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Abstract

Spatial modes of light hold the possibility to power the next leap in classical and

quantum communications. They provide the ability to pack more information into

light, even into single photons themselves, while increasing the level of information

security. In this quest, spatial modes carrying orbital angular momentum (OAM)

have come under the spotlight due to their discrete infinite dimensional Hilbert space

allowing, in theory, for an infinite amount of information to be carried by a photon.

Here we study, theoretically and experimentally, spatial modes of two flavours: scalar

and vector modes. the dichotomy between the two flavours is in their polarisation

characteristics: scalar modes have spatially homogeneous polarisation fields, while

vector modes do not. One facet of our work focusses on scalar mode carrying OAM;

using digital holographic methods, we demonstrate the techniques used to tailor and

analyse scalar optical fields. We discuss principles of generation and detection for

scalar modes based on manipulations of the dynamic phase of light with spatial light

modulators. We apply these techniques to characterise free-space and optical fibre

links, and demonstrate an increase in bandwidth with the additional modal channels.

In the other facet of our work, we study vector vortex modes. A particular property

exhibited by these modes is the non-separability of their degrees of freedom, a property

traditionally associated with entangled quantum states. This raises the question:

could quantum entangled systems be modelled with bright sources of vector vortex

modes? We answer this question by applying vector vortex modes to the study

of quantum transport of entangled states. We borrow techniques from quantum

mechanics to evaluate the degree of non-separability of vector vortex modes, using

the concurrence as our measure. By determining the evolution of the concurrence, and

therefore the entanglement, of vector vortex modes in fibres and free-space turbulent

channels, we show that indeed, bright classical sources can be used to model the

evolution of entangled quantum states in these channels.

v



Contents

Declaration i

Dedication ii

Acknowledgements iii

Abstract v

Contents vi

List of Figures viii

List of Publications xiv

1 Introduction 1

1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Angular momentum of light . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 Non-separability of entangled states . . . . . . . . . . . . . . . . . . . 8

1.4 Non-separable spatial modes . . . . . . . . . . . . . . . . . . . . . . . 10

1.5 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2 Experimental techniques 15

2.1 Generation and detection of scalar modes . . . . . . . . . . . . . . . . 16

2.2 Generation and detection of vector vortex modes . . . . . . . . . . . . 22

2.3 State tomography of vector vortex modes . . . . . . . . . . . . . . . . 28

2.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3 Communicating with spatial modes 33

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.2 Free-space-fibre optical link . . . . . . . . . . . . . . . . . . . . . . . 35

3.3 Mode-division multiplexing with over 100 modes . . . . . . . . . . . . 41

vi



3.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

4 Quantum transport with classical light 47

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

4.2 Transport of vector vortex modes through fibres . . . . . . . . . . . . 48

4.3 Transport of vector vortex modes through atmospheric turbulence . . 51

4.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

5 Conclusions 60

Bibliography 62

vii



List of Figures

1.1 Growth of optical fibre capacity over the past 30 years [10]. . . . . . 3

1.2 Graphical representation of the polarisation states of light. (a) shows

the electric field oscillation for circularly and linearly polarised light.
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Chapter 1

Introduction

Phase, wavelength and polarisation are properties of light upon which current com-

munication networks are based. Previously unexplored, the spatial degree of freedom

has been poised as a source for the next leap in classical and quantum communication.

Special attention has been given to spatial modes possessing well defined orbital an-

gular momentum (OAM) due to the infinite dimensional Hilbert space that it spans.

At the classical level, much effort has been directed towards utilising beams carrying

OAM to increase the bandwidth in communication media, namely free-space and op-

tical fibres. A particular type of spatial mode, known as vector vortex modes, possess

non-separable degrees of freedom, a property widely associated with entangled quan-

tum states. This raises the possibility of modelling quantum systems with classical

light. In this chapter, we motivate our study of spatial modes carrying OAM by first

discussing current communication technologies and their limitations. We then expose

the concept of OAM, its origin and characteristics, and finally review the concept of

entanglement, showing how it arises in spatial modes.
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1.1 Motivation

The bulk of the data exchanged worldwide is transported through optical fibres.

Current network architectures utilize properties of electromagnetic waves to encode

information; these are the phase, polarisation and wavelength. To maximize the

fibre capacity, multiplexing schemes have been introduced whereby information is

encoded on different channels and simultaneously sent through a single fibre. Time

[1], polarisation [2] and wavelength [3] division multiplexing are three of the main

schemes used in current networks to take full advantage of the degrees of freedom of

light. This is however limited by dispersive effects leading to a spread of the light

pulses. Fibre material properties along with manufacturing imperfections lead to

group velocity and polarization dispersion [4], thus limiting the amount of information

that can be carried by every fibre. At the receiving end of fibre networks, end-users

are faced with a speed bottleneck. This is due to the fact that ‘fibre to the home’ is

relatively expensive and in some cases impractical. As such, end-users have to settle

for network architectures with reduced capabilities. This is known as the last mile

problem [5]. To bridge this last mile, cable networks are mostly used, together with

free space optical laser links that allow for point-to-point communication [6, 7].

Figure 1.1 shows the impact of scientific and technological advancements in the

fibre capacity. Erbium doped fibre amplifier (EDFA) allowed for the amplification of

light signals within the fibre, reducing the need for repeaters and extending the range

of fibre networks [8]. This was followed by the introduction of wavelength-division

multiplexing whereby signals could be sent over multiple wavelengths of light. How-

ever, the more information that is sent through a fibre, the lower the signal to noise

ratio becomes and the higher the bit error rate. In response to this, forward error

correction coding was introduced to allow the fibre to operate closer and closer to

its maximum capacity know as the Shannon limit (red dashed line) [9]. More re-

cently, space division multiplexing, has been proposed as a new resource for fibre

communication: new fibre designs allow more signals to be transmitted over spatially

separated cores inside a single fibre [10]. This technique is, however, still in its early

developmental stages and has not yet been implemented on a large scale. With recent

research showing that we are approaching the maximum fibre capacity [11] and the

ever growing demand in bandwidth, there is therefore a pressing need to improve cur-

rent fibre networks using additional information channels to sustain the need for high

bandwidth long distance communication. For short range communication, bridging
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the last mile will involve implementing these additional information channels in cost

effective schemes that will involve hybrid free-space-fibre optical link.

Figure 1.1: Growth of optical fibre capacity over the past 30 years [10].

Over the past two decades, research has been aimed at tapping into a previously

unexplored degree of freedom through the spatial modes of light. These spatial modes

refer to the transverse profile of the light which is dependent on the medium of prop-

agation. In 1992, Allen et al. have shown that some optical laser beams possess

well defined orbital angular momentum (OAM) [12]. It was later demonstrated that

the OAM of light could be used to encode digital information [13], thereby open-

ing a plethora of potential applications in classical communication. Together with

wavelength and polarisation multiplexing, OAM has successfully been implemented

to achieve transmission speeds of the order of terabits per second through free space

[14] and fibres [15]. In quantum communication, spatial modes have been used to

achieve high dimensional entanglement [16–18] which would enhance the security of

current quantum key distribution protocols [19] through both free space and fibres.

1.2 Angular momentum of light

The angular momentum of light comes in two flavours: spin angular momentum

(SAM) and orbital angular momentum (OAM). The SAM of light, first associated

with circular polarization by Poynting in 1909 [20], was experimentally demonstrated

3



by Beth in 1936 when investigating the transfer of angular momentum from a polarised

beam to a doubly refracting plate [21]. Beth’s results showed that each photon

carries ±~ quantum of SAM, corresponding to right or left circular polarisation. The

state of polarisation of an electromagnetic wave is given by the plane of oscillation

of the electric field as depicted in Fig.1.2(a). A convenient representation of the

polarisation states is that proposed by Henri Poincaré in the early 1890s. He proposed

a graphical representation of the states of polarisation on the surface of a sphere as

shown in Fig.1.2(b). The poles correspond to the polarisations states associated with

Figure 1.2: Graphical representation of the polarisation states of light. (a) shows
the electric field oscillation for circularly and linearly polarised light. (b) Poincaré
representation of the states of polarisation

the SAM eigenstates, namely left and right circular polarisation. On the equator are

the superposition of these eigenstates with equal weighting for both; these states are

the linear polarisation states. In the Poincaré representation, any polarisation state

|ψ〉 can be mapped to a point on the sphere according to the following equation

|ψ〉 = cos(θ)|L〉+ exp(iφ) sin(θ)|R〉 (1.1)

where θ and φ are angles as represented in Fig. 1.2(b) and |L〉 and |R〉 are the left

and right circular polarisation states respectively. Note that in the above and the rest

of this dissertation, we label states (classical and quantum) using Dirac notation.

Long after the demonstration by Beth of the effect of SAM, the orbital component

of angular momentum was shown by Allen et al. in 1992 to be well defined for

laser modes of the Laguerre-Gaussian (LG) type. They showed that in the paraxial

limit, that is assuming a slowly varying envelope, laser modes with azimuthal phase

4



dependence of the form exp(i`φ) possess well defined OAM which can be shown to

be quantized as follow: consider an electromagnetic wave propagating in a vacuum

and described by the following wave equation(
∇2 − 1

c2

∂2

∂t2

)
E(~r, t) = 0, (1.2)

where E(~r, t) is the magnitude of the electric field at position ~r and time t, and c is the

speed of light. Assuming a separable solution of the type E(~r, t) = U(~r) exp[i(kz− ωt)],
we arrive at the Helmholtz equation(

∇2 + k2
)
R(~r) = 0, (1.3)

where k ∈ R and R(~r) = U(~r) exp(ikz) that slowly varies in the transverse plane

compared to the longitudinal one (paraxial approximation), Eq. 1.3 becomes(
∂2

∂x2
+

∂2

∂y2
+ 2ik

∂

∂z

)
U(~r) = 0. (1.4)

In the paraxial regime, solutions to Eq. 1.4 in cylindrical coordinates are of the type

U(r, φ, z) = A(r, z) exp(i`φ). (1.5)

The quantization arises by considering the action of the z-component of orbital an-

gular momentum Lz on U(r, φ, z)

LzU(r, φ) = −i~ ∂

∂φ
U(r, φ, z) = ~`U(r, φ, z). (1.6)

Each photon thus carries `~ quanta of OAM, with ` ∈ Z. The state |ψ〉 of a photon,

or any quantum system, can be expressed as a superposition of its eigenstates

|ψ〉 =
∑
i

ci|ψi〉, (1.7)

where the probability amplitude ci represent the likelihood of the photon being the

eigenstate |ψi〉. In terms of communication, this implies that the wider the space of

eigenstates is, the more information a photon can carry. thus in a discrete infinite

dimensional OAM space, photons can carry an infinite amount of information.

An example of paraxial beams is the set of Laguerre-Gaussian (LG) beams given

by
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Up,`(r, φ, z) =

√
2p!

π(p+ |`|)!
1

w(z)

(
r
√

2

w(z)

)|`|
exp

[
−r2

w2(z)

]
L|`|p

(
2r2

w2(z)

)
× exp

[
ik0r

2z

2(z2 + z2
R)

]
exp

[
−i(2p+ |`|+ 1) arctan

(
z

zR

)]
exp(i`φ). (1.8)

These beams are characterised by a radial index p and an azimuthal index `, the

latter representing the OAM eigenvalue. The beam radius, w(z), at a distance z

along the propagation axis is given in term of the beam waist w(0) by w(z) =

w(0) [(z2 + z2
R)/z2

R]
1/2

where zR is the Rayleigh range; it is the distance along the

axis of propagation after which the beam doubles in cross-sectional area with respect

to the waist and is given by πω2
0/M

2λ, where λ is the wavelength and M2 = 2p+`+1

is the beam quality factor which determines deviation of a beam from an ideal Gaus-

sian for which M2 = 1. The set of functions L
|`|
p (x) are the Laguerre polynomials.

The intensity patterns of some LG beams are shown in Fig. 1.3. The radial index

p gives rises to concentric rings while the azimuthal index ` controls the size of the

central vortex.

Figure 1.3: Simulated intensity pattern of some Laguerre-Gaussian beams.

