible to appropriately partition the matrices of 
aqn. C 2.23 as

Ci;}
x written in full

Qnl " ‘ Kn U  *nl

"nZ Knl2 n22 9nZ

Ifoto that set W  of eqn. C2 . 33) has one set of unknowns
hence this equation can be solved for 4̂  which when substituted
into (b) will yield . From eqn. ( 2.13) nodal flow velocities
may he solved if so required. The problem is thus solved.

The Finite Element Method is most suited to computer solution, 
in that general programs to handle arbitrary field geometries and 
random anisotropies may be written. The method can be extended to
moving pbreatic lines. The extension to three dimensions is a
necessary task at present being undertaken by Dr. Hittke et al (1970).

It is important to note the use of a permeability tensor in this 
method, a method which is likely to be more extensively used in the
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(The following two methods can only handle isotropic cases.
All anisotropic flow situations oust first 6e reduced to isotropic 
fields by means of standard techniques.)

(e) Graphical Methods,
This is an approximate method of determining the potential 

distribution in an homogeneous, isotropic situation. A net of 
orthogonal lines is sketched by trial and error onto the flew field 
such that it fits the uoundary conditions and the condition that the 
intersection of any two lines must be orthogonal i.e. as far aa possible 
all 'blocks' should be square.

One set of the lines forming the network are known as equipoten- 
tial lines, for at all points on one of these lines the potential is 
unchanged. The orthogonal sett of lines are called flar? lines, and 
at any point on a flow line the vector of flow of ebe fluid in the 
field is tangential to the floe line.

Mathematically flow lines can be described by a function tf> 
defined as the stream function. It. can be shown, Verruijt (1970), 
that the stream function obeys a Laplace equation of the fora

ohara the potential function <t and the stream function a 
related to each other by the equation

e orrhogocal directions.

(f) Analogue Methods.
The Laplace equation describing the potential distribution in a 

jointed rock mass which can be considered both isotropic and homoge­
neous (or can be transformed to the equivalent isotropic, homogeneous

L
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sxbiaLicn) Is tS'ia sams naaation -Aiflh describes tiie potential in 
an e-jctricoi field, the £lotf of heat in a bod? and many other 
p"i3,toie-na in hydrostatics, tttormodynamlcs and electrostatics.

Making use of the analogy between the fluid potential and
the-, potential in on. electrical field or netvotk it is possible to
e3)ve CiMp’cx field situations in a relatively quick itiespê v?e= 
e-jmer. The tvro most comfionly used methods are

(i) Use oi electrical conductive paper.
The use of electric-.l conductive paper is a 

simulation of the contiguous field. A thin, unifom ,
conducting sheet (marketed under the name Teledeltos 
paper) is used. The field to be analysed is cut from 
the paper to some suitable scale. (As tha paper is 
uniform any practical anisotropic field must first be 
converted to an equivalent isotropic field), Equi- 
potentiflls, soutces or sinks are created by applying 
a suitable voltage along or at the relevant positions.

Bsing a special conductive probe attached to a 
Wheatstone bridge the value-, of the potential at any 
point can be measured, for tta experiments conducted 
in this thesis a Servoaex Field Plotter ( 28 ) was

Kencs the potential distribution is iasediately 
measured foe an isotropic medium or is obtaitiei after 
transforming back to original scales for an anisotropic

(ii) Electrical networks.
the Laplace equation is solved by firstly re­

placing the continuous field oy a grid such as is used 
£n the finite difference method. The giid is next 
simulated by an electrical network with resistance 
between tha node, points to represent the resistance

L
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to Slotr from one node point to another. The 
nodal voltages are then analogous to the field 
nodal potentials.

Anisotropy can be introduced by varying 
the values of the resistances used. Arbitrary 
flow field geometry is handled easily. A dis­
advantage of the method is that the lines of the 
resistances must be orientated along the principal 
axes of the medium being analysed.

This method has been used extensively to 
solve problems of three dimensional unconfined 
ground water flow by Herbert and Rushton 
and Sharp

CLASS 2 - THE DISCRETE FLOW CHANNEL APPROACH
The following assumptions which should be representative of 

the actual field conditions must be made in the discrete flow channel 
approach.

(a) The intensity, continuity and inter­
connection of the jointing is such that 
the rock region can be adequately modelled 
by a network of individual flow channels, 
which may be represented as interconnected

(b) The flow characteristic of each joint is
accurately known.

(c) The boundary conditions are such that the
potential in each joint traversing the 
boundaries can be described.

(d) Major discontinuities in ,.ie field su<’ as 
tabular zones of crushed rock or dykes can 
be adequately represented by an equivalent 
pipe or channel.
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As corollaries to the above asBumptioua the following atate- 

nents can be made.
(1) "ud aperture, wall roughness, gouge filling 

and waveness of each individual joint in the 
field is known so that the flow characteristics 
of the joint can be determined.

(ii) The location and direction of each joint in 
the field is known.

Accepting that values are available for all the ahovg atmcioned 
parameters the flow characteristics in each joint may be defined and 
the total flow regime calculated.

Louis (196̂ ) and Sharp (1.970) have studied the flou laws governing 
the flow in between flat parallel plates considered to represent a 
joint. Generally they find that there exist three domains c£ flow: 
a zone of linear laminar, a zone of transition and a zone of turbulent 
flow. They find that the linear laminar flow in joints is restricted 
to flow under small head gradients through joints of relatively small 
aperture. There is a transition zone from laminar to fully turbulent

The equations in table 2.1 are abstracted from Louis (1970) and 
Sharp (1970) and give the relationship between

q - the quantity of flow per unit width of a joint 
and J - the potential gradient in the joint.

B - a coefficient which is different for each
joint and is a function of the joint aperture, 
the velocity of the flowing water, the joint 
wait roughness, the joint googe filling and 
the type of flow occuring in the joint, i.e. 
parallel laminar or turbulent or non-parallel 
laminar or turbulent.

Louis presents a cr tplei; list of formulae for values of B for 
various cases. In addition he presents a table of equations giving the
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TABLE 2.1 FLOW LAWS FOR DIFFERENT TfPE’S OF FLOW

TYPE OF FLOW
EQUATION FOR 
FLOW RATE q

SHARP

g
§ 5 TRANSITIONAL q =B J0 -75

| HYDRAULICALLY
SMOOTH

COMPLETELY q=B 0°*5
ROUGH

| LAMINAR

TURBULENT q=8 J0,5
£g
B

* For an explanation of non-parallel flow 
see Louis' thesis (1969)

33
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coefficient which occurs in the joist flow equation (2.36) for 
different types- of flow and joints:

where V is the joint flow velocity.
is the joint hydraulic radius.

Louis moreover presents the results of investigations into the 
effects of variable joint openings and macroscopic joint waviness on 
the flow in the joint. Hence a sound quantitisation of the flow 
characteristics for different joint characteristics exists and can 
if necessary he consulted when considering practical cases of flow 
in fissured rock masses.

The difficulties of determining the practical field characteris­
tics of actual joints means that in most cases the equations discussed 
above will be used more as a guide to the understanding than as an 
appreciation of what is actually occuring in practice. Nevertheless 
they constitute a valuable tool to assist the engineer in judging the 
practical field problem.

The solution of the total flow regime requires a q-V and a J-V 
relationship for each joint and the equations presented by Louis 
provide the rigorous forms of these relationships for all joint 
characteristic combinations. If the joint characteristics are not 
accurately known estimates of the values of the parameters in the 
relationships should be made, based upon Louis' equations.

Solution of the Total Flow Regime.
A two dimensional jointed rock mass is to be analysed and composed 

of i joint segments so arranged that there exist n joint intersection 
points or nodes, m closed paths through rock joints, and p open flow 
paths along the boundaries. Consideration of any simple network will 
show that for such a system there exists n + m + p + ) distinct 
joint sections i.e. i = n > m + p  + j

34
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2.5 Showing calculation 

of number of equations 
required to solve network eqiss.

Thus n + m + j> +1 
equations are required to 
solve for the unknown 
potential gradients J in

These equations arise from 
consideration of die following

1. From considerations of continuity at each intersection of two 
or more joint segments the algebraic sum of the incoming and outgoing 
flows from the joints entering the node must be zero. i.e. The sign 
of the incoming, and outgoing flows in any one equation must be opposite. 
As there are n such intersection points a set of a equations of the 
form of equation (2.37)can be written

(2.37)
is the flow rate in. the j joint coming into 
intersection point.
is the number of joint sections coming into 
intersection

2. From considerations of conservation of energy it follows that 
the sum of the flow losses in any arbitrary closed flow path through 
joint segments in the system is zero. If the traverse direction around 
tlie closed flow path is in the same direction as the flow in the joint 
the losses are taken, as positive, if the traverse direction is in the 
opposite direction of the joint flow the flow losses are considered 
negative.

L
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IT
This fact leads to s equations of the form

E 1, ( ^  = 0 r‘l..,. ,01
i_«1 3 3n 3

(4)i

joint segment in 
. closed path in the system

is the number of joint sections in the 
closed path in the system

is the potential gradient in the jthjoint 
of the closed path.

3. Paths along a boundary are no longer closed but are open. 
Hence the sum of the flow losses along a path from one point on the 
boundary to another on the same boundary is equal to the difference 
in potential at the beginning and end points on the boundary of the
open path. Thus a 
can be written

t of p equations of the form of equation (2.39)

where i|> and A 
end of the open path.

i the potentials at the start and

4. One additional equation to give i equations can be gained by 
relating two boundary conditions for different boundaries. That is . 
along any path going from one boundary to a second independent boundary 
the sum of the flow losses is equal to the difference in potential 
between the two points on the boundaries.

L

L L
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whetfe bj aad bg deaote the Sitat and aetoni 
boundaries.

Thus -f = n + n + p*t equations can be written and 
can be solved for to yipld 9£  in each joint segment.

Any of the numerous solution techniques for solving large 
numbers oE simultaneous equations may be used.

The above method is also applicable if the flow in any of 
the joints becomes turbulent. If this occurs an iterative approach 
must be used to determine the correct flow law, and the equations 
involving must be linearised using techniques explained
by Louis (1969) and Sharp (1970).

In some cases where many Joints must be considered it is 
possible to replace a number of them by an equivalent substitute 
joint. If all the joints to be replaced belong to the same joint 
set, and each joint has an aperture aj then if n joints are 
combined into one equivalent joint the equivalent joint apeeture 
•ae is given by

( a e )3 - E ( )3 c a . m )
Direct extension of above method to three dimensions is not 

possible. However, recently tiittke (1970) has presented a method, 
based on the idea of considering the flow in each three dimensional 
joint separately to solve the field flow regime. This method more 
properly belongs in the Composite Medium Approach considered in the 
next section.

L



CLASS 3 THE COMPOSITE MEDIUM APPROACH
Tbia section deals with the approach co those practical field 

problems where neither of the above rvo approaches, i.e. the equiva­
lent continuous medium approach or Che discrete flow channel approach 
can Be used in its pure form to adequately describe and model the 
practical field situation. Two such practical field situations occur.

(a) Three dimensional joints of limited 
extent which it is desired to consider 
as individual planar conductors.

(b) Regions of jointed rock traversed by 
hydraulically active major geological 
aisRcmtinui ties of such a nature that 
their presence discernably affects the 
regional flow pattern.

Consider in detail the methods employed Eor each oc the above

(a) Three dimensional planar conductors.
Tbs development of this method is due to Wittke (1970). It is 

a powerful method for handling certain cases of three din • ĵ ional 
sparsely jointed rock masses, for which the joint characteristics 
are known. The assumptions which are required for this method are

(i) The intensity, continuity and inter­
connection of the jointing are such 
that the rock region can be adequately 
modelled by a system of intersecting 
planar conductors.

(ii) Each planar conductor can be represented
by a two dimensional porous medium, for 
which the flow characteristics are known.

The corollaries to the above assumptions are the same as for the 
discrete flow channel approach.



The potential distribution is solved for by imposing on each 
joint section a finite element grid, the nodes at the joint inter­
sections being taken to be common to the too or more joint sections 
meeting at the intersection. Then, using the methods described in 
the subsection on finite elements, the total system of element nodal 
potentials is found. Renee the potential gradients and the joint 
flow characteristics can be solved. Wittke (1970) shows how this 
method can be used to study transient field conditions.
Cb) Major Geological Discontinuities.

The method presented in this section has been evolved to deal 
with those particular cases where a jointed rock mass is traversed 
by hydraulically active major geological discontinuities and it is 
desired to analyse the rock mass as an Equivalent Continuous Medium. 
The method presented will handle cases of highly impermeable dykes, 
highly permeable major faults or joints and, as a special case, tens! 
cracks with static water in them.

The following assumptions are made.
(i) The major geological discontinuity can 

be adequately modelled as a planar 
conductor through the sides of which 
water is percolating.

(ii) The jointed rock surrounding the major 
discontinuity can be adequately modelled 
as an Equivalent Continuous Medium.

The corrolaries to the above assumptions are.
Ci) Some representative hydraulic parameters 

can be estimated to describe the conduc­
tivity of the major geological discontinuity.

(ii) All the assumptions and corollaries given
for the Equivalent Continuous Medium Approach 
apply to the jointed rock mass surrounding the 
major geological discontinuity.



Fig. (2.6) illustrates tbe type of region assumed in the 
following analysis and a possible practical field occurence.

FI6. 2.6 THE PRACTICAL OCCUBESCE OF MAJOR CBOhOSICffl.
v z sa m m n T ie s

Consider first ax. infinite joint in which water is flowing and 
through tbe sides of which water is percolating as illustrated in 
Fig, (2.7). The percolation per unit area of joint side is L.

FIG. 2.7 SECTIOS OF INFI9H3 JOINT



that the "non-percolation" joint hydraulic characteris- 
at and that the flow rate can be described by so equation

of the fora given

terised by a permeability tensor of the form
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This in its roost general form equation (2.48) can be written

t * { y ' * ('i, *

♦ tk5), ♦ k|,) Jy * (k« * »«) - 0 C2.M)

For the two dimensional case of laminar flow in a joint (2.48) 
reduces to

''z - ' » . » "

For static water in the joint the equation along Che joint (2,48}
reduces to

(kz2 + k|z) J2 -= 0 (2.50)

Jx = 0 S D

For coses where the field potential is to be found using finite 
difference iiK'hods, the grid can be taken to rua parallel to the dis­
continuity and the finite difference fora of equation ( 2.48 can be 
written. Tlie extended £orss of Che equations linking neighbouring 
points can then be incorporated in the solution routine.

If the discontinuity does not lie parallel to the grid directions 
then the grid spv.siug in the vicinity of the joints should he s® altered 
as to ensure that all nodal points fall on the discontinuity. The re­
lationship between nodes on and adjacent to the discontinuity resulting

L
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frot equation (2.48) can then be incorporated in the solution 
routine.

For tension cracks and joints containing static water, the 
nodal points of the finite difference grid have specified potentials, 
the potentials being the static potential in the joint which is 
usually known front boundary conditions. At all stages of the solution 
proceedure this specified nodal potential is stipulated at the node 
and the surrounding nodes are solved in terras of the specified nodal 
potential.

There are many different solution techniques which may be 
utilised to determine the potential distribution and the flow regime 
in a jointed rock mass. Each technique involves a different way of 
modelling the rock eaes and hence will lead to different answers.

The accuracy of the answer obtained will depend upon the 
correctness of the model vhich is used to represent the jointed rock 
and of ths accuracy and extent of the geological data available to 
use in the analysis.

It will however be shown in this thesis that the answers obtained 
from an Equivalent Continuum Approach and a Discrete Flow Channel 
Approach are for most practical field cases i ttical and that the 
choice of one method or the other will be influenced by the nature of 
the physical problem being investigated.

COKCmSIOK
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CHAPTER 3

1BE AFfLIC^BlXm OF THE ROCK JOIST MODELS TO THE VARIOUS

It has been stated that an essential part of the method of 
adjusting flow parameter!' until correspondence is obtained between 
measured and calculated fluid pressures is the actual calculation of 
values of the fluid pressures. In order to perform this step it is 
necessary to model the jointed rock mass by means of one of the models 
discussed in the previous Chapter.

fliffezent nay. As it is important that the model chosen be aa good 
a representation of the rock mass as possible, it follows that the 
model chosen to represent the rock mass uill depend on the actual 
physical nature and configuration of the Joints in the rock ease.
Four rock joint categories have been defined. The model which best 
represents each category and the computational difficulties involved 
In each method are discussed in this chapter.

Generally the choice of model to teptesettt the rock Base tiili. 
depend on which model is the most accurate and realistic representation 
of the jointing of the joint assemblage, the different hydraulic regions, 
their spatial relationships aid' the boundary conditions which apply to 
the region and the whole rocic mass. The extent to which the rock is 
heterogeneous or anisotropic, plus the presence or absence of major 
geological discontinuities also affects the choice of model.

1. H.TACT BOCK, can be homogeneous or heterogeneous and also 
isotropic or anisotropic. When such a rock mass is both homogeneous 
and isotropic the Equivalent tedium Approach should he used. Laboratory 
tests will yield the primcy pecraability of the material and this aan 
be used in any of the Equivalent Continuous Medium Approaches.

