THE CHROMATIC POLYNOMIAL OF A GRAYH

A A ADAM

A thesis submitted to the Faculty of Science, University of the Witwatersrand. in
fulfiiment of the requirements for the degree of Doctor of Philosophy,

Johanneshurg 1990,



ABSTRACT

In tkis work we study the chromatic polypomial P(G,x} of & graph & of order p in
the form T8¢ 2T, where T,; = 2z —1)P~*! is the chromatic polynomial of a tres
of order p. :

Fistly we express the chromatic polynomisls of some graphs in tree form. We then
study a special product that comes natural and is useful in the caculation of some
“chromatic polynounials. Next we use the tree form to study the chromatic polynomial
of a graph obtained from a forest (tree) by “blowing up” or “replacing” the vertices
of the forest {tree} by a graph. Then we give explicit expressions, in terms of induced
subgraphs, for the first five coefficients of the chromatic polynomial of a connected
graph, In the case of higher order graphs we develop some useful computational
techniques to obtain some higher order coefficienvs. In the process we obtain some
useful combinatorial identitiez, some of which are new. We discuss in detaii the
application of these combinatorial identities to some families of graphs. We also discuss
pairs of graphs that are chromatically equivalent and graphs that are chromatically
unique with special emphasis on wheels,

In conclusion, we mention some open questions and conjectures,
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~ ABSTRACT

' In this work we study the chromatic polynomial P{(, z) of a graph G 'oi'order.p in
the form T5-1 a7, - Where Tpoy == :r(:c ~ 1)#=i=1 ig the chromatic polyuom:al of
a tree of order » . N

F:stly we express the chromatic polynomials of some gmph.a in tree form. We then
study a speclal product thet comes natural and is useful in the caculation of some
chromatic polynomials. Next we use the tree form to sti v the chromatic polynomial
of o graph obtained from a forest (tree) by “blowing up” or “replacing” the vertices
of the forest (tree) by a graph. Then we pive explicit expressions, in terms of
induced subgraphs, for the first five coefficients of the chromatic pelynomial of
a connected graph. In the case of higher order graphs we develop some useful
computational techniques to obtain some higher orde: coefficients. In the process
we obtiain some useful combinatorinl identities, some of which are new, We discusa in
detail the apphication of these combinatorial jdentities to some families of graphs. We
also discuss pairs of graphe that are chromatically equivalent and graphs that are
chromatically unique with special emphasis on wheels.

In conclusion, we mention some open guestions and conjectures,



INTRODUCTION

In this thesis we write the chromatic polynoniial of a graph-in t&m of the chromatic
| pﬁlynonﬁal of 2 tree. We mow introduce the concept of eotouring the iertices of a |
graph which is the underlying theme of this thesis. Let a graph G; ¢ natuzal number
z and any set 5 with z elements {called colours) be given. We define an z—eulbuﬁn’g
of Gasa m#pping of the vertex-set V(G} of & intc the colour-set §, subject to
the restriction that each edge of & must join vertices of two d:ﬁeren‘. colours. We
denote the mumber of z-eolourings of & by P(G,z). In section 1.5 we giuve that
Pl@,z)is i:-.deed- 8 pulynomial in z and henceforth we refer to it 4s the chromatic
polynomial ¢f & graph G.-

In more detail the outline of this work is as follows:

Chapter 1 deals with preliminazios, In section 1.2 the notation snd terminalogy in
#iaph theory is given, In section 1.3 we give some int_uitive reaults on the chro-
matic polynomials of complete graphs and trees. In section 1.4 we prove Whitney's:
Reduction Theovem and give a motivation for studying the clromatic polynomial
of 2 graph in terns of chiromatic polyncrrials of trees; we conclude this section by
illusirating where Stirling numbers of the first and second kind e used. In section
1.5 we present several easily proved results on chromatic polynomials in terms of
chromatic polynomials of trees, | ' '

Chapter 2 deals with operations on chromatic polynomials, In section 2.2 we infro-

dzz# the special operations ©, @ end @ and we use them to simplify caloulations

in: computing semie chromztic polynomials, We also use the special opérat'mn ® in

section 2.3 to go from normal form to tree form for some special family of graphs. In
1



section 2. 4 Wvﬂlustra’.te oombanatonal identities whlch meke use otf Stirling mmxbers _
' -oftheﬁrst andsecondhnd

Chapter 3is devoted %o repla.ung vertices of a tree or forest w:th a connected graph.
In section 3.2 we dmc.bbethechmmaﬁcpobnomalofagmph obtained by teplacing
vertices of a tree with connected graphs using the special operations & and & . We .

generalize the above concept to forests in section 3.3,

Chapter 4 is concerned .with the coefficients of the chromatic polyno:ﬁial. In section _.
4.2 we begin by interpreting t.hé first five coefficients of a chromatic polynomial i
tree form; we then relate these coefficients to that given in normal form i section
4.3, We nse these five coefficients to obtain some bigher order coefcients in section
4.4. Tn section 4.5 we discuss the concept of connectivity and how the coefiicients of -
& chromatic polynomial behave i tree form, We then present » gew combinatorial
identity in section 4.6 and use it in section 4.7 to interpret the coefficients of the
chromatic polvnomial of an m-gon-tree.

In .Cha.p.tef 5. we discuss the chromatic equivalence of pairs of graphs. In section
5.2 we construct pairs of graphs that are chromutically equivalent. The theory of
chordal graphs and thefr chromatic polynomials are discussed in section 8.3, In.
section 5.4 we describe some family of graphs that are chromatically unique and in
section 5.5 we discuss the chroma.t:c:ty of wheels.

Finully, we conelude with ﬁchapter describing some open problemas and conjectures.



CHAPTER 1.
' PRELIMINARIES

11 Intrc&ﬁction

The basic notions from graph theory used ave ol defined in section 1.2 ~ this makes
this thesis self-contained, We continue to define and il - tsate chromatic polynomials
of graphs, the main issue at stake in this thesis, in section 1.3, In section 1.4 we give
a motivation for study:‘mg'the chromatic polynonun.l of & graph in terms of chromatic
polynomials of trees, and in section 1.5 we discuss some elemtmtas:y. properties of
chromatic polynomials. .

1.2 Notation and Terminology
Most of the definitions in this section are taken from [4],

A graph G is o finite zionemp{-;}r set V{@F) together with a (possible empty)_sét E(G)
(disjoint from V(G)) of fwo-slement subsets of (distinet) elementa of V(G). The set
V() is called the vertex set of G and its elements are called vertices, while E(G) is
called the .ed‘qe se? of G and its elements are called edges. By an element of o graph
we #hall mean a vertex or un edge. -

The edge ¢ = {u,v} is said to join u and v, and wil) henceforth be denoted by uv or
v, K & = up is an edge of a graph G, then u and v are adjecent vertices, while the
edge e is tncident with the two vertices » and v. Furthermore if e. and [ sre distinct
o e_dges. of & incident with a common vertex, then e and f are adjacent edges, |

A gaﬁh G is fsumerphic to & graph G if there exists » one-to-one mapping ¢ from
T{G1) nnto V{G,) such that two vertices u; end v; are adjacent in G, if and only
' 3



i ¢(u;) and ¢(u;) are ad;acent in Gg, it is written us G1 G’z

A graph Hisa sﬂbgmpk af e graph & lf V{H) € V(&) and E(.H') c E(G} I
V(H) C V(G) or E(H) C E(G) then H is a proper subgroph ofG. A {p,g) - graph
(@ has p vertices and g edges; p is referred to as the order of G and g as the oize of
G. Whenever a subgraph H of a graph G has the same order as that of G, then &
is .called a spamning subgraph of G,

¥ U is & nonempty subset of V(G) than the subgraph (U} of G induced by U is the
graph having vertex set I and whoee edge set consists of those edges of G incident
with two vertices in . v ¢ V(G) and V(G) 2 2 then G ~ v denotes the subgraph
induced by the set V(&) - {»}. K ¢ € E(@), then G — e denotes the aublgmph with
vertex set V(G) and edge set E(G) — {e}.

- The degree of & vertex v in @, denoted by degy, is the number of edges of G incident
with v, The minimum degres of o vertex in G is tlenoted by §(G), and the mazimum

degree by A(G). A vertex of degree 0 is called an isolated vertez and a vertex of

degree 1 is an end-veriez. The edpe ineident to such n vertex is celled 2 gendent

adge.

'I‘hé compiemeﬁt of a graph G, denoted by G, is the graph with vertex set V(o) ahd
such that two vertices are adjacent in & if and only if these vertices are not adjacent
in G. A (p,q) - graph is compleie, denoted by K, if every two of its vertices are
adjacent. The complement K, of the complete graph X, bas p vertices and no edges
and is referred to as the empiy graph of order p. The graph K is ealled the trivial
greph. | '

By a u~v walk of & graph G is meant a finite, altetnating sequence of vertices and
edges of &, begmm:ug with « and ending with v, such that every edge is immediately

4



preceded and succreded by the two vertices with which it is incident. A u— v frail

:s a w—v wallc in which_.no edge is répeated. A u—v path is 5 u—v walk in which
) 20 vertex is repested. A vertex  ia said fo be connected to avertex vina grﬁph c
ifthere’e;ﬁstsau—i: pathin G A Qraph ¢ is connected i every two of its vertices
are connected. A graph which is not connected i disconnected. |

A component of a gruph G is a connected subgraph of & not properly contained in
_any other connected subgraph of G. The number of conponents of a graph € is |
denoted by ¥(G). Thus k{G) = 1 f and only i G is connected. '

A nontrivial closed trail of G is referred to as a eircust of G. A circuit vy, va, ...,
Upy Uy, 2 3, 0fa g;aph & whoss n vertices v;; 1 < 1 < n, ore distinct is called a
eyele of 3. A cycle of length n is denoted-by £ # is unique up to isomorphism.

An acyelic graph has no cycles. A iree is any acyclic connected graph. A forest is
an acyclie graph, Each component of & forest is a tres. A tree of order p is denoted

by 8p; it is not unique up to isomorphism if p = 4.

A vertex v of a graph G is called 2 cut-verlez of G H X(G —v) > k(G). Anedgee
of & praph & is called a cud-edge or bridge of G if k(G — e) > k{G). A nontrivial
commected graph & with no cut-vertices is called a block. & block of a greph G iz a
aubgraph of & which is a block and which is not a proper subgraph of any subgraph
of G with this property. The blocks of 2 gfaph G partition the edge set of G and
" two blocks heve at most one vertex in common; this muet then be a ent-vertex of
G. An end-block of a graﬁh & is o block of G which contains exactly one cut-vertex -
of G. '

The unien G U G2 of two graphs Gy and Gy is the graph with vertex set V{G1)U
V(G and edge set E{(G1) U E{Gy). It is ususlly formed if the graphs Gy and Gy

-8



are disjoint, that is, V(Gs) 0 V(Ga) = . The join Gi + G of disjoint graphs Gy
and Gy is the graph obtained from Gy U Gy by joining each vertex of £ to each
vertex of Gy. ' -

The} vertex-comnectivity or simply connectivily x{(¥) of a graph G i the mini aum
oy xaber of vertices whose removal from G results in a disconnected graph o the
. teivial graph. The edge-connectivily #1(G) of & graph & is the minimum sumber of
edges whose removal from @ results m a disconnected graph or the trivial graph. A
graph G is said to be n-connected, n > 1, if x{(G) = n. '

Let a graph G, a natural number 1 and any set S with n elements (called eolours} be -
given, An n-colouring of G is a functior. f of V(G) into S such that, for every edge
e = uv of G, f(u) # f(v). If G has an n-colouring, it is called n-colourable - note.
that every graph has an n-colouring.for some n (take n = |V(G)} and § any ope-
to-one function for example). The minimum n for which a graph @ is n-colourable
is called the vertex chromatic number or simply the chromotic number of G and is
denoted by y{&). Nate that a graph G is n-colourable if and only if ¥(G) £ 'n;. itis
called n-chromatic if \{G) = n.

A praph G ig n-parfite, n > 1, i it is poasiblé to partition V() into n subwis 1,
T2y «ovy Vi (called partite seis) such that every element of F{G) joina a vertex of 15
to a vertex of ¥V}, i # j. {Of course @ is n-paxtite if and only if G is n-colourable;
the notation of this definition is, however, convenient in what follows.) For n = 2,
sucl graphs are called bipartite graphs. A complete n-partite graph G isan n-partite.
graph with partite sets V1, V2, ..« V having the added property thet if u &€ V; and
v € V;, 1 £ J, then ur € B(G). A cémplet_e bipariite graph with partite sets ¥1 and
%, where [Vif = m and [V3] == n, is then denoted by K(m,n).



‘The independence number B(G) of & groph (7 is the maximum number of mutually
non-adjacent, vertices in G. The cligue number w(G) of a graph & is the mexiomrm '
number of vertices in any complete subgraph of G.

The join Ky +Cpezs n = 3, ia called the whes! on n vertices and s denoted by W,

An elemeniary subdivision of a mﬁempty graph G iz = graph obtsined from G by.

the removal of some sdge e == uv and the addition of a new vertex w and edges uw

and vw. A subdivision of G is a graph obtained from & by 2 succession of elementary

subdivisions. A graph  is defined to bo homeomorphic from G if either H = G or

H is isomorphic to a subdivision of G. A graph Gy is homeomorphic with a graph

G, if thete exists a graph Gy such that each of Gy and G is homepmorphic from
Ga.

1.3 The chromatic polynomial of a graph

Let @ graph & and a natural number r be given. Then 3t is possible to define
F{G,n) as the number of n-colourings of G. It is possible to'pmve (and we will do
50 in Lemma 1.5.1) that, for every graph &, P{G,n) isa poiynomial in n. Hence we
will immediately change notation to P(G,:c}, thinking of # as s complex variable
(although z will almost alwaya be real), and refer to this function as the chromatic
golynomial of G. By way of fllustyation consider

G ———

The miuc. vertex can be coloured in nny'of the = colours. When this has been

done, this colour is no longer available for ¢olouring the end vertices. Hence the end

vertices can be coloured independently each in (z — 1) ways. Thus
PG, x) = z(x - 11,

7



This resuli can be extended (see Lemme 1.5.3) to show that if G is my tree on p
"vemes then P(G,2) = 2(z — 17~ denoted by T,. Next mnmder '

A

There are 2 ways of colouring, say, the top vertex. There are then {z — 1) ways of
colouring an adjacent vertex, and (¢ — 2} ways of colouring the remaining vertex.
Thus '
P(Ka,.‘l:] = m(a! - 1)(:6 - 2) v

This result can be extended (see Lemima, 1.5.2) to

PEa)=z(z—1)(z—2)...(x—p+1),
denoted by z17},
1.4 Motivation

In the remainder of this thesis we study the chromatic polynomial P(@,z) of 2
graph & in its expression as a finear combination of the chromatic polynoinials of
trees, where Ty = x{zx ~ 1)*! is the chromatic polynormial of & tree of order p (see
gection 1,5). In this section, we first answer two questions: Why this can be done

and how it can be done.

Iﬁ [14] the chromatic polynomial P{@, x) of a graph G is often expressed as ¥, a;z

or as 37, biwt? where 20} = p(z — 1)(x - 2)...(x — i +1). This is slways pos-

sible (see for example §4 of [6]) since the set {1,m,...,2P,...} 5 well o5 the set

{1,z01},...,21%}, ...} are bases for Z[z], the Z-module of all polynomials in z over |

the ring of integers Z, Similerly, {1, T}, Th,..., T3, ..}, I8 & basis for this Z-module
8



and hence cen be expicited in a similay fashion, This answers the *why it can be

doge” question.

We now turn to the *how it can be done” question. In computing chromatic poly-
nomisls, one can make use of Whitney's Reduction Formule sta,téd in the following

theorem.

Theorem 1.4.1. Let 7 be & graph, and u, v be two non-adjacent vertices of . Let,
G be the graph obtained fiem (G by joining u a.nd v by an edge, and G" be the
graph obtained by identifyin: u and #, then

P(G,z) = P(G',2) + P{G", ).

- Proof. In any z-cclouring of the vertices of G, either u and v have different colours
or they have the same colour. The number of z-colcurings in which % and » have
different colours is umk&‘;gzr if an edge joning © and v is added to , and is
therefore equal to P(G', ). blm.ll.arly, the gumber of g-cciourings in which u and v
have the same colour is unchanged if u aud » are identified, and is thereiore equal
to P(&", z). Hence

B¢, x) = P(¢,2) 4+ P(G",x). IZ'.'l

Repeated application of the above formula to any graph & will result in an expression
of the form P(,x) = T, bl which we shall refer to as the factorial form of
P(G,z). '

The above recursive formula ¢an also be used in the reverse process namely
P(G',z) = P(G,z) ~ P(G", )

wheve G is obtained from G by deletmg any edge uy and G is ohtained &om Gbhy
identifying & nsd 2.



Repeated application of this formula to any greph & will result in an expression of
the form P(G,2) = J; aiz' which we shall refer to as the normal Jform of P{G, z).

If one is removing édges in chromatic reduction of & connacted graph G, one might

decide to stop the process once all the graphs involved are trees. This then results

in an expression of the form P(G,z) = Y, «:T}, which we shall refer to as the free

form of P(G,x). ¥f on the other hand ( is disconnected, we will later show how
" P(G,2) can be obtained in tree form,

In the exa.mple which fallows, we wxll {as is customary, see [14] 1 n'yuse notation by
using a dra.ng of the graph for its chromatic polynomial,

Example 1.4,1. _
We know that P(Kj.2) = z(z ~ 1}z -2) = z{?! in factorial form.

) N L u u=v: I
Also, K3=G’/ \= G/ -—G“';/ by the recursive formula
) v ¥ '
= Ty~ T in trea form
. .
i - . - . |- + .
L} [ ] - . " "

= 28 — 322 4 22 iy normal form,

i

Wt note, in conclusion of this section, that Stirling numbers are used to go from
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_ factorial form to normal form and vice versa. The pé.rl:iculars aze ar follows:

Stirling numbers of the first kind, denoted by s(p, £); are used to convert a chromatic
polynomiel from factorial form to normal form: ' '

200 =3i(5) = s(a ~ e =2)...e=p+1)
= 8(p,p)a? + 5(p,p = 1)o?~) + o+ s(p, n)m'Hl
b

=Y alo, ket

k=0

 where (0,0) = 1 and s(p, k) = s(p=1,k = 1)~ (p—D)alp—=1, k), k= 1,2,...,p=1,

Stirliog numbers of the second kind, depoted by S(p, k), are used to convert a
chromatic polynomial from normal form to factorial form:

2" = 5(p,p)al? + 5(p,p — 1alP~1 oo+ 5(p, 001"

r
=Y §(p, k)=t
k=0 .

where 5(0,0) = 1 and S{p, k) = 2S(p~ 1L, )+ S(p~ 1, k=1), k=1,2,...,p— 1.
"The reader is referred to [16] for more information about these numbers.
1.5 Basic Properties Of Chromatic Poljrnominls

The first thing we need to show is that P({G,z) is indeed a polynomial in 2. The
following Lemma appears in {15]: '

Lemma 1.5.1. ¥ G is a graph on p vertices, then P(@, z) is a polynomial of degree

P
1




Proof. For each nonnegative integer k, let a{G, k) denote the number of partitions of

V(G) into exactly k nonempty subsets, such that no edge of G joins two vertices in
the same subset. From aset of ¢ cnlours; there are 2(z—~1)(z—2). .. (z—k+1) = »ik}
weya of allocating a different colour to each of the subsets, and each of these gives
a colouring of G. It follows that o

P(Gz)=) 2(z—1)z—2)...(x —k+1)a(G,F)
k _ _

" which is clearly a polyoomiel of degree p. o w

Thus far we have calculated the chrometic polynomial of the empty graph on p
vertices, denoted by P(f{,, z}, to be z¥. We now establish & few more results on the
cﬁmmatic polynomials of families of graphs beginning with the family of complete
graphs which appears in {14},

Lemma 1.5.2. The complete graph X, of order p has chromatic polynomial

- P(Kp2)=z(z~1)(z—-2)...(s —~p+ 1) =z},

Proof. Let K, be the complete graph on p vertices. Choose any vertex of K and
colour it; this can be done in r ways. Choosing another vertex we have z — 1
colours with whicﬁ it can be colourad, since it is adjacent to the flrst vertex. Choouse
another vertex; it is adjacent to both vertices already coloured, and con therefore
be colour. ! in z — 2 ways, We continue in this way; the last vertex can be given

any of the remaining = — (p—1) colours, Hence

P{K,,,a:)=£{z—1](z-2)...(m ~p+1)=w{Fi. ' -0

We next consider the family of trees which alsa appenrs in [14].
12



Lemma 1.5.3. The chroiaﬁc polynomis] of any tree S, of order pis
P(S,,z) = z(z — )P '

Proof. We .employ .induction on p, the result being obvious for p = 1 and p=
2. Assume the chromatic polynomisl of all trees with p — 1 vértices is given by
#{z —1)*2, Let v be an endvertex of G and suppose uv is the edge incident with
v. By hypothesis, tke tree G’ = G — v has z{z — 1)*“2 for ita chromatic polyromial.
The vertex v can be asngned any colour different from, that assigned' to u, 3o thet
v may be coloured in any of z — 1 waye. Thus '

P(6,3) = (& ~ YP(E", 2) = oz = 1)1, a o
In section 4.5, we prove the converse of this lemma, tov. We will henceforth dent;te
P(8y,z) by Ty = z(z —1)77).
. We next conside;' the family of cycles which appears in [14] in normal form as
P(Cyz) = (z — 1)? + (—1)F(z — 1).
Lemma 1.5.4. For p 2 3, the chromatic polynomial of the cyele C,, of order p s

=2

P(Cpy ) = ) (=1 Tpmi-
i=n
- Proof. We employ induction on p. For p = 3 we have for any cycle on § vertices
8-

P(C3,2) = Ty =Ty = ¥ (~1¥Tss,
=0

by Example 14,1, Assume that for some fixed infeger p, p 2 3, the result is true for
all eyclos on n vertices, » < p. Let e be auy edge of Cp. By Whitney's Reduction
13




' Formuis, applied to the edge e, we have:

P(Cyy2) = P(Cp — ¢, 5) = P(C‘,,_l, z)

p—-l —2

= P(s,,, )= 3 (~1) Ty by the industive hypothesis
=0

e
- E(-—-l)‘Tp._l_.; by Lemma 1.5.3.

2

=3 (—1Tpei. |

i=0

Hence the lemma is true for all cycles.

We note that for p = 2 this result gives the chromatic polynomial for the complete

graph on 2 vertices, Kz, Qur next result appears in [2:

O

A cascade of triangles is defined recursively as any graph Gy that can be obtained
by starting with Gp = Ky and, if G; is defined, then G4y can be obtained by adding
a new vertex v; to G; and joining v; to any two adjacent vertices of G;. Note that,
in the terminology of [13] a cascade of txiangles is {Kg}- constructible while in [21]

it is cailed & 2-tree,
We now consider the family of cascades of triangles which appenrs in [21] as
PG, 2) = #{z — 1)z - 2)*2.

