Afrika Matematika (2025) 36:62
https://doi.org/10.1007/s13370-025-01279-9

®

Check for
updates

An analysis of the nonlinearizable classes of Emden-Liénard
equations

M. Ahmed" - A. H. Kara'2

Received: 31 May 2024 / Accepted: 24 February 2025
© The Author(s) 2025

Abstract

We present a general method to construct first integrals for some classes of the well known
second-order ordinary differential equations, viz., the Emden and Liénard classes of equa-
tions. The approach does not require a knowledge of a Lagrangian but, rather, uses the
‘multiplier approach’ [1, 2]. It is then shown how a study of the invariance properties and
conservation laws are used to ‘twice’ reduce the equations to solutions. In this paper, we
restrict our work to the nonlinearizable cases.

Keywords First integrals - Reduction - Nonlinearizable Emden and Liénard equations

Mathematics Subject Classification 70H33 - 37K06 - 70S10

1 Introduction

In [4], Tiwari et al. carry out a complete classification of the Lie point symmetry groups asso-
ciated with the quadratic, ordinary differential (ode) Liénard type equation, y” + f(y)y> +
g(y) = 0, for which the Lie analysis split into the maximal (eight parameter) symmetry
group equivalent to s/(3, R) which is linearizable and the non-maximal (three, two, and one
parameter) symmetry groups. For the non-maximal cases, the identified equations are inte-
grable and contain some examples such as the ‘Mathews-Lakshmanan oscillator particle on
a rotating parabolic well’.

In [10], we computed the first integrals of the various classes of the linearizable cases
without recourse to constructing the respective Lagrangians and Noether’s Theorem [3, 5].
In essence, the method generally assumes that there exists a relationship between symmetries
and conservation laws [6, 7] and the computation adopts the method expounded in the ‘multi-
plier approach’ [1, 2]. In each case, a maximal five first integrals (conserved quantities) were
obtained corresponding to the five independent multipliers. This matches with the equivalent
five that are obtainable from the standard Lagrangian and variational symmetries of the linear
free particle or oscillator equations via Noether’s Theorem. In this paper, we focus on the
first integrals of the classes of nonlinearizable quadratic Liénard type equations. The method
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of multipliers is, vastly, more useful as there is no need to construct a Lagrangian for the
underlying ode. To demonstrate a possible relationship between Lie point symmetries and
first integrals, we need only check if the first integral is invariant under the symmetry. The
primary application of this relationship lies in the double reduction of the ode (see [6] and,
more recently [8, 9] - in [10], the method for odes is presented in detail.

2 The Emden equations
I. The three paramenter case

It has been shown in [4] that a class of Emden equations generating a three dimensional
algebra of Lie point symmetries is

2
y// _ ;y/z +)\y5 =0

with a basis of symmetries being
Xi=g50 Xo=x*f—xyd Xs=2k -y 2.1)
so that
(X1, X2]=1X3,  [X1,X3]1=2X1, [X2, X3]=—2X>. (2.2)
The multipliers P(x, y, y") that lead lead to a ‘total divergence’ satisfies ( [1, 2])

sy PGy 0" =2y + 7)) =0, (2.3)

where % is the Euler operator. After some lengthy calculations we get that the multiplier
functions take the form

P = f'(x,y);y%’g(x,y) (2.4)

which we enumerate below to obtain

2
_o—x _ x*
Pl == 2),3 2),4.)} 5
—1 X .,/
P, = 3 T Y 2.5)
Py = =1 .

Each multiplier P; leads to a first integral, /, that satisty Eq. (2.3).
(a) Regarding Py, we get

2

—X X 2

Dl=4———w)0“wﬁ+wﬂ, (2.6)
! <2y3 2y* y

where I = I(x,y, ') is the first integral and D, = % + y’% + y”a% + --- is the total

derivative with respect to x. After expanding and applying the total derivative in Eq. (2.6),
we obtain

a7 ” /4,3

Yy +3y"y+y'y
I, +y1,+y'I, = ) 2.7
S T I IR
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Splitting on y” yields

2.7

R
: 2y 2y 2 8)
(xy+y)(ry®—2y? 2.
L+ YL = DAYy T ) ‘2(y5} J ).
Integrating Eq. (2.8) with respect to y’ gives
23,2
YAX 1