If a numerical computation is desired the finite difference method 
is suitable provided the boundaries are simple and regular. If the rock

JOINT CATEGORIES.

Each of these models views the rock mass in a fundamentally
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material is anisotropic tiie application of numerical proceedures 
requires that the equations account for the anisotropy. For the 
Finite Difference Method this would mean a changed relationship 
between any particular node and its surrounding nodes. The relevant 
Finite Difference Equation for any degree of anisotropy is tabulated 
in Appendix 4. For the Finite Element Method the permeability tensor 
would then be a diagonal matrix only for the principal axes of the 
system and the diagonal tensor coefficients would not have the same

If the potential distribution for an anisotropic homogeneous 
rock material is to be determined by graphical or analogue methods 
the field oust first be transformed to the equivalent isotropic field.

The most practical method to adopt when the region is non- 
homogeneous is to divide the region up into homogeneous subregions.
A matrix of permeabilities giving the permeability characteristics at 
each set of nodes or even each node can then be set up for use in both 
the Finite Difference and the Finite Element Method. The elements of 
this matrix would in themselves be matrices.

Where the heterogeneity is completely random a mean value of the 
statistical distribution can be used. *

2. REGULAR JOINTS. Tests described in this thesis show that both , 
the Equivalent Continuum Approach and the Discrete Flow Channel Approach 
can be utilised to model a rock mass composed of regular interconnected 
-lints. These tests as described in Chapter 8 also indicate that the 
potential distributions determined by these two methods converge te a 
common answer as the number of joints in the region is increased.

The convergence of the answers is due to the fact that it is 
possible to derive a rigorous formula and hence a correct value for the 
permeability tensor for regular interconnected joints. This correct 
permeability tensor ( as derived in Chapter 5) is used in the Equivalent 
Continuum Approach.

* This is discussed further in Chapter 9.
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It would thus appear desirable to always use the Discrete 
Flow Channel Approach as this could rigorously account for all the 
effects of random joint spacings, orientations end hydraulic character­
istics. However, this implies a complete knowledge of the practical 
field geometry, which it is practically impossible to obtain. Certain 
simplifications and assumptions must therefore be made to render the 
problem amenable to solution by the Discrete Flow Channel Approach.
This usually involves assuming that all joint apertures are the same 
and that the joints are uniformly orientated and spaced.

Should it however be desired to model the rock as a Continuous 
Medium the value of the permeability tensor to be used has to be 
estimated. If the irregularity of jointing is such that there exist 
certain central, tendencies for the data describing orientation, spacing 
and length of joints in each joint set, it is possible to use a corrected 
value of the permeability tensor for an equivalent regular continuously 
jointed medium. Correction factors would have to be applied to the 
contribution from each joint set to the joint assemblage permeability 
tensor- Such corrections would account for the deviation frost the 
mean of the joint set characteristics. Chapter 6 discusses the theoretical 
hacttground to this problem. Tests described in Chapters 7 and 8 were 
performed to study the effects of irregular jointing on. the potential 
distribution in such a mast.

In deciding which of he two main Approaches to use, consideration 
will have to be taken i.' eke following factors.

(a) Are the joir spacings and lengths large 
or small in telaticn'to the size of the 
region or subregions into wt.v V for 
purposes of computation the region is 
to be divided.

(b) tihae is the degree of interconnection 
of the joints.

(c) What is the degree of regularity, i.e. 
the variance from the central tendency 
of the joint spacings, orientations and 
continuity.
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(d) What is the extent and reliability of 
the available data describing the joint 
patterns and the joint characteristics.

(e) What degree of accuracy of solution is 
required.

For cases where the joint spacing and lengths are small 
relative to the region and the subregions considered and where 
there is a high degree of interconnection the Equivalent Continuum 
Approach is the more suitable. For relatively few joints in the 
practical field situation where the joints are long relative to the 
region, the Discrete Flow Channel Approach will provide the more 
accurate answer.

4. MAJOR GEOLOGICAL DISCONTINUITIES. This is the particular case 
for which an analytical metbcd was given in Chapter 2 as a subclass 
of the Combined Medium Appioactu

The equations presented there can be used to describe the flow 
in individual joined surrounded by highly pervious rock blocks, as 
well as in major geological discontinuities surrounded by jointed

A carious attempt should always be made in any practical field 
investigation to locate such geological discontinuities, which may 
sometimes be no more than an individual highly conductive joint, 
failure to locate such discontinuities may well invalidate any 
calculations that neglect this discontinuity. Rigerous maintainance 
and checks on practical field piezometers will considerably red'tce 
the likelihor>4 o£ such discontinuities remaining undetected.

The inherent difficulties involved in accurately modelling a 
jointed rock mass in order to analyse its hydraulic regime, clearly 
underline Che povsr of the rethod at adjusting hydraulic parameters.

COHCLDSIOH



The field piezometer readings give the correct values of the 
Hater pressures at the particular points in the field at which the 
piezometers are situated. Provided that all precautions are taken 
to ensure the correct functioning of the piezometers, the results 
from such piezometers provide the value of the water pressure which 
is a result of all the irregularities of jointing and known and 
unknown geological discontinuities.

Therefore, provided care is taken in choosing the most suitable 
method of modelling the jointed rock mass, and correspondence can be 
attained between measured and calculated fluid pressures, the para­
meters which give the best correspondence can be used with confidence 
in predicting changes in fluid pressures which would occur due to 
altered boundary conditions.

However, at the heart of the whole process lies the fact that 
ultimately to apply the method a mathematical model must be made of 
the jointed rock mass, in order that a series of calculated fluid 
pressures may be obtained. The discussion contained in the present 
Chapter should guide the choice of the model which is to be used for 
any particular joint assemblage.
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VECTOR AND TENSOR METHODS 0? DESCRIBING THE PERMEABILITY 
Qg AM ANISOTROPIC ROCK MASS WHICH IS MODELLED AS AW 

EQUIVALENT CONTINUUM.
An anisotropic, but homogeneous, radium can be characterised 

by a set of vector or a set of tensor permeability coefficients. It 
has been stated that if a jointed rock mass is modelled accor'liug to 
the Equivalent Continuous Medium Approach, both the finite difference 
and the finite element methods involve tbe use of a permeability 
tensor. Certain graphical and analogue techniques and in certain 
circumstance? the finite difference usetttoi vTOrelve the v.se of vectors 
of permeability. It is thus instructive to compare tbe methods and 
to evolve ths; relationships between the two types of permeability 
coefficients.

Strictly the use of the terms Vector and Tensor are anomalous, 
for what in this thesis is usually called a tensor is actually a tensor 
of rank two and a vector is a tensor of rank one.(see appendix 2) 
However, the terms Vector and Tensor method appear to be accepted 
and are standard terminology amongst writers on the subject. According­
ly, they will be used in this thesis.

' A REVIEW OF Tas HISTORICAL USTOLOPMEHf Qg TKS IPV.,’ ‘ W  

TBSSOit AND VECTOR PERMEABILITIES ■
Datcy (1856) as a result of experiments performed in inves­

tigating; the public water supply for the fcencfe city of Dijro, noted 
the proportionality between the velocity of flow in a porous medium 
and the hydraulic gradit:..; applied to the medium. Thua Darcy's law 
which defines the proportionality between a velocity vector and a 
parallel potential gradient in an isotropic medium arose.

when V|t is the velocity vector of flow
k is the permeability coefficient of the medium

L  the potential gradient parallel tu It

L



r

The first recorded experiments to study anisotropy are 
those by Buhammel who in 1B32 studied anisotropic conductivity 
by measuring the elliptic shape of the melting front around a 
small heat scree embedded in crystals coated tith paraffin.

Versluys in 1915 was the first to explain anisotropic 
permeability by modelling the conductors as arbitrarily-oriented 
bundles of tubes. Ha showed that any four arbitrary sets of 
conductors may be replaced by three mutually orthogonal sets with 
conductivities Kx, Ky and Kz respectively, is these K coefficients 
are the principal axes permeabilities.

In 1948 Ferrandon derived the tensor form u the permeability 
coefficients from a model consisting of a bund'.; of tubes. In the 
same year Johnson and Hughes (1948) studied experimentally the 
significance of directional permeabilities in oil bearing sand­
stones by cutting small horizontal plugs at varying directions and 
determining their permeability.

Scheidegger (1954) analysed the data of Johnson and Hughes 
according to Ferrandon's theory, and also plotted their original 
results as ellipses of permeability. The test results, published 
without physical explanation, substantiated ’’crrandon's theory 
originally published without any test results. Scheidegger published 
two further definitions of vector permeability in the same year.(given 
on PageS3 )

Snow (1965) presented a thorough investigation of the fora of 
the permeability tensor for jointed rock masses and the effect of 
joint orientation dispersion and aperture site distribution on the 
value of the tensor permeability coefficients.

The presentations in this chapter are similar to the original 
presentation by Ferrandon and Scheidegger. The expression for the 
permeability tensor for jointed rocks was derived independently of 
Snow and hence is different to that given by him.

ISOTROPIC FLOW
Starting with Darcy’s orig ,al observation that there exists a 

proportionality between the flow velocity and the head lost per unit



porous medium the following

« .4*-
the fluid flow velocity 
the change in head or pc

is defined as the isotropic permeability 
coefficient ceording to the following

is a function of the geometric properties of 
the medium and. of the properties of the fluid. 
By definition as 65 tends to zero.

gradient

This equation implies 
potential gradient.

of the velocity relative to a co-ordinate

Che components of the potential gradient



The fora of the Laplace equation describing the potential 
distribution in an 1sotropic medium is thus

151 ,+ ii£ (t.7)

L

AJTlSOTRQglC FLOW
The isotropic fona of Darcy's Law implies that the velocity 

vector is always parallel to the potential gradient. For anisotropic 
media in gaupral this is not true. It will be shown that the velocity 
is parallel to the gradient only along three mutually orthogvtral axes 
defined as tlia principal axes of the medium.

1. TENSOR PERMEABILITY.
Two derivations of the tensor fora of the permeability matrix 

are given below; one an intuitive type derivation and the other 
Ferrsnuoii1 s rigerous mathematical derivation.
(a) The "intuitive" derivation of the Permeability Tensor.

Tor purposes of this derivation it is necessary to consider 
the anisotropic medium to be such that if a potential gradient is 
imposed on it, flow takes place in such a manner that the velocity 
vector has three components, one parallel to the imposed gradient, 
the other two ae right angles to it. *The proportionality coefficient 
between the imposed potential gradient and the velocity of tltw 
orthogonal to it is known as the cross permeability coefficient 
usually writtnn k.j where j is the gradient direction and i is 
orthogonal to the j direction. It is necessary to assume that the 
principle of superposition is valid, i.e. the velocity vsctor due to 
one potential gradient can be added directly to the velocity vectors 
due to second and third potential gradients. This is true in particular 
if the flow velocities, both individually and combined, are wi’nin the 
range of laminar flow.

If a potential gradient 5 is imposed on. an atisntropic medium, 
flow rest.]fp with a macroscopic velocity vecnr not necessarily parallel 
to 2 . The components of the velocity vector along the x.y.z axes are 
then froa tie above definition of the cross peivechility coefficient

* see footnote over.

35: T H Y ;
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Ti
This can be most: easily illustrated by the follow,ng tfxampls. 

If e iointed mass as shown in fig. (4.1) is confined in between cm 
_iepermeable boundaries and a different potential is applied at 
opposite sides, (AB and CD) then the applied gradient is as shown. 
Flo - will occur Etrom face AB to face CD if AB is at the higher 
potential. However, because oi the nature of the joints at no point 
will flow be solely parallsl to the imposed gradient. The flow will 
always he such that at any point there is ".vs component of flow 
parallel to the applied gradient and one orthogonal to it.

1U:

Dir'sction of 
imposed gradient

FIG 4.1 A JOINTED ROCK MASS INBETWEEN IMPERMEABLE 
PLATES



uhere ths superscrips are indices. Rertot-e the potantiel 
gradient Jx and apply a poeencial gradient J7. Hence again she 
componeBts of the velocity vector are

Remove J7 and apply Jz. Then the velocity componeata arts

< - - tz2 Jz vr " " ky z Jz ’z " - k2z Ji

Hoe simultaneously apply Jx, Jy and Jz.
From the assumption that the principle of superposition is valid 
the velocity components are the sum of the velocity components 
due to the separate applications of the gradients Jx, Jy, Jz i.e.

",
Vv = J¥ -k.,u -k,

z zx x yz y 

In matrix notation

'yy y yz uz 
K  - k „  J,

It can be shorn from energy considerations, that K is a 
symmetric tensor. Ferrandon’s derivation demonstrates the symmetry 
of K by rigorous mathematics.

Or in vector notation

L 1



(b> gflrraodon's Derivation of the Permeability Tepaoc.
Perrandon (1948) produced the following derivation of tfss 

permeability tensor. At a point M (figt•2) an anisotropic 
porous body a surface is taken such that this surface 5 1 has a unit 
tiocsal vector ( Q i g> y' jand that there exists another
surface S bounded by the solid angled dK which has unit normal 
vector n ( a 8 Y )
. If tlie potential gradient J is in the direction n' , fin<I£ 

is the effective conducting area corresponding to the unit area s j 
where yn is the factor that accounts for the occurrence of the 
solids formitiR the filtering medium, and is function of n 
The scalar ptoducc or the two unit vectors n.ii1 is the cosine of 
the ar.gle between the vectors n and n1 and hence ii. n1 d£

is the effective conducting area in the direction n • From 
this it follows that the elementary quantity of flow across the unit

ds„ * s„ "•»' J <*-»)

where k is the medium permeability in the direction n 
The total outflow through the unit urea $1 through the filter 

medium is obtained by direct integration of dq through the portion _ 
of solid space (solid angle 2ir ) situated on the same side of the 
ate* s' as the +ve normal ti'

However
J . - S l  - -( a II t 6 H  < r if ) tt.M)

However, k and ^ are functions of n (a g y) t!l"s 6he issnlt 
of the integration saise remain a definite function of n (a g f) 
which leads us to put ■
A - / ^ k  m H z b = v&Hi c = / f k

(4,16)
0 , ku«edZ E = /;* kvardC F = /** ku6Yd£

and to introduce the right symmetric matrix
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Fig. 4.2
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Some Consequences of the Fact that Permeability eai> be wcieten.

The fact chat the permeability of an anisotropic porous roeiitm 
can be written as a symmetric second order tensor, leads immediately 
to the following conclusions.

(a) In general the velocity vector V and the 
potential gradient J do not have the same 
direction.

(b) There exist three mutually orthogonal axes 
in space along which the directions of the 
velocity vector and the potential gradient 
are parallel. These axes are the principal 
axes of the medium. Their direction is that 
of the .eigenvectors of the permeability tensor.

(c) For any three-dimensional porous medium there 
are six independent permeability coefficients.
For a two diamnsional medium there are three 
permeability coefficients,

(d) The fact that the velocity vector can be 
written V = -Kgrad*leads to the face that 
when values for C Vy V^are substi­
tuted into the continuity equation

3V,

The following equation describing the potential 
distribution in an anisotropic medium results.

iLj,'" %  "'
For two dimensions this can b« written

L



IS the value of the permeability tenser

readily be obtained frr any other set

system (x y z )

If the equivalent permeability tensor K with respect to the 
t x y s ) is required, the following proceedute is to be

Either by means oi tensor trsosi 
by reasoning from first principles



the velocity vector lit the (x y z) 
the velocity vector in the tic y 5) 
the gradient 
the gradient vector in the <x y a) axis system.

the Cs y is) axis system.

orthogonal matrix i. 
the inverse of L

Thns(t' 3^becomes

Substitutihg into (11.31) gives

Equation (4 .35) is true in two and three dimensions. This is 
an important result and is used particularly in the finite element 
method to transform a permeability tensor in a local co-ordinate axis 
system to the equivalent tensor in the global co-ordinate axis system.



If the two dimensional form of equation ( 4.39 is expanded 
the following relationships amongst the permeability coefficients 
in Che two axes systems (x y 2) and (x y z) whose X axes are at 
an angle 9 to each other result.

‘ &xx = kxxcosE6 + 2kxycos8 sin 0+ kv>

From these relationships direction of the Principal Axes of 
axes (x y 2) will be the principal 
‘ 0 . Hence equating the right
sro and re-arranging gives

FIS. 4.3 THE RELATIVE ORIENTATION OF THE TWO 
SETS OF AXES USED IN EQK,4.36

have to be made of the values of the permeability tensor coefficients 
for a jointed rock. Certain estimates which at first might appear 
reasonable often are inadaissnble as they might lead to values of the

negative, and this denote:
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a physically impossible situation. However, it is possible for 
negative values for the off-diagonal terms of the permeability 
tensor to exist. This only implies t1 at a potential gradieat in 
the positive direction of one of the axes causes flow ouch that 
there is a component of velocity of the flow in the negative direction 
of she orthogonal axis.