Unlike the SAM, the OAM component is not related to polarisation; it is instead

associated with the flow of energy of a beam as it propagates. The Poynting vector

defines this flow and for an OAM carrying beam, it is helically twisted around the
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optical axis resulting in a beam having a helical wavefront, as shown in Fig. 1.4 [22].

The azimuthally varying phase possesses a discontinuity on the optical axis of the

beam, resulting in the formation of an optical vortex, which manifests in the form of

a null intensity along the optical axis.

Figure 1.4: Simulated properties of beams carrying OAM of (a) ` = 1 and (b) ` = 2.

As an analogue to the Poincaré representation of SAM, the OAM states in a

given subsapce |`| can be represented on a unit sphere, a Bloch sphere. The poles

represent pure OAM states [23] while those on the equator are superposition modes

with equal weighting and varying phase shift. A given state within the subspace |`|
can be mapped onto the OAM Bloch sphere according to the following equation

|ψ〉 = cos(θ)|`〉+ exp(iφ) sin(θ)| − `〉. (1.9)

Paraxial beams such as the LG beams form a basis set having the following prop-

erties

〈Up,`|Uk,m〉 ∝ δp,kδl,m, (1.10)

|Ψ〉 =
∞∑
p=0

∞∑
`=0

cp,`|Up,`〉. (1.11)

Equation 1.10 defines the orthogonality of the modes in the basis: modes with different

radial or azimuthal index (OAM) are orthogonal and consequently, they are linearly

7



Figure 1.5: Bloch sphere representation of OAM states in a given subspace |`|

independent. As such, Eq. 1.11 states that an arbitrary optical field |Ψ〉 can be

constructed from a weighted superposition of basis element |Up,`〉, and each of the

weighting coefficient can be independently determined.

1.3 Non-separability of entangled states

The concept of entanglement arose in the early years after the birth of quantum

mechanics. Quantum entanglement describes the seemingly “ spooky action at a dis-

tance ” - to use Einstein’s words - between quantum particles which, at first, appeared

to violate the known foundations of special relativity [24]; allowing two systems to

exchange information instantaneously irrespective of the distance implies superlumi-

nal communication, i.e., transfer of information at speeds faster than that of light.

In actual fact, information is not exchanged between the entangled systems; rather,

knowledge about the state of one of the entangled systems collapses the wavefunction

of the other system into a definite state. The concept of entanglement is as follows:

consider two independent particles A and B in states |ψ〉A and |φ〉B respectively. The

state of the composite system is given by:

|Γ〉A,B = |ψ〉A ⊗ |φ〉B. (1.12)

As a consequence of Eq. 1.11, the state |Γ〉A,B can be expanded in terms of the

complete set {ψn} where ψn are the normalized eigenstates of an observable O of

8



particle A. We then write

|Γ〉A,B =
∑
n

|ψn〉A ⊗ |φ〉B. (1.13)

Any measurement of O on particle A will result in the collapse its state ψ into one

of its eigenstates ψn with eigenvalue αn. A subsequent measurement of an observable

P is performed on particle B. Just as before, we can expand the composite state in

terms of the complete set or normalized eigenstates {φm} of P . The measurement

will therefore collapse the state of the composite system into

|Γ〉A,B = |ψn〉A ⊗ |φm〉B. (1.14)

The above result shows that the state of the composite system is a tensor product

state of two local states of particle A and B. More generally, the state of the composite

system can be expanded as

|Γ〉A,B =
∑
n,m

αn,m|ψn〉A ⊗ |φm〉B, (1.15)

with αn,m are positive real coefficients and
∑
n,m

α2
n,m = 1. This is known as the Schmidt

decomposition [25]. Thus, a separable composite system is one that can be expressed

as a product of the states of its subsystems. In cases where this is not possible, the

composite system is said to be non-separable or entangled. A textbook example of

entangled states is that of two fermions in the singlet state

|Γ〉A,B =
1√
2

(| ↑〉A| ↓〉B − | ↓〉A| ↑〉B) , (1.16)

where {↑, ↓} are basis states of spin. Note that here (and the rest of the Dissertation),

we omit the tensor product operator for simplicity. A measurement of the spin of

fermion A in the above basis determines with certainty the state of fermion B and

vice versa, regardless of the separation between the fermions - hence the ‘spookiness’.

This peculiar property of entangled states have been used to demonstrate quantum

teleportation [26] and forms the basis of Ekert’s quantum key distribution protocol

[27].

Analogues to quantum entangled systems have been known to exist at the classical

level. Often referred to as classically entangled, these systems are related to a vari-

ant quantum entanglement known as hyperentanglement [28]. The entangled state

defined by Eq. 1.16 described a composite system of two particles. The ensemble

could be viewed as a monolithic system where the two fermions now represent the
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degrees of freedom as opposed to subsystems. It would be useful to label the degree

of freedom differently as follow

|Γ〉 = |α+〉|β−〉 − |α−〉|β+〉), (1.17)

where {α−, α+} and {β−, β+} are now the bases of the two degree of freedom re-

spectively. We will assume that the basis states are appropriately normalized. This

entanglement of degrees of freedom is of particular interest because it can be observed

at classical level in the form of spatial modes known as vector vortex modes.

1.4 Non-separable spatial modes

Vector vortex (VV) modes arise as exact solutions of the vector wave equation applied

to optical fibres [29].

{52
t + n2k2}~et +5t{~et · 5t

[
ln(n2)

]
} = β2~et, (1.18)

where n is the refractive index of the fibre, k = 2π/λ is the wave vector, ~et is the

transverse electric field and β is the propagation constant of each vector mode so-

lution. The eigensolutions for the higher order vector modes of Eq. 1.18 can be

expressed in the form of hyperentangled states as described by Eq.1.17. A particular

mode-set of interest in this dissertation is that of the first higher order modes span-

ning the two dimensional polarisation Hilbert space and the |`| = 1 OAM subspace.

Mathematically, they are given by the following equations

|Ψ±〉 = A(~r) (|` = −1〉|L〉 ± |` = 1〉|R〉) , (1.19)

|Φ±〉 = A(~r) (|` = −1〉|R〉 ± |` = 1〉|L〉) . (1.20)

The radial envelope A(~r) is dependent upon the refractive index profile of the fibre. In

terms of fibre modes, the states |Ψ+〉, |Ψ−〉, |Φ+〉 and |Φ−〉 correspond to the |TM01〉,
|TE01〉, |HEe

21〉 and |HEo
21〉 modes respectively [29]. These modes are characterized

by a null on-axis intensity and an azimuthally varying polarisation map.

The expressions of VV modes given in Eqs. 1.19 and 1.20 are akin to those of a

hyperentangled state, given in Eq. 1.17, the ‘entanglement’ being between the spatial

(OAM) and polarisation degrees of freedom. There are however major differences

with the entanglement observed at the quantum level, and this classical entangle-

ment. Einstein Podolsky and Rosen (EPR) in their argument on the incompleteness

of quantum mechanics [24], defined locality as the fact that a system can only be
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affected by its immediate surroundings. Under this condition, EPR rejected the idea

of quantum entanglement in which particles that are space-like separated would in-

fluence each other’s states. Light cones in space-time define the past and future of

particles; for space-like separated particles, the light cones do not cross unless the

particles are allowed to travel faster than light [30].

A common classification of quantum and classical correlation is done with a Bell

inequality [31]. The objective of the inequality is to impose boundary on classical

correlations which, should only be violated by quantum mechanical counterparts.

Consider for example a source emitting in opposite directions two photons A and B,

entangled in polarisation, which are then passed through linear polarisers. Let σ+

and σ− (χ+ and χ−) be orthogonal orientations of the polariser through which photon

A (B) is passed. Assuming the polarisation of the two photons are related classically

through some hidden variable ξ, Bell defined the correlation between the polarisation

states of the photons as

E(σ, χ) =

∫
dξρ(ξ)A(ξ, σ)B(ξ, χ), (1.21)

where ρ(ξ) is the probability distribution of the hidden variable ξ. Bell’s inequality is

summarised by the following statement for classical theories (hidden variable theory)

|S| = E(σ+, χ+)− E(σ+, χ−) + E(σ−, χ+) + E(σ−, χ−) ≤ 2. (1.22)

Thus, if |S| > 2, entanglement would be a feature of quantum mechanics, devoid

of any hidden variable, and this has been proved; violations of Bell’s inequality and

locality as defined above has been shown for entangled systems [32]. Interestingly,

vector vortex beams have also been shown to violate Bell’s inequality [33, 34] but

not locality as defined by EPR. There is therefore a need to emphasise that although

classical systems may exhibit a form of entanglement, they cannot be treated as

quantum objects.

The non-separability of vector vortex modes can be illustrated by observing the

effect of a measurement on one of the DoFs. Figure 1.6 shows how polarisation

measurements collapse the spatial DoF into particular states on the OAM Bloch

sphere. Conversely, for a particular VV mode, a measured state on the OAM Bloch

sphere can be mapped to a particular state on the Poincaré sphere.

As VV modes are formed from an incoherent superpositions of hybrid OAM-

polarisation basis states, one would wonder whether VV modes can be mapped to

points on a sphere as were the OAM and polarisation states. This is indeed possible as

11



Figure 1.6: Mode fields of the first four higher order vector vortex beams. The black
arrow represent the polarisation measurements performed on a (a) |TM01〉, (b) |TE01〉,
(c) |HEe

21〉 and (d) |HEo
21〉 mode. The white arrows show the OAM handedness.

shown in Fig. 1.7. Vector vortex modes of the |Ψ〉± and |Φ±〉 types can be mapped

to points on a sphere known as a higher order Poincaré sphere (HOPS) [35]. The

poles correspond to basis OAM-polarisation states while the vector vortex beams are

located on the equator of the HOPS.

Vector vortex beam have the potential to classically emulate qubits in classical

processes analogous to those encountered in the quantum world [36–38]. As such,

they allow to answer some questions about quantum systems by probing a classical

analogue. In this dissertation, we will focus on the use of qubits (quantum bits) for

communication. More specifically, one question will be at the centre of our study: How

are (entangled) qubits affected by communication channels? We will approach this

question by studying the behaviour of VV beams in various communication channels.

1.5 Outline

Our work flow is as follows: In Chapter 2 we will demonstrate techniques to generate

and detect scalar beams with digital holographic techniques and vector vortex beams

using custom designed inhomogeneous anisotropic phase plates. We have shown that

vector vortex modes are mathematically entangled. In quantum mechanics, a well-

known method to quantify entanglement is through the concurrence. We will demon-

12



Figure 1.7: Higher order Poincaré sphere for a) the |Ψ±〉 and b) the |Φ±〉 vector
vortex modes.

strate techniques to evaluate the concurrence of vector vortex mode by performing a

full state tomography.

In Chapter 3 we will apply the techniques demonstrated in the previous chapter to

characterize communication channels for long distance data transfer. Two channels
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will be of interest: free-space and optical fibres. In free space, we will demonstrate

the mechanisms leading to decoherence of entangled qubits through atmospheric tur-

bulence. In fibres, we will show entanglement preservation during propagation.

In Chapter 4 we will demonstrate, using both scalar and vector modes, data

transfer on two real-world simulated optical links. On one hand, we will employ single

bit encoding techniques to transfer data on scalar beams in a last-mile free-space-fibre

link. On the other hand, we will demonstrate multi-bit encoding with multiplexed

vector vortex beams in a simulated long distance, weak turbulence, propagation.

Finally we conclude by highlighting the impact of our work in the quest to increase

data transmission speeds using spatial modes of light.
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Chapter 2

Experimental techniques

Here we present the techniques used to tailor optical fields through manipulation of

the dynamic and geometric phase of light. In particular we explore optical fields that

possess well defined OAM. Firstly, we look at optical modes in which the amplitude

and polarisation components can be treated independently of each other. We will

label these modes as scalar modes. We demonstrate active and passive methods

to generate and analyse their OAM content through manipulation of the dynamic

phase of light. Secondly, we focus on a more exotic type of optical fields in which

the amplitude and polarisation components are not separable; that is they cannot

be treated independently of each other. We will label these modes as vector modes.

We will narrow our interest to vector modes that exhibit azimuthal symmetry in

polarisation and amplitude and carry OAM; these are called vector vortex modes.