Lemmsy 1.5.5. H G ie a cascade of triungles on p vertices then

P(Gyz) = 31y (” Ntmi

=l

14



Proof, We employ induction ont p. For p = 2, the only cascade ié Ky with

P(H,) = rg-z:(—n‘( )TH

=0

Assume that for some fixed integer p, p 2 3, the formoute, holds for all cascades of .
triangles on n vertices, n < p. Now let (¥ be any cascade of trangles on p vertices -
and let e = uv be an edge of & with degoy = 2. By Wh:tneys Rgductmn Fbmxla,
applied to the edge e we have .

2(Gy2) = P(G— ,7) — P(G —v,2)

where G—e coﬁists of & cascade of triangles on p — 1 vertices m& e pendent edge,
and G—wisa c_ascade of triangles on p — 1 vertices. The vertex v can be assigned
any colour different from that assigned to .u, so that v may be coloured in any of .

z — 1 ways. Thus ' '

P(G,z)= {:c ~1)P(G —u,z) — P(G —v,2)

p—3

=z~ 1)2( (7 3)2;_14—2(—1)*(’ L

by the inductive hypothesis

5 (" )T,-;-Z(-n- (P‘S)Tp-: ;

=0 i}

-8 '
=%—G )%4+G )nﬂ—es)gﬂ+m+hwﬂﬁ

 [p-3 -3 )
- {Tp-—l - (p 1 )Tp_.z + (p2 _)1}—-3 —..--i-(—-l)’"s(i_s):ﬁ}

15



o (Wt (e M ev) e (e
+ (p;3)}%es +---+(-—1)”’{(§:3) + (’;:i’)}n + (—1)“"’(‘;:31&
=5 ()5t (378 ()t ()
-_—g(;l)i(P;2)T,;.;. -

Hence tI;e form holds for all cascades. _ |

Example 1.5.1,

Consider G ; and ¥ : /

Then both & and H are cascades of triangles on 3 vertices, therefore

. 3 )
P(G.1) = P2 = 3 (-1 ()

=0 t

= Ts -3T.l +3T3 - Tg.

We next consider a special class within the family of complete bipartite graphs; in
factorial form these chromatic polynomials are described in {18] as

B(K(m,n),z) = i i S(m.r)8(n, )z {rte}

ria] sam] .

16



Lemma 1.5.6. The chromatic polynomial, P{K(2,n),z), of the oomplete b1part1te
.gra.ph IS.'(2 n) on n + 2 vertices is

P(K(z wh8) = Toss +Et—1) (5)Pota-s

Proof. Let u and » be the vertices in the class containing only two vertices. Then by
joining v and » by an edge & and applyma Whitney's Reduction Formula, 'I'heorem
1.4.1, we have: '

P(X(2,n),2) = P(G",z) + P(G",7)

where G' = K(2, n) + e is a cascade of triangles on n 4 2 vertices and G" = 8,4, is

a tree on n -+ 1 vertices, Hence by Lemma 1.5.5 and Lemma 1.5.83 we have:

P (-K(zi n)n -'5) Tu-!-l + 2;—0 “l)i (?)Tu+2-i ' O
We now consider the family of wheels.

Lemma 1.5.7. The chromatic polynomial of the wheel W, of order p is

-2
P = (10t L1 L=t

i=0

Proof. We. employ mduction on p. For p = 4 the formula iz easily checked since
Wi = Ky. Assume that for some fixed integer p, p 2 5, the regulf ia true for all
wheels on 12 vertices with n < p, Now let & be the wheel on p vertices and let uv be
any edge on the rim of G, By Whitnay’s Reduction Formula, applied to the edge
uy, we have: '
B(Wy,2) = P(G",z) - P(G",2)
17



" where 6 is a cascade of triangles on p vertices and G is a wheel on p—1 vertices.
Hence by Lenima 1.5.5 and the indugtive hypothesis we have: '

-2

P, 2) = Sev(; LAY 2(—1)*( gL

p—2
= (—l)p_lTa + Z(-—l)‘l (P ';2 Tpei— Z(—"l)'( )Tp.q_s

ft i=0

C=(-1ri +Z(—1\'(1’ P

=

_ Hence the result is true for all whees. m]
This result can be compared to the result given in [19] as:
P(Wp,2) = 2{(z —2)P~ + (-2) (= - 2)}.

‘The chromstic polynomiat of more classes of graphs are computed elsewhere in the
thesis.

18



CHAPTER 2 _
OPERATIONS ON GRAPHS AND CHROMATIC POLYNOMIALS

2.1 Tntroduction

We describe the operations X, #, 0, & and & on chromatic polynomials and use
the join operation, -, on graphs to introduce some useful computational techniques
whereby it will become easier to calculate chromatic polynomials of certain complex
graphs. Finally we give useful formulae, for the chromatic polynomiais of certain
standard graphs, wherein the Stirling numbers of the frst and second kind are the

coefficients.
23 Computational Techniques
We begin with a basic result on trees which uses the operation X.

Lemma 2.2.1. If Ty and Ty are the chromatic polynonﬁa.is of treeson p a.nd g vertices
respectively, then Tp x Ty = Tppg + Tppger
Proof.
Ty X Ty = 2(z = 1P x afz — 1)47*
= gy — 1)PHe-2
=z~ 1P (e 1)+ 1)
=gz — 1JPH1 pa(x — 1)PH2

= Tpig+ Tpiger ' 0

The text result appears as Theovem 3 in [14};
19




. Theorem 2.2.1. If a graph & consists of itwo subgraphs H; and H; which overlap in
a complete graph on k vertices then '

p(@, 01— P PUE ) |

Proof. ‘The number cf ways of coiouring the common part is z{*}, If we fix the .
coloure - these k vertices there wil be f%;—"‘fl ways of colouzing the rema.mmg
vertices of Hy and -P—(-%-z‘-i—i)— ys of cclourmg the remaining vertices of Hy. Hence
the total number of colourings is '

24 x P(.E{Ti;aﬂ P{:::iz) P(Hl,mlﬁip(ﬂ'z,:c) O
To simplify some caleulations, we use
Lemma 2.2.2. Any expression of the form P(#y,2) % P(Hy,z) can be c:;lculated

£a
as {P(H;,z) ® P(Hg,.’c)}@T;. where @ and @ denote a type of multiplication and
diviston in which T, © Ty = Tpqn 80d @7, = Ty respectively.

Proof. Let P{H,z) = E {1V @i Tri and P(Ha,2) = 325 _o(~1 )-beT,._., where
m-—prrandn—g>r, UsingLemma2.2.1wehxwe:
P{#1,2) X P(H,%)
T

(E:mm( 1)“‘13 m"'l} X (Zjno(mlljbfTﬂ".f) .
I

= (T ~ gy Tt + Loy — 1o+ + (*I)P'__Iaﬁ-—ITm-p+1 +{(—1a,Tmap)%
(T = 1y Tng o+ BoTnz v oo ok (=17 N80y T gt + (=118, T )/ T

= [(Tmtn F Tnan-1)} = {61 + 5 YD nanm1 4 Tingnz) + (a2 + @by + by )%
20




{Tirtn—z + Tontn—s) — {@a + Gl +arhy + bS)(Tm_-!-n--a + Tutn—d)
oot (1P aybemy + Bp18g) (Dot npgtt + Trnbmpg)

+ (_I}Pﬂ%be(Tﬂﬂn—p—‘! + TM+n—p-q-l )]/ T

But
T+ Tpoy = o{z — 1)1 4 a(z — 1)P2
=zl — 1P -1+ 1]
- =y
Hence .

P(Hh,2) x P(Hy,z)
Iy

= [wz(m _ 1)m+n—2 — (al +'51)3?(2: — l)m-l-n—:! + (Gz + “‘16_1 + bg):rg(z - 1)m+rs—4

— (ag + azdy + a1bs + bg)2? (@ — 1)™HF 4 oo p (=10 by
dtg_1by)z(z ~ 1P -2 + (=1 aybyz?(g - 1) P18 fa(g — 1)
= ofa — )T (g by Ja(s — WP o (0 sy + e
(2 =~ 1™+  (ag + agby + ayby +By)a(z — 1) o (<D
{aghyos + G- by)a(® — LA 4 (L1 ba( ~ 1EBmimrt
= Tmper — {61 + Bt )Tm+n-rul +(ag + arby + b )T pn—r—2

- (as + agby + arby -+ bs) Tmpn—res + o+ + (1P 1(% g1 + Gp—1bg )

Tt nmpmyri + (=1 apb Tongm—p—g—r
= [Tm — 6101 + 2aTmeg =+ A (=1 apey Thpmpta + (—1)0p

Tim—p] ©® [T ~ Ty +bTpa— + ("'1)’r 1 og-1Th—gt1 + (-U'bnga—q]@T

{2( 1)‘51Tm—:) @ (Z("lj”ﬂ‘ Tn-—:)]eT

=0 =
21



Hence

P(Hl,m);iP{Hg.z) = [P(Hyy2) © P(Ha, NG - o

Example 2.2.1,

CWith &G N Hy: i\ ' Hz:

f
“and Ty = T 1 , We have
P(G,z) = [P(Kyr2) ; P42 e Theorem 22,1,
. - da
={T ~T) 2 (T — 3T+ 25)OT; by Lemma 2.2.2,

=Ty — 47y + 35 - 2T5.

We stress that the operations & and @ can only be used in the type of expression”

specified in Lemma 2.2.2,

| Corollary 2.2,1. If a graph & consists of two subgraphs H; and K, which overlap
in & cut vertex then P{G.z) = [P(H1,2) ® P(H. 2)}@71 . 0

Another way of caleulating these products is contained in our next result,

P : me? -t
Lemma 2.2.3, ¥ i0g @iTmui @ Xjo 0iTn-; = 10" @il ¥ o BiTmen—ij)



FProof.

m=2 ‘n—2

> aiTni @Y biT0—;

. j=n

= (@80T + a1 T + - + G2 T2) D (BT + b Tt + - + bn—2T)
= agbpTm4n + (a0ts + t180)Tmsn—1 + - + O —2bps T2

= ag(boTm+n + 1 Tmtn-1 ++ . "+ 5u-¥T;u+z) - a3 (b Tintn—1

+ b1 Trpeng + b by Tintn)

Foraiiiareaneas SCRTITRTSPREPSTRIRETR

+ G2 (B0 T2 + by Tt + -+ + by Ta)

n-2

= Z al(z by Tm-l—n-—:—.:)

=0

Note that, sinee @ is a commutative product, it follows that

E:':;E a;Tm—i © Ej=o b Tnmi = 2}'__02 b:(E'““z auTm-i-n-i.-f}-

Lemma 2.2.2 can be effectively applied to determine the chromatic polynomials of
certain gpecial graphs. One such graph is the tkete graph. A thele graph, O, has
two vertices v and 1 of degree 3, belween which are three paths whose other vertices

ail have degree 2. A typical theta graph, ©, is shown below see [15].




Lemma 2.2.4, The chromatic polynomial of the theta graph, ©, for which the paths
have {, m aad n edges is P(&,2) = "P(Ci41,2) © P(C‘m+1, ) @ P(Cry1, 2 )|OTy 3
'[P(c,,z) © P(Cr,2) 0 P(CruJIOT:-

Proof. By applying Whitney's Reduction Formula to the theta graph we have

G G
fcdgcs
“"\ ./" »
nt pdges ;
+
-~
n cdges

P(6,z) = P(G' 2)+ P(G", m), where G’ isa grarmh in which the three cycles Crpy,
Cint1 30d Cryy overlap in a complete graph on two vertices and G" is a graph in '
which the three eyeles C}, Cy, and 'y overlap in a cuf vertex v. Hence by repeated
application of Theorem 2.2.1 and Corollary 2.2.1, we have by Lemma 2.2.2
] P(G,z) = IP(Cf+ls m) © P(Cm+1: z) O] P(Cn+1,::)]-@T4
+ {P(Gh"*")@P(Cm:m)ep(cm$)]@'r2' ) . (]

Let @ denote the operation on polynomia.‘ls in which erch term a;2#~ in P(z) =

YIo) ajz?=7 is replaced by aia(z — 1)1, that is, PP(z) = 327 auo(z — 1571,

Lemma 2.2,5. Suppose the polynomial Pz} is a sum of terms of the form az(x —
1z —2)...(z—k). .« en, for cach such term, P®(z) has az(z—1)...(z ~k)(z -

k1) as & term.

Proof, Since the opertion @ satisies [P(2)+Q(2)] © = PO(2)+@®(z), ve need
only to show it for one term, that is, [ez(z —1)... (z — K¥1® = an(z — 1)...(= -

kY= — % — 1)*. This we do now by induction on %: For k = 0, our claim iz nothing
24




but the definition of @. Hence suppaose the zesult is true for & — 1 and consider
,}m(a: =1} {z—k+I)z~ k)i} = [a:c(a: wll fz —Rk+1)z~k+1— 1-)‘]
: | e | B ®
= [aa:(:: ~1).{r=k+1)Y ] (D(z— b+ 1)‘(-1)'—'}
=0

i— 1 o
[Z O (<1 2z ~1)...(x — b+ 1)" ]

0]

=% 'z i =) 2{z —1)... (2 = k4 1)z — &YH!
g (e e

= rm:(z ~1).,.(z ~ LJZ O{q)f-f(z —&)
: =0
=a:|:(..~:—'1)...(a:——k)('x—k—1)". S | o
The operation @& will bé used in section 2.3.
2.3 Operation on graphs and fhé chromatic polynomials.

‘We begin with = result which appears as Theorem 2 in [14}

Theorem 2.3,1. If a graph has connected campdnenfs &1, G2y vivy Gg, then
PGz} = P(G1,z) X P{Gz,7) X ... X P(Gy, ).

. Proof. Since the components Gy, 1 < i < &, are disjoint, the colouring of each
component is independent of the colouring of the others, Henne the number of
ways of colouring the whole graph @ is simply the product, bjr the multiplication
principle, of the numbers of éolourings of the seperate components, . O

25



Example 2.3.1.

’&Vith Gt A we hn.ve

. -.P-(wa") = (Ts -~ Tg) xT;
=Ty Ty~ (Ty + T3)

The next result appears as Theorem 4 in [14]:

Theorem 2.3.2. The chromatic poljvmmial of thé join, Hy + Ha, of two graphs Hy
and Hy is P{Hy, 2} » P(H, ) where * denotes a type of multiplication in which

:{m} *J’-‘{“} = 3{“‘4"‘].

Proof. Let the two grephs H; and have m a.l.ul n vertices respectively. By re- .
pr+ ied upplication of Whitney's Reduction Formula, P{G, 2} = P(&", =)+ P(G". ),
to H; and Ha, separately, we express the chromatic polynomials of Hy snd Hp in
terms of the chromatic pelynomials of complete graphs, namely '

P(Hy,z) = P(Kmn2) + a1 P(Kp-y, &) + 02 P(Km—2,2) 4+ : (2.1)
and _
P(Hp,z} = P(Kp,2) + b1 P(Ky-g,2) + b2 P(Kpogya) o0 (2.2)

Alsc. by repeated spplication of Whitney’s eduction Formula to Hy + Ha, the Hy

and Hy i)ortions of the join H) 4 Hy can be reduced in exactly the above way. In this

process évery vertex of each graph used in the reduction of Hy will be adjacent to

every vertex of each graph in the reduction of Hy. Thus we shell end up by express-
26



ing F(H) + H»,2z) in terms of all possible joing of & complete graph from (2,1) and
o cumplete graph ﬁnm (2.2). But the join Ky + Ky = Kpyq, where Kp and.K, ara
complete graphs on p and g vertices respectively, Thua corresponding to a term z{#}
of P(Hy,z) and a terin 27} of P(Hy, ), there will be a term 2{Ptel = g (r} 4 4it}

in P(H, + Hy,z). Hence P(H) + Hy,z) = P{Hy,z) % P(Hz,z). O
Example 2.3.2.
1
L ]
With Hy: JHar o s dy++ Hy:

P(Hy, )= 2} and P(Hy,z) = 2% 4+ 2{2)}, we have .

P(H, + Hy,z) = P(Hy,z) % F{H,2)
= 27 4 (28 4 o 13Dy
= {8} 4 21t} -
= ez ~ 1)(e - 2)(z — )& = 4) + 2(z ~ 1)z — 2)(z —3)
= z(z - 1)(2 — 2)(z — 3) |

=% — g2t + 29z° — 3027 4 18z.

We now consider a special case of Th-~rem 2.3.!

Lemma 2.3,1. Let Gy be any groph of order p with chiromatic polynomial Py, ) =
?;é( —1}':5,-:!:?“'. # G is the graph obtained from Gy by xdding a new vertex v
P14



to Gy and joining v to every vertex of Gy, then

P(Gy,3) = P®(Gy, x)

p=1

= Z:(-IJ an(z ~ 174,

- Proof. Let P(Go,&) = agzf — a;2¥™* + ... 4 (-—-1)3"16,..1& Since v is adjacent

te evesy vertex of Go i Gq, euch empty graph term ¥ of P(Gy,z), 1L £ k S p, is

replaced by the polyno'ma] of a tree on k4 1 vertlces, that is, by a{z — 1)*. Hence
r-1

. P(Gy,a) = E(-—l)"a,-x(a: -1y

i=0

= PO(Gy,2). | o

Note that in Lemma 2.3.1, P(Gy,2) = 250 (—1)a:Tp—ip1.

Example 2.3.3.

I Gyt ] then (1: \ , where .

P{Go,z) =Ty — Ty + Ty
=x{e ~ 1P — (2 ~1)* + 2(z ~ 1)
. _
P(Gr,2) = PQ(GG,;:)

= 2l — 1)z = 2)° - 2(x — 1)(x — 2)% + 2{z — 1)z ~2) by Lemma 2.2.5,
28



As a special case of Lernma 2.3.1 let Gp be the eycle on .p vertices. Then

P(Go,x) = P(Cpa)
=Tp—Tyoat -+ {(-1P°h

=alz—1P —p{e — 1P 4 (1) 2p(z — 1)

and

P(Gz) = P@)(Gu,z)

= o{z = 1)(x ~ 2)P™ - x(z - 1)(x — 2)P2

+o (-1 a(e - 1)z~ 2)
- which ia the chromatic polynomial of the wheel on p -+ 1 vertices. This proves

Corollary 2.3.1. P{Wpi1,2) = T3 (=1 z(z — 1)z — 2)p~15, 0

Since the wheel W), of order p (which can also be considered as & pyramid) consists of
the ¢yele Cp—; with an additiona] vertex joined to all the other vertices, we consider,

in a similar way two other families of graphs.

The biwheel U, of order p consistz of the wheel Wy.; with an additional vertex
joined to all the other vertices, that is Up = Ky + Wy, p2 5.

The bipyramid B, of order p is obtained from U by deleting the edge joining the
two added vertices.

We note that Uy is Ry and that Bg is the graph of ‘the octahedron. We give
equivalent formulae for U, and B, (see [15]), in the following lemma:
29




Lemma 2.3.2.
) PO =P -2 gmr(” 2)ota - 1)e 2o
. |
= ;(—l}iz(m — 1)}z — 2}z — 3p3—*
(b) P(Bp i) =a(z —1)(z — B2 + (~1)2z(z — 1)(z — 2)

- 1)'[( ’)- 1]”‘“""1>r.m--z'-)r-=—f.

:=1

Proof, (a) Since P(Wp-1,8) = (~1)P~%u(z - 1)+ S~ 17 el - )P~ by -
Lemma 1.5.7, we have {rom Lemma 2.3.1 (by adding a new vertux and joining it to
all the veriices of W) that '
P{Tp2) = (=172l ~ 1@ ~2) + Thad (-1 (7 )z — (e ~ 22,

Similaxly from Corollary 2.3.1 since P(Wp—1,2) = 3 Pt (~1)o(z ~ 1)(z — 23
we have P(Uy,z) = T03(~1)2(z — 1)z — 2)(z — 8)"~3~%, We prove (b} using
Whitney's Reduction Formula

P(B,,z) = P(Up.x) + P(Wpw1,2)

p=3

= (~1)""2z(x — 1)}z — 2)+Z( 1)‘("%.2).1:(:&' 1)z —2)P=2~1

) . .
+ 3 (~1z(e = 1)(z 2P~

i=0

= (=1 2z(z ~ 1)(& ~ 2} + (= ~ 1}{a — 2)7 24

’f(#[( )—-1]z(z.—1)(a:*2}’_“’“‘-'_ =

Qur next result generalizes Lemma 2.3.1.
30



Theorem 2.3.3. Let Gp be any graph of order p with chromatic polynomial

15 ]

P(Go,3) = TECN1Faiz?=%, If Gy is the join of Gy and K, forany m=1,2,...,
then P(Gp,z) = DI (—Diaiz(z — i)z —2)... (x - m)P~i,

Proof. Repeated application of Lemma, 2.3.1 and Lemma 2.2,3, (W]

Example 2.3.4.

. L )
With Gy: , Gyt - and Gy:

~we have P(Goyz) = 2° - a?,

P(G12) = POGy, )
= afr— 1) —z{x-1)°
=T -1
and
P{Ga,2) = PO(G1,2)
=08 Gy, 2)
=2(r =1z =2 —r(e =z ~20
ur niext result is a corollary of Theorem 2.2.1 and is closely selated to

Lemma 2.3.1.

Leﬁ:ma 2.3.8. Let Gy be eny graph with chromatic polynomial P(Gy.z). I Gy is
‘a graph obtained from (¢ by adding a new vertex v to &y and joining v to every
vertex of a complete subgraph of Gy on » vertices, then P(&h, 2) = (2 ~n)P1Go. ).

3



Proof. Since v is & vertex on u complete graph o n+ 1 vertices which overlaps with
Gy in K, we have by Theorem 2.2.1

P{Gy, ) X P(Kpi1, 2}
a:{“]

P(G;.:B} =

_ PGy, z) x a{x — i)(m- 9...(z —_n ¥z —n)
= 2(&— 1)~ )., (& —n+1)

= (z —n}P(Gn,2). ' =

Example 2.3.5.

With Gy and G /

wa have
P(G1,2) = (x = B)P(Gar )
= (& - B)2(z = 1)(z - 2)?
=ele—1)(z -2z —3).