The following inequality can thus be used as a criterion for 
the validity of the tensor coefficients. This inequality can be 
derived from the fact that and must always be greater

Similar equations could be derived for three dimensional systems. 
The tensor form of writing the permeability of an anisotropic medium 
i& particularly useful in that manipulation of the tensor is simple 
and the equations to which it {lives rise in both the finite difference 
and the finite element methods are convenient to use.

2. VECTOR PERMEABILITY.
In general in an anisotropic, homogeneous body the direction of 

the velocity vector and the potential gradient are not parallel. Thus 
there exist two ways in which n vector coefficient of permeability can 
be defined, (Scheidegger 1954)

I be Vector Perrneabii.ity Coefficient k 1 is 
defined as the ratio of the flow velocity to 
the component of the potential g— r’--nt in 
the direction of tlie flow.

ii The Vector Permeability Coefficient k" is 
defined as the ratio of the component of the 
velocity vector in the direction of the
potential gradient to the potential gradient.

ere scalars.

L
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These definitions result in the different values of k' and 
k\ The difference between the two is a function of the aniso­

tropy of the material and of the directions of flow and the potential
gradient relative to the principal axes of the system.

The following physical representation of these two types of
permeability coefficients is usually given.

Cut from the anistropic medium, a long thin pencil shaped 
specimen, the specimen being encased along the sides. In such a 
case the seepage velocity must obviously be along the pencil's axis, 
whereas the direction of the equipotentials is unknown, for generally 
the equipotentials will be oblique to the axis of the pencil i.e. con- 
orthogonal to the flow velocity. This situation is a representation 
of the sort of test that would yield a value for. k' .

Cut a pancake like slice from the porous medium, and impose 
constant potentials on the broad surfaces. Thus the gradient is fixed . 
end known while the velocity is generally oblique to the equipotentials 
and inclined to the principal axes of permeability. This represents the 
situation from which k" can he derived.

It follows that for each direction in the medium there exists a 
different value of k' and k". The variation of k ' and k" with 
direction in the medium is as detailed in the following section.

The Variation of k ' and k" with Direction.

The anisotropy of a porous medium is described by the two principal 
permeabilities kx and where kx is larger than ky . These 
quantities should not be confused with the double subscripted variables 
used let the previous section, although if the axes x and y ere the 
principal axes it follows that kx=kxx and ky'tyy

The flow conditions at each point ere defined by the magnitude 
i-nd direction of the velocity V and the magnitude and direction of 
the potential gradient Jn= 3j_ (see fig. k.4)

From fig. (q, 3) the components of the velocity in the direction

vx = -kx jn C0Ba -ky sina

L
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Arbitrary direction 
tn which k. is 
measured. v

FIG. 4.4 GENERAL FLOW CONDITIONS IN AN

ANISOTROPIC MEDIUM





(J coincides with the angle

+ sinH 
k„ kv

Thus kg in equation (4.46) is the permeability coefficient 
in the direction of the velocity as a ratio of the component of the 
potential gradient in that direction. From the definition of k1 
therefore

k x = k1 iii. u

To study the relationship between k' and k” consider what 
occurs where Q=5 . Take the ratio k /k.

“ i + _* (1 - ) sin*a cosza

Since a=S the ratio k^/kg should equal 1

Therefore the term

”  ( 1 “ ) sin2a cos2a
ky kx

is the difference between ka and kg -



Hircue (1962) has presented graphs plotting the percentage 
difference between kg and. kg as a function of the ratio kx/ky. For 

kx/ky« 0.5 the percentage difference between ka and is
102 and this difference increases rapidly to 802 for kx/ky - 0.2 
and to greater than 400% for k^/kr^O. 1. Thus the use of a vector 
approach for the analysts of practical field problems should be 
avoided, or at worst used with extreme care. As the analytical 
methods are tailored to the tensor permeability approach the short­
comings o£ the vector approach are of little practical importance.

The vt.tor approach and the anomalies it induces are Zikely to 
be of significance only in the small -scale laboratory Ceati?.g of 
anisotropic soils.

As kx Was assumed the maximum and ky the minimum permeability 
an ellipse of permeability can be drawn giving values of k and k" 
for any angle from the principal axes. The ellipse has major and 
minor axes of and k y ^  in the case of equation (4.it6)and

and in the case of eqciacion (it./(B) the radios of
the two eT.l.ipses being .̂1 /2 or /2respectively.

THE gELATIQMSHIP BETWEEN TEHSOR AMD 
VECTOR PERMEABILITY COEFFICIESTS

The permeability of a medium is an inLrinaic property of the 
material, hence the values of permeability coefficients .is derived 
by different mathematical approaches are related.

Consider briefly the salient differe ,ces between che vector 
sad tensor methods before exploring their mathematical inter-relation-

Tbe tensor approach is baaed on the fact that the velocity 
components along the system axes are impressed as functions of the 
mutually orthogonal pofmwial gradients also along the syecest sxfe.
The vector approoc’u however, exprfiases the velocity vector as a 
function of the component of toe potential gradient in the direction 
of the velocity or the velocity component in the direction of the 
potential gradient as a function of the potential gradient.

L
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Define " as the unit vector in the direction o£ k' and k" .

Froa Serrandon's derivation of the permeability tensor, the 
following equation resulted.

v„ = - n ( K grad* ) (lK5l

For a two dimensional system uhere „ „ ( COSg sine )

. _ N  '"I
(3l‘„

when miltiplied out equation (4. SO) yields 

Vn = ( kxx cose + k Si ne  ) Jx + ( kxy cose * kyy sine )

CH.SI)
From equation (It.50)

gradi) = - Vn K  ̂ n'

where K  ̂is tlte inverse of K 
n1 is the transpose o£ n

If a tube is cut from an anisot. "Opic medium, the filter 
velocity y is parallel to the axis of the tube i.e. V = Vn .
If the ratio of the length of the sample to the cross-section is 
large $ the potential drop across the ends of the cube is also 
parallel Co n i.e. @ =4n . VR and $ ate
therefore parallel. From the definition of k 1 . hercfore

L
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in general the equipocentials

the porous anisotropic ciediiim

I ' ilin rnŜ n*..........n\t
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In this instance

Substituting 59) and (S. S 7) xnto (4.53) yields

For a two dimensional system, 
axes ( sc y )

k" = fexx cos 26 + 2kxy cos i

For kxy = o i.e. ( %,y ) the principal axes (H. 61) reduces 
to (if.its) . k" *s equal to the R,, tensor coefficient in the 
( x y ) axes system situated at 6 to the < x V ) axes, equation
(4.35c}. This illustrates well the power and advantages of the tensor
method over the vector method.

Consider the velocity component .

From the vector method and for the definition of k"

vx = - k" J (4.62)

For this equation to be valid ^ must lie along the x axes,
otherwise the definition of k" is not satisfied.

From the tensor method

In this caseJ-=J and d-= 0

If j is displaced such that it does not lie alcfflg the x axis 
then equation (4.52) is no longer valid. The new value of k“ say 
in the new direction of J most he found to apply equation (4.83). 
However, for equation (4.63) the components of J in its new position
i.e. J- and J- are merely found the substituted into (4.63), the
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CHAPTER 5

THE DETERMINATION OF TEE PERMSABILTTV TENSOR FOR 
A RECEIARLf JOINTED ROCK HASS.

If a jointed rock mass is to be modelled according to the 
Equivalent Continuant Approacn it is necessary to have values of 
the tensor permeability coefficients for use in a theoretical 
analysis, which may be carried out by the finite difference or 
the finite element method. The present chapter considers tha 
value of these coefficients for a jointed rock mass traversed by 
continuous joints, uniformly spaced, all the joints in any one 
particular joint set having the same orientation.

Assume that water is flowing iribetween two parallel plates 
a distance e apart, "fig.5.1,which in practice would be the sides 
of rock blocks. It is necessary that the rock material be assumed 
impervious, so that the flow from the rock material into the joint 
may be neglected.

The Flow of Hater in an Individual Joint

! '

Velocity Distribution

F1g 5.1 FLUID FLOW IHBETUEO TWO PARALLEL

IMPERVIOUS PLATES
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A standard equation from classical fluid mechanics giving 

the velocity dieiributinn inbetveen two plates is

( y - —  > M

where is the fluid flow velocity at a distance
y from the origin ( see fig. 5.1 )
V is the viscosity of the water
e is the joint aperture

3* is the potential gradient in the x direction

From this equation the average velocity in the joint may be 
calculated to give

% *
The Fermeability of Jointed Masses 

Consider fig. 5.2 which shows a system of parallel joints in 
a jointed rock.

"Let d » the joint spacing
e = the joint apertures
V = the average joint flow velocity from equation ( 5,1 ) 
q =» the total outflow from a fissure as shown in fig. (5.2)

L
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Fig 5.3 UNIT ELEMENT FROM ROCK MASS WITH
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The total outflow in the X direction from the system of 
fissures shorn is

"i ' <«.«

where N is the number of joints in the height Z

If V is taken as the apparent velocity of outflow from the 
face a b e d  equation ( 5,5) can be written

This equation implies that there is no variation of $ in 
the Z direction or that the average value of 3$ is used.

However ( X -1 ) d = Z

but if tl is large then Nd = Z and fld«=Z can he used 
without significant error.

Substituting equation Cs.l ) into ( S.6 > yields

L



comparison with (5.S )

rock joint pattern Illustrated
ut fig. (5.3) the following equation describus the 
velocity vector

Such joint systems do not usually occur and since 
Co be able to handle various joints at arbitrary angles 
following general derivation far a three diosnsional caa

Assume a jointed rock 
set, tilth the following properties.

characterised by

the joint spacing

the fora factor for the joint

L
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(5.17)



Fig 5.4 TWO DIMENSIONAL

Jy sine (s.is)

From equation (S.12)

Multiplying the vectors out yield

(S.20)
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This is K for one sec of joints. For two or more sets the 
value of K would he the sum of the individual contributions for 
each joint set, each of which would have the same form as equation (5.17)

Snow (1965) has proved that for two or more joint sets the value 
of the permeability tensor is not altered by the interference to flow 
by one joint set upon the other.

Some Rules for Estimating the Direction of Principal Ames 
of Permeability for a Jointed Rock Haas

For any jointed rock mass with any number of joint sets, the 
value of K can be calculated or estimated by means of equation 
(5.17). It has been shown that the eigenvector of the permeability 
tensor gives the direction of the principal axes of the jointed rock 
mass. Equation ( 4.37) gives the direction of the principal axes 
for a two dimensional system, and similarly by finding the axes for 
which the three dimensional form of the permeability tensor is 
diagonalised the principal axes oV the system are determined.

Examination of equation (5.17)allows the following rules for 
estimating the direction of the principal axes to be postulated.

1. For a rock mass characterised by two equal 
orthogonal joint sets there exists one unique 
principal axis of permeability. This axis is 
parallel to the line of intersection of the 
two joint sets. The plane perpendicular to 
'his unique principal axis is isotropic. The 
permeability normal to the plane of isotropy
is twice the value of the isotropic permeability.

2. For two different orthogonal joint sets there is 
one axis of principal permeability parallel to

L



Two equal 
orthogonal joint 
sets ) /

Principal axis of 
permeability

Fig 5.5 DIAG. TO EXPLAIN RULE 1 FOR ESTIMATING
DIRECTIONS OF PRINCIPAL AXES OF PERMEABILITY

Intermediate

Fig 5.6 DIAG. TO EXPLAIN RULE 3 FOR ESTIMATING DIRECTIONS 
OF PRINCIPAL AXES
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the central tendency of each joint set. 
the major axis of permeability ia parallel 
to the line of intersection of the joint

3. For two equal non-orthogonal joint sets 
the major axis of permeability is parallel 
to the line of intersection of the joints, 
the intermediate axis bisecting the acute 
angle and the minor axis bisecting the 
obtuse angle between joint central 
tendencies.

4- Two unequal orthogonal sets have the major 
axis parallel to the joint intersections, 
the intermediate parallel to the central 
tendency of the stronger* joint set and the 
minor parallel to the central tendency of 
the weaker* joint set.

5- Two unequal non-orthogonal joint sets, the 
same as for 3 above except the minor axis 
shifts closer to the weaker joint set 
central tendency.

6- Three equal orthogonal joint sets are 
isotropic.

7. Three orthogonal joint sets with two equal 
joint sets will have a plane of isotropy 
defined by the normals to the two equal 
joint sets. If the third set is weaker 
than the other two then the axis parallel

* Strength when used with i iference to a joint set means the 
ability of that joint set to conduct water. Thus the strength of a 
joint set is proportional to the product of the cube of the joint 
apertures and the number of joints per unit length perpendicular to 
the direction of the joints. Two joint sets of equal strength there­
fore conduct equal amounts of water. Correspondingly one may speak of 
stronger and weaker joint sets.
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to the line of intersection of the two 
equal joint sets is the major axis of 
permeability and if the third set ia 
stronger then the axis parallel to the 
equal joint sets intersection line ia 
the minor axis.

8. Tor three unequal orthogonal joint sets 
the principal axes are parallel to the 
normals to the joints, the major axis 
being parallel to the normal oE the 
weakest joint set and the minor axis 
being parallel to the normal of the 
strongest joint set.

9. For three sets of joints with one sett 
not orthogonal co Ihe other two, eflual 
sets, the major axis lies closest co 
the greatest number of intersections.
The minor axis lies closest to the least 
number of intersections.

10. For three or more unequal, non-orthogonal 
joint sets use will have to be made of 
equation (5.17) and then it will have to 
be diagonalised to yield the directions 
of the principal axes.

Using these rules, it is possible to make an estimate if not 
calculate exactly the direction of the principal axes for a jointed 
rock mass. Values may be calculated for the coefficients of the 
permeability tensor for regularly jointed rock masses, by means of 
the equations derived in this chapter.
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CHAPTER 6

IKE NATURE AMS EFFECT OF VARIOUS FACTORS WHICH IHFLPEHCB 
THE ACCURACY OF THE gRBMEABILITY TENSOR TOR IRREGULARLY 

JOINTED ROCK MASSES

The main parameter used in the analysis be means of Che 
Equivalent Continuous Medium Approach of the hydraulic regime in 
a jointed rock mass is the permeability tensor. (See Chapter 4 
£ot definition) In the previous Chapter the expresaion tor the 
permeability tensor for regularly jointed rocks was derived. Such 
rock masses are however very rare in nature and normally the rock 
mass is irregularly jointed. Thus methods are required for deter­
mining theoretically the value of the permeability tensor for ir­
regularly jointed rock masses, and, if this is not possible, of at 
least detailing and discussing those factors which influence its

At present it is not possible to write exact expressions for 
the permeability tensor for irregularly jointed rock masses which 
account for all the irregularities of jointing. This is partially 
due to the fact that there Is no way of quantitising the various 
factors that cause total joint assemblage patterns to be irregular, 
and partially due to the fact that the exact influence of the ir­
regularities of jointing on the permeability tensor is unknown. 
Accordingly in this present Chapter an attempt is made to define 
Chose factors which contribute to the irregularities of a jointing 
pattern, to offer some expressions quantitising these factors and 
to relate them to the expression for the permeability censor. In most 
cases it is only possible to state that there is some form of functional 
relationship between the permeability tensor and the parameters des­
cribing the jointing irregularity.

The Mathematical Form of the general Permeability Tensor for 
Irregularly Jointed Rock Masses

In order to study the form of the permeability tensor for 
irregularly jointed rock masses the following types of permeability



r

Censors are defined.

K-g is the EQUIVALENT EEBMEAflXLITt TENSOR for 
one joint set i.e. the permeability tensor for the 
joint set which is obtained when it is assumed that 
all the joints are continuous, have an aperture equal 
to the joint set mean aperture and are evenly spaced 
at djj! , the mean spacing between joints of the joint

Kg is the actual value of the permeability tensor for 
a joint set that results when all irregularities of 
jointing are considered.

Kf is the permeability tensor for two or more ir­
regular joint sets.

In practice Ke is normally easy to determine, for information 
about the mean spacing is usually available and an estimate of the 
joint set mean aperture can be made, even if only relative apertures 
for the various joint sets in a joint group are used. The actual 
value of the permeability tensor, for an irregular joint set, 
is more difficult to determine. In fact it's determination is the 
central difficulty in all hydraulic analyses of irregularly jointed 
rock masses.

It is apparent that K is related to Ke and approaches it 
in value i.e. K^+Kg as the jointing becomes more regular.
Thus if a coefficient is defined such that

Ka = C Ka (6.1)
it appears that C is a function of the irregularity of 

jointing. Moreover it is a function not only of the variation from

L
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coBpUte legulatlty of the joint set to which it applies but is 
also a function of the total field geometry.

Thus i£ parameters S and . I are defined as follows 
S - the joint Set Statistical Spread. A precise 

definition of this parameter is not possible 
"but t is eeken to represent or to be a 
measure of the divergence from complate 
regularity of the joints in any one joint 
set. It will be a function of the joint 
aperture distribution, the variation in 
gouge filling and the other parameters 
which describe the nature of the joint 
surfaces.

I - the interconnection of the joints in the
joint group. This is a measure of the extent 
to nhich each joint set interconnects with 
the other joint sets in the joint group and 
is hence hydreulically active.