We will demonstrate techniques to generate and detect these modes that employ the

geometric phase of light. Finally, we will demonstrate a characterisation technique

based on quantum mechanics to discern between modes of the scalar and vector

flavours.
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2.1 Generation and detection of scalar modes

With the demonstration by Allen et al. that some optical fields possess well de-

fined orbital angular momentum (OAM) [12], various methods have been devised to

generate OAM carrying beams. The early methods were aimed at manipulating the

dynamic phase of a Gaussian laser beam. The term dynamic refers to the phase a

beam acquires as a result of its propagation through a particular medium. Early at-

tempts to generate OAM carrying beams involved the use of spiral phase plates [40].

The technique spatially modulates the phase of a laser beam by passing it through

a optical element with constant refractive index but azimuthally varying thickness.

The result is a beam having azimuthally varying phase. Mathematically this phase

modulation is described as follows: consider a beam with flat wavefronts normally

incident on a spiral phase plate. The azimuthally varying thickness creates a pitch α

between sections of the plate as shown in Fig. 2.1. When passing through the plate,

the rays are refracted at an angle θ upon exiting the plate. The phase shift δd incurred

as a result of the propagation through the phase plate is given by:

δd = ~k · ~r =
2π

λ
(np − n0) d(x, y), (2.1)

where ~k is the wave-vector, ~r is the optical path, λ is the wavelength, np and n0 are,

respectively, the refractive indices of the phase plate and air. the refractive index of

air is taken to be that of the vacuum (n0 = 1). For the output beam to carry an

Figure 2.1: OAM phase modulation using a spiral phase plate. The phase plate
causes an azimuthally varying phase which results in a beam having a helically twisted
wavefront.

OAM charge of `, we require δd = `φ, where φ is the azimuthal field distribution of

the beam. Thus one obtains the expression of the local thickness of the plate as:

d(x, y) =
`λ

2π(n− 1)
, (2.2)
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where n = np. The dependence of the thickness on the wavelength has made spiral

phase plates very difficult to manufacture for optical wavelengths as the size h of the

steps needs to be comparable to the wavelength [39, 41]. The angular momentum

imparted on the incident beam can be obtained by considering the angular deviation

resulting from the refraction of the rays exiting the phase plate. A distance r from

the centre of the plate, the angle of incidence obeys the following relation:

sin(θ1) ≈ θ1 = d/r =
`λ

2π(n− 1)r
. (2.3)

Note that the above approximation can be made as we are in the paraxial regime.

Due to the geometry of the phase plate, the ray exiting will not be refracted in the

same plane as the incident ray. Such a ray is said to be skewed and Snell’s law relating

the two angles is φ = (n− 1)θ1 [42]. Thus we obtain the following expression for the

angular deviation at the output of the phase plate:

φ =
`λ(n− 1)

2π(n− 1)r
=

`λ

2πr
=

`

k0r
. (2.4)

Each photon in the incident ray has linear momentum P = ~k0, with k0 = 2π/λ.

In the paraxial regime, one finds that the linear momentum transferred in the φ̂

direction, Pφ, is given by

Pφ = P
∂P

∂φ
= Pφ =

`~
r
, (2.5)

with associated angular momentum

Lz = ~r × ~Pφ = ~`. (2.6)

Spiral phase plates can therefore be designed to impart ~` quantum of OAM to pho-

tons. In addition to the technical challenges in manufacturing, spiral phase plates

need to be custom made to produce a particular OAM carrying beam at a specific

wavelength. This created the need for more versatile techniques to generate OAM

beams. Current state of the art techniques address this need using digital hologra-

phy. Figure 2.2 illustrate how the hologram of a spiral phase plate is generated by

interfering an OAM carrying beam with a plane wave. Digital holographic techniques

directly modulate the phase of light using computer generated holograms. This is

achieved by imposing a linear phase on the optical phase pattern, the sum modulo

2π [22]. This digital modulation allows for complex patterns of light to be generated

on-demand with a few clicks on a computer. This technique has shown application

17



Figure 2.2: Holographic generation of OAM phase screens. A spiral phase plate (SPP)
imparts OAM onto a Gaussian beam, which is interfered with reference beam having
planar wavefronts, to produce a ‘forked’ hologram.

in other fields such as optical trapping and tweezing [43, 44], pulse shaping [45], mi-

croscopy [46, 47], or three dimensional cell imaging [48] just to name a few.

When it comes to dynamically modulating the phase of light, a device of choice

currently used is a spatial light modulator (SLM). It is a pixelated liquid crystal

display that is electronically controlled, with each of the pixels individually addressed.

By applying an electric field ~E across a pixel, the orientation of the crystals can be

fine-tuned. This results in a change of refractive index which is proportional to the

voltage applied across the pixel. The phase shift induced is related to the applied

voltage as follows:

δd ∝ l
2π

λ
V (2.7)

where l is the length of each pixel and V is the voltage applied. The SLM used in

the work presented throughout this dissertation is a phase-only HOLOEYE with a

1920×1080 pixel resolution, a pixel width of 8 µm and a 50 Hz refresh rate. Phase-

only refers to the ability of the SLM to only modulate in phase, not amplitude. This

raises an important question: how can one generate optical fields with azimuthal and

radial dependence such as LG beams? This is achieved through complex amplitude

modulation, a technique developed by Arrizón et al.[49]. The principle of the encoding

is as follows: consider an optical field given by

U(x, y) = A(x, y) exp(iφ(x, y)), (2.8)
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where A(x, y) and φ(x, y) are real value functions representing, respectively, the am-

plitude and phase of the optical field. The phase-only SLM can be modelled by a

transmission function

T (x, y) = exp(iS(x, y)), (2.9)

where S(x, y) is the phase modulation of the hologram on display. The above ex-

pression has no amplitude term that can be manipulated. To modulate both the

phase and amplitude to produce the field U(x, y), the SLM must be ‘taught’ to do so.

Arrizón et al. showed that the modulation suited for liquid crystal SLMs to produce

a field U(x, y) given in Eq. 2.8 is of the form

S(x, y) = f(A(x, y)) sin(φ(x, y)), (2.10)

where f(A(x, y)) is a function of the amplitude and is specific to the radial envelope of

the optical field A(x, y), obtained by inverting the first term in the Fourier expansion

of S(x, y) in the domain of φ. This makes it possible to encoded a large variety of

optical fields in both amplitude and phase using a phase-only SLM.

In addition to their encoding functionality, SLMs can also be used as a decoder for

OAM carrying beams. The simplest detection system one could imagine is a scheme

in which the generation process is reversed. Probing the OAM content of a beam

would however require one to probe all the possible OAM eigenstates. This again

shows the advantage of digital holography over static detection systems that would

involve spiral phase plates or holographic plates. The method we will present can be

applied to the reconstruction of an arbitrary optical field. The method is as follow:

an arbitrary optical field U(x, y) can always be expanded in terms of a complete set

of basis functions ψ(x, y) as follows:

U(x, y) =
∑
i

ciψi(x, y), (2.11)

ci =

∫
dA ψ∗i (x, y)U(x, y). (2.12)

Though not unique, our basis of choice will be the Laguerre-Gaussian basis expressed

in Eq. 1.8. The LG basis is orthonormal and complete; as such, the coefficients ci

in the field expansion can be independently determined. Experimentally, this can be

digitally achieved using a SLM. By directing the optical field U(x, y) incident on the

SLM where holograms of functions ψ∗i have been encoded, the first order diffracted

beam will be expressed as:

F (x, y) = ψ∗i (x, y)U(x, y). (2.13)
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Figure 2.3: Phase modulation using a spatial light modulator. (a) shows a Gaussian
beam modulated by a forked hologram encoded on a SLM. The 1st order diffracted
beam carry the phase modulation. (b) The SLM modulation is achieved by modu-
lating the gray-level of each pixel, with each level corresponding to a particular phase
shift.

To perform the inner product in Eq. 2.12, we first Fourier transform Eq. 2.13 to

obtain:

F{F (x, y)} = F (kx, ky) =

∫∫
dA ψ∗i (x, y)U(x, y) exp[i(kxx+ kyy)] (2.14)

Setting kx = ky = 0, which is equivalent to being on the optical axis in the Fourier

plane, one obtains Eq. 2.12. Experimentally, one only has access to the field intensity.

We therefore define the state coefficients as:

|ci|2 = |F (0, 0)|2 =

∣∣∣∣∫∫ dA ψ∗i (x, y)U(x, y)

∣∣∣∣2 = |〈ψi|U〉|2. (2.15)

Given that each of the states ψi(x, y) define optical modes (vortex modes in this

instance), this method is referred to as modal decomposition; an optical field is de-

composed into a superposition of orthogonal basis modes [50–52]. Figure 2.5(a) shows
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Figure 2.4: Experimental generation of LG beams. (a) shows the encoded holo-
grams, (b) the simulated mode intensity and (c) the experimentally measured mode
intensities.

the experimental setup used to perform the modal decomposition of vortex beams.

Light from a laser was modulated using SLM-1. The forked (no radial dependence)

holograms encoded created a diffraction pattern, of which the first order was selected

using a physical aperture. Successive forked holograms were subsequently encoded on

SLM-2 with radial index p = 0 and OAM charge ranging from ` = −5 to ` = 5. The

Fourier lens, placed one focal length away from SLM-2, performed transformed the

output as per Eq. 2.14 and the on-axis intensity was measured at the Fourier plane as

per Eq. 2.15. For the generated vortex beams, the output of the modal decomposition

is given by:

|〈ψi|U〉|2 =

∣∣∣∣∫∫ dA Ã∗(x, y)A(x, y) exp(i(`− `′)φ)

∣∣∣∣2 (2.16)

|〈ψi|U〉|2 =
∣∣∣Ã∗(x, y)A(x, y)

∣∣∣2 δ`′,`. (2.17)

From the above, one would measure a non-zero on-axis intensity, if and only if, the

two holograms on both SLMs have identical topological charge as illustrated in Fig.

2.5(b).

Expressing a beam as a weighted superposition of orthogonal modes of a partic-

ular basis set is an extremely powerful technique. Particularly in the field of optical

communication using spatial modes. In addition to be effective in decoding informa-

tion carried by optical modes, it provides the ability to study perturbative media. In
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Figure 2.5: Experimental generation and detection of OAM carrying beams. (a)
shows the experimental where a laser beam from a laser is modulated on SLM-1 with
a forked hologram. The modal decomposition is carried out using SLM-2 and the
Fourier lens and the intensity is measured on the detector. (b) shows the modal
decomposition of vortex modes with topological ` = −5 to ` = 5 excluding ` = 0.

the next Chapters, we will apply these techniques to study two media of choice in

communication: optical fibres and free space.

2.2 Generation and detection of vector vortex modes

Vector vortex (VV) modes, unlike their scalar counterpart, have spatially inhomoge-

neous field distributions. That is, the spatial distribution depends on the observer

making the measurement: for example, different observers making different polarisa-

tion measurements will observe different field distributions. A convenient geometric

way of looking at the relation between the polarisation and the spatial distribution

is using the Poincaré sphere. For scalar modes, all the points across the beam profile

can be mapped to a single point on the Poincaré sphere. In the case vector beams,

this is not the case. As such, generating a VV beam requires optical elements that

can modulate the phase and the polarisation at every point across the beam profile.

Over the years, various methods have been proposed to generate VV beams, some

classified as passive and others as active [53]. The active generation of VV beam is

generally achieved inside a laser cavity where devices are introduced to force the laser

to oscillate in a particular VV mode[53]. To this end, two phenomena come into play

to create the inhomogeneous spatial fields of VV beams: birefringence and dichroism.

Materials in which the refractive index is dependent upon the polarisation are called
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birefringent while those in which the absorption is dependent upon the polarisation

are called dichroic. In the earliest active methods used to generate VV beams, both

birefringence [54] and dichroism [55] have been used as polarisation mode selectors.