2.4 Ciombinatorial Formulae

Our next; result is & corollavy of Theorem 2.3.2.
Lemma 2,41 P(K(m,n},z) = Lrey 5(m, ) Yoy S(n, s)eirte),

Proof. The chromatic pulg}nomials of the empty graphs on m and n vertices, re-
spectively, can be expressed in terms of the chrometic polynomials of the zoraplete
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grophs, using Sticling numbers of the second kind, by

™ = 2 S(m,r)z{"]
=1

and

.
M Z (n, a)xlel

a=1

Now by Theorem 2.3.2 we have
P(K(m,n),x} = P(z™,z)* P(z",2)

. m . n
= Z 5(m, el « Z 8(n, s)zlel
) =l

=1

o [S(m,_ Dz + S(m, 2z + .o 4 .S‘(m,m)a:{"‘}]

¥ Z S(n, )zt

a=1

T n
= 9(m,1) z S(n,8)zt%4) 1 S(m, 2) z S(n, s}al®te}

am) =1

+oret S(mm) Y Sin,s)slFe)

A=}

= i S(m,r) i S(n, 5)z{r+l, W]
r=1

a=z]

A casende of K s is defined recursively ag any graph Gy that can be obtained by

starting with Gy = Ks— and, if G; is defined. then G4, can be obtained by adding

a new vertex v; io G’,- and joining r, to any m ~ 1 puirwise adjacent vestices of G,
33



‘As 2 special case of Theorem 2.3.3, let o be the empty graph, K, on n vertices,
thett G = Ko + Ky which is & cascade of Kynia’s. In this case P(Kyp + Ky z) =
z(x—1)(z—2)... (z—m)", wh.lchwedenoteby:cﬁ ], 5o that zi!’ = - p(z--1)" - Tpri
which is the chromatic polynomial of a tree on n 4 1 vertices. '

Lemma 242 PR " S{n,s)zlmted,

Proof. Since 2™ = = P(K,, + Ky 2) is the chromatic pnlynormal of the join of K
and K, we have by Theorem 2.3.2
2d™ = P(Ko + RKny)

= P, ) * P{Iy, 2

1 .
= 20} 4 Z'S(n,a)x{’}

re=l

= z S{n, 3)3{“‘+’} ' g

=1

As a special case of Lemma 2.4.2 we can express the chromatic polynomisl of a tree

ont 71+ 1 vertices in terms of the complete graph hasis, that s

ai =T

= ZS(n, st}

=1

We now app_lf Theorem 2.3.3 to bipartite gra.phs.

Let Go be an empty graph on » vertices with P(K,,z) = z", then P(G1,3} =

P(K(1,nhz) = x(z = 1)* = Tpyy, since Gy is & tree on n+ 1 vertices, To compute

P(K(2,n),z) we apply Whitsey’s Reduction Formula: P(G,z) = P(K(2,n)2) =
34



P(&,z)+ P(G",z) where G' is a cascade of triangles on n + 2 vertices and GV is
a tree on n < 1 vertices. In fact (7 & Gy and G & 3. Therefore

P(E(2,n),z) = 2(z = 1)(z - 2" + 2(z — 1)

=z{? 4 {1}

= Z S(n, 8)ai{?tel 4 E 8(n, s)zittsl

Al =1

2
= Z 5(2, r)z,{f}

r=1

We now obtain & formula for the chromatic polynomial of the bipartite geaph,
K{m,n), in terms of cascades:

r=1

Lemma 24.3. P(K{m,n)z) = T, §(m,r)al’}
Proof,

P(K(m,n),z) = Y_ S(m,r) i §(n, )21} by Lemma 2.4.1.
r=1

a=1 .

" :
= ZS(m,r)wQ’}. bv Lemma 2.4.2, 0

ret]

Example 2.4.1,
s
P(K(4,5),2) =3 5t4,r)e
reil

= 504, 1)z§" + 514, 2 + 54, )l + 5(4,0)= 11
=2 7?4 6z + &0 :

‘We now eipress the chromatic polynomisl of the complete graph on m vertices in
terms of the chromatic polynomial of cascades.
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Lemma 244, zlm} = T  s(m — n,i}wé“}.
Proof. By Theorem 2.3.3 and induction or m. [m]

As a special case of Lemma 2,4.4, withn =1, we can express the chromatic poly-
nomisl of the complete graph oo m vertices in terms of the chromatic polynomial
of trees, that is '

m1
2lml = %" s(m Li)zit

i=1

m—1 .

= s(m ~ L,i)Ta.

i=1
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S CHAPTER 3 _ o
CHROMATIC POLYNOMIALS OF GRAPHS OBTAINED BY
REPLACING A VERTEX WITH A GRAPH

3.1 Int-uduction

KTisa t.ree.a.nd v is & vertex of T and e is an edge containing v, then the branch of
T with vespect to (v, e} is the maximal sqbtz:ae of T which cortains ¢ and has v as
an end vertex. If v is incident {o the edges e, ea,...,ex, then there are k'bra.nche:.;
in T containing v as an end vertex. If B and H are graphs and v is a vertex of
B then we say that B i ettached to H ai v if & vertex of H is identified to v. I
. H is a connected graph and T is 2 tree we uaé the notation (H,T'} for any graph -
that results if we choose any veriex v of T' of degree & and attach the k branches
~ . of T containing v to (any & vertices of) H. One may think of G(H,T) as a graph
obtained from T' by replacing the vertex v with H or “blowing up” the vertex v to
H. Westart by studying the chromatic polynomial of a graph obtained by replacing
the vertices of a tree by graphs.in section 3.2 and extend thir concept to forests in

section 3.3.

3.2 Replacing the vertices of a tree by graphs
Most of the results of this section appear in [2,3] (see also [20]):

Theorem 3.2.1. T H is a connected graph on m vertices with P(H,z) = Ymq (—1)¢
a;Tin—i and T is any tree on r vertices and G is any connected (p, p + n)-graph of
the form G.= G(H,T), then P(G, 2} = TP Y1) a;Tpns. '

Proof, The result is cleatly true if r = 1 and hence we mssume T to be nontrivial,
We employ induction on the number of edges [E(G)| of €. If 7 is & tree then
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P(G,2) = T,. But then H is a tree and P(H,z) = 1. Assume that for some fixed
integer k, the result is true for all connected graphs G mthIE(G)| < k—1. Now
consider G with p verbices and pf-n = k edges and assume that G = G(H, T) with
F(H,2) = $®7H(—1)'6:Tm-i. Lot w be any end-vertex of T aad let u be adjacent
to w in &, Then, by Whitney's Reduction Formula applied to the edge uw, we
have P(G,z) = P(&,a) — P{G",z) where &' is a (p,p+ n —1)-graph and G" is
a (p —1,p+n — 1)-graph. Now by Theorem 2.3.1 and the inductive hypothesis we

have P(G',z) = P(G",z} % Ty and P(G",c) = T g (—1)aiTy-1—i» Therefore
=2 .
P(G', :I:) = [Z (—-1)'6;2}_1_;] X Tl
: =i
= [aUTP-l ~ Ty +asTpug — o+ + ("'l)m_zam—sz—l-—m-f-.k] xT
= ao(Tp + Tpu1) — 31{Tpmt + Tpm2) + az{Tpez - Tpuz) ~...

-+ (nl)"“aam_g(.'{}.-mﬂ + Tpi. mi2) by Lemma 2.2.1
and P(G", z)= aof}-j. -61Tp_g+dzz}._.3-" . -+(—'1)mﬂzam_2Tp_1_m+;. Therefore

P(G,z) = P(G’, 2}~ P(G",x)
=agTy = @y Tyt + a2 Tyog =+ + (~1)™ 2ap_gTp-mia

m—1

= Y -Vl

il )

Hence the result follows. . ]

Note that the result of ihis theorem cen also be stated a=:

P(G,z) = P(H, 2} ® Ty,
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Example 3.2.1.

Consider G = G(H,T): where H:

J

with P(H,z) =Ty - 2T + T
Then P(G, ) = Tho — 2Ty + To with p = 10,

in the above example T is a tree on 7 vertices. We may replace any vertex of T
with the graph H and obtain the same chromatic polynomial of G; that is we may

atiach the branches of T to H in any fashion,

We now consider graphs that overlap in a cuy vertex.

P(G.x) = [P(Hy.7) 3 P(Hay2) &+ D P{Hp. 2 )| @ Tpmr-

Proof. We employ induction on p. For p = 2 the result follows from Theorem 2.3.1
and Lemma 2.2.2. Assume that the result is true for all connected graphs K with
k blocks. k € p— 1. Now consider any connected greph G with p blocks. Assume.
without loss of generality, that Hj is an endblock of G, v is the cut-vertex on Hp
and let H = & — (V{H,) —»). By Corollary 2.2.1 we have

P(G.x}=[P(H.2}E P(H, @1

= [{{P(H;.2) T PUH2.2) 5 ... D P(Hposy )@ Tpos} © P(Hp DE T
39




= {P(H;,2) @ P(H,2)}0...© P(Hp-1,2) © P(H,,2)]© Ty
-Hence the result follows. - . i |

Note that the result of Theorem 3.2.1 cen be obtained from Theorem 3.2.2 by

choosmng Hand 3 =Hy=,..=H, = K.
Example 3.2.2,
then H1 ! g Ha:
hi 0
— and Hy : i E
Therefore

P(G,z) = [P(I,,2) ® P(Hq,z) ® P(Ka,2)| O
=L L -G+ (G-R)en
=TI ~ 4T 4 515 — 274
Theorcm 3.2.3. If H, is a 3-connected graph on m vertices with
P{H;, z) = 2;’52(-—1?&,-2',.,_‘- end Ha is a 2-connected graph on n vertices with
P{Ha,z) = zj_“j( ~1/b;T,—; and G is any graph formed hy connecting H; snd
Hi by 8 cut edge e. then P(G.2) = P{(H;,2) & P(Ha, 2).

Proof. By Theorem 3.2.2 we have
P{G.z) =P H,.2) 2 P{Ky,2) & PlH#2)|OT;
=[P(H,. o) 35 T P(Ha TG T

= P{H.r1 5 P{H:x 2} (M|
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If G i3 a tree with vertex set {1,'2,_ «v.yp} and Hy, Ha, ..., H, are connected graphs
then o graph G(H, Ha,..., H,) is formed by blowing up each vertex i of G to Hi
while one vertex of H; is adjacent to one vertex of Hj iff ij € E(G).

Theorem 3.2.4. If G is any tree of order p, then the chromatic polynomisl of
G(Hy, Ha;..., Hy) is ' '

P(Hnm)@P(Hz,m) @"'@P(Hys.z)'

Proof. We emplay induction on p, For p = 2 the result follows from Theorem 3.2.3.
Assume that the result iz true for all trees of order k with & £ p — 1. Now consider
a tret 7 of order p. Assum~, without loss of genernﬁty, thet an end vertex of G is
blown up with Hy. Let H = G(H;, Hy,...,Hp) — V(H,). Then by Theorem 3.2.3
we have : ' '
P(G(H1,Ha,y. . Hp).w) = P(H2) © P(H,, 2)
= P(H,2) ® P(H,2) G ... Q P(Hp1,2) @ P(Hy, 7)

Hence the result foliows. ' - 0

HA

Example 3.2.8.

Here H]:
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with & a tree on three vertices.
Therefore
P(H,z) = P(H,2) ® P(K3,2) ® P(K1,2)

=(L-T+D)e(G-T)o%h

=Ts —'31!7 +3T3 —Ts.
Theorem 3.%.4 can also be obtained as a special case of Theorem 3.2.2 by replacing
the chromatic polynomial of each cut edge by Th.
3.3 Replacing the vertices of & forest by graphs

The above concepts were confined io connected graphs, we now concentrate our
efforts on the disconnected case. We begin by generalising Theorem 3.2.3.

Lermma 3.3.1. I H; and H; are disjoint graphs and & is any graph formed by
connecting Hy and Ha by an edge ¢, then

P(G,J:) =P(H1,a:)f=.\P(H2,z).

Proof. Let Gy and Gy be graphs formed by &dding the edge & to H; and Hy
respectively, Now by Theorem 2.2,1 and Lemme 2.2.2 we have:

P(H; ) x T3
z 18}

= [P(H;,2) 0 1@ T

P(Gyz)=

=P(H,z)0T, fori=1,2.
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Also by Theocrem 2.2.] and Lemmea 2.2.2 we bave

P(G,x} = P(Glrz) X P(szz)

12}

= [P({G1,2) @ P(G2,2)]|Q T,

= {[P(H1,2) 0 T1] © [P(H:,z) OT]} O Th

= {{P(Hy,z) © P(Hy,7)| 0 T2} @ T2

= P(Hy,2) © P(Ha, ). - o

The result of Theorem 2.3.1 can also be given in terms of ® and . We first
consider the apecial case when & = 2. ' '

Lemma 3.3.2, If a graph G is the union of a 2-connected graph (5 and a graph Ga,
then

P(G,.‘t) = P(Gh-'f‘-)@P(Gasw) + [P(Gh$)® P(Gﬂlx)]@Tl'
Proof, By Whitney's Reduction Formula we have
P(G,z) = P(&,2) + P{C",x)

where (' is any graph formed by connecting Gy and G2 by & cut edge uv and G¥
is obtained from & by identifying u and v, Hence P(G,z) = P(Gh,z) © P(Ga,z) +
[P(G1,2) ® P(Ga,z)}© T by Theorem 3.2.3 and Corollary 2.2.1. O

Theorem 3.3.1, If a graph G bas connected components &y, Gz,..., &y, then

k=1 g
ren =Y (*7 ) rGuaorGune. .0 HOLIIOT,

=0

where I = 1.



Proof, We employ induction on % the nwmber of components of G. For £ = 2 we
havo by Lemma 3.3.2 that

P(G,z) = P(G1,7) © P(G2,2) + [P(G1,2) © P(Gr,2)| U T

1 os9. '
-3 ( ; 1) [P(G1,2) © P(G2,2)| T

¥

Assume that the result is true for all graphs H with at most k-1 connecied compo-
neats. Now consider G with connected components G1,Ga,...,Gi. By Whitney's
Reduction Formula xe have
P(G,z)= PG, 2)+ P(G",x)

where G' is a praph formed by connecting the graph H with & — 1 components
G, Gayv oy Gy to G by an edge uv and G is obtained from G by identifying u
and v. Therefore

P(G,z) = P(H,2)© P(Cy,z) + [P(H,z) © P(Ca.2)]O Ty
by Lemma 3.3.1 and Corollary 2.2.1

E=2 p1 o
where P2 =Y (* TP 5) 0 P(G1.)0 .. € Wit DT,

J=a

by the inductive hypothesis, Hence

k-2
PIG,2) = LZ( ; ){P(GI"-")@P(G%T)@"'G’P(lehf}}@TJ']

=0

k-2

® P(Gi )+ [{E ("}“2){P(Gl.z)eP(Gz.=)e---
je=o

@ PiGp.1,0)} @ T3} & P(Gr, -1’}] en
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[(" 2) {P(G11=) 0 P(Gn,2) @O P(Groisa)} + ("’ 2) {(P(G1,2)

O F(Cne)0-re0 P(Ghor, ) @Ti ko (" 2){1'«'(5'1,3) © P(Gay2)
© 0 PGy, }O Tk_z] 0 P(G1,2)

+ [("‘ 2) {P(G1,2) © P(Gy2) @+ © P(Chory )} @P(G;,,:c)] on

+ [(L 2) {{P(G1,2) © P(G1,2) @+ © P(Ge,2)} @ T}

@P(G,,,m)] OT ++ [(::;){{P{Gn:c)@P(Gg,_a:]@...

© P(Gim1,2)}© Tis) op(ak,z)] en

= ("' ‘0' 2) {P(Gy,2) P(Gg,¥) @+ P(Gi-1,2) O P(Gpy2)

+ (k n 2) (P(62) 0 (PGa,5) 0 & P(Gy1,7) @ P(Cu2)} O T,

+eeet ( ){P(Gl.w)oP(Gz, 2) @+ @ P(Gr-1,2) @ P(Giy 2)} @ Tiz

+ (k 0 2) {P(G1,2) © P(G1,2) O+ B P(Br1,2) O PG, 2)} O Th
+(*7
(x,

k

l\?

){P(G,,z)@Pcsg.x)e @ P(Girt,2) O P(Craa)} O T 4+

){Pfal,z)omz Ho-  ©® P(Grnto2) @ P(Cr )} © Tit

l\b l.!-l
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(" 1){P{C—; 2) 0 P(G2,5) G+ D P(Gro1,3) © P(Gay2)}
+(" 1){P(GI,x;oP(Gz.a)@ @ P(Groy ) © P(Cr )} O T; +

+ (32 P61 2)0 P(6212) 00 P(Gues.2) O PIGt,2)} @ Ti

k—-:

(k I)IP(GchE)P(Ga,w)@ ‘@ P(CL )BT
j—u

i=1

| using the fact that (¥79) + (§79) = (-1, Hence the result follows.
Corollary 3.3.1. Tf each é.- & Ky,1<i <k then G & Ky ond
P(Ry2) = oy (47 Ty |
Tn the normal form this pulynomial is known to be P{;,2) = 2¥.
Corollary 3.3.2. If each G} is a tree on p; vertices and p = ):f,,l Pis then
PGz} = Z,#l (L l)Tn-—:
In the normal form this polynomial fs

P(Gy2) = z¥(z - 1Pk

= g{z ~ 1 4 1)F R (e 1)k

= m[jf (’" ; 1) (x— 1)*“1—1] (z - 1)M

=0

J=t

:( i

46
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Example 3.3.1.

With G: i E A I we have
el &

Gh

™ .
P(G,z) Z )[P(Ixs,a:) ® P(8s,2) @ P(53, 21O Ty
F=0

]

(5
jio(J)f(TS ~)ehohleT;

., (J)m—r-d@rj
Z

= Q)m-momn  (})m-ren + ()i -mien

=TE-T1+2[Tr—Ts]+[Ts"Ta]
=N+ -1 —

We now consider grapha obiained by replacing o vertex of a forest by a graph,

Theorem 3.8.2. If a praph G is the disjoin_t unjon of two subgraphs G, ﬁ. connected
graph on n vertices with P{Gy,x) = }:‘n“ _-i)‘a,-T,,-h and (73 a forest on p—n

vertices, n < p, and & components, then
ntk=2n~2
By = Y [Z(—-n'a.(J )]TH
j=0 Li=0

Proof. By Whitney's Reduction Formula we have P(G,x) = P(G"\x) + P(G",x)
47



. where ' is any graph formed by connecting Gy and G by un edge uv and G¥ is
obtained from G by identifying v and v, Therefore by Lemma 3.3.1 and Corollary
2.2.1 we have: '

P(G,z) = P(Gh,2) © P(Ga,2) + [P(Gr,2) O P(G1,2)| @ Th

["f{-n aT .._,of( ; )T,-.,_,]

=0 j=0

["f( 1)e; ,,_.oz (" I)Tp_,,_,] %

j=0

= niz(—l)ia.-’fn-i o [: (k 1) Tpen—j + Z ("“’ ; 1)::;,._,,_5_ ]

=0 F=0

A= .
k=1 ko1
= E :("‘1} ;T © [ p-n+ ( 1 )Tp-—n-—-l Forer b (k 1) Tp-n-—k-!—l

fe=0

1 k- k-

n~-=2
= Z(“l}laiTﬂ.—vi & [Tp—n + (i') Tp—ﬂ-—i SRR (k _ I)T_n-n-—k-l-l

i=l
Ny 1 o fEiy (k=i fk—i+]
# (g e ()4 (5= (1)
= [T,; -3 Ty 4.+ (-—1}“-3{1,.;._31"; + (“1)““263_;:&]
k k k
© [Tp-—-n + (I)Tp—n-—l Freed (L 1) Tp—n—k-l-l + (k) Tp-—n—k]
o [ o (Y] 8 ¥ 8]
= p‘l': 1 1 p-1+ g} TN, +¢fu o/ |2
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[N P I E A
(= (k f— 1) a"""] Tp-n-tta +(—1)" (:)Ga-sz-n«—Hz |

ngfz[ﬂft——‘)'a.(}_ )] P | O

J=0 Li=0

Coroﬂary 8.3, I G is the disjoint union of two subgraphs Gy, a cycle on n vertices,
and Gy s forest on p — n vertices, n < p, and & components, then

ntk—2n—2 ) , . .
PGa)= 3 [Z(—-n*(if_t.)]rp_j. o

j=0 Lim0

Evample 8.5.2.

With ;v - /\ we have

Gy ) Ga

P(GL2) =Ty =2+ Tain=4 k=2 p=0;ap=1; 1) = 2; and az = 1, Hence

A2—2 4 ~2 )
P(Ga)= 3 [E{-—l}‘a.() )]Tn-;

j=0 Li=D

—2[2(—1)' (;2 )]Tw

. j=0 Li=n




ne o)) () O}
[u(3) -0 ()= (v -+ ()]

=D+ =T+ L~ 4+ 1T+ [0 -2+ 2Ts + [0 -0+ 1]T3

=Ty —-0T54T5.

&0



_ CHAPTER 4 .
THE COEFFICIENTS OF THE CHROMATIC POLYNOMIAL

4.1 Introduction

In this chapter we study the coefficients aq, @1, . .« ; @p-1 of the chromatic polynomial
P(C,) = T} (~1)a;Ty of 2 connected graph G of crder p. |
In the proof of Lemme 1.5.1 it was shown that P(G, 2) = 3, a(G, k)o{*} where the
coefficient a{G, k) denotes the number of paztitions of V(@) into exactly & nonempty
subsets, such that no edge of & joins two vertices in the same subset, This gives us
an interpretation of the coefficients of P(G,2) in factorial form. The interpretation
of the coefficients in the normel form of the chromatic polynoinial P(@&, z) requires
the inclusion-exclusion principle; it ia due to Whitnef [2%] (see also {14]): that
P(@G,z) = Zf;___.a(-l)"N (p,r)2® where N{p,+) is the number of subgraphe of G
with p components and r edges, and & is the number of edges in G. This result was
used by Farrvell [B] to interpret the first five coefficients of the chromatie polynomial
in normal form. In section 4.2 we start by interpreting the first five coefucients of
P{G,z) in tree form. The same results are obteined by using Farrell’s results in
section 4.3. In section 4.4 we discuss techniques of computing some higher order
cocficients and in section 4.5 we consider the signs of the coefficients of P(G, )
in iree form in terms of the connectivity of G, We present & new cambinatorial
identity in section 4.6 and apply it in section 4.7 to determine the coefficients of the
chrorpa.tic polynomial of a cascade of graphs.
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4.2 Interpretation of the coeflicients

The resulte of this paragraph correspond to the regults of Farrell in [9] in the gense
that he abtains formulas for the coeficients b, by, bz, b and by in a chromatic poly-
nomial in the normal form P(&, £} = 3227 (—1)b;z?~. More than that our results
can be deduced from his by equating Y1 (=1)iayTpos = S0 (=1)iasz(e ~1)P~i=1
and P(G,2) = E{’;’; (—1)*3;z?~% and expressing aq, 61, @2, 03 and a4 in terms of the
bi’s; we do 80 in the next section. We give, however, independent proofs in this

section (see also [1]).
Throughout this section, let @ be a connected '(p, rtn)- graph with
. it
Pld, :l.') = Z(—I)iaiTp_i .
. =0
Theorem 4.2.1, a = 1; the coeflicient of T} in P(G,z) s L = (*}").
Proof. By the nature of Whitney's Reduction Formula there is, at each stage, exactly

ong graph having p vertices. This is therefore true at the final stage when a tree on
p vertices js reached. Hence the coeffcient of T, is 1. (m}

Theorem 42.2. oy =n+1= {11},

Proof, We employ induction on n. Fer n = -} we have for every tree G of order p
PG 2) =T, - 0T ey + 00p—2...

f.e mg=—t+l= ("1:' 1) = {,

" Assume that for some fixed integer n, n > 0, the result is true for all connecfed
(p,p+n'} - graphs with n’ £n—1. Now consider & with p vertices and p+n edges.
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By Whitney’s Reduction qumula._
P(G,z) = P(G', ) ~ P(G",z)

where G’ hes p vertices and p +n — 1 edges and G hes p — 1 vertices and at most
p+n~1 edges. Since the result is true for G' and G we can write

P(G",a;) = '1} - aiT —1 4 HETP_Q - aan_s deee

and _
P(G",2) = Tpmt — G?Tp_g + ﬂgI},..s e,

Hence
P(G,2) =T — (0} 4 1) Ty +{ay +a])Ty-2 — (¢ +a3) Tz + -

Now by the inductive hypothesis

Therefore

a =ai+1=n+1=(ntl).