I(x,y,y)=— —— + A, y), 2.9
(xx, . y) 1 4y2+ (x,y) 2.9

where A(x, y) is an arbitrary function of x and y. Substituting the value of I (x, y, y") into
Eq. (2.8) leads into the following

2 ’ / / ’ 6 2
X xy (2xy"+3 —x(@xy +y)ry°® =2
VL A Y (2xy ”+mﬂ= 0y + 00y =2y
2y* 2y 2y’ V 2y’
(2.10)
After simplifying Eq. (2.10), we get that
A+ A, =0. @2.11)
Splitting Eq. (2.11) on y’ gives
2
TiA = XA
Yo N (2.12)
N Ay = — ) —+ 2'?
Integrating Eq. (2.12) with respect to y yields
Ay =222 L g 2.13)
X,y)=— - — x), .
Y 4 42

where B (x) is an arbitrary function of x. After replacing A into Eq. (2.12) and integrating with
respect to x, we obtain B = C, where C| is an arbitrary constant of integration. Therefore,
the first integral is given by

X
I,y y)=—"—r -2 227 (). (2.14)
y y

X
hx,y, Y )=——FF 35—~~~ 15
y

It is easy to check that DI} = ( X — ;"zy’) (y” —2y24 Ays).

27 2y%
(b) The first integral for the case P,,viz.,

Pr=75s =5y (2.15)

satisfy the divergent form

(ny/ + y) (Ay6 + y//y _ 2y/2)
2y3

Dol = — . (2.16)
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On Expanding and applying the total derivative in Eq. (2.16), we obtain
(ny’ 4 y) ()\y6 + y//y _ 2y/2)

L+ Y1 +y'ly =— 23 : (2.17)
Splitting on y” yields
A 1
iy =S - g 2.18)
2xy'+y) (Ay0—2y" :
b yly = -GN
Integrating Eq. (2.18) with respect to y’ gives
2 ’
N xy' y
I(x,y,y)=— 257 T 2y + A, ), (2.19)

where A(x, y) is an arbitrary function of x and y. Substituting the value of I(x, y, y’) into
Eq. (2.18) leads into the following

it ¥ (4xy” +3y'y) Ay = (2xy" +y) (Ay® —2y7?) 2.20)
x 2y4 2y5 y| Y = 2y5 : :
After simplifying Eq. (2.20), we get that
Ac+y'A, =0. (2.21)
Splitting Eq. (2.20) on y’ gives
. y’h
YAy == (2.22)
DAy = —xyA.
Integrating Eq. (2.22) with respect to y yields
xy2k
Alx,y) = ——5—+ B(), (2.23)

where B(x) is an arbitrary function of x. After replacing the value of A into Eq. (2.23)
and integrating with respect to x, we obtain B = C;, where Cj is an arbitrary constant of
integration. Therefore, the first integral is given by

” / 2
Xy y yeAx
I(x,y,y)=—-"5— == — C 2.24
(.3, 5) 27 2y3 > ta (2.24)
from which we can choose the first integral corresponding to P, to be
2] ’ 2
xy y YoAX
Lx,y,y) == — =5 -
2(x, v, ¥) 27 T 2y3 >
_ (=1 _ =x.s no__ 2.2 5
so that that DI, = <2y3 yf ) (y YT Ay )
(c¢) For
= _Y
Py=—-% (2.25)
we get
" 6+ "y —9 2
D =—2 (" 4"y —2v7) (2.26)

» '
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and

y/ ()»yé + y//y _ 2y2)

L+ Y1+ y'ly =— = (2.27)
Splitting on y” yields
il =T (2.28)
—v'(x 672 2 .
Ix+y/ :_7}(';5 y).
Integrating Eq. (2.28) with respect to y’ gives
y/2

I(x.y.y) = —F TAE Y, (2.29)

where A(x, y) is an arbitrary function of x and y. Substituting the value of I (x, y, y) into
Eq. (2.28) leads into the following