Some passive methods also use birefringence and dichroism into mode analyser

to generate a particular type of VV beam. An optical element with transmission

axes matching the polarisation map of a VV beam is made of birefringent or dichroic

material to locally select polarisation components [56]. Another method based on

spatially variant phase retarders utilizes a similar concept but instead the optical

element generating VV beam locally rotates polarisation [57]. More exotic methods

involve the use of spatial light modulators [58] and stressed fibre lasers [59].

The method we present in this work to generate VV beam is a passive method

that utilises a an optical element with spatially variant birefringence known as a q-

plate [60]. The locally varying birefringence causes the components of polarisation to

experience different phase retardations. The dynamic phase incurred as a result of

the propagation through such a birefringent material is given by

δd =

(
ne + no

2

)
2π

λ
d(x, y), (2.18)

where no and ne are the ‘ordinary’ and ‘extraordinary’ rays respectively. These rays

are defined with respect to what is referred to as the optic axis. The varying birefrin-

gence makes a material anisotropic; the properties of the material vary with the axis

of propagation of a ray. In some materials, the anisotropy is directional. This direc-

tion is what is known as the optic axis. The terms ‘ordinary’ and ‘extraordinary’ refer

to rays perpendicular and parallel to the optic axis, respectively [61]. In addition to

this dynamic phase, the varying birefringence gives rise to a second type of phase that

can mathematically be demonstrated with ease. Similarly to wave-plates polarisers

in the Jones formalism, a q-plate can be represented by the following square matrix

T (q) =

(
cos(2qφ) sin(2qφ)
sin(2qφ) − cos(2qφ)

)
, (2.19)

where q is the topological charge of the plate and φ is the azimuthal field distribution.

Now consider a left circularly polarised beam propagating though the q-plate . Its

polarisation state can be expressed as:

|L〉 =
1√
2

(|H〉+ i |V 〉) =
1√
2

[(
1
0

)
+ i

(
0
1

)]
, (2.20)
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where |H〉 and |V 〉 are the horizontal and vertical polarisation states, respectively.

After passing through the q-plate , the electric field will be given by

~Eout =
1√
2

(
cos(2qφ) + i sin(2qφ)
sin(2qφ)− i cos(2qφ)

)
=

1√
2
e2iqφ|R〉. (2.21)

As a result of the anisotropy, the horizontal and vertical components gain a phase

exp(2iqφ). This phase, unlike the dynamic one, does not depend on the optical path

length, but rather on the geometry (spatial variance) of anisotropy [62]. Hence, this

phase has been labelled as the geometric phase or the Berry phase after Sir Michael

Berry who rediscovered it in 1984 [63] based on the analysis of state of polarisation of

interfering plane waves from Pancharatnam in 1956 [64]. A graphical way to explain

the geometric phase is by considering the precession of a pendulum on a sphere [65]

as shown in Fig. 2.6. The pendulum is taken from the pole at 1, along a line of

longitude to the equator at 2, then along the equator to 3 before returning to 1. The

dynamic phase incurred as a result of the evolution of the pendulum is given by a

path integral over a close line that is zero. Thus, the pendulum acquires no dynamic

phase. Figure 2.6 shows however that the final state |ψ〉f of the pendulum is given

by

|ψ〉f = exp(iΦ)|ψ〉1. (2.22)

Figure 2.6: Precession of the Focault pendulum on a sphere. The state of the pendu-
lum is evolved in the sequence 1→ 2→ 3→ 1. Upon returning to its original state,
the pendulum acquires a geomtric phase Φ

In 1984, Berry showed that the phase factor Φ is related to the solid angle sub-

tended by the closed path. The total phase δt acquired by a beam upon propagation

through an anisotropic medium is therefore given by

δt =

(
ne + no

2

)
2π

λ
d(x, y)± δg, (2.23)
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where δg is the geometric phase. The ± sign is due the left and right circular polari-

sations experiencing geometric phases of opposite signs.

At this point, it is worth noting that the geometric phase from Eq. 2.21 is associ-

ated with the azimuthal field distribution φ, as is the OAM. As such, q-plates are

manufactured to generate beams of photons having quantized OAM according to the

following transformation rules:

|`〉|L〉 q-plate−−−−→ |`+ 2q〉|R〉 (2.24)

|`〉|R〉 q-plate−−−−→ |`− 2q〉|L〉. (2.25)

The four VV modes of interest in this dissertation were generated using q-plates as

shown in Fig. 2.7. Linearly polarised Gaussian beams were transformed with q-plates

with topological charges q = ±1/2. The transformations are as follows:

|0〉|H〉 =
1√
2

(|0〉|L〉+ |0〉|R〉)
q1/2−−→ 1√

2
(|1〉|R〉+ | − 1〉|L〉) (2.26)

|0〉|V 〉 =
1

i
√

2
(|0〉|L〉 − |0〉|R〉)

q1/2−−→ 1

i
√

2
(|1〉|R〉 − | − 1〉|L〉) (2.27)

|0〉|H〉 =
1√
2

(|0〉|L〉+ |0〉|R〉)
q−1/2−−−→ 1√

2
(| − 1〉|R〉+ |1〉|L〉) (2.28)

|0〉|V 〉 =
1

i
√

2
(|0〉|L〉 − |0〉|R〉)

q−1/2−−−→ 1

i
√

2
(| − 1〉|R〉 − |1〉|L〉) . (2.29)

By observing the intensity patterns of the different VV beams after a polariser, we

confirmed the non-separability of the polarisation and OAM degrees of freedom. Just

as we showed in the case of scalar beam, the encoder (q-plate) can also be used

in reverse as a decoder. The detection method we use for VV beams follows the

same principle as that of the scalar modal decomposition: we perform inner product

measurements of an optical field with orthogonal basis states. The only difference is

that, the basis states are VV modes. The method is as follows: consider an arbitrary

optical field |Ψ〉 that can can be either scalar or vectorial in nature. We pass this

optical field through a q-plate and project it onto one of the linear polarisation basis

states. This is effectively reversing the generation method depicted in Fig. 2.7.

Mathematically, we will represent the above steps by the following equation

I = 〈σ|T (q)|Ψ〉, (2.30)

where 〈σ| represents the projection onto a linear polarisation basis state, say hori-

zontal or vertical for example. The transmission matrix T (q) is Hermitian; that is

T (q) = T †(q). As such, we can write

I = 〈σ|T †(q)|Ψ〉 = 〈Γ|Ψ〉, (2.31)
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Figure 2.7: Experimental generation of the first four higher order vector vortex beams.
Linearly polarised Gaussian beams with ` = 0 OAM are passed through q-plates with
topological charge q = ±1/2. The generated (a) |TM01〉, (b) |TE01〉, (c) |HEe

21〉 and
(d) |HEo

21〉 beams are then observed through a linear polariser. The black arrows
show the polarisation and the white arrows the OAM handedness.

where |Γ〉 is a vector vortex mode according to the the transformation rules of a

q-plate . We are thus effectively projecting our arbitrary optical field |Ψ〉 onto VV

basis states. To obtain an expression for the spatial distribution of the output optical

field F (x, y), we first introduce the projection operator for a two-dimensional position

space:

I2 =

∫∫
dA |x〉〈x|, (2.32)

where |x〉 is a basis state in position space. We find the expression of Eq. 2.31 in

position space as follows:

I(x, y) = 〈Γ|I2|Ψ〉, (2.33)

which, when expanded, becomes:

I(x, y) =

∫∫
dA 〈Γ|x〉〈x|Ψ〉 = Γ∗(x, y)Ψ(x, y). (2.34)

Once again, we observe I(x, y) in the Fourier plane by passing it through a lens. This

is equivalent to computing the Fourier transform of I(x, y)

I(kx, ky) = F{I}(kx, ky) =

∫∫
dA Γ∗(x, y)Ψ(x, y) exp[i(kxx+ kyy)]. (2.35)
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Measuring the on-axis intensity, we obtain

I(0, 0) =

∣∣∣∣∫∫ dA Γ∗(x, y)Ψ(x, y)

∣∣∣∣2 ∝ δΓ∗,Ψ. (2.36)

This shows that one would measure a non-zero on-axis intensity if and only if the

functions Γ and Ψ are the same. Physically this implies that the q-plate used as

a decoder must have the same topological charge as that of the encoder, and, the

polarisation measured must also be identical to that of the beam before the encoder.

Figure 2.8: Experimental detection of vector vortex modes. (a) the q-plates together
with the polarising beam splitters serve as decoders and the vector mode decomposi-
tion is completed at the Fourier planes of the lenses. (b) shows the power distribution
of the on-axis intensity signal for the four vector modes.

Figure 2.8(a) shows the experimental setup that performs the modal decomposition

of vector vortex modes. A q-plate with q = ±1/2 together with a polarising beam

splitter (PBS) were used to project the input beam onto each of the four basis vector

states. The vector mode decomposition was then completed by measuring the on-axis

intensity in the Fourier plane. From the power distribution of the signal shown in

Fig. 2.8(b), the absence of modal crosstalk due to, e.g., turbulence in free-space

or bends, stress and perturbations of the refractive index in fibres, demonstrates

the effectiveness of the technique. Furthermore, this vector mode decomposition

would allow the characterization of communication channels employing modes of this

particular basis set or higher order VV beams - provided of course that the appropriate
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q-plate is used to (de)encode. We will apply this technique to the characterization of

optical fibres and atmospheric turbulent channels.

2.3 State tomography of vector vortex modes

Consider the following expression of a particular vector vortex beam (VVB)

|Ψ〉 = |` = −1〉|L〉+ |` = 1〉|R〉. (2.37)

This expression, as discussed in Chapter 1 is non-separable because it cannot be

reduce to a tensor product the degrees of freedom

|Ψ〉 = |spatial〉 ⊗ |polarisation〉. (2.38)

We argued that such a non-separable classical state could be used to model an equiv-

alent quantum system; we understand that there are limitations to this argument,

locality being one of the examples discussed in the previous Chapter. In situations

where locality need not be violated, tools used to analyse quantum entangled systems

can be applied to classical systems such as vector vortex modes. In terms of future

implementations of quantum communication with entangled states, the preservation

and dynamics of entanglement in a channel is particularly important. There are

various measures used in quantum mechanics for entanglement [66]. Here, we chose

the concurrence [67, 68] as our measure of entanglement, computed from the density

matrix of the system. In most cases, the density matrix of a system is not directly

accessible and therefore needs to be reconstructed. In what follows, we explain a

procedure to reconstruct the density matrix of a two-qubit (quantum bit) state.

Given a density matrix ρ of system, a concurrence value C (ρ) is assigned to the

system such that 0 ≤ C (ρ) ≤ 1. A concurrence of 1 means “maximally entangled”

while a value of 0 means “no entanglement”. To evaluate the degree of entanglement,

one needs to obtain the density matrix of the system. This is can be achieved by

performing a series of projective measurements onto basis state: a state tomography

[69]. The method is as follows: Consider a two-particle state |ψ〉; the density matrix

ρ, is given by:

ρ = |ψ〉〈ψ|. (2.39)

As vector vortex modes are equivalent to maximally entangled two-qubit states, their

density matrix can be expressed in term of Pauli matrices

ρ =
1

4
σ0 ⊗ σ0 +

3∑
n,m=0

n6=m=0

ρn,m σn ⊗ σm (2.40)
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where

σ0 =

(
1 0
0 1

)
; σ1 =

(
0 1
1 0

)
; σ2 =

(
0 −i
i 0

)
; σ3 =

(
1 0
0 −1

)
. (2.41)

In addition to being traceless (except for σ0), These matrices have an important

property. That is:

tr{σnσm} = 2 δn,m (2.42)

for n,m = 1, 2, 3. This property allows one to compute the entries of the matrix ρn,m

as follows:

ρn,m =
1

4
tr{σn ⊗ σm ρ} (2.43)

We can express the tensor product σn⊗σm as a superposition of eigenstates with the

corresponding eigenvalues as follow:

σn ⊗ σm =
3∑

n,m=0

n 6=m=0

λn,m|un,m〉〈un,m| (2.44)

where |un,m〉 ∈ H∞ ⊗H2 are the eigenstates and λn,m the corresponding eigenvalues.