This relationship ov dependence can be formally stated as

Cj, « f < si , I > (S.2)
That is that C,- for the it?1 joint set is a function of the 

spread of the joint parameters and the total interconnection of all 
the joint sets iu the joint group. and I in themselves are
dependent an a number of d- -’erent factors as discussed later.

If there is mote than one joint set in, a joint group Kg wet 
be the sum of all the K 's i.e. is the sum of the individual contri­
butions from the individual joint sets.

Stated fonaally

%  = ( k. >, («."

N
= ^  ( C Ke )i (6.4)
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Kf is th» permeability tensor which ideally should be used 
in the analysis when the irregularly jointed rock mass is modelled 
as so Equivalent Continuum. Thus it appears that the basic problem 
resolves to one of determining the value of C for each joint set, 
as Kg is readily "determined.

The Factors which Contribute to the Irregularity of Jointing 

The jointing pattern of a rock mass is irregular because of 
the following factors which are not uniform from joint to joint.

(a) The joint aperture.
(b) The joint orientations.
(c) The joint length.
(d) The spacing between joints of a joint set.

The variation of aperture, orientation and length of the joints 
can normally be der-.ribed by some statistical distribution function.

Factors (a), (b) and CO influence tlie value of S. and 
factors (c) and (d) together with other factors listed below influence 
the value of I.

The Influence of the Variation in the Joint 
Apertures and Orientations 

To study the influence of the joint aperture distribution and 
the joint orientation distribution on the value of the permeability 
tensor, Snow (1965) assumed a number of joints with an orientation 
distribution de-cribod ̂ y a Fisher error distribution. He set np a 
continuous aperture size distribution. Next he paired a random 
aperture from his aperture distribution graph with a random orientation. 
This paired set of an aperture and an orientation was assigned to a 
joint. For this joint a permeability tensor was calculated. This

L
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process was repeated twenty five times and the resulting tensors 
were meaned, a correction factor applied to account for the joint 
spacings and then the final tensor was diagonalised. Fourty nine 
independent solutions of such permeability tensors were obtained 
and plotted on a stereographic projection. Also a frequency plot 
of the principal permeabilities was produced. He found that the 
geometric mean of the principal permeabilities approached the in­
finite sample size value after considering the mean of approximately 
two hundred conductors.

The Influence of the Joint Lengths and tha Joint

For a joint to be hydraulically active it must be hydraulically 
connected to neighbouring joints. If all joints in the joint assem­
blage were continuous, all the joints would be completely interconnected
i.e. they would all be hydraulically active. However, most joints are 
non-continuous. Moreover often the mean spacing between the joints of 
one joint set is of such a magnitude that it is not possible for all 
the joints of a second joint set to intersect at least two joints of 
the first joint set. Thus complete hydraulic interconnection of two 
joint sets does not always occur. Thus the manner in which two or more 
joint sets interconnect can materially affect the extent to which the 
joints of any one set contribute to the permeability of the rock mass.
This is most easily visualised by imagining two joint sets. Both joint 
sets are such that the joints of that set do not connect to each other. 
(Bach joint set has a finite value of K but a K that is effectively 
zero. i.e. C for each joint set is zero.) (See figs. 6.1 andg.2 )

If the two joint sets are superimposed with their central tendencies 
parallel, their combined permeability would be very small, if not zero. 
Again tiieir C values would effectively be zero. However, if their 
central tendencies were perpendicular then their resultant permeability 
is likely to be very much greater than the sum of the individual permea­
bilities.

Spacings
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FIG, 6.1 TWO JOINT SETS

a arid S joint 
set central tendencies 

parallel. Ca and Cg 
very nearly equal to

a and 0 joint
set central tendencies
orthogonal.
Co and C6 > 0

FIG. 6.2 THE TWO JOINT SETS SUPERIMPOSED



spacings inCiaeoce

jcinc spaciags of each joint

Tfte relative orientstion of the joint

intensity oC jointing.

known but it is possible to partially qosnti-joint groups i:

X. The relative ice an gpacin&g agd lengths of joists.
All other things being equal, and considering only two joint 

sets, it is apparent that the interconnection of the two sets will 
be influenced by the moan length of the joints o£ the a set, se] 
relative to the mean spacing of the g set of joints, and corresp< 
iingly the
set mean epacing. This can be quantitised by defining the dissnsionless

spacingthe joint set



FIG. 6.3 ILLUSTRATION OF STATISTICAL SCATTER
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lot a joint group consisting of N joint sets a composite 
dinensionlass number can be defined by the follotrlng equation

by equation (6.6 )
b considered the value of D

But da/lganddg/1a are measures of the effect of the mean 
spacing of one joint sot relative to the mean joint length of the 
other set. This is then a measure of the joint group interconnection, 
for the smaller the mean spacing of any joint set relative to the mean 
lengths of the joints of another set the greater the interconnection of 
the two joint sets is likely to be.

Hence assuming that the statistical scatter on the values of 
dQ and dg are small the following guidelines can be 

drawn.(see fig.6 . 3)

i 1 then I* 1

L
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Thug it is possible to see that I is a function of D

f ( 0 ) (6.73

2. The relative orientations of the joint sets' central tendencies.
It has been stated that the relative orientation of the central tenden­
cies of the joint sets influences the interconnection of the joint group. 
The anjle between the central tendencies of emy two neighbouring joint 
sets can be taken as the measure ot their relative orientation.

If two joint sets « and g are at an angle 8 to each 
other and the mean joint spacings are and dg respectively then
for any joint of the a joint see to connect two joints of the 
joint set spaced apart the 8 joint must l̂ ve a length 1g
such that Ig/sing is at least greater than

Thus 1 g/s  ̂ can be considered the equivalent length of the joint
orthogonal to the a joint set central tendency. Thus define the
parameter (dimensionless)

Note that D is a composite factor in that it includes the 
parameter previously defined as Q

where there are n joint sets in the joint group.

I = f ( 0 ) (6.9)
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3. Tbe intensity of jointing, which ma> he defined aa the number 
of joints per unit area. Thus if 1 is defined as the joint set 
intensity, then the joint group intensity factor for N joint sets 
can be defined as

The value of i for the joint set will take into account
the mean spacing as well as the mean separation of the joints, where 
spacing can be considered the distance between joints orthogonal to 
the joint set central tendency and the separation is the distance 
between joints parallel to the joint set central tendency.

Thus j_ accounts for the total effect of these factors for 
all the joint groups joint sets. The greater the value of 1_ the 
higher will be the interconnection of the joints being considered. 
Moreover as will become apparent from consideration of the results of 
' tests described in the next Chapter, the greater the value of i_ the 
greater the accuracy of the potential distribution obtained when m  
irregularly jointed rock mass is characterised by the equivalent 
permeability tensor.

From a consideration of the above arguments it is clear that 
I is a function of i

I * f (i) (6.IX)
However I is also a function of D

D • X ) (6.12)

si • 1 ) (6.13)

S1 > 0 , 1 )  (6.14)

Cf = f (
it follows tliat

C, = f (

94
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and from equation (s.4 ) if follows chat Kf is dependent 
on sf , D and j_ .

The inherent difficulty of completely quantitising all these 
parameters and hence of determining the correct value for to use 
in any particular instance means that there will always be a degree !
or error involved in any potential distribution determined using an 
estimated or representative value of

The value of the permeability tensor reflects both the nature 
of the rock joints and their relative orientations and irregularities.
It is in fact the only parameter substituted, into continuous medium 
approach solutions which reflects directly the nature of the rock mass 
being modelled. Thus it follows that the better the permeability tensor 
represents such jointing patterns the more accurate the potential 
distribution determined using it will be.

However, the degree to which the permeability tensor is a good 
representation of the jointed rock mass is not the only factor which 
influences the accuracy of the calculated potential distribution. Other 
factors have as great an influence as the accuracy of the permeability 
tensor. They are

1, The nature of the flow in the joints
Louis (1969) and Sharp (1970) have demonstrated the 

occurence of turbulent flow in joints at low potential 
gradients.

However, in most practical cases laminar flow can 
be assumed and the corresponding potential distribution 
calculated. Louis has made a comparison of the equi- 
potentials obtained assuming first laminar and then 
turbulent flow in the joints. From his results he con­
cludes that

"A consideration of turbulence does not 
cause a change worth mentioning in the 
potential distribution".
Sharp details methods of solving for the potential 

distribution in rock regions where laminar flow is oecuriog.

L
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His ©£tK-,-\ eascntially irivolves a finite difference 
approach and the use of "linearising" coefficients 
to account for the non-laminar flow in the joints.

2. The number of joints per element and the number 
of elements in the field Seine analysed 

If a jointed rock mass is to be modelled and 
analysed as a continuum both the finite element and 
the finite difference methods require that the mass 
to be analysed be divided into a number of elements.
Oae of the main factors that will influence the size 
of auch elements is the number of joints that will be 
contained in each element. It has already been shown 
that the jointing intensity influences the accuracy 
of the permeability tensor. Therefore if on the 
average each element contains a large number of joints 
the permeability tensor will represent both each ele­
ment and the total rock mass sell.

The more irregular the jointing the greater the 
number of joints that will be required pet element.
If the jointing is perfectly regular one or two joint 
segements* per element are quite sufficient for the 
medium to be accurately represented by a permeability 
tensor. The approach adopted by Sharp (1970) is an 
instance where only one joint segement per element is 
used and the equations he derives from a Discrete Flow 
Channel Approach ate the same as result irons a Continuous 
Medium Approach.

* A criterion stated by Lyell (1970) that there be at least four 
joints per element was tested as described in the following Chapter 
and found to be valid for certain practical cases. However, it would 
really be necessary to make a judgement decision in each case, con­
cerning the number of joints in each element that will be required for 
sufficiency. This would be based on a knowledge of the complete field 
geometry.
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I£ a sufficiently large number of elements are 
used to model the rock mass then it is possible to 
reduce the number of joints per element. This occurs 
because the local discontinuities and inaccuracies 
that will be iitroducef". if certain elements in them­
selves have an inadequacy of joints will not materially 
affect the regional potential distribution obtained.
The Laplace equation describing a field potential 
distribution is a square relationship thus the effect 
of any local error in any value of $ dies out as 
1/r2 where r is the distance from the point at 
which the error occurs. The effect of local random 
variations of the value of the permeability tensor 
on the potential distribution in a rock mass is 
considered in further detail in Chapter 9.
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CHAPTER 7 

DESCRIPTION OF THE TESTS PERFORMED

A series of tests was perfumed to investigate a) the correct­
ness o£ the extended Laplace equation describing the potential dis- 
sribution in an anisotropic mass, b) the validity of the expression 
giving the permeability tensor for a jointed rock mass and c) the 
effect of random joint sets on the accuracy of the permeability 
tensor and the resulting potential distribution in a mass characterised 
by joint sets of random joints.

la Chapter 4 the extended Laplace equation was derived as 
follows;

N N ...
iL ^  (7.»

which in two dimensions reduces to

The permeability tensor K for a jointed rock ®jss was derived 
n Chapter 5 as

nr )

To prove the validity of both of these equations the following 
teat proceeding wae adopted.

1. A physical model was postulated.
2. Joint sets were cut from electrical 

conducting paper and the potential 
distribution which resulted in them 
was determined.

3. The permeability tensor for the 
assumed rock joint system was



substituted into equation (?.2 ) 
which was solved by finite differences.

4. An equivalent homogeneous field was cut 
from electrical conducting paper and the 
potential distribution measured.

5. The various potential distributions were 
visually and statistically compared.

The results for all the tests performed will be found in 
Appendix 5. An extended discussion of the results obtained is 
given itt Chapter 8.

THE MODEL
The following, simple situation was past"..«ted, and used as 

the standard model on which all the theories presented in this thesis

A square of an anisotropic medium was assumed. The principal 
axes of permeability x,y were arbitrarily orientated with respect to 
the X and Y axes at an angle of 8 (see fig. 7.D

Equipoten
Equlpotenttal

X

Fig 7.1 THE MODEL USED IN ALL TESTS PERFORMED



The size of the square is iamsacariel for it does not affect 
the final potential distribution. Thus different sized squares 
were used in different tests, the size used being that which was 
Most convenient for the particular test being performed.

Further it was assumed that the opposite aides of the square 
AD and BC were impermeable and hence constituted flow lines. The 
other two sides were taken as equipotentials. In all tests the value 
of the left hand eouipotential was taken as 100 and the right hand 
equipotential as zero.

THE TESTS PERFORMED
For each of the joint assemblages tested either all or ac least 

two of the following tests were performed.

1. The finite difference form of equation ( 7.2) 
was written. This is

*1 The square was divided into 100 square elements with 
1Z1 nodal points, tfsiug an iteration proceed tire the finite 
difference equation ( 7.%) was solved for the nodal poten­
tials. Computer program AHEFF * was used to solve the 
equations. In all three hundred iterations were required 
to ensure complete convergence. ** Computer run time, per

* See Appendix 3.
** Convergence of the solution was taken as being the stage at which 
the sum of skew symmetric potentials totalled one hundred. This arises 
from the skew symmetric nature of the model being tested, for if the 
potentials are reversed i.e. the equipotential with a value of one 
hundred is pus to zero and the zero potential is put to a value of 
one hundred no change in the shape or position of the equipotentials

< W W
(7.4)L

{W

L



approximately 50 seconds. An attempt

described by Sharp (1970) but no coefficient could 
be found which caused a speedier convergence.

2. The square anisotropic element was transformed 
to the equivalent isotropic element by contraction

axes, in the proportion of the square 
principal permeabilities. transit

paper (marketed under the trade
1 to create the equi- 
right hand sides. Cse

position of the equipotentials 90, 80, 70, .....  10
were determined and the potentials at the node points

(cant.) will occur. The value of the equipotential will become 
hundred minus its former value. This is equivalent Co rotating

potentials which
their former value, i.
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distinct regions of greater and lesser conductivities 
'-.han the average were noted. To eliminate as far as 
possible the errors resulting from such random hetero­
geneity, for each test the potentials were reversed, 
thus giving sc each point tiro nodal potentials, which 
stould, if paper -aere cotspletely homogeneous, total 
100. (See footnote on previous page with regard to 
convergence) This seldom occured. However, by utili­
sing the fact that the two nodal poter.t els should 
total 100, and also the test of skew symetry of the 
field, it was possible to adjust the measured poten­
tials to yield average results.

3, A Terresertatira or aodel of each postulated 
joint group »as cut from the Teledeltoa paper. The 
potentials at the node points of the 10 x 10 (rid 
were measured, wherever a jaia.t crossed or occured at 

lode. This Sid not happen for each node so the
rliitien of. the equipotentials 90, 80, 70.....  10
were determined by seeking points on the joints at 
which these potentials occured.

The size of Che models cut were 400im x 400inn and the joints 
were cut approximately 5mm thick spaced at approximately ISmi.

THE JOINr GROUPS TESTED
Three series of tests were performed using different types 

*1 join* gtotî e.
Series A tested groups of continuous, regularly spaced 

uniform joint s< es.
Series B investigated the effects of non-continuity and non- 

regularity of the joints and the effects of changing the joint inten­
sity of the joint groups.

Series C atteitpted to study the effects of changing the mean
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length of the joint sets on the permeability tensor and the final 
potential distribution.

Series A. Continuous, Regular Joint Sets.
The following three joint groups were tested.

I. Two joint sets at right angles to each other, 
the strength of the a joint set being double the 
strength of the.„ @ joint set. (see £ig.7 .2) The 
a joint set was orientated at *45° to the % axis, 

and thus the 8 joint set was at -45° to the X axis.

joint set

joint set

Fig 7.2 THE JOINT GROUP AS FOR TEST A.2

The apertures of the a and g joints were made equal.
Thus the spacing of the a joints is half that of the 8 joints. 

For this case ¥ with respect to the X Y axes system is

K . i|
|l 3 |

(Rote that throughout only relative values of the coefficients 
of K are used, as the absolute valuer do not alter the potential 
distribution, although they would affect the flow rates and velocities)

* See Page 82

U

L L
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Fig 7.3 THE RELATIVE DIMENSIONS OF THE 

TRANSFORMED ANALOGUE

L



The principal axes are orientated at 65° to I 
X Y axes system. The value of the principal axei 
permeability tensor is

2 0 IK -
1 |

Using the values of % the transformed equivalent 
isotropic element with relative dimensions as shown in 
fig, (7 •3 )«as obtained, cut from Teledeltos paper and

2, Two orthogonal joint sets, the strength of the ® 
joint set being too.r times that of the g joint set. 
The a joint set was orientated at 45* to the X 
axis. The a and g joints were taken to have 
tual apertures. Hus the q joint spacing ia a 

quarter of the g joint spacing.

The value of K with respect b 
system is

3 
5

and the principal a

K

permeability tensor is

4 0

0 1
The jointing for this test was so sparse that it 

was not possible to measure nodal potentials on the 
joint analogue at sufficient points to perform any type 
of statistical analysis.

L



’HE JOINT ANALOGUE FOR TEST A.2

THE JOINT ANALOGUE AS FOR TEST A.3
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3. Two orthogonal joint sets, with the a joints 
having twice strength of the C joint set. The 
joint apertures of both sets were equal- The o joint 
set is orientated at 30° to the X axis.

