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Abstract C)

c,

A •new prediCtive control algorithm is developed for the computer control of mul-
tiva:dable .systerns.· In adllitfon to the .integral. actlon inherent in the algorithm,
constraints on the input variables of the system Can be specified. .,

This project investigates the development and. evaluation of the algorithm. Exten-
sive MATLAB. simulations are used to explain concepts and ye:rify th~fullctil')uality
of the algorithm. The principles for achieving a stable and robust cot{trol systt~m are
addressed and simulated examples are t¥ven to emphasize the princf'ples. A det.ailed
qu:ilit~tive approach for selecting the system parameters is. suggested.

The work done. in this project shows that it· is p'Ossible to design a stable, robust
multivarlable control system, that allow for constraints on. the process input vaei-
ables.
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Chapter 1

Irrtroduction

Multi~~~epPredictive Control, better known ill the control literature as Generalised
Predictive Control, deals with the idea of using a model of a plant to predict plant
outputs based on past, present and future control inputs, and past outputs. Before
predictive control is discussed, a brief overview of computer control should be pre-
sented hi order t(:'\gain insight into how this technology will be implemented in the
real world.

1.1 Background to Computer Control

For an indepth discussion on the background to computer control, the reader is re~
ferred to the book by Astrom and Wittenmark [2].

The idea of using digital computers as cO'mponenf;Jin control systems emerged
around 1950. Applications in missile and aircraft control Wereinvestigated first.
Studies showed that there was no potential for using the general-purpose digital
computers that were available at that time. The computers were too big, they
consumed too much power, and they were not sufficiently reliable. For this reason
special-purpose computers - digital differential analysers (DDA) - were developed
for the early aerospace applications. The major developments in computer control
occurred in the process industries.

1.2 Why use computers ?

Wit:;. the decrease in cost and increase in reliability of the digital computer over the
years, there is a greater demand for better control systems.
The added benefits (to name a few) of computer control are:

$ Computers can be used to design adaptive controllers which 'adapt' to
the system. In other words the system predicts the model of the plant on-
line, which is used in the control algorithm. This strategy is exploited in the
Process Control Industry, which is renowned for its poorly modelled systems.

• Systems can be made more flexible, as decisions can be made on-line.

The achlevements of modern control theory are well-known, Successful applications
to aerospace guidance problems are remarkable. However, the implementations of
such techniques for industrial control problems are not so successful. Industrial pro-
cesses are quite different, they are highly multivariable systems, perturbations affect

1



the plant structure more often than' the measurable variables. Modelling of such
systems is often difficult and often the.models ava.ilaW~are Inaccurate- Industrial
processes alsiZ[o have the undesirable characteristic of transport delays. [2]

Hence, e..-dstingcontrol techniques appearto be insufficient. Multi~Step Control will
hopefully prove to be a superior control strategy, when applied to certain control
problems.

1.3 Introduction to l\IIulti-Step~redictive Control

MuIti~St~17"t>red!rttN~Control (MSC) is a computer based c, ~trol algorithm, which
as its name suggests, is a predictive control technique. This control technique, as
far as the control literature is e:oncerned, is often. called Model Predictive Control
([3M7],[41,[9]).

The term 'predictive' is used because MSC makes use of a model of the plant ~o
predict future outputs of the process based on assumed future control actions. Ail
though this might Heemiipotentlallydangerous 1, feedback is incorporated into the
structure of MSC, whi?Jti':iWill compensate for model mismatch.

\1.

Model Predictive Control:
Model Predictive Control is based on four key concepts;"

• Predictor Model
A model of/the process which needs to be controlled is incorporated into a
predictiv~ia:tgorithm.This model is used to predict the optimum control action.
that mu~t be taken at each step.

'<"'",
to R€ference:>~ajectory
This trajector~:;;rhich is reconstructed at each step, describes the ideal closed
loop response the system must traek.« In simpler terms, this trajectory de-
scribes the path the process output must follow, in order to return tp the
specified set-point. This path can be constructed in Bucha way that th~ rise
time and set-point ate both specified.

e Prediction Horizon
This parameter describes the number of steps the predictive controller must
use in its predictive algorithm .

.~. Constraint
Ii It is possible to specify the constraints on the input and output variables of
); the process. This facility is the most impressive feature of Model Predictive
/ Control schemes.

\t Cost function
.~T:hl;flili~ctiondescribes the extent of mismatch between.the specified reference
traject(~ry and the predicted closeloop response. Ideally, this mismatch should
be 1lli1JlIlised,so that the predicted closedloop response corresponds as closely
as possiM\!to the reference trajectory.

IThe reference model and actual process model may be different, leading to P<'PX control

2
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Multi-Step Control incorporates. the above defined concepts into,a computer based
control ~lg(}rithm.. The exact d(!tails of how the predict~yealgorithm works will be
covered i:rt later chapters) The main feature~ of this cOI,!,t'rols~eme will be outlined
now.

The MSC algorithm attempts to flnd the"optiniu,1D-control action that must be taken
at each step. The optimum control action IS established in th~followingway:

\.1

1.. Meas~e the output of the process.

2. Set~up reference ~rajectory, This trajectory must be defined based on the
following parameters:

(a) The present output.
(b). The c1ost::d,)loop rise time.
(c) Set-point.~Ioutput. . ,I)

'Cd) Pl'edietion,.horizon.
.r

This trajet1~l)rywill 'steer' the system to-the set po~;ht.

3. Fihd the ~ptimum.·control action th.at must be taken, by minitnising the cost
function:;;;',Thealgorithm which prediets the optimum control can incorporate
the constraints on the input/output parameters.

4. Execute the optimum control action.

5. Wait for beginning ofnext clock cycle.

6. Re-do algorithm. (l,e, Goto step 1) \\
\\

The above procedure gives an overview of the Multi-Step Control ;>,lgorithm.

Figure 1..1 shows how the optimum prediction is solved.

/i
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Me$lUfl!lli outPut
~III pCllnt Cree~ Referenc!!
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L-._ ....... "'-_-lm-p_le_me.~n-t _OO_"_t_'o_, _llc_t_I()_n_~___;.t. • •••~. .1
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Figu.re1.1; Schematic diagram of how to :finqopthmnn control ~~ction:

Ria. lima

.CllICllI.at:Ja.. I, orr(!/' ... 1

:~

The ti}'..iie h!story of Multi-Step Control is given In Figure 1.2~

....II

Pradtctli~ actustlc(:. !;IgnelMeasured aotuallon signal

lllllll 0.,.

PAST, TIME FurURi: TIME

Me88ured Control SI.Qnlll Predloted Cohtrol Signal

Figure 1.2: Time history of Multi-Step Predl~Hve Control.

4

':'HP Prediction Horizon
"to .::::Present 1time
t, 1= Sampling period
A ;,;:;-Reference trajectory
B :::~Predict?d output

\ - ,~



1.4 CQmput~Qntrol Arc4~t~,~ture
// .,,'''-.., "

T4e architecture used to implement the Mu1ti~StepPredictive Control System is
shown in l!'igure 1.3. For an indepth discuseioE>of different computer co.g.trol archi-
tectures, the reader sln>ltld reter to text§ such as, Colriplltel" ·Co:utro116d Systems [2].

Computer

CD'

,~~

Figure l.~:Schematic diagram of a computer controlled system.

Where: u(t) ::::.A<'.tua.tionsignal to plant.
yet) ::::Plant output.
y(tk) ::::Sampled signal yet).
U(tk) = Algorithm output signal.
til ::::Sampling period.
k = Sample number, Renee tk == k * til
A-D == Analog to digit<ll converter ..
.D-A ::::Digital to Analog converter,

5
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System operation:
The process to be controlled is Interfaced to a digita\ computer via A~D and D-A
converters.

"(,

The controlled variable (y(t)) of the proteS!)is measured using an electrical trans'"
ducer, The output of the transducer, which is a continuous time signal, i~fed into
a digital computer via analog to digital converters.

o
The di(~tal computer is ~9ntrolled via a clock. At the beginning of each clock cy4e
the folldwing functions are performed: .. ,("

II
1\

• Rlad new controlled 'Variable of the process
i'This is done at time tk' The. controlled variable is 1/(t,,),

• Once/the new controlled variable is imported into the computer, it is necessary
to calculate' the actuation signal required for this clock cycle. This operation
i::; performed by the algorithm which is pre-programmed into the computer.
This algorithm can be ptogratt,lmed to perform any desired control strategy,
for example: PID control with a facility to tune the PID parameters (in real
th~J.e)to best suit the process. When implementing the Mtili;i-St~pControl
system, the algorithm is programmed with the MSC algorithm.

Once tIle. algorith-qthas completed its computation, which is at time tic + 8 sec-
onds, the new actuation signal, U(tk +8) is ready to be output to the actuators,

Note: The time lag of 8 seconds, required for computing the nkt control
action, is usually ne~il!glble(i.e, E« T).
However, this time lag must never be greater than the sampling period.
If it does exceed the sampling period, then the system will fail,

~ iirhenew tbntrol variable ia output to the digital to analog converler. This D-A
" . Q~~onverterIS used to drive the actuators of the process. The control variable
(u(tJ,)) is held constant until r) next cycle, which requires a new actuation
oignal. ' "

!I ~
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This cycle is repeated at the start of each clock cycle, which lasts for a duration ot)
T seconds. Therefore, it is important to ensure that all the above operations are
executed. before the dock cycle ends.

The flow chart describing the cycle is shown iil Figure 1.4.

Upde.t$ computer data
(Ie TeaQ nEl'H'output atc)

Predict OptlmUm
Control scucn

EXE)(iUta Optimum
Control aotlon

t = Continuous time variable
ts = Sampling period
k = Sampling index

Figure 1.4: Outline of Algorithm

The above completely describes the architecture used hI. Multi-Step Control.

Constraints on system
The following criteria must be adhered to in order to achieve a working system:

• Sampling period
Nyquist sampling rate: The sampling frequency (fs) must be selected in such
a way that fs .> 2fh where fh is the highest frequen.cy of the signal being
measured.

" Computation time of Algorithm
As already mentioned, the time delay in calculating the control action to be
taken must be less than the sampling period. Usually this time delay is very
small, and really depends on the speed of the computer used. In other words,
if the delay is too long, use a faster computer.

The required computing power is dictated by the process dynamic$, The dynamics
of the process dictate what sampling period should be used, which in turn dictates
the computing power required. This is an important issue to bear in mind when
designing a computer controlled system.

7



1.5 Research aim

The purpose of this research project is to derive a predictive control algorithm Which
can be used to control mnltivariable systems. The algorithm must be as flexible as
possible, and must allow for constraints, which is the major incentive for using these
control techniques.

,9

1.6 Research procedure

An overview of the predictive control algorithm is given in section 1.3, which is fol-
lowed by a description of the architecture used to implement this control algorithm.

The next step is to derive the algorithm:
Initially only single variable systems are explored, with the intention of setting up
a basis for the principles on which the multivariable predictive algorithm operates.
This' algorithm is then extended to cate~~~;_-_~~ultivariable systems, which is the
main theme of this project. -,"

The algorithm is evaluated using simulations, implemented as MATLAB programs.
These programs simulate the Multi-Step Control system using a plant model.

Other issues; such as the stability and robustness. are also touched on, however this
is not the main theme of the project and is not considered in great detail.

1.7 Overview of the project report

This project report is structured as follows:

o Chapter 2: Multi-Step Conti'ol (8180 systems)
The predictive control scheme is first presented for SISO systems. This pre-
sentation gives the reader '<). deeper understanding of the algorithm used. The
analysis in this chapter forms a foundation for the predictive control algorithm.

• Chapter 3: Multi-Step Control (MIMO sy~~ems)
The work in Chapter 2, forms a.foundation for th!;' predictive algorithm, which
is now extended to handle MIMO systems. This c]i}':oterpresents the transition
from tho 8180 to the MIMO algorithm.

• (';hapter 4: Evaluation of Multi-Step Control Algorithm
This chapter evaluates the functionality and efficiency of the algorithm. Issues
such as memory and computational effort ate investigated.

• Chapter 5: Stability and Robustness issu~s
This chapter investigates the method of designing stable and robust control
systems. The aim of this chapter is to present a philosophy for designing a
predictive control system.

Where possible, examples are used to illustrate the design philosophy.

8



,y o

Ii

Chapter 2

Multi-Step Control (SISO
system)

The algorithm 'Used to controlSISO' systems is presented in this chapter. This 8ISO
algorithm. is '\'1 ,,<1 as a basis for controlling MIMO systems, and is extended to the
MIMO versionin a later chapter.

The algorithm is presented in ~he following way:

• The model representatw,rr describing the predictor model is presented.In sec-
tion 2.1.

• The algorithm describing the reference trajectory is presented in section 2.2.

• The Predictor Equation is presented in section 2.3.

• The Cost fUllctiQll is presented in section 2.4. ~ Ii

• The algorithm used to find the Set of optimum inputs is presented in section. 2.5.

e This chapt~I"'c9ncludes with a summary, which integrates all the b~~ding
blocks into the Mge algorithm. This is presented: in section 2.6,

li,
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2,,~ Model Representation
Previous predictive control techniques, such ~,the IDCOM 1algorithm «(4],(9},[6]),
use ~ truncated Jl'IR 2 model as a pr'edictor model. . Although <~.3;tesemodels are
adequate in many situations, there axemallY.drawbacke;iIi.usillg this model.repre-
sentation:

• This model representation often requires many coefficients to adequately de-
scribe the dynamics of-the process.

\'

• This mod~l representation is not able to model unstable sy~tems, or sy~te:i:ns
{>that have pure integrators in their transfer functions., The~e Ihnitation~ are

not all that important, because the majority of the systems that need control
do not have these dynamics.
There are exceptions:

11
1. There are many chemical rectors, that are designed to be unstable (eg.

exothermic reactions), so that the yield of the process can be increased.

2, An example of a process that has the dynamics that exhibit that of an
integrator: Tank being filled with a liquid.

It is for. these r~' ) .that the unite impulse response model representation is not
used in the MS(}- ....e,brithtrL.

The FIR model can be described equally well using the infinite impulse response
(UR) model [4]. An important point is that the UR representation requires a far
lower order model to describe the eqtrlval~~ntmodel of the FIR model representation.
In addition to this, the IIR model repre~l!mfation Is not restricted when considering
systems that have complications such a,~rapure integrator in the-transfer function.

The transfer function of an TIn. model in d!sc~~e time is written:

(2.1)

Note: The variable q represents the shift operator, which is
simply a shorthand notatlon used to ropresent'Hme shifts.
Example: x(t + n) ::.::q»x(t) aad x(t - n) = q-nx(t)

The equ\}tions describing A(q-l) and B(~l~l) are: ;)
'i . .'. ~
!; A(q-l)::.:: Al +A2q-l + Aaq-2. + + Av!+1q-n

B(g-l) = Bl + B2q-l + Baq-3 + + Bn+1q-n

In general B~= 0 (zero order hold is being used) and Al = 1.

(2.2)

(2.3)

The above Rotation is used in the MSC algorithm to describe tho model of the
process.

lIDentificatioll and COMmand
2Finite Impulse Response

]0

mailto:axemallY.drawbacke;iIi.usillg


Example:
The following example shows how the dynamics of a-continuous time transfer func-
tion is expressed in discrete time. Consider the following continuous time transfer
function, which is written ill: the s domain:

l~~s+1)
pes) ;:::(8 + 3)(82 + S +1) (2.4)

If the sampling period of the computer controlled system is set to 1 second, then
the plant model in discrete time is (refer to modl:ll.m):

(1-0.8351q-l+O.4070q~2-0.0183q-3)y(t) ::::(O+2.0778q-l+0.0742q-2_0.3086q-3)u(t)
(2.5)

Illuminating the shift opera-tor from equation 2.5 results in equation 2.6.

,[ yet)] [ u(t) 1
[1 ~ 0.8$1 0.4070 - a.0183] ~~!:::&l, ,,[0 2.0778 0.0742 - 0.3086] :~!:::;;(2.6)

~-~ " *-~
Equation 2.6 describes the same dynamics as the continuous time transfer function
(Equation 2.4).

Consider t~j'l step response of the system, shown in Figure 2.1.

Step responee of process
4.5 r-~"'---"-~_"-'--"----.---.-----'----""--""'----"

3.5

2 4 6 8 10 12 16 16 20
lime (sees)

Figure 2.1: Step response of continuous and discrete time systems.

Figure 2.1, which is generated by the program model.m, shows that the discrete time
system gives the same dynamic response as the continuous time system.

11



If a disturbance is incorporated into the transfer function'm:pdel, then th,e transfer
function can be rewritten as follows:

(2.7)

d!

f',I
)~..

\!

Where the variable dCt) describes the llistllrbance input.

~~
.2.1.1" 8180 system (without integral action)
This model representation is <Jiscuscsedin section 2.1.