Physical density matrices have three main properties: they are normalisable (unit

trace), Hermitian and positive semi-definite. Substituting Eq. 2.44 into Eq. 2.43,

one obtains an expression of the coefficient ρn,m as projections of the density matrix

onto the space of the various OAM-polarisation eigenstates

ρn,m =
1

4
tr


3∑

n,m=0

n6=m=0

λn,m|un,m〉〈un,m| ρ

 =
1

4

3∑
n,m=0

n6=m=0

λn,m〈un,m|ρ|un,m〉. (2.45)

This yields a total of 16 projective measurements, one needs to perform to obtain the

density matrix, from which the concurrence, the degree of entanglement, is computed

as follow

C (ρ) = max{0,
√
λ1 −

√
λ2 −

√
λ3 −

√
λ4} (2.46)

where λi are the eigenvalues arranged in decreasing order of the Hermitian matrix

R =
√√

ρρ̃
√
ρ (2.47)

where ρ̃ = (σ2⊗σ2)ρ∗(σ2⊗σ2) and ρ∗ is the complex conjugate of the density matrix

ρ [68].
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Despite the elegance of the method, it is highly affected by statistical fluctuations

that stem from the probabilistic nature of the projective measurements. Density

matrices measured in this manner often violate three fundamental properties of phys-

ical density matrices: normalizability, hermiticity and positive semi-definiteness [70].

Normalizability ensures that probabilities sum to unity, hermiticity guarantees that

the eigenvalues of the density matrices, which are linked to direct observables, are

real. Positive semi-definitess constrains the eigenvalues to the interval [0, 1]. To miti-

gate the effects of fluctuations, we use an over-complete set of measurement based on

mutually unbiased bases (MUBs), which has been shown by Wooters and Fields to

optimise the determination of a quantum state [71]. Mathematically two orthonormal

bases with dimensionality d {|u1〉, · · · |ud〉} and {|v1〉, · · · |vd〉} are said to be mutually

unbiased if they satisfy the following equation

〈ui|vj〉 =
1√
d

(2.48)

For prime dimension d there exist a maximum of d + 1 MUBs [71]. For d = 2,

the 3 MUBs in both OAM and polarisation can be constructed from normalised

superposition of the eigenstates with a phase shift between the superposed states

[72]. For OAM and polarisation eigenstates these states are located on the equator of

the Bloch and Poincaré spheres, thus making a total of three two-dimensional MUBs

for each DoF. In the case of vector vortex beams, projections of the state on the 6

basis states of each DoF, extends the number of tomographic measurements to 36

instead of 16.

The reconstruction of the density matrix is achieved by first generating a phys-

ical density matrix. This can be thought of as the null hypothesis. Then using a

maximum likelihood estimation, the measured density matrix is reconstructed and

optimised with respect to the null hypothesis by the complementary projection onto

the MUBs. Figure 2.9(a) shows the experimental realisation of the state tomography.

The projections of the input beam, a |TM01〉vector vortex mode, are achieved using

a wave plate and a spatial light modulator (SLM). The SLM modulates one of the

linear polarisation states (horizontal in our setup) in the diffraction orders. As such,

it acts as a horizontal linear polariser in this particular setup. The OAM projections

were performed by modulating the incident beam with holograms of the pure OAM

states (the poles of the OAM Bloch sphere with ` = ±1) and the mutually unbiased

superposition states on the equator. The polarisation projections were performed

using a wave plate; a quarter-wave plate for the projections on the pure states (poles

of the Poincaré sphere) and a half-wave plate for the projections on the MUBs on
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Figure 2.9: State tomography of a |TE01〉vector vortex mode. (a) shows the experi-
mental setup to perform the projective measurements onto the OAM and polarisation
bases. the input beam is passed through a wave-plate to perform the polarisation pro-
jection and a SLM where the holograms of the OAM states are encoded. The output
is viewed on in the Fourier plane of the lens with a CCD camera. (b) shows a sum-
mary of the different OAM and polarisation projections. (c) shows the reconstructed
density matrix.

the equator. The 36 measurements are summarised in Fig. 2.9(b). Based on this

measurements, the density matrix was reconstructed as shown in Fig. 2.9(c). Using

Eq. 2.46 we obtained a concurrence of 0.97± 0.01.

2.4 Conclusion

In this Chapter, we have demonstrated experimental techniques to tailor optical fields

to carry digital information. We discussed two flavours of optical modes in the parax-

ial regime: a scalar type and a vector type. We demonstrated theoretically and

experimentally the generation and detection of these optical modes through manipu-

lation of the dynamic and geometric phase.

Firstly, we showed that the dynamic phase can be controlled by varying the thick-

ness of the refractive index of an optical element in order to create a particular mode.

This can be achieved statically using spiral phase plates, or dynamically using spatial

light modulators. We demonstrated the efficacy of dynamic phase modulation in an
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experimental setup using SLMs. using digital holograms, we created optical modes

carrying quantized OAM charge per photon, and detected them in free space with

unit purity.

Secondly, the geometric phase has been shown to arise from the spatially varying

anisotropy of phase plates. We showed that this phase can be controlled in order

to produce optical modes that carry digital information in the form of vector vortex

modes, that exhibit similar non-separability to entangled qubits states. Though we

discussed active and passive methods to generate vector vortex modes, we focused

on a passive method employing q-plates that couple polarisation to OAM. Using q-

plates with topological charge ±1/2, we built an experimental setup demonstrating

the generation of vector vortex modes within the subspace of |`| = 1. We showed the

purity of the modes by detecting them without modal crosstalk in free space.

Finally, we explored the non-separability of vector vortex beams. We demon-

strated this relation between the entangled DoFs by showing that measurements on

one of the DoFs, determined the state of the other DoF. As this behaviour can be

likened to that of quantum entangled systems, we employed measured of quantum

entanglement, namely the concurrence, to characterize these seemingly classically en-

tangled systems. The concurrence, in the case of vector vortex modes, quantify the

non-separability and distinguishes between scalar and vector modes: a concurrence

of 1 signifies purely vector modes (non-separable) and a concurrence of 0 signifying

scalar mode (separable). We demonstrated the steps to follow in order to obtained the

concurrence: this involved the computation of the density matrix from an optimised

state tomography based on mutually unbiased bases of OAM and polarisation.

In the next Chapters, we will use the above techniques that we have developed to

characterise communication channels and demonstrate information transfer through

various media.
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Chapter 3

Communicating with spatial modes

In this Chapter, we explore the potential of spatial modes for communication through

experimental optical links we have built in our laboratory. We study the transfer of

information through free-space and optical fibres, as these are the two media of choice

in optical communication. We demonstrate an increase in information capacity by two

orders of magnitude by multiplexing scalar modes over multiple wavelengths channels.

Using the wide mode space available, we demonstrate information transfer in the

channel by sending and reconstructing data in the form of pictures. Next, we focus

on the so-called last mile problem: how does one move data from one medium, optical

fibre for example, to another one (say free space) without information loss? One key

point in this problem, particularly when using spatial modes, is mode matching at the

interface between the media, as this affects the transmission. We thus use eigenmodes

of both free space and fibres to demonstrate information transfer in a free-space - fibre

optical link. The fiber used here is a custom-made 1.5 m long graded index fiber with a

9.5 µm core diameter; this type of fiber supports eigenmodes of the Laguerre-Gaussian

type which, are also eigenmodes of free-space.
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3.1 Introduction

Communication in its various forms requires signals or patterns that can be distin-

guished from one another. The more signals or patterns are available, the more one

can encode. The same logic applies to spatial modes of light: more distinct modes

implies higher encoding capabilities. In the age of digital communication, this dis-

tinction should preferably be a single integer number, or a combination of integers.

Thankfully, spatial modes already have that distinction built in their structure. The

Laguerre-Gaussian mode set discussed in Chapter 1 is a perfect example, labelled

with a radial index p and an azimuthal index `. In addition, the LG modes are all

orthogonal to each other in the radial and azimuthal indices, making them suitable

to carry digital information.

The azimuthal DoF `, associated with OAM, has been, to our knowledge, the

centre of all research in communication for various reasons: OAM is a well defined

(quantized at the quantum level) property of some optical modes such as LG modes,

making it suitable for encoding information at both the classical [13, 73, 74] and

quantum level for more secure communication [75, 76]. Furthermore, shaping a light

field by complex amplitude modulation, as discussed in the previous Chapter, can a

very lossy process depending on the technique and the modes generated [77]. The

detection is difficult as well: it requires a precise match in size between the incident

field and the decomposing hologram [78].

Despite their orthogonality, spatial modes are susceptible to modal crosstalk: an

energy transfer from one mode to another. At the quantum level, this translates into

photons scattering into different eigenstates. This is due to perturbations caused by

the medium of propagation. A highly perturbing medium thus significantly corrupts

the information encoded and limits the ability to multiplex with acceptable levels

of purity. Classically, the crosstalk is evaluated by measuring the relative power

distributed among eigenmodes when a single mode propagates through a channel. For

spatial modes, this measurement is performed by modal decomposition as described

in Chapter 2.

In this Chapter, we want to demonstrate that spatial modes can be used in com-

munication to increase the bandwidth of a channel. We focus on two important

aspects: the nature of the link and the available mode space. Though many studies

have been conducted on the transport of spatial modes in free-space or optical fibres,

not much has been done in composite free-space-fibre links. Some notable studies in-

clude the implementation of code division multiple access signals [79] and WDM [80]
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in composite free-space- fibre links. Here we demonstrate the use of spatial modes for

bandwidth increase in composite free-space-fibre link. With regards to the available

mode space, we demonstrate an increase of 2 order of magnitude using for the first

time both DoFs of LG modes; these are the radial and azimuthal indices.

3.2 Free-space-fibre optical link

The complexity in using spatial mode to communicate through dissimilar media such

as free space and optical fibres arises from the fact that the solutions to the paraxial

Helmholtz equation differ for both media. In free space, these solutions depend on

the symmetry of the medium [81] while in fibres they depend on the structure of the

refractive index of the core [29]. The most commonly known type of fibre is one with

a step index structure as shown in Fig. 3.1(a). The core has a higher but constant

refractive index compared to the cladding, guiding light by total internal reflection.

In the fibre, the solutions to the paraxial Helmholtz equation(
∇2 + n2k2 − β2

)
E(r, φ) = 0, (3.1)

can be approximated by the linearly polarised (LP) modes whose optical field is given

by

E`,p = R`,p(r)Φ`(φ), (3.2)

where

R`p(r) =

{
J|`|
(
ur
a

)
/J|`|(u) for r < a

K|`|
(
wr
a

)
/K|`|(w) for r ≥ a

(3.3)

Φ`(φ) =

{
cos(`φ) for even modes

sin(`φ) for odd modes,
(3.4)

where a is the radius of the core, J` is the `th order Bessel function, K` is the `th

order modified Bessel function, u and w are a normalized propagation constants

u =
√
k2nco − β2 (3.5)

w =
√
β2 − k2ncl, (3.6)

where nco and ncl are the refractive indices of the core and the cladding respectively,

and k = 2π/λ. The intensity patterns of some LP modes are shown in FIg. 3.1(b),

using the label LP`,p for each mode. These LP modes are however not eigenmodes of

free-space and would not be suitable for a free-space - fibre composite link.
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Figure 3.1: Step index fibre characteristics. (a) shows the refractive index profile of
the core and (b) the first five guided modes of the set of LP`,1 modes

Figure 3.2: Graded index fibre characteristics. (a) shows the refractive index profile
measured at the preform and the parabolic index fit. (b) shows the fibre eigenmodes
spectrum. The blue dots represent modes in particular mode groups. The insets
depict the mode profile inside the fibre (white circle)

We proposed that by modifying the refractive index structure, one can design a

fibre that can support eigenmodes of free-space. That is the case for graded index

fibre (GIF) having a parabolic core index structure as shown in Fig. 3.2(a) given by

n2(r) = n2
co

(
1− 2∆r2

)
, (3.7)

where ∆ ∼= (nco−ncl)/(a nco) in the paraxial regime. These fibres called graded index

fibres, support modes with Laguerre-Gaussian envelop and petal-like patterns that

can mathematically be expressed as
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LGe
p,l = Ap,l(r, z) cos(`φ) = Ap,l(r, z) [exp(i`φ) + exp(−i`φ)] (3.8)

LGo
p,l = Ap,l(r, z) sin(`φ) = Ap,l(r, z) [exp(i`φ)− exp(−i`φ)] , (3.9)

where Ap,l(r, z) is the LG radial profile as defined in Eq. 1.8 in Chapter 1. Note that

these fibre modes are equivalent to superpositions of the conventional cylindrically

symmetric LG modes discussed in Chapter 1. Also note the intensities of these modes

are identical to those of the LP modes supported by step index fibres. It has recently

been shown that LP modes can be approximated by appropriately adapted LG modes

sets [82]. This raises the possibility of utilising LG modes in a composite link that

include step index fibres. Modes with identical constant C = 2p + ` experience the

same effective refractive index in the fibre, leading to the formation of mode groups.