The value of K with respect to the X 7 axes

75 26

26 105

9 permeability tensor i 

2 0

Series fl Irregular, Hop-continuous Joints.
Three groups of irregular, nan-continuous joint seta

1. A superposition of three random joint sets.
Fig. 7.6 shows a photograph of the joint analogue

From the analogue the following relative 
spacings and orientations were estimated.

For the a joint set da = 8 9% = 22°

6 ■ • d6 - 12 eg - -12°

r ■ • dy - 8 =T * 9C°

L



Fig 7.6 THE ANALOGUE AS FOR TEST 8.1

UNIT ELEMENT UNIT ELEMENT REPEATED 
FOUR TIMES

THE OOINI* ANAI.O.""" '.S FOR TEST 8.2'



UNIT ELEMENT CUT b. CUT REPEATED ELEMENT

Fig 7.8 JOINT ANALOGUES AS FOR TEST B.2
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Assuming that the joints are continuous and 
uniformly spaced at the mean spacings given, the 
following values for the permeability tensor were 
calculated.

140 8

143 0
K =

0 125
at 24,5° to the x axis

2. Two mm-continuous irregular joint sets with 
the strength of the one joint set being twice that 
of the orthogonal joint set. This analogue was 
repeated four times as shown in fig7.7band tested.

Next certain of the joints were cut as shown 
in figs. 7. ftaand 7.8b and again the joints were 
tested. The -psuita were compared to the nodal 
potentials resulting from a permeability tensor 
with the following value

3 1

1 3

L



FIG 7.9 JOINT ANALOGUES FOR
TEST SERIES C
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Sevies C Varying mean Joint Lengths.
The aim of this series of tests was to study the effect o 

a variation in the mean length of the joints id a jiine set on 
veins of the permeability tensor. It was hoped to quant:tise t 
effect by studying the relationship between 1 of one joint se 
and C as from equation (7.5)

K = C_ K.„

Thus two orthogonal joint sets were chosen. The 6 joint 
set was assumed continuous, and regularly spaced with a spacing of 
20 (again only relative spacing: and lengths are given) Thus

Ca = 1

It was assumed that the a joint set had a mean spacing of 
5, and that the joint length distribution was given by the equation 
presented by Robertson (1970)

where y cumulative percentage frequency of joints 
with length greater than x

a=*/l where ) i joint length.

Three mean lengths for the a joint set were chosen i.e. 20,
40, and 80, being one, two and four tines the spacing of the orthogonal 

g joint set.
Use was made of computer program RNJSG to generate the random

For each of the three mean lengths a joint set was generated 
and then plotted on a piece of graph paper 20" x 20". For the case 
1 = 80 one hundred joints were plotted. nr 1 = 40 two hundred

X

L
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joints wse plotted and for la - 20 two hundred joints. Thus 
for purposes of comparison the following parameter is defined as

where i is the joint intensity 

then the relative values of ? are
Fa, - i/'

' w  ' I "

F20 = 1
The central IS" x 15" portion of the graph paper was taken 

and the random joints Here superimposed on the 0 joist set.
The resulting joint assemblages were cut from Teledeitos 

paper, see ftg.7.3,7.1
By visual inspection of the equipoteatial* which resulted 

when the joint analogue was tested it appeared that for 1 - 80 • d
AO a potential distribution given by a permeability tensor [|
would give a reasonable fit with the measured equipotentials.

For the case lm " 20 it seemed that a permeability tensor 
lo l! woUl'J 8ive a reasonable fit between circulated and measured 

equipoteotials.
Accordingly the measured nodal potentials were compared with 

the calculated potentials for the cases suspected. Table A.5.17 in 
Appendix S gives the statistical distribution on the differences 
in the nodal potentials.

L
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CHAP'tBR 8 

A DISCUSSION Of THE TEST RESULTS

The results of the series v£ tests described in the previous 
Chapter are discussed here.

The General Accuracy of the Test Results.
1. The finite difference solution of the anisotropic field - 
In all cases convergence uas assumed eheti skew symmetric points 
gave potentials totalling 100. Tb\s cntMll? occoted after three 
hundred iteration^. One of the solutions was taken to five hundred 
iterations and the nodal potentials compared to those obtained for 
three hundred iterations. Thfc mean difference was 0,002.
2. The Electrical Analogue. The Ssrvomex Field Plotter was 
rated at 0,1% accurate* However, as has been noted, the TeledeltoS 
pager was not homogeneous. K measure of the error introduced by 
this heterogeneity is provided by consideration of the value of the 
nodal potential at the mid-point of the field. From considerations 
of ymcatry this should be 50. For the test k.X this mid-point had 
a potential of 51,2. For test A.2 the value was 50,1 when using 
unadjusted nodal potentials and was 49,95 for *-ijosted nodal potentials. 
Test A.3 gave a value of 50,28.

3. The Cut Joint Sets. It was not possible to measure the nodal 
potential at each node. It was not considered meaningful to inter­
polate results Eton joints near tut not on the nodes, therefore, ottl*-, 
at certain nodes are potentials available.

She accuracy ot the Joint Set Permeability Tensor
Test series A vus a test of the accuracy of the extended 

Laplace equation and the expression for the permeability tensor for 
jointed rocks.

* This test seriis provided moreover the opportunity of studying 
the representation of the jointed rock mass by means of the Discrete 
glow Channel Approach. The joint analogues cut wera a model of the

* As explained in the introduction to Chapter 7.

,'1



network formed by a joir* et-2mblrge anri Che leteminatioo o£ 
the potential distribution in eha joints was an analogue solution 
of tie equations resulting from the Discrete Flow Channel Approach, 

Considerations of the plots of the equipoeentials obtained 
and the statistical comparison of the differences in nodal potential* 
for the various eases shows that in all teste the correlation between 
calculated and measured results was good. The smallest mean difference 
of nodal potentials was 0,19. This was obtained for teat A.3 for the- 
calculated and the continuous transformed analogue res' Its. Ybe 
greatest difference was 1»36, also obtained for test A.3. Thi-s oecuved 
when comparing the joint analogue and the calculated potentials. Test 
a.,; for the same case gave a value of 1,13.

Tables A5.3 and AS.7 ah'iw that the distribution of the values 
of the nodal differences of potential was randou. (Note in all cases 
only the absolute value oi the difference is given) Table AS.7 shows 
only a slight i jndency for the values closer to the edge of the Model 
to hav.. a greater difference. This is due probably to edge effects.

Fig. A5.2 (test A2) indicates that closer to the edges the 
position of the equipotentials is indeterminate. This is because it 
was impossible to measure the potential as one approached the edge.
Fig. 7.4 showing a photograph of the analogue reveals that ttare 
were insufficient joints near the edges for meaningful readings to be 
taken. No nodal potentials were measured in test A.2 again because of 
the paucity of joints.

The correspondence among the equipotentials as they were deter­
mined by the different methods indicate the correctness of both the 
extended Laplace equation and the expression for the permeability 
tensor for jointed rocks.

The Influence of the Joint Set Intensity, and Mon-Regular 
Joint Sets on the Potential Distribution 

The joint, set tested in test B.l was intensely jointed, although 
the joints were neither regular nor continuous. The statistical dis­
tribution of the differences in the nodal potentials should be considered
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in the liyhc of Che results presented In Chapter 9. A mean 
difference af 1,6? ess recorded, the standard deviation being 
1,26. Results tabulated in Chapter 9 indicate that for a random 
distribution of the values of the principal axes peneeabilit? 
coefficients the major perroenb.Ulty varing uniformly by 25X oa 
either side of its median value, the mean difference in nodal 
potentials was 2,55. Pig. 7.6 showing the analogue tested in 
test B.l indicates that such a random variation in the principal 
axes permeability coefficient is quite conceivable. Thus the 
results obtained are good. They indicate moreover that a random 
joint set can be Bill represented by permeability tensors for 
equivalent joint sets.

Test 8.2 attempted to study the influence of joint intensity 
on the accuracy of the equivalent permeability tensor and the final 
potent'sl distribution. The joint group tested (as shown i» fig. 
7.7a) was arbitrarily drawn. It was repear-id four times to yield 
the analogue of fig. 7.76, ohich gave a mean difference of nodal 
potentials of 2,3 with standard deviation o? 2,3 whereas the 
corresponding figures for the joint analogue of 7.7a were 3,13 and 
3.AO. Immediately it £s apparent that greater accuracy has been 
achieved by using more joints. A3 has been show _'or a random 
joint set a mean difference of 2,3 is not excessive. Consideration 
of result f of table 9.1 will show that ever, a m-sn difference of 
3,13 denotes a fairly good representation of the field. Simultaneous 
random variation of 25% on end of 50% on is sell uhat is 
occuring in fig. 7.7a.

In cutting the joints of the above two analogues a joint was 
cut in such a way that as far as possible the joints lengths were 
halved and th? intensity doubled. If this were done exactly the 
joint assemblage should result in one of two equal, orthogonal joint 
sets. For this situation the medium is isotropic. Accordingly the 
results from the analogues as in figs. 7.8a and 7.8b were compared 
to tite isotropic solution of the potential distribution. Pig. 7.88
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It should be recalled that for certain caias one joint per 
element is sufficient to represent the medium.*

Thus to utate a blanket -riterion for the sufficiency of 
joints per element ie futile. The sufficiency in a function of 
the number of joints per element included in the field, the 
regularity of the jointing pattern and the continuity of the 
joints. Each case should be judged on its particular merits.

The Effect of Varing a Joint Set mean Length 
Test series C provided an opportunity for studying the 

effect on the permeability tensor of a variation in the mean length 
of one of the joint sets of the assemblage. This was done by keeping 
all other factors constant and varying only the a joint set mean 
length and intensity.

From the correspondence obtained between the measured nodal 
potentials and the calculated potentials (see table A5.16) and the 
value of the permeability tensor used to determine the calculated 
potentials the value of C can be calculated to yield values as 
follows ...

See Sharp (1970) and discussion c
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to cut at least two of the orthogonal joint set joints. If the 
joint length is only just equal to or slightly greater than the 
orthogonal joint see mean spacing then it can only occupy a very 
limiced number of positions to be hydraulically active. Ibis 
line of reasoning accounts for the rapid change of value of C 
in the region where la is approaching, equal to and just leas 
than d (5 . Thus fig. 8.1 can be taken to give the general 
shape of the curve relating C a end F a . The position of 
rapid decrease of C will depend on the ratio of la / d($ .
Fig. 8.1 is to be taken as more of a quantisation than a quanti- 
tisation of the functional relationship uetneen C, i, 1, and d. 
From the results the following mathematical relationship appears

The tests conducted, have proved the validity of the extended 
Laplace equation and the expression for the permeability tense.' for 
jointed rock masses. The results have indicated that the use of 
the equivalent permeability tensor for irregularly jointed rotie is 
a good approxi'Mtion provided the number of joints per element and 
the number of elements used is large. The difficulty of obtaining 
the correct function.!.' tpiationship between the parameters affecting 
and the actual value of the permeability tensor hav bet... demonstrated 
although test series C provided a partial solution to the problem.

The single most important conclusion which can be dravn from 
the series of tests is that it is both logical and for all practical 
purposes sufficiently accurate to model a jointed rock mass as an 
Equivalent Continuous Medium.

+ f(D

where i is some empirical constant.

CONCLUSION
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THE EmciS OP RAmOM VARIATIOHS OF THE VALUE OF TKE 
PERMEABILITY TEKSOBL OS CALCULATED AMD ACTUM POTENTIAL 

DISTRIBUTIONS
According to Piteaa’s second geclofeical propositioa stsuctural 

reglcns exist in a rock nags. In this thesis this proposition has 
heea extended to include the fact that hydraulic regions exist within 
a jointed rock mass. A hydraulic region has been accepted to be an 
area of a jointed roc'K mass in which the jointing patterns are 
sufficiently similar for that region to be treated as a homogeneous

However, it is recognized that in practice any hydraulic region 
will not ha entirely homogeneous. There is always a tendency for some 
areas to be characterised by a concentration of joints while other 
areas will be sparsely jointed* Thus there exists a random distribution 
front point to point of the value of the permeability tensor fox a 
jointed rock mass. Consideration of the figures in Chapter 7 showing 
the random joint set analogues tested will immediately reveal that at 
any node of the grid placed on the element the permeability can vary 
between wide limits, tor at certain nodes there is a concentration of 
joints, at others, no joint at all.

This is a situation that will occur in almost all practical, 
field situations. Thus it is apparent that some understanding of the 
effect of such random distributions of the value of the permeability 
tensor on the final field potential distribution is necessary.

FACTORS WHICH CAUSE RANDOM VARIATIONS IS THE VALUE 
OF THE PERMEABILITY TEKSOk 

An estimate of the value of the permeability tensor is likely 
to be made by considering the joint set data collected from exploratory 
tunnels and bore holes. Such data is inherently variable and hence a

u
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ran^s of values for Che permeability tensor will results. Thus it 
will be passible to predict the nature and values of the random 
permeability variations but will be nearly impossible to predict 
or determine Che spatial distribution of such variations. The 
geological data will present an indication of the magnitude of 
the following factors which will cause the permeability of the rock 
mass to vary from position to position.

(a) The tendency for joints to cluster in certain 
position.

(b) The variation of the joint apertures from 
position to position.

(c) The presence or absence of gouge from 
position to position.

(d) The scatter of the joint lengths about their 
mean length.

(s) The variation about a central tendency of the 
joint orientations.

All these factors acting together but varying independently will 
cause the permeability tensor to vary in value in a random fashion.

Previous Investigations of the Problem
Barren and Price (1961) presented a comprehensive paper 

studying the effect of randoji heterogeneity on the flow regime in 
a porous medium.* In their study they postulated two hypothetical 
models. The first was a three dimensional rectangular parallelepiped 
and the second a chrte dimensional block with a well centrally 
situated. A three dimensional rectangular grid was placed over 
the model, with the grid spacing being uniform it. each direction.
To each element so funned there was assigned a random set of 
permeability coefficients. The grid axes "era taken to be parallel

* This ia an important pager which appears in a journal not commonly 
available. Hence a brief summary of their paper is given here,

L
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to the principal axes of the medium which for each element were 
taken to be the same. Thus in effect a finite difference <;rid 
was set up. The potential distribution was then solved for.

These two authors tested t~a effect on the potential 
distribution of various statistical distributions of the values 
of the permeability coefficients. The distribution functions 
describing the frequency of occurence of various values of the 
permeability coefficients which they ̂studied were Log-Normal, 
Exponential, Skewed log normal and Linear. No significantly 
different effects were observed for these various statistical 
distributions.

The general conclusions to which these authors were able

1. The most probable behaviour of a hetero­
geneous system approaches that of a 
homogeneous system having a permeability 
equal to the geometric mean of the individual 
permeabilities.

2. The effects of flow geometry and anisotropy 
on the most probable value for the effective 
permeability of a heterog-.ueous medium are 
finite but nol. significant.

3. Qualitative measures of the degree and the 
scale of the heterogeneity and its spatial 
configuration are obtainable if core 
analysis and pressure build up data are 
available.

Tests Performed for this Thesis
The approach adopted by the present author differs somewhat 

from that of Barren and Price, in that the value of the nodal 
permeability tensor for each node in the hypothetical model is
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determined from the nodal principal axes permeability tensor.
The nodal principal axis permeability tensor is made to take 
random values within specified limits. This is done by allowing 
either the angle at which the axes are orientated to the global 
axes to vary, or the values of the principal axes permeability 
to vary. In certain cases both the axes and the values of the 
principal permeabilities were varied simultaneously but inde­
pendently.

Having thus established a random value of the principal 
axes permeability tensor, the corresponding permeability tensor 
for the global axes was calculated.

The hypothetical model used was the same as the model con­
sidered and used in all the tests described in Chapter 7, i.e. a 
square with two opposite sides being flow lines and the other two 
being equipotentials, the principal axes of permeability being 
arbitrarily orientated with respect to the sides of the square.

Having set up a matrix (whose elements in themselves are 
■matrices) of random nodal permeabilities the potential distribution 
in the .'ypothetical model was calculated. Then the nodal potentials 
were compared to the nodal potentials obtained by solving for the 
potential distribution, assuming that the field was homogeneous with 
permeability coefficients equal to the mean values of the random

Computer program DIWAKI was written to do the above calcula­
tions. Table 9.1 shows the statistical distribution of the differences 
in noda' potentials between the homogeneous and the heterogeneous model 
which result when various components of the principal axes permeability 
tensor were caused to vary. The homogeneous situation investigated was

4 o; at 45° to the X,Y axis
= o i|
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From Table 9.1 it becomes apparent that the final potential 
distribution is relatively insensitive to variations of the direction 
of the principal axes of permeability, whereas variations in the value 
of the principal axes permeability coefficients hPve a marked effect 
on the final potential distribution.

The case which produced the most marked effect was that where 
kyyWas allowed to vary 50% on either side of its mean value. Causing 
kxxto vary to a lesser degree simultaneously apptrrs to have a com­

pensating effect of the final potential distribution.

