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Abstract

Probability theory plays a crucial role in the study of the geometry of Banach spaces.
In the literature, notions from probability theory have been formulated and studied
in the measure free setting of vector lattices. However, there is little evidence of these
vector lattice techniques being used in the study of geometry of Banach spaces. In
this thesis, we fill this niche. Using the Il-tensor product of Chaney-Shaefer, we
are able to extend the available vector lattice techniques and apply them to the
Lebesgue-Bochner spaces. As a consequence, we obtain new characterizations of the

Radon Nikodym property and the UMD property.
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Introduction

Martingales and stopping times have their origins in probability theory and have
proven invaluable in the study of geometry of Banach spaces (cf. [11, 37, 44, 45,
14, 18, 88]). The medium in which probability theory and the geometry of Banach
spaces mingle are the Lebesgue-Bochner spaces.

Let (£2, X, u) denote a finite measure space, Y a Banach space and 1 < p < co.
We denote the Banach space of p-integrable functions on 2, taking values in Y,
by LP(u,Y). These are the functions f : {2 — Y for which the Bochner norm
1f1lp = (S 117 dpa) V7 s finite.

There are two fundamental questions that arise when considering the Lebesgue-

Bochner spaces:

1. If a Banach space Y has a certain property, does LP(u,Y’) inherit this same
property?
2. Given a property for LP(u,Y), what are implications on the geometry of Y?

The second question has lead to the identification of important classes of Banach
spaces. The characterizations of these classes often exploit the interplay between
the geometry of Banach spaces and probability theory. A classical example is the
class of Banach spaces Y for which the Radon-Nikodym Theorem holds in LP(u,Y).
Such Banach spaces are said to have the Radon-Nikodym property (RNP). The
Radon-Nikodym property has been characterized with the use of martingales (cf.
[37, 45, 20, 53]). Another, more recent example are the Banach spaces Y for which
all martingale difference sequences are unconditional in LP(u,Y) for 1 < p < oo.
Such Banach spaces are said to be unconditional for martingale difference sequences
(UMD). Both the properties RNP and UMD have intrinsic geometrical characteri-
zations which rely heavily on martingale and stopping time techniques. These geo-
metric characterizations are independent of the Lebesue-Bochner spaces from which

their respective definitions originated (cf. [14, 18, 37, 45]).
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Many of the classical martingale results in LP(u) rely on the lattice properties of
LP(p) rather than the underlying measure space. This has been observed by several
authors who were able to transport some of the theory to the more general, measure
free setting of vector lattices [101, 25, 95, 99, 96, 97, 98, 32, 108, 107, 61, 62, 63, 64,
65, 66, 67].

Our primary aim in this thesis is to study Troitsky’s generalized notion of a
martingale in a Banach lattice in [101] and some of its consequences in the Lebesgue-
Bochner spaces. We use the generalization of the Lebesgue-Bochner spaces LP(j,Y)
as provided by Chaney and Schaefer (cf. [19, 92]). Chaney and Schaefer generalized
the Lebesgue-Bochner space LP(u,Y) to a completed tensor product with respect to
the l-norm, which we denote E®;Y . Here, E denotes a Banach lattice, Y a Banach

space and

n
Hulll:inf{ ‘:u=2xi®yz}
=1

forallu = S0 |2, ®y; € E®Y. In the case where E = LP(u) we have E®;Y

n

> lilllyll

i=1

isometrically isomorphic to LP(u,Y).

We will extend Troitsky’s theory to the [-tensor product of Chaney-Schaefer and
develop techniques to provide new results concerning the above mentioned geometric
properties.

In Chapter 1, we provide a preliminary understanding of the Lebesgue-Bochner
spaces and their ties to the geometry of Banach spaces. Most of the material in this
chapter is well known, but we still present proofs of important results that are used
later on. Although this may bore those familiar with the subject, it is still interesting
to note the contrast in technique as one passes from the Lebesgue-Bochner spaces
to the measure-free setting of the [-tensor product.

The information on the I-tensor product in the literature is sparse. We therefore,
in Chapter 2, provide an extensive exposition of the [-norm, which contains some new
proofs of known results (cf. [28]). We outline three important formulas for calculating
the [-norm. The lattice properties of the I-norm are also discussed. In particular, we
show that order theoretic versions of injectivity and uniformity hold for the l-norm.
We also present a new proof of a known result concerning the inheritance of a lattice
ordering in £®;Y, in the case where Y is a Banach lattice (cf. [19, 92]). The chapter
concludes with a direct proof of a result concerning the order continuity of the I-norm
(cf. [68]).
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We wish to demonstrate that the abstraction of a martingale in [101] is more
than just a change in notation, but a vehicle for obtaining new results that cannot
be formulated in the classical setting.

For instance, when considering the Lebesgue-Bochner space LP(u,Y") more gen-
erally as the I-tensor product E®;Y of a Banach lattice E and a Banach space Y,

another natural question may be asked:

3. Given a Banach space Y that endows LP(u,Y) with a certain property, for which
Banach lattices E does this property hold in EQ;Y ?

We show in Chapter 3, by studying spaces of norm bounded martingales and their
behavior under the [-tensor product, that this question has a non-trivial answer for
the Radon Nikodym property. Indeed, our abstractions afford us a generalization of
a well known characterization of the Radon Nikodym property: Y has the Radon
Nikodym property if and only if every LP(u,Y)-bounded martingale, 1 < p < oo,
is norm convergent (cf. [45, Theorem 11.2.2.2]). We show that this characterization
holds in E*®;Y for all order continuous dual spaces E* of separable Banach lattices
E. As a consequence of the techniques used in proving this result, we are able to show
that Y* has the Radon Nikodym property if and only if (E®;Y)* = E*®;Y* holds
for every separable Banach lattice F with order continuous dual. This generalizes a
well known duality result for the Lebesgue-Bochner spaces; i.e. [37, Chapter IV, §1,
Theorem 1].

The techniques used in Chapter 3 also have other applications. In Chapter 4, we
use these techniques to prove a Grothendieck style characterization of the Banach
spaces P(Y) := {(y;) C Y : (|luil|) € £}, 1 < p < oo (cf. [36]). We show that
¢1(Y') is isometrically isomorphic £°(co, Y), where £%(cg,Y') denotes the space of
‘cone absolutely summing’ operators from ¢y into Y. These are operators that map
positive summable sequences to absolutely summable sequences. Similarly, we show
(P(Y') is isometrically isomorphic to £(¢4,Y"), where % + % =1,p#1

In Chapter 5, we harness the theory in Chapter 3 to provide a complete descrip-
tion of convergent martingales in the [-tensor product. This description specializes

to the following result for Lebesgue-Bochner spaces (cf. [26]).

Theorem Let (2,X,1) be a finite measure space, Y a Banach space and (X))
an increasing sequence of sub o-algebras of X. In order for (fn,2n)5%, to be a
convergent martingale in LP(u,Y) (1 < p < 00) it is necessary and sufficient that,
for each i € N, there exist a convergent martingale (xz(»n), X)X in LP(p) andy; €Y

such that, for each n € N, we have
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fa(w) = le(n) (Wy;  forallw € 12,
i=1
where
Z lim :L‘E”)‘ <oo and lim |y = 0.
=1 Lr(p) o

The above theorem reveals the inner workings of norm convergent martingales, which
yield further characterizations of the properties RNP and UMD. These results de-
pend on the ability to represent elements of the [-tensor product as an infinite series.
We present two methods for doing this. The first method, proved in [69], is simi-
lar in spirit to the well known representation of elements in the projective tensor
product (see for example [90, Proposition 2.7]). This method yields the above stated
theorem. The second method is to use ‘bases with vector-valued coefficients’. This
concept was studied by Figiel and Wojtaszczyk in [46]. We exhibit a simple condition
for a basis in a Banach lattice E to be a ‘Y-basis’ of E®;Y, for any Banach space Y.
The advantage to Y-bases is the uniqueness of the series representation of elements
of E®;Y. The use of Y-bases provides analogous description results for convergent
martingales.

In Chapter 6, we consider the notion of a martingale difference sequence (m.d.s. )
in a Banach space Y. We study the space of ‘m.d.s. multipliers’, associated with a

m.d.s. (d;) C Y. This is the sequence space

)
Aldi) . {(ai) CcCR: Z%’di converges in Y} ,
i=1

endowed with the norm || - || 4, defined by [[(c;)|| g = SupPpen |>orey id;|| for
each (ay) € A The unit vectors (e;) form a basis of A(%) that is equivalent to
(d;). Using the martingale techniques developed in Chapter 3, we are able to show
that (d;) is an unconditional m.d.s. if and only if A(%) can be renormed so that it
becomes an order continuous Banach lattice under the ordering (c;) > 0 < «; > 0,
for each i € N. We denote this Banach lattice again by A(%) and call it ‘the Banach
lattice of unconditional m.d.s. multipliers’.

We consider the [-tensor product of two martingale difference sequences. Using
the technique of Gelbaum and Gil de Lamadrid in [49], we are able to show that if
(&) is a m.d.s. in the Banach lattice E, relative to a positive filtration, and (n;) is
a m.d.s. in the Banach space Y, then (& ® ;) is a m.d.s. in E®;Y, provided the

sequence (§; ®1);) is ordered in an appropriate manner. Consequently, if 1 < p < oo,
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(d;) C LP(p) is a classical m.d.s. basis and (y;) C Y a basis, then (d; ® y;) is a basis
of LP(u,Y).

It is a well known fact that the spaces LP(u) possess an unconditional basis for
1 <p< oo (cf. [13, 72]). However, Aldous showed in [1] that this is not always true
for LP(u,Y'), even when 1 < p < oo and Y has unconditional basis. This dashes any
hope of showing that (¢; ®;) is an unconditional m.d.s. in E®;Y when (¢;) and (n;)
are unconditional. Thus, in the pursuit of results on unconditionality, we consider
the space A&)@;AM). Using a result of Popa (cf. [85]), we are able to show that
(e; ® e;) is an unconditional basis of A€)&;AM) when both (&) C E and (n;) C Y
are unconditional. Consequently, (e;®e;) C A& @, AMi) is not necessarily equivalent
to the m.d.s. (& ®n;) C E®;Y. However, if (&) is also a boundedly complete basis
of F/, and E has type p and cotype ¢, then we have the continuous embeddings

PE)RY D [(e; &) @n;] — AR AN = [(e; @ &) @ ny] € L(E)&Y,

defined by (e; ® &) @ n; — €; ® e — (e; ® &) @ n; for each 4, j € N. The sequence
((e; ® &) ® n;) is an unconditional m.d.s. in both P(E)®;Y and ¢(E)®,Y, but
does not span either of these spaces. In the case when E has type and cotype 2,
the m.d.s. ((e; ® &) ® n;) C ?(E)®,Y is equivalent to the unconditional basis
(ei ® ej) C A& AM),

In Chapter 7, we add the notion of a stopping time to Troitsky’s theory of mar-
tingales in Banach lattices in [101]. Bounded stopping times in Riesz spaces have
been studied in [62]. Our aim is to extend this theory to unbounded stopping times
in the Banach lattice setting. A generalized definition of a stopping time in a Ba-
nach lattice, adapted to a filtration, is formulated. Our definition of a stopping time
differs slightly from the definition in [62].

We show that a stopping time in an order continuous Banach lattice £ can be
considered as an unconditional Schauder decomposition. This allows access to the
theory of Schauder decomposition and multipliers in the thesis of Witvliet (cf. [103]).
Consequently, we are able to define a stopped martingale in an order continuous
Banach lattice, with respect to an unbounded stopping time, adapted to an R-
bounded filtration. This gives rise to an optional stopping theorem for unbounded
stopping times. For R-bounded filtrations, this theorem states that a net of stopped
martingales in an order continuous Banach lattice, indexed by a directed set of
unbounded stopping times, is again a martingale.

We extend this optional stopping theorem to the I-tensor product E®;Y’, where

Y is a Banach space. Consequently, we are able to characterize convergent nets of
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stopped martingales in £®;Y. In particular, we get the following result.

Theorem  Let (2,3 1) be a finite measure space, 1 < p < oo, and Y a Banach
space. Suppose that (fi, X;) C LP(u,Y) is a convergent martingale and D a directed
set of (not necessarily bounded) stopping times adapted to (X;). Then the following

statements are equivalent:

(a) The net of stopped processes { fr}rep is convergent in LP(u,Y).

(b) For each i € N? there exist a y; € Y and a convergent ‘martmgale (mgi), Y52, C
LP(u) with {xg)}TeD convergent, so that fr =2, 29 (w)y; for each w € 2 and
T €D, where

[e.e]

The above equivalence holds for 1 < p < oo with (f;, X;) C LP(u,Y) not necessarily

limzW||| <oo  and lim;_o ||ys]| = 0.

T€D T

convergent, provided 1D is a directed set of bounded stopping times.

The geometric notion of R-boundedness, first studied by Berkson and Gillespie
in [8], plays a pivotal role here, as well as the property («), introduced by Pisier in
[83]. Also see a weaker form of property («) studied by Kalton and Weis in [59].

Lastly, we apply the above techniques to unconditional Schauder decompositions
in the Lebesgue-Bochner spaces. Bourgain noted in [9] that if Y is a UMD space with
an unconditional basis, then LP(u,Y) has an unconditional basis for 1 < p < oo.
We generalize this result to stopping times. We show that if Y is a UMD lattice
possessing a stopping time, then the Schauder decomposition of LP(u,Y’), formed
from the product of any martingale decomposition of LP(u,Y) with this stopping
time, is unconditional.

This study has produced several publications that have either appeared or are
in press, namely [26, 29, 27, 25, 30, 28]. This thesis is arranged, more or less, in the
order these papers developed. Due to the difficulty in obtaining and collating some of
the literature, we have interspersed extensive preliminaries (some with new proofs)
throughout the text, to make this work more accessible. We hope that someone
with a modest background in functional analysis and probability theory will be able
to understand the concepts presented here. Arguably, one of the motivations for
studying ‘measure free’ stochastic processes in vector lattices is to avoid grubby
set theoretic manipulations, intrinsic to probability theory. This motivation would

amount to nil if the ‘measure free’ theory were difficult to access. In this spirit,
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we have included an appendix at the end, where the definitions and results used
implicitly throughout the text may be found, together with suitable references.
Each chapter starts with an introduction where we provide an overview of the
results contained therein, as well as their origin. Also, each chapter concludes with
a ‘notes and remarks’ section where we provide insights not directly related to the

material, directions for further reading and the occasional conjecture or problem.



Martingales and the geometry of Banach spaces

1.1 Introduction

We begin by providing the necessities to understand the Bochner integral and the
Lebesgue-Bochner spaces as a completed tensor product. We extend all the neces-
sary notions from classical probability theory to the Lebesgue-Bochner spaces and
present a classical characterization of the Radon Nikodym property, namely: A Ba-
nach space Y has the Radon Nikodym property if and only if every LP(u, Y)-bounded
martingale, 1 < p < 00, is norm convergent. We provide a full proof for this result, as
it plays an important role in our characterization of the Radon Nikodym property in
Chapter 3. Our exposition of the Bochner integral and the Radon Nikodym property
in Sections 1.2 and 1.3 is primarily a blend of Egghe [45] and Diestel and Uhl [37].
We refer the reader to these influential texts for the full story, as we only provide a
small glimpse of the theory here. A reader who is familiar with the Lebesgue-Bochner
spaces may forego the material in these sections.

Section 1.4 is concerned with unconditional convergence and the so called ‘UMD
property’. Here, we recall some essential results on unconditional convergence of se-
ries in Banach spaces. We then turn our attention to bases and basic sequences. We
consider the Haar system and the sequence of Rademacher functions as important ex-
amples of basic sequences. Important results concerning the Rademacher functions,
such as the Khinchin Inequality and Kahane’s Inequality are recalled. This leads to
the notions of type and cotype. Finally, after a discussion of the unconditionality of
the Haar system, the section concludes with a discussion of UMD property and its
relationship with the existence of unconditional bases in LP(u,Y), 1 < p < co. The
material in this section is based on Diestel, Jarchow and Tonge [36], Lindenstrauss
and Tzafriri [71], Burkholder [18] and Rubio de Francia [88].

Sections 1.5 and 1.6 are closely related. Section 1.5 deals with unconditional

Schauder decompositions and their interaction with collections of R-bounded oper-
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ators. We present the elegant multiplier theorem of Clément, de Pagter, Sukochev
and Witvliet in [22, 103]. This result plays a decisive role in Chapter 7, when viewed
in the context of stopping times. Section 1.6 considers products of commuting pairs
of Schauder decompositions. An important geometrical property of Pisier [84] is
recalled, namely property («). This property guarantees that the product of two
unconditional Schauder decompositions is again unconditional. A generalization of
the Stein Inequality is also presented here (cf. [94]). These results are important for
the work done in Chapter 7. The material in Sections 1.5 and 1.6 is almost exclu-
sively drawn from the comprehensive thesis of Witvliet [103]. We present the proofs
of results that we will use in later Chapters. We highly recommend the thesis of
Witvliet, and the references contained therein, for more background on uncondi-

tional Schauder decomposition and multiplier theorems.

1.2 The Lebesgue-Bochner spaces

Throughout, let Y denote a Banach space and (£2, X, i) denote a o-finite measure
space. We say a function s : 2 — Y is simple if there exist y1,y2,...,yn € Y and sets
Ay, Ay, ... A, € X such that s = 1" | y;xa,. Here, x4, denotes the characteristic
function of A;, given by x4,(w) = 1 when w € A; and x4,(w) = 0 when w ¢ A;.
A function f : 2 — Y is called pu-measurable if there exists a sequence of simple
functions (s,) with lim, . [[sn — f|| = 0 p-almost everywhere. We now recall the
definition of the Bochner integral (cf. [37, 45]).

Definition 1.2.1 The Bochner integral of a simple function s = Y | yix4,, over
a set £ € Y is defined as

/Esdu => u(AiNE)y.
=1

A p-measurable function f : 2 — Y is said to be Bochner integrable if there exists
a sequence of simple functions (s,) with lim, o [, [|sn — f||dp = 0. In this case,

the Bochner integral of f, over a set £ € X/, is
/ fdy = lim Sn dput.
E = JE
The fact that this limit exists and is independent of the sequence of approximating

simple functions is proved in the same manner as for the scalar case. There is a

simple, yet important, test for Bochner integrability.

Theorem 1.2.2 (BOCHNER) If f: {2 — Y is a p-measurable function, then f is

Bochner integrable if and only if the scalar-valued function || f|| : £2 — R is integrable.
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Proof. Suppose that f is Bochner integrable, then there exists a sequence of simple

functions (s,) for which lim, e [, [|sn — f| dp = 0 holds. Thus,

/Qufudu:/Qu<f—sn>+snudus/Qu<f—sn>udu+/gusn\du

for each n € N, whence [, || f||dp < oc.
Conversely, let (s,) be a sequence of simple functions that converge p-almost

everywhere to f. Fix a 6 > 0 and define

0, otherwise.

) sn(), i lsp(W)] < (X + )| f(w)ll;
In(w) =

Then (gy,) is a sequence of p-measurable simple functions that converges to f -
almost everywhere. Moreover, (||f — gy||) is dominated by the integrable function

(24 6)]|f]]. The Lebesgue Dominated Convergence Theorem implies
tim [ f =gl dp= [l (17 = gl dn =0
and the proof is complete. O

The Dominated Convergence Theorem easily extends to the Bochner Integral by

virtue of the above theorem. Also, if f : {2 — Y is integrable, there exists a sequence

of approximating simple functions (s,,) for which lim, .o [, [[snlldp = [ [|fI dp,
whence the inequality

/fdu lim/snd,uH: lim ‘/snduH

< lim / sl du = / 171 dy (L.1)

holds for each F € Y. Another simple but important result, achieved by approxi-

mating by simple functions, is the following.

Proposition 1.2.3 Let X and Y be Banach spaces with f : 2 — X Bochner in-
tegrable. If T : X — Y is a bounded linear operator, then Tf : 2 — Y is Bochner

integrable and [, Tfdu="T ([, fdp).

Proof. Choose a sequence of X-valued simple functions (sy,) for which lim, o [ o |Isn—
flldge = 0. Then (T'sy,) is a sequence of Y-valued step functions that converges p-
almost everywhere to T'f and [, T's, dp = T ([, sn dp) for each n € N. Moreover,
limp oo [ T80 — T f|| dpe < || T limy,—o0 [, [|Sn — fIl die = 0 so that T'f is Bochner

integrable. Consequently,
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/ Tfdu = lim / Tspdu= lim T </ sndu>
:T<lim / sndu> :T</ fdu)

completes the proof. O

Definition 1.2.4 For 1 < p < oo and a Banach space Y, the Bochner space of

(classes of p-almost everywhere equal) p-integrable functions is the vector space
LP(u,Y) = {f : 2 — Y p-measurable : / I FIIPdp < oo}
ko)

together with the Bochner norm, defined by | fll, = ([, | fIIP du)l/p for all f €
LP(u,Y). In the case p = oo,

L®(u,Y)={f: 2 —Y p-measurable : ess-sup ||f|| < oo}

and || f||co = ess-sup || f|| for all f € L>°(u,Y). When g is the Lebesgue measure, the

associated Bochner spaces are referred to as the Lebesgue-Bochner spaces.

In the case Y = R, the Bochner spaces reduce to the scalar-valued LP-spaces.
The fact that the Bochner spaces are Banach spaces follows in the same manner as
for the scalar case. It is clear from the definition of Bochner integrability that the
simple functions are dense in the Bochner spaces for 1 < p < oo. This simple fact
is vital for the extension of many results from the scalar-valued case to the vector-
valued case. It is also vital in the following decomposition of the Bochner spaces into
a completed tensor product (cf. [19, 31, 34, 35, 37]).

For 1 < p < oo define a bilinear mapping ¢ : LP(u) X Y — LP(u,Y) by

P(f,y)(w) = f(w)y forall we 2.

Then the induced linear map 9 : LP(p) ® Y — LP(u,Y") is described by

V(fRy) (W)= flwy foralwe R

and is injective. Thus, LP(u,Y’) contains a copy of LP(u) ® Y and we may induce
the Bochner norm. The normed space (LP(u) @Y, | - ||,) is denoted LP(u) ®4, Y.

Let Sp(n) denote the real-valued simple functions in LP(u), we write

n
Sp(p) @Y = {ZXAk Q@ yk :n €N, xa, integrable, y; € Y}
k=1

and let
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n
Sp(Y) = {ZkaAk :n €N, x4, integrable, y; € Y}
k=1

denote the Y-valued simple functions in LP(u,Y’). Then, the restricted map
PrS,(n) @Y — S,(Y)

clearly defines a one-to-one, norm preserving correspondence between S,(¢) ®Y and
Sp(Y'). Hence

P(Sp(n) @Y) = Sp(Y) CYYLP (1) ®4,Y) C LP(u,Y).

Since Sp(p) is dense in LP(u) and Sp(Y') is dense in LP(u,Y") it follows, by taking
completions, that LP(1)®,Y is isometrically isomorphic to LP(y, Y).
We recall some classical definitions and results from probability theory. Through-

out, let (£2, X, 1) denote a finite measure space.

Definition 1.2.5 Let 1 < p < oo and Y be a Banach space.

(a) If Xy is a sub o-algebra of X, the conditional expectation of f € LP(u) relative
to X1, denoted by E(f | X1), is a Xj-measurable element of LP(u) which is given
by

/E(f\Zl)du:/fdu for all A € Xy. (1.2)
A A

(b) A monotone increasing sequence (X;) of sub o-algebras of X' is called a filtration.

(c) If (X}) is a filtration, a sequence (f;) C LP(u) is said to be adapted to (X;) if
each f; is Y;-measurable.

(d) A sequence (f;) C LP(u) adapted to (X;) is called a martingale relative to (X})
if E(f, | Xn) = fn for all n < m. We use the notation (f,, X)) when there is a
need to indicate the filtration involved.

(e) A sequence (f;) C LP(u) adapted to (X;) is called a submartingale (supermartin-
gale) relative to (X;) if E(fi, | Xn) > (L) fy for all n < m.

(f) Let (d;) C LP(u) be a sequence and o(dy,...,d;) denote the smallest o-algebra
allowing dy, ..., d; to be measurable. Then (d;) is called a martingale difference

sequence (m.d.s. ) if
E(di+1 | O'(dl, . ,dl)) =0

for each 7 € N.
(g) A sequence (f;) C LP(u) is called uniformly integrable if for each £ > 0, there
exists § > 0 such that
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M(E)<5,EEE:>/ |fnldu < e
E
for all n € N.

The above definition for (sub) (super) martingales extends to filtrations indexed
by uncountable directed sets in the obvious manner. For a filtration (X;), it follows
from (1.2) that E(- | X;) is a positive contractive projection for each ¢ € N and, for

t < 7, we have
E(- [ 20) =EE(- [ 25) [ 23) = EE(- [ 23) | ),

which implies R(E(- | X;)) € R(E(- | X})).

If 1 < p<ooand (fy) C LP(p) with sup,,ey || fnllp < o0, it follows from Holders
inequality that (fy,) is uniformly integrable with sup,,cy || fn|l1 < 0o. In probability
theory, a stronger definition for uniform integrability is often used: for each € > 0,

there exists K > 0 such that

/ Fuldpt <
{we2:| fr(W)|>K?}

for all n € N. This is equivalent to Definition 1.2.5(g) when sup,,cy || fnll1 < oo (cf.
[21, pp. 96-97]). The Doob Convergence Theorem (cf. [41]) asserts that a L!(u)-
bounded martingale converges in L'(p)-norm if and only if it uniformly integrable.

We will also make use of distributions; suppose that (£2, %, u) is a finite mea-
sure space and f : 2 — R is measurable. Then, the (cumulative) distribu-
tion function Ny of f is defined by u(f~'(B)) for every Borel set B C R. If
Ni({fw € 2 : f(w) < —a}) = Ny({w € 2 : f(w) > a}) for each a € R, then f

is said to be symmetric. Observe that if f is a symmetrically distributed measurable

function, then Ny = N_;. The measurable functions fi,..., f, are said to be inde-
pendent whenever pu(()' {w € 2: fi(w) € B;}) = [[i~; p({w € 2 : fi(w) € B;})
for any Borel sets By, ..., B,. An infinite set of measurable functions is said to be

independent if every finite subset is independent.
The notion of a conditional expectation can be extended to the vector-valued

LP-spaces with the aid of simple functions. Let X1 be a sub o-algebra of Y. Define
E(-[21) 2 Sp(Y) — Sp(Y)

by

n
E (zm .
i=1

n

E1> = (E(-| 21) ®idy) (Z XA; ®$i> = E(xa, | Z1) @,
=1

=1
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where E(x 4, | 1) denotes the conditional expectation of x4, € LP(p). By Jensen’s
inequality, it follows that

Ap (E (ZXAI. & x4 21)) <4, (ZXAi ®$i> .
i=1 i=1

The conditional expectation E(-|X) : LP(u,Y) — LP(u,Y), of f € LP(u,Y) rela-

tive to X1, is the continuous extension of the operator E(-|X) ® idy on S,(Y) to

LP(u,Y); it satisfies (1.2) and is a contractive projection. The notion of an adapted
sequence, martingales and martingale difference sequences now extend to LP(u,Y)
in the obvious manner.

Uniform integrability extends to LP(u,Y") as follows: A sequence (f,) C LP(u,Y)
is said to be uniformly integrable if (||fn||) C LP(u) is uniformly integrable. Again,
it follows easily from the Holder inequality that if sup,cy | fnllp < oo for some
1 < p < o0, then (f,) is uniformly integrable. It follows from the Maximal Lemma
(cf. [45, Lemma II.1.5] or [37, Chapter V, §2, Lemma 7]) that every norm convergent
martingale (f;) C LP(u,Y') also converges p-almost everywhere (cf. [37, Chapter V,
§2, Theorem 8] or [45, Theorem I1.1.6]). If (f;) € LP(p,Y) is just a sequence that
converges in norm, then we can only find a subsequence of (f;) that converges p-
almost everywhere (cf. [45, pp. 11-12]).

In general, the Doob Convergence Theorem does not hold in LP(u,Y’) for any
Banach space Y. However, there is a class of Banach spaces for which this theorem

does hold. This is the theme of the next section.

1.3 The Radon-Nikodym property

In this section we define the Radon-Nikodym property and illustrate its intimate
relationship with martingales. We start with the definition of a vector measure.

Throughout, let (2, X, 1) be a finite measure space and Y be a Banach space.

Definition 1.3.1 (a) A function F': ¥ — Y is called a (countable additive) vector
measure if F(J," | En) =Y oo F(E,) where (E,) C X is pairwise disjoint.

(b) A vector measure F': X — Y is called p-continuous if lim,(gy_o pex F(E) = 0.

(¢c) The wariation of a vector measure F' : (2 — Y if defined as |F|(F) =
SUP, Y acx |[F(A)][, where the supremum is taken over all finite partitions 7
of E.

(d) A vector measure F' : {2 — Y is said to be of bounded variation if |F|(£2) < oc.
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It can be shown that a vector measure of bounded variation is countably addi-
tive if and only if its variation is countably additive. Since we are only interested in
countably additive vector measures, we will drop the reference to countable additiv-
ity.

One way vector measures of bounded variation arise is the Bochner integral.
Indeed, If f : 2 — Y is a Bochner integrable function, define F(F) = fE fdu for

all ¥ € 3. Then, the following result guarantees that F' is a vector measure.
Proposition 1.3.2 If f : 2 — Y is a Bochner integrable function, then the follow-

ing statements hold:

(a) limy,(g)_o,pex [ fdu=0.

(b) If (E,) C X is pairwise disjoint, with E :=J;—q Ep, then [ fdu =377, fEn fdu.
Moreover, y 7 fEn fdup converges absolutely.

(c) If F( ) == Jgfdu, then F is a vector measure of bounded variation and
|FI(E) = [g|IfIldp for all E € X.

Proof. (a) Since lim,gy_o gex [ |1fIldp = 0, the result follows by (1.1).

(b) Notice that > >, [ , [ dp is absolutely summable by (1.1) and so is also

summable by the completeness of Y. Lastly, observe

H/U fdu— Z/ fdu| = ‘/ Efdu

n m—+1
which goes to zero by part (a).
(c) The fact that F' is a vector measure follows from parts (a) and (b). Let 7 be a
finite partition of £ € X. Then, by (1.1),

ETIEDS AfduHSAZE;T/AHfH o= [ 171w

Aem
Taking the supremum over all finite partitions of E on the right shows |F|(E) <

S5 IfIl dp. An application of Bochner’s theorem shows that F is of bounded varia-
tion.

For the reverse inequality, let € > 0 and choose a sequence of simple functions (s,)
with lim, oo [, [[sn — f|l dpp = 0. There exists an N € N such that n > N implies
Jolln- o] =
[i Isn ]l dpe. Select a finite refinement 7 of ' such that |F|(E) — Y pe. || [z fdu|| <
£/2. Moreover, we still have Y pc || [5 sn dp|| = [5 l|snll dp and

> | tan

Bemn

snduH < [ lsn=flau<er
E
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by (1.1). Consequently,
FI(B) =

\|F|< / ||sn\du‘ / snduH
Bern
+y
B€7r

Ber
<e/2+¢e/2=c¢.

Thus, limn oo [i [|snll dp = [ Iflldp = |F|(E). O

< ||FI(E

o

Corollary 1.3.3 If f and g are Bochner integrable and [, fdu = [ gdu for all
E € X, then f = g p-almost everywhere.

Proof The vector measure F(E) = [,(f B dpu = 0 for all E € Y. Hence, 0 =
|F|(E) = [ |If — gl du by the above theorem. Consequently, Ilf —gll = 0 p-almost

everywhere, which completes the proof. O

It follows that every Bochner integrable function corresponds to a vector measure
of bounded variation that is u-continuous. In the case where ¥ = R, the classical
Radon Nikodym Theorem provides a converse; we recall the statement of the Radon-

Nikodym Theorem for the vector-valued case:

Theorem 1.3.4 (RADON-NIKODYM) Let G : X — Y be a p-continuous vector

measure of bounded variation, then there exists a Bochner integrable function g €
LY, Y) such that G(E) = [, gdu for all E € X.

Unfortunately (or perhaps, fortunately) the above theorem is not always valid.
For example, the Radon Nikodym Theorem fails when Y = ¢y or Y = L!(u) (cf.
[37, Chapter III, §1, Examples 1 and 2]). The failure of this theorem lead to the
identification of a class of Banach spaces for which the Radon-Nikodym theorem
does hold.

Definition 1.3.5 A Banach space Y is said to have the Radon Nikodym property
with respect to the measure space (£2, X, ) if, for every u-continuous vector measure
G : X — Y of bounded variation, there exists a Bochner integrable function g €
L'(u,Y) such that G(E = [pgdu for all E € X. Y is said to have the Radon
Nikodym property (RNP) if Y has the Radon Nikodym property with respect to

every finite measure space.

There is a long list of characterizations of the Radon Nikodym property, to which
we will add a few more, later on. One of the more famous characterizations is the
Lewis-Stegall Theorem (cf. [37, Chapter III, §1, Theorem 8]).
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Theorem 1.3.6 (LEWIS-STEGALL) A Banach space Y has the Radon-Nikodym
property with respect to (£2, X, u) if and only if every bounded linear operator T :
L'(u) — Y admits a factorization T = LS

L'()

r Y
N
4

where L : /1 — Y and 0 < S : Ll(u) — {1 are continuous linear operators. In this

case, for each € >0, L, S may be chosen such that ||S|| < |T'|| + ¢ and ||L|| < 1.

We point out that the proof of the Lewis-Stegall Theorem presented in [37] shows
that the operator S : L'(u) — f1 in the above theorem is positive. This observation
is crucial for our work in Chapter 3.

A classical characterization of when a dual space has the Radon Nikodym prop-

erty is:

Theorem 1.3.7 Let (2,3, 1) be a finite measure space, 1 < p < oo, and Y a
Banach space. Then LP(u,Y)* = LY (u, Y™) where % + % =1, if and only if Y* has
the Radon-Nikodym property with respect to (£2, X, u).

We now collect some sufficient conditions for a Banach space to have the Radon

Nikodym property.

Proposition 1.3.8 Let Y be a Banach space. Then, Y has RNP if one of the fol-

lowing statements hold:

(a) Y is a Hilbert space.

(b) Y has a separable dual.

(c) Y is reflexive.

(d) Y has a boundedly complete basis.

(e) Y is a subspace of a Banach space with RNP.

The existence of a conditional expectation on LP(u) depends on the Radon
Nikodym Theorem. However, conditional expectations always exist on LP(u,Y'), even
when the Radon Nikodym Theorem fails, as is easily seen by the above construction.
This curious phenomenon gives us a clue that probability theory will play a decisive
role in characterizing the Radon Nikodym property. We shall present a martingale

characterization.
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Let (fn,2n) C LP(1,Y) be a martingale, then F(E) := lim, .o [ fn dp exists
for each E € Ufle X,. Indeed, there is an N € N such that E € X, for all n > N.
Hence, by (1'2)7 fE Indp = fE E(fn | EN) dp = fE Jndp = lim, oo fE fn dp. We

use this in the following lemma.

Lemma 1.3.9 Let 1 < p < oo and (fn,Xn) C LP(u,Y) be a martingale. Then
(fn, Xn) converges in LP(u,Y) if and only if there exists f € LP(u,Y') such that, for
each E € | J;2q Xn, we have F(E) =limy oo [ fodp = [5 fdu.

Proof. Suppose lim,, .~ fn, = f. It follows from (1.1) and Bochner’s Theorem that
the linear operator LP(y,Y) — Y, defined by g — [ gdu, is bounded with norm
less than or equal to one for all E € X. Hence, lim,, .o [ fndp = [ fdu for all
EeX >yl Zn.

Conversely, suppose there exists f € LP(u,Y) such that, for each E € |J;2 | Xy,
we have F/(E) = limy, .o [ fndpu = [5 f dp. Let X denote the o-algebra generated
by UpZ; X and set foo = E(f|Xw). Then, by (1.2), F(E) = [5 foodpu for all
E e U2, Xy and E(fx|X,) = fn for all n € N. Observe that, since 1 < p < oo,
simple functions that are measurable with respect to the algebra | J;- ; 2, are dense
in L5 = LP(2, Yo, pt|x..,Y) D foo- Thus, for € > 0, there exists a simple function
se € L5 that is Jo2 | X),-measurable with ||s; — fwll, < £/2. Consequently, there
exists an N € N such that E(s. | X)) = s, for all n > N. Hence,

| frn — fOOH;D < fn — 5€Hp + ||se — foonp
= IE(foo — s¢| En)”p + [lse — fooup
< 2lfse — fOOHP

<e.

Since LA is a closed subspace of LP(u,Y'), the proof is complete. O

We are now in a position to reproduce the following well known characterization

of the Radon Nikodym property.

Theorem 1.3.10 The following statements are equivalent for a Banach space Y :

(a) Y has the Radon Nikodym property.

(b) Every uniformly integrable martingale (fn) C L'(u,Y) with sup,ey |[falll < o0
converges in L*(u,Y).

(¢c) Every martingale (fn) C L'(u,Y) with sup, ey || fnlloo < 00 converges in L' (u,Y).

(d) Every martingale (f,) C LP(p,Y) (1 < p < 00) with sup,cy || fullp < oo con-
verges in LP(u,Y).
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Proof. We show the implications (a)=-(b)=-(c)=-(a), (d)=(c) and (b)=-(d).

(a)=(b) Suppose that Y has RNP and let (f,,X,) C L'(u,Y) be a uniformly
integrable martingale with sup,,cy || fnll1 < 00. For E € |J;2| Xy, the limit F(E) :=
lim,, a0 f B fndu exists. Let X, denote the o-algebra generated by Uflozl Xon, we will
show that F'is a u-continuous vector measure on Y., of bounded variation.

For a sequence (E;) C (U~ X, we may consider the union A := [J;2, E; to be
disjoint. Let € > 0, then by the uniform integrability of (f,), there exists N € N
such that [ > k > N implies Hzﬁzk S, Fo duH <y g Ifall du < € for alln € N.

Consequently,

> lim / fody = lim Z/ fodu = lim/fndu:F(A)
1 n—o0 E; n—oo — E; n—oo J 4

exists in Y. Hence, F(A®) = F(2\ A) = limy oo [ fndp — lim, oo [, frn dpe also
exists. It follows that F'(A) exists for all A € Y.

A similar argument shows that F' is countably additive on Y.. Indeed, let
(A;) C Y» be pairwise disjoint. Then, using uniform integrability as above and the
existence of F(4;) for each i € N, we have 3372 F(A;) = 3775 limy oo [, frdp =
limy, oo Zfil fAi Jndp = limy o0 fuggl A, Jndp = F(U?il Ai).

To show that F' is of bounded variation on Y, let 7 C Y, be a finite partition

of (2. Then,
S Irl= Y i [ o = i S5 [ 5l
A€em Aer A Aer A
<sup 37 [ 1full e =sup [ £ i < .
nGNAE7T A neNJ R

Lastly, we show that F' is p-continuous. Let p(A4;) C Y with lim; o p(A4;) =0
and € > 0. By the uniform integrability of (f,), there exists N € N such that i > N
implies HfAi fn d,uH < Ju, I fall dp < € for all n € N. Consequently, [|F(4;)|| < e.

Since Y has RNP, there exists f € L. = LY(§2, XYoo, pt|5..,Y) such that

F(B) = Jim [ fodn= [ rau

for all E € Y. Since L. is a closed subspace of LP(j,Y), an application of Lemma
1.3.9 shows that (b) is true.

(b)=(c) Let (f,) € L'(u,Y) be a martingale with sup,cy || fulloc < 00. Then

suppen || frlll < suppen || fnlloe < 00. Moreover, since

pfw e 2 |[fa(w)ll > Slelg\lfnlloo}) =0
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for each n € N, we have

/ | fulldu =0
{we2:|| fn(w)||>sup,en | frlloo}

for each n € N, showing that (f,) in uniformly integrable. An application of (b)

confirms (c).

(¢)=(a) Assume (c) to be true and let (£2, X, u) denote any finite (complete) mea-

sure space. First, assume that F' : X — Y is a vector measure with the following
property:

3 K > 0 such that ||F(E)| < Ku(E) for all E € X. (1.3)
Let P = {m C X' : 7 a finite partition of 2}, directed by refinement. Define

F(A
fﬂ':ZM((A))XA

Aem

for each m € P, using the convention 0/0 = 0. Denote by X the o-algebra generated
by . It is readily verified that (fr, X )rep C L' (1, Y) is a martingale. Also,

_ | F(A)
| frlloo = sup =

for all m € P. Consequently, sup,cp || fr /oo < 00.

<K <o

Suppose, for a moment, that (c) implies that (fr,Xr)rep iS convergent in
L' (p,Y); i.e. there exists f € L'(i,Y) such that limep || fx — f|l1 = 0. Because

Pp={reP:n>{E,Q2\E}}
is cofinal in P for each F € X', we have

/fd/ﬁ—hm/f7r = hm f7r @ = lim Z F(j),u(AﬂE):F(E)

T<Pr Aen,ACE p(A)

for all £ € X, as required.

To show that (c) implies that (fr, Xr)rep is convergent, assume (fr, Xr)rep is
not convergent. Then, there is € > 0 such that, for each w € P, there exist 7 <
7' 7" € P with ||fr — frr|l1 > 2e. Hence, either || fr — frll1 =€ or || fa — frr|1 > €.
Choose m < v € {n’,7"} such that || fr — fy|[1 > €. Continuing this process, we
can inductively extract a countable martingale (fr,, X5 Jnen C (fr, Xx)rep that
contradicts (c).

To prove (a), let G : ¥ — Y be a p-continuous measure of bounded variation.
It follows from the completeness of (£2, X, u) that |G| is also p-continuous. By the
classical Radon-Nikodym Theorem, there exists 0 < ¢ € L(u) such that
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GI(E) = [E pdu (1.4)

for all E € X. Observe |G(E)|| < |G|(E) for all E € X' so that G satisfies property
(1.3) with respect to the finite measure space (£2, X, |G|). By the above, there exists
g € L'(|G|,Y) such that

G() = [ sdc (1.5)
for all E € X. Combining (1.4) and (1.5), we obtain G(E) = [, gpdu for all E € X,
with gp € L(u,Y).

(d)=(c) Let (f,) € L'(n,Y) be a martingale with sup,cy || fulloc < 00. Then
suppen | frllp < suppen | fnllo < 00. By (d), (fn) is convergent in LP(u,Y), which

implies convergence in L'(u,Y).

(b)=(d) Let (fn,Xn) C LP(u,Y) be a martingale with sup,,cy || fnll, < o0. By
Hélders inequality, (f,) is uniformly integrable with sup,cy || fnlli < oo. Conse-
quently, (f,) converges to a function f € L'(u,Y). Thus, by Lemma 1.3.9,

F(E) = lim fnduz/Efdu

n—oo E

for all E € |J;~ Xp. Since (fy) is a martingale, (f,) also converges to f p-almost

everywhere. By Fatou’s Lemma, we have
[P < im [ 150 du < sup 15 < o,
0 n—00 0 neN

whence f € LP(u,Y'). Another application of Lemma 1.3.9 proves (d). O

1.4 Unconditional convergence and the UMD property

Before we delve into the intricacies of Banach spaces that are unconditional for
martingale difference sequences (UMD), we review some results on unconditional

convergence.

Definition 1.4.1 Let X be a normed space and (z,,) C X be a sequence.

(a) The series Y 7 |z, is said to converge to x € X if lim,, oo || Doy @i — || = 0.
In this case, we say that (z;) is summable.

(b) The series > 2 | x,, is said to be unconditionally convergent if, for every permu-
tation 7 of N, the series Y 77 | () is convergent. In this case, the sequence (z,)

is said to be unconditionally summable.
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(c) The series > > | @y is said to be unordered summable to x € X if, for every € > 0,
there exists a finite set Ny C N so that for every finite set N with Ng C N C N,
we have || >0 -y 2n — 2] <e.

(d) The series Y 7z, is said to be absolutely convergent if the series Y 7, ||y ||

is convergent. In this case, the sequence (x,) is said to be absolutely summable.

In finite dimensional normed spaces, a series is absolutely summable if and only
if it is unconditionally summable. It is well known that a normed space is a Ba-
nach space if and only if every absolutely summable sequence is unconditionally
summable (cf. [36, Proposition 1.1]). However, as a consequence of the Dvoretzky-
Rogers Theorem (cf. [36, Theorem 1.2]), every infinite dimensional Banach space
contains a sequence that is unconditionally summable but not absolutely summable.
Unconditional summability has many useful equivalent forms, which are collected in
[36, Theorem 1.9]. We state this theorem, which is referred to often throughout the

text.

Theorem 1.4.2 For a sequence () in a Banach space Y, the following statements

are equivalent:

(a) () is unconditionally summable.

(b) (zy) is unordered summable.

(c) (zy) is subseries summable, that is, for every strictly increasing sequence (k) of
natural numbers, the series Yo" | xy, is convergent.

(d) (xn) is sign summable, that is, > -7 | 0pxy, converges for every choice of signs
0, = +1.

(e) (Anxyn) is summable for every (\,) € lx.

(f) (x,) is weakly subseries summable.

(9) (x) is weakly sign summable.

(h) (Anxy) is weakly summable for every (A,) € loo.

(i) The operator T : Y* — (1, defined by Tx* = ((xn,x*))02, is compact.

(G) (bn) — D02 bpxy defines a compact operator from Lo into Y.

(k) (bn) — >_02 bpay defines a compact operator from cy into Y.

(1) (bp) — > o2 buxy defines a bounded operator from Lo into Y.

It ought to be mentioned that the equivalence of weak subseries summability and
strong subseries summability is a famous result due to Orlicz and Pettis (cf. [36, The-
orem 1.8]). This elegant result allows access to the rest of the weak characterizations

of unconditional summability.
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Given a Banach space Y, define the vector space of unconditionally summable
sequences in Y, denoted by ¢;[Y]. The above theorem suggests a norm for ¢;[Y],

namely:

[[(@n)llc := sup {Z [(zn,z")| 2" € Y7, [l27]| < 1} (1.6)
n=1

o0
= sup { Z bpxn
n=1

Formula (1.6) is the norm of the operator 7" defined in Theorem 1.4.2(i) and formula

(1.7) is the norm of the adjoint of T i.e. the operator defined in Theorem 1.4.2(1). It

o) lloe < 1} . (1.7)

is a simple exercise to show that ¢;[Y] is a Banach space using the second of these
formulae. Moreover, using the compactness of the operator 7', it can be shown that
£1]Y] is isometric to £1®.Y (cf. [90, Example 3.4]), hence our choice of the notation

- le-

We focus our attention on a special kind of sequence, namely:

Definition 1.4.3 Let Y denote a Banach space.

(a) A sequence (y;) in a Banach space Y is called a basis if each element y € Y has
a unique series expansion y = » > a;y;, where (;) is a sequence of scalars.

(b) A sequence (u;) C Y is called a block basis of the basis (y;) if uj = ZZZ&H ;Y
for each j € N, with (a;) scalars and n; < my < ... an increasing sequence of
natural numbers.

(c) A basis (y;) C Y is called unconditional if the unique series expansion » ;2 a;y;
of each element in Y converges unconditionally.

(d) A sequence (y;) C Y is called a basic sequence if (y;) is a basis of its closed linear
span, which we denote by [y;].

(e) If (y;) is an unconditional basis of [y;], then (y;) is referred to as an unconditional
basic sequence.