Since the result is true for all p and all connested (p, p+ ») ~ graphs, it is true for
all connected graphs. _ [}

Let ¢, be the number of induced cycles of tungth n, n > 3.
Theorem 4.2.3. a2 = ("}?} - ea.

Proof: We employ induction on n, For 1 = ~1 we have for every tree @ of order p

P(G, :c) = Tp b UTP.._; + OTp_z - OT!,..:; Faee
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%:(—1;2)—0=0—0=0.

Assume that for some fixed integer 7, n > 0, the result is true for all connected
~ (p,p+n') — graphs, with n’ < 2 —~ 1. Now consider G, with p vertices and p+n
edges. Let uv be an edge i G and suppose that uv is on ry triangles, ry < c3.
{Hence uv is a common edge of these triangles), .

fed

'3
€3 Cx =iy tg:h""l

By Whitney's Reduction Formula, applied to the edge uv, we have
P{@,z) = P(&, z) — P(G",z)

where ' has p vertices; p+r — 1 edges and ¢} = ca — r; triangles; G" has p—1
vertices, p+n —1 —ry edges and ¢f = ¢3 —ry triangles. Since the result is true for

& and G* we can write

P(G',:\:‘) = T:g - a‘iTy_:[ -+ G%Tp...g - a'an_s s

and _
P(@* &) =Ty —a\Tpuz + e g —
Hence
P(G,2) =Ty — (a) + DTp-1 + (ah + 6!}y — (05 + @) Tpoa oo+
where | | .

ag = ay +af .
b4



Now by the inductive hypothesis

n+1
4 (") tamr

and by Theorem 4.2.2

Therefn~. .
1 -
oz = dy + o) = (n; )—(Gs-rl)+ (n. ?+1)

—egtrikn—r41

Since the reault is true for all p and all connected (p,p 4 ») - grai:hs, it is true for
all connected graphs. . o

Let ks, be the number of complete subgraphs of order n in G, n 2 3.
Theorem 4.2.4. a3 = ("3*) ~ &s("}") = (o4 ~ 2h).

Proof We employ induction or n. For n = —1 we have for every tree & of order p

P(G, z) L Tp - OTP_; + UTp_g - OTp_s + UTp_..ql -

fe. ay= (“1; 3) . (“1; 1)- —(0—2(0)) =0.

Assume that for some fixed integer n, n > 0, the result is true for all connected
(p,p +n') - graphs, with »’ < n—1. Now consider G, with p vertices and p-+ n
a8



edges. Let uv be an edge in & and suppose that uv is on r triangles, ry < ea; 12
induced eyclés of length 4, ry < ¢35 and 4 ‘complete subgraphs of crder 4, 4 < k.

[
L'
= -
. B =e—n Bea—rp+ra—t
“ LAY NPy [
ki ki = k-t

By Whitney's Reduection Formula, applied to the edge uu, we have
P(G,z) = P(G',z) - P(G",z).

Now G bas p vertices, p -n—1 edges, ¢} = ¢3 —r triangles, ¢} =e1 —r24 (';)—11
induced cycles of length 4 and &} = ky —¥; unmplete subgraphs of order 4. Also G"
has p — 1 vertices. p—~ 1+ n—ry edges and cf = ¢3 —r; + 1, - #; triangles, Sinee

the result is true for G and G we can write

P(G'. r)= I - B;Tpml -!-E.;T -y = agT,_.;; + a.;Tp_.; —

and
P(G".z}= Ty~ 0y Tpz + @8 Ty =i Tpg + -

Hence

P(G.z) =T, — (8] + 1)Tp-1 +(ay + af)Tp_a — (ag + a5 ) Tpg + (2} + &§ ) Tp—a — -+

where
a3 = dg + i .
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Now by the induetive ypothess
ay= (n-;—?.) -—(cé —ri)n—{eg—mat+ (1'21) — ) — kg — 1)}
and by Theorem 4.2.3
ﬂ;!r.-'_- (n—r;+2) -*'.(ca'"'fi Fra—t).

Therefore

ay = ay + a3
= n+2 —(m-mn—estry— 1) by o+ 26— 04
: 2

- 2
( it ) cg+m—re+ty

(1)o7 (1) e

=

]

~ where

.n-—r +2 r
(57 emenn

___n"'—-?nr;_+3n—-3r1+rf+2_r1(r1—1)+%+2r1n
a 2 2 2 2

n"'-—2nr1+3n—3r;+7'¥+2—rf+r1 4 2ry A= 20
: 5 -

___n’ +3n42 .
...———-—-2.

(1Y),
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‘Lherefore _ : :
0= () (1)-=(1)
-(3) = () eom

Since the result is true for all p and all connected (p,p 4+ n) ~ graphs, it is true for

a.ﬁ' co_nnectéd graphs, : ]
Exasaple 4.2.1; (6,10)-graphs

gy =5 . 3 =

=2 es =1
With G : by=1and H:

ws(l)=1

we note that both @ and X are (6,10)-grephs containing § triangles, Therefore

ap=1,ar =ndl=4+1l=5anda = ("1 —c3 = (*$%) —5 =165 = 10. Now
for graph &
nt3 nd1l -
Ga=( ;_ )—ﬂs(:— )"(04-2k4}

() -s()-2-2

=35-25—-0

=10

and for graph H a3 = (]} ~ 6(}) = 10. In fact, G end H have the same chromatic
polynominl P{G, ) = P{H,z) = Ty — 5T} + 10Ty ~ 107} + 475
(Such grapha are called chromatically equivelent and axe studied in Chapter B).
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A broken wheel Wy(n) is & graph obtained from the wheel W}, on p vertices by
deleting n consecutive spoke edges, n < p —1.

Let %(2,3) be the number of induced subgraphs jsomorphic to A(2,3); ws{1) be
the number of induced subgraphs isomorphic to Ws(1) and ws be the number of
induced subgrag:hs isomorphic to W5,

Theorem 4.2.5.

w= ("1 -a("}?) —(ci-zk.o("*l'l) ~ta=(3) -H29)

LY

- 2?.05(1) — 3105 e 3&74 + 6’-!5} .

Proof A tedious calenlation which involves induction on p and n. [}
Exemple 4.2.2, (8,11)-graphs

e3 =T =T

cq = 3 g = 1
With & ky=2oend H: k=1

w;( 1) =3 wp =1

we note that both & and H are (6,11)-graphe containing 7 triangles. Therefore
@ =1e =n+tl=b+l=6anda=()-7=21-7=14 Abofor G
ag = {§) —7(]} =[3—2(2)) = 86 —-42+1 = 15 and for H a3 = (J-7() -[1-2(1)] =
56— 4241 = 15, Now for graph G aq = (*14) = 7(°4?) —(~1)(**") - o~ () ~ 0~
2(8) = 3(0) + 3(2) + 6(0)] = 126 — 147 4- 6 — [~21 — 6 + 6} = 6 and for graph H ay =
(B ~7(3)+(3) ~[0~ () ~0—~2(0)~3(1)-+3(1)-+6(0)] = 126—147-+6—{~21~23+3] == 6.
In fact P(G,z) = P(H,z) = T; — 6T} -+ 14Ty — 15T} + 6T3.
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Al.o for the graphs G ond H from Example 4.2.1, we have for graph G a4 = (*}%)
5(452) = (0) (*+7) — {0~ () —0~2(1)—8(0)+3(1) +6(0)] = 70~ 75—0—[-10-2+8] =
70 — 75 + 9 = 4 and for graph H e = (*}%) —6(432) - (@(*") -1 - () -0-

2(0) — 3(0) +3(0) +6(0) =TO—T5—[1-10] =70 - T8+ 9=4.

The above technique ¢an be used to obtain expressions for as,as,... of P(G, )
in terms of induced suberaphs of G. However, &s sezn above, the exercise would

become more tedious and the expressions more complicated.
4.3 Relating Coefficients

‘We now consider the relationship between the coefficients of a connected graph in
normal form with that of a connected graph in tree form.

Lemma 4.3.1, i G is a connected graph on p vertices with
P(G,z) = Y2l (—1)b,—;2*~ in normal form and

P(G,z) = T H(—1" g je{z — 1)P~2~# in tree form, then
k A
—i1
bp-k = Z (P E i : Ay and

Gp—k = Z(—'l)k"'( :l) bu—i.

i=d
Proof. Since 3,70g (1) bpje?~ = T (~1Y ey ix(x — 1)P~1™ we have

bp@? = b2 b byt — bpon@® e+ (=1 Ny

=apyz(z — 1P g q2(@ - 1P fapqz{z = 1P oo b (=1 g

o {m, () ()
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—Gpay [w?""x — (p; 2);_;—-2 + (p ; 2)3:?‘3 —_ . aarf (_1)’-2:]
- ﬂp_z [mf’“‘z — (P ; 3) z:p-—-'! + (P'; 3)mp—4 —_——s + (__1)?-»3&] .

—rdbtasesinmersavreruaTTS +(-—1)"’1alz

- -2 - -3
=°’”L[(p11)“”+(pa )“’"l]zp—'l+[(pz )“’+(p1 )“’"‘
~3 ~1 N
p—-3 P""4 ‘I =3
+ L 8p2 + 0 Bp 312 4.
J

+ (—I)Phll‘ap + Gp—) 4 Tp—2 o al] .

Now on equating coefficients we heve

So that in genernl

' p-1 p—2 -3
e O G (e

~k —k-1 '
+( 1 )Gp—k+1+(p a )ay-n
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Similarly
ay = by
ap-1 = bp1 — d ; 1) by
_2 -1
-2 -1
=02 - (,, 1 )b"" * (P 2 )b"
In general ap-i = iy (=1 ("5 ) bpes. i

We now prove Theorem 4.2.5 using Farrell's results, For completeness, we prove
Theorems 4.2.1 to 4.2.4 too in this way.

Let P(G,z) = 3.(~1)'8;2"~I. Then the following results appear in [9]:

bo=1

by =g, the number of edges

b= (2) -

N A,

by = (Z) = (q ;2)% = ('f;) ~ (g~ 8)eq + (27— O)ky

— 5 = 6ks + k(2,3) + 2ws(1) + 3ws.

(41)
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I we write P(G, 2} = ¥ ;(—1) az(z — 1P~ = (Zi(--l)"a;.'l‘,_.-) then.on equat-

ing coefBcients, as before, in the two exi)ressions for P(G,z), we have

hh=a=1

_fp—1 '
b= (p 1 )ﬂ’u'l'ﬂ: =q
Since G is a (p,p+ n)}graph we kave

g =g-(p=1)

=p+r-=ptl
_{n+l
RN Y

Also by = (P5%)ao + (*7%)a1 + ag = () — ¢s. Hence

«=()-C7)(7)-(7) -

= (73" -2y - 22,

e

Slpkmphn-)-Anrp-n-B - -3+
= 5 :

-

2 +In42
= S gy

[~

Also by = (*;1)ag + (30 + ("7 as 4+ a3 = (§) — (g~ 2)es — ¢ + kg, Hence
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0 (139)-03)-C3) )1 )

_(ptn)ptn-1e+n=2 _(p-1{p-2)(@-3)
6 6

3 -Ap-3n+l) 3Hp ~ 3)(n +N(n + 1)
8 6

—e5(p+n =2+ p+8) — ey + 2k

_ (p+n)p® +2pn —3p+1® ~3n+2) = (p— 1)(p* = Bp+6)
bl N a 1

—3(n + 1)(p* — 3p+ 6) — *{p — 3){(r 4-8n 4 2)
8

—ca(n 4 1) — {eg ~ 2ks)

_nl48n?+1lin+6
- -

—ca{n 4+ 1) — (o4 — 2k4)

= (" ";' 3) ~ ey + 1) o= {05 — 2hy).

Also
_ 3 .
by = @ - (" . )c.-; * (‘g) ~{g = Bex + (2g — O)hs
— cg — Ok + £(2,3) + 2ueg(3) + Suws
p-3 p-2 p—5 -4
-=( 4 )“”*\(. 3 )“‘*( 3 ) "‘-*( 1 )“’“““‘
Hence

)T CCT)-C7) 02



) () ] - (43 ()

— (p 11— B)ce + (Bp + 2n = BYky — c5 — BFg + £(2,3) + 2ws(L) 4 Sug
=(1)-C)-C0T)-62)03)
T[T - 62+ (3]
{(Pl“)(c.,—zmq-(pm 8)es — (20 4+ 2n - 9)1“]
(

(":) ~2wg(1) — Sws +6k5]

n

-+

- (;)_Mm

[ ? {2,3)— "ws(l} = dws + 3y + 5.’#‘5] .

The above expressions of the five coefficients can be used to compute chromatic
polynomials of all the graphs of order at most six (since each of them has at most

five non-zero coefficients). We now 1use other techniques to compute chromatic

palynomials of some yeaphs of higher order.

4.4 Higher Order Coeflicients

Lemma 4.4.1. Let & be a connected graph, If & contains a complete subgraph Ko,

P(Km, 2| P(G.2) or z™HP(C, 1},
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Proof. The number of ways of colouring K, using = colours, .« z{™}. I we fix

P(G, z)

the colouring of these m verticey then there will be T

ways of eolouving the

remaining vertices of G. Henee (™} P(G, z). 0

Remember that, by Lemma 2.4.4 with n = 1, the chromatic polynomizl of the
complete graph can be expressed as P(X,,z) = 2;1 Sm=iTi41 Where spme; =
s{m — 1,i} ave Stirling oumbers of the first kind. This will be used in our next
‘theorern. together with the fact given by Lemuma 4.4.1: if the connected graph G
containg Iy, as a subgraph, then P(G, x) can be written as P(X,,,z) % f(x) where

Ff(z) is a polynomial with integer coefficients,

Theorem 4.4.2. Let G be a connected (p, p + n}-graph with

P(G,2) = T023(=1) &;Tp—;. If G containa a complete subgraph Ko 2nd

P{G,z) = P(KXm,x) X f(z) with flx) = 350" biTp—ru—i, then

by = (al +;z +") (e~ (r;))
by _[(m +;z+3) e (r:))(m +=Iz + 1) o~ 2y — (r:))}]

and

(7 ()
~ten-20b = (0 (" ) - [cs-' (59
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—1(2,3) ~ 2w5(1) — Bws + (ke — (’I)) +6(ks — (';) )]
where Tp = 1.

Proof.
P(G,z) = P(Kn,2) % f(z}

= (81T + 82Tm—1 + 83T -2 + 84Tmog + -+ + sm1 T2 )x
(8oTpem + M Tpmm—i + b2 lpmez + b3 Tpamey 4+ + p—mTp)
= by (Tp + Tpm1) + bi83(Tp=1 + Tp2) + bosg(Tpo1 + Tp—2)
+ b1 (Tp—g + Tpuy) o+ b192{Tpuuz + Tp—3} + boss(Tp—-a + Tpma)
o by51 (Tyms + Tys) + bp3a(Tps + Tys) + br33(Tomy + Ty_s)
+ bgse(Tpmg + Tpd) + -+ + bp =1 (T2 + T})
= bpsy T -+ (boay + bysy 4 Bpag)Tya
+ (181 + lyay + by + bysg + bps 1.2
+{b281 + b18g - bosa + basy +hosn + hysg + 1 YTpmg

deret bp—msm—lrl

p=2
C= Yy (=1 el
k=i

Hence
k:i k
L Bik B i + Z Srprbei] Tptk = (=1)*a Ty
=0 i=0

Now for

k= 0; we have s1 g =ap =1
Thus by = 1 since o3 =¢{m—~1lm—11=1
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k= 1; we have 8150 +81bl +32Im = —ay
14 bl + 82 = —ay
Thus b; = —(a; + 3,4+ 1) = _,(ut+::+l)

k = 2; we have s1b; + solp - s1bs + s2by + 83y = 22
bi 824 b1 -+ 39by + 93 = az
Thus by =az — 53+ —8sby +1 sinoebl + 80 =—a; - 1.

But by Theorem 4.2.8 oy = {*})) - ¢3 and 83 = (“2*) — (7).

Therefoze

- 1
5:=(01;I-1)—-¢a—( 82.,+ )-l-(r:)-!-al—s:('—ﬂ:“sz—i)‘l'l

(cll:- 1) - (_82;. 1) +artestsi s +li- [cs - (1:)]

_ aifa; +1) — {—as)(~s2 + 1)+ 2a1 +2misp +26F + 289 +2 [ca _ (m)]

= > 3

-

2 + 3y 483 + 35p + 20750 + 2 [ (m)]
o il 3

-

-(*727) - ()

k = 3; we have 915y + 8201 + sabs + 31dy + 3282 + 33by + 840 = —g

by + spby 4 83 + by + daby -+ 83y + 8y = —a3

Thus by = —@3 —~ 54 — g ~ 83b —~qy — sabs —~ 1l yince by + sody + 53 =@+ a1 + L.
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But by Theorem 4.2.4

a= (“’;’ ) - calor) = ou = 244) md

e = —(“"’3"' 2) + (';‘)(—sz) + [——2(’1‘)] :

b3=—(61;")+c331+{c¢-"14)+( 2+2 +33(m)+2( )
_(41;1)+ . (sg+1) ()](—a:—ﬁ-—ll
2 )

_ =ay(a +1Ma; +2) | (=sy)(—sp + 1) —ap +2)
- 6 + 6

_afat+l) (~sa}(~sa+ 1)@y +32 +1) .
2 2

8 + a7+ ey +ap 1
_ s+ ")(1 k) ST

-

+ (’;‘)[32 —ay—s3=1—gg}+ ["4 ~ 2k +2(T)J

_ —a} — Jaf ~ 22, ~ s + 353 — 28y — ua? — da) + 34,93 + 343 .
- 6

—3ayeq = sz — a1 — 3ads: — Gays3 — Daysy — 3s3 ~ 952 — 68— 6
6

+ [03 - (’:)][m +o+ 1] + [c:. = 2ky (1:) 1]
_ “[(al +;g +3) ey~ (f;))_(a, + :2 + 1) a (c4 = (ks ~ (":)11]
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kE = 4; we have
s1by + gabs + a3y + sabo + 5104 + _8253 + salz + 3¢l + ssbo =04
by + sgbe + 83y + 84 + by + sabs + s3ba + suby Fas = a4y

Thus by = a4 — 8y + ag — 344 + gz — Syby 4~ a3 — 9203 + 1 since
by 4 bz + saby + 8y =~a3 ~uz—ay~1

But by Theorem 4.2.5 a4 = (*'}®) — 3 (*}) — (s — 2ha)ay —fes — (%) — 4{(2,3) -
(1) ~ 3w + 8kq +6ks| and a5 = (713F%) — (T)(75) + 2(P)(~a2) - [-((";‘1) +
3(7) +8(3)).

Therefore

m (7)o )t
- [o- (3) - Heo -2 - sw st s on] - (59)
(G5 +2a(0)- (D) +(3) +()

£ (45 -2 [ (57 (3)s

sa(lsmens (7)o [(5)-()]
(G R ] R (e
()@Y mea (]

70

(=)




- () (e

+
4
a+1 —sz + 1\ fa) +82 42 a3 9243
+ 2)-( A )( : )+a;+sz( : )+1
. 2

+a 2a 2 sa(—sz+1 m
"Q{El-rl-+'-é—l'+'2-+—zi~—;"—-l+alag+a§+sz+(3)]

~(ou =3k +1 4 00) =202} ) 4205 (%)

- 2(’:)(41 +82+1)+ (‘;‘) [(-—522+ 1) — sa(ay + 824 1) = (—332-1-1)
+ (“l +;¢ +?-) + 53(a; + 8 +1)] - [q; - (‘f_f) + ((g)) —5(2,3)

— 2w (1) — Buwg + 3kq — 3(’;‘) 4 65 = s(’;)]

_ (a;+i: +4) c:(al +;1+2) _q(n;) + (::a (cn +;=+2)

+ (r:)( ) ( 4“‘"[’-4 (T)]){ﬂl +s2+1)— [cs - (C;)

( m)) — B(2.3)~ °u5{1) — Bwg + 3y ~ 3(4) + 8k —e(’:)]
(;+ z-i--i) ( ) (a1+:z+")
o))

c« () — k(2. 8) = 2ws{1) - 3w5+3(£< (T))

Tl
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()] =
QD-OEO-CF)

Again the same technique can be repeated to firid expressions for b, bg,... in ths
situation of Theorem 4.4.2 but the deteils clearly become too involved. '
Example 4.4.1,

' =17

- €4 ==2

With G: by=1

wy =1

we have that G is & {8 14)-graph that com;mns 2 complete graph on 4 vertices s
that P(Ky,z2) = T4—3T3+2T2. Thus ey = ndl=64+1=", 85 = -3 and
P(G,I) = (T.a; - 3T3‘ + 2T:[) X (bq'.'ﬁ -+ blﬁ + szz + bsTj +bq) where

bp=1

by=—{a;-+sa+1)=-{7T—-3+1)=-5

(5 )
=(7“g+2)~(?—(§)3=15~3.—.12
bs=_[(a1+;u+3)_(cs_(r: )(a,+:a+1)_(m..2{k4-(’:)})]
:“[(7“§+3)~(? G -e- 2{1—("‘)})]

o =85 = 15—2) = ~18



e (55 o (o2
(e QD)o (5F) e
-zt - v3(ke= (7)) +9(- ()]
=()- (- () () e
-[5-sem]

- (i) -3@ —(5) ~ [ 3= 3]

=70 ~45—-1046=21
Hence P{G,2) =Ty — 3Ty + 2T3) % (T4 ~ 5T + 1275 — 18Ty + 21).
Note that s;—1by- -1+ am_.lbp_m' = (—1)P"2a,. 3, g0 that in the above example
for m =4 and p=8 we have
33by + s3by = (~1)8"2a,
(2X—-18)+2(21) =gs
Qg = 42 — 36

=8

If the clique number of & graph is high then we cen use Theorem 4.;1-.?. to compute
higher order coefficients.




Recall from Section 3.1 that G(K,,, ') is & greph obtsined from & tree T by replacing
the vertex v with X,,. We will use this notatioﬁ in our next theorem, Consider a
graph @ of order n wherein i the chromatic number of G ¥(G) 2m 2 3, m < n,
then P(G,z) can be written as o linear combination of P(G{Km,T),x).

Theorem 4.4.3. Let @ be a graph of order n with v(G) > m > 3, and m < n. Then
P(GR ) = S0 (~1)a; T can be written as

T (T sl — Lm = KTt i

ap = S (1Y bpois(m—lm— i~ for 0 kA <n 2

with bp; = 0for2<j<m~1.

Proof.

n—2

D (~1YaiTaws

i=0

n—~m m—1 '
=D (-1 (Z s(m~1,m~ k)Tn-.'-&-y-:)

iox) k=1

de=b agTh = arTut 4 +{-1)""20p2Th

=b{s(m-Lm -1+ ~1lm—2Thuy + 4 8(m~ 11T ms2)
~bfas(m~1,m~ l)T,._._i +o(m—1,m—2)T g+ -+ s(m— 1 1) Themta)
oo +(—1)"‘“‘b,,..,,,(a(n¥ —1m =1 +s(m=—1,m -2
Fodsim—1,1)1)

<= gy = 8(m—1,m—1)by,
gy = ¢(m — 1, m —~ Db — a(m — I, m — 2)by,
ap =s(m—1,m— Ly ~s{m—1,m— 2} +s(m—1,m—3y,...