COHCUSIOM
The results of the tests described in this chapter indicate that 

the effect of random heterogeneity is not of such a magnitude as to 
seriously change the potential distribution Eros that of a homogeneous 
medium. Even fairly large variations in the values of certain parameters 
describing permeability tensors a.- each point (i.e. orientation of 
principle axes, value of the principal permeability etc.) cvuse only 
small differences in the nodal potentials from nodal potentials for 
homogeneous regions.

The practical significance of this is that although most rock 
masses are heterogeneous they can be assumed to be homogeneous without 
introducing serious errors into results based on tS'is assumption*

- r . f

M

s the angle of orientation of the principal ar-s.
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STANDARD

* S40-56° 0.076 0.074 0,010 0.104
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3 5 45° 2.55 1.99 5.8 2.4
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3.5 4.5 0.5 1.3 45° 3.73 13.M
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chapter 10

COBCLPSIJHS
The determination of the potential distribution in a jointed 

rock mass is a vital task in many practical engineering situations 
e.g. the analysis of the stability of a slope or the foundations 
and abutments of a dan.

Juinted rock masses are usually anisotropic and often hetero­
geneous, thus the method evolved to analyse their hydraulic regines 
should be such that they can cope with such conditions. This thesis 
has presented three models which may be postulated to represent a 
jointed rock mass. The mathematics which describes these models has 
been developed and some of the complexities involved in modelling an 
irregularly jointed rock mass have been discussed.

Experiments were performed to test the correctness and accuracy 
of a formula for the permeability tensor for a regularly jointed rock 
mass and also an extended form of the Laplace equation describing 
the potential distribution in an anisotropic mass.

The conclusions which result from this thesis are:
(a) A jointed rock mess can be modelled vnr purposes 

of hydraulic analysis as an Equivalent Continuum 
or a Discrete Flow Channel Network.

(b) The permeability tensor is the more versatile of 
the two methods of describing an anisotropic 
medium.

(c) An exact expression for the permeability tensor 
for a regularly jointed rock mass can be written.

(d) An irregularly jointed rock mass can be adequately 
represented, for most practical purposes, by an 
Equivalent Permeability Tensor.

Soee guideliut'.e have been given for estimating the nua&tt of 
joints per element required to adequately model a jointed mass as

L
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a continuum. Random variations in the value of the permeability 
tensor about a mean have been shown to have a finite but not
significant effect on a potential distribution.

Basically the whole purpose of this thesis has been directed 
to studying and elucidating the fundamentals underlying the theore­
tical determination of the potential distribution in a rock mass.
However, in practice a purely theoretical answer for the potential 
distribution is of little value unless it is crossed checked with 
and corresponds to field measured fluid pressures. Bidden geological 
discontinuities or inadequate and inaccurate data describing the 
joint parameters can, and do, introduce large errors into calculated 
potential distributions, the field pressure readings, provided they 
come from reliable piezometers account for all the irregularities 
which occur in nature. Thus it is recommended that the second approach 
to the determination of potentials in a practical rock mass be adopted 
whenever possible, this is the approach of fitting calculated potentials 
to field water pressure readings.

This approach still involves the theoretical calculation of 
potential distributions using estimated rock joint hydraulic parameters, 
thus the analyst requires a sound knowledge of theoretical proceedures.
It is this knowledge which this thesis has attempted to extend.
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APPENDIX 1

THE DEFINITION OF CERTAIN TERMS AS USED IN THIS

THESIS

The terras which appear below are used in this thesis 
and are defined as follows:

A Terras relating to the rock mass

ROCK MASS The rock mass is defined as an aggregrate of 
blacks of solid rock material totally or partially separated 
from each other by structural features which constitute 
the mechanical discontinuities. The rock mass refers to any 
in situ rock with all the inherent geo-mechanical 
anisotropies (Piteau 1970 )

ROCK MATERIAL OR INTACT ROCK This is the consolidated 
aggregrate of mineral particles forming the solid material 
in between structural discontinuities. C Piteau 1670 )

ROCK REGION That is the particular section of the practical 
field problem which is to be analyse as a whole or in parts.

B Terms relating to the "joints

FISSURES These are any clefts or mechanical discontinuities 
between blocks of solid rock material.

JOINTS A fracture or a fissure that traverses a rock mass.
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MAJOR GEOLOGICAL DISCONTINUITIES Dykes , sills , faults 
or Major joints of such a magnitude or nature that they 
dominate the flow pattern in their anviroment either by 
virtue of their greater permeability or impemeability.

most cases the collective name - joints - will be used 
to denote the aggregate of all types of fissures, joints 
faults and major geological discontinuities that occur in

JOINT SET This is a group of nearlly parallel joints with 
approximately equal hydraulic properties.

JOINT GROUPS OP ASSEMBLAGES Both terms are taken to denote a 
combination or two or more intersecting joint sets.

JOINT SYSTEM OR PATTERN . The specific nature of the 
intersection of two or more joint sets.

JOINT REGION A body of jointed rock with recognisable 
boundaries within which the nature of the flow of the fluid 
is nearly uniform dva to the uniformity of the pattern 
of the joint groups within the extent of the rock region.

JOINT SET CENTRAL TENDENCY Irregularly spaced an ’ 
orientated joints of a joint set usually display a certain 
tendency to lie in certain preferred directions. This 
preferred direction is referred to as the "joint set 
central tendency"

For ease of reference in this thesis , in
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C Terms relating to the actual fio.r situation being 
investigated

HYDROGEOLOGY This is taken tc mean the total state of the 

fluid in the rock mass including all static and dynamic, 
mechanical and chemical effects of the fluid.

HYDRAULIC is the term which describes that which pertains 
to the flow of fluid subject to a potential gradient in the 
fissured rock mass.

FLOW REGIME This is the term which refers to the nature of 
the flow in the joints, i.e. its velocity, type etc. » and 
to the potential distribution in the jointed rock mass.

FIELD When used alone the term "field" is used in the mathematical 
sense to denote the extent and the nature of the hypothetical 
mathematical model being analysed.

PRACTICAL FIELD When used in conduction with the term 
practical , the word "field” is taken to mean the actual 
situation which is occuring in practice.

CONDUCTIVITY The proportionality factor between the flow 
velocity and the potential gradient in a specified joint.

where Bs is the conductivity
is the joint flow 

velocity'

is the joint 
*|S notential tpotential gradient

PERKEABILITY This is the samsi as conductivity except it
refers to the total aggregate of the jointed rock region 
viewed as a continuum.
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STORAGE CAPACITY is the ability of a rock n s to retain fluid

PORE f PERMEABILITY ] 
C STORAGE CAPACITY J

These are the properties which 
result from the flow .tid storage 
of fluid in the interstices or 
voids of the rook material.

JOINT f PERMEABILITY | 
I STORAGE CAPACITY]

Thece are the properties which 
result from the flow and storage 
of fluid in secondary rock 
structures such as joints, faults

D Terms describing the joint pattern

CONTINUITY OF JOINTS The continuity of joints , from the 
hydraulic point of view , is the extent of the hydraulically 
active part of the joint with resrect to the dimensions of the 
rock region being studied.
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APPENDIX 2

THE FORMAL DEFINITION AND MANIPULATION OF TENSORS

Suppose ( xl,x2 ..... xn ) and { x1,x2 «•• 
are coordinates of a point in an N dimensional space in 

two frames of reference. The superscripts are indices 
and do not denote exponentiation. This is standard tensor

Suppose that there exist N independent relations 

between the coordinates of the two systems having the

X1 = X 1 ( X1 ,xz ,x3 , ........XN )

X2 = X2 ( X 1 ,x2 ,x3 ,    xN )

(A.2.1)

/  . x" < *■ ,x* ,x»......... x» )

which is usually written or indicated by

xk = xk ( x 3 ,x2 ,x3 ,   x« )

k - 1 , 2 , 3  N (A.2.2)

Conversely for each set of coordinates
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C x1 ,x2 ,x3 i .,.. x ) there exists a corresponding 
unique set of coordinates (x1 ,x2 ,x3 , .... )
given by

%*=**( xl i*2 ,x3 ,   z" )
It is usual to adopt the summation convention 

when working with tensors. This convention is that 
whenever an index is repeated in a given term it denotes 
that summation be performed over the index from 1 to N. 
Thus the expression

aix1* azx2+ a3x3* a^x1*.........  anxn
can be written as a^x^ by the summation convention. 

Likewise Ap = E Aq

can be written by the summation convention as 

'
Thus if N quantities , Ag ,   An in

coordinate system Cx1 ,x2 ,x5 , ...  ̂ xK ) are .

related to N other quantities  An in
another coordinate system ( x1 ,x2 ,x3.... xW ) by 

the transformation

y .
3xq

the components are called the components of a 

contravarient tensor.
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Su-tfi tensors arise when the relationship 
between two quantities involves one being a function of 
the differential of the other.

If N quantities A1 ,Ag ,  An are related
to ff other quantities  Afi by the
transformation

they are called components nf a 
covarient tensor of the first rank.

Such tensors occur when no differentials are 
involved in the relationship between the quantities in 
the field considered.

This is the formal definition of a tensor. A 

tensor or a tensor field is all possible sets of 
components of its field under any transformation of 

coordinates where the components transform according 
to the relationships

 ^  '
Thu.? ‘ are components of a mixed tensor

of rank ( n * k ) coirtravarient of order n and covarient

L



By elementary substitution it can be shown that 
a Vector is a oovarient tensor of rank one. Likewise what 
in this thesis has been called a Tensor can be shown to 
be a covarient tensor of rank two.

All the rules relating tensor or vector 
permeability coefficients as derived previously by 

simple axes transformations methods can be derived by 
means of the relationships given in this Appendix.
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APPENDIX 3 

COMPUTER PROGRAMS USED IN THIS THESIS

1 PROGRAM AKSFF (ANieotrosio Element Flow Field )

This short program solves by iteration 
the potential distribution in the anisotropic element 
used as the standard model in the tests described in chapters

Read in conjunction with the list of terms 
used the program is self explainatory.

List of terms used in the program

KXY The elements of the two dimensional permeability

KYY tensor.

RXX SXX "I
RXY SXY | Dummy variables used to avoid repetitive
RYY SYY J calculations.

The potential at the i,j ^  node point.
NUM The number of iterations to be performed.

Use of the program

The values of the coefficients of the permeability 

tensor and the number of iterations that it is considered 

will be sufficient for convergence should be fed in

L
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r
according to the formats given in format statements 
number 2 and 3.

The program AMEfF

DIMENSION m o , 30)
REAL KXX,KXY,KYY,II 
READ(5,2)m,KXT,KYY

2 F0RMATC3F5.0)
READ(S,3)HUM

3 FCRHATCI3)
II=KXX+KYY
MX=KXXy(2.*II)
m=KXY/{4.*n)
RYY=KYY/(2.»II)
SXX=RXX
SYY=KYY/II
SXY=KXY/(2.*II)

C SPECIFY ALL BOUNDARY CONDITIONS
DO 6 1=1,21 
H(I,1)=100.0

6 H(I,21)=0.0
C INITIAL INTERNAL POINT ESTIMATES

DO 7 J=2,20 
RJ=o-l 
DO 7 1=1,21

7 H(I,J>=S.06<21-RJ>
C START OF RELAXATION PROCESS

DO 8 K=1,NUM 
C TOP LINE

DO 9 J=2,20
9 H(I,J)=SXXA(H(1,J-1)+H(1,J+1))+SYY*H(2,J)+SXY*

(H( 2 ,J+l))
C INTERIOR POINTS

DO 10 1=2,23 
DO 10 0=2,20
H(I,J)=RXX*(H{ISJ+1)+H(I,J-1))+RXY*(H(I-1,M)

U 2
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BOTTOM LINE 
DO II (7-2,20
H(2a,J>=SXX*(H(21,J-l)+H(21,J*l))+S)«*H(20,J)

-SXy*(H(20,J-l)-H(20,J+l))
CONTINUE
WRITEC7,?2)
FORMAT(' FINITE DIFFERENCE SOLUTION OF ANISOTROPIC 

FLOW FIELDS.')
WRITE(7,73)NUM
TOmATC/,' NUMBER OF ITERATIONS PEEVOSMED ‘,13) 
WRITE(7,77>
FORMAT(/,' VALUES OF TENSOR PERMEABILITY COEFFICIENTS.*) 
«3?irE(7,6i>xxx,Kxy,Kyy
FORMATC/, * KXX=\F5.1,3X,'KXY=\FS.:i,3X,'KYY=',r5,l)
DO 12 1=1,21
W8ITE(7,21)(H(I,J),J=1,21)
FORMATC//,2X,21F5.1)

2 PROGRAM RMJSS (RaNdom Joint Set Generator)

The following program calculates from mean joint 
spacing and the mean joint length the number of joints 
that would occurs in a square 100x100 wilts, (These units 
will be the same as those in which the mean length and 
spacing are given)

An IBM standard subroutine to generate uniformly 
diiitributed numbers between 0 and 1 has been inserted into

L L -I
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the program to provide the required random numbers. For 
each joint four random numbers are generated.The first 
two give the coordinates of the midpoint of the joint. 
The third is inserted into the equation

which is distributed according to a well established 
distribution, given by Robertson (1970). It should.be 
noted that = is taken a 1/(mean joint length)

random orientation for the joint such that the orientation 
lies betwee previously specified maximum and minimum 
orientations.

Finally the program calculates the contribution 
to the total permeability tensor of each joint set generated. 
This contribution is calculated assuming that all joints 
are continuous , spaced uniformly at the mean joint spacing, 
and that no correction is made to account for the joint 
assemblage interconnections. The contributions from each 
joint set are assumed to yield the total permeability 
tensor.

Use of the program

The data required by the program is initially 
the number of joint sets for which random joint 
distributions are required. Next for each joint set 
the joint mean length, mean spacing and the maximum 
and minimum angles of orientation of the joints must 
be specified. Finally a random interger number of up to 
nine digits must be specified to act as a starting value 
for the generation of random numbers.

to yield a random joint length,

The fourth random number is used to generate a
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The formats for the input of this data ere given 
in statements numbered 1,2 and 12 of this program.

List of terms used in the program

MD(I) 
f AGHAX(D) 
{ AGKIN(I>)

The i joint set mean length. 
The 1th joint set mean spacing. 
—  „ ( maximum "i

I minimumj
angle of the spread of the

RX(J)
RY(J)
RL(J)

RNCK) 

POW 1
ap y f
IPX

The number of joint sets for which random joint 
distribution are required.

The x coordinate of the j^h joint midpofnt
it y  n i. a i! ii it

" length " " " " .
” orientation " " "

The value ot = for the ith joint set.
A random integer number fed in to provide

a starting value for the generation of 
random numbers.

A dummy variable in the generation of random 
numbers.

The generated random number uniformly distributed 
between 0 and 1.

The k**1 randomly generated number between 0
and 100

Dummy variables used in the program.

The coefficients of the total permeability 
tensor.
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The program  RWJSG

integer rx(3),ry(3),ri(3),ro(3)
dimension lm(4),md(4),alpha(4),agmln(4),6gmax(4), 

nj(4),m(12) 
dimension kxx(tO ,kxy(4) ,kyy(4) 
read(S,l)njs

1 fomat(i2) 
do 3 i*l,nj«
read<6,2)lni(i) ,md(i) ,agmin(i) ,agmax(i) 
do 99S1 1=1,njs 

9991 alph(i)=l./lm(i)
2 format(2i3,2f6.0) 

read(S,12)ix
12 format(i9)
C calculate the number of joints per joint set

do 14 i=l,njs 
inj=10000/(md(i)*lm(i)) 
injsinj/3 
inj=inj*3 

14 nj(i)=inj
do B6 1=1,njs 

c print all headings fcr each joint set
write(7,76)i

76 format(///,2x,'JOINT SET NUMBER ',11,'DATA')
write(7,7 5)lm(i),md(i),alph(i),agmin(i),agiBax(i),nj(i) 

75 formatC//,2x,'length',13,1 mean spacing1,i3,
1 alpha',f7.3,1 mln angf,15,1 maxang',iS,
' no joints',15) 

write(7,74)
74 format(//,' X Y LEN QRN X T

LEN ORN • X Y LEN ORN') 
o generate random numbers

nn=nj(i>/3

do 48 k=l,12 
iy=ix*65539 
if(iy)51,6I,62
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do 67 kkk=l,njs
ipx=ipx+kxx(i)
ipc=ipcMcxy(i)

67 ipysipy+kyy(i)
Hi'ite(7,68)

68 format(//,2x,'TOTAL PERMEABILITY TENSOR.1) 
write(7,69)4px,ipo,ipy

69 formatC//,2x,'SXX=',i3,i|x,'SXY=',13,itx.'SYYr'.iS)

3_ PROGRAM PSTCOM (Potential STatistical COMparison)

The following reads previously computed and 
measured values of the nodal potentials for the 
standard element used in this thesis and computes the 
difference at each node between the values of the computed 
and the measured potentials. The statistical mean,mean 
deviation , standard deviation and variance of the 
differences in nodal potentials is computed.

Use of the program

The dimensions of the r vtrix of nodal potentials 
is fed in first. Next the ma fix of calculated nodal 
potentials is fed in ,then the matrix of measured , 
adjusted potentials is fed in all according to the relevant 
formats as given in the program.