(f) Two basic sequences (z;) and (y;) are called equivalent if, given a sequence of
scalars («;), we have Y 22 oz, convergent if and only if Y > a;y; convergent.
Equivalently, (z;) and (y;) are equivalent if there exists an isomorphism 7 from

[x;] onto [y;] such that Tz; = y; for each i € N.

If Y is a Banach space with basis (y;), define the norm || - ||o on Y by ||z]jo =
Suppen || Yoy aqyi|| for all @ = 3% ayy; € Y. It is clear that [|z|| < ||z||o for each
x €Y, and an easy argument shows that (Y, || - ||o) is complete. The Open Mapping
Theorem implies that the norms || - || and || - ||o are equivalent. Define the natural

projections associated with (y;) as the sequence of projections (F;) on Y given by
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P, (>°72  cuiyi) = Y oim g oy for each Y 00 ayy; € Y and n € N. It follows, by the
above remarks and the Principle of Uniform Boundedness, that (F;) is a uniformly
bounded collection of linear projections. The quantity K = sup;cy || Pl < oo is
known as the basis constant. Thus, a basis can be characterized as follows (cf. [71,

Proposition 1.a.3.]):

Proposition 1.4.4 Let (y;) be a sequence in a Banach space Y. Then (y;) is a basis
of Y if and only if the following three conditions hold:

(a) yi # 0 for all i € N.
(b) There is a constant K so that, for every choice of scalars (c;) and positive

integers n < m, we have

n m
g QY E Y
i=1 i=1

(¢) The closed linear span of (y;) is all of Y.

<K

Parts (a) and (b) of the above proposition characterize basic sequences. If K = 1 for
the basis (y;) in the above proposition, then (y;) is referred to as a monotone basis.
If ||yi|| = 1 for each i € N, then (y;) is said to be normalized.

The unit vectors e; = (d;1)5>; (i = 1,2,...) form a monotone and normalized
basis in each of the spaces co and £,, 1 < p < 0.

A more interesting example of a monotone basis is the Haar system in LP(u),
1 < p < 0. Here, p is the Lebesgue measure on the unit interval. The Haar system

is defined by x1 = 1 and

1, ifwe[(20—2)2=k+) (21 — 1)2-(k+1)];
Xok (W) = § =1, if we (20— 1)27*+D (20)2-(k+D);

0, otherwise

fork=0,1,2,...,1=1,2,...,2%. We will write (;) to denote the Haar system in its
given order. Let X, be the o-algebra generated by Y ;" ; x; for each n € N. Then, it
is readily verified that (D" ; aiXi, Xn)nen is a martingale for every choice of scalars
(a;). Consequently, for n < m, we have || Y7 cixill = [EQ T, aixa | Zn)| <
| St cixill- Lastly, since [x;] contains all the diadic step functions, Proposition
1.4.4 shows that (x;) is a basis of LP(u) for 1 < p < oo. It is easy to see that
the Haar system is a sequence of symmetrically distributed, independent functions.
Consequently, the Haar system is a martingale difference sequence. A basis of LP(u)

that is also a martingale difference sequence will be referred to as a m.d.s. basis.
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Definition 1.4.5 Let (£2, X, 1) be the unit interval equipped with the Lebesgue
measure. The sequence of Rademacher functions (r;) is defined to be the block basic
sequence of the Haar system, given by

21'—1
ri(w) =x1(w) and ri(w)= Z Xk (w) = sign(sin(2'7w)),
k=21-241
for all w € 2 and 7 > 2. We mention here that whenever the Rademacher functions
are used, it will be implicitly assumed that the underlying measure space is the

Lebesgue interval.

The Rademacher sequence is also symmetrically distributed and independent.

Another useful feature of the Rademacher functions is orthogonality; if 0 < n; <

ng < ...<ngand pq,...,pr > 0 are natural numbers, then it is easily verified that
1 1 . o .
/ PPU P2 PR Qf — 1, if each p; is even;
T e Thr ‘
0 0, otherwise.

This feature is used in the proof of the classical inequality of Khinchin (cf. [36,
Theorem 1.10]):

Theorem 1.4.6 (KHINCHIN’S INEQUALITY) For any 0 < p < oo, there are posi-
tive constants A, and B, such that

n 1/2 1] n p 1/p n 1/2
Ap (Z az’|2> < (/0 > airi(t) du) < By (Z \az’|2>
=1 =1 i=1

for every choice of scalars aq, o, ..., .

This inequality has many far reaching consequences. An obvious consequence is
that the Rademacher functions are equivalent to the unit vector basis in 2 for all
0 < p < co0. Hence, (r;) is an unconditional basic sequence in LP(u) for 1 < p < oo,
but not an unconditional basis. It can also be shown that [r;] is complemented in
LP(u) for 1 < p < oo and not complemented when p = 1. A generalization of the
Khinchin’s inequality is the classical result of Kahane (cf. [36, Theorem 11.1]):

Theorem 1.4.7 (KAHANE’S INEQUALITY) If0 < p,q < oo and Y is a Banach

space, then there is a constant K, , > 0 for which

n

Zn’@yi

=1

n

Zn‘®yz‘

i=1

< Kpgq
La(p,Y)

Le(pY)

holds for every choice of vectors yi1,y2,...,Yyn € Y.
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Unfortunately, a Khinchin style inequality of the form

n 1/2 n n 1/2
Ap (Z ||yz'\|2> <IDoriew < By (Z IIyiH2>
=1 =1 =1

does not hold in general; e.g. when Y = ¢y or Y = ¢!. The notions of type and cotype

Lr(pY)

are crafted to determine the deviation of a Banach space from this inequality.

Definition 1.4.8 Let Y be a Banach space.

(a) Y is said to have type p if there is a constant M > 0 such that

n n
Zn‘@yz‘ <M Z€i®yi
=1 L2 (1Y) =1 e (Y)
holds for every choice of vectors yi,¥2,...,y, € Y. The smallest constant for

which the above inequality holds is called type p constant of Y and is denoted
T,(Y).
(b) Y is said to have cotype q if there is a constant M > 0 such that

n n
Z€i®yz‘ <M Zn@yz‘
=1 a(Y) =1 L2(,Y)
holds for every choice of vectors y1,v2,...,yn € Y. The smallest constant for

which the above inequality holds is called the cotype ¢ constant of Y and is
denoted Cy(Y).

In the above definition, Kahane’s inequality tells us that we may replace ||-[|z2(,,v)
with || - [|r(4,y), 0 < 7 < 00, provided there is a suitable adjustment of constants.
Every Banach space has type < 1 and cotype oco. It is not possible to have a non-
trivial Banach space with type > 2 or cotype < 2 (cf. [72, 36]). Hilbert spaces have
both type and cotype equal to 2 (cf. [36, Corollary 11.8]). A Banach space has the
same type or cotype as its bidual (cf. [36, Corollary 11.9]). If a Banach Y space has
type p, then its dual has cotype ¢ and Cy(Y*) < T),(Y') where % + % =1 (cf. [36,
Proposition 11.10]). Thus, a Banach space must have finite cotype if its dual has
non trivial type. The converse fails when considering ¢!, which has cotype 2, and its
dual ¢*°, which only has trivial type.

We pass to unconditional bases. Suppose (y;) is an unconditional basis of a Ba-
nach space Y. By the Closed Graph Theorem, for any ¢ C N, the map P, : Y — Y
defined by Py (3572 auyi) = >, ®i¥i is a bounded linear projection. Similarly, for

every choice of signs 6 = (6;), we have a bounded linear operator My : Y — Y given
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by My (32, i) = > ooy Biciyi. Moreover, by the Principle of Uniform Bound-
edness, we have that sup, ||P,|| and supy |[|[Mp| are finite and these quantities are

related by the inequality
sup | Py| < sup | My < 2sup [Py
o 0 o

The quantity supy || Mp|| is known as the unconditional constant of the unconditional
basis (y;) and is always larger than or equal to the basis constant. Consequently, a

basis (y;) is unconditional if and only if there is a constant M > 0 such that

n n
> iy > i
i=1 i=1

holds for every choice of scalars («;), every choice of signs (;) and n € N.

<M

An easy, but useful, consequence of the Hahn Banach Theorem is the following

result concerning unconditional constants (cf. [71, Proposition 1.c.7]).

Proposition 1.4.9 Let (y;) be an unconditional basic sequence with unconditional
constant M. Then for every choice of scalars (o) such thaty ;| c;y; is convergent

and every sequence (\;) € £°°, we have

o0 (e 9]
> Ny > i
1=1

i=1
(In the real case we may take M instead of 2M ).

< 2M|[(Ai)ll oo

The Haar system is an unconditional basis of LP(u) for 1 < p < oo (cf. [72, The-
orem 2.c.5] and [13, Theorem 9]). The unconditionality of the Haar system was first
proved by Paley in 1931 (cf. [80]). The space L!(1) is not isomorphic to a subspace
of a space with unconditional basis (cf. [71, Proposition 1.d.1]). Consequently, the
Haar system is not an unconditional basis of L' ().

Later, in 1966, Burkholder and Gundy discovered that every martingale differ-
ence sequence in LP(u), 1 < p < oo, is unconditional (cf. [13]). Dor and Odell [42]
and, independently, Pelczyniski and Rosenthal [81] proved that every monotone ba-
sis of LP(u) is unconditional. Their proofs use a characterization by Ando; every
contractive projection on LP(u) (1 < p < oo) that preserves the constant functions
is, in fact, a conditional expectation (cf. [5] and [87]).

Maurey [75] showed the unconditional constant of the Haar system is bigger
than the unconditional constant of any other martingale difference sequence. On
the other hand, Olevskii [77, 78] showed the unconditional constant of the Haar

system is smaller than the unconditional constant of any unconditional basis of
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LP(u). Observing this, Burkholder proved the unconditional constant of the Haar
system in LP(p) is pV (;27) — 1 where 1 < p < oo (cf. [15, 17, 18]). Moreover, if (P,)
is a sequence of contractive projections on LP(u) with Py = 0 and P P; = P;P; = P;

for all 7 <4, then the inequality

< v (525) -1 11,

p

Z an(Pn - Pn—l)f'
n=1

holds for all 1 < p < oo, f € LP(u) and |ay| < 1 (cf. [42, 16]).

In view of the fact that LP(u) always possesses an unconditional basis when
1 < p < o0, a natural question was raised in [37, p. 116]: Does LP(u,Y") possess an
unconditional basis if 1 < p < co and Y is a Banach space with unconditional basis?
This question remained open for a number of years before being answered negatively
in 1978 by Aldous in [1]. He showed, using a delicate probabilistic argument, that
if LP(u,Y’) has an unconditional basis, then Y is necessarily a UMD space. Since
all UMD spaces are reflexive, it follows that LP(u,Y) cannot have an unconditional
basis if Y = ¢! or Y = ¢y, even though the unit vectors form an unconditional basis

of Y. Herewith, the definition of a UMD space:

Definition 1.4.10 A Banach space Y is said to be unconditional for martingale
difference sequences (UMD) if U,(Y') is finite for all 1 < p < oo. Here, U,(Y)
denotes the least 1 < M < oo such that

En: 0;d; En: d;
=1 =1

holds for every martingale difference sequence (d;) C LP(u,Y'), every choice of signs

<M

p p

(0;) and every n € N. In this definition, the measure space must be purely non-

atomic.

Thus, if Y ;2 a;d; converges in LP(1,Y) where 1 < p < oo and Y is UMD, then
> o2, a;d; converges unconditionally.

Pisier showed that, for a Banach space Y, the finiteness of U,(Y') forall 1 < p < co
is equivalent to the finiteness of U,(Y") for some 1 < p < oo (cf [75]). This fact also
follows naturally from an intrinsic geometric characterization of UMD spaces, proved
by Burkholder in [14];

Theorem 1.4.11 (BURKHOLDER) A Banach space is UMD if and only if it is
C-convex. Here, a Banach space Y is said to be (-convex if there exists a biconvex
function ¢ : Y xY — R such that ((0,0) > 0 and ((x,y) < ||[z+y|| if ||z] = |lyl| = 1.
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It was noted by Maurey in [75], and proved by Aldous in [1, Proposition 2],
that all UMD spaces are necessarily super-reflexive (also see [9]). However, there are
super-reflexive spaces that are not UMD (cf. [9, 83]).

The class of UMD spaces appears to be quite small, with most of the exam-
ples arising from classical analysis. Verifying even the simplest example of a UMD
space, namely R, involves the deep inequalities of Burkholder. It also follows from
Burkholder’s geometrical characterization that every Hilbert space is a UMD space.
Indeed, the required biconvex function is given by ((-,-) = 1+ (+,-) where (-,-) de-
notes the inner product. Other examples of UMD spaces include LP(u) and ¢ for
1 < p < oo. It is immediate that if Y is a UMD space then #(Y) and LP(u,Y) are
also UMD spaces, for 1 < p < oo. The Schatten p-classes for 1 < p < oo are another
example.

The property of UMD is invariant under isomorphism. Moreover, UMD spaces
have non-trivial type and finite cotype. The dual of a UMD space is also a UMD
space. We may also consider a smaller class of martingale difference sequences when
testing for UMD spaces (cf. [88]).

Proposition 1.4.12 Let 1 < p < oo. For a Banach space Y, the following are
equivalent:

(a) Y is a UMD space.

(b) There exists a constant M such that, for any choice of signs (6;), we have

OE(f|W1) + D 0: (B(f | Wi) — E(f | Wi-1))

=2

p
n

E(f W)+ > (B(f [ Wi) —E(f | Wi-1))

=2

<M

P
forall f € LP(u,Y) and n € N. Here, W; denotes the o-algebra generated by the

i-th Rademacher function.

Martingales adapted to the filtration (W,,) in the above proposition are referred
to as Walsh-Paley martingales. If (f,,W,,) is a Walsh-Paley martingale, then f,, =
21221—1 Xi ® v, where y1,y2,...,yon_1 € Y and n=1,2,....

For more background and elementary properties of UMD spaces, we refer the

reader to [88, 18].

1.5 Schauder decompositions and R-boundedness

We pass to a more general notion than that of a basis.
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Definition 1.5.1 Let Y be a Banach space. A sequence (D;) of bounded linear

projections on Y is called a Schauder decomposition of Y if

(a) D;D;j =0 whenever ¢ # j and
(b) y=>72 DiyforallyeY.

The corresponding partial sum projections (P,) are defined by P, = > " | D;.
Note that | J;2; R(F;) is dense in Y. In an analogous fashion to the natural projec-
tions associated with a basis, it follows from the Principle of Uniform Boundedness
that (P,) is uniformly bounded. Hence, (D;) is also uniformly bounded.

Notice that the sequence (D;y) is a basic sequence in Y for each y € Y. Indeed,

for n < m and any scalars (a;) we have

i oDy Py <i aiDiy>
i=1 =1

Now use Proposition 1.4.4.

i oDy

i=1

< sup || Py
neN

If dim(D;) = 1 for each ¢ € N, any sequence (y;) with y; € R(D;) for each
i € N forms a basis for Y. In this case, each y € Y has a unique basis expansion

y =Y .2, a;y; where the a;’s are scalars.

Definition 1.5.2 let Y be a Banach space and (D;) be a Schauder decomposition
of Y. The decomposition (D;) will be called unconditional if there exists a constant

M for which

> 0;Diy > Diy
=1 i=1

holds for all choices of signs (6;), all n € N and all y € Y. The smallest M for which

this inequality holds is called the unconditional constant of (D;).

<M

As a consequence of the Principle of Uniform Boundedness, the above definition
is equivalent to the unconditional convergence of Y -2, D;y for every y € Y (cf. [103,
Lemma 1.2.5]).

An important class of a Schauder decompositions arise from filtrations. If
(£2,X ) is a finite measure space, Y a Banach space and (X;) a filtration with
Y; 1 X, then the Schauder decomposition of LP(u,Y), 1 < p < oo, formed by
the differences (E(-|X;) — E(-|X;—1)) is called a martingale decomposition. Note
that if 1 < p < co and Y is a UMD space, then all martingale decompositions
are unconditional. Conversely, by Proposition 1.4.12, if the filtration generated by
the Rademacher functions determines an unconditional Schauder decomposition of

LP(u,Y), 1 <p < oo, then Y is a UMD space.
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Using this observation, we can derive a characterization of UMD spaces that is
similar to Theorem 1.3.10. The following definition will be useful in the formulation

of this result.

Definition 1.5.3 Let 1 < p < oo and Y be a Banach space. If (f,) C LP(u,Y) is a
martingale, we define the +1-transform of (f,) to be the martingale (g,,) defined by
gn = > i1 0:(fi — fi—1) for each n € N, where (6;) denotes a choice of signs. Here,

we observe the convention fo = 0.

Theorem 1.5.4 Let 1 < p < oo and Y be a Banach space. Then the following
statements are equivalent:

(a) Y is a UMD space.

(b) Every £1 transform of every martingale (f,) C LP(p,Y) with sup, ey || fallp < 00

converges in LP(u,Y).

Proof. (a)=(b) Suppose Y is a UMD space and (f,) C LP(u,Y) is a martingale
with sup,, ey || fnllp < 00. Define d; = f; — fi—1 for each i € N and g, = >, 0;d; for
each n € N, where (6;) is any choice of signs. By the definition of a UMD space, we
have

n

z": 0;d;

=1

< Up(Y)sup

= U,(Y) sup | fully < oc.
neN neN

sup ||gn|lp = sup d;
neN neN 1

p i=
Since Y is a UMD space, Y is reflexive. Thus, Y also has the Radon Nikodym

property. By Theorem 1.3.10, (g,,) converges in LP(u,Y).

(b)=-(a) Let f e LP(u,Y)and defined; = E(f | X)) and d; = E(f | X)—E(f | Xi-1)
for ¢ > 2, where (X};) denotes a filtration with X; T X. Consider the martingale (f,,)
defined by f, = > 7", d; for each n € N. Then sup,cy || fullp < || fllp < co. By (b),
every +1 transform of (f,,) is convergent in LP(u,Y'). It follows that (X;) determines
an unconditional Schauder decomposition of LP(u,Y’). Consequently, Y is a UMD
space by Proposition 1.4.12. O

The Rademacher functions play a role in determining whether a Schauder de-
composition is unconditional. The results that follow are taken from the thesis of
Witvliet (cf. [103]).

Proposition 1.5.5 Let (D;) be a Schauder decomposition of the Banach space Y .

The following statements are equivalent:

(a) The decomposition (D;) of Y is unconditional.
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(b) There exists a 1 < p < oo such that

Zﬁ' ® Dyy

i=1

n
Z D;y

1=1

< M,
Ap

iy

holds for some constant My, > 0, for ally € Y and n € N.
(¢) For all 1 <p < oo there exists M, > 0 such that

Zn ® Diy > Dy

i=1
holds, for ally €Y andn € N.

iy <M,

P

Proof. (¢)=-(b) Obvious.

(a)=(c) First note that if the decomposition (D;) is unconditional, then there

exists a constant M > 0 so that

Y || < M Y

holds for any choice of signs (0;) and y € Y. The right inequality holds by defi-
nition. For the left inequality, let z = >, 0;D;y for some y € Y. By definition,
1205 OiDiz|| = sz 1 07 zyH < M3, Dizll = M3, 0:Diyl|. Hence, if
(2, X, 1) is the Lebesgue interval and (r;) the sequence of Rademacher functions,
then

Y Diy|| <M

n
Z Diy

i=1

=1

holds for each w € (2. Consequently,

Zrz ® Dy

holds for all 1 < p < co.

iY

n
> Dy

i=1

<M,

P

(b)=-(a) Let (#;) be any choice of signs, then r; and ;r; have the same distribution.

Consequently,
n n n n
D 0:Diy|| < M, ||> 0@ Diy|| =M, ||Y ri@Diy| < Mg |Y Dylf.
=1 =1 Ap i=1 Ap i=1
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If (D;) is an unconditional Schauder decomposition of a Banach space Y, Theorem
1.4.2 implies that any sequence A = (\;) € £*° induces a bounded operator Ty : Y —
Y defined by Thy = >_7°; A\iD;y for each y € Y. Conversely, if A = ();) is a sequence
such that T) is bounded, then \ € £°°.

More generally, one could consider a sequence of operators L = (L;) C L(Y) with
the property L;(R(D;)) C R(D;) for each i € N, or equivalently, D;L;D; = L;D; for
each ¢ € N. For such a sequence, consider the induced map Ty, : Y — Y defined by

oo
Try=Y_ LiDiy (1.8)
=1

for each y € Y. When is this map bounded? The answer to this question leads to
the definition of R-boundedness.

Indeed, if £ € N, then D, T}, = Zfil DyD;L;D; = Dy L;. Dy = LiD;, on the dense
set Yp := U2 R(P;), where (P;) are the corresponding partial sum projections of

(D;). Proposition 1.5.5 implies

o
Zn@Dz’y

=1

My < < Mylly|

Az

for all y € Yy. Since T, (Yp) C Yo, we obtain the inequality

o0
> 1 @ Ly Dyy
k=1

My Tyl < < Ma||Try||

Az

from above. It follows that ||77|| < oo if and only if there exists a constant M > 0
such that

o o
Zn‘@@Lz’yi Zm‘@yz‘
i—1 i=1

holds for all sequences (y;) C Yy with y; € R(D;) for each i € N. The definition of

<M
Az

Az

‘randomized boundedness’ of a collection (L;) C L(Y) is crafted to guarantee the

boundedness of the induced operator T7,.

Definition 1.5.6 Let Y be a Banach space. A collection 7 C £(X) is said to be
R-bounded if there exists a constant M > 0 such that

n

ZW@Tiﬂfi

=1

n

Zn’@ﬂfi

=1

<M
Az

Az

holds for all (7;)?_, C L(X), (x;)]; C X and n € N. Here, the sequence (r;) denotes

the Rademacher functions.
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The property of R-boundedness is stable under the operation of taking closures.

Proposition 1.5.7 Let Y be a Banach space. If T C L(Y) is an R-bounded col-
lection, then its closure (in the operator norm topology) is also R-bounded with the

same R-bound as T .

Proof. Let T denote the closure of 7. Choose T1,T5...T, € T and vectors
Y1,Y2,--.,Yn € Y. For each 1 < 7 < n there exists a sequence (Téi)) C T such
that limg o |[(T" — Tk(:i))yiH = 0. Consequently,

n n n

Z T3 & szz S Z T & (Tz - Tél))yi + Z T & Tk(f)yi
n ) n

<> H(E Tyl + M| i @y
=1 =1 As

Taking the limit as k — oo gives the result. O

Observe that R-boundedness implies uniform boundedness when n = 1. On a
Hilbert space, R-boundedness and uniform boundedness are equivalent (cf. [103,
Lemma 2.2.3]).

In [103, Lemma 2.2.10] it is shown that if 7 is countable in the above definition,
then 7 = {T; : i € N} is R-bounded with R-bound M if and only if

n n
Zm‘@Tiyi Zn@yi
i—1 i—1

holds for all vectors y1,92,...,yn € Y and n € N. This result is used to show that if

<M
Az

Az

(D;) is an unconditional decomposition of a Banach space Y, then (D;) is R-bounded
(cf. [103, Lemma 2.2.12]).

Let (X;) denote a filtration, then it follows from the work of Stein in [94] that
the sequence of operators (E(-|X;)) on LP(u) is R-bounded for 1 < p < oo. More
generally, it can be shown that if (D;) is an unconditional Schauder decomposition
of a Banach space possessing property (a) (cf. [84]), or even the weaker property
(A) (cf. [59]), then the sequence of partial sum projections corresponding to (D;) is
R-bounded. This result is shown in [10] and [103, Theorem 2.4.3]. We shall study
property («) and present the proof of [103, Theorem 2.4.3] in the next section.

We conclude with the following important multiplier theorem (cf. [103, Theorem
2.2.4] or [22]).

Theorem 1.5.8 (CLEMENT-DE PAGTER-SUKOCHEV-WITVLIET) Let (D;) be an

unconditional Schauder decomposition of the Banach space Y, with unconditional
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constant K. Suppose that T C L(Y') is R-bounded with R-bound M. If L = (L;) C T
1s such that L;D; = D;L;D; for all i € N, then the series

o0
Tpy:=_ LiDwy
i=1
is convergent in'Y for ally € Y, and defines a bounded linear operator Ty, : Y — Y

with ||Ty|| < K*M.

Proof. Let y € Y and n < m be natural numbers. Using Proposition 1.5.5 and the

definition of R-boundedness, we have

m m
> LiDgy|| = | Y DiLiDyy
i=n i=n

£ (g

k=1

<K||> re® Dy (Z DZ-LZ-Diy> =K Z Z 7 @ Dy (DiL; Dyy)
k=1 i=n As k=11i=n Ao

=K ZT’Z‘®LZ‘D¢y <KM Zri@)Diy §K2M iyl — 0
i=n Ag i=n Ag

as n,m — oo. Consequently, ||[Try|| < K2M|y|| for ally € Y. O

For more on R-bounded collections, we refer the reader to [22, 103, 59].

1.6 Property (a) and product Schauder decompositions

In this section, we consider products of unconditional Schauder decompositions and
a special property that guarantees this product decomposition is unconditional. This

section is also an exposition of results contained in the thesis of Witvliet (cf. [103]).

Definition 1.6.1 Let Y be a Banach space. A pair of Schauder decompositions (D;)
and (D) of Y are said to commute if D; D} = D} D; for all i,j € N.

In what follows, let (D;) and (D) denote commuting Schauder decompositions
of a Banach space Y. Using the idea of Gelbaum and Gil de Lamadrid in [49] for
constructing the tensor product basis with respect to a uniform crossnorm, one can

define an order for the collection (D;D}).

Definition 1.6.2 Let (D;) and (D}) be commuting decompositions of the Banach
space Y. We define the square ordering on the collection (DiD;-) to be the ordering
of the indices (i, j) along the squares; i.e., (i1, j1) < (i2, j2) when one of the following

conditions hold:

(a) max{iy,j1} < max{iz, j2},
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(b) max{i1,j1} = max{is, jo} and i; < iy or
(C) max{il,jl} = maX{iQ,jQ} = il = ig and jl > jQ.

We shall use the notation Sy for the set consisting of the first k ordered pairs of

indices (i, 7) in the square ordering.

The following diagram illustrates the above definition.

(1,1) - (1,2)  (1,3) (1,4)
' ' '

(2,1) = (2,2) (2,3) (2,4)
' '

(3,1) - (3,2) = (3,3) (3,4)
'

s (4,3) < (4,4)

It is evident that |J; ;o R(D;Dj) is dense in Y. It also follows from the definition of
the square ordering that corresponding partial sum projections P,, = Z(i’ J)ESn DiD;-

are uniformly bounded. In fact,

n n
ZDi> sup ZD;

i—1 neN 1

sup || P,|| < 3| sup
neN j

neN

Indeed, Let (S;) denote the corresponding partial sum projections of (D;) and
(T;) denote the corresponding partial sum projections of (D;) Then

SiT; ; k=12
Py =4 ST; + Sj_i2Dis1 P it <k<i?+i+1
Si1Tig1 — Dj Ty 5 P 4i+1<k < (i+1)°
for each k£ € N. Thus,

IST < ISITH < (supnsnn) (supnTnu) ,
neN neN

15,2 Din ]| < 1Sl Disa | < 2 (sup usnn) <sup |Tn||>
neN neN
and
1D\ Tistyeell < 11Dt | Ty el < 2 (sup ||sn||> (sup ||Tnu) ,
neN neN

from which the assertion follows. Consequently, the collection (D;Dj}) arranged in
the square ordering is a Schauder decomposition of Y. We will revisit this technique

later on.
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A natural question to ask is whether (D;D}) is unconditional if (D;) and (Dj)
are both unconditional. In general, the answer is negative, as is shown in [103,
Proposition 5.3.5]. There is, however, a class of Banach spaces where this property

does hold. Taylor made to suit our purpose is:

Definition 1.6.3 A Banach space Y is said to have property («) if there exists a
constant o > 0 such that

2

// Z Oiri(s)r(t)yi; dsdt < o? // i(s)rj(t)yij|| dsdt

1<7,5<n 1<7,5<n

for all vectors (y;;) C Y, choices of signs (6;;), and n € N. Here, (7;) denotes the

sequence of Rademacher functions.

Property («) was introduced by Pisier in [84] and is independent of the UMD
property. Like the UMD property, LP(u, Y') inherits property («) from Banach spaces
Y with property («). Property («) has a special interaction with R-bounded collec-

tions of operators.

Lemma 1.6.4 Let Y be a Banach space with property (o) and T C L(Y) be R-
bounded with R-bound M. Then there exists a constant K > 0 such that

2

// i(8)ri (£) T35y dsdt<K2// ()| dsar

1<2,5<n 1<2,5<n
forallTy; € T, ally;; €Y (1<4i,5<n)and alln € N.

Proof. Let n € N and (r;) denote a n x n matrix of the first n? Rademacher

functions. Since Y has property («), we have
2

(]S rommm| asa

1<4,5<n

// (“))2 ri(s)r;(t) Tijys|| dsdt

1<q ]<n

<a // (w)ri(s)rj(t)Tijyi;|| dsdt

1<4,5<n

for all w € [0, 1]. Integrating and using the R-boundedness of 7 yields
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2

// 7"j (t)Tijyij dsdt

1<4,5<n
2
/ // (w)ri(s)rj(t)Tijyij|| dsdt | du
1<4,5<n
2
=a // Z rzg®ﬂj rl )TJ( )yl]) dsdt
1<7,5<n A
2
<a2M2// Z 7“2]®r1 7’3( )ylj dsdt
1<2,5<n A
2
- QQMQ/ // (w)ri(s)rj(t)yi;|| dsdt | du
1<4,5<n
2
<O‘4M2/// )7 (t)yij|| dsdtdu
1<7,5<n
2
a4M2// ri(t)yss| dsat.
1<i,5<n

Setting K = a®>M completes the proof. O

Theorem 1.6.5 Let Y be a Banach space with property (o) and let (D;) be an
unconditional Schauder decomposition of Y. If T C L(Y') is an R-bounded collection

of operators, then
S:={Ty: L= (L;) CT with L;D; = D;L;D; for all i € N}
is R-bounded. Here, Ty, is defined as in (1.8) and well defined by Theorem 1.5.8.

Proof. We start with a special case. Select S1,S52,...,5, € Sy where
So—{ZDL L), C T with L;D; = DLDforalll<z<nn€N}

Without loss of generality, we may assume that 0 € 7. Consequently, there is N € N
such that §; = Y7 L D; for all 1 < i < n and m > N.
Using the R-boundedness of 7, Lemma 1.6.4 and Proposition 1.5.5 twice, we

have
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2

:/ ZD (Z L§i)Djyi> ds

=1

" 2
Z i @ SiVi
=1

2
2

< M3 / Zm@D (Z (>L§-")Djyz~) ds

=1 Ag
2

_MQ// ZZT, s)r(t LZD]yZ dsdt

=1 j=1

<M2K2// Zrl Tj Djy;|| dsdt

=1 j=1

11| m n
= M22K2/0 Z r; @ D; (Z ri(s)yi> ds
A

=1

:M§K2/01 i@(i ) ds

=1

n m
:MQLKZ ZTZ(@ ZDJyZ
i=1 j=1

Ag

Taking the limit as m — oo shows that the set Sg is R-bounded. Proposition 1.5.7

completes the proof as S is the closure of Sg. O

Corollary 1.6.6 If (D;) is an unconditional Schauder decomposition of a Banach
space Y with property («), then the set S = {>_, :0 C N} is R-bounded.

ZGU

Proof. Apply the above theorem with 7 = {0,idy} O

Corollary 1.6.7 (STEIN’S INEQUALITY) Let (£2, X, ) be a finite measure space,

1 < p < oo and (X;) be a filtration. Then the sequence of conditional expectations
(E(-|X%)) on LP(p) is R-bounded.

Proof. We may assume X; T X. Since LP(u) has property («) and (E(-|X;)) are the
corresponding partial sum projections of an unconditional decomposition of LP(ju),

the result follows easily from the above corollary. O

Theorem 1.6.8 Let (D;) and (D)) be a pair of commuting unconditional Schauder
decompositions of a Banach space Y. If Y has property (a) then the product decom-

position (D;D}) is unconditional.
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Proof. We have already ascertained that (DiD;-) is a Schauder decomposition. To
prove unconditionality, let (7;;) be an m x m matrix with entries in {0, 1}. For each
1 < i <'m, define the finite sets o; := {j € N : n;; = 1}. Then,

m

m m

> miDiDiy =% | > D | Dy

i=1 j=1 i=1 \j€o;
for each y € Y. Since Y has property («), it follows from Corollary 1.6.6 and Theorem
1.5.8 that there is a constant M > 0 so that

m m m m
S S wningy| <01 |33 0y
i=1 j=1 i=1 j=1

holds for each y € Y. Consequently, each expansion » 72, > 722, D; Dy is subseries
summable and thus, by Theorem 1.4.2, unconditionally summable. An application

of the Principle of Uniform Boundedness completes the proof. O

1.7 Notes and remarks

In Section 1.3, we have only focused on norm convergence of martingales. There
are is also a classical characterization of the Radon Nikodym property in terms of

almost everywhere convergence.

Theorem 1.7.1 A Banach space Y has the Radon Nikodym property if and only if

every L' (u,Y)-bounded martingale converges almost everywhere.

This result is due to A. Ionescu Tulcea, C. Ionescu Tulcea (cf. [53]) and Chatterji (cf.
[20]). Notice how we can drop the requirement of uniform integrability in Theorem
1.3.10(b), provided we trade in norm convergence for almost everywhere convergence.

In the Introduction, we mentioned that the Radon Nikodym property has an in-

trinsic geometrical characterization. This geometrical property is known as ‘dentabil-
ity’.
Definition 1.7.2 Let Y be a Banach space.

(a) A bounded set D C Y is called dentable if for each £ > 0, there exists x € D such
that ¢ ¢o (D \ B:(z)). Here, @ denotes the closed convex hull and B.(z) =
fyeY:jz—yl <eh

(b) If every bounded set in Y is dentable, then Y is called dentable.

Contributions by Davis, Huff, Maynard, Phelps and Rieffel yielded the following
deep characterization of the Radon-Nikodym property.
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Theorem 1.7.3 (DAvis-HUFF-MAYNARD-PHELPS-RIEFFEL) A Banach space Y

has the Radon Nikodym property if and only if it is dentable.

We refer the reader to [45, Theorem 11.2.3.3] and [37, Chapter V, §3, Theorem 7] for
more details, as well as for references to the original papers. The above result has
a similar quality to Burkholder’s geometrical characterization of the UMD property
in [14] (Theorem 1.4.11). That is, both of these characterizations are independent
of the Lebesgue-Bochner spaces. Burkholder also proved the following martingale

characterization of the UMD property in [14].

Theorem 1.7.4 (BURKHOLDER) A Banach space Y has the UMD property if and
only if every +1-transform of every L'(u,Y)-bounded martingale converges almost

everywhere.

This result bears a marked resemblance to Theorem 1.7.1. By the same token, The-
orem 1.3.10 and Theorem 1.5.4 also resemble each other.

The UMD property has an important interaction with the R-boundedness of
partial sum projections associated with unconditional Schauder decompositions. In
Corollary 1.6.6, we exhibited Witvliet’s generalization of the Stein inequality (cf.
[103, Corollary 2.3.5]). It was shown that if (D;) is an unconditional decomposition
of a Banach space Y with property («), then the collection of operators {>_, . D; :
o C N} is R-bounded on Y. We ought to mention that this result was generalized
further by Witvliet.

Definition 1.7.5 A Banach space Y is said to have property (A) if there exists a
constant o > 0 such that
2 2
1,1 1,1
// Z 0;5ri(s)rj(t)yij|| dsdt < o // Z ri(s)rj(t)yi;|| dsdt
070 Hh<i<j<n 070 |l <ij<n
for all vectors (y;;) C Y, choices of signs (6;;), and n € N. Here, (r;) denotes the

sequence of Rademacher functions.

It is evident that if a Banach space has property (a), then it also has property
(A). Property (A) was introduced by Kalton and Weis in [59], where it was also
shown that every UMD space possesses this property. Witvliet generalized the Stein
inequality to Banach spaces with property (A) (cf. [103, Theorem 2.4.3]).

Theorem 1.7.6 (STEIN’S INEQUALITY) If (D;) is an unconditional decomposi-

tion of a Banach space Y with property (A), then the collection of operators
{37 1 D;:n €N} is R-bounded on'Y .
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Consequently, the above result holds for any unconditional Schauder decomposition
of a UMD space. This implies that all martingale decompositions of LP(u,Y") (1 <
p < o0) are R-bounded, provided Y has the UMD property. The case Y = R is
crucial for the theory of stopping times in Chapter 7.



2

Generalized vector-valued LP-spaces

2.1 Introduction

Having sampled some of the classical theory of the Lebesgue-Bochner spaces in the
previous chapter, it is time to free ourselves from the confines of a measure space.
We have seen that the Lebesgue-Bochner space LP(u,Y) may be decomposed as
the completed tensor product Lp(u)éApY for 1 < p < oo, where A, is the induced
Bochner norm. Our purpose is to exhibit a reasonable crossnorm || - ||; on the tensor
product of a general Banach lattice £ and a Banach space Y that ‘extends’ the
Bochner norm. That is to say, when E = LP(u), the norms || - ||; and A, coincide on
E®Y.

In Section 2.2, we consider the class of cone absolutely summing operators that
map from a Banach lattice to a Banach space. These are the operators that map
positive summable sequences to absolutely summable sequences. The cone absolutely
summing norm on this class of operators is used to induce the l-norm on the tensor
product F ® Y. Consequently, the theory of cone absolutely summing operators
plays a central role. We recall some basic properties, as well as important duality
and extension results. Our work is taken primarily from the comprehensive survey
of Banach lattices by Schaefer [92].

Section 2.3 shows how the class of cone absolutely summing operators can be used
to induce the [-norm on the tensor product F®Y, as well as how the [-norm extends
the Bochner norm. The [-norm was studied by Schaefer in [92]. Independently, Jacobs
studied the A-norm on E®Y and Chaney studied the M-norm on the tensor product
X ® F, of a Banach space X and a Banach lattice F'. We show that the transpose
of the M-norm, the [-norm and the A-norm all coincide on EF ® Y. This fact is
known, but not clearly seen from the literature. Since it provides us with multiple

formulae for calculating the [-norm, and forms the foundation for most of our work,
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we present a complete, elementary proof for this result. Some parts of the proof are
original and can be found in [28].

It is well known that the Bochner norm is not an injective, uniform crossnorm.
In Section 2.4, we show that weaker order theoretic versions of these properties hold
for the [-norm. We make extensive use of these properties throughout this thesis.
We also show that if £ and F' are both Banach lattices, then the completed I-tensor
product E®;F is a Banach lattice. This result was shown by Chaney for the M-norm
and by Schaefer for the [-norm, using operator theoretic arguments. We provide a
new proof for this result which relies on Fremlin’s fundamental construction of a
Riesz tensor product of Archimedean vector lattices [47]. Our proof for this result
can also be found in [28].

This chapter concludes with Section 2.5, which shows that the /-tensor product
of order continuous Banach lattices is again order continuous. This result was first
shown by Popa in [85]. Later, a direct proof was found, which appeared in [68]. We

present this proof.

2.2 Cone absolutely summing operators

The origin of cone absolutely summing operators lies in the following definition of
Dinculeanu found in [38, 39, 40].

Definition 2.2.1 (DINCULEANU) Suppose Y is a Banach space and 1 < p < oo.
Let T : LP(;) — Y be a bounded linear operator. We define the triple bar norm of
T by

n n
I, = sup {Z loiT (xa;)lly :s= ZaiXAi a simple function, [|s||, < 1} .
i=1 i=1

The finiteness of ||T']|, is characterized by the following theorem, which can be
found in [37, Chapter IV, §4, Theorem §].

Theorem 2.2.2 Suppose Y is a Banach space and1 < p < oco. ForT € L(LP(u),Y)
we have ||T||, < oo if and only if T maps positive convergent series in LP(u) to

absolutely convergent series in Y .

Proof. Note that T' maps positive convergent series in LP(u) to absolutely convergent

series in Y if and only if

IT)lz = sup § STITAI = (/i) € LP()-, <1} <o (2.1)

i=1

Sk

i=1

p
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It is easy to see that | T, < ||T||z which proves the ‘if’ part of the theorem. For

the converse, show |||, > ||7'||z by approximating by simple functions. 0O

Dinculeanu showed in [38, 39, 40] that a bounded operator T : LP(u) — Y has
IT|, < oo if and only if there exists a Y-valued, p-continuous vector measure F' of
g-bounded variation (% + % = 1) such that Tf = [, fdF for all f € LP(u). Given
this result, a number of characterizations of the Radon Nikodym property in terms
of operators mapping from LP(u) (1 < p < oo) into a Banach space Y emerged (cf.
[104, 102, 19]).

Schaefer studied the class of cone absolutely summing operators in [92, 91], as

well its dual counterpart, the class of majorizing operators.

Definition 2.2.3 Let E, F' be Banach lattices and X, Y Banach spaces. If T €
L(E,Y) and S € L(X, F) then,

(a) T is called cone absolutely summing if for every unconditionally summable se-
quence (z;) C E4, (Tx;) is absolutely summable in Y. The space of cone abso-
lutely summing operators from E into Y is denoted by L(E,Y).

(b) S is called majorizing if for every null sequence (z;) C X, (Tx;) is contained in
an order interval in F'. The space of majorizing operators to from X into F is
denoted by £™¥ (X, F).

Cone absolutely summing operators serve as an order theoretic counter part to
the absolutely summing operators studied in [36]. In the terminology of Krivine (cf.
[60]), cone absolutely summing operators are known as 1-concave operators (see also
[72, p. 45]).

A candidate for the norm of a cone absolutely summing operator is suggested by

(2.1) and the following lemma.

Lemma 2.2.4 Let E be a Banach lattice and (x,) C Ey. If () is uncondition-
ally summable, then ||(zy)|e = |>opeq @nl|. Consequently, (xy) is unconditionally

summoable if and only if it is summable.

Proof. For each z* € E* and x € E; we have |(z,z*)| < (z,|z*|). Since || |[z*|| =

|=*||, it follows that
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oo
= sup ‘< xn,x*>‘:x*€E*,Hx*||<l}
n=1
oo
< xn,x*> SRS Dni P | §1}
n=1

[e.9]

n=1

1
= [I(n)lle < oo

An application of Theorem 1.4.2 completes the proof. O

Since convergence and unconditional convergence of positive series in a Banach lat-

tice are equivalent, we are justified in the following definition.

Definition 2.2.5 Let E, F' be Banach lattices and X, Y Banach spaces. If T €
L(E,Y) and S € L™(X, F) then,
<1}

S(x)i, € X, osup |z < 1}.
1<i<n

(a) the cone absolutely summing norm of 7" is defined as

n
D

n
1T ||cas = sup {Z [Tl = (2i)izy C By,
' i=1

=1

(b) the majorizing norm of S is defined as

sup [T’z
1<i<n

Mm=w{

It follows that L£(E,Y) and £™¥(X, F) are Banach spaces under their re-
spective norms and the inclusion maps £%(E,Y) «— L(E,Y) and L™ (X, F) —
L(X, F) are continuous with norm less than or equal to one (cf. [92, Chapter IV, §3,
Proposition 3.6]). Moreover, we have the following theorem (cf. [92, Chapter IV, §3,
Theorem 3.8]):

Theorem 2.2.6 Let E be a Banach lattice and Y be a Banach space, then the
canonical map T — T* from L(E,Y) into L(Y*, E*) maps L(E,Y) isometrically
into L™ (Y*, E*). A corresponding assertion is valid for L% (X, F), where X is a

Banach space and F' is a Banach lattice.

For a comprehensive exposition of cone absolutely summing and majorizing maps,
we refer the interested reader to [92, Chapter IV, §3]. We conclude this section with
a useful extension result (cf. [92, Chapter IV, §3, Proposition 3.9]).
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Theorem 2.2.7 Let Ey be a Banach sublattice of the Banach lattice E, and let
Y be any Banach space. If Ty € L(Ey,Y), then Ty possesses an extension T €
L(E,Y) such that || T ||cas = ||T0]|cas-

2.3 The Il-tensor product of a Banach lattice and a Banach space

In the early 1970’s, two important contributions to the theory of tensor products,
which involve the tensor product of a Banach lattice and a Banach space, were
independently made by Chaney (cf. [19]) and by Schaefer (cf. [92]).

If F is a Banach lattice and Y is a Banach space, Chaney introduced the M -norm

onY ® E as
sup{ Z:p i)yl |z < 1}H

forallu=>)",2,®y € Y ® E. He also showed that the M-norm is equal to the
|p|-norm on Y ® E, defined by

n
Hu|||u| = inf {
=1

> lill i

[ullar =

n
:u:Z:ci®yi}
=1

for all w € Y ® E (cf. [19, Theorem 1.4]). The |u|-norm is the transpose of the
A-norm on £ ® Y, given by

n n
HuHA:inf{ :u:Zm@yz}
i=1 i=1

for all u € E® Y. The A-norm was introduced earlier by Jacobs in his thesis, see
[54].

Schaefer considered the [-norm on E®Y, where the [-norm is the norm induced on

| |l

E®Y by the cone absolutely summing norm on the Banach space of cone absolutely
summing operators T: E* — Y. Denote by || - ||; the norm on F ® Y induced by
|| - ||cas under the canonical embedding of F ® Y into L(E*,Y), defined by

n
Zﬂfi®yizu'—>Lu
i—1

where Lyz* =Y (x;,2%)y; for all 2* € E*; i.e

- lle=1l- ||caS‘E®y-

Under the canonical identification u +— L., of E ® Y with a subspace of

L(E*,Y) and Y ® E with a subspace of £2%(Y*, E**), the transpose map u +— ‘u
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from £ ® Y onto Y ® E corresponds with the formation of adjoints L,, — L} from
L(E*Y) into LM (Y*, E**). Consequently, the norm induced on Y ® E by || | maj
under the canonical embedding of Y ® E into L™ (Y*, E) is the transpose of the

norm || - ||;. We denote this norm by || - ||n; i-e.,

I flee =1l = 11+ mai |y -

An intriguing result, proved by Schaefer, is that the dual of F ®; Y is isometrically
isomorpic to L (E,Y™) under the canonical map f +— T, defined by (x,Try) =
(x @y, f) (cf. [92, Chapter IV, §7, Theorem 7.4)).

A similar result was proved earlier by Jacobs in his thesis. He proved that the
dual of E ®A Y is canonically isometric to £L(E,Y™). A proof of the theorem of
Jacobs can also be found in the thesis of Jeurninck, see [56, p. 104].

Since ||z|| = sup{|(z, 2*)| : z* € Z*,||z*|| < 1} for all z € Z, in any Banach space

Z, it follows from the duality results of Jacobs and Schaefer that || - ||a = || - ||; on
E ®Y. Together with Chaney’s result that || - ||»s = || - [|j,) on Y ® E, we have

[ lleae =11 la= 1] [lr on E®Y,
where || - ||¢ps denotes the transpose of || - ||as.