,/

B(q-l)
y(t)::: A(q-l) u(t) +d(t)

The values of A(q-l) and B(q-l)are:

A(q-l) ::::At +A2q-l + ASq-2 + +An+!«:
B( q-l) == B, +B2q-l +B3q-3 + +Bn+l q-n

The formulae for the model is:

(2.9)

(2.10)

2.1.2 SISO system (with Integral .acfion)

When it co:q.trpl strategy is applied to process control problems, it is always advan-
tageous to have integral action incorporated Into th~ algorithm. The reason for. this
is that disturbance offsets (which occur often. in process control) can be 'nulled.out'
using integral action. .

The transfer function of a 51S0 system with an added disturbance is written:

, (2.11)

If both sides of Equation 2.11 are operated on by (1- q-l), then Equation 2.12 is
obtained:

(2.12)

If the disturbance is constant (which is assumed), then

(1- q"'~)d(t) == d(t) - d(t -1) == 0
Using the above assumption (Equation 2.13), the Equation 2.p,simplifies to:

1\
'I;i

(2.14)

Using the following uotation,

~y(t) == (1~ g-l)y(t)

.6.u(t):::=,(l:'_ .q-l)u(t)

(2.15)

(2.16)

12
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il
allows the tr.a.nsfer function to be written as: ,I <\

B( 1)
~y(t) == A(:=l )l~u(t) ~2.17)

1i . <"" /i

Thls .transfer fUfictiongives a relatiGmship be1iween the in'.cre:mental chartge.in the
m;put (.6.u(t)) and the tate of change in the o~tput ..(Ay('t)).

)' A1t(t) -+[1J(q-l)lA(qF)]-+ Ay(t)
,i . .. .,
This transfe~:runction notation J:~~dsto integrJ~ action in the controller, as the rate
of change of IIhe output i~being "c~ntroUedandlnot the specific output value.

2.2 .Setflng-up the Reference :'Trajectory
~. . . ~

The reference trajectory ls intended to provide the system.with a 'steering' m~ch~,,-
nism, The reference trajectorY speci:6.esJheway the system must respond. Typ~ca1
speciflcatlons are:

e Overshoot.
it'

o Rise-time of the ~'e$p()nse•
.!

13



Figure 2.2 gives a graphical explanation of the reference trajectory.

Measured outputs Future outputs

PAST TIME FUTURE TIME

Measured inputs: Predicted future inputs

HP~---==-----

Figure 2.2: Explanation of reference trajectory.

Explanation:
The output of the process at the present time (t := to), is given by the constant
Yo' The desired set-point of the output is Yap. The reference trajectory guides the
system, according to some criteria, to this set-point. This criteria may state that
there must be no overshoot and that there must be a fixed rise time associated with
the transient. In this particular example, ther~ is no overshoot specified.

Setting-up the trajectory
Inmany applications a simple first order response is sufficient.

Specifications: First order response
Number of terms in trajectory = HP
Rise time = T seconds

Algorithm;
The algorithm is based. on a recursive equation.
The starting point is given by:

Y*(to):= Yo
The recursive equation is:

Y\~(to + i) = aY*(to + i- 1)+ (1- a)Y;p

The variable a is related to the rise time:

a::: e-T/r

(i:= l..HP)

14
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Wha:re: T = Sampling period,
't = Rise time ot clos~d loop response.

"

The. above algor,ithm is ~~odedin the program tref ..m,which is used as a building
block in the mai~l MSC algorithm. .

(£,

(~,Y~~HP) -)-. [tref.mJ '-:'y* -)-1(1- q-l) 1--+ AY*
\\

If integral action Is.required, then the reference trajectory must specify the required
change in the output. Hence it is necessary: to find the change in the y* trajectory
at each step: 'I'his is done by operating on the predicted reference trajectory (y*)
by 1:-,- q-l. .

~-":~)

2.3 The Predictor Equation

This equation provides a mechanism for predicting future plant outputs
for time t = to+1..•t~+liP
This equation is a very useful building block in the MSC algorithm; because it pro-
vides a 'black box' equation, which predicts the trajectory of the output for future
time. This equation is therefore a critical component of the optimisation algorithm,
which is discussed later in this chapter.

The implementation of this equation relies on the following information;

o Past inputs to the plant.

• Pa§t outputs of the plant.

• Predictor model of the plant.

o Predicted. future inputs to the' plant.

\
Appendix A derives this equation for the SI80 and the MIMO case.
The derivation of this equation ~elies on the transfer function model, which has al- \\
ready been presented,

This sub-section describes the notation of the predictor equation, when applied to
8180 systems. The reader should refer to appendix A for an indepth derivation of
this equation.

Ii.\\
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Notatio(~ /,)f Predictor Equation (SISO system, no integral action)

The predictor equation for the 8180 case, without integral action is defined as: (I

Where: Q
w
It
Ypast

Upred

Y ::::QYpast +WUpred -I- RUpast

~ Matrix )pf dimensions; HP x n
= Matr~!r9f dimens!ons: RP x HP
~ Mat!1~~of dimenaions: HP x (n-1):[::~~:rt.to plant,

= Vector of predictei~ future inputs to plant.

[

u(t +HP-1) (III: u(t + lIP - 2);)j
• ( I
• / I
• it'

u(t) I(
I~~ ;~" c-)

(2.21)
\\

:r;:~~:Juts10 plant,

~¥[ect;(to!1:;jcte]d future outputs.

=. ~t+~~-l) .i _
. yet 4- 1) j

o

r ,f

The matrices Q,W and R are derived based on knowledge of the predictor model
and the s~lllplingrate.

I)
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Notation fif Predictor Equation (SISO system, with integr-lll action)

The predictor equation for the SI80 case, with integral action.is defined as:

AY = QAYpast tWaUpred +RAUpast
u

(2.22)
n

Where: Q ::::Matrix: of dimensions: liP x n
W :::Matrix of dimensions: HP X HP
R ::::Matrix of dimensions: HP x n
AYpasjl(,~[~~ctor~~&)t Cha]ngesin outpu!~)rf plant.

/;! •• b.y(t - 1)

I \ Ay(t:U+l)

:::!: Vector of predicted future incremental inputs. to plant.

[

Au( t +HP - 1) 1
.. AU(t+~P-2)

b.u(t)

=¥[ecto~~~r~~)incr]emental inputs to plant.

b.u(t - 2)

= Au(t_:,. +1) ,

=Vector of predicted changes in future outputs.

[

&]/(t +HP) '1
=. Af)(t.+ ~p .·1)

t).fJ(t·+ 1) J

The matrices Q,W and R are derived based on knowledge of the predictor model
and the sampling rate.

2.4 The Cost Function

The cost function is an equation which provides a. measure of how different the ref-
ereace and predicted trajectory are. This function provides a quantitative describe
of this mismatch, which is important when finding the set of optimum inputs. '1'he
set of optimum inputs is found when this mismatch is lowest. In other words, wlieil.
the cost function is at its minimum.

The cost function consists of two components:

• The first component provides a measure of the tracking error.

17



• The second component provides a measure of the deviation of the~iactuation
signal. This' component cannot be omitted,hecause good tracking is sometimes
obtained at the expense of large deviations of the actuation signal •

.:;:;_::

The cost function is defined asfollows:

(2.23)

1st component 2nd component

Where: '\(k) ::::::Weighting variable for tracking error at time t = to + k
f3(k) ::::::Weighting variable for change in actuation. signal at time t = tQ + k
.6.Y*::: Change in reference trajectory. ..'
AY ::::Predicted change in output trajectory.
A'U ::::Future incremental inputs.

2.4.1 Weighting variables
The cost function has two sets of weighting variables, ,\ and /3.' These weighting
variables describe which portion of the curve is mote important. For example: If
the steady state portion of the reference trajectory is more important than the tran-
sient portion, then the .\(1.) variables must be higher over the steady state portion
than over the transient portion. This will result in errors occurring over the steady
state portion to have a higher 'cost' than over the transient portion.

The selection of these weighting variables is critical when considering issues such
as robustness and stability, Refer to the chapter 011 Robustness and Stability for a
diseussion of this issue.

2.4.2 Cost function in quadratic form

This sub-section shows how the c(lst function is expressed in quadratic form. This
transformation is necessary becau' ";.3. quadratic optimisation routine is used to find
the set of optimum inputs.
The predictor equdi~ion is written;

AY = QA.Ylla.st +WA.Upred + R&l.Upast< (2.24)
)~-J

Let AYl represent the predicted change in the output, assuming that the input
P;glial to the process is unchanged (le elements in A Upred set to zero).

AY1::: QAYpast +RAUpast

Substituting Equation 2.25 into 2.24 results in the following:
J., .. ""

AY:::: AY1 +WAUpred

(2.25)

(2.26)

Now define the error variable, Ye, which represents the error between AY1 and
aY" as follows:

(2.27)

18
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The Cost Function (Equation. 2.23) is expressed in matrix form as follows:

£6st = [;Y'e ....."W(4Ul'red)JThYe ._;:,,,W(411pred)j
-I- L6(4Upred)r[l3(k\pp~d:;~" C; J D

= [lYe -"W(4Upred)]~L,I7Ye- "W(4Upred)]
T • \'+ (4Ul'red),8 ,8(4Up;lld)

- (AUpred)T1hWJl'hWl ft3T~J(4Upred)
T . " '" ,", T- 2(1'W) ('rYe)(4UprEld) + ('rYe) ("Ye)

()

"

(2.28)
!\

(2.29)

(2.30)r'-,
Where the '"Y end J3'matrices are diagonal matrices with diat.....d.li elements consisting
of 'the ~eighting elements ).(/:) and ,8(1:).

m"order to improve the notation, the following cOllstan,ts are defined,;
Let: ",,-=-~'"

P == (-yWlbW) + f3Tf3
and.

,i

This qm:i!t~ijcfunction (Eq~ation ~.30)is reduced to:

(2.31)

(2.32)

(2.33)

Eq;llati()n 2.33j which is expressed in quadrattc form, is identical to the previously
deftned equation (2.23). However, this equation can. be simplified even further. The
laslt term in this equation is not a function of AUprOO and Is therefore constaat
MI far as the optimisation routine is Concerned. If this term ~sremoved from tll,e
~:o~tfunction, the mlnimisation of this function. will still result in the sama optlmum
inp}lt.

The new cost function is therefore:

Th~~constants are:
p == (~wl('rW) +f3Tfj
0;::: -2(iWl("YYe)

"y =,.diag[,\(l), )'(2), ..., )'(HP)]

f3 !:: diag[.B(l), ,8(2),.." ,B(HP)]

Ye=~y*-aY1

(2.34)

o



2.5 Finding the i;et of optimum inputs
The cost function was derived in section 2.4. This function gives a quantltatlve
measure of the error between the predicted cha.nge in the output trajectory and the
change in the reference trajectory. The set of optimum inputs are predicted when
this error is triinhnised. This section explains how these inputs are fonnd.

The .set of optimum inputs are found by minimising the cost function, 'subject to
the constraint imposed on the inputs.

Constraints
In theory it is possible to specify the constraint on the inputs and outputs of the
control system. Howeves, this algorithm only considers the Input constralnta. If the
predictive control system is designed correctly, then the output constraints are not
critic~ to't1ie operation of the system, as the output should theoretically track the
reference trajectory.

It is important to realise that tne computational effort offlndlng the solution to the
minimisation problem is directly proportional to the number of constraints imposed
on the systems. Ideally an the predicted inputs should have constraints imposed on-"
them, however this might 'be an over-design, It is therefore proposed that only the
first r inputs have constraints.' . /f

'Where:
rsHP (2.35)

The cost function is a function of AUpred, which are the predicted incremental
inputs to the process. Therefore, if constraints are to be incorpossjed into the min-
imisa.tion of the cost fun~Hon, then it is necessary to specify ,~h~constraints as a
function of the incremental inputs. This is done a~ '[ollowa:

Constraint on input u(t+x)
Consider the sum of.the incremental inputs, which in general satisfies the equation: •

:l}

'EAu(t + j):=: u(t + x) ... '4(~~ 1)
j=1

(2.36)

The constraint tan be specified as:

lll. {:

(fmi,n - u(t -1) :s L: L.\u(t + j) ::;Umax - u(t - 1)
3:;:1

(2.37)

Where: 'Umin

Uma.x
u(t -1)
x

= Minimum input constraint.
= Maximum input constraint.
= Present input.
:=: Variable indicating which input is being considered.

Constraints expressed as a matrix
The equation 2.37 is separated into the minimum constraint, and the maximum

20



constraint, as follows:
a;

:EAu(t + j) :$ Uma.x - u(t -1)
.1::::1

(2.38)

:&-E Au(t + j) S -fUmin - u(t -1») (2.39)
.1=1

The equations 2.38 and 2.39 represent the constraints imposed on the input u(t+x).
This summation can be expressed as a vector multiplication,

a:E Au(t + j) = lla:( AUp].'ed)
.1=1

The variable ax is a row vector, consisting of ones and zeros, which describes which
AuCt + j) must be added.

(2.40)

Each input is considered in turn. A matrix is set-up, which. describes all the con-
straints on the inputs.

-ar j
This matrlx equation (2.41) is written as:

ar
-ao
-al

,
Utnax _, u(t _. "j_

-(Umin - 1l(t ,_ l.))
-(Umill - u(t -1)

l-ctJ min ~ .(H)) J

(2.41)

:iconAU pred 5 beon (2.42)

Solution of minimisation problem
The cost function is a quadratic equation, which is a function of the set of incremental
inputs (AUproo.):

(2.43)

The solution of this quadratic problem is solved using a quadratic program. A
'black box' approach is used to solve thir problem. MATLAB has a quadratic pro-
gram solver qp .m, which is ideal for solving this problem. Refer to the MATLAB
appendix for details of program.

This quadratic program solver is capable of solving a quadratic program subject to
, constraints. The solution of this problem, consists of solving the following quadratic
problem: //

mi:n{ (~Upred)T P(4Upred) + C(AUpred) , 8con(AUpred) < been } (2.44)

The quadratic programming routine which. MATLAB offers has the feature of al-
lowing the program to start at a predefined starting point. This feature is very
useful in this particular application, as the starting point can be defined based on
the previous steps set of predicted inputs, This decreases the computation time.



2.6 Summary

This section shows how the black box algorithms derived in the previous sections
are integrated into the MSC algorithm.

2.6.1 MSC algorithm for SISO system
1. Define parameters

\'

Define: HP == Prediction Horizon
t: == Rise Time
Yap == Set point
T == Sampling period

2.. Set-up Predictor Equation

(model, HP) --r I calc.Ill I-~ Q,W,Rmatrlces

The model of the process is eF;{'.;~ifiedby the B(q-l) and A(q-l) vectors,

3. Define weighting variables
'1 == diag[.\(l), .\(2), ... , '\(HP)]
fJ == diag[,8(l), (3(2), .•., ,8(IiP»)

p == ('1W)T('-yW) + f3T(3

4. Measure output
The output of the process is measured ax~\lthe history vectors are updated,
Present output ee yet) ::} ,6.y(t) == (1- q':'.1)y(t) == yet) ~ yet -1)

C, Set-up reference trajectory

(Ysp,b,y(t),HP) --41 trei.m] --r y* --r Ioperate o£ij --r (AY*)

rOo Predict set of optimum inputs
At1 == QAY past + RA.Upast

C == -2('"YW)T'j'(A.Y* - AY1)
The constraints on the input are defined by: &.conA Upted ~ b('.on

S == Starting point of quadratic program which is based on previous
predicted set of inputs.

Predict the set of optimum inputs, using a quadratic program:

(P, 0, llcon, beam S) --- ~ratic programl AUo

7. E,xecute optimum inp;ut
optimum input == AUo(HP) + u(t ~ 1)

8. Wait for end of cycle
Hold input constant, while waiting for cycle of end.

22
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"

9. Goto beginning of cycle
Goto number 4.

II

II
II
Iii
I

Pi

V
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Chapter 3

Extension to MIMO systems

Cllapter 2 introduced the MSC algorithm for the 8rSO case. This chapter extends
the analysis to handle MIM 0 systems.

3.1 Model Representation II ,:;

The transfer function (8 domain) of a MIMO system is usfoallYwritten:

numll(s) num12(s) wimll(s)
num21(s) num22(s) num21(s)

pes) = numml(S) numm2(S) .,' nUmml(S)
den $ (3.1)"

:1

Where: m = Number of plant outputs.
1 = Number of plant inputs.

It is possible to transform each of the sub-transfer functions into its discrete transfer
function form. Example:

(3.2)

If all the sub-transfer functions share the same common denominator, then the sub-
transfer functions in the discrete time domain will all have the same A(q-1).
The transfer function (in discrete time) of a system is written:

B( -1)
yet) ::: q u(t)A(q-I)

Where:
A(q-l) = A.I + A2q-1 +A3q-2 + ..'+ An+1q-n
B(q-1) == BI + B2q-1 +B3q-2 + ,.,+ Bn+Iq-n

When considering MIMO systen'!:$, the same equations is used.

24

(3.3)

(3.4)

(3.5)



Rules for extension from 8150 to MIMO
The following extensions to Equations 3.3,3.4 and 3.5 are made when MlMO systems
are considered:

1. All elements in matrices are now treated as matrix elements.
Example: Each element in the AI(q-l) and Bl(g'"';)l"jvectots are treated as
matrices.