List of terms used in the program

dev The difference between the values of difm and
dif(i,j) for the i,jth point 

devm The mean deviation of the difference in nodal potentials
dif(i,j) The absolute value of sub for the i,jth point
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The mean value of Dir(I,J)
Dummy variable used in the program

value of the nodal potential

Dummy variables used in the program

The standard deviation of DIF(I,J)

nodal potentials 
Che sum of the values of DIF(1,J) 
The variance of DIF(I,J)

h(21,21),p(21,21),dif(21,21> 
LI data for computation

road(5»3)(hfi,j),j=l,m)

OCp(i,j),j=l,m)

of nodal potential differences
do 15 i=l,n 
do 15 3=l,m 
sub=h<£,.1)-pa>j) 
dif(i,j)sabs(sub)

of nodal potential differences
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51 iy=iy+2147W367+l
61 yfl=iy

y£l=yfl*.465661Se-9
ix=iy
if(yfl)99,98,98 

99 yfl=-yfl
38 continue
ij8 rin(k)=yfl*100
o calculate coordinates etc for each point

do 77 kk=l,3 
rx(kk)=rn(kk*4— 3) 
ry(kk)=rn(kk*4-2) 
povi=rn(kk)/100. 
apx=-alog(pow) 
rl(kk)=apx/a-ph(i)
ro(kk)=agiiiin(i)*(agmax(i)-agmin(i))4rn(kk*lt)/100.

77 continue
write(7,9>rx(l),ry(l),rl(l),roCl),rx(2>,ryC2>,*l(2>, 

ro(2),rx(3),ry(3),rl(3),ro(3)
9 format(2x,|1i5,4x,lfi5,Ux,4i6)
3 continue

ang=(agmin(i)+agmax(i))/(2.ft57.292) 
rxx=(cos(ang))*(cos(ang)>/jnd(i) 
kxx.(i)=100Q.*rxx 

c contributions to permeability tensor
rxy=(-l.)*(cos(ang))*(sin(ang))/md(i) 
kxy(i)=1000.*rxy 
37yy+(sin(ang))6(sin(ang))/jid(i) 
kyy(i)=1000.ftryy 
write(7,81)

81 format(V/,2x,'CONTRIBUTIONS TO PERMEABILITY TENSOR')
write(7,82)kxx(i),kxy(i),kyy(i)

82 format(//,2x,*kxx=',i312x,rkxy=’i3,2x,'kyy=',i3)
66 continue
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difm=sum/(m6n) 
sdev=0.0

do 16 i=l,n 
do 12 j=l,m 
dev=difm-dif(i,j) 
deveabs(dev) 
f2=dev*dev 
sdev=sdev+dev 
Sf2+sf2*f2 
devm=sdev/fm*n) 
varesflKm^n) 
stdaaqrt(var> 
print out all results 
write(7,17)
fonaat(2x,'COMPARISON OF CALCULATED AND MEASURED 

POTENTIALS’)
write(7,10)
format(Ihl,//,2x,'CALCULATED NODAL POTENTIALS’) 
do 19 i=l,n
write(7,lll)(h(i»j),j*l,m)
format(//,2x,ZOf6.2)
write(7,212)
format(//,2x,'MEASURED NODAL POTENTIALS’) 
do 213 i=l,n
write(7,lll)(p(i,5),j=l,m) 
write(7,31it)
fomatdhl,2x, 'NODAL POTENTIAL DIFFERENCES') 
do 315 i«l,n
write(7,316)(dif(i,5),j=l,m) 
format(//,2x,21f6.2) 
write(7,2)' )
formatCZZ,2x,’STATISTICAL PARAMETER VALUES')
write(7,21S>difm,devm,var,std
formate//,2x,'MEAN DIFFERENCE',f9.4,//,2x,

'MEAN DEVIATION',f9.4,//,2x,'VARIANCE,f9.4,// 
2x,'STD DEV.’f9.4)

u
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APPEHDIX it

THE USE AMD FORM OF THE EQUATIONS INVOLVING THE 

TENSOR PERMEABILITY COEFFICIENTS

The equations which describe the potential 
distribution in an anisotropic mass using the p^rmoftbility 
tensor are given.Equations for most of the particular 
cases which occur in practice are given. The Finite 
Difference form of all equations is given.

Some further consider?, '•jon concerning the finite difference 
method

The basic formulation of the finite difference method 
has been presented in Chapter 2. The following points 
regarding the method should be observed.

1. The finite difference grid can be two dimensional
or three dimensional with different spaeings in all directions. 
The grid spacing depends on the nature of the field 
situation.

2. The only limitation on the number of nodal points 
used is the availability and capacity of the computer 
installation on hand for the solution of the resulting 
finite difference expressions.

15'
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TABLE A4.1.a THE COEFFICIENTS TO BE USED IN EQUATION 
FROM FIS A.4.2
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3. The finite difference grid is normally taken 
as being an orthogonal network , but the axes of the 
network do not have to coincide with the principal axes
of the region being analysed, In fact in all the sucoeeding 
work the assumption is made that the grid axes and the 
axes of principal permeability are not coincident. Simplifications 
to the equations result if

a) The axes system in which the partial 
differential equations are written are coincident with, 
the principal axes of permeability.

b) The finite difference grid axes are coincident 
with the principal axes of permeability.

In both cases the permeability tensor is 
diagonalised.

4. Two methods have been used to derive the finite 
difference expressions presented. They are

a) By writing directly the finite difference 
form of the differential equations involved.

b) By considering conservation of fluid within 
an element formed by the nodal points.

The latter method is the preferred method for 
special cases and boundary nodes. In this case it has been 
taken that the velocity in a certain direction V say 
is given directly by the equation gradfand that
the orthogonal potential gradients are those operative . 
on the faces of the element through which flow is taking 
place. In all cases flow is assumed to be taking place in 
the positive direction of the coordinate axes system

The Three Dimensional Tensor Equations

The equation describing the potential 
'istribution in a three dimensional flow field is
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if both the flowing fluid and the medium are incompressible.

The finite difference form of equation CA.it.l") 
has been written for interior nodes and for nodes at 
various types of boundaries. Fig A.V.l shows the grid system 
and numbering required to relate the potential at a point 
#0 to the values of the surrounding potentials to

fig A.4.2 gives the general form of the equation 
into which coefficients for the various cases > taken from 
table A.4.1 are to be inserted.

For the two dimensional fora of the equation (A.4.1) 
and the equation given in fig A.4.2 , put all the 
coefficients involving the nonexistent direction to zero.

The Mathematical Description of the Water Table Movement 
Using Tensor Coefficients

The assumptions made in order to obtain a 
mathematical description of the water table movement with 
time are:

1. Capillary effects are neglected.
2. Below the phreatic line the rock joints are

filled with water..
Taking 21f as the height above datum of the water 

table the vertical movement of the water table with respect 
to time is _ 3 2^ . Considering three dimensional flow 
the rate of change of storage of the element at the water 
table is ( see fig A.4.3 )

«  sy sy
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where Sy denotes the specific yield of the rock mess as 
defined by Lyell (1968) '

Taking flow into the element as positive and flow 
out as negative and assuming flow in the positive direction 
of the coordinate axes system , the following equations

Quantity of flow in the X direction 

Qy = V (6 « +5 6 tana +1/26 v6 tanev>

, + I k e , ' ,  *  i / *  y , * » y

Quantity of flow in the Y direction

' V
. av x (A. 4.2b)

-<Vy + __y >(8^6, + 1/2 Bx6xtaaex)

Quantity of flow in the Z direction 

Hence from conservation of mass

Substituting and neglecting third order terms, gives 

» * Vtane, ♦ V t v ,  = . S .
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which in matrix notation can be written. 

M ( Vv V„ V, ) \ tana

Note however that C Vx 7y Vz ) is the transpose of the 
velocity matrix from the equation.

I * - % grad*
Hence ± t t

V = - g M d r  • r

Thus equation(A.4.5) can be written 

(tanex)
W - grad*"6 . if <tane f = ^ 1. S

This is then the equation which describes the drawdown 
with tiae of the phreatic line.

In order to derive the finite difference form 
of eqn.CA.U.S^ consider fig a .4.3

^ f S  / ' Z f2 " Zf V5 denote t,ei9ht 
of water ta&fe- above 

- y f  ® datum. 1-5 are node
numbers.

FIG A.4.3 THE THREE DIMENSIONAL 
ELEMENT USED IN CONSIDERING’THE 
MOVEMENT OF THE HATER TABLE:
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The resulting equation is

—  “ / t Cfl *5-+9 : *Q~*3\
Sy X. 2a 2a c ^

The Finite Difference form of the Equation for Interior 
Modes Immediate-V below the Water Table

The two following equations are used in the 
program given in APPENDIX 6 to study the drawdown rate 
and the final position of the phreatio ".line in a two 
dimensional anisotropic slope. They are not derived , but 
are merely given.

Special Case which usually occurss.

$0 = kxx.o.(a+c)(4;l+t2) + 2.kyy.a(c^+a*3)

Ca+e,)(a+c,)
{ (a*o2>(t7+»0)-(a*c1K t g-*5>}

FIG A.5.4 HATER TABLE POSITION ANE1 NODE NUMBERS 
FOR SPECIAL CASE
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General Case

-̂'4-4* ̂  ;4
z

;/
/ -1 a 0 2

14 8

FIG A.4.5 WATER TABLE POSITION FOR GENERAL CASE
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'esented in 1
.ts of teste described in ( 
> forms.

: equipo* 'rials.

b) The numerical value of the potentials at 
th» "odes of a hunured element square gr:

i it is possible to compare the accuracy 
:s in two ways. T H s  ca)i be done firstly

the equipotentials 
which result from the various methods of determining 
the potential distribution , and secondly by computing 
the numerical differences in the values of the potent] fils 
at the nodal points. These differences * were then 
analysed statistically to yield the mean nodal potential 
differences and the variance s1 3 the standard deviation 
of the values of the differences in the nodal potentials.

In those particular cases 
possible to measure the nodal 
joint coincided with the node 
on a grid with the figures in

* In a' - results report*. 1 only the absc 
nodal potentials is used in computing t) 
describing the spread of the values of 1 
in nodal potentials.
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the node at the upper right of the block. In all ca 
the upper figure is the value of the nodal potantiz 
measured on the joint analogue and the lower figure 
the nodal potential as calculated by computer. The 
figure in the block ie the difference between the « 
potentials.
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SUPERPOSITION OF EQUIPOTENTIALS

LEGEND. a. Computer program ANEFF —
b. Teledeltos equivalent joint analogue
c. Transformed scale equivalent

isotropic element
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100.00 94.90 87.97 79.91 71.03 
10000 S3.46 85.65 77.38 68.21
100.00 92.47 64.22 75.31 65.84

100.00 91.72 82.90 73.57 63.B1 
100.0Q 91.09 81.76 72.05 62,02
100.00 90.53 SO.72 70.52 60.62
100.00 89.98 73.65 69.67 58.66
100.00 89.33 78.43 67.53 56.80
100.00 88,47 76.84 68.51 54.60
100.00 87.01 74.57 62.90 51.93
100.00 84.20 71.21 59.54 48.70

'TABLE

61.48 51.30 40.46 28.79 15.79 0.0
58.43 48.07 37.10 25.43 12.95 0.0
55.85 45.40 34.49 23.16 11.53 0.0
53.67 43.20 32.47 21.57 10.66 0.0
51.76 41.33 30.83 20.35 10.02 0.0
50.00 31.64 29.37 19.28 9.46 0.0
48.24 37.97 27.95 18.24 9.90 0.0

46.33 36.19 26.42 17.10 8.28 0.0
44.14 34.16 24.68 15.78 7.S3 0.0
41.56 31.78 22.52 14.15 6.54 0.0
38.52 28.96 20.09 12.03 5.10 0.0

A5.1 NODAL POTENTIALS AS CALCULATED BY COMPUTER 
PROGRAM ANEFF

100.00 95.30 88.90 81.00 72.60 63.60 53.20 42.70 30.40 17.50 0.0
100.00 93.80 86.70 79.00 70.30 60.60 50.30 39,50 27.20 14.30 0.0
100.00 92.70 84.90 76.80 67.60 58.00 47.50 36.50 24.60 12.30 0.0
100.00 92.30 83.60 74.50 65.30 55.60 44.90 34.10 22.80 11.40 0.0

100.00 91.50 82.30 73.30 63.60 53.30 42.80 32.20 21.40 11.SO 0.0
100.00 90.80 81.10 71.60 61.80 51.20 40.50 30.30 20.20 10.00 0.0
100.00 90.10 79.90 69.80 59.60 49.30 38.60 28.70 18.80 9.30 0.0
100.00 89.60 78.50 67.80 57.80 47.10 36.50 27.00 17.40 6.80 0.0
100.00 89.00 76.80 65.80 55.30 44.50 34.90 25.00,15.60 7.30 0.0
100.00 86.50 74.80 62.50 51.90 42.10 32.00 22.50 15.40 6.10 0.0

100.00 89.00 71.70 59.10 46.60 38.60 29.10 20.00 11.20 4.50 0.0
TABLE A6.2 NODAL POTENTIALS AS MEASURED ON EQUIVALENT

ISOTROPIC ANALOGUE
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.40 0.00
0.00

1.44
1.23 .74

.27 0.00

.12
.22

0.00
0.00

Statistical Paramt

Variance

TABLE AS.? DIFFERENCES IN N ODAL POTENTIALS

AND STATISTICAL PARAMETERS DESCRIBING
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TABLE AS.4 COMPARISON OF NODAL POTENTIALS 
FOR JOINT ANALOGUE

+ t,«i+ "L4+,«."K?3+ +118+
+ 4 23+ +1

P
4-

.+ + ^ t,y \

7t +70 f
4-

+ +” 1+2S «+
,+ t6 I 69.11 y s4
’+ r 't.y't,

4 8
.+

„+ 4-
s

6t: V
"Hay't. 3̂ 't o+
62.9 tfl.6 22.6 6.5
0.4 0.7 Q.l 0.6

Statistical Parameter Values:
Hean Difference 1,13 Mean Deviation 0,72
Variance 0.97 Std. Deviation 0,98



RESULTS OF TEST A.2



SUPERPOSITION OF EQUIPOTENTIALS FOR

LEGEND. av Conputer program ANEF^
b. Tgledeltos equivalent joint analogue.
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100.00 98.ID 94.08 88.35 81.05 72.34 82.26 50.73 37.39 21.33 0.0
100.00 96.515 91.37 84.62 76.45 66.92 56.07 43.83 30.09 14.93 0.0
100.00 95.24 68.94 81.23 72.21 61.98 50.62 36.26 25-15 11.97 0.0
100.00 94.05 86.75 78.11 68.35 57.58 46.03 33.96 21.84 10.30 0.0
100.00 92.97 84.67 75.21 64.79 53.66 42.12 30.55 19.39 9.10 0.0
100.00 91.94 82.68 72.39 61.38 50.00 38.62 27.61 17.32 8.06 0.0
100.00 90.90 90.60 69.44 57.88 46.34 35.21 24.79 15.33 7.03 0.0
100.00 89.70 78.16 66.04 53.97 42.42 31.65 21.88 13.27 6.95 0.0
100.00 88.02 74.85 61.74 49.38 38.02 27.78 18.77 11.05 4.76 0.0
100.00 85.07 62.91 56.17 43.93 33.08 23.55 15.38 8.63 3.44 0.0
100.00 78.67 62.60 49.27 37.73 27.65 18.95 11.67 5.92 1.90 0.0

TABLE AS.5 MODAL POTENTIALS AS CALCULATED 8Y COMPUTER 
PROGRAM ANEFF

100.00 98.22 93.80 87.85 80.63

100.00 96.50 91.00 84.22 -76.10
100.00 95.15 88.65 81.18 71.85
100.00 93.97 66.47 80.07 68.15
100.00 93.10 84.37 74.80 64,32
100.00 92.02 32.1.7 72.37 61.20

100.00 91.02 80.60 69.52 57.95
100.00 90.02 78.30 66-27 53.97
100.00 88.35 74.95 61.80 49.20
100.00 85.07 69.77 58.17 46.60
100.00 79.63 62.10 49.27 37.70

TABLE AS.6

72.45 62.30 50.72 37.90 20.38 Q.O
67.17 53.40 41.82 30.22 14.93 0.0

61.90 50.80 38.20 25,05 11.65 0.0
57.55 46.02 33.72 21.70 9.98 0.0
52.22 42.05 30.47 19.40 8.98 0.0
49.95 38.80 27.63 17.52 7.98 0.0
47.77 35.68 25.20 15.63 6.90 0.0

42.45 31.65 19.92 13.53 5.03 0.0
38.10 28.15 18.82 11.35 4.85 0.0
32.82 23.90 15.78 9.00 3.50 0.0
27.55 19,37 12.15 5.20 1.73 0.0

ON EQUIVALENTNODAL POTENTIALS AS MEASURED 
ISOTROPIC ANALOGUE
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.41 .47 1.44