An important property of the [-tensor product is its connection with the Lebesgue-
Bochner spaces. Let Y denote a Banach space, (§2, Y, 1) denote a o-finite measure
space and 1 < p < oo. If E = LP(p), then the completed I-tensor product E®;Y is
isometric to LP(u,Y) under the canonical mapping f ® x — f(-)x (cf. [19, 92]). We

summarize with the following theorem:

Theorem 2.3.1 (CHANEY-JACOBS-JEURNINK-SCHAEFER) Let E be a Banach
lattice and 'Y a Banach space. The following norms of u =73 ; 2; @y, € EQY

<1,

are equal:

m

>

J=1

é 5 (24)ys

=1

()T, C BT

Jj=1

sup {

() llula :=inf{ 3 ol \ u— ;My}

In particular, when E = LP(u) with 1 < p < oo and (£2,X, 1) a o-finite measure

(a) [[ully := sup { 5

Sy (i)

=1

(b) Nlullens =

2

Nyl < 1}

space, we have all three of the above norms equal to the Bochner norm A, on EQY,

induced by LP(u,Y).
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The techniques used in the literature to prove the above result are not easily
accessible. Also, some of the literature itself is difficult to obtain. Due to the impor-
tance of the above result to the rest of this thesis, we present a complete, elementary
proof.

Our strategy will be to show that F ®:,,;Y isometrically embeds into E** ®:,Y .
We then show that similar embeddings hold for || - ||; and || - ||a. Thus, the result
will follow after proving that these three norms co-incide on E** ® Y. We conclude
by showing that || - ||¢5; and A, coincide on E®Y when E = LP(p) and 1 < p < oo.

Before we start, the definition of || - [|:); needs to be checked:

Lemma 2.3.2 Let E be a Banach lattice and Y a Banach space. For finite sequences
() C E and (y;)!~; CY we have sup{|> 1, y*(yi)zi| : ||y*]| < 1} € E. More-
over, this supremum can be approximated in norm by finite suprema of elements
from {12200 v (ya)al = lly™ll < 1}

Proof. Let A == {|>""  y*(yi)zs| : [|[y*|| < 1} and e := > ||yil| |i], then it is clear
that A C [0, e]. Consider the ideal in E generated by e, denoted E., together with the
gauge norm defined by ||z||e := inf{\ > 0: z € [-Xe, Ae]}. Then (E,, ||-||¢) is an AM-
space with order unit e. We show that A is precompact in (Ee, || - ||¢). Let (w;) C A,
then, for each j € N, we have w; = [ Y71 y;(yi)xi|, where [|y}|| < 1. By Banach-
Alaoglu, the dual unit ball of Y is w*-compact. Thus, there exists a subsequence
(y}“k) that converges in the w*-topology to a functional y* in the unit ball of Y*; i.e.
Y, (y) — y*(y) as k — oo for all y € Y. Thus, by letting w = | >, y*(vi)zi| € A,

we have that
n
wj, —w| < sup |5, (v) = y" ()| > _lwil =0 as k — oc.
1<i<n P

Hence, (w;) C A has a subsequence that converges relatively uniformly and thus
in norm to w € A in (E.,| - |lc). This shows that A is precompact in (Ee, || - [l¢)-
Since every precompact subset in an AM-space has a supremum (cf. [76, Theorem
2.1.12]), we have sup A € E. C E. The last part of the assertion follows from [76,

Corollary 2.1.13] and the fact that the inclusion map E. — FE is continuous. 0O

The above lemma shows that || - ||¢5; is well defined and allows us to prove:

Theorem 2.3.3 Let E be a Banach lattice and'Y be a Banach space. Then E®:ip Y

1s isometrically embedded into E** Qi Y.

Proof. Let ig : E — E** denote the canonical Riesz isometry. We have that
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in (sup{ Yoy vl < 1})
i=1 B
n
>yt (i) > 'l < 1}
=1

(3

holds for all u = )" ; z; ® y; € E®Y. For the reverse inequality, let ¢ > 0. Then,

n

>

E**

by Lemma 2.3.2, there exist functionals y7,...,y}, in the dual unit ball of ¥ such

that

n

> i (i)

=1

<e.
E

< 1} — sup

1<j<m

n
> vt (i)
=1

sup {

Since ig is a Riesz isometry, this implies that

<e.
Ex*

)

n n
in (sup{ >yt vl < 1}) — sup ip ( > (i)
P 1<i<m - \|S

Hence,

B (SUP{ > vt ly*ll < 1})
=1

PRTHDES )

sup ig
1<j<m ;

E**

+ée
E**

<

n
< SUP{Z‘E ( >yt (i) > gl < 1} +e.
i=1 E**
The fact that € is arbitrary yields
n
in (sup{ Yoy lly'l < 1})
i=1 Ex*
n
< Sup{iE ( Zy*(yi)xi > gl < 1}

By the above reasoning and the fact that ig is a Riesz isometry, it follows that

>y (v ) vl < 1}
i=1

sup{z'E<
Yt eyl < 1})
| < 1}

forallu =" 2, ®y; € E®Y, showing that F ®¢); Y is isometrically embedded

[(ig ®@idy) ()|l =g, ,,v =

n
> v i
=1

(o
up {

= HU’HE@t]MY

E**

E*x*

n

Zy*(yi)xi

i=1

E

into E** ®¢), Y. O
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The next theorem is more general than the above result. It is a result that is key
to many of the main results throughout this thesis. We will revisit this result in the

next section.

Theorem 2.3.4 (a) Let E be a Banach lattice and Y a Banach space. If Ey is a
Banach lattice with ig : By — E a Riesz isometry and Yy a Banach space with
Jo: Yo — Y an isometry, then ig ® jo : Eg ®; Yo — E®; Y is an isometry.

(b) Let X be a Banach space and F' a Banach lattice. If Xo is a Banach space with
19 : Xo — X an isometry and Fy a Banach lattice with jo : Fo — F a Riesz

isometry, then ig ® jo : Xo ®m Fo — X Q@ F is an isometry.

Proof. Let T € L(E*,Yy) with jo : Yo — Y an isometry, it follows that

n
Z:UZ* = 1}
i=1

:

Consequently, if u € E ® Yy, then ||ull; = |[(idg ® jo)(u)]|; so that

n
0 © T'leas = sup {Z 1Go o DY@ = (w)py C BT,

i=1
n n

= sup {Z IT (@) - (@i € B, (D ai
i=1 =1

= HTHcas-

(de®jo): E@1 Yo — E@ Y

is an isometry.

Next, consider T € L™ (X*, Fy) with jo : Fy — F now a Riesz isometry. Then

we have
oo Ty = sup { | 500 160 0 DY) - i € X7, sup il <1}
1<i<n 1<i<n
_SUP{ jO(SUP T (x )H r7)i; C X¥, sup H%H<1}
1<i<n 1<i<n
:sup{ sup |T'(z; |H n, CX* sup |z ||<1}
1<i<n 1<i<n
= [T maj

Consequently, if u € X ® Fp, then ||u|l,, = [|(idx ® jo)(u)||m so that
(idx ® jo) : X @m Fo — X @ F

is an isometry.

Since || - ||m = || - ||, it follows that if 7 : Xo — X is an isometry, then o ® idp :
Xo ®m F — X @, F is an isometry, from which (b) is readily deduced.

Similarly, since || - ||; = || - ||y, it follows that if ig : Ey — E is a Riesz isometry,

then ig ®idy : By ®;Y — E®;Y is an isometry, from which (a) is now evident. 0O
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In particular, it follows from the above result that £ ®; Y embeds into £E** ®; Y
isometrically. To prove a similar result for the A-norm we need a duality result from
the thesis of Jacobs (cf. [54]). The proof presented here is due to the author and
appears in [28].

By noting that for u € Y ;' ; 2; ® y; € E® Y, we have the decomposition

n

u = Z(H%H%’)Jr ® (yi/llyill) + Z(||yi||$i)_ @ (—vi/llvill),

i=1 i=1

it follows that

n
lulla = inf{ >
=1

Thus, for f € (E®a Y)*, we have

n
u= 3w @y w2 0, [yl = 1}-

=1

1f]] = sup {\f(u)\ tu=Y 3 @y, ||ulla < 1}
i=1
>

=1

n
zsup{mu)\ u=Y @y 2 0, ] = 1,

=1

< 1} , (2.2)
which will be used in the proof of:

Theorem 2.3.5 (JACOBS) Let E be a Banach lattice and Y a Banach space. Then
(E®AY)* is isometric to L(E,Y™).

Proof. Consider the map from (E ®4 Y)* into L(E,Y™) given by f +— Ty where
(y,Tx) = f(x®y) for all x € F and y € Y. By (2.2), we have
<1}

n
D
n
D

i=1
=1

n

If1l = SUP{’f(U)’ tu=Y 2@y, i >0, |yl =1,
> i, Tras)

i=1
= sup {
i=1
= sup { sup {

F(xi)iza C By (wi)iza €Y, luill = 1,

:
<1}

n

> i, Tra)| -

=1

n
D@

o)y C Y, [ill = 1} @)y C By,

i=1
Note that for any sequence (y;); C Y with |ly;|| = 1, there exists a sequence of
scalars a, ...,y with |a;| =1 for i = 1,...,n such that
n n n n
D i Tra)| <> Wi Tri)l =Y ey, Tra)| = | (v, Tyai)| -
i=1 i=1 i=1 i=1

Consequently, we have
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11 = sup { sup { S Iy, Tyees)]|
_ 1}.

i=1
Notice for each € > 0 there exists y; with ||y;|| =1, for i = 1,...,n, so that

n
D

i=1

(o)) C Y, il = 1} (@) C By,

sup {(ys, Trxi) « lyill = 1} — e/n < (ys, Trxi) < sup {{yi, Tras) « |Jyil| = 1}

Summing over ¢ gives

n
> sup {{yi, Trai) = [lyill = 1} ¢
=1

<D (i Tyas) <Y sup {(yi, Tya) « il = 1}

i=1 i=1
This implies

n n
> sup{{ys, Tri) : ||lys]| = 1} = sup {Z@i’foi) ()i C Y, luill = 1} :
=1

i=1
1]

and so

n
IfIl = sup {Zsup{Kyi,TmH llyill =13 2 2 > 0,

=1

n
D

i=1

n n

= sup {Z Tl i >0, || | < 1}
=1 =1

= HTfucas'

Thus, the map f — T} is a linear isometry of (F ®a Y)* into L9(E,Y ™) which

is easily seen to be surjective. 0O
We can now prove the following result. The proof is adapted from [19].

Theorem 2.3.6 Let E be a Banach lattice and Y be a Banach space. Then EQAY

1s isometrically embedded into E** Q.Y .

Proof. Let ip : E — E** denote the canonical Riesz isometry and 4§, : Y*** — Y*
denote the adjoint of the canonical isometry from Y into Y**. Consider the map
from L£(E**,Y™) into L(E,Y™) defined by T' +— T o ig. We shall show this
map is a metric surjection. Note already for any 7" € L (E**Y™), the map T oip
is just the restriction of T' to E; thus, it follows by the definition of || - ||cas that
IT 0 i5lcas < T eas

Now let R € L(E,Y ™) and let S = i}, o R**. Then, for all z € F and y € Y,

we have
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(y,(Soip)x) = (y, (iy o R oiip)x) = (y, (R o iy)"ip(z))
= (R oiy)y,ip(x)) = (z, R"iy (y)) = (Rz,iy (y))
= (y, Rx),

which shows that S o ip = R. Thus, the following diagram commutes.

R**
E** Y***
1B y
E i v

As a consequence of the isometric embedding L4(E,Y™) «— LO(E**,Y**)
given by Theorem 2.2.6, we obtain
<1}

[1S]cas = 1173 © B*||cas

= sup {Z (5% 0 R™)ail| : (wi)jey € By, || i

i=1 =1
n n
< sup {Z IR il| « (wi)iy C By || | < 1}
=1 =1
n n
= sup {Z IR ]|« (wi)fey C By D ]| < 1}
=1 =1

= ||R**||cas = HRHcas = ”S ° Z'EHcas’

which shows that S € £(E**Y*) and the map T — T o ip is surjective. So for
each R € L(E,Y™), there exists S € L%(E**,Y™) such that

Soig=R and | S]cas = ||R|cas-

Hence, ||R||cas = Inf{||T||cas : T € L(E**,Y™*), Toig = R}, showing that the map
T — T oig is indeed a metric surjection from L (E**Y™) onto L(E,Y™).

But (E®,Y)* = L(B,Y*) and (B ®4 Y)* = L(E*,Y*) by Theorem
2.3.5. Thus, it follows that E ® o Y is isometrically embedded into E** ® o Y and

the proof is complete. 0O

To complete the first part of the proof of Theorem 2.3.1, we now show that the

norms || - ||, || - |lear and || - || 4 coincide on E** @ Y.
Consider the norms || - [|; and || - [|¢py on E* @Y. Let u= )" j2f Qy, € E*QY,
then the induced map L, € Leas(E,Y) is defined by L, (x) = >, z(x)y; for all

z € E. Consequently, by Theorem 2.2.6, we have [|ul|; := || Lyl/cas = || L}, |lmaj, Where
Li € LM (Y* E*) is given by (z, L% (y*)) = i, y* (yi)z} (), yielding
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] m

sup Zyj yi)w

1<5<m i—1

[[ull; = sup {|
1<
= sup{

Note that E* is a Dedekind complete Banach lattice and the set

sup
1<5<m i—1

sup | Ly, (1) H Syt Y lyjl < 1}

Hyi)ie <Y lyill < 1}- (2.3)

Zy] yi)a

is upwards directed and bounded above by > 7 ; ||y;|| |#}]. Thus, we may interchange

the norm and supremum in (2.3), which gives

SUP{ SUP Zy] Yi)x yJ)J 1 C Y, HyJH<1}H
Sup{ Dy i)yl < 1}H

= [lullens-
Now consider the norms |- || a and |- [l¢ps on E*®Y . Suppose that u = Y, 27 ®

yi € E* @Y with {2}, a mutually disjoint set. Then

n
sup{ D yrwar| vl < 1}” Sup{\/ ly* (ya)l 7] = [ly*|| < 1}
n

=1
V <\fv2‘| sup{[y* (v)] : [ly*]) < 1} H = Z lyill 2]
=1

Py Y lyjl < 1} CEY

[[ull: =

[ullens =

i=1
n n
Zinf{ 1INEZ :U:fo®yz}
i=1 i=1
= [lulla.

An easy application of the triangle inequality shows that we in fact have |jul|¢y, =

|lu||a. Hence, if the set

{Z i ®@y; € E*QY : {x]}I"; mutually dlSJOlnt}
=1

is dense in E*®AY, we have the norms || - |4 and || - ||s+a; equal on B* @ Y. We will
show that this is indeed the case, after we complete the proof of Theorem 2.3.1.

To this end we observe that, from the above results, we have the diagram



2.3 The [-tensor product of a Banach lattice and a Banach space 56

1E®idy

E®Y — E"® Y

h[ [

1pQidy
_

E®tMY E** ®tMY
12[ 1H2
j id
E@aY 22, prg,yY

where H; and H are surjective isometries and ig : E — E** denotes the canonical
Riesz isometry. It follows that I; and I are also surjective isometries induced by Hj
and Hj respectively, and so the norms || - ||;, || - ||¢as and || - || are equal on E® Y.

For the last part of the proof, let E = LP(u) with 1 < p < co. For any u =
Sorixa, @y € S(p) ®Y, we have

n n
sup{ Sy a s Il < 1} S Il
=1

i=1
as above. Since S(p) ® Y is dense in EQN{)APY, the result follows.
The density of S(u) ® Y in LP(u)®a,Y is generalized to the A-tensor product

[ullear = = Ap(u)

P

P

by the following result, which is still required in the proof of Theorem 2.3.1. This
result was proved by Chaney in [19], using representation theory. We provide an

elementary proof, via Freudenthal’s Spectral Theorem.

Theorem 2.3.7 Let E be a Banach lattice with principle projection property and
let Y be a Banach space. Then the set of step-functions

n
{Z QY € EQY : {x;}, mutually disjoint}
i=1

is dense in EQAY.

Proof. Let f € EQAY and € > 0. There exists u = Yoz ®y € E®Y with
<

n
f=Y zi@y
=1 A

Now let g- = (O°7 |ail)/ll Doiy @il ||, then for each i (1 < i < n), the fact that
|z <> |ai| implies that |x;] is an element of the ideal generated by g.. Thus, by
Freudenthal’s Spectral Theorem (cf. [3, 6.9], [76, Theorem 1.2.18] or [106, Theorem
33.2]), for arbitrary 6 > 0 and ¢ (1 < i < n), there exist linear combinations of

disjoint components of g., denoted sgi), with

e
. (2.4)

09

0< |ui| — s < '
' s n (sup1§i§n HyzH)
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Thus, for each i (1 <1i <n), we have

; 1) ; 0g: (supq<; . 5
0 < |lwill(|i| — S((Sl)) < 9ellyill < 9e ( Pi<i<n H%H) _ &7
n (supr<icn lyil) = n(suprcicn lual) — n

and summing over ¢ gives

n n
; dgen
0< > Mlyalllzil = > llwallsy” < =57 = ge.
=1 =1

n

By taking the norm and using the fact that ||gc|| = 1, we obtain the inequality

n n
> il = > lwells§” || < el = o.
i=1 i=1
Setting 0 = £/2 gives
sz’@)yi_zsg)@yi <3 (2.5)
=1 =1 A

Choose a disjoint collection of components of g., denoted {¢; : 1 <[ < r}, so that
each sg) can be written as sg) = Z;Zl 'yj(i)qj for : = 1,...,n. Hence, sg) R Y; =
(Z§:1 ’yj(-l)q]‘) Ry = Z;.:l(qj ® ’yj(-l)yi), and summing over i gives

r

SNosWay=>>(gerw=>" <QJ ® Zvﬁ”w) : (2.6)
i=1 i=1

i=1 j=1 j=1
Finally, by (2.4), (2.5) and (2.6), we get

j=1 i=1

A

n n n
< f—zfvi@yi + Zivi@yi—zsg)@yi
i—1 A i—1 i—1 A
e €
S
_2+2 g,

where the ¢;’s are mutually disjoint and the proof is complete. 0O

2.4 Lattice properties of the [-norm

If X and Y are Banach spaces and « is a norm on X ® Y, we denote the normed
space (X ®Y,a) by X ®,Y, its norm completion by X®,Y and its continuous dual
by (X ®4 Y)*. The norm of an element u € X®,Y will be denoted ax y(u) when
there is a need to distinguish the Banach spaces involved or simply «(u) if there
is no risk of ambiguity. A norm a on X ® Y is called a reasonable crossnorm (cf.
[31, 52, 34, 35, 37]) if « satisfies the conditions:
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(a) Forz € X and y €Y, a(z @ y) < ||z [lyll-

(b) For 2% € X* and y* € Y*, 0 @y € (X @, ¥)* and ||o* 47| < ||| "]

It is well known that the inequalities in (a) and (b) may be replaced by equality.
It is also well known that « is a reasonable crossnorm on X ® Y if and only if

m(u) < a(u) < e(u) for every u € X @Y ([31, 90]). Hence, it is readily verified from

Theorem 2.3.1 and the inequalities

n
Sup{ Hly*l < 1} <D Nyl fil
=1

that || - ||; is indeed a reasonable crossnorm.

Let X, Xy, Y and Yy be Banach spaces. If S : Xg — X and T : Yy — Y are
bounded linear maps, then a reasonable crossnorm « is called a uniform crossnorm
ST : Xg®q Yy — X QY satisfies

n

Sy )

i=1

n
<> lwilllzil
i=1

ST < [ISIITI

Since the inequality ||S @ T'|| > ||S]|||T|| holds for all reasonable crossnorms «,
equality holds in the definition of uniform crossnorms. In the case where X is a
closed subspace of X, Y} is a closed subspace of Y and « is a uniform crossnorm, we
have that ax y(u) < ax, y,(«). This inequality can be strict and thus Eo®4,Yy need
not be a subspace of E®,Y. A uniform crossnorm for which « Xo,Yo(u) = ax y(u)
holds for each closed subspace Xy of X and Yy of Y is called injective.

Pisier noted that the Bochner norm A4, is not an injective uniform crossnorm for
1 < p < oo (see [31, p. 147]). However, for 1 < p < oo, it is known that the Bochner
norm A, induced by LP(u, X), has the property that if 0 < S : LP(u) — LP(p)
(note that any positive operator between Banach lattices is bounded, thus S is also
bounded) and 7': Y — Y is a bounded map, then S® T : LP(u,Y) — LP(u,Y) has
the property that

ST =[S (2.7)

(see [37, 69]). Property (2.7) extends to the I-tensor and the m-tensor products as
stated below (cf. [69]).

Theorem 2.4.1 (a) Let Ey and Eo be Banach lattices and let Y1 and Yo be Banach
spaces. Let T : E1 — E5 be a positive linear operator and Ty : Y1 — Y5 be a
bounded linear operator. Then H(T1®T2)qu < |1l 17| ||wll; for allu € By @Y.

(b) Let X1 and Xy be Banach spaces and let Fy and Fy be Banach lattices. Let
T1 : X1 — Xo be a bounded linear operator and Ty : F; — Fy be a positive
linear operator. Then ||(Ty ®T2)uHm < T || | T2]| l|w||m for all u € X1 @ Fi.
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Proof. Let u € By ®aY:. Then u=>"" | z; ® y; and
n
(Th @ T3)(u) = Zwai ® Tay;.
=1

Thus, by Theorem 2.3.1,

n n
1Ty @ To)ull, = | > Tiwi ® Toys|| < ||D | Toyill [ Th]
i1 | =
n n
<D 1Tl Tullil)|| < 1T T2 || llgill il | -
i=1 i=1
Consequently,

(T @ To)ull, < [Tl 1 T2]] llwli-
The proof for the m-norm is similar. 0O

In Theorem 2.3.4 we showed that the [-norm exhibits a weaker form of injectivity:
if Ey is a closed Riesz subspace of E and Yj is a closed subspace of Y, then Eo@;Yo
is a closed subspace of E®;Y .

These properties motivate the following definition:

Definition 2.4.2 If E, Ey are Banach lattices and Y, Yy Banach spaces with 0 <
S:Ey— E,T:Yy— Y bounded linear maps, then a reasonable crossnorm « is
called

(a) left order uniform (or in short, left uniform) if ||S @ T|| < ||S|||T|,
(b) left order injective (or in short, left injective) if S@ T : FEy®aYy — E®4,Y is an

isometry, provided that S is a Riesz isometry and 7' is an isometry.

The notions of a right order uniform crossnorm and a right order injective crossnorm

are defined in a symmetrical manner.

We now pass to the [-tensor product of two Banach lattices. We rely on a funda-

mental construction of the Riesz tensor product of Archimedean Riesz spaces.

Definition 2.4.3 Let F and F be Archimedean Riesz spaces. We denote the pro-
jective cone of E® F by
n
Ef®F, = {2::1:Z Ry; ¢ (vi,y:) € Ex X Fy,n € N} .
i=1

D.H. Fremlin (in [47]) constructed an Archimedean Riesz space EQF with the

following properties:
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(RBi) If (x,y) € E x F, then |z|® |y| = |z ® y| in EQF.
(F) If G is any Archimedean Riesz space such that F ® F' is a vector subspace of
G and |z| @ |y| = |x ® y| in G for all (z,y) € F x F, then EQF is the Riesz
subspace of G generated by F ® F.
(SS) If Ey and Fj are Riesz subspaces of E and F' respectively, then Ey®Fj is a Riesz
subspace of EQF.
(ru-D)4 If z € (E®F)4, then there exists (z,y) € Ey x Fy with the property that for
each £ > 0 there exists v. € Ey ® Fy such that |z — v.| < ex ® y; moreover,

ve € E4 ® Fy may be chosen such that v, < z (see [51]).

Let E and F be Banach lattices. We are interested in those reasonable crossnorms
a on E ® F which have extensions to E®QF in such a way that (the extension of)
« 1s a Riesz norm on EQF. Such reasonable crossnorms are called order reasonable

crossnorms. The following theorem was proved in [70].

Theorem 2.4.4 Let E and F' be Banach lattices. If o is a reasonable crossnorm on
E® F, then |a|, defined by

|a|(u) = inf {a(v) ve BEL®Fy and |u] < v} for allu € EQF,

is a Riesz norm on EQF and a reasonable crossnorm on E ® F with the property
that EémF is a Banach lattice, with positive cone the |a|-closure of the projective
cone in E ® F. Moreover, a can be extended to a Riesz norm on EQF if and only

ifa=l|al on EQ F.
The above theorem motivates the following definition.

Definition 2.4.5 (a) A left (right) order uniform crossnorm that is also an order
reasonable crossnorm will be referred to as a left (right) uniform Riesz crossnorm.
(b) A left (right) order injective crossnorm that is also an order reasonable crossnorm

will be referred to as a left (right) injective Riesz crossnorm.

The l-norm (m-norm) is an example of a left (right) uniform, left (right) injective

Riesz crossnorm, as the following results show.

Theorem 2.4.6 (CHANEY-SCHAEFER) If E and F are Banach lattices, then

(a) E®@uF is a Banach lattice, with positive cone the M-closure of the projective
cone of E ® F.

(b) E®,F is a Banach lattice, with positive cone the l-closure of the projective cone
of E® F.
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The above result was proved by Chaney in [19] and Schaefer in [92] using operator
techniques. We present a new proof that uses the above mentioned construction of
Fremlin. Our proof appears in [28]. We start with a trivial lemma pertaining to the

monotonicity of the A-norm.

Lemma 2.4.7 Let E and F be Banach lattices and let w € E® F. Then |lu||a <
lu+wvlja foralve EQF.

Proof. Let u = > " j2;Qy; € EQF and v =3 0, ®b; € E® F. From the

definition of the A-norm and the fact that F' is Riesz normed, we have

n
> llyill ]
i=1

which holds for all representations of u and v. But then ||ul|a < ||u+v|[a. O

n

> (il laeal + 1163 | Jai])

i=1

Julla < <

9

Definition 2.4.8 Let F and F be Archimedean Riesz spaces. The cone on F ® F
induced by (E®F)4 is denoted by [Ey @ Fy].

Using property (Ru-D)y, the cone [E4 ® F.] can be characterized as follows:
z € [F4 ® F4] if and only if there exists (z,y) € E4 x F such that z +e(x ®@ y) €
E. ® Fy for all e > 0 (cf. [48]).

Theorem 2.4.9 Let E and F be Banach lattices. If u € E® F', then
[ulla =inf{[lv]la: |u| <ve By @ Fy}

where < denotes the order with respect to the cone (EQF)y. Consequently, || - ||a is

a left uniform, left injective Riesz crossnorm.

Proof. Let u =3 " 2;@y; € E®F, then |u| € EQF and |u| = | Y1 | ; @ yi| <
> i |wi| ® |yi|. Thus,

n n
{ ZHyz‘H |4 iuzziﬂi@yz}C{
i=1 i=1

Hence,

n n
inf{ D lyill il | = ul < il @ Iyil} < [lulla-
=1 =1

Thus, if v € B, ® Fy has the representation ;" | a; ® b;, it follows that

n
> llyill il
i=1

n
Hul <)zl © |yi|} :
i=1

inf {|Jofla: Jul < v e By ® .}

< inf{ > lIbill as
=1

< [lulla-

n
s ul SZCM@I)Z‘ €E+®F+}
=1
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For the reverse inequality, consider u € EQ F and all > | x;®y; € E® F for which
the inequality |u| < "%, |z;| ® |yi| holds with respect to the ordering induced by
(E®F)4. Represent > " | |z;| @ |yi| € E® F by

n n
Z || @ [yil = Zai ® b,
i=1 i=1

where a; € E and b; € F. Thenu <Y ' 1 a; ®b; in (E® F,[E4 ® Fy]). Thus, there
exists (z,y) € E4 x Fy such that for any € > 0 there exists v. € Ey ® F such that

(iai@)bi—u) +e(z®y) = ve.

=1

Hence,

n
u+vg=Zai®bi+6x®y
i—1

and by Lemma 2.4.7, we have

n

> il fail

=1

n
lulla < llu+vella < || D Iill las] + ellyll 2 || < + ellyllfl]l

i=1

But € > 0 is arbitrary and so

n
> lbill il ||
=1

Julla <

which gives

llulla < inf{

n
> 1l lasl
i=1

n
Z |zi| ® |yil
i=1

Consequently,
n

lulla smf{ Sleid @yl || Jul < Z|xi\®ryir}
i=1 A =1

=inf{|lv||a:|u| <veEL®F.}.

n n
: Z 7| @ |yi| = Zai ®bi}
i—1 =1

A

n

O

Proof of Theorem 2.4.6 By Theorem 2.4.9, we have [[ulla = |lu]||4 for all
u € E®F. Thus, A is a norm on ¥ ® F with the desired properties as described in
(b), by Theorem 2.4.4. But, as shown in Theorem 2.3.1, we have || - [|a = || - ||; on
E ® F. Hence, Theorem 2.4.6 part (b) is proved. Part (a) now follows from Theorem

2.3.1 and the fact that the transposition map is a Riesz isometry. 0O
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2.5 Order continuity of the l-norm

In the previous section we saw that the [-tensor product of two Banach lattices is
again a Banach lattice. Now, we shall prove that the [-tensor product of two order
continuous Banach lattices is again order continuous. We recall some facts about
regular operators.

Let £ and F be Riesz spaces. An operator T : E — F is called regular if
T =T1—T5 where T1,T5 : E — F are both positive operators. We denote the space of
regular operators by L"(E, F). If F is Dedekind complete, then L"(E, F') becomes a
Dedekind complete Riesz space with a modulus given by |T'|(x) = sup{|Ty| : |y| < =}
for all T € L"(E,F) and x € Ey. In this case, L"(E, F) contains all the order
bounded operators. Recall that an operator T' : E — F is order bounded if the
image of any order bounded set in E, under T, is order bounded in F. It is clear
that every regular operator is already order bounded.

In the case where E and F' are Banach lattices, we may equip L"(E, F') with the
norm || - ||, defined by

T}, = inf{|[S]|: 0 < 5 € L'(E, F), |Tz| < S|z| Y € E,}

forall T € L"(E, F), whence ||T||, < ||T||. Then, (L"(E, F), || |l») is a Banach space,
which we denote by L"(E, F'). If F' is Dedekind complete, then L"(FE, F') becomes a
Banach lattice with ||T'||, = || |T||| for each T' € L"(E, F) (cf. [76, Proposition 1.3.6]
or [92, Chapter IV, §1, Proposition 1.4]).

In [85], Popa showed that if E and F' are order continuous Banach lattices, then
E®y, F is an order continuous Banach lattice. In [68], a direct proof for Popa’s result
is given, which yields as a bonus, that if F has property (P), then E®,,F is an order
ideal of L"(E*, F).

Definition 2.5.1 A Banach lattice F' is said to have property (P) if there exists a
positive, contractive projection F** — F'| where F' (under evaluation) is identified

with a vector sublattice of its bidual F™**.

It is readily verified that all dual Banach lattices have property (P) and that all
Banach lattices with property (P) are Dedekind complete. If E and F' are Banach
lattices, with F' possessing property (P). Then, by [92, Chapter IV, §4, Theorem 4.3],
it follows that £™¥(E, F) is a Banach sublattice of L"(E, F). In fact, L™ (E, F) is
an ideal of L"(E, F). This result is used in the proof of the following:
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Theorem 2.5.2 If E and F are Banach lattices, each with order continuous norm,
then E®,,F has order continuous norm. Moreover, if F' has property (P), then
E®nF is an ideal in L7 (E*, F).

Proof. Since F is a Banach lattice with order continuous norm, F' is Dedekind com-
plete. Thus, the space of regular maps L"(E*, F') is a Dedekind complete Banach
lattice.

Since continuous linear operators of finite rank are regular, it follows that £ ®
F C L7(E*,F). The ideal Aggr generated by £ ® F in L"(E*, F') is contained in
L™ (E* F); observe, by the definition of a majorizing operator, 0 < S < T, T €
Lra(E* F) and S € L7(E*, F) imply S € L™¥(E* F). Now, for 0 < S € Apgr C
L"(E*, F) we can find an operator of finite rank (in fact, of rank one) that majorizes
S, implying that S itself is majorizing. Consequently, Aper C L™ (E*, F).

We claim that the || - ||maj-closure of Apgr has order continuous norm. Since

Apgr is Dedekind complete, it suffices to show that
Tn l 0 in AE@F = HTnHmaj l 0.

Let (T,,) be a sequence in Aggp such that T, | 0 and select z € E and y € F; such
that 0 < T, <z ®y for all n € N. Let € > 0 be given. Since F has order continuous
norm, it follows from [3, 12.17] that there exists ¢ € E7 such that

(o, ([9] — @)4) <= for all [[g] < 1.
Thus, if (1;)%_, are functionals in the unit ball of E*, then

| Tothi| < T |9
< Ta(lil = @)+ + Tnd
< (Wil = &)+ (@)y + Tho
<ey+Tho

for each i (1 <i < k) so that

<ellyll + |1 Tnell-

sup [Tt
1<i<k

By the order continuity of the norm on F, we have that |7,/ | 0. Consequently,
| Tn||maj | 0, which completes the proof of the claim.

To complete the proof of the theorem, it suffices to show that Apgr C E®,,F.
To this end, let 0 < T € Aggr and choose x € Ey and y € Fy such that T <z ®y.
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We denote the boolean algebra of components of x ® y by Crgy. Since Agpgr is an
ideal in L"(E*, F) and  ® y € Aggr, we have

Cray C ApgF-

Let ¢ > 0 be given. By Freudenthal’s Spectral Theorem (cf. [3, 6.9], [76, Theo-
rem 1.2.18] or [106, Theorem 33.2]), there exist scalars o, ag,...,a; and disjoint
C1,Co,...,Ck € Cpgy such that

k
0< T—ZO&Z‘CZ' <elx®y).
=1

Consequently, T' can be approximated in the || - [|maj-norm by an element of the form
Zle a;C; where g, as, ..., ap are scalars and C1,...,C € Crgy.

Before continuing, we fix some notation. For any set D C E, we let

D? :={x € E : z, T x for some sequence (z,) C D}

D, :={z € E: z, | x for some sequence (z,) C D}

D":={x € E:x) 1 x for some net {x)\} C D}

D, :={x € E:x) | x for some net {x\} C D}.

Using this notation, it follows by de Pagter’s Component Theorem (cf. [79] or [2,
Theorem 2.6]) that we have

Coay = (((Seen)),)" (2.8)

where S, consists exactly of elements of the form
m
> Qi(z@y)P; (2.9)
i=1

with the Q;(z ® y)P; mutually disjoint and @; : F — F, P’ : E* — E* band
projections. Since the norm || - ||maj is order continuous on Aggr and Crey C ArgF,
it follows from (2.8) that every C; can be approximated in the norm || - [|maj by an
element of the form (2.9). However, if @ : F' — F and P* : E* — E* are band

projections, then

Qz@y)P" = (P"r)® (Qy)

where P**x € F, since F is an ideal of E** by the order continuity of the norm
on E (cf. [76, Theorem 2.4.2]) and P**x < x. Thus, T' can be approximated in the

norm || - ||maj by an element of the projective cone of E ® F. Consequently, T is an
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element of the || - ||maj-closure of the projective cone. It now follows from Theorem
2.4.6 that Apgr C E®,F so that E®,,F has order continuous norm.

Now suppose that F' has property (P), then by the remark preceding the theorem,
L£ma(E*, F) is a Banach lattice and an ideal in L™ (E*, F). Since E@,, F is the ||+ || maj-
closure of the ideal Aggr, it follows that E®,, F is an ideal of L™ (E*, F') and thus
of L'(E*,F). O

Corollary 2.5.3 Let E and F be Banach lattices, each with order continuous norm,
then EQF has order continuous norm. Moreover, if F has property (P), then E@F
is an ideal in L™ (E*, F).

Proof. This follows from the fact that the transposition map is a Riesz isometry. O

Observe that the above result also holds for the completed tensor products
E@QuF, EQuyF, EQ), F and EQAF by Theorem 2.3.1.

2.6 Notes and remarks

In Section 2.4, we identified the notions of left order uniform and left order injective.
We showed that the -norm is an order reasonable crossnorm, possessing both of these
properties. This is only part of the picture.

Let X and Y be Banach spaces. We recall that a reasonable crossnorm o on X @Y
is called projective if, whenever X; and Y7 are quotients of X and Y respectively,
we have that X; ®, Y7 is a quotient of X ®, Y.

It is well known that the Bochner norm A, is not a projective norm (cf. [31]).
However, it does possess an order theoretic version of projectivity, studied in [69].
We recall some terminology.

Let E and F' be Banach lattices and let T : F — F' be a positive linear operator;
if [0,Tz] = T[0,z] for all z € E,, then T is called interval preserving; and if T'[0, z]
is dense in [0, Tx] for all z € E,, then T is called almost interval preserving.

It is shown in [76, p. 42] that if E and F are Banach lattices and T': E — F
is a positive linear mapping; then T is a Riesz homomorphism if and only if T is
(almost) interval preserving; and 7' is almost interval preserving if and only if 7™ is

a Riesz homomorphism. The following result was proved in [69].

Theorem 2.6.1 (a) Let E and E; be Banach lattices and let Y and Yy be Banach
spaces. If qo : E — E1 is an almost interval preserving metric surjection and
q1 'Y — Y7 is a metric surjection, then qy ® q1 : E®)Y — E1®,Y1 is a metric

surjection.
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(b) Let X and X; be Banach spaces and let F' and Fy be Banach lattices. If q1 :
F — Fy is an almost interval preserving metric surjection and qo : X — X1 is a

metric surjection, then qo @ q1 : X@mF — X1@mF1 is a metric surjection.
In view of the above result, it is sensible to make the following definition.

Definition 2.6.2 If £ and F; are Banach lattices, Y and Y7 are Banach spaces,
qo : EF — FE7 an almost interval preserving metric surjection and ¢; : ¥ — Y7 a
metric surjection, then a reasonable crossnorm « is called left order projective (or
in short, left projective) if qo ® q1 : E®.Y — E1®4,Y) is a metric surjection. The

notion of a right order projective crossnorm is defined in a symmetrical manner.

It is intriguing that the [-norm enjoys both left injectivity and left projectiv-
ity, as well as left uniformity. For this reason, we have the formulae in Theorem
2.3.1 for calculating the [-norm. In particular, we may take the infimum over all

representations; i.e.

n
lulls = inf{ > lyill
i=1

or, we may take the supremum over functionals in the dual unit ball; i.e.

sup {

n
> vt
=1

n
:u:ZJ:i@yi} for all u € E®,Y,
i=1

l|ull; =

Nyl < 1}H for all u € E®,Y.

The latter formula has the advantage of being independent of the representation
w =Yy, x ®y;. On the other hand, as we shall see in Chapter 5, every tensor
u € E®,Y is characterized by a (non unique) series representation u = > 00, z; ® y;

where || Y72 |z4]|| < oo and lim; . ||y;|| = 0. Moreover,

o0 o0
Jull :mf{ S S
i=1 =1

In Section 2.4, we saw that the [-tensor product of two Banach lattices is again

oo
sup ||yl :u:ZmiQ@yi, < oo, lim ||y =0.
ieEN =1 oo

a Banach lattice. It is interesting to note that this property is not shared by any
of Grothendieck’s ‘natural tensor norms’, introduced in [52] (also see [31, 90]). This
was shown by D. Pérez-Garcia and I. Villanueva in [82], where they exhibit a Ba-
nach lattice E such that EQ,E does not have the so called ‘Gordon-Lewis property’
for any natural tensor norm a. Consequently, E®,F cannot be isomorphic to a
Banach lattice. Thus, a natural tensor norm is not an order reasonable crossnorm.
The question of whether this is true for every tensor norm remains open. For back-
ground reading on the Gordon-Lewis property (and local unconditional structure),

the reader would do well to consult [36].
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In general, when considering the I-tensor product E®;Y of a Banach lattice E
with a Banach space Y, a slight change in the category of operators on E allows for
the use of numerous tensor norm techniques. We often exploit this fact throughout

this thesis.
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Martingales and the Radon Nikodym property

3.1 Introduction

There have been a number of authors that have considered stochastic processes in
a general vector lattice. In particular, we are interested in the work of Troitsky,
who formulated a generalized notion for a martingale in a Banach lattice [101]. One
drawback to this approach is that we can only apply this theory to the Lebesgue-
Bochner space LP(u,Y) when it is a Banach lattice. Even in this case, one can say
little about the geometry of Y using these methods. Our purpose in this chapter
is to remedy this problem, using the [-tensor product. Because the [-norm can be
used to extend a scalar valued LP-space to its vector-valued counterpart, it can also
be used to extend the theory of Troitsky to the vector-valued setting, without the
requirement of an ordering. With this goal in mind, we start by exhibiting the results
of Troitsky in [101].

In Section 3.2, we formulate the notions of a filtration and a martingale in a
general Banach space. We then study the Banach space of norm bounded martingales
in this setting, as well as the subspaces of norm convergent, weakly convergent and
weak* convergent martingales. A generalization of Doob’s convergence is presented.
Unless otherwise mentioned, the results in this section are due to Troitsky [101].
Although the work of Troitsky is formulated for Banach lattices, there are many
results that do not require an order structure.

Having studied the convergence of martingales in Banach spaces, we now look
at the impact of adding a lattice structure in Section 3.3. We modify the Banach
space definitions of a filtration and a martingale appropriately for the Banach lattice
setting. This allows for the formulation of submartingales and supermartingales.
Our focus is the inheritance of a lattice structure in the space of norm bounded
martingales from the underlying Banach lattice. Again, unless otherwise mentioned,

the results in this section are due to Troitsky [101].
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Section 3.4 is pivotal to our study of these abstract martingales in the vector-
valued setting. We consider the [-tensor product of a filtration on a Banach lattice
FE with a filtration on a Banach space Y. Our considerations reveal an important
distributive property of the space of norm convergent martingales on E®;Y . This
property allows for an explicit description of norm convergent martingales in the
Lebesgue-Bochner spaces, which is studied in Chapter 5. The material in this section
is original an can be found in [26].

The abstract martingale techniques developed in previous sections can now be
used to provide some answers to the following question, mentioned in the Introduc-

tion:

e Given a Banach space Y that endows LP(u,Y') with a certain property, for which
Banach lattices E does this property hold in E®;Y ?

In Chapter 1, we saw that a Banach space Y has the Radon Nikodym property if
and only if every LP(u,Y)-bounded martingale, 1 < p < oo, is norm convergent.
We show, in Section 3.5, that this result holds in the I-tensor product E*®;Y, for
all order continuous duals E* of separable Banach lattices E. In proving this result,
we consider martingales in the space of cone absolutely summing operators. As a
consequence, we are able to generalize another classical result, namely Theorem
1.3.7. We prove that if Y is a Banach space, then Y* has the Radon Nikodym
property if and only if E*®;Y* = (E®;Y)* for all separable Banach lattices E with

order continuous dual. To our knowledge, the results in this section are new.

3.2 Martingales in Banach spaces

Throughout, let Y denote a Banach space and ({2, X, u) denote a finite measure
space. If (X};) is a filtration, then the sequence of corresponding conditional expec-
tations (E(-|X;)) constitute a sequence of contractive commuting projections on
LP(u), with increasing range. This observation suggests an abstract definition for a

filtration on a Banach space.

Definition 3.2.1 Let Y be a Banach space.

(a) If T; : Y — Y is a contractive projection and T;,; = T;T; for each i,j € N, then
the sequence of projections (7;) is called a BS-filtration on Y.

(b) If (T;) is a BS-filtration on Y, then a sequence (f;) C Y is said to be adapted to
(T;) if f; € R(T;) for each i € N.
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(c) If (T;) is a BS-filtration on Y, then (f;, T;) is called a martingale on Y if T; f; = f;
for all 7 < j.

We use the prefix ‘BS’ to indicate that the filtration acts on a Banach space.
Later, we will introduce an additional definition for a filtration on a Banach lattice,
for which we use the prefix ‘BL’.

It follows from the above definition that if (f;, 7;) is a martingale, then (f;) C Y
is adapted to the BS-filtration (7;). It also follows that R(T;) C R(T}) for i < j.

Our primary example of a BS-filtration, other than the classical LP-space setting,
are the partial sum projections corresponding to a Schauder decomposition. The
notion of a BS-filtration (7;) on a Banach space Y is weaker than that of a Schauder
decomposition of Y. Indeed, for a BS-filtration, we do not require x = lim; .o T;x
forallx € Y.

Now consider
MY, T;) ={(fi,T3) : (fi,T;) is a martingale in Y} .

Then M (Y,T;) is a vector space if we define (f;,T;) + (9:, ;) = (fi + gi,T;) and
Mfi, Ti) = (\f;,T;) for all A € R. The map ©: M(Y,T;) — YY defined by
O ((fi,T7)) = (fi), is a linear injection.

It is well known that the space of all norm bounded sequences on Y, denoted
by loo(Y) := {(yi) € YN : sup;ey [|s]| < o0}, is a Banach space with respect to the

norm ||(y;)|/oo := sup;en ||¥il|. We induce this norm on a subspace of M (Y, T;).

Definition 3.2.2 Let Y be a Banach space and (7;) a BS-filtration on Y. We define

the space of norm bounded martingales as

MET) = { () € M) s < o
1€
together with the norm defined by ||(fi, T3)|| = sup;ey || fil| for all (fi, T3) € M(Y,T;).

It is evident that M(Y,T;) is a normed space with respect to || - || and that O is
an isometry from M(Y,T;) into o (Y'). Notice that if (f;,T;) € M(Y,T;), then

1(fi; Ti)|| = sup || fill = lim |||
1€N =00
This fact follows easily from || f;|| = [|T; fix1ll < || fixall-

Theorem 3.2.3 Let Y be a Banach space and (1;) a BS-filtration on Y. Then
M(Y,T;) is a Banach space.
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Proof. Select a Cauchy sequence (fl-(n), T;) from M(Y,T;). Since £>°(Y’) is a Banach
space, the sequence ( fi(n)) converges to a limit (f;) € £>°(Y). It suffices to check that
this limit is a martingale. Indeed, for ¢ < j, we have fi(n) =1T; fj(n) for each n € N.

Since each T; is bounded, we have lim,, . T; f](n) =T;f; = f; as required. 0O

Let I; = idy for all i € N, where idy denotes the identity map on Y. Then (I;)
is a (trivial) BS-filtration on Y and

(fi, I;) € M(Y, I;) <= (f;) is a constant sequence in Y.

If we define ¥: Y — M(Y, ;) by ¥(f) = (fi, ;), where f = f; for all i € N, then
Y is isometrically isomorphic to M(Y, I;). Plainly, every martingale in M(Y, ;) is

convergent.

Definition 3.2.4 Let Y be a Banach space and (7;) a BS-filtration on Y. We define

the space of norm convergent martingales by
MoV, T;) = {(fi, T;) € M(Y,T;) : (fi) is norm convergent in Y} .

Since convergent sequences are norm bounded, we have My (Y, T;) C M(Y,T;).
We verify that My.(Y,7;) is a complete with respect to the norm induced by
MY, T).

Theorem 3.2.5 Let Y be a Banach space and (1;) a BS-filtration on Y. Then
M (Y, T;) is a Banach space.

Proof. Let (fi(n),ﬂ-) be a Cauchy sequence in My¢(Y,T;). Since M(Y,T;) is a Ba-
nach space by Theorem 3.2.3, the sequence ( fi(n), T;) converges to a limit (f;,T;) €
M(Y,T;). We check that this limit is a convergent martingale. Let € > 0 and select
n € N such that sup;cy ||fi(n) — fill < &/3. Since (fi(n))fil is a Cauchy sequence,

there exists N > 0 so that i, j > N implies Hfi(n) — f](n)H < £/3. Consequently,

1= £l < Wfs = £+ = PN+ 1A = [0 < e/3+¢/3+¢/3 =,
whence (f;) is a Cauchy sequence in Y. This completes the proof. O

To describe My,.(Y,T;), we use the following analogue of a Lemma 1.3.9 (cf. [37,
Chapter 5, §2, Corollary 2]). This result and its corollary can be found in [26].