With all the modes within a group being degenerate, this further increase the prob-

ability of mode coupling within a group.

Figure 3.3: Experimental setup used to demonstrate information transfer across a 4.5
m composite communication link. Light from a He-Ne laser (λ = 633 nm) was passed
through a linear polariser (LP1), shaped using SLM1 to generate the desired modes,
then propagated through 1.5 m free-space (FS), followed by 1.5 m fibre and finally
another 1.5 m FS to be decoded by SLM2. The lens L1 and the microscope objective
MO1 served to inject the modes in the fibre which were then expanded using MO2

and L2, then horizontally polarised with LP2. The modes were demultiplexed by
encoding all five modes onto SLM2, but with different diffraction gratings. The local
on-axis intensity was measured at each of the five different positions on the detector,
which was placed at the Fourier plane of the lens (FL).

We proceeded to build the optical link shown in Fig. 3.3. We shaped light from

a He-Ne laser (λ = 633 nm) using a spatial light modulator (SLM1). This SLM was
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used as an encoder for the LG modes that were propagated through a link consisting

of 1.5 m of free-space, followed by 1.5 m of graded index fibre and finally 1.5 m of

free-space. The output of the link was analysed by modal decomposition using SLM2

and viewed on a camera detector place at the Fourier plane. of the Fourier lens.

At a wavelength of 633 nm, there are 28 modes supported by this fibre, calculated

using the vector finite difference modesolver described in [83]. The ordering of the

modes within a group follows two rules: modes with higher ` occupy higher position

and even modes precede odd modes. The ordering is as follow: LP01, LPe
11, LPo

11,

LP02, · · · , LPo
61. Figure 3.4 shows significant amounts of modal coupling within and

outside of the mode group. A closer observation revealed that this coupling is even

more pronounced for modes with p 6= 0. We also noted that higher mode groups

suffered important losses in signal intensity. This is due to light being lost in the

cladding of the fibre as the size of the modes increases. We concluded that using all

28 modes to transmit information would not be ideal as the signal would be highly

distorted by the fibre due to the significant amount of inter-modal crosstalk.

Figure 3.4: Modal crosstalk measured for a 9.5 µm core diameter and 1.5 m long
graded index fibre. The black squares delimits the mode groups
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Based on the losses in higher mode groups, as well as the crosstalk from modes

with non-zero p index, we re-evaluated the amount of coupling. this time for modes

from the first five modes groups having p = 0. The results shown in Fig. 3.5(a) shows

the emergence of peak signals within modes groups and less significant inter-modal

coupling. In some cases, we noted that the modes injected in the link completely

coupled to other modes. The relative strengths of the signals within mode groups

did not however, allow us to use all the modes in this narrowed mode set. Previous

research has shown that increasing the eigenvalues spacing reduces modal coupling

[84, 85]. Using this finding, we further narrowed our mode space to 5 modes based on

the strength of the signal measured and the coupling. Figure 3.5(b) shows the coupling

strength in dB between the modes chosen. Note that the null diagonal represent states

of zero coupling. Based on the strong coupling measured for the third, fourth and fifth

modes prepared, we considered the detected modes to be identical to the prepared

ones.

Figure 3.5: (a)The crosstalk matrix for the first five mode groups of a graded index
fiber, excluding the radial modes.(b) The crosstalk matrix in dB for the five LG modes
chosen to transmit data through the link

Having now characterized the modal coupling in the communication channel, we

proceeded to use to send data through it in the form of a 30×30 pixel image of

Einstein. We prepared a gray-scale image with five shades of gray, with each shade

assigned to one of the modes we previously selected (prepared modes from Fig.3.5(b))

as depicted in Fig. 3.6. The pixels on the encoded image were read successively,

with a particular mode send through the link as a particular pixel colour was read.

Using a spatial light modulator, each mode sent through the link was analysed by

modal decomposition with holograms of the modes previously selected for detection
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Figure 3.6: A gray-scale image of Einstein, consisting of 30 by 30 pixels, was transmit-
ted over the communication link, using five different modes to represent five different
gray levels. Each transmission represented a single pixel of the image.

Figure 3.7: Five different LG modes were used to encode the gray-scale image, which
was then demultiplexed using another five LG modes. Each mode was encoded with
a different diffraction grating so as to spatially separate the detected modes. The
on-axis intensity at each spatial position was on a camera.

(measured modes from Fig.3.5(b)) as illustrated in Fig. 3.7. On the detector, among

the 5 detection position for the five modes, that with the highest on-axis intensity

signal defined the colour of the pixels in the reconstructed image. In this way, we

achieved a 100% reconstruction. Note that this has been possible because of two

key point in the experimental procedure: one, we carefully selected the encoding
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and decoding mode sets to minimise modal coupling. Two, we selected only the

position with the highest signals among the five on the detector. In this instance,

this approach to the measurement is entirely valid as choosing the maximum value

is equivalent to applying a threshold to the measurements. This however would not

work in a multiplexing setup as signals for more than one position would be required.

The threshold would have to be decreased to an appropriate value.

The purpose of this composite link was to simulate a large scale last mile link.

The bottleneck in last mile link is the inability to extract information at high rate at

the receiver’s end. In the above, we have shown that by characterising the channel,

one can select an optimum mode set to encode information. To increase the data rate

at the receiver’s end in a last mile link, one needs successfully implement MDM with

low enough thresholding. In this way, one would demonstrate an N-fold bandwidth

increase in last mile link employing N spatial modes. To take full advantage of the

mode space available for encoding, one will also need to use modes with non-zero p

index, which has never been done. Next, we demonstrate a link in which, for the

first time, LG modes with radial and azimuthal indices are used to achieve a 100+

increase in available bandwidth.

3.3 Mode-division multiplexing with over 100 modes

Utilising spatial modes in communication requires an optimum use of the available

modes. To this end, multiplexing techniques can be used to take full advantage of the

orthogonality of spatial modes such as LG modes; this is referred to as mode-division

multiplexing (MDM): multiple spatial modes are simultaneously sent through a single

communication channel. This technique has been demonstrated in both free space

[86, 14, 87, 88] and fibres [15, 89–91] using OAM, achieving speeds of the order of

terabits per second. A common trend in communication with spatial modes, is the

lack of interest in the radial dependence of these modes, an unexploited degree of

freedom. For LG modes, this dependence is governed by a radial index p, that is well

defined and thus suitable to carry digital information. The orthogonality of the LG

modes ensures that information encoded in the radial and the azimuthal index can

be unambiguously recovered under ideal conditions (no perturbation).

As discussed earlier, detecting radial modes using holographic modal decomposi-

tion is lossy and is very sensitive to alignment and mode size. In a free-space link

through a turbulent atmosphere, a beam is subjected to aberrations that affect the

mode size and changes the axis of propagation, making the detection all the more
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difficult. These effects could be accounted when designing the link as it has been

reported for OAM modes [92, 93].

Making use of the radial dependence of spatial modes definitely holds the po-

tential to increase the capacity of optical links. We demonstrated this by encoding

information in both the radial and azimuthal indices of LG modes. We built the op-

tical link shown in Fig. 3.8. An Argon-ion laser, emitting a multicoloured light with

spectral lines at 418, 488 and 514 nm, illuminates a spatial light modulator (SLM-1)

that act as the modal encoder. On each of the three beams, modes within the LG set

with p ∈ (0, 4) and ` ∈ (−3, 4) excluding ` = 0 were encoded; a total of 105 modes

over the three wavelengths by designing wavelength independent holograms [94]. The

grating for all the modes encoded on a single wavelength was constant. Using a 4f

projection system, the plane of SLM-1 was projected on SLM-2 where the beams

were demultiplexed. Each of the beam was demultiplexed with the sum of all the

35 encoding modes, each having a different grating to place the outputs at different

detection position on the CCD camera.

Given an encoded mode U(x, y) on wavelength λ, the on-axis measured by a detector

located at position j on the CCD camera is given by

|Iλ,j(0, 0)|2 = |〈LGj|U〉 exp(iθj)|2 (3.10)

where j ∈ (1, 35) labels the 35 decomposing LG modes and θj the associated phase

grating. Each detected position therefore corresponds to a particular detected LG

mode.

The presence of strong 1:1 correlation between the prepared and measured modes

as shown in Fig. 3.9, characterised by the strong signals along the diagonal, evidently

show that: we can use all 105 modes for encoding, and by applying an appropriate

threshold, we can achieve successful MDM with high enough purity to further increase

the channel capacity.

To support our claim, we sent data through the link using various encoding tech-

nique. The first and simplest one is called single bit encoding. It is the same technique

we previously used to encode information in our composite link: we prepared images

with a 105 shades of gay and assigned to each shade a particular mode that was then

sent through the link as the images was read at the encoding stage. The reconstructed

image was obtained by successively reading the maximum of the 105 outputs and as-

signing the corresponding colour to the pixel reconstructed. Our results are shown
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Figure 3.8: Experimental optical link employing mode-division multiplexing. Multi-
coloured light form an Argon-ion (Ar+) laser was split using a grating, into three laser
beams with spectral lines at 418, 488 and 514 nm. The beams were collimated and
directed on SLM-1 which served and the modal encoder to multiplex LG modes, each
beam having a modal capacity of 35, for a total of 105 modes. The three beams were
then directed to three sections of SLM-2 that acted as the decoder. On each section,
the sum of holograms from the 35 encoded modes, each having a different grating,
was displayed to demultiplex each of the three beams by modal decomposition. The
outputs were observed at the Fourier plane of a Fourier lens (FL) placed after SLM-2.

in Fig. 3.10. We reconstructed 50×50 pixel images of Newton and Planck with a

correlation efficiency (CE) of 90% and 85% respectively.

By efficiently using the large mode space available, we can not only encode images,

but also in colour. For this, we used a second technique which we call RGB encoding.

This time, each colour pixel was represented as a superposition of shades of red (R),

green (G) and blue (B). Conveniently, we had a laser that produced three colours.

As such, we assigned each of our three beams to one of the RGB colours, and the

shades of each colour was encoded by the 35 modes used on each laser wavelengths.

The reconstruction of the shades of each of the three RGB colours was as in the case
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Figure 3.9: Inter-modal crosstalk measured for the 105 LG modes showing a strong
1:1 correlation between the prepared and measured modes.

Figure 3.10: Single bit encoding using a 105 mode space. To each of the 105 shades
of gray composing the image, a particular LG modes is assigned, together with a
particular wavelength.

of single bit encoding and the results are shown in Fig. 3.11. In this case, we had a

CE of 82% and 98% with 50×50 images of Lena and the international year of light

logo respectively.

Finally, we implemented MDM to increase the amount of bit that could be encoded

past the 105 limit we previously had. This allowed us to encoded images with better

contrast and in colour. To achieve this, we needed a mere 8 modes for each wavelength.

We performed a multi-bit encoding: the shade of each RGB colour was encoded as a
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Figure 3.11: RGB encoding using a 105 mode space. Each pixel is a represented as
a sum of RGB colours. Each colour is assigned to a wavelength of the Ar+ laser and
the shades of each colour is encoded by 35 modes.

binary sequence that is N-bit long (in this case N=8). In decimal, this means that

one can encode the any number from 0 to 255 (2N − 1), effectively increasing the

number of bits we could encode from 105 to 256. For this, we chose the 8 modes

to represent position in the 8-bit sequence. The detection for the shades of each

RGB colour was performed by measuring the relative signals from all 8 positions and

applying a threshold; signals above the threshold are considered as one while those

below are taken to be zero. With this method, We reconstructed the images shown

in Fig. 3.12, with a CE of 96% and 99%, respectively, for the university logo and the

rubik’s cube.