- (2))5/2 + Ay> y = —M. (2.30)
y y
After simplifying Eq. (2.30), we get that
Ac+y'A, =0. (231
Splitting Eq. (2.31) on y’ gives
Y g;c z (i)\y. (2.32)
Integrating Eq. (2.32) with respect to y yields
A(x,y) = —%yz + B(x), (2.33)

where B(x) is an arbitrary function of x. After replacing the value of A into Eq. (2.32)
and integrating with respect to x, we obtain B = Cj, where Cj is an arbitrary constant of
integration. Therefore, the first integral is given by

y/2 yZ)L
I(x,y,y/):_z—y“—T-i-Cl. (2.34)

Finally, a first integral corresponding to P3 is

, y/2 yz)»
B(x,y.y) = 5 2
and DIz = <;—ﬁ/) (y” - %y/z + kys).

Note. The only direct ‘association’ between symmetry and first integral exists X3 & I»
and between X| & I3. In these respective cases, a single symmetry would lead to ‘double
reduction’ of y” — %y’z + Ay> = 0 (for details, see [8, 9]). The second case is obvious and
the association is not required for a general solution.
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Il. Two dimensional algebra case

The form of the second-order Emden ode generating a Lie point symmetry algebra of two
dimensions is

1 1
y// + 7y/2 + *)\)73 =0
y 4

with algebra

Xi=g Xo=xg—-ya (2.35)
The multiplier condition is
S Py 0+ 37+ ) =0 (2.36)
and after some lengthy calculations, the multiplier function takes the form
P = —y2y (2.37)
so that
Dyl = —y?y' (y” + %y’z - %Aﬁ) , (2.38)

where I = I(x,y, ') is the first integral and D, = % + y’% + y”a%, + .- is the total
derivative with respect to x. After Expanding and applying the total derivative in Eq. (2.38),
we obtain

(6 + 4"y +4y7)

L+ Y1 +y'ly =— y . (2.39)

Splitting on y” yields

"o, 2.7

yoily ==y,
'I} ’ y2oa? (2.40)
L+ Yyl = + =

y

Integrating Eq. (2.40) with respect to y’ gives

y2y/2

I(x,y,y) =— + A(x, y), (241)
where A(x, y) is an arbitrary function of x and y. Substituting the value of I(x, y, y’) into
Eq. (2.41) leads into the following

_yy/ ()\‘y4 +4y/2)

— A= (=0 +4))y =- (2.42)

4
After simplifying Eq. (2.42), we get that
Ac+)Y Ay =0. (2.43)
Splitting Eq. (2.43) on y’ gives
"t A, =0,
AR (2.44)

y="71
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Integrating Eq. (2.44) with respect to y yields

A 6
Alx, y) = —2—y4 + B(x), (2.45)

where B(x) is an arbitrary function of x. After replacing the value of A into Eq. (2.44)
and integrating with respect to x, we obtain B = Cj, where C| is an arbitrary constant of
integration. Therefore, the first integral is given by

1 1
I(x,y,y) = —Eyzy’z - ﬂky6 +C. (2.46)

Thus, we may let the first integral corresponding to P; be

1 1
I(x,y,y) = —Eyzy/2 - ﬁky(’.

Itis easy to check that DI = (—y?y’) (y” + %y/z + }T)\y3>.

Note. Even though the ode y” + %y’ L %)\y3 = 0 admits a two-dimensional algebra of
Lie point symmetries, we obtain a single first integral. Nevertheless, the ode is completely
integrable and, also, P is invariant under X and conformally invariant under X, since
X,P = —6P.

lll. One dimensional algebra case

(a) The first form of the second-order ode generating a Lie point symmetry algebra of
dimension one is the Mathews-Lakshmanan Oscillator equation
n_ Ayy 2 w(%y _
A24+1 0 A2 +1
with symmetry X = 9/d¢. The multiplier condition is

Ay ” 2..