Proposition 3.2.6 Let Y be a Banach space and (T;) a BS-filtration on Y. Then

f e U2, R(T;) if and only if lim; . | T3 f — f|| = 0.
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Proof. Suppose that lim; . T;f = f. It is evident that T;f € R(T;) for each i € N
so that f € m Conversely, suppose that f € m Then there exists
a sequence (f,) C U2, R(T;) such that lim,,_, fn = f. Thus, for each & > 0, there
exists n € N so that ||f, — f|| < £/2. Since (T;) is a filtration on Y, there exists an
N. € N such that i > N. implies f,, € R(T;). Hence,

ITif = fll < NTof = full + 1 fn = /Il
= ITi(f = )l + 11 = [l
< f = fall + M fn = 11l
<ef2+¢/2=¢

completes the proof. O

Corollary 3.2.7 Let Y be a Banach space and (f;,T;) a martingale in Y. Then
(fi,T;) converges to f if and only if f € Uiy R(T;) and f; = T;f for all i € N.

Proof. Suppose (fi,T;) converges to f, then it is clear that f € [J;2; R(T;). Also,
for ¢« < j, we have T;f; = f; so that lim; . T;f; = T;f = f;. Conversely, by the
above proposition, we have ||T;f — f|| = ||fi — fI| — 0 as i — oo, which completes

the proof. 0O
We recall the following definition from [101].

Definition 3.2.8 Let Y be a Banach space and (7;) a BS-filtration on Y.

(a) If lim;_,oo Ty = y for all y € Y, then the BS-filtration (7;) is said to be dense in
Y.

(b) If (fi,T;) is a martingale, then (f;,T;) is called fized if there exists f € Y such
that f; = T;f for all i € N. In this case, (f;,T;) is said to be fized on f.

By Proposition 3.2.6, it is obvious that a BS-filtration (7;) on a Banach space
Y is dense in Y if and only if m =Y. Also, Corollary 3.2.7 implies that
all convergent martingales are fixed, but not all fixed martingales are convergent,
unless the corresponding BS-filtration is dense. This gives us an intermediate space

of martingales.

Definition 3.2.9 Let Y be a Banach space and (7;) a BS-filtration on Y. Define
the space of fized martingales by

MY, T3) = {(fi,T}) € M(Y,T;) : 3 f €Y so that T;f = f; Vi € N} .
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Observe that if (f;,T7;) € M¢(Y,T;) is fixed on f € Y, then sup;cy || fil] =
sup;en || Tifll < || f]] < oo. So plainly, we have My (Y, T;) C Me(Y,T;) C M(Y,T;).
In general, M¢(Y,T;) need not be complete unless My (Y,T;) = M(Y,T;) or
Me(Y,T;) = M(Y,T;). We extend the notion of a dense BS-filtration in a Banach

space with the following definition.

Definition 3.2.10 Let Y be a Banach space and (7;) a BS-filtration on Y. We say
that (T;) is complemented in Y if there exists a contractive projection Too : Y — Y
with R(Tw) = U;2; R(T;) and T; T = TooT; = T; for all i € N.

Note that any BS-filtration that is dense in a Banach space Y is complemented by
the identity operator. Consequently, we may replace the word ‘dense’ with the word

‘complemented’.

Proposition 3.2.11 Let Y be a Banach space and (T;) a BS-filtration on'Y . If (T;)
is complemented in'Y, we have Myuo(Y,T;) = M;(Y,T;). In this case, M¢(Y,T;) is

complete.

Proof. If (T;) is complemented in Y by Tw, : Y — Y and (f;, T;) € M¢(Y,T;) is fixed
onsome f €Y, then (f;,T;) is also fixed on Too f € |J;2; R(T;). Consequently, (fi, T;)
is convergent by Corollary 3.2.7. The completeness is taken care of by Theorem 3.2.5
0.

If (%) is a classical filtration, then (E(-|X};)) is complemented by E(-| \/;2, X)),
where \/72, X; denotes the o-algebra generated by | J;2; 2;. Consequently, a classical
martingale is convergent if and only if it is fixed.

A well known result of Dunford and Pettis asserts that a sequence (f;) C L'(u)
is norm bounded (i.e. sup;cy || fil1 < o0) and uniformly integrable if and only if (f;)
is relatively weakly compact in L'(u) (cf. [43]). Note that we are using the weaker
form of uniform integrability in Definition 1.2.5. Replacing uniform integrability with
relative weak compactness allows us to generalize Doob’s Convergence Theorem to

the Banach space setting.

Theorem 3.2.12 Let Y be a Banach space and (T;) a BS-filtration on Y. If
(fi,T;) € M(Y,T;) and (f;) is relatively weakly compact in Y, then (f;,T;) €
Me(Y,T;). If, in addition, (T;) is complemented in'Y, then (fi, T;) € Mnc(Y,T;).

Proof. Let (f;,T;) € M(Y,T;) with (f;) relatively weakly compact in Y. By the
Eberlein-Smulian Theorem (cf. [33]), there exists a subsequence (f;,) that converges

weakly to some f € Y. Since bounded maps are weakly continuous, we have T} f;, —
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T; f weakly as k — oo for all j € N. Since T} f;, = f; for large k, we have f; = Tj f for
each j € N. If (T;) is complemented, we have My, (Y,T;) = M;(Y,T;) by Proposition
3.2.11. This completes the proof. 0O

For a reflexive Banach space Y, the weak and weak* topologies coincide. By
the Banach Alaoglu Theorem, every norm bounded martingale is relatively weakly

compact. Thus, we have an immediate corollary.

Corollary 3.2.13 Let Y be a reflexive Banach space and (T;) a BS-filtration on'Y .
Then, M¢(Y,T;) = M(Y,T;). In the case where (T;) is complemented in'Y , we even
have My (Y, T;) = Me(Y, T;) = M(Y,T;).

We pass to weakly convergent martingales. Motivated by the results on weak

convergence of martingales in [101], we make the following definition.

Definition 3.2.14 Let Y be a Banach space and (7;) a BS-filtration on Y. Define

the space of weakly convergent martingales by
Mye(Y,T;) = {(fi, i) € M(Y,T;) : (f;) is weakly convergent in Y}

Proposition 3.2.15 Let Y be a Banach space and (T;) a BS-filtration on'Y, then
M (Y, T;) € Mp(Y,T;).

Proof. Suppose (fi,T;) C Myc(Y,T;) converges weakly to f € Y. Since bounded
operators are also weakly continuous, it follows that T} f; — T} f weakly as ¢ — oo
for all j € N. Consequently, for j <, we ascertain from f; =T} f; — T} f weakly as
i — 00, that f; =T} f for each j € N. O

Again, My(Y,T;) need not be complete unless My (Y, T;) = Myc(Y,T;) or
MWC(Y7E) = MY, T;).

Corollary 3.2.16 Let Y be a Banach space and (T;) a BS-filtration on Y. If (T;)
is complemented in Y, a martingale (f;,T;) € M(Y,T;) is norm convergent if and

only if it is weakly convergent. In this case, My(Y,T;) is complete.

Proof. By the above proposition, we have the inclusions M.(Y,T;) C My (Y, T;) C
M (Y, T;). By Proposition 3.2.11 we have M(Y, T;) = M (Y, T;) and the assertion

follows immediately. An application of Theorem 3.2.5 completes the proof. O

The following result can be found in [26].
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Proposition 3.2.17 Let Y be a Banach space and (T;) a BS-filtration on Y. Then
L: Mn(Y,T;) — Uy R(T;), defined by L((fi,T;)) = lim;—.oo fi, is a surjective

1sometry.

Proof. 1t follows easily that L is well defined, linear and

LI} = sup {IIL(fo, Tl = 1(fi, T <1} < 1.

To see that L is a surjection, let f € | J72, R(T;). Then T; f — f in norm and (T} f, T;)
is a martingale on Y such that L ((T;f,T;)) = f. Also, L ((f;,T;)) = 0 implies that
lim; . f; = 0 and Corollary 3.2.7 assures us that f; = T;0 = 0 for each 7 € N. Thus,

it follows that L is injective. Furthermore,

27 = sup (L2770 161 < 1 = sup {sup I3 <171 < 1 < 1
1€
which completes the proof that L is a surjective isometry. O

Corollary 3.2.18 Let (T;) be a BS-filtration on a Banach space Y. Then | J;2, R(T;) =
Y if and only if Mu(Y,T;) is isometrically isomorphic to M(Y, I;), where I; = idy
for all v € N.

Proof. This can easily been seen from the fact that (J;2; R(T;) = Myc(Y,T;) and
Y = M(Y,L,). O

To summarize, we have established the following inclusions for a BS-filtration

(T;) on a Banach space Y:
UR(T) = Muc(Y, To) € MooV, Th) € Mi(Y, T;) € M(Y, Ty),
i=1

with equality holding throughout in the case where Y is reflexive and (7;) is com-
plemented in Y.

We now consider dual spaces, which gives access to weak™* convergent martingales.
Again, the following definition is motivated by the results on weak* convergence of

martingales, found in [101].

Definition 3.2.19 Let Y* be the dual of a Banach space and (7;) a BS-filtration

on Y*. Define the space of weak* convergent martingales by

M Y5, T;) = {(fi, T;) € M(Y™,T;) : (f;) is weak™® convergent in Y*}.



3.2 Martingales in Banach spaces 7

Again, My..(Y*,T;) need not be complete. If (7;) is a BS-filtration on a Banach
space Y, it is easily verified that the sequence of adjoint operators (7;°) on Y* is also a

BS-filtration. Indeed, each T} is a contractive projection and 77T = (T3T;)* = T

for all 7,57 € N.

Definition 3.2.20 Let Y be a Banach space and (7;) a BS-filtration on Y. We refer
to the BS-filtration of adjoint operators (77°) on Y* as the dual filtration.

Proposition 3.2.21 Let Y be a Banach space and (T;) a BS-filtration on'Y . Then
we have the inclusion My...(Y*,T;) C Me(Y*,T7). Moreover, if (T;) is comple-
mented in'Y, then Muyo(Y*,T) = Me(Y*,T}).

Proof. Let (fF,T}) € My (Y™, T;) with weak* limit f* € Y*. Since T* is adjoint,
and thus weak*-continuous for each ¢ € N, we have T fr—=1T7f weak* as i — oo.
On the other hand, for j < i, we have T} f = f7. Consequently, f = T f* for each
J € N, so that (f,T;) € M¢(Y*,T).

Now suppose that (7;) is complemented in Y by the contractive projection Tt :
Y — Y and (f},T]) € M;(Y*,T}) is fixed on f* € Y*. By Proposition 3.2.6, we
have ||T;Ts f — Too f|| — 0 as @ — oo for each f € Y. Consequently,

(£ 15 =T ) = (Tl f, 7)) = (Toof, f7) = ([, TS f7)
as i — oo for all f €Y. Thus, (f,T}) € My (Y*,T}). O
We conclude with:

Theorem 3.2.22 Let Y be a Banach space and (T;) a BS-filtration on Y, then
MY, T;) C Me(Y**,T7*). In the case (T}) is complemented in Y™, we have

Proof. Let Z = ;2 R(T}). We start by showing that M(Y,T;) — Z* isometrically.
Consider the map M(Y,T;) — Z*, defined by (f;, T;) := F' — f;*, where

for all f* € Z. We first check that the map F' — f* is well defined. Indeed, if
[* € Z, then f* € R(T;) for some i € N. Consequently, T} f* = f* and, for every
j =1, we get
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Thus, the sequence ({f;, f*)) is eventually constant; i.e. f5" exists. It is now readily

verified that the map F' — f* is linear. Moreover,
[ FE0 = i [(fi, £ < i (L[] < sap ([ £l
1—00 1—00 ieN

which shows || f5*|| < |[(fi, T3)||. For the reverse inequality, let j € N and, using the
Hahn-Banach Theorem, choose a norm one functional y* € Y* with (f;,v*) = || ;|-
Then

/1= KT7y™ [ = dim [(fi, Tiy™) | = lim [(T;fi, 970 = [(f 970 = 1511

Consequently, || /3]l > sup;ey || f;ll = |(fi, T)|l and the map F — f}* is an isometry.
To complete the first part of the proof let F' = (f;,T;) € M(Y,T;) and, using
the Hahn-Banach Theorem, extend the corresponding functional f7* uniquely to a

functional f;* on Y*. Then, for every y* € Y* and j € N,
W5 T f5) = (Ty" f5) = (Ty" f°)
= lim (f;, T7y") = Im (T} f;,y") = (f;,y")-
1—00 11— 00
Consequently, f; = ﬂ**fl’;* for all ¢ € N and (f;,T;) € My(Y**,T;*). For the last

part of the proof, assume (77") is complemented in Y* and apply Proposition 3.2.21.
a

It follows easily from the above proof that, in the case (7}") is complemented in Y,
we also have the isometric embedding M(Y,T;) < Y** because Z is complemented
in Y* by a norm one projection. Consequently, we have M(Y,T;) — Z* = 7" <
Y.

If we add the above results to our previous summary, we get the following inclu-
sions for a BS-filtration (7;), with complemented dual filtration in Y*, on a Banach

space Y:

URT) = Muc(Y.T) € Mye(Y. T;)

i=1
- MW*C(Y7E) - Mf(Ysz) - M(Y,E)
C Y** — MHC(Y**,j—;‘**) C MWC(Y**,j—ZL**)
C Mw*c(y**,j—;**) — Mf(Y**,j;**)
CM(Y**,j—;**),

where all the above inclusions are isometries.
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3.3 Martingales in Banach lattices

Let (2, X, 1) denote a finite measure space and 1 < p < oo. It is well known that
the spaces LP(u) are Banach lattices. Moreover, if Xy C X, then E(-| X)) : LP(u) —
LP(u) is strictly positive and R(E(-|X1)) is a closed Riesz subspace of LP(u). In
fact, R(E(-|X1)) = LP(£2, X1, p|x, ). It turns out that these properties are key to
accessing vector-valued results concerning filtrations.

We consider martingales in a Banach lattice. With the added lattice structure,

it is essential to add to the definition of a BS-filtration.

Definition 3.3.1 Let E be a Banach lattice.

(a) A BS-filtration (7;) on E for which T; > 0 for each ¢ € N is called a positive
BS-filtration on E. If T; is strictly positive (i.e. T; is positive and T;|z| = 0 =
x =0V x € FE) for each i € N, then (T;) is called a strictly positive BS-filtration.

(b) A positive BS-filtration (7;) on E for which R(T;) is a (closed) Riesz subspace
of E, for each 7 € N, is called a BL-filtration on E.

(c) If (T;) is a positive BS-filtration on E, then (f;,T;) is called a submartingale
(supermartingale) on E if T;f; > (<) f; for all ¢ < j.

Observe in the above definition that a sequence is a martingale if and only if it
is both a submartingale and a supermartingale. In the case where a submartingale
(supermartingale) (f;, T;) is norm bounded, we will still use the notation ||(f;, T;)|| =
supjen [|.fill-

The notion of a positive BS-filtration coincides with Troitsky’s notion of a fil-
tration on a Banach lattice in [101]. Also, the notion of a submartingale (super-
martingale) in the above definition is consistent with [101]. However, there is a
subtle difference between this definition and Definition 1.2.5(e). Indeed, the classical
definition requires that a submartingale (supermartingale) be adapted to the corre-
sponding filtration. In the definition above, there is no guarantee that f; € R(T;)
for all + € N if (f;,T;) is a submartingale (supermartingale), unless (f;, T;) is also a
martingale.

In the case where a positive BS-filtration (7;) is complemented in the Banach
lattice £ by a contractive projection T, : £ — FE, it follows that T, is positive.
Indeed, if f € E4, then T;f € E, for each i € N. Thus, Proposition 3.2.6 implies
lim; oo T f = TiT f = Too f > 0. Consequently, T, is positive.

In [92, Chapter III, §11, Proposition 11.5] it is shown that if T : E — E is a
strictly positive projection on a Banach lattice E, then R(T') is a Banach sublattice

of E. Consequently, every strictly positive BS-filtration is a BL-filtration.
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In [101], it is remarked that if (7;) is a positive BS-filtration on a Banach lattice £
with m a Riesz subspace of E, then one may as well assume m =
FE. When only considering positive BS-filtrations on a Banach lattice F, this is indeed
the case. However, if one plans to extend the theory to the [-tensor product, it is
important to maintain the distinction between m and E. We, therefore,
avoid this assumption.

We define a partial ordering on the space of martingales defined on a Banach

lattice relative to a positive BS-filtration.

Definition 3.3.2 Let E be a Banach lattice and (7}) a positive BS-filtration on FE.
We define a partial ordering on M(E,T;) by

(fi;Ti) > 0 <= f; > 0 for all i € N.
The following result can be found in [26].

Proposition 3.3.3 Let E be a Banach lattice and (T;) a BL-filtration on E. If
Lt Mool B, T) — U2, RAT) s defined by L((fi, T)) = limi oo 5, then Miye(E, T5)

is a Banach lattice and L : Myo(E, T;) — ;2 R(T;) is a surjective Riesz isometry.

Proof. 1t was shown in Proposition 3.2.17 that L is a surjective isometry. To see
that L is positive is trivial, because if (f;,T;) > 0, then f; > 0 for each i € N
and lim; ., f; > 0. Similarly, L=! is positive, because if 0 < f € m then
T;f > 0 for each i € N; hence, L~Y(f) = (T;f, T;) > 0.

Since m is a Riesz space, it follows that M,.(F,T;) is also a Riesz space.
Indeed, for F,G € My.(E,T;), it is readily verified that L=Y(L(F) V L(G)) is the
least upper bound in My.(E,T;) of {F,G}.

Thus, by the preceding part, L is a surjective Riesz isometry. Since ||-|| g is a Riesz
norm, the martingale norm is also a Riesz norm. Furthermore, since m is

a Banach lattice, My(F,T;) is a Banach lattice. 0O

For a Banach lattice E and positive BS-filtration (7;) on E, the space M(E,T;)
is a partially ordered vector space with respect to the order defined in Definition
3.3.2. In general, M(FE,T;) need not be a lattice with respect to this ordering. To

achieve a lattice ordering, we assume more about the order structure of E.

Definition 3.3.4 A Banach lattice E is said to be a Kantorovi¢-Banach space (KB-

space) if every increasing norm bounded sequence is also norm convergent.

The spaces LP(u) (1 < p < o0) serve as classical examples of KB-spaces. With
this additional structure, Troitsky [101] obtained the following result.
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Theorem 3.3.5 If E is a KB-space and (T;) a positive BS-filtration on E, then
M(E,T;) is a Banach lattice with lattice operations given by

(fi, Ti) V (95, T3) = (hm T;(fi \/91')7Tj> ,
71— 00 le
(fisT5) N (i, T;) = (llim Ti(fi N gi),Tj> and
1— 00 jzl

oo

(i Tl = (}ggonfiD,Tj)

for all (f;,T3),(9:,T3) € M(E,T5).

j=1

Notice that the intuitive guess of |(fi, ;)| = (|fi|, T3) is incorrect. One does not
have to look far for a counter example: Consider the Banach lattice L'(u) with
respect to the Lebesgue interval. The sequence f1 =0 and f; = X[0,1/2) — X[1/2,1) for
all i > 2 is a martingale with respect to the filtration (X;), defined by X1 = {0, [0,1]}
and X; = {0, 0, %), [%, 1],[0,1]} for all 4 > 2. However, |f;| = 1 for all 4 € N, which
is not a martingale relative to (X;). To prove the above theorem, we need a lemma
from [101].

Lemma 3.3.6 Let E be a Banach lattice and (T;) a positive BS-filtration on E. If
(fi,T;) and (g;,T;) are two norm bounded submartingales in E, then the following

statements hold:

a) For each j € N, the sequence (T5(f; V ¢i)):;2. 15 increasing, norm bounded by

EF h N, th T;(f by bounded b
[(fis TN+ 11(95, Tl and bounded below by f; V g;.

i(fi Vg; . converges to h; for eac e N, then (h;,1;) € ,1i) an

(b) If (T5(fi V 9i))i= ges to h; f h j €N, then (hi,T;) € M(E,T;) and

1=j
(hzaz_’l) is the least martingale satzsfymg (fl,,l—;) < (hlvn) and (glaﬂ) < (hlaT:L)
In the case where (fi,T;), (9i, ;) € M(E,T;) with (g;,T;) = (—fi, T;), we have

(fi, )V (= fi, Ti) = (hi, T;) = |(fi, Ti)| € M(E,Ti) and || [(fi, T)[ || = [|(fi, T3)|]-

Proof. (a) Since each T} is positive, we have T;(f; V g;) > (T f;) V (Tj9:) > fi V g4,

for 7 < i. Moreover,

Ti(fi+1 V giv1) = TiTi(fiv1 V giv1) = Tj((Tifiv1) V Ti(giv1)) = Ti(fi V gi)-
Lastly,

IT5(f vV gi)ll < 1fi v ogill < MILfil + lgil | < I Cfes TN+ [ Cgi, T

This proves part (a).

(b) To see (hi,T;) € M(E,T;), observe for ¢ < j that
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Tih = Ti( lim T;(fi v gr)) = lim TT;(fx vV gr)) = lim Ti(fx vV gr) = hi,
and ||h;|| < [|[(fi, T3)|| + ||(gs, T3)|| for all & € N. Thus, (h;,T;) is a martingale and
[1(hi, T5)[| < .

Since, by part (a), T;(fi V gi) > f; V g;j for all i > j, it follows that h; > f; V g;
for all j € N. Consequently, (h;,T;) > (f;,T;) and (h;, T;) > (gi,T;). Now suppose
(zi,T;) € M(E,T;) such that (z;,T;) > (fi,T;) and (2;,T;) > (gi,T3). Then z; > fiVg;
for all i € N, whence z; = T;z; > T;(f; V g;) for all j <. Taking the limit as i — oo
yields z; > hj. Thus, (2, T;) > (hi, T;).

For the case where (f;, 1), (i, 13) € M(E,T;) with (g;, T3) = (—fi, T;), we obtain
(fi, ) V (= fi, Ti) = (hs, Ti) = |(fs, Ti)| € M(E,T;). Moreover,

1]l = lim ([ T31fifl] < Tom [| fil] = [|(fi, To)
1—00 1—00
and, for j <, we have |f;| = |T} fi| < Tj|fi|. Consequently,
1]l = X (T3] filll = (17511,
1—00
so that [|(fi, To)|l = [[(fi, TOI . O

Combining the above lemma with the KB property yields:

Proof of Theorem 3.3.5: Let (f;,T;), (gi, 1i) € M(E,T;) where E is a KB-space.
Then Lemma 3.3.6(a) asserts that (T;(f; V ¢;))i2; is an increasing sequence that is
norm bounded for each j € N. Since E is a KB-space, h; := lim;_. T;(fi V gi)
exists for each j € N. Lemma 3.3.6(b) implies that (h;,7;) € M(E,T;) and
(hi, T;) = (fi,T3) V (9i,T3). In particular, we have |(f;,T3)| € M(E,T;) with
\(fi, )|l = |[|(fi, T5)| || for each (f;,T;) € M(E,T;). This completes the proof.
O

Corollary 3.3.7 If E is an AL-space and (T;) a positive BS-filtration on E, then
M(E,T;) is also an AL-space.

Proof. Since E is an Al-space, E is a KB-space. Theorem 3.3.5 implies that
M(E,T;) is a Banach lattice. Let (f;,T3), (9:,Ti) € M(E,T;)4, then fi,9; € Ey
for each i € N whence ||f; + gi|| = || fill + ||g:||- Consequently, we have

G T+ (g T = Jim 17+ gill = T (150 + i) = 1o T2+ g, T3

O

Corollary 3.3.8 For every 1 < p < oo, we have that M(LP(u), ;) is a Banach
lattice for every filtration (X;).
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Proposition 3.3.9 Let E be a Banach lattice with the KB-property and (T;) a pos-
itive BS-filtration on E. If (s;,T;) is a norm bounded submartingale in E, then there
exists a unique least martingale (f;,T;) € M(E,T;) such that s; < f; for each i € N.
Moreover, ||(fi, To)|| < [I(si, Ti)|-

Proof. Suppose that (s;) is a norm bounded submartingale relative to (7;). By
Lemma 3.3.6(a), (Tj(s;))72; is an increasing sequence that is norm bounded by

sup;ey ||si|| for each j € N. Since F is a KB-space, (T;(s;));2 . converges in norm to

J
h; € E for each j € N. Moreover, Lemma 3.3.6(b) implies that (h;, T;) € M(E,T;).

Since Lemma 3.3.6(b) also implies that (h;,T;) is the least martingale which domi-
nates (s;), it follows that (h;,T;) is unique. Lastly,

[[hill = Tim || Tys;f| < lim [|s;]| = sup [[si]]-
Thus, [|(hs, T5)|| < [|(si; T) [l O

If a Banach lattice E is not necessarily a KB-space, there are also conditions we

can put on a positive BS-filtration (7;) so that M(E T;) has a lattice ordering.

Lemma 3.3.10 An increasing norm bounded sequence contained in a finite-dimensional

subspace of a Banach lattice has a supremum and converges to it in norm.

Proof. Suppose that (z;) is an increasing sequence contained in the unit ball of a fi-
nite dimensional subspace of a Banach lattice. By continuity of the lattice operations,
Ty < lim;_,o0 Ty, for every n > 1 and every convergent subsequence (zp,). There-
fore, if (x.,,) is another convergent subsequence, then lim; oo Tpy, < lim;_oo Tp,. It
follows that all convergent subsequences of (x;) have the same limit. Since the unit

ball of a finite dimensional space is compact, the proof is complete. 0O

Proposition 3.3.11 Let E be a Banach lattice and (T;) a positive BS-filtration on
E with each T; of finite rank, then M(E,T;) is a Banach lattice with the same lattice

operations as in Theorem 3.3.5.

Proof. Let (i, T)), (g5, T3) € M(E, T}), then (Ty(f; V )32, C R(T}) for cach j € N.
Since R(7}) is finite-dimensional, (Tj(f; V gi));2; is convergent for each j € N by
Lemma 3.3.10. The result now follows from Lemma 3.3.6 in a similar manner to the

proof of Theorem 3.3.5. O

Definition 3.3.12 Let E be a Banach lattice and (7;) a positive BS-filtration on

E. Define the space of reqular martingales to be
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M (B, Th) = {(f, Ti) € M(E, Ti) : 3(9:, Ti) € M(E,Ti)+
such that (fi, T3) < (i, T3)}-

It is evident that a martingale is regular if and only if it is the difference of two

positive martingales.

Proposition 3.3.13 Let E be a Banach lattice and (T;) a positive BS-filtration on
E. If E has order continuous norm, then M.(E,T;) is a Banach lattice with the

same lattice operations as in Theorem 3.8.5. Moreover, if E is a KB-space, then

M (E,T;) = M(E,T;)

Proof. Let (fi,T3), (9i,T;) € My (E,T;). There are two positive martingales (ﬁ,Ti),
(i, T3) such that (f;,T3) < (fi, T3) and (g, T3) < (3i, 7). Lemma 3.3.6(a) implies
that (75(f; V gi))i2; is increasing for each j € N. Also,

Ti(fiV gi) <Tj(fivVa) < Ti(fi+3i) = [; + 3

for each j € N. Thus, (T;(f; V 9:))72; is order bounded for each j € N. The or-
der continuity of E implies that E is Dedekind complete. Consequently, h; :=
SUD,j<i<oo 1j(fi V gi) € E, and the order continuity of £ gives lim; o | T5(fi V g:) —
hj|| = 0 for each j € N. From Lemma 3.3.6(b) we see that (h;,T;) € M(E,T;).
Moreover, (h;,T;) € M (E,T;) since (h;, T;) < (f] +9;,T;), whence M, (E,T;) is a
Riesz space.

Lemma 3.3.6(b) implies that || |(fi, T))| || = ||(fi, T3)|| for all (f;, T;) € M, (E,T;).
Thus, to show that M, (F,T;) is a Banach lattice, we need only show that M, (E,T;)
is complete. Select a Cauchy sequence (f(n) T;) C M (E,T;). Since M(E,T;) is
complete, there exists (f;,T;) € M(E,T;) such that lim, . H( 1) — (fi, Tyl =
0. By selecting a suitable subsequence, we may assume |[|(f in+1), TZ-) - (fi(n),ﬂ)H <
27" for all n € N. By the first part of the proof \(fi(nﬂ),Ti) — (fi(n),TZ-)\ exists for

each n € N. Consequently, the series

> |, - .

n=1

converges in M(E, Ty). Set (fi, Ti) = S50, [(£", T,)— (£, T;)|. Plainly, (fi, T;) >

n=1

0. Now observe

m—1
(7. 1) = 1+ 3 (1) - (1))
n=1
m—1
< | m|+ X | - ¢ m)| < |0V )|+ (T,
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Thus, limy, oo( £, 1) < |(f1Y, T)| + (Fi. ) and so (fi, ) € My(B, Ty).

To complete the proof, assume E is a KB-space. Theorem 3.3.5 implies that
M(E,T;) is a Banach lattice. But then, (f;,7;) < |(fi,T3)| € M(E,T;) for all
(fi, T;) € M(E,T;). Consequently, M(E,T;) = M,(E,T;). O

We have seen that in order for M(E, T;) (respectively, M,(E,T;)) to be a Banach
lattice, we need to assume that E is a KB-space (order continuous). In this case, it is
natural to inquire whether the space M(E,T;) (M.(FE,T;)) is also a KB-space (order
continuous). In order to prove this, we need an extra assumption on the underlying

filtration. We recall the following definition from [101].

Definition 3.3.14 Let E be a Banach lattice and (7;) a positive BS-filtration on
E. We say (T;) is bounded below on E. if there exist ¢ € N and a constant § > 0
such that | T;f|| > d| f|| for every f € E.

If 1 C ¥ and 0 < f € L'(u), then
\Wﬂ&m:Amuwmw:LMﬂ&mﬁﬂyw:Amw:wm

Consequently, any classical filtration on L!(u) is bounded below.

Theorem 3.3.15 Let E be a Banach lattice and (T;) a positive BS-filtration on E
that is bounded below on E.. Then the following statements hold.

(a) If E has order continuous norm, then M,(E,T;) is an order continuous Banach
lattice.

(b) If E is a KB-space, then M(E,T;) is a KB-space.

Proof. (a) It follows from Proposition 3.3.13 that M,(F,T;) is a Banach lattice.
Let ((fi(a),ﬂ))a C M,(E,T;)+ be a downwards directed net with infimum 0. For
a fixed i € N, the sequence ( fi(a)) C E. is decreasing. Since F is order continuous
(and thus, Dedekind complete), f; := inf, fi(a) € Ey and lim,, || fi(a) — fill = 0. For

1 < j, we have
e Tim £ Y — i T FOY — i £ p
Tif; = TL(hmfj )= hmTz(fj )=lm f;™ = f;

and sup;ey || fil| < oo. Thus, (fi,T;) € M:(E,T;)+. Moreover, it follows from 0 <
(fi, ;) < (fi(a),ﬂ-) for all o and ((fi(a),TZ-))a 1 0 that (f;,T;) = 0. Consequently,
lim, fi(a) = 0 for all ¢ € N. Since (T;) is bounded below on E., there exist i € N
and a constant 6 > 0 such that ||T;f| > d||f|| for all f € E. Hence, for every j € N

with ¢ < j, we have
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EN = 1T 8N = 615

Taking the limit as j — oo, we obtain H(fi(a),Ti)H < %Hfi(a)H for each a. Now,
taking the limit as « — oo, we observe ||(fi(a),1})\| < %Hfl(a)” — 0. This completes
the proof of (a).

(b) Since FE is supposedly a KB-space, E is also order continuous. Theorem 3.3.5
implies that M(E,T;) is a Banach lattice. Moreover, Proposition 3.3.13 implies
that M(E,T;) = M,(E,T;). Hence, by part (a), M(E,T;) is an order continu-
ous Banach lattice. Let ((fi(n), T;))nen C M(E,T;) be an increasing sequence with
SUD,eN ||(fi(n),Ti)|| < K < 0. For each i € N, the sequence (fi(n));’lozl C F is increas-
ing and norm bounded by K. Thus, there exists f; such that lim,, ., || fi(n) —fill=0
for each i € N. Moreover, sup;cy || fil] < K < oo. Also, for ¢ < j, we have

T,f; = Ty(tim f{) = lim Ty(f{) = tim £{*) = .

Thus, (fi,T;) € M(E,T;) and ((fi(n),Ti))neN T (fi,T3). Since M(E,T;) is order

continuous, we have lim,,_, || (fi(n),Ti) —(fi, T7)|| = 0 and the proof is complete. O

In general, a classical filtration (X;) is not bounded below on LP(u) for 1 <
p < o0, so the above proof does not apply to M(LP(u), ;) and M (LP(u), X;).
However, Corollary 3.2.13 comes to our aid. Since LP(u) is reflexive and E(-|X})
is complemented, it follows that M (LP(u), X;) = My (LP (), X)) = Muc(LP(u), X;).
But Mnc(LP(u), X;) is Riesz isometric to LP(£2, V2, Xy, plvee x;), by Theorem 3.3.3.
Consequently, M(LP(p), 2;) and M, (LP(u), X;) are both KB-spaces.

3.4 Filtrations on the l-tensor product

Let (£2,X, 1) denote a finite measure space, Y a Banach space and 1 < p < oo.
Our aim in this section is to make the necessary preparations for characterizing the
Radon Nikodym property, using the abstract martingale theory developed in the
preceding sections.

In general, we cannot use the definition of a BL-filtration on LP(u,Y’), unless
LP(u,Y) is a Banach lattice. Also, the class of BS-filtrations on LP(u,Y’) is too
large to characterize RNP. To overcome this, we consider the [-tensor product of
a BL-filtration on a Banach lattice E with a BS-filtration on a Banach space Y.
The following results are stated in terms of left uniform, left injective crossnorms,

of which the [-norm is a special case.
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Lemma 3.4.1 (a) Let E be a Banach lattice and Y a Banach space. If o is
a left uniform, left injective crossnorm on E® Y, 0 < S : E — FE and
T :Y — Y bounded projections and R(S) a (closed) Riesz subspace of E, then
S®aT: EQR.Y — E®,Y is a bounded projection with norm ||S||||T|| and range
S(E)®4T(Y), which is a closed subspace of ER,Y

(b) A symmetrical result holds if « is a right uniform, right injective crossnorm on
Y®E.

Proof. Since « is a left order uniform crossnorm, it follows that ||S® T'|| = ||S|||T]|;
consequently, the continuous extension S ®, 7T : E®.Y — ER®,Y is bounded. To see
that S®,T is a projection, let u € E®,Y . Then there exists a sequence (uj) C EQY

such that u; — w in norm. Representing each u; as Zz 1 EJ ) yi(j ), we conclude
that
(S®aT 252 Uy @ T2(y, Zs O & Ty = (S ®a T)(u;).
=1

By the continuity of S ®, T, it follows that (S ®4 T)%(u) = (S ®a T)(u). As S(E)
is a closed Riesz subspace of E and T(Y) a closed subspace of Y, the left order

injectivity of the a-norm gives
(SR THERY)=S(E)2T(Y)C S(E)R.,T(Y) — E®,Y (isometrically).

Thus, S(E)@T(Y) C (S®aT)(E®,Y) C S(E)®,T(Y). As S®,T is a bounded pro-
jection and thus has closed range, it follows that (S ®, T)(E®.Y) = S(E)@,T(Y).
g

Theorem 3.4.2 (a) Let E be a Banach lattice and Y a Banach space. If « is a
left uniform, left injective crossnorm on E QY , (S;) a positive BS-filtration on
E and (T;) a BS-filtration on' Y, then (S; @4 T;) is a BS-filtration on E®,Y .
Moreover, if (S;) is a BL-filtration, then R(S ®4 T;) = R(S;))®aR(T;) for each
1 e N.

(b) A symmetrical result holds if o is a right uniform, right injective crossnorm on

Y®FE.
Proof. The proof follows easily from Lemma 3.4.1 and its proof. 0O

In particular, if (7;) is a BL-filtration on a Banach lattice E, it can be naturally
extended to the vector valued setting by considering (T} ®; idy) on E®;Y. This
extension is consistent with the sequence of operators (E(-|X;)) on LP(p,Y), cor-
responding to the classical filtration (X;). We now consider the [-tensor product of

BL-filtrations.
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Lemma 3.4.3 (a) Let E and F be Banach lattices. If o is a left uniform, left in-
jective Riesz crossnorm on E® F, S : E — FE and T : F — F positive con-
tractive projections with ranges (closed) Riesz subspaces of E and F' respectively,
then (S ®,T) : EQuF — E®4F is a positive contractive projection with range
S(E)®4T(F), which is a closed Riesz subspace of E@4F.

(b) A symmetrical result holds if « is a right uniform, right injective Riesz crossnorm
on E®F.

Proof. By Lemma 3.4.1, it suffices to show that S®,T > 0 with range S(E)®,T(F)
a Riesz subspace of EQ.F.

Since « is an order reasonable crossnorm, it follows that F®.F is a Banach
lattice with E; ® F, a-dense in (E®4F),. Since (S®T)(EL ® F,) C B, ® F, and
ST : E®qF — E®, F is continuous, in fact ||S @ T|| = ||S||||T]], we get that
0<S®aT: EQoF — EQ4F.

By the left order injectivity of o, we have that S(E)®,T(F) is a closed subspace
of E®,F. Also, by property (SS) in Section 2.4, we get that S(E)®T(F) is a Riesz
subspace of E®F and is thus also a Riesz subspace of E®,F. Since S(E)QT(F)
is dense in S(E)RT(F), it follows that S(E)®,T(F) is a closed Riesz subspace of
E®.F. O

Theorem 3.4.4 (a) Let E and F be Banach lattices. If o is a left uniform, left
injective Riesz crossnorm on E ® F, (S;) and (T;) BL-filtrations (positive BS-
filtrations) on E and F respectively, then (S; @4 T;) is a BL-filtration (positive
BS-filtration) on E®,F.

(b) A symmetrical result holds if « is a right uniform, right injective Riesz crossnorm
on E®F.

Proof. The proof follows easily from Lemma 3.4.3 and its proof. O

The following result is the corner stone of many of the main results in this thesis.

Note that the proof relies on the definition of the {-norm (m-norm).

Theorem 3.4.5 (a) If (S;) is a BL-filtration on the Banach lattice E and (T;) is a
BS-filtration on the Banach space Y, then

RS & JURT) = |JR(S: @ Th).
=1 =1 =1
(b) If (J;) is a BS-filtration on the Banach space X and (K;) is a BL-filtration on
the Banach lattice F', then
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UR Brm, UR = GR(JiQ@mKi).

i=1

Proof. We will prove the first equality, the second is derived similarly.

(D): Let y € U;2; R(Si @ T;) and € > 0 be given. Select yo € R(S; ®; T;) for
some i € N such that ||y — yoll; < . Since R(S; ®; T;) = S;(E)®; T;(Y) and
Si(BY@ T;(Y) € UX,R(S;) @ UL, R(T;) by the left order injectivity of the
l-norm, it follows that y € | J52, R(S:) @1 U2, R(T3).

(C): Let y € U2, R(S) @ U, R(T;) and ¢ > 0 be given. Select yo €

no
UZ, R(S) © U, R(T,) such that |y — yolli < /2. Let yo = Y- a; ® y,, where
i=1

a; € U2y R(S;) and y; € ;2 R(T;). Select v; € ;2 R(T;) such that

lyi — villy <
s 4370 [ladll H il

and select b; € [J;2; R(S;) such that

lai — bill e <
0l < g
no
Let z1 = Y b; ® v;. Then 21 € ;2 R(S; @1 T;),
=1
no
Yo—z =) (ai®(yi_vi)+(ai_bi)®vi)a
=1
no
lwo = 2l < |3 (llys = willlaal + il lai = bil) || < /4 +e/4=¢/2,
=1 E

and

ly — z1lli < lly —wolli + llyo — 21lli < €/2+¢/2 = .

Thus, y € U2, R(S; @, T;). O
Thus, one has the following distributive property:

Corollary 3.4.6 (a) If (S;) is a BL-filtration on the Banach lattice E and (T3) is a
BS-filtration on the Banach space Y, then

Muc (E@Y, S @ T;) = Mne(E, Si) @ Mne(Y, T;).

(b) If (J;) is a BS-filtration on the Banach space X and (K;) is a BL-filtration on
the Banach lattice F, then

Muc (X @ F, Ji @m K;) = Mue(X, Ji) @m Mue(F, K;).
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Proof. We only prove (a), since the proof for (b) is similar. By Propositions 3.2.17,
Proposition 3.3.3 and Theorem 3.4.2, we have that m is Riesz isometric
to Myuc(E, S;), m is isometric to My (Y, T;) and My, (E Y, S; @ Tz) is
isometric to |J;o; R(S; ®; T;). By Theorem 3.4.5, we have

UrSien) = URS) & JRT)
i=1 i=1

i=1

from which the above assertion is now clear. 0O

Corollary 3.4.7 Let E be a Banach lattice and Y a Banach space. If (S;) is a
complemented BL-filtration on E and (T;) is a complemented BS-filtration on Y,
then (S; ® Ty) is a complemented BS-filtration on E®;Y .

Proof. Assume (S;) and (7;) are complemented by the contractive projections 0 <
Seo t B — F and Ty, : Y — Y respectively. By Theorem 3.4.5 and Lemma 3.4.1, we

have

R(Soe @1 To) = R(Ss0) 1 R(T. U R(S;) & U R(T) = | JR(Si @ Ty).
i=1
Consequently, by Theorem 3.4.2, (S; ®;T;) is a BS-filtration complemented by S ®;
Tw. O

3.5 A characterization of the Radon Nikodym property

To characterize the Radon Nikodym property, we still require a fair amount of
preparation. We first consider BS-filtrations on the space of cone absolutely summing

operators from a Banach lattice E' to a Banach space Y.

Proposition 3.5.1 Let E be a Banach lattice and Y a Banach space. Suppose that
(T3) is a BL-filtration on E. Then the sequence (ﬁ) of maps Ty : LS(E)Y) —
L(EY), defined by T.F = FoT, for each F € LS(E,Y) and i € N, is a BS-
filtration on L(E,Y).

Proof. Since (T;) is a BL-filtration, F o T; € L(E,Y) and T, is a well defined,

linear projection for each ¢ € N. It also follows from
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||ﬁF||cas = sup

M=

[FTizj| - ()i C By, Z% <1
7j=1

.
Il
-

3

= sup Z|ij” (x])z ICR Jra Zx] <1

IN

n
sup Z |Faj| : (z5)ie, C Ex, ij <1
= HFHcas

that each 7} is bounded and SUP;en H]A’ZH = 1. Moreover,
T/T,F = FoT;oT, = FoTinj = Tin; F
for each F € L£%(E,Y) and i,j € N. Consequently, (T;) is a BS-filtration on

LS(B,Y). O

In view of the above proposition, we are justified in making the following defini-

tion.

Definition 3.5.2 Let E be a Banach lattice and Y a Banach space. Suppose that
(T;) is a BL-filtration on E. Then (T}), as defined in Proposition 3.5.1, is called the
BS-filtration on L(E,Y) induced by (T5).

We exhibit a known characterization of cone absolutely summing operators (cf.
[92, Chapter IV, §3, Proposition 3.3]).

Lemma 3.5.3 Let E be a Banach lattice, Y a Banach space and | > 0. For any

bounded operator T : E — 'Y the following statements are equivalent:

(a) T is cone absolutely summing with ||T'||cas < I.

(b) There exists x5, € E% so that ||| <1 and ||Tz|| < (x|, 2}) for allxz € E.

(¢) There exist an AL-space L, 0 < Ty € L(E,L) and T, € L(L,Y) such that
T =T 0Ty where |[Th] <1 and | T3] < 1.

In the case where E is separable, we may take L = L*(p) in (c), where (2, 3, 1) is

a finite measure space.

Proof. (a)=(b) Define the map pr: E4 — R by

pr(z) = sup {Z T ]| : () € (L' @E)y, > x; = x} (3.1)
=1 =1

for each x € E. Since ||T||cas < [, we have pr(z) < l||z| for all x € E,. Clearly,

pr is homogenius. Moreover, pr is additive on E. To see this, let z,y € E, and
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(i), (yi) € ((*@:E)4 such that >5° x; = x and Y., y; = y. Define the sequences
(T), (7:) € (('®:E)4 by

('/1;\13‘//17\27:/[:\37 . ) = ($1707x270a zs3, Oa . )
and

(Y1, 92,73, ..) = (0,1,0,92,0,93,...)

respectively. Then Y 22, Z; + §; = « + y and
o0 o0 o0 oo o0
pr(@+y) =D TZ + TGl =D _NTZl + D _NTGl =D 1Tzl + > 1 Twill.
i=1 i=1 i=1 i=1 i=1

Taking appropriate suprema on the right hand side yields pr(z+y) > pr(z)+pr(y).

For the reverse inequality, let z = 24y and choose any sequence (z,) € ((!®.E)

satisfying > -7, z; = z. Define w, = Z?:_ll Ziy Up = Wy AT, vy = (w, — )T,

Ty = Up41 — Up and yp = vp41 — vy for each n € N. Observe that lim, .o up = @
and limy, o v, = y. Consequently, u, T x and v, T y and z,,y, € FE; for each
n € N. Moreover,
Tp+Yn = Wpi1 AT — Wy AT+ (Wpy1 — )T — (wy — 2)T
=(wpt1 ANz —wp Ax) + (Wpp1 Ve —z — (W, VI —1x))
= |Wpt1 AT — wp A x| + |Wpy1 VT —wy Vx|
= |wnt1 — w|

:Z’I’L

for each n € N. Thus, (;), (y;) € (('®:E)+ with >.0° @, =z, .32, y; = y and
oo o o
oMzl <D Ml + ) llwill < pr(e) + pr(y).
i=1 i=1 i=1

Since (z,) € ((!®.E) was an arbitrary sequence satisfying > 52, 2; = z, taking the
appropriate supremum on the left hand side yields pr(z +vy) < pr(z) + pr(y).
Hence, pr may be uniquely extended to a linear functional =7 on E (cf. [106,

Lemma 20.1]) of norm ||«%| <. Thus, by the construction of x%., we have
Tzl < | T2 + | T27|| < (a7, 27) + &7, 27) = (2], 27)

for all x € E.

(b)=(c) Assume (b) to be true. Then there exists a functional =7, € E% so that
|lz%|| < 1 and ||Tz| < (|z|,z%) for all x € E. The map £ — R, defined by
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x +— (|z|,z%), defines a L-norm on E. Let N := {z € E : (|z|,2%) = 0}, then N is
a closed ideal in E, E//N is a Riesz space and the quotient map ¢ : F — E/N is a

Riesz homomorphism. It is not difficult to see that the quotient norm, defined by
la(@)l| = inf{(jo — 2l,23) : = € N}
for all x € E, is an L-norm on E/N. Let L denote the norm completion of E/N
with respect to this L-norm. Then L is an AL-space and
q:F— L (3.2)

is a Riesz homomorphism with dense range and norm ||¢|| <. Let 71 = ¢ and define
7 : R(Th) — Y by 7(Thz) = Tx for each x € E. Then 7 is bounded with norm
II7|| < 1. Since R(T}) is dense in L, we have T5 : L — Y where Ty denotes the
unique continuous extension of 7. Consequently, ||T1| <, [|T2]| < 1and T = Th01T7,

as required.