3.4 Conclusion

We have demonstrated that spatial modes of light have the potential to support

the next leap in optical communication, by providing additional channels over which

current communication protocols can be used. Recently, this has also been demon-

strated with vector vortex beams [95, 96]. Using scalar Laguerre-Gaussian modes, we

showed an optical link that utilising 105 spatial channels. We showed that the relative

independence of the channels allowed for spatial modes to be multiplexed, thereby

increase the channel capacity. Using these spatial modes as bits of information, we

transferred data in the link using both space- and mode-division multiplexing. In

a noisy channel however, the deleterious effects that arise from of modal coupling
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Figure 3.12: Multi-bit encoding using 8 modes. Each pixel is expressed as a sum
of RGB colours. The shades of each colour is encoded using an 8-bit long binary
sequence, with each position on the sequence assigned to a particular mode. By
applying a threshold, one determines the value of a bit in the sequence: if the signal
measured from a mode is above the threshold, it is one, else it is zero.

reduces the ability to multiplex spatial modes.This was demonstrated in a composite

free-space - fibre link. We characterized the modal crosstalk in the link arising from

perturbations caused by the channel, and optimally selected an encoding mode set

that mitigates the coupling among the modes. Through this procedure, we showed

successful information transfer with unit fidelity. Furthermore, we argued that by

an optimally selected mode space would allow for mode-division multiplexing in the

future to increase the bandwidth. Note that here, due to the short length scales (1.5

m at most), and the controlled laboratory environment, turbulence effects can be

neglected. In the next Chapter, we introduce atmospheric turbulence and study its

effects on quantum and classical communication links.
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Chapter 4

Quantum transport with classical
light

4.1 Introduction

Thus far, we have investigated the use of spatial modes of light for classical com-

munication. We showed that spatial modes provide additional channels that can be

multiplexed for increased bandwidth. This increase in information capacity, as we

have shown for OAM modes, is evident down to the single photon level. As such, the

spatial degree of freedom opens the door to a plethora of applications in quantum

communication. Traditionally, polarisation has been used as the DoF of choice in

photonic channel for quantum key distribution [97, 27, 98], quantum teleportation

[26, 99] or dense coding [100, 101]. In recent research, vector vortex modes have

been used in two dimensional quantum key distribution because of their rotation

invariance, which is a drawback in polarisation based key sharing [102, 103].

A key property of quantum states that is at the heart of many quantum com-

munication protocol is quantum entanglement [104]. Entangled particles have the

fascinating property that knowledge of the quantum states of one particle, instan-

taneously affects the quantum state of the other entangled particle(s). Though sig-

nificant progress has been made in using quantum entanglement as a resource for

communication, the polarisation DoF limits the level of security and information

capacity of photon; this is because the polarisation DoF, unlike the OAM, spans

only a two dimensional Hilbert space. As such, each photon can only carry two bits

of information. The infinite dimensional OAM space allows for an infinite amount

of information to be encoded on a photon. Experimentally, the transport of pho-

tons entangled in the spatial DoF has already been demonstrated in the laboratory

[75, 105–107], but never on larger scales. To date, this transport has been limited
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to a few centimetres in optical fibres only [108, 109]. This is because entanglement

correlations are fragile. Perturbations from noisy channels, a turbulent atmosphere

or an optical fibre for example, cause crosstalk which affects entanglement correla-

tions. Studying the transport of entangled spatial modes thus requires knowledge of

the channel which, itself, cannot be accessed without having transported these modes

through it, thus the challenge in using the spatial DoF for quantum communication.

To a certain extent, the study of quantum properties does not necessarily require

quantum objects [37, 110, 111]. In this instance, the evolution of the entanglement

of a bipartite system can be conducted classically with vector vortex modes. These

particular spatial modes possess non-separable (or entangled) degrees of freedom:

OAM and polarisation. This classically entangled light beams offer the possibility of

evaluating the evolution of entanglement through a particular noisy channel using a

bright source. In this Chapter, we study the transport of vector vortex modes through

two noisy communication channels: an optical fibre and a turbulent atmosphere. The

fibre used here was a 5 cm long step-index fiber having a 30 µm core diameter, while

the atmospheric turbulence was digitally generated using a spatial light modulator.

4.2 Transport of vector vortex modes through fi-

bres

Multimode fibres are required to transport entangled states spatial modes. However

in this type of fibres, modal coupling, the energy exchange among the guided modes, is

a major hindrance even after on a few millimetres [112]. Consequently this negatively

affects entanglement correlations [108] and detection probabilities. The effect of the

fibre on entanglement correlations can be measured through the concurrence of the

entangle states.

Recall from Chapter 2 that the concurrence is a measure of the degree of entangle-

ment or non-separability. However, non-separability is not unique to quantum states.

We showed in Chapter 1 that vector vortex modes, the true eigenmodes of optical

fibres, are formed from a superposition of non-separable OAM and polarisation hy-

brid states, whose concurrence can also be computed [33]. This makes vector vortex

modes ideal to model the evolution of quantum entanglement in fibres.

To study the effect of fibres on the non-separability of vector vortex beams, we

built the optical setup shown in Fig. 4.1. Light from a He-Ne laser was modulated in

phase and amplitude using a SLM (this was to control the size of the beam injected

in the fibre) to produce a horizontally polarised Gaussian beam. Using a half-wave
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plate and a q-plate, The input Gaussian beam was transformed into a vector vortex

beam

|U〉 = A(~r)× (|`〉|R〉+ exp(iθ)| − `〉|L〉) (4.1)

where ` ∈ {−1, 1} is the OAM degree of freedom, {R,L} are the right and left circular

polarisations and θ is the intra-modal phase shift. The generated vector vortex beam

was then injected into a 30 mm multimode step-index fibre with a core radius of 15

µm. The output of the fibre was magnified and directed onto two detection systems:

our vector mode detector and our tomography detector.

Figure 4.1: Experimental transport of vector vortex beams through a fibre. A beam
with flat wavefront was modulated in phase and amplitude using SLM1 to produce
a Gaussian beam that is horizontally polarised. A half-wave plate (HWP) and a q-
plate (QP1) were used to generate vector vortex beams that were then injected into
a 30 mm multimode step index fibre with core radius 15 µm using a demagnifying
telescope composed of a lens1 and a microscope objective MO1. The fibre output
was, using MO2 and L2, expanded, split using a non-polarising beam splitter (NPBS)
and directed onto two detection systems. a tomography detector to compute the
concurrence and a vector mode detector to measure the inter-modal crosstalk by
modal decomposition.

The first is a vector mode detector that determines the inter-modal crosstalk. As

mentioned in Chapter 1, we were interested in the four vector vortex modes of the

|`| = 1 OAM subspace. To demonstrate the effect perturbing effect of optical fibres,

we show in Fig. 4.2 the coupling between vector vortex modes with and without the

fibre. Using the detection technique for vector modes explained in Chapter 2, we

performed a decomposition in the vector basis formed by the four vector modes in

the |`| = 1 subspace. Evidently, the fibre causes the transfer of energy between the
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modes over a few millimetres as shown in [112]. The crosstalk is so severe that in the

case of a |TE01〉 and a |HEo
21〉, the input mode is nearly absent at the output.

Figure 4.2: Experimental modal coupling among vector vortex modes in the |`| = 1
subspace in (a) a few centimetres of free space and (b) a 30 mm multimode step-index
fibre with core radius 15 µm

Figure 4.3: Experimental full state tomography of a |TE01〉mode. (a) shows the
projective measurements into the OAM and polarisation bases, from which (b) the
density matrix was reconstructed

The determination of this crosstalk matrix however allowed us to predict the

behaviour of a vector mode in the fibre used. The matrix shows that the |TE01〉 and
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|HEo
21〉 coupled strongly to each other. As such, we injected a |HEo

21〉 mode into the

fibre and performed a state tomography, described in Chapter 2, of the output beam

(a |TE01〉 mode according to the coupling matrix). Figure 4.3(a) shows the projective

measurements into the OAM and polarisation mutually unbiased bases, which were

then used to reconstruct the real density matrix shown in Fig. 4.3(b). Recalling Eq.

2.46, we computed the concurrence as

C (ρ) = max{0,
√
λ1 −

√
λ2 −

√
λ3 −

√
λ4} (4.2)

where ρ is the density matrix and λi are the eigenvalues in decreasing order of the

Hermitian matrix

R =
√√

ρρ̃
√
ρ (4.3)

where ρ̃ = (σ2⊗σ2)ρ∗(σ2⊗σ2) and ρ∗ is the complex conjugate of the density matrix

ρ [68]. We obtained a concurrence value of 0.98±0.01. Also recall that a concurrence

of 1 signifies that a composite state in non-separable while a concurrence of 0 signifies

that the composite state is separable.

Through this experiment, we have therefore shown classically that the non-separability

of vector vortex beams is conserved over a few centimetres of fibres. It is worth men-

tioning that these classical results are fibre specific. The modal coupling inside fibres

is dependent on various parameters, an important one being the size and shape of the

core. At a particular wavelength, the size of the fibre core affects the modal capacity

of the fibre, making it single or multimode. In addition, due to manufacturing de-

fects and inconsistency, fibres tend to have a slightly elliptical core, causing it to be

birefringent. The more elliptical the core is, the higher the birefringence [29]. This

birefringence causes a periodic exchange of energy between the polarisation compo-

nents, with period [4]

L(Bm) = λ/Bm (4.4)

where Bm is the modal birefringence. Thus the coupling effects differ from one fibre

to the another. This also makes the modelling of the fibre crosstalk very challenging.

Next we look at a relatively simpler, yet very significant case where only one of the

entangled degrees of freedom is perturbed.

4.3 Transport of vector vortex modes through at-

mospheric turbulence

The sharing of information between remote parties has not yet been achieved through

free-space using entangled spatial modes. Similarly to optical fibres, it has been
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shown that a turbulent atmosphere causes the scattering of photons among eigenstates

which has deleterious effects on the photons detection probabilities [113], information

capacity [114, 115] and entanglement correlations [116, 117]. Here we show that the

transport of entangled quantum states can be modelled classically using vector vortex

beams. To this end, we will model the situation shown in Fig. 4.4, where Alice sends

information to Bob through a free-space turbulent channel. In the quantum picture,

she creates two entangled photons by spontaneous parametric down conversion [118]

using a non-linear crystal and sends one photon to Bob. In the turbulent channel,

the photon sent by Alice is perturbed by the channel, which in affects the quantum

correlation between the entangled photons. Equivalently, in the classical picture, Alice

send information to Bob through the same channel using a vector vortex beam. The

spatial degree of freedom is perturbed by the channel while the polarisation is not.

The spatial degree of freedom and the polarisation are equivalent, respectively, to the

photon Alice sent and the one she kept. And similarly to the quantum picture, the

classical correlations between the DoFs is affected by the channel. In the following,

we show that the classical picture accurately models its quantum equivalent.

It has been shown that under the effect of turbulence, the spreading of the OAM

spectrum as a consequence of crosstalk, is similar regardless of the mode number

[119, 120]. Thus, consider a given vector vortex mode

|U〉in` = |`〉|R〉+ | − `〉|L〉. (4.5)

Note that we have omitted the radial component A(~r) in the above expression for

simplicity. Under the effect of turbulence, the spatial degree of freedom suffers from

modal crosstalk which leads to the broadening of the modal spectrum [121, 122]:

|`〉 →
+∞∑

`′=−∞

α`−`′ |`′〉, (4.6)

with
∑
|α`|2 = 1. The transformation of the initial vector state is thus expressed as

|U〉in` → |U〉out`′ =
+∞∑

`′=−∞

α`−`′|`′〉|R〉+
+∞∑

`′=−∞

β−`−`′|`′〉|L〉. (4.7)

Considering only vector modes in one particular OAM subspace, ` = 1 in this case,

we obtain

|U〉out`′ = α+2| − 1〉|R〉+ α0|1〉|R〉+ β0| − 1〉|L〉+ β−2|1〉|L〉+
∑

(· · · ). (4.8)
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Figure 4.4: Conceptual transport of entangled states through turbulence. (a) Alice
generates entangled photon with a non-linear Barium-Borate crystal (BBO), of which
she keeps one (Photon B) and sends one (Photon A) to Bob through a free-space tur-
bulent channel. Due to the entanglement of the two photons, The perturbations
incurred by photon A will affect the state of Photon B. In a (b) classical equiva-
lent setup, Alice communicates with Bob using a vector vortex beam that she sends
through the same turbulent channel. This perturbs the spatial degree of freedom, and
though the polarisation degree of freedom is insensitive to turbulence, the classical
correlation are affected.