2. Each element of B is defined:

Bll,. BlZ.,
B21:z; BZ2!&

BII.,
B21.,

x:: 1...(n+ 1) (3.G)

3. Each element of A is defined:

~= 1...(n+ 1) (3.7)
;,-,... ... l!

-I(m) = identity matrix of size m,

4. The variable y(t+k) is defined (k is a dummy variable):

[

Yl(t + k) j.
r(1 +k) .. N,(I~ k.Y

lIm(t + k)

(3.8)

5. T~~·.~·~·ariableu(t+k) is defined (k is a 'dummy variable):

[

'Ul(t+ k) I....u,(t+k)
u(t+k) = .:

'UI(t + k)

(3.9)
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The following example explains the notation:

Example:
Consider the following MIMO system.

:::: .[ Ifl~A1 21~ll 1
.. 10.9s+1 t4.4Hl J
[
~6921.2483-1445.3582 - 97.238- 2.1 8125.8283+ 1796.3682+130.208 + 3.1 1
-2626.0483 - 464.6682 - 27.098 - O.fj2 .581004083+1157.68$2'+ 73.87 s + 1.52 J

= 55045.8784 + 14790.1083+ 146104782 + 63.008+1

= [:::~~!~::~~!l] .
den(s)

pes)

Oonversion to discrete time
Sampling period: T = 5 seconds

,numl1(s)
den(s)

'l1:um12(8)
den(s)

num21(8)
den(s)

II
Ii
II
Ii
ii
II

num~b(8)
-----;~ _,.
denl~8)

BZh + B212q-l + B21aq-2 -+ B214q-3 + B21"q-4
-+. .f1l+ A2q-l + A3q-2 + A4q-3 + ASq-4 -

o - O.1913q-l + 0.4278q-2 - O.3185q-3 + 0.0790q-4.
-+ 1 - 2.8681q-l + 3.0783q-:~2- 1.4652q-3 + O.2609q-4

B2~1+ B222 q-l +B22a q~2 + B'Ji24'I-3 +:B225 q-4
Ai +A2q-l + A3q-~i+ A4,q ...3+ Asq-4

0+ O.4459q-l - O.9638q,'2 + 0.6916q-3 - O.1647q-4
-+ -----~=~~~--~~1- 2.8681q-l + 3.0783q·-2 -1.4652q"'3 + 0.2609q-4
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Matrix variables!
According to the rules, the variables in the ,IMO transfer function .are defined
follows:

B122 .j. = r -0.5422 0.6568]'
B222· l-0.1913 0.4459.·

B123] _ r 1.556 -1.3662 ]'
B223 - l0.4278 -0.9638

~~:: ] = [:~:~i~~~:::r:1
r Aa

As= l 0

Th~ inp,ut and output vectors are defined as roll~~w~J:
I,," " 11

;1

yet) '" [:mf
y(t-I) = [:~g=i~]
yet - 2) =[ :~~~=;~1
yet - 3) = [ ;~K=i~1
yet - 4) = [ :~~;=:~1

oCt) ~.,[ Ul(t) ]
:: u~(t)

u(t - 1) ~b. r Ut(t = 1) 1,1, ,lU2(t 1).1

n(t - 2) 1 r Ul(t - 2)]lU2(t - 2)

u(t - 3) = r U.l(t - ~)l•.,. t 'U2(t - 3)

u(t - 4):::: r U1(t - 4) ]lU2(t - 4)

o
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3.2 MSC algorithm for MIMO systems

1. Denne parameters

Define: HP = Prediction Horizon

T = Rise Time

= [Il
== Set point

.[ ~6Pl j.Ysl?:!.
YsPm

T == Sarup.~'ng period

hex) x:: Li.m

2. Set-up Predictor Equation

(model, HP) --+ ~~ --+ Q,W,R matrices

The model of the process is specified by the B(q ....1) and A(q-l) vectors.

3. Define weighting variables
,X( ru) :: diag[Al(:t), A2(X), .,., Arn( x)]
-y = diag[.>t.(l), >"(2), •••, >..(HP)]

x:: 1...HP

f3(re) = diag[,Bl(x),,82(X), .•·,fil(X)]
f3 = diag[f3(l), (3(2), ... , .8(HP)]

P = (;,Wl(-yW) + .8T{3

x = 1...HP

4. Measure output
The output of the process is measured and the h1!!tury vee..,
Present output := y(t) ==>- ~y( t) = y( t) - yet - 1)

5. Set-up reference trajectory

(Ysp,b,y(t),HP) --71 tref.In 1--+ v- --+ Ioperate on y"l--+ (aY"')

6. Predict set of optimum Input«
.6.Yl:= Qa Ypallt +R.6.Upast

C = _2(-yW)T1'(j~y* - AY1)

The constraints on the input are defined by: Beon .6.Upred ~ beon
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s = StartiIl,~{)ointof quadratic program which is based on previous
predict\>(k/setof inputs.

Predict the set of optielum. inputs, using a quadratic program:

(P, 0, r;;on1 hconl S) -;1'1Quadratk programl--l> Atr~:
p. .,'.... . '.

7. Execute optimum inputs
optimum inputs = .1t.Uo(HP) +u(t - 1)

'C,'

8. Wait for end of' cycle
Hold inputs constant, while waiting for cycle of end.

9. Goto beginning of cycle
Goto number 4

29
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Chapter'1!

Evaluation of Multi-Step
\,

Pre~lictiveControl Algorithm

\ . .. ... . . ,...~
This cha~~er is intended to provide evidence of the funrtionality of the predictive
control al~orithm. The efficiency of the algorithm is also investigated,

4.1 Functionality

The functionality of the algorithm is demonstrated by way of simulation. This simu-
lation is merely intended to demonstrate that the algorithm which is derived in previ-
ous chapters does perform as intended. A simnlatdon m-file is written (simulate.m),
which synthesises t~~<~pntrol of a system using l.-heMSG algorithm. This simula-
tion attempts 'iJ Jdl"i}de a realistic evaluation of the control technique. Realistic
considerations are:

• .'The plant model and predictor model differ.

• Disturbances effect the performances of the control system.

Fot these reasons, separate plant and predictor models are used in the simulation.
The plant<,·~".)delused has an uncontrollable input, which describes the disturbances
on the .y~;~em. The control system is expected to 'null-out' the effect of these
dis·turba.rtt es.

\ j

i.l.1 Simulation m..file

The pre-amble of the simulation allows the following parameters to be set :

• HP: Horizon Prediction.

• T: Sampling period.

• Ysp: Column vector, describing the intended set-point of each output.

• tau: Column vector, describing the rise time of each trajectory;

~ Umaxr Column vector describing the maximum boundary of the constraint on
the inputs. ,)

• Umim CO~\1mnvector describing the minimum boundary of the constraint on
the inputs.
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ij

* no.const: Number of future inputs constrained (1')

It d; Specification of disturbance input fot each, slfnulatlen step.

It The beta and ~pha weighting variables Can also be set.

The §iniulation m-file, provides the User with an account of the systems performance
at each step. ,The reference trajectory (flY"'), predicted output trajectory (AY) for
each output, as well as the predicted inputs for each input channel are displayed
after each slmuk..ted step.

4.1.2 Simalatfon
The model of the plant selected is typical of a process control si~tem. It has trans-
port delays, significantly slow dynamics, disturbances and. parameter variations.
Diherent plant and predictor models are used in order to create an environment
that mimics a system that has parameter variations.

Equation 4.1,<;h9WS the MIMO system which is controlled using the MSC algorithm.
\, ./

Plant Model

[
..V'(t)]
Y2(i) (lO.Ss+l)(O.lB+1)

(210+1)(0.18+1)

l.5ie-aT•
(14,4Hl)(o.l1l+1)

Where: Yl (t)
Y2(t)
U1(t)
U2(t)
d(t)
T

= Output 1of systeni.
= Output 2 of system,
:;::Input 1of system (controllable).
= Input 2 of system (controllable).
= Disturance input (uncontrollable).
= S,amplir.g period (5 seconds],

Equation 4.2 shows the model that is used to predict the beha; our of the process.
Note: The plant aJld"plewctor models are different.

Predictor Model

[

(t) 1 [~2'le~T.'!I1·' (178+1)
,...052e~77'8

1h(t) . (,0.9,..,)

a.1e-3T•
{218+I}

].[ ",'(t)]
uz(t)

(4,2)
1.52e~3Ts
(14.48+1)

if
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Pre-amble ,seti~ngs

UP ::::;15 T

Ysp ::::;[ ~j
= [;] Uroin

ta.u

Umax

= ,5 seconds

::::;[ ~~j seconds

[-1 j'-;' -1

no.steps ::::;200

d ::::;zero from 1...20, one from 20... 100, zero from 100...200

{hex) :::0.1 +O.Ola;
(J2( It)= O~1+O.Olx

Al(X) ::::;1
);2(31) = 1

X::::; l..HP

X,= 1..UP

Simulation results
These results confirm the functionality of the algorithm.

Out ut 1o.4r----
0.2 .

-0.2
-O.4.___ __ -_--'- ~~..J

o 500 1000
Time (seconds)

500 1000
Time (seconds)

0.: .' .. . .: ';'J
o 500 1000

Time (seconds) "

500 1000

Time (seconds)

Figure 4.1: Test for functionality



Observations
The following observatione are made from the results, shown in Figure 4.1.

1. The disturbance rejection properties of the system are quite clear from the
plot of the outputs.

2. The disturbances to the system cause offset errors, which are cancelled out by
the integral action of the MSC algorithm.

3. The output transients appear to track the reference trajectory. The rise-time
was set to 50 seconds, which correspond with the simulation results.

4. The inputs to the system are both within the constraints defined. The ability
for the system to limit the inputs would be made clearer if the f3 variables
were reduces. This would increase the closed loop bandwidth, resulting in a
more aggressive control action,

5. The set point of the first input is intentionally set to zero. In thia way the
dynamic coupling between the outputs are observed. One of the functions
of a MIMO control system is to minimise the dynamic coupling between the
outputs, so that the outputs of the system can be controlled independently.
The dynamic coupling of 1~heMSC system appears to be satisfactory, although
this could be improved by improving the predict Of model and specifying a
large» closer loop bandwidth. .

4.2 Efficiency
Evidence of the functionality of' the algorithm is given in section 4.1. This section
as: _ ~that the algorithm is functional, and aims the investigation more on trying
to find G ut how efficient the algorithm is.

Two factors are used to gauge tb~ efficiency of the algorithm, namely the computa-
tional effort and the memory required when implementing the algorithm.
These two factors are related. to the following parameters:

e r (Number of inputs constrained) .

• HP (Prediction horizon) .

• Umllx1 rlmil'l (Constraints on inputs).

4.2.1 Effldencyas a function of r
The variable r describes the number of future predicted inputs that are constrained.

Example: If a prediction horizon of 10 steps are used (HP=10)
and only the first S steps are to, have constraints, then
r = 5.

The computational effort is related to jhe variable r. The larger r, the more complex
the optimisation problem is, which implies that more computations are required to
find the optimum solution.
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A series of simulations are performed to find the relationship between the computa-
tional effort and the variable r. The computationaleffort is measured as the number

D of ftops 1 tha.t are performed by thesimulation.

Procedure: Simulations, si:rnilar to the functionality test are executed.
The variable r is changed after each simulation.
The total number of flops for each simulation is measured.
These results are then tabulated and analysed.

Refer to Appendix B for exact details of tests 2 to 10. Table 4.1 gives details of the
simulation results.

Memory Relative to r;:::1
Test=//: r Flops required flops memory

2 1 1171183 44648 1 1
3 2 1483813 45352 1.2935 1.0158 ..
4 3 15313253 46056 1.3M9 i .......

1.0315\\
5 4 18213188 46760 1.5871 1.0473 ,,.
6 5 1~945250 47464 1.7387 1.0631
7 6 21570767 48168 ":- ---,,~~~......

1.8804 1.0788
8 7 24527650 48872 2.1382 1.0946- 49576 '2:4366" -----9 8 27950286 1.1104 ]

10 9 32077628 50280 2.7964 1.1261-

Table 4.1: Results of simul\~tion~ (r)

The relative computational effort gives a relative measure of the computational effort
compared to the effort of the system with r=l. IJlii other words these results give a
qualitative analysis of the effort. For example, settl\xlg r to 8, gives a computational
effort 2.1382 times more that i(')t a system with r;::::l.

Figure 4.2 graph gives a graphical representation oi:t.he results.
~8 .. r-~~~~~

~ ~ ::::~:::I::::::::J:::::::J:::::::::l:::::::.r:::::::J:::::::J;~:::::
J " 1 1 1 1 ~ 1 1

i- ::: :::::::::r::::::::::f:::::::::::!':::::::::·t:::::::::::J:::::::::::j::::::::::J::::::::::

B :: ::":'::f..:::".::t0l'.:;':~F":'..r'..:...r'..:..:r::.::")
0.9 !. I I I I j

12 J" 5 e 7 8 9

r (number Of C!>n:lt::l;:~)

Figure 4.2: Plot of relative computational effort as a function of r

1Floating point operations
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Figure 4.3; Plot of relative memory required as a function of r
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Observarlon oi..results

• Refer to testS anc' testl0. The response of test8 is considered acceptable.
Test9 and 10 obviously give better results, but at the expense of having a
higher computational effort •

• It appears as'though the computational effort and the memory required, is
directory proportional to the r parameter,

it The memory required is not very dependent on the r variable, as can be seen
from Figure 4.3.

4.2.2 Efficiency as a function of HP
The computational effort is related to lIP, in. that, the more inputs that are predicted,
the more complex the optimisation problem becomes. A more complex optimisation
problem requires more computations.

A series of simulations are performed to find the relationship between the compu-
tational effort and the variable UP. The computational effort is measured as the
number of flops that are performed by the simulation.

Procedure: Simulations, similar to the functionality test are executed.
The variable RP is changed. after each simulation.
The total number of flops for each simulation is measured.
These results ate then tabulated and analysed.
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Rei:~!to Appendix B for exact details of tests 11 to 14.··Table 4.2 gives details of
the simulation results.

Memory Relative to HP:::iO
Test# HP Flops required :flops memory

11 10 19323703 47464 1 " 1
12 15 48570843 69144 2.5135 1.4568
13 20 96589305 97224 4.9985 2.0484
14 25 173195261 131704 8.9628 2.7148

Table'4.2: Results of simulations (HP)

The relative computational effort givesf~ telative.IIle~1U'eof the computational ef-
fort compared to the effort of the system.~withHP=;lO~

Figure 4.4 gives a graphical representation of the results.
,

9

. .

: .::::::::r::::.:::I::::: ::::'.:::.::::.I:.:: ::.::::C::.':::1.:"::: :..;::: '::. ::
.6l···..:~··.. i· [ [ ". ····1..·.. ·······1··· ! ···i·····..····
l) L······.. ···~··..····..·l..··'··..···pi ~··..···..··:··..:····..t····..····
4 ..~0'4 •• ,,~ ," .: 04' :•• ~ i1 ~~ ._•••••••• : •••••• ~ ••• ~) -v- ~ i.·.,·,~ij•• ' •• "'.~ ••• ~ ~

~. ~ ~/~ \ 1 l3' •e "1'.' \ -_ o?, ·.I f •• oi.,t.· •., ':°.0.,' '0 •• ",~o..•.•. i'·~ :O •••..... , •• ~ ~:~. ~ " ...
.... ._.. .. .... . .
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i'lP (Predll;:tlon ho7l:a:t.n) [

!!'igure 4k Plot of relative computational effort as a function of HP
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Figure 4.5: Plot of relative memory required as a function of HP

Observation of results

• Refer to testll to test14. The response of testll is considered acceptable.
Test12,13 and 14 obviously give better results, but at the expense of having a
higher computational effort.

v Refer to Figure 4.4. It appears as though the computational effort is directory
proportional squared to the HP parameter,

• Referto Figure 4.5. The memory required is proportional to the HP parameter,

4.2.3 Efficiency as a function of Umi?, and Uma:c

The computational effort is the only efficiencyparameter that is dependent on the
Umin and Umarc settings.

If the Umin Or Uma.tc is set near the operating point of the process, then the. com-
putational effort required Increases significantly. The optimisation routine attempts
to find the set of optimum inputs which do not violate the input constraints. If the
operating point is close to a constraint setting, then the solution of the optimisation
problem is more complex. The solution to this problem therefore requires a greater
computational effort.

'Io demonstrate this hypothesis, two simulations are performed. One simulation has
the constraints f~r from the operating point, while the other has the constraint near .\
the operating point. The computational effort of these two simulations are then '
compared.

Refer to Appendix B for exact details of these simulations.
Refer to test! and test12.
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Uma:c Flops Memory required
1 [-1 _1]L [5 5]:£" 43247677 69144

12' [OO):L [2.2 2]:£ 48570843 69144

Table 4.3: Results of simulations (constraints)

Table 4.3 shows the results of the simulations. The simulation with the constraint
close to the operating point (test12), is computationally mote demanding than the
other simulation. This confirms the hypothesis.