(c)=>(a) Suppose (c) holds and let (z;) C E4 be an unconditionally summable
sequence. Since 77 > 0 we have (Thz;) C L4 and, since L is an AL-space,
Yooy I Tas]) = || o2, Thas||. By the Hahn Banach Theorem, there exists z* € L*,
with ||z*]] <1, such that

o] o) e8]
ZTLCCZ‘ = <ZT1.CC,‘,$*> = <Z:L‘,,T1*x*> Sl
i=1 i=1 =1

Using the fact that ||T%|| < 1, we obtain

(0.0 (o) oo (e.@)
S oTail| = > I ]| <> (Tl = || Tha
i=1 =1 =1 i=1

Thus, T is cone absolutely summing with ||7|cas < I.

o0
D> i
i=1

<1

o0
D i
i=1

To complete the proof, assume E is separable. Then, by [92, Chapter II, §6,
Proposition 6.2], there exists a quasi-interior point 0 < e € E. Since the map given
by (3.2) is a Riesz homomorphism with dense range, it follows by [92, Chapter II,
§6, Proposition 6.4] that Tje is a quasi-interior point of L. But L is an AL-space
and is thus order continuous. Hence, Tie is also a weak order unit of L by [92,
Chapter II, §6, Proposition 6.5] and [76, Theorem 2.4.2]. It follows by Kakutani’s
representation theorem for AL-spaces (cf. [57] or [72, Theorem 1.b.2]) that L is Riesz
and isometrically isomorphic to L!(u), where (§2, X, 1) may be chosen to be finite.
0

Proposition 3.5.4 Let E be a Banach lattice with order continuous dual and Y a

Banach space. Suppose that (T;) is a BL-filtration on E and (ﬁ) 1s the BS-filtration
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on L(E,Y) induced by (T;). If (F,“T) € M(ﬁcaS(E,Y),ﬁ-), then there exists
0 < (fF,T7) € M(E*,T}) such that ||Fiz|| < (|z|, f¥) for each v € E and i € N.

Proof. By Lemma 3.5.3 there exists, for each Fj, a positive functional 23, € E* with
2% 1| < supen | Fillcas := 1 and [|Fiz|| < (|z|,2F,) for each z € E and i € N. Define
s; € B by

(z,s7) = (Tiw, 2R,
for each z € E and i € N. Then, sup;cy [|s][| < ! and, since 27, > 0, we get
[Esx|| = [[TiFse|| = || ET|| < (|Tixl, o) < (Tilz|, 2F,) = (=], 57) (3-3)

for all z € E and ¢ € N. We now show that (s},7;") is a submartingale. Let ¢ < j
and x € E. Then, by (3.1),

(2,17 s7) = (Tiw, s7) = ([jTiw, vF,) = (Tix, )

= Sup {Z HF]a:nH : (xn) € (EléeE)—H an = sz}
n=1

n=1

o o
> sup QY | FjTian| : (zn) € (('QE)y, Y an = Twc}
n=1

n=1

= sup {Z | TiFjanl| : (2,) € (& E Z }
n=1 n=1
= sup ZHFan (zn) € (M'®:E +,an—Tx}
n=1

= (z,s]).
Since sj(z) < T;sj(x) for all x € E., it follows that s; < T}"s}. Consequently,
(sf,T7) is a submartingale. Since E* is order continuous, it follows that E* has the
KB-property (cf. [76, Theorem 2.4.14]). Consequently, by Proposition 3.3.9, there

exists a unique least martingale 0 < (ff,T;) € M(E*,T}) that dominates the
submartingale (s}, 7T}, with sup;cy || 7] < sup;en ||57]] < 1. By (3.3),

[ Fiz|| < {|z[, s7) < (=], fi")
for all x € E, and the proof is complete. O

Theorem 3.5.5 Let E be a Banach lattice with order continuous dual and Y a
Banach space. Suppose that (T;) is a BL-filtration on E and (TZ) 1s the BS-filtration
on LES(E,Y) induced by (T;). Then Mg(L?(E,Y),T;) = M(LS(E,Y),T;).
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~ ~

Proof. The inclusion M¢(L(E,Y),T;) C M(L®(E,Y),T;) is obvious. For the
reverse inclusion, let (F},T}) € M(L%(E,Y),T;). By Proposition 3.5.4, there exists
0<(fr,Ty) € M(E*,T) such that ||Fjz| < (|z|, f) for each € E and i € N. Let
supen || ]| :=1 and define f*: {J;2; R(T;) — R by

for each x € |J;2, R(T;). Observe that f* is well defined. Indeed, for = € |J;2; R(T;)
there exists 7 € N such that € R(T;). Consequently, i < j implies

<:L‘afz*> = <$’1—;*f;> = <E$7fj*> = <:E7f;f>‘

Thus, (z, f*) = lim;_oo(z, f) exists for each z € |J;2; R(T;). Evidently, f is posi-

tive, linear and the inequality
(2, f)] = lim [(z, f{)] < lim [|f7]|[lz]| = I]|=|
71— 00 11— 00

shows that f* is also bounded with norm || f*|| <.
Now define a map F' : |J;2, R(T;) — Y by

Fz = lim Fix

1— 00

for each = € |J;2; R(T;). The map F is well defined because, for each = € |2, R(T;),
there is some ¢ € N for which = € R(T;). Thus, ¢ < j implies

Fx = T,Fjz = F;Tix = Fja

so that Fo = lim; . Fjz exists for each x € |J;2; R(T;). It is now evident that F

is linear. Moreover, since | J;2; R(T;) is a Riesz subspace of E, we have
[Fal| = lim [|Fzl| < lim (], f;7) = (=], /) < Il|=]
1—00 1—00

for all z € |J2°, R(T;). Thus, F is bounded. Let f~ and F denote the unique con-
tinuous extensions of f* and F respectively to the Banach sublattice m of
E. Then we have |[Fz| < (|z|,f) for all z € [J°, R(T;). Consequently, Lemma
3.5.3 implies F' € L8 (m, Y). By Theorem 2.2.7, F' possesses an extension
Foo € L(E,Y) with ||Flcas = || Foc||cas- Finally,

TiFx = FTyx = lim FjTix = lim T;Fjz = Fyx

J—00 J—00

for all # € E and i € N. Thus, (F;, T}) € M¢(£L?(E,Y),T;). O
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We continue our preparations with the next lemma, which is a simple restatement
of well known facts about order continuity of the norm in dual Banach lattices. We
recall that a Banach space Y is said to have the Schur property if every weakly
convergent sequence also converges in norm. The space ¢! has the Schur property,
by Schur’s Theorem (cf. [36, Theorem 1.7]).

Lemma 3.5.6 Let E be a Banach lattice such that E* has order continuous norm.

IfT: E — (' is a positive linear operator, then T is compact.

Proof. Let T : E — (¢! be a positive operator. Denote the restriction of 7% to ¢
by T%|¢,- Then T%|., : ¢co — E* is positive. But E* is a KB-space by [76, Theorem
2.4.14]; thus, T%|., is weakly compact (cf. [92, Chapter II, §5, Proposition 5.15]).
Consequently, (T*|,,)* : E** — ¢! is compact because ¢! has the Schur property.

Hence, T'= (T* |¢,)* |E is compact. O

Lastly, we need the following characterization of the [ tensor product, which is shown
in [69, Theorem 5.2].

Theorem 3.5.7 Let E be a Banach lattice, Y a Banach space and T € L(E,Y).
Then T € E*®,Y if and only if there exist 0 < S € L(E,¢') and R € L({',Y) such
that S is compact and T = R o S; further, ||T||cas = inf ||R|| ||S|| where the infimum

1s taken over all such factorizations of T.
We are now prepared to characterize the Radon Nikodym property:

Theorem 3.5.8 Let Y be a Banach space. Then the following statements are equiv-

alent:

(a) Y has the Radon-Nikodym property.

(b) E*®)Y = L(E,Y) for all separable Banach lattices E with order continuous
dual.

(c) M(E*®,Y, T @;idy) = M(E*®,Y, T} ®;idy) for all separable Banach lattices
E with order continuous dual and all BL-filtrations (T;) on E.

(d) M(E*®,Y, T} ®;idy) = Muc(E*®,Y, T} ®;idy) for all separable Banach lat-
tices E& with order continuous dual and all complemented, strictly positive BS-
filtrations (T;) on E.

() M(E*®,Y, T @ idy) = Muc(E*,TF)®Y for all separable Banach lattices E
with order continuous dual and all complemented, strictly positive BS-filtrations
(T;) on E.
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(f) M(E®,Y,T; @ idy) = M(E,T;)@,Y for all separable reflexive Banach lattices
E and all complemented, strictly positive BS-filtrations (T;) on E.

(9) M(E®,Y,T; ®idy) = Mu(E®,Y,T; @, idy) for all separable reflexive Banach
lattices E and all complemented, strictly positive BS-filtrations (1;) on E.

Proof. We prove the implications (a)=(b)=-(c)=(d)=(e)=(f)=(g)=(a).

(a)=-(b) Let E be a separable Banach lattice with order continuous dual. Let
T € L%(E,Y). By Lemma 3.5.3, there exist a finite measure space ({2, X, 1) and
operators 0 < Ty € L(E,L'(p)) and Ty € L(L'(p),Y) such that T = Ty 0 T}
where [|Ti|| < ||T|lcas and || To]| < 1. Since Y has the Radon-Nikodym property,
the Lewis-Stegall Theorem (Theorem 1.3.6) guarantees the existence of operators
0 <81 € L(LY(p),€) and Sy € L(£,Y) such that Ty = S5 0 S;. Since E* is order
continuous, the positive operator S; o Ty : E — ¢! is compact by Lemma 3.5.6.
Hence, T € F*&; X by Theorem 3.5.7.

(b)=(c) Suppose E is a separable Banach lattice with order continuous dual and
(T;) is a BL-filtration on E. Let (f;,TF ®;idy) € M(E*®,Y,TF ® idy). By (b),
E*®,Y is isometric to £%(E,Y) under the continuous extension of the canonical
isometry E* @ Y — L9(E,Y), given by u + Ly, where L, = Y © (-, 2])y;
for u = > " xf ®y;. Let (F;) C L(E,Y) for which f; — F; for each i € N.
Suppose ¢ < j and select a sequence (ux) C E* ®; Y such that limg_.oc up = fj.
Then, we also have limy_., L,, = Fj. For each k € N, choose a representation

up =Yk @ *® & y(k) and observe that

i= i
Nk
(T7 @idy)ug — Y (- Tra; @)k = Ly, o T = TiLy,

i=1
for all & € N. Taking the limit as k — oo yields (T} ®; idy)f; — ﬁFj On the
other hand, (TF @, idy)f; = f; — F,. Thus, T,F; = F; from which (F;,T;) €
M(L?S(E,Y),T;) follows. By Theorem 3.5.5, there exists Fr € £5(E,Y) such
that ZA}FOO = F; for each i € N. Let foo € E* ®; Y such that fo — Fs. A similar
argument to the above shows that (T} ®; idy)fs — ﬁ-Foo = F; for each ¢ € N.
Consequently, (T} ®;idy)fso = fi for each ¢ € N, implying that (f;, 7} ®; idy) €
Me(E*@,Y, T; @ idy).
(c)=(d) If (T3) is a complemented, strictly positive BS-filtration on a Banach lat-
tice E, then the dual filtration (77°) is also a complemented, strictly positive BS-
filtration on E*. Hence, (T) is a complemented BL-filtration on E*. Consequently,
(T ®; idy) is a complemented BS-filtration on E*®;Y, by Corollary 3.4.7. Thus,

the implication follows immediately from Proposition 3.2.11.
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(d)=(e) Since M(E*®,Y, T} @;idy) = Muc(E*®,Y, T} ®;idy) holds and (T}) a

BL-filtration on E*, we have
Muc(E*@Y, T} @idy ) = Mue(E*, T; ) @:Mue (Y, idy ) = Mue(E*, T;) &Y

by Corollary 3.4.6. Thus, (e) follows immediately.

(e)=(f) Since F is a separable reflexive Banach lattice, E** is order continuous and
E* is separable (cf. [92, Chapter II, §5, Theorem 5.16]). By (e) and the reflexivity
of F, it follows that

M(ER)Y,T; @;idy) = M(E¥*®,Y, T} @ idy)
= Muc(E*, T;*)@Y
= Mue(E, T;)&1Y.
By the reflexivity of E and Corollary 3.2.13, M,.(FE,T;) is Riesz and isometrically
isomorphic to M(E,T;). Consequently, M(E®;Y,T; ®; idy) = M(E,T;)®;Y, as
required.

(f)=(g) As above, My (F,T;) is Riesz and isometrically isomorphic to M(E,Tj).
Another application of Corollary 3.4.6 reveals that

M(E, T:L)ély = Mnc(Ea Tz)éanc(K 1dY) = Mnc(Eélya j—ZL 029 1dY)

Thus, M(E®,Y,T; ®;idy) = Muc(E®,Y,T; @ idy) by (f).

(g)=(a) For all finite measure spaces ({2, 2, ) and 1 < p < oo, the Banach lat-
tice LP(u) is separable and reflexive. By (g), it follows that M(LP(u,Y),X;) =
Mape(LP (1, Y), X;) for every filtration (X;). Thus, Y has the Radon Nikodym prop-
erty by Theorem 1.3.10. O

The above theorem allows us to generalize Theorem 1.3.7, which characterizes
the ‘Asplund spaces’. A Banach space Y is called an Asplund space if Y* has the
Radon Nikodym property.

Theorem 3.5.9 Let Y be a Banach space. Then Y is an Asplund space if and only
if B*@Y* = (E®Y)* for all separable Banach lattices E with order continuous
dual.

Proof. By Theorem 3.5.8, Y* has the Radon Nikodym property if and only if
E*@Y* = L(E,Y*) for all separable Banach lattices E with order continuous
dual. But Theorem 2.3.5 implies that F*®;Y* = L(E,Y*) = (E®;Y)*, which
completes the proof. O
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It is important to note that the above theorem does not include the case ' =
L' (). However, by Theorem 1.3.7, Y is an Asplund space if and only if L!(u, Y)* =
L (p, Y™) for all finite measure spaces (£2, X, ).

3.6 Notes and remarks

At the beginning of the chapter, we bifurcated the results of Troitsky in [101];
Section 3.2 contained results that relied on norm structure only (i.e. the theory of
BS-filtrations) and Section 3.3 contained results that required an additional order
structure (i.e. the theory of BL-filtrations). In Section 3.4, we exploited the properties
of left order uniformity and left order injectivity to study the tensor product of BL-
filtrations with BS-filtrations. In Theorem 3.4.5 and Corollary 3.4.6, we showed that
the space of norm convergent martingales distributes over the [-tensor product. This
result features heavily in Chapter 5 and Chapter 7. As mentioned, the proof of this
result relies on the definition of the [-norm. However, a second glance at the proof
reveals that these results also hold for any left order uniform, left order injective
crossnorm that is smaller than the [-norm.

Let 1 < p < oo and Y be a Banach space. As we have seen, we have the
isometric embedding LP(u,Y) — L£9(L%(u),Y) where % + % = 1. By Theorem
3.5.5, every LP(u,Y)-bounded martingale, 1 < p < oo, is fixed on some element in
L9(L9(p),Y). This fact is somewhat surprising and gives new insight into Theorem
1.3.10. Indeed, when Y has the Radon Nikodym property, the space £(L9(u),Y)
collapses down to LP(u,Y) (see Theorem 3.5.8), forcing every LP(u,Y)-bounded
martingale to be fixed on an element in LP(u,Y’). Consequently, every LP(u,Y)-
bounded martingale must converge.

It is natural to ask whether an analogue of Theorem 3.5.8 exists for the UMD

property. This is tantamount to asking:

e IfY is a UMD space, for which Banach lattices E does every +1-transform of

every bounded martingale in E*®;Y converge?

Unfortunately, we have not made much progress in answering this question. We
suspect that the only Banach lattices E that satisfy the above question are separable

abstract LP-spaces, 1 < p < co. Another related question is:
e If Y is a UMD space, for which Banach lattices E do we have E*®;Y =
LS(EY)?

Since every UMD space already has the Radon Nikodr property, the class of sep-

arable Banach lattices with order continuous dual will satisfy the above question,
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by Theorem 3.5.8. Given that the UMD property is substantially stronger than the
Radon Nikodym property, is it possible to extend this class of Banach lattices?



4

Intermission

4.1 A description of £5,,,.(Y)

The technique used in the previous chapter of factorizing operators in the charac-
terization of the Radon Nikodym property also has other applications. In this brief
interlude, we use these techniques to produce a Grothendieck style characterization
of the space of p-summable sequences in a Banach space.

Let Y be a Banach space, 1 < p < co and % + % = 1. Denote the space of weakly

p-summable sequences by

i) = {(mn) + yn €Y and ({ya,y") € OV y* € V"],

endowed with the norm ¢,, given by

Sup{(2n|<yn7y*>!p)l/prHy*Hﬁl}v 1<p<oo;
sup {suppen [(yn, ) 97 <1}, p=oo.
(Y) is a Banach space (cf. [36] and [55, §19.4]). The space

6p((yn)) -

Then ¢*

weak

(co)weak(Y) = {(yn) : yp €Y and ((yn,y*>) ccgVy e Y*}

is a closed subspace of £5° , (V) (cf. [36] and [55, §19.4]). The following description
of /£ . (Y) was formulated by Grothendieck (cf. [36]):

Theorem 4.1.1 LetY be a Banach space and % + % = 1. Then

(a) & . (Y) is isometrically isomorphic to L({1,Y) for 1 < p < co and £}, (V) is

weak

isometrically isomorphic to L(co,Y).
(b) & . (Y*) is isometrically isomorphic to L(Y,£P) for 1 < p < oo and (co)wear(Y ™)

weak

is isometrically isomorphic to L(Y, cp).

In (a) the isomorphism is given by I', defined by
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strong
I (yn) — T(yn)’ T(yn)((/\n>%o:1) = Z)‘nyn: (An) € 04,
n=1
In (b) the isomorphism is given by ©,

O:(yn) = Ty Ty (@) = ((Wyn))pey, YEY.

The reader is referred to [12, 70] for an order analogue of the above, for the case
where Y is a Banach lattice.
Motivated by the operator description of £ (Y) as stated in Theorem 4.1.1, we

P

proceed to describe g, (Y) in terms of the cone absolutely summing operators.

Here,

(e.9]
Cirong(Y) = {(yi) cyi €Y, Y lluill” < OO}
i=1
is the Banach space of all absolutely p-summable sequences (y,) in Y with respect

to the norm

00 1/p
Ap((yi)) = (Z le”) (cf. [34, 35, 36]).
=1

(Y) we have
(Y) isometrically isomorphic to IP® A,Y . Moreover, by Theorem 2.3.1,

Since the finite sequences in /£ (V') form a dense subset of /£

strong strong
P
that Kstrong

we have that A, = || - |; on # ® Y. The isometric isomorphism is obtained as the
continuous extension of the linearization of the bilinear map ¢: P x Y — £§ . (Y),
defined by ¥ ((A)pZ1,y) = o021 Any.

We want to show that the canonical embeddings ¢'®;Y < L%(cp,Y) and
PRIY < L(¢9,Y), where % +é = 1land 1 < p < oo, are surjective isome-
tries. To achieve this objective, we will need to re-examine Lemma 3.5.3. In an effort

to minimize the turning of pages, we restate this lemma.

Lemma 4.1.2 Let E be a Banach lattice, Y a Banach space and | € R,.. Then the
following statements are equivalent for T € L(E,Y).

(a) T € LY(E,Y) with ||Tcas < 1.

(b) There exists x* € EY such that ||z*|| <1 and ||Tx| < z*(|z|) for all x € E.

(¢) There exist an AL-space L, Th € L (E,L) and Ty € L(L,Y) such that T = TyoT}
where |[T1]] <1 and ||T2]| < 1.

By the L-space theorem of Kakutani, every AL-space is Riesz and isometrically iso-

morphic to some L!(u)-space, where (2, X, 1) is some measure space (cf. [57, 58, 72,
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strong

92]). Let (£2, X, 1) be a o-finite measure space, 1 < p < oo and T' € L®(LP(u),Y).
We claim that the AL-space in the factorization of 7" in Lemma 4.1.2(c) can be taken
as L'(u); i.e., a different measure space does not have to be introduced:

To substantiate our claim, it follows from Lemma 4.1.2(b) that there exists f €

L)y, where % + % =1, such that || f|, <[ and for all g € LP(p),

I1Tg|l S/ lglfdMZ/ lgldpy,
(% (9]

with dpy = fdp. Let 24 :={w € £2: f(w) # 0)} and let Pg be the band projection
of L%(u) == {f: 2 — R : f is p-measurable} onto the band consisting of all functions
in L°(p) which vanish on 2\ 2. Since

/Q Prg| duy = /Q glf du < I llg lgll,  for all g € ZP(u),

the map Pp maps LP(u) into L'(pf) and has norm | f||, < I. Using the fact that
Ppg = g pp-almost everywhere, one sees that the image of LP(u) is an ideal in
L'(uy). Its closure is a band in L'(uf) and is in fact equal to L'(uy), because the
image of a weak order unit in LP(x) (which exists by the o-finiteness of the measure
space) is a weak order unit in L' (uf). Define Ty : Pp(LP(u)) — Y by Tsh = Th for
all h € Pg(LP(p)). Then

IT5h] = | Th] < /Q B du = /Q Bl ditg = 1A 23 ()

and so we can extend T3 by continuity to L!(us) and the extended operator is of
norm less than or equal to one.

We have thus shown that the AL-space L in Theorem 4.1.2(b) can be taken to
be the space L' (uy).

Using Ando’s theorem (cf. [6], [71, Lemma 1.b.9] or [92, Chapter III, §11, Theorem
11.4]), one can do better and show that L can be taken to be the space L'(u). To
see this, consider the multiplication operator My : L'(us) — L'(u), defined by
Mg = fg for all g € L'(u). Using the fact that f > 0, it readily follows that
My is an isometric Riesz isomorphism (into). By Ando’s theorem, there exists a
contractive projection P4 of L'(x) onto the closed Riesz subspace M (L' (1)) and
so the identity operator I on L'(us) has the factorization I = M;l o Py o My.
This shows that T has the factorization claimed in Lemma 4.1.2(c) with L = L (u),
Ty = My o Pglppy and Tp = Ty o ]\4}?1 o P4, where Pp|rs(,) denotes the restriction
of Pp to LP(u). This completes the proof of our claim. We are now able to prove

our main result.
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strong

Lemma 4.1.3 Let Y be a Banach space. Then the canonical injections (*&;Y —
L(co,Y) and (PR)Y — LY, for %D + % =1 and p # 1, are surjections and

therefore surjective isometric isomorhpisms.

Proof. Consider the case p = 1. Let T € L%(cy,Y"). Since ¢ is a Banach sublattice
of £*°, T has an extension S € L£(¢>°Y") such that ||T||cas = ||S]|cas, by Theorem
2.2.7. But then S has a factorization S = Sy o Sy, where Sy € L, (¢, /') and
So € L(1,Y), by the remarks following Lemma 4.1.2. Since (/*°)* is an AL-space,
it has order continuous norm so that Sy is compact, by Lemma 3.5.6. But then T
has a factorization T' = Sy o (Si]¢,), where Si|c, is compact. So, by Theorem 3.5.7,
T e l'®Y.

The case 1 < p < oo is similar, but without the complication of first making an

extension as in the case p=1. 0O

Theorem 4.1.4 Let Y be a Banach space and % + % = 1. Then

(a) Lk one(Y) is isometrically isomorphic to L(co,Y).

strong

(b) Lorong(Y) is isometrically isomorphic to LS(¢4,Y) for % + é =1andp#1.

Proof. Since ¢

strong(Y') is isometrically isomorphic to (P®,Y, as mentioned above,

the proof of the result is completed by applying Lemma 4.1.3. O

The reader is referred to [23] for more on the interplay between sequence spaces
and cone absolutely summing operators, as well as strongly majorizing operators.

Our techniques differ from those used in [23].
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Convergent martingales

5.1 Introduction

In this chapter, we provide some explicit characterizations of convergent martingales
in the [-tensor product. The main ingredient in these characterizations are represen-
tation theorems for elements of the completed I-tensor product E®;Y, of a Banach
lattice £ and a Banach space Y.

In Section 5.2, we present a representation theorem for elements in the I-tensor
product that is analogous to the well known representation theorem for elements in
the projective tensor product (see for instance [90, Proposition 2.7]). The [-tensor
product version of this result is considerably more difficult and appears in [69]. Our
presentation of this result is adapted from this paper.

In Section 5.3, the representation theorem in Section 5.2 is used, in conjunc-
tion with the distributive result for the space of norm convergent martingales on
the I-tensor product (Theorem 3.4.5), to prove a complete description of convergent
martingales in the [-tensor product. Combining this description with the martin-
gale characterizations of the Radon Nikodym property, studied in Chapter 3, yields
another form of the Radon Nikodym property. This description can be also be ap-
plied to martingale difference sequences. As a consequence, when we specialize to
the Lebesgue-Bochner spaces, we obtain a description of the UMD property. The
results is this section are original and some of them appear in [26].

One drawback to the representation theorem, studied in Section 5.2, is that there
are uncountably many representations for an element in the [-tensor product. Conse-
quently, the description theorem for convergent martingales in the [-tensor product,
offered in Section 5.3, has uncountably many representations. To improve this situ-
ation, we examine the notion of a basis with ‘vector-valued coefficients’ in Section
5.4. This concept is considered by Figiel and Wojtaszczyk in [46] and is the origin

of our presentation. We identify an easy criterion for a basis in a Banach lattice E
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to be a so called “Y-basis’ for the I-tensor product F®;Y. With mild assumptions
on E, this provides a unique way to represent elements of E®;Y .

In Section 5.5, the theory of bases with vector-valued coefficients is used to pro-
vide another description of norm convergent martingales in the [-tensor product. In
contrast to the results in Section 5.3, the description shown here is unique. Ana-
logues of the descriptions of the Radon Nikoym property and the UMD property,

given in Section 5.3, are deduced.

5.2 Representing the elements in the [-tensor product

We present a characterization of elements of E®;Y, as can be found in [69], which
will allow us to describe norm convergent martingales in the [-tensor product. We

start with a lemma from [69, Theorem 3.2].

Lemma 5.2.1 Let E be Banach a lattice and Y a Banach space. Then,

n
ul|a = inf sup |yl :uw = T Q Y
s =i { 3] s = Yo

=1
forallu=3%7" 2,y € EQY.

n

>l

=1

Proof. Let u =37 | x; ® y;. Then

n
> Myl i
=1

Thus,

n

> )

=1

< sup [|yl|-
1<i<n

llul|la < inf {

>_lai
i=1
On the other hand,

n
u="|lyillai ® 2
i=1

n
sup il s u = T QY; o -
SIS e

lyill

and clearly

n
> Myill i
i=1

Consequently,

Yi
[l

<

n
> lyill
i=1

sup
1<i<n
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n
sup ||lyil| :u = T; ®Y;
s Lol =Y }

inf {

n
Dl
i=1

n n
Yi
< Tzl sup ‘S Tl
;Hyz\ll il S0 Tl ;H%H il
so that
n n
inf{ > il || sup yill :u:Zaci@yi} < Jlul| A
— 1<i<n —
=1 =1
Thus,
n n
||u||A=inf{ S feil|| sup [ :uzzmw}.
— 1<i<n —
i=1 i=1
(|

The following result is adapted from [69, Theorem 4.1]

Theorem 5.2.2 Let E be a Banach lattice and Y a Banach space. Then, u € E®;Y
if and only if u =Y .0, x; @ y;, where (|z;|) C E is an unconditionally summable

sequence and (y;) CY is a null sequence. Moreover,

o0
Jull: = inf{ > )
i=1

Proof. Let (Ja;]) C E be an unconditionally summable sequence and (y;) C Y be

o0
sup [lyil| s u =z ®ys,
ieN P

o
D i

=1

< oo, lim ||yi|| = 0}.
1— 00

a null sequence. By Proposition 2.2.4, we have ||(|a;|)|l = [|>0:2; |as||| < oo. Let
T

ur = Y a; ® y;. Then, for each ¢,r € N with ¢ < r we have, by Lemma 5.2.1,
i=1

T
lur —uglla < || D lail|| sup_ ()l =0

i=q+1 g+1<i<r
o0
as q,r — oo. Thus, (u,) is a Cauchy sequence that converges to u := > a; ® y; in
i=1

E&4Y. Moreover, [lurla < 2 [asll| supjex [u:] for each r € N. Thus,

[e.e]

> il

i=1

[ulla < sup ||y;|- (5.1)
ieN

Conversely, let u € E®AY and € > 0 be given. Then, there exists a sequence
(up) in E®Y such that

lu = willa < (1/2)**e
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fori=0,1,2,.... Then
luisr —uilla < fluier —ulla + lu—willa < (1/4)%

fori=0,1,2,.... Hence, by Lemma 5.2.1, u;1+1 — u; has a representation

Ti+1

Uit1 — Ui = Z alt @y,
n=1

with agfﬂ) ek, ygﬂ) ey,
nitl . . .
S a0l sw (w0 < 174y,
n—1 1<n<n;q1
i1 ] ) 1/9
Z ag-ﬁ-l)‘ < [(1/4)7'5] /
n=1
and
sup [y < [(1/4)€) 2.
1<n<n;q1

Since [luplla < |lulla + |lu —uolla < ||u|la +€/2, by Lemma 5.2.1, there is a repre-

sentation
no
wo=> a0 oy
n=1

with a%o) e FE, yff) ey,

ng
S [a@]| sup o] < ula+ /2,
_ 1<n<ng
n=1
ng
1/2
> [a@|[ < Ululla +e/20
n=1
and
sup ([ < (lulla +2/2)2.
1<n<ng

From the choices of the representations of u;+1 — u;, it follows that, for any k € N,

kE  n;
0=303 ) o gl

1=0 n=1

= |lu—uklla < (1/2)**'e;
A

i.e. the series > 2 > " | ONT yff) converges to u in F®Y. At this point, it is
less cumbersome to relabel some of the sequences. Consider the composed sequences

given by
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0 1
(ai)::(ag),...a()ag),... ()ag),...)

s Yng o ?nl

and

(yi) :== (y§0),...,y£0),y§1),...,yﬁ}l),yg ), ) )

Let nﬁg =ng+ny+ -+ ng for each k € NU{0}. Then, for each k € NU {0},

Z\(m <Z ’ (1) ’U“A+€/2)1/2+81/2
=0 |In=1
and, similarly,
k
sup [lall <37 sup [[y@ < (lulla+e/2)Y? + V2
1<7,<nk i—0 1<n<n;

Also, for each k € NU {0},
kK n;
YD al ey Zaz®yz
1=0 n=1

Thus, the series Z a; ® y; converges to u in EQAY .

To show that (\a1|) is unconditionally summable, let

£ (1/2MY2, formj, +1<i<n,,, ke NU{0}
’ 1, for 1 <i <mny

and let a; := a;/¢&; for all i € N. Clearly, (§;) € co. For large m,n € N with m < n,
select j,1 € N such that n; <m <n < n;+l. Then,

n
(@D = (@i e = sup {Z [(Jaal, 27)] - 2™ € B7, Jl7]] < 1}
i=m

Jj+l ”;c+1
<> supd > [{|a] 2] 2t € B a¥]| < 1
k=j i:n;chl

By the definition of (&) and Proposition 2.2.4 it follows that
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J+l Mg
dosupq > (a2 et € B ]| < 1
k=j i:nﬁc—i—l
g+ Moy
=> 221 3" ail
k=j i=nf+1
J+l Nk+1
:Z2k/2 Z a%kz-&-l)‘
k=j n=1
j+l 12 J+
< 2219/2 [(1/4)k5] _ 61/2 2(1/2)k/2
k=j k=j

1
< gl/? <1+>.
c \/5

Thus, (|a,|) is unconditionally summable. Consequently, by Theorem 1.4.2(e), (|a;|) =
(&i]a;]) is also unconditionally summable.

We now show lim;_, ||y;|| = 0. As before, let g; := y;/&; for all i € N. For large
m,n € N with m < n, select j,1 € N such that n; <m <n < n;H. Then,

J+l
@it = @) ey = sup [l7all < sup |7l | -
msisn k=j \MhT1Sisng g,
By the definition of (&), it follows that

J+l J+l
Z( sup HwH) = ok ( sup ||in|>
k=3

k—j n;€+1§i§n;€+1 n;€+1§i§n;€+1

j+
_ Z ok/2 sup y,(@kﬂ) H
P 1<n<ny i1

j+ 1/2 j+l
<2 (ate] T =2y (1/2)M
k=j k=3

1
<el? (1 )
con(iv L

Thus, (7;) is a bounded sequence. Consequently, lim;_o ||y;|| = limp—oo ||€i7i]] = 0

because (&;) € ¢g. Furthermore,

oo
D lail
i=1

< (lulla +&/2)"? + /2

and
sup | (4:)]] < (el +e/2) el

Hence,
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supll(yz)H < lulla + f(e), (5.2)

Zlazl

=1

where f is a positive real valued function with f(¢) — 0 as ¢ — 0. It follows from
(5.1) and (5.2) that the norm equality holds. Theorem 2.3.1 completes the proof.
g

We also have the following corollary (cf. [69, Corollary 4.2])

Corollary 5.2.3 The sequence (z;) in Theorem 5.2.2 can be chosen such that (z;) C
B,

Proof. Ifu =3 x; ®y; € E®Y with (Jz;]) C E unconditionally summable and
(y;) C Y a null sequence, then

o0 o0
u=> (af —z)) @y =) (aF @yi+a; @ (—y)),
i=1 i=1
with (z],2],23,75,...) C E4 unconditionally summable by Lemma 2.2.4 and

(y1,—Y1,Y2, —Y2,...) C Y a null sequence. O

5.3 A description of convergent martingales in the [-tensor product

In this section, we are concerned with representation theorems for convergent mar-
tingales in the Lebesgue-Bochner spaces. For added convenience in proving our first
result, we restate Theorem 5.2.2: If E is a Banach lattice and Y a Banach space,

then v € E®;Y if and only if v = Yooy o @ yi, where

<oo and lim |lylly =0. (5.3)
71— 00

We now prove:

Theorem 5.3.1 Let (S,) be a BL-filtration on a Banach lattice E and (T,) a BS-
filtration on a Banach space Y. For a martingale M = (fy, Sn @1 T5)5%; in EQ)Y,

the following statements are equivalent:

(a) M is convergent in EQ;Y .
(b) For eachi € N, there exist convergent martingales (x 5 ), Sn)o2 and (y, (m ), T,)5°

n=1

in B and 'Y respectively such that, for each n € N, we have

fn—zw ® y™
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where

>

1=

and lim
1—00

lim x;
n—oo

) <

lim yz( )H =0.

Proof. (a)=(b) Let M = (fn,Sn ®; Tn)>; be a convergent martingale in F®;Y.
Then, by Theorem 3.4.5, M corresponds to an element

fEUR(Si@)lT UR ®lUR
i=1
and thus, by the remark preceding this theorem, we have f = > 72, x; ® y; where
(5.3) holds. Then, for each n € N, we have f, = (S, ®; T,,) (> oq i @ y;). Now let
xgn) := Sp(x;) and y(") := T, (y;) for each i € N. Then, by Corollary 3.2.7,

1

fn_ZS xz ®T yz ZCC ®yz

where (:cz(n), Sn)o2, and (ygn), T,)52, are convergent martingales in £ and Y, with
limits x; and y; respectively, so that

o)

D

=1

hold.

lim =z
n—oo

()‘ <oo and lim hmy H—>O

(n)

(b)=(a) For each i € N, let z; = lim, oo x; ’ and y; = lim,_ ygn). Then the

sequences (z;) and (y;) satisfy (5.3) so that Theorem 3.4.5 implies

f—Z%@yZEUR ®1UR = | JR(S: & T).

=1

Then, for each n € N, we have

fn—zx(n ®yz ZS xz ®T (yz):(5n®lTn)f~

=1 =1

It now follows that M := (fy, Sn ®;T5)5 is a convergent martingale, by Corollary
3.2.7. O

Note that a symmetrical result holds for the m-norm. This result can be special-

ized to the Lebesgue-Bochner spaces as follows.

Corollary 5.3.2 Let (£2, %, 1) denote a finite measure space, (X,)2° a filtration,
Y a Banach space and 1 < p < oco. For a martingale (fr, X0n)0> in LP(p,Y), the

following statements are equivalent:
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(a) (fn, 2n)32 is convergent in LP(u,Y).
b) For each © € N, there exist a convergent martingale x(n), X))o i LP(u) and
(]

n=1

yi €Y such that, for each n € N, we have

fn = ngn) @ Yi,
=1

where
o
E lim x(n)’ <oo and lim |y =0
i ; yill = 0.
n—oo 1— 00
=1 LP(p)

Proof. In the case where E = LP(p) (1 < p < o0), Sp, = E(-|%,,) (where (X)) is a
filtration in the classical sense) and T,, = idy for each n € N, the proof now follows

as a simple consequence of Theorem 5.3.1. O

Combining Theorem 5.3.1 with Theorem 3.5.8, we obtain the following charac-

terization of the Radon Nikodym property.

Theorem 5.3.3 Let Y be a Banach space. Then the following conditions are equiv-

alent:

(a) Y has the Radon Nikodym property.

(b) For every separable reflexive Banach lattice E and every complemented, strictly
positive BS-filtration (S;) on E, we have (f,) € M(E®,Y, S, ®;idy) if and only
if for each i € N, there exist (wl(n),Sn)%":l € My (E,S;) and y; € Y such that,

for each n € N, we have

=1

where
o0
Z lim xl(n)‘ <oo and lim [jy]| =0.
- i

Corollary 5.3.2 can be restated to characterize convergence of martingale differ-

ence sequences:

Theorem 5.3.4 Let (2, X, i) denote a finite measure space, (X,,) a filtration, Y a
Banach space and 1 < p < oo. For a martingale difference sequence (dy) C LP(u,Y)

relative to (X)), the following statements are equivalent:

(a) The series Y po di converges in LP(p,Y).
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(b) For each i € N, there exist a martingale difference sequence (dg))zoz1 C LP(u)
relative to (Xy,), with > 7, dgk) convergent, and y; € Y such that, for each k € N,

we have

=1

where
o0 oo
SISl <oco and lim [|ly[| = 0.
71— 00
i=1 |k=1 LP(p)

Proof. (a)=(b) Suppose that > 72, dj, convergesin LP(u,Y). Define f, = Y ), dy,
then (fy, X)) is a convergent martingale. By Theorem 5.3.2, for each i € N, there
exist a convergent martingale (xl(n), Xn)o%  in LP(p) and y; € Y such that, for each

n € N, we have

In= Zn:dk = ixfn) QY = izn: (wik) — x5k71)> ® Yi,
k=1 i=1

i=1 k=1
where
o0 o0
k k—1 i
S )| <o and il =0
i=1 |k=1 LP(u)

Here, we use the convention of xEO) = 0 for each ¢ € N. Define dl(-k) = (xik) - acl(k_l))

for each i, k € N. Then (dgk))io:l C LP(u) is a martingale difference sequence relative

to (X,) for each ¢ € N. Consequently,

= (E(-] Z%) —E(+| 1) (Z i @ y>
=1 k=1
= i dgk) ® Yi,
i=1
for all £ < n and n € N, where
Z ngk) <oo and lim ||y =0.
i=1 k=1 Lo () e

(b)=(a) Define 2 = > orq d,(j) for each 7 € N. Then (L(f), Xn)o%, is a martingale
in LP(u) for each i € N. Thus,

R WSS S ALV 9] 0 S VS ot e
k=1 k=1 =1

k=1 1i=1 =1
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where
oo

=

lim z

n—oo t

(n) ‘

<oo and lim ||y]| =0
1—00
L (p)

hold. By Theorem 5.3.2, >";_, di = f, converges in LP(y,Y). O

Corollary 5.3.5 Let (£2, X, u) denote a finite measure space, (Xy,) a filtration, Y a
Banach space and 1 < p < oo. For a martingale difference sequence (di) C LP(u,Y)

relative to (X)), the following statements are equivalent:

(a) The series Y p- | d is unconditionally convergent.

(b) For any choice of signs (0x) there exist, for each i € N, a martingale difference
sequence (d,(j))zozl C LP(p) relative to (X)), with > 5o, dl(-k) convergent, and y; €
Y such that, for each k € N, we have

di = > 0pd" ® i,
i=1
where
STy a <oo and lim |jyi| = 0.
i=1 |k=1 1P () e

Proof. Suppose (a) holds, then > 77, 0xd) converges for every choice of signs (0y).
Thus, (b) follows directly from Theorem 5.3.4. Conversely, suppose (b) holds. An-
other application of Theorem 5.3.4 shows that > 7~ | Ord; must converge for every
choice of signs (#y). Thus, (a) holds by Theorem 1.4.2. O

The above corollary can now be used to characterize the UMD property:

Theorem 5.3.6 Let 1 < p < oo and Y be a Banach space. Then the following

statements are equivalent:

(a) Y is a UMD space.

(b) For every choice of signs (6x) and every martingale difference sequence (dy) C
LP(p,Y) with sup,ey || > pey dillp < 00, there exist for each i € N, a martingale
difference sequence (dl(-k))zo:1 C LP(p), with Y ooy dgk) convergent, and y; € Y
such that, for each k € N, we have

dk = ngdl( ) ® Yi,
i=1
where
Z ngk) <oo and lim |y = 0.
=1 k=1 Le(u) e
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Proof. (a)=(b) Suppose that Y is a UMD-space and that (dy) C LP(u,Y) is a
martingale difference sequence with sup, ey || > i dil| < oo. It follows from Theorem
1.5.4 that Y 2, d; converges unconditionally in LP(u,Y"). Thus, by Corollary 5.3.5,
(b) must hold.

(b)=(a) By Corollary 5.3.5, every martingale difference sequence (dy) C LP(u,Y)
with sup,en || Yoy di|lp < 0o converges unconditionally. Thus, Y is a UMD space
by Theorem 1.5.4. O

5.4 Bases with vector-valued coefficients

The disadvantage of Theorem 5.3.2 is that the representation of a convergent mar-
tingale in LP(u,Y) is not unique. A glance at Theorem 5.2.2 reveals that there are
uncountably many representations. To remedy this problem, we need to be able to
represent elements of E®;Y uniquely. To achieve this, we use the notion of a ba-
sis with ‘vector valued coefficients’ outlined in [46, pp. 588-590]. We specialize the

definition to suit our purposes.

Definition 5.4.1 Let E be a Banach lattice and Y a Banach space.

(a) A sequence (f;) C FE is said to be a basis with vector coefficients for E®;Y,
or simply a Y-basis of E®;Y, provided that for each u € E®;Y there exists a
unique sequence (y;) C Y such that u =2, fi ® y;.

(b) The Y-basis (f;) C E is said to be unconditional if w = Y2, fi ® y; converges
unconditionally for each v € EQ;Y.

In the same manner as for bases, we define the natural projections (ﬁn) on E®,Y,

associated to the Y-basis (f;), by

P, (Zfi@%’) = Zfi@yi
i1 i1

forallu=>7, fiQu € E®,Y and n € N. By the Principle of Uniform Bounded-

ness, we have that
be((fi), B,Y) := sup || By|| < oo.
neN

The quantity be((f;), E,Y) is referred to as the basis constant for the Y-basis (f;) C
FE with respect to Y.

If (f;) is an unconditional Y-basis, (¢;) any choice of signs and ¢ C N, the
Closed Graph Theorem assures us that the operators ]/\Zg . E®)Y — E®;Y and
ﬁg : E®)Y — E®,Y, defined respectively by
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oo [e.9]
My (Z fi® yz’) =Y bifioy
i=1 i=1
and
N oo
Py (Zfz ®yi> = Zfi @ Yi,
i=1 i€o
for each u =7, fi®y € E®,Y, are bounded. The Principle of Uniform Bound-

edness implies supy HM@H < o0 and sup, ||P,|| < co. We define the unconditional

constant of the Y-basis (f;) C E, with respect to Y, to be

ube((f;), E,Y) = sup | Mp||.

Notice that we have be((f;), E,Y) < sup, || P|| < ubc((f;), E,Y) < 2sup, || Py |-
It follows from the same argument as for bases that (f;) is a Y-basis (or unconditional
Y-basis) for E®;Y if and only if be((f;), E,Y) (or ubce((f;), E,Y)) is finite.

Since the [-norm is a left uniform, left injective crossnorm, it follows that the
space E®;Y is ‘regular’ in the sense of [46, p. 588]. Thus, if Y} is a closed subspace
of Y, we have be((f;), E, Yo) < be((fi), E,Y) and ube((f;), E, Yo) < ubc((fi), E,Y).
In particular, we have that (f;) C E is a basis (or unconditional basis) of E if
(f;) C E is a Y-basis (or unconditional Y-basis) of E®;Y.

It is readily verified that the natural projections (]3”) on E®;Y, associated with
the Y-basis (f;) C E, are given by maps P, ®;idy : E®;Y — E®;Y, where (P,) are
the natural projections associated to the basis (f;) of E. Consequently, we have the

formula
bc((fl)a Ev Y) = sup HPTL 1 1dYH
neN
Similarly, if (f;) is an unconditional Y-basis, then we also have
ch((fi)a Ea Y) = Sl;p ||M0 X idYHv

where My : E — E is defined by Mp(3 ooy aifi) = Y ioq bicifi forall > o, fi € E
and every choice of signs 0 = (0;).

In view of the above discussion, the following question arises: Given a basis (f;)
of a Banach lattice F, for which Banach spaces Y is (f;) a Y-basis of E®;Y? The

following lemma provides a partial answer (cf. [46, Lemma 32]):

Proposition 5.4.2 Let 1 < p < oo and E = LP(u). Let Y be a Banach space
isometric to a subspace of a quotient space of an LP-space. If T : E — E is a
bounded linear operator, then T ®;idy : LP(pu)®Y — LP(u)®;Y is bounded with

norm less than or equal to ||T|.
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The above proposition implies that any basis of LP(u) is also a Y-basis of
LP(u,Y), where Y is a subspace of quotient space of a LP-space. By placing a re-
striction on the basis (f;) C E, we can substantially increase the class of Banach
spaces Y for which (f;) is a Y-basis of E®;Y.

Theorem 5.4.3 Let E be a Banach lattice and (f;) C E a basis. If the natural
projections (P;) associated to (f;) are positive then, for any Banach space Y, (f;) is
a Y -basis for EQ;Y .

Proof. Let Y be any Banach space, then (f;) C E is a Y basis if and only if

be((fi), E,Y) < oo. Since the l-norm is a left uniform crossnorm, it follows that
be((fi), E,Y) = sup || P, ®; idy || = sup || P|| < oo,
neN neN
and the proof is complete. O

Corollary 5.4.4 Let 1 < p < oo, then any basis of LP(u), which is also a martin-
gale difference sequence (e.g. the Haar system), is a Y -basis for LP(u,Y") for every
Banach space Y.

Proof. The result follows from Theorem 5.4.3 and the fact that the associated natural

projections are conditional expectations, which are positive. O

If 1 < p < oo, it follows from Proposition 1.4.12 that a Banach space Y has

the UMD property if and only if the Haar system is an unconditional Y-basis of
LP(p,Y).

5.5 A unique representation for convergent martingales in the

l-tensor product

We can now prove a unique representation result for convergent martingales in the

[-tensor product.