(~1)"26pg = (~1)*"bpms(m ~ 1,1)
T4



m—3
= = Z: (-1)bg—go(m — 1, m ~i—1)

=0
for0<h<n—2withb, j=0fr2<jsm~1

Example 4.4.2. {7,11)-graph
With &: we have that \{(G)=4=m,n=4

and PRy, x) = T; — 3Ty + 2T3; so that
P(G(R,,T),z) =Ty — 3Tp—1 + 20p—; for n ='7,6,5 and 4.

Now
P(G,z) = by{Ty — 3T + 2T%) — b1 (Te — 3T + 2T;)

+ bp(T5 ~ 3Ty 4 214} — by (T — 3T + 2T3)

where

1= gy = s(m - 1,m ~ )by,
bo=1

ey =8(m—1,m—1)b — a(m — I, m — )by = by — 5{3,2}

4
( 1_1)=b1 +3,



ag = 5(3,3)bz ~ 9(3,2)b; + 3(3, )by,
(4;2) ~S=b—(-3)(2i+2

by =2

fty = 8(3, 3)53 -_ 8(3, 2)52 + 3(3, 1)51,
(4 ! 3) —8(5) - (1 = 2) = bs — (~3)(2) +2(2),

=1

Therefore P(G, :c) = (T; — 3T + 2T) — Q(Ts -3+ 2T + 2(T5 -3, + 20—
(T — 375 +2T%).

Theorem 4.4.4. Let 7 be a connected graph of ovder n with
P(G, )= L (=1 aiald, m 2 1. 1 x(G) 2 m +2 then Sy (~1)'ay = 0.

Proof.

n—1

P(G.z)= Y (~1)aiai™
=0

= age{™ — ayz{™ + oazl™} 4 o e (~1)Mapi2i™
= gpz(z — 1}{z ~ 2)...{x = m)" — ay2(x ~ 1)(x - 2}...{x —m)*"!
+ayz{z — 1}z — 2)... (2 —m)*?
oo e (=1 a2z — 1)z~ 2).. {2 —m)
= z{x — 1)z ~ 2)...(x — m)lao{z — m)*"! = 2y (z = m)™?
oo (1) ey
Now since 1 (&) = m + 2 we have P(G,m + 1) = 0. Therciore
78



P(G,m+1) = (m1)(m)(m—1)+ - (1)fea(1)*~ ~ar(1)* 2+ b ~1)* 1] = 0.

Since m 2 1 we must have it (—1)a; = 0. o o 0

\s a special zase of Theorem 4.4.4 let m =1 then

n—1
P(G,2) = Y (-1 ezl

im0
n=1

= Z-_(—-l)ia.-s(.z — )i
i=D

n—1

= Zf—l )iﬂ I'ij-l—i

fe=()

and we have P(’ ", z) expressed in terms of the chromatic polynomials of trees where

if X(G)} 2 L +2 =8 then Ti5 (~1)a; = 0.

Example 4.4.3.
03 =4
With G: eg=1
=23
ws = 1

we know that & is & (7,11)-graph with n = 4 so that

a; = (41-1) =5,

a2=(3) —4=15~4=11,

o
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a3 = (;) -4@ —1=35-21=14,
ay = (z) —4@) -1@ - [3-— (:) -.3(1)] =70-60—-5—8+6+8=1L

Now since x{G} > 3 we have }:‘,?;,: —1¥a; = 0 = ag — ay + a — a3 + ¢4 — ay.
Therefore a5 = @q — ¢ + a3 — a3 + @y = 1~ 5§+ 11 — 14 +11 = 4. Hence P(G,z) =
Ty — BT + 11T — 147 4- 1173 — 413,

This example illustrates how we can calrulate the chromatic polynomial of any graph
G of oxder T with x{() > 3 using the remark just before the example and the resulta
of section 4.2,

4.5 The Coefficients and Connectivity

If P(G,z) is the chromatic polynomial, in normal form, of e graph & on p vertices,
then it is known, see {14, that the multiplicity of the root § in P{(¥, z} is the sumber

of connected components of &,

Furthermore it is krown that the coefficients of P{&, &) alternate in sign. In tree
form, these matters are rel.ted by our next result (which appears in [3]).

Lemma 4.5.1. The coefiicients of a chromntic polynomial P(G, ) = T2 6; i
alternate in sign if and only if @ is connected.

Proof. Let Gbea connected (p, p-+n)-graph. We empley induction en p and n. For

n = —1, (+ must be o tree on p vertices and p — 1 edges und hence P{G, 1) = T}

Assume that for some fixed integer n,n > 0, the result is true for all connected

{p'.p' + n')-graphs with ¢’ < p and n’ € n — 1, Kow consider any connected graph
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G with p vertices and p+-n edges. By Whitney's Reduction Formula applied to any
edge vv, which is not & cut-edge (which exists because n 2 0), we have:

P(G,z) = P(G',z) ~ P(G", )

where G' is a connected graph on p vertices and p+-n~1 edges and G” is a connected
graph op p—1 vertices and less thent  +r — 1 edges. Since the result is theyefore

true for ' and G we can write

PG a) =T, — i Tpy + @37,z — 04 Tps ++++  and

P(GH';\:‘} = Tp-l — a,l'Tp-ﬂ +¢;ng_3 -

where all the af, af are positive integers, Hence P(G,2) = Tj, - (o} + 1)1y +
(¢ + i YTp—2 — (a5 + @§)T;-3 + ... in which the coefficients alternate in sign. On
ihe reher hand, if @ has & 2 2 components and P(G,z) = T (—1)4iTp; =
T ~1)bi(x ~ 1P~ with each b,I; > 0 and at least one b; positive, then

P(G z)

4 P(G,z). But = T (—1) iz = 1)1 and with = = 0 this is

E-D —4 b which is not zero. This contradiction proves the converse. O

‘We now aim at characterizing, in tree form, the chromatic polynomials of forests,
The result {Theorem 4.5.1) extends the characterization of the chromatic polyno-
mials of trees given in The 43 of [14}.

Lemma 4.5.2. Let G be a graph with p vertices and p - k edges. Then & is a forest
if and only if @ has & components,

Proof If G is a forest with ] components, p; vertices and gi edges in the ith

component, then ¢; = p;—1 for each i, Hence p~k = Z:::u gi = 2:=n(p.--—1} = pi,

that is, I = & If G has & components but is not a forest, thea, in the above notation,
il



gi = pi — 1 for each { with strict inequality for at least one 3. Hence g, the number

of edges of (7, satisfies g = ):f-;n' &> Z;‘;o(p; — 1) = p— k, a contradiction, (]

Theorem 4.5.1. If G is & graph, then P(G,2) = i3 (*71)7;—; i and onl; ¥ G is

o forest with p vertices and & components.

Proof, If G is a forest with p vertices and % components, then

P(G,z) = 3325 (*7* p~s by Corollary 8.3.2. Suppose P(G,z) = L5 (*; )5
Then P(G,z) = 2%z — 1)*~* (aa shown after Corollary 3.3.2), Hence G has p
vertices (by Lemma 1.5.1), p~ k edges {by section 4.3) and k components and hence
is a forest by Lemma 4.5.2. O

Corollary 4.5.1. G is a tree of order p if and only if P(G,z)=T,. (k=1)} (W]

‘We note that forests are not the only graphs which have no negative coefficients.
This can be seen from the following example:

Example 451, ¥ ' is a graph on p = n 4+ m + 1 vertices with @ = &) U Ry
where m+2>n+1 2 5 and n even, then by Corollary 3.3.3 we have

p~2{n—2
PG, 1) = Z["‘( 1)*(”‘“)]?;-;

-5+ [0 (") [ [ () - (1)
R e B )| X ey
=T,+(’;‘)2}_,+( )2,,_,.+ +( )Tm+z—.
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oo b Togs + Dongz + 1)Tm+{+ 3 Tat-+T

To illustrate the sbove general formula consider n =6 and m+ 1 =86, then p =
n+m+1=12 and e =§. Henee

2= (s (s (s (e ()

5\ 5 5N, (5 B
+ T 4 (I)Ts + (2) Ts + (3)T4 + (4)T3+ (5)T2 :
= Tia + 5711 + IDTHI + 10T9 +5Tg + 274

4 5Ty + 1073 + 107, -+ 5T + T

4.6 A New Combinatorial Identity

We prove b combinatorial identity which, to us, is new and apply it in section 4.7 to
obtsin the coefficients of a chromatic polynomial of some special family of graphs.

Theorem 4.6.1. For all nonnegative integers n and & with & < n + 1 we have

(") = }:}Eé(--l]"(":'}") {*1E2) where |x] is the greatest integer < .

Proof. In order to prove this we note that the binomial coefficients ("),
k=0,1...,n+1 can be obtained as the unique solution of the recursion formula

fin +1.k) = f(n,k}+ f(n, & ~ 1} with the boundary values f(n +1,0) = f(n+

Lo+ 15 = 1. Henee, if we define f(n +1,k) = 51y (FY(H) | e need
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only prove that f satisfies these equations. First, consider

=0

- l2&](_1}" (’:) (“ ';Sizg) + %( 1)‘( " \ (ﬂ e "o'gzz)
)-

et ()

flnrLE)= %(_1). (n. + 1) (n .’: f ;‘21.)

B 1) ()0
S (im0

=0

-t Zor()(15257)

+ %( 1)‘(1) (n o z(f(:- T)l)) %("1)'( - ) (ﬂ i 2‘23)

= =0
= k) + fn, k- 1) ® 4ot
= f(m &} + f(n, k= 1)

Notes;
@® The second term of the previous step is f(n,k — 1) if }451] = [£] and this
happens only if % is odd. For & even, however, the last term of

Lfi a1 (MEEES ) containg (;;ff:;l"gj which is 0 since then k—1—2}%] =
~1 < 0. Beace this summation effectively stops at |£] — 1 = [ 471, ; The terms

of the Jast two summations in the previous step cancel in pairs except two, which
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are both zero, Fipally .

f(n{z 0) = (-1)“(""‘1)(0) =1 and

firn+1l,n+1) = f(n,n+ 1} + f(n,n)

- (3) Fn=Ton 1)+ @ fir—1,m)+ @f(- L,r—1)

= (g)f(n-z,n+ 1+ G)f(n — o)+ (g)f(n—z,n—l‘;

+_(§)f_(n~2,n-2)

- ({,‘)m,ﬁn " (’;)f(z;n}+---+ (?)f(lm-!-l —i)

+”'+f(1_!1)
=040+ +04+-+-+0+1

=1

since 71, %) = T (~1 (1) {(4=2)) has only non-zero terms where 4 w0ondi=1

m:l:l —2,
and they cancel: (){F) ~ ({2 = 0 npless & = 1, in which rase ¢ = 0 produces

the only term (3} (';) =1 : (m|

Since f(n + Lin +1) = Tt J(~1 (") (3H-2) = 1 we have

l—ﬂl
=0

- e l)i(n+1)(2n+:—°‘) same(’;)=(ﬂfk)_

a3




B -

o))

- '(E) ()= 16+ @)
[ I s
[Gusgoa) + (it =) €7 “U)
-@ICT) -G-GO - 7))+
+ent (g )| (7 1) - ()
- @G+ - OIG=) G5
s () (L)
- @02 Q) ) i)

)+ O6E)-063)

oot (—1)i28Y on -1 - 2L—+—j

124

() T
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e A

F()E)

Hence ”
‘Corcllary 4.6.1.
e () .
=S ()T _ :

4.7 The coeficients of the chromatic polynomial of a casrade of graphs

We now use the combinatorial identity, presented in Theorem 4.8.1, which reminds
us of the inclusion-exclusion principle to interpret the coefficients of the chromatic
polynomial of a cascade of graphs. In Lemma 1.5.5 it was shown that if G is &
caseade of triangles on p vertices and (p 4 n)-edges then

P(G.z) = LI (-1 ("7 Tpoi = ale — 1) (s ~ 22

Since & is a (p.p 4 n)-graph then the number of trangles in Gis a =p—2 and
n = p—3 Now if we write P(G,x) = S H~1'aiThoei = L0 (-1 ("7} Tperi
then by equating the coefficients we bave ey = (*3°)} = (%) = (“',:'1). Hence we

have:
Lemma 4.7.1, If G is a cascade of triangles on p vertices and {p +- n)-edges then

ak:(n-i—l) %{ 1),(n+1)(n+2;10=)'
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where |x] iy the greatest integer < @,
Froof. By Th.eorem 4.6.7.

We rote that if @ is a (p,p + n)-graph which is a cascade of triangles then -

we()-Eer ()

since n = p— J and

an () -2 ()01

since e3 = n <+ 1.

Using this latter formula we have



If we now compare these coeflicients with the general coeficients given in section

4.2 we note that some of these terms also appear in the general term, for examiple
(™59 — e (™"} + (%) also apperrs in the general term a4 given in Theorem 4.2.5,
that is, '

(L))o )

+ (‘;’*) 4+ (2, 3) ++ 2us(1) -+ 3ug ~ 3ky — Gk,

In section 2.4 we ﬂeﬁ_md the chromatic polynomial of a cascade of Kpni’s 88
..":Lm_} =z{z — 1) ~2)...(z ~m)"*, Now a cascade of triangles, Ka's, on p vertices

and {p + n)-edges hes the chromatic polynomial

z(a: —)z—-2y 2= m}z_}z

-2

= E(—lj’lang__;

p—2

= E("l)iaim;{,l—}h; .
i=0

r=2

=Y (-Daz(z — 1)1

=0

where

184 )

_(p=2\ _ & ks o84k

w=(; )-,Z,,?( p(5) ™)

If we now apply Lemma 2.3.3 by adding s..new vertex and joining it to every vertex

of a cascade of triangles on p vertices we obtain the chromatic polynomial of a
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cascade of K's = z(z — 1)(2 —2)(z -3 2 = j{’s_]z =3P~ 1)‘a‘zf,2_}1_, which is

on (pd 1)-vertices, Hence a cascade of X’s on p vertices has chromatic polynamial

T2~ aiel®,_; where ap = #7%) = TN -1y () 5.

p—2—1
Repeated application of Lemma 2.3.3 gives:

Theorem 4.7.1. A cascade of K,,'s on p vertices has chromatic polynomial

Z;;;-om-!-l(_ljs asﬁj,"_‘;i.}z.., where @ = (p-n+1'} ZLsJ (—1)f (tm) (ﬂ—?r;'—m .

We now generalize the combinatorial identity given in Lemma 4.7.1. Let m be
a positive integer where m > 3. ‘The graphs called m-gon-trees are defined by
recursion. 'The smallest m-gon-tree is the m-cycle, Cp,, which is the only two-
connected graph containing m vertices and m edges. An m-gon-tree with &+ 1
m-gons {Cr's) is obtained from en m-gon-tree with b m-gons by adding a new m-
- gon. which has one edge in conunon with any m—goﬁ of ap m-gon-tree with & m-gons.

A 3-gon-tree is the same as & cascade of {riangles,

We now consider the chromatic polyromial of an m-gon-tree G with & m-gons which
appears in [22] in normal form as P(G, z) = a{x — 1){Q(Cpm, #)}* where
HC ) = P(Crmy z) + 2(z — 1) with P(C', 2) = (@~ 1)™ + (--1Y"(z - 1}

If (7 is an m-gon-tree with k m-gons then

P(G.2)={P(Ca,2) @ T} O T

= {P(Cp, 2)} D Thps

where {P(Coy2)} = P{Cinr2) ® P(Copyz) ® ... © P(Cpa,2), & prode., with k

factors.
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Now since P(C,2) = Z?;zt—l)‘Tm_g we can write

m==2

P(G,z) = {E(-1)£Tm;;}£@ Thiz

faslt

- k 8 5 ke
=X (r.-lkg - km_l){T”"} T} Tl
{(=Tng}¥ (=)™ D ot © Ty
where the sum is taken over all non-negaxive intugezs ki, b, .. .3 b1 with .‘;’.1 + kot
see b ke = K,y and '
oy k!
Rk .o By - kilkal. . kel

by the Multinomial Theorem. For m = 3 we have

1 &
P(Cy,z) = {Z(—l)iTa—-‘} & Tap—2
. =
E(Lmraren.
where

k K . '
(hkz):m with k=h ot

(1)
()

which are the binomial coeflicienss, As an illustration consider the following

example:
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Example 4.7.1. Let k= 3 and m = 4 then

PG {S-vna) e

Henee the coefficient of:

Ty = (TP -BPBI 05 & go=1

= CP-BREIOT i g =3

Ty = (TPH-T)TN O is ﬁ%-!.—.s and
= LY -BPDPOL 5 ooz =3

T = (LPH-TIMDYOT: & 1_1%?:6 and
= EPCRPEPOT & g =1

T, = (TP -BIOGROT i ‘m%"’s and
= TP -DPOPOT i o =3

T = LY -DIHDI O o o =3

T = TP -BIDPOT s o =1

Thus P(G,x) = T — 3I7 + 6T — T + 6713 — 115 + Th.

As ean be seen from Example 4.7.1 it is tedioss worling out the coefficients of an
m-gon-tree using the multinomizl formula given above. We now generalize
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Lemma 4.7.1 to give a useful computational t.eclm.iqne to calculate these eoefficients.
We begin with the following lemma:

Lemma 4.7.2. If a graph H consists of two subgraphs: & of order p with P(G,z) =
S (~1)a;Ty; and the cycle Cp, of order m and they overlap in a K, to form

H. Then P(H,z) = Emm."(—l)'.biTp.g.m_g_i with by = ap - agea +.. . F Gp—m 2.

Proof. By Lemma 2.2,2 we have

P(H,2) = [P(C,2) 0 P(Cr )@ T
= [(g(-—l)iaif'n—i) ® (r:_‘;_:(f-l)"Tm-i)] en
= [(aoTy = a1 Tyt + ... + (~1)""2ap_aT5)0
(T = Tmr + -+ ()" D) O T
= apTpm—2 = (@1 + @0} Tppm—3 + (82 + a3 + )T prm—

— o (=1 0Ty

p-i-m-—ul
z (_1) b Tp-l-m—z-—n
i=0

with b = Too? agi. 0

Corollary 4.7.1. If H is as in Lemnma 4.7.2 with & 2 ', then {b;] is the sequence of
natural nyenbers i = m—1-{k—m+2|, that is, 1,2,3,... . m-2,m-1,m-2,....2,1

with a maximum coefficient of m —1,

We notice that the coefficients described in this corollary first inerease in absolute

value, and then decrease; two successive coefficients may be equal {(as in Example

1E1 v o P{G,x) = Ts - 37, + 873 - T4}, A sequence of npumbers with this
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property is called untmodal

The Unimodal Conjecture. Let & be o connected graph with
P(G,z) = T2 (—1)a;Tp—;. Then the statement
a; > ajp and Gjq < Qi

is false for every j =0,1,...,p 4

This conjecture asserts that one never finds a coefficient flanked by larger coefficients.
The above conjecture can be replaced by a stronger assertion, see [15], namely:

Logarithmic Concavity. Let & be a connected graph with
P(G, ) = Y022 (—~1)a;Tp—;. Then the statement

i=0

@jaj4z < a4y holds for all j=90,1,...,p—4.

We remark that the above canjecture does not hold in geperal for the chromatic

polynomials of disconnected graphs expressed in tree form; see Ekample 4.5.1.

Theorem 4.7.2. If G' is a (p,p + n}-graph which is a mr-gon-tree where
P(G,z) = g (~1) %Ty-s then

lmer)

L (T(EE) @

Proof. We empu.y induction on n. For n = 0 it is easy to check; for n = 1 it is
harder to see and hence we doit. i r = 1, then & consists of two copies of Cy, which
overlap in a K. Hence, by Corollary 4.7.1 webave that gy = m — 1 —{k~-m+ 2

L , .
- Now consider f’c':,"j(-—l]‘(f)(li'f;',f::';)li)‘) for k=0,1.....2m—4
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Pirst: For £ =0,1,...,m—2, thissum is

e

e ()01

=kl

that is, the ferms are 1,2,...,m — L.

Next: Fork=m—1,m,...,2m — 4 thissum is

ETH] g sruy
- () ()
=k+1—2(1+""1("“‘1))

=k+1-914+k=m+1)

=2m—k—3;

that is, the terms are m — 2,m - 3,.,,,1.

But these are exactly the values of a for & == 0,1,...,2m — 4. Assume the result
ig true for all m-gon-trees with p vertices and p + n 4 1 edges, that is, with at
most n + 1 cycles on m vertices (¢, == n +1). Now let M be an m-gon-tree

on p vertices and p + n + 2 edges, that is, with n 4 2 cycles where P(H,z} =

2?:;‘ —4(—1)ibng+m—2-i- BY Lesivans 4.7.2 we have that by = ap + ap—y +...+
i=h , o S (e I3 )
Giemaz Where gy = Soimy (<O (“H) ("HEET D for § = 0,1,.0m -2,
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Hence we need only prove that
1-%—:1(_1) ( +2‘] ntl4+k—(m—1)i
i E~{m-1)}

|
+1\fn+k—(m—1)%
= Z - ( )1( E—(m-1)

SRty

+.L~_—§.;.aj{ _yy (n-i—'l) —;+k—(m—2)—(m—1)i)

ke{m—2)—(m—1) 7'

' 4_2\ n+l+k—(m—=1)
Now E(_l)‘( i \' ko (m(l} ))

- L))
JE’%-( (i
(n+") n-:-l) (n+1)

21:2:":”(;1)( )(n;l:k(nfm 1);1)
tayt i+ fntk—{m--1)"
+ %f*n(_s )(k—-l-'(m-'l]i _'

Label

Reilaiay



. +2( _1y (n-:-l)(ﬁ

Lyl

+E( 1y n 1)(711—&11(’751711):.))