(i
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Chapter 5

Stability and Robustness issues

An important design criteria of any process control system is that of stability and
robustness.

The stabllity property of a~control system is concerned with the stability of the
closed loop response of the syst~',i., The robustness property of a control sys-
tem is \ ~~cerned with the ability:, .ifthe system to function in the face of parameter
variations of the plant model, as well as external disturbance imposed Onthe system.

The stability and robustness of predictive control techniques is extremely difficult to
estimate due to the presence of the' constraints, which cause the system to become
non-linear. There are however many subtleways to establish a stable and robust
control system. This is the main theme of tfu~':c11a:pter.

The .ipveatigatlon of these properties are supplem(. \\'.l with simulated examples (:,
which' clarify the explanations. \j

5.1 Designing a robust and stable control system

The main building blocks for a control system based on classical control techniques
is shown in Figure 5.1.

Input
Compensator Plant ModGI

Output

Figure 5.1: Block diagram of classical control system

The robustness and stability properties of the control system shown in Figure 5.1
are achieved by insuring:

1. The poles of the system are in the left hand plane.

2}'iThe loop transmission is high over the bandwidth of the system.
~/
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The system shown in Figure 5.1 is a two degree of freedom system. The c()~l>en~
sasor is designed so that the system is stable and robust. The pre-filter is intrmr~ced,
Whose task is to limit the bandwidth of the closed loop response and also specify the
rise time of the system.

5.2 The Reference rrraJrectory as a pre-filter

The rise time of the predictive control system is incorporated into the specification
of the reference trajectory.

The output of the MSC system, hopefully, tracks the reference trajectory. If this is
so, the systen: ntm the same rise time as the reference trajectory, in which case the
closed loop bandwidth can be calculated from. knowledge of the rlse-tima»

\\

Note: There is a relationship between the rise-time and bandwidth of the system.

From the above discussion, it is clear that the reference trajectory and the pre-filter
have much in common.

5.3 Limitations of Reference Model Representation

5.3.1 Frequency Band limitations

The model used to represent the dynamics of the system (predictor model) is merely
an approximation of the true dynamic behaviour of the process. The reason for this
approximation is that the t:ill1egynamk behaviour of physical system is very complex
and changes with time. Fortunately, all dynamic systems are inherently low PaSS
and have a finite bandwidth. This characteristic of physical systems means that the
low frequency dynamics of the system dominate the behaviour of the system.

Using these principles a simplified dynamic model of the process is estimated by
considering only the low frequency dynamic behaviour of the system. This simplified
dynamic model of the system is used to make predictions on the behaviour of the
system. Obviously the predictions are only valid if the predicted dynamics lie within
the bandwidth of the predictor model. In rrl)re simpler terms, the closed loop
bandwidth must be less than the bandwidth uf the predictor model. If this \s not
the case, then the predictions made using the model are worthless and can lead to
the instability of the MSC system.

5.3.2 Issues of selecting T, HP ). and {3 variables

The selection of the sampling period is dependent on the dynamics of the process
and on the Nyquist Sampling Criteria.

The T and HP variables combined, describes the 'predictor window' (T*HP) of each
control step. This predictor window should always be greater than the settling time
of the process. 'I'his insures that the reference trajectory describes an accurate tra-
jectory of the intended system response.
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The A variables describe the w~ighitngs on the respective portions of the predictor
w\ndaw. These weighting variables must be selected carefully so that the predict68
response tracks the reference trajectory as best as possible. Although these variables
add extra dimensions to the design ...apabilities of the system, they are not critical
to the operation of the system. 1

The {3 variables are very important when consldering the robustness of the control
system. Selecting 'high' f3 variables implies that the input signals to the system
must not change quickly. This is a subtle way of controlling the bandwidth of the
system.

An important constraint on the predicted change in the input AUpred is that they
must tend to zero, indicating that the predicted outputs have reached a steady state.
One way of insuring this, is to select the (3 variable, 'in such a way that they gradu-
ally increase.
For example: f3( x) = 0.1 + O.01x Where x = 1...HP

By selecting the reference trajectory, )\ and (3 variables carefully it is possible to
control the robustness and stability of the system.

5.3.3 Changing f) and its effects on the bandwidth

The principles for obtaining a stable and robust predictive control system are pre-
sented in section 5.3.2. This section gives evidence of these principles.
Refer to Appendix B, Tests15,16 and 17.

Test# HP (3C:;;) x=l...HP . Result
15 15 O.OO1+0.001x Input signals to process {}scillate~ Poor steady state tracking.
16 15 O.Ol+0.001x Input signals to process oscillate. Poor steady state tracking.
17 15 O.l+O.Olx Good robustness and tracking.

Table 5.1: Results of {3 tests

Table 5.1 shows the results of simulations which have different f3 values. The sim-
ulations which use 'small' f3 values, give poor steady state tracking and there is
significant ringing in both the input and output variables. This result is to be ex-
pected because the bandwidth of the system is too large, which causes erroneous
predictions (plant and predictor models are different).

The last test use 'higher' {3 values, and the results improve significantly. The {3
values are selected so that they increase as x increase. This improves t:'(~robustness
of the system. The results (refer to 'l'est17) shows tha.t the system has good distur-
bance rejection, steady state tracking and robustness properties.

The following simulation illustrates the robustness of the MSC control teclJtrique,.
This simulation uses a. predictor model which has parameter variations in all the
model parameters. These parameter variations cause et- oneous predictions, but due

1AU simulations have ),=1
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to the robustness.property, the f ~t~Ill is still operates.
'<.; ('

Refer to Appendix B, Testl8.

The simulation results show..that the system remained.stable and that there was no
ste~y state. error. This confirms the robustness of the MSC a1gortfk.hm,whick can
'Jbllattributed to the' careful selection of the f3 va.tl.utreg~,""., .7 .

\
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Chapter 6

Conclusion

6.1 General

The aim of this project Was to establish a predictive control algorithm for controlling
multivariable systems. The algorithm was first developed for the 8180 caae.,n chap-
ter 2, and-was then extended to handle MIMO systems in chapter 3. The reason for
this approach is that the 8180 algorithm created a useful framework, which can be
easily extended to MIMO systems. An important feature of this algorithm is that It
has inherent integral action. This featur-, is essential for the 'nulling' out of constant
external disturbances imposed on the system. However,.~;he most important feature
of this control algorithm i~ that the designer can specify constraints on the input
variables to the process.

In chapter 4, simulations where carried o'.:t~with the intention of assessing the func-
tionality and efflciency of the algorithm. The functionality investigation verified
that the algorithm is functioning correctly and that the overall approach to solving
the problem was correct. The efficiency investigation led to a qualitative analysis of
the memory and computational effort requirements of the algorithm.

Chapter 5 gave a qualitative approach for designing a stable and robust predictive
control system. The need for careful attention to selecting algorithm parameters
was emphasised, and simulations where given to illustrate the concepts. The ro-
bustness properties of the predictive control system where shown with the ai.d 'Of a
simulated example. This example used a pte~h:tor model which would ha1(e given
serious steady state errors, but good results Were still achieved under MSGfeedback
control.

Used in the correct manner, Multi-Step Control can yield a very powerful and effec-
tive multivariable control system. .

6.2 Assessment

Classical control techniques are useful when designing control systems that have
linear models. These control concepts experience difficulties when non-linear sys-
t'JIDS are being considered. All system« have non-linear properties. The approach
to designing control systems bcsed on classical control concepts therefore forces the
designer to select the operating points that are in the most linear region.
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If the operating pOifttrF{!.f a control system are placed closer to the saturation limits
and a stable, robust control technique is u8e4, then the yield.or the process can
often be increased.. This can be accomplished -usingpredicti've control techniquefi,.
Therefore, there is a.an economlc incentive for using pl'ecUctiv~control techniques.

" '0 '\)

The work done in this project has shown that it is possible to design stable, robust
multivariable control system, that allow for constraints on the process input vari-
abl~s. \\

This project has not investigated the perfot~nce ofAi,Sc:; control in a non-linear
environment. A typicnl investigatililnwould, 10j.in8tance~F,1quite a ~)!mulationof th.e
MSC system 'using a non-linear plant model. ..ill

I't \\
17
Ii

G.3" Su~gestions for future wfr:tk
sowe princlples for achieving a stable and robust control syst~in have been pre-
sented. However, only a qualitative method exists for establishing stability and
robustness. 'There is a need for a more quantitative method ('that would take. into
consideration issues such as plant :rr\odelmismatch.

A mathematical function, similar to the loop transmission (classical control), is re-
quired for predicti:ve control systems. This function would enable the designer to
accurately determine the stablllty'and robustness properties of the system.

The predictive control algorithm develgpedin this project relies on 8" predictor.model
of the process, At present this·predictor model is based on a lineal' system model
representation. Future work might lnvestlgate converting the predictor model from
a linear to a non-linear model.

l(
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Appendix .A

Pret;lic£t,f': Equation

This appendix. gives a detailed analysis of haw the predictor equation is derived.
The predictor equation is derived ~S$U.mip.ga. 'kp,ownplant mod<:lis available.

, ,1.1. 0

fj :~,

Initially, only 8180 systems are considered, however; this analysis is easily extended
to cater for MlMO sgstems.
The analysis is as follows:

• Section A;l: S180 systems...

• Sectlon A.2: MIMO systems.
IJII

The predictor equation:

TIlls equation provides a mechanism for predicting the plant output
for.t = to + 11" to+HP

TirecJmplementation of this equation relies en the followinginformatiom

• Past input to plant.

$ Past output of plant.
~ . . ~

• :E;.sthnatedmodel of the plant,

e Estimated future plant inputs.
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A.l Predictor Equation: 8180 system
The transfer function (in discrete time) of a 8180 syster1 is written:

"

":<-'-~

Where:

B( -1)
Y(l;) == lJ" u(t)

A(q-1 )
(A.I)

A(q ...l):::: Al -F,A2Q-l + A3q""-2 + ...+ An+1q-n

B('1-1):::: B1 + B2'1-1 + B3q--a + '~1+ B't+1'1-n
(A.2)
(A.3)

n = order of transfer function.

NB: Al ;:;:'1 and B1 :::::0, for all systems.

In ordel.' to demonstrate the mechanism of deriving the predictor equation, an arbi-
trary system will be used. After this demonstration, the predictor equation will be
derived for the general case.

Example: The predictor equation is derived for I~8180 system
of order 4 and prediction horizon of 2 steps.
Le. n ;:;:4 and HP ,::: 2

The transfer function (A.l) can be expanded as follows:

[1+ A2'1-l + AS'1-'2 + A4'1-3 + ASq-4]y(t) =[B2'1-1 +B3q-2 +B4'1-3 +BSq-4]1t(t)
(A.4)

This may be re-arranged into the following equation:

yet) == [B2'1-1 +B3'1-2 +B4q-3 +Bsq-4]u(t) - [A2q ....1+A31ir2 +A4q-3 +AS'1-4]y(t)
(A.5)

The shif'ii operator may be illuminated from Equation A.S by writing the equation
in terms of the past inputs and outputs:

l
u.( t - 1) 1 ,[1)(t - 1) 1u(t -. 2) , Y t - 2

yet) ::; [B2 B3 B4 Bs,1 •. ,"(t _ 3) + [-A, -,4;, -A. -,4;,] y~t- 3\ .
u(t - 4) , yet - 4)

(A.6)

Using the shift operator, the next predicted output may be written as:

yCt + 1) = qy(t) (A.7)

Substituting Equation A.6 into Equation A.7 and illuminating the shift operator,
the equation for ii(t + 1) may be written:

[

' u(t) j. l yet) 1
Y(t + 1)= [II, B. B, B,] :1:=;\. + H; ..A. -A, -A,] ;i!:~l

u(t - 3) y(t -- 3)
(A.8)
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Using the shift operator, tl(e next predicted output is:

yCt +2) = qy(t + 1) (A.9)

Mter $ubstituting the equation for yet t 1) (Equ,ation A.8), and again illuminating
the shift operator, th~ equation for yet + 2) is:

'.. rU(ttl).]. . . fY(ttl)]
y(t + 2):;::; [B2 83 B4B51l u(~~)1.) •. + [~A, ~A, ~A.~Aol)) ~(~~1) •

u(t - 2) • " l y(t - 2)
(A.I0)

Now, the above equation yet +2) (Equation A.I0) is a function of y(t +1). In order
to illuminate this, yet + 1) (Equation A.8) .must be substituted into this equation.

yet + 2)

"[ yet) ]-A< -A,] y(t ~ 1)
y(t;;;.. 2)

(A. 11)
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The resulting ~quatkms for yet + 1} a~~. yet + 2) aTe used to set up the llre~ctor
equation. The predictor equation is sin!~plya matrix equation, which. describes the
equations yet + 1) ... y(t +RP). . ,

"

The following notation' will be used to deecribe the predictor equatiqn:

Y ;;::QYP!lSt + Wl.Tprcd +RUpast (A.12)

Using the notation. defined in Equation A.12, the equations y(t+ 1J and y(t+2) can
h~ used to find the matrices: .

.~A3
(-A4 +A2.A3)

..;...A4

(-As + A2A4) (A.13)

(A.14)

B4
(Bs -'"A2B4) (A.15)

:::;:

And. the roa.tri<\es for Ypast, Upred and Upast are defined as follows:

48



D

()

The previous analysis mer~ly Cilustrates how the predictor equation is formulated.

The predictor equation is now derived ,for the general case:

For any system of order n, it can be shown that the equation for yet) has the
following structure:

[

u, (t .- 1)] '[ yet -~) 1u(t - 2) yet -'2)
c 1/(t) '" [112' 11. ," 11»+11 • ., '!, ••+!-A2 - As ", - A.+11. :

,. u(t-n) y(t-n)
(A. 17)

Using Equation A.17, y(t+ 1) is"writteh:

[

u(t) 1~ . .. ,',. u(t -1)y~t+1).= I;,113 ", 11.+11 ; + [-A,
, u(t - n + 1)) ,

(I

y( t + k) is defined (in general] as follows:

y(t+ k) =
[

u(t + k -1) 1 [ yet)]u(t + k - 2) ,,' yet.- 1)[)f". ](2,. '" ]((0+,),.1. ; + [Yi,k Y"k ,., Y... l :..
u(t-n+1)) y(t-n+l))

(A.19)

Whe},'e the variables X and Yare 'duw:tity' variables which describe the elements in
the vector. '... (i '~! "

If the equation describing the k'th prediction is known, then the (k+l)'th prediction
is derived from the following equation:
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[

u(t) ] r yet) ]u(t-l) .... . y(t--I)
+ Y".[B, B, ...BnHl... : +r.,.[-A, -A., ... -A •• ,1l. : ·

u(t-n+l) . y(t-n+l).
(A.20)

Equation A.20 is used to set-up the predictor equation matrices. The initial starting
point is defined based onthe equa.tion of yet + 1).

Key result:

Initial settings for X and Y:

Xi,l = B(i.+l)] Wh '1·Yi,l = -A(iH) ere z::::: ••• n (A.21)

Recursive formulae:

u(t -- n +2)
, u(t - n + 1)

+ Yi,klB2 B3 ... BnH] [ "(t\) ]

1L(t - n + 1)

+[1'2,k ... Yn,k 0] [ y(t~r+ 2)]"
yet -- n + 1)

I-Y1,k(-Az -- A3 ... - An+l] [. y(~~ 1) 1
yet - ~ + 1)

u(t + k)
u(t+ k -1)

y(t + k + 1) = [X1,k X2,k ... X(n+k),k 0]

(A.22)

MATLAB coding
Equations A.21 and A.22 are incorporated into a MATLAB code as follows:
Setup the equation describing fJ(t + 1), using the recursive formulae to find succes-
sive equations. The above formulae operates on the principle that each prediction
relies on the previous prediction. In other words if a formulae for y( t + 1) is known,
then using the recuesive forr.mlae, an equation for yet + 2), and hence all successive
equations are computed.

Calculate the equations, using the index 1'(1,:agek = l •.• (UP -1)
Once this is done, it is a simple P~('t~..:;d~HJ· ;.{) 1~."Cl'.\odthe mairicee Q,Wand R. 1
Refer to the MATLAB program calc.1Il

IThe MATLAB(:ode does this in one step.

50



i)

(I

In order to ma.kethe notation used a little clearer, an example is done. This ex-
ample attempts to explain the notation used and also how the predictor equation is
formulated using the Equations A.21 and A.22.