Theorem 5.5.1 Let E be a Banach lattice and (h;) C E be a basis so that the
associated natural projections are positive. Let (Sy,) be a complemented BL-filtration
on E and (T,) a BS-filtration on any Banach space Y. Then, for a martingale
M = (fn,Sn @1 T)02 in E®,Y, the following statements are equivalent:

(a) M is convergent in EQY .
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(b) For each i € N, there exist unique convergent martingales (ac(-n),Sn);‘lO:]L and

(2
(ygn),Tn)fLozl in E andY respectively such that, for each n € N, we have

fn—zx ® y™

where H:En) = Sp(hi) for each i,n € N and the series > .o h; ® <limn_>oo ygn))
converges in EQ;Y .

In the case where (h;) is normalized, the sequence (limg, oo yfn))g’il C Y is weakly

null.

Proof. (a)=(b) Let M = (fn, Sy ®; T,,)°%; converge to f € E®;Y. Theorem 5.4.3
implies that f has a unique representation f = > 2, h; ® y;. We claim that (y;) C
U2, R(T;). Indeed, Corollary 3.2.7, Theorem 3.4.5 and the left injectivity of the

[-norm imply

Fe|RSion) = UR ®1UR T;) — E& | R(T)

i=1 i=1
Another application of Theorem 5.4.3 shows that f also has a unique representation
f=Y2hoycE m Since Eélm is a closed subspace of
E®,Y, it follows that J; = y; for each i € N and (y;) € U2, R(T;).
For each n € N, we have f, = (S, ®; T,) (> o1 hi ® y;). Now let a?l(n) = Sn(hi)
and ygn) := T, (y;) for each i,n € N. Then

fo=3 Suh) @ Tuly) = 3 2™ @ 4™
i=1 =1

where (ml(-n),Sn)ff:l € My (E,T;) by Proposition 3.2.11 and, by Corollary 3.2.7,
(y§n),Tn)%°:1 € My (Y, S;) for each i € N. Since lim,,_ yi(”) = y; for each i € N,
the series Y 2, hi @ (limp oo yl(n)) converges in EQ;Y.

(b)=(a) For each i € N, let y; = lim, 00 yl(n)

E®,Y. Corollary 3.2.7 implies that (y;) C 52, R(T}). Assume (;) is complemented

Then Y :°, h; ® y; converges in

in F by the contractive projection Sy : £ — E. By the left injectivity of the l-norm,
U2, R(S:) @ U, R(T;) is a closed subspace of E®;Y. Thus, Lemma 3.4.1 and
Theorem 3.4.5 imply

f= Z(Soohi) ® yi

i=1

(Soo @y idy) (Zh ®y1> UR ®1UR GR(SZ-@lTi).

=1
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Also, for each n € N, we have

o0 o0
o= 2 @y =37 Su(Sachi) @ Tulys) = (Su @1 To) f.
i=1 i=1
It now follows from Corollary 3.2.7 that M := (f,, Sy, ®; T,)5, is a convergent
martingale.
To complete the proof, let € > 0. Because the series Y .o h; @ (limy oo ygn) )
converges in E®,;Y, there exists N > 0 so that n > m > N implies

Zni ((im ™).y e sup{ ‘n vl < 1}

< Z<(lim yi(n)> ,y*>hz~
for each y* € Y, ||y*|| < 1. Since infey || hi]| > 0, it follows that (lim,— yz-(n))fil is

<e€

=m

a weakly null sequence (cf. [93, Chapter I, §3, Lemma 3.1]). O
The above result can be specialized to:

Theorem 5.5.2 Let (2,X, 1) denote a finite measure space, (X,)0>; a filtration,

Y a Banach space, 1 < p < oo and (h;) any m.d.s. basis of LP(u). For a martingale
(fn, 2n) C LP(,Y), the following statements are equivalent:

(a) (fn,Xn) is convergent in LP(u,Y).
(b) For each i € N, there exists a unique y; € Y such that, for each n € N, we have

o0
fo = E(hi| Zn) @i,
i=1
where the series Y .o h; ® y; converges in LP(p,Y).

In the case where (h;) is normalized, the sequence (y;) C Y is weakly null.

Proof. In the case where E = LP(u) (1 < p < o0), Sy, = E(-|X,) (where (X,) is a
filtration in the classical sense) and 7T, = idy for each n € N, the proof follows as a

simple consequence of Theorem 5.5.1. O

The above result bears a strong resemblance to Corollary 3.2.7, but with the
added structure of a Y-basis. With the above characterization of convergent mar-
tingales at hand, we can produce an analogue of Theorem 5.3.3, which characterizes

the Radon Nikodym property.

Theorem 5.5.3 Let Y be a Banach space. Then the following statements are equiv-

alent.

(a) Y has the Radon Nikodym property.
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(b) For every reflexive Banach lattice E possessing a basis (h;) C E with positive
natural projections, and every complemented strictly positive BS-filtration (S;)
on E, we have (f,) € M(E®,Y, S, @;idy) if and only if, for each i € N, there
exist unique (wz(-n),Sn);’lozl € My (E,S;) and y; € Y such that, for each n € N,

we have

fn—zx ®yz )

(n

where x;
E®Y.

) = Sn(hi) for each i,n € N and the series Y .| h; ® y; converges in

Proof. (a)=(b) Suppose that Y has the Radon Nikodym property. By Theorem
3.5.8, it follows that M(E®;Y, S; ®;idy) = Mu.(E®;Y, S; ®;idy) for every separable
reflexive Banach lattice £ and every complemented, strictly positive BS-filtration
(Si) on E. Certainly, if E possesses a basis, then it is separable. Thus, (b) holds by
Theorem 5.5.1.

(b)=(a) By Theorem 5.5.1, M(E@@lY, S;®idy) = ./\/lnc(EéélY, S; ®idy ) for every
reflexive Banach lattice F possessing a basis (h;) C E with positive natural projec-
tions, and every complemented, strictly positive BS-filtration (S;) on E. Since LP ()
is a reflexive Banach lattice for 1 < p < oo, possessing such a basis, (a) follows im-

mediately from Theorem 1.3.10. O

Using similar reasoning as in the proof of Theorem 5.3.6, one can deduce an

analogous characterization of the UMD property.

Theorem 5.5.4 Let 1 < p < oo and Y be a Banach space. Then the following

statements are equivalent:

(a) Y is a UMD space.

(b) For every choice of signs (0y) and every martingale difference sequence (dy) C
LP(p,Y), with suppen || Do pey dillp < 00, there exist for each i € N, a martingale
difference sequence (dz(»k))zozl C LP(p), with > 52, d( convergent, and unique

yi €Y such that, for each k € N, we have
dp =) Ord") @y,
i=1

where dl(k) =E(hi| Xy)—E(h; | Zx—1) for each i,k € N and the series Y~ hi®y;
converges in LP(u,Y").
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5.6 Notes and remarks

Let E denote a Banach lattice, Y a Banach space and suppose that (h;) C E is a
Y-basis of E®;Y .

Although Theorem 5.5.1 provides a unique description of convergent martingales,
it is not as descriptive as its non-unique counterpart, Theorem 5.3.1. To make The-
orem 5.5.1 more informative, we need a characterization of the sequences (y;) C Y
for which the series Zfil h; ® y; converges in E®Y.

In the case where (h;) is normalized (or semi-normalized), it is necessary that (y;)
be weakly null, by Theorem 5.5.1. This, however, is far from a sufficient condition
for the convergence of > 52, h; ® y; in E®,Y. Indeed, if (y;) is weakly null, then
(0;y;) is weakly null for every choice of signs (6;). Consequently, if ‘(y;) weakly null’
were to be a sufficient condition for the convergence of > "2, h; ® y; in E®,;Y, then
every ». 2 h; ®y; € E®;Y would converge unconditionally. Thus, any normalized
Y-basis of E®;Y would be unconditional. In the case of the normalized Haar system,
Corollary 5.4.4 would imply that every Banach space is a UMD space, which is false.

On the other hand, define h; = (27%/||hs||)h; for each i € N. Then (h;) C E is
a Y-basis of E®;Y and Y 2, h;| converges in E. By Theorem 5.2.2, it follows that
if (y;) C Y is a null sequence, then > >, hi ® y; converges in E®;Y . In fact, there
exists an injective linear operator @ : co(Y) — E®,Y, of norm less than one, defined
by B(yi) = 3252 i @ s

Now suppose that F is a (separable) reflexive Banach lattice and Y is a reflexive
Banach space. Since F is a separable Banach lattice with order continuous dual and
Y has the Radon Nikodym property, we have (E®;Y)* = E*®;Y*, by Theorem
3.5.9. Consider the adjoint ¢* : E*®;Y* — (YY), defined by f (T¢hs)$2,, where
f = Ty denotes the canonical isometry (E®;Y)* — L(E,Y*). The map ®* bears
a resemblance to the operator 7 : X* — ¢! in Theorem 1.4.2(i). However, unlike T,
@* does not always enjoy the property of compactness. The compactness of T" arises
from the Schur property of ¢'. In constrast, it is necessary for Y to have the Schur
property in order for £}(Y") to have the Schur property.

By taking the double adjoint of @ and applying Theorem 3.5.9 again, we may
extend @ to &** : (°(Y) — E®;Y. Consequently, if (y;) € £*°(Y), then the series
Yoy h; ®y; converges unconditionally in £®;Y . Thus, the condition ‘(y;) a bounded

sequence’ is not necessary for the convergence of > -2, /i\L, ®y; in EQY.
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Martingale difference sequences

6.1 Introduction

We turn our attention to generalized martingale difference sequences. In Section 6.2,
we study the notion of a martingale difference sequence (m.d.s. ) in a Banach space Y.
This notion is slightly stronger than that of a basic sequence, since every martingale
difference sequence is a basic sequence, but a basic sequence is only a martingale
difference sequence in its closed linear span. Our aim is to study unconditional
martingale difference sequences.

In section 6.3, we introduce the space of ‘m.d.s. multipliers’, associated with a

m.d.s. (d;) C Y. This is the sequence space

oo
Aldi) . — {(ai) CcR: Zaidi converges in Y}
i=1

endowed with the norm || - || 4, defined by [|(c;)|| s = SuPnen |Dorq ad;|| for
each (ag) € A%). The unit vectors (e;) form a basis of A(%) that is equivalent to
(d;). Using the martingale techniques developed in Chapter 3, we are able to show
that (d;) is an unconditional m.d.s. if and only if A(%) can be renormed so that it
becomes an order continuous Banach lattice under the ordering (a;) > 0 < «a; > 0,
for each i € N. We denote this Banach lattice again by A(%) and call it ‘the Banach
lattice of unconditional m.d.s. multipliers’.

Next, in Section 6.4, we consider the [-tensor product of two martingale differ-
ence sequences. Using the technique of Gelbaum and Gil de Lamadrid in [49], we
are able to show that if (¢;) is a m.d.s. in the Banach lattice E, relative to a positive
BS-filtration, and (7;) is a m.d.s. in the Banach space Y, then (§; ®n;) is a m.d.s. in
E®;Y, provided the sequence (& ® n;j) is ordered in an appropriate manner. Conse-
quently, if 1 < p < oo, (d;) C LP(p) is a classical m.d.s. basis and (y;) C Y a basis,
then (d; ® y;) is a basis of LP(p,Y').
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If (d;) is an unconditional m.d.s. in a Banach lattice E, then A(%) is a Banach
lattice whose order structure may differ from that of E. In Section 6.5, we study
the relationship between the ordering in A(%) and the ordering in E. To this end,
we identify a property possessed by a large class of martingale difference sequences,
called ‘random positive equivalence’. We show, using the Maurey-Khinchin inequal-
ity (cf. [74, 36, 72]), that every unconditional m.d.s. in a Banach lattice with cotype
q < oo has random positive equivalence. In this case, there exists a regular, order
continuous mapping R : A(%) — (9(E), defined by Re; = e; ® d; for each i € N.

The regular map R : A(%) — (9(E) is useful when we consider the I-tensor
product of unconditional martingale difference sequences in Section 6.6. As already
mentioned, Aldous showed in [1] that, if LP(u,Y) (1 < p < o0) possesses an un-
conditional basis, then Y must be a UMD (and thus, reflexive) space. This result
suggests that if (&;) is an unconditional m.d.s. in the Banach lattice E, relative to
a positive BS-filtration, and (7;) is an unconditional m.d.s. in the Banach space Y,
then (& ® n;) need not be an unconditional m.d.s. in E&;Y. In view of this, we
consider the the space A&)@;AM).

Using the result of Popa (Theorem 2.5.2), we are able to show that (e; ® e;)
is an unconditional basis of A¢)@,AM)  provided (&) C E and (7;) C Y are
unconditional. Consequently, the basis (e;®e;) C A& @, AMi) need not be equivalent
to the m.d.s. (& ®n;) C E®;Y. However, if (¢;) is also a boundedly complete basis
of E, and F has type p and cotype ¢, then we have continuous embeddings

FPEYDY D (e ® &) @) — ADRAM) — [(¢; ® &) @ ;] C LUE)RY,

defined by (e; ® &) @ nj — e; @ e — (e; ® &) @ n; for each i, j € N. The sequence
((e; ® &) ® ;) is an unconditional m.d.s. in both *(E)®,;Y and (¢(E)®,Y, but
does not span either of these spaces. In the case when E has type and cotype 2,
the m.d.s. ((e; ® &) ® nj) C 2(E)®,Y is equivalent to the unconditional basis
(ei ®ej) C A& AM),

The results in this chapter are original and have appeared in [29]. We warn the
reader that [29] contains a mathematical error. Consequently, a corrigendum [27]
has been published. See the Notes and remarks section at the end of this chapter

for more information on where we went wrong.
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6.2 Martingale difference sequences in a Banach space

The filtrations that we encounter in this chapter are not necessarily uniformly
bounded by 1, but by some constant K. We, therefore, need generalized notions

of a BS-filtration and a BL-filtration, as introduced in Chapter 3.

Definition 6.2.1 Let F be a Banach lattice and Y a Banach space.

(a) A sequence (T;) of projections on Y with the property that Tj,; = 137}, for each
i,j € N, is called a K-BS-filtration on Y if sup,cy ||Ti|| = K < oo. Note that
1-BS-filtration is simply a BS-filtration.

(b) A sequence (7;) of positive projections on E, with R(7;) a closed Riesz subspace
of £ and T;n; = T;Tj for each i,j € N, is called a M-BL-filtration on E if
sup;en || 73| = M < oo. Note that 1-BL-filtration is simply a BL-filtration.

(c) If (T3) is a K-BS-filtration (M-BL-filtration) on Y (on E), then (f;,T;) is called
a K-martingale (M-martingale) on Y (on E) if T;f; = f; for all i < j. A 1-

martingale will simply be referred to as a martingale.

The notions of a ‘positive’ and ‘strictly positive’ K-BS-filtration on a Banach
lattice are defined in a similar manner to Definition 3.3.1. The above definition
extends to collections of projections indexed by any directed set, in an obvious
manner. In Chapter 7, we will encounter M-BL-filtrations indexed by directed sets
of stopping times.

A notational change in the proofs of Proposition 3.2.6 and Corollary 3.2.7 shows
that the same results hold for K-BS-filtrations and K-martingales, namely:

Proposition 6.2.2 Let Y be a Banach space and (T;) a K-BS-filtration on'Y. Then

fe UZi R(Ty) if and only if lim; o0 || T5f — f|| — 0.
Corollary 6.2.3 Let Y be a Banach space and (f;,T;) a K-martingale in'Y. Then

(fi,T;) converges to f if and only if f € ;= R(T;) and f; = T;f for all i € N.

We now recall the classical definition of a martingale difference sequence. Let
(d;) C LP(u) be a sequence and o(dy, ..., d;) denote the smallest o-algebra allowing
dy,...,d; to be measurable. Then, as mentioned earlier, (d;) is called a martingale

difference sequence (m.d.s. ) if
]E(d’i+1 | U(dla"'vdi)) =0 (61)

for each ¢ € N. Notice that (o(d1,...,d;))2, is a filtration and

i1 € R(IE( | U(dl,...,di+1)) —E(- | a(dl,...,d,-))>



6.2 Martingale difference sequences in a Banach space 126

for each i € N. Conversely, if (X;) is a filtration and (g;) C LP(u) is a sequence such
that gi+1 € R(E(- | Xiy1) —E(- | X)) for each i € N, then it follows from (1.2) that

0= /AE(gH_l | X)dp = /AE(gi—i-l |o(g1,...,9i)du forall Ae€o(q,...,q),

which implies (g;) satisfies (6.1) and is, therefore, an m.d.s. . Using this characteri-
zation, we introduce an abstract notion for a m.d.s. in a Banach space.

Let (T;) be a K-BS-filtration and ¢ < j, then T; — T; is a projection due to the
fact that the T;’s commute. This justifies the following definition.

Definition 6.2.4 Let (7;) be a K-BS-filtration on a Banach space Y. Then the
difference projections (D;) relative to (1;) are given by Dy =11 and D; =T; — T,
for 7 > 2.

It is then clear that T; = 22:1 Dy, for each ¢ € N and that D;D; = 0 whenever
i #£ 7.

Definition 6.2.5 Let (D;) be the difference projections relative to a K-BS-filtration
(T;) on a Banach space Y. Then a sequence (d;) is called a K -martingale difference

sequence (K-m.d.s. ) relative to (T;) if d; € R(D;) for each i € N. A 1-m.d.s. will

simply be referred to as a m.d.s. .

A sequence (d;) C LP(u) obeying (6.1) will be called a classical m.d.s. and is
clearly a special case of a m.d.s. in the above definition.

Notice that D;d; = d; whenever ¢ = j and D;d; = 0 whenever 7 # j. The sequence
of partial sums f; = 22:1 dy, for each i € N, form a K-martingale with respect to
(T3). Conversely, if (f;,T;) is a K-martingale then the sequence of differences, defined
by di = f1 and d; = f; — fi—1 for i > 2, forms a K-m.d.s. relative to (7T;).

If (D;) is the sequence of difference projections relative to a K-BS-filtration (7;)
on a Banach space Y with m =Y then, for each x € Y, Proposition 6.2.2
asserts that (3t D)z = Tjx — x as i — oo. Thus Y52 | Dy = x, which gives
Y = @2, R(D;).

Suppose that (d;) is a K-m.d.s. in a Banach space Y relative to (T;) and that (o)
is a sequence of scalars. Then the partial sums f; = 22:1 apdy form a K-martingale

with respect to (7;). If i < j, then

i J
Z ady, T; (Z Oékdk>
k=1 k=1

Hence, (d;) is a basic sequence with basis constant K. On the other hand, if (z;) is a

1fill =

= <K

J
Zakdk

k=1

= K|/ fll

basic sequence in a Banach space Y with basis constant K, then (z;) is a K-m.d.s. in
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[x;], relative to the associated natural projections (P;) on [z;]. In short, we have the

following result:

Proposition 6.2.6 Every K-m.d.s. in a Banach space is a basic sequence with basis
constant K. Also, every basic sequence in a Banach space with basis constant K is

a K-m.d.s. in its closed linear span.

If (d;) is a K-m.d.s. relative to (T}), it is easily observed that [d;] C J5°, R(T;)
which is, in general, necessarily strict. Indeed, consider the m.d.s. of Rademacher
functions (r;) in LP(u) for 1 < p < oo. Since (r;) is a block basis of the Haar system,
it follows that J;=; R(E(-|o(r1,...,7ri))) = LP(n). On the other hand, it follows
from Khinchin’s inequality (Theorem 1.4.6), that [r;] is isomorphic to ¢2, in which

case, the inclusion [r;] C 2, R(E(-|o(r1,...,7; is certainly strict. The next
) i=1 ’ ) y

result characterizes the situation.

Proposition 6.2.7 Let (d;) be a K-m.d.s. in a Banach space Y relative to (T5).
Then [d;] = ;2 R(T;) if and only if rank (T;) =i for each i € N.

Proof. Suppose [d;] = U2, R(T;) and let (D;) be the difference projections relative
to (T;), then it follows from the above discussion that 22, R(T;) = @2, R(D;).
On the other hand, for f € [d;], we have a unique basis expansion so that f =
o2y aid; = Y2, Dif. The uniqueness of both these expansions implies o;d; = D; f
for each ¢ € N so that T;f = 22:1 aydy. Thus, (T;) are just the natural projections
associated to the basic sequence (d;). But then rank (7;) = ¢ for each ¢ € N.
Conversely, it is sufficient to show m C [d;], since the reverse inclusion
is always true. Since the T;’s have increasing ranges and rank (7;) = i for each i € N,
the difference projections (D;) relative to (7;) are all of rank one. As before, f €
U2, R(T;) has a unique expansion f = 3°3°, D;f. The fact that dim (R(D;)) = 1
implies there exists a scalar a; such that D;f = «;d; for each ¢ € N. It follows that

Sy Dif =30 aid; € span (d;) for each n € N, which completes the proof. O

It is apparent from the above proof that, in the case where [d;] C m, the
restriction Tj|q, of T to [d;] is just the i-th natural projection on [d;], associated to
the basic sequence (d;), for each ¢ € N.

In view of the fact that every K-m.d.s. is a basic sequence, we formulate the

analogous notion of an unconditional K-m.d.s. .

Definition 6.2.8 Let (d;) be a K-m.d.s. in a Banach space Y. Then (d;) is said
to be unconditional if there exists a constant M > 0 such that for every choice of

scalars (o), signs (6;) and natural numbers n, we have
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En: Hzazdz En: Otidi
i=1 =1

The smallest constant M for which the above inequality holds is called the uncon-

<M

ditional constant of (d;).

Note that M in the above definition is never smaller than K. It is evident that if
(d;) is an unconditional K-m.d.s. , then it forms an unconditional basis of [d;] with

unconditional constant M.

6.3 The Banach lattice of unconditional m.d.s. multipliers

Our goal in this section is to characterize the unconditionality of a K-m.d.s. in terms

of a sequence space. We first recall some basic definitions from [93].

Definition 6.3.1 Let X and Y be Banach spaces.

(a) A sequence (z;) C X is said to dominate a sequence (y;) C Y provided for all

sequences of scalars (a;) we have

o0 o
g Q;T; converges = g Q;1Y; converges.
i=1 i=1

In this case we shall use the notation (z;) = (v;).

(b) We shall say that (x;) strictly dominates (y;) if there exists a bounded linear
mapping 7T : [x;] — [y;] such that T'z; = y; for each ¢ € N. In this case we shall
write (z;) > (ys).

(c) The sequences (z;) and (y;) are said to be equivalent if (x;) = (y;) %= (x;) and
strictly equivalent if (z;) > (y;) > (x;). In these cases, we shall use the notations

(x;) ~ (yi) and (z;) =~ (y;) respectively.

It is immediate that if (z;) ~ (y;) then [z;] is isomorphic to [y;] under the bounded
linear map that takes x; to y; for each ¢ € N. Strict domination clearly implies domi-
nation and strict equivalence clearly implies equivalence, but the reverse implications
need not be true (cf. [93, pp. 69-74]). The following result is taken from [93, Chapter
I, §8, Theorem 8.1].

Proposition 6.3.2 Let X and Y be Banach spaces and (z;) C X, (y;)) C Y be
sequences. Then the following statements hold:

(a) We have (x;) = (y;i) if and only if there exists a constant K > 0 such that

| >0 il < K| 307 aqi]| holds for every choice of scalars o, g, . .., .
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(b) If (z;) is a basic sequence, then (x;) = (y;) if and only if (x;) = (y;).
(c) If (z;) and (y;) are both basic sequences, then (xz;) ~ (y;) if and only if (x;) ~ (y;).

Proof. (a) Suppose (z;) > (v;), then there exists a bounded linear map u : [x;] —
[yi] such that u(z;) = y; for each ¢ € N. Thus, || D" | auyi|| < K| Y01, evias|| holds
for every choice of scalars oy, ag, ..., a, with K = ||ul|.

Conversely, define a linear map w : span (z;) — [y;] by w(D> 1| i) = D00 i
Then u is well defined since ;" | oya; = 0 implies |Ju(d "1 aixs)|| = || Doreq cuysl <
K| > asxi| = 0. Moreover, for arbitrary » ., a;xz; € span(z;), we have
lu(3or, cixs)|| < K| Do, aiag|| so that u is bounded. Taking the unique con-

tinuous extension of u to [z;] completes the proof of (a).

(b) Only the implication (z;) = (v;) = (zi) > (vy;) requires a proof. Since (x;) is a
basis of [z;], we have the convergence of u(z) := Y7, ayy; for each x = >°°, a; €
[;]. The map w : [z;] — [y;] defined in this manner is linear and maps z; to y; for
each ¢ € N. Moreover, we have u(z) = limy .o un(x), where up(x) =Y " | ogy; for

all x =Y 72 ayz; € [x;]. Each wy, is continuous because

n

Z o)yl < <ZII$ HII%H) ][

l|wn (2

Here, () C [x;]* denotes the functionals biorthogonal to the basis (z;), i.e.

(zi,x7) = 0;5 for all i, j € N. Consequently, an application of the Principle of Uniform

Boundedness shows that u is continuous.
(¢) Apply (b) to (z;) = (i) = (z;). O

Definition 6.3.3 Let (z;) be a sequence in a Banach space Y such that z; # 0 for

each i € N. We define the normed linear space of sequences of coefficients of (z;) to
be

o0

Al — {(ai) CcR: Zaiaji converges in Y} ,
i=1

endowed with the norm || - || 4@, defined by [|(ci)|| 4@ = SuPpen |2 ey izl for

each (a;) € A@),

The following result is taken from [93, Chapter I, §3, Proposition 3.1] and [93
Chapter 1, §8, Proposition 8.1].

Theorem 6.3.4 Let (z;) be a sequence in a Banach space Y such that x; # 0 for
each © € N. Then the following statements hold:
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(a) A% is a Banach space.
(b) The unit vectors e; = (6;)3%, (i = 1,2,...) constitute a basis of A®) such that
(€i) ~ (z;) and (e;) > (z;).

Proof. (a) Observe that, for (;) € A®), the sequence (|| Y1, asz;]|)3S, con-
verges. Therefore, |[(a;)|| 4, is finite. Moreover, since x; # 0 for each i € N, it
follows that ()| szi) = 0 < () = 0 so that || - || 4, is indeed a norm.

Select a Cauchy sequence ((agk)))z"zl from A(®). For every ¢ > 0, there exists

N € N such that m > k > N implies

n

| @) = ("

v )HA(W = sup Z(O‘Em) - agk))xi <e.
neN ||,
Consequently,
n n—1
H(a%m) — )| < Z(az(m) - O%(k))xi + Z(Oé@(m) - agk))xi < 2e.
=1 i=1

Since x; # 0 for each ¢ € N, we may write
(@ — all)| < 2¢/ el

for each n € N. Thus, for each n € N, the sequence (aslk))z‘;l is convergent to a
(m)

scalar, v, say. Since || > (a; ~ — Oéz(-k))l‘iH < ¢ for each n € N it follows, by taking

the limit as m — oo, that

i=1

for each n € N. Then, for £k > N and [ € N, we obtain

n+l n+l 3 n+l N
Z ;x| = Z (o —ag ))a:i+ Z ozl(- )ZL'i
i=n+1 i=n+1 i=n+1
n n—+l n—+l
k k k
< Z(O‘i — al( Nai|| + Z(O‘i — ag Nai|| + Z ozz( )z
n—+l
< 2e+ Z agk)wi
i=n+1

(k)

Since Y is complete and the series > -7, o, x; converges, it follows that the series

S, a;x; also converges, so that (a;) € A, Lastly, by the above,

n

Z(agk) — )T

=1

(@) = @)

= sup

<e
A=) neN
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and the proof of (a) is complete.

(b) If (a;) € A®) then 3%, ayz; converges and

m n
(o) = > aie; > i
i=1

i=m+1
as m — oo. Thus, the series Y 7, a;e; converges to (a;). On the other hand, if
Y2 aie; = 0, then

= sup —0

m+1<n<oo

n k
| (i) || g(zs) = sup Zaimi < lim sup X
neN ||°Z e 1<k<n || 2
=1 =1
n oo
= lim Z ;€5 = Z ;€4 = 0,
n—oo
i=1 A i=1 Alwi)

so that a; = 0 for each i € N. Thus, every (o;) € A®) has a unique expansion
5%, aje;. Consequently, (e;) is a basis of A®:),
We have already seen that the convergence of >, ojz; implies the convergence

of 32, aje;. For the reverse implication, observe the inequality

n+m k n+m
§ x| < sup E o T|| = § ;€4
i=n+1 nlsksndm |l _p 1y i=n+1 A

for each n,m € N. Thus, the convergence of > 2, aje; implies the convergence of
Y22 oz by the completeness of Y. Thus, (e;) ~ (x;). An application of Proposition
6.3.2(b) completes the proof. 0O

Definition 6.3.5 If Y is a Banach space and (x;) C Y is a sequence, then the map
from A@) into Y, given by (o) — Y52, oy, will be referred to as the co-ordinate

map.

It is evident that the co-ordinate map for any sequence is linear and of norm
one. If (z;) is a basic sequence, Theorem 6.3.4 and Proposition 6.3.2(c) imply that
(e;) = (x;). Thus, A=) s isomorphic to [z;] under the co-ordinate map. We shall

mainly consider A(%) where (d;) is a K-m.d.s. (and thus a basic sequence).

Definition 6.3.6 Let (d;) be a K-m.d.s. in a Banach space. The order on A(®),
defined by

(i) >0<= ; >0 foreachieN,
is called the sequential ordering induced by (d;). The set
d; i) .
A = {(ay) € A - () > 0}

is called the positive cone induced by (d;).
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Evidently, AA@) ¢ A4) where A € Ry, A + Ad) < Ad) and Agfli) N
(—Agfi)) = {0}. Thus, (A(@), Agfli)) is a partially ordered vector space.

Lemma 6.3.7 Suppose that (d;) is an unconditional K-m.d.s. , then Aldi) s g
Dedekind complete Riesz space under the sequential ordering. Furthermore, Aldi)
can be renormed so that it becomes a Dedekind complete Banach lattice with the unit

vectors (e;) as an unconditional basis.

Proof. Let (a;) € Al%). By Theorem 1.4.2, the unconditional convergence of
S aid; € [d;] implies that the series .2 |ay|d;, S50, af d; and Y22, a; d;

= max{0,q;} and a; := max{0,—«;}. Hence,

also converge in [d;], where «
(Jevil), (), (@) € A Tt is clear from the definition of the sequential ordering

that 2
()] = () V (—(a)) = (s V () = (|ews|) € A,

Consequently, A(%) is a Riesz space. In addition, we have (o;) = (") — (o) and

() A (a;) =0, thus (o))" = (o) and («;)~ = (o ). Moreover, the unconditional
convergence of Y, a;d; € [d;] also implies the convergence of Y, v;d; whenever
1vi| < |yl for each i € N (cf. [71, Proposition 1.c.6.]). Thus, (7;) € A@) provided
that |y;| < |ay| for each i € N. Tt is now evident from the Dedekind completeness of
R that (A, Afi)) is a Dedekind complete Riesz space.

Since (e;) =~ (d;), with (d;) an unconditional basic sequence, it follows that (e;)
is an unconditional basis of A(%). It follows from Proposition 1.4.9 that, for all
(a;) € AW and (\;) € £, we have |32, Miazei|| < M|[(A\i)lloo [|3252, cvies|| where
M is the unconditional constant of (e;). Thus, if (a), (3;) € A% with |(a;)| < [(3:)],
it follows that ||(a;/Bi)llc < 1. Consequently,

> aieil| = || (ci/B)Biei|| < M||> Bie
i=1 i=1 i=1

Thus, |(o)] < [(8)] implies |(as)|| < M||(3)], i.e. A%) is a partially ordered
Banach space. Define || - || on A(%) by

[(@i)llo = supdll(B)] = [(Bo)] < |(ai)l},

for each (a;) € A%). Then it is readily verified that || - ||o is an equivalent norm on
Ald) and (A(di),ASiii), | - llo) is @ Dedekind complete Banach lattice. O

If (d;) is an unconditional K-m.d.s. in a Banach lattice E, we shall denote the

Dedekind complete Banach lattice obtained by renorming A(%) again by A(%). Note
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that, after renorming, the unit vectors (e;) are now an unconditional basis of Aldi)
with unconditional constant one and the co-ordinate map from A(%) onto [d;] is still
of norm one. We refer to A(%) as the Banach lattice of m.d.s. multipliers. It should
be clear that A(@) is isomorphic to [d;] but not necessarily Riesz isomorphic; in fact,

[di] need not even be a Riesz subspace of E.

Theorem 6.3.8 Let (d;) be a K-m.d.s. in a Banach space Y, then (d;) is uncondi-

tional if and only if A%) is an order continuous Banach lattice.

Proof. Suppose that (d;) is an unconditional K-m.d.s. . Then Lemma 6.3.7 asserts
that A(%) is a Dedekind complete Banach lattice. It is now sufficient to show that
every positive, order bounded, disjoint sequence in A(%) converges in norm to zero
(cf. [106, Theorem 17.14]).

To this end, let (zy) C Aldi) be a positive disjoint sequence which is order
bounded. By the Dedekind completeness of A it follows that sup, z € A(%).
Let s = sup;, , and define the sequence of partial sums (s;) by s; = Zizl x,. Since
(xf) is disjoint, we have that s; = \/i:1 xy, for each j € N with s; T s. We claim

that s; — s in norm. To see this, for each j € N let

o; = U {z eN:g, = (agk)), al(k) # O}
1<k<j
and define the family of projections (F,;) on Aldd) by Py, () = Zz‘eaj vie; for
each (7;) € A, By Lemma 6.3.7, we have that (e;) is an unconditional basis of
Al%) | Thus, (Py;) is a BS-filtration. Now observe
xj N\ = (az(»j)) A (agk)) = (agj) A ozz(k)) =0

for j # k. Hence agj) A ozz(k) Z(j)
(k)

Thus, the sequence (a;

= 0, giving either «;”’ = 0 or agk) = 0 for each ¢ € N.
)72, has at most one non-zero element for each i € N.
As a consequence, (sj, Py;) is a martingale and Py, (s) = s; for each j € N, with
5 € m An appeal to Corollary 3.2.7 gives s; — s in norm, which proves
the claim. It is now evident that ||xg4+1| = ||sk+1 — sk|| — 0, since (sg) is a Cauchy
sequence.

Conversely, suppose that Ald) ig an order continuous Banach lattice under the
sequential ordering. Note that the order continuity of the norm on A(%) implies that
Ald) is Dedekind complete. Since A(%) is a Riesz space, we may decompose any

element uniquely as the difference of two disjoint positive elements and so we need

only consider positive elements.



6.4 The I-tensor product of martingale difference sequences 134

To this end, let f = Y7, ase; € Agfli) and let (n,)22, be a strictly increasing
sequence of natural numbers. For each k € N, define x}, = fozl Q. €p,.. Then (xy)
is an increasing sequence which is bounded above by f. The Dedekind completeness
of AW implies that z = S2F_ e, 13250 apep, =2 € Agfli). Now (z — xg) |
0 and the order continuity of the norm implies ||z — zx|| — 0. Hence, the series
Yool Qn,.€p, is summable, from which we deduce the unconditional summability of
f =32, aje; by Theorem 1.4.2. Thus, (e;) is an unconditional basis of A%) with
(e;) =~ (d;), which completes the proof. O

As an immediate consequence of this result, we obtain a familiar characterization

of an unconditional basis that can be found in [93, Chapter II, §16, Proposition 16.2.].

Corollary 6.3.9 Let Y be a Banach space and (z;) CY be a basic sequence. Then
(x;) is an unconditional basic sequence if and only if [x;] can be renormed so that it

18 an order continuous Banach lattice with order induced by the cone
oo
C(f") = {Z a;z; € [z5] : a; > 0 for each i € N} )
i=1

Proof. We have that (z;) is a K-m.d.s. in [z;], relative the associated natural pro-
jections. Since (e;) is a basis of A@) with (e;) ~ (z;), it follows that ([wi],CEin))
is Riesz isomorphic to (A, A(fi)), provided that (z;) is unconditional. The result

now follows by inducing the (equivalent) norm || - || ;) on [z]. O

6.4 The l-tensor product of martingale difference sequences

Using the idea of Gelbaum and Gil de Lamadrid in [49] for constructing the tensor
product basis with respect to a uniform crossnorm, we construct the [-tensor product
of two martingale difference sequences. This construction resembles the earlier work

on product Schauder decompositions in Section 1.6.

Definition 6.4.1 Let (§;) and (n;) be sequences in the Banach spaces X and Y
respectively. Define the square ordering on the sequence of tensors (& ® n;) to be
the ordering of the indices (4, 7) along along the squares, i.e., (i1,71) < (i2,j2) when

one of the following conditions hold:
(a) max{il,jl} < max{iQ,jg},
(b) max{iy, j1} = max{is, jo} and i; < iy or

(¢) max{iy,j1} = max{is, jo} =41 = iz and j; > jo.
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The square ordering on (& ® n;) is illustrated by the diagram after Definition 1.6.2.
Again, we shall use the notation Sy for the set consisting of the first k ordered pairs

of indices (i, j) in the square ordering.

Let E be a Banach lattice and Y a Banach space. Suppose that (¢;) C E and
(nj) C Y are basic sequences with [¢;] a Riesz subspace of E. Since the [-norm is a
reasonable crossnorm, it follows that [£;]®;[n;] = [& ® 1;]. Moreover, the left order

injectivity of the l-norm implies that [£]®; [n] is a closed subspace of EQ)Y.

Proposition 6.4.2 Let (S;) be a positive Ki-BS-filtration on the Banach lattice E,
(Tj) be a Ko-BS-filtration on the Banach space Y and define the sequence (Py) by
S; @ Ty ; k=1d?
Pr =98 &1Ti+ Sy_iz @1 (Tis1 — T;) PP <k<i?+i+1
SZ'_;,_l ®; Tiy1 — (Sz'—i-l - SZ) & T(i+1)2—k ; PH+i+l<k< (1 + 1)2
for each k € N. Then (Py) is a K-BS-filtration on E®Y where K < 3K,K,.
Moreover, if (&) and (n;) are martingale difference sequences relative to (S;) and

(T;) respectively, then the sequence (£;®n;) with the square ordering is a K-m.d.s. in
E®,Y relative to (Py).

Proof. Since (.5;) is a positive K-BS-filtration and (7}) is a K-BS-filtration we have,
for each 7 € N, that

15 @1 Till = | S:llll T3] < K1 Ko,

[Sk—iz @1 (Tix1 — Ti)[| = |Sp—a2 II(Ti1 — T3) || < 2K1 K>
and

[(Sit1 = Si) @1 Tigry2—ill < 1Si+1 @1 Tiigry2—ell + 19 @1 Tigry2—l
= 1 T(sq 1)zl (Sia |l + [15:]])
< 2K 1Ko,

from which we deduce supycy || Pk|| < 3K Ks. Hence, (Py) is uniformly bounded on
EQY.

Using the fact that (5;) and (7;) are K-BS-filtrations, we first show that Py is
a projection for each k € N. The case where k is a perfect square is trivial. For the

case i2 < k < i +1i+ 1, for some i € N, we have
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P =(Si&nTi+ Sz ® (T1 — T7))?

= (S @1 Ti)* + (S @1 T3) (Sp—ip @1 (T2 — To)) +
(Sk—iz @1 (Tix1 = Tp))(Si &1 T) + (Sp—p @1 (T = Ti))°
= 8@ Ty + (SiSk—iz) @1 (TTi1 — T2) +
(Sk-i28:) @1 (Tex1 Ty = T7) + Sp—iz @1 (Tip1 — T)
=S Ti+0+0+Sp_i2 @ (Ti41 —T;)
— P,
For the case i2 +i+ 1 < k < (i + 1)?, for some i € N, we have
Py = (Sip1 @1 Tig1 — (Siv1 — i) @ Tiigaye—p)?
= (Sit1 @1 Tig1)” = (Sigr @1 Tig1) ((Sin — Si) @1 Tiinyz—i) —
((Sit1 = i) @1 Tii1y2—1) (Siv1 @1 Tigr) + ((Siv1 — i) @1 Tiiny2—i)”
= Siy1 @ Tip1 — (S71 = Si4151) @1 T Tiisnye—i —
(S711 = SiSiv1) @1 Tagyz—,Tig1 + (Sigr — Si) @1 sy
= Sit1 @1 Tiv1 — 2(Siv1 — Si) @1 Tiigry2—k + (Siv1 — 8i) @1 Tip1y2—
= Sit1 @1 Tit1 — (Six1 — 8i) @1 T(iy1)2—k
= Pg.

To prove that (Py) is a K-BS-filtration, we need only show that P, = Py Pry1 =
Py 1Py for each k € N. This presents us with five cases for each i € N: k = 42,
P<k<i?+i+lk=i2+i+1,?+i+1l<k<(i+1)? —landk=(i+1)2-1.
The verification of these cases is a tedious but trivial exercise and will be omitted.

For the last part of the proof, it follows from the definition of the square ordering
that

Pl D Gon|= > &on

(4,5)ESm (4,5)€Sn
for n < m. This gives §;®n; € R(Py—Py_1) for each k € N, where {(i, )} = S\ Sk—1.
Here, Py is defined to be zero and Sy to be the empty set. O

In the case where (S;) and (7}) are the natural projections associated with the
bases (&;) and (n;) respectively, it is evident that (Fj) are the natural projections
associated with the basic sequence (& ® n;) with the square ordering, and so we

obtain the following corollary.

Corollary 6.4.3 Let be E be a Banach lattice with a basis (&;) possessing the prop-

erty that the natural projections associated with (&;) are positive. If Y is a Banach
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space with basis (basic sequence) (1;), then the sequence (& ® n;) with the square

ordering is a basis (basic sequence) of E®;Y .

Proof. The case where (n;) is a basis for Y follows from Proposition 6.4.2 and the
fact that [¢;®n;] = E®,Y. For the case where (1;) is a basic sequence in Y, it follows
from the first part of the proof that (§; ® n;) is a basis of E®;[n;]. The left order
injectivity of the l-norm now implies that E®;[n;] is a closed subspace of E®;Y.
Thus, (& ® n;) is a basic sequence in E®)Y. O

In particular, when 1 < p < oo and E = LP(u), we obtain the following result:

Corollary 6.4.4 Let 1 < p < oo and (y;) be a basic sequence in a Banach space
Y. If (d;) is a classical m.d.s. in LP(p), then the sequence (d; ® y;) with the square
ordering is a basic sequence in LP(u,Y'). If, in addition, we have [d;] = LP(u) then
the sequence (d; ® y;) with the square ordering is a basis of LP(u,Y) provided (y;)

s a basis of Y.

Proof. Since (d;) is a m.d.s. relative to a positive K-BS-filtration, the result follows
from Proposition 6.4.2, Corollary 6.4.3 and the fact that LP(u,Y) is isometric to
LP(p)&Y. O

Note that the Haar system is an example of a classical m.d.s. for which the linear
span is dense in LP(u), thus LP(u,Y) has a basis if Y has a basis and 1 < p <
0o. Aldous showed in [1, Proposition 3] that if a classical m.d.s. formed a basis of
LP(u,Y) for a Banach space Y, then Y is necessarily one dimensional. This result

can be generalized to the [-tensor product as follows:

Proposition 6.4.5 Let E¥ be a Banach lattice and Y a Banach space. If there exists
a BL-filtration on E so that (T; ®;idy —T;—1 ®;idy) is a Schauder decomposition of
E®Y with rank ((T; ®; idy) — (Tj—1 ®;idy)) = 1 for each i € N, then dim(Y) = 1.

Proof. Note that for any BL-filtration (7;) on E, (7; ®; idy) is a BS-filtration on
E®;Y by Theorem 3.4.2. Moreover, if (T}) is a BL-filtration that is dense in E, then
(T; ®;idy) is a BS-filtration that is dense in E®;Y. Thus, (T; ®;idy — T;_; ®;idy) is
a Schauder decomposition of E®;Y". Now suppose that rank ((T; ®@; idy) — (T;_1 &
idy)) = 1 for each i € N. By Lemma 3.4.1,

dim(R(T; ®;idy)) = dim(R(T;)®Y) =i

for each ¢ € N. Thus,
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dim(R(T;)) dim(Y) = dim(R(T}) @ V) < dim(R(T})&Y) =,

so that dim(Y) < i/dim(R(T;)) < i for all i« € N. Consequently, we must have
dim(Y)=1. O

It is important to note that the definition of a K-m.d.s. determines a larger
class of sequences than the definition of a classical m.d.s. . In the latter case, it is
therefore possible to have a K-m.d.s. as a basis of LP(u,Y") for which Y could be

infinite dimensional.

6.5 Martingale difference sequences with random positive

equivalence

For an unconditional K-m.d.s. (d;) in a Banach lattice E, we are faced with the prob-
lem of relating the sequential ordering on A(%) to the ordering on E. We introduce

the following property for a K-m.d.s. in a Banach lattice.

Definition 6.5.1 Let E be a Banach lattice and (r;) denote the sequence of
Rademacher functions. A K-m.d.s. (d;) in F is said to have random positive equiv-
alence if L?(u, E) D (r; @ d;) ~ (d;) ~ (r; ® |d;|) € L?(u, E).

There is a special class of Banach lattice for which every unconditional K-
m.d.s. has random positive equivalence. Before we can define this class, we need to
give meaning to the expression (D ;- ; \a:i|p)1/p forl <p< ooandxy,x2,...,T, € F,
where F is an arbitrary Banach lattice. To achieve this, we use the functional cal-
culus of Krivine (cf. [60, 72]):

Proposition 6.5.2 Let x1,x9,...,x, be elements of a Banach lattice E.

(@) For 1< p < oo, (Sl ") 7 = sup { S i (S Joul)'/* < 1), where
1,1 _
;tg=1

(b) SUP1<i<n || = sup {33 cuwi 0 D00 [au| < 1}

The above proposition is consistent with the meaning of (37", |:vl-\p)1/ P and
SUP; <<y, [7i] when E is a scalar-valued function space. In view of the above func-

tional calculus, the following definition is justified:

Definition 6.5.3 Let E be a Banach lattice and 1 < p,q < cc.

(a) E is called p-convex if there is a constant M > 0 so that
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n 1/p n 1/p
(Z |xip> <M (Z Hxi||p> , ifl1<p<oo
=1 =1

or
sup [ail| < M sup [luil, it p=oo
1<i<n 1<i<n

for every choice of vectors x1, x2, ...,y € E. The smallest value of M for which

the above holds is denoted by M®)(E).
(b) E is called g-concave if there is a constant M > 0 so that

n 1/q n 1/q
(S} <o (o) | <0
=1 i=1

or
sup |[|lz;|| < M || sup |z;]||, ifg=o00
<i<n 1<i<n

for every choice of vectors x1,x2,...,x, € E. The smallest value of M for which

the above holds is denoted by M@ (E).

In [36, Theorem 16.17], it is shown that a Banach lattice E has finite concavity
if and only if it has finite cotype. It is important to note that, although a Banach
lattice may have cotype ¢ < co and concavity ¢’ < oo, the constants g and ¢’ are not
necessarily equal (cf. [36, p. 332]). We are interested in Banach lattices with finite
concavity, the reason being, the following generalization of the Khinchin inequality
(cf. [36, Theorem 16.11] and [74, 72]):

Theorem 6.5.4 (THE MAUREY-KHINCHIN INEQUALITY) Let 1 < ¢ < oo. IfE is a
g-concave Banach lattice, then for each 0 < p < oo, there are constants C1,Cp 4 > 0

so that, for every choice of n € N and x1,x2,...,x, € E, we have

n 1/2 n 1/2
& (Z |ZE¢|2> < < Gpg (Z |l‘z‘|2>
i=1 i=1

Here, (r;) denotes the sequence of Rademacher functions.

n

ZH@M

i=1

Ap

It can be shown that the above inequality holds in a Banach lattice F if and
only if E has finite concavity (or cotype). We can now show that any unconditional

K-m.d.s. in a Banach lattice with finite concavity has random positive equivalence.