Assuming an identical decay for the degenerate |`〉 and |−`〉 states, that is α+2 = β−2

and α0 = β0, and neglecting higher order terms in
∑

(· · · ), we can write

|U〉out`′ =
∑

`′=−1,1

α1−`′(|`′〉|R〉+ | − `′〉|L〉) =
∑

`′=−1,1

α1−`′ |U〉in`′ (4.9)

Using Eq. 4.9, we derive the following transformations for the four vector vector

modes of interest:

|TE01〉 → |U〉out`′ = α−2|HEo
21〉+ α0|TE01〉, (4.10)

|TM01〉 → |U〉out`′ = α−2|HEe
21〉+ α0|TM01〉, (4.11)

|HEe
21〉 → |U〉out−`′ = α+2|TM01〉+ α0|HEe

21〉, (4.12)

|HEo
21〉 → |U〉out−`′ = α+2|TE01〉+ α0|HEo

21〉. (4.13)

The above transformations describe the different crosstalk channels for a given input

state.
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In [119] Tyler et al. showed that in strong turbulence, all the OAM states are

populated with equal probability, resulting in a loss of entanglement as the final

superposition is separable with respect to the degrees of freedom

|U〉out`′ =
+∞∑

`′=−∞

α(|`′〉|R〉+ | − `′〉|L〉) =
+∞∑

`′=−∞

α|`′〉(|R〉+ |L〉). (4.14)

The decay of entanglement in turbulence can be quantified by considering the

evolution of the concurrence as a function of the turbulence strength. Turbulence is

defined as the variation in the index of refraction in the air as a result of temperature

fluctuations [123]. To measure these variations, we use the Strehl ratio (SR) defined

as

SR =
1

1 + 6.88(ω0/r0)5/3
, (4.15)

where

r0 = 0.185(
λ2

C2
nz

)3/5 (4.16)

is Fried’s parameter and C2
n is the refractive index structure of the turbulent medium,

which quantifies the strength of index fluctuations. The propagation distance is z, ω0

is the width of the fundamental Gaussian beam with wavelength λ. Experimentally,

the strehl ratio is measured as the product of the on-axis irradiance of a Gaussian

beam in turbulence (I ′) to that without turbulence (I0)

SR = I ′/I0. (4.17)

such that SR ∈ (0, 1]. When only one of the photon goes through the turbulent

channel, as is the case here, the concurrence of an initial maximally entangled states

given by Eq. 4.5 is given in terms of the turbulence strength by

C (SR) =
SR

SR2 − SR + 1
. (4.18)

In very strong turbulence, SR → 0, the concurrence tends to 0; the final state is

therefore separable. Conversely, in the absence of turbulence, SR → 1, the concur-

rence tends to 1; the final state is non-separable. This evolution of the concurrence

agrees with the prediction from the crosstalk model.

We proceeded to verify the above predictions experimentally with the setup shown

in Fig. 4.5. A linearly polarised Gaussian beam with radius ω0 = 0.45 mm was

modulated with a half-wave plate and a q-plate to generate a vector vortex beam

that was then passed through a thin screen that simulated atmospheric turbulence
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based on Kolmogorov’s theory [124]. In this theory, the atmosphere is modelled as an

incompressible fluid. In the atmosphere, fluctuations in temperature are responsible

for the variations refractive index. As temperature and velocity fluctuations follow

the same spectral laws, the Kolmogorov power spectrum is thus derived from velocity

fluctuations and is given by [123]

Φn(κ) = 0.033C2
nκ
−11/3, with 1/L0 ≤ κ ≤ 1/l0, (4.19)

where L0 and l0 are the inner and outer scales of the turbulence and define the limits

within which the above power spectrum describes an isotropic and homogeneous

atmosphere. The turbulence phase screen are generated by Fourier transforming the

product of a random function with the power spectrum above. This was done digitally

and encoded on a SLM and the perturbed vector beam was analysed by a vector mode

detector to evaluate the inter-modal crosstalk and a tomography detector to compute

the concurrence.

Figure 4.5: Experimental transport of vector vortex beams through atmospheric tur-
bulence. A linearly polarised Gaussian was transformed into a vector vortex beams
using half-wave plate and a q-plate and passed through a thin turbulence screen. The
perturbed state was then analysed by two detection schemes: a tomography detector
to compute the concurrence and a vector mode detector to measure the inter-modal
crosstalk by modal decomposition.

The results from Fig 4.6 show the broadening of the OAM spectrum with increas-

ing turbulence, measured for an input |TM01〉 mode. We noted that the broadening

was not symmetric for ` = ±1 as shown in [119, 120]. Consequently, the coupling

among the vector modes was observed to be stochastic with increasing turbulence as

shown in Fig.4.7, unlike what we predicted above.
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Figure 4.6: Experimental crosstalk determined for an input |TM01〉 mode. (a) shows
the decay of the ` = 1 state and (b) that of the ` = 1

.

Nonetheless, the modal coupling observed among OAM eigenstates and the four

vector modes supported the idea entanglement was lost with increasing turbulence.

However, we argued that the classical and quantum setups described in Fig. 4.4 were

equivalent. This requires the dynamics of the quantum and classical entanglement

to be matched. To this end, we measured the evolution of the entanglement in both

the classical and quantum cases. For the quantum experiment a 3 mm BBO crystal

was pumped with a picosecond laser operating at 355 nm to produce non-collinear
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Figure 4.7: Experimental crosstalk of vector vortex modes measured for turbulence
strengths of (a) SR =1, (b) SR = 0.7, (c) SR = 0.5 and (d) SR = 0.2

entangled photons by spontaneous parametric down conversion. The two photons

were directed on two SLMs where entanglement was measured in the OAM basis, with

one of the SLMs having the turbulence screens imposed on the OAM hologram. Both

SLM outputs were then coupled to single mode fibres and directed onto avalanche

photodiodes connected to a coincidence counter.

The mode size in the quantum experiment was 0.36 mm, differing from the 0.45

mm used for the classical experiment. The concurrence is dependent, through the
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Strehl ratio, upon the mode size ω0. Substituting Eq. 4.15 into Eq. 4.18, we plotted

the concurrence as a function of Fried’s parameter for the two mode sizes. The

differing sizes thus required the results to be normalized. In this case, we normalized

the quantum results with respect to the classical ones. We defined the ratio between

the classical and quantum theories (CQR) as

CQR(r0) =
C (r0, ωcl)

C (r0, ωqm)
, (4.20)

where ωcl and ωqm are the mode sizes used in the classical and quantum experiments

respectively. The quantum results were then normalized as follow

Cnorm(SR) = Cexp(SR)× CQR(SR) (4.21)

where Cexp(SR) and Cnorm(SR) are the experimental and normalized concurrences.

The conversion from r0 to SR is achieved by inverting Eq. 4.15.

1.00.80.60.40.20.0

0.70

1.00

0.75

0.80

0.85

0.90

0.95

500 30002500200015001000

C
o
n
c
u
rr

e
n
c
e

Fried's parameter Strehl ratio SR

C
la

ss
ic

a
l-
Q

u
a
n
tu

m
 r

a
ti
o

0.0

0.2

0.4

0.6

0.8

1.0

Classical

Quantum

(a) (b)

Figure 4.8: Normalization of the quantum and classical theoretical results. (a) shows
the variation of the concurrence with turbulence expressed in terms of the Fried’s
parameter for the mode sizes used in the classical and quantum experiment. (b)
shows the theoretical ratio of the classical to the quantum models as a function of
the turbulence expressed in terms of the Strehl ratio.

The normalized results in Fig. 4.9 show that the classical systems does indeed

model the quantum experiment. With increasing turbulence, the classical and quan-

tum states both decohere and the entanglement decays.

4.4 Conclusion

We have shown in this Chapter that classical non-separable states can be used to

model quantum entangled systems. We modelled the evolution of entanglement in
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Figure 4.9: Experimental variation of the entanglement with respect to the turbulence
strength. the classical results were obtained for an input |TM01〉 mode perturbed by
phase screens modelling various turbulence strengths SR. After performing a state
tomography on each of the various outputs, the concurrence was computed. The
quantum results were obtained by perturbing one of two entangled photons with the
same phase screens. The green dashed line represents the theoretical curve.

communication media with vector vortex modes propagated through two noisy chan-

nels: an optical fibre and a turbulent free-space channel. To measure the degree of

non-separability, we used the concurrence, a measure of entanglement in quantum

mechanics. We showed, in fibres, that entanglement is preserved after a few centime-

tres of propagation. We also showed that as a result of fibre imperfections, energy

can be exchanged between among the modes, affecting entanglement correlations. In

turbulence, we showed, based on two equivalent systems, one quantum and the other

classical, that the predictions and results from both systems are identical: the evo-

lution of entanglement as predicted and measured for a quantum entangled system

agrees with the classical one. In fibres and free-space, our results show that classical

bright sources can be used to characterise quantum links that use entanglement as a

resource.
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Chapter 5

Conclusions

The focus of the work detailed in this dissertation was to explore the potential of

spatial modes of light for optical communication, classical and quantum. We were

particularly interested in spatial modes carrying orbital angular momentum (OAM);

they offer the possibility of transmitting an infinite amount of information through

the additional OAM channels.

In Chapter 2, we demonstrated theoretically and experimentally, that by ma-

nipulating the dynamic and geometric phase of light, digitally or statically, we can

generate and detect spatial modes of two types: scalar modes and vector modes. We

made the distinction between the two type in terms of the separability of their degrees

of freedom: scalar modes have separable spatial and polarisation degrees of freedom

while vector modes do not. We applied these techniques to the study of classical and

quantum communication.

For classical communication, we have shown, using scalar modes and digital holo-

grams, that optical fields carrying OAM could be tailored and multiplexed to increase

the communication bandwidth in both free-space and optical fibres. We characterized

both optical media to determine the amount of modal coupling they introduced, and

used the channels to transmit images. In the process we implemented various en-

coding techniques based on single mode transmission and mode multiplexing. Using

Laguerre-Gaussian modes, we have demonstrated a channels with 100 spatial channels

having the potential of increasing the bandwidth of current systems by two orders of

magnitudes.

For quantum communication, we have shown that, using vector vortex modes,

quantum systems can be modelled using bright sources. For information sharing

in quantum links, optical fibres and free-space are two of the available media, each

presenting their own challenges: imperfections and birefringence in fibres and tur-

bulence in free-space are two of the most notable ones. Taking advantage of the
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non-separability of vector modes, and their similarities with quantum entangled sys-

tems, we modelled evolution of entanglement in both media: in fibres, we show that

entanglement is preserved over a few centimetres, in agreement with past research.

However, the perturbation caused by fibres affects both non-separable degrees of free-

dom of vector beam, making the modelling of the channel non trivial. In turbulent

free-space however, the polarisation is unaffected by turbulence. We used this prop-

erty to model the transport of entangled states through a turbulent link, and showed

that both classical and theory are in agreement.

There are however limitations to how much the quantum world can be emulated

classically. A quantum process vital to communication is secret key distribution,

whereby messages are encrypted with a highly secure key that is exchanged by two

parties with single photons. The security of quantum key distribution is linked to

the dimensionality of the degrees of freedom available for encoding. Unlike classical

systems such as vector vortex beams, quantum states offer the possibility of entan-

glement in dimensions higher than two. In future research, we aim to shape single

photons, to realise high dimensional entanglement transport, in both free-space and

fibres, and apply it to increase the dimensionality, and therefore the security, of cur-

rent quantum key distribution protocols.
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