Example: HP=5 and n=4
The followingmatriX eqUation shows how the qummy var\ables X and Yare used
to describe equl).tionsfi(t + l) ...Y(t +HI').

fi(t + 1)
y(t + 2)
yet +3) =
y(t +4) r
fi(t + 5)

n(t + 4) •
u(t + 3)
u(t + 2)
u(t + 1)
u(t)

n(t -1)
u(t ~ 2)
n(t - 3)

!·Yl:~····Y~:l····Y;:l····Y~l·i
i Yi,2 1'2,2 1'3,2 1'4,21

+ i Yi,3 Y2,3 Y3,3 1"4,3!
! Yl,4 1'2,4 1"3,4 14,4!
1 ¥i,s Y2,5" 1'3,5, 1'4,5 !············Ci"mattlX····..······

The initial atarting point is specified by the equation describing Y(t.ir 1)
n ' ~

r yet) 1yet - 1)
y(t - ,2)ly(t-3) (A.23)

.[ u(t) 1'.[ y(t) 1
A",' ,ut-l ' ,', yt-l ,
y( t + 1)~'=,,[E'E, E, E.l .l, t _.2lJ + [-A, - Aa -A. - A.J Y,lt - 2l

_ u( t ...3) , y( t - 3)
(A.24)

it

The values ofXt\b ..X4,1and Yi,1".Y4,1 may be obtained from Equation.)A.24~'
Each of the preQicted equations (y(t + Iv) where k = l...1LF), are derived using the
recnrsiye equation (Equation A.22). ", \'c""

"
Once these equations are derived, the matric~~\~ ,R and Q are extracted from the
set of equations as shown i~ Equation A.23. ',' \,

II
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Testing 'of code:

In order to assess the functici~ality of the MATLAB code (calc .m), a. test program
is written in Whichthe followingis done: '

~ Using the predictot'equation, the response of a system to.a step change in the
input is predicted. .

• The linear system is simulated using the MATLAB lsim.m program.

J'~ Compare the results.

Test:

Arbitrary pl~.ntmodel:

P 8 _ . 600(8 -I- ~)
( ) - (8 + 10)(8~ + 2(0.3)8 + 102)

Initial input: 1Q.5
Initial output: 1.5
Step change ofinput signal to plant: 0.5 ... 1.0 a¢ time t = OJ

(A.25)

Figure A.1 shews the results of such a test (refer to staat .m). The results indi-
cate ,that the predictor equations predictions are identical to the results obtained by
simulating the system. In other words' the predictor equation for the 81S0 system
is correct.

Results: * = Predictor equation.
line = Simulated system.

"---;:",---.- .. cc-··

stop ",spOIl." (with IntUal <:end/Uon.)~i5..--..,...--_,....--'""__"~-"--- -,--_--",,_---,

11m. ("• ..."d.)

~::'

Ii
Figure A.l: Test of predictor equ~~ion(SmO system)
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A.2u .Predictor Equation: MIMO system
The predictor equation for the SISO case is derived in section A.1.

v

As already
mentioned, the conversion from SISO to MIMO is easily done. This section gives a
detailed explanation of the conversion. ,.

Conversion from 8180 to MIMO
The basic structure used in the 81S0 case is extended to cater for MIMO systems
by converting the elements in the formulae from scalar variables to matrix variables.
This section outlines the rules for handling the MIMO c~~"~version,concluding the
analysis with an example of the predictor equation used i~lMIMO systems,

il '\\ 'c'\ ~
\\ .' .MIM\? system :representation

The t1nsfet function (s domain) of a MIMO system is usually written:
II II

11 r. numn(s) num12(s) numll(s)
. (' num21(s) num22(s) num2/(s)

(A.26)PCs) :;:

Where: m = Number of plant outputs.
/;1 ::::Number of plant inputs;

//
It is pbssible to transform each of the sub-transfer functions into its discrete transfer
function form:
Example:

numll(s) Bll(q~l)
den(s) =? A(q~l) (A.27)

t i
i (. .

If sub-transfer functions share the same common denominator, then the sub-transfer
functions in the discrete time domain has the same A(q-l).
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The transfer function (in discrete time') of a system is written:

B(q"'l)
y(t)::: A(q-l) U(t) ~1(A,28)

Where:
A(q ....l) = At +A2q-1 +A3q-2 +...+An+lq-n

B(q~1')= BI +B2q"'1+- Bgq-2 + ,..+B.n+l «:
When considering M~MO systems, tl~e same equations are used.

( ) (A.29)

(A.30)

Rules for extension from 5150 to MIMO
The following extension to Equations A.28,A.29 and A.30 are made when considering
MIMO sYEtem~: "'c

1. Each element in the equation (Eg. Al,Bl) is treated as a matrix.

2. Each element of B is defined:

»«: B12",

B21:r; B22",
XJ ::: 1...(n + 1) (A.31)

3. Each element of A Is defined:

, x = l ...(n + 1: (A.32)

I(m') = identity matrix of size m,
~\ ,

4. The variable y(t+k) i~\~filled (k is a dummy vp:dable):
" -''.::::::::::) /" '\ /'

'~\

" ,[ Yl(t ...+. k) ,I
( k)

Y2(t+ k)
yt+::: .

Ym(t + k)

(A.33)

5. The variable u(t+k) is defined (k is a dummy variable):

[

, Ul(t '+ k, ),1U2(t+ k)
n(t + k) ::: : J

. u/(t+k)

(A.34)

il
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The 'following; example explains the notation:

Example:
Consider the following MIMO system.

= [1~i:;5~1 2fi£1]lO.~,,+r 14.408+1' ,

[
-6921.2483-1445.358,2 -- 97,,2,3,,s"7 2,.1 8,125.8,2,,83+1796,.3,682+ 130.2,08+,3.1]
-2626.0483 - 464.668~ -- 27.098 - 0.52 5810.4083 + 1157.6882 + 73.878 + 1.52

55045.8784 + 14790.1083+ 1461.47s2 + 63.00s +1

= [:::::~~l.:::::::~:l]
den(s)

pes)

Conversion to discrete time
Sampling period: T = 5 seconds

numn(s)
den(8)

nv,m12(S)
den(s)

num22(S)
den(s)

1\
BZ1! + B21'lq-l +,8213q-2 + BZ14q-3 +B215 q_,~f

--+ Al +AZq-l +A3q-2 +A4q-3 +A5q-4 {
Io - O.1913q-l +0.4278q-2 -- O.3185q-3 +O.07:90q-4

-+ 1- 2.8681q..;i -I- 3.Q783q-2 - 1.4652q-3 + 0.2609q-4
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~., ',. r"',
Matrix ~t:",!i;hies: Fe ,.'
According to the rules, the variables in the ¥IMO ti':ksfer('ili\lctinn anf defined as

" follows: \,
\~)

812'1 ] ::::10 0 1
/)~21j t' 0 0 J

\~~::] ::::[:~:~:~;~::!:~J
Bs ::::[ Btt3 lh2a] _ ,[ 1.556 -1.3662] As __[ A3

, Bata B:l2s -,. 0.4,278 -,0.9638' - C
\\

B' -[' ,Bll4.c4- "B 21. '
E12. ]:,;:,·,:r --O.?160 (1.9452]
B2~4 ,~-O.3185 0.6916

, "",-,t,

B, 12S}', Ik.[' OJ9J.3, .-0, .21751
:B'J:l::, h'. 0.0790 -0.1647 j

A4- [A4- 0

[
A5

As= 0

;"\

The input and output vectors'4t'e defined as fnllows:

]
'[' ,,"', Jo " 0.2600, 0"

A5 ;: . . ° 0.2609 •• (,

[J

yet) = [ :~~g]
y(t-I);: [:~~!=i~J
yet _ 2) ~, [. Yl(t -- 2) ]

O"e?!a(t.~2)

yet -- 3) = [ ;~~!=~jJ
yet -- 4):::: [ ;~~!=:~]

u(t) fl:[ uttt)]
':,: '"I U2(t) ,
.' !)

u~,t,-, 1)::::[ 1~1(t- 1)1
\" ,U2(t - 1)

,/ ~

u(t-2)= r 'ul(t-~2) 1,;1 'U'2(t - 2) J
u(t - 3) =[ Ul;~t - ~}]

u:;;(·t -- 3)

u(t-4)= .[Ut(t-4)]
U2(t ....4)

'Ie:::

The above y and u matrices ar~:(now llS~d to derive the predictor equation, The
procedure of deriving the equation is identical to t1iat of the complementary SI80
case. The bnly difference is 'that in the SJSO case, the elementsInside the matrices
were scalar Wriables. In the MIMO case these <clements are now matrices.
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Matlab Coding
The MATLAR program, calcm .•m, which. derives' the predictor' equation for the
MIMO case can he found in. the MATLAB appendix.
Unfortunately, lylATLAB does not allow elements in a matrix to he defined as matrix
elements.,/So t~e explanation given whiCh converts SISO to MIMO is implemented
exactly as explained. Tile way around this problem is to split the matrix up into
sections, where each section can be treated as a matrix. This issue is not elaborated
on any further, as the key issue is to use matrices as thcl base variable. If this code
Were to"be(re,wl'itten using a language such as Turbo c++, then this architecture
would be easily ohta1:aed.· "

Testlng or code:
In order to assess the functionality of the') MATLAB code (calcm.m), a te~t pro-
gram is written which performs the following: \\

• Using the predictor equation, predict the response of the system to a step
change in the plants Inputs .

• Simulate the linear system using MATLAB's lslm.m program.

8 Compare the results.

Test:

Arbitrary plant model:

P(8) = [1~1.;5;1
lO.9a+1

_ll_]218+1
1.52

14.411+1
(A.35)

(A.36)

Initial inputs: inputl:::; 1
input2 = 2

Step change of input signal to plant at time t = O~

New inputs: lnput l = 0.5
input2 = 1
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The following graph are the results of such a test (refer to Illtest .m)" The results
indicat~ that the predictor equat~6Il is identical to the simulated system. In other
words the predictor ¢quatioll, for the MIMO algorithm is correct,

Results:
line

=:; Predictor equation.
=:; Simulated system; o

R"'pi>os", of MIMO s)!..tc:m
4.5r-~-'--"""---''---;--''''''''-__''''-:-''''''''--'-·--r--.....,

:~

_. . ~ .. .. .. ~ . . .
ow '"~.~ ~·"·I·~ Hi··~~~.OJ ·f~ ~"·····..·'·l· ·1····· ·..I···..· ~ ~ ..

} ...: ·::~::·J~·:::r::t.·:·::r::::]:..:.~f:::::I:·:·:·l.:.:·.:
2.5 ;._....'.,.~.!.."..~....~......'!J'~'''. "~H' ...... ~.~., •••••• ~:1'·'!'·'''·~'~·:!'''.'.u' .,.'!~.....~..u.",!.• 0'0 .... I

1 i i :; l ~ 1

'Om" (",,<::o~~)
R"$pJ>nlI4I of M!MO lIJ!atem

2.6,---...----..---,.....-- ........- .......---..---,--.--- ..-,---..---,

.. . •. .j>..... . '. • .~ : .',

2.4 ••••.. ··l····· r:..····..·:······..r..··r···· '1' 1" 1" .
!. :.. « : ! .: : :

2.2 ········l·..·····T·····"T··..···r·..····r..·..·T··..···T 1..·······1..·····
'" 2 ·j ·.l r 'f i· · + l l 1 H.

i : ill l 1 ! ~ ~
1.8 ·.. ·.. ··1·'····..j ..····..r· ..····r..···..r····..··j'····..·T···..···r·..·..T.......

: ~.~ .. ~~. .-~ ~ '" ~ .._.~•• ········i·S'J.··..···..···..~ ··· ..··•
; : ! : : : :
: ~ . i ! ~ ~

1.4 •.. •.... l··......·f······..r ·..~..··....·r..··..·r....···T·········r·..·..·r·....··
1.21---..I-_.-..1- __ -I_~"--_...J....~;,.·L."""".l--...J...._--L---'

o 10 200 30 "0 $0 60' 70 eo eo 100

1.8

lim .. (""<;Qnda)

Figure A.2: Test of predictor equation (MIMO system)
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Appendix B

Simulation results

This appendix gives the results of simulations carried out using the program Simu~¥te .nt.
I'

'Ii·

('
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Bel Testl
Plant Model

[
.,lh~t)) ] :;: ."[.(,,~:~:::,j
y~~t (:l;O;~+l.)(O.l~+1)

Predicto.r Mode.l.

(2h+1)(O.h+l)

Pee-amble settings

lIP
Ysp,
Umax
no.const

::::15
::::[011T
:::: IS U)T
::::5

d:;:'
ta.u
Hmin
iio..steps

(B.1)

(B.2)

= 5 seconds
:::: [50 soJT s-eonds
::::[-1 -lP
= 200

d ::::zero from 1...20, one from 20 ... 100, zero from 100...200

IM-z) ::::0.1 +O.Oh:
P2(~) = G.1+O.Olx

'Al(X) ::::1
,x2(X) ::::1

x=.1...HP

x:::L..lIP

Simulation results"

0."" f"'"'""'_~__...;o::;.;:u:.::tp;=u:.:..t ..:.1 -,

0.2 / t ..··..· ; .

I c- : lid.o r ..~·:.IilI·.----!\III.....---,,--1.,.. jillfl'"
-9·2 : .

-0.4'------, -~----.J
o 5CY.) 1000

Time ($~conds)

3 ; .

..... oj.•• " •••• ~~ •• ~ .... ~~ ••.••. ~ ••••••••

500 1000
Time peeonds)

500 1000
Time (seconds)

500 1000
Time (seconds)

Figure B, ·~H:trlulationresults of testl
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B~~" Test2
Pl~tModel

.[ V'(') ] = rlr".;;;l~::'1
Y2(t) .. (?,O'.9~~~)(O.16+i)

Pi-edictol' Model

HP
"'~9P
Umax
no.const

::::;10
= {O lIT
= [2.22]T
::;:1

T == 5 seconds
tau ='{50 50lT seconds
Umin = [OO]T
no.steps = 200

3 8e-
S
'T. ] [ ( ) ](i4.9a+l) •.•.• tA1 t ...U2(t)

4 ge-1'o d( )
~2'+1) t

(B.3)

3.1e-31'•
(211+1) j•.[.•"(1)]••. U2(t)·

(B.4)
1.112e-~T'
(14.41+1)

d: = zero from 1...20~one from 20 ... 100, zero from 100 ... 200

/31(:e):= OJ
f32(Z)::: 0.1\,)

~:l.(:e) := 1
~2(:e) == 1 x=1...HP

Simulation results
_'(\

Out ut 1

500 1000
.I'ime (seconds]

500 1000
Time (seconds)

\\

500 1000
Time (seconds)

500 1000
Time (seconds]

Figure B.2: Simulation results of test2
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B.3 TestS
Plant Model

3.1e-3:r~
(2b+UCG•1i+IJ

Predictor Model
,

[

V.1(t)] =[.
I!2(t) ., ~!I.52e-'1'r,

(10.9$+1)

Pre-amble settings

TIP
Ysp
Umax
no.const

>

[
'11t(t) ].,«() .
d(t)

(B.5)

(B.6)

=10
== [6 lIT= [2.2 2]T
=2

T = 5 seconds
tau = [50 50]T seconds
Umin = 10 of
no.steps == 2(J0

(3

d = zero from 1.•.20, one from 20... 100, zero from 100 ...200

rhea;) = 0.1
(32(:&) = 0.1

'\1($)= 1
>'2(:&) = 1

x==1. ..HP

x=1. ..HP

\\

Sin:mlatio:o. reSiJIts

out ut. 1

500 1000
Time (seconds)

500 1000
Time (seconds)

500 1000
Time (seconds)

Figure B.3: Simulation results of tellt3
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l.52e~3T.

:Pre~:;tictorModel

Ii

HP
Ysp
Umax
no_cQnst'

:::::10
1/ ::::: [Q l]T
= [2.22)1'
=3

T
tau
Umin
no.steps

it 1e-:lT.
(21H1)

L52cllT•
(14.4#+1)

I}.

(B.7)
[I

(B.8)

;:::::5 seconds
= [50 50]1' seconds
= [0'0]1' '2,

:::::200

d IF zero from 1...20, one from 20..•100, zero from 100..•200
U

fh(x}::::: 0.1
,P2(:C) :::: 0.1

,),1 (:c) :::::1
A2(:C)::::: 1

x=1...HP

Simulation l'e&ults

O.4r- __ __;:O:..::::U""t;.=ut";-..:;,,1 ,

3r- __ ~I~np~u~t..:;,,1 ~.

2 '"

~-L---~Ir_----~
st.lo 1000

Time (seconds)

500 1000
Time (second~)

Time (seconds)

Figure B.4: Simulation results of test4
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B.5 Test5
Plant Mode!

3.1e-3T•
(;llstl) j•.[.Ul(t) ].