1) (ﬂ. +h~ . 1 (nEm 1):.)1')

k-
]ty

_ LEJ(_I) ( 1) (n-;-k( n'f.m 1):))
("

Lmiy}

+ 3 ("]

Ly

+ ) (-1

{es

(s

- +

B k—(m - 1)1\

( b—(m— 1):

(n+k-—1—-(m—-1)i)
prd k ?.»-—(m—l)z

+ k- 2-—{m—1)s')
k-2 (m—1)

..I..
k

. LE-JH) (n 1)
PR (") (P 2
)

L)
a+lym+i+k—(m—1}
+ eI )

Ll

G0 eardins)

fzall

+1—ZTJ( Ly (nfl)( IL11(n£m1)1))




J(rrIy(rtk=(m=2) - (m—1§
+"'+Z,-:H) (ne )( k—(m'-'-l-z)-_{m?fl}i 1E)
it 1) fa+k—(m—2)~(m— 1))
+Z.»:(_1) (n,g )(:_1_(:_2)_(2—1)3 _
el -
, i F N mEltk=(m—1)
+ 2 D (?_1)(1; k—(m—n;)i

" The terms of the last two summations cancel. Hence

Lty

g (-1)f (ﬂ 1-2) (n + i -|: E»ﬂ: -(.n;);- 1)5)

“E i)

+ 121(—1)5(:: + 1) (n If{i;ﬁ"ﬁ;}f)’) .
|A=im—d))

xR

As an illuatration, let m = 4 and remember that ¢; =n-+1. Then

ar = TN (<15 () ("F5H) so thet



a2=(2;:2 =8
2+3
wn (1192
244\ 241
a4 = 4 )-—3( 1 )—15-—-9=5

2 = (2;'“) ~3(2 3) + (g) =98-3043=1

'Hence P(G,z) = Ty — 8T + 6T5 — 775 + 0T — 373 + T,

The above coefficients can be ealeulsted without recousse to the formula {4.1). For
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m = 3 we obtain the recursion formula by = ax + ax—1, which is similar to the
recursion formula f(n + 1,k) = f(n, k) + fin,k — 1) described in Theorem 4.5.1,
aud vse Pascal’s triangle to obtain the coefficients of & 3-gon-tree or a cascade of
trisngles. For m = 4 we obtain the recursion formla br = a4+ Gp—1 + aQp-o and use
it to obtain the following array of numbers, starting with the coefficient of T3 and
the absolute value of the coefficients of P(Cy,2) = T3 — T3 + T in the second row.

& =

1 i
12 2 1
1367631
1 4 10 16 19 16 10 4 1
1 5 15 30 45 51 45 30 15 5 1

------------------------------------ R R e N P Y T TN P

To illustrate how each entry is obtained in the above asray we begin with the
second row with ag == I, ¢; = 1 and a3 = 1. Using the recursion formula &, =
ag +ax-y +ap.y weobtainby =g =L h =& +a0=2 hh=ae+a +a =3,
by = cf;3+a;+a1 = a§+a1 = 2, and by = dayfa3+ag = ap = 1 which are the entries of
the third row, Now to illustrate how the coefficients can be calculaied for Example

4.'1,1 we begin with the third row with gy ==L, a1 =2, o =3, g3 =2 and as = L.

Apain using the recursion formula b = ag + @y + diwz Wwe obtain by = ag = 1, _

h=amta=dhsantatau=06b=atata="T1044=ata taz =8,
by =as+aq+a3 =ag +0z =8 and by = ag + a5 +a, = a5 = 1, which are the

entxics of the fourth row. The above can be repeated for any m-gon-iree.
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CHAPTER 5 -
CHROMATICALLY EQUIVALENT GRAPHS

5.1 Introduction

Two graphs G and H are said to be chrometically equivalent if they have the same

chromatic polynomial, that is, P(G,z) = P{.E,a:). A graph @ is said to be chro-
matically unigue if P(G, ¢} = P(H, ) implies that @ is isomorphic to H. In section
5.2 we dicuss families of graphs that are chromatically equivalent; in section 5.3 we
diseuss chordal graphs; in scction §.4 we discuss chromaticelly unique graphs and
in section 5.5 we try to address the question: Which of the wheels Wy, p 2 4, are

. chromatically unique?

5.2 Chromatic Equivalence

It is very clear that a chromatic polynomial does not generally belong exclusively
to one graph. There are many pairs of graphs which are chromatically eguivalent
and nonisorsorphic, For example two nonisomorphic trees of order p 2 4 have the
same chromatic polynomial — nemely, T = z(z — 1)P!; n-gon-trees with n > 3 are
chromatically »quivalent but peed not be isomorphic if they have more than two
n-gon cycles; caseades of X, with m > 3 are chromatically equivalent but need not

" be isomorphic if they have more than two Ky 's.

It seems natural to ask whether there is some way of proving that two graphs are
chromatically equivalent without actually coleuiating the chromatie polynomial of

either of them, For some classes of graphs the answers are at haand.

Suppose G'is & connected graph with blocks Hy, Hy, .. H, and G has two nontrivial
blocks H; and H; which share a cut vertex v. Consider the graph F obtained from
29




G b}' splitting v into two and parine an edge of H; to an edge of H; and growing
.& new edge onto this graph = < i ims a new end-vertex. Then by Theorem 3.2.2
P(G, ) = [P(H,, £)0 P(Hy,2)O- -0 P(H;, 2) & P(Hj, 2)0+ O P(Hy, 2)] @ Tyes.
Now in F we have thet H; and H; overlap in Ky. Thus by Lemma 2.2.2 and Theorer
3.2.2 we have P(F, 2) = [P(H1,2)0 P(H,2)0.. @ ({P(&:,2)0P(H;£)} © T2) @

T © ... P(H,,z)}© Tpry = P(G,z) while G $ * because F' has one more end-

vertex than . Hence we have:

Lemma 5.2.1. I @ is a connecied graph with at least two nontrivial blocks then &

is not chromatically vnigue.

Example 5.2.1.

If G

By Example 3.2.2 P(G,z) = Ty ~ 4Ts + 5T — 274

Let H:

then I

0

then by Example 2.2.1, P(H,z) = Ty — 4T + 8Ty — 2T;. Hence by Theorem 3.2.1

P(F,2) = Ty — 4T} + 575 — 2T}, so that P(G, ) = P(F,z) but G ¢ F.
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A eaclus is a comnected geaph in which any two cycles a.re edge disjoint. We shall
show that all cacti with a given number of vertices, edges and cycles of each length
! =3,4,5,... sre chromatically equivalent.

Lemma 5.2.2. All cacti with a fixed number of vertices, edges and cycles of 2ach
length I = 3,4,6,... are chromatically equivalent.

Proof. Apply Theorem 3.2.2 to the cacti and their blocks. =]
Example 5.2.2.

If G 1\ ' {/]| and H:

then by Theorem 3.2.2 we have

P(G,z) = [P(Cs, %) © P{Ch,2) @ P(C3, )| Tsms
=B -D) (T ~Ts+ )0 (T ~ D)@ T2
STy ST AT 34Ty
= P(H,z)

We: now consider the case of disconnected graphe.

Theorem 5.2.1. If a graph G has nentrivial 2-connecied components Gy, Ga,-. .,
Gy and m trivial components, then G is chromatically eqﬁira]ent to each graph
H UI.F‘ where H is constructed from these nﬁntriﬁal components of G by mreriapping
& nontﬁvial G with a nontrivial G414 # j, in K in any fashion until no more
nontrivial components remain and F is any forest with k +m components and
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2k + m vertices,

Proof. P(HUF,z) = P(H,z)0P(F.z)+ [P(H,)0P(F,2)| @ T; by Lemma 3.3.2.
But P{H,z) = [P(C1,2) @ P(G2,2) @+ OP(Grs1,2)] & Tus by repeated applica-

tion of Theorem 2.2.1 and Lemmn 2.2.2, sad P(F,z) = PRl G Y
by Corollary 3.3.2. Therefore

P(HUF,z) = [{P(G;,m) ©P(G2,7)@...0 P(GHi,z)}eTgk]é

“ﬁ"l (k +m-—1
Fe=0 ) J

)Tﬂk+m—j + ([{P(an) @ P(G,2}0O...

.k+m-—1 |
& -1
@P(GML:-’”)}@T:&] o] E ( ‘H;.‘ )Tzk—m-—.j) 041

Jz=0
Reltty==1

=3 (k +_? B 1). [P(G’i,w) ®P(G2,2)® ...

Fe=o

. ko=l ' '
® P(Gm,z)] © Tnms + [ 3 (k "";’ 1) {PtGuz)

Fi-li]

@P(Gﬁs -7-')@ ena G)P(GH.]_,&‘.‘)} @va-j] @Tl

kdm--1

= X (k+?-1){}3(@1’*)@3:’(@3,::)@...@

=0

Hat k+m-—1 |
P(Gk-{-lsz)@Tm}@I}'l' Z: ( ) )
=0

[P(Gl:m) @P(Gﬁi‘t)@;".@P(GHh :L')'@Tm] @1}4‘1

102



ktm gr
=3 (‘ *.-m) [P(Gl,m)ep(az,z)'@...caP(Gmx)@Tni]@Ti
)

J
. (k+m--1) (k-]—-m——l_) (k+m)
since . + , = s
H t—1 2
= P(G, I)
by Theorem 3.3.1. _ . _ 0

We remark that the condition that the Gy’ in Theorem 5.2.1 are 2-connected is
somewhat artificial. The same result can be proven without this condition but with
a longer proof.

Example 5.2.3.

If G A _ then

Ka ’ ..04 K.;

by Theorem 3.3.1, with k= 5,

we have:

5-1
P(G2)=Y (5 ;- 1) [P(K;,m} @ P(Cy,2) @ P(Ky,2) @Tg] OT;

=0

4

=3 (j) [(T:: ~ D) O(Ty ~ T2 +T3) © (T3 — 3T +2T2)E)T2] eT;

Jm

4

= E C) [Tm w §Tg + 1071y = 11750 + 706 —~ QTa] DI;

Jei
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== (Tig ~ 5a 4 10T} ~ 11Tho + 7Th — 2T3)

+ (‘D (Tha — 5Ty + 10Typ — 11T} + 775 ~ 217) |
) B . L

+ (2) {T11 - 8Th + 10T — 11T + 7Ty — 245

+ G) (Thp = 5Tp + 10Ty — 11Ty + 7% — 2T3)

o (:) (To — 615 4 1077 — 1175 -+ T7; — 2T3)
= Ty3 — Tha — 4T41 + 8T0p + 40% ~ 6T + 5T ~ Ts — 2T,

Now consider

H: 1 with F: . . then

HUF . . with k=4
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where
P(H,z)= [(T; -n)e(hGi-G+Nh)e (T35 +2T3)] BT

= [T — 8T4 + 105 ~ LT3 + 7T 2] © Tk

=T — 6Ty + 10T ~ 1174 + 773 — 2T}

and .
41
4-—1
=3 (47 )7
j=0 J
3
3
£
Fel
=Te+3G+3Tu+T
‘Therefore

P(HUF,z)=P(H2)®PF )+ [P(H, z) @ P(F,z)} en
= {7 — 5T6 + 10Ts — 11Ty + 713 — 2T} @ (e + 3T + 3T4 + T3)
+ [(I!f - BT + 1075 — 1174 + 7T — T3} © (Ts + 375 + 3T% +I§)] T

= Tm - Tlg -—4T11 -+ STI!! 1"4Tﬂ - 5Ts + 5T|3 -—Ts - 23'4

5.3 Chordal G:aphs

It G is & graph with (G) = k+1, then P(G,2) = 0 for z =0,1,. .., k. Hence the

chromatic polynomial P(G,z) can be writien as
© PG, ) = g™z - 1™z~ 22, (x — B)™* [.1:" dape® et a,,]- .

= g™z - 1)™ (z ~ 7. (z - E)™* f(z)
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where mg, Ty, ..., 75, 7 are positive integers and &y, @z,..., 4y &re integers with
mo + 1 + ...+ Mg -+ 0 = p, the number of vertices of G and
my + 2ma + 3ma + ... + kmy + ap = g, the aumber of edges of G.

We.now look at a class of graphs for which F(z) =1, that is, P(G, z) is completely

factorable over the nonnegative integers.

A graph G is called chordal (or triangulated) if every cycle of G with length greater
than 3 has s g]_a_o_r_d,, that is, an edge jbin_.ing two non-consecutive vertices of the cycle,
It car be shown, see [20}, that a graph is & chordal graph if and only if it can be built
up step by step, starting with a single vertex, each new vertex being joined to every
vertex of a complete siibgra.ph of the existing graph; if the complete subgraph has n
vertices, then T — 7 colours are available to colour the new vertex. Hence each step
of the construction contributes a factor z — n to the chromatic polynomml which
must therefore be of the form:
P(G,z) =™ {z — 1) (z — Z)™ ... (= — k)™,

for some integer %, where mg,my,..., mp are positive integers. Clearly, k41 is the
size of the largeet clique in G and the chromatic number of G. Conversely, given
u set of positive integers mg,my,... ,mp we can usually construcé several graphs -
having P(G, z) ss the chromatic polynomial.

| Example 5.3.1,

G and H are two of the graphs that have chromatic polynomial 2%(z ~1)*(z ~ 2\
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It is an open problem to characterize those graphs @ whose chromatic polynominls
P(G, z) have the form '

P(G,) = a™(a = 1™ (2 = 2™ ..z~ k)™

We now make mﬁe risnarke on this problem:
After expanding the -ight hand side of P(G, z), the highest exponeni of = is
mg 4 my 4 -+ 4 m; which is, by Lemms 1.5.1, the number of vertices p of G that

ismy+my -4y =p Also

PG, ct=z™{(z — 1™ (2 - 2)™, . (2 — k)™

S ([&'ml - (’T;l)xmi—l + (ﬂ;]_) z‘ml—ﬂ(_l)z 4o ,]
g™ _ 9 my .zma-l + 4 my zfn:--ﬂ +
1 2 o
ma _ g mg—1 ma . mg~2 .
[z. 3(1)3 +9(2);&‘ +]

[z"‘* - k(n;"‘)m'"*‘l + 1 ("’;“) g™ D

Thexefore the cnefficient of zMetmitedmi—t 15 _(m) L 29my + 3mp 4. + kmg)
which by equation (4.1} in section 4,3 is the number of edges ¢ of @ that is

my+2my +dmy 4. b kmy =g,

. Tt is tempting to think, in fact it was conjectured, see (8], that

P(G,z)= o™ (x — 1)™{x — 2)™ ... (z — k)™ if and only if & is o choxdal graph,

but this is not s0. We will now show how some non-chordal graphs whose chromatic

polynomials have the seme form as P(@, z) described above can be constracted,
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Lemma 5.3.1. Let H be an elementary subdivision of K,. Then
P(H,2)=2(z =1} x=2)...{a ~p+2)z? - pz 4+ 2p—3).

Proof. Let v be the “new” vertex (of degree two) of H. By Whitney's Reduction
Forrauls. applied to any edge adjacent to v we have
P(H,2) = F(H,2) ~ P(Hy,3)

P(K, y,2).P(Kpy,ax){z—1) by Th 291

where P(H;,2) = PRy )
and P(Hz, ) = P(Kpc).

Therefore

Pl =Nz Eopt e )z -2). . (& - pt2){e ~ 1)

z{z — 1)z — 2)...(z —p+3)

—z{z —1)(z—2)...(z—p+1)

=z(z -1 (z-2)...(c —~p+2 ~2(z~)Yr~2)...(2~p+1)
=2z =z-2..(z—p+ 2z -1z —p+2)—(z—p+1)]

=z(z —1)(z—2)...(z=p+2)(z* ~ pz+2p-3), |
Example 5.3.2. For p =6 in Lemma 5.3.1 we have

P(H,z) = z(z — 1){z — 2)(z — 3}z — 4)(x® — 62 + 9)

= z{z — 1)(z — 2){z — 3)*(z ~ 4)

Hence

H: which is not chordal,
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_This example is given in [5}. We now generalize Lemma 5.3.1 to:

Theorem £.3.1. Let G be = connected graph on p vertices with two complete sub-
graphs H, on p— 1 vertices, and Hy, on p—n vertices, which overlap in 2 complete
graph on p-n —m vertices, p > n+m. K & is a graph obtained from & by adding
a new vertex v to ¢ and joining v to two nonadjacent vertices of H, and Hy, then.

P(H,z)=z(z—1}{z—2)...(z~-p+2(z—(p-n~-1)){z-(p—~n-2))

vz =(pen—m+ )2 - (p—-n-—m+ 2=

+2(p-n-m+2)—3].

Proof. By Whitney's Reduction Formula applied to any edge adjacent to v we have
P(H,z) = P(G,, ) — P(Gq,z) where
P{Gy,5) = (x~ 1})P(C z) and P(Gy,z) = P{G +e,z)
where ¢ is the edge between the two nonadjacent vertices of Hy and Hy. By Whit-
ney's Reduetion Formula applied to the edge ¢ we bave

P(H,2) = (z - 1)P(G.2) — [P(G,a:) _P “;:a‘:f ii";‘]’ ”)]

_ (v 1P{Apey, ) P(Kp—u, 2} _ [P(K,_hz)P(K,_m z)
P Kpon-m+) P(Kp—n-m; 7}

_ P(K,,_l,x)P(K_,_,,,s)]
P(Kp-n-—m+1’zl

= (z ~ 1)P{K,_s, 2)P(K s T)
- P(Kp-ﬂ"ﬂl!z)

_ P(Kp1,2)P(Kpns2)lz — (p=n =1+ 1))
P (Kp—-n--m+hz)
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=r(z -1z ~2)...(z=p+ Nz~ p~n-1)(z—(p—n -2))
ez~ (p—n—m)) —2(z ~ 1)z ~ 2)
(e =p+(z—-n-)z-(p-n-2)...(z-(p-n-m+1)"
=z(z - —2)...c~p+z~(p—n -D)(z—(p-n-2)
vz —(p-n-m+ )z -z —p+n+m)—(z~p+n+m—1)}
=z -1 (z—2 . (z-p+ e -@-n-1){z—(p=n=-2))...
(e~ (p-n—m+1)){z’~(p~n-m+2s+2Ap—-n—m+2)-3}. |
Example 5.3.3. | |
For p="7,n=2 and m =1 in Theorem 5.3.1 we have
CPH2)=z{r~1)z—2... (e —(T=2—-14+ Yz -~ (T-2—-1+2)z
+AT=2-1+2)~3}
=zlz — Wz — Nz —3)z - x — 3){z* —_6z+9}_

=z(r— 1)z~ Nz - 3Pz ~ 4}z ~ 5)

Hence

H: which is not chotdal.
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5.4 Chroinatically Unique Graphs

‘We now consider graphs which have a chromatic polynomial all to themselves, that is
if P{@,2) = P(H,z) then G 2 H, such a graph is seid to be chromatically unique.
For example the empty graphs, the empty graphs with one edge, the complete
grephs and the complete graphe without one edge are chromatically unique. In {7]
it is shown that the cycle C on n vertices ir chromatically unique. Later in [12]
it is shown thai all theta graphs ere chromatically wnique. Also in [17] it is shown
that the bipaﬂite graphs K{m,n) are chromatically unique; and in [24] it is shown
that the wheels, W, on p vertices, are chromatically unique for odd p. The latest
result in [8] is that the broken wheel, W,(1) on p vertices, iz chromatically unique

if p is even,

We now deseribe two families of graphs which are chromatirally nnique. For a proof
of the uniqueness, see [7]. The goaphs in these families can be obtained from the
wheels by deleting some consecutive spoke edges, that is f.hey are broken wheels {see

section 4.2},

" The first family consists of the graph  5(p — 4}, for p > 4, where the first graph
ir this family Wi(0) is the wheel 1V {or &),

/
(0 A Wstkk Y‘> Ts{2) %

T[.p(j‘ - 4}:
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By W]I.ﬁf,ney’s Reducﬁop Formule applied to the edge 13 we have
P(Wy(p — 4).2) = (& = )P(Cpr, ) — (= —~ 2)4?’(0»4. x)
| = (2= 2) [(e ~ 1P = (5 = 1) 4 (<122 — 1]
using P(Cp, &) = (5 — 1) -+ (-1)?(= ~ 1) see section 1.5.
Also using P(Cpyx) = S5 2 (w1)iTy; we have

P(Walp ~ 42} = (5~ 2P(Cps,8) — (3 — 2)P(Cposr )
rp—3 .

= (2= 2| (=) Tposi ~ 2(—1)‘1;_2-;]
L =0

=D

2= (it = 2) | Thos = 2pmp 200 + {-1)1"-32:[',] (5.1)

= (g — 2) .x(:c ~ 12 2z( e 1) g (1P 22(x 1)]
= oz — 1)z —2) [(a: L1 a(p — 1P (-1)1'-32]

The second family consists of the graphs Wy(p — b), for p 2 &, where the first graph
in thia family W5(0) is the wheel Wy,

Wy (0): Wa1): g W) @




W(p—5): 3

By Whitney's Reduction Formula applied to the edge 24 we have

P(Wy(p - 5),8) = (z = 22P(Cp-,) ~ P(Wp-s(p - 5),2)

= (& = 2P[(e = 1P + (<1)P"}s ~ 1)} = P(Wp-1(p = 5),)

Also
=1 .
P(W,(p—8),z) = (x~ 2 Y (~1}Tymgmsi = P(Wp-1{p - 5),2)
- =0 ’

= (z —2)? [:r(z ~ 1) gz — 1P e (1P (- 1)]

~ P(W,.y(p — 5),2)

=a(z - 1)(z —2) [{(z ~1) = 1}{{z ~ 14 — (z ~ 1)>5
e +(—-1)H]I - P(W,a(p 5),?)

=a(z —1)(z —2) [(w — 1P o 1P

e

(e —~ 1)(z ~ 2){ = 1)P=4

=2z = 1P e (-1)!'-42] by (5.1)
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Hence
P(Wy{p—5),z) =a{z~1){z—2}[z—1)P*—=8(2—1)P "4 +4{z—1)*"*—.. +(-1)"*4].

For p > 5 each Wy{p—4) contains exactly two trisngles and for p > 8 each Wy(p~—5)
contains exnetly three triangles. It is natural to consider the chromatic uniqueness
of the corresponding family that contains exactly fomr iriangles for p > 7. The
following example shows that W,{p — 8), for p > T, iz not chromatically unique.

Example §.4.1.

Consider

Wa(1): @ and G:

By applying Whitney’s Reduetion Formula, we find that
P(Wi{1),z) = z(z — 1)}z — 2)[(z = 2)* + (z — 2)* —{z = 2) + 1] = P(G,=).
Clearly W,(1) ¥ G.

We zlso describe two other classes of chromatically unique graphs. For a proof of

the uniqueness, see [11].

Let v and s be integers such that r,s = 3. Let &) be an edge of a complete graph,
XK, on r vertices, and ey be an edge of a eycle, £, on s vertices, Denotz by G{r,s)
the graph obtained by identifying ¢; and e; in the disjoint union of X, and Cy. The
graph G{r,s) is chromatically unique for all rs=3.
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Gr, s} " 1 c

T 8178 "

One may extend the structure of the graph G(r,s) to obtain certain new graphs in
the following way; Let K3 be a triangle in K., r = 3, and let X be a K3 homeomorph
with & triangle K} as shown in {a) below. Denote by Gx(r),n = r+ 1, the lass of
graphs of order n obtained by identifying K3 and K7j in the dl;sdoint

and X, All graphs, except two, in the class G,(r), 1t = r+ 1 2 s, are chromatically

unique,

g

(2) (by

.-‘h.-"o H-
@l—-—-ﬁ-...} K, Gi——.—. . : =
v .--4"'.
) .

The only graph Gg(4) is the graph F.

Tt can be veriﬂgd, see Lemma 5.4.1, that
P(F,z) = a(z — 1)(z — 2)(z — 3)(z* - 4z + 5} = P(Wp, ) but Wy # F.
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The graph H is one of the two graphs in G:(4).