£ [P(x, ¥,y (y” -t A;’ﬁl)] =0, (2.47)

so that

_ y
P = ~ o (2.48)
and
/ ”2 2
y yo Ayy wyy

D.I=|-— - , 2.49
* ( Ayz—i-l)(y Ay2+1+ky2+1) (2.49)

where I = I(x, y, y) is the first integral. After expanding and applying the total derivative
in Eq. (2.49), we obtain

y/ ()\yzyu + (_)Ly/z + w(z)) y+ y//)

I + y’ly + y”ly/ =— . (2.50)
(2 +1)°
Splitting on y” yields
y” Hy = _Av)£l+1’
L+, = — Ayy” + w(Z)y 2.5D)
ST Yy w2 T
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Integrating Eq. (2.51) with respect to y’ gives
y/2

e + A(x, ), 2.52
2Aszerr (x,y) (2.52)

I(XJ”)’/):_

where A(x, y) is an arbitrary function of x and y. Substituting the value of I(x, y, y’) into
Eq. (2.51) leads into the following

2 / 2 2
A =AY+ w,
A (2 g, y/:—yy( 4 20). (2.53)
(A2 +1) (A2 +1)
After simplifying Eq. (2.53), we get that
Ac+y'A, =0. (2.54)
Splitting Eq. (2.54) on y’ gives
y' 1Ay =0,
DAL= wiy (2.55)
Ty (Ay2+l)2 ’
Integrating Eq. (2.55) with respect to y yields
wp
Ax,y) = ———— + B(x), 2.56
@9 = o T W (2.56)

where B(x) is an arbitrary function of x. After replacing the value of A into Eq. (2.55)
and integrating with respect to x, we obtain B = C|, where Cj is an arbitrary constant of
integration. Therefore, the first integral is, finally, given by

2 2
y Wo

T2nivy o (Ay2+1)

I(x,y,y) =

’ 2
_(__> "_ Ayy'”? Wy
and DI = ( xy2+1) (y Wil T xy2+1)'

(b) For a particle in a rotating parabolic well, the ode is

Ayy”? w3y

"
=0
Y +Ay2+1+ky2+1

The multiplier functions take the form

P=f(x,y) =Yg,y (2.57)

which we showed to be
P=—02+1)y (2.58)

leading to a first integral that satisfy Eq. (2.58)

(2.59)

)\yy/Z wzy
DI = (=02 +)y) [y - 0 ,
ol = (=0y7 + )y)<y W21 A2+l
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where I = I(x, y, y’) is the first integral and D, = % + y’a% + y”%y, + -+ is the total
derivative with respect to x. After Expanding and applying the total derivative in Eq. (2.59),
we obtain

L+ Y1+ 'Ly = — (A% + (W% +wi) y + ") ur. (2.60)
Splitting on y” yields
yiily =— ()Ly2 +1)y,
Hie Yy = A);}zfl + /\Z)Z%il 26D

Integrating Eq. (2.61) with respect to y’ gives

1 1
I(x,y,y) = —Exy"‘y’z - 5y2 + Ax, y), (2.62)

here A(x, y) is an arbitrary function of x and y. Substituting the value of I (x, y, y’) into Eq.
(2.62). leads into the following

— A, — (—)»yy’2 + Ay) y =—y (Ay/z + w(z)) y. (2.63)
After simplifying Eq. (2.63), we get that
A +y' Ay =0. (2.64)
Splitting Eq. (2.64) on y’ gives
Y 1A =0,
tAy = —w%y. (2.65)

Integrating Eq. (2.65) with respect to y yields

2.2
wyy

2

where B(x) is an arbitrary function of x. After replacing the value of A into Eq. (2.65)
and integrating with respect to x, we obtain B = Cj, where C; is an arbitrary constant of
integration. Therefore, the first integral is given by

A(X, )’) = -

+ B(x), (2.66)

1 2.2 12 122
—Ay Yy — =y - = C. 2.67
VY 7Y 2w0y+ 1 (2.67)

Thus, we may let the first integral corresponding to P be

I(x,y,y) =

1 1 1
I(X, y, y/) — _Ekyzylz _ 5y/2 _ Ew(%yZ.

2 2
It is easy to check that DI = (—(Ay? + 1)y’) (y” - )\kvyzyﬂ + )52011)

Conclusions

We presented a general method to construct first integrals for classes of some well known
second-order ordinary differential equations, viz., the nonlinearizable Emden and Liénard
classes of equations. The approach does not require a knowledge of a Lagrangian and, instead,
utilises the ‘multiplier approach’.
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