.14 2.00 2.67 

.50 .00 .03

Statistical Parameter Values: Mean Difference 
Mean Deviation 

Variance

0,288
0,232
0,256

TABLE A5.7

Std. Deviation 0,506

DIFFERENCES IN NODAL POTENTIALS 
AND STATISTICAL PARAMETERS DESCRIBING
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RESUT5 OF TEST A.3



FIG A.5.3 SUPERPOSITION OF EQUIPOTENTIALS FOR 
TEST A.3

Computer program AHEFF
Teledeltos equivalent joint analogue
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NODAL POTENTIALS AS MEASURED ON EQUIVALENT 

ISOTROPIC ANALOGUE



,03

0,137
0,026

0,160

TABLE A5.10 DIFFERENCES IN NODAL POTENTIALS
AND STATISTICAL PARAMETERS DESCRIBING
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TABLE Ao.U COMPARISON OF SOHAL POTENTIALS 
FOR JOINT ANALOGUE

93. ij" 4- + +5<.0̂  4 32 .,+■ +
+ :4 - + 3°v:■i +

' C 4- + + 4- + 4- 4-

+ •f +,2+
91 04" + "t3 + +■ +0°•+
°'SJ_ 90.71 81f" ^ > i , 1.3+ t sf
o.a. i +„ + +°V

+ l'A- + + t-
V  +- f f 4- -f- t- 4-

Statistical Parameter Values:
Mean Difference 1,36 Mean Deviation 0,8?
Variance 1,27 Std. Deviation 1,13
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COMPARISON OF NODAL POTENTIALS FOR 
RANDOM JOINT TiST B1

+ +.0 76,3 1 6(

1.1.7 , ;

.5 1 55.3 ‘ HE.S ' 37.5 ' 18.2 

.8 53.7 43.2 32.5 21.6

7 + , 8 l+ 37 4 -  4- +2 1 23.f 12.8 1 
1 25.4 12.9
1 I 1.9, 0.1
r h , . ? -  +

3tt.5 23,2

' s ^ E  5+37

+  - h

'4-

,'i+

'“t,
> 2'

'IrF
= +  " h o  

' +

J 22.1 10.O 1
20.4 10.0

B +J1.2+" + •

> 4 -  +O * 5 10.0■

+  2-’4 -  + - 4 -  +
5 1 I 67.5 1 H8.2 1 4

2.0* 79.9 55.Q 1 48.8 
54.6 44.2

1 * RS.ft Rlt.U * 34.0

H-

S3...7
71.2 48.7 36.5
3.1 5.0 3.6

Statistical Parameters Values: Mean Difference 1,67
Mean Deviation 1,01 Variance 1,59 Std. Dev 1,26
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TABLE AS.13 COMPARISON OF MEASURED AND CALCULATED
NODAL POTENTIALS FOR ANALOGUE ‘AS IN FIG 7.7a

669
. 71 1
-t* ’+ t + 3 8 i+ +Toi

89.9 37 i4̂-°4
O 83.2 70 4 4 gt + 1°+ + '4-#3
if  1-°4 0v :+ t + 1 3 3 +  +

°V '\ 9+ o+ + 3 3 3 + 2 “ + 3 . 3 +

+ 2+6»s+ i 4 s3+ ' X 3+ ::+ .
60 7 3 9.5

-+- ~(~1 87.1 75 ,+u :+ +: :+:;:+
79.7 69 7 a 2 9.9

:+■ t + ° ,+2'+ !:+
5

91. 'T + „ 3+ +'?+
S 76.8 65 5 *»1
V 1 V 0
^77.1 1 62 > + . 3 V 2~k* 4‘142 ‘10.O l

7S.6 62 2 6.5
2.5 0 3 3.0 0 0 3.5

Statistical Parameter Valuesi
Mean Difference 3,13 Mean deviation 2,3
Variance 11,5 Std. Deviation 3,SO



DESCRIBING THE DIFFERENCES OF NODAL POTENTIALS

2,3
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TABLE AS.15 COMPARISON OF MEASURED AMD CALCULATED
_________NODAL POTENTIALS FOR ANALOGUE SHOWS IN FIS 7.8a

...
88.7' 86.01 63 
93.5 85.9 77

* + 50 f t + i . «+- 4-

90.0' 81.>» .71 „+
92.5 84.2 75

2-£j-3 if. ° %
p

+ 1 5 if 6 4-
0.6. 0.1 

T “86.0 1 71 1* 62.11 °t + : :+ 4-

:+° +* % ;+ +

1 84.31 :+ + 4- '+°'+ +

90.4 1 1 69 + 5 1 5 + 4- t lt «+ +•

t" t=»jf + . 1 . S + 3 1 ,+24- t
-t- 4 - '

84.0 1 ' 69 +"«:+6% -4—  — f- 
0 '18.2 1

3.0 G 1 8 5 3

Statistical Parameter Values:
Mean Difference 1,1 Mean Deviation 2*7
Std. Deviation 3,1
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TABLE A5.X6 COMPARISON OF MEASURED AND CALCULA«'f.O .,
_______ NODAL POTENTIALS FOR ANALOGUE SHOES i» I .Sb

-t- +  + ■ + » + 0 '

■ V % + 9;’+

84.2 75.3

+ z t : + + +1,..2+ -f

t . '3h = , ,0+

-\~ -f- 4 ™ 2
1 83.6 1 73.5 '61
no 7 ftQ n CO

: : +  + t + 2I :’+

/s./ oy./ ay

t . . + ° .2+

+ * . f •’ +

4 ^ 1'14 -  f
174.7 1 60.0 '44 + 2 2

-f- 2
> ■ +

74.1 62.9 61.9 41.6 22.6 14.1
0.1 2.9 7.2 14.1 0.0 0.6

Statistical Parameter Values;
Mean Difference 4,8 Mean Deviation
Variance 16,6 Sfcd. Deviation

L
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TABLE A.5.17 

STATISTICAL DISTRIBUTION OF DIFFERENCES 
IN NODAL POTENTIALS FOR THREE RANDOM

JOINT SETS AS TESTED IN TEST SERIES C.

Cl cz CS

LENGTH 40 80

MEAN DIFFERENCE 1,7 3.2 3,2

HEAR DEVIATION 0,9 1,8 7,9

VARIANCE 1,4 ' 4 ,S 6,1

STANDARD DEVIATION 1,1 2,1 2,4
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APPENDIX 5

A  PRACTICAL APPLICATION CP THE USE OF TENSOR PEBMF.ABILITif 

COEFFICIENTS

Lyeil’s (2970) original program has bean 
extended to enable cases of anisotropic media to be 
handled. The extended forms of the equations used are 
given in Appendix 4. The extended program is included 
in this Appendix.

The use and flowchart of this program are 
nearly identical to that given by I.yell (1970) and 
will thus not be given here. All that has to be supplied 
to the program are the absolute values of the coefficients 
of the permeability tensor.

Four cases have been tested and graphs showing 
the drawdown of the phreatic line with time for these 
cases are included in this Appendix.

The four cases tested are:

1, Isotropic K = ;!; 0 | ‘

at 45° to the XY axis system, 

(see fig A.S.l)

at 60 to the XY axis system.



r

Anisotropic K = I5 K e j4 °j
{3 5| |0 l\

at 45° to the XY axis 
system



FIG. A.6.1 DIRECTIONS AND RELATIVE MAGNITUDES 
OF THE PRINCIPAL AXES FOR THE THREE

CASES TESTED
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r
rPPtNl/OlSPUY fCR fSER NC IS FILE NA8E DlkRtL Cl,

PROGRAM FCti SCLN DP hT=FITIME)
REfll KXX.KXV.KVY
CIKENSION H18,481tS<461,IS(46)rIhHT(461#DHCZl461,ChCX$461
tUKENSION T6NGtl46t,B?461,Ux16,46),Z<46J
FORKATIIHlt^/»5X»'EXCESS HE<C Nl»«,76X,'UNIT DRAWCSWN')
FORMfT(F7.C,15F6.0,4X,F?.3)
FDRe<AT(5X, •*****»*«****•,//I
FaRI»6TUHl,//f5X,,PORE PRESSURE 6H PER SO CK'.VOX,*DRi5«OaW4*> 
F0ftMH//,4X,'INFILTRATION RATE MM PER SEC-',F10.4)
FORMAT!/,4%,'TIPE SINCE START SECS=«,FI0.2)
NITR=250

UNITS ARE fllLtHETERS AND SECONCS

MOO=M-3
NGC=N-3
BD*N-1
KV<=1C0.
RIl=KXX+K\Y
RXX=KXX/{2.*ftlH
RXY=KXY/<4.*RII>
RYY*KYY/I2.*RII)

SXY=KXY/i2.*RII)
SYY-XYY/RII
SKK=KXX-tKt>*KXY/2.
DEiTT=lC./60.
PERV»45.

ITIdP=ITM*l
SET ENTIRE F4TRIX TO ZERO FOR INITIAL VALUES 
CO 821 JM,N 
CO 821 1=1,M 
H(I,J)=Hkyi.5
FIND INITIAL VALUES BY ROUCti GRIO 
CO 11 JbIjTI
CO 12 I“2,lTlt 
HtI»h)“A*tl‘- U  
CO 13 I*ITVi,K 
HU.N1-TW 
00 id l=l*NITR 
BO 14 r*4,!'0C»3

L T _
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14 Httili=SXX*lHH-3,l)+K(l43,l)}+5YY*h<I,4$
H H « ,li = iKX X »H ih ,4 ’ * m * k ( t '- 3 , tH / (K X X * K Y V }  I

J 00 16 J»*,»iCG,3 ;
16 H lH ,J ) ” 5XX*{H<h,U-33+Hlf‘ ,J«-31)*SY Y*K (li-3,J l-SXY *(H «K-3»4--3 i !

CO 17 I<4*MD0»3
DO it J=4,N8D,3 i
H (Z ,J l= R X X * tH ( ! ,J -3 )+ H lI tJ * 3 ) l* R Y Y * IH t!-3 f4 > * K tI* 3 ,4 n  

11 hiI,J)=H<l,jnRXV*lH{l-3,J4-31-h(t-3,J-3I-t-U*3,J*3I-»t-<I+3«J7-31j
IC CONTIWLE ;
; C ROUGH GRIG fOUNO i
C SET SLRR0LND1NG VALUES TC ROUGH GRID VALUES ;

CG 21 I - l t f U 3  !
CO 21 3 ;
CO 21 11 *1 ,3  ;.
ISO 21 4.1=1,3

:
21

00 22 I - l . f *
00 22 ,)= t ,N

22
DO 122 I = l f !tW 

122 h ( l ,N l= A * ( M - I l
C FINE GRID SET UP F tft ITER ATJ0H
C y*ART REi.AXATICh PROCEDURE FCR FINE GRID
C CALCULATION CF PART TEO OF THE HATER TABLE PROBLEM !

. c Gzve m m t  v aiu h s  tc s etc i
00 2CC 4*1.N •

1S U )*S (4 J  + 1 I
2CC IHHTtJJa*4- !  :

DO 6CC L L in . 7  !
00 7CC KKK=1,40 !.■ c CALCULATE VALLES OF TAN ThETA, OHDX.ChOZ

’ Bt) 2C1 4= 2 ,N
 ̂ IShT=IS141

C»8tJ1*A
IF (C -A /6 ,)1 2 C I,2201,2201 

' 22C1 0 H D Z {J l= (H (IS H T ,4 )-H (IS W T *l,4> l/C
GO TO 3201

1201 0H0ZC4>“ {K<ISHT,41—HIISKT+Z»J)1/tA+CJ
I32C1 CONTINtiE
' IF l IS < 4 r - IS f4 - H  l4 2 C l,-t? 0 i,5 2 0 1

5201 t t f t * J H U S H T .J - l l - H U S W T + l,4 - in * 8 U l* « l lS K m ,J - l)
GO TO 6201 

42GI IF ( B I4-1 )17201,7201,6201
: 72C1 W - K IS K T . J - n

GO TO 620182C1 H R = tH t IS H T , j- l) -H lIS H T * l,J - m * B ( J ) /B 1 4 - lH H llS H T * l1J - I I
(2C1 CQfillNLE

DH&SfJ)=<hR">, r i5 h T , J l ) / j i  
. 2C1 C m iK L E

DO 381 J-2.NC 
3£1 V / ,N G L (4 )» IS l4 * l> -S t4 -m /2 .

C KC SU J-ti.
TANGLtlJ»C.
T M G L ( fi> = '3 .*S lN l/2 ."Z .*5 1 N -H *-S tN -2 i/2 .

» ^  ' ■ - L  ' " — 1

L
r-v



jl3 8 1  DHDZll5slHlZSkT1l)-H{ISWT*2,in/t<B4H*i.)*6i

2C4 S(J!=< tGHCZ(U)*KYYtKXY*CkOXtJl-KXX*Ci(CX<ai*T6\'GLt J?-KXY»D1'3Z{J’

H I I i l l= S X X * ( H J t - l , t l+ H t I + i f l ) l+ S v y * l i l I ,2 1  
H IH ,ll= lK X X *H f» ,2 U K V Y *H £ l-- l» llly< K X X *K V Y ) 
CO 3C6 4= 2 ,SO



r

r 1

CO 5551 4= 2 ,NO 
5551 Z«41=B1J$*A

CO 3C7 4=2tl*e r
C 1»ZU *I1
cntJl :
C 2*Z (J -1 )
C=B<J1*A
L tM N = IS fJ )* l
IDCD=IStJ+l)*IStJ> f
IFHDCC>3C72,3072»3C71 i

3C72 c a u m tE
DEN=2.*<KXX*C*(A+C)+KYY*t4*IA+C)l)
C£«2=tf*C2
CEN1=A+Cl :
V A ft= K X X *C = ttA *C l*«K iL IM N ,J-l)*H tL lM N ,4*m  
V 6 R =V A R *2 .*K Y Y *A *ta *h {H M N -l» J l*C *H lL lK N * l,,ll$  
V 6 1 t= V A R *K X > *a * r*H K tL H 'N * l,U * l) -H tL !H N - l,J « U V 0 E K l- lH lV im i* :  

l - H U I f 'N - l . J + l l  ,DEN21*t*+C)
H( LINNtJ)=WAR/QEh
Lll»=LIKN+t ;
GO tO 3074 !

: 3C7I C =e/<st J + D 'S tJ ) }
00 919 1CM=1,ICCC
tNt«ICNT-I '
C = D *C h T *A /(S (J * l)-S t j) }
UI/-=LII'N*ICNTr-l
RA*U+C>*C*C
SA»lA401*4*0 :
TA*(A+C)*A*C
UA=(A*D)*C*D
OEK»KXX*« TA+RA]+XYY*CSA+U1
H( iL IM t J l ’sIK X X * lR A *R IIL If ',J - l}*T A *m - IL IH l*e l*K Y Y * lS A *H ltL IM -- li 

l4U A»K(IL iA ,4 IW ))> /O E N  
i 0EN2=CEN*2.
i IF (IL IH -2 1S S S 5 ,5996,9995
]9996 0R A TIT=Z{J-1I*A
i GO TO 999?
!9995 I I I = H { I L i r - 2 , J - l )
i IF 11II39999»9996»9998 r
9958 C ftA TIl= 2 .*A  :
959? CONTINUE

IF {Z 1 4 + H -C .I2 5 *A )S S 9 1 ,3073,3073 \
5591 Z fJ+ 11 = Z IJ+ ll+ A  [

H U L IK ,J 1 = H « U lH ,J l+ K X Y * R A *U A * t(H (IL IH *2 ,J * l3 -H iIL IH ,4 * ii) /Z tJ :  
J + 1 3 - rn lIL IM * l» > - l) -H ( IL I f '- l ,J -m /O R A T tT ) /O E N 2  \
Z U * I l - Z t  j«-H~A i
GO TO 519

3C7 3 H {IL I> > ,a i= H lI l . IH ,J ) * K $ (Y * R 6 * l iA * [ {h m .T H * l,J * l> - m n « fJ * l> l/Z < J
l+ l ) - ( H I IL t# i + l, J - l) -H H L IH - l,J - l) ) /C R A T IT ) /0 E N 2  

515 COM IKtE
LIH=L!I'N *IBCC 

3C74 CfflJUKt-E
00 307 I “ t If * ,K 0

i - H i i - H . u m - m i m . j - m  
3C7S H I t ,4 i= H i I ,4 ) * a Y Y * $ H H - i .

. 3C7 OON7IME !
SCO CONTINUE I

L L

L



r

7CC CONTSMiE
CO 402 J=1,N 
1SCC=IS1J>
1SC=IS1J}*1 
DO 401 I=$,ISCO 

4C1 L II» J I= C .
CO 4C2 I- IS D .I-  

4C2 U 1 I,J 1 = « H {1 ,4 ) -A * (N - I) i /1 0 .

WR1TE16»3)
h R IT E ( 6 ,2 ) * ( H n ,J * , I = l ,H ,S U l , J = l, N )
kRITEf6»5)h
U R H E t L v n
yRlTE<6»4)
SiRlTEt6t6)
W R ltE {6 ,2 m u U » J l » I= l ,K > ,S U ) ,4 « l ,m  

6CC CONTINVE

PRINT *  NO OF LINES PRINTED- 25 :
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