1.51l.",,...3T. U2· (t)
(11.40+1)

Pre-amble settings

II
::::10
::::[0 1]T
::::[2.2 2]T
=4

HP
Ysp
Umax

T = 5 seconds
tau = [50 50JT seconds
Umin ::: [0 0];
no.steps = 200no.const

d ::: zero from, 1,••20, one from 20... 100, zero from 100...200

fA(3.:) = 0.1
[12(3.:)= 0.1

Al(3.:):::: 1
A2(3.:)~1

x:.:1...HP

Simulation :results

0.4.-- __ --=O:=.ut:r;::.:ut:....1:____ __,

';1
-0.21---__ .......J -l

o 500 1000
Time (seconds)

3r- I~n~u~t~1-- __ -_,

500 1000

'I'ime (seconds)

1.5 .--- __ __;;;Ou~t<;=u:.:..t.::.2__

(B.9)

(B.10)

500 100q
Time (seconds)

500 1000

Time [seconds)

Figure a.5: Simulation results of test5
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,)

[
!ll(t) 1;:::: .[. .ci7~~S

t. .' y~(t}1 ••.;;"tT~.~~:;:)
Pre~~ble sett~gs

HP
Yap
Umax
no.ccnst

=;10 :;::)
2::[01]1'"
,;:;'[2;2;W

. ::::.5 !J

T
ta.u
Umin
no.steps

((
::::\5seconds
:::: tStl.50]T seconds
:::: [OO]T
::::200

d = zero \i:oIIl L.20, one from fO.o.100, zero from 100 ... 200

f31(~) ~ 0.1
Pl!(;Z:):::: 0,1

.Alfx) =.1

.A2(~) = 1

x::::1. ..BP

\'\

x=1...HP

Simulation ;resldts

-O.5'--":"_~ _ _.....i~ --l

o 50,1 1000
Time (seconds)

,3 . ,"p~t"

i~::::::~:l.~
O~--'---'o 500 1Q(1)

Time (seconds)

(B.ll)

(B. 12)

500 "000
Time (seconds)

50<t>
Ttme(seconds)

Figure B.6: Simulation results of test6
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B.•7 Test7
Plant Model '.

Pre-amble settings

HP
Ysp'
Umax
no_const

3.se-
8T'1(14.90+1) •

4.9,,~T.
(13.28+1) J

f Ul(t}].U2(t)
l d(t)

(B.13)

(B.14)

:= 10
== [0 l]T
=: r.t.2 2]T
=6

T = 17seeonds
tau = [iiO SO]T seconds
Umin == [0 O)T
no.steps = 200

d = zero from 1...20, one from 20..•100, zero from 100...200

Pl(a:) =: 0.1
P2(3:) = 0.1

A.l(Z) == 1
.l\2(X) == 1

x=I ...HP

x=1...HP

Simulation results
'<'1,'

-(J.O'--~---'-------'o 500 1000
Time (seconds)

500 1000
Time (seconds)

• ~ o''' .. 4." , ~".' ;. ~.

000
Ti:me (seconds)

1000

"'''~'z~,,:_
1.5

Input 2.

0.5

o~-------~----o 500 1000
Time (seconds)

Figure B~\1:Simulation results of test7



B~8 TestS
Plant Model

.[ Yl«t» l=[ t16~:!!!~:~.+lJ
Y2 t ~10.9.+1)(Q.IHl)

Predictor Modal

C~{lA-~T•
(2b+l)(O.16+1)

.[
tll(t) j.

. U2(t)
d(t)

(B.15)

HP.
Ysp
Umax
nc.conat

= 10
= [0 IJT
== [2.2 2]T
== 'r

T
tau
Ilmin
no.steps

(B.16)

:::::5 seconds
= [50 50]T seconds
= [OO]T
=200

f3

d == zero from 1..•20, one fiom 20 ....100, zero from 10Q,..200

!31(a;) == 0.1
f32(Z) == 0.1

~l(~)=1
~2(:l:)== 1

x=1...BP

x=1...HP

Simulation results

-0.2 ; .

-0.4,__---~..._------J
o 500 1000

Time (seconds)

5PO
Time (seconds)

1000

output 2

\\
\1

500 1000
Time (seconds)

500

Time (seconds)
1000

Figure B.8: Simulation results of test8
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B.9 Te~-;t9
Plant Model

[

(-i) ]" [ _2.1e .....1"·Y1 • '.. ==' • (16.74+1)(°.1.+1,
. '() . _0.52e-r,r·Y2 t (10.9s+l)(O.h-fT)

, .. \l···· .. ,",

Peedietor MOdel
(14.44+1)(0.18+1)

"

[ ~l.(tll~ f
,Y2(t) t _0.52e-n•

(l,0.9!+1)

Pre-amble settings

HP
Yap
Umax
no.const'

= 10
== [OlJT
:: [2.2 2)T
==8

i)

"

T
tau
Umin
no.steps

fv~.:.~..•..~9-.S.~:J.J.... .[ U.L.·'.<. t) 'J. " ,'. . 1L2(i)
4 ge-T• d( )'{i:i':23+IJ .: . t

(13.17)

3 1e-
3

7" 1 [ ( ) J(2tH..l) ." Ul t .
1520-37'. '. ' ,.(i4A.+'iJ .:' i!:l\.t)

(B.IS)

= 5 seconds
= [50 50lT seconds
= [0 O~;r

I' ,
=200

d = Zero from 1.. 20, one from 20 ...100, zero from 100 ... 2001

(h(:c),,= O.l:
(h(:;.:):: 0.1

At(:t) = 1
;\2(Z) :: 1

x=l ...HP

x=L..HP

SinluIation result,.

-0.2 : ; ,..

-O.4!--~----J.,._------l
o 500 ,1000

Time (seconds)

IJ

500 1000
Time (seconds)

500 '1000
Time (seconds)

o~-------~----~o 500 1000
Time (seconds)'

Figure E.9: Simulation results of test9
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B.lO TestlO
Plan!; Model

.[ 1/1(i) ]... ..[ 1~6.;;if:;"+1)
" y~(t) :: .,. trol~:;i)iri~:+l)

Predictor MOcle1

Ii

[
Ul(t) ..]
'U2(t)
d(t) ,

HP
Ysp
Umax
no.const

=10
= [0 J]T

fll • ']T= t.4.2 2
=9

T
ta.u
Umin
no..step,s

{3

~;zeto from 1....20~.Qnefrom 20 ... 100, zero irortdOO •.,200

(31 (x) = 0.1
f3~{a:J ;;:: 0.1

d

x=1...IIP

~l(X) =1
'\2(Z) = 1 x=1. ..HP, '.

Simulation ;\'esults

500 -\ 1000
Time (second;;)

/)

(B.19)

II

(B.20)

500 '1000
Time (seconds)

500
Time (seconds)

Figure B.10: Simulation results of testl0
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B.Il Test11
Plant Model

[ 111«~)1 =[ tr'::~~~
Y2 t . \10.98+1)(0.18+1)

Predictor Model
(14;4.+1)(a.1sH)

[:~:;]~ [
Pre-amble settings

_2.1.-r,
(17H1)

_0.52e ...72".
(10.9$'1-1)

HP
Ysp
Umax
no.const

=10
= [0If= [2.2 2]T
==5

T == 5 seconds
tau = 150 50]T seconds
Umin = [0 oJl'
no.steps == 200

Ii

(B.21)

(:8.22)

d = zero from 1.•.20, one from 20 ... 100, zero from 100': .. 200

fh(z) ==0.1 +Q)Ol:J.:
fJ2(X) == OJ.+O.OIx

>'l(Z) = 1
.A2(:l1) ==1

x=1...HP

x==l:::_,..HP

Simulation results

o

500 1000
Time (seconds)

a 500 1000

Time (seconds)

1.5 t- __ -=oc::;ut:r,::.:ut:..:2:...__ ---,

~.......~.. ····..~.'"'.f······.~·~.···.···,·.·

500 1000
Time (sec()nds)

i.5 r-_-,-.......::ln""Pcrut:....:2=-_ _-,

1 .. f, ~~ .

..I~t=fJ .
o~---~-----~
a 500 1000

Time (seconds)

Figure B.ll: Simulation results of testll

70



B.12 Test12

"
S.le-aT•

(21$+1)(0.18+1)

(14)48+1)(0.15+1)
(/

(13.23)

[ 01(').··] ==[,.
Y2(t)

_!l.Ie-T•
(176+1) ..

_O.5:fe-7T•
(lO.9Hl)

(B.24)

Pre-alllbJe settings

lIP
Ysp
Umax
no.ccnst

==15= [0 IJT
= [2.2 2]T
=5

T
ta.u
Umin
no.steps

= 5 seconds
== [50 solT seconds
= [0 ojT
== 200

d == zero from 1...20., one from 20... 100, zero from 100.",200

PlCa;) == 0.1 + O.Ob;
/h(;c<) == 0.1 + O.Olx

/'1(:1;)=1
A2(m);::-: 1

x=1...HP

x=1. ..I{P

Sim.ulation results

0.5 r-...~_.........,;O;..;:U'""tprlu,,-t..;.1~_"'"'-....., "5·~'~l
.....·..···:...·..·r·....·..:........·{]··.

. 'r'. .. i. . ,.. . _-0.5'----_~_.l.-. ..--J
o 500 1660

Tim~\second8)
500

Time (seconds)
1000

:$~Avt 1·. . I 1.5 Input 2

2••~•. ,.~ ...••.. I.~................. 1~.~". d,.fr..:,..
1L.. . ;. 0.5 .. . !..; .

1 ~. •

o· . ."".. . . ..
" .. 4o t; ,....L... . . 0 .l.-.~~_~

o 500 1000 0 500 1000

Time (seconds] Time (seconds) f)

Figure B.12! Simulation results of test12
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B.13 Test13
Plant Model

"(21361)(O.lb+l)

1.52,,-3'l'0

Pre.amble, s~ttings

HP
Ysp
Umax
nc.const

=20
== [01]7'
== [2.2 2]T
=5

T
tau
Umin
no.steps

o

(B.25)

(11;26)

::: 5 seconds
= [50' 50]T seconds
::: [OO)T
= 200

d ::::zero from 1...20, one ftom 20..:100, zero from 100...200

Pl(a:) :::.:0.1 +:'O.Ola:
P2(?;) ::: 0.1 + 0.01~

.\1(~)= 1
,A2(~) :::.1

x=1. •.HP

x:.=1...HP

Sitnulation.~.ilsults

~O .•2' '.' .., ••.• ,.~ ••.••••• ~I. •.•••• ~ ".

-0.4'__---~"""'------'o 500 1000
Time (seconds)

;';00 1000

'Time (seconds)

1.5 ,......... ........;O:.=u:.:.tt~;:::u.!..t.::.2--~""

~,·........'···..T .......····..,..·j·,
~----~~~----

,5M 1000
Time (seconds)

oa.........~~ .............L..----
o 50n 1000

'i'ime (seconds)

Figure B.13: Simulation results of test13
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,a~14 .Test14
Plant Model

[::~:a= [
Predictor Mod~l

(16.7Hl)(0.13+1) (213+1)(0.b+1)

'20.52e-'T7'·
{l0.9Hl)(O.h+l)

1.521)-37'.
(14.40+1)(0.13+1)

[
()] [_2.1e-7"..::')i = •..-;;~~i·

Pre-amble settings

nr-
Ysp
Umax
no.const'

:;:::25-,
== [0 l]T
== [2.2 2]T
;::::5

T
tau
Umin
no...steps

(B.27)

(B.28)

;::::5 seconds
;::::[50 SO]Tseconds
;::::[OO]T
;::::200

d == zet6 from 1.•.20, one from 20.. :100, zero from 100 ...200

°,81(X) == 0.1+O.Oh:
(32(Z) == 0.1+O.Olx

Al(X) == 1
A2{X) == 1

x==1...HP

x=1. ..HP

Simlllation results

-0.2 .... • •• ~ ••• 4,',' ••• ,." ." • .o., •• ~ ~ ..

-0.4..__.."....~----,.__--- .....· _.
o 500 1.\l:>o

.Time (seconds)

o
'I,

I!,

1·:r---"'~-F"'''-=r.~:.~'--'--p--.
~ ~ ..

...... • ,., t.• ,o' ' • '0 .. ; ,." ~ .. , ~ •• , •

500 1000

Tir.ne (seconds)
I,:\,

500 1000
Time (seconds)2E'np~l2 "

M; ········••..·..•..·1.· ..... . ......
. -v. , .' ,1 ,~..••••..: " ••~.~~,••••••••

0.5.1- .. ·· .. ·· 1.. · ..

500 1000

Time (seconds)

Figure B.14: Simulation results ortest14
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Plant Model

B.15 Test15

1::~] I:;~:f2::
Predictor Model II

[ () 1 [
-2 le-T•

Yl t ....'.:::'.. (173+1)
_O.S2t-·TTOY2(t) J.. . . (lU.98+1)

Pre-amble settings

HP
Ysp
Umax
no_" ..)nst

'!:: 15
::: [0 IF'
= [5 S]T
=5

T
tau
Umin
no.steps

= 5 seconds
::: [5Q50]T seconds
= [-1 _l]T
:::"200

/3

d = zero from 1...20, one from 20.,..100, zero from 100... 200

Pi(;) =JlJlOl + 0.001:J:
/32(Z) ::; 0,001 + O.OOlx

Al(¢)::; 1
A!l(X) = r

x=1...HP

x:::l...RP

Simulation results

-2~--~ __~ J

o 500 1000

Time (seconds)

1/

!i

(B.29)

(B.30)

.\
I'.'

o 500 1000
Time (seconds)

500

Time (seconds)

Figure B.1S! Simulgtion results of :tee.t15
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B.lS Test16
Plant Model

3 Be-ST. ] [ I ) 1~1·4.9$+1). . •.. U1\t...•.
. Ua(t)

4 ge-T• d( )Y
ifa.2~+1) i

(B.Sl)

(B,32)

HP
Ysp
Umax
no.const

= 15·~
== [0 lIT
= [5.5]T
=5

T l1= 5 seconds
tau = [50 50]T seconds
Umin = [-1 - 1]T
no.steps = 200

f3

d

x:=1...lIP
II

o
Al(:;;) = 1
A2(~) =1 x=1...HP

Simulation results

-2~----~~----~__--~
o 500" 1000

'I'ime [seconds]

500 1000
Time (seconds)

500 1000
'Time (seconds)

Figure. B.lo: Simulation results of test16
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. 1\
B~17/ Test17
Plant Model

o ;" r:!::F[:::~~~:;+~
Predictor Model

(13.33)

r::::] [ .;~~~.
Pre-amble settings

(B.M)

HP
Ysp
Umax
no_const

=15= [Ol]T= 15 SJT=5 .

T = 5 seconds \\
.tau = [50 50]1' seconds
Umin = [-1 - IJT
no.steps = 200

f3

d " = zero from 1•..20, one from 20 ... 100, zero from 100 ... 200

fM:e) = 0.1+0.013:
f32(:t) = 0.1+ O.Ol:t

."2
x=L.HP

Al(;r) := 1
>'2(:1:) ::;; 1 x=l ...HP

Simulation results

0.2 ; ; .

. 0o~,.. i i~
-0.2 · •·•·.. ·.. ·i ..
-0.4L.-~~-.......1---~--'

o " 600 1000
Time (seconds)

500 1000

'I'ime (seconds)

500 1000
Time (seconds)

500 1000

Time (seconds)

Figure B.17: Simulation results of test17
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B.iS Test18
Planf Model

[
y,(tj 1= [•.•(16.·~;~i)~~;·tlj
Yo(t), • (lQ';~!i)~i:+l)

Predictor Model

Pre ..amble settings

HP
YS:Q
Unlax
no_canst

== 15
== [Ol]T
;:: [2.2 2]T
=5

T ,
ta,u
Umin
no.steps

c

f'. (B.3S)
U

(B.36)

= 5 seconds
= [50 59JT seconds
:::::[00]T
= 200

d = zero. from 1...20, one frOID 20.•.~.pO,zero.from 100....200

,11(X) ;:: 0.1 + 0.01a:
/32{X) ::: 0.1 +0.017'

Al(X)::::: 1
>'2(X) ::: 1

x=1...HP

Simulation results

0. 500. 10.00
Time (seconds)

:[h '12k.•.'...=
1 .. ~!':"·"·"···V"·"··"·"··'"
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,Time (seconds)

O"H
................ -r ;.. , ]

50.0. 100.0.
Time (seconds)
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Figure B.18: Simulation results of t~$\:18
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Appendix C

c.r C2DP.M
function [B, A] == c.2dp(nurn, den; T.)j

. -;,~!. .