Proposition 6.5.5 Let E be a Banach lattice with concavity ¢ < oo. Then ev-
ery unconditional K-m.d.s. in E has random positive equivalence. In fact, we have

L, Y) D (ri @ di) = (di) = (ri ® |di]) € L*(1, ).
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Proof. Let (r;) denote the Rademacher functions and suppose that (d;) is an un-
conditional K-m.d.s. in F with unconditional constant M. The Maurey-Khinchin

inequality, for p = 2, yields

" 1/2
Cy <Z |Oéidi!2> <
i=1

n 1/2
< Cayq (Z \Oéidz‘!2>
Ag

Z a;(r; ® d;)
i=1

i=1
and
C1 <Z |aidi’2> <D aimeldl)| < Cag (Z aidi|2>
i=1 i=1 Ay i=1
for all scalars o, ..., a,. Consequently, by Proposition 6.3.2(a), we have (r; ® d;) ~

(r; ® |d;|). Moreover, using the unconditionality of (d;), we obtain

i 12 . " 1/2
oMt (Z |Oéidi|2> < Z aid;|| < MCzq (Z |aidi|2>
i=1 i=1 =1

for all scalars a,...,ay,. Thus, L?(11,Y) D (r; ® d;) =~ (d;) =~ (r; ® |d;]) € L*(u,Y)
by Proposition 6.3.2(a), and the proof is complete. O

The spaces LP(u) have type min{2,p} and cotype max{2,p} for each 1 < p < o0
(cf. [4, pp. 126-127] or [72]). Moreover, Burkholder (and Gundy) showed in [13,
Theorem 9] that every classical m.d.s. in LP(u), for 1 < p < oo, is unconditional.
Thus, every classical m.d.s. in LP(u) has random positive equivalence provided 1 <

p < 00.

Theorem 6.5.6 Let E be a Banach lattice with cotype q < oo and (d;) C E an
unconditional K -m.d.s. . Then, the map R : A1) — (9(E), defined by R(e;) = e;®d;

for each i € N, is reqular and order continuous.

Proof. Since E has finite cotype, it also has finite concavity. Consequently, Proposi-
r;®@d;)

tion 6.5.5 implies that (d;) has random positive equivalence so that A(%) = A(

Ari®ldi]) (as sets). Moreover, Proposition 6.5.5 implies
L*(u, B) D (r; @ di) = (dy) = (r; ® |dy]) € L* (s, B).

Consequently, A(d) Ari®di) and Ari®ldil) are all isomorphic to each other. More-

over, since E is of cotype g < oo, it follows from Proposition 6.3.2(a) that
L*(u, E) D (r; ® di) > (e; ® d;) C L9(E)

and
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L2, E) D (r; ® |di|) > (e; @ |di|) € L9(E).

Consequently, the maps Ry, Ry : A\%) — ¢4(E), defined by

Ri((ai)) = (Z aie; @ |d;| + Zaiei & di>
i=1 i=1

and

| =

Ra((a;)) = <Z aie; ® |d;| — Zaiei ® dl-)
i=1 i=1
for all (o;) € A(%) are well defined, linear and bounded.
It follows from Rj((ay)) = .00, cvie; @ (df ), Ra((aw)) = Y 50, ae; @ (d;) and

(R1— Ro)((o)) = > aie; @ (4 ) = Y e @ (d;) = > cvie; @ di = R((ewi))
i=1 i=1 =1

for each (o) € Ald) that R = Ry — R, where Ry and Ry are positive; i.e. R is
regular.
Since Theorem 6.3.8 implies that A(%) has order continuous norm, the regularity

of R implies that R is order continuous. O

To apply the above result, we consider the [-tensor product of unconditional
K-m.d.s.’s.

6.6 The [-tensor product of unconditional martingale difference

sequences

If (&) is an unconditional Kj-m.d.s. in a Banach lattice E, relative to a positive
K-BS-filtration, and (7;) is an unconditional K-m.d.s. in a Banach space Y, then
it does not follow that (& ® 7;) is an unconditional K-m.d.s. in E®;Y. Indeed,
let £ = LP(u), (x;) denote the Haar system in F, Y = ¢; and (e;) denote the unit
vector basis in Y. Note that (;) is an unconditional m.d.s. in E relative to a positive
BS-filtration and (e;) is an unconditional m.d.s. in Y. By the result of Aldous in [1,
Theorem 1], Y is super reflexive if LP(u,Y’) possesses an unconditional basis. This
fact and Corollary 6.4.4 imply that if (x; ® e;) were an unconditional K-m.d.s. , then
£1 would be reflexive, which is certainly not the case. In sight of this, we pursue a
weaker result.

Recall that if £ and F' are Banach lattices. We denote the projective cone of
F® F by
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n
Ey @ Fy = {Z% ®yi ¢ (Ti,y:) € By ¥ F+}-
i=1

Moreover, Theorem 2.4.6 asserts that E®;F is a Banach lattice and that the positive
cone of E®Q;F is the I-closure of the projective cone E; ® F. Also, the theorem of
Popa (Theorem 2.5.2) implies that E@;F is an order continuous Banach lattice if
FE and F are order continuous Banach lattices. We use these results in the following

proposition.

Proposition 6.6.1 Let X and Y be Banach spaces. If (§) C X and (n;) CY are
both unconditional K -m.d.s. ’s, then (e;®e;) is an unconditional basis of A&)@; A3

with unconditional constant one.

Proof. By Lemma 6.3.7, we have that (e;) and (e;) are unconditional bases of the
respective Banach lattices A&) and A, It follows from the above remarks that
A& @, AM) is a Banach lattice with positive cone the I-closure of the projective
cone Agfi) ®AS:“ ). Corollary 6.4.3 implies that the sequence (e; ® e;) with the square

ordering is a basis of A)®; A1), We claim that

(A& @AMy, = Z aij(e; ®ej) oy > 0 for each i, € N 5. (6.2)
1,j€EN

Indeed, it is clear that a;; > 0 for each 4, j € N implies that }_, ;o aij(e; ® e5) > 0.
Conversely, suppose »_; ;o @ij(e; ® €j) > 0, we wish to show that a;; > 0 for each
i,7 € N. Let 4,5,r,s € N and assume j # s. Using the fact that ® is a Riesz
bimorphism, i.e. [z ®y| = |z|®|y| for all (z,y) € Ex F (cf. [47] and [69]), we deduce
(ei @ e;) A (e, @ e5) = 0 from the mutual disjointness of (e;) C A™). Similarly, if
i # 7, then (e;®e;)A(e,®es) = 0 follows from the mutual disjointness of (e;) C A&,
Thus, (e; ® e;) is a mutually disjoint set so that

Yoalei@e) =Y aglei@e)| = Y |yl @ ep),

3,7EN 1,JEN 1,JEN
giving a;; > 0 for each 4, j € N. This proves (6.2).

By Theorem 6.3.8 we have that A®) and A®) are order continuous Banach
lattices. Thus, by the theorem of Popa, A%)®;AM) is also an order continuous
Banach lattice. It now follows from (6.2) and Corollary 6.3.9 that (e; ® e;) is an
unconditional basis of A&)®; A1),

To see that the unconditional constant of (e; ® e;) is one, let § = (0;;) be any
choice of signs and » _; ;- @ij(e; @ e;) € A&)@; A1), Then, using the fact that | - ||;

is a Riesz norm on A&, A" we obtain
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My | D aglei®ey) ||| =| D bycusei@e))

i,jEN I i,jEN ;

=D lalles@ey)|| =D aijlei@ey)
1,JEN I 3,JEN I

Hence, { My} is uniformly bounded by one. This completes the proof. O

For the unit vector basis (e;) C £7, we have A¢) = ¢P for all 1 < p < oco. Thus,

we have the following corollary.

Corollary 6.6.2 Let Y be a Banach space and (y;) C 'Y be an unconditional basis
(basic sequence). Then (e; ® y;) is an unconditional basis (basic sequence) of (P(Y')

for all1 <p < 0.

Since the spaces (2®,¢% and £?>®.¢% are not Banach lattices, we obtain the fol-

lowing negative result, found in [49]:

Corollary 6.6.3 The sequence (e; ®e;) is not an unconditional basis of >®,0% nor
P2

From the above discussion, it follows that the basis (e; ® e;) C ACD R0 s
not equivalent to the basis (x; ® e;) C LP(u,¢'). The reason is that the order
structure of LP(u) differs from the order structure of AX) | and plays a large role
in calculating the [-norm. This leaves us with a question: What is the relationship
between AX) @01 and LP(u,£Y)? In the results that follow, we will provide some

partial answers.

Theorem 6.6.4 Let E be a Banach lattice with cotype q < oo and Y a Banach
space. Assume (&) C E is an unconditional Ki-m.d.s. , then for any sequence

(77j) CY we have
A(&z‘)élA(nj) D) (ei ® 6j) — (<6Z & fz) & 77j) C gq(E)élY

Moreover, if (&) is an unconditional K1-m.d.s. relative to a positive K1-BS-filtration
and (n;) C Y is an unconditional Ko-m.d.s. , then (e; ®e;) is an unconditional basis

of A, AM) and ((e; ® &) @ n;) C LU(E)&,Y is an unconditional K-m.d.s. .

Proof. Let (n;) C Y be asequence. Let S denote the linear map from A&) into ¢(F)
with S(e;) = e; ® & for each ¢ € N and T denote the co-ordinate map from Al5)
into Y. Note that T has norm one. By Theorem 6.5.6, we have that S is bounded
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and regular. Thus S = 51 — S5 where S1 and Sy are positive maps. Since the I-norm

is a left order uniform crossnorm, the map
ST : A& @, Am) M(E)® Y

is bounded because ||[SQT|| = [|S1QT —=S2@T|| < ||S1TI1+|S2/||T]| = ||S1l|+]S2-

Thus, the unique continuous extension

ST : A& AM) — 11(B)&Y (6.3)
has the properties (S ®; T)(e; ® e;) = (e; ® &) ® n; for each 4, j € N and

1S @ TN < [[S1]l + (12l := Ks < oc. (6.4)

This shows that (e; ® €;) > ((e; ® &) ® n;).

To complete the proof, assume (1;) C Y is an unconditional Ky-m.d.s. , (&) C E
is an unconditional K;-m.d.s. relative to a positive K;-BS-filtration (7;) and let (P,,)
denote the natural projections associated with the basis (e;) C ¢9. Then, Theorem
3.4.4 implies that (P; ® T;) is a positive K;-BS-filtration on ¢4(E). It is evident that
(e; ® &) C VI(E) is a Kj-m.d.s. relative (P; ®; T;). Hence, Proposition 6.4.2 implies
that ((e; ® &) ® 1), with the square ordering, is a K-m.d.s. in £9(E)®;Y . To prove

unconditionality, observe that
(E)®Y O (e @ &) @nj) = (e ® &) ® ej) C L1(E)@ A,

and (e; ® &) ® ;) is a mutually disjoint sequence in £9(F); AM).
Lastly, Proposition 6.6.1 implies that (e; ® e;) is an unconditional basis of
Ald) g, AW O

Corollary 6.6.5 Let1 < p < oo and (d;) be a classical m.d.s. in LP(p) and (y;) CY
be a basic sequence. Then there exists a constant K > 0 for which
max{2,p} 1/ max{2,p}
o il [ D sy <K Y iy ds
ieN jEN ieN ||jeN ,

holds for any choice of finitely supported scalars (cj).

Proof. Since (d;) is a classical m.d.s. in LP(u), it follows that (d;) is an unconditional
m.d.s. relative to a positive BS-filtration. Also, recall that LP(u) is a Banach lattice
with cotype max{2, p}. Hence, the conditions of the above theorem are satisfied and

we have

AR AW 5 (e; @ e5) = ((e; ® di) @ y;) C £ZPYLP ())&, Y-



6.6 The I[-tensor product of unconditional martingale difference sequences 145

More precisely, let S denote the map from A(@) into ™2} (LP(11)) defined by
e; — e; ® d; for each © € N, T denote the co-ordinate map from AWi) into Y and
U denote the co-ordinate map from A(%) into E. By the above theorem, the map
ST given by (6.3) is bounded. Note that ||S®;T|| is less than the constant Kg > 0
defined in (6.4). Thus,

D aij((ei@d) @yy)|| < Ks | Y aujlei®@e;) (6.5)
i,JEN I i,jEN I

for every choice of finitely supported scalars (a;j). The result now follows from
calculating the [-norm in the above inequality. Indeed, let n = min{k € N : (4,7j) €
Sk V a;; # 0}, then we may write

Z aij((ei®d ®yj Zzam ez®d ®y])

(i,§)€Sn i=1 j=1
where m = max (S, \ Sp—1) and «;; = 0 for each (4, j) € S,,2 \ Sp. On the left hand
side of inequality (6.5) we have, by Theorem 2.3.1(b) and the mutual disjointness of
(e; ® d;), that

Y alleied) @yl =D (ei@di) @ Zawy]
(i,7)ESn ! =1 1
= |[sup Z<Zaijyj,y*><ei®di> Ayl <1
=1 \j=1 gmaX{Q,P}(LP(p,))
= Z Zaijyj (e: @ |dyl)
i=1 ||j=1

fmex(2) (L2 (1))
max{2,p} 1/ max{2,p}

m m
=D ldilly (Y e
i=1 j=1

Similarly, by Theorem 2.3.1(b) and the positive mutual disjointness of (e;) in A(®),
we obtain from the right hand side of inequality (6.5)

m
Ks|| D ailci®e)| =Ks|) e@ Z%BJ
(’i,j)ESn l =1 l
- K Z<Z%eg, > <1
=1

Aldy)

m m

m m
=Kg Z Zaijej € < Ks|U||IT | Z Zaz]y] d;
i—1 1||j=1

J=1 AW || 4wy i= »
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Setting K = Kg||U™!|||T7!|| completes the proof. O

Corollary 6.6.6 Let 1 < p < oo and (d;) be a classical m.d.s. in LP(u). Then there

exists a constant K > 0 for which
max{2,p}\ 1/ max{2;p}

S il || ey <KD eyl di
€N JEN 4,J€EN »

holds for any sequence (y;) CY and choice of finitely supported scalars (cj).

Proof. Let (y;) C Y denote any sequence. Using the same notation as in the proof
of Theorem 6.6.5, there is a constant Kg > 0 given by (6.4) such that (6.5) holds for
every choice of finitely supported scalars (a;;). Since Kg depends only on the map
S and not on the map T, a moment’s reflection reveals that Kg is independent of
the sequence (y;) C Y. Thus, (6.5) holds for any sequence (y;) C Y and choice of
finitely supported scalars (c;;). As in the proof of the above theorem, the result now
follows from calculating the [-norm in inequality (6.5), but with one small difference.
Indeed, the left hand side of (6.5) is calculated in the same manner as in Theorem
6.6.5. For the right hand side of (6.5), use the positive mutual disjointness of (e;) in
A) to obtain

m m
Kg Z Oéij(ei ® ej) = Kg Z <Z ozije,-> X e;
i,jeN ; j=1 \i=1 ;
m m m m
<Ks|[> 1> aseil lejllop||  =Ks ||y (Dame@-) Iy
j=1li=1 A(d) j=1 \i=1 A(ds)
m m m m
=Ko || D D lewjusll | e <KUY DD eyl | di
i=1 \ j=1 A(ds) i=1 \j=1 »

= Ks| UM D lleijyslidi
i,jEN

p
Since the constant K| U~!| is independent of the choice of sequence (y;) and scalars

a;j), setting K = Kg||U™!|| completes the proof. O
j g

In particular, suppose 1 < p < oo and (d;) C LP(u) is a classical m.d.s. . Then
there is a constant K > 0 such that

" 1/ max{2,p}
(Z Nyl ||di]|p)max{2ﬁp}> K

=1

n
> il
i=1

holds for every choice of finite sequence ¥y1,¥2,...,¥n. 10 access a similar, reverse

p

inequality we resort to a duality argument.
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Definition 6.6.7 Let Y be a Banach space and (z;) C Y be a basis.

a) The functionals (zF) C Y* defined by (z;,z%) = §;; for each 4,5 € N are said to
7 7 J
be biorthogonal to (x;).
(b) The basis (z;) is said to be shrinking if () is a basis of Y™*.

(c) The basis (x;) is said to be boundedly complete if for every sequence of scalars

(o) such that sup,ey [|> o asxi]| < oo, the series )7 | a;x; converges.

Observe that if (z;) is a basis of a Banach space Y, then the functionals (x})
biorthogonal to (z;) form a K-m.d.s. relative to the dual filtration (T7*), where K
is the basis constant of (z;). Although (z7) is a basic sequence, (z}) need not be a
basis of Y*. Indeed, in order for (z}) to be a basis of Y*, it is necessary for Y* to
be separable. So, if Y = ¢!, then the functionals biorthogonal to (e;) are not a basis
of £°°.

It can be shown that if (z;) is a shrinking basis of the Banach space Y, then
the functionals («}), biorthogonal to (x;), form a boundedly complete basis of Y*.
Moreover, if (z;) is a boundedly complete basis of Y, then Y is the dual of a Banach
space with a shrinking basis and (x;) is biorthogonal to this basis (cf. [71, Proposition
1.b.4]). Combining the notions of shrinking and boundedly complete, one can show:
A Banach space Y with basis (z;) is reflexive if and only if (z;) is both shrinking

and boundedly complete (cf. [71, Theorem 1.b.5]).

Proposition 6.6.8 Let Y be a Banach space, (x;) CY a shrinking unconditional
basis and (x}) C Y™ denote the functionals biorthogonal to (z;). Then

AGD S (e) = () © (AW,

)

where (e]) C (A@)Y* denotes the functionals biorthogonal to the unconditional basis
(e;) € A@). Moreover, the isomorphism A®) — (A@))* defined by e; — ef for

each © € N, is a surjective Riesz isomorphism between Banach lattices.

Proof. Let S denote the co-ordinate map from A®) onto Y and consider its adjoint
S* . Y* — (A@))* Then

(ej, S*x}) = (Sej, x7) = (xj,27) = di5 = (ej,€;)

for each 4,5 € N shows that S*a} = e} for each i € N. Thus, Y* D (z}) > (ef) C

)

(A®))*, Similarly, the bounded linear map (S~1)* : (A®))* — Y* has the property
(S~Y)*er = a} for each i € N. Consequently, Y* O (x}) ~ (ef) C (A@))*. Thus,

K3 K3

ACD S () = (o) = (€) € (ACD)"

(2 K3
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Since (x;) is unconditional, (x}

quently, A®) and (A®))* are Banach lattices by Theorem 6.3.8. Let T : A7) —
(A®))* be the isomorphism onto [e}] defined by Te; = e¥ for each i € N.

) is an unconditional K-m.d.s. in Y*. Conse-

We now show that T is a Riesz isomorphism between Banach lattices. It is evident
that 0 < >°%°, ayel € (A@))* when a; > 0 for each i € N, since e} > 0 for each
i € N. Conversely, let 0 < f* € (A®))*. Then

o0 o0
(@, f*) = <Zaiei,f*> = <$7Zf*(ei)e%k>

i=1 i=1
for each x = Y°0°, ce; € A@). Thus, f* = >25°, f*(e;)e} converges in the weak*
topology, with f*(e;) > 0 for each ¢ € N. Since (z;) is a shrinking basis, so is
(e;) € A@). Consequently, [ef] = (A@))* and f* = 32, f*(e;)e} converges in the
norm topology. It follows that 0 < Y°°° asel € (A@))* if and only if a; > 0 for
each i € N. Thus, T is a Riesz isomorphism from A onto (A®))*. O

Theorem 6.6.9 Assume E is a Banach lattice with type p and cotype q where 1 <
p <2< q<oo. Let (&) C E be a boundedly complete unconditional basis and 'Y a

Banach space. Then, for any basic sequence (n;) C 'Y, we have
F(E)Y@Y D ((ei @ &) @ny) = (e @ ej) = ((e; ® &) @ n;) CLU(E)@,Y,
where (e; ® e;) is the basis of AR, A - In particular, if p= q = 2, then
AR AL S (e @ ¢5) = (e ® &) @ my) C L(B)BLY,

Proof. Since (&;) C E is a boundedly complete basis, E has a predual F' with a
shrinking basis (b;) so that (&;) is biorthogonal to (b;). Since E has type p, it follows
that F** and F' have cotype p* where % + 7% =1.

Let S denote the linear map from A®:) into 7" (F**) with S(e;) = e; ® b; for each
i € N. By Theorem 6.5.6, we have that .S is bounded and regular. Thus, S = 51 — .5
where S1 and Sz are positive maps. Consequently, S*|m(g) @ (P(E) — (A®Y* is

regular, because S* = (51 — S2)* = S — S5 where S} and S5 are positive. Since
(€, 5"(ej ® &) = (Sei, ej ®Ej) = (e ® by, e ® Ej) = 6ij = (eis €])

for all i, j € N, we have S*|p(g)(e; ® &;) = e for each i € N, where (e]) C (A
are the functionals biorthogonal to the basis (e;) C A®i)  Proposition 6.6.8 implies
the existence of a positive bounded linear map U : (A®))* — A&) with Ue! = ¢;
for each 7 € N. Consequently, the map U o S*|sp(p) : (P(E) — A&) is regular with

(U o S*|gp(py)(ei @ &) = e; for each i € N.
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Now choose any basic sequence (n;) C Y and let T denote the co-ordinate map

from A) onto [n;]. Since the I-norm is a left order uniform crossnorm, the map

(U0 S* () @T " : P(E) @[] — AG) @ AM)
is bounded because

1V 0 $*loni) © T = (U 0 Silongiy) © T~ = (U 0 S5lon(i) @ T

< OINT=HIAS + (1821

Thus, the unique continuous extension

(U 0 S*|ow)) @1 T™1 : P(B)&y[n;] — A @A)
has the properties ((U o S*|p () @ T71)((e; @ &) ® 1) = (es ® e5) for each i,j € N.
Since (P(E)®;[n;] is a closed subspace of £7(E)®,Y, this shows that

PE)SY O ((6; ® &) @my) = (e; @ e5) C AGI@AM),

Lastly, since E has cotype ¢, it follows from Theorem 6.6.4 that A&)@;Ai) >
(6,‘ &® ej) — ((61 X fz) X 77]‘) C ﬁq(E)élY. |

Using the proof of Corollary 6.6.5 and, bearing in mind that LP(u) has type
min{2,p} and cotype max{2,p}, Theorem 6.6.9 specializes easily to the following

corollary.

Corollary 6.6.10 Let (d;) be a m.d.s. basis of LP(p) where 1 < p < oo. If (y;) CY

s a basic sequence, then there exists a constant K > 0 for which
max{2,p} 1/ max{2,p}

KDY ldillp || cigys <D 11> cuvs|| di

ieEN jEN 1€N [[jeN »

min{2,p} 1/ min{2,p}

<K | Y dillp | cigy

ieN jEN

holds for any choice of finitely supported scalars ().

If (d;) is a normalized m.d.s. basis of LP(u), then the above inequality becomes
max{2,p} 1/ maX{Q,p}
KN 2|2 e < 122 |2 o di
i€eN ||jeN i€N ||jeN »
min{2,p}\ 1/ min{2.p}
<K ||y :

ieN ||jeN

which is consistent with inequalities (1.9) and (1.10) in [4, p. 128].
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6.7 Notes and remarks

We regret to announce that there is a mathematical error in [29, p. 1300], which
adversely effects the Abstract, Theorems 5.2 and 7.2, and Corollaries 7.3 and 7.4 of
that paper.

We recall that if X and Y are Banach spaces, a sequence (x;) C X is said to
be equivalent to a sequence (y;) C Y provided, for all scalar sequences («;), we
have ), a;x; convergent < > 2, ayy; convergent. If (z;) C X is a basic sequence
that is equivalent to a sequence (y;) C Y, then there exists a constant K such that
|30 ]| < K| >°0 ayzg|| for any choice of scalars aq,...,a, and n € N (see
Theorem 6.3.2).

We noted in [29, p. 1300] that the following inequality holds: For any un-
conditional basic sequence (x,) C LP(u) with unconditional constant M, where

1 < p < o0, there exist constants K7 and K, (K, dependent on p) for which

n 1
Zaﬂz’ < /
=t ey 70
n

3o

=1 LP(p)

holds for all scalars ai,...,a, (where (r;) denotes the sequence of Rademacher

n

D rilt)aila]

i=1

Ki(MK,)™" dt

L (p)

< KT W(MK,)

functions). Using the unconditionality of (x;) and the above inequality, we con-
cluded (incorrectly) that (z;) is equivalent to (|x;|). This conclusion arose from our
erroneous interpretation of the word ‘equivalent’ used in [4, p. 128]. Our conclusion
is easily seen to be true when (z;) is a mutually disjoint sequence. But, in general,
this is hardly the case, as the following simple counterexample shows.

Let (r;) € L?(u) denote the sequence of Rademacher functions. Since (r;) is
equivalent to the unit vector basis of £2, it follows that (7;) is an unconditional basic

sequence. If our claim were true, then there exists a constant K > 0 such that

n n
2_ailri D> airi
=1 =1

for any choice of scalars ay,...,a, and n € N. But then

" n n n 1/2
Z 1 Z |74 Zm =K (Z /1r§(t) dt) — Knl/?
= =1 i=1 g =170

for all n € N, which is absurd.

<K
2

2

n =

<K
2

2

The above note appears in the corrigendum [27]. The results in Section 6.5 and

Section 6.6 serve as a correction to [29].



7

Stopping times

7.1 Introduction

An important notion in probability theory is that of a stopping time (cf. [45, 44]). In
this chapter, we add the notion of a stopping time to Troitsky’s theory of martingales
in Banach lattices (cf. [101]). Bounded stopping times in Riesz spaces have been
studied in [62]. Our aim is to extend this theory to unbounded stopping times in
the Banach lattice setting. To achieve this, we use the results of Witvliet, studied in
Sections 1.5 and 1.6.

In Section 7.2, we recall the classical definitions of a stopping time (adapted
to a filtration) and a stopped process. After reviewing some basic properties of
these definitions, a generalized definition of a stopping time in a Banach lattice,
adapted to a positive BS-filtration, is deduced. Our definition of a stopping time
differs slightly from the definition in [62]. We also consider a stopped process in a
Banach lattice, with respect to a stopping time adapted to a positive BS-filtration. A
natural ordering on the set of all stopping times, adapted to a positive BS-filtration,
is discussed. This allows us to consider nets of stopped processes in a Banach lattice.

Section 7.3 contains the connection between stopping times in a Banach lat-
tice and the theory of Schauder decomposition and multipliers. It is shown that a
stopping time in an order continuous Banach lattice is an unconditional Schauder de-
composition. Thus, using the multiplier theorem of Witvliet (Theorem 1.5.8), we are
able to define a stopped martingale in an order continuous Banach lattice, with re-
spect to an unbounded stopping time, adapted to a positive R-bounded BS-filtration.
This gives rise to an optional stopping theorem for unbounded stopping times. For
positive R-bounded BS-filtrations, this theorem states that a net of stopped martin-
gales in an order continuous Banach lattice, indexed by a directed set of unbounded
stopping times, is again a martingale. The section concludes with a characterization

of convergent nets of stopped martingales in an order continuous Banach lattice.
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The theory of unbounded stopping times is restricted to positive R-bounded filtra-
tions. By the Stein inequality (Corollary 1.6.7), classical filtrations on LP(u) are
R-bounded when 1 < p < o0.

The theory in Section 7.3 is formulated on an order continuous Banach lattice
E. In Section 7.4, we extend this theory to the I-tensor product E®;Y, where Y is
a Banach space. With an optional stopping theorem for F®;Y at hand, we are able
to characterize convergent nets of stopped martingales in E®;Y in a similar fashion
to the results in Section 5.3.

Lastly, in Section 7.4, we apply the above techniques to unconditional Schauder
decompositions in the Lebesgue-Bochner spaces. Bourgain noted in [9] that if ¥
is a UMD space with an unconditional basis, then LP(u,Y’) has an unconditional
basis for 1 < p < oco. We generalize this result to stopping times. We show that if
Y is a UMD lattice possessing a stopping time, then the Schauder decomposition
of LP(u,Y'), formed from the product of any martingale decomposition of LP(u,Y)
with this stopping time, is unconditional. The results in this chapter are original

and have appeared in [30].

7.2 Stopping times in Banach lattices

We first recall some basic definitions and results on stopping times from [44, 45].

Throughout, let (2, X, 1) denote a finite measure space.

Definition 7.2.1 Let (X;) denote a filtration and 1 < p < oco.

(a) A stopping time adapted to (X;) is a map 7 : 2 — N U {oo} such that
= 1({1,...,i}) € X; for each i € N. A stopping time 7 is said to be bounded
if there exists n € N such that 7(w) < n almost everywhere on (2, i.e. up to sets
of measure zero, 7 1({1,...,n}) = .

(b) If 7 is a bounded stopping time and (f;) C LP(p) is a sequence, both adapted to
a filtration (X;), then the stopped process is the pair (fr, X;) where

fT:ZXT—l({i})fi and X, = {AC QZAOT_I({i}) EEZVZQN}
i
(c) The set of all stopping times adapted to the filtration (X}) is denoted by T*. The
subset of T* consisting of all bounded stopping times is denoted T.

We define a partial ordering on T* as follows: If 0,7 € T*, define ¢ < 7 if and
only if o(w) < 7(w) for almost all w € (2. It is easily verified that if o,7 € T are

(bounded) stopping times, then oV 7 and o A 7 are again (bounded) stopping times.
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Doob’s optional stopping theorem (cf. [86, 100]) asserts that for a martingale
(fi, 2i) in LP(u) and 0,7 € T with ¢ < 7, we have f, = E(f: | X,). Consequently, if
D C T is a directed set, the sequence (fr, X;)rep is a martingale.

There is a correspondence between a bounded stopping time 7 adapted to a
filtration (X;) and a commuting sequence (P;) of linear band projections on LP(u),
as was established in [62].

Indeed, for f € LP(u), define the projection P;f = f-X;-1(f1,..4}) for each i € N.
Then, for i < j and 0 < f € LP(u), the inequality 0 < Pf < Pjf < f gives
0 < P < Pj <idpp(,), which implies (P;) is an increasing sequence of (contractive)
band projections on LP(u).

Also, notice that 771(N) = 2. Hence, sup; P;f = sup; Xr—1({1,...inf = xef =f
for all 0 < f € LP(u). Moreover, (P;) satisfies PjP; = Pj5;. This follows directly

from identity

Xr=1({1,...i}) " X7=1({1,...,5}) = Xoe—1({1,...ia)nm=1({1,....;}) = X7=1({1,...,iAj})"

Lastly, since 771({1,...,i}) € X; for each i € N, it follows from (1.2) that

PE(f|2) = Xr—1(q1,..ihE(f 1 X)) = EQOG-1¢qu,..ip f | 25) = E(Bif| X))

for all i < j and f € LP(u).

Thus, a stopping time 7 adapted to a filtration (X;) is an increasing sequence
(P;) of commuting band projections on LP(u) for which T;P; = P;Tj for all i < j,
where each T := E(-| X;). Furthermore, if 7 is bounded, then there exists ng such
that P, = ide(#) for all 1 > ng.

Motivated by the above observations, we formulate a definition for a stopping

time on a Banach lattice:

Definition 7.2.2 Let E be a Banach lattice with the projection property and let
(T;) be a positive BS-filtration on E. A stopping time on E adapted to (7T;) is a

sequence of band projections P = (P;) satisfying the following properties:

(a) PZP] = Pi/\j for all 1,7 €N,

(b) T;P; = P;Tj for all i < j, and

(¢c) Pif 1 fforall feE,.

We say that P is a bounded stopping time if there exists an ng € N such that P, = idg

for all ¢ > ng. We say P stops at m € N if m is the least natural number for which

P,, =idg. For ease of notation, we will always assume Py = 0.
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Note that a stopping time is nothing more than a specialized BL-filtration. Let
(fi) be a sequence adapted to (X;) and consider the stopped process (fr, X) where
7 is a bounded stopping time. For each i € N and A € X, it follows from (1.2) that

/ Xomt(qnE( | Z5) dps = / E(f] 5:) dj = / £ du
A Anr—1({i}) AnT=1({3})

:/AXT—I({@'})fdMZ/AE(Xf—l({z})ﬂEr)dM

Hence, E(x;-1gipf127) = Xe1(pE(f [ 25) = E(-1ip S 2i) almost every-
where. Thus, for each f € LP(u), we obtain

E(f]X7) (Z Xr—1({i}) ‘ ) = ZE(XT—l({i})ﬂET)
i—1

= ZXrl (ipEf [ Z5) = Z(R —P1)T;f  (see also [62]).

=1
ThlS observatlon leads to a natural definition for a stopped process in a Banach

lattice.

Definition 7.2.3 Let E be a Banach lattice with the projection property and let
(fi) C E be a sequence adapted to a positive BS-filtration (7;) on E.

(a) We denote the set of all stopping times adapted to (7;) by T* and the set of all
bounded stopping times adapted to (T;) by T C T*.
(b) Let P € T. We define the stopped process to be the pair (fp,Tp), where

oo

fr= Z(Pz - D) fi

=1

and Tp is the bounded linear operator defined by
Tpf=>» (Pi—P,1)T;f forall f€E.
i=1

This definition also applies to P € T*, if (fp, Tp) exists.

The partial ordering on the set of all stopping times T* adapted to some positive

BS-filtration translates to the following: If P = (P;), Q = (Q;) € T*, then
P< Q<= Q; <P foreachieN.

Indeed, if 7,0 € T* with 7(w) < o(w) almost everywhere, then {w € 2 : o(w) <
’L} C {w € T(w) < i}, showing that Xo—1({1,...i}) < Xr=1({1,....i}) for all « € N.
Thus, PV Q = (P,Q;) and PN Q = (P, + Q; — PiQ;) (cf. [73, Theorem 30.1]). It is
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easy to verify that T* is a lattice with respect to this partial ordering, and that T is
a sublattice of T*.

It is obvious that Tp is a positive projection. In the case where F = LP(u),
Tp = E(-|X;) is also a contractive projection. This implies that suppcr [|[Tp]] = 1.
It is not clear that this property holds in a general Banach lattice. We, therefore,

make additional assumptions.

7.3 R-bounded filtrations on Banach lattices

If (7;) is a positive BS-filtration on a Banach lattice E, we at least require the
collection {Tp} per be uniformly bounded. To achieve this, we pass to the theory of

unconditional Schauder decompositions.

Proposition 7.3.1 Let E be a Banach lattice with order continuous norm and (F;)
a (not necessarily bounded) stopping time adapted to some positive BS-filtration on
E. Define the sequence of operators (D;) on E by D; = P; — P,y for each i € N.
Then (D;) is an unconditional Schauder decomposition with unconditional constant

one.

Proof. Due to the fact that P, P; = P;5; for all 4, j € N, the D;’s are bounded linear
projections with D;D; = 0 whenever i # j. Since (P;) is a stopping time, P;f T f
for all f € E,. Thus, by the order continuity of E, we have || f — P;f|| — 0 for all
f € E.. For f € E, note that Y _, Dpf = P,f = Pift —Pif~ — ft —f~ = fas
i — 00. Thus, (D;) is a Schauder decomposition.

For unconditionality, let (k;) denote a strictly increasing sequence of natural
numbers. For f € E,, we have the increasing sequence (Z;Zl Dy, )32, bounded
above by f. Since order continuity implies Dedekind completeness, it follows that
sup; Z§:1 Dy, f € E. Using the order continuity of F again yields || sup,, Z?Zl Dy, f—
> i1 Di;fll — 0 as i — oco. From this, we infer that > 72, D;f is sub-series
summable for every f € E. The unconditionality of (D;) follows from Theorem
1.4.2.

Lastly, let (0) denote any choice of signs. Notice that D; = P,— P,_1 < P, < idg
for each i € N. Hence, (D;) is also a sequence of band projections. It follows from
[106, Corollary 32.4] that, for any f € E, |D;f| AN |D;f| = Di|f| A D;j|f| = 0 for
i # j. Thus, |5y OxDif| = Yoy [0k Drf| = 4y IDif| = [ 2oy Dif]. Since
the norm on F is a Riesz norm, || 22:1 0D f] = | 22:1 Dy f||, which completes
the proof. 0O
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Classical examples of Banach lattices with order continuous norm are the spaces
LP(p) for 1 < p < oo.

It is impossible to have dim R(D;) = 1 for all i € N when 1 < p < oo, unless the
underlying measure space is purely atomic.

Indeed, for 1 < p < oo (p # 2), it would imply that LP(x) has an unconditional
basis with unconditional constant one. This contradicts the fact that the Haar system
is the unconditional basis of LP(u) with smallest unconditional constant p Vv (1%) =
1> 1 forp # 2 (cf. [15, 17, 18]). When p = 2, the divergence of Y ;2 6;D; f in L" (1)
for some choice of signs (6;), 1 <r < p and f € L"(u) implies divergence in L?(u).
The case p = 1 is covered by [71, Proposition 1.d.1], which asserts that L'(u) is not
isomorphic to any subspace of a Banach space with unconditional basis.

In what follows, we will consider stopping times adapted to positive R-bounded
BS-filtrations on order continuous Banach lattices. Recall that if (X};) is a classical
filtration, then Corollary 1.6.7 implies that the sequence of operators (E(-|X;)) on
LP(u) is R-bounded when 1 < p < oo. This is sufficient for the convergence of a
stopped process with respect to an unbounded stopping time. For convenience, we
recall Theorem 1.5.8.

Theorem 7.3.2 (CLEMENT-DE PAGTER-SUKOCHEV-WITVLIET) Let (D;) be an
unconditional Schauder decomposition of the Banach space Y, with unconditional
constant K. Suppose that T C L(Y) is R-bounded with R-bound M. If (T;) C T s
such that T;D; = Dy T; D; for all i € N, then the series

o0
St .= Z T;D;x
=1

1s convergent in'Y for all x € Y, and defines a bounded linear operator S :Y — Y

with ||S|| < K2M.

In the context of stopping times on order continuous Banach lattices, the following

theorem is now immediate:

Theorem 7.3.3 Let E be an order continuous Banach lattice and (T;) a positive
R-bounded BS-filtration on E with R-bound M. If P = (FP;) is a (not necessarily
bounded) stopping time adapted to (T;), then

o
Tpf:=> (Pi—P)Tif
i=1
for all f € E defines a bounded linear projection with | Tp|| < M. Consequently,
supper- |Tpll < M.
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Proof. The proof is a direct consequence of Proposition 7.3.1 and the fact that T; is
a projection that commutes with P; for all i € N and j <. 0O

This yields an optional stopping theorem for unbounded stopping times:

Theorem 7.3.4 Let E be a Banach lattice and (T;) a positive BS-filtration on E.

Then the following statements hold:

(a) If E is order continuous and (T;) is R-bounded, then Tp = TpTg = ToTp for
P,Q e T* with P < Q.

(b) If E has the projection property and (f;) is a martingale relative to (T;), then
fp=Tpfo for P,Q €T with P < Q.

(c) If E is order continuous, (1;) R-bounded and (f;) a fized martingale relative to
(T3), then fp,fo € E and fp = Tpfo for P,Q € T* with P < Q. Moreover,
supper- || fp|| < oo.

Proof. (a) Let P = (P;),Q = (Q;) € T* with P < Q. Since F has the projection

property, it follows that

(Pj - Pj—l)(Qi - Qi—l) = (Qi - Qi—l)(Pj - Pj—l)

for all 4,5 € N (cf. [106, Theorem 32.1]). Moreover, since P < Q and m < n imply
Qm < P, it follows that P,,Qy = QmP, = Qn for all m,n € N with m < n.
Consequently, for ¢ +1 < j, we have

(Qi — Qi—1)(Pj — Pj_1) = QiP; — Qi1 Pj — QiPj—1 + Qi—1Pj1

=Qi — Qi1 — Qi + Qi
=0.

These observations, together with the identities

o T;P; = P/T;,

o Ti(Qi—Qi1)=(Qi —Qi1)T;,

o T;(P;— Pio1) = (P~ Pi_y)T; and

o T =TT =T,

for all 7,5 € N with j <1, yield
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n n
( (Qi — Qi-1) )<Z (Pj — Pj-1) )f
i=1 j=1

=Y (Qi— Qi) (P — P_)Tif = ZZT — Qi_1)(Pj — P_y)Tyf

zl]l 1131

—ZZT = Qi—1)(Pj = Pj)T;f = ZZ — Qi_1)(P; — Pi_y)T/T f

zl]l i=1 j=1

—;z:l —Qi—1)(Pj — P11 f = (g(Qi_Qi—ﬁ)(é(Pj_Pj—l)TJ)f

0. ( X pn) s

j=1
for all n € N and f € E. Taking the limit as n — oo, Theorem 7.3.3 and Proposition
7.3.1 imply ToTp f = Tpf. Similar reasoning yields

n

<;(Pj - le)Tj) <§;(Qi - Qil)Tz)f

n 7

—ZZT Qi ~ Qi)Tif =Y Y TiTH(P; — Pi1)(Qi — Qio1)f
i=1 j=1 i=1 j=1

=3 ) TP = Pia)(Qi— Qi) f = (Z(Pj - Pj_lm) (Z(Qi - Qi_n)f
=1 j=1 j=1 i=1

= <Z(Pj - le)Tj> Qnf,

j=1
for all n € Nand f € E. Taking the limit as n — oo, another application of Theorem
7.3.3 and Proposition 7.3.1 shows TpTo f = T’p f. Consequently,

TTpf =Tpf =TpTof

for all f € E. This completes the proof of (a).

(b) If Q stops at n € N, then P stops at m € N for some m < n. Thus, for a
martingale (f;) relative to (7;), it follows from the proof of (a) that

TpfngpZ( —Qi1)fi = TPZ — Qi) Tifn = TpTofn = Trfn

o0

Z (P, = Pi)Tifo =Y (Pi—= Pia)fi = fp.

=1

(c) Assume for some f € E, f; =T;f for each i € N. Then,
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[e.9] o0

fo= Z(Qz - Qi1)fi = Z(Qz —Qi)Tif =Tof € E,

i=1 i=1
by Theorem 7.3.3. Similarly, fp = Tpf € E. By (a) we have fp =Tpf =TpTof =

Tpfo. Lastly, observe that supper- [|fp|| = supper- [|Tpf]] < supper- | Tpll[[f]] <
00, by Theorem 7.3.3. O

Corollary 7.3.5 Let E be an order continuous Banach lattice and (T;) a positive
R-bounded BS-filtration on E with R-bound M. Then for any directed set D C T*
we have that {Tp}pep is a M -BS-filtration on E.

The uniform boundedness of {Tp } per is essential for the next convergence result,

which resembles Corollary 3.2.7.

Theorem 7.3.6 Let E be an order continuous Banach lattice and (T;) a positive
R-bounded BS-filtration on E with R-bound M. Then the following statements hold:

(a) If D C T* is a directed set, then limpep [|Tpf — f|| = 0 if and only if f €

UPeDR(TP)'
(b) If (fi) is a martingale relative to (T;) and D C T is a directed set, then

limpep || fp — gl = 0 if and only if g € Upep R(Tp) and fp = Tpg for each
P € D. Moreover, if (f;) is fixed, we may take D C T*.

Proof. (a) Suppose that limp Tpf = f. It readily follows from Tpf € R(Tp) for
each P € D that f € m. Conversely, suppose that f € m.
Then, for each ¢ > 0, there exists f. € (Jpcp R(Tp) such that || fo — f|| < /(M +1).
From Theorem 7.3.4(a) we may infer the existence of a Py € D with the property
fe € R(Tp) for all P > Py. Hence, for all P > Py, it follows from Theorem 7.3.3
that

1Tpf = fI < Tpf = fell + 1Lf = [l
=Tp(f = fIl + Ife =
<M\ f = fell + 1fe = £l
<Me/(M+1)+¢/(M+1)

= 87
which completes the proof of (a).

(b) Suppose (fp) converges to g, then it is clear that g € Jpcp R(Tp). Also,
by Theorem 7.3.4(b), we have Tpfo = fp for all P,Q € D with P < Q. Thus,
limoep Tpfo = Tpg = fp. Conversely, by part (a), we have | Tpg—g|| = || fr—gl —
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0, as required. For the case where (f;) is fixed and D C T*, it is enough to observe
Theorem 7.3.4(c). O

7.4 A Characterization of convergent nets of stopped processes in

vector-valued LP-spaces

We start with a lemma:

Lemma 7.4.1 Let E be an order continuous Banach lattice and 'Y a Banach space.
Suppose (T;) is a R-bounded BL-filtration on E, with R-bound M. Then the following
statements hold for EQY :

(a) If P € T*, then Tp : E — E is positive and R(Tp) is a closed Riesz subspace of
E. Consequently, Tp ®;idy : EQ;Y — E®;Y is a bounded linear projection with
range R(Tp)@;Y ; moreover, suppers |Tp @ idy|| < M.

(b) Upep R(Tp) a closed Riesz subspace of E, for any directed set D C T*.

(c) méﬂf = Upep R(Tp @1 idy), for any directed set D C T*.

Proof. (a) Since (P; — P;_1) is a band projection and T; is positive for each i € N,
the positivity of Tp follows easily. Now let f € R(Tp). Observing that |T; f| = T;|T; f|
for each i € Nand >0 (P — Pio1)Thf| = > i (P — Pi—1)|T; f| for each n € N, it
follows that

o

(P - Py)Tf

=1

Tplf| =Tp|Tpf| =Tp

=Tp Z(Pz = Pi1)|Ti f|
i=1

=> (P = P)TITf| =Y (P = P)|Tif| = Y (P = P Tf
1 i=1 i=1

— |Tpf| = If].

Hence, |f| € R(Tp), proving that R(Tp) is a Riesz space. Since Tp is a projection,
it follows R(Tp) is also closed in E. The fact that Tp ®; idy : EQ;Y — E®;Y is a
bounded linear projection with range R(Tp)®;Y and norm ||Tp|| now follows from

Lemma 3.4.1. Consequently, supper ||Tp ®; idy || < M, by Theorem 7.3.3.

(b) The proof of (b) is a trivial consequence of (a).

() Let y € Upep R(Tp ®;idy) and € > 0 be given. Select yo € R(Tp ®; idy)
for some P € D, such that ||y — yo||; < €. Part (a) and the left order injectivity of

the l-norm imply that yo € R(Tp ®;idy) = R(Tp)2;Y — Upep R(Tp)@1Y. Thus,
y € Upen R(Tp)21Y .



7.4 A Characterization of convergent nets of stopped processes in vector-valued LP-spaces 161

For the reverse inclusion, let y € Upep R(Tp)®Y and € > 0 be given. Select
90 € Upep R(Tp) ® Y such that

ly —wolle < /2.

Let yo = > 1% a; ® yi, where a; € Upep R(Tp) and y; € Y. Select by € Upep R(TP)
such that

lai = bill </ (22 H%H) :

i=1
Let z =37 b; ® y;. Then, by part (a), z € Upep R(Tp ®;idy). Also,

no

yo—z=Y (ai—b)®y,

i=1

no
llyo = 2ll < 1) llyill la; — bill| < /2
i=1

and

ly =zl < lly —wolle + llyo — 2l <e/2+¢e/2=e.