It can be verified that P(H,z) = 2(z — I)(z — 2)%(x — 3)(z? ~ 32 + 4} = P(X.1)
but X 22 H,

5.5 Wheels

In {24] it is shown that the wheel T17; is chromatically unique for nll odd integers p >
8. The proof technifque invoived the fact thet odd wheels are uniquely 3-colourable
graphs. We now consider the question whether the wheels W), are chromatically
unique for even integers p > 47 W7 (which is isomorphic to Xj) is chromatically
unique. We will use P(Tpp.0) = E:f;:(—-l]‘x(x = 1)z = 2)P~1~ from Corollary

2.9.1 to show that neither Wy nor W is chromatically unique. The following result

also appears in [7]:
Lemma 5.8.1. 1 is not chromatically unique.

Proof.

3
P xh= ¥ _{=1)lrir - e — 2)1
i=0
= r{z — Dz =2 ~ 2z -1z =2 +2(z — -2

—x{e—1}s =2

= ote = D =D =20 —(z =2 +{r -2 -1]
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=2z - 1)z - 2)[(; — 2z~ 3) +(z - 3)]
=z — 1)z - 2}z - 3)[(x - 2)° +1]

= 2(z — 1}z — 2){z — 3){z* — 4z + 5)

Thus if we start with TW{1): which

by Lemma 5.2.2 with p = 4 has chromatie polynomial
P(W(1) z) = a(z ~ 1)(z ~ 2)(x? ~ 42 + ), and add a new vertex and join it to

three pairwise adjacent vertices we obtain the graph

which is not igomorphic to W but satisfies P(F,2) = (z — 3)P(W5(1),z) by
Lemma 2.3.3. Also by Theorem 5.2.2 with p = §,n = 2 and m == 1 we have

P(F,z) = x(x — 1)(z — 2}z - 3)(z? 4z +6).

Hence
P(Wa,2) = (2 - BP(TV3(1), &) = P(F,z)

where W & F, 0
The following reselt also appears in [24]:

Lemma 5.5.2. Wy is not chromatically umque.
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Proof,

5
P(Wa.z) =) (~1)alz - 1)z -7~
i

oz =1z -2 ~a{w ~ 1)z -2 +...~a(z— 1}z —2)

=2(z ~ 1)}z ~ [z -2 —(«-2)+...-1]

= £(z ~ 1)}z ~ 2)[(z — 2)(z — 3) + (= — 2)*(z — 8) + (x ~ 3)}

=z{x — 1)z - 2z — [(z - 2)* + (= — 2 +1] |

=sz{z -1z =Nz~ N[z -2 ~(z -2+ 1U){(z~2)* + (=2} + 7]

= plz — 1)z ~ 2)(x ~ 3Y2? — 5z + T)2% = 3z 4+ 8)

Buf
2
P(Ws,) = 3 (~1)a(z - 1)(z — 2)*~"
i=0
=z{z— 1}z —2)° -2z — 1)z~ 2P +z(z - 1)(z - 2)
=2z~ )z —2)|{e— 2 ~ (2 —2) +1]
= 2{z — 1){x — 2}(2? - 5z +7)
and

P(Ci2)=Ti-Ty+Th
=2z~ 1) —a(x —1)2 4+ 2(z ~ 1)
=r(z-1)[(z—1P - (z—1) +1]
= z{r— 1)z - 3z 4 3)
Thus P(W;,z) = (v — 3)P(Ws,2)(a? — 3z + 3). Let H; be the graph which is

cbtained from Iy and 15 by overlapping in a triangle
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H;:

so that P{H,z) = (x ~ 3)P(W;,2) by Lemma 2.3.3, and ¥} be one of the graphs
which are obtained from €y and Hy by overlapping in an edge.

Fy
Thus by Theorem 2.2.1 we have:
— P(lex)P(C:hw)
P(Fl,a:) = —.—_-__“_“(-17 — 1)

_ (= —8)P(W, xjx(m ~ 1){2? ~ 324 3)
S w{z—1)

= (x — 8)P(Ws, .."z)(w.2 ~3z+3)

= P(Wy,z)

Thus F; is chromatically equivalent to Ws. Clearly Fy and Wy are not isomorphic
_ because they have different degree sequences. Also by Lemma 5.2.2 with p =5 we

~ have
P{Hj,2) = 2(z — 1)(z ~ 2)(z — 3)(z? ~ 5z + 7) where

II Y
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Now if the graph Fy is obtained from Cy and Hy by overlapping in an edge where

Fz:
then by Theorem 2.2.1 we have
_ P(H:,2) x P(Cy,3)
PlFne) === |
_ a(z - 1)z = 2)(z = 3)(=® - bz + 7) X {z — 1)(z* — 3z + 3)
= . z(z — 1) . .
== 2(z — 1)(z ~ 2)(x — 8)(2® —~ 5z + T)(=? — 3z + 3)
= P(Wha) | |
Clearly Fy 2 Wy, Hence W is not chroﬁlatica]ly unigue, . 0

A computer investigation, see [15] revealed that Wy is not chromatically unique
since it has the same chromatic polyuomial as 10 other graphs, It was conjectured
in [24] thet the wheels 1V, are not chromatically unigue for even p > 6.

We now consider Wiy and apply the snme techniques used in Lemma 5.5.1 and
Lemma 5.5.2. '
P(Wio,z) = Y (~1)a(z — 1)(z ~ 2)*~*
' =y

= g(z — 1Yz~ 2)® ~2{z — 1z ~ 27 + oo+ (=1)7a(z - V(e -2}

=a:(a—-1}(3:—-2)[{::-“-2)7—(34—2)8+---+('x-2}—1]
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= w(e — 1)z~ 2z - 2z —3) +(z ~ Dz ~3)

+(z— 2P (z — 8) + (z ~ 3)]

= (g ~1)(z =2}z - 3){(z - 2)° + (2 ~ 2)* +- (= - 2)* +1]

=z(z— 1)}z — 2z -3z -2* +1][{= - 2)* +1]

= P(Ws,z)[(z ~ 2)* + 1]
There is no graph with polynomial x(m—.l) [(z—2)4+1] or z{x—1)}{z—2}{(z—2)*+1].
Hence by this method we cannot obtain s graph that is chromatically equivalent to
Wig. A computer investigation also in {15] revealed that W is indeed chromatically

unique. It remains an unsolved problem to determine whether or not the wheels W),
a.e chromatically unique for even integers p > 12.

We used the above techniques to tackle thi problem for p = 12. Unfortunately
we found no graphs that are chromatically equivalent to W,. We now give the
chromatic polynormnials of some of these grophs in various forms,
P(Wiz)=z(z~1){z -2z -3} (z- 2+ (z - 2)* +(z - 2)* + (v — 2)* + 1]
=z(z =1}z -2z -z -2} —(z— 2+ +1[(z -~ 2)*
+ (2 =2 4o0 1]

= P(Wr,z)z~3){(x -2+ (z - 2P +(z =2 4 (2~ 2} + 1]

P(Wi,2) =2z~ 1)}z -2}z - )|z -2 +(z~ 2" +... + (z - 2)* +1]
=z(z - 1)z — 2z - ) {(z ~ 2 +(z - 2)* + 1]f(z - 2)* + 1]

= P(Wa,2)[(z =20 + 1] [z - 2 = (2 =2 +1]
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P(Wm,}.) = oz - 1)(z - 2}z - 3)[(z - 2)*? + (= _ 29 oo {x =2 4-1]
= P(Wo,z)z -3z~ 2+ (& ~2° + (= ~2)* + (= - 2)°

F(z -2 4 (z -2 +1]
P(Wys,z) = 2(z ~ )z - 2= - 3@ - ¥ + (& -2+ +z =2 +1]
= P(Who,=) [ — 2)° +1]

P(Wy,2) = 2(z — Yz - 2)(z = 3)[(2 ~ 20 + (e =) 4~ + (2 - 2)* +1]

= P(Wy,2)(z - 8)(z* — 30+ 8) (= — 2)° + (= ~ 2)° + 1]



CONCLUSION

There are many unsolved problems relating to chromatic polynomials, see {14], [15]
and [22]. We present & few in the following sections:

Characterization of Chromatic Polynomials

We begin with the question: 'What is a necessery and sufficient condition for 2
polynomial to be the chromatic polynomial of some graph? In other words, is there
some way to determine whether a given polynomial belongs to a graph? We have
derived various necesaary conditions for a poelynomiel to be the chromatic polynormial
of some graph — the polynomial must be monic, bas terms that alternate in sign in
normal form {for connected graphs in tree form), has zero coastant term and o on -

but these conditions taken together are not sufficient, For example the polynomial
Ty — 5T + 1075 — 10Ty 3 675 — 2T} = z{z ~ 1)(x ~ 2){(z — 2)* + 1}

(see section 5.5 on wleels)

satisfies these conditions but is not the chromatic polynomial of any graph. From
the given polynomiol we can determine the number of vertices, edges, triangles ete.
of a graph (if it exists) by looking at the degyee of the polynomial, the first few
coefficients and applying the knowledge described in Chapter 4, We then generate
all such graphs and find their chromatic polynomials. This could work but it is a
tedious methed and certainly not an effective way to defermine whether a given

polynomiai is chromatic.
Chroinatic Equivalence and Chromatic Uniquaress

It is clear that two or more distinet graphs may have the same chromatic polynomial,
This prompts the question: What is a necessary and sufficient condition for two or
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more graphs to have the same chromatic polynomisl? It is easy to compute whether
two graphé are chromatically equivalent, but to determine whether thers are other
graphs with the sarce chromatie polynomial is quite another problem, We have scen
in Chapter 5 how we can take some graphs apart at cut-vertices and reassemble them
by pasting edges o get 2 different graph with the same chromatic polynomial, This
prompts specnlation on the possibilly of an algorithm which will generate 2l the
graphs with a given chiromatic polynomial. This last problern is clearly an extension
of tl_:e first problem in thiz section, that of characterizing chromatic polynomials.

The same can be gaid ahout chromatie uniqueness, Is there & method of recognizing
whether a given graph is chromatically unique? The known results, see Chapter
5, were obtained by carefully wringing from a chiomatic polynomial every drop «f
informaion about the graph, until it can be shown that there is only one graph. At
present there seems to be 0o other way of resolving this problem,

The Unimodal Conjecture

A property that is very noticeable when one looks at lists of chromatic polynomials is
that the coefficients first incrense in absolute value and then decrease; two successive
coefficients may be equal, but it seems that one never finds & coefficient flanked by
arger cocfficients, and it is natural to conjecture: If b; are the coefficients of the

chromatic polynomial in rormal form, that the statemen}
by > bjgr wnd  bpa < bjy2

is falge for all . This conjecture is replaced by the property of the sirang logarithmsc

consatily, numely that
bjqu.a - b§+l holds for all 5.

The cocfficients that arise when a chromatic polynemial is expressed in fuctoriul
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form also seem .- exhibit & unimodal distribution, and it has been conjectured t!_mt
they too have the property of strohg logarithmic mnca:vitj‘. :

The coefficients that arise when s chromatic polynomial is expressed in #ree form
the situation is rather different, The unimodal] property does not hold for many dis-
connected graphs, see Example 4.8.1, and examples are kmown of connected graphs
for which three or moze con,  “‘ve coefficients axe equal, see appendix, thus contra-
dicting the property of sﬁmng logarithmie concmrity.. However, no counter-examples
are known to the siightly weaker conjecture: If a; are the coefBcients of the chro-
matic polynomial of & cﬁnnectett' graph in #ree form, that these coefficients have the
property of (wek) logarithmic concavily, namely that:

. 2
G842 S By .

Cliromatic Polynomials of Families of Graphs

Thete appears to be no connection between the chromstic polynomials of a graph
and its complement, Hence the_complemmts of any family of graphs can form a
fertile ground for further research, For further information. see [15),

Even within the ares of finding general formulae for chromatic polynomials of fami-
Hes of graphs, it is remarkably easy to formulate exceedingly dificult problems. For
example, '
The m % n chessboard or lattice graph, _

" The graph Gm sn With vertices at the integer Inttice points (u,v) with 1 € u £ n,
1 € v <m, on the cartesian plane, and in which each vertex is joined to the four or
fower vertices at distance 1 from it, is called the m X n chessboard or luttice graph,

Find a.generél formula for the chromatic polynomial P(Gapxn, ) of the graph Grmsn.
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Arbitrary Trees of Polygons

Chao and Li, see [22}, proved the following characterization of m-gon-trees: A graph
(& is an m-gon-tree with & m-gons (where m 2 3k > 1) if and only if P(G,x) =
#(x — 1HQ(Cm, z)}* where Q{Cim, ) = P(Ci, #) + z(x — 1), see also vection 4.7,

It is an open problem to generalize the sbove charact .zation to arbifrary irees of
polgons. By arbitrery trees of polygons, we mean trees of polygons where the length
of the polypgons are not required to be the same.

Finally in section 5.3 we etated an open problem to characterize those graphs @
whose chromatic polynomials P{G,z) have the form

P(G,z) =™z - 1)™(z — )™ ... (z — k)™

and in section 5.5 it remains an unsolved problem to determine whether or not the

wheels ¥, are clubmz‘.t:cally unique for even integer p > 12,
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Ty = &{% — 1)~ Tree Form
Oy = (2 =17 4 {—1)*(x — 1) Cycla Form
7P} = gz ~ 1)(¢ ~ 2)...(z ~ p -+ 1} Factorial Form

APPENDIX
(#14) Normal Form | Tres Form | Cycle Forin | Factorial Form
{10 z T (4 _ zlt}




{me) Normal Form | Tree Form | Cycle Form | Factorial Form
@0 |+ T+, |G+ C | zB o0
(2; 1) 2i—z b §} Ca z‘ﬁj‘

= 3(&— 1)




Norraal Form.

>

= #{z ~ 1)(z ~2)

(pig} Tree Form | CycleForm | Factorlal Form
(2:0) o3 To+2T3 + Tt | Cat 8Ca+ Gy | 2133 4 8213k 4z {1}
;1) o = u? T+T Cs +2Cs zi%} 4 Beldl

. = ¥z ~ 1)
Armrrr—

[ (5;2) f-ultz | B Ca+Ca 5 4 o1

/\ = ez — 1)
(3;3) 2 - 32% 4 de Ta-T Ca i




= 2%z - 1)z - 2)

T Normal Form Tree Form Cycle Torm Foctorial Form
(4:0) zt Ty+8T3+8Ta+ T} | Ca +4Ca+6Ga+ Gy | &0 4 6200 + 7518} + 50
L .» |
[ - )
(4;1) P T4+ 2Th+ Ty Oy +3C5 + 3Cy o1 4 5001 4 4o (%
R = 8w =~ 1)
[ ]
(42) o4 — 2% 4 5 Ti+Th Ci+2Cs+ Gy o143 4 4013 . 2012}
——— - z’(a: - 1)!
Brr—— gy
]
(4;3) . 2 — 327 4 27 Ti-Tp CatCs—Ca wlt) § 3aB8t




(riq) Normal Form Tree Form | Gycle Form | Factorial Yorm

(4;3) _ 2t =328 +30% - g Ty Ci+Ca 238t . 327 1. o2}
= z{z - 1) .

44) w—ded 1 62% -3z | Ty-To+Tu | Cs 214 4 200 4. 212}

= oz — 1)(z® - 8z + 8)




= gz — 1)(z — 2)(z — 3)

(79 Normal Form Free Farm Cycle Form Factorial Form

%9 2t — 420 + be® - 20 Ty—Ty Ci—C; wt4 4 95t
=z(z— 1z ~2) '

(4;5) 2t 5t 4 8a? — 4o T4—;-2T3+Tg Ci~Ca—Cy | 2li} 4 pf3
=afz - 1)(z —2)?

56 w6zt 4 1la? -6 [Ty~ 3Ty+ 2T { Ca—2C~Ca | 514}




(mg) - | Normal Form | Tree Form CydeForm | Factorlal Form

(B0) s [of Ti + 4T+ 675+ 4T+ Tt | Cs + 60 + 10Cs +10Ca + O | 201+ 10210 + 2568 + 1500 20 |
- ]
. e | .
(8;1) izt - Ts+ 3T+ 8T+ T O+ 40, + 805+ 4Cs ol 4 92 o 192 4 8207
/ = w“(m - 1)
»
L] ]
Cs+8C;+3Cs+Cz2 20T 1 3218 + 1497 4 4alS)

(5;2) P2t @ | D5+ 20t s
. / = ¢Sz~ 1FF




(rig) Normal Form free Form Cyde Form | Pactarial For 0

(5:3) 25 — 3t 4 223 Ty + Ty~ Ts— Ty | Cs+ 3Cs ~ 2G5 | =0 4 718 ge®t
=iz ~1)(z-2)

>

(5:3) P332 | T+ T Ci+2C; + G | 208 4 72007 o 1006 + 2007 |

s iz ~1)°

>

>




Normal Form

Tree Form

Cyde Form

Factorial Form

2 — Azt 620 - 4zt 4 2

’_ = z(@... 1)4

T:

54 Cy

207 + 6204 720} 12}




Tres Form

(7i9) Normal Form Cycle Form Factorial Form _
(54 2 25 - dord . Ba® — 202 T—T 1 Co4 Cy~ Ca— O | 208} + 6l 1 5218
f' l = 2%z~ 1z - 2) '
)
(5;4) o8 = dz® . 62° — 327 T+ 5 Cot CakCo | oF 1 6200 4 7200 § 25T
O =2}z - 1)(s* - 82 +3)
{5;6) b —bui 4 1008 - 1023 + 4g | To— Ty + a1t | Cs | 2%+ Bait 4 et

[ >

= 3z — 1)z — 2H2® - e+ 2)




Factorial Form

[19] Normal Form Tree Form | Cycle Form
(5:5) bt 11029~ 002 43z | Ts—Ta+7s | Co+ Ca | 500 4 Eol9 15200 4 5%
E = 2{w — 1)*(z? — 32 + §) B
e .
25 =Gt Bod— 70?20 (T T4 Cs—Cs | =0+ 5old) 4 4ot

(%

= a(e - ¥z —2)




(5, ) Nermal Form Trea Form Cycla Form TFectortal Form

(5:5) 2° — oA+ 820 — 42 D —T~T+T; | Cs—20s T 4 5t £ 2201
= 23z - 1){z — 2)? : . .

(5:6) o — G 4 1a® — 1602 + 62 | T~ 203 + 205 — Ty | Cs - Ca + Ca 2T 4 g9 4 320
=2z - 1)z - 2)(z® - 3=+ §) '

(5;8) 25—~ Ga 4 158° — 1722 4 7z~ | Tp — 20, + 875 — Ty | O — Ca + O + 20 | 00 + Al 4 4219} 1. g12}

= og — 1)(23 - f2? -+ 10z~ 7)




{rig) Normal Form Trea Form Cycle Form Factorial Form

(5;6) 20— 624 1328 - 1223 42 | T~ 2Ty 4+ T Co—CimCat Cr | ol +dgtil 4 2200
=£(3~1)2(ﬂ:~2)3

(5:6) 25 - G2l 4 112® — 623 Ty — 2Ty — Ts + 272 | Cs— Ca— 3Cs + Ca | = ©1 4 4alhi

= e}z — 1)z - 2)( - 3)




{r;¢) Normal Feorn Tree Form Cycla Form Factorial Form

{5;7) S — Tt + 192° - 2327 £ 10& | Ts — 814 + AT — 273 | Cs — 204 + Ca + 2Cs | 500 4 8z 4 229
= afz ~ 1)(x - 2}z? ~ 42 4 5)

5N BT+ 1828 - 2002 480 | Th -85+ 35 —-T% | G5~ 2C4+ 20, zi} 4 314} 4 o1}

= oz —1)(z -2y




Pactorial Form

(p; 4) T Normal Form Trae Form Cyde Form _ .
5;7) 25w Tet o 170 - 170 F 82 | T~ 3T+ 21 Cs— 20— Cy + 20, | 2B} 4 32(9}
= oz — 1%(z — 2){w — 8) '
(5;8) % B3 - 2427 = 3127 - 1z | Ty — 4Ty o+ 6T, ~ 313 | Oy — 8C; + 203+ 8C; | 20 4 2000 (%
= ol e - 2)(e? - b2+ 7) | ' ' '
(6;8) o — 8ot + 2003 - 2823 4 120 | T — ATy + 5T ~ 274 | G5 — 3C1 + o+ 30, | 2(% 4 22440

= 2z~ 1)(2 - 2%z ~ 3)




{r;9) Normal Form Tree Form Cyele Forma Factorial Form

(5;9) f -0t $ 200 - 3022 + 18z | T5 - BT+ 8T5— 4T3 | Cs— 40+ 3Cs +4C, [ 20 428
= 2(z — 1)(z — 2)(z ~ 3)?

5;12) 25— 1024 4 3527 — 50x? 4 24x | Ty ~ 6T + 11Ty — 67 | G5 ~ 5C; + 5Cs 4 5C; | 1%}

=z{z~1{z—-2)(z -~ 3)=z—4)




(nid) Normal Form | Tree Form Cycla Form Factorial Form
(6;0) Py To+ 575 + 1074 + 1074 + 574 + Tt | Co + 6Cs + 1505 + 2003 + 15G; + C; | 26 4 15215 - 65214}
. ' : 80203 4 31208 - 01}
L [ ]
.. ™
[
(61) B—t% | Tyt ATs + 674+ 405 + T Ca + 505 + 100} + 10C5 + 5C; 2§ 1421
~ = ab{z - 1) +86214} 4 6501 1 1620
. 3
] . .
(6:2) =2 et [T 3+ 8T0+Th Co +4C5 4804+ 4C3 + s 20F + 13507
A =ahz - 1)1 | +46219 4 46219 4 gz i?}
L .




{r;q} Notmal Form Tree Form Cycle Form Factonial Form

(6;3) B35 4825~ | Ta+ 2T5 + T4 | Co + 8Cs + 3Cs + Cs | o + 12207
= a3z - 1)" +382 04} 4 2200} 4 427

\ /3)




Factorlal Form

(29) Normal Form Troe Yorm " [ Cyele Form
(6:3) a8 — 3z% 4 2nd Ts+ 205 — 20Ty — Ty | Cs + 3Cs + 204 — 205 — 30, | 1%+ 120182
: =z¥z-1)(z ~2) : +37214 4 97218}
] -
. .
®4) a® — 4a® 4 Bz — 428 + 2 | Ty + Ts Co+ 905 +Cs #1014 11508
=g¥z—1)! '+3;g{4} - 20x(%} 3. 9512}




(ma) Normal Form Tree Form | Cycle Form | Factorial Form
(6:4) 4 105 —az9 1 4% | T+ Ts | Cot2Cs +Ca | o 4 110
= z¥(z ~ 1) +31214} 4 22213} 4 24(3)

Yy "2 O




(%9)

Tree Form

Normal Form _ Cycle Form Factorial Form
(8:4) o° ~ 48 4 f* - 32° To+Ts+Ts+To | Co+205+Cs +Ca +20; | 219 + 1318 - _
. =13z~ I)(o? ~ 30 4 3) : +31z4} 4 28508} . 4012
o
(6;4) 28 — dz¥ 4 fot — 227 Te+ Lo~ Ty—Ta [ Ca+ 205203 - Co 410 4 1107
=gz - 1)z - 2) 230204} 4 15208

DD




{piq) Normal Form Tres Form | Cycle Form | Factorial Form

(6;5) 28 - 5z + 1024 - 1029 + b® — z | T Ce+Cs | 200 + 1020
= oz ~ 1)5) +26214} 4 15203} 4 2(%

O < W




(m4) Normal Form Tres Form | Cycle Form | Factorial Form

(6;5) 2®—b2* + 100 — 103 4+ 557 —z | T G+ Cs EOFSTRCE
= z{z — 1)%) 26z} 4 1621} 4 213

> 7D

| (61%) 28 — 5® + 1009 — 1023 + 402 To-Ts | Ca+Cs—Ca | 1% 4 1025
= %z — 1)(z — 2)(z® — 2z + 2) +262 1} 4 15518}

D




(»a)

Normsal Form

Tree Form | Cycle Form

Fuctorial Form

(6:5)

= 2%z = 1)%(+? - 3z + 3)

&% — 52t 4 102% - 023 £ 822 | Ts+ Ts

Cot Cs +Cs + Cs | 200 + 10209

+252 1} 4. 16218} 2417

{6;5)

\\/0

20 ~ Bz 4 92t = 723 4 2%
= 2%z ~ 1)%(z ~ 2)

.%“Ti

Co+Cs—Cy~Ca

218} . 10218}
24218} ¢ 1255}




Normal Form .