% fUll.cti~n In t AJ '" c2dp(num , den. '1');
%
% converts a eontin~ous time transfer fUnction to discrete time
% a~suming a :i!!er<:>order hold on the inputs
y. -'h -2-3
% ~fi B(q) 0 ~ B(2)*q + ~(3)*q +. "" "
% P(q \i'~= -~---".-- = ----------------------------------
% -1 -2-3
Yo A(q ) 1 + A(2)*q + A(3)*q +""""_

[a,.b,c,d] ::: tt~:.>s(num".den)j
[a,b] ;:: c2d(a.,b, '1,;1
[B, AJ ;:: ss2tf(a,b,e)d~1):
~Iid;

C.2 TREF.M
%% funct ion [yJ ;::TRe!(y8p. 10. i. beta);
%%
%% Calculat~s. the, reference trajectory

:function [y] '= TRef(Ysp. YO. I, beta);

y(1,1) ;::YO;
:f01) i;:: 1::1-1

y(i+l,1) ;::beta*y(i,l) + (1-b6ta)*YsPi
end;
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c.a CALC.M
%%% function [~ W, It] :::;ca!c(B.l,lIP);
~~%%- -/-- '/
%%% Calculates the, Q., \l and It matrix./.,./ \,:" \),.,,1. _" \\~_ .';
%%% B == [Si B2 B3 ~~ BS S6 Ben+1)]

JI %Y.%.i ::: [Ai A2' A3 A4 AS A$ •••• A(n+1)]
iii %%% -n = order of sy::tteUl:.
,;'>r~~c.~p= horh:Pllij)redictiOI).
%~f~J
%%% predicted_output == q * [pa~t_output$]'
%%%' + w * [pr~dictocLi~r;;t;SJ ~
%%% + II. * [past_inputl:f,,·j'~·-
%%%
%%'1. 'o1h~re
%'1.%
%%%
%%Y.

predicted_outputs =
predict~d_inputs =
pa::lt_inputs :::
past_outputs =

ty(t+1) y(t+2),\
[:::.(t+HP-i) x(t+HP-\~)
[x(t-l) x(t-2) \\
[yet) yet-i) \\

;(unt;tion CCl, w. ItJ = c;alc;(B.A,BP);

n "" lengthCA)"':i';

% set-up initi:.aJ. l~tarting point
Q = ~e:ros(HP, n);
W == ze~os(HP. lIP);
II. ::: zeros(HP. n-i);

Q(i,;)::- -1(2:n+1):
W(i,~) ""Czero~(l,HP-l) B(2)];
R.(i,:) = B(3:n+l);

dununyl::: [Y(1.:) M1,:)]; )
dummy2:: Q(i. ::);

dumllly~l = dummy!i dtllllIily22 = dummy2;

tor i = 2:HP
M =d1lI1llIly22(i);
dununyl1 == Cd.ununyU(2!length(dummyl1» oJ
dummy22 == [dummy22(2:1ength(dummy22» OJ

W(i,:) = 4ummyl1(i:BP):
Rei,.) = dummyl.i(HP+1:length(Z1»;
Q(i,:) = dlUlUny22;

end;
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eJ.·4 STEST~M
, %. ,::).nis H-file wilt, tost the :functionality of the J?redictor equatl~on
C :;/' when considering a 51S0 system I

~:
% Procedure:
%
%

A SISO system will be setup.
The oiltP~~lewilclbe generated using both the predictor equation
and the e.iI:llUlatio~ of the system. "

U
clear;

.r)
I1l'i:=80;
T :;0.05;

% I1or~zon pred.iction
" Yo sampling period (aeconda)

~ set-up plant mod.el
nUltt:: 600*[1 5];
den = [1 :10.6 106 1000];

[B, AJ :: c2dp(:num. den. T);
n :::length(A)_:lj r. order of transfer function

[Q, w. RJ :: ~a11r(B,A,HP);

r. Predict the o~put
r.Yer. Using the ~\"'domainmodel
t ::T*(1: nlIpl):
%% set-up the sywtem vith input := 0.5
[y.10] = lsilll(num.den.0.5+zeros(HP,1),100*t);
[U,B1,C:1,Dl] :: tf2ss(num,den)j

%% cal.c;ulate the stEIP response of the system with an initial condition
%% of input = 0.5 and out})11t:: 1.50
%% Bote : The extra time -Ras included because the 1sim cOlnlnandalways
%% includes the initial starting point in the output.
s » lsim(Ai,B1,C1.D1,ones(BP+1,1),[t T*(HP+.l)],XO(HP,:»j
y :: y(2:length(y»:

%%Y. Using the predictor equation.
y_past:= 1.60 + zeX'os(n,1);
u_past.: 0.50 + zeros (n-1 ,1) ;
~_future :: ones(HP,1);
y :: Q.y_pas~+W*u_future+R*u_past;

% Display'. results
plot ('1'*(1:HP). Y, '.', t .Y). grid,
title( 'St£ep response (with initial conditiOIi.3) '),
ylabel ('Output J ), xlabal('Time (seconds)!):



C.5 CALC:rv.1.M
YoYe%funct ion [Q. w. R] = cal.Clll(B,A•UP.1.1Ii)i

W and R matrix for a HIKO system
%%%
%Y.% Calculates the Q.
YeYe%
%%% B11 1\\.
~~y.y. B12 11/
%%% I
7:%% I
%%% I
%Ye% Bll I
%%% B21 I
%%% B22 I
%%1- I
%Ye% B = I
}~%Y.
%%% 821
%Ye%
roYe%
YeYe%
%%Ye Bml
%Ye% Bm2
%%Ye
X%%
%%%
%%% Em!

'..j

where Bxy = row vector of coefficients of length n+1

UP = Horizon Prediction
1 = lumber of inputs
m = Number of outputs
n = order of system

:function [Q, \I, R] = calcm(B.A,HP,l,m);

n = length(A)-li % n = order of transfer :function

%% Set-Up Matrices
Q = zeros(m*UP. m*n);
W= zeros (m*UP, l*1iP);
R = zeros(m*HP, l*(n-l»;

% set-up first row
:for i = 2:n+l

Q(l:m. m*(i-2)+1:m*(i-l) ) = -A(i)*eye(m);
endj
W(1:m,:) = [zeros(m,l*(HP-l»'; get~b(B,2,l,m)']':
:for i = 3 :n+1

R(l:m , .1*(i-3)+1:l*(i-~) ) ::: gEit_b(B,i,l,m);
end;

% set-up Z10 and Z20;
Z10 = [W(l:m,:) R(l:m,:)J;
Z20 = Q(l:m,:);

Zl = ZlO: Z2 = Z20:

:for i = 2:HP
M = Z2(1:m»
Z:I. = [Zi(:I.:m
Z2 = [Z2(1:m,

1:m) ;
l+1:1*(HP+n-i» zeros(m.l)] + mult,(M,Z10,l.);
i:I+lan*l))) zeros(m,m)] + mul~i(M.Z2()jm);

,,~

'.:,
\\
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\\

W( 1I1*(i-l)+l:lI1*i • :) = Z1(1:m t :t:J.*HP);
R( :m*(i-l)+1:111*1 , :) = Zi(l:111 • 1*nP+1:1*(HP+n-1»;
Q( m.*(i~i)+t:lIl*i :) = Z2Z """

end;

I)

\'

I!

('
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C.S MTEST.M
~X this ~TLAB program will test the :functionality of the MIMI.') predictor
%% equation program CALCM.M
XX
%% define a-domain model
XY.
%%
YoY.
Y.X
'1.%
%'1. peS)
XX
roy.
%%
'1.'1.
%'1.
'!.%
X'!.
:t.:t.
'1.'1.
X%
%%
~!:t.
X%
X'!.cThediscrete time model is as follows (zon on the input)

....2.1 3.1 ,
---- ....--- -------- ,
16.7S+1 21S+1 I,

= I
-0.52 1.52 ,

--_._---- -------- I
10.9S+1 14.4S+1 I

PU(a) P12(S)
=

P21(s) P22(s)

---------------------- ...---;/_
den(s)

X%
%'!. B11 B12
XX p:=
'I.'!. 821 B22
%'1. --------- •• -- ... --
Yo% A

clear:

HP = 20:
T = 5:
no_iteratl,()~s= 40:

Yo prediction horizon
% sampling period

$: Set-up model of MIMO
1 = 2;
m = :t!;
num11 = ~2.1:
num12 = 3.1;
num2i = -0.52;
num22 = 1.5.2;

system in the s-domain.
% numoer of inputs
'!. number of outputs

dana = [16.1 :l;J;
den12 = [21.0 U:
den21 = [10.9 1),
den22 = [14.4 1]:

den = conv( denii, den12):
d~n = conv( den, den2i);
den = conv( den, den22) ;

X Convert the model to the notation as show above
P11 = daconv( conv( nmn11, den) I denii);
P12 = deeonv( co~v( num12, den ), den12);
P21 = deeOnv( conv( num21, den ). den21);
P22 = deeonv( conv( num22. den >. den22):
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'J.'1.'J.Ofi Fin.d step IompOIlsa U:sin2i s-<iol.llain l.llodel
t = 'l'*(O:l:l:P); . '~. i'

t!:!., R1. ci,D!] ;:: tf2~~ (0 "U fP21] , dan)';
[A2.B2,C2,D2] := t:(gss(n'l1~:p22J ,den);
WY.% set-ap system wit,A initial conditions
%%% inpU:ti "::;1·and tl~Pllt2 := 2 (steady stat~ conditiolis;

Yo find. step. ;res~,,:nse w;rt input 1
ty1,XiJ ::; lr:.til.\l(Ai;Bi .J.:1,Dl.1+z~~os(HP+1, 1) ,100*t) ;

'/. find step ;responr:.te W'X'1; :input 2 '
, (12.1?) = l$im(A2.B2.C2,D2.2+zercg(HP+l.,~) , 51oo+t) ;

%Y.% find response of the iSystel)l with thefle itiit:l.al conditions
'/.%7. inputi := 0; 5 and input2 ;:: 1
'/. response ,«u,e to input.! "." "

y1 ;:: lsi!n(A1'B,1,q,Q;1,CJ.5*ones(HP+l.1l ~t,x:t.(5P+i. :»;
Yo response due to inp1,1.t2

y2 ;::la¥lCA2,B2,C!G,D;!,.onea(HPH,1)'t,X2(RP+h:}) l:
y ::::y;+y2;

'/.%'I.'/. Find step response using tile discrete time predictor eq:uation
'/.' Convert tll.e llloclel from the' a-plane to the discrete-time wit11. ZOH \~i:>inpu,t

[B11,!,) ::::c2dp(Pi:J. .•" den, T);
[B12,A] ::::c2dp(P12, don, Tii
[B21.Jo] :::0 ,~2dp(P21, den. T);
[S2Z.AJ ;::c2dp(P22, den, rl:
B = [BU; B12; 1321; B22];
n := length(A)-i;

Yo Calculate the predictor equati!)n matricEls :for the MIMOtlYl3tElm
[Q.W,B.] ;::calcm(B,A,HP,l,m);

% set-up .system
u_paat(:l:2:2*(n-'1).1) := :bOO" zeros(n-i,1);
u_past(2:2:2*(n-l) ,.1) = 2.00 + 2:eros(n'"'l,1);
y_paat(1:2:2>1<n,1.)
ywpast (2:2: 2*D.,1)

:: 4.10 + zeros(n.l¥i= 2.62 + ze:tos(n.1);

'J. past
% past
'J. past
!~past

inputs for input i
inputs for input 2
outputs for output 1
outputs for output 2

Yo ;tind step response
u_:lllture(1:2:2*HP,1) :: 0.50 ;~ zeroll(RPj'i,:~'
u~future(2:2:2*HP~1) :: 1.00 + zeros(HF,f);
Y = Q*y_past + 'Il*u_:future + ll.*u_past;

plot( T*(1:HP),Y(i:2:1ength(Y», t,y(: .1) ,'0' Ji
title('Response of MIMOsystem');
ylabel('Uutput 1'}, xlabel('Til.lle(seconds)');
grid. paUSEl;

.:e1ot(T*(1:HP).Y(2:t:1ength(Y», t.y(:,2)I)'O' );
-'Htle('ltesponse of MIMOsystem');
ylabel('Output 2'), xlabeH'Titne (seconds)');
grid;
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C.7.. l\IIODEL.M
%% This In-tile detn¢nst~~teshow the reference tnodelof a process c<il\be
%r. defined using a differeuce equation
% ' ",% Process Model in s-dotJ~in
Yo
Yo 10($+1)

Yo pes) = ----------------~--% (S+3) (s"'2+s+1)
%
% Tbis program will filtd the coefficient Meded tc define the A and B vGctors

cleap. cle, eig;
% set-up plant lllodel
num = 10*[1 1J;
den:: (1 4 4: 3J;
T = ~,; % ~ampling period (seconds);
LB. Aj '" c2dp(1l1i111, den, T) i

disp('The n vector is 'LB
disp(!'l'he A vector is .) ,A

y1 = dstep(B,A.20);
x ::; T*linspa<.1e(O,1{f.20)+T/2; x = Xl;
stai:rs(x,y1):
hold 011.;
step(l?>UIII,den.-r*linspace(O,20»:
holq.'ott
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func;tion [X,latllbda,how] =qp (HIf,A,B, vlb. vub;X.neqcstr Iverbosi t1 •negdof )
% QP quadratic progranuning.
% X=QP(l:I.f,A,b) t301v"'1I the quacb:'atic programming problem:
%% min 0.5*x'Hx + f'x subject to: Ax <= b
% x
%
%
%
Yo
%
%
%
%
%
~~
%
%
%<,
%

c.a

Cx~tAMBD.A.J=QP(H,f.lI..b) rotu:rns the Bet of Lagrangian multipliers,
LAMBDA,at the solution.

X=QP(H,t,A,b,VLB,VUB)de:fines a !!letof lower and upper
bounds on the design variables, :~, so tha:e the solution
is always in the range VLB < X < ¥UB.

X=QP(H,f,A,b,VLB,VUB.H') i:ndicatel:jthat the :first N constraints defined
by A and b are equality constraints.

QP produces 'Q'ar:tLingl1lessp.g~ft"l1~P'" '~~~.'"s.ulu~~(on is 6i ther unbounded
or in1!easible. \oJro.'nint 1ll~r" .;.:( \~ tlli~~d o'ff with the calling
syntax: X:;;QP(Il,:f ,A. b. VUl' "

(

% Copyright (c) :1.990 by the. Mn.ti:
% Andy Grace 7-9-S0.

% HNi~le misd'....!lg argunr.dnts
if nargin<:10, negdei = 0;
if nargin<9, verbosity = 0;
if nargi~<8. neqcstr=[];
it nargin < 7. X= 0 ;
if nal:gin<6, vuh= 0 i
it nal:gin<6, vlb==O;
end, end, end, Gnd, end, end
[:ncstr.IL'I1ctts]=size(A) ;
nvars = ~ength(f).; % In caSe A is empty
if -length(verbol3ity). 'verbosity ==0; end
it ~lell.gth(neqcstJ:').Mqcstr = 0; end
if -length(X), X==ze~os(nvars.1); end

:f=f (:) j

B=8(:);

if norm(H.'infl)==O I ~leng·th(H) I H=Oj QP:Oj else, Q~::-negdef; and.
how::: 'ok';
% Handle constra.ults as linear constraints
lenvlb=length(vlb);
if lellvlb > 0
A:::[A.j-eye(lenvlb,ll,vara)] ;
B=CB;-vlb(:)] ;
end
lanvub=length(vub):
if lenvub>O
A=[Ajeye(lenvubjnvars)]i
B=[Bjvub(:)]:
end
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ncstr::ncst:r+lenvlb+lenvub:
lambda=zeroa(ncstr.l):
aix=lambda;
,ACTCNT=O;
ACTSET=[J:
ACTIND=O:
CIND::1:
eqix ;::i:neqc$tr;
%....-----------EQUALITy CONSTRAINTS-------------------------···-
if neqcstr>O
aix(eqix)=ones(neqcstr.l):
ACTSET=A(flqix.:);
ACTI5D::eqi:t:
ACTCIi'l'=neqcstr:
CIliD=neqcstr+i;
if max(abs(A(eqix.:)*X-B(aqix»»le-iO
I=ACTSE'.r\B(eqix) ;
end
Z=null(ACTSET):
err = O.
if neqcstl,:'(1nvars
en = llIax(~~~(A«.'Iqi:X:.:)*X-B(eqix»):
if (err' > ie"8)
how='inteasible';
if verbosity > -i
disp('W<!-t'ning:The equality constraints are overl'y stringent: I)
dispe' there is no feasible solution,l)
end
end
end
if -length(Z) I err >,1e""8
actlambda=abs( -ACTSET',\(Iit*X+f)};
lambda (eqb:)~actlambda ;"
return
end
% Check whether in Phase 1 of feasibility point finding.
if (verbosity == -2)
cstr == AU-a;

IlIc=max(cstr(neqcatrH:ncstr»;
if (mc > 0)
l(nvars) ;::me + 1:
end
end
else
Z=l'
end

% Find Initial Feasible Solutio~
c13tr=A*X-B;
mc=max (cstr (neqcstr+i :ncstr»:
it mc>eps

A2= [[A: zerps(l,nvars)J •[zeros (neqcstr .1) i-on· (ncstr+1-ntlqcstr ,i)JJ ;
[XS,lambdasJ=qp(O. [zeros (nvars .1): i3 ,A2, [B;1e-5] ,[], [],[X;lI1c+1],neqcstr,-2);
X=XS(1 :nvars);
estr=A*X'~B j

if XS(nvars+i»eps
it XS(nvats+1»1e-S
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ho~='infeasible>;
if verbosity> -1
disp( 'Warning: The conetraints are overly stringent; I)
dispe' there is no feasible solution:)
end
else r
how = 'oVG~ly constra~~d';
end
lambda~lambdas(l:nest~);

ret1ll:"ll.
end

end
gt=li*X+f;
if (QP)

SO=""Z*«ZI*n*z)\(Z'*gf»;
1. Check toX'·-ve definite problems:
Yo if SD'*gf>O. QP = 0; SD=-SD; end

eJ.se
SD=-Z*Z'*gf;

end
Oldind = 0;
errcstr = nOI~(!)*le-6;