Thus, y € Upep R(Tp @1 idy). O

Corollary 7.4.2 Let E be an order continuous Banach lattice and (T;) a R-bounded
BL-filtration on E with R-bound M. Then for any directed set D C T* we have that
{Tp}pep is a M-BL-filtration on E.

As already mentioned, if (7;) is a BL-filtration on E, then it may be extended to
E®,Y by considering (T ®;idy ). Similarly, if P = (P;) € T*, it is easy to check that
P extends to E®;Y by considering (P; ®;idy). The next lemma shows that Tp can

be extended to E®;Y in the same manner, under some additional assumptions.

Lemma 7.4.3 Let E be an order continuous Banach lattice and Y a Banach space.
Suppose (T;) is a positive R-bounded BS-filtration on E, with R-bound M. If P =
(P;) € T*, then

Tpf = Z (P @ idy) — (Pi—1 @ idy)|(T; @ idy) f
i=1

converges for each f € EQ;Y and defines a bounded linear projection on EQ;Y with
ITp|l < M.
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Proof. Let u = 2?21 r; ®y; € F®Y and observe that

n n o0
(Tp@idy)u=) Tpr;@y; =) » (P~ P1)Tiz;®y,

j=1 j=1 i=1
=Y > [(Preridy) = (P @ridy)[(T; @ idy) (25 @ y;)
J=1 =1

= [(Pi®idy) — (P-1 @ idy)] (T} @ idy )u
i=1
= Tpu.

Hence, by taking the unique continuous extension of the bounded operator Tp ®idy,
we obtain Tp ®; idy = T » on E®;Y. An application of Lemma 7.4.1(a) completes
the proof. 0O

As a consequence of the above lemma, the assertions of Theorem 7.3.4 and The-
orem 7.3.6 trivially extend to E®;Y. In what follows, the distinction between these
theorems and their extended counterparts will be implicit.

We recall Theorem 5.2.2 again for convenience: if E is a Banach lattice and Y a

Banach space, then v € E®;Y if and only if u = Yooy o ® y;, where

e8]
|21
i=1

Using this representation theorem and the above results, we can now give a descrip-

g < and  lim [jyi]ly = 0. (7.1)

tion of convergent nets of stopped processes in the [-tensor product, namely:

Theorem 7.4.4 Let E be an order continuous Banach lattice and Y a Banach
space. Suppose (1;) is a R-bounded BL-filtration on E. In addition, suppose that
(f;) € E®Y is a martingale relative to the BS-filtration (T; ®;idy), and D C T is

a directed set. Then the following statements are equivalent:

(a) The net of stopped processes {fpypep is convergent in EQ;Y .
or each v € N, there exist a y; € Y and a fized martingale (x:’,15)52, C E wit
b) F hieN, th ' Y and d mgal gI)T];’Ol E with
{:L’g)}pe]])) C E convergent, so that fp = o] 375? ®y; for each P € D, where

[e.9]

D

i=1

lim x%)

<oo and lim; . ||yl = 0.
Peb

Moreover, if (f;) C E®Y is fived, we may take D C T*.

Proof. Suppose {fp}pep is convergent in E®;Y. Then, by Theorem 7.3.6(b) and
Lemma 7.4.1(c), it follows that
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li idy) = @Y.

7Dlgﬂl)J fre U R(Tp (2] ldy) U R(Tp)@ly
Pch Peb

By the remark preceding this theorem, limpep fp =Y 0y ;i ® y; where (7.1) holds.

By Theorem 7.3.6(b), fp = (Tp ®;idy)(D> ;2 z; @ y;) for each P € D. For each

1 € N, define xg-i) = T)jz;, for each j € N. Then (xél)

to (7)), so that mg) = Tpx; € E for each i € N. Hence,

)521 is a fixed martingale relative

e e} (e}
fr= ZTP%’ Qyi = ng) @ Yi
i=1 i=1

2z

limpep (L‘g;) ‘ H <

where {x%) }pep is convergent in E, by Theorem 7.3.6(b). Thus,
oo and lim;_, ||yi|| = 0 hold.

Conversely, for each i € N, let x; = limpep l‘g). Theorem 7.3.6(b) implies azg) =
Tpx; for each i € N and (2;) C Upep R(Ip). Also, (z;) and (y;) satisfy (7.1) so that

Lemma 7.4.1(c) implies

f=> moye ] RTp)&Y = | R(Tparidy).
i=1 Peb PeD

Then, for each P € D,

fp=> oW @y= Tp(z:) @y = (Tp @ idy) .

i=1 i=1
It now follows from Theorem 7.3.6(b) that {fp}pep is convergent.
Lastly, if (f;) is fixed, then {fp}pep C E®;Y for D C T*, by Theorem 7.3.4(c).
Thus, the result also holds in this case. O

The above result specializes the following:

Theorem 7.4.5 Let (2,3, 1) be a finite measure space, 1 < p < oo, and Y a
Banach space. Suppose that (fi, X;) C LP(u,Y) is a convergent martingale and D a
directed set of (not necessarily bounded) stopping times adapted to (X;). Then the

following statements are equivalent:

(a) The net of stopped processes { fr}rep is convergent in LP(u,Y).

(b) For each i € N, there exist ay; € Y and a convergent martingale (1:5?), Y52, C
LP () with {x(TZ)}TeD convergent, so that f- =2, 29 (w)y; for each w € 2 and
T €D, where

[e.9]

D

1=1

lim (¥

Hm 27 <oo and lim; ||yl = 0.
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The above equivalence holds for 1 < p < oo with (f;, X;) C LP(u,Y') not necessarily

convergent, provided D is a directed set of bounded stopping times.

Proof. In the case E = LP(u), where 1 < p < oo and D C T*, it follows that F is
order continuous and the BL-filtration (7;) on E given by (E(-|2X;)) (where (X;)
is a classical filtration) is R-bounded by Corollary 1.6.7. The result now follows by
noting that any martingale in LP(u) or LP(u,Y), relative to (X;), is fixed if and only
if it is convergent.

For the case p = 1 and D C T, we have sup,¢p ||E(-|X;)|| < 1 even though
(E(-|X;)) is not necessarily R-bounded. Consequently, the result holds for 1 < p <
oo and (f;, X;) C LP(p,Y') not necessarily convergent, provided that D is a directed
set of bounded stopping times. O

7.5 Unconditional Schauder decompositions in vector-valued

LP-spaces

In this section, we give an application of the above techniques to a result concerning
the existence of unconditional Schauder decompositions in vector-valued LP-spaces.

Recall that Aldous showed in [1, Proposition 4] that if LP(u,Y) possesses an
unconditional basis, then Y is a UMD space. Conversely, if Y is a UMD space with
unconditional basis, then LP(u, Y') has unconditional basis, as was noted by Bourgain
in [9]. We now generalize this converse to unconditional Schauder decompositions in
LP(u,Y).

Theorem 7.5.1 Let 1 < p < oo and Y be a Banach lattice. If (E;) is a martingale
decomposition of LP(u) and (P;) any stopping time on'Y, then

{(Ez - Ei*1)®Ap (PJ - %*1)}i7jeN

is an unconditional Schauder decomposition of LP(u,Y'), provided that Y possesses
the UMD property. In particular, if Y is a Banach space with unconditional basis,
then LP(u,Y') has an unconditional basis, provided Y possesses the UMD property.

Proof. Define the bounded operators D; = (E; —E;_1)®4,idy and D} = idze(u) ®a,
(Pj — Pj—1) on LP(u,Y) for all i,j € N. Then it is easily verified that D; D} = D’:D;
for all 7,5 € N.

Assume Y has the UMD property. Then Y is reflexive, and thus has the Radon-
Nikodym property (cf. [37]). This implies Y is an order continuous Banach lattice
(cf. [45, p. 74]). Hence, LP(u,Y) is also an order continuous Banach lattice.
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Moreover, (idpp(,) ®a, P5)f T f for all f € LP(u,Y)4 so that (idp(,) ®a, ;) is a
stopping time adapted to the BS-filtration (E; ® 4, idy) on LP(u,Y). By Proposition
7.3.1, (Dj}) is an unconditional Schauder decomposition of LP(x,Y"). On the other
hand, the UMD property of Y implies that (D;) is also an unconditional Schauder
decomposition of LP(u,Y).

By Theorem 1.6.8, it remains to show that LP(u,Y’) has property («). It is re-
marked in [103, Remark 2.3.2] that any Banach lattice with finite cotype has prop-
erty (a) (cf. [84, Proposition 2.1] and [36, Theorem 14.1]). In our case, LP(p,Y) is
a UMD Banach lattice. However, Banach spaces that possess the UMD property
already have finite cotype, as was noted by Aldous in the proof of [1, Proposition 2].

In particular, if Y is a Banach space possessing an unconditional basis, it can be
renormed so that it becomes an order continuous Banach lattice Y (see Theorem
6.3.8 and its corollary). The natural coordinate projections (P;) on Yy constitute a
stopping time. It follows from the above that {DiD;-} is an unconditional decom-
position on LP(u,Yp) with dim(D; D7) = 1, whenever dim(D;) = 1. Since LP(y,Y)
is isomorphic to LP(u,Ys) and the latter has an unconditional basis, the proof is

complete. O

7.6 Notes and remarks

Theorem 7.4.4 may be considered as an extension of Theorem 5.3.1 when the Banach
lattice F is order continuous and the BL-filtration (7;) on E is R-bounded. Indeed,
consider the sequence of stopping times on FE, adapted to (7;), defined by P; =
(idg,idg,idg,...), P2 = (0,idg,idg,...), P3 = (0,0,idg, . ..), .... Since Tp, = T; for
each ¢ € N, it is evident that Theorem 7.4.4 reduces to Theorem 5.3.1. Of course,
we have assumed that the filtration on Y is the trivial filtration. However, Theorem

7.4.4 can easily be improved to accommodate any BS-filtration on Y.
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Appendix

A.1 Riesz spaces

The material in this section can be found in [73, 105, 106, 76, 92]. We focus on a

special class of vector space endowed with partial ordering.

Definition A.1.1 Let X be a partially ordered set.

(a) If every subset of X consisting of two elements has a supremum and an infimum
then X is called a lattice.

(b) We denote sup{z,y} by x Ay and inf{z,y} by z Vy for all z,y € X.

(c) If X is alattice, then X is called a distributive lattice if zA\(yVz) = (xAy)V(xAz)
for all z,y,z € X.

Definition A.1.2 Let E be a real vector space.

(a) If E has a partial ordering so that
(i) f<g=f+h<g+hforevery f,g,h € E and
(ii) f > 0= af > 0 for every non-negative o € R,
then E is called an ordered vector space.

(b) Let E be an ordered vector space, then the subset Cp = {f € E : f > 0} is
called the positive cone of E. An ordered vector space E with its positive cone
Cg is denoted (F,CEg). The cone Cf is said to be generating if E = Cg — Cp,
proper if Cg N (—Cg) = {0} and Archimedean if it follows from y — nx € Cg for
alln € N, with y € Cg and z € E, that —z € Cp.

(c) Let E be an ordered vector space, then for f,g € E with f < g we define an
order interval [f,g] by [f,g] :={h € E: f <h<g}.

(d) If E is an ordered vector space and a lattice, then E is called a Riesz space. We use
the notation E. for the positive cone of a Riesz space E. If E is Archimedean,

then F is called an Archimedean Riesz space.
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(e) Let E be a Riesz space, then for all f € F we have the notations f* = f V0,
fT=(=f)VvOo=—=(fA0)and |f| = fV (=f). We call fT and f~ the positive

and negative parts of f respectively.

We collect some elementary consequences of the above definitions, the proofs of
which can be found in [106, Theorems 5.1, 5.2, 5.5 and 6.1].

Proposition A.1.3 Let E be a Riesz space and f,g € E. Then the following state-

ments hold:

(a) f*,f € By and|— f| = |f].

) f=ft—f", f"ANf"=0and|f] = f" + f~, moreover E; is proper and
generating.

(c) fVg=35(f+g)+3lf—gland fAg=5(f+9)—3lf —gl|

(@) I1f1 =gl < [f + gl < |f[ + gl

(e) E is an infinitely distributive lattice.

The decomposition f = f* — f~ is unique in the sense that f = u — v with
uAv=0,u>0and v >0 if and only if u = f* and v = f~ (cf. [106, Theorem
5.6]). This is known as the minimal decomposition, for if f = u — v with v > 0 and
v >0, then f* <wand f~ <wv (cf. [106, Theorem 5.6]).

It is evident from (c) in the above proposition that E is a Riesz space if and only

if f € F implies |f| € E. We look at some algebraic structures found in Riesz spaces.

Definition A.1.4 Let E be a Riesz space.

(a) R C Eiscalled a Riesz subspace if R is a linear subspace of E and for all z,y € R
we have z Ay € Rand x Vy € R.

(b) S C Eis called solid if f € S = [-|f],|f]] C S.

(c) AC Eis called an ideal if A is a solid linear subspace.

(d) Anideal B C E is called a band when the supremum (if it exists) of every subset

of B that is bounded above is an element of B.

From the above definition we can deduce that A C F is an ideal if and only if A
is a linear subspace, f € A< |fle Aand 0 < g < fe€ A= g€ A. It is also worth
noting that any ideal A C F is a Riesz subspace of E and that the intersection or
algebraic sum of any two ideals is again an ideal.

The statements in the next definition are justified by [76, Propositions 1.2.5 and
1.2.6].

Definition A.1.5 Let E be a Riesz space and D C E.
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The ideal Ap generated by D is the smallest ideal containing D and can be

expressed as

AD:U{n[-y,y] ZnEN,y:|l’1|\/...\/|l’7=|,11)1,...,l'7«GD}.

In the case where D = {f} we denote Ap by Af. We call A; the principle ideal

generated by f and it can be expressed as

Ay =U{nbir1s1) s e )

We also use the notation Ey to denote Ay, as is customary in some of the
literature.
The band B4 generated by an ideal A is the smallest band containing A and can

be expressed as

By = {geE: lg] = sup ([0, |g]] ﬂA)}-

The band generated by the principle ideal Ay is called the principle band gener-
ated by f and is denoted by By, which can be expressed as

sz{gEE: |lg] = sup {|g| A n|f]| :nEN}}.

An element 0 < e € E is called a strong order unit if A, = E.

An element 0 < e € Ey is called a weak order unit if B = E. Note that
0 < e € E1 is a weak order unit of F if and only if for every f € E, we have
that f = sup{f Ane:n € N}.

It is shown in [76, Corollary 1.2.14] that a positive element of a Banach lattice is

a strong order unit if and only if it is an interior point of F. .

Definition A.1.6 Let E be a Riesz space. We say that f,g € F are disjoint if
|| Algl = 0 and we write flg. If D is a non empty subset of E, then the set

Dd

={f€E:flg Vge D} is called the disjoint complement of D. If D; and Dy

are both non empty subsets of E such that d;_lds for all d; € Dy and do € Do, then
D1 and D are said to be disjoint and is denoted D1_LDs.

Mutually disjoint elements exhibit some important properties which are listed

below (cf. [106, Theorems 8.1, 8.2 and 8.4]).

Proposition A.1.7 Let E be a Riesz space and D be non empty subset of E. Then

the following statements hold:
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(a) If fo =sup D and for f € E we have fLlg for all g € D, then fL fy.

(b) If {f1,..., fn} is a mutually disjoint set of non-zero elements, then this set is
linearly independent.

(¢) For f,g € E with fLg we have |f+g| = [f —gl = |f[+|g| = [[f|—gll = [f]V]g]-

(d) D% is a band.

(e) D C D¥ DI = D4 qng D4 N D = {0}.

We turn our attention to sequences and nets.

Definition A.1.8 Let E be a Riesz space and (f,,) be a sequence in FE.

(a) If (f,) is an increasing (decreasing) sequence, we shall write f,, T (f, |), moreover
if f =sup,, fn (f =inf, f,) exists in E, then we shall write f, | f (fu T f)-

(b) We say (fy) converges in order to f if there exists a sequence (p,) in E such
that p,, | 0 and |f — fn| < pn for all n € N. We denote this by f, — f (ord).

(c) Let 0 < w € E. Then (f,) is said to converge u-uniformly to f if given £ > 0,
there exists N. such that n > N. = |f — fu| < eu. We denote this f, — f
(u-un).

(d) If E is Archimedean, F is said to be uniformly complete if for every u > 0 in E,

every u-uniform Cauchy sequence has a limit in F.

In general, we are not guaranteed unique u-uniform limits in a Riesz space unless

it is Archimedean, in this case u-uniform convergence implies order convergence.

Definition A.1.9 A non-empty subset D in a Riesz space F is said to be upwards
(downwards) directed if for any two elements f and g in D there exists an element h
in D such that h > fVg (h < fAg). We denote this as D 1 (D |) and if fo = sup D
(fo = inf D) exists in E we shall write D 1 fo (D | fo).

If D is an arbitrary set which is bounded above (below), then by adjoining all
finite suprema (infima) to D, we can turn D into an upwards (downwards) directed

set without altering the set of upper (lower) bounds of D.

Definition A.1.10 Let E be a Riesz space.

(a) A Riesz space FE is said to be Dedekind complete if the supremum of every subset
of E that is bounded above is an element of F and Dedekind o-complete if the
supremum of every countable subset of F that is bounded above is an element
of E.

(b) Any band B in F satisfying B @ B? = E is called a projection band.



A.1 Riesz spaces 170

(c) If every band in F is a projection band, then E is said to have the projection
property.
(d) If every principle band in E is a projection band, then FE is said to have the

principle projection property.

The next important structural result is called the main inclusion theorem and
can be found in [106, Theorem 12.3].

Theorem A.1.11 Let E be a Riesz space, then

(a) E Dedekind complete = E has the projection property = E has the principle
projection property = E is Archimedean.

(b) E Dedekind complete = E Dedekind o-complete = E has the principle projection
property = E is Archimedean.

We conclude this section with Freudenthal’s Spectral Theorem. We first state

some auxiliary definitions and results, which can be found in [106, 76, 92]

Definition A.1.12 Let E be a Riesz space with 0 < e € E. We call p € E; a
component of e if p A (e —p) = 0.

Note in the above definition that p is a component of e if and only if (e — p) is a

component. The proof of the next result can be found in [106, Theorem 3.7].

Proposition A.1.13 Let E be a Riesz space with 0 < e € E. The set C, := {p €
Ei :eN(p—e) =0} of components of e is a lattice with respect to the ordering
inherited from E.

Definition A.1.14 Let E be a Riesz space with 0 < e € E and suppose K =
{k1,...,kp} is a set of non-zero, mutually disjoint components of e such that e =
S°P | ki. By a disjoint refinement of K we mean a set M = {mq,...,m,} (where

p < r) of non-zero, mutually disjoint components of e such that

-
e:Zmi and k; = st for each 1 < i < p.
i=1

mg<k;
1<s<r

Proposition A.1.15 Let E be a Riesz space with 0 < e € FE. Suppose K =

{k1,...,kp} and L ={l1,...,l;} are sets each consisting of non-zero, mutually dis-

q

joint components of e such that e =Y F_ k; = ijl

refinement M of both K and L.

l;. Then there exists a disjoint
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Definition A.1.16 Let E be a Riesz space with 0 < e € E. Any s € E for which
there exist pairwise disjoint components pi,p2,...,p, of e and a1, as,...,a, € R
such that s = Y"1 | a;p;, is called an e-step-function. We may assume without loss
of generality that > " | p; = e, in this case s = Y ;" | a;p; is known as the standard

representation of s and is not unique.

We note that although standard representations are not unique, the a;’s are
uniquely determined for a particular standard representation. It follows from Propo-
sition A.1.15 that any two e-step functions may be written as a linear combination

of the same components.

Proposition A.1.17 Let E be a Riesz space with 0 < e € E. The set of all e-step-

functions

n
S(E) = {Z a;p; : p; a component of e, a; € R, n € N}
i=1

is a Riesz subspace of E.
The proof of the next result can be found in [106, Theorem 33.2].

Theorem A.1.18 (FREUDENTHAL’S SPECTRAL THEOREM) Let E be a Riesz
space with the principle projection property and let 0 < e € E. Then for any f > 0 in
the principle ideal Ae, there exist sequences (s,) and (t,) of positive e-step-functions
such that s, T f and t, | f hold e-uniformly.

A.2 Normed Riesz spaces and Banach lattices

In this section we introduce the notion of a norm on a Riesz space in a compatible
manner and look at some related results and properties. The material in this section

can be found in [7, 106, 76, 92].

Definition A.2.1 Let X be a real vector space.

(a) Amap ||-| : X — R is called a norm if
(i) ||f]] > 0 for all f € X and || f|| = 0 if and only if f =0,
(ii) |lef]] = |e|]|f]] for all f € X and o € R and
(iii) |[f+agll < | fll+]lgll for all f, g € X (this is known as the triangle inequality).
(b) The pair (X, | -|) is called a normed space.
(c) If (X, ||-]]) is complete with respect to the norm, i.e. every norm Cauchy sequence

has a limit in X, then (X, || - ||) is called a Banach space.
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(d) The set ball(X) :={z € X : ||z|| < 1} is called the closed unit ball in X.
An order structure can be added to the normed structure in a compatible way.

Definition A.2.2 Let F be a Riesz space

(a) If E is equipped with a norm || - ||, then || - || is called a Riesz norm if for all
f,g9 € E with |f| < |g|, we have that || f]| <|g]-

(b) A Riesz space F equipped with a Riesz norm is called a normed Riesz space.

(c) If a normed Riesz space E is complete with respect to the norm, then E is called

a Banach lattice.

Note that every normed Riesz space is Archimedean. In general, the normed
topology does not coincide with the order topology. We establish some relationships
between the different modes of convergence (cf. [106, Theorems 10.3, 15.3, 15.4 and
15.7)).

Proposition A.2.3 Let E be a normed Riesz space and (f,) a sequence in E. Then

the following statements hold:

(a) fn— f (u-un) implies fr, — f (ord).

(b) fn— f (u-un) implies f, — f (norm).

(c) fn 1 and f, — f (norm) implies f, T f.

(d) fn— g (ord) and fn, — [ (norm) implies f = g.

(e) If D is an upwards directed set in E such that D converges in norm to fy, then
fo=supD.

Definition A.2.4 Let E be a Riesz space.

(a) E is said to be order separable if every subset of E possessing a supremum in F
contains a finite or countable subset having the same supremum.

(b) E is said to be super Dedekind complete if E is order separable and Dedekind
complete.

(¢) The normed Riesz space E is said to have order continuous norm if for any
subset D | 0in E, we have inf{|| f|| : f € D} = 0. The norm is said to be o-order

continuous if for any sequence f, | 0 in E we have || f,| | 0.

It is evident that sequences that converge in the order topology of a Banach
lattice with order continuous norm, also converge in the norm topology. The next
result can be found in [106, Theorem 17.8].
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Theorem A.2.5 Any Banach lattice having order continuous norm is super Dedekind

complete.

We list some important characterizations of Banach lattices with order continuous
norm (cf. [106, Theorems 17.9 and 17.14]).

Theorem A.2.6 For a Banach lattice E the following conditions are equivalent:

(a) E has order continuous norm.
(b) E has o-order continuous norm and E is Dedekind o-complete.
(c) Every sequence in E which is increasing and bounded above converges in norm.

(d) Every order bounded disjoint sequence in E converges in norm to zero.

We present some special types of Banach lattice which are commonly found in

mathematical analysis.

Definition A.2.7 Let (E,|| - ||) denote a normed Riesz space.

(a) (E,]|-||) is called an L-normed space if || - || satisfies ||z + y|| = ||=|| + ||y|| for all
z,y € Ey. An L-normed Banach lattice is called an AL-space.

(b) (E,||-]) is called an M -normed space if || - || satisfies ||z Vy|| = ||z| V ||y| for all
z,y € Ey. An M-normed Banach lattice is called an AM-space.

Every non-zero positive element in a Banach lattice can generate an AM-space,

as the next proposition shows (cf. [92, Chapter 11, §7, Proposition 7.2]).

Proposition A.2.8 Let E be a Banach lattice. For each e € Ey the gauge function
of [—e, €], given by

Pe(z) :=Inf{A € R: de <x < Xe} forallzeE,

is an M-norm on the principle ideal E, so that (Ee,pe) is an AM -space with order

unit e and unit ball [—e, e]. Moreover, the canonical inclusion E, — E is continuous.

A.3 Operator theory on normed spaces

The reader is referred to [7, 24, 89| for a comprehensive presentation of the material

in this section.

Definition A.3.1 Let X and Y be vector spaces.

(a) We shall call a map T : X — Y a linear operator if we have T(ax + By) =
aT'(z)+ T (y) for each o, f € R, z,y € X. Note that we sometimes denote T'(z)
by Tzx.
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(b) A linear operator P : X — X is called a projection if P?x = P(Pxz) = Px for all
e X.

(c) We shall denote by idz : Z — Z the identity operator on a vector space Z, which
is defined by idz(z) =z for all x € Z.

Definition A.3.2 Let X and Y be vector spaces and T" : X — Y be a linear

operator.

(a) We denote the range of T by R(T) ={y € Y : 3z € X so that Tz = y}. We
note that R(7T) is a vector subspace of Y.

(b) We denote the kernel or null space of T by N(T) = {x € X : Tz = 0}. We note
that N (T') is a vector subspace of X.

(c) We define the rank of a linear operator to be the dimension of R(T) as a vector
space.

(d) We define the nullity of a linear operator to be the dimension of N'(T) as a vector

space.

Definition A.3.3 Let X and Y vector spaces.

(a) We shall denote by L(X,Y") the vector space of all linear operators from X into
Y. If X =Y then we shall write L(X, X) as L(X).

(b) In the case where Y = R, we shall write L(X,Y) as X#. The elements of X7
are called linear functions and X# is called the algebraic dual of X.

(c) X## = (X#)¥ is called the algebraic bidual of X.

We note that a vector space X can be canonically embedded as a subspace of its
bidual under the injective linear mapping iy : X — X## defined by (27,ix(z)) =
(z,x%) for all x € X and 27 € X#. We may view this as an abstract containment

and denote this as X C X##.

Definition A.3.4 Let X and Y denote normed spaces, and T : X — Y denote a

linear operator.

(a) T: X — Y is called bounded if there exists a constant C' > 0 such that | Tz| <
C||lx|| for all z € X.

(b) T: X — Y is called open if T(O) is open in Y for every open set O C X.

(¢) T:X — Y is called an isometry if | Tz|| = ||z|| for all z € X.

(d) T: X — Y is called an isomorphism if the exists a K > 0 such that K~ !||z| <
|Tz|| < K||z| for all z € X.
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(e) T: X — Y is called a metric surjection if T is surjective and
lyll = inf{[lz]| : 2 € X, Tz = y}

for every y € Y. Metric surjections are sometimes referred to as quotient opera-

tors.

It is easily shown that a linear operator is bounded if and only if it is continuous,
therefore we will use these terms interchangeably.

Note that part (e) in the above definition is equivalent to 7' : X — Y mapping the
open unit ball of X onto the open unit ball of Y. This implies that Y is isometrically
isomorphic to the quotient space X/N(T).

Definition A.3.5 Let X and Y be normed spaces.

(a) We define the normed space £(X,Y) by L(X,Y) := {T' € L(X,Y) : T is
bounded} together with the operator norm || - || defined by ||T'|| = sup{ ||Tz|| :
|lz|| <1} for all T € L(X,Y). If X =Y then we shall write £(X, X) as L(X).

(b) In the case where Y = R, we shall write £(X,Y") as X*. The elements of X* are
called linear functionals and X™ is called the continuous dual of X.

(c) We call X** = (X*)* the continuous bidual of X.

If X is a normed space and Y is a Banach space, then £(X,Y) is also a Banach
space with respect to the operator norm. In particular, we have that X* is a Banach
space.

We note that a normed space X can be canonically embedded as a subspace of
its bidual under the isometry ix : X — X** defined by (z*,ix(z)) = (z,z*) for
all z € X and z* € X*. Again, we see this as an abstract containment where the
normed structure is preserved and we denote this as X <— X**. The elements of
X — X are sometimes referred to as induced linear functionals on X*. Since X**
is always a Banach space, the closure of X in X** is complete, which shows every
normed space has a completion.

We now state some fundamental results from functional analysis.

Theorem A.3.6 (a) (OPEN MAPPING THEOREM) A bounded linear surjection act-
ing between Banach spaces is open.

(b) (CLOSED GRAPH THEOREM) A linear operator between acting Banach spaces is
bounded if and only if its graph is closed.

(¢) (PRINCIPLE OF UNIFORM BOUNDEDNESS) Let X and Y be Banach spaces and
S C LX,)Y). If sup{||Tz| : T € S} < oo for all x € X, then sup{||T|| : T €
S} < oo.
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(d) (HAHN-BANACH) If f is a bounded linear functional on a subspace of a normed

space, then f extends to the whole space with preservation of norm.

Corollary A.3.7 (HAHN-BANACH)

(a) If X is a normed linear space and x € X, then there exists x* € X* of norm 1
such that x*(x) = ||z||.

(b) If X is a normed space, then for all x € X we have ||z| = sup{|z*(z)| : ||z*|| <
l,z* e X*}.

(c) If X is a normed space and x*(x) = 0 for all x* € ball(X*), then x = 0; i.e.
ball(X™*) separates the points in X.

Definition A.3.8 Let X and Y be normed spaces.

(a) Let T € L(X,Y). We define the adjoint T* : Y* — X* by
(x, T*y*) = (Tz,y")

for all y* € Y* and z € X.
(b) For T € L(X,Y), we call T** : X** — Y™ the second adjoint of T

We collect some useful results involving adjoints.

Proposition A.3.9 Let X and Y be normed spaces, then the following statements
hold:

(a) The mapping T +— T* is an isometry of L(X,Y) into L(Y*, X*).

(b) The second adjoint T** : X** — Y™ is a unique continuous extension of T :
X =Y, if X is reflexive, then T** =1T.

(¢) T:X —Y is an isometry if and only if T* : Y* — X* is a metric surjection.

(d) T: X =Y is a metric surjection if and only if T* : Y* — X* is an isometry.

(e) If X and Y are Banach spaces, then a bounded linear operator T : X — Y has
closed range if and only if T* : Y* — X* has closed range.

We define other weaker-than-norm topologies that exist on Banach spaces and

their duals.

Definition A.3.10 Let X be a normed space.

(a) The topology on X generated by the norm is called the strong topology on X.

(b) The weakest topology on X allowing all the linear functionals in X* to be con-
tinuous is called the weak topology on X, and is denoted by o(X, X*).

(¢) The weak topology on X* is denoted by o(X™*, X**).
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(d) The weakest topology on X* allowing all the induced linear functionals in X to
be continuous is called the weak™® topology on X*, and is denoted by o(X*, X).
Evidently o(X*, X) is weaker than o(X*, X**).

(e) A normed space X is called reflexive if X = X**, in this case the weak and the

weak™ topologies on X* coincide.

Theorem A.3.11 (BANACH-ALAOGLU) If X is a normed space, then the closed
unit ball of X* is o(X*, X) compact.

The above theorem implies that every sequence in the closed unit ball of X* has

a weak™ convergent subsequence.

A.4 Operator theory on Riesz spaces

In this section, we identify various classes of operators between (normed) Riesz

spaces. The material in this section is taken from [106, 76, 92].

Definition A.4.1 Let E and F' denote Riesz spaces and T' € L(E, F).

(a) T is called positive if T(FE4) C Fy. If T is positive we write T > 0 and we denote
the space of positive operators by Ly (E, F). It is clear that L(E, F') becomes an
ordered vector space under the ordering defined by 177 > 15 < 171 — 15 > 0 for
all Ty, Ty € L(E, F).

(b) T is called regular if T' =T, — Ty with 11,15 € L (E, F). We denote the space
of regular operators by L"(FE, F'), which is a vector subspace of L(FE, F). Note
that Ly (E, F) is a proper and generating positive cone of L"(E, F).

(c) T is called order bounded if T' maps any order interval in E into an order interval
in F. We denote the space of order bounded operators by L?(E, F)), which is a
vector subspace of L(E, F).

(d) T is called order continuous if T is regular and for any downwards directed set
D C E with D | 0 we have inf{|T'f| : f € D} =0 in F'. The vector space of all
order continuous operators in L"(FE, F') is denoted by L"(E, F).

(e) T is called o-order continuous if T is regular and for any sequence (f,) in E
with f,, | 0 we have inf{|T'f,,| : n € N} =0 in F. The vector space of all o-order
continuous operators in L"(E, F) is denoted by L¢(E, F).

(f) T is called a Riesz homomorphism if for all f,g € E we have T(f Vv g) =T(f)V

T(g). A Riesz isomorphism is an injective Riesz homomorphism.
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Note that 1 is a Riesz homomorphism if and only if [¢)(f)| = ¥ (| f|) for all f € E.
Riesz homomorphisms are necessarily positive.

The next theorem collects some fundamental structural results involving oper-
ators defined above. These results can be found in [106, Theorems 18.3, 18.4 and
20.2] and [76, Proposition 1.3.9] respectively.

Theorem A.4.2 (a) For the Riesz spaces E and F, we have the inclusion
L"(E,F)C L¢(E,F)c L"(E,F) Cc L°(E,F) C L(E,F).

(b) Let E be a Banach lattice and F' be a normed Riesz space, then we have the
inclusion L"(E,F) C L*(E,F) C L(E,F).
(¢c) For E and F Riesz spaces with F' Dedekind complete, we have

L"(E,F)=L°(E,F).

Moreover, we have that L"(E,F) is a Dedekind complete Riesz space with
L (E,F) as positive cone.

(d) For E and F Riesz spaces with F' Dedekind complete, we have that L™ (E, F') and
Le(E, F) are bands in the Dedekind complete Riesz space L"(E, F).

In view of (b) in the above theorem, we shall denote L (E, F), L"(E,F) and
LYE,F)by L (E,F), L"(E, F) and L°(E, F) respectively whenever E is a Banach
lattice and F' is a normed Riesz space. The next proposition can be found in [76,

Proposition 1.3.6].

Proposition A.4.3 Let E and F be Banach lattices. For every T € L"(E, F) we
define the r-norm of T by

1Tl = inf{IS] : S € £+.(B, F), [Ta| < Sla| ¥ @ € Ey }.

(L"(E,F),||I-|l) is a Banach space. Moreover, ||T|| < ||T||, for every reqular operator
T :E — F.If F, in addition, is Dedekind complete, then (L"(E,F),| - |.) is a
Banach lattice such that |T||, = || |T||| for every regular operator T : E — F.

We now turn our attention to dual spaces.

Definition A.4.4 Let E be a Riesz space.

(a) We define the order dual of E to be E~ = L°(E,R).
(b) We define the order continuous dual of E to be E; = L"™(E,R).
(c) We define the o-order continuous dual of E to be EY = L°(E,R).
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Note that E7~ is a Dedekind complete Riesz space and that E; and E are bands
in E~. It is clear that £, C E” C E~. The next result explains the relationships

between the normed dual and order dual on a normed Riesz space. The proofs can
be found in [106, Theorems 25.8 and 25.10].

Proposition A.4.5 Let E be a normed Riesz space, then the following statements
hold:

(a) E* is an ideal in E~.

(b) E* is a Dedekind complete Banach lattice with respect to the ordering inherited
from E~. Moreover, if G is an upwards directed set of positive elements in E*
such that G 1 o, then {|[¢] : ¢ € G} T [|poll-

(c) If E is a Banach lattice, then E~ = E*.

(d) If E is a Banach lattice with order continuous norm then E~ = E~ = E*.

The canonical embedding ip : F — E** is in fact a Riesz homomorphism, as well
as an isometry, as the next result indicates. The following theorem is easily derived

from the above proposition and [106, pp. 204-205].

Theorem A.4.6 Let E be a normed Riesz space and ip : E — E** be the canon-
ical embedding defined by (x*,ig(x)) = (x,x*) for all * € E*. Then the following

statements are true.

(a) ip : E — E** is a Riesz homomorphism and an isometry whose range is con-
tained in (E*);.
(b) ig : E — E* preserves arbitrary suprema and infima if and only if E* C E;.

In particular, this is true when E is an order continuous Banach lattice.

AM-spaces and AL-spaces share a duality. The proof of the next proposition can
be found in [92, Chapter II, §9, Proposition 9.1].

Proposition A.4.7 The dual of each M -normed space is an AL-space, and the dual

of each L-normed space is an AM -space.

A.5 Tensor products of vector spaces

The material in this section is taken from [50, 90]. Throughout this section let X,

Y and Z denote real vector spaces.

Definition A.5.1 A map ¢ : X XY — Z is called bilinear if we have
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(a) p(ax + By, z) = ap(x, 2) + Pe(y, 2) for each o, B € R, z,y € X and z € Y and
(b) o(z,vy +nz) = vp(x,y) + ne(z, z) for each y,n e R, z € X and y,z € Y.

Definition A.5.2 We write B(X xY, Z) for the vector space of all bilinear mappings
from X xY into Z. If Z is R, then we just write B(X xY). The elements of B(X xY)

are called bilinear forms.

Definition A.5.3 The tensor product X ®Y of the vector spaces X and Y is defined
to be the vector subspace of B(X x Y)# generated by the set

{x@yEB(XxY)#: J(r,y) €EX XY

such that (p,z®@y) = ¢(z,y) V ¢ € B(X x Y)}

An element u € X ®Y is called a tensor and is of the form u = >""" | z; ® y; where
r,eX,y,€Yandi=1,...n.

It is easy to see that the map ® : X x Y — X ® Y, defined by (z,y) — 2 ® vy,
is bilinear and thus exhibits properties of a multiplication. For any v € X ® Y with
u # 0 there exists a smallest number n € N such that u = ;" | z; ®y; where the z;’s

and the y;’s are linearly independent. Note that this representation is not unique.

Definition A.5.4 Ifu € X®Y withu # 0and u = ) ;" , 2;®y; where n is minimal,
then n is called the rank of u. A tensor of rank one (i.e. u = = ® y) is called an

elementary tensor. Note that 0 ® y = x ® 0 = 0 and has rank zero.

We provide a means of identifying the zero tensor. This result can be found in
[90, Proposition 1.2].

Proposition A.5.5 The following statements are equivalent for u =" | £; Qy; €
XRY:

(a) u=0.

(b) > iy o7 (x;)y? (y;) = 0 for all 27 € X# and y” € Y.
(c) Z?:1 y#(yz)% =0 for all y# cY#.

(d) " a¥(x;)y; = 0 for all ¥ € X7.

The main purpose of tensor products is linearize bilinear maps. The following

result can be found in [90, Proposition 1.4].

Proposition A.5.6 Let X, Y and Z be arbitrary vector spaces, then L(X ® Y, Z)
is isomorphic to B(X XY, Z) under the mapping f — fo® forall f € L(XR®Y,Z).
In particular, if Z is R, then we have B(X xY) = (X @ Y)¥.
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It follows that every bilinear map ¢ from X x Y into Z induces a unique linear

map ¢ from X ® Y into Z so that the following diagram commutes:

XxYy 2+ g7
®

XY

An important consequence of the this result is that the tensor product X ® Y of
vector spaces X and Y always exists and is unique up to isomorphism. This result
also enables us to characterize a tensor by means of embedding X ® Y into some
familiar vector spaces.

Consider the bilinear map @ : X x Y — B(X# x Y#) defined by

(%, y7), D(z,y)) = a7 (2)y" (y)

for all (z,y) € X x Y and (27,y”) € X% x Y7, Linearizing, we obtain an injection
P X ®Y — B(X7 x Y#) where ((z7,y7), ' (z @ y)) = 27 (z)y™ (y) for all
r®y € X®Y and (z#,y#) € X# x Y#. This enables us to view a tensor in X ® Y’

as a bilinear form on X# x Y# whose action is defined by
n n
(¥, y%),u) = <(x#,y#), dom® yz-> = a*(@)y* (ui)
i=1 i=1

for all w € X ® Y and (2%, y#) € X# x Y#. Thus, we have a canonical embedding
X®Y C B(X# xY#).

Analogous to the above, the bilinear map @ : X# x Y# — B(X x Y) defined by
{(z,y), P(x™,y7)) = o7 (x)y" (y) for all (z7,y") € X¥ x Y# and (z,y) € X x Y
yields a canonical embedding X# @ Y# C B(X xY) = (X @ Y)*.

We can induce two more useful embeddings in the following way. Define the
bilinear map @ : X x Y — L(X7,Y) by

(¥, D(x,y)) = 2" (2)y

for all (x,y) € X xY and 2# € X#. Linearizing, we obtain an injection ¢ : X®@Y —
L(X#,Y) where (27, ' (x®y)) = 27 (z)y for all 2@y € X ®Y and 2 € X#. This
enables us to view a tensor in X ® Y as a linear operator from X# into Y whose

action is defined by
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n n
(x#,u) = <£L'#, ZZL‘Z ® yi> = Zx#(xi)yi
i=1 i=1

for all w € X ® Y and 27 € X#. Thus, we have a canonical embedding X ® Y C
L(X#,Y). By a symmetrical argument we obtain another embedding X ® Y C
L(Y#,X). We summarize these embeddings in the following proposition.

Proposition A.5.7 For the vector spaces X and Y we have the following embed-
dings:

(a) X®Y C B(X* xY*#),

(b)) X* @Y7 CB(X xY)=(X®Y)",

(c) X®Y C L(X#,Y) and

(d) XY C L(Y#, X).

This justifies the following definition.

Definition A.5.8 Let X and Y be vector space and u € X Q Y.

(a) We denote the bilinear form in B(X# x Y#) induced by u by B,,.
(b) We denote the two linear operators induced by u by L, and R, respectively
where L, € L(X?#,Y) and R, € L(Y#, X).

It is worth noting that the rank of a tensor u € X ® Y and the rank of the

induced operators L, and R, coincide.

A.6 Tensor products of Banach spaces

In this section we look at some ways of equipping the tensor product of two Banach
spaces with a norm, in particular we look at the projective and injective norms. The

material in this section is taken almost exclusively from [90].

Definition A.6.1 Let X, Y and Z be normed spaces.

(a) We call a bilinear mapping ¢ : X X Y — Z bounded if there exists a constant
C > 0 such that ||¢(z,y)]| < C||z||||y|| for all z € X and y € Y.

(b) We define the normed vector space
B(XxY,Z)={p € B(X xY,Z): ¢ is bounded }

with the norm || - || defined by [lo|| = sup{[le(z, y)| : [lz] < 1,[ly[ < 1} for
all o € B(X xY,Z). If Z is R, then we just write B(X x Y). The elements of
B(X xY) are called bounded bilinear forms.
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If X, Y are normed spaces and Z is a Banach space, then B(X xY, Z) is a Banach
space with respect to || - ||. In particular, we have that B(X x Y') is a Banach space.

The following proposition is clear.

Proposition A.6.2 For the Banach spaces X and Y, we have the following embed-
dings:

(a) X ®Y — B(X* xY™*).
(b)) X*@Y* — B(X xY).
(¢) X®Y — LIX*Y).
(d) XY — L(Y*, X).

Definition A.6.3 Let X and Y be Banach spaces.

(a) If we equip X ® Y with a norm «, we shall denote the normed space (X ® Y, a)
by X ®q Y and its norm completion by X®,Y. We shall sometimes use the
notation ax,y (u) to denote the norm of a tensor u in the tensor product X @ Y’
if there is a chance of ambiguity.

(b) We say a norm « on X ® Y is a reasonable crossnorm if it has the following
properties
(i) a(z®y) < ||z|||ly]| for all z € X and y € Y and
(ii) for all z* € X* and y* € Y™, the linear functional 2* ® y* on X ® Y is

bounded and [lz* &y < [|a*|[ly*|l

(c) We define the projective norm on X ® Y to be

m(u) = inf {Z lillllyill : w =" @i ®yz}
i=1 i=1

forallue X @Y.
(d) We define the injective norm on X @ Y to be e(u) = ||Ly| for all u € X @ YV

where L, is the induced linear operator in £(X*,Y).

In view of the fact that the norm of L, and the norms of the induced maps

R, € L(Y*,X) and B, € B(X* x Y*) coincide, we have that
e(u) = sup{ Zm*(azz)yz Sl < 1}
i=1
= sup{ > vt vl < 1}
i=1

n
= Sup{ Yoy (yat (@) -l < 1,y < 1}
=1
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forallu=>" 2,y € XQY.
Note that X®.Y is just the closure of X ® Y in £(X*,Y) with respect to the

operator norm. The next result can be found in [90, Propositions 2.1, 2.3 and 3.1].

Proposition A.6.4 Let X and Y be Banach spaces. Then w and € are reasonable

crossnorms on X ® Y and e(u) < w(u) for allu e X ®Y.

Reasonable crossnorms are characterized by the following result which can be

found in [90, Proposition 6.1].

Proposition A.6.5 Let X and Y be Banach spaces.

(a) A norm o on X ®Y is a reasonable crossnorm if and only if e(u) < a(u) < 7(u)
forallue X®Y.

(b) If a is a reasonable crossnorm on X @Y, then a(x ®@y) = ||z||||y|| for all x € X
andy €Y.

(c) If « is a reasonable crossnorm on X ® Y, then for all x* € X* and y* € Y*
we have that the norm of the linear functional z* @ y* on (X ® Y, a) satisfies

l* @y || = ll=*([lly"|-
Definition A.6.6 Let W, X, Y, Z be Banach spaces.

(a) Let S € L(X,W) and T € L(Y,Z). Then the tensor product of S and T is the
unique linear mapping ST : X @ Y - W ® Z, defined by S@ T(z ®y) =
(Sz)® (Ty) forallz € X andy €Y.

(b) We call a reasonable crossnorm a on X ® Y a uniform crossnorm if for any
bounded linear operators S : X — W, T : Y — Z we have that the operator
ST : X RaY — W ®¢ Z is bounded and ||S @ T'|| < ||S]|||T||- We denote the
unique continuous (norm preserving) extension of S @ T' by S ®, T : X RaY —
W®aZ.

Note that the norms € and 7 are uniform crossnorms.

Definition A.6.7 Let X and Y be Banach spaces.

(a) We call a reasonable crossnorm « on X ® Y injective if whenever E and F' are
subspaces of X and Y respectively, the norm induced on £ ® F' by the norm on
X ®, Y coincides with the norm on F ®, F'.

(b) We call a reasonable crossnorm o on X ® Y projective if whenever W and Z
are quotients of X and Y respectively with quotient operators ) : X — W and
R:Y — Z, we have that QR R : X ®.,Y — W R, Z is also a quotient operator.
That is to say that W ®, Z is a quotient of X ®, Y.
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As is evident from their names, the uniform crossnorms ¢ and 7 are respectively

injective and projective.

Definition A.6.8 Let X and Y be Banach spaces and a be a reasonable crossnorm
on X ® Y. The transpose map u — ‘u from X ® Y onto Y ® X is given by u =
Sriw @y — tu o= Y0y @ z;. The transpose of «, denoted by ‘a, is the
reasonable crossnorm on X ® Y defined by ‘a(u) = a(tu) for all u € Y @ X. The
norm « is called symmetric if a(u) = ‘a(u) for all u € X @ Y and asymmetric if it

is not symmetric.

In the above definition, the transpose map defines a canonical isometric isomor-

phism between X ® Y and Y ® X.

Definition A.6.9 A uniform crossnorm « is called finitely generated if for pair of

Banach spaces X and Y and every u € X ® Y, we have
axy(u) =inf{o(u; M @ N):ue M ® N, dimM < oo, dim N < oo}.
A tensor norm is defined to be a finitely generated uniform crossnorm.

Thus, the behavior of a tensor norm is completely determined by its values on
tensor products of finite dimensional spaces. The norms ¢ and 7 are both symmetric

tensor norms.
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