'I\'ee.Fbrm

(7 9) _ Cycle Form Factorial Form
(6;5). P B 0 - T+ 28 | =Ty | Cs+Cs—Ca—Cs |1 41020

v

)

=23z ~ 1)z~ 2)

2414 4 12218




(ma) Normsl Form Tree Form Cyela Form Factorisl Form
(6;5) 2% — 525 4 ot - 403 Te—-2Ta+ Ty O+ — 204 — 20y + 4 | olsh 10218}

. = 28z - 1)(z — 2) +23514} 1 9218}

L]
(6:6) o8 - 62% + 1524 - 202% + 1622 — bz | T~ Ty+Tu~Ta+Ta | Co a1} 4 g l6}

= 2z — 1)(z? - 5z® 4 10a? ~ 10z + 5) +20z14} 4 10203} 4 2(2)
(6;6) % — 820 + 1629 — 202° + 1452 — 4z | Ts~Ts + ix— T Cs — Cz 20 4. 92167
+20z(4 + 10211

= oz ~ 1)z — 2)(z? - 22 +2)




(o) Normal Form, Tres Form | Cycle Form | Factorial Form
(6:6) 28— 808 4 182 — 1022 + 1222 - 8¢ | Ts—Ts + T2 | Ca+Cs | 20 + 8] _
= oz — 1)3{a? - 8¢ 4 8) +2021% 411208} 4 z{2}




(w:49)

Normal Form

_ Tree Form | Cycle Form | Fectorial Form
(6;6) 2% — 605 4 147% — 16234 927 — 82 | Ta—-Ty [ Cs—Ch 210} 4 918}
: = z{z -~ 1)z - 2) +102{4} 4 gafe}

DD S




(g} | Normal Form o ‘Tree Form | Cycle Form | Factorial Form

(6:6) 2% — 60 4 1427 1657 4 002 2z | Tg—T5 | Ce~Cs | 400 4 907
= 2z - 1)z ~ 2) | #1924} 3 823}




(7 q) Normal Form, Tree Form Cycle Form Fuctorial Form
(8;6) o8 —Bof 4+ 1508 ~1Te8 + T2 | T - Th+ Ty + 2T - T, | Co+ 3Cs + Ca | =9 4 9215}
= g3z — 1)(z® — b2+ 102 - T) | #20214) 4 18213} 4 2413
(6;6) 0 — 625 + 142 — 1603 + 66¢ | To~To T3 —Tx Ca— Ca+Cs | 2100 4 9g 007
= 1%z = 1)(= — 2)(2¥ - 3z + 3) +192z14} 4 92}
L]
(6:5) oS — Bab+ 1828 — 1229 + 4a? | Ta— Ty T4+ T Co — 2C4 + C; | 207 + 92781
= 2?(z — 1)}z - 2)2 +18214} 4 6263}

LN\

4D

——




Tres Form

{r;9) Nermal Form : Cycdle Form Factorial Form
(6:6) o — 625 1 1328 — 105 - 4ad | Ty~ T~ Ty + 15 | Cp 204 + Cs | 207 + 9201
+18z14 4 621

=gz - 1)z~ 2)_’I




(n;4) Normal Form Tree Form Cycle Form Factorial Form
(6;6) 7%« 828 ~ 112t — 6o To— Tp— 3Ty + Ty + 205 | Cg - 4C3 — 205+ 8Cs | =1 1 9200 } 16208
» = 23(z — 1)z~ 2)(z - 3) '
L]
(67 @~ Ta® + 21e® ~ 34a + 2922 — 10 | Ty— 205+ 3T~ 305+ T3 | Ca— Cs + Cu ~ 20, wi8t + 825}
i = gz ~ 1)z ~ 2)(w® — 423 4 T2 — B) ' ' 418214} 4 7018}
(6;7) 2 — 7ot 202% ~ 3003+ 2sd — B2 [Ta-0T 2Ty —0Th 4T | G- Cs —C ar"T-i-Sz{‘}
i = (- 1)(w — 2)%z? - 22 + 2) +15z 1%} 4 bl
(6:7) 28 ~af 4+ Y0t - 3323 42702 02 | To~2T5+ 3Ty~ 9Ta+ T4 | Co = Cs + G4 + Ca = Ca | w16} - 818

&

= az — 1){2? — 3z 4 3)2

+163{"} + 83{3} + f_{’}




{%q) Normal Form Tree Form siycle Porm Factoriel Form
(6;7} 28—735-{' Az — 322 4+ 22?72 To—2T5 130y -1 [C—~Ce+Ci +2C - Ca a{s}-}.aa;‘[ﬂ‘
=z~ 1P (% ~ b2 4+ W02~ 1) +16214} 5 2l 4. o123
&7 2% T2t 2000 — 2029 + 22 - 6 (T —2T + 2T - T [ Ca~Cs 4+ Co - O 216} . g (8}
415214} 4 g8}

=gz = 1P(z ~2)(z? - 32 4- 3)




Factorial Form

- {(mq) Normal Form Tree Form Cycle Form
&7 29 = 725 + 2021 - 292° 4 212% — G2 | To - 0T5 + 2T~ T5 | G~ G5 + Ca — Ca #ﬁi+8x{5} -
= 2z — 1)%{z = 2)(2% — 32+ 3)

+16z 14} 4 813}




(ma) Normal Form T [Tree Form | Cyde Farm Fuctorial Form

+7) o8 — 72% 4 1924 - 255° + 187 — 4 | Ts — 275 + T4 | Ca— Cp — Cs +Cs | 218 4 8218
(= p(z - 1)z —2)3 +14z14 4 d218}

—
-]
y

W




(#0) Normal Form - ~ [TweFomm | Cyde Form Factorial Form _
(6:7) 28 — 75 4 19a% ~ ¥a® + 162 — 4a | T — 205 + T4 | Ca— O — Ca+ Cs | 50 + 815}
= 2(s ~ 1)z ~ 2)? | SR EPM e




(md) Normal Form “Tree Frrm Cydle Form Fact.dal Form
(6:7) 28— 75 + 1024 — 2627 + 1622 - 4z | Ty — 275 + Ty | Cs — Cs — Ca + Ca | 2407 4 agloF
= 2z = 1)(x - 2)* 14204} £ 4z 0




=z?(r - 1)z - 2)?

(z;2) Normal Form Tree Form Cytle Form Factorial Form
(6:7) z8 - 7ot 4 1028 — 2003 + 027 [ To 2T+ Ta+ 2T — 205 | Ce—~ 05 ~ Cp + 205 17 1+ 8519
: ; = 23z ~ 1)z — 2)(z? — 4z + 5} +1dz(¥) 4 6243}
(6;7) 2%~ Ta® 4 1824 ~ 205° + 422 [Ty -2 +2T5 -1 Co—Cs — 3C; +2Cs + G | 200 + 8208}
$13z 1% 4 gz is}




(zq) Normal Form Tree Form Cyde Form Factorlal Form
(6;7) 28 = Tb o 179 = 1723 4 62? Ts— 2Ty~ Tg+ 2Ty [ CamCs~3C+Cs+2C; | 10 + 8218 4 12501
{ = o2z — 1)}z — 2}z —3)
(6;8) &% — 828 4 282t — 8123 4 4722 — 172 To— 305 16Ty 0T+ 2Ty [ Cu— 205+ 3034+ C5 - 3Ca 218} + 72(% _
g = x{z — 1)(zt — 728 4 21z? - 30z 4 17) 418214} 4 729} 4. {2}
{6;8) 26 ~ 8xf 4 28x4 — 5027 4 4427 — 162 Tag=3T+ 6Ty =4+ | Co~20s+305+205— 3, z{é}+7={5}
= z(z = 1)(z* — T2 + 2127 — 29z + 15) +132(4} 4 8215} . 1%}

&




(g} Normat Form Tres Form Cyde Form Factorial Form
(6;8) 28— 82% + 2724 — 4723 + 412° - 1de | Ty — 3T+ 5T~ 4T3+ T3 | Ca—2C5+2C + Cy — 3C; | 2(9) + 75}
= gz — 1){z ~ 2){z® ~ 6z* + 10z ~ 7) . +12204) 4 5203}
(6:8) %% = 82% 4 262% — 4403 4 3027 - Mo | Ty — 3Ty + 4T —~ 4T3 + 20y | Co — 2Cs + C4 — 2C» (0} 4 7218}
= o(z ~ 1)(z — 2)(2® — 5% -+ 92 ~ 7) 11214} 4. 2002}
(6;8) 2% — 825 4 2728 — 4829 4 4423 — 162 | Ty — 375+ 57y ~ 5Ty + 2T | Cp — 2C% + 204 ~ 3G, 1% 1 728
+122{4} 4 4203

= gz ~ 1)(z — 2)*(2? ~ 3z + 4}




Cycle Form

(ma) | Tree Form Factorial Form
(6;8) 20 — 8% 4 262 — 482 4 870? — 125 | To— 805 + 404~ 975+ T | Cs — 205 + +0s~ 120, < 4. 70
=#(z~ 1)(z ~2)*(z* ~ 3z +8) L1z} 4 gptad




(ma) Normal Form Tree Form Cycle Form Factorial Form
(6;8) 70 — 84° + 262% — 422° + 332° — 10z | Ts— 375 + 475 — 2T | Cg— 205 + Cq + 205 — % | 510 4+ 710}
= z(z - 1)3(z - 2)(2? - 42 4 5) 1114 4 451




(r:a) Normal Form Tree Form Cycle Form Factorial Form

(6;8) a8 — 82 + 2624 — 3827 + 2827 — 7 | Ty — 8T5 + T4 — Ty | Cs — 2Cs + 2Cs — O3 | #00) + 7200
=2z — 1P{x -2 +10z514 4 203

A A




{r;a) Normal Form Tree Form Cycle Form Factorial Form
(6:8) 75 — 8% 4 2529 — 382% + 280 - Bz [Ty =375+ 3Tu —~ T | Ca — 2Cs +2Cy ~ Cy | oot 4 72(8}
= z{w — 1)}{x - 2 $10x14} 4. 9203}




{p;q) Normal Form Tree Form Cycdle Form Factoria’ Form

(6;8) 2% = Baf - Mzt - 340® + 282° - 6z | Ty — 8T+ 2T Cs— 205 ~ Cy +2Cs | 219 4 47205 4 g2 (4}
= z{z — 1)%z - 2){z - 3)

(6;8) 26 — 825 |- 2427 - 312° 1423 To — 875 + 204 + 873 — 8T | Cs — 2C5 — Ca + 603 | 519 + 72
=2z~ L)}z ~2)(z* -6z +7) 19718} 4 3290




(p;a) Normal Form Tres Form Cycle Form Factorial Form
(6;8) 25 — Ba¥ & 2304 — 2843 4 1222 Ts—8T5+ T +3T5— 20 Co = 205 — 203 +4Cy + Cs | 219 4 72150 4 824}
% =¥z - 1){z — 2)*(z — 3)

(6;0) 4B - Ozb + 3628 — T6e® + 7802 —8lz | Ty~ 4T + 1074 — 1175 + 6T4 | Co — B8Cs + 6C4 — Ca — 6Cz | 219 + 621

=2(x ~ 1)(z* — 82° 4+ 282% — 47z + 81} +11z8t 4 628} 4 202}
(6;9) 20— 0% + 342% — 6705 + 6722 — 265 | Tg - AT5 + 814~ OTa + 4Tz | Ca— 3Cs + 4Cs ~ Ca — 6Cs | 2101 4 611

= 2z = 1)z — 2)(=® ~ 622 + 14z — 13) +9z 1} 4. 213}
(6;9) a%—-0z5 + 3424 — 662° + 642° — Uz [T~ 4T+ 8Ty -8y + 33 | Ca—3Cs +4C: ~ 5y =10 1+ 615}

+9z 1} £ 3213}

= 5{x = 1)(z — 2)3(2? ~ 42 4 8)




(7 ) Normal Form Tree Form Cyde Form Fectorizl Form
(6;9) 2% — 028 4 342t — 6522 + 6127 — 222 To=dT5 + 8Ty~ TTs+ 215 | Co — 305 + 3C, + 203 — 40y zi‘_}-{-ﬁz{‘}
= o(n - 1)z —2)(z? — 627+ 1o —11) | - +9214} 4 4ol3}
{6;9) 25— 9z° + 3305 — 6225 + 8027 —~ 202 | Ty~ 4Ts+ TTy — T4+ 873 | Cp — 3Cy + 30, - 4Cy =) + 6205
= z(z — L)(z — 2)(z° - 6z + 13z — 11) 48219 4 23}
(6:8) 20— 9a° + 382" 615 4 6601 — 20¢ | Tp — 4T3 4 704~ 675+ 2Ts | Co — 8Cs +8Cs + Cs —~ 4C; | 518 4. 620
4821} 4. 9213}

= 2{z - 1)(z — 2*(2® — 4z 4+ 5)




(ma) Normal Form Tree Form Cycle Form Factorial Form
(6;9) 28 — 92" 4 332° — 6L + 562 — 20z | Ty — 475 + T4 — 674 + 273 | Co — 303 +3C4 +Ca — 4C; | 210 4 6217

= a{g — 1)z — 2)*(2? ~ 4z + 5) +8x14t 4 2018}
(6:9) 8 — 02% 1 8207 — 572 + 6147 — 182 | T — 4Tk + 6T — 575 + 2T | Co — 3Cs + 204 + Cy - 3Cy | 210 4 6215} 4 752}

= oz — 1){z —2)(z —8)(z* - 3+ 3)




{vi9)

Normal Form

Tree Form

Cycle Form

Factorial Form

(8;9)

B

29 - 25 4 3224 — 5623 4 4822 - 162
= z(z — 1)(# - 2)4

To-4Ts+ 0T 40+ Dy

Ca — 305 + 204 4205 - 3Cs

208 1 6207 |
+7${-l} + 3{5}




e Normal Form Tres Form Cyele Form Faxtorial Form

(0; 9) . 28 — 955 1 3251 - 5bz® 4 4872 - 162 Ty ATy} 6Ty 4Ty + Ty | O — 308 + 20 + 203 ~ 30, ﬁ{a-j' 4 85{5}
= (2~ ){z -2 ' _ +7z11} 4 219}
:9) @0 - 020 } 822" — B6a® + 4627 —~ 146 | Tp - ATs 4 61~ 875 | Up — 8C5 + 204 + 3Cs — 8C; | o1°1 4 a0

=z~ 1P(m - 2= - 5e + 1) - +7) 4 aglat




) Normzal Form " Tres Form Gyds Form Factorial Form

(6:9) o Z 9a® + 3153 — b1a° + 403" — 135 | Ty - £1% + 575 — 215 | Cg — 3Cs + Ca + 3Cs — 2C3 | #707 + 6201 o Gty
= oz — 13 (x — 2)%(z — 3)




o | Nermal Form _ ‘Tres Form | Cydle Form " | Factorial Form
(6;9) [ 2®~ x5+ 200% — 3023 4 1822 To—-ATe +3Tu+ 4T — 4Ty | Ca—3C5 ~Cu+7Cs 218 4 Gott} - 4lé)
= 6}(g - 1)(z — 2)(z — 3)? | |

2

| {8;10) 20 ~ 102 + 427 — 9023 + 057 — 38¢ | T — BTk + 12T — 14T + 673 | Cg — 403 + 7Cs — 205 ~ 8C4 | o10) + 5t}
= #(s = 1)(s = 2)(2® ~ T2% + 192 - 10) _ _ ' et} 4 2518}
{6;10) 20 — 10ab + 41o% — 862° + 872° — 34z | Ty — 673+ 1173 — 1275 + 6T; | Cg — 4C + 60 — G5 ~ 70 | a0+ 5gid)

= oz~ 1)z~ 2)(e® -Te? 4 1Be~17) | . +62¥4 5 £}




9 Normal Form Tres Form ' Gyclo Form | Factortal Form

(6:10) 8 < 10g® + 412% — 84z + 842° — 32z | Ty — 574 + 1174 — 1173 + 473 | Ca ~ 4G5 + 6C5 — 7Cs 091 3. g (o}
= g(m — 1)(z - 2)%(2? — 5z + 8) 46214} 4 2g(2}
(6;10) | 25— 1029 - 4054 — 795° - 7652 ~ 28¢ | T - 675 + 1073 — 075 + 372 | O — 405 + 5Cx + Cs — 6C; | o0 4 Gz

| = g(x — 1)(z — 2)%(2* — Bz 4+ T) . : +5214 4 2{8}




< W

= oz — 1}{z — 2)°(z ~ 3)

(7i9) Normal Farm | Tron Forn Cydle Form Tuctorial Form
" 1(8;10) 2% = 102° + 402" - 8027 4 7022 — 302 | Ts - 575 4 10T — 1000 -+ 4T, | Cs — 405 -+ BCy — 6C2 215 - 5 - Gz ) |
= z{z — (2~ 2){z = 3)(z® — 40 4 5) '
(8;10) &8 = 102° + 302% — Tda® 4 6820 — 24z | Mo 6T+ 0Ty — Ty + 2Ty | Cg — 405 + 40y +2Cs — 6C; | 219 4 58 4. 42(8}




(ma)

Normal Form

Tres Form

Cyele Form

Factorial Form

(6;10)

2% — 1025 4 3927 — 7de® 1 6827 — 2
= gz — 1){x — 2%z — 3}

Ty~ 6T% + 974 = 715+ 2T

Clg — 405 + 404 4+ 203 — 3Ch

2007 1 507 1 4l




{mq) Normal Form Tree Form Cyde Form Factorial Form
(6 10) 25— 1025 + 3824 - 6823 4+ 5722 ~ 182 | Ty — BT} + 8T} ~ 4T3 Co = 405 + 3G, + 40y = 4C; | 218} 4 BolSt 4 3214}
:E = gz - 1)%z - 2)(z - 3)®
(6;10) 2° — 10z° 4 36z — 502 2422 Tg~ 5T 4 5Ty ok 6Ty — 613 | Co—4Cs 41003~ Gy =16} 4 (%)
. =23z = 1)z -2z -3z —-4)
L
(6:11) 4%~ 11a® 4 49¢% — 1002® + 11857 - 48z | Tp — 673 + 157 ~ 1874 + &Ty | Cs — 6C + 9C4 — 3Cs — 10C; | 21 + 4z} 1 4218

274

= gz~ 1){z — 2)(2 — 3)(2* — 52 + 8)




(pig) Normal Form Tres Form - [ Cydle Form | Factorial Form
(6;11) 2% — 112" + 492% — 10822 +711552 — 40z | Tg — 675 -+ 15Ty ~ 170 + 7T | Cs = 6C5 + 9C; — 205 — 1002 | 2%} 4 46}

= e — 1)(r — 2)(z® — 823 + 23z — 23) ErmONTC
(6;11) 28 — 114 4 482 ~ 1082 - 10722 — 42z | Ty — 65 4 1474 — 16T5 + 6Ty | s —~ 5Cs + 80y — Co— 005 | 219} 4 dalf} 4 g1t}

= af{z ~ 1)z~ 2)(» ~ 8)(2* ~ bz 4 7)




Normal Form

Tree Form

Cycla Form

Factorial Form

2% — 1125 4. 4724 ~ 872 & 0627 - 362
= oz~ 1)(z — 2)%{x ~ 3)?

To = 615 + 13T — 12154 475

Cg = 5C5 + 701+ C — 8C:

e 4 42157 4 2z AT

29 - 1105 { 4524 - B52° 4 T42? — 2z
= ofs ~ 1)z - 2)(z — )z — 4)

Ty~ 875 11Ty — 675

Ca — 5Cs + 50 + 605 — 6C3

16 4 481




Gydle Form

(4) Normal Form Tree Form _ Factorial Form
(6;12) 2% — 120° | 582 — 1872 4 16422 — 64z | Ly = 75+ 0T, ~ 26Ty + 1175 | Gy ~ 605 + 13Cs — 5C3 ~ 140y | #18 4 3215}
= gz — 1)(z - 2)(z® — 922 + 20z — 32) : +3z13 4. o}
(6;12) 20 — 1205 + bra® — 13247 + 1462° — 80z | Ty — 175 + 197y ~ 23Ty -+ 107; | Gg — 6C5 + 120y — 4C5 ~ 13C; | 2% + 30(°} 4 21
= 2 — 1)(2 ~ 2)(z — 3)(z? - 6z + 10) h
{6;12) 29 — 1225 + 56w — 1262 + 18522 ~ 54w | To— 7Ty 4 187 — 2075 + 87% | Co — 6C; + 10C; — C3 —11C; | 2 + 9o + o 19

= p(z - 1)(x — 2)(z - 3)*




{9 Normal Form Tree Form Cycle Form Factorlal Form
{6;12) o8 — 122° | B5z% — 1202® + 12427 — 48 | Tp — 75+ 17Ty ~ 1TTa 4+ 67 | O ~ 6Cs + 100, ~ 11Cy - 210 f 32T
= z{z — 1)z — 2)%(z —3)(x — 4} '
{8;13) 28 — 132° . 6674 — 1612 18623 — 78 | Tg — 8% - 24Ty = 31Ty + 14Ty { Ca ~ TC5 + 150, = 60y - 160, | 2} + 2415} 4 {4}
= g(z — 1){z ~ 2)(z - 3)(a? — 72 +13) :
(6:13) 2% — 132 1 662 — 16529 + 174z? — 127 | To— BT% 2371 — 2875+ 1275 | Co — 7Cis & 16Ca — 605 — 16C; | #16) 4 2206

= a(z ~ 1)z - 2)(z - 3}z - 4)




Cyele Form

(rig) Normal Fatm _ Tres Form o | Factorial Form
(6;14) 2% — 14a% + Tha? ~ 1902° + 22407 — 06z | Ty —- 075 -+ 20Ty - 39T5 + 18Ty | G — 8Ci + 2074 ~ 10C5 ~ 21Cy 219 4 215}

= o(z ~ 1)(z — 2)( ~ 3)(z — 4)? '
(6;15) T 2® Z 152t 4 8607 — 2260° + 274z® — 1208 | Ts— 1075 + 35T ~ 6075 -+ 24T} | Cg — 8C; + 260 — 1ACs — 2605 | #0

= gz — 1)z - 2)(.3: —~8)(=- 4)(= - &)
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