%--------------Hain aoutine~-~----------------
while ACTCNT<min(nc~tr.nvar$)+l

Yo Find distancE! we can move in seare!!.direction SD before a
1. constraint is violated.
GSD:A*SD.

indf = find(GSD>O & -ai~);
it -length(indf)
STEPMnl=le16:
elSe
[STEPMIN,ind2) = m.in(abs(cstr(indf) ./GSD(indf»);
ind=indf(ind2) :
end
%-------··----------QP---------~·---
if (QP)
Yo If STEPMI! is :1 then this is the exact distance to the solution.
if STEPMIlY>=i
I=X+SD:

if ACTCIlT>O
if ACtCNT>=nvars-l, ACTSET(CIND,: )=0 ;ACTl:ND(CIND)=0 ; end
ac~lambda=-ACTSET'\(a*X+f);
[minl, lind] :;min(actlambda(l+neqcstr:ACTCNT»;
if (-length(minl» minl = 1; end
it (minl>O)
lambda(AeTIND)=abs(actlambda);
return
end
Yo Remove constraint(s)
ACTSET(lind, :) = t];
aix(ACTIND(lind» = 0,
aCi'Iiu(lind) "= 0,
ACTCNT = AOTOIT-2,
ind = 0;
else
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:return
end
else

X=X+STEPHU*SD;
end
else
% Unbounded Solution
if $TEPKIN>1e15:
if X(nvars»epa
STEPHIH=<lbs«X(nvars)+ie-5)/(SD(nvars)+eps»;
X=X+STEPKIN*SD;
end
how='unbounded'l
if verbosity> -1
disp('Warning: The solution is unbounded and at infinity:')
disp(' the constraints are not restrictive enough.')
end
return
else

X=X+STEPMIll*SD;
end
end %i:f (qp)

Yo Update X and calculate constraints
cst:r=A*X-B:
% Check no I~onst:ra.intis violated
if lIlax(cstr»errcstr
if verbosity> -1
disp('~arning: The problelllis badly conditioned;')
disp(' the solution is not reliable')
end
hOl1='failed' :
X=X-STEPUIN*SD;
re'turn
end

% Calculate MW search direction and update active set
g:f=H*X+f:
it ind
aix(ind)=1;
ACTSET(CIND.:)=A(ind,:):
ACT!ND(CIND)=ind;
Gnd
it oldind
ai:l!i(oldind)= 0:
end
if ACTCNT<nvars-1
Z=null(ACTSET)j
ACTCNT=ACTClfT+1j
CIND=AC!CNT.r1;
oldind = 0:
else
actlambda=-ACTSET'\gfi
actlambda(eqix)=abs(actlam.bda(eqix»:
Uninl,CIND]=min(actlambda);
if minI <o'~'
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Z=null([ACTSET(i:C!ND-i,:);ACTSET(CIND+1.:nvars,:)]):
oldind ::ACTJ:HD(CIND) ;
else
lambda(ACTlNO)=aetlambda;
rat.urn
end
end ~it ACTC»T<nv~s
if (QP)
Zgf = Z'*g£:
if (no:rm(Zgf) < ~e-1S)
SO = zeros (n;vars.l) ~
eladf -lE,mgth(.)Zgf)
Yo Only happens in -ve semi-definite. problems
disp('Warning: QPproblErmis -ve semi-definite.)
SD = zeros(nvars.1):
else
SD=-Z*«Z'*H*~)\(Zgf»;
end
Yo Cheekior -ve definite problema

% if SD'*gf>O. QP = 0;. SD::-SD; end
olso
SP=-Z*Z'*gfi
if norm(SD)<1e-iO
aetlambda = abs(-ACTSET'\gf);
lambda (AC'l'IllD )=actlambda;
:return
end
end
end % whila "CTCIiT<min(nv~tiI,llestr)
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C.9 SIMULATE.M
%%%% Multi-variable plant model simulation
%
% Specifications:
% Has got integral action
% Constraints on inputs
% Allowances for different predictor and plant model
Yo
% define continuous time model
%
% PH P12
Yo peS) =
% P21 P22
1. -----------------
1. den(s)

clear;

Yo setup specifications
HP = 20;
T .;: Sj
Yap = [0;1];
tau = [60;60J;
UI!!ax = [2.2;2]:
Umin ::(0;0];
nO..;const""5;
no_steps = 200;

1. prediction horizon
1. sampling period
% set-iloint
% time constant of ref traj ectory
Yo input constrain'Gs
% input constraints
% number of inputs constraiIl'i:;s
% number of steps to run simulation for

%%% define disturbance input
d = [zeros(20,1); 0.1+zeros(BO,1)j zeros(no_steps,l)];

%%% Define model of PREDICTOR
% de~illedimensions of predictor model

l_pred ::2; % number of inputs
m_pred = 2: % number of outputs

1. Set-up model of MIMO syst~m in the s-domain.
num11.;: -2.15; den11 ~ [17 1J: delaY11 ::0;
num12 = 3.2; den12.;: [21.1 1]; delay12 = 0;
num21.;: -0.6; den21 = [11 1]; delay21 = 0;
num22 = 1.62; den22.;: [16 1]; delay22.;:0;
max_delay_pred = max( [delay11 delay12 delay21 delay22] );
den:: cOllV(den11, deni2);
den = conv( den. aen21):
den = collV( den, den~2);

Yo Convert the model to the notation as shown above
Pi1 = deconv( conv( num11. den ), den11);
P12 .;:deconv( conv( num12. den ), den12);
P21 ::decollv(conv( ~um21. den ), den21);
P22 .;:deconv( conv{ num22. den ), den22);

% Convert the model from the a-plane to the discrete-time with ZOH on input
[Bit,A] = c2dp(P11, den. T);
[Bi2,A] = c2dp(Pi2. den. T);
[B21,A] = c2dp(P21. den, T)i
[B22,A] = c2dp(P22. den, T);
B11 = [ ~eros(:1.delay11) Bii zel'os(1,max_delay_pred-delayH) ];
B12 = [zeros(i.d~layi2) B12 zeros(i.max_delay_pred-delayi2) ]i
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B21 ::[ zeros(1\,delay21) B21 zeros(l,max_dela.y_pred-delay21) J:
B22 = [zeros(i,delay22) B22 zeros(1.max_delay_pred-delay22) ];
A_pred = [A zeros(i,max_delay_pred)]:
B_pred :: [BU; B12: B21;B22]:

% order of transder function
n_pred ~ length(A_pred)-ii

Yo $et,-upsystem (predictor model)
u_past_pred(1 :l_p:ted:l_pred*(n_pred....i) ,1)
u_past_p:red(2:1_pred:l_Pred*(n_pred-1) ,i)
y_past_prGd(1:m_pred::n_pred*n_pred ,i)
y_pa.st_pred(2:m_pred:m_pred*n_pred ,i)
present_inputs = [O:oJ:

= O+zeros(n_pred-l,1):
::O+zeros(n_pred-i,i);
= O+zeros(n_pred,i);= O+zeros(n_pred,1):

%Y.% Define model of PLANt
Yo define dimensions of plant mouel

I_plant = 3; Yo Dumber of inputs
m_plant :::2; % number of outputs

Yo Set-up model of MIMO sys.temin the s-doaadn.
numl~ = -2.i: den11 = co~v([16.7 1].[5 1J): delay1i:: 0;
ntun12::: 3.1 i den12;: conv( [21.0 1],[5 1]): delay12 = 0;
num13::: 3.8; den13:: [14.9 1J; delay13 ::0;
num21 ~ -Q.S2: den21 :::conv([10.9 1],[5 1]): deIay21 = 0;
nll1l122= 1.52; den22:: eonv([14.4 1],[5 1]): del3.y22 = 0:
num23 = 4.9; den23 = [13.2 1]: delay23 = .0;
max_delay = max( [delay11 delay12 delay13 delay21 delay22 delay23] );
deu.$ conv( den11, den12):
den = conv( den, deni3);
den = conv( den, den21):
den = conv( de~, den22);
den = cony ( den, den23);

Yo Convert the model to the notation as shown above
Pi1 = deconv( conv( numl1, den ). denti);
P12 = deconv( conv( num12, den ), deni~):
Pi3 = deconv( conv( num13, den ), den13):
P21 = deconv( conv{ num21, den ), den2Jl);
P22 ::deconv( con.( nUlll2~;den), den2~t}:
P23 = deconv( con~( num23, den ), den23):

% Convert thftmodel :fromthe R-plruo.etQ '(;hediscrete-time with ZOI1 011 input
[Bl1,A] = c2dp(Pl1, den, I):
[B12,A] = c2dp(P12, den, I):
[B13,A] = c2dp(P13. den, T);
tB~i,AJ = c2dp(P2l, den. T)l
(B22,A] = c2dp(P22. dan, Tll
[B23,A] - c2dp(P23, den, T);
Bli = [zeros(1.delay11) Bil zeros(1,max_delay-delayl1) ]:
B12 = [zeros(1,delay12) B12 zeros(l,max_delay-delay12) J:
B13 = [ zeros(1,delayi3) B13 zeros(i,max_delay-deJ.ay13) ]:
B21 = [ zeros(l,delay2i) B:?!1zeros(1,max_delay-delay21) ];
B22 = [zeros(1,dslay22) B22 zeros(1.ll1ax_delay-delay22)];
B23 = [ zeros(l,delay23) B23 zeros(l,max_delay-delay23) ];
A_plant = [A zeros(1,max_delay»);
B_plant = [B11: B12; B13: B21j 822: 223]:

% order of transfer function
n_plant = Iength(A_plant)-1:

% s~t-up system (plant model)
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y _past_plant (1:m_plant: m_plant*n~plant ~1) :::O+zeros (n_plant ,1) ;
y_past_plant(2:I'l_plant:1II...plant*n_plant,1) = 0+zeros(n_plant.1);
u_pa.st...plant (i:I_plant: l_plant*n_plant ,:1.) = O+ze7.'OS(n_plant,1) ;
u_past_plant(2:I_plan~!1_plant*n_plant,1) = O+zeros(n_plant,1),

% get suttled A and B matrices
!A_plant ::0; BB_plant ::0;
for i = 1:length(A_plant)

BB_plant(i :m.,pIant. 1_plant*(i-1)+1 :l_plant*i) = get_b(B_plant ,i,l_plantj'm_plant) ;
AA_plant(1:m_plant, m_plant*(i-i)+l:m_plant*i) = A...plant(i)*eye(m_plant);

end;

output_history ::0; input_history = 0:

Yo Calculate the predictor equation matrices for the MIMO system
[Q,w,a] = calcm(B_pred. A_pred, RP. l_pred. m_pred),

% set-up weighting matrical)
betal = 0; alphai = q;
:for i == 1:HP

betr~~(::[beta1: 0.5+,O.1*i];
if i.(1)HP/4

alpha1 :::[alphai; i];
elsaH i>3/4*HP

alpha1 = [alpha1; 1.5];
else

alphai:: [alpha!: 1.GJ;
end;

end:
for i = 1:m_pred

alpha(i:m_pred:m_pred*HP) = alphai:
end;
for i = i:l_pred

beta(i:l_pred:l_p:t'ed*HP) = beta1;
end; "'.
bet:a. = diag(bet~);~ ~pha = diag(alpha):

delta_u = zeros(l_pred*HP,i); XO=delta_u;

b = exp(oT./tau);
C = 2*( (alpha*W)'*(alpha*W) + betaj*bet~

Y.%'!. constraint_ ,;)
aa = zaros(1_Dred*nQ_const,1 .•lJrecl*HP)~~\ Ie'

for i = 1:no_~onst ' !lft~\':· >,f;)
aa{i*l_pred-1. 1:I_pred:l_pred*HP) = /(':zel'~s<i,HP-i)ones(1,i)J:
aa(i*l_pred, 2:l_pred:l_pred*HP) = <Lzerc)l.Ji,Hl)-i)ones(1,i)];

end; ,
aa = [aa;-aa];
for i = i:l_pram

bb1(i:l_pred:1L_pred*no_const,1) = Ulilax(i)+zeros(no_const,1);
bb2(i:l_pred:l_p:t'6d*no_const,1) = Umin(i)+zoros(no_const,i);

end;
T_J.ag = [J;

pack;
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\
\ '

t

tor counter = l:rlQ_steps
\\

y'y'%%t?redictive Con'l:;rol Sectie>n

Y.%Yo1,\ .Measure. the ~;utput
Yoll:t'aate the h:istor}~ inputs te>'the plant
ul :0 pre~e:n:t_inputs(i);
112 = prol3l.,nt_inputs(2);
dummy (::.:::; [ :[1l1~u2'd(cottn;Cer.1)]; ll...:past_pla:nt];
ll_past_plant = dununl{;t,:Lp+,~t*n_plant.1) ;

Yocalclate output ot pla~t <~c<

y_ont_plant = BB_plan~,!,[zeros (l-1~;tant, 1) ;u_past_plan',J;]
- Aj,~,:"plant*[zeros (m_plant, 1) ;y_P:i!.st_plant] ;

Yocalculate the change :in Ol\tput and update the predicte>r me>deloutputs
dununy = [ (y_oulLplai'lt-y_past_plant(i:m_plant,:» ; y_pa:3.t_pred];
y_past_pred = dummy(1;'i:!_pre~i*m_pred.l):

% 'lpdate history o:f outputs o:f plant
dummy = [y_out_plant; j'_past_planth
y_past,..plant :::;dummy(1!m_plant~~n_plant, 1.) ;

%%1.2. Set-Up J~eference Traj ector"
X = OJ
for j :::;l:m~pred

dummy= [y_out_plant(j); tref(Ysp(j). y_out_plant(j,l), HP, b(j»];
:for i :::;i:HP

X(i,j) = d1lIlillly(i+'i) _ duniIny(i);
end;

end;
Y_Ref = 0;
:for i = l:m_pred

Y_Ref(i:m_pred:m_pred*HP,i) = 1(;.i);
end;

YoYoYo3. Find optimum input
Yi = Q*y_past_pred + R*u_past_pred;

p = -2* (a1pha*W)'*alpha,*(Y_Ref-Yl);

for i = i:l_pred
bb(i: l_pred: l_pred*no_cc.nst. i) ,..

. bbl(i:1_Fred:l_pre4*no,..const,l) - present_inputs(i);
hbCl_pred*no_const+i: l_pred: 2*1_pred*no._const ,1) :::;

-( bb2(i:l_pred:l_pred*no_const,l) - present_inputs(i) );
end;

to = clock;
d$lta_u = qp(C.p,aa,bb. 0,0 ,!O) j
':_lag :::;[T_lag; etime(clock. to)];

Y.%% 4. Update the history vectors

present_inputs = prel\lent_inputs+ll~lta_u(1+1_pred*{HP-1):1-pred*HP,i);
input_history = [input_history; present_inputs'];
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, l1_past_pred = [delta_u(1+l_pred*(H}V[1) :l_prer1*HP,i):
u_p..~t_pred(i:l_pre~".~(n_pred-2).i) ];

output_history == [output_history; y_(.lut",'P1.2h!.!;'];
,.

Yo calculate trajdctory ot,inp.lts
inp;tt_traj = present_inputs';
:for i = 2:HP
dummy= delta_u(~~t_prec'l.*(BP-i):1_pre(1*(HP...i+1).1) J'i '<,

I "" + input_ traj (l~ngth(input...:traj (: "i) )U: )-"'r ''=:"

input_traj = [input_traj: dummy'];
end:

Yo show predicted re$ult~
y..pred ==, Vi + W*delta~u;
clg: subplot (221) ; .',
[xxJyyl = steps(i:HP, y_p~a(i:ltl_pred:m_prEid*lrP»;
plot(i :BF. Y_R.af(i :lIl_pred:lIl_pred*HP),:J;x,yy ); ylabelpRate out #1');
ti1/le( sprin,tf( IIterat\~ln # Yog' ,counter) ); " \\
[:a:x,JyJ = steps(1:HP, i_pred(2:m_pr()d:m_ps:"~*HP»;
plot{1 :BP, Y_Ref(2:'m_pred:m_pred*HP), xx,yy }'; ylabel(.'Rate"' out #2~'J; -
(xx,yy] ;:: steps(l:RP, input_traj(:.1));
plot (xx.11./. ylabel (' inpnt #i') : \::
(xx,yyJ = $teps(hHP, :i.nput_traj(:,2»;
pl~~trx t11), ylabel ( , ilt:put #2'.):

Y. ne; initial :;tart Jb. optillli~atiQn routine
XO.., [ delta_u(1:l_p~ed, 1); delta_u(1:,1"'pred*(HP-i), 1)];

end;

%%Yo show resulta
elg; subplot (221) ;
Plot(T*(i :no_steps) • output_history(: J1i:). grid, title( 'Output 1');
plot(T*(i :no_steps) ,c:olltpu.t_histo:y(: .2~(). grid. title( 'Output?2' Ii
[XXlYY] ;:,, flteps(T*6 :no_steps). input_history ( : ,1»:
plot (XbD') • grid, title(' Input 1'); ,'.
[xx.yyj = steps(T*(1 ;Xlo_l'Iteps), input_history ( : ,2»:
plot (::u,yy), grici. title('Input 2»:
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